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ABSTRACT

The problem of the valence band structure of Ge and Si in the
presence of an external magnetic field is considered from a quantum
mechanical point of view. The analysis is carried out using first and
second order perturbation theory. The approach is, in principlé,
similar to that of W. Shockley and E. 0. Kane, but is modified in some
important essentials to include the effects of the magnetic field. The
analytical results obtained are somewhat more general than those of J.
M. Luttinger but reduce to the latter if certain approximations are
introduced. Numerical calculations of the Landau energy levels are
carried out for certain special cases, of which the most important are
the féilowing:

1. Magnetic field ¢ in the [001] direction, ky =0; nonspherical

symmetry character of energy bands and the coupling of Vi and

Vo bands to the V3 band included.

2. Magnetic field # in the [001] direction,lq{¥0; nonspherical
symmetry character of energy bands included, decoupling of Vy
and V., bands from the V_ band assumed.

2 3

In addition, a set of algebraic equations is derived whose solution
should yield the valence band Landau levels for the cases of the magnetic
field in the [101] and the [111] directions. However, no numerical cal-
culations are performed for these cases.

The results of the calculations indicate the presence of some in-
teresting transitions between the Landau levels of Ge and Si, as well as
the possible presence of other interesting effects which may be observ-
able. Certain of these seem to offer potential millimeter-wave applica-

tions possibilities, some of which are discussed.
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I. INTRODUCTION

The purpose of the work described here is to extend the available
calculations of the effect of an external magnetic field on the energy
band structures of the diamond type semiconductors Ge and Si (1,2,3).
The problem is particularly interesting in connection with the phenomena
of interband magnetoabsorption (4,5) and cyclotron resonance of both
positive and negative effective mass carriers (6,7,8,9) as well as in
connection with the possibilities of utilization of these phenomena in
devices operating in the millimeter and submillimeter wave frequency
range (8,9,10,11).

The following 1is a brief summery of some c¢f the most important
features of the energy band structures of Ge and Si as well as of InSb
which, although not the subject of the present work, may turn out to be
of considerable interest from the point of view of applications.

1.l Some Important Features of the Energy Band Structures of Ge, 5i,
and InSb

Since germanium lattice is of a face-centered cubic type, its
reciprocal lattice is of the body-centered cubic type with the first
Brillouin zone as shown in Figure 1.1. It is easy to see that in the
majority of cases where Bloch function solution to the Schrodinger equa-
tion is used, one needs to consider only the first Brillouin zone.
Consider a certain wave vector k' and a vector K lying in the first
. Brillouin zone. One may then write X' =k +K where K 1is an
appropriately chosen translation vector in the reciprocal lattice space,

(i.e., K=n b, +n.b, +nbd , Where Ei's are reciprocal lattice basis

vectors and n's are integers.) One thus has for the Bloch wave functions:
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\ll_ = ik r u—(r)_ eik X u (r)eiK r
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k

since eiK' has the periodicity of the lattice. Thus it is seen
that any problem can be solved by considering only the first Brillouin
zone as long as the wave functions and energy surfaces are taken to be
multivalued functions of k (12,13).

The problem of determining the energy band structure for a material
is essentially the problem of determining the dependence of allowed
energy levels on the wave vector X in the first Brillouin zone. In
general, this dependence will obey certain symmetries associated with
the lattice, but will not be isotropic. It is not generally possible to
solve the complete energy band problem analytically but in conjunction
with data from magnetoresistance, cyclotron resonance, and other experi-
ments, an approximate solution can be obtained. A plot of E ¥versus k
for two directions in the Brillouin zone of Ge is given in Figure 1.2
(14). The important features to be observed are the following: 1) The

lowest point in the conduction band (band edge) occurs at a point
k (l 11

2x 222
valent points, and belongs to the Ly band; 2) At k = O there is a

Z) , where a is the lattice constant, and seven other equi-

distinct Ainimum in the conduction band; 3) The F2 band is approxi-
mately parabolic (and isotropic) for small k ; L) The valence band edge
is four-fold degenerate -(including "spin" degeneracy); 5) The valence
band has a maximum at k = 0; 6) vV, and V, bands are approximately

parabolic near Xk = O (but are not isotropic); 7) There is another
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valence band, the V_, band, which is depressed relative to the V

3 1

and V, bands by spin-orbit coupling by an amount A = 0.29 ev. (15).
This band is also approximately parabolic near k = 0 ; 8) The separa-

tion between the band edges €, = .66 ev. (14); 9) The separation

G
between the valence band and the conduction band at k = 0 is
€(000) = 0.88 ev. according to reference 15, and 0.84 ev. according
to reference 1h.

As was mentioned previously, E(k) is not generally isotropic.

The anisotropy of Vl and V., near k =0 has been gquantitatively

2
determined by combining the results of degenerate perturbation theory
with cyclotron resonance data by Dresselhaus, Kip and Kittel (6), and

Zeiger, Dexter, and Lax (7). The resulting expression for E(k) correct

to second order in k is given by

2 22 kekﬂl/e (1.1.2)

— 2_ 2, 22
E(k) = Ak ¥ [Bk + 0 (kK k +k k™ +
XYy Y z

2
where A = -13.0 gﬁ (see reference 6)
B~ 8.9 f°/en
|c|= 10.3 }62/2m

The plus sign corresponds to the light holes (VE) and the minus sign to
heavy holes (Vl). The general shape of the constant energy contours for
both heavy and light holes is shown in Figure 1.3, where kz =0 .

The conduction band minimum at g% = (% % %) is also anisotropic.
Here the three-dimensional constant energy contours appear to be ellip-
soids with their major axes along the <111> directions. The effective

masses m, and m, corresponding to the major and minor axes of the
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Fig. 1.3 Valence Band Constant Energy Contours in the
[110] plane in Ge (After Dexter, Zeiger and
Lax, Ref. 7)



ellipsoids have been measured by cyclotron resonsnce techniques as

m, = 1.58 m (6) m, = 0.082 m (6)

The effective mass in the P2 conduction band at k = O has been es-

timated to be m, = 0.03k m (6)
2
0.0k m (16)
0.036 m (17)
and is isotropic for small k .

The nonparabolic effects in Ge near the center of the Brillouin
zone have been investigated by E. O. Kane (15) with the help of degen-
erate perturbation theory. The results are shown in Figures 1.4, 1.5,
1.6 for [100], [111], and [110] directions respectively. It will be
noted that the nonparabolic effects in the V2 band set in at approxi-
mately 0.1 ev. relative to the band edge.

S5i has the same latﬁice as Ge and 1ts band structure is qualita-
tively very similar to that of Ge. The E(k) curves for [111] and [100]
directions are given in Figure 1.7 (14). One should note the following:

1) the conduction band edge occurs at = (%,0,0) and five other equi-

£a
2n
valent points, and belongs to Aﬁ_ band. 2) The valence band edge occurs

at k = 0 and is fourfold degenerate. 3) Vl and V. bands are parabolic

2

for only very small k and are not isotropic. 4) The V3 band is depres-

sed relative to the V, and V, bands by only .0k ev. (6). 5) The

1
separation between the band edges is €, = 1.08 ev.(14). 6) The separa-
tion between the valence band and the conduction band at k =0 is

€(000) = 2.58 ev. (1k4).

As in the case of Ge, the V; and V2 bands are anisotropic with the
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energy contours still given by equation 1.1.2 but with A,B,C, given
by

A =~-h.1 ﬁg/em (6)
IB|~ 1.6 }/om (&)

lc|~ 3.3 K/2m  (6)

Thus the anisotropy in Si is greater than that in Ge. Expression 1.1.2
1s not as good an approximation for Si as it is for Ge due to small spin-
orbit splitting in the case of Si.

The constant energy contours near the conduction band edge in Si
are again ellipsoids but with their major axes along the <100> direc-

tion. The longitudinal and transverse effective masses are

m, =0.97m () m =0.19m (6) .

>

According to H. Kromer (18) the Si conduction band near k = O has
probably the curvature corresponding to negative effective mass which
could have significant consequences as far as applications are concerned.
This, however, has apparently not been conclusively established.

The results of Kane's (15) calculations on the nonparabolic effects
in 8i near k = O are shown in Figures 1.8 and 1.9. In this case
the nonparabolic effects appear at energies as low as .015 ev. This is

1 2

The band structure of InSb, which has the zinc blende structure

due to the proximity of the V3 band to the V. and V, bands.

and therefore the Brillouin zone of Figure 1.1, is shown in Figure 1.10
for [100] and [111l] directions. Most of the qualitative differences

between the band structures of InSb and Ge and Si arise from the fact that
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InSb does not possess a center of inversion symmetry.

One observes the following:

1) The conduction band edge occurs at k = 0 and belongs to

the Fl band.

2) The valence band edge no longer occurs at k = 0 , but near
k=0.

3) The valence band is still fourfold degenerate at k = O , but
the degeneracy splits for even very small k . Thus the

valence band edge is not degenerate.

4) The spin orbit coupling is very large and as a consequence

the V3 band is depressed relative to the V. bands by 0.9 ev.

(4).

5) The separation between the band edges is quite small ,

€y = +175 ev (19). (This complicates the analysis of the band

structure--to be discussed later.)

1

The Vl and V2 bands are highly anisotropic but the expression
1.1.2 no longer holds. As a matter of fact, for certain directions the
expressions for E contain terms linear in k . The nonparabolic ef-
fects for small Kk have again been considered by Kane (19) are are shown
in Figure 1.11. In his calculations he assumed that the valence band

maximum occurs at k = O , which makes his results for the valence band

somevhat unreliable, quantitatively.

1.2 Semiconductor Crystal in a Magnetic Field - Previous Investigations

It is a well known fact that if a free electron is placed in a mag-
netic field 1ts energy becomes quantized in the direction perpendicular

to the magnetic field with the energy levels ﬁwc apart (where w, =

¥

— 5 the cyclotron frequency) (20). A similar effect takes place

when a semiconductor is placed in a magnetic field. However, the

problem of determining the energy levels of electrons
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is considerably complicated by the degeneracles, anisotropies and the
generally nonparabolic character of the energy vands.

A semi-classical approach to the problem of an electron in a
lattice subjected to an external magnetic field has been adopted by
Shockley (21), Dresselhaus, Kip and Kittel (6), Zeiger, Lax and Dexter
(22), and others. This approach consists essentially of calculating
gquantum mechanically the energy band structure of a semiconductor
without including the effects of the external magnetic field, and then
considering the classical cyclotron motion of an electron (or a hole)
in the force field of the lattice. One can confine his attention to
the motion of a single carrier, in which case the problem is to solve

the equations of motion:

e(E + = z L. &) (1.2.1)

l

+
4|l

!

1<
1

A e(p) (1.2.2)

P is the generalized momentum

T 1is the collision time

E 1is the externally applied electric field
]C is the externally applied magnetic field
p)

is the effective Hamiltonian

Alternatively, and more accurately, one can use the Boltzmann transport
theory to solve the problem, as has been done by Zeiger, Lax and Dexter

(22), in which case the following equation is to be solved:

farf _ ——
of o = = Vvx¥
—_— + v o Vf+telp + —2=)V{f = 0 1.2.
ot r ( c ) p ( 3)

vhere again v = v, € (p) and £ = £(p,r,t,H,E) is the distribution

function.
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The quantum mechanical effective mass formalism for treating problems
of this sort has been developed by Luttinger and Kohn (1). The method
has been used by Luttinger (2) to treat the problem of the valence band
of a Ge crystal in a magnetic field. Since in the valence band of Ge
the spin orbit splitting is rather large, Luttinger has been able to con-
sider the Vl and V2 bands separately from the V3

amounts to the assumption that the Vl and V2 bands consist of purely
3

j= 5 states, which was also the assumption involved in deriving equa-

band which essentially

tion 1.1.2. Luttinger has written down a LUxh matrix, a diagonalization
of which should yield the energy levels for electrons in a Ge crystal
which ismsubjected to a magnetic field in the [111] direction. He has
also assumed that the momentum of the electrons in the direction of the
magnetic field is zero. He has then simplified the problem further by
assuming the energy bands to be isotropic. This reduced the problem to
the solution of two 2x2 determinants which Luttinger has carried out. He
also formulated a perturbation approach to the anisotroplc problem. The
numerical results have been given by Goodman (3) and are summarized in

Figure 1.12,

It will be observed that the Vl and V2 bands split into four "lad-
ders", two of which correspond to light holes and two to heavy holes.
The spacing of the levels is no longer constant for all quantum numbers
as it has been in the case of a free electron, but it becomes constant
for higher quantum nunbers where the classical limit is approached. How-
ever, we might expect that at even higher quantum numbers unevenness in
the level spacings must again set in due to the nonpafabolic effects.

This, however, must be expected to occur at comparatively high energies

relative to the band edge (see Figures 1.4, 1.5, 1.6). Calculations on
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the behavior of the Landau levels at values of kH f 0 are not avallable
at present. However, interesting effects are to be expected due to aniso-
tropy of the energy bands. Thus in the direction where the constant
energy contours are reentrant (sée Figure 1.3), reordering of the Landau
levels may take place; the levels corresponding to higher n numbers
(angular momentum numbers of an electron orbiting on a magnetic fleld)
appearing above those with lower quantum numbers. The effect may prove
to be importént from the applications point of view.

vNo calculations of the sort described sbove have been made for
elther 5i or InSb. In the case of 51 the analysis will be complicated
by the small spin-orblt splitting. It appears that it may be necessary
to consider éll three valence bands together which will lead to the for-
mulation of the general problem in terms of 6x6 matrices. It may be
expected that in this case the energy levels will be mich more unevenly
spaced than in the case of Ge and the unevenness at high quentum numbers
will set 1n at much lower energles. The above are assumed to be the
effects 6f increas¢d mixing of the Vl and V2 bands with the V3 band and
the strong nonparabolic effects. The anisotroﬁy effects are of course
expected to be even more pronounced for S1 than for Ge.

The proximity of the Fl conduction band to the vélence band in
InSb may necessitate rigorous lnclusion of 1t in the solution of the
valence band problem as has been done by Kane (15) for the no-magnetic-
field case. This will lead to 8x8 matrices in the problem unless the
V3 band can be separated first. The absence of the center of symmetry

will also complicate the analysis. The nonclassical effects (unévenness

in the energy level spacings) will probably be strongly apparent in InSb.
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The problem of energy band structure of Ge and Si in the presence
of a magnetic field and thus the problems of cyclotron resonance and
interband magnetoabsorption, is here considered from a quantum mechani-
cal point of view. For the sake of clarity and completeness, some of
the results of Luttinger and Kohn (1) and Luttinger (2) are rederived
in Section 2 using a slightly different approach to the problem. Also,
the analysis given makes use of a fewer number of approximations than
has been previously made. Thus the assumption of decoupling of the
states corresponding to J = % and J = % states in the tight binding
limit is not made. This results in a 6x6 matrix operator in vwhich the
antisymmetric constant X is included. Spherically symmetric energy
bands are not assumed,'although approximations must of course be used
in dealing with the resulting infinite matrices.

In Section 3 the Landau energy levels in Ge and Si subjected to
a magnetic field in the [00l] direction are found at kH =0 . No
approximations other than those involved in the use of the second order
perturbation theory are made in that section.

In Section 4, however, an approximation of the decoupling of the
Vl and V2 bands from the V3 band mentioned above 1s introduced. The
Landau levels at kH = 0 are then calculated and compared with the re-
sults in Section 3. Then the behavior of the energy levels for kH % 0
is considered. Section 5 is devoted to the derivation of the matrices,
the diagonalization of which should give the Landau level structures of
Ge and Si for the cases of the magnetic field in the [101] and the
[111] directions. No numerical results, however, are given. Section 6°
is concerned with some possible practical applications of the Landau levels

in semiconductors which have or have not been proposed before.
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IT. VALENCE BAND STRUCTURE OF DIAMOND TYPE SEMICONDUCTORS NEAR k =
ANALYTICAL FORMULATION OF THE PROBLEM

2.1 Perturbation Theory Approach to the Problem of Band Structure in
the Absence of en External Magnetic Field

To analyze the energy level structure of a Ge or 81 crystal in a

magnetic field one must solve the following Schrodinger equation:

2
2m c m2c

lel -

* o5 O Hv+Vv(r)y = E v (2.1.1)

This equation represents a one-electron approximation in which the poten-
tial V(r) 4is chosen to account in the best possible fashion for the
effect on a single electron of the nuclei of the crystal, the average
electrostatic potentials due to the electrons in the crystal, and the
exchange interactions. The choice of this potential is quite difficult
and involves numerous assumptions. A discussion of the problem may be
found in review papers by Callaway (23) and Reitz (13). However, it is
often possible by using symmetry considerations and experimental data to
avoid the explicit determination of the potential V(r). This, as will
be seen later, is the case for the problem considered here.

In the absence of the magnetic fleld, equation 2.1.1 simplifies to

the following equation
l A2
B PVt ‘L‘g [vvx?]-3 by + V(r) ¥y = E ¥ (2.1.2)

vhich has been solved quite accurately for Ge and Si in the region of the

Brillouin zone near k = O with the help of the perturbation theory. The
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method which has been suggested by Shockley (21) and has been carried
out in detall by Dresselhaus, Kip end Kittel (6) and Kane (15), is based
on the following considerations: The wave functions must be of the Bloch

type, i.e., of the form

ik.T

b= e T a () (2.1.3)

where uk(r) has the periodicity of the lattice. wk may then be substi-

tuted into equation 2.1.2 with the following result:

2 22
e L [ovxE] T v v u - - (2

bm™~e

This can be solved by considering first the eqguation

2
Ve + v(r) e = E & (2.1.5)

Bl

where €, are the zero order u's (k = 0), and treating all other terms

as perturbations,

2
¥ %—E .V (2.1.6)
°° =;lé-c—2 [vv:c 3] o (2.1.7)

2 - -
The effect of the ——%§7§[Y7V X k] + 0 term has been estimated by Kane
hm~c

A
(15) to be less than 1% of the effect of the VP term, and thus may be
neglected.

Equation 2.1.5 has been considered by Dresselhaus (24), and Dressel-

haus, Kip and Kittel (6) for the case of the valence band of Ge and Si
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which is the case of interest here. From Herman's (25) calculations,
Dresselhaus, Kip and Kittel found that the energy levels in Ge at.

k = 0 and neglecting VSo are as shown in Figure 2.1, and are of a

similar nature in Si. Using the fact that the valence band edge is

six-fold degenerate and belongs to the T representation, Dressel-

25+

haus, Kip and Kittel (6) on the basis of Von der Lage and Bethe's work

(26), chose for the zero order valence band wave functions the following:

+ . — + . — + .
Pi =181 Po= 8103 Py= €385

+ + +

g, = €] 5_1/2 ; ¢5 = €, S—l/2 ; ¢6 = < 8_1/2 (2.1.8)

where Sl/é indicates the spin up wave function, S 1/2 indicates the

. + + + + yz
spin down wave function, and el » €2 P 63 transform as ¢ ~ 555
L S DU~/ xry T
2 2 2 27 3 2 2 2
X+y+z X+y+2z

Knowing the form of fhe zero order solutions, one can now introduce
the perturbation Hamiltonisns V'° and 9°° . Consider P first, al-
though the order is immaterial (see Appendix 1). According to standard
degenerate perturbation theory (27) the following determinantal equation

must be solved to get the first order corrections to the energy.

‘Vkp Y g

13 Fup ij| =0 , i,j=1,2, «++ 6 (2.1.9)

where

2
Vl.ig = Z_ f¢i (- %—E V) ¢j dr (2.1.10)

Keeping in mind the orthogonality condition for spin wave functions (where

Leighton's (28) notation is employed):
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*
). 5. (02) 8 (02) = 8 o (2.1.11)
O'Z S S S S

It is obvious that all Vij for which i =1,2,3 and J = 4,5,6, and

for which i = 4,5,6 and j = 1,2,3 are zero. For other Vij one

has
yEP 1 Fr v &t ar (2.1.12)
13 T " m 1 3 ¢ e

Using the transformation properties of ‘GI s 1t is easily shown that the

above integral vanishes. Thus it is found that the first order correc-
) A
tion to the energy due to Vkp vanishes. One must therefore consider

the second.order corrections. These are found by solving the following:

Y Vﬁvmj 5?5 =0 i,§=1,2,+ 6
- . = ’ = 3 ,ll'
= El(OF_ Em(O) kp iJ (2.1.13)
where m vrefers to all states except those in the FZ5 band. Consider
V?ﬁ mj
m) = Dy, (2.1.14)
i m
2 kep, Yk-p_,
b _ L Z ( le)( pmg)
i 2 g g9 g0
i m
vhere D, = Z f¢i P ¢m dr (2.1.15)
g
2
2 a B
- K b, p_ .
Dyy=" Y, K, kg ), _im “mj (2.1.16)
m  Q,B= m . (0) (0)
E, '-E
Xy Y52 i m
If all Eié) were equal (to Eié)) one could write
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%2 5 (s” pg)ij
D!, = k k (2.1.17)
+J ;? awup= & B E§O Eko)

RSN EY-

Now using the transformation properties of €; and the orthogonalilty

condition for spin wave function, 2.1.11, the following is obtained:

P @ XX 2 VY 2 gy2E 2 h Y _ @122
Dip = By & kB, K vhere 2177 = 87
(2.1.18)
t - @Y gk X gk .
1o 12 B8y TP K, ete
Since the form of Dij does not depend on Eéé), one has
XX 2 vy .2 2z .2 2 2 2
D, = D77 K +Dy) L B ko = Lk + M(ky + k)
(2.1.19)
= D yx - .
D12 1o kxky—féble kykx N kxky , etc
Now IIDijll can be written as
§3)
1, | 0
1D, 11 = (2.1.20)
0 18,
where
T+ M(k2+k2) Nk k
X v Z X 2
2 2 2
= k k k
I]ﬁml] Wk ka+M( kD) Wik,
Nk _k Nk_ k 13 + M(k2+k2)
X Z V% Z X 'y
(2.1.21)

N
Consider next the spin orbit interaction VSo . Again the first
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order correction is determined by solving

= 0 (2.1.22)

where

Using the transformation properties of ez s, the Pauli spin matrices for

P} , and remembering that V 1s a symmetric function of the coordinates,

the following results are obtained:

\ =
11 0
2 22
80 if oV 2xy w -
V., ~ dr (2.1.24)
12 hmzc2 3% (x"+ y2+ z )3
= =1 % k) etC.

]
i

to the energy arising from spin-orbit coupling may be written

Thus the matrix ||V 3[| which determines the first order correction

0 i 0 0 0 -1

-i 0 0 0 0] i
0 0 0 1 -i 0

so A
”Vij”— = § (2.1.25)

0 0 1 0 -1 0
0 0 i i 0] 0

-1 -1 0 0 0 0

(0) (1) ' .

According to Kane (15) Ekp and Eg ° are of the same order of magni-

tude. Hence one can add ||Din and ||V§§|| (see Appendix 1), and
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diagonalize the complete matrix thus obtaining the first nonvanishing

correction due to both the X -E term and the spin-orbit term.

||V§§|! can be diagonalized by transforming to the J,jm representa-
tion. This is to be expected because all elements of Ilvigl‘ are
expressible in terms of A which is the only quantity which depends on
the lattice constant and because in the tight binding limit the spin-
orbit interaction 1s diagonalized by transforming to the J,mj represen-

tation. The transformation matrix is (see Kane)

1 1 1
= 0 0 0o = =
v2 Je V3
i i i
L o 0 o -1 L
E AN
2 1
0 [ = - — O 0 0
3 J3
U = (2.1.26)
1 1 1
0 -2 -2 -2 0 0
Je V3 2
i i i
0 = -= X 0 0
% B
2
0 0 0 o /= —-E—
3 3
; . +, -1
U is unitary, i.e., U = (U) 7, and therefore
-1 + ~
U o= U = (D) (2.1.27)
If IIDijll'and ||Vi3|| are novw transformed using U to the J,my

representation and added, and the energy is measured from the top of the

valence band, the following is obtained for the final perturbation matrix

(2.1.28)

i

vl
-T* a¥

where
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It is important to note that G* and I* represent matrices ob-
tained by conjugating complex quantities explicitly appearing in G and
I' as written above, and not conjugating the d@ij's-

It now remains to diagonalize "Vij!| using appropriate values of
LMN +to determine the energy band structure of Ge and S5i near the center
of the Brillouin zone.

The usefulness of the above approach of simultaneous diagonalization
of two perturbation Hamiltonians has been discussed by Kane (15). He
points out that in degenerate perturbation theory the convergence of the
perturbation expansions 1s always hastened if perturbations which are of
the same magnitude are considered together and act simultaneously to
remove the degeneracy. This applies to the first order spin-orbit and
second order k - 5 perturbations since these two are of the same order

of magnitude.
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2.2 Energy Band Structure in the Presence of an External Magnetic Field

Consider equation 2.1.1, i.e., the problem of a crystal in a
magnetic field. The solutions are obviously no longer of the Bloch type,
(equation 2.1.3). However, with the appropriate choice of gauge some argu-
ments can still be made about the general form of the wavefunction .
Since the spin-orbit interaction and the spin-magnetic field interaction
terms are not essential to these arguments, one may temporarily omit them and

consider the equation

1 A ieIK 2 B
5 (B + =) + V(r)y = Ey (2.2.1)
.Choose . . a coordinate system xl,xg,x3 such that the magnetic field
lies along Xg and select the gauge (Landau gauge):
= —_/]’ = = » .
Ay ~,(fx2 A, Ay = 0 (2.2.2)

In this coordinate system equation 2.2.1 becomes

2 2,42 2
ke 2 el B 9 lel /™ x5
TEm VYV S P v v - By (223
1 2me
which can be written
2
B o2 o _
- 5= VY + V(r)y = Ev
if one defines
2.,2 .2
G — _ lel% é o lel — ¥ X5
Vi) = V(r) - —= % x, S 5 (2.2.5)
1 2me

Equation 2.2.4 is now of the same form as Bloch's (25) equation 1 except



that now V'(r) is periodic in =x. with the period a and in Xy with

1

the period c¢ but is not periodic in Xy oo The periods a and ¢ are

those of the lattice in the x. and x_, directions respectively.

1 3

The arguments of Bloch can now be repeated omitting those in-
volving x, (or 'y in Bloch's notation), i.e., deleting the second equa-
tion in his equations 4 and 4', and bﬁx‘s in equations 5, 5' and 5"

The following result is thus obtained

ilk.x, + k.x.)
y =e T+ 33 cx (0 (2.2.6)
13

where L4

Kk (r) has the periodicity of the lattice in the x. and x

1
173 i(kx, +k,x) .
directions. The factor e 11 33 could also be obtained by noting

~
and pX commute with the Hamiltonian of equation 2.2.1 if
1 3
the gauge is chosen according to equation 2.2.2 .

that ﬁg

Having determined the general form of the solution ¥ one may go back
to equation 2.2.1 and to the coordinate system in which x,y,z axes are
along the [100], [010], [001] directions of the crystal respectively. This
is the coordinate system in which the functions given by equation 2.1.8
are the solutions of equation 2.1.5

The two coordinate systems are related by

; = [la] 2 \ (2.2.7)
Z C

where
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axl ax2 ax3
A = 8 a 2.
e L (2.2.8)
81 az2 az3

In viev of the form of the solution to the Schrodinger equation for
an electron in a magnetic field and otherwise free, 1.e., equation
2.1.1 with V = 0, which is given in Appendix II, it 1s convenient to

write WU (r) in the following way:
k1k3

uklk3(r) = 21: Zn %, £.(x)0, (2.2.9)

where ¢i are given by equation 2.1.8 and fn are the harmonic
oscillator wave functions. This is seen to have the periodicity in

the Xy and x3 directions required by equation 2.2.8, and is ex-

pressed in terms of a complete set of functions of x2 . One thus

gets

ik x + k. x

_ 1517 2%
¥y o= e ‘é % o, £ (x,)8, (2.2.10)
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The choice of gauge 1s still given by equation 2.2.2 and therefore

Ao= ag A = -a, Hx,

= = - ‘ 2.2,
Ay ay 1 Al aylr }@xz ( 11)
Az - azl Al - _az]_ KXE

Equations 2.2.10 and 2.2.11 may now be substituted into equation 2.1.1:

(1 ops lolEa®n? 42 ol oy, 3, 2
Im(s';*———'——“f'ezla; ) 7
le] Kx 2
_]; (Ea 7] )
Y 2m L3z c *
le| a_, %, le] ¥ x
d x1 ) _ d y1
+;§>—ce VVX( E5% ) Td - — )+
a |8| Hx_ o
1(kx+kx\ i(k.x. +k._x_)
33 _ 11733
? % aln n i Ee Zld }n: infn¢i
(2.2.12)
Now if one calls
ox. ox 5X3
— = —_— = — tc.
Ox blx ? Ox 2x ox b3x e
that is, % b'd
il = Bl ||y (2.2.13)
2, 2

one obtains
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The matrices to which Bt and bha belong are orthogonal and
-1 "

A = B-l. From orthogonality B-l =B , A = A s or A =B

b = g8

1x x1’ b2x =a

%2 ’ b3x = ax3 sy etce; also

blxblx * blybly * blzblz =1
baxng + b2yb2y + b2zb2z = 1
b.b. +b_b. +b. Db = 1
3x 3x 3y 3y 3z 3z
= 0 , etec.

blxb2x * blyb2y * blzb2z

Using these relations and defining the operators

lel #x,,
A .
ky =% -
kK. = T
2 i 6x2
k. = k
3 3

which operate only on the harmonic oscillator wavefunctions fn

kx kl
- Al %,
~ P
kz k3

the following is finally obtained

(2.2,15)

(2.2.18)

, and

(2.2.17)
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= 20 018
B E: E: in n i (2.2.18)

i

/\ ——

One may again neglect the term involving [VVX k} + g , treat the
first term as the zero order equation and all other terms as perturba-
tions, thus restricting the calculation to the region close to the
center of the Brillouin zone and to low Landau level quantum numbers.

2 ol -
The zero order equation is thus given by (ignoring gﬁ ﬁg and‘%%% o i

terms at this time)

5
_Z Y a‘i’nfn [- %ﬁvzgéi +V(r) ¢i = g° >y « mn (2.2.19)

i

Since all fn are linearly independent one must write

5

2
ofi’n {- g‘g v2¢i + V(r)g. ' % (2.2.20)
for each n. This is essentially equation 2.1.5 and therefore the solu-
tions are given by equation 2.1,8 and the zero order energy levels are
as indicated in Fig. 2.1.

In c¢alculating the effects of the perturbation terms we first
restrict our attention to the case with the external magnetic field

applied in the [0Ol] direction, i.e., along the z-axis. We thus have



a = a = a = 1 (2.2.21)

all other a's in 2.2.8 being zero and

A= - ¥y Ay =A =0 (2.2.22)
1( +kK,2) o

v o=e 2" § RN oA (2.2.23)

n

A el \

ke = % T ch \

~_ 19 \

ky" 1% , (2.2.24)

A

k = k

Z Z

Since ﬁ operates only on fn one can carry out the k - p and the
spin-orbit perturbation analysis exaétly as before in the no magnetic
field case, substituting ﬂ& for ka in the final result and operating
with the resulting matrix on some linear combination of functions fn .
There will be only one modification which arises from the noncommutivity
of %a whereas ka do commute. Consider 9 given by 2.1.15 and enter-

12
ing into 2.1.20. When k_and k commute o0 . = Nk k . Actually, by
X Yy 12 Xy

2.1.15
1o = X“l‘g 1';}_1<:y ' &i)g i\cyqu (2.‘2.25)
Defining
K = Dg - f)”{’é (2.2.26)

one can write
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NiREY + Lk (kL) (2.2.27)
rj912 B { X &} * 3 Kk y e

A A A ~ AR
where {kxky} is the symmetrized product of k  and ky and (kX’ky)
A

A :
is the commutator of kx and, ky . Similar relations hold for all AEQJ
‘with 1 % J « K 1s the antisymmetric constant introduced by Luttinger

A
(2). The commutators of k, &re given by

~AA 1 lel#
k_ sk = =
( X, y) i C}{
A
(kx,kz) = 0 (2.2.28)
A e
(ky,kz) = 0
One now has the new definitions of 2513 :
_ n2 22 A2
4911 = Lk +M (k" + kz)
_ AN K le|d
6%12 - N'{ xky} -1 2 cK
NN A
= = k k
2513 N { xk%} N X z
re K leld
Doy =N {kxky} 15
2.2.29)
/\2 2 A2 (
0822 ka+M(k +kz)
2 A A A
23 = N {k kzg = N kykz
k% k k
i93l N {kx z% = N kx Z
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¥ {x i Nk k
3932 B { ykzj B y 2
/\2 ’\2 /\2
4933 = Lk + M (kX + ky) (2.2.29)

' 80
It is obvious that the spin-orbit perturbation matrix ||V, | 1s

Fal
unaffected by the change from kcx to ka s The transformation

given by equation 2.1.26 can therefore be used on both the new D

id

50 to transform them to the J m, representation. The energy

Vi3 3

is again measured from the top of the valence band. The transformed

and

matrix is once more given by equation 2.1.28 with G and TI' defined
by equations 2.1.29 and 2.1.30 . The important differences in the new
results will arise from the fact that in the presence of the magnetic
field one no longer has igij = iiji . One now gets for the ele-

ments of G and T :

0231 4—&?&2 + i(2

- D .
12 -1p-2igAd®
2 ) 2 c

w _ 2
V3
$l3-i$23 .
Ve Ve
2.2.30
) .2 ( 30)

.._.31'.__—__—-—2—3- = i x*

V3

Dyyt Dpgt WOyt 1005~ 5)) lp,2q_ 41K ]e!}é
3 c
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(P-2q) -1 iK |e|?

3\/? i} 3\/5 3\/'5 e

- @llJr Dot i($12+ ,@El) o
2v3
B D 1@ 4 D)
Ve
211 Dpo- 18+ £ _»
2\/3

= -Vam

‘831- 2)13 + 1l

3

Dy D)

0

- i(D
At 28 105 28)) i\/«?oﬁ
2
32

Ly D (2 .+ ﬂgl)
Je

-3813- 0031+ 1(2;823+ ,832) N
2

= -1
3V2

Dy Oyt 18- )

3

- Ve 2

(2.2.30)
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The following definitions have been used (following in form
Luttinger and Kohn ( 1) , although L,M,N, constants used here are

different numerically from their A,B,C):

A2 A2 2
P = (L + M)(kx + ky) + Mk
A2 A2 2
Q = M(kx + ky) + Lk
iNA A
== (k- ik )k 2.2.31
I\G(x Dk, (2.2.31)

1 M) (R2- 2 k k
M = 75 [(L - M) (k- k) - 21N {kxky”

The matrix 1‘Vij” may now be explicitly written. The ordering of terms in

|\ViJ||as given by cquation?2.1.20 is the following:

;D -3 -3 (2.2.32)

@ z

Nl

HOEFRO)

o

; (g) -

N lw

Reordering the matrix elements so as to conform with Luttinger and Kohn

(1) one gets
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where s = Iel}f (2.2.34)
ch
Now if || Vijll is transformed using the transformation ||U|]:
1 O 0O o0 0 0
C i 0 O 0 O
0 0 -1 0 0 0
||l = (2.2.35)

and K 1s set equal to zero, a matrix is obtained which is identical in
form with the final result of Luttinger and Kohn (1).

The matrix || Vij[l must now be allowed to operate on linear com-
binations of the harmonic oscillator wavefunctions fn » This is most
conveniently done by writing the operators ﬂx and ﬁy in terms of the
raising and lowering operators.

The problem of a particle in a magnetic field is treated from the

operator point of view in Appendix II. It is shown there that the raising

and lowering operators are given by

A A
Raising Operator: \/%_n \/ leﬁé (-1«:X - iky) (2.2.36)

1 Ke ~ A
Lowering Operator: \/ (-k + ik ) (2.2.37)
J/2n le|ldl  x y
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One may define:

Then

-1/2
f =n l/ a+f or a+fn =

n n-1

£ - n"l/2 af or af =n

n-1 n n

+
& and a Dbeing our raising and lowering operators respectively.

Using the following relations:

+ 1 "2 N2
aa =3 T;%ﬁg (kx+ ky - l%%Zé)

sa” =2 e A2+ &2 + |e|#¢
2Te® T e )

|
-

(aya+) =

one obtains

(n+1)

t

n+1

(2.2.38)

(2.2.39)

(2.2.40)

(2.2.41)

(2.2.42)
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Yy
AD  AD 7 o 2
k, -k = li}-,l{iiﬁ(a +a) (2.2.43)
AN e 1 2 2
{k&ky} N ——%E— 21 (a” - &%)
Using the definitions
2
] AV
£, £y
£ Y AL PR (2.2.4h)
2m Ho= c - T T e
2
L -y Rlel? oo o 4
2m me
and relationships 2.2.43, one may write
ﬁg + 1 2
P=L s[(s+w)a"a+ D) + ua®]
2
e s b ]
2
£-E oL e (2.2.45)
Ve
2 2
_E L1 + 2
ébZ— == MV§.[(£-u-V)a + (L=p+v)a ]
= EE s (—-E v)a'd
f—-m fé‘

+2

=
1}

B r.s:
Il—*

[ f-p+v)a  + (ﬁ-u-v)ag]

'5

Now reordering the terms in Vij again in a manner which will be found
convenient and which is used by Luttinger (2 ) and by Burstein et al

(L) in their equation 27, one gets the result:
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2 2| — p
Now the terms E— k and Jﬁﬂ o - # which appear in-equation
2m 2me
2.2.18 and which have been ignored so far, must be 1ntroduced In con-
2 A
nection with the ﬁ k term, matrix elements of the following form

must be evaluated:

2

v _/~¢* ﬁ K ¢ dx (2.2.47)

1

A
Since the operator k is simply a multiplier as far as the wavefunc-

tions ¢i are concerned, the result is

Vij = on k aij (2.2.48)

k
The 6x6 matrix llvij]' must now be transformed by U , eguation
2

2.1.26 after which it may be added to 'lVijl| - Again using equa-

tions 2.1.29 and 2.1.30 one obtains

K K Kk K
- 2
11t Voo * HVip - Vo) 202
2 2m
2 2 2 2 2
K K K k
Vi + Voo * uvsa + i(v, . - VZl) EE "2 (2..19)
6 2m T
K2 12 P 2 2

k
Vg Vo, + V33 + 1(V12 Vo) . ﬁf/ﬁg
2

all other elements of G and I' being zero. The transformed matrix

is therefore

2

k a2
IVE Il = 114 ¥ s, (2.2.50)

2m i



bl

AR AD A2 AR e d( + 1 2
Ll [e(a a+3) +a ] (2.2.51)
Therefore,
) ‘ ' 2
. Vg + 1, . a .
||v;J|; - E%E' I [(a'a + 3) + 5] 513" (2.2.52)

These additional terms can be easily accounted for in the matrix of
equation 2.2.46 by substituting in place of £ and u , 4' and p'

defined as follows:

' = g+ 1 |J.‘ = ok 1 (2'2‘53)

One must now evaluate the contribution of the %ﬁ% S term. In the

¢i representation this is simply:

1/2 0 0 0 0 0
o 1/2 o 0 0 0
vy, " = 1T O G | PP
3 me 0 0 0 -1/2 O 0
0 0 0 0o -1/2 o0
0 0 0 0 o -1/2

This must be transformed using U . Unfortunately equations 2,1.28,
2.1.29 and 2.1.30 can no longer be used. Instead one has to find

how a matrix of the form

11V 8yl (2.2.55)

transforms under the transformation U . The result is:
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In the present case

ok o 7
Vin. Ve 2 vghk- ¢ v K
5 =32 H _..-1
2 2
o o
Yu Ve O, oK
2y3 11 2 __ o
2V3
aK o g
‘#V33 + th + VSS ~ l anye-" Vo'o'}€+ J.p,i‘uﬂjc
G -6 11 7 ‘o2 86 1
6 - T6
oK Lo K oI
..2V33 + th + VSS _ \/—2 vo-.,%+ Vo‘o;{ EVU.?(
3V3 Y 11 22 " “'e6 _ V2
3vVe ' 3
g oK
V’.&.)-l- -355 = 0 vg..}f.-’- Vo'o]{’ Vgu'J(
2V3 11 T Tee T Vs 1
3 "6
Vg'x+ Vg,;?(-F ng() 1
- 3 =-Z (2.2.57)
Reordering the terms one gets:
1 33
5 0 0 0O 0 0 (2) 2
1 V2 3, 1
o -3 0 0 0 5 (- 3
1 Va2 | 3, 1
Vo»J€||_ plee (|©° 8 0 T3 o) Re
icj - mc 1 o o (3 3 ¢ '5
0 0 0 -3 3)-3
V2 1 1, 1
0 3y % 5 %) @3
A 1 1, 1
0] T 0 0 0 5 (.5).. 5

One may now write the complete perturbation Hamiltonian !IVijil by

adding equations 2.2.46 and 2.2.58 and replacing £ by 4' and p

by up' :
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Here the definition X= -(3x+l) was used.
To compare this result with Luttinger's (2 ) the follbwing
approximations are introduced.

1) U4 x4 matrix in the upper left-hand corner may be
decoupled from the 2 x2 matrix in the lower right
hand corner. This approximation seems to be valid
in éase small k_ (or 4) and a small number of energy
levels close to the band edge are of interest and in

case A , the spin-orbit splitting, is appreciable.
2) 4a=0 (i.e., kz=k9€ = 0)

3) 4-p-v =0 which implies spherically symmetric
energy bands. Luttinger makes this approximation in
all cases except that of the magnetic field in the
[111] direction, and then treats 4-p-v # O case
by perturbation theory. This procedure seems to be
applicable to Ge where £-yu-v is small but is

questionable in case of Si.

One also defines

1n
= - = op!
9] 3(13 + 2u")
Y= -2 (8 -p) (2.2.60)
2 6
=-']:'V
T3 5
Yy Yoo ¥y being the constants used by Luttinger. Assumption 3)

listed above implies

T,= T,= 7 (2.2.61)

The resulting 4 x4 matrix is =s follows:
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~(r W) (a"as - 3 V37 a? 0 0
- - 1, 1
V3T e’ (- (eTa+3)+ = & 0 o}
. ||v:*3"*||=}él%lﬁ t #e
C
0 0 ~(r-P)(ata +3)- £ & 5T &7
1 2! 2
0 0 = =/t 1y, 3
-3 7 a -(rl+r)(a at §)+ 5K
(2.2.62)

If the energy is measured in units of él%%££ as Luttinger does, and
the sign of the above matrix is changed, i.e., one deals with holes
instead of the electrons, one obtains a matrix which is identical with
Luttinger's equation 71 with the exception of some signs. It is

easily shown, however, that these signs do not affect the solutions.
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IIT. LANDAU IEVEL STRUCTURE OF Ge AND 8i AT ky =0 FOR H

IN THE [0Ol] DIRECTION

In this section the energy levels in the valence bands of Ge and
8i will be calculated for a special case of the external magnetic field
H in the [001l] direction and kH =0 . This special case is
analogous to the case of kZ =0 but kx and ky finite in the no-
magnetic-field problem. The resulting energy levels are the ones
involved in the interband magneto-optical transitions and probably in
most of the cyclotron resonance transitions. They are thus of primary
importance in the interpretation of the experimental data.

Since no approximations, aside from the basic ones which have
already been discussed, are belng made in this calculation, it will
serve as & basis of compafison for other calculations. The results should
also indicate the behavior of the Landau levels as a function of the mag-
netic field and thus give the variation of the effective mass with the

applied megnetic field.

3.1 Reduction of the Problem to an Algebraic One

Upon setting d = 0 (i.e., ky =k = 0) in the matrix of equation
2.2.59 and changing its silgn so as to deal with holes instead of elec-

trons, the following two matrices are immediately obtained
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Egquations 3.1.1 and 3.1.2 must now be allowed to operate on some
linear combination of the harmonic oscillator wave functions and then
the result must be substituted into an equation of the form 2.1.9.

This is equivalent to solving the following eigenvalue problem:

”V3X3|| F = E |[I]| F (3.1.1)
iJ
where HIH is the unit matrix and F can be taken to be of the
form
Z a f,
7 ii
F = Z bjfj (3.1.5)
dJ
Y Sy
k

Letting M_e_]_}’_( € = B measuring energy in units of m—%—lﬁ , and

mc

remembering that

_ 1/2
& L alfl - Z 8y % £
i i
/2
a Z aifl - Z a (l+l) / lc.i+l
i i
+
a a Z aifi = Z a, 1f1 (3.1.6)
i i
2 (s 1/2
a Z af = Z %y [1(2-1)] / fi-2
i i
2 e AN
at Zl: aifi = }_12 2, l:(3.+l)(1+2):Il/2 fi0

one obtains by substituting equations3.l.l and 3.1.5 into 3.1l.4, the

following sets of equations:
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Now if the energy bands are assumed to be spherically symmetric,

i.ee, 4" = p' =v =0 (or Tp = ¥3 = T in Luttinger's (2) notation),
one may write, j=1+2 , k=1 + 2 . Then for each 1 a set of
three simultaneous equations is obtained, the solution of which will
involve simply a diagonalization of a 3x3 matrix.

If the assumption of spherical symmetry is not made (£'-p ~v # 0)

one must use the orthogonality properties of fn's to obtaln algebraic

« This yields an infi-

equations for the coefficients a;, kj, and )

nite number of coupled algebraic equations which may be arranged in such
a way that the system determinant has the following form (the symbolism

employed should be obvious):

b ¢ b

b a b a_ b b
o % "1 %1 % %2 % # P3C% %P % ® ¢

3 5 Cs aLL b6 c6 a5 b7

IT £, |€
TIT £, |p
T £y
IIT £

T f € 0
2
ITI fs Ygé o € V28

II fq
IIT 3
I £, 3V2d
II £
III ),

o o)
€ Vo8

5
B V25

=

o M
m

Q
o

w}

© MmW
oo I
™

S
V28

S o

h=4

S o
D m W
no Nl

™

1T f5
IIT f5

I 1) 5 V2%

IT fg

I1IT fg .
I fc o V2d €
I £7 B
III £, /2p

oo Nl
™
o

Blo o
™o

5o -
W m W
mn o ol

w

™ m ™
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The elements in any three rows of this matrix labeled I, II, IIT
may be determined from Table 3.1l. For example, the elements of the

three rows labeled I f2, IT fh’ IIT fk are glven by

bo Co a2 bh Cy &g
1 o£, -V2b ~28 -Z"—ig-?i“--e -2V3p -2Vep 0
K-x_ EA ;
II ) 0 0 -2 V3B 3 e 5o = V308
9 kel A-Dk-1
oI, 0 o | -2Vep 5o- = 2ol N -2 V158

(3.1.9)

It will be observed that the infinite set of equations can be decoupled
into four independent sets (labeled A,B,C,D), which reduces the problem
to the solution of four independent infinite determinants, two of each

of the followlng types:

€ p o)
- el V258
e pV2p
B € o 3]
V2B p € |VZB
5Y28| ¢ B V2R
B € o
V2 p ¢ (3.1.10)

and



’es»@s'
B € »p

®
[@BDE Vas
58 Ves|e B V3B
B € »p o
V2B p e VB
5 V2| e p VBB
B € »p ¢
Voo el V2B
5 V2| € B V2B
B € p
Ve p e

(3.1.11)

Each of these four determinants can be guite accurately solved by truncat-

ing it sufficiently far from the 3x3 block which gives rise to the elgen-

value of interest.

smaller than those in the main blocks.

This i1s possible because the terms involving O are

As will be discussed in greater

detall later, in this process one must avoid the "decoupling" of levels

close to each other in energy.

Now in a similar fashion, equations 3.1.2 and 3.1.5 can be substi-

tuted into 3.1.4, yielding the equations:

Z (¢ (1+—)+ —K-

£,
la,fy

+

¢ [ (31) (342172 g e

II

L e {e[<i+1><i+e>]l/2 ;.

i+2

+‘Z:{§‘ck

k

+ %: [oz(,j+-]2—')- —g-n—e ]bjf.

PR

b, {e[s(j-l)]

k

v 8[1(1-1)]1%2 fi_e} +

{B[(k+l)(k+2)]l/2 £t 8[k(k-1)]%/2 fk-2}

(o (k+ l)

(3.1.12)
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IIT

L, &K+l /2
Zi‘] a;lo(1 +5)+ S5y + %:\/E‘bj {B[J(j«»l)] / Fip *

b Bl(341) (3+2)1/ f0f * L0 e B s aeg - o

(3.1.12)

Again, if & =0 one may get J =142 , k = 1 , obtalning for each 1
a set of three simultaneous equations. If, on the other hand, & £ O

as is actually the case, one proceeds as indicated In the previous case
obtaining an infinite matrix of the form

b, by a byc 8 bye ay by o, 85 Cy o\ Dy a5 by

, 5 V2%
II £ [e] A

5 2%

i

=

H

no
O W miw
Fow

IIT £

)
(o)

II £ B e 2B
IIT £4 p V2B ¢

I ),
oI £, 28

T B n
Dow

o

I1 f5 B € V2B
III f3 Y2 & \ o V2B €

Bo
Q

1T fg
III f), 25

T M

p
€
2B

w m

11 £7
Il f5 V2's

O

(3.1.13)

in which the elements are computed with the help of Table 3.2. This matrix

also decouples into four infinite matrices which are solved by the same

method as equations 3.1.10 and 3.1.11.
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3.2 The Numerical Constants Characterizing the Valence Bands of
Ge and Si

The constants £', u', v and x which appear in the above analysis
have not as yet been evaluated analyticslly. One must therefore rely on
the experimentally determined values. The determinations based on ex-
perimental data have been made by Dresselhaus, Kip and Kittel (6),
Dexter, Zeiger and Lax (7), Dexter and Lax (30), and Goodman (3). The
first three estimates have been based on the "semi-classical’ model of
cyclotron resonance described briefly on page 11 , while the last one
by Goodman 1s based on fitting the guantum mechanical energy level cal-
culation (for Ge at k= 0) to the data obtained by Fletcher, Yager and
Merritt (31). The various estimates are summarized in Tables 3.3 and
3.4 for Ge and Si respectively. The following relations hold between

the various constants quoted 1n the tables:

2
L=A-1+2B A = % (L + 2M)+ %ﬁ
M=A-1-8B B = -:SL-(L-M) (3.2.1)
I (% C2+B2)1/? Caz%me_ @ - 02
om . 1 2m
v, = 5 [-3@+aM) -1] =-=5A
om . 1 12
Y, = 5l-5@&-MW] =-5-75B8 (3.2.2)
1 A
2m , 1 12m 1 2  _2/1/2
Y, = 2(-zW) = 5 (50 +3)
3 ;ﬁz 6 % 3
om
2 = —= L+ 1
}112
IJ':" %M_}_l (3'2"3)
1
v = 2 N
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It should be noted that due to the difficulty of detérmining the
A, B, C, constants for Si with sufficient degree of precision, there
arises an ambiguity in the sign of the constant B. Dresselhaus, Kip
and Kittel (6) chose the positive sign which gives rise to constants
in Table 3.4b, while Kane (15) prefers the negative sign (Table 3.Ma)
since it makes the bands in Si similar qualitatively to those of Ge. Of
course, more accurate cyclotron resonance data for Si should resolve
this ambiguity. In the calculations which follow, the negative sign is
chosen. All of the above constants, as well as the antisymmetric con-
stant k can be related to the constants (sums of matrix elements) F,
G, Hy, and H, defined by Dresselhaus, Kip and Kittel (6). If H, is
taken to be zero, which is the value quoted by Dresselhaus, Kip and Kittel,

the constant Kk can be easily evaluated.

" In summary, the following are the constants used in the subsequent

calculations:

For Ge
2t =~ 31.0
u'o= - k3
vo= - 32k (3.2.14)
K = 3.3
A = 0.29 ev {ref. 15)

For Si
L' = =6.2
pto= -2.9
L (3.2.5)
K = -0.016

A = 0.0441 ev (ref. 32)
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3.3 Numerical Results for Ge

The energy eigenvalues for the valence band of Ge at kH =
as well as the coefficients in the corresponding wave function expan-
sions, are determined by solving the various determinants specified by
equations 3.1.8 and 3.1.13. Thus a total of eight elgenvalue problems
must be éolved. The four problems arising from equation 3.1.8 result
in eigenvalues which correspond to the two € ladders of Luttinger (2).
This is so because the eigenvalues involved have eigenfunctions composed
of linear combinations of the harmonic oscillator functions multiplied by
the ¢g?é2) ¢(3§2>, nd ¢(l§§) angular momentum functlons only. Thus
if one assumes & = 0 and A' very large so that in each 3x3 block the

third row and the third column can be ignored, the remaining eigenfunc-

tions are found to be of the form

af, , ¢g%2) + bf, ¢E]3_§§) (3.3.1)

which is exactly of the same form as the eigenfunctions characterizing
the eigenvalues in the € ladders of Luttinger. Similarly, tﬁe eigen-
values ariéing from equation 3.1.13 correspond to the €5 ladders of
Luttinger.

Although in the case treated here the eigenfunctions are consider-
ably more complicated than 3.3.1, the eigenvalues can still be assigned
to various ladders (mainly for the sake of convenience in applying the
selection rules and in comparing with previously oﬁtained results) accord-
ing to the leading terms in the corresponding eigenfunction expansions.

As pointed out in Sectidn 3.1, it is possible to solve fairly ac-

curately the infinite determinants involved in this problem by truncating
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them judiciously. In Appendix 3 are shown the numbers resulting from
the solution of various size determinants corresponding to the eight
eigenvalue problems described above. To illustrate the method by
which accuracy of solutions has been estimated, consider the solutions
to the "B" determinant of equation 3.1.8 given on page 175. It will be
observed that the change from an 8x8 determinant to the 11x11l determi-
nant has not affected the values of €, and €. . It is thus shown

1 2

that the solution of the 8x8 determinant gives €, and €, essentially
exactly. It may therefore be assumed that the solution of the 11x11
determinant gives €1 through ¢ exactly. Assuming this, one finds

>

that the 8x8 determinant gives values for €3, €),» and 65 which are
inaccurate by considerably less than 1% . Following a similar proce-
dure in other cases, it is found that in general for Ge in order to find
the first n eigenvalues, a determinant of the order of n + 3 must be
solved.

Another important consideration which in certain cases may render
the above arguments invalid, is that of close-lying energy levels. Thus
if a certain heavy hole level is close in energy to a light hole level
arising from another basic 3x3 block, their decoupling during the trun-
cating process may introduce larger than ordinary errors into the cor-~
responding eigenvalues. This, of course, is completely analogous to the
results of the higher order perturbation theory where the zero-order
energy differences enter in the denominator of the correction. Thus on
page 176 the effect on ¢, (€l+(0,2)) of going from 6x6 determinant to

a 9%x9 determinant is slightly greater than ordinary since e7



(el»(BﬁlO)) lies fairly close in value to €, . However, this effect
becomes smaller as the basic blocks which give rise to the close
lying levels become farther separated. Thus for Ge there seem to be
few if any cases where the above must be seriously considered.

The eigenvalues for Ge are plotted in Figures 3.1 through 3.4 as
functions of the external magnetic field. The ordinate is normalized

gso that the actual energy of a given level above the band edge is

given by

E = éingé € (3.3.2)

me

It will be observed that.the energy levels for the heavy holes (el“
and 62_ ladder) depend very little on the magnetic field. This is to
be expected since the energy levels shown lie quite close to the band
edge (thus the el_(5,7) level is ~0.014 ev above the band edge at

H = 50 kg) and therefore the interaction of these levels with the V3
valence band 1s quite swall. This interaction is, of course, the one
responsible for the dependence of the energy eigenvalues on the‘mag—
netic field.

The light hole energy levels, on the other hand, show a more marked
dependence on the magnetic field. This again is not surprising in view
of the above arguments. On the average, the "effective mass" for the
€1+ holes increases by about a factor of 1.12 as the field changes from
1 kgauss to 50 kgauss. The corresponding increase in the mass of the
€2+ holes is by a factor of 1.07. The higher lying levels are, of

course, affected more strongly than the low lying ones. Table 3.5

shows the values of the coefficients in the eigenfunction expansions for
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the various levels. From the table it can be seen that although the
leading coefficients for a given level are in most cases sppreciably
larger than the others, significant mixing does occur in some instances.
In these cases transitions of relatively high probability may occur
between an €(n,n+2) level and the €(n+3,n+5) or €(n+5, n+7) levels.
The €(n,n+2) to e(n+3,n+5) transition will be a negative mass traasi-
tion, i.e., it will be caused by a circularly polarized photon with the
sense of polarization opposite to that causing the normal cyclotron

resonance transitions (8,k4).

3.4 Numerical Results for Si

The calculations for this case are very similar to the ones described
in Section 3.3. However, because the & terms for Si are relatively
larger than for Ge, larger determinants must be solved to obtain the same
number of eigenvalues accurately. Thus to obtain the first n eigen-
values, it was found by a procedure similar to that described previously,
that a determinant of the order of n+6 must be solved. Also.the dif-
ficulties due to the proximity in energy of the heavy and light hole
levels arise somewhat more frequently here than in the case of Ge. For
example, on page 184, Appendix 4, the change in the value of €5
(el+(ﬂ,6)) caused by increasing the order of the determinant from 9 to
12 is 2.25%, vhereas the corresponding change in the value of €)

(el_(H,G))is only 0.23%. This is caused by the fact that €. is very

p)

close in energy to € lQ,lh)). Another example of very strong coupl-

10(€1-¢
ing is provided by the €l+(5’7) and the el_(lB,lE) levels. The coupling

between these increases to such an extent with the magnetic field, that
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one level actually changes gradually into the other as }6 increases
(see Figures 3.5 and 3.6). The above phenomenon manifests itself also
in the behavior of the coefficients in the eigenfunctlion expansions
quoted in Table 3.6. It will be observed that for the el+(u,6) and
the el+(5,7 levels a and al3 are larger respectively than ag

12
and a_., snd blh and bl5 are larger than b and b .

9 10 11

The energy levels can be identified and classified in the same way
as for Ge but in the present Instance the task is somewhat more diffi-
cult since in many cases, as has just been pointed out, mixing is qulte
strong (see Table 3.6).

As may be seen from Figures 3.5 through 3.8 the effect of the mag-
netic field on the energy levels is in this case appreciably more
pronounced than in the case of Ge. Thus for the el_, €l+’ 62_, and
€2+ ladders, the approximate changes in the effective masses are by
factors of 1.03 to 1.4, 1.08tc 1.5, 1.0l to 1.05, and 1.08 to 1.5 res-
pectively. This is due to the small spin-orbit splitting in Si and the
consequent strong mixing between the Vl and V2 band levels, and the V3
band levels. 1In Figures 3.5 through 3.8 the dotted lines indicate levels
whose energies are not as accurately known as some of the others.

Since in Si mixing between the Landau levels is quite strong, as
Table 3.6 demonstrates, many interesting transitions should be possible.
Some of these are shown in Figures 3.9 and 3.10. In Figure 3.9 levels
belonging to the €y ladders are shown, together with those wave function

expansion coefficients which are equal to or greater than 0.50. These

coefficients specify the harmonic oscillator functions as well as the
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functions ¢é;> making up the wave function corresponding to a given
level. Because only large coefficients have been considered, all of the
transitions indicated should occur with a relatively high probability.

It will be observed that some of the transitions are "negative mass" (NM)
transitions, i.e., are caused by polarization of the incident radiation
opposite to that causing ordinary transitions. They thus may be of a very
high practical value. Figure 3.10 shows analogous transitions in the €5
ladders. No transitions between the ¢ and € ladders are, of course,

1 2
possible at kH = 0.
Table 3.7 shows the expansion coefficients for the external mag-
netic field of 50 kgauss. Although in most cases there seem to be few
qualitative changes as compared to coefficlents in Table 3.6 (except for

stronger coupling to the V band), some levels do change the mixing pattern

3
sufficiently so that thelr identity is essentially changed. Thus the
absorption spectrum must be expected to be somewhat different at different
values of the magnetic field. The high field transitions should therefore
be examined in their own right for possible practically useful ounes.

As was pointed out in the introduction, the "nonparabolic" effects
in the V2 band of S8i appear at about .015 ev below the valence band edge
according to the calculations of Kane (15). The deepest light hole energy
level computed here is the €, (12,14) level which lies about .0l7 ev
away from the band edge at 4 - 20 kgauss. Thus the "nonparabolic"
effects should start manifesting themselves. However, in order to see
them clearly a few additional deep lying levels would have to be calcu-

lated. This can be done by either solving larger determinants than the

largestAone solved here, or by truncating the infinite determinants at
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both ends. The latter method would allow one to go to arbitrarily

large energies within the limits of validity of the perturbation theory.
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IV. VALENCE BAND LANDAU LEVELS AS FUNCTIONS OF ky FOR

H IN THE [0OOl] DIRECTION

4,1 Check on the Validity of an Approximation Involving the Decoupling

of the Vi and Vo Bands from the V3 Band

Because of the complicated nature of equation 2.2.59, it is desirable
to introduce some approximations before proceeding with further numerical
computatlons. The approximation that has been extensively used so far in-
volves an assumption that the states corresponding to J = % and J = %‘
states in the tight binding limits couple only weakly and, therefore, may
be assumed to be decoupled. According to Dresselhaus, Kip and Kittel (6),

who used the assumption in computing the band structure of Ge and S5i with-
out the magnetic field, the error involved is of the order of kuﬁﬁ where
A is the spin orbit splitting. Thus the assumption is good near the cen-
ter of the Brillouin zone and should be much better for Ge than for Si. As
far as the problem of a crystal in a magnetic field i1s concerned, this
assumption is expected to be reasonably good for small kp and for energy
levels lying close to the band edge.

To check the extent of the validity of the approximation just discus-
sed, one may simply compare the solutions to the exact and the approximate
problems for some reasonably chosen special case. A convenient speclal
case 1s that consldered in Sectlon III, 1l.e., the case of Kky =0 and #
in the [001] direction. A calculation for this case provides sufficlent
information to enable one to deduce the extent to which the approximation

is valid for kg # O .

states decouple,

ol =

The assumption that the J = % and the j =
i.e., that the coupling matrix elements in the 2xl and 4x2 strips in
equation 2.2.59 may be neglected, reduces equation 2.2.59 to the follow-

ing two matrices (see definitiomson p. 51, equation 3.1.3).
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The hxh matrix of equation 4.1.1 is of primary interest. In
anticipation of the future needs d = 0 is not assumed at this point.

As in Section 3.1 the problem to be solved is the following:
L
vyl e = & JjzliE (5.1.3)

where F is assumed to be

(h.1.4)

Making proper substitutions and carrying out the operations on fn one

obtains in units of Zl_J_e_Lj-ﬁ_

me

1 v2 12
; [Oz(i+—2-)- H-é- d +%K- e]aifi- %-_: bJ {5[3(3 -1) / 3_2 +

ST 0 B

B

II
1/2 /2 ,
; 8 {B[(i+l)(i+2)] / £, 0+ 0[1(1-1)] / £ . 2}

+ Z [g(j+}-)+nd2-}-n-e}b.f. - Z_Ldgﬁ, El/g £,, =0

j ° ° T e

(4.1.5)
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IIT
- 2; ;%Z,d 1+1)l/2 £+ %; [g(k+-l)+ qd + % k-ele £, +
+ é; g, {5[£(z-1)]l/2 £,0 6[(£+l)(2+2)}l/2 f£+2} = 0

IV

1/2 1/2

4o, (3+1)7 7 1y ) ). e {B[(k+l)(h+2)] o
k

nolw

= 0 (k.1.5)

k= €]

+ 6[k(k-l)]l/2 fk_g}-k }: [a(ﬂ+—£)-‘ﬁ—,dg- 8,

In this case the assumption of © = 0 leads to the substitutions
J =1i+2, k'= i+l, £ = i+3, which result in sets of four equations for

each i . In the case of ® # O one has
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where the elements in any four rows labeled I,1I,III,IV are determined

from Table 4.1. The matrix as in Section III decouples into four inde-

pendent ones of the following form:

8, 8 P3 Sy 8, 85 Py o5 Bg 8y Dyy ¢85
w g, [€]

II f5
I £f5
IV f),

d

T m
m

m W
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v fg d B € ®

€
IT fg B € di ©
IIT £y 5| d
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(4.1.7)

(4.1.8)
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(4.1.10)

The solutions are obtained by solving determinants of the order of nt+l
if the first n energy eigenvalues are required (see Appendix 5). The

eigenvalues for Ge are shown in Figure 4.1, while the eigenfunction



-95-

expansion coefficients are summarized in Table L4.2. The percentages
quoted in Figure 4.1 represent the deviation of the eigenvalues giﬁen
there from the "correct" ones given in Section III at M= 20 kgauss.
The deviations seem to range from ,05% to 3.8 % increasing with the
energy of the eigenvalue. This last result is, of course, to be ex-
pected since the higher lying energy levels are influenced more strongly
by the V3 band. However, for the levels considered, the errors intro-
duced by decoupling the Lxh and the 2x2 matrices seem to be sufficiently.
small to make the approximation an excellent one.

In Figure 4.2 are shown the eigenvalues for Ge calculated using
Goodman' s (3) parameters. The results are seen to agree very well
(within 1%) with Goodman"s results even though he used the first order
perturbation theory to introduce the d-terms. The only levels to show
marked disagreement with Goodman's values are the €l+(0) and the
€2+(O) levels. This may be due to the fact that the low-lying levels
couple more strongly to the other levels (to be discussed below) and
therefore the perturbation theory treatment of the & terms introduces
larger errors into the low-lying levels than into the other ones.

Similar calculations have been performed for Si with the results
shown in Figure 4.3. Here the deviations from the eigenvalues given in
Section IIT range from ~.15% to ~3.0% at 10 kgauss and from ~1.2% to
~15% at 50 kgauss. The eigenfunctions given in Table 4.3 are quite ap-
preciably in error compared to the correct ones at 50 kgauss. but are not
as bad when compared to the 5 kgauss. eigenfunctions. The decoupling ap-
proximation may therefore be assumed to be satisfactory for low magnetic

fields (below ~10 kgauss ) especially since the £', p', v and «
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Fig. 4.2 Iondau Levels in Ge at d = kg =0 for H in the [00l] Direc-
tion Calculated Using R.R. Goodman's (3) Parameters
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parameters for Si are not very accurately known at the present time.
Therefore, a more accurate calculation for Si involving the 6x6 matrix
operator given by equation 2.2.59 is probably not warranted until more

accurate experimentsl data is available.

Thus in the calculations which follow, the results for Ge may be
assumed to be quite accurate for a wide range of magnetic fields, while
those for Si are probably applicable conly for the magnetic fields below

~ 10 kgauss and even then, may involve errors as large as A~ 5%.
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4,2 Landau Levels as Functions of ky in the Valence Band of Ge

Before proceeding with the complete calculations for Ge, it is
instructive to compute some of the energy levels using the assumption
5 = 0. This corresponds to Luttinger's (2) Do of equation 81, where
warping of the energy surfeaces 1s included to zero order. The resulting
levels contain some of the important features of the actual levels except,
of course, for the coupling between them. The numerical results are
tabulated in Appendix & snd the energy levels resulting from the determi-
nants of the types given by eguations 4.1.7 through 4.1.10 are plotted in
Figures 4.4 through 4.10. The following important features should be ob-
served. The heavy hole ievels seem to occur in psirs coasisting of an
el_(n,n+2) level and an 62_(n+1;n+3) level. The separation between
these levels at d = O decreases as n 1increases. One of the levels,
the El_ level, has a curvature corresponding to negative mass in the kH
direction near d = 0, reaches a minimum at some finite value of d , and
soon acquires the same curvature as the €an member of the pair. The
higher pairs seem to have smaller average curvatures than the lower ones
and thus crossing of the levels occurs. 3Beyond the crossover, the cyclo-
tron resonance effective mass is negative in the sense that the transitions
are caused by radlation circularly polarized in the opposite sense to that
causing the transitions before the crossover. The crossing over, however,
is very gradual and occurs at relatively high values of d

The character of the energy levels changes as d 1iacreases. The

main change is in the leading coefficients in the eigenfunction expansions

according to the following rule:
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It should be noted that mixing occurs rather rapidly as a function of

d. Thus at d = O the wave functions belonging to the el levels have
¢; = 8 =0 . Hovever, at even small d (~0.3), certain c; and g
become appreciable even though the leading coefficients are still ay
and bi+2 . The expansion coefflcients, in this as well as in all sub-
sequent cases, have been actually computed for various values of d

listed in Appendix 6, although they are not tabulated here. The above
behavior of the eigenfunctions, however, is very easy to understand by
inspecting the matrix elements in equations 4.1.7 through 4.1.10.

Let us now turn ouf attention to the complete Ge problem including
the coupling termé ® . As was mentioned earlier, a determinant of n+h
order must be solved to obtain the first n eigenvalues. This can be
seen by inspecting the numbers in Appendix 7. The solutions of various
determinants are plotted in Figures 4.11 through L4.14. It will be ob-
served that the general behavior of the levels is of the same nature as in
the case of 8=0. The heavy hole levels still occur in pairs which approach
each other and cross as d increases. However, the interaction between
the levels does cause some important modifications. Thus in Figure 4.11

the e2+(0) and the €__(1,3) levels no longer seem to cross at 4 =~ 1.2

1
but each simply changes gradually into the other as is illustrated in

Figure L4.15. This figure also illustrates clearly the strong mixing which
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occurs whenever one level "crosses" another. (Observe peaks in values of
ceftain coefficients at d =~ 3.45 and d = 3.65). In most cases whenever
any two levels approach each other very closely and seem to cross over,
their identity past such a region can be established only by looking at
the Ieading coefficients in the eigenfunction expansions for the corres-
ponding levels. This has been done in several cases in Figures h.11
through 4.1k,

In general, coupling between the heavy and the light hole levelé
seems to decrease as d increases and as the quantum numbers associated
with them increase. Mathematically the former is due simply to the
relative décrease in importance of fhe d terms as d 1ncreases, while
the latter is due to the fact that the heavy and light hole eigenvalues
which coincide in energ& come from the basic 4xlt blocks which are farther
removed from eaéh other ag quantum numbers increase. A simple physical
reason for this can also be given: classically, when the energy of an

orbiting light hole (m ) coincides with that of an orbiting heavy hole

1
m,) we have, employing standard symbols:
2

1 m 2 r2 - 2 m w2 2
7™M T 2%
or
o,/
T2 o
o
from which ry-r, =r — - 1]~/E . Thus as energy increases
2 1 1 my

the difference in the radii of the light hole and the heavy hole orbits
increases, decreasing the interaction between them.

Because at large d ® = O 1is such an excellent approximation, no
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plots have been made for d > 5 for the complete Ge problem.

The rule given on page 110 governing the change in the composi-
tlon of the eigenfunctions as d increases still holds in the present
case a8 it did in the case of ® = O , which is demonstrated in Table

bl
Although when d # O transitions can occur between all four

ladders with relatively high degree of probability in some cases, it
1s still convenient to classify the various levels and plot them
according to the ladders. This has been done for the heavy holes in
Figures 4.19 and 4.20. 1In general, it can be said that the first order
transitions take place between the adjoining levels.

It should be noted that, judging by the curvatures of the e, +(0)
and the €2+(O) levels, their effective mass is much larger than that
of the light holes, although they are assigned to the light hole ladders

by Luttinger (2).

4.3 ILandau Levels as Functions of k in the Valence Band of Si

Qualitatively the behavior of the Landau levels in the valence
band of Si is similar to that in Ge. However, as can be seen from the
plots in Figures 4.21 through 4.24 the couplings between levels are much
stronger and therefore the levels are so strongly mixed--especially at
low values of d and low guantum numbers, that the general pattern dis-
cussed in Section 4.2 is not always easily recognizable. This accounts
for the rather confused appearance of the heavy hole ladder plots in
Figs. 4.25 and 4.26. Here the levels at finite values of 4 were identi-
fied as belonging to a certain ladder defined by the levels at d=0 by
inspecting the coefficients in the eigenfunction expansions. One such set

of coefficients for d=1U4.1 is shown in Table 4.5. As is evident from the
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(13x13 Determinont) for Si
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Fig. 4.22 Energy Sub-Bands Resulting from the Solution of Equation
4.1.8 (14x1h4 Determinant) for Si
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Fig. 4.23 Energy Sub-Bands Resulting from the Solution of Equation
4.1.9 (15x15 Determinant) for Si
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Fig. 4.24 Energy Sub-Bands Resulting from the Solution of Equation
4.1.10 (12x12 Determinant) for Si
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plots and the table, the levels assume a more or less "normal" character

as 4 Iincreases.



«134~

V. VALENCE BAND LANDAU LEVEL STRUCTURE OF Ge AND Si FOR
IN THE {101] AND THE [111] DIRECTIONS

In this section the assumption of the decoupling of the Vl and V2

bands from the V3 band will be retained. As has been shown, this assump-
tion is & very good one in the case of Ge and 1s acceptable ih the case
of Si ét low magnetic fields. This assumption will permit the use of
certain canonical transformations suggested by Luttinger (2), which sim-
plify the operator matrices obtained in the course of the solution of
equation 2.2.18 by perturbation theory with 2 glven by 2.2.17. Thus
following Luttinger, the matrix ||V§§u||of equation 4.1.1 may be written

as

I ol k1 2 2 a2 2 ap 2
X = - 1 1Y oo Epre gt o 2 T
WV = 5]l (38t wt) =5 +5(8r- w) (e L4k 30wk J)) +
+5v{ﬁﬁ}{JJ}+{£f:} JJ}+{§T{%{JJ}) +
3 Xy Xy Yy 2 y 2 z X z X
e
tgo eI X (5.0.1)
where J's are the % angular momentum matrices.

Now, according to Luttinger whenever the transformation 2.2.17 is

used one should also set

Jx Jl
I = Al 9, (5.0.2)
JZ J3

where
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0 o Y32 o
0 0 1 3/2

J1 = lV3/2 1 0 0 (5.0.3)
0 3/2 0 0

J = | (5.0.4)

3/2 0 0 0
0 -1/2 0 0
Iy = (5.0.5)
0 0 1/2 0
0 0 0 -3/2

5.1 Magnetic Field in the [101] Direction

Considering first the case of the magnetic field in the [010]

plane, one writes

ﬁx = CEl + S§3
ﬁy =k (5.1.1)
]:;Z = —SEl + Clz

and JX = ch + sJ3
Jy = J, (5.1.2)
JZ = -le +‘cJ3



O

kx kl

vwhere s = sin © and ¢ = cos @ .

Substitution of equations 5.1.1 and 5.1.2 into 5.0.1 gives

A2

[Kaiaul ST e e K

£

% [{[(ﬁ'- u')(8h+‘ cu)+ 2y 5°c°] 1\& + 25%c2( 4t p —v)k +

+

2 2 A ,\} , 2 ;2
2sc(c - s )(z'-u'-v)kl 3597+ (2'-p )k2 5 *

+

+ {Qsecz(z'-u'—v)ki + {(1&'-u')(sh+‘cu)+ 2y secg]ﬁg -

U)f\)

2sc(c’- °) (47-n'v)k K 3} +

2v {klke} {Jng} + 2v {k2 3} {J2J3} +

+ {ESC(CE- 82)(,@'-u'—v)1'\i]2-—2sc(02- Sz)(ﬂ'-u'—v),l\{

+

+

2
3

[(ﬂ'-u')8c252+ 2v(c2- 52)2]1'; " eX

1 3§ {J1J3}} +ﬂ5_ K J3

+

(5.1.3)
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If theenergy bands are now assumed to be spherically symmetric, one

obtains

2 ~2
||th”|| = Em- l H(” ! )-—+5L- v(X2 7242 g ik Jo) +

+
rol =
<
r~”"\
p;‘>
W
~
c..
Vﬁ\-’
M‘\

l\)
LA)
I\)c—‘
("
w
et
+
P
>
HW>
w
Tyt
qu
oy
w
R Y]
s SR
+

l (5.1.4)

which should have been expected since for symmetrical bands the direction
of the magnetic field is immaterial.
Consider now the special case of © = 459, i.e., # in the [101]

direction. Then 8 = ¢ = 1/\/5- and

2 N2
Ll A L 2,000y Kk 1 L'ty 22 | plept-y A2
vV = Sl -§ (3e+w') 5+ F e R e ] R

2
Jo
3 +

- o {lylef g o2 {122’\31 {773} +2(ﬂ"“'){klk3§ {J1J3ﬂ

e ¥
+ ?I'E-KZJ3

[T ot
ne 2 L' -p'~v k2 N L' -p '+ k2

+ (4-u')ky J 5 7 5 3

(5.1.5)

I I V)—l-Xh-

Il may now be rewritten in terms of the raising and lowering operators

using the folloving equalities:

7 1 \/ e

kl = - F (a + a) ,
i

2 =5 \/ (5.1.6)

=
]
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{£1£2} - _’%llfi %‘:E (a*? - &%)
%i = % lgégi (2 + 1 + 87+ at?)
A e
123 = -I-%‘cl‘?- a (5.1.6)

The result is:

t t t ! ton ! LI
(-32 o i T Jg'z = J2 +,£“Ji__2 Ji) (a+a4-%)-

T

v nlil#

n 12 1 6 ‘2 12
Ty
N 2

a2+-a+2 Ll=p'+y 2 f'-pt 2 4'ep'-v 2
L T 91" Tt 93 7

£'-pt-v .2 2  4'-p'tv 2 .2
+ g5 d Jl + 15 d J3 +
+ i % (aa- a+2) {J J } -d @ v(a-a") d {JaJG}

1 6

- %gg (2= p')(a*+ a)a {JII3} + Kk J (5.1.7)

3

Tf 4' - u' =y (spherical symmetry) and 4 = 0 (i.e., k, = 0) are
assumed Luttinger's equation 70 is obtained.

Substitution of equations 5.0.3, 5.0.4, and 5.0.5 into 5.1.7 gives
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where the definitions (2'-p'~v) = &, and (£'-p'+v) = B, have been

1
used.

Now if d - O Goodman's (3) equation 5.13 is obtained except
for some differences in signs. The differences are superficial and
arise from the fact that Goodman's 5.13 has been derived for ?( in
the [110] instead of the ([101] direction.

For purposes of computation let

- 3'2' ¥ gp" Rl =
J—HJ.' + 81
_——g———— = n

1

/3 +

" (2v + 361) = B

T8+ 1Tut - 3v
2L = ¢

_94' &+ Tu' + 3y 4+
2l =1

B’ (5.1.9)

o
ol
™
i_J
1

Then,
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Assuming the solution:

F o= (5.1.11)

to the equation |1V2§“||F =E ||I|| F one gets:
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These yleld the determinant of the form

8, P, 8 Py ¢, & 8, by C) By 8) Dycygy By 3 g By b 0 gy

v £, [€] 8* 8" & &+

II £ € p' &t B &+

IV £y B! ¢ g% ot &' &t
IT £, &* € B! gt 8" &+

III £, &% e gt o¥ 5!

IV fp B B! Bt e g% &+ &' 5+

I f, &+ e Bt B! B!

II £, 5t * B+ € B! &+ &'

IIT £ ot B! € ﬁ+ 8* ol

Iv fé B! B Bt e g* &t o

I £ 8t 5 e ptp &'

IT £y 5 o* B+ € B! 5" 5

IIT £, &' 5 &* B e pt g% o
IV £y B! B! Bt e 5% B+ B
I £, st 5 &+ &F e gt p'

II ) gt ®F Bt ¢ B
IIT f4 5t 5t ot - la ¢ gt
IV fg B B! Bt €

I f3 5+ o' 5+ 5* € 6+ B'

IT f5 ! o¥ Bt e B
III fl{- E')+ Bt ot B! € B’+
IV fg B B! pt+ €

(5.1.13)

where the elements are determined from Table 5.1. This determinant de-

couples into two determinants of the following form:
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St
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51
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B—l—
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f}'i'
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Py 81 8, By Cp 83 8, By, C3 85 8y Py cp g, 8 by g &g 8210 %9 811
II fole p'[d* & st
IV f1{p' e 8% ot & o
I fo &F e ptp! 5!
II f5 8' &g+ e B'| &t & ot
III £7 &% p! e prig* o
IV f3 5! B' gt e 5% ot &' &+
I fo ot &' &t & e pt+ B '
II f) 5! &% pt e Br{st 8 &+
IIT f3 &+ 5t &+ B! e pr|d*¥ &'
v fS St B! B+ € 6* 5t &t 5+
I £y &+ 5' o+ &% e Bt p! X
IT f6 S 8% ﬁ+ € - B'|5t B &+
III fg ot &' ot|p! e P8 5t
IV £ o) B! Bt e 8% 5t &' &+
I fg ot 8" &t o* e p*p 8!
II fg B &% |p" ¢ B! |o* &'
IIT fo &t ot otip! e BTIs* B!
v f9 5t 51 5-1— € 6* 5t B!

(5.1.15)

The coupling between the various basic hxlh blocks is seen to be quite
strong and becomes stronger as d increases. This will undoubtedly make
the convergence of the eigenvalues much slower than before and will prob-
ably completely invalidate the use of the first order perturbation theory
for this case. No attempt has been made to solve the matrix numerically.
Such solution will probably be of interest only after more experimental

data is available.

5.2 Magnetic Field in the [111] Direction

For this case the transformations to be used in equation 5.0.1 are

as follows:



and

The complete operator matrix has, however, already been derived by

Goodman (3) and will therefore not be recomputed here.

> >

=
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shown in 5.2.4, where

a"

60

CH

24" + byt -y

6
2 + 2u' -y
6
£+ 20t +v
6
LY - pu' + 2y
63
24" - 2u' +v
3Ve
L' - pt -y
3V3
A
36

2L + 2ut -v

6

—;—"‘gﬁl_vl_—g%2+";—‘§§3
%51;1*"};@2*71"—3123
.@al+7£__3£3
—\—/—l-_ng-——l\/—_;J +—\-[l—-§J3.
:%g Jl + 7%; I, + ]%? J3
- %Jﬁ“;-g 3

(5.2.1)

(5.2.2)

The result is

(5.2.3)
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This determinant decouples into three independent ones as indiéated, which

will probably converge quite rapidly for small d . For large 4, diffi-

culties might arise since the &" coupling term is directly proportional
to 4 .

The coupling patterns for the levels in this case will be different
from both previous cases. Thus in general, transitions will be possible
between all four "ladders" even at d =0 .

It should be noted that this problem is exactly solvable when
d = 0 . This can be seen more easily if the equatibns are arranged to

give a determinant of the following form:

6' l‘
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Thus, since B*¥ and " both contain d as a factor, the basic blocks
decouple at d = O and can be solved exactly. As d increases, however,
the coupling increases quite rapidly. For even small values of d transi-
tions should be possible not only between adjacent levels but also between
the €(n+2,n+4) and the e(n+h,n+6) levels, the former transition being of

the "negative mass" type.
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VI. SOME POSSIBLE PRACTICAL APPLICATIONS OF LANDAU LEVELS
IN Ge AND Si

In recent years there has been a number of proposals dealing
with the practical applications of energy bands and Landau levels in
semiconductors.

In 1958 Krémer (33,34) proposed to use the reentrant nature of
the constant energy contours in the valence bands of Ge and Si (see
Figure 1.3) to obtain a negative resistance element. This was to be
achieved by populating with holes a region in k-space where the energy
contours are reentrant, i.e., along < 100> directions in Ge. Since in
such a region the transvérée (with respect to the direction in which
the contours are reentrant) effective mass of the carriers is negative,
their contribution to the resistance of the sample would be negative.
Thus if sufficient number of carriers could be concentrated in a negative
mass region, a negative resistance circuit element would in principle be
obtained. Kromer estimated that such a device could be useful up to
frequencies of about‘lOOOkﬂm/sec- His experiments; however, failed to
show the effect. The failure was attributed to acoustical phonon scatter-
ing of the carriers out of the negative mass cone.

A few months later, G. C. Dousmanis (8) proposed to detect the
negative mass carriers Just mentioned by cyclotron resonance. Their
effect on the spectrum would be a decrease in absorption rather than an
increase. By the end of 1958 Dousmanis et al (9) reported an experiment
which seemed to indicate the presence of negative mass carriers. It was

soon pointed out by Kittel (35), Mattis and Stevenson (36), and Kaus (37)
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that to obtain net emission by cyclotron resonance, one needs to
populate preferentially certain reglons in k-space. In terms of the
Landau levels discussed in Section IV, negative mass cyclotron

resonance corresponds to transitions between levels whose quantum

number ordering is opposite to the normal ordering. Thus a negative

mass CR absorption corresponds to an fn - fn—l transition. In
Section IV such transitions were seen to occur in regions past the cross-
over of the heavy hole levels.

In March 1960 Duncan (11) pointed out that if certain of these
levels could be preferentially populated, a maser action between the
negative mass levels could be achieved. This scheme would have the
advantage over some other maser schemes (to be discussed below) of
avoiding absorption by transitions between the heavily populated low
lying positive effective mass lévels. This could be done by using
circularly polarized radiation of the sense that can induce negative
mass transitions only.

In view of the results of Section IV, several objections can be
raised in connection with the above scheme. As has already been
pointed out, the crossing of the levels occurs rather slowly. That
means that unless one works at fairly high kH , the transition fre-
quencies will be quite low even at high magnetic fields. Moreover,
even at liquid helium temperatures the thermal distribution in kH
about some chosen kHO may be sufficient to broaden the lines tg the
extent that they will not be easily identifiable. At the present time

it appears that the relaxation times between Landau levels are rather
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short (of the order of 10742 sec). It is therefore difficult to obtain
sppreciable population inversion between these levels. The use of rela-
tively high kﬂb necessary for the above scheme will make the task of
maintaining proper level populations even harder. Another important
consideration is that of the density of states. According to Burstein et

al (4) for simple bands this is given by

N (e) = 2GR EDYE e - ¢ |8 (6.0.1)

where s = e#/fc and €, 1is the energy of the band at k; = O . Thus,
as kH increases, the density of states decreases rapidly.

A more straightforward way of utilizing the Landau levels in semicon-
ductors, namely that of using them for a maser-type device, has been
proposed by Lax (10). He pointed out that in the case of a free electron
or an electron in a simple energy band, maser action between Landau levels
is impossible since the leyels are equally spaced. Thus after one of the
levels is populéted by the pump, the signal frequency would induece both
emissive and absorptive transitions. In fact, since the métrix elements
are proportional to (n+l)l/2 the absorption transitions would in general
predominate. However, Lax noted that according to calculations of Luttin-
ger (2) and Goodman (3) the low lying Landau levels in degenerate bands
(valence bands of Ge and Si) are unequally spaced due to quantum effects.
Such levels icould therefore be utilized in a maser type device. Oscilla-
tory magnetoabsorption experiments (4,5) indicated that infrared pumping
from the conduction band could probably be utilized to achieve level popu-~
lations required for maser action. Assuming pump power of 10 - 100 mw and

a relaxation time 7 = 10-12 sec, Lax estimated the number of carriers that



-158-

6 =3

can be excited at ~10" cm ~. Then using the formula of Shawlow and

Townes (38)

h(l - A
n = ——g—-—~——'—)——39— (6.0.2)
ex VT l6n2u“

where A 1is the cavity wall area, o the reflection coefficient of the
cavity walls, and pu 1is the electric dipole moment; and using

A=1 cm? and W = lO—la e.8.u., Lax concluded that the number of excited

carriers necessary for emission is /v108 cm-3. Thus there is a factor of
102 difference between the required and the available number of carriers.
The difficulty seems to arise mainly as a conseguence of the very short
relaxation times involved in cyclotron resonance transitions. Lax, however,
suggested that the presently available estimates of the relaxation times
may be somewhat too pessimistic and that better materials may result in
longer relaxation times.

It has been suggested by Zeiger (10) that one does not necessarily
need to populate a single discrete level thus i1f one has a set of levels
which are equally spaced up to a certaln energy, it should be possible %o
produce inverted populations in all of these. A scheme of thls nature may
be applicable to the light hole levels in Si where only a Llimited number
of levels is nearly equally spaced, the higher lying ones being affected

by the interaction with the V_ band (see Section III).

3
Inspection of the results quoted in Section IIT and IV suggests

several new schemes of utilizing the Landau levels in semiconductors. One

of these is based on the fact that the levels generally have a curve-

€-
ture corresponding to negative effective mass at kH: 0. Thus if one were

able to populate one of these preferentially, a negative resistance in the
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62-(3,5)

Fig. 6.1 Valence Band Landau Levels in Ge and Si near ky = o,
some of which may have device applications--see text.



H direction could in principle be obtained. This scheme is similar in

|

some respects to the proposal of Kromer. However, it seems to have some
advantages over the latter scheme. Thus the negative effective masses
occur at kH= 0. The energy levels are continuous in only one direction
.and therefore the phonon scattering is possible only in that direction.
The probability of successfully maintaining the desired population distri-
bﬁtion‘seems to be greater in this case than in the case of no magnetic .
field.

Difficulties may arise in connection with this scheme due to the

fact tiiat the heavy hole levels seem to come in pairs (el_ and 62_),

only one member of which (el_) exhibits the negative mass characteris-
tics. Thus in populating the el_ level it may, in general, be impossible
to avoid populating the €. level, in which case the positive resistance

2

contribution of the . level may cancel the negative resistance contri-

€2
bution of the €- level. It may therefore be necessary to use only the

1- levels where the splitting between the el_ and 62_ levels

is appreciable. Thus the el_(0,2) and. the el_(l,3) levels may be suit-

low lying €

able.

It may be advantageous to use relatively high magnetic fields in
connection with this scheme since high fields imply a wide range of kH
over which the effective masses in the el_ levels are negative. In addi-
tion, such fields will enable one to select the required level more easily.

There are several ways of populating the desired Landau levels. One
of the most obvious ones is to use infrared excitation across the enefgy

gap. This would create both holes and electrons. The holes will have a

negative effective mass provided an excitation frequency can be selected
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8o that no hole levels except the desired € level are excited. The

conductivity is then given by

o = a(-up +wn) = aplp, - 1) (6.0.3)

Thus to have negative over-all conductivity, the condition up2> My must
be satisfied. But p~T1/m¥ , therefore (assuming for the moment the col-
lision time T %o be the same for holes and electrons) one must have the
absolute value of m* for holes to be smaller than that for electrons.
In éddition, positive conductivity will be contributed by the holes which
will be scattered into the positive effective mass regions.

For Ge it is easy to calculate that the effective mass of the holes
is

m =~ -,07h m in the el,(0,2) level

and m¥ =~ -.071 m_ in the el_(1,3)~ level.
The effective mass of electrons in the T, conduction band is

m* ~ 0.0k m
o

and the effective masses in the Ll band are

= »
mi 1.58 m.O
W = . s
mt 0.082 m.O

Thus if most of the electrons created in the conduction band drop
to the conduction band edge (Ll) by means of phonon transitions, a nega-
tive resistance device should, in principle, be possible.

For 8i the corresponding figures are
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%

-0.67 m  for holes in el_(0,2) level

m* = -0.315 m_ for holes in el_(l,3) level

1]

0.97 m ‘
for electrons at conduction band edge
0.19 m

=
m*

The m* at the band edge ié glven because the electrons, even if
excited at kH: 0 , are most likely to drop to the band edge through
phonon transitions. The above numbers indicate that one should be able
to obtain negative resistance in 81 for certain orientations of magnetic
field quite easily, especially if the €l_(l, 3) level is excited. A
difficulty might arise due to the proximity of the e, +(0)  and the
el+(l) levels to the el_(o,2) and el_(l,3) levels respectively.
However, the difficulty may turn .out to be not too great because of the
high effective masses in the €l+(0) and €l+(l) levels and the conse-
guently small contribution to the conductivity.

As an alternative excitation scheme one may use transitions to some
impurity or exciton state in the energy gap. In this case the electron
mobility should not enter the picture at all. This, of course, is a
decided advantage. Another possible method of exciting the required
€y~ Landau level is to use cyclotron resonance transitions together with
a shallow impurity which would create carriers in the valence band. How-
ever, before a specific set of levels can be selected for use with this
scheme, the relative relaxation times between the various levels must be
known.

Another interesting application possibility arises from the fact

that there are many "negative mass" transitions even at kH= O. This is
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especially true in the case of Si for which all of the "negative mass"
transitions between the low lying levels have been summarized in Figs.
6.2 and 6;3. These transitioné will be observed to vary gquite widely in’
frequency, thus minimizing the problem of equal level spacings dlscussed
in connection with Lax's maser proposals. The most interesting transi-

tions seem to be those betweén the € and and

1- €

€5t levels. In the case of Si, many of these fall into a very convenient

+ levels and the €5
frequency range. Thus at H = 5 kg the el+(l,3) - el_(z,h) transition
occurs at 71 kmc. The considerable advantage of such transitions is that
one may accidentally populate some of the levels which lie close to the
desired one without causing any absorptive transitions. This, of course,
will be true only if circularly polarized radiation is used for the signal

Because of the numerous second order transitions which are in general
possible between the Landau levels--especially those of 5i, possibilities
seem to exist for low frequency pumping. Thus in most cases the
e(n,n+2) -» (n+3,n+5), as well as the €(n,n+2) - €(n+5,n+7) transition is
possible, (see page 75 ). One could therefore use one of these as the
signal trénsition while pumping at the cyclotron frequency. The require-
ment here (aside from the usual ones) is that there are to be no levels
above the one to be populated separated from it by the cyclotron pump
frequency. An example of such a level configuration in 5i is shown in
Fig. 6.4,

Many other level configurations suitable for application in a maser-
type device could be found in both Ge and Si, especially if one also con-
siders the levels arising from the application of the external magnetic
field in other than the ([001] direction. From Section V it can be seen

that the [101] direction may be especially interesting, since the coupling
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“between the Landau levels for that case is quite strong. However, all
of these possibilities, as well as the specific ones discussed above,
will to a very iarge extent depend for their success on one's ability
to f£ind sufficiently powerful pump s&urces, and on the outcome of the
relaxation time studies. Such studies will no doubt be necessary before

any of the ideas presented above can be realized.
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APPENDIX 1

SIMULTANEOUS DIAGONALIZATION OF TWO PERTURBATION HAMILTONIANS

The basic perturbation theory expansions are as follows (27):

v o= % 20) (AL.1)
(E - El({o))ck = % Vs €, (A1.2)
‘E = E]go) + El({l)+ E}(f) + e (AL.3)
S U L O (AL.Y)

vhere W(O) and Eié) are the zero order wave functions and energies

respectively, sz are the matrix elements between the zero order wave

functions, and E(l) ig),‘--' , are the first, second, etc. order
elgenvalue corrections.

Suppose the unperturbed (zero order) wave functions are

¥, \V(O) ey (AL.5)

vwhere all Wéo), Wi?) s++ are degenerate. The problem is to find the
corrections to Eéo) to second order. The correct perturbed eigenfunction

is given by

<
¥

) c ‘V(O) 2. o, W(O) (A1.6)

n'

In Al.2, letting Xk

i

n,n' <.+ , one gets correct to second order the

following set of equations:
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(E(l) 1(12))(%(;0)* Cx(ll)) = ) Voo, (l))+ mv o{b) (AL.7)

oy nm m

since c(o) =0
m

Considering k = m # n,n' <+« , one obtains to first order,

@ 5PhlD 7y L) (41.8)

from which

v (0)

(l) m' Cnr

' 7L (o (A1.9)
n m

Substituting Al.9 into Al.7

(1)+Er(12))(cr(lo)+ ;r(ll)) Y (o), (1))

(Eh o' nn' n' *
.(0)
2 ‘E ;TO)ij'Elg)' (1.20)
n m
v v 1)

t
Now a third order term, ). ) mz’o)“m (ST , may be added to the right
1]

m

hand side of Al.10, with the result

m

(Eil)+ EiE))(c§O)+ cél)) = (Vg + ). —123—99%6—)(c L+ c(%))
n' m E

For these equations to be compatible the following condition must be satis-

fied:

VoV
Vot ﬁﬁa - (Er(ll)+ Efl‘?))ann, - 0 (AL.12)
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This gives the required corrections to second order.

Now consider a perturbation Hamiltonian V consisting of two

parts:

Pa Val A
I

vhere A  1s first order compared to unity.

Then
2
Vo= VLAV
1 2
Vnm = Vnm + A Vnm
Vo, o= VDL AV,
1 1 2.1
= v
Vnm mn' nm Vm ¥ M an'
2,..2 2
+X(an+vlm()
_ Vl l'
nm mn

to second order. Al.l2 then becomes

1

v oyt
V]. . V2 N nm mn . (E(l)+ E(E))ﬁ '
n n nn

m' ¥ N e T L T(0)TL0)
n n

In Section 2.1, V]'= Vk.p and XVZ = v°.

In this case, v
nn

(A1.13)

(A1.1k)

(AL.15)

(A1.18)

(AL.17)

(A1.18)
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APPENDIX 2

ELECTRON IN A HOMOGENEOUS MAGNETLC FIELD

The problem of an electron in a constant homogeneous magnetic field
has been solved by L. Landau (20)

The Hamiltonlan is

f oL gadelbe, el 2 (2.1)

2me
Landau chooses the gauge: -
A ==}y , A =A = 0 (A2.2)

Using this and observing that in A2.1 spin and coordinate parts of the

Hamiltonian are separable, one gets
A2 ~2

2 p p
[-—é—-m(px-l%}ﬁl’) +-2-I%+—E+J—9-Lc?€]w=w (A2.3)

2m 2me

where V 1is a function of coordinates only.

A
Now since ﬁ# and §Z commute with H one may write:

L(p,x + pyz)
Y= o Z(y) (A2.4)

where KA(y) satisfies the equation

‘ 2
2 b
- % _:_/__Z_ (le|3'€)2 (y_yo)Ex - (E _ -2_;)% (A2-5)
Yy
in which cpX

(A2.8)

o= TR

Recalling the equation for the harmonic oscillator:
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.;g_._...i %mqu: Ev ‘(A297)

The solution to the problem is obtained

. e%(?pxx + pZZ) - %T% E[H (y-y ) [el? (42.8)
n (0] KC
L(p.x + p_z) '
= e-}Z Px z fn(Y)
2
Y
E = (n+%)-l—e—:—n'fﬁ+ﬁ 2‘—5%07( (A2.9)

The harmonic oscillator problem is conveniently treated using raising and

lowering operators which have the following properties:

Raising operator a 5;7%: (- ég + E) : (A2.10)"
2n
Vo =8 Vg (A2.11)
1 ,0
Lowering operator a = —— (Ew + &) (A2.12)
j/ JE&; g
Vo1 =8 ¥y (A2.13)

where g =\/ %f?q

Similar operators may be defined for the problem of an electron in a mag-

netic field. Comparing A2.7 with A2.5 one has

o 1el% (a2.14)

me

a~v-, (42.15)



Therefore,

i

. L[ [Fe 3, [l# }
Raising operator \-/:__2—;: ﬁ—l}'—e 5—; + T (y—yo)
1

el
\7'; ayﬂ“““}("(VY)J

Using the definitions 2.2.24, the final results are obtained

Lowering operator

il
1 1
©
O/

Raising operator = 1 e ( k ik )
Ven le|# 14
Lovwering operator = L [ (-§ + ik )
Ven le|# v
These operators have the properties
1 }ic
£ (y) = (-k - ik ) T ()

=

fn_1<y>———--\/I 7 (B v il 2,00

(A2.16)

(A2.17)

(A2.18)

(A2.19)

(A2.20)

(A2.21)



€9g° 689
691° 696
H°GLET
0°EQLT
9° 0292
€°QTTS

*LTTOT

G 9oTISe

-17h-

L91° OfT
6S6T° 05T
Q66 HST
QTE° LST
60L° 65T
9£0°29T
6gT £9T
71991

ceege
e ge
99¢°Qe
TLE°QC
LLE g2
2gL ge
(el Sder
LgE g2

(ge)™ >

28L° Q9% L66° L9 HTO'ET TQh° 0TS 669°2
ZhG TO6 802 * 0L L20°ET 6t 68 099°2
H° GTET GOE*TL HEO'ET +©°092T 099°2
6°H2lT 619 1L LEO°ET ©°0L9T T99°2
¢ 1942 sofre el OhO*ET 7*0TSe T99°2
8+ £906 €c6 el HHO€T H*0T0S T99°¢2
¢*€900T 122 ¢l GHO*E€T #°0TOO0T T99°2
€ €906z T6ECL 9t0°€T +° 0TOSS T99°¢2
(he)*Ts (1)t (0)+Ts
JUBUTHISYS( QXQ
TTL*°Q9S 666° L9 ohE €T TG 0TS 099°2 006*
LEW*TO6 012" 0L SGE LT 61 SHQ 099°2 ¢eg.
#°GTET LOE TL GGE*ET #°092T T99°2 T
6 HeLT TSR TL LGE ET 1*0L9T T99°2 99° T
€ q9%e Lon*eL 6GEET *0TSS 299°2 G-z
L*£906 g6 2L 09€°€T 1° 0T0S 299°2 S
¢*£900T g2z EL TOE°ET 1* OTOO0T 299°2 oT
*£9062 26ECL TOL €T 1°0T0S2 299°¢ mOﬂxmm
mw :w mw Nw Hw Y

JUBUTWISGSQ $XG

¥ aded ‘Q'T°C UOT3EnDH JO UOTINTOS TBOTISUMN 19D

¢ XIQNEddy



690°LhL QOH*ETe 6S0°Lt | 118°659

OLG*9G6T GHg° 0t

.ﬂ”w O.mw mw m,w 3 mw +~w c]
JUBUTILIDGS(I TTXTT
GEL*6C9 ¢6S 9T 9L0°2€ 6EE€* 6Q% Cher Ly L99°9T 026*€es €60°1T
GHE* 206 TEA*Q9T  HOT'cE | GEL°9T6 0Tg" 06 Q69° 9T 76L°95Q L2T°TT
2°TAET tHT*6LT  6TT 2t 0*0£ET cLG2h €16°9T L€LTT THI*TT
S RELT SLT QLT 9zt 2t T°6ELT Wi eé T26° 9T L°€Q9T eCT Tt
T°6€92 ¢Ee IgT  €€1°2¢ 2°gLGe EEE 46 626 9T L €262 TOT*TT
T 2ETS €TSS 48T onI‘sE €£°LL0S 902 6 LE6° 9T 9°£209 69T TT
L*OLTOT TR9*SGQT et §°*9.,00T Oh9° 66 Th6° 9T 9°£Z00T CLT TT
g 62162 H6G°9QT  onT et 9°9.062 00t * 66 EH6° 9T 9*£20se 9LT*TT
(662)"" (serh (s6)7T (D'
mm JUWeUTWIDNSI QXQ
!
1
IR AR eld T92° L9 9E" LT o6 €26 QOT*TT
©19°9T16 TEQ 06 GCE LT 761°94%9 THITT
6°62ET GEG 2h GoC LT L*€12T LCT°TT
0°GELT g9t €6 OLE* LT L*€QoT 99T° 1T
T°QLGS Qee 16 GLE LT L*€2Ce HLT'TT
€104 A TARS) 08t LT 9+£20¢ SeT 1T
Q°9T00T 999° 66 2QE LT 9°£200T LQT " TT
9°9L062 926" 6 HQE* LT 9°¢204e 68T TT
@w Nw . mw mw :w mw mw Hw
JuBUTWIS} S 4XG
g 3aBd ‘Q*T°¢ UOIIBNDE JO UOTINTOS TBoTIommy :oh

6EE-GRS SHe'Ll® 0SQ°9T |026°€2S  g6Q°OT

s T

006"
¢ege

21
99°T

moHNOOme

iV



8T * 039
£0°000T
grLonT

G €TQT
L6192
0°9%TS
“HRTOT
*EqTSe

-176-~

Q26 TLT
0L " LQT
900° G6T
6L Q6T
9T9°202
et a0e
61T Q02
£ee 602

Teg et | G2L°209 G9L*G0T  £90°02 |L60°QES HQL* g2
8GR CE | LTH 2L6 920°TIT £€60°02 |2Q6°2LY 6T 62
9.9 6¢ QHHET €29°¢TT QoT* 02 €*192T Gge 62
989" 6¢ G ECGLT HO6°HIT  GTT°02 2 L69T g9t 62
G6Q° Gt AR T LOZ*9TT £2T°02 T°LEG2 cCn 62
G06°6E 660608 wohtLTT  OLT° 02 6°9£08 LEG 62
606° ¢ *0600T  LTIT'QTT  HET°O2 *LE00T 6L6°62
2T6°CE ‘06052 96%°QTT  9ET° 02 *LE062  H09°62
(o) "> (90) T CHOME
JUBUTWISYSI 6X6
*0600T  99T°QTT 9TL" 02 *LEO0T  TLG'62
‘06062 GHG'QTIT  LTL°O2 *LE062 £T9°62
JUBUTIIDYST 9X9
*LEO0T  Ghw6e
*LE0Ge TLR"62
Ly 9, mw 1y mw 2,
AWeUTWISN S £XE
0 3aed qm.ﬁ.m uoTyenbd JO vOTANTOS TeOTJaum) :99H

LSE
9gf *
00t *
g0 Ht
ST K
geh
ST
gt

(z¢0)7"

Lew
6eh

605" K
TIS H

OT
0TXSe

G'g

G2
T

(ssnesy)



898°TOL
#2°QTOT
28 tent
02 ° 62T
61992
0° 0914
g TCTOT
G 9GT62

=177~

Lgh 99T
£21° 602
6£6°HTC
OLT* 6T
¢hg tee
oLE g2z
TG 0EC
606°TEC

SIS
996°6€
609°6€
029° 68
TE9°6E
2h9° 6¢
L79°6E
059°6¢

9116 09
G5 ghb
96°66ET
9T°g9LT
#€ * 9092
96 0TS
L*E0TOT
g LoTse

L°E0TOT
AR K

c£ogeceT
00g°0LT
EonHET
LLT°9ET
QL6 LET
LEL6ET
809° ONT
QeT THT

(LG)+Ts

TQ9°OHT
TOZ*THT

HGL*C2
w6L €2
€1g°€e
£2g ¢
€fg°te
Eqg €e
ongte
T6g°€z

(46)~Ts
AURUTHISY.5(1

019 H12
TTo 12

UBUTIIDG S

Ty

eho°£¢s
828° 988
22 TOET
26" OTLT
T9° 0662
TE * 0608
2°0500T
T°05062

6x6

2°*0500T
T° 05062

9%X9

*0G00T
* 060852

€

2

qUBUTIISNST £XE

GGL gy
2L 6%
Q02" 0%
ot 06
689° 0%
626" 04
SHO* TS
T2T° TS

(€°1)*'s

SHO° TG
LTT TS

TIO TG
£Q0°1S

[

G606
2906
€90°6
L90°6
690°6
TLO6
2L0*6
2L0°6

(€41)" >

GL0"6
9,06

692°6
G9z°6

T

@ 3aed ‘g T°¢ UOT3ENbE JO UOTINTOS TBOTISUMN

=)

€

0T
0TxSGe

Y

G°e

¢z
T

(ssnesy)
P4



T6T 069 QLz STe  L9g2 68| L6 109 9L 94T HOL*C€S|TLH"EES 696°€Q 29Q°6 | 6L9°¢ 0%

€9°TOOT #€9°'gea LLE6E|CLL 626 0th 99T €TQ° €2 |L19° 998 €LL*GQ LT6°6 | #99°C ot

CeConT #6Q gt OEx6E| CrORET  GOT'TLT L98°€2| Q08T TT9°9Q8 GE6°6 | 999°¢ o2

6°609T TO02*S6G2 6Gh°6E| T ghlT  ORO*ELT €69°C2| H°069T €TO°LQ E#6°6 | LB9°t 6T

026"t 0T

(8%9)*% (g‘9)™% (12)+% (1°2)"% (0)*%
JuBUTIISYS( OTXOT

QGG 109 €T9° 96T @bh He [TLH CES Q96°€Q QQR'6 | 6L9°¢ 0%

Q6L 62h 882 99T H9G*H2 |L79° 998 cLL GQ 2266 | HQ9't of

€ OHET  LOL*OLT 96G°t2 | Q°082T 609°98 6£6°6 | 989°¢ o2

T'QHLT  L6Q°2LT 2T9'h2 | #0691  2TO*L8 @66 | L89°C ST

0°9Q6z  600°GLT 6292 | 0°0Lle  GIf°LY 9666 | 6Q9°¢C oT

0°HQOS  H2O*LLT Gh9'H2 | 9°620G¢ H£08°Lg G96°6 | 069°¢C 0*¢
b *€Q00T HOO'QLT €G9*%2 | H°6200T G66°LQ 696°6 | 069°¢ G2
m *2Q062  £Q6 QLT Q%9*HZ ‘62062 QOT*QR 2L6°6 | T69°€ T

NURUTIISYS( LX)

QnrEeg 619*€g TOT°OT |€99'€ ¢OIX & 0§
69999 €T9°6Q 92T°0T |989°¢ ¢OTXSEQ"  Of
Q 0geT  Lfh'99 QET°OT | 069°C ¢OTXS2'T 02

7'069T  6%8°9Q HHWT'OT |T69°C ¢OTX99'T ST

0*0tGe  Té2'Lg TST'OT |269°¢ ¢OTXS*2  OT

9°6206  6£9°LQ LET'OT |€69°C  ¢OTX§  0°G

*6200T 629°LQ 09T°0T |#69°¢ ¢OTXOT Gz
‘62062 EH6*LY 29T°OT | #69°'E moaxmm T

Ti; mw mw 1 WV (ssnesy)

ot

JUBUTIISLO( +XH

V jaed ‘CT°T°C UOT3BNDH JO UOTINTOS TBOTJIOWMY :99



-179-

€C9°€TL
96*020T
Lt geHT
£0'929T
L* 6592

0T

LE6° L2
HLE°6S2
26L° 892
eHT*GLe
S 182

986°2h
90T €4
99T tH
STt
AR S

296 429
T6Q* 916
66°CCET
QT €9LT

H° 0092

©49*429
0£6° 9t
TO"96ET
6T E9LT
+° 0092
GL* 160G
*9600T
* 96062

QLOCLT
02¢ * 6gT
H6T*T6T
He6° E6T
4L 96T

(6°L)*Cs

€96°2LT
08T " ¢gT
©G0 16T
GhQ E6T
Q09° 96T
LET 66T
E£TS6° 002
802102

€12 L2
e Le
80h"Le
Oirit* L
el Le

(6°L)™s

9£Q* 646

2o 188

9T G62T
o *HOLT
L EHGe

UBUTHISS(Q OTXOT

L6T g2
glLe ge
0Tt g2
6ect g2
ort Qe
99t g
9L£°ge
TQE Qe

9€Q°* 646
2h9° 198
9T°* 662T
9t HOLT
L Ew&2
90°*£+06
*€H00T
*€q0%e

FuBUTHASYS(Q LXL

G

2

T EHCS
* 00T
*CHhoSe

T

UBUTWINN S HXH

681 £OT
659° 90T
#2T° 80T
GeQ QoT
GeGr 60T

(64€)*°s

98H " £0T
869° 90T
€SI Q0T
e80T
26 60T
Q6T OTT
Q26 OTT
€2l 0TT

6€0°0TT
69¢°0TT
7956°0TT

006°2T
GG6°TT
296°2CT
966°2T
600° €T

(%)%

LLQ T2
6L9° TS
6L8° T2
088" Te
088° T2
T88° T2
T9R° T2
189° T2

COECT
OTE €T
AL

g 3aqed ‘CT°T°¢ uUoTaenbF JO UWOTINTOS TBOTISUMN

1on

clLg Te
LIRS AN
9L3°Te
9L8°Te
LLB T2

(1)*°

w

0T6°2T
196°21
066°2T
€00°ET
LTO'ET
0£0°€T
9¢0*¢T
OHO° €T

916" T2
LT6 T2
LT6 T2

Ts

06
ot
o2
¢t
0T



=180~

gt9° SH9
TT9"H96
60°2LET
TG QLLT
L6°HToz
29°TTTIS

¢€9° 19T
LEG Eog
TOO*TTZ
ghS HTe
©60* QTS
£gt T2

GSQ TE
oh6°1E
GQ6°TE
900°2¢
e AAY
0%0°z€

SARPA:]
GCT" 169
99°60ET
9L°QTLT
L9° L1552
29°9506

LT L9S

H9T* L6Q
98°60ET
LL°QTLT
L9°LS6Se
29° 96064
T*9500T
§°6c0se

oHT 22T
£Q0*L2T
ToL 62T
6t OET
TEG TET
696°2LT

Awm#v+mw

£9° 9T
HOL" 9T
6EL OT
9GL 9T
€LL.°9T
06L°9T

(9%4) ™

JUBUTIIS) S 6X6

£00°22T
€69zt
OT2 62T
962° 0L T
QLETET
9TH*2ET
€e6etT
22 eET

H60° LT
THI LT
HoT LT
SLT*LT
LT LT
Q6T LT
t0c LT
L0c LT

1TRUTHISYS( 9X9

JUBUTMISYS(Q £XE

w

LeH* €05
79T gEQ
H0*£62T
86°299T
z6°2062
9Q° 2004

L2H €08
79T 98
©0*€42T
06°299T
26°2052
9Q°2004
8°2000T
Q20052

e €09
91°gEQ
0°£62T
0°€99T
6°2062
6°2005
*€000T
*€0062

LEL 2y
TQ6°2h
960" ¢4
A IS
Q02 ¢t
gog ety

(2¢0)*%

oEL eh
WiL6eh
680° Y
CHT CH
TOZ
9Ge tH
€ge ey
662 th

YAARA
g9L*eHh
288 e
LE6°2H
£66° 2
LH0*Ex
HLO*EH
060° £

%

O 3Ied ‘CT-T°¢ uorjenby Jo UOTANTOS Teofdowny oD

H60°¢e
€602
9502
960°e
LS0°2
LS0'2

(2¢0)™%

6s0'e
9602
9602
LGS0
LS02
LS0'e
8602
g%0*e

6602
660°2
6602
6602
00T*2
00T*2
00T 2
00T*¢

0S
0t
o2
ST
0T
0§



Q06" L99
Eng epb
26°0RLT
60 H6LT
TL* 6292
9°£2TOT

~181~

648°TO2
€eeTee
£09° 02
200°¢te
chE*6Le
Qi She

666°SE | LxE=aQs E6Q°6ET  06T°02 |TTO°QTIS L69°€9

T69°6E | 96T ET6 HTIOLWT QL2°02 | 6617258 T64° 19

COL*GE | 6Q°HSET 962°08T Tt 02 | 9.°992T TQY°'+H9

6eLGE | BE°CELT 669 TGT t4E*02 | LG°9L9T  0LO"%9

HGL°GE | GL°TLG2  TI®'EG6T G9t°0O2 | LE"9TS2 662769

062" GE G*6900T QT9'6ST 1L6E°02 T*9TO0T 2£5°4¢9

(LES)*s (146)™%s (£6T)*Cs
JUBUTMISY S 6X6

el i deld 29L°6ET Q08 02 |TTOQTS GG9°€9

T2 gib 69g*9hT T98°02 | 65°24Q gt 19

06*H2E€T  6HT'0ST T6R°02 | 9L°992T 6L8°49

2ECELT  TIQ TISCT 606°02 | L6°919T  L90°G9

GL*TiGz £92°ECT 6AT16°02 | LE°9TIGE  9G2° 49

G2 0L0S gL HGT 2t6°02 | QI°9T0S  Ohi"49

C°6900T CL{°GSET 6E6°02 T*9TO0OT 0£S6° 69

T°69062 TO6°6ST EtH6°02 0°9T0S%E HQSE° 69
pnmqﬁsnmwmm g9xg

9°9.9T £6Q°%9

©°9Tée  TQO' 49

2°9T0¢ £92°¢9

*9TO0T £4£°69

*9T0SC 90%° 69

Ly 9, s, U €5 25
1URUTIISYS(Q £XE
d 218d ‘€T1°T°¢ UOTRBNDH JO UOTINTOS TeOTISUMN :89D

gL6"C - 06

900°9 ot

T20°9 oz

920°9 . ¢T

¢€0'9 0T

970" 9 ¢z

(€¢1)"%

0g6° ¢ o]

g00° 9 ot

€20°9 0z

0£0*9 <1

L£0"9 ot

10°9 0°¢

L70°9 G2

6%0°9 T

™HI'9 99°T ¢T

LYT*9 Gz ot

2619 G 0°¢
CST*9 0T Gz
LST9 moaxmm T

Ty R Ammmmwxv



€29°T9T 29L°69 E£TQ°GE {299°LET  H0G*HS 699°f2 | G239 6TT  H66°LE LhQ°WT | T6L°G6  HG6°QT 960*L|E2S6° QL L09°T 0%
GGHt Q02 GGT*9L G9E*9f | QLG HQT  992°QG¢ GEG HE |969°49T  €EG°6E EQI ST | QLS 9HT QGE*6T Q02 L |L0G*62T HI9'T o€
CER*H9Z 606°6L QL9 9 [ TTE'GHe  9H2° 09 289 HS |#29°922  L3E O 9GE*GT | gT0°602 €9G°6T G92°L |66W°26T @QI9°T o2

UBTTIISNSQ HTXNT

LQO*LET  006*#G LT6°92 [1Q6°GTT  08S6*LE T96°4T | T6L 66 TLO®6T 960°L |€25°QL LO9°T 9L0" oS
QL6 CQT  2EE QG 0L8°92 |GHOHOT  €T2°6E T92°GT | QLS 9HT  HSw'6T QO2"L|L0S*62T HI9'T Lzt ot
HoL whe 98809 €60*LZ |026 922  £L0TOh QTH"ST | QTO°60c  L%9°6T 692°L |[664°26T QI9'T 06T" oe
2L9°90E QS T9 QHT'LS |#60°682  Swh Off 664 ST | 999°Tic  GHL'6T +H62*L {66 G662 6T9°T £6e ST
€86 2th  2Lh 29 wherle |QeGtSTh TGR'0N TQSGTGT | 2GL At ENR6T HSE'L [Téw'egt  129°T Qe ot
6TS TTQ  964°€9 THE'LZ {220°G6L  hGe'Th G99°GT |gro-gLL  SHA'6T HGE*L |gew 29l  £29°T oL* 06
Q0 TLGT 666°C9 06E°Lz | GL*HGGT EGH°TH LOL°GT | GG°QEST T66°6T 69E€°L| 64°225T +89°T g¢'T  &°e
69°068E @S H9 Och L | 66 HEQE 2L TH SEL*GT | TG QIGE T20°02 QLE*L | 67208 6G29°T moaxm.m 1

(@réony*’s (sTor) > (@‘9)tTs (g9) s (n2)*T> (ne) b (0)*Ts

-182-

JUeUTILIS} S TTXTT

TI HGGT L9E'TH 6€€°9T | GG QEGT H0G*Og 9LE*L | 64°226T H29°T 26T 62
LG HEQE 6@ TH GSE*9T | TG°QTeE TEG*Oe GgE°L | 6 2088 G29°T mOwa.m T

QUBUTHIDS( QXQ

WG QEST 00C°6T 6£9°L | 6%°226T G29°T 26T &'

TG QTRE GeE 6T GH9"L | 6%°208E 929°T MOwa.m T
T, €T, 21, T, 0T, 6, 2, Ly 9, <, 1, mw 2 1, v AmwMMWMV

JUBUTILISLS(J CXG

¥ 278 ‘g 1'% UOIIBNDE JO UOTAN[OS [BOTIoWNN 1S

¥ XIQNEddY



QLO*QOT G9L-tL 695°gE
TTT*TTe #6£°08 L90°6E

-183-

L €T A

ToH EHT
T6L° 68T

TTO*EHT
04T 68T
LIS 642
992 TTE
0L6*9%H
LOL* GTQ
60 GLST
€L H4gE

861" 8%
H#£g°29

29%° 89
226°29
2969
L09°99
G L9
6L0°69
089°69
9€0° 0L

96T1° 92
188" 92

610" 62
w662
699°62
HLL 62
H99° 62
966°62
260°0¢
980°0E

AMHNAHV+Hw Ama“ﬂﬂv‘ﬁw

0T

096°02T oIl s THI'LT | HTG 00T €0t-€e G96*6 | 965729
206°69T  EE€2 i HO9°LT | TSL 0ST  068°C2 6EL°6 | TGG CET
JUBUTWARY2Q HTXHT
LO6*02T 2Q6°TH O0GE°LT | #TIS 00T 9EG°€2 L9%°6 | Q6S*28
Got 69T TQO'Hh TGL*LT [ TSL*0ST  00T*®2 THL'6 | TGS CE€T
T6T*TEC  eSHI*Gh 096°LT |9TE*€Tz  €9E°'H2 Q2Q°6 | g24 96T
Gz6 E6g  €L9°GhH 690°QT |TIT 9l Ge&'He €Lg°6 | LTG°6Se
oHQ'6TH  202°9h OQI'QT |206°20% 699°t2 QT6°6 | 906 98¢
w69*egL 2L 9f 26S QT | 9T 66L 2TQ wE H96°6 | G699l
28 Q66T 0Q6°9t gHEQT | 6G°2HST H#8R°He Lg6°6 617° 984T
29°9EgE  CET It 2gf QT | £6 22t L26°He TOO°OT | 61°908¢
(6L)"% (6°2)7 syt (g€) s
JuBuTHISGSd TTXTT
LL*QGGT HOO'Lfy 29E°6T | 66°2hST 2HE*G2 200°0T | 6%°92ST
09°QEgE 29T*Lf TEE'6T | £€6+22gE 4gE*Ge STOOT | 6%°908t
FUBUTIISYSJ §XQ
LG°eHGT LQ9*fe GENOT | 6%°93ST
26'22gE 6eL*qe GitOT | 6%°908E
ww N.w mw mw :w mw Nw

1UBUTILISLS(J §XG

g 1aed ‘g T*C UOTjenbE JO UOTANTOS TeoTIaumy

o
R

6L
918"
128" 1
€€g
6£8"
Grg*n
8"
618"

0s
3

05
ot
02
‘T
o1
0°¢
¢z

62

¢2

(senedy)



TgO* 64T
L 46T
St hSe
CT6°CTE
T6E " THy
TT6° 618
6T 6LS6T

(TSI s (Tier)” >

-18h-

ot

6TE 29
rrA MRS
9L2° 0L
THLTL
HI2 €L
Q%9 L
Got gL

€€9° 1t
otT 2t
contet
THG 2L
£g9°ect
6eg ot
L6Q e

9£°92T 0L2° 9%
Ten nLT  S88°8h
otg 6tz Teet0S
QO0*Qbz  06Q° 0S¢
Q9T fety  LGG° TG
9gt eog TTI2'es
T6°296T tEG 26

(oTég)* s

19 296T 969°2¢
29°2hgt  94g*es

996°6T
260" 02
6002
A0S
QL6 02
9TL* 02
9gL° 02

(oT*g)" 1>

L6E°COT
S ARG
£99° LT2
LgE°0ge
LBO* LO%
98L°98.
9° 9HST

TLO Q2
Lhg Qe
ALY
Teh 62
£€T19°62
£0Q 62
869" 62

(94)*Ts

JUBUTWIDY30 ZTXST

moa.mm
2t1ce

119° 94SGT
6 92gt

AR
9¢9°0f

AUBUTWLISLS(I 6X6

T9*94ST
G oegt

69T 0
1AL

JUBUTIISAS( 9X9

mw

S

3

JUBUTHISLSQ £XE

TLO°CT
71t et
Lehe2T
664°2T
296 2T
629°2T
L69°2T

(95)"

989°cT
0L 2T

gge et
TOE"ET

£€g° 99 teh* g
w69t LET  G6H°Q
729002  2£6'Q
6g6t9z  06¢°g
HEE0RE  696°Q
616 0LL  6Q56°Q
0G* 06T  666°Q
3 Amﬁov+aw
06*0ECT 009°Q
61 0TRE  909°'Q
06°0EST  6Ho'Q
61°0TgE  069°Q
906°0LL g2t*6
0G*0LST 9LE*6
61°0TQE  THE*6
€ 2

3

D 3IBJ QT ¢ UOTABNDE JO UCTINTOS TeOTISWMN

o
)

(20

o T
|9 T
gh' T
SSLANE
Seh° T
€0S°T
90¢° T
V-H

906 T
606°T

LOS'T
605°T

HEG T
LECT
655 T

T

w

O.
m-

L BEAUR T2

(senBsY)

2t



LGS GCT  £€80°99 9ot HE | TC6°TET  #ih"0G 92L°Te | GEH"OTT  09€°'2t 6£0°CT |T1EC°T6
606°66T 2SEQ°TL LE2°GE | 266°6LT  GT9°EG €62°Te |TI6°6ST  29T°tE ohE“GT | 9€6°THT
Toh 662  G2T°GL 322G ELE | LEG Ofe QG2 66 GG e |6TI'eac 69L°GE TOS°ST | LgL LOZ
Te9'02E 628°9L 969°LE |2HG 20t 280°96 26L°22 |STL H9e  T20°9€ TIQSG ST |2TLi*L9g
66Q° Gt 9WG QL @9Q°tE | Ges ey £06°96 £T6°Te |GOL TTH  8L2°9f T99°ST | 9€9-H#56€
SET°HeR  622°08 9EO°HE | ©0OG*LOQ  LOL°LG LLO*EZ [G6Q°06L QL6°9f THL"GT | 096 HLL
OE°EQCT 3260°TQ 6TIHE | 66°99ST 20T°QS 656T°E2 | 69°066T §99°9E TQL*ST | 26°H#EST
(creTy s (cTen s (Tr%)*Ts (Tr6)7 % L6+ (1597
QUBUTHIDYSQ ZTXST
T6°995T #2E QS TOL'HZ| 69°066T TL6°6E 9289°ST | 26 HEST
X 9G ohgt TIG° QS LQL H2| LG°0EQE 090°9¢ @xR"ST | 06°HIgE
mw JUBUTILISS( 66
GO 0GCT Q6L GE €gh*oT | 26 °HEST
GG 0EQE @gw@ Gt 006°9T | 06 HIgE
JURUTHIISLS( 9X9
6E6 HLL
TG HECT
| 06 HTIgE
N.mw Hlmw O.mw mw ww N.w mw mw .:w Mw

1UBUTULI®LSI £XEC

d 33ed ‘Q°T°¢ UOT3enby JO UOTIMTOS TBOTLISUMN TS

£20°cT
6022t
HOE 2T
g£ce et
gon et
gener
Lieet

Amr_u+Aw

IASUANAS
T0S 2T

60LCT
CAREAL

SO HT
et HI
GET HT

%

A
6TS N
1664
895"
Selagi
2091
OT9

€t



-186-~

269° 64T £60°TL
HE0° 86T 9TL°QL
£TE 942 926°2g
696°9TE 9£0°¢Q
CR9° Tt 0T L9
§26 6TQ 690°69

€1 2T,

989 £¢
GHT HE
69€°HE
Tgh ' HE
766 HE
LOL*HE

9.2°62T
60%°CLT
0TO"9te
6£Q° L62
069ty
286°208

Ce6°62T
+EL°CLT
0LT*9t2
gt L62
geLtten
£656°209

G0 29sT
€L°THEE

(zTioT)* % (zTéor) "%

Ot

LgE- L6
£€o29
HTE 19
LOY° GO
6561°99
05K L9

L29°96
TEE*T9
669°€9
WBL 19
6LQ° G9
TI6°99
LOW*LY
869° L9

AR
960" 42
LL2 +He
06¢ * 12
oS 12
919 42

766 He
Gt Gz
cgE-ce
Ght G2
teg-de
066* 62
£29°6e
€H9° G2

8;

€on°90T #6E°TH OT6°ET | €QN°99 thE*Te 2gt 9 | 20T 05
HEECCT  66E°Ef GT2°HT | 290°LET  26Q°Tec 6Th°9 |ETT'2 ot
ohE LTe  2z2Eeii G9E 4T | TLR66T QGTI*2e Qth°9 | QIT ¢ 0z
69g° 6Lz  ToL°wh Ofh*HT | 6LL°292 6@etee Lint9 | TST'e ST
2090  GRT*SH OTG HT | 8R9°68E  O2f*e2 9Gh°9 | w2T°2 0T
2G6°6QL 986 &N TEGTHT | T09°69L  @hé*ge 99%°9 | L2T°2 0°¢

queuTmIoLSq ETXET

Lo9t*90T  #LT°TH G66°ET |€89%°98 9L0%22 2gt*9 |20T°2 0%
GEE GCT 9028 tH TL2°HT |290°LET 6Lh*2e GTh'9 | ETT*2 ot
ont iTe  HwET°H#h 60h*HT | TLQ°66T 999°22 QtH'9 | gIT*2 oz
699 6L  HLGwh 6L4HT |6LL*292  96L B2 Lhh'9 |TST°¢ T

20h° 90 666t 6RGHT | 9R9°68E  9hg*ee 95H*9 | HeT'e o1
266 CQL HOW Gt 6T9°HT |T09°69L  £E6°2c 99K°9 | L2T°2 06
CL GHGT 666°GH HGO°HT | 96 24T 9L6°22 TLw 9 |@Q2T°¢ G*e
09°6egt CTL°Gh GLO'HT | £6°60Qt 200°t2 E€L%°9 [62T°2 T

(8°9)*% (g99)™% (ne)t (e) sl (0)*%s
Pdﬂdﬂﬁh@P&Q OTX0T

L GHST Lighh GLT ST | 9G6°62ST gT19°Ce HLt'9 [geT-e Gz
00° G2t G666 i 9QT°ST | £6°608t 09 te 9Lf"9 |[621°C T

QUBUTILISYSQ /XL

9¢°62ST 029°22 ©S29°9 |TE1°¢ G2

6608t Hh9tee €29°9 |2ET'e T
Ly 9, s, L €y 2, T, Ammﬁmwwv

JUBUTILISLS(Q XY

YV 3qBd ‘ET°T°€ UOTjENDH JO UOTINTOS TeOTIsumN :19



92H° 29T
C06°E02
996°T92
06Q° Tet
9.2° 9y
60g° €29

-187-

€T,

606 1L
ohg g
9L6°LQ
9,669
6EL 26
B3¢ 16

A

LT 9L [ENE-GET LET'T9 On6°€2 [ 026 °TTT TI9 Sh OnO'9T | QRT'T6  2€9° L2
679°9€|00L"0QT Q05°99 Qe He | SQT°09T +HIe2'gh TEH'9T | 094 THT £0S°ge
198°9€ (298 0Ofe  TI2°69 Gg6'He | 006°Tae Gen'éh 929°9T | 621°H02 O19°Q2
c00"LE|OL 208 €TS°0L Q9T'G2 | gLe w82 TO0°0S +H2l'9T | 696°992 Q6° g2
TeT L |20T° Qe L9L°TL E€GE°G2 | OL9°OTH LGG°0S 22Q°9T | HIg £6E £0T°62
O LE QL 908 @nb6 2L 6£6°C2 | €Q0°06L +B0°TS 026°9T | £99°€LL E4e 62
jueutmIa3eq £TXET
HLT°9ET  #BE*09 0QL*GZ | L26°TTIT 6eh Gh OQI*9T | 9T 16 gen ge
LST°TQT  LTIQ°S9 9%e'92 |LQT°09T 6470°Qh 926'9T | 09" THT  g96°g2
LLO*THE  GLG°Q9 GL%'92 |006°Tee  T92°6h OOL'9T | 62T HO2  +22°62
965 20t 6T6°69 2Q6 92 |QLe hBe  LEQ'6h QQL"9T | 696°992  grE'6e
6ST Qe €22°'TL 989°92 |0L9°OT  26£°0G LLG*OT | HIQ'E6E  OLn"62
Q6L*908  Toh'eL THL92 |EQO°0AL  QI6*0S G96°9T | £99°C€LL 9662
GT*996T +#S0°€L 2%8°92 | 08'61ST TLT°TS OTO'LT | 6G°CEST 9%9°62
LL*GHEE TON"EL €1Q9°92 | €9°629t 6TETS 9f0°LT | 6S°CTQE 0Q9°ée
(€T D)% ()% (62)*% (6°)"> (6E)*+%s
. JUBUTWASYSI OTXOT
0Q*6HST  L6H°0S 6OL°LT | 66°CEST €20°62
£€9°629E TGE9°0S €2LLT | GG ETIQRE T90'62
JueuTmIaleq LX)
6G°CECT 0OLT° Q2
GG ETgE OLT"ge
T, 0T, 6, 8, Ly 9, s, g €
JUBUTMLIDGS(T +X4
g %red ‘CT°T°¢ uolzsnby jo uotanTog TeOTISUMN TS

9626
e 6
0LE"6
€06
C6E6
016

L6226
ot 6
0LE*6
£ge 6
GhE6
Q016
7TH*6
gTth*6

6€)%

Zeht6
eh'6

H69°6
4696

[

£96°¢
0T0°9
H#£0°9
9H0' 9
g60°9
0L0"9

9,09
0g80°9

60T*9
cTl'9

L

w

05
0t
Oc

Ot
0°6

(ssned)

It



HCC ZHT  OHQ'HO
EH9°98T Q02 OL
6909t 9eh"El
€2E°L0E  900°6L
1292ty ShSt oL
€20°TT  $00°QL
92°0LST HOL'QL
(nTgT)*es

o

b=

i

gl 1T

(wT%eT

229°92
990° 62
6L 62
€gt 62
Lo 62
6gS" 62
on9°* 62

0T

)%

LGG*LTT
TCT*G9oT
625922
EhL°Qge
L6 HTH
2Ee HbL
L8 EGeT

LQ°€GST

99°€€QE T2t 96 9f2 02

TG 64
€0g es
LEE S
990° 6§
g9L° GG
€Entog
TGL*9G

(or‘g)*>

L2T° 96

TSE QT
29L°8T
TL6°QT
QLO*6T
9QT 6T
w62 6T
gHE* 6T

(or'g) ™%

680° 96 199°2¢
TL6°GHT  GH9'€L
09h°QO2  G60°HE
¢Te*TL2  TIE*HE
HL6 LEE T3S HE
ehLleLLL  €2LHE

€9°LECT T2g°HE

(o)

UeUTHINYS(Q ZTXST

otz oe

€9°LECT 606 HE
9G* LTQE 696 H#E

JUBUTWISLS(I 6X6

£9°46CT 9Q9°€tE
9G°LTQE  LHL EE

JUBUTILISNSC 9X9

JUBUTILISGSQ £XE

€916
TOE6
69€°6
HOh* 6
QER*6
RIS
6816

(o)™

W6h6
7066

099°6
L99°6

M3

899°LL
c09°geT
LG T6T
S
EnG TQE
00L& T9L
ARAYS

AR TAYN
26" TOgE

g6 TesT
36 TOgt

0£S TOL
A
26 TORE

€

E]

D 3aed ‘C1°1'C UOT4enbE JO UCIFNTOS TEoTIoumy

‘IS

960°€T
QT €T
Lz2 CT
Lh2 ET
L92°¢T
Lg2 €T
L62°CT

Am\ov+mw

€TE €T
QTE €T

L9G°¢T
696°€T

c8e ' TT
888" T
268 IT

%

TI8T°T 04
mwﬂ.ﬁ o<
C6T T 0c
Gr T ot
L6T°T 0T
66T T 0'q
002*'T ¢*e
(20)"%

0021 G2
T02°T T
TOZ2*T ¢z
TOZ*'T T
Oc2°'T 0°¢
Tce*T G2
Tce'T T

T, (e



~189-

790 64T
0g2*eh1
oHTI TGS
ETT oTE
CET LEY
992° CTQ
QL HLET

ct

909° L9
905 L
0Tz gL
9t0° 08
6£8° 18
2H6€g
GGE " HQ

LGT"TE
©£9°TE
649 TE
9G6°1E
€902t
OLT*2E
gee et

(sTET) o (sTET) s

e €T
922 0LT
A AN Y
2 TAR YT
H#IE 6TH
Q6L gbL
€6°LECT

96° L6CT

926°¢6
Gott LG
GGe 68
L62°09
2T 19
CHh6°T9
LEE 29

oummv+mw

HOL T9

69°LEQE  ©00°29

€902
$Q0°Te
(0 A SN ¥
TS
H19¢° Te
LQ9° T2
0SL T2

ﬁi@-m

€T TOT
965° 06T
999'TT2
HIG* 612
OLT*20%
8£g8° TQL
Q9" THST

2

T90LE
926°gt
96T 6%
GTG 6
12g° 6£
02T oY%
€92 oh

(Lé6)*%

JUBUTIISNSQ ZTXEST

66122
LTg 22

Q9 THST THO'OK
86 Tegt 92T 0f
JUBUTILISNSI 6XE
Q9 THST TLES 6E
QS Tegt  66£°6€

JUBUTHISLSd 9X9

QUBUTILISAS(I £XE

w9 TT
G6Q°TT
¢00°ecT
090" 2T
¢TTCt
OLT CT
96T 2T

(L46)"%

) K ARAS
S AA

iy
GoG 2T

LL6°TQ
9LL°2ET
6Q9° SAT
TH9* Q6C
866° 6ot
LEG oL
6 C2ST

16 C2CT
26° S0ge

16°GesT
25 60gt

16 626T
26°60g¢

€

3

@ 37ed ‘€T°T'€ UOT3BNDE JO UOTANTOS [EOTIoUMN IS

Igh LT
62L LT
2he LT
969° LT
066° LT
200°QgT
L20° QT

(€1)*%

LLO® QT
060° QT

9gt QT
G6E QT

98T LT
Q6T* LT

%

26L°E o¢
TT9°€ ot
T2g° € o2
929 € T
TEQ € oT
9tg* € 0°¢
geg € ¢z
€n%
9eg € [
ohg € T
6eg ¢ ]
THg € T
OT6° € ¢z
0T6°¢ T
Hw Ammsmwxv
VA



~190-

8ET 02
LTL 02

6 L TS6 602 HIE'SE 209°GE| OLE* 96T LyL'QIT
HIT*9GT  L6L*QTT

601" 02
96" 02

1,096

2LG'H3e EETTLQT 6HT'SE 690°2C| 9LG6°ECT
00T 96

C2h EET

903° 9T
OTe LT

986 1z| S68°OTT 00S°EL
08€°g2| £69°0TT T0S* €L
769°0TT  Z0S* €L

9H0*E62 6T9°662 Gge°th 92wt | 8RR°TOZR @2e #9T T4h°L2
€9L°TO0Z 62C°H9T 4ge°ge

(66)*% (ne)*Ts (x4

qT2 0LZ 0QL*2EZ 269'65 QLG 68| 20T 6LT SCix THT +l6°€2  £69°te| <gr°gg
996°QLT LHGTHT T99°%e 3T9'H2| +ET°89
910" 88

99)7% (9" B e (et (1) (e) s [(0)*%s

0 =P J0J SUOTINTOZ Tedjasuny

S XIANEdAV

229° 69
6T9° 69
(L9)*% (3T (196)™% (o) |(ET)™% (zf0)tT

916 9T
Qe LT

(990)*% (6€)*Ts (970) ™% (5°€)7 s | (270)*%s

otH
TEH q

129" 62
66962

640" 9
TG0 9

L50°2
gso'z

LTE Ex
OTE" £

QLT TT
T6T°TT

6E0°€T  9€0°ET | 919 Te T99°2
LO*ET  ERO*ET | 188° T2 T99°e
HIE €T 29E°€T | LT6° T2 299°2
‘975 (59)7% | (%% ('
GOT° TS  £L0°6  0L6°6 {T69°C
G9T°T6  9L0%6  HL6°6 [T69°'E
TET* TS 6926 E€9T°CT [h69°€

D)

(€1)"% (z0)" "

(*hs (290)%

yusummasysp grxgr 0L T 4 PE

. Jo
FUBUTWIDGO( §XQ noawdﬂom
6°T°w b

JueuTmISLed TIXTT 10
AUBUTIIDGS( LXL woTANTOg

JUBUTWISASBC HTXHT g1 bz
FUBUTIMISYS([ OTXOT 0
FUBUTWISLSJ 9X9  uoIgniog

QUBUTHASYST CTXET LT +bE
FUBUTMISST 6X6 IO
AURBUTHISGS( (XG uoTAnTog



T2t She GCL'Q0Z 662°6€ whg et 629°€6T 64ECQTT 96T'Te  €ggtoz| groths €92 0f @69 eI ¢ quweummregeq grxer Ol TTHPE

692°€GT GongTT g2ty'ee QeI 28| 966°€s QEH'0f  T0S°9 QSIS JUBUTMISLSQ gXQ nOAWmaom
(9% (90 S | 1) @Yoyt (€e1)% (390) s
6°T 'y *bH
GE6°082 LHT 99T 690°GE 929°6E 6ET TET GE6°GH  1Q0'QT  LGE°LT| T60'Sh 290°TT 2GE'e JFUweUTLIsya( TIXTT 30

LGL*OST T66°66  O0T*6T- 6L2°QL| OTO'2h 60T'TT H$E'g JUeuTmI=NSg X,  UOT4NTog

GO (6)7 (94 o) (1) (2%0)%

-191-

92L°GQ2 GTO'HSZ +He2*ih €99°Lh €99°96T OTE'€9T QL ® §8L°82 £69°90T 639°tL O6TI0°CT  26Q°€T |ggo'Te E4y'ec  susumasled #Tx4T @°TI'% *ba
€9€°gAT QGS*E9T GLE*0E " 269°0E TEY'QOT 229°CL L#OET  T6Q°CT |9TT Te £Gh'2  FURUTWISYSQ OTXOT Jo
6L2°Q0T CT9°€L 666°ET  TE9HT |22t Te 9sK°e JUBUTHISYS( 9X9  UOTINTOQ

(n'e)*Ta(ser® (ne) | (1)*%s (0)*Ts
QIT 992 QLE"TE2 6ge th 620t | 6€T°9LT HIQ OHT +Hib°He 266°#2| G62'9g9 €6G°TS €LL'6  469°0T |#Sh'e  ausummIoleq ETXET LTy tbE
LOR-SLT #66°0HT 669°92 ThG°92| T82°98 GGG 16 T6L'6  9TL°OT |HSh'e JUBUTHISYSQ 6X6 J0
96Q°Gg 6t TS TG 0T OQT'TT |Hoh 2 JUBUTHINSC §XG yorqnog
(8°9) 7% (L9 B (ne) s (e €T (12) ] (0)*%
saojemeaed (£) s,UBwpood ¥ Y
0 =P J0J SUOTINTOG TeoTJISumN :89H



-192-

29T'29 Th6'2¢ Q28 e LhI*E2 2QT O QL9°0E  9f2 2T 9TIL°2T  960*QT 609°9
LTH'6E G62°0E  60E°€T  2LG°2T  20%°gT £69°Q

(L56)*% (ot (16)™% (9fh)™Te (£4T)% (2zf0)*Ts (£4T)™% (2f0)"Te

6L£°6L TLZ°OL QOT O T69'62 T90'LSG +HES Lf 20H'6T GON QT LT6°%E 966 HE  906°6 OTO*OT  LOE'ET
6kt 9G  L92*Lh 962t0C GAL6T 609°HE  HIRTSE  TTISE'6 #20°0T  TeE'fT
QoL EE LSL*He  2L9'6 TSH*OT  TLG'ET

(90)*%s (¢ €)*T> (30) ™% (6%€)"Ts (290)*s

§99°CL 96h*H9 Ok iz £68°92 LTH'TS TGO TH +HGO'LT 6%L°GT 20L°62 ThO*Oe  O2h6  +Hgtel
261 06 TLS T ZEL*LT 99E°9T LgO'6e 67602 gen'6  T6E'L
L6T g2 THE'6T  #69°6  069°L

(6€)"% (ne)*Ts (6%€)™% (n'2) " (1)*% (o)

69g°L9 GEL°QS L$9°G2 GOR'HE 6QL'GH 0219 6g9HT  £98°ST 610t TIG*eT SLyt9
€L0°GH QO6°SE HAT°ST  2TIS*9T  6G9'tez  lel-el QL% 9
66922  ERIHT £29°9

89)% (L9 (12)*% (€1)* T (12)™% (£1) (o)

0 =P JI0J suUOTINTOZ TeOTISumY

8

T™HE'E  OTS'T
Hg S  OTS'T

T68'h  TO2'T
168 I02°T
6687 202°T

(1)*5 (z90)%

2g0°9 S29°T
2g0°9 &29°T
HTIT'9 929°T

6197 OET*2
129 % OLT°C
Thih 2ET1°2

OT*T*#*bE
qusUTIISNSd ZTXST 30
QURUTHIONST GXg  UOTINTOS

JUBUTWIDO(Q GTXCT 6°T°h b
UeUTILISYS( TTXTT F0
JUBUTWASFS[ LX),  UOTINTOQ

qUeUTmISNSQ {T¥HT §°T'h *DE
QURUTHISNSd OTXOT Jo
AUeUTRIONSd 9X9  UOTNTOS

JueuTHIe}Sq ETXET LT 4 *PE
JueuTmIsgad 6X6 F0
LUBUTMISGO(Q $XG uoTINTOS



.

O)(D;F‘UJ[\)O\OG)\]\)G’)\H\HF'T—’(.AJ(.MT\)I\JI\JT\DI—‘I-‘HF“HOOOOOOO [eNeNel
B N O NN DO NN 0L O DO FIVOL o OU Fw MO

e e

_193_

APPENDIX 6
Ge: Numericel Soluticn of Equation 4.1.7, Assuming © = 0

0x9 Determinant

(0) 62_(2;)4‘) el..(ly3) €l+(l,"3) €2+(2:l") el_(5:7) 62_(6;8) €l+(5’7) €2+(6y8)

3.875 9.985 9.269 51.131 88.015 24.535 24,679 141.465 178.921

3.897  10.137 9.118 51.259 88.150 2l 358 24,850  1k1.600  179.057
3.961  10.432 8.826 51.643 88.554 24,119 25.067 1hk2.004%  179.hk535
4,089 10.757 8.510 52,282 89.227 23.874 25.279 142.678 180.145
b.219 11.083 8.200 53.176 90.165 23.627 25.483  143.620 181.095
k413 11.kol 7.911 5h.321 91.367 23.382 25.678  1hL.827  182.313
k.649 11.710 7.650 55.716 92.828 23.1k2 25.865 146.208 183.798
k.,929  12.009 7.425 57.357 9h.5hl 22.912 26.045 148.032 185.547
5.251 12.301 7.239 59.243 96.513 22.694 26.220 150.023  187.559
5.617 12.589 7.099 61.369 98.728 22,491 26.393 152.271 189.829
6.025 12.877 7.008 63.731 101.186 22,308 26.565 154.772  192.355
6.977 13.470 6.971 69.153  106.816 22.01h 26.919 160.520 198.163
8.089 14,115 7.169 75.483  113.373 21.838 27.306 187.24k2  20L4.958
9.379  1%.859 7.592 82.701 120.832 21.801 27.752 174.915 212.716
10.841  15.720 8.250 90.791  129.175 21..926 28,280 183.515  221.415
12.475 16.728 9.1h5 99.742  138.385 22.227 28.913 193.024  231.035
15.249  18.553 10.926 114,770 153.807 23.039 30.105 208.957 27,155

18.409 20.791 224 131,711 171.138 24,312 31.637 226.855  265.260
21.957 23.487 .026 150.562  190.369 26,087 33.553 246.688 285.316
27.289 27.735 20.518 178.879 218.964 29,178 36.760 276.109  315.0h49

b
M w

32.810  33.177 25.847 210.218 250.941 33.309 40,758 308.910 3kB.171
40.017  38.690 31.98%  245.195 - 286.316 38.062 95.57%  345.082  38L.666
49.369  47.154 40.757 293.777  335.337 45,398 52,763  395.043 435,020
59.796 56.836 50.720 347.785  389.723 54,073 61.253 L450.292  L9o.8hs
73.728  70.028 6h.212 1419.786 462.110 66,207 73.141  523.608  564.380
89.208  84.905 79.346 499,860  5L42.305 80.171 86.856 60k.6L7  B45.77L
109.225 104.354 98.71k  602.823 645.775 99.047  105.119  708.908  750.459

134.681 128.909 12k.227 122,798  129.298
166.609 160.778 155.920 153.492  159.310
206.169 199.958 195.285 191.973  197.513
254,651 248.122  243.607 239.532 24hk.816
313.475 306.6883 302,300 297.576  302.633
384,188 377.181  372.908 367.6840 372,497
468,468 U461.285 457.103 451.381  1456.067
575.108 567.774%  563.670 557.55L 562,083
708.236 700.775  696.737 690.281 694,679

epr(0)  €pn(3,8) €u(1,2) €4(1,2) ep(3,8) € (5,8) €,(7,8) €+(5,8) €, (7,8)
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Ge: Numerical Solution of Equation 4.1.8 Assuming & = 0

6x6 Determinant

€l+(0) €2+(l) 52_(3;5) el_(2,)+) €l+(2:h) €2+(3:5)

0 2.725 21.525 13.715 13.310 73.490  110.685
1 2.7%2 21.640 13.883 13.138 73.622  110.821
2 2,795 21.983 14,159 12.851 74.018  111.227
3 2.883 22.555 1h.b4hk  12.552 74.677  111.903
L 3,009 23.353 14.723 12.257 75.597  112.847
> 3.172 24,378 14,994  11.975 76.776  11k.056
6 3.375 25.627 15.255 11.711 78.211  115.528
7 3.618 27.100 15.508 11.472 79.899  117.258
8 3.903 28.795 15.855 11.26L 81.836  119.24k4
9 4,231 30.711 15.999 11.08k4 84.019 121.482
1 L.602 32.848 16.244 10.94k4 86.4ks5  123.967
2 5,477 37.781 ' 16.751 10.791 92.008 129.666
L 6.530 143.592 17.308 10.825  98.499  136.312
6 7.7684 50.278 17.947 11.064 105.894  143.879
8 9.177 57.841 18.697 11.520 11k.173  152.347
0 10.769 66.281 19.581 12.200 123.323 161.170
3 13.hb91  20.587 21.203. 13.648 138.658 177.347
6 16.610 96.872 23,221 15.612 155.908 194.923
9 20.125 115.137 25,667 18.090 175.061 21k4.406
3 25.h2h 1h2.57h  29.625 22.175 203.560 243.336
7 31.419 173.539 34.398. 27.132 235449  275.637
1 38.107 208.035 39.988 32.93% 270.743  311.318
6 L7.441 256.121 48.117 L41.340 319.675  360.692
1 57.855 309.727 57.496 50.990 373.984  415.894
7 71.775 381.343 70.368 eh.l64h  L4h6.291  L488.11k
3 87.245 L460.913 B84.968 79.036 526.418 568.594
0 107.254 563.976 10k.143 98,487 629.823 672.347
3

7
7
8
0

W OOV EEFwwhnD I\JDJHHHHOOOOOOOO_OOO Qs

132.703 128.828 123.438
16k .624 160.073 154,930
20k4.180 199.045 194,121
10.8 252.659 247.030 2k2.298
12.0 311.480 305.440 300.870
13.3 382.191 375.811 371.379
14.7 466.469 459,810 455.492
16.3 573.107 566.206 561.989
18.1 706.234 699.129 694,997

e+(1) € 01) e, (8,5) €,(2,3) €.4(2,3) ey (hy5)



Ge: Numerical Solution of Equation 4.1.9, Assuming & = O

o
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10.

¢,-(0,2)

.100
.166
.360
.673
.086
577
.116
.875
.231
.769
.287
.281
.285
.370
.58k
.956
.34k
.1hg
.381
.353
.075
.538
843
. 874
.621
.958
.81k
.188
.020
.501
.919
309.
380.
hek.
571.
704.
8s52.

OO~ O\ FFWWNDNDNDND

691
363
609
220
324
oLl

€1 €p(0,2)

11.475
11.522
11.665

11.919

12.302
12.843
13.576
14.533
15.742
17.222
18.980
23.323
28.718
35.109
ho 456

50.733 -

64.863
81.022
99.195
126.54k
157.4h46
191.895
239.938
293.512
365.101
Wik, 650
547.516
678.3k0
8h2. 426
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7x7 Determinant

90

105.
122.
1h1.

168
200
234
283
337
408
188

591

722

886

10L45.741 1090

»100
»230
.620
.266
. 167

. 317

.713
.350
222
.326
.658
.992
.202
.296
.205
.985
751
433
oh1
.861
.136
.885
.225
.031
835
.550
.565
.518
L711
.116

e2_(1,2) el+(o) e2+(l,2)

17
16
16

16.
125
.856
15.
<359
1k

16
15

15
15

1h.
1h.
1k,
b,
1h.
1k,
ke
16.
18.
.525

ok,

28.

3k,

Lo,

51.

6L,

79.

98.
122.
154,
193.
241,
299.
369.
b5k,
560.
693.
848.

15

20

131
.951
.681

Loz

299

948
785
562
Lg7
613
926

635
326

2hs
855
333
371
693
527
108
275
961
213
195
192
613
996
005
k11
342
825

17.
17
17
18.
18.
18.
18.
19.
19.
19
19.
20
20.
21
21.
22,
2k,
25,
28.
31.
36.
ha.
h9.
58.
71.
85.

10k.

128,

159.

198.

2h6.

30k,
37k4.

458,

56k,

697.

852,

395

.568
.823

077
323
561
790
012
228

Ah2

656

.099

587

b7

808
593
o7
878
12k
80l
296
612
hakh
489
033
343
2ol
625
608
3k
123
356
578
Ls51
737
566
966

96
96

96.

97

98.
99.

100

102.
10L.,

106

109.

11k
121

128,
137.

1h6

le2.
179.

199.
228.

260
295
345

399.
k72,

552.

656

788.
952.

1156

.069
.203
604
271
203
397
851
561
526
L7h1
202
852
JLhe
962
379
.678
255
760
173
015
.23
.838
.123
47
383
791
473
038
775
.648

133
133
133
134

135.
136.
138.

140

1h2,
1hh,
146,
152,
159.
861

166

175.

184
200

218.
238.

267
300
336

385.
hho.
513.
59k,
698.

830

995 .

1199

61-(3,5) €, (4,6) €14(3,5) €, (4,6)

RiTeL
541
949
.826
573
787
265
.00k
001
254
757
504
21k

Lol
.883
.720
501
202
450
.030
.001
716
734
794
574
629
522
620
.789

€l_.(3:)+) 52_(5)6) €l+(3)h) €2+(5)6)
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Ge: Numerical Solution of Equation 4.1.10, Assuming & = 0

8x8 Determinant

a  €,.(0,2) €,.(1,3) €,4(0,2) €4 (1,3) € (4,6) €, (5,7) €,,(4,8) €,,(5,7)
0.0 4,513 6.158 29.487 65.4hk2| 20.857 21.046 118.743 156.15L
0.1 4.2 6.276 29.601 65.576| 20.677 21.219 118.876 156.290
0.2 4,174 6.563 29,943 65.,976| 20.423 21.h54 119.281 156.698
0.3 3.801 6.928 30.515 66.642| 20.163 21.685 119.952 157.377
0.k  3.613 7.321  31.320 67.562| 19.902 21.907 120.890 158.386
0.5 3.365 7.718 32.361 68.756| 19.646 22.121 122.092 159.542
0.6 3,160 8.109 33.639 70.197} 19.398 22.396 123.557 161.024
0.7 3.004 8.488 35.156 71.888| 19.162 22.524 125.281 162.769
0.8 2.905 8.856 36.910 73.825| 18.942 22.718 127.262 169.775
0.9 2.86k4 9.215 38.902 76.003| 18.742 22,908 129.496 167.037
1.0 2.884% 9.571 41.128 78.417| 18.566 23.099 131.981 169.553
1.2 3,111 10.295 L46.271 83.94%0| 18.300 23.493 137.688 175.335
1.b 35,586 11.07h 52.319 90.364{ 18.170 23.925 144.356 182.093
1.6 4,308 11.951 59.254 97.671| 18.199 24.423 151.961 189.802
1.8 5.271 12.960 67.062 105.843| 18.hok 25.011 160.480 198.4k40
2.0 6.468 1k.125 75.737 114.870| 18.802 25.714 169.896 207.988
2.3 8.685 16.200 90.367 130.004| 19.783 27.026 185.668 223.978
2.6 11.390 18.699 106.935 1h7.041| 21.247 28.697 203.386 241.934
2.9 1hk.s562 21.637 125.4hkLk 165.981| 23.209 30.768 223.024 261.82h
3.3 19.4kohk 26.24k6 153.154 194.202 | 26.606 34,199 252.172 291.319
3.7 25.200 31l.644 184.340 225.833| 30.896 38.433 28L.695 32L4.192
4,1 31.660 37.820 219.014 260.891| 36.068 43.491 320.592 360.433
4.6 L0.769 L46.617 267.278 309.560| 43.747 50.979 370.222 L410.476
5.1 51.010 56.590 321.024 363.640] s52.7h2 59.757 kL25.162 L465.803
5.7 64.769 70.082 392.770 L435.715| 65.226 71.971 495.137 539.202
6.3 79.503 85.210 k472.LL0 515.648 | 80.118 85.984 578.842 620.287
7.0 100.017 104.559 575.414 618.867 | 98.364 104.902 682.821 724.656
7.8 125.373 130.070 706.330 750.003| 122.758 128.661 81k4k.672 856.886
8.7 157.217 161.750 870.494 914,355 | 153.742 159.360 979.671 1022.243
9.7 196.708 201.102 192.485 197.839
10.8 245.135 249.413 2k0.274 245,389
12.0 303.914 308.097 298.519 303.423
13.3 374.592 378.696 368.752 373.475
14.7 458.843 L462.883 452,636 U457.205
16.3 565.459 569.kLL 558.933 563.36k
18.1 698.566 702.506 691.771 696.083
20.0 854.189 858.092 847.179 851.395
Gl-—(o,l) 62_.(2)3) el+(O,l) €2+(2)3) 63_-(1‘,5) 32_(6)7) €l+()+’5) €2+(6)7)
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Ge: Numerical Solution of FEquation L4.1.8

6x6 Determinant

a Gl €2 63 €)+ 65 66
0.0 2.662 21.917 | 13.362 13.314% 73.501 110.694
0.1 2.679 22.024 | 13.669 13.011 73.683 110.830
0.2 2.732 22.347 | 13.998 12.692 74,030 111.236
L.1 38.097 208.044 | 40.035 32.873 270.757 311.319
12.0 311.484 305.439 300.863
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