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1 Rave

sivities and abserptivi

speciroseopic data, Several problems have been

{1} The relation between equilibrivs abserptivities and

equilibrivm emissivities for diatomic and polvatomic molecules has
been investigated, Cur theorvetical resulis provide a satisfaciory
correlation of avallable experimental date for heated water vapor but
not for carbon diowide, The origin of the failure of the theory for

carbon dowide is dscuened in detail,

{2) The available, empirically determin

water vapor have been correlated in terms of 2 sta

Aty

digtribution of spectral lines within well-defined wavelength regior

corresponding to the stronger vibration-rotation bands., ‘Thés corvrelation

provides a weelul framework for the exirapelation of measured
emigeivity data to teniperatures and pregsures somewhat different
from those used to obtain the experimental data,

{3) The eguilibrivm emiesivity of heated N hag been caleulated

for the conditions under which this molecule existe in high-temparature

air dering reentry of hypersonic missiles, An extension of the

Goody statistical model wae used fozr emissivity calevlations on MO,

Tuy semi-analyiical results are in aceeptable agreement with 2 simpler




The original investigations of gae abeorptivities and emissivities
are introduced with a brief survey of basie theoretical results, Aan
atternpt has alse been made to caleulate the dipole moments and low
energy transition probabilities for HF, HC| and HBr, In thie study
it wae found that the intensities of lines lying in the infrared are very
gengitive to the details of the approximating wavefunctions, A
considerably more detailed degeription of the wavefunctions than is
available ot present is reguired to make confident predictions of

abseclute intensgitics {rom first principles.
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139
Comparison of caleulated and measured hemispherical
abgorptivity data for water vapor. The cpen polnts are
caleulated {or an over-lapping llne medel according to
Bg. {140) and the solid points for & non-overlapping meodel
according to g, (139). 146
The guantity F _aje iito% + Eﬁé gﬁf&% evaluated at =+
. . -1/2_ .
1005 as a fune ‘é:acm af § for m’ = 2,5 and g?‘;x&@? = 25,
. ) 2
The dached ¢urve represents j eup f(sﬂ(m § ]_ . 141
L J
& ermmissivity of water vapor caleulsted from by
use of *hest" values of the adjustable parameters,
. . . 58]
circles represent experimental pointe aceording to | w%:&@%é /
for pure water vapor af a pressure of 0, 8 atmos, 142

Plot for determining the intensity distribution function
\ Do .
at 860072, The solid

(i, &) for the P-band syster of I
— o — w_%o —
curves correaspond to the distribution @5@, Bi={3} émg:;;%w/}f,@ be

wted according to Eg. (257a) for vi2 &

@ polnts are ¢

“9

utilizing the values of agf’ , Heted by Kivel, Mayer and

Plot for deterrcining the intensity distribution function

#:

(Pol, X) for the p-band systerm of NU at 8000°K, “The solid
5 « 2 & - N mz,
curves correspond to the distribution @ép./ﬁmﬂ,@%

uted according to By, {257a)

expl=08/5). The points are comp
for v' 2§ utilizing the values of g, , MHeted by Hivel, Mayer

"32?.:&
and Dethe, " 144
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Plot for determining the inteneity distribution function

Pla, ) for the O-band systerm of NO at 80007 %,
curves correspond to the distribution (Y{3, E%zs{é%ﬁi

A

expl=~ 2/2). The points are cmw@“md according to Sq. (257a)

et

for vi£ 6 m:zuz@mgg the valusg of % et igted by Hivel,
{26) .
. ' 143

The mean value of the parameter 2 for v126 as a

function of co for the 3 ~band syster of NO at ??@@ 146
The function H{y,a). 147
The parameter 18 (YY) as 2 function of Y . 148
‘The hemispherical emissivity of the y- and PBebands of NC

{for £ = {(,312 { o The lower houndaries of the
elaeecy ale

hatched x@gi@ refer to sero pressure and the upper bound-

aries to high pressure, For intermediate pressures th

reesivity lies within the hatched regiong, 149

o s . . s RN
Partial emission spectrum of the ge-bands of NO at 80007 K
ard high pressure, Unly transitions from the first six upper
vibrational states have been included, The valuss of

vibrational overlap integrals were taken from vef, (26). 150

e

b

) 58 = vy o, &P »
The "smeothed" spectral rodianey 1= €. Re, for the HC
.. , . et o 3 o
% ebands at 40007K, The lower boundaries of the hatehed
regions cerrespond to mero pressure and the upper bound-

aries to very high pressure. For intermediate prespures

§.5%
st

the radiency lies within the hatched regions, 1

* = v @ ; 2 LR
The *armoothed" @p@eﬁﬁﬁfa} radiancy X = € I | for the MO
0
P-bands at 5600° ¥, ‘The lower boundariee of the hatehed
regiong corregpond to zero pressure and the upper boundar-
k3

ies to veyy high pressure, or intermediate pressures the
radiancy lies within the hatched regions, 152



I, INTEODUCTION

Radiant energy transfer ig of fundarental importance in the
golution of many problexns in applied scienee, Ixamples of
interesting practical applications are theoretical caleulations of
{equilibrive ) rediant heat transier, flame temperature meagurements,
determinations of gas composition and excitation behind shock fronts,
spectroucopic analysis of isothermal multicomponent gas mixtures,
ete 7 Usually a satisfactory description of the phenomena iavél%@ai ig
feapible only for equilibrium (thermal) radiation, In the iollowing
 discussion we shall outline the fundamental spprosech used for the
caleulation of the thermal vadiation characteristics of gases. In this
introductory section we discuss the physical laws which are basic to
a caleculation of radiant heat transfer, In Section II we are concernsd
with the calculation of the infrared transition probabilities for the
hydrogen halides E’i;‘?, HEC)l and MBr, In Section Ul we develop various
procedures for the calculation of total emissivities and absorptivities

end apply these methods to specific gases,

A, Dlackbody Radiation Lawe

A blackbody is defined as a body which absorbs all of the radiation
which it receives, It can be shown that the equilibrium energy of

radiation emitted from unit area of a blackbody in unit time at a fixed



T

termperature represents an upper limit for the thermally emitted
energy frow unit arca for any substance which is at the same tempera-

2,

ture ag the blackbody, Thie delinition of a blackbedy nond the guanium-
(2-4)

27,

mechanieal principle of equipartition of epergy are suificient to

establish the Planck blackbody distvibution law for the spectral {or

5

monochromatic) radiancy ?&%“‘;\ dA , which iz defined ag the energy

emitted, per unit tizne, from unit area of a blackbody, in the wavelength

g

range betwasn A and A+ d), at the absoluts temwperature T fins %ifﬁ@
into a solid angle of Zr steradians, 7The Planck blackbody distribution

@
I} \ 1 €'§ )

A7 E@z*‘?@@g}”\ﬁﬂ -1

where ¢, /v and ¢, are tnown a8 the liret and second radiation constants,

cectively, The guantities & and €, way be expressed in terms of the

fundarmental physical constante ¢ {velogity of light), h {Planck's constant),

bl o1}

& - . 2 wl
sltzrnans eonstant), Thus ¢ =2we ho=3,740n10 ~ergecm -sec

v
and k (F

- 5 . @,
w e i, 439 cme #,

{he total radiant energy emitte o unit ares in wnlt tivme by &

blackbody sver all wavelengthe inte a solid angle of 2w steradians is

(v

a 5 Eel
Woa J 20 dN=0i (2)
A
0

where 0 is known aeg the Stefan.Bolizmann constant and hag the

. e -3 ~2 ., =% N S
pumerical value o = 5,570 = 107 ergecin = ®} “esecc T, ‘The
guantity W is variouely referred to as the radiant flux per unit ares,

total swissive power of a blackbedy, or radiancy.
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heorctical caleulations of gas emiseivities therelore re

arainetors,

evaluation of the integrel appearing in 2q. {8}, In this counnection it ig

of particuler impeortance to note that abeorption coefficients 7, fer
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&
o
bk
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=4
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o
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poe

intures are additive but that neithey

£8 the result of this reguirenent, neither £, nor &

he lower

guantur etate,

e %

¥ unit volume o the upper

&
&

guantuin gtate,

Einstein coelficient for inducad abgorption,

1

nstein coefficient for induced e

#

%

b = Dinstein coeificient for spontancous emission,

The Hinstein coefficient D “ ie defined in such a way that the
A=

probability of a transition from the lowey state with energy £ J to the

upper state with energy ::'z in unit time {(sec), in & radiation field of

For black

@ temperature 7,
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shows that the following cupreoosions ars

form of the relation for the volume density

of blackbody vadiation at the freguency o,
3

fwh o 2
3

i,
=&
e

and

{10}

3 2
& the dirmensione o’ ferg-sec” = crm/g in

=1
i b8 a frequency {sec Yo

trongitions ¥ {rom a&{ to K induced in

srtt thwe in widt volume by & radiation field of volume density £, is

Conaider

eratare T, ntepeily [

through the solid angle d U ¥ see in the frequency initerval between

€

vasd L+ dy is

fo@e sy

The spectral absorption coel
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The gquantity &° 0w reprecents the integral of the spectral absorption

coelficient over the offective widih A Yy of the spectral line whose

i . R w} -l cnn g
center lies at L [ it hae the dimensions e sec  and will be

referved to as the integrated absorption,
in practical work it is often advantageous to define a speciral

- . =1 w1 N .
absorption coefficient P {in e “~atmos ) et 8,7, P, by the relation

«»d}}f
§
alp( j( y ® o

%

where p ig the partial pregsure of absorber [in atmos), { represents
again the path length {in cm), and w = Ufe, Procecding as before, we
find now that
e (@t jatpU) dw di s el B dwan
LW ¥ Cor 0
eguals the rate of absorption of radiant energy per unit volume per unit

&

3 :
pressure {ergfem” -atmosgssac) in the wave number interval between <o

and wd deo, Hence the number of indoged (vansitions in undt velume
e e f [ R S £ iu'—,;' ' T g 5»?3 &ﬁli i«‘}- 18y %@

g



efﬁ fl)j
W, % g P do
it i yJZ 193}

&w&‘u

for a sufficiently narvow wave number range é\;ajﬂ Cowparigon with

Eg. {11) at thermal eguillbrivim now leads (o the conclusion that
r hyg ( ;
&.Qﬂ = ,/ w,ﬁw@ 5 BF\Q }Z l-aupl ﬁcw/@us&g%_}
&a)ga
2%
N &
— bt bt ! o ¢
E%%“UQ & { e g’ﬁu.»j(g {:3’ wp( ﬁﬂwp /3 &?] . (16}

Ewidently alepo

=1
The valuee of & W,X in e Ceatmos may be converted to
,ﬁz%__ﬂ at 5.7, ¥, for hu/q m>> kT, g, = gz/g ¢ in the case where practically

all of the molacules present are in the ground energy level, by ncting

that
'y
N 5.0247 x 1023
p 82,087 = 273,15
whence ) y ” ﬁ@%9€$@$m§
Sﬁgmiﬁm ~atmos )= 3,210 x 10 , oy i
l)}?m {gec )

&
D, Oscillator St &ngﬁ?ﬁmé‘“?

: . . . # .
The dimensionless absorption cecillator strength f RN L

defined through the relation

Physically the absorption oscillator strength £ (> Fepresents the

ratio of the number of clasesical oscillaters (whose abgerption strength
is equivalent te the absorbing atoms) to the number }?%Q of absorbers
in the lower ensrgy level &“SZ .
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- we . hm _ E*’”ﬂ"‘]
& Qum — %i ol exp( hu}u/aﬂl

where ¢ and v denote, respectively, the clectronie charge {in esuj and
raass {in g/electron), Hence the integrated absorption and dimension-

less f-number are related through the expresgsion

?@g E’%f I 1
g/Qil = ;:2 w-ggm ff__,ﬁ@%?fiﬁﬁﬁwj&iki)j {17)

28 8.7T.9,, if practically all of the meleculies present are in the gé@umﬁ

W

energy level f:l‘Q » then it is readily seen that
Sy = 7.3795 %100 £,
(u ° Yo

The emission oscillator strength ig related to {
T J—su

through the expression

&
g‘m—» = "'é"g ﬁﬂ—)’@; ég&%}

thue iﬁ,—-——v& can be computed from measured values of § /» by using Egs.

{17) and {18),

%, Speetral Line meﬂ%wd%

& detailed guantitative deseription of spectral line profiles
reguires consideration of a variety of line-broadening effects including
natural broadening, Doppler broadening, collipion broadening, Stark
broadening, ete. 9719} gy the practical caleulations which we ghall
consider {i,e,, moderate temperatures end pressures), it is probably
sufficient to include only Doppler and dispersion contributions., In this

case it may be shown that



@W% ”‘y} : éyg f %}

where
e 2 \ §f2
THE ae faed | e §
& { ? [ Fg f 12
Q)@ | EWRL i .

a = (o, + b_i dn2) 20,

Cx)»w

s e (Qn2)'?
D

and co_identifics now the wave nuwrber at the line center, A variety
of theoretical representations ay be obtained for p’? /P which are
suitable for numerical caleulations, The resulting expressions are

useful for evaluation of the quantity

! i/2 o
iﬁiz;%imi - [lim@%gainé?f[ ¢ :&g;} daf

5 g |
-0
whare
o3
My = sy | g
A = | leeupl-F 1KYl oo D,
J - ‘(c,o«nco | | 3
-CD ’ el

by the ‘curves of growth' where the

parametey *&{szﬁ stted as a function of PYY for vavious

values of the line-ghape paraweter a,

nolacule vesulis from changes
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in ite clectronic, vibrational and/or rotational motions induced by an
interaction with an external radiation field, In general, if the
electronic configuration is aifected by the transiticn, the spectral lines
will occur in the visible or ultraviolet regions of the spectrum,. If only
the vibrational and rotational motione arve altered during the trangition,
the lines will lie in the near infrared., If only the rotational structure is
changed the spectra are in the (far) infraved,

The Zinstein coefficients ?””“rsa or Amm may be related direetly to

the matriz clerment of the transition, vis,.,

3
Ruw [y 12

v (¥ [l !
Py TS f%ﬁmﬂu‘ . {20)

“hi Bh ;C i 4 3 1 ’

e
tere the matrix slement r mem,l is given by

B e Y in") M ¢int)dT {21)

where n'! and u! represent the totality of ell guantum numbers of the initial
and {inal states, respectivelys %m“? and ({r’) are the wavefunctions of
the initial and final stater and i is the dipole moment of the molecule,
The integration ig to be performed over the coordinates corresponding to
all the degrees of ireedom of the molecule, The integrated absorption

" (o 5 — .
5 of the spectral line is related to the meatrix element M . | by the

Tl niin

exprevsion 2

sztgl o égg}

%%3umgﬁwéim ~hV/kT }e‘m@wg: JET) [;.

"E%ﬁ??«fz'z —
’ 3he exp{-E (kT
) &, exp(~E /kT)
@
Hera E‘;&” represents the energy of the initial {lower) state, 80 ie the

corresponding statistical weight, ¥ is the number of molecules per unit



valurmme, and ) is the irequency (at the center) of the absorption or

emigsion line for the specified transition.

ey be expressed in termse of its

mlint

:onents along a jwhich are fived in gpace, vig,.,

\“. (23)
s;,&g/i

In good approuination the molecular wave {unctlion %’z may be written

as a product of & rotational factor 91/ {a, V) a vibrational factor

the prineipal axes of the g%’ P E n are the characiey

fotic vibrational coordinstes {n = nunber of nuclel - ‘%399 Tyocoos &? , Bre

the radius veetors of the W electrons in the moleeunle measured
relative to a set of axee ¥, v, » fized to the molecule, We shall find

it convenient to choose the s-axis to be perallel to the dipole woment of

the moelecule,

@

The slectronic velocities ave generally much larger than the

'3
5

nuclear velocities so that, in good approximation, the electronic wave

funections depend only parametrically on the nuclear coordinates

=

(" equals %', y' or 3"} is

Fivesos b_» The Fecomponent of M_,
i n n'n

we have written (! gi” . SE’ REGE

/ 4
/ / @ 3 ﬁ
J ¥ e v @ fpe e ST




it zf‘a%,zmﬁ ie defined by
2 f 2
Ag!!q}gi - KJ (f/ £} ‘E@%gﬁ ’g% //a ‘éﬂg 3 €g§}
S F o
f &
then g%’?ﬁ,ym,! i given by
g 12
—  j2_,z ! ,’, % o
Ef‘ﬁ'ﬂ?g;n'i m&"‘%‘jgg:gn’j vuvu€§$$e100§ }% aecﬁi Lﬁj ° g@é?

The procedure that ig normally followed in evaluating the second
factor in Hg. (26) depends on the iype of transition, Por purely

rotational transitions (v = vi, 2" = ') Kg, (26} becomes

2 2
= ﬁi&%’”;}ﬁ' Me ® ' (27)

(o3
1*:
i

ﬁ“ nﬁ‘

Here JIon is the equilibrium dipole moment of the molecule, given by
i

* 3 3
/u& ﬁf{,[)v /uigi""’”gﬁ} %V éz—iegoﬁ’rnu %z&,;

Since, for most moleceles, the parameters g%%ee (R are well-kanown
and the dipole moments have boen maasured with reasonsble accuracy,
there ig little difficulty involved in pr@@:ﬁﬁﬁiag the abpolute intensity of
pure rotation gpectra, For vibration-rotation bands

{e" = a') /u‘{g}g ces .gné may be expanded in a Taylor series aboutl the
equilibrium values of flg cees £ ViBL,

o
ﬁ .

MEEeeenn S b+ E §§ +~-;
i=l :

{29)
¥or transitions between low-lying vibrational states Eq. {24) becomes

lfor v ¢ )
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since ¢, and ¢ _, are mutually orthogonal. For small amplitude

vibrations the internuelear potential of mest diglomiec molecules is
(24) .

nown with resconable aceuracy’ VR 4 terme of terme values, fovce

constants, eupansion coefficients, ete, For diatomic moleeules it hag

been possible to obtain reasonable analytic expressions for the wave-

functione (. Thus, since the parameters A, ., are weall-known,
ENY Fan

—>
the chief diificulty arising in the prediction of f %g‘a“*m
i ¥

12
lies in the
evaluation of 5 u/ é‘%g’ . » the soecalled veffective charge" associated with
’ &

&

the %th normeal cocrdinate §

fadin

Por electronic trangitions, the usual @w@md@rﬁ@ﬂx wolves the

asgurmpiion that the dipole worent M(}‘}E, .o .‘$n§ in the integrand of Eq,

26) may be replaced by & nean value . In this arproximation
Y ¥ A PP

o
2oRIELYE w o ar et (31)

|
EN*:&;%'Z/ : J %
|

“The vibrational overlap integrale gppearing in ¢, {31} have been

evaluated for varicus diatormic molecules by Jarmain et al' " and for

NG by Hivel, Mayer and .E—:;émh@.g ) Jarmain et al digcuse the problem

2 ] ) on —12 ey e
of eotivoating the te f /ui g‘, it ie eupected that M will be only a
| i :

slowly varving function of the vibrational quanturs numbers v, v' so

2 for specific transitions {e.g., those

. 1

that, from measurements of {{ };

i

; [ - 2

that may be obgerved at room temperatere), estimates of x/ for some
i

1

other transitions wmay be made. The available experimental evidence



. 12 . . . . P
for the variation of | s with vibrationsl excitation is, howaver,
mengre.
i, MEMTS AND EFFBECTIVE CHARGES FOR HF, 3109

AND HBr

A, Introduction

In this Section II, theoretical caleulations of dipole moments
and infrared intensities for HF, HCI and HBr are deseribed. Approui-
mate representations {containing two arbitrary parametaers) of the
molecular elecironic wavefunctione are used to evaluate the dipole
moments and the effective charges, It is found thet confident pre-
dictions of absolute intensities cannot be carried out at the present
time and must await a conslderably more accurate representation of
the electronic wavefunctions, However, some corvelation between
dipole morments and effective charges may be possible on the basie of

the present erude analysis,

&

In the present gection we are concernad only with transitions in
which the electronic state remaine unchanged, the vibrational state
m@zs&m&rﬁy chenges and the rotational state may or may not change,
Such transitions give rise to a spectrum composed of vibration-rotation
bands which generslly appesar in the near infrared. ¥The matriz element
for the line corresponding to the trangition R'—»R" and v'—v" ig

given by g, (30) which, for diatomic molecules, reduces to



ot
o

2

L e
gl = AR ) Yo p1 g % e e

ﬁ%”;ﬁ'

ﬁé”;iﬁ'
where r ig the internuclear distance, <]'UV” and /%/w are the initial
and final vibrational wavefunctions, aad the remaining symbols have
their previously defined meanings, There is no strict selection rule
governing the change of the vibrational guanturrn number for a general
diatomic molecule; in the special case that the internuclear potential
is harmonic, the vibrational quantem number v can change by one unit
only in a transition but in general any change is allowed, Transitions
for which Av = 2 1 give rise to the fundarnental vibration-rotation bandes
and transitions for which iﬁw} >1 give rige to overtone or harmonic
bande.

The selection rules which result from the symmetrie top

eigenfunctions Y, have been ehown'® * %8 ¢ pe
¢lfor N=0
A =§r -y = (33)

1,0 for N\ 40,

where j" and j' are the nuclear angular mwomentum guantum numbers of
the initial and final @mz@# respectively, and \ ig the component of the
electronie angular momenturn along the internuclear awis. The series
of lines corresponding to the transitions for which & = +1, 4} = 0, and
& = -1 are known, respectively, as the P, { and K branches of the
vibration-rotation band corresponding to the vibrational {ransition

(24, 29) In the

viiwv', The amplitude factors A, ., 8re well-known,
LI T N

case of the simple rotator {\ = () they are:
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( i+ 1 for Al = 41,
{ (34)

" for Aj = -1,

Yor diatomle moelecules, there is one characteristic vibrational

?;&m i s ¥ 3
uéf) /uQr i+ e {r reb#v cos (35)
and the matriz element of the dipole moment is given by
f t?s ‘Z Z )2
s 1 ,, 2, | T
DAY m“"@q ; = J} sj/vﬁgg"x’e} \//vq -3 (if gﬁjﬁg H;E\B} % :g:‘m + v o e €3é}
P — i

In the prasent anelysis we attempt to caleulate 8 /Lti or by using properly
antisymmetrined éﬁi&;mfﬁwtwe electronie wave {unciions as was done

earlier by ¥ m;iier 30) in his compuiations of dipole moments,

B, @lectronie Wave Functions

fefore proceading with the evaluation of the dipole moments and
effective charges, we shall review, from the point of view of pere

tarbation theory, the argurments that lead to the selection of relatively

s

simple wave functions, As will become apparent, the extreme diffi-
culties encountered in the evaluation of the matrix elements invelved in
the interaction of one atorn with another, prevent any real justification
of the steps we use to reduce the problem to workable proportions,
However, the cetabliched guccess obtained by these arguments in the
deseription of chemical bonding indicates that the ph yeical picture ig
gualitatively correct and should at least be useful for correlating, and

2 Hmit ouy discussion

S

possible extrapolating, experimental data, W
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fically to the hydrogen halides

shall follow a standard procedure for the calculation of melecular

paramaters, a procedure which starts with 2 geparated or none
P £

interacting molecule and introduces the interactions as perturbations,

A weutral isolated halogen aton: has seven outer (ns and np)

electrons occupying the valence shell (here n refers te the vadial
uantum number and 8 and p vefer to the states with orbital angular

momentuemn guantem numbers 0 and 1, respectively). The remaining

glectrons occupy all the allowed siates of the inner shells, We may

view moelecule formation qualitatively in the following manner: ae

he two atoms approach each other the electromic wave functions

A%

become distorted, The distortion will be large for the electrons in the

valence shell and, for weak interactions, small for the tightly bound

inner electrons, We shall assume that the distortion of the innew

glectrons mav be neglected for all valuas of the interatbmic distance
&

which mav be encountered, The slectronic wave funcition of the meolecule
¥

HX may then be written ag

e
r
...,

w‘?? (#E’T“ z‘*‘é}}gosoo?z*g§

(//WTE, co s s ?Zﬂ} = %zmm‘
(37)

if the interaction of the inner cove electirons with the valence ehell

electrons is also neglected, Here i T, represents
g yimw“i,,“@ 2«?} B

the undisturbed wave function of the Z-7 clectrons of the inner core of

the halogen atom with atomie number Z, The wave functions of the



separated molecule form a cormplete and orthonorwial set and may be

v

written as products of the wave funections for the 7 valence electrong of

¢he halogen and the single hydrogen electron, Hence the molecular

il

wave function P  may be expreesed as a linear combination ol the

A&

wn @éa@%@@*%@@d wave functions, vig,,

q’mﬁ%%*’@%%*@zqz*““ (38)

where (f@ is the ground gtate wave {unction of the separated moleculs

} and the CFK'@, for K ¢ 0, correspond

{i.,e., the non-interacting atome

to excited states with energy € ... The coeificients 8, Bre given by
o

/ €55 \"ijz
; - 2!
a, = dE,i Z d;;& where a, = 1e
\ K= /
/ {39)
f({]@ﬂ Tt 7 for €, #¢€
o . 24 @
i Eyp ~E g £ Uo

and jﬂ‘ is the interaction Hamiltonian, Execept for the sirmplest

moleeules, these matrix elewents are usually very difficult to evaluate,

We nroceed to eliminate mont of the g frorr the expreseion for
)34 e 7%

by assuming that their coeiliclents g, s BT grnall, The infrored inten-

sities and dipole moments are then caleulated for arbitrary values of
the remaining a,.'s. An attempt will be made finally to determine

whether or not all of the available experimental date may be fitted for

reasonable values of these remaining %{‘%,

in the general cese the sepavated system is degenerate so that
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there ip more than one unperturbed wave function for the lowest energy
level, The function ({0@ muet be that particular linear combinaiion of

these degenerate wave functions to which the actual molecular ground

3

state wave fun n reduces as the interaction energy is allowed to

£4

&

approach sere, For highly excited states the difference €. - E@ is

2 3 B, 33‘ s
large and, therefove, is probably asmai?..{ J We shall assume that

*K
the energies 6% corresponding to levels above the s and p orbitals of
the valence shell of the halogen are sufficiently large to make the
corresponding contributions to %m negligibly swmall,

1 hii) denoter the 1s wave function of the 1'th electron centered on
the hydrogen nucleus and ggxg‘i?, E@?ﬁi?s gz;%éi), and s{i} denote the p and &
wave functions of the halogen valence shell for the i'th electron, then
the ground state wave function of the interacting system will be a linear

cornbination of the following wave functions:

Lo p i pl2h pod3) 5 (8) B (5) p 16) (7] B(8) Sl 8D,

Ty

2. plllp @3@ £3)p, @‘éE 2,530 B (6) b{7) s(8) 81,...,8)

® 1\’3

o B 5 N E g § i 2 i’é peveghijp
30op, e 020 8 (3) p14) 5(5) o(6) p (7) hiE) S0 3)

4, p (1) p €2§§? @3%? 4) 8{5) e{s6) B(7) p_{8) Elly. .., E)

E:
9 8

5. p_{1)p_{2)p, {Mp @éhﬁ {5 ?@%%3 8{7) 8{86) 51, ..., B}s

4 Py %

s‘?:

=

&

wi@%@z@%wuﬁ ) p(5) B_{6) B(7) b8) S{1, ..., 8

«d

o {thp {2V e (3)p (4) e(3) o(6) B{7) B{B) 5{1,....8)s
® Y Y

A



]
tak

8o p Mhp (2)p (3)p (4) B(5) b{5) p (7)) 0l8) S, .. .. 8),

(41 Bi8) Bi6) 8(7) p_(8) 5(1,...,8).

Here 5(1,...,8) is the spin function a{l) B{2) a{3) pi{¢) «({5) pBle)
{8} where J{i) represents the spin wave function {of the i%th
electron} for which the mecomponent of the eleciron spin momentum is
g

+{1/2)h/2%) and p{i} ie the wave function for which the z-component of

the opin mowmentum is «(1/2Kk/2¢). In writing down the preceding nine

@

wave functions, we have considered only products of one-glectron wave

functions which satisfy the following restrictions: {2} there must be tw

o

pairs of indistinguishable electrons in the Py, and py orbitals; {b)
excited states cutside the velence g and p orbitals do not contribute,

The first condition ie derived f{rom the fact that neither the p, now
the E}vy states can contribute to the binding because i/f ' muel be
gymmetric about the internuclear anis, Since the gﬁg and Py orbitals are
filled in the unperturbed ground state, the matrin element of the inters
action hamiltonian ﬁ,Q' betwesn the unperturbed ground state and a
gtate in which the Py, and g:s? states are not completely {illed vanishes
because there will alwaye be a facter of the {orm

)
[ o Lo, or ety or 0y 4y,

which s zeroon account of the symmetry of the interaction hamiltonian

# . ‘o s
about the internuclear axis, From the preceding argument it is clear

* Py and p_ are odd functions with respect to the azimuthal coordinale

’ b o wr
whereasg E(f{'s Poe 8s and h are even funciions,
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that, since there is always the same number of electrons in the By
gintes as in the p_ states, the slecironic angular momentem must be
perpendiculay to the interauclear axis for all the hydrogen halides
fi.e., /\=0), afact which is wéii-wkﬁewﬁ {rom experimental studies,

The wave {unction 1 is necessarily degenerate with wave function
2 in the geparated molecule, 88 are also 3 with 4 and 8 with 9, Ag the
interaction between the hydrogen and halogen atoms is decreased to
zero, the electreonic ground siate wave function of the HX molecule
approaches a unigque wave function of the separsted molecule, This
unigque fanction is 2 puitable linear combination of all the degenerate
wave funciions of the separated molecule which have the same lowest
gnergy, For example, if the wave functions 1 and 2 have lower energies
than any of the remaining wave functions, it may be shown guiie generally
that the Umiting ground etate wave function must be

# 3= Pyl B, (20 2 (3) B (4] B (5) B (6)]607) hi8) + 8(8) B(7)] S{L,....5).

Actually, the preceding expreggion is not quite correct, According to
the Pawll ezclusion principle the wave funciion must be antisymmetric
with respect to an interchange of the coordinates of any two electrons.
However, this added complication can be allowed for later on and will
therefore be ignored for the present, Any wave functions other than

%E, 2 formed from 1 end 2 will vield a smaller binding energy than this
particular one., Ueing a similar argument, we may then list the wave

functions which we expect to give large binding energies and, therefore,



contribute appreciably (o the actusl moleculay wave funciion, The

antities la guestion are

%0 ; ¢ a \ r ) oy 3 e 5
%= o 1 p 2) p (3} b (41,150 B (6) sl7I{(E) + s{BIal?) 5(1,...,8)

{P= b 11 2020 2, (3) B (4] 8(5) 0(6) [p (7108 + B (SIBT) Sl ors )y

e p (1 2 02 B 3) B (8) (50 P 16) 8(7) 8(8) S(L....8),

3
Io=p e 2)p (e (4)p (5)p (6) B{T) 048] 5{1,...,8)

¢
E = g {3.? E?ég??mggg? g“’i‘} ﬁi%} gé‘:) 2&5?? )aé éztjqougi,ﬂ%g
8 S h:4 b Y
and
¢ , e r A
o0= 2,010 B, (216 13) b (4] 5] (6) p7)8(8) + p,(8)0(7)] SlLi..., &)

oo a G,
The wave funetion gf) is commnonly ealled s-covalent, (,0 is pecovalent,

u, . s ; o
17 ig positive ionic (211 electrons centered on the halogen) and %' E'@,

and z'ﬂ?‘ are negative jonic {two elecirone centered on the hydregen
it fo¥

1

nuclaus). The relative magnitudes of the binding energies of the positive
ioniec bonds aad the negative ionic honds may be estimated from the
messured velues of ionigation potentinle and electron affinitice, Since
the slectron aifinity of @ hydrogen atom is only 0.75 ev as compared,
for example, with 3,72 ev fovy © |, it is not unreasoneble to expect that
the negetive ionic wave functions contribute little to the bonding and we
shall therefore ignore them, [mtroducing now the restrictions imposed
he following completely

by the Pauli exclusion principle, we use ounly th

antlsymmetrized functions:

Pt T )b 08, (40)
NETH /_m
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(// = '*-;::. Z @“’i} (//‘%9 5%23
fexy
a B &
1= e Z (17 1%, (42)
VBT & |

where the sumes are taken over all permutations P of the clectronic
coordinates and P is even or odd as the nunber of electron interchanges
is even or odd, The total molecular wave function is then given by the

expression

Y=+ r p+Hy (43)
where A and K are adjustable parameters,

C. Dipele Woments and Zifective Charges

The dipele moment U and the effective charge (8 uldx)  have
/ b
@

been caleulated (see Section I for details) {rom the relation

.:;g‘-&‘h,
[N
ey

In Figs, 2 to 7 we have plotted U and @j@}s}x!a% ag functions of the

percentage of s-p hybridization ® and of the percentage of lonic
character o For these calculations the electronic wave functions
were approximated by products of Slater -iype wave functions, The
guantities o and p are given in terms of A and K by the expressions
{see Part e of Section £)

d = mmzfz P P(‘% {45)



27

and

B=100/iL+ A% 4 F, (46)
In the calculations of the effective charge du/ or the guestionable
aspwnptions were made that the extent of the s-p hybridisation and the
amount of ionie character ars not appreciably affected by gmall changes

in the internucleay disiancs ¥ aBsy

8% _BE g

@1’@ %r&

D, Cutline of Calevlations

The dipole moment M is given by BEgq. (44) which may be ze-

weitten ag

s

n ( T| };z * %) -
- I o L » %%83
e e (%5. } ‘IUT)

The reduced effective charge éll@?i@ﬂ/%rﬁ? is then ﬁé%mmim@d by

b 15 e el TulS el el w)
(//#u] >< &, ! (/} }9 ’(//Ai Z % quﬁ 1‘71}¢m,§ «j"gﬂ
I 8u L g 41T R - T NI SRR
cor, O P T o e (48)
e | Py AN

where the primes denote differentiation with respect to L
Assuming that A and K are not affected by small changes in ? 0

the matriz elements appearing in Eqs. (47) and (48) mavy be wriiten as

R N \
RS A L W LS LT A VIR e
L=l ; li=l P S| ; 31 .
Ny N
+ 2R 1! 5 zi‘kﬂlf + 2%"((1[&!2 zigt{’) , {49}
‘ L isl Lo [§=] P
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@'ﬁ!‘(,//m\iaz%)x + K" »%?/\(:‘i}gf%&?’(g y«e’ /\Yo(lfgm {50)
i i '

/ et | o N v [ B [N |
» { s { TN { AL 2 L i ¥
\\/‘EA, ” ) :Eag(//c; = A 7//2 ﬁi, <//i + M WN 3 ﬁgéﬂ $ 243 Z & (4
! Jimi i / t fi=d [ bod=l 7 ( lieml ;
IS C B
+2H L) s Y+ 2AK V) B g, {51)
R E)‘ \ d=1 T
and , \
: L [y s [ ! [ ook N
v g, M%liw +2% 5y e 2AR Y Y 152)
&y i/ ‘} : i ’:‘ i "J

fere Y denotes  Y/W{ ¢ A Y denoctes ¢ /At }@ ) and i denotes
i/ e.ﬁé?[fﬁ . The multi-electron matrizx clements appearing in Las, {49)
and {50) have bzen evaluated by Hasgtler in terme of one-elecivon matrix

glements {see Section ¥ for details), vie.,

-
. | e | 2 9 R
U Yh=nZie, b e n) "+ (o, | 0)° (33}

L L
l [ Z | 2W =iz
(709 ig"’]{‘i%? ri +{g &) “ég’?w\ h) s {34}
: ! a B
(v gy =6y | g 155)
B re, |
V) oz Y =2 - (s h)s = h)+ %g&yliﬂipm}@fﬁﬁ
imi ; L i ml ]
' [ { 1 I - 21“3 .
-{e Bip_ bis =lp ) lels B+ {p | B)T {56)
Zs | L i i

o & 1) fr?@: | [ ] [ ro

Y ) m =254 (s nle s lb) - (o, Bip, = !b)

: ; igi B L i i

+i{s blp, Bis = p ) 1+4{e k) -(p 1R) s (B7)
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e

The Slater wave functions w(Z,ne;T), of 'w:&,nw;y;*“ o and u{l, le;7) are

83)

given by the expressions

»q',

Ea)
[
[

o

wWZ,nei¥) =

s
[
an

<

dere 4 andn are the sifective nueclsar charge and effective radial

{33)

wantuir: wuinber, respeetively, as given by Slater {see Table I),°
Alee a , represents the Bohy radiue which is equal to 0,329 » 107 em),

o

&

e 3ue 32
Wiulliken hag i:&‘ézm&i&af;m.é ) the values of the overlap integrals

o

defined by Zgs. (61) to (65) for varioue effective nuclear charges Z and

(e

internuclieayr distences v for n and 4, The values for
.8 Y - A B
=2, Z =5,20, v =1,73¢ Clin =3, 2 =6.10,

¥ o= 2,40 a, ) obtained by interpolating between hig data are listed in

L
ig 7,50, n s 3,7 and ¥, is 2,668, Since the

grols for n = 3.7 are not directly available,

. LThus the

ate method was used to obiain resulte for B

2

unction of the atern was approximated by a linear combi-

4 wave §

nation of the 3s and 358 Slater functions, Similarly, the 4p wave function
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was approzimated by a combination of the 3p and 3p wave functions,

For example, the 48 wave function of Dr

L N £ ,
u{4s, Z =7.60,n = (63)
was approxvimated by
& % o A & B
0,272w{38, 2 = 7,60,n =3} 4 0,742u(56,2 =7.00,n =d), {70)

The coefficients, ©.272 and 0,742, were obtained to minimige the root

{“ «1

mean sguare difference between this approximate wave function and the

actual m{i&z er function, In Teble II we have also listed the values of
N b
%”‘H({’?. ; &, %(-f,s ete,
=

In ¥Figs, 2 to 7 we have plotted the dipole mement (1 and the

effective charge ( 2U/dr ) ae {unctione of the perceniage ionicity Jé, and

e
he percentage s-p hybridization o for positive velues of A and K ,
Nzgative values of A and K have not been considered sincs they
correspond to a smaller bond energy. In Fig. 8 the effective charge
has been plotted as a function of the percentage s-p hybridization when
the ratio /@ is chosen so as o give agreement with the measured
values of the dipole moment, Heference to Fige. 2, 4, &, 8§ showe that

in ovder to obtalin agreement between the calculated and observed values

r, the per eammgu g=-p hybridizsation

of ithe dipole moment for

and percentage ionicity must be small, In Table I we have listed the

values of the percentage ionicity which give agreement with the messured
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set equal to zero, None

divole meoments when the g-p byl
zero values of @ correspond to smaller values of the ionicity than are
indicated in Teble I, The resulting valuee of 2 are considerably

onicity given by Pauling,

gude

gmaller than the estimates of percentage

= @ oy & 7 22 P o £y oy n
teference to Fig, & shows that the cffective charges of HCX
are insensitive to the amount of g-p hybridization when the ratio /83
ig chosen to give the measured dipole wmoments; furthermore the value

Br agrees with the measured value whereas the ealculated

€35y .. ... ” .
does not, "¢ This {ailure to predict the measured

2

3 eorvectly may be attributed fo the failure

of one or more of the following assunmptions.,

ariation of extent of ioniclity vnd s-p hybridization with

B

Lo negligible,
B ¢ inner core of the halogen ie sero,
¢, ‘The excited states outside the s and p valence ghells do not

contribute to the bonding {i,e., the polarizability of the
volence shell elzetrong may be neglected),

d., Slater wave functions constitule an adequate description of
the atormic ovbitals,

=‘..

The high sensitivity of the dipole moment and effective charge to the

extent of g-p hybridigation and ionicity {see Figs, 2 to 7) indicates that

o
&

e

B

#astier obtained apororimately the same value
& 7
1lts

es ag we do but wae able
s with Pacling's estirmates by
a

& by defining the per-

reconcile his result
160 -
centage ionicity as T {see ¥

&

¢

a3

L

ri ¢ of Sesction &)
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a really accurate desceription of the electronic strveture of the molecule

&

is necessary in order to rnake gignificant theoretical esti

these guantities, In the following JDection &

a

and congider the validity of these lour assumyp

2, Ddscuasion

a, Change of jonicity with ¥
@

o

A cosrse estiraate of the error introd
charpe caleulations by the agsumption that
during » vibration can be obtained in the {oll

oo,

The effective charge may be written ag

g B o o i . QO( A ! @ '\9
where d denotes — and 5 denstes g4~ .
o - ar
attain such values as to maintain the electronic energy at a mindm

as the internuclear geparation changes., The extent of ionieity ¢ and

s-p hybridization P enter the binding energy roultiplied by the terin®

(v, b

and o that give the largest binding energy will be functions of these

!
@
i
i

CJ” 'ﬂ and {¢ | ﬂ' V} As a result the values of ¢

resonance energies and of the overlap integrals., Since the overlap

T
J
i

L . e g 4 Y
¥) and the resonance energies deper

.

integrale (i |V), (1| ¥) (¥

strongly on the interauclear separation, a rough estimate of the order
of magnitude of the fractional rates of change of O and 3 is the

& e 4 2 a8 g ; v # § R
fractional rate of change of the overlap integrale (i | Y), (i | ¥) and

(Y E”W, Thus if 2 (or ) could be approwzimated by the relation



&2
[

. . . n
@ = {slowly varying function of r_}) &

&5
]

; . . b | . .
where § repregents an overlap integral (i i;"a" b i @Y ox {y  Y)

then
i ] - X
r % ~n z‘*@‘%ﬂ; ete, Hence, in general,
r d' r_pt . ) o | e R
e IeP L ogley | wlve o owlve (72)
A 2 e%@-w? e (i V) e {4|v)
Reference to Table II shows that a representative value of T S5 is
oi‘
Loy
The derivatives %‘% \ and . % | may be obiained by
% e P ra
differentiating Lq. (47) at

A result for =0 and small

B ia
i “wﬁ? L
3@@ X {g{“ \ - ﬁ? & %
el 8d | B im0 v e
a rroea L 0.4NB Y

¢ \
Liow! 4, o00s3p [
@ | | - §

[ ; . o
‘ ! e 0,0220 for HC S
s 186 | B . vk
©oP Xt L+ 0,264/ 0 7

with A= 4%
i

. 1)
1yl o1 = . 02008840 [Pz

e 3a e o0, 0053n for Hir with B =1%
NI 1+ 026830 ©
,’ﬂ’r \
[ @ t

where

2 ' has been equated to -n,

rence to Table IV shows that the calculated value of &

ae

itive to the value of n. The
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oy . . g e "
value of %’é‘#’“,‘ for /Q s on the othey hand, ig quite sensitive to n
e lir=r
2 i o Q @ - < - o
although fairly large values of n { = 8) are reguired in order to oblain

agreement with the measured data,

b, BPolarization of the Inner Core of the .iééaifggﬁvm

The polarvizability ¥ of the inner closed ghell cove of the halogen

{36)

atow: may be estimeted from the relation

£ o
2

where the sum ig over all the electrons undey considevation and ri ig

the radial distance of the i%h electron from the halogen nuelews., The
r4 (33

4;

guantity g‘é‘ may be estimated from the Slater screening consiants by

the z‘aﬁmimﬁégﬂ )

— 22 N
¥, = CoO 2N, 4 IHEZM, 4 2a | {78}
i \ # 3 i Fil

2Z, | |

S

: % p . LA . ;
where Eii is the effective auclear charge and %@i iz the effective radial

(33) . e
guanturm number as given by Lﬁ&mz‘,% 4 For wmmpw, the electron

configuration of the jnner core of ¢y ois 187 2o Zn, we, sccording

& o

{75), the polarizability of the inner core of of e

to Lygs, {V4) and

=3 = G, 09 {Sahyr radil)”.,
inner

The dipele moment induced in the eore by a proton at a radiue r_=2.40

sohy radii is given by the approzimate relation

2
Ming imner . aaw
o g w (3, CGES,
er 3
-
@
Thus, we may conclude that the inner core of 1 ig virtually undeformed

by the electrostatic field of the hydrogen nucleus,



¢, Polarizgation of the Valence Shell |

The effect of polarizgation of the valence shell electrons or, what
is an equivalent statewnent, the effect of the contrisutions to the
rnolecular orbital fron the eucited states of the halogen, ig difficult
to estimate, However, & rough estimate may be obtained for the ionic

+

configuration 1 X frow the values of the atowic polarisabilities of
ions with closed valence shells {see Table V),
e dipole moment induced in the chlorine ion by the hydrogen

nucleus ig, very roughly,

¢

]

M, == O /Q*';‘ €€3i1" ﬁxwg.g%@a\

E‘M

ap compared to the dipole moment of the non-polarized {onic meolecule

+

L
LA given by

9,

Of course, since the internuclear distence {(2.40a. ) is less then the
fonde :;zfaf%’%l:eh,w{ 4 {3,422, ) no guantitative significance should be attached
to this caleuletion., However, it does suggest that the polarization of

the halogen by the hydrogen nucleus is probably important and, conse

alone is probably not accurate, Deeauss of the more eificient shielding
the covalent state the effect of polarization
ent wave funciiong will be lese than that on the ionic wave

fanctions, ‘lowever, since the values of the dipole moment and effective
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charge are fairly sensitive to changes of the electronic gtrueture, it
ig evident that confident predictiong of thege guantities must await a
congiderably more accurate description of electronic wave functions

in datomic molecules than is available ot present,

d, The sSlater Wave Functions

il
dulliken and collaboraters have z@?z@wm@é) that, for the molecule

C,s the overlap integrals computed by wtilizging the Slater atomie wave
functions differ somewhat from thoge computed with the freec-atom selfs

e a . : . (38) .
conpistent field wave functions given by Jucys. However, as
Mulliken points out, there is no reason a priori to assume that the
self-consistent field wave functions computed for a free atons represent
the atomic orbitals in the molecule any better than do the Slater wave

functions, Nevertheless it may be reasonable to enamine also the

validity of the Slater wave functions,

¢. The Percentage Iomicity and Percentage s-p Hybridization

The percentage ionicity 0 and the percentage e-p hybridizgation «
are not well-defined concepts for the hydrogen halides because the wave
functions i, { and Y sre not mutually crthogonal, For orthogonal
wave functions ¢ and B vre related to the coefficients A and K by the
relations given in ©gs. {45) and {46). In the preseat report we follow
the usual convention and define o and pto be given by Sgs, (45) and
{46) even when the wave functions are not orthogonal, Other definitions

of percentage ionicity have been used by different authors. For example,



Pauling defines the percentage lonlcity as 1@%’3/1 obe !@z’ wherve M obe
. wr s F, \
is the wweasured value of the dipele moment, | since W coy’ the dipole

z

moment of the covalent state, is non-zero an alternate definition of

Wer 1 o

ionielty would be 106
i Y ) éﬁ@ba Meaw e,

a1

P, Reduction of |

slecular Matrix Dlenments te Functions of Ones

Hlectron Matrin Elements

The B-electron matrix elemente appearing in Lgs, (49) to (32)
may be reduced to expressions involving only one-electron matri

s

elements in 8 straightiorward manner, We reproduce here the

calevlaidion for éqz U/}g the rewmainlng matrin elements may be calculated
in an analogous manner, The pe-covalent wave function VY is glven by
= S a1y s42) p_(3) B_(4) p_(5) b {6} [p_(7) B{6) + p_{8) b{7)
%F ) =17 sl el2)p (3) p (2 p(3) 2, (0] P 1 8) + p,{8) B(7)
rgg ‘_q_‘:)‘ b & [
T  R {76)

i;ilgusaoﬁb {;i'/‘ @

i

This expression can be written as the sun of the 81/2 tevms corresponds

ing to an even number of permutations of the electvonic coordinates plus

Pty
o

the 81/2 terme corrvesponding to an odd number of permutations, viz,,

o { 3 - ,".‘1 1" ?;. r\i\; B u "t 4 o s
%”7/’ :q/%;gwémmm } é%\i}@ 7% [ —— // é()‘/ } kf/'%s Q?gb

af &8 I gt b
* aven F NBY odd P

over the even permmutations differ only in



the labeling of the electrons; therefore, these terms have all the same

3,

similar gtatement holdes for the sur:

Yy

ray the odd permue

&
e
e
&
@

o
g;;;
Q

tations, Thus { may be written

S
e
)

s

|

SRS
8/ 81

)= 2

r P I A BT r 3
%quqj iw@v@meBW =V gaa Ve

Py an appropriate relabeling of the integration variables this expression

may be reduced to

In order to sveluate this expression, we list below only those terims of
Y which give a none-zero matrix element with

7

s{1) 8{2) (3] 5, {4} p (6] 0 (6} [P (1) B(E) + p 18I W(T)] S(L,...,8).

1
B, (1I(2) +p_{217) al1) B2}, .. af7)3(2)

‘ P R 1 A « e
odd ~{s| ) [, (8] + P8I alT)p(2). .. 20D ALE)



40

The remaining matriz elements vanish because one {or several) of the
following one-electron matrix elemenis appears:
{
sti) 7, i) = iy pw
N N SN U U SRS B SIS L B o
«;\%Ml iﬁyi?‘—f‘} = ;\E:s?gi?: p i) = e M‘s = i?xmg &M’; = 0, {86)
/ ‘ } fl ] ‘\ ;’ \
B i) p (3] =l p i) sli)) = p (1) B{i) = 0.
\ ¥ i i \‘. b4 i ]1 Si !
Thus, the regult {or @L}/ Yjis:
r i
1 % i l K 2 “! oy 2?’1 g &
ggl/’ V=21 }-%-{mﬁlﬂ,iﬁ wéhgbeEJ o (81}
I,
A, Intreduction
Approximate infraved emissivity caleniations for diatomic and

lincar polyatomic molecules were carried out seme years ago for (a)

elevated pressures where extensive overlapping oceurs between the

{::2*‘3: bd- %f})

rotational lnes of the vibration~rotation bands d {b) low

pressures and low optical densities where the rotational lines may be

(58,6 s .,
% »69) in this section we extend

congidered to be completely separated
these ideas and obtein approximate analytic expressione for the
engineering emissivity, In part 7 we utilize & statistical model of an

absorption band to cbtain analytic expressions for the emiesivity of



total band radiancy, Fart £ is

abporptivity of a gas for radiation emitted by

different temperature, and Part ¥ with the validity of the procedure,

Bemi-empirical corvelations of the

i

sresented in part G and in part §

high temperatures on the basis of the statistical model,

eﬁ&‘i&%@% ic munlecules without O branch the line interngities are

i exp{-iv, j}/kT}

where we refey to the transition j—j-1. Qur celeulations rel

anch; & ginilar analyeis applics to the P branch, Here } and v

Fha

Fon i s &

denote, respectively, the rotational and vibrational quantum number

of the initial state, H{v,i)is the corresponding energy, k equals the

Constr

t and T is the absolute termnperature. In the notation

be shown to be given by

used by Mayer and Mayer, (39 v, 5k

a

Epu ,.”;zmn/})ﬁw BBLOn

- \ ® 0 2., .
v, i RT = ugﬁév + oz !—st:@%v ¥ %k Clefv 4 3«»}5 wdd Y géjﬂ?j; o

,,,,, v BN
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with vibrational g

%
&
oy
g’;?
4]
ak
4]
2
<
{13
b
L
o
P
28,
&
&4
€
ot
.,

by & separation § given by
é-‘: 2k X‘%l{r !M(‘;c
The wavenurrber displacement, =CO of the jth ]
centar at o in given by
3

&

For values of § >>1 the local mean absorption cocificient at the waves

nurnber co,defined as the ratio of the local line intensitly to the line
spacing, is given by
feomco)
e co [ | Weco 1
= .4 © own | b o l (86)
B 2 0 B §ZZ’,, SRR T2 W L *
fev = o i LA () { -
© “o
ooy T o
where "

’ R o o
o om0 = é (67)
and o represents the integrated intenpgity of the entive band,
Ve shall define a reduced wavenumber g and a characteristic
P o * o e
absorption coefficient P by the relations
= (o w ’JCL)#{L@!‘ D i
P O VLN
and

= &/ 20 o e A {658)

Then the mean absorption coefficient bacomes



.
E

B = % £ @xg&éwggfﬁ« {89)

K

T

Ve now define a dimensionless band radiancy (' by the expression

| > 5
0= j [eempt=p)] dooflw =cy,)
wCFS

Peas
iy
>
g

ts the true abgorption ceefficient, Usually the

gpectrum of a molecule ig much too rapidly varyving to allow a direct

ntegration @z‘f Zy. {90) to be carried out without tremendous effort,

o

pafe
R

Approximation procedures have been developed to allow an evaluation
of A" without undue labor, ¥our caszs are amenable e analysgisa:

1} overlapping lines - her¥e the pressure or teraperature is assumed
high encugh so that the line widths are comparable o the line spacing,
¥or dispereion lines it is found thai a ratio of line width to line spacing
greater then 0,3 is sufficient to reduce the amplitude of the ovscillations
of the abporption coefficient to less than 5% of the mean value, 2) Non-
overlapping lines « here the line width ie assumed small compared to
the line gpacing so that each line radiates independently and the total
radianey ig gimply the surm of the radiancies frovn each isolated line,

3) vegelarly gpaced lines - ffﬁ@&?&%%@%’“%%@; has enmputed the absorption

coeificient in 2 band of equally intense egually spaced dispersion lines,
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or expected, value of the emisgsivity at the wave number cois

{92)
or
NS
[ 1 row - [ I
E{w) =1 1- i j j PLs, E&Z};Em&xpiam.msiwwcu'} '<:i‘ . {93)
- NG O
2
For large values of N6 , g, (93) may be approximated by
- w 71
| : .
E{w) = leaup  « %— J [ Ple, 5y | éw@apéa S aiwww') ds dw‘ . {94)
. - 0 =

R
o
U

Sz

Pl
R %]
&~
B

— H 1 g e T ,‘ ! ‘:53
Efeo) mlaenp o= | P8, 8)LdS = leeup - <

where A denotes the mean value of the total absorption of an isolated
line averaged over all poseible intensities, Note that A/§ iz the mesn

emissivity that resulte when the lines are agsumed o be non-overlapping.



The result expressed in Eq, {96) may be extended to include the
cage of a superposition of geveral independent groups of randomly
distributed lines each with different mean line gpacings and diferent

inteneity distributions {e,g., the Y- and pPe-systems of NO), Fo

viven arrangement of Unes the tranemission is
o

. o » T , o s
TaT,, T, .o =] aup e % @iw»w }1 exp a8 He(wew 31' e
i L B L 332 ¥4

|
1t T2 x ¥
. . 1 i - 2
1 2
{97)
where e ig the wave asumber at the center of the r'th line of the i'th
"4
group and é‘éf is the corresponding integrated intensity, I the line
i

positions and intensities in the different groups ave distributed inde-

pendently the total mean trensmission is the product of the individual

mean transmisepione, i, 8.,
T=T7,.7 (38)

Mow ?i in given by
i

o
— — 1 s ” b
T 21 e éi = QR (- wo%» f P, | &Z%iiw}, é’f‘ﬁj %é&?}d&;} {99)
1]

where the pubscript i refere to the i'th group of lines and the otheyr

g ymbols have their previocusly defined meanings. Henee the mean

&

missivity for a superponition of several groups of rendomly distributed

lines is given by

rﬁ E
E;zwi{* o A Y— . 3@@
exp | f 5 {100)

mean emissivity of

The preceding expressions apply also to the



ntour rather than ap individual

line contour and if 8 ig 3 ategrated inteneity « of

the band, duplicitly, the

(wetog) = o ) Gi8 iweco) (101)

where the subseripte b and { denote "band” and “line", respectively,

ve nurnber of the j'th

8, and co, are, respectively, the intensity and -

ber of the band centey snd O is

o ig the wave nyg

ed intensity of the band., Thus

€5
e
/ g‘;zgg&) o O)@ ?Ej‘ [UDR- 1 gwa Qg@g%

Slsasser’ ’ has evaluated the sbsorption coefficient for a sevies
of squally epaced and equally intense specival lines having & dispersion

contour, vis,,

P tanh (1039

i :
coe | 2u{wawt}/ 5]
cosh &
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The average ssivity € ig given by
(1045
Q)‘
Agvinptotie fovme of € are

m@ﬁ [ & i
— ; %fﬁ &5 H

ere A ie the vadiancy of an isolated dispersion lne, given by the

sEpregsion

S
)
o

Tt

. SRR - o & s 8 = B
where {{x) is given by

:.r-ﬂ?
=
SRt

R " . o s
fz) = ne” f-j {i} = i%t{mj}‘!

1 funetlions of order sero and one

e

regpectively, Yor intermediate values of a and P /8 the

ﬂ}
@
3
b=

1 that given by

{105

at most, 25% it is
sufficient for many enginsering purposes merely to realize that the

average cwmisgsivity lies between these limitdng vals

Vibration- ot

ate value foz

radiancy (° for the si

deperibed by

"

% 3 y S 32 o doge 4 Prag i P I
aggume that the gpectral lines are digiributed ¢ 1y, slthough the

larly spaced lines. As was



indicated previcusly, the band radiancy for a band having equally spaced
lines will be larger thaxn that for statistically distributed lines although

or statistically

1 . {109)

wsicnless redisney &'ﬁ,

For at<< 1l and at > we shall evaluate the dimv

2
kS

defined by
&
i /
(v = j €dfs 2 | €ag {110)
band 6
utilizing the statistical expression given by Zq. (109) for € . For

- digpersion lines the mean spectral emisslvity may be written in the

for r 3 .
— 5&? . Y i
€= leanp P }igﬁ f /e | fox 553“ Xia' < {111}

-

and r

E=leewp| o) 2Parx arx g2 o5 "’“@ﬂ for P %/at 1, (112)

o

The reduced radiancy (' may be expressed, within 5%, in terms of
an effsctive band width, viz,,

o' = Ay {E»@x@i»%iﬁﬁ*%;/ﬁgog {113)

where

-

(O = AL loewp | -4 T {3/4 {115}

/
&g“g -2 22&3; [ ggf'n;} m:m e &Bg&&gn

A.._J
m
T

{116)
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These forme of &g' and &EW are oo chospen thai the first and second

terme in the asymptotic expansionsof (L' for both large and small

% \
valugs of P X agree with those obtained by expanding the approxzimate

forme for (A given by Egs, (113) end {115), For example, for small

values of P ¥, kg, (110) may be expanded, utilizming Bg. (111}, o give

4 Jeo ki B
A =29 % ,.%%,, (» ¥ 2, Oggp 3@:33} for P°¥ | <<}

&
and, for large values of P ¥, Zaq. {110} may be expanded to give the

{iterative) relation
B “”“"’"’“"‘—1

A = 24 2 InizePx A1) 4 o{@ tae*%y 32| for 2% w1,

{117}

The approuimate exp sressiongloy 49 given by HEge, (113) and (114} agrecs

with Zgs, {117} and (118) to the degree indicated,

In terme of the function {(v) we may write Af in a sirmilar form

i @ e .
for both P X/a' <<l and P X/at > 1, viw,.,

AR AN Y

At = AT | leexp - iy
L

/
25f2 a2t c / Wﬁfﬁ»i’ \“ _}

(119}

In analegy with the expression for the absorption coefficient for egually

.
spaced lines | Eq. (103 %1 we expect tank a' to be a suitable interpolation

parameter fox &g o Thus, if we define &g by

J

I

L J

&gaa

34 T e - \\
In g@g’[?%%gj - g T‘w!% ﬁ! J! tanh a'$ é%éf;?( Z+§;-;-~ tanh &9529%

1

i

!
i

¢
b
hVa
S o

(120)

then the expression for the reduced band width &'g agreaes with that

given by &g, {116) for P ?ﬁja' >>1 and that given by Eq. (114) for

&
P X /at<l,



i
posd

:re the integration ie over a single line of §

We eupect, from the formw of Hgs. (119) and (120}, that they give
ugeiul answers {or lines with other than dspersion contours except
when the spectral lines are both well scparated and stroengly self-
absorbing at their centers. In section IIl-I we consider the evaluation
of the band radianey for separated lineg having & Doppler contour, Eg-
uation {119) ey be interpreted in the following ranner,

Rewriting Vg, {119) we have

-
av = éﬁg‘g | leexp Lgfﬁ Bx
L 1 Lo

T,

| S

where

2P mg’ {122)

et/ [ AY/NT ] (123)

Now for a hand of width &g containing etatistically distributed lines

of uniform iatensity &4 = Po

r | B | 1
: DB ; )
(Y = gﬁ;g : logup (oa® T (124}
L 1 e
Thits P represents an effective mean absorption coefficient and a% an

» of the line width o line spacing ratio &f,

., Abporotivity of Melecular YVibration-Notation Dends for Radiation

BnOs

ion-Rotation T

in this section we wich to evaluate the absorptivity of a gas for

of the same type of ges but having a

wing analysis utilizes the concept of
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on average absorption coefficient for an entire vibration«rotation band,
For this reason, the results arve applicable only at elevated pregsures
and moderate oy large optical densitier where entensive overlapping

oeeurs bhetween rotational lines,

Consider two isothermal paraliel layers of the same gas at

@ Ty , with optical densities (in cm ats o )
Z‘»i?i mp .t and M, = bl i regpectively, lHere Py and p 2 denote the

o

partial pregsures of absorber and emitter, respectively, whereas

1., and 1. rervesent the corresponding geormetric pathlengths through-
i 2- i B 5

out which the gas moelecules are distrl

a

buted,
The total energy emitted by region 2 in unit time from unit ares,

at the interface between regions 1 snd 2, toward region 1 is

. . =] <%,
coefficient {in ¢ -gtmnos ) in

53'22}

where Pleo, 7,

N - > o o A
rvegion 2 at the wave number < and temperature 7| &2 and H{co,
= St
eguals the Planck radiation function evaluated at the wave number w
aa

and temperature The fraction of the energy 1., B which ig abe-
Gt

i, e., the sbgorptivity «q{2—1) of the gases in

i3
&
w4
o
&
g*ﬂ
é,g.
Ea
53
&
8G
fabe
o
b
§ o
@
=

region 1 for radiation emitted from region 2, is

',’ = Fco, T ¥ T o,
[ 15 G
[ he@& 26&

(2} = : . {r26)
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We now &%am@g%gﬁ that the i'th vibration-rotation band may be
described by an average absorption coefiicient Pi T} over the effective
bande-width &wii‘ié;"} of the band whose center lies at CT)i, It has been
shown m*ewi@a@iy%% that, for the calevlation of overall emissivities

{i.e., for evaluation of the denominator of Sg. (126),

P‘“’”
i bm

;
| Bleo, T (127)

represents 8 good approwimation for vibratione-rotation bands at
pressures which are sufficiently high ¢o smeayr out the rotational fiae
structure in such a way that the gpectral abgorption coefficient M, T)
iz no longer a rapidly varying function of . 7The integral in Eq, {127)
extends over the 1'th vibretione-votation band, Hxact evaluation of the
numerator of Hq, (126), ueing reasonable representations of P{u>,”§@i§9
shows again that, for mederate values of T mgj Mmg’ g, {127} is a
good approximation,

introduction of average abgorvption coefficients for each vibration-

rotation band in the numerator of Zq. {(125) reducesn this relation to

gy g r - g;—\g’q -
LR BTG
o ‘EW@ “zw@ _d»“g(”‘ &)59;’%@;??&&) i
d€2_>2‘? @ Z [ cre - & 7 s éggg?
i T Pl T q
I K 25 “r
J [1-e s Rl Do

where the epproximation has been made of using the value of the Planck

function at temperature .., evaluated at the band center for each
ol &
% .
vibrationerotation band, The guantity Aw ; Zg. (128) denotes the

effective width of the narrower vibrationerotation band, Thus,
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for T, > T {136}

It is now convenient to trensforyn the summation over ladividual
vibraticn.rotation bands back to an integration over wave numbere,

v
A

feyatss

[¥2] ] 3
va? &% {3\“‘ " "}};" F&ss . :: % _] ) ) _}
1 ] 0T ple, T, 1)
| - ‘ ﬁ;’fg 541'\;« o
. \? i r’l»@ 4”&%0)5 ‘%5_’“33(;%0)
e | u‘ )
):5; ’ 1’ ¥ " .
{ é:ﬁ?; ! - wpng“ A‘W@ERZ\’
\ E / *3-»@ fgjg@0 2 %3%31&)
= “
for T... < T .3 |
G e {137}
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for Tep 2 ‘éag.

In terms of tabulated isothermal emissivities, T{ T, ¥}, Eq.

{137) may be rewritien in the form

of2—>1) =
ok T H P 3
byl Ly ' *’é“‘" 24 1 bl el el L i
o :a B T Byt Kl /Ty V2B T Bl Tp Ty b
Tz BAT 50 ¥,)
for Toy = Tgp
3 . 1138)
pr) ,r“"“? %, 3, E‘] W!"cﬂ e pop §1
. T Bt BT/ Ty ) [ =B T KTy /Ty ) |
| L - g @2’ Ka}
for Teyy > T,

Eguation (138) represents the desired relation for the absorptivity at

temperature T .., of a ges characterized by vibration-votation bands

)
for radiation emitted by the same gae al a temperature .aq. 2° The

il
procedure presented in this section has been extended to include the

cape of arbitrarily varying temperature distributions. Expressions
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have been obtained for the radiant emiesion from a gas in which the
temperature

varies with pesitien,
Abso

For detaile gee Rel,
rotivities of Water

Vapor for ¥

{47).

Hlackbody Naclation
Upiag measured values for the abgorptis
blackbody radiation, Hotte
forvasl

ty of water vapor for
telt ™ o) ebtained the following empirical

@@r@ﬁivﬁ%y

{139)

o

and mean optical density ¥ for radiation emitted by
a blackbody at temperature 7 _, and © r?

H
ES

.

T ?ff@’i /T j ig the tabulated
gotherrnal emigeivity corresponding to a temperature T and 2 mean
optical density X{T . fﬁ“g%,

o the

or blackbedy radiation, Eq. {138) reduces
pregsion (noting that

BT, Ry 2 = 1 and that the first of the ra-
lations given in g, {136) applies now for *%“’{@? = T, L 88 well as for
K L4
¥ > “Ei”m},
1 3
le 12 5
A |l | f X(T i) 1. {140)

I S L g

B
Here ';«."g:? hag been replaced by ?’f‘@. kj{:i by ¥

Fige.

. and : by
9 to 1l we have plotted the ratioe of the calculated to the

values of the gas temperature o
Heference

R iud

ﬁ@%é&i‘%’@ﬁ;g@b? absorpiivities, using both Dgs. {139) and (140}, for various

and blackbody temperature T 5°
to Figs. 9 to 1} shows that Zgs, (13%) and {140) represent
the experimental dats about equally we

“5

o
.%L

. Im this connection it iz of



interest to note that the measured absorptivities were obiained at a
total pressure of one atmosphere for wartial preseures of water vapor
varving from sero to one atwmosphere. Since g, {140) was derived for
overlapping rotational lines, it is not expecied to apply at very low
prepeures and optical dengities., It iv appavent {rom Figs, 9 to 1

that significant deviations {rom g, {(140) cceur only at the lowest
optical densitier, 2 conclusion which ig evidently in éﬁe:a@rd with ex-

pectations,

b, Absorptivities of Carbon Diounide Vapor for Disckbody Rediation

Using measured valves of the absorptivity of carbon dicuide vapor
. - o A c
for blackbody radiation, Heottel and Mangelsdor?! obtained the

following empirical {ormula for the absorptivity

¢
P L
«, amﬁw} g T a1yl (141}
&% ‘\ &ﬁ, ) “ &5 -

{140} does not yvield a satisfactory correlation of cbperved results, The
reason foy this discrepancy becomes apparent if it is noted that the
effective band-width estirnates obtained in Seetion D are invalid fov
carbon dioxide because of the presence of the exceedingly strong Yy
fundamental., In this case the tails of the intense rotational lines near
the band center make appreciable contributions at wavelengths outeide of
the “effective band-width", Limiting conditions for failure of the theo-
retical band limit eptimates are casily derived from this physical

picture and are considered in greater detail in Section ¥,
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¢, Improved Representation of the Absorptivity

Equation {140) for the absorptivity of a gaes volume for blackbody
radiation @E‘z’éiﬁﬁ@ﬁ at a temperature differvent from that of the gas
repreeents the experimental date obtained at a total pressure of 1 atmos
within 10% for optical densities greater than 0, 3 {t-atmos and also for
very gmall optical densities., BEguation (140) was derived on the assunp-
tion that the rotational fine structure was smeared out. It is known exe
perimentally that at pressures below about {our atmospheres total
preassure the @missivity of water vapor iy sensitive to pressure, in-
dicating that the rotational fine structure is significant below four
atmospheres. In this section we ghall consider the evaluation of the
absorptivity when the rotational line structure is important,

Firet we consider the case of very low optical densities, For
very small values of X the hemisphericel absorptivity of a gas at
temperature "i‘“g for radiation emitted by a blackbedy at temperature "Eﬁ

ig given by

o=

oo .
1 [ . coyrs | @ per 4
~—7 f le@ﬁpﬁwzﬁwmggs&ﬁj ﬁwﬁgﬁw
0l 0

- R s

~ 1 D e sy e

~—— E R® (7 )% | P T Mdeo
g bands

- S .
- ) R (Tg) ot 1% (142)

where di is the integrated intensity of the i'th band, Now Oéﬁifg? ig



§ by the approwimale expression

rorimation by

Sgaatdon {144) is valid lor way pressure,

is linearly on X,

eornputed for an overlapping line model to be

and very smoall optical densitizgs,

gt

We shall now evaluate the hemigvherical absovptivity of a gas

. & temperature Hg for radiation emitted by 2 blachkbody at the

» v when the gas pressure is so low that the rotational lines

may be considered to be non-overlapping, For a collision-broadened
line centercd at & wavenurmnbay Wy and having an integrated intensity

£} at the temperature ig’ the abgorption coeificient is given
&
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The reoduced rodiancy £ is glven by

A m 2ub £ ( w}” \} {147)

where

For a epectrun: in which the lines may be sssumed to be none

P 3

overlapping, the abserptivity A is givenm by

&
st
]
i
™~
feaed
ad
& o i
P,
em}
s
o
-8
=

~

where the subseripts g and s denste, respectively, values obtained at

1 and at the gource temperature ‘Zi“'@, ¥For a band

with P and R branches of the type discusped in Section Il 4, the line

intensity 5 ie given, approsimately, by

-
~heBel“/RT
g {149)

for large values of J. Then the absorptivity o may be written,

approvimately, as a eum over baade, viz.,
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[(v:]
1 s : .
s 3 Y Ry 2 // 2wb, US K 2nb ) 4T (150)
“8 hands @

Here the summation over lines within each band has been replaced by an
integral over J. According to Bq. (149) the line intensity Sg for the

pimple bands described in Section [Il-4 had the form

{151)

where %Z
-3
gle) = we 0

We ghall consider the absorptivity of a gas whose spectrum satisiies fgq.
{151) when gix) vrepresents any arbltrary function of u, In this case Eq.

{150) vray be rewritten in the form

m
%
=
[
-
R
oo
i
L4
S

Eguation {(152) may be written in terme of the equilibrivi emissivities

E{T, X))y vim., 4
g & . .
X, s B{T _, == X) (154)
s Sis 8 «g

For meore complicated spectra than thet corresponding to the simple P

and 2 branches discuesed in Section 1iI-4, the dervivation of Eg. (184) is
{55] of the empirical emisgivity data for water
invalid, 4An empirical fit )



Hia

vagpor {(which has 8 rather complex speetrum ) indicates that a usaful
vepresentation of a water vapor band is one in which the lines ard equally
intence and in which the effective line epacing varies as a power of the
temperature, We shall show that the absorptivity computed for sueh a
representation reduces to that givea by Zg, {154) in the special case that
the effective line spacing is independent of temperature, The absorptie

vity is given by

L e T

1 Oy |

R > B (T )N 2ab f ,@_&......@ |

2 AR - & 8’ " g g | éw /
"8 bands &
MG
ki & N B

& @ s { £ & @ g
8 g \ 2% 3% 2uh iﬁﬁ’} g,, . {185)

ok el
“& baads =L

In termea of the isothermal engincering emisgivities Tg. (155) may be

written FE{ 19 w1 \
o |kl .
NN‘ m’ oo L‘.I?‘, I el ! glgép
@ - (‘_.
where we have introduced the temperature dependences
I g \ % 542
M, 5| ekl | N, (157)
amd e
A T, \ N +1/2
G @l e | s . {158)
g : g 8

54), However,

pacing varies inversely with the temperature, as 18

"

ermi-empirical fit of the emigsivity data

indicated for water vapor frow a semi»
to a statistical rmodel of the &%pﬁ:é‘:ifuﬁigg 3@&@:@3 N =2, For Y w2, Lg. (156}

becomes
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v

4

;

o

% P

& L . 8, J

N, O, =

o, =l BT e H 160}
’ i ?

These two expressions for  do not differ greatly., The percentage

ay be estimated by the {ollowing argument,or small values

X at low total pressures

g B
o
Lo T 5% °

bl

s 2 0 o . ne 4 ¢ e % w"E s T
Now in the intermediate region we may set £ v~X , where € ranges

goxn

setween 1/2 and 1, For constant values of & the non-overlapping

annronimation to the abgorptivity gives
h 14

and the overlepping approuimation gives

[y \B/2)E-11/2)
o, =] E{T o %) {162)




For the optical densities for which the none-overlapping line model

may be expected to be upeful

%f&fz
or
i 1
fecewflefg) s
gll-e)=g
so that, for T not too differant from 7T , Ay oo ~ o, o For
% & iNg Ri g Kf o
T = 3, the error induced by neglecting the fine structure is less

v sy v i g o 2 . % s
than 20%, For ¥ = T G the error ie less than 80
g i 8
Reference to Figs, 9, 10 and 11 shows thet, &t one atmosphere
o,
total pressure, for water vapoyr temperatures between 700718 and
O . . . Y e s . 5 , o
130071 the overlapping line model is useful for optical deneities greatar
than 0,4 ff-atmon, As X ie decreased below 0, 4 ft-atmos the
absorptivity decreases towards that given by the non-overlapping
line model. Hwxcept for the linear molecules, polvatomic molecules

generally have spectra with & rather complex rotational fine

structure, A vibration-rotation band cannot usuelly be characterised

]

by smoothly varying line intensity and a uniforin line spacing. As
wap indicated previously a statistical model of water vapor bands in
which a uniform line intensity was assigned to all the lines within a

well-defined spectral region and in which the mean line spacing



decreased Invergely with the temperature was found useful for
correlating enpirical emissivity data. ¥or diatoric and linecar
polyatomic molecules for which band head formation is unimportant,
the line epacing is independent of temperature {i.e., 7 = 1/2). For
such molecules in the non-overlapping line region the absorptivity is

given by

in Table VIl we have summarized the absorptivity expressions,
For rough calculations the absorptivity expresgsion for 7=l
gives reagonable resulte (less than 20% ervor) for values of T g‘! ‘3:‘@ not

too different from unity (i, e¢., within a {factor of 2).

F, Limitg of Velidity of the Effective Dand.Width Approwuirmation

The effective band-width gpproximation degeribed in Section D
fails to apply st very high pressures and optical densities beecauvse the
intense rotational lines near the band center make appreciable contribue
tions at wavelengthe outside the "effective band-width”, In the following
digcusesion we shall obtain the large optical density limit of the
approximate caleulations,

Many detailed thecretical and experimentel studies of spectral
line shapes have appeared in the recent literature. (48) It is known that,

even for lmpaect broadening, the spectral absorption coefficients
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P, deoland B, | {w) of the i%th rotational lines in the P and R
=il ==l

E4

o

branches, regpectively, are complicated functions of the wave numn ber
J
W, * ) However, for the present purposes it ie guificient to obtain

an approzimate estimate of the spectral absesption coefficient neay

]

he band limit by ueing the Lorents distribution

Sy jﬁﬁ b/

ws,
)
&
P
S

- -
E j-—»jz@lgw} 5

o g, .
fcve o 3%3&1} +b

where ¥, ., , sad £, , , are the integrated intensities for the lines
il el
- & 5 %] R p . N
centered at o, . . and w ., . ., inthe P and 8 branches, respecte
j—i4l J—=j=l

7y

ively, and b equals the colligion {sewd) half-width, which is assumed to
be unifers for the entive vibration-rotation band,

If the anbarmonicity terms in the energy expression are neglected,
then the spectral absorption coefficient at a wave aumber co for the

o

rotational transition j—j-1is for large values of j,

ayu je (bl

P, ey s . {167)
‘3m—>jwi %wﬂ(»{)@ ‘ }g & b(‘w
j—>jiel
where the line strength &, §ai has been approximated by
 —
2
“ T
&, . = w je i6a
hj-—»jwi oy @j @ @ 5

with (¢ representing the integrated intensity for the entive vibration-

rotation band, Similarly
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# Cad =, R | 5
% j—i+ )
repregents the spectral absorption coefficient {or the transition
j—jtl whoses line strength is also
>
[
«)’iﬁ,&j
o I~ 3 B wF
B, ., .= 0yun je . 170
i34l LA (7}
Lwidently

{171)

Lt the wave number at the center of the vibration-rotation band,
corresponding to the (forbidden) transition j=0-—j=0, be identified by

if the centers of the rotationel lines are uniforraly spaced with

sy dfference 5 then

and

= éZCL)a» Q_)E?"} {5:;; A

() ;EZ
Jitl

total spectral absorption coefficient at the wave nuraber o is

o0
~ ] .
Ploy = [«m L Jdwy b B {w 172
& g } ?“"J#"‘w %* 3——>§+§.§ EJ é }
j=0
or, explicitly, ( )
6 2

badys B S et !
Plwo) = Ay - je ‘ + e 2 |
e 4 éwww@uéﬁz +,?@2 {wew 4+ SIER

e

&



The quantity [P, . (w)+ P, . (o ) hag been evaluated aumerically
2\ 7Pyl By i) e ted numerically
and is plotted in Fig, 13 as a function of j for o =c 4 1064, E;" = 2,8
2 “g‘i’:a £ @
and §2ﬁ*{z:z@§ = 25, Thepe values apply approximately for the
2/5 ~fundamental of CO, at & temrperature of 820°% and a pressure of
Lo
31 atmmos., The peak at § ~ -Zoowcu%}};éfs repregents the contributions of
the central portiens of the rotational lines whose centerz lie close to
i o= {ow uw‘m_}i& . The bread maximurs centered at } = 35 represents the
contribution of the tails of the infense rotational lines to the absorption
at the wave number c, This latter contribution may be roughly
estivaated by replacing, in g, {3?’3%. the term in braces by its value
B PR AT . :
when j =3 , l.e,, when j e attaing ite mariimum, Replacing the

gurn by an integral then results in an explicit expression for PYw),

the contx ibution to P{w) of the taile of the intense lines, via,,

e p s 1 1
PHW) = o 4
& A
wlowea |
2looeco ) 1[3 ) - 4 § 1
; g mal L , '
- iwew W2V L {wew WaYe |
oAby
e ‘ {174}
';'?éf&)w&)
(e )
’ ,—v?“% o ! EY e
where, for j é;’v‘iwwc%% =4, 7 =12, This approx wirmate calculation

magﬁeﬁmmimmm the value of PYw). For a more lengthy discussion ol
the evaluation of Plw) sse Ref, $#4) where 7?' ig found to have the value
1.7 when § = 25 and mcug;é = 100,

e shall assume that the limniting optical deneity obtaing when

the tails of the intense rotational lines near the center of the band



contribute appreciably to the abgorption near the edges of the band,
A convenient definition of the band edge ig that used gzr@vimwiyé%‘%;
to define a fized mean value of the band-width useful for a large range
of optical densities, According to this definition the band edge occurs
where the absorption coctficient is reduced to 1/1000 of ite maximum

value, For o band haviag simple P and B branches the regulting

band widith Ac® is given by

AV = 1.9 o YRTw, fhe.
The Hinmiting value of the optical density ‘E*:Z&, for which our effective
band-width egtirmate applies, may then be defined by
X, = Q, Ei‘s’a@'iw@ + Awf2) {175)
since 3'%@@ + Aw/2)is 8 slowly varving function of Aw', Dvidently
j@'(w@ + AWt i2) is the contribulion to Plw) of the tails of the intense
rotational lines at the limit of the effective bandewidth, For "7 = 1.7,

Eq. {175) becomes

2
w _ _G.dwlAw) ,
X = =l {176)

Relevant speciroscopic data for CO, Hefl, and C@?, are
given in Table vipfor the most intense vibrationerotation bands. In

Table I3 the values of }»:Z@ are listed

pressures,
Sermi-Empirical Correlation of Infraved Dimisgivities for Heated

&

%ed @

Water Vapor

I@@mgrgg%? has shown that, at the present time, it ie practically
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impossible to perfovm o priori @mi%@i%&@? caleulations as & function of
temperature even for the siwple linear triatomic molecule é;i‘{ﬁzo
Considering the enormous complication sssociated with the spectral
detaile of asymreetric top triatomic molecules such as water, it therg-
fore appears preferable to abandon attempte at calculations from first
principles altogether and consider cnly an intelligent semi-empirical
correlation of dats,

Cioody hes justified the applicability of the statistical model to
water vapor, We shall utilige the stotistical wodel and the concept of
an effective band width to a:@ﬁm%afam the empirical emissivity data for
water vapor listed by Hottel, The mean emigsivity €{w) and the
mean tranemission 1 () = 1« E{w} are given in termns of the line contour

alw -, b) and the intensity distribution function P(S,5) by Bq. (96).

In erder to evaluate ¢ {w) or Tlew) ex wplicitly, the distribution
B{E, 8) and the line shape s{w-w!,b) must be known, In the present
analveis, @sﬁy the diepersion distribution

sl =ty b) = (b/x)/ [fwmcot)® + b7 ] (177)
will be considered. We proceed now to evaluate € {w) for the
distributions ?‘él)gﬁé 8} = {(1/8) expl-8/8) and ?gmég, 8) = ${5a5) where

§ix) denotes the Dirvac delta function of argument %,

a, Mean Drissivity & 1) ¢or the Distribution ?ﬁ){%’,i‘i)a@li@}@m@i«»%!ﬁ}

For the distribution Eﬁgiﬁéfﬁ 5y = {1/8) eup{=& /E), e, {96) reduces

[l
&
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Y e o176} J i1+ o)™ Sexdeo (178)
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after the integration over & has been performed, For a digpersion line
252”1 -1

|
o

shape @ = {b/w) r{c:«s--»co Y+ b and “q. (178) becomes

mr,
—f on ] :‘?, -
&M = Ea&:%pj B /w SHY 4 X /ob) 1z f {1+ u”) i du

L -
L3 ‘ 2 e A
= Jmenp {«{(OX /S W1 4 w%ia,@:z‘} . {179)
b, ean Dmisesivity ’ég‘”) for the Mistribution an‘jﬁ‘g,%

Por the distribution “i? % {S,3) = §i8=5), BEa 1. {95} reduces to

® \
‘
B ey ) 01/6) J [1-exp(-5e%)] dco (180)

=L

erformed, The integrval appearing

*‘Ld

after the integration ever § has been g

¥

in Ba, (180) is egual to the total absorption of a single isolated spectral
line and may be ebtained for spectral lines having combined collision
and Doppler broadening {rom the curves of growth,

The total abgerption of a single line with dispersion contour has

been obtained previously, The regult is

1 i T
) deo s Bx [em{%,/zhm} 3 T3 20} i (T 2vb)

(]

(181)

lence the mean emissivity for a spectral line with diepersion countour is




I3 e leawp ) enpl=f e.ui??%%@? ‘ .
L ﬁ“
{182}
if we define the function glu, b/ ) by the relation
( Y
|
Elueb/6) = leg 31’ ~(2eb /S tu (mgwu” SHed-igt)] (183)
{ )

then it follows that
Em glu, /5 ) (184}

where i
S 2wb, {185)

o= 1.;«{1,;

bility of the digsordered absorption band to water vapor
. by € (43} e g

wperatures bas been justified by Goody on the basis of a

detailed comparison with exact numerical caleulations performed by

Bhy L. . ) ) &2% . .,
) Goody has also zﬁmwmg ) that the mean transmissions

T{w) are not significantly different when either the distribution function

e function ¥ Mgé?ﬂ.ﬁs% S{Ei= ﬂ% ig uped, In

a
‘ . . . . . — R r
the followling analveie only the distribution function ol Eié‘%ﬁ. %) and the

relation
o
r
/
/

ok %o, THco. {(186)

¢

6) without further approwimation

We are unable to utilize g, {1

beenuse the values of © for groupe of lnes are not known. In orvder to

obtain a tractable procedure, we therefore introduce an important

simplification, which fellows the proceduree for emigeivity caleulations
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described in the preceding sections, Thus we shall use an average

value

?5::1 = di”&wiié% {187)

for an effective band-width ﬁ.wi for the entire i'th vibration-rotation
band whose integrated absorption ig Qe In the praesent caleulations

we shall asgume that the effective band width is independent of the optical
density, The approximation expressed by Lg., (185) should become

bettey as the temperature is raised, Hquation {186) now redueces to

_ A T = 0
s Vg o] &
Em {1/0T7) 2 E;R ifﬁwi {188)
i

where Ei is computed either from Egs. (179) and (187) or from Egs.

{183) and {187), E&Zi represents the mean value of Eigﬁw, 1) for the i'th
band,which is ﬁ@ﬁve:ﬁé&ﬂﬁ? evaluated at the band center w= Wy e In the
following caleulations we shall assume that & end b are independent of

CO e

d, Outline of Smissivity Caleculations foy Water Vapor

The vibration-rotation bands of water vapor whieh contribute to
the emissivity in the temperature range between 600°% and 5000°R are
agsumed to be centered at 204 , e’i?.fé/u 0 22,“?/& . 1,%"?}* . LE&%}A » and
I, Mo Assurcing that all of the éhwi are egual to Aw, a8 siu-termn sum

ig obteined for & . Thus the use of ¢ iém leads to the result

R DI LY
ey
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and inversely ne the square root of the temperature, The effective
band-widithe are assumed to be proportional to the square root of the
tarmmperature, i.e.,

'3
Beo, = Ao = 64T/ o/, (193)

The temperature dependence of the integrated intensity of the fundas
mental vibration-rotation bande is

£ / *ﬁg S Wi
dié’;&i‘? = aég'_ﬁ:’ SRETESR {(194)

iguation (194) actually applics only for the fundemental bande at

. @, i \
moderate temperatures (below 300078}, Uniortunstely, a rigorous gue
preseion for the temperature dependence of the integrated intensities for

an asymmetvic top moleeunle such as ;%g b does not appesr to exist at the

present time, However, since the fundamental bande are the dominant

&

contributors to the errisst

4

vity in the teraperature range {500 to Eé’sﬁﬁ@ﬁ?
considered in the present caleulations, and since any decrease in the
population of the ground state is offset by a corresponding increage in the
population of the excited peates, it seems reasonable to expect that the

approximation contalned in g, {194} will not invelve large srrore,

The temperature dependence of the mean line spacing 6 is
assumed to be of the form

Stry= (2%my! §i%) (195}
where the exponent 7 is to be chogen 8o as to give "best" agreement
with the experimentally determined emingivity data,

The smissivity expression given in Fg, {(189) hac beern fitted to



76

Hotiel's ﬁ&mﬁ% by varving the following five adjustable parameters:
ac{ %), 2ab(7°)/6 (%), bITZA(TN 0l 3u (T8I0 oty /Am%f
o, .3 g@*ﬁg and N o The reference temperature 1% wae chosen to be
800,

For the gelection of suitable numerical values of the adjustable
parameters according to the ermisesivity expregsion given in Hg. (189),
it proved to be convenient to plot the logarithm of the emdgsivity 2o a
function of the logarithm of the opticel density for different tempera-
tures. In such a plot, variations of the parameters &wé‘"ﬁ”% end of

2 induce only rigid translations of the enisaivity curves,
& «F

T=7T¢
the magnitude of the translations being independent of temperature, 4

Téé!‘@é

variation of 97 stmilarly induces 8 rigid tranglation which does, howe
ever, depend on the temperature. Thus the form of the emisgivity
curves depends only on the two parameters 2wb/5 at 7% and
dzﬁ}}ﬁ@i/ aléé“ 3 ué”%ﬁ’@% When the empirical emissivity data for a given
femperature ‘mg/r@ plotted in this manner, it was observed that they
could be represented reasonably well by an expression of the form

& o ?’(S.i%gs %Efg Jo
The parameters B, ¥ia, and /S vary, of course, with the tenpera-
ture, The valuss of 2vb/S and X/u, which gave the best fit ot each of
the temperatures for which expoerimental data were available, were

then plotted ae 8 function of temperature, Since the tewmperatave de-

pendence of _ _
X /e a 2ub{T Vo (T {56 (1)
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s B o T A S o ey s @y B i on e
obtained for the variation of § w

the mean line spacing & with increasing temperaturs ig

view of the {act that an increasing number of spectral lines

£t

" Famerical calculations have been carvicd oul v ging

Nwl b, For 77 = 1,0 the “best” value of 2nbi{d

,5
6 --r*x&;%’” v & o
~ ok » delop (

g el

;W."w%’\-‘ § ? ﬁ?
at T was chosen to be 0,168 for U = 600

G &

VL, AU SP. e o 6o s o
Tne ermdesivity was hen

different values of

evaluated accorvding to

’ menagured

ihe ratio giving the begt {it to the

o €3 ) L .
ETT oA TV §,.33 for T = 6601,
dpop TN g 5, 1% = 2,33 Fo ¢

% (3] £ A ., i 533 *
e Yhest" scale factors Al ) and X/

3

el
b3
P
o
s
§

Final

3 e T oand 0, 0188 [teatinoe, respectively., The resulting

to be 409 om ;

o N Fen b ewms Lo TS oy .
data for water vaper is ghown in Fig. 14,
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covrelation of emiseivity
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wheve 27 = e/ emsés: ca;’ el 1 is the Planck radiation funection, co

T ie the sbeelute temperature { ¥y, & is
co

2 y -5
prriesivity, ¢ = Zehe ~ 3,471 v 10 7 erge

. . .. S . 54 32 L, =5
1,439 eme 3, and 0 = 2u k /15h7e"~ 5,662%10"

ig the Stefan-Doltzmann constant,

The spectyal emissivity € is given by

[0
T foo ) o
€ =l -enp =¥ K | {197}

w L

s

8%

where ¥ ip the eptical density {the product of the eifective pathleugth in

crn and of the partinl pressure of ewitter in atmeospheres) and &-’«;) is

. s . =1 L T

the spectral absorption eoefficient {in em “-~atmes ). In the temperature
&

NP PR . S ; , .
range between 40007 K and 80007 ¥ and y- and Boband gystems contribute

most of the vadiant energy emiagion of MO, Thus

™ on [ i é‘“{’(‘;«;
(&cu @fw ?X"!" § wg,@ 198)

whe

i3
4
]

SEIC D R o
‘\V?fi‘v' ‘b/ﬁ[ﬁ

P

5 w s 2 « Iz '“éi "’E 9 L . 5
ip the integrated intensity {(in crn ~-atmes ) of the vibration.

A

rotation band corresponding to the transition {vi->v"}), v and v are the
vibrational guanturs purcbere of the upper and lower state, respectively,

and aéwmwvwvﬁ represents the contribution to the abserption coeflicient
! [5s ) \
frors the {v'—>v") band normalized to unit intensity f VA ORI IS0 I
[T5 «) & i

. {59
The integrated intensity o, of the (vt »v") band is given® ) by the

approwimate relation

" T
, 7. 275%.1 iyt 2
- 2 21ty SLee & ~ 2
Wi ® 2.38 (167} elec Ayprsgee (200)
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Here N, ie the number density of NU molecules in the v'' (lower)
“’3 @ Y @ s o
gtate {in cm "), NA& is the totel number density of NO molecules,

Co,

gt is the wave number of the {v'—sv") band for rotationless

2

traneitions, Do is the ovigin of the v' = 0 —v" =  band, g et is

the vibrationa! matrix element fgg* the transgition and f@:ie@ ig the
elecironic f-number for the band é‘ygtm’;«:h Beecause of the large number
of vibration-rotation bands in each band systern, and %mcmmaé of cone
siderable overlapping of bands, an exact caleulation of the gpectral
emmigsivity is @x¢&&ﬁiﬁg1y tedious and, indeed, impossible on the basis

of presently available information, It is the purpose of this section to
obtain a simplified representation for the spectral emigeivity 60) utilising
the statistical model., The present

work ie related to that of Hivel, Mayer and :@em@mé’? but the analytic
procedure ig guite different,

Several difficulties arise in the valeulation of the emissivity of NO
at high temperatures, The {-numbers of the y- and (-band systems
are not well established, Weber and pem&r%a' 61) have meagured the
integrated intensities of some of the low-lying bands of the two systemas

in abgorption at room temperature, They found the electronic {-numbers

to be { ~ §,0025 and { ~ 0,008, Inthe present paper we
el ey ‘ @Ea-::cﬁ
assume the electronic f-number to be independent of the vibrational
quantum number, The accuracy of the available values of the vibration

%

z . . ot - A
overlap integrals Ggrigs 18 aleo uncertain, Kivel, Maysr and Zethe, in

their paper on the emissivity of NQ, give extensive tables of the overlap
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Gection ¢ deals with the structure of the ultraviolel spectrum of

2 d we caleulate the total emdssivity of o single isolated

e yepults of Section d to caloulate the

ion 2 we utilize

V= and

peband eystems, ‘The resulting emiseivit 21)

%
o

£ 9 o Ty o 1 P 4t b S P A o o o w sl mmapm o
for the p«fzzme;? aygtern alone and for the Y- and P-band syste:

vothay both for low pressure {pure Doppler broadening) and for higl

eared oul),

the mean emisegivity at

pyatems of I

i) by the expregsion

mber < is glven, accordin

= leegn = a
‘ « S

where
|

1

d, o aQ)EI ,/

represents the mean total absorption of 2 band in the
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wave aumber . Here r;% {d;wt) is the spectral absorption coefficien
at the wave number ! of a band belonging to the P =gystem: and

having an imtensity o, & relation similar to Dg. {202) obteins for the

Y wsystem,

3

‘he statistical approach to the calculation of the emisgivity is not
wg useful for the “Yesystem as for the © =eystem because the Y-
systern has a relatively small number of bands of appreciable intensity,
However, since the 7Y-sysiem is weaker and contributes considerably
less to the emigsivity than does the O -gysters, the resultant ervor in
the total ernissivity will not be large,

s,

c, Structure of the Spectrwmn

1. Lime Widthe

The Doppler (semi) half-widih ,Laﬁ ip given by

Y-
by, = @« 20 (n2)27T/He (203)
K o, ,
where 0 = gos conctant ~ 8, 31436 = 10° erge/ Hemole, M = molecular
5 5 & s B E’@ ’ 7
weight of NO ~ 30, 015 gm, and ¢ = velocity of light =3 « 107" em/sec,
For NG, h% is

- -8 - .
b, = 6.52 {10 Yoo/ T em ", (203a)

The colligion half-width 5.3 @ MO at high temperaturees is not

. =3 -
known, &n order of magnitude estimate is 0,10 ¢ " at T = 300 X and

I atimoe pressure or

b~ M con ™ (204}

where p is the pressure in atmospheres, In Table Xilsome vepresentative



legtronic Structure

z B—v" = 0 band of ¢

approximately <o = 45
* e
splitting, there are two v*

and the other at 45, 486 om

45,440 ¢cvn 7, The v' = 0—v" = § band of the =gystern hag ite {mean
A 2

w ~ 28, 0806 @fﬂ o about 70, 800 em Es

3, Vibrationsl Structure

Py
Pk

@ Iy gi}%

in the notation used by Herzberg, the wave number O £

53
“@H‘VQ Ll

@

the origin of the v\ v band is given by

3 3
. X - e = $% apil 1 73 23 28 gt St
ww”‘v’ﬁ w@ﬂz‘“’ﬁ&) e e’ 3 e -€- Q) / }v 4+ fewo 3, . ? ) %33; A%

3‘%}”9 af?w’ ';i?g s “%’CKJ' 'HZWa ?V"@%C«J "\‘\';'g V'
e}«:,: MeT e 27 &) @ e’ e °

{2053}

1 of the waves

gwéfz%%yae np +§Cu w(‘ug

2

trangitions ,

b

Vi, 9
& 'K “3 [ A5 ‘? 93

ST + B &Y O, 00Lv™ ¢ 1030, 3v'=7, 45vY =0, 10y

iy k3

g
@#i
{2082}

&

vogp oy 3 i G Iy R &R rl-'.- i 7
sre very weak and contribute




o
=%

and for the Yesysier

+ 0, 001v" 34- 93,;&3963%;‘4*?%5%,?%;'2&5},? V'3

(952 5 SN

L @‘

¥ 2 large number of bands

In the temperature range 40
ernit appreciably so that the apparent regularity of the vibrational
structure is suppresgsed. As stated previouely, we make the approui-

mation that the wave numnmbers of the band origing e digtributed at

random {see F

In the bands of the O~system the intensity of the Q-branches

hes) with

decreapes rapldly {compared to that of the P. and
increasing values of the rotational guanturn number, For th

nelude only the P and Bebranches, which exhibit a fourfold

&
5
5
&
A
Sawd
v

aplitting {a two-fold eplitting because of /\-doubling and a two-fold

P

gpiitting because the spin aspumes two values, 7Thus there are eight
ranches of roughly egual intengity in each band of the peeystem in the
present emizelvity computations.

In the bande of the y-systermn the {l-branches have rougily twice

g ﬁi” &mé .k;jg “@?%@%1@&}

the inteneity of the P- or R-braaches,
exhibit only a two-fold splitting {becauvsge of the two values of pping

Aedoubling does not produce additional s plitting in the Y -system), I

25
W s we & @ e 3 03 " £ 57
For a discussion of the etructure and intensity distribution of the

Ve and P-band systems see Chapter V, Section 3 of reference §62).



is convenient foy the purposes of calculation {and will not introduce
large ervors) to consider a band of the 7 -system to consiet of sin
egually intense branches,

The wave number {or the J'-—» 7" trangition is (neglecting the

centrifugnl stretching termes and the vibration terms)

Ty
D
o
&

TP

VT, g = BI T 4B 3T

o

and
et

come = BV LB 3 = ZATAIEY 4 BY T IBRY AT(ATSL 207
g o g@% . ng‘&w? v e | L § ] {
where A s J7-J' = £1,0, The band head is located near

zars + B |
| e {208)

T o g?ﬂ P e — e~
BH BT S B )

For v > B {y-system of NO) the band head forms in the P<branch

%

{AF = <1} at

»J’* P e o
jﬂwm ~ W =l {209)

and the band is shaded to the blue, Here we write A5 for [Lé%'ﬁw?fi:‘a“@ .
| w

For 35&?:“@4 e épm@ym@m of NO), the band head forme in the R-branch
4 &

(AT = +1) at
B4 By )
d @

e (210)

and the band is ghaded to the red. For the N0 pe-system J, .~ 3 and

% b g
Jx3g]

. : . D, . T,
for the Yesystern J . ~ 5, In the temperature range 4000 K to 8000 K
. S

many rotational lines arve ewcited, Roughly, the largest value of J7=J" o

which needs to be counsidered in the emissivity computations is given by



o
sy
g
[
P
s

aF
MHW —~ égzﬁﬁﬁ?

pike

actical purposeg, the band

P

3

head may be consgidered

In each branch the line arising from a transition to the J7 level

has an integrated intensity given approximately (for lerge J) by

‘éwz;w i

«H

Hyn & {2d

were 0 ie the aumber of branches, D is the rotational constant in

W

the lower state and J9 is the rotatio

G g 4T

1e band origin of the J9th

Ry
Pt
feeh
483

e

2, the line spacing ¢ aglco) ie, approwimately,
# & ol 7

2
o4
[t
=
e
s
&
i
&
oy
=
3
&

Thue, at the wave number <, the average absorption coefficient

v”v‘

Fguation {219) epplies for €w‘°“wvm
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The line spaciang ¢ is given as o function of LW by

¢ = G, f\!f*cuuwv f f&&)

C s Y
Eud
B
£
Ry

where g _ = 245 kT /hel?

‘able ¥II we have listed representative values of the band-widih
Ao and mean line spacing Qoo Reference to Table XII ghows that for
en isolated branch at low pressure the lines are widely geparated, Zven
for o band with eight overlapping branches the overlapping of individual
lines at low pressures is negligible except at very large optical densities,
Thus we may obtain the total sbsorption, 4 & a° of an isclated band by
summing the absorptionsg of the individusal lines computed on the

aseumption that no overlapping occure,

d, The Total Abgorption of an Isolated Dand of Non-Overlapping

Spectral Lines bhaving Combined Doppler and Collision Broadening

In Section IlI-D we obialned au approximate expression {or the
radiancy of a band having simple P and R branches and compesed of
spectral lines having a dispersion contour. The results are useful for
vibratione.votation spectra when the formation of band heads may be
neglected, In the ultraviolet region of the spectrum where we are
generally concerned with electronic transgitions we may no longer over«
look the band head formation so that the resulte of Section IHi-D are
useful only where the lines are non-overlapping., Also, at the
temperatures that the electronic transitions contribute dominantly to the

emissivity, the Doppler broadening of the spectrel lines i veually mere

important than the collision broadening. In the present section we obtain

L
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an expression for the radiancy of band of Doppler-broadened lines

1} when the lines are non-overlapping and 2} when the lines are over-
lapping and the band head cccurs near the band or
that we may make an approximate interpolation between the two ex-
preseions and thus obtain, as wes previously done for dispersion lines,

an expression for the band radiancy for any value of the overlapping

arameater 2ubid.

g

7 intense

The intensity, & 70 of the Jth line of one of the equally

branches of a band whose intensity s o is, approwinately,

a8

é&?’i?%”@%mo(ﬁln%ﬁi’% sup | -heB" JU/RY {217)

iere
oo
N
= ) & -
&« A
J=}

and n denotes the number of branches, If the lines do not overlap the

total sheorption of the band is given by

B o a0
g - / Jegrnleid ¥y dwo=mn A, n A .dd (218
‘band o T w o 3J VAR | J ] { )
band J=0 1]
where
-
/ 1
A = Meexp(-P fo)) deo
s L )
Jth lina
and
[
5.3 PP fojdoo
) J 5 ’
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Por an isolated spectral line with combined dispersion and

Doppler contour the absorption cosificient P (oo} is given by

e 2
a r ol ey .
sl? é“*)g = Nq? i‘ J §£3“’€ B’ML ﬁff ég :
an & & o
. B +H{ E=y)
where - .
3 mgoJUnZ)/ﬁ'j f%ﬁ,
as={b /b ywN[nz ,
oD
\g = é&)w 3 f i g@%_?g
Ci%“ = wave number of the Jth line center,
and

i

by, = winz'/ me® /2T

%

if the iractional change of b

T {i.e., of c,)is small seross the band,
A ™
the total abgorption of the band becomes

W
; ; j2 mf}?g}:ﬁ ,
A = 2 I 348 A S N o
bana = PopalkT/medr fnal " [ Sgs Ay ae (220)
0
where £ is the value of &_ 8t J = (kT /heB" gﬁigh ihe integrand of
J{u} J @
Zg. {220) may be evalvated as a function of u by utilising the well-known

@ © N 1 PR
curves of growth, For example, in reference (63}, Nin2 Y 2k

plotted as a function of log{lG, & P* e %) for different values of the
the

parameter a., Mow, if we define

e parameter Y by the expression
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Y= 0.212 W5 (A%/nb NheB"_/wkT i (221)
then
6 104 T Y N £ ang® ¢ ,
0,106 F 0= Tu expleu). {222}
Thus, we may write
%ﬂﬁ? A ”g ?
| = HY, ), (223)

where the function {7 ajis defined by

( l
i @ |

@ @ : i a® . 2o, 1

[ f ve a | expley ?fi”‘g |

i al == | ¢ ] [ legmn = e - bk
Yoab=g | du | df leemp - ym g | 2 [

¢ e | - J o8 HEey) J
f Wm 1
(224)

Hi{y,2) has been computed by aumerical integratione according to g,

relate the value

(223) fvor the curves of growth utilising |

of u to the abscissa of the curves of growth, In ¥ig, 19 we have plotted
H{y,a) as a function of Y for various values of a, For very large or

very small values of Yy , asymptotic expreseions for Ii{Y,a) may be
obtained, For a = 0 the asymptotic forms of Fi{Y),a) are
H{y,0)~(nu/0.424)y = 4,17 for Y<< 1§ (228}

and
Y )~ {w /) 1%}( for Y o1, {226}

Hence we obtain for the total abgorption of o band of intensity 4 the

eEpression Y
A = 2b n{lki /heli in2) " TH
bang = SOt/ o'

where Y has been defined in g, {221).
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8 the necegsary correction, Another

tten which is sometimes useful for

, } g ie ;
£ Vel
, g VL w.) ]
sY Gy = LS B A (=1 RS 1 r( : (232
O = g R ] 73 v CHz T )

0.166 0,106 % %
y =l W
Thie form has the advantage that the first term gives the correct BEYLP =

totic values of 2{7Y, 0) for both large and gmall Y , vis,,
WY, 0)— L gw’& 106)  for ¥V << 3

and

oot

E,‘gY,i?}"*r%:;(,!E% ) for ¥ >> 1,

"f%
=

In fact, the error induced by neglecting the second terw entirely is le

than 7% for 81l values of ¥V {gee Table X).

Let this appronimate forr of FH{Y, 0} be denoted by ”"aﬂ’, G) viz.,

0) = %zgw@ 106 afr). (233)

Ay, . of 8 branch of non-overlapping lines may be

expressed, appromimately, in terms of H_{Y,0), viz.,

(234}

as
A o {233)
o
b v 9,
_Aw TTD aj,&z oLy g ) 12369

Ii} s £
if%, o, Z‘?’} = o j},w i3 " }



g3

where we have introduced the notation

Aw = AD ‘Z‘;@Zf%?ﬁﬂg (237)
and

G, = 2AD T fhe : (238)
Eguation (236) may be rewritten as

Bee . = aVBooh{dX av%co) {239)

N. Lie

where we have defined & parameter a¥ by

ah = e (3, 601 %2&15’3“%@ | {240)

NIPTY im

The parameter a¥ measures the degree of overlapping of adjacent Unes
and ig, for the cage considered here, small compared to wnity,

it is of intevest to caleulate the total absorption of a branch when
the lines are well overlapped and the band head formws at the braach

-

erigin, In this case the abeorption coefficlent ig

[ [
Pleo) = (/o) expls  we | {4 ) {241)
| i
and the tetal absorption becomes
N
. ]
G |
| : Nevee a0 |
Ag= | { leexp {AX/Au)e ‘ N w (242}
e J L o
w@ | f
{ J
or
A@ = Awh{dX /A o), {243}
{40 .
Fleasser’ 5%:%&3.% caleulated the gpecival abgorption coefficient for a
series of equally spaced equally intenese spectral lines with dispersion

contour, viz.,



~ER
i

{5/q) tanb{2wb_./q)
Ploo) = - . {244)

cos 2@@ cof@‘;

o
COB

et
&
o
e,
%«»«.5*
E)
\
£
":-a.
e
Suazerd

ne spacing and b is the
Vet

{244} showes that the

dependsnce on linz width oceurs oanly through the terms zamhg@wb ,fr»};

m

snd cosh 2vb_./g. In analegy with this result we may postulate an ex-

pression for the total absorption of & branch with band head at the origin

(239) for aV<= 1 and

for arbitrary values of a¥ whieh agrees with I

with g, {243) for a¥ > 1, vis.,

1 PR
A= Awtanh a”(&%oﬁ“fﬁmmm*“‘a a¥% . {245}
4
Utilizing this analytic expregsion for A the mean value of &4 = & for an

(3

%l

exponential distribution of intensities may be caleulated., The result is
oo

¥ [ exp (~a/x)
5 o

0
ST Y e “" - .
= QW%«N J’ eup r« d!dj h{ o JAwtanh aYjdd {246)

o
g

r . 1 L
= Actanh 2% kn' 14 {03 /Awtanh a%) 247)
[ -
The mean emiseivity £ for a random distribution of branches with
medn spacing 5 is given by
- Y e
£ = leewd - ﬂ"g‘ {248}

or, for an exponential intensity distribution,



_ r _ 1 =Aw{tanh a5
€=l = 14 (dX/Aotanh av) . £249)

. B

£, The Total Emissivity of & Dand System in Which the Dands ave
Distributed Statistically

The mean spectral emigsivity 5w for a vrandom distribution of

bands with 2 mean separation 0 is given by the expression

[ = )

—= ﬁ%mfad 5
€ =1-eaup (= . {250}
<o 1 $
Here & is the mean value of the total absorption of an isolated band

band

averaged over the possible intensities, i, e.,

o

&%&ﬂﬁ = j (rletsdd M%}aémddd (251)
@

where (Flo,dldd is the probability that & band hag an intensity

between o and o+ do and A« ie the mean intensity. In terms of the

function H{},a), & E@@. db%ﬁﬁwﬁ%%
@:a
A ang ® 2bpnikT /heBy szp M%ﬂ Hy,a)dy (zs2)
@‘
where
Y= ﬁiﬁéﬁfis‘ai’;m?{%wi%” Ir2 fokT) M‘“

The integral appearing in Hg, {252) had been evaluated numerically for
VR

the special case a = 0 and (o, A)=(1/d) ewpl-fdl}. The mean

emigeivity for & = 0 is then given by



(
2nb .
£ = leexp . - A {7 /heis (n2 {253}
w 0 S TR gt ;

whers L

e \

= TG w?’ ’ I ) PR Syl
i"fi‘?f?fg 35€B/s€§§ G@E?ﬁé m%”@msggﬁhf ,§o
0

The fusction 1-€{Y)) is plotted in Fig, 20,

ford

"he choice of the appropriate distribution function ({o, o}, and
of the values of o sad ¢ to be used in the emissivity computations
rmust be made with reference to the vibrational matrix elements of the

particular band system in questien,

€. The Total Bmissivity of the NO 0« and ¥-Dand Systems (at 5000 i)

In this section we apply the results of the preceding sections to

the NO (- and 7 -band systems, We first outline the determination of

the distribution function (¥ {0, o), the mean intensity o {c) end the

|

mean band spacing s

Utilizing the approwimate relation

v eupleheF ' /kT) -
55 = - éww@%
T W
whare
ORI PSRN et B & gwm %"” %"J” *%”@C,u“ Wit g g‘i&)’t% y* "v””gww” LTar V%» s
LR 2" @ 4 e’ e e e 2 e’ @ e’ @
and
A b .
) o )] ~
Q%f /. ?Q“ et kT e
=l
% . & 4 2 . am gﬁ%}
the emigsion intensity o, may be written asg



&3

g o BB
s - npa gy ¥ &k 3,
devg = 2,38(10) 7

é&)j&) }&

faiu o0

The wave number cois related to the tery

v values of the upper and

lower states by the eupression

Com ¥V« B

where the term value ¥ of the upper

pper state ig given by

- é 3
oz oo ot et w4 én&)' %9"9 ?@9 e 3y %g' - u?;ea)‘ ¥ Eve ML AT A
oo e & e 4 et e T Y e’ ¢

Thusg, at the wave nuomber w, o

iven b
vity! “8 y
remly 273,1 <3
2.88010" 1852 ¢ oo ¥ ,

& g -38(10°) T ga«a‘z‘z@a*’ / %@v? /av“v? (257)
with

&) = wg’ euD rr«?méw =( >§jéﬁf”’”§“’} exp !r«é%mé? wcu gﬁu A {287a)

[Pyt ™ Ggrigt A T At A B .

For the p.bands of NO we have cvaluated the pareameter o

for cach value of v and v' {rom the tables of s::z%? ., Given by Hethe,

;x

T

§263,
ivel and Mayer'  {see Tabl

@

HITY), For several different values of
w, the values of B iy at B000°K for vi = v {{w.v ) # 0,1 and

vl 0,1,,..0,0 have been ovdered in ter

18 of decreasing magnitude and

plotied against W, where I ig the ordering parameter, {.e., N=l,,..,21

{sce Figs. 1% to 18), Lere v“’@éw.v'? ig the value of the vibrational
of the lower state of the transition whose wavenurnber
ig o and whose upper vibrational gtate ig v'. Peference to Fige. 13 to

18 shows that, for moderate values of /b R



/ N ) @40l w j;
vt < J CEU=SI B, -‘:;’z,?’

plotted ag a function of co. to Big.

. K 4 Wop L ¢ % .} e
“‘@C@wcm "’C‘J?fé“f»iu@@@) o (26:0)

3

an value of /@VMW for

In teris of the

the Webands for which v' =Nl ig given ate expression

Pyt 2 Mot

€

~

Winl, visv' {w, ¢')
o

1
i
|

P
)
&

R

28 o
-

o [ <hefeo? év“ JT

(260) and (261) shows that, at T =

I
[
@
o
LY
gord
oo
o
B
g

“V"k,a@’ v iimy ficus vﬁ%
o

e

for values of




3
¥

-
e

¥ - A
e PR A {263)

In order to obtain a (vractable procedure for caleulating the
spactral srdesivity we shall asgume that in any small wavenumber
interval, the band intensitics S {which are proportional to the
parameters B gt BTE distributed statisiically according to the distri
bution function ()D[O(,EHQ)?} E ‘g{ﬁt—éc«)}}wz exp L" od;'&gwp} where & {w)is
the mean intensity at the wavenumber co. ‘The choice of an expone m:a al
distribution of intensities implies that, within the given wavenumber
interval, only a finite number of bands contribute o the enissivity,
i.e,, the very weak bande are ignored., However, for NG, these weak
bande contribute negligibly to the emigeivity gince, for optical densities
large enough for their contributions to be significant, the overlapping of
neighbouring lines of the stronger bands is sufficient to blacken the
gpectrum,

The number of contributing bands per unit wavenurnber {i,e,, the

reciprocal of the mean band spacing &) may be estimated by reference

**”%

to the values of the vibrational overlap integrals (see Table XII),

P s B s 7, fﬁ
Reference to Table XIII shows that the Ylocal mean value’ of the over

of the @-bands is not a strong funciion of vV or v

«l e e ae , ;
> 15000 em 7, 8t least within the limite of the table, Indeed,

, . 2
sy, {262) indicates that the {weighted) mean value of g Ty B the wave

3@{3‘ zn&@gg‘&lﬁ %'{J‘“V'

for

N

Fhe "local mean value® of Gy BF V=V and vﬂzvg may be (arbi-
trarily) defined as the arithmetic mean value of Gyt for v“mvl” £ 0,1

and v'avE’ & 0,1,



o

nuinber co for v¥< 6 is roughly ind

greater than 15400 e o, Thus we me

of the mean band spacing by evaluatiag the digiril
FA

which obtains when a uniform value of g N A

ponential distribution we obtaln values for o {w) and
For a uniform value of rigr = g the parameater 3 gyt 08 given,

approrimately, by

sy

, 2 [ o
pv”w =205 g eup 1 =hefco

exp  <hcwt v/l
Q0 o i &

o

in the wavenumbey interval of width o ecentasrasd at o, the punber
@

of bands with intensities between 2 and o+ 4o s given by

diN = Zé?éli'g gxple5/. o?i’iéﬁf?} (265}
for an czponential intensity distribution and
diN = e {266)

L

for the digtvibution corresponding to a uniform valu

g

N denotes the total number of bands in the interval

nean value of the parameter

REn

{266a)

anpr tes the exponential eﬁ:&w&m ation exp(e &/ 2) as 8 poseible

@2le zps 2p. A satisfactory value

i




N o=
% b
or
S {267)
The mean band intensity now be estimated, Yor a
vnifors valas g 12’ e BDETY s .
snifora: value of g, 40 4. {262) reduces to
r e . |
g iwﬁxgy{wil%mw’ M({«?x@@@? |
0.031 = 7 4 /
legxp{=hecw! ,:’ké 1600} |
or

— .,
(266)

co for o valiorm

A 8AkE

The mean value of the parameter o at the wavenumber

1. (202) when T

value of g® is
VELLU G L i iyl & i

i given by

wg —
3 w {0 {
ﬁéz‘ﬁﬁag fw@@}) @ v Bl (270
F & &"ﬂv LN 2 & ‘q}'ﬂ b2)
If the concept of a uniform value of g it 1B O be useful, then the
ineguality

For comparison, the arithoetie me
2 § :
= @4 A % 2 #5 a4
54400 e T and 45440 e for which v 5 ig O, Bd4,

Batween 15
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must be satisfied, In other words, we mwmay expect the exponential
intensity distribution to be useful for emigsivity calculations when the
-

. . \ i & - v s s . 5
temmperature is less than L%Jl@w‘@/}i’éi (= 8900°K for the B eband system

?ﬁw %

— £ »r )
v={,29).212}{2. 3E})10 @m* " Qﬁ?if@’&is’ ;3/200 eBp | uhcco@@ww%jk‘ﬁ]
273.1 , 2, e -
= L e b o@&gpémhaw ]Eﬁ (272}

where we bave evaluated the vibrational partition function by the har-

. r T 2 T
monic oscillator approximation: O = lewp(-hec” /kT . For
& -

(24 |
o >0 e yis given by Eg, (272) except that the exponential tern:
r. o |
exp | -helw =) /RT | is emitted,

For the g-bands of NO, ¥ = 37@ becormesn

By Rt 3,2 | T o
¥p= 0.988(10 §§z@3@€p%p KI8TTY enp [ol,%‘?éw@@«wﬁf T 1-exp(-2720/1 ??
4 ,‘K{A,.,:m‘g“ L Y

foy wWeeo, 45440 e (2733

and the mean total absorption at low pressure of an isolated band is

given by from Hqs, {252)and (267}

e - = «12, .27 [ .
g%m@ié % = 0, 951{107 )1 Lz%“@?* mm/b.@;a (274}

For the Y w-bands of NO
= + iz z 2" : w«;z e [ N 5w = ] ¥
¥ = 1.3B2000KE . g H/ETT) exp 1 =1, %B%w u(,a)}if leeupl{-2720/7},
X @3&:@:‘:? 14 - ~ - :

fo < = 3 m
g‘wr (@S] w@@ - ‘éﬁ%p a%‘% e:%» & éf?;é?;%?
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Also
- 12, 27, 6 :
(B ana/S )y = 0.312067 %) o1 ;}»Eézy% SRl {276)

The mean emissivity for the superposition of the y- and p»-band

systerns is
ro oz o
LA r A ‘ !
" T"band \ ' Tband | o
£ 7 leexp o Loy e {277}
e L | 8 1'—3( : 5

Finally, the overall hemispherical emigeivity & at low presgsure is

given by

r :

! PURIOS I 8 B SR
i LT f a. 3“"‘”‘ up ¢ =0, 66110 " z;g“’im&g /ﬁ; Hf{zé,a
: I
+ 0,33 E»EQ—B’ ?7 :*QX ,{"}B’} du (278)
SRR S

where u = hecofkT, The total hemispherical emissivity £ has baen

evaluated by aurmerical integration for various opticsl densities and

various temperatures as a function of gA = 273.1 ¢ folec /2T {pee Fig,
21}, The emiseivity E was also caleunlated fo eral cases agssuming

that the line structure was cornpletely smeared out {m which case Eq.
[ T 5 ;e Do

{278) applies with (l-c{y) H{7,0) replaced by 4,177 ; . At 80007 K the

neglect of the line structure may introduce a 20% errvor, at 4000°K the

error may be as much a8e 40%. The weasurements of Weber and Penner
(60,61), .. , . . ,
indicate that { ~ @, 025 and { ~ ¢,008, An appropriate
elec Y & lﬁ’?@@ &
\ . & . -
estimate of (g %_X ig 0.10, Thue it is expected that

p

.z . Z, P
%igl@eﬁi ) e=0.8E, g7) (279)
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it

{here eguality would imply :57]/ = 1, %? }.  In the caleulations ?("y Wae
/
placed equal to "?[5 .

(273.1/7 g%ﬁziz, explicit expressions

For ‘; small, Eqs. (221),

For small values of g
for the tetal emiseivity & may be obtained,

{227}, {250} and {(267) may be combined to vield the mean spectral

ernissivity of a single band systew:, viz,,

£ = 2(2.38)00" )2 g ot eoseo )| 1-exp(-1/C)]
( . : (
| exp i»h@@w@@ww}ﬁﬂl for Ly ;E«-@ pimh@w“@iiﬁﬁ‘é ‘
| | 4% A "
<[ hec @/E’“& - (2809
1 for wo>w } {
ja e | 4
2 JJ

M%

Thus, the overall hemispherical emigsivity for a single band aystem

given, for ‘g << 1 and Yo, T h@w@@/%@iﬁ? >>1 by the approzimate expression

-
r 1 — D el ohe ost [T |
2 leexp(-1/C) | {2.38)10" z, , , L-exp{-hoor KT
fak R ég@i f@ - g 2}1@@0" i‘iﬁ' _4)(,
5. 4936 e[ healMEEL
[ |
! @l o0
| o oo (oo 4 o L
§ == J’ uodu 4 — f uwe du,
| i
f fxie o [ 1 @ f
| oo j
2 teewpl-1/E) (2. 38007 Bty Leexp(=hicc”  /&T) cepien )
- . 4939 1Ea oty : heo! T&T T oo
. |
u as | |
/ 2 bu Tedu Peize v zae £ f , (281)
@‘@

i
|
|

P
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The total emissivity of the 7 - and B-band systems may be obtained,
for small values of £, by adding the individual contributions of the

Y- and p-band systems, vis,,

Ea .’?233/ + E/b
whezre Eo and E o are given by Lq, (28l) when appropriate values of
the parameterse are substituted,
In Fig, 21 we have also plotted values of the emissivity of NC at

8000°K taken frem the paper of Kivel, Mayer and F @ﬁh@.$ Reference

te Fig, 21 shows that their estimmates of the emigeivity of NO (when their
electronic {-nurmber of the g-system is normalized to the value used in
this report) are about 50 percent higher than ours, This difference is in
part due to our use of a relatively %maﬂeé value of the electronic f-
nuirber of the y-system (0, 0025 as compared to 0, 008 for the pesystein;

Hivel et al &meﬁ H = § ) and in part due to the different analytical
ee elec 5

- procedure.
In Fig. 22 we have plotted the partial emission spectrum of the
p -bands of NO at 8000°K which obtains at low optical densities when the
rotational fine structure is smeared out (i,e., high pressure), Only

.transitions from the first six upper vibrational states are included, The

When comparing the resgults of the present paper with those of i@;ivei et
al, one must remember that Kivel presents the emigsivity of a flat
layer of NO whereas our hemispherical emisgivity describes the radiant
emiagion from a hemisphere, Kivel uses the value 1,8 [ as the

effective mean hemispherical radive of a layer of NG of transverse
thickness [ e¢m. Thus our parameter g is related to Kivel's para.

meter 77 @ the Qﬁﬁ’&a@%@l@ﬁ

=z1.8%,
E@ 7
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contribution to the spaciral absorption coeflicient {row: each band was
computed according to Bg. (215) utilizing ZTgs, (257) and {257a) to abtain

the integrated intensities from the values of the vibrational overlap

26)

T,

integrals listed by Kivel, Mayer and Dethe,
have plotted the “swoothed” speciral radiancy of the [(obands of NO at
4000°% and 8000°K as o function of wavenwmber corresponding to the
mean spectral emissivity given by Eqgs. (273), {(274) and {277} when
f@imY is set equal to s«:»z@r@..

The procedure ouvtlined in this report should be useful {or
estimating the vltraviolet emissivity of molecules whose spectra
containsg & large number of bands, Molecules whose eguilibrivm intere
nuclear distance is appreciably different in the upper and lower statas
will veually generate such spectra. ‘Typical examples of such band
systems are the Vegard-Kaplan bands of f%’?éé‘ag the Schurmann-Rungs bands
of %T}z and the second negative bands of @sg*‘a For each molecule the
appropriate distribution function (?[0(.9( é’w?j and the mean intengitly
d{w) must be determined by specific reference to the relevant
vibrational overiap integrals,

The emissivity of a minture of gages whose spectra everlap may

be computed by the method outlined in Section IU for overlapping band

systems, Thus, the total mean spectral emigsivity € of a minture
of N gpecies is given by
-
P
. {_ <O 1 | .
€ =mlegxple ) ¢ . ‘» {282)
- L. T, .
0 SRR I  non-overlapping
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ic the emigeivity of the i'th species

W, | .
i non-overlapping
assuring no overlapping occur

e
g &

mong the bands belonging to

Hence, the overall emigeivity is

that species,

&

[ r & ;
Boa | f,?f’@ fo ¥ TF/ deo . (283}

J L SO

4]



[y

s
ool

Bt g e pes g

[

£

&, &, Penner and A, Thomson, "Determination of Zguilibrium
Emir&?@w& Ermigoivities {rom Specirvoscopic Data’, Technical
ag&s ¢t Na, 25 , Contract MNonr-220(03), N2 015 401, Califoraia
Institute of ““”e%hﬁcamg Pagadena 1957,

1! ?'“

2, Planek, "E”‘F‘m Theory of Heat Radiation, translated by 3,
Masius, P, Dlakistons Gom 809 0.0, » Philadelpbia 1914,
Chapter I3,

L. Page, Introduction to Theoretical Physics, D, Van Nostrand
Co., New Tork 1935, pp. B46-850,

Por a derivation of the Eﬁimck m@.@?ﬁb@éy digtribution law see, for
ewvample, J. B, Mayer and ¥, &, Mayer, Statistical iMechenics,
John Wiley and Sons, New York 1940, pp. 363.372,

Plapek Radiation Functions émé Hlectronic Functionsg, Fedsral
Worke Agency, w b4, Natonal Duresu of Standards (1941),

W, &, Peorsythe, Chapter ] on "Fundamental Concepts and
Radiation i&%@“’ in Meagurements of Badiant Energy, Melraws
il Sook Co,, MNew YVork 1937,

o

A, Einstein, Phyeik, Z., 18, 121 {3817),

See, for example, A, Unsdld, Physik der Sternatmosphéren,
Jo W, Edwards, Ann Arbor 1948, pp. 170-174,

V. Weisskop! and £, Wigner, Z. Physik 63, 54 (1930).
Ungold, loe. eit., pp. 176-178,

i, &, Loreats, Versl., Amsterd, Akad, 14, 518, 577 (1905).
W, Lenm, Z., Physik 28, 299 {1924); 80, 423 (1933).

V. Weiaskopf, Z, Phyeik 83 85, 451 {1923},

Y, Weisskopt, @iﬁ@ﬁ%v%mxg 56, 291 {(1933).

¥, W, Anderson, Phys, Rev, 76, 647 (194%]).

En

Jo . Van Vieck and M, Margenauw, Phys., Bev, 76, 1211 {1949).



109

17, L. H, aAller, Astrophyeice, The Honald Press Co,, New York
1953, pp. 308318,

18, A, C, Keolb, "Theory of Hydrogen Line Broadening in Highe
Temperature Partially loniged Cases”, Report 218%9-3-7,
Univeraity of Michigan, Zaginecering Research Institute, Ann

Hrbor 1987,

Kivel, 8, Bloom, and ¥, Margenau, Pev, Mod, Phys, 8, 41

§o

20, See, for exemple, 5, %, Penner and R, W, Havanagh, J, Opt,
Soe, Am, 43, 385 (1953).

s

o
w53
@

5

3‘,20
193

o

Y,
et

21, A, €., G, Mitchell and M, W, Zemansky, Resonance Radiation
and Lxcited Atomes, Cembridge University Press, Cambridge
1534, Zppendix I,

22, 5L, M, ¥, van der Held, Z. Physik 70, 508 {1931),

23, &, Thomson, "Caeleculation of Dipole Moments and Abgolute In-
tengities of W, HC), and HBr*", Technical Report No, 24,
Contract Nonr-220{03), NR 015 401, California Institute of
Technology, Pasadena, April 1957,

24, D, L. Crawford, Jr., and ¥, L., Dinsmore, J, Chem, Phys, 18,
983, 1682 {1950).

25, W, R. Jermain, P, A, Fraser and R, W, NMNicholls, Astrophys, J,
118, 228 (1953); Astrophys., J, 122, 58 (1955),

26, B, Hivel, H, Mayer and ii. Bethe, Annals of Phys, 2, 87 (1957},

27. G, Herzberg, Infrared and Raman Specirs, 2nd Ed,, D, Van
Nostrand Co., Ine., Princeton,

28, P. €, Cross, R, M, Hainer, and G, W, King, J. Chem, Phys,
12, 210 (1944),

29, &, &, Peoner, J., Chew., Phys, 19, 272, 1434 (1951},
30, D, Kastler, Comptes Rendus, 232, 2324 (1981},

31, C. A, Coulson, Valeace, The Clarendon Press (Ouford) 1952, p. 71.



3z,

33,

34,

35,

36,

Re &, Mulliken, C, A, Hieke, P, Orloff and 1, Orleff, J, Chem.
Phye, 17, 1248 {1943),

J. €, Slater, Phye, Rev, 356, 57 (1930).

L, Pauling, Wature of the CThemical Bond, Cornsll University
Press, Ithaca 1939, pp. bl, 334,

S, 8. Penner and D, Weber, J. Chem, Phys. 21, 649 {1983},
Jo ©, Hirschielder, €, ¥, Curtiss and R, I, Bird, Moleculay
’E‘ha@rg{ of Gases and Liguids, John Wiley and Sons, Inc,, New
Tork 1954, pp., 46054,

P, Debye, Polar Mpolecules, Dover Publications, Inc.,
York 1929, p, &1,

A, Jueys, Proc, Roy. Soc. 1734, 59 (1939).

Jo &, Mayer and M. G, Mayer, Statistical Mechanics, bhn Wiley

N

and Sons, Mew York 1940, Chapter 7.

W. M, Elsasser, Harvard Meteorological Studies Ne, 6, Milton,

P

MMass, {1942),

H, Mayer, "Methods of Opacity Caleulations”, Los Alamo

SBcientific Laboratory, Techmical Report No, LA-L4T, éi%%aﬁe
R. M, Goody, Quart, J. Roy, Met, Soc. 78, 165 (1952},

H, 8, Goody, The Physics of the Stratosphere, Cambridge
ﬁmwwzw Prese, Cambridge 1954, pp, 161163,

$. 5. Peaner and A, Thomson, J. Appl. Phys. 28, 514 {1957).

{a} &, 8, Penner, J, ﬁ}j‘zpi. Phys. 21, 685 éi%;’%@%; b} J. Appl.
Mech, 18, 53 (1951} (c) 5. &. Penner and I, Weber, J, Appl.

g

Phys. 22, 1144 (1951),

H, €, Hottel md o &, Zgbert, Trans, Am, Inot, Chem. Zng.
3‘6% 531 (1942} H., C©, Hottel and G, Mangelsdori, Trans, A,
Tust, Chem, bng, 31, B17 {1935},

[

5

&, Thomeon, "Radiant Brmrission from Mon-isotherrmal Water
ALtmeepheres Computed from Isothermal Smissiviey J&éa“
Technical MNote No, 2, Gruen Applied Science Labe,, Pasadena
Septermber 19561,




i1l

See, for @%ﬁ&lﬁ‘i?i@, H, &, Lovente, Proc. Amet, skad, Sei, 8,
59 {1906); W. Lenz, Z., Phyeik 80, 423 (1933); V., ¥'. Weisskopt,
Z@‘%y@ik Z. 34, 1{1933); £. Lindholm, Ark ,w,, fwﬁ:z@ﬁ,
Fysik 32, i?mi@*‘éi’é},, . H, Van %”Ez@e::%: and V, ¥, %? ssleopi, Revs,
Modern ¥ Phys, 17, 227 (1945); J. ¥, Van v?.m:%; and *u Margenau,
?%ws. Rev, “E’é, 1211 {1949); P. W, anderson, Phys, Rev, 76, 647

1949 &1, wvarg@mam Phys. Rev. 82, 156 (1981%

.

. Penner and D, Weber, J. Chem, Phye. 19, 807 {1981},

o
o
il g

Se 8. Penneyr and D, Weber, J. Chewm, Phys, 21, 649 {1953 ).

D, Weber, R, J, Holme and &, &, Penner, J, Chem, Phys, 20,
1820 (1952).

D, Weber and 8., 8, Peaner, J, Chem, Phys 21, 1503 {1953).

(a) 8, 8, Penner, M. Ustrander, and ¥, &, Tgien, J. Appl.
Phys, 23, 256 (1952); (b) 8. &. Penner, J. Appl. Phys, 23, 825
119525,

%

S::;g E‘:e p@m@ﬁlg Eo Jﬁﬁppl. ?:ﬁy@o -§§' ’ééﬁ €1@§%§0

£, Thomson, "An Ag,pr@mm@ﬁe Analytic Buxpression for the
Engineering Emissivity of Water Vapor", Technical Note Ne, 4,
Gruen Applied Science Labe., Pasadena {April 1957),

T, G. Cowling, Phil. Mag. 41, 109 (1950).

J. N, Howard, D, L, DBurch and 1, Willlame, Geophysical Re-
search paper No, 40, AFRC.TH-55.213, Chio Seate University,

{Mov, 1955},

%

W, B, MMecAdar E, Heat Tranemission, Chapter III by ¥, C, Hottel,

;m:iyg%‘wm*ﬂi Souk Co,, New York 1952,

See, for example, I, 3, Peuner and B, X, Bjérnerud, J, Che
Phys, 23, 143 (1955},

D, Weber and 5, &, Pemner, “Absolute Intensities for the Ultrae

violet Ye-bands of NOY, Technical Report Mo, 18, Contract MNonr -
220{03), NR 015 401, Californis Institute of Techunology, Pasadena,

ﬁ‘@fﬁi ggwu’a



Lol
st
®

D, Weber, "Approximeate Zstimates for Several Ultraviolet

P ~bands af NO", Technical Report No, 23, Contract No, Nonr-
220(03), N=x 015 401, California Institute of Technology, Pasadena,
March 1957,

G. Herzberg, Specira of Diatomic Molecules, 2ud ed,, D, Van
Mostrand Cowpany, Inc., New York 1950,

VW, Kavanagh and 8, &, Peoner, J, Opt. Soc. Am, 43, 383

e Y¥

{1953},
S, ., Penmer, J. &ppl. Phys, 21, 685 {1950),

e @

5

8. 5, Peuner, J. Appl. Mech, 18, 3% {1931},

So B, Penner and D, Weber, J. Appl. Phye, 22, 1164 (1951).
5, B, Penner, "Infrared Zmissivity of Diatomic Gases® in

National Dureau of Standards Cirveulay No, 523 on Lnergs
Tranefer in Hot Cases, Washington {1954},

Do G Penner, M, H, Ustrander and i, 8, Tsien, J, Appl, Phys.

Z:’ﬁg

23, 256 {1952},

5. Penmer, J. Appl., Phys, 23, 825 {1952).

g
wdg B

&, &, Penner and A, Thomson, "Infrared Hmigsivities and
Abgorptivitiee of Gases”, Technical Report Me, 21, Contract
Monr-220{03), N 015 401, California Institute of Technology,
Pagadena, Acvgust 1956 (this report has been published in J, Appl,
Phys, - see ref, 44).

&, Thomson, "Emissivity Estimates for Heated NOY, Techrical
Report No, 6, Contrect AF 18(603)-2, California Institute of
Technology, Pasadena, Movember 1957,



TABLE I

Parameters occurring in the Slater wave functions for the hydrogen

halides
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and observed values of the dipole moments for zero s-p hybridisation
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Summmary of ebsorptivity expressions

Type of Molecule

Absovrptivity ()

Diatomic or linear melscule ay ‘
low pressure ‘

All molecules at high
pressure T

Vater vapor at low pressure L
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