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ABSTRACT

Any rational algebraic function of a complex variable,
and certain irrational functions, can be factored in either
of the equivalent forms:

F = K, 2% (z - zl)ml (z - zg)m2 s e s
or Féznsz’(l--;-l)ml(l--;-a)mz. coe .
In these expressions, F is a function of the compléx vari-
eble z; each m represents a positlve or negative constant,
and the other letters represent complex constants, A theory
is developed for computers for such functions, in which
voltages proportional to the logarithmic components of each
factor are obtained from the electrical potential distribu-
tions on a pair of uniform resistive sheets, The electrical
summation of the voltages representing the factors then ylelds
readings of the logarithmic components of the function,

An actual computer, built to test and demonsirate the
theory, is described., This computer accepts information in
the form of the magnitude (absolute value, modulus) and the
phase (angle, argument, amplitude) of each constant a.nd of z
in either of the above expressions, and yields answers in the
form of the magnitude and phase of the function F, The com
puter is useful for applications requiring the evaluation of
F at a large number of values of z3 it is even more valusble
for the inverse problem—-that of determining by tfia.l (by root
locus tracing) the values of z (the roots) for a given value

of ¥,
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INTRODUCTION

The differential equations describing a linear elsectrical

or mechanical sys teml »2

are commonly transformed into a set

of linear algebraic equations in which the real variable,: time,
has been replaced by a complex variable such as the Laplace
transform variable s, the Heaviside operator p, or in the case
of sinusoidal single frequency problems, the complex radian
frequency Jjw. Such a set of linear algebraic. equations leads
to rational algebraic functions of the complex 'cra.ria,'ble.3

When quantitative evaluation of such functions is required,

as frequently occurs in the development and deslgn of eléctro—
mechanical qu:.:i.]gzmen‘.:}"'5 the mumerical calculations are often
very involved and tedious. Various machines and techniques
have been proposed and used to simplify such calculations,

The present computer was developed in an attempt to overcome
certain shortcomings of previous computing alds. | Although the
computer was developed to fill a need in problems involving
electric networks and feedback systems (feedback amplifiers
and servomechanisms), it is offered as a general purpose com—
puter for rational algebraic functions and certain other
functions of a complex variable, with the hope that workers

in other fields will also find it useful,



PART I
MATHEMATICAL CONCEPTS AND COMPUTING AIDS

Complex Quantities~—Magnitude and FPhase

A complex quantity is ordinarily specified by two real
quantities, or numbers, called the real and the imaginary
components of the complex quantity. Where products‘ of complex
quantities are to be computed, it ie frequently convenient to
use the real and imaginary components of the logarithm of a
quantity, instead of the real and imaginary components of the
quantity itself, The real component of the logarithm is the
logarithm of a real quantity known as the magnitude, absolute
value, or modulus. The imaginary component of the logarithm
ig another real quantity called the argument, amplitude,
phage angle, or simply “phase," The magnitude and phase of
any complex quantlty can tlms be considered as an alternate
get of components by which the quantity may be spéciﬂed. In
the actﬁal computer which will be described later, these,
rather than the real and imaginary componénts, will be treated
as the basic components. |

In thig thesis, the abbreviation "log? will be used for
a logarithm to any base, while "1n" will be used to denote
log,, the natural logarithm, The magnitude and phase of any

quantity, for example F, will be writien as IFf and [P
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respectively, and the abbreviations Re and Im will be used to
stand for "the real component of® and "the imaginary component
of" respectively. In terms of these symbols,

Re(ln F) = 1n |F| = "log magnitude F¥

In(ln F) = [P (radians) = “phase T
or written as a single equation, in which j =V =1,

InF = 1n|F| + § [F ' | (1)
The logarithm of a product of complex quantities is equal to
the sum of the logaritims of the individual factors. There-
fore the magnitude of a product is equal to the product of
the magnitudes of the factors, while the phase of a product

is the sum of the phase angles of the factors,

Coordinate Systems for Complex Quantities

Since a complex quantity is defined by two real @anti-
ties, or components, it can be represented as a point in any
two-dimensgional coordinate system, The most comﬁon coordinate
system for a complex varisble z is called the "z plane," It
is the simple Carteslian coordinate system in which the
abscissa x = Re(z) and the ordinate y = Im(z)., In the
z plane, the real and imaginary components of z and the magni-
tude and phase of z are related geometrically és indicated in
Figure 1. Two other simple coordinate systems are the

#1/z plane! and the™log z plane." These derive their names



’.\T
A
£
=
]
>
_JZZ
z=x tjy=lzlé

o _ X __ge

7\

7

/
/ |
/ I
1=l Iy

/ |

/ I

/ |

//&Lz ! x = Re (2) —
5 .
Figure 1

The z Plane



=5~

from the fact that the abscissa and the ordinate are the real
and imaginary components respectively of%— and of 1n z, If
contours of various values of iz| and [z are marked off as a
new set of coordinates in each of these planes, they appear ag
ghown in Pigure 2, In the z plane, (2| and [z are seen $0 be
ordinary plane polar coordinates; in the log 2z plane, ln 2z
and [z are the abscissa and ordinate, so that the contours of
izt and [z are straight lines corresponding to the calibration
of "semi-logarithmic" graph paper,

The above coordinate systems are conformal transforma=
tions of one another, since the functions of z relating then
are snalytic. The coordinate systems in this thesis will be
used to describe electric current flow and voltage dlstribu~
tion in uniform resistive sheets; therefore only coordinate
systems which are conformally related will be permitted, 4
change in scale is a conformal transformation if both coordi-
nates are changed in the same proportion; hence any scale can
be chogen for a coordinate system, but it is essential that
the same scale be uged in both directions. In the log z plane
it is necessary that the “patural® units~natural logaritims
of magnitude and radians of phase angle—have the same scale,
But neither natural logarithms nor radians are particularly
convenlent units for everyday use in plotting z. TFor practi-

cal use, 1Z| will be indicated on a logarithmic scale marked
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in decimal values of izi; the most useful scale unit 1s there-
fore the decade (also called a Ycycle" in graph paper)-—the
distance representing a magnitude ratio of ten. A distance

in decades is equal to the log;n of the corresponding magnitude
ratio, or'é:%aj'times the 1ln of the ratio; thms one decade is
equal to 2,303 natural logarithmic distance units., Other
logarithmic units which can be used to specify magnitude ratios
include the octave, which is a magnifude ratio of two (number
of octaves = logy of the ratio); the decibel, which for voltage
and current ratios (not power ratios) is defined as 1/20 of a
decade (nuwmber of decibels = 20 x logyy of the voltage or
current ratio); and the neper, which is the natural 1oga?1thmic
unit for voltage and current ratios (number of nepers = ln of
the voltage or current ratio), In the [z direction, the scale
is linear, but the practical scale units are degrees (°) or
revolutions (multiples of 360° or 2s radians). One radian is
equal to 57,30°, so that 1 decade = 2,303 natural units (1ln or
redians) = 131,93°. One decade is therefore approximately
equal to (=) 132°, to an accaracy of 0,05%; 3 decades =<396°

to the same accuracy; or 3 decades =~ 400° with an error of
about 1%, These and other useful relationships between
practical scale units for magnitude and phase are listed

in Table I,
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Most semi-logarithmic graph papers are not at all
convenient for plotting degrees versus logarithmic magni-
tudes in the natural proportion, but Keuffel and Esser No, 358
6r 359 = 73 or 73L (3 cycles x 10 to the half~inch, 5th %ines
accented) is remarkably suited to the purpose, On this graph
vpaper, when each line represents 2° and each accented line 10°,
3 decades and 400 each nominally occupy the same length
(10 inches)=-an error of only 1% from the correct scale ratio,
K, and B, No, 71 or 71L (3 cycles x 10 to the inch, 5th lines
accented) is equally accurate when each line represents 4° ang
each accented line 20°, but this calibration is obviously less
convenient to use, Measurements on samples of this gre;ph,
paper‘ showed a deviation from the nominal scales in the favor—
able direction, so that the error was actually nearer to one
half of one percent. The other K. and H, graph paperé with
the same logarithmic scale also exhibit useful properties,

No., 72 or T2L (3 cycles x 6 to the half-inch) is #ominally
exactly correct for plotting decibels versus logarithmic
magnitudes, when each line represents one?balf decibel.‘ And
K. and E. No. 112 full-logarithmic graph paper with the same
logarithmic scale is available for transferring a decibel plot
to a voltage or current plot by tracing the curve onto No, 112
from No, 72 semi~-logarithmic paper, or vice versa, Thus all
of the Keuffel and Esser full-logarithmic and semi-logarithmic

graph papers on which the length of each decade or Heycle! is
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equal to 3 1/3 inches are well coordinated for various kinds

of plots in the natural proportions described in this section,
If a semi-logarithmic paper with a smaller scale is desired,

K. and E, No, 91 (5 cycles x 10 to the inch, 5th lines accented)
is a good choice., It is excellent for decibel plots, since each
line represents one decibel in the natural scale ratio, It is
not so convenient for log z plots, but it is correct to 1% when
each third line represents 20°.

In the z plane and the 1/z plane, each value of z appears
only at one point in the infinite plane; but in the log z plane,
each value appears an infinite number of times, being repeated
at intervals of 21 in the [z direction, Therefore, when magni-
tuds and rhase are used as the components by which a complex
quantity is specified, it must be recognized that any two
quantities which are equal in magnitude but differ in phase by
&8 maltiple of 2n are in reality not different quantities, tut
only different representations of the same quantity. It is
sufficient for the representation of every value of z to use
any strip of the loz z plane of width 2n in the [z direction
but of infinite length in the iz/ direction., Such a "log z
strip" of width 21 will be called a "single-width" strip; a
strip of width Un, containing every value of z twice, will be
called a "double~width" strip; a strip of width n will be
called a "half-width® strip,



The surface on which the two coordinates are specified
need not be a plane; it can be a surface in two dimensions,
Two such curved surface coordinate systems will be mentioned,
If a single-width log z strip is wrapped around a tube of unit
radins and joined slong the sides, the resulting coordinate
system will be an infinitely long "log z cylinder." In this
coordinate system, 1ln (2| is measured along the 1engfh of the
cylinder, and [z is the angle about the axis of the cylinder,
Another interesting coordinate system is ohtained if the
infinite ends of the log z cylinder are folded in, i.e,,
transformed conformally, into plane eands, forming a "cylin-
drical box" coordinate system on & surface shaped like the
familiar tin can, This coordinate system is different from
the others which have been described in that it is finite in
gize, yet all values of z including zero and infinity are
contained on it. Purthermore, it can be shown that the ends
of the box are portions of the z plane and the l/z plane
respectively; therefore the cylindrical box coordinate system
is actually a combination of the three bas.:lc coordinate sys—
tems in Figure 2. The log 2z cylinder and the cylindrical box,

with |zl end [z marked off as coordinates, are illustrated in

Figure 3.
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Rational Algebraic Functions

A rational algebraic function of a complex varisble is

one which can be written in the form

AO + Alz + .&222'5‘ A.-523+ . . . .
By + B1z + Boze+ Bgzdt ¢ ¢ - (2)

in which z represents the complex varisble, and the A's and
Bts are coefficients which are usually real but may in general
be complex, Such a function can be factored into either of

two equivalent forms

my (z=8) (z=ap)Ce o -
B T (s bgm s )

which will be called the %conventional form®" for the factors,

m
a-fta-5%. ..

—=. (3n)
Q-E) -2 . .

or Kn 200

which will be called the "normalized form" for the factors,
When the complex variable z is represented in a coordinate
system, the points z = a;, z = ap, etc,, are called zeros of
the function in either of the above forms, since these are

the values of z at which the function is equal to zero. Simi-
larly, the points z = by, z = bp, etc,, are called poles of
the function, since these are the values at which the function
becomes infinite. Each value of m or n is called the order of

the corresponding zexro or pole,
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The above functions can be written more compactly using
the symbol IL to indicate a product of factors, in a manner
analegous to the common use of the symbol = +to indicate a
summation of terms., Using this symbol, and replacing the als

and bts by zp's,

F = K, z20 ]1;[ (z - zk)mk | (4ec)
or Po= Epzo I (1- )% (k)

The factor zm° has been written separately in each case so
that 2, =f 0. The two expressions are seen to be equivalent,

their constants being related by the formmla
X m z :
T I (g = (-1)7E IT g (5)

For a rational function, each exponent my ig a poéitive or
negative integer, and K, or X, and each %, is a constant
which may in general be complex, ZXach point z = 2 is then
elther a zero or a pole of the function, depending on the
sign of the corresponding e A pole can therefore be

looked upon as a zero of negative order, and vice versa,
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The functions encountered in network theory are usually
rational functions with real coefficients, in which case K,
or K, is real, and complex zp's occur only as complex conju-
gate pairs., But the computer theory developed in this thesis
is not limited to such functions, or even to rational functions,
It will handle a function expressed in either of the above
forms, in which in general X may be complex, the Z's néed not
occur in conjugate paire, and the my's must be real but need
not be integers. When any my is not an integer, the function
is irrational, and the corresponding point zy is a branch
point, rather than a zero or pole. Although the charactgris-
tics of branch points in the theory of functions are much
different from those of zeros and poles, a branch point repre—
sented by a fractional exponent in either of equations (4) may
be looked upon for purposes of quantitative evaluation as a
hypothetical "zero or pole of fractional order." Therefore it
will be understood that whenever zeros and poles é.re mentioned

in this thesis, such branch points are also included.
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Computing Aids for Algebraic Functions

. One powerful method for the gquantitative evaluation of
any function which can be expressed in the form of either of
equations (4) is the graphical technique, In the z plane,
the magnitude and phase of a factor (z - zk) are simply the
length and direction angle respectively of the straight line
from 2z to z. Therefore when all the zeros and poles of a
function have been plotted, its magnitude for any particular
value of z can be determined by measuring the distance from
each zero and pole to point z, raising each value tc the
proper exponent and multliplying on a slide rule., The ph.g.’se
of the function can be determined graphically by measuﬂng
with a protractor the direction of the line joining each zero
and pole to point 2, pultiplying each angle by the value of
the exponent in the corresponding factor, and adding 6r sub~
tracting. A number of authors have described applications of
the graphical method and the underlying geometricél concepts
to various problems in electrical networks and slectromechan—
ical feedback systems, or s;e::v'tamecI:ﬁa.n'.!.aasmss.6'7'g Machines
operating on these geometrical relationships have .a.lso been
built in which the multiplication of distances and the sum-

mation of angles is performed mechanically or e:vl.ec:t.r:l.ca.:l.l;r."9

* A simple mechanical aid for graphical solutions is the
USpirule, ¥ availeble from Walter R. Evans, North American
Aviation, Ine,, Downey, California. A more complicated
electromechanical instrument is the "Complex Plane Analyzer,"
built by the Techrnology Instrument Corporation at Acton,
Massacimsetts,
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Another method which has been used to evaluate algebraic
functions in the form of equations (i) makes use of the dis-
tribution of electrical potential, or voltage, produced on a
ﬁniform resistive sheet or electrolytic tray.9-16 In this
method, current sinks and sources in the sheet are locatéd at
the zeros and poles of the function, and the current at each
of these points is proportional to the exponent on .the corre~
sponding factor, When a current flows to a single sink at a
point 2z, in an infinite uniforn sheet, the voltage at any
other point z relative to a reference point z, is prbpor-
tional to

log |z = z | ~ log ]zr -z
By the principle of superposition, simultaneous currents of
magnitude and polarity m, at each zero or pole 2y will result
in a voltage distribution relative o point 2, which is ro-
portional to

% . (logiz = z| ~ logizy = zyl )

e md

log
]} lzp= zk'mk

or

Multiplying the numerator and the demominator by the same
arbitrary constant, and writing separately the factor rep-

resenting any current at Zy = 0, this can be written as



R s
g% TL ]l - Imk
or log Kn & k 4:&-7‘-1;— (6n)
K, 2,0 ;k-[ [1- .z_rk‘ '

Comparing equations (6) with equations (4), it is seen that
the voltagze distribution on the sheet is an analog of log |Fl.
A voltmeter connected between any point z and a reference
point z, will yield a reading proportional to log -'—lﬁ%lﬁ-.
With suitable logarithmic scale calibration, the voltmeter
can be made to read directly the value of |F| relative to its
value at % = z,, Thus a large number of relative magnitude
values can be obtained as rapidly as the z contact can be
moved and the meter read, But when actnal values of |Fl| are
required, the relative values must be multiplied by tﬁe value
at z = z,,, which must be obtained by some other means,

Since the voltage distribution on a uniform resistive
sheet satisfies Laplacels equation in two dimensions, the
voltage can be represented by either the real or the imagi-
nary component of an analytic function of a complex variable,
and its value at every point will remain unchanged in any
conformal transformation, Since the coordinatev systems pre~
viously discussed are all conformally related, the electrical
potential analog method can theoretically be used in any of

them, on an infinite sheet, But the construction of a
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practical analog on a finite gheet of resistive material
requires that boundary conditions be met. The only practical
boundary conditions on a sheet are conducting boundaries
(electrodes) and insulating boundaries (cuts)., The boundaries
of the actual sheet must therefore lie alongz streamlines and
equipotential lines in the analog of the function, As a

result of the symmetry of rational functions with real coeffi-
cients, the lines along which [g is a multiple of n (including
zero) are always streamlines, Therefore the sides of a log 2z
strip analog of such a function can be cuts along any of these
1ines.u This symmetry requirement could be eliminated by the
use of a log z cylinder instead of a log z strip, for functions
with complex coefficients. Edge effects in the finite approxi~
mation of any of the infinite coordinate systems will be mini-
mized if the actual sheet covers an area much greater' than that
containing zeros and poles of the function, 1In log z coordinates,
the effect of finite length is negligible when the ends of the
strip or cylinder extend only two or three decades beyond the
region containing zeros and poles, But for similarly negligible
edge effects in the z plane or 1/z plane, the radius of the
sheet would have to be very much (a hundred to a thousand times)
larger than that of the region containing zeros and poles; on

a gheet of reasonable size, the region of interest would be tco
small for accurate measurements. A technigme which has been

uged to minimize edge effects consists of inverting, or
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folding under," the region outside a certain radial distance
from the origin, to form a double layer sheet.lZ The two
layers are circular regions of the z plane and the 1/z plane
joined together at the rim. It can be seen that this is
actually a special case of the cylindrical box coordinate
system suggested in this thesis, in which the cylindrical
surface has been shrunk to zero, bringing the ends 6f the box
together as a double layer sheet., The cylindrical box con-
struction could also be uged as a means for eliminating the
end effect on a log z cylinder to make the cylinder shorter;
zerc and pole electrodes on the cylindrical surface could
then be located as close to the ends as desired, In the most
general case, all three surfaces of a cylindrical box of
registive sheet material could be used in the analog, the
locations of electrodes and of voltages being reférred to the
proper coordinates on each part,

Unfortunately it is not practical in general.to set up a
potential analog for the phase of a function. It can be shown,
however, that the value of the phase can bé obtained from the
magnitude analog by integrating along a contour thé voltage
normal to the contour., This integral has been approximated by
sumning the voltages from a large number of voltage contact

pairs distributed along a suitable contcur.12'13



PART II

EVOLUTION OF A NEW COMPUTER

Research Goal

The method of electric potential analogs is seen to have
many attractive featureg, but it hag two serions limitations
for the practical eveluwation of funetions, First, it provides
no simple method for determining the phase of the function,
Second, it yields only relative values of the magnitude of a
functions when the absolute value is required, it must be
supplemented by some other method., The use of an a.nalog‘ on
one of the coordinate surfaces in three dimensions which have
been described might provide a slight advantage over the plane
analogs previously used, but it would not overcome either of
the two principal difficulties. |

It is well known that the theory of conjugate analytic
functions provides an extremely powerful method for anelyzing
electric- potential distribution and current flow in uniform
resistive sheets,1! Therefore it was felt that further study
might lead to some better technique for the evaluation of
rational algebraic functions—cne in which measurements on
electric potential distributions would be used in some manner
different from that of the direct analog method, The subse~
quent investigation was successful, leading to a practical

computer for evaluating both the magnitude and the phase of
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any rational algebraic function expressed in either of the
forms of equations (4). This computer is applicable to
functions in which complex zeros or poles do not occur in
conjugate pairs, even though & log z strip is used rather
than a log z cylinder, It is also applicable to irratiohal
functions which can be expressed in the form of equations (4)

with fractional exponents,

Dusl Sheets

When electric current flows in a uniform layer or sheet
of resistive material, the voltage contours or equipotentials
and the current streamlines obey the same geometric laws as
the contours of the real and imaginary components of an analytic
function of a complex variable, since they all satisfy lLaplacels
equation in two dimensions. If an analytic function F can be
found such that either Re(¥) or Im(F) is proportional to the
voltage at every point on the boundaries of a p:leée of uniform
resistive sheet, the same component of F will describe the volt-
age distribution over the whole sheet, The boundaries of a
sheet ordinarily consist of conducting boundaries (electrodes),
which must be segments of equipotential lines, and insulating
boundaries (cuts), which must be segments of stfeamlines. It
is possible under certain conditions to intércMnge the equi-
potential lines and the streamlines on a sheet, or to construct

a congruent pair of sheets on which they are interchanged, by
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interchanging the conducting and insulating boundaries and
supplying the proper voltages and currents., This is illus-
trated in Figure ¥, When this can be donme, if the voltage
distribution on one sheet is proportional to Re(F), the volt—
age distribution on the other sheet will be proportional» to
In(F), Such a pair of sheets would obviously be useful for
the evaluation of both components of F by means of voltage
meaguyrements,

For any voltage distribution on a uniform sheet, each
curvilinear rectangular element of area formed by eqtipoten—
tials and streamlines can be locked upon as a resistor, ‘t'he
resistance of which is equal to the resistivity of the sheet
times the length of the element divided by the width of the
element., If all the elements of a sheet were replaced by
their equivalent resistors, an equivalent circuit for- the
sheet would be obtained. If such equivalent circuits were
drawn for a pair of sheets with interchanged equii)otentials
and streamlines, they would be dual networks;lg such a pair
of sheets will therefore be called "dual sheets.¥ But a dual
network exists only for a planar network, and a dual sheet is
possible only if the original sheet and the necessary external
circuit form a planar network, When the sheet is a simply
connected region, i,e., when it is bounded by electrodes and
cuts distributed along a single closed contour, the circuit

is planar and a dual can be found. Each sheet in Figure Y is
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such a sheet. But if the sheet is a multiply comnected region,
i.e., if it is bounded by two or more separate contours, and

if a net current flows through an external path beiween the
electrodes on one contour and those on another, the circuit is
inherently non-planar. Figure 5 illustrates this kind of sheet.
Another way of looking at this limitation is to note that the
current flowing through an electrode on one sheet cbrresponds
to the voltage dlfference between the ends of the corresponding
insulating boundary segment on its dual., Hence if the algebraic
sum of the currents through all the electrodes on & closed con-
Sour on the original sheet is not equal to zero, the sum of the
voltage drops around the same contour on the dual sheet would
not be equal to zero, which is impossible,

A point current sink (or source) on a sheet would exhibit
an infinlte voltage; therefore on any actual sheet, a. sink
must be replaced by an electrode of finite size corresponding
to an equipotential line surrounding the theoretical point
sink, Any sheet containing current sinks isolated from the
other boundaries of the sheet is non-planar, and no dual
exists for the sheet as it stands. However, if lines exist
vhich are always streamlines for any distribution of current
to be encountered, then the sheet could be cut é.long any of
these lines without disturbing the voltage distribution., If
such lines connect all the electrodes on a sheet, the sheet

can be made a simply connected region by cutting along such
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Figure 5
Sheet with Non=Planar Circuit
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lineg, and a dual then exists for the sheet with these cuts,
An ingulating cut in the original sheet becomes a "conducting
qut" in the dual, i.e., a cut faced with a pair of strip elec-
trodes, as though the knife making the cut had caused the
edges of the sheet to become conducting as it pa.ssed‘ through
the sheet. Tor example, if the dotted lines in Figure 5 are
always streamlines, the dual of the sheet will be é sheet
which is made a simply connected reglon by conducting cuts
along any of the corresponding lines, as shown in Figure 6,
Of course the original sheet of such a dual pair need not
actually be cut; it is only necessary that the conducting
cuts in the new sheet be located along lines which could

have been insulating cuts in the original sheet,

A New Computer Technique

In the direct analog method of evaluating the magnitude
of a rational algebraic function F, the voltage is DPropor-
tional to 1n |F|, which is Re(ln F); the voltage on a dual
sheet would therefore represent Im(1ln F), .w'nich is [}'. But
since the magnitude sheet contains current sinks and sources
at all the zeros and poles of the function, the phase anslog
sheet would have to have conducting cuils cannecﬁing all the
zeros and poles along lines which were current streamlines in
the magnitude analeog. Such a phase analog would not be prac—

tical in a computer for analytic functions in general, since
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each function would have different zero locations and would
therefore require the construction of a new sheet with differ—
ent conducting cuts. If any sort of Gual sheet analogs are

to be used in a practical computer, it is obvious that each
sheet should contain permanent cuts and electrodes. An sctual
sheet would then be & finite portion of the theoretical infinite
sheet bounded by conducting and insulating boundaries along
lines which would always have been equipotentials and stream-
lines respectively on the infinite sheet,

A method of simplifying the analog so that this is possible
is suggested by the principle of reciprocation., In the direct
analog method, superimposed currents flowing to sinks at the
zeros and from sources at the poles of a function F, each cur-
rent weighted in proportion to the order of the zero or pole,
produce a voltage at every point z which is proportional to
log |Fl at that value of z. According to the theorem of recip-
rocation, similar results will be obtained if curfent flows to
a sink at the particular point z of interest, and if the volt~
ages at the zeros and poles of the function are superimposed—-
i,e,, weighted and added in a "summing voltmeter! circuit, The
particular velue of z at which the function is being evaluated
will be called z,, In this method z, will be the only point
current sink in the sheet on which the magnitude of a function
is evaluated, and %o on the dual sheet will be the only point

which must be connected to the external boundaries by a
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conducting cut. Point 2z o will of course be moved about in
the coordinate system for the evaluation of the function at
different values of z. Since one of the boundaries on either
sheet will be a small contour around z,, and since all the
boundaries are to be permanently atiached to the sheet, é.
change in z, must be accompanied by a movement of the whole
sheet relative to the coordinate system, |

If, for example, & sheet can be set up with a fixed
voltage distribution about a point z, such that the voltage
at any other point Zyy relative to a suitable voltage' reference
point, is proportional to Re[la(z ~2)] , then a dual sheet can
be set up on which the voltage at zk' ig proportional to
Im 1n( zé-zk)] « Since the real component of the logaritmm is
the log magnitude and the imaginary component of the logarithm
is the phase, the two sheets in any such dual pair wiil bhe
called the "magnitude sheet" and the Yphase sheet! respec-
tively. If in the summing voltmeter each input vbltage from
a contact at a point %, 25, ete., is multiplied by a corre-
gponding arbitrary positive or negative cénsta.nt oy, Mo, ete,,
before the voltages are added, and if another input to the
sumning voltmeter is connected to a mamally adjustable
voltage representing the real or imaginary compénent of an
arbitrary constant 1ln K, then the voltage reading from the
magnitude sheet or the phase sheet in the above example will
be proportional to the real or the imaginary component of

in X + ml ln(zo - zl) + ma ln(zo - 22) + **
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If the meter is provided with suitable scales, it can be

made to read directly the magnitude or phase of a function

K (z, - zl)ml (zo - 22)m2 L {Te)

Similarly, if a dual pair of sheets can be get up so that
the voltage at z, is proportional to Re El.n(l - ;ﬁ-}] and
;_n;[ln(l - %)J respectively, then the meter will read the

magnitude or phage of the function

K (1 - ‘:—z ml (l bt -:—;)mz . . . » ] (Tn)

These two examples will be considered as goals in the design
of a practical computer, since they correspond to the two -
forms into which a rational algebraic function commonly is
factored, given in equations (4c) and (Un)., It will be shown
later that such a computer in the z plane coordinate éystem
is applicable to the evaluation of functions factored in the
conventional form (le); a computer in the 1/z plaﬁe is appli-
cable to functions in the normalized form (lin); and a computer
in log z coordinates is applicable to functions factored in

either form,
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Mechanical Requirements in a Practical Computer

In a éomyuter using any of the plane coordinate systems
already described, it will be shown later than the resistive
sheets are to be moved in translation only. The relative
motion between the sheet and the coordinate system should
vtherefore for convenience be mechanically constrained against
rotation; the requirements for such a mechanism are l similar
to those for a drafting machine. 1f a log z cylindrical
coordinate system is uged, the sheet will be a cylindrical
surface; the components of the required relative motion are
then a sliding along the axis of the c¢ylinder and a rotation
about the axis of the cylinder, In either the plane orv the
dylindri-cal cage, it will of course be immaterial whether
the sheet or the frame representing the coordinate system
actually moves. Since the value of the complex varia‘ble Z
at which a function is being evaluated is the position of
point z, in the coordinate system, and since z, ié perma—
nently located on the sheet, the position of the sheet
relative to the coordinate system can be célibz'ated in terms
of components of z. If the constraining mechanisﬁ is cali~
brated in this manner, no other coordinate markings are
necessary; when a voltmeter contact is to be pléced at a
particular point Zyes the position can be found by setting
2 = 2 and placing the contact opposite point z, on the sheet,

It will be helpful, however, if the mechanism is also provided
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with some means for tracing the relative motion of the sheet
(the contour of z) on a piece of paper, since one important
application of such a computer is the determination by trial
(i.e., by intersection of loci) of the value of z at which a
function has a specified value, |

Since measurements of the magnitude and the phase of a
function are made on separate sheets, each sheet coﬁld be
provided with a separate sset of measuring equipment. This
would include a coordinate frame in which voltmeter contacts
would be placed at the zeros of the function; a mechanism by
which the relative motion would be properly consirained and
from which the readings of the complex variable 2z would. be
obtained; and a separate summing volimeter on which the magni-
tude or the phase of the function would be indicated. This
would be a needless duplication of equipment, however; and it
would complicate the setting up of a function by requiring the
placement of two separate sets of voltmeter contaéts at the
zZeros and poles of the function to be evalvated. The more
practical approach is that of providing thé smmning voltmeter
with a double scale for reading elthsr magnitude or phase,
and building the equipment so that either sheet can be
placed in position in the coordinate systenm, Aéa.in it is
immaterial whether the sheets or the coordinate frame are

actually moved.
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Resistive Sheet Materials

. The choice of a material .for the resistive sheets
requires some conslideration., Techniques using voltage
measurements in a tray or tank of salt water or other elec—-
trolyte have been used for many years for analog solutions
to appropriate problems, and they are said to be capable of
very accurate results if sufficient care is used in the
construction and maintenance of the eqw.a.ipmeni;.1"'2 However,
there are a number of limitations and inconveniences in the
uge of an electrolytic tray. The bottom of the tray'mst be
extremely flat and very carefully leveled; liquid lost by
evaporation must be replaced: the electrodes must be care-
fully prepared if their contact resistance is to be kept low
and uniform; and only alternating current can be used, in
order to avoid polarization at the electrodes, In redent
years, Teledeltos paper has become increasingly popular as a
substitute for an slectrolytic tray.9’13 Althougﬁ its uni-
formity of resistance may be questioned, it has been found
adequate by various investigators for many analog problems,
and it is very easy to use, It can be mounted in any posi-
tion, and it can be wrapped around curved surfaces; when
cemented to a2 hard insulating surface such as a‘sheet of
Bakelite, it is quite durable., ZElectrodes with negligible
contact resistance are simply painted on it with conducting
paint, and either alternating or direct current can be used

on it,



The Summing Voltmeter

.In the summing voltmeter circuit required for this type
of computer, several input voltages Vi are to be multiplied
by arbiltrary coefficients o, and added together, If the
meter were actually calibrated in voliage, the meter read.;tng

would be
Vieter = % m. Vi (8)

But in a computer the individual input voliages will repre-
sent elther the log magnitude or the phase of a factor of a
function ¥, Therefore the meter will instead be provided with
a logarithmic scale for reading |F| directly, and a linear scale
for reading [F directly. In order to include factors in both
the numerator and the denominator of a funection, provision must
be made for both positive and negative mis, as illustrated in
the basic circult of Flgure 7. A more accurate and sensitive
meter circuit using a vecuum-tube feedback summing amplifier
can of course be used if desired, For the most general
(irrational) function which can be evaluated in this type of
computer, each m, can heve any real value; for such functions,
the input resistors in the meter circuit would have to be indi-
vidually adjustable, For rational functions, however, each my
will be an integer. In this case all the input resistors in
Figure 7 can be equal, representing m, = i 1, and the voltage
for any factor with an exponent with a magnitude greater then

one can be connected to|m | separate input terminals of the



For D.C.:

inputs for common inputs for
positive m 's return negat.'?e ?‘k' Ts
input resistors —= ete, ? ete,
equal [shnts '
¢ \
. ‘,\\mﬂ sy,
d.c, microammeter—- i i
scale calibrated for ——az——>

reading |F) and [F

_F:g_:_*' A.Ces

Same as above, except:

1,

d.c, microammeter must be replaced by a.c, meter
which will respond to "polarity® or "phase" of a,c.
(for example: d,c. meter with synchronous input
rectification by a diode switching circuit)

shunts may be replaced by transformer with
center—tapped primary

Figure 7
Direct-Reading Summing Voltmeter



For D.C.:

inputs for common inputs for
positive mk's return negativye xfk'f
input resistors —u T 1 T
f etc, ete,
equal ghunts
2EN

balancing voltage
(from sheet
power supply)

potentiometer dial D:l

calibrated for
reading |F| and [F

d.c, galvanometer——
no calibration necessary

For A.C.?
Same as above, except:
1. d.c. galvanometer must be replaced by a.c, null
detector which need not recognize polarity of a.c,
(for example: a.c, amplifier and tuning eye)

2. shunts may be replaced by transformer with
center—-tapped primary '

Figure 8
Full-Balance Summing Voltmeter
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meter circuit. Since rational functions are likely to be
encountered mach more frequently than irrational functions, it
i_s practical to construct the summing voltmeter circuit with
equal internal input resistors to accommodate rational func-
tions, and to add extra resistance externally when a'fraétional
exponent is encountered in a function. The most common frac-
tional exponent is 1/2, for which the external resiétance
added will be egnal to the internal resistance.

The "meter" can be either an actual direct-reading meter
as shown in Figure 7 or a null-balance arrangement as shown in
Figure 8. Although a direct-reading meter is slightly more
convenient in some applications, a computer using a null-
balance arrangement is likely to be both simpler and more
accurate. It 1s not the actual voltage reading which repre-
sents the function, but rather the ratio of the voltage to the
total voltage applied across the electrodes on the gheet. 4
direct-reading meter will therefore be in error if the power
supply voltage changes, but a null-balance circuit will yield
readings of the desired ratio independent of the power supply
voltage, if the balancing voltage varies in direct proportion
to the voltage on the sheet. A further disadvantage of the
direct-reading meter is that it mast be polaritj sensitive, a
requirement which complicates the circuit if a,c, voltage is
used on the sheets; a null indicator need only indicate the

presence or absence of voltage, without regard to polarity.
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In practical use in a computer, the manual dial setting
required with a null type meter is of little disadvantage,
since the time required to make the mull adjustment is small
ﬁompared with the time required to set up the problem, 4nd
in locus problems, the mull type meter is actually'an ad#anr
tage--~in determining the locus of z for a particular wvalue of
|Fi or [F, the value is set on the dial and the locus of mill
indications traced.

Since the range of readings (voltages) which will be
encountered for various functions will be very large, it will
be necessary to provide meter readings in "ranges® or “bgnds,“
so that when the functlon reaches a value where the meter or
the dial runs off the end of the scale, an increment of cur-
rent can be added which is just sufficient to bring the meter
or dial to the other end of the scale, TFor convenienée in
reading the different scales, increments representing integral
powers of 10 should be used with the magnitude scéle, and
increments representing multiples of 90°, 180°, or 360° should
be used with the phase scale, A difference between two phasge
readings which is a miltiple of 360° is meaningless, the fune=
tion actually being the same, Therefore increments of 360°
added to the phase readings need not be calibrated, but the
increments must be provided in the instrument, since voltages

over a range representing several times 360° may be encountered.



PART III
COMPUTERS IN VARIOUS COORDINATE SYSTEMS

Computer Coordinate Systems

In a computer of this type, each factor of a function is
represented by a voltmeter contact touching the resistive
sheet and located at the zero or pole of the factor, The
coordinate system in which the zeros and poles are located is
defined by the components of some simple funetion of z--for
example, z, 1/z, or 1n z. This will be the principal coordi-
nate system of the computer, but since the voltage distr;bution
on the resistive sheet will remain fixed on the sheet as the
gsheet is moved about in this coordinate system, it will be
found convenient in the analysis of the computer to define a
second coordinate system fixed on the sheet., For a '_pi'incipal
coordinate system described by any function of 2, the secondary
coordinate system will be defined by the components of the same
function of w--namely, w, 1/w, or 1n w, The origin in the
gecondary coordinate system will be taken at point z, oh the
sheet, so that when z, is placed at the origin in the prineipal
coordinate system, w will be everywhere equal to z. Since only
translation between the two coordinate systems ﬁrill be found
necessary in a computer, rotation will be excluded, and the

coordinate transformation equations will be as follows:
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Between the z plane and the w plane: 2z =z, +w

‘Between the 1/z plane and the l/w plane: 1/z = 1/z, + 1/w

Between the log z and the log w plane or cylinder:

Inz=1nz,+1lnw, or z = z,w

Since it is desired that z, be the only point current sink
in the theoretical infinite magnitude sheet, the current flow-
ing to z, must come from infinity on the theoretical.sheet. But
since the infinite part of the sheet will correspond to differ-
ent values of 2z in different coordinate systems, the factors
which can be represented on a dual pair of sheets will be
different in different coordinate systems.

The factor represented by the voltage at any point zk_will
also be dependent on the voltage referemce point-——the point on
the sheet relative to which the voltage at zp is measured, The
voltage reference point can be either a contact fixed in the
principal coordinate system or a terminal attached to the sheet,
If it is a contact fixed in the principal coordinéte system, it
will be described by an arbitrary constant z, in this coordinate
gystem; if it is a terminal attached to the sheet,_it will be
specified by an arbitrary constant w, in the secondary coordi-
nate systenm,

Various possible voltage distributions and #oltage
reference pointe will be discussed separately for computers
in each of the three basic coordinate systems——z, 1l/z, and

log Z.



A Computer in the z Plane

. In the z plane, each value of z, appears at only one
point; therefore the only possible current distribution on
the magnitude sheet is & flow between z = o and z = z,
along radial lines through z,, Any straight line through z,
is therefore suitable for the required conducting cut on the
phagse sheet, The magnitude and phase sheets for a éomputer
in the z plane will therefore be as illustrated in Figure 9,
The sheet must be large enough so that some part of it always
covers the region in which the voltmeter contacts are located,
It can be seen in Figure 9 that the volimeter contacts and
the point z, at the center of the sheet can thus be placed
anywhere inside the dotted circle half the diameter of the
gsheet and centered on the origin of the z coordinates,

The voltage and current equations for this compufer can
be derived by transforming the sheets of Figure 9 into ln w
coordinates, ag shown in Figure 10, As viewed frém the power
supply, fhe equivalent resistance of each rectangular sheet
in Figure 10 is equal to the sheet resistivity times the
length divided by the width of the sheet, The simplest equi~-
valent circuits for the magnitude and phase sheets are there—
fore as indicated in Figure 1ll; their relationship as dual
networks inverted about resistance ¢ is obvious,

On the magnitude sheet in Pigure 10, it can be seen that
the voltmeter reading V) at any point wg, relatlve to the

voltage at a reference point w,, is



Magnitude Sheet:

Phase Sheet:

Voltmeter

Voltmeter

Figure 9
Computer in the z Plane
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Figure 10

Transformation of Figure 9 into the Log w Plane



Equivalent Circuit of
Masnitude Sheet:
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Figure 11
Equivalent Circuits for Figures 9 and 10
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Re(ln w,) - Re(ln w.,.)
= k == A 0;;11t Re(1n ___)
in—b -
ry

Ve = E

On the phase sheet, the voltmeter reading Vk' is

Im(ln w.) - Im(in w.) 1
Vit= E-== wkaﬂ_ = 5,, _I_g_(ln%)v

Substituting the coordinate transfor#xa.tion W=z -z,

the voltmeter readings are

a 2, = Z
V= gf; Re(ln '9“:"515) (9)
= Bt Zg = zk .
and Vi t= ~5 Im(1ln Yo = By et ) (10)

Since z, represents the partieula.r value of the variable z at
which a fanction is being evaluated in the computer, the above

volfages represent the logarithmic components of a basic factor

272k (11)

Z = Zp
If the voltage reference point is a voltmeter contact »ﬁxevd
in the z coordinate system, 2, is an arbitrary constant, and
its most useful choice would appear to be point z;. = (0, at
the origin of the coordinate system. The factor is then

Z - Zk
z

and the function evaluated by the computer would be

oo IL G

or F = X 2% T[(z- zk)mk (12)
k
Although this function loocks very much like that of equation

(4ec), it is not the same--the exponent on z is not arbitrary,
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As z approaches infinity, the function in (12) approaches K
as a 1limit; therefore a computer with this reference point
w_ould be limited to functions which approach a constant value
as z approaches infinity--i.e., functions which contain no
zero or pole at z = w, |

On the other hand, if the reference point is a terminal
attached to the sheet, zy = 2z, = W, is an a.rbitra.ry. constant,

80 that the basic factor becomes

IR

In this case the best choice is w, = =1, yielding the simple

factor
Z - zk

One of the voltmeter contacts can be placed at point Z = 0
to represent a factor z; writing this factor separately, the

function evaluated by the computer is
F = kK z°° I (z - z,) & | (13)

Since m, is an arbitrary weighting in the summing voltmeter
Just like all the-other m.'s, the function in this case is
identical to that of equation (Y¢) and the computer is suit-
able for the evalunation of any algebraic function factored in
the conventional form (le). It should be noted that the choice
Wy & =1 does not mean that the terminals on the magnitude

and phase sheets must each 5e located at the complex point

Wp = =~1; the only requirement is that on the magnitude sheet

jwel = 1 and on the phase sheet [wy = 180°,
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A Computer in the 1/z Plane

In the l/z plane, each value of zg appears at only one
point, just as in the 2z plane; therefore the magnitude and
phase sheets will look exactly like those for the z plane, but
vthe coordinate system will be different. Figures 9 é,nd iO can
be applied to a computer in the l,’ z plane simply by replacing
z and w by 1/z and 1/w respectively; Figure 11 is applicable
without change., The equations for the voltmeter readings in
the 1/z plane will be obtained from (9) and (10) by changing

Zos 2y and 2z, to 1/z,, 1/2Z3, and 1/z respectively,'so that
0 “k T 0 3 T

1.1 1 Zg
Zo 2 = o
LS Eﬁ(ln-r"-‘i'k—> & 3-?.(1*1"‘"7%) (14)
o %y~ Zyp 1-3
1_1 1 - 29
ut 4 z Bt Z
md T's '5'-1-*-'1(1?1."“‘1:."‘“) - ﬁ“-‘—(""?‘:’i‘) )

The voltages therefore represent the logarithmic components

of the basic factor
. 1 -
) ‘ - (16)
1 - i

L

M

r

If the voltage reference point is fixed in the 1/z coordinate
system, the logical choice is z, = ®, or 1/z, = 0, which is
the origin of the 1/z coordinate system. The factor then

reduces to
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and the function evaluated by the computer would be

= - Z24y%
F K TkI(l Zie! (an

Tilis function looks almost like equation (Un), but again as
in equation (12) there is no arbitrary power of z, In this
case, function (17) approaches K as z approaches zero, so that
the computer would be limited to functions which ap;éroach a
constant value as 2z approaches zero--i,e,, functions which
contain no zero or pole at z = 0,
If the reference point is a terminal attached to the

sheet, l/zr -1/z, = 1/w, is an arbitrary constant, and the

basic factor becomes

P
- o
2
The choice W, = ~] reduces this factor to
2
1l - Ek
Z

In this éase, one of the voltmeter contacts can be placed at
point z, = o (the origin of the 1/z coordinate system) to
represent‘a. factor l/z. Writing this factor separately, the
function evaluated by the computer is

-2 P
1l zk)
k z

n
Fex (% TL

or P o= K o-{mootZmy) 11 (1'§k)mk (18)
k
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Since mg,, is arbitrary, it can be selected to yield any
desired value of my = =(mg, + Zmy), so that the function is
in effect identical to that of equation (ln) and the computer
is suitable for the evaluation of any algebraic function

factored in the normalized form (in).
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Computers in Log z Coordinates

. It has just been indicated how a practical computer for
algebraic functions could be built in either the z plane or
ﬁhe 1/z plane. The development of computers in log z coordi-
nate systems is of much greater interest, however, both
because of the useful characteristics of the coordinate
system itself, and because of the variety of possi‘bilities
for the form of the function computed and the variety of
means by which these forms can be attained in a practical
computer. A computer for multiplying complex factors in log z
coordinates might be likened to a "two-dimensional slide rule. ¥
Like the slide rule, such a computer has the useful charac—~
teristic that a given error in setting a position corresponds
to a fixed relative error (e.g., percent or per unit error) in
the quantity represented, regardless of the size of the
quantity. The |zl scale in log z coordinates 1s logarithmic,
g0 that the analogy with a slide rule is o'bvious:. for the
extension of the concept to the Lz scale, it should be noted
that a small percent error in [zl correspozid.s in distance to
the same percent of a radian. An error of 1% in !él, for
example, carries the same weight as an error in [_z of .01
radian, The remainder of this thesis will therefore be devo-
ted to the consideration of computers in the log z coordinate
system, the goal of the study being the realization of prace
tical computer techniciues in this coordinate syetem for

functions in both of the forms (lc) and (ln).
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Since both z = o and z = 0 are infinitely distant in
log z coordinates, the range of values of izl which can be
rea.ched. mast be specified by 2 maximum value 12l ey 204 & mini-
mam valuae ‘z'min’ If the magnitudes of z, and all the zi's

are restricted to these limits, they will all be contained in
12| max
12l min

In order that the voltmeter contacts at the zk's shall not

a strip of the log z plane of length 1n and of width 2n,
run off the end of the sgheet as z, is moved to different
points, the actual sheets must be twice this length, 1In log z
plane coordinates, the sheets should for maximum convenience
be of double width also, so that voltmeter contacts will not
run off the sides of the sheet as z, is moved about., It is
possible to use single-width strips in a computer, however, by
moving each voltmeter contact which runs off the side of the
gheet 2 distance 2x in the L'g. direction to a new posit.ion
which represents the same value of 2y but lies on the sheet,
In log z cylindrical coordinates the sides of the strip are
eliminated and this prodlem is avoided,

The shape of the magnltude and phase sheets in log z
coordinates will obviously be quite different from that in 2
and 1/2 coordinates, In the log z plane, each value of z 1s
repeated an infinite number of times; therefore each of the

points z, on the magnitude shéet mast be an identical current

o
sink, The current to these sinks can come from z & ® or
z = 0, or simultaneously from both in any ratio, as sketched in

Mgure 12, It can be seen from symmetry that the horizontal
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Figure 12
Magnitude Sheet in the Infinite Log z Plane
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lines passing either through Z, points or midway between
pairs of them will always be streaﬁlines for any current
ratio; any of these lines can be insulating cuts or boundaries
on an actual magnitude sheet, It is also apparent that any
vertical line far enough to the right or the left of‘ t.he;za'
points will be very nearly an equipotential line, and that any
very small circle concentric with z; will be apprexima,f}ely an
equipotential line., Consequently, any of these contours can
be conducting boundaries on the actunal magnitude sheet, Pairs
of dual sheets for a computer in the log z plane can therefore
be constructed in any of the forms shown in Figure 13 for
gingle-width strips and in Figure 14 for double~width strips,
Althoﬁgh the essential conducting cuts in the phase sheets
would extend only to the left or to the right from each 2,
point, the phase sheets are shown cut completely ,a.pa.rt alqng
the lines through these points., When the actual sgheet is
congstructed in this manner, with the adjacent strip electrodes
separated by a thin insulating barrier, a pair of adjacent
electrodes which are electrically Jjoined in the externél clp-
cult corresponds to a continuation of the region acrogs the
boundary, while a pair across which voltage is applied repre-
sents the essential cut making the region singlé valued, The
dotted lines midway between izo points on the phase sheets are
also always equipotentials; they too can be constructed as

conducting cuts if desired,
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It is worth while to compare each of the pairs of single=-
width sheets in Figure 13 with the double~width pair of Figure
14~-A, If the circles around the 2z, points in Figure 14-A are
made very small, the same sheets can also be used with a
suitable change in power supply connections as a single-width
pair in the form of either A or B in Figure 13. The coordi-
nate scale when connected as single~width sheets wiil be
magnified to twice the original scale as double~width sheets,
go that a "dual scale' computer can be built using sheets in
the shape of Figure 1lh-4A,

For a computer in log z cylindrical coordinates, a pair
of single~width sheets are wrapped around cylinders or tubes,
aé sho§m' in Figure 15, The permissible cuts make i‘t possible
to assemble a cylinder out of two separate half-cylinders if
desired. The electrical characteristics of a computer» using
a2 pair of cylindrical sheets are therefore exactly the same
as those of one using a2 pair of strips; the diffeiences are
only in the mechanical arrangement of the computer.

On any resistive sheet, a conducting ént, i.e., an‘a.ct'u,a.l
electrode strip or pair of strips along 2 line which should
always be an equipotential, can be used to improve the accu-
racy of the voltage distribution, A conducting 431:1‘113 will
ensure that the line is actually an equipotential in spite of
any non-uniformity in the resistivity of the sheét; and if it
is connected to the proper voliage in the power bsupply, it

will ensure that the equipotential is actually at the correct
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potential in spite of non~uniformity in resistivity. An insu-
lating cut along & line which is always a streamline, however,
is a disadvantage. HNon-uniformity can cause a discontimity
iﬁ voltage to appear between adjacent points on each side”af
an insulating cut, It is better for the sheet to be continuous,
éo that any such voltage error will be spread out and reduced
in magnitude, Therefore when actual sheets for a coinputer are
built in the form of any of the pairs in Figures 13, 14, or 15,
cutting the phase sheet into narrower strips may improve the
accuracy of the computer, but cutting the magnitude sheet
along the dotted lines is likely to impair the accuraéy, ‘and
should be avoided whenever possible, |
Regardless of whether an actual magnitude or phase sheet
is constructed in one piece or in several, the concept of the
half-width etrip as the basic building block in log z coordi=
nates will be found useful, In representing a sheet by an
equivalent circuit as viewed from the external cifcnit, the
equivalent circuit for the actual sheet will be q'bta.ined by
connecting together the equivalent circuité for the ha.lf-width
strips of which it is composed, Figure 16 shows tlﬁe basic
half~width strips with currents and voltages labeled for the
derivation of the voltage distribution equa.t}ionsv. Each of
these strips is a three terminal network, If an equivalent T
network is chosen to represent the magnitude sheet, its dual

A will represent the phase sheet, The strips of Figure 16
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will therefore be represented by the equivalent circuits of
Figure 17. If a current flows between any two electrodes of
the magnitude sheet, the equipotential line which is at the
same potential as the remaining electrode, in each of the
three possible cases, is indicated by a dotted line in

Figure 16, The intersection of these lines, marked P, corre—
sponds to the junction of the three resistors in thé equiva~
lent T circuit; its voltage will be the same as that of point
P in Figure 17 for any possible division of cuffents between
the electrodes, The equations given in Figure 17 for RA’ RA”
Bp, and Bp! are obtained by inspection. The equation for R,
will be determined by transforming the magnitude sheet from
the 1n w coordinates of Figure 16 into the w coordinate system
in Figure 18, In the conformal transformation from the ln w
plane to the w plane, the magnification at any point i.s
E(%-(;@W’ which is equal to w, In the vicinity of w =1, the
magnification is therefore equal to one, so that the small
circle of radius r, around point z, in the ln w plane trans-
forms (approximately) into a circle of the same radius in the

w plane, Since it has already been determined in Figure 16

that R:B = 1;-; in %B’ it is apparent by analogy in Figure 18

that Ry = %ln -i'-.-o. Rc' is then the dual of Ry inverted about
resistance 0", It can be seen in Figure 18 that point P is
located at w = e.jn/f;’ i.60, at |w =1 and [w = 60°; the corre-

sponding point on the adjacent half-width strip is w = e"-j“/ 3,
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The voltage distribution equations for the sheets will
be obtained by comparing Figure 18 with Figure 9§ and equations
(9) and (10). 1If a current I/2 flows in the half-width magni-
tude sheet in Figure 18 from electrode A to electrode C (no
current to B), the voltage distribution in the w coordinates
of Figure 18 will be exactly the same as the voltage distri~
bution in the z coordinates in Figure 9 when a current I flows
to z, = 1. With this current, the voltage at w. relative to
that at w, will therefore be obtained by substituting in
equation (9) the values 2z, = 1, Z, = W, and z, = w,,

resulting in the expression for the voltage

Vi(1) = -- % Re(ln —-—%:,9:)

Now, instead, if a current (1-a)I/2 flows from electrode B to
electrode & (no current to C), the expression for the voltage
will be obtained from (9) by replacing I by (a~1)I and sub-

stituting the values z, = 0, 2z} = W, and 2, = w,, yielding

Vie(2) Iﬁ?;m Re(lnk)

Since the currents specified in Figure 18 are the superposition
of the above two currents, the actual voltage will be the sum

of the above expressions:
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The transformation equation relating log z and log w coor-
dinates 18 z = z,w; therefore substituting w. = z./z, and

Wy ® 2,./2,, the voltage equation in terms of z is

Ve = 55 Befla(ZFT faz ik | (19)

By anzlogy with equations (9) and (10), the corresponding

equation for the phase sheet is

Et Zp o=l Zg = 23
V' 2 Infin (AT 3R (20)

Beplacing Z, by z, the basic factor in the function evaluated

by a computer with the currents and voltages in Figui‘e 16 is

therefore N ;
(k)™ 2= 2%k (21)

If the voltage reference point is a contact fixed in the log z
coordinate system, z, in (21) is an arbitrary constant; but if
the reference point is a terminal attached to the sheét, w, is
an arbitrary constant. Substituting z, = z w,, the bagic factor

then beconmes

1 -
Thy (T A (22)

If all the current in the magnitude sheet and ell the voltage
on the phase gheet are applied at the right end of the strip,
o= 13 if they are applied at the left end of the strip, a = 0,
Computers in log z coordinates will be grouped for discussion
into two separate classes--those in which the valuve of a in
(21) or (22) is adjustable, and those in which the value of a

is always either 1 or O,
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Computers in Which o Is Adjustable

In this claes of computers, o in (21) or (22) is an

ar_bitrary consgtant., In log z coordinates, 2%y in a factor can~-
not be set equal to either O or oo; consequently (21) does not
provide any direct method for introducing the factor Z70 in
(4) or (Un), Function (22), on the other hand, includes in
each factor a power of z, Since w, and « are both a.i"bitrary
constants, it will be convenient to define a new arbiirary

constant

w.

= 1 Sy
¢c = (1 - Wr) rm— (23)

In terms of this new constant, (22) reduces to

¢ 7>t ._E.:Ez.!s.. (2k)

Z
If factors in this form are combined in a computer, and 1f
an arbitrary constant factor Ko is inserted by an adjustable
voltage control to one input of the summing voltmeter, the

function evaluated by the computer is
b3 a~l  -gZ
o= o, O (TIg™) & T 2 )k (25)

This function is the same as either function (lic) or (in),

provided that

— - m
a = Z;k (26)
b3 a=1
and in (kc) K =K O © (IT 7, &) (27¢)

or in (Un) Ky = K, (<0 K (IT 2,5) (27n)



-57=

If w, in (23) could be chosen so that ¢ = 1 for all values of a,
C would be eliminated from (27c); if it could be chosen so that
¢ = =1, C would be eliminated from (27n). It ie not possible to
find a complex value of w, which will accomplish either of these
results, but this is not necessary. Since each sheet has its
own voltage reference terminal, it is only necessary to select
a point w, on the magnitude sheet for which IC| = 1 at all values
of a, and to select a point on the phase sheet yielding [C = 0°
for use in (27¢c), or a point yielding [C = 180° for use in (27n).
The choices for w, which will eliminate C are:

On the magnitude sheet: Wpl= 1 and [w, =& 60°

for (27¢): |wl<1and /m. = 0°

On the phase sheet { o

for (27n): (wy>1 and [w = ©
The reference point W, on the magnitude sheet is therefore
point P in Figures 16, 17, and 18, With the choices indicated

above, equations (27) reduce to
K, = X, (IT 2, Yy (28c)
Gek OF 5%F (o

The remaining step to make the computer practical for
evaluating functions in the form of F, or F,, is the develop~
ment of a technigue for adjusting the X o control so that
K, or K, will be equal to the proper value for the function
being svaluated, Since the relationship between Ko and Kc
or K, in equations (28) involves all the zeros ""kl of the

function except those at zero and infinity, the technique for
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adjusting K, will obviously involve the positions of all the
voltage contacts at the points Z1e If a speclal reference
point and value of z can be chosen such that the voltage at
each contact 2 represents a factor zka"l, the summing volt-
meter reading will then be exactly the quantity K, in (286).
Or if a gpecial reference point and value of z are éhosen
such that the voltage at each contact represents a factor zk“',
the voltmeter reading will be the quantity K, in (28n), Func-
tion (21) is suitable for this purpose, since it reduces to
2"} when 7, = 1 and z >z, and it reduces to z,* when 2y, = 1
and z <<z, If these values of a and z, are used in the com-
puter, the value of K, or XK, corresponding to any setting of
Ko will be indicated on the meter. The technique for evaluating
the magnitude or phase of a function will therefore include the
following steps: |
1, Place a voltmeter contact at each zero or pole z, of
the function, locating the position by setting z = Z)
and placing the contact opposite point 2, on the sheet;

2., Connect each voltmeter contact to a summing voltmeter
input adjusted for the exponent my of the factor;

3. Adjust the current ratio in the magnitude sheet or the
voltage ratio in the phase sheet so that a = ~-n [/Zm;

4, Switch the common return lead of the summing voltmeter
to a voltage reference contact located at Z, = 13

5. For reading K,, set z >>every 2z, ; or for reading K,,
set 2z <Kevery z;

6. Set the K, control so that the meter reading is equal to
the magnitude or phase of the given constant XK, or K,;
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7. Switeh the common return lead of the meter to the
normal reference terminal (specified on page 67)3
8, Set the relative position of the coordinate frame
and the sheet to any desired value of z and read
the magnitude or phase of F on the meter,
This procedure breeks down if Zm_= 0 and m, ¥ O—i,e,,
'if the function approaches as a limit the same power of =z aé
z becomes very large that it approaches as z becomes very
small, Step 3 would then require that a be set equal to o,
which is a physical impossibility. This problem can be over=
come in practice by modifying the original fu.ﬁction aQt values
of izl well outside the range in which the function is to be
evaluated, without changing the function significantly in the
desired range of z. For a function in the conventional form

(4e), this modification is accomplished by multiplying the
z -
3

function by an extra factor ( z35)1’11‘1, in which 2z, <<2 for all
readings, and my is arbitrary. For a function in the normalized
forh (4n), the modification is accomplished by multiplying by
an extra factor (1 - %k)mk, in which 2 >>z, and m is arbitrary,
When the function is thus modified, ka is no longer equal to
zero and the regular procedure is applicable,

As an illustration of a computer with « adjustable, a
computer using the sheets of Figure 13~B will be considered,
The equivalent circuits of the sheets and the required voltages
and currents will then be as/givén in Figure 19, If only
rational algebraic functions are to be evaluated in this come

puter, m, and all the mk's will be small positivé or negativeb
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integers, and an a,c. power supply with controls for « as
shown in Figure 20 could be used; for d.c, power, rectifiers
qould be added to the secondary windings of the transformers.
For use with irrational functions (fractional values of m,
and the m.'s), the voltage ratio a would have‘ to be made
continuously varisble, In Figure 20, ground potential 1s the
required voltmeter reference potential for readings' on either
sheet: this is true for the magnitude sheet because the refer-
ence point P on the sheet (Figure 19) is at the seme potential
as the grounded point in its power supply (Figure 20), TFor
reading and setting Kc or Kn' the voltimeter 'reference. will of
course be transferred to a contact in the coordinate féame at
Zp = l (not shown in the figure),. |

' In the class of computers described in this section, the
factor 7% in either of equations (1) is included in the func—
tion by including in each of the other factors a fractional
power of z such that the contribution from all tﬁe factors
results in the desired exponent m,. This is an elegant solu-
tion to the problem, but it involves the use of a ‘rathér
complicated power supply circuit, and it requires several
steps to set a given value K, or X, into the compufer. It
will be found that computers of the second clasé, in which o
is limited to the values one or zero and the factor z'0 ig
introduced in some other manner, are equally easy to build and

adjust, and are simpler to use in practical computation,
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Computers in Which @ Is Equal to One or Zero

~In this class of computers, the current in the magnitude
sheet flows to z, from only one end of the sheet, and the
voltage on the phase sheet is applied only across the corre-
sponding end of the sheet, When the current and voltage are
applied at the right-hand ends of the sheets (at z =~ ),

a = 1, and factors (21) and (22) reduce to

Z -z '
“;:-;f- | (29)
and ;;rzkz (30)

When the curreat and voliagze are applied at the left ends
of the sheets (at z =20), @ = 0, and factors (21) and (22)

reduce to

—T S (31)

(32)

and -z—l-*:-%;——-
These factors would be further simplified by choosing zi. or
W, equal to O or o3 but in loz z coordinates this' is not
physically possible, since these points are infinitely distant
off the ends of the strip or cylinder, Such va.iues can be
approximated, however, by choosing a very large or very small
finite value of z, or wp, Then in any sum or difference, if
the magnitudes of two quantities differ by a large ratio, the

quantity having the smaller magnitude can be cohsidered
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negligible, The symbol € will be used to denote a very small
constant-—one which is so small that it can always be neglected
in a sum or difference, The symbol E will be used to represent
a very large constant-—one which is so large that all other
quantities in a sum or difference can be neglected., The factors
’resulting when o = 1 or o and 2z, or w, = € or E, in all possi-
ble combinations, are listed in Table II, in the ‘sec.zond.‘ column,
Some of these factors approach a constant value as z approaches
zero; the others approach a constant value as z approaches
infinity, Therefore, in order to compute a general function in
the form of (Ue) or (Mn), an arbitrary power of z must be intro-
dnced in some manner. If this is done, function (l4c) can be
éomputed.' uging any of the factors resulting when o = 1, and
function (in), when a = O,

One method of introducing an arbitrary power of z is %o
approximate it by a factor containing a zero or pole Z} having
a magnitude either much smaller or much larger thé,n any value
of z at which the function is to be evaluated. Limiting val-
ues for z, and the resulting factors are listed in the iast
two columns of Table II; such a %z factor" can be raised to
an arbitrary positive or negative exponent in the summing
voltmeter in the same manner as any other factoé. For any
combination of constants in Table II, however, the desired
part of either the general factor or the z factor (or of both)
is seen to be associated with a constant part having either a

very large or a very small magnitude, Remembering that the
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voltages in the computer represent the logarithms of factors,
the constant part of a factor can be eliminated by subtracting
from the voltage for the whole factor a fixed "bucking voltage!
representing the constant part, so that the net series ve}.tagé
vrepresents the bagic part of the factor which is d.esired..‘ Such
a bucking voltage is required only for use with the magnitude
sheet., For the phase sheet, the selection of a cenéta.nf €cor B
having a phase angle of 180° will in each case result in an
angle of 0° for the constant part of the factor,

As an illustration of a computer using this method for
inserting the z factor, when o = 1 and z, = E, the general

factor is = %(z— z,) and the z factor is - %-‘; z, A bucking

\foltage representing' l%}! must therefore be connected in the
opposite polarity in series with each voltage contact on the
magnitude sheet, including the contact for the z facto.r at
B = €', Since the bucking voltage is the same for all fac-
tors, including the z factor, the most practical place for it
ig in seriés with the common return lead from the summing volt-
meter to the reference point }zz.l = @; | on the magnitude sheet.
On the phase sheet, the reference contact will be placed at
[zr = [E= 180°, so that [- % = 0° and no bucking voltage will
be required, Figure 21 shows these commections for the sheets
of Figure 13=B. If an adjustable voltage, calibrated as the
magnitude or phase of an arbitrary constant K, is connected

to one of the inputs of the summing voltmeter, the computer
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will yield readings of magnitude and phase for functions
factored in the conventional form (Yec). If the constants
are changed to @ = 0 and 2, or w, = E, the general factor is
(1 - gﬁ and the z factor is - %,z.' In this case the bucking
voltagé repregenting l%d will be connected in series with
the voltage contact for the z factor only; the circuit is
then as shown in Figure 22. In thig form, the comp&ter will
yield readings for functions factored in the normalized form
(Un). Since the change from the circuit of Figure 21 to
that of Figure 22 is a simple switching operation, the same
computer can be designed to handle functlons factored in
either the conventional or the normallzed form,

A slightly different approach to the problem of the 2z
factor is the production by some supplementary means of a
pair of voltages to represent the factor z—i,e,, thsAprodnc-
tion of a pair of voltages proportional to 1ln |z| and [z
respectively., In log z coordinates, these are thé two compo~
nents of-the position of the resistive sheet in the coordinate
system. Corresponding voltages can therefore be obtained from
a pair of linear potentiometers connected across fixed power
supply voltages, each ganged with the relative motion in one
direction between the coordinate frame and the éheet. To
illustrate a computer using ﬁotentiometers for the z factor,
the selection of constants a = 1 and z, or w, = € will be

considered first. In this case, the voltage at a z, contact
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ié seen in Table II to represent a factor z ; Zk If the

potentiometer circuit for each sheet ig connected to the
reference voint 2z, or W, so that the voltage at its tap repre-
sents 1/z, the voltage difference between the contact at Z)
and the tap on the potentiometer will represent (z = zk) .‘
Factors in this form will then be svaluated in the computer
if the common lead of the summing voltmeter is connécted to
the potentiometer tap instead of to the reference point on

the sheet, And if one of the inputs to the summing voltmeter
is connected to the reference point on the sheet, its voltage
will be the negative of the potentiometer tap voltage, S0 that
it will represent the factor z, The computer in this form,
shovm in Figure 23, will therefore evaluate any function in
the conventional form (lc), Now if the constants are changed
to o =0 and z, or w, = E, and if the common lead from the
sunming voltmeter is comnected to the reference point on the
sheet, the voltage at each z, contact will represent a factor
(1-2

k .
of the previcus case, the voltage at its tap will represent

)e If the potentiometer polarity is reversed from that

the factor z, With these changes, given in Figure 24, the
computer will evaluate a function in the normalized form (kn),
Again the change between the two forme is a simlile switching
operation, so that the same computer will handle functions

factored in either form,
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In either of these computers in which o =1 or O, the
exponent m, on the z factor is introduced at the summing
voltmeter in the same manner as all the other exponents my.,
and the constant K, or K, is introduced by a voltage control
which is calibrated directly in terms of |X| and LI'{'. | Such a
computer will obviously be simpler to use than one req_uiring

a gpecial procedure for setting K, or K, into the comptiter.



gl

PART IV

AN ACTUAL COMPUTER

Design and Construction of the Computer

In order %o test the foregoing computer theory, t’ne‘actual
computer in Figure 25 was designed and built. The principal
purposes of this experimental model were consider_edl to be the
verification of the theory and the demonstration of the use~
fulness of such a computer, ¥lexibility of application and
expediency in design and construction were given pribrity over
accuracy of computation, Teledeltos paper was therefcre‘ cho-
sen for the resistive sheet material, so that direct current
could be used on the sheets; this allows the use of a éimple
direct~reading summing voltmeter without vacuum tubes, The log z
coordinate system was selected for the reasons discuséed on
page 51; the plane form, rather than the cylindrical form, was
chogen for simpliclity of conmstruction, The sheet; were con-
structed in the pattern of Figure lu~A so that they could be
connected as either single-width or double-width strips. On
the large scale for z (corresponding to the connection as
single-width strips), three decades of |zl and 400° of [z each
occupy a space of ten inches, This agrees with’ the scale of
K, and E. 3 cycle semi—logarithmic graph paper, as discussed
on page 9, The power supply circult was designed for o limi-
ted to the values one and zero, and the potentiometer method

of inserting the z factor was used (Figures 23 and 24),
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The power supply for the sheets is contained in the large
box. in the upper part of Figure 26, The scale of the computer
(single-width or double~width sheet comnnection) and the form
of factoring of the function (corresponding to a = 1 or a=0)
are selected by plugeging the main power cable into the appro-
priate socket on the top of the power supply. The sheets of
Teledeltos paper are cemented to Bakelite sheets, ahd, the
megnitude and phase gheets are mounted side by side as showm
in Figure 27, The two halves of the phase sheet are construe~
ted as separate pleces. Along the side of each half which is
to be placed adjacent to the other half (at the condﬁcting
cut down the center of the finighed phase sheet), the ﬁainted
electrodes and a very narrow strip of the active portién of
the resistive sheet are folded@ down over the edge of the
Bakelite in order to allow room for the insulating bafrier
between the two halves,

The sheets are mounted under a movable coor&inate frame
supporting the voltmeter contacts and carrying a panel on
which are located the input Jjacks for the. gumming voltzheter
and the controls by which the valuesof the constaht K and the
exponent on the z factor are set--see Figure 28, The coordi-
nate freme rides on rails in a second frame in which it can
be shifted into position over either sheet for evaluating |F|
or [F, as pictured in Figure 29, When the coordinate frame is

shifted from one position to the other, the summing voltmeter



Figure 26
Power Supply and Meter Panels



Figure 27
Magnitude and Phase Sheets
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Figure 29
IF| and [F Positions
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inputs for the constant K and the factor z are automatically
/switchecl between the magnitude and the phase voltages. The
second frame rides on rails in a thir& frame to positions
calibrated on a linear scale for [z, and the third frame rides
on rails on the table to positions calibrated on a logarithmic
’scale for |zl. Thé lz1 scale (visible at the left in Figure 29)
is provided with a second pointer for reading %; é. reverse
logarithmic scale (at the right in Figure 29) is provided for
reading ér. The |z| end [z scales are reversible, the large
scale being on one side and the small scale on the other side;
the scale used must of course agree with the power supply
socket which is in use, The position of the second frAme.
iepreéents the value of z at which the function is beiﬁg
evaluated; a retractable stylus is attached to the front left
corner of this frame (shown clearly in Figure 25) for.; tracing
out contours or loci of z on a piece of paper on the table,
Bach voltmeter contact consists of a small §tainless steel
rod, which is rounded at the lower end where it touches the
sheet, and which carries a weight at its ﬁpper end to‘li;:eep it
pressed firmly against the sheet. Such a contact; rod is
slipped into an insulating tube which is clamped ivn‘ the proper
position on a beam spanning the coordinate framé. A number of
insulating tubes can be placed on several beams in the frame
as required for a contact at each zero and pole of a function,

The position for each contact is located by moving the frame
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to the position in which z = 2, (on the actual computer panel,
23 is calieé a or b) and then placing the contact directly over
the point z, at the center of the sheet., For a first order
zero or pole of the function (i.e., for a factor with an expo—
‘nent +1 or ~1), the wire from the voltmeter contact is simply
plugged into an appropriate jack on the panel, If the magni-
tude of the exponent is greater than one, the voltﬁetei contact
must be connected to the corresponding number of input jacks
by means of jumpers., For a fractional exponent, the:ihput
resistance to the summing voltmeter must be increaséé in pro—-
portion to the reciprocal of the exponent; for the squg:é root,
an adapter containing a resistor which is eqﬁal to the internal
input resistor is inserted in series with the input leéd.
Figure 30 shows these adapters at two of the input jacks,

When a function has been set up on the compater;'thevlarge
handle at the operator's left (see Figure 25) is turned; this
1lifts the sheets up slightly, to touch the voltméter contacts,
and #urﬁs‘on the power to the computer., The a,c, voltmeter at
the top of the power supply (Figure 26) iﬁdicates'the input
voltage to the computer; it is adjusted to the red line by
means of the knob below the meter, The value of IFl or [F is
then read on the main meter, which can be seenAin the lower
part of Fleure 26, The small neon bulbs beside the meter show
which scale is to be read, and the range switches at the left

are used to bring the meter reading on scale as required,
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The complete schematic wiring diagram of the computer
is given in Figure 31. Since the plug and socket connections
between the power supply and the sheets are quite complicated, |
the basic circuit for each of the four cases is redrawn in
v Figure 32. The initial calibration of the computer reqv;:!.res
the adjustment of all the various resistors in Figures 31 or 32,
These resistors theoretically require no further aﬁtenﬁon
after their initial adjustment, unless some other part of the
equipment is changed., Unfortunately, the resistance of
Teledeltos paper changes with temperature, and possibly with
humidity or other envirommental conditions. In addition to
changes in ambient temperature over all the sheet, locél
bheating' ig noticeable in the vicinity of z, as a resuit of
the concentration of power dissipated in that area, Small
changes in resistance will cause little error on the .pha.se
sheet, but their effect can be quite serious in the cir_euit
of the magnitude sheet and potentiometer, Gonseéuently, all
the resistor adjustments should be checked from time to time,
and the resistor in series with the z, eiectrode on the magni-
tude sheet ghould be checked and set each time the computer
is used, A rheosgtat was installed for this adjusiment--its
knob can be seen in Figure 26 on the power supﬁly panel at

the right near the top.
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Accuracy of the Computer

. In the actual computer described in the preceding section,
i;he largest errors result from the loading pf the circuit (the
sheet, the z factor potentiometer, etc,) by the voltmeter, In
the interest of simplicity, a sensitive meter (12-0~12 micro-
amperes) was used without amplification, and the voltmeter
input resistance was then made as high as possible 5y. operating
the sheets at the maximum power level allowable without undue
heating in the vicinity of 2,, The resistance of each input is
one-half megohm, This value is too low for good accuracy; it
should be increased by a factor of at least ten (in this com
puter) if the effect of circuit loading is to be made negligible,
The effe‘ctive internal resistance of a voltage measured on the
magnitude sheet is, at best, in the vicinity of 10 kilohms over
mogst of the sheet, On the phase sheet, 1t is about 5.kilo,bms.

_ When the contact is very near a conducting boundary on either
sheet, the resigtance ig lower than these values.ﬂ As a contact
moves abbﬁt over the sheet$, its resistance varies over a range
of sbout 10 kilohms, the wvalues quoted above 'being the ‘lowest
values, The effective internal resistance of the |z| voltage
(the 12| potentiometer and its associated circuit) varies between
7 and 11 kilohms at different values of |2l3 the resistance of
the [z voltage changes in a similar manner, but the actual
resistance is not so large. Roughly speaking, then, the
effective internal resistances of the voliages measured by the

sunmming volimeter range between O and 20 kilohmé-—a.n average
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value of 10 kilohms with a variation of % 10 kilohms, Since
the voltmeter input resistors are each ,500 megohm (nominslly
1%, actually selected much closer), the effective input resist-
ance for which the computer is calibrated is ,510 megohm, with
a variation of about & 2% from this assumed value, This means
an error of 2% in the natural logarithm of the basic factor
before raising to an exponent., Even when the exponént is one,
the error can be quite large for a factor of large magnitude,
For example, if the magnitude of a factor is 1000, the natural
logarithm is about 7; a 2% error in the logarithm coi'_responds
then to a 1U4% error in the magnitude of the factor,

When a factor ls raised to an exponent, the error is
multii)lied by the value of the exponent, Fortunately, .the
factors represented by voltage contacts on the sheet are not
often raised to higher powers; but ’higner powers of z.v are
very common, If the z factor voltage were simply connected to
a voltmeter input in which the number of ,H00 meéohmvresistors
is equalr to the power of 2z, the error at higher powers would
be very serious., TFor example, at |z| = 1000, a 2% errof in
1n |zl corresponds to a 1Y% error in |zl and an 84% error in
|z] 6 (the highest power of z in the computer), This diffi-
culty is greatly reduced by shunting each .500 ﬁegoknn resistor
with another resistor of a value such that the total resist-
ance, including the assumed 10 kilohms in the |z] potentiometer
circuit, is equal to .510 megohm divided by the exponent, The

required values for these compensating resistors are listed on
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the circuit diagram (Figure 31). The remaining error for |z
regults from the fact that the resistance of the 1zi potentio=~
meter circuit is not actually constant at 10 kilohms as
assumed, but varies between 7 and 1l kilohms, The maximum
resigtance error is then 3 kilohms, resulting in a 0.6% error
in 1n Izi, which is approximately a Y% error in izi(a 24% error
in \zl6). Over most of the range of |z}, the resistance actu=
ally lies between 9 and 11 kilohms, resulting in only a 1,44
error in |zl (an 8.4% error in lzlG). The effective internal
resigtance of the Lg voltage varies over a smaller range, and
its average value is about 4 kilobhms. Since the same switch
and set of resistors are used for raising both (2| and [z to
#arious'powers, a fixed resistance of 6 kilohms is added in
series with the [z circuit, in order to make the average
total resistance equal to the 10 kilohm value for whibh the
compensation was calculated,

The second important source of error in the.experimental
model cdmputer lies in the changing resistance of the sheets,
As has already been pointed out, the prinéipal change in
resistance occurs in the vicinity of point z,, as‘a result of
the heating from the power dissipation, There is also appar-
ent, however, a general over—all drift in resistivity over a
period of days or weeks., No attempt has been made to explain
the cauge of this effect; it is not too large, but it does
require the recalibration occasionally of the adjustable

resigstors in the power supply.
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The above errors could be practically eliminated in the
design of a new computer. For a computer of higher accuracy,
it would be advantageous to use a null-balance type volimeter
with very high input resistances and an amplifier type mull
detector., The sheets could then be operated on a.c.r-diréctly
from a transformer. Operation of the sheets at a lower power
level would eliminate the local heating near z,, ‘anAd the use
of the null-balance meter circuit would make the actual volt~
age applied to the sheets unimportant, The elimination of the
calibration adjustments relating the potentiometer voltage to
the sheet voltage should be helpful in improving the accuracy
and simplicity of the computer, This would be possible through
the uée’ of the bucking voltage circuits of Pigures 21 é.nd. 22,

If these changes were made, and if sufficiently accurate
resistors were used in the volimeter circuif, the onlﬁr important
source of error remaining would be the effect of non-uniformity
in the sheet resistance, When Teledeltos paper or some other
solid sﬁeét material is used in the computer, the uniformity of
resistance is beyond the control of the user, In the acmal
computer, however, the uniformity of the Teledeltos paper
appears to be better than was anticipated., In deducing the
effect of such non~uniformity, it is useful to ‘conceive of a
voltage distribution in which~~if the sheet were perfectly
uniform——~the equipotentials and streamlines would form a per—
fect grid of squares corresponding to a Cartesian coordinate

system for the sheet. The effect of non-uniformity in an
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actual sheet would be to distort such a grid. The lines of
the distorted grid represent a coordinate system in which
Laplace‘s equation is satisfied by any voltage and current
digtribution, Therefbrevthe voltage on the actual sheet at
a point in the distorted coordinate system is the same aé
the voltage on the theoretical perfect sheet at the corre—~
sponding point in the actual perfect coordinate syétem; 4
voltage error caused by non-uniformity of the sheet can thus
be looked upon as equivalent to the error caused by a corre-
sponding inaccuracy in determining the position at which the
voltage is measured. Since the voltage can be set at the v
desired value at the electrode boundaries on the sheet; it
is iﬁtuitively obvious that the equivalent d.isplaeemenf
error caused by sheet non-uniformity will tend to be the
leagt near the electrodes and the greatest far from the
electrodes, For a given equivalent displacement, the actual
voltage error will of course be proportional to fhe component
of the éoitage gradient in the direction of the equivalent
displacenment, | » |
Since the effect of sheet non~uniformity tends to be
masked by the other errors in the experimental model computer,
its magnitude has not been determined to any dégree of accu~
racy. From the measurements which were made, however, it
appears that the effect in this computer is represented by a
maximum equivalent displacement of approximately % 0,07" in

the relative position of z and Zye On the large scale of the
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computer, this is equal to 0,05 natural units, corresponding
to an error of 5% or 1/2 db, in either Iz\ or (zyl, or an error
of 3° in either [z or [zy. On the small scale, the same dis-
placement represents twice as great an error, The mechanical
‘ tolerance in the placing of the voltmeter contacts can eé.sily
be held to 2 much smaller value than thig, and the electrical
tolerances could be improved, Therefore, it would .a.ppéar
that an improved modely computer still using Teledeltos paper
could be built in which the over—all error in each factor,
expressed in terms of equivalent displacement of ‘either z or
Z, would be held to about % .05 natural units. This is

equal o an error of 5% or 3° in z or 2z,

Applications of the Computer

The most obvious application of the computer is »the v
direct problem in which the function F is to be evaluated at
one or more specified values of z., For example, .if F ig the
complex-gé.in or transfer function of an amplifier or a net~
work, the curves of gain and phase shift é.;'e simply ';ehé
' magnitude and phase of F evaluated at z = jw for a large
number of values of the angular frequency w, When the funce
tion is set up on the computer, either of thesé curves can be
obtained by placing the coor/dinate frame over the appropriate
sheet, clamping [z at 90°, and plotting the meter readings as
a function of zl, which is equal to w. Alfernatively, the

curves can be plotted as a function of the actual frequency
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f= %, which is marked l-az-:; on the computer scale, When the
curve is to be plotted on greph paper having the same loga-
zfithmic frequency scale as the computer |z| scale, the graph
paper can be attached to the computer table under the stylus |
in the proper position for w or f to be located meché.nicélly,
without the necessity for actually reading the values of |z)
or of -‘%, |
A somewhat special direct evaluation problem, to which
the computer is pa.rticularly well sulted, is the measurement
of the residnelg at each first order pole of a function. The
residue at a first order pole is the value of the functipn
which remains after the corresponding factor has been removed
from fhe denominator of the original function, evaluated at
the position of the removed pole. It is obvious, then, that
the residue will be obtained on the computer by: |
1, Moving the coordinate frame to the position in which
the voltmeter contact representing that ﬁole is
‘d.irectly over point z, (at the center of the sheet)
2. Removing the voltmeter contact; | ‘

3. Reading tHe remaining function,

The more important application of the computer, however,
is probably the inverse problem-~that of détermining the
roots of the equation when IF is a given parameter., For this
tyve of problem, a plece of paper is placed under the stylus,

and the loci of points at which either the magnitude or the
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phase of F has the desired value are located experimentally
and marked on the paper. After these loci have been located
on the paper for one component of F, the coordinate frame is
shifted to measure the other component. The point on each
locus at which this component also shows the correctr-valﬁe '
for F is a root of the equation,

The ability of such a computer to find roots qﬁickly is
particularly useful in factoring polynomials of high degree.ao
The polynomial is set equal to zero, forming an equation

whose roots are the zeros of the funciion; for emmple:
2 4 =
o + Ayz + Aya2 + Agad + Mzt + Agzd = 0

Half of the terms are then transferred to the other side 'of

the equation and the common power of z factored out:
2 - 3 2
Ao # Mz + Apz® = -z (A3+A;_‘_z+a52)

Both sides of the equation are then divided by either omne

of the sides; for examples

2
1 = - 53 A3+A)+z+A52
Ao'i‘Alz'l'Agz’{

When the original polynomial is of the fifth degree or lower,
it is seen that the resulting numerator and denominator can
be factored by means of the guadratic formula. ’ The equation
cen then be set up on the computer and the roots found by

the root locus technique described in the preceding paragraph.
For a polynomial of higher than fifth degree, ﬁhe mmerator,

or the denominator--or both—-will be of higher degree than
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quadratic; each of them can be factored individually with the
aid of the compubter to put the principal equation in the form
which the computer can handle, Any polynomial can therefore
be factored with the aid of the computer, in a sufficient
number of gteps or gtages. When such root findingvié mefely

a preliminary stage of a problem to be handled on the‘computer,
the root locations marked on the paper under the sb&lus‘can be
used directly to locate the voltmeter contacts for the next
stage, without the’necessity of reading their locations on

the z scales,

The computer is direectly applicable to the reot locgs _
method of servomechanism analysis and design.g The figure
6btaihed‘with the computer is the log transform of the usual
graphical root locus plot. The graphical root locus method is
limited to the 2 plane; in it, the frequency range which can
be handled at one time is limited, and the relative accuracy
of measurements in the vicinity of .the origin is éemparatively
pocr. Iﬁ the log 2 coordinates of the computer, on the other
hand, zeros and poles of the function over.an extremely‘wide
frequency range can be included, and the relative accuracy of

mneasurements is the same at all frequencies,
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Operation of the Computer

The alternate forms of the function evaluated by the com=-

puter are expressed on the computer input panel as follows:

(1-5)(-% )etc
1 1 é z=2] ; ( z-e.gg ete, a'l i
v (+or =)(Kor 'K)'(ZnOI' ;n)' z=by)(z=bo ete, ©

(l"' 15'1)(1- -E- )etc.

The steps in setting up a function for evaluation are summar-
ized as follows:

1. Choose the computer scale to be used--to change from
large scale to small scale, or vice versa, turn over
the |21 and [z scales. ’

2. Plug into the proper plug on the top of the power
supply to agree with the scale chosen and the form
of the factors in the function to be evaluated,

3. Check and set the computer calibration adjustment as
follows:

a, Set X = 1 (accurately).

b. Set n équal to any value other than one,
¢. Set the frame in position to read |F..
4, Set |21 = 1 (accurately).

e. Press microswitch on right-hand side of power
supply, to turn on power without lifting sheets;
set calibration adjustment (small knob on top of
power supply at right) so that main meter reads
i =1, and set a,c, line voltmeter on power
supply to red line by means of kmob directly
below it. :

Y, Now set the dials on the input panel for the constants
in the function to be evaluated—--i,e,, for the sign,
the choice of X or 1/EK, the value of K, the choice of
z2 or 1/2z8, and the value of n,
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5. For each of the general factors in the numerator and
the denominator of the function, connect a contact o
a corresponding input jack®* and mount the contact in
the coordinate frame at the position of the constand
a or b of that factor; the proper position is found
by setting the frame at (for example) z = 27 (both
Izi and [2z)** and placing the contact directly over
the center of the sgheet *** N

When the function has been set up on the compuler as
described above, |F| or [F can be obtained at any d.esii'ed value
of |z| and [z by shifting the frame to the proper position,
turning the large lever at the left, and reading the answer
on the meter--bringing the meter reading on scale, if neces~

sary, by means of the range switch on the meter panel,

¥ When a factor is raised to a power, it is a repeated factor,
and its contact is connected to the corresponding number of
input jacks. JFractional exponents are not provided for in the
internal circuit of the computer, but they may be accommodated
by adding external series resistance, The effective internal
resistance at each input Jack, representing an exponent 1, is
.51l megohm; when external resistance is added, the exponent

is inversgely proportional to the total internal and external
resistance, Plug-in adapiers containing a resistance of ,5l
negohn are provided for taking the square root of factors; two
such adapters can be cascaded for a cube root, ete,

®¥ If a function is given with factors in the form (1+ Tyz), ete.,
the computer form (1 - %l) is equivalent when Ty = = 3 . The
contact position for (1L - le) is then found by setting the

frame at [z = [T;% 180°, and at fi-"' (on the scale at the right)

=1 oqm

"‘El'l “lT1'¢

*¥% When using the large scale on the computer, it will
frequently be necessary to move some of the contacts a dis-
tance 360° in the [z direction from their original positions,

in order to keep them over the sheet as the value of Lz is
changed. Since on this scale the width of each sheet is 360°,
this alternate position for =z contact can be located by setting
the frame in the position in which the contact is at the center
of one side of the strip, and then moving the contact to another
insulating tube clamped directly over the center of the other
side of the strip.
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Calibration of the Computer

The only adjustments in the computer which must be
checked regularly are the line voltage adjustment and the
calibration adjustment on the power supply panel; these
adjustments have already been described in the instructions
for the operation of the computer. The rest of the computer
calibration adjustments should be checked occasionélly, howe
ever, and if a sheet is replaced as a result of wear or
damage, a complete recalibration is of course required, The
resistors which require adjustment are mounted on the under
side of the power supply panel, and are specified on‘the
eircult diagrams as 31 through R., with additional subséripts
A through D indicating which power supply socket is affected
by the adjustment of each resistor. A resistor gpecified
with two letter subscripts affects two socket connections;
the same setting should be correct for both, The calibra-
tion procedures outlined on the following pages ére recom—
mended for the adjustment of these resistors, $ince K does
not enter into the calibration problenms, the X dial should be

accurately set at 1 during calibration.
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Socket A--Large Scale, (z - a):

Magnitude Calibration:

1.

3

50

Set up to evaluate magnitude of F = '12;6 at iz| = 13
adjust Ry, and/or panel control Ry so that meter

reads |F| = 1,

S) Fad

Set up to evaluate magnitude of F = = at |z| = 1003
read |Fl on meter, _

Set up to evaluate magnitude of ¥ = —z-—_}m at |zl very
small (frame near left-hand limit); read |F| at various
values of [z-—if readings vary, stop at a point where
the reading is typical; at this point, adjust REA 80
that |Fl reading is the same as in step 2 above, -
Return to step 1 and repeat all thrse steps in turn,
several times if necessary, until no adjustment is
required at step 3.

Now set up to read magnitude of F = 2z and read |F| at

1zt = ,01, 1, and 100; adjust By, so that the error

(if any) is the same at all three points, If this

error is appreciable, return to step 1 and repeat,

Phase Calibration:

1.

2.

Set up to evaluate phase of F = 26 at [z = 0%;

if meter does not read [F = 0°, install and/or adjust
R5A as required. / '

Set up to evaluate phase of T = z and read [F at

[z = ~180° and +180°%; adjust Ry, so that the error
(if any) is the same at both points. If this error is

apprecisble, return to step 1 and repeat both steps,
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Socket B--large Scale, (1 - -z-):

Magnitude Calibration:

.l'

ll'o

5

6

Set up to evaluate magnitude of F = z~ at |zl = 13

adjust R}B and/or panel control sz so that meter
reads |F| = 1,

Set up to evaluate magnitude of F = z at 12 = ,01;
read |F| on meter,

Set up to evaluate magnitude of F= _____z___i__ at |1zl very

1l -

. “OL
large (frame near right-hand limit); read |F| at various
values of [__z—-if readings vary, stop at a point where
the reading is typical; at this point, adjust RZB 80

that |Fl reading ig the same as in step 2 above,

Return to step 1 and repeat all three steps in turn,

several times if necessary, until no adjustment is
required at step 3.

Now set up to read magnitude of F = z and read IFl at
|zt = 0L, 1, and 100; adjust Rysp so that the error
(if any) is the same at all three points. If this

error is appreciable, return to step 1 and repeat.

Phase Calibration:

1.

2.

Set up %o evaluate phase of F = 20 at [z = 0%
if meter does not read [F = 0°, install andf/or adjust
R

5B .
Set up to evaluate phase of F = z and read [F at

as required,

tz = -180° and +180°; adjust R’-I-.A:B 80 that the error
(if any) is the same at both points., If this error is

appreciable, return to step 1 and repeal both steps,
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Socket C--Small Scale, (z - a):

Magnitude Calibration:

1.

Set up to evaluate magnitude of F = %5 at 1zt = 13
adjust Ryg and/or panel control Rzx so that meter
reads |F| = 1,

Set up to evaluate magnitude of F = %a' at |zt = 101‘:
read |F| on meter.,

Set up to evaluate magnitude of F = ;—:_-1351; at (2l very
small (frame near left~hand limit); read |Fl at various
values of [z--if readings vary, stop at a point where
the reading is typical; at this point, adjust REO S0
that |Fl reading is the same as in step 2 above,
Return to step 1 and repeat all three steps in turn,
several times if necessary, until no adjustment is
required at step 3.

Now set up to read magnitude of F = z and read |F| at
2l = 10-4, 1, and 10+ll; adjust By.p S0 that the error
{(if any) is the same at all three points, If this

error is appreciable, return to step 1 and repeat.

Phage Calibration:

1.

2.

Set up to evaluate phase of F = 6 at [z = 0%

if meter does not read [F = 0°, install and/or adjust
RSG as required, _

Set up to evaluate phase of ¥ = z and read [F at

[z = =180° and +180°; adjust Ry so that the errer
(if any) is the same at both points, If this error is

appreciable, return to step 1 and repeat both steps,
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Socket D--Small Scale, (1 - 2):
Magnitude Calibration:
| 1. Set up to evaluate magnitude of F = z6 at \a| = 1
adjust RBD andfor panel control R}X so that meter
reads IF = 1,

2. Set up to evaluate magnitude of F = z at |z = 10"“;
read |F| on meter,

3. Set up to evaluate magnitude of F = i":z"ijf'atlzl*very
large (frame near right-hand limit): reaéﬁl? at various
values of [z~-if readings vary, stop at a point where
the reading is typical; at this point, adjust R2D 80
that )F| reading is the same as in step 2 above.

h._Return to step 1 and repeat all three steps in turan,
several times if necessary, until no adjustment is
required at step 3,

5. Now set up to read magnitude of F = z and read |F| at
2] = 10'4, 1 and 10+u; adjust Rygy so that the error
(if any) is the same at all three points. If this
error is appreciable, return to step 1 and repeat,

Phase Calibration:

1. Set up to evaluate phase of F = z0 at [z = 0%
if meter does not read [F = 0°, install and/or adjust
RSD a8 required.

2. Set up to evaluate phase of F = z and read [F at
[z = =180° and +180°; adjust Ryap SO that the error
(if any) is the same at both points, If this error is

appreciable, return to step 1 and repeat both steps.
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