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ABSTRACT

The crystal structure of cyclochex-l-enylecyclobutene~
dione has been determined by x-ray diffraction techniques.
Complete three~dimensional intensity data were collected about
gach of two axes using CuKd radiation. A4 trial structure was
evolved which proved to be correct. This sitructure was refined
both in projection and in three dimensions by conventional
Fourier and least-squares methods. During the last several
cyecles of refinement six thermal parameters and three posi-
tional parameters for each of the twelve heavy atoms were
optimized. An unusually long carbon-carbon bond distance
(10613) has been found; this result is not inconsistent with

purely chemical properties of the compound.

The crystal structure of 3,6-dimethylpiperazine-
2y5-dione has been investigated by means of x-ray diffraction
methods. Three-dimensional intensity data have been collected
and a trial structure has been evolved. This trial structure
seems to be the only structure which affords a suitable
hydrogen-bonding scheme and molecular packing. Moreover, it
is in agreement with the very distinctive crystalline habit
and cleavage of the compound. Apparently because of diffi-
culties in scaling the data, however, the very large number
of refinements which were attempted all failed to converge.
Consequently, work on this compound has been stopped tempora-
rily until sufficient additional information has been collected
to allow all of the intensity. data to be put onto a common

scale.

A number of programs of general crystallographic
interest have been coded for the Burroughs electronic digital
computer, model 205. A brief description of these programs

is given.
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PART I

THE CRYSTAL STRUCTURE OF CYCLOHEX-1-BENYLCYCLOBUTENEDIOKE




Introduction

Cyclohex-l-enyleyclobutenedione, C;,H,,0,, (Figure
6) was first prepared by C. M. Sharts(l) as part of an inten-
sive study of derivatives of cyclobutadiens now being carried
out in these Laboratories by Professor J. D. Hoberts and his
co-workers. The only similar compound whose detailed molecu-
lar structure has been determined is phenylcyclobutenedione,
which was studied here by Chi-hsiang Wongo(2> In view of the
interesting bonding which almost certainly exists in these

compounds, an X-ray study of the cyclohexenyl derivative was

undertaken.

Exverimental

The sample used in this investigation was kindly
supplied by Dr. C. M. Sharts. It was prepared as outlined
in his Thesiscl) and had been through several cycles of
crystallization from ethanol and hexane alternately. Crystals
suitable for diffraction studies were grown Jjust prior to use
by sublimation in air at 7QOC and a pressure of 1 mm of
mercury. The light yellow crystals were in the form of rec-
tangular prisms truncated at each end by a rectangular pyramid;
the axig of the prism was chosen as the b axis of the unit cell.
Those crystals used in the x-ray diffraction experiments
measured roughly 0.2 by 0.2 by 0.4 mm. During irradiation by

x=rays the crystals slowly decomposed, becoming over a week or

ten days more and more opaque (and seemingly amorphous), first



at the surface, then into the interior, but maintaining their
shapé the whole while. The crystals were not hygroscopic,
however, and the decomposition did not ssem to proceed rapidly
enough to warrant their being mounted in glass capillaries.
hcecordingly, they were mounted with flake shellac on the ends

of glass mounting pins, as is customary.

Hotation and Weissenberg photographs taken about
the b axis were indexed on the basis of a monoclinic unit cell

whose approximate parameters are:

a = 8,31 %
b= 9.30 %
¢ = 11.52 %
(3= 96.2°

The only systematic extinctions observed were Ok0O for k odd
and h0f for h odds the space group is accordingly indicated
21 5
to be P—= <C2h)°
For the determination of asccurate unit-cell dimen-
siong rotation photographs about the a and b axes were itaken

(3)

using the Straumanis technique and CrKd radiation, and
twenty~two sharp lines in the back-reflection region of the
equatorial layer-line were indexed on the basis of the above
approximate unit cell parameters. The constants of the
observational equations

singghkf - an? 4 B® + c0? + nd

were then fitted by least-squares to the twenty-two measured
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values of sinzghkﬂ; all of the observational eguations were

assigned equal weight. The output constants were

4 = 0.0192583 £ 0.0000016
B = 0.0151817 £ 0.0000037
C = 0.0100423 I 0.0000022

D =-0.00295624 % 0.0000023
The qﬁoted uncertainties are estimated standard deviations
calculated from the residuals and the diagonal terms of the
inverse matrix of the normal equations. Taking the wavelength
of CrKd radiation to be 2e2909§, the unit cell parameters and

thelr estimated standard deviations are:

a = 8.3011 t 0.0051%
b = 9.296 t 0.016%

o = 11.495 t 0,018%

A= 96.10° t 0.11°

The densities of several crystals of the unsublimed
material were determined by flotation in a potassium iodide
solution and alsoc in a solution of chloroform and n-heptane.
The average density and its estimated standard deviation so

. + m o .
obtained are 1.2575% ¥ 0.0007 om? at 237, The crystal density
calculated from the above unit cell parameters on the assump-

. . . . gn
tion of four molecules of ClOHIng per unit cell is 1.2211§g§,
Inasmuch as the discrepancy between the observed and the cal-
culated values of the density amounts to some fifty-two times
the estimated standard deviation of the measurement, it is

almost certainly real. 8Since it is now known(é} that after

standing for several months samples of unsublimed ClOHIOOZ



frequently contain appreciable guantities of an oxygen adduct

(perbaps CiOHlOGB)’ it is assumed that the fairly old sample
used for the density measurements had been so contaminated.
A later single measurement on crystals of freshly-sublimed
material yielded a density of 1.22035§%. Since the molecule
itself has no symmetry and since there are four molecules in
the unit cell, the molecules are in general positions and
there 1s only one molecule in the asymmetric unit. Choosing
the origin of the unit cell at a center of symmetry, the
symmetry of the space group P%% requires that for each atom,
i, located at Xis Fys 2y there be three symmetrically-

= - 1 1 1
related atoms at x. . 2.8 5+ X.s 5 - V., 2.5 and 5 = X%,
i y:}f i3 2 i 2 yl’ 15 3 i®

e

s Zg o hccordingly, fixing the positions of the atoms

wp-

+yl

of a single molecule defines the entire structure.

Weissenberg photographs through the fifth layer about
a and through the fifth layer about b were taken using CuKa
radiation filtered through 0.007% of Ni foil. A pack of
three films was used for each exposure, and two exposures were
made for each crystal setting, one for about 25 hours and the
other for about 2.5 hours. Intensities were estimated on a
relative scale by visual comparison with a calibrated inten-
sity strip. They were corrected for Lorentz and polarization
factors, but the crystals were small enough that an absorption
correction was deemed unnecessary. The structure factors
F(hkf) were pit on an approximately absolute scale by means

of Wilson's method(5>@ The Wilson plot is shown in Figure 2.



The Three~dimensional Patterson Map

(6)

Patterson has shown that it is possible to cal-
culate, using only the values of lF(hkf)|2§ a Fourier synthesis
which gives information about interatomic vectors, rather than
information about the absolute positions of atoms within the
unit cell, as the electron density synthesis does. The advan-
tage of the so-called Patterson map over an electron density
map is that the calculation of the former requires no knowledge

of the phases (or numerical signs, if the structure is centro-

symmetrical) of the structure factors, F(hkl).

A three-dimensional Patterson map was computed using

the expression

5inZg
Xz

. 2 -
Plu,v,w)= %;i:E;Z;JF(th) 2 giégg'e cos2w(hutfw)cos2nky

ﬁ+kn2n

4 2 sinZe -53LB0

- ;;;Z Z Z‘F(hu)‘ =m—r e ° A¢ sin2n(hu+dw)sin2nkv
h k 4 NS
hk=2n+1

i ne
Here the factoriiﬁjg is included to sharpen<7)
£

the peaks of
the map, and the exponential factor serves as a smoothing
function(Y); ? is an average atomic scattering function, and }

is the wavelength (1.54182) of the CuKa radiation used in the

collection of the intensity data.

The hOL Weissenberg photographs suggest that the

molecule lies roughly parallel to (101), inasmuch as the (202),



(404), and (606) reflections are gquite strong and show an
apﬁroximately normal decline. Accordingly the Patterson map

was replotted in two sections parallel %o (16?) as depicted

in Figure 3. Those vectors representing distances within a
single molecule should lie near Section A, whereas those arising
from intermolecular interaction between molecules relsted by

the glide plane should fall in Section B. Thus Section A
containg information about the orientation of the molecule and

Section B about ite placement within the unit cell.

From congideration of the peaks surrounding the ori-
gin in Section A the orientation of the molecule soon was
derived. Furthermore the supposition that the plane of the
molecule is roughly (10?} was confirmed by the fact that all
peaks of the three-dimensionzl map close encugh to the origin
to represent intramolecular vecitors lay near Section A.
Because of the fact that the Patterson map has i'symmetry,
however, the orientation of the molecule was known only with

a two=-fold ambiguity.

Interpretation of Section B was much less straight-
forward than that of Section 4. Nevertheless two reasonable
trial structures soon were derived. Calculation of structure
factors, however? showed them both to be grossly incorrect.
Upon re-examination of Section B it was decided that, because
of doubt as to how much reliance could be placed on the weights

of the Patterson peaks, several other trisl structures could



be evolved which apparently would fit the Patterson equally

well. Accordingly this approach was abandoned temporarily.

The Determination of the x and z Parameters

An unmodified Patterson projection down a was

computed using the equation

%‘P(sz) = :E: Z; lF(Okl)lzcos27Tkv cos2 7w,
k

k even

where A is the apparent area of the (100) plane. The result-
ing map exhibited only two maxima, both in the form of long
ridges of Patterson density approximately parallel tc the ¥
direction, one located at w = O and the other at w = 4. Thus
the molecules are oriented with their longitudinal directions
roughly parallel to b and are spaced asbout one-half unit cell
apart along ¢. The only way to obtain such a molecular spacing
is to place the "center of scattering® of the molecule at

z = %@ The symmetry then generates other molecules at z = 3/4g

Z 5/4, etc. (See Figure 8.) On the assumption that the

it

"best" plane of the molecule is (10?7; the possible positions
of the molecule in projection onto (010) are then restricted
to those shown in Figure 4. Corresponding to each of these

positions are two orientations determined by whether Gl is



B

pointing toward a or away from it. Thus in three dimensions
fou£ distinet structures are possible. In projection onto
(010), however, centers of symmetry cannot be distinguished
from two-fold screw axes, so that only two orientations need
be considered.

Attempts were made to refine each of these trial
structures by means of electron density and difference maps.
The only structure which refined at all well was the one

having the oxygen atoms near g. After three cycles of refine-
21T T
o c
LN

all of the observed (h04) reflections). At this stage it seemed

ment R was 0.19 (R = , where the summations are over

unlikely that further refinement of this projection would prove
to be very fruitful. Accordingly it was decided to try to
determine the y parameters of each atom and to then refine all
of the positional parameters simultaneously by three-dimensional
methods. The final electron density map of the (010) projec-
tion is shown in Figure 5; x and z parameters derived from this
map are listed in Table 1.

The Determination of the v Parameters

On simply a chemical basis, the molecular structures
(as distinet from the crystal structures) of phenylecyclobutene-
dione and cyclohex-l-enylcyclobutenedione should bhe guite
similar. PFurthermore, in the crystal structure of each of
these compounds the longitudinal direction of the molecule
lies roughly parallel to §9(2> Moreover, the lengths of b

are equal for the two compounds to within the error of measure-



TABLE 1

¥ and z Parameters From the (010) Fourier Projection

Atom

Code
X Humber Z ;
0.37 ¢, ~0.36
0.55 C2 =0.40
0.40 85 =0.35
0.49 64 -0.26
0.53 CB =020
0.49 06 =(.25
052 07 =019
0059 C@ “0310
0.59 69 ()12
0.49 ClO =022
0.43 Gl =031
0.56 0 =0 .07
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ment. These facts stirongly suggest that, except perhaps for
xé shift of origin, the projection of the molecule onto b is

roughly the same for both compounds.

On comparison of the two sets of (0kO) reflections,
it was observed that the variation of intensity with k was
gqualitatively the same for both compounds. As a consequence,
the hypothesis that the y parameters of both structures are
the same was accepted tentatively. Structure factors for all
of the observed reflections were calculated using the y para-
meters for phenyleyclobutenedione and the previously-ocbtained
z parameters for the cyclohexenyl derivative. The discrepancy
factor, R, was 0.98, signifying that the agreement between the
observed and the calculated structure factors was even worse
than that to be expecied from a random structure.(s) Accord-

ingly, the above hypothesis was abandoned.

it was next assumed that the relative y parameters
of the atoms in the two compounds are the same, but that the
origin is shifted; a method similar to that of Boath(g) was
then used to compute the shift. If ¥y is the y parameter of
the iig atom relative to some arbitrary origin and yi the
corresponding parameter relative to the origin of the unit
cell, then the primed parameters are related to the unprimed
by the relation

y{ =y + Vi i=1; 2, c0ey N,

where N is the number of atoms in the agymmetric unit.
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For the {(0k0) reflections,

F{0kO)

il

K
¥
4 ;;;f160327rkyi

N
= 4 E: ficcs27rkyﬁcos27Tky
iml =

i

N
4 E: <fisin27Tkyisiﬁ27Tky

i=1

t 2 7(0k0) = V42 + B2 cos2TTk(y+), where

[

H
(X = arctan %, 4 = E: fj30327Tkyi, and
i=1 7 ’

E
B = E: fisin27fkyi9

i=l

cos2TTk(y+q) = ugigégimg .
4V A"+ B

Table 2 lists the y parameters of phenyleyclobutenedione,

[

(2)
which were used as input to the calculation, and Table % gives
the pertinent data and results of the calculation for several
values of k. As may be seen from Table 3, sorresponding to
each F(OkO) is a set of several possible values of y. The
value finally chosen was -0.11; 1t was obtained by averaging
several nearly-equal values of y, one from each of the various
sets. Thus the y so selected is the one which most nearly

satisfies the first several observed F(0kO). This y was then



-12-

TABLE 2
The v Parameters of Phenyl@ycl@butenedionéé)
Atom
Code
Number -y
Cy 0.536
C, 0.665
Cs 0.793
84 0.788
Cy 0.659
s 0.531
C7 0.392
Cq 0.351
09 0.191
C}Q 0.237
01 0.181
0 0.080



wl3e

TABLE

Calculation of the Molecular Shift Along b

1
F(0kO) obs (A2 + Bg)g Possible y in
(electrons) (electrons) o (radians) Fractions of B
40.1 20.000 - 0.79%2 0,11, =0.05, 0,01, +0.09,

+0.14, +0.16, +0.20, +0.24

8.4 2.3%365 - 0.7144 -0.12, -0.08, +0.13, +0.17,
+0.26, etc.

24.2 9.230 0.9862 0.00, -0.06, -0.10, +0.02,
-0.14, etc.

15.53 7312 ~0.6275% +0.04, +0.10, -0.07, =0,10,
+0.16, =0.14, etc.
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added to the relative parameters of Table 2 to yield the abso-
lute yi. These parameters together with the previously-
determined x and 2 parameters then constitute the complets
three-dimensional trial siructure of cyclohex-l-enylecyclobutene-

dione.

Refinement of the Trial Structure

If it is assumed that all thermal motion within the

crystal is isotropic, the expression for the structure factor

2
F(h,k,4,) in space group P?% is

N sing
“B 2
F(hkd) = 4 f e cos2n(hx_+4z_Jcosrky , if h+k=2m, or
£y 'n non n
sin?@

R 2

N
-B
F(hkl) ==4 2: f e sin2m(hx_+4z_ )sin2rky , if h+k=2m+1,
] n n n n

where fn is the atomic scattering Tactor and the sum is taken
over all ¥ atoms in the asymmetric unit. Thus, if the isotropic
thermal parameters are refined concurrently with the positional
parameters, a total of 4N + 1 parameters must be refined--the
three positional coordinates Xos Ve 2, and the ilsoiropie
temperature factor Bn for each of the N atoms, and a scale
factor K which is reguired because the intensities are known

on only a relative scale. A very convenient procedure for
carrying out such a refinement may be derivad<10) from the

least=squares criterion that

E: w(hkd) [KFO(hkl)j - Fc(hki)ng

J
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be a minimum. Here Fa(hk153 denotes the observed value of

the 3E§ structure factor, Fe denotes its calculated value,

and the summation is over all observed reflections. K is a
scale factor required to convert the observed values of F(hkﬁ}

from a relative to an absoclute scale.

The weights, w(hkL), were initially taken as unity.
Since hydrogen atoms were excluded from all except the final
stages of refinement, N is twelve for this compound. The
number of observed reflections is T94. A total of thirty
cycles of structure-factor and least-squares calculations
were necessary before convergence of the iterative process
seemed complete. The calculations were carried ocut on a
Burroughs electronic digital computer model 2053 the program
used was written by Dr. R. A. Pasternak and later modified

extensively by Mr. Albert Hybl.

For the first few cycles of refinement, the Bn were
held constant and equal to the B derived from the Wilson plot,
and only those reflections for which Sin@hki £ 0.60 were
included in the refinement. The discrepancy factor, R,
started at 0.49 and dropped steadily over eight cycles of
refinement to 0.25. At this stage the scope of the refine-
ment was enlarged to include all reflections for which sin &
£ 0.75, and refinement of the individual isotropic thermal

parameters was initiated. R dropped quickly to 0.22, but would

go no lower.
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A three-dimensional Fourier synthesis was then com-
putedg using as coefficients the various FewFGe Although this
"difference map" indicated that some of the heavy atoms (€ and
0) were vibrating quite anisotropically, no hydrogen atoms
were in evidence. Accordingly the positions of the ten hydro-
gen atoms were computed from the parameters of the carbon atoms,
assuming a C-H bond length of 00939 tetrahedral bonding of the
methylene groups, and that the methyne C=-H bond bisects the
angle formed at the methyne carbon atom by the two carbon atonms

ad jacent to it.

The refinement was continued with the calculated
contributions of the hydrogen atoms included in the computation
of structure factorsi the parameters of the hydrogen atoms were
not refined. In addition, in the gtructure-factor expression
the isotropic thermal factor e-Bné%fég was replaced by an
anisotropic thermal factor of the form exp - (ah2+9k2+742+

6hk+eh1+qkf), and the least-squares weighting procedure was

changed to one similar to that suggested by Hughes,(lo) i.e.

W = IFile i£|F |2 3.2, and
" = QTi-?i ifIFOI ¢ 3.2,

R dropped to 0.17 over six cycleg of refinement, the last two
cycles showing hardly any improvement at all. The positional

shifts were larger than might reasonably be expected at this
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stage and seemed to be oscillating. The thermal shifts, too,
seemed unduly large, although this apparent anomaly was much
less certain than that of the positional shifts. Therefore,
in an attempt to induce more rapid convergence, half shifis

rather than whole shifts were used in all further refinements.

Refinement then continued steadily until R reached
O0.13. The positional shifte were now in the fifth or sixth
significant figure and the refinement was considered completed.
The final values of the positional parameters are given in
Table 4 and those of the thermal parameters in Table 5.
Estimated standard deviations of the positional parameters
were calculated from the equation

/Z (F,-F,)?

CT(Xr) (u»v) D B

given, among others, by Cruickshanks<11> Here X is the rﬁg

parameter, u is the number of reflections entering into the
summation, v is the number of parameters included in the
least-sguares process, D is the determinant of the coeffi-

cients of the least-squares normal eguations, and Br is the
th L, . . . N .

r— principal minor of this determinant. The summation

includes all observed reflections. The results of this cal-

culation are listed in Table 6.

Discussion of the Structure

Intramolecular distances and angles are given in

Figures 6 and 7 and in Table 7. Estimates of their standard
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TABLE 4
Final Positional ?afameters of Cvcelohex-l-enylcyvclobutenedione
Atom
Code
Humber X b z

Cl 037430 0.41958 ~0.%34928
CZ 0.508753 0.55178 ~0.41472
63 0.40730 0.68488 ~0.37170
04 0.43659 0.68903 =0.24272
CS 0.53234 0.56181 =0.19372
Cé 0.46661 0.42159 =0.25068
C? 0.52412 0.28669 ~0.19463
Ca 0.62458 0.25142 =03.09580
09 0.61136 0.09616 =0.11285
GIO 0.49164 0.13525 =0.22774
@1 0.41061 0.07038 ~0.30641
0 0.66097 -0.01105 ~0,06545
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TABLE 5

Final Thermal Parameters of Cyolohex~l-enylevelobutenedione, for

Temperature Factors of the Form
2 B 2 P 8 N
exp -( QAh"+[Sk“+v/1%+ Ohk+ €hl+ Nkl)
4 7 [

Atom

Code

Number 10-QL 10'8 107y 10*8 10-€ 10Mm
Cl +0.1622 +0.1120 +O.b785 =0.0208 -0.0092 +O,501§
C2 +0.2611 +0.1720 +0.1176 =0.0199 -0.0036 +0.0041
05 +0.2307 +0.1221 +0.0873% ~0.0023 +0.0173 +0.0043
04 +0.2019 +0.1360 +0.0984 ~0.0260 =0.0097 +0.0042
65 +0.1830 +0.1181 +0.0842 «0.0117 +0.0023 =0.0002
Cé +0.1588 +0.1166 +0.0799 =0.0218 +0.0042 =0.0018
G? +0.1804 +0.1324 +0.0886 ~0.0272 +0.0012 =0.0017
CS +0.1895 +0.1475 +0.0979 ~0.0176 -0.0021 -0,0023
C9 +0.1947 +0.1371 +0.0930 =0.0205 <=0.0043 +0.0016
Cl@ +0.1918 +0.1392 +0.0960 =0.0241 =~0.0098 +0.0054
@1 +0.2236 +0.1483 +0.1059 ~0.0064 +0.0073 =0.0025
o +0.2145 +0.1395 +0.0983 -0.0202 -0.0149 +0.0074
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TABLE 6

Estimated Standard Deviations of the Positional Parameters in Frac-

tions of a Unit Cell Edge

Atom
Code
Number g(x) oy g(z)

Cl 0.00522 0.00330 0.00332
CQ 0.00700 0.00471 0.00365
C§ 0.00856 0.00434 0.00428
04 0.00601 0.00425 0.00414
C5 0.00642 0.00406 0.00348
Cé 0.00465 0.00330 0.00302
07 0.00459 0.00392 0.00274
CS 0.00472 0.00330 0.00296
@9 0.,00572 0.00361 0.00338
Cl@ 0.00462 0.00414 0.00341
Gl 0.00442 0.00296 0.00256
0 0.00444 0.00296 0.00230
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TABLE 7

Intramolecular Distances and Angles, Their Estimated
Standard Deviations, and Their Estimated Uncertainties
at a Confidence Level of 99%.

Distance Uncertainty
Bond (in 1) (in R)
Clw CZ 1.507 0.009 0.023
5= C§ 1.541 0.013 0.034
05~ 64 1477 0.018 0.046
34~ 05 1.501 0.016 0.041
C5~ C6 1.533 0.014 0.03%6
C6° Cl 1.299 0.012 0.071
06» 07 1.466 0.012 ©.031
073 CB 1.376 0.012 0.031
Ca- C9 1.45%9 0.012 0.031
C9~01@ 1.608 0.014 0.03%6
CIODC7 1.476 0.014 0.0%6
Cloﬂol 1.227 0.012 0.031
09“ 62 i1.188 0.012 0.051
Value (in (in Uncertainty
Angle degrees) degrees ) (in degrees)
Clm 2~C§ 110.08 0,71 1.8
02*65m04 111.62 0.63 1.6
C3~C4»65 112.%4 0.66 1.7
64_65“C6 111.07 0.53 1.4
Co-Cq-Cy 122,35 0.50 1.3
C6°Cz~02 124.90 0.54 1.4
65m06“67 120.36 C47 1.2
06967”68 131.3%4 0.42 1.1
G?»Cancg 95.42 0.29 0.75%
CB*C9“G10 85.29 0,38 1.0
9w010—57 85.6% 0.37 1.0
Clowc7~@8 93.65 0.%3 0.85
Clgmﬁgwﬁg 136,06 G.39 1.0
3?~Cl0m01 1%56.88 0.41 1.1
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deviations and of their uncertainties at a level of 99% con-
fidence alsoc are listed in Table 7. A comparison of the bond
distances with those in other compounds containing similar
functional groups is given in Table 8. The discussion which
follows is based on uncertainties estimated at a level of 99%

confidence.

The conformation and dimensions of the six-membered
ring are in general agreement with those of similar rings in
3, 4y 5, 6mte%rachlorecyc10hexene,{12) 2, 3, 45 5, b=penta=
(14)

chlarccyclohexene,(15> ionylidene orotonic acid, and

(15)

pg-carotene. Within the error of measurement, all of the
Ysingle bonds® of the six-membered ring are of the same length.
Their'average length is 1551129 with an estimated standard
deviation of 0.012%. The uncertainty of this average distance
at a level of 99% confidence is 0.046%. C

C 059 and 55

1* Va2l
are nearly coplaner. A plane was fitted by least-sgquares to
these four atomsg in terms of fractionmal coordinates referred
to the direet erystal axes its eguration is

6.6835 x + 0.1616 y - 6.8558z = 4.9860.
The constant on the right-hand side of this equation is the
distance in Angstrom units from the origin of the unit cell
to the plane. The distances of all of the atoms of the six-
membered ring from this plane are listed in Table 9. C, and

3

C, are on opposite sides of the above plane.

4
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TABLE 9

The Distance in Q of Bach Atom of the Six-membered
Ring from 6.6835x + 0.1616y - 6.8558z = 4.9860,

The Least-sguares Plane of Atoms CQ, Cl’ ng and Cj
Atom
Code Distance from
Humber plane (in 1)
Cl =0.022
Cz +0.010
05 -0.395
64 +0.293%
05 =0.009
Cé +0.022
TABLE 10

The Distance in & of Each Atom of the Four-membered Ring and
of the Two Oxygen Atoms from 7.0275x + 0.170ly - 6,9854z =
5,0068, the least-squares Plane of Atoms C_., C., C., and 010

[ A 4

Atom
Gode Distance from
Number plane (in A)
07 =0 .005
CS +0.005
69 =(.004
ClO +0.004
01 +0.002
0 +0.000

2
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Whereas the bonding within the six-membered ring is
in accord with the results of other investigators, that within
the gmall ring is somewhat unusual. The length of the double
bond (195763) of the small ring compares well with that of the
double bonds in cy@lobutene<16) OJBBX)g in lamethylﬁyclabut@na(l7>
(1.348) and in phenylcycl@butenedione(2} (1.378). In addition,
the carbonyl bonds are of about the same length (i‘zssﬁ and
1ﬁ227g} as those usually found<l8> in aldehydes and ketones
(l»ZEK) and are in agreement with the distances found in phenyle-
cyclobutenedione (13173 and 18218}. In contrast, the 07»610

(1.4768) and especially the C (1.4598) distances differ

8~ Cg
gignificantly from corresponding distances in cyclobutene (l»54%)$
in l-methylecyclobutens (1.543) and seemingly alsc in phenyleyclo-
butenedione (1.528, 1.53%), although this is a difficult matter
to decide for the latter compound since no limits of error arse

given, Furthermore, the C distance (l.éOBﬂ}g strikingly

9~C10

longer than normal, seems to represent a conitinuation of the

trend initiated in the phenyl derivative toward a weakening of

this bond. This result is in accord with purely chemical evi-
(19) -, o

dence « For example, when heated with methanol at 507,

cyclohexenyleyclobutenedione apparently undergoes pyrolytic

cleavage at this site with the subsequent addition of two moles

of methanol to form a methyl diester. Moreover, on standing

in air at room temperature the compound adds nygen(4>, perhaps

at this site. In these respects it is considerably more reac-

tive than the phenyl derivative.
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The atoms of the four-membered ring and the two
oxygém atoms are coplanar within the error of measurement.
The least-squares plane of these atoms with all atoms weighted
equally is

7.0275x + 0.17009y - 6.9854z = 5.0968.
The distances of the six atoms from this plane are listed in

Table 10. The plane is twisted about the C6»C bond by about

7
2920 with respect to the plane of atoms 02, Cl, 06, and 05;

the two planes are significantly non-parallel.

The molecular packing is shown in Figure 8, a projec-
tion of the structure down g. The molecules are packed prac-
tically parallel to each other throughout the structure and
lie roughly parallel to the (101) plane. Each molecule is
surrounded by twelve neighbors whose closest contacts with the
reference molecule correspond to van der Waals distances which,
although not abnormal, are slightly longer than those in
phenylcyclobutenedione(2). Table 11 is a list of these
closest van der Waals contacts. That the forces of inter-
molecular atitraction are less for cyclchexenylcyclobutenedione
than for phenylcyclobutenedione could have been anticipated
from the facts(l) that the crystal density of the phenyl com-
pound is greater than that of the cyclohexenyl compound, and
that the melting point (1190~1209} of the phenyl derivative is
considerably higher than that (7?0_780} of tﬁe cyclohexenyl

derivative. In view of the rather uniform distribution of
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TABLE 11

Closest Intermolecular Distances (in £)

Cl ces L 3.639
Cl evs G 3.665
02 eoe C 5.824
05 cee O 3.661
04 cee O 3.622
04 voo O 3,622
CS see O 5.587
05 e O 3,730

C6 oo C 5.497
06 e o @ O 59579

o een C 3.636
Cq eec C 3.636
C8 ess © 3.698

Cg eee O 3.933
Oy ee0 © 3,497
Co weo C 3.665

9

CIO soe © 3.698
CXO ees © 3.639
Ol eos U 3.622
Ql cos O 3.661

@2 eeo C 5.579

O see G 53.587

0 eee C 3.622



2@ B e

van der Waals contacts around each molecule, the absence of

preferred cleavage is not surprising.

Positions of the hydrogen atoms, computed in accord-
ance with the assumptions mentioned previously (page 16) but
using the completely-refined positional parameters, are listed

in Table 12.

Thermal Motion

The temperature~factor parameters listed in Table 5

(20) into

were transformed by the method of Rollett and Davies
parameters describing the principal axes of the ellipsocid of
vibration of each atom. The magnitudes of these principal

axes and their direction cosines relative to the reciprocal

axes of the unit cell are listed in Table 13.

It seems somewhat uncertain how much reliance can
be placed in these results. In the first place, the unusually
large thermal motions exhibited by these molecules in the crys-
talline state at room temperature have limited the amount of
diffraction dats availabley moreover, the qualiﬁy of the data
is not all that it might be. In addition, systematic errors
in the intensities due to extinction or to absorption would
be expected to affect the temperature parameters quite
strongly. For these reasons, the thermal motion is discussed
only gualitatively. To the extent that they are valid, however,
the thermal motions which emerge from this investigation pre-

sent a rather interesting situation.
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TABLE 12

Calculated Positions of the Hvdrogen Atoms

The following assumptions were made: (i) the C-H bond length is O»9§;
(ii) methylene hydrogens are tetrahedrally bonded; and (iii) the C-H
bond direction of a methyne group bisects the angle which the methyne
carbon atom makes with the two adjacent carbon atoms.

Atom Attached

Code To Atom

Number Humber X Vi Z
Hl @1 09356 05324 "'@9574
H2 Cz 0.288 0.540 -0.507
35 Cz 0.219 0.560 ~0.418
" C 0.362 0.678 -0.418

0.500 0.777 -0.394
0.478 0.780 ~0.223

0.625 0.683 -0.196

3
3
4
37 64 C.347 0.683 -0.196
8 p,
5 0.563 0.569 =0.221
8

0.688 0.309 =0.040
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TABLE 153

Magnitudes and Direction Cosines with Respect to the

Reciprocal Axes of the Principal Directions of the

Thermal Ellip

soids

Atom
Code Principal
Number Axig i

C. 1

+ 2

3

c 1

2 2

3

C 1

5 2

3

C 1

4 2

3

c 1

5 2

3

C 1

6 2

3

C 1

7 2

3

C 1

& 2

3

¢ i

9 2

5

B (%2) gt &5 ¢
2.975 +0.100 +0.941 +0.332
4 .605 +0.131 +0.309 -0.923%
5.950 +0.986 -0.136 +0.013
4.752 +0.057 +0.955 +0.295
6.887 +0.092 +0.379 -0.906
9.530 +0.992 -0.086 +0.19%
3,219 +0.000 +0.93% +0.357
5.208 +0.034 +0.359 -0.924
8.392 +1.000 -0.012 +0.138
3.628 +0.096 +0.948 +0.310
5.741 +0.142 +0.258 -0.835
7.415 +0.983 -0.138 +0.226
3.16 +0.049 +0.945 +0.328
4. 954 +0.044 +0.322 50.936
6.664 +0.999 +0.061 +0.132
3,131 +0.118 +0.889 +0.276
4.626 +0.095 +0.317 -0.928
5.850 +0.895 -0.199 +0.493
3,495 +0.132 +0.929 +0.359
5.214 +0.114 +0.333 -0.919
6.632 +0.950 -0.163 +0.165
3.955 +0.093 +0.934 +0.353
5.744 +0.292 +0.264 ~0.870
6.920 +0.992 -0.110 +0.136
3.652 +0.083 +0.935 +0.351
5.472 +0.110 +0.335 -0.919
7.121 +0.991 -0.116 +0.180



Atom
Code Principal
Number Axis 4
c 1
10 5
3
o 1
1 2
3
) 1
2 2
3

-3

TABLE 13 (cont. )

1 2 5

B; (2°) 8i gi gi
3,715 +0.096 +0.942 +0.330
5.590 +0.194 +0.300 -0.908
7.059 +0.970 ~0.128 +0.310
3,997 +0.027 +0.948 +0.318
6.215 -0.006 +0.317 -0.944
8.1%3 +0.995 ~0.024 +0.092
3,707 +0.092 +0.913 +0.386
5,780 +0.145 +0.326 ~0.913%
7.855 +0.988 -0.103 +0.220
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Atoms 05 and 64 might reasonably be expected to
undergo greater thermal motion than the other carbon atoms.
Actually, 62 is Vibraﬁimg with & larger amplitude than any
other atom of the molecule, oxygen atoms included. The
relative amplitude of atom C§ seems reasonable; that of 04,
however, is only slightly higher than the average amp}itu&es
of the remaining atoms. No librations or set of coupled
librations can explain this anomaly. The vibrational ampli-

tudes of the oxygen atoms are larger than those of the

skeletal carbon atoms, as is to be expected.

The principal axes of all of the thermal ellipsocids
are roughly parallel, the largest vibrations being nearly
along a, the next largest nearly along ¢, and the smallest
vibrations being roughly parallel to b (see Table 13). Thus,
superimposed on the internal vibrations of the molecule is a
fairly large vibration of the center of mass of the molecule.
Similar results have been obtained(ZI) for other van der
Waals crystals, for example, di-para~xylylene, sym-trichloro-

benezene, napthlene, anthracene, et al.
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PART II

THE CRYSTAL STRUCTURE OF 3,6-DIMETHYLPIPERAZINE-2,5-DIONE
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Introduction

Por the past several years, considerable &€fort has
been expended in these Laboratories toward the elucidation
of the crystal and molscular structures of compounds of bio-
logical interest, especially those related in some way to the
proteins. As a conseguence, the molecular structures of most
of the naturally-occcurring amino acids are now known in detail.
In addition, the structures of some di- and tri-peptides have
been determined as have those of several derivatives and com=-

(22)

plexes of amino acids.

Relatively little work has yet been done, however,
on the effect of cyclization on the stereochemistry of such
compounds. In fact, the only compound containing cyclic con-~
densed amino acids having a known structure is piperazine-
2,5~dione (diglycine anhydride) whose structure was determined
over twenty yesars ago(2§> and has Jjust been refiﬁed(24) in
these Laboratories. In view of the importance of such cyeclic
peptides as bacitracin and the vasopressins, it seemed worth-

while to investigate the structure of the next homomer of the

series, 3,6-dimethylpiperazine-2,5-dione, (s%e Figure 9)‘

Experimental

The material used for this investigation was obtained
from the H. M. Chemical Company, Ltd., of Santa Monica, Cali-
feornia. Marketed under the label DL-alanine anhydride, C.P.

grade, it was used without further purification.
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Crystallézatiom of the anhydride was attempted from
a variety of both pure and mixed organic solvents including
acetones methyl, ethyl, and isopropyl alcohols; diethyl etherg
and dioxane. In addition, many attempts were made to crysital-
lize the substance from agueous soclutions under varying condi-
tions of temperature and pH, and from solutions containing
traces of a large-molecule dye such as me%h&len@ blue. Invar-
iably the same crystalline habit resulted: long, pliabla
hairs occasionally thick enough to be called needles, growing
usually as a dense élump’emanating from a single point, but
sometimes as single crystals. The only procedure which ever
produced cryétals really suitable for diffraction work proved
to be slow evaporation from aqueous solution at 7QOCQ By this
means, needles could be grown as large as 0.2-0.3 mm in cross-
section, and a few millimeters in lengths invariably, however,
the crystals were twinned. All attempts to cleave, cut, grind
or dissolve these crystals resulted only in the dissociation
of the macro-crystal into a number of microscopic hairs. For
this reason, no intensity data were ever gathered about any
but the needle axis. This ratiornal crystallographic direc-

tion was arbitrarily chosen as the ¢ axis of the unit cell.

At room temperature, thermal agitation is so high
that even exposures of 400 ma-hr using single crystals of
dislanine anhydride and Crla radiation in a helium atmosphere

failed to yield diffraction maxima in the back-reflection
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region. Accordingly, a set of unit-cell parameters was
obtained from Weissenberg and rotation photographs. The

resulting parameters are:

a = 4.63 bd
b = 8.04 &
c = 6,13 2
a= 1069581
B= 125351
y= 771°30"

No systematic extinctions occuri therefore, the structure is
based on a triclinic lattice. The density of the anhydride,
. . il .
measured by flotation, is 1e51m53; that calculated on the basis
cm

= N . . m
of one molecule of 06H8N202 per unit cell is 1.25:?3.

Since there was no good way, at the outset of the
investigation, to place all of the data on the same relative
scale, no statistical tests for centrosymmetry could be
applied. Upon casual inspection of the data, however, a
centrosymmetrical strusture appeared much the more probable.
In addition, it seemed likely that the molecule possessed. at
least an approximate center of symmetry. Conseqguently, it
seemod reasonable to assume tentatively that the space group

is PI.

Collection of the Intensity Data

Weissenberg equi-inclination photographs were taken
through the third layer about ¢, the needle axis, using a pack

of three films and CuKo radiation. The crystals used for
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making these photographs were twinned in such a way that all
of the maxima (rather than only half of the maxima, as is
usually the case) having a common |ﬂ[ were recorded on the
same film. The results were an apparent doubling of the
Weissenberg festoons (see Figure 10), and a considerable com-
plication of the indexing of the photographs. The zero-layer
photographs appear normal, one-<half of the maxima being super-

imposed upon the other half.

In order %o index the upper-layer photographs the
following procedure was used:
(1) Using the unit-cell parameters given above, a list
of values of sin ghkl was computed for all diffrac-

tion maxima, (hkf), within the sphere of reflection

of CuKe¢ radiation.

(2) Using measurements taken directly from each photo-
graph, the values of sin @ for a large number of

observed maxima were calculated.

(3) By detailed comparison of the observed with the
calculated values of sin €, key maxima and festoons
of maxima could be indexed on each photograph. The
rest of the maxima on the film were then indexed by
inspection.

Since it seems to appear nowhere else, a derivation of the

equations used in (2) above is now given.
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1O

@ (b
FIGURE 1

In Figure la above, 8, is a beam of x-radiation
incident on a crystal located at the origin of the coordinate
system defined by the orthonormal vector triple: gy1 S5 %5;

s is a diffracted beam. Then

8 = e,008 - @,8in

g, = g 00s¢ £z Z

§ = g cosyp cosy + g,co8¢ sing + §§sin¢ ; and
cos 28 = § s = cosy cosvy cose -~ siny sing .

(25) o,

This equation is given incorrectly by Zachariasen.
taking equi-inclination photographs, the camera is set so that

¢ =% = , the 'squi-inclination angle”. Then for this set-

up
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cos 20 = cos¢rcos%4 - sin%u = 1 = ZSiﬁZQ,
1
‘e 8in & = [l - Fcos2u (1 + GOS«IJ)]E.

As can be seen from Figure 1b, cosy can be calculated
directly from r, the camers radius, and y, the distance of the
diffraction maximum above the center line. The appropriate

equation is

r

c@sgb = Wf;§:;§ .

The intensities were estimated by visuval compariscn
with a calculated intensity sitrip. These intensities were
corrected for Lorentz and polarization factors, but in view
of the size and nature of the crystals, correction for absorp-
tion seemed unnecessary. Scaling of the Weissenberg photo-
graphs was complicated by the fact that the crystals used
were twinned., In a few instances, two maxima having the
same index, but arising from different twins were observed on
the same photograph. Comparisons of such pairs of maxima
indicated that twin A was 1.5-2 times larger than twin B.
Because so few suitable pairs of maxima occurred, however, no
accurate estimate of the relative zizes of the two twins was
made, For this reason correlations among different layers,
and even among maxima on the same layer arising from different
layers, were, of necessity, left until later in the investiga-
tion. The uncorrelated sitructure factors are given in Table

i8.
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The Trisl Structure

Since there is only one molecule per unit cell, the
assumption of Pfhsymmetry requires that the center of the
molecule be placed at one of the several centers of symmetry:
it was placed arbitrarily at the origin. The nature and per-
gsigstence of the crystalline habit--hairs, bundles of hairs,
or needles greatly elongated in the ¢ direction--suggest
strongly that the hydrogen-bonding of the structure is along
the ¢ axis. For purposes of finding a trial structure, it
was assumed that the hydrogen-bond direction and the o axis

are precisely colinear.

The above placement of the center of the molecule
requires that F(010) be positive. The seven other (0kO)
reflections may be either positive or negative, however, so
that if line Pouriers were computed using all possible sign
combinations of all the (0k0) data, a total of 128 Fouriers
would have %o be done. Fortunately, by far the strongest of
these reflections are (010), (020), (030}, and (040). A4s a
consequence, the gross features of all 128 of the above
Fouriers can be displayed easily by the 8 line Fouriers com-
puted from only the first four reflections; these one-dimen-

sional summations are shown in Figure 1l.

We seek now those Fouriers which yield reasonable
projections of the molecule onto the b axis. With the center

of the molecule at the origin of the unit cell, no atom can
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have a y parameter greater thanm about 0.36. This fact
eliminates from further consideration Fouriers A, C, E, and
G, inasmuch as all of these have peaks of electron density

£11 reasonable orientations of the molecule require
that there be four atoms fairly near the origin (no farther
out than 0.18) and a methyl group somewhere between about
0.18 and about 0.36. As a consequence of this fact and of
the relative areas under its two peaks, Fourier D may alsc be

ruled out.

Thus, of the eight original Fouriers, there remain
only three, By H, and ¥, one of which must represent roughly
the projection of the molecule onto the b axis. There is
little to choose among the three, but since F seems a reason-
able compromise between the other two, it was selected tenta-

tively for further study.

Keeping the signs of the first four reflections the
same as for F, eight Fouriers were computed covering all sign
combinations of the last three reflections; since the value
of F(050) is so small, it was not included in any of these
calculations. In all of these Fouriers, the peak correspond-
ing ostensibly to the methyl group was misshapen sufficiently
to eliminate these Fouriers completely from further consider-
ation. Accordingly, the above procedure was repeated using as

a basis Fourier number H. These Fouriers are shown in Figure 12.
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A4 projection of the molecule drawn looking down ¢
(and consequently approximastely down the hydrogen-bond direc-
tion) was next considered. In this projection, one is lécking
at the piperazine ring edge~on. Furthermore, the projection
of each atom onto a plane perpendicular to ¢ is known. There
remains only the problem of rotating this projection about e
until its projection onto b 1s that given by Fourier L. This
can be done with a two-fTold ambiguity; the ambiguity is easily
regolved, however, by consideration of few low-order structure
factors, such as F(110). The resulting projection is shown in

Figure 13.

Inasmuch as the distances from the origin to the
various atoms are known falirly accurately, the z-coordinate of
each atom was calculated from the xz~ and y-coordinates derived
above. The projection down ¢ of the irial structure which
resulted is shown in Figure 13; its projection onto (100) is
given in Figure 143 and the coordinates of each of the five

atoms are listed in Table 16,

This three-dimensional trisl structure was carried
through a large number of cycles of Fourier refinement of the
(001) and (100) projections. Refinement of the (100) projec-
tion was complicated by the fact that since intensity dats
had bheen gathered about only one axis (g), the Okl data were
not all on the same absolute scale. Consequently, frequent

empirical rescaling was necessary.
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TABLE 16

The Trial Structure of

3,6-dimethylpiperazine~2,5-dione

n X Y Z

Gl -0.031 0.300 0.168
CZ 0.174 0.176 0.104
65 0,104 0.097 =0.147
N 0.068 0.053 0.229
0 0.220 0.211 =0.263
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Thig refinement procedure failed to converge.
However, a critical re-examination of the trial structure and
of the evidence upon which it is based failled fto revesl any
defect in the structure. The crysitals exhibit nc detectable
optical activity; thus the compound is the meso-~ isomer of
dialanine anhydride, rather than a mixture of the d- and l-
isomers, and the molecule certainly contains an at least
approximate center of symmetry. Furthermore, the trial
structure derived above involves a strong intermolecular
hydrogen bonding nearly parallel to ¢. This fact is necessary
to explain the uvnusually distinctive and persistent habit and
cleavage of the crystals. Moreover, this orientation of the
molecule is in agreement with a rough Patterson projection
onto (100), calculated with the unscaled Okl intensities.
Finally, no other orientation of the molecule within the unit
cell affords nearly as efficient a molecular packing. For
these reasons 1t would seem that the present trial structure

is almost certainly correct, at least in i1ts gross features.

Fourier refinement was aitempted of a large number
of slight variations on the above structure. All of them
failed %o converge. In several instances, however, the first
few cycles of refinement yielded not unreasonable shifis and
then, Jjust as convergence seemed imminent, the process would
begin slowly to diverge. In view of this behavior and of the

confidence placed in the trial structure, it was concluded
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tentatively that the refinement process probably would converge

if three-dimensional refinement techniques could be used. Since
such techniques require that all of the data be used simultane-

ously, this project was discontinued until sufficient additional
information has been collected to allow all of the intensity

data to be put onto a common scale.
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PART ITT

PROGRANS FOR THE BURROUGHS MODEL 205 COMPUTER
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Introduction

In the course of the work reported above, a number
of programs have been coded for the Burroughs electronic
digital computer, Model 205, Those of general crystallogra-

phic interest are described briefly below.

Pl, Pl Structure Factors and Least-squares Program

The input to this program consists of a set of
atomic pogitional and thermal parameters and a list of
observed structure factor moduli. The output from the calcu=-
lation are a 1list of calculated structure factors, each with
its calculated phase, and a set of first-order least-squares
corrections to the positional and thermal parameters. Either
isctropic or anisotropic temperature factors may be used as
input to the structure-factor caloculation, but the least-
sguares corrections calculated are always anisotropic. If
desired, a portion of the least-squares calculation may be
suppressed so that only the positional parameters or only
the thermal parameters are refined. Moreover, a first-order

correction to the scale factor can be caleulated.

‘The quantity minimized by the least-squares portion

of the program is

zw(hkl)[ ‘FO@M)I 2. Kch(hkiﬂ 23

where the subscript o means observed; ¢, calculated; and K is

the scale factor. There is no provision for calculating the
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weights, w(hkl), within the program. Weights calculated
externally may be incorporated as part of the input, however.
In the least-squares matrix of coefficients of the normsl

eguations, only the diagonal terms are retained.

The program is limited to five different types of

atoms and to forty atoms per asymmetric unit.

Hg and sin2@ Program

A lattice vector is defined as

it

H = ng* + kp* + Lo¥,

where a*, b¥*, and ¢* are the basis vectors of the reciprocal
unit cell. This program calculates sin2@ and Eg for any
reciprocal-lattice vector within the sphere of reflection.
Input to the program consists of the six reciprocal lengths

and angles, and a list of the h, k, £, for which the calcula-

tion is to be performed.

The large program tape contains, in addition to the
program, data words corresponding to all combinations of the
indices from zero through nine. Provision has been made so
that other data may be used either in addition to, or instead

of , the data now on the program tape.

Printout is performed for only those reciprocal-

lattice points within the sphere of reflection.
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Unit-cell Parameters Program

From the definition of H in (b) above, it follows
that

22 = an° + Bk® + €% + Dnk + End + FkA, (1)

where A = a*zg B = b*z, C = 0*2, D = 2a¥*b¥*cos y'¥,

E = 2a%*c¥*cos %, F = 2b¥c*cos A *.

The purpose of this program is the reduction by
least-squares of a set of observations of Hz(hkﬁ) to the set
of coefficients in equation 1. Suppression of two or of all
three of the coefficients of the cross-product terms is pro=-

vided for.

The program converts the set of observations to
normal equations directly, then solves these equations by the
Crout method. The round-off error does not exceed 3 in the

sixth significant figure.

Wilson-Statistics Program

The purpose of this program is the calculation, by
Wilson's statistical method, of an overall temperature factor
and a scale factor for putting a set of structure-factor
moduli on an approximately absolute scale. The eguation used

is

- 2
2 gnk + 2B 23858 . pn (2)
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where

sin?g

. mﬁw -
KFO(hkﬂj = @ Z;fnez7rlh “n, (3)

sin ©
The initial output consists of a list of ten values of v

from 0.05 to 0.95; N, the number of reflections in each range;

2
and the value of,inwﬁfum,for sach range. Then using these
i
intermediate results, the program fits, by least sguares, the
constants in equation 2, and prints out the resulting 2 Inx
and 2B. In the latter portion of the program the points may

be weighted equally, or each point may be assigned a weight

proportional to its corresponding §§‘



-51-

PART IV

APPENDIX



52

=

0.35

0.25

015

0.05

@

Lt




*eI8y UMOUS 8J® $80BJIG esoys ssuwld eyl o3ur pejzjordea ses dew uUOSIS}1BI TBUOTSUSWIP-28IYG BYJ

¢ dE0v1dg
\..o.

/
N |
N |




w5

PPTO

&
a1




_55_

*sfeAIO3UT LIBIGJTUIE 2B 8JIB SINOJUOD BYJL
*(010) ojuoc suotpeuainqoroforhus-1-xsyoToLo yo uoryoslfoxd Lyrsusp UoI308TH

C q4no1d
|
|
N 7

N/

14
D

4



FIGURE &

Interatomic distances within the molecule
cyelohex~-l-enyleyclobutensdions.



}

&Y~

veloh

A7
o

(3]




58w

*EIX® B oyl Fucte psameta suorpsueingoToforius-TexsycTodo JO BINLIONILE B

8 AHO9Ld

~j







b (} e

FIGURE 10b

-
&

3,6-dimethylpiperazine-2,5-dione taken ahou
ubling of the Weissenberg festoons dus to
)

e
1 ..
rystals can be seen in the first-layer photograp

and (b) a first-layer Weissenberg

b]

ks B e
g
i -
gg <

»



61

\N“M//////////—

: Fouriers for which F(010) is positive and F(020),
} are either positive or negative. The Fouriers

; s 5 -
=0 toy = 1/2. BSee Table 14,




b P

T49me Wonrs ~ ey C ey PR 1 5 % = v : "y

Line Fouriers from O to b, compuited from Fourier H of Figure 1]
3ol SRR e . a4 ) e A

and all possible sign combinations of F(060), F(070}, and F(080).

See Table 15.
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TABLE 14

Numerical Values and Signs of the Structure Factors
Used in Calculating the Line Fouriers in Figure 11.

Index Curve
4 B ¢ 2 E E & E o
010 + + + + + + + + 101
020 + + + - + - - - 44
030 + + - + - + - - 35
040 + - + + - - + - 60
TABLE 15

FBumerical Values and Signs of the Structure Factors
Used in Calculating the Line Fouriers in Figure 12,

Index Curve
1 2 k¥ L ¥ o p a K
010 + + + + + + + + 101
020 - - - - - - - - 44
030 - - - - - - e 35
040 - - - - - - - - 60
060 + + + + - - - - 14
070 + - + - - + - + 22

080 + + - - e o + “+ 15
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TABLE 17

Observed and Calculated Structure Factors of

Cyclohex-~l-enylcyclobutenedione

The three columns in each group contain the values, reading from

left to right, of k, loFO, and 10F .

Reflections indicated by an

asterisk (*} were given Zero weigh% in the least-squares caleulations
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TABLE 18

Observed Structure PFactors of

3,6=-dimethylpiperazine-2,5=dione

The three columns in each group contaln, reading from left to
right, the value of k, the unscaled value of F_ and a letter
designating which of the two twin crystals prgguced this par-
ticular diffraction maximum.
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PART VI

PROPOSITICHNS
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1. A statistical procedure is proposed for the testing of
a set of analytical data for systematic errors of certsin

types.

(1) Suppose, for example, that it is desired to deter=
mine the percentage of substance A in a mixture. Several
samples of the mixture are weighed out, the sample weights

being Tys Eoy cees X3 the weight Fi9 o5 eces Yo of A& in

T
sach sample is then measured by some means. If these measure=-
ments were all absolutely exact, the percentage of A in the
original mixture could be calculated from the results of the

i§§~experiment by the formula

Vi
(%A)i =3 100.

The values of (%A)i so calculated clearly should be identical

for all i.

(2) 1If each of the above measurements is subject to
only random errors, the best estimate of the percentage of
& in the original mixbture is the weighted mean of the values

of %A calculated from each of the r measurements.

(3) The practical case is that which takes into
account the possible existence of both random and systematic
errors. The y, are plotted as ordinates and the x; as abcissasg

as Tollows
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X

Then by some suitable technigue (e.g. least squares) the
"best" polynomial of, say, the second degree is fitted.
The result is a set of values and estimated standard devia-

tions for the coefficients of the polynomial

2 ° ® ®
y =~ P(x) = a, + a X + a X .

The hypothesis that the data contain no constant bias,

i.e. that a, does not differ from zero by a significant

amount is then tested at the p percentile level. Define

The wvalue of t&o calculated from the estimates of 8, and
Czéa may then be compared with a table of critical values of
t, entering the table at M~3 degrees of freedom. If the
value of tao is less than the critical wvalue, the above

hypothesis is substantiated at the p percentile level of

significance. If iao>ltcritical the hypothesis failso,
9
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The hypothesis that a, does not differ from zero by a

2

significant amount can be tested in a similar fashion.
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2. The function

1 2 (X“m>2
20

o .
G{n, Gym) = ___;“m_:/;n @ dx,
c)"\[é?o

. . th
which is closely related to the n— moment of a normal
distribution, occurs frequently in applied statistics. By

. - X . .
means of the transformation t = G %= %%@ it can be written

as the product

G(EHQ—QHX) = G‘n’(ljn(z)ﬁ

o0
. 1 L0 al<t»z)2 .
where Ipﬁ(z) & t e = dte.

2T &

The following relations can be proved:

(a) Y, () =2y (2) + nY_;(2), n {0,
(b} -L,U;I(Z) lpn%“l(z) - zwn(Z:}f n ?g“'lsz

i

(e) nlz) « 2i(z) - nf(z) = 0, n # -1,

24 xS J
/ 1.2 n+l Z 1 25T T2k-n-1
(d) ‘¢%<z) SN © [ = (23+1)1 © k-0 ~(1+n)

1 2400 n .

+OCO %
n 1§ Tl ntly
(e) n;wwz)s ot H:Zcf 2y

00

(£) Y (2) Y (2)dz = 0 if n # m.

— 0
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3 Neurosis is characterized(l} by the following symploms:
(a) Dissociation ocours between a set of symbols and the
stimuli which they represent.
(b} Response to such symbols is invariably compulsive,
and subject to comscicus change only with extreme difficulty.
(¢) Such responses are rationalized by the neurotic indi-
o

vidual even when they are clearly inappropriate, and the

rationalizations seemingly are believed.

Completing the syndrome is the commonly-accepted mechanism
for the induction of the neurotic state. This mechanism holds
thats

(d) Induction occurs during a state of heightened suggest-

ibility, such as that induced by extreme stress.

(e) Repression of the traumatic experience then occurs,

resulting in the dissocciation mentioned above.

Inasmuch as the above syndrome characierizes both the
phenomena of neurosis and of posthypnotic suggestion, it is

proposed that these phenomena are identical.
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4. A method is proposed for the measurement of the densities

3

of very small crystals (~ 1 mm” in volume) which has the

advantages over currently used methods that densities up to
m . o

13 fgﬁ are easily measurable, and extreme precision (1 part

in 1@5) is obtainable.

& diver, the density of which 1s greater than that of
METrCuUry, isvfloated in a pool of mercury in a closed system
(see Figure 15). An air bubble is introduced into the diver,
and pressure is applied to the system (causing the volume of
the bubble to decrease and the diver 4o sink) until the
fiducial mark on the diver is at the meniscus of the mercury.
A crystal is then introduced under the &iver and the process
is repeated. The density of the erystal may be calculated

from the equation

1 1 ¢ 21 Fur
"5 "m. |* T E |
b 4 Hg x MT™ L
where - [ 1 ;&]
L 4Dy, ~ Dy
= S ,
1 - =B
D
Hg

and D is the density of mercury, D

Hg the density of the

d

material from which the diver is made, and Dg is the density

of the buoying gas. m. is the mass of the crystal, P d

uT an

PL are the pressures required %o bring the diver to equilibrium
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before and after the crystal is introduced, and 2y and 9

are the corresponding compressibility factors from the gas
law
PV = nzRT.
Professor Niemann has pointed out that a somewhat sinmilar
method(Q) is commonly used for measuring the densities of cer-

tain biological materials.

-

FIGURE 15
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5. A new linear approximation to the cosine function within

a2 small interval has been developed.

Let y =y, +€, 0 £ ¢ £n. Then if £(y) is a continuous
bounded function for all finite real y, f(y) can be approxi-

mated within the small interval 0 £€ £ h by

=
A (y,)
f(y) = £(y,) + € Zl —_—.
=

For most f(y), further approximation is necessary, such as
ineluding only a finite number of terms in the sum. However,
when f(y) = exp(2Trix), evaluation of the sum in closed form

is possible. Since

. . T i
Zkr627T1x _ (-l)r[1~927Tlékx] e27TlX,

o)
. . . n .. ah
e2‘771y ~ e2’7T1y0 ‘€ e27T1y0 E g-i? [1“827T1hJ
n=1

®

. o 2TMiYo |, ¢ 2TiVo [oﬂn(gmeZWih)]

From the real part of the above equation,
cos2TTy == a + b€, where a = cosE’Tf‘yo, and
in27Th
g%%;%g?Fg) —%cosZTTyoﬂn(Ss-zlcosZTTh)°

Similarly, the imaginary part yields an approximation to the

b o= Sin27Tyotan°1(

sine functione.
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6. During the course of a2 crystal-structure investigation,
the approximately correct structure which is found initially
usually must be refined extensively in order to obtain accurate
atomic coordinates. A very convenient procedure for carrying
out such a refinement is afforded by the method of least
sguares. Unfortunately, the lsast-squares procedure commonly

(3)

used by crystallographers involves & linearization of the
observational equations which imposes rather serious limita-
tions on the refinement process. A variation of the least-

squares method is proposed which circumvents this linesgriza-

tion.

Let us suppose, for the sake of concreteness, that the
crystal structure %o be refined is of Pi)symmetrya For this
space group the structure-factor expression is

¥
) -2 )t onos,
Ii=
where h = (h,k,£), and x = (xn,yn,zn)s and f is the scattering
factor of the nig atom, and the summation is over all of the

atoms in the asymmetric unit.

Suppoese further that the magnitudes of M structure factors,
IFc(gl)i’ lEo(g,Zﬂ  eee, !FO(QM)l have been measured. Then

the least-sguares condition yields the system of equations
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=

2
2 2
6 (x) = ;11 7 ()] ? - [F)|?] -0
M=
= 2
- 0 2 2
{ = - =
o) === ) [[B,)|? - e -0
I 2
WYy = O 2 2
GBN(X) Y IF0<£m> - F(Em) jo=0
N m=

which may be more compactly written by means of the column

matrix

6(x) = (6,(x)s Gp(x)s -ovy Gyy(x)) = O.

. C s o e .
Then if an initial set, x s of positional parameters is

- » o *

known which is reasonably close to the correct set, x ,

improved values of these parameters may be found by means of

the iterative expression

i

-1
£ o P o JE) G,

where ‘

6,(x) 26, (x) .. 2%(x)
Qxl le 2 ZH

G .

J(X) = fm%’iziz ¢

pen a:{:l e
, 5y(x)

. @ & @ QZN
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T Attempts<495) have been made to solve one-dimensional

erystal structures by solving systems of eguations of the

forms
N
lF(hQO)lg = E: f f exp2Trih(x_-x_) (acentric structure), or
n m nm
n,m=l
N
o 2
lF(hOO)‘ = 4 E: f cos2TThx (centrosymmetrical structure).
n=1

Moreover, the author has suggasted<6> that attempts be

made %o solve the system of equations

it 2
2
= I =
g, (x) = L, oeos2Thx, lea(nl)] 0
- 2
2
= - { -
gz(;g) = ;1 f cos2TTh,x Py {F@ghg)l 0 (1)
. N 5
gﬁ(g) = EZ% f cos2Tlhex | - %1F0(hﬁ)l2 = 0
i

by iterative procedures such as the Newton-Raphson method
starting with a trial structure consisting essentially of

randomly placed atoms.
N

Uufortunately, however, there are 2§\I~I hi solutions

.
1 e
- =

of the above system of eguations, and only 2N+1 congruent
solutions of a one-dimensional structure, so that in genersl
guch & procedurs would not converge to a physically meaningful

solution.
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Tt is now suggested that attempts be made to solve systems
similar to (1) above, but containing M>N observed structure-

factor moduli.
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8. If a crystal structure consists of N molecules per
asymmetric unit and n atoms per molecule, the general structure-~

factor expression may be written
N n

P - ), ) () PTER, (1)

J=1

where = (h,k,£) and 1.

ik = (Xjk’ yjk ij>§ the position from

the origin of the unit cell to the kiﬁ atom of the jﬁg'moleculee
The basis vectors of the unit cell are g, h, and ¢.

It frequently happens that the structure of the j‘::t'g?E

molecule can be predicted g priori with respect to some vector

=9 9.;3

triple @5; b, 95 which is congruent with the triple a, b
3 ‘

Then making use of the position vectors ggk with respect to

this coordinate system, eguation 1 becomes

] 7

4l o= . ¢ o
F(n) Z ; fjk(}g)expi?'ﬂ'z [gj + Aé,zgji{] h, (2)

571

where Bj = (XS’ Y Zj) represents a translation of the origin

s #

J

and the matrix A, a rotation of atl, bt, ¢! with
J o0 Milar Milast

o

of !y, bly, ¢!
d Td I

respect to a, b, ¢. Taking the first row of Aj to be

co . i , . i csing.
sCZ,;j 51nClJcos}£g sanlJ 5

and restricting consideration to the centrosymmetrical case
and to structure factors of the type F(h00), eguation 2
becomes

N n
F(h) = 2 Z Z . (n c@sQ’TTh[X, + xt cosd ., +
(1) =2 2, L £y n) 5+ xlcosa,

(3)

f.sind .co .+ zl. sind  sin .].
Vjoin Ayeos %k s A
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It is suggested that a second method for finding trial
structures might be to solve, by the Newton-Raphson method,
a system of eguations of the form of equation 3. The para-

J
than nlN as is the case with the procedure suggested in propo-

meters to be fcund»-Xiycig, and ﬁ%a—are 3N in number rather

sition 7. For many moleculess this represents a drastic decrease
in the number of parameters sought, and perhaps as a consequence,
a considerable increase in the radius of convergence of the

iterative procedure.
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9. In the precision determination of the lattice constants
of orthorhombic crystals, it is common practice to fit by

least squares the comstants of the equation
2 4sin®o(nkf) 2 2 2
5 (nkd) = S5 = AT+ B+ ol

to several (say, N) observed values of Hz(hkl)s There results,
in addition to three values of the constants A, B, and C, three
estimates of the standard deviations CTA’ Ope and CTC of these
constants. The lengths of the basis vectors of the unit cell

are then calculated from equations of the form

It is proposed that this last equation is correct only for
the true value of A, and not for the mean value which emerges
from the least-squares treatmeﬁt& The best statistical esti-

mate of & is given by the equation

(o)

1 2
W(uuﬁ
a =

1
uf e du,

1
2O‘A'\/27To

and the best estimate of its standard deviation by

, Where

1 2
-1 T 50,2 (a=4) g,

1
sl 1
2CTA1/27T 3
These results are applicable alsc to crystals having higher

than orthorhombic symmetry.
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10. R, the so-called "residual® or "reliability index",

defined by the equation

;, 2
Z w(hk,ﬂ)J(F@(hkﬁ)jwﬁ‘c(hkf)j}

g w(hkﬁ)j lFO(hkl>!2

is used commonly by x-ray crystallographers as an indication
of the correctness and of the degree of refinement of a
crystal structure. That it is inadeguate for these purposes
has been recognized for some timea<7) & criterion is proposed

which avoids the deficiencies of R.

From an analysis of the intensity data it is usually
possible to obtain an empirical eguation which expresses
€ (lFQi), the observed unceritainty in IFOls as a function of
IFQi@ Such & relation might, for exanmple, conveniently be
expressed as a power series

E(lF@l) =a  + allFOL,+ aZ‘FO!Z S S SPO
In the analysis which follows, and usually in current crystal-
lographic practice, it is assumed that terms of second anrd

higher degree are negligible.

It has been shcwn<8’9> that the probability that the
value of IFO{ be less than or egual to some number z is given

by
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+2

Z
Nc(z) ="\ 2 J/; 2¢L2 g4
Trex> 3

for centrosymmetric structures and by

Z
2

e

I>Wt

N (z) = e | te
<I>®
)
for acentric ones.
The frequency functions which represent the statistical

distribution of G(IFGI) are given by

1 5 2&12<Z>
£o(r) “a, VT<m ¢ ,
and — 5
¢ 2 a12<1>§
£,3) = —5— (G-a,) e .
ay {I>*®

It is proposed that, after the empirical constants a
and aq have been found for a particular crystal, the appro-
priate theoretical freguency function should be plotted. Then
if a structure is refined until its positional parameters are
nearly correct, the valuss of FO»FG should approximate closely

the theoretical frequency law.
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