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Abstract

Various known and original inequalities concerning the structure of combinatorial de-
signs are established using polyhedral cones generated by incidence matrices. This
work begins by giving definitions and elementary facts concerning ¢-designs. A con-
nection with the incidence matrix W of t-subsets versus k-subsets of a finite set is
mentioned. The opening chapter also discusses relevant facts about convex geometry
(in particular, the Farkas Lemma) and presents an arsenal of binomial identities. The
purpose of Chapter 2 is to study the cone generated by columns of W, viewed as an
increasing union of cones with certain invariant automorphisms. The two subsequent
chapters derive inequalities on block density and intersection patterns in ¢-designs.
Chapter 5 outlines generalizations of W which correspond to hypergraph designs and
poset designs. To conclude, an easy consequence of this theory for orthogonal arrays
is used in a computing application which generalizes the method of two-point based

sampling.



Summary of Results

Lemma 1.6: A binomial identity from the Saalschiitz formula.

Theorem 2.3: Farkas Lemma for ¢-vectors invariant under a partition.

Lemma 2.5: Correspondence of facets with maximally vanishing nonzero polynomials.
Theorem 2.6: A characterization of facets invariant under a bipartition.

Theorem 2.7: A proposed generalization of the method of moments.

Theorem 2.9: Equivalence of the cone condition and the classical moment equations.
Theorem 3.1: Alternate proof of a block density inequality in [26].

Theorem 3.4: Necessary and sufficient cone conditions for an enclosing t-vector.
Corollary 3.5: Sharpest inequality from the cone for enclosings of 2-designs.
Corollary 3.6: An inequality for n-fold blocks in ¢-(2t + 2,¢ + 1, \) designs.

Tables 3.1-3.3: Some bounds on n-fold blocks in designs with small parameters.
Theorem 4.1: Alternate proof of the Connor-Wilson inequalities in [27].

Proposition 4.2: Conditions for equality in a block intersection bound when ¢ = 4.
Table 4.1: Some improvements on Connor’s inequalities for small parameters.
Proposition 4.4: A condition for existence of a block transverse to a parallel class.
Theorem 4.5: Alternate proof of a result on pairwise intersection of several blocks.
Theorem 5.1: Generalization of a hole-size inequality for tBDs in [14].

Theorem 6.2: An error bound for the ¢-point based sampling technique.

Proposition 6.4: Asymptotic comparison of error bounds with the bound in [11].



vi

Contents

Acknowledgements
Abstract

1 Preliminaries
1.1 Definitions and facts concerning block designs . . . . . .. . .. ...
1.2 Tools from convex geometry . . . . . . . . . ... ... ... ... ..

1.3 Some binomial identities . . . . . . . . . .. ...

2 General Theory
2.1 Automorphisms and invariant partitions . . . . . ... ... ... ..
2.2 Facets and the extremal polynomials . . . . .. ... ... ... ...

2.3 The method of moments . . . . . . . . . . . . ... ... .. ...,

3 Bipartitions
3.1 The Raghavarao-Wilson inequality . . . . . .. ... ... ... ...
3.2 Enclosings of designs . . . . . . ... oo
3.3 Tables for n-fold blocks . . . . . ... ... ... ... 0.

4 Finer Partitions
4.1 The Connor-Wilson inequalities . . . . . . . .. . .. .. ... ....
4.2 Examples from linear programming . . . . . . . . ... ... ... ..

4.3 Pairwise intersection of several blocks . . . . . . . .. ... ... ...

5 Other Structures and Incidence Matrices

iii

iv

e Y SO

10
10
13
16

20
20
24
31

33
33
37
40

42



5.1 Hypergraph designs and tBDs . . . . . .. .. ... ... 42
5.2 Poset t-designs . . . . ... Lo L 45
6 An Application: ¢-Point Based Sampling 49
6.1 Background . . . ... ... 49
6.2 Calculation of the error bound . . . . . . . ... ... o1
6.3 Analysis and comparison of error bounds . . . . . ... ... 55

Bibliography 58



viil

List of Figures

2.1 Edge weights for a facet of W, . . . . . . . . ... oL 15
3.1 Optimal roots (¢) with roots of gfyk fort =4, k=12 and 15 < v < 75. 30
4.1 Cardinalities for a typical k-set K and t-set T" meeting By, By. . . . . . 34
5.1 Block matrix diagram for Wd = )\j indexed by intersection with H. . . 47

6.1 Plots of C(s,sk)/C(1,k)* fore=5. . . ... ... ... ... ..... 57



Chapter 1

Preliminaries

1.1 Definitions and facts concerning block designs

Let N denote the set of positive integers, and Ny = N U {0}. Suppose ¢ € Ny and
A € N. A t-wise balanced block design (tBD) of index X is a triple (V, B,¢), where V
and B are (disjoint) sets of points and blocks, respectively, and « C V' x B is a set of
flags with the property that for any t-subset T of V', there are precisely A blocks B of
B satistying (z, B) € ¢ for all x € T. The supplement of such a tBD is (V, B, ) with
= (V xB)\t When (x,B) € ¢, it is said that  and B are incident. For a block
B € B, notation will be abused by writing B also for the set of points in V' which are
incident with B. In this case, a collection of blocks can be regarded as a multiset of
subsets of V. With this in mind, it makes sense to drop the flags from this notation
and discuss the “cardinality” of a block, or the “membership” of a point in a block.
If the collection of all blocks (each regarded as a set of points) is itself a set, or in
other words when there are no repeated blocks, the tBD is called simple. Note that
these set systems are rather uninteresting when ¢ = 0, 1; so it is generally assumed
that ¢ > 2. The well-known Fano plane is an example of a 2BD with index unity and
all blocks of size 3. Until Chapter 5, all blocks will be assumed to have a common
size k with ¢t < k < v = |V/|. The relevant structure is then often referred to by its
parameters as a t-(v, k, A) design, or simply a t-design. However, it is common to use
the term “design” when speaking of certain other structures.

A configuration D is a collection of subsets from some relatively small generic set
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U. To say that a design (V,B) contains a configuration means that there exists an
injection U < V so that (the image of) D is a subcollection of B. A very large
amount of research has gone into the construction and enumeration of designs con-
taining or avoiding various configurations. Under consideration here will be structural
constraints, or nonexistence results, for designs containing a given configuration.
The first fact along these lines is a well-known family of necessary numerical

conditions on the parameters of a t-design.

Proposition 1.1. For 0 < i < t and I C V with |I| = i, the number of blocks

k—i

tfi). In particular, there are

containing I in a t-(v, k, \) design is a constant )\(1’:;)/(

/\(U)/(IZ) blocks in a t-(v, k, \) design.

t

Proof: Count in two ways the number of ordered pairs (7', B), where |T| = ¢ and B
is a block with I C T C B. O

It follows that every t-design is also an i-design for ¢ < ¢. As the count of blocks
above is obviously an integer, this result implies the conditions (Ilf:;) ‘/\(:j) for 0 <
1 < t. Parameters t, k, v, A which satisfy all these divisibility requirements are said to
be admissible. A detailed treatment of this and other standard necessary conditions
on t-designs can be found in [24], chapter 19.

A somewhat more subtle family of constraints exists on the parameters of a t-
design. Let H be any subset of V' with |H| = w. Suppose there are z; blocks which
intersect H in j points for j = 0,1,..., k. Count the ordered pairs (I, B), where B is
a block and I € BN H with |I| =i in two ways. Starting with a choice of either B

(and using the z;) or I (and using Proposition 1.1) yields the system

(‘Z)zjzA(?)(::Z)(lz:Z)l i=0,1,...t (1.1)

These are the moment equations. The existence of nonnegative integral z; solving

M-

Il
o

J

(1.1) has been frequently exploited to obtain inequalities or other nonexistence results
on designs. This technique is often called the method of moments. Dropping one of

either the integrality or nonnegativity condition on the z; makes the solubility issue
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for (1.1) more tractable. This work essentially pursues the nonnegativity condition
to a more general system. Working from the integrality condition results in signed
designs; see [28], for example.

Let t,k,v € N with t < k < v. From now on, the v-set V' will be assumed to have
some arbitrary ordering. The term t-vector will be employed to mean a vector in R()

indexed over t-subsets of V. If X C V, let ex be the characteristic t-vector of X,

1 ifTCX,
ex(T) =

0 otherwise.

The (}) x (}) matrix W} has rows and columns indexed by all t-subsets and k-subsets

of V', respectively, with

; 1 ifTCK,
tk(TvK) =

0 otherwise.

Let j denote the vector (whose dimension is understood from context) with all entries
equal to 1. In this language, there exists a t-(v, k, A) design if and only if the equation
+d = Aj has a nonnegative integral solution d. The vector d simply encodes the
number of occurrences of each possible block. Note that since Wjj = (Z:j) j, it is
always true that this equation has nonnegative rational solutions. In the work which
follows, two basic modifications of this equation will be used so that the existence of
nonnegative rational solutions may, in fact, provide useful results.
First, the structure present in a certain design could allow for restricting the
possible choices of blocks. For a set /C of k-subsets of V', define the matrix W = W |K
to be a (}) x |K| submatrix of W}, consisting of those columns indexed over K.

Additionally, suppose a design contains a certain configuration D. The existence of

such a design is equivalent to a nonnegative integral solution d of

Wd=\j—> ep (1.2)

BeD
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and relaxing to rational (or real) d becomes nontrivial in general. It will be shown in

Section 2.3 that the case |D| =1 of (1.2) is equivalent to a variant of equations (1.1).

1.2 Tools from convex geometry

For more on the definitions and proofs omitted in this section, see the book [25]. A
(convex) cone £ in a finite-dimensional real vector space U is a subset of U, for which
121 + cax9 € K whenever x1, x5 € k and ¢1,ce > 0. The (polyhedral) cone generated
by {z1,...,2,} C U is the set kK = {121 + -+ + ¢px, : ¢; > 0}. Should these z; be
linearly independent, the cone is said to be of dimension n. A cone k C U is full if its
dimension agrees with that of U, and is pointed if x, —x € x implies x = 0. Here, all
cones will be assumed to be full, pointed, and generated by a finite set. A face of
is a cone n C k such that for all x € n, if © = x1 + x5 with 21,29 € K, then z1, 25 € 1.
A face of dimension 1 is called an extremal ray of k, while a face of codimension 1 is
called a facet of k.

The following is a “cone version” of the Krein-Milman Theorem, which states
that every compact, convex set in a finite dimensional space is the convex hull of its

extreme points.

Proposition 1.2. Let k C U be a (closed, pointed, full, and convezx) cone and suppose

{z1},...,{xn} generate all the extremal rays of k. Then {z1,...,x,} generates k.

Let U’ be the dual space of U and let k be a conein U. Then v’ = {y € U’ : yz > 0}
is a cone called the dual of k. The space U” will be identified with U so that " = k.

The following correspondence will be of particular interest:
(x) The dual of a facet of k is an extremal ray of «'.

For y € U’, y # 0, the dual of the cone generated by {y} is a half-space of U, and
y is a supporting vector for any cone contained in this half-space. If y is a supporting
vector for k and 7 = k Nyt is a face of k, then y is said to support k at . A

result of fundamental importance is that a cone k is the intersection of all half-spaces
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described by supporting vectors of k. Theorem 1.3 below states this in the concrete
setting which shall be used herein.

The discussion from now on focuses on cones in real Euclidean space generated by
the columns of some matrix A. The reader is cautioned about a change of notation.
The vector x is used below to represent a (column) vector in the domain of A as
a linear transformation, rather than a typical element of a cone. After this section,
x will have a different meaning; however, y should be regarded throughout as a
supporting (row) vector in the dual space.

Given an m x n matrix A, the set CA = {Ax : x € R",x > 0} is a closed and
polyhedral cone in R™. The dimension of CA is equal to the rank of A. The following

result provides necessary and sufficient conditions for a point to belong to CA.

Theorem 1.3. (Farkas Lemma) Let A be an m x n matriz, and b € R™. The
equation Ax = b has a solution x > 0 (that is, b € CA) if and only if y - b > 0 for
all y € R™ such that yA > 0.

Remarks: One direction of this result is immediate. Suppose Ax = b has a nonnega-

tive solution x € R", and let y be such that yA > 0. Then

y-b=y(Ax) = (yA)x > 0.

The converse is deeper, relying on the existence of a separating hyperplane between
CA and a point not in this cone.

When CA is full and pointed, it is enough by (%) and Proposition 1.2 to check
the condition in Theorem 1.3 for y corresponding to facets of CA. Roughly speaking,
facets of CA provide the family of strongest tests for b € CA. Since there are a
finite number of facets of CA, it is a finite problem to determine whether Ax = b
has nonnegative solutions x. However this problem is seldom easy in practice, as
evidenced by the expanding study of linear programming. A variant of the well-known
simplex algorithm can, in principle, be implemented on computer to find facets of CA.

This is given below for completeness, with col(A) denoting the set of columns of A.
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1. Start with a random y € R™ such that yA > 0.

2. If dim(span{a € col(A) : y-a = 0}) < m — 1 (that is, if y does not already
support CA at a facet), choose a random z € R™ such that zA has a positive

coordinate but vanishes on at least the same coordinates as y A.

3. Let
(YA)
(ZAA)Z ’

€ = min

where the minimum is taken over all ¢ for which the quantity is defined and

positive.
4. Set y :=y — ez and return to step 2.

It should be noted that the columns of W (defined in Section 1.1) are linearly
independent and all lie in the nonnegative orthant of R(i)) so step 1 in the above
algorithm is trivial. For all K to be considered, W = W} |K will be of full rank
(’t’), so CW is indeed full. Unfortunately, when the parameters (particularly t) are
large, the simplex algorithm is too slow to be of much use, though infinite families
of facets of may be guessed by observing the output from this algorithm. For proofs,
it is often the case that other supporting vectors y of CW, which do not necessarily
define a facet, are easier to use with Theorem 1.3. However, facets of CW are of some
combinatorial interest on their own, as will be seen in Section 2.2. In any case, with

b = Aj — > pcp €p, constraints of the form y - b > 0 can be established on ¢-designs

containing D.

1.3 Some binomial identities

For use in later chapters, some identities involving binomial coefficients! are presented

()()=C)G) 1

'In the usual way, top arguments of binomial coefficients may take on non-integer values.

here. The simple relation
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will be used frequently. For identities involving summations, it may be convenient at

times to use the hypergeometric notation

r aq, Q9, ..., Oép ,5 > (al)j(a2)j...(ap)

q B, ... B, — J1(B1);j - (By);

Jj=

¢,

p

where (a); = a(a+1)...(a + j — 1). The transformation from a (finite) sum of
products of binomial coefficients into this notation is routine and will be omitted in
what follows. References and proofs for many hypergeometric identities can be found

in [1]. A vintage formula of Gauss is now given as a starting point.

Proposition 1.4. Ifa,b,c € R with ¢ > a+ b, then

a, b ;1| T(e)T(c—a—1b)
2 T T(e—al(c—b)

When meaningful, the right side can be written as a quotient of two binomial

coefficients. Some easy consequences are the “convolution” identities

JZ; (j) <’fgj> - (xjy) (1.4)
S () =) 1s)
; @ (i:Z) (j) (tgj) B (x ﬁ . T) (f) (,n Y 2) (t>r), (1.6)
>

> (G))6)-C)C) o
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Proof of (1.6) and (1.7): Apply equation (1.3) to the summand, shift the index of
summation, and use (1.4). O

Proof of (1.8): The given (terminating) sum is

(0)-cr( ()6 ) ]

(571

of equation (1.3). O

which simplifies to the right side by Proposition 1.4 and the special case 2 (g)

a
For another important summation to be used, a classical identity of Saalschiitz is
required.

Proposition 1.5. Suppose 1 +w +z —n =y + z withn € Ny. Then

—n, w, = ;1 (y — w)a(y — )n
3F2 == .
Yy, Z (y)n(y —w = x)n

Lemma 1.6. Forv >k + s,
i(—l)j v—i—g\[(v=s\(k—J\ [(v—s
— k—i—3j j s—j3) \k—s)

Proof: Let f(k,i) denote the given sum. The familiar (f:ll) + (zzl) = (f) gives rise
to f(k,i) = f(k,i+ 1)+ fsam(k+ 1,7+ 1), where

Fati) = S0 (0T ()

=0
—i\ [k—1 -5, s—wv, i—k ;1
- (o))
-t S 1—k, i—w
By Proposition 1.5, fsaa(k,7) = 0 unless i = 0. So

flk,i) = f(k,0) = ﬁé“ﬁy(zii>(058)<§:§)

Jj=0
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Gz (0

- (170

where equations (1.3) and (1.5) have been used.
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Chapter 2

General Theory

2.1 Automorphisms and invariant partitions

In this section, b is some fixed t-vector as defined in Section 1.1. Consider the
action of the symmetric group Sy on V. For ¢ € Sy and y a t-vector, define y?
by y°(T) = y(c=*(T)). This vector is obtained from y simply by permuting its

coordinates according to the inherited action on t-subsets of V. It is clear that

y b7 =3y HT)b(e{(T)) =) y(I)b(T) =y b. (2.1)
|T|=t |T|=t

If b = b, then it will be said that b is invariant under o. The set of all such
o € Sy is a group because (b?)” = b7 follows immediately from the definition.
Define this group to be stab(b).

Let H? (V') denote the set of partitions of V into d parts which are ordered accord-
ing to the implicit ordering in V. For aset S C V and Q = (Uy,...,U;) € HY(V),
define SNQ = (SNUy,...,SNU,;) € HY(S). For s € Ny, define the simplex of lattice
points H%(s) = {(n1,...,n4) € N§: > n; = s}. Let [Q] denote the integer partition
(UL, ...,|Uq4]) € HYv). The set of o € Sy which leave each U; invariant is the
subgroup stab(Q2) = Sy, x -+ x Sy, of Sy. Consider the usual ordering <! and the
associated lattice structure on H (V).

Call Q € HY(V) an invariant partition for b if stab(Q) C stab(b). Of primary

'If each part of ©; belongs to a single part of (9, then Q1 < .
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interest will be invariant partitions which are maximal in H?(V), in the sense that
any other such ' satisfies ' < . For the remainder of this section, assume ) =
(Ui, ...,Uy) is some invariant partition for b, with w = |Q].

Define

y= \stab Z v

aestab(n)
An elementary consequence of the definitions and equation (2.1) is that y -b =¥ - b.
for any y € R().
Two subsets S,S" C V, which satisfy 7(5) = S’ for some 7 € stab(Q2), will be
called equivalent under 2. Note that S,S’ are equivalent under €2 if and only if
1SN Q| =15 N € HYs), where s = |S| = |5

Lemma 2.1. Let T1, T, C V be t-sets equivalent under Q2. Then y(T1) = ¥ (15).

Proof: Let T € stab(€2) be such that 7(77) = T5. Then

stab(Q)| ¥(T1) = > y(T)= Y vyl (1)

o€stab(Q) o€Estab(Q)

= Yyl (m)= ) yU (T
o€stab(Q) o€Estab(Q)

— Y D) = fstab(©)] F(TL). =
o’ estab ()

This allows for writing

Z d e (2.2)
€Hd( |TNQ|=

)

for some real coefficients a,. Of course, the contribution to the sum is 0 unless ¢ < w.

For x = (z1,...,74) and ¢ € N4, define

d d
x¥ = fol and (X> = H (xl>
i=1 i=1

¥ i

Let k € N. Consider the real algebra A = R[z1,...,24)/(—k + 3¢ x;). Then A can
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be expressed as an increasing union A = U2 A, where
Ay = span{[x?] : p € H4(t)}.

It is easy to show that another basis for A; is {[(Z)] o € HYt)}. Indeed, the
transition matrix expressing the binomial coefficients in terms of the monomials is
upper triangular (after appropriate indexing) with diagonal entries 1/¢!. Consider

any [f] € A,. Tt follows that when Y ¢ z; = k,

X
1= 3 o)
peHA(t) 7
for some a, € R. For such an f expressed in this way, define the corresponding

t-vector y; as on the right side of equation (2.2).
Lemma 2.2. Suppose K is a k-set with |K N Q| = € HY(k). Theny; ex = f(¢)

Proof: The dot product on the left counts a, times the number of ¢-subsets T' of K
for which |T'N Q| = ¢, summed over all ¢ € H%(¢). There are (Zﬁ) such t-sets for a

given ¢, so this count agrees with the right hand side. O

Theorem 2.3. Suppose ) € HY(V) is an invariant partition for b, and let w = |Q].
Define W = WEIK. Then b € CW if and only if

yib= 3 %bw(w) >0

peHA(t) v

for all f € Rlzy,...,xq4] of degree < t nonnegative on {|{K N Q| : K € K}, where
f(x) =" pema v (;) and b =3 cuaq) by Djrng)—p €T

Proof: By Lemma 2.2, the nonnegativity constraint on f is equivalent to ys-ex >0
for all k-sets K, or ysW > 0. Theorem 1.3 states that b € CW if and only ify-b >0
whenever yW > 0. Thus it is enough to prove this condition is equivalent to that
when quantified over the (2-invariant vectors y¢. Suppose yW > 0 implies y - b > 0

v
t

for all y € R(). Then certainly y;W > 0 implies y; - b > 0 for all polynomials f
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of the given form. Conversely, suppose y;W > 0 implies y;-b > 0 for all f. Let
y € R() be arbitrary and assume yW > 0. Observe for any o € Sy that the vector
y°W is a rearrangement of yW. So yW > 0. But y is of the form y; for some f. So
y-b=y-b>0. O

2.2 Facets and the extremal polynomials

Here, let W = W. Define W(T,K) = W (o (T),K). This can be viewed as

changing W by either a row or column permutation. For Q € HY(V), set

Wa = |stab Z WU

aEstab

Note that the cone CWy, is full if and only if d > 2. It is a straightforward observation
that " < Q implies CWq C CWq.. This motivates the view of CW as a refinement

of cones

indexed over the lattice of partitions of V.

Proposition 2.4. Suppose Q € HY(V), (d > 2) is an invariant partition fory. Then
yWq > 0 implies yW > 0. Moreover, if y supports Wq at a facet, then y supports
W at a facet.

Proof: Since y is Q-invariant,

1
W= S W = yWe.
Y |stab Z y ~ Jstab(Q)] > v yie

UEstab o€stab(Q)

This proves the first statement and, since each column of Wy, is in the span of the

columns of W,

span{col(Wg) : yWq = 0} C span{col(W) : yW = 0}.
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So if the subspace on the left has codimension 1, then so does the subspace on the right
provided it is not full. But y supporting a facet of W, implies y - Zaestab(g) e,k >0
for some K. Again by invariance under 2, it must be that y - ex > 0, and so y does
in fact support a facet of CW. U

Theorem 2.3 essentially describes the dual cone of CWg. Rather than directly
considering the supporting vectors, it is interesting to view this dual as the cone of
d-variable polynomials of degree < t which are nonnegative on the appropriate lattice
points. By the remarks in Section 1.2, there is a correspondence between facets of
CW and extremal rays of these cones of polynomials. It is not the aim of this work
to thoroughly investigate such extremal rays. Indeed, this appears to be related to
the subject of polynomial interpolation in several variables, for which relatively little
is known in general [9]. However, the remainder of this section will contribute some
initial observations along these lines.

For a set S C R4, let PZ(S) denote the cone of d-variable polynomials of degree
< t which are nonnegative on S. It may be of interest to the reader that the (non-
polyhedral) case when d = 1 and S = [0,1] C R is investigated in [2]. Here though,

it is assumed that S is a finite set.

Lemma 2.5. Let f,g € PX(S), g Z 0, and suppose {x € S : f(x) = 0} is a proper
subset of {x € S : g(x) = 0}. Then f does not generate an extremal ray of P2(S).

Proof: Choose € > 0 such that f —eg € P4(S). Neither this polynomial, nor eg are
identically zero by the condition given. Furthermore, €g is not in the ray generated
by f. Thus by the definition in Section 1.2, f cannot generate an extremal ray since
[=(f—eq) +eg. 0

While characterizing the nonzero “maximally vanishing” polynomials in P2(S) is
difficult in general, there is an easy solution in one variable. The following is a variant

of Gale’s evenness condition, which characterizes the facets of cyclic polytopes, [25].

Theorem 2.6. Suppose |S| > t+1 and let f € P}S) with Z ={x € S : f(x) = 0}.
Then f generates an extremal ray of P}(S) if and only if |Z]| =t and every two points

of S\ Z are separated by an even number of points of Z.
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U2 U3
_1 e | .

Figure 2.1: Edge weights for a facet of Wi;.

Uy

Proof: By Lemma 2.5, any [ generating an extremal ray must vanish maximally
on S, so |Z] =t and f(x) = CJ[icz(x — () for some C' # 0. So in order for
f > 0 on S, the evenness condition on Z must hold. Conversely, if |Z| = t and
f(x) = CTlecy(x — ) € P/(S) can be written as f = g1 + go, where g1, g2 € P/(S),
then both ¢g; and go vanish on all of Z. As all degrees are < t, it follows that g; and
go are multiples of f. O

Vanishing subsets Z as in the theorem will be called good. It should be mentioned
that a lower bound on the number of facets of W can be obtained by counting good
subsets. In what follows, polynomials in the variables z1, ..., z; which are nonnega-
tive on HY(k) N {(z1,...,74) < w} will often be identified with polynomials in d — 1

variables, say x1,...,x4_1, that are nonnegative on

U B k=) n{(z1,- - mam1) < (@1 wa) )

J<wq
For instance, Theorems 2.3 and 2.6 applied to S = {max(0,k — wy), ..., min(k,w;)}
give a characterization of facets for Wg when Q € H?(V) is a bipartition of V. A
concrete description of these facets appears in Section 3.2. The discussion of general

facets will now be concluded with an example which does not arise from a bipartition.

Example 2.1. By implementing the algorithm in Section 1.2 on computer, 18 differ-

ent facets (up to isomorphism) were generated for W&. One of these is illustrated in
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Figure 2.1. The supporting 2-vector y; € RE) for this facet is formed from the edge
weights in the diagram. An edge between the circled sets represents all edges between
the two sets receiving the indicated weight. Otherwise, missing edges correspond to
a weight of zero. Of the (g) = 56 possible 3-subsets of V', 36 have total inherited
weight zero. The fact that y; supports a facet means the characteristic vectors of
these triangles span a subspace of RE) of dimension (2) — 1 = 27. This vector yy is
invariant under stab(2) & Sy x Sy X Sy. A (three variable) polynomial class [f] € Ay

for y is given by

x x
f(x1,m9,23) = 2( 21> + 2(22) — T1Ty + ToT3.

Reducing modulo the ideal (21 + z2 + x5 — 3) allows for the simplification [f] =
[(1 — 21)(2x9 — x1)]. The relevant values of f*(x1,z5) = (1 — 21)(2x9 — 1) are given

in the table below.

710 1 2 a
010 2 4
110 0 0
2120

sl

2.3 The method of moments

Here, a generalization of the moment equations (1.1) will be proposed. Suppose
Q) € H4V) is an invariant partition for b, and let |Q| = w. Define W¢ to be the
|H?(t)| x |H%(k)| matrix indexed by the partitions of ¢ and k, respectively, with

o= ()(0)

Then W = M Dy, where M = [(Z)] has the same dimensions as W and Dy =
P

diag ((Z)) is a square diagonal matrix indexed over ¢ € H?(k). Let b* be the
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|H2(¢)| x 1 vector indexed over H?(t) and defined by

(e = ()0

where, as in Theorem 2.3, b, = b(T) for any T" with [T N Q| = ¢, and b, = 0
if no such T exists. Invariance under () allows for “averaging” ()-equivalent entries
of W and b, as in the previous sections. It follows that b € CW if and only if
b* € CWg = C(MDy). And since Dy, is diagonal with nonnegative entries, this latter

condition is equivalent to b* € CM. A concrete restatement of this is now given.

Theorem 2.7. (Generalized Method of Moments) With notation as above, b € CWg

if and only if there exist nonnegative rational solutions z, to the equations

R

el (k) Pp<w

The goal for the rest of this section will be to show that the system of equations in
Theorem 2.7 reduces to the moment equations (1.1) when € is a bipartition and b =
Aj. This will motivate the consideration of the condition b € CW} as a generalization
of the method of moments.

Consider the bipartition Q@ = (H,V \ H) with |H| = wand t < w < v —t.
Suppose that some collection of k-subsets from V' has the property that every t-set T’
is contained in precisely by, members of this collection, where h = |[T'N H|. (From now
on, indexing over the ordered bipartitions of, say s € Ny, will be changed to simply
indicate the first coordinate, from 0 to s.) Let z; be the number of k-subsets in the
collection that meet H in exactly 7 points. The following system of equations holds

by the same double-counting proof as was mentioned before equations (1.1).

ji(‘i)zj - (IZU) (i:;)lg (I;::Z) (::Z})bh i=01,...,t. (2.3)

Define the vector b indexed on {0,1,...,t} by b(h) = b,. Note that when b = \j, the
equation above reduces to (1.1) via equation (1.4). Observe b* = diag ((%) (_%)) b.

7 t—1
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Define
7 i€{0,1,...,t}
je{0,1,...,k}
W —1 vV —w
@= {(h — Z> (t — h)} €01,
he{0,1,..., t}

. —in—1 . . . .
and D = diag ((’f) (I;Z) ) Then the existence of nonnegative rational solutions z;

to the equations (2.3) is equivalent to DQb € CN.

For 2 a bipartition, the matrix M defined earlier is

) t—1 i€{0,1,....t}
je{o,1

Write My and Ny for the square submatrices formed from the first ¢t + 1 columns
(indexed by {0,1,...,t} € {0,1,...,k}) of M and N respectively. The inverse of M,
is important for later work and will be calculated in Proposition 3.3. Some simple
binomial identities prove that [Ny '];; = (—1)"*7(]). From this, computing MyN, " is

an easy application of Proposition 1.4.

Lemma 2.8. With the matrices defined as above, [MoNy )i; = (—1)7 (]Z) (]::J])

The equivalence between the moment equations and the cone condition for W
can now be established.

Theorem 2.9. b* € CM if and only if DQb € CN.

Proof: It must be shown that the equations Mz = b* and Nz = DQB either both have
or both do not have nonnegative solutions z for each choice of b. By Lemma 2.8 and
equation (1.4), it follows that M = MyN,'N. So, it suffices to prove MyN; ' DQ =
diag((%) (,~%)). Using Lemma 2.8 again gives

t—i
¥ 1 i€{0,1,...,t}

j€{0,1,...,t}
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o, - £ ()70

=i

- (OGZ (262
- (E)6R)

Now

by equations (1.3) and (1.5). It is evident that the off-diagonal entries of MoN; ' DQ

vanish, and the proof is complete.

O
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Chapter 3

Bipartitions

In general, it is difficult to determine if an arbitrary vector b &€ R() is contained
in the cone CW};. Dimensions alone often render this question impractical. How-
ever, most design-theoretic applications enjoy abundant symmetry, which is usually
prudent to exploit. This chapter will explore, from the point of view of containment
in CW | certain structures in ¢-designs which are most naturally or easily handled by
considering a bipartition of the points. There is no intent here to exhaust the possible
application of bipartitions to the cone condition. It should also be noted that most
inequalities presented here are already known for ¢-designs. Indeed, the main result of
Section 2.3 is an equivalence between the cone condition for bipartitions and the well-
studied method of moments, with which any of the results here have either already
been proved, or can be proved. Regardless, there are various reasons for considering
the cone in this context. It may be interesting to understand a description of the sup-
porting vectors y; and associated polynomials f which produce certain inequalities,
for instance. And perhaps of most interest is the unification of many inequalities for

designs, some of which require finer partitions and are presented later.

3.1 The Raghavarao-Wilson inequality

In [26], the moment equations (1.1) are used with the method of orthogonal projection
to prove a family of inequalities concerning block density in ¢-designs. One result of

particular interest is a generalization to t-designs of Raghavarao’s upper bound [22]
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on the cardinality of the intersection of n blocks in a 2-design. An interesting special
case is that a 2s-(v, k, \) design with v > k+ s points having an n-fold repeated block
must have at least n(;’) total blocks. This generalizes both Mann’s inequality [17], in
which s = 1, and Wilson and Ray-Chaudhuri’s extension [21] of Fisher’s inequality,
in which n = 1. Note that by Proposition 1.1, this condition also holds for ¢t-designs
with ¢ > 2s.

Here, another proof of the generalized Raghavarao inequality for ¢-designs is given
using bipartitions and Theorem 2.3. Like Wilson’s original proof, several binomial
identities are needed in addition to a family of orthogonal polynomials. For 0 < s <

k,w < w, define

g= g;'fk(:c) = Z(_l)ki (s)

This is a multiple of a (terminating) hypergeometric series of type 3Fy with unit

s ()2 (5 (x) |

argument. Alternate presentations of g arise from hypergeometric identities or facts
related to orthogonal polynomials, as is mentioned in [26]. For instance, one has the

relations

ger(@) = geia(@) = (=1)°go " (k — x) (3.1)

s () OB -(NED e

K3 K

and

The following result is equivalent to Corollary 1 of [26] upon application of Propo-
sition 1.1 and equation (3.2).

Theorem 3.1. ([26]) Let t > 2s, and suppose v >k +s. In a t-(v, k, \) design with

a collection D of n blocks containing w points in their intersection, (s <w < v — s),

000 O o

Proof: Consider the bipartition Q = (H,V \ H) of the pointset V| where H is the

>3

intersection in question. Then |Q = (w,v — w) and (z,k — x) will be used as the
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variables! for intersection of a k-set with Q. The stated inequality will be shown to
be equivalent to y; - b > 0 for f(z) = (g9¥4(x))?, which is certainly nonnegative on
{0,1,...,w}, and b = A\j — > p.pep. The result will then follow by an application
of Theorems 2.3 and 2.4. Let (ayo, ..., a:) be such that

-3 (5) (075)

and let F'(z) = ijo a; (j) (::;”) Then from 0 < y;-b = AF(w)—nf(w), it is enough

to show that i o . . . . . . o
() OO e

Now using equation (3.1),

fl@) = (=1)g(@)gey" " (k - )

_ Z (1) Z (") G2 () (:)(i)§> (") (x) (ks - f) |

where the sum on 7 is from max{0,r — s} to min{r, s}. It follows from equation (1.6)

with y = k — x that

t min{r,s} v—s\ (v—38\ (k—1i\ (k—r+i\ (w—1—3\ (v—w—"+3\ (] (t—]
S S DN N0

r=0 i=max{0,r—s} (f) (riz) (l:::)

(3.5)

One now has an expression for F(x) in terms of these coefficients. Applying

equation (1.3) and equation (1.6) with y = v — x permits the simplification

v- w) S liz) 5= D) C (LD ),

F = (" = 5 Y

Changing back the indices of summation with » =i + j and applying equation (1.3)

'For convenience, these and future variables will depart from the 21,2, ... used in Chapter 2.
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again gives

) = Z 1y i) (O ) ((’gz‘) ()2

The summation indexed by 7 is handled directly by Lemma 1.6. So one has

Flw) — (”(””k)_({;_) ; -l (’i_f)( ()“’_1 ()

= (DO €) (7

as required, where two more applications of (1.3) have been used. U

It should be noted that Theorem 3.1 applied to the supplement of the given design
produces a bound on the size of a union of n blocks, or the size of a set disjoint from
each of n blocks (Corollaries 2 and 3 of [26].) When w = k in the theorem, equation

(3.2) recovers the generalization of Mann’s inequality.

Corollary 3.2. ([26]) Let t > 2s, and suppose v > k+s. In a t-(v,k, \) design with

an n-fold block,
n VAN
()0 () o0

For equality to hold in (3.3), the given supporting vector y; must annihilate all
characteristic vectors of blocks ep of the design which are not among the n given
blocks. Lemma 2.2 then implies that there are at most s possible intersection sizes
for a pair of different blocks, and these are the roots of g, (z). It is shown in [21]
that at least s + 1 intersection sizes occur in any 2s-design. Thus, the roots of g¢,
being integral and distinct forms a surprisingly stringent necessary condition for the
existence of designs meeting the bound with equality. This observation has essentially
been used, for example, to disprove [20] the existence of any tight 6-designs. Better
understanding the distribution of roots of these polynomials would appear to be
a crucial step toward more sophisticated inequalities and nonexistence results for

designs.
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3.2 Enclosings of designs

An enclosing of a t-(w,k,\') design (U,B') is a t-(v,k, \) design (V,B) such that
U CV and B’ is a subcollection of B. When w = k and X' = n, this is equivalent to
the existence of an n-fold block in a t-(v, k, \) design. Since this case is of particular
interest, it will be considered in further detail here and in the next section. It should
be noted that the inequalities in Theorem 3.1 and Corollary 3.2 apply to enclosings
and n-fold blocks via the polynomials gfvw(x). The spirit of this section is that the
facet-defining polynomials of Theorem 2.6 can be used to obtain sharper inequalities
for enclosings. In fact, one obtains necessary and sufficient conditions for \j — \'ey to
belong to CW, since this vector is invariant under a bipartition. It is worth mentioning
that improvements to Theorem 3.1, though sporadic and not in general optimal, can
also be obtained in a similar manner.

In what follows, the cleaner case of ¢ even will be assumed when necessary. Recall

from Section 2.3 the (¢t 4+ 1) x (k + 1) matrix
Ny
L (O] P
1 t—1 i€{0,1,....t}
je{0,1,....k}
By the discussion in Chapter 2, supporting vectors of CW(yy\r) are of the form
t
y=2 a ) er
i=0  |TNU|=i

where a = (ag, a1, ...,a;) # 0 is such that aM > 0. The corresponding polynomial is

r0-2a(0) (27)

which supports a facet by Theorem 2.6 if and only if f vanishes on a good subset
Z c {0,1,...,k} of size t, and has f(r) > 0 for any r € {0,1,...,k} \ Z. Let My
denote a square submatrix of M formed from the columns indexed by Z* = Z U {r},

for some good Z and r ¢ Z. (In many cases, 0 ¢ Z, and r = 0 is a nice choice for
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the computations which follow.) Any ¢ + 1 columns of M are linearly independent,
so the facets are simply described (up to a positive multiple) by the vector (M),
i.e., the row of M,' indexed by 7.

For interest, the task of computing these facets explicitly will now be briefly
considered. Following the convention in Section 2.2, define M, = My

.....

“positive coordinate” taken arbitrarily to be r = 0).

Proposition 3.3.

o =[]

Proof: Both M, and the given matrix are upper triangular, so it suffices to consider

1,j€{0,1,...,t}

inner products of row ¢ of My with column j of the asserted inverse when ¢ < j. For

1 = 7, this is evidently equal to

S () () (et (b et

For ¢ < j, the inner product is

w=o(1)(07) e s () ()
SO TGN
- 00 (-

where equation (1.3) is used three times along with the summation identity (1.5). O

S

Now the matrix (Mz)™! can, in principle, be computed for general Z by making
use of the (t + 1) x (t + 1) Vandermonde matriz Vz defined by Vz(i,j) = j°, where
i €40,1,...,t} and 5 € Z*. Observe that My = EV, where E is defined by the

polynomial equations
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Now

M;' =V ET =V, "WV g My

By Proposition 3.3 and a known formula [15] for the inverse of a general Vandermonde
matrix, the required row of M,' can be expressed concretely, if desired. All facets

for a bipartition arise in this way:.

Theorem 3.4. Suppose t < |U| = w < v. Then ey — Ney € CW},. if and only if,
for all good t-sets Z C {0,1,...,k} and somer & Z,

oM7) () ()

> >

<

Proof: By Theorems 2.3 and 2.6, Aey — Ney € CW if and only if yz- (Aey —Ney) > 0
for all good Z C {0,1,...,k}, where yz = Z::O(M§1>TiZ|TﬂU|:i er. The result

follows upon observing that y - ey = (M), (l:) and
. _ w\ [v—w
Yz v =Yz')= Z(le)rj( ) <t >
P J —J
O
Note that, for some constant C' depending on the choice of r € {0,1,...,t} \ Z,

t
cIle-o=305.(5) (527)
ez 5=0
When some such 7 is understood, define
! x\ [v—=x

The following nonexistence result, first proved by Delsarte in [6], is a rather strik-

ing use of Theorem 3.4.

Example 3.1. There does not exist a 4-(17,8,5) design. For these parameters, one

has f(x) = g5 . (2)? ~ C(x—2.48)*(x—4.52)? for some constant C. Suppose there is an
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n-fold block B, and consider the test of A\j —nep € CW},.. From the supporting vector
ys, the Wilson-Mann bound of n/A < 1/4 results, which permits n = 1. Instead,
consider the polynomial (z — 2)(z — 3)(x — 4)(x — 5). The bound from Fiy 345y (k) in
Theorem 3.4 is n/A < 4/25. This rules out even n = 1. In other words, a design with

these parameters cannot exist.

In general, the upper bound on A’/A from Theorem 3.4 is obtained by minimizing
a certain quantity with respect to Z. Some preliminary steps toward understanding

the optimum such Z will now be presented.

Example 3.2. When ¢t = 2, the only possible extremal polynomials (up to a positive
multiple) are z(k — x) or (x — ¢)(x — ¢ — 1) for some ¢ = 0,...,k — 1. The various
cases for Z and corresponding facet weights aq, a1, as are computed and presented in

the table below.

Z ag a | as
{k—1,k} 1 010
{0, k} 0 110
{0,1} 0 0] 1
{e,e41} | 74| —1 | B¢

Note the last line in the table is for 1 < ¢ < k — 2, and this case yields the only

nontrivial family of facets for CW3, that are invariant under a bipartition.
Corollary 3.5. Suppose t < |U| =w < v —1. Then \j — N'ey € CW3, if and only if

AN e+ DYw—w)o—w-1)  2c(v—-w)
NSO —ee Duw—1) G-dw-1

where

Proof: Using the table above, a concrete restatement of Theorem 3.4 for ¢t = 2 is

N et (") —wlv —w) + 5= (5)

(3.7)
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(Note that the other three facets give no meaningful bound on A\'/A.) Now, let
c € (0,k — 1) be a continuous parameter, and define h(c) to be the rational function
in ¢ on the right side of (3.7). Using calculus and some factoring, the minimum of h

on (0,k — 1) is seen to be achieved at

k=Dw+w—-1)—/(k(v—w—-1)+w)?— (v—1)2
2(v—1) '

Co —

The square root lies in the open interval with endpoints k(v —w — 1) +w £ (v — 1).
After some simplification, it follows that ¢y € (v — 1,7), where v = % Now
the function h is strictly decreasing on (0, ¢g) and strictly increasing on (co, k — 1).
Furthermore, a calculation shows h(y—1) = h(7). So, the (1 or 2) integers in (0, k—1)
which minimize h must belong to the interval [y — 1,+]. Thus over integers, h(c) is
minimized at ¢ = |7v]. O
Remarks: For w = v — 1, the inequality in (3.7) reduces to
N 2c k—2

— < i l1-—=1- .
N T embk2 (k—o)(v—2) v—2

(3.9)

Enclosings with w = v — 1 are said to be minimal, and the smallest gap between
A and A is of interest. Some nice constructions of such enclosings for t = 2 and
k = 3 are found in [13], along with an alternate proof of the bound in (3.9). Similar
inequalities concerning enclosings of group divisible designs are considered (along with
several constructions) in work in progress by Hurd, Purewal, and Sarvate, and these
bounds can also be proved with a modification of Corollary 3.5.

It is interesting to note that ~ above is the root of gf ,(z) = (v — 1)z —w(k — 1).
Roughly speaking, a sharper inequality results because, in the cone of quadratics

2

nonnegative on {0, 1,...,k}, the polynomial (x — 7)* is closest to the extremal ray

generated by (x — |v])(x — |y] — 1). In fact, it seems more generally that among
square polynomials, the optimal bounds for enclosings arise from supporting vectors

2

yy of CW corresponding to f(z) = (g%, (2))?. But curiously, Corollary 3.5 fails for

t > 4 in the sense that it is not always the case that the minimizing good set Z of
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Theorem 3.4 is obtained from the floor and ceiling of the roots of g¥ ,; however, such

sets appear to be “very close” to optimal. See Figure 3.1.

Example 3.3. Consider upper bounds on n/\, where it is assumed that there exists

an n-fold block in a 4-(24,12, \) design. With v = 24,
12 11 9
9a2(w) = (2107 = 2412 4 660) ~ C(x — 4.51)(z — 6.96).

However, Fiy56.7) (w) > Fias78) (w).

When k —t is small, the choices for Z are limited. In such cases, it may be possible
to obtain, in closed form, a reasonable bound from Theorem 3.4. One such example

is given next.

Corollary 3.6. Lett =2s. In at-(2t +2,t+ 1, \) design with an n-fold block,
n(t+2) <2

Proof: This follows from Theorem 3.4 with Z* = {0,1,...,t}, w = k =t + 1 and

A = n. By Proposition 3.3 and equation (1.3), it follows that

09 = s () = ()

So
n 1 < AN ESAV S
- o) ()0
() = J J J
1N 20t+1) 2
o \t+1)2t+2—1t t4+2
where equation (1.8) is invoked to simplify the sum. O

Remarks: This inequality is actually strict, because the associated supporting vector
fails to annihilate t-sets fully contained in the specified block or its complement.

Note that the Wilson-Mann inequality, Corollary 3.2, applied to a design with these
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Figure 3.1: Optimal roots (¢) with roots of g%, for t =4, k =12 and 15 < v < 75.
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parameters is the weaker statement

)

s

n
- <
NS
It should be said, however, that Delsarte’s inequalities [6] have been recently applied
by Chan and Wilson to small £ — ¢ and n = 1 to obtain much stronger bounds than

possible from Theorem 3.4.

3.3 Tables for n-fold blocks

Consider here the existence of an n-fold block in a ¢-(v, k, \) design. For t = 2,
Corollary 3.5 provides, in closed form, the most strict upper bound on n/\ possible
from the cone condition. However, the situation is less clear for t > 2, as illustrated
by Example 3.3. By automating Theorem 3.4 on computer, the best bound has
been computed on n/\ in t-(v, k,\) designs with an n-fold block for t = 4,6,8,
t+1<k<12, and 2k < v < 24. In the tables which follow, the entry “A.;,” is the
smallest positive integer A satisfying the divisibility requirements of Proposition 1.1
for a given t, k,v. Any other such admissible A must, of course, be a positive multiple
of Amin. The column labeled “n <” gives the sharpest bound from Theorem 3.4
with A = Anin, and the corresponding optimal vanishing set Z is included in the
adjacent column. A missing parameter pair (v, k) within range indicates that the
cone condition permits n = A in that case, thereby yielding no information. Note
that for all ¢, k, this eventually occurs for sufficiently large v.

The smallest parameter pair (v, k) = (2¢t+2,t+1) in each table corresponds to the
case in Corollary 3.6. For other examples, the ¢t = 4 table says that every 4-(23, 11, 12)
design is simple, while the ¢ = 6 table asserts the nonexistence of 6-(19,9,2) and 6-
(20,10, 7) designs. The information in Examples 3.1 and 3.3 also appears in the ¢t = 4
table.
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v | k| Anin n < Z v | k| Auin n < Z
0[5 6 211,234 21| 8| 70| 25.06]1,2,3,4
126 2 06]1,2,3,4122| 8 30 106 | 1,2,3,4
1316 6 18[1,2,3,4([23] 8 2107143 [ 1,2,3,4
14| 6 15 54 11,2,3,41 24| 8 5 1.857 | 1,2,3,4
156 5 26|1,2,3,4([18] 9| 14 1.6 |3,4,5,6
16 | 6 6 511,2,3,4(19| 9 21| 3.143|2,3,5,6
47 20 3612,3,4,5]20] 9] 168 29.71|2,3,4,5
15| 7 5 1.8 11,2,3,4 | 21 9 14 | 2.429 1 2,3,4,5
16 | 7 20 6.811,2,3,41 22 9| 252 | 46.23 | 2,3,4,5
1717 210.6667 | 1,2,3,4([ 23| 9 18 3.812,3,4,5
18] 7] 28] 9667 ]1,2,3,424] 9| 24| 575]1,2,4,5
197 35 13.411,2,3,41 20| 10 28 | 2.857 1 3,4,5,6
20| 7] 140| 63.73]1,2,3,4 |21 ]10| 28| 2.857|3,4,5,6
21| 7 10| 5.733|1,2,3,41 22|10 42 513,4,5,6
27 4 311,2,3,4 23110 42| 5.3212,3,5,6
16 | 8 15 2.412,3,4,51| 24|10 60 | 8.37512,3,5,6
1718 5 08]2,3,4,5(22]11| 72| 5439 ]3,4,6,7
18| 8 71 1.3332,3,4,5 23|11 6]0.4786 | 3,4,6,7
19 | 8 105 28 12,3,4,5 | 24 | 11 120 11.17 | 3,4,6,7
20 8| 70| 22.05|1,2,4,5|[24 12| 15]0.9571]4,5,7,8
Table 3.1: t = 4.
v | k| A\nin n < 7 v | k| A\in n < Z
147 4 111,2,3,4,5,6 23| 9 20 6.5(1,2,3,4,5,6
16 | 8 15| 3.4291,2,3,4,5,6 (|24 | 9 24 | 10.25(1,2,3,4,5,6
17| 8 5 1.143 1 1,2,3,4,5,6 || 20 | 10 710.7143 | 2,3,4,5,6,7
18 | 8 6 1.714 1 1,2,3,4,5,6 || 21 | 10 | 105 10.71 | 2,3,4,5,6,7
19| 8 6| 2.8571]1,2,3,4,5,61 22|10 70| 8.929|2,3,4,5,6,7
20 | 8 7| 6.5711,2,3,4,5,6 | 23 | 10 70| 14.29 | 2,3,4,5,6,7
1819 20| 2.286 | 2,3,4,5,6,7 | 24 | 10 90 | 27.08 |1,2,3,4,5,6
1919 2105714 |1,2,3,4,5,6 |22 |11 | 168 | 10.71 ] 3,4,5,6,7,8
2019 28 7.57111,2,3,4,5,6 || 23 | 11 14 1.611 | 2,3,4,5,7,8
2119 35| 9.286|1,2,3,4,5,6 |24 | 11| 252 | 29.76 | 2,3,4,5,6,7
22 19| 280 78.0411,2,3,4,5,6 || 24 | 12 42 2.381 | 3,4,5,6,7,8
Table 3.2: ¢t = 6.
v| k| Admin | n< A
18] 9] 10 211,2,3,4,5,6,7,8
20| 10 6|1.111]1,2,3,4,5,6,7,8
21| 10 6| 1.111]1,2,3,4,5,6,7,8
22| 10 711.667|1,2,3,4,5,6,7,8
2310 | 105|47.221,2,3,4,5,6,7,8
22| 11| 2822222,3,4,5,6,7,8,9
23 11| 35]8333]1,2,3,4,5,6,7,8
24| 11| 280163.33|1,2,3,4,5,6,7,8
24|12 70 5123456789

Table 3.3:

t=28.
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Chapter 4

Finer Partitions

The goal of the last chapter was a fairly thorough investigation of facets and inequal-
ities obtained from CW by using an automorphism that induces a bipartition of the
points. Especially from the point of view of design configurations, this is a rather
limited approach. Here, finer invariant partitions are considered. The primary focus
will again be applications to t-designs. The first section shows how a classical result
on the intersection size of two blocks (and its generalization due to Wilson) follows
from partitions of size four. Still finer partitions are then used to study uniform

intersection of three blocks in a 2-design.

4.1 The Connor-Wilson inequalities

Suppose in a t-(v, k, A) design that two blocks B; and B, intersect in p points. In
[27], Wilson establishes conditions on p generalizing Connor’s inequalities [5], which
give upper and lower bounds on p for ¢t = 2. Here, Wilson’s result is reproduced with
the cone condition. The t-vector under consideration is b = A\j — ep, — ep,, in which

every entry is either A, \—1, or A—2. Such b are clearly invariant under the partition
Q= (B;\ By, B\ B;,BiN By, V\ (B UBy)).

It is required to consider polynomials f(z1,xs,y) in three variables which are non-

negative on 0 <z, 20 <k —p, 0 <y < p,and 21 + 25 +y < k.
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v—2k+

Figure 4.1: Cardinalities for a typical k-set K and t-set T meeting By, Bs.

The polynomials from Chapter 3 will play an important role once again. To

simplify notation, define g,(x) = g%, ().

Theorem 4.1. ([27]) Let t > 2s, and suppose v > k + s. In a t-(v, k,\) design with

two blocks intersecting in p points,

(=00 ('O w

Proof: Theorem 2.3 is used with the partition described above and the (nonnegative)

polynomials f(z1,22,y) = [gs(x1 + y) £ gs(z2 +y)]*. For {p,q} C {1,2}, define the
weights apq (i1, 42, j) by

o\ (2 (Y\ (kT — 22—y
gs(l'p+y>gs(l'q+y) = Z apq(ll,’lg,j)(, ) ( ) () ( ) ) » . )
0<iy +ig+j<t /) \2/ \J —iy— 12— ]
It is immediate that aq2(iy, 2, j) = a12(iz, i1, 7) and ayq (i1, i, ) = a11(i1, 5, j) for any

io, 14, and similarly for agy with iq,4]. Define

a(iy, iz, j) = a11(in, i2, 7) + aga(iv, ia, 7) £ 2a12(i1, 12, J).
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The condition y;-b > 0 is seen to be equivalent to

Alin iz, J) <A Y Al iz, ), (4.2)

0<i1+ig+5<t

¥y oy

i1+7=t,i2=0 i2+7=t,11=0

o N k — v—2k+
A(21,Z2,]):a(21722>3)( i )( Z'zlu) (/;) (t—il—’lé/—ij)

It remains to simplify the sums on the left and right sides of this inequality, which

where

will be denoted by X% and Y, respectively. Define Ezl;q and Efq to be these sums
with “a,,” taking the place of “a,” so that ©X = ©I + 3L + 25 " and similarly for

Y2 Tt is a straightforward observation that

Efl = 252 = (gs(k))Q + (QS(IU’))Q and Zf2 = 298(1{:)95(”)

And computing as in the proof of Theorem 3.1 yields

st=sk= (O () (5) wwr = ()() () wwuom

The inequality (4.2) can now be rewritten as

2600 £.0.00 < A() (1) R (}) a0 au(h) £ 0.0,

t S t

Canceling 2(gs(k) £+ gs()), which is evidently positive if the inequality holds, and
using the o F} identity gs(k) = (lz) (v;k) completes the proof. O
Remarks: The case = k of the above reduces to the case n = 2 of Corollary 3.2. In
general, however, Theorem 4.1 is a more stringent condition on p than Theorem 3.1
is on w for n = 2. When ¢ = 2, Theorem 4.1 reduces (after some arithmetic) to
Connor’s inequalities for a pair of blocks:

v—k 2k(k —1) v—k
- << —=— . .
k /\(k 1)_u_ — k+/\(k_1) (4.3)

“_»

The left inequality results from the polynomial with the sign and the right



36
inequality arises from the polynomial with the “4” sign.

It is of interest when equality occurs in the bounds of this section. By Lemma 2.2,
this happens for bounds corresponding to f if and only if for every block B distinct
from B; and By with |[B N Q| = (z1,29,y,k — 1 — 22 — y), it is the case that
f(z1,22,y) = 0. So the lower bound of (4.3) is met with equality if and only if
g1(z1+vy) — g1(xz2+vy) = 0 for every block B meeting the partition as above. Since g
is linear, this is simply equivalent to x1 = x5. Therefore, equality results in the lower
bound of Connor’s inequalities for y = | B; N By if and only if every other block meets
the given pair of blocks in the same number of points. In this case, there are only two
possible intersection sizes in the 2-design for a disjoint pair of blocks. This observation
was first made by Majindar [16]. Similarly, equality occurs in the upper bound of
(4.3) if and only if gy (x1 +y)+g1(x2+y) = 0, or |[BNBy|+|BNBy| = 2k(k—1)/(v—1)
for all B distinct from B; and B;. The following gives a flavor of the conditions for

equality when ¢ > 2.

Proposition 4.2. When t = 4, equality occurs in the “—7 bound of Theorem 4.1 if
and only if, for every block B distinct from By and Bs, either

(ii) |BN By| + BN By = 1 4 2=00=2),

Proof: This follows from the remarks above with the factorization

2@—Jﬂk—m).

1
gz(.’L'l —|—y) —gz(l'z—i‘y) = Z(U_Q)(xl —1'2) (l‘l +l’2+2y— 1-— _3

(By comparison, the polynomial go(z1 4+ ¥) + g2(22 + y) does not split in Rz, z2, y].)
O
With only a minor modification to the proof of Theorem 4.1, a generalization to

blocks with higher multiplicity follows.

Theorem 4.3. Let t > 2s and suppose v > k+s. Suppose in a t-(v,k, \) design that
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an n-fold block By meets the (different) block By in p points. Then

=00 (O w

Note that this result can be applied to the intersection of an nq-fold block with a
distinct no-fold block upon multiplication by n,. Undoubtedly, inequalities concerning
the still more general b = \j — njew, — ngey, for s < |Wi|,|Ws3| < v — s can be

established by merging the proofs of Theorems 3.1 and 4.1.

4.2 Examples from linear programming

The polynomials used to establish Theorem 4.1 are squares; hence they do not define
facets of CW. As before, tighter inequalities arise from facets, but at the expense of
losing a concise closed form. Rather than looking for the best extremal polynomials
in several variables, the approach will be to find optimal facets of CW using linear
programming. Computational restrictions will force this discussion to the case t = 2.

First, consider bounds on the intersection u of two blocks By, By in a 2-(v, k, )
design. The vector b = A\j — ep, — ep, is invariant under the partition €2 of size four
described in the last section. The further symmetry between By \ By and By \ By

allows a reduction to the seven orbits of pairs, or edges, described below.

edge orbit for {x,y} x € y € number of edges
E, (By U By)¢ | (ByU By)* (V2
Ey BiABy | (B1UBa)® | 2(k — p)(v — 2k + p)
By BiNBy | (Bi1UBy)° (v — 2k + p)
E4 Bl \ BQ BQ \ Bl (k — /L)2
Es Bi\B; | Bi\B 2(*y")
E6 Bl N BQ BlABQ QM(k — ,LL)
E; BiNB, | BiNBs, ()
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It is a linear programming problem to determine edge weights aq, ..., a; so that
the 2-vector y = ZZ:1 i Y e g, €r minimizes the quantity y - b subject to some
normalization (say a; = 1) and the constraints y - ex > 0 for all k-sets K. If this
minimum is negative for some v, k, A, y, it follows that any 2-(v, k, A) design cannot
have two blocks with intersection pu. The table below summarizes the results of
implementing this on computer for various small parameters. The columns labeled
“Connor” and “L.P.” give intervals for allowable p from Connor’s inequalities and

the linear programming bound, respectively. By Theorem 4.1, the latter range on is

always contained in the former.

v |k|A|Connor | LP. || v | k| A | Connor | L.P.
6 [3]2] [0,2] [[1,2]]22]8 ] 4] [0,5] | [0,4]
8 4(3] [0,3] [[0,3]]29]8 |2 {2} {2}
9 [4(3] [0,4 [[0,3]]36]8 2] [0,3 | [1,2]
10(4(2] 10,2 [[1,2]][18]9 |8 ] [0,8 | L8]
1054 [0,4] |[[1,4](19]9 |4 ] {4} {4}
{5020 {2 [ {22 ]21]9]6] [0,7 | [0,6]
502] [0,2] [[1,2]][25]9 ]3] {3} {3}
12(6[5] [0,5] [[0,5]]27] 9] 4] [0,5] |][0,5]
1316[5] [0,6] [[0,5]33]9]3] [0,4 |]I0,3]
662 {2 [ {2y ]20]10]9] [0,9 | [0,9
16|63 [0,4] [[0,4]]21]10] 9 | [0,10] | [0,9]
21 (62 [0,3] |[1,2]|25|10] 3 0 0
2116 (3| [0,6] [[0,4]25]10] 6 | [0,7] | [0,7]
14716 [0,6] [[1,6]]28]10] 5 | [0,6] | [0,6]
73] {3} | {3} [31]10]3 ] {3} {3}
21 | 7[3] [0,4] [[0,3][22]11]10] [0,10] |][1,10]
22 (72 {2}y [ {2}y [23]11] 5| {5} {5}
28 712 [0,3] [[,2]|33]11] 5] [0,6] | [0,6]
29 [7[3] [0,7] [[0,5] || 24]12]11] [0,11] |][0,11]
35713 (0,7 []0,6] |25 12|11 [0,12] |][0,11]
16 (8| 7| [0,7] [[0,7]]34|12] 2 0 0
1787 [0,8 [[0,7](34[12] 4 | {4} {4}

Table 4.1: Comparison of Connor’s inequalities and the cone condition.

Example 4.1. In a 2-(22,8,4) design, for which existence remains open, Connor’s

inequalities state that two blocks can meet in 0 through 5 points. With u = 5, the
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minimum L.P. bound y - b = —?—? is achieved with

1 711 1
can) = (1,2, L 2 21— ).
(ah ,&7) (7 3a 5a5a5a 73)

Thus two blocks of such a design cannot meet in more than 4 points.

The analogous linear programming problem for three blocks intersecting uniformly
in a 2-design has also been implemented. There are 13 variables and many more
constraints. While small values of v and k permit fairly quick solutions, there is
currently no interesting information to report on p and v.

A set of v/k blocks which partitions the points of a 2-(v, k, A) design is called a
parallel class. A block B’ is transverse to a parallel class {B1, ..., By} if |[B'NB;| <1
for all 7. This chapter is concluded with an elementary result on parallel classes in

2-designs.

Proposition 4.4. Suppose a 2-(v, k, \) design with v > (k + 1) (kgl) + k contains a

parallel class P. Then some block is transverse to P.

Proof: Suppose no block is transverse to P. The vector b = \j—> 5 ep is invariant
under the partition defined by P. It is necessary that b € CW, where W = W} |K is
the restriction of W}, to columns indexed by k-sets not transverse to P. Define the

2-vector y by

(l;) — 1 if T is a pair within some B € P,
y(T) =
—1 otherwise.

At least one pair of points in every K € K is contained in some B € P, so yW > 0.
Let p=|P| =v/k. Then y - b > 0 implies

2(p o

A (G =) G kD)

from which the result follows. O
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It should be remarked that the proof above essentially just relies on counting pairs
within and across blocks of P. Nonetheless, this is another simple example which can

be formulated in terms of the cone condition.

4.3 Pairwise intersection of several blocks

In principle, the same approach as in Section 4.1 can be applied to the pairwise

intersection sizes among n blocks.

Theorem 4.5. ([27]) Lett > 2s and v > k+s. Suppose By, ..., B, are blocks in a t-
(v, k, \) design with |B;NB;| = pw;; for alli,j. Define the nxn matriz G = [gs(pij)]ij-
Then

det(\yG — G*) > 0,

v\ v\ 1k~ kY (v—k
where v = () () () () (".):
Proof outline: It is enough to show that AYG — G? is positive semidefinite. Consider
the partition 2 of V' into 2" subsets defined by intersection with either B; or B

for all ¢, and with associated variables {zg : S € Q}. Let X; = > scp, Ts and

X =(X1,...,X,). Define the vector of polynomials

g(X) = (gs(X1>7 ce 7gs(XTL>>‘

For u € R", consider the nonnegative polynomial f(X) = (u-g(X))?. With similar
computations and notation as in Theorem 4.1, one hasy¢-(A\j—)_ ep,;) > 0 equivalent

to

u' [EF]u < Au' S,

where ZiLj = > 1 Gs(tim) s (pim;) and 25 = vgs(pi;). Since EiLj = G?j, it follows

that u' (A\yG — G?)u > 0. Since u was arbitrary, this shows that the given matrix is
positive semidefinite. O
Remark: The statement det(Ayl — G) > 0 is proved in [27] and follows from Theo-

rem 4.5 if it is known that GG has positive determinant.



41
Example 4.2. Consider 2-(56, 12, 3) designs, for which existence is known, and sup-
pose some three blocks meet pairwise in © = 4 points. The above determinant
inequality for n = 3 fails, so this block intersection pattern is not allowed. Connor’s

inequalities (4.3) for two blocks permit p = 4, however.

Some concluding remarks should be made at this point. It is unfortunate that the
bound in Theorem 4.5 is independent of the threewise intersection numbers vy;; =
| By, N B; N Bj|. If the variable z represents the threewise intersection, the polynomial
(gs(2))? yields an upper bound on vy;;; however, this inequality is implied by the
case n = 3 of Theorem 3.1. One important possible continuation of this work is an
exploration of other polynomials which produce meaningful statements depending on
m-wise intersections for 2 < m < n. Additionally, it would be desirable to find a
theoretical link between the method of orthogonal projection used in [27] and the

cone condition.
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Chapter 5

Other Structures and Incidence
Matrices

Thus far, inequalities concerning configurations in t-designs have been established
from a convex cone condition. An initial observation is that the structure of other
combinatorial objects, such as tBDs with different block sizes, Room squares, orthog-
onal arrays, and codes, to name only a few, might be analyzed by modifying the setup
in Chapter 1. The purpose of this chapter is a very brief look at two well-studied
generalizations of ¢t-designs and their connection with more general incidence matri-
ces. This will motivate an application to orthogonal arrays in the next chapter. It is
also hoped that the discussion which follows is a first step towards unifying the cone

condition with Delsarte’s inequalities.

5.1 Hypergraph designs and tBDs

A t-uniform hypergraph is a pair (X, F), where X is a set of points (here, a finite set)
and E is a set of t-subsets of X called edges. Suppose H is a finite set of t-uniform
hypergraphs whose points belong to some underlying universe V. The incidence
matrix W = W}] has rows indexed by all ¢-subsets of V and columns indexed by all

members of H, and is defined as in [29] by

1 if T'is an edge of H € H,
W(T,H) =

0 otherwise.
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As usual, let |V| = v. If | X| = k, the complete t-uniform hypergraph on X has
as edges all (lt“) t-subsets of X. When H is the set of all (Z) complete t-uniform
hypergraphs on some k points of V, the matrix W}, coincides with W}, introduced
earlier. It is then natural to say that nonnegative integral solutions d of W}/d = \j
correspond to hypergraph designs. Usually, a graph or collection of graphs is specified

up to isomorphism, and H consists of all possible embeddings into the points of V.

Example 5.1. A k-cycle system of index A on a v-set V' of points is a collection B of
cycles of length k£ in V', such that every pair of points is an edge of exactly A members
of B. Let W’ be the incidence matrix of 2-subsets of V with k-cycles in V. Then
W'is a (;’) X (Z)(k: — 1)! matrix. By “averaging” k-cycles over a k-subset of V, it
follows that CW3, C CW'. This containment of cones is proper, since there certainly
exist supporting vectors of CW3, which have negative inherited weight on some k-
cycle. Suppose ec¢ is a 2-vector with entries in {0,1} encoding the k edges of some
generic k-cycle C'in V. Then, for instance, the condition \j — nec € CW' generates
a family of inequalities on the existence of an n-fold cycle in a cycle system with the

given parameters. An automorphism group under which this vector is invariant is

isomorphic to Zy x S,_j.

Example 5.2. The collection of complete t-uniform hypergraphs on ky < ko < ...
points gives rise to a tBD with block sizes k1, ko, .... The corresponding matrix is a
compound W = [W, |[Wp_|---] of the matrices from Section 1.1. As before, define
ek to be the {0, 1}-vector for incidence of ¢-subsets with the k-subset K. Note that

fort <[l <k,

_ e,
=T,

—t) LCK,|L|=l

It follows that CWy, C CWy, C ... and so CW = U;CWy = CWy, .

A generalized incomplete t-wise balanced design (or GItBD) with index A and hole
H of strength m is a triple (V, H, B) such that H C V and B is a collection of blocks of
V with the property that every ¢t-subset T" occurs in exactly A blocks if |[TNH| < t—m,
and exactly 0 blocks otherwise. A GItBD is called proper if all block sizes are strictly
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between ¢ and v. The case m = 0 is the well-studied incomplete tBD (ItBD) with
hole H.

Theorem 5.1. Suppose t —m is even. In a GItBD (V, H,B) with |V| = v, |H| =
h >t, and hole strength m, it is necessary that v > 2h +m + 1. Equality holds if and
only if every block B € B satisfies |B \ H| < t.

Proof: Define the t-vector b by

1 if|[TNnH|l<t—m,
b(T) =

0 otherwise.

By the remarks in Example 5.2, it is required that b € CW}’;, ;. Clearly, b is invariant
under the bipartition (H,V \ H). Define the polynomial f(z) = (—1)*(*,"), so that

f(z) > 0 for 0 <z < t. The alternate expression

t -1
(1 z\(t+1—-x
o-esngen() ()
@=en3 () (),
is implicit from the matrix M; ' of Proposition 3.3. By Theorem 2.3, yf-b>0,or
t—m—1 -1
= 2 () G)G5)
=\ J/\t=1

A NS AR AR YE R AVARS !

t+1 t—m)\m+1)\m+1 ’
where the closed form arises from identity (1.8). Using equation (1.3), this is equiva-

()= ()

or v > 2h +m + 1. For equality to occur, no B € B can contain a (¢t + 1)-set X

t+1
v—t

lent to

disjoint from H; for otherwise ys-b > y;-ex = f(0) > 0. In other words, it must
be that m < |B\ H| <t for all blocks B. O

Remarks: The case m = 0 was recently proved in [14], and an argument similar to
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the one given here is presented in [29]. Either proof can be modified for m > 0. Note
that the condition on equality, also discussed in [29] for m = 0, implies that all block
sizes are between t+1 and 2t —m+ 1. It is curious that the inequality in Theorem 5.1
is the same constraint as on an ItBD with v+ m points and hole size h+m, yet there
appears to be no easy combinatorial equivalence between these objects and GItBDs

with v points, hole size h, and hole strength m.

5.2 Poset t-designs

The notation and terminology here essentially follows that in [7]. Let (P,=) be a
semilattice with rank function p: P — {0,1,...,k}. Define P’ to be the ith fiber of
P, namely the set

P ={xcP:plx)=1i}

of elements of rank 7. Suppose z € P/ and = € X. If the quantities

are constants independent of x and z, it is said that (P, <) is a regular semilattice.
Define the incidence matrix W = W;, whose rows and columns are indexed by P*
and P*, respectively, by

1 ifx =<y,
W(z,y) =

0 otherwise.
Now let (P, =) be a regular semilattice with X = P*. The vector d € NEX' is a
(poset) t-design of index X\ in (P, <) if Wid = Aj. This definition is extended beyond
regular semilattices to more general “Q)-posets” for association schemes in the recent

paper [18].

Example 5.3. The classical ¢-designs introduced earlier are poset t-designs in the
truncated boolean lattice (P, <), where P = {S C V : |S| < k} and < is the usual

set inclusion C. The associated rank function is of course p(S) = |S|. In [18], it is
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mentioned that both resolutions of t-designs and so-called mized t-designs [19] can
be formulated as poset designs in the product of two truncated boolean lattices, each
with incidence matrix W defined by the associated Kronecker product of incidence
matrices.
The related lattice of subspaces of the vector space GF(q)"” with rank defined by

dimension gives rise to g-analogs of classical t-designs; see [6] and [7].

The Hamming lattice and orthogonal arrays

The remainder of this section, as well as the next chapter, will focus on ¢-designs in
a different poset. The Hamming lattice (P, =) on a vertex set U (with |U| = n) has
P given by the words of length k over the alphabet U U {x}. For x,y € P, define
x Xy if and only if y; = % implies x; = * and x; # * implies x; = y;, for each 7. The
rank function for this poset is p(z) = |[{i : x; # *}|. The top fiber X = P* consists

of words with no occurrence of . The incidence matrix W = W, for this poset has

k

t)nt xnk. A poset t-design in this lattice is known as an orthogonal array

dimensions (
of strength t and index A\, which will be denoted here by OA,(t, k,n). Concretely, an
OA\(t, k,n) is a An’ X k array (say A) with entries from U, such that in any selection
of ¢t columns, each of the n' ordered t-tuples of vertices occurs in exactly A rows.
Unless otherwise noted, only orthogonal arrays of index unity will be considered in
what follows. The subscript A = 1 is usually omitted from the notation in this case.

There is a standard finite field construction for orthogonal arrays of arbitrarily high

strength.

Theorem 5.2. ([3]) Let q be a prime power and suppose 1 <t < q. Let K = GF(q) =
{e1,...,e.} and F={f1,..., fp} denote the set of all polynomials of degree <t —1
in K[x]. Then the matriz A defined by

Aij = [i(e;)

is an OA(t, q,q).
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Proof: Tt suffices to prove that any ¢' x ¢t submatrix of A has no two distinct rows, say
1,1, that are identical. This holds because fy — f; is a nonzero polynomial of degree
at most ¢t — 1, so it can have at most ¢t — 1 zeros in K. ]

Equations (1.1) have an analog for orthogonal arrays.

Proposition 5.3. Suppose A is an OA(t,k,n) on the points U. Let H C U with

|H| = m. If there are z; rows which contain exactly j points of H, then

koo,
3 (‘Z)zj:A(lz)mint—i, i=0,.. ..t (5.1)
j=0
Proof: The ith equation is a consequence of counting in two ways all ordered pairs
(I, R), where I is an ordered i-tuple of points from H contained in row R of the OA.
A detailed argument for ¢ = 2 can be found in [11]. O
It will now be shown that Proposition 5.3 follows from the condition Wd = )j.
This is similar to the argument in Section 2.3. Consider block matrices from W, d,
and \j with indexing according to the number of points of H in words of the tth and
kth fibers of the Hamming lattice. The situation is summarized in Figure 5.1. There
are (]Z) (k:f ) members of the tth fiber with ¢ points from H which are dominated by a

t

given word in the kth fiber with j points from H. Also, there are (];) (f) mi(n —m)t!

d
1474 j Aj
(5)m? (n=m)=s sum _
. —— Z] _ :
i ) ) Omitn—my
: col. sum :
DG

Figure 5.1: Block matrix diagram for Wd = \Aj indexed by intersection with H.



48

total members of the tth fiber with ¢ points from H. So with z; as before,
"N\ (k= k\ [t
_ i t—i
]E:O (2) (t B i)zj = A(t) (z)m (n—m)"™", i=0,...,t. (5.2)

Let ri,ry € R! be vectors whose ith coordinates are given by the right side of
equations (5.1) and (5.2), respectively. To show the two conditions on the z; are

equivalent amounts to a calculation similar to that in Theorem 2.9. One has, by

t . .
o k— k . .
MONglrl = A (—1)”3 (‘7> ( j) < A)mjntj
prs 7 t—7 9

~ k) @ :(_1)1 (t;@)mm’ntu
i

where the second line follows from two applications of (1.3) and a shifting of the index

Lemma 2.8,

~

of summation.
For convenience, the application to follow in the next chapter will make use of
the “moment equations” (5.1) rather than their counterparts (5.2) from the cone

condition A\j € CW.
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Chapter 6

An Application: {-Point Based
Sampling

This chapter is essentially a reproduction of the paper [8].

6.1 Background

While many decision problems have no known fast deterministic algorithm, it is often
the case that they can be settled using randomized algorithms. A survey of such
algorithms and their applications can be found in [12]. One standard randomized
algorithm is the Monte Carlo algorithm, in which an answer is always returned for
any instance I; however, the answer may be incorrect with some probability. Here,
we will consider yes-biased Monte Carlo algorithms having error probability €, which

satisfy the following conditions:

1. If I is a no-instance, then the algorithm answers ‘“no.”

2. If I is a yes-instance, then the probability that the algorithm answers “yes” is

at least 1 — e.

Therefore, any “yes” answer from such an algorithm is guaranteed to be correct. A
no-biased algorithm is defined similarly, but there is no loss of generality in considering
only yes-biased Monte Carlo algorithms.

Let U be some finite universe with |[U| = n. A yes-biased Monte Carlo algorithm

can be viewed as a two-stage procedure, in which a random “sample point” r in U is
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first chosen, and then given as input to some deterministic algorithm. If the answer
returned is “yes,” then r is said to witness the decision. The collection of all witnesses
in U is sometimes called the set of good points. Primality testing is one important
example mentioned in [10]. A yes-biased Monte Carlo algorithm to decide if a positive
integer n is composite amounts to running a test on a single randomly selected integer
a between 1 and n — 1. These a are the candidates for witnessing the compositeness
of n.

Despite the fact that Monte Carlo algorithms can give wrong answers, the error
probability can be made as small as desired by repeated application of the algorithm.
Running a yes-biased Monte Carlo algorithm £ times independently in succession, and
returning “yes” if at least one “yes” answer occurs among the k trials, reduces the
error probability to €*. In the case of primality testing above, the error probability
for a single test is ¢ < 1/2, but in some cases this probability can be larger. In
many common applications, the deterministic portion of a Monte Carlo algorithm is
fast enough to allow for repeated trials. Unfortunately, it may be more difficult to
guarantee true randomness (independence) of the chosen sample points. The work
which follows here will explore the trade-off between error bounds and the cost of
random bit generation from a combinatorial viewpoint.

Many researchers have attempted to construct pseudo-random number generators
for which provable bounds can be obtained on the probability that none of k successive
values is a witness. One simple and effective method known as two-point sampling was
developed in [4] by Chor and Goldreich. Their idea is to generate only 2 independent
sample points (requiring 2 logn random bits), but to then generate a total of k£ sample
points deterministically from the chosen pair. The specific construction given in [4]
is to first choose a random linear function f(i) = ai 4+ b over U = Z,, p prime, and
then to compute the k residues f(0), f(1),..., f(k). If € is the error probability (that
is, the proportion of elements in U which are not witnesses), it is proven that the

probability that none of f(0), f(1),..., f(k) is a witness is at most

€

k(1—¢)
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In the context of random pattern testing of VLSI chips, Spencer [23] developed a
pseudo-random generator, also based on two-point sampling. The corresponding

worst-case error bound for £ sample points is roughly equal to

1
1+ k(1—¢)

In [11], both of these methods was generalized and improved by pointing out a con-
nection with orthogonal arrays. The approach is to use an OA(2,k,n) with two
specified columns, and to generate k pseudo-random points by identifying the unique
row indexed (in the specified columns) by an initial chosen pair of points. By using

Proposition 5.3 for ¢ = 2, that paper establishes the upper error bound

1+ (k—D(1—e¢)

which is shown to be stronger than each of the two bounds above. Additionally,
the bound is proved to be optimal (for OAs of strength 2) by using maximal arcs in
projective planes.

While two-point based sampling aims to ensure pairwise independence of the gen-
erated points, it may be desirable in some applications to have t-wise independence
for larger ¢, [4]. Also, it may be feasible to construct more than 2logn initial random
bits for the reward of a smaller error bound, closer to the ideal €*. These two possi-
bilities motivate us to study t-point based sampling using orthogonal arrays of higher
strength ¢ > 2. The sampling method is analogous to that in [11] mentioned above,

but it remains to calculate a generalized error bound and analyze its behavior.

6.2 Calculation of the error bound

Let A be an OA(t, k,n) with ¢ = 2s an even positive integer. Suppose there is a set
G of the points, which we call good. Let |G| = m and e = 1—m/n. Forz =0,...,m,
let w(z) denote the number of rows of A which include exactly x points of G. We

desire an upper bound on the probability that a randomly chosen row contains no
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good points. This will be called the error and denoted by E. We have E = n~'w(0),

because there are w(0) rows avoiding all good points, and n total rows. Consider the

po =S (" ama (),

polynomials

where

sn=% (T a-e

i=j

By equation (1.7), the square of p(x) can be written as

(p(x))? Z Zg —JZ(g)(fh)@

Now from the inequality

it follows that

S a0 (1) 7,) S (Dewzo

r=0 j=0 h=j r=1

By Proposition 5.3, the sum on z is n' (fL) (1—¢€)" when h > 0. If h = 0, the entire
sum vanishes except when r = j = h = 0, in which case the sum is (n* —w(0))-(g(0))2.

(Note the sum omits = 0.) Therefore,

DIE ot - 2 (5)(, 1) ()0~ 2000 o
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and so

p< o)t e o3 (1) (7, ) (Ha-a

r=0 j=0 h=j
Changing the order of summation and using equation (1.3) gives

t t

B < (0% (’;)gugu (3 27) fz:é(—w(r 7 Jatr=3)
- <g<o>>—2§; (")t if(—l)h(l (3 27) é(—w(j)g(r +hoj)
— (o)) %(1)]’ G)g;j)(l oy
Scrn-o(*) Tzi;(—w(f;)g(r ), 6.)

where we have shifted the indexing of the sums on r and on h, while using that g(j)
vanishes for j > s. We now show that all terms of the outer sum vanish, except when

j=0.

Lemma 6.1.

> vra-or(*7) j0<—1>’"(j)g<r+h>= © e

h=0 r= 0 otherwise.

Proof: Let S denote the required sum. To start, we expand the powers of (1 —¢€) and

change the order and indices of summation.

s = per()men () £ (L emo

SRR
B S S (B
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Applying identity (1.5) to the innermost sum on h, and then using equation (1.3)

gives

s = () ey () ()

— par
_ i(_1)r(i> si(—l)fef (S ;j> i(‘”s“ (S ;:7_6)

(=0 i=j

The alternating inner sum of binomial coefficients reveals that only the terms with

j 4+ ¢ = s are nonzero. So

57 0 otherwise,

where the last equality follows from another alternating sum. O

A simplified error bound of £ < ¢*/¢(0) now follows from (6.1) and Lemma 6.1. It
should be noted that this reduces to the Gopalakrishnan-Stinson bound in [11] when
s = 1, as in this case our polynomial p(x) agrees with their quadratic used with the

moment equations.

Theorem 6.2. Let t = 2s. The error probability of the t-point based sampling tech-

nique for a universe of n points, using an OA(t,k,n), is at most

68

i (LA et

While our discussion thus far only applies to OA of even strength, a small im-
provement in the error bound can be obtained by using 2s 4+ 1 independent sample

points and an OA(2s,k — 1,n).

Corollary 6.3. Supposet = 2s+1. The error probability of the t-point based sampling

technique for a universe of n points, is at most
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6.3 Analysis and comparison of error bounds

Weaker bounds from the generalized Chebyshev inequality

Chor and Goldreich mention in [4] that their result can be generalized to larger ¢
by application of the generalized Chebyshev inequality, which in their context is the

statement that
Exp[| X — pl']

ProbllX — p| 2 ] < =P

)

where ¢ > 0 and X is a random variable with mean p. Suppose that in the ¢-point
based sampling method we pick points v; for i =1, ..., k. Define the indicator random

variables

1 ifv €8,
X, =

0 otherwise.
Then with X = % > Xiand p = pp = 1—¢, the generalized Chebyshev inequality with
exponent t leads to an upper bound on E = Prob[X = 0]. When ¢t = 2, the authors
prove the bound £ < (1 — p)/kp (stated in section 2), with the classical Chebyshev
inequality. However, it appears a mistake occurs in their assertion (without proof)
that the inequality with the tth moments of X yields E < (1 + 1/k)((1 — p)/kp) /%
Here, we compute the error bound directly for ¢ = 4 using the generalized Chebyshev

inequality and refute their claim.

_ 4
p o< ExellX =l
P
1 4
= i 2 Ew [H(Xz-j—m]
11,12,13,14 j=1
1

- (kExp[<X1 )+ 6(’;) Expl(X1 — p)?] - Expl(Xz - pﬂ) ,

where we have used that the X; are 4-wise independent and identically distributed

with mean p. The required moments can be explicitly calculated to give the bound

g < 1=p)A+3(k—2)p(1-p))
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which is easily shown to exceed the claimed bound of (1 + 1/k)((1 — p)/kp)>.
In any case, the bound from Theorem 6.2 is always sharper than that given by
the generalized Chebyshev inequality. However, it appears these are close for large k

and small e.

Comparison of the bounds for different values of ¢

For analysis in this section, define C'(s, k) to be the upper error bound given by Theo-
rem 6.2. Similar consideration can be given to the bound for odd ¢ from Corollary 6.3.
A first observation is that this bound is (asymptotically in k) on the order of the sth
power of the bound in [11] which uses strength-two OAs. We compute

. A+ k-Da-9) . -k +.. _
koo (C(1,k))* koo 308 (F1) (1 — )5t h—oo (1 —e)hs/sl+ ...

In light of this fact, there at first appears to be no advantage of 2s-point based
sampling over s independent trials of two-point based sampling. Indeed, the limit
above even approaches s! from above, so for small values of k the error may be much
less when repeated two-point based sampling is used. However, some practical reasons
support using t-point based sampling for larger . For instance, a fair comparison
of sampling errors ought to take into account the sk tests that must be run when
s independent trials of the two-point method are used. Allowing sk tests for one
application of 2s-point based sampling using an OA(2s, sk,n), we have by a similar
calculation as above that the quotient of errors can be made arbitrarily small by

increasing s. The graphs in Figure 6.1 illustrate this behavior as s and k vary.

Proposition 6.4.
C(s, sk) s!

lim —————— =

k—oo (C(1,k))* 55
Since we have worked under the assumption that ¢logn independent random bits
can be generated in the first place, it is of interest to compare C(s, k) with 2. There
always exists ko (depending on s and €) such that k& > ko implies C(s, k) < €. When

€ > .5, we have ky < 2s + 1; however k > 2s + 1 is necessary for the mere existence
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1 s=1
0.81
0.61
s=2
0.4
s=3
0.2
s=5
0 10 20 30 40 50

Figure 6.1: Plots of C(s, sk)/C(1,k)* for e = .5.

of an OA with £ columns and strength 2s. When € < .5, it may be required to take
larger k. Luckily, it appears that this kg grows at most linearly in s for a fixed €. The

table below gives some values of kg for certain s and e.

s 1 2 3 4 Y

e=.1|11.00|16.11 | 21.09 | 26.00 | 30.86

€=. 6.00 | 9.09 |12.11|15.09 | 18.05

e=.3| 433 | 6.78 | 9.19 | 11.57 | 13.94

e=.4| 350 | 5.65 | 7.79 | 9.91 | 12.02
€=. 3.00 | 5.00 | 7.00 | 9.00 |11.00

We conclude with a remark about independence. The main strength of sampling
using OAs is that it bypasses the need for selecting a full k£logn independent ran-
dom bits. But for some applications, expending the cost of tlogn random bits may
be worthwhile if t-wise independence is desired over pairwise independence. It is
straightforward from the definition that sampling from the rows of an OA of strength

t ensures t-wise independence.
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