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Abstract

The thesis is focused on the theoretical study of the isotope effects in three atmospheric reactions,

the CO+OH reaction, the photolysis of N2O, and the ozone formation. The CO+OH reaction is

investigated by using both Rice-Ramsperger-Kassel-Marcus theory and its nonstatistical modifica-

tion, which was prompted by existing molecular-beam data on incomplete intramolecular energy

transfer in the HOCO* intermediate. The resulting calculations show reasonable agreement with

most experimental data, except the O isotope effect. Two predictions are made: the temperature

dependence of the OD+CO reaction; and the rate constant kv decreasing with increasing CO vi-

brational quantum number v from v = 0 to v = 1. In both experiments and our calculation, the

kinetic oxygen isotope effect is different from the expected value (i.e. the mass-dependent slope),

which may be due to the H-tunneling. An experiment that avoids a possible role of vibrationally

excited OH radicals as reactants in the O isotope effect is also suggested to remove the discrepancy

in the O isotope effect between the experiments and calculations.

The UV photolysis of the greenhouse gas N2O and its isotope effects are important in atmospheric

chemistry. Based on the multidimensional reflection principle using the available ab initio data on

the molecule for the potential energy surfaces and the transition dipole moments, we provide an

accurate but not computationally intensive method in obtaining the absorption cross section. The

present calculated fractionation gives good agreement with the experimental absorption cross section

in the low-energy region, where the experimentally observed isotopic fractionation occurs. We also

suggest a single effective mass, a linear combination of two main coordinates for the photolysis, to

determine the slope of a multi-element isotope plot and to yield approximate agreement between

the experimental data and a “mass-dependent” fractionation, which range from 0.47 to 3.28.

A modified ab initio potential energy surface is used for calculations of ozone recombination and

isotopic exchange rate constants. The calculated low-pressure isotopic effects on the ozone formation

reaction are consistent with the experimental results and with the theoretical results obtained earlier

[J. Chem. Phys. 116, 137 (2002)]. This result showed that they are relatively insensitive to the

properties of the PES.
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Chapter 1

On the Theory of the CO+OH Reaction, Including H and C

Kinetic Isotope Effects

[This chapter appeared in the Journal of Chemical Physics 123, 094307 (2005).]
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On the theory of the CO+OH reaction, including H and C kinetic isotope
effects

Wei-Chen Chen and R. A. Marcusa�

Noyes Laboratory, 127-72 California Institute of Technology, Pasadena, California 91125

�Received 1 February 2005; accepted 15 July 2005; published online 8 September 2005�

The effect of pressure, temperature, H/D isotopes, and C isotopes on the kinetics of the OH

+CO reaction are investigated using Rice-Ramsperger-Kassel-Marcus theory. Pressure effects are

treated with a step-ladder plus steady-state model and tunneling effects are included. New features

include a treatment of the C isotope effect and a proposed nonstatistical effect in the reaction. The

latter was prompted by existing kinetic results and molecular-beam data of Simons and co-workers

�J. Phys. Chem. A 102, 9559 �1998�; J. Chem. Phys. 112, 4557 �2000�; 113, 3173 �2000�� on

incomplete intramolecular energy transfer to the highest vibrational frequency mode in HOCO*. In

treating the many kinetic properties two small customary vertical adjustments of the barriers of the

two transition states were made. The resulting calculations show reasonable agreement with the

experimental data on �1� the pressure and temperature dependence of the H/D effect, �2� the

pressure-dependent 12C/ 13C isotope effect, �3� the strong non-Arrhenius behavior observed at low

temperatures, �4� the high-temperature data, and �5� the pressure dependence of rate constants in

various bath gases. The kinetic carbon isotopic effect is usually less than 10 per mil. A striking

consequence of the nonstatistical assumption is the removal of a major discrepancy in a plot of the

kOH+CO /kOD+CO ratio versus pressure. A prediction is made for the temperature dependence of the

OD+CO reaction in the low-pressure limit at low temperatures. © 2005 American Institute of

Physics. �DOI: 10.1063/1.2031208�

I. INTRODUCTION

The reaction of CO with the OH radical plays a major

role in both atmospheric and combustion chemistry.
1,2

The

reaction is known to be the principal oxidation which con-

verts CO to CO2 in the atmosphere,
1

and is also the key

reaction controlling the OH radical concentration in the

lower atmosphere.
1

Reflecting its importance and the unusual

temperature and pressure dependence of its rate constant, the

CO+OH→CO2+H reaction has been examined extensively

in many experimental
3–17

and theoretical studies,
17–28

includ-

ing experimental studies over a very wide range of tempera-

tures and pressures.
4–13,17

Nevertheless, carbon and oxygen

isotope effects have been observed
29–33

and the anomalous

effects for these heavy-atom isotopes have not yet been

treated in the literature. Again, Simons and co-workers
63–65

observed in their molecular-beam study of the reverse reac-

tion, H+CO2→OH+CO, that the vibrational excitation of

the CO product was far below that expected from statistical

theory for the HOCO* intermediate. While the energies in

their experiments are higher than those normally occurring in

the OH+CO reaction, it is interesting to look for other

anomalies in that reaction which may be better explained by

a nonstatistical modification of the Rice-Ramsperger-Kassel-

Marcus �RRKM� theory. Furthermore, there is a discrepancy

in the H/D isotope effect in the literature.
27

The present

work treats these various observations.

The radical intermediate HOCO has been observed both

in the gas phase and in a matrix.
16,34–36

The ionization po-

tential, energy of formation, and vibrational and rotational

spectroscopy of the radical have also been characterized.
3,35

Studies of the kinetics of HOCO formation have firmly es-

tablished the connection between the reactants �OH+CO�

and the products �H+CO2�.
16

The currently accepted reac-

tion mechanism includes an OH and CO bimolecular asso-

ciation step producing a vibrationally excited trans-HOCO,

followed by cis-trans isomerization. The final reaction steps

in competition with each other are dissociation to H and

CO2, back reaction to OH and CO, and collisional

stabilization.
5,13,16,17,21,22

As the pressure increases, the colli-

sional stabilization of the cis- and trans-HOCO intermediates

competes favorably with the dissociation channel and the

back reaction. When OH and CO react in oxygen, both the

dissociation channel and the collision stabilization lead to

HO2 and CO2, because of the follow-up reactions of H and

HOCO with O2.
37–39

The present paper treats the dependence

of the rate constants on temperature, pressure, foreign gases,

and H/D and 12C/ 13C isotope effects. Interpretation of the

oxygen isotope effects
31–33

is complex and is discussed in a

second paper.

The experimental study of the OH+CO reaction covers a

temperature range from 80 to 3150 K.
4–13,17

A marked

change of activation energy occurs near 500 K. The pressure

and bath gas dependence of the reaction rate have also been

measured,
11–15,17,40

as has the pressure and temperature de-

pendence of the OD+CO reaction.
11,17,41

The kOH+CO /kOD+CO

ratio shows a pressure-dependent H/D isotope effect. Furthera�
Electronic mail: ram@caltech.edu
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experimental kinetic isotopic studies with 18OH, 13CO,

C17O, and C18O have also been performed. These results

provide a body of data for tests of ab initio or other

potential-energy surfaces and of reaction-rate theory. In par-

ticular, there is a serious discrepancy between the observed

and calculated plot of OH/OD rates versus pressure.

Stevens et al. appear to be the first group to study ex-

perimentally the kinetic isotope effects for carbon and oxy-

gen in the reaction.
29

They measured the isotopic ratios of

the unreacted CO and of the CO2 formed in the reaction

mass spectrometrically and obtained pressure-dependent

fractionation of 13C/ 12C and 18O/ 16O at pressures from 150

to 800 torr. In a similar but independent study Smit et al.
30

obtained results for the fractionation between carbon iso-

topes, which were consistent with those of Stevens et al.

Their investigations were prompted by the need for under-

standing the global budget of atmospheric 12CO and 13CO.

The enrichment of oxygen isotopes in CO was found to be

nonconventional in its mass dependence, i.e., it did not obey

the usual “mass-dependent” theoretically based and usually

applicable rule of Bigeleisen and Mayer.
42

Results similar to those of Stevens et al.
29

were obtained

by Röckmann et al.
31

Laboratory studies of isotope effects

were also made by Feilberg et al.,
32,33

whose results do not

agree with those of Röckmann et al. and Stevens et al. The

experimental precursors generating the OH radicals are dif-

ferent. The experimental conditions of Röckmann et al. are

simpler in that ozone was not added and so there were fewer

chemical reactions in the overall scheme. While HO2 may be

a dominant product in the studies of Stevens et al. and Röck-

mann et al., due to the reaction of the source material H2O2

with OH, the rate constant for the reaction of CO with HO2

is extremely small, less than 10−27 cm3 molecule−1 s−1 at

room temperature,
43

and so is about 14 orders of magnitude

smaller than that of CO with OH. The HO2 is therefore not

expected to interfere in the analysis.

Dynamical and statistical treatments of the CO+OH

reactions have been made with various theoretical

methods,
17,20–25

including quasiclassical trajectories, quan-

tum dynamics, transition state theory, and RRKM theory. In

the present article we focus on the statistical and nonstatisti-

cal aspects of the reaction over a wide temperature region for

the different experimental conditions, as well as the hydro-

gen and carbon isotope effects.

The carbon isotope effect is typically less than 10 per

mil at these pressures and temperatures. In the present study,

RRKM theory and a nonstatistical modification are used, to-

gether with nuclear tunneling corrections and a step-ladder

model for collision stabilization. Like the previous study by

Senosiain et al.,
27

the resulting theory reproduces a large

body of experimental data, apart from the potentially com-

plex O-isotope effect discussed elsewhere. In addition, we

treat the C-isotope effect and the large OH/OD rate constant

discrepancy described in Ref. 27.

The paper is organized as follows: The potential-energy

surface used is summarized in Sec. II A. The kinetic scheme

for RRKM calculations, approximate tunneling probabilities,

step-ladder model for pressure effects, and a possible non-

statistical distribution model for energy transfer at the exit

channel are treated in Secs. II B–II E, respectively. Results

are given in Sec. III and discussed in Sec. IV.

II. CALCULATION METHODS

A. Potential-energy surface

An ab initio potential-energy surface �PES� was calcu-

lated by Zhu et al.,
21

who used the modified GAUSSIAN-2

method �G2M�. To obtain the more accurate vibrational fre-

quencies and rotational constants of all stable and TS struc-

tures for various isotopes we use a coupled-cluster

method,
44,45

abbreviated as CC. The calculated geometries

and vibrational frequencies of normal isotopes are listed in

Table I. To test the robustness of certain calculations, particu-

larly of the H/D isotope effects, the results are compared in

Appendix A with another modified ab initio potential

�Lakin-Troya-Schatz-Harding �LTSH� by Lakin et al.�,
24,46

and with two other ab initio methods, the MP2 method and a

density-functional method �B3LYP�, for the vibrational and

rotational constants. The GAUSSIAN 98 program
47

was em-

ployed for all ab initio calculations to obtain the principal

stable and TS equilibrium structures and their rotational and

vibrational constants.

TABLE I. Calculated geometries and vibrational frequencies of normal isotopes by CC. The units are in Å for

bond length, in degree for angles and dihedral angles, and in cm−1 for vibrational frequencies.

OH+CO� TSa cis-HOCO� trans-HOCO� TSd CO2

ROH 0.976 0.975 0.976 0.967 1.345

RCO 1.148 2.033 1.342 1.358 1.227 1.177

RCO�
1.150 1.199 1.194 1.184 1.177

�HOC 94.86 107.74 107.37 116.27

�OCO�
123.52 129.61 126.38 155.28 180.00

dHOCO�
180.00 0.00 180.00 0.00

�1 2154
a

312i 596 533 2125i 639

�2 3763
b

197 594 606 518 639

�3 244 1091 1090 640 1345

�4 752 1321 1262 945 2410

�5 2122 1868 1903 1298

�6 3784 3707 3869 2157

a
�OH

b
�CO

094307-2 W.-C. Chen and R. A. Marcus J. Chem. Phys. 123, 094307 �2005�
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A major candidate for the origin of the strong non-

Arrhenius effect in the rate constant is the tunneling at the

transition state TSd in Fig. 1 for forming H+CO2 from cis-

HOCO. This interpretation is consistent with there being a

large imaginary frequency at TSd, 2126i cm−1 calculated by

CC. The RRKM rate constant in the low-pressure limit at

room temperature calculated with this PES was larger than

the experimental value by a factor of about 2. Accordingly, to

match the experimental and calculated rate constants, the po-

tential energy of TSa and TSd were shifted vertically slightly

by two independent constants, E1 at TSa and E2 at TSd. �Ver-

tical shifts are commonly used in conjunction with ab initio

surfaces.� E1 and E2 were determined from the rate constants

for the CO+OH reaction at 100 and 300 K in the low-

pressure limit �Sec. III A�. At lower temperatures the barrier

at TSa dominates the rate constant due to the large tunneling

at TSd. At room temperature the barriers in both exit and

entrance channels of HOCO* influence the rate constant.

With these two constants, E1 and E2, and an energy-transfer

parameter � per collision �Sec. II D�, all the remaining prop-

erties of the reaction were calculated and compared with the

experimental data. When different methods of varying accu-

racy were used and the shifts E1 and E2 were made to fit two

pieces of data above, the resulting calculated rate constants

are similar in all methods, as shown in Appendix A.

B. Kinetic scheme and rate constants

Microcanonical RRKM theory is used with tunneling

corrections
48

for each quantum state of the two transition

state structures. The steady-state equation for pressure effects

is then solved. The coordinate assumed for the transition

structures is the reaction path with minimal energy. The vi-

bration frequencies of the transition state �TS� structures are

fixed in the vicinity of the TS when counting the number of

states along the reaction path with variation of the HO…CO

center-to-center distance, and hence, of the two largest mo-

ments of inertia. �A more elaborate variational calculation of

selected points will be given elsewhere.� There are van der

Waals complexes of CO and OH and the loose transition

structures to form the TSa, but calculations show that they

have only a minor effect on the reaction rates.
49

Thus, TSa is

the only transition state structure for the entrance channel

included in the kinetic scheme. The potential-energy barrier

between trans- and cis-HOCO is much lower than the poten-

tial energies of the entrance and exit channels, and so the two

isomers interconvert in the energetic HOCO* intermediate.

The density of states of HOCO* is therefore evaluated by

summing �cis-HOCO�EJ� and �trans-HOCO�EJ�, which includes

the hindered rotation as one of the coordinates in the calcu-

lation. In the kinetic scheme, we can simply write HOCO*

for the sum of cis-HOCO* and trans-HOCO*. At zero pres-

sure, the following scheme for the reaction of CO+OH is

used for reaction at any energy E and total angular momen-

tum J:

CO + OH �

k−1�EJ�

k1�EJ�

HOCO*�EJ� , �1�

HOCO*�EJ� →

k2�EJ�

H + CO2. �2�

At finite pressures an additional series of kinetic equations

are added to the scheme:

HOCO*�EJ� + M →

��EJ→E�J��

HOCO�E�J�� + M , �3�

where M is a third body and E and J are conserved in reac-

tion steps �1� and �2�. The rate constants ki�EJ� are all E and

J dependent. The ��EJ→E�J�� is the rate constant per unit E

for forming HOCO at �E�J�� from HOCO�EJ� by collision

with a third body M.

The rate equation for the distribution function, g�EJ�, for

HOCO* at any specified �EJ� per unit energy is

dg�EJ�

dt
= k1�EJ� − �k−1�EJ� + k2�EJ� + ��g�EJ�

+ �
J�

�
E�

��E�J� → EJ�g�E�J��dE�, �4�

where g�EJ� denotes �HOCO�EJ�� / �CO��OH�. The latter has

units of �energy concentration�−1. The total collision fre-

quency � is

� = �
J�

�
E�

��EJ → E�J��dE�. �5�

This ��EJ→E�J�� is described by a step-ladder model em-

ployed in Sec. II D.

In the dissociation of the intermediate via TSd, the

RRKM rate constant k2�EJ� appearing in Eqs. �2� and �4� is

k2�EJ� =
Nd�EJ�

h��EJ�
, �6�

where ��EJ� is the density of states of the corresponding

dissociating energetic molecules and Nd�EJ� is the sum of

states of TSd, with the tunneling correction
50,51

for a micro-

canonical ensemble of

FIG. 1. Schematic profile of potential-energy surface of the CO+OH

reaction.

094307-3 The CO+OH reaction J. Chem. Phys. 123, 094307 �2005�
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Nd�EJ� = �
−�

E

�d�E���d��E − E��J�dE�. �7�

Here, �d�E�� is the tunneling transmission probability of TSd

when the energy in the H-tunneling coordinate is E�, and

�d��E−E��J� denotes the density of states of TSd at an en-

ergy E−E� and at total angular momentum J.

Harmonic vibrational frequencies and rotational con-

stants for counting N�EJ� or ��EJ� were obtained by elec-

tronic structure calculations described in Sec. II A. To ac-

count approximately for the anharmonicity of the energetic

intermediates, the density of states of trans- and cis-HOCO

were increased by a constant factor, 1.5.
52

For TS, a “loose”

TS was assumed. Anharmonicity effects for the vibrations of

OH and CO are minor. In the calculation of quantum states

of the internal rotation about the HO−CO bond in TSa,
53

cis-

and trans-HOCO were treated as one-dimensional hindered

rotors.

C. Tunneling calculations with statistical
and nonstatistical models

All ab initio calculations show a sharp potential-energy

barrier in the product channel.
18,21

However, the magnitude

of the imaginary frequency of TSd depends on the electronic

structure method used. Although these values are substan-

tially different from each other �they are tabulated later�, all

of them indicate that the tunneling must be included in cal-

culating the low-temperature reaction rates.
54

In these sys-

tems, in mass-weighted coordinate space the tunneling

through the potential barrier occurs entirely in the products’

channel and so there is no “corner cutting.”
55

As a first ap-

proximation to reduce computational time, the tunneling

probability ��E� was estimated for passage through an Eck-

art potential.
56

The potential was fitted to the paths of steep-

est ascent and descent through the saddle point. The Eckart-

fitted approximation was checked with a sampling of more

accurate calculations for selected points. In general, the Eck-

art barrier provides a more accurate but still simple represen-

tation than an inverted parabolic potential. However, the tun-

neling probability in the significant tunneling regions

calculated by the Wigner approximation with an inverted

parabolic potential is very similar to that calculated using the

Eckart approximation. The difference of tunneling probabili-

ties is less than 10%. However, compensation by barrier-

height adjustment almost completely removes this discrep-

ancy. Therefore, the bottom shape of the barrier in the exit

channel only has a minor effect in the tunneling effect. With

a slightly different vertical shift E of TSd, such difference

have only a minor effect over the final results.

D. Pressure effects with statistical and nonstatistical
models

At high temperatures the effect of pressure on all prop-

erties in the present region of focus, below 1000 torr, is

minor both experimentally and theoretically. However, at

low temperatures in this pressure region both the pressure

and the nature of the foreign gas affect the reaction rate. The

collision frequency for the transition from EJ to E�J�,

��EJ→E�J��, is approximated as the product of the total

collision frequency �, the energy transfer probability PE→E�
,

and the rotational angular momentum transfer probability

PJ→J�
:��EJ→E�J��=�PE→E�

PJ→J�
. For angular momen-

tum transfer a strong collision is assumed. Thereby, the

transfer probability PJ→J�
from J to state J� equals the ther-

mal distribution of J� states of the intermediate, HOCO, at

the given temperature.

In the step-ladder model used for the energy-transfer

probability PE→E�
,
57

a certain amount of energy � is trans-

ferred in each collision, in the present case between HOCO*

and a bath molecule. The energy-transfer parameter � �� is

positive� is dependent on the bath gas, but is independent of

pressure. The � value of each bath gas, determined by best

agreement with experimental results
11,13,14,17,40

of the CO

+OH reaction at pressures below 800 torr, are given later in

Table III.

By microscopic reversibility the ratio of activating colli-

sions divided by the deactivating collisions in a step is equal

to ���E� /��E−�E��e−�/kBT, where ��E� is the density of

states of the intermediate at a total energy E. When ��E� is

approximated by a constant for a range of energies near the

dissociation threshold,
58

the probabilities can then be written

as

PE→E�
= �

e−�/kBT

1+e−�/kBT , E� = E + �

1

1+e−�/kBT , E� = E − �

0, otherwise.
� �8�

The Lennard-Jones potential was used for interaction be-

tween a bath molecule and HOCO. The 	 and 
 parameters

for the various bath gases in the Lennard-Jones potential are

the same as those calculated by Zhu et al.
21

The lower limit

for the energy range in the present calculations is 3000 cm−1

below the dissociation limit of CO and OH formation at the

given temperature and pressure; even energies below

−2500 cm−1 are sufficiently lower than the dissociation

threshold that the probability of the intermediate reacquiring

enough energy to dissociate is negligible. To ensure conver-

gence in the high-temperature and high-pressure region, the

upper limit of the energy used in the calculations was

12 000 cm−1 above the dissociation limit, and the total angu-

lar momentum J covered the range from 0 to 220 in the E,

J-resolved calculation. The energy grain size used for the

energy integration in computing the pressure effect on the

reaction rate constant was 1 cm−1.
59

�For calculations re-

stricted to 500 K or less, an upper limit of 5000 cm−1 in E

and of 100 in J would have sufficed.�

E. OH energy partitioning and nonstatistical
modification

In the RRKM theory it is assumed that the rate of energy

redistribution in the intramolecular states of the intermediate

is much faster than that of the dissociation. The molecular-

beam results of Simons and co-workers for the reaction H

+CO2→HOCO*
→OH+CO show, albeit at higher energies

than the present, that the CO formed has less energy than

would be expected from statistical microcanonical behavior,

094307-4 W.-C. Chen and R. A. Marcus J. Chem. Phys. 123, 094307 �2005�
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i.e., that there was a limited energy exchange between the

newly formed OH bond and the other coordinates in

H¯OCO*. The reaction of CO+OH→H+CO2 requires a

concentration of energy in the OH bond stretch in the cis

intermediate �Fig. 1�. Since the exit channel for the CO2

+H→CO+OH reaction is flat �no sharp repulsive drop�,

there is no major dynamical effect in this exit channel and so

the energy distribution of the CO and OH products should

reflect that expected from statistical theory,
60–62

applied now

to HOCO, with relatively minor corrections for dynamics.

Although the formation of HOCO* from OH+CO is a

highly exothermic reaction, the OH group would still be

present largely in its vibrational ground state in a microca-

nonical distribution ��EJ� at room temperature, because of

the high OH-stretching vibrational frequency. However,

since the potential-energy barriers in the entrance and exit

channels are similar, a large amount of internal energy in an

energetic HOCO molecule needs to be transferred into the

OH bond in order for the HOCO to dissociate into CO2+H.

After this barrier at exit channel is overcome, the H atom

then dissociates from the OCO. The harmonic energy steps

of OH stretching in HOCO are about 3600 cm−1, which is

larger by 1700 cm−1 than that for the other vibrational

modes. Because of this large frequency difference between

OH stretching and the other modes, the internal energy trans-

fer to OH-stretching motion via internal resonances with the

other modes may be less rapid than needed for internal

equilibration. �A higher-order resonance is possible.�

Prompted by the experimental results of Brouard et al.
63–65

and other results, we have explored, with details in Appendix

C, the effect of a reduced intramolecular energy transfer be-

tween the OH-stretching-mode motion and the other coordi-

nates.

In this first trial calculation, an intramolecular energy-

transfer parameter � in HOCO is defined in Eq. �C2� for the

transfer to and from an OH vibration and is assumed to be

4000 cm−1. It is somewhat larger than the vibrational fre-

quency of the OH stretching in the HOCO*, so allowing the

intramolecular transfer of roughly one OH vibrational quan-

tum. The nonstatistical modification significantly improves

the agreement with the data for the rate constants of CO

+OH at high temperatures, the rate constants of CO+OD at

low pressures at room temperature, and the kOH+CO /kOD+CO

ratio at room temperature. The �
13C values at around 1 atm

are also improved. The results are given and discussed in the

following sections.

III. RESULTS

A. Temperature effect

The experimental values of the rate constants at 100 and

300 K in the low-pressure limit are about 1.1
10−13 and

1.5
10−13 cm3 molecule−1 s−1, respectively.
6,12,13,17,40,66

The

two parameters E1 and E2 used to adjust potential energies of

TSa and TSd to obtain agreement with these two low-

pressure rate constants are 0 and 340 cm−1, respectively, us-

ing the usual RRKM theory. When the nonstatistical modifi-

cation is employed, they are instead 10 and 30 cm−1,

respectively. �Since the low-pressure rates are independent of

the parameter �, we used them for this purpose.� The clas-

sical barrier with zero-point energy added for TSa is about

280 cm−1 in both RRKM theory and the nonstatistical modi-

fication. For TSd it is 965 and 655 cm−1, respectively. Al-

though there are some differences between the barriers of the

unmodified and modified RRKM theory, their temperature-

dependent rate constants at low pressures shown in Fig. 2�a�

are similar. The calculations in Figs. 2�a� and 3 show that the

slopes of the calculated Arrhenius plot are comparable to

those of the experiment, and the change in the slopes occurs

in both cases between 300 and 500 K. However, as seen in

Fig. 3, the nonstatistical modification significantly improves

FIG. 2. Arrhenius plots for CO+OH �blacks� and CO+OD �grays�. The solid and dashed lines are calculated using the RRKM and nonstatistical model,

respectively. �a� The open squares and solid diamonds are experimental results obtained for 2–10 torr by Frost et al. �Refs. 11,12�. The open diamonds and

circles are obtained at 100 and 50–92 torr, respectively, by Ravishankara and co-workers �Refs. 6 and 13�. The open triangles are the extrapolated rate

constants CO+OH at zero pressure obtained by Fulle et al. �Ref. 5�. The lines are the calculations at the low-pressure limit. �b� The open circles are the

experimental data of Jonah et al. �Ref. 4� for a bath gas of 760 torr of Ar and 15 torr of H2O. The open triangles are for 760 torr of He obtained by Fulle

et al. �Ref. 5�. The lines are the present calculations at 785 torr of Ar.
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the agreement between experimental and calculated results

of the rate constants for CO+OH in the high-temperature

region.

B. Pressure effect

Low- and high-pressure rate constants k0 and k� were

studied experimentally by Fulle et al. at various

temperatures.
5

Their fitted values are summarized in Table II,

together with the present calculations and the step-down

energy-transfer model. The effect of bath gases on the reac-

tion of CO+OH has been investigated for He, N2, air,CF4,

and SF6.
11,13,14,17,40

The calculated rate constants are com-

pared with the experimental data in Fig. 4�a�. The � values

obtained by unmodified and modified RRKM theory are

similar and are listed in Table III.

C. OD and OH

Pressure-dependent rate constants were measured for the

OD+CO reaction with different bath gases by Paraskevopou-

los and Irwin,
41

Golden et al.,
17

and Frost et al.
11

The three

sets of measurements and the calculations for He, Ar, N2, air,

CF4, and SF6 are compared in Fig. 4�b�. For simplicity, the

�’s for OD+CO are assumed to be the same as those for

OH+CO. The fitted curves for OD+CO using the nonstatis-

tical modification, shown in Fig. 5, agree well with experi-

ment, except for N2, which is similar to the results of Golden

et al.
17

and Senosiain et al.
27

and are discussed later. Un-

modified RRKM theory underestimates the rate constant of

OD+CO at low pressures at room temperature, and so the

fitted RRKM curves in Fig. 4�b� do not agree well in the

low-pressure region. However, the nonstatistical modifica-

tion significantly improves the agreement, as seen in Fig. 5.

The ratio kOH+CO /kOD+CO calculated using RRKM theory

is plotted in Fig. 6 as a function of the pressure of He. The

theoretical results agree with the experimental data relatively

well at pressures higher than 300–500 torr, but the nonstatis-

tical modification significantly improves the rate constant ra-

tios in the low-pressure region and agrees with the experi-

mental data in the entire pressure region, as seen by the

dashed line in Fig. 6. The pressure-dependent rate constants

for the OD+CO reaction with different bath gases calculated

with the nonstatistical model in Fig. 5 also improve the

agreement with experimental data in the low-pressure region.

�cf. RRKM theory used in Fig. 4�b��.

The OH+CO and OD+CO systems in Fig. 2�a� show a

marked difference in their dependence on temperature at low

pressures and are calculated both for the RRKM theory and

the nonstatistical modification. The OD+CO rate is predicted

to have a minimum value around 1000/T=4. Only Frost

et al. appear to have studied the OD+CO reaction at low

pressures.
11

The present calculation is in general agreement

with their experimental results.

Jonah et al. measured the temperature dependence of the

OH+CO and OD+CO rate constants at pressures 	760 torr

at moderate and low temperatures.
4

Fulle et al. did a similar

experiment of the OH+CO reaction at the lower-temperature

TABLE II. Comparison of the calculated k0’s and k�’s at several temperatures with the extrapolated values by

Fulle et al. �Ref. 5�. The rate constants are in units of 10−13 cm3 molecule−1 s−1.

T

�K�

k0 k�

RRKM Nonstatistical Expt.
a

RRKM Nonstatistical Expt.
a

100 1.1 1.1 0.9
b

2.5 2.2 4.0
b

200 1.4 1.4 1.3
c

7.3 6.8 7.0
c

300 1.5 1.5 1.3 13.2 13.6 9.6

400 1.7 1.6 1.4 20.2 19.5 12.6

500 1.9 1.7 1.5 28.4 27.5 16.2

600 2.2 1.8 1.7 37.8 36.9 20.3

700 2.6 2.0 1.9
d

48.5 47.5 25.1
d

800 3.1 2.3 2.2
e

60.3 59.3 30.0
e

a
Results extrapolated to p=0 and p=� by Fulle et al.

b
Measured at 98 K.

c
Measured at 190 K.

d
Measured at 717 K.

e
Measured at 819 K.

FIG. 3. Arrhenius plots for the CO+OH reaction in the high-temperature

region. The gray and black lines are obtained with the RRKM and the

nonstatistical model, respectively. The solid lines are for the low-pressure

limit and the dashed lines are at 785 torr Ar. The solid triangles are obtained

by Lissianski et al. �Ref. 7�. The open squares are for 1178–2379 torr ob-

tained by Golden et al. �Ref. 17�, open triangles for 682–1168 torr by Wool-

dridge et al. �Refs. 8,9�, open circles for 682–1168 torr by Brabbs et al.

�Ref. 10�, open diamonds for 785 torr Ar by Jonah et al. �Ref. 4�, and solid

diamonds for 100 torr Ar by Ravishankara and Thompson �Ref. 6�. The plus

signs refer to the results at the low-pressure limit extrapolated by Fulle et al.

�Ref. 5�.
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region.
5

The temperature dependence of the calculated rate

constants for both OH+CO and OD+CO reactions at 785

torr of Ar in Fig. 2�b� are similar in both RRKM theory and

its nonstatistical modification models and are in good agree-

ment with experiment.

D. Kinetic isotope effect for carbon

The isotopic fractionation of 13C, �
13C, is defined as

�
13C = 
 12k

13
k

− 1� 
 1000 per mil, �9�

where 12k and 13k are the rate constants for the reaction of
12CO and 13CO with OH, respectively. Pressure-dependent

�
13C’s from 75 to 840 torr at room temperature were mea-

sured by Stevens et al.,
29

Smit et al.,
30

and Röckmann et al.
31

The data of Stevens et al. and Röckmann et al. show that

�
13C depends slightly on bath gases.

29,31
Our calculations

for the pressure dependence of the �
13C values by both

RRKM and the nonstatistical models, shown in Fig. 7, agree

reasonably well with the experimental data. As the pressure

is increased, the calculated �
13C values also increase and

depend slightly on bath gases. We discuss these results in

Sec. IV.

IV. DISCUSSION

A. The barriers at TSa and TSd

1. RRKM theory

As noted in Sec. III A two parameters E1 and E2 are

needed to adjust the potential energies of TSa and TSd, to fit

the experimental values
6,12,13,17,40,66

of the rate constants at

100 and 300 K. The results of the barrier adjustments are

consistent with recent previous estimates, the literature val-

ues varying from 100 to 380 cm−1 for TSa and from 0 to

1000 cm−1 for TSd.
5,17–19,21,24

The fitted barriers for TSd in

the literature are more scattered than those for TSa because

of the difference in tunneling arising from large differences

in imaginary frequencies at TSd. In most theoretical

calculations,
17–19,21,24,27

including the present, the exit chan-

nel barrier, �Ed, including zero-point energy, is higher than

that for the entrance channel, �Ea, when the same calcula-

tional method is applied to both TSs.

TABLE III. The � values of several bath gases. The units are in cm−1.

G2M Nonstatistical
a

Zhu et al.

�Ref. 21�b

Golden et al.

�Ref. 22�b

Senosiain et al.

�Ref. 27�b

He 140 140 150 150
c

80

Ar
d

190 190 450 300 110

N2 200 210 250 300
e

100
f

CF4 300 310 450 680 160
g

SF6 400 410 1000 800 190
h

a
The nonstatistical model is used.

b
The pressure effect is calculated using the exponential down model.

c
180 cm−1 for OD+CO in He.

d
Fitted to the data from OD+CO reaction.

e
480 cm−1 for OD+CO in N2.

f
140 cm−1 for OD+CO in N2.

g
150 cm−1 for OD+CO in CF4.

h
200 cm−1 for OD+CO in SF6.

FIG. 4. Calculated and experimental pressure-dependent rate constants of �a� CO+OH and �b� CO+OD at 298 K for various bath gases. The RRKM method

with the fitted energy-transfer parameter � listed in Table III is used in calculating rate constants. �a� The solid triangles are for He by Golden et al. �Ref. 17�

and solid squares, solid circles, and open diamonds for N2, CF4, and SF6, respectively, by Paraskevopoulos and Irwin �Ref. 40�. �b� The open circles and open

diamonds are for Ar and SF6, respectively, by Golden et al. �Ref. 17�. The solid triangle, solid squares, and solid circles are for He, N2, and CF4, respectively,

by Paraskevopoulos and Irwin �Ref. 40�.
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Because of the large width and low barrier of TSa, tun-

neling through TSa at the low-pressure limit is important

only at temperatures below 400 K. The calculated tunneling

effects at TSa increase the rate constant by about 10% in the

low-pressure limit for a temperature of 400 K and less at

higher temperatures. When any tunneling at TSa is neglected,

the reaction rate at room temperature in the low-pressure

limit is less by about 20%. This effect is much smaller than

that at TSd, where the neglect of tunneling reduces the rate

constant by a factor of 20.

The rate constants calculated with variation of rotational

constants along the minimum reaction path near both TSs

reduced the rate constants at low pressure by less than 1% at

room temperature, as compared with fixing the position of

TSa at the local potential-energy maximum along this reac-

tion coordinate. In the low-pressure limit the rate constant

was reduced by 5% and 10% at 1000 and 2500 K, respec-

tively. At high pressures this effect of varying the rotational

constants along the reaction coordinate reduced the rate con-

stant by 10% at 1000 K and 20% at 2500 K. The variational

effects by Senosiain et al.
27

reduced the rate constants by

23% at 1000 K and 42% at 2500 K at low pressures, and by

11% at 1000 K and 21% at 2500 K at high pressures. The

decrease is smaller in our calculations, presumably due to

their taking into account the changing hindering rotation of

OH and CO in TSa along the reaction path.

2. Nonstatistical modification

The barrier of TSa in the modification is similar to that

used for the usual theory, reflecting the small sensitivity of

the rate to TSa. The barrier of TSd now needed is about

300 cm−1 less than before. This lowering compensates for

the constraint placed on the intramolecular energy transfer in

the HOCO* when it passes through the TSd in this nonstatis-

tical modification.

B. Non-Arrhenius behavior

1. RRKM theory

The strongly non-Arrhenius behavior of the CO+OH re-

action in Fig. 2 was observed in many earlier studies, both

experimentally
5,6,11–13,15

and theoretically.
17,20–22,25

The ex-

perimental rate constants are slightly temperature dependent

at low pressures in the temperature range 100–500 K, but

increase steeply at higher temperatures.
5,6,11

Because the bar-

riers to form products �H+CO2� or revert to reactants �OH

+CO� from HOCO* are similar, the competition between k−1

in Eq. �1� and k2 in Eq. �2� for HOCO* disappearance serves

to explain the change of slope of ln k versus 1/T of the

reaction in Fig. 2�a�; in the present calculations at high tem-

FIG. 5. Comparison of the experimental pressure-dependent rate constants

of CO+OD at 298 K for various bath gases with the calculated rate con-

stants using the nonstatistical modification. The energy-transfer parameter �

assumed is listed in Table III. The open circles and open diamonds are for Ar

and SF6, respectively, obtained by Golden et al. �Ref. 17� and the solid

triangle, solid squares, and solid circles are for He, N2, and CF4, respec-

tively, by Paraskevopoulos and Irwin �Ref. 40�.

FIG. 6. Comparison of calculated and experimental results for the H/D

kinetic isotope effect as a function of pressure at 300 K. The experimental

data �
’s� are taken from a fit to Paraskevopoulos’ results. The solid line is

calculated using the conventional RRKM theory, and the dashed line is

obtained using the nonstatistical modification.

FIG. 7. The �
13C values for the system of CO+OH given as a function of

the total pressure at room temperature. The solid lines are calculated using

the conventional RRKM theory, and the dashed line is obtained with the

nonstatistical model. The black and gray lines indicate the pressure depen-

dence in N2 and He gases, respectively. The open circles are obtained for N2

by Smit et al. �Ref. 30�. The gray solid and black open squares are obtained

in He and N2 �or N2+O2�, respectively, by Röckmann et al. �Ref. 31�. The

gray solid triangles, black open triangle, open diamond, and plus symbols

are obtained in Ar, air �by measuring products�, air, and O2, respectively, by

Stevens et al. �Ref. 29�.
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peratures the k−1 in Eq. �1� is much larger than the k2 in Eq.

�2�. So the barrier in the exit channel TSd then dominates the

rate. However, at temperatures below 	500 K k−1 and k2 are

comparable. Due to a large tunneling through TSd at lower

energies, k2 /k−1 ultimately increases as the temperature is

decreased and so the contribution to the barrier from the rate

at the entrance channel TSa increases. In summary, the

change in slope in Fig. 2�a� is due to the similar barrier

heights of both entrance and exit channels together with a

large tunneling effect in the exit channel TSd.

2. Nonstatistical modification

The results calculated using the modification are similar

to those obtained with the unmodified theory. However, as

seen in Fig. 3, the modification describes the experiments at

the high temperatures better than before.

C. Pressure effect

1. RRKM theory

The calculated low- and high-pressure rate constants, k0

and k�, at the various temperatures listed in Table II, were

compared with the extrapolated experimental values of Fulle

et al.
5

As mentioned earlier, the calculated rate constants in

the low-pressure limit are very similar to the extrapolated

experimental values. The rate constants at the high-pressure

limit are largely controlled by the properties of TSa, and the

extent of agreement with the extrapolated experimental val-

ues by Fulle et al.
5

in the high-pressure limit is seen in Table

II. Any difference may reflect a shortcoming of the calcula-

tion of TSa.

The effect of bath gases on the reaction of CO+OH has

been studied for He, N2, air, CF4, and SF6.
11,13,14,17,40

It has

been repeatedly documented that polyatomic bath gases are

better energy-transfer agents than monatomic gases. Possible

reasons include higher densities of intramolecular energy

states for the collisional energy transfer, larger collision radii,

and more attractive interactions leading to a closer and so

more steeply repulsive interaction. The fitted energy-transfer

parameter � for He, Ar, N2, CF4, and SF6 is 140, 190, 200,

300, and 400 cm−1, respectively. The calculated rate con-

stants and the experimental data are compared in Fig. 4�a�.

The � values listed in Table III are close to the fitted �

values of Zhu et al.
21

and Senosiain et al.,
22

especially for

monatomic and diatomic gases, but are larger than the fitted

values of Senosiain et al.
27

Strictly speaking the � values are

not exactly equivalent since the exponential down model is

used by all other groups. In the results of other groups and

ours the somewhat larger deviations of the � values for the

polyatomic gases may arise from the different pressure mod-

els employed.

The pressure-dependent measurements of OD reacting

with CO in various bath gases, He, Ar, N2, air, CF4, and

SF6,
11,17,41

are compared in Fig. 4�b� with calculations using

the unmodified RRKM theory. Assuming the �’s for OD

+CO to be similar to those used for OH+CO, the fitted

curves for OD+CO are in general agreement with experi-

ment. The results indicate that � depends not only on the

bath gas but also on whether the isotope is D or H. Senosiain

et al.
22,27

optimized their calculations to agree with the ex-

perimental data by adjusting the � values for both OD+CO

and OH+CO. Their �’s for OD+CO are somewhat higher

than those for OH+CO, but the difference is small, except

for N2, for which the results are similar to ours. For simplic-

ity, the same � value for the C-isotope-substituted OH+CO

reactions in each bath gas is assumed in the study of the

kinetic C-isotopic effect discussed in Sec. IV F.

2. Nonstatistical modification

The k0 values at high temperatures obtained with the

RRKM modified theory are smaller than those obtained with

conventional theory and are closer to the extrapolated experi-

mental results. The k� values are similar in both treatment,

because they are mainly determined by the properties of TSa,

which is treated in the same way in both models. The energy-

transfer parameter � for various bath gases by both models

are similar and are listed in Table III. The nonstatistical

theory improves the agreement of the pressure dependence of

OD reacting with CO in various bath gases significantly, es-

pecially for the extrapolated values at zero pressure, as

shown in Fig. 5. The most important improvement arising

from the nonstatistical model is in the plot of kOH+CO /kOD+CO

ratios versus pressure, especially at lower pressures, as in

Fig. 6. In that figure, the large discrepancy between experi-

ment and the conventional RRKM theory is clear. This dis-

crepancy with conventional RRKM theory was also seen in

Fig. 9 of Ref. 27 and is now removed by the nonstatistical

modification �Fig. 6�. The robustness of this result is shown

in Appendix A 4 �Fig. 10�.

D. Negative temperature effect in OD+CO

1. RRKM theory

The calculated rate constants for OD+CO in Fig. 2�a�

display a minimum around 250 K. Only Frost et al. appear to

have studied the OD+CO reaction as a function of tempera-

ture at low pressures.
11

In their study at 178, 216, and 295 K,

Fig. 2�a�, they observed nearly temperature-independent re-

action rates. Their RRKM calculations also showed a slight

decrease in rate in going from 80 to 300 K. There is general

agreement between the experimental and calculated results.

The relatively large negative temperature effects ob-

served in the OD+CO reaction, shown in Fig. 2�a�, can be

explained by the lowered barrier at TSa and the increased

height of the TSd barrier in OD+CO relative to that in OH

+CO. The energy with the zero-point corrections of TSa in

OD+CO is around 150 cm−1 and that of TSd is around

1320 cm−1. Although the value of the imaginary frequency

of OD at TSd is smaller than that of OH, the barrier change

increases the tunneling window �energy difference between

TSd and TSa� by about 500 cm−1 in OD+CO. The decreased

barrier in the entrance channel allows the formation of more

intermediates at low temperatures. At low pressures, the in-

termediates can only tunnel through TSd to products or revert

to reactants. The number of states is approximately indepen-

dent of temperature, but the partition function of the collision

pair decreases as temperatures increase. From our calcula-

tions in Fig. 2�a�, the negative temperature effect is signifi-
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cant at temperatures lower than 250 K. The experiments on

OD+CO at low pressures and temperatures would permit a

test of the prediction of a negative temperature effect in the

present calculation.

When different ab initio theories are used there is a dif-

ference of imaginary frequency at TSd in various force con-

stants. As a result, the temperature where the minimum in the

calculated rate constant occurs is spread from 200 to 400 K,

as shown in Appendix A 2, the higher temperature occurs

with the larger value of the imaginary frequencies. The stud-

ies on OD+CO at low pressures and low temperatures would

help determine better the value of the imaginary frequency at

TSd and so determine more precisely the magnitude of tun-

neling effects.

2. Nonstatistical modification

Comparing the Arrhenius plot of the OD+CO reaction at

low pressures for the unmodified and modified theories, the

former has a weaker temperature dependence in the low-

temperature region. This result is consistent with the results

in the experiment of Frost et al. There are only two measure-

ments of the rate constants below 250 K. More measure-

ments at low temperatures would permit a test of the trend

predicted in Fig. 2�a�.

E. OH and OD

1. RRKM theory

In the measurements of Paraskevopoulos and Irwin,
40

Frost et al.,
11

and Golden et al.,
17

the pressure-dependent

kinetic H/D isotope effect is given at about 300 K. At low

pressures their experimental values for kOH+CO /kOD+CO are

3.6, 2.7, and 2.3, respectively. This kinetic effect can be un-

derstood in terms of tunneling, together with the zero-point

energy difference of TSa and TSd. Compared with the ratios

in the data of Paraskevopoulos and Irwin, the ratio

kOH+CO /kOD+CO calculated using the unmodified theory, the

solid line in Fig. 6, significantly overestimates it at pressures

below 500 torr, but is comparable with experiments at higher

pressures. The robustness of this result is seen later in Ap-

pendix A.

Jonah et al. measured the rates of OH+CO and OD

+CO from 340 to 1250 K at 1 atm of Ar and 15 torr of water

vapor.
4

Both rates have minima around 600 K �Fig. 2�b��.

This negative dependence on temperature was also observed

by Fulle et al.
5

in the rates of OH+CO from 91 to 288 K at

750 torr of He. The rate constants measured by the latter

group showed a maximum around 170 K. Our calculations in

Fig. 2�b� for both OH+CO and OD+CO reactions at 785

torr of Ar are close to their results. The minimum rate of OH

and OD occurs at about 400 and 500 K, respectively, which

are slightly lower than the measured values. The calculated

negative temperature dependence of the CO+OH reaction

rate between 200 and 400 K has a maximum around 160 K,

which is close to the maximum in the measurements of

Fulle et al.

2. Nonstatistical modification

When the intramolecular energy-transfer restriction is in-

troduced using the modified theory, the agreement of the rate

constant ratios at the low-pressure region is significantly im-

proved, as seen by the dashed line in Fig. 6. The modified

theory also improves agreement with experiment for the

pressure dependence of the low-pressure rate constants of

OD+CO as in Fig. 5. The temperature dependence of the

rate constants at pressures 	1 atm are similar to these in the

unmodified theory and in the experiment. At temperatures

higher than 1000 K, the rate constants in Fig. 3 obtained

using the modified theory agree better with the experiment

than before and are lower than the conventional RRKM re-

sult by about 60%.

The calculations for the unmodified theory tend to un-

derestimate the rate constants of OD+CO in the low-

pressure region, perhaps because any difference in the

energy-transfer ability between HOCO* and DOCO* is not

considered. The vibrational frequency of the OD stretching

in DOCO, about 2700 cm−1, is much less than the OH-

stretching frequency. Accordingly, the energy transfer be-

tween the OD stretching and other modes in energetic

DOCO* may well be easier than in HOCO*. In the nonstatis-

tical modification, the relation between the energy-transfer

parameter � in HOCO and that in DOCO is simply assumed

to be

�D =
�

�D

� , �10�

where � is the OH �OD� stretching frequency in the interme-

diate, the subscript D and no subscript indicating the DOCO

and HOCO systems, respectively. Equation �10� implies that

the energy redistribution in the energetic DOCO is faster

than that in HOCO. In counting the number of states for TSd,

with a tunneling correction using Eq. �C2�, the range of in-

tegration used for DOCO is about 30% larger than that for

HOCO due to the �D in Eq. �10� being smaller than �.

F. Kinetic isotope effect for carbon

1. RRKM theory

The reaction at atmospheric pressure was found to favor

a positive �
13C by 6 per mil, while negative values were

observed at pressures below 	300 torr. These experimental

data also show that �
13C depends slightly on the bath

gas.
29,31

The values in monatomic gases, such as He or Ar,

are lower than those in diatomic gases, such as air, O2, and

N2. Our calculations in Fig. 7 for �
13C agree reasonably well

with these data. The calculated �
13C at low pressures is

negative, around −4 per mil. As the pressure increases, the

calculated �
13C increases to positive values, similar to the

pressure dependence observed in the experiment. Although

the values of collision stabilization energy, the �’s for He

and N2 are different, the trend in pressure dependence of

�
13C in Fig. 7 is similar. As pressure increases, the �

13C in

N2 increases faster than in He, but the difference is small.

The calculated negative �
13C at low pressures can be

understood in terms of the higher density of the vibrational

and rotational states for heavier isotopic molecules. The
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pressure dependence of �
13C can be explained in terms of

the difference of vibrational energies at the TSs and of the

collision frequencies, �, for the 12C and 13C intermediates;

due to the lower barrier and higher number of states in both

TSa and TSd when 13C is substituted for 12C, 13k is larger

than 12k in the low-pressure region, causing �
13C to be nega-

tive in the present theory. The collision frequencies are pro-

portional to �
−1/2, where � is the reduced mass of the bath

gas and HOCO*. As the pressure is increased the rate of

collision stabilization of intermediates is larger due to the

larger collision frequency. Therefore, the presently calculated

�
13C values in Fig. 7 vary from slightly negative at low

pressures to about +5 per mil at 1000 torr, which is similar to

the experimental data. The collision factor can introduce a

maximum of +7 per mil when the bath gas is N2 and the rate

is proportional to the collision frequency.

2. Nonstatistical modification

Our calculations in Fig. 7 for �
13C in both the unmodi-

fied and the modified theory agree reasonably well with the

experimental data. The �
13C calculated using the modified

theory are a little larger than the values obtained before. It

increases from −4 per mil to about 0 per mil at 100 torr,

which is higher than the independent experimental results of

Stevens et al.
29

and Smit et al.
30

given in Fig. 7. Even though

the values obtained using the model in the low-pressure re-

gion tend to overestimate the carbon fractionation, as com-

pared with experiment, they are still in good overall agree-

ment with the data, especially for pressures higher than 500

torr. Similar to the results obtained for the pressure depen-

dence of the �
13C values of two bath gases with the unmodi-

fied theory, the values in N2 using the modified theory in-

crease faster than those in He, again in agreement with

experiments.

V. CONCLUSIONS

The use of a nonstatistical modification of the RRKM

theory significantly improves the agreement with experiment

for �1� the pressure-dependent kOH+CO /kOD+CO ratio, �2� the

pressure dependence of the OD+CO reaction rate, and �3�

the non-Arrhenius behavior at high temperatures. In �1� a

major discrepancy between experiment and theory has been

removed, assuming the validity of the nonstatistical effect. A

negative temperature effect at low temperatures in the OD

+CO reaction is predicted in both unmodified and modified

RRKM theories. The measured �
13C effect is very small and

pressure dependent. The calculations with unmodified and

modified RRKM theories are in reasonable agreement with
13C rate, considering the extremely small magnitude of the

effect �from −4 per mil at low pressures to 6 per mil

at 	1 atm�.
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APPENDIX A: RESULTS FOR DIFFERENT PES’S

Calculations with different and less accurate force con-

stant methods were used to test the sensitivity of certain as-

pects of the calculations and are discussed in this Appendix.

The results for the kOH+CO /kOD+CO ratios between 200 and

800 torr and for the non-Arrhenius effect and the pressure

effect below 1000 torr all show a robustness toward the dif-

ferent calculations. Apart from the transition state structure

of the entrance channel �TSa�,
67

the vibrational frequencies

and rotational constants of all structures for the various iso-

topes were calculated by three methods in this comparison,

TABLE IV. Parameters for fitting the rate constants at 100 and 300 K in the low-pressure limit for various

PES’s and ab initio methods.
a

All units are cm−1.

PES

ab initio

G2M LTSH

DFT-CC DFT-MP CC MP2 DFT-CC DFT-MP CC MP2

E1 −10 −10 0 10 −280 −280 −270 −260

E2 60 10 340 580 330 290 620 850

OH+CO

�Ea 269 349 275 359 273 353 280 363

�Ed 714 664 965 1318 704 664 964 1308

�a
i 312i 449i 312i 449i 312i 449i 312i 449i

�d
i 1526i 1526i 2126i 3176i 1526i 1526i 2126i 3176i

OD+CO

�Ea 135 194 150 221 139 199 154 226

�Ed 1067 1017 1322 1665 1057 1017 1322 1655

�a
i 310i 447i 310i 447i 310i 447i 310i 447i

�d
i 1219i 1219i 1686i 2547i 1219i 1219i 1686i 2547i

a
�a

i and �d
i denote the imaginary frequencies of TSa and TSd, respectively.

094307-11 The CO+OH reaction J. Chem. Phys. 123, 094307 �2005�

Downloaded 23 Feb 2006 to 131.215.21.156. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp                                                                                                                                                        



13

CCSD�T� with 6-31G�d , p�, B3LYP with cc-pVTZ, and MP2

with 6-31+ +G�d , p�. The properties of TSa are obtained

only from the results of MP2 or CC. The acronym DFT will

denote the calculation by B3LYP. DFT-MP will denote the

calculations combining the structure data of TSa from MP2

and the other statures from B3LYP, while DFT-CC is similar

but with the data for TSa obtained from CCSD�T�. The

LTSH potential, given by Lakin et al.,
24

involves an analyti-

cal function based on recent high-level ab initio methods and

was also used to explore the robustness.

1. Temperature and pressure effects

Some robustness is expected to occur partly because

there are two adjustable parameters E1 and E2 of the poten-

tial energy of TSa and TSd determined from the two rate

constants. These E1 and E2 adjustments are listed for each

specific PES in Table IV. Although the parameters differ be-

tween G2M and LTSH, the resulting classical barriers �i.e.,

no tunneling� with zero-point corrections of TSa and TSd are

similar at the same ab initio level. All the barriers of TSa

with zero-point corrections in our fitted results agree well

with the recent estimates derived from kinetic measurements

and from barrier theoretical calculations.
17–19,21,24

Due to the

difference of the imaginary frequencies of TSd, the E2 pa-

rameter differs most among ab initio methods. All of them

are, as expected, within or near the range of earlier theoret-

ical studies.
17–19,21,24

The calculated temperature dependence

of rate constants has a non-Arrhenius effect at low tempera-

tures and is quite robust in the present calculations.

The extrapolated low- and high-pressure rate constants

k0 and k� from the data of Fulle et al.
5

and the calculations

TABLE V. k0’s and k�’s at temperatures obtained from values extrapolated to p=0 by Fulle et al. �Ref. 5� and calculated with various PESs. The rate constants

have units of 10−13 cm3 molecule−1 s−1.

PES

ab initio

G2M LTSH

DFT-CC DFT-MP CC MP2 DFT-CC DFT-MP CC MP2 Expt.
a

k0

100 K 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.0 0.9
b

200 K 1.3 1.3 1.4 1.3 1.3 1.2 1.3 1.3 1.3
c

300 K 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.3

400 K 1.7 1.8 1.7 1.6 1.7 1.8 1.6 1.6 1.4

500 K 2.0 2.1 1.9 1.8 2.1 2.1 1.9 1.8 1.5

600 K 2.4 2.5 2.2 1.9 2.5 2.5 2.2 2.0 1.7

700 K 2.9 3.0 2.6 2.2 3.0 3.0 2.6 2.2 1.9
d

800 K 3.5 3.6 3.1 2.5 3.5 3.6 3.1 2.5 2.2
e

k�

100 K 2.9 1.8 2.5 1.5 2.7 1.8 2.4 1.5 4.0
b

200 K 8.0 4.5 7.3 4.0 7.8 4.3 7.1 3.9 7.0
c

300 K 14.1 8.0 13.2 7.4 13.9 7.9 13.0 7.2 9.6

400 K 21.5 12.4 20.2 11.5 21.2 12.2 19.9 11.3 12.6

500 K 30.1 17.5 28.4 16.3 29.7 17.4 28.0 16.2 16.2

600 K 40.0 23.5 37.8 21.9 39.6 23.3 37.5 21.8 20.3

700 K 51.2 30.2 48.5 28.3 50.8 30.0 48.1 28.1 25.1
d

800 K 63.7 37.7 60.3 35.4 63.3 37.5 59.9 35.2 30.0
e

a
Extrapolated results to p=0 and p=� by Fulle et al. �Ref. 5�.

b
Measured at 98 K.

c
measured at 190 K.

d
Measured at 717 K.

e
Measured at 819 K.

TABLE VI. � values of several bath gases with various PESs. The units are cm−1.

PES

ab initio

G2M LTSH

DFT-CC DFT-MP CC MP2 DFT-CC DFT-MP CC MP2 Ref. 21 Ref. 22

He 130 150 140 180 120 140 130 170 150 150
a

Ar
b

180 200 190 220 160 180 180 210 450 300

N2 190 240 200 300 170 230 190 280 250 300
c

CF4 270 380 300 460 250 340 270 440 450 680

SF6 350 500 400 700 320 450 360 650 1000 800

a
180 cm−1 for OD+CO in He.

b
Fitted to the data from the OD+CO reaction.

c
480 cm−1 for OD+CO in N2.
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with the step-down model are summarized in Table V. At the

high-pressure limit, the rate constants are largely controlled

by the properties of TSa. Since there are two kinds of ab

initio calculation levels, CC and MP2, for TSa, the high-

pressure rate constants k�’s in the calculations can be divided

into two groups. The properties of TSa described by MP2

and DFT-MP reproduce better the extrapolated experimental

k� values by Fulle et al., but on the whole there is reasonable

agreement.

The � values obtained using various PESs for various

bath gases, listed in Table VI, form two groups. The force

constants and structure of TSa in DFT-CC and CC are the

same and form a group, and those in DFT-MP and MP2 are

the same and form a second group. Both sets of � are close

to the � values independently fitted by Zhu et al.
21

and Se-

nosiain et al.
22

�A caveat in comparing the step ladder � with

the exponential down � was noted earlier.� The pressure-

dependent rates in various bath gases calculated by various

ab initio methods are similar to those in Fig. 4�a�. Using the

same force constants, the fitted � values from the G2M po-

tential are slightly larger than those from LTSH, since the

intermediate in the latter is stabler by about 1.5 kcal mol−1.

The last observation is similar to the results of Senosiain

et al.
22

Their fitted � value for He was reduced from 150 to

100 cm−1 when they lowered the energy of the HOCO* in-

termediates by 5.5 kcal mol−1. Thus, the pressure depen-

dence of the rate constants is controlled by the properties of

both TSa and the stability of the HOCO* intermediate.

2. OH and OD

The calculated kOH+CO /kOD+CO ratio decreases to about 2

at 200 torr and about 1.2 at 700 torr using the various force

constants for the various PESs. DFT-CC, DFT-MP, and CC

overestimate the ratio at pressures lower than 100 torr.

The negative temperature effects in the OD+CO reac-

tion in the low-pressure limit are obtained for all PESs. The

temperature for the minimum rate strongly depends on the

imaginary frequency of TSd. The temperature with the mini-

mum rate is around 400 K in MP2, 300 K in CC, and 200 K

in DFT-CC and DFT-MP, and is higher the higher the imagi-

nary frequency. All Arrhenius plots of the OH and OD react-

ing with CO in Ar at 785 torr, shown in Fig. 8, are similar.

3. Kinetic isotope effect for carbon

Since the fractionation of 13C is very small, the different

sets of force constants yield slightly different results. How-

ever, all the calculated results show similar trends of the

pressure dependence of the �
13C values between different

bath gases, in agreement with the experimental data. The

calculated pressure dependence of fractionation of 13C is

shown in Fig. 9. All calculations except MP2 give similar

TABLE VII. Parameters for fitting the rate constants at 100 and 300 K in the

low-pressure limit. DFT-CC and CC methods are used with the G2M poten-

tial by nonstatistical model with � at 4000 cm−1. The energy-transfer param-

eters � for various bath gases are also listed. The units are cm−1.

Ab initio DFT-CC CC

E1 0 10

E2 −280 30

�

He 120 140

Ar
a

170 190

N2 190 210

CF4 280 310

SF6 360 410

a
Fitted to the data from the OD+CO reaction.

FIG. 8. Arrhenius plots for the reaction of CO+OH �black lines� and CO

+OD �gray lines� in Ar at 785 torr. All curves in the plot are obtained with

G2M, and the LTSH potentials show similar curves. The black and gray

open circles are the experimental data of OH and OD reacting with CO,

respectively �Ref. 4�. The bath gas in the experiment consists of 760 torr of

Ar and 15 torr of H2O. The open triangles are Fulle’s experiments at 760

torr of He. The solid, dot-dashed, dashed, and dotted lines are calculated

with DFT-CC, CC, DFT-MP, and MP2, respectively.

FIG. 9. The �
13C values for the system of OH+CO as a function of total

pressure at room temperature. Both G2M and LTSH potentials give similar

results, only the calculations with G2M are shown in the plot. The gray and

black lines are for He and N2 gases, respectively. The solid, dot-dashed,

dashed, and dotted lines are calculated with DFT-CC, CC, DFT-MP, and

MP2, respectively. The open circles are obtained for N2 by Smit et al. �Ref.

30�. The gray solid and black open squares are obtained by Röckmann et al.

�Ref. 31� for He, and N2 �or N2+O2�, respectively. Others are obtained by

Stevens et al. �Ref. 29�, where the gray and black indicate that the bath

gases are He or Ar, and N2, O2, or air, respectively.
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pressure dependence. The reason for the inadequate pressure

dependence calculated with MP2 is probably due to an over-

estimation of the imaginary frequency in TSd.

4. Nonstatistical effect

Since Eq. �C4� is used to approximate � in the isotope-

substituted HOCO, it decreases the ratio of the rate for OH

+CO relative to OD+CO. In the nonstatistical effect only the

two most accurate methods were used to test the accuracy of

the nonstatistical modification, namely, the CC and DFT-CC

methods together with the G2M potential. The value of � in

HOCO in both CC and DFT-CC is assumed to be 4000 cm−1.

The parameters E1 and E2 adjusted to fit the rates of OH

+CO at 100 and 300 K at low pressures and the energy-

transfer parameter � in various bath gases are listed in Table

VII. The � values for the model are also similar to those for

the conventional RRKM model, hence the pressure depen-

dence of rate constants in both models are similar. However,

for both CC and DFT-CC methods the nonstatistical model

describes better the rate constant ratios between OH and OD

reacting with CO, as seen in Fig. 10. The negative tempera-

ture effect of the OD+CO reaction is also observed in the

model, shown in Fig. 11.

The kinetic isotope effects of carbon of DFT-CC are in

better agreement with experiment at pressures under 400 torr

when this nonstatistical correction is used, as seen in Fig. 12.

Although the values obtained with CC agree better at pres-

sures higher than 500 torr, both DFT-CC and CC give a

similar trend for the pressure dependence of �
13C.

APPENDIX B: THE TUNNELING PROBABILITY
FOR AN ECKART BARRIER

For the Eckart potential, frequently used to estimate the

tunneling probability of the reaction,
68

the transmission prob-

ability as a function of energy E is

��E� = 1 −
cosh�a − b� + cosh�c�

cosh�a + b� + cosh�c�
, �B1�

where

a =
4�E1/2

h�
*�V1

−1/2 + V2
−1/2�

, b =
4��E − V1 + V2�1/2

h�
*�V1

−1/2 + V2
−1/2�

,

c = 4�
 V1V2

�h�
*�2

−
1

16
�1/2

, �B2�

V1 is the barrier height relative to the beginning of the barrier

and V2 is the barrier height relative to the products. The

FIG. 10. Comparison of calculated and experimental results for the kinetic

OH/OD isotope effect as a function of pressure at room temperature. The

experimental data �
’s� are taken from the fit to the data of Paraskevopou-

los. The modified and unmodified RRKM theories are used in the calcula-

tion. The solid and dot-dashed lines are calculated with DFT-CC and CC,

respectively.

FIG. 11. Arrhenius plots for CO+OH �black lines� and CO+OD �gray lines�

at the low-pressure limit. The solid and dot-dashed lines are calculated with

DFT-CC and CC, respectively, at this limit. The open squares and solid

diamonds are experimental results obtained for 2–10 torr by Frost et al.

�Refs. 11,12�. The open diamonds and circles are obtained at 100 and 50–92

torr, respectively, by Ravishankara and co-workers �Refs. 6 and 13�. The

open triangles are the extrapolated rate constants at zero pressure obtained

by Fulle �Ref. 5�.

FIG. 12. The �
13C values for the system of CO+OH by the nonstatistical

model as a function of the total pressure. The solid and dot-dashed lines are

calculated with DFT-CC and CC, respectively. The black and gray lines

indicate the pressure dependence in N2 and He gases, respectively. The open

circles are obtained for N2 by Smit et al. �Ref. 30�. The gray solid and black

open squares are obtained for He and N2 �or N2+O2�, respectively, by Röck-

mann et al. �Ref. 31�. Others are obtained in by Smit et al. �Ref. 29�. The

gray and black indicate the bath gases as He or Ar, and N2, O2, or air,

respectively.
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potential is written for an exoergic reaction, i.e., V1� V2,

and �
* is the absolute value of the imaginary frequency.

The GAUSSIAN 98 program supports the intrinsic reaction

coordinate �IRC� calculation for the MP2 and DFT methods,

but not for the CC method. Since the value of the imaginary

frequency of TSd by CC is intermediate between those ob-

tained using the other methods, the difference between the

barrier profiles estimated by the Eckart potential functions

and calculated by the IRC method with DFT or MP2, shown

in Fig. 13, would be expected to reflect the nature of any

error in using the Eckart potential to approximate calcula-

tions by CC. The Eckart potential is sharper than that ob-

tained by the IRC calculation, especially when the imaginary

frequency is large. �The imaginary frequency is 1526i cm−1

in DFT and 3372i cm−1 in MP2.� However, most of the tun-

neling region occurs between the top of the barrier at TSd

and about 1500 cm−1 below it. In comparing the tunneling

probabilities through Eckart and parabolic barriers, the shape

of the bottom of the barrier has a negligible effect on the

reaction rate constants. We infer that an Eckart potential is a

reasonable barrier to approximate the tunneling effect in the

current study.

APPENDIX C: EQUATION FOR THE NONSTATISTICAL
MODEL

In a trial intramolecular energy-transfer model, we as-

sume that only a limited amount of energy, �, can be trans-

ferred into or out of OH stretching just before the HOCO*

passes through TSd. The dissociation rate of HOCO* at a

total energy E, rotational quantum state J, and quantum num-

ber n of OH stretching in HOCO* is then

kn�EJ� =
Nn�EJ�

h�n�EJ�
, �C1�

where

Nn�EJ� = �
Max�E0,E0+nh�−��

Min�E,E0+nh�+��

�d�E���d��E − E��J�dE�. �C2�

The definitions of �d�E�� and �d��E−E��J� are the same as in

Eq. �7�. � is the OH-stretching frequency of cis-HOCO, and

the lower and upper bounds of the integral correspond re-

spectively to the maxima value between E0 and E0+nh�−�

and the minima value between E0 and E0+nh�+�. The dis-

sociation rate of HOCO* at total energy E and rotational state

J can be expressed from Eq. �C1� as

k�EJ� =
1

nmax
�
n=0

nmax
�n�EJ�

��EJ�
kn�EJ� , �C3�

where nmax is the maximum allowed quantum number of the

OH stretching in the energetic intermediate at �E ,J�, �n�EJ�

is the density of states of the intermediate at OH vibrational

state n, and ��EJ� is the total density of states at total energy

E and rotational state J.

The energy-transfer parameter � depends on the differ-

ence in resonances of the OH-stretching vibration with other

modes and on the anharmonic coupling of the PES. It can

also influence the isotope effects. As a first approximation,

and similarly as in Eq. �10� in the deuterium case, �iso is

written as

�iso =
�

�iso

� , �C4�

where � is the OH-stretching frequency in the intermediate

and the subscript “iso” and no subscript indicates the

isotope-substituted HOCO and normal isotopologue of

HOCO, respectively. Although a very crude approximation,

the equation includes the fact that the internal energy transfer

would be more rapid when the stretching frequency is closer

to that of the other modes. For example, the � value in

DOCO calculated from the approximation is about 40%

larger than that in HOCO.
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The dependence of the rate of the reaction CO+OH→H+CO2 on the CO-vibrational excitation is

treated here theoretically. Both the Rice-Ramsperger-Kassel-Marcus �RRKM� rate constant kRRKM

and a nonstatistical modification knon �W.-C. Chen and R. A. Marcus, J. Chem. Phys. 123, 094307

�2005�.� are used in the analysis. The experimentally measured rate constant shows an apparent

�large error bars� decrease with increasing CO-vibrational temperature T
v

over the range of T
v
’s

studied, 298–1800 K. Both kRRKM�T
v
� and knon�Tv

� show the same trend over the T
v
-range studied,

but the knon�Tv
� vs T

v
plot shows a larger effect. The various trends can be understood in simple

terms. The calculated rate constant kv decreases with increasing CO vibrational quantum number v,

on going from v=0 to v=1, by factors of 1.5 and 3 in the RRKM and nonstatistical calculations,

respectively. It then increases when v is increased further. These results can be regarded as a

prediction when v state-selected rate constants become available. © 2006 American Institute of

Physics. �DOI: 10.1063/1.2148408�

I. INTRODUCTION

The conversion of CO to CO2 by reaction with an OH

radical is one of the principal oxidation reactions in the

atmosphere
1

and has been the subject of many

experimental
2–16

and theoretical studies.
16–28

The currently

accepted reaction mechanism involves a CO and OH bimo-

lecular association to form a vibrationally excited trans-

HOCO* radical, followed by a cis-trans isomerization. There

are also the back reaction to reform the reactants, the forward

reaction leading to H+CO2 and the collisional stabilization

of HOCO*. In the presence of oxygen both the H+CO2 and

the stabilized HOCO form the same products, HO2 and

CO2.
29–31

The non-Arrhenius behavior for the thermal rate con-

stant has been extensively studied in experiments and

theory.
3–12,16,20,21,26–28

It involves a nearly activationless bar-

rier in the entrance channel CO+OH→HOCO* and also in

the exit channel HOCO*
→H+CO2. There is a large

H-tunneling effect in the latter, and at low temperatures there

is even tunneling in the former. In the Arrhenius plot of

ln krate vs 1/T the slope increases significantly at temperatures

higher than 500 K, reflecting the actual energy barrier that

exists when H-tunneling becomes less important.

In a novel experiment Dreier and Wolfrum
32

formed vi-

brationally excited CO molecules by collision of CO with

vibrationally excited N2. The latter was obtained by micro-

wave discharge in an N2 /Ar mixture to form excited N�4S�,

which then reacted with NO. The vibrational temperature T
v

of the CO molecules was determined from the optical ab-

sorption spectrum of the vibrational-rotational states of

CO�v ,J� at or below 1800 K. On the other hand, the rota-

tional and translational temperatures remained at room tem-

perature. The OH radicals were obtained from a discharge in

H2 /Ar to yield H, which then further reacted with NO2 to

form OH.

Under these conditions the rate constant appeared to de-

crease by about 15% from its room-temperature value when

T
v

was increased to 1800 K, though with large error bars �the

results of many measurements�. We treat this behavior in the

present article and make predictions for v state-selected ex-

periments, where the effects would be considerably larger.

The calculational method is summarized in Sec. II, and

the results are given and discussed in Sec. III.

II. THEORY AND CALCULATION METHOD

The key aspects of the calculations are noted below, with

more details being given in the earlier paper.
28

A. Kinetic scheme and rate constants

Because the energy barrier between cis- and trans-

HOCO is much lower than the energy barriers in the entrance

and exit channels, we can assume as before that the cis and

trans energetic intermediates HOCO* easily interconvert.

The pressure in the experiments was about 4 mbars,
32

and so

collisional stabilization by bath gases can be neglected. At

zero pressure, the kinetic scheme for the vibrationally ex-

cited CO molecules reacting with the OH radicals at an en-

ergy E and total angular momentum J is given by

COv + OH →

k1
v
�EJ�

HOCO*�EJ� , �1�

HOCO*�EJ� →

k−1�EJ�

CO + OH, �2�a�
Electronic mail: ram@caltech.edu

THE JOURNAL OF CHEMICAL PHYSICS 124, 024306 �2006�

0021-9606/2006/124�2�/024306/5/$23.00 © 2006 American Institute of Physics124, 024306-1

Downloaded 23 Feb 2006 to 131.215.21.156. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



20

HOCO*�EJ� →

k2�EJ�

H + CO2. �3�

The rate constant for the forward reaction in Eq. �1� is de-

noted by k1
v�EJ� when the CO vibration is initially in the

quantum state v. The rate constant k−1�EJ� in Eq. �2� yields

CO having any CO vibrational quantum number and not nec-

essarily having the initial v. The rate constants

k1
v�EJ� ,k−1�EJ�, and k2�EJ� are E and J dependent. The lim-

iting low-pressure steady-state rate constant kv for any speci-

fied initial CO vibrational quantum state v is given by

kv = �
J

�
E

k1
v�EJ�k2�EJ�

k−1�EJ� + k2�EJ�
dE . �4�

In terms of numbers of quantum states of the two transition

states, this low-pressure rate constant at any given v is

kv = �
J

�
E

N1
v�EJ�N2�EJ�

hQ�N1�EJ� + N2�EJ��
dE , �5�

where Q is the partition function of the OH and CO when

CO is in the specified initial vibrational state v.

N1
v�EJ� ,N1�EJ�, and N2�EJ� denote the sums of quantum

states of the transition states for the entrance at specified v,

entrance at all accessible v’s, and exit channels, respectively,

for the energy E and total angular momentum J. When v

�1 the N1�EJ� for the backward reaction in the entrance

channel is larger than N1
v�EJ� because the energy redistribu-

tion in the intermediate HOCO* yields a large number of

quantum states in N1�EJ�. Each sum of states includes a tun-

neling correction for a microcanonical ensemble
33,34

Ni�EJ� = �
Emin

E

�i�E���i��E − E��J�dE� �i = 1,2� �6�

and

N1
v�EJ� = �

Emin

E

�1�E���1
v��E − E��J�dE�, �7�

where Emin denotes the energy minimum in HOCO*. In Eq.

�7� for N1
v�EJ�, unlike Eq. �7� for N1�EJ� and N2�EJ�, only an

energy E−vh� is available for energy redistribution in the �1
v

in this transition state: We note that for the E in N1
v�EJ� in

Eq. �7� one writes E−vh�. �i�E�� is the tunneling transmis-

sion probability at an energy E� in the tunneling coordinate.

As in Ref. 28, �i is estimated by tunneling through a fitted

Eckart potential, and �i��E−E��J� denotes the density of

rovibrational states of the transition state i at an energy E

−E� and total angular momentum J.

The rate constant at the vibrational temperature T
v

is

then given by

k�T
v
� =

1

QCO
vib�T

v
�
�
v

kv exp�− vh�

kBT
v

� , �8�

where QCO
vib is the vibrational partition function of the CO

molecules at a vibrational temperature T
v
.

The potential-energy surface used is the same as that

employed in the earlier paper,
28

with the same two adjusted

parameters and the same refined vibrational frequencies of

all stationary structures. In the calculation the number of

quantum states of the internal rotation about the HO–CO

bond in the entrance channel was treated as before as a one-

dimensional hindered rotor.

B. Nonstatistical modification of RRKM

We recall previous studies where the reaction CO+OH

→CO2+H showed a nonstatistical behavior
35–40

in both bulk

gas-phase and molecular-beam studies of the reverse reac-

tion, H+CO2→OH+CO. It was observed that the vibra-

tional excitation of the CO product of that reaction was be-

low that expected from statistical theory for the HOCO*

intermediate. There appear to be various nonstatistical com-

ponents. In the present nonstatistical modification of the

Rice-Ramsperger-Kassel-Marcus �RRKM� theory, as in Ref.

28, we simply assume that the intramolecular energy transfer

between the high-frequency OH-stretching vibration in the

HOCO* and the other �lower-frequency� modes is not rapid

enough to yield an intramolecular statistical distribution dur-

ing the typical lifetime of the HOCO* before the latter dis-

sociates into H+CO2.

In our earlier study
28

a nonstatistical modification of the

RRKM theory was also used to treat the reaction, a treatment

which included H- and C-isotope effects. The nonstatistical

modification removed an existing discrepancy in the

literature
26,41

between results of experiment and the RRKM

theory for the H-/D-isotope effect at low pressures. It repro-

duced the non-Arrhenius behavior for the rate constants at

high and low temperatures.

In this nonstatistical modification
28

of the RRKM theory,

it was assumed that only a limited amount of energy � can be

transferred into or out of the OH-stretching vibration just

before the HOCO* enters the transition state TS2, from

which it dissociates into H+CO2. That is, there is restricted

energy transfer between the HOCO* phase space and the

phase space of TS2, as depicted schematically in Fig. 1 for

the reverse reaction. The value assumed
28

for �, 4000 cm−1,

is a little larger than the energy of one OH-stretching quan-

tum. Therefore, the amount of energy in the H-dissociation

motion in the TS2 produced from an intermediate HOCO*

with n quanta in the OH vibration is limited in TS2 to an

energy in nh�±� interval, as shown in Fig. 2. The dissocia-

tion rate constant k2�EJ� at a total energy E and angular

momentum J of HOCO* thus includes a partitioning over the

quantum number n of the OH-stretching vibration in

FIG. 1. Formation of CO+OH from H+CO2. All n’s are possible but the

difference in energy in the OH coordinate between TS2 and HOCO* is ±�. In

TS2 the OH bond stretching energy is nh�±�. In HOCO* it is nh� for each

n.
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HOCO*. The allowed values of n are 0 ,1 , . . . ,nmax, a total of

�nmax+1� values, where nmax is the maximum allowed quan-

tum number of the OH-stretching vibration in the HOCO* at

the given E and J. The N2�EJ� in Eq. �5� is thus replaced by

the weighted sum,

N2
non�EJ� =

1

�nmax + 1�
�
n=0

nmax

N2
n�EJ� , �9�

where in virtue of the definition of � we have

N2
n�EJ� = �

max�E0+nh�−�,E0�

min�E0+nh�+�,E�

�2�E���2
��E − E��J�dE�. �10�

The �2�E�� and �2��E−E��J� are the same as those in Eq. �6�,
� in Eq. �10� is the OH-stretching frequency of cis-HOCO,

and the lower and upper bounds of E are as indicated. E0 is

the potential energy plus the zero-point energy in HOCO*.

The upper and lower bounds of E in Eq. �10� limit the

amount of energy � transferring between other modes and the

OH-stretching motion in TS2. When � approaches infinity,

the energy transfer between modes is much faster than the

lifetime of intermediates and the number of states used in the

conventional RRKM is obtained at any n, i.e., N2
n�EJ�

=N2�EJ�.
Using Eq. �9� and the rate constants k2

n�EJ� for the reac-

tion from the intermediate HOCO* with n quanta in the

OH-stretching mode, the conventional RRKM rate constant

at specified E and J can be expanded as

k�EJ� =
N2�EJ�

h��EJ�
=

1

nmax + 1
�

0

nmax
�n�EJ�

��EJ�
k2

n�EJ� , �11�

since kn�EJ�=N2
n�EJ� /h�n�EJ�, where �n�EJ� is the density

of states of the HOCO* at OH vibrational state n. Equation

�11� is Eq. �C3� �Ref. 42� in Ref. 28. The rate constant with

nonstatistical modification can be obtained by using Eqs.

�10� and �11� with a finite value of �.

III. RESULTS AND DISCUSSION

The calculated rate constants are listed in Table I as a

function of the initial CO vibrational quantum state v. In the

RRKM theory and the nonstatistical modification, the rate

constant first decreases by about factors of 1.5 and 3, respec-

tively, on going from v=0 to v=1 and then increases with

further increase in v. It is seen that v state-selected experi-

ments, particularly v=0 and 1, would be helpful in clarifying

the importance of nonstatistical effects in the reaction.

This calculated dependence of the rate constants on v

can be understood as follows: When v=0 at 298 K we have

N1�EJ��N2�EJ� for a typical E �about 500 cm−1 at room

temperature for v=0� and J, as seen in Fig. 3, because the

effective barrier in the exit channel is slightly higher than

that in the entrance channel. That is, the low-pressure

reaction-rate constant in Eq. �5� has its main bottleneck in

the exit channel transition state. We also have N1
v=0�EJ�

	N1�EJ�since very few CO’s are vibrationally excited in

returning to CO+OH via the entrance channel transition state

TS1. We note next that integration over E for any v begins at

E=vh�, i.e., it is an integration over E� from 0 to �, where

E�=E−vh�. When v=1,N1
v=1�EJ� is about equal to

TABLE I. The rate constants at the CO vibrational quantum number v at

298 K. The unit is 10−13 cm3 molecule−1 s−1.

kv RRKM Nonstatistical Knon
v /KRRKM

v Expt. �Ref. 32�

v=0 1.49 1.53 1.03 ¯

v=1 0.97 0.54 0.56 ¯

v=2 1.50 0.96 0.64 ¯

v=3 2.16 1.21 0.56 ¯

v=4 2.96 1.48 0.50 ¯

ktotal�Tv
=298 K� 1.49 1.53 1.51±0.6

ktotal�Tv
=1400 K� 1.44 1.42 1.36±0.5

ktotal�Tv
=1800 K� 1.41 1.37 1.30±0.5

FIG. 2. Schematic profile of the relation between the HOCO* with total

energy E including n quanta in the OH stretching and the OH energy inter-

val nh�±�, permitting the entrance into TS2 in the nonstatistical model.

FIG. 3. The sums of states N1�EJ�, N2�EJ�, and N2
non�EJ� are plotted vs E.

The chosen J state shown on this plot is the most probable J at room

temperature. The plots of N1
v=0�EJ� and of N1�EJ� overlap in the energy

range at current interest. The vibrational energy of CO at v=1,2 is indicated

in the abscissa. In N2
non�EJ� the bump around 3600 cm−1 is due to the in-

crease of accessible OH-vibrational states in N2
non�EJ�.
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N1
v=0��E−h��J�, as seen in Fig. 4�a�, but N1�EJ� and N2�EJ�

are enhanced significantly over their values at E−h�. The

increase in N1�EJ� is larger than that in N2�EJ�, as seen in

Fig. 3, because much of the energy in TS2 goes into over-

coming the need for tunneling rather than only in increasing

the number of quantum states. Thereby, the key quantity in

Eq. �5�, �N1
vN2� / �N1+N2�, decreases when v is increased

from 0 to 1, as seen in Fig. 4�b�. At higher v, and hence

higher energies, N2�EJ� increases with E more rapidly than

does N1�EJ� �Fig. 5�, perhaps because TS1 has more rota-

tions �hindered� than TS2, and the number of quantum states

increases less rapidly for rotations �one squared term per

coordinate� than for vibrations �two squared terms per coor-

dinate�. Thus, for v=1,2 , . . ., the ratio N2�EJ� / �N1�EJ�
+N2�EJ�� increases with energy �Fig. 5�, and so the rate con-

stants also increase with increasing v.

The present calculated result for v=1 compared with v

=0 is different from the classical trajectory results of Lakin

et al.,
23

but the trend from v=1 to v=2 is in the same direc-

tion: Their calculation showed a cross section for the reac-

tion that increased monotonically when v was increased from

0 to 2. The difference may have several origins, one being

the absence of the quantum-mechanical tunneling in the exit

channel transition state when classical trajectories are used.

The consequences of this tunneling effect produce the de-

crease in kv on going from v=0 to v=1.

Because of the limited amount of internal energy transfer

in the exit channel in the nonstatistical model �Eqs. �9� and

�10��, the energy dependence of N2
non�EJ� is smaller than that

of N2�EJ� of the RRKM theory. Thereby, the nonstatistical

model has a weaker energy dependence of �N1
vN2

non� / �N1

+N2
non� on v, and so the enhancement of N2

non�EJ� noted

above with increase in v is less than that of N2�EJ�, as seen

in Fig. 3, and so the decrease in the kv value from v=0 to

v=1 is larger.

Since the calculated kv=1 value is smaller than kv=0, the

rate constants at higher vibrational temperatures are lower

than the value at room temperature for the vibrational tem-

peratures studied, 298, 1400, and 1800 K, as seen in Fig. 6.

In the experiment
32

the rate constant in this range of T
v
’s is

smaller than the room-temperature value by 10% at 1400 K

and 15% at 1800 K �but with large error bars�. The calcu-

lated rate constants at the two temperatures, ktotal�Tv
=1400�

and ktotal�Tv
=1800�, are lower than ktotal�Tv

=298� by 7% and

12%, respectively, in the modified statistical theory and by

3% and 5% in the unmodified RRKM theory. The trend is

seen in Fig. 6.

We also note that quantum-mechanical calculations or

perhaps classical trajectories can test the validity of the

simple nonstatistical model assumed in Fig. 2. In passing we

also note one property seen in Fig. 3 not needed in the dis-

cussion of the effect of v at room temperature but of interest

at low temperature: At energies below 
300 cm−1 we have

N1�N2. Its origin is that although the barrier at TS2 is some-

what higher than at TS1 there is so much tunneling at TS2

that the bottleneck at these low energies now occurs at TS1,

i.e., N1�N2.

FIG. 4. The sums of states N1
v�E�J�

and �N1
v�E�J�N2

non�E�J�� / �N1�E�J�
+N2

non�E�J�� obtained with the non-

statistical theory are plotted vs E�, to-

tal energy E minus vh� at the specified

v. The solid black, dotted black, and

the solid gray lines denote the plots for

v=0,1, and 2, respectively. The cho-

sen J state shown on this plot is the

most probable J at room temperature.

In �b� the small bump for v=1 around

1500 cm−1 is due to the increase of ac-

cessible OH-vibrational states in

N2
non�EJ�.

FIG. 5. Sums of states N2�EJ� / �N1�EJ�+N2�EJ�� are plotted vs E at typical

J. In nonstatistical calculations N2
non�EJ� is used instead of N2�EJ�. The

difference is the value obtained with the nonstatistical modification minus

that with the RRKM theory. The vibrational energy of CO at v=1,2 is

indicated in the abscissa. In the nonstatistical calculations and the difference,

the small bump around 3600 cm−1 is due to the increase of accessible

OH-vibrational states in N2
non�EJ�.
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IV. CONCLUSIONS

Both the RRKM and the nonstatistical modified theory

yield a decrease in rate constant for the OH+CO→H+CO2

reaction at higher CO-vibrational temperatures. Because of

the limited energy transfer rate in the nonstatistically modi-

fied theory, the effect is stronger in the modified theory than

in the standard RRKM theory and is also closer to the appar-

ent experimental results.
32

State-selected experiments as a

function of v are predicted �Table I� to first decrease and then

increase with increasing v and, of course, yield much larger

effects than vibrationally averaged results.
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Chapter 3

On the Theory of the CO+OH Reaction: Tunneling Effect

and the O-isotope Anomaly

[This chapter submitted to the Journal of Chemical Physics.]



25

Abstract

The kinetic oxygen isotope effect (KIE) in the HO+CO reaction is different from the value

expected in the Bigeleisen-Mayer formula. The possible factors influencing the small KIE in

H18O+CO are discussed. Since these factors can differ in their sign, the calculation results are

sensitive to the theoretical input. Qualitative features are described for comparing with the

experimental results. An experiment that avoids a possible role of vibrationally excited OH

radicals as reactants is also suggested. The effect of H-tunneling on the well-known Bigeleisen-

Mayer formula for the KIE is also discussed. The results reduce to the expected from that B-M

result when the tunneling is omitted.
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I. INTRODUCTION

The CO+OH→CO2+H reaction is known to be the principal reaction for oxidizing

CO in the atmosphere and controlling the OH radical concentration.
1

It has been ex-

tensively studied both by experiments
2–16

and by theoretical calculations.
16–24

Our own

interest in the reaction from: it having been occasionally identified as a reaction showing

a “mass-independent” oxygen isotope fraction. This result appeared strange since it is

unlike ozone fractionation that has a symmetry effect and whose mass-independent frac-

tionation (MIF) has this origin. We shall see that, in fact, a three-isotope plot points to

an isotopic anomaly rather than an MIF.

In our previous papers,
25,26

many experimental observations, including the pressure

and temperature dependence of the reaction rate constants, and the H- and C-isotope

effects, were treated using the RRKM theory and a nonstatistical modification and agreed

with the experimental data. Previous evidence for a nonstatistical behavior of the reverse

reaction at higher energies was seen in the molecular beam experiments of Simons and co-

workers
27,28

Experimentally there is an anomalous oxygen kinetic isotope effect (KIE),
29,30

anomalous in the sense of not obeying the Bigeleisen-Mayer rule.
31,32

The present study

was undertaken to explore this issue, as well as to study another aspects of the Bigeleisen-

Mayer rule, namely the effect of molecular tunneling, here of H and D.

The currently accepted mechanism for the reaction is that an OH radical reacts with

CO, producing a vibrationally excited energetic trans-HOCO*.
4,12,15,16,20,21

This step is

followed by cis-trans isomerization, and the final competitive steps are the dissociation to
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H and CO2, the back reaction to OH and CO, and a collisional stabilization of HOCO*.

When the pressure is increased, collisional stabilization of the energetic HOCO* com-

petes increasingly favorably with the forward dissociation channel and the back reaction.

When OH and CO react in air or oxygen, both the dissociation channel and collision

stabilization lead to the same products, HO2 and CO2, due to the follow-up reactions of

the H and HOCO with O2.
33–35

A theoretical treatment of the oxygen KIE has not been given previously. Kurylo and

Laufer appear to be the first group who used heavy oxygen isotopes to study the reaction

experimentally.
36

They produced
18

OH radicals photochemically photolyzing H2
18

O with

184.9 nm radiation, then leaving them reacting with CO in a static cell. They reported

that C
18

O was produced at low pressure, and disappeared in the presence of 760 torr of

SF6, suggesting that there was isotopic exchange between the C
16

O and the
18

OH, but

did not report a rate constant. Using a thermal source of
18

OH, namely from H atoms re-

acting with NO2 or F atoms reacting with H2O in a flow tube, Greenblatt and Howard
37

did not observe a measurable isotopic exchange and concluded that the rate constant for

the isotopic exchange of
18

OH with C
16

O was no larger than 10
−15

cm
3

molecule
−1

s
−1

.

Thus, there are two different observations of the O-exchange although it has been sug-

gested by the latter group that other reactions on the walls of the static cell may have

caused the exchange in the Kurylo and Laufer study.
37

However, the issue has not yet

been resolved in the literature. Whereas these two groups of authors studied isotopic

exchange, Stevens and co-workers used mass spectroscopy and, importantly, used a pho-

tolytic source of OH radicals to study the oxygen KIE in C
18

O.
29

They measured the
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isotopic ratios of the unreacted CO, and obtained pressure-dependent enrichment of the

18
O/16

O ratio over the pressure range of 150 to 800 torr.

Later experimental studies of the heavy oxygen KIE using C
18

O, were made by

Röckmann et al. using a photolytic source of OH radicals
30

and by Feilberg et al. us-

ing photolytic ozone reacting with water to form OH radicals.
38

The pressure-dependent

fractionation results of
18

O by Röckmann et al. are comparable to those by Stevens et

al., but differ from those of Feilberg et al.
38

The precursors generating the OH radicals

differed in the two studies. The experimental conditions by Röckmann et al. are simpler,

in that no ozone is added and many fewer chemical reactions contribute to the overall

reaction scheme. While HO2 may be a dominant product in the studies of Röckmann et

al.
30

and Stevens et al.
29

due to the reaction of the source material H2O2 with OH and

in principle could have interfered, the rate constant for the reaction of CO with HO2

is extremely small, about 10
−27

cm
3

molecule
−1

s
−1

at room temperature.
39

Thus, it is

about 14 orders of magnitude smaller than that of CO with OH and would not interfere

in the studies in references 29 and 30.

The anomalous oxygen KIE in the CO+OH reaction is examined in the present work.

Our calculated result shows that the KIE in this reaction is a compromise between two

opposing effects: (1) a heavy isotope favors the formation of TS2 (the transition state

from HOCO* to CO2+H) due to an increase the number of states of a transition state

relative to the partition of reactants, and (2) a light isotope (
12

C and
16

O) favors the

formation of TS2 because of the reduced imaginary frequency in the tunneling reaction

coordinate. The present article discusses the dominance of these two effects in various
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isotopomers. The calculation result shows that the carbon KIE is dominated qualitatively

by the former and the oxygen KIE at CO by the latter.

The article is organized as follows: The calculational methods are outlined in section II.

The results are given in section III and discussed in section IV.

II. CALCULATIONAL METHODS

The calculational methods are the same as those described previously,
25,26

and are

briefly summarized here. At any energy E and total angular momentum J, we have

CO + OH
k1(EJ)

⇀↽

k−1(EJ)

HOCO
∗

(EJ), (1)

HOCO
∗

(EJ)
k2(EJ)
−→ H + CO2. (2)

The transition states for reactions (1) and (2) are abbreviated as TS1 and TS2, respec-

tively. In the kinetic scheme, the density of states of the energetic intermediate HOCO*

includes density of states of the both cis-HOCO* and trans-HOCO*, since the rotational

barrier for cis-trans conversion is far lower than the energy of reactants and a rapid con-

version can be assumed. At finite pressures an additional series of kinetic equations is

added:

HOCO
∗

(EJ) + M
ω(EJ→E′J′)

−→ HOCO(E ′J ′

) + M, (3)

where M is a third body. The total rotational-vibrational energy E and the total an-

gular momentum J are conserved in reaction steps (1) and (2). The rate constants are

all E- and J-dependent; ω(EJ → E ′J ′

) is the rate constant per unit E for forming

HOCO at (E ′J ′

) from (EJ) by collision with a third body M. The collision frequency
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ω(EJ → E ′J ′

) is factored approximately into the total collision frequency ω, the energy

transfer probability PE → E′ , and the rotational angular momentum transfer probability

PJ → J ′ . Thereby, the energy transfer probability is ω(EJ → E ′J ′

) = ωPE → E′PJ → J ′ .

PE → E′ is approximated by a stepladder model,
40,41

in which a certain amount of energy

α is transferred between the intermediate HOCO* and a bath molecule in each collision.

Because of the smallness of the C and O isotope effect, it is necessary to use a fine division

of energies. The use of the stepladder instead of a continuous model in this treatment of

very small isotope effects saves a factor of 10 in computational time and resources, as dis-

cussed in reference 41. The α value is taken as dependent on the bath gas but independent

of pressure and isotopic substitution in HOCO. The α values of various bath gases were

obtained in our previous paper by best fit to the experimental data.
25

For angular mo-

mentum transfer a strong collision was assumed. Thereby, the transfer probability PJ→J ′

equals the thermal distribution of rotational states of the intermediate HOCO*, at the

given temperature,
40

i.e., PJ → J ′ = (2J ′

+1) exp(−BJ [J ′

(J ′

+1)−J(J+1)]/kBT )/(2J+1),

where BJ is the rotational constant of J .

The rate constants of the CO+OH reaction were calculated as a function of pressure

by solving the rate equations for reactions (1)–(3) using microcanonical RRKM calcu-

lations. Tunnelling corrections for both TS1 and TS2, and a steady-state equation for

pressure effects were included. The H-tunneling correction was estimated from a trans-

mission through an Eckart potential
42

passing through the saddle-point. (For the given

ab initio potential energy surfaces the TS2 lies in the exit channel, and so there is little or

no “corner cutting.”) At room temperature the tunneling at TS1 contributes about 20%
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of the total rate constant.
25

An ab initio potential energy for the important equilibrium

structures was calculated by Lin and co-workers,
20

who used the modified Gaussian-2

method (G2M). To obtain the more accurate vibrational frequencies and rotational con-

stants for all equilibrium structures for the various isotopes we used, as before,
25,26

a

coupled-cluster method,
43,44

abbreviated as CC.
45

The optimized structures and vibra-

tional frequencies of all stationary structures are given in Table I of reference 25. In our

earlier work,
25

the potential energy of TS1 and TS2 were shifted vertically slightly by two

independent constants to match the experimental rate constants with the non-Arrhenius

effect at low temperature and the energy transfer parameters used to described the pres-

sure effect at room temperature in various bath gases. We made no further change here.

The above results are compared in appendix A with another potential energy surface

for all stationary structures (LTSH by Schatz and co-workers
23,46

). The robustness was

tested using other methods, as discussed in appendix A.

III. RESULTS

A. Slopes of the Three-Isotope Plot and “Mass-Independent” Fractionation

Apparently not mentioned before in the isotope reaction-rate literature is the effect

of H-tunneling on the well-known three-isotope plot and the Bigeleisen-Mayer laws.
31,32

The enrichment or depletion is defined as

δQ ≡

(

(Q/16
O)

sample

(Q/16O)
standard

− 1

)

× 1000 per mil, (4)
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where the “Q” in the equations denotes
17

O or
18

O. A plot of δ17
O vs δ18

O constitutes the

well known three-isotope plot for O isotopes. According to the usual “mass-dependent”

theory of Bigeleisen and Mayer,
31,32

the slope is about 0.52 for oxygen isotopes, a result

well established in the experimental literature for systems with no mass-anomaly. A MIF

has been defined in two ways. A technically rigorous definition is a slope of unity for the

3-isotope δ17
O vs δ18

O plot (“mass-independent”). In a second definition the deviation

from mass-dependence often used is when a ∆
17

O defined in equation (5) differs from

zero:

∆
17

O ≡ δ17
O − 0.52 × δ18

O 6= 0. (5)

The ∆
17

O is popularly used since it requires only a pair of (δ17
O, δ18

O) measurements,

whereas a 3-isotope plot requires a whole series of measurements.

Two fractionation properties for the KIE of oxygen, εCQ and εHQ, can be defined,

according as the heavy oxygen is in the CO or in the OH:

εCQ ≡

(

kCO+OH

kCQ+OH

− 1

)

× 1000 per mil; (6)

εHQ ≡

(

kCO+OH

kCO+QH

− 1

)

× 1000 per mil. (7)

In a kinetic-controlled reaction with a small amount of reaction, the enrichment de-

fined in equations (6) and (7) approximately equals the fractionation defined in equation

(4), i.e., εCQ∼= δCQ and εHQ∼= δHQ. The experimental and calculated slopes of the

three-isotope plots in the present study are listed in Table I, together with the range

of fractionations ∆
17

O of the CQ+OH reaction in two bath gases, He and N2, at total

pressures below 1000 torr. The slope of εH17
O vs εH18

O in He obtained by RRKM the-
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TABLE I: Calculated and experimental slopes of the three-isotopes plots and range of ∆17Os

in He or N2 at pressures between 0 and 1000 torra

RRKM (no tunneling) RRKM Nonstatistical Expt.30

He

εC17O vs εC18O 0.45 0.39 0.39 1.1b

εH17O vs εH18O 0.52 0.56 0.56 —

∆CQ 0.13 to 0.75 0.20 to 0.92 0.29 to 0.98 2.3 to 3.0b

∆QH 1.58 to 2.11 −0.79 to −1.11 −0.96 to −1.25 —

N2

εC17O vs εC18O — 0.36 0.36 1.6c

εH17O vs εH18O — 0.60 0.58 —

∆CQ — 0.20 to 1.02 0.27 to 1.07 2.8 to 4.5c

∆QH — −0.80 to −1.22 −0.97 to −1.39 —

aThe R-squared values of the linear fits are better than 0.95. The units are per mil.

bThere are only two experimental points at 188 and 525 torr.

cThe bath gas is N2 or N2+O2. The pressures are at 188, 375, and 660 torr.
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ory without including tunneling has the usual mass-dependent value, as seen in Table I.

All other slopes of the fractionation show an “anomalous” mass effect, i.e., they differ

from the Bigeleisen and Mayer rule. The calculated εHQ is larger than the εCQ. The

deviation of the experimental result from the Bigeleisen-Mayer rule is consistent with the

importance of H-tunneling in TS2. The importance of TS2 at low pressure supported by

the H/D effect.

B. KIE for Oxygen

Only the εCQ values have been measured experimentally thus far. The εC18
O values

in Fig. 1 calculated by the RRKM method and by a nonstatistical modification are about

+4 and +3 per mil, respectively, at low pressure. As the pressure is increased, the values

calculated by both models decrease monotonically to around −2 per mil at 1000 torr

(Fig. 1). The calculated pressure dependence of the
18

O KIE in different bath gases

(N2 and He) is very similar. The robustness of the calculated
18

O values is seen in

appendix A. All the calculated results made with the different ab initio methods give

similar εC18
O values, all positive and 5 to 7 per mil, at low pressure. We consider in

section IV C a qualitative explanation for the sign of this result rather than focusing on

small differences in quantitative. The agreement largely rests on one key assumption;

the same argument explaining why the KIE of
18

O and
13

C have opposite signs at low

pressure (The possible reasons are given in appendix B.).
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FIG. 1: εC18O calculated using the RRKM method and the nonstatistical model for the

OH+CO reaction as a function of total pressure. The data given by gray closed and black

open squares were obtained in He (or Ar), and N2 (or N2+O2), respectively, by Röckmann.30

and by Stevens.29
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IV. DISCUSSION

A. Mass-Dependent Effect and the Three-Isotope Plot

According to Bigeleisen’s and Mayer’s “mass-dependent” rule,
31,32

the expected slope

of a three-isotope plot of oxygen isotopes is ∼0.52. When the reaction is either a single

step or consists of a preequilibrium followed by a rate determining step in the absence of

H-tunneling, the usual mass-dependent Bigeleisen-Mayer isotope behavior is expected to

occur. However, when there are competitive processes in a mechanism or when there is

nuclear tunneling, there is no requirement that the slope have this value. The calculated

slopes of εC17
O vs εC18

O and εH17
O vs εH18

O at various pressures in Table I without

H-tunneling effect are seen to have smaller deviations from 0.52 than those with tunnel-

ing. The large tunneling effect in the dissociation reaction (2) thus introduces a larger

anomalous mass effect in the CO+OH reaction. Such potential sources of breakdown

of the rule for mass-dependent behavior, tunneling or complexity of mechanism, do not

appear to have been mentioned in the literature.

The magnitude of the fractionation ∆
17

O, equation (5), is sometimes used to identify

a “mass-independent” effect in reactions. However, ∆
17

O can differ from zero for a

variety of reasons, some having nothing to do with the mass-independent effect seen in

ozone, as noted earlier. In Table I the calculated ∆OH using RRKM without tunneling

has incidentally the largest value, even though the corresponding slope in the three-

isotope plot is 0.52, the “ideal” value of mass-dependent slope for the oxygen isotopes.

Hence, the magnitude of ∆
17

O appears here in the intercept of the plot. Using only
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∆
17

O as a criterion for a “mass-independent fractionation” is convenient, but does not

distinguish among alternative sources of the deviation, H-tunneling and complexity of

mechanism, and is different from the current (symmetry-based) molecular basis of the

mass-independent effect. In fact, even when ∆
17

O is appreciable in Table I, the slope

of the three-isotope plot can still be far from the real mass-independent value of unity.

As a generic term, values of ∆
17

O different from zero can be termed “mass-anomalous,”

rather than a special class of which–those with unit slope–“mass-independent.”

B. The Major Facts in the KIE

The enrichment of the
13

C and
18

O at low pressure is the result of two opposing

effects, as mentioned earlier and as we now elaborate on: (1) the heavy isotope tends to

increase the number of states at the transition states relative to the thermally averaged

partition function of the reactants and so favors the heavier isotope; (2) the tunneling

through transition states favors the lighter isotope, because of its greater participation

in the H-dominated tunneling coordinate. To assess the relative importance of these two

factors for any set of computations, we consider also the case where transition state TS2

is regarded as rate controlling but where tunneling is neglected. In that case only the first

factor is present and the enrichment is seen in Table II to be negative. When tunneling is

included, the participation of heavier oxygen isotopes in the tunneling coordinate favors

the positive enrichment of the lighter oxygen isotopes in the products. However, the

carbon atom is able to form more bonds with the surrounding atoms. Since the heavier

carbon reduces the vibrational and rotational constants, it causes a favor of the heavier
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TABLE II: Comparison between calculated RRKM fractionation with and without tunneling

in the low-pressure limita

Without Tunnellingb With Tunnelling

C17O+OH −2.30 2.60

C18O+OH −5.54 4.62

CO+17OH −24.62 8.58

CO+18OH −50.38 18.32

13CO+OH −59.25 −3.97

aUnits are in per mil.

bThere are few changes of the enrichment values as the barrier of TS2 is lowered by 340 cm−1.

It shows that the enrichment is insensitive to the exact value of barrier high as long as the

TS2 is the rate-determining step.
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carbon isotopomer in the reaction constant at low pressure.

C. Sources for the Oxygen KIE

To analyze the theoretically calculated C
18

O KIE, we are focusing on zero pressure,

since the physical interpretation is the most transparent there. The essence of the result

for the
18

O KIE at zero pressure is seen using the following ratio that appears in the

integral over E and J for the zero-pressure rate constant:

krate(EJ) =
k1k2

k
−1 + k2

=
N1N2

Q(N1 + N2)
e−E/kBT . (8)

The variables N1 and N2 are the number of states of TS1 and TS2, respectively; and Q

is the partition function for the reactants’ collision pair in the center of mass system.

The expression has the form of an effective number of TS states, 1/Neff = 1/N1 +

1/N2, a “sum of resistances.” The potential energy of TS1 and TS2 were constrained

by the non-Arrhenius behavior in a wide temperature range (83–3300 K). As discussed

in reference 25, the rate constant at high temperatures is dominated by the barrier of

TS2. At room temperature the calculated thermally weighted N1 ' 3.8N2.
47

Thus, in

equation (8) the ratio of N1/(N1 + N2) is roughly unity, and then the low pressure limit

of the rate constant of the reaction is given approximately by

kapprox

N2
=

∫

E

dE
∑

J

N2

Q
e−E/kBT , (9)

and so is dominated by TS2, in which tunneling plays an important role, as discussed

in the above section. The importance of TS2 is seen in the H/D isotope effect at room
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temperature, which tends to a value slightly greater than 3 as the pressure tends to zero.

(Theory and experiments discussed in reference 25.)

Table III it is shown that the calculated ε for
18

O is similar to the εapprox

2 . (The

definition of the latter is similar to equations (6) and (7) but using the ratio of kapprox

N2
s

for the two isotopomers.) Because of the dominant calculated role of N2 in contributing

to the rate constant, the calculated sign of εC18
O reflects primarily the effect of the

heavier mass in reducing the effective tunneling mass at TS2. It reduces the tunneling

frequencies in TS2 and hence reduces the rate constant, thus causing a positive values

of the calculated εC18
O at low pressure in Fig. 1. Because all masses in the HOCO*

contribute to the effective tunneling mass, the products tend to be enriched in the lighter

isotope. Calculations in appendix C illustrate the robustness of the calculated result, a

robustness understood if the key hypothesis is valid, namely that TS2 is rate controlling

at low pressure and room temperature. If H/D tunneling were unimportant then the

calculated isotope effect would be of opposite sign, as shown in Table II.

D. Comparison of Experiments and Calculations

In both Stevens’s and Röckmann’s independent measurements,
29,30

the εC18
O values

in He, Ar, or O2 are about −15 per mil, while those in N2 or air are about −10 per mil,

as seen in Fig. 1. The pressure dependence of the εC18
Os is seen there to be minor. The

experimental ∆CQ values obtained by Röckmann et al. are about 2.5 per mil at 200 torr

and increase to about 3 per mil at 500 torr in He and to about 4.5 per mil at 900 torr

in N2. In an application to atmospheric problems, the effect of such an enrichment
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TABLE III: Comparison between calculated fractionation ε
approx

1
, ε

approx

2
and ε in the low-

pressure limita

ε
approx

1
ε
approx

2
ε

13CO+OH 16.33 −10.24 −3.97

C17O+OH 1.50 3.35 2.60

C18O+OH −0.77 7.17 4.62

CO+17OH 14.34 8.51 8.58

CO+18OH 33.20 17.35 18.32

aUnits are in per mil.
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on the seasonal fractionation changes in the oxygen isotopes of the atmospheric carbon

monoxide was discussed in reference 30. The calculated ∆CQ values are in the range

0.2–1.1 per mil, as seen in Table I, which is slightly smaller than experimental values,

2.3–3.0 per mil.

In our calculations using both the RRKM and the nonstatistical models, the results for

the calculated εC18
O values are offset from the experimental values by about +15 per mil,

as seen in Fig. 1. As discussed in the above section and in the additional information

in appendix C, the compact structure of TS2 leads a well-defined transition state and

to a calculated εC18
O at low pressure that is dominated by TS2 and is positive. This

calculational result is different from experiment. A possible origin of this discrepancy

is discussed in the section IV E. Although the sign of εC18
O in low-pressure limit are

different in calculation and experiments, both calculated and experimental of εC18
O show

minor pressure dependence as pressure is varied from 0 to 1000 torr, as seen in Fig. 1.

E. A Possible Explanation of the
16

O/
18

O Discrepancies and a Proposed Ex-

periment

One possible explanation of this
16

O/18
O discrepancy is in the theory. Another possi-

bility is that this discrepancy in the εC18
O in the CO+OH reaction is experimental, due

to a nonthermal effect. In particular the OH radicals in the experiments in references 29

and 30 are formed photochemically and if they are vibrationally hot, the mass dependence

of heavier oxygen isotopes in CO in the reaction would be affected, since intramolecular

H-transfer reaction in the energetic HOCO* may occur. This isotope exchange effect
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would not change the mass dependence of carbon isotopes, and so our previous work

that reproduced the sign and pressure dependence of latter would be unaffected.
25

It

would also be consistent with the experiments in reference 36.

When the HOCO* has a large excess energy, an isotopic exchange of the oxygen atoms

between CO and OH in the vibrationally excited HOCO* molecule becomes possible.

This reorganization can reform the reactants without forming products. Two possibilities

for the intramolecular H-transfer are:

trans-HOCQ
∗

−→ HCO2 −→ trans-OCQH
∗, (10)

cis-HOCQ
∗

−→ cis-OCQH
∗. (11)

In reaction (10) the intermediate HCO2 has the hydrogen atom close to the carbon atom

instead of an oxygen atom, but might occur by “roaming.” Reaction (10) recalls the new

“roaming” H-atom mechanism seen in the photodissociation of formaldehyde.
48–50

Al-

though when zero-point energy is not included reaction (10) had a shallow well, calculated

as 840 cm
−1

, but the zero-point energy of HCO2 makes the effective well disappear.
20

Reaction (11) is a direct intramolecular H-transfer reaction from one oxygen atom to the

other, possible for the cis geometry but not for the trans.

The calculated geometries and vibrational frequencies of the structures in reactions

(10) and (11) are listed in Table IV. In our ab initio CC calculations, relative to the

separated reactants, the barrier of reaction (10) without zero-point corrections is about

3500 cm
−1

, and that of reaction (11) is more than 8000 cm
−1

, so only reaction (10)

needs to be considered in an intramolecular mechanism. The barrier in reaction (10)
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TABLE IV: CC-calculated geometries and vibrational frequencies of the transition structures

of normal isotopes in Reactions (10) and (11)a

Reaction (10) Reaction (11)

ROH 1.242 1.337

RCO 1.318 1.266

RCQ 1.191 1.266

θHOC 61.30 68.25

θOCQ 142.69 116.35

dHOCQ 180.0 0.0

ν1 1952i 2257i

ν2 496 840

ν3 666 1049

ν4 1147 1328

ν5 1862 1658

ν6 2233 2044

aThe units are in Å for bond length, in degree for angles and dihedral angles, and in cm−1 for

vibrational frequencies.
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has a large value of the imaginary frequency with H-transfer, and so both tunneling and

dynamic effects would be important when the internal energy of HOCO* is high enough

for reaction (10) to occur. When thermalized OH radicals at room temperature are used,

the calculated rate constant for forming HCO2 is less than 10
−17

cm
3

molecule
−1

s
−1

,

reaction (10) would contribute only about 0.1 per mil to the ε of the CO+OH reaction

so be negligible.

In the experiments of Kurylo and Laufer,
36

oxygen isotopic exchange of OH and CO

was reported in the depleted reactants at low pressure. Due to the photolysis used to

generate OH radicals, some of the radicals may be vibrationally hot when they react later

with CO. Since HOCO* is now at a higher energy, the reaction rate of the intramolecular

hydrogen exchange, reaction (10), could be enhanced. This presumption is consistent

with Kurylo and Laufer’s observation,
36

which implies H-transfer reaction involving in

the CO+OH reaction at low pressure. In contrast to Kurylo and Laufer’s experiment,

there was no observable H-transfer reaction in Greenblatt and Howard’s study,
37

but in

the latter the OH radicals were generated by chemical reactions rather than by photolysis.

The OH radicals in both Stevens’s and Röckmann’s experiments were generate by

photolysis of H2O2 with an Hg or Xe lamp,
29,30

so the resulting OH radicals may have

excess vibrational energy. Even if the excess energy results in the reaction rates of

hydrogen transfer of only about 1.5% of the rate of the ordinary CO+OH reaction,

namely has a rate constant of 2 × 10
−15

to 3 × 10
−15

cm
3

molecule
−1

s
−1

, it would

decrease the εC18
O values in the present calculations to values nearly the same as those

in the experimental results, and would also change the ∆CO value to about 7 per mil,
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and so be of the same order as the experimental value. Thus, new measurements of the

εC18
O and ∆CO using a thermalized source of OH could offer useful insight into this

issue and also resolve the difference between the experiments of Stevens and Röckmann

on one hand and those of Kurylo and Laufer on the other.

F. Oxygen KIE in QH

Using a spectroscopic detection of OH, Greenblatt and Howard measured rate coef-

ficients for the reaction of
18

OH and
16

OH with CO to be (1.49 ± 0.15) × 10
−13

and

(1.44 ± 0.15) × 10
−13

cm
3

molecule
−1

s
−1

, respectively.
37

This kind of measurement

of absolute rather than relative values of the rate constants for the different isotopes

gives too large an error to compare with the present calculations. However, using mass-

spectroscopy, such as in Stevens’s and Röckmann’s measurements,
29,30

the accuracy of

measuring KIE is sufficient to determine the oxygen isotope effect.

Although the KIE in QH is not the main focus of this paper does not appear in

the literature yet, we compare it with the KIE in CQ. The reduction in the imaginary

frequency due to heavier oxygen leads to a decreased tunneling. The effect is seen in

Table V to be greater when the heavier oxygen is in OH than when it is in CO, a result

qualitatively expected because the O in OH is closer to the H in HOCO* than when it is

in CO, and so contributes more dynamically to the effective tunneling mass. Accordingly

the calculated εHQ is larger than the calculated εCQ at all pressures, a result seen in

both the RRKM and the nonstatistical models, as seen in Fig. 2. The effect of the

imaginary frequency of TS2 dominating the difference between εHQ and εCQ is also
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TABLE V: Calculated imaginary frequency of TS2 by CC for different oxygen isotopesa

H· · ·OCQ H· · ·QCO

Q = 16O 2126i 2126i

Q = 17O 2125i 2116i

Q = 18O 2123i 2107i

aThe units are cm−1.

FIG. 2: Pressure dependence of the calculated εCQ and εHQ values for the OH+CO reaction.

The black and gray lines are obtained using the RRKM method and the nonstatistical model,

respectively. Since both N2 and He bath gases give similar results, only the calculations with

N2 are shown in the plot.
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seen in the calculations made with other ab initio methods (Appendices). Therefore,

using thermalized source of QH could be helpful in comparing with this prediction and

so testing further the importance of the H-tunneling effect in the reaction.

V. CONCLUSIONS

The mass-independent character in a reaction is better defined by the slope in a

three-isotope plot, instead the magnitude of fractionation, ∆, since a reaction such as

CO+OH may have peculiar mass-dependence with nonzero ∆ value. The CO+OH

reaction is better described as a mass-anomalous reaction, instead of mass-independent.

Since it involves an energetic HOCO intermediate without a preequilibrium followed by

a rate-determinate step, the slope in a three-isotope plot is expected to be different from

the ideal mass-dependent value, ∼0.52.

Its oxygen KIE is a compromise between two opposing effect: (1) a heavy isotope

tends to increase the ratio between the number of state at transition states and the

thermally average partition function of reactants; (2) a light isotope tends to increase

the tunneling effect at transition states. Their importance in the reaction at room tem-

perature and at pressures below 1000 torr was studied with RRKM theory and with a

nonstatistical modification, both including and excluding the nuclear tunneling of H at

the TSs, using a potential energy surface and the parameters that are the same as those

used previously.
25

The reaction in the current calculation favors lighter oxygen isotope

since tunneling dominates the calculated fractionation, which is different in the heavier

carbon isotopomer. The different dominated effect between the carbon and oxygen KIE
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is qualitatively explained by the bond-order properties in these two elements. Although

the same treatment as that given in our previous paper
25

reproduced a large body of

experimental data discussed there, there is a discrepancy between the measured and cal-

culated anomalous mass dependence of oxygen isotopes in the reaction. The calculated

sign of
18

O enrichments at low pressure and room temperature rests on only one key

assumption, namely that the TS2 with tunneling dominate TS1.

The discrepancy for oxygen from experiments may instead be due to an intramolec-

ular hydrogen transfer reaction (10) arising from vibrationally hot OH radicals. This

hypothesis can be tested by measuring the O-isotope effect using thermalized OH radi-

cals, perhaps such as those used in the work of Greenblatt and Howard.
37

Since the OH

radicals in Stevens’s and in Röckmann’s experiments were produced by photolysis,
29,30

the OH radicals may have had excess vibrational energy, introducing the possibility of

the intramolecular H-atom transfer “roaming” reaction (10), with an immediate conse-

quence for the O-isotope effect discussed in Section IV E. Using thermalized OH radicals

to study the kinetic oxygen isotope effects would eliminate such a high-energy mechanism

and so be an appropriate for testing the present theory regarding the dominance of TS2

at low pressure and room temperature.
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our previous vibrational frequencies.

APPENDIX A: CALCULATED RESULTS FOR DIFFERENT PES’S

The robustness of the results of the present calculations was explored using other

electronic structure methods. In particular, to test the sensitivity of certain aspects of the

calculations, different, albeit less accurate, methods were used. They are discussed in this

appendix. Apart from the transition state structure of the entrance channel TS1,
51

the

vibrational frequencies and rotational constants of all structures for the various isotopes

were calculated by three methods, CCSD(T) with 6-31G(d,p), B3LYP with cc-pVTZ,

and MP2 with 6-31++G(d,p). The properties of TS1 are obtained only from the results

of MP2 or CC, since DFT gives an unrealistic structure.
51

The acronym DFT denotes the

calculation by B3LYP, DFT-MP denotes the calculations combining the structure data

of TS1 from MP2 and the structures from B3LYP, while DFT-CC is similar but with the

data for TS1 obtained from CCSD(T). The GAUSSIAN 98 program
52

was employed for

all three ab initio calculations (CC, MP2, and B3LYP) to obtain the principal equilibrium

structures and their rotational and vibrational constants.

With the force constants and rotational constants at the same ab initio level, both

G2M and LTSH potentials give very similar calculated results for the oxygen isotope

effect. At the low pressure limit at room temperature, the calculated εC18
O values

are about 6, 7, 5, and 2 per mil for DFT-CC, DFT-MP, CC, and MP2, respectively,

with G2M or LTSH potentials. The RRKM and nonstatistical modification give similar

results. In the pressure range from 0 to 1000 torr the values for all PESs except MP2 are
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greater than −2 per mil, as shown in Fig. 3. The imaginary frequency of TS2 by MP2 is

unreasonably large, 3176i, and so gives lower calculated values of εC18
O, monotonically

decreasing from 2 to −6 per mil as the pressure changes from 0 to 1000 torr. Because of

the unreasonable OH frequency in MP2, the MP2 results are omitted in Fig. 3.

The calculated fractionation for the oxygen atom in OH, εH18
O at low pressure is

again positive and is about 4, 11, 18, and 39 per mil with force constants obtained by

using DFT-CC, DFT-MP, CC, and MP2, respectively. The large difference in εH18
O and

εC18
O is similar to the trend of the values of the imaginary frequency in TS2 obtained

for various calculational levels.
53

This trend is also similar to the trend of the difference

between εH18
O and εC18

O at low pressure.

APPENDIX B: COMPARISON OF O AND C KIE

Compared oxygen KIE with the carbon’s in reference 25, both calculation and ex-

periments shows that the ε13
CO values have a larger pressure dependence than εC18

O

when the pressure is varied from 0 to 1000 torr. At low pressure limit, the ε13
CO value

is negative, as discussed in the above two sections, because the TS2 still dominates the

reaction and the heavier isotope decreases the vibrational and rotational constants, its

number of states in
13

C increases more than that in normal isotope, shown in Table III.

Although reducing tunneling effect due to
13

C also contributes to reducing the number

of states in TS2, similar to that in heavier oxygen isotope, increasing number of states of

TS2 by reducing vibrational and rotational constants dominates in the
13

C isotopomer.

The dominance effect in number of states in
13

C is different from that in heavy oxygen



52

���

���

��

�

�

0 200 400 600 800 1000

P /torr

� /per mil
CQ + OH � CQO + H

RRKM DFT-MP

Nonstat. DFT-CC

RRKM DFT-CC

RRKM CC

Nonstat. CC

FIG. 3: Calculated εC18O values for the OH+CO reaction as a function of total pressure. The

G2M and LTSH potentials and He and N2 bath gases all give results similar to those plotted,

namely the results with G2M in N2 are shown in the plot. The black and gray lines are obtained

with the RRKM method and the nonstatistical model, respectively. The solid, dashed-dot, and

dashed lines are calculated with DFT-CC, CC, and DFT-MP, respectively. (The reason for not

showing MP2 results is given in appendix A.)
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isotopomers because the carbon atom can form more bond with surrounding atoms than

oxygen atom. This crucial difference leads to the different fractionation behavior at low

pressure limit in our present calculation.

As the discussion in our previous article of the non-Arrhenius behavior,
25

the barrier of

TS2 dominates rate constants at high temperature regions, and both barriers contribute

rate constants at low temperature regions. Although the usual KIE is smaller at higher

temperature, due to the non-Arrhenius behavior the absolute value of the calculated

εC18
O and ε13

CO at low pressure limit show that as increasing temperature, instead of

monotonic decreasing in the usual KIE, they reach a maximum at ∼400 K, as seen in

Table VI.

Another parameter is introduced here to show the robustness in the fractionation at

low pressure limit, especially the oxygen KIE. Since TS2 involves dissociation of a hydro-

gen atom from HOCO*, the imaginary frequencies is difficult to obtain precisely using

ab initio methods.
20,25

The imaginary frequency of TS2 is scaled by a factor. Using the

same fitting procedures of the two vertical shifted parameters of TS1 and TS2 described

in reference 25, The scaling factor to best represent the calculated pressure dependence

of carbon KIE, as shown in Fig. 4, is 0.95 and 0.85 for RRKM and nonstatistical mod-

ification, respectively. Although changing the value of imaginary frequency has some

improvements on the carbon KIE, Table VII shows that the scaling factor has negligible

effect on the oxygen KIE. This result is expected since, as discussed in section IV C and

shown in Table III, both εapprox

1 and εapprox

2 have contribution on the carbon fractionation,

but the oxygen fractionation is mainly dominated by εapprox

2 in our present calculation.
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TABLE VI: Temperature dependence of εC18O and ε
13CO at low-pressure limit a

εC18O ε
13CO

200 K 1.29 0.89

298 K 4.62 −3.97

400 K 5.38 −4.94

500 K 5.28 −4.53

600 K 4.87 −3.56

aUnits are in per mil.

TABLE VII: εC18O and ε
13CO at low pressure limit a

Scaling Factorb ε
13CO εC18O

RRKM 1.00 −3.97 4.62

RRKM 0.95 −5.47 4.43

Nonstatistical 1.00 −0.18 3.76

Nonstatistical 0.85 −3.67 3.62

aUnits of fractionation are in per mil.

bA scaling factor of the imaginary frequency of TS2, see text.
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FIG. 4: The ε
13CO values for the system of CO+OH given as a function of total pressure at

room temperature. The solid lines are calculated using the conventional RRKM theory with

a scaling factor 0.95 on the imaginary frequency of TS2, and the dashed line is obtained with

the nonstatistical model with a similar scaling factor, but with value 0.85. Open circles are

obtained for N2 by Smit et al.54 Black open squares are obtained in N2 or N2+O2, respectively,

by Röckmann.30 Black open triangle, open diamond, and plus symbols are obtained in Ar, air

(by measuring products), air, and O2, respectively, by Grose.55
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APPENDIX C: CALCULATED ε
approx

1
, ε

approx

2
, AND ε

The definition of εapprox

1 is similar to that of εapprox

2 but with a kapprox

N1
similar to

kapprox

N2
in equation (9), with N1 instead of N2 in the integral. At zero pressure, the

calculated εapprox

1 , εapprox

2 , and ε of different ab initio methods are given in Table VIII.

The ε value shifts from εapprox

2 toward εapprox

1 when the ratio of thermally weighted N1

and N2 decreases. Even with an unreasonably large value of the imaginary frequency

in MP2, which gives nearly equal contributions to KIE from both TS1 and TS2, the

calculated εC18
O is still positive at zero pressure. Thus, the different methods as well

as the argument based on equation (9) yield positive ε values, in contrast to current

experiment.
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TABLE VIII: Calculated N1/N2, ε
approx

1
, ε

approx

2
, and ε at low pressure limit of different ab

initio methodsa

N1/N2
b

ε
approx

1
ε
approx

2
ε

CC

C17O+OH 3.80 1.50 3.35 2.60

C18O+OH 3.82 −0.77 7.17 4.62

CO+17OH 3.77 14.34 8.51 8.58

CO+18OH 3.73 33.20 17.35 18.32

DFT-CC

C17O+OH 5.75 2.68 3.96 4.04

C18O+OH 5.77 2.66 7.05 6.49

CO+17OH 5.64 16.35 −1.94 2.20

CO+18OH 5.54 31.19 −4.79 3.62

DFT-MP

C17O+OH 2.72 2.19 3.95 3.82

C18O+OH 2.73 4.15 7.02 7.13

CO+17OH 2.67 16.52 −2.07 5.67

CO+18OH 2.62 34.69 −5.03 11.21

MP2

C17O+OH 1.07 −0.10 3.31 1.31

C18O+OH 1.08 −2.37 5.22 1.61

CO+17OH 1.08 17.18 21.77 19.72

CO+18OH 1.08 33.15 41.85 38.65

aThe units of ε
approx

1
, ε

approx

2
, and ε are in per mil.

bThe ratios of thermally weighted N1 and N2 at room temperature is listed in the N1/N2

column.
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Chapter 4

Isotopomer Fractionation in the UV Photolysis of N2O:

2. Further Comparison of Theory and Experiment

[This chapter appeared in the Journal of Geophysical Research-Atmospheres 113, D05309 (2008).]
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[1] Wavelength-dependent fractionation of various isotopomers in the photodissociation
of N2O is studied. The absorption cross sections are calculated by a time-independent
reflection principle, related to the Prakash et al. (2005) treatment but now with an
inclusion of the NN stretching coordinate and both the 2A0 and 1A00 electronic excited
states. The added 1A00 state is found to have little effect on both the absorption cross
section and the fractionation. The improvements include more physical details in the
photodissociation of N2O, while maintaining an advantage of a treatment in the work
by Prakash et al. (2005) that was not computationally intensive. The present calculated
fractionation, without a significant adjustable parameter, gives good agreement with
experiments in the absorption cross section in the low-energy region, the important
region for the experimentally observed isotopic fractionation.

Citation: Chen, W.-C., M. K. Prakash, and R. A. Marcus (2008), Isotopomer fractionation in the UV photolysis of N2O: 2. Further

comparison of theory and experiment, J. Geophys. Res., 113, D05309, doi:10.1029/2007JD009180.

1. Introduction

[2] The photolytic dissociation of molecules is important
in stratospheric and atmospheric chemistry [e.g., Wayne,
2000]. N2O, in particular, is an effective greenhouse gas
and a source of NOx. Isotopomer fractionation measure-
ments help in determining the sources and sinks of atmo-
spheric gases [Stevens et al., 1972; Brenninkmeijer et al.,
2003]. The atmospheric modeling of the N2O isotopomers
[Popp et al., 2002; Röckmann et al., 2003; McLinden et al.,
2003; Morgan et al., 2004] and the isotopic fractionation
photodissociation behavior of N2O [Kim and Craig, 1990;
Naqvi et al., 1998; Brenninkmeijer et al., 2003; Johnston et
al., 1995] has been the subject of many studies, including
wavelength-dependent measurements [Zhang et al., 2000;
Turatti et al., 2000; Röckmann et al., 2000, 2001; Kaiser et
al., 2003; von Hessberg et al., 2004]. These studies
motivated both empirical [Blake et al., 2003; Liang et al.,
2004] and the more theoretical [Johnson et al., 2001;
Nanbu and Johnson, 2004; Prakash et al., 2005] models
to explain the wavelength-dependent fractionation.
[3] Frequently, the process is treated as a two-electronic-

state process in which the lower electronic state is excited
to the upper state by absorption of radiation [e.g., Schinke,
1993]. However, for polyatomic molecules, N2O being an
example, there are usually a number of excited electronic
states which are accessible even though the excitation to
only one of them may be dominant in the wavelength
region of interest. It has been convenient in such work to

‘‘broaden’’ the calculated absorption spectrum as a way of
simulating the optical absorption into the other nearby
electronic states, as in the treatment of the photolysis
N2O in the work of Daud et al. [2005] Analogously, in
the work by Prakash et al. [2005] (hereinafter referred to as
part 1) such a broadening was included tacitly by using a
scaling factor for the potential energy curve of the excited
electronic state [Prakash et al., 2005]. (The scale used for
the excited state in the work by Prakash et al. [2005] was
1.57. The broadening there happened inadvertently and was
not reported therein.)
[4] In the present paper, we extend the work of part 1 on

N2O by including an effect of the changes in the NN bond
length in N2O, investigating the absorption to an additional
electronic state, and using an absorption expression [Heller,
1978] that preserves both the momentum and coordinate
parts of Franck-Condon principle. The calculated cross
section without any broadening factor gives good agree-
ment with experiment in the energy region of interest for
the fractionation measurements (apart from a small shift of
the absorption maximum). The fractionation of the various
isotopomers is then obtained from these calculated absorp-
tion cross sections. We use the results of the vibrational
analysis in part 1 to calculate the vibrational wave function
in the ground state and then invoke the multidimensional
reflection principle to calculate the absorption spectrum
and the isotopic fractionation factors as a function of
wavelength.

2. Theory

2.1. Absorption Cross Section

[5] The theoretical procedure used to obtain absorption
cross sections for the N2O isotopomers is similar to that
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described previously by Prakash et al. [2005], but with
some additions described below. UV photolysis of N2O is
essentially a direct dissociation, since the shape of the
absorption spectrum is a broad envelope with a only weak
structure superimposed. Thereby, the time-dependent ex-
pression for the absorption cross section can be rewritten in
a time-independent form using the reflection principle in
conjunction with the Franck-Condon principle [Heller,
1978; Schinke, 1993]. The absorption cross section s is
given as

sf n wð Þ ¼
pw

�h�0c

1

2p

Z �1

1

dthYnj~e 	~m
y
fie

�iHf t=�h~mfi 	~ejYnie
i w�Ei=�hð Þt

�
pw

3�0c

Z

dQjYn Qð Þj2j~mfi Rð Þj2d �hw� Vf Rð Þ þ Vi Rð Þ
� �

�
pw

3�0c

Z

dq1 . . . dqN�1jYn Qð Þj2j~mfi Qð Þj2=DS; ð1aÞ

where a change in slope DS is given by

DS ¼ @ Vi Qð Þ � Vf Qð Þ
� �

=@qN
� �

qw
N

: ð1bÞ

Here, R and Q denote internal and normal coordinates,
respectively, as before [Prakash et al., 2005], R = (q1, q2 	 	 	
qN),~e is a unit vector,~mfi(R) is the transition dipole moment
function for a transition between the ground and the excited
electronic states i and f, respectively, Vf (Q) and Vi(Q)
denote the potential energy surfaces of the electronic excited
and ground states, respectively, and qN is the repulsive
coordinate in the excited state f, along which dissociation
happens, while qN

w in equation (1b) is the value of qN where
hw equals the vertical potential energy difference of the two
electronic states:

�hw� Vf q1; 	 	 	 ; qN�1; q
w
N

� �

þ Vi q1; 	 	 	 ; qN�1; q
w
N

� �

¼ 0; ð2Þ

[6] jYn(Q)j2 in equation (1a) is the probability density
function of Q in the initial nuclear vibrational state n and
ground electronic state i. Using the harmonic approximation
for the potential energy Vi as a function of the normal
coordinates, the probability density function of the vibra-
tional state n in the ground electronic state can be written as
a product of that of each of the normal vibration modes.
[7] In the present calculation of the absorption cross

section in equation (1b), the actual potential of the elec-
tronic ground state Vi(Q) at coordinate Q is used [Heller,
1978], instead of the average potential energy hVii [Lee et
al., 1983; Prakash et al., 2005]. This change corresponds to
conserving the momenta in the Franck-Condon principle
and enhances the calculated intensity of the absorption cross
section on the long-wavelength side of absorption maxi-
mum. The result obtained with equation (1a) is shown and
discussed later in section 3.1, now without any significant
adjustable parameter. (The slope of the excited electronic
potential in the work by Prakash et al. [2005] was enlarged
by the broadening scale, which also increased the width of
the absorption cross section.)
[8] The total absorption cross section is temperature-

dependent, because of the dependence of sfn on the initial
vibrational state v and thermal excitation of each vibrational

states. The total absorption cross section at temperature T is
given by

stotal Tð Þ ¼
X

f ;n

sf n exp
�En

kBT

� �

=Qvib Tð Þ; ð3Þ

where Qvib(T) is the partition function of the vibrations in the
ground electronic state, and En is the vibrational energy of the
vibrational state n. The present calculation for the total
absorption cross section of N2O includes excitation from the
ground electronic state to two excited states, 2A0 (1D) and
1A00 (1S�), and all vibrational states that are significantly
populated with energy not more than 1500 cm�1 above the
zero-point energy. It involves the ground state, the first
excited state of NO stretching, and the first and second
excited states of the N2O bending. Since the N2O is linear in
the electronic ground state, this bending vibration is doubly
degenerate, as discussed in by Prakash et al. [2005].

2.2. Potential Energy

[9] The best currently available potential energy and
transition dipole moment surfaces appear to be those of
Daud et al. [2005] However, these surfaces are given in
terms of mass-dependent Jacobi coordinates with a fixed
NN distance. The present treatment of the potential energy
surfaces includes varying the NN distance by expanding it
to second-order in terms of a displacement of the equilib-
rium NN distance of both electronic ground and excited
states. The details of the potential difference used in
equation (1b) are given in Appendix A.

2.3. Fractionation

[10] The expression for the photodissociation rate at
energy hw in equation (1a) depends upon three factors:
the total absorption cross section stotal(w) in equation (3),
the photon flux, and the quantum yield of the photodisso-
ciation. The fractionation �(w) of one isotopomer relative to
another due to a direct photodissociation reaction can be
defined as the ratio of photodissociation rates. When the
upper state is dissociative, the quantum yield equals unity
for all the isotopomers. The fractionation then is expressed
in terms of the ratio of total absorption cross sections,

� wð Þ ¼
s0
total wð Þ

stotal wð Þ
� 1

	 


� 1000 0=00: ð4Þ

3. Results and Discussion

3.1. Absorption Cross Section

[11] In the present treatment the potential difference
between the ground and excited states in equation (1b)
includes all vibrational modes of N2O in the calculation. A
harmonic approximation is used in the NN stretching mode,
which was fixed in the best currently available potential
[Daud et al., 2005]. The N2 vibration is expected to be a
spectator [Hanisco and Kummel, 1993; Neyer et al., 1999]
as far as the initial and final NN stretching state are
concerned. The NN stretching mode is also expected to
cause only a small change in the transition dipole moment
of the N2O molecule. In the excited state, there is never-
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theless a transient distortion of the NN coordinate because
of the difference in Vf (R) and Vi(R) in this coordinate.
Using an approximate method for introducing this distortion
in Appendix A, there results a significant broadening effect
in the absorption cross section, as shown in Figure 1. In this
formalism, the NN stretching mode thus gives a broadening
effect on the absorption cross section. The stored vibrational
energy at the moment of excitation is relaxed to other modes

later. The same Frank-Condon assumption was also used in
the very accurate ionization-energy calculations in various
molecules [Cheng et al., 1997; Eberhard et al., 1998],
where it gives excellent results for the comparison of theory
and experiment, now between vibrationally bound states.
However, more detailed theoretical and experimental stud-
ies are necessary to test this assumption.
[12] The most important spectral region where isotopic

fractionation studies of N2O have been reported is the long-
wavelength side of the absorption maximum (180 nm to
220 nm). The calculated absorption cross section of the
most abundant isotopomer, 446 (i.e., 14N14N16O), is com-
pared with experiments [Yoshino et al., 1984; von Hessberg
et al., 2004] in Figure 2, where the result calculated by our
previous formula [Prakash et al., 2005], but without their
broadening factor, is also shown. The calculated properties
needed to obtain the absorption cross section are provided
in the Appendix C. In the comparison with the experimental
spectrum, the calculated peak is red shifted by 1100 cm�1

and rescaled by a factor of 0.69. The need for the shift arises
from a small error in the difference between the energy of
ground and excited electronic states from the ab initio
calculations. Such differences are indeed expected. A
rescaling in height is also expected since the ab initio
calculation of the transition dipole moment ~mfi is expected
to have some errors [Borges, 2006; Daud et al., 2005].
However, the rescaled factor at the absorption maximum
has no effect on the isotopic fractionations since the factor
cancels in equation (4). The total absorption cross sections
for other isotopomers are calculated similarly with the same
shift in the peak position as that for 446, since the energy
difference between potential energy surfaces is independent
of isotopic substitution. The red shifted value at the absorp-
tion maximum also has a minor red-shifted effect on the
isotope fractionations.
[13] The agreement of calculated and measured absorp-

tion cross sections in Figure 2 is seen to be good on the
long-wavelength side of absorption maximum, the region of

Figure 1. The calculated absorption cross section with
(black) and without (gray) the NN stretching mode at 298 K.

Figure 2. Absorption cross section of 14N14N16O. The
black line is the current calculation result. The gray dashed
line is the calculation result obtained by our previous
formula [Prakash et al., 2005], but without using any
broadening factor. Both calculation results are rescaled and
shifted to overlap their maximum absorption cross section at
�55000 cm�1.

Figure 3. Fractionation of 456 calculated at 233 and 283 K.
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most interest. In the short-wavelength side of the absorption
spectrum the experimental result has larger cross section
than the calculated. A difference is probably due to the
presence of electronic excited states of N2O higher than 2A0

and 1A00, and perhaps due to the long tail in the cross section
that involves the vibrationally excited NN stretching mode
in the excited N2O. Although that mechanism may broaden
the absorption cross section at higher energy, it has little
effect for the fractionation at the energies of conventional
interest since there is less than 2% of products with the
vibrationally excited N2, Hanisco and Kummel [1993], and
Neyer et al. [1999] both at �200 nm, where the fractiona-
tions are of interests.

3.2. Wavelength-Dependent Fractionation

[14] The calculated wavelength-dependent fractionation
of isotopomers 456, 556, and 546 relative to the most
abundant isotopomer 446 are shown in Figures 3–5. The
calculated values of 456 and 556 agree well with experi-
mental data [Zhang et al., 2000; Turatti et al., 2000;
Röckmann et al., 2000, 2001; Kaiser et al., 2003; von
Hessberg et al., 2004]. The values of 546 are not so good.
Although the calculated fractionation 546 in Figure 5
is higher than the experimental result obtained by von
Hessberg et al. [2004] at the long-wavelength region, our
result is still comparable with the result observed by Turatti
et al. [2000]. However, Johnson et al. [2001], using a
completely different model (Hermite propagation method),
obtained a fractionation 546 similar to ours. A more detailed
theoretical study is necessary to see whether the discrepancy
may be due to anharmonicity: the middle atom in 546 is the
lightest and becomes the most susceptible to anharmonic
effect (larger amplitude).
[15] Comparison with other ab initio values was given in

part 1. Since the present calculations neglect the weak
structure of the absorption cross section, the calculated
fractionation is an averaged curve for comparison with the
mean of the experiments. Compared with the previous paper

[Prakash et al., 2005], the current results agree better with
experiments and now contain no ad hoc broadening factor is
used. This improvement in the results over part 1 is
expected since the current treatment includes some distor-
tion effect of the NN stretching and also has a physically
more understandable expression, equation (1a) and (1b), for
the fractionation.
[16] The calculated fractionations 447 and 448 relative to

446 at 283 K is given in Figure 6. The agreement is very good
[Turatti et al., 2000; Röckmann et al., 2000, 2001; Kaiser et
al., 2003]. Compared with fractionation of isotopomers, the
sensitivity of the calculated fractionation to changes in the
wavelength is 556 > 456 > 448 > 447 � 546. This trend is
similar to the difference of the vibrational frequency of the
bending mode between 446 and the respective isotopomers
since the electronic excitation from the ground state to the
excited state is forbidden for a linear N2O. This transition is
allowed only when the molecule is bent. In the experiments
[Zhang et al., 2000; Turatti et al., 2000; Röckmann et al.,
2000, 2001; Kaiser et al., 2003; von Hessberg et al., 2004]
the order is 556 > 456 > 448 � 546 > 447.
[17] All Figures 3–6 show a convex curve where the

slope of wavelength-dependent fractionation decrease in the
high-energy region. This result is different from that
obtained by the empirical ZPE model [Yung and Miller,
1997], which predicts a straight line, because the model
assumes that the slope of the absorption cross section is
preserved upon isotope substitution. However, comparing
the intensity factors, defined as the integral of the product of
the vibrational probability function and the square of
transition dipole moment, between 446 and various iso-
topomers, the factors have only a slight dependence on
isotopomers (cf. Table 1). This dependence also should be
important in the near leveling-off effect in the fractionation
near the peak region of the absorption cross section. A
similar calculational result is also discussed by Johnson et
al. [2001]. (The intensity factor in the work by Johnson et
al. [2001] is slightly different from ours.)

Figure 5. Fractionation of 546 calculated at 233 and 283 K.

Figure 4. Fractionation of 556 calculated at 233 and 283 K.
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[18] There is a mass-dependent fractionation of oxygen
isotopes in the current model, that is the same as the
previous one [Prakash et al., 2005; Prakash and Marcus,
2005]. This model also gives a mass-dependent fraction-
ation in nitrogen fractionation, which is discussed elsewhere
(W.-C. Chen and R. A. Marcus, Slopes in three-isotope
plots of fractionation in photolysis of N2O: A theory with
reduced-mass approach, manuscript in preparation, 2008).
The mass-dependent heavy oxygen isotope enrichment of
residual N2O is also measured by Johnston et al. [1995].
The observation of anomalous mass effect of N2O in
troposphere and lower stratosphere [Cliff and Thiemens,
1997; Cliff et al., 1999; Röckmann et al., 2001] is due to
other chemical reactions, as discussed by McLinden et al.
[2003] using a global model.

3.3. Excited Electronic States

[19] There are two potential energy surfaces (2A0 and
1A00) included in these calculations. The 1A00 state has a
minor contribution in the calculation of absorption cross
section since the peak intensity of the 1A00 state is smaller
than that of the 2A0 state by a factor of �100. The intensity
factor of various vibrational states of the isotopomer 446 is
shown in Table 1. This difference in intensity is similar to
that found in the time-dependent calculation by Daud et al.
[2005]. It also has a very minor contribution (<2 per mil) to
the fractionation of all isotopomers. Since the effect of the
1A00 state is very small, we do not show the results in figures.

4. Conclusions

[20] The absorption cross section of 446 calculated using
a computationally simple time-independent treatment with
small adjustments for the position of the peak and its
amplitude is in reasonable agreement with the broad enve-
lope of the cross section in experiments. (Compared with

the wave packet propagation method, the current method
requires less computational resources. Both methods depend
heavily on accurate transition dipole moment and potential
energy surfaces of the electronic ground and excited states,
which is not a simple task.) The required computations are
similar to that in our previous treatment [Prakash et al.,
2005] but there are several improvements in the calcula-
tions, including the effect of NN stretching and avoiding the
need for an empirical broadening parameter. There is a
reasonable agreement in the wavelength-dependent fractio-
nations of the isotopomers. The 2A0 excited state dominates
both the absorption cross section and fractionation in the
N2O photodissociation.

Table 1. Intensity Factors of 446 in the Various Vibrational States

and the Ratio of Intensity Factors Between 446 and Other

Isotopomersa

000 001 002 010

2A0

446 7.561 16.58b 24.41c 8.1493
447/446 0.9934 0.9949 0.9954 0.9923
448/446 0.9880 0.9903 0.9915 0.9858
456/446 0.9708 0.9760 0.9788 0.9714
546/446 0.9923 0.9939 0.9944 0.9895
556/446 0.9637 0.9702 0.9739 0.9614

1A00

446 0.08755 0.1489b 0.1787c 0.1760
447/446 0.9831 0.9848 0.9856 0.9866
448/446 0.9684 0.9713 0.9729 0.9746
456/446 0.9710 0.9764 0.9813 0.9833
546/446 0.9948 0.9963 0.9973 0.9764
556/446 0.9662 0.9727 0.9788 0.9598

aThe vibrational quantum states are denoted as a three-digit number, such
as 001, in which the digits indicate the vibrational quantum number of n1,
n2, and n3, respectively. The vibrational frequencies of various isotopomers
are listed in Table 2. The unit of intensity factors is 10�3 (atomic unit)2.

bAn average value of two degenerate vibrational states.
cAn average value of three degenerate vibrational states.

Figure 6. Fractionation of (a) 447 and (b) 448. The calculated values are at 283 K.
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[21] The current method is useful for studying isotopic
fractionation in direct photodissociation systems when ac-
curate transition moment and potential energy surfaces are
available. However, other interesting photodissociation
reactions, such as ozone, CO2, and OCS, have a trapped
state before dissociation or involve more than one excited
states in the photodissociation process. In order to study
these more complicated photodissociation, further develop-
ments on the current theory are required. When the quantum
yield for dissociation is close to unity, then it is possible that
the present method can be adapted to these other systems.

Appendix A: Potential Energy Difference

[22] The potential difference in equation (1b) is expanded
as

Vf Rð Þ � Vi Rð Þ � Vf Gð Þ þ
1

2
kN2

rNN � rDð Þ2�r2
D

h i

� Vi Gð Þ �
1

2
kNN;NNr

2
NN �

1

2
kNO;NOr

2
NO � kNN;NOrNNrNO;

ðA1Þ

where rNN and rNO are the displacement of the NN and NO
distances, respectively, from the equilibrium at the electro-
nic ground state, and rD is the difference in the equilibrium
NN distance between N2 and N2O. Because in the excited
state the N2 formed a triple bond, and the NO coordinate is a
strongly repulsive one, the force constant corresponding to
the cross terms of rNN and rNO is assumed to be small
compared with these two dominate coordinates on the
excited state potential energy surfaces. A further detailed

calculation about this coupling on the excited potential
energy surface is needed to validate this assumption. In
equation (A1), G has the same meaning as R, but with the
displacement coordinate rNN = 0; The integration in
equation (1a) is more easily performed in normal coordi-
nates. The relation between internal and normal coordinates
satisfies R = LQ, where L is a matrix composed of
eigenvectors of the GF matrix [Wilson et al., 1955]. The G
and F matrices of N2O are given in Appendix B. The
potential difference is rewritten as

Vf Rð Þ � Vi Rð Þ ¼ Vf Qð Þ � Vi Qð Þ

� Vf 0;L2;iqi;L3;3q3
� �

þ
1

2
kN2

L1;iqi � rD
� �2

�r2
D

h i

� Vi 0; L2;iqi;L3;3q3
� �

�
1

2
w2
1 q21 � L�1

1;2L2;iqi


 �2
	 


�
1

2
w2
2 q22 � L�1

2;2L2;iqi


 �2
	 


; ðA2Þ

where
P2

i¼1 Lj,iqi are abbreviated as Lj,iqi, and Li,j and Li,j
�1

are the (ith, jth) elements of the matrices L and L
�1,

respectively.
[23] A treatment of the NN distance contribution to the

vibration is in one sense different from that of the NO
coordinate. Unlike the NO coordinate it is not a dissociative
one. However, because of the difference in the NN contri-
bution to the two potential energy functions Vf and Vi in the
two electronic states, and the coupling of the motion to the
NO coordinate, the NN coordinate is not a bystander, even
though the product is formed primarily in the N2 ground
vibrational state, and N2O is a almost entirely in the lowest
NN stretching vibrational state before illumination. For
simplicity, we have used the simple Frank-Condon assump-
tion given above and used successfully earlier by Cheng et
al. [1997] and Eberhard et al. [1998] in the studies of the
vertical ionization energy (rather than an absorption spec-
trum). The molecules studied in the neutral and cation state
have the same chemical formula (except for the charge of
the state), although their equilibrium geometries are slightly
different. However, ultimately the model should be com-
pared with more rigorous treatment. The present method
recognizes a distortion that occurs in the NN vibration, due
to differences in Vf (R) and Vi(R) for that coordinate, and so
by this distortion transiently stores energy in that coordinate
and so broadens the absorption spectrum.

Appendix B: GG and FFF Matrices

[24] The G and F matrices of N1N2O are defined as
[Wilson et al., 1955]

G ¼

1

mN1

þ
1

mN2

�1

mN2

0

�1

mN2

1

mN2

þ
1

mO

0

0 0
1

mN1 r
eq
NN

� �2
þ

1

mN2

1

r
eq
NN

þ
1

r
eq
NO

� �2

þ
1

mO r
eq
NO

� �2

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

; ðB1Þ

F ¼
kNN;NN kNN;NO 0

kNN;NO kNO;NO 0

0 0 kq;q

0

@

1

A

: ðB2Þ

The mass of each isotope are available from Lide [2004].
The equilibrium NN and NO distance for N2O is 1.1273 and
1.1851 Å, respectively, which are obtained experimentally
by Teffo and Chédin [1989]. The force constants of the F
matrix are given in Appendix C. The L matrix is obtained
by solving the eigenvectors of the GF matrix.

Appendix C: Properties of Isotopomers

[25] This appendix provides the parameters used for
obtaining the absorption cross section of various iso-
topomers. The mass of each isotope are available from Lide
[2004]. The equilibrium bond length for N2 is 1.09768 Å
(http://webbook.nist.gov/cgi/cbook.cgi?Formula=n2&
NoIon=on&Units=SI&cDI=on). The force constant in the
ground state kN2 is 22.948 aJ/Å2. The force constants for
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N2O are kNN,NN = 17.655 aJ/Å2; kNO,NO = 11.559 aJ/Å2;
kNN,NO = 1.260 aJ/Å2; and kq,q = 0.649 aJ/rad2 [Csaszar,
1994]. The force constants are calculated by fitting the
experimental vibrational frequencies of various N2O iso-
topomers. The difference between calculated and experi-
mental frequencies, as shown in Table A1, are smaller than
±3.7 cm�1 in the two stretching modes and ±0.3 cm�1 in the
bending mode. The force constants used in the present work
are slightly different from the experimental values obtained
by Teffo and Chédin [1989], used in our previous work
[Prakash et al., 2005].

[26] Acknowledgment. It is a pleasure to acknowledge the support of
this research by the National Science Foundation.
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Chapter 5

Isotopomer Fractionation in the UV Photolysis of N2O:

3. 3D Ab Initio Surfaces and Anharmonic Effects

[This chapter prepared for the Journal of Geophysical Research-Atmospheres.]
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Abstract

The results for the wavelength-dependent isotopic fractionation of N2O are calculated extending

our previous work1 in several aspects. The vibrational wavefunctions with anharminicity correc-

tion for the ground electronic state are obtained by the variational method. Three-dimensional ab

initio electronic potential and transition dipole moment surfaces calculated by S. Nanbu and M.

S. Johnson2 are used in calculating the absorption cross sections. The results for the absorption

spectrum and for the isotopic fractionation are discussed. Differences between experiments mea-

suring the absorption coefficient3 and all others, which measured instead the isotopic composition

of the remaining reactants of the photodissociation are discussed and predictions are made for

further experiments on the quantum yield for wavelengths longer than 200 nm for the 447 and 448

isotopomers.
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I. INTRODUCTION

The photolysis of N2O has been extensively studied in the literature, summarized in Parts

1 and 2.
1,4

In those studies, the results of the vibrational analysis were used to calculate

the vibrational wavefunctions in the ground state and, using the multidimensional reflection

principle,
5,6

to calculate the absorption spectrum and the isotopic fractionation as a function

of wavelength. In the present paper, the method of Part 2 is extended by including the

anharmonicity of the ground electronic state, resulting in vibrational wavefunctions with

corrections calculated via the variational method. The 3-dimensional ab initio electronic

potential and transition dipole moment surfaces calculated by Nanbu and Johnson
2

are

used. The present treatment improves the calculated absorption cross section in the low

energy region (<48,000 cm
−1

) and the wavenumber dependence in photolysis fractionations.

II. THEORY

A. Absorption Cross Section

The theoretical procedure used to obtain absorption cross sections for the N2O iso-

topomers is similar to that described previously by Chen et al.,
1

but with the additions

described below. UV photolysis of N2O in the given spectral region of interest is essentially

a direct dissociation, since the absorption spectrum is a broad envelope with a only weak

structure superimposed. Thereby, as before, the time-dependent expression for the absorp-

tion cross section can be rewritten in a time-independent form using the reflection principle

in conjunction with the Franck-Condon principle.
5,6

The absorption cross section σ is given
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as

σfn(ω) =
πω

h̄ε0c

1

2π

∫

∞

−∞

dt〈Ψn|~µ†

fi
e
−iHf t/h̄~µfi|Ψn〉e

i(ω+Ei/h̄)t

≈

πω

3ε0c

∫

dQ |Ψn(Q)|
2
|~µfi(R)|

2 δ (h̄ω − Vf (R) + Vi(R))

≈

πω

3ε0c

∫

dq1 . . . dqN−1 |Ψn(Q)|
2
|~µfi(Q)|

2 /∆S(ω), (1)

where a change in slope ∆S(ω) of the potential energy difference at ω is given by

∆S(ω) = (∂[Vi(Q) − Vf (Q)]/∂qN)
qω

N

. (2)

In equations (1) and (2),
1 R and Q denote internal and normal coordinates, respectively.

The relation between internal and normal coordinates satisfies R=L Q, where L is a matrix

composed of eigenvectors of the G F matrix.
7

The G - and F -matrices of N2O are given in

appendix A. ~µfi(R) is the vector of the transition dipole moment function for a transition

between the ground and the excited electronic states i and f , respectively, Vi(Q) and Vf (Q)

denote their potential energy surfaces, and qN is the repulsive coordinate in the excited state

f , along which dissociation occurs, while qω

N
in equation (2) is the value of qN where h̄ω

equals the vertical potential energy difference of the two electronic states:

h̄ω = Vf (q1, . . . , qN−1, q
ω

N
) − Vi(q1, . . . , qN−1, q

ω

N
), (2)

The best currently available 3-dimensional ab initio potential energy (Vi(R) and Vf (R)),

and transition dipole moment (~µfi(R)) surfaces appear to be those of Nanbu and Johnson.
2

These surfaces are given in terms of mass-dependent Jacobi coordinates that is varied in all

degrees of freedom, instead of surfaces with fixed NN distance in our previous treatment.
1

At the ground electronic surfaces obtained by fitting the Nanbu and Johnosn results,
2

the
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equilibrium NN and NO distance of N2O is 1.1345 and 1.189 Å, respectively. Both lengths

are slightly longer than experimental results, as listed in appendix A. The whole surface is

shifted slightly on both bonds to correspond with the experimental results, which are used

to obtain the vibrational wavefunctions Ψn(Q) in equation (1).

In the present calculation of the absorption cross section, the effect of vibrational an-

harmonicity in the ground electronic state i is included using a variational method for the

vibrational wavefunctions Ψn(Q) (section II B), instead of harmonic vibrational wavefunc-

tions used previously in Chen et al.
1

Although anharmonicity has little effect on the total

absorption cross section near the peak region, it does affect the absorption cross section in

the low energy region and the wavelength dependence in the fractionation there.

The total absorption cross section for any absorption frequency ω is temperature de-

pendent, due to the dependence of the individual σfn(ω) on the initial vibrational state

n and thermal excitation of each vibrational states. The total absorption cross section at

temperature T is given by

σtotal(ω, T ) =
∑

f,n

σfn(ω) exp

(

−(En − E0)

kBT

)

/Qvib(T ), (3)

where Qvib(T ) is the partition function of the vibrations in the ground electronic state,

and En and E0 are the vibrational energy of the vibrational state n and zero-point energy,

respectively. An anharmonic effect on En is also included using the variational method.

The vibrational states, n, with energy below 1500 cm
−1

above the zero-point energy are

included. It thus involves the ground state, the first vibrationally excited state of NO

stretching, and the first and second excited states of the N2O bending. Since the N2O is
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linear in the electronic ground state, its bending vibration is doubly degenerate, as discussed

in Prakash et al.
4

The present calculation for the total absorption cross section of N2O

includes excitation from the ground electronic state to the first excited state, 2A’ (1∆),

since the second excited state, 1A” (1Σ
−

), has little effect on the absorption cross section

and fractionation, as discussed in Chen et al.
1

B. Variational Method

As mentioned in the above section, the variational method is used to obtain the vibra-

tional wavefunctions Ψn(Q) with the anharmonicity correction in equation (1). The trial

functions are a linear combination of the harmonic wavefunctions, such as

Ψn(Q) =
∑

m

cn,mΦ
(0)

m
(Q), (4)

where Φ
(0)

m
(Q) are the normalized harmonic wavefunctions of three modes and are given in

appendix B. The cn,m coefficients are obtained by the eigenvectors of the secular determinate.

Since an orthonormal basis set is used, the secular determinate is

∣
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∣

∣

∣
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∣

∣
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

H1,1 − E H1,2 · · · H1,n

H2,1 H2,2 − E · · · H2,n

...
...

. . .
...

Hn,1 Hn,2 · · · Hn,n − E

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0, (5)

where Hi,j = 〈Φ
(0)

i |H|Φ
(0)

j 〉. The Hamiltonian H includes the harmonic vibrational operator

and all potential terms higher than the quadratic.
8

The jth eigenvalue of equation (5)

corresponds the vibrational energy Ej of the Ψj state. In the present article, the basis set
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in the variational method includes six harmonic wavefunctions for each stretching vibration,

and four nondegenerate ones for the bending vibration (i.e. 144 harmonic wavefunctions in

the orthonormal basis set).

C. Calculated Fractionation

The expression for the photodissociation rate at energy h̄ω in equation (1) depends upon

three factors: the total absorption cross section σtotal(ω) in equation (3), the photon flux,

and the quantum yield of the photodissociation. The fractionation ε(ω) of one isotopomer

relative to another due to a direct photodissociation reaction can be defined as the ratio

of photodissociation rates. When the upper state is dissociative, the quantum yield equals

unity for all the isotopomers. The fractionation ε(ω) can then be expressed in terms of the

ratio of total absorption cross sections,

ε(ω) =

[

σ′

total
(ω)

σtotal(ω)
− 1

]

× 1000 h. (6)

III. RESULTS

A. Absorption Cross Section

The current extensions of the absorption cross section calculation contain the use of (i)

a 3-dimensional ab initio electronic potential and transition dipole moment surfaces,
2

and

(ii) variational vibrational wavefunctions that describe the anharmonicity of the ground

electronic state (section II B). The energy difference between the ground and first-excited

vibrational states of each modes obtained by the variational method is shown Table I. Using
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TABLE I: The calculated and experimental energy difference between the ground and first-excited

vibrational states in each normal mode of various isotopomers. The unit is cm−1.

ν̄1 ν̄
expt.

1

19
ν̄2 ν̄

expt.

2

20,21
ν̄3 ν̄

expt.

3

22

446 2222.327 2223.757 1284.932 1284.903 588.356 588.768

447 2218.686 2220.074 1264.698 1264.704 585.962 586.362

448 2215.366 2216.711 1246.833 1246.885 583.836 584.225

456 2176.213 2177.657 1280.409 1280.354 575.027 575.434

546 2200.233 2201.605 1269.923 1269.892 584.915 585.312

556 2153.335 2154.726 1265.381 1265.334 571.501 571.894
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 Harmonic WF, 298 K
 Chen et al. 2008, 298 K

FIG. 1: Absorption cross section of 14N14N16O. The red line is the current calculation result.

The calculation results are rescaled and shifted to overlap with experimental data at the longer

wavelength region.



82

these values of vibrational energy, the calculated absorption cross section with perturbation

treatment of the most abundant isotopomer, 446, is shown in Figure 1. The improvement

in absorption cross section due to the variational method and the 3-dimensional ab initio

surfaces is best seen in Figure 2 at the red side of the absorption band.

B. Fractionation

Using equation (6) with the absorption cross section of various isotopomers, the

wavelength-dependent fractionation of isotopomers 546, 556, and 456 calculated relative to

the most abundant isotopomer 446 is shown in Figures 3–5. The calculated fractionations

447 and 448 relative to 446 at 283 K is given in Figure 6.

IV. DISCUSSION

A. Comparison with Experimental Absorption Cross Section

Without any adjustable parameters, the vibrational energy difference obtained by the

variational method of the anharmonicity is in reasonable agreement with experiment (the

difference is smaller than 1.5 cm
−1

in all modes), as seen in Table I. Some of these values are

used in equation (3) to obtain the total absorption cross section at various temperatures.

For these comparisons with the experimental spectrum at the long wavelength region

(180 to 220 nm) where the isotopic fractionation is of most interest, the calculated peak

is redshifted by 800 cm
−1

and in amplitude rescaled by a factor of 1.59. As mentioned in

Chen et al.,
1

the need for the shift arises from a small error in the absolute energy difference
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FIG. 2: Absorption cross section of 14N14N16Oat the lower wavenumber region.
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FIG. 3: Fractionation of 546 calculated at 233 and 283 K.
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FIG. 4: Fractionation of 556 calculated at 233 and 283 K.
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FIG. 5: Fractionation of 456 calculated at 233 and 283 K.



87

�
�

�
�

�
�

�
�

�
�

�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
��

�
�

�
�

�
�

�
�

�
�

�
�

�
�

 

 

  (
a)

  4
47

/4
46

 V
ar

ia
tio

na
l M

et
ho

d
 R

öc
km

an
n 

et
 a

l.,
 2

00
1

Fractionation / per mil

W
av

en
um

be
r 

/ 1
03  c

m
�
1

 

 

  (
b

) 
 4

48
/4

46
 V

at
ia

tio
na

l M
et

ho
d

 T
ur

at
ti 

et
 a

l.,
 2

00
0

 R
öc

km
an

n 
et

 a
l.,

 2
00

0
 R

öc
km

an
n 

et
 a

l.,
 2

00
1

 K
ai

se
r 

et
 a

l.,
 2

00
3

W
av

en
um

be
r 

/ 1
03  c

m
�
1

F
IG

.
6
:

F
ra

ct
io

n
a
ti

o
n

o
f
4
4
7

(a
)

a
n
d

4
4
8

(b
).

T
h
e

ca
lc

u
la

te
d

va
lu

es
a
re

a
t

2
8
3

K
.



88

between the energy of ground and excited electronic states, common in ab initio calculations.

Such differences are indeed expected. A rescaling in height is also reasonable since the ab

initio calculation of the transition dipole moment ~µfi is expected to have some error.
9,10

However, the rescaled amplitude factor at the absorption maximum has no effect on the

isotopic fractionations since the factor cancels in equation (6). The total absorption cross

sections for other isotopomers are calculated similarly, using the same shift in the peak

position as that for 446, since the energy difference between potential energy surfaces is

independent of isotopic substitution. The red shifting of the absorption maximum also has

a minor effect on the isotopic fractionations.

B. Comparison Between Calculated Absorption Cross Section

In order to test the convergence of the basis set in the variational method, a larger basis

set is used to calculate the vibrational wavefunctions in the most abounded isotopomer, 446.

The basis set includes eight harmonic wavefunctions for each stretching vibrations, and six

nondegenerate ones for the bending vibration. There are 384 orthonormal wavefunctions in

the basis set. After rescaled by 1.59 and redshifted by 800 cm
−1

, there is negligible difference

(<0.3%) in the absorption cross section between the larger and smaller basis sets. Therefore,

the smaller basis set is also expected to give accurate fractionations.

The absorption cross section obtained by using ab initio 3-dimensional surfaces with har-

monic wavefunctions are also shown in Figures 1–2. Its rescaled and redshifted parameters

are 1.56 and 900 cm
−1

, respectively. Compared with the absorption cross section obtained

by the variational wavefunctions, both give comparable results near peak region, but at the
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low energy region the harmonic treatment is higher than the variational one, which is closer

to experiments,
3,11

as seen in Figure 2.

In Chen et al.
1

the absorption cross section is obtained by using harmonic wavefunctions

and approximated 3-dimensional surfaces, which assumes that the NN acts as a spectator

in photolysis. Although both harmonic treatments give comparable absorption cross section

with experimental values for the long wavelength region, as shown in Figure 1, the treatment

with 3-dimensional ab initio surfaces gives a significant improvement in the lower energy

region, as seen in Figure 2.

C. Experimental Fractionation

In the literature, there are two ways to obtain the experimental wavelength-dependent

fractionation. One is by directly measuring the residual N2O after photolysis at various

wavelengths, such as references 12–16. The other measured the relative absorption cross

section between isotopomers at various wavelengths, such as reference 3. If the quantum

yield were unity at the wavelengths involved, the two types would be the same; then the

ratios of photolysis rates and absorption cross sections between isotopomers should be equal.

Near the maximum of the absorption cross section, the experimental quantum yield is almost

unity.
12

However, in the longer wavelength region, where fractionation is also of interest, the

quantum yield may be slightly different between isotopomers if other processes compete

because of the smaller internal energy available for direct dissociation. It may be the reason

that the fractionation absorption spectrum of 456 and 546 obtained by von Hessberg et al.
3

are lower than other experimental reaction yield fractionation
13–17

at the longer wavelengths.
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D. Fractionation

The wavelength-dependent fractionation of isotopomers 546, 556, and 456 calculated rel-

ative to the most abundant isotopomer 446 is shown in Figures 3–5. The two types of

experimental results are seen to agree with each other and with the calculation for wave-

lengths longer than 200 nm. For shorter wavelengths, there is a divergence between the two

types of experiments,
3,13–17

perhaps for the reason given in the above Section IV C.

Compared with the calculated fractionations in Chen et al.,
1

the current fractionations

with the variational method and ab initio 3-dimensional surfaces show a much improved

agreement for 546 and marginal improvement for 556 in the all the energy region, but

slightly worse for 456 at energy lower than 50,000 cm
−1

. The calculated fractionation for

546, 556 and 456 obtained by using the harmonic wavefunctions are also shown in Figures 3–

5. The harmonic treatment gives smaller values of fractionation than the variational one,

especially at lower energy region. The variational treatment gives a better agreement with

the von Hessberg et al. experiment in all energy region.
3

The calculated fractionation for 447 and 448 relative to 446 at 283 K is given in Figure 6.

At wavelength shorter than 200 nm, both calculational results agree with experiments.

There are experimental data for 448 available at longer wavelength. However, the calculated

value of the fractionation tends to be larger than experiments, similar to 546 and 456. No

absorption spectral data appear to be available for 447 and 448. It would be interesting to

measure this wavelength-dependent fractionation of oxygen isotopomers using von Hessberg

et al. method.
3

It would also be useful to determine the quantum yields of photodissociation
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at wavelength longer than 200 nm, as noted earlier.

The NN-stretching was treated as a spectator in the Chen et al. study,
1

and as an active

participant in the present calculation. The current results shows that a more accurate

treatment. Compared with fractionation of isotopomers, the sensitivity of the calculated

fractionation to changes in the wavelength is 556 > 456 > 448 ? 546 ? 447, which is similar

to the experiments.
3,13–17

V. CONCLUSIONS

Building on the previous treatment,
1,4

the current calculations now include 3-dimensional

ab initio surfaces, and the anharmonicity of the ground electronic potential in the vibra-

tional wavefunctions by the variational method. Compared with the von Hessberg et al.

experiment,
3

these improvements in the current theory give improved agreement in the ab-

sorption cross section at lower energy region, and notable improvement in fractionation for

the 546 isotopomers but marginal changes for 556 and 456.

Quantum yield measurements for wavelength longer than 200 nm, as well as measure-

ments of the relative absorption spectrum between 447/448 and 446 would be useful to

understand the difference between the absorption spectra and product yield experimental

results.
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APPENDIX A: THE G - AND F -MATRICES

The G - and F -matrices of N
1
N

2
O are defined as

7

G =























1

mN1
+

1

mN2

−1

mN2
0

−1

mN2

1

mN2
+

1

mO
0

0 0
1

mN1 (r
eq

NN )2
+

1

mN2

(

1

r
eq

NN
+

1

r
eq

NO

)

2

+
1

mO (r
eq

NO )2























, (A1)

F =























kNN ,NN kNN ,NO 0

kNN ,NO kNO ,NO 0

0 0 kθ,θ























. (A2)

The mass of each isotope is available from the CRC Handbook.
18

The equilibrium NN and

NO distances for N2O are 1.1273 and 1.1851 Å, respectively, which have been obtained

in the literature by minimum residual fitting of the rotational and vibrational spectrum of

various isotopomer Teffo and Chédin.
8

The force constants for N2O in equation (A2) are:

kNN ,NN = 18.251 aJ/Å
2
; kNO ,NO = 11.959 aJ/Å

2
; kNN ,NO = 1.028 aJ/Å

2
; and kθ,θ = 0.6659

aJ/rad
2
.
8

The L -matrix is obtained by solving the eigenvectors of the G F -matrix Wilson

et al.
7



93

APPENDIX B: HARMONIC VIBRATION WAVEFUNCTIONS

For symmetric and asymmetric stretching, the normalized vibrational wavefunctions are

given by

φνi
=

1

(2νiνi!)
1/2

(

αi

π

)

1/4

Hνi

(

α
1/2

i qi

)

exp

(

−αiq
2

i
/2

)

, (B1)

where αi = ωi/h̄.

The subscript i equals 1 and 2 for symmetric and asymmetric stretching, respectively. νi

is the vibrational quantum number. The parameters ωi and qi are the vibrational angular

frequency and the normal mode coordinate. Hνi
(α

1/2

i qi) is the Hermite polynomials. The

corresponding vibrational energy for φνi
is Eνi

= 2π(νi + 1/2)hωi.

Since the equilibrium structure of N2O at the ground electronic state is linear, the nor-

malized wavefunctions of degenerated harmonic are given by

φν3,l =





α3

π

(

ν3−|l|

2

)

!
(

ν3+|l|

2

)

!





1/2

(

α3q
2

3

)

|l|/2

eilξLl
ν3−|l|

2

(

α3q
2

3

)

exp

(

−α3q
2

3
/2

)

, (B2)

where α3 = ω3/h̄, and l = ν3, ν3 − 2, ν3 − 4, . . . , −ν3,

where ξ is an phase angle in the wavefunction, and ω3 and q3 are the vibrational angular

frequency and the normal mode coordinate for the bending vibration. The quantum numbers

ν3 and l are the vibrational and angular quantum numbers, respectively. Ll

n
(α3q

2

3
) is the

Laguerre polynomials. The corresponding vibrational energy is Eν3 = 2π(ν3 + 1)hω3.

The unperturbed wavefunction Φ
(0)

n
and energy E(0)

n
can be expressed as

Φ
(0)

n
= Φ

(0)

(ν1,ν2,ν3,l)
= φν1φν2φν3,l, (B3)

E(0)

n
= E

(0)

(ν1,ν2,ν3,l)
= 2πh[(ν1 + 1/2)ω1 + (ν2 + 1/2)ω2 + (ν3 + 1)ω3]. (B4)
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Chapter 6

Slopes of Multi-Element Isotope Plots of Fractionation in

Photolysis of N2O: A Mass-Dependent Theory for

Isotopomers Where Two Effective Masses Contribute

[This chapter prepared for the Journal of Chemical Physics.]
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Abstract

A single effective mass usually serves to determine the slope of a multielement isotope plot

and to yield approximate agreement between the experimental data and a “mass-dependent”

fractionation. The data typically treated are for reactions that involve with little change in total

“bond order,” one bond broken and another formed. Instead, we treat a photolytic dissociation

where the total bond order changes. In the present instance of the photolytic dissociation

of N2O, the computational and experimental results largely agree, but two effective masses

are needed to understand intuitively the slopes of the multielement isotope plots, which range

from 0.47 to 3.28. A linear combination of the main coordinates for the dissociation provides

agreement with these numerical slopes. For the particular case of a multielement isotope plot

of 448 vs 447 (which is also a usual three-isotope plot), the two-effective mass result reduces to

the usual single mass case, so explaining why the slope value is ∼0.5 in this case. The present

theory also agrees with the experimental slopes in multielement isotope plots.
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I. INTRODUCTION

Customarily, isotopic fractionation plots in the literature are those in which for some

series of samples the isotopic enrichment of one isotope is plotted vs that of another, such

as
17

O/
16

O vs
18

O/
16

O.
1–3

The slope of the plot is then compared with theory, particularly

the well-known Bigeleisen-Mayer theory.
4

Other examples of such plots include those for

the sulfur isotopes, and many others.
5,6

Recently, a related but different kind of fractionation plot has appeared in the liter-

ature, one in which the isotopic fractionation of one element is plotted versus that of

another, e.g. Park et al.,
7

Bindeman et al.,
8
, and Sturchio et al.

9
In one of these mul-

tielement isotope plots, the enrichment in an N isotope was plotted versus that for an

O isotope.
7

In another case, the enrichment in S and O isotopes of volcanogenic sul-

fate aerosols was studied.
8

In the other case, the Cl and O isotopic fractionation due

to biodegradation of perchlorate was plotted.
9

In the present paper, we explore multiele-

ment isotope fractionation plots and for concreteness focus on such a plot for a particular

system, N2O photolysis.

The photolysis of N2O has been extensively studied in the literature, summarized in

Part 1−3.
10–12

Prakash et al. also used a first-order expansion analysis to gain insight into

the consequences of the theoretical expression for the slope of the oxygen three-isotope

plot in photolytic fractionation of N2O.
13

The slope obtained by a first-order analysis for

the oxygen mass-dependent effect agreed well with that obtained in detailed computations.

In the present article, a first-order analysis similar to that used for the previous result,
13
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but extended to other isotopomers is used. Previously 447 and 448 were measured relative

to 446 and plotted as the usual three-isotope plot. Only the O isotope was varied.

Now the N atoms are also varied yielding a “multielement” isotope fractionation plot.

multielement isotope fractionation plots have appeared in the literature in Park et al.,
7

Bindeman et al.,
8
, and Sturchio et al.

9
The slopes of multielement isotope plots in the

photolysis of N2O vary from 0.47 to 3.28. We find that a simple single reduced mass

no longer suffices to understand the theoretical results. All normal coordinates are now

affected in the additional isotopomers in which the central N is varied. The experimental

slopes in the multielement isotope plots are very close to the results obtained by the

present first-order expansion analysis using reduced masses. To understand the detailed

results of the numerical calculations of the slope of the multielement isotope plots for

different isotopomers, we consider the physical nature of the photolysis coordinates of

the photodissociation of N2O and give an approximate theoretical expression of the mass

effect in the multielement isotope fractionation plots.

II. THEORY

A. Absorption Cross Section

The theoretical procedure used to obtain absorption cross sections for the N2O iso-

topomers was described previously,
12

and is briefly summarized here. UV photolysis of

N2O is essentially a direct dissociation, since the absorption spectrum is a broad envelope

with a only weak structure superimposed. Thereby, the absorption cross section can be
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obtained using the multidimensional reflection principle.
14,15

The absorption cross section

σ is given by
11

σfñ(ω) =
πω

h̄ε0c

1

2π

∫

∞

−∞

dt〈Ψñ|~µ
†

fi
e
−iHf t/h̄~µfi|Ψñ〉e

i(ω+Ei/h̄)t

≈

πω

3ε0c

∫

dQ |Ψñ(Q)|
2
|~µfi(R)|

2 δ (h̄ω − Vf (R) + Vi(R)) (1)

where R and Q denote internal and normal coordinates, respectively. The transition

dipole moment function ~µfi(Q) is a transition between the ground and the excited elec-

tronic states i and f , respectively. The difference of potential energy surfaces between the

electronic excited and ground states is denoted as Vf (Q)−Vi(Q). The probability density

of the initial nuclear vibrational state ñ in the ground electronic state i is |Ψñ(Q)|
2
dQ.

B. Fractionation

Different isotopomers have the same potential energy function but differ in their nor-

mal mode frequencies and normal coordinates, and thereby differ in the width of the

electronic ground state wave function, Ψñ(Q). Accordingly, they have different absorp-

tion cross sections at any wavelength, leading to a fractionation of the isotopomers by

photodissociation, particularly in the wings of the absorption band. The photodissocia-

tion rate J(ω) of a molecule is given as

J(ω) = σtotal(ω)I(ω)φ(ω), (2)

where I(ω) is the photo flux at frequency ω and φ(ω) is the quantum yield of the reaction

at that ω. The quantum yield φ(ω) is assumed to be unity in the photolysis of N2O
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due to the direct or nearly-direct nature of the photodissociation. The total absorption

cross-section σtotal(ω) is obtained by adding the contributions at ω from all vibrational

states in the electronic ground state, weighted by their thermal populations according to

the Boltzmann distribution. The fractionation factor is dependent upon the ratio of the

photolysis rates for the isotopomers A′
and A and is written as

εA′

A
=

JA′(ω)

JA(ω)
− 1 =

σA′

total
(ω)

σA
total

(ω)
− 1. (3)

In a multielement isotope plot the ε value of one isotopomer is plotted versus that of

another, both relative to the same isotopomer.

C. A First Order Analysis of Mass Dependence

In the present paper, we extend the first-order expansion for the slope of the oxygen

three-isotope plot
13

to a more general case. ~µfi(R) and Vf (R) in equation (1) are indepen-

dent of isotopic substitutions since R is mass independent. We recall that |Ψn(Q)|
2
dQ is

mass dependent because the Q are the normal coordinates of a isotopomer and they are

mass dependent. A Taylor series expansion of the total absorption cross section, σtotal, is

used to the first order. If the reduced mass µi of the coordinate xi in the X coordinate

space is changed due to isotopic substitution, the first order expansion treatment for the

entire expression of the cross section involves the first order difference in reciprocal masses

∆(µi) = µA′

i
− µA

i
for the two isotopomers, A and A′

:

σA′

total
(ω) ≈ σA

total
(ω) +

∑

i

∂σA

total
(ω)

∂µi

∆(µi). (4)
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According to the physical properties of photodissociation of N2O, in which the N2 bond

length changes only slightly as a result of the photolysis, there are two different reduced

masses crucial in the fractionation. Since the photoabsorption is promoted by the bending

modes and since the asymmetric stretching mode of N2O leads to the photolysis products

N2 and O, both motions are important in the dissociation. They can be described in terms

of two reduced masses, one being that of the oxygen atom and the nitrogen molecule, and

the second being the oxygen atom and the nitrogen atom to which it is bonded, since the

NN bond length is not very different in N2O and N2. The µk that is the best choice to

represent this photodissociation is some linear combination of the two reduced masses of

the above two coordinates for a molecule labeled as N
1
N

2
O, 1/µ1 = 1/(mN1+mN2)+1/mO

and 1/µ2 = 1/mN2 + 1/mO .

With this assumption that some linear combination of the µis in equation (4), denoted

by µk, the absorption cross section becomes

σA′

total
(ω) ≈ σA

total
(ω) +

∂σA

total
(ω)

∂µk

∆(µk). (5)

Thus, the slope β of the εA′′

A
vs εA′

A
plot based on the above first-order expansion is obtained

as

β =
µA′′

k
− µA

k

µA′

k
− µA

k

, (6)

where A usually is the isotopomer with the most abundant isotopes, the A′
and A′′

isotopomers have isotope substitution on the same element. If there are substitutions on

different elements, an experience factor fN

O
should be included since the linear combination

of µ1 and µ2 would overemphasize the contribution from oxygen. The more general form
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of equation (6) is

β = fN

O

µA′′

k
− µA

k

µA′

k
− µA

k

, (7)

where the A′
and A′′

isotopomers have isotope substitution at oxygen and nitrogen, re-

spectively, and the current fitted fN

O
value is 5.2 in the N2O phtolysis. And so the ratio

of the relative difference of the reduced masses µks of isotopomers in equations (6) and

(7) appears as a slope in each multielement isotope plot.

III. RESULTS AND DSCUSSION

A. Slopes of multielement Isotope Plots of Fractionation

The purpose of the present article is to understand the slopes for the different compar-

isons of isopotomers, given by the detailed computations in Chen et al.
12

To the tend the

approximate perturbation model descried earlier is used.
13

The calculated slopes of a mul-

tielement isotope plots for various isotopomers are given in Table I, where the subscript

446 is omitted, the fractionation obtained by the ratio of the absorption cross-section

relative to that for this most abundant isotopomer of N2O. They are compared there

with the detailed computational results of Chen et al.
12

We use weighting factors, 91% and 9%, respectively, to obtain best agreement with the

results of the numerical calculations, µk = 0.91µ1 + 0.09µ2. Presumably the derivation of

µ1 here is because the process is mainly a dissociation into N2+O, while the µ2 reflects

a torque acting on the N
2

due to the large bending angle of the excited N2O, as well as

in part the N2-O repulsion. The approximate slopes obtained using µk and equations (6)
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TABLE I: Calculated slopes of multielement isotope plots. The Pearson’s coefficient of the

linear regression of the theoretical calculations are better than 0.99.

Lin. Comb. Approx. 233 Ka 283 Ka 298 Ka

Isotope Substitution at a Single Element

ε
448 vs ε

447 0.512 0.537 0.538 0.539

ε
456 vs ε

546 0.826 0.820 0.829 0.844

ε
556 vs ε

456 0.559 0.568 0.570 0.572

ε
556 vs ε

546 0.461 0.471 0.474 0.481

Isotope Substitution at Both Elements

ε
448 vs ε

456 0.993 1.003 0.999 1.003

ε
448 vs ε

546 0.820 0.850 0.833 0.828

ε
448 vs ε

556 1.777 1.766 1.756 1.756

ε
447 vs ε

456 1.937 1.861 1.859 1.867

ε
447 vs ε

546 1.600 1.577 1.549 1.540

ε
447 vs ε

556 3.468 3.278 3.267 3.269

a The slope is obtained by fitting the result of numerical theory in reference 12.
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and (7) are seen in Table I to be very close to the linear fit of the detailed computational

results. They are also seen to be very different from the usual 0.5 slope for a fractionation

of an isotope with a mass unit difference compared with that for an isotope with two mass

units difference.

The use of two coordinates and their combination to describe the mass dependence in

a reaction appears to be novel although multielement isotope fractionation plots are given

in the literature, such as Park et al.,
7

Bindeman et al.,
8
, and Sturchio et al.

9
This case

of two effective masses is also closely related to a related reaction coordinate introduced

by Klippenstein in variational RRKM to find the transition state of a thermal barrierless

unimolecular dissociation reaction.
16

The best reaction coordinate to describe the system

was neither the length of the breaking bond (here N
2
-O) nor the distance between the

center of masses of the dissociation fragments (here, that of N
1
-N

2
and O), but rather

a linear combination of these two coordinates. The interpretation of the present results

for a dissociation invoking two coordinates and two effective masses may also apply to

multielement isotope plots for other direct photodissociations, but at this stage of their

interpretation would need to be examined on a case by case basis.

In the formation of N2 and O from N2O, both bending and asymmetric stretching

modes are directly involved in the reaction coordinate of photodissociation. The slopes

obtained by µk and by the reduced mass of each normal coordinate are compared in

Table II with the full theoretical results. Since the symmetric stretching mode has little

correlation with the dissociation reaction, its slopes gives strange values in all nitrogen

isotopomers (see Table II).
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TABLE II: Slopes of multielement isotope plots in isotopic nitrogen substituted istopomers.

The slopes obtained by linear combination method of reduced mass (µk) and normal coordinates

are compared with the full theoretical results.

Method ε
448 vs ε

447
ε
556 vs ε

456
ε
556 vs ε

546
ε
456 vs ε

546

Numerical Theorya 0.537 0.572 0.471 0.820

Lin. Comb. Approx. (µk) 0.512 0.559 0.461 0.826

Asymmetric Stretching 0.535 0.794 0.186 0.234

Symmetric Stretching 0.510 −0.033 1.042 −31.240

Bending 0.527 0.782 0.199 0.254

a The temperature is 233 K.
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B. Comparison with Experiments

A multielement isotope plots calculated by Chen et al.,
12

are shown in Fig. 1 for ε448

vs ε447
, in Fig. 2 for ε556

vs ε456
, in Fig. 3 for ε556

vs ε546
, and in Fig. 4 for ε456

vs ε546
.

All computational results show reasonable agreement with available experimental data in

laboratories.
17,18

They also give good agreement with the slopes of multielement isotope

plots calculated by a first-order approximation with the linear combinate coordinate, as

given in Table I.

However, the observations of the slopes of ε456
vs ε546

, ε448
vs ε456

, and ε448
vs ε546

in the stratosphere are listed in Table III.
7,19,20

. The slopes of ε456
vs ε546

, and ε448
vs

ε546
obtained by our linear combination approximation are within the values of some

experimental error. However, the linear combination approximation gives a significantly

smaller value in ε448
vs ε456

. This difference may be due to the anomalous mass effect

of N2O caused by other chemical reactions in troposphere and lower stratosphere, as

discussed by McLinden et al. using a global model.
21

C. Applied to Other Systems

The first-order expansion method with a linear combination of two effective reduced

masses give a successful approximation in the slopes of the multielement isotope plots in

the N2O photolysis. This method may be extended to other mass-dependent reactions

once the rate is dominated by a single rate-controlling step. For example, a multiele-

ment isotope plot of oxygen and chlorite isotopic fractionation is obtained by studying
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FIG. 1: Three-isotope plot of oxygen isotopologues of N2O in units of per mil. The experimental

data are from Röckmann et al.17 The linear regression slope of the numerical theory at 233 K

obtained by Chen et al.12 is 0.537.
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FIG. 2: multielement isotope plot of ε
556 vs ε

456 in units of per mil. The experimental data are

from von Hessberg et al.18 The linear regression slope of the numerical theory at 233 K obtained

by Chen et al.12 is 0.572.
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FIG. 3: multielement isotope plot of ε
556 vs ε

546 in units of per mil. The experimental data are

from von Hessberg et al.18 The linear regression slope of the numerical theory at 233 K obtained

by Chen et al.12 is 0.471.
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FIG. 4: multielement isotope plot of ε
456 vs ε

546 in units of per mil. The experimental data are

from von Hessberg et al.18 The linear regression slope of the numerical theory at 233 K obtained

by Chen et al.12 is 0.820.
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TABLE III: The slopes of multielement isotope plots. The number given in parentheses are the

values of 2σ uncertainties in experiments.

ε
456 vs ε

546
ε
448 vs ε

456
ε
448 vs ε

546

Lin. Comb. Approx. 0.826 0.993 0.820

Park et al.7

Photolysis 0.42 (±0.03) 1.55 (±0.06) 0.65 (±0.04)

< 200 ppbv SOLVEa 0.38 (±0.07) 1.70 (±0.07) 0.64 (±0.12)

< 200 ppbv POLARISIIb 0.56 (±0.27) 1.58 (±0.21) 0.82 (±0.29)

< 200 ppbv All 0.43 (±0.06) 1.65 (±0.06) 0.68 (±0.20)

> 200 ppbv All 0.38 (±0.14) 1.70 (±0.17) 0.53 (±0.22)

Toyoda et al.20 c

> 24.1 km 0.38 (±0.03) 1.66 (±0.13) 0.63 (±0.04)

< 24.1 km 0.38 (±0.13) 1.99 (±0.66) 0.77 (±0.34)

Röckmann et al.19 c

All 0.50 (±0.03) 1.54 (±0.07) 0.76 (±0.04)

> 200 ppbv 0.61 (±0.12) 1.51 (±0.24) 0.92 (±0.22)

a Stratospheric aerosol and gas experiment III Ozone Loss and Validation Experiment

(SOLVE).23

b Photochemistry of Ozone Loss in the Artic Region in Summer (POLARIS) mission from

April and September 1997.24

c The slopes shown here for the Toyoda et al.20 and Röckmann et al.19 data were calculated by

Park et al.7 from their original publications.
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the biodegradation of perchlorate.
9

The widely accepted pathway now of biological degra-

dation have been reported as follows: (i) perchlorate (ClO4
−

) is first reduced to chlorate

(ClO3
−

) and then to chlorite (ClO2
−

) by the perchlorate reductase, and (ii) the ClO2
−

then undergoes a disproportionation reaction catalyzed by the chlorite dismutase to yield

Cl
−

and O2.
22

However, the detailed mechanism at the molecular level is still absent. If

the rate-controlling step is the E1·OxCl-O ·E2→E1·OxCl+O ·E2 reaction (where E1 and E2

are the crucial parts of the enzyme binding with ClOx+1 and the charge state is omitted in

the reaction equation), two effective reduced mass to describe the mass-dependent proper-

ties of the reaction may be 1/µ1 = 1/mCl +1/mO and 1/µ2 = 1/mE1·OxCl +1/mO ·E2 . The

coefficient for the linear combination of µ1 and µ2 can be determined by the fractionation

experiments of oxygen or chlorine isotopic substitutions. The slope in the corresponding

multielement isotope plot may be estimated by using equation (7).

The observed enrichments in S and O isotopes of volcanogenic sulfate aerosols on the

multielement isotope plot by Bindeman et al.
8

are scattered too much to define a slope.

It may involves many independent reactions, which would make it very difficult to apply

the current method.

IV. CONCLUSIONS

Using a first-order expansion method with a newly defined photolysis reduced mass and

coordinate obtained by a linear combination, the slopes of the multielement isotope plots

are close to the theoretical detailed calculation of photodissociation fractionation of N2O,

and are similar to experimental results. The concept of photolysis coordinate defined by a
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linear combination of coordinates is a fruitful one in the present case and can be extended

to study the mass-dependent effect of other direct or nearly direct photodissociation

reactions or of other chemical reaction with a single rate-controlling step.
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Chapter 7

Photochemical Fractionation of N2O: A Comparison of

Theory and Laboratory Measurements

[This chapter submitted to Geophysical Research Letters.]
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Abstract 
 

Using the three-isotope plot formalism given in Prakash and Marcus,1 and in Chen and 

Marcus2 we compare the theory with the laboratory measurements. There is good 

agreement between the experimental and theoretical results for the fractionation for the 

limited data.  Plots are also given for the wavelength dependence of the ratio of the 

fractionations and are similarly compared with the available data. The contribution of 

photodissociation to the observed isotopic anomaly and the motivation for further 

wavelength dependent fractionation studies are discussed. 
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I.  Introduction 

 
Photodissociation of N2O and the isotopic fractionation introduced by it are of 

considerable atmospheric interest.3 Recently we published theoretical calculations of the 

absorption cross section of N2O.4,5 Detailed wavelength-dependent absorption cross 

sections of isotopologue 446 (abbreviated form for 14N14N16O) and wavelength-

dependent fractionation factors for the isotopologues 447, 448, 456, 546, 556 all relative 

to 446 were published in Prakash et al.4 and in Chen et al.5 In a separate article1 a three-

isotope plot for isotopologues 446, 447, 448 was given using these calculated 

fractionation values. In another article2 a three-isotope plot for various isotopologues, 

including 456, 546 and 556, was given using these calculated fractionation values. In 

these articles a perturbation theoretical method using reduced masses to estimate the 

slope for a nearly direct photodissociation process was also given, and it served to 

explain why the slope from the numerically calculated photochemical result agreed with 

the standard thermal result. In the present note we give a graphical comparison between 

available laboratory measurements, presently very sparse, of fractionation and of three-

isotope plots with plots based on fundamental physics-based theory, with an aim of 

stimulating further experiments. 

 

II.  Results 
 

In Chen et al.5 the time-independent multidimensional reflection principle was 

used to obtain the absorption cross section V of N2O as a function of wavelength O. 

Using V O� � , the wavelength-dependent fractionation factors such as H447 O� �  were 
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calculated from H447 O� � V 447 O� �/V 446 O� ��1.  When a broadband light source is used for 

excitation, the wavelength-dependent light source intensity was used as the weighting 

factor to obtain the averaged value of the fractionation factor.5 

 

In Prakash and Marcus1 a three-isotope plot for the isotopolgues 446, 447, 448 

was given using the fractionation values computed in Prakash et al.4 In Prakash and 

Marcus1 the data from the laboratory measurements of Röckmann et al.6 were not used 

for a reason given in footnote #30; namely that the error bar in the measurements of 447 

and 448 could add up to increase the uncertainty in the measurement of the ratio H447 /H448. 

However, the errors in the measurement of 447H  and H448 are usuall y correlated, (we thank 

Jan Kaiser for this point) thereby reducing the error bar on the ratio H447 /H448.  In this 

paper we compare the laboratory measurements of Röckmann et al.6 with the theoretical 

results given in Prakash and Marcus1 and Chen and Marcus.2 

 

Describing the fractionation measurement made in the closed system by a Rayleigh 

fractionation process the relation between the fractionation H447 and isotopic enrichment 

17G  is given by:7 

)1ln(ln 17
447 GH � y         (1) 

where y is the fraction of 446 remaining.  Using the values given in Table 1 of Röckmann 

et al.6 (see also Table 18 of reference 8) the fractionation factors are computed and 

tabulated in table 1.  These values are plotted in figure 1 along with the fractionation 

factors calculated at 298 K in Chen et al.5  It can be seen that the calculations are in good 

agreement with the measurements. 
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Table 1: Experimental fractionation factors from reference 6. 

Light 
Source 

O 
(nm) 

Conversion (y) 
(%) 

G
17 a 

 
G

18 a 

 
H447

 a 
 

H448
 a 

 
ArF laser 193.3 71.3% 3.7 7.2 í11.03 í21.21 

ArF laser 193.3 51.6% 7.7 15.2 í11.56 í22.80 

Sb lamp 185-225 57.6% 10.3 19.8 í18.57 í35.54 

Sb lamp 185-225 59.2% 9.4 18.2 í17.83 í34.40 

Sb lamp 185-225 29.1% 22.9 44.5 í18.33 í35.27 

a Unit is per mil. 

 

 

  

 

 

 
 
 

Figure 1: Three isotope plot of oxygen isotopologues of N2O in units of per mil. 
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In figure 1 the details of the wavelength dependence of the fractionations are not 

given but they are shown in figure 2. figure 2 is based on the following calculations of the 

individual values of fractionation factor for the wavelengths used in measurement. 

Corresponding to the ArF laser wavelength of 193.3 nm,6 the fractionation factors 

H447,H448� � obtained by calculation seen are (í8.85, í16.78). They may be compared with 

the two sets of measured values (í11.03, í21.21) and (í11.56, í22.80).6 For the Sb 

source, the averaged values of the fractionation factors were calculated as described in 

Chen et al.5 The calculated values of H447,H448� � are (í17.85, í33.84), and the measured 

values for three sets of measurements are (í18.57, í35.54), (í17.83, í 34.40), and 

(í18.33, í35.27). 

 

A second way of showing the wavelength dependence of the fractionation is by 

plotting the ratios )(/)( 448447 OHOH  and ))(1ln(/))(1ln( 448447 OHOH ��  as a function of O, 

as in figure 1 of Kaiser et al.7  These plots comparing the experimental data from 

Röckmann et al.6 to the detailed computations of Johnson et al.9 and Chen et al.5 are 

shown in the present figure 2. The ratios of fractionations predicted by the two theoretical 

models5,9 are nearly similar, as seen in figure 2. It should be noted that while the 

comparison of the fractionations of H447  and H448  by taking the ratio highlights the 

wavelength dependence, it can lead to problems with interpretation if a ratio close to the 

absorption maximum (182 nm) is taken, since H448 approaches zero there and is the 

reason for very high values of the ratio in that region. The plot of H447 vs. H448 has a small 

but finite intercept1,2 meaning that the zeros of H447 and H448 are slightly offset and so the 
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Figure 2: Wavelength dependence of isotopic fractionation H447  relative to H448 . 
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singularity in the ratio cannot be avoided by using the L'Hôpital's rule. In the former 

method of comparing the fractionations by making a three-isotope plot this complication 

is avoided, but the wavelength dependence is not explicit. These two methods–the three-

isotope plot and the ratio of fractionations as a function of wavelength–thus complement 

each other. 

 

III.  Discussion 

In the data from stratospheric samples10 an oxygen isotope DQRPDO\�
� 17 � � � 17 �  

������ � 18) § 1 per mil  was observed. To understand this anomaly transport models 

simulating the effect of various sources and sinks were used.7,11,12  It was shown by 

Kaiser et al.7 after pointing out some details which were overlooked by McLinden et al.11 

that a VORSH�RI�DERXW������� LQ� WKH� OQ����
447) vs OQ����

448) plot of photolysis contributes 

less than 0.07 per mil  WR�
� 17. 

As can be seen from the present figure 2, our calculations predict a slope of 0.525 

in the log-log plot. The slope we obtained was almost independent of temperature in the 

range 230 K – 300 K1,2 although the fractionation factors themselves changed with 

temperature. Experimental measurements of the slope at stratospherically relevant 

temperatures of 220 K – 273 K13 are needed to verify our theoretical prediction and to 

give a correct definition IRU�WKH�FDOFXODWLRQ�RI�WKH�
� 17 in stratosphere. At present there are 

measurements of only the slope at room temperature. 

Our calculations in figure 2 are based on the same theoretical model we used 

earlier and obtained an agreement with most of the available wavelength-dependent 
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fractionation measurements for other isotopologues better than other detailed 

computations in the literature.5  Thus the present figure 2 gives a firmer theoretical basis 

for the slope of 0.525 used in Kaiser et al.7  Incidentally the results for 447, 448 obtained 

by two very different theoretical approaches of Johnson et al.9 and Chen et al.5 are very 

similar although the results for other isotopologues were significantly different.4 

A theoretical slope of 0.534 we obtained in conjunction with the calculations of 

Kaiser et al.7 partially confirms that the contribution of photodissociation of N2O to 
� 17 is 

insignificant. However as noted above, experimental measurement of slopes at different 

temperatures are needed for a more complete confirmation. Mechanisms other than 

photodissociation are being studied in the literature to explain the isotopic anomaly.14,15 

The loss of N2O by photolysis happens throughout the stratosphere. Over such a 

wide range of altitudes, the intensity distribution of light (,�
� �

) changes significantly 

(Plate 4 of reference 16). To quantify the isotopologue fractionations � 17
�� � 18 at these 

altitudes with different ,�
� �

, detailed experimental measurements and theoretical 

predictions of the absolute values of fractionations at individual wavelengths are needed. 

This need for wavelength dependent fractionation LV� XQOLNH� WKH� FDOFXODWLRQ� RI�
� 17. The 

latter depends mainly on the ratio of the two fractionations rather than on their absolute 

values. The presently available experimental data for 447, 4486,17í19 does not have such 

an exhaustive wavelength dependent study (e.g., cf. Figures 5 of reference 5). Detailed 

wavelength-dependent fractionation measurements when performed will aid transport 

computations, besides testing the validity of the theoretical predictions for the 

isotopologue fractionation factors. For example if � 17
��� 18  and 

� 17 are to be estimated as a 
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function of altitude similar to the calculations of Morgan et al.,12 these wavelength-

dependent fractionation measurements of isotopologues will be very useful. 

IV.  Conclusion 

 
The three-isotope plot obtained by theoretical calculation is compared with the 

laboratory measurements. The comparison in this plot as well as the ratio of 

fractionations is found to be good, for the very limited existing available experimental 

data. We hope that this graphical presentation, based now on fundamental physical 

theory, will stimulate further experiments for such comparisons. 
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A theoretical study of ozone isotopic effects using a modified ab initio
potential energy surface
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A modifiedab initio potentialenergy surface~PES! is usedfor calculationsof ozonerecombination
and isotopic exchangerate constants.The calculatedlow-pressureisotopic effects on the ozone
formation reactionare consistentwith the experimentalresultsand with the theoreticalresults
obtainedearlier @J. Chem.Phys.116, 137 ~2002!#. They are therebyrelatively insensitiveto the
propertiesof thesePES.Thetopicsdiscussedincludethedependenceof thecalculatedlow-pressure
recombinationrateconstanton thehindered-rotorPES,theroleof theasymmetryof thepotentialfor
a generalX1Y Z reaction(YÞZ), and the partitioning to form eachof the two recombination
products:XY Z andXZY . © 2002 American Institute of Physics. @DOI: 10.1063/1.1488577#

I. INTRODUCTION

We havetreatedtheunusualisotopiceffects1–28 of ozone
formationearlierusingboth looseandhindered-rotortransi-
tion states.29,30 Becauseof the lack of an accuratepotential
energy surface~PES! in the vicinity of the hindered-rotor
transitionstate,a modelPESwasusedfor recombinationand
isotopicexchangereactions.29,30This modelPESwaschosen
to fit the experimentally31 obtainednegativetemperaturede-
pendenceof theozoneisotopicexchangerateconstant.In the
presentstudya modified32 ab initio PESis usedinsteadand
the effect on the calculatedrateconstantratiosof the many
isotopicsystemsis discussed.

In additionto usinga modifiedab initio PES,a newand
more sophisticatedway is given for weighting the relative
yields of the reactionproductsXY Z andXZY in the recom-
binationof X andY Z. Themethodcanalsobeusedfor more
generalPES. For simplicity, this weighting factor was as-
sumedearlier29,30 to be 1/2 for eachproduct.The moregen-
eralweightingin thepresentstudyis obtainedby an integra-
tion of thesquaredmagnitudeof eachwavefunctionoverthe
angularspacethat leadsto the desiredproduct.Thesetwo
methodsarethencomparedin the treatmentof ozoneisoto-
pic exchangeandrecombinationreactions.

Themicroscopicrateconstantsthemselvesarecalculated
usinga modifiedRRKM theorywith the transitionstatefor
eachquantumstatedeterminedvariationally, as before.29,30

An h effect,which reducesthelow-pressurerateconstantfor
the formationof a symmetricmoleculemorethanthat for an
asymmetricone,is alsoincluded.29,30Theh effect is a small
correction (;15%) and its origin has been described
previously.29,33,34 This correction is apart from symmetry
numbers,which arealso included.

For the deactivationof the vibrationally excited ozone
moleculesa masterequationformalism is used.It was ob-
tainedearlier30 using a weak collision model. In this weak
collisional energy transfermodel, the energy transferis as-

sumedto be stepwise,and a strongcollisional angularmo-
mentumtransferassumptionis used.30,35 In the low-pressure
limit thevibrationallyexcitedozonemoleculeswith energies
abovethedissociationthresholdcanonly experienceat most
a singlecollision with the bathmoleculesbeforeredissocia-
tion. As a result in a weakcollision modelonly low energy
statescan be stabilized significantly at low pressuresand
form stableozonemolecules.29,30

One differencebetweenthe two exit channelsX1Y Z
andXY1Z for the dissociationof any asymmetricmolecule
XY Z (XÞZ) is the differencebetweenthe zero-pointener-
giesof Y Z andY X. At any given energy, this differenceof
zero-pointenergies favors the reactionthroughthe channel
with the smaller zero-point energy becauseof the greater
numberof quantumstatesin the transitionstatefor that exit
channel.This differencebetweenthe respectivenumberof
quantumstatesof the transitionstatesfor the two exit chan-
nelsis large at low energies.30 Sinceweakcollisionssample
mainly low energy states,a large differenceoccursbetween
the rate constantsvia the two recombinationchannelslead-
ing to an XY Z at low pressures.30 Sincethe zero-pointen-
ergy differencebetweenY Z andY X dependsmainly on the
massdifferencebetweenZ andX, this weakcollision effect
leadsto a strikingly largemassdependenceof individual rate
constantratioswhenreactionoccursonly via oneof the two
channels~‘‘unscrambledsystems’’ !.24–28 In particular, in un-
scrambledexperimentsvibrationally excited ozone isoto-
pomersXY Y * are formed only from X1Y Y→XY Y * and
not from Y 1Y X→XY Y * .

In a scrambledsystemboth suchchannelsare allowed
sinceextensiveisotopicexchangeoccursvia XY Z* between
X1Y Z andZ1Y X. As a result,it wasshownthat the parti-
tioning effect between the two exit channelsdisappears
exactly.33 Instead,one observesthe differencebetweenthe
formationratesof symmetricandasymmetricmoleculesand
the resultingmass-independenteffect ~‘‘symmetry driven’’ !
arises.29,30,33,34

The presentstudywasperformedto test further the nu-
merical aspectsof the theory using a more elaborateozone

a!Author to whom correspondenceshould be addressed.Electronic mail:
ram@caltech.edu
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PES.We suggestedin anearlierpaper30 thatthelow-pressure
resultson enrichmentsandrateconstantratioswould berela-
tively insensitiveto the hindered-rotorpotentialenergy sur-
face used.The presentstudy providesa test of this sugges-
tion. The ozonerecombinationrate constantratios and the
enrichmentsfor different isotopomersare calculated, to-
getherwith the rateconstantof the ozoneisotopicexchange
reaction16O1

18O18O→
18O1

16O18O andits temperaturede-
pendence.Theyarecomparedwith theexperimentaldataand
with the previoustheoreticalresults.

Thepaperis organizedasfollows: ThePESusedis sum-
marized in Sec. II. The hinderedrotor eigenstatesare ob-
tainedin Sec.III, andareusedto calculaterateconstantsin
Sec.IV. The resultsarediscussedin Sec.V.

II. POTENTIAL ENERGY SURFACE

Theunderlyingab initio ozonePESis thatof Morokuma
andco-workers,36 who usedthe MOLPRO programwithin the
rangeof 95°<a<135°, 2.1a0<r1<3.0a0 , and 2.1a0<r2

<5.0a0 , wherea is the bond angleand r1 and r2 are the
bond lengths.This PESwasfitted by the sameauthorsto a
Murrell–Sorbieanalyticalfunction.To beconsistentwith the
experimentallydeterminednegativetemperaturedependence
of the recombinationrate constant,37 an exponentialterm
was added to the Murrell–Sorbie analytical function by
CrossandBilling32 in their moleculardynamicstudiesof the
ozonerecombinationreaction.It removeda local ;0.15eV
maximum in the energy barrier for recombinationon the
original ab initio PES.This modifiedPESis the oneusedin
the presentstudy.

The reactioncoordinateis againtaken,for simplicity, as
the distanceR betweenthe oxygenatom and the centerof
massof the oxygen molecule fragment.The modified ab
initio potential energy surface is written as V0(R)
1V(R,u), where V0(R) is taken as the minimum of the
potential energy at R, minimized with respectto u, and
V(R,u) is theangulardependenceof thePESat thegivenR;
u is the anglebetweenthe oxygenmolecularbond and the
line connectingthe centerof massof this oxygenmolecule
andthe oxygenatom.The V(R,u) is fitted to

V~R,u !5(
i50

d

b i~R !cosi u, ~1!

where d is the highestorder of the expansion.Only for a
homonuclearfragmentY Y do all the odd terms in Eq. ~1!
vanish.The V0 is given as a function of R in Fig. 1, and
V(R,u) anda fitting function aredepictedfor differentval-
uesof R in Fig. 2. A contourplot of the PESis given as a
function of R andu in Fig. 3.

III. THE HINDERED-ROTOR EIGENSTATES

The orbital and hindered-rotationalcomponentsof the
Hamiltonianfor the transitionstateregion for a threebody
systemX¯Y Z is written as

H5
\2

2mR2 l21
\2

2I
j2

1V~R,u,f !, ~2!

wherem is the reducedmassof X¯Y Z, R is the distance
betweenX and the centerof massof Y Z, I the momentof
inertiaof Y Z, l\ theorbital angularmomentumoperator, and
j\ the angularmomentumoperatorfor the rotation of the
fragmentY Z

j2
52

1

sinu

]

]u S sinu
]

]u D1
m2

sin2 u
. ~3!

In Eq. ~3! m is the projectionof j onto the axis connecting
the X and the centerof massof Y Z. The total angularmo-
mentumoperatorJ is then

J5j1l, ~4!

theprojectionof which alongthe line connectingthecenters
of massis alsom.

Combining Eqs. ~2! and ~4! and neglectingterms off
diagonalin m, as discussedin Refs.30 and38, oneobtains

FIG. 1. V0 asa function of R.

FIG. 2. V(R,u) vs cosu for a symmetricfragmentYY1X, whereX mayor
may not be the sameas Y , for differentvaluesof R ~in units of Å!.
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H5
\2

2mR2 J2
2

\2

mR2 m2
1S \2

2mR2 1
\2

2I D j2

1V~R ,u !. ~5!

~In Appendix A of Ref. 30 m is denoted by V.! The first two
terms on the right-hand side of Eq. ~5! are constants for
given J and m . To obtain the eigenvalues of H we focus first
on the third and fourth terms on the right-hand side of Eq.
~5!. Using Eq. ~3! these two terms can be written as

H152S \2

2I
1

\2

2mR2D d

dz
F ~12z2!

d

dz
G

1S \2

2I
1

\2

2mR2D m2

12z2 1VR~z !, ~6!

where z5cos u and VR(z) denotes V(R ,u). The angle when
Z in ZY is the closer one to X lies in the interval (0,p/2)
while when Y is closer to X , u lies in the interval (p/2,p).39

The solution Cm j of H1Cm j5Em jCm j can be written as
a linear combination of associated Legendre polynomials Pn

m

for the given m

Cm j~z !5 (
k50

`

dk
m jPm1k

m ~z !. ~7!

Substitution of Eq. ~7! into Eq. ~6! and using40

2
d

dz
F ~12z !2

d

dz
Pn

mG1
m2

12z2 Pn
m

5n~n11 !Pn
m , ~8!

one obtains

S \2

2I
1

\2

2mR2D (
k50

`

dk
m j@~m1k !~m1k11 !2Em j#

3Pm1k
m ~z !1 (

k50

`

dk
m jVR~z !Pm1k

m ~z !50. ~9!

Using the recurrence relation40

~2n11 !zPn
m~z !5~n1m !Pn21

m ~z !

1~n2m11 !Pn11
m ~z !, ~10!

and the expansion VR(z)5( i50
d b iz

i the term VR(z)Pm1k
m (z)

can be written as a sum of associated Legendre polynomials

VR~z !Pm1k
m ~z !5 (

i52d

d

a iPm1k1i
m ~z !. ~11!

Combining Eqs. ~9! and ~11! and noting the indepen-
dence of the Pm1k

m s one obtains a set of linear equations for
the coefficients dk

m j in Eq. ~9!

a2ddk2d
m j

1¯1a21dk21
m j

1dk
m j

3@~m1k !~m1k11 !2Em j#

1a1dk11
m j

1¯1addk1d
m j

50. ~12!

The eigenvalues and the eigenvectors are obtained from Eq.
~12!. The wave functions of the hindered-rotor states with the
quantum number m and all j>m are then obtained using
Eq. ~7!.

IV. RATE CONSTANTS AND ENRICHMENTS

The rate constant for an exchange reaction, such as

16O1
18O18O→

18O1
16O18O ~13!

can be written as34

kex
a

5
1

hQa
(

J
E

E

Na~EJ !Nb~EJ !

Na~EJ !1Nb~EJ !
e2E/kBTdE , ~14!

where Qa is the partition function of the reacting pair in the
center of the mass system of coordinates for channel a , and
Na(b)(EJ) is the number of states of the transition state for
exit channel a(b) of ozone dissociation at the given E and J .
The a denotes the exit channel with the smaller zero-point
energy. In the case of the reaction in Eq. ~13! it is 16O
1

18O18O. Each of the two exit channels has its own transi-
tion state, determined variationally, as discussed later.

Since the reactants X1Y Z (YÞZ) can lead to two dif-
ferent recombination products, XY Z and XZY , and the phase
space for the transition state can be divided into two sub-
spaces, each leading to a different ozone product. A weight-
ing factor Fa(b) (Fa1Fb51) for each quantum state is
assigned to each product. The Fa(b) is taken as the squared
amplitude of the normalized wave functions Cm j(z), inte-
grated over half of the u space, the half that corresponds to
the desired product XY Z

Fa~m j !5E
z50

1

uCm j~z !u2dz . ~15!

FIG. 3. Contour plot of the potential energy surface as a function of R and
u for 16O1

16O16O.
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In the other half of the u space z lies in the interval
(21,0).39

When an asymmetric ozone molecule XY Z is formed, it
is helpful to distinguish between two different weighting fac-
tors: The Fa defined in Eq. ~15! arises from the fact that
when YÞZ there exists a competing channel in which the
same reactants, X1Y Z , lead to XZY instead of XY Z . We
define a ‘‘global’’ transition state X¯Y Z as one for the en-
tire u interval ~0, p! in which part of this u interval leads to
XY Z and the other part to XZY ~cf Fig. 5!. On the other
hand, for the formation of any product XY Z there also exist
two competing entrance channels, one from X1Y Z and the
other from XY1Z when XÞZ . The weighting factors for the
dissociation of XY Z* into X1Y Z and XY1Z were termed
partitioning factors33,34 and denoted by Y a and Y b . The Y s
are given later by Eq. ~18!.

This global transition state for any given quantum state
(J jm) in the full u space ~0 to p! is determined by the
maximum of its energy Em j

J ,a along R . The Em j
J ,a contains three

components: the bond fission energy V0(R), the eigenvalue
Em j of the hindered rotor with quantum number (m j), and
the centrifugal-type energy (J(J11)22m2)\2/2mR2 in Eq.
~5!. The vibration frequency of the diatomic fragment is
taken to be a constant, although such an approximation is
readily removed by the use of a sufficiently accurate PES.
The diatomic fragment remains in its ground vibrational state
due to the large O2 vibration frequency. Thereby, Em j

J ,a also
contains the zero-point energy of the oxygen fragment in
channel a . The number of states in the transition state for a
given (EJ) can then be written as

Na~EJ !5(
m j

~2J11 !h~E2Em j
J ,a!Fa~m j ! ~16!

with Fa(m j) given by Eq. ~15!, and h(E2Em j
J ,a) is a unit

step function for E2Em j
J ,a . Equations ~15! and ~16! are next

introduced into the appropriate rate expressions.
In the present paper we focus on the isotopic effects for

the O1O21M recombination reaction at low third-body
(M ) pressures, rather than considering all pressures. For ex-
isting experiments that is the most important pressure region.
In the low-pressure limit the recombination rate constant for
the X1Y Z→XY Z (XÞZ) is given by the following equa-
tion, which was derived earlier30 using the weak collision
model:

kbi
0,a

5
vd2va

Qa
S E

0

DE

(
J

r~EJ !Y a~EJ !

3e2E/kBT
v

vd1vaPo~E !
dE

1E
DE

2DE

(
J

r~EJ !Y a~EJ !

3e2E/kBT
vdPc~E2DE !

vd1vaPo~E2DE !
dE1¯ D , ~17!

where

Y a~EJ !5
Na~EJ !

Na~EJ !1Nb~EJ !
~18!

is the partitioning factor29,33,34 mentioned earlier. A step-
ladder energy transfer model and a strong collisional rota-
tional angular momentum transfer assumption were used in
deriving Eq. ~17!. The Po(E) is the fraction of the quantum
states in the global transition state that are ‘‘open,’’ i.e.,
whose Js satisfy Na(EJ)1Nb(EJ).0 at the given E . We
also have for the ‘‘closed’’ states, Pc(E)512Po(E).30

The quantities appearing in Eqs. ~14! and ~17! for the
rate constants are seen to be the number of states for the
hindered rotor, given by Eq. ~16!, the partition function for
the collision pair given by Eqs. ~4.8!–~4.12! in Ref. 34, the
collision frequencies, and the density of states. The Lennard-
Jones collision frequency is used with a unit collision effi-
ciency and is given by Eq. ~4.14! of Ref. 34. The density of
states for ozone r(EJ) is obtained34 from a
convolution35,41–43 of the rotational and vibrational density
of states at each E and J . The vibration frequencies of the
ozone isotopomers used in the calculation were obtained us-
ing a second-order perturbation formulation, which gives any
unknown frequencies to an accuracy of about 1 cm21.44 The
calculated density of states r(EJ) also includes the anhar-
monicity, which was obtained30 using experimental vibra-
tional quantum state energies of 48O3 . The anharmonic count
for r(EJ) was typically only a factor of 1.5 greater than the
harmonic one.

The individual low-pressure rate constants at 300 K for
the formation of XY Z molecules were calculated for each
channel using Eq. ~17!. In Tables I–III we give the calculated
recombination rate constant ratios for all reactions and com-

TABLE I. Relative rate coefficients of atom plus homonuclear diatomic formation channels ~X1YY→XYY
relative to X1XX→X3! at low pressure at 300 K.

Reaction Expt.a
Calc. ~present!
DE5190 cm21

Calc. ~present!
DE5210 cm21

Calc. ~Ref. 30!

DE5210 cm21

16O1
36O2 /16O1

32O2 1.5360.03 1.53 1.51 1.53
17O1

36O2 /17O1
34O2 1.2960.07 1.34 1.35 1.36

16O1
34O2 /16O1

32O2 1.2360.03 1.36 1.35 1.38
17O1

32O2 /17O1
34O2 1.0160.05 0.99 1.01 1.01

18O1
34O2 /18O1

36O2 1.0060.06 1.06 1.07 1.04
18O1

32O2 /18O1
36O2 0.9060.03 0.90 0.92 0.90

aFrom Mauersberger et al., Ref. 25.
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pare them there with the experimental values and with the
calculated results obtained earlier.29 The column labeled
‘‘Calc. Ref. 30’’ gives the results obtained before using DE
5210 cm21. The column ‘‘Calc. DE5210 cm21’’ gives
present results obtained with the same DE . The column la-
beled ‘‘Calc. DE5190 cm21’’ gives the present calculation
but where the values of h and of DE were chosen, as in Refs.
29 and 30, to fit two experimental low-pressure recombina-

tion rate constant ratios, 16O1
18O18O/16O1

16O16O and 18O
1

16O16O/18O1
18O18O. For the present hindered-rotor tran-

sition state the value DE5190 cm21 was obtained. An h
51.18, obtained both in this fit and that in Ref. 30, is used in
all the calculations.

The rate constant ratios given in Tables II and III were
then used for the calculation of the enrichments of all pos-
sible species of ozone. The latter are given in Table IV to-
gether with the experimental and previous calculated results.
The calculated results were obtained from individual isoto-
pomeric rate constants using Eqs. ~4.18a!, ~4.18b!, and ~4.26!
of Ref. 33.

The rate constant for the isotopic exchange reaction
16O1

18O18O→
18O1

16O18O was calculated using the modi-
fied ab initio PES. It is independent of any h and DE ap-
proximations, but it does assume a loss of ‘‘memory’’ in
the intermediate 16O18O18O* formed in the reaction. For the
partitioning between the formation of 18O16O18O* and

TABLE II. Reaction rate coefficients for ozone formation processes relative
to 16O1

32O2→
48O3 at low pressure.

Reaction Expt.a
Calc. ~present!
DE5190 cm21

Calc. ~present!
DE5210 cm21

Calc. ~Ref. 30!

DE5210 cm21

16O1
16O16O 1.00 1.00 1.00 1.00

17O1
17O17O 1.02 1.03 1.02 1.02

18O1
18O18O 1.03 1.03 1.03 1.03

18O1
16O16O 0.93 0.93 0.95 0.93

17O1
16O16O 1.03 1.02 1.04 1.03

18O1
17O17O 1.03 1.09 1.10 1.07

17O1
18O18O 1.31 1.39 1.38 1.39

16O1
17O17O 1.23 1.36 1.35 1.38

16O1
18O18O 1.53 1.53 1.51 1.53

16O1
16O17Ob 1.17 1.18 1.18 1.19

16O1
16O18O 1.27 1.25 1.24 1.25

17O1
16O17O 1.11 1.03 1.04 1.04

17O1
17O18O 1.21 1.22 1.22 1.20

18O1
16O18O 1.01 1.00 1.01 0.99

18O1
17O18O 1.09 1.06 1.07 1.05

16O1
17O18O — 1.43 1.41 1.43

17O1
16O18O — 1.21 1.21 1.21

18O1
16O17O — 1.01 1.03 1.01

aFrom Mauersberger et al., Ref. 25.
bThis rate constant and those in the subsequent rows are the sum of both
channels, X1YZ→XYZ and X1YZ→XZY . Each of the rate constants
was calculated separately, with the non-RRKM correction applied to any
symmetric channel.

TABLE III. Reaction rate coefficients for asymmetric and symmetric channels of recombination reactions, relative to 16O1
16O2→

16O3 at low pressure.

Reaction Expt.a
Calc. ~present!
DE5190 cm21

Calc. ~present!
DE5210 cm21

Calc. ~Ref. 30!

DE5210 cm21

Symmetric products
16O1

17O16O→
16O17O16O — 0.51 0.51 0.51

16O1
18O16O→

16O18O16O 0.5460.01 0.52 0.52 0.52
17O1

16O17O→
17O16O17O — 0.51 0.51 0.51

17O1
18O17O→

17O18O17O — 0.52 0.52 0.51
18O1

16O18O→
18O16O18O 0.5260.01 0.52 0.52 0.52

18O1
17O18O→

18O17O18O — 0.52 0.53 0.52

Asymmetric productsb

18O1
17O16O→

18O17O16O — 0.48 0.49 0.47
18O1

18O16O→
18O18O16O 0.4660.03 0.48 0.49 0.47

17O1
18O16O→

17O18O16O — 0.53 0.54 0.52
17O1

17O16O→
17O17O16O — 0.52 0.53 0.53

18O1
18O17O→

18O18O17O — 0.54 0.54 0.53
18O1

16O17O→
18O16O17O — 0.53 0.54 0.53

17O1
16O18O→

17O16O18O — 0.69 0.68 0.70
16O1

16O17O→
16O16O17O — 0.67 0.67 0.68

17O1
17O18O→

17O17O18O — 0.70 0.69 0.70
16O1

18O17O→
16O18O17O — 0.69 0.68 0.69

16O1
16O18O→

16O16O18O 0.7360.02 0.74 0.73 0.74
16O1

17O18O→
16O17O18O — 0.74 0.73 0.74

aFrom Janssen et al., Ref. 26.
bReactions are ordered in sequence of increasing zero-point energy difference.

TABLE IV. Calculated and experimental isotopic enrichments at 300 K.

Reaction Expt.a
Calc. ~present!
DE5190 cm21

Calc. ~present!
DE5210 cm21

Calc. ~Ref. 30!

DE5210 cm21

16O16O16O 0.0 0.0 0.0 0.0
17O17O17O 21.8 22.1 21.6 22.1
18O18O18O 24.6 24.3 24.3 24.7
16O16O17Ob 11.3 11.5 12.1 12.3
16O16O18O 13.0 12.7 12.7 12.7
17O17O16O 12.1 11.2 11.2 12.2
17O17O18O 9.5 11.7 11.3 10.4
18O18O16O 14.4 12.7 12.6 12.7
18O18O17O 8.3 9.9 10.3 9.2
16O17O18O 18.1 17.2 17.3 17.4

aExperimental data at 300 K are from Mauersberger et al., Ref. 25.
bEnrichments for this and all following rows are for all possible isoto-
pomers.
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16O18O18O* from 18O1
16O18O, the partitioning factor

wascalculatedusingEq. ~15!. For comparisonthis partition-
ing wasalsoapproximatedas1/2.Theintegratedwavefunc-
tion method yielded for the isotopic exchangereaction
16O1

18O18O→
18O1

16O18O a rate constant of 1.94
310212 cm23 at 300 K and 2.62310212 cm23 at 130 K.
~Thesevaluesareroundedoff in TableV.! WhenFa andFb

are assumed,instead,to be 0.5 thesevalues are virtually
unchanged:1.98310212 cm23 and 2.74310212 cm23, re-
spectively. ~Thenumberof ‘‘significantfigures’’ is significant
for comparisonof thesenumberswith eachotherandnot for
comparisonwith the experiment.! Resultsfor the isotopic
exchangereaction and for the recombinationreaction are
comparedwith the experimentalandprevioustheoreticalre-
sults in TableV.

V. DISCUSSION

A modifiedab initio PESavailablein the literaturewas
usedin the presentRRKM calculationsfor ozonerecombi-
nationandisotopicexchangerateconstants.Theratiosof the
recombinationrateconstantsagreedwith thosein our earlier
studies29,30 which employedinsteada free-rotor transition
stateanda hindered-rotortransitionstateusinga modelPES.
Given the methodof choosingthe two unknownsDE andh
from two specificrecombinationrateconstantratios,the re-
sults for the numerousrate constantratios and enrichments
areseento bevirtually unchangedfrom our previousvalues.

Although the PESusedin the presentstudy is very dif-
ferent in detail from the model PES used in the previous
study, as seenfrom thetwo potentialenergy profiles~labeled
000! in Fig. 4, thetwo surfacesgive rathersimilar resultsfor
the isotopicexchangereaction16O1

18O18O→
18O1

16O18O:
The modelPESusedin Ref. 30 givesan isotopicexchange
rateconstant~300K! about40%largerthanthatgivenby the
modified ab initio PES.This differenceis partly due to the
existenceof aneffectivebarrierin thepresentPESat about2
Å ~Fig. 1!. It causesthetransitionstateto occurat smallerRs
and thus decreasesthe value of the calculatedrate constant
~smaller‘‘crosssection’’ ! for the recombinationcollision. If
the negativetemperaturedependenceof the rate constantis
written asT2m, the experimentalvalueof m is 0.8860.26.
The presentcalculationyieldeda smallervalue,0.36,which

is also smaller than the result ~0.53! obtainedearlier using
themodelPES.30 In contrast,the free-rotortransitionstateis
very different from either of the two tight transitionstates,
sinceit gives30 a positivetemperaturedependenceof the iso-
topic exchangerate constantand a rate constantat 300 K
morethanthreetimeslarger thanthe presentresult.

Thesimilarity of exchangerateconstantsobtainedusing
the two very different potentialenergy surfaces~the model
PESusedin Ref. 30 andthe modifiedab initio PESusedin
this study! is not accidental.It occursbecauseboth surfaces
wereadjusted30,32 to fit the isotopicexchangerateconstants.
Although the detailsof the adiabaticcurvesfor each(JK j)
statearevery differentfor the two potentialenergy surfaces,
theeffectivebarrierheightsareseenin Fig. 4 to be similar. A
reflection of this point is that the sumsof quantumstates
(JN(E,J)45 for the transitionstatearealsosimilar for both
potentials~Fig. 5!. Also shownin Fig. 5 is the(JN(E,J) for
a loose transitionstate.As seenin the comparisonsin that
Figure~andalsofrom the temperaturecoefficientsdiscussed
above! both hindered rotor-transition statesare relatively
tight.

FIG. 4. Theenergy E(J jV;R) of a hinderedrotor state(J jV) as a function
of R for 16O¯

16O16O. Symbolsareobtainedusingthemodelpotential~Ref.
30! andlines areobtainedusingthe modifiedab initio PES.

TABLE V. Calculatedandexperimentalrateconstants.

k Reaction T ~K! Expt.
Calc.

~Ref. 30!

Calc.
~present!c

kbi
0 a 16O1

32O21N2→
48O31N2 130 4b 5.2 4.8

300 0.5b 0.76 0.58
kbi}T2n 130–300 n52.6 n52.3 n52.5

kex
d 16O1

18O18O→
16O18O1

18O 130 5.6e 4.3 2.6f

300 2.9e 2.7 1.9f

kex}T2m 130–300 m50.8860.26 m50.53 m50.36

aUnits are10233 cm6 s21.
bExperimentaldatafrom Hippler et al., Ref. 37.
cCalculatedusingthemodifiedab initio PESandDE5190cm21. WhenDE5210cm21 thevaluesare5.1and
0.72,respectively.

dUnits are10212 cm3 molecule21 s21.
eExperimentaldatafrom Wiegell et al., Ref. 31.
fCalculatedusingthe integratedwavefunction method.
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The calculated results for low-pressure recombination
rate constants and their ratios are less sensitive to the transi-
tion state ~and thus to the PES! than the isotopic exchange
rate constants. The differences between results obtained us-
ing the two tight transition states ~this work! and between
those obtained using a loose and a tight transition state ~Ref.
30! are both small. For example, the model PES gives a low
pressure recombination rate constant for 16O1

16O16O
→

48O3 within 10% of that given by the model PES at both
130 and 300 K when the same DE is used ~footnote c of
Table V!. The insensitivity of the low-pressure recombina-
tion rate constant ratios to the PES is seen clearly in Tables
I–III, by comparing the third with the fourth and fifth col-
umns. The third and fifth columns were obtained using a DE
optimized for each PES and the third and fourth columns
were obtained using the same DE , which is optimized for the
present surface.

The reasons for the weak dependence of the low pres-
sure recombination results on the PES are several-fold: The
dependence of the low pressure recombination rate constants
for symmetric molecules on the number of states at the tran-
sition state, h(Na(EJ)), and that of the recombination rate
constant for an asymmetric molecule, Na(EJ)/(Na(EJ)
1Nb(EJ)), are both expected to be weaker than that of the
isotopic exchange rate constant. The latter is not only pro-
portional to Na(EJ)/(Na(EJ)1Nb(EJ)) but also to
Nb(EJ), as discussed earlier.30 In addition, since the DE per
collision was varied to fit two experimental recombination
rate constant ratios and then used to calculate all the other
ratios, the differences in the rate constant ratios obtained
using the two different surfaces are further reduced. For ex-
ample, to fit the experimental recombination rate constant
ratios, values of 260, 210, and 190 cm21 were chosen for
DE when the loose transition state and the previous and
present tight transition states were used, respectively. Ac-
cordingly, the calculated rate constant ratios and thus the

enrichments are essentially the same under the three different
conditions.

Since a recombination reaction X1Y Z (YÞZ) can lead
to two different products, the partitioning between the two
products at the same hindered-rotor transition state is of in-
terest. In earlier studies, it was assumed that half of the quan-
tum states of the transition state in the entrance channel lead
to one ozone isotopomer XY Z and half to the other, XZY . In
the present study, a more general approach is used, where the
assignment of the transition quantum state to each product
was determined by an integral of its wave function ~squared!
over half of the u space, the space that leads to that particular
molecule as in Eq. ~15!. As noted in Sec. IV, no significant
difference between the two sets of results was found for the
isotopic exchange rate constants, or for the recombination
rate constants, between the approximate (Fa5Fb50.5) and
the integrated wave function treatment for this partitioning.

It has been pointed out that the large variation in recom-
bination rate constant ratios correlate empirically well with
ratios of moment of inertia,34 differences in zero-point
energies,34,46 and ratios of reduced masses.34 Indeed, all three
quantities are mathematically related to each other34 and so
one cannot determine which of the three factors dominates
simply from a plot of the rate constant ratios versus any one
of them.34,47 The theory29,30 brings out that of the three it is
the zero-point energy difference that is the primary source of
the large mass-dependent effect in the recombination rate
constant ratios, because of its effect on numbers of states in
transition states of the two dissociation channels.
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Chapter 9

Half- and Full-Integer Power Law for Distance Fluctuations:

Langevin Dynamics in One- and Two-Dimensional Systems

[This chapter appeared in Chemical Physics 331, 245 (2007).]
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Abstract

Langevin dynamics of one- and two-dimensional systems with the nearest neighbor couplings is examined to derive the autocorrela-
tion function (ACF) of the distance fluctuations. Understanding of the dynamics of pairwise distance correlation is essential in the studies
using single-molecule spectroscopy. For both 1-D cases of an open chain and a closed loop, a power law of t�1/2, t�3/2 and t�5/2 for the
ACF are obtained, and for 2-D systems of a sheet and a tube, a power law of t�1, t�2 and t�3 are found. The different exponent of the
power law is shown to depend on the location of the pairwise beads and their topography.
� 2006 Elsevier B.V. All rights reserved.

PACS: 33.15.Vb; 34.30.+h; 36.20.Ey

Keywords: Power laws; Langevin dynamics; Single molecule; Rouse model

1. Introduction

Decays in physical systems are usually characterized by
pure-exponential or by non-exponential decays. Power-law
decays have often been associated with self-similar pro-
cesses involving fractals [1–7]. For example, in a recent
work by Granek and Klafter [1] they showed that power-
law decays in distance autocorrelation function (ACF)
could arise due to vibrational excitation of fractals.
Recently power-law behavior in fluorescence intermittency
observed in single quantum dots [8–12] and other organic
molecules [13] have generated some interest. It has been
shown that diffusion-controlled electron transfer in a
Debye and non-Debye dielectric media could lead to the
power-law blinking statistics [14,15].

The recent single-molecule experiments by Xie and
coworkers [16–18] on fluctuating fluorescence lifetimes
were attributed to fluctuations in the distance between a
donor and an acceptor attached to a protein chain. The
observed t�1/2 power law in the lifetime fluctuations and
its relationship to chain dynamics have been investigated
recently [19–21] using a Rouse model [22]. There are also
many other theoretical studies of reaction controlled by
barrier fluctuations and diffuse dynamics [1,23–27]. In elec-
tron transfer (ET) and fluorescence resonances energy
transfer (FRET), the transfer rate depends on the distance
R between donor and an acceptor (exponentially for ET
and 1/R6 for FRET) [28]. If donor–acceptor distance is
subjected to fluctuations, the rate constant would also fluc-
tuate in time. In addition to single-molecule techniques,
many other experimental techniques have been employed
to study these conformational changes, such as NMR
[29], neutron scattering [30,31], optical absorption [32],
electrophoresis [33], optical tweezers [34] etc. Chain
dynamics has been used in these studies.

In this work, we extend previous studies of Rouse
model [22] to a long chain and a closed loop, shown in
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the schematic diagrams Fig. 1(a) and (b), respectively, as
well as a two-dimensional system of a sheet or a tube, and
examine the distance ACF between any pair of beads in
such a 1-D or 2-D system. We will show that Langevin
dynamics for 1-D chain/loop under some conditions could
lead to the less well-know t�3/2 and t�5/2 power law, in
addition to the more familiar t�1/2 behavior. In addition
to the half-integer power law for the 1-D system, we will
also show that for a 2-D system, the ACF decays with a
full-integer law (t�1, t�2 and t�3), depending on the topo-
logical conditions of such a pairwise beads. A ladder sys-
tem, seen in Fig. 1(c), is also studied and has similar time
behaviors of ACF in chain a system. Besides the half-inte-
ger laws, the ACF in a ladder also has only exponential
(no power laws) decays at certain topological conditions.
The main purpose of this work is to show these half- and
full-integer power laws can arise and to explain their
causes.

2. Theory

We will derive in this section the analytic results for
ACF of the distance fluctuation for four different topolog-
ical categories, i.e. an open chain, a closed loop, a sheet, a
tube, and a ladder. Their corresponding long time behav-
iors are also summarized and illustrated.

2.1. An open chain

An ideal chain of N beads with equal couplings to their
nearest neighbors and other vibrations have been studied
widely [22]. The Langevin equation of over-damped oscilla-
tors in such a N-unit Rouse chain can be expressed by
[35,36]

f
d

dt
QðtÞ þ x2

RQðtÞ ¼ F ðtÞ=m; ð1Þ

where f is a constant friction coefficient. The Q(t) is a col-
umn super vector ð~q1;~q2;~q3 . . .~qNÞ, where ~qi denotes the
displacement vector of the ith bead from its equilibrium
position. R is the Rouse coupling matrix. F(t) represents
white noise with zero mean and no correlation with Q(t).
Therefore, one has the following equations: hF l

i ðtÞi ¼ 0,
hF l

i ðtÞ � q
m
jðsÞi ¼ 0, and hF l

i ðtÞ � F
m
jðsÞi ¼ 2mkB T fdðt � sÞ

dl;mdi;j, where l and m represent x, y, or z, whereas i and j

represent the bead index. The pairwise correlation of the
displacement vectors can be written as [20,21]

d

dt
h~q1ðtÞ �~qið0Þi þ

x2

f
ðh~q1ðtÞ �~qið0Þi � h~q2ðtÞ �~qið0ÞiÞ ¼ 0;

d

dt
h~qnðtÞ �~qið0Þi þ

x2

f
ð�h~qn�1ðtÞ �~qið0Þi þ 2h~qnðtÞ �~qið0Þi

� h~qnþ1ðtÞ �~qið0ÞiÞ ¼ 0;

d

dt
h~qNðtÞ �~qið0Þi þ

x2

f
ð�h~qN�1ðtÞ �~qið0Þi

þ h~qN ðtÞ �~qið0ÞiÞ ¼ 0;

ð2Þ

where n = 2, 3, � � � N � 1; i = 1, 2, � � � N; and h~qjðtÞ �~qið0Þi
is the ensemble average of the inner product of ~qjðtÞ and
~qið0Þ. Using the method described in Appendix C of Ref.
[37] the pairwise correlation functions can be simplified
as

h~qnðtÞ �~qið0Þi ¼
X

N

j¼1

h~qjð0Þ �~qið0Þi

N

� 1þ 2
X

N�1

k¼1

cos
pkðn� 1

2
Þ

N

� �

(

� cos
pk j� 1

2

� �

N

� �

exp �4
x2t

f
sin2 pk

2N

� �� �

)

¼
hj~qið0Þj

2
i

N
1þ 2

X

N�1

k¼1

cos
pkðn� 1

2
Þ

N

� �

(

� cos
pk i� 1

2

� �

N

� �

exp �4
x2t

f
sin2 pk

2N

� �� �

)

;

ð3Þ

where h~qjð0Þ~qið0Þi ¼ di;jhj~qið0Þj
2
i was used. By assuming

the distance fluctuation of each bead from its equilibrium
position is small, the ACF of the distance deviation,
CQ(t), between the n1th and n2th beads from their equilib-
rium position equals h½~qn1ðtÞ �~qn2ðtÞ� � ½~qn1ð0Þ �~qn2ð0Þ�i=3.
Using Eq. (3), one obtains [20,21]

CQðtÞ

C0

¼
X

N�1

k¼1

e
�4x2 t

f
sin2 pk

2Nð Þ

N
cos

pk n1�
1
2

� �

N

� �

� cos
pk n2�

1
2

� �

N

� �� �2

;

ð4Þ

where C0 is defined as CQ(0). The power-law behaviors at
long times are depending on the location and separation
of the pairwise beads. In a long chain the long time behav-
iors of the above equation can be classified as

ni

nj

a b

c

ni

nj

ni

nj

Fig. 1. The schematic diagrams of a Rouse model with a open chain (a), a

closed loop (b), and a ladder (c) of beads. A bead interacts with others

through the connected springs. The dynamics between nith and njth beads

at various positions are studied in this work.
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CQðtÞ

C0

/

t�1=2 as jn1� n2j �N ;

t�3=2 as jn1� n2j �N ;and both n1 & n2

away from ends;

t�5=2 otherwise:

8

>

>

>

<

>

>

>

:

ð5Þ

The numerical results are illustrated in Fig. 2(a). The
power-laws behaviors are derived in A.1 using asymptotic
approximation. More detailed discussion about the causes
of different power laws will be discussed in Section 3.

2.2. A closed loop

The pairwise correlation function of displacement vec-
tors in a N-unit loop satisfies

d

dt
h~qnðtÞ �~qið0Þi þ

x2

f
ð�h~qn�1ðtÞ �~qið0Þi þ 2h~qnðtÞ �~qið0Þi

� h~qnþ1ðtÞ �~qið0ÞiÞ ¼ 0; ð6Þ

where n, i = 1, . . . N. One has the Nth bead connects with
the first bead to form a loop, i.e. ~q0 ¼~qN and ~q1 ¼~qNþ1.
Using the method described in Appendix A of Ref. [37],
the correlation functions are simplified as

h~qnðtÞ �~qið0Þi ¼
hj~qnð0Þj

2
i

N

X

N

k¼1

cos
2pkðn� iÞ

N

� �

� exp
�4x2t

f
sin2 pk

N

� �� �

: ð7Þ

With the above equation, the ACF of the distance devia-
tion between the n1th and n2th beads from their equilib-
rium positions can be expressed as

CQðtÞ

C0

¼
2

N

X

N

k¼1

sin2 pkðn1 � n2Þ

N

� �

exp
�4x2t

f
sin2 pk

N

� �� �

:

ð8Þ

In a long chain the time power-law behaviors of CQ can be
grouped as

CQðtÞ

C0

/
t�1=2 when jn1 � n2j � N=2;

t�3=2 otherwise:

(

ð9Þ

These behaviors of CQ are also shown in Fig. 2(b). The
mathematical asymptotic approximation of the power-
law behaviors in Eq. (8) are given in A.1. More detailed dis-
cussion about the reasons of change from t�1/2 to t�3/2 are
discussed in Section 3.

2.3. A sheet

Assuming a two-dimensional sheet with N ·M beads
where each bead is coupled to the nearest beads, the pair-
wise correlation of the displacement vectors can be
obtained straight forward by introducing another indepen-
dent dimension to Eq. (2). Extending Eq. (3) to two inde-
pendent variables along N and M directions, the solution
of the correlation of the displacement is given by

h~qn;mðtÞ �~qi;jð0Þi ¼
hjqn;mð0Þj

2i

NM
1þ 2

X

N�1

kx¼1

cos
pkx n� 1

2

� �

N

� �

(

� cos
pkx i� 1

2

� �

N

� �

�exp �4
x2

x t

f
sin2 pkx

2N

� �� �

)

� 1þ 2
X

M�1

ky¼1

cos
pky m� 1

2

� �

M

� �

(

�cos
pky j� 1

2

� �

M

� �

exp
�4x2

y t

f
sin2 pky

2M

� �

" #)

:

ð10Þ

One can derive the ACF of the distance deviation between
the beads at the (n1,m1)- and (n2,m2)-sites as

Fig. 2. The calculated CQ(t)/C0 for the various separations between the pairwise beads for a chain (a) and a loop (b) with N = 500. Here a dimensionless

tx2/f is used for the x-axis. n1 and n2 are the site indices of the pairwise beads. The exponent of the power law, �1/2, �3/2, and �5/2, depends on jn1 � n2j
and its location. At much longer times, CQ(t)/C0 becomes a single exponential decay.
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CQðtÞ

C0

¼
1

NM

X

N�1

kx¼1

e
�4x2x t

f
sin2 pkx

2Nð Þ cos
pkx n1 �

1
2

� �
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� ��

(

� cos
pkx n2 �

1
2

� �

N

� ��2

þ
X
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e
�4x2y t

f
sin2
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2M

� �

� cos
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1
2

� �

M

� �

� cos
pky m2 �

1
2

� �

M

� �� �2

þ 2
X

N�1

kx¼1

X

M�1

ky¼1

e
�4t
f

x2
x sin

2 pkx
2Nð Þþx2

y sin
2 pky

2M

� �� 	

� cos
pkx n1 �

1
2

� �

N

� ��

� cos
pky m1 �

1
2

� �

M

� �

� cos
pkx n2 �

1
2

� �

N

� �

cos
pky m2 �

1
2

� �

M

� ��2
)

: ð11Þ

At various locations of the pairwise beads, its long time
property in a large sheet gives the following asymptotic
behaviors.

CQðtÞ

C0

/

t�1 as jn1 � n2j �N and jm1 �m2j �M

t�2 as jn1 � n2j �N ; jm1 �m2j �M and ðn1;m1Þ-

& ðn2;m2Þ-sites are parallel to or far away from

the boundaries;

t�3 otherwise:

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð12Þ

The numerical results are illustrated in Fig. 3(a). More de-
tailed discussions of the behaviors and the analytical
asymptotic approximation to obtained the power laws will
be presented in Section 3 and A.2, respectively.

2.4. A tube

The differential equations of the pairwise correlation of
the displacement vector of a N ·M hollow tube with N-
bead in length can be obtained by combining Eq. (2) with

N beads and Eq. (6) withM beads. Using the results in Eqs.
(3) and (7), the correlation of the displacement
hqn,m(t)qi,j(0)i and the ACF CQ(t) between the beats at
(n1,m1)- and (n2,m2)-sites can be derived as

h~qn;mðtÞ �~qi;jð0Þi ¼
hjqn;mð0Þj

2i

NM
1þ 2

X

N�1

kx¼1

e
�4x2x t

f
sin2 pkx

2Nð Þ

(

� cos
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2

� �
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� �
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2

� �
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� �

)

�
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ky¼1

e
�4x2y t

f
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pky
M

� �
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2pkyðm� jÞ

M

� �

:

ð13Þ

CQðtÞ
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: ð14Þ

The long time property of the AFC, shown in Fig. 3(b),
similar to the case in a sheet and the asymptotic behaviors
are classified as

CQðtÞ

C0

/

t�1 as jn1 � n2j �N and jm1 �m2j �M=2

t�2 as jn1 � n2j �N ; jm1 �m2j �M=2 andðn1;m1Þ-

& ðn2;m2Þ-sites are parallel to or far away from

the boundaries;

t�3 otherwise:

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð15Þ

Fig. 3. The calculated CQ(t)/C0 for the various separations in a sheet (a) and a hallow tube (b) with x = xx = xy and N =M = 500. The decay follows an

full-integer power law, and becomes single exponential decays at much longer time.
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The analytical derivations of the asymptotic power-law
behaviors can be found in A.2.

2.5. A ladder

Although CQ of a ladder can be formed by modifying
Eq. (11) to an N · 2 sheet, it behaves more like a chain.
The numerical results and the analytical asymptotic
approximation of Eq. (11) as N · 2 in the long time
are shown in Fig. 4 and A.3, respectively. The ACF
formed the following behaviors at certain topological
conditions:

CQðtÞ

C0

/

e�at as two beads are at the same level ði:e: n1 ¼ n2Þ;

t�1=2 as jn1 � n2j �N ;

t�3=2 as jn1 � n2j �N ;and both n1 & n2 away

from ends;

t�5=2 otherwise:

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð16Þ

At the same level of a ladder, the exponential time behavior
implies that these two beads have very fast synchronized
motions due to the link between them. It may also contrib-
ute to the stability in molecules with a ladder structure,
such as DNA.

3. Origins for different exponents of the power law

In the one-dimensional cases, the physical origin of
the different asymptotic behaviors are given as following:
The ACF of distance deviation is proportional to h~qn1ðtÞ�
~qn1ð0Þ þ~qn2ðtÞ �~qn2ð0Þ �~qn1ðtÞ �~qn2ð0Þ �~qn2ðtÞ �~qn1ð0Þi. The
first two terms represent the ACF of distance deviation
at the n1th and n2th sites, respectively. The last two terms
are the correlation function of the displacement vector

between the n1th and n2th beads. They also correspond
to the displacement in a diffusion-like process from one
bead to another since the interaction between beads are
described by the Langevin equation, Eq. (1). These terms
are much smaller than the first two because there is a
long separation between beads. Therefore, the CQ is
dominated by the change of the displacement amplitude
in itself by diffusion, which results in the usual t�1/2

power-law behavior in the 1-D system. By rearranging
terms, the CQ is also proportional to h½~qn1ðtÞ �~qn2ðtÞ��
~qn1ð0Þ þ ½~qn2ðtÞ �~qn1ðtÞ� �~qn2ð0Þi. The h½~qn1ðtÞ �~qn2ðtÞ��
~qn1ð0Þi term represents the difference of the diffused dis-
placement vector (originated from the n1th bead) between
the n1th and n2th beads at a time t. If the separation
between them is comparable to or smaller than the diffu-
sion distance of the displacement vector, the magnitude
of h~qn2ðtÞ �~qn1ð0Þi is similar to that of h~qn1ðtÞ �~qn1ð0Þi. A
difference of these two terms corresponds to a time
differential of the displacement vector, i.e. dh~qn1ðtÞ�
~qn1ð0Þi=dt, if the separation between the n1th and n2th
beads is much smaller than the diffusion distance. Thus,
it results in the t�3/2 asymptotic behavior for the ACF
for a small separation of beads. As the separation of
the beads increases, the asymptotic behavior is shown
in Fig. 2(b), having t�1/2 initially and then becomes
t�3/2 at later time.

If two beads are close and near an end in a long chain,
the ACF yields a t�5/2 asymptotic behavior, shown in
Fig. 2(a), instead of t�3/2 as two close beads in a loop or
far from ends in a chain. It is due to boundary conditions
at the ends of a chain. Because of the reflection of distance
deviation at the end of a chain, the value of h½~qn1ðtÞ�
~qn2ðtÞ� �~qn1ð0Þi is similar to taking a second time derivative
at h~qn1ðtÞ~qn1ð0Þi if n1 and n2 are close and near the end in an
open chain.

Due to the same reason in one 1-D systems, the ACF
in 2-D systems has one power smaller in large separation
than in short one, shown in Fig. 3. It also means that the
interference between the pairwise beads that are close is
faster and stronger, which is similar to the 1-D cases.
The long-time behavior for close pairwise beads near a
corner in a large sheet is t�3, instead of t�2 for beads
near the center. It is due to the reflection at the bound-
aries. If the two beads are near the edge but far away
from the corner, the ACF of distance deviation can have
different long-time behavior, which depends on the orien-
tation of the beads with the edge. If the beads are paral-
lel to the edge and not close to a corner, the reflection of
diffusion at the boundary does not affect the ACF of dis-
placement. Therefore, the long-time behavior, shown in
Fig. 3, has the t�2 character, similar to the case of two
beads that are close but both far away from boundaries.
If the pairwise beads are not parallel to an edge, the
reflection at the boundary does affect the CQ values.
Therefore, the long-time behavior has t�3 asymptotic
behavior, as seen in Fig. 3(a) and (b) for sheet and tube
cases, respectively.

Fig. 4. The calculated CQ(t)/C0 for the various separations in a ladder

with x = xx = xy and N = 500. The decay is a single exponential if the

pairwise beads are at the same level, and follows half-integer power law

otherwise. All become single exponential decays eventually.
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4. Discussion and conclusions

In this work, we have studied Langevin dynamics for an
ideal 1-D and 2-D systems. Several kinds of power-law
behavior are obtained and their exponent is found to be
dependent on the distance of the pairwise beads such as a
donor and an acceptor in electron or energy transfer. Stud-
ies of pairwise distance correlation using single-molecule
spectroscopy are important in elucidating molecular
dynamics. As shown in Figs. 2–4, the power-law behavior
lasts for about six decades. Using the typical van der Waals
couplings and the experimental values of the friction con-
stant [32,38], the time range to observe such power-law
behavior is estimated to cover picosecond to microsecond
range.

This work shows that the distance ACF of a distant
donor–acceptor pair follows a power law of t�d/2 for a
simple Rouse model with a d-dimension coupling net-
work. This power-law behavior is very similar to d-dimen-
sion diffusion based on the scale invariance argument. The
similarity is due to mathematical analogy between the
Langevin equation of a Rouse model to a d-dimensional
random walk process. However, for a close pair, our
work predicts an interesting but different power law than
the usual t�d/2 dependence. For example, for an adjacent
donor-acceptor pair of a 1-D Rouse chain, the power law
does not follows the ordinary t�1/2 behavior but follow
t�3/2 or t�5/2 behavior, depending on the location of the
donor–acceptor pair.

The half-integer power law (t�1/2, t�3/2 and t�5/2) are
obtained for the 1-D systems; and the full-integer power
law (t�1, t�2 and t�3) for the 2-D systems. In 1-D (or 2-
D) system, the t�1/2 (or t�1) power law is obtained if the
pairwise beads have a large separation and very weak inter-
ference. The t�3/2 (or t�2) power-law behavior is found if
the pairwise beads are near but far away from the bound-
aries. It is also found that if the pairwise beads in a 2-D sys-
tem are near and parallel the boundaries, the reflection of
the interference from the boundaries has no effects on the
dynamics. The t�5/2 (or t�3) power law is obtained if
the close pairwise beads are close to but not parallel to
the boundaries.

The Langevin dynamics in a ladder is more special, and
it yields both pure exponential and power-law (t�1/2, t�3/2

and t�5/2) behaviors. The conditions and reasons for differ-
ent power laws are similar to the cases of an open chain.
The pure exponential behavior happens if two beads are
at the same level of a ladder. It also implies that the dis-
tance fluctuation between two beads at the same level
decays very fast as compared to those at different ladder
levels.

In our treatment we focused on ACF of the distance
fluctuations between a donor–acceptor pair. It can be
directly applied in electron transfer reactions which have
simple exponential distance dependence for the electronic
coupling. The temporal behavior of the distance ACF is

sensitive to the specific dynamics of the donor–acceptor
pair and their interactions with surrounding atoms or
molecules. For other processes such as FRET which
has different distance dependence (�1/R6) and other
dynamics with orientational dependence as occurs in a
2-D rotor [28], a characteristically different temporal
behavior for the ACF could arise. In some special cases,
power laws may happen for the temporal behavior of the
ACF in FRET. With anomalous diffusion in the subdif-
fusion regime (hx2i / ta, 0 < a < 1), the temporal behav-
ior of the lifetime fluctuation correlation at long time
could be written as a summation of six terms with differ-
ent powers in time [23].

For native proteins and other macromolecules with
heavy cross links the simple Rouse model treatment is
insufficient. The presence of heavy cross links in native
folded proteins could lead to deviation from the simple
power law [21]. However, in polypeptides one can treat
aperiodic chain by assigning a distribution of non-identical
force constants among those springs between beads, except
that for such a case with various spring constants a simple
analytic solution is no longer available and numerical
approaches need to be used. Based on our numerical simu-
lations for such a situation [20], we have found that the
power law still applies so long as the root-mean-square
deviation for the distribution for the force constant is not
too broad. Otherwise, these simple power-law behaviors
for a system with a more complicate coupling network
could break down.

Here we suggested some experiments to test the power
laws of various exponents. If an electron/energy donor
and an acceptor are attached to a 1-D system such as
polypeptides and polymers, or a 2-D system such as a
membrane, or a ladder structure such as DNA, studies
of the distance fluctuations between the donor–acceptor
pair could provide information about the conformational
dynamics of these low-dimensional structures as beauti-
fully illustrated by single-molecule experiments of proteins
by Xie’s group [16–18]. It would be interesting if the pre-
dicted power law of various exponent can be observed
with a donor–acceptor pair at different topological condi-
tions. By varying the location and the separation between
the donor and the acceptor, one could explore the power
law of t�3/2, t�5/2, in addition to the more well-known
t�1/2 law.
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Appendix A. The Asymptotic solutions of the power-law

behavior

A.1. One-dimensional system

In the limit of a loop with a very large N and a long sep-
aration between the n1th and n2th beads (i.e. N ! 1 and
jn1 � n2j � N/2), Eq. (8) can be simplified by an integral
[39] as

CQðtÞ

C0

�
exp �2x2 t

f


 �

p

Z

p

0

dxexp
�2x2t

f
cosx

� �

¼ e
�2x2 t

f I0
2x2t

f

� �

;

ðA:1Þ

where I0(z) is the modified Bessel function of the first
kind. Because of Im(x) � exp(x)/(2px)�1/2 at large x [40],
Eq. (A.1) has an asymptotic power law, (4px2t/f)�1/2,
as shown in Fig. 2(b). The Rouse equation, Eq. (2), is
mathematically equivalent to a 1-D diffusion equation.
The t�1/2 power behavior is expected since the solution
of a diffusion equation in 1-D system has a pre-exponen-
tial factor proportional to t�1/2.

If N of a loop is very large but the separation between
the n1th and n2th beads is much smaller than N/2 (i.e.
N ! 1 and jn1 � n2j � N/2 or jn1 � n2 � Nj � N/2), Eq.
(8) can be approximated by an integral that can be simpli-
fied as [39]

CQðtÞ

C0

�
e
�2x2 t

f

2p

Z 2p

0

dxf1� cos½xðn1 � n2Þ�ge
2x2 t cos x

f

¼ e
�2x2 t

f I0
2x2t

f

� �

� I jn1�n2j

2x2t

f

� �� �

: ðA:2Þ

If jzj and jargzj 6 p/2 � d, one has [40]

ImðzÞ ¼
ez
ffiffiffiffiffiffiffi

2pz
p

X

n

k¼0

ðm; kÞ
�1

2z

� �k

þOðjzj
�n�1

Þ

" #

;

where ðm;kÞ ¼
ð4m2 � 12Þð4m2 � 32Þ � � � ð4m2 � ð2k� 1Þ

2
Þ

22kk!
and

ðm;0Þ ¼ 1:

ðA:3Þ

Therefore, at a large t the leading term of Eq. (A.2) is pro-
portional to t�3/2. In the loop case, the asymptotic behavior
of the distance ACF for a small separation is t�3/2, which is
different from the t�1/2 behavior in a large separation, as
seen in Fig. 2(b).

If two beads in a long chain have a short separation
and are not close to the ends, the CQ exhibits t�3/2

behavior, as shown in Fig. 2(a). The behavior can also
be expressed as Eq. (A.2) in a large loop. If two beads
have a long distance separation (i.e. n1; n

0
2 � N ;

n2 ¼ N � n02; and N! 1), the ACF of distance deviation
can be written as

CQðtÞ

C0

�
e
�2x2 t

f

p

Z

p

0

dx cos x n1þ
1

2

� �� �


�cos x n2þ
1

2

� �� ��2

e
2x2 tcosx

f

¼ e
�2x2 t

f I0
2x2t

f

� �

þ
1

2
I2n1þ1

2x2t

f

� �

þ
1

2
I2n0

2
�1

2x2t

f

� �� �

:

ðA:4Þ

Using Eq. (A.3) the above equation at a large t yields a
t�1/2 behavior, which is similar to the behavior of two
beads having a large separation for a loop case. Eq. (4)
can be expressed by integral if N is very large and the beads
are close to one end of the open chain (i.e. N! 1 and n1,
n2 � N). It can be further simplified [39] as

CQðtÞ

C0

� e
�2x2 t

f I0
2x2t

f

� �

� In1þn2þ1

2x2t

f

� �

� I jn1�n2j

2x2t

f

� ��

þ
1

2
I2n1þ1

2x2t

f

� �

þ
1

2
I2n2þ1

2x2t

f

� ��

: ðA:5Þ

At a large t the leading term of Eq. (A.5) is proportional to
t�5/2, which is the same as the asymptotic behavior shown
in Fig. 2(a).

A.2. Two-dimensional system

The CQ of a sheet, Eq. (11), between the pairwise beads
at (n1,m1) and (n2,m2) sites with a very large separation in
the limit of a very large N ·M (i.e. N! 1, M ! 1, and
jm1 � m2j � M) can be simplified as

CQðtÞ

C0

� e�
2t
f
ðx2

xþx2
y ÞI0

2x2
y t

f

 !

I0
2x2

x t

f

� �

þ
1

2
I2n1�1

2x2
x t

f

� ��

þ
1

2
I2n2�1

2x2
x t

f

� ��

: ðA:6Þ

Using Eq. (A.3), the leading term of the equation has t�1

dependence. The asymptotic behavior at large t is shown
in Fig. 3(a). It is similar to the long-time behavior for
two largely-separated beads in a very large and long tube,
shown in Fig. 3(b), since Eq. (14) can also be approximate
as Eq. (A.6). Therefore, the ACF of the distance deviation
between widely separated beads in two-dimensional cases
yields a t�1 asymptotic behavior.

If the separation of beads on a sheet is close and near the
center, and N ·M is very large, (i.e. n1, n2 � N/2 and m1,
m2 � M/2) Eq. (10) can be simplified by an integral [39] as

CQðtÞ

C0

� e �2t
f
ðx2

xþx2
y Þ½ � I0

2x2
x t

f

� �

I0
2x2

y t

f

 !(

�I jn1�n2j

2x2
x t

f

� �

I jm1�m2j

2x2
y t

f

 !)

: ðA:7Þ

The equation can be expended by using Eq. (A.3), and has
a leading term in t�2, which is consistent with the asymp-
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totic behavior shown in Fig. 3(a). This physical origin of
one power smaller than in large separation is due to the
interaction of the pairwise beads of the ACF through fewer
beads, which is similar to the one-dimensional cases. If two
beads are near a corner on a large sheet (i.e. n1, n2 � N and
m1, m2 � M). The ACF of distance deviation can be
rewritten as

CQðtÞ

C0

� e �2t
f
ðx2

xþx2
y Þ½ �

(

1

2
I0

2x2
x t

f

� �
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2x2
x t

f

� �� �

� I0
2x2

y t

f

 !"

þI2m1�1

2x2
y t

f

 !#

þ
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2
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2x2
x t
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2x2
x t

f
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� I0
2x2

y t

f

 !

þ I2m2�1

2x2
y t

f

 !" #

� In1þn2�1

2x2
x t

f
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x t
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� Im1þm2�1

2x2
y t

f

 !

þ I jm1�m2j

2x2
y t

f

 !" #)

: ðA:8Þ

As expected, because of the reflection distance deviations at
the boundaries, the long-time behavior is t�3, instead of t�2

for beads near the center.
If the pairwise beads on a very long and large tube are

close and far away from the edges, the ACF of distance
deviation in Eq. (14) can also be expressed as Eq. (A.7).
Thus, it also exhibits t�2 asymptotic behavior, as seen in
Fig. 3(b). If the close pairwise beads are parallel and near
an edge (i.e. n1 = n2 = n � N, j m1 � m2j � M/2, and
N,M ! 1), CQ can be written as

CQðtÞ

C0

� e �2t
f
ðx2

xþx2
y Þ½ � I0

2x2
x t

f

� �

þ I2n�1

2x2
x t

f

� �� �

� I0
2x2

y t

f

 !

� I jm1�m2j

2x2
y t

f

 !" #

: ðA:9Þ

According to Eq. (A.3), it yields t�2 behavior in Fig. 3(b),
which is similar to the results of the pairwise beads parallel
to the edge and far away from a corner of a sheet. If the
pairwise beads are close and unparallel the edges, the Eq.
(14) can be expressed as

CQðtÞ

C0

� e �2t
f
ðx2

xþx2
y Þ½ � I0

2x2
y t
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2x2
x t
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2x2
x t

f
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)

; ðA:10Þ

when jn1 � n2j � N and jm1 � m2j � M/2 in a very large
and long tube. The time behavior in Fig. 3 becomes t�3

at long time. The power law changes if the pairwise beads

change the orientation with respect to the edges. The
change is due to the reflection at the boundary having dif-
ferent effects at the different orientation of the pairwise
beads. The effects are similar to the results on a sheet.

A.3. A ladder

The analytical expression at the limit of a very large N

can be derived by using the integral in Ref. [39]. If
n1 = n2 = n, it can be written as

CQðtÞ

C0

� exp �
2t

f
ðx2

x þ x2
yÞ

� �

I0
2x2

x t

f

� �

þ I2n�1

2x2
x t

f

� �� �

:

ðA:11Þ

Using Eq. (A.3), at a large t the asymptotic behavior is
ð4px2

x t=fÞ
�1=2

expð�2x2
y t=fÞ, as shown in Fig. 4, which is

very different from the power-law results in the usual
one- or two-dimensional systems. If the pairwise beads
on a very long ladder are at a large separation (i.e.
jn1 � n2j � N, N ! 1), the ACF becomes

CQðtÞ

C0

�
1

2
exp �

2x2
x t

f

� �

1þ exp �
2x2

y t

f

 !" #

I0
2x2

x t

f

� �

;

ðA:12Þ

which exhibits t�1/2 in Fig. 4 at longer times. The result is
the same as that obtained in both chain and loop cases with
a large separation. When the pairwise beads have a short
separation and far away from the ends of the very long lad-
der, CQ can be simplified by

CQðtÞ

C0

�
e�

2x2x t

f
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2x2y t
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y t

f

 !)

ð\þ "if m1 ¼m2; \� " if m1 6¼m2Þ:

ðA:13Þ

As curve with the open hexagon symbols in Fig. 4, it yields
t�3/2 power-law behavior at longer times. It is the same as
the 1-D case if the pairwise beads are close and far away
from the boundaries.

When the two beads are close and near the ends of the
very long ladder, (i.e. n1 5 n2 and n1,n2 � N), the ACF is
expressed as

CQðtÞ

C0
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2x2x t
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2
1þ exp �
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2x2
x t
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)

ð\þ "if m1 ¼m2; \� "if m1 6¼m2Þ: ðA:14Þ

Its leading asymptotic term has a power law of t�5/2, repre-
sented by the open-triangle-curve in Fig. 4, which is the
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same as obtained by the close pairwise beads near an end of
a very long open chain.
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