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ABSTRACT

This thesis examines the use of information theory in the analysis and design
of radar, with a particular emphasis on the information-theoretic design of radar
waveforms. First, a brief review of information theory is presented and then the
applicability of mutual information to the measurement of radar performance is ex-
amined. The idea of the radar target channel is introduced. The Radar/Information
Theory Problem is formulated and solved for a number of radar target channels,
providing insight into the problem of designing radar waveforms that maximize
the mutual information between the target and the received radar signal. Radar-
scattering models are examined in order to obtain usable models for practical wave-
form design problems. The target impulse response is introduced as a method of
characterizing the spatial range distribution of radar targets. The target impulse
response is used to formulate a new generalization of the matched filter in radar
that matches a transmitted-waveform/receiver-filter pair to a target of known im-
pulse response, providing the maximum signal-to-noise ratio at the receiver under
a constraint on transmitted energy and the time duration of the waveform. Next,
the problem is formulated and solved of designing radar waveforms that maximize
the mutual information between the target and the received radar waveform for a
target characterized by an impulse response that is a finite-energy random process.
The characteristics of waveforms for optimum detection and for obtaining maximum
information about a target are compared. Finally, the information content of radar
images is examined. It is concluded that the information-theoretic viewpoint can

improve the performance of practical radar systems.
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CHAPTER 1

INTRODUCTION

1.1. Background.

In the last fifty years, radar has grown from its infancy as a technology with rela-
tively few applications into a mature technology with a wide range of applications.
The acronym radar (radio detection end ranging) indicates the impetus for the
initial development of systems that use radiowave or microwave scattering to make
measurements of a remote object. Its primary use in the Second World War was de-
tecting and locating enemy aircraft. This provided both advanced warning of attack
and information for the direction of anti-aircraft weapons. It was also effectively
used by the British to detect and locate German submarines [1.1-1.3].

The modern uses of radar, while still including these early applications, include
several additional applications. These include such remote sensing applications as
the measurement of water resources, agricultural resources, global ice-coverage, for-
est conditions, and wind, as well as such radar techniques as ionospheric sounding,
geological mapping, radar meteorology, planetary remote sensing, and radar astron-
omy. Radar has also expanded in its application in navigation. In aviation this can
be seen in its use in air traffic control and aircraft navigation radar. >In navigation at
sea, radar is used aboard ships for collision avoidance and on land for harbor traffic
management. Applications in the areas of military surveillance have also expanded

to include terrain mapping and target identification. In radar target identification,
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Figure 1.1. Block Diagram of a Generic Radar System.

not only is the target detected and located, but the physical characteristics of the
target are determined, or the target is classified by type based on its radar signature

[1.4, 1.5].

A radar, as considered in this thesis, is any system that uses the scattering of
microwave radiation from an object to obtain information about that object. Such
objects will be referred to as targets. Fig. 1.1 shows a block diagfam of a generic
radar system. The radar consists of a transmitter, which generates the signal to
be transmitted, a trensmitting antenna, which radiates the transmitter waveform

as an electromagnetic field, a recesving antenna, which intercepts a portion of the
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electromagnetic field scattered in the direcﬁon of the receiver, and the receiver,
which detects and processes the signal collected by the receiving antenna. The
transmitting and receiving antennas may or may not be the same physical antenna.
In this diagram, the “transmitter” corresponds to all signal generators, modulators,
and power amplifiers used in the transmission process; the “receiver” corresponds
not only to the standard receiver elements such as RF amplifiers, detectors, IF
amplifiers, and filters, but also to any signal processing elements that might be
used to extract information from the received radar signal (e.g., Doppler filters,
range-gating circuitry, SAR processors, etc.). While not radars in the strict sense,
instruments that make radio science measurements, or perform “radio sounding,”
can also be considered radars for the purpose of this thesis. These instruments
transmit a known—or at least partially known—waveform through a medium to be
characterized, and the received waveform is then analyzed to determine how the
propagating medium has distorted it. From these distortions, characteristics of the
observed medium are inferred. If the “distortion of the field by the medium” is
viewed as functionally equivalent to the “scattering of the field by the target” in
the above description of the generic radar system, then the generic radar model is

also applicable to such radio science instruments.

When a radar system is making a measurement, the transmitted waveform
radiated by the transmitting antenna propagates through space until it impinges
on the target. It is then scattered by the target. In general, the field incident on

the target is scattered in all directions. That portion of the scattered field that is
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intercepted by the receiving antenna is then fed to the receiver. The receiver then
processes this received field and the desired information is extracted from it. Early
radar work dealt primarily with detecting the presence or absence of the target, but
modern radar work concentrates on the extraction of additional information about

the target as well.

Note that in Fig 1.1, a link is depicted between the transmitter and the receiver.
This represents the fact that in most radar systems, the receiver has at least partial
knowledge of the transmitted waveform. A typical reason as to why this knowledge
may be only partial is that the phase of the transmitted waveform may not be
known. In the case of a bistatic radar system—one in which the transmitter and
receiver are not collocated—the time of transmission as well as the phase of the
carrier may not be known. The general shape and polarization of the transmitted
waveform will be known, however, and this knowledge will exhibit itself in the design
of the radar receiver. Some systems have very detailed knowledge of the transmitted
waveform at the receiver. Systems with quadrature detectors, for example, generally
have phase-lock between the transmitter and receiver, with a small portion of the

transmitter carrier fed directly to the receiver.

As many of the modern applications of radar deal not only with detecting
and locating objects but also with measuring the scattering characteristics of these
objects, a method of characterizing measurement performance becomes desirable.
In making these measurements of the target-scattering characteristics, the primary

goal is to obtain information about the target. So an appropriate choice of per-



— 5 _
formance metric might be one that measures the information obtained about the
target by radar observation. Such a metric would allow one not only to determine
how much information can be determined about a target but also to design a radar
system that determines the maximum amount of information about a target for a
given set of design constraints—for example, a fixed bandwidth and a maximum

average power.

In addition, such a metric would allow one to determine whether or not a radar
is capable of performing its desired task. Standard approaches to the problem of
radar performance have been developed in the case of radar target detection, but in
the case of target identification or the precision measurement of a target parameter,
a metric based on information obtained about the target would be useful. We will

now investigate a simple example that illustrates the usefulness of such a metric.

As will be discussed in detail in Chapter 4, the range resolution of a radar
system 1s inversely proportional to the bandwidth of the radar system. As a result,
if one is making measurements of an object such as a ship, for example, greater
bandwidth is required to measure the ship’s fine structure than is required to make
rough measurements of the ship’s size. Now if we represent the received radar
waveforms by discrete samples, the Sampling Theorem requires a greater sampling
rate to represent the sié;nal of greater bandwidth—that corresponding to the mea-
surement of fine structure—than it does to represent the signal of lesser bandwidth
corresponding to the rough measurement of the ship’s size. Intuitively, this makes

sense. One would expect the measurement of the ship’s fine structure to contain
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more information than the rough measurement of the ship’s size, as the measure-
ment of the ship’s fine structure would include within it a measurement of the ship’s
size as well as the additional information characterizing the ship’s structure. What
this example points out is the following: Different types of radar measurements
may require different information acquisition capabilities of a radar system. In this

thesis we will analyze this point quantitatively.

This simple example, while intuitively appealing, ignores many significant
points. There is not a direct relationship between the number of samples and the
amount of information conveyed. A single sample in the first case does not neces-
sarily provide the same amount of information as a single sample in the second case.
Increasing the bandwidth may increase the number of samples required to represent
the target, taking full advantage of the information contained in this larger band-
width, but if the same amount of total energy is available for obtaining the samples
in both cases, less energy is available per sample in the larger bandwidth case. As
a result, in the presence of noise, the individual samples will not be as reliable as
in the larger bandwidth case. This example does, however, bring up the question
of the trade-off between the number of samples and the energy per sample in the
design of a radar system that maximizes the information obtained about the target.
In terms of practical system design, the question could be stated as follows: How
does one distribute the transmitted power in frequency to maximize the information

obtained when there 1s a constraint on the average transmitter power?

In this thesis, the radar measurement process will be analyzed in terms of
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information theory. The measure of information proposed by Shannon [1.6] will
be used to examine the ability of a radar system to collect information about a
target—that is, the information content of radar measurements will be examined.
We will then examine the information-theoretic design of radar systems so that
their measurements will yield the maximum amount of information about the tar-
get being observed. A particularly interesting result of this analysis is that radar
systems designed for optimal target detectability—the most common approach to
radar system design today—differ significantly from those that would be designed
to collect the maximum amount of information about a target known to be present.
This suggests that a different approach to radar waveform design should be used
in the case of radars designed for target identification and precision measurement

than for target detection.

1.2. Overview.

In Chapter 2 of this thesis, we will briefly review information theory by defining
the information-theoretic quantities that will be used in this thesis. This will be
done primarily to establish the notation to be used in the remainder of this thesis
and to highlight general concepts in information theory. More detailed and in-
depth discussions of information theory are found in References [1.7-1.9]. After
our brief review, we will look at the relationship between information theory and
radar measurement. This will provide the motivation for a more detailed look
at the application of information theory to the problem of radar measurement by

pointing out the relationship between information acquired and target identification



capabilities or measurement error.

In Chapter 3, we will introduce the Radar/Information Theory Problem, which
forms the basis for most of the rest of this thesis. The Radar/Information Theory
Problem addresses the problem of what a radar should transmit in order to obtain
the maximum amount of information about the target under observation. We then

look at the solution of this problem in the general case.

Before the results of Chapter 3 can be applied to specific radar problems,
physical models of the radar measurement process must be established. This is done
in Chapter 4. Here we will look at statistical models of electromagnetic scattering
and the appropriateness of these models to the radar measurement process. We will
begin with a brief survey of scattering models and then will examine in detail those

that will be useful in our analysis.

In Chapter 5 we will apply the results of Chapter 4 to the problem of optimum
target detection. We will derive a new extension of the matched filter concept for
radar developed by North [1.10]. North’s matched filter assumed that the target be-
ing observed was a point target—one with no significant spatial extent. The results
in Chapter 5 take into account the interference patterns arising in the scattered
electric field because of the spatial extent of a target distributed in space. The
result of our analysis is a design procedure that gives both a realizable waveform
and a receiver filter, which together have optimum detection properties in additive

Gaussian noise with an arbitrary power spectral density.

In Chapter 6, the information-theoretic design of radar waveforms is considered.
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Here we look at the problem of designing radar waveforms that maximize the rate
of information transfer about the target to the radar. These results are of particular
interest in the case of radar design for target identification and measurement. A
design procedure is then developed for radar systems that maximize the rate of
information extraction about the target. We then compare the optimum detection
waveforms of Chapters 5 to those derived in Chapter 6, which provide the maximum
amount of information about the target. This results in a very interesting physical
and information-theoretic interpretation of the waveforms for optimal detection and
information extraction.

In Chapter 7, we apply mutual information to the analysis of imaging radar.
Here we examine the information content of radar images generated by both real
and synthetic aperture radars. We also give an information-theoretic interpretation
to some well-known results in the processing of radar images.

In Chapter 8, we summarize our results from the previous chapters and examine

their implications for the design of radar waveforms and systems.
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CHAPTER 2

THE INFORMATION-THEORETIC ANNALYSIS OF RADAR

In this chapter, we will examine the applicability of information theory to the anal-
ysis of radar systems. In Section 2.1, we will consider the rationale for examining
radar systems from the viewpoint of information theory. This is done by examining
the similarities and differences between communication systems—which have been
analyzed for the last forty years using information theory with great success—and
radar systems—to which information theory was early considered applicable [2.13],
but to which information theory has not been traditionally applied. We will see
that a radar system can be seen as a “communication system” of an unusual type,
and that it is indeed reasonable to use information theory in the analysis of radar
systems. In Sections 2.2 and 2.3, we will briefly review the main points of informa-
tion theory. The purpose here is twofold. First, it serves to establish the notation to
be used throughout this thesis with regard to information, but more importantly it
serves to introduce its basic principles to those radar engineers reading this thesis,
who may not be familiar with information theory. These sections are by no means
a complete introduction to information theory. An excellent introducﬁon and ref-
erence can be found in [2.1], on which much of these two sections is based. Having
introduced the basic concepts of information theory, we will look at their relevance

to the radar measurement problem in Section 2.4. There we will see the relevance
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of information theory to radar measurement performance.

2.1. The Information-Theoretic Analysis of Radar Systems.

Information theory, introduced by Shannon in 1948 [2.2], provided a new and pow-
erful framework for the analysis of communication systems. But information theory
was more than a new tool for examining previously known results in communication
theory. It opened up a whole new realm of previouly unknown results about the
communication process, by offering new and fundamental insights into its nature.
This in turn spawned the field of error-correcting codes, providing the means by
which many of Shannon’s results would be realized in practice. Information theory
has had a profound impact on the design of today’s communication systems and the
methods of transferring information from one point to another, or from one time to
another in the case of computer memories.

In this thesis, we will examine radar systems using information theory in order
to derive some insights which information theory can provide into the design of radar
systems. It may not be immediately apparent that information theory provides an
appropriate or even desirable framework in which to analyze radar systems. In
this section, we will motivate such an approach by examining the similarities and
differences of radar systems and communication systems. References [2.3] and [2.4]
provide many of the details for the analysis of communications and ra.dar systems,
both generally and specifically.

Consider the block diagram of a generic communication system shown in Fig. 2.1.

The purpose of the communication system is to transfer information from the source
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@}——-’ Transmitter ——8{ Channel =4 Receiver |

Figure 2.1. Block Diagram of a Communication System.

to the destination. These two terminals are separated by the channel. The transfer
of information is done using the transmitter and receiver. We will now examine the
function of each block in the communication system in Fig. 2.1 and determine how

they fit into the overall function of the communication system.

The source generates the message to be sent to the destination. The source may
represent any of a number of message-generating mechanisms. It could be a person
speaking, a thermometer measuring temperature, a camera imaging a planetary
surface, or a computer memory with some file to be transferred. A characteristic
of all sources in communication systems must be that the output of the source
is not known at the destination before the source output is transmitted across the
channel. If it were known, there would be no purpose in the communicétion system,
as 1t would not provide any information, either in the mathematical sense or the
informal sense, about the source to the destination. Thus, there is at least some a

priori uncertainty in the output of the source at the destination.
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The transmitter maps the output from the source into a suitable form for
the channel across which the message is to be transferred. Thus, the transmitter
matches the message from the source to the channel. The form of the transmitter
then will be a function of both the message source and the channel. For example,
if the source is human speech and the channel is free space, a microwave transmit-
ter using wide deviation frequency modulation may be a good match of source to
channel, whereas if the source is a computer system with digital data files to be
transmitted and the channel is an optical fiber, a pulse modulated laser may be a

good choice as a transmitter matching the source to the channel.

The channel is determined by the medium across which the information is to be
transferred from the source to the destination. It may, for example, represent f{ree
space, the earth’s atmosphere, a coaxial cable, or an optical fiber when the source
and destination are spatially separated. It may also represent a magnetic, optical,
or solid-state storage medium when the source and destination are separated in
time, such as in a computer program, where data are stored away in memory and
then recalled at some later time. A characteristic of almost all physical channels
is that when a waveform is being transmitted across the channel, it is distorted by
physical processes present within the channel. As a result, the waveform received
at the channel output may not be interpreted as corresponding to the ﬁlessage pro-
duced by the source. These distortions may be due to any of a number of physical
processes. For example, in the case of electromagnetic waveform transmission, ther-

mally excited molecules emit electromagnetic radiation due to charge motion. This
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exhibits itself in radio communication systems as additive noise. Also present in
some radio channels is multipath fading that is due to the received signals from mul-
tiple propagation paths. Any change in the geometry of the transmitter, receiver,
or propagation paths can cause the amplitude of the received signal to change. This
exhibits itself as a multiplicative noise. In optical communication systems, noise in
the solid-state detectors can cause the detector to determine the presence of a pulse

from the transmitter when none is present.

The receiver observes the output of the channel and makes a decision as to what
the transmitted message was. Its function is complicated by noise and distortion
present in the channel. After making its estimate of the message from the source,
it passes this decision on to the destination. The destination represents or displays
the point to which the information is to be transmitted. It receives the decision on

the received message from the receiver and functions as the end user.

The role of information theory in the design of such a communication system is
to determine how the transmitter and receiver will be designed in order to efficiently
and reliably transmit the information from the source to the destination, given the
characteristics of the source and the channel. That is, given a model of what types
of messages the source is likely to produce and a characterization of the distorting
or noise properties of the channel, information theory determines wrhet.her or not a
receiver and transmitter can be designed so as to provide reliable communication.
It also provides some guidance as to how to design this transmitter and receiver.

The actual implementation of the transmitter and receiver often involves coding,
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Figure 2.2. Block Diagram of a General Radar System.

and the field of error-correcting codes [2.1] provides the details of the specific coding
design. Information theory does, however, provide specific insights into the higher
level of system design. For example, in Reference [2.5], Shannon considers the spec-
tral distribution of transmitter power for optimal communications for an additive
Gaussian noise channel with a given noise power spectral density.

We now examine a general radar system. Consider the block diagram of the
radar system shown in Fig. 2.2. The purpose of this radar system is to determine
characteristics of the target. We will now consider the function and effect of each
of these blocks in carrying out the purpose of radar.

The transmitter of the radar system provides the electromagnetic waves by
which the target will be probed. Typical radar systems have transmitters operating

at frequencies between 1 GHz and 50 GHz, although lower frequencies are some-
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times used for over-the-horizon, long-range detection radars where the increased
reflectivity of the ionosphere can be used to good advantage [2.4]. Generally, larger
average transmitter powers, although not necessarily greater received powers, can
be obtained at lower frequencies, since the physical size of the tomponents is greater,
and thus greater heat dissipation can take place. In some applications, however,
such as airborne and spaceborne systems, the limitation on average transmitter
power is determined by size and weight constraints on the transmitter power sup-
plies [2.4]. The frequency and bandwidth of the transmitted waveform also play a
significant role in the measurement capabilities of the radar system. This will be

examined in detail in Chapter 4.

We next encounter the transmit antenna, whose function it is to radiate the
transmitter waveform into space at the target. In the case of the abstract cornmu-
nication channel, we did not explicitly note the antenna or the method of coupling
the transmitter to the channel. The reason for this was that it was not necessary
in order to understand the function of the communication system. In the case of
radar, however, the antenna plays a more pronounced role. The characteristics of
the antenna—its beamwidth, polarization, and geometry—significantly affect the
outcome of the resulting radar measurements [2.6]. Antenna system design is a
significant part of the design of a radar system and in particular ‘determines the

angular resolution with which radar measurements can be made.

We next encounter the block labelled as the target channel, made up of the

transmit channel, the target, and the receive channel. In a real radar system, we
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cannot directly separate the effects of these three elements by measurement. Any
processing that allows us to separate these effects is dependent on the estimation of
the the individual effects based on assumed physical models of the individual pro-

cesses involved and measurements involving all of the effects acting simultaneously.

The transmit channel represents the path across which the transmitted wave-
form travels as it propagates from the transmit antenna to the target. For free
space or the earth’s atmosphere, this channel has little effect other than to attenu-
ate the signal. This attenuation is the result of space loss (dispersion of the signal
in space) and atmospheric attenuation. Space loss is defined so as not to be a
frequency-selective process, so all frequencies in the transmitted waveform are at-
tenuated equally when they reach the target. Atmospheric absorption, on the other
hand, is highly frequency-selective, as it is due to the absorption of electromagnetic
energy by specific molecules making up the atmosphere. The energy is absorbed at
frequencies corresponding to the molecular bonds of these molecules [2.3,pp.23,35].
In some cases, the transmit channel can distort the transmitted electromagnetic
field in still more severe ways. For example, plasmas made up of charged particles
interact with electromagnetic waves propagating through them. This results in a
decrease in velocity of propagation, dispersion (frequency-dependent propagation
time differences for different waveform spectral components) of the wéveform, and
both amplitude and phase scintillation (rapid fluctuations about the mean value) of
the wave passing through the plasma [2.7]. Such plasmas exist in the solar system

and could exhibit themselves as transmit channel distortions if the radar system
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being modeled is used in radar astronomy measurements at high enough frequen-
cies (although these frequencies would be higher than those currently used in radar

astronomy [2.14]).

The target is the object on which measurements are being made. It is the
element in the block diagram of which there is generally the greatest uncertainty,
yet about which the most information is desired. In fact, the sole purpose of the
radar system is to obtain information about the target to reduce this uncertainty. If
there were no uncertainty about the target—about its presence, geometry, physical
characteristics, and motion—there would be no need to make radar measurements
of it. In a sense, the target plays a parallel role in the radar system to that played
by the source in the communication system. The transmitted waveform, having
been radiated by the transmit antenna, propagates through space until it reaches
the target. Once the transmitted electromagnetic wave is intercepted by the target,
it 1s scattered by the target. This scattering can be viewed as a retransmission by
the target of the wave impinging on the target, but the resulting scattered wave is

modified as a function of the target’s geometry and physical characteristics.

The receive channel, as shown in Fig. 2.2, includes the medium between the
target and the antenna. As in the case of the channel in the communication system,
there will generally be additive thermal noise present. In the case éf the radar
system, the effect of the additive noise may be particularly severe. This is because
of the two-way transmission path from the transmitter to the target and the target to

the receiver. After suffering the one-way path loss squared, the received signal from
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the target may be very faint. This is especially true if the target is at a considerable
distance. In the case of a monostatic (single antenna) radar, for instance, the
received signal power is inversely proportional to the fourth power of the range

from the antenna to the target.

The receiver detects the signal intercepted by the receive antenna and performs
any processing required to extract the desired information about the target. This
processing may involve filtering out unwanted noise, spectral analysis in order to
determine the spectrum of the Doppler shift resulting from target motion, and any
radar or target motion compensation that may be required to extract the desired
target characteristics from the received signal. So we should and do include any

postprocessing of the detected signal in the receiver block as well.

The output of the receiver goes to the destination, representing the end user
of the information obtained about the target. The output of the receiver that is
provided to the destination could take on any of a number of forms. For example,
it could be a radar map of the target in a geological mapping system, the position
and velocity of the target in an air-traffic control system, the Doppler spectrum of
the target in a system used to study surface scattering behavior in remote sensing,

or the class of a target in a target-identification system.

If we compare the block diagram of the communication system in Fig. 2.1
to the block diagram of the radar system in Fig. 2.2, we see that several of the
elements in the two systems are similar. Both systems have a transmitter that

radiates electromagnetic energy, and both systems have a receiver that detects and
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processes electromagnetic energy. Both systems also have a channel through which
the signal passes as it propagates from transmitter to receiver, but the nature of

these channels 1s quite different.

In the communication system, the information to be received by the destination
has its origin at the source. The channel acts primarily as the medium across
which the message is to be transferred, and as a result, acts primarily to corrupt
the message sent from the source to the destination. In the radar, however, it
is the channel, or the target channel to be precise, that contains the source of
information. In the communication system, then, the transmitter responds to the
message generated by the source and transmits a waveform to the receiver. In
the radar system, the target responds to the transmitted waveform and scatters a
modified waveform to the receiver. The source of uncertainty to be reduced in the
scattered waveform is only the result of the target channel itself, since the receiver
has knowledge of the transmitted waveform. Thus, the radar system functions by
probing the target and measuring its response. So the target itself acts as the source
of information or the “message source.” The transmitter merely provides the energy

in an appropriate form for it to do so.

The target will not, however, respond to differing waveforms of identical energy
in identical ways. While this is true of the idealized point targets enéountered in
theoretical radar analysis, scattering from targets of spatial extent generates inter-
ference patterns. These interference patterns can differ significantly for transmitted

waveforms made up of different frequency components. Thus, the question arises:
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How does the shape or frequency content of the transmitted waveform affect the
amount of information obtained about the target by radar measurement? In this
thesis, we will examine this question, using information theory. The following two

sections provide a brief introduction and review of information theory.

2.2. Information Theory and Discrete Random Variables.

Let X be a discrete random variable (finite or countable) taking on values from a
set Ry = {x1,z2,...}. For each z € Rx, let p(z) = P{X = z}, the probability
distribution of X. We wish to obtain a measure of the information obtained by
observing X. Equivalently, we wish to obtain a measure of the a priori uncertainty
in the outcome of X. In order to do this, we will define for each € Rx a quantity

I(z) called the self-information of z, by

I(z) = —log p(=). (2.1)

The base of the logarithm is left unspecified and determines the units of I(z). The
two most commonly used bases are base-2 and base-e, yielding units of bits and
nats, respectively. In this thesis, base-e or natural logarithms will be used almost
exclusively when a specific base needs to be specifed. This is done to simplify
calculations. Nats can be converted to bits by dividing by a scale factor of In 2.
Fig. 2.3 shows a graph of I(z) as a function of p(z). For any given z € Ry,
p(z) € [0,1]. Note that as the event X = x becomes less probable, the sell-
information I(z) increases, and that as the event becomes more probable, the self-

information decreases. This then says that the occurrence of an unlikely event—“It



__23_,

I >p(><)

Figure 2.3. Self-Information I(z) versus p(z).

is raining in Los Angeles”—contains more self-information than a likely event—“It
is raining somewhere.” Intuitively, this is appealing, since if we are told the obvious,
we feel we have obtained very little “information,” whereas when we are told the not
so obvious or the unlikely, we feel we have obtained significant “information.” Note
as well the relationship between self-information and the certainty of an event’s

occurrence. When we are quite certain an event will occur, the self-information
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provided by its occurrence is small. As we become less certain of its occurrence, the

self-information provided by its occurrence becomes larger.

Defining I(z) as we have, we see that I(X) is a new random variable, defined
in terms of the random variable X. The expectation of the random variable I(X),

denoted by H(X), is called the entropy of X, and is given by

HX)=- 3 p(e) log p(a). (2.2)
z€ERx
If p(x) is equal to zero for any = € Rx, p(z)log p(x) is defined as p(z) log p(z) = 0,

the limit as p approaches zero from above:
lim plog p = 0.
Jim, plog p

If X and Y are jointly distributed discrete random variables taking on val-
ues from Ry = {z1,2,...} and Ry = {y1,yz,...} respectively, and having joint
probability distribution p(z,y) = P{X =z,Y =y}, then the self-information in the
Joint occurrence of X =z and Y =y is I(z,y) = —log p(=,y). The joint entropy

H(X,Y)of X and Y is

HX,Y)=- >, > pla,y)log p(z,y). (2.3)

s€Rx yERy
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We now consider several properties of the entropy function. These properties

are easily proved, as in References [2.1, 2.8]:

1. Let p = (p(=1),p(z2),...) be the probability distribution of X. Then
H(X) is continuous in p.

2. H(X) > 0, with equality if and only if all but one of the p(z;) are
equal to zero.

3. For afinite random variable X with Rx = {z1,...,z,}, H(X) < logr,
with equality if and only if for all z; € Rx, p(z;) = 1/r.

4. If X and Y are jointly distributed random variables,
H(X,Y) < H(X) + H(Y),

with equality if and only if X and Y are statistically independent.

5. H(X) is a convex N function of p.

We have previously noted that the entropy H(X) is the mean value of the
self-information I(X), and that I(«x) was small for events that occurred with great
certainty. It follows then that H(X) must in some sense measure the average
uncertainty of the outcome of X. When H(X) is large, there is a gre‘ater a priorl
uncertainty in the outcome of the random variable X. We will now consider the
five properties of entropy listed above in light of viewing entropy as a measure of a

priori uncertainty.
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Property 1 states that entropy of X is continuous in the probability distribution

of X. This can be interpreted as saying that small changes in the probability
distribution of X produce small changes in the entropy of X. This is a reasonable
property of an uncertainty measure, as it states that very similar distributions have

very similar a priori uncertainty.

Property 2 states that entropy measures the uncertainty of X as a positive
quantity, and that if the outcome of X is certain, the entropy of X is zero. This is

an intuitively appealing property of an uncertainty measure.

Property 3 states that if there are a fixed, finite number of outcomes of X,
then there is an upper bound on the entropy of X, and this upper bound occurs
only when each of the outcomes is equally likely. This is a reasonable property of
an uncertainty measure, as intuitively, the case of equiprobable outcomes has the

greatest uncertainty—no single outcome is more favorable than another.

Property 4 states that for two random variables, the joint entropy of their
outcomes is less than or equal to the sum of the entropies of the individual outcomes.
Furthermore, the joint entropy of their outcome is exactly the sum of the entropies
of the individual outcomes when the two outcomes are statistically independent.
This, too, is a reasonable property of an uncertainty measure. It states that if the
two outcomes are statistically independent, then the uncertainty of the outcome
of the two jointly is the sum of the individual uncertainties. If, however, there is
statistical dependence between the two outcomes, observation of the outcome of

one must provide some information on the outcome of the other, and in such an
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instance the joint uncertainty of the two random variables is strictly less than the
sum of the two individual uncertainties.

Property 5, convexity down, while not having the direct intuitive appeal of
the previous four properties, is significant in that it greatly-simpliﬁes finding dis-
tributions that maximize the éntropy of X, as well as solving related optimization
problems in information theory. This is a fortunate benefit of adopting entropy as
an uncertainty measure.

As can be seen from these five properties of entropy, entropy is a very rea-
sonable measure of the a priori uncertainty in the outcome of a discrete random
variable. In fact, although several measures of uncertainty that have some of the
above properties have been proposed [2.9], only the entropy function (or actually
aH(X), where o is any positive real number) satisfies all of these properties [2.10].
Also, the entropy function measures the average code length needed to specify a
source [2.1,2.3], but we shall not pursue this point of view here.

Consider again the jointly distributed discrete random variables X and Y,
with joint distribution p(z,y). Let p(x) be the (marginal) distribution of X and
p(y) be the distribution of Y. Then the conditional probability distribution of ¥

conditioned on X = x is

P(xay) o (2’4)

and the conditional probability distribution of X conditioned on ¥ = y is

plz,y)
OB (2.5)

plzly) =
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Given that X = z, the conditional entropy of Y, i.e., the entropy of ¥ conditioned

on X =z, 18

HY|X =2)=- Y p(yls)log p(y|a).
yERy :

Similarly, the entropy of X conditioned on ¥ =y is

HX[Y =y)=~ ) p(aly)log p(=]y).
g¢Rx

We define the conditional entropy H(Y|X) by averaging over all + € Rx.

yields
H(Y|X)=- > p(z) > plyls)logp(yle)
s€ERx yERY
=~ > > p(z,y)logp(yle).
s€Rx yERY
Similarly,

HEX[Y)=~- > p(y) > p(zly)logp(sly)

yERY z€Rx

=— > > pla,y)logp(zly).

s€Rx yERY

(2.6)

(2.7)

This

(2.8)

(2.9)

We now define a quantity of central importance in information theory, known

as mutual information. Consider again the jointly distributed discrete random vari-

ables X and Y. The mutual information between X and Y, denoted I(X;Y), is

defined as

I(X;Y)=H(X) - HX|Y).

(2.10)

The mutual information represents the difference between the a priori uncertainty

in X and the uncertainty in X after observing Y. So I(X;Y) is a measure of the
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amount of information ¥ provides about X. It is interesting to note that

I(X;Y)=H(X)- H(X|Y)

=— > @) logpla)+ > >, p(w,y)logp(xly)

2€Rx z€Rx yERy
x
= > > P(way)logp((x)
sCHx yERy p
rlzy)
= p(z,y)log ———
2 2 el s
= 5 oo B
s¢Rx yERYy
=— > p@) logpy)+ >, > »l r(yle)
yERY s€Rx yERy

= H(Y) - H(Y|X).
Thus, there is a symmetry in X and Y exhibited by I(X;Y), since I(X;Y) is not

only equal to H(X) — H(X|Y), but also to H(Y) — H(Y|X). Thus, we have

IGY)=1Y;X) = > > 2,y)log L&) (2.11)

R p(z)p(y)

and we see not only that I(X;Y) is the information that observation of Y provides
about X, but also that I(X;Y) is the information that observation of X provides
about Y'; hence, the name mutual information given to I(X;Y).

The mutual information I(X;Y) has several interesting properties. We note

some of them [2.1]:

1. I(X;Y) > 0,with equality if and only if X and Y are statistically
independent.

2. I(X,;Y)=I(Y; X), as was previously shown.
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3. I(X;Y) is a convex N function of the input probabilities p(z).

4. I(X;Y) is a convex U function of the conditional probabilities p(y|z).

We can generalize the definitions of entropy and mutual information to include
not only discrete random variables, but discrete random vectors as well. Let X =
(X1,...,X,n) be an m-dimensional random vector of random variables Xi,..., X,
with X taking on values from the set Rx. Let p(x) = P{X = x} = P{X; =
Zjy ..., Xm = x;,.,} be the probability distribution on X. Then the entropy of the

random variable X is

H(X)=~- Y p(x)logp(x). (2.12)

XGR}(

Let ¥ = (Y1,...,Y,) be an n-dimensional random vector of random variables
Yy,...,Y,, with Y taking on values from the set Ry. Let p(y) = P{Y =y} =
P{Y, = yj,,...,Yn = y;.,} be the probability distribution on Y. Let X and Y
be jointly distributed with joint distribution p(x,y) = P{X = x,¥Y = y}. Let
p(xly) = P{X = x|Y = y} and p(y]x) = P{Y = y|X = x}. Then the joint
entropy of X and Y is

HX,Y)=- > > p(xy)logp(x,y). (2.13)

s€Rx yERy

The entropy of Y conditioned on X is

HY|X)=- > p(x) > plylx)logp(y|x)

T€Rx yERy

= _ Z Z p(x,y)log p(ylx).

zERx y€Ry

(2.14)
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Figure 2.4. Block Diagram of a Simple Communication System.

The entropy of X conditioned on Y is

HXY)=~- > p(y) > p(xly)logp(x|y)

yERy TERx

== > > p(xy)logp(xly).

TERx y€ERy

(2.15)

The mutual information between the random vectors X and Y is

I(X;Y) = H(X) — H(X[Y)

= H(Y) - H(Y|X)

= X og ( )
= 2 2 s sy

T€Rx yeRy

(2.16)

We will now introduce the concept of the communication channel in the discrete
case. Consider again the discrete random variables X and Y. We have previously
looked at them abstractly as jointly distributed random variables, but now we will
examine how they might arise in a typical discrete communication system. Consider
the communication system depicted in Fig. 2.4. Here we have a transmitter that

transmits a message X consisting of one of m symbols from an alphabet Ry =
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1 —¢

Figure 2.5. Binary Symmetric Channel

{z1,...,%m}. The message is the random variable X with distribution p(z). The
transmitted message X proceeds through the channel, which stochastically maps to
a discrete random variable Y at the channel output. Y takes on one of n symbols
from the alphabet Ry = {yi1,...,y»}. The stochastic mapping of the channel is

governed by the conditional probability distribution
plyle) = PY = y|X =2}, e
The resulting channel output ¥ thus has the marginal probability distribution

p(y)= > p(@)p(ylo).

s€Rx
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As a concrete example of a discrete communication channel, consider the binary
symmetric channel (BSC) shown in Fig. 2.5. Here the input and output alphabets
are identical; that is, Ry = Ry = {0,1}. We will assume the input probability
distribution is

p(z) = {p’ v 0 (2.18)

The conditional probability distribution that governs the channel behavior is

l—¢ z=0y=0;
€ z=0y=1
€, z=1y =0;
l—¢ z=1y=1

p(yle) = (2.19)

If we assume that the goal of the BSC is to reproduce faithfully the input symbol
at its output, then it can be seen that the probability of error for the BSC is e,
and the probability of correct transmission is 1 — €. Of course, we would intuitively
expect that the smaller ¢, the better the channel. Let us verify this by calculating
the mutual information between X and Y for the BSC. From Eq.s (2.2) and (2.9)

we have
H(X)= —plogp — (1 —p)log(1—p),

and
H(X|Y)= —p(l —¢)log(l —¢) — peloge

—(1-=p)(1—e)log(l —€)— (1 —p)eloge

= —eloge — (1 —¢)log(l — ¢).
Thus, from Eq. (2.10) we have (noting that I(X;Y) > 0)

I(X;Y) =max[ 0,—plogp — (1 — p)log(l — p) + eloge + (1 — €)log(1 — ¢)].
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Figure 2.6. The Binary Entropy Function H(J3).

If for all B € [0, 1], we define (recalling as above 0log0 = 0)

H(B) = —Blog 8 — (1 - B)log(1 - 3), (2.20)

then

I(X;Y) = max[ 0,H(p) — H(e)], (2.21)

where H(f) is called the binary entropy function.
A plot of H(B) versus 8 is shown in Fig. 2.6. We note that H(8) is symmetric
about 8 = 0.5, that it is a convex N function on A € [0, 1], and that it takes on its

maximum value of log 2 at the point 8 = 0.5. In order to examine the behavior of
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I(X;Y) as given in Eq. (2.21), we note that for all p and € such that H(p) > H(e),
I(X;Y) is just the difference H(p) — H(e), and for all other p and €, I(X;YV) is
zero. From Eq. (2.21) we see that I(X;Y") is maximized when p = 0.5. This can be
seen by noting that Eq. (2.21) is maximized when H(p) is maximized, and H(p) is
maximized when p = 0.5. So the BSC provides the maximum mutual information
between input and output when the input symbols 0 and 1 are equiprobable. We
also see that I(X;Y) is maximized when H(¢) = 0, which occurs when either e = 0
or € = 1. That this is true for ¢ = 0 makes intuitive sense, since this is the case in
which no errors whatsoever occur. That this is true for the case of ¢ = 1 may at
first seermn surprising, since this is the case of the channel’s always making an error.
But if a binary symmetric channel always makes an error, X = 0 always produces
Y =1 and X = 1 always produces Y = 0. Such a channel is really a very reliable
channel. The receiver simply assumes that when ¥ = 1 is received, X = 0 was sent,
and that when ¥ = 0 is received, X = 1 was sent.

Of particular interest is the fact that for all p and ¢ such that H(p) > H(e),
I(X;Y) = 0, and the channel is of no use whatsoever. In such cases, the channel

error rate € satifies the following inequality:
p<e<l—p for all p and € such that H(p) > H(e).

Such channels are of no use in conveying information because in effect there is
greater uncertainty in the channel’s performance than there is in what message was
sent. If one chooses the most likely symbol X to be transmitted as the transmitted

symbol, the probability of error is no greater than that obtained by any decision



- 36—
rule based on actual observation of the channel output.

In the above example, we noted that for any given binary symmetric channel
and its associated H(e), when p = 0.5, the mutual information I(X;Y) was max-
imized. In general, for any channel with mutual information I(X;Y) = H(X) —
H(X|Y), there will be a maximum value of I(X;Y) over all probability distribu-
tions p(x). This quantity is known as the capacity of the channel. We will denote

the channel capacity by €. Thus, the channel capacity is defined as
€= rréaz)({I(X;Y)}. (2.22)
»ne

The channel capacity is the largest rate at which information can be transferred
across the channel. Shannon [2.2] showed more importantly not only that the
capacity C of a channel was the maximum rate at which information could be sent
across the channel, but also that, with proper encoding, information can be sent
across the channel at any rate less than € with arbitrarily small error. The capacity
of a channel sets an upper bound on the rate at which highly reliable information

can be transferred across the channel.
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2.3. Information Theory and Continuous Random Variables.

In the previous section, we examined entropy and mutual information for discrete
random variables and vectors, but usually, and particularly in this thesis, we are in-
terested in the case of continuous random variables and Vectofs. We will now obtain
expressions for the mutual information between two continuous random variables.

Consider a continuous random variable X defined on the real line R with
probability density function (PDF) f(z). The differential entropy of X is defined

by

o

h(X)=— / f(z)log f(=) d=. (2.23)

The differential entropy is not the limit of the Riemann sum obtained by discretizing
the real line into intervals of size Az [2.1]. For such a case we would have a Riemann

sum of the form

lim H(X)= lim {- > f(zx)log f(zx)Az}
k

Hz—0 LHx—0

= lim {- ; f(ex)log f(z2)} + lim {~log Az}

(2.24)
= — / f(z)log f(z)dz — Alimo{log Az},
But
—_ A};To{log A.’L‘} = 00,

so the limit as Az — 0 of the Riemann sum will in general diverge, and this limit
will be of little interest or use to us. Note, however, that the first term of the limit

in Eq. 2.24 is what we have defined as the differential entropy of X.
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Assume we have another continuous random variable ¥ defined on R and that
X and Y are jointly distributed with joint PDF f(z,y). Assume also that f(z)
is the marginal pdf of X, f(y) is the marginal pdf of y, f(z|y) is the PDF of X
conditioned on Y, and f(y|z) is the PDF of Y conditioned on X. We can then
define the joint differential entropy

B(X,Y) = - / / F(z,y) log f (z,y) de dy, (2.25)

00 00

and the conditional differential entropies

mxr) == [ [ i )os (el dody, (2.26)
and
B(Y|X) = / / F(2,v)log £ (yl) d= dy. (2.27)

Consider again the limiting process of the Riemann sum approximation to
an entropy, but this time using the conditional entropy H(X|Y). In the limit as

Az — 0, we obtain

hm lim H(XIY): lim lim{ ZZf(x],yk)AxAylogf(:vj]yk)Ax}

— 0 Dy brz—0lbz—

= lim lim {- EZf%,yk)AxAylo p(@;lyx)

Ax—0 Ag—0

— lim lim {ZZf(:vj,yk)AxAy log Az}
3 k

Lr—0 Az—0

oo OO

:—/ /f(:c,y)logf(x{y)dxdy—lﬁlirilologAx.
T (2.28)

Again, we note that the second term of the Riemann sum diverges as Az — 0, so

this approximation is of little use to us either. We do, however, note that the first
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term that results in the limit is what we have defined as the differential entropy of
X conditioned on Y.

We considered evaluating the entropy of a continuous random variable by dis-
cretizing 1t into intervals of length Az and forming a Riemann sum representing the
entropy of the discretized random variable, and then letting Az go to zero. This
was not useful because the Riemann sums diverge as Az goes to zero. In both
Egs. (2.28) and (2.29), the problem was a term of the form —log Az. If, however,
we do the discretization of both H(X) and H(X|Y), form the mutual information
I(X;Y), and then take the limit as Az — 0, we obtain

Jim I(X;Y) = lim {H(X)~ H(X|Y)}

=h(X) - Axixlxolog Az — [R(X]Y) - AIxir_r‘lolog Az]

(2.29)
=h(X)-RX|Y)+ Alimo[log Az — log Az]

=h(X) - RX]|Y).
Thus, in the limit, as Az — 0, we have that the mutual information is well defined
and is given by

I(X;Y) = h(X) - R(X|Y). (2.30)

So the mutual information between two jointly distributed continuous random vari-
ables X and Y is given by Eq. (2.30). A more detailed proof of this relationship is
given in Reference [2.1]. The above argument, however, illustrates thé process by
which Eq. (2.30) is obtained.

The mutual information I(X;Y) between the continuous random variables X

and Y has all four properties of mutual information mentioned previously for the
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mutual information between discrete random variables. On the other hand, the dif-
ferential entropy of continuous random variables does not have many of the prop-
erties of the entropy of discrete random variables. We will not consider these in
detail, as we will refer to differential entropy only when calcullating calculating mu-
tual information

We can generalize the definitions of differential entropy and mutual informa-
tion for continuous random variables to include continuous random vectors as well.
Let X = (X4,...,X,,) be an m-dimensional vector taking on values from the m-
dimensional vector space R™ defined over the field of real numbers R. Let f(x) be
the PDF of the random vector X. The differential entropy of the random variable

X is given by
o0 0

b == [ [ f0)log f(x) dos - dy
o0 -0 (2.31)
= — / f(x)log f(x)dx.
Rm
Let Y = (Y1,...,Y,) be an n-dimensional random vector taking on values from

the n-dimensional vector space R™ defined over the field of real numbers R. Let
Jf(y) be the PDF of Y. Let X and Y be jointly distributed with joint PDF f(x,y).

Let f(x]y) be the PDF of X conditioned on Y = y and f(y|x) be the PDF of Y

conditioned on X = x. Then the joint differential entropy of X and Y is

M6 == [ [ 105 y)togf(x,y)dxdy. (2.32)
R ™
The differential entropy of X conditioned on Y is

bOXY) = = [ [ £x3)log 7(xly) dxdy. (2.33)

R Rm™
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Figure 2.7. Additive Gaussian Noise Channel.

The differential entropy of Y conditioned on X is

MY == [ [ fexy)los fiylx) dxdy.

R» R™
The mutual information between X and Y is

I(X;Y) = h(X) — A(X|Y)

= h(Y) - (Y |X)

_ ) lor LBY) o
= | [ sovon g5 dxay.
R~ Rm

(2.34)

(2.35)

We will now consider an example of a continuous communication channel that

will illustrate many of the principles of information theory for continuous random

variables. Consider the continuous communication channel shown in Fig. 2.7. Here

we have an additive noise channel in which the channel input is a Gaussian random

variable X, with zero mean and variance 0% . As X proceeds through the channel,
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another Gaussian random variable Z with zero mean and variance o% is added to
it. The input X represents a message that we wish to transmit across the channel,
and Z represents some additive contaminating noise. The resulting output of the
channel is a random variable Y, which is the sum of X and Z. We will assume
that X and Z are statistically independent. It is well known that the sum of two
independent Gaussian random variables is a Gaussian random variable whose mean
is the sum of the means of the two component random variables and whose variance
is the sum of the variances of the component random variables [2.11]. Thus, ¥ is a

Gaussian random variable with zero mean and variance o2 = 0% + 0.

Consider a Gaussian random variable § with zero mean and variance ¢?. The

PDF f(s) of S is

..,2
€107 ,

1
f(s)”"\/-i—r—a

Then the differential entropy of S is

Ms) = [ 1) 1ogf(s)ds

Lo

— f f(s)log ! e7oT | ds
2x o’

/f( )[log\/Q—Wcr-%——“} ds

1
= §Iog 2ra? + %

= —;—Iog(%rea?‘).

Thus, since Y is a zero-mean Gaussian random variable with variance o% + orf\f, it
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has differential entropy
1 2 2
rY) = —ilog (2re(ol +0%)).
It is straightforward to show analytically that A(Y|X) = h(Z) [2.8], so
1 2
RY|X) = ilog(flreaz)‘

The mutual information I(X;Y) between X and Y is thus
I(X;Y)=Rr(Y) - R(Y|X)

1
log (2re(o} +0%)) — ilog(,?recr%)

1]
BOf b= DO = B =
)
oR
TN
Qq
Ny b
ol +
e
e

o
02

2
G
(1 + £ )
o
z
The capacity of the additive Gaussian noise channel with noise variance ¢% and
input X with variance ¢% is found by maximizing over all input density functions

with variance ¢% . Thus, if F is the set of all PDF’s with variance a%, the capacity

of the additive Gaussian noise channel is

= max I(X;Y).
J(a)EF

It can be shown [2.1] that the maximum is attained by any Gaussian random vari-
able, regardless of its mean value, with variance ¢%. So the I(X;Y) calculated
above for the additive Gaussian noise channel achieves capacity. Thus, the capacity
C of the additive Gaussian noise channel with signal variance ol and nbise variance

2 -
Tz 15

1 o
¢ = Slog <1+ 0’2()

I

= Slog(1+7),
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C, (nats)
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Figure 2.8. Capacity C of the Additive Gaussian Noise Channel versus r = 0% /o%.

where r = ¢% /o2, and can be interpreted as the signal-to-noise ratio. In a real
transmitter, we would be sending zero-mean signals since our real constraint is
power, and then the variance would be equal to the power (mean-square value). A

plot of € versus r is shown in Fig. 2.8.
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X HX;Y) Y
. Measurement . o
SEE—— . . o
Object Mechanism bserver

Figure 2.9. Block Diagram of a Measurement System.

2.4, Mutual Information and Radar Measurement Performance.

In Sections 2.2 and 2.3, we reviewed the basic definitions and principles of informa-
tion theory, concentrating on the expressions for the mutual information between
two random variables or vectors. We will now examine the usefulness of mutual
information in describing radar performance.

As noted in Section 2.1, a radar system is a measurement system that makes
measurements of a target in order to obtain information about the target, decreasing
the a priori uncertainty about the target. This being the case, let us examine the

measurement process in general in light of information theory.

Consider the measurement system shown in Fig. 2.9. Here we have an object
to be measured, a measurement mechanism, and an observer. We assume that the
random vector X consists of parameters characterizing the object we wish to mea-

sure, the measurement mechanism maps them into the random vector Y, and the
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observer observes Y and from this observation determines the desired information
about X. The measurement mechanism, like all real measurement mechanisms, is
assumed to have inherent inaccuracies, and thus the measurements obtained with it
contain error. This can be modeled by assuming that the measurement mechanism
stochastically maps the random vector X to the random vector Y. We will assume

that the mutual information between X and Y is I(X;Y).

As an example of such a situation, consider a situation in which the object
being measured is a rectangular box whose dimensions X;, X;, and X; are un-
known (we could assume, for example, that the box was randomly selected from
a large collection of boxes of various sizes). The parameter vector X would be
X = (X1,X2,X3). Assume that the measurement mechanism consists of some
method of measuring these dimensions—perhaps a person with a crudely marked
ruler. The measurements Y7, Y3, and Y3 obtained as measurements of X;, X5, and
X3 would form the measurement vector Y; that is, ¥ = (Y1, Y, ¥5). Since X and
Y are jointly distributed random vectors, they have a mutual information I(X;Y)

between them.

The mutual information I(X;Y) between two random vectors X and Y tells us
how much information observation of Y provides about X; that is, I(X;Y) is the
amount of information that the measurement Y provides about the object param-
eter vector X. The significance of this is that the greater this mutual information,
the more information we are obtaining about the object by our measurement. We

will examine this in two ways. We will first examine this by determining the maxi-
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mum number of equiprobable classes into which we can assign X by observation of
Y, and then we will relate I(X;Y) to average measurement error through use of
the rate distortion function.

Consider the problem of putting X into one of N equiprdbable classes based on
observation of Y. That is, assume that Rx has been partitioned into N equiprobable
subsets, and we wish to assign X to its proper partition based on observing the Y
generated by the measurement process. For any decision rule assigning X to a
partition based on observation of X, and for all possible equiprobable partitions
of Ry, the maximum number of partitions N for which this can be done with an

arbitrarily small probability of error is
N = leI(X;Y)J . (2.36)

Here |« is the largest integer less than or equal to «.
To see that this is true, we note that, given I(X;Y) = Iy nats, we can calculate

the associated N, which we will designate Ny, by
Ny = |eb].
Let AN = &2 then
Ny < N < No + 1.

Since the logarithm is a monotonically increasing function of its argument for all
positive real numbers,

InNg <InN <lIn(No+1),
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or equivalently,

InNog < Iy <IH(N0+1)’

That sufficient information is being conveyed across the measurement channel to
classify X into one of Ny equiprobable classes, given observation of Y, follows from
the fact that only In Ny nats are required to do so, while Iy nats are currently being
transferred. That it is not possible to classify X into one of Ng + 1 equiprobable
classes follows from the fact that by Shannon’s Theorem for the noisy channel, this
cannot be done without the channel’s transferring In(No + 1) nats of information.
But the measurement mechanism cannot possibly do so, since Iy < In(No + 1).

When examining the accuracy of measurements, it is common to talk about the
accuracy in terms of some error criterion, for example, mean-square error or relative
mean square error. It would be useful if we could relate the mutual information
I(X;Y) to measure of measurement error. Fortunately, the framework for doing this
in our measurement problem has already been developed in information theory. It
is called Rate Distortion Theory, and was developed by Shannon in the last chapter
of [2.2] and in [2.12]. References [2.1] and [2.3] discuss rate distortion theory and
its application in communications. We will now look at the application of rate
distortion theory to our measurement problem.

Referring again to Fig. 2.9, we have a measurement system by \ﬂliCh a mea-
surement mechanism conveys a quantity of information I(X;Y) about an object to
an observer. In the measurement process, we are trying to determine the character-

istics of the object parameter vector X from the measurement vector Y. Because of
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inaccuracies in the measurement process, we cannot generally obtain X perfectly,
so there is an error associated with a given parameter vector x and a given mea-
surement vector y. Let us designate this error or distortion as d(x,y). We assume
that this distortion is a non-negative function defined for all pairs of x € Rx and
y € Ry. This being the case, the average distortion or error D, also known as the
fidelity criterion, is the expectation of d(x,y). Thus,
D= E{d(x,y)}. (2.37)

The rate distortion function, R(6), is defined as

R(§) = min{I(X,Y): D < §}. (3.38)
The minimization is over all measurement mechanisms that satisfy the condition
that the the fidelity criterion D is less than or equal to §. The rate distortion func-
tion R(§) gives the minimum possible rate at which information must be transferred
by a measurement mechanism in order to have an average error or distortion D less
than or equal to §.

It is significant to note that for § < &, R(6;) > R(63). Thus, R(§) is a
non-increasing function of §. So the smaller the average error §, the larger is the
minimum required information rate R(§) required of the measurement mechanism.
This intuitively makes sense, as it says that if greater accuracy is required in the
measurements, the measurement mechanism must provide more information about
the object being measured.

We will now look at a simple example of the use of the rate distortion function in

a measurement problem. Suppose we wish to measure a scalar parameter X, which
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is known to be a zero-mean, Gaussian random variable with variance o%. Assume
that the measurement mechanism is known to provide a measurement ¥ = X + Z,
where Z is a zero-mean, Gaussian random variable with variance o2 . Assume X and
Z to be statistically independent. Then the measurement problem is described by
the additive Gaussian noise channel of Fig. 2.7. Now assume our error or distortion
measure is the mean-square error between X and Y. Then the error or distortion

measure is
2
d(a;)y) = (:L‘ - y) 3
and

D=E{(z—y)}=E{Z°} = 0}.

From the example in Section 2.3 we have
2
I(X:Y) = ~log (1 + “—*’2‘)
2 oy
The resulting rate distortion function is [2.8]

2
R(§) = —;—log (5‘3—)

A plot of R(6) is shown in Fig. 2.10.

In general, we see that the greater the mutual information between the pa-
rameters we wish to measure and the measurements themselves, the ﬁlore we can
say about the target. In the case where we examined the number of equiprobable
classes to which we could assign X based on observation of Y, we saw that the

larger I(X;Y), the larger the number of classes. In the case of the rate distortion
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Figure 2.10. Rate Distortion Function of the Gaussian Measurement Example.

function, we saw that the more precise we wanted our measurements to be, the
greater the minimum rate of information transfer by the measurement mechanism.

In applying these results to the measurement mechanism known as radar, we see
that if we design radar systems in such a way as to maximize the mutual information
between the target parameters of interest and their measurements, the better we
can expect our system performance to be. In the next chapter, we will look at the

problem of the design of radar systems. This will be done using the formalism of

The Radar/Information Theory Problem.
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CHAPTER 3

THE RADAR/INFORMATION THEORY PROBLEM

In the previous chapter, we examined the use of information theory to character-
ize the performance of radar systems. In particular, we examined how the mutual
information between a vector of target parameters and the measurement obtained
by the radar characterized the radar measurement performance. As a result of
this analysis, we concluded that the greater this mutual information between target
and measurement, the better the radar’s ability to reduce uncertainty about the
target—the purpose of making the radar measurement in the first place. This leads
us to the question: How do we design a radar system in order to maximize the
mutual information between the target and the radar measurement of the target
under a given set of design constraints?

In this chapter, we will begin to address this question by studying a problem
we call The Radar/Information Theory Problem. The Radar/Information Theory
Problem allows us to formulate a mathematical framework that will provide in-
sight into the problem of radar waveform design for maximum mutual information

between the target and the measurement obtained at the radar receiver.
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3.1. General Formulation of the Radar/ Information Theory Problem.

Consider ﬁhe situation shown in Fig. 3.1. Here we have a radar system making
measurements on a target. The transmitter transmits an N-tuple X € AW of
waveforms, where A®) is an ensemble of N-tuples of waveforms, with probability
distribution II(x), and A = {o1,...,an,} is the set of possible transmitted wave-
forms. The transmitted N-tuple X proceeds through the target channel C, which
stochastically maps it into an N-tuple Y € B®¥). The set B is the set of possiblé
waveforms that can be output by the target channel in response to a transmitted
waveform from A. The set of possible received waveforms B may be either a finite,

countable, or uncountable set.

The target channel C that stochastically maps X to Y can be viewed as being
made up of two mechanisms. The first of these represents the scattering character-
istics of the physical target that we wish to measure. We will assume that these
target characteristics we are interested in measuring are characterized by a random
parameter vector Z € &), In general, I' may be a finite, countable, or uncountable
set. In addition to the target-scattering mechanism characterized by Z, in general
there will also be random noise present in the target channel, which corrupts the
measurement of the waveform scattered by the target. Such noise may be indepen-
dent of the target, such as thermal noise in the radar receiver, or may be due to
the physical target itself, as in the case of speckle noise in synthetic aperture radar
(SAR) images of terrain. This noise mechanism in the target channel model includes

all measurement noise processes present in the radar system, whether they are due
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X ¢ A Y ¢ BW)
Target

Channel ,
}( ; >{

Transmitier Receiver

Figure 3.1. Block Diagram of Radar/Information Theory Problem.

to thermal noise in the receiver, spurious reflections or “clutter” from the physical
environment in which the desired physical target is located, target “self-noise” such
as speckle noise in SAR that is due to target scattering effects which we are not
interested in, or to other system noise or error such as quantization noise in the
radar receiver itself when the receiver is not considered available for modification.

In Fig. 3.2 we have a block diagram showing these two mechanisms in our target
channel model. Here we assume we have a source that generates the random target
parameter vector Z € I¥). The random vector Z then determines the behavior
of the scattering mechanism, which is itself deterministic for a fixed Z = z. The
resulting scattered signal then proceeds into the block labelled noise mechanism,
where any random errors corrupt it. The resulting signal then leaves the noise

channel and proceeds to the receiver.
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Figure 3.2. Block Diagram of The Target Channel.

From the model of Fig. 3.2, we see that the target channel output N-tuple Y
is a function of the transmitted N-tuple X, the target-scattering mechanism char-
acterized by Z, and by random noise effects in the target channel. Thus, the radar
transmits X, receives Y, and from Y determines information about the target pa-
rameters Z. The Radar/Information Theory Problem, which we are interested in
investigating, can be stated as follows: Assume that the transmitter transmits an
N-tuple X through the target channel C and that the receiver as a result receives

the N-tuple Y. Assume that the receiver has knowledge of the N—tuple of trans-
mitted waveforms X. Then which distribution or distributions II(x) maximize the
mutual information I(Y;Z|X), and what is the resulting maximum value R(Y; Z)

of I(Y; Z|X)?
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In this chapter, we will examine the Radar/Information Theory Problem for
several different types of target models, including discrete and continuous output
target models and target models that are memoryless as well as those with memory.
The results of this chapter will then, in subsequent chapters, be extended to the
analysis of practical radar systems and the design of radar waveforms for maximum

information extraction.

3.2, The Radar/Information Theory Problem for Discrete Target

Channels.

Consider the situation shown in Fig. 3.3, in which a transmitter transmits an N-
tuple X € AW) where A®) is an ensemble of N-tuples of waveforms with
probability distribution II(x), and A = {e1,...,a, } is the set of possible trans-
mitted waveforms. The transmitted N-tuple X, representing the transmission of N
successive waveforms by the radar, proceeds through the target channel C, which
perturbs X in such a way that an N-tuple Y € B™) is received at the receiver.
Here B is the set of possible received waveforms B = {8,...,8,}. The received
waveform set B is a discrete set with n members. Such a situation might arise when
the radar receiver observes the received signal and discretizes or classifies it into one
of n levels or classes. The channel C perturbs the transmitted N-tuple X in such
a way that if x is a particular transmitted N-tuple, the N-tuple y € B&) will be

received with probability p(y|x).

It is assumed that the transmitted N-tuple X is known at the receiver, which

observes the channel output Y. Let the random vector Z be the parameter vector
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Figure 3.3. The Radar/Information Theory Problem for Discrete Target Channels.

specifying the random behavior of the scattering mechanism in the target channel C.
So for a particular occurrence Z = z, if the noise mechanism of the target channel
was not present, the channel output would be known with certainty if z was known.
In analyzing the Radar/Information Theory Problem for Discrete Target Channels,
we wish to find the input distribution II(x) that maximizes the mutual information
between the channel output Y and the target parameter vector Z, conditioned on
the transmitted waveform N-tuple X. This conditional information is designated
I(Y;Z|X). In addition to finding the maximizing distribution II(x), we wish to find
the maximum value of I(Y;Z|X) corresponding to this maximizing distribution.
This maximum value of I(Y;Z|X) will be designated R(Y;Z), and represents the
maximum amount of information about Z that can be determined by transmitting

an N-tuple X and observing the resulting N-tuple Y.

We will now look at the solution of this problem for two specific types of
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discrete target channel models. First, we will look at the solution for memoryless
target channels, and then we will examine the solution for discrete target channels
with a simple memory mechanism. In each case the maximizing distribution II(x)

will be determined, as well as the maximum information rate R(X;Z).

3.2.1 Solution for Discrete Memoryless Target Channels.

Consider the Radar/Information theory problem as outlined in Fig. 3.3, but
with a memoryless target channel, by which we mean the propagation of each indi-
vidual waveform in the transmitted N-tuple propagates through the target channel
in a manner independent of the others. For any transmitted x € A®J) and y ¢ B&Y),
we have

Xx=(z1,...,25), @ €A, foralll=1,... N,
(3.1)
vy=(y1,---,yn), w1 €B, foralll=1,...,N.

Since the channel is memoryless, the channel transition probabilities are given by

N
p(ylx) = [[ p(y:la2). (3.2)
I=1
In order to analyze the problem for the discrete memoryless target channel, we

will first examine the case where N = 1 (a single use of the target channel). The

case for general N will then be examined as an extension of the case for N = 1.

In analyzing the memoryless channel for N = 1, it will be advantageous to use the -’

following notation: If # € A and y € B, then

pik = Pr{y = Bilz = @;} = p(Bi]a;). (3.3)

For the case where N = 1, a single waveform from the ensemble A is transmit-

ted through the target channel and is perturbed by the target channel such that
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Figure 3.4. Diagram of Target Channel for N =1 and X = o;.

an element of the set B is observed at the output of the channel. If the waveform
# = «; is transmitted, the probability of receiving y = B at the channel output is
Dk

Referring to Fig. 3.3, which depicts the general form of the target channel, we
now construct a discrete target channel model for the case of N = 1. Assume that
a particular # = «; is transmitted. Then we can view Z as being generated by a
source that produces letters from the ensemble T = {y;,...,7,} Witi‘i probability

distribution Qo ; = (¢;1,-..,¢;,). Here

gi = Pr{Z = v|X = a;} = q(7ile;).
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This source is then followed by a discrete memoryless channel (DbMC), which rep-
resents the noise mechanism of Fig. 3.3. This DMC has channel transition prob-
abilities given by the conditional distribution u(y|z). In our analysis, it will be

convenient to use the following notation: If z € I" and y € B, then
v = Pr{Y = 5|12 = v} = w(Bi 7). (3.4)

Fig. 3.4 displays a diagram of this discrete target channel for the case where z = «;

is transmitted. Note that p;; can be obtained from ¢;; and u,; by the relationship

Pik = Z‘?jiuik- (3.5)
i=1

Now let Z € I' be the random target parameter that characterizes the target
channel’s behavior. Given that X = «; is transmitted, the mutual information

between ¥ and Z conditioned on X = «; is given by
IY;Z| X =¢;)=H{Y|X =¢o;) - HY|X = o}, 2). (3.6)
Evaluating the conditional entropies H(Y|X = «;) and H(Y|X = «;,Z), we have

H(Y|X:C¥J‘): ’“ijk logpjk, (37)
k=1

and

H(Y|X = a;,Z) = ——qu‘,‘ Zu,‘k log usx
k=1

= o (3.8)
= —‘ZZQJ«'{U{}: log uz .
1=1 k=1
Thus, we have
I(Y;Z|X = a;) = — Zpﬂ; logp;x + ZZ%‘,‘LL"}Q log g . (3.9)
k=1 =1 k=1
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Taking the expectation of Eq. (3.9) over the ensemble A, we have
I(Y;21X) =) I(=)I(Y; Z|X = ). (3.10)
€A
Defining #; = II(«; ), this can be rewritten as
IY;Z|1X)=> xI(Y;5|X = o). (3.11)
j=1
We wish to find the distribution II = {=x1,..., 7, } that maximizes I(Y; Z|X).

We must maximize Eq. (3.11) over the set {x1,...,7,»} C R™ under the constraints

x; >0, fory=1,...,m;

m 3.12
o =1 ( )
=1
In order to do this, we define Igggm as
Iighx < max {I(Y; 21X = o)} (3.13)
Define A C A as follows:
AV o e A I(Y; 21X = 05) = T8, ). (3.14)

Then I(Y; Z|X) is maximized by any distribution II = {x1,...,7,} that satisfies

the following conditions:

x; =0, for all § such that «; ¢ A

x; > 0, for all j such that «; € A(l);
(3.15)

m
2. T = 1.
1=0
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The conditions on the maximizing distribution given by Eq. (3.15) have the
simple interpretation of assigning all of the probability to those «; that provide
maximum information about Z by observation of Y. None of the probability is
assigned to the set {A — A} as these waveforms do not provide the maximum
amount of information about the target. We note that the maximum is always
achieved by at least one of the «;, and thus A() always has at least one element.
The maximum value R(Y;Z) of I(Y; Z|X), obtained with any distribution that

satisfies Eq. (3.15), is
R(Y;2)=I}), = max{I(Y;Z|X = a;)}. (3.16)
]

This is, of course, as expected.

Note that the problem has a deterministic solution as well. If we transmit
any waveform z in A(Y) with certainty, we will achieve the maximum mutual in-
formation R(Y;Z). This is because the resulting probability distribution in this
case—probability one of transmitting the selected waveform in AWM and proba-
bility zero of transmitting all others—satisfies the requirements for a maximizing
distribution as given in Eq. (3.15).

}

This basic analysis will be applied to the analysis of more complicated channels
subsequently, but first we will examine a few examples of the discrete memoryless
target channel for the case of N = 1.

Example 3.1: Consider the discrete memoryless target channel in Fig. 3.5.

This target channel is made up of two binary discrete channels in cascade. The

first represents the effects of uncertainty in the scattering mechanism and the
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Figure 3.5. Memoryless Binary Target Channel of Example 3.1.

second represents observation noise. In this discrete target channel model, we
have A = {a1, a2}, T' = {v1,72}, and B = {81,02}. The discrete memoryless
channels making up the target channel have transition probabilities

q11 =Pr{Z =y,X = a1} =0.75,
q12 = Pr{Z = 75, X = o} = 0.25,
g21 = Pr{Z = 71, X = a2} = 0.50,

g22 = PI‘{Z = ’}’g,X = 012} = 050,

%11 = PI{Y = ﬂl,Z = ’)’1} = 090,
vz = Pr{Y = f3;,Z2 = 11} = 0.10,
U1 = PI{Y - ﬁlaZ = 72} = 0.10,

oo = PI.“{Y e ,@2,Z = “/2} = (.90.
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It is then straightforward to calculate the overall target channel transition proba-

bilities, which are
pu=P{Y =8,X=a;} =07,

pi2=Pr{Y =82, X = a1} = 0.3,
Po1 = PI‘{Y = ,81,X - Qz} = 05,

p22 = Pr{Y = 82, X = a2} = 0.5.

Applying Egs. (3.7) and (3.8) and using base-2 logarithms, we have
H(Y|X = a1) = —0.7log, 0.7 — 0.3log, 0.3 = 0.8813 bits,

H(Y|X = a3) = —0.5log, 0.5 — 0.5log, 0.5 = 1bit,

and
HY|X =a1,2)=0.75[-0.910g 0.9 — 0.110g 0.1]

+0.25[0.910g 0.9 — 0.110g 0.1]

= 0.4690 bits,

H(Y|X = a,2) = 0.5[-0.910g 0.9 — 0.110g 0.1]
+0.5[-0.910g 0.9 — 0.110g 0.1]

= 0.4690 bits.
From Eq. (3.6), we have

IY; Z|X = a1) = 0.4123 bits,

IY; Z|X = ay) = 0.5310 bits.

Thus, we have
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It follows then that

AW = {ay}.

The maximizing distribution II of X is thus obtained by assigning all of the prob-

ability to a»; that is,

I = (x1,x2) = (0,1).

So I(Y; Z|X) is maximized by transmitting oy with certainty, and R(Y;Z), the

resulting maximum value of I(X;Y|X), is

R(Y;Z2) = I})_ = 0.5310bits.

Example 3.2: Consider the discrete memoryless target channel shown in
Fig. 3.6. This target channel is again made up of two cascaded discrete mem-
oryless channels. The first, with three inputs and two outputs, represents the
target-scattering process. The second, a noiseless binary symmetric channel,
represents the observation noise—in this case no observation noise is present.

Here we have A = {ay, 0,3}, I' = {71,72}, and B = {f;,82}. The discrete
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memoryless channels making up the target channel have transition probabilities

gu1 = Pr{Z = 71, X = a1} = 0.50,
q12 = Pr{Z =73, X = a1} = 0.50,
g1 = Pr{Z = 1, X = a3} = 0.75,
g2 = Pr{Z = v, X = a3} = 0.25,
g31 = Pr{Z = 71, X = a3} = 0.50,
g2 =Pr{Z =7;, X =3} = 050,
un=P{Y =4,Z2=m}=1,

u, =Pr{Y =83, Z2=71}=0,

uz1 = Pr{Y = f1,Z = 12} = 0.10,

uze =Pr{Y =32, Z =7} =1
The overall target channel transition probabilities are thus

pii=Pr{Y = A1, X = a;} = 0.50,
p12 = Pr{Y = B2, X = a1} = 0.50,
pa1 = Pr{Y =, X = az} = 0.75,
p22 = Pr{Y = 32, X = a2} = 0.25,
pa1 = Pr{Y = 8, X = a3} = 0.50,

p3z = Pr{Y = 85, X = a3} = 0.50.
Applying Eqgs. (3.7) and (3.8) and using base-2 logarithms, we have
H(Y|X = ay) = —0.5log, 0.5 — 0.5log, 0.5 = 1 bit,

H(Y|X = ag) = —0.75log, 0.75 — 0.25log, 0.25 = 0.8113 bits,

H(Y|X = ag) = —0.5log, 0.5 — 0.5log, 0.5 = 1 bit,
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Figure 3.6. Memoryless Discrete Target Channel of Example 3.2.

and
H(Y|X = a;,Z) = 0bits,

H(Y|X = az,2) = 0bits.
It follows from Eq. (3.6) that
I(Y; Z|X = a;) = 1bit,

I(Y; Z|X = o) = 0.8113 bits,
I(Y; Z|X = a3) = 1bit.
Thus,

I = max{I(Y; Z|X = 1), [(Y; Z|X = o), I(Y; Z|X = o3)} = 1 bit.

So we have

AWM = {a1,a3}.
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Figure 3.7. Memoryless Discrete Target Channel of Example 3.3.

The maximizing distribution II of X is thus any distribution of the form
= (x1,72,73) =(p,0,1 —p), forallpel01]
The maximum R(Y; Z) of I(Y; Z|X) obtained by these distributions is
R(Y;2)=I0) =1 bit.

Example 3.3: Consider the discrete memoryless target channel in Fig. 3.7. This
target channel is made up of two binary symmetric channelsrin‘cascade, the
first representing the scattering mechanism and the second representing the
observation noise. In this model, we have A = {ay, a3}, I' = {71,72}, and

B = {8:,82}. The binary symmetric channels making up the target channel
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have transition probabilities

gu=Pr{Z=7,X=a}=1-¢,
g2 =Pr{Z =72, X = a1} = ¢,
go1 = Pr{Z =‘ 11, X = az} =,
g2 =Pr{Z =7, X =az}=1-¢
un=Pr{Y =8,Z2=7m}=1-4
vz =Pr{Y =0;,Z = 11} =4,
ug; = Pr{Y = 01,2 = 72} =4,
up =Pr{Y =8, Z=7}=1-4.
The overall target channel transition probabilities are thus
ru=P{Y=8,X=01}=1-(c+§ - 2¢6),
pra=Pr{Y =03, X = a1} = e+ § — 264,
P =Pr{Y =081, X =} = e+ § — 2¢6,
p2=P{Y =0, X = a2} =1—(e+§ - 2¢6).
Applying Eqgs. (3.7) and (3.8) , we have

H(Y|X = a;1) = H(e + & — 2¢8),

H(Y|X = az) = H(e + § — 2¢6),

and
HY|X = a1) = H(S),

H(Y|X = ay) = H(S).
From Eq. (3.6), we have

IY; Z2|1X = 1) = I(Y; Z|X = az) = H(e+ § — 2e8) — H().



- 79 —

Thus, we have
Ix(':a).x = max {I(Y; Z]X = o1), I(Y; Z|X = o)} = H(e + & — 2e8) —H($),
where H(¢) is the binary entropy function defined in Chapter 2. It follows that
AL = {ay, 02}

So any valid distribution I = (#1, x2) maximizes I(Y; Z|X), and the maximum

value R(Y; Z), which is obtained by all distributions of X, is

R(Y;Z) = H(e+ § — 2¢6) —H($).

As can be seen from these three single-observation examples, cases can arise in
which only one, several, or all of the possible transmitted waveforms in A achieve
the maximum information transfer between the target and the receiver.

We will now look at the solution for the general case of N observations of
the memoryless target channel. Assume that an N-tuple X € AM®) is transmitted
across the memoryless target channel, and the N-tuple Y € B™) is received at the
channel output. Given that a particular N-tuple x is transmitted, the probability
that a specific N-tuple y will be received is p(y|x). Since the target channel is
memoryless, it perturbs each waveform in the N-tuple independently. Thus, if
p(y|z) is the probability of receiving y € B, given that z € A was tranémitted, then

as previously noted in Eq. (3.2),

p(ylx) = [ [ p(v:l20).
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Since the single-channel probabilities occur in the analysis of N uses of the memo-

ryless channel, we will again use the notation

pit = Pr{y = Bilo = o;} = p(Bile;).

In transmitting an N-tuple across a memoryless channel, the independence of
each channel use means that we are using the channel N distinct times incorporating
the results of these N uses to form the N-tuple Y. Thus each of the N distinct uses
can be modeled as a single use as shown in Fig. 3.4. This means that the whole
process of the target channel’s perturbing the transmitted N-tuple of waveforms,
such that the resulting received N-tuple is obtained, can be modeled as a source that
produces an N-tuple Z of letters from the ensemble I¥¥). If a particular N-tuple
X = (aj,,...,a;, ) is transmitted, the probability of a particular z = (yx,,...,7:,)
by this source is

N
Q(ZIX) = Q51 k193k: " Ynky — HQj:k;) (3'17)
=1

where the single-use channel transition probabilities p; x, corresponding to z, = «;
have distribution @, ; as in the case of the single channel use.

Once a particular N-tuple z € T¥¥) is generated, it is mapped to the N-tuple
y € B at the channel output by N successive operations of the DMC representing
the observation noise process. If a particular N-tuple z = {v;,,...,7i, } is generated
by the target source, the probability that a particular y = {8,,...,8%k, } is received

by the receiver is

N
w(y|2) = wigr ik, o Uik, = Huﬁk;) (3.18)
I=1
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where the channel transition probabilities u,;, are as defined in Eq. (3.4) for the
single channel use. The overall target channel transition distribution p(y|x) can be

written in terms of ¢(z]x) and u(y|z) as

pylx) = > u(ylz)e(z|x). (3.19)

z€ ()
Given that x = («;,,...,;, ) is transmitted, we have that the mutual information

between Y and Z conditioned on X = x 1s
IN;ZX=x)=H(ZX=x)-H(Z|IX =x,Y). (3.20)
By the independence of the individual target channel uses, we have that
N
I(Y;Z/X =x) =) (Y 2:]X: = o). (3.21)
i=1

Taking the expectation of Eq. (3.21) with respect to X, we have

I(Y;2Z1X) = Y T(x)I(Y;ZX = x)
ze ()

; (3.22)
=3 n(x){ZI(K;Z;Inga;;)}

z€ (V) r=1

In order to find the distribution of X that maximizes I(Y;Z|X), define

Iigax = max {I(¥; 21X = &)} o (3.23)

Then we can once again define A = {o; € A : I(Y;Z]X = a;) = Igax}, and the
set AY) C AW 55 the N-fold Cartesian product of A}, We see from Eq. (3.22)

that I(Y;Z|X) is maximized by any distribution II(x) that satisfies the following
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conditions:
I(x) =0, forallx¢ AP
I(x) >0, forallxe AW,

Y I(x) = 1.

x€A(Y)

(3.24)

Any distribution II(x) that satisfies the conditions of Eq. (3.24) achieves the maxi-

mum value R(Y;Z) of I(Y;Z|X), and this maximum is given by (see Eq. (3.22))
R(Y;Z)=NIY) = Nmax{I(Y; Z]|X = o;)}. (3.25)
3

This is as expected.

Note that R(Y;Z), the maximum amount of information in the case when an
N-tuple of waveforms x is transmitted, is equal to N times R(Y;Z), the maxi-
mum amount of information obtained when a single waveform is transmitted (see
Eq. (3.16)). This is not surprising, as R(Y;Z) corresponds to the entropy of a
single letter from the ensemble I" obtained from the channel model source, while
R(Y;Z) in the case of the memoryless target channel corresponds to joint entropy
of N independent uses of this source. Since the entropy of multiple independent
events taken jointly is equal to the sum of the entropies of the events individually,
we would expect that R(Y;Z) = NR(Y;Z).

Examples of the use of the memoryless channel for general N éari be obtained
by making N-fold extensions of Example 3.1, Example 3.2, and Example 3.3. We
simply form the set A®) from the set A in each of these examples, construct the

distributions such that all of the probability in the ensemble A®) is contained in
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AW) a5 specified in Eq. (3.24), and calculate R(Y;Z) as N times the result for a
single use of the channel.

3.2.2 The Radar/Information Theory Problem for N Observations of a
Fixed Target.

We now consider the case in which multiple observations are made of a fixed tar-
get. In this case we have a target parameter Z, which is a discrete random variable
(vector) taking on values from the ensemble I'. We can view Z as being generated
by a source that has probability distribution ¢(z) as shown in Fig. 3.2. Now, how-
ever, we assume that once Z is generated, it remains fixed while N observations
are made by the radar system. These N observations are made by transmitting
an N-tuple of waveforms X and receiving a corresponding N-tuple Y of measure-
ments. So we assume that X ¢ A®) with probability density II(x). Here again,
A = {o1,...,0n} is the set of possible transmitted waveforms.

When we transmit the N-tuple of waveforms X = {X,,..., Xy}, we receive an
N-tuple ¥ = {Y3,..., Yy} € B®) at the output of the target channel ( the output
Y} in response to the input Xj, for ¥ = 1,...,N). The output N-tuple Y is thus
dependent on the transmitted N-tuple X, the target parameter Z, and the noise
present in each observation. The probability distribution governing the output y,

given that the channel parameter Z = z and the transmitted waveform X = x is
w(ylz,x) = P{¥ =y|Z =z, X = x}. (3.26)
If we define the conditional density p(y|x) as

p(ylx) = Pr{¥Y = y[X = x}, (3.27)
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then we can write p(y|x) in terms of u(y|z,x) and ¢(z) as
p(yIx) =D q(2)u(ylz, x). (3.28)
z€T
The mutual information I(Y; Z|X = x) in which we are interested is given by

I;ZIX=x)=H(Y|X=x)- HY|Z,X =x)
(3.29)
=H(Z|X =x)- H(Z|Y,X = x).

Using the form given on the first line of Eq. (3.29), the conditional entropies of

interest are

H(Y|X=x)=- > p(ylx)logp(y|x), (3.30)
yeB(yN)
and

H(Y|Z,X=x)=-=> q(z) > u(ylz,x)logu(y|z,x)

€T yeB(M)

=3 3 q)uls,Dlogulylz,x).  (3:31)

2€T yeB(M)

Thus, from Egs. (3.29) and (3.30),

IY; ZIX=x)= Z {-p(y|x) logp(y|x) + Z q(z)u(ylz, x) log u(y[z,x)} .

yEB(Y) z€T

(3.32)
We can now write
I(Y;21X)= > O{I(Y;ZX=x)}. (3.33)
xEALN)
In order to maximize I(Y; Z|X), we define

) & I(Y; Z|X = x)}, 3.34
tax xéngig){ (Y;Z|X = x)} (3.34)
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and AN € AW a5
Ay &t {x e AW [(Y;ZIX =x) =IF) L. (3.35)

Then I(Y; Z|X) is maximized by any distribution II(x) that satisfies the following

conditions: A
I(x) =0, forallx¢ AW,
I(x) >0, forallxe AW);

S I(x) = 1.

x€ A(W)
Any distribution II(x) that satisfies the conditions of Eq. (3.36) achieves the maxi-

(3.36)

mum value R(Y; Z) of I(Y; Z|X), which is

R(Y;2)=IX) = max {I(Y; Z|X = x)}. (3.37)

From Eq. (3.29) and the fact that mutual information is a non-negative quantity,

we note that this R(Y; Z) is bounded by
0 < R(Y; 2) < min {H(Y|X = %), H(ZIX = x)}.

But since H(Z|X = x) = H(Z)—that is, H(Z]X = x) is not independent of the

transmitted X—we have that no matter how large N grows for a fixed target,
R(Y;Z) < H(Z). (3.38)

This makes sense, as it states that if there is an initial uncertainty H(Z) in the
fixed target, the most information we can obtain about it by making multiple mea-
surements of it is H(Z). After this much uncertainty has been obtained about the

fixed target, there is no more uncertainty to be resolved.



_ 79 —
3.2.3 The Radar/Information Theory Problem for Finite-State Target

Channels.

In Section 3.2.1, we examined memoryless target channels where, although the
channel was used N times, the channel acted independently from use to use. While
this may be an accurate model of the target channel in some instances, in many

others it may not be. In order to illustrate this, we have the following example:

Example 3.4: Consider the radio sounding system that has a single waveform A =
{o1} and which transmits an N-tuple x = (21,...,25) = (a1,...,a1) across the
target channel, with each of the N waveforms «; transmitted T seconds apart.
Suppose that the target channel across which the N-tuple is being transmitted
is a slowly fading channel, with the typical fade having a period of T;. We will
assume Iy > T'. Such a channel could arise in radio sounding studies investigating
shortwave propagation. Now assume that the receiver receives the waveform at
the output of the target channel and decides between outputs from B = {8;,082},
based on whether the energy in the received waveform is greater than or less than
some threshhold Ey. Assume that Ey is selected such that, on the average, Pr{Y =
B1} = Pr{Y = 82} = 1/2 for each of the transmitted waveforms. Since T} > T,
by looking at the output of the receiver for the last few waveforms received, we can
make a pretty good guess as to what the next output will be. By just guessing
the next receiver output to be equal to the last receiver output observed, we would

expect to be right significantly more often than half the time.

This simple example illustrates that the memoryless target channel does not
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accurately model all target channels encountered in practice. As we will see in
the analysis of practical problems forthcoming in this thesis, proper formulation of
the target channel model for a given problem often allows the use of memoryless
target models where it might not at first be apparent that the memoryless model
is applicable. Still, it will be useful to have a target channel model that takes into
account target channels with memory. We will now analyze the Radar/Information
Theory Problem for target channels with a simple memory mechanism. In order to
do this, we will formulate a target channel model which we will call the Finite-State
Target Channel(FSTC). In this model, the target channel transition probabilities

will be controlled by a finite-state Markov process or Markov chain.

The Finite-State Target Channel (FSTC) maps the input sequence of wave-
forms xy,...,zy represented by the N-tuple x = (z1,...,zy) into the output se-
quence
Y1,...,yn represented by the sequence y = (yi,...,yn), where x € A®) and

y € B®) . This is done by the following mechanism.

The channel has a finite set of states S = {o1,...,00}. At any given time, the
channel is in one of the states in §, and with each channel use the channel changes
to another state, with all elements of S (including the current state) being possible
candidates. Given that the channel is currently in a state o € S, if any input z € A

is input into the channel, the probability that y € B is received at the output is
given by p{7)(y|z).

The state transitions of the channel are assumed to be independent of both
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channel inputs and states prior to the current state at the time of transition. The se-
quence of states s = (s1,...,sn5) that characterize the channel during the time that
X is being transmitted across the channel is assumed a subsequence of a finite-state
ergodic Markov chain (...,s_-1,s0,81,...). For all 04,04 € NS, the state transition

probabilities of the Markov chain are given by

w(ablaa) = Pr{si+1 = a5y = o, }- (3.39)
We also define the joint probability

w(oe,03) = Pr{sy = 04,5141 = 0 }. (3.40)

We note that Egs. (3.39) and (3.40) are valid for all integer values of the time
index 1, since the ergodicity of the Markov chain implies that the Markov chain is

stationary. Egs. (3.39) and (3.40) are related by the expression
w(og,03) = w(os|og )w(oy,), (3.41)

where

w(o,) = Pr{s; = 0, }. (3.42)

In the FSTC, the overall target channel transition probabilities when the chan-
nel is in state o is p{*)(y|x). Inside the FSTC, we assume that a source generates the
target parameter Z, and that the value of Z can be statistically dependent on both
the transmitted waveform X and the current channel state oy. The probability that
a particular z is generated by the target source when a particular z is transmitted

and the channel is in state oy is ¢{“9)(z|z). The probability that a particular z will
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be mapped to a particular ¥ at the channel output when the target channel is in
state oy is w(79(y|z). p{7)(y|x) is related to ¢ (z|z) and ul"*)(y|z) by the relation

Pyle) = D u Iyl g Oale). (3.43)
z€T

In order to illustrate the FSTC, we will look at a pair of examples.
Example 3.5: Consider the FSTC that takes inputs from A = {a;, a2} and
maps them to outputs from B = {f;,82}. Assume that the channel has states
S = {01,002} and that the state transition probabilities are
w(oy|oy) = 0.99, w(oz]oy) = 0.01,
w(oi|oz) = 0.2, w(oz|oz) = 0.8.
Assume also that the channel transition probabilities as a function of the cur-

rent state are

P (B1ley) = 1.0, 27 (B5]ay) = 0.0,
P (Bilaz) =00,  pl(Bs]es) = 1.0,
P(“)(ﬂllal) = 0.8, P(m)(ﬂzlal) = 0.2,

P (Bilaz) =02, Pl (Balaz) = 08,

This channel is described graphically by the state diagram and channel transi-
tion diagrams in Fig. 3.8. In a communications problem, such a channel would be
useful in modeling a burst error channel [3.1, pp.97-99].

Recall Example 3.4, the fading channel. Here we noted that observation of the
current received waveform gave a pretty good indication of what the next received

waveform would be. Let us now construct a model of such a channel using the

FSTC.



— 83 —

0.99

0.2
(a)

o e 1.0 '/51 0y 0.6 151

0.4
# ¥ 0.4 ¥
Q, @ & o
2 1.0 182 2 0.6 /82
S =0y S =0,
(b) (c)

Figure 3.8. Finite-State Target Channel of Example 3.5. (a) State Dia-
gram of Channel; (b) Channel Transition Diagram for § = ¢y; (¢) Channel
Transition Diagram for § = o5.

Example 3.6: Consider the fading channel described in Example 3.4. Here the
period of a typical fade was Ty and a waveform z = a; was transmitted every
T seconds. We also assumed that Ty > T'. As a result of the fade, half the
time y = 8; was received at the output and half the time y = 8, was received

at the output. Thus, a reasonable model of this fading channel using an FSTC
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S =0 S =0,
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Figure 3.9. Finite-State Target Channel of Example 3.6. (a) State Dia-
gram of Channel; (b) Channel Transition Diagram for § = ¢1; (¢) Channel
Transition Diagram for § = o.

with S = {0,032} is as follows: The transmit and receive waveform sets are

A:{al}: B = {ﬂl)lg2}~

The state transition probabilities are

w(oﬂoﬂ:l—%, w(oz|o) = %%1—,
2T 2T
w(ozloz) =1~ E, w(oy|oz) = -T?
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The channel transition probabilities are
P (Bilar) = 1.0, pl(Bylen) = 0.0,

P (Br)ey) =00,  pI(Bglay) = 1.0

The state diagram and channel transition diagrams of this channel are shown

in Fig. 3.9.

We will now look at the solution of the Radar/Information Theory Problem for
the FSTC. We are interested primarily in finding the distribution of X that maxi-
mizes I(Y; Z|X) for the general case of N uses, as well as determine the maximum

value R(Y;Z). In the process we will look at several related problems.

The FSTC for N = 1:

Although the case of a single channel use of the FSTC does not illustrate the
statistical dependence between multiple uses of the channel, it is worth examining
because it illustrates several important features of the FSTC in as simple a context
as possible. Once the FSTC has been analyzed for the case of N = 1, the extension
to general N is straightforward, although not as trivial as it was in the case of the
memoryless channel. For the case of N = 1, we are primarily interested in finding
I(Y; Z|X) and the distribution II(z) of X that maximizes I(Y; Z|X). Before doing
this, however, we will first find I(Y; Z|X,S = oy) and I(Y;Z|X,S). In practical
applications, these two quantities are of little interest, since S, the state of the
Markov chain characterizing the FSTC, is not known a priori. Still, determinaﬁion of

I(Y;Z|X,8 = ay)and I(Y; Z|X, S) gives insight into the FSTC and is intermediate
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to obtaining the desired solution, so we will solve for these conditional mutual

informations.

Determination of I(Y;Z|X,5 = o) for N = 1:

Consider the situation where X = «;, o; € A, and § = oy, oy € S. The

mutual information I(Y; Z|X,S = oy) is given by

IV, ZI X =a;,S=0)=HY| X =a;,S=0)-HY|X = ;,2,5 = o¢).

Evaluating these conditional entropies, we have

X = 0,8 = 00 = = 360 bl
k=1

and
HY|\ X =a;,2,5=0y) = Zq(“)Zu 1)logu(“)

1=1
__ qugm w7 log w7,
1=1k=1

Combining Eqs. (3.44), (3.45) and (3.46), we have

IY;Z)X = aj,5=0) =~ 9 p53 logp”
k=1

N EZ 70U log eV,

1=1 k=1

Taking the expectation of Eq. (3.47) with respect to X, we have

I(Y;2|X,S=0) =) M@)I(Y;Z|X =2,5 = o)
€A

=> m{I(Y; 21X =o;,5 = o)}

=1

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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We now solve for the distributions lI(z) = (x,...,7,) that maximize Eq. (3.48).
Define
1990 € max {I(Y; 2)X = o;,5 = o)}, (3.49)
P

and define A(70 C A as
Alro & mjax{% €AIY;ZIX =0;,S=0)=IG0F.  (3.50)

Then a distribution II(z) = {=x1,...,7, } maximizes I(Y; Z|X,S = oy) if and only
if it satisfies the following constraints:

x; =0, forallq; ¢ Al70),
x; >0, forall a; € A9,

Erj::l.

j:a,-GA("t)

(3.51)

Any distribution satisfying Eq.(3.51) achieves the maximum value R(“(Y'; Z) of

I(Y;Z|X,S = ay), given by
RO(Y;2) = I%) = max {I[(Y; Z|X = ;,5 = &)} . (3.52)
J

This is, as before, the expected result.
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Determination of I(Y;Z|X,5) for N = 1:

From Eq. (3.48), we have

I(Y;Z|X,S=a)=Y xI(Y;Z]X =, =a)].

=1

Let w; = w(oy) = Pr{S = ay}. Then taking the expectation with respect to the

state S, we have

Q m
I(Y; Z|X,5) =) w, {Ea I(Y; 21X = o;,5 = m]}

o (3.53)
=> 7 {wa [[(Y;Z2|X = a;,5 = a‘)]} .
j=1 1=1
In order to maximize this quantity, we proceed as follows: Define
def 2
1£5) = max {Zuu I(Y;Z|X =, = af)]} , (3.54)
1=1
and A(S) C A such that
A Lo e A 1Y, 21X = 0y, 8) = I8}, (3.55)
where
def
I(Y;21X = ;,9) > w [I(Y; 21X = ;,5 = a1)]. (3.56)

1=1
Then a distribution II(z) = {#y,..., 7, } maximizes I(Y;Z]X,Sl) if and only if it
satisfies the following conditions:

x; =0, foral o; ¢ {sjs),
x; >0, forall o; € A(S),

>, = =1

j:a,'EA(S)

(3.57)
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Any distribution II(z) that satisfies the conditions of Eq.(3.57) achieves the maxi-

mum R(S)(Y; Z) of I(Y; Z|X,S), given by

B9y, 2)=I8) = max{Zwi (V;Z|X = a;,5 = cri)]} : (3.58)

Determination of I(Y; Z|X) for N = 1:

For the case of N = 1, we are most interested in finding I(Y;Z|X). This
is because the mutual information between Y and Z is conditioned only on X,
which is known to us a priori, whereas I(Y;Z|X,S = o) and I(Y;Z|X,5) are
conditioned on the state of the channel, which is not generally known to us a priori.
We now look into the problem of determining I(Y; Z|X), finding the maximizing
distribution II(z) of X, and finding the resulting maximum R(Y; Z) of I(Y; Z|X).
If g;;, uix, and p;z are defined as

dcf
g;i = Pr{Z = 7|X = o;},

ui T PHY = 412 = 7.}, (3.59)
def
pix = Pr{Y = G |X = a;},
and

2 def
( ) Pr{Z = yi|X = «;,5 = o1},

KO Py = 412 = 7,5 = oo}, (3.60)

oq dcf
p( )L P{Y =B|X = o;,5 = oy},

then we can express g;;, u;, and p,; in terms of qj(‘ ‘), ( 0 , and pgk‘) respectively,
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and the current state probabilities w, as
EQ: (o4)
q5s = Wy q_j:‘r‘ 3

Uix = Zw w7, | (3.61)

pir = ZU-HP(“).

Once again, assuming X = «;, we can model the FSTC as a new source with source
alphabet I = {y1,...,7.} followed by a discrete channel representing the observa-
tion noise. This new source produces the random variable Z € T' = {y1,..., 7}

with probability distribution Qu; = (g;1,...,¢;n). Now
IYV;Z|X =0;)=HY|X =a;) - HY|X = «j, Z). (3.62)
The conditional entropies H(Y|X = «;) and H(Y |X = «;,Z) are given by

H(Y|X =a))=—) pulogp;
k=1

n @ P (3.63)
=52 Sl [t
and
HY|X =a;,Z) = -}igjqﬂu,»k log
=1 k=1
B[t e ]
e (3.64)

Thus, we have

n Q Q
1521 = o = 3 [Z v o[-
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Taking the expectation with respect to X yields
I(Y;21X) =Y = {I(Y; Z]X = o)} (3.66)
=1
In order to maximize I(Y;Z|X) with respect to the input distribution of X, we

proceed as follows: Define

I8, = max{I(Y; Z|X = o)}, (3.67)
3
and A(D C A by
A(l) @éf {Ozj €A: I(Y,ZlX = alj) = Ix(nlzzx . (368)

Thus, we see that a distribution II(z) = (x1,..., 7, ) maximizes I(Y;Z]|X) if
and only if it satisfies the following conditions:

x; =0, forallj:a; ¢ A
x; >0, forallj:o; € AW,

E x; = 1.

j:a,-EA(‘)

(3.69)

The maximum value R(Y; Z) of I(Y; Z|X) achieved by the distribution II(x) sat-
isfying Eq. (3.69) is

R(Y;Z) = I (3.70)

max )

where Lﬁfﬁx is as defined in Eq. (3.67). This is , of course, as expected.
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Determination of I(Y; Z|X) for General N:

It is now assumed that the N-tuple X € A is transmitted across the FSTC
and the N-tuple Y € BM) is received at the channel output. Given that a particular
N-tuple x is transmitted, the probability that a particular“ N-tuple y is received
will be denoted by p(y|x).

Let s = {s1,...,sn} be the particular sequence of states that occurs during
the N uses of the channel in which x is mapped to y. Then we have s € S The

probability of a given set of states s occurring is given by
w(s) =Pr{S = s} =w(s1,...,sn). (3.71)

Because the state sequence of the channel is governed by an ergodic Markov chain,

we have

w(s) = w(sy,...,sn) = w(s)w(sz2|s1)g(s3]s2) - w(sw|sn-1), (3.72)

where w(sx|sz-1) and w(s;) are defined in Eqgs. (3.41) and (3.42), respectively.
Knowing this, we can now calculate ¢(z|x), u(y|z), and p(y|x).
Given that the channel has state sequence s = {s1,...,sny}, the conditional

probabilities associated with the particular N-tuples x, z, and y are
¢ (2]x) = ¢C¥(21]21)pg  (22lz2) - ¢ (2w |z ),
u® (ylz) = pC (9112000 D (y2l22) -+ 20y 2w ), (3.73)

PO (yx) = 20 (y1]21)p P (y2la2) - - pC M (yw o),

where x = (z1,...,ox5), 2 = (21,...,25), and ¥y = (y1,...,yn ). Thus, we have
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that g(z|x), w(y|z), and p(y|x) are given by

ozlx) = > w(s)g(z]x),

€ 8(H)

u(ylz) = Z w(s)u(g)(y[z), _ (3.74)
sES(N)

pylx) = D w(s)p®(ylx).
s€ 8(¥)

The mutual information between Y and Z given that X = x is
IV;ZIX=x)=HY|X=x)- HY|X =x,7). (3.75)

The conditional entropies H(Y|X = x) and H(Y|X = x,Z) are given by

HY|X=x)=- > p(yx)logp(ylx)
yeB(M)

=- > {{ > w(s)p‘f‘)(ylx)} log[ > w<s>p<s>(y1x>“,

yeB(#¥) s€ §(¥) s€ S(N)
(3.76)

and

H(YrX = X, Z) = — Z Z Q(Z‘y)u(ylz) log u(YIZ)
2ETCH) yE M)
- Z Z { [ESES(N) W(S)q(s)(zlx)] [ESGS(N) W(S)u(s)(y[z)} } |

ZETX¥) ye B(¥) lOg [ESES(N) w(s)u(s)(y[z)]

(378)

Thus, we have

I(Y;ZX=x)=~= Y {* [ > w(S)p(S)(YIX)} log [ > w(S)p@(YIX)}
yeEB(M) s€S(¥) sES(N)
[T e scn ()6 (@]%)] [Eee s w(s)uw®(y]2)] }}
" z?;(—:,,) { og [T, s w(s)u(®(y]2)] '
(3.79)
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Upon taking the expectation of Eq. (3.79) with respect to X, we have
I(;zIX) = > I(x){I(Y;Z|X}. (3.80)
x€ ACH)
In order to maximize Eq. (3.80) with respect to the distribution II(x), we proceed

as follows: Define

() def I(Y;Z|X =
Inax x?lAaEJE"){ (Y52 )} (561
and A C A by
A E Ly e AM 1Y 2K = %) = 1N} (3.82)

Then a distribution II(x) will maximize I(Y;Z|X) if and only if it satisfies the

following conditions:

M(x) =0, forallx ¢ AW);
II(x) >0, forall x e A¥),

2 =) =1,

x€ A(N)

(3.83)

and the maximum value R(Y;Z) of I(Y; Z|X) obtained by any distribution satis-

fying Eq. (3.83) is

R(Y;Z) = I (3.84) .-

max?’

where IS%) is as defined in Eq. (3.81).
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3.3. The Radar/Information Theory Problem for Continuous Target Channels.

In Section 3.2, we examined the Radar/Information Theory Problem for discrete
target channels, in which, for each channel use, one of m waveforms was transmitted
by the transmitter and one of n waveforms was received at the receiver. In dealing
with real radar systems, it is reasonable to assume that one of a finite number
of waveforms is transmitted, but it is often not convenient to assume that one of
a finite number of waveforms is received. For example, if the radar receiver is
measuring the power scattered from the target, the received power can generally
take on a continuum of values. Although one could model the system—at least
approximately—by quantizing the received signal, this procedure can complicate
the analysis of the radar system. In addition, information is generally lost in the
quantization process. Thus, it is more appropriate to assume that the received
waveform can take on a continuum of values. In this section, we will examine
target channels that have a continuous target channel output. We will refer to such
channels as continuous target channels, although the transmitted waveform is still

assumed to be a member of a finite set.

Consider the situation shown in Fig. 3.10, in which a transmitter transmits
an N-tuple X ¢ AW where A®) is an ensemble of N-tuples of waveforms with
probability distribution II(x), and A is the set of possible transmittéd waveforms
A ={o1,...,an}. The transmitted N-tuple X proceeds through the target channel
C, which perturbs X in such a way that an N-tuple Y € R®) is received at the

receiver, where R is the set of real numbers. The channel C perturbs the transmitted
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X e AW Y ¢ R¥)

. Target ;
S— —
Transmitter Channel Receiver

Figure 3.10. The Radar/Information Theory Problem for Continuous Target Channels.

N-tuple in such a way that if x € A@) is a particular N-tuple transmitted, the
N-tuple y € R™®) is received with conditional PDF f(y|x).

It is assumed that the transmitted N-tuple X is known at the receiver. Let Z be
a continuous random vector that characterizes the parameters of the target channel
we wish to measure. This random parameter vector Z characterizes all uncertainty
of the parameters to be measured in the target channel. Additional uncertainty,
however, is present because of the random noise in the radar system. We wish to
find the distribution II(x) that maximizes the mutual information I(Y;Z|X). In
addition we wish to find the resulting maximum value R(Y;Z) of I(Y;Z|X). We
will now look at the solution of the radar/information theory problem for continuous

target channels without memory.
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3.3.1 Continuous Memoryless Target Channel.

Consider the Radar/Information theory problem as outlined in Fig. 3.10, but
with a memoryless continuous target channel, by which we mean that the propa-
gation of each individual waveform in the transmitted N-tuf)le propagates through
the target channel in a manner independent of the others. For any transmitted
x € A and y € R®Y) we have

x=(%1,...,75), zx €A, forallk=1,...,N,
(3.85)
y=(y1,---,yn), wi €R, forallk=1,...,N.

Since the channel is memoryless, the channel transition PDF of y conditioned on x
is given by

N
fiylx) =[] fyela). (3.86)

r=1

In order to analyze the problem for the continuous memoryless target channel,
we will first examine the case where N = 1 (a single use of the target channel). The
case for general N will then be an easy extension of the case for N = 1.

For the case where N = 1, a single waveform from the ensemble A is transmit-
ted through the target channel and is perturbed by the target channel such that an
element of the set R, a real number, is observed at the output of the channel.

In the case of the discrete target channel, where calculations dealt with (ab-
solute, not differential) entrlopy, we modeled the transmitter and target channel
together as a new source with a noiseless channel connecting ¥ and Z. In the case
of the continuous channel, however, a noiseless channel would have infinite capacity.

Thus, we cannot directly extend the model we used in the discrete case, as using a



—~ 98 —
channel model that has infinite capacity is neither intuitively appealing, physically
realistic, or mathematically tractable.

In order to develop a model for the continuous target channel, we look to
the physical measurement process that takes place in the measurement of target
characteristics by a radar. The transmitter transmits a waveform X that illuminates
the target in order to measure some characteristic of the target represented by
Z. The value of this random variable Z can be dependent on the transmitted
waveform X. For example, if Z represented the mean reflectivity of the target,
this could be a function of the frequency spectrum of the transmitted waveform.
The electromagnetic wave incident on the target is then scattered by the target. A
portion of the scattered wave is detected and processed by the receiver, resulting in
the measurement Y. Thus, Y is dependent on Z. Y is, of course, also dependent on
X, both through the dependence of ¥ on Z and the fact that receiver processing is
a function of the transmitted waveform. Taking these mechanisms into account in
the radar measurement process, we have the model shown in Fig. 3.11 for the case
of N = 1. As can be seen, this model is characterized by two PDFs, f(z|r) and
f(ylz,%). In our analysis, we will need the PDF’s f(y|z,%) and f(y|z). This latter

PDF can be obtained from the two PDF’s in our model by

flyl=) = / flylz,z) f(z]z) dz.
From the definition of mutual information for continuous random variables as

given in Eq (2.35), we have that I(Y; Z]|X) is given by both

I(Y; Z|X) = k(Y |X) - h(Y|Z, X), (3.87)
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" 4 : 14
[ Pl fzln) [P flylzx) >
Figure 3.11. Continuous Target Channel Model.
and
I(Y;Z|X)=h(Z|X) - h(Z]|Y, X). (3.88)

Here, (Y |X), h(Y|Z,X), h(Z|X), and h(Z|Y,X) are conditional differential
entropies, given by

MY|X) =) H(=)

z€A

flylz)log f(y|=) dy} (3.89)

8“‘*\.8

f(yJle)lng(yiz:x) dy dz} s (390)

s€A

hY|Z,X) =) (=) {

MZ|1X)= ) L(e)

s€A

£(212) log f(z]a) dz} , (3.91)

hY|2,X) =

%3
R

8\8 8\8 8\8 8\8

8\8

f(y,z|=)log f(ylz, =) dy JZ} - (3.92)

xEA
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In the derivation that follows, we will use the form in Eq. (3.87), as it will be more
straightforward in the applications we will consider. However, our results could
also be derived using Eq. (3.88), and in some applications the latter may be more

straigtforward.

From Egs. (3.87), (3.89), and (3.90), we have

I(Y;Z|X)= > M(@)I(Y; Z|X = z), (3.93)
z€A

where

121X =2) == [ fel)ogfulo)dy+ [ [ fwsle)log f(ule, @) dyds.
o T (3.94)
In order to find the distribution II(z) of X that maximizes I(Y; Z|X), we proceed
as follows: Define

JiON max {I(Y; Z|X = 2)}. (3.95)

Define A(D C A as
A = {a: EAIY;Z|X =2)= IS,}QX} . (3.96)

Then I(Y; Z|X) is maximized by a distribution II(x) if and only if it satisfies the

following conditions:

x; =0, for all j such that a; ¢ A();

x; >0, for all j such that o; € A1),
(3.97)

>omp=1
1=0

The maximum value R(Y;Z) of I(Y; Z|X) obtained by any such distribution is

R(Y;Z)=I) . (3.98)
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This is as expected.

We now examine the general case of N uses of the memoryless target channel.
Assume that an N-tuple X € AM) is transmitted across the memoryless target
channel, and the N-tuple ¥ € R¥) is received at the channel output. Given that
a particular N-tuple x is transmitted, the PDF of the N-tuple y being received is
f(y|x). Since the target channel is memoryless, it perturbs each waveform in the
N-tuple independently. Thus, if f(y|z) is the PDF of y € R, given # € A was

transmitted, then as previously noted in Eq. (3.86),

fix =11 e le).

In transmitting an N-tuple across the continuous memoryless channel, the
independence of each channel use means that we are using the channel N distinct
times and are incorporating the results of these N uses to form the N-tuple Y. Thus,
each of the single uses can be modeled as shown in Fig. 3.11. If the transmitter
transmits an N-tuple x = (zy,...,zy), the PDF of Z = (z1,...,2n5) conditioned

on X 1s
N
fzlx) =[] Gz la,). (3.99)
r=1

So the N-tuple Z characterizes the random behavior we wish to measure for the N
channel uses, with the r-th element Z, representing the r-th of N uses.
Given that a specific x is transmitted, the mutual information between Y and

Z conditioned on X = x is

I(Y;Z]X = x) = h(Y|X = x) — h(Y|X = x,2Z). (3.100)
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Taking the expectation of Eq. (3.100) with respect to X, we have
I(;Z1X) = ) OE)I(Y;ZX = x). (3.101)
YeAlN)
In order to find the distributions of X that maximize I(Y;Z|X), we proceed as
follows: Define

def

I = meag{z(y;zlx =x)}. (3.102)

Define A C A as
A = {x CAIY;ZIX=2)=10 1, (3.103)

Define A¥) as the N-fold Cartesian product of A(Y). Then from Eq. (3.101), we see
that a distribution II(x) maximizes I(Y; Z|X) if and only if it satisfies the following

conditions: A
I(x) =0, forallx¢ AU,
I(x) >0, forall xe AW);

> I(x) = 1.

x€ A(N)
The maximum value R(Y;Z) of I(Y;Z|X) achieved by distributions that satisfy

(3.104)

Eq. (3.104) is

R(Y;Z)=NI$) =N max {I(Y; Z|1X = z)}. (3.105)

This is what we would expect by analogy to the discrete memoryless target channel.

The extension of the memoryless continuous target channel fo a finite-state
continuous target channel, with memory controlled by a Markov chain with a finite
number of states, is straightforward and is done in a manner analogous to that of the

discrete case. We assume that the conditional PDF’s that characterize the statistical
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behavior of the channel are a function of the Markov chain state s € S, just as was
done with the conditional probabilities in the discrete case. Thus, these distributions
would be written as ) (y|z), fC)(y,2|z), ) (y|z,z). We would then use these
distributions to calculate the mutual information IG)(Y; Z|X) and then calculate
I(Y;Z|X) by averaging over s as was done in the discrete case. Determination of
distributions that maximize I(Y;Z|X) and the resulting maximum values is then
done in an identical manner to that done in the discrete case. Since we will not be
using the finite-state continuous target channel in subsequent work, we will not go

through this straightforward derivation here.

3.4. Conclusions.

In this chapter we have formulated and investigated the Radar/Information Theory
Problem for both discrete and continuous target channels. This provides a basis for
the design of radar waveforms for obtaining the maximum amount of information
about a target, and also provides some of the tools for analyzing the information
content of radar images. Both of these problems will be examined in the remainder
of this thesis. Before the results in this chapter can be applied to these practical
radar problems, we must obtain models of the radar targets of interest. In the next
chapter we will review and develop statistical scattering models of radar targets,
with the goal of applying the results of this chapter to these models. The results of
the Radar/Information Theory Problem in this chapter and the models of the next
chapter will form the basis of the information-theoretic design of radar waveforms

and analysis of practical radar systems.
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CHAPTER 4

RADAR SCATTERING MODELS

The Radar/Information Theory Problem, examined as the framework for the
information-theoretic analysis of radar systems in the previous chapter, is depen-
dent on statistical models of radar scattering and noise behavior. This is reflected
in the PDFs that arise in the model. These PDF’s are the sole representation of
target behavior in the target channel model. Thus, if the results of the previous
chapter are to be used in the analysis of practical radar systems, statistical models

of the radar targets and target channels for these systems must be developed.

When considering measurements of a radar target, we realize that the electro-
magnetic wave scattered by the target, besides being a function of the transmitted
waveform, is also a function of both the target’s spatial and material characteris-
tics. We assume that the target is made up of either multiple scattering centers or a
continuum of scatterers distributed in space. Then, when the transmitted waveform
is reflected from the target, it is reflected by many points on the target that are
spatially separated. If these points have different material composition, the fraction
of the incident energy reflected will be a function of the material composition of the
points. In addition, the scattered waves from the various points on the targef will

add constructively and destructively at different points in space, generating an in-
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terference pattern in space. This interference pattern will be a function of both the
spatial distribution of the target scatterers and the transmitted waveform’s wave
shape or spectral content. This fact will be of considerable importance in our work
dealing with waveform design in Chapters 5 and 6, so we will also be interested in
models that characterize the scattering characteristics of spatially extended targets.

In order to facilitate the development of our radar-scattering models, a brief
review of radar cross section, the analytic signal representation, and polarization

and depolarization in scattering will be presented.

4.1. Radar Reflectivity and Radar Cross Section.

In this section we will briefly review radar reflectivity and introduce the parameter
known as radar cross section. In the process, other parameters of interest in specify-
ing radar systems will also be introduced. More detailed and specialized discussions
of radar reflectivity can be found in References [4.1-4.7].

If an electromagnetic wave is incident on a boundary at which two materials of
differing characteristic impedances 5; and 5, (y = \/p—/_;, where p 1s the permeabil-
ity of the material and ¢ is its dielectric constant), then the electromagnetic wave
will be at least partially reflected [4.8]. Thus, an electromagnetic wave transmitted
by a radar through free space or an atmosphere will generally be at least partially
reflected or scattered when it impinges upon a target, such as the planetary sur-
face below or an aircraft flying in the atmosphere. So when a radar is making
measurements on an object, the magnitude of the reflected signal is a functi‘on of

the material making up the object. The magnitude of the reflected wave is also a
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function of several other characteristics of the object, such as its size, orientation
with respect to the radar, the frequency spectrum of the waveform illuminating the

target, and the transmitted electric field polarization.

The radar cross section o of a scatterer is a parameter that measures the
amount of power a target scatters toward a receiver. This will be a function of the
physical orientation of the transmitter, target, and receiver. In this chapter we will
concentrate primarily on monostatic radar systems, in which the transmitter and
receiver antennas are collocated (and often the same physical artenna), but these
results can be extended in a straightforward manner to the case of bistatic radar
systems, in which the transmitter and receiver antennas are in different locations. In
dealing with monostatic radar systems, we are interested in the signal scattered back
at the radar, and we refer to the radar cross section in this case as the backscatter

cross section.

The radar cross section o is a parameter defined to be proportional to the
received echo power from the radar target. The received power for a monostatic

radar system is related to the radar cross section ¢ by the relation

_ PrGEN?

PR == W g (41)
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Here

s it radar cross section in units of area,

Pp = received power,

Pr = transmitted power,

G = antenna gain (the same for both transmit and receive),
A = wavelength of transmitted signal in units of length,
R = radar-to-target range in units of length.

From Eq. (4.1), it can be seen that the radar cross section ¢ is the cross-
sectional area required of an isotropic scatterer in order to recelve power Py given
Pr, G, A, and R. This can be derived from the Friis Transmission Equation [4.9,
Sections 1.7 and 3.10].

In considering the reflectivity of complex radar targets, we are often examining
the combined return from a large number of individual scatterers. When considering
such targets, the concepts of coherent and incoherent scattering can be useful. If
the phase of a wave is constant or varies in a deterministic manner, the wave is
sald to be coherent. If the phase of the wave is randomly distributed over the
interval [0, 2x], it is said to be incoherent. It is a well-known fact that the total
power resulting from the sum of multiple incoherent waves is equal to the sum of
the powers of each of the waves individually. The power resulting frorﬁ‘ the sum of
multiple coherent waves must be obtained by summing the electric field that is due
to each of the individual waves and then by determining the total power from the

resulting electric field. This is because the resulting power for the multiple coherent
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waves can be much greater than than the sum of the power of the individual waves,
or it can be much less—the resulting power can even be zero. The resulting power
in the coherent case depends on whether the individual waves add constructively or
destructively.
Mathematically, if a target is composed of N individual scatterers with radar
cross sections ¢y, the total cross section that results from all of the individual

scatterers is ,

N
o= Z 7; evil | (4.2)
j=1
where the ; are the phase angles that are due to the phase delay corresponding to
the range of the j-th scatterer from the target. If the j-th scatterer is at distance

R; from the target, assumed constant over the target, the phase ¢; is given by

Y; = 4T/\Rj (mod 27). (4.3)

If the ¢; are independently and uniformly distributed on the interval [0, 2#],

corresponding to the case of incoherent scattering, then one has

N ' 2 N . N
grc = E Z a, 6”’0" e Z o, 6”’” Z.‘ /T e“d/k
J= g= k=1
4.4
. (4.4)
=Y Y VavaB {etitml =5,
j=lk=1 i=1

since for 5 # k

E {exw,-—m)} =E{eVi}E{e ¥} =0,

because

E{e¥i}=E {7} =0.



- 110 -
But for 3 = &,

p{eti 40} = B} =B {1} =1.

So from Eq. (4.4) we see that in non-coherent scattering, the power from the
individual scatterers add, or equivalently, the total radar cross section is the sum of
the individual radar cross sections. We are assuming here that there is no significant
shielding or multiple reflections between scatterers.

In general, the field scattered from a radar target has both a constant coherent
component as well as a random, incoherent component. For example, if the target
under consideration is land being illuminated by a scatterometer, there may be
a non-coherent component in the radar return because of the roughness of the
terrain. There may also be a coherent component that is due to a large specular
return from a large scatterer, for example, a large metal roof on a building which is
smooth compared to the scale of the wavelength of the radar signal. If the surface
being measured is very rough and there are no specular components, as in the
case of a perfectly diffuse surface, there may be only an incoherent scattered field.
This property is, of course, a (slowly varying) function of the wavelength of the
transmitted radar signal.

In talking about the roughness of a scattering surface or radar target, the
Rayleigh roughness criterion is often used to classify a surface as rough or smooth.
The Rayleigh roughness criterion can be described as follows. Assume that a radar
lluminates a target at a grazing angle & with respect to the normal of a rough

planar surface, as shown in Fig. 4.1. If the difference in height ( in the direction
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normal to the surface) between two neighboring points on the surface is Ak, then

the phase difference between two waves reflected from these two points is

AD = ﬁfé_};fi’iﬁ. . (4.5)

Here

Ah = difference in height between the two points,
A = wavelength of electromagnetic wave,
¢ = incidence or grazing angle of wave with respect to local surface tilt.

To give a qualitative description of whether a surface is rough or smooth, the

Rayleigh roughness criterion uses Eq. (4.5). A surface is considered rough if
. A
Ahsing > 3 (4.6)

and smooth if

Ahsinf < g— (4.7)

It is clear that this is an imprecise criterion for surface roughness, but for Ahsin 8 <
A/8, it is safe to assume that the surface is smooth, and for Ahsing > A/8, it is

safe to assume that the surface is rough.
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4.2. The Analytic Signal Representation.

Transmitted radar signals are in general the result of the amplitude and phase

modulation of a sinusoidal carrier. As such, they can be represented as

s(1) = a(1) cos [2x fot + $(1)], (4.8)

where s(1) is the transmitted radar signal, a(?) is the envelope of the amplitude
modulation, ¢(#) is the phase modulation function, and fy is the transmitter carrier
frequency. It is straightforward to represent standard radar modulation formats
(pulse-amplitude modulation, linear and non-linear FM, bi-phase modulation) in
terms of Eq. (4.8). In most radar systems of interest, even such wideband systems as
direct-sequence spread-spectrum radars, the envelope a(?) and phase ¢(1) are slowly
varying functions of time in contrast with cos 2z foi. Thus, these waveforms are
“narrowband” waveforms in the sense that their Fourier transform S(f) is centered
and concentrated around the carrier frequency fo. Thus, although their bandwidth
can be very large, it is for all practical purposes much less than fo.

Since the waveform s(?) is real, it follows that the Fourier transform S(f) of

s(1) is conjugate-symmetric in f. That is,

S(f) = 5(=1). (4.9)

Here the bar over the right-hand side of the equation represents complex conjuga-

tion.

In dealing with radar waveforms, it is often convenient to work with a complex
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analytic function ¢/(?) such that

s(1) = Re {y (1)}, (4.10)
and
Im {$()} = 5(1) = % / :(ji dr. (4.11)

So §(1) is the Hilbert transform of s(7). Thus, we have that the analytic signal

representation (1) of s({) is given by

Y1) = s() +55(1) = s(d) + —; 7 :E_TZ_ dr. (4.12)
If 5(1) is a narrowband waveform, that is, if h
S(H)=0, fo—f<IfI<fotfe, 0<fe<ho, (4.13)
then it can be shown [4.10] that
Y(1) = a() exp {s [27 fol + $(V)]} - (4.14)

Although the narrowband condition of Eq. (4.13) may not be exactly satisfied for
a given radar signal s(?), it is approximately satisfied for practical radar systems,
even for spread-spectrum radar systems.

© We also note that

U(f) = 7 Y()e TN gt = 7 l:s(i) + ;‘{ * s(i)] e N di = S(H[L+Q(f)].

Here,

_J L for f > 0;
Q(f)“‘{o, for f < 0.
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So we have

_ )} 25(f), for f >0;
WU)‘{O, for f <0, (4.15)

and the energy in the signal s(1) is given by

5:]3MWNA (4.16)

or

5:%f¢mWEﬁ, (4.17)

These relationships are useful both in representing radar-signals and in calculating

their energy or power.

4.3. Polarization, Depolarization, and Scattering.

Most monostatic radars both transmit and receive electromagnetic waves of the
same single polarization. When radar measurement of a target is made with such a
radar, the information obtained about the target by the radar is limited to the scat-
tering properties of the target for the particular polarization and target orientation
with which the measurement was made. Measurements made with additional polar-
izations and different polarizations on transmit and receive can provide additional
information about the scattering characteristics of the target. This information may
be useful in classification or identification of the radar target. In addition, some
polarizations will provide a larger backscattered field than others, making polariza-
tion diversity useful in target detection as well. Reference [4.11] provides a detailed

study of polarization in radar scattering problems. Reference [4.2, Ch.7] presents
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data from several studies in which the radar returns from land were measured by
airborne radars at several polarizations. These results show that polarization di-
versity is indeed valuable in obtaining information about terrain in radar remote
sensing, so we will now briefly examine polarization in radar scattering.

The polarization of an electromagnetic plane wave can be described in terms of
two orthogonal linearly polarized components. Let z be the direction of propagation
of a plane wave and let £ and y be two mutually orthogonal directions, both of
which are orthogonal to the direction of propagation z. Assume that the wave is
transmitted by a radar, scattered by a target, and that the scattered field is then
received by the radar. Let B}, E;, E7, and E7 be the components of the transmitted
electric field strength in the z-direction, transmitted electric field strength in the y-
direction, received electric field strength in the z-direction, and received electric field
strength in the y-direction, respectively. Then the received electric field components
E and E] can be expressed in terms of the transmitted electric field components

z ¥

and E} by the relation

7)=( o) (E)
)= £y 4.18
(Ey Gry  Gyy E‘; ( )

The 2 X 2 matrix relating the transmitted and received fields in Eq. (4.18) is
known as the polarization scattering matrix and is a function of the scatterer. The
elements of this ratrix are complex numbers relating the amplitude and phase of

the respective fields. If

E? Bl a a
E1:< “) E’:(f) and AI(” ve
E’; ? Ey ’ Azy Gyy )’
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then Eq.(4.18) can be written vectorially as
E" = AE'. (4.19)

The energy scattered by the target depends on the transmitter frequency, target
orlentation, and position of the target with respect to the radar, and so the elements
of A are in general also a function of these parameters. In the case of a monostatic
radar, the matrix A is a symmetric matrix, with a;, = a,,; [4.12]. This can be most
easily seen by using reciprocity, that is, by interchanging the roles of the collocated
transmit and receive antennas of the monostatic radar system.

As was previously noted, polarization diversity can provide significant informa-
tion about the surfaces being measured in radar remote sensing. This is due in part
to the depolarization of the illuminating wave when it is scattered wave from the
surface being measured. When an electromagnetic wave is scattered by an object
or surface the backscattered wave may not have the same polarization as the wave
incident on the object or surface. This phenomenon is known as depolarization. In
specular reflection, the sign of the polarization is reversed, but this does not count
as depolarization, since no energy is being transferred to an orthogonal polarization.

Generally, the rougher the surface or object scattering an electromagnetic wave,
the greater the depolarization. This is because multiple reflection is one of the ma-
jor mechanisms from surfaces. Forl very large, smooth targets, there is .usually very
little depolarization, but most natural surfaces have both a polarized backscatter
component and a depolarized backscatter component. Reference [4.2, Ch.3] dis-

cusses several models of depolarization mechanisms in scattering processes.
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Since depolarization of the transmitted wave generally occurs in the scattering
process, we will now introduce a quantity known as the cross-polarization cross
section, which is denoted o, . It is defined in the same manner as the radar cross
section in Eq. (4.1), except that it is assumed that the transmit antenna has linear
polarization = and the receive antenna has linear polarization y.

Typically, in dealing with backscattering from surfaces, the directions # and
y are taken to be either in the plane of incidence (vertically polarized) or perpen-
dicular to the plane of incidence (horizontally polarized) [4.1, pp.168-9]. Radar
backscattering from the surface is then characterized by the four backscattering
cross sections oyy, ogm, opyv, and oy g. These four backscatter cross sections
are often used to characterize the backscatter characteristics of a surface in radar
remote sensing.

If direction « is taken to be vertical and direction y is taken to be horizontal in
Eq. (4.18), we have that the backscatter cross sections oyy, ogx, onv, and oy g
are related to the elements of the polarization-scattering matrix by the relations

ovy = Klayy|®,
oun = Klagn|’,
ovg = K [avﬂlz,
opy = K ]aﬂy[2 .
Here, K is a constant taking into account scaling thaf; is due to space loss and taking

into account the spatial point of reference for the electric fields in Eq. (4.18).
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4.4, Statistical Models of Radar Backscatter from Land.

Radar backécatter from land can be caused by natural objects such as plants, trees,
grass, rocks, hills, and bare ground, as well as by man-made objects such as roads,
railroads, buildings, automobiles, fences, and power lines. ‘When luminating a
portion of the earth’s surface with an airborne or spaceborne radar, a resolution
cell on the ground is generally large enough to have a large number of scatterers
in 1t. As the radar makes successive measurements, the radar moves and so does
the resolution cell along the earth’s surface. As a result, from measurement to
measurement, a large number of scatterers leave the resolution cell, a large number
of new scatterers enter the resolution cell, and those scatterers that remain in the
resolution cell undergo a significant change of phase in their radar return because of
radar motion. Thus, from measurement to measurement, there can be considerable
fluctuation in the backscattered signal from the surface. In addition, there may be
large fixed objects that remain in the radar’s field of view for several resolution cells,
contributing a strong constant component to the returned signal. Thus, it appears
that land scatterers viewed with airborne radars can be grouped (at least roughly)

into two broad categories:

1. Small scatterers of which there are a very large number and for which no
individual scatterer dominates in terms of total backscattered power, and
2. Large specular reflectors that contribute a significant portion of the total

backscattered power in a resolution cell.

Terrain made up of scatterers from the first group can be modeled as a large
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number of random scatterers [4.2], and it is reasonable to assume that such a sur-
face is rough in the Rayleigh sense (Ahsinf > A/8). We will now look at the
development of a theoretical model for this case.
Consider a radar illuminating a surface made up of a large number of random
scatterers. Let the electric field at the receiving antenna reflected from the j-th of

a large number n of scatterers be given by
E; = Aje'?i, (4.20)

where

A; = the magnitude of the electric field scattered by the j-th scatterer,

¢; = the phase of the electric field scattered by the j-th scatterer.
Assume that both transmit and receive are done with fixed, although not necessar-
ily the same, polarizations. Since the scatterers are randomly distributed over the
surface a.nd, for surfaces of practical interest, will generally vary in size, we will as-
sume that both A; and ¢; are random variables. Assume that the positions of these
scatterers are independent of each other, that the size of an individual scatterer is
independent of other individual scatterers, and that scatterer sizes are independent
of scatterer positions. From these three assumptions, we can reasonably conclude

that:

1. A; is statistically independent of Ay, for j # k.
2. ¢; is statistically independent of ¢y, for 7 # k.

3. A; is statistically independent of ¢, for all ;7 and %.
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Since the surface i1s made up of scatterers randomly distributed and is rough
in the Rayleigh sense, we will assume that the ¢; are independent, identically dis-
tributed random variables uniformly distributed on [0,2z]. We will also assume
that the A; are independent, identically distributed random variables with mean
pa and finite variance o%. We then have that the total electric field from a large

number n of scatterers is

E=) At =vel. (4.21)
=1

Expressing Eq. (4.21) in rectangular form, we have

E =X +1Y, (4.22)
with
X =Vcost = ZAj cos ¢; = Z-XJ’)
= =t (4.23)
Y =Vsinf = ZAJ- sin ¢, = ZYJ
j=1 =1
Here,
X, = Ajcos ¢;,
(4.24)

YJ' = Ajsingbj.

Now the X; constitute a set of independent identically distributed random variables,

as do the Y;. Their means and variances are given by

E(X;) = E(4; cos ¢;) = E(4;) E(cos ¢;) = pa - 0=0, (4.25)
2 2 2 2 2 0‘24 + ’u‘?“
ok = E(Aj cos? ¢;) = E(Aj)E(cos $;) = )

E(Y;) = E(A;sin¢;) = E(4;)E(sing;) = py -0 =0, (4.27)
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od + pA

5 (4.28)

gi.j = E(AJ2 cos? ¢;) = E(Af) E(cos® ¢;) =

The central limit theorem [4.13, p.193] states that if X, X2,..., X, denotes a
random sample from a distribution that has mean g and finite variance o?, then

the random variable

(E;:I X - ”F‘)
V/no

has a limiting distribution that is Gaussian with mean 0 and variance 1, as n — oo.

S, =

Applying the central limit theorem to

X=) X, (4.29)
=1

and
Y=>"1, (4.30)

and realizing that although n is finite, it is very large, we have that both X and Y
are approximately Gaussian, both having mean 0 and variance n(o? + p2)/2.
We will assume the Gaussian approximation to be exact. This gives us density

functions of X and Y as

fx(z) = \/;;ae*f’/?“, (4.31)

and

fY(y) - \/2—;08—?2/202) (432)

with

2 M. (4.33)
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The important thing to note is that for all practical purposes, X and Y are zero-

mean Gaussian random variables with finite variance ¢?. In addition, we have

E(XY) = (ZX ZY") =E (ZZA Ay cos ¢, smgﬁk)

g=1k=1

_—_ZZE(AJ-AJE) -E (cos ¢, singy) = 0,

J=1k=1

since

27

[ cos¢;sing; dg; =0 yfor g = k;
E(cos ¢, singy) = 3121

J [ cosé;singsdg; ddx =0 |, for j # k.

00

But since E(X) = E(Y) = 0, we have
E(X)E(Y) = 0,
and thus,
E(XY) = E(X)E(Y),

which implies that X and Y are uncorrelated random variables. But since X and
Y are Gaussian random variables, they are statistically independent [4.13, p. 120].

From Eqgs. (4.21) and (4.22), we have
Ve'® = X 4.7, (4.35)
and so

V=yvX?24+Y2

O =tan" ! (Y/X).

(4.36)
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Thus, by a change of variables, we have that the joint density of V and © is
8(z,y)
0(v,9)

= fx [#(v,0)] fr [y(v,0)] ! Zii’ Z; (4.37)

fV,G(v;G) - fX,Y [x(v,9),y(v,9)]

{ L exp(—v?/20?) for 0 < v < o0, 0 <8 < 2r;

0 , elsewhere.

Integrating the joint density fy 4(v,f) with respect to @ on the interval [0,27), we

obtaln
27

fr(v) = / " exp (~v?/202)df = —=exp —v
2x0? a? 202
0
Thus, we have that the magnitude V of the received electric field, that is V = |E/,

is a random variable which is Rayleigh distributed, and has the Rayleigh PDF

fr(v) = {é}’e"p (5?;) vz 0; (4.38)

, elsewhere.

The received power fron the surface of randomly distributed scatterers is given

by
P=V?2 (4.39)
By a change of variable and the result of Eq. (4.38), we see that the PDF of P is

given by

Ov

foo) = fr o)) 5

o (55)
= ——e — |,
P 202

o2
The mean of P, up, is

l
TN
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I

=
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~—”’
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Qimw
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)
—”’

e

w4

g
TN
&1
wlts
——”’

(4.40)

o0

pp =E(P)= /p - (1/20%) exp (—p/20?) dp = 247, (4.41)
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So we can write the PDF of the received power as

fetp) = { (/) o) e (42

So the received power from a rough surface of randomly distributed scatterers is
exponentially distributed. This is a well-known and often quoted result, yet a
derivation is rarely given. A derivation is included here, as this result will be used
in our scattering model for the information-theoretic analysis of imaging radar in
Chapter 8.

As was previously noted, large specular returns can also be present in radar
returns from land. In such cases, there is a relatively constant component in the
return signal as well as the return from randomly distributed scatterers. We will
model the amplitude W of the return signal for such surfaces as

W = |Ve'® + ae|. (4.43)
Here,
V=yVX2472,
X = a Gaussian random variable with mean 0 and variance ?,
Y = a Gaussian random variable with mean 0 and variance o2,
© = a random variable uniformly distributed on [0, 2x],

I' = a random variable uniformly distributed on [0, 27],

¢ = amplitude of return from the constant scatterer.

As before, X and Y are statistically independent. In addition, we will also assume ©

and I' to be statistically independent, which is reasonable, since we would not expect
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the phase of the sum of the returns from the random scatterers to be dependent on

the phase of the return from the constant scatterer.

The PDF of W is given by [4.14, pp. 106,107]:

fwlw) = % exp (“M>Io (Eﬁ) , (4.44)

207 o?
where Io(-) is the modified Bessel function of order zero [4.15, p. 147]. The mean

power (P = W?) in this case is
pp = 207 + a*. (4.45)

If we define the parameter m? as the ratio of the power of the constant component

to that of the random component, we have

2
m? = — (4.46)

202"

Then we can write the PDF of the received power P as

fr(p) = (1 _;pm2> e_mzehp(%fi) I <2m1 /2(—1%_;—”—1-2—)) . (4.47)

When the terrain echo contains large, dominant scatters as well as a large num-

ber of randomly distributed scatterers, we would expect the PDF of the returned
power to satisfy Eq. (4.47). Note that as the parameter m? goes to zero, Eq. (4.47)
reduces to Eq. (4.42). Scattering mechanisms that have the PDF of the received
power given by Eq. (4.42) are often referred to as Rayleigh scatterers, whereas scat-
tering mechanisms that have the PDF of the received power given by E‘q. (4.47) are
often referred to as Rician scatterers [4.2]. Note that Rayleigh scattering is actually
a special case of Rician scattering, the case where the constant scattering amplitude

a — 0.
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4.5. A Model for Cross Polarization Measurements From Rough Surfaces.

As was mentioned in Section 4.3 and as is well established in References [4.2, 4.11,
and 4.16], polarization diversity can provide a substantial increase in a radar sys-
tem’s ability to determine the characteristics of a target. Reference [4.16] discusses
the implementation of radar systems that both transmit and receive with multiple
polarizations. Reference [4.7, Ch.4] analyzes such systems in detail.

We will now consider a relatively simple form of such a multliple polarization
problem for scattering from rough surfaces and will statistically model it. Consider
a system that transmits with a single linear polarization, which we will designate
as polarization A, and receives with both polarization A and an orthogonal linear
polarization, polarization B. Let P4 be the received power from polarization A
and Pp be the received power from polarization B. We already know from the
derivation leading to Eq. (4.32) that if the surface being illuminated is made up of
a large number of randomly distributed scatterers, then the PDFs of P4 and Pg

are given by

Fo(pa) = ——exp (~Pa/up,), (4.50)
HpP,
and
frs(ps) = —— exp (~Pa /ury). (4.51)
HpPg }

We will assume that P, and Pp are statistically independent random variables. If

we make this assumption, the joint PDF of P, and Pg is

1 P P
ffAPB(pAJPB):: “”“""""SXP~—{—‘( 4 + 2 ):}. (452)
HP,HEPp

HrP, HPgp
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We now define a parameter 5, which we will call the cross polarization ratio,

g e (4.53)

The parameter i has the physical interpretation of being the ratio of the depolarized
power to the non-depolarized power in the backscattered radar return from the
surface. We note that this is a coarse measure of surface roughness, since smooth
surfaces have very little depolarization.

We are interested in finding the PDF of . To do this, we make the following

change of variable involving P4 and Pg. Let

n=Pp/Py4,
(4.54)
Y = PA.
Then the joint density function of 5 and v is given by
I(pa,p
faa (7)) = fra,ps lpa(n,7),p8(n,7)] lw
HP,y PPy [N Hpg

. AR {_7 (wﬂ
PP HPy PP Py

Letting & = pp, + npup, and 8 = pp pp,, and integrating with respect to v, Eq.

(4.55) becomes

fq(n) = 7fn,q«(’7,7) dy = ]og-exp (—%) dy
0 Q

— [a A, (_Zf_"‘)]w (4.56)
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Thus, we have that the PDF of 5 is

(_—L"‘T 7for’720;

n+p)
faln) = 3.57
0 , for 7. < 0,

where p = pp, /pp, .

4.6. Spatial Resolution Characteristics of Radar Waveforms.

A radar waveform z(?) is a function of time that represents the electric field trans-
mitted by the radar at some fixed polarization. Thus, #({) represents the magnitude
of the transmitted electric field as a function of time, and the direction (polariza-
tion) of the electric field is assumed to be known. In the operation of a radar systemn,
the transmitted field is scattered by the target and a portion of it is received by the
receiver, which determines target characteristics from it. One of the target charac-
teristics that can be determined by a radar system is the spatial extent of the target
in range. The ability’of a radar system to do this is a function of the transmitted
radar waveform. We will now investigate how the pulse shape of a radar waveform
determines its spatial resolution properties.

In discussing the spatial resolution characteristics of radar signals, a commonly
quoted result is that the minimum resolvable distance between two objects is in-
versely proportional to the bandwidth of the transmitted radar waveform. We will
now investigate this statement, using a very simple waveform of finite bandwidth,

one made up of two sinusoids. Such a waveform z(?) can be written as

z(1) = cos 27 f11 + cos 27 fol. (4.58)
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The Fourier transform X (f) of z(?) is

o0

X(f) = / z()e 1 gy =

- Q0

(6(F — Fu)+ 8(7 + il + 5 150 — £2)+ 5(7 + f2)].

(4.59)

[N

Here &§(-) is the Dirac delta function. The spectrum X (f) is shown in Fig. 4.1. As
can be seen from Fig. 4.1, z({) can be viewed as a double-sideband, suppressed-

carrier waveform, and can be rewritten as

z(1) = 2[cos 2z A fi] [cos 27 fol] . (4.60)
Here,
Lt h
fO - 9 3
and
Af=fa—f1.

We now analyze this waveform’s spatial resolution characteristics.

Consider a target consisting of two identical point scatterers as shown in Fig.
4.2. The scatterers are separated by a distance Az along the direction of wave
propagation of a monostatic radar illuminating the object. If the waveform z(?) as
given in Eq. (4.58) is illuminating the scatterers, there are interfering waves being
returned from the scatterers, and as a result, an interference pattern arises. As
the frequency difference Af between the two sinusoids is varied from Af = 0, the
situation arises in which the waves from the scatterers arrive back at the radar with

a phase difference of 180°, causing destructive interference at the radar antenna
3 &
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X(f)

)} b))

119 11y f

(a)

X(f)

(b)

R(T)

-AT/2 0 af/2
(¢)

Figure 4.1. (a) Spectrum X(f) of the waveform z(1) of Eq. (4.58).
(b) Spectrum X (f) relabelled with the parameters of Eq. (4.60). (¢) Spec-

trum of the baseband waveform r(?), which modulates 2 cos 2z fo1 to pro-

duce =(1).
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and thus a received field of zero magnitude. The phase difference é; of the waves

of frequency f; received from the scatterers is

_ 2x(242) _ 27 f1(2Az)

b1 i . (4.61)
and that for frequency f; is given by
27 (2Az 27 f2(24z2
$2 = (/\2 ) - 225(282) (4.62)

C
Here, A is the wavelength of the sinusoid of frequency f;, A, is the wavelength of the
sinusoid of frequency fo, and c is the velocity of propagation of the electromagnetic

wave.

In general, we have constructive interference between the waves at frequen-

cies f1 and f; when
by = ¢1 + 2nr, n = integer, (4.63)
and destructive interference when
$2 = ¢1+ (2n — 1)x, n = integer. (4.64)

Looking at the destructive interference for the case of the smallest possible Af

(smallest positive n in Eq. (4.64)), we see that this occurs when
$2= ¢+ 7. (4.65)

The Af that gives rise to this situation is
_ e pic  ($r+7x)c  $ic
M=h-h = R, T TA: T 4rd: drAs
xC C

T Arhz  4Az

(4.66)
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o s

AZ —&
Scatterer Scatterer
21 #2

Figure 4.2. Constructive interference from two scatterers separated by a
distance Az and illuminated by two sinusoids with a frequency difference

of Af =¢/2Az.

Thus, we have that the frequency difference Af from constructive interference to
destructive interference is ¢/4Az.
The value of the smallest non-zero frequency difference for which constructive

interference occurs can be found from Eq. (4.63) taking n = 1. In this case, we

have
by = é1 + 27, (467)
and thus,
+ 2
Af — f2 —fl — ¢2C _ ¢1C — (¢l W)C N ¢1C
dx Az  4dx Az drAz dn Az
(4.68)
_ 2xc <
T dxAz T 2Az°

From Eqgs. (4.66) and (4.68), we see that for Af = 0 we have constructive
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interference in the radar return. As we increase Af, there is partial destructive in-
terference until we reach Af = ¢/4Az, at which point there is complete destructive
interference. If we increase Af further, we again have partial destructive interfer-
ence until we reach Af = ¢/2Az, at which point we have constructive interference.
Beyond this point the interference repeats periodically in Af with period ¢/2Az.
We can see then that if we wish to resolve two scatterers separated by a distance
Az along the path of propagation easily, a minimum bandwidth of Af = ¢/2Az is
required, as this gives us the complete interference pattern in Af generated by the
two scatterers. We will write this frequncy bandwidth required to separate the two
scatterers separated by distance Az as

C

20z°

Afa, = (4.69)

So by a simple physical argument, we have demonstrated that the bandwidth re-
quired to resolve two scatterers separated by Az in the range is inversely propor-
tional to Az, and is in fact given by Eq. (4.69).

It is interesting to note the similarity between matching a pair of frequencies
to a pair of scatterers to obtain constructive interference and selecting a single
frequency with which to illuminate a pair of scatterers in order to obtain constructive
interference. This latter situation is shown in Fig. 4.3.

Fig. 4.3 shows the case of two point scatterers separated in range by a distance
Az. There are returns at the radar receiver resulting from scattering by both of
the scatterers. The signal from the second lags the signal from the first by a phase

difference of 272Az/y or equivalently 2x2Az fo/c. If (1) is the total return signal
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Radar

Az

Scatterer Scatterer
1 #2

Figure 4.3, Constructive interference from two scatterers separated by
a distance Az and illuminated by a single sinusoid with a frequency of

f=c/2Az.

at the radar receiver, then ignoring the round trip delay time to and from the first

scatterer,
() xz(1) +z(1 —24z/¢)

= cos2x fl + cos2x f(1 — 2Az /¢) (4.70)

= cos 2x f1 + cos (22 f1 — dx fAzc).

We can see from Eq.(4.70) that constructive interference occurs when 4z foAz/c =
2zn and destructive interference occurs when 4z foAz/c = (2n — 1)z, where n is
any integer. Thus the frequencies at which constructive interference occurs are

given by

ne

SR (4.71)

fC,n =
and the frequencies at which destructive interference occurs are given by

_(2n —1)c

fpa= YV (4.72)



- 135 -
where n takes on integer values. In particular, the smallest positive frequency at

which comstructive interference occurs is

[

e 4.7
QAZ 3 ( 3)

fe =

and the smallest positive frequency at which destructive interference occurs is

[

= ) 4,74
A0z (4.74)

/o

Note the correspondence between the constructive interference cases of Egs. (4.68)
and (4.73), as well as the correspondence between the destructive interference cases
of Eqs. (4.66) and (4.74).

That this phenomenon of constructive and destructive interference occurs on
frequency scales corresponding to both Af and f; can be seen by noting the sym-

metry of z(1) as expressed in Eq. (4.60), which is repeated here:

z(1) = 2[cos 2z A f1] [cos 27 fot] . (4.60)

We see that Eq. (4.60) is symmetric in cos2zAf1 and cos 27 fol, and that they
are both product terms of Eq. (4.60). The case of matching a single sinusoid of
frequency fo to the two scatterers is really just a special case of Eq. (4.60), in
which Af = 0 (ignoring the scale factor of 2). It is interesting that many references
[4.2, 4.3, 4.4] that consider the interference from spatially distributed scatterers
emphasize the interaction that is due to the carrier frequency term, but not to that
of the modulation term. For most radar systems, fo ranges between 1 GHz and 20

GHz, and so the corresponding Az for constructive interference would be on the
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order of 0.15 m to 0.75 cm. But it is not unusual to have modulation bandwidths
of 1 MHz to 10 MHz, with corresponding Az for constructive interference of 150
m down to 15 m. So the signal given by Eq. (4.60) would experience constructive
interference with, or would be “matched” to, scatterers spatially distributed on two
very different scales, one scale corresponding to the carrier frequency and one scale

corresponding to the modulation bandwidth.

In examining an interference pattern such as that in I'ig. 4.2, components that
are due to both carrier and the modulation can be seen. While the interference
pattern arising from the modulation term is the physical basis for the range res-
olution capabilities of radar waveforms, the viewpoint of Eq. (4.60) is not often
explicitly stated. Yet this viewpoint is instructive, as it shows that the interaction
with scatterers that is due to waveform modulation is described by simple wave
interference phenomena, and provides physical insight into the effect of the shape

of the transmitted waveform in scattering from spatially distributed scatterers.

It is also significant to note that since the scales at which the carrier and mod-
ulation components of the transmitted waveform are “matched” to a surface are
very different (a couple of orders of magnitude for most real radar systems), a sur-
face may appear rough or diffuse on the frequency scale of the carrier but relatively
smooth on the frequency scale of the modulation bandwidth. Thus; although a
surface may appear rough compared to the wavelength corresponding to the carrier
frequency, it may exhibit a larger-scale scattering variation that may be character-

izable with proper waveform modulation. An example of such a surface might be a
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surface made up of several patches of homogeneous rough surface, each with differ-
ent scattering characteristics, much like a checkerboard, with each square consisting
of a rough homogeneous scattering surface differing from neighboring squares. An-
other example might be crops planted in rows, where the cfops themselves would
appear to be rough compared to the wavelength of the carrier, but where the spac-
ing between rows is on the order of the modulation wavelength corresponding to
Af. Yet another example might be the surface of the ocean, where wind waves and
turbulence may cause the surface to be rough on the scale of the carrier frequency,
yet the larger gravity waves or swells may have a periodic structure on the order of
the wavelength corresponding to the waveform modulation bandwidth [4.17]. Fig.

4.4 illustrates what this surface might look like.

So one can view waveforms in terms of the interference patterns they generate
on the scales of both their carrier wavelength and their modulation wavelength when
considering the remote sensing of physical surfaces. The significance of this lies in
the fact that many natural surfaces are rough with respect to carrier wavelength, but
their material and geometric (or roughness) characteristics vary spatially. One of
the main purposes of remote sensing is, in fact, to determine the boundaries between
different regions and to produce an image or map that shows the distinctions be-
tween these different regions. Since the variation of irﬁportance distinguishing these
regions is often occurring on a scale larger than the carrier wavelength v = ¢/ fo,
the interference characteristics that are due to the waveform modulation may be

useful in characterizing the variation and texture of these regions.
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Radar —-‘\\n
%M

Ocean Surface

Figure 4.4. Radar making measurements of a surface that is rough on the
scale corresponding to fo but that has variation on the scale corresponding

to Af.

Most real targets encountered are more complex than the two scatterers shown
in Fig. 4.2. They are generally made up of many distributed scattering centers.
In general, if a target is made up of n individual scatterers, there will be several
different effective Az; between scatters (in general n(n — 1)/2 different Az;). With
a different Af; for constructive interference corresponding to each distinct Az,
1t seems feasible to characterize the structure of a group of distributéd scatterers
by measuring the frequency response of the surface with respect to Af. Fig. 4.5
illustrates how this might be done for a real physical target. In this example,

the structure of the target on two different scales is determined with multiple Af
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’4—_—_ Az,

Radar —'— ~/f

4 (a)

Radar —‘—

(b)

Figure 4.5. Different values of Af cause constructive interference for
scatterers of different resolution scales on a single target made up of com-
plex scatterers. Note that Afy = ¢/2Az; in (a) is less than Afy = ¢/2Az;
in (b), since Az; > Az,.

measurements.

The characterization of distributed targets as a function of their frequency
response measurements is similar to the problem of characterizing linear systems

by frequency response measurements. The similarity arises because the scattering
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of electromagnetic fields is a linear process. This can be seen by noting that ifE' is
the incident electric field on a scatterer and E° is the scattered electric field at some
point in space, the fields are related through the polarization scattering matrix A,

as specified in Eqgs. (4.18) and (4.19), by the relation
E* = AE". (4.75)

The elements of the polarization scattering matrix A are complex scalars. From Eq.
(4.75), we can see that both homogeneity and superposition hold in electromagnetic

scattering, since if E: = Af)‘l and Ef = AE§, then for any complex scalars o and

B,

A (af)’i + ﬂﬁ‘z) = aAE! + fAEL = oE; + BE;.

Thus, electromagnetic scattering can be modeled as a linear process.

In engineering, one common method of studying linear processes is to view them
as linear systems and to study the system input/output relationships. In addition
to being linear, the system can also be time-invariant, as would be true if the radar
and target were not moving rapidly with respect to each other. The system impulse
response is then a convenient tool for characterizing the input/output relationships
of the system. We will now examine the application of linear systems analysis to
electromagnetic scattering problems.

To apply linear systems analysis to scattering problems, we will first define
the input and output quantities to be the electric field magnitudes at a pair of

points in space. A block diagram of this linear time-invariant system is shown in
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Fig. 4.7. We will assume a fixed, although not necessarily identical, polarization at
each point. The input e({) is the X electric field intensity at point P;. We assume
that the plane wave is moving along the line connecting P; and the origin. Now
if the plane wave is incident on the target located at the origin, as shown in Fig.
4.6, a scattered electric field will be present at an arbitrarily chosen observation
point P,. We select an arbitrary polarization X' at P, and view as the output of
our linear system the electric field v(?) at point P2 with polarization x'. Thus,
restricting the direction and polarization of the incident plane wave and selecting
a point Py for measurement of the scattered wave for a fixed polarization, we have
that the relationship between e(?) and v(?) is that of a linear system. We will also
assume that the scatterer is stationary during the period of observation, and that

the system relating e(?) and v(?) is a linear time-invariant system.

We will designate the impulse response of this system by A(?). In principle, the
impulse response of our linear time-invariant scattering system can be obtained at
the system output v(?) if the incident electric field is an impulsive plane wave, that
is, if e(1) = 6(1), where 6(1) is the Dirac delta function. For general e(?), the output

v(?) of the linear system is given by

v(t) = / h(r)e(t — 1) dr. (4.76)
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Figure 4.6. Coordinate System of Scattering Problem.

Target
e(t) Impulse v(t)
e Response EEE—
Input Field h(t) Output Field
Component Component

Figure 4.7. Linear Time-Invariant System Representation of the Station-

ary Target-Scattering Mechanism.
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Let the Fourier transforms of e(t), v(?), and A(1) be

xR

B(f) = [ ete e,

-0

(el

V()= / v@e T d, (4.77)

-0

H(f) = / R(1)e 2t 4.
Then by the convolution theorem of Fourier transforms [4.18], we have

V(f)=E(HH(]) (4.78)

The significance of Eq. (4.78) to our analysis of scattering is that H(f) cor-
responds to a frequency response measurement of the target or scatterer, and the

impulse response can be obtained from H(f) by the inverse Fourier transform:

h(1) = / H(f)e'? I df. (4.78)

So the impulse response characterization of a target is equivalent to measuring its
frequency response for all frequencies. Practically, of course, this cannot be done.
It can, however, be done approximately, using large-bandwidth radar waveforms.
The impulse response characterization of targets also allows one to character-
1ze not only discrete targets made up of a discrete collection of scattei‘ers but also
distributed targets made up of a continuous scattering structure. The wideband
waveforms used in characterizing the impulse response of scatterers will in general

have continuous frequency spectra X (f), as opposed to the line spectra used when



- 144 -
illuminating targets with a pair of sinusoids as was previously done. Such a con-
tinuous spectrum might be similar to the one shown in Fig. 4.8a. These signals,
however, are still generated by modulating a baseband signal, such as that in Fig.
4.8b, up to a higher frequency.

What is significant to note is that in the case of #(1) with continuous spectrum
X(f), there is still interference resulting from the carrier term cos2x fot and also
from the modulating waveform r(?), which provides information about the target
on a frequency scale corresponding to the bandwidth of r(1) or more specifically to
the frequency differences present in the spectrum R(f) of r(?).

In the next two chapters, we will examine the design of waveforms optimized for
two different tasks. We will use the notion of target impulse response in both cases.
First, we will examine the design of waveforms with optimum detection properties
for targets either with a given impulse response or with a given family of impulse
responses. After that, we will examine the design of radar waveforms that maximize
the mutual information between an ensemble of targets and the received signal at

the radar receiver.
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Figure 4.8. (a) Continuous Spectrum X(f) of Radar Waveform. (b)
Spectrum R(f) of Baseband Modulating Signal Used to Generate Wave-
form (1) with Spectrum X (f).
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CHAPTER 5

MATCHING A RADAR WAVEFORM/RECEIVER-FILTER PAIR

TO A TARGET OF KNOWN IMPULSE RESPONSE

In this chapter, we will take a brief detour from our study of the information-
theoretic analysis of radar systems in order to apply the target impulse response
discussed in the previous chapter to the problem of optimum waveform and receiver-
filter design for radar target detection. While the matciled filter 1s typically used in
radar detection problems, the matched filter derivation in radar assumes that the
target under observation is a point target. As a result, the solution achieving max-
imum signal-to-noise ratio at the receiver output is independent of the transmitted
waveform’s wave-shape and is a function only of its energy.

Real radar targets, however, are not point targets and may have considerable
spatial extent. As a result, the electric field scattered from such a target is scattered
from a multiple number or even a continuum of points in space. When this occurs,
the resultant scattered field is the superposition of the field scattered from the
various points on the target. The tafget impulse response discussed in Chapter
4 provides a convenient representation of this scattering from extended targets.
In this chapter, we will assume that the target impulse response of the target we
wish to detect is known, and we will design a waveform and a receiver-filter that
maximizes the signal-to-noise ratio at the receiver output. We will constrain the

transmitted waveform to a finite time interval and constrain the waveform energy
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to a fixed value. It will be assumed that the scattered signal is received in the
presence of stationary additive noise with power spectral density S,.(f). We will
see that the resulting waveforms are realizable.

Before we solve for the optimum detection waveforms, we will briefly review
radar detection using a threshold test on the energy in the received waveform.
We will see that for the two most common decision rules applied in radar detection
problems, the Neyman-Pearson and Bayes decision rules, the detection performance
improves as the signal-to-noise ratio increases. This is what we would intuitively

expect.

5.1. Radar Target Detection by Energy Threshold Test.

In the detection of radar targets, the presence or absence of a target is generally
determined by a threshold test on the energy in the received signal. When a target
is present, we expect that there will be greater energy in the received signal than
when no target is present. This is because when a target is present, the received
signal has a component that is due to reflection of the transmitted wave by the
radar target and a component that is due to noise. However, when no target is
present, all of the energy in the received signal is due to noise.

We would expect intuitively that in order to obtain the best target detection
performance, the ratio of the energy in the received signal that is due to reflection
from the target to the energy due to the noise—the signal-fo-noise ratio—should be
as large as possible. Formally, it can be shown that this is also the case for radar

systems that use the Neyman-Pearson criterion and the Bayes criterion in order
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to decide if a target is present [5.1, 5.2]. In order to see why this is the case, we
consider the notion of an energy threshold test in radar detection problems. Let
E be the energy in the received radar signal. As we have already noted, there are
two possible components to the energy in the received signal. There is a component
Er that is due to the reflection of the transmitted waveform from the target if a
target is present, and a noise component EFy, which is present whether or not a
target is present. Generally, E'r and Ex will both be random variables, Ey being
random, since it is a functional of a random process, and E'z being random because
of inexact knowledge of the target’s nature and distance from the radar. We will
assume that Er and Ey are statistically independent, and we note that since they
represent the energy components of the received signal, they are non-negative. We
will assume that the probability density function (PDF) of Ely is fy(ex) and, given
that a target is present, the PDF of Er is fr(E7r).

In the detection of radar targets, we either have the hypothesis Hy, that no
target is present, or we have the hypothesis Hy, that a target is present. We observe
the energy F in the received signal. Based on observation of E we make a decision
as to whether the hypothesis Hy or the hypothesis H; is true. We note that in the

case that Hy is true, the conditional PDF of E is

f(elHo) = fn (e),

and in the case that H; is true, the conditional PDF of £ is

flelHy) = fa(e) * fr(e).
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Here “x” denotes convolution. In making an observation and decision as to the

presence or absence of a target, there are four possible outcomes:

1. Hy true, Hy decided.
2. Hp true, H, decided.
3. H, true, Hy decided.

4. H; true, H; decided.

Outcomes 1 and 4 correspond to correct decisions, whereas outcomes 2 and 3 cor-
respond to incorrect decisions or errors.
In order to make a decision as to whether Hy or Hy is true based on a threshold

test on the observation of E, we define a decision rule D(F) as

_ [ Hy ,for B <¢;
D(E)n{Hl ,for E > €.

Here, the threshold ¢ is a non-negative real number. Let p;x be the probability of

deciding H; based on observation of E, given that H; is true, for 3,k = 0,1. Then

we have that the probabilities p;; for the four possible outcomes are as follows:

¢
poo = [ fle|Ho)de,
/
P10 =/f(€iHo)d€,
¢
4
por = [ 1(elH) de,
0

P = /f(e[Hl)de
4
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Figure 5.1. Probability Density Functions f(e|Ho) and f(e|H1).

Fig. 5.1 illustrates these regions.

The question arises as to how to pick the threshold ¢ in this decision rule. The
Neyman-Pearson decision criterion and the Bayes decision criterion are methods of
selecting this threshold. We will now examine these two methods.

The Bayes decision criterion determines the optimum value of the threshold ¢
by selecting it to minimize a cost function C(£). This cost function is constructed

by assigning a set of costs {C;x} to the possible outcomes, where
Cix = cost of deciding H; given Hy is true, for 5,k = 0,1.

It is then assumed that there is an a priori probability Py that Hy actually occurred

and an a priori probability that Hy actually occurred. The expected value of the
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cost associated with an observation and decision based on a threshold £ is then

given by
C(€) = PoCoopoo(€) + PoCrop10(£)

+ P1Coipo1(€) + PiCiip11(€)-

The Bayes decision criterion selects the decision threshold f.such that C(£) is min-
imum. As is discussed in Reference [5.2, p. 82], the £ that minimizes C({) can be

found by setting

f(E|H1) — Py (C1o — Coo)
f€|Ho)  Pi(Co1 — C11)’

The greater the signal energy, the farther to the right the PDF f(e|H,), while
the density f(e|Ho) remains unchanged, since the noise energy is assumed to be
independent of the signal energy. As a result, increasing the signal energy decreases
both p1o(€) and poi(€), while increasing poo(§) and p11(€) for the optimum . As a
result, for Cg > Coo and Co; > Cyy, C(€) decreases as the signal energy increases
for the optimally chosen €. So the Bayes decision rule gives better performance
as the signal-to-noise ratio increases if C'jo > Cgo and Co; > Cjy, that is, when
it 1s more costly to make an incorrect decision about the presence or absence of
a target than it is to make a correct decision. We would expect this to be true
of all reasonable cost functions. The Bayes decision criterion is not often used in
real radar detection problems because of the difficulty in determining the a priori
probabilities Py and P; as well as a meaningful set of costs {C}x}.

The Neyman-Pearson decision criterion, when applied to radar detection prob-
lems, gets around the problem of determining the a priors probabilities Py and P,

and the set of costs {C;;}. Here instead we look at the problem of radar detection
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as one in which we want to maximize the probability p;;(£) of deciding that a target
is present when one is present, while holding the probability p1o(£) of deciding that
a target is present when one is not present to a reasonably small level. In radar
target detection problems, p1o(€) is often referred to as the “false alarm” probabil-
ity. Ideally, we would, of course, like to select ¢ to simultaneously make p;;(§) as
large as possible and p;o(£) as small as possible, but these are usually conflicting
objectives. As a result, we select as our maximum allowable value of p1o(£) a prob-
ability Pr, and we then maximize p;;(£) with respect to ¢ under the constraint that
p10(€) < Pp. For all energy threshold tests of the type we are considering, we note
that p11(€) is a monotonically decreasing function of ¢ and p1o(€) is a monotonically
decreasing function of . As a result, the Neyman-Pearson solution corresponds to

selecting the optimal threshold ¢ such that

¢
p10(é) = | f(e|Ho)de = Pp.
/

Then p;1(£) is as large as possible under the constraint on p;0(¢), and this maximum

value is

Q

ru(f) = /f(e]Hl)de.

¢
Again, we see that as the energy in the reflected signal from the target increases,
the PDF f(e|H;) shifts to the right, while f(e|Ho) remains unchanged. As a result,
the performance of the Neyman-Pearson decision improves (that is, p;1 () increases
for a fixed p1o(£)) as the signal-to-noise ratio increases.

We have seen that for radar detection systems that use energy thresholding of

the received signal as the method of determining the presence or absence of a target,
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the performance of the detection system improves with the signal-to-noise ratio of
the received signal, whether the threshold is chosen using a Bayes decision rule or
a Neyman-Pearson decision rule. The method by which the maximum signal-to-
noise ratio of the received signal is obtained in radar sytems is that of matched

filtering[5.3].

In the derivation of the matched filter in radar [5.1], it is assumed that the
target reflecting the radar wave behaves as a point scatterer. The result is that
the backscattered waveform received by the receiver is a scaled and delayed version
of the transmitted waveform. Real radar targets, however, may be of significant
physical extent, and the assumption that the target behaves as a point scatterer
may, in fact, result in the design of a filter that is actually mismatched to the
received signal because of the interference pattern generated by the waveform and
target in combination. The matched filter in radar, derived under the assumption
that the target behaves as a point scatterer, leads to the conclusion that the wave
shape of the transmitted waveform has no effect on the signal-to-noise ratio at the
output of the receiver. As long as the receiver filter is a matched filter matched
to the transmitted waveform and the power spectral density (PSD) of the additive
noise, the signal-to-noise ratio is a function only of the transmitted waveform’s
energy and not its wave-shape. Thus, for a point target, all waveforms of equal
energy provide an equal signal-to-noise ratio at the receiver output if detected with

a matched filter.

But as we have noted, the point target assumption is not realistic for many real
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radar targets. Because these extended targets interact with the transmitted wave-
form to generate interference patterns that are a function both of the transmitted
waveform and of the target’s spatial characteristics, as we saw in Section 4.5, the
signal-to-noise ratio for a given target is a function of both the wave shape of the
transmitted waveform and the impulse response of the receiver filter. Thus, in order
to maximize the signal-to-noise ratio at the receiver output for a given target, we

must optimize both the transmitted waveform and the receiver filter.

In this chapter, we will investigate radar waveform/receiver-filter pairs matched
to targets that exhibit behavior differing from that of a point target. This will be
done through the use of the target impulse response, developed in Section 4.6. As
a result of our investigation, a procedure for the design of optimum realizable radar
waveform/receiver-filter pairs for a given target in stationary additive Gaussian

noise of arbitrary power spectral density will be developed.

5.2. Matching a Waveform/Receiver-Filter Pair to a Target of Known

Impulse Response.

In this section, we will consider the problem of selecting a transmitted waveform
and receiver filter such that the signal-to-noise ratio at the output of a radar receiver
is maximized. In order to do this, we will assume that the target we are attempting
to detect has a known impulse response A(1). We will also assume that the signal

reflected from the target is contaminated by additive Gaussian noise with power

spectral density (PSD) S,.(f).

The problem of interest is shown in Fig. 5.2. Here we have a radar transmitter
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n{t)

x(t) v(t) gct) - y(t)
Receiver

Target
Transmitter f——— h(?) + B Nt E—

Figure 5.2. Block Diagram of Radar Waveform/Receiver-Filter Design Problem.

transmitting a waveform (). The transmitted waveform is then scattered by the
target with a target impulse response k(). The resulting scattered waveform v(?)
is then corrupted with additive Gaussian noise n(?) having PSD S, (f), producing
the signal g(1) at the input to the receiver filter. Finally, the receiver filter, with

impulse response r(?), filters g(¢) to produce the receiver output y(?).

The problem of interest can be stated as follows: Given a target impulse re-
sponse h(1) and stationary additive Gaussian noise n(1) with PSD S,.(f), find a
transmitted waveform z(1) with total energy £ and a receiver-filter impulse response
r(1) such that the signal-to-noise ratio of the receiver output y(1) is maximized at
time 1y. In addition, since real radar waveforms are of finite duration, restrict the

waveform z(1) such that it is zero outside the interval [-T/2,T/2].
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From Fig. 5.2 we see that the receiver output is given by
y() =r() * g()
= (1) x [2(t) A1) + n(D)]

- (5.1)
=r()*xz()* (1) +r(1)*n(1)
=ys(1) +ya ().

Here, “¢” denotes convolution, y,(?) is the signal component in the receiver output,

and y,(?) is the noise component in the receiver output. These two components are

given by
ys () =r(Q) xx() x k() = / / z(T)h(p — 7)r({ — p) dr dp, (5.2)
and
(= =n(t)= [ 2e)r(t-p)dp 63)

Now as previously stated, we are interested in finding a waveform/receiver-

filter pair that will maximize the output signal-to-noise ratio (%)10 at time 1. This

signal-to-noise ratio is defined as

S\ aet _lys (o)l
(Nlo E |y (i) (54)

The problem of finding the waveform/filter pair that maximizes the output

signal-to-noise ratio is most easily solved in the frequency domain. Thus, we define
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the following Fourier transforms:

o0

x( = [ewera,

-0
o0

()= [ hwe e ia,

-0

o0

V(= [owe (5.5)

- Q0

o0

G(f) = / g()e -/ &,

-0

Y(f) = / y(D)e 271 du.

The corresponding inverse Fourier transforms are

w)= [ X,

o0

by = [ H(es

- OO

o0

v(?) = / V(fe* I d, (5.6)

- O

o0

s = [ anera,

- Q0

o0

y(1) = f Y(f)e'? I dt.

- OO0

The convolution theorem of Fourier transforms [5.4] states that if a(?) has
Fourier transform A(f) and b(1) has Fourier transform B(f), then the Fourier trans-

form of the convolution a(?) * (1) is A(f)B(f). That is,

00

[ T b0 e @ = A(B(). (5.7)

- Q0
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So from Egs. (5.2), (5.6), and (5.7), we have

00 2
lys (to)|* = L/ X(HH(F)R(f)e* 1 df| . (5.8)
The mean-square value of y,({o) is given by
Elya(to) = E {ya(t0)¥a(i0) } = Ry,y. (0)
7 7 (5.9)
= [ Seo.@ = [ IROP a4

Here, R, ,.(7) is the autocorrelation function of y, ().
In what follows, we will need to make use of the Schwartz Inequality [5.4,
p.159], which says that if A;(f) and A;(f) are square integrable functions on the

real line, then

2

L / Al(HA(f)df| < / AL df / 142(F)I? df, (5.10)

with equality if and only if A;(f) = KA2(f), where K is a complex constant. We
will use this inequality to maximize the signal-to-noise ratio.

From Egs. (5.4), (5.8), and (5.9), we have

(%),

This can be rewritten as

2
0

[ X(HH(FR(f)e> " df

- Q0

- (5.11)
S ARDF Sual(f) df

2

) Z [mnﬁﬁz;;m] [B()Em ) & |
= - . (5.12)
o T IR(F)P Sun(f) df

-0
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Applying the Schwartz Inequality to the numerator, we have

7[Humuwmm

Ty | RV ¢

. [ EOXOP

T Saalf) d{imuﬁxuﬁﬁ,wxn

with equality if and only if

R(f)V San(f)

HGWUR““} 5.14
| (5.14)

or equivalently,

R(f) = =0 e (5.15)
where K is a complex constant. Thus, we have
(£) < TP s | EL Ly
M ™ B o) df 5.16)
”mfwund
Sulf)

with equality if and only if Eq. (5.15) holds.
Thus, we have that Eq. (5.15) is a necessary condition to obtain the maximum

signal-to-noise ratio at the output of the receiver. However, it actually insures only

that

5\ _ T IX(OHHI
(NL“‘ s (5-17)

-0

In order to obtain the maximum possible signal-to-noise ratio under the specified

energy and time constraints on the transmitted signal z(1), we must maximize Eq.
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(5.17) under the constraints

/ X(HI df =€,
o (5.18)

z() =0, forallt¢[-T/2,T/2].
Here, £ is the total energy available for the transmitted waveform =(?).

We can rewrite Eq. (5.17) as

2= o [5%) +

/ X(HB) df, (5.19)

where

H(f)

. 5.20
Snalf) (5:20)

B(f) =

Examining Eq. (5.20), we see that we can view its maximization as that of

maximizing an integeral of the form

/ @) dt = / QU dF = / X(HBE df, (5.21)

where ¢(1) can be viewed as the output of a linear time-invariant system with input
z(1) and impulse response b(1). Here,

0

Q(f): fq(i)e—{2rf1 (ii,

- 0

and

B(f) = f b()e 2 4,
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x(J) ) o)

—— ¥ B(J) = Nem O]

Figure 5.3. Linear System Representation of the Relation Between Q(f) and X(f).

Fig. 5.3 is a block diagram illustrating this situation. Since the system of Fig. 5.3

is a linear, time-invariant system, we have that

Q(f) = X(HB(/) (5.22)

We must maximize Eq. (5.21) with respect to all X(f) that satisfy the constraints
of Eq. (5.18). We can rewrite Eq. (5.21) for the energy in ¢(?), noting that both

z(1) and ¢(?) are real, as

oo 00 T/2 T/2
/ P dt = / / z(r)e” 27 dr f z(p)e'*™ 2 dp| |B(F)* df. (5.23)
-0 —o0 |-T/2 -T/2

Now define L({) as the inverse Fourier transform of |B(f)|"; that is,

t)® [ e (5.24)

Then from Egs. (5.23) and (5.24), we have, changing the order of integration,

oo riz T/2

fqz(i)di: / / 2(r)z(p)L(p — 7) dr dp. '(5.25)

-0 -T/2-T/2
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We wish to find the function #(1) on [~T/2,T/2], which maximizes Eq. (5.25).
It can be shown [5.2, p.125] that the optimum function #(1) satisfies the integral

equation
T/2

A#(1) = /&(T)L(i—’r)dr, | (5.26)

-T/2

where A is the maximum eigenvalue of Eq. (5.26). So #(1) is an eigenfunction
corresponding to A, the maximum eigenvalue of Eq. (5.26), and having energy £.

From Egs. (5.25) and (5.26), we then have

oo T/2 T/2
/qz(i)di: /:i'(r) / #(p)L(p — r)dpdr
- 00 ~T/2 ~T/2
T/2 T/2 (5.27)
= / #(T)As(r)dr = A / #(r)5(r) dr
-T/2 -T/2
Y

Interpreting these results in terms of our problem, we substitute

B(f) = H(f)/ /San(f) and then define L(?) as in Eq. (5.24). This yields

L) = %e*’%ﬂ df. (5.28)

- Q0
Then the waveform #(?) time limited to the interval [-T'/2,7'/2], which maximizes
the signal-to-noise ratio at the receiver output, is given by the solution to

T/2

Amaxd(1) = / )L — 1) dr, | (5.29)

—1/2
where A,y is the maximum eigenvalue of Eq. (5.29) and #(?) is a corresponding

eigenfunction scaled to have energy €.



~- 165 -
From these results, we now have an optimum waveform/receiver-filter pair de-

sign algorithm. It is as follows:

1. Compute
H(f) = / h(1)e” 271 du.
Here, k(1) is the impulse response of the target.

2. Compute

T AP oo
San(f)

- OO
Here S,.(f) is the two-sided power spectral density of the noise n(?).

L) = df.

3. Solve for an eigenfunction () corresponding to the maximum eigenvalue

Amax Of the integral equation
T/2
AmaxZ(?) = / Z(r)L{ — 1) dr.
-T/2

Scale #(1) so that it has energy €.

4. Compute the spectrum X ( f) corresponding to the optimum waveform #(1):

X(f)= / s(1)eF 1 @,
5. Implement a receiver filter of the form
KX (f)H(f)e”#/t
San(f) ’

R(f) =
where K is a complex constant.

6. The resulting signal-to-noise ratio for this design, which is the maximum

obtainable under the specified constraints, is

s
(7\7)10 = Amaxf. (5.30)
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We note that since the waveform =z(1) is designed to take on non-zero values
only on the interval [-T/2,T/2], it can take on non-zero values for 1 < 0, and so the
waveform z(?) is not necessarily causal (that is, it cannot in general be generated
by exciting a realizable filter). However, since () = 0 for all { < —7'/2, we can
obtain a causal waveform #(1) = &(1 — T'/2), which will also yield the optimal
response at the receiver output, except with delay 7'/2, that is, at time g + T'/2.
To see that this waveform also maximizes the signal to noise ratio, we note that
X(f) = X(f)e~"*/T. But from Eq. (5.17) or intuition, we see that the phase term
e "*IT resulting from the delay of duration T'/2, does not affect the resulting signal-
to-noise ratio. We do, however, note from Eq. (5.15) that the response occurs at
time 19 + T'/2 instead of time 1q.

The important thing to note here is that an optimal waveform z(1) that is
causal, and thus physically realizable, exists. In addition, the target impulse re-
sponse is causal for all real physical targets. This being the case, the resulting
receiver filter also has causal impulse response r(?), and thus is also a realizable
filter. So we note that from the optimum waveform/receiver-filter solution, we can
obtain a waveform/receiver-filter pair that is physically realizable.

We will now consider an example that both illustrates the use of the design
procedure and shows the effect that the transmission of various waveforms with
identical energy can have on the output signal-to-noise ratio. Assﬁme that the

stationary additive Gaussian noise is white noise with PSD

Sn'n(f) - %(')')
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and assume that the target impulse response k(1) has Fourier transform H(f) given

by

[k L for |f| < W,
H(f)“{o ,for |f] > W.

Here % is a constant, which for convenience we will take to be equal to \/Ng/2, so

that

B = EOL { 1 for |[f| < W,

Saalf) L0 for [f|>W.

This being the case, we have

W - .
sin 2z WH __asinol

L(i):fldf:TW 22W1 x ol
-W

Here o = 2zW. So we have that #(1) is a solution to the integral equation

T/2
. sin2zW(t — 1)
Anza (D) = / z,(1)2W W —7) dr,

-T/2

which is known to have a countable number of solutions for n = 0,1, 2, ... [5.1]. The
solutions to this equation are known as the angular prolate spheroidaj functions, and
are designated Sp,(aT/2,21/T). The associated eigenvalues A, can be written in
terms of the radial prolate spheroidal functions, which are designated Rg?(aT/Q, 1.

The eigenvalues and their associated eigenfunctions are given by

A, = 2WT R (aT/2,1),
forn=0,1,2,....
2 (1) = Son(aT/2,24/T),

The sequence of eigenvectors Ag, A1, Az,..., A, ... is a positive decreasing se-
quence in n. So the largest eigenvector occurs when n = 0. Thus, the solution (1)
with energy £ is

(1) = VESoo(aT/2,24/T),
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Table 5-1
Signal-To-Noise Ratio for z,(1) = v€Son(aT/2,21/T).
n 2WT = 2.55 2WT =5.10
0 0.966¢& ; 1.000€
1 0.912¢ 0.999¢
2 0.519¢ 0.997¢
3 0.110& 0.961¢
4 0.009¢ 0.748¢
5 0.004& 0.321¢
6 — 0.061¢
7 — 0.006¢&

and its associated eigenvalue is
Amax = 2WT RS (aT/2,1).

The signal-to noise ratio in this case is

(%) = Amexf = 2WTE R (aT/2,1).
19

In order to demonstrate the effect of the wave shape of the transmitted wave-
form on the output signal-to-noise ratio, consider the effect of transmitting the
waveforms z,(1) = V€S0 (aT/2,2¢/T), for n = 0,1,2,.... All of these wave-
forms have transmitted energy £, but the resulting signal-to-noise ratios are A, &.
As we noted previously, {A,} is a positive decreasing sequence of n, and thus
Ao€ > A& > A€ > ---. So we see that the output signal-to-noise ratio is def-

initely a function of the transmitted waveform. In Table 5-1, we show the resulting
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signal-to-noise ratio for the cases of 2WT = 2.55 and 2WT = 5.10. (The eigenval-
ues were obtained from Reference [5.1, p.194].) As we can see, the signal-to-noise
ratios drop off very quickly for n > 2WT'. So we see that the wave-shape or spec-
tral content of the transmitted waveform plays a significant role in the resulting
signal-to-noise ratio.

Physically, we can interpret these results by noting that the maximum signal-
to-noise ratio occurs when the mode of target with the largest eigenvalue is excited
by the transmitted waveform. In order to obtain the largest response possible from
the target, we put as much of the transmitted energy as is possible into exciting
this mode. This gives us the largest possible signal-to-noise ratio and thus the best
possible target detection performance under the imposed constraints. We should,
however, note that other modes of the target may contain significant information
about the target, so putting as much energy as possible into the mode with the
largest eigenvalue will not in general be the best method of obtaining the maximum
amount of information about the target. When our task is target identification
or information extraction, we may thus wish to distribute the transmitted energy
among the different target modes in a different manner. We will examine this

problem in the next chapter.
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5.3. Optimum Waveform/Receiver-Filter Pairs for Sphere Detection.

In this section, we will apply the results of Section 5.2 to the problem of designing
a waveform/receiver-filter pair that is optimum for detecting a perfectly conducting
metal sphere of radius a in the presence of stationary white noise. We will examine
the shape of the resulting waveform and compare its performance to that of a pulse-
modulated sinusoid and compare their target detection capabilities.

In order to apply the waveform/receiver-filter pair design procedure to a per-
fectly conducting sphere of radius a, we must find its impulse response A(1). We
assume a monostatic radar system (transmit and receive antennas collocated) and
thus we are interested in the backscatter impulse response. We will also assume
that the transmit and receive antennas employ identical linear polarization. The
backscatter impulse response of a perfectly conducting sphere, when both trans-
mit and receive antennas have identical linear polarization, has been calculated by
Kennaugh and Moffatt, using the physical optics approximation [5.6]. This impulse

response can be written as
1
h(1) = —%5(1) + 5 [u(t) - u(t = 2¢/0)]. (5.31)

Here, a is the radius of the sphere, ¢ is the velocity of light, §() is the Dirac delta

function, and u(?) is the unit step function, defined as

u(i)@'—g‘f 1, fori>0;
0, fort<0.

A plot of k(1) appears in Fig. 5.4.
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Figure 5.4, The Backscatter Impulse Response h(?) of a Sphere of Radius a.
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Applying our waveform/receiver-filter design procedure (pp.155-6), we must

first calculate the Fourier Transform of A(?):

o0

H(f) = /h(!)e"’ihﬂ di

- OO

o0

= / [-—%5(1) + -i; [u(?) — u(? — 2a/c)]} ;“2”‘ di

- o0

0o 2afc

:—-?—fé(i)e_"hﬂ di—{—% / e 2"t @ (5.32)

C
- o0 0

_ a+1 [e’fi‘l‘fa/c_l]
IR —2x f
L e Sk eizrfafe _ e"‘z”f“/c:]
¢ 2 25 ]
_ 8 8 _igcse/ |Sin27fa/c
C + ce [ Qxfa/c .

If we define a as

o
o
Ha
ol

, (5.33)

then we can rewrite Eq. (5.32) as

(5.34)

H(f) = —é + de= 273 [_____Si“ 271 5‘] .

2z fa

The magnitude-squared spectrum |H(f)|* is thus

. N 2 . N
|H ()] = a? [1 + (%Q—f%fﬁ) ~2 (ﬁg%——’;ﬁ‘) cosQrf&] . (5.35)

A plot of |H(}‘)|2 appears in Fig. 5.5.
The next step in our procedure is to find the inverse Fourier transform of the

function |H(f)|?/San(f). For white noise S,,(f) = No/2. Thus, we have
H(HP 282 in2x fa\’ i ;
[H(H)] _2a [1+<sm wfa) -—Q(SmQTfa)costf&}

N2 N 9% fa 9% fa
of ’ ] (5.36)
_ 2 2 (sin2xf&) 442 (sinQrf&) or i
T No TNy \ 2xfa No \ 2xfa j 8ol



- 173 -

H()I%/ G2
T 2

[P—
nd
-
p=
-

Figure 5.5. Magnitude-Squared Spectrum |H(f)|* versus f.

Calculating the inverse Fourier transform of Eq. (5.36), we now obtain the L(?) as

specified in step 2 of our design procedure. To simplify notation, define the two

functions
=g G (37
and
B.0={1) e (539
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Then, since

00

« in2xfa
(e gy = 952 12 5.39
/ B;(1)e di = 2a 5xfa (5.39)
and
fee] N R 9
A 127 fi o SanTfG) 40
/ Vai (1)e dt=2a (-————-—-%f& , (5.40)
we can write
i HOI iaes
L) = | ———e"“"" di
= [ T
T[22 242 /sin 21‘]‘&)2 442 (sin Qxf&) ,
= - ox fa| ¥ dt
/ [No T ( 2xfa o \ 2efa ) P E (5.41)
24 .
= -“—5(1) + Vga(z) = -—-—B () %[5 — &) + §(1 + &)
2a G a
= ——5(1) + Vga @) — N, Ba; (V).
We will now use this L(?) in our design procedure.
The next step in our design procedure is to solve the integral equation
T/2
Amaxz(1) = / ()L — 7)dr (5.42)
-T/2

for an eigenfunction #(1) corresponding to the maximum eigenvalue A, .x. For our

particular L(?) as given in Eq. (5.41), this becomes

T/2 .
AmaxZ(l) = / [-——5(1) -+ Vga () - "'—Bga (i)} z(t)dr
-T2
T/2 T2
/ §(1 —7)z(r)dr + 5 / [V2a (@ — 7) — Bog (1 — 7)) &(7) dr
~T/'> ~T/2

(5.43)
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From Eq. (5.43), we see that if £(?) is an eigenfunction corresponding to the maxi-

mum eigenvalue A .., 1t must also be an eigenvector of the integral equation
T/2

femand(1) = }\‘C;“ / [Vas( — 7) — Baa( — 7)) &(r) dr (5.44)
0
-T2 -

corresponding to the maximum eigenvalue p... Note that

262
Amax = —— max- 5.45
N, T (5.45)

For convenience in our analysis, we will assume that the waveform #(?) that
we are designing has unit energy. This corresponds to the case where £ = 1 in
our design procedure. In addition, for computational convenience, we will assume
that @ = 1. Although such a value of @ does not correspond to values typically
encountered in practice (such a sphere would have a radius of 3 x 10%m), these
results can be applied to more typical values by normalizing both the amplitude of
the received signal and the time axis linearly in the length unit.

Solving the integral equation of Eq. (5.44) numerically for T' = 1, 25, 50, and
100, we obtain the eigenvalues g, of Eq.(5.44) and thus the eigenvalues Ay,
of Eq. (5.43) as given in Table 5-2. The eigenfunctions corresponding to these
maximum eigenvalues have wave shapes as given in Figs. 5.6-5.9.

For the purpose of comparison with more typical radar waveforms, we will
consider the response of the target to a pulse modulated sinusoid of duration T
and having unit energy. The receiver filter will be a matched filter matched to the
transmitted waveform—the form of receiver filter normally used in radar detection

problems.
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Table 5-2
Eigenvalues g, and A ., for Various T'.
T Hmax - NO )‘max . NO
1 0.1737 2.1737
25 1.9108 3.9108
50 1.8682 3.8682
100 1.7477 3.7477

Such a waveform can be expressed as
x(i) :ﬂBT/g(’t) COs Qﬂ'fo't (546)

Here, for fixed T', 8 is a normalizing constant such that the waveform has unit
energy. For T = n/fy, B = \/27?7 and for all T > 1/f¢, 8 ~ /2/T. For
our analysis, however, the value of § need not be explicitly known, as it can be
conveniently calculated numerically in the process of evaluating the resulting signal-
to-noise ratio.

In order to obtain the most favorable result when transmitting a waveform as
specified in Eq. (5.46), we must select the carrier frequency in order to take advan-
tage of the resonance of the spherical scatterer as expressed by |H(f)|°. Looking at
the plot of |H(f)|?/a as shown in Fig. 5.5, we see that |H(#)” has its peak value
at a frequency between 0.25/a and 0.5/a. Solving Eq. (5.35) numerically in order
to obtain the frequency at which this maximum occurs, we find that ];%':i'(f)]2 takes

on a maximum value of 1.5862 at a frequency of f = 0.3251/a.
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Figure 5.6. Wave shape of #(?) for T" = 1.
x(t)
¢ % { %
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Figure 5.7. Wave shape of 2(1) for T' = 25.
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X(t)

Figure 5.8. Wave shape of z(?) for T = 50.

Figure 5.9, Wave shape of #(1) for T = 100.
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Let X(f) be the Fourier transform of the transmitted waveform (1) as given
in Eq. (5.46). Then the matched filter matched to this waveform that gives the

maximum signal-to-noise ratio at time ¢ is specified by the transfer function

kX (F)e= 27/t

S (P , (5.47)

R(f) =

where %k is any non-zero constant. From Fig. 5.2, we see that the signal-to-noise
ratio at time 1 is given by
(i) — lys (t0)[?
N 10 Elyn(io)tz
- 2

[ X(HH(F)R(f)e 1o df (5.48)

-0

J IR ESwl5)

For white noise with power spectral density S,.(f) = No/2 and R(f) as given in
Eq. (5.47), noting that H(f) is a conjugate-symmetric function of f, this simplifies

to

]T X (F)PRe{H(

(%), - (=)
) = = - (5.49)
M AP [1x(P g
From Eq. (5.34), we have that when @ = 1 as in our example,
Re{H(f)} = (smj;*f) cos2x f — 1. (5.50)

For #(1) as given in Eq. (5.46), X(f) is given by

X(f) = _[sinr(f fo)T+sinx(f+fo)T])

=(f — fo)T z(f + fo)T
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Table 5-3

Signal-to-Noise ratios multiplied by Ny for
Pulsed Sinusoid and Optimal Detection Waveforms for Various T'.

T Pulsed Sinusoid Optimal ] Improvement
1 1.1454 2.1737 2.78dB
25 2.7917 3.9108 1.46 dB
50 2.8183 3.8682 1.38dB
100 2.8354 3.7477 1.21dB

and | X (f)f is given by

o BT | (sinx(f — fo)T\* [sinz(f+ fo)T\?
XN == ( L ) *( “(F + fo)T )
sinx(f — fo)T sinx(f + fo)T
w2 w(F— )T )( w(F + foIT )}
(5.51)

Using Eqgs. (5.49), (5.50), and (5.51), we can solve for the signal-to-noise ratio
that results when =(1) is the unit energy pulsed sinusoid given in Eq. (5.46). This
is done for T' = 1, 25, 50, and 100. The values of 8 that provides a unit-energy
waveform for each of these T are calculated numerically. Table 5-3 shows the result-
ing signal-to-noise ratio for these unit-energy pulsed sinusoids with their associated
matched filters as well as the signal-to-noise ratio that results when an optimum
waveform/receiver-filter pair is matched to the sphere being detected. In addition,
we note the improvement (in decibels) in the output signal-to-noise ratio for the
optimum waveform/receiver-filter pair over the pulsed sinusoid and its associated

matched filter.
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As can be seen from Table 5-3, there is a significant improvement in the re-
sulting signal-to-noise ratio when the optimum waveform/receiver-filter pair is used
over that which occurs when a more typical ad hoc procedure is used. For the
range of T examined, the optimum waveform/receiver-filter pair provides approxi-
mately 1.2-2.8 dB of gain over the pulsed sinusoid with its associated matched filter.
Considering that the received power is inversely proportional to the range to the
fourth power, such gains would correspond to an increased detection range of 7
to 17 percent. This is a significant increase in detection performance. In typical
aircraft detection radar systems where the target is assumed to be a point target,
the gain could be even greater, since the carrier frequency of the pulsed sinusoid
would not be specifically selected to match the resonance of the sphere. Thus, in
radar target detection problems where knowledge of the target impulse response is
known a priori, a significant gain in detection signal-to-noise ratio can be achieved
using the waveform/receiver-filter design procedure outlined in this chapter. Such

an improvement could be very helpful in marginal radar detection scenarios.
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CHAPTER 6

INFORMATION THEORY AND RADAR WAVEFORM DESIGN

In this chapter, we will examine the design of radar waveforms that maximize the
mutual information between the target and the received radar signal in the radar
measurement process. This is done using the target impulse response defined in
Section 4.6 to model the interaction of the transmitted radar waveform with the
target. However, now we will consider a target impulse response that is a random
process, in order to model our uncertainty of the target’s scattering characteristics.

Using the model of a random target impulse response that is a finite energy
Gaussian random process, we will solve for a family of radar waveforms that max-
imize the mutual information between the random, target impulse response and
the received radar signal. This will be done assuming that the signal is received
in additive Gaussian noise of arbitrary power spectral density Pp.,(f). Next, we
will examine the characteristics of these waveforms through the use of several ex-
amples. We will then address some of the considerations involved in implementing
these waveforms in real radar systems. Finally, we will compare these waveforms to
those derived in Chapter 5 for the optimum detection of radar targets with known

impulse response.
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6.1. Radar Waveform Design for Maximum Information Transfer Be-
tween the Target and the Received Radar Signal.
Consider the radar target channel model shown in Fig. 6.1. Here, #(1), a finite-
energy deterministic waveform with energy £ and of duration T is transmitted by
the transmitter in order to make a measurement of the radar target. We will assume

that z() is confined to the symmetric time interval [-T'/2,7'/2]. Thus,
T/2

£ = / ()2 dt. (6.1)
~T/2

Since the energy constraint in most real radar systems is not on the total energy
in the transmitted waveform, but rather on the average power of the waveform, we
have £ = P, T, where P, is the average power of z(1). Since £ = P, T, we note that
for a given average power P, the longer the duration T' of z(?), the greater the total
energy in the transmitted waveform. We will also assume that the waveform =z (1)
is confined to a frequency interval W = [fo, fo + W]. While strictly speaking, we
cannot have a waveform z(?) confined to both a finite time interval and its Fourier
transform confined to a finite frequency interval, we will assume that W is selected
such that only a negligible fraction of the total energy resides outside the frequency
interval W. In real radar systems, the frequency band of operation corresponding
to W is ultimately determined by the bandwidth of the components making up the
radar system.

After transmission, the radar waveform #(?) is scattered by the target, which
has a scattering characteristic modeled by the random impulse response g(1). The

resulting scattered signal z({) received at the receiver is a finite-energy random
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n(t)

x(t) z(t) y(t)
a(t) IdeBagf?PF >

Figure 6.1, Block Diagram of The Radar Target Channel.

process, and is given by the convolution integral

o0

2(i) = / g(r)z(d — ) dr. (6.2)

- Q0

The signal z(1) is received at the receiver in the presence of the zero-mean
additive Gaussian noise process n(1). This noise process is assumed to be station-
ary and ergodic, and to have one-sided power spectral density (PSD) P..(f). In
addition, n(?) is assumed to be statistically independent of both the transmitted
waveform z(?) and the target impulse response g(?). We note that this assumption
may not be valid in all radar remote sensing problems, as thermal noise emission
from a surface in the microwave region is a function of both the surface geometry
and the surface’s material composition. Since the random impulse response g(?)
is also a function of surface geometry and material composition, it does not follow
that g(?) and n(?) are necessarily statistically independent. In many cases, however,
the target impulse response g(?) and the additive noise n(?) are statistically inde-

pendent. Examples of such cases include targets such as aircraft or ships providing
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the scattering mechanism and additive noise coming from thermal noise radiated
by the environment and by the radar receiver itself. In any case, when sensing sur-
faces with radar, independence of the additive noise from the backscattered signal
is commonly assumed [6.1, pp. 492-5]. In our analysis, we will therefore assume

that g(?) and n(?) are statistically independent.

The waveform received at the receiver is shown in Fig. 6.1 to be z(¢) + n(?)
filtered by the ideal bandpass filter B(f), passing only frequencies in the band W.
This is just a statement of the fact that we assume that the transmitted signal has
no significant energy outside the frequency interval W. Thus, neither does z(?),
since it is the response of a linear time-invariant system to the transmitted signal.

Hence we will not consider frequencies outside this interval.

The random process g(1) can be thought of as an ensemble {g(7)} of functions
with a probability measure assigned to each sample function g(?). (Actually, the
sample functions g¢(?) are more properly written as g({,w), where w € € and Q
is the underlying probability space.) We will now examine some properties of the

random impulse response g(1).

The first property which g(?) must possess is that all of the sample functions

g(1,w) must satisfy
[lstor ar<1, (6.3)

This follows from conservation of energy and the fact that electromagnetic scattering

is a passive process. The next property of g(?) we will assume is that all of its sample
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functions are causal impulse responses; that is,
g(,w) =0, V1 <0, Vw € Q. (6.4)

This is a property of all physical linear time-invariant systems.

We define the Fourier transform G(f) of g(1) as

0

G(f) = f g(t)e” 2™ 1. (6.5)

-0
Thus, for any sample point wg € €2, there is a sample function g(#,wo) of g(1) and

a sample function G(f,wo) of G(f), and these two sample functions are related by

e

G(f,wo) = /g(i,wo)e""%ﬂ di. (6.6)

Ry

We will also assume that g(?) is a Gaussian random process. As discussed in
Section 4.4, this is a reasonable assumption for targets made up of a large number
of scattering centers randomly distributed in space, since both the in-phase and
quadrature components of the received signal in such cases are Gaussian random
processes. This model is particularly good for natural surfaces as well as for many
complex, manmade targets. As will be seen in the next chapter, such a scattering
process is also responsible for the “speckle” seen in synthetic aperture radar images.

Returning to Fig. 6.1, we see that for a given sample function g(,wg) with
Fourier transform G(f,wo), the resulting spectrum of the scattered signal z({) is

given by

Z(f,wo):}{(f)G(f,wo). (6.7)
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The magnitude squared of this spectrum is

1Z(f,wo)* = |X (AP IG(f,wo)|” . (6.8)

Taking the expectation with respect to G(f), the mean-square spectrum of z(?) is
2 Y 2
EZ(A)I" = 1X(HIIGHI" (6.9)

Now,

E{IG(I} = lke(HP + o5 (F), (6.10)

where pg(f) is the mean of G(f) and ¢Z(f) is the variance of G(f); that is,

pa(f) =E{G(f)}, (6.11)

and
o3 (1) = E{|G() ~ na(D)] } . (6.12)

We are interested primarily in ¢Z(f) for the Gaussian target model, as the
signal component of z(?) corresponding to the mean pg(f) is known since x()
is known. It thus provides no information about the target (assuming pg(f) is
known). In most cases, ug(f) = 0, since there is a random delay d in g(?) because
of the target’s random position in space. This corresponds to a random phase factor
of exp {—12x fd}, which has expectation zero for a wide class of distributions on d.
We will thus assume that gg(f) = 0 throughout the rest of this analysis. If this
were not the case, however, the analysis could be easily carried out in an i1dentical

manner by replacing z(?) with Z(1) = z(1) — E{z({)}. This is the component of
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z(?) that remains when the mean component E{z({)} corresponding to pg(f) is
removed.

Similarly, if we define

pz(f) = E{Z(f)} | (6.13)

and

o3 (5) =E{I2(f) —nz (DI}, (6.14)

then

E\Z(F)” = |pz () + oZ(f). (6.15)

Referring again to Fig. 6.1, we will assume that the radar receiver observes
y(?) for a period T in order to obtain information about the target. The duration
of observation T must be long enough to allow the receiver to capture all but a
negligible portion of the energy in the scattered signal z(1). We know that the
duration of the transmitted waveform is T, and we know that z(¥) must be at
least this long, since the convolution of two waveforms of finite duration T and T%
produces a waveform of duration T + T%. So if T is the duration of g(?), then the
duration of z(4) is T' + T}.

The received y(1) consists of the sum of the scattered signal z(?) and the addi-
tiw"e Gaussian noise n(?) passed through the ideal bandpass filter B(f)‘, passing the

frequency interval W. The impulse response Ay (1) of this filter is

sin # WH
T WH

hw() =W cos (fo + W/2)t. (6.16)
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Figure 6.2. E(a) as a function of o = T'/W.

The duration of this pulse is infinite, but most of the energy is concentrated in an
interval of duration 1/W. Taking the duration to be Tw(a) = a/W, the fraction
of the energy in the interval of duration Tw («) centered about ¥ = 0 is plotted as a
function of « in Fig. 6.2. These values were calculated numerically. As this figure
illustrates, it is reasonable to assume the impulse response duration Ty of the ideal

bandpass filter at the receiver to be Ty ~ 1/W.

It is reasonable to assume that the bandwidth over which most real radar
targets exhibit significant scattering of electromagnetic waves is much larger than

the bandwidth of a radar system we are able to build in order to make the scattering
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measurements [6.3, Sec. 27.6]. Hence it is reasonable to assume
T, < Tw. (6.17)

Also, for most radar signals, the duration of the transmitted signal is much larger
than 1/W. This is often necessary in radar detection problems in order to get
enough energy into the signal for reliable target detection. An example of this is the
linear FM or “chirp” signal commonly encountered in radar systems. This allows a
range resolution equivalent to a much narrower pulse than that actually transmitted.
Long transmission time, or “time-on-target” is also common in radar target recogni-
tion problems, where the longer observation time allows better frequency resolution
in the measured Doppler spectrum; spectral analysis of the Doppler spectrum is one
of the more common techniques in radar target recognition. For such signals, the

actual duration T' of transmission is much larger than the 1/W. For such systems,

1
T > Ty » 3. (6.18)

So in summary, the observation interval T is

f=T+Tg+Tw

~ T + Ty (6.19)
1
T+ —,

and for systems that satisfy the condition 7> 1/W,
TwrT. (6.20)

We are interested in finding the mutual information I(g();y(?)|=(?)), that

is, the mutual information between the random target impulse response and the
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received radar waveform. We note that z(1) is a deterministic waveform. It is
explicitly denoted in I{g(?); y(¥)|=(1)) because the mutual information is a func-
tion of z(?), and we are interested in finding those functions z(1) that maximize
I{g(?); y(1)|=(?)) under constraints on their energy and bandwidth. In order to find
the functions x(?) that maximize I(g(1); y(1)|= (1)), we will first find I(z(?); y (1) |=(?))
and those functions z(¥) that maximize it. We will then show that the functions
(1) that maximize I(z(?); y(1)|z(?)) also maximize I(g(?); y(?)|=(?)), and that for
these (1), 1(g(1); y(1)la(0)=1(2(t); y (Dl=(1)).

Consider the small frequency interval 7y = [fi, fx + Af] of bandwidth Af
sufficiently small such that for all f € Fy, X(f) = X(fix), Z(f) ~ Z(fx), and
Y(f)~ Y(fr). Let 2x(1) correspond to the component of z(?) with frequency com-
ponents in F3, Z; (1) correspond to the component of z({) with frequency components
in 3, and ¥ (1) correspond to the component of z(?) with frequency components in
F&. Then, over the time interval 7 = [{g,10 + T], the mutual information between

¥ (1) and 2; (1), given that z(1) is transmitted, is

2| X (fi)lPe% (fx) (6.21)

I(7:(1); 2 (D]=(1)) = TAf In |1+ WTAL

To see why this is true, consider the continuous communication channel of
Fig. 6.3.
Here we have an additive Gaussian noise channel with input Z, a zero-mean Gaus-
sian random variable with variance ¢%, and additive zero-mean Gaussian noise N

with variance ¢%. Y and N are statistically independent. The mutual information
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Figure 6.3. Additive Gaussian Noise Channel.

I(Y;Z) between Y and Z is
I(Y;2Z2)=h(Y) - h(Y|2). (6.22)

Now Y, being the sum of two zero-mean Gaussian random variables, is itself a
zero-mean Gaussian random variable. Since Z and N are statistically independent,
the variance of Y, a%, is

ci = ol + o5, (6.23)

This being the case, the differential entropy A(Y) of Y is
1 s _ 1 2 2
MY) = 3 In27r0y = 3 In2r (0 +0%) (nats). (6.24)

The differential entropy h(Y|Z) is equal to the differential entropy h(N), since the

conditional density

flale) = o enp 28],
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is a Gaussian density for a random variable with mean z and variance ¢% . But the
differential entropy of a Gaussian random variable is a function only of its variance

and not its mean; hence,
1
MY|Z)=h(N) = 3 In2x0% (nats). (6.25)

So the mutual information I(Y;Z) is given by the expression

I(Y;2) = h(Y) — k(Y |2)

1
= —;—anz' (0% +o%) - —2-1n27r<f}7’v
EWEET Y 20
2 o%
1 o2
==In (1 + —Z—> (nats).
2 %

Referring again to the signals Zx (1), ¥x(¥), and 1 (?) with frequency compo-
nents confined to the interval Fy = [fx, fx + Af], we have from the Sampling Theo-
rem [6.2, p.194] that each of the signals can be represented by a sequence of samples
taken at a uniform sampling rate of 2Af. Since we assume that the spectra X (f),
Z(f), and Y(f) are smooth and have a constant value (at least approximately) for
all f € Fi, the samples of the Gaussian process sampled at a uniform rate 2Af are
statistically independent.

The samples Z; (1) are independent, identically distributed random variables

2 2

with zero mean and variance ¢. In order to calculate this variance o, we note

that the total energy £;(F3) in 2; (1) is

E:(Fr) = 28f |X(f0)I* 0% (fr)- (6.27)
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Here, the factor of 2 is due to the fact that X (fi) is the two-sided spectrum of z(?)
and that we are carrying out our calculations using only positive frequencies. This
energy is evenly spread among QAff’ statistically independent samples. Hence, the

variance of each sample, o%, is

E(F) _ 28f1X(FIP el (fi) _ IX (P o& (i)
IAFT IAFT T '

(6.28)

-
Tz =

Similarly, the noise process 1; (1) has total energy £;(Fx) on the interval 7
given by

E4(T%) = AfPan(F)T, (6.29)

and this energy is evenly distributed among the QAff statistically independent,

zero-mean samples representing fig (1). Hence, the variance o*i, of each sample is

Afpnn(fk)f — Pnn(fk)
IAfT 2

(6.30)

2
Ty =

Substituting the results of Eqs. (6.28) and (6.30) into Eq. (6.26), we have that
for each sample Z,, of Z;(¥) and the corresponding sample Y,, of y;(?), the mutual

information between Z,, and Y,, is

L[ X GPeR(50/T
(Y3 Zm) = 5o |1+ ;m(fk)/g }(nats)

(6.31)

= .1.ln 1+ QIX(fk)PG(Z{,(ﬁ) (nats).
2 Pﬂﬂ(fk)T

Now there are QA}‘T statistically independent sample values for both z;(¥) and

V& (1) in the observation interval 7. Thus,
I(§x(1); 2 (D]2(1) = 28fTI(Yn; Zom)

21X (f)lPo% (fo)
Pﬂﬂ(fk)T

(6.32)

=TAfln |1+ (nats).
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This is the relation stated in Eq. (6.21) that we wished to show.

Now, if we consider two disjoint frequency intervals F; and Fi, with y;(?),
z;(1), and 1;(?) the components in F; and yx(1), 2x(1), and 14 (?) the components
in 7 of y(1), z(1), and n(?), respectively, then ¥;(?) is statistically independent
of ¥x(1), 2;(1) is statistically independent of zx (1), and 11, (?) is statistically inde-
pendent of 1z (1). We can see that this is true by noting that each of the pairs of
independent processes is made up of two Gaussian random processes with disjoint
PSD’s, and such processes are known to be statistically independent [6.4, p.353].
Since the processes are statistically independent, the mutual information between
[7;(1), ¥ (1)) and [Z;(¥),2x (1)] given that z(?) is transmitted is equal to the sum of
the mutual information between §,(1) and 2;({) given that () was transmitted

and the mutual information between ¥ (¢) and Z; (1) given that =(?) is transmitted:

I([y; (), 32 O [2; (), 2e W)= (1) = 1(5,(1);2; (D= (@) + 132 (4); 22 () |2 (1))
(6.33)
If we now consider the frequency interval W = [fo, fo + W], partition it into
a large number of disjoint intervals of bandwidth Af, and then let the number
of intervals increase as Af — 0, in the limit we obtain an integral for the mutual
information I(y(1); z(1)|=(1)), where we assume that z(1), y(?), and z(4) are confined

to the frequency interval W. This limit is

I(y(1);2(0)|=(1)) = f/ln [1 + QIXUW”‘%’(”} df. (6.34)

J P ()T

We wish to maximize I(y(?);2(?)|=(1)) with respect to |X(f)|” under the aver-
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age power constraint,

/lX(f)]zdf = ¢, (6.35)
w
Using the Lagrange multiplier technique [3.4, p.357-9], we form the objective func-
tion
- 20X (e (f)}
(X)) =T1{1In af — A X(Hl df — € 6.36
(X)) v[ [ T [fl()l } (6.30)

This is seen to be equivalent to maximizing ¢ (]X(f)]z) with respect to IX(f)[z,

for each f € W, where

QIX(J‘)12 2(f)
Pun(H)T

$ (1X(HIF) =T } —AX (AP, (6.37)

and A is the Lagrange multiplier, to be determined from the constraint of Eq. (6.35).

This equivalence can be seen by noting that

2 (1X()P) f¢ X(DP) 4.

Thus, when

a4 (1X(H)I) o view
axpr
it is also true that
o2 (1X(H)I) o vrew
aAxX(Hrr ’

So we obtain an |X(f)|° that maximizes Eq. (6.36) when we solve for an |X(f)|?
that maximizes Eq. (6.37). Thus, the | X (f)|° that maximizes ® ([X(f){z) satisfies

the relation
24 (1X(NP)

xS ew (6.38)
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Taking the partial derivatives, we have

% (IXOF) _ 2031 {1 2!X(f)!2<r?;(f)} o

AX(NHIF Panlf) Pan(T (6.39)
-1 ’
_ Pl IXODE]
=l T T } .
This must equal zero. Solving for ]X(f)12 then yields
2, Pu(HT .
X(HI" =4 202 () (6.40)

Here, A = T/A = constant.
Substituting the expression for |X(f)|* of Eq. (6.40) into the constraint of

Eq. (6.35), we obtain

e / Pan(NT o (6.41)

Solving for the constant A, we have

L. [ PuDT
amd { I df} . 2

So the | X (f)|° that maximizes I(y(1);z(1)|=(1)) is given by

X(HI = -%; {8 + f m;z(f}f df} - z’:z({g- (6.43)
w ¢ ¢

If we define r(f) as

4ot Panl)T

r(f) 2% (f)

(6.44)
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then we can write | X (f)|° as

IX(HI = 4—r(f). (6.45)

The maximum value of I(y(?);z(1)|z({)), which this | X (f)|* achieves, is

Imax(y(1);2(1) |z (1)) = f/l 1+ Q]X(f)éf)T( ):l df

I
N

[ r(f)
In _1+ r(f) }df

w
/
/m ' é)] (6.46)
w
!
W

I
h

il

[nA—1Inr(f)] df

i
h

InA - /lnr(f)df (nats).

Note that since |X(f)| is the magnitude squared of the transmitted signal
spectrum, it must be real and non-negative for all f € W (we assume it to be zero

for all f ¢ W). Yet from Eq. (6.40),

_ Pa(T
202(f)

X(HIf =4
It may be possible that for a given &, o%(f), and W, one obtains a value of A
such that for some f € W, A < Pm(f)f/Qo%(f). This would result in an invalid
|X (), as |X(f)]* would be negative for such f. In order to obtain the X (NP
that maximizes I(y(1);z({)|z(?)), we must actually solve for the value of A that

satisfies

df. (6.47)

[ e o 4 Pan(DT
o=/ ‘[O’A 252 (f)

w
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In most cases, the solution of this equation will have to be done numerically. How-

ever, for any (positive) value of £, A can be bounded as follows:

max{w}_{fig ¢ —min{w}. (6.48)

few | 20%4(f)

Once A has been solved for using Eq. (6.47), we have
Imax(y(1);2(D)]z(?)) = f/max [O,InA —In (%)j} df
w (6.49)
= ffmax[o,lnA —Inr(f)]4df.
w

The associated magnitude-squared spectrum | X (f)|* that achieves it is

(P = max [O,A i E_LDE}

205(f)
= max [0, 4 — r(f)].

(6.50)

We note as a check that the solution for | X (f)|* obtained by solving Eq. (6.47)
for A and substituting this A into Eq. (6.50) to obtain the |X(f)|* that achieves
the maximum value of I (y(?);2(1)|z(1)) as given in Eq. (6.49), is equivalent to
that of Eqs. (6.41) and (6.46), when 4 > P, (f)T/20%(f) for all f € W.

We have shown that the mutual information I(y(1);z(1)|=(1)) is maximized by
an z(1) with |X(F)F as given in Eq. (6.49). In reality, however, we are interested
in the mutual information I(y();g({)|=(?)), the mitual information between the
target and the received signal y(1). We will now show that when [X(f)[2 satis-
fies Eq. (6.49), I(y(?);g(?)|=(1)) is maximized, and the resulting maximum value
Imax(y(?);2(#)|=(1)) is the same as Imax(y(¥); g(¥)|=(?)). In order to show this, we

will make use of the following two theorems:
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Theorem 1: Let a(?) and b(1) be finite-energy random processes and let D be a
reversible transformation of a(i) to a finite-energy random process c(r) (where r Is

a new independent variable, but r could equal{). Then

I(a(1);b(1)) = I(c(r);b(?)). (6.54)

Theorem 2: Let a({) and b(?) be finite-energy random processes with Fourier
transforms A(f) and B(f), respectively. Then if I(a(?);b(1)) is the mutual infor-
mation between a({) and b(?) and I(A(f);B(f)) is the mutual information between

A(f) and B(f), we have

I(a();b(¥)) = I(A(f); B(f))- (6.55)

To see that Theorem 1 is true, we note that if D 1s a reversible transformation

between a(?) and c¢(r), that is ¢(r) = D{a(?)}, then [6.5, p. 90-1]
Be(r)) = h(a(t)) + K(D), (6.56)
and
Rc(r)[b(?)) = h(a(@)|b(})) + K(D). (6.57)

Here, X(D) is a function only of the transformation D, not of the specific processes
a(?) and b(4). Thus,
I(e(r);b(1) = h(e(r)) - h(e(r)[b(1))
= h(a(?)) + K(D) — h(a(t)[b(1)) - K(D)
= h(a(?)) - h(a(t) b(1))
= I(c(r); b(1)).
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To see that Theorem 2 is true, we choose as our reversible transform D the

Fourier transform, and apply it to both a(?) and b(?), yielding

oo

D{a(t)} = / a(i)e I di = A(f),

- Q0

and
D{b)} = / b()e” ¥ di = B(f).

Applying Theorem 1 first to the transformation D{a(?)} = A(f), we get
I(A(f)ib(1)) = I(a();b(¥))-

Applying Theorem 1 again, this time to the transformation D{b(#)} = B(f), we
have
I(A(f)B() = L(A(f);b(1).
So it follows that
I(a(¥); b(1) = I(A(f); B(f))-
In order to show that Imax(y(?);2(1)|z(¥)) = Imax(y(?); g(1)|z(1)), we define
the two-sided set of frequencies

~ def

WE {11 ew, IX(DF # 0} (6.58)

Note that W, is a two-sided set of frequencies, including both positive and negative
frequencies, whereas W is a one-sided set of frequencies, containing énly positive
frequencies. We also note that if X(f) has frequencies limited to W, then so does
Z(f), since

Z(f) = X(H)G(f)- (6.59)
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So for f € W,, we can determine G(f) from Z(f), since

G(f) = -XZ-% Ve W,. (6.60)

For f ¢ W, we cannot determine G(f) from Z(f), since X(f) # 0 and thus 1/X(f)
is indeterminate. However, physically we would not expect to determine anything
about G(f) for f ¢ W,. This is because the sample functions of G(f) describe
linear, time-invariant systems. From such systems we would not expect an output
response at frequencies that have no input excitation [6.2, p. 185-7].

We now define

- _ 1 G(f) ,forfGW;

G(f) = { 0 , elsewhere;z2 (6.61)

5o L Z(f) , for f € W

24) = { 0 : elsewhere;2 (6.62)
50 = [ Gera (6.63)
(1) = / Z(f)e' ' du. (6.64)

Then, from Theorem 2 we have
Lan (Y03 20)[2(1)) = Lnax (Y (£); Z(P)lo(2)). (6.65)

Note that for f ¢ Wy, Z(f) = 0, since Z(f) = X (f)G(f) and X (f) = 0 for f ¢ W,.

Thus, Z(f) = Z(f) from the definition of Z(f) in Eq. (6.55). So from Theorem 1,
Inase (v (1); 2(D|2(1)) = Imax (Y (£); Z() (1)) (6.66)
Now for all f € W, X(f)#0,s0

G(f) = ..}Zz%.)). Vi e W, (6.67)
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This means that for all f € W,, there is a reversible transformation D that maps
Z(f) to G(f), given by
Z(f) ;
. —= for f € Wy;
D |2(5)| = { XD ,. (6.68)
0 , elsewhere.

But as we know from Theorem 1, mutual information is invariant under reversible

transformations, so
I(Y(f); Z()l=() = I(Y(f); G(H)l=(1)). (6.69)
Egs. (6.66) and (6.69) yield

I(y(1);z(t)]e() = I(Y(f); G()l=()). (6.70)

Note that G(f), defined by Eq. (6.61), is equal to G(f) for f € W, and is zero
elsewhere. Thus, Ty nats of information about G(f) is also g nats of information
about G(f). So it follows that any information obtained about G(f) by observation
of Y(f) is an equivalent amount of information about G(f), and so immediately

we see that
I(Y(£); G(Hle(@)) = I(Y(£); G(f)l=(1)). (6.71)

But for f ¢ Ws, Y(f) provides no additional information about G(f). To see that

this is true, we note that for f ¢ Ws, Z(f) = 0. Thus,

to+T
Y(f) = N;(f) = / n(i)e“%ﬁ di, for fe Wz. (672)

19

Thus, for f ¢ W, Y(f) is a function only of the noise n(?). Since n(?) and

g(1) are statistically independent, the mutual information between the components
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of these processes with frequency components f ¢ W, is zero, since the mutual
information between statistically independent random processes is zero. So the

inequality of Eq. (6.71) is actually an equality:

I(Y(f); G(F)le() = I(Y(£); G(f)l=(1))- (6.73)

From Theorem 2 we have

I(Y(f), G(H)l=() = I(y (O g(D)=(¥)- (6.74)

Thus, from Eqgs. (6.70), (6.73), and (6.74), we have

I(y();8Dlz(1) = Imax(y (1) 2(1) = (3))- (6.75)

We have now shown that for the class of functions () that maximize
I(y({);z(1)]z(?)) (that is, those o(?) with 1 € [-T/2,T/2] and with |X(f)|° given
by Eq. (6.40)), we have I(y(?);g(¥)|=(?)) = I(y(1); z(?)|=(2)). But we have not yet
shown that some other transmitted waveform Z(1) confined to the time interval
[—T'/2,T/2] satisfying the energy constraint of Eq. (6.1) with magnitude-squared
spectrum l]f(f)lz does not result in a larger mutual information between g() and
y(?). In other words, we must show that there is not another waveform (1) sat-

isfying the constraints on the transmitted waveform for which I(y(1);g(?)|2(?)) >

I(y(1);g()|=(1)).

In order to show that no such #(?) exists, we redraw the target channel model
of Fig. 6.1 as shown in Fig. 6.4. Here we view both g(?) and (1) as inputs. The

target impulse response g(1) is observed by illuminating the target, resulting in the
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g(t) 2(t) y(t)
——Pd Channel | +——————=&% Channel 2 =

w 1 i

Figure 6.4. Another Interpretation the of Radar Target Channel.

scattered waveform shown as the output of “Channel 1.” “Channel 2” then accounts
for the additive noise process n(?) and the observation of the received waveform.
From the Data Processing Theorem of information theory [6.6, p. 31], we have that,

for any z(?) transmitted,
I(y (M) gl=(1) < Iy (1);z()]=(1))- (6.76)
In order to show that there is no #(?) for which
I(y(1);g(M]=(1) > Imax(y (); 2(H) = (¥)),
we will assume that such an z({) exists. Then, from Eq. (6.76), it must be that
I(y (1);2(1)[2(1)) > Imax(y (¥); 2(1)]=(1))-

But this is a contradiction, since In.x(¥(?); 2(1)|z(1)) is the the maximum value that
the mutual information between y(?) and z(1) can achieve for any valid #(1). Thus,

for the class of #(1) with magnitude-squared spectrum ]X(f)[2 given by Eq. (6.40),
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I(y(?); g(¥)]=z(?)) is maximized, and the maximum value I, (y(1); g(¥)|z(?)) is

Imax(y(1); ()12 (V) = Imax(y (1) 2(D]2(1))- (6.77)

In summary then, if £(1) is a finite-energy waveform with energy £ confined to
the symmetric time interval [-T"/2,T'/2], and with all but a negligible fraction of its
energy confined to the frequency interval W = [fq, fo + W], the mutual information
I(y(1);g(1)|=(?)) between y(1) and g(?) is maximized by an £(?) with a magnitude-

squared spectrum

2 _ merz(f)f
lX(f)[ = Inax [O,A—- W

= max [0, 4 - r(f)],

(6.78)

where r(f) = Pan(£)T/20%(f), and A is found by solving the equation

SZ/max

w

04 PnlDF

| & (6.79)

The resulting maximum value I.(y(1);g(1)|=(?)) of I(y(?); g(1)|=()) is

(7 (0300 (0) = T [ raax [0’1*“4 - (%” y
w

/ (6.80)
=T | max[0,In 4 — Inr(§)] df.
w

Note the behavior of the magnitude-square spectrum

| 2"11’1&){ _ pnn(f)f

which maximizes I(y(1); g()|=(1)). If the variance o% (f) of the frequency spectrum
G(f) of the scattering function g(?) is held constant for f € W, | X (f)|* gets larger

as Pon(f) gets smaller, and |X(f)|* gets smaller as Pon(f) gets larger, becoming
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zero for P (f) > QAaé(f)/f. Similarly, if P,.(f) is constant for all f € W, as
would be the case for additive white Gaussian noise, 1X(f)[2 gets larger as % (f)
gets larger and | X (f)|° gets smaller as o2 (f) gets smaller, with |X(f)]° ~ A for
oZ(f) > Pan(F)T/24 and |X(H)° = 0 for ¢4(f) < Par(f)T/2A. In order to
interpret this behavior physically, recall that ¢Z(f) is the variance of the frequency
spectrum G(f). We see that frequencies f € W with large oZ(f) provide greater
information about the target than those with small ¢Z(f). This is not surprising,
since for freql;encies with small a?;(f), there is less uncertainty about the target
response at that frequency in the first place. In fact, for those frequencies at which
oZ(f) = 0, there is no uncertainty at all in the outcome of o%(f), and thus, there

is no point in making any measurement at these frequencies.

Note that A = A(€,04(f), Par(f)) is a function of the transmitted energy
€, of the size and shape of the spectral variance ¢ (f) of the target, and of the
noise power spectral density Pp,(f). The fact that [X(f)]2 = 0 for all f such that
cZ(f) < P, (f)T/2A can then be interpreted as saying that a greater return in
mutual information can be obtained by using the energy at another frequency or

set of frequencies.

An interesting interpretation of the relationship between }X(f)[z,‘A, Pon(f),
and ¢Z(f) is shown in Fig. 6.4. Comparing Eq. (6.79) and Fig. 6.4, we see that the
total energy € corresponds to the shaded area in Fig. 6.5a. The difference between
the line of value A forming the upper boundary of the shaded region and the curve

2

forming the lower boundary of the shaded region is |X(f)|°. This difference is
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displayed in Fig. 6.5b.

The inﬁerpretation of Fig. 6.5 is called the “water-filling” interpretation and
arises in many problems dealing with the spectral distribution of power and energy
in information theory [6.14]. Think of r(f) = P,m(f)f/Qa?;(f) as being the shape
of the bottom of a container anci think of £ as the volume of “water” poured into the
container (actually, we are looking at a two-dimensional profile of the container). We
assume that the water can flow such that the surface height is the same everywhere
in the container (all regions of the container are connected). Then the “water”
will distribute itself so as to give a [X(f)!2 that maximizes the mutual information
I(y(?);8()|=(¥)). We note also that the set of values on the frequency axis that have
values corresponding to a shaded region make up the set W, the set of frequencies

that have non-zero |X (f)[*.

To further illustrate the behavior of | X (f))° as a function of the target spec-
tral variance a?;(f) and the noise power spectral density, consider the hypothet-
ical example of Fig. 6.6. In Fig. 6.6a we have the spectral variance ¢%(f). In
Fig. 6.6b we have the power spectral density Pp,(f). In Fig. 6.6(: we have r(f) =
P,m(f)f/Qa%(f), a function of both the power spectral density P,,(f) of the
noise and of the spectral variance o%(f). Finally, in Fig. 6.6d we have the re-
sulting magnitude-squared spectrum ]X(f)]2 for the waveforms z(?) that maxi-
mize I(y(1);g(1)|=(?)). Note that because of the assumed bandwidth constraint
W = [fo, fo+ W], |X(F)° = 0 for all f ¢ W. In the next section, we will examine a

more realistic and detailed example numerically, in order to illustrate these results
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(a)

DHIDMBMIY AN, 7

(b)

' Figure 6.5. (a) “Water-Filling” Interpretation of the Magnitude-Squared
Spectrum  |X(f)f° that maximizes the Mutual Information
I(y();g()|=(?)). (b) Magnitude-Squared Spectrum |X(£)° that maxi-
mizes I(y(1); g(1)|=(?)). Note the Relationship to the Shaded Area in (a).
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& oX1) & P(N)

f % > f i r > 1
o fo+W fo fo+w
(a) (b)
2
= X(f
b - —?—R‘"(m $ 0
2 UG f) A+
: : > - > T
(c) (d)

Figure 6.6. Example illustrating the resulting [X(f)|2 for a given oZ(f)
and Pa.(f). (a) Example ¢%(f). (b) Example P, (f).
(c) Resulting r(f) = Ppo(£)T/20%(f). (d) Resulting | X (F)]°.

more clearly.

A point to remember in this analysis is that we have assumed that the random
impulse response g(1) has been assumed to be a Gaussian random process. As

a result, the scattered signal z(?) is a Gaussian random process. The received
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signal y(1) is also a Gaussian random process, since the noise in the channel is
additive Gaussian noise. Thus, for a given o%(f), we are solving for the mutual
information in the case of an additive Gaussian noise channel with a Gaussian input.
As we noted in Chapter 2 in the case of the additive Gaussian noise channel, for a
channel input with a given variance o, the mutual information between the channel
input and the channel output is maximized when the input is Gaussian. Then in
assuming that g(?) is a Gaussian random process, we have selected a Gaussian input
process for an additive Gaussian noise channel in our problem. Then in solving for
the maximum mutual information In.(y(?);g(1)|=(1)), we have derived an upper
bound in the maximum, achievable mutual information between y(?) and g(1) for
any g(?) with spectral variance ¢%(f) under the imposed bandwidth and energy

constraints, whether g(1) is Gaussian or not. In the case when g(?) is Gaussian, as

we have assumed, this upper bound is achieved.
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6.2. A Numerical Example.

We will now examine how the results of the previous section can be applied to a
realistic radar problem. In the process, we will examine the characteristics of the
optimal transmitted signal’s spectrum and the amount of information obtained.
For our example, we will assume that a radar system is observing a target
at a range of 10km. We will assume that the radar is a monostatic radar with
an antenna having an effective area A, = 3m?, an RF bandwidth of 10 MHz, a
transmitter frequency centered at 1 GHz, and we will assume that the antenna is
pointed directly at the target under observation. This gives us a frequency interval

W of

W = [fo, fo + W] = [0.995 GHz, 1.005 GHz].

In the following analysis, we will analyze this radar system for a range of average
power constraints ranging from 1W to 1000 W and a range of observation times
from 10 ps to 100 ms. However, for the purpose of the narrative, we will look at
the case where the observation time T ~ T = 10 ms, a fairly typical value for
radar target recognition systems, and for a few specific values of average power P;.
Numerically calculated results for the full ranges noted above will be presented after
going through these sample calculations.

We assume that the target under observation has a finite-energy, Gaussian

impulse response g(1) with spectral variance % (f) given by

o&(f) = Bexp {~a(f — f»)*}. (6.81)
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Ilere, B and o are constants that respectively characterize the magnitude of the
spectral variance ¢Z(f) and the rate at which it decreases as |f — f,| increases.

We will assume in our example that
o= 107157 (6.82)

a value illustrating well the effect of the transmitted waveform’s spectral character-
istics for the 10 MHz system bandwidth being considered. In order to determine a
reasonable value of B for our example, we will assume that the spectral variance
c%(f) at frequency f, corresponds to that of a 1m? variance in the radar cross
section ¢ of the target at this frequency. From the radar equation, Eq. (4.1), and

the fact that the gain G of an antenna of effective area A, is [6.6, p. 11]

it follows that the ratio of the received power to the transmitted pdwer 1s

PR A?O’
Pr  4xAZRY (6.83)

Note that, in our example, we have

2.998 x 10¥ m/s
A= < = =0, ,
1000 x 1051~ Os0m
fo

This being the case, the ratio of the change in received power that is due to a 1 m?

change in radar cross section, APy, to the transmitted power, Py, is

APr _ (3m?)*(1m?)

— -16
B = Tr(0B 0k — (OSTT X 107 (6.84)

B =
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We will assume that the additive Gaussian noise present at the radar receiver is
thermal noise that 1s white over theﬁ frequency interval W. We will assume a system
noise tempertature of T, = 300 K. Hence, the resulting one-sided noise PSD is [6.6,

p. 29]
Poo(f) = No = kT, = (1.381 x 107 J/K)(300 K) = 4.1430 x 107%! J.

Here, k is Boltzmann’s constant, and ¥ = 1.381 x 10”2 J /K.

By definition, r(f) is given by

_ Pui)T
"N=35 0

and so in our case, with T=T=10 ms,

(4.1430 x 10721 1)(0.015)
2(7.9577 x 10~ 1%) exp [~ (f — f5)?] (6.85)

= (2.7835 x 10 J-s) exp [a(f — f»)?],

r(f) =

where again, o = 10713 s? and f, = 1 GHz. A plot of this r(f) is shown in Fig. 6.7.

From Eq. (6.42) we know that

£ = [maxfo, 4~ (N4,
w

where

£ = P, T = (1000 W)(10 ms) = 10J. C(6.86)

Solving for A numerically, we obtain

A =1.0870 x 107°J-s. (6.87)
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r(wf)
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1

L 5 0x 10 J-s

- 20x 10

- 1.0x 10 TJ-s

- 40%10 ' J-s
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] 1 ]

s | 1 1
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i L H {

0.996 0.998 1.

0.995 0.997 0.999
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1 H Ll i
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1.001 1.003 1.005

Figure 6.7. r(f) = Pan(f)T/20%(f) as a function of .

Thus, we have that | X (f)|* = max[0, 4 — r(f)] is

X(F) = { (1).0870 x 1078 J-s — (2.7835 x 107 % J-s) exp [a(f — f,)?]

,for f e W,

, elsewhere.

(6.88)

Recall that this formula gives |X ()|° for positive frequencies only, but that | X (f)]?

is an even function, so | X (f)° = |X(=f)|* for f < 0. A plot of |X(f)|* for positive

f 1s shown in Fig. 6.8.

From Eq. (6.49), the mutual information I(y(1); g({)|=(?)) is given by the inte-
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X
—120x 107 J-s

L 60x 1077 J-3

} } } f } t t } f, GHz
0.996 0.998 1.000 1.002 1.004
0.995 0.997 0.999 1.001 1.003 1.005

Figure 6.8. |X(f)|* for T = 10 ms and P, = 1000 W .

gral
Iy@igle() =T [ max[o,l 4~ lnr(£)] 4.
w

Substituting A as given in Eq. 6.87 and r(f) as given in Eq. 6.88 into this equation

and integrating numerically over W, we obtain the result
I(y(@);g()|z()) = 2.3815 x 10° nats. (6.89)

If we repeat the calculation, reducing the available average power P, to 500 W,
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IX(F)
—60%X1077 J-3

- 3.0x 1077 J-s

0

} } } ; t } ; f f, GHz
0.996 0.998 1.000 1.002 1.004
0.995 0.997 0.999 1.001 1.003 1.005
Figure 6.9. |X(f)f for T = 10ms and P, = 500 W .
maintaining I = T =10 ms, we find
A =5.8691x 1077 J-s, (6.90)

and the resulting | X ()|° for positive frequencies is

X(F)F = {5.8691 % 1077 J-s — (2.7835 x 10 % J-s) exp [a(f — f,)?] , for f € W;
0

, elsewhere.

(6.91)

A plot of this [X(f)!2 for positive frequencies is given in Fig. 6.9. The mutual
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information I(y(?);g(?)|=(?)) for this case, obtained by numerical integration, is
I(y();g()]=(?)) = 2.2152 x 10° nats. (6.92)

We now investigate a case in which for some f € W, r(f) > A. We assume that
the average available average power P, is 100 W, still maintaining 7' = T = 10 ms.

Solving Eq. 6.47 numerically for A, where now
£=PT =(100W)(10ms) =1/, (6.93)

we have
A=1.7709 x 1077 J-s, (6.94)

and the resulting | X (f)|° for positive frequencies is

1X(H)F = {3.7709 X 1077 J-s — (2.7835 x 10~ % J-s)exp [a(f — f5)?] , for f € W;

, elsewhere.
(6.95)
Here, W CWis given by
W={feW:A>r(f)}=1[0.995698 GHz,1.004302 GHz]. (6.96)

So in this case, only 8.604 MHz of the available 10 MHz of RF bandwidth should
be used by the radar system. This is because more information is obtained by con-
centrating the energy in W and providing a greater signal-to-noise ratio in W than
by distributing the energy across W. The latter would provide a greater number
of degrees of {reedom to be measured, but they would be measured less reliably.

The |X(£)° of Eq. 6.96 optimizes this tradeoff between the measured number of



- 220 -
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1 4 ¥ i 1
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+1, GHz

Figure 6.10. |X(f)|? for T = 10ms and P, = 100 W .

degrees of freedom in the measurement and the reliability of the individual degrees
of freedom in the measurement—the optimization being done so as to maximize
the mutual information I(y(1); g({)|=(?)). A plot of |X(f)|° in this case is shown in

Fig. 6.10. The resulting value of I(y({); g(1)|z(1)) for this |X(f)|* is
I(y(®);g(1)|=(?)) = 2.2152 x 10° nats. (6.97)

We will now display the results of the numerical solution of Egs. (6.47) and

(6.49) for the mutual information I(y(?);g({)|=(?)) as a function of both 7" and the
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Imax(y(1); g(1)]2(?)), nats

10 T =100 ms

1 % ! |

1 10 100 1000

Average Power R , Watts

Figure 6.11. In.(y(?);g()|z(?)) as a function of T" and P;.

average available power P,. This numerical solution was carried out for values of
T equal to 10 us, 100 s, 1ms, 10ms, and 100 ms. For each of these values, the
average power P, varies over the range of from 1 W to 1000 W. All integrations
were numerically carried out using the Gaussian Quadrature Method [6.7, pp. 322~
6]. The resulting maximum values of I(y(?); g(?)|=(?)) are plotted in Fig. 6.11. Note

that both scales in Fig. 6.11 are logarithmic.

Several points are worth noting in Fig. 6.11. The first is that the mutual
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information I (y(?); g(1)|=(1)) is proportional to T'. Actually, this proportionality
is only approximate, but the approximation is very good for T' > 1/W, in which
case it is reasonable to assume that 7 = T. This is true for all T' considered in
Fig. 6.11, since 1/W = 0.1 us. This proportionality is reflected in Fig. 6.11 by noting
that each time T is increased by a factor of 10, the mutual information increases by
a constant increment on the logarithmic scale of I, (y(1);g()|=(1)). Examining

the expression for I'na.x(y(?); g(1)|z(1)) of Eq. (6.80), we have

df

Lnsx(y(0); 8(1)|=()) = T f max |0,In4 - In (%%?)

w
7 [ x| 0,10 [ 24280
_T]Zmax _O)l (Pm(f)f>} df.

But for 7' > 1/W, which is true for all values of T' considered in our example, it is

reasonable to assume that T = T'. This gives

Lnax (y(1): 5(1) ]2 (1)) = Ty[ max [o,ln (2;%%)] df. (6.98)

o~

But as can be seen from Eq. (6.42), A is proportional to f, and so assuming 7' = T,

A 1s proportional to T'. If we define

def A
=3 (6.99)
then we can write Eq. (6.98) as
Imax(y(1); 8())]=(1)) = T/max [o,m (%fﬁ(%—)-ﬂ df. (6.100)
w

We can thus see analytically that In,.x(y(?); g(#)|=(1)) is proportional to T'. In fact,

we can write the rate at which information is transferred to the receiver in the radar
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measurement process as

Ry 80l = [max o (225D g, (610
1%
which is not a function of T'. We then have
L3 (0 §(D12(1) = TRy (D)o (1)). (6.102)

The fact that I,..(y(1);g(1)|=z(?)) is proportional to T' has an interesting in-
terpretation in terms of radar target-re’cognition problems. In Section 2.4, where
we examined the relationship between mutual information and radar-measurement
performance, we noted in Eq. (2.36) that, if I(X;Y) is the mutual information
between a set of parameters X to be measured and their measurement Y, the
maximum number of equiprobable classes N into which X can be assigned with

statistical reliability by observation of Y is
N = [eI(X;Y)J

(|| denotes the largest integer less than or equal to «). Applying this result
to our problem, we have that given an z({) that achieves I, ...(y(?);8(1)|z(¥)) is
transmitted, the largest number of equiprobable classes into which g({) can be

assigned with statistical reliability by observation of y (%) is

N = [efm.xw(o;g(f)lx(x))J

(6.103)
_ Lemmx(yu);go)lx(o)J ,

Note that this number grows exponentially in 7', the duration of the transmitted
signal. T is often referred to in radar target-recognition problems as the “time-

on-target.” In radar target-recognition problems, it is well known that all other
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things being equal, the longer the “time-on-target,” the better the performance
of the target recognition system. As a result, within constraints imposed by other
system requirements such as searching for new targets and tracking targets that have
already been detected, the “time-on-target” in radar systerﬁs that perform target
recognition is generally made as large as possible. This is reflected quantitatively
in Eq. (6.103), which shows that the maximum number of equiprobable classes into
which g(?) can be reliably classified by observation of y(1) increases exponentially
in 7.

Let us examine this result in terms of a practical methodology often used in
radar target-recognition problems. One common method of classifying radar targets
in target-recognition problems is by examining the characteristics of the Doppler
spectrum of the target by performing spectral analysis on the signal reflected by
the target. Assume that the frequency interval over which this is done has band-
width W. Then, using classical methods of spectral analysis [6.8], the frequency
resolution Af of the measured spectrum is inversely proportional to T'. Thus, the
number of frequency bins of bandwidth Af that span the interval of bandwidth

W is proportional to T'. Call this number of frequency bins M, as is illustrated in

Fig. 6.12.

Assume that because of noise in the received signal, the energy in each fre-
quency bin can be distinguished to only one of @ levels. Then the total number of

distinguishable spectra, N, is

2
fl
L)

=

(6.104)
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Figure 6.12. Spectral Analysis of Bandwidth W Using M Bins of Bandwidth Af.

If we now increase T', holding the power constant, the number of frequency bins M
increases proportional to T', since the frequency resolution Af is inversely propor-

tional to T'. We can thus write the number of bins M as
M(T) = mT, (6.105)

where m is a constant of proportionality.

In increasing T', both the signal energy and the noise energy increase propor-
tional to T', so the signal-to-noise ratio within a frequency bin remains constant.
Thus, there are still @ distinguishable signal levels in each bin. This being the case,

from Eqgs. (6.104) and (6.105), we have

N = Q™) = gmT, (6.106)
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Hence, the number of discernible frequency spectra also increases exponentially with
T'. This is not to say that there is any equivalence between the discernible frequency
spectra and the equiprobable classes of g(1) to which Eq. (6.103) refers, but this
heuristic example does show that the concept of the number of classes into which a
target recognition system can classify targets increasing exponentially with “time-
on-target” is not foreign to radar target-recognition problems. So the behavior of
Eq. (6.103) does make intuitive sense.

It is important to note that when a waveform (1) that achieves
Imax(y(1);8(@)|x(1)) is transmitted, the N equiprobable classes referred to in
Eq. (6.103) are not under the control of the radar but are a function of the target. In
actuality, what Eq. (6.103) states is that the probability space {2 can be partitioned

into N subsets Q1,Q,,...,Qy, where

Priwe i} = ’zli

fork=1,...,N, (6.107)
where N is given by Eq. (6.103). These N subsets Q;,Q,...,Qu, which form a
partition of 2, correspond to a set of N classes into which g(?) can be reliably
classified by observation of g(?). These N classes may not, however, correspond
to classes that are of interest to the user of the radar system. Generally, the user
will have knowledge of z(?) and will wish to classify the radar target into one of V
classes Ay, Az,..., Ay based on observation of y(?).

These classes may be linked to the physics of the problem, such as the case

where the classes A; describe relative target size, or the classes may be less con-

nected with the physics of the problem, such as in the case where only two target
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classes A; and A, are of interest: whether the aircraft being observed is friendly
or hostile. In general, the problem of assigning a target to one of the classes in
A= {A;,As,..., Ay} based on observation of y({) can be viewed indirectly as
finding a mapping from C : @ — A, such that for k = 1,..., N, each Q3 is mapped
to one of the A; with a reasonable probability of error in determining the proper
target class. In general, as N becomes larger, we would expect the performance of
the best mapping € to improve for fixed V. Since N is an exponentially increasing
function of I(y(?);g({)|z(1)), we would expect the probability of correct classifica-
tion into one of the classes in A to improve as I(y(¥); g(?)|=(?)) becomes larger. In
actually designing radar target classifiers, features that characterize y(1) are usually
determined empirically and decision rules based on these features are constructed,
allowing the classification of targets based on observation of y(1). Reference [6.9]
describes the approaches typically taken in designing such classifiers, and Reference

[6.10] gives a detailed account of such classification techniques.

Returning again to the results in Fig. 6.11, we see that a very large amount of
information is obtained in the radar measurements in our example. For example,
for T'= 100 s and P, = 10 W, I(y(?); g(1)|=(1)) is approximately 100 nats, which
equals approximately 144 bits. The corresponding N calculated from Eq. (6.103) is
2.69 x 10*3. Thus, we can conclude that a significant amount of iﬁfofmation can
be obtained about the target in the radar measurement process. In order to put
this information to use, signal processing algorithms must be developed. The form

these take will generally be highly dependent on the specific application in which
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the radar measurements will be used.
When processing the received signal into a form that is useful, a significant
amount of information can also be destroyed. We will see an example of this in the
next chapter, in which synthetic aperture radar measurements are used to determine

the radar reflectivity of a natural surface.

6.3. Radar Waveform Design and Implementation.

We now turn to the problem of designing specific radar waveforms #(?) that have
a magnitude-squared spectrum ]X(f)[z, to be used in order to probe the target so
that the greatest amount of target information may be extracted from the received
signal scattered by the target. In the first section of this chapter, we determined
that any z(1) with |X ()| as given by Eq. (6.78) would maximize I(y(1); g(1)|z({)).
Now we must address the design of specific transmitter waveforms that will do this.
Some considerations in this waveform design will now be addressed.

The most theoretically obvious, although not the most practical, method of
designing a waveform z(?) with magnitude-squared spectrum IX(f)I2 Is to excite
a filter with transfer function H(f) such that |[H(f)|? = |X(f)|* with an impulse
or delta function. Given that |H(f)|* = |X(f)|*, we see that such an H(f) must

satisfy

H(f) =/ IX(F) D), (6.108)

where ¢(f) can be any arbitrary phase function of f. A major shortcoming of this
approach is that it requires the design of high-frequency (microwave) filters with

very specific frequency characteristics. This can be very difficult to do and is also
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an ineflicient use of microwave energy, as it requires the broadband generation of
microwaves to be fed into the filter. Here the frequencies to be attenuated are filtered
out to the degree required to obtain the desired spectral characteristic [X(f)lz, and
this energy is lost. In addition, radar systems often employ signals of very high
power, and the direct generation of complex, high-power, broadband microwave

signals is not easily accomplished.

Typically in the design of radar systems, waveforms are generated at baseband
frequencies much lower that that of the microwave transmitter frequency and then
are used to modulate a microwave carrier in order to obtain the desired waveform at
the radar operating frequency. Typical modulation techniques used in radar signal
generation are amplitude, frequency, and phase modulation, with a large number of
systems using phase (phase-coded waveforms) and frequency (both linear and non-
linear FM chirp) modulation. This is because some constant-amplitude microwave

amplifiers have greater efficiency than their variable-amplitude counterparts.

Generally, radar waveforms are bandpass waveforms because of practical band-
width constraints on the components that generate and process them. As a result,
H(f) will typically have a bandpass filter response, and thus z(4) can be generated
by amplitude modulation of the carrier with a baseband signal. Such a bandpass
signal can also be obtained by phase or frequency modulation of the carrier with
a baseband waveform. However, synthesizing a desired spectrum using phase or
frequency modulation is mathematically a much more difficult problem, since both

phase modulation and frequency modulation are non-linear modulation processes.
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As a result, 1t is more difficult to find a baseband modulating waveform to obtain
the desired RF spectral characteristics. Reference [6.6] gives descriptions of these
modulation processes, and Reference [6.11] gives an analysis of the spectral charac-

teristics of phase modulation and frequency modulation for deterministic signals.

A problem of a more fundamental nature that arises in the design of z(?) is
due to the form of |X(f)|® in Eq. (6.78). The problem lies with the realizability
of a waveform z(?) with magnitude-squared spectrum |X(f))°. The realizability
problem is due to the fact that there may not be an z(?) with a magnitude-squared
spectrum IX(]")[2 that is causal. In practice, we get around this problem by gen-
erating a waveform #(1) having a magnitude-squared spectrum }}Z’(f);z ~ X (I
This approximation is normally carried out by by delaying a non-causal z(1) cor-
responding to ]X(f)]2 and truncating the result prior to time zero in the delayed
version. Since z(?) is considered to be confined to the interval 7 = [-T/2,T/2],
this should, in principle, be possible and a realizable waveform with magnitude-
squared spectrum |X(f)]2 (or at least approximately, ignoring some energy outside
the frequency interval W) will exist. For completeness however, we will investigate

those | X (f)|° that have no corresponding causal z(1).

In order for a linear system with transfer function H(f) and imptﬂse response
k(1) to be physically realizable, it must be a causal system. A causal system is one in
which the output at time ¢ does not depend on future input values. Mathematically,

if the system with impulse response k(1) is causal, then, if the input is w(?) and the



- 231 -

output is z (1), we have
g

m(io):/w(i)h(i~io)di, Yo

-0

19

- f w(r)h(io——'r)di, Vio.

-0

(6.109)

Thus, we have that an equivalent definition of a causal system is one in which the
the impulse response k(1) = 0, for all 1 < 0.

The magnitude-squared transfer function, |H(f)|?, can also be tested directly
for causality using the Paley-Wiener Criterion [6.12]. The Paley-Wiener Criterion
states that for a magnitude-squared function |H(f)[? to have an associated impulse

response k(1) that is causal and thus realizable, a necessary and sufficient condition
on [H(f)[? is

miE(HP| l
/ s f < oo (6.110)

This says that for there to be any physically realizable h(?) with a magnitude-

squared spectrum |H(f)|?, the area under the curve

In [H(F)P|/(1+ 17) must
be finite. This places two major constraints on the magnitude-squared function
|H(f)]*. The first, which will not concern us, requires that |H(f)]* < K exp (f?)
as |f| — oo, for some positive constant K. This is obviously true in the case of
| X (£))?, since | X ()| satisfies the finite-energy constraint of Eq. (6.2). The second
major restriction imposed by the Paley-Wiener Criterion is that the magnitude-
squared function |H(f)|? cannot be zero over any band or interval of frequencies.
|H(f)|* may, however, have a countable number of zeroes in f without violating

the Paley-Wiener Criterion.
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The significance of the Paley-Wiener Criterion to us is that it states that if
|X ()7 has any more than a countable number of zeroes in f, there is no realizable
(1) that has a magnitude-squared spectrum 1X(£)I* (n.b., the Paley-Wiener Cri-
terion does not say that all z(?) with a magnitude-squared spectrum |X(F) are
realizable, only that there exist realizable #(1) with a magnitude-squared spectrum
|X(F)F°). Since we specify that |X(F)F =0 forall f ¢ W, it would appear that
none of the | X (f) [2 obtained for a finite frequency interval W would have realizable
z(1). Recall that, from our discussion in the first section of this chapter, we noted
that if z(1) is zero outside the time interval 7 = [-T/2,T/2], then X(f) cannot
be limited strictly to a finite frequency interval Y. In reality, when we design our
waveforms to be limited to the time interval 7, we attempt to concentrate as much
of the energy as possible into the frequency interval W, but some small portion of
the energy falls outside of W, and according to the Paley-Wiener Criterion, this is
unavoidable. In addition, within the interval W, for solutions yielding an ]X(f)[2
that is non-zero only on some W C W, lX(j’)l2 will not have a corresponding real-
izable z(1) if the set {W — W} has more than a countable number of points. Again,
the sclution to this apparent problem lies in the fact that since we cannot actually
build these filters, they must be approximated. These realizable approximations do

not violate the Paley-Wiener Criterion.

These approximations to the ideal, unrealizable filter can be done in several
different ways. Many of the methods are covered in References [6.12] and [6.13].

Perhaps the most commonly used technique to approximate a non-causal impulse
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response in radar and communication systems is to delay the response until it is
causal or, in’the case of impulse responses that are not of finite duration, delay them
as much as Is feasible, and then truncate the part of the delayed impulse response
for time T less than zero. For any finite-energy impulse reéponse, this technique
can be used in principle to obtain arbitrarily small error in the magnitude-squared
spectrum |H(f)|?. In practice, however, this may not be practical because of the
cost of impleméntation. Note also that these delays in generating the signal at the

transmitter must be taken into account at the receiver.

6.4, Comparison of Waveforms for Optimum Detection and Maximum

Information Extraction.

In Chapter 5, we examined the design of radar waveforms and receiver filters for
optimum detection of targets with a known impulse response. In this chapter, we
have examined the design of radar waveforms that maximize the mutual information
between a target with random impulse response and the received signal at the radar

receiver. The question arises: How do these two types of waveform compare?

In the case of the design of a waveform z(1) that optimizes the detection of
a target of known impulse response h(?), we noted in Chapter 5 that the solution
corresponded to the eigenfunction with energy € corresponding to the largest eigen-
value of the integral equation of Eq. (5.29). We noted that these results could be
interpreted, in the case of additive white Gaussian noise, as putting as much of the
transmitted energy as possible into the largest mode of the target under the time

and bandwidth constraints on the transmitted waveform. The result was that we
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obtained the largest possible signal-to-noise ratio, and thus the optimal detection
performance, under the constraints on the transmitted waveform. We also noted
there, however, that the other eigenfunctions, corresponding to different modes of
the target, could contain significant information about the target. So if we wished
to extract information about the target, it might be advantageous to distribute the
available energy among the various modes. Of course, when the impulse response
of the target is known a priori, as was assumed in Chapter 5, there is nothing to be
gained by this approach.

In this chapter, we have assumed that the target has a random impulse response
g(?) and we distribute the energy in the transmitted signal as specified in Eq. (6.78).
If we interpret |H(f)|* as “target response” in Chapter 5 and oZ(f) as “target
response” in this chapter, we see that [X(f)[2 tends to get larger at frequencies in
which the “target response” gets larger, and smaller at those frequencies at which
the power spectral density of the noise gets larger. Using the ﬁwvo—sided power

spectral density S,,(f) of the noise, we had

H 2
X (A ~ a%—;i—%l)-, (Chapter 5)
where o was a constant, and here we have
|X (£ = max [O,A — %—g—(él)z} . (Chapter 6)
pa ,

The power spectral density of the noise enters into the solution in two quite different
ways in the two solutions, and hence the form of the magnitude-squared spectrum

of the two waveforms is quite different. While the waveform design of Chapter 5
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attempted to put as much of the energy as possible into the mode of the target that
gave the largest response when weighted with respect to the noise, the waveform
design of this chapter distributes the available energy in order to maximize the

information obtained about the target.
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CHAPTER 7

THE INFORMATION CONTENT OF RADAR IMAGES

In this chapter, we will investigate the information content of radar images. We will
do this by defining the spatial information channel and examining its characteristics.
We will then use these results and the results of Chapters 2, 3, and 4 to examine
quantitatively how much inforrnatic;n is conveyed by a radar image. This analysis
will substantiate quantitatively certain qualitative results in the processing of radar
images, particularly in the area of machine analysis of radar images.

In Section 7.1, we will examine the general and information-theoretic charac-
teristics of radar images. We will examine the general characteristics of images
and the way that discrete images arise as the result of the spatial sampling of two-
dimensional, continuous images. We will then examine how such sampling arises
naturally an imaging system as a result of the spatial resolution of the imaging
system. Next, we will study the information-theoretic characteristics of discrete
images in order to determine their information content. This will provide us with
an understanding of the effects of spatial dependencies between pixels in a radar
image on the image’s information content. In Section 7.1, we perform this analy-
sis, assuming a general discrete distribution on the resolution cell or pixel intensity
values in the image.

In Section 7.2, we examine the information-theoretic characteristics of the in-

tensity parameter of the individual pixels of a radar image when the displayed
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quantity is received power from a diffuse surface. In particular, we examine the mu-
tual information between the average surface reflectivity and displayed power in the
image. We note the effects of “speckle noise” in limiting this mutual information.
We also note the effect of averaging independent observations of a homogeneous
region of the surface to combat speckle noise and the effect of this procedure on
the mutual information between the average reflectivity of the surface and the dis-
played image intensity. From this mutual information, we are able to determine
the maximum number of equiprobable classes into which we can classify the sur-
face reflectivity, based on our observation of received power. Coupling these results
with those of Section 7.1, we conclude that in order to obtain significant ability to
classify regions of a surface into categories that are a function of surface reflectivity,
a region made up of a large number of pixels or resolution cells is required. This is

an information-theoretic explanation of a well-known heuristic result.

7.1 Radar Images.

In this section, we will examine some general characteristics of radar images, that
is, images generated by either real aperture or synthetic aperture radars. We will
not present an in-depth analysis of imaging radar systems, as there are several good
books that give excellent in-depth coverage of the underlying physical principles
of radar imaging [7.1-7.6]. We will instead investigate the information-theoretic
characteristics of radar images.

An image, according to the IEEE definition [7.7, p. 361], is “a spatial dis-

tribution of a physical property such as radiation, electric charge, conductivity or
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reflectivity, mapped from another distribution of either the same or another physical
property.” A radar image, then, can be defined as an image obtained with the use
of a sensor employing active electromagnetic scattering. A radar image is a spatial
mapping of the scattering characteristics of the area being illuminated by the radar
transmitter. Actually, the radar image consists of some intensity parameter a(z,y)
displayed as a function of two orthogonal coordinates z and y, and this parameter
is a function of the scattering characteristics of the target at the spatial point cor-
responding to these image coordinates. The displayed intensity parameter a(z,y)
could represent the reflected signal power, the ratio of received signal powers from
two orthogonal polarizations, or some other functions of the scattered radar signal.
Examples of these would include soil moisture, wind speed over water, crop charac-
teristics, or surface texture metrics [7.8]. If the intensity pattern a(z,y) is viewed as
a continuous random field with finite energy, the two-dimensional spectrum A(g,v)

of a(z,y) is given by the two-dimensional Fourier Transform

o0

Alp,v) = /a(x,y)e"’-z"(“"*”)dwdy. (7.1)

- Q0O

Here p is the spatial frequency in the direction of the z-coordinate and v is the
spatial frequency in the direction of the y-coordinate.

In practice, the radar images obtained using imaging radars are discrete ran-
dom fields. The samples that make up these discrete images correspond to the
discrete sampling of a spatially bandlimited continuous image in (z,y) with spatial
bandwidths gmax and vmax corresponding to the z-coordinate and y-coordinate,

respectively. For sampling intervals of Az in the z-coordinate and Ay in the y-
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coordinate, gmax and vmax are

1
Bmax = 50
2?”” (7.2)
Ymax = m.

This follows from the Sampling Theorem [7.8, pp. 127-8]. So we assume that
A(p,v) = 0 for || > pmax and |v| > ymax. Note that the spatial bandlimiting
is not a function of the surface alone, but is also a function of the imaging system
—in particular, the imaging system’s spatial resolution. In an imaging system, Az
and Ay correspond to the spatial resolution in the z and y directions, respectively.
Thus, although there may be spatial fluctuations in the physical scattering char-
acteristics of a surface with spatial frequencies greater than gmax and vmax, the
spatial resolution of the imaging system effectively low-pass-filters these fluctua-
tions out of the image produced by the imaging system. We can thus represent the
spatial sampling of the image as shown in Fig. 7.1. Here, H(y,v) represents the
two-dimensional, low-pass filtering effect that is due to the limited spatial resolu-
tion of the imaging system, and the two-dimensional sampler samples the resulting

spatially bandlimited signal at the Nyquist sampling rates

1
BN = Q#max = —/.—X“’

T
VN = 2vmax = 23_5;

We can view the resulting image as an m X n array of resolution cells as shown
in Fig. 7.2, with an intensity value a(s, ) for the discrete pair of coordinates (1, ),
where s+ € {1,...,m} and j € {1,...,n}. The intensity level corresponding to each

of these resolution cells is most easily modeled as a continuous parameter, and in our
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Figure 7.1. Spatial Sampling in an Imaging Radar System.

analysis we will often do so. However, in most real imaging systems and especially
those that use digital processing, these levels will be quantized into discrete levels.
For our present analysis, we will assume that there are K such levels. We will
designate the set of K possible values that the intensity parameter can take on in
each resolution cell as E = {Ey,...,Ex}. The image under consideration can be
considered to be an m X n array, with each element of the array taking on one of
the K elements of E. The elements of the array correspond to the resolution cells
or “pixels” of the image.

If we view the image under consideration as a noiseless communication channel,
we note that there are N unique messages that can be conveyed by such a channel,
with

N = K™, (7.4)
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Figure 7.2. Discrete Radar Image as an m X n Array of Resolution Cells.

Equivalently, we see that there are N distinguishable images that can be con-
structed. By viewing the image as a spatial information channel, we are led to
consider the quantity of information that can be conveyed by the image. The
amount of information I that can be conveyed by this image viewed as a noiseless

channel is

I=logN
= log K™" (7.5)

= mn log K.



- 243 —

If we take the logarithm to have base-e, we have
I=mnln K (nats/image). (7.6)

Assume that we generate the image F by assigning a value from E to each
of the m X n resolution cells independently, with each cell having probabilities
Py, ..., Px of taking on values E,...,Ex from E, respectively. Then when the
number of resolution cells mn grows large, the entropy H(¥') of the image, and thus

the amount of information it conveys when generated by such a source, is
H(F)=mnH(E), (7.7)
where H(E), the entropy of an individual resolution cell, is

X
H(E)=-) PilogF;. (7.8)
k=1

To see that such an image does, in fact, convey this much information, assume that
there are a total of @ = mn resolution cells in the image under consideration. Let
n1,...,ng be the number of resolution cells with intensities E1,..., Ex, respec-
tively. Then we have @ = n; 4+ --- + nx, and the number N of distinguishable

images with a given set of numbers {n1,...,ng} is

M!
N=z=—r .
n!oong! (7.9)

Note that for large § = mn, we have from the law of large numbers that

P w (7.10)

iy
Q
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We saw previously that the information conveyed by an image is given by log N.

Taking the logarithm of Eq. (7.9), we obtain

1
log N = log (_____;Q________'_)

nl!‘--nx. (711)
=log Q! — [log ! + - -+ lognx].
Using Sterling’s approximation [7.9, p. ], which states that
Bl as /27 KA 2R
to approximate the factorials in Eq. (7.11), we have for large Q that
logN &~ —(K —1)logvV2r —Q+(n1+ -+ nx)
+(Q+1/2)logQ@ — [(r1 +1/2)logn, + -- -+ (nx + 1/2)log nx]
(7.12)

=(Q+1/2)logQ — [(r1 +1/2)logn; + -+ (nx +1/2) lognx]
— (K —1)logv2x.
Since @ is very large, we will assume that (Q + 1/2) log @ > K log+/2x, and thus

we have

log N = (Q+1/2)logQ —[(n1 +1/2)logni + -+ -+ (rx + 1/2)logng]. (7.13)

From Eq. (7.10),

n; X QP;, forj=1,... K. (7.14)

This being the case, we can rewrite Eq. (7.13) as

log N = (Q+1/2)logQ — [(QP, +1/2)log QP + --- + (QPx + 1/2)log QPx] .

(7.15)
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We will assume that for the probabilities P; chosen, @ is sufficiently large such that

QP; > 1/2. Then we can write
log N & Qlog @ — [QP log QP + -+ - + QPx log QPx]

X
=QlogQ — > _ QP log Q + log P]
k=1

X
=QlogQ ~QlogQ - Q) Pilog P

k=1 (7.16)
K
= —QZ Py log Px
k=1
= QH(E)
= mnH(E).
So as @ grows large, we have
log N = QH(E), (7.17)
and thus in the limit, as @ — oo, we have
log N = mnH(E). (7.18)

So we see that the amount of information conveyed by an image in which all
mn resolution cells are statistically independent and in which each resolution cell
has entropy H(E) is given by Eq. (7.18). Thus, in order for this amount of infor-
mation to be maximum, it follows from Eq. 7.18 that the probability distribution
(P1,...,Px) must be selected to maximize H(E). It is easily seen that this oc-
curs when P; = 1/K, for all y = 1,..., K. When the intensity levels are selected

according to this probability distribution, we have
K

1 1
HE = — ——lO =7
(E) 221‘ 8% (6.19)

=log K,
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and thus the maximum amount of information that can be conveyed by an image is
log N = mnlog K, (7.20)

which is in agreement }with the maximum amount of information that could be
conveyed by an image as given in Eq. (7.5).

In examining the information content of images, we have seen that the maxi-
mum amount of information a K-level m X n image can convey is mnlog K. Our
primary interest here, however, is to consider the information content of radar im-
ages. In finding the maximum amount of information that a K-level m X n image
can convey, we generated the image by selecting the intensity values of the resolution
cells independently of that of all other resolution cells and such that all of the K
intensity levels were equiprobable. As a result, we have that all of the K™" possible
images are equiprobable. Examination of real radar images indicates that that there
is significant correlation between adjacent pixels in the image. This is due to the
fact that there are usually significant similarities in the scattering characteristics of
the physical terrain being imaged for adjacent resolution cells.

As an illustration of this, consider the radar image in Fig. 7.3. This image
was obtained using a side-looking synthetic-aperture radar mounted on a NASA
CV990 aircraft and processed at the Jet Propulsion Laboratory. The operating
characteristics of the radar are given in Table 7.1. The image was generated using
linear cross-polarization between transmit and receive and a grazing angle (the
angle between the direction of wave propagation and the surface) of 45°. In this

image, four independent looks were averaged in order to reduce speckle. (Speckle
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Figure 7.3. Radar Image of San Francisco Area.
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Table 7.1: Radar Operating Characteristics.

Parameter Value

Wavelength 24.5cm

Resolution approx. 10m X 10m with 4 looks
Waveform Bandwidth 20 MHz nominal

Peak Power 5kW

Pulse Repetition Rate 1 per 34 cm along track

Ground Track Velocity 200-300 m/s

is a multiplicative noise that will be discussed in this next section.) Note that
the image obviously has correlation between pixels. Thus, a model that treats the
returns from each resolution cell as statistically independent is not realistic. This
means that in considering all of the K™" possible K-level m X n images, some of
them will be much more probable than others, and some will have a truly negligible
probability of occurring (of being observed by an imaging radar). We will now
investigate these characteristics quantitatively by examining the entropy of random

images that represent the radar image of a random surface. This analysis follows

that in Reference [7.12, Sect. 7.6].

Let an m X n image matrix F' of resolution cells quantized to one of K intensity
levels be represented by the @ X 1 column vector f, where @ = mn and { is obtained
from ¥ by column scanning F'. We can think of the vector { as the output of an
information source capable of producing any of the K™ possible vectors f. The

majority of the K™" possible vectors have no discernible structure and appear to be
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similar to a random noise field (much like the output of a television receiver tuned to
a channel in which no signal is present). For typical values of m,n, and K that one
would find in an imaging system, only a small fraction of the K™" possible images
correspond to images that could be generated by a real radar s:ystem imaging terrain.
It is reasonable then, at least in principle, to consider the a priori probability of
occurrence for each of the T = K™" possible images f;. This probability will be

‘ designated P(f;), where?=1,...,T. The entropy H({) of the image source is thus
T

H(f)=-> P(f)log P(f,). (7.21)
1=1

The significance of H(f) is derived from Shannon’s noiseless channel coding the-
orem [7.10], which stat;S that it is possible to encode a source of entropy H(f) bits
without error using H(f) + ¢code bits, where ¢ is a small positive quantity. Con-
versely, it states that it is not possible to encode a source of entropy H(f) bits with
H(f) — ebits without error. In fact, if the source produces successive images inde-
pendently, then the information I(f;;,...,f;;) required to specify L source images

(that is, a sequence of L source images) exhibits the following asymptotic behavior:

I(fﬂ;i. yIiz) Lo H(f). (7.22)

We note that H(f) < mnlog K, with equality if and only if P({;) = K~™" = 1/T,
for 1 = 1,...,7. In the case of radar images as well as most other physically
generated images, H(f) < mnlog K.

The probability of occurrence of f;, P(f;), can be expressed as the joint prob-
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ability distribution of the individual resolution cell intensities:

P() =Pr{f(1) =r1i(1),..., f(@) = rjo(@)}. (7.23)

Here, r;,(p) represents the j-th intensity value at resolution cell p. An alternative
expression for P({f;) can be obtained by expanding Eq. (7.23) in terms of conditional

probabilities:
P(f,) =Pr{f(1) = rjs(1)} Pr{f(2) = r;2(2)|f (1) = r;s(1)}
< Pr{f(g) =rj (If(a - 1), f(g—2),-.., F(1)} (7.24)
o Pr{f(Q) =rj@@IA(Q-1),f(@-2),...,f (D}

Using this expression and the definition of H(f) given in Eq. (7.21), we have
T
H(f) =~ 3 P(f)log [Pr{f(1) = r;3(1)}]
1=1
ZP(f«)log [Pr{f(2) = r;2(2)| (V)]

) (7.25)
= Y PE) g Pr{f(@) = rsq(9)lfla = 1),.., SN

T
= 2 PE)1og Pr{f(Q) = rje(@IF(@ = 1), F(D}-
1=1
The general term in Eq. (7.25), which will be given the notation
H{f(9lf(g =1, F(D],

can be interpreted as the average information provided by the resolution cell at

image vector coordinate g when the values of the preceding ¢ — 1 resolution cells



- 251 -
are known. We can rewrite Eq. (7.25) as

Q
H{I)=> H[f(@If(g—1),...,F(1)]. (7.26)

¢=1
Eq. (7.26) gives the image source entropy of the radar image and thus gives a
measure of the amount of information or “information content” of the image.
We will now make a simplification in our analysis. Recall that we are consider-

ing a column scanned image vector {. For such a random vector, it is easily shown

[7.11] that for 7 > %,

Hf(Df(g=1),..., fla=DI < Hf(DIf(g=1),..., flg - k)] (7.27)

We can interpret this inequality as saying that the more knowledge we have of pixels
preceding pixel g, the less uncertainty we have about the value of pixel ¢. To be more
precise, the inequality states that if we increase our knowledge of the pixel values
preceding ¢, our uncertainty of f(¢) cannot increase, and it will either decrease
or remain constant. The uncertainty iﬁ f(g) remains constant as knowledge of the
history of preceding pixel values is increased if and only if the pixels in the increased
history are statistically independent of f(q).

For most physically generated images, an individual term of Eq. (7.26) of the
form H [f(g)|f(g —1),..., f(1)] approaches a non-zero limiting value ‘a’s 7 becomes
large (i.e., as the history of previous pixel values becomes greater) [7.12, p. 187].
We will denote this limiting pixel value as H [f(g)|oc]. If we now assume that end-

of-sequence effects are negligible, then from Eq. (7.26), the image entropy H(f) can
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be approximated by
Q
H(f)~ Y H[f(g)loo]. (7.28)
g=1

Furthermore, if F behaves as an m X n element area of a stationary, two-dimensional

process, then H [f(g)|oo] is constant for all ¢, and Eq. (7.28) becomes

H(f) ~ QH [f(g)|oc]. (7.29)

Egs. (7.28) amd (7.29) provide a means for estimating the image entropy H(f), and
thus, of estimating the image’s information content.

In order to use Eqs. (7.28) and (7.29) to estimate the entropy of a column-
scanned image, we must determine the limiting conditional entropy H [f(g)|oco] of

f(g) from a finite sequence of pixels. So we will use an approximation of the form

H[f(g)loo]l & H[f(g)|f(g—1),..., f(g—p)]
K X
=> > P[f(g),...,f(g—p)log 2

Jo=1 Jp=1

P[f(Q)a"-)f(q_P)]
(flg-1),...,flg—-p)
(7.30)

where

P[f(g),.. -, flg—p)] = Pr{f(q) = rjo(9),--., flg —p) = rin(9)}. (7.31)

We note from Eq. (7.27) that the approximation given by Eq. (7.30) is an upper
bound.

In order to make use of the (upper-bound) estimate of H [f(g)|oc] given by
Eq. (7.30), we must estimate the distribution given in Eq. (7.31). This can be

done either by mathematically modeling the image source and deriving the source
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statistics from this model or by histogram estimation of the distribution from real
radar imagé data. Mathematical modeling of the image source may be inaccurate if
detailed knowledge of the surface is not available, as there are many different surface
models having widely varying scattering behavior [7.1, 7.3, 7.11, 7.13]. On the
other hand, the histogram estimation of the distribution has extreme computational
and image data requirements. The joint distribution P [f(g),..., f(g — p)] for a k-
level image has k?*! distinct sets of arguments at which it must be estimated.
Thus, for typical values of K, such as & = 256 corresponding to 8-bit image level
quantization, the computational requirements become excessive for even relatively
small p. In addition, the number of sample values required for reliable estimation

of the distribution from the histograms can be quite large [7.14, Ch. 4].

An appreciation for the difficulties of the estimation of image distributions
using histograms can be gained from the work of Schrieber [7.15], who performed
such estimations on television images with K = 64 and p = 0, 1, and 2. The results
obtained in that study showed that the uncertainty in f(gq) was significantly reduced
in going from p = 0 to p = 1 (from 4.39bits to 1.91 bits), while there was only a
slight additional reduction in going from p = 1 to p = 2 (from 1.91 bits to 1.49 bits).
The joint entropy of f(g), f(¢ — 1), and f(¢g — 2) was 7.80 bits. These results seem
to indicate that most of the information that could be obtained from fhe preceding
pixels could be obtained from only one preceding pixel, although the rate at which
Hf(lf(g—1),...,f(g—p)] converged to H [f(g)|oo] could not be determined.

This was due to the computational difficulties of histogram estimation for larger p:
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H[f()lf(g—=1),...,f(g— p)] could not be easily determined for p greater than 2.

So far, we have been considering the conditional entropy of the pixel value f(q)
conditioned on the values of previous pixels in the column-scanned image vector f of
F. This situation is shown in Fig. 7.4a. It is also possible, and perhaps physically
more meaningful, to condition the entropy of f(g) on the values of other sets of
pixels, for example, those pixels directly neighboring the pixel ¢ or some larger
neighborhood of the pixel g. Typical examples are shown in Fig. 7.4b, which shows

the neighborhood

{f(9); flg—1),f(g+1),f(g—m), f(g+m)},

and in Fig. 7.4c, which shows the neighborhood

{ fl@); flg—1),f(g+1),f(g—m —1),f(g —m), }
fla=n+1L,flg+m—1),flg+m), fla+m+1) ]

Recall that m is the number of resolution cells per row in the image matrix F. Larger
neighborhoods, such as the one shown in Fig. 7.4d, could also be constructed in
principle, although the computational burden of computing the histogram estimates
of their associated conditional distributions would be prohibitive in practice for
typical numbers of quantization levels K.

In general, in order to estimate the image entropy H(f), we will use one of
the previously mentioned estimates of H [f(g)|oc] and then use eithér Eq. (7.28)
or Eq. (7.29) in order to determine H(f). In practice, in order to simplify the
computation so that it is reasonable, we will most likely have to assume that the

m X n image F under consideration is a section of a stationary, two-dimensional,
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Figure 7.4. Resolution Cell Neighborhoods on Which f(q) Is Conditioned.
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random process and will use the approximation

H(f) = QH [f(g)]oc]

given in Eq. (7.29).

As a simple example to clarify these ideas, consider a 10 X 10 binary image F
with a @ = 100 element column-scanned image vector { = [f(1),..., f(100)]. The
pixel intensities f(q) take on values of either “0” or “1.” We will assume that the
image is generated by a binary Markov process, such that the probability distribu-
tion of f(g) for 2 < ¢ < 100 is dependent only on the previous pixel value f(g —1).

We will assume that the conditional distribution governing these probabilities is
Pr{f(g) = 0|f(¢ - 1) = 0} = 0.75,
Pr{f(g) = 1|f(g - 1) = 0} = 0.25,
Pr{f(¢) = 0lf(g - 1) = 1} = 0.25,
Pr{f(¢9) = 1|f(g - 1) =1} = 0.75.
We will assume that Pr{f(1) = 0} = Pr{f(1) = 1} = 1/2. A typical image
constructed in this manner is shown in Fig. 7.5, where “1”” is represented by black

in the image and “0” is represented by white. Since the value of f(g) is dependent

only on the previous pixel value f(g — 1), we have that

H[f(g)leo] = H[f(g)lf(g - 1)]

= —0.25In0.25 - 0.751n0.75

= 0.5623 (nats).

Thus, since the probability distribution is stationary in g, we have that the entropy
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Figure 7.5. 10 x 10 Binary Markov Image.

of the image H(f), as given by Eq. (7.29), is
H(f) ~ QH [f(g)]oc]
= 100 - 0.5623 (nats)

= 56.23 (nats).

To calculate the exact entropy of the image, we note that the entropy of f(1) '

is

H[f(1)] = -05In0.5-0.51n0.5"
=1n2

= 0.6931 (nats).
Each of the remaining 99 pixels has entropy H [f(g)|f(g — 1)] = 0.5623 nats condi-
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tioned on the previous pixel, and thus we have
H(f) = H[f(1)] + 99 - H[f(g)[o0]
= 0.6931 4+ 99 - 0.5623
= 56.36 (nats).

So we see that the approximation of Eq. (7.29) is very good in this example.

We note that the marginal probability that any pixel value f(¢) equals “0” or
“1” is 1/2. If each of the pixels were statistically independent of all other pixels,
such a 100 pixel image would have an entropy of 69.31 nats. So we see that the
dependence between successive pixels in the binary Markov process that generates
this image accounts for a significant reduction in the entropy of the image. We can
see this visually in Fig. 7.5 by noting the presence of a significant number of “runs”
of both “0” and “1” in the columns of the image.

Having considered the basic information-theoretic concepts of radar images,
we now look at some specific details determining the information content of radar

images.
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7.2 Information Theory and Speckle Noise in Radar Images.

In the previous section, we examined the general information-theoretic characteris-
tics of radar images. However, we did not address the actqgl information content
of each individual resolution cell or pixel. We assumed that each resolution cell dis-
played an intensity that was quantized to one of K levels, and we determined that
the maximum amount of information that could be obtained per resolution cell was
log K, but we did not actually investigate the information that could be expected
from a radar measurement of a resolution cell. In this section, we will examine the
information per resolution cell when making measurements of the radar reflectivity
of a surface. We will do this not only for the case of an image generated by a single
look at the resolution cell, but also for an image in which each resolution cell is
made up of the arithmetic mean of multiple measurements of the reflected power
from a resolution cell, a technique used to reduce “speckle noise” in radar images.
Much of what is presented in this section is the result of an investigation by Frost

and Shanmugan [7.16].

Consider an imaging radar, with either real or synthetic aperture, making mea-
surements of a homogeneous diffuse surface. By homogeneous, we mean that the
radar reflectivity Z of the surface is a wide-sense-stationary, 2-dimensional random
process. By diffuse, we mean that the scattering characteristics of the surface at
the wavelength of the radar radiation satisfiy the characteristics of diffuse scatterers
as outlined in Section 4.4. That is, the surface area within a radar resolution cell

is assumed to be made up of a large number of independent scatterers, none of
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which are dominant in terms of the total scattered power. In addition, they are
assumed to be spatially distributed such that the surface is rough in the Rayleigh
sense, as described in Section 4.1. Such a surface would be a Category 1 surface in

the nomenclature of Section 4.4.

The radar reflectivity of the surface is a random variable Z, which we will
assume to be uniformly distributed over the interval [8;,82]. This assumption
is more than a mathematical convenience. In Reference [7.15], this assumption
is shown to be in good agreement with synthetic-aperture radar-measurements of

terrain.

We will now assume that a radar reflectivity measurement is made by measuring
the received power from the surface by using one of m “waveforms” from the set
A = {ay,...,a,}. Here, the term “waveform” has a special meaning. We will
assume that the actual waveform transmitted by the target is of any of a number of
typical forms used in imaging radar, such as a chirp or pulsed sinusoid waveforms.
However when we say that a “waveform” o; is used to make a measurement of
the radar reflectivity of the surface, we mean that k independent measurements of
the reflected power from a homogeneous region of the surface are made, and that
their arithmetic mean is taken as the output of the radar receiver. In terms of
the model presented in Chapter 3 for the Radar/Information Theory Problem for
continuous target channels, we are using the target channel only one time (N = 1),
but the proper definition of the “waveform” a; allows us to average the results of

% independent observations of the received power reflected from the surface in the
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use of a single “waveform.” So the homogeneous region of the surface is assumed
to have a reflectivity Z, and when a waveform X = o4 is used to measure this
reflectivity, the resulting receiver output Y is the arithmetic mean of the received
power from each of the % independent measurements of received power scattered
from the surface.

We are interested in determining the mutual information I(Y; Z|X = o4) in
order to determine how much information is obtained about the surface reflectivity
Z by observation of Y. Y and Z are parameters of primary interest in radar
imaging. Y, as previously defined, represents the radar measurement of the surface
reflectivity, whereas Z represents the mean reflectivity of the region ( which is
unknown and modeled as a random variable). As was discussed in Chapter 4,
the radar reflectivity of an object is both a function of its material composition and
geometric or spatial structure. As we will see, Z corresponds to the surface material
characteristics, but Y includes the effects of a multiplicative noise called “speckle,”
resulting from the constructive and destructive interference occurring at the radar
receiver that is due to the roughness of the surface being imaged.

The mutual information I(Y; Z|X = ai) can be written as
IY;ZI X =) =h(Y|X =) — B(Y|Z,X = o). (7.32)

Here, the differential entropies A(Y|X = a;) and A(Y|Z,X = o) (in nats) are

given by

MK = o) == [ F1X = @)l f(o]X = ax) dy, (7.33)
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and

RY|Z, X = o) = — / / fly,2|X = ax)In fy|z, X = az) dy dz. (7.34)

—00 =00
Thus, in order to evaluate I(Y; Z|X = oy), we must determil;e the density functions
FTWl|X = o), fly,2|X = o), and f(y|z, X = o). We will now determine these
density functions.

Assume that the radar is illuminating the homogeneous diffuse surface as previ-
ously described and that the transmitter and receiver have fixed (although possibly
different) antenna polarizations. We will assume that the received signal has suffi-
cient energy such that it is reasonable to ignore the effects of additive noise. This
assumption is reasonable, since multiplicative “speckle” noise, not additive noise, is
most often the limiting factor in imaging radars [7.3, §8-7, 9-8]. Then, as we deter-
mined in Section 4.4, the received power P from a single observation is exponentially

distributed, and its probability density function (PDF), given by Eq. (4.42), is

fP(P) — { gl/f‘) €Xp (“P/M) ’ for P Z 0; (735))

, elsewhere.

Here p is the mean value of P. The characteristic function ¥p(w) corresponding to
this PDF 1s

Tp(w) = / Fp (p)e'? dp
A (7.36)
1

- 1 —swp

When X = oy, Y is defined as the arithmetic means of k independent, iden-

tically distributed random variables P;, each with a density function given by
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Eq. (7.35). So we have that for X = oy,
1
Y=2) B (7.37)
In order to find the distribution of Y, we define the random variable W as
def L
wWEERY =) P (7.38)
j=1

Then, since the P; are independent and identically distributed, we have that ¥y (w),

the characteristic function of W, is

Ty (w) = [Tp(w)]°

1 (7.39)
S (L—iwp)t
But since
Y = % - W,

we have that
fr(y) = kfw(ky),

and thus we have

Uy (w) = Uy (-‘]‘f) . (7.40)

Hence, we have that the characteristic function of ¥ is

Uy(w) = _r (7.41)

(1= swp/k)*

This is the characteristic function of the gamma distribution with mean p/k and &
degrees of freedom [7.17, p.104-6]. Thus, we have that the density function f(y|X =

ak) is

Tl X =a;) = y* " 1pFexp (—yk/p)

T(k)k—* ’

fory > 0. (7.42)
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Here, I'(%) is the gamma function. For integer &, I'(k) = (k — 1)L

In radar imaging of terrain, we are primarily interested in finding the mean
value p. We note that what is typically done in radar images to determine p at
a given point on the surface is to average several independént observations of the
received power from a resolution cell. This is done in order to reduce the effects
of “speckle” or “fading” in the radar image [7.3, pp. 586-90]. But we note that in
averaging k observations to obtain Y as described in Eq. (7.37), we obtain a random

variable with mean

E{Y}=1p (7.43)

and variance

B{(Y - w7} = & (7.44)

So as many independent looks are averaged to reduce speckle, Y converges to g with
high probability. Thus, we are interested in determining x. As we have previously
noted, however, this mean value g is itself a random variable, the random variable
Z, which we have assumed to be uniformly distributed on the non-negative interval

[81,82]- Thus, we have that the density of ¥ conditioned on Z is given by

Fol ¥ exp (—yk/2)

— _ ¥ -
f(ylz,X—-ak)—— F(k)k—k ) fory ZO) (743)
and the joint density of Y and Z is
yk=1z-4 exp (—yk/z)
fly, 2| X =) = for y,z > 0. (7.46)

L(k)E~4(B2 =)

The density function f(y|X = ;) is found by integrating Eq. (7.46) with respect
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to z over the interval [8, 82]:

B

F1X =) = [ 2

b}

Fli R exp (—yk/2)
T(k)E=*(B2 — B1)

dz. (7.47)

For k = 1, this integral is given by (see Chapter 7, Appendix)

Ei(-y/f1) - Ei (-y/ﬂz)} ’ (7.48)

oix =)= | P,

where Ei(z) is the exponential integral, given by

-3

1
Ei(z) = / Ze“ da.

For k¥ > 2, this integral is given by (see Chapter 7, Appendix)

Fo1X =) = == {e"p ()2 [

—exp (%%) :: [(’(cz/_ﬂlr)i";)"f] } (7.49)

The mean and variance of Y are given by [7.16]

_ B1 + B2

po = L (7.50)
and
o (B2—=P1)* | Bi+ BB+ B3
= . 51
o, T + a% (7.51)
We now have the necessary density function to evaluate the mutual information
I(Y;Z|X = o). First, however, we will examine the relationship between the

density function f(y|z,X = a;) and speckle noise. From Eq. (7.45), we have that

the density function f(y|z,X = a;z) of ¥ conditioned on Z = z and X = oy is

A-1,-% exp (—yk/z)
L(k)k-* ’

f(ylz,X:ak):y for y > 0.
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Now, as pointed out in [7.16], if we define the random variable V for a fixed z by
def 2kY

1% .
— (7.52)

then V is a standard chi-square random variable with 2K degrees of freedom [7.18,
§4.32]. Hence, it follows that for a fixed Z = z, the random variable Y can be

written as
14 .
Y = (—2—7;)  z. (7.53)

Thus, we have that the observed Y is the product of the mean reflectivity
Z = z of interest and the multiplicative noise term V/2k. This multiplicative
noise term is a function of the surface roughness on a length scale the order of the
wavelength of the transmitted radiation. It has mean value 1 and variance 1/2K.
Because it is a function of small-scale variations within a resolution cell, its value
varies from resolution cell to resolution cell and gives the radar image a speckled
appearance. Hence, this multiplicative noise is given the name “speckle.” The
speckle phenomenon is well known and has been studied extensively in the field
of coherent optical systems [7.19]. The effects of speckle on the interpretability of

radar images has also been investigated [7.20, 7.21].

Having determined the necessary density functions, we now calculate the dif-
ferential entropies of Eqs. (7.33) and (7.34) needed to determine I(Y; Z|X = ay).

Substituting the density functions of Egs. (7.45) and (7.46) into Eq. (7.34), we
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obtain (see Chapter 7 Appendix):

| Proe 1k k-1, -4
y Ttz Vexp(—yk/z)  [y* 7'z exp(~yk/z)
"‘(Y‘Z’X:“*):‘// T(RYF Bz — 1) 1“[ T(k)k 7 ]‘W
B1 O

- ,_
=InT(k) —Ink+k— (k- 1) [Z%ﬂ]

r=1

4 Ez_%__él_[ﬂzlnﬂz ~Bilnpy - B+ B1].
(7.54)

Here, v is Euler’s constant (y = 0.577...).

Next, we evaluate the differential entropy A(Y|X = ax). Substitution of the
density of Eq. (7.45) into Eq. (7.33) we have

B2
B(Y|X = o) = ff(le = o) log F(y]X = o) d
B

k-2
k ky ky/pa)t— "1
7 T {exp (-3) T |4

k-2
k k he—r-2
B1 — exp (-}3‘11) E [ ykgl,..g ] } }

7 =0

k-2
k k ky ﬂ )k—-r——-Z
ik~1iﬂ2*ﬂ15{e}(p (_ﬂz) 0[ ik-21—25! }

=

k-2
k % ﬂ E—r—2
oo (1) 5 [

-1ln

dz.

=0
(7.55)

A closed-form solution for Eq. (7.55) has not been found. Thus, we will use two
approximations in order to characterize its behavior. The first appréximation we
will consider is an upper bound on A(Y|X = o). It makes use of the fact that of all
continuous random variables with finite variance ¢?, a Gaussian random variable

has the largest differential entropy, and this differential entropy, for any Gaussian
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random variable with fixed variance ¢?, is 1/2log2xec? [7.11, p. 39]. Using this
fact and the result of Eq. (7.51) giving the variance of ¥ when X = a;, we have

the follwing upper bound hg‘)(Y) on A(Y|X = ay):

(B2 — B1)? N BZ + 5152 +ﬂ§)]. (7.56)

)y = 1
hy (V) = 2ln [Qre( G ST

Asymptotically, as k becomes large, we have
k k— o0 o0
BP(Y) =% K5(Y),
where (o) )
BG(Y) = lim KO(Y)

_1 (B2 = B1)*
=3 In 22’6"""‘1—5—*— (7.57)

=In(8, — B1)+ 0.1765 (nats).

An approximation, derived by Frost and Shanmugan [7.16], will now be pre-
sented. The density function f(y|X = ;) can be written in terms of the density

functions f(y|z,X = a;) and fz(z) as

£
F(91X = a1) = / F(yle, X = ap) fa(e) de. (7.58)
A1

We note that as k increases, the conditional distribution f(y|z, X = ai) becomes

narrower, centered around z. This can be seen by recalling that

and
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In the limit, as & becomes large, we have
k—oo
flylz, X = ax) — 8(y — 2),

where §(+) is the Dirac delta function.
For even moderate values of k, the density becomes sufficiently narrow such

that it is reasonable to assume that in the integral of Eq. (7.58),
Tylze, X = o) = 6(y — 2). (7.59)
Using this approximation in Eq. (7.58), we obtain

fww=mw3/m—ahw&

5(y - z) (7.60)
B2~ By [31
81
— {(132“‘»31)_1 , for y € [B1,B2];
0 , elsewhere.

This being the case, we have that as & becomes large, we have

B
Bl = ) — (8= ) s — ) s (7.61)

£
=1In(8 - A1)
Note that the approximation of Eq. (7.61) is actually a Iower bound on A(y|X = ay),

since it is equal to A(Z), but Y always has greater uncertainty than Z, since Y is
the product of Z and a random variable V. This V is a standard chi-square random
variable with 2k degrees of freedom, and is statistically independent of Z, as was
noted in Eq. (7.52). Thus, we have the lower bound Az (y) on A(Y|X = o) given
by

hr(y) = In (B2 — B1). (7.62)
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Frost and Shanmugan [7.16] note that Eq. (7.62) is a good approximation of
RY|X = o‘k,)’ with an error of less than 5 percent for k greater than 4.

We can now develop an upper bound Iy(Y;Z|X = o) on I(YV;Z]X = o)
based on the results of Eqgs. (7.54) and (7.56). We can also aevelop a lower bound
In(Y;Z|X = az) on I(Y; Z|X = ox) based on Eqs.(7.54) and (7.62). The lower
bound Iy (Y; Z|X = oy) is given by

I(Y;ZI1X = o) =h (V)= h(Y|Z,X = ;)
k-1
=ln(ﬂ2~—ﬂ1)-1n1‘(k)+lnk-k+(k~1){ —’)’}

1

T h oA (B2lnfy — BiIn By — B2 + 3]

(7.63)
The upper bound Iy (Y; Z|X = «y) is given by
Ip(Y; 21X =oq) = BP(Y) = h(Y|Z, X = o)
- %m [m ((’62 —B)" | Bi+ B +’85>} —InT(k) +Ink - k

12 3k
k-1 1
+(k-1) [;;—'){l o [B2InB2 — BiIn By — B2 + B1].

(7.64)
We now plot these upper and lower bounds on the mutual information as a
function of k for various intervals [31, 82]. In order to do this, we define the dynamic

range

_ B

D=—,
B

For the cases we will consider, we will set 8; = 1 and vary 8, to obtain various
values of D. The bounds It (Y;Z|X = a;) and Iy (Y; Z|X = az) were evaluated

numerically for k¥ ranging from 1 to 50 and for D equal to 4, 8, 10, 20, 50, and 100.
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The results are plotted in Figs. 7.6 through 7.11.

Examiﬁing the plots of I;(Y|Z,X = o3) and Iy (Y|Z,X = ai), we see that
the mutual information per pixel of the radar image is very small. In order to see
this, consider Table 7.2, which shows the minimum required mutual information
Imin(Y; Z) needed to classify Z into one of J equiprobable classes by observation of
Y with statistical reliability. Recalling that the lower bound Iy (Y|Z,X = ;) is a
good approximation for & > 4 (an error of less than 5 percent), we see that for all
of the dynamic ranges D analyzed, there is not sufficient information provided by a
single pixel in order to pilace it reliably in one of two classes until &k is approximately
10. As a result, it would appear that any algorithm or procedure that would be used
to characterize a region of a radar image would require the use of multiple pixels.
In order to illustrate this, consider the radar image shown in Fig. 7.3. This image is
made up of approximately 267,000 pixels, each of which is hard-limited such that
it is either black or white. Each pixel thus has the potential of conveying one bit or
0.6931 nats of information, although as our results indicate, each probably conveys
significantly less (recall that here k = 4). Yet several features of the San Francisco
Bay area can be distinguished from this image. In particular, note the Golden Gate

Bridge appearing as a vertical white line in the upper right-hand corner.

When examining the image as a whole, or even when examining smaller multi-
pixel regions of the image, it becomes possible to pick out features and characterize
regions in the image. Examining only a single pixel or a small number of pixels, it

is difficult to characterize the pixel or a small neighborhood of pixels under consid-
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I(Y;Z|X = o) (nats)

Upper Bound
T Lower Bound
i 1 H % ! k
0 i0 20 30 40 50
Figure 7.6. I (YV;Z|X = oy) and Iy (Y; Z|X = ;) versus k for D = 4.
IY;Z|X = ax) (nats)
Upper Bound
Lower Bound
; } } f { Kk
0 i0 20 30 40 50

Figure 7.7. I (Y;Z|X = o) and Iy (Y; Z|X = o) versus k for D = 8.
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I(Y; Z|X = o) (nats)

20T
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Figure 7.8, I;(Y;Z|X = o) and Iy (Y; Z|X = ay) versus & for D = 10.

I(Y;Z|X = o) (nats)
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Figure 7.9, I (Y;Z]|X = a;) and Iy(Y; Z|X = o) versus &k for D = 20.
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20T
Upper Bound
15T
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0.0 ; : } } | K
0 10 20 30 40 50
Figure 7.10. I;(Y;Z|X = o) and Iy (Y; Z|X = a;) versus k for D = 50.
I(Y;Z|X = ax) (nats)
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0.54.
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Figure 7.11. I;(Y;Z|X = o) and Iy (Y; Z|X = o) versus k for D = 100.
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Table 7-2: Minimum Required Mutual Information for
Classification into One of J Equiprobable Classes.

J Required I,;n(Y;Z) (nats)
2 0.6931
3 1.0986
4 1.3863
5 1.6094

eration. This corresponds to the results of our analysis of the information content
of radar images, which shows that the information content of a single pixel is small.
In addition, as a result of the analysis in Section 7.1, we know that the information
contained in a group of pixels is less than or equal to (and most often much less
than) the sum of the individual, mutual informations conveyed individually by the
pixels. As aresult, the classification and characterization of image regions by either
human or machine will generally have to be done on an extensive region of pixels,

with the extent of the region growing as the number of classes involved increases.
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7.3. Chapter 7 Appendix.

7.3.1. Verification of Eq. (7.48).

Eq. (7.48) states that for k = 1,

Ei(-y/B1) - Ei(-y/B2)
Bz - B

flylX = op) = [

where Ei(z) is the exponential integral function[7.22, p.93]

z

Ei(z) = / £ da.
a

-0

In order to see that this is true, we note from Eq. (7.47) that for £ = 1,

B2

fux =ay= [ = (Z{(;f)/z) &,

1

Making the change of variable z = 1/w, Eq. (A-7.2) becomes
1/8a

folx=ay=- [
1/84

/8.

_ f exp(—yw) -

w(B2 — B1)
1/81

wexp (—yw) dw

(B2 — B1) w?

Now by a change of variable in Eq. (A-7.1), we have

L4

 da = Ei(b
/T a = Ei(bz).

- o0

1

Applying the relation given by Eq. (A-7.4) to Eq. (A-7.3), we get

/81

f(ylx—_—al):.__._l__,., / de

()62 _‘ﬂl)
1/ B2

w

1 /8

et -——-——-——-—(/82 _ﬂl)Ei(-yW) l/ﬂz

_ [Ei(-—y/ﬂl) ~ Ei(-y/8:)
B:— B

|

k

(7.48)

(A-7.1)

(A-7.2)

(A-7.3)

(A-7.4)

(A-7.5)
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This is the result stated in Eq. (7.48).
7.3.2. Verification of Eq. (7.49).

Eq. (7.49) states that for k > 2,

Jl =)= 50 —-ﬁl){e"p( 5) 3;2 [(](Cz/fzr)k- ;>'2]

~exp ("’Zf’) k:: [(f}f/j_”‘;)f;)'f] } (7.49)

In order to see that this is true, we note from Eq. (7.47) that

B

folx =e) = [

1

k-1,-% -
2 exp(yk/z) 4o (A-7.6)

L(k)k=*(82 — B1)

Making the change of variable z = 1/w, we have

1/ 82 '
FIX = o) = — ] v
1

1

“twh R exp (—kyw) dw
I'(k)(B2 —B1)  w?

1/ B2

/ w* ™% exp (—kyw) dw.

B

(A-7.7)
_yk—lkk

- (k= 1)!(B2 “ﬂl)l

From Reference [7.22, p. 92], we have that for any integer n > 0,

/x e** dx = €°* (-’2—“+§:(_1)7 n(n —1)(n na%l‘ln(n”rﬂu)‘”nﬂ)‘ (AT8)
=]
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Hence, for k¥ > 2, Eq. (A-7.7) can be written as

yk lkk

FYIX = o) = 7

k 2

L

= T — Ay )

k—lkk

mEYIYTEA ﬂ)""‘"( Fyw)
+Z( 1y’

£
(k—2)- Y

(k -1~ 1) k-7~
(—ky) *1 w ?

u}

1/81

k-2 k-2 1/84
Wt SR kor o)
X [ fy +; (ky)+1 ] "
yk- 1k wh-2 wh-7-2 YA
DR A P Z hy) k=7 = 2)&
gk 1Lk [k -2 wh=7-2 1/8s
= G- D@ -y PR Z < (ky) " 1(k—r _2)z] y
/83
k k (kyuﬁk 72 !
= —kyw ~
=00 By P )_g(k—r—z)*] »
; X[ (ky/Ba)t 7

(oo (-52)

T G-D(F -8

(k—r —2)!

O

=

2[ ]
(RS

I}

(A-7.9)

This is the result stated in Eq. (7.49).
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7.3.3. Verification of Eq. (7.54).

Eq. (7.54) states that

B 1% exp (—yk/z)  [y*~a K exp (—yh/2)
YIZX = o) = ff Tk (8, — A1) ‘“[ O ]CW

k-1
= InT(k) —lnk+k — (k- 1) [Z;l._,,}

=1

,(32 — [ﬂz Ing; —Bilngy — B2 + B1].
(7.54)

Here v is Euler’s constant (y = 0.577...). In order to verify that Eq. (7.54) is true,

we note that

Tyt exp (—yk/z) | [yRtah exp (—yk/z)
YA X = o) = f/ TRF 5 (8 — A1) “‘[ O ]dydz

127 exp (—yk/z) (k—1lny —klnz
/ / T (s — Bu) {—yk/z-—lnr(k>+klnk}d””

—InT(k) — klnk — f/ P(}:)k i}(ﬁgz(mygl/)z)(k_l)lnydydz

y* 1z Fexp (—yk/2

)
TR X (B = ) klnzdydz

yk=1z—k exp (— yk/z)yk
C(R)E~*(B2 — B1) =2

dy dz.

(A-7.10)

As we can see from Eq. (A-7.10), we must evaluate three integrals in order to
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obtain Eq. (7.54).The first of these is evaluated as follows:

ooyk—lz—-k exp (—yk/z)
f T(k)k=*(B; — B1) (k—1)lnydydz

(k-l))// y iz exp( yk/l)lnyd .

T 8- A T(k)k*
(A-7.11)
From [7.22, §4.352.2], we have that for p > 0
T n! 11 1
neTHE = R T P -
/xe 1n:vdx_.yn+1 [1+2+3+ +n v lnp]. (A-7.12)
0
Here v is Euler’s constant. Applying this result to Eq. (A-7.11), we have
Ba1 oo Pl - ( k/ )
y* =1z % exp (—yk/z
k—Dlnydyd
/ T(k)k=* (82— B1) (k= 1)Inydy ds
A1 O
k-1 f k
= _ F=lex [ ( ) }ln dyd
(ﬂz*ﬂl)r(k)/ / ’ e
(k-1) /
= ~—y—lnk+1Inz; dz
T (B -B)
k-1 ]
1 (k-1 /
=(k—-1 - —y—Ink Inzdz
Tk—1 B3 B3
1 (k (k-1 ]
=(k-1 -~ —v—Ink zlnzl — | dz
S P T A oey n e
N - B1
= 1 (k-1
=(k-1 - —y—Ink| + - Ing8, -8, InB; — B, + .
(k=1) }_:,1 At ey {ﬂz Bo—Brlnfy — B /31]

(A-7.13)
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The second integral of Eq. (A-7.10) can be evaluated as follows:

Ty /)
y*"liz” exp —yk/z
f{/ TR (8, = B1) klnzdydz

B
klnz y* "1z} exp (—yk/z) ’
(ﬂz-—m)/ ORI

ﬂz

klnz

=] G-~

(A-7.14)

B3
k
= m(ﬂz—ﬂl)jIHZJZ

Ba B3

k
“m ZlIlZﬂ —/dz
1
:(—B—;——f—a—)-[ﬁzlﬂﬂz—ﬂllﬂﬂl"ﬂz*‘ﬂl}
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The third integral of Eq. (A-7.10) can be evaluated as follows:

g ;1 ex z
/ ykf(k)k *(Ef—y;l/) ) ( *) dy i

1

B2

yEs K exp (~yk/2)
/z(ﬂz—m)/ O
m k 7wk exp (—w) 2

"ﬂ/ ) L/ I(F) '?c'd“’] &

- k oowk exXp{—w waz
”ﬂf (ﬂz—ﬂl)kf(k)of Pl
B

k
—ﬂ/ 7 T+ 1)dz

(A-7.15)

- B)l(k+1)

B3 d
:k/ L~
B2 — B
8

Substituting the results of Egs. (A-7.13), (A-7.14), and (A-7.15) into

Eq.(A-7.10), we have

MY|Z,X = o) = — // 'z 7" exp (- yk/Z)ln[y*"lz‘*exp(*yk/Z)]dydz

L(k)k=*(B2 — B1) L(k)k-*
k-1
= InT(k) = Ink+k — (k- 1) [Z.}_y}

/32 ~ﬂ BaInfBy — BiIngy — fo + B1].

This is the result stated in Eq. (7.54).
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CHAPTER 8

SUMMARY AND CONCLUSIONS

In this thesis, we have investigated the use of information theory in the analysis
and design of radar systems. Our motivation for such an investigation was taken
from the similarities between radar systems and communications systems and the
great success of information theory in the design and analysis of communications
systems.

We examined the use of the mutual information between the radar target and
the received radar signal as a measure of radar performance. In particular, we
considered that for problems in which the radar system was being used for target
identification or target parameter measurement, mutual information was an appro-
priate measure of radar system performance, in addition to more common radar
performance measures such as signal-to-noise ratio and probability of detection.
This is due to the fact that the mutual information between the target and the
received signal determines the maximum number of equiprobable classes N into
which a radar target can be classified based on observation of the received radar

signal.We showed that if this mutual information, in nats, is Iy, then
N = }_e“J .

In addition, we noted that the rate distortion function R(§), which is defined in

terms of mutual information and an average distortion measure, could be used to
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determine the minimum required mutual information between the target and the
received radar waveform in order to obtain an average error or distortion less than

some specified value § in the radar measurement.

We then defined and solved the Radar/Information Tﬁeory Problem, which
gave us a mathematical framework for the problem of waveform design for maxi-
mizing the mutual information between the target and the received radar waveform.
Specifically, we looked at the problem of finding a distribution on an ensemble of
transmitted waveforms that maximized the mutual information between the target
and the received waveform. We solved the Radar/Information Theory Problem for a
number of general target types, both discrete and continuous. We also showed that
a deterministic solution also exists; that is, that from the family of distributions
of transmitted waveforms which maximize the mutual information between target
and received signal, there is a distribution that corresponds to sending a waveform

or sequence of waveforms with certainty.

Next, we examined statistical electromagnetic scattering models that would
allow us to apply the results of the Radar/Information Theory Problem to practical
radar problems. We also introduced the notion of target impulse response as a

description of linear time-invariant electromagnetic scattering.

In Chapter 5, we digressed from our information-theoretic analysis of radar
systems to apply the target impulse response to the problem of designing realizable
waveform/receiver filter pairs that maximize the signal-to-noise ratio at the receiver

output when a target is present under contstraints on bandwidth and waveform
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energy. This new result is an extension of North’s matched filter, which provides
the maximum signal-to-noise ratio for point targets but not for extended targets.
The resulting waveform/ receiver-filter pair allows for the optimal detection of time-
invariant, extended targets in additive noise of arbitrary powér spectral density. We
developed the following procedure for designing a waveform/receiver-filter pair for
a target of known impulse response k(1) in the presence of additive noise with noise
power spectral density S,.(f), given the energy constraint that the total energy in
the transmitted signal is £ and the constraint that the waveform is confined to the

time interval [-T'/2,T/2]:

1. Compute
H(f)= / k(i)e“izfﬂ di.

Here, A(?) is the impulse response of the target and H(f) its Fourier trans-

form.

2. Compute

L(f)—- / l nif‘)f!) ‘21]'1de

Here, 5,.(f) is the two-sided power spectral density of the noise n(?), and
L(1) is the inverse Fourier transform of [H(f)|*/S.(f).

3. Solve for an eigenfunction #(?) corresponding to the maximum eigenvalue
Amax Of the integral equation

T/2

Amaxt(1) = / z(r)L(t — r)dr.

-T/2
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Scale #(7) so that it has energy £. This is the optimum radar detection
waveform.
4. Compute the spectrum X(f) corresponding to the optimum waveform &(1):

X(f) = / S(t)em 21 4y,

-0

5. Implement a receiver filter of the form

KX (f)H(f)e= /%
Sl

R(f) =

where K is any convenient complex constant and g is the time at which
the receiver output is observed.
6. The resulting signal-to-noise ratio for this design, which is the maximum

obtainable under the specified constraints, is

S
— ] = Anaxf.
(N)u,

We noted that a waveform designed using this procedure in the presence of
additive white noise puts as much of the energy as is possible into the mode of the
target having the greatest response (largest eigenvalue). In the case of non-white
noise, this solution takes into account the relative strength of the noise components
in each mode and weights the distribution of energy among the target modes in
order to obtain the largest signal-to-noise ratio.

Next, we addressed the problem of designing radar waveforms that provide
maximum mutual information between a random target and the received radar

waveform in the presence of additive Gaussian noise of arbitrary power spectral
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density. This was done by extending the concept of target impulse response to
include random scattering. Random scattering was incorporated by considering
finite-energy, random processes as random impulse responses and using them to
describe the response from random scatterers. We then considered the case of
targets described by the finite-energy, Gaussian, random process g(1) with Fourier
transform G(f) having spectral variance 0% (f). We showed that the waveforms z(?)
that have energy £ and that maximize the mutual information I(y(?); g(#)|= (1)) with
bandwidth concentrated in a frequency interval W and a time interval [—-T'/2,T/2]

have a magnitude-squared spectrum

|X(£))? = max [O,A - P""(f)T} .

20%(f)
Here, T is the receiver observation time, which for most waveforms of interest
satisfies T' a2 T; P,, is the one-sided power spectral density of the additive Gaussian

noise; and A is a constant found by solving the following relation for A:

S:fmax [O,A—%} df

w

The resulting maximum mutual information I .<(y(?); g(?)]z(?)) was found to be

Inex(y(1); 8(1)2(1)) = f/max [O,InA —1In (_Pnn(f)T>
w

20201 ||

We noted that in the case of additive white Gaussian noise, these waveforms, in
contrast to the waveforms of Chapter 5 for optimal detection, which attempt to put
as much energy as possible into the largest target mode, distribute energy among

the target modes in order to maximize the mutual information between the target
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and the received signal. It is not surprising, then, that the form of the solution is
different from that for optimal detection, as modes besides the largest may carry
significant information about the target. As a result, we would expect energy to be
allotted to them for their measurement.

Finally, we examined some information-theoretic characteristics of radar im-
ages. We did this by first considering the general information-theoretic properties
of images in general and radar images in particular, and then examining the infor-
mation per pixel of a radar image resulting from homogeneous diffuse terrain. We
saw that on a per-pixel basis, a very small amount of information is provided in
radar-imaging measurements for such a surface. As a result, we noted that multiple
pixel regions have to be examined in order to classify or characterize such a surface
based on its radar measurement. This was noted to be in agreement with heuristic

results on surface characterization based on radar images.



