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Abstract

In this thesis, we show that a sequence of conformal metrics on a compact n-
dimensional Riemannian manifold (n > 4) which has an upper bound on volume
and an upper bound on the L? norm of the curvature tensor for fixed p > n/2
has a subsequence which converges in C*. If n = 3, we have the same result if

we assume, in addition, that the scalar curvature has an L? bound.

As corollaries, we have the compactness of a sequence of conformal metrics on
a compact three-manifold which are isospectral with respect to either the stan-
dard or conformal Laplacian, and the result of Lelong-Ferrand that any compact
manifold with non-compact conformal group is conformally equivalent to the

standard sphere.
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INTRODUCTION

A natural question which arises in geometry, and hasits beginnings in the very
origin of the subject, is the relationship between the topological, geometric, and
analytic properties of a given Riemannian manifold. The Gauss-Bonnet theorem
is perhaps the best known example, demonstrating the connection between the
topological and geometric properties of a compact surface in a rather precise way.
However, there are many “pinching”, “rigidity”, “finiteness”, and “compactness”
results which seek to give conditions on the curvature (diameter, volume, etc.)
that guarantee that any manifold with these properties belongs, for example,
to a certain diffeomorphism class (in the case of a finiteness theorem) or to
a compact family in some topology (in the case of a compactness theorem).
While the conditions and conclusions of these results vary, they all make some
assumption on the sign or size of the curvature, which can be said to be the

central Riemannian invariant. Indeed, many of these results are formulations of

the question, how does the curvature determine the metric?

Returning to the theory of surfaces, we have a very satisfying result: By the
uniformization theorem, on any compact surface each metric is conformally equiv-
alent to a “model” metric of constant curvature. Therefore, given a compact
surface with a metric of, say, positive curvature, then we know that the surface
is topologically the sphere and the metric is conformally equivalent to the stan-
dard round metric. In higher dimensions the situation is more complicated, but
a brief survey of some of the known results will provide a nice background for

the main theorem to be proved here.
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As an attempt to generalize the uniformization theorem, Yamabe [Y] asked
whether a given compact Riemannian manifold of dimension three or greater
is conformal to one of constant scalar curvature. His approach was to attempt
to solve the elliptic equation satisfied by a conformal metric of constant scalar
curvature using the methods of the calculus of variations. Although he claimed
to have answered the question in the affirmative, N. Trudinger ([T]) found an
error in Yamabe’s proof which he was only able to fix if the Yamabe constant
Q(M, go) < 0. The complete solution of the Yamabe problem, that is, the
treatment of the case where Q(M, go) > 0, took over sixteen years (for an

exhaustive survey, see [LP]).

The difficulty of the problem lies in the conformal invariance of the equation
to be solved and the fact that the conformal group of the standard sphere is
non-compact. Therefore, a sequence of conformal metrics with fixed volume and
scalar curvature approaching a constant may not converge. The key to solving
the problem was finding a way to distinguish whether a given manifold was
conformally equivalent to the standard sphere. The proof of the positive mass
conjecture by Schoen and Yau provided such a criterion, and Schoen [S] used it

to complete the solution of the Yamabe problem.

The goal of this thesis is to provide a compactness criterion for metrics in a
fixed conformal class. In the Yamabe problem, the sequence of conformal metrics
was a minimizing sequence for the scalar curvature functional; in our setting the
sequence is only assumed to satisfy an integral bound on the curvature, but the
same degeneracies may occur. Before we discuss this, however, let us try to justify

the conditions we impose on the sequence in order to conclude compactness.
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In the uniformization theorem, the “model” metrics we discussed have constant
curvature. In [OPS1), the authors gave another characterization of these metrics:
Roughly speaking, they maximize the determinant of the Laplacian functional.
Later ([OPS2]), they applied many of the techniques and results of [OPS1] to
show that a sequence of conformal metrics on a closed compact surface which
is isospectral with respect to the Laplacian are compact in the C°° topology
(modulo Moebius transformations). One can view this as a result connecting the

analytic and geometric properties of a compact surface.

There are two ingredients in their proof. To begin with, the isospectral as-
sumption, as is well known (see, for example [G], [MS]), implies bounds on certain
integrals involving the curvature, i.e., “local” information. However, this local
information is not sufficient to conclude compactness (for example, the main the-
orem of this thesis is not true in two dimensions, even if we allow a much stronger
L? condition on the curvature). Hence some “global” invariant is needed, and
the determinant of the Laplacian is used. In [BPY], [CY1], [CY2], the authors
prove a similar compactness result in three dimensions for isospectral conformal

metrics, and the first eigenvalue of the Laplacian provides the global invariant.

In this thesis, we are able to dispense with any global quantities — a somewhat

surprising result in view of our comments above. A precise statement follows:

THEOREM. Let (M, go) be a compact n-dimensionel Riemannien manifold
with n > 3. Let {gx = ui/"‘zgo} be a sequence of conformal metrics which

satisfy
2n
Vol() = [ ufTav,, < %, (0.1)
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for some constants Vo, B andp > n/2 (here |Rm(gx)| i3 the norm of the curvature

tensor of gr). If n =3, assume in addition that

/ R4V, < B (0.2")

where Ry 18 the scalar curvaeture of gi.

Then there are constants which depend on V4, B, and p such tﬁat
CT' <up < Cy, (0.3)

[ukllz,p < C2 (0.4)

(unless (M, go) is conformally equivalent to the sphere with the standard metric,
in which case (0.3) and (0.4) hold modulo the conformal group, i.c., there is a
sequence of conformal transformations of M {Ti} such that if

4/72—2 — *

Vi go = Tk gk
then (0.3) and (0.4) hold for vy ). Hence a subsequence of {ux} converges in

C*(M) with 0 < a < (2p —n)/p.

While other compactness results (see, for example, [P], [Yg]) have a more gen-
eral setting, we make only minimal assumptions on the curvature and conclude

a stronger type of convergence.
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In dimension three, assuming the sequence is isospectral with respect to either
the standard or conformal Laplacian, then the heat invariants supply an L?

curvature bound and we have as an immediate corollary:

COROLLARY A. A sequence of conformal metrics on a compact 3-manifold
which are isospectral with respect to either the standard or conformal Laplacian

is compact in C* (modulo the conformal group).

In fact, it follows from the work in [BPY] and [G] that such sequences are

compact in the C*° topology, but we will not pursue this here.

Let (M, go) be as in the main theorem. If I" denotes the conformal group of
(M, go), then if I is not compact we may choose a sequence {px} C I" which does

. . 4/n—2
not have a convergent subsequence and consider the metrics gx = u k/ "

go =
¢%go. This sequence certainly satisfies the hypotheses of the main theorem (each
gk is isometric to go). It follows from the results of §3 and §4 that Q(M, go) > 0
and (M, go) is locally conformally flat. Hence, by the results of §5 (which extend

the work of [CY2]), we have as a corollary the following result of Lelong-Ferrand

([LF]):

COROLLARY B. A compact n-dimensional manifold (M, go) has non-compact
conformal group if and only if (M, go) is conformally equivalent to the standard

sphere.

We now give a brief outline of the proof of the main theorem. In Section 2,
we show that if the sequence {ux} does not have a uniform upper bound, then it

blows up at finitely many points, and off these blow-up points we may extract a
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subsequence which converges uniformly on compacta. Hence {ur} has an almost
everywhere defined limit which we denote by w, and we conclude the section by

showing that w is in fact bounded above (a fact which will be useful later).

In Section 3 (which is the heart of the argument) we prove a kind of Harnack
estimate: That is, if {uy} has a positive uniform lower bound, then it has an
upper bound. Hence the remainder of the paper is devoted to ﬁndingra lower

bound.

To this end, in Section 4 we show that in case the Yamabe constant Q(M, g,) =
Q <0, then {ux} has a lower bound. Also, if M is not locally conformally flat,
then a lower bound is easily achieved. We also show that if (M, g¢¢) is conformally
equivalent to the sphere with the standard metric, then (modulo the conformal
group) {ur} is bounded below. This leaves the case where Q@ > 0 and M is

locally conformally flat.

In Section 5 we imitate the argument of [CY2| and show that if @ > 0 and
{ur} does not have a lower bound, then by rescaling off the blow-up points we
can build a complete, flat metric on M and show that M is in fact conformally

equivalent to the sphere.

§1. PRELIMINARIES

We begin by establishing some notation and recalling some basic results from
geometry. If (M, ¢) is a Riemannian manifold, then R (or Ry if there is the

possibility of confusion) will denote the scalar curvature, Rc (Rc,) the Ricci



7

tensor, and Rm (Rmy) the full curvature tensor. Of course |R| < |Re| < |Rm],
where in the last two expressions the norm of the tensor is meant. V, will
denote the gradient vector field in the ¢ metric, but V will usually denote V, to
simplify notation. Likewise dV; will denote the volume form and dVp = dV,,. A,
will denote the Laplace-Beltrami operator, and Ly = Ay — ap Ry the conformal
Laplacian (throughout our work, a, = (n —2)/4(n — 1)). [V3¢| will denote the

norm of the Hessian tensor in the ¢ metric.

4/n-2

If u 1s a smooth positive function on M and h = u g is a conformal change

of metric, then

Rp = —a (Lyu)u™ N1,

where N = 2n/n — 2. This implies the “conformal covariance” of L:

Ly = u N T1L (up).

Q(M, go) will denote the Yamabe constant; i.e.,

. Eyo (80)
QM 90) = B T vy

where E is the Dirichlet energy with respect to go:

By, (¢) = /|V9030|2dV0 +an/Rgogo2dVo.

E is conformally invariant in the sense that if A = u%/" %g, then E,(p) =
Ey(ug). This implies that Q(M, g¢,) is a conformal invariant: Q(M, g¢,) =

M, ut/m=2 so to simplify notation we usually just write Q (since we are
) 90 ) y
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working in a fixed conformal class, there is no ambiguity). After a conformal
change if necessary, we will assume throughout that Ry = R, has constant sign,

and that sign is the same as the sign of Q.

The Sobolev constant of g, will be denoted by A,:

(f |‘PlNdVo)2/N < 4, [ Jebave+ [ oav . (L1)

Given z € M, p > 0, B(z, p) will denote the geodesic ball of radius p centered

at z (in the g, metric). For fixed z € M we define the norm

1/q

lollg = / l9dVi

(z,0)

Il Il will mean the L9-norm with respect to dV, (unless indicated otherwise).

We will also use the following well-known result from elliptic theory: Given

z €M, p>0, ¢ >n, then

sup || < C(”A‘P“q;p + ”‘P”q;p) .
B(z, p/2)

§2. ANALYSIS OF THE Brow Up

In this section we show that if the sequence {ux} is not bounded, then it
blows up at finitely many points, and off these blow-up points we may extract a

subsequence which converges uniformly on compacta.
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PROPOSITION 2.1. Given a sequence of smooth positive functions {ux} which

satisfy

Ly ur = —anRiuy -1 (2.1)
/ |Re|Pul dVy < AP (p > n/2) (2.2)
/ufm@gxﬁ (2.3)

then either (1) there is a constant C = C(Vy, B) > 0 independent of k such that
max ur < C
M

or (ii) there i3 a finite set of points ¥ = {z1, Z2,... 2} withv = v(Vg, B) such
that given a compact set K C M = M — %, there is a constant C(K, Vo, B)

which 1s independent of k such that
m}?x Uk S C(K7 %, ﬂ)

(hence a further subsequence converges in C*(K) for some a > 0 by (2.1) and

(2.2)).

Before giving the details of the Proof of Proposition 2.1, it will be helpful
to record the following regularity result for weak solutions of certain elliptic
equations, of which (2.1) is an example. To simplify the exposition, we postpone

its proof until the end of the section.
LEMMA 2.2. Suppose w € WL2(M) is a non-negative, weak solution of

Ly w= fu" (2.4)
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where

/ fPdVe < (p>n/2) (2.5)

andlSrSroz(N—l)—%N. Then given c € M, p> 0, ¢ > N we have

sup w S C(l’) ﬂ7 b q, ”wHQ;P)' (26)
B(z,p/3)

. LN
Note that u; satisfies an equation of type (2.4) with f = —a,Rru} , 7 = ro.

Proof (of Proposition 2.1). Given z € M, following [CY2] we define

m(z) = massof z

= lim limsup uivd%,
r—0 oo

B(z,p)

and ¥ = {z € M : m(z) > 0}. The term mass comes from the interpretation of
the function u} as a density distribution. A point £ € M will have large mass
if the sequence {ux} “concentrates” at z. However, if the mass of z is small

enough, we will see that {ur} is in fact bounded in a small neighborhood of z.

LEMMA 2.3. Given z € M, either m(z) =0 or m(z) > p = (8Aoanﬂ)"ﬁ?§7

(see (1.0) for the definition of A ).

Proof. Suppose x € M such that 0 < m(z) < p. Fix r > 0 small enough and

an integer J large enough so that k£ > J implies

ug dVo < p. (2.7)
B(z,r)
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Let n be a smooth cut-off function, 0 < n < 1, with n = 1 on B(z, r/2) and
n =0 on B%(z, r), and |Vn| < C/r. Multiplying (2.1) by n?u}?¢ with ¢ chosen

so that 2 + 2e = N, and integrating by parts yields

(1+26)/u25772[Vuk|2dV0 = —2/u]+2°7} VurVndVy
- an [ Rt dv;

/R uN+2€ 2

= /[V(nul+e)|2dVo S4a"/!Rk|u£’+2€nde0

+ & / 242V,

This implies, by the Sobolev inequality (1.1) and the choice of €

”nuk+€”N <4A0an/|Rk|uk 2 +2€n2d-‘/0
C'(W)

+ =5

n

< 44oan /leI%ui"dVB Inw il

supp?n
Cl
+a
N(%=n
< 4A0anBllurNC ) mualll
Cl
t 7

2p—n C'

< 4doanfp [nui Iy +

1 14+e12 '

< slmaptely + 5
Cl

= Iy ™5 <

(by 2.7)

(2.8)
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It follows easily from (2.8) that m(z) = 0. For, given0 < p < r/2 and any k > J,

€
1+e

[ e <parno | [ oav

B(z,p) B(z,p)
C'\ T | .
S (“—2') Cnpm,
T

and taking the appropriate limits shows m(z) = 0. This completes the proof of

the lemma. ]

Given ¢ € M with m(z) = 0, then (2.8) holds for some r = r(z) and all
k > J(z). Hence, by (2.6) we have

< .
pmax ux < C(V, 6, 7) (2.9)

for all k > J(z). In particular, if ¥ = ¢ then we may cover M with finitely many
balls (by compactness), on each of which the estimate (2.9) holds, and it follows

that {ux} in fact has a uniform upper bound.

To complete the proof of the proposition, suppose ¥ does not have finitely

many members, and choose a sequence {z;} of distinct elements from .
Now for z1, choose a subsequence of {uk}, call it {ug, } such that

. . N _
B(zy,r)

Now choose a subsequence {ug,} of {ug, } such that

fm i, [ = i)

B(z2,r)
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and so on, and take a diagonal subsequence which we again denote by {u;}. Now

m(z;) > p.

Let £ be a large enough integer so that
€(p/2) 2 2Va.
Let r > 0 be small enough and J large enough so that for 1 <: < ¢, k¥ > J,

up dvp > p/2
B(zi,7)
and we also assume that r is small enough so that B(z;, r) N B(z;, r) = ¢ if
¢ # j. Then
¢
w2y [ vz w2 > 2w,
=1 B(z;r)
a contradiction. Hence I consists of finitely many points {z;,... ,2,}, and we
have the estimate v < p~!V;. If K is a compact set, K C M, then we may
cover K with finitely many balls, on each of which the estimate (2.9) holds, and

conclude that for £ > J(K),
max Uk < C(Va, B, K).

This finishes the proof of the proposition. |

By Proposition 2.1, a subsequence of {u} has a limit

w =1i£n Uk
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which is defined on M (or on M in case {u;} is bounded) and is Hélder continuous
on compact K ¢ M. S # ¢, there remains the possibility that w has a
singularity at some z; € ¥, but in fact this is not the case, as the following

proposition shows.
PropPOSITION 2.4. w < C(Vo, B).

Proof. Let us assume that T # ¢; otherwise the result is obvious. Since w is
defined on M, we begin the Proof of Proposition 2.4 by showing that w weakly

satisfies a certain elliptic equation on M. To this end, note that the bound
iIN
[ 1Rt pavi <

iNn
along with the fact that p > 1 implies that {—anRiu? } has a subsequence

which converges weakly in L? to f € LP; 1.e., given ¢ € LY, :7 + ;},— =1, then
. iN
hin—a,,/Rku,’: P dVy :/fzp dVy

and [|f|PdVp < BP.

LEMMA 2.5. w satisfies the elliptic equation
Ly w= fu" (2.10)

weakly on M, where %N—l— r=N-1.
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Proof. Let ¢ € C(M). Let {ui} denote a subsequence which converges

uniformly to w on the support of . Then

[ a = [ e)w-wtvs + [(Ly,p)us aVe
= Il +/(P(Lgo’u,k)dV0
=1 ——an/Rkuiv_l(,a dVy
1y
=1 —a, /Rku,‘c’ (ur —wp dVp
— o / Reu? M wTp dV

=L+ + I

Since u; — w uniformly on the support of ¢, we see that I, I, — 0 as k — oo.

Also, pw" is bounded (hence in L?') so by weak convergence,
iN
——an/Rku,’c’ w'y dVp — /fwrcp dVo k— o0

which proves the lemma. |

The following weak removable singularities result can be found in [LP]. We

will use it to show that (2.10) holds weakly on all of M.

LEMMA 2.6 (see [LP]). Let U be an open set in M and P € U. Suppose w is
a weak solution of (A + h)w =0 on U — {P}, with h € L™?(U) and w € LI(U)

for some ¢ > 2. Then w satisfies (A 4+ h)w =0 weakly on all of U.

LEMMA 2.7. Equation (2.10) holds weakly on M.
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Proof (of Lemma 2.7). We apply Lemma 2.6 with
h=—anRy — fw ™},

We need to verify that A € L™?(M) (by the definition of w it is clear that
w € L™"?(M)). But by Holder and the definition of r,

Jirer <1l 3O

The boundedness of w now follows from the fact that w satisfies (2.10) weakly
on M and some standard elliptic estimates. A good reference for this argument

would be [T], but for the sake of completeness we give the details here.

Let z; € £, p > 0 a small number to be chosen later. Let n be a smooth
cut-off function, 0 < n <1 with y = 1 on B(z;, p/2) and n = 0 on B(z;, p).
Let o, k, F, G be as in the Proof of Lemma 2.2. Then by (2.13) we have (with
¢ =nF(w))

€% < dado / Fho™€%aVs

+C p—2/(F(w)) dVe. (2.11)

Now

/ | Flwm=EaVs < Il 52l
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Let o = N/2. Since w € L™ (M), we can fix p small enough so that
lwliy,, < (4NAB)™.
Then (2.11) becomes
€l < 5lel + C o) [ (FwpPav.

Letting k¥ — oo we have

10" |50z < C (Yo, B).
Since N2/2 > N, we may apply Lemma 2.2 and conclude

sup  w < C(Vo, B),

B(I.’,p/G)

and this completes the Proof of Proposition 2.4. |

We now give the Proof of Lemma 2.2. Let o, k¥ > 1 and define F, G € C![0, o0)

by
o if telo, ],
ro-
k* +ake Lt —k) i t>k
21 if telo, k],
G(t) = {
k2=l 4 (2a — 1)E2* 2t — k) if t>k.

Then F(w), G(w) € WH2(M).

Let n be a smooth cut-off function supported in some geodesic ball B,

B(z, p) whose properties we will specify later. Let v = n?G(w); then as w
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satisfies (2.4) weakly we have
—/VwVv dVo—an/Rowv = /f w’v dV
= /nzG'(w)IV'wldeo +2/nG(w)VwV17 dVy

= —an/Rva A +/fwrv dvo.
(2.12)

Now

26(w) Vo V| < 2v* S g

+2|VnfwG(w),
and it is easily verified that
G(w) < w6 (w), WG(w) < (FW)?, (F'(w))? < ol (w).
Hence
se [PF @R IVuPave <3 [ [9nPPC) ave
+an [ IRal(F(w)Po’dv;
+ [ 1flwr 1 (Fw) o v
Since [V(nF(w))|* < 2n*(F'(w))?|Vuw|? + 2(F(w))*|Vn|?, letting § = nF(w) we
have
[ 1veravs < 2a1+ a) [(Pw)PIvaLav,
+4aan / |Ro[€%dV0

+4a/|f|w"1§2dVO.
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Using the Sobolev inequality (1.1) we see that

el < 4ado / FlomE2dVe

+Ca [P + [VnP)(F ()P d¥e. (2.13)

Our intention is to iterate (2.13) in order to show that w € L*(B,2) for some

s >> N. For example, suppose we can show that ||w][,;,/2 < v < oo with

s> 80 = r (2.14)

p—1t
where p >t > Z. Then by Holder,

| Lg, wllep/2 < “f“p”w”;m/?

< B
This implies, by elliptic regularity and the Sobolev imbedding that

sup w < (8, v, p)- (2.15)
p/4

Hence, to prove (2.6) it suffices to show that ||w||y,2 < C(8, p, [[w]lgp). We

now proceed to do this.

To set up the iteration, we analyze the first integral on the RHS of (2.13):

/ Flom €V < I F Il 55 IENR
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where o = 2pq/[(p — 1)¢ — p(r — 1)]. It is easily verified that the requirements

p>n/2, ¢ >N, r <rgimply 0 < N. Hence (2.13) implies

€% < 4adoBllwliy,t IENS

-+Ca{/0f+anPxFunfdw

suppy

1l/e
= lelln < A(B, e, p, Ilwllq;p)( / (F(w))"dvo) :
(2.16)

We now specify our cut-off function 7 in order to iterate (2.16).

Let J be a fixed integer satisfying N(N/co)”? > sq, where sy is defined in (2.14).

For1 <3< J,let
Pj:p[l_j/2‘]]’
po = p-

Then p=po > p1 > -+ > ps-1 > ps = p/2. Let n; be a smooth cut-off function,

0<n;<1,n=1on B, andn; =0o0n By, _,. Then
supp n; C {z : nj_1 = 1}.

For 1 < j < J,let a; = (N/o)’; then letting k — oo (recall the definitions of

F and €) in (2.16) we have

/o
”’U)QJUJ“N <A ( / waoz.ldv‘o)

supp 1

<A (/ <w°u(o/N),7J_1) N dVo) e

< Al
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Repeating this argument we arrive at

P J-1
™ nafln < AT w g, ||V

N/o)’
< Al
By the definition of a; and n; this implies

”w”smp/? < C(ﬂ, P ”w”q;p)v

so by our earlier comments (in particular (2.15)) this completes the Proof of the

Lemma.

§3. FINDING AN UPPER BOUND

In the previous section we saw that the sequence of conformal factors {u} has
a Holder continuous limit w. In practice, non-compactness results in the metrics
degenerating in such a way that w = 0. But if {ux} has a positive uniform lower

bound, then in fact it has a uniform upper bound. To be more precise,

PROPOSITION 3.1. Suppose there is a constant ¢y > 0 such that up > cq for all
k. Then ¥ = ¢ and therefore by Proposition 2.1, {ux} satisfies the conclusions
of the Theorem (0.3), (0.4).

The Proof of Proposition 2.1 will be divided into several steps, some involving

lengthy calculations, so we begin by attempting to motivate the proof.

Our first observation is the fact that the function 1/ux (for which we have

upper bounds) is natural to consider in view of the “conformal covariance” of L.
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For,

Ly, (1/ug) = ug "L, (1) = —anRoup V.

Letting pr = 1/ux we rewrite this as
Ag ok = anRypr — anRopy —-1’ (3‘1)

and conclude that 1/u; satisfies an elliptic equation in the metric g;x. As a
consequence, one might anticipate that upper bounds on ¢ would imply even
stronger regularity properties, provided we have an elliptic regularity result for
the Laplacian Ay,. It turns out that using the Bochner identity and the L?
curvature bounds for g one can prove such an estimate (Proposition 3.3). The

improved regularity thus achieved is given a precise statement in

PROPOSITION 3.2. Ifn > 4 then there are constants so = [p(n+2)—2n]/p(n —

2) >0, ro =np/(n —p)>n, C3=Cs(co, Vo, B) such that
/|Vo(u;“’°)|r°dVg < C;s. (3.2)
As a consequence, there 1s a constant Cy = C4(Cy, C3) such that
lug **llce () < Ca, (3.3)

where a = (2p —n)/p > 0.

If n = 3, then the same conclusions hold with sy = 2, ro =6, o = 1/2; but C;

and C5 will also depend on .
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Let us see how to conclude Proposition 3.1 assuming Proposition 3.2. Suppose

¥ # ¢ and choose z; € 3. Consider a small geodesic ball B = B,(z;) with

p=[27""  wl| o C5 e

The purpose of this choice of p will become apparent later, but for now think of
p as a fixed positive number. Fix P € OB and let Q € B be arbitrary. Then
d(P, Q) < 2p, and for all sufficiently large k (say k& > Jy) we have ug(P) <

2||wl|leo- By (3.3), for k£ > Jo,

up 0 (P)—u**(Q)] < C3d(P, Q)*
= u;*0(Q) > up®(P) — Csd(P, Q)°
> 277 ||wl|° — C32%p®
> 27 lw]| 0 — Cs2°[27 0 T |w]| 0 C Y]
> 2700 |||

= uk(Q) < 2% |[w]loo

and this estimate holds for all @ € B, k > Jy. But this implies, of course, that

m(z1) = 0, contradicting z; € . Hence ¥ = ¢.

We have shown that Proposition 3.1 follows from Proposition 3.2. In order to
prove Proposition 3.2, we begin by stating the elliptic regularity result mentioned

earlier.
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PROPOSITION 3.3. Let (M, h) be a compact n-dimensional maenifold, n > 3.

Let Ay, denote the Sobolev constant of (M, h); i.e., for all f € WHE(M, h),

(/ lfINth)2/N < Ah{/|v,,f|2dv,,+/f2dv,,}. (3.4)

Then for all p € C*(M), t > 1, p>n/2,

2/N
( / thsoIN‘th> < By [IVapl* A avi

+ B, / IV s 2dVi, (3.5)

where

By = 24;t*(1 + 1),

n/(2p—n)
By = 24, {tz [2A,,t2||Rc,.||§P/"] Uy 1},

and
1/p
|Reall, = < / [Rchlpth) .

Proving (3.3) will involve some elementary but nevertheless tedious calcula-
tions, so let us first show how to conclude Proposition 3.2 from Proposition (3.3).

The idea behind the proof is rather simple. Observe that

/ 1V, (ug )PV, = / VourPupdv

< C(eo, Vo, B). (3.6)
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Using this initial bound, we then iterate inequality (3.5) with h = gx and ¢ =
1/ug in order to arrive at the estimate (3.2). In order to set up the iteration,

however, we need to do some preliminary work.

Since we want our estimates to be independent of k, we need to show that the
Sobolev constants A, have a uniform upper bound. Of course the lower bound
on uy implies a lower bound on the injectivity radius of gi, and this, combined
with the upper bound on volume (0.1), gives control of the Sobolev constant (see,
for example [Cr]); but there is a more natural way to see this in the conformal

setting, given our curvature bounds.

Let ¢ = urf; then by conformal invariance of the Dirichlet energy we have

E, (f) = Eq,(p), so by the Sobolev inequality (1.1),

(/ |f|Ndvgk)2/N - (/ IcpINdVb)z/N

r
< 4, / Voo [2dVe + / <P2dV0]

L

[
<o B0+ [ anRoxo?dw,]

< 40 [, (1) + [ - anko)fup"H2ai]

<o | [1V,, 17 4%, +an [ Refan,

+ C(Cy) / fdegk]. (3.7)
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Let b >> 0 and define Ey = {z € M : |Rx(z/ | > b}. Then

/ Rif*dV,, = / Ref*dV,, + / Ry f*dV,,
Ec

b By

< b/f2dng + (lmk[%dvgk) ' (/lledng>2/N.

X}

(3.8)

Since

g > / \RilPdV,, >~ f Ri|"/2dV, |
Eb Eb

we have

2/n
(/IRkI%dng) < b“%(?*%)ﬂ?p/n.
By

Substituting this into (3.8), and (3.8) into (3.7) we find

2/N y
(/I.ﬂNdng> < anAOb_%(P-%)IBZp/n </ 'ledng)

+A0/|vgkf|2dvgk +C(b, co)/f2dng.

N

Choosing b large enough (depending on B) we can absorb the first term on the
RHS of the above inequality into the LHS, giving us an upper bound for 4,

depending on ¢g and S which we will henceforth denote by Ag.

If we take b = g,, ¢ = 1/ug in (8.5), then by (3.1), we have (after dropping

subscripts to simplify notation)

2/N
(/[VgothdV> < B /|w|2’—2 (an Ry — anRogoN_l)de

+ B, / [V *dV. (3.9)
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Considering the first term on the RHS of (3.9) we have

/ |V90I2t~2(anR90 _ anRO(PN—l)ZdV

< 2cfad [ IV ERRV + 20 [Rol%cs N [ 1Vl a.

(3.10)
Now for § > 0,
2(t—1) Ned2(1-t)
Nt 2Nt Nt
/IV(PIZt—szdV < (/lV‘PINth) (/ lRlN:+2(1-t§dV)
<=L ( [ 1vetav . + 18Ry
- ¢ » t porrcemakd
(3.11)
where here, and in what follows, || ||, denotes the L*-norm in the gx metric. If
we take
6= (4630{?‘.31)—1
and substitute (3.11) into (3.10), and (3.10) into (3.9) we find
1
IVeline < SIVelln. + C (B, 00)||1’3||":W_+z;v(~;___5
+C(By, co)|Vels:
= IVl < CBr, )IRI sy, +C(Bay co)l[Vepllae
(3.12)

Inequality (3.12) makes it clear why we need the additional assumption on the

scalar curvature (0.2') when n = 3. In fact, taking ¢ = 1 and examining the
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dependence of By, B3 on 83, ¢¢ and Aq, and using the fact that Ay, < Ap we

have

</|V<pl6dv>1/6 < C(B, co)B + C(B, co) (/vadv)%

g C(IB7 Ev Co, I/O))
where the last inequality follows from (3.6).
If n > 4, assume that p < n. Then if

< 2p
~ 2N +p(2-N)

1 = To,

we have (by Holder)

1Rl e < C(Vo, B)

and conclude

IVelln: < A2(IVepllze + 1) (3.13)

where Ay = A2(Vo, B, co, n, p). We now proceed to iterate (3.13) in order to

show (3.2).

Let k be the smallest integer such that

(2) vz <

q
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Then by (3.13),

IVellnz, < Az(1 + [ Vepllaz,)
<2 (1+ 1V lInez 20

<Az + A3 (1 + ||V<P”(7v-45)(NT0))

<(Az+ A3+ +A) +A§||V90||f2/N)k(NTO)(NT0)

< C(A2) + A Vel (3.14)

Now letting t = 1 in (3.13) shows

IVelln < A2([[Vell2 + 1)

<C(B, Vo, co)
(where again we have used (3.6)), while ¢ < N implies by Holder that
IVelly < C(V)lIVelln < C(Vo, B, co).
Combining this with (3.14) we conclude

IVellnt, < C(Vo, B, co). (3.15)
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To see that (3.2) follows from (3.15), recall that ro = NTy = np/(n — p), and

compute:

[verav = [19, e,
__2\To
-/ (lvo<u;1>|uk"-2> u¥ vy

(Bl
B / Vourluy =V ay,

—si™ [ 19aur ) ave,
where so = [p(n + 2) — 2n]/p(n — 2).
If n=3, then

/ VelfdV = 276 / Vo(up?) Vi,

We have therefore shown that Proposition 3.2 follows from Proposition 3.3.
So in order to conclude Proposition 3.2 (hence by our earlier work, Proposition

3.1), we now proceed to prove Proposition 3.3.
We begin with a lemma.

LEMMA 2.4. Let (M, h) be a compact n-dimensional manifold with n > 3. If

w € C°(M), then for any ¢ > 1 we have

[1Vaelt Vel av < 1+ a/9) [ 1Vael (e avs

+/ }RchHtholq“th.
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Proof. Let S = /e + |Vpp|?, where € > 0. For tangent vectors X, Y we
denote h(X, Y) = (X, Y). To simplify notation we drop the subscript h, and

compute:

[@orstav = [aexstagav
o N
== [(%6, 579(8¢) + 45T (B)VS)AV

= «/S’q(Vgo, V(Acp))dV—q/Sq_l(Ago)(Vgo, vS)dv.
Recall the Bochner identity:
AVl =2[V2p|* + 2R(Vy) +2(Vep, V(Ap)).
Substituting this into the above equation we have

/(Ago)25qu = —/sq {%AngP — V22 - Rc(w)} dv
—¢ [ 77 Ap)Tp, VIV
= _%/SGA|V¢|2dV+/S‘-'|V2<,o|2dV

+/S'ch(V<,o)dV——q/S’q—l(Acp)(ch, VS)dv.
(3.18)
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Now,

1 1
AS = 3STIAIVe[! — 25TV Ve

STIAIVef — ST3Ve VIV

N}

STIA|Ve? — STHVSP,

[N

where the last line follows from the fact that

1 _
VS|=3558 VIV = STHV||[VIVe.

We also note

ASTHE = (¢ +2)STHAS + (¢ +2)(g + 1)SY VS
= (g +2)5**! {%s—wwv - s—1|v5|2}
+(q+2)(g+1)SVS|?

1
=5le+ 2)SIA|Vp|? + g(g +2)S9VS)?,

which implies

1
(g +2)

-%swwﬁ - ASTH? 4 ¢S9VS|P.

Integrating this expression over M gives

1
~§/59A|w;2dv = q/SWSPdV.
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Substituting this back into (3.18) we have

/ (Ap)?S4dV = / SUYV2p|?dV + / SIRc(V)dV
+q / SYVSPdV — g / ST AP) Vo, VS)AV
N / SIV2pPdV = / (V)2SIdV — / SIRC(Vip)dV
—q / SUVSPRdV + ¢ / (827 (Ap) Vg, SYIVS) AV
< / (Ap)?S1dV + / |Rc|S7t2
—q/54|v5;2dv+q/Sq|VS|2
+ 30 [ STHVeP(AR Y

<(1+q/4) / (Ap)2SUdV + / | Re| STV

Letting ¢ — 0 gives (3.17). [

To continue the Proof of Proposition 3.3, let f = |Vyp|* in (3.4). Then

2/N
( / IVsOIN‘dV) < A { / V| Vol2dV + / IWI""dV}

< 4, {t2 [ Vo2 V| V| PV

+ [1vopar]

<an{e [Iveriopar + [I9ppav).
(3.18)

If we let ¢ = 2(t—1)in (3.17) and substitute the resulting expression into (3.18)
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we find

2/N
( / leoIN"dV> < Apt? {(1 +-1)/2) [ [D6l2ap)av
+/|Rc|]Vgo[2th} +Ah/|Vgo|2th
< A1+ 1) [ Vel Ap)dv

Aht2/|V<p|2t|Rc]dV+Ah/|V<p|2th.
As before, let Ey = {z € M : |Re|;z > b}; then

/ Vol ReldV < b / Vool2tdV

. 2/N
+ b_?(”"%)“RcH:p/” (/ IchthdV) .

Letting b = [2Aht2HRCH?,”/"]"/@P"") we have

2/N
(/ [V(,athdV) < Apt?(1 +t)/|VLp|2t_2(A<p)2dV

+ 4 (£ Rl /e 1} [9ptav
1 2/N
+3 (/ (w|N‘dV>
and subtracting gives (3.5).

§4. FINDING A LOWER BOUND

In view of Proposition 3.1, we have reduced the proof of the main theorem to

establishing a lower bound for the sequence {ux}. In this section we will show
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that in many cases, an a priori lower bound for {ux} can be found. In order to
do so, it is useful to isolate the following apparently weak property introduced

in [CY?2]:

DEFINITION. We say that {uy} satisfies (*) if there is a point z € M, constants
p, €, C > 0 such that
uy “dVp < C. *)

B(z,p)

Surprisingly, (*) is sufficient to ensure a lower bound.

LEMMA 4.1. Suppose {ur} satisfies the hypotheses of Proposition 2.1, and also

(*). Then there are constants &y, Cg > 0 such that
/u;%d% < Cp. (4.1)
M

As a consequence, there 13 a constant Cy > 0 such that

Uk 2 C(). (42)

Proof. Let 6 > 0 and multiply the equation for uz by u,'c'l"?&. Then integrating
by parts gives
- 62 —om _
/quk 52dV, = e ) /Rkuff =204V + and® /Rouk26d1/b. (4.3)

If 6 > 0 is small enough so that p(V — 2 — 26) < N, then by Holder

/ IV PdVs < C(Va, B) + and®||Rollos / up®dvi,
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Let A; denote the first non-zero eigenvalue of A, . Then by the Rayleigh

inequality,

fosnas s (fss) ] (o) s
<(J) ) (o)

+ /\i {C’ + Cé&* /u;“dvo} : (4.4)

1

If § < & (where ¢ is the exponent in (*)) we have

/uk_ad% = /u;5d1/z, + /u;c'&d%

B, Bg

cor(fanen)! J o

Be

P

N

This implies that for any n > 0,

o ()
(147) dVo/A[dVo (/u,:“dvo).

B;
Substituting this into (4.4) gives

/ugzéd% <Cp+(1+n) (/B dVo//M dvo) (/ u;%d%)

+ Cé? / ur 2 dvy. (4.5)
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Now choose n = n(p) > 0 small enough, then §y > 0 small enough so that the

last two terms in the RHS of (4.5) can be absorbed into LHS, giving us (4.1).

To see that (4.2) follows from (4.1), let G(X, -) denote the Green’s function
for A4, with singularity at X € M. Then G(X, -) > 0 and ||G(X, ‘)|l £ C for
t<n/(n—2). 0 <é< b,

w00 = [utav | [av- [ et et
<C- / G(X, ) {-banRiul "*7% — §a,Rou;’®
+ 8(8 + Dup? 0| Vuxl?} dVp
< C+ bap / G(X, )Rxuy ~27%dV,

+ bay / G(X, -)Rou;’dVp. (4.6)

Now [|[Riup ~27%|l < C(B, Vo) with s = N/(N — 2~ §) > 2 by Holder. This

implies

]/ G(X, YRiue > *dVo| < ||G(X, || Rewy I,

<cC

where 1/s +1/s' = 1 and s’ < -%5. This gives a bound for the first integral
in the RHS of (4.6). But if 6 > 0 is chosen small enough, we can use Holder to

bound the third term. This gives us (4.2). |

There are two cases for which (*) can be verified relatively easily. Recall

Q = Q(M, g,) denotes the Yamabe constant of (M, g,).
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LEMMA 4.2. If Q < 0 and {uk} satisfies the hypothesis of Proposition 2.1,
then {ux} satisfies (*) .

Proof. We first observe that if &g > O satisfies p(N — 2 — 2¢9) = N, then by
(4.3) we have
/ |Vur|fug 272 dV, < C(Vs, B). (4.7)

This follows from the fact that Ry < 0 (because @ < 0) and
I/Rkui\’—2—2€od%| < IBVO(P‘I)/P

by Holder.

Let v be any smooth, positive, non-constant function and let h = v*/"~2gy. If
g

we let wy = up /v, then

Lywk = Lya/n-2y, (uk/v)
= I/_N+1(Lgo uk)

= —aan'w,]cv_l. (4.8)
If S denotes the scalar curvature of A, then

Ly = Ay — a,S, (4.9)

S = ——a;IV—N"'l(LgOV). (4.10)

Since v is non-constant and f(A, v)dVy = 0, there is an open set U C M

where Av > 0. Choose a point ¢ € U and a geodesic ball B = B(z, p) whose
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closure is in U. By scaling v if necessary, we may assume

minv >1, minAv>1.
B B

Choose a smooth cut-off function n whose support is in U and such that n = 1

160

on B. Then multiplying equation (4.8) by n*w; and integrating by parts

gives
/(Ahwk)w;1"5°n2th — 0y /Sn2w;€"th
—an/Rkw;‘V"z"e"ndeh
= (1+e0) [ 1w [DuwalPavi ~ 2 [ qu*(Vun, TaweladVi
—ap / SntwpdVy = —ay, / Riwy "2 %0n2dV,.
(4.11)
Now
’/Rkwﬁv‘2—€°n2dvh = ’/Rku’v Tmeop? 2+‘f°dV’
< C(Vo, B). (4.12)
Also,

l/nwil""’(wn, Viwg)ndVi

1

: }
< (/772|Vh17|2th) (/wfz—u"lvhwk(deh)
%
S C </u;2—2€°lvukl2l/4+2€°d%)

< C(Vo, B), (4.13)
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because of (4.7). Hence by (4.11), (4.12), and (4.13) we have
—an/5n2w;€°dVo < C(Vo, B).
Now

_an/Snzw;CodVO = ——an/{._.a;I (Lgou) V—N+1}u;£or]2VN+2€0d%
B / (Lgov) uyon’ v F2e0dV,

> / (Ago u) T ntyiteeqv, (because Ry < 0)

> [ w=an,
B
so {ur} satisfies (*). ||

If W(g, ) denotes the Weyl curvature tensor of g, , then
W(g,) = u/"*W(g,).
Consequently,

ﬁp Z/lw(gk)lpdvgk — /uk—(N—z)(p_n/Z)IW(go)lpd%-

Since p > n/2, if W(g,) # 0 we immediately have that {ux} satisfies (*). We

have therefore proved

LEMMA 4.3. Ifn > 4 and (M, go) is not locally conformally flat then {uy}

satisfies (*).
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The last case of interest, and really the model for the problem in the conformal
setting, is the sphere S™ with the standard round metric §;. The conformal group
of (S™, §,) is not compact, so in general a sequence of metrics may not satisfy
(*) (see [CY3] for a further discussion of this phenomenon). For example, let
{¢¢}e>1 denote the l-parameter family of conformal transformations induced
by stereographic projection and dilation which leave the two poles fixed. Then
{¢79,} is a family of metrics which satisfy the hypotheses of the theorem (they
are all isometric to ;) but do not have a lower (or upper) bound. However, it
is this very l-parameter family which we will use to show that any sequence of
metrics which exhibits this degenerate behavior can be pulled back to a bounded

one. This idea of “renormalizing” is due to K. Uhlenbeck.

PROPOSITION 4.4. Suppose (M, g,) s conformally equivalent to (S™, §;), and
that {ur} satisfies the hypotheses of Proposition 2.1. Then if {ux} does not satisfy

(*), there are conformal transformations {Ty} such that if Ty g, = V:/"_Zgo, then

{vi} satisfies (*).

Proof. Let us assume (M, g,) = (S™, §,); the more general case of conformal

equivalence follows in an obvious way.

Now, if {ux} does not satisfy (*), then max uy — oo as k — oco. After
composing with a rotation, assume that the maximum of uj is achieved at the
south pole. To make our calculations explicit, we introduce coordinates (¢, &)
with ¢ € [—1, 1], ( € R™. Here ¢ is the latitudinal variable so that £ = —1

corresponds to the south pole. If {¢;}:>1 is the 1-parameter family of conformal
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transformations mentioned above, then ¢¥gy; = ¢; / "%, where

201 _ (2—n)/2
e, © = (LEOLEA=0)"

Hence, if p}g, = (Vk,t)4/"“2io‘, then

k(€5 €) = ¥e(C5 E)(ur 0 e)(C, &)

For each k choose t; so that v4(0, —1) = 1. Then v; < 2(n=2)/2 51 the southern
hemisphere. Hence if @ = {((, ) € S™ : £ < —1/2}, then by the Harnack

inequality,

1< max vk < C(Va, ,B)m(%n Vk.

This gives us a uniform lower bound on  and implies that {v} satisfies (*). B

§5. THE DEGENERATE CASE

In §4 we were able to establish an a priori lower bound for {ux} except when
@ > 0 and (M, g¢,) is locally conformally flat. In this section we give a straight-
forward generalization of the argument in [CY2] to higher dimensions in order

to show

PROPOSITION 5.1. Suppose Q > 0 and (M, g,) is locally conformally flat. If

{ux} does not satisfy (*), then (M, g,) is conformally equivalent to (S™, g,).

Since the case where (M, ¢,) is the standard sphere was treated in §4, this

will complete the proof of the theorem.
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Proof. Since (*) fails, ux — 0 in C* on compact subsets of M — X, by Propo-
sition 2.1. Given r > 0 and small, define

Mr=M—OB(rI:1, r)

=1

where & = {z;, z2,...,2,}.

Now fix » > 0 small and for each k choose a constant ¢; so that
ey / uldVy = 1.
M,

4/n—-2

Then ¢x — oo. Letting vy = cxug, and hy = v, go we have

/ |Re(hi)PdVi, = cp N D@=n/2) / |Re(g, )P dV,,

—0 as k — oco. (5.1)
Also, Ly vy = (—anR,ud "),, so

/ | Ly, v, MDY, < C(Va, B). (5.2)
M,

In fact,

/ngoukldVb San/leluiv_zudeO
M, M,

(2p—n)/np 2/N
< auf ( / uivdVo> ( / u}fdvo>
M,

M,
—0 as k— oo. (5.3)
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Now (5.2) implies that {vx} is bounded in W22/("+2(M,), hence in W12(My,).
Thus {v+} has a subsequene which converges weakly to I' € W' ?(M,,.) and sat-
isfies (weakly, hence strongly) Ly I' = 0 on Ma, (by (5.3)). We wish to verify
that T' is strictly positive; that will follow from the strong maximum principal

(since Ry > 0) once we have shown that T’ # 0 on Ms,,.

Since ||ukl|ce(m, ;,) < Cr, by the Harnack inequality
<C i
Wax g < Vo, ﬂ)rrﬂlllfx Uk

which implies

max v, < Crmin v,.
M, M

r

N
1:/1/}:,(”/03 /dVo (nidax Vk>

M, M,

Since

we have v, > C' > 0 on M, and hence I" > 0.

For any 0 < r' < r we may apply the same argument to produce I'' > 0, and
as in [CY2] we find that I' is proportional to I" so that by adjusting constants
we may assume I' = IV, Let r; — 0 and for each r; repeat the process, then take

a diagonal subsequence to produce I' > 0 which satisfies L, T =0 on M — X.

By the removable singularities result of [GS], either I has a pole at some z; € %
or each element of ¥ is a removable singularity. In the latter case we would have
L, T = 0 on M with T smooth, a contradiction. Hence there is a non-empty
set ! C ¥ such that z; € &' if and only if I'\(z) ~ d(z, z;)®>™™ near x;. Let
X=M-3
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Now h = I'*/"~2¢ is a complete, flat metric on X; this follows from (5.1) and
the fact that (M, g,) is locally conformally flat. By the classification theorem for
flat space forms (see [W]), this implies that (X, h) is conformally equivalent to
the sphere minus |£!| — 1 points and (M, g,) is therefore conformally equivalent

to (S™, 7,)-
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