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ABSTRACT

This thesis discusses various aspects of theoretical high-energy

physics. The first two sections describe methods for investigating

QCD effects in e+é_ annihilation to hadrons. The third section

presents some predictions for various features of QCD jets. The fourth
section shows that any fermions in the standard weak interaction model
must have masses4g100 GeV. 1In the fifth section, the abundances of any
new absolutely stable heavy particles which should have been produced

in the early universe are estimated, and found to be inconsistent with
observational limits. Finally, the sixth section describes the develop-
ment of a baryon excess in the very early universe due to B, CP violating

interactions.
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PREFACE

This thesis consists of a selection of short papers which summarize
some of the research on theoretical high-energy physics that I have
carried out during the last year and a half {(June 1978 - October 1979).
Many details have been omitted. In most cases, further details are
described in published or soon to be published papers. These papers alone
amount to some 800 typed pages, and their inclusion here would have
rendered this thesis a somewhat lengthy document. Appropriate references
necessary to locate them are given in the Introduction below. The chrono-
logical order in which the major parts of the works described in the papers
below were performed was: 5, 1, 4, 2, 3, 6. Topics investigated during
the last year and a half which have been entirely omitted below include:

Non-logarithmic terms and effective coupling

Weak effects in I° decay

Some cosmological effects of the Higgs mechanism.



INTRODUCTION

The first three papers in this thesis concern the extraction of

measurable predictions from quantum chromodynamics (QCD). QCD is a
gauge field theory which purports to describe the (color) interactions
of quarks and gluons (for reviews on various aspects of QCD, see ref. [1]).
At present, QCD is the only viable model for-strong interactions. However,
few definite quantitative consequences of QCD have yet been deduced. The
main obstruction is that the fundamental quarks and gluons of QCD apparently
cannot be permanently isolated as free particles, but are always confined
within the observed hadrons by strong forces not amenable to treatment
by perturbative methods (which are the only proven approach to investigating
quantized field theories). Nevertheless, at distances much smaller than
the inverse sizes of light hadrons (e.g. m), QCD interactions become suffi-
ciently weak that precise calculations using perturbation theory and Feynman
diagrams are possible. The simplest process to analyse in QCD is probably
high-energy é+e_ annihilation into hadrons, since it involves no quarks or
gluons in the intial state. Measurable featureg of e+e_ annihilation which
are sensitive to the structure of events only at short distances (before
QCD interactions become strong and hadrons form) may be calculated from QCD
perturbation theory. The simplest observable is the total cross-section
for hadronic e+e— annihilation. Since at accessible energies (distances)
the effective QCD coupling constant is typically not particularly small
(aeff -

s

uncover the scale of the characteristic logarithmic energy dependence

0.2), it is prudent (and in fact formally necessary in order to

implied by QCD) to evaluate not only O(as) but also O(az) terms in the
perturbation series for the total cross-section. The necessary three-

loop calculations are extremely complicated, and require the use of
algebraic computer programs [2]; we have still not yet completed them [3].
In addition to the total cross-section, sufficiently coarse features of

the angular distributions of energy in the final states of e+e— annihilation
events should also be insensitive to hadron formation at large distances

( . involving correspondingly small transverse momenta), and reliably

estimated by perturbation theory. Papers 1 and 2 below discuss sets of



observables which parametrize the energy distributions or 'shapes' of

é+e— annihilation final states, and whose mean values (and higher moments)
are typically sensitive to the structure of events only at short distances.
At lowest order in QCD perturbation theory, e+e— annihilation proceeds
through e+e—+y*+qa; the final q,q 'fragment' into two jets of hadrons with
small transverse momenta. At O(as), one of the outgoing quarks may emit a
gluon (G) yielding y*+an: if the gluon hag sufficiently large transverse
momentum, then it will dinitiate a third jet of hadrons. The observables
described in papers 1 and 2 allow direct quantitative tests of these QCD
predictions, at least at high enough e+e_ centre-of-mass energies (Vs) that
the smearing associated with the formation of hadrons is not overwhelmingly
important. Simulations of the fragmentation of quarks and gluons into hadrons
_using a phenomenological model in papers 1 and 2 indicate that (if all
particles in each event are measured) vs >20, 30 GeV is required. In
addition to theoretical advantages, the observables described in papers

1 and 2 have the practical advantage over other proposed observables that
they require no minimization, and are thus less susceptible to biases. The
observables have found some use in the analysis of experimental data from
PETRA [4]. Beyond providing quantitative tests of QCD, the observables
may also be used in a more phenomenological manner: for example, to
identify the roughly spherical events expected from the production and
decay of heavy quarks (or leptons) near threshold from the usual two-jet
events. The observables are also useful in analysing processes other than
é+e— annihilation: in ref. [5] they are applied to deep-inelastic lepton-
hadron scattering. TFurther details of the work summarized in papers 1 and
2 may be found in the lengthy papers of refs. [6], [7] and [8], where

other observables are also introduced.

At very short distances, the structure of e+e— annihilation events
involves the emission of small numbers of gluons, typically with large
transverse momenta, and may be analysed by direct explicit perturbative
calculation. At very large distances, the quarks and gluons condense
into hadrons in a presently incalculable but presumably universal manner.
Nevertheless, there is a large region between these two extremes in which

many gluons are emitted independently and with small transverse momenta.



The methods for analysing this region are similar to those used for the
analogous case of electromagnetic shower development in matter, and are
based on the leading logarithm approximation (in which only leading terms

in (roughly) the logarithm of the distance divided by a fixed scale are
retained). The third paper in1this thesis makes several applications of the
leading logarithm approximation to QCD jet development. Some details of
derivations and results are given in ref. [7]. The consequences of the
iterative picture for jet development described in paper 3 below are natur-
ally investigated by use of Monte Carlo methods. Ref. [9] describes

the construction and application of a Monte Carlo computer program which
simulates the production of quarks and gluons in QCD jets, and embodies all
presently known features of QCD final states. The final condensation of
quarks and gluons in ajet into hadrons (which is irrelevant for sufficiently
coarse measurements, such as those provided by the observables of papers 1
and 2) must be simulated by purely phenomenological means: ref. [10]
discusses several suitable models. These models provide complete predictions
for hadronic final states observed in e+e~ annihilation at all energies.

The fourth and fifth papers in this thesis are concerned with an entirely
different topic. They describe constraints on quarks and leptons more
massive than those yet observed. Paper 4 shows that in the standard Weinberg-
éalam SU(Z)LXU(l) gauge mddel for weak interactions (reviewed in ref. [11]),
no quarks or leptons may acquire masses in excess of about 100 GeV by the
usual mechanism of spontaneous symmetry breakdown (with a single Higgs doublet).
The observation of more massive quarks or leptons (which should be possible
at the next generation of pp and ﬁp colliding beam facilities) would provide
the first definite evidence that the minimal SU(Z)LXU(l) model for weak
interactions is inadequate. (Predictions for heavy quark and lepton production
cross—-sections are given in ref. [12].) Paper 5 addresses the possibility
of absolutely stable charged or strongly-interacting particles more massive
than the proton. Such particles appear in several extensiong of the minimal
weak interaction model. It is shown in paper 5 that according to the
standard hot big bang model for the early universe (reviewed in ref. [131),

a rather large number of such particles should have been produced (corresp-

onding to present concentrations above about 10_lo/nucleon). The failure
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of terrestrial searches (sensitive to much smaller concentrations) to
detect these particles (with masses below about 300 GeV) then implies
either that they do not exist (thus placing severe constraints on weak
interaction models) or that the standard cosmological model is grossly wrong.
Ref. [14] estimates the concentrations of any stable leptons or hadrons
which should be produced by interactions of high-energy cosmic rays with
the earth's atmosphere: experimental limits exclude stable heavy hadrons
(with masses below 100 GeV) produced even by this mechanism.

Very few of the comparatively small number of relevant observed large
scale features of the present universe are satisfactorily explained even
by the standard hot big bang model for the early universe. One important
unexplained feature of the preéent universe is the local absence of large
amounts of antimatter. TIf this is a global phenomenon, then in the early
universe, an excess £10~8 of nucleons over antinucleons must have existed.
It is an old idea that in models where baryon number and time reversal invar-
iance are violated by interactions at very high energies (usually leading to
proton decay with a very long lifetime), the baryon excess in the early
universe should be calculable. Paper 6 describes the development of a
baryon asymmetry in such models: any initial baryon number is probably
destroyed at éxtremely high temperatures; a small excess is generated by
non-equilibrium processes at lower temperatures. The details of this
.work are described in ref. [15]: several aspects of mon-equilibrium
thermodynamic systems with time reversal violating interactions discussed

there perhaps have wider application than cosmology.
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Observables for the Analysis of Event Shepes in ete™ Annihilation and Other Processes

Geofirey C. Fox and Stephen Wolfram
California Institute of Technology, Pasadena, California 91125
(Received 18 September 1978)

We present a set of rotationally invariant observables which characterizes the “shapes”
of events, and is calculable in quantum-chromodynamics perturbation theory for final
states consisting of quarks and gluons (G), We include the effecis of fragmentation to
hadrons in comparing the shapes of events from the processes ¢*¢” —~¢qg, e*e”—q7G, and
e*e” ~~ heavy resonance— GGG, and from heavy-quark and lepton production. We indicate
how our analysis may be extended to deep~elastic lepton-hadron Interactions and hadron-
hadron collisions involving large transverse momenta.

Experiments® have shown that at high center- Instead, one may use observables which directly
of-mass energies (Vs) the final states in e*e” characterize the “shape” of each event. Since
- hadrons usually consist predominantly of two there is no natural axis defined in the final state
jets of hadrous presumably resulting from the of e*e” annihilation, it is convenient to consider
process e*e” —g¢7. Quantum chromodynamics rotationally invariant observables. A set of such
(QCD) explains this basic two-jet structure,? but observables is given by | Y,™(Q) are the usual
predicts that one of the outgoing quarks should spherical harmonics and P,(cos¢) the Legendre
sometimes emit a gluon (G), tending to lead to polynomials]
three-jet final states. 4 w Iﬁﬂ_ 2

Previous attempts® to discriminate between two- H,= (22 " 1) > ’Z} Y,mMay) Vs
and three-jet events concentrated on finding a mecid
“jet axis” by minimization, and then measuring 1Bl
the collimation of particles with respect to it. =€sz ; P (cosp,,), &Y

© 1978 The American Physical Society 1581
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where the indices i amdd § run over the hadrons
"which are produced &a the event, and @, is the
angle between particies i and j. When the first
for the H is used, oma must choose a particular
set of axes to evaluate the angles (§,) of their
momenta, but the valmes of the H; deduced will
 be independent of the whoice. Energy-momentum
conservation requires #,=0 and H,=1. In prin-
ciple, all the other H, carry independent informa-
tion.* In practice, however, one need only con-
sider the lower-ordex #,; in this paper we con-
centrate on H, and & ,.
The information confained in the H, may also

be expressed by the “amtocorrelation function”

Fleosp) =2 [ p(Detdif(, 6, 1) °
=33,(20+ 1}, P (cosf), (2)

where p{f}) is 2 continmous distribution of momen-
tum and fi, R are operaziors in the rotation group.
For particle events, we define the two-detector
energy correlation®

-~ 161 E &
Fy (o, Uz)=m __;__.z , (3)

where E, are energies incident on detectors cover-

ing the regions ¢, of tofal solid angle lo;|.” We
form the rotationally fmvariant observable F, by
averaging }72 over all possible positions for the
detectors, while mainfzaining their relative orien-
tation. In e‘*e” annihilation events, this may be
achieved (apart from aorrelations with the beam
axis and polarization} by averaging over events.
In the limit Jo;|~0, F, becomes a function solely
of the angle B between the two point detectors,
and is identical to F{cesg). F, may clearly be
generalized to a correlation between n detectors
(F,). However, unlike the case of the H,, there
are infrared difficulties when the F, are calculat-
ed in QCD perturbatiozm theory.®

The ability of the H %o distinguish between dif-
ferent processes is ilkustrated in Fig. 1, Final
states of the process &*¢” ~¢7 have H,=1 for
even land H,=0 for adid I. In contrast, the proc-
ess e'e” -qgG gives gwents with a wide distribu-
tion of H,values, corzmesponding to a range of
shapes. For example, the dependence of H, on
the fractional energies x (= 2E, /Vs) of the final
quarks and gluons in this case is given by

Hy=1 =601 = 2, (1 =2, )1 = x,) 20, x,%, . (4)

Each kinematic configmration, labeled by the x,,
leads to an event of a d&ifferent shape, and each
is characterized by & particular value of M,.

1582
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FIG. 1. The distributions in H, and #; for the proc-
esses e*e” —q7 (dotted lines), ete™—¢7G (full lines),
and e*e” — heavy resonance —~ GGG (dashed lines). The
process e*e”+47G alone yields an infinite total cross
sectlon, but when added to e*e™ — g7 calculated through
0(g?) the combination of processes [denoted by e*e”

-~ g7 (G)] gives a finite cross section. We have taken
a,=0,25 for the e*e™ —¢gG distribution,

The H, do not discriminate between final states
differing by the inclusion of a vary low-energy
particle or by the replacement of one particle by
two collinear particles with the same total mo-~
mentum. It is believed that these properties are
sufficient to ensure that calculations involving the
H, are infrared finite in QCD perturbation theo-
ry.»e

A convenient measure of the event shapes due
to different processes is provided by the mean
H, For the sum of the process e*e” —~¢7G and
ete” -q7 calculated to lowest order in the QCD
coupling constant o,=g%/4n, we have

(Hy=1+(2a,/31)(33-4m) =1 ~1.4a,, (5)

so that a center-of-mass energy vs =40 GeV,
{H,)=0,76.

QCD suggests that heavy @@ vector mesons
(such as ¥, T) should decay to three gluons. Fig-
ure 1 shows that the H, and #, distributions due
to this process are very different from those for
e*e” -+qqG. The flatter H, distribution for the
GGG decay is reflected in a lower (H,):

2

() st eI 0,62 (6)

Our results above were obtained by making the
jidealization that final states consist of {ree quarks
and gluons. In-reality, one must consider the
“fragmentation” of these quarks and gluons into
hadrons, although at sufficiently high energy the
values of the H, should be the same whether they
are calculated from Eq. (1] using the momenta of
the actual hadrons in each event, or of their par-
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ent quarks and gluons. In order to estimate the
shapes of realistic events at {inite energy, one
must go beyond the realms of present QCD theo-
ry and adopt an essentially phenomenological mod-
el for the generation of complete hadronic final
states by the fragmentation of quarks and gluons.
We use the model developed by Field and Feyn-
man,” which agrees with available data.®

QCD predicts that, away from rescnances, e ‘e~
annihilation should be dominated by the process-
es e'e” ~qq and e*e” ~qqG. The processes e'e”
-ggG can give rise to final states containing eith-
er two or three jets of hadrons. Two-jet events
occur when some of the quarks and gluons have
low energy or are nearly collinear® and they can-
not be distinguished from e’e~ —gqq events by
measurements on the hadron final state. Only
when e'e” ~qqG and e e~ —gg [calculated through
O(g?]are added is the jet-production eross sec-
tion infrared finite. We denote this, combination
of processes by e ‘e~ ~qq(G).

In Fig. 2, we present the H, distributions for
realistic hadronic events resulting from e ‘e ~g¢g,
e*e” -4g(G), and e*e” ~r ~ GGG (L is 2 heavy QO
resonance). The modifications to the results in
Fig. 1 due to the fragmentation of the quarks and

10—t Tt e
F o, /5 110GV 1t /520 6Gev J
! Do
14 .
A _do
Oy dHy
\
ou} \
: 1
t
\ \
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10—t —r 1

L /540G on

/\\\\ "
A doip (
Oy dH2 /
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FIG. 2, The H, distributions predicted for hadronic
events resulting from the processes e*e”—~gg (dotted
lnes), e*e” —¢7(G) (full lines), and e*e” —~ heavy reso-
nance— GGG (dashed lines), at various center-of-mass
energles Vs,

gluons into hadrons are striking, (They also oc-
cur for the higher H, and for other observables
designed to identify three-jet events.’) Never-
theless, above Vs ~10 GeV, the H, distributions
for the different types of events are clearly dis-
tinguished, By vs =40 GeV, the predictions are
similar to those obtained in the idealization of
free quarks and gluons (Fig. 1). H,and H, dis-
tributions are particularly effective at distinguish-
ing e*e” ~¢q(G) and e*e™ - ¢ - GGG events, while
H, distributions are very sensitive to the pres-
ence of any pure e‘*e” —gg component. The H, dis-
tributions for realistic events may be made more
similar to the idealized ones of Fig. 1 by using
only the higher-momentum hadrons in each event
for the computation of the #,.'° Even the cut |p,]
>0.5 GeV is sufficient to effect a great improve-
ment. The H, distributions?® are little affected if
only the charged particles in each event are de-
tected. Our predictions are net particularly sen-
sitive to the parameters of the jet development
model (which may presumably in any case be
determined from single-hadron momentum dis-
tributions), but it is still difficult to estimate the
uncertainties in our results at energies where
the fragmentation of the quarks and gluons has an
important effect. Refinement of the jet model as
further experimental data become available
should allow more accurate predictions to be
made.

The H, are not specialized to the investigation
of two- and three-jet events, They may also be
used to identify events of other types, The pair
production and weak decay of heavy mesons {con-
taining a heavy quark @ and a light antiquark ¢q)
and heavy leptons (L) should give events contain-
ing many hadron jets, For heavy leptons we as-
sume the decay scheme L -~ v, ud, while for heavy
quarks (mesons) we consider the three possibili-
ties Q—q'ud, @—~¢’G, and Q¢ .~ q’q". Figure
3 shows our predictions for the &, distributions
of heavy-quark and lepton production events, We
take no account of hadron production by heavy
quarks prior to their weak decays, so that our re-
sults for heavy-quark pair production should be
valid only near threshold.

In addition to the H,, one may consider the
multipole montents®

B,=E (15 /¥5)P, (cosa,), @

where «; are the angles made by the particles in
the event with the beam axis., A g7 {inal state
with angular distribution 1+ cos®a, (the naive
parton model predicts x=1) gives a broad dis-
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tribution in B, with mean 2)/5(x +3), while the
process e'e” ~gq(G) gives {B,) ~1/10 - 3, /107,
corresponding to A= 1~4a, /7, ande*e” ~¢
~ GGG gives (B = (12 - T1f)/80(x* - 9) or A = (72
~77?)/(137% —~ 120)=~ 0.35. The H,, being rotation-
al invariants, are of course insensitive to corre-
lations with the beam direction. They are, how-
ever, far superior in identi{ying the shape of
events and distinguishing competing processes.

The H,; may also be used to analyze three-jet
effects in deep-inelastic lepton-nucleon scatter-
ing. Making the idealization of free final quarks
and gluons, and treating the nucleon fragments
as a single particle, we find that in the *virtual
photon- (or W-) nucleon rest frame, two-jet
events arising from y*g~gq give H,~1 for even !
and H,; >0 for odd I, just as in e "¢~ annihilation.
The three processes!! y*g ~g, y*q—4qG, and y*G
~gg typically give a {H,) which varies smoothly
from 1-~0.5¢,at Bjorken xaround 0.1 to 1-0.9¢,
at x=0.8. The distributions in the H, are similar
to those in e'e” annihilation, The effects of frag-
mentation to hadrons are governed by syxy
=@(1/x - 1. o

For processes in which a natural plane (1) is
defined it is convenient to use the two-dimension-
-al analogs of the H:

T P
C,=1 w expilg,| , (8)
1 s .

where ¢, are the angles of the particles relative
to an arbitrary axis in II, and |p;|, o are the

[a:H
L_s K
o d(H, /1) |j

Olp

00 02 04 06 08 1000 02 04 06 08 10
Hy/Ho Hy/Ho

FIG, 3. The H, distributions predicted for hadronic
events resulting from the production and weak decay of
heavy-quark ) and -lepton (L) pairs (dotted lines) at
V¥s=20 GeV, and in the frec-quark and gluon approxima-
tion (fs—~=). Three mechanisms for heavy-quark de-
eay are coasidered: Q--¢' ud (full lines, Q—~¢' G
(dashed lines), and Qq, .o — ¢ ¢ (dot-dashed lines),
In the free-quark and g{) uon approximation the latter
two processes glve the same 77, distributions.
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magnitudes of their momenta projected onto II.
In deep-inelastic scattering, it is best to take
the plane II to be orthogonal to the y* (or W¥)
direction. Then two-jet events give C,~0, while
three-jet ones can give nonzero values of C,;.*?
Typically, in the free-quark approximation, <G,
is independent of I, and typically (C,,;)=0.06q,
at x=0.1, rising to 0.15¢, at x=0.8, In hadron-
hadron collisions involving high transverse mo-
menta, Il should be chosen as the plane perpen-
dicular to the incoming hadrons. Once again, the
distributions in C,/C, distinguish two- and three-
jet events. The obvious two-dimensional analog
of F, [as defined in Eq. (2)] will also be useful.

A detailed discussion of the work summarized
here is given in Ref. 6.

This work was supported in part by the U, 8.
Department of Energy under Contract No. EY 176~
C-03-0068, We are grateful to R. D. Field and
R. P. Feynamn for the use of their jet-develop-
ment computer program, and to the MATHLAB
group of the Massachusetts Institute of Technol-
ogy Laboratory for Computer Science for the use

of MACSYMA.
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#The division between configurations of quarks and

. gluong which give two- and three-jet events is deter-

mined by the details of their fragmentation to hadrons,
At present the division must be made almost arbitrari-
ly, but our results are not sensitive to the choice (see
Ref, 6).

Y1f ncomplete final states are considered then only a

fraction of the true energy of the event will be meas-
ured, so that it is convenient to use the effective H;/
Hy rather than H, for this case.

AN processes of 0(g?), including those involving ex-
tra initial-state particles (e.g., y*G¢—¢), must be
added in order to obtain an infrared-finite result. To
0(g?h, however, only the three-jet parts of y*q—qG
and v*G—q7 contribute to (Hy4y and (Hy) -1, y*C
-—-qd gives an insignificant contribution.

20ne may also define two-dimensional analogs of the
B;. These provide an improved formulation of the
tests of QCD proposed by H. Georgl and H. D, Politzer,
Phys. Rev. Lett. 40, 3 (1978).
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TESTS FOR PLANAR EVENTS IN e*e~ ANNIHILATION ™

Geoffrey €. FOX and Stephen WOLFRAM !

California lustitute of Technology, Pasadena, CA 911235, US4

Reccived 14 December 1978

We present a new class of observables which distinguish events containing two or three hadron jets from those contain-
ing a larger number. These observables, witich essentially measure the coplanary of events, are caleulable in QCD perturba-
tion theory. Their use should allow the mechanism of T decay to be determined. :

According to QCD, e*e annihilation into hadrons
at high center of mass energies (\/s ) proceeds domi-
nantly through the process e*e - = (q, with some con-
tribution fiom higher-order mechanisms such as e*e~
- ¢qG. On vector meson resonances composed of
heavy quark pairs (such as ¥ and T, denoted generi-
cally §), QCD suggests that hadrons should be pro-
duced primarily through e¥e™ ~ ¢ = GGG, and should
therefore form three jets. In this paper, we discuss
tests for this mechanism, which distinguish it, for ex-
amiple, from those in which the hadrons are distributed
isotropically rather than forming jets. In a previous
paper [1], we considered the class of observables de-
fined by (the P, are the Legendre polynomiuls)

Ipilip;l
EM'”W—! 1 pp) s

0]
where the sums run over all particles in an event, and
the p; are unit vectors along the momenta p;. These
observables provide a measure of the “shapes” of
events in ete ~ annihilation and allow some discrimi-
nation between isotropic and three-jet hadron produce-
tion on resonance. For idealized two-jet events, /5,
=1 and /4, =0, while for isotropic events /=0
for [ # 0. Theee-jet events lead 1o intermediate values
of the /7, To make this more quantitative and inclnde
the effects of the frdgmentation of guarks and gluons

* Work supported in part by the U.S. Department of Faergy
under Contract No. EY 76 C-03- (Mh\«.
1 Qupported by a IFeynman rellowship.

134

o hadrons, one must pertorm a detailed theoretical
calculation [1]. Perhaps the most distinctive feature
of three-jet events is the approximate coplanarity of
the final state particles. Unforunately, this property
has no simple consequences for the //;. However, if
instead one considers obscrvables of the form

lpillp;tipgl

ijk

(v5)3

lp H/l Hpgl
LT

«/s)?

”S (ﬁ,x .U/ p,k S(tnp/) pA)

iy = X pjt pi) B pi oY, (2)

ijk

where the functions S and 4 are respectively synume-
tric and antisynunetric polynomials in the scalar pro-
ducts of the unit vectors, then for coplanar events, the
11 and ¥ vanish. These observables, therefore. provide
a definitive test for coplanarity and hence should
allow clean discrimination of two- and, particularly,
three-jet final states from more complicated structures.
hie simplest example of the 1 class of observables has
S =1 and will be denoted I, while the simplest non-
triviul member of the ¥ class (denoted by W ) has

P S R
A=y b)Y (p - pj) + ;- Pi)z (p;
+(py !3]‘)2 (!3,' < pi) — (b,

. PN IV n . RN VI .
= (B BBy b = (b by )~ (g )]

<)
: [-,/)2 (,'7/' *Py)

Note that while the IT are scalurs. the ¥ are pseudosca-

fars. so that when averaged over events, (4 =0. Or
IS ;

course, (=), tor example, need not vanish.



Volume 828, number 1

In [1] we argued that the moments of the #;
should be infrared stable when computed in QCD per-
turbation theory. This result should also hold for the
IT and V. In general, divergences in the mean values of
observables arc canceled if the observables take on the
same value for all physically indistinguishable proces-
ses. One requirement is, therefore, that the addition
of very soft particles should not affect the value of
the observable. This is guaranteed for the IT and W by
the presence of a term proportional to the total mo-
menta of the particles. The other condition for infra-
red stability is that the observables should be linear in
the momenta of collinear particles. This is clearly satis-
fied by the IT and V.

We showed in.[1] that the H; correspond to mo-
ments of two-detector energy correlation functions
which are formed from the product of the energies in-
cident on each of two detectors [2]. The [T and ¥
may be related to momenta of the analogous three-
detector energy correlations ¥!. We sketch this rela-
tion below.

Let us define the multipole moments of an event
by (the Y] are the usual spherical harmonics)

IP,‘|
Af =?f}’1’"(9i)’ - (3)

where the angles §2; arc measured with respect to a set
of axes chosen in the event. The 4, defined in eq. (1)

may then be writien as
+{

H,=(————) 22 14712, 0
m=—1

which is clearly a rotational invariant and hence inde-
pendent of the choice of axes used to measure the
angles £2;. The three-detector energy correlation func-
tion may be decomposed in terms of natural generali-
zations of the #}, given by

Tl I =(47T)3/2 E ll 12 13
18273 myma,nl3
ml nq m3

&)

my 41Ma 4013
X A11 A"z Ala

#1 Observables involving products of four or more momenta
arising from energy correlations between four or more de-
tectors do not appear to have any immediate application

[5).
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where the 3/ symbol serves to combine the three
spherical tensors into a rotational invariant *2. The H,
represent a special case of these observables:

Ty 0= DY V2L tT oy, Hy (6)

For planar events, the three-detector energy corre-
lation function clearly vanishes unless the three detec-
tors lie in a plane. As we describe in detail elsewhere
[2], this property of the three-detector energy correla-
tion may be translated into the vanishing of certain
linear combinations of the Ty, 1,1, for planar events.
These combinations fall into two classes corresponding
to the IT and ¥ observables. Those involving only
Ty, 1,1, With Iy +1, +15 even correspond to the I1 and,
for example

-2

If 1y +1, +15 iseven, then T}y, is real, but if it is
odd, then the 77, 4, , are purely imaginary. However,
for planar events, all the 7}, ,;, must be real #3 50 that
all Ty, 1,1, with odd 7} +1, + /3 must vanish in that
case. The ¥ may be written in terms of these 7p,
and, for example,

The formulae for the simpler IT and ¥ are given in
table 1. Note that momentum conservation implies
that 77, 7,7, vanishes if any of its indices /; = 1. We
have nevertheless retained such 77,4,7, in table 1 so
that our results may be applied to incomplete final
stages where momentum is not conserved among the
particles used to calculate the 1 and V.

In the approximation of free final quarks and gluons,
events of the types ee™ - qg(G) and eTe~ ~ { — GGG
will give zero for all the [T and . For an exactly iso-
tropic event, however, all the T7,;,;, vanish except for
Typp = 1. In this case, therefore, IT; = %, I, =0, I3
=0,0, =% and all ¥ =0.

In order to simulate real hadronic events, we use
the phenomenological model for quark and gluon frag-

I3l3

*2 Note that the T1,1,15 vanish for I3 outside the range
11y — Iyt to [y + 1, | (triangle inequality) or if the sum [y
+1[y +13 is odd and two of the /; are equal (symmetry prop-
erty of the 3+/ symbols).

#3 1f the plane formed by the x and z axes is chosen to be in
the plane of the event, then from (3) all the A} are real so
that the T111213 deduced from (8) will also be real.
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Table 1
Examples of observables which vanish for coplanar events.
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tpiiipitipgd ) , ,
=2 ! (B X pj* pp)? = ~¢% V14 T2 + 33/5 T220 = 5To00]
koW
b 1ot oy
= 2 -l (X By DO Ly B * By D) * (g )
ik /sy ‘

=§§§[12xm T332 + 15V/7 T330 + 42 T321 — W6 Ta1y — 353 Ty10)

o1 151 1Pk o o
My= E——~————«—~—— (B; X Bj <P PPy D) ¥ By~ DBy PP+ (B« bp) (by - D]

ik sy

-2
= (12154 Taz3 + 843/3 Ty31 — 68/21 T332 — 217 Ta30 — 126 Tazy — 496 oy + 493 Ty

3675

Ipgiipiiipgl
Mam 20—t (5 Xy PRy PR+ 0 BR)? + W+ B2

Lk (5P
36

Ipitipil gl
\!’IE E_____.L__.___
ik (J5)3

-2 _
= —-‘;7—5'[20\/77 Taaz + 140 Taag + 124/70 Tgp0 + 254/ 14 Tyap + 6335 Ta20 ~ 245 Tgoo)

(B X Py DBy - PR g by (p;e Pp* By Bp) + (P + 13/')2 (B bp

= — B BPP By b)) — By (B B — B+ PRY? By - B = 3eim[T234)

mentation into hadrons developed by Field and Feyn-
man [3]. To investigate the discrimination between
planar and non-planar events provided by our observ-
ables, we shall compare events due to ete™ = ¢ - GGG
with ones which give the same single hadron momen-
tum (z = 2| pl/A/s) distribution but which arise from
non-coplanar configurations of quarks and gluons. We
chose two models for non-coplanar events. In the first
(referred to as ‘6-jet’), we consider the production and
decay of a pair of heavy quarks into three particles.
This model was introduced in [1]. Although it gives
rise to events which are non-planar and contain six
hadron jets, it happens that with cur quark and gluon
fragmentation functions, they have roughly the same
z distributions as ete™ = ¢ > GGG events. For our
second model (referred to as ‘isotropic’), we generated
ete™ = ¢ - GGG cvents and then rotated the momen-
tum of each of the particles randomly. This proc2dure
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gives roughly isotropic events but at the cost of some
violation of momentum conservation.

In fig. 1, we show the distributions of simulated
hadronic events in I1; at three center of mass energies
while fig. 2 gives their distributions in /4, '*. In both
cases, the free quark and gluon predictions are consid-
erably modified by fragmentation to hadrons. This
effect is particularly marked for the Hl; distributions.
Nevertheless, even at \/§= 10 GeV (corresponding to
the T region), the distributions allow clear discrimina-
tion between different mechanisms. Of course, at
higher v/s, the effects of fragmentation become less
important, and the various processes are yet mote

#4 o*e~ - qq(G) denotes the sum of the processes e¥e™ — qgG
and e¥e” - . calculated through O(g?). According to
QCD, c*e” — 4g(G) should be the dominant process away
from resonances. Details are given in (1.
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Fig. 1. The distributions 1/o do/t1; of simulated hadronic
events in the coplanarity parameter 11y for various center of
mass encrgies (\V5). ee” — ¢~ GGG, “isotropic” and “6-jet”
are three itlustrative mechanisnzs for heavy resonance {¢) de-
cay. According to QCD, efe” — qq(G) should be the domi-
nant process of resonance [1]. In the free quark and gluon
approximation, the processes ¢ e~ = ¢ —» GGG, efe™ — q and
g'e” - q(G) should lead to 117 = 0. In the same approxima-
tion, the ‘6-jet’ process leads to a roughly flat distribution in
IT; over its Kinematically allowed range (0 < 11} < 2/9). Com-
pletely isotropic events have iky = 2/9. Note that in this and
tig. 2, all curves are calculuted by considering oaly hadrons
with momenta above 0.5 GeV.
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Fig. 2. The distributions 1/o do/d/{; of simulated hadronic
events in the shape parameter /{5, for the various center of
mass energies {(/5). The corresponding distributions in the
free quark and gluon approximation are also given.
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clearly separated. Note that the distributions in 1,
are particularly suitable for distinguishing planar from
non-planar processes and, for example, allow separa-
tion of ete—— ¢ - GGG events {rom isotropic or 6-jet
ones. At /s = 10 GeV, isotropic and 6-jet events give
indistinguishable 11} and //; distributions, but at
higher v/s they differ. Figs. t and 2 show that it should
be possible to determine whether T decay proceeds
dominantly through T - GGG by measuring the I1;
and /f, distributions of T production events. It should
be pointed out, however, that if the decays are found
to be more isotropic than would be expected for T

- GGG, this does not represent a contradiction with
present QCD theory since there is thus far no over-
whelning evidence that low-order processes should
dominate in T decay. Note that the results shown in
figs. 1 and 2 depend on the quark and gluon fragmen-
tation functions assurned. Our choices for these may
be tested by measuring single hadron momentum dis-
tributions and if a significant difference were found,
the calculations of the shape parameter distributions
should be revised. In our discussion of { decays, we
have always considered models which give the same z
distributions. Thus the discriinination between differ-
ent mechanisms illustrated in figs. 1 and 2 should not
be affected by changes in the z distributions.

We find that the distribution of realistic hadronic
events in the observables Wy, 11, and I13 defined in
table 1 does not differ significantly between the pro-
cesses we consider. The distributions in Il are quali-
tatively similar to those in Il but distinguish slightly
less between the various processes, and so we find that
it is sutficient to measure I1; to test the coplanarity
of events.
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Our observables can also be used to analyse final
states in which not all the particles are detected. For -
example, at +/s = 10 GeV, the difference in i/o
do/dIl; between e*e™ ~ ¢ > GGG and isotropic
events at [ty = 0 changes from the factor of about 3
shown in {ig. 1 when all particles are measured to a
tactor of about 2 when only charged particles are de-
tected.

Our previous work [1] showed that the H; (and, in
particular,'Hz and #3) provide clear measures of the
shapes of events. They are especially suited to discri-
minating two-jet events from events containing larger
numbers of jets. Here we have introduced the observ-
able IT; which tests for planar events and is, therefore, .
particularly suited to distinguishing two- or three-jet
events from events with a more complicated structure.

We are grateful to R.D. Field and R.P. Feynman
for the use of their jet development computer program
and to the MATHLAB group of the MIT Laboratory
for Computer Science for the use of MACSYMA.
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According to QCD, high~energy e+e— annihilation 1nto hadrons is initiated
by the production from the decaying virtual photon of a Quark and an antiquark,
each with invariant masses up to the c.m. energy Vs in the original e+e-
collision, The q and E then travel outwards radiating gluons which serve to
spread thelr energy and color into a jet of finite angle, After a time » l//;,
the rate of gluon emissions presumably decreases roughly inversely with time,
except for the logarithmic éise associated with the effective coupling con-
stant, (as(t) ~ l/log(t/Az), where vt is the invariant mass of the radiating
quark). Finall&, when emissions have degraded the energies of the partons
produced until thedr invariant masses fall below some critical /E: (probably
a few times A), the system of quarks and gluons begins to condense into the
observed hadrons.

The probability for a gluon to be emlitted at times of 0(~29 is small
and may bé estimated from the leading terms of a perturbation Zeries in as(s).
Any gluon préduced at these early times will typically be at a large angle
to the q, g directions (so that the jet it initiages is resolved) and will
have an energy ~ Ys: tﬁué the wavelength of a gluon 'emltted from q' encom-
passes q, so that interferences between the various amplitudes for gluon
emissions are important. At times >» 1//;; the average total number of emit-
ted gluons grows rapidly (see eq. 9) with time, and one must sum the effects
of many gluons radiated at progressively smaller angles, but with energies
~ V3. Usually the wavelength of one radiated gluon does not reach the point
at which the last was emitted, and hence at these times the sequence of gluon
emigsions in a jet may be treated independently from each other and from those
in other je;s. Below I shall mostly discuss the development of jets in this
semiclassical regime, where the leading log approximation (LLA) may be used:

some details of the results are contained in Refs. [1] and [2]. The ultimate



transformation of the quarks and gluons in each jet into hadrons (which un-
doubtedly involves consideration of amplitudes, rather than probabilities)

is quite beyond any perturbative methods, but, at least locally, depends only
on the energy and quantum numbers of a jet, and not on the details of the
process by which the jet was produced (except perhaps because of low-energy
remnants from initial hadrons or nuclei). (The formation of a jet from an
off-shell quark in many respects parallels the development of an electromag-
netic shower from a high-energy electron in matter, for which the probabil-
istic LLA is accurate above a fixed critical energy below which ionization
losses dominate.)

The times and distances quoted here are in the rest frame of the radiating
quark. In the c.m. frame, they are dilated by y = E/Eo ~ /s/t. A parton
off-shell an amount vt should typically survive a time T ~ 1//t (this i;‘clear
on dimensional grounds or from the energy denominators 4E ~ 1/t ~ E - |EI in
non-covariant ;erturbation theory). A system of partous appafentiy forms
hadrons when the parton invariant masses v/t ~ JE:}u A, corresponding to a
distance ~ /E?Az in the c,m.s. (at this distance a string with x ~ A2 stretched
between the q, q would have dissipated their original kinetic energy). Note
that if confinement.acted at a fixed time ~ 1/A in the ¢.m.s., then tc ~ A/;,
and no scaling violations should occur in fragmentation functions (since
log(s/Az)/log(tc/Az) is independent of 8). (Such a mass would result from
rescattering of a parton with E ~ Ys from a cloud of low energy partons with
momenta ~ A: 4n e'e” annihilation, such a cloud forms only at toms -/ /EVAZ,
but in ha&?on reactions such spectators may seriously affect the structure
of the final state.) The time of hadron formatioq may be investigated directly
in collisioné with nucled: 1f tc ~ Az then partons produced within a nucleus
should form hadrons only far outgide it, in ; manner uninfluenced by its pres-

ence [F.1].



20

One approach in studying QCD jet development is to consider quantities
‘vhich are insensitive to all but the short time reglon described by low-order
perturbation theory. The simplest such observable is the total cross-section
for e+e— annihilation to hadrons, QCD corrections modify the wavefunctions
for the q, a even at the moment of production, and thereby correct the Born
term.  Attractive one~glﬁon exchange at short distances enhances the cross-
section by a factor 1 + us(s)/n [F.2], while the effects of the eventual
confinement of the quarks (at short distances similar to the acquisition of
an effective mass) are suppressed by an energy denominator to be O(Azls).
(Close to heavy QQ production thresholds, the Q,Q have long wavelengths (~ 1/
(va)), and their wavefunctions are therefore sensitive to interactions at
large times: such threshold regions must simply be smeared over.) In processes
involving initial hadrons (e.g., y*N + X), only scatterings which defléct
initial partons outside the cylinders (of fixed transverse dimension l/A;E'v
1/A) formed by the incoming hadrons contribute to observable cross-sections.
Just before a scattering involving momentum transfer Q, gluons will typically
be emltted with differential cross-section ﬁ'dkT/gT up to kT > Q. The prob-
ability for gluon emission (which affects the cross-section by 'spreading'
the initial parton) outside the initial cylinder ~ log(Qzlti); because the
size llléinof the initial hadron is fixed with Qz, such terms give rise to
*scaling violations' which cause the cross-section to depend on Qz/ti. For
a given initial hadron, the terms divergent as its size is taken to infinity
are known to be universal and independent of the details of the parton scat-
tering [4); they are determined by processes which act at large times before
the interaction.
One may obtain further information on the shprt distance structure of

QCD processes from the angular distributions of hadronic energy in their final
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gtates. (A convenient set of shape parameters for this purpose is the Hl =

oz EiEj/S Pz(cos¢ij) [51.) 1If in studying final states, hadrons with low
i,

energlies are ignored and sets of hadrons separated by angles less than, say

"8, are lumped together into 'jets', then the lumped energy distributions are

typically semsitive to the structure of events only at times 1/(8vs), since
particles radiated later will usually not be ‘resolved'. (In the <Hz>, the
behavior of thg Legendre polynomials implies 6 ~ 1/2.) Nevertheless, it turms
out that the residual effects of confinement at.large distances are more
important for shape parameters than for total cross-sections: they suffer
0(A/Ys) rather than O(Az/s) corrections [F.3]. As 6 is decreased, measures

of final state energy distributions become progressively more semnsitive to
nearly collinear emissions occurring with high probability, typically at times
~1/(8Ys).

In diagrammatic calculations, the approximate independence of small
transverse momentum gluon emissions from the q and g produced in e+e- annihi-
lation (or the incoming and outgoing q in y*q + X, étc.) is best revealed
by using axial gauges n.A = 0 for the gluon propagator. In these gauges,
interference terms are suppressed, and a probabilistic interpretation of
single (ladder) diagrams is possible. The choice of n determines what fraction
of the radiation appears to come from each of the quarks: i1f n is chosen
symmetrically with respect to their momenta then they appear to radiate equally;
if n is along one quark direction, then the gluons appear to come from the
other quark, although some travel backwards with respect to its momentum.

Inla suitabie gauge, the differential cross-section for emissions of k low

ransverse momentum gluons from an incoming or outgoing quark may be written

in the simple product form [6,7]
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where zy is the relative longitudinal Sudakov variable (roughly energy frac-

th th = o0 3 ’
tion) of the (1+1) quark with respect to the i~ quark (zi (pi+l+pi+l)’

th

(p:+pi); 3 along Si) and ti is the invariant mass of the 1~ quark link,(Ei =

ti/s). The terms dropped from the leading log approximation (1) contain extra

g << 1 (although L, >> A2 for

confinement effects to be ignored). Kinematics require that ti < ti—l’

zy = 1. Many consequences of (1) follow simply from integrating over more

Ei factors; these may only be neglected if £

0 =<

restricted phase space volumes so as to select only jets obeying wvarious
criteria. In addition to radiation of real gluons, (1) includes virtual gluon
corrections to quark lines or to vertices which contribute leading log terms

=1, t If the external kinematic constraints imposed

1 17 b

allow such diagrams to contribute (so that z

at the points =z
1 integrals run right up to 1),
then the f dz/(1-z) [F.4] divergences from the soft gluon emissions are can-
celed by the virtual diagrams. (The remaining infrared divergences, apparent
at small t: arise from emission of hard gluons collinear to a massless quark
and are cut off by the finite propagation time of the quark, implemented in

perturbation theory by exchanges with other jets or by the effects of the

cylinders of initial partons representing hadrons.) The contribution .of a
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virtual correction to a quark link of mass /t may be written (by introducing

. 1
Sudakov variables into the internal loop integration) roughly as §(1-z) f
t 6]
(1+z'2)/(l-z')dz' f dt'/t', where the internal t' integration is cut off
t
min

by the same large distance effects as are the external t integrations, so that

t Q-tc; For most applications, the virtual diagrams may then be included

min
as in (1) simply by adding a divergent -8§(l-z) term to qu(z) (hence the +);
then the 1og(t/tc) from internal loop integration will be reproduced by in-
tegration over the external t. This procedure will be sufficient so long

as ti is allowed to run up to t whenever z, runs up to 1 (so that virtual

i-1
diagrams contribute). (This will certainly be the case 1f the kT’ but not
angles of emitted gluons are considered.)

The formula (1) accounts only for gluon emlissions from the ofiginal quark:
to describe radiation from the gluons produced, one must append similar frod—
uct forms, with appropriate qu replaced by PGG’ PqG or PGq {F.5] according
to the type of émission. In many calculations, one is concerned with the
behavior of only one or two partons, and in this case, one need essentially
consider only the possible ‘backbones' of the jet, which connect the initial
parton to the partons considered (provide their structural support in the
tree); further emissions from partons not in the backbohe may be disregarded,
since integrating their contributions to the cross-section over available phase
space simply gives a factor one, To describe the production of the partons
considered, one must sum over all possible backbones and integrate over the
ordered t, of the partons along them. The differential crosé—section for a

given backﬁone consisting of k partons il, 12, i..... involves the product

3

P {z,)P
iliz 1 fz
k, they often form an exponential series, in which the exponent contains a

1 (ZZ)"" . VWhen the required integrals of this are summed over
3 .

matrix of (the 2" moments of) the Pi (z); ordered expansion of the matrix

3
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exponential accounts for al} possiblé backbones with the correct combinatorial
welghts,

As a first applicatién of eq. (1), I estimate the mean product of ener-
gles incident on two back-to-back detectors 6f angular size € around an e+e*
event. For the lowest~order process, e+e' -+ qi, the energy correlation SB(S) =
2<EiEi'>/s (Ei is the energy incident per unit area on detector ij 1i' is

antipodal to 1) is 1 (for 6 # 0): if q enters omne detector, a must be incident

on the other. (For large %, <H£> °-[<E§>+(—l)£<EiEi,>]/(Zs), where 0 =~ 1/2;
in dominantly two-jet processes <E§> << <EiEi'>') SB(S) deviates from one

Qhen gluon emissions deflect energy outside angle =~ 8 cones around the q,a
directions., To LLA, the energies of radiated gluons are negligible; their
6n1y effect is to deflect the original q,q: SB(S) thus becones simply the
total probability that the final q,a should have transverse momenta kT < 675,
The ith gluon emission imparts a (k%}i = (l—zi)(ziti-ti+l) &-(l—zi)ti to the
quark. $B(6) is the integral of the differential cross-section (1) (summed
over all pﬁssible numbers of emissions) subject to the constraint Z(k%)i < 623;
all radiated gluons must therefore be both soft ((l—zi) small) and neatly
collinear to the quarks (ti small). The recessary Integrals are most conve-
niently calcuiated by subtracting from one those obtained by integrating
outside the constraints (l-zi)ti 14 823. (In this way, one need only consider
real emissions and is not concerned with delicate cancellations from virtual
processes.) Counsider first the emission of one gluon, To satisfy kT < o/s,
z, must be integrated from =~ 0 ouly up to ~ 1 - st/tl, rather than 1. Th%
1/(1—21) soft divergence in qu(zl) thus contributes a term ~ 10g(tllqzs)
[(F.6]. 1Integrating over tl from ~ezs to > g gives the final O(as) result

8as 2

’ 2
SB(G) =] -_3;*‘log 8. Notice that the variation of as(t:l ~ l/log(tllA )

over the range of the t., integration must be ignored to leading log accuracy

1
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compared to the log(cl) result from the zy integral: i1its effects are formally
of the same order as other subleading log corrections, which change the scale
of the & in the final result [F.7]. While the leading log ter:s sre indepen-
dent of the process by which the q,a were produced, the sublesdiing logs are
not universal. In the leading log approximation, the gluon emissions are all

independent, except for the phase space resﬁriction t, st Hence the

i i-1°

contribution to SB(B) from k gluon emission °-(-Zas/3v)klog2k(62)/k!: the

crucial 1/k! arises from the nesting of the t, integrations. Summing over

i
k then gives [F.8]

. 8as 2
53(9) > exp{- 37 los 8]. (2)

In contrast to the O(as) result, this form vanishes as 8 + 0O, reflecting the
fact that the q,a will always be at least slightly deflected by radiation.
However, at the small 8 (g exp(—l/as)) where the leading log eq. (2) is damped,
- thus far uncalculated subleading log effects will probably dominate: when

62 € Az/s {(i.e., L P /s/A for <Hz>), {2) must fail, since then the emissions
no longer occur before hadronization. (Phenomenological simulations of hadron
formation suggest that, in practice, perturbative results become inaccurate

at much larger angles.) Note that if the variation of as(t) had been retained

in the ti integrals, (2) would become (as(t) = Bo/log(t/Az))

48o lo (82) 625 2
$5(0) = exp[- 37> (Log(l + —2B—)10g52) - log(e7))]
log(s/A%) A
3
8us 2 logo
= exp[~ 3 log“o(l - —=Fu i . )];
m log(s/A”)

the change cannot consistently be kept in the LLA. -
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Equation (2) gives approximately the probability that a produced or struck
quark emits no gluons with fotal kT > 8/s and, therefore, typically propagates
without radiation for a time » 1/6/3. It is thus similar to the quark (Sudakov)
'férmvfactor, which gives roughly the probability that no gluons are emitted
before a time ~ l/pz, where ¢£§ is a (regularizing) invariant mass assigned
to final quarks and/or gluons. (In the Sudakov form factor, 82 is roughly
replaced by (pzls)x; where A depends on the precise method of regularization
used [F.9].)

The results obtained above may be applied directly to estimate the trans-
verse momentum (pT) spectrum of virtual photons (y*) produced in.hadron col-
lisions. The leading log terms come from the process in which a q and a E
from the initial hadrons suffer transverse deflections by the emission of
gluons (but retain roughly their original energy) before annihilating to- the
Y*. Then tﬁe Py spectrum 1s obtained from the (derivative of the) deflection
probability\(z) as [9]
4a p2 20 9 p%

1 do s T 8
o 3 =T log(gT) expl- 37 log" (3] (4)
(<] de 3ﬂpT

vhere co is the cross-section without gluon emissions, and /s is roughly the
invariant mass (/633 of the y* (which is formally indistinguishable from the
incoming qq c.m. energy vs in the LLA). However, as with eq. (2), this result
is rarely adequate., At large Pr (~ /5), the exact O(QS) Py spectrum (includ-
ing subleading log terms not accounted for in (4)) should be sufficient; at
small Py ﬁigher—order terms could potentially be significant, but the leading
logs of (4) are damped at small Pr and so may be overwhelmed by subleading

log corre&tions (for pi & JQXES. (Subleading 1ogs.from hard, but collinear

(small t), emissions may be accounted for by'keeping the full P(z) in-the
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derivation of (4), rather Fhan approximating qu(z) «'log(l-zmax)s(l-z); this
yields a more complicated form in the exponent of (4), which is a convolution
sampling Q2/S < 1, and thus not simply a multiplicative correction to co.
Subleading logs from soft (but non—collinear)‘emissions plausibly exponentiate
as in massive QED.) In practice, Pr must be measured with respect to the
incoming hadrons rather than the q,q, introducing a further spread in p% of
»order ti A'Az.

A significant fraction of hadroproduced 381 Qa states (e.g., T; denoted
here genericall& by ) probably arises from decays X + Gy of even-spin X
produced by GG ‘annihilation'. The resulting g Py spectrum is given in LLA
by replacing 4/3(= CF) in eq. (4) with 3(= CA) and 1s, therefore, broader
than for y*, at least for A2 << p% << g, mi.

For deep-inelastic scattering, similar analysis shows that in the LLA,
the distribution of final transverse momenta with respect to the y* direction
(i.e., E‘p;l = Co) should follow roughly the form (4) (in this approximationm,
only thi q energy 1s significant). It is interesting to speculate on the
differences between t:he'p_T spectra in deep-inelastic scattering and the Drell-
Yan process. While p% > 0 always, 8 > 0 for Drell-Yan but s < 0 for deep-
inelastic scattering. Thus one might expect a subleading log difference
between the integrated spectra by a large factor, perhaps ~ exp(ZnaS/3).

In muon decay, the outgoing electron spectrum close to the endpoint x =
2Ee/mu =1 - O(milmi) is softened by emission of many low k. photons. In the

LLA, and taking m, = 0, the methods used to derive (2) glve the approximate

formula

ar
r 2
%E'Q‘EEE exp(~ %;-log (1-x)), (5
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which is independent of the details of the decay; for u decay, droldx =
2x2(3—2x). (1£ o # 0, then divergences from photons emitted nearly collinear
to the e are regulated, leaving only those from soft photons and replacing
logz(l—x) by 2 10g(m§/mﬁ)log(l-x): in this case, all subleading log(l-x) terms
are known also to exponentiate,) Different dro/dx cannot be distinguished

in the LLA. With dPO/dx = 2x2(3—2x) (u » eX (ér b -+ 2X) spectrum), the O(u)
term in the expansion of (5) implies a correction to the total decay rate of
(1-265/144 o/7) = (1-1.84 a/m); with dT_/dx = 125 (1-x) (4 > v X (or C > 2X)
spectrum) I‘/I‘O & (1~0.8 a/7) and for dFo/dx =1, I‘/I‘o >~ (1-a/n); the exact
result for V-A u decay is {10} (l—(nz—zs/é)u/(Zn)) = (1-1.81 d/w). One may
guess the correction to T summed to all orders im a by integrating just the

LLA (5), which yields (taking dPo/dx = 1)

T s T eﬂlzaerfc( /«EO,
1) Nors 2a

(6)

erfcz) = ~g‘f

/rz

-X
e dx.

?or afr = 0,1, this gives 0.87 Fo compared to the 0(a) result 0.8 Fo’ while
for of/v = 0.4, it gives 0.73 Po compared to 0.6 FO. These results for p decay
may also be applied to the lepton energy spectra and rates for semileptonic
decays Q = q'2v of heavy quarks [11], after the substitution o - 4&5/3. In
charm decays, G(mslmc) and O(A/mc) effects still dominate ovef O(as) ones,

but for b decays QCD corrections should be relevant. Here (5) gives QCD cor-
rections to the lepton spectrum from the weak decay of an on-shell massive
quark. If, aé in é+e- annihilation, the initial Q 1s produced off its mass
shell, gluon emissions degrade its energy by a factor ~ [as(s)/as(mé)]ow4 long
before the weak decay occurs (mQ acts as a cutoff for collinear hard gluon

emissions).
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A similar analysis gives the modification of the y energy spectrum from
* g > ¥GG... due to radiation from the outgoing gluons as ~ exp(—BaS/(Zﬁ) X

1og2(l—x)). Integrating this over x (with dTO/dx) suggests the rash guess
a
8
r (1-4.5 “ )Fo.

The momenta of partons produced in e+e- annihilation should lie roughly

2 L e I o

in a plane; deviations from coplanarity may be measured by Hl = (pixpj-pk)/

i,j,k
(Jg)3(§ix§j~ﬁk) [51] (Hl = 0 for coplanar events and T, = 2/9 for isotropic
final states). The lowest-order contribution to <Hl> in e+e‘ annihilation

is from ete” » qqGG (for which ni ~ (l—zl)(l—zz)(tltzlsz)z), and in the LLA
this gives 1/0 do/dnl =-8/9(as/n)2[log3ﬁlllnl at small Hl (e+e- + qqq'q" gives

only an 0(logH1/Hl) term). In ¢ decays, <I,> is iarger; ¢ -+ GGGG (which is

1
allowed, unlike the analogous positronium decay, as a direct consequence of

the non-Abelian nature of the G couplings) gives l/o do/dnl 2 3(as/n)
llognl|/nl (z + GGqq contributes 0(1/1;)). 1Inm both cases, the integrated

Hl distributions exponentiate when summed to all orders in .

Now consider the energy correlation SF(G) = 2<E§>/s which gives the mean
square energy in a jet concentrated within a cone of angle 6., Whereas SB(B)
contained [aslogzelk terms, only [asloge]k appears in SF(B). (For large 2,
<H2> o-[sF(llz)‘+ (—1)ESB(l/£)]/2; only for dominantly two-jet processes (e.g.,
e+e" + qq...) is 53 significant: when the lowest order involves > 2 final
partons (as in ; + GGG), $F determines <Hl>)' The'deviations of $F(8) from
one are dominated by radiations in which the emitted and recoiling parton make
an angle > B8, To LLA, thils angle is simply ti/s, where /E;.is the invariant
mass of the radiating parton. Here the crucial difference between SF and SB
becones appargnt: a given emission will not affect‘SF(e) so long as its

products are collinear to within an angle =« 8; however, in SB(G) they must

rather have a relative transverse momentum € 6¥s and thus be not only almost
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.collinear (small t), but the radiated parton must also be soft (small 1-z).
The greater restriction of phase space in the latter case forbids complete
cancellation of soft gluon emission divergences and leads to double rather
than single log terms. Note that because of the ordering of the t (ti >>

i
the dominant contributions to SF(G) come from the first few emissions; sub-

i1

sequent radiations must have much smaller angles and therefore will not spread
jets sufficiently to affect SF(G). On the other hand, k% ~ (l—zi)ti relevant
for 83(6) are not ordered, and, in fact, SB(G) is typically dominated by a
sequence of emisgsions imp;rting roughly equal kT and’is therefore considerably
more influenced by incalculable large distance effects than $F(9).

To 0(a), ete” + qqG spreads Et? qia jets and modifies chg O(GZ) result
i / 2(1-2)P o (z)dz ~ 1 + —;i logh in the
L1IA [F.lO]T (For a two-gluon-jet finai state, this becomes $F(6) =~ 1 + (AigF)
;ﬂ log6.) In higher orders, SF(B) may be computed as the mean product of the

i-1

absolute fractional energies (<zibszi?s> = < I zj(l-zi)>) summed over all pairs
=1
h

of emitted partons with t 2 925. In calculating the contribution of the 1t

dt
t 2n

s
$.(8) =1 to $.(8) ~1 - fz
87s

emission, the z s 1, and the virtual diagrams at z, =1

J 3 ]

entirely cancel the soft divergences, (This 1s in contrast to the case of

for J <1 obey 0 < z

$.(8), where (1-z,) < 625/t , thus leaving uncanceled a log(t /625) term from
B 3

3 3

the soft emission region.) The t, integrals are, however, restricted according

3

tot, Pt P ty P st. In performing the tj integrations, one must

3 J41L et

retain the variation of as(t ) ~ 1/log(t /AZ), leading to [1og(log(ezs/A2)/

3 ]
log(s/Az))}k/k! terms at each order. Then, summing over all possible jet

backbones and numbers of emissions, one obtains the exponentiated form
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1 1
82(0) =TCL [ p(a)2(1-2)dz] expl-] P(2)2dz
o Q

1og(T(0)) (6/(33-2F)) ] I, 0))

as(s) =‘log(sSZ/I\z)

T(8) =~
as(sez) log(s/A%)

wbere P is the matrix of kernels Pij’ and I is a vector in (q,G) space repre-

senting the initizl partord. Hence, for quark and gluon jets [12,1]

) ~1.201®)1%¢ - 0.2(r(0)1 "

@)
(80 = 0.401(8)1%® + 0.6[T()1 "%,

Without knowledge of subleading log terms, one cannot determine the optimal

argument of ag (or T) to be used in applications of these formulae to jetsw
produced in specific processes; plausible choices give rather different phe-
nomenological estimates.for spreading of jets. (From eq. (8), one may esti-
mate <H£> for £ » GGG... at large 2. The lowest-order process has a differ-
ential crosg-section barely distinguishable from three-~body phase space and

gives <H£> = 3/8; higher order processes serve simply to multiply this by

a‘(ﬁF(l/z))G. Note that at high &, the <H

2> for this 3-jet process ~ logf,

whereas for two jet processes such as e+e" + qQeeee, <H > ~ 1og21.)

£

Most of the radiation in a jet consists of soft partons. One may esti-
mate the mulciplicity of partons with absolute fractional energles E/Vs above

some small cutoff X in by integrating the differential crogss—-section (1) with
i-1 ) .
the restrictions x /(N z,) s2, <1 and summing over all possible jet
min 4=1 3 i
backbones. Counsider fi;st the emission of gluons in a gluon jet, so that the
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zy integrands are roughly cA/ﬂ 1/zi (the multiplicity is dominated by soft
‘gluons emitting soft gluons). The nested lower limlts on the zg integrals
result in a triangular integration regilon (analogous to that for the ti), and

for k gluon emission gives_{(cA/n)logx k/k!; the corresponding t integrals

min]
give a factor [loglog(s/Az)]k/k!. The terms from k gluon emlssion therefore

A'Ak/(k!)z. The sum over k may be performed by recalling the expansion of
¢ .2k+n
R4

k=0
expansion is In(y) A:ey/¢2ny. To obtain a complete result, one must include

irregular Bessel functions: In(Zy) = /(ki(ktn)!); their asymptotic
the 0(1) as well as 0(1/z) parts of P(z): such terms give no log(z) contri-~
butions and exponentiate to a power of ag [F.11]. Summing over all possible
emissions, one estimates that the number of gluons with fractional energies

2
P X0in in a gluon jet is (taking F = 3 and t. = A7)

ng>e = I, /M (s ()1 %

(9N

a
A = log(?s(s))log(xmin).

In a quark jet, the probability for the first gluon emission is reduced by
a factor CF/CA = 4/9, but the subsequent development remains the same, so that
the number of gluons in (9) is just reduced by 9/4. Soft quarks emitted from
gluons follow a dz rather than dz/z spectrum; most light quarks at small z
thus arise from a series of gluon emissions followed by a single materializa-
tion G —+ q&, so that the last 2CAlog(z) for gluon emissions is replaced by

just F/2. Then the multiplicity of quarks with energies » x

nin in a gluon

jet becomes

<n >

6 ™ 37 Los(L/a ()T, (/D) /VElag () 1120, (10)
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The x distributions of soft partons in a jet may be found by differentiating
(9) and (10) or directly by not integrating over the last emission in the -
construction of the series (or, alternatively, by inverting the behavior of
zn-l moments due to 0(;%19 and 0(1) terms in the anomalous dimensions [7,12]).
Perturbation theory presumably ceases to be operative when the invariant
masses of partons in a jet fall below ~ /E:, but some properties of the parton
system prepared may be relevant for subsequent condensation into hadroms.
One of these features 1s the invarlant mass distributiop for pairs of final
partons (each with ¢t < tc) in the jet [13]. Such partons may be taken as
emitted from the backbone of the jet, which consists of a sequence of radlat-

h

ing partons with large t. The invariant mass of the k0 and (k+l)th real.

partons emitted is Mz a'(l_zk+l)tk' In computing the mean number of such

pairs with M2 2 Mg >> tc ~'A2, the corresponding limits on the z, are 0 =< z; < 1

2
satisfy MO Sty < L i sk,

3

(i k), 0 €z - Mi/ti, while the t

kel ST 1

. 2
tc < tk+1 < tk' Performing the z integral introduces a crucial log(tk/Mo).

k+1

In all ti integrals, the var}ation of this term overwhelms the running_of
us(t) in the LLA and prevents the appearance of log log(t) term. Instead,

the final result Aalogk(s/Mi)/k!. Summing this over the position of the pair
and dividing by the total number of pairs (i.e., Mi = t), one obtains for

the probability that a glven pair has M > Mo the power-law damped form

~ (letc)*dsY, where y depends on the types of partons in the pair and jet.
(Note that in an asymptotically-free theory such as ¢2 with no soft divergences,

the 1og(tk/M§) from the z integral is absent, and the spectrum ~ [log(Mz/

k+1

tc)]-p. Also note that the damped spectrum is independent of the color of
) .

the pair; for a- sequence of n produced partons M ~'(l—zk+l....zk+n_l)tk.)

If instead of considering a ?air of 'final' paréons each with t t.» one

allows one parton in the pair to have arbitrary mass, then the pair mass

spectrum is just SB(MZ/S) and is only logarithmically damped.
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External forces acting on a sufficiently small coior singlet system of
partons should cancel coherently, so that its later evolution is independent
of the rest of the final state. The argument of the previous paragraph sug-
gests that at a time ~'l/¢P:, the invariant mass of a nearby pair of partons
is peaked around VE:'~ 1 cév. It is therefore plausible that when such pairs
constitute color singlet systems, they should condense directly into clusters
of hadrons, probably isotropically in theilr rest frames. The relevant pair-
ings are perhaps chosen according to the spatial separation of the final par~
tons: A convenient and largely equivalent picture is that every parton trails
a 'string' representing each spinor color index (hence two strings per gluom),
and that it is the strings which eventually form hadrons. This picture im-
-plies that the ultimate fragmentation of gluon jets should be like pairs of
quark jets and requires no further parameters. (Equations (9) and (10; support
this when Nc’¢ = go that CA/CF + 2.) An alternative method would be to ignore
the colors of partons and fragment each separately to hadrons when its t
reaches to >> Az, using a phenomenological model fit at s ﬁ-tog predictions
should be independent of e The latter method 1s commonly applied to deduce
the dependence of sgsingle hadron momentum spectra on s. For cémplete final
states it 1s more difficult fo implement: A Monte Carlo model based on the
former method will be described in {14].

I am grateful to R. P. Feynman, R. D. Field, H. D. Politzer and especially

G. C. Fox for discussions.
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Footnotes

[F.1]

(F.2]

[F.3]

[F.4)

[F.5]

In the deep inelastic scattering cross-section (¢), non-kinematical
0(A2/Q2) effects presumably arise from rescattering of the struck quark
at large times.. In a heavy nucleus, the effect of this rescattering

o al/3 4/3

. Thus, O(AZ/QZ) terms in ¢ should behave ~ A , while scaling
(up to short-distance QCD corrections) terms should ~ Al. This fact
may allow extrapolations to obtain better estimates of the latter at

small Qz.

The rele&ant scale for the variation of g is determined by the O(ai)
result [3] 1+ a_(s)/m + (2.0-0.1 F)(a_/m)?, where a_ (or A) is defined
to be extracted from measurements on another process using théoretical
predictions calculated in the truncated minimal subtraction reﬁormal-

ization scheme, with Tr{l] = 4.

This behavior (essentially kinematic in origin) is manifest when mass

corrections are computed. For example, <H > or <thrust> typically

2
[2, ..
contain 0(¥m“/s) corrections, which are forbidden for ¢ by power-

counting theorems for the corresponding Feynman dilagrams.

The appearance of these soft divergences is specific to vector field

theories; they do not occur with scalar gluons.

The kernels Pij(z) which represent the probability (in units of as/Znt)
that patrton 1 will emit partom j carrying a fraction of its energy

(étriczly, longitudinal Sudakov variable) are given by [6,7]

2
142
qu(z) = Cr (3,

2
1+(1-z
Po(®) = c =z, . Poq(i-2)
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PGq(Z) = g'(22+(l—z)2) (summing over F flavors of light quarks)

ai.l_.ziz_)___ﬁ_
PGG(Z) 2C ( z(1-z) 3 §(1-z)

where the color factors C, = N, =3, C, = (Né—l)/(ZNC) = 4/3.

[F.6] The details of this derivation depend on the gauge used. qu(z) ~
1/(1-z) when n is.approximately along the q (E) direction, so that
only radiation from the q (q) gives leading logs; otherwise qu ~

1/ (1-z+t/s) (~ l/xc) but both q and q radiate. The former approach
s dt

is used here; in the latter, the £t integral becomes fz E—L log(® s/t +
s dt 1
tlls) 7 IZ E—L log(® s/t ), thus compensating for the different
1

number of contributing diagrams. (z is defined as the relative Sudakov
variable; other choices differ by 0(t/s), but give different phase

space boundaries.)

[F.7] Defining the differential energy correlation Fpt(x) = z 2E,E./s
- partons
6(cos¢ij—x) (so that H = f Fp (x)P (x)/2 dx), the integral (which

coincides with the previous definition of $B(-cos (n)) to leading
log order)

1 ot 2o l+n
IFg(x)dx l—-——-—-[lg( )+31g(——)+47+...].
n

[F.8] Again, detalls of derivation depend on gauge. The exponential form
has been verified explicitly to O(az) in [8] (the more complicated
terms found in [9] using the second gauge in [F.6] appear to be absent).
3

For a final state of two gluon jets (e.g., from a lSo, Po or'SP2 QQ

state), the exponent here 18 multiplied by CA/CF = 9/4,



[F.9]

[F.10]

[F.11)
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In analogy with [F.8], off shell quarks give qu(z) ~ ll(l-z+p2/s),
but off shell gluons leave qu(z) ~ 1/(1-z). The coefficient of
logz(pz/s) in the Sudakov form factor for off-shell g is thus 1/2 that

for off-shell G.

1
In this case, the quantity defined in [F.5] becomes f th(x)dx=h
a n
1+ =2 [log(1-n) - 0.40 + ...1.

To see this, first sum over the number of 0(1/z) kernels with a fixed
set of 0(1l) kernels., Note that the effects of the 0(1l) kernels are
of the same order as those of subleading log terms in the cross-section

and therefore can only be considered indicative of such corrections.
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BOUNDS ON PARTICLE MASSES IN THE WEINBERG—SALAM MODEL™

H. David POLITZER ! and Stephen WOLFRAM 2

California Institute ¢f Technology, Pasadena, CA 91125, USA

Recceived 30 November 1978

Various conditiens necessary for the self-consistency of the Weinberg-—Salam model are used to place constraints on
fermion and Higes Roson masses. We find that spontaneous syminetry breakdown cannot generate fermion masses in excess

of about 00 GeV.

In the Weinberg—Salam SU(2); X U(1) model for
weak interactions, the masses of all the gauge bosons,
quarks and leptons are taken to arise {rom the Higgs
mechanisin. At the tree approximation, the couplings
of the Higgs scalar field © to itself determine the effec-
tive potential V(¢), which in turn determines the sym-
metry of the “vacuum™. In this approximation J(¢) is
independent of the couplings (which determine the
masses attained after spontaneous symmetry break-
down) of fermions and gauge bosons to ¢. If, however,
one-loop corrections to () arc included, then the
gauge bosons and fermions will influence V(). The
requirement that this influence should not serve to
prevent the possibility &f spontaneous symmetry break-
down places several constraints on the couplings in the
theory, and hence on the ratios of masses of various
particles. Linde and Weinberg [1] have derived a lower
bound on the mass of the Higgs particle H by demand-
ing that the energy density of the “vacuum” after spon-
taneous symmetry breakdown should not exceed its
value when ¢ = 0. In this note, we apply the more com-
plete requirement that the conventional “vacuum™ in
which {(¢) # 0 corresponds to the absolute, rather than
only a local, minimum ¢f ¥(¢), at least in the domain
where V(¢) may be obtained reliably {rom perturba-
tion theory. If all fermion and gauge boson masses are
generated from the vacuum expectation value of a
single ¢ ficld, then this constraint allows one to place

* Work supported in part by the U.S. Departient of Energy
under Contract No. EY76-C-03-0068.

L Alfred P. Stoan Foundation Fellow.

2 Feynman Fellow.
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an upper bound on the fermion masses. The exact
form of the bound involves myy, Pty and other pa-
rameters, but typically the mass m; of the heaviest
fermion must satisfy My < 300 GeV. While this range
is not immediately accessible to experimental investi-
gation, the very existence of such a bound, coming
solely from considerations of self-consistency, places
constraints on models for weak interactions. Our
bound is equivalent to an upper limit on the dimen-
sionless fermion—Higgs Yukawa coupling, f, and it
ensures that fis perturbatively small; nie < 300 GeV
corresponds to f2/4r <0.1.

In a theory with more than one coupling constant,
one-loop graphs can dominate over tree graphs, while
perturbation theory remains reliable because all cou-
plings are small. For example, with a gauge coupling
gand ¢* self-coupling A (both small), but such that A
isof order g4, a gauge boson loop can compete with
O(A) tree graphs, while yet higher-order corrections re-
main unimportant. However, even if the couplings are
small, the perturbation expansion breaks down when
logarithms of field strengths become large ¥'. In the
foliowing discussion, we shall simply require that the
theory be consistent over the range of ¢ that can be
explored perturbatively.

The complete formula for V() in the one-lcop ap-
proximation is [2]

V(o) = —tu2 ¢ + Ing* + 40% log(¢? 31, (19)

*1 Renormalization group improvement would be helptful only
it the theory were asymptotically free.
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where
1

a--Ll =

l()?jinr2 gauge bosons

3g4_ E

£
fermions

fi‘} . (b
and the g; (f;) are the couplings of the gauge bosons
(fermions) to the Higas particles. Note that, because
of Fermi statistics, the fermion contribution to A4 is
negative. The parameter M in eq. (1a) is a renormaliza-
tion mass. In the Weinberg—Salam SU(2); X U(1)
model, 4 is given by

1 '
- L [t 462 4577 @
10T
4 .
m
- ) (——f)] e=gsinfy =g cosf
J fermions\ M/ 17 d woE W

In our numerical estimates, we use sin29w =0.23,s50
that my, ~ 77 GeV. We have dropped the O(?\z) con-
tributions of Higgs scalar loops to V{(¢), since, as dis-
cussed below, these must be negligible if perturbation
theory is to be valid *2.

For spontaneous symmetry breakdown to occur it
is necessary that V' (¢) should have a non-trivial local
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minimum at ¢ = ¢, such that

¢O #O, 61//8¢)|¢=¢0 =O,

82V[8¢7 | 5ep, =i =0 (3)

To investigate the consistency of a theory based on the

“vacuum” ¢ =g, we shall assume such a theory and

then find under what circumstances inconsistencies ap-
2 2

pear. In that case, the parameters u* and A~ appear-

ing in the effective potential ¥ (¢) may be eliminated

in favor of ¢y and m2y. It is convenient to introduce

S=ol¢y, E=dde3/m} (4a)
in terms of which
Vip) = %nzagbg ?(gf)) = % mlzlgi)(z)Sz

X [2E8%log(S2) —3=S2+4Z+5? —2].  (4b)

The requirement [1] V(¢q) < ¥(0) necessary to al-
low spontaneous symmetry breakdown becomes

*2 For quark loops, higher-order QCD corrections are govern-
ed by an effective coupling evaluated on the scale of ¢
(see eq. (3)), and may therefore safely be ignored.

T i v [ . T T T T T
3l g=2 i
=5
E=0 .
2+ _
H:-05 '
I+ . n
Vig) Of= f f - ; } t
-1 F Ex+-0.66l .
_2_ pa
-3 i
: | L 1 3
0.5 1) 25
il
|%o]

Fig. 1. The reduced effective potential Vo) = (8/1)1}2{@‘»3) V{$) as a function of ¢/¢g for various choices of the combination of cou-
plings = defined in eq. (4). For usual spontancous symmetry breakdown to occur, ¢ = ¢g must correspond to an absolute minimum
of ¥(¢), at least within the range of ¢ accessible to perturbation theory.
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Vigg)=tm}od (=-1)<0, (5)

sothat =< 1. N

In fig. 1 we plot V(¢) as a function of ¢/¢ for
various values of =. As the Yukawa couplings f; in-
crease, = decreases, as does V(gg). For negative =, a
new phenomenon occurs: ¥(¢) eventually turns over
and goes to —o= as ¢ — o=, However, since our expres-
sion for V(¢) is obtained from perturbation theory, we
have no estimate of it for values of ¢ so large that
A Iog(¢2/q‘>g) 2 1. We therefore do not consider its be-
havior as ¢ - oo, but rather, require that ¥V (¢) > V(¢)
for all values of ¢ # ¢ within the range over which
V(@) is reliably calculated. If this is not satisfied, then
the theory is inevitably inconsistent. Fig. 2 shows the
values ¢; of ¢ for which ¥ (¢, ) becomes less than
V(¢g), as a function of Z. (We also show the values of
¢ corresponding to the second local maximum of
V(¢).) For large values of log(¢, /¢ ), one finds

E~ —[4log(¢; /9)] ~ O]

If the theory is to allow a stable “vacuum™ in pertur-
bation theory then ¢; must lie outside the range of va-
lidity of perturbative approximations. In practice, our

hid
%ol

1000 T T T T T T T T
100+ -
Vi) =Vidg,)
10+ , —
Vig)=0
V' {(¢$)<0
i ' A 1 L L 1 L
-0.01 -0 -1 -0

m

Fig. 2. The values of ¢ at which V' (¢) drops below ¥ (gg) and at
which the sccond lecal maximum of V(¢) occurs, as a func-
tion of =. These values of ¢ must be so large that our perturba-
tive methods fail if thu ‘vacuum’™ ¢ = ¢g is to be stable.
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final results are rather insensitive to the precise value of
Z which is deemed unacceptable. Combining the Linde—
Weinberg condition [1] with our requirements on

V() onc obtains

1>E> |20 Y.

where | Z,,;,, | is presumably much less than 1 and per-
haps as small as 0.00S.

For any particular set of ficlds and couplings, one
can translate these bounds on = into bounds on ratios
of particle masses. Consider first the case of the
Weinberg—Salam SU(2); X U(1) model with its one
complex SU(2); doublet of Higgs fields and with a
single heavy fermion. In this case (g and g’ are defined

ineq. (2))
== (myl64nmig?) 328" + (&2 +2' 1)

—(gmgf my )4} . 6]

The first inequality in eq. (7) then becomes

my, 2 (myy [87g) {3 g% + (g2 +£2)%). ‘
—4(gmy/ mw)4}1/2

~ {24[1.8 = 0.6 (m/my)*]}/2GeV, 9)

which reduces to the Linde—Weinberg bound [1] my
2 6 GeV when mg ~ 0. Note that this bound places no
constraint on myy when my 2 13 my =~ 100 GeV. A
constraint is, however, provided by the second inequal-
ity in eq. (7), which yields

me S (my, [rg) 312" + (g% +2™)]

— (8mgmyyfmy) Egyin

~ 86 {1.8 — 250 =, mpy/mi 14 (10)

The regions in iy and myy allowed by the bounds (9)
and (10) are illustrated in fig. 3 for various choices of
Emin- If there are many fermions, then the mf in eqgs.
(9) and (10) is obviously replaced by (Z; m, 414 for

quarks each color is counted separately.

Our bound on m1; does not come from the require-
ment that the Yukawa couplings of the Higgs bosons
to the fermions should not be large; in fact, so long as
(mu/m)‘/~ is not enormous it is much more stringent.
However for a perturbative investigation of the theory
to be at all meaningful, it is necessary that higher and



Volume 82B, number 2

42

PHYSICS LETTERS

26 March 1979

300+

?‘\GX
(Gev) 200~

/K -0.005

100

/ B et
‘_,M'—————‘*‘

g P T
RN

:,)‘U

fe‘t:*%'f"\ R

50,. B I
mH(GeV)

Fig. 3. The domains in the mass of the Higgs particle and of the heaviest fermion for which the Weinberg—Salam model is con-
sistent. The value of =iy depends on the region of validity of perturbation theory; Epjn is probably very small. The forbidden
region in the lower left-hand corner represents the Linde~Weinberg bound.

higher orders in the perturbation series should give sys-
tematically smaller contributions. Experiments have
shown that g and g’ satisfy this condition, and our
bounds on m; ensure that it will hold for the f;. The
quartic self-couplings A of the Higgs bosons must also
obey the condition, so that ¥3

Nar? =g2mli (1 + ¥ =+ 0@ 16n°m? <1,
or

my < dmmy [g = 1000 GeV . (11

All predictions of the theory are obtained by perturba-
tive methods, and, if the bound (11) were not satisfied
then no predictions could be made *¢.

We have given bounds on the Higgs particle mass
(egs.(9), (10) and (11)) which result from demanding
consistency of the theory. However, by making the
specific assumption that the term p2¢? in V(¢)

3 For the purposes of computing hwhcrordcr corrections to
the ceffective A, we have defined A = }84‘ /bé fo=¢0-

*4 Similar conclusions have been reached by demanding that
the high-cnergy interactions of Higgs particles in the Born
approximation should not violate unitarity [3].

vanishes ¥¥, one may obtain a definite prediction for
my [2]+

my =~ (my /421 3[2g* + (8% +&'1)?]

*‘E(gﬂlf/ 77’1“7)4}1/2 . (12)

If the fermion term can be ignored, then this gives
myy &9 GeV — close to the range of present experi-
ments.

In this paper, we have concentrdted on the simplest
workable model for weak interactions, since there is so
far no compelling experimental evidence for a more
complicated structure. In more complicated models our

5 If dimensional regularization is used, then the ¢2 counter-
terms generated at each order in the perturbation series
must be proportional to the bare 2, since the renormali-
zation mass (which allows the coupling constant to attain
dimensions away from d = 4) can enter only in logarithms.
Hence the vanishing of the renormalized p? in ¥ (o) which
was suggested in ref. [2] may be preserved naturally to all
orders, despite the fuct that no symmetry requires it. It
would naively be guaranteed by scale invariance, but this
is violated by renermalization. Nevertheless, the violations
in perturbation theory arc logarithmic and do not provide
a scale for the mass.
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bounds may be strengthened, weakened or may even References
disappear entirely. For example, if one introduces an
extra Higgs ficld which couples only to certain fermions, {11 A.D. Linde, Zh. Eksp. Teor. Fiz. Pis’ma. 23 (1976) 73
then our bounds (7) cannot be used, because they in- S. Weinberg, Phys. Rev. Lett, 36’(1976)'594- a
volve the vacuum expectation value of the new Higeas (2] S. Coleman and E. Weinberg, Phys. Rev. D7 (1973) 1888.
field, which would only be determined directly from (31 B4, Dicus and V.. Mathar, Phys. Rev. D7 (1973) 31 A%
the mass of a gauge boson coupled to it. ;(“}]it?‘g gh)"i-’ “;t JOB (1977 252:

To conclude, we have investigated the Weinberg— 3é (i977} 8.83.(“% e D hacker, Phys. Rev Lot
Salam SU(2); X U(1) model for weak interactions,
and find that unless ratios of particle masses obey cer-
tain bounds, no meaningful predictions based on the
mode] inay be obtained by perturbative methods.

Nobes added :

" 1t has been suggested (P.H. Frampton, Phys. Rev.
Lett. 37 (1976) 1378; A.D. Linde, Phys. Lett. 70B
(1977) 306) that the universe may have survived (with-
out tunnelling) since it began in a metastable state,
corresponding to a local, rather than a global mini-
mum of V{(¢). However, if the universe was once hot,
then this situation could not occuy, since regions of
“true vacuum” (¢ at global minimum of V(p)) as well
as of “false vacuum” should be formed as the universe
cooled, and these would quickly overwhelm the
“false” regions. Thus sucli considerations of cosmolo-

gy, in any case suspect because of the unphysical cos-
‘mological constant they imply, should not affect our
bounds.

Bounds on masses and couplings, numerically
similar to ours were derived by L. Maiani, G. Parisi
and R. Petronzio (Nucl. Phys. B136 (1978) 115) using
the constraint {unrelated to ours) that no coupling
constants deduced from the renormalization group
equation should diverge at energies below the Planck
mass. We thank G. Parisi for bringing this work to our
attention.
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ABUNDANCES OF NEW STABLE PARTICLES PRODUCED IN THE EARLY UNIVERSE ™

Stephen WOLFRAM
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The standard model of the early universe is used to estimate the present abundances of possible absolutely-stable hadrons
or charged leptons more massive than the proton. 1t is found that experimental limits on their present abundances indicate
that no such particles exist with masses below aboui 16 GeV/c?. Forthcoming experiments could increase this limit to masses

up to around 300 GeV/e?.

The standard model of the early universe has re-
cently been used to place constraints on the masses
and lifetimes of possible nearly-stable heavy neutrino-
like particles predicted by various gauge models of
weak interactions [1]. Several models of this kind
imply the existence of absolutely-stable charged and/
or strongly-interacting particles more massive than the
proton (e.g. [2]). In this note, I show that rather large
numbers of such particles would have been produced
in the early universe, so that experimental limits on
their terrestrial abundances may place stringent bounds
on their masses.

Any new stable charged particles with masses below
about 4 GeV/e? should already have been seen in ete™
interactions. The next generation of e¥¢™ accelerators
(PETRA, PED) could extend this limit to masses up to
20 GeV/c2. Attempts to produce pairs of new stable
hadrons in 400 GeV proton interactions have probed
up to masses =10 G\e\/’/c2 {2,3]. but the production
cross-sections for heavy hadrons near threshold are not

known with sufficient accuracy for definite conclusions

to be drawn [4].

The number density (1) of any species of stable
particles spread uniformly throughout a homogencous
universe should obey the rate equation {1,5]

—3(dR/d t)
.__- — aficy(n®—n
=2 — ooy - ) (1)
* Work supporied in part by the U.S. Department of Energy
under Contract No. EY76-C43-0068.

where R is the expansion scale factor for the universe
and (ofc) is the product of the low-energy annihilation
cross-section and relative velocity for the particles,
averaged over their energy distribution at time ¢. s, eq 15
their number density in thermal equilibrium. The first
term in eq. (1) accounts for the dilution in s due to the
expansion of the universe, while the second term arises
from the annihilation and production of particles in
interactions. Let

n kT
f:____’ X = 3
73 mc?
eq _ (25 + 1)( ) r u?du
feq T3 22 hic f » (2)

0 exp\u?+x2)t1

where T is the equilibrium temperature, and in £,
upper (lower) sign is for fermions (bosons). Then,
ignoring the curvature of the universe, which has no
effect at the times we consider, eq. (1) becomes*!

=216 - 2,09, ©

K37 = ( 45 )1/2 m{oB) TR
813G/ Ne(T)
~ax10-29 9B [GCV“z]m [GeV/e?]

4X 10" 5[(Gev2].

GeV3m?3,
* olem? ] =

65
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Fig. 1. Solutions to the differential eq. (3) for various values
of the parameter 7 (in units of m? K3). The curves give the
number densitics (divided by 7% of rarticle species with a
variety of low-energy annihililion cross-sections as a function
of the average temperature of the universe (x = £7/me?). The
equilibrium number density, eq =jch3, is also given.

If the temperature of the universe was arbitrarily high
at early times *? (and the cross-sections for particle
interactions do not decrease too rapidly at very high
energics), then ail particle species should then fuve
been in thermal equilibrivm, so that the boundary
condition in ¢q. (1) was » (1 =0} = .
The solutions of ¢q. (3} tor vanous “wlues of 7
to this boundmv condition are 'huw'x i fip. 1. As the
universe covled, the ¢
particle species joil dis ‘.::‘:icully around x = 0.1. The
moze stongt-incnacting (hicher Z) the particles were,
the fo:per thev will have renrained in thermal equili-
brivin, aud thus the lower their final number density
will tuve buen.

The parametes Vg (T) wppraring in eq. (3) is the
effective number of particle species in thermal equili-
brium at temperatuie 7.t determines vhe encrgy den-

subject

ioriwm number deasity of

sity and hence the expansion rate of the universe.
Ultrarelativistic fermion {boson) spin states contribute
7116 (1/2) to Nyye. (The observed spectrum of purticles
suggests that for 7 Z 0.1 GeV Vo > 4.5 for 0.1 <

perature for hadronic
penimental resulis indi-

2 Models predicting a masximum tem
matier are disfavored by recent ex
cating the presence of pointlike w
stituenis within hadrons at sh

r\]) -nteracting con-
dhtanus.
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KT < 0.5 GeV, Nepp = 6,for 0.5 AT < 2GeV,
Negp = 35 (according to QCUD quarks and gluons should
coatribute to N ¢ as if they were frec 1' or k1 20.5
GeV),and for 2 SAT K5 GeV, Nygp > 42)

© The present number density of a parmu specics is
given approximately by ", Nj(())
temperature which the m mm Gve t,“,.\gmund radia-
tion would now have if it had frozen out of thermal
equilibrium at the same time and temperature {7, =
mexglk = mc?{ [k log (1017 (n1 o) {(jw'”'i/czj i)
as the particle species under consideration. The differ-
ence between 7 and the present temperature of the
actual microwave background radiation arises from
the heating of the universe by the anpi
species. Specific entropy conservation gives T,~
Ty /(N (Te)3.

Eq (3) may be solved approximaicly by assuming
f= fc for T> T, and nuvleumgjcq compared to f
for T < T%. This gives

. where }"p is the

dation of other.

8 X10-8 3
n, = m (4
VNI (6 [GeV-2 m [GeV/c?]
which is the correct solution to eq. (3) vithin about

facter of 20 for the cases considercd below.
To obtain estimates of i1 for particu
particles, one must estitnate (o). Chinrg
leptons (L*) with m, <<my Snigy should a *ml" fate
primarily into two photons, and mvoun a virtual piro-

ton to hadrons and lighter lepton
lm (oﬁ)v

. PR
(na2+"na2 Oi{ee

2 2 +
my - omg o(ete

. 2
Ts=dmiy oy
L)
Tt ) s = dmy y

This cross-section, together with the foim for ¥ ¢

discussed above, may now be used to solve eq. (3) and
to obtain an estimate for the present ebundances of
any charged stabie heavy leptons. (The exuct results
well-approximated by eq. (4). )Om finds that for
my <10GeVie2, ny(15) ~ 10=5m=3 o
to an abundance of about one new stable chug
lepton in 10° nucleons. For my 2 10 {;‘,\'«r the 2sti-
mated prcscnl li number cit"lsit\ rises ro'wh!y lincarly
with mp , exc
the L¥L7 énmulamm cross-section z:\:f::\:z.,icd with the
opening of new channels, The abundences of any L°

produced in the early universe shousd il

j8ig

a
<

t for shivhn decreases due 4 inereases in
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large, and hence casily amemable to experimental in-
vestigation.

To estimate the present abundances of any stable
heavy hadrons (1) (containiag heavy quarks Q), one
must assume a form for the fow-energy HI annihilation
cross-section. An upper boumd on (o) is probably
provided by the low-encrgy FHmit of o for protons [6]
~300 GeV—2. Iy > 3GeV/e2, then the universe at
the freczing temperature for the H should have con-
sisted of almost free quarks and gluons, so that a better
estimate of ITH annihilation may be given by the rate
for electromagnetic annihilation {5) and for QQ - GG
{obtained from the first term of eq. (5) by replacing
a by o). The first estimate for (o) leads to np(H)
~ 10—il m=3 for my; = 5 GeV/c2, decreasing (roughly
as 1/my)) to ~10~12 m=3 far my = 100 GeV/c2. The
second estimate for (of);fz suggests np(li) ~10-8
m~3 for my =35 GeV/e2, increasing roughly as Myqs
and perhaps reaching ~10~% m=3 for my = 100 GeV/c2.
Since it seems most unlikely that the HH annihilation
cross-section is smaller than its value according to the
first estimate, any stable heavy hadrons (with masses
below about 100 GeV/e?) should exist in concentrations
above one in about 1012 nucicons.

These estimates for heavy hadron abundances may
be applied to protons. They give a result = 1019 too
small. The discrepancy is due to the assumption of
homogeneity suade in eq. (I3 in fact, there must either
be a net excess of baryons ower antibaryons in the uni-
verse, or protons and antipretons must have become
spatially separated (presumably at k7 2 50 MeV)
thereby preventing their anmihilation [7]. Similar phe-
nomena may have occurred for other stable particles.
(An indication that they were not important comes
from the result that the present chemical potential ()
for all species of neutrinos is below 5 X 104 eV *3,
while for ¥, 4 <5 X 10~ ¥ [8].) Inhomogencity can
serve only to increase 1, S0 that our estimates should
be considered in fact as lower bounds on .

The observed average mass density in the present
universe is around 2 X 10725 kg m=3. The require-
ment that yet unobserved new stable particles produced
in the early universe should not contribute a larger mass
density than is observed yields (from eq. (4)) \/,7;;75?)

*3 This result comes from the resquirement that the neutrinos
should not so aiter the expamsion rate of the early universe
as to affect the amount of #$fe produced [8].
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27X 1072 GeV~2, which is irrelevant for all species
of particles except those undergoing only weak inter-
actions {1].

After their production in the early universe, stable
heavy particles will presumably have followed the gra-
vitational clumping of ordinary matter. Their number
densitics should not, however, usually have become
sufficiently high for much annihilation to occur. Any
L™ produced should have been combined into tightly-
bound pL™ systems, while L* should occur in pL* or,
in the absence of many p, L*e™ composites. The fact
that the lightest strange and charmed baryons do not
undergo strong decay indicates that the lightest baryon
carrying a new absolutely-conserved quantum number
should not be able to decay into a meson carrying the
same quantum number and should therefore be stable.
These new stable baryons and mesons should be bound
into ordinary nuclei. Any L* and H produced in the
early universe should therefore occur in terrestrial ma-
terial. :

Another source of heavy stable particles is pair pro-
duction by the interaction of cosmic ray particles with
the earth’s atmosphere. Assuming that all L* will even-
tually get into water, this gives [4] np(L*) ~ 1022
[nzL(GeV/cz)]5/nuclcon #4 The cosmic-ray-induced
heavy hadron abundance should be about 2 X 10—18
[ [GeV/c2]]=6/nucleon. These abundances are in-
significant compared to those expected from heavy
particle production in the early universe,

There have been a number of searches for heavy inte-
ger-charged stable particles, mostly in sea water. The
best published experiment [9] found no such particles
in3X1018 nucleons, for almost all masses between 6
and 16 GeV/cz. When combined with tlie abundances
expected form the early universe, this result suggests
that no stable integer-charged particles exist with 1 <
m <16 GeV/e?. The most sensitive search yet made is
presently being performed [10] using a mass spectro-
meter to scan the equivalent of 108 kg of sea water.
This experiment should detect concentrations down to
one new particle in ~1020 nucleons, for 3 < m < 300
GeV/e2. Modern nuclear physics accelerator techniques
if applicd to the same sample, should allow the sensi-
tivity of 10-29 new particles per nucleon to be reached

>

+4 .

* If, however, stable L¥ can come from the weak decavs of
hadrons, then their abundances should be comparable to those
of their parent hadrons had those hadrons been stable.
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[11]. Even il no heavy stable particles were produced
in the early universe, a null result in this experiment
would show that thicir abundance was in many cases
below that expected just from their production in
cosmic ray interactions. The conclusions that no such
particles exist (with masses less than several hundred
GeV/c?) would then surely be inescapable, placing an
important constraint on present and future models in
particle physics.

I am grateful to N. Isgur and H.J. Rose for discussions.
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ABSTRACT

The development of an excess of baryons over antibarycns due
to CP and baryon number violating reactions during the very early

stages of the big bang is calculated in simple models using the

Boltzmann equation.
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There are observational and theoretical indications that the local pre-

ponderance of baryons over antibaryons extends throughout the universe (at

least since the time when the temperature T ~.100 MeV) with an average ratio

of baryon to photon den;ities 13 nB/_n’Y =Y, = 107%, 1f baryon number (B) were
absolutely conserved in all processes, this small baryon excess must have been
present since the beginning of the universe. However, many grand unified

gauge models [2] require superheavy particles (typically with ﬁasses my "N

1015 GeV = 1 TleV) which mediate baryon- and lepton-number (L) violating

interactions. Any direct evidence for these must presumably come from an
observation of proton decay. In the standard hot big bang model {1], the
“temperature T (of light particle species) in the early universe fell with

time t according to (taking units such thati = c=k= 1) T /5;7§E'where

m, = (4s/813y 112 mg//éf(—f)- = 5 x 10°/VE MeV, and ng = ~1/2 o 10'%ev s the
Planck mass, while § gives the effective number of particle species in equilibrium
& = %-E%) for each ultrarelativistic boson (nondegenerate fermion) spin
state). At temperatures T 2> mx, B~violating interactions should have been
important, and they should probably have destroyed or at least much dimini%hed
any initial barfon excess. (This occurs even when, for ekample, B-L is »
absolutely conserved, since then an initlal baryon excess would presumably be
accompanied by a lepton excess, so as to maintain the accurate charge neutral-
ity of the universe.) It is interesting (and in some models necessary) to
postulate that B-~violating interactions in the very early universe could give
rise to a calculable baryon excess even from an initially symmetrical state.
For this.to be possible, the rates for reactions producing barydns and anti-
baryons must differ, and hence the interactions responsible must violate CP

invariance, We describe here a simple but general method for calculating B

generation in any specific model. We clarify and extend previous estimates [3].
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Let M(i—j) be the amplitude for transitions from the state i to j,
and let i be the CP conjugate of 1 (particies-*antiparticles and spins
reversed). Then CPT invariance demands M(i~j) = MC{*&}, while CP in-—
variance would require M(i+j) = M(Z~>3) = M(3~+1i). Unitarity [4]
(transitions to and from i must occur with total probability 1) demands

) lM(i-*j)[2 = J ]M(j-*i)lz; combining this with the constraint of CPT
3 3

invariance yields ( the sum over j includes all states and their antistates)

Y M2 =5 A% =T ME-DI2 =1 Meenl2 . @
3 i 3 i

In thermal equilibriumk(and in the absence of chemical potentials represent-
ing nonzero conserved quantum numbers) all states j of a system with a

given energy are equally populated. Then the last equality in (1) shows
that transitions from these states (interactions) must produce i and 1 in
"equal numbers; thus no excess of particles over aﬂtiparticles may develop

in a system in thermal equilibrium, even if CP is violated. In addition,
the first equality in (1) shows that the total cross-sections for destroying
particles and antiparticles must be equal. Since in thermal equilibrium no
excess of i over I'may develop, this implies-that any initial excess must

be destroyed.

The phase space distribution fi(p) (number per unit cell d3§ d3x [51)
for a §pecies i develops with time (on average) according to a Boltzmann
transport equation. A closed system with no external influences obeys
Boltzmann's H theorem (which holds regardless of T (i.e., CP) invariance
[6]),s0 fhat from any initial state the fi(p) evolve (on average) to their

equilibrium forms for which fi(p) = fi(p), and no baryon excess may survive.
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However, in an expanding universe, extra terms must be added to the Boltzmann
equations, and i1f some participating particles are massive {7], a baryon ex-
cess may be generated; the relaxation time ﬁecessary to destroy the ekcess
often increases faster than the age of the universe [8].

Equation (1) requires that the total rates for processes with particle
and antiparticle initial states be equal. CP violation allows the rates for
specific conjugate reactions to differ; unitarity nevertheless requires

(T = i(1-s), sst = sTs = 1) [97:

s sy ]2 T LT
e )1* = MEDI® = |11% - 1,17
2 :Lm[(rz1 T, T3] |(IZ1 T )ij| (2)

Hence the fractional difference between conjugate rates must be at least
0(0) where ¢ is some coupling constant [10]. Moreover, the loop diagrams
giving CP violation must allow physical intermediate states n. (These loop
corrections must usua%ly also be B-violating to give a difference in rates

when summed over all final states (3) with a given (-)B [11].)

let b’ be an "(anti)baryon' with B =(f) %n For simplicity we assume
here that all particles (including photons) obey Maxwell-Boltzmann statistics
and have only one spin state. In our first (very simple) model, we consider
CP, B violating 2«2 reactions involving (g) and a heavy neutral particle ¢; :E
we take their - rates to be (this parametrization enéures unitarity angd

CPT invariance)

[M (b »55) |2

2
QA+ M [7/2

|M(ob > 69 | 2

]

PMego>50)|% = - M |*/2

|4 55 +bb) |2

i

-, 2
(1+7) ]Mol /2
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.= 2 . 2 -, 2
|Mbb > 90) | = [H(po>bb) |7 = (1-T) M |7/2 ®3)
vhere QQZ = b(a) measures the magnitude of CP violation. The number of
->
a species i per unit volume n, = J d3p/(2ﬂ)3 fi(p) decreases with time even

without collisions in an expanding universe according to (R is the Robertson-

Walker scale factor; dots denote time derivatives)

oy, AWM R, L, L *)

dn,
—_—— 22
t i dt - R i T i M-

The n, are also changed by collisions; the (average) time development of the

¢ and baryon number (ng = nb-ng) densities is given by the Boltzmann equa-

tions (Yi = ni/nY where Y is a massless particle; [Molz = 0(02)}

L] .
n, =n, +

3k
Yo T TR

ng = 2Ai§ [fb('pl) fb(PZ)lM(bb+¢¢)!2

-+

» PN 2 , 2
£-(py) fF<p2>lM<bb+¢¢>] - £4(p1) £,(p,) ([M(09> b))

+

|M(¢¢+’65>12>] (52)

o g3

oy¥p = o [~fb(1;1) £, ) o> 55|

=]
]
|

+ [Mewb > 09) |

+

= 2 = 2
£py) £-(p,) (2[H(Bb >bb) |7+ [M(Bd> ¢0) |

+

£5(py) f¢<p2)<lmc¢¢+bb>lz~IM<¢¢+ES>12>] . (5b)

vhere the operator A represents suitable integration over initial and final
state momenta, We assume that the b undergo baryon-conserving collisions

with a frequency much higher than the 0(&3) rate on which n, changes (as is.

B

presumably the case in realistic medels), They dre therefore always in kinetic
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equilibrium with the rest of the universe, and hence Maxwell-Boltzmann dis-

tributed in phase space:

4

) f(g) (P) = exp[-(E (:)u)/T]

i

Y, = (nb~ng)/nY = 2 sinh(U/T) . (6)

H is a baryon numbexr chemical potential, which is changed only by B-violat-
ing processes, and wouid vanish if chemical equilibrium prevailed. Assuming
YB << 1, one may use momentum conservation in (5) to write f(g)(pl) f(g)(pz)z
exp[-(EgHE,) /T (IiHyy) = fgq(%)fgq(ph)(g)‘z}g), where £,9(p) = exp(-E/T) is

the equilibrium distribution of ¢ at temperature T: The equilibrium ¢ number
density niq = T3/(21T2)(m¢/T)2 Kz(m¢/T), where K, is a modified Bessel func-
tion [12] (as m¢ +> 0, n;q'+T3/ﬂ2; as T+ 0, ngq->(m¢T/2W)3/2 exp(~m¢/T)).

Then substituting the parametrization (3) and performing phase space integra-

tions, (5) becomes

2

. T4y 2
¥y = nKovd {201 - EFIINEDH” - ¥yl
- (r=T) (v 2 ,
@-DEeH" v} -, (72)
¥ =

-7 2 geqy2 _' T+ eq,2
B nY<crov>{( 5Ty - (D7) = 3+ G517 ), ()
where(b‘;!)is the cross-section corresponding to IMblz averaged over a flux of
incoming particles in equilibrium enexgy distributions. Equation (7b) exhibité
the necessity of deviation from equilibrium for B generation, and the destruc-
tion of YB in equilibrium.

We now turn to a slightly more realistic but more complicated model in
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- G =) ,
which massive particles X decay to b with rates (YX = 0(a))

, 1

| i

[Mex + bb) |2 = [ MBE T [P @+ mivgsa

[ M > 55)]% = Heb > 1% = (- n)y,/2
[ M@ > 50)]% = [ M5 > 0% = (1-T)v,/2
|
| ME ~ 55) |2 = lMbe > x| = (l+ﬁ)w'x/2 . (8)
=) ’
Note that if X decays preferentially produce b, then CPT invariance

)

implies that b are preferentially destroyed in inverse processes; thus X
decays and inverse decays (DID) alone would generate a net B even if all
particles were in thermal equilibrium, in contravention of the theorem (1)
[13]. However, the CP violation parameter (n—ﬁ) is 0(0), and hence c&énges

in ny from DID are of the same order as 2+ 2 scattering processes, such as

bb+bb. It will turn out that s-—channel exchange of nearly on-shell X in
¢ : . : .

b b<«> bbb cancels the DID contribution to YB so as to recover YB = 0 in
thermal equilibrium., In direct analogy with eqs. (5) and (7), and using the

assumption (6), the equation for the evolution of the X - number density

ney = Y(_)n becomes
Q@ x Y

v o= o -8y o7 eq
¥, > {y ~¥H -y ¥

% )

e

the corresponding equation for if is obtained by charge conjugation

(y = Yo, Yp > =¥, n > n). The {IyDin (9) is the total X decay width
ﬁultiplied by the time dilation factor mX/EX and averaged over the equilib-
rium X energy distribution [14]. The baryon concentration evolves according

to
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¥, = <T{n v, - nY—+(n n)Yq-—ZY vea

B X
2 34 o
- ’ﬂ; Ay, {553, +p,) (M (Bb > Bb)|

- |M' 55 > bb) | %}
34 1.eq T2 = 2
2v A7, £y (p+py) (M (b BB) |+ M (65 ~bb) | D)} (10)

vwhere the first term is from DID (and does not separately vanish when
Y(_) = eq)’ while the second two terms arise from 2+2 scatterings. The
DID term accounts for sequential inverse decay and decay processes involv1ng

) .
real X : these are therefore subtracted from the true 2-+2 scattering terms

s sy oan 2 sy an12 . a2 PP
by writing [M' (1) "= M@ >5 |7 = My (1> 3|7, where My, (1+3) is the
amplitude for i *j due to on-shell s channel X exchange. In the narrow X

) ) 5, ),
width approximation, [MRIX(i-+j)[ v IM(i-* X )I JM( X-*j)l /FX; the pres-—
ence of the FX denominator renders it 0(¢). According to the theorem (1),
the CP violating difference of total rates |M(bb +b5)|% - |M(B5 +bb)|? = 0¢ad).
=112 o 2 _
Hence |M'(bb+Bb)|“ ~ lM'(bb—*bb)l = | Mg, (b by |2 - lA&RIX(bb+bb)l + 0> >
O(a ), and the second term in eq. (10) becomes -2<T )(n—n)XX , thereby

elegantly cancelling the first term in thermal equilibrium. Finally, there-

ffore,
Ty = > LMty + ¥ /2 -
(Y, ~Y-)/2
+ () (Y, X)/ }
- 2YB{<1"X>Y§‘1 + nY<vci' (bb>bb) +vo ' BE+bb)D} . (11)

The differential equations (10) and (11) must now be solved with

the initial condition Yx(t=0) = eq{0), and possibly an initial baryon density
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YB. Figure 1 shows the. solutions with guééses for ﬁarameters based on
the SU(5) model [2] (mx = ldls GeV and 1014VGeV; a = 1/40 (vector decays),

or 10"3 (scalar decays)). If all (i) initially in thermal equilibrium de-
cayed with no back reactions, the YB generated would be simply niﬁ. For
small @ or large mX/mé this upper limit is approached. (At small x = mX/T,
series solution of equations (10) and (11) gives (YX + Yi)/Z = 1 - ax5/20;
(YX-xx)/Z = (nJﬁ)azxs/léog Y, = (nQE)aXS/ZO, where a = mPPX/mi.) For

T << ne, baryon number is destroyed by 2+ 2 reactions with ¢ v aszlmi

roughly like YB(T) N'exp[aszTs/mi] [15], so that. Y_ - constant as T + O,

B

but if my is small, the final Y  is much diminished from its value at higher

B

T. The YB generated is always roughly linearly proportional to ﬁ;ﬁ,

but is a sensitive function of mX/mP and o3 for realistic values of these
parameters, a numerical solution is probably essential.
According to equation (11), any baryon excess existing at the Planck

time t = 1/mP should be diminished by inverse decays at T >> m, so that

P X

. 9 A
" B . s -
YB(t)/YB(tP) exp[,ameP/T 1 any initial Y_ should be reduced by a factor

B

~ expl- mP/mX] before CP violating processes can generate YB

B-violating 2 >2 scatterings at temperatures m, >T > my should reduce an

<
at T < My

m
initial ¥, by a factor Nexp[—mP I X {vo> dT]. One might expect that

Tp

(vo;r% azlmi at high energies due to t-channel vector X exchange; however,
the effective(wﬁf)presumably relevant for the Boltzmann equation is rathexr
(vceff>'\' OLZ/KIZ) where the Debye screening length AD ~ [V320 T]—l. In this
approximation 2 +2 and higher multiplicity collisions are probably no more
effective at destroylng an initial YB than are inverse decays.

, We conclude therefore that B-violating reactions in the very early
ﬁniversé night well destroy any initial baryon number existing around

the Planck time (1/mP), requiring subsequent B and CP~violating interactions
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to generate the observed baryon asymmetry{. The methods described here [16]
allow a calculation of the resulting baryon excess in any specific model;

the simple examples considered suggest that the observed Y, should place

B

stringent constraints on parameters of the model.

We are grateful to many people for discussions, including A. D. Dolgov,
S. Frautschi, William A. Fowler, G. C. Fox, T. J. Goldman, S. E. Koonin,
and D. L. Tubbs. The work of E.W.K. was supported in part by the National
Science Foundation [PHY76-83685], and of S.W. by the Department of Energy

[EY76-C-03-0068] and a Feynman fellowship.
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17. Results depend only on my through the dimensionless combination mX/mP;
here we take £ = 100 in the definition of oy Note that inhomogeneities
in the eaxly universe may be manifest in different expansion rates and

hence different effective £ for different regions. The final YB pro-

duced could vary considerably between the regions.

12
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Figure Caption

The develwpment of baryon number density (solid curves) as a function
of inverse temperature in the model of eq. (11) for various choices of

parameters f(unless otherwise indicated, o = 1/40 and my = 1 Jlev= 1015 GeV

[317]1). The dashed and dotted curves give (YX + YK)/Z and

(Y — "Y,XI/Z, respectively. In all cases we have taken the CP viola-
-6

tiom parameter -?f = 10

13
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