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Abstract

The construction of covariant string field theories is an important step toward a
deeper understanding of string theories. This thesis discusses the general formulation
of bosonic and supersymmetric covariant open string field theories and their second
quantization. A particular emphasis is given to the perturbative calculation in the
framework of string field theory. The use of string wave functional and the technique
of conformal field theory are illustrated by explicit calculations of on- and off-shell
string amplitudes. The background independent cubic actions for open strings are

described briefly.
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Figure Captions

. The world-sheet section for the definition of open string multiplication. It is

flat except at point E where there is a curvature singularity —x. The limit

§ — 0 is taken at the end.

The string integration is defined on this surface which is flat except a curvature

singularity = at point D. The length ¢ is taken to zero.

The world-sheet representation of the open string propagator. The antighost

zero mode is represented as a line integral [ across the strip.

(a) The world-sheet diagram for string amplitudes of four on-shell states. (b)

The image of the diagram in Fig. 4a under the specified conformal mapping.

The world-sheet path integral representation of a string state. If the state is
on-shell, the vertex operator is inserted at the infinity; if the state is off-shell,

the vertex operator is placed at distance 7 from the boundary EF.

(a) The world-sheet diagram for the off-shell four-tachyon amplitude. () The

image of the diagram in Fig. 6a under the specified conformal mapping.
The Feynman diagrams for two-tachyon and two-vector particle amplitudes.

(a) The world-sheet diagram of the three-string vertex. (b) The image of the

diagram in Fig. 8a after a conformal coordinate change to the upper half-plane.

Two of the Feynman diagrams for four-boson amplitudes. The dashed lines

represent NS external states or propagators.

Two of the Feynman diagrams for four-fermion amplitudes. The solid lines

represent R external states or propagators.
Two of the Feynman diagrams for two-boson two-fermion amplitudes.

Two of the Feynman diagrams for two-boson two-fermion amplitudes. Fig. 12

differs from Fig. 11 in that the external states are permuted.



Introduction and Summary

The quest for a coherent understanding of the fundamental building blocks of
the universe and the interactive forces among them has been a very active area of
research. The renewed interest in string theory in recent years has generated a re-
alistic hope that this most ambitious goal in physics may eventually be achievable
in the framework of string theory [1]. At the early stage of string theory all the
formulations and the subsequent calculations were made in the first quantized for-
malism and restricted in the light-cone gauge [2]. There a flat vacuum is assumed
and string amplitudes were calculated perturbatively according to a set of intuitive
Feynman rules. As space-time symmetry is not preserved, all the string states must
be restricted on the mass-shell in a thus obtained string amplitude. Furthermore,
the relation between gauge symmetry and dynamics in string theory is also hidden
in this formalism. It was then obvious that a more appropriate formulation of string

theory is necessary.

The would-be dynamic theory of strings must have the following required prop-
erties: The space-time symmetry is preserved, the gauge symmetry is explicitly real-
ized, vacuum structure would come out as dynamic solutions of the theory, instead
of something presupposed, perturbative Feynman rules should be derived systemat-

ically and off-mass-shell string amplitudes calculated.

In parallel to point particle field theory, it was realized [2] that a covariant field
theory of strings would fulfill all the requirements. But a covariant string field theory
is very difficult to develop, since it involves an infinite number of gauge invariances.
The string field theory constructed in early 1970s was still prefixed in the light-
cone gauge without space-time symmetry [3]. Later Siegel initiated a study [4] of
string field theory from a BRST invariant string field action. Subsequently, using the
concept of noncommutative geometry, Witten achieved a formulation of a covariant

interacting field theory for both bosonic [5] and supersymmetric [6] open strings.



However, a covariant field theory for neither bosonic nor supersymmetric closed

strings has been constructed.

To compute string amplitudes perturbatively, Witten chose a gauge-fixing con-
dition for his bosonic open string field theory and conjectured a gauge-fixed string
field action. Then it was argued that the correct string amplitude could be obtained
[7] from the Feynman rules derived from the conjectured gauge-fixed string field ac-
tion. The explicit calculation of string amplitudes from Witten’s bosonic string field
theory, however, is a nontrivial matter. Giddings succeeded in calculating on-shell

four-tachyon amplitude [8].

The calculation of string amplitudes in the dual model [2] and the Polyakov path
integral approach [9] are restricted to on-shell string states. For a better understand-
ing of string theories the off-shell information is important. For example, just as in
point particle field theories, off-shell amplitudes are necessary to derive a low energy
effective theory of strings and may provide the necessary means to explore the short
distance behavior of string theories [10]. Early attempts to obtain off-shell ampli-
tudes in string theories were not very successful. The covariant string field theories

suggest another way to approach the problem.

The off-shell four-tachyon and two-tachyon two-vector particle amplitudes are
calculated explicitly [11-13]. The off-shell four-tachyon amplitude is calculated in
reference [12] using the momentum space wave functional. In that approach, it
appears difficult to obtain amplitudes involving higher mass level states. In refer-
ence [13], the off-shell four-tachyon and two-tachyon two-vector particle amplitudes
were calculated in the operator formalism [14], where an assumption was made about
the value of the infinite sum of contributions from intermediate particles which was
too difficult to evaluate directly in that formalism. The methods in reference [11]
is more powerful and is also explicitly world-sheet reparametrization-independent,

which will be discussed in detail in this thesis.

The bosonic string field theory has been formally second quantized [15-17]. A
gauge-fixed BRST invariant string field action and the BRST transformation that



leaves the action invariant were found. The correct Feynman rules have been derived
from the gauge-fixed action. As far as the perturbative calculation of string ampli-
tudes are concerned, the classical string fields for on-shell or off-shell string states

suffice.

Witten’s superstring field theory has some difficulties however, and it was found
that the superstring multiplication has an associative anomaly [31]. This implies a
violation of gauge invariance of the theory and a divergence in tree level four-boson
amplitudes. All those problems are related to the insertion of a picture-changing
operator [29] at the string midpoint in the definition of superstring multiplication.
Since the operator product of two picture-changing operators is divergent, when
two or more picture-changing operators overlap at the same point in superstring
multiplications, the product is not well defined. A possible resolution is to modify the
superstring action and the gauge transformation by introducing an infinite number
of higher order contact terms such that the divergences are canceled order by order.

This is obviously very difficult to implement.

A different approach is taken in reference [32], the key is the realization that the
conformal and superconformal ghost numbers must be counted separately. A general
physical superstring field is the linear combination of component fields of conformal
ghost number —1/2 and various superconformal ghost numbers. A component field
could be an NS field or an R field depending on whether its superconformal ghost
number is an integer or half-integer. It is then natural to define superstring multi-
plication and integration as the generalization of the corresponding bosonic string
operations without the insertion of the picture-changing operator and its inverse.
The new superstring action is still an integral of the Chern-Simons three form. The
action is gauge invariant and supersymmetric without additional contact terms. The

second quantization and some sample calculations have been carried out [32].

The open string action as an integral of the Chern-Simons three form has de-
pendence on space-time background through the BRST charge. If the string field

theory were to give a complete description of a dynamic process, the background



should come out as a solution of the theory instead of something being put in at
the beginning. In an attempt to eliminate background dependence, Witten’s open
bosonic string field theory action has been written in a purely cubic form [38]. The
original open string action can be recovered by expanding around a particular clas-
sical solution of the equation of motion. Moreover the cubic form of open bosonic
string field theory also contains closed string states [39], this gives a hope that the
difficulties in formulating closed string field theory may be sidestepped. The exten-
sion to Witten’s open superstring field theory has been made [40]. However, the
associative anomaly of Witten’s superstring multiplication would also render the su-
perstring cubic action not well defined. In the light of the modified superstring field
theory [32], a well-defined superstring cubic action is proposed [41].

The main subject of this thesis will be the covariant field theories for bosonic
and supersymmetric open strings. The first chapter starts with a brief review of
bosonic string field theory and the calculation of the on-shell four-tachyon ampli-
tude. Then a more detailed world-sheet reparametrization-independent calculation
of off-shell four-tachyon and two-tachyon two-vector particle amplitudes is presented.

The conformal field theory method for off-shell string amplitude calculation is also

described.

The second chapter begins with the discussion of Witten’s open superstring field
theory and the difficulties in its original formulation. A proposal for a modified
superstring field theory is given with particular emphasis on the role played by the
superconformal ghost. The canonical structure of the open superstring in the Neveu-
Schwarz and Ramond sectors is shown to be the consequence of the gauge-fixed string
field equations of motion. The theory is second quantized and some string amplitudes

for massless string states are calculated.

The third chapter is devoted to the exposition of the purely cubic action for the

bosonic and the supersymmetric open strings.



1. Bosonic String Field Theory

1.1 General formulation

A string field A[X*#(c), ¢(o), b(o)]in Witten’s string field theory [5] is a functional
of string coordinates X# (o) and ghost fields ¢(o) and b(c) on the string world-sheet.
X#(a), ¢(c), and b(c) can be expanded into modes ap, cp, and b,. They satisfy

commutation relations
[af, an) = mn"" 6min,0
{Cm, bn} = 5m+n,0 ’
{emsen} = {bm,bn} =0,

[af en] = [am, ba] = 0,

(1.1)

and hermiticity conditions
il =at, o =ca Bh=bl, (12)

where n#” = (—1,1,.--,1) is the space-time metricand g = 0,1,2,---,D —1; D is

the dimension of space-time, and m,n =0, £1,+2,---.

The world-sheet BRST operator @ [18] can be decomposed as

Q =co(Lo— 1)+ boT4 + Q+ (1.3)
where Lo — 1, T4, and 4+ do not contain ghost zero modes ¢y or by. And Q is
nilpotent, Q* = 0, provided D = 26. The ghost number operator is defined by

1 o0
N = =(eabo — boco) + > (conbn — b_ncn). (1.4)

n=1

The BRST operator carries the ghost number +1.



A general string field @ in the first-quantized Fock-space can be thought of as a

linear composition of string states with certain ghost numbers
@) = dalz) la),
o

where ¢4 (2) is a number field and |«a) carries the ghost number Ny. |«) is assigned

Grassmann-odd (or -even) if Ny = —% + 2n (or % + 2n), where n is an integer.

It is convenient to bosonize the ghost and antighost field on the string world-

sheet,

c'w

— wd) g, = e () (1.5a,b)

where ¢(w, ), the bosonized ghost, is a scalar on the string world-sheet. The world-

sheet action for string coordinates X*(o) and scalar ghost ¢(o) are [5]

1
Sx = Zﬂ-/dza\/ﬁg“b 0a X - WX, (1.6a)

1 3t
S4 = 5 /dQJ\/gg“b 0a 06 + —é—:;/dza\/g]%gb, (1.60)
where R is the curvature scalar. The conventions for the fields and propagators are
1
Xt (w,w) = X¥(w) + X* (@),  ¢(w, ) = 5[¢+(w) + ¢-(@)],
(X# (w1, 01) X" (w2, w2)) = —n"" (In [w1 — we| + Infwi — @2]),

(In|wr — wo| + In |wy — w2])

[N

(p(w1, ®1)$(w, T2)) = —

on the upper half-plane.



The string multiplication

is defined as a path integral
AlX(01), 6] = [ DX DpeSe™5 BIX(r0), ()] CIX (o) o)) (17

on a piece of open string world-sheet sketched in Fig. 1. Where A is defined on
boundary Fj, and B and C on F5 and F3 respectively. The limit § — 0 is taken at

the end. The string integration, a c-number, is defined as a path integral

/A = /DX Dée X e™5¢ A[X (o), $(0)] (1.8)

on a piece of world-sheet sketched in Fig. 2. Where A is defined on the boundary F,
and the limit § — 0 is implied.

The multiplication * and integration | can further be shown [5] to satisfy

Q(A* B) = (QA) * B+ (=)AA+ (QB) (1.90)
/A*B:(—)AB/B*A (1.95)

/ QA=0 (1.9¢)

(A*B)x(C =A% (BxC) (1.94)

where A, B, and C are states in the first-quantized Fock-space. (=)? is —1 (or +1)
if Ais odd (or even), and (—)48 is —1 if both A and B are odd, +1 otherwise. The
operations * and [ have a ghost number anomaly 3/2 and —3/2 respectively, due to
the second term in the scalar ghost action (1.6b) which couples the ghost number to
world-sheet curvature. Eqgs.(1.9a)-(1.9¢c) have also been realized in an explicit mode

expansion [14].



Witten’s action for bosonic open string field is

1

2
I:§/<A*QA+§A*A*A>, (1.10)

where A is required to have ghost number —1/2 and to be Grassmann-odd. The

action is therefore invariant under gauge transformation
BA=QA+AxA—-AxA (1.11)

where A is required to have ghost number —3/2 and to be Grassmann-even. In order
to do perturbative calculations of string amplitudes, a gauge-fixing condition must

be imposed. The condition

boA =0 (1.12)

fixes the gauge in linearized theory completely, and it is also used in the interaction
theory. In principle, one can calculate the scattering amplitudes of various open
string states [7]. Four-tachyon on-shell amplitudes [8] and four-point off-shell ampli-
tudes involving tachyons and massless vector particles [11-13] have been calculated.

We will give a detailed account of the methods in reference [11] later in this chapter.

The linearized equations of motion for the classical physical string field is
QA=0. (1.13)

Using the expression in eq. (1.3) for @ we find that eqgs. (1.12) and (1.13) are equiv-

alent to

(Lo—1)A=0, Q4A=0, (1.14a, b)

which is the desired equation of motion and constraint for the physical string field.



It is known that the gauge fixing of the linearized action leads to the introduction
of a Faddeev—Popov ghost string field, ghost of ghost field, and so on [19]. The same
procedure has been carried out [15] for the action in eq. (1.10). There an infinite

number of ghost string fields

Q_3/2, Ps2, P2,

and antighost string fields
D172, P3/2, Psya, -

are introduced. The subscripts indicate the ghost numbers carried by the string
fields. The physical string field A in eq. (1.10) now corresponds to ®_; /5. All the

string fields can be written in a compact form

Q=0 10+ 30+ P 50+ +Pyp0+ P30+, (1.15)

where each component field is assumed to be Grassmann-odd, therefore ® is overall

odd. The gauge-fixed BRST-invariant action is found to be
1 2
JGF:.2./(¢*Qq>+§q>*cp*q)_z(boﬁ)*q)), (1.16)

where 3, having all ghost numbers, is a Lagrange multiplier imposing the gauge-fixing

condition by® = 0. The equation of motion from eq. (1.16) is

Q(I)-{—@*(I)—(boﬂ)‘:o,

bo® = 0. (1.17)

The BRST transformation has the form

6@y = (bof)+,
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§O_ = (Qd + &+ D),
§8=0, (1.18)

where + (or —) means the component fields of positive (or negative) ghost numbers.
One can check that the action in eq. (1.16) is invariant under the BRST transforma-
tion. The Grassmann-odd property of @ is essential for the invariance. It can also

be shown [15] that the BRST transformation ¢ is nilpotent,

820, =0,
82%_ =0,
828 =0, (1.19)

by using the equation of motion (1.17). The correct Feynman rules for perturbative

calculation can therefore be derived from the gauge-fixed action.

The string field propagator for the gauge-fixed theory is [5]

o]

1

by = bo/dT e~ T(Le=1) (1.20)
0

where e~7(Lo=1) has a path integral representation on a strip of world-sheet with

length 7 shown in Fig. 3. The antighost zero mode

17 dw dw
by = ;/da b(o) = / (%bww + %bu—;w> (1.21)
{

0

can be represented as a line integral across the world-sheet in Fig. 3 as indicated.
The three-string vertex is just that of Fig. 1. The appropriate world-sheet Feyn-
man diagram for a string amplitude can be formed by gluing together vertices and

propagators.
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1.2 The on-shell four-tachyon amplitude

The four-tachyon amplitude in Witten’s bosonic string field theory has the world-
sheet diagram sketched in Fig. 4a, where each external on-shell state is represented
by a semi-infinite strip with an appropriate vertex operator inserted at infinity. The
propagator is represented by the strip of length 7 and then integrated over the

parameter 7. The path integral representation of the amplitude is
©0 —
Ay = /dr< HV(wj,mj) / (g%bww + ;l—;%b@@> > (1.22)
0 J !
where

((--) = /DXD¢ (--)eSxe=5s.

Sx and Sy are world-sheet actions (egs. (1.6a) and (1.6b)), and the tachyon vertex
operator is

V(w), ;) = ¢ (wj, @;)et s X (5:73) (1.23)
with Pj2 =1,7=1,...,4. ¢® = @D and by, = e~ ¥+(®) are ghost and antighost
fields.

The string world-sheet can be mapped to the upper half-plane by a Schwarz—

Christoffel transformation [§],

N NEES T,
dz (22— a?)(22 = 1/a?)’

(1.24)

where
2(1 — o)

- a\/oz2 +72\/o7+ 1/~2 .

The parameters in the conformal mapping in eq. (1.24) are required to satisfy the

N

constraints,

= Ao(B1, k) — Ao(Ba, k), (1.25q)

DO =
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~r = K(E)[Z(Ba, k) — Z(B1, k)], (1.25b)

where

1 o?

=~ =1-k?, sin’ ) = ———— sin? B = ———— .
¥ Br=1 ot Pe PR

Ap and 7 are Heuman’s lambda function and the jacobian zeta function,

Mo(8, k) = ZIB(RF(8, ) + K(R)E(8, K) ~ K (K)F(5, 1)),

E(k)

F(B,k),

where K (k) and E(k) are complete elliptic integrals of the first and second kinds and
F(B,k) and E(B,k) are incomplete elliptic integrals of the first and second kinds.
The constraints in eqs. (1.25a) and (1.25b) implicitly determine v and 7 in terms of
a. From eq. (1.25b) it follows that

27 da
K(k) /14 a?y2/a® ++2

dr = (1.26)

Upon the conformal coordinate change to the upper half-plane as shown in Fig. 4b.

the ghost part of the path integral in eq. (1.22) can be carried out to give

1
ras

§= 3 Vol +42/1 + a242(1 — oK (k). (1.27)

After evaluating the correlation function involving X*(w,w) and the change of vari-

able in eq. (1.26), the s-channel on-shell four-tachyon amplitude is

0
_ 4 2P -Py+2P;-Ps
As=—2/da1 o (a—-l—>

(0%

«

1 2P, -Py42P. Py 2 2P;.- Py
X (oz + ~> (2a) 20022 (—) : (1.28)



13

where ap = v/2 — 1. The change of variable

1 —a? 2

then gives

1
Ag == / dzz7t72(1 —2)7°72, (1.30)
1/2

where s = —(P1 + P)?, t = —(P2 + P;)?. The Koba-Nielsen amplitude is the sum

of s- and t-channel contributions

AN = As + Ay =

W]

1
/dx ) N (1.31)
0

1.3. The off-shell four-tachyon amplitude

In the path integral approach to on-shell string amplitudes, the prescription is
to integrate over all embeddings of the world-sheet into space-time and all possible
world-sheet metrics [9]. This includes integration over all possible world-sheet ge-
ometries. The Weyl invariance on the string world-sheet ensures that the resulting
on-shell amplitudes are independent of the world-sheet geometry chosen in calcula-
tions. If the external momenta are extended off the mass-shell, the Weyl invariance

is lost. It is not clear how to proceed in this case.

In string field theory, however, the three-string interaction vertex determines
the world-sheet geometry. For example, in Witten’s string field theory, the three-
string interaction is specified by overlapping half of one string to half of the other
to form the third string (see Fig. 1). This corresponds to a particular world-sheet
geometry like the one in Figs. 4a and 6a. To calculate the string amplitudes, only
the embeddings of the world-sheet into space-time are integrated, not the metric
on the world-sheet, namely, the geometry of the world-sheet is held fixed. In the
light-cone-like string field theory [20], the three-string interaction is described by two
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strings joining ends to form the third string, which also fixes a particular world-sheet
geometry. So this means that in a given string field theory it is the string dynamics,

particularly the string interaction, that specifies the world-sheet geometry.

Although different string field theories specify different world-sheet geometries,
they give the same on-shell string amplitudes. However, the off-shell amplitudes in
one theory may differ from those in another in general. By studying the off-shell
behaviors of the two theories, we may be able to determine whether one is physically

more sensible than the other.

In the remaining three sections of this chapter we use Witten’s bosonic string
field theory to calculate off-shell string amplitudes. In this section, we calculate the
off-shell four-tachyon amplitude and extract the first few poles in the s-channel. Our
calculation will be formulated such that it is explicitly independent of world-sheet

parametrization.

An on-shell string state is represented by a vertex operator with conformal di-
mension zero. The off-shell extension of the vertex operators should be world-sheet
scalars, therefore well-defined world-sheet reparametrization-independent off-shell
amplitudes can be obtained. We will first find a vertex operator for the off-shell
tachyon state which is world-sheet reparametrization-independent. This means that
the off-shell tachyon vertex operator should be a world-sheet scalar. The vertex

operator

AP X(0) <eiP-X(a)> . (iPX (o)

ol—0o

= lim exp (—%P“P,, <X#(UI)XV(U)>> . (1P X(0) (1.32)

is a world-sheet scalar, but the first factor is singular. So we introduce an invariant

distance cutoff [21],

!

& = g Ao Ao, Ao =0 — o

Since the expression (1.32) is coordinate-independent, for convenience we can choose

a parametrization so that the world-sheet metric is conformally flat and use complex
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variables,
z=o0'+i0%, z=o'—io?
€€ =2g.: 0202, Nz=7 —z (1.33)
(X, 2)X"(2,2)) = " G(<, 75 2, 2). (1.34)

The vertex operator will be put on world-sheet boundaries. In this case, the corre-

lation function is
E\/;y\/z(zl’ Z) 2
VdZ'\dz ’

G(#,7;2,2) = ~—ln‘

where
BV, 2)
VdZ'\/dz

is the prime form [22], and it transforms like a (—1/2, —1/2) form with the limit

E(Z,2) =

lim In E‘/;’\/;(z', z) = In(7' — 2) + finite.

2=z

So we have

G(2',7'12,2) = —In |2 — 2z|® + finite.

Then the regularized vertex operator

Vx = lim e-—P2 Ine iP-X(z,%)
e—0
= lim {e“P2lnlzl“zlexp [—%P“P” <X“(z',2’)X”(z,§)>]}
2=z

y (e—zﬂ In(2::)} , (iPX(2,2) z) (1.35)

is also a world-sheet scalar.
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From eq. (1.6b) we see that

3 dz' dz’

(8(2,2)) = §(2,2) = —— [ (—)3G G(z, 77, Z)R(Z, ).

47 7

We redefine the scalar field,

then

The vertex operator

i9(2,7) _ eia(z,z) (i1(2,2)
_ <ei$<z,z)> i8(2) . id(2,2)

is a scalar. After the invariant distance cutoff in eq. (1.33), we have

V. = lim e——%lneew(z,z)
¢ e—0

= ;Ii-r_g [e_%lﬂz’_zl exp (——% <<$(z', EI)A(2,2)>>]

% (e‘—%‘ln(ngZ)% :eia(z,z) . 8i$(z,2)>

(1.36)

(1.37a)

(1.37b)

(1.38)

which is a world-sheet scalar as well. In eq. (1.38) there is an extra factor ¢'¢(*:2);

to obtain the ghost part of tachyon vertex operator this factor must be removed. In

the following, we will find a scalar factor such that the ghost part of the tachyon

vertex operator is the product of Vj in eq. (1.38) with this factor. In Witten’s open

string field theory, the world-sheets are flat except at a few points where curvature
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singularities have the value &, therefore the volume form can be factorized into a

product of a holomorphic and an antiholomorphic one-form,

2g.3dzdz = dw(z)dw(z), (1.39a)

do(2) = wy(2)dz,  do(3) = @(2)dz. (1.390)

It should be noticed that in defining the string state the vertex operator will be
placed on a semi-infinite strip (Fig. 5), and the total curvature on the strip is 2.

From eq. (1.36) we find that the scalar factor

—i(2,7) o2 In(w:dz0:dz) ¥ (1.40)

is the one needed. Then the vertex in eq. (1.38) becomes, after multiplication by the

factor in eq. (1.40),

Vi lim [e_émz'_zl exp (_% <$(zl’zl)$(z, 2)>)]

z2'—z

x (e—-%ln(ngz)% : ei:ﬁ\(z,z) . egln(wzdzazzdz)%’> . (1.41)
Now the tachyon vertex operator is
Vp(z,2) = Vx(2,2)Ve(z, 2), (1.42)

where Vx and V; are as in eqgs. (1.35) and (1.41).

In section 1.2, the on-shell amplitude has an antighost line integral across the

dw dw
l

Now we need a one-form having a line integral equal to the antighost line integral

string propagator,

in a given coordinate system. When z is away from curvature singularities, we have,
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from eqs. (1.6b) and (1.36),

~

8,0:4(2,2) =0, 8,0:9(2,2) =0, (1.44)
which implies
L1 I -
#(z2) = 5 [B+(2) + 6-(2)], 8,7 = 5 [$4(2) + 6-(2)] - (1.45)

Let
61(2) = ¢4(2) — 64(2),

and the correlation function is

~ ~ E‘\/;’ \ z’(z E’)
Ny — g N7
<¢+(z)¢+(z )> = —In \/CE\/JZ" : (1'46)
The vertex operator
emit+(2) = <e—z'$+<z)> L ei94(2) L o—id4(2) (1.47)

is a world-sheet scalar. We can make a parametrization-independent regularization

to obtain, from eqs. (1.46) and (1.47),

V¢' = lim 6_%]n“’Z(Z)E\/ZT’\/E(z',z)e_sz)

+ 2=z

1 CIRVEY \/;’\/2 !
= lim | BBV o 1, B2 2)
z'—z 2 VdZ'dz

X (: e_i$+(z) : e“'g*(z))
_ e—%lnwz(z)dz . e—i$+(z) . e—i$+(z), (148)

where w;(z) is as in eq. (1.39). As in eq. (1.38), e=i9+(*) should be removed by

multiplying a scalar factor. Since the vertex operator will be put on the open string
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propagator which is a strip of length 7 and total curvature 2=, from eqs. (1.36),
(1.45) and (1.48), the scalar factor is found to be

eiP+(2) =5 In(w=dz) (1.49)
Multiplied by the factor in eq. (1.49), the vertex operator in eq. (1.48) becomes
Vi(z) = e~ 2In(w=dz) . e_iq?*(z) 1, (1.50)

where w; is as in eq. (1.39b). Since Vj is a scalar, Vjdw(z) is a one-form. The

covariant version of the antighost line integral in eqgs. (1.22) and (1.43) is

/dw buw = /~—1—~Vb( Ydw(z), (1.51q)

27t 2t
l l

/

The formulae in eqgs. (1.35), (1.41), (1.42) and (1.51) are completely general, they can

and similarly

U
S

|

o :/51—17( 145 (3). (1.515)

l

b

-,

s

be used in any coordinate system on the world-sheet. For the parametrization used
in section 1.2, 2gyp = 1 and wy = ©p = 1. After the conformal coordinate change
from the natural coordinate w on the world-sheet to the coordinate z in eq. (1.24),

we have

2g.: = ( \[2+72\/22H/7 ) (N\/Z2 +72\/Z2+1/7 ) (1.52a)

(2% + a®)(z* +1/a?) (22 — a?)(22 = 1/a?)

and

wz(z> \/Z2+72\/z2—|—1/7 __(_) \/Z _{_72\/2.2_*_1/,},

N e ez =N E ey ey 5
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On the upper half-plane, the correlation function has the simple form

1. | EVaVY N2 1 (EVEVE (4 52
G(z,77,7) = —=In MG -m\—————('z—’z—) (1.53)
2 VdzVdz 2 Vdz\dz
with
EVVT (3 ) = (2 — 2.
The vertex operators in egs. (1.35) and (1.41) now take the form
Vi(z,2) = o PP In(widza0dn)? | iPX(2,2) . (1.54a)
Ve(z,7) = elnlwsdzmnd)t  (i8(z) . (1.54b)

where w, and @; are as given in eq. (1.52b).

The vertex operators (1.54a) and (1.54b) contain dz’s and dz’s in the exponen-
tials. But in calculating string amplitudes, the total momentum and the total ghost
number on the string world-sheets are zero. This ensures that all dz’s and dz’s drop

out.

Now we want to find the representation of the off-shell tachyon state. The path
integral with vertex operator Vx V. placed at distance 7 from the boundary EF, as
shown in Fig. 5, is proportional to e~(P*=1)7 ¢ large 7. To define a finite wave
functional we must multiply the path integral by the factor e(® *-17 . S0 the wave
functional for the off-shell tachyon state can be written as

ALXM(9), (o)) = lim (VieVe) xa) pion.r e’ (1.55)

T—00

where X#(o) and ¢(o) are string coordinates and the ghost field, and

(Vx Vo) = / DX Dge 5% e %V V,
X(0),6(o),7
is the path integral on the strip in Fig. 5 with the boundary condition X (o) and
#(o) on EF and the operator (VxV,) placed at distance 7 from EF. This will become

more clear as we actually do the calculation later.
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At this point one might worry about the uniqueness of the off-shell tachyon
state, since scalar particle states at higher mass levels may mix into the off-shell
tachyon state. However, this will not happen. For example, if a term proportional
to the vertex operator of the massive scalar at the fourth mass level is added to the
tachyon vertex operator in eq .(1.55), this additional term vanishes like e ™37 in the
limit 7 — oo. So there is no mixing from the higher mass level states. Similarly,
if one demands the off-shell wave functional for the higher mass level states to be
finite, there is no mixing from the lower mass level states either (see section 1.4 for

the vector particle case).

Similar to the on-shell amplitude calculation, but using A[X (o), #(c)] defined in
eq. (1.55) as the off-shell tachyon wave functional, the s-channel contribution to the
off-shell four-tachyon scattering amplitude is as the world-sheet diagram sketched in
Fig. 6a. The path integral representation of the amplitude is

o0

A, = /dr< HVx(zj,ij)Vc(Zj,?j)

0

1 -
x / (%Vb(z)dw(z) + é;r—i%(z)d@(z)> > [[e- se)
1 J
where Vx(zj, 2;), Ve(2j, %), Vi(2) and dw(z) are defined in eqgs. (1.35), (1.41), (1.50)
and (1.39), and j = 1,...,4. In eq. (1.56) the limit 7; — oo is implicit, moreover
the coordinate z is completely general.

The string world-sheet in Fig. 6a can be mapped to the upper half-plane by the
conformal coordinate change in eq. (1.24). Under this transformation, (w;, w2, w3, ws)
corresponds to (z1, 22,23, 24); (A1, A2, A3, Ag) corresponds to (o, —a, —1/a,1/a);
and (B, D, E, F) corresponds to (0,:v,¢/v,00). The limit 7; — oo is equivalent to
the limit (21, 22, 23, 24) — (@, —, =1/, 1/a). On the other hand,

(d75)? = gz2(25, 2)dzdZ; = |w,(zj)dz; |, (1.57)

where j = 1,2,3,4. On the upper half-plane, z;’s are on the real axis and w;(z;) is
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as in eq. (1.52b). In the limit 7; — oo, eq. (1.57) becomes

dle— dz1 5 d7'2:"‘ d_Zi_z )
2] — Z9 « (1.58)
dz3 dza
dT3 = e, dT4 = —- .
z3 + 1/Oé Z4 — l/a
The above equations can be solved to give
a—z =Cle™ ™ R Zz—{—a:Cze—T?,
(1.59)
—1/a — 23 =Cse™ ™, za — 1]a = Cpe™ ™,
where C1,...,Cy are integration constants depending on « and 4. By the symmetry
of the conformal mapping, we have the relations
C1 = Co, C3 = Cy. (1.60)
In the appendix it is shown that (see eqgs. (A.10) and (A.12)),
1
Ch =aC, Cy = —C, (1.61a,b)
o
and
. ; : e 1
00 = - p(a. ) 4 1 AT OFG RN )P G2

2K 0", [0]06[0] Nyirr

where

«

6]
inf=—m, N = ;
sin 8 /a? + 2 ! Va2 + 72y/1 + atq?

K = K(k) and F(B,%') are the complete and incomplete elliptic integrals of the

21—k k=n2

first kind; 0y and 6y are the jacobian 0 functions (for details, see reference [23]). ~

depends on « through the relation in eq. (1.25a).
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Using egs. (1.50), (1.52), (1.54), and (1.58)-(1.61), the off-shell four-tachyon
amplitude in eq. (1.56) becomes the path integral on the upper half-plane:

A = /dT <exp (Zin'X(Zjvzj)>>
X

0 2

(wz)"'dz 3. S—4 Pi+P}-Pi-P}
X /——————exp Zqﬁ(z],zj emi0+(2) ) PP B 63)
! ¢
where ¥ = Ej P]-z, and C is defined in eq. (1.62). The ghost part of the correlation

function in eq. (1.63) is exactly the same as in the case of the on-shell four-tachyon

amplitude which is given in eq. (1.27). After the change of variable from 7 to « (see
eq. (1.26)), we find

1 — 4
A= ~—2/da a3a (0 — 1/)2PrPoA2PiPy (o | 1 2P Pot2PeP,

(20) P P2 (2/ @) 2P P (O () Pt PE- R PE, (1.64)

To convert eq. (1.64) into a more familiar form, we make a change of variable z =

[(1—=a?)/(1 +a?)] ?  The integration regions for the different variables are
€(0,00), ae(V2-1,0), ze(1/2,1).

The final expression for the s-channel off-shell four-tachyon amplitude is

/1 dzzt72(1 — )72 (g%)z_4 , (1.65)

1/2

As =

NN

where s = —(P1+P)% t = —(P+P3)%, 8 = > sz and C(z) is defined in eq. (1.62).

The ¢-channel contribution is obtained by permuting the states 1 -2 — 3 —4 — 1



24

in As,
L D4
. 1_ —s—2(1 _ —t—2 C(‘T)
Ay = 1 /dwm (1—2z) (———2\/5 : (1.66)
1/2

If sz =1, As+ A¢ reduces to the Koba—Nielsen amplitude for four on-shell tachyons.

In what follows we discuss the pole structure of the off-shell amplitude in the

s-channel. In the appendix, C(z) is expanded in power of € = 1 — z (see (A.17)),

Olz) = (g)w (1 R ) .

The integrand in eq. (2.65) has the expression

21— 2)52 (0<x>>““4

2z
(1) i (142):
+B(t+2)(t+3)+2—4) (%+§+§—Z>]e2}- (1.67)

The logarithmically divergent terms in eq. (1.65) correspond to intermediate particle

poles in the s-channel. Now the residues of the poles are

(£—4
2

1 16
Ass'::l—_s—:_l <§> ) (1.68a)
L6\ T 1
AS;T()_—S 77 t+ 52 ) (1.68b)

r—4

Asgl—i; <£> 2 [—;—(t+2)(t+3)+(2—4) Gt+%2+§—§>] (1.68¢)

Egs. (1.68a)-(1.68¢) agree with the results of reference [15], where the Neumann
function method [14] is used to calculate the individual intermediate particle contri-

butions to the s-channel four-tachyon amplitude.
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1.4. The off-shell four-point amplitudes involving vector particles

The method used in calculating the off-shell four-tachyon amplitude can be ap-
plied to the off-shell four-point amplitudes concerning other higher mass level parti-
cles. In this section, we consider the four-point amplitudes involving vector particles

and tachyons; after this is done, the generalization to other cases should be clear.

The extension of the on-shell vector particle vertex operator
SN BZX(Z,Z)eiP'X(Z’z) :

1s

V(2 P,€) = (w:)'Ve(2,2) lim [5 VaX(2, 7 )Vy(z, 2)

it PVLG(Z, 2 2, 2)Vx (2, 2)} : (1.69)

where Vx, Vo, G(2',7';2,2) and w, are defined in egs. (1.35), (1.41), (1.53) and
(1.39), and V., is the covariant derivative (described, for example, in reference [24]).
One can see immediately that V(z, z, P, ) is a world-sheet scalar. The off-shell wave

functional for the vector particle can be defined by the path integral like that in
eq. (1.55),

ALX(0), ()] = lim (V(z,2, P, ¢)

—it - P ((ws)710.7) Vi(z, 2)Vx (2, 2)>X(a) . P (1.70)

where V(z,z, P, £) is given in eq. (1.69). The second term in eq. (1.70) cancels the
divergence in the first term. The parameter 7 is the invariant distance on the world-
sheet from the boundary EF (see Fig. 5) to the point where the vertex operator is
inserted, so (w;)~1d,T is reparametrization independent. Since the path integral in

eq. (1.70) is proportional to e~ P'T at large 7, the factor eP’7 is introduced to make
the wave functional well defined. The definition in eq. (1.70) for the off-shell vector

particle state is a natural extension of the on-shell state.
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The two-vector particle two-tachyon amplitude (Fig. 7a) has the same string
world-sheet diagram as the four-tachyon amplitude (see Fig. 6a). So most of the
calculations here are parallel to that of the four-tachyon amplitude. The amplitude
under consideration has the same path integral representation as that in eq. (1.56),
except the tachyon vertex operators V(z1,21) and V(z2,22) are replaced by vector
particle vertex operators V(z1,z1, P1,&1) and V(z2,2Z2, P, {2) defined in eq. (1.69).
It should be remembered that the vertex operators are on the world-sheet boundary

where z = z and 2z’ = Z'. From egs. (1.39) and (1.53) we have

VBV = (g.2)730, [(g2) BV

= 0.EVIVE 4 (w,)” (dZZ)EW\/_ (1.71a)

and

Vz 7
V.G(e ) = (LE___)

BT
0, EVEVE _y de,

Using the tachyon wave functional in eq. (1.55) and the vector particle wave func-
tional in eq. (1.70), we find that the path integral representation of the two-tachyon

two-vector particle amplitude with the diagram in Fig. Ta is

A7a_/ < HVX (25,2 Vel 25, Z5) (H(ka)—IVC(zk,Ek)
0

k

X (: & - Vi X (28, 20) Vi (21, 21) 1+ —1& - Pk(aszk)VX(Zkyfk))>

X /( )+—vb< ) > H (7 =1m (H P)

(1.72)
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where k£ = 1,2; 7 = 3,4, and
1€V, X(2,2)Vx(2,2) 1= lim [5 VaX(Z,2)Vx(z,2) =i PVLG(Y, 7, 2,2)} X

The ghost part of A7, is exactly the same as that in the four-tachyon amplitude.
Making use of egs. (1.53) and (1.71), the amplitude is found to be

L —od (/1 o\ 2P PiA2PPy
a2 a2 (122)
2P, .P342P,. Py 2P3- Py
(=) e @)
(83 «
4 £1- &9 202 20
(2a)2< 2 +{§1'[P4<1-a2 ~ BTy T e

2a? 202
X {62 . <P4 (1 +C\{2> — Py <1 = Oz2> +2PaBy + P1>}>

X{[C(a)]2”2aP‘2+P22_P§_P3} , (1.73)

where

B 1 n 2 1 1
= & p— — .
! 202 a?—1/a? a?+4+4? af+1/42

The change of variable z = [(1 — a?)/(1 + ozz)]2 gives

1 £-2
Atg = — / dez™t=1(1 — z)~52 [5\(/?}

1/2

x{&fz + [51 : <P41 ?/Eﬁ _ Pyl = 7)) = Py — 2P1aBl>}



28

X [52 : <p4(1 —z) - P ! —\-/%/:? + Py(14 NaB; + Plﬂ } (1.74)

where

s=—(P+R)?, t=—(P+P)’, %=> P}
j

Bo—af L, 2 1 1
=%\ 202 T2 1/a? a2+ oZ+1/92)°
and C(z) is given in eq. (1.62).

The diagram in Fig. Tg is identical to the diagram in Fig. 7a, so the corresponding

amplitudes should be equal. Following the same procedure as described previously,
we find

Arg = — /1 dza™t 11— z)75 72 [g_%)_] £-2
1/2

X{€1é€2 _ [fl ) <P41 4\_/5\/5-{—]33(1“}'\/5) + Py +2P1éB2>]

e (P + Vo) + P op i, 1 )| L (1.75)
Tz o

where

b Lo, 2 1 1
2T e\ 2 1/a2 —a? 1/a2+~%2 1/a2+41/42 )"

With the help of an identity
1
CYBl =1- —Bg,
o

it is not hard to show that A7, and A7, are equal as expected.
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In the same manner, the amplitudes for diagrams in Figs. 7b and 7¢ are found

to be
/ —
" // dea=r71 -0y [ S
x{fléﬁz (1 ; a:) + [51 : <P4 + Py(1 = /T) _P21 ?/5\/5 +2P1aB1>j|
Jor(remenentnenBE))
and

Are = _i //: drz=t=1(1 — z)~v2 [(2;_\(_}%} £-2

x{él%—g—z-(l —z)— [51 - (—P41 ?/E\/E + Py + Po(1 — V) + 2P10531>}

1+y/x
NG

Xky<ﬂ+& 4@&é&+ﬂu+v®”}, (1.77)

where

s=—(PL+P)?, t=—(Pr+P)?, u=—(P+P)°

Y =P+ P?+ P} + P

The amplitudes A74, A7e, and A7y can be obtained from A7q, A7y, and A7, by switch-
ing the labels 1 and 2. It is easily seen that the off-shell amplitudes Az,,..., A7f are

reduced to the corresponding on-shell amplitudes, when the conditions
G-PL=& -Ph=0, PP=P; =0, P!=P=1

are imposed.
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The calculation of the off-shell four-vector particle amplitude is straightforward.
The method used in this section is also applicable to the off-shell amplitudes involving

other states.

1.5. The conformal field theory method

In section 1.3 and 1.4, off-shell string amplitudes involving tachyons and vec-
tor particles are calculated in a way which is explicitly independent of world-sheet
parametrization. Now we briefly describe how to calculate off-shell amplitudes in
Witten’s bosonic string field theory by the conformal field theory method [25]. Al-
though this method is not explicitly world-sheet reparametrization-independent, the

final results agree with those obtained in previous sections.

The prescription for conformal field theory calculation is the following. Instead

of using eqgs. (1.35), (1.41) and (1.50), we take vertex operators,

Vy (w,w) =: £ X2 (1.78a)
Vi(w, @) =: ¢4 ., (1.78b)
byw = Vy(w) =: e~i+(v) (1.78¢)

with conformal dimensions P?, —1 and 2, respectively. Choosing the natural coordi-
nate system, with 29, = 1, on the world-sheet [5, 8], we define the off-shell tachyon
wave functional as that in eq. (1.55), but the vertex operators in there are replaced
by those in eqs. (1.784) and (1.78b). The path integral for the off-shell four-tachyon

amplitude in s-channel is

3

As = /dT< HVx(wj,wj)Vc(wM‘vj)

dw dw 2
- . (P] "1)Tj
l
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Then we make the conformal coordinate change in eq. (1.24) and note that

dz | P*
Vy (w, %) = Zz’i Vy(z,2),
dz 1—1
Ve(w,w) = || V(= 2)
w
2
b = (%) b (1.80)
w

Inserting eq. (1.80) into eq. (1.79) and doing the calculation similar to that in sec-

tion 1.3, we obtain the same result as that in eq. (1.65).

For the vector particle, the vertex operator is

V(w,w, P,¢) = Vo(w,w) lim |€ -V X(W,d)Vy(w, )

_it . PVWG, @' w, @)V (w, w)]

= Vo(w, @) : £ - VX (w,0)Vx(w, ) :, (1.81)

where Vx(w,®) and Vi(w,w) are as defined in eq. (1.78). The vertex operator
in eq. (1.81) has the conformal dimension P2. Analogous to eq. (1.70), the wave

functional for off-shell vector particle is

A[X (o), $(0)] = lim <V(w,w,P, £)

T-—>00

i€ - P(Br)Vi(w, @) Vi (0, w)>X(a) o P (1.82)

where V(w,w, P,§), Ve(w,w) and Vx(w,w) are given in eqs. (1.81), (1.78a) and
(1.78b). The amplitude for the diagram in Fig. 7a has the same expression as
eq. (1.79) except two of the tachyon states are replaced by two vector particle states.
Then performing calculations similar to what follows egs. (1.72) and (1.79), we obtain

the result in eq. (1.74). Other diagrams in Fig. 7 can be done similarly.



32
2. Supersymmetric String Field Theory

2.1 Reformulation of the superstring field theory

We begin by reviewing Witten’s open superstring field theory [6] and some of the
difficulties associated with it. We will then propose modifications that circumvent

these problems.

In Witten’s theory, a superstring field A = (¢, 1) contains a Neveu-Schwarz field
¢ and a Ramond field 1, where both ¢ and % are functional of string coordinates
X*(o) and ¥#*(o), conformal ghosts ¢(c) and b(c), and superconformal ghosts v(o)

and B(o). Each of those fields corresponds to a set of harmonic oscillators:

XH*(o): ak, aZT =ad,,

(o) dy, dvlﬁ =d",; or d¥, dfT = d*

c(o): cp, cl =C_p; b(o): by, bl =b_,,

(@) Y, ’Yi:%n; or Yr, 7:[:7—“

,3(0') P, ﬂi =B n; or S, J =—B_r,

where n is an integer and r is a half-integer, and gy = 0,---,D — 1. D = 10 is the
dimension of space-time. The oscillators satisfy the following (anti-)commutation

relations [26, 27, 28].

In the Neveu—Schwarz (NS) sector:

[a¢n7 am = mnuu6m+n,0 3 (2.1a)

{dfv d;/} = 77”V5r+s,0 s (216)
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{emsbn} = bminy0, (2.1¢)

[vr:Bs] = 6r4s,0, (2.1d)

and other (anti-)commutators are zero. Here m and n are integers, while r and s are
half-integers. n** = (—1,1,...1) is the metric of ten-dimensional space-time. The

BRST charge is

QNS = (Lo —1/2)co + MNSbo + QNS, (2.2)

where MNS contains only conformal and superconformal ghost modes, and
y p g y

Q¥ =) Lucon+ > Gryr, (2.3)

n#0 r

where L, and G, are generators of super-Virasoro algebra. The BRST charge QNS

is nilpotent,
(QNS)z =0 ,

in ten-dimensional space-time. The conformal and superconformal ghost number

operators are

1 [e.@)
Ne = 5 (cobo — boco) + ;(C_nbn — b_nty), (2.4a)
Nsc = - Z (’)’—sﬂs + ﬁ——s'}’s)- (24b)
s=1/2

In the Ramond (R) sector:

a7, az] = mn* 6min,0, (2.5a)

{d“m> d; = 77’“/5m+n,0 y (25[7)
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{cm7 bn} = 6m+n,0 ) (2.5C)

['an ﬂ'n] = 5m+n,0 3 (2.5d)

and other (anti-)commutators vanish. Both m and n are integers. The BRST charge

is given by

QR = Loco + (MR — 43)bo + Foyo + Ko + QR (2.6)

In eq. (2.6) the dependence on conformal and superconformal ghost zero modes is

made explicit. M® and K contain ghost modes only, and

Q= Luca+ > Fuyon, (2.7)
n#0 n#0

where L, and F), are generators of super-Virasoro algebra. We also have
(QR)Z =0,

when D = 10. The ghost number operators in the R sector are

N, = —12—(c0b0 — boco) + ;(c_nbn — b_nen), (2.84)
1 (o)
Nge = —5(’70ﬂ + Bovo) — ;(’Y—nﬂn + B—nn)- (2.80)

The conformal and superconformal ghost system can be bosonized [29],
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v=ren, B =e b0, (2.10)

where o and ¢ are two scalar fields having correlation functions

(p()p(z)) = —In(z1 — 22),  ($(e)d(z2)) = —In(z1 —22)  (211a,8)

on the world-sheet, and n and ¢ are anticommuting. The conformal dimensions of

the fields are
6" L n(n~3), et —sqlg+2)
n:1, £ :0. (2.12)
The ghost number currents are
j¢=cb=10,p, j¥¢ =0 = 0,¢. (2.13)

So n and € have a ghost number zero. Then the picture-changing operator

X ={Q,¢} (2.14a)

and inverse picture-changing operator
Y = c0,te™2? (2.14b)

have a conformal dimension zero and ghost number +1 and —1 respectively. Y is

the inverse of X in the sense that

lim Y(z1)Y(2z2) = 1. (2.15)

Z1—+Z2

The simple extension of string field multiplication * in egs. (1.92)-(1.9d) to the

superstring field theory now has ghost number anomalies 3/2 from the conformal
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ghost and —1 from the superconformal ghost, whereas the extension of string state
integration [ has ghost number anomalies —3/2 and 1 respectively. The operators
* and [ for superstring fields (we still use the same notation as in bosonic string
field theory) satisfy the relations (1.9a)—(1.9d) if A, B and C there are interpreted as
superstring fields. In order to have a desired ghost number counting, Witten defined

the superstring multiplication and integration [6] as

Ay % Ay = (¢1,%1) * (b2, 12)
= (X (o1 * ¢2) + Y1 * b2, X (b1 * th2 + th1 * $2)) (2.16)

$a= 6w =200 (2.17)

where X and Y are inserted at the middle point of the string and the integration

and

of the Ramond field ¢ is zero. The operations * and ¢ so defined also satisfy the
superstring version of egs. (1.9a)-(1.9d). Witten’s gauge-invariant superstring action

takes the form
2
I:%f<A*QA+§A*A*A> , (2.18)
where A = (¢, ) has ghost number (—1/2,0). The gauge transformation is

SA=QA+Ax A —Ax A, (2.19)

where A = (¢, x) has ghost number (—3/2,—1). The supersymmetry charge is

Qo = / doe 9128, (2.20)

where Sy is the spin field on the world-sheet [27]. The supersymmetry transformation

of the string field is defined as

§A=UA = (66,8%) = (Qatb, Y(7/2)Qud). (2.21)

In reference [5], it was argued on general grounds that a linear transformation U

like that in eq. (2.21) is a global symmetry of the action in eq. (2.18) if it has the
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following three properties,

]f UA =0, (2.224)
U(AxB) = (UA)x B+ A= (UB), (2.220)
[Q,U] = 0. (2.22¢)

And the supersymmetry transformation in eq. (2.21) indeed satisfies eqgs. (2.22a)-
(2.22¢), therefore it is a global symmetry.

Using egs. (2.15)-(2.17), one can find that the quadratic part of eq. (2.18) is

r=[4+@%+ Juvmets

(2.23)
= (#1Q™6) + (Y (r/2)Q" ).
The derived equations of motion have the standard form
QYo =0, Q%yp =0 (2.24)
The gauge-fixing conditions were chosen as
bop =0, boty = Bop = 0. (2.25)

Egs. (2.24) and (2.25) determine the spectrum of physical excitations in the NS and
R sectors [28]. It was shown in detail [6] that the linearized gauge-fixed action is

I'=(4'|(Lo—1/2)I¢") + (¥'|Fol"), (2.26)

where ¢’ and %' contain no ghost zero modes.
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The four-massless-particle amplitudes were calculated schematically in refer-
ence [30]. More careful calculation [31] revealed that the four-boson amplitude is
divergent, because the two picture-changing operators inserted on the world-sheet
overlap. For the same reason the gauge invariance of the action in eq. (2.18) is also
spoiled. To fix this problem, a four-point contact term is added to the action in
eq. (2.18) as a counter term [31]. It makes the action gauge invariant to order g*
of the coupling constant and, at the same time, cancels the divergence in the four-
vector boson amplitude. Once a four-point contact term is introduced, higher-point
contact terms are inevitable in order to ensure the gauge invariance of the action at
higher orders of the coupling constant g. This will continue order by order. On the
other hand, divergences are expected in higher-point amplitudes, and it is not clear
that the same sort of cancellation occurs at higher orders, namely that the same
counter term cancels the divergence in amplitudes and ensures gauge invariance of

the action at each order simultaneously.

Having the aforementioned difficulties, we are forced to look for an alternative
formulation of open superstring field theory such that those problems can be by-
passed. Moreover, just like the bosonic string field theory, string amplitudes should
be derived from the gauge-fixed BRST-invariant action like that in section 2.1. But
it is not clear how to proceed on gauge-fixing explicitly in the above formulation
of superstring field theory. Finally, in the above formulation, no distinction has
been made between conformal and superconformal ghosts in ghost number counting.
Since the two ghost systems are independent, one would like the ghost numbers of
the two different systems to be counted separately. Fortunately, all those problems
can be solved very naturally in a modified theory [32]. The rest of this chapter is
devoted to this purpose.

Based on the discussion of bosonic string field theory in Chapter 1 and the ob-
servation of picture-changing phenomenon [29], one naturally expects that a generic

superstring field should contain all conformal and superconformal ghost numbers,
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=) Bgn, (2.27)
ERD)

where @, , is a string field with the conformal ghost number s which takes half-
integer values and the superconformal ghost number n which could be integers or
half-integers. The component field @, , is a Neveu-Schwarz (or Ramond) field, if n
is an integer (or half-integer). The physical states are contained in string fields of

conformal ghost number —1/2, namely
Qphysica.l = ‘I’_1/2 = Z q)—1/2,'n . (228)
n

String fields of other conformal ghost numbers are ghost and antighost fields. In a
“canonical choice of picture,” we identify ®_;/, o as physical NS fields and ®_; /5 1/9
as physical R fields. In the more familiar language, this corresponds to the Fs-
picture. We also require that each individual superstring field ®, , is Grassmann-
odd, consequently ® is overall odd. All this will become clear as we get more explicit

later.

The integration and multiplication we will use for superstring fields are just
the simple extensions of their bosonic string counterparts. The multiplication * has
conformal and superconformal ghost number anomalies (3/2, —1) and the integration
J has anomalies (—3/2,1). Thus the product of two NS fields or two R fields is
an NS field, and the product of an NS and an R field is an R field, as expected.
One can show that * and [ for superstring theory obey the superstring version of
eqs. (1.94)—(1.9d). The integration of an R field is zero by superconformal ghost

number counting. Now we can write down an action for superstring field theory,

2
I= 5/ (‘I’-Uz * QP2+ 5012+ Qoyyp q’—1/2> ’ (2.29)

where ®_;/y is defined in eq. (2.28). Evidently, this action is invariant under the
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gauge transformation,

6P _1/0 = Q0 32+ Py % Q30 —Q_3/0*P_yy7, (2.30)

where Q_3/9 is Grassmann-even, and
Q__g/z = Z Q—3/2,n . (231)
n

We do not need to worry about the possible associative anomaly in the multiplication
*, as long as ®_y/; and §)_3/; are open string Fock-space states, which are the states

that will concern us in this paper.

The supersymmetry transformation is now generated by the supersymmetry

charge in eq. (2.20) without any inverse picture-changing operator insertion,

5@_1/2 = Qa(b——l/2' (232)

The supersymmetry charge (), has ghost number (0, —1/2), so it interchanges NS
states which have integer superconformal ghost numbers and R states which have
half-integer superconformal ghost numbers. Following the argument given in refer-

ence [5], it is not difficult to show that
/Qad? —0, (2.33a)

Qa(q)l * Do) = (Qaq)l) * Qg + Py % (QQ(I)Z)v (2.33[))

(@, Q4] = 0. (2.33¢)

It then follows that eq. (2.32) is a global symmetry of the action in eq. (2.29). The
perturbative vacuum is described by ®_; /5 = 0, which is obviously invariant under

eq. (2.32).
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2.2. Equations of motion and physical states

Since the new superstring action (eq. (2.29)) has the gauge invariance (eq. (2.30)),
in order to derive the equations of motion that define physical states and perform

the perturbative calculation of string amplitudes, we must fix the gauge.

As far as conformal ghost zero modes ¢y and by are concerned, the BRST charges
QY5 and QR in egs. (2.2) and (2.6) have the same structure as the bosonic case in
eq. (1.3). Following the same argument used in bosonic string field theory, we see

that
b()q)__l/z = O (234)

fixes the gauge for the linearized version of eq. (2.29) completely. From eq. (2.20),

we have
[bo, Qa] =0, (2.35)

where @, is the generator of the supersymmetry transformation in eq. (2.32). It

follows that the gauge-fixing condition in eq. (2.34) is supersymmetry-covariant.

Now we will study the linearized equations of motion more carefully to see that
they give rise to the correct physical state spectrum in the NS and R sectors. As in

eq. (2.28), the physical superstring field is the sum of the NS and R fields,

S_yp=Cns+Or= D> Pipat D, Pipa. (2.36)

n=integer n=half —integer

We can write the linearized equations of motion separately,
NS — —
Q" Pns =0, boPns =0 (2.37a,b)

for the NS sector, and

QRdp =0, by®gr =0 (2.38a, b)

for the R sector. In addition, the string fields in the NS sector are required to be
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invariant under the generalized G-parity projection [27, 33],

1
Pns®ns = 5(1 — (=1)NatNee)pyg = Dys, (2.39)

where Ny = Z;X;lﬂ d_y - dr, and N is defined in eq. (2.4b). The string fields in
the R sector are also required to be invariant under the generalized Weyl-projection

27, 33],

Prdgp = =(1 + yu(=1)NetNeem1/2)pp = By, (2.40)

[N

where Ny = >0 1 d_p - dn, and N is defined in eq. (2.80).

In order to expand the physical string field into component fields, we must find
the Fock-space vacuum state in the NS sector. To do so, we first define vacuum
states for each set of oscillators in eq. (2.1). Because the conformal (anti-)ghost has

zero modes, there are two vacuum states in its Fock-space [18], which satisfy

)= ¢nl+)e = bal+), =0, n>0,

bol=)e = cn |=)e = bal =), = 0, n>0 (2.41)
and have ghost number
l+>c : NC = 1/27
=), + Ne=—1/2. (2.42)

Following the Zs-grading for string field in reference [5], |+), is Grassmann-even,

and |—), is odd. The vacuum state for the superconformal (anti-)ghost is defined as
V5 10)ee = Bs0)se =0, s>0 (2.43)

with ghost number
10),, : Nsc=0. (2.44)

We require |0),, to be Grassmann-even. The harmonic oscillators for bosonic string
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coordinates have, as usual, the vacuum state
ab 0y, =0, n>0, (2.45)

where |0}, is Grassmann-even. The vacuum state for fermionic coordinates is defined

by

d*|0); =0, s>0. (2.46)

We require |0), to be Grassmann-odd.

Then the Fock-space vacuum state in the NS sector is

|O)NS = [0>a |0>d I_>c |0>sc7 (247)

so |0)yg is Grassmann-even with ghost number

0)yg ¢ Ne=—1/2, Ny =0, (2.48)

The physical string field that satisfies eq. (2.37b) and the projection condition

in eq. (2.39) now has the component expansion,

(I)—I/Q,O = [Au(x)dﬁl/g + /Tu(x)dﬁ_tg/g + AuV(x)aﬁldil/z

—|—Alw)‘(:l:)dﬁl/2d_”_1/2di\_1/2 + Nﬂ(x)dﬁl/zfﬂ-l/zﬂ——l/z + - } IO>NS > (2'49)

where A, is a massless spin 1 field, Zm Ay, Ay are massive physical modes, and
N, is an auxiliary field. The vector field A, is even, since [0)yg is even, and ®_1/5
is odd. Similarly, the higher mass level component fields in eq. (2.49) all have correct

statistics.
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The vacua for conformal (anti-)ghost and bosonic coordinate oscillators in the
R sector are exactly the same as those in the NS sector, eqs. (2.41) and (2.45).
Since the superconformal (anti-)ghosts have zero modes, the vacuum states are more

complicated here; they are

ﬂO |+>5c:ﬂnl+>sc:7n|+>sc=0, 1’L>0,

70 I_)sc = ﬂn ‘_>sc =Tn |'—>sc =0, n>0 (250)
with ghost number
H‘) : NSC = 1/27
l‘) . Nsc = _1/27 (251)

and both are taken to be Grassmann-even.

The zero modes of fermionic coordinates have the same algebra as that of the
ten-dimensional y-matrices, eq. (2.58), so the vacua have spinor structure. In ten-
dimensional space, there are two independent Majorana—Weyl spinors of opposite

chiralities. Then we have

dh|Sp) =0, di|Sp)=0, n>0, (2.52)

dy1Sz) = (1/V2)7* |Sr),  dg|Sr) = (1/vV2)7*|SL), (2.53)

where the spinor indices are implicit. Following reference [34], we adopt the conven-

tion that |Sp) is Grassmann-odd, and |Sg) is even. Now we can define Fock-space
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vacuum states in the R sector,

ISL>R = |0>a 1SL> |_>c H’>sc7 (254@)
1SR)R = 0)a ISR) [=)e [+) s (2.54b)
with ghost numbers
|St)g @ Ne=—1/2, Ng,=1/2, (2.55a)
[Sp)p @ Ne=-1/2, Ng,=1/2. (2.55b)

It also follows that |Sp)g is Grassmann-even, consequently |Sg)g is Grassmann-odd.

The physical string field that satisfies eq. (2.38b) and the projection condition
in eq. (2.40) can be expanded as

D_1/9172 = P(z) [SL)g + ‘/’f(w)a: ISL)r + ¢5($)dﬁ1 |SR)R

+L(z)yoB-1[St)r + -, (2.56)

where () is a massless left-handed spin 1/2 field, ¥{(z) is a massive left-handed
spin 3/2 field, ¥4 () is a massive right-handed spin 3/2 field, and L(z) is an aux-
iliary field. All the spinor indices are implicit in eq. (2.56). Because ®_y/5 1/, is
Grassmann-odd, the three fields 1(z), 11 (z), and 14 (), as well as higher mass level
fields including auxiliary fields in expansion (2.56) are all Grassmann-odd, therefore,

they have correct statistics.
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The equations for physical string fields in (2.37) and (2.38) are
QNS‘I’—l/z,o =0, b®_1/90=0, (2.57a,b)

and

QY@ 1212 =0, bo®_yj21/2=0. (2.58a,b)

We can expand the string field in NS sector as
®_1/20= N5 10)yg + o 10y (2.59)
where ¢N° has ghost number (0, 0). Plugging eq. (2.59) into eq. (2.57a), we obtain
(Lo —1/2)¢N =0, QNS¢ =0, 4N =0, (2.60a, b, c)

which determine the spectrum of physical excitations in the NS sector contained in

¢S [30]. For the R sector the expansion is
D_1/9,12 = V) + 7), (2.61)
where
W) = U |S)r + PRISR)R » |¥) = Ureo |Si)p + Preo |Sa)p ,  (2.62a,b)
and

U= (70)" 0, Tp= (r)uly. (2.63a, b)

n

In eq. (2.63), \II(LO) and \Ilgg) have ghost number (0, 0), and all other component fields

have nonzero ghost numbers. Therefore the physical excitations in the R sector
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should have the form
v 20, o 20, v =0l =0, n£o (2.64)
Inserting eqs. (2.61)-(2.64) into eq. (2.58b), we have
Flv®y =0, Q¥u®) =0, (2.65)

where

9Oy = v 15p)p + TR |Sr)g -

Equations in (2.65) are the conditions satisfied by the physical excitations in the R
sector [28].

From the previous discussions we see that the generalized GSO projections (see
egs. (2.39) and (2.40)) not only lead to the same number of physical states at each
mass level in the NS and R sectors, they also ensure that each field has the correct
statistics. So far we have only discussed superstring field theory at the classical level.
Just like in bosonic string field theory [8, 11-13], it would suffice to use classical
superstring field if we only want to calculate superstring amplitudes perturbatively.
We will do some explicit calculations in section 2.4. However, the superstring field
theory in eq. (2.29) can be second quantized in very much the same way as that of

bosonic string field theory, which will be the subject of the next section.

2.3. Gauge-fixing and second quantization

Witten’s original superstring field theory has been formally second quantized
[35] under the assumption that superstring multiplication is well defined and the
action is gauge invariant. Since the modified theory in eq. (2.29) satisfies these
two conditions, the procedure in [35] is actually applicable here. In what follows,
however, an approach parallel to that of section 2.1 will be taken. We observe first

that the physical superstring field in eq. (2.28) is formally similar to the physical
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string field ®_; / of bosonic string theory (the same notation is used for both cases)
except the field content is different. Furthermore the superstring action (eq. (2.29)),
gauge transformation (eq. (2.30)) and gauge-fixing condition (eq. (2.34)) all have
corresponding similarities to their counter part in bosonic string field theory (see
section 2.1). We can just borrow the relevant formulae from there. We introduce

ghost superstring fields
D_3/0, Psj2, Pry2scc- (2.66)

as well as antighost superstring fields

Dy/oy P3s2, Psjarcc s (2.67)

where each field has conformal ghost number as indicated and all superconformal

ghost numbers, namely,

q)sr—zq)s,n for 5:—2—,_§ _1_

N o

2.
27 727 bl ( 68)

All of the string field is required to be Grassmann-odd. The succession of ghost
and antighost string fields are necessary for complete gauge fixing [15, 19]. As has

already been done in eq. (2.27) we can use a more compact notation

¢ =) &,
8

where @, is defined in eq. (2.68).

We can adopt a procedure similar to that of the bosonic string field theory and

find the gauge-fixed BRST-invariant action
1 2
IGF:§/[@*Q@—%—gq)*@*@—Q(bgB)*fI) , (2.69)
where B is a Lagrange multiplier enforcing the gauge condition
bp® =0, (2.70)

and B has all conformal and superconformal ghost numbers. The equations of motion
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from eq. (2.69) is
RQP+OxP—bB =0, (2.71)
which have the same form as the equation for the bosonic open string field theory.

The BRST transformation that leaves gauge-fixed action (eq. (2.69)) invariant is
found to be

604 = (boB)+,
§0_ = (QP+ DD+ bB)_,
6B =0, (2.72)
which is also nilpotent
20, =0, 8°0_=0, §°B=0 (2.73)

by iterating eq. (2.72) and using the equation of motion (2.71).

2.4. The Feynman rules and string amplitudes

In this section we will find the propagators for NS and R states and interaction
vertices from the gauge-fixed action obtained in section 2.3. In principle, all the
string amplitudes can thus be calculated perturbatively in string field theory. Four-

point amplitudes for massless states are worked out as examples.

The kinetic term in the gauge-fixed action (eq. (2.69)) is
Ix = /((I)NS * QNS(I)NS + &R * QRQ)R). (2.74)
After imposing the gauge-fixing condition (eq. (2.70)), we have

Ong = bocg®Pns, Dr = bocoPr. (2.75)
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Egs. (2.2) and (2.6) imply
{Q%, b} = Lo —1/2, {Q%, b} = Lo. (2.76)
From eqgs. (2.75) and (2.76), we can derive the gauge-fixed form of eq. (2.74),

Ix = /[<I>Ns * co(Lo —1/2)®Ns + Pr * coLo®PR]. (2.77)

The propagators are just the inverse of kinetic operators co(Lo — 1/2) and ¢pLo

when acting on states (eq. (2.75)). They are easily found to be

Tns = bo—75 LO 175 = / e~T(Lo=1/2) (2.78)
for NS states and
Tr = by I = by / dre~lo (2.79)
0

for R states. Analogous to the bosonic string field theory, the propagators Tys and
TR have representations as a path integral on a strip of length + with by as a line

integral across the strip. Then the parameter 7 is integrated from 0 to co at the end.

The three-string interaction vertex in the action (eq. (2.69)) is

2

2
Iint:‘g/@*q)*q):§/(@NS*®NS*¢NS+3¢NS*(I)R*(I)R)- (280)

Like bosonic string field theory [5, 8, 11], an external physical state in superstring
field theory is a path integral on a semi-infinite strip with the appropriate vertex

operator inserted at infinity,
A[X (), ¥ (), p(c),&(0),n(0), $(0)] =

/ DXD¢DpDEDpDg e~ (5x+5s+S,+Se-ntSs)y (2.81)

where X (o), -, ¢(o) are the boundary conditions for the corresponding fields on
EF in Fig. 5. The string field for an external state must satisfies eq. (2.37) or (2.38).
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Because the BRST current is conserved on the string world-sheet, a string field of

the form (eq. (2.81)) is a solution of eq. (2.37) or (2.38) if the vertex operator V
anticommutes with the BRST charge,

{@, V}=0. (2.82)

In the following, we will find the solutions of egs. (2.37) and (2.38) that represent
various physical string states. The string field A", /2,0 which represent a massless

vector particle in the NS sector is

Ail/z,o[X(a), v d(a)] = /DX ... D¢ o= (Sx+-+54)

X ({ucwe”¢(w)z/)“(w)e%p'X(w)> (2.83)

with ¢ - P = 0, P2 = 0. Since
{ QNS (5ucwe—¢(w)¢u(w)ezip-X(w)>} =0,

we find that AY, /2,0 satisfies the equations for physical string fields,
QVSAY =0, boAY =0 (2.84)

The string field AY—1/2,0 is in the Fy-picture in the usual language. Up until now we
have not made any use of the picture-changing operator [29]. In our formulation,
the effect of picture change is that for a given string state there is a multitude of
string fields with different superconformal ghost numbers; they are the solutions of

the egs. (2.37) or (2.38) and correspond to this same string state. For example,
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A‘Ll/2 o in eq. (2.83) is a representation of vector particle state, we also have

AYyp 1 [X(0), 5 (o)) = /DX...D¢6—(SX+...+5¢)

<{Q.¢ (iGucr eIy (w)et X 1, (2.85)

with ¢ - P = P? = 0, as a solution of equations
QNPAY ) =0, oA, =0, (2.86)

where

{Q £ (ig‘uc’we—tﬁ(u’)¢ﬂ(w)e2iP.X(w)>} _

Z.Cucw (8'wX(w) + 2P ¢¢#)62iP~X(w) .

The string field AY | /2,1 is another representation of the vector particle state in a

different picture.

Similarly, the string field that represents the massless fermion in the R sector is

Af_1/2,1/2[X(a), o d(0)] = /DX .. D e~ (Sx++S)

x (ua(P)cwe_¢(w)/ZSLa(w)eziP'X(w)> (2.87)

with P - yu(P) = P? = 0, which is a solution of equations,
QR AL 212 =0, boAL 5172 =0. (2.88)

In the NS and R sectors, for each physical state, we can find the corresponding
string fields as the solutions of eq. (2.37) or (2.38) with various superconformal
ghost numbers (namely, in different pictures). It should be noticed, as is clear from
the discussion thus far, that the picture-changing effect in reference [29] is actually
achieved in the superstring field theory described here by the solutions, with various

superconformal ghost numbers, to the equations for physical string fields.
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Taking into account ghost number conservations, especially superconformal ghost
number conservation, we find, from egs. (2.80), (2.83), (2.85) and (2.87), the three-

vector particle vertex and the two-fermion one-vector particle vertex to be

/(DNS * (I)NS * QNS =3 / A‘Ll/z,o * Ail/z,o * AY—I/Q,I (2.8961)

and
3/ Ong * g+ Qp =3 / Al1/20* Af_1/2,1/2 * Af—1/2,1/2~ (2.890)

The three-string vertex has the world-sheet diagram sketched in Fig. 8a. The cal-

culation is nearly the same as the bosonic theory. Inserting eqgs. (2.83), (2.85) and

(2.87) into egs. (2.89a) and (2.89b), then followed by a conformal coordinate change,
dw 22 +1/3

dz z(z2—1) "’

to the upper half-plane as shown in Fig. 85, we obtain the three-vector particle vertex

V(£1,80,8) = (&1 - Pobo- &3+ & - P3&3 - &1+ & - Préy - &2),

and two-fermion one-vector particle vertex

V(u17§au2) = alf cyuz,

which agree with the results in reference [36].

The Feynman rules for superstring field theory are similar to the bosonic case
[5, 7, 15, 16]. In superstring field theory, however, the interaction vertex has con-
formal and superconformal ghost number anomalies (3/2,—1), and the NS and R
propagators both have ghost numbers (—1, 0). In a Feynman diagram one must
choose external states such that the total ghost numbers of the diagram are zero.
For instance, to calculate the four-vector particle amplitude in superstring field the-

ory, we choose four NS states that represent massless vector particles: A_y/94(1),
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A_1/2,0(2), A_1/2,0(3), and A_y51(4) as given in eqs. (2.83) and (2.85). Two of the
Feynman diagrams are shown in Figs. 9a and 95, there the dashed lines represent
external NS states or propagators, while the solid lines represent external R states
or propagators. In Figs. 9¢ and 9b the total conformal and superconformal ghost
numbers from propagators, interaction vertices and external states add up to zero.
Since external states and propagators are represented by strips, the superstring field
theory diagrams have the same world-sheet geometry as the diagrams in the bosonic
string field theory, the calculations are almost parallel to the bosonic case. The di-
agrams in Figs. 9a and 9b each contribute to half of the Koba—Nielsen integration

range with the same integrand. Their sum is

T(2)0(21)

A4p = Aga + Agp = (1 + 25 1 2t

)K(fl,pl;52,132;53,1?3;54,?4), (2.90)

where s = (p1+p2)?, t = (p2+ps)? and K is the kinetic factor. The amplitude agrees
with the result in reference [36]. In the above calculation we have set o/ = 2. Since
no picture-changing operator has been inserted in the interaction vertex, tree-level
amplitudes are finite in this modified theory, therefore contact terms are no longer

needed.

The four-fermion amplitude can be calculated in a similar fashion. We take four
R states that correspond to the massless spin 1/2 fermion as is given in eq. (2.87).
Two of the Feynman diagrams are shown in Figs. 10a and 10b. The sum of the two

diagrams gives

I'(25)0(2¢)

Asr = Aroa + Arop = (1 1 25 4 2t

>[tﬂ1fy“u2ﬂ3'yuu41 — sﬂz’y“U3ﬂ1’yuu4], (2.91)

where correlation functions of spin fields derived in reference [37] have been used.

Finally, we consider two-fermion two-boson amplitudes. The four external states
are A_y/9,1/2(1), A_1/2,1/2(2), A_1/2,0(3), and A_1/5 1(4). Four of the diagrams are
shown in Fig. 11a-Fig. 12b. The contributions of Figs. 11a and 115 are added up to
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give

I'(2s)I'(2t)
I'(1+42s+2t)

Agp_or = A11a + A11p = [—sti2y - £37 - (p1 + pa)y - Eaun

+2t(&5 - patioy - Eaur — &4 - patiay - E3ur — &3 - Ealiy - paur). (2.92)
Similarly, the sum of diagrams in Figs. 12a and 125 is

I'(2u)T'(2t)
I'(1 4 2u+ 2t

ArB-rB = A12¢ + A12p = )[tﬁw €37 - (p2 + pa)y - Eaua+

w1y - oy - (ps + p2)7 - E3ual. (2.93)

where u = (p; + p3)*.

We have seen, from the explicit calculations, that all the massless four-particle
amplitudes obtained from the modified open superstring field theory coincide with
the previously known results [36]. Along the same line, it is straightforward to
compute other tree amplitudes of the theory. It is still remained to be checked by

explicit calculations, however, that whether the loop amplitudes come out correctly.
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3. Cubic Actions for Open Strings

3.1 Cubic action for bosonic strings

In Witten’s bosonic string action (eq. (1.10)) there is a background dependence
since the BRST charge depends on background fields. A theory intended for a com-
plete description of a physical process must include the dynamics of the background
as well. The attempt to eliminate explicit background dependence of Witten’s open

bosonic string field theory has led to the discovery of purely cubic action [38]

S:%/A*A*A, (3.1)

where the notation is as in Chapter 1. The field A with ghost number —1/2 is

Grassmann-odd. The action is invariant under gauge transformation
A =UTxAxU (3.2)

where

1
U:eA=I+A+§A*A+---. (3.3)

The fields U and A are Grassmann-even and have ghost number —3/2. The identity
I in eq. (3.3) is a string field satisfying

I+*B=B+I=B VB, (3.4a)

QI =0. (3.4b)

The field I has a path integral representation, in the sense of section 1.3, on the

world-sheet shown in Fig. 2 without any vertex insertion. For an infinitesimal A,
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eq. (3.2) has the form

SA=A"—A=AxA—-Ax A (3.5)
The equation of motion from the action (eq. (3.1)) is
AxA=0. (3.6)
For any solution A, an operator Dz can be defined by
D;B=AxB—(-)PBx A (3.7)

where (=) = —1if B is odd and +1 if it is even. Then it follows from eqs. (1.95),
(3.6) and (3.7) that

(DA)z =0,
/DAB =0 VB,

Ds(A* B)=(DzA)* B+ (=)*Ax (D;B). (3.8)

To make a connection between the action in eqgs. (3.1) and (1.10) we will first find a

special solution of eq. (3.6). Let us consider the decomposition

Q= Qv+ @r,
where
17/2 o
= [jude, Qo= [jude
0 7r/2

are the BRST current j, integrated over the left- and right-half of the string.
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Eq. (3.4b) then implies
Qrl = —-Qr1. (3.9)

From the operator product 7,7, of the BRST current, it can be checked that

{Q, ju} =0, (3.10a)

therefore

{Q, @1} =0. (3.100)

*

By the definition of the multiplication * (see Fig. 1) and the conservation of the

BRST current on the string world-sheet, we can derive

(QrA)* B = —(-)*A*=(QLB) , (3.11)

as the consequence of the fact that the integral of the BRST current around a closed

curve vanishes.

From egs. (3.9) and (3.11), we obtain

(QuI) * (Qr]) = QrQ1I
and
(QuI) * (QuI) = —(QrI) * (QuI) = Q31
which implies
(@uD)*(Qu) = Q01T = 2{Q,Qu} =0 . (3.12)

Eq. (3.12) simply says that Q11 is a solution of eq. (3.6). Using egs. (3.9) and (3.11)



59
again, we have
DgiA=(QuD)* A— (=)' A% (QL)=QA , VA . (3.13)
Now we can expand around the classical solution
A=A+A=QLI+ A
and insert it into eq. (3.1), the result is
2

:%—/(A*DQLIA+ AxAxA)

o

1 < o 2. L
:5/(A*QA+§A*A*A) (3.14)

where the eq. (3.13) has been used. The gauge invariances in egs. (3.5) and (3.2)

become

SA=QA+AxA—AxA
A=U""«QU+U 1« AxU

So we have derived the Chern-Simon-type action (see eq. (1.10)) from the cubic
action of bosonic strings. The action in eq. (3.1) was also taken as a starting point

to discuss the closed string states in bosonic open string field theory [39].

3.2 Cubic action for superstrings

The extension of the cubic action to superstring theory were made in refer-
ence [40] based on Witten’s original formulation of the open superstring theory. As
the superstring multiplication was not well defined [31] in its original form, neither

was the superstring cubic action. However, a well-defined superstring cubic action
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[41] can be constructed in the modified open superstring field theory [32]. The

superstring cubic action is

1

S = § / (D—I/Z * ‘1)_1/2 * q)——l/2 (315)

where the notation of section 2.1 is used. The identity / of the superstring field

theory is simply a generalization of the bosonic case,

[+d=0x[=0 VO, (3.16a)

oV =o0. (3.16b)

Since [ has conformal ghost number —3/2 and superconformal ghost number 1, it is

a NS field. The gauge invariance of the action (eq. (3.15)) is
O, =UT%0 gy xU (3.17a)
with
5 1
U=I+Q_3/2+‘2‘Q_3/2*Q_3/2+'-- . (3.176)
If Q_3/, is infinitesimal, eq. (3.17a) reduces to
6P_1/2 = ‘I”—1/2 — Oy =P a0 30— O 3/2%xP_q2. (3.18)

In addition to gauge invariance the action is invariant under supersymmetry trans-

formation
6P_1/0 = QaP_1/9 (3.19)
with the supersymmetry charge @, given in eq. (2.20). The equation of motion is
O_yppxd_ypp=0. (3.20)
For any solution @)_1 /2 we can define a superstring operation

Dy @=0 1%0—(—)?0xd_y) (3.21)

where (—)® = —1 (or +1) if ® is odd (or even), The relations (3.8), (3.10), (3.11)
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and (3.12) as well as their derivations can all be generalized to superstring theory.

So we have

2 __
_1/2) =0,

(Dg
/Di,_l/?@ —0 VO,

Dy, (2+8)=(Dg_ ) %@ +(-)0 (D @), (3.22)
{Q, QL} =0, (3.23)
(Qr®) % @' = —(—)%® * (Qr.2'), (3.24)
and
@IS+ (@YD) = —5@%QM T = (@, @i} =0. (329

In eq. (3.25), QY51 is an NS field and a solution of eq. (3.20). From eq. (3.24) it
follows that

Dgys @ = QNS+« ® — ()20 + (QY°]) = Qo. (3.26)
The expansion
=0 1+ 0 1 =Qr T+ 8 ) (3.27)
then gives
1 o ~ 2. ~ ~
S=g | (®-12* Dorsi@njp + 30172 Cypp* Py
1 o ~ 2. ~ .
=3 D1/ QP_y)p+ 3‘@—1/2 kD10 % P_y/0 (3.28)

with gauge invariance

56’-1/2 = Q0 3/ + (f)_:l/z *Q_g70 — 3y * €~D_1/2 ) (3.39a)
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O )y =U""%QU AU %8_ypy % U. (3.290)

From the operator product ja(z) jBrsT(w) of supersymmetry charge current j,(z)

and BRST charge current jgrsT(w) it can be checked that

[Qa, jBRST(W)] =0, (3.30a)

and consequently

[Qas QL] = 0. (3.300)

Since the supersymmetry charge current is conserved on world-sheet [6, 29], we have
Qual=0. (3.31)
Egs. (3.30b) and (3.31) imply

Qa(QE°1) = [Qa, QL =0, (3.32)

which means that the background Qgsf is invariant under supersymmetry transfor-

mation (eq. (3.19)). From eqgs. (3.32), (3.19) and (3.27) we obtain
6&)_1/2 == Qaé_1/2 (3.33)

as a global symmetry of the action (3.28).

It is clear, by comparing egs. (3.28), (3.29) and (3.33) with eqgs. (2.29), (2.30)
and (2.32), that we have derived the results of section 2.1 from our cubic action
in eq. (3.15) by expanding around the background field Qgsf Further progress in
understanding open string field theory can be made by exploiting the cubic action
in egs. (3.1) and (3.15). For example, it would be important to find and classify
other nontrivial solutions of egs. (3.6) and (3.20), and study the closed string states
in eq. (3.15). It would be very interesting to find out how far this can lead us.
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Appendix

In this appendix we give a brief derivation of eqs. (1.61b) and (1.62). All the

formulae involving elliptic integrals can be found in reference [23].

Bw in Fig. 6a corresponds to Bzi, in Fig. 6b. Using eqs. (1.52b) and (1.57), we
have the integral

21
/22+ 2 22+1 2
7'1=N dZ B) Z\/Z /Z
(22 — a?)(22 = 1/a?)

(a® + %) (a? +1/4%)

7 dz
- [1+
R VAR VEE 1-of

(aza—zﬂ 1/;£Of Zz) } (A.1)

_ 2(1 — at)
av/a? +72\/at +1/7%

To evaluate eq. (A.1), we first work out the following integrals from the tables in

where

N

reference [23].

= 7F(ﬂ> k/)’ (AQ)

21
I / dz
1:
) R A1

where tan 8 = 21 /7, k% =1 —k?, k = ~%.

I~7 dz ( a? )
2 ) VR 1 et =2

t
- e ()
B 70 V1 — 121 — k262 \ 1 + o3t?
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2 T

«
( ZV)[a2+72 (i, k) = 5
' oK bi(v +w)
oK B tiw) A
X(F(m,k)Ao(ﬂz» )—— nel(—u+z’w)>} A
where
2
. .21 2 _ 7
z = —ivt, t1=1—, alzgi’
N (84
N = , sinhé=z/y, sinfy = —m—s,
1 Vol +92/a? +1/77 Poah " w

K=K(k), v=—

- I
= 2[{F(Z¢,k>, w = 2KF(ﬂ2,k).

We have two identities
F(ig, k) =1F (B, k'),

2
Ao(Br, k) + Ao(Bo, k) = 1+ —(1 - k) K Ny,

and a constraint from eq. (1.25a)

Aﬂ(ﬂlak) - AO(BZ, k) = %7

where

1 o

tan f = sinh ¢ = z; /7.

Using the identities and the constraint, I3 can be rewritten as

o 1

b= | g — 5= KN F(B.K) - S NIF(B, )
LN 01 [BR(F(Bo, ) + F(B, )] (A1)

2 01 [%}%(F(ﬁ% kl) - F(ﬁ? kl))] .
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Similarly,

L d ( 1/a )
3_0 V222 142 \1/a? =22

2 1 ! !
= | 4 0= M| P+ TENP(,E)

va 0 [25(F(B2, k') — F(B, k)]
2 0y [ (F(Ba, K') + F(B,K))]

+

From eqgs. (A.1)-(A.5) we have

71 =N |I1 +

(o + 7‘12)_(—a;+ 1/72)(12 B 13)}

+m{ L[ (F(Bo ) + FB K] 00 [5F
Oy (35 (F (5o, k) — F(B,K))] 00 [3

The limit z; — « implies 8 — f2, and

) g

(F
-(F(Ba, k') — F(B,K))]

F(ﬁz, k,) B F(ﬂ, k,) - \/aQ 4—(?72_\/211)%- a272' (A'7)

Inserting eq. (A.7) into eq. (A.6), we obtain

0, [CR)F(B, )] 0 [(F)F(B, k)] 20K

M =———F(,)+In 0a[0]6'1[0]im Ny

Ve —In(a—2z1), (A.8)

Comparison of eq. (A.8) with egs. (1.59) and (1.61a) then yields

=InCi —In(a — #1) (A.9)
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and
_ N 01 [(BEVF(B, K] 00 [((E)F(B, k)] 2K
InC = —ﬁF(ﬂ, k) +In < RO , (A.10)
where
Ny o . _ o

= ) n = .
Va2 +42/a? +1/4? win? VaZ+4?2

C is a function of « only, since v depends on « through the constraint (eq. (4a)).

In the same way,

24

2 4 ~2 /22 L 1/2
e <¢z2 ~+a72>(52 SR

T4 = —

@ .9]

Changing the variable z — 1/z and then comparing with egs. (A.1) and (A.9), we

have, in the limit z4 — 1/¢,

1/24

2 2 2 2

e N [ aNYEARVE AL
(22 — a?)(2? — 1/a?)

=InCi; —In(a —1/z)
=1nCy —Ina? —In(zg — 1/). (A.11)
This actually implies
InCy =1nCy —Ina?,

and

Cy=—C. (A.12)

o

In the remainder of this appendix, we evaluate C' in the limit o — 0. After
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changing variable z = v¢ and expanding to order k2, eq. (A.1) becomes

Py

t
/ H (14 ) - /dt\/1+t2} (4.13)
0

where p = z/7, p1 = z1/7, N2 = (1/2+ p?)p*k®. Eq. (A.13) can be evaluated to give

InC = \/IZ—(1+1/2<1/2+/) V) In(p + V1 + p?)
+ p?
+1n(2 + 2p%) — (1/2 + p?)p?k>. (A.14)

The constraint (eq. (1.25a)) is actually an integral (see reference [8]),

—m N/ \/Z PV A (A.15)

—a?)(22 —1/a?)’

We change the variable by z = i9¢ and evaluate the integral in eq. (A.15) to order
k%, then the result is

1 1 1
= N [y Na = (04 M) + (14 Nag)(1+ )1

- 5 (A.16)

[N

where N3 = (1/2 + p?)k%. Substituting p = po(1 + nk?) into eq. (A.16), the k° and
k% terms yield

Inserting

and

4
1—$=4a2:4p2k2—3—k
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into eq. (A.14), we obtain

3 4 5
1 = - ) (1 —2)2 4
nC 21n<3> (1—z)*+---,

C(z) = G) " [1 - —5—(1 —z) 4] (A.17)
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