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ABSTRACT

Spectrograms were taken at two slit positions in the
brighest portion of the Orion Nebula near the exciting star
6' Ori C, Four independent measurements were made in each slit
position of the ratios of the He I lines AA4027, 4471, and
‘A5876 to the hydrogen lines H , H , and H , respectively.
The ratios of the [OIII] lines 4959 and A4363 and of the [OII]
lines 23726 and A3729 were also determined. Reddening by
interstellar absorption was taken into account.

The electron density was found from the [0II] lines to
be 3,300 cme>  The electron temperature was found from the [0III]
lines to be 10,000°K. The theory of statistical equilibriun was
developed for neutral helium, and from the three helium lines the
ratio of abundances of helium and hydrogen was found to be 0.7128
by number, All three lines gave results within nineteen per cent
of the average in both slit positions.

It was found that the absorption of the line of He I at
)\3889 in the spectrum of @' Ori C could take place in only .025
parsec under the most favorable conditions,

In order to estimate the lifetime of the 238 level in
helium the probability of two-photon emission was estimated.

The estimate was P = 1.1 x 107° sec:1
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Chapter I. The Problem of Elementary Abundances in Nebulae

A, Abundance Investigations in Nebulae.

Astrophysicists have devoted much effort towards
determining the compbsition of practically all types of astro-
nomical objects which are observable from the earth, Although
hydfégen and helium are by far the most plentiful elements in
the universe, the ratio of their abﬁndances is very difficult to
determine directly and is consequently very poorly known. While
the ratio of the two elements! abundances can be inferred through
models of stellar interiors, where the helium abundance enters
as a paranmeter, direct determinations must depend on measurement
of the radiation which has been emitted or absorbed by helium
atoms. Unfortunately, even the first excited state of helium has
a very high excitation potential, The only astronomical objects
which are hot enough to cause an appreciable number of surface
helium atoms to be excited are the spatially rare 0 and 3
stars or other even less common stars of the same surface
temperature class,

The study of the helium to hydrogen ratio in the hot
stars themselves is complicated by both theoretical and observa~
tional difficulties. The theoretical uncertainties are inherently
great because the observed line strength depends in a complicated
way uéon the poorly known march of pressure, temperature, and
turbulent velocity in the stars!' outer layers, The method of
transfer of the line radiation, that is, the ratio of absorption

to scattering of the line radiation as a function of depth in
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the atmosphere,'iniluences the abundance results also.

Observétionally, the principal difficulty in stellar
helium'abundance dete:minétions ié that most of the radiation
of a hot star and all of the strong resonance lines of both
‘helium and hydrogen lie in the portion of the spectrum which is
absorbed by the earth's atmosphere. The observable portion of
the spebtrum is merely the red tail of the stellar energy
distribution funétien,

Gaseous nebulae, which are clouds of iate:steilar gas
heated toincandescence by nearby hot stars, present one great
advantage over the stars in regard to determining the helium to
hydrogen ratio; practically every photon of helium line radiation
in the observable region of the spectrum can escape from the
nebula without undergoing successive scatterings and absorptions.
Since the self-absorption of the nebula is low to visible lines,
 the number of atoms giving rise to a line is proportional to the
étrength of the line, One has to consider neither the frequency
dependence of the opacity as for stars nor the transport of energy
by convection.

Determinations of abundances in nebulae suffer from cne
complication mofe than do those in stars; there is almost always
in the immediate vicinity of both hot stars and nebulae a consid=-
erable amoﬁnt of dust ﬁhich absorbs blue radiation selectively,
Tﬁe équivalent widths of absorption lines in stars are not
affected, but the comparison of lines of widely different wave=-
lenéth‘in the nebula is made more difficult by the reddening

effect of the dust.
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The brightest gaéeous nebula as seen from the earth
is NGC 1976, the Orion Nebula. It is located in the same spiral
arm of the galaxy aé our sun and is about five hundred parsecs [1]
from the sun.

There have been a number of previous spectrophotometric
investigations of the Orion Nebula in the past. Greenstein and
Henyey [2,3,4] investigated the spectrum of the nebula and the
variations in the character of the emission as a function of
distance from the exciting stars., They estimated the electron
temperature from the continuous Balmer emission. Wyse [5] made
an extensive study of ten gaseous nebulae, the Orion Nebula among
them, and made visual estimates of the line strengths of all the
nebular lines. Greenstein [6] later found that the Balmer
discontinuity is abnormally small in Orion; he suggested that
reflection by dust might be the explanation.

Photographic investigation of the Trapezium stars by
Baade and Minkowski [7] indicated that the reddening in the Orion
Hebula might not be the same és the reddening of stars in the
general field., Photoelectric investigations by Stebbins and
Whitford [8,9] seemed to confirm this conclusion. The abnormality
is in the sense that yellow light is extinguished more in the
Trapezium stars than iﬂ the general field for a given absorption

difference of blue and infrared radiation.

Be. Physical Conditions in Gaseous Nebulae.
Gaseous nebulae have long been understood to be the

results of the ilonization of interstellar gas, which is wmostly
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hydrogen, by very hot, early-type stars either within the nebula
or- close by it. The dependence of the degree of ionization upon
distance from the exciting star can be found qualitatively by
means of an argumenﬁ Whose correctness nas been shown by
calculations L10].

The ionized material in the gaseous nebula is almost
transparent and the neutral gas quite opaque to the ionizing
"radiation from the star. The radiation will therefore stream
ocutward from the star relatively unhindered through the ionized
material until it reaches the radius within which radiative
ionizations Just balance recombinations., At this radius there
can exist some neutral material for which there is no ionizing
radiation available. The neutral material absorbs the remaining
high-energy radiation within the relatively short mean free path
of photons in the neutral material, Hence the hot star, if
imnersed in material of uniform density, should be surrounded by
a sphere of ionized hydrogen with a fairly sharp boundary. Actual
nebulae rarely appear to be spheres, but they have very obvious
density fluctuations.

The magnitude of the average time between collisions for a
particle has important bearing on the prhysical state of the material
in the nebula. Bright gaseous nebulae appear to have densities
ranging from hundreds up to perhaps ten thousand or more ions per

3

cubic centimeter in Orion [11]. At a density of 10° ions/cm”, the
radius of the ionized sphere around an 05 star will be about one-
half of a parsec., The mean free path for an electron between

. . . . -6 .
collisions with ions is about 3 x 10 parsecs, or one astronomical
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unit,’if thevappropfiate collisional cross-section is 10~
square centimeters. The time between such collisions, if electrons
have a kinetic temperature of 1O,OOOOK., is some 105 seconds, or
roughly one day. It Should be kept in mind that radiation is so
diluted at a typical point in the nebula (a factor of 10“14 or so
arising from the geometry of the situation) that radiative
ionizations of a neutral atom are also infrequent and take place
only after several hours in fhe outer portions of the nebula.
Tonizations are dominant only because of the low probability of
recombining collisions.

The character of the radiation emitted from the nebula
is greatly influenced by the tenuity of the nebular material, A4ll
ions capture electrons and ewmit their characteristic recocmbination
spectra, but the recombination lines of hydrogen and helium are
most conspicuous because of the great predominance of these atoms
numerically., Some ions in the ground state are excited collision-
ally by the low~energy electrons in the nebula and make a radiative
transition back to the ground state., It so happens that all of
the low-lying levels of the abundant ions of oxygen, sulfur,
nitrogen, and argon are metastable with radiative lifetimes of

he order of seconds. An excited ion practically never suffers

a second collision within this time and therefore almost always
makes a radlative transition to the ground state with the emission
of a forbidden~line photon.

It is easy to see qualitatively why the populations of
the various levels of hydrogen and helium differ from the distri-

butions expected in equilibrium. Most atoms are ionized in the
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nebulé, but when recombination does occur, the atom drops to the
ground state or to:a metastéble level in the time regquired for

a series of optically allowed transitions, In this time the
probability of the atom being disturbed by a second collision is
negligible. The atom then remains in the ground state until it
suffers re-ionization minutes or hours later. Transitions between
excited states and collisional excitations of the ground states

of hydrogen and helium are exceedingly improbable because of the
energles requiréd. Hence the excited levels are nopulated only

by very rapid radiative cascading down to the ground state or by
infrequent radiative excitations from the ground state. There is
therefore a vastly greater concentration of the neutral atoms in
the ground state than there would be if the system were in
equilibrium (i.e., if the radiation energy distribution and energy
density corresponded to the same temperature).

The velocity distribution of the charged particles in the
nebula can ve shown [12] to be Maxwellian and can therefore be
characterized by an electron temperature Te. The Maxwellian dis-
tribution is established because elastic collisions between charged
particles due to longe-range Coulomb forces greatly outnumber
inelastic collisions betWeen pairs of ions and electrons. The
temperature of the distribution is determined by a balance between
the rate of gain of kinetic energy of electrons due to photo=-
ionizations and the loss of kinetic energy due to the radiation
of thé recombination spectra of hydrogen and helium and the
forbidden lines from the collisionally excited metastable levels

of other ions.
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C. Determination.of'the Abgn&ance of Helium Relative to Hydrogen.

The abundance of helium relative to hydrogen in a gaseous
nebula can be determined from the line strengths of the recombin-
atidn specﬁra of the elements if the lineemissivity ver unit
volume can be related to the total atomic densities and also if
the path length of material producing helium line radiation along
the line of sight can be related to the total path length for
‘hydrogen emission.

The relation of the path lengths for helium and hydrogen
has recently been considered by Swihart [13]. His calculations
show that the radii of the spheres of ionized helium and hydrogen
are virtually iaentical for stellar temperature above QO,OOOOK.
or abundances of more than four hydrogen atoms to one helium atom.
These conditions are probably well fulfilled in nebulae. Inciden-
tally, if there were an appreciable difference in the radii of the
_ionized zones, the ratio of the zone sizes might be used for a
relative abundance determination,

The relation of the emissivity per unit volume to the
total atomic populations can be determined theoretically with the
aid of the assumption that the populations of each atomic level
remain constant in time, so that the rate of transitions into
the level from upper levels can oe equated to the number of
transitions downward to lower ones. In some cases transitions
upwafds from lower levels may be important alsc.

The theoryfor hydrogen has been carried out [14,15];
com?utations by Menzel and his associates at the Earvard College

Observatory L15] are the most complete. The computations for



helium have been perfcrﬁed rather‘approximately L16], but
recomputation to a higher degree of accuracy was necessary for
the present investigation.'

The metastability of the 238 in helium is one source of
complication of the calculations of level populations. If the
metastable level is so long=~lived that the number of atoms leaving
it by radiative ionizations per second is comparable to the number
1eaving by superélastic collisions or radiative transitions to
the ground state by two-photon emission, the radiative and
collisional excitations from this level to the lower excited
triplet states may be quite important. Hence the probability of

3

two=photon emissioen and collisional de-excitation of the 275 level
must be computed before we can safely neglect the effects of
excitations from this level to the higher levels.

The electron temperature affects the rate of recombination
into various levels differentially, and some estimate of it is
necessary for the theory. TFortunately such an estimate is possible
because the CIII ion has two low-lying nmetastable levels with
different excitation potentials., The upper level makes a transition
to the lower one with the emissions of A 4363, and the lower
‘ level makes transitions to the ground state with the emission of
the strong "nebulium" lines A A 4959, 5007. The populations of
the levels can be determined by the strengths of the lines and can
also 5e related to the electron temperature by calculations of
cross-sections of collisional excitations as functions of electron

temperatures L17].
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For the presen£ investigation, the strengths of the
nebulaf lines froﬁ'. 2,3?00 to A 6900 were observed in two
bright portions of the Orion Nebula, 3oth positions were quite
close to the Trapezium stars. The observed line intensities had
to be corrected for the reddening effects of absorption. The
reddening of the Trapezium stars as determined photoelectrically
[8,9] was applied to the observed nebular lines,

Finally, the population of the metastable 238 level in
helium, which had been computed in the course of the determination
of abundance ratio of helium to hydrogen,was used to predict the
strength of the absorption';ine at A 3889 in the spectrum of
the Trapezium stars. The prediction was compared with observation

of the line by Wilson [18].
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Chapter II. Observational Determination of Line Strengths

A. Observational Procedures,

The strengths of fhe nevbular enmission lines were deter=-
mined at two slit positions in the Orion nebula. These ﬁositions
are marked in figure 2.71. The slit in both cases subtended 99 of
arce. Pbsition»”' was centered upon a faint (twelfth magnitude)
star which is O.4' almost due south from 91 Orionis C. Position
B' extended east&ard from 91 Orionis C with its end due south of
e' Orionis D, Both of the‘positions are in the brightest region
of the nebula, For the present investigation, spectrograms in
the blue and red regions of the spectrum were obtained with the
Cassegrain spectrograph of the 60" reflector at the Mount Wilson
Observatory. The F/1 camera of four inch focal length was used
throughout the program.

The spectrum from A 3700 to A 5100 was photogravhed on
Kodak ITa-J plates baked two days at 5000. In this syeétral region
a 15,000 line-per-inch grating, blazed at A 3500 in the second
order, provided a dispersion of 81 Angstroms per millimeter.

51it widths of four and five hundred microns were used
on the blue plates, which gave projected widths of tweniy-five
and thirty-one microns on the plates. With the narrower slit
width, lines three Angstroms apart could be resolved. A compare
‘atively wide slit was used so that the line profile would be
rather flat on top and therefore less sensitive to fluctuations
of the plate grain than would a narrow‘line. Furthermore, the

background is brought up more quickly with a wide slit. The
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1éngth‘of the longest exposures on blue plates was adjusted to
bring the backgkound.ﬁp to a photometerable level so0 that its
contribution to the nebular lines AL027 and AL363 could be
evaluated. Hence, strengthening the background relative to the
lines was desirable. The limitation on slit width was that the
mercury line at A4358 had to be separable from [0 III] AL4363,
The mercury line is strong in the sky over Mount Wilson because
of-lights in nea:by cities.,

A succession of exposure times for the blue plates was
selected with the strongest nebular lines of interest, HP and
L0 ITI] MA4959, near the upper limit of usable.intensity on the
shortest exposure. BSucceeding exposure times were such that the
weakest measurable lines on each plate became the strongest
measurable lines on the next plate, until the least intense

emission of interest, the background near the weak lines A4363

6* Ori.

E:l
Bl
I ] ©
LR d
B
e’ Ori.
E

Figure 2.1. The locations of the slit settings E' and B!

relative to the stars in ©' Onionis.
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and ):4027, was at the 1ower limit of intenéity on the longest
 exposure. The actual exposure times in a typical series of plates
were seventy seconds, and three, nine, twenty-five, and eighty
minutes.,

Spectrograms covering the interval AL4600 - A6800 were
taken on unbaked 103a-F(3) plates. The red plates were taken at a
slit width of eight hundred microns, which was projected to fifty
ﬁicrons on the plates. Probably lines separated by six Angstroms
could have been resolved,

Only one exposure time, five minutes, was sufficient in
the red region to obtain the only lines of interest, HF and
He I ).5876,’in measurable strengths. This was primarily because
Hg appeared in both the second and third orders on the plates,
and the weaker of these images (the second order one) was only twice
as strong as A5876.

31it lengths of twelve millimeters, which projected to
0.75 millimeters on the plates, were used with both emulsions.

Four series of spectra in the blue region were taken for
each slit position. An attempt was made to take only one series
on either position on any single night to make any systematic
errors, such as sky illumination by the moon or city lights, more
obvious. Two sets of blue speéfra of the position E' were obtained
on one night,

Five of the seven usable red spectra were obtained in one
night and the remaining two on one other night,.

Comparison spectra of several G2 Vstars were taken in

both spectral regions with the same cptical arrangement as was
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used on the nebula. By comparison of the G2 V spectrograms with
the solar energy distribution, the wavelength sensitivity of the
entire optical system and the atmosphere of the earth could he
determined within an arbitrary factor. No attempt was made to
take the comparison and nebular spectrograms at the same zenith
distance. The errors introduced by wavelength-~dependent extinc=-
tion in the difference in air paths of the nebular and comparison
'étar spectra are smaller than other photometric errors,

No filters were used on the blue spectrograms because

overlapping orders from the grating did not affect the region of
.interest on the spectrograms. The emulsion was insensitive to

the first-order red and infrared spectrum. The third order ultra-
violet spectrum was primarily cut off by atmospheric extinction.
The possibility that the region of AS5000 on the comparison star
plates was being contaminated with the thirde-order ultraviolet at
A3300 was investigated. Several spectra of the G stars were taken
with a Wratten #1A gelatin filter in the optical train., The trans-
mission of the filter is essentially zero below A3800 and uniform
at 85% above A 4300, The comparison star plates taken with the
filter showed no weakening of the A5000 region relative to
shorter wavelengths, so the overlapping third order must have
indeed been negligible at all wavelengths.,

The transmission of the Wratten #1A filter was measured
directly with a Beckman spectrophotometer., The spectra of the
comparison stars with and without the filter gave an independent
means of determining the transmission of the filter., Unfortunately,

comparison of the two means of measurement gave indeterminate
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results. The photographically determined transmissioﬁ was uniform
at wavélengths greater fhan 4300 Angstroms but fell to values at
A4085 and  ALO30 that the measured transmission gave at AL135
and A 4070 respectively. The wavelength scale of the Beckman
spectrometer was not accurate to within 50 Angstroms, so the test
of the photometry was inconclusive.

4 Tilter was necessary on exposures in the red regiom to
eliminate contamination of the comparison spectra by overlapping
third and fourth orders. A Wratten #3 gelatin filter, which has
a transmission dropping to zero very quickly blueward of  AL4800,
was used. The lines HF and [0 III] A4957, A 5007 appeared on
the nebular plates in both the second and third orders, but only
one order appeared at any given point on the plate. The emulsion
sensitivity made the first order inirared spectrum unimportant.

The five comparison star spectra in the blue were
obtained on three different nights. Three other spectra were
taken in the blue with the Wratten #1714 filter in the optical train.
Five comparison spectra in the red were obtained, all taken the
same nighte.

A knowledge of the relation between the blackening on a
photographic plate and the intensity of light producing the blacken-
ing is necessary for photographic phctometry. This relation, a
plot of which is called the characteristic curve, was determined

by use of the calibration optics of the coudé spectrograph of

the 100" telescope at Mount Wilson Observatory. The calibration
and nebular plates were always taken from the same box and

developed together. For the Ila-J emulsion, calibrations were
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taken'gf wavelengtis of 4200 and 4800 Angstroms. For the
103a-F(3) emulsion they weré taken at about 4900 and 6400
Angstroms. The technical data for the calibration plate exposures
are given in Appendix A.

A series of calibration plates with increasing exposure
times was taken for each night's work. Iach nebular plate could
be compared with at least one calibration plate exposed within a
factor of two times as long. Reduction of the resulis of the
calibration plates after the observing program was completed
brought to light a flaw in the procedure used; on the IIa-J
emulsion the characteristic curve for AL4300 radiation had
definitely a steeper slope than did the A4200 curve. The shape
of the curve did not change significantly with exposure time.

The calibrations should therefore have been made at several wave~
lengths instead of just two, but not necessarily at more than

one or two exposure times., Figure 2.3 shows the actual difference
found. The curves found on 103a-F(3) emulsion at  A4800 and

A 6600 were practically identical in shape.

The characteristic curves did show a slight variation
with development, as shownin figure 2.3. Hence it is necessary
either to control conditions of development very carefully or to
develop calibration plates with the plates to be calibrated.

The characteristic curves of calibrations cut from different boxes
of plates and consequently baked separately seemed no more different
than were curves of plates from the same box that were developed
separately. Unfortunately calibrations from different boxes

were never developed together,
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An attempt was made to determine thé variation of the
shape of the characteristic curvevwith wavelength after the actual
nebular observations had been completed. Dr. G. Minch kindly
obtained additional calibration exposures with the wavelength
ranging continuously from A3500 to A4800 on IIa=J plates and
from AL800 to A6600 on 103a=-F(3) plates. These plates
unfortunately did not definitely establish the variation of the
characteristic curve with wavelength., Values of the slope of the
curve on the linear portion fail to define a smooth curve when
plotted against wavelength, as shown in figure 2.4, It was finally
decided to use the curve taken at A 4200 for all wavelengths short
of A4250 and the A 4800 curve for wavelengths ) A 4300, Figure
2.4 shows that this procedure is fairly appropriate to the resolu-
tion of the problem. Fortunately, the color dependence of the
curve 1is not great enough to affect the photometric work to a
vital degree in any case,

In the months of September and October, calibration
plates were taken with two tube sensitometers at the Mount Wilson
Obserﬁatory. The results obtained with each instrument were
considered inferior to those obtained with the coudé optics of
the 100" telescope., The tube sensitometers showed such a scatter
of points that the characteristic curve obtained from the results
was ambiguous.‘ Wavelength variations with the tube sensitonmeter
could be achieved only by the use of filters, It was much less
convenient to use the coudé optics than a tube sensitoneter;
frequent trips between the 60" and 100" telescopes were necessary,
and occasionally the observer using the 100" telescope was

inconvenienced,
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Rather standard &evelopment procedure was employed.
All of‘the nebular and comparison star plates of each night's
observations were developed together with the appropriate cali-
bration plates., The mechanical rocker in the darkroom in the
60" telescope dome was used. The 103a-F(3) emulsion plates were
developed 4.5 minutes in D=19 developer at 68°F.; the IIa-J plates,

13,5 minutes in D=76. An acid short-stop and separate fixing

solution were used in a conventional manner.,

B. Reduction of the Spectrograus.

Most of the useful spectrograms and calibration plates
were traced on the Sinclair Smith recording microdensitometer at
the California Institute of Technology. Tracings were made at
a magnification of four hundred and fifty for the nebular and
comparison star spectra and of thirty-eight for the calibration
plates, Typical tracings are shown in figures2.5 and 2.6,

The Sinclair Smith instrument gave a deflection to the
recording pen proporticnal to the amount of light the plate
transmitted., Measurements on nebular lines were expressed by
subtracting from one the ratio of the amounts of light transmitted
by the image of the line and the unexposed portions of the plate.
The subtraction of the ratio from one made the reading of a weak
line be close to zero, This measure, expressed in percentage,
will be called the blackening of a line,

A few of the spectrograms were traced on the direct=
intensity microphotometer at the Mount Wilson Observatory. It

was impossible to make use of the direct-intensity feature of the
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instrument becausé wedgé éalibrations would have been needed.
The inétrument gave a deflection that was not proportional to
the blackening but was a monotonic function of it. The readings
on the two instruments can be compared only after the line intensity
ratios are determined,

Several nebular plates and their calibration were traced
on»both instruments, The line intensities measured on plate
xf 1089, uncorrected for effects of emulsion sensitivity, are
conmpared in Table 2.1, The intensity of H11 is taken as unity

for each tracing.

Table 2.1. Comparison of liicrodensitometers at Mount Wilson

Observatory and C.I.T.

LOgjo Intensity Log10 Intensity
Line (C.I.T.) (Mount Wilson)

He I 24471 +0.236 off scale
He I Ak027 - LObk - .050
Hg - .266 of f scale
qu + 46 + 134
Hqq 0.00 0.00

Hqp - 067 - .060
H13 - f149 - .160

The table shows that these are no large systematic errors
in the readings between the two instruments. The Xount Wilson
instrument was not used successfully over as large a range of
blackening as was the one at C.I.T. This feature is illustrated

by the two lines which were off scale on the one and guite usable



. on the other.

The reproducibility of the measurements of either

~ instrument was fairly high. The Sinclair Smith instrument gave
readings of_the density of a given line which varied within about
twé ver cent of the clear-plate-to~-dark reading. Sometimes the
readings were taken months apart. The Mount Wilson instrument
was only tested for variability over a period of one day but

gave about the same performance. The readings were also
independent of the direction of tracing.

The procedure used in deriving from the tracings the
intensity of the nebular emission as seen from outside the earth
first involved determination of the characteristic curves from
the calibration plates. The characteristic curve was assumed
to be known for azll wavelengths as explained in Section A of
this chapter.

In the following discussion of the method used to deter-
mine line intensities from the tracings, we will neced to appeal
to an emnirical law of photography. The blackening on a photo=

graphic plate is given by an expression of the form

B = By (x), (2.1
where
x = AA) E(A) £(¢). (2.2)
Here B is some numerical expression of the blackening on the
plate, such as that given by the microdensitometer tracings. The
Ba on the right of equation 2.1 denotes a functional relation,
perhaps dependeﬁt on the wavelength A énd exposure time ¢,

between B and the guantity x. The Ba was found by calibration
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to 'dep'end somewhaf, on A ~and not on t. ACA) dis a guantity,
defined later, that depends only on A. The E(A) is the flux
of energy of wavelength A that falls on the plate per unit
area and time. E(A) is taken tc be constant in time for our
purposes, The function f of the exposure time t gives the
dependence of the blackening properties of the light on time.

It might be supposed that only the total amount of
light striking the plate, E( A)-t, would be important. In this
case, f(t) = t. Such is not quite the casej; f(t) is better

expressed in the form

£(t) = ¥ (2.3)
where p is independent of time and close to one., We will now
make the assumption that p, and therefore the function £, is
independent of A. This assumption can be checked by plotting
the logarithm of the E().) required to produce a constant

blackening in time t versus log t. Since at constant B

x . is held constant, the negative of the slope of the curve should
be p. This was déne for A4800 and A 4200 on IIa=~J emulsion.
The results were p( A4200) = 0,735 and p( A4800) = 0.785, The
assumption that f(t) dis independent of A is equivalent to using
the mean value of p for all wavelengths. It should be mentioned
that the values of p(A) given above are not very reliable.

The values of E( A) plotted were subject to errors due to
fluctuations in the brightness of the coudé light source caused

by variations in line voltage.
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The quantity A(A ) will be defined in the following
way: |
Let. E*( A) be the intensity required to blacken the plate
to a value ’Bo in a given time to. Then, for all A,

By [ACA) B(A) £(t )] = B_ . (2.4)

O

Now the restriction is made that for the blackening Bo the
variation with A on the left side of equation 2.4 will be only

in the product A(A) E*(A). Then

A(A) EX(A ) = constant = C, (2.5)
since the right side is independent of A . The value of the
constant is dmmaterial for relative photometry. The quantity
A(A) 1is by definition inversely proportional to the amount of
energy E*( A) reguired to produce a given blackening, so it is
natural to assocciate it with the sensitivity of the plate to
light of wavelength A.

The characteristic curves of an emulsion are plots of
B versus log;,lo E(A) at constant t, and thus are graphs of the
function Ba (x). The definition of A(A) is equivalent to
making the characteristic curves for various wavelengths pass
through the same point at the blackening Bo.

Let us consider what intensity E'(A ) will be required
to produce a blackening of Bo in time t, The blackening Bo
will be produced whenever the function B, (x) as the same argu-
ment as it does in equation 2.4, Hence we find E'(A) by

equating the argument =x at time t to the value of =x in



equation 2.4, and get

EV(A) = BY(A) £t )/E(t). (2.6)
The energy flux of the Orion Nebula will be denoted by
En‘eb{ A Suppose a nebular plate exposed for time t has a
line at 7\1 wiih a blackening Bneb( A,l,t). /e can use the
characteristic curve to give the ratio of the parameters x that
correspond to blackenings of B and the reference blackening

neb
Bo' This known ratio will be called =2&(t,A), given by

AA) B (A) £(¢)
neb
NESH ISR (2.7)

R(t,A) =
But, by equations 2.5 and 2.6, the dencminator of R(A ,t) is

ACA) BYCA) £(t) = A(ADIE*(A) f(to) = C f(to).(2.8)

If we find R(t,A.) and R(t, A.) for two lines on the same
L | LA~}

plate, the ratio R(t, ?\1)/12(‘6, 7\2) will give

RCE, A ) ACA DE, (Ag) £(8) c £(t,)

RCE,AL) © ¢ i(t) TRCA E (AL HE)
~A(?\,l) Eneb(.?\,])' (2.9)
B A(’7\2> Eneb( 7\2) ‘

If we wish to compare lines on different plates (with
exposure times t,] and te), we must use one or more lines which
are measurable on both rlates. We form the ratio R(t,l,?\)/R( tz,?\),
which can be written as

R(tq, A) ”’A(?\) B, (A) £(t) ) £(t,) (5.70)
’R(t,, &)~ ACA) E  (A) (k) ~ £(%) ° *

neb
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The ratios for all such measurable lines can be averaged, since
f(tq)/f(tz) isl aés.umea to be independent of A, If the
variations in the quantity p of egquation 2.3 were known, they
could be taken into account in the averaging.

The ratio 6f two nebular lines which appear in measurable
strengths only on different plates can now be found., The
quéntifies R(A,t) for each line can be found. Their ratio is

s = o 9
R(E,, A, ~ KAL) E__ (A, I(E,)

(2.11)

and the average f(tq)/f(tz) obtained by applying equation 2.10
to as many lines as possible can be used.

The equations 2.9 and 2.11 involving E_ . (A ) and the

neb
known quantities R(t,A) also involved A(A). However, if we
write exactly analagous equations for the comparison siar plates
instead of the nebular ones, we can substitute known values for

the solar energy fluxes to obtain equations involving A(A) alone.
From these equations A(A ) can be determined, and equations

2.9, 2.70, and 2.11 give the desired nebular intensities Eneb(ﬂ).

A listing of the nebular plates used in the investigation
is given in Table 2.2, Some of the ratios R(t,A) are marked
with an asterisk to denote that the ratio should be given a
welight of one-half in averages because the blackening of the line
corresponded to a point somewhat off the linear portion of the

characteristic curve, The blackening Bo was chosen to be 50%

density on tracings with the Sinclair Smith microdensitometer.,
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For thélﬁwo tracingsbof blue plates that weré performed with the
. Mount Wilson photoﬂeter, a Bo of 2.52 inches above the clear
plate pen deflection was used. The two ﬁere matched to represent
the same intensity by a compariéon of tracings made on the two
machines.,

 From the values listed in Table 2.2 we can find the
functions f(t1)/f(t2) for any two plates with common lines
regardless of the nights on which they were taken, However, only
plates taken in a series or-a single night were reduced together.
The final line ratios derived from each of the four series were
then averaged together, The ratios of Hp and He I A5876 as
obtained from the individual red plates were averaged.

From the data given in Table 2.2 the ratios f(tq)/f(tz)
for each pair of plates can be found by equation 2.710,and the line
intensity ratios uncorrected for plate sensitivity by equation 2,11,
We will consider one series of spectra in some detall as. an
.illustrative example, Only final results will be given for the
other series.

Let us consider the series taken 9/10 December, 1955,
on position B', Table 2.7 gives the average value for
logyg f(t1)/f(t2) for each pair of successive plates and the
average deviation of the individual values of 10@10 Rﬂﬁ,k)/R(tz;x)‘
Tae probable error 0 as computed from the standard formula of
prébability theory is also given. Probably the main source of
internal‘deviations on an individual night is the random errors

introduced by photographic grain, so the probable error has sone
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real ﬁ@aning. One source of systematic error is the dependence
of reciprocity failure on wévelength. However, there was no
obvious tendency for the gquantities R(t, A) to vary with
Wavelength.

The ratios of A(A) B(A) for any two lines follow
directly from equation 2.11. For'the lines A4027, AL363, and
A 4471 the background contributed a significant fraction of the
total line strength and was taken into account in computing the
line strengths., A display of the results will be deferred until
after a discussion of the determination of A(A) from the
comparison star plates.

The principal difficultyin the reduction of the comparison
star ftracings lay in the corrections for the absorption lines
in the solar sypectrum, It is clear that the instrumental resolving
power affects the blackening on the plate at a given wavelength
because of the blending of nearby absorption lines,

One method used to account for the lines was teo inspect

the Utrecht Photometric Atlas of the Solar Spectrum [19] and select

regions which were near the lines of interest but which had a
fairly constant and rather small fraction of the energy removed

by lines., If such regions cover several times the resolving power
of the optical system, the central portions of the regions should
be unaffected by nearby strong lines. The flux of energy in the
continuum was taken from data given by Minnaert [20], who lists
values of thevintensity at the center of the solar disc and of

the ratio of the flux to the central intensity., These values are
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the averages of several measurements by various authors. The
flux of the continuum was corrected by the fraction of energy

removed by the lines, as obtained from planimetry of the Plhotometric

Atlas gg_thé Solar Speétpum. This procedure is open to objection.
Values of the continuous flux are obtained by assuming the contin-
uum passes through the regions of the spectrum between lines,
where the flux is greastest. The value which the flux between the
absorption lines reaches depends on the resolving power of the
optical equipment, The instruments on which the values of the
continuous flux given by Minnaert were measured had much lower
résolving power than those used to prepare the Utrecht atlas.
Therefore, the continuum was probably believed by the intensity
distribution observers to be lower than it is shown in the atlas,
Hence use of the atlas probably overcorrects for absorption lines.

Two determinations of the energy curve of the sun by
Pettit L21] and H.,H. Plaskett [22] were also used for comparison
with the values obtained by use of the atlas., These measurements
included the effects of the solar lines., The dispersion used by
Plaskett was about twice that used on the comparison spectra,
and Pettit used a band of one hundred Angstroms in his measurements,
The results of the three ways of finding the E(A) for the
selected regions are given in Table 2.4,

The resulis of Pettit are not applicable in the blue
regions where there are many strong absorption lines within one
hundred Angstroms. For the comparison of E( A4833) and

2(7\5876), Pettit's measureuent should be as valid as Plaskett's.
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Hote that Plaskett's values show that the uée of the Utrecht
atlas probably did slightly overcompensate for the lines,

The observational.material for the solar energy distri-
bution consisted of five plates in the blue spectral region. The
_pertinent observational data and important results for the five
plates are given in Table 2.6,

The values of the adopted relative flux,given in Table

2.4, give values of A(A) by an application of equation 2.9.

Table 2.5 lists the results.

Table 2.5, BSensitivity of IIa-J Emulsion

(ch,IO AC AL340) = 1,)

AL Logq, ACA)D A (&) Logq, ACA )
Lo1s + 2k L5141 + 153
L3362 + ,203 Logsg - 1ok

The determination of the relative values of A(A) for
the various lines of interest necessitates some interpolation
between the values of A(A ) for the wavelengths which were
convenient to use in the reduction of the solar spectrum. The
final values of A(A ) adopted are given in Table 2.7.

With the quantities A(A ) and B(A) A(A ) Xknown,
the intensities of the nebular lines relative to each other can

be determined for each series of plates. These line strengths
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Table 2,7, Plate Sensitivity Factors

S A( ALBLO) EB(A L8LO) = 1.

Line Log,lo ACA) Line LOg’iO A(A)
He | 7\3’968 + 115 He I A7 + .150
He I AL027 + .25 Hp A #4861 - .017
Hg r 4101 + 150 Lo 1111  AL4957 - .082
Lo III] A4363 + .203 o 1111  AB5007 - .110
‘Hy Ab3h0 o+ 210 He I A5876 + 4399

are given in Table 2.8, They must later be corrected for the red-
dening effects of absorption by dust.

The errors in the ratios of lines as given in Table 2.8
are indicated to some extent by the spread in the values of both
ACA) BCA), obtained from the nebular plates, and A(A),
determined by the comparison star plates. These internal incon-
sistencies will indicate the magnitudes of random errors and the
differences in systematic errors from night to night. The
estimated error in logq, B(A ) was taken to be the sguare root
of the sum of the squares of the average deviations of
1og10 ACAN) ECA) and logq, A(A). It is given in Table 2.9.
This particular estimate of the error cannot be justified
quantitatively. However, the resulis of probability theory are
not directly applicable to results affected by nonrandom errors,
such as the decisions of the author to weight a ratio R(t,A)

by one, one~hzlf, or zero in the averages to find f(t1)/f(t2).
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Occasionally thebinclusién of a line given half-weight affected
the average materially. It was merely the opinion of the author
that the inclusion of the line improved the value of the average,
even though the blackening did correspond to a point off the
characteristic curve,

The estimated errors of the observed line intensities
areseen from Table 2.3 to be of the order of ten to twenty per cent.
This should be a rather generous estimate of the random errors
affecting the results.

Systematic errors which do not vary with time will not
be reflected in internal inconsistencies. One such error lies
in the estimation of the values of the emulsion sensitivity
parameters A(A) for the wavelengths of the nebular lines from
the values of A(A ) at the line-free portions of the solar
energy AQistribution., The value of A(A ) for the lines of the
shortest wavelength are possibly uncertain by ten per cent, It
was felt that the inclusion of points in regions of heavy line
absorption would probably lead to even worse errors, S0 no points
of shorter wavelength than Hg were added,

One check of the validity of the photometry was madej
two plates of twenty-five seconds’ exposure were made on the
position B' in order to obtain both [0IIT] A4957 and A5007 in
measurable strength. The intensity ratio obtained from the two
plates was E(?\EOO?)/E( AL957) = 2,98, which is in very good
agreement with the measured value of 3.00 and the thecretical

value of 2.93% [23]., It should be noted that the ratio did not
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involve comparison of liﬁes on different rlates, or significant
corrections forlplate sénsitivity and differences in solar energy
flux. Hence the ratio was really primarily a test of the correct=-
ness of the tracing and reduction procedures.

The reduction of the red rlates simply involved the
’ﬁeasurement of two lines on each plate, He I )\5876 and Hg + The
tréatment of the comparison star plates was equally simple, and
there was comparatively little difficulty in correcting for the
few absorption lines., The data which may be of interest for
the comparison plates are given in Table 2.9. The data from the
nebular plates are in Table 2,10, Note that the final intensity

ratio B( }5876)/B(Hp ) is given at the bottom of Table 2.710,

Table 2.9, Reduction of Comparison Star Plates in Red

Star: HD 10307
Date: 4/5 Jan. 1956
81it size: 8.0 mm x .320 mm,

(oeoonds) Losi, HCAB8H0) BC A B850)
xf 1033 135 + 0.390
xf 1035 120 + 0,335
xf 1036 90 + 0,325
xf 1037 75 ' + 0.323
xf 1050 90 + 0.323

Average: + 0,339
Average Deviation: 020

Log,, B(A5876)/E( A 4840): - .060
Logqyy A(AS5876)/A(ALBHO): + 399
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Table 2,10, Reduction of lebular 103a-F(3) Plates
All plates with slit size 12 mm. x .800 mnm.
Wratten #3 filter in optical system.

Quantities marked (*) given half weight in average.

Plate (G5 D Lok SRpamn )
B' E
xf 1003 1/2 Jan B', 4 min. - .350
xf 1005 i B, 4 min, - 299
xf 1054 5/6 Jan B, 5 min. - 382
xf 1055 n B, 7 min, - 40O* _
xf 1057 " "E', 6 min, - 315
xf 1058 " B', 6 min. - 335
£ 1060 n B', 3 min. - 375
Average: - o343 - 345
Average Deviation: .028 .030
Logq, AQS8)/A(Hp ): + 4399 + «399
Log,y E(A5876)/E(Hg ): - 747 - 7k
Estimated Error in Log: 03¢ .036
Estimated Zrror: G . 9%

The line intensity ratios listed in Tables 2.8 and 2.10

are the final products of the observational programs.

C. Corrections for Reddening.

It is well knéwn that interstellar dust absorbs blue
light preferentially over red, There is a great deal of dust in
the region of the Crion Nebula, and consequently the light from
the nebula will be reddened. In this section an estimate will

be made of the amount of reddening suffered by the nebular lines.



- 50 =

An estimate of the reddening of the nebular light can
be obtained from the colors of the four stars of the Trapezium,

o! Ori.» Stebbins and Whitford [9] obtained six-color relative
brightnesses of the group as a whole. If a realistic estinmate of
the unreddened energy distribution of the light from the group
can be made, the reddening effects of the absorption can be
determined.

The classifications [24] and magnitudes [25] of the
stars in the Trapezium are known. For each Trapezium star, a
relatively unreddened star of the same spectral class can be
found for which six-color measurements exist. The effects of
normal reddening L26] can be removed from the six-color measure-
ments by adjustment of the color index C1 of the star to fit the
intrinsic color index [24] of the star's spectral type. Iorgan,
Code and Whitford [27] have published an extensive 1list of the
color indices of early-type stars.

Perhaps an example of the method for finding the intrinsic
color of a star would be useful, The brightest star in the
Trapezium is of spectral type 06 [25]. A relatively unreddened
06 star for which six~color measures exist is HD 199579, which
has a color index C1 of ~-0.12 magnitudes [27). Since the
intrinsic color C,I of an 06 star is =0.320 magnitudes [24], the
color excess E1 is 0.18 magnitudes. On the six-color system the
excess ELV-I] is 6.3 Eq, or 1.13 magnitudes. If the reddening
of HD 199579 follows the normal reddening law, we can account for
it and fina the'unreddened colors of the star. The procedure is

indicated in Tpble 2.711. In a similar manner the intrinsic colors



of each of the four stars in the Trapezium can be found.

Table 2.11. Corrections for Reddening‘in ED 199579

Measured 01 = 0,12 mag.

H

Intrinsic Cq ~0,30 mag.

By = 0.1% mag.,

V‘LV—I] = 0-3 E1= '}073 mago
U v B G R I

Measured
color of 2 . 2§ 5
HD 199579 1077 OQ\)L" 0.35 Q.Oj +O.5d +OO\J6
(magnitudes)
Normal
Reddening +0.74  +0.46 +0.25  +0.04  =0.28 -0.67
Intrinsic
color of -2.51 -1030 "'0060 -0.07 +0066 +1¢53
HD 199579

The energy distribution of the whole Trapezium can be
found by weighting the energy distributions of the individual
stars according to the brightnesses of the stars at A 5550 as
determined by Sharpless [25]. The reddening can be determined by
comparison of the observed with the true energy distribution.

Table 2,72 summarizes the essential features of .the
procedure used to obtain the reddening of the Trapezium. The
final reddening found is given near the end of the table, It is-
compafed to the normal reddening on the same basis as Stebbins and
Whitford [9] used when they came to the conclusion that the
reddéning in the Trapezium is abnormal. The reddening law as

derived in the present paper gives an anomaly of the reddening
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in thé‘Trapezium which is about two-thirds 6f that found by
Stebbins and Whitford. The‘latter investigators assumed that the
mean spectral type of the Trapezium is B0, which is slightly too
late; 09 would be better {25].

The entire reddening found for the Trapezium stars does
not necessarily apply to the nebular light. It is known from
studies of the radial velocity distribution in the nebula that
only material which is expanding towards the sun is visible [30];
either the far side of the nebula is cut off from our view by
obscuring material in the nebula or the density of gas falls off
rapidly on the far side of the Trapezium. In any case, the
Trapezium is behind most of the nebular material which we can
see, and the effective path length for the nebular light may be
less than that for starlight,

A simple model for the nebula will now be considered.
Let the nebula be a slab of gas with a path length 3 along a
line of sight to the earth. Suppose the Trapezium is near the
surface of the slab away from the earth. Assume that all of the
material in the line of sight lies in the ilonized region of the
nebula, and that the distribution of dust and gas is such that
the ratio of the emissivity per unit volume j, to the
absorption per unit volunme kX, 1s everywhere constant.

The equation of transfer in the nebula is

dI, = +I, k, ds - j, ds , (2.12)

where I,, 1is the specific intensity of light at the frequency v
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and the path length s is measured along the line of sight.
It is to be taken as zero at the front surface and increasing

away from the earth., If we define the optical depth t;, by

’CV = }&V S, (2013)
equation (2,12) becones
_ - 'V
dI = 1I,4T, "J‘“'k,, aT, . ‘ (2.14)

-The solution of equation 2.714 can be written down immediately as

-7

3 (4 ~
I,(0) =& (1 - 7, (2.15)

where T, =k, 8.
If there were no absorptions, the ratio of the nebular

intensities at two frequences P% and ﬁé would be qu/jyé.

With abscorption, the ratio is

. -T 5
T kyq 3y (1-. 1

- : . ) (2.16)
Yo, kyq Jon (1. 772

neb

The color excess LL - 1is the ratio of the intensi-
2/1"’1/2.1
ties with and without absorption expressed in magnitudes, or
- Va
%P . 0.5 10, hme ). ky, (2.17)
L -3 10 -Ly1 k
(1 - ) VZ
—ly
Ty 2
1(1 - ¢ )
= =2.5 log - . (2.18)
(1 -e )

The situation is different for the star shining through
the nebdla; the surface brightness of the nebula is negligibdle
with respect to the star, and the starlight is simply absorbed by

the dust along the path length. Let ’I;(f@) be the intensity of



- 56 -

the starlight at optical depth Ty. Then

. -T,
I3, (0) = 15 (T, ) e (2.19)
Since the fraction of light absorbed in each frequence is
e~TV , the excess is given by
) ‘(Tlé—Tlﬁ)
Eiuﬁ—#éﬁ = 2.5 log10 e . (2.20)

The frequency 111 in equations 2,18 and 2.20 will be
associated with the wavelength A 4880, and V2 with Ak&220,
corresponding to the effective wavelengths of the colors B and V
respectively of the six~color system. The measured excess EtB—Vﬁ
is 0.25 magnitudes., The total absorption, taken to be zero at
infinite wavelength, can be found by extrapolation of &« plot of
the color excess as a function of reciprocal wavelength to
infinite wavelength. This was done for a reddening with an
ELB~Vj of 0.19 magnitudes L29]; the total absorption was 1.08
magnitudes for point B and 1.27 magnitudes for V. The Trapezium
was found in Table 2.12 to have an E[B-Vﬁ of 0.21 magnitudes, for
which the total absorptiocn is 1.19 magnitudes at B and 1.40

magnitudes at V. Converting to optical depth, we have

TB = 1.10 Ty = 1.29

The color excess of the nebula can now be computed by

equation 2,18, The result is

T T,
e | B (1-e¢ 95 -
J‘JLB_VJ - - 2.5 10310 Tv "T - 00083 ma&o (2Q21)

(1-e D)
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Since the éxcess of the star is 0.271 magnitudes, the
nebula is reddened only forfy per cent as much as the star.

If the thickness of the nebula were infinite but the
star remained fixed reiative to the front surface of the nebula,
the color excess of the nebula would approach the ratio of the
absorption coefficients, or 0.853, This excess would be 0.17
magnitudes, or four-fifths that of the star,

The star 02 Orionis is about 2' from the Trapezium but
is considerably less reddened, probably because it lies close to
the front boundary of the nebula. Probably much of the reddening
of 92 Ori occurs in a region of neutral hydrogen iying in front
of the ionized region. Absorption in this material will affect
the nebular and stellar light equally, therefore the nebula should
be at least as reddened as 92 Ori.

The color index C, of 6% ori is -0.16 magnitudes [24],
while the intrinsic color of a star of its spectral type (09.5)
is =0.26., Therefore 92 Ori has an excess E1 of 0,10 magnitudes.
The Trapezium has a C,i of =,02 magnitudes and the mean spectral
type of an 09 star, which has an intrinsic C1 of -0.27 magnitudes.
The ratio of the excesses of @2 Ori and 91 Ori is then 0.10/0.25,
and 92 Ori is reddened about forty per cent as much as @' Ori,

The simplified model for the nebula has indicated that
the nebula might suffer considerably less absorption than the
Trapezium stars. A somewhat arbitrary decision had to be nmade
regarding the reddening adopted for the nebular light. 4

reddening of one~half that of @' Ori was finally used. The



- 58 -

decision was based in ﬁart on the values obtained for the
Balmervdecremenf,‘as will be seen later.

The relative reddening in the wavelengths of the
various nebular lines was found by a plot of the observed
reddening of &' Ori against 1/ A .

The relative absorption in the wavelengths of the
nebular’lines is given in Table 2.13., The final unreddened
line intensity ratios are given in Table 2.14. The notation
employed in the tables for the unreddened or intrimsic nebular
line intensity is Ei(ﬂ.), and the factor which the reddening

introduces normalized to one at HF is r(A).

Table 2.13. Reddening Factors r(A)

r(HP )y =1
Line logq, r(A) | Line logq, r(A )'
A5876 -0.051
A#959 - 006 Ho +0.031
Hp 0.000 - Hg + JOkh6
Aak71 + .021 A H027 + +Ok9

A 363 + 028 He + .055
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Table 2.714%, Intrinsic Line Intensity Ratios in Orionm

rCAD EYCA )

SIS LBl TTAY B0 ETaL)
He /AH027 A + »006 0.861
He /A4027 - .003 1.036
H, /A7 + .010 .386
AL959/A4363 - .03k 1.789
Hp /Hy - .031 .209
Hg /Hg - .0k6 417
g /H, - 055 .597
Hp /25876 + .051 .738

The values found for the Balmer decreunent are of
particular interest, because theory [15] indicates that the
decrement should be quite insensitive to electron temperature,
~and can therefore serve as a check on photometry. However, as
will be seen in the next chapter, the tneory from which the
actual values of the decrement were calculated is open to
objections. A comparison of values of the Balmer decrement
ovbtained in this and in other investigations L#,}O] and the
theoretical decrement is given in Table 2.15. The theoretical
values are taken for a temperature of 10,000°K.

The last entry in Table 2,15 gives the Balmer'decrement
obtained from the present investigation if the reddening for the

nebular lines were taken to be equal to that observed in ' Ori.



- 60 =

It is ‘seen that the additional absorption correction makes the
Balmer decrement less steep than that indicated by the other con-
siderations., This fact served as a partial justification of the

use of only one-half of the reddening of &' Ori.

Table 2,15, The Ralmer Decrement

Observer Reference Ha/HY Hg/Hg H@/He
Mathis - 0.62 0.38 0.25
Greenstein 4 0.60 0.37 0.20
Plaskett 31 0.48 0.19 -
Theory 15 0.51 0.31 0.21
HMathis* - 0.67 0.42 0.28

Entire reddening of &' Ori taken for nebula,



Chapter ITI. Determination of the Relative Helium Abundance

A, Fundamentals of Theory.

| In order to obtain the relative abundances of hydrogen
aﬁd heiium from the strzngths of their lines, one must know the
‘ratio of the number of atoms in each level giving rise to an
observed transition to the total number of atoms. In a system
, which is not in thermodynamic equilibrium, the ratios of level
populatioﬁs must‘be found by detailed computation. Su¢h calcule
lations have been performed in considerable detail for the case
of hydrogen by Menzel and other members of the Harvard College
Observatory L15]. Calculations have been performed by Goldbverg
131] and Wellmann [32] for helium, with only a few of the lowest
levels taken into account. !More detailed calculations are
performed in the present thesis,

In order teo calculate the population of a level under

- steady-state conditions, we set the number of atoms entéring a
level per unit time egual to the number leaving it, Let i Dbe
a running index denoting the levels of the atom with energies lower
than that of the reference level j and let L Genote those with
higher energies, If the radiation field has an energy density
u,, at the frequency corresponding to the transition from j

1J
to i, the balance of the population of level J is given by

N T
j[ Z; (aji +u,, B..) + Z:u. BjL]

= z;, Ny Bij vyt Z NL(A%. + gy Bﬂj)’ (3.1
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where ’Hj is th¢ numbef éf atoms per unit volume in the level
j and Aji’ Bji’ and Bij are the cocnventional notations for
the Einstein coefficients. The left side of equation 3,1 repre-
sents the number of atoms per second leaving level j; the right
side, the number entéring the level j. The physical meanings
of the terms on the right of equation 3.1 are as follows: the
firét represents radiative excitations upward from the level ij
the second, spontaneous emissions from level )2 downward; the third,
the stimulated emissions from level £ to j. ‘'he meaning of the
terns on the left is clear by comparison with the terms on the
right.

The radiation field u will be assumed to be the Planck
function for the stellar temperature TS, diluted by a factor ¥,

Then
8mh sz 1
ul.] = W 3 exp(h Vla/hTs) I (3-2)

c

For most frequencies W is the geometrical dilution factor,
although for the Lyman lines of hydrogen the absorbing properties
of the nebula affect it strongly. The geometrical factor is given
by the fraction of the celestial sphere subtended by the disc of
the star as viewed from the point under consideration in the
nebula., If R 1is the‘distancc of the star from the point and Rs

the radius of the star, then

oy (r22) R, 2
W o= W——'*‘—'a = (‘2‘1'5) . | (3.3)

R
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For a point in the Orion Nebula which appears to be thirty seconds

of arc from the exéiting star €' Ori C, R is at least 15,000

astronomical units = 2 x 1017 cm. If the radius of @' Ori C is
ten solar radii, or 7 x 1011 em., W is given by
R 2
w - =12 ;
’“-—L-(ER =4 x 10 . (3.4)

We can therefore say that W is less than 10-12 in our future

anélysis. Over most of the path length it is one or two orders
of magnitude smailer.

Since the radiation in the nebulae is exceedingly
diluted, the effect of stimulated emissions on the level popula-
tions is always negligible. For many levels, all terms in the
balance equation 3.7 which contain uij are negligible in compar-

ison with those which do not, and equation 3.7 becones

Nj Z;‘ Aji = Zl:', Ny Alj (3.5)

From equation 3.5 we see that the population of such a
level is determined solely by the populations of the levels
nigher than itf ’

If a level m is metastable, the Einstein coefficient
A . is small for all i and the radiative excitations represented

mi

by the term N Z: u . B on the left side of equation 3.1 nay
m = ml "ml

not be negligible in comparison with the term Nm Z; Ami' The

probability of a transition downward via some improbable process

has to be compared with the probability of a radiative excitation

upwards. If the radiative excitation is dominant, we have
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My 2. B Bg = LN by, | (3.6)
i 1 }

for the metastable level population. The coefficient of Nm in
equation 3.6 is of the order of W times the coefficient of the Nj
in eguation %.5. Hence the population of the metastable level is
of the order of W~1 times the ratio of the atomic factors in the
eqﬁations. The atomic factors determine the equilibrium popula-
tions, so the ratio of the population of the level m to that of
level j din the nebula is roughly W‘q times the equilibrium ratio.

The radiative transitions up from the metastable level m
will contribute to the populations of the higher levels, so that
the levels j to which the transitions occur have balance equations
of the form

NjZiAj'z‘-%NlA

i 15 Ny Yam By (3.7)
The population of a level is thus not determined by the populations
of the higher levels alone if the level can undergo transitions
to a level m from which radiative excitation is not negligible,

The computation of the populations of the various levels

is simplified if we write the population Nj of the level j as

g. &@.kT
h 23 e i e (3.8)

+
N, =b, N Ne
J d (21T«mkrfe)3/2 2g+
where N'  and Ne are the number of ions of the element and
electrons per unit volume respectively, Té is the electron
temperature at the point considered, gjvand gt are the statisti-
cal weights, and h, m, and k are conventional notations for

constants., ‘fhe Qj is the ionization energy of the level, The
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factor bn is the ratio.of the actual population of the level to
the equilibrium population at temperature Te' If b, =1, eguation
3.8 becomes the standard Boltzmann~-Saha equation.

The distribution function of the kinetic energies of the
free electrons is the Maxwellian or egquilibrium distribution for
the temperature Te. Let us consider the energies of the electrons
as energy levels in the continuum of the atom, Then the parameter
bK of each such. level is equal to unity. Since the relative
populations of all levels in the continuum are known, quantities
involving interactions of atoms with electrons of a given velocity
range in the continuum can be expressed in terms of the total
population of the continuum states. Therefore we will consider
the continuum as one level of the atom in future discussions.,

The correspondence principle of guantum mechanics reguires
the properties of the levels of the atom to merge with those of
the continuum in the limit of high quantum numbers. The o values
of very high levels will therefore be unity.

For the remainder of the chapter we will consider the
triplet levels of helium explicitly. Before we can determine the
populations of the higher triplet levels, we must know whether most
of the transitions from the metastable 258 level are to the ground
state or to the highef triplet levels, Transitions can occur to
the ground state either by the simultaneous emission of two vhotons
or by superelastic collisions with electrons. HExcitations to
higher'levels can be either radiative or collisional., ¥e «ill con=-
sider all of the above types of processes, starting with de-exci-

tation by superelastic collisions.
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B. Tﬂe Electron Density and Superelastic Collisions,
The general expression for the probability Pij per unit
time that a helium atom in the level j will undergo a collision

with an'eleétron and make a transition to the state 1 (rot

necessarily lower in energy than j) is given by

dee(v)
P.. = = d;j(v) v 4V . (3.9)

where v is the velocity, dNe/dv is the number of electrons with
velocity in the range of velocities between v and v + dv per
unit volume, and Oij(v) is the cross-section for the process.
Since the velocity distribution is Maxwellian, the only unknowns
in equation 3.9 are the total number of electrons per volume and
the function Ozj(v).

We will consider the electron density first. It can
be estimated from the relative strengths of the {OII] lines

A3726, A3729, which arise from transitions from the 2D

°p

and

3/2
states in [OII] to the ground 483/2 state. The lines

5/2
are excited by collisions of OII ions with electrons and de~excited
by collisions undergone while in the excited states, and the
intensity ratio therefore depends on the electron density. Seaton
[33] has calculated the variation of the intensity ratio with

density and temperature, and finds

E(A3729) _ 4 . 1+ 2.26x

B(A3726) = 7 1 + 10.0x °* (3.10)
where x = 107° % T"1/2 .
. . e e
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The ratio of thé line strengths was determined observation-
ally. AIts logarithm as‘givén by Table 2.8 of Chapter II is -0.239
for position B' and -0.236 for E'. Since the lines are at essen-
tially the same wavelength, this value will not be modified by
absorption. Substituting in equation 3.70, we get x = 0.383.
For the value of Te in equation 3,70 we will anticipate the results
de?ived later in this chapter and use 10,000°K. We then get a
value for the electron demnsity of

N, = 3.8 x 10° cn3’ .

The probability of superelastic collisions de-exciting

22

the atom from the S level to the 118 will now be considered.
Determination of the cross~section is a difficult problem, but
Massey and Moiseiwitsch [33] have computed an approximate cross-—
section for the inverse process of collisional excitation of the
258 level from the 115 level, Let the cross=section for this
process be called 032 and the cone for superelastic collisions
be called déq. Consideration of the principle of detailed
balancing applied to a system in equilibrium results in the

expression

To1 8 €+ %
T2 & € ’

(3.11)

where g's are statistical weights, €& 1is the energy tne electron
has before a superelastic collision, and €§12 is the excitation
energy of the 233 level.

The results of Massey and Hoiseiwitsch were represented
by a simple cubic polynomial so that an integration over the

cross=section could be readily performed. The simplified relation
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adopted was

T(€) = 1072(2.6 + 10.5(1.6- €)1 Ta’ (€< 1.6 e.v.)
= 2.6 x 107° ﬂ"ai' 0 (€2 1.6 e.v.>(3.12)

“where a is the first Bohr radius. The energy & is to be
measured in electron volts and CTaz in sguare centinmeters,
The quantities entering the expression for the probability

3

P21 of superelastic collisions from 278 to 118 in helium have now

been estimated, and P21 can be evaluated. Egquation 3.3 becomes

2TYN w - €/%T

-2 e (&2 g; ¢
o3 e BV [ o o T e
e

(3.13)
Substitution of the simplified form for an(é) as given by

equation 3,13 gives
Py =1.9x 10~7 N, =7.1x% 107° sec?! . S (3.18)

where the value of Ne found from the [O IIJ] lines has been used.
The process of two-photon emission from the 233 level in

helium is in competition with that of de-excitation by superelastic

collisions. The probability per unit time P,,  of two-photon

emission is derived at some length in Chapter IV and is found to be

Prop = Talx 10" sec:1 (3.15)

Comparison of P,q and P, shows that collisions and two-
photon emissions are competitive at the density found in the
Orion Nebula, The total probability per unit time of a transition

from the 293 to the 115 level in helium will be
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= P, P’ = 1.8 x 107 secl (3.16)
P = Pyq + Paan = 10 x sec. 3.

A discussion of the possible effects of collisional
excitations from the 238 level will be deferred until later, The
populations of the ftriplet levels in helium will be determined on
the assumption that the effects of collisional excitations are

negligible, The assumption will be checked after the level

pdpulations have been computed.

C. Computations of Triplet Level Populations in Helium,

In priﬁciple the proﬁlem of determining the populations
of the various triplet levels is a simple one; balance eguations
of the form of equation 3.1 can be written for as many levels as
one chooses and the system of equations solved for the level
populations. We will provisionally assume that collisional and
radiative transitions are negligible even from the 235 level.
Then the population of each level depends only on the populations
of the levels above it with which radiative transitions can take
place.

The actual solution of the system of balance equations

~

is made easier if we introduce the oscillator strength Iij in

place of the Linstein coefficients. The appropriate relations are:

2
8“,2 32 -[/" g
1J

A.. = E '—-J':' f »
ji mc5 gj ij (3.17)
g; ﬂ’ea i
By = == e v (3.18)

Yy g. mh Vv.. “ij
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‘“‘ea

o B mm—— L, (3.719)
ji mb Vij S4ij :

Equation %.1 becomes, if the definitions of bj and the

Einstein coefficients are substituted,

b, D, + b, D.g=15. D, (3.20)
Z_;* i7i3 0 AT 3733
where
® /xr
; 2 i e W N
P . . . + . hd 92
e -1
¢ /xr f
- 2 =3 e W
= o F
Pig =8y T3V e O s o7 (3.22)
e " e
D.. = D.. + /. D. (3.23
33 § it ; j4 5+23)

In all of the above equations the convention is employed that
states with a running index i lie lower in energy than state j,
and those with .Z lie nigher,

In a dilute radiation field the seccond term in'the
parentheses in egquation %.22 is always negligible; it represents
stimulated emissions. iIxcept perhaps for the metastable 238
level, the Dij terns in the definition of Djj (equation 3.23)
are also negligible., They correspond to radiative excitations.
For the metastable 238 level they must be compared with the term
representing de-excitations to the ground state,

Before numerical values of the various D.i coefficients
can be computed, the oscillator strengths fji must be known,

Wellmann [33] has collected intc a convenient table the results

of computations of f values for helium by Go. ~g [347 and
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Hylleraas {353. Fer'tﬁe’higher levels of helium, the wave function
of theveiciteﬁ éléctron becomes hydrogenic and the f values for
hydrogen are applicable,

For the present investigations the f values were used as
tabulated by Wellmann [3] between low states. Hydrogenic f values
 weré'computed from standard formuiae L36,37] for transitions
which Wéllmannrdoesbnot list. Tables of the hydrogenic f values
aré given in Appendix B,

| For transitions from any level j to levels with very
high gquantum number n the f value asymptotically approaches the

form

X s

Jn nivx;;

where CKj is a constant depending on the level j and m is either
two or three, depending on the level j. For the transitions from
the 233 and 23P levels, Wellmann uses the values of the c{j
computed by Goldberg [34]. For other levels Wellmann obtained
estimates of CXj from values of the f values of the lower trans-
itions. For levels with hydrogenic energies, which include all
levels except 23, 2P, 33, 3P, and 4S, the hydrogenic CXj's are
appropriate and differ sometimes by fifty per cent from Wellmann's,
which therefore appear to be incorrect., The hydrogenic f values
were used in the present investigation.

'The asynmptotic form of the f value for high quantunm
numbers can be used for states in the continuum. Let the energy
of a given state p in the continuum be Ry/u?, where Ry dis the

Rydberg number, in units of electron volts., Then for transitionms
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from the level j to tihe continuum we have

%

f. = ’ (3.25)
g 3 .,,m
K I/jp"

where all guantities have the same definitions as in equation 3.24.

Conservation of energy requires that

. _ 2
h pjp = éj + Ry (3.26)
S0
‘ — __é__}{}

If all of the levels in the continuum are considered as one level,
designated by subscript K, we have

o«. h éj/kfre J o ye=Ray

oo L A—
D., = | —%e— g e o nV/KT .
K 2Ry j hv = @j . s _ 4 (3.29)
« h g, &./kT 0o ,_. =hs /KT
D, . = —_— J ° 02 e ¢ ar. (3.30)
Kj 2RY ny =&
- =3

If we also wish to consider all levels with quantun
numbers between ng and n, as one level 1L witi the average
properties of the levels in the interval, we write expressions
similar to equation 3,29 and 3%3.30 with sums over the quantum
number replacing the integral over the frequency.

The integrals occurring in eguations 3.29 and 3.30 are

easy to evaluate, and the expressions become

& /xT
. 1 2 -2 j e poy=T
ﬂjK == e h ™ W <Xj gj e kTs(hy) Lln(mwj »

Y + w,

(3.31)
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for m = 2, where

i

W, =

j (303&)

6]

The (Xj in_equation‘5,31 énd in ail subsequent equations will be
expressed‘in units such that the defining equation 3.24 holds when
 D5m is expressed in electron volts. The factors 82 h'a on

the right side of equation %2.31 arise from this choilce of units.

The energies (Ry) and kT will be considered to be expressed

in electron volts.

Similarly,
1 2 -2 ’ -1 m - 3
BKj =5e h aj g5 (Ry) kT, (for m = 2) (3.33)
- & /xr
_ 1 2 =2 -1 3 e .. .
DKj =-=e h O(j g:j (Ry) e El(-§j/kfe)

(for m = 3) (3.34%)

where ~Ei(-x) dis the exponential integral defined by

oo

-Ei(=x) = _/p Pl u."1 du . (3.35)
1

In considering transitions to a level j from level L,
representing the mean of all levels with quantum numbers above L

the sum over n can be approximated by an integral. Then

) 1.2
RJ/kTe(ni--E)

] = L 2 -2 m -1
Dig=3 e b Ay gy kT, (Ry) (e -1
(for m = 2) (3.36)
¥ . . ’}
B S S ORI - o 2y, Ei(- 2;-(R)/(ny- 3)

- Ei(--Eﬁi)J' (for m = 3) (3.37)

e
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The helium line strengths observed in this investigation

By _ 53

and thé transitions involved were A5876, 2 Dy AkL71,
ZBP - 43ﬁ; }K4CZ7, 23P - BBD. Thersfore only the populations

of the 33D,'433, and~553 levels in helium are needed to derive the
relative strengths of the helium lines., The populations of the
ﬂppervlévels of the Balmer 1iﬁes are needed in addition to derive
thetratio.of helium to hydrogen.
3

AThe populations of the “D levels of intereét were found
by explicit consideration of eighteen of the lowest tripletlevels.
The terms Z;IUL Dij on the left of eguation 3,20 were taken
approximately into account for levels up to n = 30 by using the
results of ienzel [15] for hydrogen in a nebula which is optically
thin in Lyman line radiation. Menzel gives only the mean value
of bﬁ for all angular momentum states with a principal gquantunm
nuntber nj for the present paper, each degenerate angular
momentun state was assumed to have HMenzel's average bn' appropriate
to the n of the state,

The coefficients Eji can be written as

§j/kTe

where the entire dependence on the electron temperature is now
_ §./kTe
in the factor e Y . The coefficients &ji can be tabulated

once and for all, and are listed in Appendix C.

The coefficients Qij’ which represent radiative excita-
tions from level 1 to j and are therefore proportional to W, were
22

neglected except when i represented the 5 level, Collisional
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excitations were neglected from all levels, 7¥ith these assumptions
~ the valﬁes of bé. were éaldulated'in detail for an electron
temperature of 10,000°K and a stellar temperature of SO,OOOOK
for the eighteen levels listed in Table 3.1, The decay probability
of the 238 level as found in the preceding section (equations 3,710)
was used., The contributions of the levels for n > 30 were
lugﬁed into a level I and taken into account with the assumption
that bL = 047

The value of D22, which indicates the mode of transition

from the 233 level, was found to be

Dan = 2,75 % 10“8

20 + 2620 W, (3.39)

We see that for W < 10'11, the decays downward to the
ground state dominate the radiative excitations. Since W 1is less
12

than 107 in the nebula, the radiative excitations are certainly
negligible, Our results are therefore independent of the unknown
coior temperature of the Trapezium beyond the Lyman limit.

The results of the computation are given in Table 3.1,
The sixth column gives ba, or the value of bj computed on the
assumption that the contribution of the term %:bz Djﬂ_ to all
levels for £ up to thirty is larger by a factor of two., It is
seen that bé differs‘from bj by about twenty per cent for the
BD levels of interest. This result indicates how influential the
values of the bﬁ for higher helium levels are on the results
of the calculation., As will be seen, the use of lienzel's average
ba s in the computation for the helium level populations might be

in error by perhaps a factor of two.
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The aS;umption that bj is constant for different
angular momenta with the same principal gquantum number is shown
in Tab1e>3.1 to be very poor for low levels in helium, and is
probably equally bad for high levels of both helium and hydrogen.
The computed values for the Balmer decrement [15] therefore
becomebsuspect because of the wide variations of the b values
b§tWeen states of different L and the same n, If Menzel's values
are an average of the b for the entire level, they represent
mainly‘the b values of the higher L states with a given n. The
Balmer lines can be produced only by atoms initially in a
nzs, P, or b state, <Therefore it is somewhatl dangerous to assume
that the strengths of the Balmer lines can be computed from the
average bn for a level.

The values of bj (for T = 3,000°, 11,000°, and
12,000°K were computed with the radiative excitations of all levels
neglected., The transitions from the level L, representing the
high values of n, were small enough for Te = 10,000°K to justify
their neglect for other temperatures,

The values of the bj found for the eighteen levels
considered are given in Table 3.2 for the four teumperatures
considered. Vaglues of bj for temperatues in the range from

3,000° to 12,000° can be found by interpolation.
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Table 3,1. Helium Levels Considered in Caleculztions

A2 I =AW

10
1

12

14
15
16
17
18
19

T, = 10,000°K

zfj %’ o Dy o
(e.v.)

24,53 - -
4,77 L5541 1.5 x 10°
3.62 2.50 .21
1.37 .013 .030
1.58 «539 .29
1.21 576 079
0.993 .208 055
0.879 71 .23
0.851 .356 1
0.350 321 .20
0.559 231 55
0.545 .23 .11
0,544 .278 .29
0.5kk .37 .23
0.376 . 170 .11
0.376 .20k .31
0.376 « 365 $ 37
0.277 . 151 o3k
0.277 .192 Lol

1.9 x 109

.26

o 24
.71
.13
355
.38
ok
«39

2
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Table 3,2. The Coefficients bj for Various Electron
Témperatures

T = 8000° T =10,000° T =11,000° T =12,000°
e [ e e

Level 3 bj bj bj bj
223 2 - 1.52 x 107 1.94% x 10° -
2%p 3 .065 21k .339 .576
373 b .05 ,030 .038 .08
39p 5 .156 .290 .361 Jii2
37D 6 .ok .079 ,098 .117
473 7 .038 .058 .068 .073
42p 8 .55 .230 .267 .30k
43 9  .076 111 .123 Akl
42y 10 37 198 .228 .258
5P 11 41 .550 613 674
5D 12 .083 112 2k .136
57F 13 .218 .289 .322 .355
5% W 176 .230 .260 284
67D 15 .085 114 .128 .138
6°F 16 .248 312 L3041 .368
6% 17 297 372 406 40

- 27F 18 .223 .310 33k .360
3

777G 19 <336 o Hhh 479 .570
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D. The Ratio of Helium té Hydrogen.

| The raﬁio of abundances of helium to hydrogen can be
easily determined if the values of the bj parameters for the
upper levels of the observed lines can be found, Since the para-
meters depend on the electron tenmperature, the average value of
Te along the line of sight in the slit positions must be
determined.

This temperature can be determined from the relative

strengths of [OIII] lines., Cne of these lines,A4%03, arises
from a level of higher excitation than the level from which the
other two, A4959 and AS5007, arise. +Yhe ratio of the strengths
of these lines depends on the temperature Te. The detailed theory
of this relation has been discussed by Seaton [17]. The exvress-
ion which relates the ratio of the lines and the electron

temperature is

E(N1363) = 8.7k e '

-4

where t = 10 Te. For the observed nebular lines, the ratio

(3.39)

E(AL959) /E(AL363) corrected for reddening, is 61.5 for position

B' and 62,8 for position E;. If the ratio E(A5007)/Z(A4959) is
taken as 2.95, a mean of the observed and theoretical values, the

- left side of eguation 3.39 becomes 243 for B' and 248 for E'. 'Then
T

e

T
e

9,900°k  (for E')

10,000°K  (for B') , (3.40)

The coefficient of the exvonential in equation 3.39 umay,
according to Seaton's estimate, be forty per cent in error, which

would introduce a ten per cent error in Te. The photometry should
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have ah}error of,lesé than twenty per cent. vwe will consider
the value of Te to be uncertain within ten per cent.

- With the electron temperature known, the values of the
guantities rbj for helium can be interpoclated from the results
given in Table 3%.2. The values of bn for the hydrogen levels
were taken from Menzel and Baker's calculations 1385 based on the
assumption that the nebula is opaque to Lyman line radiation, called

by Menzel Case B, The results are given in Table 3.3,

Table 3.3, Values of bj Pertaining to Nebular Lines of Interest

Position E! Position B¢

Llement Level bi bj

He 339 078 .079
He 43p .110 111
He 571 RTE RIE
H ‘+2.S,P,D A .163 . 166
H 528,P,D .229 233
B 6°5,p,D .292 .296
H 728,P,D 337 341

The intensity I(A) of the radiation which arises from a

transition from the upper level j to the lower level i (where i

represents 23P for helium and 228,P for hydrogen) is

INY=N, A,, hV,. . Y
Jd dJi 1J 3 )
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From the definition of the Aji in terms of fij

(equation 3%.17) and the defining eguation for bj (equation 3.8),

the ratio of the intensities of a helium line to a hydrogen line

becomes .
- o 4e§§/kTe 3 ; .
TN Fue) T T (He) : i/}k "B (Hey T LHe)
= i
LAY, . TR, ) (3.42)

where j represénts the upper level of the helium transitiocn, k
the lower helium level, i the upper hydrogen level, and m the
lower hydrogen level,

All quantities are known in equatioﬁ 3,42 except the
ratio of the numbers of helium and hydrogen ions per unit volume.
Since almost all of the atoms of both elements are ionized in the
nebula, and the path lengths of the line emission of both elements
are the same, the abundance ratio of the atoms is equal to the
ratio of the numbers of ions per unit volume. |

With the values of the guantities b taken from Table 3,3
and the f values for hydrogen from Menzel and Pekeris{39], the
final results for the ratio of helium to hydrogen can be obtained.
The results are tabulated in Table 3.4,

A source of error other than the photometry lies in the
fact that bj for the lowest D state is influenced more than the
higher ones by transitions which have not been taken into account
explicitly. Most of the transitions into the BBD level come from

43F, which in turn is strongly influenced by 59G, and SO on,
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Table ‘3,4, The Relative Abundance of Helium in the Orion Nebula

Line Position E‘ Position B!

Ratio Abundance Abundance

Used ' By Number By Mass By Number By Mass
ALO27/H, 141 «36 142 .36
ALO27/Hg T .37 146 39
A+471/8 133 +35 134 «35
A5876/Hﬁ . 105 «30 106 » 30
Average .128 o3k 128 o3k
Average " N -
DeViation .O;f5 .OC. 0015 QOC:

Most of the atoms in the high n levels are in the high L states,

and the most probable transition from a state with numbers n and

L is to the state with angular momentum of gquantum number L-1

and the lowest possible principal gquantum number. Once the atom

is in a level with the highest possible L, it must remain in the
highest L state for all of its subseguent cascading., Therefore

it will eventually make a transition from the 4P into the 33D

state, The higher 3D states are hardly influenced by the transitions
occurring at high n and L.

One way to test the consistency of the calculation of the
hj valugs for the helium lines is to campare the predicted line
strengths of the helium lines themselves, which would eliminate
reliance on the use of Menzel's b values for any specific state
in hydrogen, The ratios depend only on the electron temperature

and the bj values, The results of the calculations are tihat the
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rétio of " E(A4027)/EA4471) should be 0,386 on the basis of the
calculated bj's and was observed to be 0.432, which is a difference
of 11.2% of the average., The ratio E( A4471)/E(A5876) should be
0.346 theoretically and was 0.278 observationally. The difference
in this case is 21.8% of the average. The fact that the theoretical
BALL71) /E(A5876) is predicted too high by 20% indicates that the
b}D is probably somewhat too low. Increasing bBD would make the
helium abundance obtained by comparison with HP be more in line
with that obtained from the other two lines.

It is hardly surprising that observational checks of the
theory show discrepancies of ten to twenty per cent, since the
approximations involved in the theory and the inherent errors of
rhotometry introduce errors of about that size.

It is also possible that the value of b for hydrogen
is fifteen per cent lower relative to the average b value of the
&, P, and D states than are the b values for the other Balmer lines.
If‘this were true, the observed Balmer decrement would be exactly
the predicted one and the helium determinationsof all helium lines
would agree well, One would expect the average value of bn to be
closest to the bn appropriate to Balmer transitions for low values
of n. For this explanation tc be correct, the average b for the
S, P, and D states would have to bear constant ratiosto the bn's
for the entire level for the higher levels, since the observed
Balmer decrement for H, , Hy , and H, was exactly as predicted
by theory. Detailgd calculations of the b values for the various

angular momenta for hydrogen would be most helpful,
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With the population of the 23“ level relative to the
higher triplet_levels at ocur disposal,we can see if the collisional
excitations frqm the level are indeed negligible, as was assumed
in the calculations., The criterion will be that the number of
‘atoms entering the state by radiative cascading should be much
greater than the number entering by collisions. Since the numbers
entering and leaving were equal in our model for calculations, we
‘will compute the number leaving the level per unit time for

convenience,

The number of excitations per unit time from the 238 level
; 35
to the 27PF is
fo'a}
aN aN s Caed
(dt)coll. =N, T ;s TV 4V = Ny 0-3.27 x 107 sec,
Z i
‘ (3.43)
The number leaving the ZBP is
4N . Coan? e N
(at)rad = NZP/WT = 10 NEP sec. (3.44)

3

where U is the mean lifetime in the 2°P level., The ratio of the

excitations to the number leaving, is

. - 3
(4l //(dm  §ygrd78.2 x 0
dt coll, dt rad ~ 7
NZP 10
= 1.97 % 1o14 a . (3.45)

Thus for any reasonable value of U the ratio is very small
indeed, and collisional excitations are negligible. This result

justifies the basis upon which the b values were computed.
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Ert

E. Absorption of A3889 in the Orion Nebula,

A strong ébsoprtion line of He I at A33889, arising from
a 238 -'33P transition, was observed by 0.C., Wilson, He found
that the line has an eguivalent width of 0.20 Angétroms in @' Ori
Q. Iﬁ this section the relation of the line strength to the path
length of the nebula in frontvof the star will be considered.

The minimum path length will be found by equating the
‘strength of the absorption line to the number of atoms capable
cf absorbing the‘line times the absorption coefficient per atom.
Then the eguivalent width W is given by

2
—_— 2 e
W=1N,L A ——~—-m02 f25, (3.46)

where N, is the number of atoms of helium in the 235 state per
unit volume, f25 is the oscillator strength of the 238 - 33P
transition, and L is the path length in the ionized nebula bvetween
the earth and the star,

The guantity NZ can be determined from eguation 3.8, given the
values of b2 found for a temperature of 10,000°K, the electron
density, and the abundance ratio of helium and hydrogen. e

assume that all electrons are contributed by either helium or

hydrogen, Then

N, = b, =2= N° n’ 2 o 2o/t (3.47)
2 2 T+x e (2 kae)3/2 T ! *
NHc
where x = T = .139. Substitution of the various gquantities
H

appearing in equation 3.47 gives

N2 = 2.4 x 10-4 cme (3.438)
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If equation 3.48 is substituted in the expression for W, the

- smallest possible path length becomes

L = 7.5 x 1036 cr. = 025 parsec. (3.49)

‘t‘the distanée of the Orion Kebula, this distance would
subtend an angle of 0.18, which is much smaller than the size of
the bright nebulosity around 91 Ori C.

The actual path length through the nebula must be greater
because of the great saturation of the absorption line. However,
in view of the qﬁite short minimum path found, the strong
absorption of A3389 in 02 Ori, with an equivalent width of 0,19
Angstroms, can still be understiood even though the star is
much less reddened than 01 Ori and probably lies in front of
much of the material which is responsible for the reddening in

91 Ori.
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Chapter IV. Two»Phofon Zmission from the 223 Level in Helium

A. Fundamental Relations.

A helium atom in é 238 level cannot radiate its excitation
energy by a single photon of any multipole order, but must undergo
ionization by incident radiation, suffer a collision which changes
its state, or emit two photons simultaneously and thus undergo a
radiétive transition to the 118 level. In order to compute the
pfobability cf a tfansition from level n to n' with the simult-
taneous emission of two photons, one uses second order pérturbation
theory applied to transitions from n to an intermediate state n?
by means of an optically allowed transition and from n' to n"
by a second optically allowed transition. The frequencies of the

emitted photons are given by the relation
h(’l) +1J')=§nn-§n’ (I{-"})

where the @"s are the ionization energies of the levels, the
1)'5 denote the frequencies of the two photons, and h 1is Planck's
constant.
Goeppert-Mayer L40] gives the probability of emission
of two photons of frequencies 1) and 1)' from level n to n"

via the state n' as _
w('\)) d‘) = 210'ﬂ6 ei+ ‘IJ3 ('\)')3 h"’l c-6 X

> = e g ot
Z (r.u)nn, (r Wy . (reu™) (reu )n,nn] (4.2)
nt Vorp vV Vatgn =V

average ,
where T = polarization vector of the photon of frequency'd )
. ,

u'= polarization vector of the photon of frequency'J',
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the subscripts n', n" on quantities in parentheses refer to

the matrix element between the‘levels n' and n“, and the

a&erage is to be taken over all spatial directions independently

for the two photons., The sum over the connecting states n' should
be understood to include integration over states in the continuum.
The e, h, and ¢ are conventional notations for the electronic
charge, Plancg's constant, and velocity of light, respectively.
Thé‘1>n,n is the frequency that a photon arising from a transition
from level n' to n would have.

For transitions from the triplet states of helium to
the singlet ground state, there are no optically allowed intermediate
states. Both the initial and final states have optically allowed
transitions only to the P states of their respective multiplicity.
If strict Russell=-Saunders coupling held, that is, if the
Hamiltonian for the atom did not contain any terms mixing the spin
and the orbital angular momentum of the electrons, the wave functions
fof all triplet states would be strictly orthogonal to those of all
singlet states. However, the Hamiltonian does contain terms which
involve LS [41].

Let us denote the eigenfunction of a pure singlet state n,
that is, of a singlet state where the amount of spin-orbit inter=
action is zero, as 1Y’§Fre. Similarly, the wave function of a
pure triplet state n will be symbolized by 3¥f§ure. The singlet.

bwave function of the actual helium atom, with a small amount of

ixgv perturbation H', will be 1nye. Then we can write
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1Y He ; TV pure 3Ypure
Yae 1Yo LT €LY (4.3)
where Emn £< 1, The value of E. as given by first-order pertur-

bation theory is
(3Y/gure IH'I 1\r2ure)

mn 3@;;; i 1$n , p) (4.4)

where (a]Oplb) is the matrix element of any operator between

€

states a and b, 1 @n is the ionization potential of the nth
singlet level., The coefficient of the 1quure is taken as one
. . . . ’i\IfHe -
in equation 4.3 in order to normalize to first order,

wWe can now see that the intermediate state n' in
equation 4.2 is replaced for our calculation by both the singlet and

triplet P states, which are in turn slightly mixed. We will calcu=-

late the terms (1180 'J'l?lm 1P) and (2381‘?071",1:13"?) separately

and include mixing of mBP into qu by calculating é?mf We
will henceforth write éfmm with a single subscript.
Breit and Teller [42] show by an argument that applies

to helium as well as hydrogen that

average

2
N Ge 1 1 ‘
:Z': (I‘ _lbn oo )n'n ( VYotn ¥/ ' Vnrnr '7.))

2(118012\1111?)(_2 s|z lm p) € (7)11' =y Ry 7))l

(&4.5)
where for n the level 113, for n' the level m1P, and for n%
the level 238 have been substituted. For both the m1P and

the m3P the guantum number mQ_ is zero. Breit and Teller make
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the equié&lent requirement that only the P state wave functions
which have varishing 'x  and y expectation values be used.

| Before we can consider the quantities in equation 4.5,

we will need aprroximate wave functions for the various 1 S and
vm P states, We will approximate the helium wave function by the
product of a spatial part £ and 2 spin part X, The spatial part
for a singlet state is symmetrical in the coordinates of the two
electrons; the triplet spatial part is antisynmetrical, The spin
functions have symmetries opposite from the spatial parts.

The notation [n sz(i)] will be used for the wave function

of a hydrogenlike atom of charge 2z whose ith electron is in the

s state with a principal quantum number of n, A similar notation
will apply to p electrons except that for them 2z = 1 and a
superscript 1, =1, or O indicate the functions with eigenvalues of
fz(i) of +h, -A, and O respectively; thus 3p1(2) is the 3p wave
function of electron 2 with m, = +R.

The spatial part of the 118 wave function is approximately

1 .
g(1'8) = 14_,(1) - 14,,(2), (4.6)

where 2z' is the value of the charge which gives the minimum energy

for a product wave function of this form. It can be shown [43] that

Z' = 2?/160
Similarly,
pin'e) = 27V24,(1) m%a) + 14,(2) WD (4.7)

Having the wave functions for the singlet states, we can

compute the matrix element (11S!z\n1P) which appearé in equation
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4,5, The 2z operator is the sum of z(1) and z(2).

(slzla®®) = 7 av (D) av (2) {1 42, (D102 (2 [a(Dsa(2)] X
: all”space
LT, mp°(2) + T4,(2) np"m)z:} ) (4.8)

where dv(j) d4is a volume element of the coordinates of electron j
and the ésterisk indicates that the complex conjugate of the associated
quantity should be used,

Since equation 4.8 is symmetrical in the coordinates of
the two electrons, the value of the integral is double the contri-
bution of the 2z(1) operator. The z(1) will connect only s(1)
and p(1) states. Hence

(11s]z)n'p) = 2 /‘ dv (1) dv (2)

allYspace
)
{14;,(1)::51’1&1) (1)-1,4,;'(2).1412'(2) (4.9)
The function 182,(1), with z' = 27/16, is given by [44]:

27
39/2  =gqgr 4

[1'&42'] = 25 e W . (LF"]O)
Also
1.2 s5/2 _op
1&2(1) = (W) 2 e (4,11)
and
np®(1) = (E?,-f)"/z cos 8(1) 1R2p(r), (4.12)

where mRi is the normalized radial part of the wave function of
the level n,,Qi with a charge of 2z on the nucleus and a multiplic=-

ity of m,
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From equations 4.9, 4,10, 4.11, and 4.12 we obtain

(1"slalne) = 372 21372 (59)73 /2Puar &27/168 Tl

5.008ﬁ~3 di e'27r/16 1Rlp . (4.13)

The spatial parts of the triplet wave functions are

#(233) = 2‘1/2L241(1)~m2<2) - 2.4,(2)*14,(D] TR
and

ﬁ(nz’P) = 2"1/2“@2(1) np°(2) - 'uuz(z) np°(1)'j . (4.15)

We have assumed in equations %.14 and %.15 that the
shielding of the inner electron is complete, so that the n3p levels
are exactly hydrogenic.

Using equations 4.14% and 4.15 we get
Cs|zl?p) = Av (1) 2() Sav (2) X

{-[241<1>3-£np°(1>3*l1 ()2

+ 114,01 Lap®()I* E2A1<2>3£m2(2>33 . (4.16)
The first term in braces is greater than the second because the
integration over dv(é) gives a factor of one in the first ternm,
while only the overlapping parts of wave functions of different
Zz and n contribute in the second. Actual substitution of values
for the wave functions showed that the first term is ninety-one
times the second for n = 2. The higher n terms should have even
greater ratios between the two terms due to decreasing overlap

between the wave functions of electron 2. We will neglect the

second . term in braces in equation 4,16 in the future.
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The integrals in equation 4,16 are elementary, and the

result of the integration is

B3l 135y _ 1 3 ‘
( s)z] P) = y= Rog,np (4.17)
- where
n ~ 003 1 m 1
Rn'i',nlgfr v Rig Rawr o (4.18)

The guantities Rntﬁ',nﬂ. for hydrogenic wave functions can be
written in closed form [44], and tables exist for some values of
the quantum numbers [36].

Let us define the quantities /5’ Z;, and y by the

relations
) a3s 1l = 4+ Ry; (4.19)
V1lgenp = ¥ o'y (4.20)
By iy= ) (4.21)

where Ry d1is the Rydberg constant in frequency units. The variable
¥y is clearly the fraction of the available energy which is taken
by the photon of frequency ’J « The probability per unit time of
emitting two photons of frequencies corresponding to y and (1=-y)

becomes

-~ w(y) dy =/6’5'Ry"*6 72 (1-y)°

2
)/

1 15y 235 2l n? 1 1
%“'(1 s{zlnp)(275] z]n7p) € ( YT T TR

(&.22)

where oL = eh/2mc = 1/137.0 is the atomic fine structure constant.,
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Equatiod'4.22 agrees With the corresponding expression for hydrogen
as given by Greenstein and Spitzer L[45] when the pertinent hydrogenic
' 3 1 1
values /£’= , [ =1 = —, = 1, and (13/2‘1113) = e——— R

g n | n2 n V3 18, np
are inserted.

For helium, the values of the parameters Zrn and /? are

1S 1 1 :
¥a = é}r‘)' gl 22

n n

/g - d1s - $235 = 1.465. (L.2h)

Ry)
The quantities 63, must be determined before further
progress can be made on the two photon emission probability.

3

B. Mixing of the n”P State into the n1P State in Heliunm.

The perturbing terms in the Hamiltonian which will mix

the spin and orbit terms are [41]:

RN —x JENEN = N
s BA | 2@ Tz 4 BT, Xy
x2 2 r3 r} r3
1 2 12
— N\ .Y ! RS _a o~ N
1 AL(1)‘T21X k(1) 1 XL(Z)or12><k(2) /L(1>.:it2)
* -2- 3 "‘2‘ 3 + 3
,r12 R r12 r12
32 (1) To,) (A(2)°Ty,)
T2 ‘Tao , i
B 5 . (4.25)

F12
. S
In equation 4,25 & (i) is the spin of the ith electron, L(i)
the corresponding angular momentum,_E(i) -the propagation vector,

'?12 the vector from electron 1 to electron 2, ol the fine structure
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constant as before and =z the charge of the nucleus.
Let us introduce the sum of the spins Eé and the

. —
difference T, defined by

—

2(1) +2(2) 53 Z(1) - 2(2) =T, (4.26)
A
In terms of S and 7?, equation 4,25 becones
: 5L, S 57 XK,
gt g PR %, R P |
1 T2 12
— N — - —_— _—
S2 '% (S‘r12) L2 ‘ 7; 1‘325 R E'rqéx(k1+ﬂ ) ‘% TE
i 5 T 5 T3 3 "L 3
o, 12 1 2 i, 12
N Y NN — — —_—
LT 5 T 3 - 5
r @ r
12 12 12
—S — )
3 (S‘r12) (T'r12)
+Il: 5 -
r
12
We require the matrix element of HY between 3P and

1p states. The triplet is symmetric in the spin and the singlet
antisymmetric, so that only terms which are antisymmetric in the
spins will contribute. Therefore only terms which contain T can
affect the matrix element, A similar consideration leads to the
conclusion that only terms which are antisymmetrical in the spatial
coordinateé will be different from zero. The last four terms of
equation 4.27 contribute nothing for this reason. Henceforth only
the connecting part of the perturbation, designated by H', will

be considered. The only important parts of equation 4.27 for our

purposes will be
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TN
X(kfka)
3
12

Bz TR T2, 1 I
o2 (1) (D

. (4.28)

Since "?12 =R(1) -R2), and BDXED =1L (1),

H' oz TA(1) Tm(2)- Tl D)-L2)] e DxR2)-m 2 D)
o .I; 1% - ] + +
2 r3 r3 4r3 4r3

1 2 12 12

The perturbation H' can mix only states of the same
total angular momentum J, since the total angular momentum is a
chstant’of the motion of the entire atom. Hence only the 3P1
state will be mixed with the 1P1. The situation for the total
magnetic quantum number M dis similar; M d4is a constant of the
motion, and consequently only states of the same M will be
mixed by H'.

Let the operator for the z-component of the spin or an

electron be O”Z. Then

ll
= + — R &
créc<_ s g3l

(T%/Q:: —‘%ﬁfé . (4._7)0)

serve to define oC and/é’ . Aalso let

x] = Me(2)
x5 = 2V2p1B(2) + A(1(2)]
1= D) A2 . (4.31)

o~

The X's are the eigenfunctions of the operators =S

. . . 2 . . :
and Sz; an eigenfunction of L and Lz is given by equation
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4.15. Ve can write np™(i) in terms of the normalized spherical

harmonics Yﬁ and the radial functions:

m'™(1) = RL Y (6,8, m =+ 1,0 (4.32)

The wave function for the nBP1 state can be expressed

as a linear combination of the eigenfunctions of the operators

Ld, Lz’ 82, and Sz by means of the Clebsch~Gordan coefficients.

Specifically,
1 +1
4 < g2 1 1M m M
= [RS (r,) B (r.) > c Y.(e,) X
Vo', V3 ng 10717 Tapt 2l == L Mmlu T1 720

+1 M

2 o1 m M
- Ryo(ry) Rnp(r,l)z_q Claty T1 (O 1, (k.33)

where m +M = M in each sum and the C's are Clebsch-Gordan
coefficients. In the notation used here, Ciﬁ@“ is the coefficient
of the product of LS eigenfunctions of gquantum numbers L, m and
S”M in the JM eigenfunction.

The vector addition of iT and g- in the singlet case

is trivial, and the result is

1
1 b2 1 M
alp, = —1—/-_; mz-':-'-" [R7o(rq) B (7)) Ty

2 1 1. -
+ Ry (rp) BRI (rp) TepIox, (4.34)
' 1 . - '
where X = -— [P(1)A(2) =o(2)A(1D] ] (4.35)
We now consider terms of the form (xqfﬁngxo), where i?

is any spatial vector. Consider only the contributions of the 2z

components of the vectors:
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e, v, %)

xf_La (1) -A,Z<z>3/&x<1>‘,5(2)-0«(2);(1):1-1—%—)

(x{' ]___]?/__.. vV, (1) B(2)+ X (2)8( 1) 1)8(2)+l2)A(1) 1)
2yz2 °
(4.36)

() ;_vato«n/ﬁ(a) £00(2) (DD . (h37)
2

i

.We can then write out the X{‘ for each M in terms of
the o( and /5 eigenfunctions and perform the integration over the
spin coordinates. A similar procedure can be carried out for the
x and y terms of the '%5? product. The sum of the three terms

turns out to be

& TTle ) = v (M = 0) (4.38)
o z
LV i
=75 22— J (H=+1 (4.39)
V2
A given wave function n'P will contain small amounts of
3

any triplet function m”P admixed, but because of the energy
difference term dividing the matrix element of the perturbation in
equation 4.4 the amount of admixture from the triplet level of

the same guantum number n will predominate. For the present we
will discuss only mixing of levels of the same principal quantum

number n.

With the definitions

M _ M 1452 1,1
-jQA = Xo'Y1(ga)' R1¢(r1)~ Rnp(rE)’ (4.40)
M _ M m M 3.2 3.1
we have
S Zm (Pt - Py (b, 42)
yfn"P,, V3 M=-1 /pA A

and
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, 1 - _ ‘
1 +1 W i '
e N (/;}- ) . (4.43)
\f/n P, V3 M= '
where a bar over a function indicates that the electromns1 and 2

are to be interchanged in the function. Then
3 1 M pM,|H' | pM "—z?fj E
(%[ lnp ) - Z [(fB PO\ AP

3% [kl b - PRI P - Pl
| (/OBL-,@)/D; )]. ()

The coordinates of the two electrons are now interchanged

———

in the second and last terms of equation 4,45, Since H' = H',

(nBP,"%Jn’JPQ) =-§- % [fa o(?]/oﬁk fB}DQ/DA)J. (i 46)

From the definition of //92, we see that electron 1 is in an s

state and consequently that only the L > terms in H' will contri-

bute to the matrix element. We then get

T

T, |
2‘ M
3 :Hf (hesn)
2
+(/0 MI T 2 2 1) M)
B 3 ’fgﬁ ¢
4r12

We will designate the first and second terms of the right

(nBP,}I%ian/‘) = -%% (/01;1

side of equation 4,47 as (H'/o(.a)a and (H'/c&?)b respectively.,

For (H:/cx?)a we make the approximation

2 (2) 2(2) B,Qg
2r3(2) 41‘32 Y 30
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which should be quite validj electron 1 is considered to be in the

B and is therefore very close to the nucleus

on the average., Use of equations 4.38, 4.39, 4.48, and tabulated

1s configuration in )fDM

values of the Clebsch-Gordan coefficients leads to the result
' *edr
H'1 3 _ 2 2 1.1 3,1
(Hf’lpq\a(z bn P1a = 3 ) T Rp1(T) "Ry q(rp). (%.49)
It is clear from an inspection of (H'/cka)b, the second

term on the right of equation 4.47, that it is considerably smaller

than (H'/cxa)a. The function upon which the (H'/o(?)b‘ operates,

4/9?, represents electron 1 in the np state and electron 2 in the
1s state., When the wave function is fairly large (at r 21n2 Bohr
radii), ;k&), proportional to the gradient of the wave function
of electron 2, is small, It is clear that an iﬁ1 (= D xK1))
operator would have a larger matrix element, since both the wave
function and the gradient of the wave function of electron 1 are
large at about n2 Bohr radii.

As a test of the above argument, the rather laborious
algebraic work necessary to determine (H'/oka)b was carried out
for the case n = 2, for which case the ratio of the two terms
should be most in favor of the second. The electron separation
r,, Wwas approximated by the larger of the radii r(1) and r(2).

The result of the calculation was that

2
HY e 1 ,H! =
(@)b = ,00062 -a; = '-[;;" (E a * (.+.?0)

The second term (H'/c&?)b will be neglected in the future,
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" The matrix element H' can now be determined from
equation h,49 if the radial portions of the =np wave functions
are known. The functions given by Goldberg L[31] were used for the

17

3, 2'p, BBP, 31P, and 33P states, while hydrogenic wave functions
.were used for n 3 for both singlets and triplets.

| To calculate the en's by equation 4.4, we only have
to divide the matrix elements H'/O&Z, as given by equation 4,50,
by the experimental values of the energy differences of the singlet
and triplet levels for the various values of n, The energy
differences are tabulated by the National Bureau of Standards [45].
Table 4,1 summarizes the results of the computation. The second
ceolumn gives the experimental values of (BKn - 1Kn); the third,

the value of the matrix element Hh/o&a in units of e2/ao (where

ao is the first Bohr radius); the fourth, the dimensionless en's.

Table %.1. Values of the Mixing Parameter

n x - ' (o?p 11"/ & [np,) en
(cm-1) (units of ea/ao)

2 204.8 +0.0485 +0.00025

3 644,5 0131 .00021

b 275.6 .0056 .00021

5 41,7 .0028 .00021

6 81.96 .0016 00021

It should be noted that only mixing between levels of
the same n has been considered. An attempt was made to obtain
an estimate of the error introduced by the failure to include all

levels; the values of € g3+ the amplitude of WP’B mixed into
m’P
1
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WP%1P1 by spine-orbit interactions, were determined for the low m
levels., Hydrogenic wave functions were used in the calculation,

The results are given in Table 4.2 below.

Table 4.,2. Mixing of }p into 30’13 in Helium.
m3P 3 "1

1
m (72 |5/ % [57p ) Xy ' €nz’ €53
2 5.7 x 107 17,120 cm” | .ok2
oy 8.4 x 1077 5,008 ® .095
5 6.2 x 1077 7,592 ™ R
6 k.9 x 1072 9,051 ¢ .032

From Table 4.2 the percentage error arising from the
neglect of states of unequal principal quantum numbers can be
estimated as perhaps thirty or forty percent., Our resulis can

only be regarded as fairly rough because of this uncertainty.

C. Computation of the pdean Lifetime of the 238 Level in Helium
Equation 4,22 gives the probability per unit time that

a helium atom in the 238 level will emit two photons with energies

v and (1-y) times the available amount respectively. The total

probability of two photon emission per unit time P dis obtained

by integrating W(y) dy over y, with a factor of one-half

multiplying the integral since only the numbers of pairs of photons

should be counted, Thus

. 1 1 :
P=x ][ W(y) dye. A (%.57)
' )
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Now all of the éuéntities which appear on the right side
of equation 4.22 aré known, and W(y) can be computed straighte
, forwardly. The results of the computation are given in Tables 4,3
and 4.4,

A modified form of Simpson's Rule was used to carry out
the numerical integration of W(y). The approximation to the
integral of a periodic function is the sum of the values of the

function at an even number of equally spaced intervals of the

argument.

The contributions of transitions via ﬁBP - n1P states
for n 2> 5 have been neglected in computing the total probability P.
Table 4.3 shows that the contribution from n = 2 is by far the
largest, and that higher n terms fall rapidly.

The mean lifetime T of a helium atom in the 238 state
is simply the reciprocal of the emission probability per unit time P.
From numerical integration of the values of W(y) as given in
Table 4.4 we obtain

-1

P=1.1x 10~2 sec (Lk.52)

and

T

1P = 9 x 10° sec (4.53)

The total uncertainty in the value of P is difficult to
estimate. The largest errors arise from the neglect of the mixing
of singlet and triplet levels of different principal gquantum number
in the calculations of transitions via the low quantum number P

states and from the neglect of transitions via the high P states
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Table 4.3. Values of Mixing Parameter An'

1 1
¥ /8 -7 " ¥ B -1y

a = @l lzn'ep’p,lzl2%s) € )

. | . . 2
and 1is expressed below in units of a .

v n 2% 3 L 5 . nAn

.10, .90 ~4 .35 +.53 +.09 +.03 -3,70
.20, .80 -3,07 +o47 .03 .03 -2.56
.30, .70 =2.54 +.36 .08 .03 -2.07
.40, .60 -2.30 +433 .07 .02 -1.88

. . . ~25 . s
The minus sign arises from the fact that R is negative for
< f-
m = 2 and positive for 2ll other values of m,
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and in ;articular the continuum. Also the wave functions which
were used in the calculation of the matrix elements were only
approximate, Since the guantities wiich these errors affect
appear squared in the expression for P, probably the value of
P derived is not accurate to better than a factor of two.

The value of the probability of the two-photon emission
was estimated by Breit and Teller [42] as about 10—6 times as
large as the probability as for hydrogen, for which they estimsted
a probability of 7 sec'.'1 Their estimate is thus off by a factor
of about sixty. A great deal of the difference in the estimates
lies in the difference in the frequenrcies involved in the
transition. Their estimate of the value of the mixing parameter
was 1/2000, which is within a factor of three of the calculated

value.
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‘Table k.4, Values of Emission Probability #(y).

Wy) x 108 W(y) x 10°

y o (sec™ ) : y (sec™ )
G, 1.00 0.00
.05, .95 40 +50, .70 724
.10, .90 1.8k .35, .65 3.28
A5, .85 5,38 40, .60 8.80
.20, .80 4,90 A5, .55 9.12
25, <75 6.22 .50 9.38

s]
i
] RN

1
f W(y) dy = 10 Z:. Wy,) = 1.70 x 10”5 sec:1
o e

i
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" Appendix A, _Coudg Calibration Plates Tgken,

The calibration plates on the ITa-J emulsion were taken
with Grating L5-B set at 930.7 with a 200 watt frosted dulb as
ﬁhe light source. No "bull's eye" filter was used. A screen
which passes about one-fifth of the light was occasionally used.
Lamp distances were measured from the front diffuser., The

correct exposure times were found to be:

Time Screen Lamp distance
30 sec. - 1.5
90 sec. - 2.5
3 min, yes‘ 1.5¢
30 min, yes L. 5t
90 min. yes A

For 103a-F(3) emulsion, a Wratten #3 filter was vlaced
over the spectrograph slit in the path of both the light source
and the comparison arc., A photoflood bulb was used with the
"phullt's eye' filter. Grating 406-B was set at 37°%4, a comparison
spectrum with twenty seconds of iron arc and thirty second of neon

discharge was used. The exposure times were as follows:

Time Screen Lamp distance
3 min., - 3651
9 min, - 6!

30 min. - 19

180 min. yes 10!

The 73" camera was used for all exposures.
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Appendix B. 'Oscillator‘strengths for Transitions in Hydrogen

- Kupper L37] gives general formulae for quantities which

he calls aa, that are related to the (R 2 of Chapter

n,t,n',2'>
IV by
2

& é(Rn&mLJ

2 (ngx) (3.7)

where fmax is the greater of L zna Lﬂ'. Bethe [36] expresses

the oscillator strength in terms of R . as
né,n', "
£ E S TR I )e (8.2)
ng,ntlt T 3 (2 *+ 1) Ry n&,n' e *

where g£* 1is the angular momentum quantum number of the level
with smaller principal quantum number.,

Substitution in eguation B.2 of Kupper's forunulae gave
the following formulae for the transitions between the indicated
levels where the principal quantum number n is understoqd to be

larger in the higher state.

Transition Expression for oscillator strength

.‘ 212 37 8 (n-3)27"7 (n43)1
5D - oF 7~ B 5ne0 (n-k)t

5 (n+3)
L . 234 8 (n-4)2n-10 (n+4)t
o= ni FRN Zn+10 (B-5)¢
579 (n+h)

4P - ne 238 n1O (n-#)an-qo (n+3)4

32 5 1 (n+4)2n+10 (n-4)1
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Transifion S Lxpression for oscillator strength
: : 13 .1 ) _\2n=-12
e - 275 10 (n+3)t (n-5) 2_1msy2
5D = nF 55— B Casi (n+5)2n+12 (1Mn~=-175)
56 - up 22t 510 12 (15?1 (nes)y
91 33 (n+5)2n+13 (n=6)1t
_ , 217 511 10 (n_5)2n—11 (nek)y
5F - nG n
33 72 (n+5>2n+11 (n=-5)"
24 .M 2n=14
2° 6 10 (n-6) (n+bi)y - 2 .82
6F = nG ~5gr— ©° (n+6)2n+TE CEY (Bn==324)
o8 - nG 2 7" 0 e (e
52101 (n+7)2n+75 (n=5)1
(121n4 - 7350n° + 108045)°

The numerical results obtained from substitution in the

above expressions are given in Table B.1.
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Table B.1, Numerical Values of Oscillator Strengths in Hydrogen.

Transition 30 -~ nF 40 = nF 4F -« nG 5D - nf 5G - nH

n ' fL& f(&, fi& fij ﬁLJ

L 1.018 - - - -

5 157 .890 1e545 - -

6 .0539 .186 181 .837 1.679

7 0254 .0723% .0585 . 1955 .202

8 Lok 037 .0268 .0805 .0599
9 .00903 L0215 L0146 L0L23 .0259
10 .00608 .0138 00897 .0255 L0141
11 .00431 .00954 .00598 0167 003826
12 .00318 .00688 .00421 0110 00541
13 .00242 .00515 .00310 .0085 00376
14 00189 .00397 .00235 . 0065 L0027k
15 00150 .00312 .00183 .0050 .00207
16 00122 .00251 00146 ,0040 .00160
17 001700  .,00205 .00118 L0032 .00127
18 000331 .,00170 .000970 0026 .00103
19 000700 .00142 000808 L0022 00084
20 .000595 ,00120 000661 .0019 . 00070
21 000475  ,00103 000580 L0016 .00060
22 L000414  ,000886 000499 0014 00050
23 .000362 ,00070 0004371 L0012 .00043
2k .000%18 ,00067 000376 .0010 .00037
25 000282 ,00055 .000330 .009 .0003%3
26 .000251  .00049 000291 .0008 .00029
27 .000222 00044 .000233 .0006 .00025
28 .000200 ,0003%9 .000213 ,0006 .00022
29 .,000181  .00035 .000192 .0005 .00020

30 .000163 ,00032 .000172 .0005 .00018
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Table 3.1, Numerical Values of Oscillator Strengths in
Hydrogen (continued)

Transition 5F = nG 6F - nG 7F -~ mG

n fij f;j fij

b - - -

5 - - -

6 1.184 - -

7 .229 1.71030 -

8 0845 L2hg2 1.18%

9 L0415 0971 .2685
10 L0233 0497 . 10381
11 L0152 .0295 L0564
12 .0103 01920 L0339
13 .0075 .013%32 0222
14 L0055 00967 L0156
15 L0042 .00729 L0114
16 L0034 .00565 .00865
17 ,0027 L0448 .00675
18 .0022 .003%62 .005%7
19 0018 .00298 00436
20 L0015 00248 00360
21 .0013 .00209 .00301
22 .0011 .00178 00254
23 .0010 .00153 .00217
2k .0008 .00132 .001375
25 .0007 .00115 .001625
26 , ,0006 ,00101 00142
27 .0006 .00089 .00125
28 .0005 .00079 .001109
29 L0004 ,00071 .000985

30 +000k .00063 .000884
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Appendix C. List of the Coefficients dij for Helium.
The coefficients dji’ defined in eguation 3.37, are given below.

The subscripts i and j refer to the levels as listed in

Table 3.1,
i 3 dji i dji
2 .2 2,218 12 3 4,364
, 12 5 1.662
b4 3 2.120 172 8 .566
12 10 L0174
5 2 2.524
5 b 22419 , 13 6 2.213
' 13 9 1.259
6 3 22.133
14 10 2.648
7 3 L3234
7 5 .3602 15 3 2.465
15 5 .3850
8 2 1.224 15 8 .232
3 L . 10656 15 10 .0075
8 6 .08924 15 11 152
8 7 04111 15 13 ,0137
9 3 8.915 16 6 1.045
9 5 2.409 1% 9 .6287
9 3 0001433 16 12 3552
10 6 6,708 17 10 .3623
17 13 .6976
1 2 .6533 .
11 b L0154 _ 18 6 5825
11 6 .0369 18 9 .3551
11 7 L0273 18 12 2707
" 9 L0489 18 15 1245
19 10 JHoh2
19 13 . 3439

19 16 2311
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