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Introduction and Summary

In this work I will develop a theory of permutation polynomials with coefficents over
finite commutative rings. The general situation will be that we have a finite ring R and
a ring S, both with 1, with S commutative, and with a scalar multiplication of elements
of R by elements of 5, so that for each r in R lg:r = r and with the scalar
multiplication being R bilinear. When all these conditions hold, I will call R an S-
algebra. A permutation polynomial will be a polynomial of §[x] with the property that

the function r p» f(r) is a bijection, or permutation, of R.

Presented here, as far as [ know for the first time, is the idea that campositional
attractors are integral to the study of permutation polynomials. A compositional

attractor is an ideal I in a polynomial ring S[x} with the added property that
Vi(x) € I Vg(x) € $[x] (f(g(x)) P 1).

There are several reasons that compositional attractors are important.

First of all, a compositional attractor of S{x] is exactly an ideal comprised of the
polynomials that are zero everywhere on some S-algebra, ie., it is the kernal of the
representation of S[x] as a ring of functions over R. This means that they capture the
equivalence relation associating polynomials that give the same permutation. Such a
ideal, zero everywhere on an S-algebra, is called the compositional attractor associated

with an S-algebra.

Second, polynomial composition modulo an ideal forms a monoid if and only if that
ideal is a compositional attractor. One consequence of this is that the polynomials with

the identity polynomial f{x)==x in their composition sequence modulo a compositional



attractor form a group under composition.

Third, two S-algebras with the same associated compositional attractors in S{x]
necessarily have identical permutation polynomials in $[x]. Since it is often easier to
compute a compositional attractor associated with an algebra than to compute the
permutation polynomials directly, this gives a powerful tool for locating and

enumerating the permutation polynomials of certain S-algebras.

Fourth, if J < S[x] is a compositional attractor, then S[x]/J is an S-algebra with
associated compositional attractor J. This fact gives a canonical domain in which to
perform computations. This fact, while quite easy to prove, is of great utility in

classifying the permutation polynemial groups when S is taken to be a finite field,

In addition, taken together with the third point, this fourth fact has a wonderful
consequence. In a rather nice paper, “Polynomials Over a Ring That Permute the
Matrices Over That Ring,”[10] Brawley spends not inconsequential effort doing matrix
arithmetic to prove a theorem that characterizes scalar permutation polynomials of
matrices. It turns out that in specific instances an alternate proof is possible in which
one first computes the associated compositional attractor for the matrix ring and then

does the computations in the corresponding canonical algebra, which is commutative.

This thesis is presented in four chapters. The first chapter develops, in abstract, the
properties of compositional attractors mentioned above, along with a few other
straightforward properties. The set of compositional attractors of a polynomial ring is,

for example, closed under intersection and multiplication of ideals.



The second chapter focuses on the cases when S is a finite field or the integers. In the
first section I classify the compositional attractors of Fix] for any finite field F. In the
second section I compute the size of the permutation polynomial groups that arise
modulo these compositional attractors. The work in the second section is essentially a
generalization, with new terminology, of a paper, “Permutations with Coefficients in a
Subfield,”[9] by L. Carlitz and D. R. Hayes, which treats the case where R is a field and
S is a subfield R. In the third section I give a few useful lemmas about the

compositional attractors of Z[x] and present an example.

The third chapter explores the situation when S ig the integers or the integers modulo
n and R is taken to be either the integers modulo n or matrices over the integers modulo
n. In the first section [ present a new proof, based on the difference operator Af(x} =
f(x41}—1{(x) of Singmaster’s formula[4] for the number of polynomial functions from Z,
to itself. In the second section I give a new proof, also with the difference operator, of
Niven and Warren’s[6] basis theorem for the compositional attractor in Z,[x] associated
with Z,. In the third section I count the ¥,-permutation polynomials of Z,, give the
isomorphism type of the group for cube-free integers n, and give some information about

the isomorphism type of the group for all n.

In the fourth section I compute a basis for the compositional attractor of Z,[x]
associated with the matrices over I, and use the basis to count the number of Z,-
polynomial functions from Z™}™ to itself. In the fifth section I reprove Brawley’s[10]
characterization of I,-permutation polynomials of the matrices over Z, and go on to

enumerate the group of such polynomials for each n.



In the fourth chapter I skip lightly over easy consequences of the material developed
in the first three chapters and give topics for future research. In Section one [ compute
exactly the membership of the p-adic permutation polynomials of the p-adic integers. In
Section two I compute the compositional attractors of F[x] associated with F[G] ard
count the groups of F-permutation polynomials of F{G] where F is a finite fieid, G is an
abelian group, and F[G] is the group algebra of F over G. As one might expect, the case
where the characteristic of F divides the order of G is the hard one, but not too hard.
In Section three I define multivariate compositional attractors and give a list of topics

for future consideration.

I more or less stumbled into this thesis topic accidentally. In the summer of 1986 I
was trying to find some algebraic structure in the rules for generating cellular automata.
This is a relatively futile pursuit, but in the process I discovered a number of properties
of functions from Zj, to Z,. I also reproduced Singmaster’s results from{4]. At this point
Heeralal Janwa arrived at Caltech for a two-year stint. While I was trying to explain to
him what | was working on he said, “This sounds very much like permutation

polynomials.”

This gave me an application for the material I had developed on functions over Z,. In
particular, the difference operator A, f(x) = f(x+k)~f(x) leads to nice slick proofs of
some known results, contained in the first two sections of Chapter tﬁree. I spent a great
deal of computer time computing the membership and structure of groups of
permutation polynomials over I,. In the end I had the membership, size, and some

structural information about the groups in question, but not enough material for a



thesis. My advisor, Richard Wilson, suggested that I generalize to the matrix case.

Now the matrix case is severely resistant to computer scans. The problem of
computing a least degree monic polynomial zero everywhere on two-by-two matrices
over Z, is about the limit of what you can do on a personal computer unless you prove
some theorems. In addition, many of the nice proofs in the non-matrix case depend
heavily on the commutativity of Z,. At this point { uncovered the material by Brawley,
Carlitz, Levine, and others [8], [10], [11]). Their theorems were often theorems that
would be true if matrices commuted. In other words, they would have two, essentially
identical, theorems for commutative and noncommutative rings with substantially
different proofs. At this point, inspired by [9], I decided to leave the matrix case alone
and to try computing permutation polynomials over finite commutative rings. The first

step in this process was computing the ideal of polynomials zero everywhere on the ring.

1 used a computer to find this ideal for a large number of examples, particularly for
group algebras over finite fields, which are easy to implement on a computer. At this
point | noticed that many different algebras can have the same zeroing ideals and, more
importantly, that when they do, they also have the same permutation polynomials. |
set out to prove this and in the process was forced into considering the notion of

compositional attractors.

After a few months in which I roughed out the material presented in Chapter two, |
realized that compositional attractors solved my problem with the matrix case. The
theory of compositional attractors gave me a way to consiruct a commautative algebra
with the exact same compositional attractor and hence permutation polynomials as any
given noncommutative algebra. Developing this idea put the thesis in more or less its

current form.



Definitions and Basic Results
80 Introduction and Summary.
Throughout this chapter S will be a commutative ring with 1, and R will be a finite §-
algebra with 1. By I}; I will denote the set
{f(x)ES{X] : YreR, f(r) = 0}.
That Ig is an ideal of S{X] is elementary; | sometimes call it the S-zeroing ideal of R.
F(R, R} denotes the set of functions from R to itself, which I will treat as both a
monoid under functional composition and an algebra under the usual extension of the
addition and multiplication on R and scalar muitiplication by §. I denote by €§ : S{X] -
F(R, R) the evaluation map; i.e., f(x) }» (r fe f(r)). Note that eg is both a menoid and
an algebra homomorphism. The kernel of e'; as a monoid homomorphism is {x+f(x) :
f(x)sf?}. As an algebra homomorphism eg has kernel Eg. I will denote by Fg(R), the
S-polynomial functions on R, the image of Eg, which is both a submonoid and subalgebra
of F(R, R). I will denote by PPg(R), the S-permutation polynomials on R, the subset of
Fg(R) that are invertible (bijective) members of the monocid Fg(R). Notice that
PPg(R) is a submonoid of Fg(R) but is not a subalgebra of Fg(R). Notice also that the
choice of invertible elements makes PPg(R) a group under composition. Finally, if U is
a ring of functions call an ideal I of U a compositional attractor if for all fcl and for all

geU, we have fog ¢ I, where o denotes functioral composition.

As motivation for these definitions, I would like to give an overview of the use [ will
put them to and illustrate it with a basic example. Having fixed R and S, the first
problem is to compute the membership of I’é and produce, if possible, a nice set of
generators for it. Once we have [§ it is easy to enumerate Fg(R) and to find, as a side

effect, its structure as an S-module. Using results from this chapter, I can often go on



to compute the membership of PPg(R) and subsequently enumerate PP¢(R). Finally,
where possible, I will determine the isomorphism type of the group PPg(R). For
example, if we choose R = GF(q), the field with g elements, and choose S=R, then we

see immediately from the theory of finite fields, that

Example 1.1.
(i) 1] = <x%—x>,
(ii) [Fs(R)] = o,
{(iii) F5(R) can be given the structure of a g-dimensional vector space over S,
(iv) ’PPS(R)] = q!

(v) PPg(R) = Sym(R), the group of all permutations of R.

These particular results, while both easy and elementary, are central to the theory of
permutation polynomials over a finite commutative ring. The theory of Jacobson
radicals tells us that a finite commutative ring modulo its radical is 2 direct product of
finite fields. In this section we observe that for any finite S-algebra R, we may find a
commutative S-algebra R/, so that PPg(R) = PPS(R’) and that a direct product
decomposition of S often induces a direct product decomposition of PPg(R). Taken

together these results make the above example broadly applicable.

On the other hand, when R has a nontrivial Jacobson radical, many interesting things
happen that prevent the permutation polynomial groups in question from being merely
direct products of symmetric groups. In this instance the utility of the above results
follow from the observation that the natural homomorphism of R module its Jacobson
radical onto an S-algebra with semisimple ring structure induces a group homomorphism

of the corresponding permutation polynomial groups.



§1 FEquivalence Results.

In this section I will prove several lemmas that allow me to export calculation done

for one choice of R and § to others.

Lemma 1.1. For a polynomial f(x) ¢ S{x], let f(n)(x) denote composition of {{(x) with
itself n times. Then:

(i) PPg(R) = {f(x)ef; : 3n f(n)(x} = x (mod Ig)}, or equivalently

(it) PPg(R) = {f(x) € S{X}/Ig : 3n f(n)(x) = x}, as a group under composition mod
R
i’
Proof:

Suppose for f(x)eS[x] that 3n f(n}(x) = x (mod Ig) Then since e§ is a monoid
homomorphism, it follows that the n-fold composition of f(x)eg with itself is the identity
function on R. This requires f(x)fg itself to be a bijective function; hence PP¢(R) 2
{f(x)vs’_:,..’a : dn f(n)(x) = x (mod Eg)}. Suppose instead that f(x)c':_.,z ¢ PPg(R). Then since
f(x)eg is a bijection of a finite set, we see that for some n the n-fold composition of
f(x)e? with itself is the identity function. The identity function in Fg(R) is clearly
x+I§; hence x is among the preimages of f(n)(x) under €§ and we see f(n)(x) = x {mod
IR). This shows that PPg(R) C {f(x)c'g « 3n f™(x) = x (mod Ig’)}. Thus we have (i).
To see that (ii) is & restatement of (i), notice that e§ has kernel I§ as a ring

homomorphism. [

'
Lemma 1.2. Suppose for R, R’, both S-algebras, we have that Ig = I%. Then PPg(R)
= pPg(R)).
Proof:

From Lemma 1.1 (ii) we see



PP4(R) = {f(x) e SIXI/1R : 30 (V(x) = x}.
Since E? = iFg, we see
{ex) = S1X1/15 < 3n fM(x) = x} = {i(x) ¢ S{xz/lfg' c3n M) = x},
and applying Lemma 1.1 {ii) again we see
{tx) € S{X]/1R + 3n £V(x) = x} = PPg(R');

hence PPg(R) = PPg(R'). O

The next result is somewhat more substantial and completes the tools to make good
on my boast in Section 0 to reduce the problem of computing arbitrary finite S-algebras

to the commutative case,

Theorem 1.1, Let R be an S-algebra, let J be a compositional attractor of 5{x}, and let
T = S[x]/I§. Then

(i) Ig" is a compositional attractor of S[x}.

(i) A = S[x]/J is an S-algebra with IS = J.

(iii) PPg(R) = PPg(T).

Proof:

Let f(x)slg and let g(x) £5[x]. By definition feg is the zero function on R. Since e§

. . . : R _, R RY . RY
is a monoid homomorphism, it follows that (fog)eg = (fes)o(gfs) =0 o (ges) = 0.
This means (fog) ¢ ker(fg) viewed as an algebra homomorphism; hence (fog) ¢ Ig, and

we see that I§ is a compositional attractor.

Notice that the scalar multiplication of S on A is induced by the scalar multiplication
of S on S{x]. Now suppose f(x) ¢ Eg‘. Then Vg(x)+J ¢ S{x]/J; we see from the

definition of i’g‘ that f{g{x)+J) = 0. If we expand f(g(x)+J), we see that this implies
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that f{g(x)) £ J. Specialize g{x) to x and note f{x) ¢ J; hence Ig ¢ J. Now, recalling
the definition of compositional attractor, we see for f(x) ¢ J and any g(x) ¢ Six], that
fg{x}) £ J; hence f{g(x)+J) = 0 in A, and thus J C Ig. Combining the two previous

inclusions, we see Ig = J.

Finally, set J = I§, s0 A = T Then (ii) tells us that 1§ = I]. Then by Lemma 1.2

we see that PPg(R) = PP4(T). O

Notice that while my primary reason for proving this theorem is to allow calculations
for a noncommutative R to take place in the commutative domain S[x]/IFsz, this theorem
potentially allows me to use other special properties of $[x] besides commutativity.
Additionally, part (iii} makes it meaningful to speak of the permutation polynomials
that arise modulo a compositional attractor, as in Lemma 1.1. 1 will conclude this

section with the following corollary, which ilustrates the breadth of Theorem 1.1.

Corollary 1.1. An ideal J of S{x] is a compositional attractor iff there exists R, an S-
— R
algebra, so that J = I¢.
Proof:
(=) Set R = S[x]/J and apply Theorem 1 (ii}.

{¢=) Theorem 1 (i).
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§2 Lifting and Decomposition Lemmas,

In this section I will give a lemma that allows the computation of the permutation
polynomials of R from the permutation polynomiais of R modulo its Jacobson Radical.
For R with nontrivial direct product decomposition, 1 will give a sufficient condition to

induce a direct product decomposition of PPg(R).

Lemma 1.3 (Lifting Lemma). Let J be a nontrivial nilpotent ideal of R and set A =

R/J. Then for f(x) ¢ S[X] we have that f(x)e§ ¢ PPg(R) iff f(x)e§ ¢ PPg(A) and for
each ac A, for each element j ¢ J\{0}, j-f(a) has the same degree of nilpotency as j.
Proof:

First I claim that for any f{x)eS[x], f(x)eg is a function that preserves equivalence
classes {mod I) for any ideal I of R. To see this, let reR, jeI and compute f(r+])~1{r)
= j‘f'(x)+j2'%f”(x)+--- ¢ L. With this claim we can now prove the lemma.

(=) Since f(x)nst:sa is 1:1 on R, the claim forces f(x)eg‘ to be 1:1 on A; hence f(x)fg £
PPg(A). Suppose there exist j ¢ J\{0}, a ¢ A so that j-f’(a) has a higher degee of
nilpotency than j. Well, then a = r+J. Set a = {(r+j)—1f(r) = j-f(r). Then
f(x)¢PPg(R/<a>). Since f(x)e§ is 1:1 on R, the claim forces f(x)eR/<SQ> to be 1:1, a
contradiction, and the right implication is finished.

{¢=) Suppose for r, 8 ¢ R that f(r) = f(s). Then from the claim we see that r = s (mod
J). From this we see there exists some j ¢ J so that 8 = r+j. So f(r)—1(r4j) = 0,

which a simple computation shows is equivalent to the statement,
PPy +i2 30+ = 0.
Since, by hypothesis, j-f'(r) has the same degree of nilpotency as j, it follows that

i) # -(230 0+,
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unless j=0. From this we see that r = s; hence f(x)cg e PPg(R)}.

Lemma 1.4. (Decomposition Lemma). Suppose that R = R;® R, is a direct product
decomposition of R. Then
. Ry Ry . L .
(i) {15 and I & are relatively prime ideals in S[x], then
PPg(R,) = PPs(R,) ® PP4(R,},

. R R
@y 1§ = Idn 1yl and
(iii) both (i) and (ii) may be applied inductively to arbitrary finite direct products.

Proof:

R 24
(i) Since Isl and IS2 are relatively prime, we see that the Chinese Remainder

Theorem gives us an S-algebra isomorphism

R R
A: S[x]/1d @ S[x]/T'& S[x]/15.
R R
Notice that (x+151, x+1 Sz)). = x+I§; hence the characterization of permutation

polynomiais given in Lemma 1.1 (ii} and the fact that the polynomial composition
involved is 2 combination of addition and muiltiplication of the sort preserved by A, tell
us that A is a bijeqtion of PPs(R;) ® PPs(R,) == PPg(R) that preserves the group
operation.

(ii) Clearly a polynomial in S[x] is zero everywhere on R when and only when it is
zero everywhere on R, and R,.

(iii) Follows by induction.
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§3 Properties of Compositional Attractors.

Compositional attractors are central to the study of permutation polynomials over
finite rings. As we saw in Section 1 many different S-algebras can have the same
permutation polynomials exactly as they share the same S-zeroing ideal. In this section
I will develop a few properties of compositional attractors.

Notice that any ideal of S injected in the natural fashion into S[x] is a compositional
attractor of S{x], with the corresponding group of permutation polynomials, as in
Lemma 1.1, being the trivial group {x}. Such a compositiona} attractor is called trivial;
all others are called nontrivial.

As we saw in the comments subsequent to Theorem 1, each compositional attractor [
of §{x] has a permutation polynomial group attached to it, acting on the elements of

S{x]/1. I will introduce the shorthand Gg(I) := PPg(S[x]/I} for this group.

Lemma 1.5. Suppose that I, J are compositional attractors of 8[x]. Then INJ and I.J,

their intersection and product, are also compositional attractors.

Proof: Elementary calculation.

Lemmsa 1.6. Suppose that I is a compositional attractor of $[x] and that # : § - T is a
ring homomorphism with ¥ : S{x] - T[x] being the natural extension of = to
polynomials. Then I¥ is a compositional attractor of T.
Proof:

Polynomial composifion is a combination of multiplication and addition of ring

elements by one another or by powers of the variable, all operations preserved by 7,
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hence ¥ preserves composition of polynomials. 0

Lemma 1.6 raises the natural question: Is there any connection between the groups of
permutation polynomials Gg(I) and G+4-(IF) ? The answer is yes, as demonstrated in
the following lemma, which implies the existence of a functor from the category of S-

algebras to the catgory of groups.

‘
Lemma 1.7. Let §, T, r, ¥, be as above and set R = §[x]/I and A = T[x]/IF. Then
there is a well-defined map p: Fg(R) = F(A) induced by ¥ that agrees with ¥ so as to
make f(x)'i"e.’?‘. = f(x)cg"p and which has the additional property that w = ple(I) is a
group homomorphism of Gg(I) with G+(A).

Proof:

Since [ is a compositional attractor, Theorom 1 (ii) tells us that ker(c?)‘é‘r’ = ker(ﬁi‘;‘.).
This is sufficient to show that p exists. Since p agrees with ¥ and ¥ preserves
polynomial composition, we see that p is 2 monoid homomorphism of Fg(R) into F+(A}.
A monoid homomorphism necessarily induces a group homomorphism on the groups of

invertible elements; hence w exists as specified.

Example 1.2,

Let § = sz, T = Zp, and let r be the natural map with kernel <p>. If we take I

z 2
= Izp » then Lemma 1.7 tells us there is a group homomorphism w : PP, 2{2 9) =
2 g
p P
z, Z,
PP, (Zp) given by f(x)+1,°7 | f(x)+1,”. In plainer language, a polynomial over Z 5
Zp 2> Zp p

that permutes Z ,, is (mod p) a polynomial over Z, that permutes Zj,.
p
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Results for Finite Fields and the Integers.
50 Introduction and Summary.

In this chapter I will discuss results where the coefficient ring is the integers. I refer
to such compositional attractors and permutation polynomials as scalar. In some cases |
will give generalizations of results when such generalization is without cost. For
example, the results on prime finite fields, which I require for the integer case, can be
done for all finite fields just as easily. Every finite ring with 1 clearly forms a Z-aigebra
and hence has scalar polynomial functions and scalar permutation polynomials.

In Section 1 I will give a classification of all compositional attractors of GF(p")(x], p
prime, as well as several examples of attractors tied to specific GF{p")-algebras. In
Section 2 1 will use the classification of compositional attractors to give a complete list of
orders of permutation polynomial groups with coefficients in GF(p"). In Section 3 I will
address the question of compositional attractors of ZI[x] in terms of compositional

attractors of an[x].
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§1 Compositional Attractors of GF(p™)[x].

In this section F = GF(p"), and let ¢ = p". Since F[x] is a principal ideal domain the
search for compositional attractors in Fix] is reduced to the problem of finding
polynomials f(x) with the property f(x) | f(g(x)) for all g{x) ¢F[x]. This property has
modest application to factorization theory. One question of interest, for example, is to
determine when a composition of irreducible polynomials is itself irreducible. As we will
see this section tells us that there are many instances when the composition of

irreducibles is not irreducible.

Theorem 2.1. A polynomial f(x)eF[x] generates a compositional attractor iff it is a
product of least common multiples of polynomials of the form (qu-— x).
Proof:

(¢) Notice that if Q = GF(qk), then (qu— x) generates Ig; hence by Lemma 1.5 all
polynomials of the given form generate compositional attractors, as intersecting ideals is
equivalent to taking the least common multiple of their generators, and multiplying
ideals is the same as multiplying their generators.

(=) Let I = <c¢(x)> be a compositional attractor of F[x], set A = F[x]/l, and
suppose that f(x)eF[x] is irreducible so that {'(x) is the minimal polynomial of some
acA. Recall that F[x] is a unique factorization domain, I claim that for any irreducible
g(x)eF[x] with degree dividing the degree of f(x), there exists some FcA so that g"(x) is
the minimal polynomial of 4. To see this, notice that if J = J{A) is the Jacobson
radical of A, then A/J is a direct product of finite fields of characteristic p.

Since {"(a) = 0, it follows that f{a) ¢ J. Now, since f(x) is irreducible it must be the

minimal polynomial of an element of one component of the direct product; if not, f{x)

would be the product of the minimal polynomials of elements in two different
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components and hence would not be irreducible. Let ¥ be the component of the direct
product A/J in which an element for which f(x) is the minimal polynomial lies. Then
for any irreducible g(x) with degree dividing the degree of {(x)}, we know from the theory
of finite fields that there is some y+J ¢ F for which g(x) is the minimal polynomial. A
quick calculation shows that the set g(y+J)} is all of J. Since f{e) has nilpotency n, it
therefore follows that for some choice of jel, g(v+j)} has nilpotency n; hence § = y+]

has minimal polynomial g"(x).

Since I = Ié, it follows that the minimal polynomials of all elements of A divide ¢{x).
Recalling that qu... x is the product of all irreducibles of degree dividing k, once each,
we see that the claim shows that ¢(x) must have the specified form, as the irreducibles
of smaller degree in the divisor lattice occur, as divisors of ¢(x), at least as often as those

of larger degree, and as irreducibles of the same degree are forced to occur the same

pumber of times. {0

Corollary 2.1. Suppose f(x) generates a compositional attractor of F{x]. Then the

following hold:
(i) All irreducible divisors of f{(x) having the same degree have the same multiplicity.
(ii) If f(x) has an irreducible divisor of degree d and multiplicity m, then all irreducible

divisors of f{x) having a degree dividing d have & multiplicity equaling or surpassing m.

Proof:

Elementary computations show this to be simply a restatement of the preceding

theorem.
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The following coroltaries demonstrate a use for Theorem 2.1 outside the domain of

permutation polynomials.

Corollary 2.2. Suppose that f{x)cF{x] is an irreducible of prime degree r. Then if
g(x)eF{x] is a polynomial of degree less than r, there must exist another irreducible
h{x)eF[x] of degree q so that

£(x) | h(g(x)).
Proof:

(xqr- x) generates a compositional attractor. Its divisors are exactly the irreducibles
of degree r and 1. From Theorem 2.1 we see that this means (xqr—— x} ] (g(x)qr— g(x)).
Since g(x) has degree less than r, the composition of g(x) with one of the linear factors
of (xqr-— x) cannot produce a maultiple of f(x); hence the composition of g{x) with some

h{x) of degree r must have done so. [

One conclusion this corollary leads to is that for any irreducible of degree n, for each
prime r>n, we find that there exists at least one irreducible h(x) of degree r so that

h(g(x)) is not irreducible.

Corollary 2.3. Suppose f{x) is an irreducible of Fx] of degree n. Then there exists some
g(x)} # x of degree less than n so that f{x) | f(g(x)).
Proof:

For any g(x) # x, Theorem 2.1 implies x¥—x | (g(x))qwg(x). If we set h{x} =
x_f(;_)x, then Theorem 2.1 implies that there exists g(x) so that h(x) | h{g(x)). Since
h(x)-f{x) | h{g(x))-f(g(x)), we may conclude that f(x) | f(g(x)). From this we see that

f(x){f(a-f{x)+g(x)); hence we may take g{x) to have degree less than that of f(x),
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without loss.

Now | will give examples of compositional attractors tied to various F-algebras. The
first is taken from [9] and is the basic compositional attractor from which the others are
built.

qk
Example 2.1. If Q = GF(q®) then <x? — x> = I?.

My second example is taken from [11].
mo o
Example 2.2. f R = F™ then we see If; = <H (x' — x)>.
¢ =1

For my third example, which is my own and hence is stated as a lemma, I will use a
type of F-algebra fundamental to the analysis of those permutation polynomial groups

associated with compositional attractors of Fx].

Lemma 2.1. Suppose that f{x) = fl(x)el‘fz(x)e2 ----- fk(x)ek is a factorization of f(x) ¢
F[x] into powers of distinct irreducibles. Then if A = F[x]/ <f(x)> we see that
deg(f,(x)) .
ié = <L.C.M {(xQ - x) >

Proof:

Notice that since the various fi(x)’s are relatively prime to ore another, the Chinese

Remainder Theorem tells us that

k .
Flxl/ <f(x)>= [] Fix]/ <f(x) >,
=1
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From this we can see that the generator of Ié must be a common multiple of the
A & .

generators of the Ic' i = 1..m, where A; = F[x]/<F(x) ">. Since the least common

multiple of all these generators is in Ifz‘, it follows that it must be the generator. It

A deg(f}) N

remains to show that I is generated by ()ﬂ:Q - x) g
To see this, apply Theorem 2.1. Certainly there existas an element in A it is in fact
the coset of %, that has f;(:v:)’es as it8 minimal polynomial. This forces the putative
generator to divide the actual generator. It is easy to see that the Jacobson radical
J(A;) of A, has generator f;(x}; hence the maximum degree of nilpotency of an element of

deg(f;(x)) - .
} we see that all minimal polynomials of

J(A;) is ¢. Since A;/J(A)) = GF(q
elements of A, are powers of irreducibles of degree dividing the degree of fi(x). From the
maximal degree of nilpotency argument, we see that the power of an irreducible in a

minimal polynomial need not exceed e;; hence the actual generator divides the putative

generator, forcing them to be one and the same. 0
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§2 The Order of Finite Permutation Polynomial Groups with Finite Field Coefficients.

In this section F = GF(p"}, and let ¢ = p". At this point [ am ready to tackle the
problem of enumerating the permutation polynomial group associated with each
compositional attractor of F[x]. Lemma 1.2 makes this equivalent to computing the
order of every finite group of permutation polynomials with coefficients in F. The first
step is to solve the problem for F-algebras that are direct products of finite fields. At

this point I would like to recall the Artin-Wedderburn structure theorem for Rings.

Theorem (Artin-Wedderburn}.

For a ring R the maximal nilpotent ideal J(R) of the ring is called its Jacobson
Radical. The factor ring R/J(R) is a semisimple ring. In the case we are dealing with,

R both finite and commutative, R/J{R) is the direct product of finite fields.

The second step is to employ Lemma 1.3 to lift this result to all F-algebras of the

form F[x]/ <f(x)>, at which point the title of the section is satisfied.

Unlike other permutation polynomial groups, enumeration of the permutation
polynomials of a finite F-algebra comprising a direct product of finite field is best done
by computing the isomorphism type of the group. This process is a simple modification
of work presented in [9]. Lemma 2.2(i) is entirely as presented in [9] except for a

change of terminology, and is included for completeness and consistency.

Lemma 2.2. Let 3 = GF(qk). Then
(i) PP(Q) is the centralizer in PP(Q) of the Frobenius automorphism o: x b x%.

(ii) PP(Q) acts on all subfields of  containing F.
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(ili) PPp(Q) acts on the sets Q4 = {q¢Q : q has a minimal polynomial of degree d}.
(iv) PP(Q) is the internal direct product of its representation on the Q,’s.
Proof:

(i) Suppose that fx)+IF ¢ PPe(Q). Then (f(x))* = (Tfx)® = Tt =

Zfixq'iz f(x%), so all members of PPR(Q) centralize . On the other hand, suppose

K

that f(x)+i§ centralizes o.  Since Ig = <x? - x>, there is some unique

representative, take it to be f(x), with degree<q® of f(x)+I3. Then f(x)? = f(x%). If

a*-1 .
we set y = x°, we see that this equality can be reformulated as g(y) = §§1 (£—£%y' =
0 for all y in Q. Since g(y) has degree less than qk, it follows that f, = fiq for all i,
placing f(x) squarely in PPp(Q).

{ii) This follows directly from the fact that all subfields of ¢} contain F.

(iii) This follows directly from the fact that the partition of Q into the Q’s is induced
by the subsets of (3 that are subfields containing F.

(iv) Let G4 be the representation of PPe(Q) on Qp. This notion is well defined by
(iif). Notice that the characteristic function XQy d [ k, is in Fe(Q). To see this, simply
take f(x) to be qu.... x divided by each irreducible of degree d in F[x]. Since d | k, f(x)
¢ Fix]. The resulting function is zero off Q, and equal to the product of all elements of
Q—Qq on Qg hence xéé is a scalar multiple of f{x). Since f(x) ¢ F[x], this scalar is in
F; hence f(x)cg = XQq

Once we have XQy€ F[x] we see that for f(x)+lgs PP-(Q), glx) =

x-(lwqu)+f(x)-qu is exactly the Q4-component of the permutation associated with



f(x) on Q4 and identity off Q4. Therefore, each element of PP(Q) has unique internal
decomposition into a product of elements from each G, giving the specified internal

direct product. O

The following lemma also appears with different language in [9]. As we will see
subsequently, it has application to all F-algebras that are direct products of finite fields,

not just extension fields.

Lemma 2.3. Let Gy be the representation of PPg(Q) on Q4 = {qe¢Q : ¢ has minimal
polynomial of degree d}. Then G, = C, wr Sx(qy> Where w(d) is the number of
irreducibles of degree d in F[x], and wr denotes the wreath product.

Proof:

Since we know that PP(Q) contains all permutations of Q, we see from Lemma 2.2
that G, is the centralizer in Sym(Qg) of the Frobenius automorphism o: x |+ x%. From
the theory of finite fields, we know that the action of the Frobinius automerphism on Q
is the cyclic permutation of the #(d) sets of d roots of each irreducible of degree d in
F[x]. The centalizer then clearly contains each individual cyclic action induced by ¢ on
the roots of some irreducible of degree d. A simple calculation shows that any
permutation centralizing ¢ must normalize the group generated by these cycles; hence
Gy has a normal subgroup N comprising the direct product of x(d) cyclic groups of
order d.

Note that G4 must contain any permutations that swap sets of roots in a fashion

consistent with the cyclic actions of & upon them. A simple calculation shows that these
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together with the members of N comprise all permutations that commute with ¢. If (a;
as -+ ay) and (by by - by) are respectively the cyclic actions on two sets of roots, then
(ay by)ay by) .- (ay by) is an involution in G,. Clearly, the set of all such involutions
generates a symmetric group on the sets of roots of irreducibles that form an Sﬂ,(&)—
complement to N in Gy, making G4 the semidirect product of N by S#(d)' Notice that

the stabilizer of a set of roots in this symmetric action centralizes those roots; hence Gy

is a wreath product as specified in [3], page 33. O

Theorem 2.2. Let A be an F-algebra that is a direct product of finite fields
m X,
[1GF@Y.
i=1

Then:

(i) PP(A) = I|I Cq Wr Sy(4y 2nd
d |k

i

iy [PPe(a)] = [T 4" Vo,

a7k

where m(d) denotes the number of irreducibles of degree d over F.
Proof:

(i) Let Ay = {acA : a has an irreducible minimal polynomial of degree d}. Notice
that PPg(A) must act on sets of the form AdnGF(qki); hence the action of PP(A} is
completely determined by its action on the A ’s. By examining the finite field ¥ =

LCM(k;)

GF(q }, we see that as in 2.2(iv), Xa,€ Fe(A) and that PPg(A) is therefore a

direct product of its representations on the Ay’s. I claim further that the action of
PPE(A) on A, is completely determined by its action on any Q4 = Ayn GF(qki) where
d | k;. To see this, notice that all such intersections are simply the set of all elements in
the field extension GF(q%) of F that had minimal polynomials of degree d over F.

Clearly, a polynomial permutes the set product of several such sets iff it permutes some



o
1]

one of them; hence the claim is true. With the claim we see, however, that the
representation of PP-{A} on Ay is isomorphic to the representation of PPF(GF(qd)) on
Qg. as in Lemma 2.3; hence the components of the direct product of (i) above have the

specified form.

(ii) The enumeration follows directly from the isomorphism type of the group.

Corollary 2.4. Suppose that f(x) ¢ F[x] is a square free with irreducible divisors f;{x),
£5(x), ..., fm(x) of degree d,, dy, ..., dm, and set A = F[x]/f(x). Then

(i) PPe(A) = H Cs wr B, (gys and
5 | some d;

(if) [PPe(A)] = 1 ds”(s).«(s)!

L

(ii)) I& = <L.C.M(x? - x)>.
Proof:

{i} Notice that the Chinese Remainder Theorem tells us that

A= ﬁ F[x]/ <f(x)> = ﬁ GF(qdi).

Apply Theorem 2.2 and we ha::}ii). =

(ii) Follows from (i) by elementary counting.

{(iii} Note that the putative generator of IQ is the least common maultiple of the
minimal polynomials of all elements of A. Since all members of Eé are common multiples

of all minimal polynemials of elements of A, this suffices to make it the generator of I?.

0

With Corollary 2.4 in hand, we are ready to compute the order of PP(A), where A is
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Fi{x] modulo any polynomial. To do this we will employ the lifting Lemma 1.3 from

Chapter 1.

2y €2 em . . .
Theorem 2.3. Suppose that f{x} = fy(x) “-fp{x) < .- fu{x) " is a factorization of f{x)
into powers of distinct irreducibles of degree d,, d,, ..., dm, respectively, and let ry =

max{ei i d | deg(fi(x})}. Then if A = Fix]/<f(x)>, S = {s : s divides some d;}, T =

{te8 : 1y >1} we have

(s) ES”(S)'S'(TS“I) . (s)
s SE x{s
[PPe(A)] = (Sgss -x(s)!)x(q )x(snar(}“_ag) )

Proof:

As I will demonstrate, the three factors in the formula above are, respectively, the
number of polynomial permutations of A modulo its Jacobson Radical, the number of F-
polynomial functions on A that are also permutations of A modulo its Jacobson radical,
and the fraction of those functions that are actually permutations of A. To see that the
first two factors are correct is easy. If J(A) is the Jacobson Radical of A and s(x) =
fy(x)-f5(x)- - - -fin(x), we see first that J(A) = <«s(x)>; hence A/J(A) is isomorphic to
an algebra of the form described in Corollary 2.4, and we have the first factor.

If we take t{x) to be the product of all irreducibles in F{x] with degrees in S, then we
see from Lemma 2.1 that IA";.(A) = <t{x)}>. All the F-polynomial functions on A that
give permutations of A/J{A) are then of the form

f(x)+6(x)-r(x), f(x)+1 22 ¢ PPL(A/I(A)), (%)
for some polynomial r(x) and further all such functions have a unique representative
modulo the generator, g(x), of Ié {which, recall, is ker(fé)). A quick calculation shows
that the exponent of g in the second term is exactly degree(g)—degree(t} and hence

gives that maximum degree of r, so the second term is correct as there are q possible

choices for each coefficient of r.
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The third term follows from the Chinese Remainder Theorem and the lifting lemma.
Indeed, lemma 1.3 tells us that a polynomial permutes A iff it permutes A/J(A), and
that the evaluation of its formal derivative at any point cannot, by multiplication,
increase the degree of nilpotency of any element of J(A). A moment’s thought will
convince one that J{A) = <t{x)>. From this we see that the second condition of the
lifting lemma iz equivalent to the formal derivative at each point being divisible by no
irreducible whose degree is in T. Apply this to (%) and we see that for each a(x)cA, we
want

f'(a)+t(a)-t'(a)+t'(a)e(a)
to be divisible by no irreducible of degree d for which ry > 1. Notice that Corollary 1
implies that t(x) is a compositional attractor; hence t{a) is divisible by all such and the
condition we wish to satisfy is exactly
f'(a)+t'(a)-r(a) # h(a)
simultaneously for all irreducibles h(x} with degrees in T. However, this is equivalent to
insisting that f(x)+t/(x)-r(x) not be a multiple of h(x). From the factorization of (x),
the product rule for derivatives makes it obvious that t’(x) is relatively prime to h{x)
and the condition becomes that r{x) not assume some one value modulo h(x). This
means that exactly the fraction (1 - —;;;%;'—(—;ﬁ) of all polynomials modulo h{x) are
acceptable. Since the various irreducibie? with degrees in T are all relatively prime, the
Chinese Remainder Theorem tells us that the fraction of polynomials acceptable modulo
all possible irreducibles is simply the product of the fraction acceptable modulo each

irreducible; hence the third term is correct. {I

Corollary 2.5. The formula given in Theorem 2.3 may be simplified to

x(s)
Hs”(s)-x(a)E-H ((qs_l)'(qs-(rs—ﬂ)) _
seS

seT



Proof:

Routine computation.

28
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§3 Compositional Attractors of Z[x].

In this section we will develop some information about compositional attractors of the
integers, setting the stage for Chapter three. Throughout the section p will be a prime,
n will be a positive integer, and an will denote the ring Z/<p">. Lemma 1.4 implies
that the compositional attractors of Z[x] are built out of the compositional attractors of
an{x} for various integers n and primes p. Recall that Ipm[x} (m>1)is not a UFD or
PID; hence the computations in this section will be both messy and farther from the
main stream. [ can’t just say “from the theory of finite fields we see...” anymore. [ will
begin the section with a useful lemma that quantifies in some sense the degree to which

me[x] fails to be a PID.

Lemma 2.4. Suppose that I is an ideal of me{x], p prime so that the factor module F =
me[x]/l is finite. Then

L= <fy(x), p 2efy(x)s ooy p Xof (),
so that

(i) 0 = ey <ey, < -<ey=m,

(i) 1 = 00 | fiey(0) | -+ | (),

(iii) each f(x) is monic, and

(iv) the generating set with its kth element deleted is a basis for I.

Proof:

Let G = {gy(x), g5(x), ...} be any generating set of I ordered so that the p-part of
the generators is nondecreasing and all possible p-parts of members of I are represented,
Let G; = {geG : g has p-part p'}. Now for two polynomials with the same p-part, a
greatest degree common divisor is a linear combination of those two polynomials with

the coefficients being monic polynomials; simply compute the ged of their primitive parts
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(mod p) to obtain such coefficients. From this we deduce that there exists some F(x)
with p-part p' that is a common divisor of all elements of G; (mod pi+1). Thus {g(x) :1i
= 1, ..., m} is a generating set of G.

For g(x), gj(x), i<j, we compute a replacement for g‘j(x) so that the primitive part of
the replacement for g(x} is a divisor of the primitive part of g(x). This is done by
computing the quantity gcd(pj'igi(x), @](x)) as a linear combination with monic
coefficients exactly as in the previous paragraph, and using this ged as the replacement.
From this we see some finite number of operations reduces the generating set to a new
set {g*(x) : i=1, ..., m} which has the divisibility property on primitive parts of
generators that we want for (ii). In addition the reduction step did not change the p-
part of the ith generator. Since F is finite we see that the generator with the largest p-
part is exactly gm*(x) = p™. Since F is finite we see that G contains primitive
polynomials, hence g,*(x) is primitive. Next we must transform the generating set {g,*}
into a generating set {g(x)} so as to make each g(x) a power of p times a monic
polynomial, all without destroying the divisibility property.

Certainly p™ = gm*(x) is already &(x) (the transformation of gm*(x)} is to leave it
alone). Suppose that the leading coefficient of g;* does not have p-part pi. Then it is a
multiple of the p-part of g;,(x), and as deg(g;,,) < deg(g,*(x)), we may subtract a
multiple of §;,,(x) and obtain a replacement for g;"(x) with leading coefficent that has
p-part pi. Having done this we may then multiply by a well chosen unit (mod p™) and
obtain g,(x) with leading coefficient exactly p'. Inductively, we obtain the desired g;(x),
i =1, .., m Since the reduction simply made each g;(x) some combination of {gj* :
i>i} we see that the divieibility property is preserved.

At this point we must eliminate redundant members of the generating set. [f the

primitive part of g,(x) divides the primitive part of gH_l(x), then g; ,(x) is a multiple of
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Z,(x); throw it out. Let fi(x) be the itk survivor of this elimination process on the g;(x).
At this point we see that we have satisfied (i)-(iii). It remains to prove (iv).
e.
Let hi(x) = p fi(x) and assume that the generating set is not a basis. Then for some

1<j<k, hj(x) is a linear combination of the other generators. Let

{high degree) r(x) = Zci(x}-hi(x), and
1<}

(high content) s(x) = }» ¢;(x)-h(x),
1>}

such that hj(x) = r(x)+s(x). Notice that f;(x) divides hy(x). By the divisibility property
it also divides r{x); hence it must divide s{(x)}. Also by the divisibility property, the p-
part of s(x) is a proper multiple of the p-part of h(x). This means that pc-hj{x) divides
s(x) for some integer ¢ > 1. Let A be the companion matrix of h_,(x) over p™. Now,
notice that A satisfies r(x). This means that hj(A) = s{A). On the other hand, A is

not a root of hj(x), so we have that s(A) is a proper multiple of gi(k;}, a contradiction,

so the given generating set is minimal, and we are done. 00

One consequence of this lemma is a statement about the form of compositional

attractors over an.

Corollary 2.6. Suppose that J is a compositional attractor of an{x]. Then J has a
basis
e e
{fl(x), p 2'f2(x)? s P k'fk(x)},
so that

(i) 0 = e;<ep < - <g=m,

(i) 1 = £ (x) | fi_(x) | -+ | f;(x), all generate compositional attractors (mod p)
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{1ii) and each f{x) is monic.
Proof:

i we apply Lemma 2.4 to J, we obtain all of the above except the claim that each of
the fi(x) is a compositional attractor. Let g(x)azpn(x§ have invertible leading coefficient.

Since J is a compositional attractor itself, we see for each i that

. k .
p7-680)) = 3 g00)p ().
jﬂ

By considering the powers of p and using the basis and divisibility properties, we see

that ¢(x) = 0 for j <i. Thus we see that

k e.mei
f(g() = Y x)p > fx),

=i

so fi(g(x)) = ¢;(x)-f;(x) (mod p), and fj(x) is a compositional attractor (mod p). O

Corollary 2.6 tells us a form that all compositional attractors of Zp,-,{x] must have.
The next step is to further tighten our understanding of which parameters of the form

actually yield a compositional attractor.

Lemma _2.5. Let J be a compositional attractor of an{x], set A = an{x]/J, let B =

A/(p}, and take (f(x)) = IZBD' Then if
3= (%) p 2%, ..y B K (%))

is a basis of the sort described in Lemma 2.4 and *(x) is an irreducible power divisor of
f(x), then :X(x) divides each f(x), i<k, (mod p).
Proof:

Since B is a Ip-algebra, it follows that f(x} is the least common multiple of the
minimal polynomials of all elements of B. If tk(x) divides f{x), then there is an element

a+{p) ¢ B which has minimal polynomial g(x) divisible by zk(x). i *(x), and hence
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g(x), fails to divide some f(x) (mod pj, then pei-fi(a) # 0 (mod p"). This, however,

violates a property bestowed on J by Theorem 1.1 (ii), giving a contradiction. [

At this point I want to highlight an obnoxious feature of arithmetic in an{x}. If a
polynomial in an[x] is congruent to a polynomial that can be factored (mod p), it need

not be itself reducible when n>1.

Example 2.3. An irreducible polynomial of an[x] that factors modulo p.
(i) p=2, n=2, f(x) = x?+2, f{0) = 2, f{(1) = 3, f(2) = 2, f(3) = 3; hence f(x) is

irreducible in Z,[x], yet f{x) = x-x (mod 2).
This situation is not irretrievable, however, as shown by the following lemma.

Lemma 2.6. If f(x) ¢ an[x] is irreducible, then it is congruent module p to a power of
an irreducible element of Zp[x].

Proof:

H f(x) is not congruent to a power of an irreducible {modulo p) then is has a
factorization, f{x) = a(x)-b{x) {mod p) into relatively prime factors; this follows from
the prime factor theorem for UFDs. In order to prove the lemma [ will now construct a

factorization for any f(x} over an not congruent to a power of a prime (mod p).

Suppose that a{x), b{x) ¢ Zpa{x} are relatively prime modulo p so that
f(x) = a(x)-b(x)+p-q(x).

Examine the product with undetermined coefficients ci(x):

(a.(x)%-p-ci(x)+92-c§(x)+p3-cg(c}+ ---)A(b(x)-E-p-cé(x)-i—pz-cg(x)+p3-cg(x) ),
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which when expanded becomes
a(x)-b(x) + p-(ci(x)-b(x)+c§(x)-a(x)) + ;}2-(1:%(3()-(:;(1:)+c§(x)-a(x}+cf(x)-b(x})

+ p-(e(x)-ed(x) +c3(x)-cF(x) +c3(x)-a(x) +c3(x)}-b(x))+ .

The fact that a(x) and b(x) are relatively prime (mod p) allows us to apply the
Euclidean algorithm and obtain values for ci(x) and c;(x), up to congruence {mod p},
so, examining the above expression, we see that we may obtain any possible value for
the product {mod pi) without disturbing its value (mod pi"l). We may in particular

choose the coefficents so as to obtain f{x) from the product, hence the lemma is true. [

I want to conclude this section with an example of compositional attractors of Z[x].
The entire thrust of Chapter 3 is to develop two examples of compositional attractors of

Z, those associated with T, and with the mxm matrices over 7.

Example 2.4 . Suppose that f{x)+(p} is the generator of a compositional attractor of
Z,(x]. Then
(e, p100™ L, p2160)™, L, p"H(x), p7)
is certainly a compositional attractor of Z[x]. To see this simply note that
f(g(x)) = r(x)-f(x)+p-a(x)
by hypothesis, which yields the identity
k k K merym_Kk—m k-m
f(g())* = (x(x)-Ex)+p-a(0) ¥ = 3 1)) "pH T Ma(x) ™,

m=0
and apply the identity to each basis element.

Example 2.4 is in fact simply an application of Lemma 1.5 to the compositional

attractor generated by f(x) and p.
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The Groups szn(ln) and PPZR(Zm;m).

80 Introduction and Summary.

In Section 1, I will give a new proof of David Singmaster’s result[4], that there are

exactly

ﬁ kT

k=0
functions from Z, to itself that can be represented as polynomials in Zy[x], which is
shorter than the original and matches the notation used in the rest of this paper. In
Section 2, I will give a new form of the computation of a basis of IZZ“. In Section 3 I will
compute exactly which polynomials over Z;; are permutation polynomials, and [ will give
the size of PPzn(Zn). In addition, I will give some information about the isomorphism
type of PPZH(Zn), establishing the isomorphism type exactly for n == 1, 2. In Section 4
I will compute a basis for the compositional attractor Iznzlgm' In Section 5 I will

compute the membership and order of the group PPZn(anxm).

A tool I have found that leads to shorter proof about polynomials (mod n) is the
difference operator A, defined on any ring of polynomials over a commutative ring with

1, to be
Af(x) = f(x+1)~{{x).

For an original treatment of the difference operator, see [1]. A more modern

introduction to A is in [2].
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I will call & polynomial f{x)eZ[x] n-ish if it is 2 member of izz". Such polynomials are
the preimages under the natural homomorphism =:Z[x]=Z,[x] of the residue polynomials

of Zu. Residue polynomials of a ring are those polynomials having all elements of the

ring as their roots [5].
Throughout this chapter I will use falling factorial notation,
x™ = x:(x1)-(x-2) - (xnt1).

In order to avoid confusion with the use of parentheses in standard exponents, an
exponent will denote a falling factorial only if it is completely enclosed in parentheses.
The falling factorials are preferable to the powers of x as a basis for the polynomials in

some situations because of identities like the following [2]. First,
ax™ = n-x(n-l), (3.1

and using (3.1) for a polynomial f(x) = ag + a,lx(l) + o 4 amx(m), it foilows that

AXf(0) = a, kL. (3.2)
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§1 Singmasters Result.

In this section I will re-prove D. Singmaster’s 1974 result [4] that the number of

functions from Iy to itself that can be represented as polynomials is

ﬁ nflk:)'

gezp (k!

I later use this result to compute [PP(Zy)].

Proposition 3.1.

If f{x)eZ[x} is n-ish of degree k, then (nnk‘) divides the content of f(x).
k!
Proof:
The content of a polynomial is defined to be the greatest common divisor of its
coefficients when the polynomial is written with respect to the standard basis, the
powers of x. Notice that the gcd of the coeflicients does not change if the polynomial is

rewritten in the descending factorial basis. Assume then that {{x) is n-ish of degree k

and that
f(x) = a, + alx(I) + 8.2}((2) + e 4 akx(k)'

It is trivial to see that A preserves n-ishness, so n divides A™f(0), which means by (3.2)

that n | apym!. From this, we see that Gljn—zT)Eam' Each m is less than or equal to k, so

~—2__ for each m; hence (nnk') | am for each m. As a result (nnk’) divides the

0|
(a.k0y | {m,mty

content of f{x).
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A polynomial p(x)eZ[X] induces the function f, where
f(x mod n) = p(x) mod n

from Zj to itself. This notion is well defined because members of Z[X] preserve

congruence {mod n).

Theorem 3.1. {(D. Singmaster, 1974},

The number of functions from ¥, to itself that can be represented as polynomials is

ﬁn(n?k!)'

Proof:
To prove the formula I will produce a system of representatives for the equivalence

classes of polynomials in Z[X] that induce the same function over Z, and then compute

its size.

(i) (k)

I claim that the polynomials of the form (E%Eﬁx are n-ish. For any integer a, a
k!

is a product of k consecutive integers. An elementary resuit of number theory is that k!

(k)

divides the product of k consecutive integers so we see that k'[a'  and hence n|

(;?ma(k} for each integer a. This proves the claim.

From the claim one can see that if a polynomial induces a function on Z,, then that
same function is induced by a polynomial a5 + a;x + - + aa,,..‘,,‘x"'1 with its coefficients
in the range 0 < a, < (n,_ri;_ﬁ One simply subtracts proper integral multiples of n-ish
polynomials supplied by the claim, starting with those of highest degree and working
down. Since we are bringing the coefficients into the correct range in descending degree
order, the later corrections will not disrupt the earlier ones. Further, since n-ish

polynomials induce the zero function, subtracting multiples of them does not affect the

function induced.
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Now let f(x) and g(x) be polynomials with their coefficients in the range specified
above, and let p(x} = f{x} — g(x). Then if d = degip), one sees that the leading
coefficient of p(x) is strictly bounded in absolute value by G%; This means that (Hn,%*—j
| cont(p). Applying Proposition 3.1 we see that p(x) is not n-ish.

This means that the set of all polynomials with coefficients in the specified range form

the desired system of representatives. Counting the number of choices for each

coefficient yields the desired formula.



40

§2 A Basis for the ideal izzn.
Throughout this section I will use the notation I, for I%‘. [ will start with an

interesting property of £(n}, defined to be the least k for which nlki; i.e.,
k(n) = min{k : n{k!},

after which I will produce a slightly different version of the Niven and Warren [6]
basis for the residue polynomials of Z,;, which basis is also a minimal generating set for
In. Information about the function x(n} is necessary to produce this basis, and it is also
useful for the calculations in Section three. Some form of x(n) appears in {4], [5], and
[6]. In [5] Kempner refers to « as u, and my definition and use are closer to his than to
any other. I do not use the symbol z so as to avoid confusion with the Mébius function,
which pops up repeatedly in the generalization of this work to the matrix case. In [6]
Niven and Warren refer to a closely related function t(k)}, which is in some sense an
inverse of x(n) for prime powers. In [4] Singmaster uses the notation n(m) in place of

#{n) and then drops the argument and merely refers to the function as n.
A quick pencil-and-paper method of computing x{n} for prime powers and a number
of valuable special cases of x{n) appears on page 243 of [5]. As I will show below,

knowing the value of x(n) at prime powers rapidly gives one the value of x(n) for all n.

Proposition 3.2. (A. J. Kempner 1921)

Forn > 2, x(n) = max{x(q) : q a prime power divisor of n}.

Proof:

Assume that o1 > 2, and let d = max{«{q) : q a prime power divisor of n}. Then for
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each prime power divisor q of 1, g/ d! and hence nid!. On the other hand since for some

divisor q of n, k(q} = d, it follows that x{n)>d, so x(n) = d.

Notice that «x(1} = 0 and that &(p) = p for p prime. Table 3.1 gives some

provocative values of x{n).

Table 3.1
Values of k(n)
n &{n) x(n) n &(n) n x(n)
10 9 6 32 8 8192 16
22 1 . 64 8 16384 16
33 11 1 128 8 32768 16
4 4 12 4 256 10 65536 18
55 13 13 512 12
6 3 4 7 1024 12
TT 5 5 2048 14
8 4 16 6 4096 16

Now, instead of a basis for the Ideal of residue polynomials in Zy[x], as in [6], T will
produce a basis for the ideal Iy in 2{x], which is a preimage under the natural map from
I[x]} to Z,4[x] of Niven and Warren’s basis. My proof produces the basis immediately for
all n instead of producing it first for prime powers and then constructing a basis for

general n from the prime power bases,

Define:

Ap = {x(d) : d{n}.
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Theorem 3.2. Let I denote the ideal of n-ish polynomials in Z[x]. Then

In = (=2—x® : keap),

and further, this basis is minimal.

Let I, = {+& ) keAg). In the proof of Theorem 3.1, we saw that each

(n kb

generator of Jy was n-ish; hence JoCl,. Let f{x) be a member of I with degree m, say.

- n — n - .
If k is the largest member of Ay less than m, then mml = (k) This is because the

members of Ap are exactly all those integers a for which a! contains a divisor of n that

(a-1)! does not. Now, proposition 1 says that (‘ﬁﬁ"ﬁ | cont(f), so (Hgi?’—) [ cont(f). Asa

(nnk,)-x(k) of degree m with the same leading coefficient as

f(x). Subtracting this multiple gives us a new member f'(x) of I, having lower degree

result there is a multiple of

than f{x) but congruent to f{(x) {mod J,). By induction on degree, it follows that all
members of I, are congruent {mod J;) to 0 or zeroth degree members of Iy, which are

© 5 a generator of J, it follows that

exactly the multiples of n. Since n = (a-?aﬁ-x
InCJy, and ail that remains is to show that the basis is minimal.

Notice that the form of the generators given in Theorem 3.2 has a very nice property.
The contents of the various generators and their primitive parts are both totally and
strictly ordered by divisibility, with the two orderings running in opposite directions.

(k)

Assume

Start by ordering An = {k; > ky > --- > kn} and let g(x) = (nnk).x
L
the generating set is not a basis. Then for some jeAp, g; is a linear combination of the

other generators. Let

r(x) = Y c(x)-g(x), and
1>}

s(x) = 3 ci(x)-g(x),
<J
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(k)
such that gi(x) = r(x)+s(x). Notice that x ¥ divides g;(x). By the divisibility property

above, it also divides r(x); hence it must divide s{x). Also by the divisibility property,
the content of s(x) is a proper multiple of the content of gi(x). This means that c-g;(x)
divides s(x) for some integer ¢ > 2. Now, notice that k; is a root of r(x). This means
that gi(k;) = s{k;). On the other hand, k; is not a root of gi(x}, so we have that s(k;} is
a proper multiple of gj(kj), a contradiction, so the given generating set is minimal, and

we are done. O

Example 3.1. Generators for 1,5, [;5g.
(I;5) The divisors of 12 are 1, 2, 3, 4, 6, 12. Consulting Table 3.1 we find that «(d) for
each of these divisors is 0, 2, 3, 4, 3, and 4, respectively, so Ay = {0, 2, 3, 4}. Applying

Theorem 3.2, we get that
Lo = (12, 6x2, 2x®, <y,

and hence that Z[x]/1,, = 2y, x £, x L5 x 1, as an abelian group.

(I;»g) The divisors of 128 are 1, 2, 4, 8, 16, 32, 64, and 128. Consulting Table 3.1 we
find that x(d) for each of these divisors is 0, 2, 4, 4, 6, 8, 8, and 8, respectively, so Ay =

{0, 2, 4, 6, 8}. Applying Theorem 3.2 we get that
1,5 = (128, 64x'?, 16x*, 8x®), x®),

and hence that Z{x]/llzs = 2128 X 2123 X 164 X 2643(216 X 216 X 23 x Zs, as an abelian

group.
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§3 The group PPZH(Zn).

In the name of legibility, I will refer to PPZ;,(Z“) as PP(Z,) throughout this section,
and I will continue to use the notation I, for Ezz". The first step in computing PP(Z,) is
to reduce the problem of finding the isomorphism type and generators for general n to
the same problem for prime powers. [ will then produce a surjective homomeorphism

w:PP(Zpﬂ)—rPP(Z n-1) and establish a necessary and sufficient condition for a
P

polynomial over zp“ to be a permutation polynomial.

Henceforth when [ refer to a permutation polynomial | will actually mean the
equivalence class of all permutation polynomials that induce the same permutation.
Recall that the residue polynemials of Zy[x] are those members of Iy[x] having each
element of Z;; as roots; they induce the zero function. The equivalence class of a given
permutation polynomial f(x) over &y is thus the set of sums of f{x) with any residue
polynomial {5]. This convention simplifies matters substantially, as it allows us to treat

composition of polynomials as the composition of the permutations they induce.

Lemma 3.1, If n =q;-qy* -+ -qm is a factorization of n into powers of distinct primes,

then
PP(Z,) = PP(qu) X PP(lqz) X e X PP(qu).
Proof:

Let =: Zy[x] - H Zqi[x} be the ring isomorphism given by the Chinese Remainder

Theorem. Suppose that (g, €, ..., €m) is an m-tuple of permutation polynomials in
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HZQi[x}. Then by applying the Chinese Remainder Theorem pointwise to the functions
induced on the Zqi’s by the g;’s, we get a 1:1 function on Z;. This function is, however,
the function induced on I, by the preimage of (g;, g5, ..., gm) under 7. Now suppose
that f(x)eZp[x] induces a 1:1 function on Z,. Then the natural projection of this
function onto the product of functions on the Zqi’s must yield 1:1 functions, or we have
a contradiction of the Chinese Remainder Theorem; hence the polynomial components of
fr must be permutation polynomials. This shows that PP(Zy)r = HPP(ZQE). It

remains to show that = preserves group structure.

Recall that our group operation is composition of polynomials. A polynomial
composition is a string of ring additions and multiplications, nothing more, and both
these operations are preserved by =, a ring isomorphism. It follows that » preserves our
group operation, and hence that = restricted to PP(Z,) is a group homomorphism.
Since 7 is an isomorphism of finite rings, it preserves the size of a set and hence is a

group isomorphism when restricted to PP(Z,).
The next lemma is trivial but has great utility.

Lemma 3.2,

Hm < n and f(x)ePP(an), then f(x} acts on the congruence classes of an modulo
the ideal generated by p™.
Proof:

Routine,
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Lemma 3.3.

Fix n > 2. Let =: Z{X}/Ipn - Z[X]/1 . be the natural map. Then the map p that =
P

induces on PP(an) is a group homomorphism onto PP(Z ;).
P

Proof:

Since Ipn - Ipml’ the natural map = exists. Let fsPP(lpn). We know that f induces
a 1:1 fupction on an. L.emma 3.2 tells us that f induces a well-defined function on
1 ., as well, and it is easy to see that this function must also be 1:1. Since ker(n) =
Ipn, we know that the function induced by { on an-}. is equal to the function induced by
fr on 7 ,.;. This means that {r induces a 1:1 function on an_l and hence that
Image(p)  PP(Z ;.1).

Since 7 is a ring homomorphism it preserves addition and multiplication. From this
we see that it must preserve polynomial composition, which is just a combination of

additions and multiplications, This means that p preserves polynomial compeosition, and

hence is a group homomorphism, as specified. O

The next lemma is a special case of Lemma 1.3. I give a difference theoretic proof,

more in the spirit of this chapter, rather than refer to Lemma 1.3.

Lemma 3.4.

Let n 2> 2. Then f(x) ¢ Z[x] induces a permutation on an iff (x) has no roots {mod

p), and f(x) induces a permutationon Z ;.
p

To prove this lemma, I need to define the g-difference operator and make a claim

about it. The g-difference operator Ag, which has the same domain as A, is defined by
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Agf(x) = f(x+q)—1(x).

[ claim that if n is 2 or more, then for f(x) in an[x] we have that Apn_lf(x) =
p" (%) {mod p"). A routine calculation shows this to be so. Now, the proof of

Lemma 3.4.

{=) Suppose that f(x) induces a permutation on an. Lemma 3.2 tells us that if
az=b+p™?! then f(a)=1(b) (mod p™?!). Since the function induced by f{x) is injective, it
follows that f(b)~f(a) is a nonzero multiple of p™ 1, Since f{(b)— fla) = (Apn_lf)(a) we
see that Apn_lf(x) is everywhere nonzero. By the claim this is equivalent to f{x) having
no roots {(mod p). As in the proof of Lemma 3.3, the fact that f induces a 1:1 function

on Zp,-, is sufficient for it to induce a 1:1 function on Z | _,.
p

(¢«=) Suppose that f(x) induces a permutation on an_l and that f'(x) has no roots

{mod p). Since f induces a 1:1 function on Z __,, it suffices to show that f induces a 1:1
p

function on each equivalence class of Zpﬁ (mod p™1). Let A = {a, a+p™, ., at(p

1)p™ 1} be one such equivalence class.

Since f'(x) has no roots {mod p}, the claim tells us that Apn,lf(x) has no roots {mod
p"). On the other hand, two applications of the claim show us that Azpn_lf(x) =0
(mod p"). From this we can deduce that for b, b4+p™ e A, f(b)—f(b+p™!) = k-p™!
for some k#0 (mod p) that doesn’t depend on the choice of b. This in turn shows that
induces a 1:1 function on A since

A b {fa), f(a)+kp™, L f(a)+(p-1) ko™,
which are all distinct values (mod p"), as k is simply generating the additive group of

ZPI D
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Corollary 3.1.

Let f(x) ¢ Z[x]. If f(x)+ipn_1 £ PP(an,l) then f(x)—Hpn € PP(an) for all n > 2.
Proof:

If f{x)+I ,_{ is a permutation polynomial, it follows that it induces a 1:1 function on

F 4 A simple computation shows that a p™*-ish polynomial has a p-ish derivative;
p

p
hence for n>2, (f{(x)+g(x)) = f(x) (mod p) for any p™*-ish polynomial g By Lemma
3.4, f'(x) has no roots (mod p) and hence neither does (f+g)’. Since g(x) is a residue
polynomial over an_l, it follows that f(x)+g(x) still induces a 1:1 function on an,l, 50

by Lemma 3.4, f(x)+g(x) is a permutation polynomial over an for any p"l-ish

polynomial g(x). O

Notice that the corollary says for f ¢ Z[x}and n > 2 if f(x)+lpn is in PP(an), then
f(x)+Ipm is in PP(me) for any m>n. With the aid of Lemma 3.4 and Corollary 3.1 it

is now possible to prove that p is a surjective group homomorphism.
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Lemma 3.5,

g ?P(an) - PP(ZPH_I) is surjective,
Proof:

First deal with the case n>3. Let f(x)+lpn_1 be a permutation polynomial in
PP(an_l), and let g{x) = f(x)+Epn. Then by Corollary 3.1, g(x)sPP(an}. From the
definition of p we see that g{x)p = f(x); hence p is surjective.

Now take the case n=2. If we take some f(x)+Ip ¢ PP(Zp) and let

g(x) = x"”-(1+f'(x))+f(x)+1p2,
I claim that g(x) is a preimage of {f(x) under p. A routine calculation with the product
rule from [2] shows that g'(x)=p-1 (mod p); hence g’ has no roots (mod p). From (3.2)

(p) is p-ish. From this it follows

and the fact that A preserves p-ishness, it follows that x

that g{x) = f(x) (mod p) and hence that g(x) induces a 1:1 function on Z _;, since
p

does. This means that g(x) satisfies the conditions of Lemma 3.4 and we may deduce

that g{x)ePP(Z ,). On the other hand, since x® is an element of Ip, it follows that gp
p

= f, from the definition of p. O

Now we have the tools to obtain results on the isomorphism type of PP(ZP,,). The
main task of this section is producing the isomorphism type and generators of ker{p).
For n>3 it turns out that ker{p) is an elementary abelian p-group. At the end of the

section I will give a formula for iPP(an)F.

As we saw in Example 1.1 all permutations of Zp, are induced by polynomials in Zp[x].
This follows directly from the fact that all functions from Z, to Zp can be realized as

members of Zp[x]. Another way to see this is the following remark.
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Remark 3.1

Let F be the finite field of order q. Then for each nonzero acF, the polynomial f3(x)

g
= x+§: a*x% " is a permutation polynomial inducing the transposition (8 ajon F. Asa

Ke=2
varies through all of F, this gives us a set of transpositions that generate Sym(F). In
particular, this means

PP(Zp) = Sp,

the symmetric group on p letters.

Now I want to produce the kernel of p in the case where p : PP(Z ,) —» PP(Zp). It
p
turns out that the kernal of p is isomorphic to the direct product, p times, of the group

of affine functions aver Zp, {ax+b :a,b ¢ Zp, a # 0}.

Lemma 3.6.

If p: PP(Z_3) = PP(Zp) then [ker(p)] = [p-(p-1)] P.
Proof:

The definition of p shows that the elements of ker(p) are of the form x-+f(x), where
f(x) is p-ish. Theorem 3.2 tells us that I; has a minimal generating set {p, x(p)} and
that I 5 has a minimal generating set {pg, p'x(p), x(zp)}. From this we can see that a

set of representatives for ker(p) is the set of all permutation polynomials over Z , of the
p

form

»

x+s(x)-x" " +4(x)-p, ()

with the degrees and coefficients of r and s in the range 0 to p-1.
Now (#) clearly induces a 1:1 function on Zj, the identity. By Lemma 3.4 we need

only compute how many choices of r and s give (%) a rootless derivative (mod p}. If we
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compute the derivative of (*), we get

(p)-§-8(x)-[x(9)}’+p'r’(x)+l.

s'(x)x
Removing those terms that are p-ish, we see that () is a permutation polynomial if
s(x)-[xP) + 1 # 0.
A simple calculation shows that {x(p)}' 2 (-1) (mod p), so we need only have that s{x)
# 1 (mod p) for all x. A trivial counting argument shows that there are (p—l)p such
functions on Zp. Since all functions from Z to Z are induced by polynomials in Zp[x]
of degree less than p, we see that there are {p—l)p choices for s. The choice of r is

p

completely free among the p” polynomials that can be substituted for r in (*); hence

there are (p~1)p-pp permutation polynomials in ker(p). O
Lemma 3.7,
The characteristic function X(p) of the ideal (p) generated by p in lp” is a polynomial
function.
Proof:

Notice that (p) is exactly the set of nonunits of an. Let U be the units of an and
set
f(x) = [] x - u).
uegU
Then for each ueU, f{u) = 0. If a is a nonunit, then f(a) is the product of all the

elements of U. This means that the value of { is a constant unit ¥ on all of (p). Simply

setting x(p)(x) = v 1f(x) gives us the characteristic function of (p) as a polynomial. [

Theorem 3.3.

Let H be the group of affine functions from Zp to Z,. Then PP(ZPQ) = H wr Sp.

Proof:
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Claim 1 : Let (a-x+b) ¢ H. Then
t: {a-x+b) b x{m(x)-{a‘x+bvp)+(1-—x(g}(x))-x
is an injective group homomerphism of H into PP(sz) that moves (p) and fixes
Z,-(p)-
Proof:

By Lemma 3.7, (a-x+b) is a polynomial. Routine computation then proves the
claim. Now, conjugating He¢ by {x+a) gives us a copy of H that moves a+{p) and fixes
the rest of Zp. This yields p copies of H that move mutually disjoint subsets of sz;
hence we have a p-fold direct product of H inside ker{p}, call it K. By Lemma 3.6, order

considerations force K to be all of ker(p).

Now, 1 will produce a complement to K in PP(Z ,) that is isomorphic to PP(Zp}.
P

Let R = {0, 1, .., p-1} be a set of coset representatives for Z , (mod p).
p

Claim 2 : For & ¢ PP(Zp) there is some ¢* ¢ PP(sz), so that ¢*p = # and for a, b ¢
R such that a# = b, we have (a+c-pjo* = b+c-p.
Proof:

Let o be any preimage of # under p and transform ¢ into ¢ as follows. We know
that e(a+c-p) — o(a) = o'(a)-cp where we saw in the proof of Lemma 3.4 that o' (x)p
is constant (mod pz) on a+(p). This means that c{a+c.p) = b + k-p + ¢cp-o’(a). In
claim 1 we showed there was a permutation that fixed all points not in b+(p) and which
had the property that (b + kp + cp»a’(a)) b+ (b+cp). Apply this permutation to ¢
and repeat the process for each member of R. The permutation you obtain in the end
has the properties specified for ¢*.

Using the claim it is easy to see that the set {o* : #cPP(Zp)} is a copy of PP(Zp)
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inside PP(ZPZ} that has trivial intersection with K; thus PP(ZPQ) is the semidirect
product of K by PP(Zp). It remains to show that the copy of PP(Zp) acts on K in the
fashion necessary for a wreath product. To see this, let Hy be a copy of H acting on
a+(p) and let & ¢ PP(Z;) take a to b. Then Ha"* = H, by a simple computation,
which is exactly what we need {3]. Since PP(Zp) = Sp, we have

PPZ ) % HwrSp. 0

Lemma 3.8,

For n23, ker{p) = {x + f(x): f(x) ¢ Ipmx}'
Proof:

Certainly ker(p) € {x + f(x) : f{x) ¢ Ipn-l}' Let f(x) ¢ {pn—l' A simple computation
shows that f/(x) is p-ish; hence (f{x)+x)'=1 (mod p). Since f(x)+x induces identity on

Z . ., Lemma 3.4 tells us that f(x)+x is a permutation polynomial.
P

Lemma 3.9,

Let n>3. Then ker(p) is an elementary abelian p-group of order u(n) where v gives
the size of a set of representative of Ip“'i mod Ep“‘
Proof:

Let »:Z[x] —~ Z(x]/ Ipﬂ be the natural map. Notice that the additive group G of 1pn~17’
is abelian and that for each f«G, p-f = 0; hence G is an elementary abelian p-group.
Let 8: G - ker{p) be defined by f@ b f(x)}+x. I claim that ¢ is an isomorphism. By
Lemma 3.8 # is a bijection of G with ker(p), so I need only check that & preserves the
group operation. Let f, g ¢ G, with f(x} = Zf;-xi. Then

(10)o(g8) = T §-(x+8(x)) + g(x) + x,

= f(x)-g(x) + f{x) + g{x) + x,
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= f(x) + g(x) + x, (recall f'(x) is p-ish)

The fact that & is an isomorphism gives ker(p) the desired size. O

Corollary 3.2.

Let n>3 and let {q;(x) : 11} be the image under = of of the minimal generating set of
Ipﬂ,1 given in Theorem 2, with the generator of highest degree removed if its image
under r is 0. Then

{x*-q(x) + x:iel, 0<k<p}
forms a minimal set of generators for ker{p).
Proof:
{xk-qi(x) 11 ¢ 1, 0gk<p }is clearly a minimal generating set for the additive group

of I . ;7,and # is an isomorphism. O
p

Lemma 3.10.
. . x{p")
For the function v, defined in Lemma 3.9, v(n) = p for each n>3.
Proof:
By looking at representatives of I , , mod Ip“’ we see that the following recursion
P

holds:

1
U(ﬂ) - v(n‘l)-p(x(]}n)”!ﬁ(pn )).

Check that x(8) = 4 and «(p3) = 3p for all odd p. Then the recursion telescopes,

giving the desired formula. 0O

Theorem 3.4. Size of PP(ZPR).



(i) |PP(Zp)] = p!-

(i) [PP o) = p!-[p-(p-1)P.

p n-1 K
2 &P
(iii) for n > 3 iPP(ZPn}’ = pl{p-(p-1)}’ .pk=3

Proof:

(i) follows from a remark. (ii) follows from (i) and Lemma 3.6. (iii) follows from (ii)

and Lemma 3.10.
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mem
§4 Computation of the ideal 1 zﬂ
n
mem mem
In this section I will abbreviate I Z“ and I Zﬂ by the more wieldy notation 17,
n

with the meaning of the abbreviation being implied by context. A basis for one of these
ideals differs from the other only by the addition or subtraction of p". I will call a
polynomial in Zn{x] m-matrix n-ish if it is a member of the ideal If'. My goal in this
chapter is to create a basis for I$ and as a consequence, compute the number of scalar
polynomial functions from Z™E™ to itself. For the case n prime, see[11], and refer also

to Example 2.2.

The first step is to reduce the problem for general n to prime powers, which is done

exactly the way you would think.

e e e
Lemma 3.11. Suppose that n = p, ! Py 2, .. Py K is a factorization of n into powers
of distinct primes. Then
zmxm  k m
n __
bz = N %
i=1Pp

Proof:
Follows from the Chinese Remainder Theorem decomposition

zm;m 3 é zmxm

. ei *

i=1 p

and Lemma 1.4 (ii).
Recall[11] that for p prime,
mo
T = (] " = x)or (3.3)

t =1

if we let A, = {f(x) £ Zp[x] : f{x) an irreducible of degree ¢}, then
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B ool B,

fe A,

i ,_':33

These characterizations both come from noting that every polynomial of degree m has a
companion matrix in ngm, and taking the least common multiple of ail such
polynomials to obtain a generator for I%. It is possible to extend a weakened version of

this technique to an and to obtain generators for 1™,
P

Lemma 3.12. i;‘}, is exactly the ideal of polynomials having each polynomial, of degree
m or less, congruent modulo p to a power of an irreducible of Zy[x], as a divisor.
Proof:

Lemma 2.6 says that being divisible by any polynomial of degree < m is equivalent to
the putative condition for membership in I:,‘,. It is easy to see that being divisible by
any polynomial in an{x} of degree m or less is equivalent to being divisible by all monic
polynomials of degree exactly m. Now let f(x)szpn be a monic polynomial of degree m
and let A be the companion matrix of {{x). The ones that appear above the diagonal of
A ensure that A satisfies no polynomial relation of degree less than m. By applying the
division algorithm we see that this forces each member of I;‘;‘, to be divisible by f(x). On
the other hand, polynomials divisible by all polynomials of degree < m are certainly
satisfied by each mxm matrix over an. a

Lemma 3.12 reduces the problem of finding I;}, to one of computing least common
multiples in an{x}. Unfortunately the usual definition of the least common multiple
with its intimations of uniqueness doesn’t apply here. As it turns out we may be
satisfied with least degree common multiples. First notice that the problem may {must)
be done separately, one irreducible at a time. 1 will follow the rough outlines of the

technique used to compute I, in the first two sections of this chapter.
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Lemma 3,13. If fix) = e(x)k {mod p) for an irreducible ((x)}¢Zp[x] of degree d, then the
degree of a monic common multiple of all members of an congruent to f(x)} mod p

equals or exceeds

00 .
l‘f(d L) k; pﬂ) — d‘min{i H E [ j':i'k} 2 n}!
i

=0 | P
and the proof constructs a common multiple attaining the bound.
Proof:
This formula should be reminiscent of the one for the power of a prime dividing a
factorial. When d=1 it is exactly a comparison based on that formula. Now notice that
the degree of f{x) is exactly d-k. Each polynomial in an congruent to f{x) {(mod p)

differs from each other such polynomial by a multiple of p (by definition). Generalizing

J
( 1 )
pdeg{f}

of these polynomials differs from f(x) by a muitiple of p‘i. This is because each of the

this one sees that exactly the fraction

deg(f) coefficents, those other than the first, must all differ from the corresponding
coefficient of f(x} by a multiple of pj. This is the key to constructing a polynomial that
attains the bound. Simply maltiply sets of polynomials congruent to f(x) (mod p} that
complete equivalence classes {(mod p), (mod pz), ... as often as possible. This ensures
that you will arrive at a set of polynomials so that as many as possible differ from each
possible divisor by the highest possible power of p. One then sees this process gives the

stated bound. [J

Example 3.2 . Compute a least degree common multiple g(x) of all monic polynomials in

24,(x] congruent to x2+x+1 (mod 2).
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The set of all such polynomials is of the form
D= {x2+(2k~i~})x+(2m+i} . 0< k.m 515}.
Lemma 3.13 tells us that we should be able to do the job with an 8th degree polynomial.

It should be the product of four members of D that sweep out an equivalence class (mod

4). So take

g(x) = (X +x+1)(x* +x+3)(x* +3x+1) (x> +3x+3), or

g(x) = x®+7x" +30x® +8x5 +23x* +5x3 +6x2 +16x +9.

With Lemma 3.13 in hand we can compute the degree of a least degree of a monic m-

matrix p™-ish polynomial.
Corollary 3.3. Let »{d) denote the number of irreducibles of degree d in Zp{x}. Then
km(e™) = 3 #(d)-w(d, [T ")
d=1
is exactly the least degree of a monic m-matrix p™-ish polynomial.
Proof:

Lemma. 3.12 tells us that we want every polynomial of degree < m congruent (mod p)
to a power of an irreducible of Zp{x} as a divisor of our putative m-matrix p™ish
polynomial. This polynomial would then be the product, over the set of possible
irreducibles, of least degree common multiples of all monic polynomials congruent {(mod
p) to the highest power of the irreducible of degree not exceeding m. The sum and x(d)
cover the set of possible irreducibles, and by Lemma 3.13, «(d, [%];p") is the degree of

the required least degree common multiple; hence the stated degree is correct. I

In the case of I, the factorial function handily captured the maximal degree of n-

ishness one could expect from a polynomial. For the matrix case we need an analogous
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funection.

Corollary 3.4. Let
max {i : xm(pi) < k}
Im(k) =[] » ;
p prime
then if g(x) is monic of degree d, then it is at best, in the sense of division, m-matrix
Dy {d)-ish.
Proof:
The Chinese Remainder Theorem allows us to find polynomials simultaneousiy
congruent to any choice of polynomials modulo the assorted prime divisors of a given
integer. The powers of the primes in the above formula are, by Corollary 3.3, exactly

the best one could hope for, given the degree of the polynomial, hence the corollary is

true. O

At this point I want to extend xm{p") to nonprime powers. Recalling Proposition 3.2,
it is no surprise that I will take

kmi{n) = max{nm(pk) : pX a prime power divisor of m}. (3.4)

Corollary 3.5 If g(x) is monic and m-matrix n-ish, then its degree equals or exceeds

xm(n); further, a g(x) with degree exactly xn(n) can always be found.

Proof:
That this degree is necessary follows from the definition of km(n) and Coroilary 3.3.
That it is sufficient foliows from the Chinese Remainder Theorem. That the polynomial

desired exists is a consequence of the constructive nature of Corollary 3.3. O
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Corollary 3.6. x;(n} = x(n).

Proof:

Routine computation. O

At this point I want to take a detour off the road leading to the computation of
generators for I™, and take time out to perform the obvious generalization of

Singmaster’s result from Section 1.

Lemma 3.14. If g(x) is m-matrix n-ish of degree d, then 72— divides the content
(Ii, %m(d))

of q{x).
Proof;

Suppose that the lemma fails for some q(x). Then from (3.4) we deduce that for
some prime power divisor p* of n that d<nm(pk). Let € = max{i: dan(pi)}. Now if
for each such prime it was true that p*® divided the content of q(x), then the lemma
would hold, so assume without loss that pX® fails to divide the content of q(x). Then
for some j < k—e, we see that q(x) = pj-s(x), where 3(x) has some coefficient that is
invertible (mod p"). Iterating the reduction of s(x) by appropriate members of Eg}” the
generators given in Corollary 2.6, and multiplying by well-chosen powers of x, we may
produce a new polynomial §(x) so that pj +§(x) is stil m-matric pk-ish of degree less than
or equal to d, but the leading coefficient of 3(x) is invertible modulo pk. By multiplying
by an appropriate unit of Zpk and reducing mod p*, we find that we have a new
polynomial pj-s*(x) that is monic, m-matrix pX-ish, and of degree d or less. From this

we deduce that q(x) must be m-matrix pk'}-ish, but since j < k-e, we have a
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contradiction of Corollary 3.3. O

Theorem 3.5 The number of scalar polynomial functions from Z™;™ to itself is
Km(n)“‘].
Il oy
i @ Be@)
Proof:
Corollary 3.5 and Lemma 3.14 imply that we may construct polynomials of degree d

of the form

00 = G Bay e
with f, monic so that the set § = {sd(x) :d=1, 2, 3, } is a generating set of I'N. If
we suppose that this is not so, then there exists some f(x) that is m-matrix n-ish that
has a nontrivial remainder r(x) when reduced modulo (S). This remainder must
necessarily violate Lemma 3.14; hence no such f(x) exists. The set of nontrivial
remainders modulo (S} is then a set of representatives of the distinct Z,-polynomial
functions of ZM3™, These nontrivial remainders can be taken to be polynomials with
the coefficient of x% in the range 0€ ¢ < =l This together with the fact that
(n, Im(d))

Dmlkmin}) is a multiple of n shows the formula to be correct.

We are now ready to produce a basis for I'}. This will be done in a manner
analogous to Theorem 3.2. First we need to define
AR = {km(d): d|n},
and let gm(x; k) denote some monic m-matrix Pp(k)—ish polynomial of degree k. We

see from Corollaries 3.3 and.3.4 that such polynomials exist.

Theorem 3.6
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G = {(n,mﬁgmuﬁ'qm{x; k) ksA‘}?}

is a basis for I'!' in Z[x].
Proof:

Let JT k) : keA™). Then the choice of the scalar factor

= { (W'Qm(xs
ensures that J'0'C I, Let f(x) be an element of IT and assume by way of contradiction
that f(x) # J'. If the degree and content of f(x) simultanecusly exceed those of one of
the generators of I}, we may take the remainder of f(x) divided by that generator,
obtaining a member of 1T that fails to exceed the degree and content. Since the
contents of the generators are ordered by divisibility in the reverse order of degree of the
generators, we may in fact obtain a member of 17! from f(x), simulaneously exceeding or
equaling the degree and content of no generator of J|'. This resulting polynomial
would, however, contradict Lemma 3.14, hence JIE,‘ = Irgf. It remains fo show that the
generating set is minimal.

From Lemma 3.13 and the Chinese Remainder Theorem we see that we may assume
without loss of generality that for ky, ky ¢ AT, ky<ks = am(x; ky) | am{x; k3). Now
order AL = {k1>k2>--->kg} and set g(x) = («l}—,‘w%l;(-]-(-—i-j—)-qm(x; k;}, the various
generators. If the generating set given is not a basis, then for some i, g;(x) must be a

linear combination with polynomial coefficients of the others. Let

r(x) = Z cj(x)-gj(x), and

=i
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s(x) = »_c(x)g(x),
J<1
so that g(x) = t(x)+s(x). Since the contents of the generators are ordered by
divisibility in the reverse of their degrees, it follows that ~—f—— divides s(x) and
(ﬂ, %m(kt))
hence r(x). Likewise, since the primitive parts of the generators divide one another it
follows that q(x; k;) divides r(x). Since g;(x) is a scalar multiple of q{x; k;), we may
conclude that q(x; k;) divides s(x). Finally, since AT captures exactly the point when
the content of an m-matrix n-ish polynomial must change to compensate for its degree,
the divisibility ordering of the contents of the assorted generators is strict.  From this

we may deduce that the content of s(x) is a proper multiple of the content of g(x).

Thus for some constant C>2, there are a{x) and b{(x} so that
gt(x) (H, %m(kl)) Q(X, k|+1)+c (D, %m(k;)){l{x’ k;) b(x)' (*)
Now since the degree of q(x; kjy,) is strictly greater than q(x; k;), it follows that the

companion matrix A of q(x; k;;,) satisfies q(x; k; ;) but not q(x; k;). Specialize (+)

at A, expand g;(x) and see that we obtain the identity,

)-q{A; k) =C

Bl iy Bl AN K BLA):

gon
Since integral matrices have integral determinants and the left side of the above

expression is npot zero, this is impossible; hence gl(x) is not a linear combination of the

other generators. {J



65

§5. Membership and Enumeration of the Group PPZn(ngm).

In this section I will apply the techniques and tools of the first two chapters to
delineating and enumerating the Z,-permutation polynomials of the matrices over Z,.
In [8] J. V. Brawley computes the order of PP (GF(q)) and hence by specialization,
PPm(Zp). The only material on the isomorphism type of PPy(Zp), of which T am
aware, appears in [8] and [9], and no attempt is made to compute the structure of the
group. As part of the proof of his formula for the order of PP (GF{q)}), Brawley gives
an effective but tedious construction for members of the group; i.e., he can produce the
polynomial associated with a given permutation of matrices if one exists, and | see ne
way of improving his technique. No test for membership in PPy (Zp) exists for
arbitrary polynomials. In fact, the problem of determining membership other than by

direct testing is the subject of ongoing research in the case m=1 (see [7], Chapter 7).

I will denote by pn the group homomorphism from PPm(an) to PPm{Z ,.1),
P

induced by the (mod p} homomorphism as described in Lemma 1.7. As always the

Chinese Remainder Theorem allows us to restrict our investigation of PPy (Zy) to an

in the following fashion.

Ifn = q;'qy- -+ +qr i8 a factorization of n into powers of distinct primes, then the

Chinese Remainder Theorem implies

PPm(Zn) = PPr(Zq,) x PPy(Zg,) X -+ x PPry(Zg,)- (3.5)

I will continue to use the notation Il for the ideal of m-matrix n-ish polynomials in

Z[x] or Zy[x]. By x{n) I will denote the number of irreducible polynomials of degree n in
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Zy,[x].

The computation of |PPm(an)i breaks into three parts: n=1, n=2, and n>3. The
case n=1 is done by Brawley in [10] but is also a consequence of Example 2.2 and

Corollary 2.5. For completeness | will restate Brawley’s result here.

m fm/2] (k)
[PPm(Zp)| zk];[].kw(k)r(k)!;l:{l ((p"_1).(p"‘(l“’f‘”'2))) (3.6)

Now, for the remaining cases we will need to ascertain what the specialization of the
lifting lemma. is in the matrix case. This lemma is a consequence of Theorem 3, page 98,
of {10]. My proof is much simpler than the one given in [10] as it avoids tensor products

and ogly matrix arithmetic. This is a result of applying Theorem 1.1.

Lemma 3.15 A polynomial f(x)ePPm(Zp,,) iff f(x}ePPp(Z , ;) and f'(x) is root-free
p

{mod p) on Zm;m_

Proof:

Set A = an[x]/I:,‘,, and B = an_l[x}/lp:ﬂl. Then Theorem 1.1 tells us that
f(x)sPPm(an) iff f(x)sPszn(A) and f(x)sPPm(lpn_I) iff f(x)EPPan-l(B)’ so the
problem is reduced to finding when a member PPzpn’i{B) lifts to a member of
PPzpn(A). Now since l:,‘, c ip::l, we see that B is A modulo the nilpotent ideal J =
{prrlgl taken modulo I™,. This means that we may apply Lemma 1.3. The question

then becomes, when can f'(x), by multiplication, increase the degree of nilpotency of

some element of A? I claim that this happens exactly when f'(x) is divisible (mod p) by
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any irreducible in 3, the set of all irreducibles of degree 1, 2, .., m. Notice that
nilpotent elements of A are exactly the cosets of polynomials simultaneously divisible
(mod p) by all members of 3. By examining the definition of km(p"), it is easy to see

that the generators of I“;, k > 2 are in fact divisible {mod p) by the square of each
p

irreducible in 3; hence there exist elements of A whose degree of nilpotency can be

increased by multiplication by any polynomial congrueat (mod p) to a multiple of a

member of .
By the same token, multiplication by a polynomial congruent (mod p) to a multiple of
a member of J is the only multiplication capable of increasing the nilpotency of a
member of J; hence f'(x) must simply avoid having divisors (mod p) in 3. The fact that
zmxm

minimal polynomials of matrices in p are exactly products of members of I means

that this condition on f/(x) is exactly equivalent to being root-free on stm. O

With the correct version of the lifting lemma in hand, we have a test for membership

in PPm(an). We may now proceed to the enumeration for n>2.

Theorem 3.7. The homomorphism p,, is surjective, and the size of ker{p,} is given by

{(n=2) Set q = {M1+1, then
2

28 L0 m
Ket(pp)| = p> @ 1/ ¢ ”.H(l.-;l-‘-,)"“”, and (3.7)
d=q

(n23)
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[Kex(pn)| = p"™P ). (3.8)

Proof:

In the course of this proof I will compute the number of preimages under p, of an
arbitrary element a{x) of P?m(zpn-l)' That the number of preimages is independent of
the choice of the element suffices to show that pn is surjective. Let L{x)} be the
generator of I%’ given in Example 2.2. Recall that p, is the restriction to permutation
polynomials of the natural map # : an[x}/I:}, ~ an_l[x}/lpgfi given in Lemma 1.7. In

the case (n=2) this means that preimages of a(x) are all of the form
ag(x) = a(x)+r(x)-L(x)+s(x)-p,

with r{x) and s(x) having degree less than the degree of L{x) and coefficients in the
range 0< ¢ <p. This follows from the fact, given by Theorem 3.6 and routine

computation, that

Ir‘r)x = {L{x), p), and

I = (L(x)?, p-L(x), p),
p

as ideals of Z[x].

What remains then is to compute how many choices of r(x) and s(x) actually yield a
permutation polynomial under the auspices of Lemma 3.15. This amounts to checking
when al(x)’ is root-free on M3, or equivalently, when af(x)! has no irreducible

divisors of degree 1, 2, ..., m. Computing the derivative, we obtain
al(x) = a/(x)+r(x)-L(x)+5(x)-L'(x) +p-s'(x). (*)

Any maultiple of p is m-matrix p-ish as is L(x) by construction; hence the terms
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involving p and L(x) are zero everywhere on Zm;m_ What we need then is for the
remaining terms to be everywhere nonzero. Thus

afx) +r{x)-L'(x)
must have no irreducible divisors of degree < m. This, however, is a type of
. . deg{L(x))
computation we have done before, in the proof of Theorem 2.3. There are p

candidates for r(x) and, since L'(x) is constructively root-free on Z™X™ r(x) must avoid
Y p

a single value modulo each irreducible of degree < m that can divide «'(x).

Happily, a'(x) cannot have irreducible divisors (mod p) of degree < [';] Since L(x) is
divisible by the square of such irreducibles and since a{x) is forced by Theorem 1.1 and
Lemma 1.1 to be a Zp-permutation polynomial of A = Zp[x]/(L(x)}, we see Lemma 1.3
and the existence of the nilpotent ideal of A generated by the coset of the maximal

square-free divisor of L(x) force a’(x) to be root-free modulo such irreducibles. This

leaves us with the irreducibles of degree {Z‘}+1 of more,

The Chinese Remainder Theorem tells us that the constraints satisfied for each
irreducible are independent; thus the fraction of viable candidates is the product of
viable candidates modulo each irreducible. So of the possible choices for r(x), exactly

the fraction

I
_ 1yx(k)
11 (-5)
of the possible choices allow the satisfaction of Lemma 3.15. There are also p

Deg(iL(x))

choices for s(x) all of which allow the satisfaction of Lemma 3.15; hence the total

number of preimages of a(x) under p, is
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x e X m T
pPeg(te) | DeglLea) kH (l_plk) (k)
=q

Recail that
K
L{x) = ﬁ (xp - x),

k=1

k.—
so Deg{L(x)} = p-%:—;. Plugging this into (%) gives the stated result for n =2,

Now we turn to the case n>3. Notice, as in Lemma 3.10 for x,, that the formula
given in 3.8 for [ker(py)| is exactly the size of a set of representatives of I}, modulo I m
p

or, in other words, exactly |ker(¥#)|. This means that every possible preimage of 2 Z ;-
P

permutation polynomial of ZUX under ¥ must be a anopermuta.tion polynomial of
P

Zm;gn, for each n>3. By Lemma 3.15 this is equivalent to all pessible preimages having
a root-free formal derivative on zm;m’ which, by an application of Lemma 3.15 with
n=2, must be so. Thus all preimages of permutation pclynomials under ¥ are in fact

permutation polynomials themselves, and the formula given for n>3 is correct, [l

Corollary 3.7. Let f(x)eZ[x]. If f(x)«i—I:}, £ PPm(an), n>2, then f(x)—i«(Iff;) £
PPm(Z ) forallk = 1,2, ....

p
Proof:

This is simply a restatement of a portion of the final paragraph of the preceding

proof.

Now [ will wrap up the chapter by bringing together the assorted information on the
size of PPm(an). Notice that each of the formulas given below simply build on the

previous one.
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Corollary 3.8 If q = [';]+1, then the size of PPm(ZPn) is

m [m/2] (k)
(1) Hkﬂ'(k)w(k)g,n ((pk—1)~(pk ({m/k] 2))) ,
k=1 k=1
{ii) H k?r(k)’f(k)!'n ((pkml)_(pk-(fm/k]mz))) «
k=1 k=1
20-6" =D /(1) Py 7, _1yro g
p kI-_-.-Iq(l Qk) an
m . [my2] il — x(k)
i [ x (k)#(k)s.kn ((pkml),(pk (m/¥ 2))) )
51 =]

p
KR=q P k=23

p2p-(pm__1)/(9~1)'ﬁ (1_%)“:‘) g ﬁ xm(p")

Proof:

Follows from (3.6), (3.7), and (3.8). O

(n=1}

(n=2)

(nz3)

In order to give a sense of concreteness to the above formulas, [ will give, on the

following page, the actual numbers involved for small values of the parameters.

Appendix B contains the values of the special functions used. See also Appendix C.
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21434

2832

2153155171

976426543

111131171
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Table 3.2

Order of PP{dy).

4

21231

2253372

254385372

120

231355371
24932351276113133‘
172192231291311371

5!.10!.40!-150!-
9350350510
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Applications and Topics for Future Work.
§0 Introduction and Summary.

This chapter is a potpourri of results related to the main results of my thesis and a
few applications of results, particularly Lemma 1.2. In Section 1 | will compute the
permutation polynomials of the p-adic integers with p-adic coefficients. In Section 2, I
will compute the compositional attractors associated with the group algebras of finite
fields over finite abelian groups. In Section 3 1 will define multidimensional

compositional attractors and give a list of topics for additional consideration.
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§1 The Permutation Polynomials of the p-adic Integers.
In this section Z, will denote the p-adic integers and Z/n will denote the integers

modulo n. The p-adic integers are the set of all series {a, : k>1} so that

a, & Z/p%, and (4.1}

ay 4.1 =3y (mod pk). (4.2}
They are given the structure of a ring by

{ag}+{b} = {a +b,}, and

{agbx{by} = {ayxby}.
Denote by =, the natural projection homomorphism from Zp, to Z/p™ given by {a,} b+
am. Let w3 be the extension of my to polynomials. With these definitions we may

characterize the p-adic permutation polynomials of the p-adic integers.

Theorem 4.1. Let S=Z/p%, R = Z,. Then f(x)cPP(R) iff f{x}7r} ¢ PPg(S).
Proof:

(=) Suppose that f(x) ¢ PPg(R). Then the function r }» f(r) is 1:1 on R and hence s
b+ f(x)x3(s) is 1:1 on § = Rw,. Thus f(x)r] ¢ PPg(S).

(¢=) Suppose that f(x)rx} ¢ PPg(S). Then Corollary 3.1 says that f(x)mj¢
PPRWm(R'M) for all m > 2. Assume then by way of contradiction that forr,s ¢ R, r
# s but that f(r) = f(s). Since r # s, there is some m so that ¥ 1 > m, rm) # s7, but

for each such I, f(r)x; = f(s)x,, which contradicts the information yielded by Corollary

3.1. 0
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§2 Permutation Polynomials of Abelian Group Algebras over Finite Fields.

In this section F = GF(g), q = p", G is a finite abelian group, and R = F{G], the
group algebra of F over G. As in Chapter 2, n(n) will denote the number of irreducibles
of degree n in F[x]. I will compute the compositional attractor i‘g‘ and from it the size
of PPp(R). When the exponent on G and p are relatively prime, I will also give the

isomorphism type of the group,

Theorem 4.2. Suppose that G = <e¢> is a cyclic group of order m = pk-s, where s, and

p are relatively prime. Set R = F[G] and let ¢ be the order of g {(mod s}. Then

Proof:

¥
Let f(x) = xT — x; let

m-1
o = Zfiai
1=0
be an arbitrary element of R, and take g(x) to be the generator of I';. Since q' = 1 (mod

s), there is some t so that q" = st+1. Then a short computation shows that

-1 .
fla) = T]]Z()fi(“{St+l)-"*“i)'
i=

If we then compute the p"th power of fla), we find that

K m-i K, k. '. K,
f(a)p = Z(f;)p (GD (st+1) '—o® ').
i=0

Since the two powers of r in each term of the sum differ by a maltiple of the order of o,

k K
we see that the sum is zero; hence g(x) | f(x)p . It remains to show that f(:n:)p I g(x).

!
First consider the case k=0. It follows from Corollary 2.1 that g(x) = x1 —x for
!

some divisor [ of r. A quick computation shows that 1.4 ¢ R satisfies x3— x only when
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| = r, so g(x) has the specified form when k = 0.

Consider the case k>0. Notice that if H is a subgroup of G, then F[H] is a subalgebra

of R. From this we may deduce that

e’ (4.3)
From this we may deduce that g(x) is in fact a multiple of f(x), as apkgenerates a
subgroup of G of order s; hence R has a subalgebra of the type treated in the case k=0,
whose F-zeroing polynomials are generated by f(x). From the theory of finite fields we
know that each irreducible divisor of f(x) has multiplicity 1, so from Corollary 2.1 we

deduce that g(x) is in fact a power of f(x). Finally, a computation shows that 1-¢ fails

to satisfy f(x) ; henee f{x)" | g(x). 0

Corollary 4.1. Let G = Cnlx anx Cne be a direct product decomposition of a finite
abelian group into cyclic groups of order ny, ny, ..., ne, let n; = s,-p " where pls;letr

be the order of ¢ mod s;, and set R = F{G]. Then

4 ki

Ig = LCM{(xq i—— x)p ti=1,2,..,e }

Proof:
Notice that R is the direct product of C“}.’ an, ...s Cng, apply Theorem 4.2 to each
component of the direct product, and apply Lemma 1.4 (iii), recalling that in F[x] the

generator of the intersection of ideals is the least common multiple of the generators of

the ideals.

Corollary 4.2. Assume the hypotheses of Corollary 4.1 and let ky =k, = - = ke = 0.

Then



(i) PPe(R) = J[  Cs wr Sy, and
s | some r;

()

| 3
1

(i) [PPe(R)] -m{s)!

I
ome
Proof:

Use Corellary 4.1 to obtain lﬁ. Lemma 1.2 then says that Corollary 2.4 may be

applied to obtain the formulas given.

Corollary 4.3. Assume the hypotheses of Corollary 4.1, let S be the set of all divisors of
any r;, let T be those members of S dividing an r; for which k; >0, and let
ds = max{pki ¢8| ri}.
Then
IPPL(R)| = 1 sr(s).w(s)g.n ((qs_1).(q3-(ds—2)))ﬂ'(s)‘
s g8 seT

Preoof:

Use Corollary 4.1 to compute IR |, and use Lemma 1.2 to allow you to apply Theorem
F

2.3.

Example 4.1. Let F = GF(2), G = C,, the cyclic group of order 3, and set R = F[G].
Then Theorem 4.2 says that
I'; = <x4—x>, and
Corollary 4.2 says that
PPe(R) Z Cax Cy,
the Klein-4 group. In fact,

PPe(R) = {x, x+1, x2, and xz-i-l}.



Example 42 . Let F = GF(3}, G = C4, and set R = F[G]. Then Theorem 4.2 says

that

I? = <x9—x3>, and

Corollary 4.3 says that

|PPe(R)| = 1296 = 6%,
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§3 Questions for further study.

Multivariate Compositional Attractors.

A question I am asked virtually every time | mention compositional attractors is
“What happens when you use more variables?” My answer typically has been that
things get messy, so [ haven’t checked. The question, however, is a good one and in this

section [ will extend the definition of compositional attractors to multivariable

polynomial rings.

A multivariate compositional attractor of the polynomial ring S{xy, x5, ..., xp} is an

ideal I with the additional property that for f ¢ [ and for g,, g5, ..., gn we have that

f(gls 3 T Sn) ¢ L

Compositional Attractors of the Integers.

Something on my wish list is a classification of the compositional attractors of Z[x].
The techniques used to compute the compositional attractors for matrices over Z,
generalize to 2, algebras that have the property that every possible monic polynomial,
up to some fixed degree, is a least degree monic polynomial satisfied by some member of
the algebra. Algebras that do not have this property exist. To see this, notice that
Corollary 2.6 suggests a means of constructing them. Lacking some additional insight, |

do not at present have the tools to ciassify such compositional attractors.

Public Key Cryptosystems.
The second topic 1 would like to study is the computational complexity of

decomposing long period permutation polynomials into short period permutation
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polynomials. If the computational complexity of this process is high then the material
from the first three sections of Chapter 3 may be used to construct a public key
cryptosystem. One would design the permutation polynomial separately mod each p,
pz, p3, ete. dividing n to obtain a long period permutation without any short cycles in
its cycle decomposition. Locally, that is modulo each pk, one would invert the

polynomial and then compose the inverses to obtain the secret decoding key.

In conjunction with this it would be nice to see if the number of nonzero coefficients
of a permutation polynomial of Z, can be controlled “locally.” For permutation
polynomials over finite fields locating permutation polynomials with few nonzero

coefficients is difficult{7].

Compositional Attractors of Nonabelian Group Rings.

One of the nice things about the theory of compositional attractors presented herein is
that it lets computations on nonabelian algebras take place in equivalent abelian
settings. [t would be nice, then, to be able to find which compositional attractors go

with the various nonabelian group algebras.

Factorization Theorems.
One of the consequences of the material presented in Chapter 2 is a large number of
global factorization properties of composed polynomials over finite fields. It would be

nice to see if any additional juice could be squeezed out of this.



Permutation
O

{23)
(12)
(14)
(02)

(0 4)
(13)(2 4)
(0 1)(3 4)
(0 1)(24)
(02)(1 3)
(03)(2 4)
(0 3)(1 4)
(0 4)(12)
(23 4)
(123
(132)
(142)
(012
{014)
(623)
(031)
(034

(0 42)
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Appendix A

Explicit Examples of Polynomial Groups

The Group Sym{GF(8)) Realized as Polynomials.

Polynomial

X

3

K3 4+3x24-3x

4x3
4x3+3x2+2x+2
x3+4x2+2x+4
3x3

2x3 432 +4x+1
4x41
3x>4x?+ax+2
3x3+x244x+43
3x3+2x2+x+3
2x3 4 2x% +4x+4
3x3 +4x?+4x
3x3+3x%+x
3x3+x2+4x
2x343x 2 44x
3x34+2x24x+1
3x3+x2+4x+1
2x3 4 3% +4x+2
23 +4x%+x43
3x343

23 +4

Permutation

(3 4)
(24)
(13)

(6 1)
(03)
(12)(3 4)
(14)(23)
(01)(23)
(0 2)(3 4)
(02)(1 4)
(0 3)(12)
(0 4)(2 3)
(0 4)1 3)
(2 4 3)
(124)
(13 4)
(143)
(013)
(021)

(0 2 4)
(03 2)
(041)

(0 4 3)

Polynomial
x%+2x2+3x
4x3+4x2+3x
4x3+x%+3x
x3+x2+2x+1
4x3+2x2 42x 43
2x*

4x

234 x2x+1
4x-4+2
3x3+3x2+x+2
4x+3

2x34+4x? $x44
4x-+-4
3x3+2x%+x

293 +4x24x
2x3+2x2+4x
23 +x%+x

23 +1

I +2

34 x24x+2
2x342x2 4-4x+3
3% +4x?+4x+4
3x3+3x2+x+4



Permutation
(0 1}234)
{012)34)
(014)23)
(0 2}1 3 4)
{(02)(1423)
(03 1)}24)
{0 3¥1 2 4)
(03)(142)
(043)12)
(0421 3)
(1234)
(1342)
(1432
{(0123)
(0132)
(0142)
(0231)
(0234)
{(0213)
(0321)
(6342)
(0312
(0421)
(0432)
{(6412)

Polynomial
4x3—§-1

4x3 +4x%+3x+1
axS+x243x+1
x3—§-2
x3+4x2+2x+2
x3+3x2+3x+3
x3+x2+2x+3
x3+3

4x3 %% +3x+4
x4 x2+2x+4
X3 4x?4+2x

3x

x34+x%42x
x3+2x2+3x+1
Ix+1
4x3+2x2+2x-§-1
Ix+2
x3+x2-§-2x+2
4x3 +4x2+3x+2
X +4x°+2x+3
43 4% 4343
4x3+3
x3+2x2+3x+4
x3+3x2+3x+4
Ix-+4
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Permutation
(01){243)
(013)24)
{02 1){34)
(024)13)
{(023)14)
(03412
(632)14)
(04 1)23)
(0 43123)
(D 4)132)
(1243
(1324)
(1423)
(0124)
(0134)
(0143)
0241
{6243)
(60214)
(6341)
(0324)
(0314)
(0431)
{(60423)
(0413)

Polynomial
4x343x2+2x+1
KO +4x2+2x+1
4x342x% 4 2x 42
X3+ 2x% 4 3x+2
x3+3x2+3x+2
4x3+3x2+2x+3
x3+2x2+3x+3
4x3+4x2+3x+4
ax342x%4+2x+4
4x> 44

2x

4x34+2x2+2x
4x343x%42x
x+1
x3+3x2+3x+1
Ix+1
ax34x243x+2
4x342

2%-+2

2x+3

3x+3

453 +4x2 4 3x+3
x3 +-4

2x+4

433 4+3x24-2x+4



Permutation

(01234)
(01342)
(01432)
(02341)
(02134)
(02143)
(03421)
(03412)
(03142)
(04321)
(04312)
(04132)

Polynomial
x+1
2x3+4x2+x+ 1
3341
3x3+x2+4x-§~2
3x3+2x2+x+2
23 H4x24x+2
3x3+3x2+x+3
2x3+x2+x+3
x+43

x+4
3x3+x2-§-4x+4
2x3 +3x2+4x+4

83

Permutation

(0124 3)
(01324)
(01423)
(02431)
(02413)
(02314)
(03241)
(03124)
(03214)
(04231)
(04123)
(0421 3)

Polynomial
3x3+4x2+4x+1
3x3+3x2+x+ 1
23425 44x+1
2% +2x2 +4x4+2
x+2

2x3+2

2x343

2x3+3x2 +4x+3
3x3+4x2+4x+3
3x342x% 4 x+4
3x34+4

23 +x2Fx+4



Permutation
identity

(2 8

(1 4)

(4 7)

(1 4)(5 8)
{(28)(47)
(28)36)

(4 7)(5 8)

(3 6)(5 8)
(254 7)
(1758
(36)Y47)

(1 4X(3 6){5 &)
(28)(36}{47T)
(1 8)27¥45)
(1 832 4)(7 8)
{3 6)(47}58)
(18}24)(57)

(1 4){(2 8)(3 &)

(1 5)(2 73 6)(4 8)
(1 8)(2 T3 6)(4 5)
(L2)36)48)s5™

(174)

(285}

(17 4)25)
{1 4 7)58)
(17 4)36)
(285)4T)
(17 4)28)
(2 8 5)3 86)
(14 7)28)

(1 74)58)
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The Stabilizer of 0 in PP(Z,).

Polynomial

x

4 2x 23 Faxx
x5+x4+2x3+5x2+4x
xS +x4+2x3+8x2+7x
2x5+x3+x

2x7 xS 4 6x2 4x
215+214+4x2+2x
27 x5 3x % 44x

25 +2xt +x2 45x
2x5+x3+7x

20% xS 46x2 4+ 7x

2 +x* +8x2 +8x
2x342x

2x3+6x2+2x

2x° 425 44x
2x5+2x3+612+4x
2x° 4+3x245x

X 47x

2 4+3x% 4-8x
x5+2x3+2x

ax

3x2+81

3x2+4x

3x2+7x
x5+2x‘+2x3+12+x
2t 2+ TR 4x
X0 +x3+312+2x
x5+x4+2x3+2x2+4x
St +rxax
x4 +3x245x
ot a4 1x

x5+2x4+2x3+4x2 +7x

Permutation
an

(58

(2 5}

(3 6)

(1732 8)

{1 7H3 &)

{1 7)2 8}

(1 4)(25)

(1 4X3 8)

(1 4){2 8)
(25X38)

{1 2)(4 5X(7 8)
(1 TX{2 5)(3 8)
(1 5)(2 7)(4 8)
{1 2)(48}57)
(1 73(2 8)(3 6)
{1 4)(2 5)(3 6)
(25)X36)47)
(1 7X3 6X5 8)

(1B)(24X386)5T7)
(1 2)(3 6){(4 57 8)
{1 5)(2 41(3 6)(7 8)

(258)
(147)
(258)47)
(14)285)
(258)(36)
(14 7X25)
{(17)X258)
(14 7)36)
(1 4)}258)

(1 TH2 8 5)

Polynomial
xs+x4+2x3+2x2+x
x5+2x4+2x3+x2+4x
xS ox? p o3 4 7x 24 7x
x> x> +8x

23 xS 32 x

2x7 4x* +2x2 4. 2x
2654 x3ax

2O 50 +6x244x

2x5 x4 5x2 4-5x

27 %% +3x2 4 7x
2x5+2x4 +7x2+8x
x3+x

23 +3x2 4 2x

x3+#x

20 4+ 2x3 +3x° 4 ax

2% 4-5x

2% 46x245x

2348

2% +6x2+8x

x5 2% 45x

X +2x° 48x

6x2 4+8x

6x244x

6X2+Tx

x® 4x¥ 4 2x3 5% 2 x
o +xt 42 pex24x
%2 45 +6x2 4-2%

x4 2x? 253 fax? ax
X2 4xt 423 4 8x2 4 ax
X0 x> 6x245x
X0t 23 2x2 4 7x

Ot 423 152 7x



Permutation
(1742536
{1473 6)58)
(285)36)4T)
(17 4)(28)3 6}
(1 4 7)28)36)
(17 4){(3 6)(5 8)
{14 7)258)
(1474285)

(14 7%285)36)
(147)(258)36)
(154827
(1842)5T)

(1 2 4 57 8)
(1875)24)
(127 8)45)
(157 2)4 8)
(124578
{(18K2487)
(18¥27154)
(1875)24)(36)
(1278)36)45)
(1 57 2)3 634 8)
(1 2}(3 61457 8)
(15)(2487)36)
(18275 4)36)
(1548)(27X36)
(1842)36)57)
(1245)36)78)
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Polynomial

255 +2xt 4x? p2x
25+ 2x 4722 ax
2x5+x4+212+51

23 4 ox* 722 45x

23 425 fx2 p8x
2x5+2x4 +4x2+8x
3x?4x

4ax

X2 xS 2%
XO+x>4+3x2 48x
x5+2x4 +x2~}-x

2 2x ¥ ax? px

€2 4 2xt 4+ Ix % 4x
x5+2x4 +x2+4x

x° 4+ 2x* ax2 4 ax

x5 2xt 4 7x? p4x

¥ +2xt 4x2 472
b ax 70
x5+2x4+7x2+7x

2% 425t o 2 ax
28 p2x 43 fax? ax
2x5+2x4+x3+712+2x
263 4 2x %3 4x2 4 5x
20+t 3 ax? 45x
2+ 2 a3 4752 5x
234 2x* 453 12 4 8x
24 2x* 433 +ax248x
2042 43 4 7x2 4 8x

Permutation
(258)36)47)
(1 4){2 8 5)3 6)
(14 TH2 53 8)
(1 72 5 8){3 &)
(1 4)(2 5 8)3 6)
(1 72 8 53 6)
(174)285)
(174)258)

(17 4)(25 8)3 6)
(17 4)285)36)
(15782 4)
(1845¥27)

(1 2)(4 8 75)
(187 2)45)
(1248)X57)
(152784
(1275)48)
(1542478
(18¥(2457)
(187 2)(36)45)
{(1248)(365T)
(1542 7 8 4)(3 6)
(127 5H3 6)48)
(1542367 8)
(1 8}(2457)36)
{(1578)24)36)
(1 845)}27X36)
(12X436)4875)

Polynomial

2x5 x* +5x% 4 2x

25 4x* p8x22x

2% 4 2x% Fax? 455
2x54x% +-8x2 5%
2x5+x4+2x2+ax
2x5+x4+512+8x
6x2+x

=

x5+x3+5x

x5 x> +-6x2+8x

xS 4t 4232 4x
x4 5x2
x5+x4+8x2+x

x5 4x® 4 2x2 4 ax
xs+x4+5x2+4x
xO4x? pax?4ax
x5+x4+2x2+7!

x4 x4 5% 2 T

O pxtpax 47
2x5+x4+x3+2x2+2x
2> x4 +5x2 421
2¢% 4xt 3 a2 2x
27 4x xS 4262 4 5x
25 x4 4547 15
2x5+x4+x3+8x2+5x
2x5+x4+x3+2x2+8x
2x5+x4+x3+512+8x
2x5+x4+x3+8x2+8x



Permutation
(157842)
(187245)
(127548)
(12457 8)
(127845)
(15487 2)
{1 2487 5%386)
(187542)36)
(12457 8X36)
(187245)386)
{127548)X36)

(157248)386)

Polynomial
2x5+2x3-{~x
2523 4352 4x
2x7 42505 4+6x% 4x
33+612+4x

x> +3x2 4+ 7x

X3 46x24+7x

2x
x°42x 3 4ax?+2x
X2+ 253 +6x2 +2x
3x2+45x

6x2+5x

X34+ 2x3 4+ 3x2 +8x

86

Permutation
(157248
(184275)
(187542)
(124875)
(154278
(184572)
(154278)36)
(18457 2)38)
(157842)36)
(127845)38)
(15487 2)36)

(18427 5)36)

Polynomial

X2 3% 4
x3+6x2+x

3 43x% 4ax
242 +7x

2O 24324 Tx
2x5+2x3+6x2-§-7x
3x2+2x

612-1-21

Sx

x> 2% 4 3%2 +5x
X - 2x3 632 5

KO 423 4 6x248x
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Tables of special functions.

The function 7(d) is used to denote the number of irreducibles of degree d in GF{q).

There is a well known formula for =(d),

WO = o W RO

—
[

n(d) = 4 3 u-a™*,

kid
where u(k} is the Mobius function. A table of values for small values is given below.
d
1 2 4 5 6 7
2 1 3 9 18
3 3 8 18 48 116 312
4 6 20 60 204 670 2340
5 10 40 150 624 2580 11160
7 21 112 588 3360 19544 117684
8 28 168 1008 6552 43596 259592
9 36 240 1620 11808 88440 683280
11 55 440 3630 32208 295020 2783880
13 78 728 7098 74256 804076 8964072
16 120 1360 16320 209712 2795480 38347920

o
7]
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Table 3.1 gives several values for x(n), the least degree of an n-ish monic polynomial

in Z[x]. Below, values are given for xm{(n), the least degree of an m-matrix n-ish
polynomial.

km(n)
m 7
1 3 7 1]
2 12 12 30 12 56 18 24
3 14 39 28 155 39 399 42 78
4 30 120 60 780 120 2800 90 240
m 10 11 12 13 14 15 16 17
1 5 11 4 13 [ 5 6 17
2 30 132 12 182 56 30 24 306
3 155 1463 39 2379 399 155 56 5219
4 780 16104 120 30940 2800 780 120 88740
m 18 19 20 21 22 23 24 25
1 8 19 7 11 23 4 10
2 24 380 30 56 132 552 18 60
3 78 7239 185 399 1463 12689 42 310
4 240 137560 780 2800 16104 292530 120 1560
m 26 27 28 29 30 31 32 33
1 13 9 7 29 5 31 8 11
2 182 36 56 870 30 992 24 132
3 2379 117 399 25259 155 306783 70 1463
4 30940 360 2800 732540 780 954304 150 16104
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Certain Permutation Polynomial Groups
In this appendix I want to include some information about particular groups of
permutation polynomials that I have uncovered. Since the members of PPZH(ZQ) are
polynomials of Z,, they preserve equivalence classes mod each divisor of n. If n = p¥ is
a prime power, this means that they live inside a group isomorphic to Sp wr Sp wr -
wr Sp, the k-fold wreath product of the symmetric group on p letters. This pins down

the structure of G = PPZS(ZS)' Theorem 3.4 says that the size of G is 128, exactly the

size of Z, wr I, wr Z,, which itself contains a copy of G.

Table 3.2 tells us that PP,(Z,) has size four. Pencil-and-paper examination of its

action on the matrices reveals that it has the structure of a Klein 4 group. This fact

was known to Brawley[8].
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