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Abstract

This thesis mainly concerns the dispersive property of Schrodinger equations with
certain potentials, and some of their consequences.

We denote the evolution generated by the Hamiltonian H(t) = —A 4+ V(z,t) as
U(t).

First, we consider the charge transfer models in R™ with n > 3. In this case, the
potential V' (z,t) is a sum of several individual real-valued potentials, each moving
with constant velocities. Our results are motivated by considering the asymptotic

stability of noninteracting multisoliton states. For suitable initial data )y, we obtain

U)ol e < C(n,p)t’”‘§’5)||wo|lm, plH+qgt=1 2<p<+oo. (0.0.1)

Second, we derive the same estimate as (0.0.1) for the derivatives of U(t)1y and
prove the asymptotic completeness for charge transfer models in the Sobolev space
H5(R™).

Another kind of potential we consider is the spatially periodic case. In this case,
the Hamiltonian H (z) is called a Hill’s operator. Generally, its spectrum is union of
infinitely many intervals (bands). To get started, we focus on one class of finite band
potentials, i.e., the Lamé operators. We derive a dispersive estimate with a decay

rate t’%.
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Chapter 1

Background

The well-known free Schrodinger equation is of the form

1
—On(t,x) = —A(t, x), (1.0.1)
1
where the space variable x € R™ and the time variable ¢t € R. It is well-known that
|lw(t, -)||L2(Rn) = ||¥(0, -)|| L2(mny for any ¢ € R and the solution that satisfies the initial
condition ¥ (0, z) = ¥y(x) is given by the following:
_n i‘w*y|2
Y(t,x) = Cpt™2 | e 3 th(y)dy. (1.0.2)

This implies the L' — L*™ estimate

1, ooy < Cut ™2 [ldboll 1) (1.0.3)

By interpolation, we derive the dispersive estimate

1_ 1

(i1 1 1
ooz < Cut ™ Plollisery S+ =1 2<p<too.  (104)

The constant C), depends on the dimension n and may vary from line to line.
Many efforts have been made to obtain an analog of (1.0.4) for Schrédinger equations

with a potential



S0t 7) = ~D(t,2) + V()(t, o), (1.05)

where V(z) is a time-independent and real-valued function defined on R". Write
H =—-A+V(z). For n > 3 and small V', we employ a perturbative argument. When
V is large, H may have bound states (eigenfunctions). It is well-known that bound
states can arise for arbitrarily small potentials in dimensions n =1, 2 (see Theorem
XIII.11 in Reed and Simon [30]). Denote P.(H) as the projection onto the continuous

part of the spectrum of self-adjoint operator H. The estimate should take the form

. 11 1 1
€™ P(H o[ 1oy < Chupt (3 p)WOHLq(Rn) 2_9+ i I 2<p<+4o0. (1.0.6)

1.1 Schrodinger operators in dimension n > 3

In dimension n = 3, Kato [24] showed that —A + V' is unitarily equivalent to —A,

provided that ||V gon < ﬁ, where

V)V (y)
VZon = dzdy.
V1 Rou /]RG z — y[? L0y

Similar results are known for unitary equivalence for d > 4. For large V' in dimension

n = 3, Rauch [28] and Jensen and Kato [22] obtained weighted L? estimates,

; _3
|lwe™ w2 < Clt| 2| fll 2, (1.1.1)

where w(z) = e ”* with some p > 0 and V exponentially decaying (Rauch) or
w(z) = (x)~7 with some ¢ > 0 and V' decaying at a power rate (Jensen, Kato). We
denote (z) = (1 + |z|2)2. In addition, they assume that zero energy is neither an

eigenvalue nor a resonance, i.e.,

limsup ||w(H — (A £i0)) " w]| 22 < o0. (1.1.2)
A—0
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Journeé, Soffer and Sogge [23] proved (1.0.6) for dimension n > 3 under suitable
power decay and regularity condition on V' and under the assumption (1.1.2). Specif-
ically, in dimension n = 3, they assume that [V| < C(z)~""¢ and V € L*(R?). These
requirements were later relaxed by Yajima [40],[41] and [42]. Yajima also proved the
LP boundedness of the wave operators in 1 < p < oco. A different approach intro-
duced by Rodnianski, Schlag [29] and by Goldberg, Schlag [16], leads to even weaker
conditions on V. Finally, Goldberg [15] obtains (1.0.6) in dimension n = 3 under the
assumption that (1.1.2) and |V (z)| < C{x)~27¢. For more details and references, see
Schlag’s survey [33].

For a general time-dependent potential V (¢, ), it is not clear how to introduce
an analog of bound states and the spectral projection. In the case of small poten-
tials, Rodnianski, Schlag treat the potential as a perturbation [29]. The case of large
time-dependent potentials is still under investigation. In this thesis, we will con-
sider one class of time-dependent potential, namely, the charge transfer model. The
charge transfer model has been devised to describe the motion of a light particle in
a collision between heavy ones. In this model, only the light particle is subject to
quantum dynamics, while the heavy ones follow assigned classical trajectories, which

are asymptotically inertial (see Graf [17]). This leads to the Hamiltonian

H(t) = —%A—}—ivj(m—ﬁjt). (1.1.3)

j=1

The charge transfer model has been extensively studied in the literature in con-
nection with the question of asymptotic completeness, which is first established by
Yajima [43]. Later, Graf [17] obtains a new proof containing a crucial argument show-
ing that the energy associated with a solution of (1.1.4) remains bounded in time.
Similar results are also obtained by Wiiller [38] and Zielinski [44].

The charge transfer model also arises in the study of asymptotic stability of non-

interacting multi-soliton states. This refers to solving an NLS

0 + 300 + (Y = 0



4
in R", n > 3 with initial data 1)y = 27:1 w;(0, ) + Ry, where w; are special standing
wave solutions called solitons and Ry is a small perturbation. In [32], Rodnianski,
Schlag and Soffer show that if the solitons are sufficiently separated at time ¢t = 0,
and if Ry is sufficiently small in a suitable norm, then the solution ¢ evolves like a
sum of solitons with time-dependent parameters approaching a limit, plus a radiation
term that goes to zero in L°°(IR?). This leads to the problem of establishing dispersive

estimates for the linear problem, which is closely related to the charge transfer model

(see [31] and [32]):

1 1 “ .
O = _§A¢+;Vj(- — Tit)p. (1.1.4)

In [31] a weak version of the dispersive estimate for (1.1.4) is derived. Motivated
by their approach, we will obtain a dispersive estimate for (1.1.4) in Chapter 2.
Furthermore, we derive a W*? — W*P estimate for the solution of (1.1.4). As an

application, we will obtain the asymptotic completeness in H*(R").

1.2 Dispersive estimates for Schrodinger operators
in dimension n = 1,2

In dimension n = 1,2, even a small potential may produce bound states, thus we
cannot treat the potential as a perturbation. The dispersive estimates (1.0.6) in
dimension n = 1 with a spatially decaying potential were first obtained by Weder [37]
and Artbazar, Yajima [3]. These authors express the resolvent via the Jost solutions,

namely, for Sz > 0

fi(x, 2)f(y, 2)

(_a:% +V - 22)71($,y) = W(Z) )

T >y

and symmetrically if x < y. Here fi. are the Jost solutions defined as solutions of

- ,i/(wz) + Vf:t('az> = Z2f:|:('7 Z)



with the asymptotics

fr(z,2) ~e™ as x— o0

fo(z,2) ~e™™ as x — —o0,

and W (z) is the Wronskian of f, (-, 2), f_(-,2). In this case, we say zero energy is a
resonance if and only if W(0) = 0. Note that the free case V' = 0 has a resonance
at zero energy. Later, Goldberg and Schlag [16] proved (1.0.6) with a slightly less
restrictive condition on V. They assumed (z)V(z) € L*(R) and the zero energy is
not a resonance. Note that in term of pointwise decay, this is in agreement with the
(x)~% threshold. If zero is a resonance, they proved the same estimate assuming that
(x)*V (x) € L'(R).

The dispersive estimates in dimension n = 2 were established by Schlag [34].
One crucial ingredient of the arguments is an asymptotic expansion of the resolvent

around zero energy from Jensen and Nenciu [21]. In odd dimensions, the free resolvent

(—A — 2%)7! is analytic for all z # 0. When Sz > 0,

(FA+V =2 =224 5+ 27 TA  + Ag+2A +0(2Y) as 2 — 0 (1.2.1)

where the O-term is understood in the operator norm on a suitable weighted L2-
space. The free resolvent (—A — 22)~! is analytic for all z # 0. In even dimensions
the Riemann surface of the free resolvent is that of the logarithm. Thus, (3.3.11)
needs to include powers of log z in even dimensions.

In Chapter 3, we will study the dispersive property of Schrodinger operators with
a periodic potentials on the real line. When V() is periodic real function defined on
R!, the spectrum of the Schrodinger operator —(d?/dz?) + V() acting on L*(R!) is
a union of intervals carrying a purely absolutely continuous spectrum. The absence

of a point spectrum and a singular spectrum suggests the dispersion of the solution.
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We will illustrate this dispersive phenomenon for a special analytic potential, whose
spectrum is a union of two intervals (bands); namely, all gaps but one are degenerate.
It is known that a one-gap potential V' (z) must be an elliptic function ([19]). With

such a potential, we have

y"(x) = 2p(x + ws)y(x) = —Ey(z), (1.2.2)

where p(z) is the Weierstrass elliptic function with periods 2w, 2ws, satisfying the

following differential equations:

¢'(a) = 4p*(a) — g29(a) — gs, (1.2.3)
¢'(a) = 69*(a) — 2, (1.2.4)

where go, g3 are the invariants of p(z) defined by (3.5.1). Known as Lamé’s equation,
(1.2.2) arises from the theory of the potential of an ellipsoid ([39],[11]). We assume
w =w >0, wg =iw and W’ > 0 to guarantee that p(x+ ws) is real-valued for = € R.
If we choose the potential in (1.2.2) to be n(n + 1), instead of 2p (n is any positive
integer), then the spectrum of Lamé’s equation consists of n + 1 bands ([27]).

In Chapter 3, we give a dispersive estimate similar to (1.0.4) for the following

equation:

2

%at@@(m, t) = —%zb(x, t) + 2p(x + wa)ip(x, 1),



Chapter 2
Charge Transfer Models

In Section 2.1, we give our main results about the charge transfer models, and some
necessary definitions. In Section 2.2, we present some lemma that are useful for prov-
ing our results. In Section 2.3, we prove the dispersive estimate for the charge transfer
models. In Section 2.4, the dispersive estimates for the derivatives of the evolutions
of the charge transfer models are proved by further investigating the argument in Sec-
tion 2.3. In Section 2.5, we prove that the Sobolev norms of the evolution of charge
transfer models remain bounded. In Section 2.6, the existence of the wave operator

and the asymptotic completeness for the charge transfer models are established.

2.1 Definitions and main results

Definition 2.1.1. By a charge transfer model we mean a Schriodinger equation

7000 — 580 + 30 Vi(w — Ut)y =0 (2.1.1)

¢|t:0 = ¢Oax S Rn)

where v, are distinct vectors in R™, n > 3, and the real potentials V,, are such that

for every 1 < kK < m,

1. V. is time independent and has compact support (or fast decay), Vi, VV,, € L*>;
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2. 0 is neither an eigenvalue nor a resonance of the operators

H,= —%A + V().

Recall that v is a resonance if it is a distributional solution of the equation Hy =
0, which belongs to the space L?((x) ?dx) for any o > 3, but not for o = 0.

The conditions in the above definition are always assumed when we prove and
apply the dispersive estimates, i.e., Theorem 2.1.3 and Theorem 2.1.4. The conditions
are not optimal, but for convenience. This definition is standard (see [17], [42]). The
Schrodinger group e~ Hx is known to satisfy the decay estimates (see Journé, Soffer,

Sogge [23], and Yajima [41])
le™ = Po(Ho ol o < [t 2 [0l (2.1.2)

for n > 3 under various conditions on the potential. Here P.(H,) is the spectral
projection onto the continuous spectrum of H, and < denotes bounds involving mul-
tiplicative constants independent of 1y and t. For n = 3, [16] proved (2.1.2) under
the assumption that |V, (z)] < C(1+ |z|)77, for some 8 > 3. For n > 3, (2.1.2) holds
([23]) under the additional assumption: F(V,) € L'. Yajima [41] proved (2.1.2) with
slightly weaker conditions than [23]. In this chapter we shall assume that F(V;,) € L
to guarantee the estimate (2.1.2), except in Section 2.5.

To establish similar dispersive estimates for time-dependent Schrodinger equations
is more involved. Heuristically, we can’t project away the bounded states as they are
moving in different directions. Rodnianski and Schlag [29] proved dispersive estimates
for small time-dependent potentials. In this paper, we will focus on the charge transfer
model.

An indispensable tool in the study of the charge transfer model is the Galilean
transforms

=12
7]

Giy(t) = e T2 eI (2.1.3)

cf. [17], where j = —iV. Under gg,(t), the Schrédinger equation transforms as



follows:
it2 it
goy(t)e'z = €2 g,y (0) (2.1.4)
and moreover, with H = —SA +V,
U(t) = guy () e ™ guy (0)do,,  Bay(t) " =V g5y (t) (2.1.5)
solves
F0) = A+ V(- =t =y =0 (2.1.6)
¢|t=0 = 0.

Since in our case y = 0 always, we set gg(t) := ggz0(t). Note that the transforma-
tions gz, (¢) are isometries on all L? spaces and gg; (£) ™' = g () because of (2.1.5).
In the following, we shall assume that the number of potentials is m = 2 and that
the velocities are 5 = 0,7, = (1,0,...,0) = €;. The arguments generalize easily to
m > 3.

We now introduce the appropriate analog to project away bounded states for the

problem

%zw— %A¢+V1¢+VQ(- —té1)Y =0 (2.1.7)
1/1|t:0 = 1/10

with compactly supported potentials Vi, V5. Let uq,...,u, and wy,...,w, be the
normalized bound states of H; and H, corresponding to the negative eigenvalues
A1,y Am and pg, ..., g, Tespectively (recall that we are assuming that 0 is not an
eigenvalue). We denote by P,(H;) and P,(Hz) the corresponding projections onto the
bound states of H; and Hs, respectively, and let P.(H,) = Id — P,(H,), k = 1,2.
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The projections BP,(H;2) have the form

Py(Hh) = (ouidus, P(Ha) =D (s ws)w;.

We introduce the following orthogonality condition in the context of the charge trans-

fer Hamiltonian:

Definition 2.1.2. Let U(t)yy = ¢(t,x) be the solutions of (2.1.7). We say that 1o
(or also 1(t,-)) is asymptotically orthogonal to the bound states of Hy and Ho if

HPb<Hl)U(t>w0HL2 + ||Pb(H2,t)U(t)w0||L2 — 0 as t — +o0. (218)

Here
Py(Hy, t) == g_¢, (t)P(Hz) 96 (t) (2.1.9)

for all times t.

Remark 2.1.1. From Corollary 2.2.3, ||U(t)¢ol|r < Ct||tbol| 1, we know that U(t)y €
LP is well-defined for 1y € LP'. As the bound states u;, w; are exponentially decaying

at infinity, Definition 2.1.2 makes sense for any initial data vy € L' for p' € [1,2].

Remark 2.1.2. Clearly, P,(Has,t) is again an orthogonal projection for every t. It
gives the projection onto the bound states of Ho that have been translated to the po-
sition of the potential Va(- — tey). FEquivalently, one can think of it as translating the
solution of (2.1.7) from that position to the origin, projecting onto the bound states
of Hy, and then translating back.

Remark 2.1.3. From Proposition 3.1 of [31], the decay rate of (2.1.8) is actually

exponential. More precisely, the following holds:

| Py (Hy)U ()| 2 + | Py(Ha, )U (t)iholl 2 S €™ leboll 2, (2.1.10)

for some a > 0.
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Remark 2.1.4. [t is clear that all vy that satisfy (2.1.8) form a closed subspace. This
subspace coincides with the space of scattering states for the charge transfer problem.

The latter is well-defined by Graf’s asymptotic completeness result [17].

We can only expect the dispersive estimate for (2.1.7) for the initial data satis-
fying Definition 2.1.2, just as we have to project away the bound states for (2.1.2).
Rodnianski, Schlag, Soffer [31] established the following estimate:

10 @0l 242 S (5 Wl an (2.1.11)

with initial data 1y € L' N L? satisfying (2.1.8), where U(t) is the evolution of the
charge transfer model and (t) = (14+¢2)z. By definition, || f|| 241 = infr—piq(|| 2] L2+
lgllze) and || fllzinzz = | fllor + || f]]z2- (2.1.11) has an important application to the
asymptotic stability and asymptotic completeness for the small perturbation of non-
colliding solitons for NLS ([32]).

[31] decomposes the evolution into different channels according to each potential.
Every channel splits into a large velocity part and a low velocity part. For the large
velocity part, Kato’s smoothing estimate was employed; for the low velocity part, a
propagation estimate was used. In this paper, we will combine the methods from [23]

and [31] and obtain the following:

Theorem 2.1.3. Consider the charge transfer model as in Definition 2.1.1 with two
potentials, cf. (2.1.7). Assume Vi, Vs € LY(R™). Let U(t) denote the propagator of
(2.1.7). Then for any initial data vy € L', which is asymptotically orthogonal to
the bound states of Hy and Hs in the sense of Definition 2.1.2, one has the decay

estimates

U @) dollze S (8172 1ol 11 (2.1.12)

An analogous statement holds for any number of potentials, i.e., with arbitrary m

in (2.1.1).

Inspection of the argument in the following sections shows that it applies, say, to

exponentially decaying potentials. But sufficiently fast power decay at infinity is also
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allowed. We shall prove (3.3.1) by means of a bootstrap argument. More precisely,

we prove that the bootstrap assumption

_n
2

1U ()0l < Colt

Yol forall 0<t<T (2.1.13)

implies that
Co,. _n
U (8)to|| e < 70|t|_5||¢0||L1 forall 0<t<T. (2.1.14)

Here T is any given fixed large constant and (2.1.13) holds for Cy some sufficiently
large constant because of Corollary 2.2.3. Cjy may depend on 7' in the beginning.
The above implication (2.1.13) == (2.1.14) holds as long as Cj is larger than some
universal constant independent of the time 7. Thus iterating (2.1.13) = (2.1.14)
then yields a constant that does not depend on 7. The theorem follows by letting
T — +o0.

As the L? norm of U(t)v remains constant, by interpolation, the following holds:

~ 12

(i1 1 1
1T olle S Coltl ™= [0l > 2, P L. (2.1.15)

Our next theorem is about the decay estimates of 0*U ()1, where v = (g, - -+ , o)

804

is an n-tuple of nonnegative integers and 0 = 5T g
1 n

We write |o| = a1+ -+ a,.

Theorem 2.1.4. Let U(t) denote the propagator of the equation (2.1.7). Assume
(2.1.2) holds for Hy and Hy. Let'V; € C5TY where k is a positive integer and j = 1,2.
Moreover, assume that for V|| < k and j = 1,2, 8/ﬁ\VJ € LYR™). Then for any
initial data o € WS, which is asymptotically orthogonal to the bound states of
H; (j =1,2) in the sense of Definition 2.1.2, one has the decay estimates

1_1

U () ollwrr < 1H" ) [0y (2.1.16)
where 2 < p < 00 andzl)—l—z%:l.

Remark 2.1.5. It suffices to prove Theorem 2.1.4 for p > 2% because interpolating

n—2’

with Theorem 2.1.5, which holds under the assumption of Theorem 2.1.4, we derive
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Theorem 2.1.4 for any p € [2,+00]. p > 2% guarantees that [ 17" < 0. We
need to exclude the case p = oo, since part of our proof relies on singular integrals

and we do not know whether or not (2.1.16) holds for p = co.

The second part of this paper is motivated by Graf [17]. Graf proved energy
boundedness for U(t, s) by a geometric method, where U(t, s) is the solution operator

corresponding to the time-dependent Schrodinger equation

1 A " .

¢|t:s - ¢Oa

i.e., ¥(t, ) = U(t, s)th. Graf proved that |U(t, s)to]| 1 is bounded as t — oo provided
that the initial data ¢y € H*(R™), n > 1. For the higher degree Sobolev norms, J.
Bourgain [6] proved the following for the general time-dependent Hamiltonian H (t):

Suppose the time-dependent potential V' (z, t) is bounded, real, and sup,cg |V (z, t)]

is compactly supported. Moreover, for any n-tuple «

sup | D2V (1)]|oc < Cur
teR

Then for Ve > 0 and x > 0,

||Uv(t7 0)77/}0||Hm S C€7H|t|€||1/}0||HH for all t. (2118)

An example ([6]) is given to show that we cannot remove the [t|° growth for
general time-dependent potentials. In this paper, it is shown that (2.1.18) does hold
with € = 0 for the case of the charge transfer Hamiltonian. More precisely, in Section
4, the time-boundedness of |U(t, s)1o|| g~ for charge transfer models is established by
the same geometric method as in [17] for any real number x. We write [z] as the

least integer no less than z. The precise statement is as follows:

Theorem 2.1.5. Let U(t,s) be the evolution operator for (2.1.17), and let K € R
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and the dimension n > 1. Furthermore, suppose V; € C’(E‘F"H (R, (j =1,2,--- ,m),
i.e., V; has derivatives up to degree [|k||, which are all continuous and compactly

supported. Then for Vt,s € R
[U(t, s)thollax < Ciellvboll s,

where C,, depends on k and the potentials V.

Remark 2.1.6. By interpolation, it clearly suffices to consider the case where k is an
integer. By duality, it suffices to prove the case where Kk is a positive integer. Indeed,

assuming k < 0, due to the fact that U(t, s) is unitary on L*(R"), we have

NU(t, s)o||la= =  sup  (U(t, s)bo, d) 12

Nl gr—n=1

= sup (o, U(s,t)@)r2 < C_s||vol|m~

¢l fr—r=1

No assumption is made on the spectra of the subsystems H;. The assumption of
compact support of V; is for convenience only and the proof works for sufficiently
fast polynomial decay at infinity without essential change ([17]). Suppose all as-
sumptions of both Theorem 2.1.4 and Theorem 2.1.5 hold; then by interpolation, the
estimate (2.1.16) holds for 2 < p < occ.

Remark 2.1.7. [t follows from Duhamel’s formula and Gronwall’s inequality, that

[UE, s)dollax < CD[gollax t,s €1, (2.1.19)

for any compact interval I. Therefore, it suffices to prove Theorem 2.1.5 when |t| or
|s| is large.

As an important consequence, we apply Theorem 2.1.4 and Theorem 2.1.5 to
obtain the following asymptotic completeness for the charge transfer model in the H"

sense:

Theorem 2.1.6. Let uq, ..., u, and wq,...,w, be the eigenfunctions of Hy = —% +

Vi(z) and Hy = —% + Va(z), respectively, corresponding to the negative eigenvalues
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Ay A and o pg. Assume that V; € CFPH2(R™), (n > 3, j = 1,2), and
that 0 is neither an eigenvalue nor a resonance of Hy, Hy, where k is a nonnegative
integer. Then for any initial data vy € H", the solution U(t)1Yy of the charge transfer

problem (2.1.7) can be written in the form

m ¢
U)o = Y _ Are ™ u, + Y Bre " g_g, (t)wy, + ¢T3 gy + R(L),
r=1 k=1
for some choice of the constants A,, By and the function ¢o € H". The remainder

term R(t) satisfies the estimate
IR®)||x — 0, as t — oo

Remark 2.1.8. The above theorem holds for m potentials. We are not aiming to
give the optimal reqularity condition on the potentials. The theorem is equivalent to
claiming that H*(R™) is the sum of the ranges of the wave operators €, (I =0,1,2)
defined in Section 6.1. [17] proved that the ranges of the wave operators are orthogonal
to each other in the L? sense. Therefore, H*(R™) again is a direct sum of Q0 (H").

2.2 Preparation

In this section, we present some lemma that are indispensable for the proof of the
above theorems. The first ingredient of our proof is the notion of cancellation. In
this section, U(t) will denote the evolution operator of (2.1.7) or (2.1.1). It is clear
from their proofs that the following lemmas also hold for the general time-dependent

Hamiltonian Hy + V(¢).

Lemma 2.2.1.
sup [ AVe 2,y < [V, (22.1)
—oo<t<o0
where p € [1,00] and || - ||,—, means the operator norm from L? to L”.

For the proof of the lemma, notice that equation (2.1.4) implies [e?*?e®Te A f](z) =

g-c(2t) f(z) = e MlPeieC (2 — 2¢t).
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Lemma 2.2.2. Suppose t,s € R, then we have the following:

sup ||e " EHV (1)U (8) 1m0 < || 72 CMeMI, (2.2.2)

reR

—

where M = max,cg |V (7)]|1 < oo.
Proof. Let’s write U(t, s) := sup,cp ||e 9V (1) U(s)[]1—00. Without loss of gener-
ality, we suppose that s > 0. By Duhamel’s formula,

e_i(t_s)HOV(r)U(s) = e_i(t_s)HOV(r){e_“Ho — z/ €_i(S_T)HOV(7')U(7')d7'},
0

it follows that

le™ V(@)U (5) 100

< eV (r)e o o + / le= =0V ()= DIV (T)U (7)1 o dr
0
< CIV ()l ~2 + HV(7’)II1/0 le™ "V (7)U (1) hi—oodr

< CM|t|~ +M/ W(t,7)dr.
0

Taking the supremum over r, we get W(¢,s) < CM|t|"2 + M [ ¥(t,7)dr. By Gron-
wall’s inequality,

W(t,s) < CM|t|"2eMe.
O

Note that the lemma still holds with other constants C' and M on the right-hand
side if we replace V (r) with V;(r) or replace U(s) with another evolution, say e~*#:.
Another observation is that the lemma can be generalized to the following by the

same proof:

sup e~V (1)U (s)doll,p S [t MM [l (2.2.3)

reR



17

where v = n(% — 117) and 2 < p < oo, 117 + z% = 1. This will be useful in Section 4.
Corollary 2.2.3. Suppose U(t) is the evolution operator of (2.1.7) or (2.1.1). As-
sume t > 0, then

U)oy SETE2eME Z 4 = 21 2 < p < oo 9.2.4
D =P ~

Proof. By Duhamel’s formula, U(t) = "0 — zfot e~ = H oV (1)U (7)dr. Write v =

n(s — —) then by Lemma 2.2.2, we have

t t
U () ||y < O +/ U(t,7)dr < Ot +/ CtTMeMdr < CteMt,
0 0

]

From the corollary, the bootstrap assumption (2.1.13) holds for any time 7" if we take
00 = C@MT.

Lemma 2.2.4. Suppose m > 1 and € > 0. If uy,ug, ..., u,y are either all positive or
all negative, satisfying \Zgnzl uj| > €, then there exists a constant C = C(m,€) such

that

m—1 m
I TT (e 0V (s))e ol e < CM™ ] [ (ug) 2 (2.2.5)
j=1 j=1
—1 m
I H (€ HV () U () [0 < CM™ ] Jlug)~2 M (2.2.6)
Jj=1 j=1

where s; is any real number and M = sup,z(||V(s)|1 + 1V (s)]]1).

Proof. The first inequality is from [23]. Assume that u,us,. .., u,, are all positive

without loss of generality. We apply the dispersive estimate for e repeatedly

and the left-hand side is dominated by CM™ ! [T 2 which is dominated by the

]1J

right-hand side up to a constant, provided each u; > €. If some u; < ¢, it is inefficient
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to use a dispersive estimate for e®/0. Instead, we apply the cancellation lemma 2.2.1

and obtain

einHov(Sj>eiuJ‘+1H0 — /einHoeixgeinH()@(C) dCei(uj+1+uj)H0,

where eifloeiete=itlo i the Galilean transform g_.(—u;) according to (2.1.4). If
again u; +u;41 < €, we can repeat this procedure until w;_; +---+u; +- - +ujpp > €
which always happens because | Z;"zl u;| > €. Then we apply the dispersive estimate
to obtain the inequality.

We sketch the proof of the second equation. When m = 1, it is just (2.2.4)

provided that u, > e When m =2 if u; > § and uy > ¢,

(™ 7oV (1)U (u2) 1200 S Jua| ™2 |V (s1)U (u2) [l1-1
< w72 U (u2) 100

< lun| "2 Jua| 2™ < (un) "2 (ug) 2 M

If uy < 5 or up < 5, we apply Lemma 2.2.2

le™ 0V (51)U (uz) 100 S (Ja] + ual) 72 ™2 < (ur) 7% (uz) "2 M2

The case where m > 2 follows exactly as the first inequality using Lemma 2.2.1. [

Next we list a variant of Kato’s %—smoothing estimate. It appears in [31]. We give

the proof for completeness.

Lemma 2.2.5. Let H = —1A+V , ||V|w < oo. Then for all T,R,M > 1,

TR
Mz

T
sgp/ |F(|p| > M)e ™ fllr2pp dt < C(n, V) —<| 1 f|lz2- (2.2.7)
0

R

Here the supremum ranges over all balls Br of radius R > 1 and C(n, V) is a constant

that depends only on ||V and the dimension n.
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Proof. We first prove the following estimate, which will then imply the lemma. Let
Y(t) = e Hypg with H = =2 A+ V, ||V]o < 00. Then for all T > 0 and 0 < «,

2
wp [0 / COE ot < Cn T+ VI3 (229

roER™

The multiplier V(V)~2 corresponds to the symbol £(¢)~2 = &(1 + [¢]?)~1. It suffices
to prove this with o = 0 fixed. The proof is based on taking the commutator of H

with m := w(z)z - <l where

ik

wlz) = (1+z[*) "=, a>0.
One has, with ¥ = 9 (t) for simplicity,

d 4
) = —i{[m, H], )

| Hte) w0 de = it 0),0(0) = i (D), (7))
(~[m, H]. )
(V1) + (Ouluta) ) . 000) + 5 Dlw(o) ) o 0229

_ /Rnwyvmé¢|2dx+/n(aew>(x>xjaj<v>éw (V) Sidr  (2.2.10)
1 \Y 1 1 0, 1
(V)5 ) gy, VW) 30) = (V) Q) )] v 0(9) R 211)

b (A ) 2,0 — (m, V] ). (2:212)

(V)

1
2

One now checks easily that the two terms in (2.2.10) satisfy

/ w(@)(V) V(o) de + / (Do) ()e; (V) ~20,06(t, ) (V)30 (t, @) de

n

> /R or \<V>‘5W<t,x)\2d:p=/ e (22.13)

n 1+ |z|® no (14 |z|o)att

Notice that (2.2.13) is precisely the space integral in the desired lower bound
from (2.2.8).
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There are several ways to bound the commutators A; := [(V)2,w] and Ay =
[(V)z, (Opw)(x)z;]. For example, one can use the Kato square root formula as in [23].
Alternatively, one can invoke the standard composition formula from ¥DO calculus.
This gives Ay =T, _ 1 ) + R, where {(V)z, w} is the Poisson bracket of the symbols

{(v)2

1
(V)2 and w. Moreover, T{<v>%,w}

UDO operator with symbol a; € S ~3. A similar expression holds for As. One checks

is an associated ¥YDO operator and R,, another

that |{(V)z,w}(&, z)| < |Vw(z)| for all x, . Therefore, the two terms in (2.2.11)
both satisfy

v 1 (V)=2V(t) 1
(A, VEV) 200)| 5 ”W)”QHW 1) 2] R T (V)5 )]
> LI (V)2 Ve() |2
< C||¢(t)||2+4H(1+’$|a)i+1)]2. (2.2.14)
Finally, the two terms in (2.2.12) are bounded by
L+ Ve[l < (1 + Vo) 40l (2:2.15)

In the above estimate we have used the boundedness of the multipliers m and A(w(x) z;) %)
on L% Integrating (2.2.13), (2.2.14), and (2.2.15) in time, inserting the resulting
bounds into (2.2.9), and finally using

[(ma(0), ¥ (0))] + [{map (T), (1)) | < 2lvholl2,

one obtains (2.2.8). To pass from (2.2.8) to (2.2.7), let xr be a smooth cutoff to the

ball Bg, so that Xr has compact support in a ball of size ~ R~!. Then, by (2.2.8)
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with o =1
| IE5 2 M) Ml dt < [ TP (51 2 M)e gl d
0 0

T T
S NP0 = Myxae nllsdt+ [ cr, PR 2 M alle ol

A

V= [ IV 2 M ol e+ TR ol

A

v [ I 2 M) e
0

T
+ M [N ol i+ TOLR) 2l

< 132/ / VIR P it + T R o

~ o (Ll o

< C(n,V)TM™'R? H%I!Lz

The lemma follows. [

2.3 Proof of the decay estimates

Theorem 2.1.3 will be proven in this section by a bootstrap argument. By Corol-
lary 2.2.3, we can assume that ¢ is large enough in Theorem 2.1.3. More precisely,
t will be bigger than any constant appearing in our estimate, except the bootstrap
constant Cp in (2.3.1). By assumption, H;, Hs can only admit finitely many negative
eigenvalues. Let a > 0 satisfy: —« is bigger than any eigenvalue of Hy, Hy. For tech-
nical reasons, we will assume that the initial data 1 belong to L' N L? and employ
the following bootstrap argument:

Specifically, we will show that
U (#)ebol e < Colt| 7% (Ilebollze + =% [l z2) forall 0 <t <T, (2.3.1)
implies that

C n _ar
10 golze < S22 (Woller + e F Jwlle) forall 0<t<T,  (232)
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provided that % remains larger than some constant that does not depend on 7. The
logic here is that for arbitrary but fixed 7', the assumption (2.3.1) can be made to hold
for some Cj depending on 7', because of Corollary 2.2.3. Iterating the implication
(2.3.1) = (2.3.2) then yields a constant that does not depend on 7. So we can let
T — +oo to eliminate |[¢o| 2 on the right-hand side. Since L' N L? is dense in L'
and U(t) is a linear operator, we get the dispersive estimate (3.3.1) for any initial

data 1)y € L'. To simplify the notation, we write |[1ol/z1 + e ltol| 22 as [|vo H](T) or

lIoll-
We proceed by expanding U(t) via Duhamel’s formula with respect to the free

evolution Hy:

t
U(t)po = e "o gy — / e M=oy (\U (5)aq ds (2.3.3)
0
t
_ e_itH0¢O . l/ B_i(t_S)HOV(S)e_iSHOQ,DO ds
0

t S
— / / e_i(t_s)HOV(s)e‘i(s_T)HOV(T)U(T)l/JO drds. (2.3.4)
0o Jo

Note that ||e ™04yl < [t|72|Jtbo]|1. For the second term in (2.3.4), we divide
the integration interval (0,¢) into three pieces and handle them by means of the

cancellation lemma. Firstly,

1

| [ ety (s)e ot dsfo 14 sup 0V (s)e o ol S I ol
0 s

Similarly, we have

t
I / eIV (s)e™* oy ds|l oo S [t]77 sup |70V (s)e™* |||l < [¢7 2 [lvolls-
t—1 s

The third piece is
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t—1
H/ Y (s)e ™oy ds||o 5/1 |t—=s|"2 sup [[V(s)[la[s["= dsl[tbolls < [6]72 [[¢0]ls,
where we observed that
til n n n
/ |t —s|72|s|"2ds St72 given n > 3. (2.3.5)
1
The third term in (2.3.4) is

t s
/ ds/ dr e t=9Hoy ()= i =D HOY (1) T (7)4). (2.3.6)
0 0

We will decompose the domain of integration fot ds fos dr into several pieces and
treat each piece separately. We fix A > 0 as a large constant and ¢ > 0 as a small

constant. Write min{s, A} = s A A. Then Lemma 2.2.4 and (2.3.5) implies that

||/ ds/ dr et SHOV( Je —i(s— THOV( YU(7) drds||1— oo

/O /0 dr (t — )3 (s — 1)

<ts.

NJ\:

(r) Fet

By || - ||1—00, Wwe mean the operator norm from L' to L>. However, when we apply
the bootstrap assumption, ||1||z: has to be modified to ||t 1 +e~2 ||tho|| 2 := [|¥bo -

An application of Lemma 2.2.1 and the bootstrap assumption show that

t S
I / ds / dr e~ =)oy (5)e= =N Hoy (1)U (1) drdsifol| s
t—e t—e
t S
< / ds / dr ||e= 9o/ () e~ s=mHo WV (1)U (1)abol|1 drds
t—e t—e

t t
5/ dT/ dslt — 713 max | U(r)do].
t—e T TE(t—¢t)

If n = 3, then the above is dominated by
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|| ~Y

t
§ /
t—e

Taking e small enough, the above term can be dominated by 14=Cot™ 2 [[¢)o]|. When
n > 3, we need to expand U(t) further to remove the singularity of [t — 7|73 at 7 = ¢,

(see [23] Section 2 for details). The following is another piece of (2.3.6):

t—A s
—i(t—s)Ho —i(s—7)Ho
0 e’}
H/ / e V(s)e V(T)U(T)po drds||
4 t—AA s " n
5/ ds/ dr{t — )75 (s — )3 V(DU (D)ol
A A
t—A s n n "
5/ ds/ dr(t — s)"2(s — 1) 2Cy1 2 |||
A A
t—A ) .
SCallwll [ dste =7 E )

S Collwolle 1 < £5=Collolli ™2,

where k4 < f;oo ds(s)™2 — 0 as A — oo. Lemma 2.2.4 and the bootstrap assump-
tion are applied in turn in the above. The last line of above inequality holds provided
that A is large enough. By Corollary 2.2.3, we can assume t >> A. Similarly, the

following piece in (2.3.6) also requires that A is large:

H/ /‘ = Ho Y () IHOY (1) (7) by drds]

/ %/ it = 5)3 s = ) HIU ol < o Colldull .

So what remains in (2.3.6) is

m t sA(t—e)
Z/ ds/ dr e =Y/ (5)e= =M OV (75U (1)1b. (2.3.7)
A s—
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For the term containing V; in (2.3.7), U(7) will be expanded with respect to H;
by Duhamel’s formula. Abusing the notation, we will write V;(- — 79;) as Vi(7). In

the following, we only deal with the term containing V7, which will be decomposed

into two parts by U(7) = B,(Hy, 7)U(7) + P.(Hy, 7)U(T).

2.3.1 Bound states

Proposition 2.3.1. Let ¢(t,z) = (U(t)vo)(x) be a solution of (2.1.7), which is
asymptotically orthogonal to the bound states of H;, j = 1,2 in the sense of Defini-
tion 2.1.2. Provided the bootstrap assumption (2.3.1), we have for any t € (0,T)

1Py (Hy 1)U (D)0 lso S Coe™ 5t 3 (|[toll + €% [l 2), (2.3.8)

where Cy is the constant in the bootstrap assumption.

Proof. Let U(t) := g ()U(t) and ¢(t) = U(t)thy. Then ¢(t) solves

2010 — 300+ V(- + 1) = 0, (2.3.9)
Pli=o(x) = (861 (0)v0) (2)-

Then ||Py(Hy, t)U()Yollse = ||Po(H1)U(t)¢p||lso s0 without loss of generality, we
can assume that o7 is the zero vector. Suppose that the bound states of H; are

U1, Ug, . .., u; and we decompose

!
= ai(tyu; + ¢u(t, ) (2.3.10)
=1

with respect to Hy so that P.(Hy)yy, = iy and P,(Hy)y; = 0. By the asymptotic

orthogonality assumption,

l

Z la;(t)[* — 0 as t — oo.

i=1
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Substituting (2.3.10) into (2.1.7) yields

1 1 .
;aﬂ/fl - §A¢1 + Vi + Va(- — téq)ihi+
Sy 1 B}
+ Z [;aj(t)uj — §AUjaj(t) + ‘/1 ujaj(t) + ‘/2( — tel)ujaj(t) =0. (2311)
j=1

Since P.(H;)11 = 11, we have

(~3 &+ Vi = Hythy = PuH)Hvby, by = Py,

In particular,

1 1
Py(Hy) (gaﬂ/h - §A?/J1 + Vl%) =0.
Thus, taking an inner product of the equation (2.3.11) with u, and using the fact
that (u,,u;) = d;, as well as the identity

1
—§A’LL] + ‘/1Uj = )\jUj,

we obtain the ODE

%aﬁ(t) + At (t) + (Vo — te)bn, we) + Y a; (1) (Va(- — t67)uy, ) =0

Jj=1

for each a, with the condition that
as(t) — 0 as t — +o0.

Recall that w, is an eigenfunction of H; = —%A + V1 with eigenvalue A\, < 0. It
is well-known (e.g., Agmon [1]) that such eigenfunctions are exponentially localized,

ie.,

/ el |y, (x)|? dz < C = C(V4,n) < oo for some positive a. (2.3.12)
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Therefore, the assumption that V5 has compact support implies
[Va(- — te)ugllz S e for all t > 0. (2.3.13)

The implicit constant in (2.3.13) depends on the size of the support of V4 and ||Va|| L.
By the bootstrap assumption, f,(t) := (Va(- — té1)11, u,) satisfies

@ S Ml Vol = téd)unlls S e 1thn]lo

S e N (Id — Py(H1))U ()0 oo
. l
S et 2 Co(|[tholl + e wollz2) + €7 Jai(®)] [l o, (2.3.14)

=1

where t € (0,7). Notice that (2.3.14) fails for t > T" because the bootstrap assumption

only applies to 0 < t < T'. Instead, we have the following for ¢ > 7"

1) < [Va(- = téd)ull2ll¥nll S e loll2- (2.3.15)
In view of (2.3.1), a, solves the equation

Tan(t) + Aeag(t) + 3700 a; (1) Cha(t) + fult) = 0, (2.3.16)

a,(00) =0,

where Cj.(t) = Cyj(t) = (Va(- — te1)uj,ug). By (2.3.13), max;, |Cj.(t)] < e .

~

Solving (2.3.16) explicitly, we obtain

—

C—i(t> _ Zefzfof B(s) ds/ eif(f B(r)dr (S) ds,
t

where Bj,i(t) = )\jéj,‘i + Cj,{@)
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By (2.3.14), (2.3.15) and the unitarity of e'Jo 5047 e conclude that

s [ [

T
s [ eosicaul + [ e “Z!% Ml [ sl
t

Choose a large constant ¢, > 0 such that for all ¢; > ¢y, the following holds:

[ %Daj linleds < 5 sup (1) 3.7

t1 <t<T

then

_n at _n
sup |@(t)| < et 2 Collaboll + e T ol Se” Tt 200|W0|||
t1<t<T

Remark 2.3.1. In the above proof, if we change (2.3.14) into the following:

e S I @OllpllVal- — té)ually S e lla@)ll,

S e | (Id = Py(H1))U(t)oll,
l

_ _ _aT _
et Co(|Ivolly + €2 [Wollz2) + 7> lai(®)] lfuillp,

=1

where v = n(% — 1—1)) > 1, and follow the same arquments, we see that for large t,

1By (H U (0)ollp S t77Coe™ % ([tbolly + €= [loll12).

If the potential Vy is smooth enough, it is known (e.g., [1]) that the bound state
u; of Hy is differentiable. Moreover, its derivatives decay exponentially at infinity.

Thus,

l
lOPy(Hy, U (8ol < ) las(@)ll|0uill, S ¢77Coe™ 5 ([[olly + €2 [[dollz2).
=1

(2.3.18)
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In addition, the above claims hold with Hy replaced by H;, j = 2,--- ,m. These

results will be used to prove Theorem 2.1.4 in Section 4. [J

With Proposition 2.3.1, the P,(Hy, 7)U(7) part of (2.3.7) can be estimated by the

following:

t sA(t—e) ) )
/ ds/ dr|| e = oy ()= oV, (1) By(Hy, 7)U (7)o || o
t—A s—A

t sA(t—e)
< / ds / dr{t — s)"3 (s — ) B ||[Vi(r) By (L, T)U (T)o 1
t—A s—A

SA* sup [ Py(Hi, T)U (7)ol

TE(t—2A,t)

CO n

< 1ot 2 lvollzs + e % ||| 2)-

For the P.(Hy,7)U(7) part of (2.3.7), we need to apply Duhamel’s formula again
and expand (2.3.7) further with respect to H;. We assume that v; = 0 and m = 2 to
simplify our notation. Specifically, we plug the following

P.(Hy,7)U(7) = P,(H,)U(7) = P.(H,)e ™™ —iP,(H,) /0 ' eIy, (U (r) dr

into (2.3.7). For the term containing P.(H;)e ™1 we apply the dispersive decay for
PC(Hl)e_iTHll

t sA(t—e) ] ) .
/ ds/ dr|e” =)oy (5)e= "= oy (1) PL(Hy e ™ 1)y | e
t—A s—A

t sA(t—e)
< / ds / dr(t — sy~ (s — )2 ()2l < 6 ol
t—A s

—A
The second term is
t sA(t—e) T ] ] )
/ ds/ dT/ dr e~ =Y () e~ HOY, (1) PL(HY ) e ™ T, () U (1)ahp.
t—A s—A 0

(2.3.19)

Now take a small constant § > 0 and a large constant A; > 0 to be specified later.



30
We decompose the integral [ dr in (2.3.19) as follows:

T ) Ay T—A1 T—9 T
/ dr :/ dr+/ dr+/ dr+/ dr+/ dr. (2.3.20)
0 0 4 A T—A1 T—06

To simplify the notation, we will write A; as A. Our goal is to estimate each term

n (2.3.20). The second term of (2.3.20) is estimated as follows:

A
ds/ dT/ dr||e= =0V (s)e= IOV, (1) Po(Hy e T Vo (r) U (r)o oo
t— 1

A
(t—e) A
5/ s / dr [ dnte = sy s =y ) e

<21l 1.

The implicit constant above depends on A, 4.

The third term of (2.3.20) is estimated as follows:

t (t—e) T—A
ds/ ‘”/ dr [0 ()= B0V, (1) Py Hy e TV, (1)U (F) o o
t—A s—A A
(t— e) T—A
< / ds / / dr(t — s)™(s — 1) {r — YU (P oo
t—A s—A A

sA(t—e) T—A
< d d t— —n/2 . —n/2 . —n/2 fn/QC
< / s / / Pt — )2 (s — )2 — )yl

—-n 1 -n
< t2Coka||1o] < mco o],

where k4 — 0 as A — 0o. So the above inequality holds for large enough A.
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For the fourth term in (2.3.20), we have
t A(t—e) .
ds/ dr [ drllem IV (o) I () (V1)U )
—A s T—6

A(t—e)
dT/ AdT s) (s — 1) TRVA(T) Po(Hy)e T TV, (r) U (r) o

A
t ss A(t—e)
<[ a / dr / dr{t — 5)72(s = 72U (r) o oo
t—A s T—A
t
< / ds / ir / drit — s)™2(s — )72 (1) 2 Cy o
t—A s—A T—9

1
<20 < Oyt /2
oks|| Yol < 000 4ol

where k5 — 0 as § — 0. So the above inequality holds for § small enough.

For the fO(S dr part of (2.3.20), we expand
e—i(T—’r’)H1 _ e—i(T—T’)Ho . i/T—T e—i(T—r—ﬁ)Hl me—iﬁHo dﬁ
0

Here we put Hy after H; in the integral because we want H to appear immediately
before U(r) and apply Lemma 2.2.4. Substitute this expansion into the f(f dr part of
(2.3.20) and we get two terms. The first one is

t sA(t—e) 1) ) ) .
/ ds/ dT/ dre~ =9 oy (§)e=ts=nHoy, (1) P (Hy )e " T HOV, (1)U (1) by,
t—A s—A 0
(2.3.21)

Notice that P.(H,) = Id—P,(H,), and because || P,(H1)||,—, is bounded, || P.(H1)|[p—p

is bounded as well. Therefore the L> norm of (2.3.21) is estimated as follows:

t sA(t—e) 1)
S / ds/ ‘“/ dr(t — s)™"*(s — 1) 72 (r) 72N ol S T lol-
t—A s—A 0

The second term of the f0§ dr part of (2.3.20) after substitution is
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t sA(t—e) )
/ ds/ dr / dr ¢TIy (5)em oD oy (1)
t—A s—A 0

P.(H,) / e~ Tmr=B Ly o =BHo g3 V) (1)U (1)1, (2.3.22)
0

Decompose fOT_T df so we can rewrite (2.3.22)= J; + Jo + J3, where Ji, Jo, and J3
correspond to fo ag, [{ 43, and [T, dB, respectively.

We proceed to estimate .J; as follows:

5 5
[ [ aspmye v
0 0
) 6 .
5/ dr/ A3 (r —r — B)7||e”PHVa(r)U (r)tfol|o
0 0
5 5
S [Car s )
0 0
In the above expression, when n = 3, f(f dr fo(s dB(B + r)~"/2eM" is integrable.

When n > 3, we need to further expand e *"7=#H1 to remove the singularity of

(B+7)"% at B+ = 0. In either case, we can conclude that ||.J1 s < t7"/2|[1bo]|:.

~

For J,, our estimate is the following:

/ dr / dﬁllP e TR e = BHOV (R U (1)t | o
N/ dr/ dﬁ(f—r—ﬁ)‘””||Vle"'5H0V2(T)U(T)wo||1
0 )
6 T—r—1
< / dr /5 4B(r = — BY/2 e IV (1)U (r)edol e
) T—r—1
/ dr / 1= BB 4 )2 oy

) T—r—1
< / ar / dB(r — 1 — BY™2(B + )" ol

< 7o
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The implicit constant above depends on ¢ and is independent of ¢t and 9. Plugging

the above estimate into J;, we derive that ||.J3]/ee < 72 ||400]]1.

~J

To estimate J3, we notice that

I dBVA(7) P(Hy)e T OMyiemBI0V, (0)U (r)o s

T—r—1

S/ ABIVA (P)la | PoCL e =1 ||V 0V, (r)U ()bl
T—r—1

< / ABIVillalle o Va(r)U (r)do e

T—r—1

< / 48161 % M| olls.
T—r—1

Observe that r is small and § ~ 7. Plugging the above estimate into J3, we derive

that || Js]|ec < 72 ]|%0]|1. Thus, we finish the estimate of the fo dr part of (2.3.20).

2.3.2 Low and high velocity estimates

So far we have estimated four parts of (2.3.20). This subsection is devoted to deriving

the estimate of the [7 * dr part of (2.3.20), which will be decomposed as follows:

t e T—0
/ ds/ dT/ dre - SHOV( Je —ils=m)Hoy/ p, (Hl)e_i(T_T)HlVQ(r)U(r)wo

(t—e) T—68
/ ds / dr / dre =)oy (5)eils=mHo.

Po(Hy)e T I(F(1p) > N) + F(Ip] < N))Va(r)U ()i

= Jhigh + Jlow-

F(|p] < N) and F(|p] > N) denote smooth projections onto the frequencies |p] < N
and |p] > N, respectively. For the low velocity part Ji,,, firstly, (t —s) 4+ (s —7) > €
and Lemma 2.2.4 imply
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n

|t Hoy/ (g) il o | < (t—5)T5 (s — 1) 3. (2.3.23)
Secondly, we need the following proposition from [31]:

Proposition 2.3.2. Let x(t,z) be a smooth cut of the ball B(0,dt) with respect to
x, where § is a small constant only depending on €1 and B(0,0t) is a ball centered at

0 with radius 0t. Let A, M be large positive constants and A, M << t. Then

. B AM
sup [t -)e~ P (H)F(P] < M)Va(- = 5o < S
jt—s|<A

The idea behind Proposition 2.3.2 can be explained as the following:

The support of V,(- — sé7) is contained in B(séj, R). Here R is the size of the
support of V5. The operator e *¢=f1 P (H)F(|p| < M) can “propagate” B(séi, R)
into B(0,t6) only if (t — s)M > dist(B(sei, R), B(0,t0)) according to the classical
picture. However if [t—s| < A, tA, M < t, then (T—r)M < dist(B(rei, R), B(0,79)).

This proposition appears in [31]. We give a proof here for completeness.

Proof. The proof is a commutator argument. Let x; = x (¢, x). Firstly, we claim that

e, Pe(HD| 22pe S €70 (2.3.24)
Clearly,
X1, Pe(H1)] = [x1, I = Py(H1)] = —[x1, P,(H1)].
Recall that wuq, ..., u,, are the exponentially decaying eigenvalues of H;. Therefore,
X1, B(H)]f = Z(sz'(ﬂ wi) — wil fx1, ui))
i=1

m

= Z (=1 + x)u( fowi) — ui(f, a — Dug)) -

i=1
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In of the support of x; — 1 we have that

(1= x1)uglla S e

and thus
IDx1, Bo(HD) fllze < €% £l e,

as desired. Secondly, we claim that

. AM
v, =B < M)1os S B (2:3.29
We write
[Xl, e—i(t—s)Hl] — e—i(t—s)Hl (ei(t—S)Hlxle—i(t—S)Hl o Xl)
and
t—s
ei(tfs)Hlxl e*i(tfs)Hl o Xl — 71/ e’iTHl [H17 Xl]efiTHl dT
0

t—s ) 1 )
= 7,/ e (—V X1V — §AX1)6_”H1 dr.
0

Observe now that

Vxa(t,#)] S FASSIZEDIDS

1 1
5t (61)2

Therefore,

IDxa, e IR (5] < M|z

S 1t = sl (V3 Ve ™R (3 < M)llgage + [ Axae™ ™ (5 < M)1212)

A A

—itH p < M)|lr2_r2

le™ ™ F(p] < M)l 12— 2.

Since the potential V; is bounded it is standard that

sup [[Ve™ ™ fllze SV fllzz + 1/l 2. (2.3.26)



36
Indeed,

sup [Ae™ ™ fl|z2 < sup [le” P Hy f| g2 + sup [Vie™ ™ fll e S IV fllze + 1 f ]z,
and (2.3.26) follows by interpolation with L?. Therefore,
Ve B[] < M) og2 < M.

Combining terms we obtain the bound

< AM A AM
—i(t—s)H I <M 9 1o < <2
X, e s N 602 =

since M << t, which is (2.3.25). Finally, we invoke one more standard fact, namely

1D, F (1P < M)][[z2—re S M [ Vxa (2.3.27)

Hoo 5 NNV
oMt

To see this, write F(|p] < M) f = [7(&/M)f(€)]¥ with some smooth bump function 7.
Hence the kernel K of [x1, F(|p] < M)] is

K(z,y) = M"n(M(x —y))(xa(z) — x1(y)),

and (2.3.29) follows from Schur’s test. One concludes from estimates (2.3.24), (2.3.25),
(2.3.29) that

[t e B a1 (11 < MVa( — s
< AM

_ e_i(t_S)Hlpc(Hl)qu < M)xa(t,)Va(- — sei) L~z "~ ot

It remains to be seen that xi(t,)Va(- — sé1) = 0 since the supports of xi(¢,-) and
Vs (- — s€7) are disjoint. 0

To apply Proposition 2.3.2 to Jj,, note that x,V; = V;. Let xs be a smooth
cut of the support of Vo and f be any function in L*°(R"™). Then it follows from
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Proposition 2.3.2 that

ViPe(Hy)e TR (5] < N)Va(r) f
= [VixsPe(Hy)e "M E(1p) < N)Va(r)xa(- — i) fl

< Villzllxe Pe(Hy)e T E (] < N)Va(r) -zl xel2l flloo
ANM2
£ lloo-

Combining the above estimate with (2.3.23) and noting A, M, N < t, we conclude

te T—0 ANM2
1wl < / ds / ar / dr(t — s) " (s — 7y U () dolloc

< 29 n/2
< S ooz,

From the above estimate for Jj,,, it is worth remarking that the purpose of the
multiple expansions by Duhamel’s formula is to prepare a cushion (the potentials V;
and V5) to apply the L? — L? estimate (Prop 2.3.2) between the L' — L estimates.

For the high velocity part Jy;gn, we shall further expand U(r) with respect to Hy,

followed by a commutator argument. By Duhamel’s formula

Ulr) = e o 2/ e~ =)oy (0)U(a) da,
0

we write Jhigh = Jhigh,l — iJhigh,Za where

t s/\(tfe) ) .
Jhigh,l _/ dS/ dT/ dre™ i(t—s HOV( ) _I(S_T)HOV'lPc(Hl)e—z(T—r)Hl.
t— A

F([pl = N)Va(r)e™"xho,
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and

t SA(t—e) =68 ‘ ' |
Jhigh,2 = / ds / dr / dr efz(tis)HoV(s)eiZ(S’T)HoleJHl)efz(ffr)Hl.
t—A s T

—-A —A

L F(|pl = N)Va(r) /0 e VY ()U () da.

irHo

The decay of Jpign,1 Will come easily from e™*""°. Indeed, we apply Lemma 2.2.4 to

e~ =) Hoy/ (5)e=(s=mHo a5 in (2.3.23) and notice that

| P.(Hy)e TR (15 > N)|| g < 1. (2.3.28)

Then it is clear that || Jhigh1|| is dominated by

t sA(t—e) T—n
/ ds/ dT/ dr(t — s)""2(s — )72 ()2 ol < 472l
t—A s—A T

—A

Jhigh,2 Will be decomposed into three parts Jy; ), o, Jrign.o, and Jili, o, corresponding
to fOB da, f;fB da, and [, da, respectively, where B > 0 is a large constant to be
specified.

For J}, 1,5, the decay comes from e~ ir=e)Ho Tndeed, it follows from Lemma 2.2.2

and 0 < a < B that

e Y (@) (@) 1o S V26N S ()2

Hence, it follows from (2.3.23), (2.3.28), and the above inequality that |[.J};; 5le

is dominated by

t sA(t—e) T—9
Joas [ [ == )l S 07l
t— S— T

—A

J]%z‘gh@ will be estimated by an application of the bootstrap assumption, and the
smallness comes from choosing B to be sufficiently large. Indeed, it follows from

(2.3.23), (2.3.28), Lemma 2.2.4 and the bootstrap assumption that
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—A

t sA(t—e) T—0
gl S [ ds [ ar [ty sy
t—A s—A T
r—B
- / (r — @)™ (a)"da Collol
t sA(t—e) T4
< / ds / dr / drlt — s)™(s — 1) {r) s Collol
t—A s—A T—A

1
< — Ot ™? .
< 1050 llvoll

In the above inequality, B is chosen to be sufficiently large, because kp = | ;o (@)™ 2do —
0 when B — oc.

The decay of Jj,,;,, can only come from U(a). As usual we need to generate

L
100

for the bootstrap assumption. Here the smallness — comes from

the smallness 00

the high velocity and a commutator argument. Write F'(|p] > N)Va(r) = [F(|p] >
N),Va(r)] + Va(r)F(|p] > N) and correspondingly, we decompose J3};,j, o = JS;;M +
J/?%?;hg- That is to say JZ’;;W and JI?%?;h,Q are just Jjy; p, o With F(|p] > N)V(r) replaced
by [F(|p] = N), Va(r)] and Va(r)F(|p] = N).

Specifically, the smallness 155 for J,‘j’gém comes from the following standard fact,
namely

IF (2 < N), Volllzemre S N7HIVV2| . (2.3.29)

To see this, write F(|p] < N)f = [/(£/N)f(€)]" with some smooth bump func-
tion 7. Hence the kernel K of [F(|p] < N), V5| is

K(z,y) = N"n(N(x —y))(Va(y) — Va(z)),

and (2.3.29) follows from Schur’s test and sup, ||K(z,-)||;r = sup, [K(y)|er <
N7HVVa|o.
It follows from (2.3.23), || P.(Hy)e ""~H1||,, < 1, (2.3.29) and the bootstrap

assumption that
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’J}?zghQHOO

sA(t—e T—0
/ ds/ dT/ dr((t—s)(s—T>)_”/2—||V1H2|E\YV2”°°.

- / e a>H0v<a>U<a>wouzda

1 Co
< — su Uty le < =24 1/2 /2
S, U@l S P < g vl
where % is chosen sufficiently small to dominate the implicit constant in “ < ” which

only depends on n,V, v, and €,9, A, B.
The smallness for J;?;;h,g comes from the following version of Kato’s %—smoothing

estimate:

7 —i(r—a)H BR
l / al =P = M)y S T2 (2.3.30)

where x5(+) is a smooth cut around the support of V5 and R is radius of the support

of x2. The implicit constant only depends on n,V,. We refer to Section 3.5 in [31]
for its proof and further references.

Now observe that the region of integration f::j dr f:_B da is contained in that of

0 da [*TP dr and || P(Hy)e |y, < 1. Tt follows from (2.3.23), (2.3.30),

and the above observation that

te T—9 Y . BR
1Bl s [ s [T [ date— s - m e P
C -n
S 2y,

~ 100
where \/LN is chosen to be sufficiently small to dominate the implicit constant, which
only depends on n,V, vy and €,d, A, B. Therefore, we conclude that (2.3.1) implies
(2.3.2), from which Theorem 2.1.3 follows.
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2.4 Decay estimates of the derivatives of U(t)

In this section we prove Theorem 2.1.4 by induction on x by following the same
scheme as the proof of Theorem 2.1.3. The first step is to set up the cancellation

lemma for OU (t).
Lemma 2.4.1. Let k be a nonnegative integer. Assume that

—

sup sup ||0°V (r)||x < M.
0<p<k reR
Let o be a nonnegative integer n-tuple with |o| = k. Suppose U(t) is the evolution
operator of (2.1.7) as before. Then
sup [le”" OV ()02 U (s)doll, < [t Me" DM oy (2.4.1)
reR
’where’y:n(%—%) and 2 < p < 00, ]%+1%:1.

Proof. Write the left-hand side of (2.4.1):= W(t,s). When x = 0, (2.4.1) is just
the inequality (2.2.3). Note that the inequality (2.2.3) holds with V' replaced by its
derivative 9°V, as long as 9PV Ties in L'(R™). Assume x = 1 and apply Duhamel’s

formula:

| =DV (1)U (s)tho |,

< fle M (r)oe oyl + [l Y (r)e OV (U (il

< CIVOt [0l + 17 [l @V) (U ()l
PO [ eV o rnldr

< CME Wl + 31 [ £ arllly + 31 [ (e ryar

< C'Mt_”’eSMHlpOHWLp/ + M/ U(t, T)dr.
0

Taking supremum over r, we get W(t, s) < CMt=7e*M 4|y + M [J (¢, 7)dT. By
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Gronwall’s inequality, W(t,s) < CMt=7e?Ms,
For k > 1, the above argument goes through by induction, provided that the

Fourier transforms of the derivatives up to degree x of V(r) are uniformly bounded

in L'(R"). O
The following is an analog of Corollary 2.2.3:

Corollary 2.4.2. With the same notations and assumptions as in Lemma 2.4.1, we

have

1T @) ollwsn S 87N gy (2.4.2)

Y

Proof. By Duhamel’s formula, Lemma 2.4.1, and the fact that 9 commutes with

e~ we have the following estimate:

t
10U ()ollp < lle™™ 0ol + Sp<a / le= =D (07V) ()9 U (m)ibolpdr
0

t
:st-vn¢@nwmwf+-zﬁ<ab/“t—Ve“ﬁHJVWTdrn¢bnwm@/
0

< Ct—ve(n+1)Mt‘|¢0 ||W~,p’~

Similarly, the following lemma generalizes Lemma 2.2.4:

Lemma 2.4.3. Let o be an n-tuple with |a| = k and U(t) be the evolution operator
of (2.1.7). For each m > 1 and € > 0, uy,us,...,u, are all in either Ry or R_,

satisfying | 37", ;| > €, then there exists constant C' = C(m, €, k,p) such that

H (€"10V (5;))0°U (wm)ollp < CM™ ] [uy) 7M1 yr,  (2.4.3)
j=1 j=1
where s; 1s any real number, n2—” < p < 00, + =1 and

M = Scpza sup(10°V ()]l + 97V (5)]h).
se



43
Using Lemma 2.4.1 and Corollary 2.4.2; the proof of Lemma 2.4.3 is exactly the
same as that of Lemma 2.2.4.
We only prove Theorem 2.1.4 for the case k = 1,2. The case k > 2 can be proven
by induction. Specifically, we prove the following implication:

For any fixed sufficiently large time T,
aT
1U@)bollwer < Colt] 7 ([[Wollwes + €72 llthollr2) for 0<t<T k=12 (24.4)
implies that
Co, s ez
1@ vollwer < =7 (IWollwnsr + e |[t0llz2) for 0<t<Tik=12 (24.5)

provided that % remains larger than some constant that does not depend on 7. The
assumption (2.4.4) can be made to hold for some Cj depending on T', because of
Corollary 2.4.2. Letting 7' — +o0o to eliminate ||¢l|z2, Theorem 2.1.4 follows from
the iteration of the above implication.

We will first prove (2.4.5) for k = 1. For technical reasons (see (2.4.15)), we need
the above bootstrap assumption (2.4.4) for x + 2. To simplify the notation, we write
0% = 0 and

_ar
IWollwrar + €% ol = loll -

With these cancellation lemmas for OU (t)1g, the proof of Theorem 2.1.4 follows
the scheme of that of Theorem 2.1.3. The difference is that now we need to commute
0, with operators such as e,V and et to apply the cancellation lemma and the
bootstrap assumption.

We proceed by expanding U(t) with Duhamel’s formula:
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OU (t)1hy = Qe Hoypy — i / e~ =9HY ()1 (5)1hg ds
0
_ de—itHoy, _ / e~ (V) (5)U ()b ds
0

- i/t e~ E=HY ()QU (5)1hy dis. (2.4.6)
0

Notice that [0, V] = (0V)- is a multiplication operator, which can be viewed as
another potential and Theorem 2.1.3 can be applied to the second term of (2.4.6).
This idea has appeared in the proof of Lemma 2.4.1. Specifically, it follows from the

proof of Theorem 2.1.3 and an interpolation with the L? conservation of U(t) that

t
I [ ey ) eyndsl, € ol
0

By assumption, OV} satisfies the regularity and smoothness conditions for V; in

Theorem 2.1.3, and we conclude that

| [ ertemoveyuteindsty S vl

We expand the last term of (2.4.6) by Duhamel’s formula just as in Section 2.3
and perform the same decomposition. With the cancellation lemma for oU(t) and

Remark 2.3.1, the last term (2.4.6) is reduced to the following:

2 t sA(t—e) ' )
> / ds / dr e =Y/ (5)e (= HOV (75 OP(Hy, T)U (7). (2.4.7)
j=1 t—A s—A

Before we proceed, we observe that our assumptions guarantee

1P-(Hy)e™ ™ 4ollza < Cq [t o]l o (2.4.8)
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This implies that

1L P(Hy)e™ " ol o = (| P.(Hy)e™" ™ Hitbol| o

< Co [t Hdboll o < Co [ 10l

As V) € L*®(R") and double Riesz transforms are bounded on LI(R") 1 < ¢ <

+00, the above inequality in the case of 1 < ¢ < 400, implies that

1Pe(Hy)e ™ o lwza S 1817 [0l Iz (2.4.9)

Interpolating between (2.4.8) and (2.4.9) (Theorem 6.4.5 [5]), we conclude that

1P(H e o llwra < Colt1 ™[00/l (2.4.10)

where 2 < ¢ < o0, % + i =1land y= n(% — %) Because double Riesz transforms are
unbounded on L*(R"), we exclude p = oo in Theorem 2.1.4.

We write P.(H\)U() = P.(Hy)e ™ — iP.(H,) [§ e " HV,(r)U(r) dr and
(2.4.7) is broken into two terms.

It follows from (2.4.10), among other things, that the first term of (2.4.7), which
contains P.(H;)e 1 is dominated by [t|™7||¢o||w.e-

The second term of (2.4.7) is decomposed as follows:

T 0 A T—A T—0 T
/ dr :/ dr—i—/ dr—i—/ d'r—l—/ dr—i—/ dr. (2.4.11)
0 0 6 A T—A T—6

We estimate each term in (2.4.11) with similar methods as those for (2.3.20). Be-
cause of (2.4.10), the terms containing féA dr and fg_A dr in (2.4.11) can be estimated
exactly as there is no derivative before P(H;), and we omit the details here. Again

by (2.4.10) with ¢ = 2, the term containing [T - dr in (2.4.11) is estimated as follows:
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t sA(t—e) T ) . )
/ ds / i / dr||e” =MV (s)e~ OV, (1) D I Py(Hy ) Va(r)U (7)ol
t—A s T—0

—A

S sup / dr||OP.(Hy)e """ Vo (r)U (r)dholl 2

t—2A<7<t Jr—§

< swp / dr | Va(r)U () dollws »

t—2A<7<t J -6

< swp / drlU ol

t—2A<T<t Jr—§

) Co _
SE7Clollapy < 75t Iollam)-

Here 6 > 0 is chosen sufficiently small.

The fo(s dr term in (2.4.11) is expanded by Duhamel’s formula:
efi(‘rfr)H1 — efi(Tfr)Ho . Z-/TT efi(ffrfﬁ)Hl mefiﬁHo dﬁ
0

Plugging the above expression into the f[f dr term, we get two terms. The first

one containing e~ 7o ig

/t ds /SA(te) dr /5 dre_i(t_s)HOV(s)e‘i(s_T)Hovl(T)@Pc(Hl)e_i(T_T)HOVQ(r)U(T)wO.
I ' (2.4.12)
Since P.(Hy) = Id — P,(H;) and P,(H;) is a bounded operator from L? to L?,
P.(Hy) is bounded from L? to LP. It follows from Lemma 2.4.1, 0 < r < ¢, and the
Leibnitz rule that

|| Hy Pu(Hy)e T 0V, (0 U (1)t |, = || Po(Hy ) Hie 7 T 0V, (n)U (7)o |
< C||Hye T oV, (r) U (r)abo |,
< O|Villsolle ™ T oV, (r)U (r)abo |, + le™ T AV, (r)U (r)abo |,

< O [Pollwzar
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Since H; = Hy + V7 and V; is bounded, we see that

IAP.(Hy)e T Vo (r)U (r)dholly < O [¢ollyp -

Because the double Riesz transforms are bounded on LP(R™) 1 < p < oo, it follows
that
1P.(H e TV, () U (r)dbollwee < CT 7740l

Therefore, by complex interpolation, we see that
| Pe(Hy e T oV, (m)U (r)dhollwre < CT77 4ol (2.4.13)

which implies that [[(2.4.12){|w1e S t77||%0 |l -

For the term containing f0§ dr fOT_T dp , we perform the exact same decomposition
as in (2.3.22) and each step there goes through provided (2.4.10) and (2.4.13).

The term containing f::j dr in (2.4.11) is

t sA(t—e) T—0 ] . .
/ ds / dT/ dr ||e7 MoV (5)e= VIO P, (Hy e T MV (r)U (r) o
t—A s—A T—A
(2.4.14)
The proof of Theorem 2.1.3 showed that Ve > 0, the following holds:
VA P.(Hy)e T Vo (r)U ()l < €Cot™ 2 [[to]l1,

given t sufficiently large. Going through the proof, we see that the same argument

also shows

IViP.(Hy)e =" Vo (r)U (r)tholl, < eCot™ [0l

Furthermore, the above inequality holds if V; or V; is replaced by its derivative.

Another observation is that, given our new cancellation lemma for OU (7)),

IVLP.(Hy e TV (r) 07U (r)doll, < eCot ™ lvoll 5101
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Indeed, to prove the above inequality, we decompose the left-hand side into a high
velocity part and a low velocity part. Each part generates the small constant € for the
same reason as in Section 3.3. The same argument with the bootstrap assumption

(2.4.4) implies

Vi Hy Pu(H e OBV U (r)edoll
— Vi Po(Hy e " H Vo) U (r)dolly S eCot ™ ool oy (2.4.15)

It follows from the above inequality and an elementary calculation that

IViP.(Hy)e TV (r)U (r)abolwas S €Cot ™ [¢oll ). (2.4.16)

Hence, by complex interpolation, for Ve > 0,

VA P(Hy)e T Vo (r)U (r)ollwo S €Cot ™ ol (2.4.17)

given t sufficiently large. This implies that ||(2.4.14)||w1» can be estimated by

15 Cot ol
Therefore, we have proven (2.4.5) for k = 1. The same procedure also proves

(2.4.5) for k = 2. Thus, we finish the bootstrap argument and conclude that

1U@)ollwer S 1Yol o

by letting 7' — oco. The proof for £ > 2 is similar by induction. Thus, we have proven

Theorem 2.1.4.

2.5 Boundedness of the Sobolev norm of U(t, s)uy

The goal of this section is to prove Theorem 2.1.5 when & is a positive integer. The
intuition comes from the case x = 1 ([17]). To bound the kinetic energy (the H'
norm), we look at the observable K (t) = 1(p— £)2+ 3", Vi(t). (K(t)) will decrease

if the particle is far away from any potential, since the observable (p — %)2 decreases
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like =2 for the free motion (the pseudo-conformal identity). If the particle is close to
the center of potential V;, then £ ~ v; and (K (t)) ~ (3(p — 10)* + Vi(z — it)), which
clearly is the total energy of this one potential stationary subsystem up to a Galilean
transform. To carry this boundedness from (K (t)) to (p®), we need to replace the
vector field £ by v(x,t), such that v(x,t) is uniformly bounded and is equal to v; in

an increasingly large neighborhood of = = ;t.

Rigorously, consider a smooth, uniformly bounded vector field
v(z,t) : R" x (—o0, =T|U [T, +00) — R"

and let

m

Kolt) = 50— v(x, 1) + 3 Vi(t),

=1
where T is a large positive constant, p = (p1,--- ,p,), and p; = —i%. Note p? = Hy
and (p — v(z,1))? is a well-defined self-adjoint positive operator.

In [17], Graf constructed v(x,t) and proved ||U(t, s)io||z: is bounded as ¢t — oo
by bounding £ (Ko(t)) from above by a time-integrable function, where (Ko(t)) =
(U(t, s)o, Ko(t)U(t, s)tbo)r2. We write (f,g) as the inner product of f, g in the
L?(R) sense.

To prove Theorem 2.1.5, we need to define the proper analog of Ky(t) suitable
to the H" norm of U(t, s)1 to match the intuition given by the classical system.

Fortunately the following observable works:

p— v )+ V(D) — (m = D5 — vl 1))

l\DI»—

z:1
Notice that K(t) = Ky(t) if K = 1. Because v(z,t) and its derivatives are bounded
uniformly in space-time and V; € C§(R"), we have the following, writing (K (¢, s)) =

(U(t? 5)1/}07 K(t)U(tv 3)%)3

U, s)ollre S (K (8 8)) + [ s)YollFems (K (8 8)) SNUE )0l
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By induction on &, it suffices to show (K (t, s)) is bounded uniformly in ¢ and s.

Expand K(t) as a polynomial of (3(p — v(z,t))?. Though ((p — v(z,t))? and
Vi(t) do not commute with each other, viewing K (¢) as a differential operator, the
term of highest degree is ((5(p — v(z,t))?)", which is positive, self-adjoint. The
other terms in K (t) are of degree no bigger than 2x — 2 with bounded and smooth
enough coefficients. Correspondingly, (K (¢, s)) breaks into two parts. The part
(U(t, s)to, (%(p — v(x,1)))"U(t, s)1g) is always nonnegative. The other part con-
taining the low degree terms can be dominated by ||U (¢, s)to]|3.—.. By the induction
hypothesis, it follows that (K (¢, s)) is bounded from below. To bound (K (t,s)) from

above, it suffices to show that for t > T,
d
J (K s)) < t=IHOC(K (¢, 5)) + Ut 5)80[Fr)- (2.5.1)

For t < —T, the opposite of the above inequality should hold:

S, 5)) > 1 CIOKE 5)) + 10 5ol (2.5.2)

First let’s consider ¢t > T', integrating (2.5.1),

(K (t2,5)) = (K(01,9) £ C [ 60Dt + € sup U0 5)lfy

t1 t,s€ER

Choosing T' > 0 large enough such that C' [°t~'7%dt < 3, then

(K(ty,5)) < (K(t1,8)) + C sup |U(t, 8)o||3n +1 max (K (¢,s)).

t,s€R D t1<t<to

By (2.1.19), maxy, «t<t, (K (t, s)) < co. This implies that

max (K(t,s)) < 2(K(t1,5)) + Cllvollfx1-

t1<t<to
Letting to — 400 and t; = T, it follows that max,~7(K(t,s)) < C(K(T,s)) +
Cllo||3e-r. Hence (K(t,s)) < Crl|tho||u~ for t > T and s € [-T,T). For t < —T,
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we integrate (2.5.2) to bound (K (¢, s)) from above and Theorem 2.1.5 follows in this
case by the same argument given that (2.5.2) holds.

Before we proceed to proving (2.5.1) and (2.5.2), let’s specify some properties of
the vector field v(z,t). It is convenient to describe v(z,t) in the rescaled coordinates
y = 2. Let ug = 2max;<j<p, [0 When |y| > ug, v(z,t) = uopy- When y € B,
we specify v(x,t) = 07, where B; is a fixed ball centered at v;. We suppose that
B, (I=1,---,m) lie in the big ball By centered at the origin with radius u, and that
they are disjoint from each other. When y € By — U™, B;, we specify v(z,t) = y. To
make the vector field smooth, we modify and smooth the vector field in the scale of
[t|*=7, where v is a small positive number. In the rescaled coordinates y, the scale is

|t|~7. Specifically, consider

Ug — S Ug — S

w(s, ) = s )+ uo(1 = );

«

where ¢ € C*°(R) with ¢’ > 0 and
o(x) =0 for z <0 o(x) =1 for z > 1.

Then writing y = 7, we define

— y — —
WO, t) =w(lyl [t ™) and w2, ) = —(y = 0)e(2 — [¢ly — ),

Y|

where £ =1,2,--- ,m. Finally, v(z,t) :== > ", w®

The properties of the vector field v(z,t) that concern us are as follows:

1. v is bounded in space time. The k-th space derivatives of v uniformly decay as

|t|=*(1=7) as t — oo.

2. (Vij)nxn as a matrix is symmetric and positive semidefinite when ¢ > 0, negative
semidefinite when t < 0, where v; is the i-th component of vector v and the
indices following a comma stand for partial derivatives in space. As vy ;j = vjy,

pr — v and p; — v; commute with each other, i.e., [py — vk, p; — 5] = 0.
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ov;

3. |lvijvi+ %o < Clt|~UF9. We make the choice 14§ = min{1+7,2—2y} > 1.

Summation over double indices is understood.

These properties can be shown by a direct calculation ([17]). Now we are going

to prove (2.5.1) and (2.5.2) and proceed by observing that

i%U(t, s)o = H(t)U(t,s)y and (2.5.3)
- i%U(t, s)ho = U(t, s)H(s)y. (2.5.4)

It follows from the above that £ (K (t,s)) = (U(t, s)vo, (i[H(t), K (t)]+95)U(t, s)t).

A straightforward calculation shows that

H(D), K(0) = (577 + 3 Vi), Y (3 (0~ )2 + Vi) — (m — ) (50— )]
=Y - ) 4 T o ) VI - )P+ i)
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First, let’s consider

—_

l\'JIH

x

Jitids+ids =)

=1

V) MG — 1)+ Vi), (255)

i

0

where My = i[1p? + X7 Vi(t), 4(p — 1) + Vi(t)] + 4((p — v)? + Vi(t)). Another

elementary calculation gives the following:

1 , .
= ; Vw SV A= opilvigy + 55) = Wi+ 500
v; 1
+ vi(vijv; + T —)+ 1 Viiis + (v —1u)-VV, (2.5.6)
where A = —(p; — Z)V”—Jr””(p] — v;) is a symmetric, semidefinite negative operator

when t > 0 and a semidefinite positive operator when ¢ < 0. It follows from the

properties of v, that

81/2' _ 11—
55 + Sl < O, il < Clt|H8 25.7)

and that the L., norm of derivatives of these terms decay even faster because each
space derivative gains a factor |¢t|°~!. Moreover, Y ", (v — ;) - VV] vanishes as [t| > T
is sufficiently large, since v — ¥; vanishes on an increasing neighborhood of x = tu,
which will eventually contain the support of VV/.

Plugging the expression of M; into expression (2.5.5), we claim that the decaying
terms listed in equation (2.5.7) only produce time integrable term. We calculate the

term containing %pi(yiyj v+ %) as an example to illustrate this point:

U 0o, (50— )+ Vi) 2w + SN2 (0 = )2 + V()51 i)
= (G0 — )+ ) Ut 5o, (s + B0 (G o — ) + VY40t 5)).

(2.5.8)
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If 2k +1 =k or 2k + 2 = &, (2.5.8) can be dominated by

O (50— )2 + Vi) U, )2l G (0 — ) + Vi)™ U e, 5)oll
< I Ut 5 ol
< I (K, 5)) + 10 )l

If k # 2k + 1 or 2k + 2, first consider 2k + 2 < k and kK = 2d 4 1, an odd integer.
We need to commute v; jv; + % with (5(p — v)? + V))“*. Specifically, we claim that

ov; | pi

(50— )+ Vi) v + SR (0= ) + Vi)

2

is an differential operator of degree 2d + 1, whose coefficients are of magnitude ¢='7°.
This is clear because v; jv; + 3”1 and its derivatives decay at least as [t|7'7. Hence,
(2.5.8) is dominated by C’|t]_1_5(<K( $)) + [|U(t, $)to||3x-1). In the case that 2k +
2 < kand k = 2d or 2k + 1 > Kk, (2.5.8) is dominated by CJt| 1 °((K(t,s)) +
|U(t, $)1o||3;s-1) for the same reason.

Therefore, it remains to estimate the following in expression (2.5.5) :

—_

l\DlH

3

)24Vt Zvj, (p—v)? +V]+A)(2( —V)2 V(1) F. (25.9)
0 J#l

>y

=1

i

Observe that for given time ¢, v(x,t) is a constant vector on a ball centered at ¢
with radius growing linearly in |t| approximately. So, as long as |t| is large, v(z,1)
will be constant on the support of V;(¢). This implies that v;;, v; ; both vanish on the
support of Vi(t). Hence it follows from A = —(p; — v;) %% (p; — v;) that AV, =0
and V; A = 0. Moreover, for j # [, V;(t), Vi(t) have disjoint supports given that ¢ is
large. So the expression (2.5.9) is reduced to the following:
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> Z_:(%(p — vV %(p — )Y+ A)(%(p — )2y ik (2.5.10)
I=1 k=0 J#L
= G A+ = DIV 30— DG - @251

Secondly, we consider J, 4 iJ4 + iJg, which equals

=) Y (50— )G+ D Vi, o] e L) (-
k=0 Jj=1

Setting all potentials V; = 0 in (2.5.6), we see that

1 d1
i[§p2, §(p — )2+ 55(]9 —v)? = A +time integrable terms,

where the time-integrable terms are equal to

oy, 1 v;

)

al/i 1
E) - é(Vi,jVj + ot )i + vi(vijv; +

1
A= opilvigv; + o) T Vi

and can be estimated exactly as those in J; + ¢.J3 + iJ;. We are left to estimate in

Jo +1Jy 4 i g

m

~(m = 1) Y0~ A V0 50— DG - ) (253)

J=1

Now adding (2.5.11) and (2.5.13) together, we see that (i[H(t), K(t)] + 2&

=) 1S
simplified as some time-integrable terms plus the following:
Kk—1 1 1
> G = AGE - (2.5.14)
k=0

which is a differential operator of degree 2x.
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VijtVj.i VijtVj,i

First we observe that [py — v, p; — v;] = 0 and (pr — vp) =152 = =552 (pg —

ARy A . . 1
Vy) + 2525k - Second, v i, + v and its derivatives decay at least as fast as |t[ ! 0

when ¢ — oo and thus is integrable in time. Hence if we commute A with (p — v)? or
pj — v;, the commutator is time-integrable.

If Kk =2d+ 1, an odd integer, then
1 N ve1-k _ (L 2vd 401 2Nd | i
(E(p—l/) ) A(i(p—y) ) = (i(p—l/) ) A(é(p—u) )“+time-integrable terms.

The first summand is negative (positive) definite when ¢t > 0 (¢ < 0).
If k = 2d, an even integer, then (%(p—l/)Q)kA(%(p—yf)”’l*k = (%(p—V)Q)hflé(pj_

vj)A(p; — v;)(3(p — v)*)"~! + time-integrable terms. Again the first summand is
negative (positive) definite if ¢ > 0 (¢ < 0).

Hence, we have written £ (K (¢,s)) as a sum of a negative (positive if ¢ < 0) term
and other time-integrable terms. More precisely, the time-integrable terms decay at
least as fast as [t|~!7°. Therefore, we have proven (2.5.1) for ¢t > T and (2.5.2) for
t<-T.

Finally, we deal with the case where [t| < T, s > T by time reversal. Write r = s—t
and U(r,s) = U(s—r,s), H(r) = H(s—r). Then we have i9,U(r,s) = —H (r)U(r, s).

Define the corresponding observable:

(p+v(r,5 =) + Vil — s+ 5))* — (m = DG+ vlx, 5 — 1))

N —

K(r)=7(
=1
It can be shown that ﬁ(r, s) is a bounded operator from H"* to itself by the same
argument with U (¢, s) replaced by (7(7’, s). The case of |[t| < T,s < —T is similar.
2.6 Asymptotic completeness in Sobolev spaces

Recall that we are considering (2.1.7). V; is stationary (we denote its velocity as

éo = 0) and V5 is moving with velocity €;. There are two approaches to prove The-
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orem 2.1.6. Graf ([17]) proved the asymptotic completeness for the charge transfer
model in the L? sense by proving a RAGE theorem. Our first option to prove The-
orem 2.1.6 is to generalize Graf’s idea. We find that this approach works, provided
that each individual subsystem (i.e., p? + V}) is asymptotically complete in the H"*
sense. However, the only direct way to prove this fact, as we know, is by the dis-
persive estimate. The advantage of this approach is that it requires less restrictive
conditions on the potentials and the spectrum of the individual subsystem, given that
nontrivial fact. Our second option to prove Theorem 2.1.6 is to apply the dispersive
estimate (Theorem 2.1.4) directly. To illustrate both of these ideas, the following
proof is somehow a combination of these two options. Specifically, we follow [17] to

prove the existence of the wave operators and then apply Theorem 2.1.4 to prove

Theorem 2.1.6.

2.6.1 Existence of wave operators

The well-known wave operators are defined as follows:

Q5 (s) = s — lim U(s, t)e (=)o,

t—+00

Qy (s) = s — lim U(s, t)e "M py (),

t——+o00

Qy(s) =s—1imU(s,t)g_g (t)e’i(t’S)HZPb(Hg) gz (s).

t——+o00
Theorem 2.6.1. Under the assumption of Theorem 2.1.5, the above wave operators
exist in the space H". More precisely, forl = 0,1,2 and iy € H", the limits converge
in the H" sense and S (s)o lies in H*(R™).

Remark 2.6.1. The above theorem can be proven by Cook’s method together with
Theorem 2.1.4 and Theorem 2.1.5 if we are willing to impose more reqularity on the
potentials and the spectrum condition. The following proof originated in [17], which,

we believe, requires the least conditions on the system.
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We present some preliminary facts before proceeding;:

Lemma 2.6.2. Let g € C3°(R") and v > 0. Suppose

1. g(p) =0 for |p| > v and fir a > 1. Then for R > 0,t >0 and any N > 0,

|F (2] > a(R -+ vi))e "2 g(p) F (|| < R)lla < OnnlR -+ 18) 0] 12

2. g(p) =0 for |p| <vandvy > 0,0 < a<1. Then fort >0 and any N > 0,

2

IE (2] < alv = vo)t)e™ T g(p) F (2] < vot)¢ = < Ot M)l 2.

These estimates are fairly common for x = 0 and may be proven by the stationary
phase methods (e.g., [10], Lemma (6.3)). For the case k > 1, the above lemma follows
from a commutator argument and the fact that the derivative on the left-hand side
can be absorbed into g(p) because g € C3°(R™). The next lemma represents to some

extent the counterpart of Lemma 2.6.2 for H, = Hy + V.

Lemma 2.6.3. Let g € C°(R) and v > 0. Suppose g(e) = 0 for e > v*/2 and fix
a>1. Then forl=1,2, R >0 andt > 0, we have

IF(|2] > a(R + vt)e™ ™ g(H) F(|z] < R)¢(x)lle < Cnpu(R +vt) ¢l z2. (2.6.1)

When k = 0, the lemma is just Lemma 4.2 of [17]. For x > 1, the left-hand side

of (2.6.1) is dominated up to a constant by
I(Hy + M) 2e g (H) F(|2] < R)$ (@) 22(af>a(nr00),

where M is chosen so large that H; + M is a positive operator. If we define g(H,;) =
(H, + M)2g(H,), then § € C°(R). The above is of the form x = 0 and the lemma

follows from the case k = 0.
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Lemma 2.6.4. 1. Let 0 < vy < v and g € CP(R™) with g(p) = 0 for {|p| <
v} U{lp — €| <v}. Then for any s € R,

t1 _>+00t2 >t

1
lim sup ||(U(ty, t;)—e Holtzmt1))o=iHolti=9) g 1)) HF(|x—é}s| < wvo(t1—5))||r2m= = 0.
1=0

2. Let vg,v > 0 with vo + v < |e1| and g € C°(R) with g(p) = 0 for p > v?/2.
Then

lim sup ||(U(ty, t1) — e” 1= g(H )V F (|| < vot1)]||L2— g = 0.

t1—+00¢, > ¢4

For k = 0, the lemma was proven in [17]. We will follow the approach there to

prove the case k > 0.

Proof. Part (1): Take a« < oy < 1and let f € C§°(R") with f(y) = 0if |[y—é| > a(v—
vp) for both I = 0,1. Since at < ay(t — s), we have |f(x/t)] < |f(z/t)] Sy F (|7 —

éit] < a1(v —vg)(t — s)) for large enough ¢.

1
||f( e M g(p) [T Flx = éis| < volt = 5)) 2
=0

S DD N flleell Pl = éit] < can(v = vo)(t = 5))

I8|<r 1=0

e*iHO(tfs)gﬁ(p)F(\:U —&s| < vo(t — 5))|| L2mr (2.6.2)

Z Z (J2| < ar(v = vo)(t = )68 (p+ &) F(|x| < vo(t — s))]|

where ¢°(p) = > |p1y|=x P79(p). The above inequality follows by commuting the
derivative through f(x/t), by applying a Galilean transform to the second expression,

and by Lemma 2.6.2. By (2.6.2) and Theorem 2.1.5, it suffices to show that
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sup [|(U(ta, 1) (1 = f(w/tr)) = (1 = f(z/tz))e Holet)e =) g ).

1
JTF(z = sl < vo(ts = 8))|] 1oy — 0. (2.6.3)
=0
Substituting
—iHo(ta—t1)\ __ 2 d —iHo(t—t1)
(U(te, 1) (1= f(x/t1)) = (1= f(x/t2))e ) = /t 5 Utz t)(1=f(z/t))e )dt

into (2.6.3), it follows from Theorem 2.1.5 that the left-hand side of (2.6.3) is domi-

nated by

[ 6O 1) i~ /)t~ 2 gl )

t1

1
: H F(lx —és| < wvo(ty — 5))HL2HHth.
1=0

The expression within the square brackets consists of (1) — (3), which are estimated
as follows:
1. Suppose t is sufficiently large, then Vi(t)(1— f(x/t)) = 0, because V; is compactly
supported, where we take f(y) =1 for |y — €| < a(v — vy)/2;

2. Hof(x/t) — fx/t)Hy = =5t 2(Af)(x/t) — it ' (Vf)(x/t)p; and

3. g f(@/t) =t (@/O)(Vf)(x/t)
are treated using (2.6.2).

Part (2): Choose o > 1 and v; with a(v + vy) < v1 < |e1]| and let f € C{°(R")
with f(y) =1 for |y| < a(v + v9) and f(y) = 0 for |y| > v;. We first claim that

lim supl||(1 — f(x/t))e =Y g(H)F(|z] < vot1) || z2—pm= = 0. (2.6.4)

t1—+00¢> ¢
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Since 1 — f(x/t) is supported in |z| > a(v + vo)t > a(vety + v(t — t1)), it follows
from Lemma 2.6.3 that

|F(|z| > oz(votl+v(t—t1))e_iHl(t_tl)g(Hl)F(|ac| < vot1)||z2—mx < Cn(voti+v(t—t1)) ™.
(2.6.5)
Now by Theorem 2.1.5 and

d

(Ulta ) ft0) = flafta)e™ 000 = [ LU 0,0) /)0,

it suffices to estimate that

sup ||(U(tz, t1) f (x/t1) — f(x/t2)e 1070 g(HY) F (|| < voty) || r2—pn

to>t1

< [ aiHO /) = if (/O : + g faf)e D g(H)F (o] < vt 12

t1

As in Part (1), a discussion of terms (a)-(d) in the square brackets now follows:

(a) Vi(a)f(z/t) = fx/t)Vi(z) = 0.

(b) Va(z — eqt) f(z/t) = 0 if ¢ is large enough because V5 is compactly supported
and f(y) =0 for |y| > vy and |e1| > vy.

(c) [Ho, f(z/t)] = 3t72Af(x/t) — 2V f(z/t). Since V; € CF, we can take M large

enough so that the corresponding term can be dominated by

(M + H)E (G2 F /1) = P9 (o)) g (H) F(Ja] < vt 1

Commute (M + Hy)? through (3t 2A f(z/t) + 1V f(z/t)V) and the commutators
generated will decay at least as fast as t72, hence they are time-integrable. Note that

|(p? +1)°g(Hy)||z2—12 < C,. The only term that does not decay as fast as t72 is
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II(M+H1)*1(— fla/t)e (M 4 Hy) 5 g(H) F(|2] < vota) || 1212,

which is integrable, due to the fact that (M + H;) !p is a bounded operator from L2
to L? and due to (2.6.5) (with g(H,) replaced by (M + H;)2*'g(H,)), and due to the
support property of V f(x/t).

(d) 2 f(z/t) = =% f(z/t)t"", which can be treated as part (c), using (2.6.5) with
f(z) replaced by zf(x). O

Proof of Theorem 2.6.1. Since U(s,t)e™*=5)Ho and U(s, t)e~"*=*)1 are uniformly bounded
operators from H" to H", it suffices to prove the existence of the strong limits € (s)

and 7 (s) on a dense set D:

D ={g(p)f(x): g € C5°(R™\{0,e1}), f € C5°(R"), 9 € L*(R™)}.

g(p) satisfies the hypothesis of Lemma 2.6.4 Part (1), with a suitable v > 0. Take

0 < vy < v and note that

LI Fa =@l < vty = ) f(2) = f(2)

for t; big enough. For t, > t; , it follows from Theorem 2.1.5 that

(U (s, t)e™ 0= — U(s, to)e™ 00" g (p) f ()] 1+

SI(U (2, 11) — e Holtamt)emiHolt=s) F(le — és| < wvo(ty = 8))lL2—p=[l f(2) ]| 2.
z:o
Hence Lemma 2.6.4 implies that U(s,t)e"0=%)g(p)f(2)1) is Cauchy sequence in
H"(R"™) as t — 400, which is equivalent to the existence of {5 (s) .
We will only show the existence of Q7 (s). The existence of Q5 (s) follows from

the same argument up to a Galilean transform ([17]). Since the eigenfunctions of
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H; span the range of P,(H,), it suffices to prove convergence on the eigenfunctions
v Hytp = E. Due to our assumptions on the potentials, the positive eigenvalues
are excluded. Thus for any v > 0, we can find a suitable g as in Lemma 2.6.4 part
(2) with g(H,)P(H,) = P(H;). More precisely, we take v, vy > 0 with v 4+ vy < |ey].

For tg 2 tl,

(U (s, tr)e I P(Hy) — Uls, to)eH22)]|
=[|U (s, t2) (U2, t1) — e 10200 g () (F (|| < wots) + F(l2] > vot1) ¢ s

SIU(ta, t1) — e 0)e =) g () P (|| < wot) || 2[00 22 + [|F (2] > vot1)y s,

since U(s,t), Hi(s) and g(H;) are bounded operators on H"(R™) with a uniform
bound.

Lemma 2.6.4 part (2) and the fact that || F(|x| > vot1)¥||g= — 0 when t; — 400
imply that U(s, t)e™ (=) P(H| )1y is a Cauchy sequence in H*. O

2.6.2 Asymptotic completeness

In this section we will apply theorems 2.1.4 and 2.1.5 to prove Theorem 2.1.6. For
the case k = 0, we refer the reader to [31].
Proof of Theorem 2.1.6. First let us assume that ¢y € W*2 N W5 for some

1<yp < 22+—”n Decompose
Y(t) = U(t)o = Po(H1)U ()0 + Py(Ha, )U ()0 + R(2).
By construction, we clearly have

Py(Hs, t)U(t)o + R(t) € Ran(P.(Hy)), (2.6.6)
Py(H\)U(t)¢ + R(t) € Ran(P.(Ha,t)).

We further write
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for some choice of unknown functions a,(¢). Due to the smoothness of the potentials,

u, belongs to H"(R™). It follows from (3.0.3) that, similar to (2.3.1),
a, + 1 (Vo(- — té1)(t),u,y =0 forall 1 <r <m.

The exponential localization of w, implies that [(Va(- — t€1)Y(t), u,)| < e . There-

fore, a,(t) has a limit, writing lim,_., ., a,(t) = A,, and

— 0, t— +4o00. (2.6.7)

HK,

HP(,(Hl)U(t)po =S A,
r=1

We next define the functions v, = tli+m U (t)_le_ik’“tur. The existence of v, and v, €
— 400

H* is guaranteed by Theorem 2.6.1. By Theorem 2.1.5, we have

HU(t)(Z ATUT) — Z A,e” Pty o 0, t— +4oo. (2.6.8)
r=1 r=1
We then infer from (2.6.7) that
HU(t)(ZArvT) - Pb(Hl)U(t)%HH 0, t— +oo. (2.6.9)
r=1

The above arguments apply to P,(Ha,t)U(t)1 in a similar fashion. More precisely,

we write
U)o = By(Ha, YU ()0 + L'(t) = g, (t) Po(Ha) ge, (U (1) o + I'(2).

Therefore,
8e (DU ()0 = Py(H2) g2, (U (O)tho + ge (HT(2). (2.6.10)

Recall that the function ¢(t) = ge, (t)U(t)1y is a solution of the problem

%3%/; - %zﬁ + Va(x) + Vi(z +te)P =0, Ylimo = gz, (0)0. (2.6.11)

According to (2.6.10), ¥(t) = Py(Hy)U(t) + T'y(t), where Ty(t) = ge (0)T(¢). In
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particular,
Fl(t) € RCLTL(PC(HQ))
Decompose
¢
Py(Hy)d(t) =Y by(t)e " w,
s=1

for some choice of unknown functions bs(t). Again, due to the smoothness of the
potentials, ws € H"(R™). After substituting the decomposition in (2.6.11) we obtain
the equation

b(t) +i (Vi(- +t&),w,) =0 forall 1<s</.

Using exponential localization of ws we conclude the existence of the limit bs(t) — B
as t — +oo. Thus ||Py(Hy)(t) — Z§:1 Bge #stw||ge — 0, ¢ — oo. Equivalently,

after applying g_z (t), we have

— 0. (2.6.12)

HE

4
|t U 0w = Y B g s, (1)
s=1

Now Theorem 2.6.1 allows us to define

we = w, =5 —lmU(t) " g_g (t)e ™2 Py(Hy)w, € H.

t—-+o00

Moreover,

— 0, t— +4o0. (2.6.13)
HE

J4 4
|00 Buaw) = > Bue g s, (1)
s=1 s=1

It then follows from (2.6.12) that

1Py (Ha, YU (t)ho — U(£) (D Baws) e — 0, t — +o0. (2.6.14)



66

We now define the function
m l
¢ =1y — ZATUT — Z Bws, (2.6.15)
r=1 s=1
which will lead to the initial data ¢g for the free channel. We have that
Py(H)U(t)¢ = Py(H1)U(t)tho — Po(H1)U ZA v,) — By(H)U ZBsws
It follows from (2.6.9) and the identity P?(H;) = Py(H;) that

| Pt U @y — Po( U ZAUT

— as t — +oo0. (2.6.16)

HrE

Furthermore,

l m
Py(Hy) Z Bee tg o (Hw; = Z Z Bee "N g g (Owj,upyu, — 0 (2.6.17)
s=1

r=1 s=1

in the H" sense as t — +o00, due to the exponential localization of the eigenfunc-
tions w,. We infer from (2.6.16), (2.6.13), and (2.6.17) that || P,(H1)U(t)¢|lg~ — O.
Similarly, ||P,(Hay,t)U(t)¢||g= — 0. Thus, U(t)¢ is asymptotically orthogonal to the
bound states of Hy and Hy. V; € Co+2+2 implies that (14 [¢])"1 5 V;(€) € LA(R™).
So (1 + |§|)“\7j(§) € L'(R™). Therefore, according to Theorem 2.1.4, U(t)¢ satisfies

the estimate

U@ Sllwrs S 1HT 20l (2.6.18)

where % < p < +4o00. In order to be able to apply the estimate (2.6.18), one

needs to verify that ¢ € W*?. By assumption, 1y € W*?. Thus it remains to
check v, € W' r =1,--- mand w, € W s = 1,--- ¢, which is guaranteed

by Lemma 2.6.5 below. Assuming this lemma for the moment, we now consider the
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expression
AN t . A
UG = 6 — i / % (Vi(2) + Va(a — s61)) U(s)é ds.
0
Writing 2%’2 = r, we have the following estimate:
p

/t h ||e—z's% (Vi(z) 4+ Va(x — s&1)) U(5)¢|| g=ds

400
< (Willwer + [Vallwes) / 1U(5)@|lwerds
t

1

+o0 1
,S/ 517" | Bl (| Villwser + [[Vellwnr) = 0, as ¢ — foc.
¢
Here we note that —n(3 — i) < —1. This allows us to show the existence of the limit
do = lime"2U(t)g € H".

It follows that
U(#)d — e *Z ol — 0, ¢ — +oo. (2.6.19)

Combining (2.6.8), (2.6.13), (2.6.15), and (2.6.19) we infer that

— 0, as t— +oo,
Hh‘,

m 14
. ) .
H U(t)d)o o Z Are_v\rtur - E BSG_WSt 9-a (t)ws —e "3 ¢0‘
r=1 s=1

as claimed. Because W2 N W*? is dense in W*2, for any 1y € W*?2, there is a
sequence v € W2 WP converging to 1 in the W2 norm. Then for each v, we

have the following decomposition:

m ¢
Ut) = Z Ale My, + Z Blem "t g_e, (tywy + e ¢y + Ra(t).
r=1 k=1

It follows from Theorem 2.1.5 that ¢ = 327 | ALQ7u, + Sk BLOS wi + Q5 ¢
Since the ranges of €, , are orthogonal to each other in L*(R™) ([17]), the fact

that /; converges as [ — 400, implies that each component in the above equation
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converges. Hence, lim;_, o AL = A% lim; ., B, = BY. These imply that Qg ¢
converges in H", since all other terms in the above identity converge in H". Write
limy 400 Qo0 = fo € H".
By the asymptotic completeness theorem for L? ([17]), there are ¢y € L* such
that the following holds:

m V4
Yo=Y ANru, + Y By wi + Qg ¢y
r=1 k=1

in the L? sense. This implies that fy = Qg ¢o.

Then by the definition of the wave operator, U(0,t)e ¢y — fo — 0 as t — 400
in L?(R"). Since U(t,0) and €0 are uniformly bounded operators on H*(R") and
L*(R™), we see that ¢y = tEerooeitHoU(t’ 0)fo in L*(R™). We claim that this implies
¢o € H(R™). It suffices to prove the following:

Assume g, is a sequence in H*(R") and ||g,|/g~ < 1. Moreover, g, converges to g
in the L? norm. Then g lies in H*(R"™).

To see this, note that on Fourier side, H*(R") is just a weighted L?(R") space.
More precisely, ||gn — g/ z2rn) — 0 implies that for the ball B with radius R, centered

at the origin,

11+ 1€1%)2 (6 (§) = 9l z2Bpy — 0 as n — +oc.

This implies that [|(1 4 [£]*)2§()||z2(pg) is uniformly bounded by sup ||gn | m < 1.
Let R — +o00, we see that ||g||g~ < 1.
Now it is clear that the following decomposition holds in the space H" for any

Yo € H™:

m y4
Vo = Z A%QTu, + Z BYQ; wy, + QF ¢o.
r=1

k=1

To complete the proof of Theorem 2.1.6, it remains to prove the following lemma:

Lemma 2.6.5. Assume that the potentials Vy(z),Vy € Cy2"T2(R™). Let U(t) be the

evolution operator of (2.1.7) and Qj, the wave operators corresponding to U(t), as
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defined at the beginning of this section. Then for Vf € L*(R"), Qo f lies in W'

where 1 < p' < n2—+"2

Proof. The proof is essentially contained in [31] Section 4. For the reader’s conve-
nience, we present the details here. Without loss of generality we only consider the

wave operator Q7. For an arbitrary L? function f
—Fr : —1_—itHy
mf—ggmg&U@ ey,

where P,(Hy)f = >, fru, for some constants f,. It follows from Duhamel’s formula

that
. t .
U(t) te ™y, =u, + Z/ U(s) Wa(- — séy)e My, ds
0

t
=u, + z/ U(s) Wa(- — sé))e " u, ds, (2.6.20)
0

since u, is an eigenfunction of H; corresponding to an eigenvalue \.. The function

u, is exponentially localized in L? together with its n + 2 derivatives !

Z / 2l | oy, (2)|? de < C
Rn

0<|y[<n+2

for some positive constant « appearing in (2.3.12). This implies that the function
Gr(s,1) = e Vy(z — 5] )u,(z)
has the property that for any & > 0 and multi-index v, 0 < |y| < n + 2

(@) G (s, Yz < elr, Il k) (s) 502",

!The localization of higher derivatives of u,. follows from the localization of u,. stated in (2.3.12)
and the equation f%ur + Vi(2)u, = A\ru, with potential Vi (x), which is bounded together with all
its derivatives of order < (n + 2).
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By Holder’s inequality, we have, writing q = 22_—pw

102U (=$)G (s, 2) Lo < [[{@) P [l [[{x)* LU (—5)G (s, @) 2. (2.6.21)

Take jo = [—n] + 1> 2, then [[(x)™|zs < +o00.
To prove the desired conclusion, it would then suffice to show that for any |y| = &,

there exists a positive constant k& such that for any function g(z)

(U Dl S O¥ S (@ gl V=0, (2.6.22)

1B|<jo+r
We note that the estimates of the type (2.6.22) for problems with time-independent
potentials are well-known. They have been proved in the paper by Hunziker [18]. In
the time-dependent case the argument is essentially the same. More precisely, define

the functions
i M

;1) ==Y > (@) 9 Ut)g]|.

J'=01y'|=0

for any index j > 0 and any multi-index . Using equation (2.1.7) we obtain

d : VAN :
£||<$>]83U(t)9||%2 = i(—l)W[g —V(t,x),00(x)* 0] U(t)g, U(t)g)-
Computing the commutator we obtain the recurrence relation

D; (1) SPjijy (0) + (t)? H al

av
(t)

e O, Dj1,jp41(7) <
.
Iv'[<2]]

(Y Qg1 4(0) 4 (Y D)5 (T)> :

where C'(V) is a constant depending on

> we]

¥ 1<2(]y[+5—-1)

(2.6.23)

oo
Lt,z

In addition, differentiating the equation (2.1.7) |y| 4+ 7 times with respect to = and
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using the standard L? estimate, we have
o py45(7) < C(V)(L A+ |7[TH) g 1y 45(0).

Therefore,

Dj10(t) < COV)(L+ L) H0D;145(0).

Now setting j = jo and |y| = k we obtain the desired estimate (2.6.22) with k& = jo.
Observe that the assumption Vi, V, € CJ*2(R") controls the constant C'(V) in
(2.6.23) for the potential V (t,x) = Vi(x) + Va(z — téy). O
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Chapter 3

Schrodinger Operators with Lamé
Potentials on R

Even though the dispersive properties of Schrodinger operators have been extensively
studied for potentials vanishing at infinity, they are little known in the case that the
potential is periodic in space. Assuming V(z) = V(z + 2w), —% + V(z) is called
Hill’s operator. The spectrum of Hill’s operator is purely continuous and a union of
infinitely many intervals (bands), generically. A potential V' (x) is called a finite band
potential if the spectrum of —% + V(z) is a union of finitely many intervals, one
of which is a half axis. One example of finite band potentials is the so-called Lamé
potential. The corresponding —% + V() is called a Lamé operator. The Larhe
operator has a rich history (see [39]) and the properties of its eigenfunctions are still
of interest for current research. In this chapter, we explore the dispersive property of
Schrodinger operator with a Lamé potential.

We assume that 1)y € L'(R) and denote U(t) as the solution of the following

problem

%a”/’(f”’t) = L ) + 200+ w0l ), (3.0.1)

da?

¢($a O) = wo(fb’)

Theorem 3.0.6. Generically, for almost all w,w’ € R, there exists a constant C' > 0

such that fort > 1
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U (#) ol ey < Ct75 |00l 11wy - (3.0.2)

Moreover, for all nonzero w,w’ € R, there exists a constant C' > 0 such that fort > 1

1T (#) o ey < Ct7% [0l 12 ry- (3.0.3)

.0.2) is optimal in the sense that for any nonzero w,w’ € R, there exist constants
3.0.2) ¢ timal in th that Y "eR, th 5t tant

¢>0and T >0, depending only on w,w’ such that for t > T

sup || U)ol ey > ct75. (3.0.4)
’(Z}O:IIwOHLl(R):l

We require t > 1 to be large only to exclude ¢ — 0. The decay rates t=5 and
=1 are different from ¢~z in (1.0.4) because phase function is nonquadratic, which
is a natural outcome of the periodic potential. The decay factor t~3 as t — oo has
appeared in the analysis of the Modified KdV equation ([8]), where the nonlinear
phase of the main term is cubic. In our case, the analytic phase function, roughly
speaking, satisfies a cubic relation up to a change of variables. This cubic relation
comes from the differential equations satisfied by the Weierstrass p function. We
denote P(x) to be the real-coefficient cubic polynomial
M 2, 92 926 (w)

rt 4 x4 g3 — 2. (3.0.5)

23
x—i_w 2 2w

We shall prove (3.0.2) under the assumption that

P(z) has no double root in (—oo, p(ws)]. (3.0.6)

If (3.0.6) does not hold, then we shall prove (3.0.3). In this case, by Lemma 3.1.2,
P(z) has no root of degree 3. Our proof implies that (3.0.3) is optimal in the sense
stated in Theorem 3.0.6. However, we are unable to give an explicit example such
that P(z) does have a double root in (—oo, p(ws)].

Finally, we prove that assumption (3.0.6) holds for almost all w,w’ € R.
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3.1 Preliminaries

Eigenfunctions of (1.2.2) are expressed in terms of the Weierstrass o-function and

(-function ([25], [14]) as follows:

fa(x) = P (3.1.1)
where the energy
E =—p(a).
(3.1.1) can be verified by noticing that ([39])
fal@) = (((z + ws + a) — ((z + ws) — ((a)) fal), (3.1.2)

and

(Clz+y) = C(x) = C)? = plz +y) + p(x) + p(y).

Some basic properties of Weierstrass functions are listed in the appendix. f, is
periodic when a is one of the half periods wy,ws = wy + w3 or ws. f_, and f, are the

two Floquet-type solutions of (1.2.2). We write

falz) = mq(w)e™ 7,

where

.
ma(x) _ 0‘(.23 +w + (I) e—aC(iw’)—a%C(w)

o(z +iw') (3:1.3)

is periodic with period 2w. Denote

¥ = [—p(w1), —p(w2)] U [—p(ws), +00),
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and the quasimomentum

k(a) = iw™ (w((a) — ad(w))

is real-valued for £ € ¥. f, is bounded when E € ¥ and is unbounded otherwise,
which implies that ¥ is the spectrum of (1.2.2) ([27]).

It is known that U(t) is an integral operator with kernel
K(t,z,x') = / P, (B, x,2")dE.
b
Namely,
(z, ) = / / ¢ P, . (B, , 7' )bo(a)da' dE.
» JR
The absolutely continuous spectral projection is

Poc(E,x,2') = %[(H — (E+i0)) Ya,2") — (H — (E —i0))"(z, 2")],

and by definition

(H— (E4+40))"' = lim (H — (E +i¢)) ™},

e—0t

which can be expressed by f, and f_,. Hence, we obtain for x > 2’

K(t.a') = [ P ol) o) + Fol) £l
= [ @) + O ) (o)
(3.1.4)

where W(E) =W(a) = W(fa, f-a) = fof o — fif-a, called the Wronskian of f,, f_q,
is independent of x.

Because the spectral projection P, is self-adjoint, P, . (E,z,2') = P, .(E, 2, ).
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Therefore, when = < 2

K(ta.o) = [ (Vo) + E(x)ﬁ(az'»%. (3.15)

The proof of (3.0.2) and (3.0.3) shall be reduced to proving that

sup |K(t,z,2')| < Ct™5 and Ct 7.

z,x’

It follows from (3.1.2) that

W (fas foa) = fa(x) fa(x)(((z + w3 —a) + 2((a) — {(x + w3 + a)).

Since W ( fa, f-a) is independent of =, we set x = 0 and obtain

W(fav f—a) = fa(o)f—a(o)(C(WS - a) + QQ(G) - C(Ldg + (1))

By the addition formula for Weierstrass functions ([2], §15)

ol — o) — 9l = — W)
Glut) = (= v) = 2() =~
we have
_ o(iw' +a)o(ivw —a) o (a)
W= "0 o) - pla) (3:10)
Hence,
IE i) (plw) — pla)
W(E) ~ ol +a)olid —a) " (3.17)

Remark 3.1.1. Because ¢'(iw') = 0 and zeroes of o are the lattice points {n,2w; +

ne2ws : ny,ng € ZY}, all of which are of degree 1, it follows that M is

o(w'+a)o(iw' —a)

bounded and smooth when a — iw'.

Also, it is clear that M = O(a™?%) when a — 0, and that _pliw)—pla)

o(iw'+a)o(iw’'—a) o(iw'+a)o(iw'—a)
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and its 0,-derivatives are bounded on |wy,ws], where [wy,ws] denotes the set
{)\wl —+ (1 — )\)Cdg WS [O, 1]}

By (3.1.3), m,, m_,, and their 0,-derivatives are bounded uniformly for a €
(w1, w2 U0, ws], z € R.

Since ¥ is a union of two intervals, we shall decompose the integral of K (t,z,xz’)
into two parts. Namely,

K(t,z,2") = Ki(t,x,2") + Ky(t, z, "),

where

—p(w2)
Kl(t,x,x') = / €ZtEPa.c.<E7xax/)dE7
—p(w1)

+o0
Ky(t,z,2') = / e'Ep, (B, x,2)dE.

—p(ws)
Before we proceed to analyze K;(t,z,z') and Ks(t,x,x’), we prove two technical

lemmas.

Lemma 3.1.1. Let F(z) be a real-valued and smooth function on (a,b),

1. Suppose |F'(x)| > €, |F"(x)| < M for all x € (a,b), then

b
| [ nepaa] < et ol + [ (@) + s
where ¢ depends on M .

2. Suppose k > 2, k € Z, and |F® (x)| > € for all x € (a,b), then

‘/ —itF(x r)dr| < ce” k|75| k W’ |+/ [¥'(= |dx}

where ¢ depends on k.
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The first part of Lemma 3.1.1 follows from integration by parts. The second part
is proved in [36] (p.334).

Lemma 3.1.2. Let e; = p(w;), j = 1,2,3. Then P(z) has a unique simple root in
lea, e1], and Plej), j = 1,2,3, are nonzero. Also P(x) has no root of degree 3 in R.

Moreover, —% € (e3,e2).

Proof. P(xz) = 0 if and only if 42® — gox — g3 = (62% — £)(z + %) Denote py(z) =
42® — gox — g3 and py(z) = (627 — 2)(z + ). We shall examine the roots of p;(z)
and po(z) on the real line.

It follows from (3.5.2) that py(z) = 4(x — e1)(z — e2)(z — e3), where e¢; = p(w;),
j = 1,2,3. Because there is no quadratic term in p;(z), e; + €2 + e3 = 0. Since
e3 < ey < eq, we have e3 < 0 < e;.

Observe that ©"(wy) > 0, "(w2) < 0 and E"(w3) > 0, and by Eq (1.2.4), we

obtain

plwn)” < 5 < minfp(wn)’, p(ws)’}.

Now we shall prove % € (—e9,—e3). Indeed, let y;(z, F) and yo(x, E) be the
solutions of (1.2.2), which satisfy

yl(ovE) :y;(O’E):L yi(ovE):?ﬂ(O»E) =0.

And we introduce the discriminant A(F) = y1 (2w, E) + y5(2w, E).

Recall @ and FE are related by E = —gp(a), and as £ — +o0o on the real line,
a — 0 on the positive imaginary axis. Therefore i((a) and k(a) go to +00 on the real
line when £ — +o0.

By Lemma 2.1 of [12], A(FE) = 2cosk(a) and k(F) = k(a(FE)) is the conformal
map from the upper half plane to a slit quarter plane Q = {Rz > 0,3z > 0}\7, with
the slit 7' = {55 + iy : 0 < y < h}, where h is some positive real number. Moreover,
k(—e1) = 0 and k(—e2) = k(—e3) = 5.

Denote Qg to be the preimage of the tip 5= -+ih of the slit 7" under the map k(E).
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Then —p(ws) < Qo < —p(ws), and k(E) sends [—p(ws), Qo] to [55, 55 + k], and

[Qo, —p(w3)] to [&= + ih, =], respectively. Thus when E € (—p(ws), Qo), 10pk(E) >
0. We observe that

Opk(E) = —duk(a) = —. (% +pla)),

—¢/(a) ¢'(a)
which implies that
ol) + Cfe
¢'(a)
Since ¢'(a) > 0 when a € (ws,ws), we conclude that £ = —p(a) < ((w)/w for

any E € (—p(ws), Qo). Hence, Qv < ((w)/w. On the other hand, 19gk(E) < 0
when E € (Qo, —p(ws)). Following a similar argument, @)y > ((w)/w. Therefore
((W)/w = Qo € (=p(ws), —@(ws))

In fact, k(E) maps E = ) to the tip = 5= +ih of the slit 7' and A(E) reaches its
()

minimum at £ = >->.

The three roots of py(z) are £,/% and —%. From the above analysis, we
have that \/% € (eq,e1) and —\/%, —# € (es, e2), which implies py(e;) > 0 and
pa(e2) < 0. Hence P(z) has either one or three zeroes in (es,e;) and clearly P(e;),
7 =1,2,3, are nonzero.

To verify that P(x) has no root of degree 3, we consider

P'(z) = 62* + 12M:v 42
w 2
The minimum of P’(z) is reached at z = —% € (es, ez) and is equal to % — 6(%)2.

Notice that — ( ) < ey < % always holds.
w) > —\/%Z, then P'(x) > 0 holds for all z € R. P(z) has no root of degree
greater or equal to 2.
If —% = —/%, then P'(x) has a double root —% € (e3,e2). Since P(z) has

a root in (e, e1), we conclude that P(z) has no root of degree 3.

If —% < —y/%, then P'(x) has no double root. Hence P(x) has no root of
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degree 3 on the whole real line.
If P(x) has three zeroes in (eg,e1), then P’(x) has two roots in (e, 1), which is

impossible because —% < eg. Therefore, P(z) has unique simple root in (e, e1). [

3.2 Analysis of Ki(t,z,2')
We first consider K (¢, x,z"). We proceed by making the following observation:

Lemma 3.2.1. Let b = 2wy — a for a € |wy,ws]. Write W(a) = W(fa, f-a). Then

forx,x’ € R

fo@)f-a(@) _ fol@)fos(a’)

e - 0 (3.2.1)

Proof. 1t is clear that p(a) = p(b) and ©'(a) = —¢'(b). We prove (3.2.1) by direct

calculation. By definition,

U(l‘, + w3 —|— a/)O'(fE + w3 — a/) ec(a)(x_wl)
o(x + ws)o(z' + ws) '

Ja(2") foa(z) =

By (3.5.4) and (3.5.5), this equals

U($/+W3—b) (:C+w3+b) C(b )(z'—x) 4773 wz—b)

4nz(ws— b)
o(z +ws)o(z' + ws) = fo(x) f-o(2")e

Also by (3.1.6) and (3.5.5),

g = ol =)ol +b)exp (Ang(ws =) —'(b) s (e
W(a) (i) o) — )~ VO '

Combining them, (3.2.1) follows.
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It follows from Lemma 3.2.1 that

2 o ito(a) fa(2') f-a(z) Q) — wa+iw’ o—itold) fo(@) fp(2)
/w W o= | w0

2

Hence we have that for x > 2’

—p(w2)
Kaftar) = [ OB ) L) )
B w1 +i2w’ e_itp(a)M i
- /wl W (a) d(—p(a))

w1 +i2w’ ' ' , P d
_ /w e—ztp<a>+z<x—x)k(a)ma(m)ma(xf)—ﬁ/%a. (3.2.2)

1

Note k(a) is real-valued and by (3.1.5), we have that for x < 2’

w1 +i2w’ ) . ’ . d
K, (t, z, IE,) _ / e—dp(a)—&-z(:c—w )k(a)m—a(x/)m_a(x) p_(a) a
o W(a)

To simplify notation, we set 7 = “’tx/ € R and

Moreover, we write

w1+12w’
Ki(t,z,2") :/ e M Dy (a, 2"V da, (3.2.3)
w1
where ¢(a,z,2') = ma(x)m_a(x’)}/{i’l(g) when x > 2/, and ¢(a,z,2") = (a2, x)

when z < 2/. Without losing clarity, ¢(a, x,z") will be written simply as ¢(a).

By Remark 3.1.1, ¢(a,z,2’) and its J,-derivatives are bounded uniformly for a €
[wy, ws] and z, 2" € R. To apply Lemma 3.1.1 to (3.2.3), we analyze the d,-derivatives
of F(a). Our plan is to decompose the integral in (3.2.3) into several regions and on

each region, Lemma 3.1.1 for some exponent k will be applied. We observe that
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OuFr(a) = ¢'(a) + 7i({(w) /w + p(a)), (3.2.4)
O2F,(a) = ¢ (a) + Tig/(a), (3.2.5)
O2F,(a) = 02p(a) + Tig" (a). (3.2.6)

Let

c1 = min{((w)/w + p(a) : a € [wy,w; + 2iw']}.

Then ¢; = ((w)/w + p(ws) and by Lemma 3.1.2, ¢; > 0. Also we denote

M; =1+ max{|p'(a)],|9"(a)],{(w)/w + p(a) : a € [wy,w; + 2iu']}. (3.2.7)

When |7]| > 224 we have for a € [wy, wy + 20w’
C1

1
|0uFr(a)| > |T]cy — My > §\T|cl,

and

|02F,(a)| < My(|7| +1).

Integrating by parts and recalling ¢(a) and its derivatives are uniformly bounded,

we obtain
1 w1+i2w’ QO((I) .
K t ! = — d —’LtFT(a)
| 1(7‘7371:)' ; /L;l 8aFT(a) e
Wllo(@) o wal | 1| [ i (@) p(a)F(a)
< wrea] | 2 o (10 Y )d ‘ 3.2.8
-t ' t‘/m ’ F@  (R@e /) B2

<Ct !
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We now estimate K;(t,z,2') when |7| < % Suppose both (3.2.4) and (3.2.5)

vanish for a = ag € [wy,ws] and 7 = 79 € [~ 22 2M1] Then

a1’ a

o/ (0)* = o (a)( " 4 (ao)).

By (1.2.3) and (1.2.4), this is equivalent to

(00 + Zoan) +9s — 25 g

20(ag)® + %M)

Thus p(ag) is the simple root of P(z) in [p(w2), p(wr)] and ©'(ag) # 0 by Lemma 3.1.2.
Observe that (3.2.4) and (3.2.5) also vanish when (a,7) = (2wy — ag, —79). The
analysis of (2wy — ag, —7p) is the same as that of (ag, 79) and we will focus on (ag, 79).

Also, we observe that 92 F, (a) vanishes at (ag, 79) if and only if

Ia M_I._ a
det o' (ao) w p(ao) —0.

Oaplao)  ¢"(an)
namely,
/ ¢(w)
=+
5, det | (a) =5+ pla) o
P'(a)  ¢'(a)

Since ¢'(ag) # 0, that 93F,, (ag) = 0 is equivalent to the fact that p(ag) is a double

a=ag

root of P(z). By Lemma 3.1.2, P(z) has no double root in [p(ws), p(w;)]. Hence,
O3F, (ap) # 0 and there exists € > 0 such that

min{¥?_,[0]F-(a)| : a € [wi, w1 + 2iw'], T € [-2My/c1,2M /c1]} > € > 0.

_2My 2M,

, =21] such
c1 c1

Let xs(a,7) be a smooth function defined on [wy,w; + 2iw'] X |
that 0 < x3 < 1, x3(a,7) = 1 when |9, F-(a)| +|02F;(a)| < 3¢, and x3(a, 7) = 0 when
|0 F>(a)| + |02F;(a)| > 2e. Similarly, let x»(a, ) to be a smooth function defined on

[wi, wi + 2iw] x [—24 22 such that 0 < x2 < 1, x2(a, 7) = 1 when [92F,(a)| > i€,

c1 ? c
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and xo(a,7) = 0 when |0?F,(a)

|
On the support of x3, |02F,(a)| > xe. It follows from Lemma 3.1.1 that

1
3

w1 +i2w’ 1
/ efith—(a)XS(a’T)so@L)da’ < Cs(T)ts. (3.2.9)

1

On the support of x2(1 — x3), |02F-(a)| > ge. And similarly

[N

w1+12w’
/ e xo(a, 7)(1 = xala, 7))@(a)da’ < Co(7)t™2. (3.2.10)

1

On the support of (1—x2)(1—x3), |02F;(a)| < teand |9, F-(a)| > ge. Lemma 3.1.1

yields

/M - e~ @1 — yy(a, 7)) (1 — x3(a, 7))p(a)da| < Cy(T)t™2 (3.2.11)

1

Note that C;(7),j = 1,2, 3, are continuous functions of 7 € [-2M; /¢y, 2M;/cy]. Let
C =%3_ max{Cj(7) : 7 € [-2My/c1,2M /1]}.
Then |Ky(t,x,2')| < Ct~3 for large t, because
X3+ x2(1—x3) + (1 —x2)(1 —x3) = 1.

Consequently, we have proven that for large ¢

Ki(t,z,2)| < Ct73, (3.2.12)

sup
z,x’

where C' only depends on w,w'.
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3.3 Analysis of Ky(t,z,z')

We now consider Ky(t,z,2'). Let b = 2ws — a for a € (0,ws), and the proof of

Lemma 3.2.1 gives

Then for z > 2/

Kyt z,a') = / T B (@) fule) + foal) fula)) T

—p(ws) W(E)
— e e—itp(a) fa(x)f—a(x/) —ola
/—p(m) W(a) d=p(a))

12w’ PN
_ / eiitFT(a)ma(x)m_a(x/) Y (a> da,
0

r—
t

/ . . . .
where 7 = =% For x < 2/, Ks(t,z,2) can be written in a similar form. Therefore

/

12w
Ksy(t,x,x') = / e Dy (a, 2, 2"V da,
0

where @(a, z,z") was defined in the previous section.

Step 1. The analysis of the nonlinear phase in Ky(t,x,2’) is similar to that of
K (t,x,z"). However, by Remark 3.1.1, ¢(a,z,2’) in Ks(t,z,2’) is unbounded when
a — 0 and a — 2iw’, contrary to the case of Ki(t,z,2’). Our strategy then is to
change variables to remove this singularity.

Define \* = p(w3) — p(a) such that A > 0 when a € (0,ws) and A < 0 when
a € (w3, 2ws). Then the map a — A is one-to-one, onto and analytic from (0, 2ws) to
R. Note that A\(2iw" — a) = —A(a) and the behavior of A(a) as a — 2iw’ is the same
as that when a — 0.

We claim that % = —22_ is never zero when a € (0,2ws). In fact, the claim is

©'(a)
obvious for a # w3. When a = w3, by L’Hopital’s rule,




da 2\ .
DY & S L R
which implies that
da
2 ) _ 0.
X1 =\ ey

Observe that when A — oo, Ap(A) = A3 - O(1) and | — ¢/(a)| = |M® + O(N\?).

Ap(A)
—¢'(a)

After changing the variables, we obtain

Hence, and its A-derivatives are bounded uniformly for x,2’, A € R.

5 /

12w ) . 8
/0 6ZtFT(“)SO(a)da—/ReZtFT(A)W()‘)a_id)" (3.3.1)

where F(A) = Fr(a()\)) and ¢(A) = p(a(N)).

We will decompose (3.3.1) into different integral regions and estimate them sepa-
rately. Define x(-) to be a smooth function supported in (—2,2) such that y(z) =1
when z € [—1,1], and let M be a large number to be specified.

Step 2. We claim that

) 2 1 1
’ / e~ N p(X) A X(A/M)dA| < Cprt77 or Cyt™3, (3.3:2)
R —¢/(a)

depending on whether P(z) has a double root in (—oo, p(ws)] or not.
The proof of (3.3.2) will follow the lines of the proof of (3.2.12). Recall that the
map A — a is one-to-one from R onto (0, 2ws), and satisfies A = p(w3) — p(a). Also,

we observe that

() = O (a) + 7i(C () + p(a)). (3.33)
BRI = S8 0) + 7)o+ o) + () (o) + rigf ). (3:3.4)
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By Lemma 3.1.2,

inf{[¢(w)/w +p(a)] - a € (0,w3)} = [C(w)/w + p(ws)| = 2 > 0.

Denote

My = max{[/(a)| + |¢"(a)| + |[((w)/w + p(a)] : A(a) € [-2M, 2M]}.

Since % is smooth and never zero, there exist c3 and M3 such that 0 < ¢3 < |%| <
VvV Ms for all A\ € [-2M,2M]. Moreover, suppose |%| < Mj for A € [-2M,2M].

Then for A € [-2M,2M] and |7| > 2Ms/co

1
V-V > geaes|7l, RPN < 2Ma M(1 + |7,

Integrating by parts, an argument similar to (3.2.8) shows that for |7| > 2Ms/ca,

, 2\
e () xO/M)dN| < Cppt ™t
| [P o) (/M| < O

To prove (3.3.2) for |7| < 2My/cq, we first suppose that P(z) has no double root

in (—oo, p(ws)]. Since 8%9) = %algia) and 2% # 0 for a € (0,2w3), it follows from
(3.3.3) and (3.3.4) that 222 and ZEQ) anish at (Mg, 1) if and only if (3.2.4) and

(3.2.5) vanish at (ag, ), where A3 = p(w3) — p(ag). Therefore, the fact that P(z)

has no double root implies that there exists € such that

3
min { SIAE )] A < 207 < 2M2/02} >e>0.
j=1

Just as in the case of K;(t,z,2'), we define xa(\, 7), x3(A,7) on [—2M, 2M] x
[—2Ms/cy,2M3 /). Namely, x2(A,7) = 1 when [03F-(N)] > z¢, and x2(A,7) = 0
when |3 F-(\)| < ge. x3(A,7) = 1 when [O\Fr(A)| + |03 (V)] < 3¢, and x3(A,7) =0

when [0 F-(A)| + [03F-(A)] > Ze.
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Decompose the integral in (3.3.2) according to

=3+ x2(1 = x3) + (1 = x2)(1 — x3)-
The same arguments as those in (3.2.9), (3.2.10), and (3.2.11) yield for |7| < 2My/co,

. 22 1
e N () M/ M)d\| < Cypt™s.
| [ o) (/M| < O

In the case that P(z) has a double root p(ag) € (—oo, p(ws)], there is 7y € R,
such that & F,(\), j = 1,2,3, vanish at (X, 7o), where A2 = p(ws) — p(ao). The fact
that P(z) has no root of degree 3 implies that 95 F,,(\g) # 0. Therefore, there exists
e such that

4
min { Z |LF-(\)] : A € [-2M,2M], 7 € [—2M2/02,2M2/02]} > 2¢ > 0.
j=1
Define smooth function x4(A, 7) : [-2M,2M]| x [-2Msy/c9,2My/cs] — [0, 1], such
that x4 = 1 when ¥2_ || F-(\)| < ¢, and x4 = 0 when %3, [ F;(\)| > 2. Hence
on the support of x4, [03F-(\)| > 3e. It follows from Lemma 3.1.1 that
2\

| /R N X (VM) A < ()i

We decompose the integral in (3.3.2) by using

Xa+ (T —xa)xs + xa(1 — x3)(1 = xa) + (T —x2) (I = x3)(1 — xa) = L.

The analysis of the terms containing (1 — x4)xs, x2(1 — x3)(1 — x4), and (1 —
X2)(1—x3)(1 —x4) is similar to (3.2.9), (3.2.10), and (3.2.11) respectively. Therefore,
under the assumption that P(z) has a double root in (—oo, p(ws)], we have proven

that
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) 2\ 1
e () YA/M)dN| < Cppt™ 4.
/ (M= VM)A < Cu

Step 3. It now remains to estimate

[N = (1= XA

which by definition equals

- 2\
lim e N ()

Ry T (X(A/N) = x(A\/M))dA. (3.3.5)

Since (3.3.5) are not integrable on the support of 1 — x(A/M), Lemma 3.1.1 cannot
be applied to (3.3.5) directly. We shall explore the oscillation of the phase ™" 7(A)
and perform integration by parts to bound (3.3.5), which requires us to exclude the
zeroes of O\F(\).

By definition, p(a) = a7 + 5xg20® + O(a*), and p(a) = p(iw’) — A%, hence

Ma) = 2 +aja+0(@®) asa—0, ac (0,ws),

which is an meromorphic function of a. It follows that ((a) = —i\ + O(A7!) as

a— 0, a € (0,ws). Consequently

F.(\) = =22 — 7A + p(iw') + 0(§), A — ~00; (3.3.6)
NF,(\) = =2\ =7+ 0(1A7?), X — +oo; (3.3.7)
RF,(\) = —2+0(tA?), X — foo. (3.3.8)

We require M large enough such that

IF-(\) O*Fr (A
M>1+max{|/\0|: 8)(\)’ (?)\g)

both vanish at (7o, )\0)}.

Therefore, if |\| > M, afg/\(’\) and 825;2()‘) cannot vanish at the same (7, \).
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When |A| > M and [+ 7| > 1, we claim that

1
IOVFL (V)] > |\ + %| -5 (3.3.9)

In fact, by (3.3.7)
OV (M\)] > 2]\ + g| —0(rA7?).

We choose M large enough such that O(7A™%) < 100|/\\ If A +3] > 100, (3.3.9) clearly
holds. If |A + F| < %, then 10|(T)|‘M < 1 and (3.3.9) also follows.

When (—% —1,—7% + 1) is not contained in (=M, M), by (3.3.8), [03F-(\)| > 1
for A € (=% —2,—% +2) as long as M is large enough. By Lemma 3.1.1, we have

) 2\ 1
e () YO+ 7/2)d\ < Ct™ 2,
/ (N=xA+ /2

where x(z) = 1 when |z| < 1, and x(z) = 0 when |z| > 2.

To estimate (3.3.5), we first consider the case when % > M and estimate

/ o itFr (V) 2Xp(A)
R

e 10V ) = x(v/ ) ax

which equals

L[ —iroy 4 (220N (10)\/\T|) X(A/M)
E/RG ()5(—@)’(@ 0 Jax (3.3.10)

It follows from (3.3.7) that on the support of x(10A/|7]) — x(A\/M)
O\E- (V)] > 7] = 21l = O(rA7%) > |7]/2,

and

XF- (M) < I7l/4,

as long as M is large enough. Hence

ON(ONF-(N) 7Y < —. (3.3.11)
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Since (x(10A/|7]) — x(A\/M)), 2_’\%,8; and their A-derivatives are uniformly bounded,

we have

?

‘i<2w(>\)x(10A/lT|)—X(A/M))’ <L
dA\ =g/ (a) OAEF(A) 7l

from which it follows that |(3.3.10)] < Ct™!.

To complete the estimate on (3.3.5) when |7|/10 > M, it remains to bound

/Re—imu@@) _;,A(a) (X(A/N) = X(1OA/|7]) = X(A + 7/2))dA.

Integrating by parts, this equals

Z/e—z‘th(Mi( Ap(A) (X(A/N) = x(10)/7) —X()\+7/2)))d>\ Tt s,

it dA\—¢/(a) IWE, (N
where
_ 2 [ _am o) XA/N) = x(A0X/|7]) = x(A+7/2)) d Ap(A)
B fe 970\ =g
and
2 _ar oy Ap(A) d (X(A/N) = x(10A/[7]) — x(A + 7/2))
h = /]Re T ONF- (M) “
In JQ,

07 (X(V/N) — X(10/I7) — x(A+7/2)) = TX' (V/N) - %x%lm/m) O+ 7/2),

(3.3.12)
On the support of (3.3.12), we have [A+7/2| > 1 and |\| > M. Thus [(O,F,(\)) 7} <
C by (3.3.9). Consequently,
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%/Remm (30&51)?( )<]17X(A/N)—% (10N Irl) — ¥ (A 7/2))dA| < Cr .

On the support of x(A/N) — x(10\/|7]) — x(A 4+ 7/2) we have |A| > |7/10]. It
follows from (3.3.8) that |03 F,(\)| < 3. Combining it with (3.3.9), we obtain
ONOF (V) < OO+ 3)”

which is integrable. Therefore

2 [ e 2 (o V) — X0V = X /20| < C

it Jr —¢'(a)

This completes the estimate on Js.

As for Jy, integrating by parts again, we obtain

A ey d (XAN) = x(10M/|7]) = x(A+7/2)) d Ap(N)
I = —t—Q/Re Wﬁ( RO a_p/(a))dx

Applying Leibnitz’s rule, we are left with three terms. Two terms come from 5 hitting
X(A/N) = x(10N/|7]) = x(A+7/2) and (9\F,(\)) "2, and the analysis is analogous to

that of Js. When o hlts = ’\z((’\a)) we obtain the third term:

é/e—itFT(A)X()\/N)—X(l())\/’TD—X()‘"‘T/Q) & 2N

t2 (OnF>(N))? dX? —¢/(a)
Because |(9yF;(A\))?| > [A+7/2[?/4 on the support of x(A/N)—x(10\/|7])—x(A+7/2)
and d; ’\“"((}‘ )) is uniformly bounded, the above term is dominated by Ct~2, where the

constant C' is independent of V.
This completes the estimate of (3.3.5) when |7]|/10 > M. The analysis is similar
and even simpler when |7|/10 < M. Therefore, when P(x) has no double root in

(_007 p(wfu)]: we have
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sup |Ky(t, z, 2")| < Cts.

z,x’

The decay factor ¢~3 is replaced by ¢t~ when P(z) has a double root in (—oo, o(ws)].
O

Combining the estimates on Ki(t,z,2") and Ks(t,z,2’), we have proven (3.0.2)

under the assumption (3.0.6). We have also proven (3.0.3) for all nonzero w,w’ € R.

It remains to prove that (3.0.6) holds for almost all w,w’ € R.
Suppose P(z) has a double root xy € (—o0, p(ws)]. Then z; is a root of P'(z).

Recall that
12
Pla) = 622+ 25W) | &2
w 2

with its roots

e = =S J()y

w w 12
That P(z) has a double root in (—o0, p(ws)] implies that ({(w)/w)? — g2/12 > 0
and P(r_) = 0. By (3.5.1), g2 and g3 are real analytic for w,w’ € R*. By (3.5.3), ((w)
is also real analytic for w,w’ € R*. Therefore, r,, r_ are analytic when w,w’ € RY,
with branches at (#)2 — % = 0. To prove (3.0.6) for almost all w,w’ € R*, it
suffices to show that P(r_) is nonzero at one point. This can be done by direct

numerical calculation.

For example, take w = 5.5 and w’ = 2. Then we have

go = 0.507343, g3 = —0.0695438,
ro,r_ = 0.0628169 <+ 0.195787i,

P(ry), P(r_) = —0.0386656 + 0.03002014.

This indicates that P(r_) is nonzero for almost all w,w’ € R. Therefore, (3.0.6)
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holds for almost all w,w’ € R.

3.4 Optimality of the decay factor
So far we have proven the first part of Theorem 3.0.6. To verify (3.0.4), we first
reduce it to showing that there exist constants ¢ > 0 and T > 0 such that for ¢t > T
K (t,2,2))|| e > ct 3. (3.4.1)
Accepting (3.4.1) temporarily, we obtain that for any given large ¢, there exist
(2o, x) such that xy # zf and |K(t,xo,z))| > ct~3. Without loss of generality,
suppose that
R(K(t, 20, 7)) > gt—%.
As K(t,z,2') is smooth away from = = 2/, there exists § > 0 such that for any
(x,2") € (kg — 6,20+ 6) X (x( — 0,2y + 0)
/ c,_1
R(K(t,z,2")) > Zt 5.
Take the initial data to(2') = X (af-sa)+s)(2'). Then |[¢hll;r = 1 and for any
x € (xg — 0,209+ 0)
(e, = | [ K| > S
To prove (3.4.1), we need the following lemma (Prop. 3, Chap. 8 [36]):

Lemma 3.4.1. Suppose k > 2, and

$(w9) = ¢/ (x0) = -+ = ¢" V(o) =0,

while ) (zo) # 0. If 1 is supported on a sufficiently small neighborhood of xo and
w("L‘U) 7£ 07 then



95

/ M@ (x)dr = ap)(xo) (¢ (xo))_%/\—% + O()\_%—l)7
R

where aj, # 0 only depends on k. The implicit constant in O(A’%’l) depends on only
finitely many derivatives of ¢ and 1 at xg.

By Lemma 3.1.2, P(a) has a unique simple root in (p(ws2), p(w)), thus we can
choose ay € (wy,ws) and a corresponding 7 such that both 9,F,(a) and 9*>F,(a)
vanish at (ag, 79).

First, we denote I = [0,72w'] U [wy,w; + i2w’] and assume that for any a € I,
a # ap, at least one of 9,F,,(a) and 9>F, (a) does not vanish. Then we take § > 0
small enough such that for a ¢ (ag — 6, a9 + 0) C I, |0,F,,(a)| + |02F,,(a)]| is greater
than some positive constant.

o
xt‘” = 79 and

Given any large t, take (x,z’) such that

K(t,z,x') / /Wﬁm ~itEr @ (2)m <x/)_${l/(((2)da-

The Zw—term is bounded by C' ¢tz using an argument analogous to that in Section
4, because |0, Fy, (a)| +|0*F,,(a)| is uniformly greater than some positive constant for
€ (0,420").

We decompose the f Wiz

-term as follows

w1+1i2w ) —¢ d
/ €_ltFT0(a)ma($)m_a(x/)% = J3 + J47

1

where

w1 +12w -
J3 I/w eitF‘ro(a)p(a)ma(q;)m(l(x/)#’

1

and

w1 +i2w -
J4 = /VW1 6itFTO(a)ﬁ(a‘)ma(w)m_a<x/)#.

Here p(a) is a smooth cutoff function supported on (ag—9, ag+0) and p(a) = 1—p(a).

Under our assumption, |Jy| < Ct 2, following the same reasoning as that in
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Section 3.
Considering J3, the phase function Fj (a) satisfies 9,F,(ag) = 02F,,(ap) = 0 and
O3F, (ag) # 0. my(z) and m_,(2") do not vanish when a € (wy,ws) by (3.1.3). #

(a)

—9'(a0) ;
is nonzero.
Wiag) 1S 1ONZEro

is nonzero when a € (wy, ws). Therefore m,,(z)m_q, (')
Since p(a) is supported in a sufficiently small neighborhood of ag, by Lemma 3.4.1,
there exist ¢; > 0 and T" > 0 such that for t > T

’J3| > Cltié,

where ¢; is independent of ¢.

Combining these estimates, we have |K (¢, z,2)| > ¢t73 — 2Ct™2 > ¢, /2 t73 for
any (z,z’) satisfying (z — 2')/t = 79 , which implies (3.4.1).

Second, suppose there are other aq, as € I such that aq, as, ag are distinct and
OuFr(a), O2F, (a) both vanish at a = a1, as. Then P(z) vanishes at p(a;), j =0, 1, 2.

Since ag € (wi,w2), we have that —ip'(ap) > 0 and ((w)/w + p(ag) > 0 by
Lemma 3.1.2. Thus 75 < 0 by (3.2.4). Similar analysis shows that when a € (w2, ws +
iw') U (i, 2iw’), 0y Fy,(a) # 0. Therefore, ay, ay € (0,iw’).

Thus p(a;), j = 0,1,2, are distinct and are the three roots of P(z). This implies
that there is no other a € I such that 9,F,,(a) = 0*F,,(a) = 0.

We again set 6 > 0 small enough such that for a ¢ U?:O(aj —d0,a; +6) C 1,

|0, Fry(a)] + |02 F,,(a)] is uniformly greater than some positive constant. Given any

z—z’

t

large t, take (x,z’) such that = 79. The earlier argument implies that

K(t,z,2') = Z /Ie‘”FTO(“)pj(a)ma(a:)m_a(.x’)%{gda +O(t 2

where p;(a) =1 when |a — a;| < 0 and p;(a) = 0 when |a — a;| > 24.
By Lemma 3.4.1,

[\

K (t,x,0') = agt™5 Y (ED (@) Sy, (x)m_y, () ;53(()) )

J=0

Recall that 2 and 2’ are related by (v — 2')/t = 7. mg,(v)m_q,(2'), j = 0,1,2, are
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linearly independent as functions of # € R and their nontrivial linear combination is

a nonzero function. Therefore, there exist xy and z, satisfying (xy — xp)/t = 7 and

K(t,zo,2)) = ct™3 + O(t2),

where ¢ is nonzero. Thus there exists some 7" such that for ¢ > T

K (¢ o, )| > 575,

Finally, suppose that a; = ay in the second case, which is equivalent to p(a;)

being a double root of P(x) in (—oo, p(ws)). Similarly, we have for t > T

K(t,z,2") = Z/Ie_itFTO(a)Pj(@)ma(x)m—a(ﬂﬁ/)W+O(t_2)

Therefore, there exists (¢, }) such that |K (¢, x,2)] > ¢t~4 > ¢t~3. This completes
the proof of (3.4.1).

Our proof also gives the optimality of (3.0.3) in the case that P(x) has a double
root in (—oo, p(ws)].

By the proof of Lemma 3.1.2, we have the following corollary:

Corollary 3.4.2. Suppose that (¢(w)/w)? < go/12. Then fort > 1,

1T (#) ol e < C5{[0]| 1 )

Set w = 1; it follows from (3.5.1) and (3.5.3) that £ — ({(w)/w)?, as a function of
w' > 0, is analytic and w’ = 0 is its essential singular point. Numerical experiment
indicates that go/12 — ({(w)/w)? ~ 0.966104 when w = 1 and w’ > 5. When w = 1

and W' — 0T, g2/12 — (¢(w)/w)? assumes each real number infinitely many times.
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3.5 Appendix: Elements of Weierstrass functions

Here we list some elementary properties of Weierstrass functions ([39], [7], [2], [13]). A
doubly-periodic function that is meromorphic is called an elliptic function. Suppose
that 2w; and 2w; are two periods of an elliptic function f(z) and S(ws/wi) # 0.
Join in succession the points 0, 2w, 2wy 4+ 2ws, 2wz, 0 and we obtain a parallelogram.
If there is no point w inside or on the boundary of this parallelogram (the vertices
excepted) such that f(z+ w) = f(z) for all values of z, this parallelogram is called a
fundamental period-parallelogram for an elliptic function with periods 2w; and 2ws.
As a set, we assume this parallelogram only includes one of four vertices and two
edges adjacent to it. In this way, the z-plane can be covered with the translations
of this parallelogram without any overlap. It can be shown that for any ¢ € C, the

number of roots (counting multiplicity) of the equation

fz)=c

that lie in the fundamental period-parallelogram do not depend on ¢. This number
is called the order of the elliptic function f(z) and it equals the number of poles of f
inside a fundamental period-parallelogram.
Given wy,ws € C with ¥(ws/wy) # 0, the Weierstrass elliptic function is defined
as
p(z) = % (m’n)z?;(om {(z = 2mw; — 2nws) > — (2mw; + 2nw;) >}
The summation extends over all integer values of m and n, simultaneous zero values

of m and n excepted. p(z) is doubly-periodic, namely

p(2) = p(z + 2w1) = p(z + 2ws).

©(z) is an elliptic function of order 2, with poles Q,, , = 2mw; + 2nws. Each pole
Q. 1s of degree 2. (%) is an even function, p(z) = p(—2). The Laurent’s expansion

of p(z) at z = 0 is written as
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1 1
2 il 2 o
p(z)=2""+ 2092 + 28932 + 0(2%,

where go, g3 are the constants in (1.2.3) and (1.2.4). Explicitly, we have

ga = 60 Z 0L, gs =140 Z Q; (3.5.1)
(m, n)#(0,0) (m,n)#(0,0)

Here go and g3 are called the invariants of p and they uniquely characterize p.
Since g’ is odd and elliptic of order 3, it has three zeroes in its fundamental period-
parallelogram. It is clear that these zeroes are the half periods wy, ws = wy + w3, and
ws. Denote e; = p(w;),j = 1,2,3. The fact that p(z) is of order 2 implies that
e1, ez, eg are distinct and that p” does not vanish at w;, j = 1,2,3. Furthermore,

(1.2.3) implies that ey, es, e3 are the roots of the cubic polynomial

42° — gow — g3 = 0. (3.5.2)

The function ((z) is defined by the equation

coupled with the condition lim, .4(¢(z) — 27') = 0. ((z) may also be represented as

1 1 5
"z (353
+( %,;0 (0,0) {Z — 2mwy — 2nws +2mw1 + 2nws * (2mwy + 2nw3)2} ( )

((2) is an odd meromorphic function of z over the whole complex plane except at the
simple poles €2, ,,. The residue at each pole is 1.
Write ((wy) = n; and ((ws) = n3; then

1

Mws — N3wi = im'.

((2) is not doubly-periodic; however, it satisfies the following equations:
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C(z +2wy) = ((2) + 2, C(z +2w3) = ((2) + 2ns. (3.5.4)

Next we define o(z) by the equation

d

T loga(z) = ((2)

coupled with the condition lim, g0 (z2)/z = 1. o(z) is an odd entire function with

simple zeroes at €, ,. Just like ((2), o(z) satisfies

0(z + 2w;) = —o(z)e?nEten), 0(2 + 2w3) = —o(z)emEtws), (3.5.5)

If we assume that w; = w, wy = i’ and w, W’ € R, then by symmetry p(z)
is real-valued when Rz € {0,w;} or Sz € {0,iws}. ((z) is real-valued on the real
line and is pure imaginary when Rz = 0. Let D to be the rectangle with vertices
0,w,w + ', and iw’. Then p(z) sends D to the upper half plane conformally. As
z moves clockwise on the boundary of D both starting and ending at 0, p(z) varies

from —oo to oo. This implies that p(iv') < p(w +iw') < p(w).
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