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Abstract

In this work we study the function and development of the myocardium by creating models that

have been stripped down to essentials. The model for the adult myocardium is based on the double

helical band formation of the heart muscle fibers, observed in both histological studies and advanced

DTMRI images. The muscle fibers in the embryonic myocardium are modeled as a helical band

wound around a tubular chamber. We model the myocardium as an elastic body, utilizing the finite

element method for the computations. We show that when the spiral band architecture is combined

with spatial wave excitations the structure is twisted, thus driving the development of the embryonic

heart into an adult heart. The double helical band model of the adult heart allows us to gain insight

into the long standing paradox between the modest, by only 15%, ability of muscle fibers to contract,

and the large left ventricular volume ejection fraction of 60%. We show that the double helical band

structure is the essential factor behind such efficiency. Additionally, when the double helical band

model is excited following the path of the Purkinje nerve network, physiological twist behavior is

reproduced. As an additional validation, we show that when the stripped down double helical band

is placed inside a sack of soft collagen-like tissue it is capable of producing physiologically high

pressures.

We further develop the model to understand the different factors behind the loss of efficiency in

heart with a common pathology such as dilated cardiomyopathy. Using the stripped down model we

are able to show that the change to fiber angle is the much more important factor to heart function

than the change in gross geometry. This finding has the potential to greatly impact the strategy

used in certain surgical procedures.
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Chapter 1

Introduction

Heart disease is the leading cause of death in America [1] and in the rest of the developed world.

The American Heart Association (AHA) has promoted cardiovascular research for more than half-

a-century, yet more than a million people suffer from heart attacks each year. Amazing progress has

been achieved in medicine, allowing for both open chest surgeries (such as coronary artery bypass

surgery) and less invasive procedures to be used in preventing fatalities caused by heart disease.

There are many stages of heart disease, and in most of them the patients exhibit clear symptoms,

such as shorteners of breath and fatigue. However, by the time such symptoms appear unrecoverable

damage has likely been done to the heart. According to AHA guidelines, patients in stage B of heart

disease are not yet exhibiting symptoms, but have structural remodeling of the myocardium [2, 3].

This makes diagnosis of patients in this stage a challenge, yet crucial to our ability to correct the

damage with non-invasive means. Through dedicated work, doctors and scientists have found risk

factors, such as high blood pressure and high cholesterol. Still, no current technology has the

capability of diagnosing the initial stages of heart failure, because of our limited understanding of

the mechanics of heart failure. So what do we know?

1.1 Background

1.1.1 Physiology of the human heart

The human heart beats about once every second, or more than two and a half billion times during

an average lifetime. The heart is very adaptive, providing sufficient amounts of blood to our body

while we rest or strenuously exercise. This biological pump has evolved to be amazingly efficient,

to adjust and to correct itself in a wide range of situations. The heart exhibits this flexibility and

agility in response to mechanical stimuli from the first stages of development.
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Figure 1.1: Three-dimensional reconstruction of a transgenic embryonic zebrafish heart at (A) 26
hours past fertilization and (B) 34 hours past fertilization. The inlet and outlet have been labeled.
At both ages, analyzed region is mostly located in the ventral side towards the left lateral direction.
(C) The trajectories of the fluorescent myocardial cells are tracked and marked at 26 hours post.
The reconstruction was obtained by acquiring 40 optical sections (3 m intervals) at high speed
(151 fps) with a confocal microscope (Zeiss LSM 5 LIVE). These sections were synchronized using a
wavelet-based registration algorithm. (D) Shows possible direction of the fibers consistent with the
trajectories of the myocytes. (E) A helical band is shown for comparison. (A)&(B) Produced by
Michael Liebling and Arian S. Forouhar; (C) Produced by Abbas Moghaddam.

1.1.1.1 Heart development

At initial formation, the embryonic heart is a tube with two sulcus [4]. It starts beating on the

twenty second day after conception. The initial form of the heart – a tubular pump – is often

studied using fish embryonic hearts as model systems [5, 6]. It has been found that the muscle cells

in the wall of the embryonic heart tube are arranged in a helical fiber framework [7, 8] (see figure

1.1).

Fibers wound around a cylinder have been studied as far back as the 1950s in worm locomotion

[9, 10]. It was discovered that, for a given length of fiber and cylinder radius, the greatest volume

change at a given fiber length change could be achieved at a helix angle of 55◦. In these studies

of worms, it was assumed the fibers were rigid and the muscles would be acting either radially or

longitudinally. However, even the authors point out that diagonal muscles cannot be modeled by

such a system. In the embryonic tubular heart, the diagonal fibers are active and their arrangement

could impact both the efficiency of the early pumping and the further development.

Indeed, soon after the embryonic heart starts to beat, it begins its road to an adult heart by

starting to loop. The driving mechanism for this change has not been fully understood. The heart

tube goes through a sequence of bending and twisting transformations, first going into a “c” loop,

then an “s” loop that is “matured,” after which the main architecture of the four chamber heart is
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discernible [11]. This looping have been experimentally modeled using elastic tubing and compared

to direct images from chick embryos [12]. However, the simulations performed by Manner et al.

start at the “c” loop stage and explore the mode of rotation of the looping heart, not the driving

forces necessary for such a deformation. By the eighth week, with the looping complete, some of the

chamber walls are remodeled and the heart takes on the form of the four chamber pump.

1.1.1.2 Adult heart anatomy

The heart has four chambers: right and left ventricles, plus right and left atria. The atria chambers

receive blood and pump it into the ventricles. The left atrium and ventricle are separated by the

Mitral valve, which is sometimes also called the A-V valve. The right atrium and ventricle are

separated by the tricuspid valve. The right ventricle (RV) and the left ventricle (LV) are the main

pumping mechanisms of the heart. The right ventricle pumps the blood into the pulmonary system

through the pulmonary valve. The left ventricle supplies the systemic circulation through the aortic

valve, which leads into the the aorta (the main aortic vessel) [13]. A heart goes through a cardiac

cycle during each heart beat. The cardiac cycle is divided into two distinct periods: systole and

diastole. During systole, the heart contracts pumping blood out of the ventricles. While during

diastole, the heart relaxes and the ventricles are filled with blood from the atria.

The two ventricles are separated by the septum. The plane where the ventricles meet the atria

is called the basal plane. The other end of the heart, the lowest point, is called the apex. The

outside surface of the heart is, for ease of terminology, divided into four surfaces. The anterior, or

sternocostal, surface mainly bounds the right ventricle. The right pulmonary surface is formed by

the right atrium. The left pulmonary surface bounds the left ventricle from the side of the left lung.

The diaphragmatic, or inferior, surface bounds the left ventricle from the diaphragm side.

The heart is surrounded by a fibrous sack called the pericardium. The pericardium prevents the

heart from over dilating (expanding too much). The pericardial cavity is the small space between

the heart and the pericardium wall. On the outside of the heart there is a thin layer of tissue called

the epicardium. The inside of the chambers is lined with a similar tissue called the endocardium.

The myocardium is the main musculature of the heart and is between these two linings [14].

1.1.1.3 Myocardium architecture

The myocardium is a matrix, consisting of collagen, muscle and some other proteins. There are

three types of cardiac muscle: atrial and ventricular types, plus the excitatory and conductive

muscle fibers. The atrial and ventricular types behave very similarly to skeletal muscle, although

the duration of contraction is much longer. The excitatory and conductive muscle fibers, which

exhibit rhythmicity and varying rates of contraction, provide a fine tuned control of the rhythmical

beating of the heart. The excitation of the heart muscles is controlled through the specialized
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Figure 1.2: The photograph of the Torrent-Guasp heart model.

conductive system of the heart called the Purkinje system [15]. The excitation starts at the sinus

node in the right atrium, moves to the A-V node located in the septum, where it is delayed and then

passed into the ventricles going from the apex of the heart towards the outside and up through the

heart walls. The different types of muscle and collagen cells are organized into muscle fibers called

myofibrils. These fibers can contract by about 15% [16]. This biological constraint is very important

when considering the efficiency of the heart, and we will come back to it many times.

The three dimensional layout of the fibers in the myocardium is not random. The heart has

been described as a helical arrangement of fibers as far back as 1600s by Lower [17]. In 1891, Krehl

described the multiple spirals formed by the muscle bands [18]. In 1933, some of these spirals were

connected by Rob and Rob, creating a helical framework for the myocardium [19]. In 1969, using

then cutting edge imaging technology, Streeter mapped the fiber orientation in the free wall of the

left ventricle. He found that the fiber angle linearly varies from the endocardium to the epicardium

[20]. It was proposed from these findings that the myocardium consists of sheets of helical fibers with

changing orientation from the epicardium to the endocardium [16]. Another histological study done

in the early seventies by Torrent-Guasp was aimed at isolating the muscle fibers from the collagen

network. He showed that the muscle fibers are combined into a single band, which is wound about

the two ventricles in a double helical arrangement [21]. The photographs of a cast of a heart that

has been unwrapped are shown in figure 1.2. Most recently, the fibers in the heart were mapped

using magnetic resonance imaging [22]. Figures 4 through 6 of the paper by Zhukov and Barr [22]

show the fibrous network to be more complex than a simple combination of sheets. Another MRI

study, in which Helm et al. were able to isolate the muscle fibers in the images, using DTMRI [23],

showed an arrangement more closely resembling a helical band than sheets of fibers [24]. It has been

realized that the way these fibers are arranged has a great impact on heart function [25, 26].

1.1.1.4 Functional properties of the left ventricle

The volume of the relaxed left ventricle is about 130 mL. During each of its two and a half billion

beats, the left ventricle of the heart pumps out about 70 mL of blood, or in other words about 60%

of its volume (this volume exchange ratio is commonly referred to as the ejection fraction). This
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number gains new meaning when we recall that the muscle fibers providing for this volume ejection

can only contract by 15%. One interesting fact is immediately evident from this information: if the

muscle fibers were arranged circumferentially around the LV, the highest possible ejection fraction

would be about 30% (see appendix A.1 for the calculation).

The pressures in the cardiovascular system are measured relative to the atmosphere, therefore all

the pressures quoted in this manuscript will be the gauge pressures. The pressure in the left ventricle

ranges from 0 Pa to 1.7× 104 Pa (≈ 130 mmHg). Between 0 Pa and 1.3× 104 Pa (≈ 100 mmHg),

the contraction is isochoric, or in medical terminology isovolumetric. When the pressure in the

ventricle reaches 1.3 × 104 Pa (≈ 100 mmHg), the aortic valve opens and the ejection of the blood

begins. The ejection of the blood continues until the pressure in the ventricle falls back below

1.2×104 Pa (≈ 90 mmHg). The pressure continues to fall isovolumetrically until about 1.3×103 Pa

(≈ 100 mmHg), when the mitral valve opens and filling begins. By the end of the cycle the pressure

in the ventricle is back to zero.

As the heart performs its pumping function, it moves within the pericardium sack. The base of

the heart is constrained by the vessels from rotating in the basal plane, while the apex of the heart is

prevented from moving up or down. The remaining movement can be characterized by the twisting

of the left ventricle. As is evident from the advanced imaging done of the heart, the dynamics of

the left ventricle are not as simple as squeeze and release, which brings us to another interesting

parameter that characterizes the dynamic behavior of the left ventricle pump: the twist. The twist

is the rate of change of the angle of rotation in the left ventricle from the apex to the base. The

heart gradually twists during systole as the left ventricular volume decreases, then, while the volume

remains almost constant, there is rapid “un-twisting.” The volume then increases with almost no

change in twist. This hysteresis loop behavior has been documented by many studies, and it has

been shown to be altered in damaged hearts [27–32]. The variations of twist during the cardiac

cycle have also been shown to change with age [33]. This is an important observation because solid

mechanics suggests the twisting of the left ventricle to be most likely responsible for the efficient

operation of the heart [34, 35]. To intuitively convince yourself of this, consider the energy efficiency

of two purely analytical pump models: one that operates by twisting, and the other that operates

by squeezing. It is relatively easy to show that twisting can be more efficient at any giving ejection

fraction (see appendix B for calculations). Therefore, through out this work we will use the twisting

behavior as a gauge of the appropriateness of our models.

1.1.1.5 Pathologies

With the heart’s intricate design and its non-stop operation, it is no wonder that more people suffer

from heart problems as life expectancy increases. Early diagnosis of heart disease is widely recognized

as one of the important steps in battling the high mortality rates of patients suffering from heart
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failure. The earlier the patient is diagnosed, the better the chances of halting the progress of heart

failure.

Many types of MRI protocols can give high quality images of the heart, and are mostly used

to diagnose the morphological and static aspects of the heart, but not the underlying causes of

the symptoms that different diseases exhibit. Indeed, physicians primarily rely on correlation and

statistical analysis, rather than an understanding of the mechanisms behind the disfunction.

For example, it is well known that Hypertrophic Cardiomyopathy produces a thickening of the

heart muscle, usually at the septum below the aortic valve and in the left ventricle. However, it has

not been clearly demonstrated how these changes lead to reduced heart function (especially during

exercise) [36].

Another area that would benefit from a deeper understanding of cardiovascular mechanics is

the surgical restorative procedures. For example, dilated cardiomyopathy is sometimes treated with

cardiac surgical anterior ventricular endocardial restoration procedure. However, while there are

studies showing that it is reliable, it would benefit greatly from a better understanding of the

mechanical properties of the arrangement of the muscle fibers [37]. Another example is a surgical

procedure called cardiomyoplasty, in which surgeons place healthy muscle tissue around the heart

in an effort to aid it while it recovers from damage. However this procedure does not have a good

success rate [38].

Each type of heart disease is a complex combination of many factors. For example the dilated

cardiomyopathy mentioned above usually develops after an infarction. In an infarction part of the

heart muscle, to which the blood flow was cut off, dies. The dead muscle has different mechanical

properties than healthy tissue, thus impacting the performance of the heart [39]. As the heart

attempts to compensate the ventricle is remodeled. However without assistance it cannot recover

back to its healthy shape.

To gain a better understanding of the causes of these diseases, many studies have been performed

on healthy hearts and ones with pathologies. Not only values for left ventricular ejection fraction,

pressure and twist, but a range of other data are available, including longitudinal, circumferential

and radial strain measurement, material property measurements, data on rotations and pressure

measurements [16, 40]. All of these data are available for comparison with models.

1.1.2 Modeling the Heart

Modeling of the heart started long before computers were around to aid in the process. As soon as

Streeter came out with his findings on helical fiber arrangement, an analytical model was constructed

to show the importance of such structures [41]. In this work, Sallin showed that a shell shrunk by

contracting the length of fibers on its surface produces high enough ejection fraction only if the fibers

are helical. By necessity, these analytical models could only handle one shell and had unrealistic
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boundary conditions.

Modeling the heart in general presents a problem of scales. The active element in the heart, the

muscle cells, can only contract by a small amount of 15%, yet the global structure deformations

are large. With the advance of computing technology, it became possible to approach this problem.

Two distinct methods have been used to strive for a solution.

The first, is the immersed boundary method developed by Peskin et al. [42, 43]. This is a

general way to simulate elastic materials interacting with fluids. While this is very interesting

computationally, it is not yet possible to create models with realistic conditions. Also, using this

method it is not possible to account for the preexisting stresses in the fibers. In this method the

authors can achieve the proper ejection fractions, however the strain they put on the material greatly

exceeds the ones observed physiologically.

The second method is based on the histological studies done by Streeter et al. and utilized the

finite element method to model the solid structure of the heart. These models assume that the my-

ocardium consists of concentric shells with varying fiber directions. Meaning, that the epicardium

and endocardium will have axially directed fibers, while the fibers in the middle will be directed cir-

cumferentially [16, 35, 44]. These models have been modified and developed extensively to simulate

both volume and pressure inside the left ventricle.

The paper by Vendelin et al. shows how these models can be used to optimize the fiber orga-

nization with strain, stress, or ATP consumption. However, even the most optimal models provide

less than 40% ejection fraction [45].

The blood flow in combination with the left ventricular wall motion is studied using fluid-structure

interaction finite element method in a paper by Watanabe et al. [46]. The authors are able to

reproduce the relationship between pressure and volume in the left ventricle. However, the structure

maximal contraction is assumed to correspond to the ejection fraction of 60%. In other words, they

assume that the walls of the left ventricle will contract by a large enough strain to accommodate

the physiological ejection fraction. This phenomenological approach made sense for this study, since

it was looking at the changes in blood flow with arrhythmia, but it does not answer the question of

how such a high ejection fraction is possible with the contractile limit on the muscle fibers [46].

The major advances in computational modeling of the heart based on the sheet model have

been done in the McCulloch group [47, 48]. They have created a comprehensive model for the

three-dimensional heart that allows for large elastic deformation and keeps the strain in the fibers

to below 20%. To create more reliable constitutive relations the three dimensional strains inside the

myocardium were measured [49]. As a result constitutive relations for the different tissues in the

heart were formulated [16, 50]. However, the maximal ejection fraction achieved with this model is

less than 40% [51].

The models based on the finding by Streeter, have been getting progressively more complicated.
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In the paper by Kerckhoffs et al. [52], the researchers added the circulatory system to the cardiac

model by coupling a finite element model for the ventricles and a circulation model for the circulatory

system. This provided better accuracy for the relationship between pressure and volume in the left

ventricle for multiple beats. However, the maximal left ventricular ejection fraction in this model

was still below 45%, which is borderline heart failure [52].

In the papers by Usyk et al. [53, 54], the authors considered a three dimensional cardiac models

with electromechanics for normal and dilated failing hearts. The maximal ejection fraction for the

healthy system is below 45% in this model. It is unsurprising that the ejection fractions are very

low for the dilated heart model (< 30%). However, it is interesting to note that the authors make

no attempt to measure the twist of the left ventricle to verify that the model corresponds to the

physiological dilated hearts in its motion.

None of these models answer the simple question of how it is possible for the heart to achieve a

60% ejection fraction without the fibers constructing over their physiological limit of 15%.

1.2 Overview of the Present Work

In modeling the heart we took a different approach. We wanted to create the simplest possible

model that would still capture the main functionality of the heart. This would allow us to isolate

the dominant structures in the myocardium and to gain a deeper understanding of at least some

pathologies. To do so, we turned to the histological model proposed by Torrent-Guasp and focused

on bands of muscles. We follow the previous modeling work by assuming that the heart tissue can

be modeled as an elastic body. In other words, all the chemical and electrical processes are lumped

together into an elastic relation that has approximately the same phenomenological response as the

biological tissue. We used our models to study both the embryonic hearts and the adult heart. In

this we approach the problem from a number of different directions.

1.2.1 Modeling of helical muscle bands

We present a framework for modeling biological pumping organs based on coupled spiral elastic

band geometries and active wave-propagating excitation mechanisms. Two pumping mechanisms

are considered in details by way of example: one in the shape of a simple tube, which represents

a embryonic fish heart, and another, more complicated structure with the potential to model the

adult human heart. Through finite element modeling, different elastic contractions are induced in

the band. For each version the pumping efficiency is measured and the dynamics are evaluated. We

show that by combining helical shapes of muscle bands with a contraction wave, it is possible not

only to achieve efficient pumping, but also to create desired dynamics of the structure. As a result

we match the function of the model pumps and their dynamics to physiological observations.



9

We then take a look at the problem from the developmental point of view. What causes the

heart to loop in an embryo?

1.2.2 Spiral elastic bands and development

We explore the heart phylogeny – the development of the heart from embryonic to adult shape. For

the shape change (from tubular to four chamber) to be initiated, a mechanical twist needs to be

present in the embryonic heart tube. We show that the helical shape of the muscle fibers in the

embryonic heart is a necessary but an insufficient condition for the transformation to occur. It is

also necessary for the excitation pattern to be in the form of a spatio-temporal wave. We illustrate

that such a combination, while producing twist, does not negatively impact the heart’s ability to

work as a pump.

Our next step is to look at the twist quantitatively.

1.2.3 Adult Heart Model: Ejection Fraction and Twist

Simple models have always been highly appreciated for their ability to isolate the dominant factors

of a system. Surprisingly, this concept has never before been applied to modeling of the myocardium.

Here, we report a computational study of the heart’s spiral structure modeled as a closed elastic

double helix band with active local excitation following the physiological activation pattern. This

model is reduced to basic essentials, allowing us to focus on the dominant structure of the heart. By

means of finite element computational modeling we address two features of heart mechanics and,

most importantly, their timing relationship: one of them is the ejection volume efficiency and the

other is the twist of the heart. The corner stone of our approach is the assumption that the double

helical muscle fiber band represents the dominant active macrostructure behind the function of the

myocardium. We show that this double helical model easily reproduces a physiological maximal

ejection fraction of up to 60% without exceeding the limit on local muscle fiber contraction of

15%. Moreover, a physiological ejection fraction can be achieved independently of the excitation

pattern. The left ventricular twist is also largely independent of the type of excitation. However,

the physiological relationship between the ejection fraction and twist can only be reproduced with

Purkinje type excitation schemes. Our results indicate that the proper timing coordination between

twist and ejection dynamics can be reproduced only if the excitation front originates in the septum

region near the apex. This shows that the timing of the excitation is directly related to the efficient

pumping operation of the heart and give credence to the possibility of using twist as an important

diagnostic tool.

We also show that the simple model can be used to study the cause of pathological symptoms.
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1.2.4 Modeling pathologies in the heart

In a common heart pathology, dilated cardiomyopathy, the ventricular chamber undergoes a com-

plex remodeling that changes the shape of the ventricle and the architecture of the fibers in the

myocardium. In order to effectively surgically reconstruct the heart it is necessary to understand

the relative impact of these changes on heart function. Here we present a series of simulations that

model different pathological changes separately. We use the sensitive relationship between twist of

the ventricle and its ejection fraction to judge the functional impact of the different damage types.

We show that the anomalies found in the relation between torsion and ejection fraction for dilated

cardiomyopathy are predominantly caused by the damage to the architecture of the myofibrils of

the heart, rather than gross geometry.

As the last step we show that this arrangement of muscle fibers is capable of producing high

enough pressures to provide efficient pumping to the circulatory system.
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Chapter 2

Computational models of heart
pumping efficiencies based on
contraction waves in spiral elastic
bands

2.1 Introduction

The human heart is well known as a mechanical pumping device of amazing efficiency, but we do not

completely understand it. But it is not widely recognized how simple are the questions for which we

do not know the conclusive answers. Here is one example: Myofibrils can contract by at most 15%

[16]. If we imagine, for the sake of estimate, that myofibrils surround the heart as planar loops, then

a simple geometrical argument suggests that with circumference contracting to 0.85 of its length, the

surrounded cross-sectional area, and, therefore, the internal volume contracts to (0.85)2 ≈ 0.72, i.e.,

by at most 28%. This estimate is in a stark contrast with the physiologically well known fact that

at each beat the healthy heart ejects blood in the amount of above 50% of the left ventricle volume.

Thus, there is a glaring paradox between the physiologically possible contraction of myofibrils and

physiologically realized ejection fraction.

Biological pumping organs, including the heart, are complex multi-scale systems. The function

of the heart involves intricate physiological, biochemical, biophysical, cytological, hydrodynamical

and many other aspects [15]. We would like to emphasize that all these aspects, however important,

cannot resolve the above mentioned simple geometrical paradox. Indeed, whatever happens on

the cell scale and on a smaller scale, whatever happens on the scale of microns, cannot resolve

the contradiction between the amount of myofibril contraction and volume ejection on the scale of

several centimeters.

An important progress in understanding this problem was achieved in paper by Sallin [41]. It

was shown by a geometrical argument that helical arrangement of fibers, as a matter of principle,
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can help resolve this paradox. Indeed this way of thinking was launched by the discovery of helical

arrangements of fibers in histological studies [20]. The helical arrangements have also been con-

firmed by more recent MRI studies [22]. However, it remains unknown how specifically the helical

arrangement is used by nature to resolve the efficiency issue in the heart. One of the reasons for

this uncertainty is that MRI used in work [22] does not differentiate the muscle fibers from inactive

fibers, showing a very complicated network of helical fibers.

One of the approaches to understanding heart mechanics is through modeling. For the purpose of

simulations, the complex arrangement of the helical fibers requires simplification. The most popular

simplification is based on the idea that the myocardium is a series of shells that contain helical fibers

with changing angles of orientation. Very significant resources are directed at modeling the heart

with a variety of approaches, sometimes with a very hight degree of computational sophistication

[42, 43, 46]. Most of these models simply ignore the physiological constraint on the maximum

myofibril contractility and assume that fibrils can contract by any desirable amount. In some such

models, authors simply take the physiological ejection faction as an input parameter [46]; as a result

the strain in the fibers is much greater than possible in nature. Other models, while never taxing

the contractile ability of the fibers, never achieve the physiological ejection fraction, instead focusing

on other aspects of heart function [45, 51].

We believe that the key to resolving the pumping efficiency paradox is not just in the helical

arrangement of the myofibrils, but in the way these helical myofibrils bundle together. At about the

same time that the helical fibers were discovered, another histological study found that the muscle

fibers seem to be arranged in a single bundle in the shape of a double helix [21, 55]. Recently,

through new imaging techniques this histological evidence has been given more weight. Modern

MRI technology, such as DTMRI, illuminate the actin in the muscle cells, thus imaging exclusively

the muscle fibers instead of a combination of muscle and other tissues [23]. These images show a

bundled arrangement that is closer to a one double helical muscle band configuration then to the

popular shell model. Our goal in this chapter is to demonstrate how double helical arrangement of

the myofibrils explains the physiologically achieved volume ejection fraction without overstraining

the fibrils.

Helically arranged fibrils can also be seen in the images of embryonic fish hearts [5–7] where,

however, overall geometry is much simpler – in the early stages of development the entire heart can

be thought of as a cylinder surrounded by the helical fibrils. For the sake of comparison, we will

reproduce all our model calculations for this simpler geometry.

For our purpose, the model does not require too many details, there is no need to incorporate

any microscopic features, they only matter in determining the phenomenological parameters of our

large scale model. Additionally, among the decisive simplifications we do not have to take explicit

account of blood hydrodynamics.
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We model the myocardium as an elastic band. The material of the band becomes active when

it is excited, which can generate volume forces in its body. As a corner stone of our simulations

we specify that at maximal excitation the material contracts by 15% in the direction of the fibers.

Despite a long standing knowledge of the Purkinje network that excites the adult heart, the timing

of the cardiac muscle response to excitation is still unclear [16]. To get around this issue we assume

a simple linear response to excitation, but vary the excitation patterns in our simulations.

Besides checking the performance of our “model hearts” as pumps we also pay close attention

to their dynamics. The dynamics of the adult heart is very important to its proper function [56].

Indeed the twist of the left ventricle can be used to judge the relative health of the heart [27–29].

Part of the reason twisting is so important is that it is used as a spring mechanism for rapid refilling.

As a result the dynamics are more complicated than simply turning one way with the contraction

and the other with the relaxation. There is a qualitative jerkiness to the twisting motion of the

heart that can be seen in open heart surgeries. We use the existence of the twist as an benchmark

to the appropriateness of the excitation pattern we pick.

The plan of this chapter is as follows. In section 2.2, we formulate our model in greater detail,

and explain how we choose the values of its parameters. We also describe our way of computational

implementation of this model and data analysis. In section 2.3, we concentrate on the results ob-

tained using our model. First, we demonstrate the adult heart model’s ability to reach physiological

maximal ejection fractions under the simplest of excitation schemes. Second, we show that there

is no dynamical twist in either of the two models of the adult heart and embryonic tube heart in

response to a step or a temporal wave excitation. Third, we find that the spatio-temporal wave

excitation patterns are able to overcome this barrier without loosing the pumping efficiency. We

conclude with the discussion and outlook in section 2.4.

2.2 Methods

2.2.1 Geometries of muscle bands

Fibers in both the adult and embryonic heart form a complex matrix. In our models, we simplify

this complexity by taking into account only the dominant bundles of the muscle fibers. To model

the muscle fiber bundle it is necessary to know where it is in space and how it is oriented. We choose

to describe this mathematically. To do so, we specify the centerline of the bundle. This centerline

can be thought of as a single fiber, around which all of the other fibers will bundle. The shape of the

centerline is roughly determined by averaged orientation of all fibers of the dominant bundle. Here,

we mathematically describe the centerline using parametric equations in cylindrical coordinates-

[θ, r, z], where we choose the circumferential coordinate (polar angle), θ, to be the parameter.

Once the centerline is determined, we describe the rest of the bundle by specifying the other
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fibers to run parallel to the centerline: For every θ the new fiber is at a constant distance from the

centerline at the same θ. To make sure that the new fibers do not cross, this is done by stepping

away from the centerline in a direction that is perpendicular to the tangent of the centerline. In

this work the muscle bundles we model have the shape of bands, meaning that the thickness of the

bundle is much smaller than either the length or the width of the bundle. In our models, bands

enclose pumping chambers by surrounding them with their wider side; that means the bands are

orientated in such a way that the thickness is always taken to be in the radial direction. And the

3D band geometry is described in cartesian coordinates, [x, y, z], with three parameters, θ along the

length of the band, ξ along the width, and ζ in the thickness direction.

2.2.1.1 A simple tube

One of the simplest chambers we can enclose with a band is a tube. The fibers can be arranged

circumferentially or longitudinally, or they could form a spiral about the tube. There are many

examples in nature where there is a helical muscle structure, ranging from worms to embryonic fish

hearts [5, 10, 57]. Such muscle bands can be easily described by a set of parametric equations. In

cylindrical coordinates, [θ, r, z], the centerline of the spiral band is defined such that radius, r, is a

constant, while z grows linearly with θ:

r = R , z = Rθ cot α , (2.1)

where α is the pitch (fiber) angle, and R is the radius of the cylinder. The polar angle θ parameterizes

the curve and ranges, 0 ≤ θ < θmax.

As it is known from differential geometry, the orientation of the centerline determines in each

point a triplet of mutually orthogonal vectors (called Frenet vectors), namely tangent, normal, and

binormal [58]. In our case, normal vector everywhere points in r direction away from the cylinder,

while tangent vector and binormal vector have no r components and lie on the surface of the band,

and their other components are given by:

tθ = sinα , tz = − cos α , nθ = − cos α , nz = − sinα . (2.2)

Based on the known equations for the centerline and its binormal, we can define a surface of a

spiral band by simply stepping away by a small length along the binormal from the centerline. The

thickness of the band is given by small variations in the constant R. The parameterized description

of the 3D spiral with fiber angle α are then given in cartesian coordinates by:

z = rθ cot α + ξnz; x = (R + ζ) cos (θ + ξnθ); y = (R + ζ) sin (θ + ξnθ). (2.3)
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The variables ξ and ζ identify the position within the band in the direction of width and thickness,

respectively. These variable change in the range −w/2 < ξ < w/2 and 0 < ζ < t, where w

and t width and thickness, respectively. The constants R, α, and θmax, allow us to specify which

parameters (cylinder radius, cylinder length, fiber length, cylinder volume) are to be kept constant.

Different configurations of the spirals used in this work are shown in figure 2.1.

20 30 40 50 60 70

χ−end

ω-end

fixed edge

fixed edge

Figure 2.1: Images of the spiral muscle band models for the embryonic heart. The numbers indicate
the pitch (fiber) angle, α = 20◦, 30◦, 40◦, 50◦, 60◦, 70◦ are shown. For all the spirals shown here
the radius of the tube is constant. The length of the band is also constant, and as a result the length
of the tube varies with the pitch angle. The width of the band is taken to be half of the value that
would have fully covering the surface of the tube, and as a result the width varies with the pitch
angle. The edges that are fixed during simulations are shown on the spiral of α = 30◦. On the
spiral α = 50◦ the ends of the tube are labeled corresponding to the start of spatial contractions at
χ−end, and the end of contraction at the ω−end.

2.2.1.2 A two chamber structure

The adult human heart is a more complex structure than a tube, but its chambers are also bound

by helical fibers. In order to explain our way of modeling this structure, let us first define the same

nomenclature as used in heart physiology. There are two pumping chambers, the left and right

ventricles. We can crudely describe the left ventricular volume as bounded by the left pulmonary

surface on the outside of the heart and the septum on the inside. Likewise, the right ventricular

volume is bound by the septum on the inside of the heart, and the anterior (sternocostal) surface

on the outside. Importantly, this structure is not axisymmetric. In other words, when we introduce

the z-axis, along the long-axis of the heart, directed from the apex to the center of the basal plane,

it does not imply any rotational symmetry.

We describe the ventricular surfaces by introducing the polar angle θ in the horizontal plane

perpendicular to the z-axis. For the left ventricular surface, we assume that its cross-section by

the vertical plane going through the z-axis at any θ represents a parabola, z = ar2, with parabola

vertex at the heart apex, but with different, θ dependent coefficient: a = a(θ). Although the left

ventricular surface is not completely axisymmetric, it looks roughly like a paraboloid, which means

variations of a(θ) are not large throughout the closed surface, for 0 ≤ θ ≤ 2π. Part of this surface
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represents the left pulmonary surface, while the other part - septum. Adjacent to the septum part,

on its outer side, there is another surface, significantly more curved, which represents the anterior

surface; it joins smoothly the left ventricle surface along the boundary of septum and left pulmonary

surface, and extends significantly outwards in between (the latter means that, at the basal plane

level, the horizontal distance from the long axis (or from the z-axis) to the middle of anterior surface

is significantly longer than the distance from long axis to the middle of the septum). We do not

need to specify any mathematical description of the anterior surface, because we do not plan to

address the right ventricular volume. For simplicity, we will refer in this chapter to the left and right

ventricular chambers shapes as non-axisymmetric paraboloid and half-paraboloid, respectively. The

surfaces of the ventricular chambers can be seen as part of our model in figure 2.2A. In the heart

these surfaces are formed by the fibers of the myocardium.

LV RV
RV LV

non-active material

active material

apex
lowest point

(B) (C)

(D)

(A)

twist indicator

band
separation

χ−end
ω-end

left pulmonary
surface

septum

anterior
surface

Figure 2.2: Initial band shape and fitted volume shown from different points of view. (A) The
chambers for left ventricles (LV) and right ventricle (RV) are drawn in yellow. The left pulmonary
and anterior surfaces, and the septum are indicated. The left ventricle is in the shape of a non-
axisymmetric paraboloid, and the right ventricle is a half-paraboloid. The model band is shown in
red on the surfaces of LV and RV. (B) The proposed double helix band is shown with the fiber angle
indicated by the arrows. The ends of the band are labeled corresponding to the start of spatial
contractions at χ−end, and the end of contraction at the ω−end. (C) The double helix band is
shown from the back, with the separation between the loops indicated. This separation was picked,
such that at minimum long-axis of the left ventricle the band would not impinge on itself. The
soft material of the twist indicator is shown in grey. (D) The band in different orientation, with
labeled active and nonactive material, as well as the apex of the heart. The non-active material that
connects the two ends of the band is fixed in the horizontal plane, while the apex is fixed vertically.

There is histological evidence that the fibers are arranged in a spiral band, as shown by Torrent-
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Guasp [21], who postulated that the heart muscle is a single band that starts from the pulmonary

aorta, hugs the right ventricle, winds down to the apex, as the descending segment, and then spirals

up to the aortic valve as the ascending segment. To mathematically describe this intertwined double

helix we took the original physical model created by Torrent-Guasp and approximated its shape with

mathematical equations. It is, of course, more complicated in terms of mathematical presentation

than a simple spiral. Theretofore, as a first step we describe the orientation of the fibers by specifying

the long-axis coordinate, zcent, as a function of polar coordinate θ for the centerline:

zcent = C1 − C2
θA1

A2
exp

[
− θ

B2

]
(2.4)

where C1, C2, A1, A2, B2 are constants. The polar coordinate θ varies θmax ≥ θ ≥ 0, where θmax

corresponds to the start of the band at the pulmonary aorta, and θ = 0 corresponds to the end of

the ascending segment. This interpolation formula is designed such that at large θ the change in z is

dominated by the exponential factor, thus describing the fibers hugging the right ventricle; at small

θ, z decreases sharply due to the power law factor θA1 , thus describing the ascending segment; at

the cross-over range of θ the interplay between these two factors describes the descending segment.

The r-coordinate of the centerline should now be constructed in such a way that the centerline

correctly skirts the ventricular surfaces, the non-axisymmetric paraboloid and half-paraboloid, which

we discussed a few lines back. The simplest idea would be to take just the paraboloid rcent =√
(zcent + C3) /a, with some constant a (C3 determines the position of 0 on the z-axis). However,

we should keep in mind that the band and, therefore, its centerline in the adult heart has to make two

turns around the heart’s long-axis. That means, θ will have to change over the interval significantly

longer than one full turn of 2π. Therefore, for the centerline skirting the paraboloid, there will

inevitably be two points with the same r and the same z, corresponding to angles θcrossing and

θcrossing + 2π; and this will mean the physically meaningless self-overlap of the band at θcrossing =

π
(
−1 + cot π

A1B2

)
. To avoid this self-overlap, we force the radii at these two points to be different

by introducing the Factor 1 which bends the centerline away from self-crossing. We also introduce

Factor 2 , which is only significant in the region of anterior surface and describes the fact that this

surface bends significantly outwards from the septum. An illustration of the resultant shape of the

band if Factor 1 and Factor 2 were not included can be found in appendix D figure D.1. We choose

the middle of anterior surface to correspond to θright = 3.8π and write:

rcent =
√

zcent + C3 [Factor 1] [Factor 2] , (2.5)

Factor 1 = 1 + C4 cos
(

θ − θcrossing

2

)
,

Factor 2 = 1 + C5 exp
(
− (θ − θright)

2
)
,
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where, C3, C4 and C5 are constants. The constants of equations 2.4 and 2.5 are not independent

when related to the geometry of the heart.

To make the mathematical description of the 3D shape of the band simpler, we approximate the

direction of the width to be along the z-axis. The parameterized three dimensional structure is then

described in cartesian coordinate, (x, y, z), by:

z = zcent + ξ, r =
√

z + C3 [Factor 1] [Factor 2] + ζ, (2.6)

x = r cos θ, y = r sin θ,

where −w/2 < ξ < w/2 and 0 < ζ < t, with w and t are the width and the thickness of the band,

respectively. The resulting structure can be seen in figure 2.2B.

2.2.2 Choosing the Geometrical Parameters

In both models, embryonic and adult heart, there is a range of parameters that can be varied. Some

of the parameters were specified during the mathematical formulation of the model, others we varied

in different simulations. We base the choice of parameters on physiological observations, the goals

of the simulations, and computational needs.

2.2.2.1 Embryonic tube heart

Pitch angle: It is not possible to extract the pitch angle (fiber angle) from the images of the

embryonic heart. We therefore wanted the ability to vary the fiber angle. In the experiments

the angle is varied between 5◦ ≤ α ≤ 85◦.

Radius of the tube: In the embryonic heart model the radius of the tube is known. Thus, we

chose to keep the radius of the tube constant, namely R = 0.25 cm.

Number of turns: From the available images it is unclear how far up the tube the spiral fibers

extend. Therefore we base our choice for the number of turns on the adult heart model –

this ensures that the two models are easier to compare to each other. As a result, we specify

for the spiral to make two full turns. In these simulations we specify it to go around another

quarter of a turn, so that the boundaries do not impact the main body of the spiral. Therefore,

θmax = 4.5π.

Length of the tube: Once the number of turns of the spiral, the radius, and the pitch angle are

specified, the length of the tube is mathematically determined: {Length} = θmaxR tanα.

Fiber length: Once the above parameters are chosen the fiber length is determined:

{Fiber Length} = θmaxR/ cos α.
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Band width: The choice of the above parameters also defines the width of the band necessary to

cover the whole surface of the tube. We chose for the width of the band to be limited to half

of what would cover the tube, to insure that the material did not impinge on itself during

twisting: w = 0.25πr cos α.

Band thickness: The thickness of the band is constant and small compared to the width:

t = 0.02cm.

2.2.2.2 Adult heart

Unlike the constants that described the shape of the spiral the constants in equations 2.4-2.6 are

given by a complicated relationship with physical quantities, so we will present their values where

they first occur.

Number of turns: This parameter is dictated to be two turns by the histological evidence. This

places the limit on θmax to be 4π. We extend this a little to connect the two ends of the band:

θmax = 4.08π.

Long axis dimension: The long axis dimension is taken to be the same as in the normal adult

heart, about 7 cm. Therefore, in equation 2.4 the constat C2 = 7.

Fiber angle: Unlike the pitch angle of the simple spiral, the fiber angle is not constant in the

double helical arrangement. We took the information from the histological studies done by

Torrent-Guasp [17, 21]. The fiber angle dictates the formulation of equation 2.4 and the values

for the other constants are: C1 = 4.9, A1 = 1.3, A2 = 0.5, B2 = 2. The fiber orientation

differences in the thickness of the myocardium at the crossing point dictates that in equation

2.5 the constant C4 = 1/6. The fiber orientation at the apex is also dictated by the position

of the vertex on the long axis: C3 = −0.77.

Basal radius: The basal radius of the left ventricle is taken to be the same as in the adult heart,

about 3.5 cm. This is also inherent in the parameters described above.

Right heart size: The parameter controlling the size of the right heart, was estimated so that the

fitted right ventricle volume would correspond to the volume in a normal adult heart (about

130 mL): C5 = 1 in equation 2.5.

Band width: To ease computation the band width is assumed to be a constant. The width is

chosen (w ≈ 2.5 cm) such that the bottom of the mitral left segment does not impinge on the

top of the descending segment during maximal contraction. The separation between the two

parts of the band are shown in figure 2.2C.
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Band thickness: The thickness of the band is constant and small compared to the width

(t ≈ 0.5 cm).

2.2.3 Material properties

The properties of the material of the organ’s muscle are inevitably dictated by the muscles building

blocks – muscle cells. The muscle fibers contract along the length of the fiber, thus the muscle band,

which consists of a group of parallel muscle fibers, will contract in the same direction. The cells

cannot contract over 15%, and thus the band will not exceed this maximum shortening ratio at any

point along its length. To conserve volume, while it is shortening in the fiber direction the band will

expand in the other two. The band can contract as a whole, or parts of it can shorten independently

of each other. That means that the cells can act separately along the length of the fiber and the

fibers in the width of the band can contract at different times from each other. For simplicity, we

assume a linear elastic response while the material is not excited. The material is incompressible,

so the maximal computationally possible Poisson ratio is chosen, ν = 0.48 (an ideal incompressible

material has ν = 0.5). The only forces in these models are those produced by the active material, so

we choose to normalize all the stresses by the Young’s modulus, EY , of the muscle fiber. Therefore,

the Young’s modulus for any material included in the model is described in terms of EY of the active

material.

As regards to the structure of the adult heart, it would have been impossible to model the double

helix without the band coming into contact with itself. Indeed, in some areas of the ventricles the

interaction between the material with different fiber direction is very important as illustrated by

other works [46]. It was, therefore, necessary to insert a few pieces of the collagen matrix, a non-

active material, to make the model applicable. The non-active material was chosen to be four times

softer then the active material, i.e., the Young’s modulus of the non-active material is one fourth of

the Young’s modulus of the active material. One piece of collagen is placed at the cross over point

connecting the band at θcrossing and θcrossing +2π. The other piece is used to connect the two ends

of the band, i.e., between θ = 0 and θ = 4π. The collagen pieces are labeled in figure 2.2D in green.

2.2.4 Boundary conditions

Our models are not part of a whole organism, so there is no vasculature to hold them in place. It

is, therefore, necessary for us to fix them in space, otherwise in response to the force produced by

excitation, the structure will gain acceleration and fly away. To do that we need to constrain at

least three degrees of freedom.
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2.2.4.1 Embryonic tube heart

We found that the most meaningful behavior is obtained by fixing both ends of the tube (shown in

figure 2.1 for 30◦ pitch angle). This allows us to consistently look at pumping in a range of different

contraction schemes. If only one end of the tube is fixed, the other flaps about, which makes it hard

to determine the internal volume.

2.2.4.2 Adult heart

In order to easily compare the medical data on heart twist to the dynamics of our model, we wanted

to fix the model in space by the same rules as are observed in nature. In the body, the top of

the heart does not rotate, while the heart’s apex does not move up or down. Therefore, the band

structure is fixed in the horizontal plane by restraining the non-active material in the x-y-directions,

in the same manner as the heart is constrained by the vessels. The lowest point of the double helix

is assumed to be the apex, and is constrained in the vertical z-direction (figure 2.2D).

2.2.5 Different Excitation schemes

To begin with, let us consider what happens to the active material when it is excited. In the language

of solid mechanics the deformation of the band will be described in terms of strains, ε, along the fiber

direction and in both perpendicular directions. Since maximal contraction in response to excitation

is 15%, the minimum strain in response to activation would be −0.15. We express the strains in

response to excitation as εEx
fiber = 0.15Ex in the fiber direction and in both perpendicular directions

as εEx
perpend = −0.085Ex. Here, the excitation factor, Ex ranges between 0 for no excitation and −1

for a full excitation. If the structure is constrained the activation will induce stress. For example in

the fiber direction the stress of a fully constrained structure would be σfiber = EY

(
εfiber − εEx

fiber

)
,

where εfiber is the total strain in the fiber direction. This means that the excitation factor, Ex, is

the only input which activates the model, and drives its deformation.

The simplest dynamic scheme is to excite all the cells at the same time and have the fibers

contracting in sync – making a uniform contraction. We also apply a wave-type excitation to our

models. Of course, in creating waves there are a lot of degrees of freedom. We can change the

duration of the excitation, the length of the wave, the origin point of excitation, etc. For a band,

some of the simpler waves would be one dimensional. To ease the explanation let us label one end of

the band χ and the other ω (these are labeled on figure 2.1 for pitch angle 40◦ and in figure 2.2B).

A one dimensional contraction wave would then be described as originating from end χ of the band

and traveling to end ω. This means that all the elements in width and thickness, the ones at the

same centerline natural coordinate, will contract and relax together. For ease of comparison to the

uniform contraction, where all the elements are contracted together, we create a wave that has the



22

contraction front traveling from end χ of the band to end ω. Once the contraction front reaches

the ω end of the band, the relaxation front starts from the original χ end. This means that there is

one instance of time where the whole band is contracted. To contrast this long wave, we also run

a simulation where the wave is shorter and the relaxation front starts before the contraction front

reaches the ω end. The excitation factor (Ex) is then dependent on both time, t, and the band

coordinate, s, and can be approximated by the following piece-wise linear interpolation:

Ex(s, t) =



0 : t < t1
−(t−t1)
t2−t1

: t1 ≤ t < t2

−1 : t2 ≤ t < t3
−(t4−t)
t4−t3

: t3 ≤ t < t4

0 : t ≥ t4

(2.7)

t1 =
L1

smax
x, t2 =

L1

smax
x + T1, t3 =

L2

smax
x + T2, t4 =

L2

smax
x + T3,

where smax is the length of the band, and L1, L2, T1, T2, T3 are constants that determine the shape

of the excitation wave. Figure 2.3 shows a graphical representation of the excitation patterns used

in this work. The x-axis on this plot shows the coordinate on the band, s. End χ is considered

the origin at zero, and end ω is the end of the band at 100% of the bands length (smax). The

y-axis shows time. To read one of these contour plots, you can draw a horizontal line at the time of

interest, then at each point on the band you will find a color that represents the degree of contraction

(blue - contracted, red - relaxed). The following is a description of each excitation pattern and the

constants corresponding to it:

Step excitation: For a uniform contraction L1 = L2 = 0, and thus there would be no dependance

on the spatial variable. The other constants were taken to be T1 = 0.4 sec, T2 = 0.7 sec,

T3 = 1 sec. See the contour plot for this wave in particular in figure 2.3A.

Long spatial wave excitation: For the full band length wave the constants are L1 = L2 = smax,

T1 = 0.005 sec, T2 = 0.45 sec, T3 = 0.5 sec. See the contour plot for this wave in particular in

figure 2.3D.

Medium spatial wave excitation: For a spatial wave shorter than a full band length the con-

stants are L1 = L2 = 1.2smax, T1 = 0.005 sec, T2 = 0.375 sec, T3 = 0.4 sec. See the contour

plot for this wave in particular in figure 2.3C.

Shifted long wave excitation: For the shifted long wave the constants are L1 = 0.4smax, L2 =

0.95smax, T1 = 0.005 sec, T2 = 0.275 sec, T3 = 0.325 sec. See the contour plot for this wave in

particular in figure 2.3E.
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Figure 2.3: Parametric plots for five excitation waves. To read these plots follow a horizontal lines,
at a time of interest, the color at the position of the band indicates the contraction state. The scale
at the top right corner shows the legend with red-relaxed and blue-fully contracted. At the top are
plots for uniform excitation schemes, where the whole band contracts at once. At the bottom are
plots of spatial wave excitation schemes, where the excitation wave starts at χ−end of the band and
travels to the ω−end of the band. (A) A step excitation, with the whole band being excited rapidly,
and held at the fully excited state for 0.5 seconds. (B) A temporal excitation, with the whole band
excited gradually - mirroring the change in volume of the physiological left ventricle. (C) Medium
Wave, the band is never contracted all at once. (D) Long Wave, at 0.5s the band is fully contracted.
(E) Shifted Long Wave, the speed of the excitation and relaxation fronts are adjusted, such that the
full excitation occurs earlier (0.25s).

Temporal excitation: For the temporal wave, there was no dependance on time, and the activation

was described by a table with linear approximations between values. See the contour plot for

this wave in particular in figure 2.3B.
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Time (sec) Excitation

0 0

0.055 −0.25

0.09 −0.50

0.13 −0.75

0.225 −0.938

0.375 −1

0.415 −0.75

0.47 −0.50

0.545 −0.375

0.66 −0.25

0.83 −0.125

1 0

2.2.6 Computational methods

To enable spatio-temporal excitation it is necessary to allow different parts of the band to con-

tract independently. This creates a complex coupling between local small deformations and large

global shape responses, making it a challenging modeling problem. Another difficulty is that we

are considering three dimensional geometries. To combat these problems, we utilize finite element

analysis. It is possible, with small quadrilateral elements, to build very complicated shapes. The

finite element method also breaks down a complicated problem of the dynamics of a complicated

system in response to excitation into a set of manageable equations. Since this set is very large,

it behooves us to use the computing power available to solve it. We therefore, model these bands

using a finite element package, ABAQUS/Standard, designed to handle such problems. In the finite

element code we use ABAQUS built in tools to independently “excite” each node, and when the

nodes of an element are “excited,” the element contracts in the longitudinal fiber direction.

Please note that the finite element formulation of these models forces the s band coordinate in

equation 2.7 to be discreet. The effects that this has on the results can be easily seen by varying the

number of elements along the band. However, with the large number of elements used here (over

3000), the effect is very small compared to the overall changes in the structure.

2.2.7 Data Analysis

In this work we do not model fluid. If the blood was included it would be necessary to add valves

to the chamber. Otherwise, most of the blood pumped during a contraction would flow back during

relaxation. As a result, the pump would be very ineffectual. Therefore, for our simulations we simply
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assume that the valves are present. This assumption implies that if the volume of the chamber is

increased, there will be blood sucked into the pump from the inlet. When the volume of the chamber

is decreased, the blood is forced out through the outlet. Therefore, we can simply keep track of the

volume that would fit inside the spiral to calculate the effectiveness of the pump.

For the purposes of calculating the volume, the results from the ABAQUS/Standard analysis

were processed with Fortran and Matlab code. To define the bounding surface, we extract the

position of each node of the inner surface of the band for each time step. For the embryonic

model the pumping chamber in its initial state is approximated as a cylinder. Although during the

deformation the radius of the chamber varies with the z-coordinate, the chamber as a whole can still

be approximated as a figure of revolution. When considering finite elements we view every small

layer dz as a cylinder. The volume of the whole chamber is then the sum of the volume of all these

cylinders.

For the adult heart model, the double helical band, the left ventricle volume was described in

section 2.2.1.2. We assume that this general description of the left ventricular chamber as a non-

axisymmetric paraboloid is valid throughout the deformation. Therefore, as the chamber deforms,

the parabolic parameter a(θ) changes. In finite element formulation the chamber is broken into

small polar sections of dθ. Each slice is bounded by a piece of paraboloid and two vertical planes

intersecting at the long-axis. The volume of the left ventricle is calculated by adding the volumes

of each of the dθ slices.

To measure the pumping, volume reduction, efficiency of the pumps we calculate the ejection

fraction, EF. For the tubular model we use a generic formula:

EF(t) =
Vmax −V(t)

Vmax
, and EFmax =

Vmax −Vmin

Vmax
, (2.8)

where, V (t), Vmax and Vmin are the volume at time t, maximum volume and minimum volume of

the chamber, respectively. For the adult heart model we use the same formulation as is used in the

medical field:

EF(t) =
Vinitial −V(t)

Vinitial
, and EFmax =

Vinitial −Vmin

Vinitial
, (2.9)

where, V (t), Vinitial and Vmin are the volume at time t, initial volume and minimum volume of the

chamber, respectively. Note, that the initial volume is the end-diastolic volume, and the minimum

volume is the end-systolic volume.

We use ABAQUS/CAE to look at the dynamical aspects of the simulations. To ease the visual

comparison we fix a strip of material to the outside of the left ventricle. The strip is made from

a very soft elastic non-active material (Young’s modulus two orders of magnitude less than that of

the other inactive material). As a result the strip has no effect on the deformation of the structure
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as a whole. The presence of twist can be judged by the deformation of this strip, like temperature

is judged by the use of a thermometer. Initially the strip of material is in an r − z−plane. During

the contraction of the chamber the long-axis shortens, as a result the deformation of the strip will

always have a component in the plane. If the strips deforms out of the plane there is twist in the

left ventricle. If during deformation it remains in the plane there is no twist.

To look at the dynamical aspects of the embryonic model we include an outline of the original

configuration for comparison. As a result it is possible to see changes in pitch angle, i.e., twist.

2.3 Results

In this work we look at two types of models - a double helical adult heart model and a simple spiral

embryonic tube model. Each model is subject to different excitation schemes. For the embryonic

heart there is very little data for comparison. Indeed, while, it has been found that there are

helical fibers in the embryonic heart tube, there is no data for the pumping efficiency under different

conditions. By contrast, for the adult heart there is a large volume of data for comparison with

the model results. Consequently, we guide our exploration of both models, by comparing the adult

heart model results with medical data.

Contraction Type
Physiological Step Uniform Temporal Medium Spatial Wave Long Spatial Wave

EFmax 50%-60% 54% 54% 53% 54%

Table 2.1: The ejection fraction values for double helical pumps under different excitation patterns

2.3.1 Step excitation

In considering helical structures let us begin with looking at the simplest possible excitation scheme

– a step excitation. In this scheme the whole band is excited at once, leading to an immediate

contraction of all elements.

We first looked at how the double helical adult heart model responds to this type of excitation.

Table 2.3 shows the maximal ejection fraction for this type of contraction. In this case the maximum

ejection fraction is 54%. This is well in the range of normal physiological values of 50% − 60%.

However, as can be seen in the plot of figure 2.4A, in a step contraction the volume changes in a

completely different manner from the physiological. As a consequence, it is unsurprising that the

dynamics of the left ventricle in this model has no visible twist. This effect is illustrated in the

snapshots of the simulations in figure 2.5. We next looked at how the tubular model was affected.

Like in the adult heart model there is no visible twist (figure 2.6). In figure 2.7 the maximal ejection
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Figure 2.4: The left ventricular ejection fraction vs. time for adult heart model subject to different
excitation patterns. The ideal physiological data taken from [15] is drawn in grey for comparison
with model data in black. (A) Uniform Step excitation: the maximal ejection fraction is sufficiently
close to physiological, but the speed with which it increases and decreased is completely different
from physiological. (B) Temporal excitation: Both the maximal ejection fraction and the shape of
the response are close to ideal physiological. (C, D) Medium and Long spatial waves: The maximal
ejection fraction matches physiological needs, but it occurs at 0.6s instead of 0.38s. The shape is
different, with the initial increase in volume, and the initiation of pumping at 0.4s. The medium
wave response has more rapid filling than the long wave. (E) The shifted long wave: The maximal
ejection fraction timing is shifted quite close to physiological.

fraction as a function of pitch angle for this excitation pattern is shown in dark blue. These results

never top the 28% that would be possible with circumferential fibers. The only surprise is that at

very low pitch angles the ejection fraction starts to increase instead of going to zero as we expected

(see appendix A.1 for analytical calculations for non-helical fibers). This happens because in these

models the fiber length and θmax are kept constant. As a result for pitch angles below 20◦ the length

of the tube is so much larger than the radius that the structure buckles in the middle to reduce

stress, making the volume appear larger. This effect is unlikely to be of any biological significance,

because in reality the muscle band is encased in a collagen matrix.

2.3.2 Temporal excitation

To fit the model’s left ventricular ejection fraction evolution with time to the physiologically observed

throughout the course of a beat, we apply a temporal excitation. In this activation scheme, the

excitation factor is approximated directly from physiological data, Ex(t) ≈ −EFphysio(t)/EFphysio
max .

As a result, the maximal ejection fraction remains unchanged, at physiological value of 54%. The

plots of the ejection fraction vs. time in figure 2.4 show that using this method we can reproduce

how the left ventricular volume changes with time in real physiological experiment. However in the

snapshots of the simulation no significant twist is visible (figure 2.5).
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Figure 2.5: Snapshots of the movies for the adult heart model. The legend for the excitation factor
is at the left (red-relaxed, blue-contracted). For each type of excitation discussed in this chapter
we show the snapshots of the time at which LV volume was at a minimum. The presence of twist
can be qualitatively judged by the out of plane deformation of the grey twist indicator. For the
uniform excitation, no out of plane movements can be seen at any time. The models subject to
the spatial excitation have twist indicator deformations out of plane. To showcase this, we provide
another series of snapshots for the spatial wave excitations for times at which the twist was maximal
(bottom panels).(A) Initial shape at time, t = 0s. (B) Uniform step: Minimum volume at t=0.56s.
(C) Uniform temporal: Minimum volume at t=0.38s. (D) Medium wave: Minimum volume at
t=0.6s; Maximal twist at t=0.74s. (E) Long wave: Minimum volume at t=0.6s; Maximal twist at
t=0.75s. (F) Shifted long wave: Minimum volume at t=0.38s; Maximal twist at t=0.55s.

For a tube this type of excitation produced no significant differences in results when compared

to the step excitation (shown in figure 2.7 in violet and blue). Any variations are slight and due

to the time step - the time at which the maximal contraction occurs is in between sampled time

steps. Figure 2.8 shows this difference between the response to the step and temporal excitations for

a spiral with pitch angle of 60◦, in blue and violet, respectively. Practically, the only difference in

the response to the temporal excitation and the step excitation is in the timing. This makes sense,

since the only variation we introduce for the temporal excitation is in the timing of the excitation.

As a result it is unsurprising that, qualitatively, we cannot see any type of twist (figure 2.6).

To summarize, there are two problems with this type of contraction: First, we do not see any

dynamic twist in the adult heart simulations, which we know is an integral part of a healthy heart.
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Figure 2.6: Snapshots of the movies for the embryonic heart model. The legend for the excitation
factor is at the left on the bottom (red-relaxed, blue-contracted). For each type of excitation
discussed in this chapter we show the snapshots of the time at which LV volume was at a minimum.
The presence of twist can be qualitatively judged by comparing the initial band outline (thicker
black lines) to the current shape. For the uniform excitation, no change in centerline angle can
be seen at any time, i.e., only the radius of the spiral changes. The models subject to the spatial
excitation have twist, which is indicated in the shift of the band away from the original outline.
(A) Initial shape at time, t = 0s. (B) Uniform step: Minimum volume at t=0.5s. (C) Uniform
temporal: Minimum volume at t=0.38s. (D) Medium wave: Minimum volume at t=0.5s (E) Long
wave: Minimum volume at t=0.5s;

Second, this is an unrealistic type of contraction. In biology the muscles will either be excited or

not; it is unlikely that a muscle cell would have such a complicated response to an excitation.

2.3.3 Spatial wave excitation

To resolve these problems we try a spatial wave excitation. For the purposes of this work we try a

simple wave that starts at one end of the band and moves to the other, as described in section 2.2.5.

A wave contraction is also very flexible in terms of easily imaginable compensation mechanisms

available in case of damage.
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Figure 2.7: The dependence of the ejection fraction on the pitch angle for four different contraction
schemes for a tube spiral geometry. Step excitation - blue, Temporal excitation - violet, Medium
spatial wave - green, Long spatial wave - red. For pitch angles above 50◦ the spatial waves can
achieve better ejection fractions than the uniform contractions. For pitch angles of 70◦ and above,
it is possible to overcome the 30% ejection fraction possible with circumferential fibers.

2.3.3.1 Simple spatial waves: Adult Heart

The snapshots in figure 2.6 show that wave-type contractions produce a qualitatively visible twist.

This twist, once calculated, can be used to judge independently from the volume-time relationship

whether the excitation pattern is physiological. But how was the pumping ability affected?

The range of maximal ejection fractions for the adult heart model subject to different spatial

wave contractions is 53%−54%, which is within the physiological range. Figure 2.4D show how this

simple constant speed spatial wave excitations produces a complicated volume reduction response.

We performed calculations for a broad range of values of the wave length ((L2T3 − L1T2)/smax

in equation 2.7 above). The ejection fraction results for the medium length wave (figure 2.4C),

show that maximal ejection fraction was not impacted. In general, we found that the reduction

in the length of the wave does not negatively impact the maximal ejection fraction until the wave

is shorter than the portion of the band that defines the left ventricle. However, there are some

significant differences between the responses of the model to the simple spatial wave excitations and

physiological data, as we show and discuss below.

2.3.3.2 Timing of maximal contraction: Adult Heart

The simplest spatial excitation, the long wave, makes our model to respond in such a way, that the

maximum ejection fraction is timed differently from the physiological response – it is late by 0.2 s.

Obviously, this is caused by the speed of the contraction and relaxation wave fronts, which we chose

arbitrarily. Thus, it is easy to fix by varying the speeds of the wave fronts. Figure 2.4E shows the
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model response to a full length spatial wave with a different speed of the contraction and relaxation

wave fronts (shifted long wave). In this case the maximal ejection fraction is timed quite closely to

the physiological maximal contraction.

2.3.3.3 Initial increase in volume: Adult Heart

Another discrepancy between the model’s response to the long wave excitation and the physiological

behavior is that for the first 0.3s the volume increases from the diastolic value, which does not

happen in a real heart (figures 2.4C, 2.4D). The initial increase in volume is due to the helical

nature of the band. When one end of the band is activated, it pulls on the portion of the band that

bounds the left ventricle, increasing its volume. Our preliminary results (not shown) indicate that

this initial increase in volume can also be adjusted, or taken out altogether, by making the spatial

wave a little more complicated.

2.3.3.4 Simple spatial waves: Tube

When the spatial waves are applied to the spiral of the embryonic heart model the results are

surprising. Figure 2.7 shows the maximal ejection fraction as a function of fiber angle for the long

and medium spatial waves in red and green, respectively. At some pitch angles, if a helical structure

is combined with a wave-like contraction, it is possible to exceed the maximal ejection fraction of the

uniform excitation. Additionally, it is possible to overcome the limit on maximal ejection fraction

previously achieved only with circumferential fibers (appendix A.1). The possibility to achieve over

28% ejection fraction without contracting the entire band at once could be beneficial in nature where

muscle fatigue comes into play. But what is the mechanism behind the higher efficiency?

2.3.3.5 Pumping with suction: Tube

The plot in figure 2.8 shows how the volume of the tube with the spiral subject to spatial wave

excitations initially increases. This is in contrast to uniform excitations, which have no initial

increase in volume. Note, that while the increase in volume is the same for both the long and

medium spatial wave excitation, the long excitation achieves a smaller minimum volume. This

happens because in both types of excitations initially the activated end of the band pulls open the

other end. However, the long spatial excitation wave contracts the whole spiral, which in the end

produces a larger contraction compared to the initial configuration.

Since we assumed that the valves were present, the effect of initial increase in volume creates

suction. Thus, during the initial stages of the contraction the volume increases, leading to a higher

change in volume overall. The mechanism for suction here is different from the one observed in

embryonic fish hearts early in their development [5]. In paper [5], the embryonic hearts acted as an

impedance pump. The impedance pumping that produces the suction is caused by the dynamical
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Figure 2.8: The volume evolution with time for four different excitation schemes applied to a spiral
with a pitch angle of 60◦. Step excitation - blue, Temporal excitation - violet, Medium spatial wave -
green, Long spatial wave - red. The area where the volume is initially decreasing for models subject
to spatial wave contractions is labeled as suction in yellow. The overall change in volume is indicated
at the right. Here it is possible to see, that because of the suction effect the spirals driven by spatial
wave excitations due a better job at pumping than the the spirals driven by uniform excitations.

movements of the spiral, which is seen in our model for most pitch angles with spatial excitation.

At this point, it is impossible to know if the effect of suction from combining the helical nature of

muscle fibers and a spatial wave excitation is used in embryonic pumping. It would be interesting to

see what pitch angles the muscle fibers in the embryonic heart have and if the helical shape depends

on the presence of valves.

2.4 Conclusions

Helical designs in living creatures are generally appreciated for their static structure, rather than the

dynamics. In this respect, Torrent-Guasp model is distinct where a strong functional relationship

between the heart’s pumping function and its spiral muscle structure as a single band is proposed.

By avoiding the complexity of modeling the whole structure at once, including all of the collagen

and blood, we show that this simple band structure is akin to an engine behind the heart pumping

action, for both a simple tube like the embryonic fish heart and a two ventricle pump.

In this work we have shown that it is possible to capture the adult’s heart left ventricular volume

evolution with time using a double helical model. This includes reproducing the maximal ejection

fraction observed physiologically. The fact that we capture the maximal ejection fraction without

overstraining the fibers is unique to this double helical model. However, this type of activation is

biologically unrealistic and produces no dynamical twist of the left ventricle. Conversely, by activat-

ing this double helical structure with a spatial excitation, we can produce a visible left ventricular
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twist without loosing our ability to capture the proper ejection fraction.

We have also shown that there is no benefit to helically arranged fibers in a tube-like embryonic

heart unless the muscle cells are activated with a spatial wave excitation. This combination, also

produces a dynamical twisting response, which might play a part in other pumping mechanisms.

By coupling this band like helical structures of the myocardium with a wave-like contraction

schemes it is possible not only to exceed pumping efficiency expectations, but to take advantage of

the dynamics such a system can provide. The beauty of this model is in its simplicity, which leads

to great flexibility. We realize that a real cardiac system involves many factors on a lot of scale

levels that have not been accounted for here, but because our model captures some of the important

properties of these biological systems, such factors as the calcium excitation, the presence of different

types of muscle cells, collagen, blood, and complicated excitation patterns, can now be treated as

additions to the already constructed solid base.
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Chapter 3

Physiology in phylogeny: Modeling
of mechanical driving forces in
cardiac development

3.1 Introduction

In pursuing the evolutionary history, or phylogeny, of the heart we look for common characteristics

between the embryonic and adult hearts. One pronounced similarity is in the helical organization of

the muscle fibers. The simple helical organization of the fibers has long been observed histologically

[20]. Moreover, there is some evidence that the muscle fibers, unlike the collection of fibers that

includes collagen, are in a double helical bundle. This has been observed in a controversial illustration

where the collagen is removed from the heart by boiling [21, 59]. While the idea that such a band

exists was formed on the basis of disputed histological evidence, in recent DTMRI studies done by

Helm et al. one can easily identify the band architecture (figure 3.1) [23]. This is significant, because

this method images the actin, which is present in muscle fibers, but not in the collagen matrix or

any other part of heart tissue.

By Ernst Haeckel’s premise that ontogeny follows phylogeny, researchers use embryonic fish

heart as a biological model for the human embryonic heart [5, 6]. By keeping track of the fluorescent

myocardial cells, it is possible to create a picture of their movement during a heart beat. The

resulting looped movement is not symmetric, forming an oval for each cell. The long axis of these

ovals has to be aligned with the direction of the fiber, since that is the major direction of the

contraction. The directionality of the oval paths of the myocardial cells is not constant throughout

the heart tube. The only way, that a muscle fiber could have such a non-constant direction as seen

in the images is if it was helically arranged [7, 8]. These fibers are not only helically shaped but

they seem to be bundled into a band. Thus, both the adult heart and the embryonic heart seem to

be comprised of helical muscle bands. How are these two observations related?
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Figure 3.1: Images of the muscle fibers in the heart contrasted with the band model. (A) DENSE
MRI image of the muscle fibers in the myocardium given to us by Helm. The muscle fibers are color
coded for the value of the pitch angle; blue - horizontal to red - vertical. The red structure in the
middle indicates the endocardial surface and represents the left ventricle volume. We overlay white
lines on the image to indicate where the band lies. The muscle fibers are more horizontal at the top
band section, while at the left section of the bottom band they are more vertical and are accordingly
colored yellow and red. (B) The double helix model, color coded in the same manner as the DTMRI
images. Blue for horizontal pitch angles to red for vertical pitch angles. The model band repeats the
same pattern as the muscle fibers in the DTMRI images - the top portion of the band is dominantly
horizontal, while the left section of the bottom portion of the band is going sharply up. The red
structure inside the band is the modeled left ventricular volume.

3.1.1 Some Hints from Embryonic Heart Development

In the embryo, the heart muscle fibers start as a simple spiral, but as the embryo develops, the fibers

transform into a more complex double helical structure. It would be interesting to track how this

development occurs, and how it is reflected in the fiber arrangement of the adult heart.

In general we can imagine a transformation, intriguing in its simplicity, which can be performed

on the helix of the embryonic heart converting it to the double helix shape of the adult heart.

This transformation is easy to perform on a ribbon (figure 3.2). Of course, there is a world of

difference between deforming ribbons and the actual heart muscle. So how does nature achieve this

transformation?

3.1.1.1 The development of the heart

The embryonic heart in the beginning stages of its development is a tube with two sulcus [4]. In

humans, it starts beating on the twenty second day after conception, and soon thereafter it starts

to loop. The driving mechanism for this change of shape has not been fully established. The heart

tube goes through a sequence of bending and twisting, first going into an “c” loop, then an “s”

loop that is “matured,” after which the main architecture of the four chamber heart is discernible

[11, 60]. By the eighth week some of the chamber walls are remodeled and the heart takes on the

form of the four chamber pump.

This looping has been experimentally modeled using an elastic tube [12]. It was observed, that

the tube upon increasing twist deforms in the same way as the heart tube seen in direct images
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Figure 3.2: A possible set of steps in the development from a spiral tube to a double helix band. (A)
A spiral wound around a tube like in an embryonic model. (B) A spiral wound around a tube, that
has a varying diameter. (C) The diameter of the tube changes such that the bottom and top loops
of the spiral have a larger diameter than the middle loop. (D) The pitch angle of the bottom part
of the band is changed to be more vertical. (E) The end of the spiral band is brought up toward the
top end. (F) Both ends of the band are at the same level and can be connected to each other; This
shape is the same as the double helix proposed by Torrent-Guasp as a heart model.

from chick embryos. Most importantly, the shape of the tube evolves in the same manner as the

transformation of ribbon depicted in figure 3.2. However, the mechanical experiment of paper [12]

starts at the “c” loop stage and explores the mode of rotation of the looping heart, not the driving

forces necessary for such a deformation. Neither do these authors investigate the causes of the twist

necessary to induce this transformation. Nevertheless, this experiment strongly suggests that the

shape change is governed by elastic mechanical properties of the material rather than a specific

genetically encoded biological mechanism.

3.1.1.2 A basic observation

In support of the hypothesis of the dominant role of the mechanics in the heart’s transformation,

let us consider a simple tactile experiment. Take a rubber tube, such that your thumbs fit snugly

at the ends, insert your fingers into the tube and twist it – you can feel the stress on your fingers.

Now, without untwisting, deform the tube to relieve the stress. It is remarkable how similar the

resulting shape is to the “c” shape of the developing heart. This type of deformation is a well
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known phenomenon in solid mechanics, where the structure bends to relieve stress caused by twist.

Additionally, it is common in nature for stresses to play an important role in biological growth and

development, for example in the growth of tree branches [61]. From these arguments we hypothesize

that the stress from the twist causes the deformation in the embryonic heart. However, in our tactile

experiment, we first needed to rotate our fingers to produce any change. So, what happens in the

heart tube to induce the twist in the first place? In this light, it is curious that the heart begins

to loop almost immediately after it starts beating. This is intriguing, since the contraction of the

heart muscle is the only source of the force on the tube, not present before the looping was initiated.

Thus we will look for the causes of the twist in the tube’s response to the muscle fiber contractions.

H.R. Crane once wrote on the general problems of biological growth. He pointed out, that while

the process in the whole can be too complex for us to produce an equation describing it, we can

understand it if we know “the principles involved and something of the order of their importance”[62].

In following his insight, we postulate that for the property of heart function and development the

leading order of importance belongs to the bundled helical arrangement of muscle fibers. We follow

this road map and utilize modeling tools to approach this question.

3.1.2 Modeling

Biological pumping organs are complicated multi-scale systems, and great efforts are directed at

their computational modeling [41–43, 45, 51]. Despite the very significant resources applied and the

impressive results achieved, it is currently an insurmountable challenge to computationally represent

all the scales and aspects of these systems in their entirety. There exist neither a powerful enough

computer, nor a sufficient understanding of the chemistry and control of muscle fibers to model

complicated structure encompassing all the scales from the actin filaments up to the organ as a

whole. At the same time, there is a great demand especially from the medical community, for models

that trade the microscopic details for predictive power [55, 59]. In our opinion, and according to

the experience of the engineering field, models should be based on the insight into the biologically

dominant features of the system. In such a situation it would benefit us to be able to model the

action of muscle without its intricate details. While the popular cardiac models are based on the

fact that the fibers inside the heart are helical [20], the notion that they bundle into a single band

that is arranged into a double helix [21], has never been properly simulated. It is easy to fathom

that such helical structures could be used to optimize the functional properties of the organ, such

as for example pumping. We model these macrostructures as applied to a problem of pumping.

Meanwhile, knowing that a lot of times band like muscle fiber structures are results of self-assembly,

we watch for characteristics that would be responsible for pushing the development of the tubular

heart into the double helical arrangement. In that we take advantage of how nature uses these larger

scale geometries and intricate dynamics to create wonderfully efficient mechanisms.
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Here we present two simple models of biological pumps, for an embryonic fish and adult human

hearts. We also consider different possibilities of contracting the muscles that operate these pumps.

3.2 Methods

3.2.1 Geometry of the ribbon models

3.2.1.1 Embryonic tube heart

An embryonic heart is shaped like a tube, which is one of the simplest chambers we can enclose

with a band of fibers. The fibers can be arranged circumferentially or longitudinally, or they could

form a spiral wound about the tube. Mathematically, such bands can be easily described by a set of

parametric equations, which we omit for the sake of brevity [58]. Using these equations we can vary

the different parameters of the spiral and tube: pitch (fiber) angle, number of turns, tube radius,

tube length, fiber length, cylinder volume, width and thickness of the spiral band. The spirals with

varying pitch angles are shown in figure 3.3. However, these parameters are not independent.

20o 40o 60o

Figure 3.3: Images of the spiral muscle band models for the embryonic heart. The numbers indicate
the pitch (fiber) angle: 20◦, 40◦ and 60◦ are shown. For all three spirals shown here the radius of
the tube is constant. The length of the band is also constant, and as a result the length of the tube
varies with the pitch angle. The width of the band is taken to be half of the value that would have
fully covering the surface of the tube, and as a result the width varies with the pitch angle.

3.2.1.2 Adult heart

A more complicated structure that also involves helical muscle fibers is the human adult heart.

There is histological evidence that the fibers are arranged in a spiral band, as shown by Torrent-

Guasp, who postulated that the heart muscle is a single band that starts from the pulmonary aorta,

hugs the right ventricle, winds down to the apex, as the descending segment, and then spirals

up to the aortic valve as the ascending segment. It is, of course, more complicated in terms of

mathematical presentation than a simple spiral, but the parametric equations can still be written

down using the same mathematical tools [58]. The resulting structure can be seen in figure 3.4A,
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Figure 3.4: Images of the double helical band model of the adult heart. The initial band shape and
fitted volume shown from different points of view. (A) The double helical band; (B) the same band
color-coded corresponding to physiological segments. (C) The same band in different orientation,
with labeled active and non-active material, as well as the apex of the heart. (D) The fitted volumes
for left ventricles (LV) and right ventricle (RV) are labeled on these pictures.

with the physiological sections referenced in 3.4B. Figure 3.4D shows how such a relatively simple

band structure could be filled out to form a full two ventricle heart.

3.2.2 Choosing the Geometrical Parameters

In both geometrical models, of tube-like embryonic heart and a double helical adult heart, there

is a range of parameters that can be varied. We base the choice of parameters on physiological

observations, the goals of the simulations, and computational needs.

3.2.2.1 Embryonic tube heart

Number of turns: In order for the spiral wound about a tube to be deformable into a double helix

it needs to make two complete rotations. Thus the spiral makes two full turns. In our model

we specify it to go around another quarter of a turn, so that the boundaries do not impact the

main body of the spiral.

Pitch angle: It is not possible to extract the fiber angle (fiber angle) from the images of the

embryonic heart. We therefore wanted the ability to vary the fiber angle. In the experiments

the angle is varied between 5◦ and 80◦.

Radius of the tube: In the embryonic heart model the radius of the tube is known, but it is
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unclear how far up the tube the spiral fibers extend. Thus, we chose to keep the radius of the

tube constant, namely 0.25 cm.

Length of the tube: Once both the number of turns of the spiral and the pitch angle are specified,

the length of the tube is mathematically determined.

Fiber length: Once the above parameters are chosen the fiber length is determined.

Band width: The choice of the above parameters also defines the width of the band necessary to

cover the whole surface of the tube. We chose for the width of the band to be limited to half

of what would cover the tube, to insure that the material did not impinge on itself during

twisting.

Band thickness: The thickness of the band is constant and small compared to the width (approx-

imately 1/5 of the width).

3.2.2.2 Adult heart

Number of turns: This parameter is dictated to be two turns by the model design.

Fiber angle: Unlike the pitch angle of the simple spiral, the fiber angle is not constant in the

double helical arrangement. We took the information from the histological studies done by

Torrent-Guasp. As a result, the math description, although more cumbersome than in the

case of the tube, is still known.

Long axis dimension: The long axis dimension is taken to be the same as in the normal adult

heart, about 7 cm.

Basal radius: Again the basal radius is taken to be the same as in the adult heart, about 3.5 cm.

Right heart size: The parameter controlling the size of the right heart, was estimated so that the

fitted right ventricle volume would correspond to the volume in a normal adult heart (about

130 mL).

Band width: To ease computation the band width is assumed to be a constant. The width is

chosen such that the bottom of the mitral left segment does not impinge on the top of the

descending segment (w ≈ 2.5 cm).

Band thickness: The thickness of the band is constant and small compared to the width

(t ≈ 0.5 cm).
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3.2.3 Material properties

The properties of the macrostructures of the organ’s muscle are inevitably dictated by the muscles

building blocks. The muscle fibers contract along the length of the fiber, thus the muscle band

which consists of a group of parallel muscle fibers will contract in the same direction. The fibers

cannot contract much over 15% [16], and thus the band will not exceed this maximum shortening

ratio at any point along its length. While it is shortening in the fiber direction the band will expand

in the other two to conserve volume. The band can shorten as a whole, or parts of it can contract

independently of each other. That means that the cells can act separately along the length of the

band, the fibers in the width of the band can also contract at different times from each other. For

simplicity, we assume a linear elastic response while the material is not excited. The material is

incompressible, so the maximal computationally possible Poisson ratio is chosen, ν = 0.48 (an ideal

incompressible material has ν = 0.5). The choice of the Young’s modulus will be discussed in section

3.2.5.

As regards to the structure of the adult heart it was necessary to hold it together with a non-

active material shown in figure 3.4C. The non-active material was chosen to be four times softer

then the active material, i.e., the Young’s modulus of the non-active material is one fourth of the

Young’s modulus of the active material.

3.2.4 Boundary conditions

Unlike inside a body, our models are not part of a whole organism. It is, therefore, necessary for

us to fix them in space. To do that we need to constrain at least three degrees of freedom, i.e., the

x-direction, y-direction, and z-direction.

3.2.4.1 Embryonic tube heart

We found that the most meaningful results are obtained by fixing both ends of the tube. This allows

us to consistently look at twisting and pumping in a range of different contraction schemes. If only

one end of the tube is fixed, the other flaps about, which makes it hard to determine if there is any

twist present.

3.2.4.2 Adult heart

In order to easily compare the dynamics of our model to the heart’s dynamics, we wanted to fix the

model in space in the same manner as the heart. In the body, the heart’s apex does not move up

or down, while the top of the heart does not rotate. The band structure is fixed in the horizontal

plane by the non-active material, in the same manner as the heart is constrained by the vessels.
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The lowest point of the double helix is assumed to be the apex, and is constrained in the vertical

direction (figure 3.4C).

3.2.5 Excitation schemes

The simplest dynamic scheme is to excite all the cells at the same time and have the whole band

contracting in sync. In this case the only periodicity is in time, so we call this a “uniform contrac-

tion.”

The other choice is to excite a spatio-temporal wave contraction in the bands. Of course, in

creating spatial waves, there are a lot of degrees of freedom. We can change the duration of the

contraction, the length of the wave, the origin point of contraction, etc. Here we consider two

examples of one dimensional spatial-wave excitation.

To ease the explanation let us label one end of the band α and the other β. A one dimensional

contraction wave would then be described as originating from end α of the band and traveling to

end β. This means that all the elements in width and thickness, the ones at the same centerline

natural coordinate, will contract and relax together.

For ease of comparison to the uniform contraction, where all the elements are contracted in sync,

we create a wave that has the contraction front traveling from end α of the band to end β. Once

the contraction front reaches the β end of the band, the relaxation front starts from the original α

end. This means that there is one instance of time where the whole band is contracted. We call this

the “long wave contraction.”

We also run simulations where the wave is shorter and the relaxation front starts before the

contraction front reaches the β end. We called such a wave a “medium wave contraction.”

For all the different types of contractions the maximal amplitude of enforced stress was adjusted

such that at the given Young’s modulus of the active material, the resulting strain does not exceed

physiological constraints discussed in section 3.2.3.

3.2.6 Computational methods

To enable spatio-temporal excitation it is necessary to allow different sections of the bands to con-

tract independently. This creates a complex coupling between local small deformations and huge

global shape responses, making it a challenging modeling problem. Another difficulty is that we are

considering three dimensional geometries. To combat these problems, we utilize the idea of finite

elements. It is possible, with small quadrilateral elements to build very complicated shapes. The

finite element method also breaks down a complicated problem of the dynamics of a complicated

system in response to deformation into a set of manageable equations. Since this set is very large,

it behooves us to use the computing power available to solve it. We therefore, model these bands
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using a finite element package, ABAQUS, designed to handle such problems. In the finite element

code we use ABAQUS built in tools to independently “excite” each node, and when the nodes of an

element are “excited,” the element contracts in the direction of the longitudinal fiber direction.

3.2.7 Data Analysis

Fortran and Matlab codes are used to extract and analyze the data from the simulations. For

the purpose of this analysis we extract the position of each node from the simulation. Using this

information we calculate the volume. In case of the embryonic one chamber tube model, the volume

is approximated as a cylinder. During the deformation the diameter of the cylinder may vary as a

function of the long axis. For the double helical, two pumping chamber model of the adult heart, the

left ventricle volume is approximated as non-axisymmetric paraboloid. The shape of this paraboloid

varies in the course of the beat.

In these simulations we do not model fluid. That means that it is unnecessary for us to model

valves. Unless an actual pump has valves, it is very ineffectual. Indeed in the absence of valves most

of the blood pumped during a contraction will flow back during relaxation. We thus assume that

the valves are present. This assumption implies that if the volume of the chamber is increased, there

will be blood sucked into the pump from the inlet. When the volume of the chamber is decreased,

the blood is forced out through the outlet. Therefore, we can simply keep track of the volume that

would fit inside the spiral to calculate the effectiveness of the pump.

To create a meter stick for our computational experiment we calculate the ejection fraction, for

each system as it deforms with time:

EF(t) =
Vmax −V(t)

Vmax
and EFmax =

Vmax −Vmin

Vmax
, (3.1)

where, V (t),Vmax and Vmin are the volume at time t, maximum volume and minimum volume of

the chamber, respectively. This is the same formula that is used to find the ejection fraction in

physiology for adult hearts, where Vmax = Vend diasotolic and Vmin = Vend systolic.

To judge the dynamics of the simulations we use the visualization techniques available in a

specialized software – ABAQUS CAE. For the tube model we overlay a wire-frame of the initial

configuration on the transformed configuration. This way it is possible to directly compare the

original and deformed spiral shape. For the double helix adult heart model, we create a piece of very

soft material that is fixed to the side of the simulated left ventricle. To make sure that this indicator

does not impact the dynamics, it’s made from a material that is two orders of magnitude softer than

the material of the band (i.e., the Young’s modulus of the elastic indicator is one hundredth of the

Young’s modulus of the active material). Since the elastic indicator is attached along the length of

the left ventricle, it will indicate the amount of twist. If the elastic indicator deforms symmetrically
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there is no twist. However, if it deforms sideways, there has to be a twist present.

3.3 Results

We originally hypothesized that the cause of twisting in the embryonic tube heart is the response of

the helical structure of the muscle fibers to muscle contractions. To test our hypothesis we created a

spiral band wound about a tube. As our first simulation we induced a uniform periodic contraction.

This means that at each heart beat the spiral was uniformly contracted and then released.

3.3.1 No twist in a uniformly contracted spiral band

The fiber angle did not have appreciable impact on the dynamics, throughout the range of meaningful

values of 5◦ to 80◦. Figure 3.5A shows a series of snapshots of the simulation for a representative

fiber angle of 50◦. Initially the muscle bands are relaxed (red), then they are gradually contracted,

until the elements reach the maximum allowable strain (blue), and then they are relaxed again. The

outline of the original configuration is overlayed on each spiral band. The radius of the band at

the maximum contraction (t = 0.4s − 0.6s) is smaller than the original radius. The snapshots of

the simulation show how the spiral smoothly contracts about the central axis and then gradually

releases. No perceptible twist is apparent in these images. Thus the forces present are incapable

of inducing a twist in the structure. We could have been disappointed by this result, if we did not

have an insight from modeling the adult heart.

3.3.2 Back to the future: Adult heart model

To answer this quandary we turn forward, in ontogeny time, to the adult heart. In the adult heart

the contraction of the muscle fibers yields an intricate dynamics, the heart twists at each beat [27–

29]. If we understand the origin of this twist, we can hope to understand the twist in the embryonic

heart. We can draw conclusions about the dynamics of the embryonic heart from our findings on

the adult heart, because in both cases any movements are caused by the contraction of the muscle

fibers.

In the adult heart the contraction is induced by the Purkinje network. This nerve network does

not excite the whole myocardium at once. It is, therefore, unlikely that the myocardium contracts

all at once. As a result, the adult heart is subject to spatial-wave contractions instead of a uniform

contraction.
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Figure 3.5: Snapshots of the ABAQUS simulations at different time steps for the embryonic heart
spiral model with a 50◦ pitch (fiber) angle. The left column indicates the time in seconds. Each
snapshot shows the current configuration of the spiral. The colors indicate the level of excitation
as shown in the panel at the bottom, blue-fully excited, red-relaxed. Each simulation starts at the
relaxed state (t = 0s), goes through the contraction scheme and relaxation scheme, and ends back
in the fully relaxed state (t = 1s). For comparison purposes, an outline of the initial shape of the
spiral is overlayed on each picture as a thick black line. (A) Uniform contraction. Here the spiral
smoothly contracts during t = 0s − 0.4s, and smoothly relaxes during t = 0.6s − 1s. The radius
is smallest when the band is fully contracted t = 0.4s − 0.6s. There is no change if pitch angle as
seen by comparing the current configuration with the outline of the initial shape. Thus, there is
not twist in this simulation. (B) Long wave contraction. The contraction wave front starts at the
right end (t = 0.2s, 0.4s) and travels through the band to the left end. The band is fully contracted
at approximately t = 0.5s. The relaxation front starts at the left end of the band (t = 0.6s, 0.8s)
and travels to the other end. The radius is reduced unsymmetrically along the length of the tube
(t = 0.4s − 0.6s). The pitch angle is changed drastically as seen from comparing the current band
to the outline of the initial configuration (t = 0.2s − 0.8s). This indicates that there is a twist
in the tube. (C) Medium Wave contraction. The contraction wave front starts at the right end
(t = 0.2s, 0.4s) and travels through the band to the left end. The band is never fully contracted.
The relaxation front starts at the left end of the band (t = 0.6s, 0.8s) and travels to the other end.
The radius is reduced unsymmetrically along the length of the tube (t = 0.4s − 0.6s). The pitch
angle is changed drastically as seen from comparing the current band to the outline of the initial
configuration (t = 0.2s− 0.8s). This indicates that there is a twist in the tube.
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3.3.2.1 Simulations of the Adult heart

The idea of spatial-wave contractions is rarely considered in cardiac modeling. This is mostly due to

the fact that the majority of cardiac models are so complex that it is a challenge to test such cases.

For our simplified model we were able to test such spatial-contraction patterns. Figure 3.6 shows

time snapshots of simulations with different excitation schemes. In each of the series of pictures the

level of excitation is color coded, with red as relaxed, and blue as fully excited. The excitation wave

front starts at one end of the band and travels to the other. It is followed by a relaxation front

moving in the same direction. We can vary the time between the contraction and relaxation fronts

as one of the variables of the system. Thus, one of the possible wave-like contractions will have the

whole band fully contracted at some point in time (figure 3.6B). However, it is also possible that

the spatial-contraction wave never contracts the band fully (figure 3.6C). One may worry that the

wave contraction would negatively impact the pumping ability.

3.3.2.2 How uniform vs. spatial-wave contractions affect pumping ability: Adult heart

model

To insure that pumping efficiency was not negatively affected we tested the double helix model of the

adult heart under both a uniform contraction and a spatial-wave contraction. The results of these

tests were judged by calculating the left ventricular ejection fraction. The use of this particular

criteria is justified by the fact that a large amount of physiological data is available for the left

ventricular ejection fraction. To calculate the ejection fraction, we approximated the left ventricle

as a paraboloid and calculated the volume at each time step. The ejection fraction is then simply

given by equation 3.1.

The results for our simplified model easily match the physiological data of maximal ejection

fraction. The values in table 3.3.2.2 show no drawback to having a spatial-wave contraction, as

compared to a uniform contraction.

Contraction Type
Physiological Uniform Medium wave Long wave

Maximal EF 50%-60% 54% 54% 53%

Table 3.1: The ejection fraction values for double helical pumps under different excitation patterns

3.3.2.3 Different dynamics caused by spatial-waves

What is more fascinating is that the different contraction schemes produce different dynamics of the

structure. Figure 3.6 shows the snapshots of the three simulations side by side. The twist is easily

visualized by keeping track of the elastic parabolic indicator we fixed at the side of the structure’s left
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Figure 3.6: Snapshots of the ABAQUS simulations at different time steps for the adult heart double
helix model. The left column indicates the time in seconds. Each snapshot shows the current
configuration of the double helix. The colors indicate the level of excitation as shown in the panel
at the bottom, blue-fully excited, red-relaxed. Each simulation starts at the relaxed state (t = 0s),
goes through the contraction scheme and relaxation scheme, and ends back in the fully relaxed state
(t = 1s). From this point of view, the volume reduction can be seen in how the top and bottom parts
of the band come together during the contraction. A soft elastic material piece, indicated in dark
gray, is fixed to the side of the left ventricle. (A) Uniform contraction. Here the double helix smoothly
contracts during t = 0s− 0.4s, and smoothly relaxes during t = 0.6s− 1s. There is no twist of the
left ventricle as indicated by ends of the gray material piece having a symmetric vertical position
on the helical band. (B) Long wave contraction. The contraction wave front starts at right heart
end (t = 0.2s, 0.4s) and travels through the band. The band is fully contracted at approximately
t = 0.5s. The relaxation front starts at the right ventricle end of the band (t = 0.6s, 0.8s) and travels
to the other end. The gray elastic material does not deform symmetrically (t = 0.4s − 0.6s). This
indicates that there is a twist of the left ventricle. (C) Medium Wave contraction. The contraction
wave front starts at right heart end (t = 0.2s, 0.4s) and travels through the band. The band is never
fully contracted. The relaxation front starts at the right ventricle end of the band (t = 0.6s, 0.8s) and
travels to the other end. The gray elastic material does not deform symmetrically (t = 0.4s− 0.6s).
This indicates that there is a twist of the left ventricle.
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ventricle. The piece of elastic material deforms in a the same radial plane for the uniform excitation

scheme (figure 3.6A, t = 0.2s− 0.8s). For the both the long and medium wave contraction, at some

time step the indicator deforms out of the radial plane (figure 3.6B and 3.6C t = 0.4s− 0.6s). This

means that the double helical structure twists in cases where the excitation is wave-like and does

not in the case of a uniform excitation. This gives us a hint that maybe a wave type excitation in a

tubular model could also be related to the twist.

3.3.3 Forward to the Past: Embryonic heart model

We tested a spatial-wave contraction scheme in the spiral wound about a tube. Figures 3.5B and

3.5C show the time snapshots in which the contraction, represented in blue, starts at one end of the

spiral and travels to the other end. The relaxation front, in red, follows the same pattern. As in

the adult heart, the time between the excitation and relaxation front can be varied. In the uniform

contraction scheme the whole spiral is contracted at once, which is not necessarily true for a spatial-

wave contraction. The whole structure will be contracted, only if the two fronts are separated from

each other by at least the length of the spiral.

3.3.3.1 How uniform vs. spatial-wave contractions affect pumping ability: Embryonic

heart model

To insure that the wave-form contraction does not affect pumping we track the volume of the tube

during the course of the beat.

Looking at the snapshots of the uniformly contracting tube simulation, one would suspect that

the volume should change just as smoothly as the contraction (figure 3.5A). Indeed that is the case

as seen in the figure 3.7.

As a matter of principle, it is possible for the spatial-wave contraction to affect pumping benefi-

cially. Indeed, the spatial-wave contraction can induces not only simple shrinking, but also suction.

In the plot of a representative fiber angle spiral undergoing a wave contraction the volume increases,

then sharply decreases (figure 3.7A). This means that initially more fluid is sucked in and then a

larger amount is ejected – larger than would otherwise be possible. The subsequent increase in

volume would not produce back flow because of the valves. In the snapshots in the figures 3.5B and

3.5C it is possible to see qualitatively the cause of this suction. In the spatial-wave contraction, the

part of the spiral that is contracting pulls on the piece that is still relaxed. In coming to mechanical

equilibrium, part of the helix opens up, to reduce the stress on the band. So is this suction effect

sufficiently beneficial to offset the fact that the whole band is not contracted at the same time?

For each contraction scheme we compared the maximal ejection fraction at different fiber angles.

We use equations 3.1 to calculate the ejection fraction of these pumping tubes. Table 3.3.3.1 shows
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Figure 3.7: (A): Plot of normalized volume of the tube chamber vs. time. In case of wave-type
contractions, the volume initially increases (t = 0.04s − 0.15s), because of suction. The volume
is normalized over the initial value, and as a result the maximum volume in the case of wave
contractions is at approximately t = 0.15s, as indicated by the arrow. (B): Plot of ejection fraction
vs. time. The ejection fraction of the long wave contraction is greater than that of the uniform
contraction, because of suction. The period of suction is circled with a dotted line.

the ejection fraction for spirals with different fiber angles undergoing different contraction schemes.

Even a spatial-wave contraction that does not contract the whole spiral is not a significant

detriment to the pumping efficiency of the tube. Indeed, at some fiber angles a spatial-contraction

scheme is beneficial to the effective pumping. This shows that the spatial-wave does not negatively

impact the pumping efficiency. So did it produce twist?

3.3.4 Evidence of twisting in a spiral undergoing a spatial-wave contrac-

tion

The snapshots in figure 3.5B and 3.5C qualitatively show that there is an asymmetry in how the

spiral deforms. Unlike the deformations in response to a uniform excitation, for both wave excita-

tion patterns the deformed shape is significantly offset from the original outline. Indeed the same

mechanism that causes suction produces this radical deformation. In a tube, this deformation would

correspond to a twist, to accommodate the change in pitch angle of parts of the spiral.

This begs the question: Maybe the characteristic of leading importance is the wave like contrac-
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Contraction Type
Pitch Angle Uniform Medium Wave Long Wave

5 24% 18% 18%
10 23% 19% 24%
20 9% 7% 10%
30 11% 7% 9%
40 13% 7% 11%
50 17% 13% 19%
60 21% 21% 29%
70 23% 30% 36%
80 20% 34% 38%

Table 3.2: The ejection fraction values for tubular pumps with different pitch (fiber) angles, under
different excitation patterns

tion, and not the helical shape as we originally claimed? If we had induced the propagating wave

contraction in a simple tube with either longitudinal fibers or circumferential fibers the forces would

have been in the axial or circumferential directions, respectively. As a result, the pumping efficiency

would be reduced, since there would be no suction effect. In the longitudinal fiber case the length

of the tube would decrease, without opening up any part of the tube. In the radial fiber case, the

radius of the tube would simply decrease unsymmetrically, but no twist would occur. Therefore, this

model shows that only the combination of the helical structure and the spatial-wave type contraction

scheme produces the twist necessary for further development. And this is the main result of this

study.

3.4 Conclusions

As Martin Kemp observed in his treatise on “spirals of life” [63], helical designs in living creatures

are generally appreciated for their static structure, rather than the active functional benefits they

bring. There are many examples in nature where there is a helical muscle structure, ranging from

worms to embryonic fish hearts [5, 10, 57]. We have shown here that the helical structure cannot be

the sole cause of the mechanical twist necessary for development. If the contraction of the spiral is

smooth and symmetrical it cannot lead to twist.

In the adult heart the twisting dynamics are well documented. But, it is also well known that

the adult heart is excited in a complicated pattern. By modeling spatio-temporal excitation waves

and simple temporal excitation in the adult heart model we show that the twist is only possible if

the excitation is in the form of spatial waves. Additionally, we have shown that no negative effects

on pumping efficiency are brought about by wave-like contractions.

By applying this knowledge to the embryonic heart we were able to demonstrate twisting of the

spiral structure. The spiral tube’s pumping ability is also not impacted by switching from a uniform
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excitation to a spatio-temporal excitation.

In light of these results we can form a better understanding of the development history of the

heart. In the embryonic tube heart the fibers are organized helically. As it starts to beat the

excitation pattern is not uniform, but is instead wave-like. The stress produced by the twisting of

the the tube under these conditions forces the tube to bend. Thus, begins the road of phylogeny

changing the simply spiraled muscle fibers into a double helix structure of the adult heart.
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Chapter 4

Modeling the macrostructure of
the heart as a dynamic double
helical band

4.1 Introduction

Importance of heart modeling hardly needs a justification – it is widely accepted. However, it is less

widely recognized how simple and yet profound are some of the questions in the field which remain

either completely open or incompletely understood. Here, we will focus on two such questions: First,

we consider the ability of the heart to produce large ventricular cavity volume changes with only

small local cellular deformations. And second, we look at the principles behind the heart’s intricate

dynamical behavior in terms of changing twist of the left ventricle during each heartbeat. Let us

comment in more details on these two aspects and their relation to each other.

On the one hand, the active components of the myocardium mass – the myocyte cells – deform

by a relatively small amount, with maximum contraction ratio of only 15% [16]. On the other hand,

the left ventricular volume exchange ratios, known as ejection fractions, are normally above 55%.

Thus, the volume of the internal chamber of the heart decreases by more than half its diastolic value,

while each cell contracts by less than a sixth length-wise. Geometrically this would be impossible to

achieve without wall thickening effects or helical fibers. In the present chapter, we will concentrate

on the latter, because the helical arrangement of the fibers is responsible for the twisting-untwisting

of the heart with its beating cycles [55].

In the beating heart, the changes in these two geometrical aspects of cardiac behavior, volume and

twist, are intricately coordinated. Indeed, in their ground breaking imaging studies that involved

surgically placing markers on the heart Beyar, [29] and Miller [27, 28] were able to provide first

accurate measurements of the left ventricle’s twist. Based on these measurements, they hypothesized

that the sensitive timing relationship between the twist of the left ventricle and the volume exchange
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dynamics is an important aspect of the heart’s volume efficiency. This hypothesis has received

further confirmation with investigators taking advantage of the improvements in speckle-tracking

imaging [30, 33] and MRI techniques [32], showing that the relationship between ejection fraction

and twist changes differently with age and various heart diseases. The characterization of this timing

relationship could lead to innovative diagnostic procedures [64]. In the present chapter, we aim to

understand and model the well orchestrated correlation between twist and volume exchange.

The nature of the questions which we want to address implies that we should employ a fairly

simple model which only captures the very basic features of heart geometry and dynamics. This

will allow us to understand to which extent the twist-volume exchange timing is a reliably generic

property which could give rise to a diagnostic technique. In general, heart modeling attracted a lot

of efforts over the years (see [16] and references therein), and some of the models examined were

beautifully simple. One of these models constructed by Sallin [41] explored the need for helical

fiber architecture in order to achieve physiological ejection fractions . Another simple left ventricle

membrane model, by Needleman et al. [65], explored the difference for normal and infarcted left

ventricle in the important pressure volume relationship of the cardiac cycle. An alternative approach,

time-varying elastance model, characterized the pumping function of the heart [66]. Sunagawa and

Sagawa also gave the most useful summary and comparison of models developed at the time [66].

The most popular current cardiac models simulate the myocardium as a series of shells with

differently directed helical fibers [16, 35, 44]. This type of model is based on histological images

taken by Streeter in 1969 [20], which show that there is a gradual change in the direction of the

fibers with the epicardium and endocardium fibers directed axially, while the fibers in the middle

are directed circumferentially. These models have been greatly advanced by the McCulloch group

through the development of the constitutive relations for the myocardium materials based on the

three dimensional strain measurements [47, 48, 51]. The computational approaches based on finite

element models are capable of exploring such issues as optimization of fiber architecture [45], perfor-

mance of normal and dilated failing hearts when the finite element model included electro-mechanics

[53, 54], and a combination of the circulatory system with the ventricular models [52]. Other finite

element models explore ischemic left ventricles [67] and arrythmia [46]. Yet another type of models

developed by Peskin et al. uses the immersed boundary method [42, 43]. These current models

rarely achieve physiological ejection fractions while observing the limit of 15% fiber contraction. A

notable exception is a “one fiber” model developed by Arts et al. [68, 69]. The idea of a “one fiber”

model based on the work of both Streeter [20], mentioned previously, and Torrent-Guasp [21], which

we describe below. However, none of these modeling works touched upon the important relationship

between the twist of the left ventricle and the ejection fraction.

In our approach, we will build our model based on the idea of a single helical band representing the

dominant structure in the heart. This idea was originally proposed by Torrent-Guasp [21] alongside
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Figure 4.1: (A)Figure of muscle fiber DTMRI provided to us by Helm; (B)The DTMRI image of
the muscle fibers overlayed with the major band direction; (C) The simplified band color coded with
the direction of the fibers in the same manner as the DTMRI images; (D) The simplified band with
no color coding.

Streeter’s fundamental work [20]. Torrent-Guasp postulated that the heart muscle fibers form a

helical single band that starts from the pulmonary aorta, hugs the right ventricle, winds down to the

apex as the descending segment, and then spirals up to the aortic valve as the ascending segment

[21]. Recent advancements in MRI technology, specifically the DTMRI technique, enable us to create

isolated images of the myocyte fibers, instead of a combination of muscle and collagen fibers [23].

Images obtained using this technology provide further credence to the representation of the heart

as a helical band (figure 4.1).

The similarities between the heart myocardium fiber structure and the double helix band give rise

to a simplified model, one that allows simulation of more complicated excitation patterns and the

dynamic response. It is worth our while to evaluate this simplified model as the dominant structure

because it gives us an opportunity to isolate the macrostructure responsible for the behavior of the

heart. The excitation patterns are picked so the double helix band model produces the same ejection

fraction characteristics as a physiological left ventricle. The full dynamic model is then validated by

comparing its twist behavior with the twist of an actual heart over one beat.

4.2 Methods

To give a framework for the structure of the myocardium we assume that the macrostructure of the

muscle fibers takes the form of the double helical band described earlier. To simplify the model we

assume the band to have a constant width (seen in figure 4.1D). The first necessary step then is to
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Figure 4.2: Initial shape of the double helical model. The active material is shown in red, the non-
active material is shown in dark green, and the fitted chamber surfaces are shown in transparent
yellow. (A) The band is shown from the top. The grey lines indicate the portion of the band that
bounds the right and left ventricles. The coordinate system used to specify the excitation pattern is
specified, with zero at the pulmonary aorta start of right heart (RH), and 100 at the opposite end
of the band. (B) The side view of the band, with the apex indicated at the lowest point. (C) Top
view with the fitted volumes for left ventricles (LV) and right ventricle (RV) labeled on the pictures.
(D) Side view with the ventricles labeled the same way as in (C).

formulate mathematical description of this rather complex three dimensional object. To do that, we

first consider an axis line of the band that follows in the direction of fibers through the center of the

proposed shape. The next step is to expand the line into a strip with both a width and a thickness.

Notice, that with this approach the tangent direction of the centerline is, by construction, the same

as the direction of the muscle fibers. The following is the equation of the centerline of such a strip

in cylindrical coordinates, where θ ranges from zero to slightly over 4π. Factor 1 is responsible for

separating the band at the cross-over point, and Factor 2 regulates the size of the right ventricle. The

values of the constants were taken to be such that the resulting shape matched the size of an average

human heart: C1 = 4.9 cm, C2 = 7 cm, A1 = 1.3, A2 = 0.5, C3 = −0.77 cm, C4 = 1/6 and C5 = 1.

zcent = C1 − C2
θA1

A2
exp

[
− θ

B2

]
,

rcent =
√

zcent + C3

[
1 + C4 cos

(
θ − θcrossing

2

)]
(4.1)[

1 + C5 exp
(
− (θ − θright)

2
)]

=
√

zcent + C3 [Factor 1] [Factor 2] .

Once the centerline of the band is fixed, the band itself can be built about this line:
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A B

C D

Figure 4.3: The double helical band with the twist markers. The band is indicated in red, the
markers are yellow circles connected with grey lines. The thick black lines are drawn for assist
visual estimates of out of plane deformation. (A) The relaxed band model with the markers used to
calculate twist shown from the side; (B) The relaxed band with the marker shown from the back;
(C) The markers shown for a band that has started to contract – notice that there is already an out
of plane deformation. (D) The markers shown at end-systole – notice that the elastic material with
the markers has buckled in plane as well as twisted out of plane.

z = zcent + ξ

r =
√

zcent + C3 [Factor 1] [Factor 2] + ζ (4.2)

x = r cos θ y = r sin θ,

where ξ regulates the width of the band and ζ regulates its thickness.

To close the loop, the ends of the band are connected with a non-active material, like collagen,

which is not subject to excitation-induced active contraction. A piece of the same material is also

used to keep the band together at the cross-over point. The band bounds both the left and right

ventricle as shown in figure 4.2A. The volumes were calculated by virtually extending the muscle

band to create an enclosed space (figure 4.2C and 4.2D). The left and the right ventricles of the

heart were modeled as a paraboloid and a half-paraboloid, respectively.

To calculate the twist, it was necessary to mimic the measuring techniques used in experimental

studies where markers are placed along one side of the left ventricle and their positions recorded.

In our model, the initial position of the markers was in a vertical plane, on a single parabola on the

side of the left ventricle (figure 4.3A and 4.3B). As the band contracted, this parabola was distorted

as shown in figure 4.3C and 4.3D.

In a physiological study, the twist is calculated by plotting the degree of rotation at each marker
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against their long axial positions and estimating the slope. The computational counterpart of this

procedure can be implemented as follows. During the deformation of the band the set of markers

can deform in the vertical plane or out of this plane. When the long axis of the left ventricle shortens

during contraction the set of indicator markers deform in plane. In the shortening of the long-axis

the top and bottom portions of the left ventricle band come closer together, and to accommodate

this deformation the strip with the markers buckles outwards. However, unless the top and bottom

portions of the band rotate with respect to each other, the buckling will occur in the same vertical

plane. Conversely, in twisting of the left ventricle the bottom and top portions of the band move

with respect to each other in the horizontal plane. As a result the set of markers deform out of the

vertical plane. The greater the twist of the left ventricle, the greater is this out of plane deformation.

To calculate the value of the twist, we directly relate it to the out of vertical plane deformation of the

set of twist markers. The magnitude of the out-of-plane movement, d, was calculated from knowing

the position of the markers, and the twist was then given by:

twist = −3
√

3
2

d

(LA)(rtop point)
, (4.3)

where, LA and rtop point are the long axis length and the radial position of the top point, respectively.

This relation between d and twist is easily derived by assuming that a paraboloid shell is twisted

such that the rotation angle around z-axis is linearly dependent on z. For ease of visualization the

markers are made to be a part of a soft strip of material, a “twist indicator.” The material is three

orders of magnitude softer than the material of the band, and thus does not impact the deformation

of the band.

For the model examined in the present chapter, we assumed that the double helical band remains

in elastic equilibrium at all times. This assumption is motivated by the fact that the forces developed

in the muscle fibers are much greater than the resistance of the collagen network and blood pressure.

To facilitate the complex task of computing elastic equilibrium in the highly non-trivial geometries of

the dynamically evolving fiber shape, we adopt a software package: ABAQUS 6.5 Standard and its

nonlinear static analysis. The output was analyzed using the ABAQUS 6.5 CAE in combination with

Fortran and Matlab code. The contraction is modeled by providing a material characteristic of an

expansion coefficient, so, when fully excited, the element can contract up to 15% in the direction of

the fibers. Conservation of volume of the material is enforced by specifying appropriate expansion in

the two perpendicular directions in response to the excitation. The excitation coefficient is specified

to vary throughout the band with time, allowing for time dependent contraction waves.

To describe the intensity of excitation and its spatio-temporary pattern, we define a unitless

quantity, which we simply call Excitation(x, t). We imagine that the fiber, at every point x at

time t, contracts proportionally to the value of Excitation(x, t) such that when Excitation equals
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Figure 4.4: The contour plots show the degree of activation for each of the dynamic excitation
schemed tried. From left to right it shows, (A) uniform temporal excitation, (B) a spatial excitation
wave from one end of the band to the other, and (C) a spatial excitation wave starting at the apex.
Below is the legend indicating that the red color represents the relaxed muscle fiber, while blue
represents fully excited.

to −1 the element gets fully contracted, by 15% of its length. Therefore, the strain of the element

due to excitation is given by ε = 0.15 × [Excitation(x, t)]. A series of different excitation waves

were simulated, including a step wave (uniform excitation), a time dependent uniform excitation,

and traveling waves of various shapes, including a spatial wave that follows the Purkinje excitation

pattern [15], which has the contraction wave start at the apex and move outward and upward. For

excitation schemes that are not spatial waves, the excitation value was simply specified to match

roughly the desired ejection fraction evolution with time (figure 4.4A). A spatial wave excitation

scheme is interpolated by the piece-wise linear profile:

Excitation(x, t) =



0 at t < t1

−(t− t1)/(t2 − t1) at t1 ≤ t < t2

−1 at t2 ≤ t < t3

−(t4 − t)/(t4 − t3) at t3 ≤ t < t4

0 at t ≥ t4

(4.4)

where x is the coordinate on the band, starting from the beginning of the band at the right heart’s

pulmonary aorta (labeled RH in figure 4.2A), and t is time, and t1, t2, t3, t4 are specific to each

contraction scheme. For a simple excitation scheme in which the excitation starts at the pulmonary

aorta end of the band, and travels first through the right ventricle, and then through the left one,

these are given by:

ti =
Ui

Ltot
x + Ti, (4.5)
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where i = 1, 2, 3, 4, Ltot is the total length of the band, and Ui/Ltot is the inverse of the speed of the

wave front. The parameters are U1 = U2 = 0.2 s, U3 = U4 = 0.475 s, T1 = 0 s, T2 = 0.005 s, T3 =

0.275 s, T4 = 0.325 s. For the excitation pattern that starts at the apex and moves outwards the

equations become more complex:

ti =


UR

i

AI (AI− x) + TR
i at 0 ≤ x < AI

UL
i

Ltot−AI (x−AI) + TL
i at AI ≤ x < Ltot

(4.6)

where AI = 0.85Ltot is the position of the apex (figure 4.2B), Ltot is the total length of the band, and

UR
i /AI and UL

i /(Ltot−AI) are the inverse wave front velocities moving towards the right (pulmonary

aorta) and left sides, respectively. The parameter values are: UR
1 = UR

2 = 0.275 s, UR
3 = 0.225 s,

UR
4 = 1.0 s, UL

1 = UL
2 = 0.15 s, UL

3 = 0.55 s, UL
4 = 0.625 s, TR

1 = TL
1 = 0 s, TR

2 = TL
2 = 0.075 s,

TR
3 = 0.25 s, TR

4 = 0.475 s, TL
3 = 0.325 s, TL

4 = 0.375 s. The contour plots of the excitation pattern

for the wave forms used in this chapter are shown in figure 4.4. For this Purkinje type spatial wave

the point where the excitation and relaxation fronts start can be moved by changing the value of

the constant AI.

4.3 Results and Discussion

4.3.1 Large volume changes – small local deformations

The first step in assessing the validity of the double helical macrostructure model is to track the

volume changes in the left ventricle. Figures 4.5A and 4.5B show the band at diastole (initial

configuration) and systole (most contracted) for different excitation patterns, respectively. The

snapshots demonstrate qualitatively how the volume of the left ventricle is reduced.

To quantify the left ventricular pumping ability, the ejection fraction is calculated. Figure 4.6

shows the plot of the ejection fraction vs. time for three sample excitation schemes along with

idealized physiological data. The double helical myocardial model provides physiological ejection

fractions of over 55% for any type of excitation wave. It is worth emphasizing that this is achieved

without forcing the myofibrils in excess of their physiological contractile ability and without op-

timization of the temporal excitation scheme and without the wall thickening effect. All three of

the excitation schemes considered in this chapter produce physiologically plausible left ventricular

volume changes with time.

4.3.2 Twist in the left ventricle

The second step in validating our model is to consider the twisting action of the left ventricle. To aid

in estimation of twist we use the “twist indicator” shown in grey in figure 4.5: this is a piece of very
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Figure 4.5: Snapshots of the movies for the adult heart model. The legend for the excitation factor
is at the top right corner (red-relaxed, blue-contracted). For each type of excitation discussed in this
chapter we show the snapshots of the band at the time at which left ventricular (B) volume was at
a minimum and (C) the twist was at a maximum. The presence of twist can be qualitatively judged
by the out of plane deformation of the grey twist indicator. For the uniform excitation, no out of
plane movements can be qualitatively seen. The models subject to the spatial excitation have twist
indicator deformations out of plane. To showcase this, we provide another series of snapshots for
the spatial wave excitations for times at which the twist was maximal (bottom panels). (A) Initial
shape at time, t = 0s. (B) Minimum volume: Uniform excitation at t=0.33s; Spatial excitation wave
from one end of the band to the other at t=0.21s; Spatial excitation wave from apex at t=0.29s. (C)
Maximal twist: Uniform excitation at t=0.33s; Spatial excitation wave from one end of the band to
the other at t=0.42s; Spatial excitation wave from apex at t=0.23s.

soft material (100 times softer than collagen) which we computationally attached to the band; it is

so soft that it does not affect the band dynamics, but its deformation, driven by the band, can be

used to measure twist. Figure 4.5C shows qualitatively that the spatial (traveling) excitation wave

causes greater twist than a temporal excitation scheme. Indeed, strongest twist in the cases of the

spatial waves is close to physiological with absolute values of over 0.04 rad/cm, while the maximum

of the absolute value of the twist in a uniform excitation is only 0.03 rad/cm. However, the main

differentiation factor between the different excitation scheme is the timing of the minimum volume

of the left ventricle relative to the timing of maximal twist.
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Figure 4.6: Ejection Fraction vs. Time for four cases: green - uniform (entire band contracting at
once), time dependent contraction; yellow - a spatial wave contraction starting from the RH end of
the band and traveling to the opposite end; red - a traveling Purkinje type spatial wave starting
at the apex and moving outward; blue - physiological case adapted from Guyton and Hall [15].
The response to the time dependent contraction is piece-wise linear corresponding to the degree of
excitation. The response to the simple (going from one end of the band to the other) spatial wave
contraction presents an unphysiological initial increase in volume. The response to the Purkinje
type spatial wave does a much better job at matching both the systolic and diastolic physiological
behavior than the other spatial wave.

4.3.3 Timing relationship between twist and ejection fraction

We found that all of the trial excitation patterns are able to match the physiological ejection frac-

tion. Additionally, the spatial excitation waves are able to induce physiologically large twist in the

ventricle. But how are these correlated? The relationship between these two ventricular properties

is important, as Miller [27] and others have observed that it is an important aspect of the volume

efficiency. The best way to characterize this timing relationship between the twist of the left ven-

tricle and the volume exchange dynamics is the parametric plot of twist against ejection fraction,

parameterized by the time through the beat. We can imagine that a representation point moves

on the plane of twist versus ejection fraction as the heart beat develops. In normal heart, this

results in a peculiar double-looped shape, as indicated in figure 4.7A. The shape of this parametric

representation is very sensitive to the damage in a myocardium [64].

In our simulations we show that only spatio-temporal excitation patterns give rise to a hysteresis-

like double-loop relationship. In case of a uniform excitation the ventricle simply twists and untwists

uniformly (figure 4.7B). As we follow the looped relationship between twist and ejection fraction for

the model activated by a spatial wave starting at the pulmonary aorta and moving to the other end,

we notice that we move through the loop in the reverse direction from the normal case (figure 4.7C).

This means that instead of taking advantage of the potential energy stored during the contraction
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Figure 4.7: Plots of twist vs. normalized ejection fraction. The arrows indicate the progression
direction with time. (A) A schematic representation of physiological results adapted from a paper
by Moon et al. [27]. (B) Model results for uniform time dependent contraction. The ventricle simply
twists and untwists along the same path. (C) Model results for simple spatial wave (traveling
from one end to the other). While this presents a looped behavior, the arrows are in reverse of
physiologically observed, which means the ventricle is working against the twist instead of utilizing
it during the filling stages. (D) Model results for the Purkinje type wave. The relationship between
twist and ejection fraction in this case is a physiological type double loop with the correct directions
and the magnitude of the twist also matches experimental observations.

stage in the deformed material, the heart needs to perform extra work to overcome the twisting.

Importantly, we conclude that the traveling contraction wave mimicking the Purkinje activation

system is the one to reproduce the intricate relationship between twist and ejection fraction (figure

4.7D).

4.3.4 Varying the point of the initiation of spatial excitation waves

So far we have presented in detail the effect of two different spatial excitation waves: in one of

them, the excitation wave starts at the pulmonary end of the band and travels to the other end; in

another, the excitation starts in the middle of the band at the lowest point - the apex. It is possible,

by varying the value of parameter AI, to create excitation schemes that lie in between of these two

extremes, where the excitation starts neither at the end of the band nor at the apex. Additionally,

by adjusting the speed of the excitation and relaxation wave fronts (adjusting constants Ui) the left

ventricular volume changes can be made to closely match physiological. However, the relationship
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between twist and ejection fraction is very sensitive to the location of the initial wave fronts. Indeed,

if the wave fronts do not initiate in the inner loop, i.e., the septum and apex region, it does not

seem to be possible to reproduce the double looped hysteresis. Therefore, we conclude that unless

the excitation is initiated in the septum close to the apex, the refilling of the ventricle will not be

efficient.

It is also possible to create excitation patterns that would move through the layers of the band,

rather than only longitudinally along the band. This would provide a fine tune control of the timing

of the twisting of the ventricle. Indeed, if the location of the initiation of excitation impacts each

region of hysteresis loop, an ability of the signal to propagate through the layers could provide for

control of the different parts of the loop. However, it is worth it to note here, that to an imaging

technique incapable of resolving the muscle fibers from the myocardium wall the excitation wave

that are modeled here would appear to move through the layers of the wall from the inner wall

toward the outer.

4.4 Conclusion

By avoiding the complexity of modeling the whole heart structure at once, including all of the

collagen and blood, we show that the double helical simple band structure is akin to an engine

behind the heart pumping action. Indeed, by coupling this band-like structure of the myocardium

with a Purkinje-type contraction scheme, we were able to achieve both the physiological ejection

fraction of 60% and the important twisting pattern, without exceeding the contractile ability of the

myofibrils. It is also possible to use this simple model to show the reduction in pumping efficiency

when the main fiber orientation at the apex becomes more oblique, as happens after an infarction

if the heart dilates in DCM. The model can also be used to model infarctions of different parts of

the myocardium. Our results illustrate the dominance of the single-band structure, which can now

be used to develop a new generation of heart models.
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Chapter 5

Modeling the macrostructure of
the heart: healthy and diseased

5.1 Introduction

One of the common heart diseases is dilated cardiomyopathy (DCM). Dilated cardiomyopathy is

associated with a number of pathological signs. The outward symptoms presented by patients with

this disease are caused by the reduction in heart function, i.e., a reduced maximal left ventricular

ejection fraction. Structurally there is a whole series of events called left ventricular remodeling,

the most glaring of which is that the chamber dilates (loosing its normal ellipticity and becoming

more spherical in shape), and the walls become thinner. However, it is presently unclear what else is

involved in the remodeling, and in general the fact that chamber dilation is easily observed does not

imply that this is the most important factor in the reduced functionality of the heart. Particularly,

there is no consensus on the significance of myofiber orientation changes: some groups consider it

essential [17, 56], while others claim that the only important factor is the change of the ventricle

shape [25]. In this chapter we strive to gain some insight into the dominant cause of the functional

reduction – whether it is a result of the anatomical shape change or the change in the fiber angle.

Such an insight has a potential to guide the ventricular surgical restorations, such as the DOR

procedures, which are commonly used to treat patients with left ventricular remodeling pathologies

[70]. Indeed, papers [25, 59, 71] discuss whether the ventricular surgical restoration should aim to

primarily address the change in myofiber orientation or to focus on fixing the shape of the ventricle

chamber. Of course, the choice between these two strategies depends on how much relative weight

is given to the change in chamber shape as opposed to the change in fiber orientation.

It is unsurprising that this issue is difficult to resolve clinically, since it is hard to judge which

factor is important – the changes to the shape of the chamber and the orientation of the fibers happen

more or less simultaneously. To untangle this conundrum we use computational modeling, which

allows us to look at the effects of chamber shape change and fiber orientation change separately.
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Figure 5.1: Sketches of plots of torsion vs. normalized ejection fraction. The arrows indicate the
progression through the loops with time. (A) A schematic sketch showing the physiological torsion
for a normal heart adapted from works by Tibayan et al. and Nakai et al. [72, 73]. (i) Systole. (ii)
Early diastole - rapid inflow. (iii) Diastasis. (iv) Late diastole or atrial systole. (B) A schematic
sketch for a heart with DCM adapted from [73];

To resolve by modeling whether or not the shape change is the leading cause of the reduced

maximal ejection fraction we need a diagnostic tool that is independent from visual observations

of structural changes. The reduction in ejection fraction alone cannot serve as such an indicator,

as it is also reduced in other types of heart disease. Instead, we turn to the observation of the

twisting motion of the left ventricle. It has long been observed that the left ventricle rotation

changes significantly if the heart is damaged or is being stressed [31, 32, 56]. It was found that

the relationship between the twist of the left ventricle and the ejection fraction is very sensitive to

damage of heart and in the future might be used as a diagnostic tool [27–29]. During a beat of

a healthy heart, the volume of the left ventricle is reduced as it is twisted, after end systole, but

before filling starts, the heart untwists isovolumetrically, i.e., without a change in the left ventricular

volume. This is best visualized in a parametric plot of the twist vs. the ejection fraction as both

of these variables develop in time. In such a plot a healthy response has a characteristic shape

with two loops, a schematic of which is shown in figure 5.1A. Some researches associate dilated

cardiomyopathy with an initial negative twist [56], however such a characteristic is sometimes found

in healthy patients as well [72]. It has been found that in dilated cardiomyopathy, unlike other

pathologies, there is only one counterclockwise loop in this relationship [73] (figure 5.1B shows a

sketch of this relationship). In other words, the ventricle does not twist as much initially as the

healthy heart, and there is no isovolumetric (isochoric) untwisting. We use this characteristic to

judge whether the model represents a heart with dilated cardiomyopathy.

The models used in this dissertation are based on the histological and DTMRI evidence that the

myocardium can be approximated as a double helical muscle band (as seen in figure 5.2) [21, 23]. A

detailed discussion of different characteristics of this model is published elsewhere. In this chapter,

our objective is to test whether the change of the shape of the left ventricle or of the fiber orientation

is responsible for presenting the dilated cardiomyopathy symptoms. The plan for this chapter is as
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follows: After presenting all relevant methodical issues in section 5.2, we describe simulation results

in section 5.3. We discuss the finding in section 5.4, starting with the general qualitative description

of the importance of the double-loop relationship between twist and ejection fraction. We formulate

the main conclusion in section 5.4.3.

(A) (B)

(D)

(A)

(C)

Figure 5.2: (A) The model double helical band is color coded for the fiber angle – blue and red
representing circumferential and axial fibers, respectively. The fiber angle was calculated in the same
way as in paper by Helm et al. [23]. The red chamber is the left ventricle. The series of snapshots
around the perimeter show the model from different view points. (B) DTMRI of the muscle fibers
in the myocardium color coded for fiber angle – blue and red representing circumferential and axial
fibers, respectively. The red chamber is the left ventricle. The image was given to us by Helm. (C)
The DTMRI image with the band outlined in dark blue.
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Figure 5.3: The band (grey) inside the heart shell (transparent red) with the left and right ventricles
indicated.

5.2 Methods

5.2.1 Geometries of the bands

In order to determine the relative importance of different types of damages in dilated cardiomyopathy

we chose a model that approximates the myocardium as a double helical band. Such view of the

arrangement of cardiac muscle fibers is supported by both histological and DTMRI data [24]. In

this approximation the muscle band starts from the pulmonary aorta, hugs the right ventricle, winds

down to the apex, as the descending segment, and then spirals up to the aortic valve as the ascending

segment. The exact path of the band in space is dictated by the fiber angle and the shape of the

chambers bounded by the band (i.e., the right and left ventricle). The double helical band inside

the shell of the myocardium can be found in figure 5.3.

A healthy heart has an elongated shape, that looks like an American football. As a result, the

heart is often times modeled as an elongated half-ellipsoid. However, since in this chapter we focus

on the function of the left ventricle, we found it more convenient to approximate the shape with

a paraboloid. In case of dilated cardiomyopathy the heart is expanded to the point where it looks

more spherical than ellipsoidal (i.e., more like a soccer ball than a football). The other change

attributed to dilated cardiomyopathy is the change in fiber angle. To test the hypothesis that the

change in fiber orientation is the primary factor responsible for the specific characteristics of dilated

cardiomyopathy we examine four separate types of models: A model for a healthy heart; models

with varying reduction in fiber angle in the region of the apex; models with a dilated left ventricular

chamber; a model with other damage introduced to the band.

The normal shape of the left ventricle can be approximated with a paraboloid, with a long axis

of 7 cm and the basal radius of 3.5 cm. The normal fiber orientation was taken from histological
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Figure 5.4: The model double helical band is color coded for the fiber angle – blue and red rep-
resenting circumferential and axial fibers, respectively. The fiber angle was calculated in the same
way as in paper by Helm et.al. [23]. (A)“Normal” model with fiber orientation corresponding to
physiological. (B)“Weakly Oblique” model showing the fibers close to the apex to be a little more
oblique than in the “Normal” case. (C) “Moderately Oblique” model with fibers considerably more
oblique in the apical region than would be normal. (D) “Strongly Oblique” model showing the fibers
close to the apex region to be almost circumferential. (A different view of these can be found in
figure D.3)

data [21]. For ease of comparison we calculated and plotted (figure 5.4) the fiber angle the same

way it is calculated from MRI data [23]. The following lists the different models that we describe in

this chapter, along with the shorthand names that will be used to refer to these models in the rest

of the chapter.

Normal: A case with the normal elongated shape and normally oriented fibers. The band color

coded for the fiber angle can be found in Figure 5.4A. The fitted left ventricular volume can

be seen in Figure 5.5A. The ratio of the long axis to the basal radius is taken to be around

7cm/3.5cm = 2.

Weakly Oblique: A case with the normal elongated shape of the left ventricle, but with fibers in

the region of the apex made slightly more obliquely oriented than normal. Figure 5.4B shows

this band color coded for the fiber angle, and the region closer to the apex has fewer green

tones than in the normal case meaning that the fibers here are more oblique than in the normal

fiber orientation.
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Moderately Oblique: A case with the normal elongated shape of the left ventricle, but with fibers

in the region of the apex made more obliquely oriented than normal. Figure 5.4C shows this

band color coded for the fiber angle, and the region closer to the apex has more blue coloring

than in the “Weakly Oblique” case meaning that the fibers here are even more oblique.

Strongly Oblique: A case with the normal elongated shape of the left ventricle, but with fibers

in the region of the apex made very much more obliquely oriented than normal. Figure 5.4D

shows this band color coded for the fiber angle, and the region closer to the apex is mainly

blue meaning that the fibers here are even more oblique than in the “Moderately Oblique”

case.

Moderately Dilated: A case with the heart slightly dilated – meaning that ratio between the long

axis and the basal radius was made to be ≈ 1.2, but we still approximate the volume as a

paraboloid as shown in figure 5.5B. The fibers in this model are oriented normally.

Strongly Dilated: A case with the heart very dilated – the geometry of the left ventricular chamber

was approximated with a section of a sphere as shown in figure Figure 5.5C, as a result the

ratio of long axis to the basal radius is ≈ 1. The fibers in this model are oriented normally.

(A) Normal (B) Moderately Dilated (C) Strongly Dilated

Figure 5.5: The model double helical band (grey) with the fitted left ventricular (LV) volume
(red). The long axis dimension in each case is 7 cm. (A)“Normal“ model, the LV is approximated
with a paraboloid, with the basal radius of ≈ 3.5 cm; (B)“Moderately Dilated” model, the LV is
approximated with a paraboloid, with the basal radius of ≈ 6 cm; (C)“Strongly Dilated” model, the
LV is approximated with a section of a sphere, with the basal radius of ≈ 7 cm. See different view
in figure D.4

Other Damage: A case with normal fiber orientation and a normal shape of the left ventricle,

but an outer layer of the band in the region of the apex is made inactive to stimulate other

damage that might occur in case of infarction, where part of the myocardium is dead. Figure

5.6 shows the materials used in the “Normal” model and in this model, with the dead material

color coded in grey. An additional figure D.6 can be found in the appendix D.

The detailed description of the equations for these bands, along with geometrical constants used in

this chapter can be found in appendix C.1.
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apex Non-active

dead tissue

muscle

(A) Normal

(B) Other
     Damage

Figure 5.6: The double helical band model color coded for different types of materials used in these
simulations: red - muscle, active material; green - non-active, softer, collagen type material; grey -
dead tissue with a non-active stiffer material. (A) “Normal” model with no dead tissue from the
side view (left) and top view (right). The left panel also shows the location of the apex used to hold
the band in the vertical direction. In the horizontal plane the band is constrained by the non-active
material. (B) “Other Damage” model showing the dead region near the apex.

5.2.2 Material Properties

The muscle band, which consists of a group of parallel muscle fibers contracts along the direction

of the fibers, as each muscle fibers can only contract longitudinally. The fibers cannot contract

much over 15% [16], therefore we impose a condition that the band will not exceed this maximum

shortening ratio at any point along its length. While it is shortening in the fiber direction the

band expands in the other two directions to conserve volume of the material. The whole band

can shorten simultaneously, or parts of it can contract independently of each other. That means

the muscle cells in different regions of the band can act separately. For simplicity, we assume a

linear elastic response as long as the material is not excited. This approximation is appropriate for

these simulations because we are not modeling the blood, and therefore we are not considering the

pressure forces on the material. The material is incompressible, which ideally would mean that it

has the Poisson ratio of ν = 0.5, so we choose the maximal computationally possible Poisson ratio of

ν = 0.48. As we do not consider pressure inside the left ventricle, we choose to normalize modulus

of each type of material used in these models by the Young’s modulus of the muscle.

The double helical band is held together with a non-active material shown in figure 5.6A. The

non-active material was chosen to be four times softer then the active material, i.e., the Young’s

modulus of the non-active material is one fourth of the Young’s modulus of the active material.
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contracted

relaxed
t=0s t=0.1s t=0.2s

t=0.3s t=0.4s t=0.5s t=0.6s

t=0.7s t=0.8s t=0.9s t=1s

Excitation

Figure 5.7: Top view of the double helical band model color coded for excitation: red and blue corre-
spond to relaxed and excited, respectively. The material is fully contracted (up to 15% shortening)
when it is fully excited (blue). The excitation wave starts at the apex and propagates outwards.
The band is completely contracted (end-systole) at t = 0.38s. During diastole the relaxation wave
front also starts from the apex and travels outward. (See different view in figure D.5.)

5.2.3 Boundary Conditions and Excitation

In order to easily compare the twist in our model to the heart’s twist, we wanted to fix the band in

space in the same manner as the heart. In the body, the heart’s apex does not move up or down,

while the base of the heart does not rotate. The band structure is fixed in the horizontal plane by

the non-active material, in the same manner as the heart is constrained by the vessels. The lowest

point of the double helix is assumed to be the apex, and is constrained in the vertical direction

(figure 5.6A).

The excitation scheme was chosen to mimic the Purkinje network that has the excitation start

close to the apex and progress outward [15, 56]. Figure 5.7 shows snapshots of the model band

at different times during the heartbeat color coded for excitation. For all the different types of

contractions the maximal amplitude of enforced stress was adjusted such that at the given Young’s

modulus of the active material, the resulting strain does not exceed physiological constraints dis-

cussed in section 5.2.2.

5.2.4 Computational Methods

To enable spatio-temporal excitation, it is necessary to allow different sections of the bands to

contract independently. This creates a complex coupling between local small deformations and huge

global shape responses, making it a challenging, but also promising, modeling problem. Another

difficulty is that we are considering three dimensional geometries. To combat these problems, we
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utilize the idea of finite elements. It is possible, with small quadrilateral elements to build very

complicated shapes. The finite element method also breaks down a complex problem of the dynamics

of a large system in response to deformation into a set of manageable equations. Since this set is

very large, it behooves us to use the computing power available to solve it. We therefore, model

these bands using a finite element package, ABAQUS, designed to handle such problems [74]. In the

finite element code we use ABAQUS built-in tools to independently “excite” each node, and when

the nodes of an element are “excited,” the element contracts in the direction of the longitudinal fiber

direction.

To model the complicated geometry along with this spatial wave activation we assume elastic

equilibrium and utilize the final element package ABAQUS Standard 6.5. We use non-linear analysis

with orthotropic elastic material properties.

5.2.5 Data Analysis

The results of the simulations are visualized and analyzed using both ABAQUS CAE 6.5 visualization

software, and a code of Fortran and MatLab. The functionality of the left ventricle was judged by

calculating the left ventricular volume as a function of time, maximal ejection fraction, torsion (or

twist) as a function of time, and the peak rate of filling.

5.2.5.1 Volume and Ejection fraction

The volume of the left ventricle was approximated as the sum of slices of paraboloid for all cases ex-

cept for “Strongly Dilated,” where it was approximated with spherical slices. The ventricle chamber

was cut into slices by vertical planes (constant θ) containing the long axis between θ and θ + ∆θ,

where ∆θ ≈ 7.2◦. The calculated volume was normalized over the end diastolic volume (EDV).

The pumping efficiency of the band is measured by calculating the ejection fraction:

EF (t) =
Vend diastole − V (t)

Vend diastole
, (5.1)

EFmax =
Vend diastole − Vend systole

Vend diastole
, (5.2)

where, V (t),Vend diastole and Vend systole are the volume at time t, end diastolic volume and end

systolic volume of the chamber, respectively.

5.2.5.2 Rate of Filling

The peak rate of filling was estimated as the highest slope during early diastole. The period of early

diastole was determined to start at the time of the minimum volume (end-systole). Early diastole

ends at the start of the diastasis period, where the speed of filling falls sharply.
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5.2.5.3 Twist and Torsion

Often times the words twist and torsion are used interchangeably, which makes sense since they

measure the same effect. Twist is normally defined as the slope of the linear approximation of

the relationship between the angular rotation of the markers and their long axial position [27–29].

Torsion is defined as the average angular rotation of the markers placed at different points along the

long axis [73]. However, in some cases the later definition is named twist [72]. While the two values

(slope and average) are easily related, one cannot be calculated from the other without additional

measurements that are not normally provided in these papers. To be consistent for this chapter we

define twist as the slope and torsion as the average of the rotation at different long axis positions.

The detailed description of the method used to calculate these quantities can be found in appendix

C.2. For this chapter all of the results shown will be of torsion.

5.3 Results

5.3.1 Ejection fraction

For each of the models tested here (Normal, Oblique Fibers, and Dilated Shapes), we calculated

the volume of the left ventricle as a function of time. Figure 5.8 shows the change of volume, as

percentage of end-diastolic volume, with time for each of the models. The normal case, shown in

green, has a physiological response – with a systolic contraction leading to a large stroke volume,

i.e., small end-systolic volume, followed by rapid filling, and then a slower filling of the left ventricle.

In the cases where the myocardium band is malformed in any way the stroke volume is reduced. The

plots show that the more severe the damage introduced into the model the greater the impact on

the end-systolic volume. To quantify this we calculated the maximal ejection fraction for each case,

the results of the calculations can be found in Table 5.1. The normal model shows a physiological

maximal ejection fraction of over 55%. Any kind of introduced damage, be it a change in geometrical

shape, a change in fiber angle, or a simulated infarction, reduces maximal ejection fraction. In the

cases of progressively more oblique fibers the ejection fraction drops from 46% to 37% as the fiber

Model Type Maximum EF Maximal Torsion Peak Rate of Filling
Normal 58% 8.4◦ 1.32 (EDV/sec)

Weakly Oblique 46% 7.1◦ 1.14 (EDV/sec)
Moderately Oblique 40% 6.5◦ 0.98 (EDV/sec)
Strongly Oblique 37% 5.7◦ 0.77 (EDV/sec)

Moderately Dilated 46% 4.5◦ 1.26 (EDV/sec)
Strongly Dilated 33% 2.5◦ 1.31 (EDV/sec)
Other Damage 52% 4.9◦ 0.97 (EDV/sec)

Table 5.1: Results for different model types
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angle in the apical region is decreased (brown, red, and yellow in the plots of figure 5.8). In the

case of a changed overall geometry of the chamber the ejection fraction also decreases from 46%

for “Moderately Dilated” shape to 33% in the “Strongly Dilated” model (blue and light blue in the

plots of figure 5.8). The “Other Damage” model has the ejection fraction of 52% (grey in the plot

of figure 5.8).
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Figure 5.8: Volume of the left ventricle vs. time for each model. The volume is given as a percentage
of the initial left ventricular volume, or in other words it is normalized by the end-diastolic volume
(EDV). The peak filling rate is calculated from the highest slope during early diastole. Green curve:
“Normal” model showing a physiological response with a maximal ejection fraction close to 60% and
a rapid early diastolic filling rate. Peak filling rate between 0.4s − 0.55s. Yellow curve: “Weakly
Oblique” model showing a reduced maximum ejection fraction with end-systole at about t = 0.3s.
Peak filling rate between 0.4s− 0.55s. Red curve: “Moderately Oblique” model showing a reduced
maximal ejection fraction. Peak filling rate is between 0.39s − 0.57s. Brown curve: “Strongly
Oblique” model showing an ejection fraction < 40%. Peak filling rate is between 0.39s−0.57s. Blue
curve: “Moderately Dilated” model showing a reduced ejection fraction with end-systole volume at
t = 0.2s. The peak filling rate is between 0.34s− 0.44s. Dark Blue curve: “Strongly Dilated” model
showing the smallest maximal ejection fraction of ≈ 30%. Peak filling rate is between 0.4s− 0.55s.
Grey curve: “Other Damage” model showing a change in systolic behavior, but a return to normal
during diastole. The peak filling rate is between 0.4s− 0.55s.

5.3.2 Rate of Filling in the initial diastole period

Figure 5.8 also shows how the rate of filling during the initial diastolic period is affected by damage.

In the “Normal” case the change of volume in early diastole is very sharp, which is in agreement

with physiological observations. While in some of damaged models it appears to be less than in the

normal case, it is hard to judge since the end-systolic volume, and the time at which it is reached,

is different for each case. To quantify the observation of the speed of filling we calculated the filling

rate. The normal peak filling rate ranges between 1.0−3.4 EDV/sec (where EDV is the end diastolic

volume) [75]. Table 5.1 shows the rate of filling for each of the models which was estimated from
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early diastole period. The filling rate decreases with the decrease of fiber angle in the apical region,

but does not have such a characteristic with the change of shape of the left ventricle. Indeed, in

all models except for “Moderately Oblique” fibers and “Strongly Oblique” fibers the rate of filling

remains in the normal range.

5.3.3 Torsion of the left ventricle

The torsion was calculated for each of the model cases. Physiologically the maximal torsion in

normal cases has been reported between 6◦ − 9◦ [72, 73]. Table 5.1 shows the maximal torsion for

each of the different models. The maximal torsion is within normal range for all the cases, except

for the “Moderately Dilated” and “Strongly Dilated” models. Figure 5.9 shows the relationship

between the torsion and ejection fraction for each model case. The “Normal,” “Moderately Dilated”

and “Strongly Dilated” cases show a double looped response while the “Moderately Oblique,” and

“Strongly Oblique” models present only one counterclockwise loop. In the “Weakly Oblique” model

the second loop is partially collapsed. Indeed, the greater the change in fiber angle, the more impact

can be seen in the shape of the torsion and ejection fraction relationship. The case of “Other

Damage” shows neither a characteristic one loop response nor a normal double loop response (figure

5.9G). The same results calculated as twist can be found in figure D.7.

5.4 Discussion and Conclusion

5.4.1 The importance of the normal double looped response

To gain insight into the meaning of our data let us first consider qualitatively why the relationship

between twist and ejection fraction might be indicative of heart damage. If the geometry of the

heart is normal in both global geometry and in fiber orientation, the relationship between twist (or

torsion) and the normalized ejection fraction has the form of a double looped curve (Figure 5.1A). It

is possible to understand in a very robust way that this double loop feature is a signature of efficient

pumping.

During the systolic period the heart twists as the muscle is contracted (figure 5.1A(i)). This

twist is large enough that it is possible to see with the naked eye in open heart surgeries as well as

MRI studies. The material of the heart is elastic, so as soon as the muscle fibers are released from

contraction, all of the tissue springs back toward the relaxed state (figure 5.1A(ii)). This produces a

very rapid untwisting during the onset of diastole, which lowers the pressure inside the ventricle. In

turn, this creates a greater pressure difference between the left ventricle and the atrium allowing for

faster initial filling. Once the A-V valve opens the untwisting and refilling of the ventricle (decrease

in ejection fraction) happen simultaneously (figure 5.1A(iii)). And lastly, at end diastole the filling
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Figure 5.9: Plots of torsion vs. normalized ejection fraction. The arrows indicate the progression
through the loops with time. (A) “Normal” model showing a physiological double looped relation-
ship, with a proper maximal value of torsion. (B) “Moderately Dilated” model showing a reduction in
maximal value of torsion, but a double loop relationship. (C) “Strongly Dilated” model still has the
double looped curve, but a greatly reduced maximal value of torsion. (D) “Weakly Oblique” model
showing a collapsed top loop, but no reduction in the maximal value of torsion. (E) “Moderately
Oblique” model showing the characteristic to dilated cardiomyopathy (DCM) counterclockwise loop,
without a large reduction in maximal value of torsion. (F) “Strongly Oblique” model also showing
the characteristic counterclockwise loop with a larger loop than in (E). (G) “Other Damage” model
showing randomness in torsion progression close to end-systole.

is much slower, while the untwisting continues (figure 5.1A(iv)).

These characteristics can be used to estimate the slopes of the lines, in a plot of torsion vs.

ejection fraction: The slope of the line during early diastole is greater than during systole. During

the middle of diastole the slope decreases sharply, and during end diastole it is again greater than

that of systole. Figure 5.10 shows a cartoon of the normal torsion and ejection fraction relationship

in green. This response, in most cases, is in the form of a double loop. The size of the loops depends

on the patient’s age and whether or not other damage is present. But what would it mean if only

one loop existed?

If the single loop was clockwise, no impact on the rate of filling would be observed, as the initial

diastolic untwisting would still be faster then the systolic twisting (dashed green in figure 5.10).

However, a counterclockwise loop would imply that the initial untwisting is not rapid enough to

effectively assist with filling (in red figure 5.10), indeed the increase in volume would be hindered by
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Figure 5.10: Rough schematic drawing of different torsion ejection fraction relationships. The arrows
indicate the progression with time. Black line: Systole - with ejection fraction and twisting happening
simultaneously. With the slope of the line being mS . Solid Green lines: Normal classical diastolic
progression with early diastolic slope mED > mS , meaning a fast untwisting. Dashed Green lines:
A different possibility for diastole with a rapid early untwist, showing how the bottom loop can
take on different sizes or (in this case) disappear all together. Red lines: A diastole progression
characteristic of dilated cardiomyopathy with the initial untwisting slower than systolic twist, i.e.,
the slope of the line mED < mS . The result is a single counterclockwise loop. Grey lines: Diastolic
progression of a case with dead tissue – creating a random response close to end-systole.

the residual twist. As a result the untwisting mechanism is not used effectively to assist refilling. An

intermediate case would have the systolic twisting and diastolic untwisting happening at the same

rate – which would mean the twist mechanism is not aiding the filling process, but it is also not

hindering it.

If the part of the myocardium would become stiffer (as often happens after an infarction due

to scarring) the untwisting motion would be unsymmetrical and will depend on the location of

the damage. Indeed, the softer tissue would compensate for the stiff portion during the initial

contraction, but as the whole structure twists at a maximum the stiffness would impact the dynamics.

This would likely affect the relationship between torsion and ejection fraction during maximal twist,

disorganizing it. As a result we expect the top loop to loose its symmetry and shape (grey in figure

5.10).

From studies performed on patients it is known that the single counterclockwise loop response, a

sketch of which is shown in figure 5.1B, is characteristic of dilated cardiomyopathy [73]. A different

type of response occurs for other types of damages [27–29].

5.4.2 Comparing different model results

The double looped response can be reproduced by the “Normal” model that also matches physio-

logical maximal ejection fraction, filling rate, and maximal twist. In this model the myocardium is
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defined by a bundle of fibers in the shape of a double helix. The overall shape of the left ventricle is

that of an elongated paraboloid, and the fiber orientation in the double helix is consistent with phys-

iological observations. The excitation pattern mimics that of the heart, with the contraction starting

near the apex and propagating outwards. The detailed discussion of this model will be published

elsewhere. Here, it is important to note that in this model the relationship between torsion (twist)

and ejection fraction has the characteristic double looped response (Figure 5.9A). This shows that

our model, however simplified, is capable of reproducing the physiological double-looped relationship

between torsion and ejection fraction. So does the changes in geometry and fiber orientation affect

the response?

As the fiber orientation is changed to be more and more oblique, the rate of filling decreases and

the relationship between twist and torsion takes on the form of a counterclockwise single loop and

the maximal ejection fraction is reduced. In the case of “Weakly Oblique” model the top loop is

collapsed (figure 5.9D), and as the fiber angle is decreased for models “Moderately Oblique” and

“Strongly Oblique” there is only one counterclockwise loop present (figures 5.9E and 5.9F). For these

models with a change in fiber angle, the maximum torsion is decreased but it is still greater than

what is observed in DCM cases (less than 4◦).

For the model cases of normal fiber orientation and dilated left ventricle shape the ejection frac-

tion is also decreased. Indeed, our results show that the greater the dilation of the left ventricle the

smaller the maximum ejection fraction. However, the rapid filling rate remains within physiological

limits and is unrelated to the degree of dilation. Therefore it is not unexpected that the relationship

between torsion and ejection fraction remains in the form of the double loop for both the “Moder-

ately Dilated” and “Strongly Dilated” models (figures 5.9B and 5.9C). However, the torsion response

is not completely normal, as the maximal torsion is greatly reduced, and is below 4◦.

We also took a look at other damage to ensure that the one looped response is characteristic of

the change in fiber orientation and not other direct changes to the band. A simulation of a case where

a layer of the myocardium is dead (non-active) resulted in greatly reduced maximal ejection fraction

and peak filling rate. However, the relationship between torsion and ejection fraction does not take

on the form of a single counterclockwise loop (figure 5.9G). Instead, the twisting and untwisting

become irregular near maximal values.

5.4.3 Conclusion

The series of models were created to test whether the change of fiber angle or the change of left

ventricular shape is the dominant factor in creating the characteristic failing response of dilated

cardiomyopathy. In a heart with dilated cardiomyopathy both of these factors are present, but it

is important to understand which of them has to be the primary target during the reconstruction

surgeries.
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We show that only the change in fiber angle produces the characteristic counterclockwise single

loop relationship between torsion and ejection fraction. Neither simply dilating the shape of the

ventricle nor introducing other damage has such an effect. As we have discussed in section 5.4.1 this

relationship can be used to judge the efficiency of the ventricle pumping. Indeed, our results show

that unless the fiber angle is fixed the peak rate of filling will remain low, which is detrimental to a

patient’s exercise capacity [76].

It would be erroneous to assume that fixing the fiber angles alone is sufficient to completely

restore the pumping efficiency. Indeed, we show that by dilating the shape of the left ventricle we

greatly reduce the maximal ejection fraction as well as the maximal twist. However, our results

presented in this chapter demonstrate that the fiber angle is the single predominant determinant of

the reduced functionality of the heart, and, therefore, it should be the primary target of surgical

procedures directed at ventricle restoration in patients with dilated cardiomyopathy.
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Chapter 6

The filled-out heart model:
pressure in the left ventricle

6.1 Introduction

In the previous chapters we have shown how the double helical band can be used to simulate the

volume changes and the twisting of the left ventricle. This simplified model can be a valuable tool in

discerning different underlying geometrical factors behind pumping efficiency and twisting motion

of the healthy heart as well as some pathological defects. However, in constructing a model that

operates in a vacuum we were unable to simulate the force that is applied to the blood to pump

it out; by the same token, we were unable to simulate the force which acts on the muscle band

and which has to be overcome by the muscle band in order to perform its motion. In other words,

the pressure in the left ventricle cannot be simulated without taking into account the interaction

of heart tissue with blood, which, in turn, requires that we explicitly take into account, at least in

some form, the collagen matrix and other tissue in the heart. In general, it is a very ambitious and

at present still rather remote goal. However, to place the double helical band model on the solid

foundation it is important to show that this model, at least in principle, is capable of generating the

correct physiological forces when acting inside a collagen network.

The pressure in the aorta is about 14kPa (105mmHg), which means that the aortic valve will

not open until the pressure in the left ventricle reaches above 14kPa. In order to fully generate

the pressure and volume of the left ventricle it would be necessary to create a high fidelity model

of the different materials inside the heart. This would include separate material models for the

endocardium, epicardium, and myocardium. Each of these tissues has a different task during the

cardiac cycle. The endocardium and epicardium are made from a membrane that is very resistant

to expansion, but as with any membrane it will easily bend under contraction. The myocardium

on the other hand, is a combination of muscle fibers, which are the active elements, and a collagen

network, which has a high bulk modulus, but shears very easily. Considering that in combination
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these materials provide a non-linear material response, we are again faced with a problem of an

overabundance of parameters. To get around this problem we will first look at the pressure generated

by the left ventricle, without considering the ejection fraction.

6.2 Methods

6.2.1 Geometries of the chambers

The ventricle walls need to complectly enclose the double helical band of muscles. As described

in detail in chapter 2 the equations for the double helical band are written by first specifying the

z-coordinate of the centerline of the band in terms of the polar coordinate θ:

zcent = C1 − C2
θA1

A2
exp

[
− θ

B2

]
(6.1)

where C1, C2, A1, A2, B2 are constants. The polar coordinate θ varies θmax ≥ θ ≥ 0. Based on

this the three-dimensional parametric equations for the band are:

zband = zcent + ξ, rband =
√

z + C3 [Factor 1] [Factor 2] + ζ, (6.2)

x = r cos θ, y = r sin θ,

Factor 1 = 1 + C4 cos
(

θ − θcrossing

2

)
,

Factor 2 = 1 + C5 exp
(
− (θ − θright)

2
)
,

where C3, C4 and C5 are constants. The parameters −w/2 ≤ ξ ≤ w/2 and 0 ≤ ζ ≤ t control

the position in the width and thickness directions respectively, where w and t are the width and

thickness of the band. The Factor 1 is introduced to avoid self-overlap of the band at θcrossing =

π
(
−1 + cot π

A1B2

)
and θcrossing + 2π. The factor bends the centerline away from self-crossing. We

also introduce Factor 2, which is only significant in the region of anterior surface and describes the

fact that this surface bends significantly outward from the septum. We choose the middle of anterior

surface to correspond to θright = 3.8π. The position of the apex of the left ventricular chamber is

taken to be at z = C3.

To describe the surface of the heart we assume that at each cross-section by a r-z plane containing

the long axis of the left ventricle (z-axis), the wall has the form of a parabola. The parabolic constant,

A, of the projected parabola is calculated as Aband(θ, ξ, ζ) = (zband − zapex)(θ, ξ, ζ)/r2
band(θ, ξ, ζ),

where the position at the apex varies depending on the layer between C3 ≤ zapex ≤ C3− t, from the

inside layer to the outside layer. To easily define the envelopes for the outside of the heart and the

inside of each ventricle we define the parabolic constant for a surface that would sweep the outside



82

of the band and the inside of the band:

Aout,band(θ) = min
ξ

(Aband(θ, ξ, t)), (6.3)

Ain,band(θ) = max
ξ

(Aband(θ, ξ, 0)). (6.4)

To define the outside wall of the heart for a closed surface with 0 < θ ≤ 2π the parabolic constant is

then calculated as three separate segments: The segment that defines the outside of the right heart

based on the section of the band that belongs to the right heart; the segment that defines the left

ventricle is based on the outer portion of the left ventricle band; the segment that defines the rest of

the right heart is based on the linear interpolation between the end of the band and a symmetrical

position of the left ventricle.

Aout(θ) =


Aout,band(θmax)− Aout,band(θmax)−Aout,band(θmax−θRH)

θRH
θ, : 0 < θ < θRH

min (Aout,band(θ), Aout,band(θ + 2π)) : θRH ≤ θ ≤ 2π − θRH

Aout,band(θ + 2π)) : 2π − θRH < θ ≤ 2π

(6.5)

Ain(θ) =


Ain,band(θmax)− Ain,band(θmax)−Ain,band(θmax−θRH)

θRH
θ, : 0 < θ < θRH

max (Ain,band(θ), Ain,band(θ + 2π)) : θRH ≤ θ ≤ 2π − θRH

Ain,band(θ + 2π)) : 2π − θRH < θ ≤ 2π

(6.6)

In these equations θRH ≈ 0.7π defines the size of the right heart. We define the septum wall to be

between 2π + θRH < θ < 2π − θRH. The parabolic constant for the septum wall is then defined as:

Aout(θ) =

 min (Aout,band(θ), Aout,band(θ − 2π)) : 2π + θRH ≤ θ ≤ 2π

Aout,band(θ)) : 2π < θ ≤ 2π − θRH

(6.7)

Ain(θ) =

 max (Aout,band(θ), Aout,band(θ − 2π)) : 2π + θRH ≤ θ ≤ 2π

Aout,band(θ)) : 2π < θ ≤ 2π − θRH

(6.8)

The resulting two chamber shell can be seen in figure 6.1. In order to simulate pressure we enclose

the left ventricular chamber with a cap in the form of a disk. In order to calculate the coordinates

of each node on the shell we vary zapex ≤ z ≤ max zband.
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(A) Outer Shell (B) Septum (C) Shell

(D) Shell with 
basal membrane

(E) Cut View of
Shell with membrane (F) Fluid elements
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Figure 6.1: Images of the elements of the filled out model. (A) The outside shell of the heart. (B)
The septum wall, with the left ventricle at the concave side and the right ventricle at the convex
side. (C) The walls of the two chambers, with the left and right ventricular chambers labeled. (D)
The shell of the heart with the basal membrane wall capping the left ventricular cavity. The thick
black line indicates the cut plane seen in the next picture. (F) The cross-sectional view of the
complete shell. The left and right ventricular chambers are indicated. The basal membrane closes
of the left ventricle. The apex is the lowest point of the left ventricle. (G) The fluid elements of the
model include the left ventricular volume (“Hydrostatic Fluid” element), and the two “Fluid Link”
elements: the atrium inlet through which blood enters the ventricle and the aortic outlet through
which blood leaves the ventricle.

6.2.2 Active Material Properties

The strain (ε) caused by the excitation is given by:



ε11

ε22

ε33

ε12

ε13

ε23


=



α11

α22

α33

α12

α13

α23


Ex, (6.9)

where Ex is the excitation parameter, and αij is the excitation expansion factor in the ij direction.

For convenience we choose for 0 ≤ Ex ≤ −1, where 0 is fully relaxed and −1 is fully contracted. The
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active material properties depend on the direction of the fibers. As a result, the strain in response

to excitation in the active material is given by εEx
fiber = 0.15Ex in the fiber direction and in both

perpendicular directions as εEx
perpend = −0.085Ex. However, because the original material is oriented

in the cylindrical coordinates, i.e., directions (1, 2, 3) correspond to (r, θ, z), and not the natural fiber

coordinates, we need to rotate the excitation matrix such that the contraction direction corresponds

to the fiber direction. To do so we calculate the tangent (̂t), normal (n̂) and binormal (b̂) of he

fiber direction in terms of cylindrical coordinates. The rotation matrix (R) is then given by:

R =


tr nr br

tθ nθ bθ

tz nz bz

 . (6.10)

The excitation expansion factors are then calculated:


α11 α12 α13

α12 α22 α23

α13 α23 α33

 = R


0.15 0 0

0 −0.085 0

0 0 −0.085

RT. (6.11)

The choice of Young’s modulus is challenging because the material of the myocardium is very com-

plex. We know that the bulk modulus the tissue can be as high as 1.72× 109Pa [16]. The Young’s

modulus of the material is taken to be at the following values EY = 1 × 109Pa, 1 × 106Pa. The

Poisson’s ratio is taken to be ν = 0.48; in principle, the active material in the heart is nearly in-

compressible, which would correspond to ν = 0.5, but absolute incompressibility is neither realistic

nor computationally simple, so we choose the value closest to 0.5 and still simple to implement

computationally, which is ν = 0.48.

6.2.3 Non-active material properties

The collagen matrix that surround the muscle fibers is very easy to shear. Indeed the shear modulus

is several orders of magnitude smaller than the modulus of the muscle. For this experiment, for

simplicity, we assume an isotropic behavior for the non-active material. Therefore, the shear modulus

(G) would be given by G = EY / [2(1 + ν)]. As a result, we estimate the Young’s modulus of the

material to be EY ≈ 0.25× 106Pa. The Poisson’s ratio is taken to be ν = 0.48, for the same reason

as the active material.
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6.2.4 Excitation

For the purpose of specifying the excitation we assume that the band inside the shell is a real physical

entity. The excitation is then specified as a function of the spatial coordinate along the band (s)

and time (t).

Purkinje wave excitation: The spatial wave modeled after the Purkinje nerve network in the

heart dictates the excitation according the the following formula:

Ex(s, t) =



0 : t < t1
−(t−t1)
t2−t1

: t1 ≤ t < t2

−1 : t2 ≤ t < t3
−(t4−t)
t4−t3

: t3 ≤ t < t4

0 : t ≥ t4

(6.12)

where t1, t2, t3, t4 are given by:


t1

t2

t3

t4

 =



0 ≤ s < AI :


0.55smax

AI (AI − s)
0.55smax

AI (AI − s) + 0.075

t3 = 0.45smax

AI (AI − s) + 0.25
smax

AI (AI − s) + 0.475



AI ≤ s < smax :


0.30smax

smax−AI (s−AI)
0.30smax

smax−AI (s−AI) + 0.075
1.1smax

smax−AI (s−AI) + 0.325
1.25smax

smax−AI (s−AI) + 0.375



(6.13)

where AI = 0.85smax is the position of the apex, and smax is the length of the band.

Temporal excitation: For the temporal wave, there was no dependence on the spatial coordinate,

and the activation was described by a table with linear approximations between values.
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Time (sec) Excitation

0 0

0.055 -0.25

0.09 -0.50

0.13 -0.75

0.225 -0.938

0.375 -1

0.415 -0.75

0.47 -0.50

0.545 -0.375

0.66 -0.25

0.83 -0.125

1 0

6.2.5 Computational Methods

In order to model this three-dimensional geometry with the complex material properties we utilize

the commercial finite element software ABAQUS Standard 6.51 [74]. The shell of the the ventricles

is broken into three-dimensional brick elements (8 node elements). These are connected at the apex

and at the borders between the septum and outside wall with wedge elements (6 node elements).

The elements are shown in figure 6.1 panels A-E.

6.2.6 Modeling the Blood

The blood filling the left ventricle is modeled such that we assume that the pressure inside the

ventricle is constant. As a result, the fluid can have a different volume or pressure, but there are

no other degrees of freedom. The density of the fluid is taken to be 1 g/mL. In ABAQUS, the

fluid is modeled as a “Hydrostatic Fluid” element (figure 6.1F). Physically, this approximation is

justified because all motions in the heart are slow compared at the speed of sound in the blood,

which means pressure in the blood inside the ventricle adjusts adiabatically to the motions of the

heart. Consequently, we model the inflow and outflow as a bulk mass transfer not as a fluid dynamics

problem.

6.2.7 Valves

The mitral and aortic valve are included in the model. The valves are constructed by creating “Fluid

Link” elements (figure 6.1F). We specify the properties of this element such that the mitral valve

“Fluid Link” element can have flow going into the ventricle only, while the aortic valve “Fluid Link”
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element can only have flow going out of the ventricle. The property of a “Fluid Link” element is

specified as a relationship between the difference in pressures (∆P ) and the mass flow rate (q). The

relationships are specified as follows:

qaortic =

 0 : ∆Paortic ≤ 0

Cv∆Paortic : ∆Paortic > 0
(6.14)

qmitral =

 −Cv∆Pmitral : ∆Pmitral < 0

0 : ∆Pmitral ≥ 0
(6.15)

where ∆Paortic = PLV −Paorta and ∆Pmitral = PLV −Patrium. For this study we arbitrarily picked

the rate of flow constant to be Cv = 10. This value only controls how fast the fluid is transferred

from or to the left ventricular chamber, and at this stage its biggest impact is on the convergence

of the model. The boundary condition on the aorta are specified such that the pressure is constant

at Paorta = 14kPa, while the pressure in the left atrium is kept at Patrium = 0Pa.

6.2.8 Data Analysis

The results of simulations done in ABAQUS Standard were analyzed with the visualization software

ABAQUS CAE 6.51. The pressure and volume of the hydrostatic fluid inside the left ventricle

chamber were specified as direct output.

6.3 Results

In this chapter we are investigating the ability of the model which has the double helical band as

an internal “engine” to give rise to physiologically high pressures. Focusing on the left ventricle we

can think of the chamber as a bag of fluid. If the walls of the bag are made from patches of different

materials, when the pressure in the bag is increased, the bag bulges out in the place of the soft

material. This is precisely what we observe in the simulations – the ventricle bulges out through the

space in between the band material, where only the softer collagen material is present (figure 6.2).

As a result we can conclude that the maximal pressure possible in the left ventricle will be governed

by the softest material present.

As a first experiment we run the case with no separate endocardium material. This means that

the softest material has the Young’s modulus of 0.25MPa. Figure 6.3A shows the pressure in the

left ventricle as a function of time. The pressure curve is piece-wise linear, because the pressure in

the fluid faithfully follows the degree of excitation in the active material. The pressure in the left

ventricle, at its maximal value, reaches the aortic pressure of 14kPa, which is enough to open the

aortic valve. At that point the pressure stays constant until the contraction of the muscle is released.
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Shell

active
material

fluid

bulging out

bulging out

(A) Shell with muscle

(B) Muscle

(C) Shell with muscle and blood

Initial Contructed

Figure 6.2: The effect of bulging out through the soft material. The chamber walls are shown in
transparent yellow, the active material (muscle) is shown in red, and the fluid is shown in blue. The
left panels show the initial shapes, while the right panels show the model at maximum excitation.
(A) The chamber walls with the active material inside. During contraction the bulging out of walls
is plainly visible. (B) The active material is isolated. Here it is easy to see that the walls constrain
the possible deformation. (C) The walls with the active material and the fluid shown inside. Here
it is clearly visible how the fluid pushes out in between the active material sections.

For a Purkinje type spatial wave the pressure in the left ventricle as a function of time is plotted in

figure 6.3B. This curve is much smoother, but the maximal pressure still reaches the physiological

aortic pressure at 14kPa.

When the inner layer of the left ventricular chamber is forced to be stiffer than the rest of the

soft tissue, it becomes the softest material exposed to the fluid. The results can be seen in figures

6.3C for the spatial wave. As can be seen from the plots the aortic pressure of 14kPa is reached

much faster and as a consequence the ejection period is longer. Additionally, the pressure continues

to increase because in this case the flow rate out of the ventricle is not fast enough to accommodate

the rapid increase in pressure. This shows that we can reliably exert the necessary pressures, even

though the heart tissue is a combination of different types of materials.
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Figure 6.3: Plots of pressure vs. time. The left ventricle pressure is indicated in red, the aorta
pressure is in blue, and the atrium pressure is in green. (A) Temporal wave contraction, no endo-
cardium tissue – the aortic pressure is reached and there is a period of ejection. (B) Spatial wave, no
endocardium tissue. Here the period of ejection is slightly shorter than in (A) because the temporal
wave excitation scheme holds the band at maximal contraction for longer. (C) Spatial wave, with
the endocardium made stiffer than the rest of the soft tissue. As indicated by the dashed grey line
the left ventricular pressure reaches the aortic pressure much faster than in case (B), and therefore
the period of ejection is longer.

6.4 Conclusion

In this chapter we tested whether the double helical muscle band is capable of producing physio-

logically high left ventricular pressures. We showed that the maximal pressure is limited by the

modulus of the softest material exposed to the blood. It is known, from experimental tests on heart

tissue, that the modulus of the tissue ranges over several orders of magnitude. For example the

bulk modulus of collagen is 1.72GPa (see textbook by Humphrey page 677 [16]). By contrast, from

experimental tests done on the endocardium the modulus ranges from 1kPa to 10kPa with strain

ranging from 0.03 to 0.06 (see textbook by Humphrey page 657 [16]). From these experiments we see

that not only does the modulus vary greatly, but the constitutive relation is nonlinear. Our results,

therefore, are estimates of the possible pressures that can be produced in the ventricle. However,
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because collagen is prevalent throughout the myocardium, the fact that we produce physiologically

high pressures with materials of Young’s modulus smaller than the modulus of the collagen by several

degrees of magnitude shows that the double helix is capable of causing sufficient force to support

ejection.
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Chapter 7

Outlook and possible future
directions

Since time immemorial, mathematicians and artists alike fancied helices and spirals. Prominent in

ancient ornaments, spiral shape most famously showed up in Watson and Crick’ double helical model

of DNA. Helical shapes of fibers, bands, and bundles is generally one of the Nature’s greatest schemes

for self-assembly, growth, and structural integrity presented in: aromatics [77] (see also News and

Views on this subject in [78]), tendrils of plants [79], proteins, DNA [80], the heart, etc. How these

helical structures self-assemble is often a mystery: sometimes, like in proteins, it is possible to show

that the transformation is entropically driven [81], but oftentimes it is not known how these helices

form [82]. As Martin Kemp famously observed in his elegant treatise on “spirals of life,” the helical

living designs are generally well known for their static features, rather than their active function

[63]. Of course, airplane propeller or bacterium flagella represent rotating spiral designs, but in both

cases the spiral itself is still passive.

That is why we were much excited to learn that while all the fibers in the myocardium were

helically organized for structural integrity, the active muscle fibers in the heart appear to have a sort

of double helical organization as well, as it was recently observed by the modern sophisticated imaging

technique – version of MRI called DTMRI [23]. The apparently dominant helical organization of

fibers in the heart raises a more serious question: Is it possible that spiral organization of the active

myofibrils may also shed light on the complex dynamics of the heart?

We started thinking that these spiral structures might hold the key to understand the wonderfully

efficient function of the heart. Indeed, the muscle band consists of a group of parallel muscle fibers,

each of which cannot contract much over 15%, yet the volume exchange ratios, ejection fractions, in

the ventricles can exceed 60%. Is it possible to gain an insight into these paradox by invoking the

spiral geometry of the muscle band?

H.T. Crane once wrote on the general problems of biological growth. He pointed out, that while

the process in the whole can be too complex for us to produce an equation describing it, we can
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understand it if we know “the principles involved and something of the order of their importance”[62].

In studying the development of the heart I followed this road-map.

The most efficient way to approach these problem is by using computational modeling.

We constructed an efficient computational model in chapter 2 by assuming that the myofibrils

are arranged in the heart muscle is a single band that starts from the pulmonary aorta, hugs the

right ventricle, winds down to the apex, as the descending segment, and then spirals up to the

aortic valve as the ascending segment. We assumed that this band reacts to the local strain created

by excitation of the muscle cells as an elastic body, while the rest of the myocardium is a passive

material that does not create any strain and just bounds the volume. This allowed us to resort to

very advanced computational techniques used in other well developed engineering fields, and even

use a commercially available finite element package – ABAQUS [74]. Simplistically, this program

solves elastic equilibrium equations for each small cuboid, and then puts together the evolution of

the whole structure by continuity.

The advantage of computational modeling is that once the computational model is set up it allows

for easy testing of a wide variety of conditions. We can vary the fiber angles, width, thickness, and

ventricle dimensions. The band can shorten as a whole, or parts of it can contract independently of

each other. This allows us to create complicated contraction schemes inside the band.

The simplest dynamic scheme is to excite all the nodes at the same time and have the elements

contracting in sync, making a uniform contraction. More interestingly, we are able to mimic the

action of the Purkinje network by considering an excitation/relaxation wave traveling along our

band starting at the apex.

The first success of our model is its ability to effortlessly resolve the above mentioned paradox

and to reproduce the large ejection fraction, despite the small muscle strain. It came as a pleasant

surprise that our model easily matches not only the physiological maximum ejection fraction, but

also the left ventricular volume evolution with time as was shown in chapter 2.

In chapter 3 we use this approach of focusing on dominant structures in the heart to investigate

the causes of the forces that play an integral role in the self-assembly of the adult four chamber

heart from the embryonic tube heart. We showed that the helical form of the fibers surrounding

the heart tube in combination with a spatial excitation wave is able to produce the twisting forces

necessary for the initiation of self-assembly.

We then turned, in chapter 4, to a much more sensitive property of the heart, namely the timing

relationship between twist and ejection fraction, which is considered a potentially powerful diagnostic

tool of ventricular health. While comparing the model results to actual physiological data, we were

gratified to find that we can match the double looped response observed in nature, and that this is

possible only with an excitation that approximated the physiological scheme.

In chapter 5 we used our model to consider pathological behaviors of the heart. Indeed, because
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of the relatively simple nature of the double helical model we are able to test different types of

damage separately, and to discern the causes of pathological behavior. As we have shown, for

dilated cardiomyopathy the change in fiber angle is much more critical than the change in gross

geometry of the left ventricular chamber. Additionally, we were able to match experimental results

for the relationship between twist and ejection fraction seen in cases of dilated cardiomyopathy,

giving more credence to the computational model.

Finally, in chapter 6 we demonstrated that the double helical muscle band used as an engine

inside a collagen shell can produce physiologically high pressures. This filled-out model will be

the springboard into further research. Indeed, to model both the pressure generation and volume

ejection of the ventricles we need to match the highly nonlinear behavior of the heart tissue. It will

be necessary to model the endocardium membrane that is very resistent to stretching, as well as the

ability of the collagen matrix to shear with the movement of the muscle fibers, while increasing the

width of the walls.

What have we learned from this model? In general the greatest benefits of modeling is to gain

insight into the dominant structures and processes. In our case, the model was initially proposed

by Torrent-Guasp and supported by modern imaging techniques, such as DTMRI, but is still not

uniformly accepted by researchers in the field. Our modeling results indicate that helical arrangement

of the muscle in the heart does provide a natural and simple explanation of heart pumping. This

insight predicts that the heart cells grown around a scaffold in recent breakthrough research by a

Minnesota group will need an additional input to provide them with proper organization, in order

to transform their wonderfully achieved beating into efficient pumping. We hope our results will be

valuable in this endeavor.

The imagination of great artist allowed M.C. Escher to portray the human face as an elegantly

bent paper stripe (Rind 1955). When we look at the image we unmistakably see the human head

and face, and even quite expressive face. Is this model physiologically correct, does it involve all the

physiologically relevant details? No, it does not. But it does capture something important – in fact,

something most essential for the artist. We hope that, similarly, our model, however simplified, does

capture something most essential. Definitely, it can serve as a starting point for further research, as

it helps asking useful questions to be addressed by MRI and other studies.
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Appendix A

Additional Analytical Calculations

A.1 Inherent limit on pumping efficiency of structures with

non-helical fibers

Let us first consider a tubular and a parabolic pumping chamber with non-helical fibers. We impose

the same boundary and material conditions as were described in section 2.2. We expect the biggest

ejection fraction to be produced by the biggest possible fiber contraction of 15%.

A tube volume is given by V = πr2L, where r is the radius and L is length. For a parabolic

chamber the volume is given by V = (1/2)πr2
maxL, where L is the height of the parabola, and

rmax is the radius at height L. For both of these, if the fibers are arranged circumferentially the

circumference, and thus the radius will decrease by 15%, i.e., r = 0.85r0.

Using equation 2.8 the ejection fraction would be about 28%. However, in the tube model the

ejection fraction would actually be lower, because the two ends of the tube are fixed, so that the

fibers close to the ends cannot contract and will simply exhibit stress in response to excitation. This

is also the case for the basal region of the parabolic chamber.

If the fibers are arranged longitudinally then the in the tube model there will be no pumping at

all because the length is restricted from shortening by the boundary conditions. For the parabolic

chamber the length will be reduced by 15%, and thus the ejection fraction would also be 15%.
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Appendix B

Analytical estimate of energy
efficiency of twist vs. contraction
pumps

B.1 Introduction

There is heuristic evidence that twisting action is very important in pumping mechanisms [64]. Here

we present a range of analytical models called on to illustrate one of the reasons behind nature’s

propensity of taking advantage of the effect of twisting.

B.2 Pumping from a Cylindrical shell

We create analytical models for tube-pumping mechanisms. Such pumps are used extensively, for

example inside the body to increase the flow through the vasculature. We will use the notion of the

ejection fraction to evaluate the output of our simple pumps. The ejection fraction, EF , is given by

the change of volume normalized by the initial volume:

EF =
V0 − V

V0
= 1− V

V0
. (B.1)

Let us considering two different systems, one that has the tube contracting radially while the

other is twisted.

B.2.1 Radial shortening of the tube

Let us first consider squeezing the tube radially, as seen in figure B.1. In this case we have circular

wires, with radius rwire arranged around a cylinder of constant length L = L0, and initial radius of
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r0, and the initial fiber length of D0 = 2πr0. The volume of the cylinder is simply given by:

V = L · πr2. (B.2)

In this model the wires will shorten around the tube by a factor of ε, meaning that the fiber

length is D = (1 − ε)D0 = 2(1 − ε)πr0 = 2πr. And thus r = (1 − ε)r0. Since the length of the

cylinder is constant we use equation B.1 and get the ejection fraction to be:

EF = 1− r2

r2
0

= 1− (1− ε)2r2
0

r2
0

= 2ε− ε2. (B.3)

The difficulty with such a pump is that a device which uses shortening of wires to pump would

be energetically very expansive, which is easy to prove to oneself by simply bending a wire and then

trying to shorten it – it takes a great deal more effort to shorten something than it does to bend it.

However, there are at least two simple ways to create radial shortening in the tube while bending

the wires. In the first case, the wire slides into a spiral form, as seen in figure B.2(a). In this case

the model would become invalid once the radius of the tube becomes comparable to the radius of

the wire. A second simple device is akin to a snake eating its own tail, where we create a slit in

one half of the wire that the second half can slide into (figure B.2(b)). In this case the minimum

circumference can be only half of the wire length, εmax = 0.5, but that would mean an ejection

fraction of EF = 75%, which is sufficient for most applications. Thus both of these models are

considered.

The work used to achieve the volume change for both of these models is the bending energy of

the wires. Assuming that the fibers are initially stress free, and that linear elasticity applies, the

r0 r

L0 L0

Figure B.1: A schematic of radially squeezed tube, with a few wires drawn.
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(a) Spiral wire (b) Snake wire

Figure B.2: Two different ways to create radial shortening through bending of the wires.

energy to reduce the radius of the tube can be calculated by:

E =
1
2
kD

(
1
R
− 1

R0

)2

, (B.4)

k =
1
4
EY πr4

wire, (B.5)

where EY is the Young’s modulus of elasticity for the wires, R and R0 are the current and initial

radii of curvature, respectively. For radial wires the radius of curvature is simply the current radius

of the tube. For the purpose of these calculations we will assume that the average wire radius is the

same in both of the cases that we proposed above, which means that both cases require the same

amount of work to shorten the circumference of the tube.

E =
1
2
kD0

(
1
r
− 1

r0

)2

=
kD0

2r2
0

(r0

r
− 1

)2

. (B.6)

As mentioned before, in these calculations we assume that r � rwire and we will assume so for all

of these analytical models. Another scaling assumption that we need to make is that the distance

between fibers is much greater than the diameter of the fibers. For now let us assume that there are

n wires. By manipulating equation B.3, we can find that:

r0

r
=

1√
1− EF

⇒ (B.7)

⇒
[r0

r
− 1

]2

=
[
1−

√
1− EF√

1− EF

]2

=

(
1−

√
1− EF

)2

1− EF
. (B.8)

Applying this to equation B.6 we can find the total work performed as a function of the ejection
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fraction achieved:

E =
nkD0

2r2
0

(
1−

√
1− EF

)2

1− EF
. (B.9)

We can write this work in a dimensionless form:

Ẽ =
E

EY πr2
wirer0

=
nr2

wireD0

8r3
0

(
1−

√
1− EF

)2

1− EF
. (B.10)

A plot of the work required for the pumping as a function of the ejection fraction is shown in figure

B.3. Note that the plot does not extend beyond ninety percent ejection fraction, because the radius

of the tube becomes comparable to the radius of the wires at that point and the model breaks down,

and thus the work approaches infinity for an ejection fraction of one.
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EF

0.0025
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E
�

Figure B.3: The plot of work required vs. the ejection fraction achieved for radial contraction in a
tube, n=5.

B.2.2 Twisting of the tube

Now Let us consider a cylinder made up of non-extendable longitudinal or helical wires. Again the

wire radius is rwire and its constant length is D = D0. The cylinder has a constant radius of r = r0

and an initial length of L0. For this model the top edge of the cylinder is held, while the bottom is

rotated by an angle α (figure B.4). In this case the assumption that the distance between the fibers

is much larger than the diameter of the fibers is very important. If this assumption is valid, the

work put into this transformation, is the bending energy. However, if this assumption is not true

and the fibers are close enough to interact with one another during the transformation the bending

energy will no longer be a dominating factor. For this analytical problem we will also assume that

there will be no buckling.
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γ γT
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Figure B.4: Twisting of helically arranged fibers. The top series shows the tube with several wires.
The bottom shows only one wire, and labels the relevant twist angles.

The length of the tube can be written in terms of the turn angle:

L =
√

D2 − α2r2. (B.11)

Let us assume that initially the fibers are at an angle γ to the vertical (figure B.4). If this angle is

γ = 0 then the length of the tube is the same as the fiber length, L0 = D. Substituting these into

the equation B.2 and B.1 we have:

EF = 1− L

L0
= 1−

√
D2 − α2r2

D
= 1−

√
1−

(αr

D

)2

. (B.12)

However, if initially the unstressed fibers are helical and γ 6= 0, the starting twist needs to be

taken into account. It is important to note that 0 ≤ γ ≤ π/2. For volume calculations this can be

interpreted as though we first rotated the bottom edge by an angle β, which is given by the known
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twist angle,γ:

β =
D sin γ

r
. (B.13)

Now we can use equations B.11,B.2 and B.1 to write the ejection fraction as a function of both the

initial turn angle and the additional turn angle:

EF = 1− L

L0
= 1−

√
D2 − (α + β)2 r2

D2 − β2r2
= 1−

√
D2 − (αr + D sin γ)2

D2
(
1− sin2 γ

) . (B.14)

After the transformation the total angle that the fiber makes to the vertical is going to be:

sin γt =
r (α + β)

D
=

αr

D
+ sin γ. (B.15)

The total γt also has to be between zero and π/2, which puts a constraints on α.

− D (sin γ)
r

≤ α ≤ D (1− sin γ)
r

. (B.16)

However, if α < 0, there would be no pumping. The upper limit on α would actually be constrained

by the radius of the wire. Indeed the distance between the wires has to be greater than the diameter

of the wire (figure B.5). This constrains the total twist angle to:

x > 2rwire ⇒ cos2 γt >
nrwire

πr
⇒ sin γt <

√
1−

(nrwire

πr

)2

(B.17)

γ
γ

x

2πr/n

Figure B.5: The cylinder laid out flat, showing the twist angle and the distance between the wires.

That means that the limit on maximal turn angle that we can induce is:

α <
D

r

[√
1−

(nrwire

πr

)2

− sin γ

]
, (B.18)
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which puts a constraint on the ejection fraction that can be reached with this device:

EF < 1− 1
cos γ

(nrwire

πr

)
. (B.19)

Figure B.6 shows the relationship between the initial twist angle, γ, and the maximum ejection

fraction that can be achieved.

0.2 0.4 0.6 0.8 1 1.2 1.4
Γ
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0.8

1
Max EF

Figure B.6: The maximum ejection fraction possible with the twist method as a function of γ.
Constants: n = 5,D = 2πr,rwire = 0.1r.

To calculate the work used to make these transformations we can calculate the energy of bending

(formula B.4) for one wire undergoing this twisting. Substituting the relationship of equation B.13

into equation C.17 from the appendix C.3 we have the expression for the radii of curvature in terms

of the turn angles:

R0 =
D2

β2r
=

r

sin2 γ
, R =

D2

(α + β)2 r
=

D2(
α + D sin γ

r

)2

r
. (B.20)

Plugging these into equation B.4, for one wire the work to bend it will be:

E =
k2

2
r2

D3
α2 (α + 2β)2 =

k2

2
r2

D3
α2

(
α + 2

D sin γ

r

)2

. (B.21)

This can be used to write the relationship between work and ejection fraction. Assuming we have n

wires the work will be:

E =
k2n

2
D

r2

[
1−

(
βr

D

)2
]2 [

2EF − EF 2
]2

= (B.22)

=
k2n

2
D

r2
cos4 γ

[
2EF − EF 2

]2
. (B.23)
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If we write it in the same dimensionless form as for the previous case we have:

Ẽ =
E

EY πr2
wirer0

=
nD0

8r0

(rwire

r

)2
[
1−

(
βr

D

)2
]2 [

2EF − EF 2
]2

= (B.24)

= Ẽ =
nD0

8r0

(rwire

r

)2

cos4 γ
[
2EF − EF 2

]2
. (B.25)

It is important to note that unlike the radial shortening case the initial length of the wire is inde-

pendent of the initial radius of the tube for the twisting model. If the length of the fiber is the same

as the initial circumference of the cylinder, then the ejection fraction and work for the twist case

can be written as:

EF = 1−

√
1−

(
α
2π + sin γ

)2

cos γ
(B.26)

Ẽ =
nπ

4

(rwire

r

)2

cos4 γ
[
2EF − EF 2

]2
. (B.27)

0.0005

0.001

0.0015

0.002

0.0025

0.003

0.0035

0.004

EF

E
~

γ = 3π/8
γ = π/4
γ = π/8
γ = 0

0.2 0.4 10.80.6

Figure B.7: The plot of work required vs. the ejection fraction achieved for twisting of the bottom of
the tube. There are multiple curves for several initial twist angles, γ values, n = 5,D = 2πr,rwire =
0.1r
.

This dimensionless work is plotted for several values of the initial twist angle in figure B.7, with

the same values for the constants as in the case of the radial shortening. Each curve stops at the

maximum ejection fraction that can be achieved with the starting twist angle. Note that the most

efficient way to get a specific ejection fraction is to pick the maximum initial angle at which it is

possible to get that ejection fraction. Indeed if we assume that the most efficient path to each specific

ejection fraction is taken we can rewrite the work relationship as:

Ẽ =
nD0

8r0

(rwire

r

)2 (nrwire

πr

)4
[
2EFmax − EF 2

max

]2
(1− EFmax)4

. (B.28)
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Note that rwire/r0 � 1, so even if the length of the wire is increased this device will remain more

efficient than the one that has radial shortening.

B.2.3 Pumping against inner pressure

Working with linear elasticity it is relatively easy to consider the work required to overcome the

pressure inside the tube. Indeed for a tube that has inner pressure, Pin, and the pressure outside is

Pout, we can use the volume calculations for both models to show:

Epressure = (Pout − Pin)∆V = (Pout − Pin)(V − V0) =

= (Pout − Pin)V0
V − V0

V0
= −EF (Pout − Pin)V0 (B.29)

This energy is not dependent on the way we achieve the ejection fraction, and will be the same for

all the devices considered here, and can be added to the work calculated in the previous sections.

B.2.4 Comparing the two different methods of pumping

To see how the different methods of pumping compare we plot the dimensionless energies on the

same plot, cutting the ejection fraction at 75%, since higher ejection fractions are not of interest here

(figure B.8). At first glance it seems that for some ejection fractions the radial contraction device

is more efficient than the twisting device. However, if for each ejection fraction the γ is chosen

such that the work is most efficient to reach that ejection fraction, the results clearly show that the

twisting is a better choice (figure B.9). Another way to look at it is to show the work required for

the two different models when the maximal desired ejection fraction is known. Such a plot for three

different ejection fractions is shown in figure B.10.
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Figure B.8: The plot of work required vs. the ejection fraction achieved for both the twisting of the
bottom of the tube and radial shortening of wires. There are multiple curves for several initial twist
angles, γ values. All the constants are the same for both cases: n = 5,D = 2πr,rwire = 0.1r.
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Figure B.9: The plot of work required vs. the maximal ejection fraction achieved for both the radial
shortening of wires and the most efficient twisting of the bottom of the tube. All the constants are
the same for both cases: n = 5,D = 2πr,rwire = 0.1r.
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Figure B.10: The plot of work required vs. the ejection fraction achieved for both the twisting of
the bottom of the tube and radial shortening of wires. There are multiple curves for several different
maximal ejection fractions. All the constants are the same for both cases: n = 5,D = 2πr,rwire =
0.1r.

B.3 Pumping from a half ellipsoid shell

Now let us consider pumping from a half ellipsoid shell. A biological example of such a pump would

be the four chamber heart. We could potentially use the same method we did when describing

the cylindrical pumps. This would not be very hard for radially contracting wires, but for helical

wires it would require some very complicated mathematical expressions to describe the helix and

calculate the radius of curvature in ellipsoid coordinates. Additionally, if later at some point we

wanted to change the geometry of our chamber we would have to perform all the calculations again

from scratch. So instead we will formulate an approximation method that will work quite well for a

range of geometries.

Let us approximate the ellipsoid shell by a series of cylinders with each having a height dz. Each

cylinder will have a radius of r(z), which will determine the shape of our chamber. For example the
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elliptical shell we will consider here will have

r = C sinh ξ sin θ, (B.30)

z = C cosh ξ cos θ, (B.31)

where C and ξ are constants, and θ is the parametric variable for a heart model varying 3π
10 ≤ θ ≤ π.

We will now set up a formulation for calculating the ejection fraction of our convex shell pump.

The volume of the shell will be the sum of the volumes of the cylinders that it is made up of. For

the approximation to be accurate let us assume that dz → 0, then instead of a sum we can write

the volume in integral form. The initial volume would be given by:

V0 = π

∫ zmax

z0

[r(z)]2 dz (B.32)

where z0 and zmax are the initial and final height of the shell, respectively. How the volume changes

will depend on how each cylinder in the stack will deform.

B.3.1 Radial Contraction in a Shell

If we have radial wires about an axisymmetric shell of shape r(z) each contracting the same way as

described in section B.2.1. Thus the radius changes rf (z) = (1 − ε)r(z) (note that r(z) here is the

initial radius). Then the volume is given by:

V = π

∫ zmax

z0

[rf (z)]2 dz = π(1− ε)2
∫ zmax

z0

[
r(z)

]2
dz = (1− ε)2V0, (B.33)

which means that the ejection fraction is the same as in equation B.3.

EF = 1− (1− ε)2 = 2ε− ε2. (B.34)

The energy for each wire is given by:

Eone =
kD0(z)
2r(z)2

(
r(z)
rf (z)

− 1
)2

=
kπ

r(z)

(
ε

1− ε

)2

. (B.35)

Thus for multiple wires the energy would become:

E = kπ

(
ε

1− ε

)2 n∑
i=1

1
r(zi)

, (B.36)



106

where, i is the number of the wire. Since there is no single initial radius we will normalize this

differently from the tube case:

Ẽ =
E

EY πr3
wire

=
rwireπ

4

(
ε

1− ε

)2 n∑
i=1

1
r(zi)

. (B.37)

B.3.2 Twisting of a Shell

When each disk is twisted it will respond in the same way as the cylinder described in section B.2.2.

That means that we assume that the radius does not change while the height becomes dz′. The new

height will be given by:

dz′ =
L

L0
dz. (B.38)

And the new volume will become:

V = π

∫ zmax

z0

[r(z)]2
(

dz′

dz

)
dz = π

∫ zmax

z0

[r(z)]2
(

L

L0

)
dz. (B.39)

The ratio of the initial and final length can be taken from section B.2.2. The energy can be calculated

in the same way, since we know that the total work that needs to be done is the sum of the work

used to turn each disk we will have dE rewritten from equation B.4:

dE =
k2

2
[r(z)]2

(
dα

dD

)2 [
dα

dD
+ 2

sin γ

r(z)

]2

dD. (B.40)

However, now we need to determine the boundary conditions on each of the disks so that we can

apply the equations we derived for the cylinder. We specify that the bottom of the shell is rotated

by α, while the top is held immobile. This means that a disk somewhere in the middle will have

one rotation at the top and a bigger rotation on the bottom. However, from a solid mechanics point

of view if we are rotating the whole disk as a whole, it will not experience any deformations. This

means that the only rotation that will impact the shape of the disk is the difference in the rotation of

the top and bottom. To use our previous formulas we can look at each disk relative to its top (now

immobile) with the bottom rotating by dα. There are multiple ways to specify dα as a function of

z, that we will describe a little later. The other quantity that is different for each disk is the length

of the wire in each disk. Obviously, this will depend on the initial fiber angle, but it will also be a

function of the shape of the shell under study:

dD =
dz

cosγ
, (B.41)

where dD is the length of fiber at each disk, as previously γ and dz is the initial fiber angle and

the height of each disk, respectively. For this study we will specify that γ will not depend on z.
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This means that if we are considering an ellipsoid shell, the angle γ is the angle that is made by the

projection of the tangent to the fiber on the z− θ plane and the z vector. Notice, that for each disk

both dα and dD will be small quantities, thus we will rearrange the equations for the ratio of the

lengths to combine these:

L

L0
=

1
cos γ

√
1−

[(
dα

dD

)
r(z) + sin γ

]2

. (B.42)

And the total energy can be written as:

E =
k2

2 cos γ

∫ zmax

z0

(
dα

dD

)2 [
dα

dD
r(z) + 2 sin γ

]2

dz. (B.43)

Now let us consider the different possibilities for specifying dα on the disks.

The simplest rule would be to enforce that the rotations varies linearly with z, i.e., dα = α
L0

dz.

This has the benefit of being simple, with the “small” ratio becoming:

dα

dD
=

α cos γ

L0
. (B.44)

And the length ratio becomes:

L

L0
=

1
cos γ

√
1−

[(
α cos γ

L0

)
r(z) + sin γ

]2

. (B.45)

Substituting this into equation B.39 to find the final volume of the shell we have:

V = π

∫ zmax

z0

[r(z)]2

cos γ

√
1−

[(
α cos γ

L0

)
r(z) + sin γ

]2

dz. (B.46)

The ejection fraction is simply given by equation B.1. The energy can be calculated to be:

E =
k2 cos γ

2

(
α

L0

)2 ∫ zmax

z0

[
α cos γ

L0
r(z) + 2 sin γ

]2

dz. (B.47)

We need to normalize this expression differently from what was done in the cylinder case since the

radius varies with z. This will not matter since we will only be comparing the energies of the shell

being twisted and radially contracted. So we will have:

Ẽ =
E

EY πr3
wire

=
rwire cos γ

8

(
α

L0

)2 ∫ zmax

z0

[
α cos γ

L0
r(z) + 2 sin γ

]2

dz. (B.48)

While considerably more complicated these expressions have the same nature as in the case of a

cylinder and predictably the same result.
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B.4 Conclusion

The simple analytical problems presented here showcase of the importance of twist in pumping

devices. These are of course grossly simplified, ignoring effects like buckling. However the results

help us develop an instinctive understanding of the importance of twisting in biological pumps.
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Appendix C

Additional Methods

C.1 Geometrical parameters in formulating the Double he-

lical heart: healthy and diseased

In this model we assume that the double helical band to approximate the myocardium fiber architec-

ture. While detailed description of how these equations are formulated will be published elsewhere,

we give a brief overview here. As a first step we describe the changing orientation of the fibers by

specifying the long-axis coordinate, zcent, as a function of polar coordinate θ for the centerline of

the band:

zcent = C1 − C2
θA1

A2
exp

[
− θ

B2

]
(C.1)

where C1, C2, A1, A2, B2 are constants. The polar coordinate θ varies θmax ≥ θ ≥ 0, where θmax

corresponds to the start of the band at the pulmonary aorta, and θ = 0 corresponds to the end of

the ascending segment.

The r-coordinate of the centerline should now be constructed in such a way that the centerline

correctly skirts the ventricular chamber surfaces. So for a parabolic chamber the centerline rcent:

rcent =
√

1
A3

zcent + ZA ∗ C3 [Factor 1] [Factor 2] , (C.2)

Factor 1 = 1 + C4 cos
(

θ − θcrossing

2

)
,

Factor 2 = 1 + C5 exp
(
− (θ − θright)

2
)
,

where, A3, ZA,C3, C4 and C5 are constants. We introduce Factor 1 to avoid self-overlap of the

band at θcrossing = π
(
−1 + cot π

A1B2

)
and θcrossing + 2π. The factor bends the centerline away

from self-crossing. We also introduce Factor 2, which is only significant in the region of anterior

surface and describes the fact that this surface bends significantly outwards from the septum. We

choose the middle of anterior surface to correspond to θright = 3.8π. The position of the apex of
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the left ventricular chamber is taken to be at z = C3. The constants of equations C.1 and C.2 are

not independent when related to the geometry of the heart, for example a combined change in A1

and ZA controls the fiber orientation in the region of the apex. The shape of the chamber can be

controlled by changes in the constant A3. The centerline can also be written in a similar way for a

spherical chamber:

rcent =
√

1
A3

zcent + ZA ∗ C3 [Factor 1] [Factor 2] (C.3)

where R0 characterizes the spherical shape of the ventricle, while all the other constants are the

same as for equation C.2.

To make the mathematical description of the 3D shape of the band simpler, we approximate the

direction of the width to be along the z-axis. The parameterized three dimensional structure is then

described in cartesian coordinate, (x, y, z), by:

z = zcent + ξ r = rcent(z) + ζ (C.4)

x = r cos θ y = r sin θ

where −w/2 < ξ < w/2 and 0 < ζ < t, with w and t are the width and the thickness of the band,

respectively.

The parameters that remain constant for all models have values of C1 = 4.9, C2 = 7, A2 =

0.5, C3 = −0.77, C4 = 1/6 and C5 = 1. The following is the list of the models used in this paper

and the parameter values for each one (unless otherwise specified equation C.2 was used):

Normal: A1 = 1.3, ZA = 1.1, A3 = 1.

Weakly Oblique: A1 = 1.1, ZA = 1.4, A3 = 1.

Moderately Oblique: A1 = 1.0, ZA = 1.6, A3 = 1.

Strongly Oblique: A1 = 0.9, ZA = 1.7, A3 = 1.

Moderately Dilated: A1 = 1.3, ZA = 1.1, A3 = 1/4.

Strongly Dilated: In this case equation (C.3) was used with A1 = 1.3, ZA = 1.1, A3 = 1, R0 = 3.8.

Other Damage: A1 = 1.3, ZA = 1.1, A3 = 1.

C.2 Calculating Twist of the Left ventricle

In order to measure twist we attach a strip of soft material to the left ventricle. This strip of material

(twist indicator) is made of a material that is two orders of magnitude softer than the non-active



111

parallel planes

d

parallel planes

d

Figure C.1: A sketch of the two dimensional projection of the “sandwich” with markers. Left: a
case with two markers on each plane. Right: a case with three markers on one plane and only one
marker on the other plane.

material (i.e., the Young’s modulus of the twist indicator material is one hundredth of the Young’s

modulus of the non-active material). As a result the twist indicator does not influence the movement

of the band. In its initial configuration the strip is on a vertical plane containing the long axis of

the left ventricle and at θ = 2.96π. During the deformation of the band the strip can deform in

plane or out of the plane. When the long axis of the left ventricle shortens during contraction the

indicator strip deforms in plane. In the shortening of the long-axis the top and bottom portions of

the left ventricle band come closer together, and to accommodate this deformation the strip buckles

outward. However, unless the top and bottom portions of the band rotate with respect to each

other, the buckling will occur in the same vertical plane. Conversely, in twisting of the left ventricle

the bottom and top portions of the band move with respect to each other in the horizontal plane.

As a result the strip deforms out-of-plane. The greater the twist of the left ventricle, the greater the

out-of-plane deformation. To measure the out-of-plane deformation we keep track of the position

of the nodes on the strip indicator. The way we calculate the out-of-plane distance is akin to the

least squares method in 3D, we imagine two parallel planes sandwiching these nodes and minimize

the distance between the planes. Because the two planes are always parallel (i.e., the normals are

the same) there are two possible arrangements: In the first configuration, one plane is defined by a

triplet of points, while the other is defined by a single point and the the normal of the first plane.

In the second possible configuration, each plane contains a pair of points (figure C.1). Once the

minimum distance, the minimal sandwich thickness, is calculated we can translate that measure

directly into twist or torsion. Twist of the left ventricle is normally defined as the slope of the fit

line to the relationship between the rotational angle of a marker and its long-axial position. Torsion
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of the left ventricle is defined as the average of the rotations of markers placed at different positions

of the long-axis. We could use the nodes of the twist indicator as markers and calculate the rotation

of each one and then average to calculate torsion or twist, but this would only introduce unnecessary

errors. Instead, we directly relate the out-of-plane deformation of the twist indicator to the values

of twist and torsion. Assuming that the twist changes linearly with the z-coordinate of the long

axis, with no twist at the basal plane and maximal twist at the apex, the maximum out-of-plane

movement will be at 1
3LA from the apex in the case of a parabolic and (1 − 1/

√
2)R0 in the case

of a spherical chamber, where LA and R0 is the long axis and the sphere radius, respectively. As a

result twist is calculated from out-of-plane deformation (d) of the twist indicator:

twistparabolic = −3
√

3
2

d

(LA)(rbase)
, (C.5)

twistsphere = − 2d

R2
0

, (C.6)

where, LA and rbase are the long axis length and radius at the base (top), respectively. Once

twist is known torsion can be calculated from the relationship between twist and torsion torsion =

(LA)twist/2:

torsionparabolic =
3
√

3
4

d

rbase
, (C.7)

torsionsphere =
d

R0
. (C.8)

C.3 Calculating radius of curvature

Let ~r(s) be the parametric equation for the curve of interest, where s is the natural parameter. The

tangent is given by:

t̂(s) = ~̇r(s). (C.9)

We know that the relationship between the tangent and the normal can be expressed as:

˙̂t(s) = æ · n̂(s), (C.10)

where æ is the curvature. The radius of curvature is then given by

R =
1
æ

=
1∥∥∥ ˙̂t (s)

∥∥∥ . (C.11)
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C.4 Radius of Curvature for a helix about a cylinder

For a helix about a cylinder of radius r where the curve makes γ angle with the vertical, z-coordinate.

The parametric equation in terms of natural parameter s is:

z = s · cos γ, θ =
s

r
sin γ, (C.12)

~r(s) = [x, y, z] =
[
r cos

(s

r
sin γ

)
, r sin

(s

r
sin γ

)
, s · cos γ

]
. (C.13)

The tangent is then given by:

t̂(s) =
[
− sin γ sin

(s

r
sin γ

)
, sin γ cos

(s

r
sin γ

)
, cos γ

]
. (C.14)

The derivative of the tangent is:

˙̂t (s) =
[
−1

r
sin2 γ cos

(s

r
sin γ

)
,−1

r
sin2 γ sin

(s

r
sin γ

)
, 0

]
. (C.15)

The curvature is then:

æ =
∥∥∥ ˙̂t (s)

∥∥∥ =
sin2 γ

r
. (C.16)

The radius of curvature is then:

R =
r

sin2 γ
. (C.17)



114

Appendix D

Extra Figures

D.1 Additional figures for chapter 2

Factor 1

Factor 2

Figure D.1: The form of the band before Factor 1 and Factor 2 were included into equation 2.5.
On the left the point at which Factor 2 pulls the band out is indicated. On the right the cross over
point which Factor 1 separates is indicated.
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D.2 Additional figures for chapter 4
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Figure D.2: Twist vs. normalized ejection fraction for spatial waves with varying origin of exci-
tation. (A) The “Purkinje” type wave used through out this dissertation; (B) the wave origin is
shifted slightly into the septum; (C) the wave origin is shifted toward the right heart; (D) the wave
origin is shifted further towards the right heart. It is interesting to not that the loops seem to
collapse forecasting that when the wave originates at the right heart the directions of contractions
are reversed.
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D.3 Alternate figures for chapter 5

(A) Normal (B) Weakly Oblique

(C) Moderately Oblique (D) Strongly Oblique

Fiber Angle
Axial

Circumferential

Figure D.3: Top view: The model double helical band is color coded for the fiber angle - blue and
red representing circumferential and axial fibers, respectively. The fiber angle was calculated in the
same way as in paper by Helm et.al. [23]. (A)“Normal” model with fiber orientation corresponding
to physiological. (B)“Weakly Oblique” model showing the fibers close to the apex to be a little more
oblique than in the “Normal” case. (C) “Moderately Oblique” model with fibers considerably more
oblique in the apical region than would be normal. (D) “Strongly Oblique” model showing the fibers
close to the apex region to be almost circumferential.
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(A) Normal (B) Moderately Dilated (C) Strongly Dilated

Figure D.4: Different view: The model double helical band (grey) with the fitted left ventricular
(LV) volume (red). The long axis dimension in each case is 7 cm. (A)“Normal“ model, the LV is
approximated with a paraboloid, with the basal radius of ≈ 3.5 cm; (B)“Moderately Dilated” model,
the LV is approximated with a paraboloid, with the basal radius of ≈ 6 cm; (C)“Strongly Dilated”
model, the LV is approximated with a section of a sphere, with the basal radius of ≈ 7 cm.

contracted

relaxed
Excitation t=0s t=0.1s t=0.2s

t=0.3s t=0.4s t=0.5s t=0.6s

t=0.7s t=0.8s t=0.9s t=1s

Figure D.5: Side view of the double helical band model color coded for excitation: red and blue cor-
respond to relaxed and excited, respectively. The material is fully contracted (up to 15% shortening)
when it is fully excited (blue). The excitation wave starts at the apex and propagates outwards.
The band is completely contracted (end-systole) at t = 0.38s. During diastole the relaxation wave
front also starts from the apex and travels outward.
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Excitation

-1

-0.5

+0

Figure D.6: The double helical band after “infarction” with the twist markers. The band is color
coded for excitation: relaxed and fully contracted in red and blue, respectively. The markers are
yellow circles connected with grey lines. Grey indicates the dead muscle. The left panel shows the
fully relaxed band, with all the markers in plane. The right panel shows the fully contracted band,
with the markers our of plane. It is also easy to visually see the volume reduction.
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Figure D.7: Twist vs. normalized ejection fraction for: (A) A schematic showing the physiologi-
cal twist for a normal heart [27]; (B) a compiled schematic for a damaged heart [27, 28];(C) the
undamaged model; (D) model of a heart with DCM; (E) Model of the heart after an infarction.
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