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Abstract

Given two nonzero complex parameters [ and m, we construct by the mean

of knot theory a matrix representation of size ”("2_1) of the BMW algebra of

type A,,_1 with parameters [ and m over the field Q(l, r), where m = % —r.
As a representation of the Braid group on n strands, it is equivalent to the
Lawrence-Krammer representation that was introduced by Lawrence and
Krammer to show the linearity of the Braid groups. We prove that the
Lawrence-Krammer representation is generically irreducible, but that for
some values of the parameters [ and r, it becomes reducible. In partic-
ular, we show that for these values of the parameters [ and r, the BMW
algebra is not semisimple. When the representation is reducible, the action
on a proper invariant subspace of the Lawrence-Krammer space must be a

Hecke algebra action. It allows us to describe the invariant subspaces when

the representation is reducible.
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Chapter 1

Introduction

The Problem and the Main Results

In this thesis, we build and examine a representation of degree @ of the

BMW algebra of type A, over the field Q(/,m) that is equivalent to the
Lawrence-Krammer representation introduced by Lawrence and Krammer
in [7] and [9]. A result in [4] states that this representation is generically
irreducible. Here we recover this result by a different method, and show
further that when I and m are specified in the field of complex numbers,
the Lawrence-Krammer representation is always irreducible except when
I and m are related in a certain way. We let 7 and —1 be the roots of the
quadratics X% + mX — 1 = 0. We define Hp,2(n) as the Iwahori-Hecke
algebra of the symmetric group Sym(n) over the field FF = Q(I,r), with
parameter r2. Its generators g, . . ., gn—1 satisfy the braid relations and the
relation g? + m g; = 1 for all i. This definition is the same as the one given
in [10], after the generators have been rescaled by a factor 1. We assume
that Hp,2(n) is semisimple. It suffices to assume that (r?)* # 1 for every

ke {l, ..., n}. We prove the following theorem:
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Main Theorem.

Let m, | and r be three nonzero complex numbers with m = % — 7. Let n be an
integer with n > 3. Assume that (r?)¥ # 1 for every k € {1,...,n} and so
Hpy2(n) is semisimple.

When n > 4, the Lawrence-Krammer representation of the BMW algebra B(A,,—1)
with parameters | and m = X — r over the field Q(1,r) is irreducible, except when

L€ {r,—r3, S5, —=Ls, = } when it is reducible.

When n = 3, the Lawrence-Krammer representation of the BM W algebra B(As)

1

with parameters | and m = - — r over the field Q(l, r) is irreducible except when

€ {—r3, %, 1, =1} when it is reducible.

Moreover, for each of the values of [ and r when the representation is
reducible, we show that there exists a unique nonzero proper invariant sub-
space of the Lawrence-Krammer space, except when [ = —r? and 72" = —1
and we are able to give its dimension. When [ = —r3 and r** = —1, we
prove that the Lawrence-Krammer representation contains a direct sum of
a representation of degree one and an irreducible representation of degree
% and that there are no other irreducibles inside the Lawrence-
Krammer space. Suppose V(™ is the Lawrence-Krammer vector space over

Q(l,r) of dimension "(”2_1). We prove the following five theorems and part

of Conjecture A below. In the Theorems, the integer n is taken to be greater
than or equal to 3. When the lower bound is not 3 in the theorems below,
it means these cases for those small integers are special and need to be for-
mulated apart. In fact, we prove that Conjecture A below, that we believe
to be true for a general n > 3, holds in these cases. In what follows we still
assume that H,2(n) is semisimple, or which is equivalent (r?)* # 1 for

every positive integer k£ with 1 <k < n.

Theorem A. Let n be an integer with n > 4. There exists a one-dimensional
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invariant subspace of V™) if and only if | = 2. If so it is unique.

Theorem B. Let n be an integer with n > 3 and n # 4. There exists an
irreducible (n — 1)-dimensional invariant subspace of V™) if and only if | €

{ls, — L5} If so, it is unique.

rn—3" rn

Theorem C. Let n be an integer with n > 4. There exists an irreducible @—

dimensional invariant subspace of V™ if and only if | = r. If so, it is unique.

Theorem D. Let n be an integer withn > 5. There exists an irreducible %—

dimensional invariant subspace of V™ if and only if | = —r>.

Theorem E. When the Lawrence-Krammer representation is reducible, V(™) has
a unigue nontrivial proper invariant subspace except when | = —r3 and r*" = —1

when V") contains a direct sum of a one-dimensional invariant subspace and an

(n—1)(n—2)

5 -dimensional one.

irreducible

Moreover, in the case | = r%%s, we can give a spanning vector for the

one-dimensional invariant subspace and in the case [ € { Tnl,g , —Tn%}, we

are also able to describe the two respective irreducible (n — 1)-dimensional

subspaces of V. Also, when | = r we can describe the irreducible ”("2_3)—

dimensional invariant subspace of V(™).

Furthermore, the cases n = 3 and n = 4 are described in the following
conjecture. The conjecture holds in these cases, by Theorems 4 and 5 when
n = 3 and by Theorems 4 and 6 and Corollary 4 when n = 4. It is proven
that the Conjecture is also true for n = 5, namely by Theorems 4, 5,8 and
Result 1 in the thesis. Part of the arguments lies in the proof of these theo-
rems when we show that the conjugate Specht modules SU") (cases n = 4,5
in the proof of Theorem 4), S1""*) (case n € {3,5} in the proof of Theo-

rem 5), 221" (case n = 5 in the proof of Result 1) cannot occur in the
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L-K space V(™). The results for these cases are respectively gathered in Ap-
pendices E, F' and G at the end of the thesis. We will sometimes abbreviate
L-K representation instead of Lawrence-Krammer representation and L-K

space instead of Lawrence-Krammer space.

Conjecture A. Let n be an integer with n > 3. Assume Hp,2(n) is semisimple
and r®" # —1 when | = —r>,
When the L-K representation is reducible, its unique nontrivial proper invariant

subspace is isomorphic to one of the Specht modules

S(n)’ S(n—l,l)’ S(n—2,2)’ S(n—l,l,l)’
which respectively arise when and only when

1 1 1 \
1:7«271—37l€{7~n—37_7«n—3}7l:r7l:_r

When | = —r3 and r® = —1, there are exactly three proper nontrivial invari-

(n_27171)

ant subspaces of V(™) and they are respectively isomorphic to S, S and

S(n) D S(nf2,1,1)

The BMW algebra B(A,,—1) is generated by invertible elements g;’s, that
are analogue to those from the Braid group and that we will call generators
of the first type. There is a second set of (n — 1) elements in B(A,_;) that
generate an ideal, namely the e;’s (see section 2 entitled “Background and
Notations” of the thesis). They are called generators of the second type.
We will see in the thesis that the generators of the second type and some
of their conjugates by products of generators of the first type play a critical
role. We think that the following result is true. If so it will yield a different

approach to solving Lemma 10 of the thesis, which is a key lemma on the
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road to Theorem D (and C as we did in the thesis without the use of the

Branching Rule).

Conjecture B. Let T denote the left action on the Lawrence-Krammer space of

the sum of all the conjugates of the e;’s by products of the g;’s. Fix r € C. Then,

detT € Q(1), the degree of T is the degree % of the Lawrence-Krammer

representation and

(l B r) n(n2—3) (l _ 7‘3) (n—l)Q(n—Q) (l . rnl_s)n—l(l 4 Tn1—3 )n—l(l _ m%g)
n(n—1)

Al

det(T) =

where X, is a constant that depends on the value of the parameter r.

The conjecture is shown through Maple for n € {3,4,5,6} in the Ap-
pendix A where the procedure NOTIRR provides a necessary condition on
I and r so that the L-K space V(™ is reducible. When the representation
is reducible, [ must be a root of some polynomial of Q(r)[X], with multi-
plicity given in the output. Visibly, this multiplicity is the dimension of the

corresponding invariant subspace.

The Approach

Our approach is to use knot theory as a tool to build the Lawrence-Krammer
representation. We use a deformation of the Brauer centralizer algebra,
namely the Kauffman tangle algebra. This algebra MT,, constructed by
Morton, Traczyk and Kauffman was shown by Morton and Wassermann
in 1989 to be generically isomorphic to the BM W algebra of type A,
(see [12]). One difference between the Brauer centralizer algebra and the
Morton-Traczyk algebra is that the group algebra of the symmetric group

has been replaced with the Iwahori-Hecke algebra of the symmetric group.
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This introduces a new type of braids where over-crossings have to be dis-
tinguished from under-crossings. A tangle with an over-crossing is related
to a tangle with an under-crossing by the Kauffman skein relation that uses
the parameter of the Iwahori-Hecke algebra of the symmetric group. The
geometric approach of the Kauffman tangle algebra leads us to visualize
(and later on prove for the algebraic version of the representation) that if
W is a proper invariant subspace of the Lawrence-Krammer vector space V,
then the action on YW must be an Iwahori-Hecke action. This was inciden-
tally shown by Arjeh Cohen, Die Gijsbers and David Wales in a more gen-
eral setting when they also deal with representations of the BMW algebra
of types D and E. By using the Lawrence-Krammer representation, we can
find the two inequivalent irreducible matrix representations of Hp,2(n) of
degree (n — 1). We then use those irreducible representations to show that
if there exists an irreducible (n — 1)-dimensional invariant subspace of V, it
forces | € {5, — 5 }. Conversely, if | takes one of these fractional val-
ues in r, we show that there exists a unique irreducible (n — 1)-dimensional
invariant subspace of V. For the small values 3,4,5 of n we are able to
find with Maple from the Lawrence-Krammer representation the inequiv-
alent irreducible matrix representations of Hp,2(n); we then deduce from
these matrix representations wether or not the Lawrence-Krammer repre-
sentation can be reducible and if so for which values of the parameters [
and r. The table in Appendix E, (resp F, G, H) lists which irreducible
representations of Hp,2(n), n = 3 (resp 4,5,6) can possibly occur in the
Lawrence-Krammer representation and for which corresponding values of
I and r. All the cases described in the tables are proven in the thesis. The
case n = 6 could be completed by using the Branching Rule. In the ta-

ble for n, each Ferrers diagram associated with a partition of the integer
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n corresponds to a class of irreducible Hp,2(n)-module. Only the irre-

n(n—1)
2

ducible representations of H,2(n) of degree less than the degree
of the Lawrence-Krammer representation are represented in the table. Let
the o;’s fori = 1,...,n — 1 denote the (n — 1) simple roots of the root sys-
tem of type 4,1 and let ¢ denote the set of all the positive roots. There
are "(”T_l) of these. The Lawrence-Krammer vector space V(™ is the vector
space over Q([, r) with the generating set {x3|3 € ¢}, indexed by all the
positive roots. Thus it has dimension @ If 8 =a;+---+aj_1isapos-
itive root where 7 < j, then to simplify the notations, we let w;; denote the

1
% vectors

vector Tg,4...1a; ;- Thus, VOB spanned over Q(/, r) by the
w;j with 1 <@ < j < n. These are the vectors that appear in the tables of

the Appendices.

Some History and Recent Developments

The BMW algebras of type A were introduced by J. Murakami in [13] and
separately by ].S. Birman and H. Wenzl in [2] in order to try to find faith-
ful representations of the Braid group. Birman and Wenzl wanted to use
these algebras to construct representations of the Braid group B,, over n—1
generators in order to investigate wether this group is linear. Linearity of
a group means that there exists a faithful representation into GL(m,R) for
some positive integer m. Burau discovered an n-dimensional representa-
tion of B,, that was faithful for n = 3, but shown not to be faithful for
n > 9 (Moody, [11]). For a long time, if it was known that B,, was linear
for n € {2,3}, for n > 4, the problem remained open. Krammer later in-
troduced a representation of B,, and showed it to be faithful for n = 4 (cf

[7]). Since the same representation occurs in an earlier work of Lawrence,
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it is called the Lawrence-Krammer representation. In [1], using topology,
Bigelow proved the Lawrence-Krammer representation to be faithful for
all n, thus stating that all the Artin groups of type A are linear. Shortly af-
ter, Krammer also showed with specific real values of the parameters that
his representation is a faithful representation of the Braid group, using al-
gebraic methods this time (see [8]). In 2002, A.M. Cohen and D.B. Wales
generalized the Lawrence-Krammer representation to Artin groups of fi-
nite types, as well as their proof of linearity, thus showing in [5] that ev-
ery Artin group of finite type is linear. Following the observation that the
Lawrence-Krammer representation of the Artin group of type A, factors
through the BMW algebra of the same type, they then generalized the def-
inition of BMW algebras to other types D and E and built representations
of these algebras that they showed to be generically irreducible.

As part of this work, we show that if the Lawrence-Krammer space has
a proper invariant subspace W, the g; conjugates of the ¢;’s all annihilate
W. That is how the Main theorem implies that for these specific values of

the parameters [ and r, the BMW algebra B of type A, with parameters [

1

and m = ;- —r is not semisimple. Hans Wenzl showed a similar result when
he states in [15] that these algebras are semisimple except possibly if 7 is a
root of unity or [ = r* for some k € Z, where he also considers complex
parameters. However, he does not prove or mention for which integers k
or which roots of unity the algebras fail to be semisimple. Hebing Rui and
Mei Si more recently obtained the same result as ours in showing that for
the values of [ and r that we found (and other values), B is not semisimple.

They used the representation theory of cellular algebras.



Chapter 2

Background and Notations

We consider the BMW algebra B(A,,—1), with nonzero complex parameters
m and [, as defined in [4]. In this thesis we build a representation of the
algebra B(A,_1) and we find necessary and sufficient conditions on / and
m so that it is irreducible. Throughout the thesis we will use the change of
parameter m = 1/r — r, so that the two relevant parameters will be [ and r.

We recall below the relations defining B(A,,_1), where we assumed r2#£1

and so m # 0:
9i9i = 959 Vi<ij<n-1,li—j]>2 (1)
9i9i+19i = Gi+19igi+1 Vi<i<n-—2 2)
e = %*(gg—i—mgi—l) Vi<i<n-1 3)
giei = [~te; Vi<i<n-1 4)
eigirie; = le; Vi<i<n-—2 5)
eigi—1e; = le; V2<i<n-—-1 (6)
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as well as some important and direct consequences of these defining rela-

tions:

eigi = 1 lte Vi<i<n-—1 (7)
gi2 = 1—mg +ml e Vi<i<n-—1 (8)
gt = g+tm-—me Vi<i<n-—1 ©9)

We will also use the “mixed Braid relations”:

gigi+1€i = €i}16€; Vi<i<n-—2 (10)
gigi—1€;i = €i_1€; V2<i<n-1 (11)
gieir1€i = gir1€ei +m(e; —ejp1e;) V1<i<n-—2 (12)
giei—16; = gi—1e;+m(e; —ei—1e;) V2<i<n-—1 (13)

Finally, for any node i = 1,...n — 1, we will make use of the idempotent

-1/l
1/r—r

relation e? = x ¢; where the parameter 7 is defined by z = 1 —

i =

We will work over the field F' = Q(r,1). Let I; and I be the two-sided ide-
als of B(A,,—1) respectively generated by the e;’s and the e;e;’s with i ~ j
as in [4]. The representation will be built inside I; /I5. It is shown in [12]
that the BMW algebra B(A,,—1) is isomorphic to the Kauffman algebra 7'M,
and from now on we will think of BMW elements in terms of tangles. The
algebra B(A,_1) acts by the left on the subspace of I /I spanned by the
elements with a fixed bottom horizontal line joining any two nodes, giving
to this subspace a structure of B(A,,—;)-module. We fix such a bottom hor-
izontal line and we denote by V' the corresponding subspace. Without loss

of generality we take this horizontal line to be the one joining nodes 1 and



CHAPTER 2. BACKGROUND AND NOTATIONS 11

2 on the bottom line. From now on, all the elements that we consider are
in V and so they are linear combinations over F of tangles all having their
nodes 1 and 2 joined on the bottom line. When two tangles have the same
top horizontal line, we will say that they are “similar” as in the definition

below:

Definition 1.
Two tangles in 'V are "similar” if their respective top horizontal lines are the same,

with this top horizontal line overcrossing the eventual vertical strings.

We now recall some basic facts about the Artin group of type A4,,_; and its
associated root system and we introduce a set of tangles in V' that contains
as many elements as there are positive roots and which is in correspon-
dence with the set of positive roots. These tangles are obtained by picking
any random top horizontal edge. Moreover, we agree that this top horizon-
tal edge always overcrosses any of the vertical strings that it intersects.

Let M = (m;;) be the Coxeter matrix of the Artin group A of type A,,_;
with generators sy, ..., sp—1. Let (¢;)i=1. n—1 be the canonical basis of R"~*
and let B) be the canonical symmetric bilinear form over R"~! associated

to M.

2 )i —j| > 1,
B (€i,€) = —cos(m/mi;) where my; = <3 if li—j|=1

1 ifi=j

Fori =1,...,n — 1, let sy, denote the reflection with respect to the hyper-
plane H; := KerBy(.,¢;). By the theory in [3], we know that the Coxeter
group W of the Artin group of type A, _; is isomorphic to the reflection

group spanned by the sy,’s. We have a root system and W is finite as it
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permutes the roots. Hence B), is an inner product and throughout the
paper we will denote it by (, ). Finally, instead of €;, €2, ..., €51, We de-
note the simple roots by a1, ..., a,—1 and the associated simple reflections
SH1, .-, SH,_, by 1,...,rpn—1. We associate to each positive root 3 a tangle
in V in the following way: «a; is e;. Each positive root is then built from
a1. For 3 € ¢T, where ¢ is the set of positive roots, let wg, be the unique
element in the Weyl group of minimal length mapping «; to (3, as in [4].
For instance, we have wq,1 = r172 and Waytag+a,,1 = T4r37172. Taking the

same notations as in [4], there is a map:

> S84;...54

where 7;,...7;, is a reduced decomposition. To have this map well defined,
we need to show that if r;,...r;, and r;,...r;, are two reduced decomposi-

tions in W such that r;,...r;, = rj,...rj, then s;, ...s;, can be transformed into

l

5j,...5j, by using the braid relations

$iSj = SjS; Vi<i,j<n-—1/]i—j|>2 (14)

S$iSi4+1S8i = Si4+15iSi+1 V1 § /) S n—2 (15)

This is Matsumoto’s theorem and it is stated (and proved) in [10].

And there is a morphism of groups:

A % B(A,1)*

S; gi

where B(A,,_1)* is the group of units of B(A4,,_1).
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We denote by ¢ the composition of these two maps and we now associate
to 3 the BMW element p(wg;)er. Thus s is associated with gigo2e; and
using the relations defining B(A,,—1), this element is in fact eze;. Similarly,
o+ a3ty is associated with g4g3g1 goe1, which can be rewritten to g4g3eseq
thanks to relation (10). We note that more generally, the «;’s are associated
with the e;e;_1...e1’s and are obtained from «; by shifting the top horizontal
line to the right. Then from «;, get a positive root o; + ... + 4k by acting
by the left on e;...e; with g;1k...gi+1, the top horizontal line crossing now
k vertical lines. More generally the top horizontal line of the tangle repre-
senting a root of height h always crosses h — 1 vertical lines. We denote
by W the subspace of V spanned by these tangles and by 5 the basis of W
composed of these tangles. By construction, the cardinality of B equals the
number of positive roots.

We also introduce elements X;; in T'M,, which will be useful throughout
the paper. By definition, X;; is the element with two horizontal lines, one
at the top and the other one at the bottom, both joining nodes ¢ and j, all
the other nodes being joined by straight vertical lines. Moreover, in this
definition we will take the horizontal lines overcrossing the vertical lines.
We note that there are as many elements X;;’s as there are positive roots
since for each positive root we built a unique tangle in V' by taking «; to be
e1 and by letting the horizontal edge on the top line vary for the other ones,

allowing all the possible combinations. And in fact,
i< << n)| = 1o*] = 181 = ()

The following lemma relies on the fact that the X;;’s are conjugate to the

7

€; S
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Lemma 1. Vz, (a: € ( KerX;j =VkVl, g € Ker ek>

1<i<j<n

PROOF OF THE LEMMA: let x be in the intersection of the kernels of the
Xi;’s. By definition, we have ez = 0. Then, by (7), it comes ej gz = 0. So
we get: grx € Ker e. Next, from X022 = 0, we derive 9k+16k91;i1$ =0,
which implies ey, gk_jlx = 0, by multiplying by the left the last equality with
g,;il. Hence, gk_ila; € Ker ej. By using (9), it follows that gx41x € Ker eg.
Also, from Xj_1;+12 = 0, we derive g,;_llekgk_lx = 0 which implies that

gr—17 € Ker ey. At this point we have for any two nodes k and I:
if k=1orif k ~ [ then gz € Ker ¢

Further, if k » [, by using the braid relation (1) and the polynomial expres-
sion (3), e, and g; commute and it immediately follows that gjz € Ker e.

Thus we have proved the lemma.

Corollary 1. Vx € N Ker X;;, V1<l <n-1, gl’lace N
1<i<j<n 1<k<n—

Ker e
1

PROOF: direct by using the lemma and relation (9).

We now prove the stronger lemma:

Lemma 2. Vz, (x e N KeXjj=Vl,gzxze () KerXi])

1<i<j<n 1<i<j<n

PROOF: Given an x in the intersection of the kernels of the X;;’s and given
Jj > i+ 2, we want to show that gy € Ker X;; for any node I. The case
| = i+1 has already been seen in Lemma 1. The idea is to consider different

conjugation formulas for X;;. And indeed, let’s first write:

1 -1
Xij = gj-1---Git16 Jiv1---95-1

From there we deduce two things:
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- If k= {i,...,j — 1}, then g, x € Ker X;; as g, commutes with all the

elements composing the word above.

- gj—1x € Ker X;;. Indeed, we have in the case j > i + 2:

-1 —1
ijg]_l'x = (gj—l .. 0i1+1 64 ng <o gjfl)gj_lx
= 9j-1(9j-2---gir1€i g5 - g )

=0 since x € Ker X;;_1
If j=i+4+2,wehave X;;10 = g;11€; gijrll and it follows that
Xiit2 gi12 = git1 €, = 0 since x € Kere;.

We now deal with the nodes i, 7 + 1,...j — 2. Instead of starting from the
left with e; like in the previous decomposition for X;;, we start from the

right with e;_; and get the following expression:
Xij=g;7" .. .g;_lg €j—19j-2---i (16)

Again we deduce two things from this writing:

— Let k be any value in {2,...,5 — i — 1}. We look at the action of Xj;
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on g;_j . We get successively:

-1 -1
Xijgj—k® = g; ---9j0€j-19j-2---9iJj—k T
1 —1
= 9 ---9;2€¢-19j-2---9j-k9j—k-19j—-kYj—-k—-2---Gi T
| -1
= 9 ---9;-2¢-19j-2---9j-k+19j-k-19j-kGj—k—-1-- - GiT
— 41 -1 . ) .
= 9 ---Y9; 29j-k-1€j-19j-2---Gi &
-1 -1 -1
= 9 -9 99 161 gj—2...9ix —mX;;x
1 -1 -1 -1 -1 ,
= 9 -9 k-19j-k9j—k—1---9j_2€j-19j—2---Gi T
1 -1 -1 -1 -1 -1 ‘
= 9 -9 k29 19 -k-19j—k---9j—26-19j-2---9i X

—1 —1 —1
= gj—kgi --‘gj_gej—lgj—Z---gix
_ -1 5.
= Ykt

= 0

To quickly manipulate the equalities above, it will be useful to notice
that moving from the right to the left, the indices increase on the right
of e;_1 and they decrease on the left of e;_;. We have the first equality
by definition of X;;. The second equality is obtained by using the
braid relation (1), commuting g,y till we reach g;_j_ and the third
one is obtained by using the braid relation (2) on the nodes j — k and
Jj—k =1 gj_rgj—k-19j—k = 9j—k—-19j—k9j—k—1. One of the factors
gj—k—1 lies now next to g;_j41 and we may again apply the braid
relation (1) repeatedly to move it to the left of e;_;. This is the object
of the equality number four. Next since all the terms on the left of
ej—1 are inverses, it is natural to express g;_; in terms of its inverse
by using (9). The fifth equality is obtained by using (9) and the fact

thate;_r_1ej_1 =0 (since j —k —1 € {i,...,j — 3}). When the factor
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gj—k—1 “disappears” in (9), it yields X;; x, which is zero by choice of
x in the intersection of all the kernels. Thus, in the product, g;_;—1
may in fact be replaced by gj__lk_1 without modifying the word. Next,
in the equality number 6, we commute gjilkfl to the left till we get
stuck. Then we apply again the braid relation (2) on the inverses to
get the equality number 7. We may now move gj__lk, to the extreme left
by using again the commuting relation (1) on the inverses. It finally
allows us to isolate X;; which acting by the left on x yields 0. Thus,

we have proved the following:

VEe{i+1,...5 -2}, grx € Ker X;;

- The second thing that we derive from the expression (16) is direct:
gt .gj:l2 ej_19j—2---9i—19i 9ix = 0 by expanding the square g7
with (8) and using the fact that X; 1 ;2 = X;;z = e;2 = 0. Thus,

we have g; z € Ker X;;.

It remains to show that g;_1 x € Ker X;; and g; x € Ker X;; Let’s write:
Xij = g; ' Xij19;

The trick here is to go “one node too far” to make a g; appear on the right
extremity of the word. Then, using the formula g7 = 1 —mg; + ml™'e;
and the fact that X; ;.12 = X;;2 = e¢;z = 0 by our hypothesis on z, it
immediately follows that X;; g; x = 0. Hence we have g; v € Ker X;;.
Finally we write:

Xij = gi-1Xi—19; 4

Here, the trick is to go one node backwards to make a “g;_1” appear. It
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follows that X;;g;—12 = ¢i—1X;—1;2 = 0 since v € Ker X;_1;. Hence

gi—1 2 € Ker X;; and we have now proved that
Vi, ggx € Ker X;;
We have the immediate corollary:

Corollary 2. Vn, (| KerX;;isa B(A,_1)-module
1<i<j<n



Chapter 3

The Case n=3

In this section we explicitly build a representation of B(A3) in V.

There are three positive roots in As: a1, ag, 1 + a2 and V is spanned by
e1, ege1 and goeq. Acting by g1 on these elements yields:

gier =17 te1, gieser = gaer + mey — meger and g1gae1 = ezey.

Thus, the matrix of the action of g; is given by:

€1 €2€1 go€1

e1 -1 m 0

=: G1(3)
eseq 0 —m 1
ga€e1 0 1 0

Similarly, we have gsese; = [lese; and gagaer = e1 + mi~teser — mgaer.

Thus, the matrix of the action of g is:

€1 €261 g2€¢1

€1 0 0 1

=: G2(3)
eseq 0 -1 ml~1
go€eq 1 0 —m

19
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We verify that the braid relation G1G2G1 = G2G1 Gy is satisfied. Next, for

i € {1,2}, we define E; by the matrix relation:

E; :==1/mx* (G? + mG; — Id) (17)

and we check that for i € {1,2} and j € {1, 2} the matrix relations

G;E; = I 'E; (18)

EG,E = IE (19)

are satisfied. Hence we have a left representation: B(As) — Endp(V).

Suppose now that V' is not irreducible. Then it has a proper nonzero in-
variant subspace U. Let u be a nonzero element of U. Let’s decompose u
over the basis B = (e1, e2e1, g2€1), say u = A1 e1 + A2 eze1 + Az gaeq with

(A1, A2, A3) # (0,0,0). We look at the action of X2 = e¢;. We have:

€11 = e% = XTe
(&) (6261) = (]
ei(geer) = le;

Thus, we get X1ou = (AMz + A2 + A3l) e;. Assume that Xjou # 0 ie.
Mz 4+ As + A3l # 0. It follows that e is in U. Then ese; and goeq are also
in U as U is a B(Az)-submodule of V. Then U would not be proper which
is a contradiction. Hence we have Xjou = 0. This last equality being true
for any nonzero element of U, it comes X12U = 0. Similarly, acting by

Xo3 = eg on an element v of U gives a multiple of eze; and acting by X3
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gives a multiple of goe;. Since

91 (e2e1) = goen 9 (gee1) = e
and )

61(6261) = € (562)(9261) = €2€]

the first set of equalities implies that X23U = 0 and the second set of equal-
ities implies that X;3U = 0 (otherwise U would be the whole space V,
which contradicts U proper). Let S := X2 + Xo3 + X13. Thus, we have
shown that if V' is not irreducible and if U is a nontrivial proper invariant
subspace of V' then SU = 0. This equality implies in turn that det(S) = 0
as U is nonzero. Let’s compute the matrix of S in the basis B. The action
of X9 gives the first row of the matrix, the action of X»3 the second row of
the matrix and the action of X3 the third row of the matrix as we make it

appear on the matrix below:

€1 €2e1 go€1

X12 X 1 l

MatgS =
X23 1 x %
X13 % l x

-1/1
1/r—r

Using the defining relation z = 1 — and solving the equation det(S) =
0 in Maple, we get: det(S) = 0 < | € {—r3,—1,1,1/r*}. Thus if 1 does
not belong to any of these values, then V' is irreducible. Conversely, we
show that if V is irreducible then I ¢ {—73,—1,1,1/r3}. Indeed, for each
of these values of [ we claim that Ni<;<j<3(Ker X;; NV) is a nontrivial
proper invariant subspace of V. It suffices to show that Ni<;<j<3Ker X;;

is a B(Az)-module and that for each of the values of [ above, there exists a

non-zero element in V which is annihilated by all the X;;’s. The first point
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comes from corollary 2 applied with n = 3. To see the second point, we

prove the following lemma:

Lemma 3.
3 1
Ifl=—1" y(3):=—res— —eze1 +ge1 € [| KerX (20)
" 1<i<j<3
Ifle{1,-1}, 2(B)i=e1—eer € (] KerXj (21)
1<i<j<3
1 1
Ifl = e t(3) := el + rege; + goe1 € ﬂ Ker X;; (22)
1<i<y<3

PROOF: forl = 1 orl = —1, itis easy to see that e; — eze; € Kere; by using
z = 1 and the relations e% = ze; and ejeze; = ey. Also, it is immediate that
e1 —ege1 € Ker ey. It remains to show that Xj3(e; —eze;) = 0. On one hand
we have Xi3eq = 91_1629162 = gflleg by (6) and so Xj3eze1 = 91_116261. On
the other hand we have Xj3e; = 91_1629161 = 91—16217161' Replacing [ by

3, we compute z = —r% — 1/r2.

its value yields the desired result. If [ = —r
The left action by e; on y(3) gives after the use of the classical relations
(—rz — 1/r + l)e;, which after simplification is zero. Similarly, we ob-
tain ep.y(3) = (—r — /r + 1/l)eze; and the coefficient in the parenthesis
is zero after replacing x and [ by their respective values. Let’s now com-
pute Xi3.y(3). We have: Xj3g2e1 = (ggelggl)ggel = g2e% = x goe1. Next,
from eze; = gig2e1, we derive g, Leger = gae. Using the formulas above
that give the actions of X3 on eze; and e; respectively and replacing now
91_16261 with gae1, we get: X13.y(3) = (—r/l—1/r+x)g2e1 = 0. This finishes
the proof in the case [ = —r3. Finally, (22) is obtained the same way as (20)

and is left to the reader. We may now state the following theorem:

Theorem 1.

Spang (e, ese1, goe1) is an irreducible B(Az)-module iffl ¢ {—r3,—1,1,1/r3}
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The Case n=4

Here W is spanned over F' by
€1,€2€1, g2€1, €3€2€1, g3€2€1, g3g2€1
and the six positive roots are (in the same order):
aq, 09,01 + (g, a3, g + a3, 1 + Qg + 3

Generally speaking, in B(A,,_1) we will always order the roots in the fol-

lowing way:
a1, g, da+aq, a3, agtag, aztas+aq, ..., p—1, Op—1+0p—2, ..., ¥p—1+...+ 0

Recall that one top horizontal line is enough to determine a positive root.
Geometrically, moving from the left to the right on the top line, start with a
node > 2 and join it to its left neighbors, the closest nodes being considered
tirst. We note and we recall that the height of a root increases with the num-

ber of crossings. The main interest of ordering the roots this way is that the

23
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action of g1, g2, ..., gn—2 ONn a positive root 3 whose support does not contain
the node n — 1 has already been computed in the case of B(A,_2), as the
tangle representing 3 in B(A,_;) is obtained from the tangle representing
B in B(A,_2) by adding a vertical line on the right side, which is left invari-
ant with the action of the elements ¢, g2, ..., gn—2 (such actions don’t impact
the last node). As we will see later on, this ordering of the basis will allow
us to define the matrices of g1, ..., gn—2 by blocks, inductively on n.

We try the same method as in the case n = 3. The difference is now that
there are two vertical braids instead of one and they can either cross or not.
Only in this part, we will denote by W€ the subspace of V' spanned by the
tangles representing the positive roots as in W with the difference that their
two vertical strings are overcrossing. B¢ denotes the basis in W* formed by
these elements. We look at the action of g1, g2, g3 on B and B¢ respectively.
We first deal with the non crossed tangles. When acting by the g;’s, cross-
ings appear. However, we still use matrices as a way of representing the
actions. We will indicate that there is a crossing by adding a ¢ when the
crossing is over and a ¢’ when the crossing is under, as an exponent on the
right hand side of the coefficient (those special coefficients are indicated by

boxes in the matrices below). For instance, with our conventions,

g1(gseze1) = me;1 + gsgoe1r — mysezeq

means

g1(gzeze1) = meq1g3 + gzgeer — mysezeq

and

93(g3g2e1) = gaer — mgsgaer + (ml ™) ezese;
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means

93(939261) = go€e1 — Mmgsgae1 + ml~?! e3ezelg§1

We gather the results of the action of g; in the following matrix:

€1 €2€1 g2€1 €3€2€1 g3e2€1 gzga€i

e Ym0 0 0
ese1 0 —m 1 0 0 0
gseq 0 1 0 0 0 0

esezer | 0 0 0 0 0
g3e2¢1 0 o0 0 0 —-m 1
g3g2€1 0 0 0 0 1 0

And similarly, we get the matrix corresponding to the action of g». For

instance, we have:

g2(g3g2€1) = g3g293e1 by the braid relation (1)

= (g3g2€1)g3 by commutativity of e; and g3,

which yields the coefficient of the bottom right hand side.

€1 €2€1 g2€1 €3€2€1 g3€2€] g3gae€l

e1 0 0 1 0 0 0
eseq 0 It mi=t m 0 0
goe1 1 0 —m 0 0 0

€3€2€1 0 0 0 —m 1 0
gsese] 0 O 0 1 0 0
g3g2€1 o 0 0 0 0

Finally the matrix corresponding to the action of g3 is:
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€1 €2€1 g2€1 €3€2€1 gsez€q gsgae1
el 0 0 0 0 0
eseq 0 0 0 0 1 0
goer 0 0 0 0 0 1
ezezel o 0o o ! mi=t | (ml™)
g3€2€1 0 1 0 0 -m 0
g3g2€1 0 0 1 0 0 -m

Note that these matrices can be obtained by using the classical relations of
the B(As3) algebra looking at the action of the g;’s on the elements of the
basis of W, or can be obtained by manipulating the tangles in T'M,. Both
ways lead of course to the same result and it is to the reader to determine
which way (or which combination of ways) he or she decides to use. While
it is easy to see the action of g; on ey, ezeq, gae1, gzeaer, gzgaer by using the
rules of the first page, it is direct to see the overcrossing for the tangle ezeze;
after the left action by ¢;. Because of the terms in the boxes, we see that W
is not a B(Az)-module. An idea is to look at the action of the g;'s on the
crossed roots e1gs3, e2e193, g2€193, €3€2€193, g3€2€193, gsgze193 which span
W€ to see in turn what we get and exhibit from there an invariant subspace.
Obviously, the coefficients which are not in the boxes are unchanged since
all we do is make the words bigger by adding to them a factor g3 on the
right (which makes the crossing appear) and the action by the g;’s on these

words takes place on the left. Next, we have:

g1(egeze1gs) = es(giezer)gs by commutativity of e; and g3
= e3(gee1 +m(e1 — eze1))gs by (12)
= e3g2€193 — megegegs since ese; = 0in I /1
= e3g2g3e1 — megeze1gs by commutativity of e; and g3

= egegze; —megeze;gs (23)
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The last equality is obtained by using (11) and the anti-involution on prod-

ucts of generators of B(A4):

9i1---9iqg — Giy---Gig

We also have:

g1(gzeze1g3) = m(eq —me1g3) — mygseze1gs + gzga€193 (24)
g2(9392€193) = g382€1 — mg3g2e183 (25)
g3(e1gz) = €1 —meigs (26)

We notice that:

1¢ is replaced by "noncrossed — m crossed” as in (23), (25) and (26)

m¢ is replaced by "m(noncrossed — m crossed)” as in (24)

And indeed, we look at the left action of the g;’s on words of the form wgs.

For such prefix w we have established that:

giw = A w/gg +s (27)

where i is adequately picked, with X the appropriate coefficient and with s

a sum of noncrossed terms (eventually zero). Now we have:

gi(wgs) = (giw)gs by associativity
= Awgi + sg3 by replacing with (27)

= ANw —mw g3+ mi~'w'es) + s g3 by application of (8)
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But w' belongs to W and has its nodes 1 and 2 joined on the bottom line.
Then, the tangle obtained by multiplying w" with ez has nodes 1 and 2, 3
and 4 respectively joined on the bottom line, hence is zero in I /I. So we

finally get:

gi(wgs) = Nw' —mw'gs) + sgs (28)

Thus,

A is replaced by X (noncrossed —m crossed)

It remains to compute

93(g3g2€193) = gae193 — mgsgae1gs +mil 'esgaergs by the rule (8)

= goe1g3 — mgagae1gs +ml ! ezeser

to see how the last box is being modified. Here the last last term of the
last equation is obtained from esg2e;1g3 by commuting e; and g3, then ap-
plying the rule (11) with the anti-involution described above. Note that
another way to see it is to notice that the term in the box is nothing else but
ml~'eseze1 g5+, where g5 ' makes the undercrossing appear. Then acting by
g3 on the left yields the non crossed term ml “lesegey.

We summarize our results in the matrices below. Like in the non crossed
case, these matrices are not mathematical objects, but are used as a conve-

nient way of representing the actions of the g;’s.

For the action of ¢g; on the elements of B¢, we get:
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€193 €2€13g3 §2€13g3 €3€2€13g3 g3€2€193 g392¢€193

€193 It m 0 0 m(1" —m)| 0
€2€103 0 —-m 1 0 0 0
g2€193 0 1 0 0 0 0

€3€2€193 0 0 0 (1™ —m 0 0
g3€2€193 0 0 0 0 —-m 1
9392€193 0 0 0 0 1 0

And similarly we represent the action of g» on B¢ by the matrix

€193 €2€193 g2€13g3 €3€2€193 g3€2€193 g3g2€143

€103 0 0 1 0 0 0
e2e193 0 l_l ml_l m 0 0
g2e13g3 1 0 —m 0 0 0

€3€2€1g3 0 0 0 —-m 1 0

g3€2€193 0 0 0 1 0 0

g3g2¢193  \0 0 0 0 0 1" —m

and we represent the action of g3 on B¢ by the matrix

€193 €2€193 g2€1g3 €3€2€193 g3€2€193 g3g2€193

€193 1" —m| 0 0 0 0 0
e2e193 0 0 0 0 1 0
g2€193 0 0 0 0 0 1

€3€2€193 0 0 0 11 ml~t | (mi~h)ne
g3e2e193 0 1 0 0 —m 0
9392€193 0 0 1 0 0 -m

Let’s now consider the subspace W, of W defined as follows:

W, := Spany(e1 + 7 e193, eae1 + reze1gs, gee1 + 1 gae193,
esezeq + 1 ezeae193, g3eze1 + 1 gseze193, gzgae1 + T g3gae1gs)
W, is spanned over F by linear combinations of non crossed tangles span-

ning W and their corresponding crossed tangles spanning W¢. The span-

ning elements above form a basis of W, that we denote by B,.. We will show
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that W, is an invariant subspace. To that aim, let’s consider the linear com-
bination of non crossed tangle and crossed tangle w+r wgs. Using (27) and

(28) above, we compute:

gi(w+rwgs) = Ar w + (1-— mr)w/gg) + (s + 7sg3)

= )\r(wl + Tw/gg) + (s + 7rsg3) (29)
—_———— ————
eWw, eW,

Further, we have:

g3(g3g2e1 + 7 gzgae193) = (g2e1 + r gae1g3) — m(gsgae1 + T g3g2€193) (30)

+mi ! (egeze1g; * + reseser)

But using the tangle formula:
T =T +m(T° —T) (31)

which is one of the defining relations of the Kauffman’s tangle algebra (see

[12]), we can express ezeze19gs L as a sum of two similar tangles as follows:
—1
esexe1gs = ezeze1gs + mesege;

T being zero for this tangle as we work in I; /5. It follows that (30) can

be rewritten in the following way:

g3(g3g2e1 + 1 gzgae1g3) = (g2€1 + 7 gae193) — m(gzgaer + 7 g3g2€193)

+ mlil((m + 7")636261 + 63626193)
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1

Recall that by definition, m = r~! — r, so that m + r = r~!1. Hence, we

finally get:
EW, EW,
93(g3g2e1 + 1 g3g2e193) = ((g2e1 + 7 g2e193) — m(g3g2e1 + 7 g3g2€193)
mil~1 (32)
+ (eseze1 + 1 eszexe193)

eWw,

Since the columns that don’t contain any box in the matrices are the same
in both cases crossed and non crossed, we conclude that W, is an invariant
subspace of V as announced. Let’s give the matrices of the left actions
by g1, g2 and g3 in the basis B,. We denote them by G1(4), G2(4) and G3(4)
respectively. We need to replace the coefficients in the boxes by appropriate

new ones. And in fact, we see that

by (29), | A must be replaced by Ar (33)

and

-1

by (32), (ml™")¢ must be replaced by m

r

(34)

We obtain the following matrices:

It m 0 0 mr O
0 -m 1 0 0 0
0 1 00 0 0
Gi:=19 0 0+ 0 o
0 0 00 —m 1
0 0 00 1 0
0 0 1 0 00
0 ' mlI™' m 0 0
1 0 —-m 0 00
Ga(4) = 0 0 0 —-m 10
0 0 0 1 00
0 0 0 0 0 r



CHAPTER 4. THE CASE N=4 32

r 0 0 0 0 0
000 O 1 0
000 O 0 1
G3(4) = 0 0 O lfl ml*l ml’l
010 O —-m 0
001 O 0 —-m

We verify that the braid relations (1) and (2) of the front page are satisfied
on these matrices and using these matrices, we define new matrices E;(4)

fori € {1,2,3}. They are given by the formula:

l

m

Ei(4) = —(G}(4) + mGi(4) — I5) (35)

where I is the identity matrix of size 6. We check in turn that the relations
(4), (5) and (6) are satisfied on the G;(4)’s and F;(4)’s. Hence we get a
representation of B(A3) in W, which is defined on the generators e, e, e3,

g1, g2, g3 of the BMW algebra B(A3) by the map:

B(As) — M(6, F)
g1, 92, 93— Gi(4), Ga2(4), G3(4)
e1, e2,€3 +—— Ei(4), Ex(4), E5(4)

Suppose that W, is not irreducible. Let U be a non trivial proper invariant
subspace of W,. We claim that the X;;’s, 1 < i < j < 4 act trivially on
U. Indeed, suppose that there exists a non zero element « in U such that
Xiju # 0. Since the tangle resulting from the product X;;u is in W, and is a
linear combination of tangles having their nodes i and j joined at the top,
with the edge (ij) overcrossing the eventual vertical lines that it intersects
as in X;;, and their nodes 1 and 2 joined at the bottom, it must be propor-
tional to the element of B, having the same horizontal lines. Let’s rename

the six elements of the basis B;.:
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B, = (xau Tagy Las+ars Lazs Lagt+azs xag—i-ag-&-al)

So X;j;u is proportional to an xg where 3 is one of the six positive roots.

Recall that by part 2, an expression for x4 is:

g = p(wsi)er +ro(wpr)eigs
= ¢(wg1)(e1 + re1gs)

= p(wp1)Ta, (36)

We see with (36) that any x5 can be obtained from z,, by multiplying z,,
by the left with an element in B(As3). Moreover, p(wg;) is invertible as it
is a word containing only g;’s by construction. We conclude that if x4 is
in U, then z,, is in U as U is a B(A3)-module and then all the other xz,
with v € ¢1 \ {1, 3} are also in U by above. Now if X;;u is non zero and
proportional to xg, then x5 is in U and by what preceeds all the elements
of the basis B, are also in U. It implies that U = W,,, which contradicts the
fact that U is proper. Thus, X;;u = 0 for all u € U and since the argument
can be applied to any of the X;;’s, we have actually proved that all the X;;’s

annihilate U. Their sum also annihilates U. Let’s consider their sum:

S = X2+ X3 + Xia + Xoz + Xog + X34

It comes:

SU=0

Since U is non zero, we must have det(S) = 0. We will compute the ma-
trix of the left action of S in the basis B, and then compute its determinant.

Note that each row in this matrix corresponds to the action of one of the
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Xi;;’s. The matrix can be obtained by calculating the actions of the Xj;’s
directly on the tangles o, , Tay, Tastar, Tass Taz+ass Tas+ast+a; O DY us-
ing Maple, the expressions of G1(4), G2(4), G3(4), the formula (35), the
formula (9) and the conjugation formulas for j > i + 1:

_ 1 1
Xij =9gj-1---Gi+1€i 91 --- 954

We get the matrix:
Tay Loy Tyt Tas  Tastas Tastastar
X [ x 1 l 0 r Ir
Xo3 1 = 3 1 l 0
Matp, (S) = X3 | 1 1 x PN TAN
X34 0 1 1 z 1 L
X | 7 7 =DG—17) 1 x 1
Xu \ £ 0 1 Ir I .

Using Maple to compute the determinant of this 6 x 6 matrix, we get that

det(S) is zero if and only if I € {r, —r3 1 —1 L1 and we conclude that

) o r) o

if W, is not irreducible then [ must be one of these values. Conversely, we
show that if [ takes one of these values, then IV, is not irreducible. It suffices

to exhibit a nontrivial proper invariant subspace of W, for each of these

values of [. In what follows, we will denote by T the set {r, —p3 1 1L

) r) pd

Proposition 1. If [ belongs to the set Ty then (| (Ker X;; N W,) is a non
1<i<j<4
trivial proper invariant subspace of W,.

PROOF: by corollary (2) applied with n = 4, we know that (| Ker X;;
1<i<j<4
isa B(Az)-module. Hence () (Ker X;; NW,) is an invariant subspace
1<i<j<4
of W,.. It is obviously not W, itself since for instance e; + rej1g3 € W,, but
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ea(e1+reigs) =# 0,sothate; +rejgs ¢ Kerey, whichimplies e;+7e193 ¢
N (KerX;; N W,). It remains to show that [\ (KerX;; NW,) is

1<i<j<4 1<i<j<4

non trivial. To this aim, we show the following lemma that exhibits for

each value of [ in T an element in W, that is annihilated by all the X;’s:

Lemma 4.
2
Let $(4) =T Tajdas T Tastas = T Tag+astas = T Tas
dy(d) = —12ae, — L -
and y(4) = —r°xq, ZLaz T Tajt+astas — Tas

ﬂnd 2(4) = -’I/‘al + xoc3 + xal+062+043 - xa?

/
and z (4) = Togtastasz — Lag

1 2 1
and t(4) =2 log +r Lag + rLar+as + T Tag+as + Laj+astas + Loy

We have for the distinct values of I:

Ifl =r then z(4) € ﬂ Ker X;; (37)
1<i<j<4
Ifl=—r"theny(d)e [\ KerXy; (38)
1<i<j<4
Ifl=— then=(1)e (] KerXy (39)
r 1<i<y<4
1
Ifl== then?(4)e (| Ker Xy (40)
" 1<i<j<4
1
w:ﬁtmm@e(jkw&j (41)

1<i<j<4
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PROOF OF THE LEMMA: Since each row of the matrix, say M (I), of the left
action of S on the basis B, corresponds to the action of exactly one of the
Xi’s, it suffices to verify that M(r)X = 0, M(—r3)Y =0, M(-1/r)Z =0,
M(1/r)Z" = 0 and M(1/r°)T = 0 where X, Y, Z, Z', T are the column

vectors respectively corresponding to z(4), y(4), z(4), 2'(4), t(4) in the basis

B,.
2 1 r 0 7 72 0
1 2 % 1 r 0 |f—r
1 2
Lo % T (1) 71“ T —0
01+ 2 1 Lflo
Lo r 2 11
%2 0 % 2 or 2 —r
—%2—7‘2 1 —r3 0 T —rd —r?
1 -5 -r2 -4 1 —r3 0 -1
—T% —r3 —Tl —r? T 1—rt —r3 0
L T et DR I |
T S T |
—%4 0 —%3 —r —r3 —Tl —r2 1
1 -1 0 ro -1\ /1
1 2 - 1 - 0 |[-1
1 1 2 1
PR A I
T
% —r T2—r% —% 2 T 0
-1 0 - -1 -1 2 J\1
T
01 %0 r 1\ /0
10 r 1 : 0]]-1
r % 0 r 2—%2—7“2 % 0 —0
01 20 r 1] o0
101 0 r [l o
10 r 1 1 0/\1
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1 1 1
1 2z rd 1 % 01]1
7o %5 z N %4 — %6 %5 % —0
0 1 % z ro rt r2
% P 1— %2 4+t — 96 %5 z rd r
4 5 1 1
r* 0 T pev's o z 1
where in the last matrix z := — (r4 + %4 +7r2 4+ T%) These equalities end the

proof of the lemma. We are now able to conclude. By proposition 1, if [ is
in T then W, is not irreducible as it contains a non trivial proper invariant
subspace. Conversely, we have seen above that if I, is not irreducible then

I must belong to Ty. We summarize this result in a theorem:

Theorem 2. Spanp(Ta,, Tays Tagtars Tas, Lag+ass Tastastay ) 1S an irreducible

B(As)-module if and only if | ¢ {r, —r3 -1 1 L

rIr)rd



Chapter 5

The Case n=5

There are ten positive roots:

ot = {1, az, 0 + a1, a3, a3 + ag, a3 + s + ay,

g, g+ o3, 0y +az+az, ou+ o3+ az+ar}

corresponding to the following tangles in V:

€1, €2e1, ga€1, e3€2e1, gseael, gsgaei,

€4€3€2€1, §4€3€2€1, §493€2€1, g4gsga€1

The first six tangles are obtained from the same six tangles in 7'M, by
adding a straight vertical line on the right hand side. Hence the actions
of g1, 92, g3 (which affect only the first four nodes) are the same as in the
case n = 4. We only need to compute the actions of g1, g2, g3 on the four
remaining tangles. But we need to do all the computations for the action
of g4. Crossings eventually appear between the three vertical braids. We
represent them by means of permutations that are either transposes or cy-

cles of lengths three. We will again denote those crossed tangles by their

38
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non crossed analogues, but we will specify the permutation corresponding
to the vertical braids by an exponent on the right hand side of the algebra
element. When the permutation is the identity, the exponent will be omit-
ted. Moreover and unless otherwise mentioned, all the crossings are over.
When there is one undercrossing (on the vertical braids), we will indicate it
with a prime on the transpose and if there are two undercrossings, we will
indicate them with a double prime on the 3-cycle. Let’s compute the action

of g1 on the four tangles involving ay:

gi(esezeser) = egesgiesen by (1)

= ege3zgae; — megegege; by (12) and the fact that ege; =0

= caegeae)’” by (31) (42)
(12)
g1(gaeseze1) = gaesese; (43)
g1(gagsezer) = gagsgieser by (1)

= gag3gee1 +mgagzer — mgagzeser by (12)

. (123) .

= gagzgeer +mey — mgagzeze; (rewriting) (44)
91(949392€1) = gag3gigeer by (1)

= g4g3e2€1 by (10) (45)

(43) was not detailed because it is obtained the same way as (42). Let’s do



CHAPTER 5. THE CASE N=5

the same with go:

40

(46)

(47)

(48)

(49)

(50)

(51)

(52)

g2(eqeseser) = egqgoeseser by (1)
= eqg3zeze; — megeseze; by (12) and the fact that eqes = 0
= 6463626523) by (31)
g2(gaezeze1) = gagaezeser by (1)
= gagzezel +mgaese; —m giesege; by (12)
= gagseze1 +m 626523) — m gsesezeq (rewriting)
92(9agseze1) = gagagsezer by (1)
= gezese by (10)
92(949392€1) = gagag3gaer by (1)
= 94939293€1 by (2)
= g4g3 ggegn) (rewriting)
We have for gs:
g3(esezeser) = gaesese; + mesese; — megezese; by (12)
g3(gaesezer) = eqezese; by (10)
g3(gagseze1) = gagsgsezer by (2)
= gagzeze1gs by (1)
= g4ggege§23) (rewriting)
93(949392€1) = gag3gageer by (2)

= g49392€194 by (1)

= 9493926523) (rewriting)

(53)

Let’s now compute the action of g4 on all the elements of the basis 3 of W.
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We have:

gaer = 6523) (rewriting) (54)
ga(eze1) = e 6523) (rewriting) (55)
ga(gee1) = 926523) (rewriting) (56)
ga(eseger) = gaesege; (unchanged) (57)
ga(gseae1) = gagsesey (unchanged) (58)
ga(gsgze1) = gagsgeer (unchanged) (59)
ga(eqezeser) = [~teseseqer by (4) (60)
ga(giesezer) = ezeser —mgaeseser +ml egezeser by (8)  (61)

ga(gagsezer) = gseser — mgagseser +ml 'esgzeser by (8)
= g3eze1 — mgsgzezer + ml_le4e3€2€§23)/ (62)

94(gag3goe1) = gsgoer — mgagsgaer + mi tesgsgaer by (8)
= g3g2e1 — M gag3geel + ml_164€362€§132)” (63)

In (62), there is one undercrossing indicated with a prime. In (63), there are
two undercrossings that are indicated with a double prime. We summarize

these actions in matrices: the action of g; is represented by the matrix:

IV ' m 0 0 mI2 0 0 0 m23) | o
0 -m 1 0 0O 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
o 0 o0 [11? 0O 0 0 0 0 0
0 0 0 0 -m 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 o o0 (102 0 0 0
0 0 0 0 0 0 0 1(12) 0 0
0 0 0 0 0O 0 0 0 —m 1
0 0 0 0 0 0 0 0 1 0
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The matrix giving the action of g3 is:

0 0 1 0 0 0 0 0O 0 0
0 IV mi™* m 0 0 0 m®P | 0 0
1 0 -m 0 0 0 0 0 0 0
0 0 0 -m 1 0 0 0 0 0
0 0 0 1 0 0 0 0O 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1(23) 0 0 0
0 0 0 0 0 0 0 -m 1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 o o0 102
And the one giving the action of g3 is:

121 0 0 o0 0 0 0 0 0 0
0 00 O 1 0 0 0 0 0
0 00 0 0 1 0 0 0 0
0 00 "% it )| om0 o 0
0 10 0 -m 0 0 0 0 0
0 01 0 0 —m 0 0 0 0
0 00 0 0 0 -m 1 0 0
0 00 O 0 0 1 0 0 0
0 00 0 0 0 0 0 |13 0
0 00 0 0 0 0 0 123

As already mentioned above, in those three matrices respectively repre-
senting the actions of g1, go and g3 on the tangles spanning W, the upper
left 6 x 6 block is the same as in the case n = 4 where the c (resp ¢) indicat-
ing the over (resp under) crossing on the two first vertical braids has been
replaced with our new notations by the transpose (12) (resp (12)"). Finally,

let’s give the matrix representing the action of g4:
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In the case n = 5, it appears to be harder to explicit an invariant subspace
of W like we did previously. In the case n = 4, we got a representation
by multiplying the coefficients in the boxes by r when the crossing was
over (as in (33)) and by dividing them by r when the crossing was under
(as in (34)). Here we try the same method, the power of r increasing with
the number of crossings: if there are two over crossings among the verti-
cal strands, we multiply the corresponding coefficient in the box by r2. If
there are two under crossings among the vertical strands, we will divide
the corresponding coefficient in the box by r2. In other words, a transpose
is replaced by a multiplication by r and a cycle of length three is replaced
by a multiplication by 7? when the vertical crossings are over. A transpose
is replaced by a division by r and a cycle of length three is replaced by a
division by 7? when all the vertical crossings are under. It yields the matri-

ces:

1) 0 0 000 0 0 0 0
o 1®] 0o 000 o0 0 0 0
0 0 1®l o000 o 0 0 0
0 0 0 000 0 1 0 0
0 0 0 000 0 0 1 0
0 0 0 000 0 0 0 1
0 0 0 000 /' m? (ml—l)(23)' (mrl)(l?ﬂ)”
0 0 0 1 00 0 —-m 0 0
0 0 0 010 0 0 —m 0
0 0 0 001 0 0 0 .
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00 0 mr2 0
0

m 0 0 mr

l—l

0

0 -m 1 0

0
0

0
0

—-m 1 0 0
0

0 0O
0

1

0 00 0 —m

0

G1(5) =

0 0

00 0 mr
0

m

0

Y

0
1

0

0

—m

0

0 0

0

—-m 1 0 0

0

-m 1 0

000

0

0
0

0
0
0

0
0

-m 1 0 0

0

0
0
0
0

0

0

0
0
0
0
0
0

r 00 000
0 00O0O
00 r» 0O00O0
0 00O0O0O© O
000O0O00© O
0 00O0O0O© O
000O0O0@ O
000100

l—l

—m

0
0
0

000O0T10

0 00O0O0T1

G4(5)
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All these matrices are invertible and have the same determinant _TTS Asin

(17) and (35), we define for all i € {1, 2, 3, 4}:
l
Ei(5) = —(Gi(5)" + mGi(5) — To)

where I is the identity matrix of size 10. We verify with Maple that the
braid relations (1) and (2) are satisfied on the G;’s and that the relations (4),
(5) and (6) combining the ¢;’s and the g;’s are also satisfied on the matrices

E;’s and G;’s. We define a morphism of groups:

B(A4)* — GLyo(F)

g +— G;i(5)

where B(A4)* is the group of units of B(A,) that we extend to a morphism

of algebras defined on the generators g;'s and ¢;’s of B(A4):

B(A4) — M(10,F)
gi — Gi(5)

€, = Ez(5)
Thus, we have a representation Y of B(A4) in F10:
B(Ay) -5 Endp(F)

defined by T(g;)(X) = G;(5)X forany X € Fl%and anyi € {1, ..., 4}. Let
us denote by £ = (1, €2...,€10) the canonical basis of F19. These vectors
have one on their ith coordinate and zeros elsewhere. G;(5) is the matrix

of Y (g;) in the basis £. Suppose that T is not irreducible. Then there exists



)
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a nonzero proper F-vector subspace H of F''¥ such that Y(w)(H) C H for
any word w in B(A4). In particular, we must have Y (X;;)(H) C H for all
1 <14 < j < 5. Computations in Maple show that the matrices representing
the X;;’s each have exactly one nonzero row: the one corresponding to
the positive root which has a top horizontal line joining the nodes ¢ and
j. For instance, the tangle associated to the positive root ap + a3 has its
top horizontal line joining the nodes 2 and 4 and is the fifth element of the
basis B. And the fifth row is the only nonzero row in the matrix of the
endomorphism Y (X54) in the basis £. Let’s give an explicit expression for
the matrix S representing the sum of the X;;’s. We indicated in front of

each row the corresponding X;;:

1 l 0 r Ir 0 0 r?
x % 1 l 0 0 T Ir
l T r (rf%)(lfr) l 0 r2 (r2 =11 —r)
1 L x 1 = 1 l 0
T GE-nGE- 1 x 3 ro (r=H(-r7) !
0 . Ir l z 2 (2-1)(l-r) (r—LHu-r
0 0 ! : & : : t
: & bd-nd-bh G-ng-h : }
£ G-nd-b o } E-nG-bH ! :
0 = 0 0 5 Ir? Ir l

Suppose now that Y(X»4)(H) is nonzero. Let h be a vector in H such that
Y (Xa4)(h) # 0. T(X24)(h) is a vector in H whose only nonzero coordinate

is the fifth one. It follows that e5; belongs to H. Next, we read on the fifth

Ir

Ir

S|
|

5

~|=
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column of the matrix S:

T(X12)(es) = re1 = e €H
T(Xsa)(e5) = tea = ea€H
T(Xss)(es) = ~er = er€H
T(Xos)(e5) = %69 = e€H

Then we read on the first column of the matrix S:

T(Xlg)(el) = %63 = e €H

T(X14)(€1) = ﬁEG = e € H

Finally, we read on the third column of S:

T(X35)(63) = 7"% € = €e€H
Y(Xi5)(es) = €0 = eo€H
T(X23>(€3) = %62 = e €eH

We conclude that the whole basis £ is contained in H. Thus, H = F,
which contradicts H proper. So Y (X24)(H) = 0. Similarly, the positive root
having nodes i and j joined on the top line in the tanglesis oj_1 + - - - + .
The associated tangle is the {[1+2+ -+ (j — 2)] + (j — 7) }-th vector of the

basis B of W. Hence we have:
(T(X,J)(h) ?é 0, some h € H) — <€(j—1)2(j—2)+j_i € H)

Next, we observe that in each column of S, there are at least six nonzero

and non diagonal coefficients. In particular, there are at least six nonzero
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and non diagonal coefficients in the column % of S, where

poo W=D -2

5 +7—1

From there, reasoning like above, we deduce that there are six other ele-
ments of the basis B, say ¢;,, . . . €, that are in . We need to verify that the
three remaining ones, say ¢, €;, and ¢;,,, also belong to H. We notice again
that in each row of S, there are at least six nonzero and non diagonal coef-
ficients. Let s, ..., Sigjs be six non zero and non diagonal coefficients of
the ig-th row of S. Necessarily, there exists s € {2,...,7}and t € {1,...,6}

such that is = j;. It comes:
Y (Xki)(€i,) = Sigji€is

where X, is in front of the ig-th row. It follows that €;, belongs to H and
the same method applies to show that ¢;, and ¢;,, are in H. We conclude
that Y(X;;)(H) = 0, since otherwise H wouldn’t be proper. This equality
holds for all the X;;’s, hence considering their sum S, we get Y(S)(H) = 0.
In other words, we have Vz € H, Sz = 0. We conclude that if T is not
irreducible, we must have det(S) = 0. Using Maple yields the equivalence
det(S) = 0 <1 € {r, —r3, — 5, &, L}. Let’s show conversely that for

any of these values of /, the representation T is not irreducible. First, we

show that

T (gi) ( m Ker Y(Xij)) C ﬂ Ker Y (Xij)

1<i<j<5 1<i<j<5

for all kin {1, ..., 4}. Let h be a vector of F'? such that Y(X;;)(h) = 0

forall1 <i < j < 5. Giveni and j such that 1 < ¢ < j < 5, using the
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conjugation formulas for X;; and the algebra relations like in the proof of
lemma 2, but this time on the matrices, we get Mats(Y(X;;))Gr(5)h = 0
forall k € {1, ..., 4}. So we have (Y (X;;) o T(gx))(h) = 0ie Y(gx)(h) €
KerY(X;j) forall k € {1, ..., 4}. Hence the inclusion above is satisfied
and the F-vector subspace Ni<i<j<sKer Y(X;;) of F1%is a B(A4)-module.
The next step is to show that for each of the values of [ above, this space is
nonzero. A vector v of F19 is in Ni<icj<sKer T(X;;) if and only if it is in

the kernel of the matrix S. We check that:

Ifl =, then (7*2, 0, —r,1, —r,0,0,0,0,0) € KerS (64)
. 1
If | = —r3, then (0, —r, 0, —1,0,0,0,0,0) € Ker§ (65)

1 1 1
Ifl = -5, then (—7“2’ r? +—-,r, —,1,0,0, -1, r O) € KerS (66)
T T T

1 1 1

Ifl = 7, thel’l (7"2, *7’2 + R} 77“7 ) 17 07 07 715 T, 0) E K@TS (67)
r T T
1 1 1 1 1

Ifl=—, then (=, -, =, 1, —, 7, r% r 1) € KerS (68)
r7 r3’ o’ r r

We conclude that if [ is one of these values, then T is not irreducible. Hence

we have the equivalence: Y is irreducible iff I ¢ {r, —r3, —T%, T%, %7}
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Generalization

In this section, we extend the previous constructions to B(A4,_1), for any
integer n. In A,,_;, there are (’2"”) positive roots. As already described in
section 4, we order the roots in the following way: incrementing i, we start
with a; and list all the positive roots that have nodes less or equal to i in
their support (there are i of them), in an increasing height order. This or-
dering allows us to “build A; up to A,,_1”. Geometrically with the tangles,
we join a node to its left neighbors starting with its adjacent neighbor and
moving to the left; we shift the right extremity of the top horizontal line and
start again. After step i, all the possible pairs of nodes for the top horizon-
tal line appear exactly once on the first i + 1 nodes. Hence we have listed
("4 tangles. The first (") positive roots correspond to the tangles span-
ning W in B(A,,_2) where a vertical string has been added to the right side.
Hence, proceeding inductively, we already know the action of g1, ..., gn—2

on these tangles, the last vertical string on the right being left invariant

with these actions. To obtain the matrices G, G, ..., G,—2 inductively, it

50
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remains to compute the actions of these g;'s on the n — 1 tangles

€n—1€n—-2...€1, gn-1€p—2...€1, Gn—-19n—2€n-3...€1

yeery Gn—19n—2.-.392€1

The action by g1 on the first n—3 tangles (in the roots a,—1, ap—1+ap—2,. ..,
Qp—1 + ap—2 + - + «a3) is simply a crossing, hence a multiplication by r.
Recall that the top horizontal line of the tangle associated with the positive
root ap,—1 + - - - + ¢ joins the nodes i and n. As long as the top horizontal
line does not begin with either node ¢ or node i+ 1, asin ay—1, ..., ap—1+
-+ -+ayqa (firstn—i—2 tangles) orasin a1+ - 41, ..., Qp_1+-- -+
(last « — 1 tangles), the action by g; is a crossing and the coefficient in the
matrix is an r on the diagonal. Suppose now that we are looking for the
action of a g; on the tangle whose top horizontal line starts at node ¢ (and
ends at node n). The left extremity of the top line of the tangle resulting
from this action is now shifted to the right and starts at node ¢ + 1. In other
words, the root a,,—1 + - - - + «; is sent to the root o, 41 + - - - + @;4+1, which
corresponds to a 1 above the diagonal in the matrix of G;. It remains to look
at the action of g; on the tangle (i + 1,n). The node i + 1 is sent onto the

node i with an undercrossing. Using the tangle formula (31), we get:

gi-(i+1,n)=(i,n) + me;.(i+1,n) —m(i+1,n) (69)

where the permutation (k, !) denotes the tangle in W whose top line starts
with node k£ and ends with node [. Acting by e; transforms the top hori-
zontal line of the tangle into a vertical line that still over crosses the same
number of vertical strings, that is a total of n — ¢ — 2 vertical strings. Its

top horizontal line now joins the nodes i and i + 1 as in e;e;—1...e;. We
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read on the equation (69) that there are three coefficients in the column of
the matrix. The first one is a 1 just below the diagonal, the second one is
mr" =2 on the {1+ 2+ --- + (i — 1) + 1}th row of the matrix, where the
factor on the right corresponds to the n — i — 2 over crossings. The third
coefficient is a —m on the diagonal. We get the following matrices for G,

Go, ..., G,_o (that we will call “matrices of the first kind”):
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n—1
(")
mrt3
Gi(n—1)
n—3
—>
T
r
-m 1
1 0
mrn—4
GQ(TL — 1)
n—4
>
-m 1
1 0
r
Gn_Q(n — 1)
m

(—61

— €261

S~ €Ep—92...€2€1

53
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We now compute the action of g,—1 on the spanning tangles of W. When
n — 2 and n — 1 are not in the support of the corresponding positive roots,
the tangle’s top line does not end with node n — 1 or node n. Thus the
result of the action by g,—; is a crossing of the last two vertical strings.
Consequently, the upper left square block of size (”52) of the matrix G,,—1 is
a scalar matrix with 7’s on the diagonal. Now if n—2 is in the support of the
positive root, the top line of the associated tangle ends with node n — 1 and
a left action by g¢,,—1 shifts this end to node n. In other words, the positive
root a,—s + - - - + ¢ is sent to the positive root o,—1 + a2+ - - + ;. Next,
if n — 1 is in the support of the positive root, the top line of the associated
tangle ends with node n. We start with the easy case of the action of g,,—;
on the positive root o, associated with the tangle e,,_; ...e;. The result
of this action is simply a multiplication by 1/I to remove the loop, hence a
1/l on the diagonal. If the top horizontal line crosses now 1 to n — 2 vertical
strings, as in a,,—1 + oy—2, ..., ap—1 + - - - + a1, the action by g,,_; shifts the
right extremity of the top horizontal line to the left. The top line ends now
in node n — 1 instead of node n. But to be able to use the regular isotopy
and more specifically Reidemeister’s move II (see for instance [12]) that
allows to separate two strings that intersect in two overcrossings or two
undercrossings, we first need to transform the overcrossing of g,,—; into an

undercrossing, using the tangle formula (31). It yields:
gn—-1-(i,n) = (i,n — 1)+ mep_1.(4,n) — m(i,n)

The action by e,,—; transforms the top horizontal line into a vertical string
that overcrosses one less vertical lines as the last vertical line is now part of

a loop. In the general picture, the n —i — 2 crossings are under and to build
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a representation as before, we divide the corresponding coefficient by the
power =2, The top line now joins the two last nodes as in e,_1 ...e;.
Thus, for2 <j <n-—1,the (14+2+---4+(n—-2)+1,14+2+---+(n—2)+7)
coefficient of the matrix G,,_1 is W% The matrix G,,—1 has the following
shape, where the blanks must be filled with zeros. We will call it a “matrix

of the second kind”:

("52) n—2 n—1
—
r
T
r
1
1
1
1
- il e L
l ml mr Tn,g,
1 | —
1 m
1 —m
1 —-m
We defined matrices Gy, ..., G, that correspond to the actionsof g1, ..., gn—1
on the spanning elements of . We now define matrices F1, ..., E,_1 by
setting

l
Vi<i<n-—1, E; :z—(G?—FmGi—I(n))
m 2

Our conjecture is that:
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Conjecture 1.
Case n=3

B(A3) — M(3,F)
g1, g2 — Gi, Go is a representation.

e1, es +——  FEi, By
It is irreducible iff 1 ¢ {—r3,—1,1, %3}

General case

i — G; is a representation.

It is irreducible iff | & {r, —r>, —2Ls, =L L

T yn=3) pn=3> p2n

The conjecture is verified in the cases n = 3,4, 5 (cf respective sections 3,
4, 5). Computations with Maple were done in the case n = 6. We wrote a
program in Maple that defines the matrices G1, G, ..., G,—1 for a given
n, computes the X;;’s, forms their sum matrix S, then solves in the variable
[ the equation det(S) = 0. We ran the program for n = 6, obtaining a
similar results (but without any proof) as in the cases n = 4 and n = 5 and
leading us to the conjecture 1 for a general n. We will prove the conjecture
in the general case, but first we need to give a more visible expression for

the announced representation. This is the object of the next section.



Chapter 7

The Representation Itself

Let V denote the vector space over F' with spanning vectors 3 indexed
by 8 € ¢1, where ¢ is the set of positive roots. In this section we give a

formal definition of a representation

B(An_l) — EndF(V)

9i — v

In the case n = 4, an element x5 can be viewed as an appropriate linear
combination over F of the tangles associated with [ (cf section 4). In what
follows, Supp(3) denotes the support of the positive root 3 i.e. the set of k €
{1...n} such that the coefficient of oy in [ is nonzero ; ht(3) denotes the
height of the positive root §: if § = )", n;c;, then ht(5) := >, n;. We read
on the matrices of the previous section an expression for the representation
in two special cases: ¢ = n — 1 on one hand (point 1. below) and i €
{1,..;,n =2} and n — 1 € Supp(B) on the other hand (point 2. below).
We then deduce inductively a formula for the representation in the case

ie{l,..., n—2} (point 3. below). We have:

57
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1. If i = n — 1, then we read on the matrix G,,—; of previous section:

@ |r zs if (Bla;) = 0
1) | 7 tag if (Blay) = 1
vi(zp) = . )
(D) | 2g-a; + mitp=z Ta; —mag if (Bles) = 3
(IV) | 2840, if (Bla;) = —%
2. Ifie{l,...,n—2}and if n — 1 € Supp(B), then we read on the last
n — 1 columns of the matrices Gy, ..., G,—_2 of previous section:
(I | rzp if (Blay) = 0
vi(zg) = (') | 25_q, if (Blay) = 3
(IV,) Tgia; + M 22, —mag if (Bloy) = —%
3. i€ {1, 2,...,n— 2} and no restriction on 3: we use induction with

the expressions for the representation in points 1. and 2. above. More
specifically, we will always use the induction in the following way:
suppose that we want to evaluate v;(n)(zq,+...+a,) Where [ > k and
I < n — 2. By induction this value has already been computed in
lower dimension (in B(A,,_2)) and proceeding successively by induc-
tion, we may in fact decrement the integer n till we reach the integer
M := Maz(i + 1,1+ 1). On the matrices the picture is to keep mov-
ing backward in the upper left corner till you can either use the last
columns of a matrix of the first kind (in the case M = [+ 1) or the ma-
trix of the second kind (in the case M = i+1) in the suitable B(Ap;_1).
We note that if i +1 < [ 4 1 then by definition M = [+ 1 and we have

i <l—1=(l+1) — 2, so that the inductive steps are all justified and
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the expression for v;(l 4+ 1)(zq,+..-+q, ) may indeed be read on the last
[ columns of the matrix of the first kind G;(l + 1). If on the contrary
i + 1 > [+ 1, then by definition M = i + 1. The inductive steps are
again justified by the fact thati < (i +2) —2 and < i. The expression
for v;(i + 1)(xa,+-+a,) is now obtained by using the matrix of the
second kind G;(i + 1) in B(4;). We will now apply those preliminary

remarks, while dealing with the different values for the inner product

(Bla).
o If (8|o;) = —3, there are two cases:

*x B0=qaj_1+ - -+ awithk <i— 1. We have:

l/i(n)(xaz’—1+"~+ak) == Vl(z + 1)(xai—1+"'+ak)

= 234+q, byusing (IV)
* f=0a;+ -+ aj+1 with [ > i + 1. Then we have:

Vi(n)($a1+"'+ai+1) == Vi(l + 1)($al+"'+0¢i+1)

= Zgya, +mrT e, —mag

The last equality is obtained by using (IV') of point 2.
For the last equality to hold, we must have i < (I + 1) — 2,

i.e. i <1 — 1which is true by our assumption in *.
o If (Blay) = %, there are again two cases:

x 0=qa;+ -+ o with k <i— 1. Then we have:

Vi(n)(xari-"'-i-ak) = Vi<i+1)(xai+”'+ak)

m
TE—a; + W Loy —MI
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The last equality is obtained by using the expression (III) of

point 1.

*x 0=a;+ - -+ «a; with [ > ¢ + 1. Then we have:

Ui(n)(xal+"'+ai) = Vi(l+1)(xal+"‘+ai)

= 254, by (I

e If (5|;) = 0, then there are again two possibilities:
* i— 1,4, 1+ 1 & Supp(B)
Then v;(z3) = rxp
* {i—1,4,i+ 1} C Supp(B)
Then we can write 8 = o+ - - + 41 + oy + i1 + - - - + g,

somel >i+ 1and k < i — 1. It comes:

Vi (n) (:L‘al+"-+ai+1+a¢+ai,1+---+ak)

= =Vl + D) (@a4tai_1+aitairi++ax)

We have by assumption i <1 —1 = (I + 1) — 2, so that we
may apply point 2. Further, 3 has height at least [ — 7 + 2
and there are (I+1) —i—2 = [ —i — 1 r’s on the diagonal of
the first | — ¢ — 1 columns of the last [ columns of the matrix
Gi(l + 1). By previous section, skip two more columns and

get again a pattern of r’s on the diagonal, which now yields:

Vi (n) (xal+"'+ai+1+ai+ai—1+"'+ak) =Trxrs

Thus, we see that in both cases we have v;(zg) = r 23.
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e If (5|ay;) = 1, the only possibility is § = «; and we have:

I/i(n)(l’ai) = VZ(Z+1)(37041)

1
= 71"&

l as in (II)

We deduce from that last point and from the equation (II) of

point 1. that if (3|a;) = 1, then v;(z) = } zg for alli.

We now gather all these results to obtain the final definition of the endo-
morphisms v;’s. In what follows, let < be the total order on the positive

roots, as used and described several times before:

o] <ag <o +ap <az <3+ oy <3+ o+ oy

It will also be convenient to read 3 >~ v for some positive roots 3 and ~.
By 8 >~ ~ we will understand v < 3. We see with points 1., 2. and 3.
that we always have v;(zg) = rzg when (3|a;) = 0. Similarly, by points
1. and 3. we always have v;(zg) = "'z when (3|o;) = 1. Suppose
now that (8je;) = 3. Then 3 — «; is a positive root and there are two
cases: either § — a; < «; or B — «; = «;. The first situation occurs in
point 1. since 8 — ay,—; starts with «,_2 and is thus ranked before «;,—1
and in point 3. when 8 = a; + --- + o with £ < ¢ — 1. In the latter
case, f — a; = aj—1 + -+ + o < ;. In both cases we have v;(zg) =
T3—o; T 5=z Ta; — mzg. The second situation occurs in point 2. since
then 6 = ap—1+ - -+ a1 +a;and so f — o = 1 + - + i1 = Q.
It also occurs in point 3. when 8 = oy + --- + o; with [ > i + 1, since

then 8 —o; = a; + -+ + ;41 > ;. Again, in both cases the result is



CHAPTER 7. THE REPRESENTATION ITSELF 62

the same and we have v;(z3) = 23_,,. Finally the last case (8]o;) = —3
splits in turn into two cases: § > «; on one hand and 8 < «; on the other
hand. Indeed, in point 1. and in point 3. when 8 = ;1 + - - - + oy, with
k <i—1,wehave 8 < o; and v;(xg) = xg1q,- Whereas in point 2. and
in point 3. when 8 = a; + --- + a;41 with [ > i+ 1, we have § > «; and
vi(z8) = Tg4a; + m rht(B) -1 Lo, — MTG.

Note that when (8|a;) = 3, a direct comparison between 3 and «; is not
the criterion as in that case i lies in the support of 3, which always yields
B greater than «;. In fact, if (5|oy;) = %, i is contained in the support of 3
and moreover 3 ends with a; or begins with «;. Comparing 8 — «o; with «;
tells the relative position of o; in the sum. If (8|o;) = —3, then 3 ”stops just
before «;” (in which case 3 > «; ) or ”starts right after o;” (in which case
0 < ;).

We are now able to give a complete expression for the endomorphism v;:

;

rooxg if (Blay) = 0

g if (Blag) = 1

TB—q, if (Blog) = 5 & B—ai= o
vi(zg) =

TB—a; + lrht(% Ta, —mag if (Bla;) = % & B—a; < o

T4a; + m (-1 To, —mzg if (Bloy) = —% & B = o

LBt if (Bla;) =—3 & B <«
We now define v(e;) := %(VZQ + mv; — idy) and compute the explicit ex-

pression of the endomorphism v(e;). For (8|a;) = 0, we use the defining
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relation 72 + mr — 1 = 0. When (3|a;) = 1, we get:

e (zs) = %(112 + 7 1)

3

In the other cases, we notice that:

if (Blay) = %, then [ —aq; isarootand (5 — a;ley) =
_1
2

if (Blay) = , then [+ «; isarootand (54 a;lay) = —

The computation of the square v? uses the third relation together with the
fifth relation and the fourth relation together with the sixth relation in a
very pretty way. The idea is that a condition of application of (c) (resp
(d)) with (3 yields a condition of application of (e) (resp (f)) with 5 — «;
and a condition of application of (e) (resp (f)) with 3 yields a condition of
application of (c) (resp (d)) with 3 + ;. And indeed,

if (ﬂ]al) = % and ﬂ — oy = oy, then (ﬂ — ai|04i) = —% and ,8 — 0y = Q.

It follows that:
v2(x5) Vi(25—a) by application of (c)
i \LB) = Villp—a;
with 3
by application of (e
= x(ﬁfaz)ﬁ’al + mrht(ﬁ*ai)*l xai o mﬂjﬁ_ai y Pp ( )

= w5+ m,rht(8)=2 Ta; — MTF_q,

NI NI
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Computing v(e;)(x), the first term on the right hand side of the last equal-
ity above cancels with —Idy(z3) = —xg and the third term cancels with
mvi(x3) = mag_q,. It remains the term proportional to a; which multi-
plied by the coefficient - yields [ r"(H) =2 z,, .

K3

If (Bloy) = 4 and B — oy <, (B — osla) = —% and B — a; < «, so that:

vi(zg) = vi(®p_a; + lht(% xq, —mzg) by application of (d) with
T
m by application of (f) with

B — «a; and by (b)

When computing v(e;), the two terms on the extremities of the last equality
are canceled and it remains the only term W Zq, after multiplication
by the factor L.

If (Blay) = —% and 8 > «;, then (8 + aj|a;) = % and (8 + «;) — a; = ;.

Hence,

v2(zg) = vi(®pra; + mrt By, — maxz by application of (e) with 3

m rht(@)-1 by application of (c)

= 2+ a0, — mui(z)

with 8 + «; and by (b)

As in the previous cases, the only remaining term in v(e;)(xg) is the multi-

ple of z,, and this time, the coefficient is just rht(6)-1,

Finally if (3|c;) = —3 and 3 < «;, then (B+a;|a;) = § and (B+a;)—a; < .
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It follows that:

v2(zg) = vi(Tpra;) by application of (f) with
N m by application of (d)
= T(Btoy)—oy ht(Btog)—2 Lo — TP+
Lrh(fte:)=2 with G + «;
After canceling the two terms in 3 and in 234 ,, the final resultis W Ty

Thus, we have:

0 if (Bla;)= 0
(1- %) Ta, if (Bla) = 1
[ pht(8)=2 Ta, if (Blay) = % & B—a; = o
v(ei)(zg) =
s Lo if (Blai) = 3 & B—ai <
rhtB)=1 g if (Blag)=-1 & B = o
W Ta, if (Blay) = —% & B < o

By construction of v;, G; is the matrix of the endomorphism v; in the ba-
Sis B]} = ($a1 ’ xOQ ) xa2+0¢1’ Tty xan—l I xan—l‘l’an—Z’ xa7z—1+an—2+”'+a1) and

by definition, E; is the matrix of the endomorphism v(e;) in the basis By.

Theorem 3.
B(A,-1) — Endp(V)
v 9i — %
e —  v(e;)

is a representation of the algebra B(A,,—1) in the F-vector space V.

If we can show the theorem, then by the remark above, the maps on the
generators in the conjecture 1. also define a representation of B(A2) (resp

B(An-1)).
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PROOF OF THE THEOREM:

66

First we must show that for any two nodes ¢ and j, if i » j, then v;v; = v;1;

and if i ~ j then v;v;v; = vy Suppose first that @ « j. Then we have

(ajlaj) = 0. We want to show that:

Viyj(a:aj) =

vivi(zg) =

iji(a:aj )

fOI‘ B € {ai, Oéj}

vivi(zp)

It is a direct consequence of (a) and (b) that the two members of the first

equality are equal to jz,,. As for the second equality, we check it by

computing the common value depending on the inner products (5|«;) and

(Bla;). We summarize the results in the following table:

ase (Bla:) (Blay) vivy(zg) = vivi(zs) rule
1 0 0 reag (a)
2 0 L& fB—oj - ay 7T (a) & (¢)
3 0 T&fB - <y TT—a; + rm—T Tay — MT T (a) & (d)
4 0 7%&[3}(}3‘ rx5+aj+mrht(ﬁ)xaj —mrazg (a) & (€)
5 0 Tep=a, rga, (a) & (/)
6 %&ﬁ*ai<ai %&ﬁ*&j>~&j xﬁ—aj—aiJF”ht(%mai*mgﬂB—aj (a)&(c)&(d)
7 —3&B<a —5 & B~y Toraita; +mr" P e, —masia, (a) & (e) & (f)
8 |&B-—ai-ai| —3&B<aq; Tpta;—a; (c) & (f)
9 T&fB - <o L& By Thta;—a; — MTGtra; — MT—a, (a) & (d) & (e)
—O—mrhwraj + W% Ta; + mng
The cases 1 to 9 are the only possible cases when excluding (f|a;) = 1

or (B|la;) = 1. In the table above, (a) is often used with (a;|a;) = 0. In

the first five cases, (3|co;) = 0. Since we assumed that (a;|a;) = 0, it fol-

lows that (5 — o;|a;) = 0 (used in cases 2 and 3 to compute v;vj(x3)) and

(B+aj|a;) = 0 (used in cases 4 and 5 to compute v;vj(x3)). Next, if both in-

ner products are equal to 3, then without loss of generality, 3 “starts” with
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a; and “ends with” a;, i.e. § = a; + -+ a; withi > j. Then 8 — a; < o
and 8 — a; = a;. Moreover, (8 — o;|aj) = (Bla;) = 1 and we read on
the expression giving 3 that (8 — «;) — o; > «;. Then we may use (c)
with § — a; and «; for computing v;v;(xg). Similarly, (8 — oj|oy) = % and
(8 — aj) — a; < «;, so we may use (d) with 5 — «; and «; for computing
vivj(zg). If both inner products are equal to —3, then without loss of gen-
erality, we may write 3 = a;_1 + --- + aj11. We have a; < 3 < «o; and
also 4+ aj < o and 3 + a; > «a;. This allows us to use (f) with 8 + «;
and o; when computing v;v;(z3) on one hand and (e) with 8 + «o; and «;
when computing v;v;(xg) on the other hand. The same methods apply for

thecases8and 9, withf =1+ -+ in8and S =a; +- -+ 41 in 9.

Suppose now that i ~ j. Then we have (o;|a;) = —3. Again by sym-

metry of the roles played by ¢ and j, we need to show that:

vivivi(Ta;) = Vjvivi(Ta,)

Vil/jl/i(l’g) = I/jI/iVj(Z‘B) fOI‘B §Z {ai,aj}

The right hand side of the first equation is l_lyjyi(xaj). Next, we need
to distinguish between two cases: «; < «; and «; > «;. The first case is
the short one as it uses the short expressions (c¢) and (f), which immedi-
ately yield v;v; yi(xaj) =vj uiyj(:raj) =1 _1$a¢- In the second case, we have,
Vi(Ta;) = Tajya; + MTa, — Mia;. Since (a; + ajlaj) = 1 — % = % and
(i + aj) —aj = a; < aj, we get vjvi(Ta;) = Ta; + TTa; — MTayta; +
MTa;ta; — TTas b€ VjVi(Ta;) = Ta,. In that case the final result is again
I712,, for both members of the first equality. The proof and results for the

second equality are gathered in the following table:
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case (Blai) (Blay) viv;vi(xg) = vvivs () rule

1 0 0 s (a)

2 0 L& B -y -y TT—a;—a; (a) & (¢)

3 0 5&B—; <Qj | TTpa;—a; —MTLa_a; —MT Tg all of them
""lrht% ZTojta; + l,rh?[l?—2 Loy — lr;zl,/i3 Loy

4 0 3 &f = q; TZB+a;+a; — MT Tpta; — mrizg all of them
+m7"hw;r:a,i+aj + mrhtﬁ_lxai - m2rht’3xaj

5 0 _%&/6‘<Oéj T Tta;tay (a) & (f)

6 |1&B-—i<oi | 3&B—a; -aq 135+ P a0, — T ap o, all of them except (a)

7 c&B—ai - —1 &[> rag+mrtP e, —mrrs_a, (a) & () )

8 %&ﬁ—ai<ai —%&B<aj TT8 + hip—z Ta; — MT Tptay (a) & (c) )

The values for the inner products and the fact that ¢ and j are adjacent
nodes determine in each case the only possible expression for /3. In case 2,
wehave f = o+ - + i1 + o + oy with [ > i + 1. Then (8 — aj|oy) = %
and f —a; — o > o; and (8 — o — a;|a;) = 0. In case 3, we have
B=aj+a;+a_1+---+apwithk <i—1.

In case 4, wehave 3 = a; + -+ + aj41 with > j+ 1and a; > o;.
Incase 5, wehave f = a;_1 + -+ ap withk < j —Tand o; > «;.

If (Bloi) = (Blaj) = & (case 6), the only possibility is 3 = o; + «; with

without loss of generality o; > a;. We get:

_ 1
vivivi(es) = 735+ prisr Tag — T To-ay
. _ 1 mrhtB—2 m
vivivj(zg) = tag+ T Ta; = 7 TB—qy

Since htf3 = 2, the two results are the same.
The case (8|o;) = (8]a;j) = —3 is impossible.
In case 7, wehave 3 = a; + --- + oy, with I > ¢and ¢ ~ j, ¢ > j. Finally in
case 8, wehave S =q; +-- -+ withk <iand j ~ 14,5 > 1.

To get a representation, there are two more things to check:
viv(e;) = 17'v(e;) and v(e;)vjv(e;) = lv(e;) for any two adjacent nodes i
and j. The first equality holds since v;(z4,) = [~ 'z, and v(e;) is always a

multiple of z,,. Next, given two adjacent nodes i and j, their inner product
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is equal to —%. We want to show that v(e;)v;(za,) = l2q,. Suppose first that
a; < oj. Then v(q,) = Ta,4q,- Since (o; + ajla;) = 1 — & = 1 and since
aj = a;, we get v(e;)(Ta,+a;) = | T, Next suppose that a; = ;. We have
v(ei)(Ta;ta; + MTa; —MTa,) = (1 + m(1 — 2))za, = lz,,. This ends the
proof of the theorem 3.

Finally, it is direct to observe that v(e;e;) = 0 when ¢ ~ j. Thus, the so

built representation factors through the quotient B(A,_1)/Il>.



Chapter 8

Proof of the Main Theorem

8.1 Properties of the Representation and the Casen = 6

Suppose that the representation v is not irreducible. Then there exists I/ an
F-vector subspace of V such that i/ # 0,4 # V and v(w)(U) C U for any
element w of the BMW algebra B(A,_1). We will show that v(X;;)(U/) =0
forany 1 < i < j < n. And indeed, suppose that there exists u € U
such that v(e;)(u) # 0. Then by the action of v(e;) described above, we
get that z,, is in /. From there we deduce that all the x3’s are in ¢/ and
there are three steps. First we have v; 1(zo,) € U, i.e. T, 4a; € U. By
successive applications of (f), it follows that all the zq, 4.4, With | > i
are in Y. Next, starting again from zq, ., +a;, we have v;(Za,, 40;) = Taiyis
so that z,,,, € U and proceeding inductively with step 1, all the x,, with
[ > iare also in Y. Third, v;_1(xa,) = Ta,+a, 1 + M Ta, , modulo Fz,, and
another application of v; 1 yields v;_1(Za, 10, +MTa;_y) = Tay + T Tay_y,
from which we derive that z,, , is in /. Again by induction we also have
Tags--rTa;_, € U. We gather all these informations as follows: by the

steps 2 and 3, all the z,,’s are in U{. Furthermore, by the first step applied

70
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to the z,,’s, all the x3’s are in ¢. This contradicts &/ # V. We conclude that
v(e;)(U) = 0 for all i. It remains to show that Vj > i + 2, v(X;;)(U) = 0.
Using the conjugation formulas, an expression for v(Xj;) is:

v(Xij) =vj_1... Vi+17/(€i)7/1:,’_11 e l/;_ll
For any positive root 3, v(X;;)(z3) is a multiple of v;_1 ... v;11(24,), hence

amultiple of 24, +... 1o, ;- We will remember this fact:

Proposition 2.
v(Xij)(wp) is always a multiple of xo, 1.y,
In other words, the {(1 + 2+ --- 4+ j — 2) + (j — @) }th row is the only non zero

row in the matrix Matg,v(X;;).

Thus, if v(X;;)(u) # 0, some u € U, it comes Tq,+...1a,_; € U. As expected,
a; + -+ + a;_1 is the positive root having nodes ¢ and j joined on its top
horizontal line like in X;;. Then, by successive applications of (c), we get
Tqa;_, € U. By the same arguments as above, we deduce from that fact that
all the x3’s are in fact in ¢/, which is a contradiction. Again we conclude

that v(X;;)(U) = 0. Thus, we have:

y< > Xij>(m =0

1<i<j<n

Since S is the matrix of the endomorphism v(}; ., ;<, Xij) in the basis
By, v not irreducible implies det(S) = 0 (otherwise &/ would be trivial). A
direct consequence of that fact is that the sufficient condition on ! found
with Maple so that the representation is irreducible holds in the case n = 6.
Furthermore, we obtained with Maple that for each of the values of [, there

exists a nonzero vector in the kernel of the matrix S. Such vectors belong to
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the intersection NKer v(X;;) by proposition 2. Since the F-vector subspace
NKer v(X;;) is stable under the v(w)'s, w € B(As5) by the same arguments
as those exposed at the end of part 5, the Main Theorem is true in the case

n = 6.

8.2 The Casel=

In this section, we show that for | = TQT% the representation is reducible
and we give a necessary and sufficient condition on [ so that there exists
a one dimensional invariant subspace of V. We introduce new notations.
Recall that each of the positive roots is associated with a top line joining
two nodes in a unique way. We will denote by w;; (i < j) the root whose
associated tangle has nodes 7 and j joined on its top horizontal line. Note
that w;; is nothing else but o; + - - - + a;_1. We will again denote by w;; the

element z,,,, of V. Our result is the following:

Theorem 4. Assume (r?)? # 1.

Suppose n = 3. There exists a one dimensional invariant subspace of V if and

only ifl = % orl = —r3,

If those values are distinct then, if such a space exists, it is unique and

Ifl = %, it is spanned by w1z + 7 wis + r? wos
Ifl = —13, it is spanned by ws — %w13 + %2 w23

6

Moreover, if —r3 = r%, i.e r® = —1, then there exists exactly two one-dimensional



CHAPTER 8. PROOF OF THE MAIN THEOREM 73

invariant subspaces:
) 1 1
Spanp(wiz + rwiz + r*weg) and Spanp(wiz — Swist g wa3)

In other words, the sum

1 1
Spanp(w12 +rwiz + r? w23) + Spcmp(w12 — ; w13 + 772 wgg)

is direct.

Suppose n > 4. There exists a one dimensional invariant subspace of V if and

only if | = —a—. If so, it is spanned by >, ., ., 7 w05t

PROOF OF THE THEOREM: suppose that there exists a one-dimensional in-

variant subspace U of V, say U is spanned by u. We have seen that

Uc ﬂ Kerv(Xij)
1<i<j<n
In particular, we must have v(e;)(U) = 0 for all i. By definition of v(e;),
this implies (v? + mv; — idy)(u) = 0. For each i, let \; be the scalar so that
vi(u) = \ju. It comes A? +m\; —1 = 0, hence \; € {r, —%} Furthermore, by
using the braid relation v;v;v; = v;v;v;, we see that all the \;’s for 1 < i <
n — 1 must take the same value r or —%. Let’s denote this common value

by A. Thus all the )\;’s are determined by \;. We want to determine wether

A =TrO0r\ = —%. Let’s write

u= E HijWij

1<i<j<n
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We claim that the coefficients in this sum are related in a certain way. First
we notice that an action of v; on p; , w; ), makes a term in w; 1 ;, appear with
coefficient y; ,, and an action of v; on 14,41 j, wi41, 1 Makes a term in w; 1 , ap-
pear with coefficient —mp;;1 . Moreover, w;; , cannot be obtained from
other wy's by acting with v;. Thus, if v;(u) = Au, the coefficients p; j, and

i+1,, must be related by the relation:

Hik — T it ke = N i1,k

We note that if one of the coefficients 1i; 1, ;41,1 is zero, then the other one
is zero. In other words the two coefficients are either both zero or both non

zero. They are related by

M1k = A ik (70)

Similarly, by operating on w; ; and w; ;41 with v;, we get the equation:

Hiit1 = Ay (71)

Now the relations (70) and (71) show that all the coefficients 11;;’s are nonzero
as u itself is nonzero. Moreover, up to a multiplication by a scalar, u is of

the form

U= Z )\ijij

1<i<j<n

Suppose first n = 3. Then u can be written in the form

u=\ w12 + A\ w13 + \° W3
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Let’s compute v (u) and v (u):

vi(u) = ()‘Tg—l-m)ﬁ) wia + MNwig + A6 Wo3

wo(u) = A wir + ANwig + (3 + 2w

Since vi(u) = Au and v2(u) = A u, we must have:

MmN =2 de L=A1-m)) ie I=3 as 1-mA=\
€1

)‘Ts+ml>‘4:)\6 ie. 1=11+47%) ie l=5 as 1+%=3%

>

Thus, in the case n = 3, if there exists a one dimensional invariant subspace
of V then [ must take the values T% or —r3. Conversely, let’s consider the

two vectors:

U, = w12 + Trwiz -+ 7“211)23

1
u_1 = wi2 — W13 + 3 W23
T

We read on the equations giving the expressions for v (u) and v, (u) that

If I = % then wvi(u) = w(u) = ru

S|
=

If I = —r then 1(u_1) = wu_1) = —lu

S

The theorem is thus proved in the case n = 3. Suppose now n > 4. By
the above, the coefficient 34 of u is nonzero. An action of v; on w3, is a
multiplication by  and an action of v on the other w;;’s does not affect the

coefficient of ws4. This last point forces A = r and u can be rewritten:

y— Z g

1<i<j<n

We will now see how this expression of u forces the value of I. It suffices for
instance to look at the action of v; on u and the resulting coefficient in wy».

A term in w2 appears when vy acts on wi2 and on the wy;’s for 3 < j < n.
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In the first case the resulting coefficient is ? and in the second case the

resulting coefficient is m r7 =3 x 7712, Hence we get the equation:
m o3
—> () + 7= r (72)
T

from which we derive that | = T%%B Conversely, for this value of [ and
letting u = > 1 j<p rtiw;;, we check that v;(u) = ru for all integers
1 < i < n— 1. We start the proof by showing that the coefficient r%*1

of wj ;11 is multiplied by » when we act by v;. We notice that the root «;

appears when we act by v; on:
1. o
2. fwith (Blay) = % and 8 — o; < «;
3. Bwith (Bla;) = -2 and B > o

In the first case, it yields the coefficient r2"=3 x p2itl = y2n+2i-2

In the second case, § = wy, ;41 with k =1,...,7 — 1. It yields the coefficient:
i—1 2n—3 i—1
Z ‘ > Tk:—&—z—f—l _ mrQn 1 Z(TQ)k: _ T2n _ r21+2n 2
ri—k—1
k=1 k=1

In the third case, 8 = w;;1,s with s =i+ 2,..., n. It yields the coefficient:

n

n
i . m .
§ : mrS—t 2 % ,r_s+1+1 _ § : (’1”2)8 — T2’L+2 . 7n2n
r
s=i+2 s=i+2

When summing the three coefficients, it only remains r2it2 —

Thus the coefficient r2i+1

of w; ;41 is multiplied by r.
Next, given a positive root 3, if none of the nodes ¢ — 1, i, i + 1 is in the

support of 3 or if all three nodes ¢ — 1, 7, ¢ + 1 are in the support of 3, then
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it comes:

vi(zg) =rag

Thus, we only need to study the combined effect of v; on wy, ;, wy, i+1, with

k <1i—1ononehand and w;;, wi;+1,;, with [ > i + 2 on the other hand.

We have:
k+i k+i
(o) = T wga (73)
phtitl vi(Wg,it1) = phtitl Wi — m kit Wi i1 modulo F x, (74)
So we get:

v; (rk“ Wy + T wkﬁl) = PP g+ PP 2 modulo F x,,

Similarly, we have:
vitw)) = T wiy (75)

pltitl Wi — m it W41, modulo F xq, (76)

so that:

Vi (rl-i-l Wy + 7“l+’b+1 wi—i—l,l) = Tl-i—z-‘rl w;i | + TH—H—Q Wit modulo F Ta,

This ends the proof of Theorem 4.

8.3 TheCasesl= ;5 andl=—-5

In this section we show a necessary and sufficient condition on [ and r so

that there exists an irreducible (n—1)-dimensional invariant subspace of the
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F-vector space V, under the condition that the Iwahori-Hecke algebra of
the symmetric group Sym(n) with parameter r? over the field F is semisim-
ple. This last condition is equivalent to (r?)¥ # 1 forallk = 1, ..., n.

Explicitly we have the two theorems:

Theorem 5.

Let n be a positive integer with n > 3 and n # 4. Let’s assume that the Iwahori-
Hecke agebra of the symmetric group Sym(n) with parameter r* over the field F

is semisimple. Then, there exists an irreducible (n — 1)-dimensional invariant sub-

1

rn—3*

space of V if and only if | = —L5 or | = —

If so, it is spanned by the v;’s, 1 < i < n — 1, where v; is defined by the for-

mula:
—1
11 . : 1 \ ‘ 1
k—i—2 —im2
v; 1= (; - 7)wi,i+1 + > T (wi - Wik k) + € > TS (s — - Ws,i+1)
k=i+2 s=1

Theorem 6. (Case n = 4)
Let’s assume that the Iwahori-Hecke algebra of the symmetric group sym(4) with

parameter r> over the field F is semisimple. Then:

there exists an irreducible 3-dimensional invariant subspace of V if and only if

le{l -1 3}

_;7 —



U1

V2

U3
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Ifle

1

r

r

U1

V2

U3

1

= (G- Puw

= (3 — w2
1 1

= (-7

+
+

where

}, it is spanned by the vectors:

(w13 — L wog)

r

(waq — % w34)

Ifl = —r3, it is spanned by the vectors:

-Tr

(r+%) w + 1

T woz +

w12 —

w23 —

r

2

€1 =1
™

e 1=-—1
s

1

wiz + (5 +

1

w13 — ;
w13 +

JOINT PROOF OF THE THEOREMS:

+

1

7T (w14 — 5 woq)

+ gr(w— Lws)

Jwsa + € (wiz —2wia) +

e1(waz — L way)

w24 —

79

3 =

W14

way + (r+1) wi

w24 —

We first recall that if I/ is a proper invariant subspace of V, it must be an-

nihilated by all the algebra elements X;;’s. In particular it is annihilated

by all the e;’s. Thus, the action of the BMW algebra B(A,_1) on the F-

vector space U is an Iwahori-Hecke algebra action. Further, for n > 4 and

n # 6, there are exactly two inequivalent irreducible (n-1)-dimensional rep-

resentations of the Iwahori-Hecke algebra of the symmetric group Sym(n)

with parameter 72 over the field F' and they are respectively given by the

matrices:

M,y

7M2:

r

—1/r

1/r

W14
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- - y
r
r —1/r 1/r
M3 = " sy Mpp = "
r T
r —1/r 1/r
r
- ,,"_ -
. -
My = r
i —1/r]

and for the conjugate representation

R -
—1/r
Ny = —1/1“ R
I —1/r]
= -
—1/r r —r
—1/r
Ny = —1/r ’
i —1/r
= -
—1/r
—1/r r —r
N3 = _1/T ) ey

—1/r

—1/r
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[—1/r
Nn72 — _1/T )
—1/r
—1/r r —r
L —1/r]
= -
Np—1 = —1/r
—1/r
I —1/r 1]

where all the matrices are square matrices of size n—1 and where the blanks
are filled with zeros. Note that those two representations are equivalent for
n = 3. We now show that the latter representation cannot occur inside V
when n > 5. Indeed, suppose that there exists ¢/ an irreducible (n — 1)-
dimensional invariant subspace of V. Let (vy, ..., v,—1) be a basis of U/ in
which the matrices of the left actions of the g;’s are the N;’s. We have the

relations (when the indices make sense):

v(vy)) = —1/r v, fortg{i—l, 7, i—i—l}
vi(v;)) = T v;
(V)
vitr(vi) = —1/r(vi +viy1)
vici(v;)) = —=1/rv;—ruvi

Lemma 5. It is impossible to have such a set of relations.

Throughout the proof of the lemma and the theorems, we will make an

extensive use of the following equalities. We have for any node g¢:

VEk>q+2, vy(wgrir) = wWer — MWy modulo Fay, ()

Vs <q—1, vy(wsgr1i) = Wsq— Mmwsgyr modulo F g, (%)
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We claim that (%) (resp (xx)) is the only way to get a term in wy j, for a given
k > q+ 2 (resp w4 for a given s < ¢ — 1) when acting by v,. Indeed, an

action by v, results in a linear combination of the following operations:

(¢) create a root oy
(#4) add or subtract a root o, to an existing positive root
(t3i) leave an element of V unchanged

in the way described in the defining representation. With this remark, we
see that w, 1, (resp ws 4) can only be obtained from wg1  or wy i, itself (resp
from wg 441 oOr wg 4 itself). Since vg(wq i) = Wer1k (resp vy(ws,q) = Ws g+1),
wq; (resp ws 4) can only be obtained from wg1 1 (resp from w; 441). Hence,
if v4(v;) = Av; with X € {r,—1/r} and the p,;’s are the respective coeffi-

cients of the w, ;s in v;, the relations (x) and (xx) respectively imply that:

VEZq+2, pgrik = Mgk (77)

Vs <q—1, plsgr1 = Asg (78)

We will make an extensive use of these equalities. It will also be useful to

note that for any node g € {1, ..., n — 1}, we have:
Vk > q+2, vg(Wek) = wotik
Vs <q—1, vg(wsg) = Wsgt1

as it has already been mentioned above. Finally, we will let the endomor-

phisms of V over F' act on the right on V by

xg.v; = vi(xp)
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Consider the first vector of the basis v; and recall that n > 4. The relation

V1.Vn—1 = —2v; implies that in v; there are no terms in w;, for integers
s,t € {1, ..., n — 2} such that s < t. Hence we may write:
n—2 n—1
V1= fim 1 Win1+ Y finWin (79)
j=1 j=1
We now use the relation vl.v3 = —% v1 to get rid of more terms in this sum.

Indeed, this relation implies that there are no terms in w;j for j > 5 in v;.

Furthermore, the relations:

_ —4
W2 p—1.-V1 = Wip—1+mr" > wiy —mwsy,_1

Wop. V1 = w1, + mr 3 wyg — muws p

imply in turn that:
mrn—4 n—3 _
H2n—1 + mr H2.n = 0
ie
1
H2n = _; H2,n—1 (80)

as there is no term in w2 in v; by the first point. Finally, an application of

(77) with ¢ = 1 and A = r also yields the relations between the coefficients:

Hon—1 = T Hin—1 (81)

Mo = Tpin (82)
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We gather all these results to get, up to a multiplication by a scalar:

1
V] = Wip—1+TW2p-1— - W1p — W2n

+ U3 -1 W3 -1+ Pdn—1Wan—1+ U35, W30+ panwsn (83)

or

VUl = U3 n—1W3n—1 1 Udn—1Win—1+ U3n W3n + HUdn Win (84)

1. Suppose first thatn > 5

Then vl.v3 = —% vy implies that o, = 0. Then the expression for vy
is given by (84). We will deal with the case n = 5 separately. Hence,

assume first n > 5.

(@ n>5

We keep looking at the action of v3. By (77) applied with A = —1

T

and ¢ = 3, we have:

1

Man = _; M3 (85)
1
Pan—1 = —— [13n-1 (86)

Furthermore, by the set of equalities:

-6
Win-1.-V3 = W3p—1+mMr'" P w3y — mwsn 1

Whp. V3 = w3, + mr = wsy —m Wan

we get by the same computation as in (80) that:

1
Han = _; H4.n—1 (87)
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(b)

as there is no term in wsy in v (recall that n > 5). Next, we
have w3 ,,.v4 = rws , and an action of v4 on the other terms of
v1 never makes any term in ws,, appear. Hence, v1.v4 = —% VU1
forces yi3,, = 0. Then by (85), (87) and (86), all the coefficients of
vy are zero. In other words v; = 0, which is impossible as v; is a

basis vector.

Thecasen =5

In this case, there are only three terms in v;:

V1 = 134 W34 + U35W35 + H45W45

Let’s act by v3. We have:

1
Wi V3 = Wy (88)

W45. V3 = W35 + MwW3g — MWys (89)

from which we derive by looking at the term in ws4:

Moreover, by an equality of type (77) with ¢ = 3 and A\ = -1,

r

we get:

1
Ha5 = —— U35
T

At this point, we need to distinguish between two cases:

i. If | = —r, we get by the two previous equalities: p145 = 1135 =

0. Then, v1 = pg4wsg and psg # 0. Then we must have
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ii.

1 . 1 . .
V1.V4 = [34 W35 = —3 [134 W34 1.6 w35 = —3 w34, Which is a
contradiction.
If | #—r, we get yuzqs = — ﬁ’: T [t45, SO that vy is proportional
r l

to

1 n ml

W35 — — Wye5 + 77— W34
r l+7r

We now check that this expression for v; is compatible with

V1.V4 = —% v1 for a certain value of [. We have:
W3s. V4 = W34+ T W45 — MW35
_ 1
Wa5. V4 = 7 W45
W34-V4 = w35

By looking at the coefficient of the term in wys in vi. vy =
—% v1, we must have:

L =% —1Liel = —r% Wenote that —r® # —r as we

m
l

Sl

have assumed that the parameter m is nonzero. Looking at
the coefficients of the terms in w34 and wss in v1.v4 = —% vy

yields in turn:

With [ = —3, this equality holds. We replace | by —r? in the

expression giving v; to get:

UL = W5 — - Was T W34 (90)
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Next, we must have vy. 1y = —% (v1 4 v2) and we have:
W35. Vo = W5 + T w3 — MW3s5 (91)
Wys5. V2 = T W45 (92)
W34. Vo = W4 + MWz — MW34 (93)

We need to investigate the coefficients for v,. The equality
V9. Vg = —% vy forces the coefficients of the w;;’s to be zero

for 1 <14 < j < 3. Hence we may write:

V2 = A4 W14 + A2g Waq + A3q w34+

A5 W15 + Aas Wwas + A35 w35 + Aas was  (94)

Moreover, since vy. v2 = 7 v2, we have by (77) applied with

A=randgqg=2:

Azg = TAn

A3s = T A5

and with the equalities (91) and (93) and the fact that there

are no terms in w93 in v1 and vy, we also deduce that:
1
A3s = —— A34
T

Furthermore, since there must be a term in wss in v9, none of
these coefficients is zero. Finally, by the equalities (91), (92),
(93), the expression for v; in (90) and the fact that vi.1v5 =

—%(vl + v2), we have: A\jy = A5 = 0. Thus, vo must be
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proportional to the vector
1
W24 + T W34 — W5 — - Was + A5 Was

Next, if v; is given by (90), by looking at the coefficient of

Wos IN V1. Vg = —% (v1 + v2), the vector vy must be given by:
2 3 2
v = 1 wag + 17 w34 — r7wss — T Was + A\g5 W45

From there, the contradiction comes from the relation v9. 1 =
—% v9 — 1 v1, as for instance the coefficient of w34 in vy. 17 is
r* while the coefficient of ws4 in —% v9 — ruy is zero. We
conclude that when n = 5 it is also impossible to have an
irreducible 4- dimensional invariant subspace of V given by

the matrices N;’s. It remains to study the case n = 4.

2. The case n = 4.

By the expressions given in (83) and (84), we know that v; is pro-

portional to w3 + 7 w3 — % W14 — Waq + (134W34 OF tO w34. Assume first

that vy is a multiple of ws4. The relation v;.v3 = —% v1 forces | = —r.
Suppose | = —r and without loss of generality v; = ws4. We must
have vi.15 = —% (v1 + v2), i.e
1 1
Wa4 M W23 — MW34 = —— W34 — V2 (95)

A general form for vy is:

v2 = A2 W12 + A3 wig + Mg wia + A2z wa3 + Aog wag + Agq wza  (96)
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By (95), we have Aj2 = A3 = Aix = 0. Next, by (77) applied with

g=2and A =r, we get A34 = 1 A24. Also, from

W34.V9 = W4 + M W23 — M W34
1
wa3. V2 = —— W23
T
we deduce that
m

A2z = T A34
L

-
Thus, the last three coefficients in vy are nonzero and v; is propor-

tional to the vector

mr
Wa4 + T W34 + —— Was,
T‘"‘;

and in fact (95) forces

mr
Vg = —7| W24 + T W34 + 7 +rw23

T

to match the terms in wyy and ws4. Now the contradiction comes from

the term in wy3: we must have:

ie - =0,

which is impossible.

Thus, we must have v; = wq3 + r waz — % W14 — W24 + H34W34.



CHAPTER 8. PROOF OF THE MAIN THEOREM 90

We have the set of equations:

wiz. vy = wiz+ % Wwa3 — M W13 (97)
Wo3. vy = % wa3 (98)
wi4.Vp = TWi4 99)
Waq.V2 = W34 (100)
W34.Vp = W4 + MWz — M W3y (101)
By looking at the coefficient of w5 in the relation v1. v, = —% V] — % V9,

we get by using the equation (97) and the expression for v; above:

A
.

1= ie. )\12 = —T

Consequently,

Aig = rAp = —1?

by the relation vy. 5 = vy and (78). By looking at the coefficient of

w14 in the relation vl.vy = —% v — %02 and by using (99) and the

expression for v, we get:

A 1 . 1
—714—}-* 1.e. )\14:7”—{—*
r

1=
r r2

Similarly, by studying the coefficient of w4 in the same relation, we

get:

I Ay

H34 = — — ——
r r

1

Next, we use the relation v. 1 = — U2 — TV together with the set of
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equations:
1
wi2. V1 = 7 w12
wo3. V1 = W13+ Mwiz — M w3
wiz. V1 = W23
W34.V1 = T W34
W4.V1 = Wi4 +Mrwizg — muway
wig. V1 = W24
By looking at the coefficient in w3, we get with A\j3 = —r2 (in v9) and

p13 =1 (in vy):

)\23 =r—r=20
Also, by looking at the coefficient in w14, we get

A
dog=1-22
,

And since \j4 =7 + % from above, we actually get:

1

Aoy = ——
2

Then we also have

1
Azg =T Aoy = ——
.

by va. v = rvy and (77). From the expression for gy, it also follows

that
1 1

:u34:;+773

To finish, we look at the coefficient of wyy in v9. 17 = —% vg — rv1. By
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using the second set of equations with the adequate coefficients A2,

A2z and Ag4 for v, we immediately get:

ie l=—r

We conclude that n = 4 is the only case for which it is possible to
have an irreducible representation of degree n — 1 inside V that is
equivalent to the matrix representation defined by the matrices N;’s.
Moreover, we showed in that case that [ must take the value —r3.

Furthermore, we have seen along the proof that such a 3-dimensional

invariant subspace must be spanned over F' by the vectors:

1 1 1
v = w13+rw23—*w14—w24+(*+*3)w34
T T r
2 ].
vy = —rwiz—r wlS_;w34_ﬁw24+(T+;)w14

and a third linearly independent vector v3 such that:

V3. V3 = T U3

V3.V = *%Ug*T’UQ
1

Vg.V3 = —;(UQ + v3)

Only two of the above relations will be useful to force the value for the
coefficients of v3 in the basis of V. More precisely, we use the action
by g3 as in the first and third relations, together with the following
defining equations (where we took care to replace [ by its specializa-

tion):
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wi2.V3 = T W12
W3- V3 = W24
w13.Vy = Wi4
1
W34.V3 = -3 W34
T
m
W4.V3 = W23 — 7’73 W34 — M W24
m
Wi4.V3 = W13 — 771 W34 — M W14

Let’s write a general form for vs:
V3 1= 7712 W12 + Y23 W23 + Y13 W13 + Y34 W34 + Y24 W24 + Y14 W14

By looking at the coefficient of w»3 in the third relation, we get
Aoy = —% ~23, from which we derive o3 = % by replacing A4 by its
value. Similarly by looking at the coefficient of w4, still using the

third relation, we see that:

1 ) 1 1 )
Al =7 — —713 e r+—=1r——-7"3 e v13 = —1
T T T

Since by the first relation and (78) we have

Y14 = T3
Y24 = T723
we derive that 714 = —r on one hand and 24 = 1 on the other hand.

It remains to find the coefficients 12 and v34. Still by the last relation
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and by looking this time at the coefficient in w2, we get:

7")\12 =1- B
”
Replacing A2 by the value —r yields:
Y2 =r+1°

Finally, using the third relation for the last time and looking at the

coefficient in ws, yields:

which leads to 34 = 0.

When gathering all the coefficients for v3, we obtain:
3 1
vy =(r+r )w12+;w23 — w13 + Waq4 — T W14

Thus, if there exists an irreducible 3-dimensional invariant subspace
of ¥V whose matrix representation is equivalent to the one defined by
the matrices N;’s, then it is spanned by the vectors vy, v2,v3 as we

defined them above and [ must take the value —r3.

Conversely, we show that for the value —r? of /, the vectors

1, 1 1
v = T‘w23+w13+(;+ﬁ)w34—w24—;w14
2 1 1 1
V2 = —Trwiz—T w13—;w34—72w24+(7’+;)w14
_ 3 1
vy = (T+r)w12+;w23—w13+w24—rw14

form a free family of vectors that satisfy to the relations (v7). This will
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prove that Span (v, v2, v3) is an irreducible 3-dimensional invariant
subspace of V. For the freedom of the family of vectors, we note that
in vy (resp va, resp v3) there is no term in wiy (resp wag, resp wsa).

Then, if A1, Ao and A3 are scalars such that:

A1v1 + Agvg + Agvz = 0,

they must be related by:
A = (1+7%)X3
Ao = (1+5)A
)\3 = —7“2>\1

where we used the freedom of the w;;’s. These equations imply that:

A+r2+rt 49N =0

Since 2 # 1 and (r2)* # 1, we get A\; = 0. It follows that \; = \y =
A3 = 0. Hence the family (v, v2, v3) is free. It remains to show that
the relations (57) are satisfied on the vectors vy, v2, v3. This is an easy

verification that is left to the reader.

Let’s go back to the proof of the theorems and suppose that there is an irre-
ducible (n—1)-dimensional invariant subspace U/ of V. When n = 4, assume
that [ # —r3. By the preceding work, there exists a basis (v1, ..., v,—1) of

U in which the matrices of the left actions of the g;’s are the matrices M;’s
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and we have the relations, when the indices make sense:

v(v;) = r v, fort ¢ {i—1,4,i+1}
1
vilv:) = _1y,
(A) z( z) r Ui
vitr(vi) = 7r(vi +vig1)
vii(vi)) = 1o+ % Vi—1

We will show that these relations force the values 7‘"%3 or —Tn% for .

First of all, the relation v;.v; = —% v; implies that in v; there is no term in
wg ¢+ for
t<i-—1 (a)
or §>i+2 (b)
s<i—1 (c)
or
t>1+2 (d)

since those terms are all multiplied by » when acting by v; and they cannot
be obtained from other wy, 4,’s with an action by v; by points (i), (i4) and
(7ii) above. By (b), either s <i—1or s =ior s =i+ 1. In the first case, by
(d), the integer ¢ must be less or equal to i + 1. By (a) the only possibilities
fortaret =iort =i+ 1. When s = i, we may havet > i + 1 and when
s =1+ 1, we may have ¢t > i 4 2. Thus, the possible values for s and ¢ for

ws ¢ In v; are:

s<i—landte{ii+1}
or

s =i and no restrictionon ¢ (¢t > i+ 1)
or

s =i+ 1 and no restrictionon ¢ (¢t > i + 2)
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Thus, a general form for v; must be:

n n
Vi = Miit+1 Wi+l + E Wil Wik + E Hit 1,k Wit1 K
k=i+2 k=i+2

i—1 i—1 (102)
+ Z Hs,i Wsi + Z Hs,i+1 Wsi+1
s=1 s=1

Next, from v;.v; = —1 v;, we have by (78) applied with ¢ = i and A = —1

on one hand and (77) applied with ¢ = i and A = —1 on the other hand:

l B
Hsjitl = — Hsi, Vs <i—1

Miv1e = — % pigk, Vk>i+2

Further, to get more relations between the coefficients, we use the relations
vi.vg =rv; forq & {i—1,4,i+1}
By (77) applied witheach ¢ & {i — 1,4, i + 1} and A = r, we get:
VE 2 q+2, gtk =T Hok (103)
and by (78) also applied with each ¢ & {i — 1, ¢, i+ 1} and A = r, we get:
Vs <q—1, Hsgr1 =T Hsg (104)

Let’s apply (103) withg = s <i—2and k € {i, i+ 1} ({ > s+ 2) on one
hand and (104) withg=k >i+2ands € {i,i + 1} (i+1 < k — 1) on the
other hand (where we used the same notations as in the sums of (102)) to

get:
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Hs+1,i = T lsys

V1<s<i-—2, on one hand
Hs+15+1 = T MHsi+l
Hik+1 = T ik
Vi+2<k<n-1, ' ’ on the other hand
Mit1k+1 = T i1k

The formula (102) can now be rewritten as:

n
, , , 1
k—i—2
Vi = P Wil + E R (A - Wiy1,k)
k=i+2

i—1 1
i .5—1
+ Z )\l Ts (w&i — ; ws,i+1)
s=1

We will show that the §° ’s for i = 1, ..., n — 2 can be set to the value one.
First, we notice that if vy, ..., v,—; are vectors satisfying to the relations
(A), then the vectors d vy, ..., duv,_; also satisfy to the relations (A) for

any nonzero scalar . Thus, without loss of generality, we may write:

n
_ 1
v = ptwig + > wy - w2k)

k=3

where we set §' = 1. Next, we notice on the expression above that an action
of v, on v; never makes a term in wo4 appear. From there, it suffices to look

at the coefficient of woy4 in the relation

V1.V =TV + TV
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to get:

0=—r+rd?

ie.

62 =1

Let’s proceed by induction and suppose that §° = 1 for a given i with 2 <
i < n — 3. We notice that 6°t! is the coefficient of Wi41,i+3 iN vi41. Since an
action of ;41 on v; never makes a term in w;1 ;13 appeatr, by looking at the

coefficient of w;41 ;43 in the relation v; 1 v; = rv; + rv;41, we get:
0=—rd +rstt

ie.

5i+1 -1

Thus, we have shown that all the ¢ ’s, for 1 < i < n — 2, can be set to the

value one. Hence the formula giving the v;’s can be rewritten as follows:

n
) e 1
v = P w1 + g k= 2(wi,k - Wit1,k)
k=i+2
" (105)

i—1 1
%,,5—1
)N (g — ;ws,iﬂ)
s=1

where the only two unknown coefficients are A’ and y’. It remains to find
the coefficients A\’ and y’. By looking at the coefficient of the term w; ;41 in

the relation v;. vj41 = 7(v; + vi41), we get the equations:

V1i<i<n-—2, |[rpi4+rXtt=1 (106)

Next, by looking at the coefficient of the same term w; ;41 in the relation
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Vi Vi1 =TV + %vi,l for i > 2, we get the equations:

A o 1
vV2<i<n-—1, —m,u’—)\’rl_gzr,u’——Z
,

which can be rewritten after multiplication by a factor 72:

V2<i<n-—1, |[rpf+ritN=1 (107)

Subtracting equalities (106) and (107) yields:

V2§i§n—2,)\i+1:%)\i (108)

Next, we write equality (106) with ¢ = 1 and equality (107) with i = 2:

rpt4+rX? =1 (109)
r u2 +rA2 = 1
from which we derive:
pt=p’ (110)

Further, by (107), we have:

V2<i1<n—2, rui+1+ri)\i+1:1

And by using (108) we get:

V2<i<n-—2, rpftt4ri-tNi=1 (111)



CHAPTER 8. PROOF OF THE MAIN THEOREM 101

Now by (107) and (111), it comes:
V2<i<n-—2, ptl=yu (112)
Gathering (110) and (112), we get:

P = pe = = fip—1 (113)

Thus, the coefficient i’ of the term w; ;41 in the expression giving v; does
not depend on the integer i. We will denote it by 4.

By (108), all the A’ ’s are determined by \? in the following way:

) 1 i—2
V2<i<n-—1, )\Z:)\2<) (114)

r

By (109), we have A2 = 1 — 1. Thus, by determining the coefficient y1, we

r

will get a complete expression for all the vectors v;’s. Recall that p is the

coefficient of w; ;41 in v;. We look at the coefficient of w; ;11 inv;. v; = —% v;.
We have:
Vk>i+2, [wiJrl,k- Vi] = mrhTiT2
Wi 41
m
Vs<i—1, {w' .I/'] = —
>~ s,i+1- Vi — [pi—s—1
Hence we get the equation:
1 n i—1 m [
k—i—3 k—i—2 i.5—2 __k
1 Z r mr _Z)‘T Iri—s—1 — |
k=i+2 s=1
ie
H 1 2\n—1—2 )‘Z ( 1 1—2) 14
T4 (r Z(=- =k *
I r? () I \rt r (+)i
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Let’s write down (x)3 and (x)3:

() = FE) e o
() = G o

TR - ) e

r2 r

We multiply this last equality by % and then divide it by & — 2 (licit as
m # 0) to get:
A2 —1 (TQ)’N,—3

We recall that 4 = 2 — A2, Hence we get a relation binding x and [ as

follows:
1
=~ 2\n—3
p=_ =107
Next, by looking at the coefficient of w2 in v1.11 = —% v1, we get:
1 1 _ 1 Im—3
p(G+5) = 20 (115

as vy is only composed of one term and one sum as below:

n
. 1
k—3
vl = pwig + § T (wy g — - wa k)

k=3

Replacing by its value in equality (115) yields: (2 = (TQ)% Hence there

are two possible values for I:
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Fither [ = 7""%3 and p=1+— "3 and A2 — pn—3

Or I=--% and p=1+r"3 and A2 =—p"3

In both cases, we have u = % — % In the first case, we get A’ = r"~i~! and in
the second case, we get A\’ = —r"~~! where we used the expression given
in (114).

At this point we have proven that if there exists an irreducible (n — 1)-

1

dimensional invariant subspace U of V, then [ must take the values =

or
— 5. Conversely, given | € {5, — 5}, we show that the vectors v;’s,

1 <1i<n—1,defined by:

L1 n o 1 i1
wem (e 3 P R L)+ 3
k=i+2 s=1
(116)
€ 1 =1
where =S
e 1 =-—1
rn—3

form a free family of vectors and satisfy to the relations (when the indices

make sense):

Vi Uy = r v;, fortg{i—1,i,i+1}
1
V;.V; = - V;
vi-Vig1 = 7(vi +vit1)
- — RN G
Vi Vi1 = T+ - Vi-1

Let’s compute v;. 1, for t < i — 1. All the terms in (116) are multiplied

by a factor » when acting by v, except possibly:

: 1
e T T2  (wyy — — wi i)
" ) (117)
T E I (g — . Wit 1,i41)

1
- ws,iJrl)
T
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By definition of v, we have:

WiV = Wiyl (118)
Weigl- Ve = Wil itl (119)
Weyl4-V¢ = We;+M rit2 W41 — MWit15 (120)

Wit i+1-V¢ = Wiipl +M pit=l Wi t+1 — M W41,i4+1 (121)

When we act by v, on v;, all the terms w;;’s composing v; are multiplied
by r except the four mentioned above. Hence we read on the expressions
(118), (119), (120) and (121) that w; ; is obtained from and only from w1 ;.
And similarly, w; ;11 is obtained from and only from w11 ,+1. Now we
read on (117) and (120) that the coefficient of w; ; is multiplied by » when
acting by v on v;. Similarly, by (117) and (121), the coefficient of wy ;41
is multiplied by r when acting by v; on v;. Similarly, we read on (117),
(118) and (120) that after acting by v, on v;, the coefficient of w41, is
ar" T 2L —mr), e g r" Tt = 1 x g "7 72FL And we read on (117),
(119) and (121) that the coefficient of w4141 is —< 7" "*H(1 — mr), i.e
— LTl = o g2 ( — %) We conclude that all the terms com-
posing v; are multiplied by a factor » when we act by v; on v;. And we note
that the terms in w; ¢ appearing in (120) and (121) cancel each other with
the adequate coefficients 1 and —% of w41, and wyiq,i+1. Thus, we have
shown that:

Vt<i—2,vi.vy =71

Similarly, given ¢t > i + 2, all the terms in (116) are multiplied by a factor
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when acting by 14, except possibly:

1

T (Wi — = Wi )
r (122)
t—i—1 1
r (wi+1 — - Wit1,641)

We compute the action of v; on the four terms w; ¢, Wiy 1,4, Wi t+1 and w1 ¢41:

Wit Ve = Wil (123)
Wit14-Ve = Wiplp4l (124)
m
Wit41-V = Wi+ [T Wet+l = M Wit (125)
m
Witklt+1- Ve = Wi e+ 75y Week1 — MWig1 41 (126)

We read on the equalities (123) — (126) that when acting by v, the term
wj ¢ (resp w; +1) can be obtained from and only from the term w; ;41 (resp
wit14+1)- By (122) and (125), the coefficient of w; + is multiplied by a factor
r when acting by v, on v; and by (122) and (126), the one of w;;1, is also
multiplied by a factor r. Like above, we read on (122), (123) and (125) that
the coefficient of w; ;1 is multiplied by » when acting by 4 on v; and we
read on (122), (124) and (126) that the coefficient of w;1 441 is also multi-
plied by a factor r. Thus, all the terms w, s in (116) are in fact multiplied
by r and we have:

Vt>i+2, v.vs =710

We now show that v;. v; = —% v;.
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Wehaveforallk >¢+2andall s <7 —1:

1
Wii+1 - Vi = T Wil
Wik - Vi = Wit1,k
W R A k—i—2,, . _ .
i+1,k - Vi = Wi TmMmr Wi 54+1 — M Wi,k
Wg,j Ly = Ws,i+1
m
(| Ws,it1 - Vi = Wsi+ jms1 Wil — MWsitl

We read on the equations above that the coefficient of w; ;1 after an action

by v; on v; is:

i—1
} _ 1 1 _m k—i—2y2 e 41 s—i—1\2
(’I“ l)xl r Z(r ) " SZ:;(T )

ie.

-2 L1 on 9o, €, n2it1 n—l}
(r l)xl 7“2[1 " o0 ™)

where we used the relation "5 = % Next, we note that:

We{i _ }, & pn-3

rn—3’ 7“”_3

Hence, the term in the bracket is nothing else but

e = (1) e

Then, ”distributing” the coefficient %2 inside these two factors yields the
product (% - ETZ) (% + %) . Since ¢; € {—1, 1}, this product is (% - %) (% + %) .

Thus, the coefficient of w; ;1 after an action by v; on v; is:




CHAPTER 8. PROOF OF THE MAIN THEOREM 107

So the coefficient of w; ;41 after an action by v; on v; is multiplied by a factor
—%. Let’s look at the other terms. For each ¢ + 2 < k < n, the coefficient of
the term in wj 1y is given by r¥772(1 4 2) = pk=i=4 hence is multiplied
by —%. Similarly, for each 1 < s < i — 1, the coefficient of wy ;41 is, after
an action by v;, r"T72t5(1 + ™) = " s~4 hence is multiplied by
—1. Moreover, it can be read directly on the expression (116) and the third

(resp the fifth) equation above that the coefficient of w;j (resp ws;) gets

multiplied by a factor —2. Thus, we have:
Vi . Vg = —— U5
T

Let’s now compute v;.v;11. When acting by v;11, most of the terms w;’s
in (116) are multiplied by r, with the exception of:

® Wi+l

® W;it2, Wit1it2 and wiyq i for i + 3 < k < n, in the first sum

o w41 forl <s <i—1,in the second sum

We compute the action of v, on these terms:

Wiiyl Vigl = Wiy (127)
m
Wi i4+2-Vitl = Wi+l + T Wi4-1,i+2 — M W4 542 (128)
1
Witli+2 Vil = 7 Witli+2 (129)
Wit1 k- Vil = Wig2k (i+3<k<n) (130)

Wsi+1-Vitl = Wsi42 (1 <s< 1 — 1) (131)
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From there,

the coefficient of Ws 41 in Vi- Vi1 is 1,
the coefficient of w; ;41 in v; is £ — 3, 1= r(

the coefficient of w; ;11 in vi41 is 7773 = ¢

N‘Q
Ju—

. . . . 1
the coefficient of w; ;2 in v;. v 1 isr — 7,

.. . . 1 1
the coefficient of w; ;12 in v; is 1, r—7=7r—rXxg
the coefficient of w; ;42 in vy is — ﬁ
the coefficient of w;y ;12 in v;. vy is T — % =-7
h ffici Wit oo in v i 1 —r— {4l
the coetficient of w; 142 INv; 18 — = i o

. o . . 1 1
the coefficient of w; 112 inviy1is & — 7

From now on we do not need to worry about these terms anymore. We
study the action of v;;1 on the first sum of v; for indices k such that ¢ + 3 <

k < n. By the equation (130), an action by v;;1 on v; makes a term in w; o

. . . . . k—i—2
appear with coefficient the one of w;; in v;, that is —* . Hence, we
get a term:
- 1
k—i—3
r E (r Wit+1,k — - wz‘+2,k),
k=i+3

where we need to add

n
k—i—2
- E r Wi+1,k

k=i+3
The first expression is the first sum in v;1, multiplied by a factor r. The
latter expression is a part of the first sum in r v; with indices k greater than

i + 3. Since all the terms w; ;s for i + 3 < k < n are multiplied by » when
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acting by Vit1, We get a sum:

n
—ie 1
r Z rk 2 (wig, — ;wi—i-l,k)
k=i+3
Next, we study the action of v;11 on the second sum of v;. Acting by
vi+1 makes a term in ws ;2 appear by equation (131), with a coefficient

n—i—2+s
—€ ——— Hence we get a sum:

i—1

. 1
—i—3+
re; E O (W i1 — ;ws,ﬂ_g) (132)
s=1
where we need to add
i—1
—€l § PR g i
s=1

This latter expression is a part of the second sum in 7 v;. And since all the
terms w,;’s, for 1 < s <7 — 1 get multiplied by » when acting by v; .1, we

actually get the whole second sum

i—1 1
n—i—2+s
e § r (ws,z' - ; w8,i+1)
s=1

of rv;.

The sum (132) is the second sum in r v; 1, minus the term

r 1
7 (wiie1 — . Wi i+2),

which corresponds to s = i. Since those terms in w; ;41 and w; ;12 have

already been processed above, we may now conclude that:

Vi Vig1 = 7(v; + vig1)
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Let2 <7 <n — 1. It remains to show that

1
Vi Vi—1 =TV + — Vi1
r

110

When we act by v;_1 on v;, all the terms w,; in (116) get multiplied by r,

except
® Wji+1
e w;, each i+ 2 < k < n,in the first sum
o w14, ws;forl <s <i—2and w;_1,41 in the second sum

Let’s compute the action of v;_; on these terms.

Wii41-Vi—1 = Wi—1441 T MWi—1,; — MW; 41
. k—i—1
Vk>i+2, wipvict = wi—ip+mrt T wim1; — mwgg
1
Wisli-Viel = 7 Wisli
Vs <i—2, WsjVi1 = Wsi1+ 7——5Wi—1;— MWs;
’ ) qu,f‘ng ’ ’

Wi—1,i+1-Vi—1 = Wii+1

(133)

(134)

(135)

(136)

(137)

We see with the equations (133) and (137) that the coefficient of w; ;41 in

Vi Vi1 is:

We recall from before that:
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Thus,

We will use this equality extensively. Therefore, the coefficient of w; ;41 in

v;. v;_1 is in fact:

r 1

AR

We now compute the coefficient of w;_1 ; in v;. ;1. There are several con-

tributions coming from four different sources:
* the term wj; ;41 with coefficient m (% — %)

* the terms w; ;s for i + 2 < k < n with coefficient

n n
Z ki lpk—i—2 =213 Z (r2)F

k=i+2 k=i+-2

p—2i—3 244 1—(r2)ni!

=m
1—1r2

1 _ p2n—2i—2

* the term w;_1 ; with coefficient l%

» the terms w; ;s for 1 < s < i — 2 with coefficient

i—2 m i—2
€ 2 . Tn—z—2+s — 7"2n_3’l"_2Z m § (1"2)8
lrz—s—Q
s=1 s=1

— 7“2n_3’l“_2i r (1 _ (7,,2)1'—2)
—_ r2n—2z’—2 o (,r_n—3)2

_oi_ 1
:T2n 29—2 _ ©

l2
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The sum of all these contributions is:

mr 1) 20 el

Now we have:

the coefficient of w; ;11 inv;.v; 1181 — 7 —

the coefficient of w; ;41 in v; is (% — %),

the coefficient of Ws 41 in Vi—1 is — %

the coefficient of w;_1 ; in v;. v;_1 is %(% — %) +

the coefficient of w;_1 ; in v; is %,

the coefficient of w;_1; in v;_1 is % — %

1

2

~I3

the coefficient of Wi—1,i+1 in Vi—1-Vi—1 is % — %,

1

the coefficient of w; 111 inv; is — .,

the coefficient of w;_1 ;41 inv;—1is 1

==

= =

/N
3 =

|
o~
N—
+

112

~I=

From now on, we do not worry about the terms in w; j41, wi—1,; and w;—1 ;41

anymore. We look at the equations (134) and (136). By (134), the term w; j,

gets multiplied by r — % Since wjt1 k- Vi—1 = T Wi4+1 %, We get the whole first

sum for v;, multiplied by a factor  and a term

]. >
k 2
- E T T wg g,

r -
k=i+2

which is part of the global sum:

1 n
k—i—1
- E rt T (Wi g —

r -
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of % v;—1, where the terms in w;_1 ;41 and w; ;+1, corresponding to k = i+ 1,
have been omitted. These terms were already processed above. But the
action of ;1 on v; also makes a term in w;_; j, appear (still by (134)), with
coefficient r*~=2, Thus we get the whole first sum for v;_;, multiplied by a
factor 1. Similarly, by (136), the term w,; gets multiplied by » — 1 for each
1 < s <i—2. And since w, ;11 gets multiplied by » when acting by v;_1,

we get the whole second sum

i—2 1
n—i—2+s
€ E r (ws,i - ; ws,i—l—l)
s=1

of 7 v;, minus the terms in w;_; ; and w;_1 ;41 corresponding to the integer
s = ¢ — 1. Those terms have already been processed above. Next, the part

1 . .
—, ws,; yields a sum:

€ w2 1
l Z —ie
a et 1+s(_ 7)w57i’
r r
s=1
which is a part of the second sum:

1
Wsi—1 — — ws,i)
T

of % v;—1. Since the action of v;_; on v; also makes a term in w, ;1 appear

with coefficient the one of w;; in v; by (136), that is < pm—i=1+s

, we get the
whole second sum of % Vi_1.
All the preceding results lead to conclude that v;. v;—1 = rv; + L v;_1. We
have now shown that the v;’s satisfy to the announced relations.

Let’s show that the family (vy, va, ..., v,—1) is free. In what follows, we

will denote by Hf,2(n) the Iwahori-Hecke algebra of the symmetric group

Sym(n) with parameter r? over the field F. For large values of the integer
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n, we will make use of a result of James on the dimensions of the irreducible
representations of the symmetric group Sym(n). For n > 7, James states in
[6] that an irreducible K Sym(n)-module, where K is a field for character-
istic zero, is either one of the Specht modules S, §(1"), g(n=1.1), 521772
or has dimension greater than n — 1. Further for n = 5, if d is the degree
of an irreducible representation of Sym(5) over K, then d € {1,4,5,6}.
Hence this fact also holds for n = 5. In characteristic zero, when the
Iwahori-Hecke algebra of the symmetric group Sym(n) is semisimple, the
degrees of its irreducible representations are the same as the degrees of
the irreducible representations of the symmetric group (See for instance
[10]). Thus, for n = 5 or n > 7, if dim Span,.(vi, ..., vp—1) = k <n —1,
then Span(v1, ..., v,_1) is either one dimensional or must contain a one
dimensional invariant subspace. Then | = —— by Theorem 4. But we

have assumed that [ € {T,},B, —Tn%g} Hence we get a contradiction since

r?n=3 = "3 with € € {1, -1} would imply r?" = 1, which is forbidden
when Hp,2(n) is semisimple. Similarly for n = 3, if v; and v; are linearly
dependent, then the invariant vector space spanned by v; and vy over the
field F has dimension one. This forces | = —r® or | = J; by Theorem 4. But
we have assumed that ! € {1, —1} in this case and the condition of semisim-
plicity (r?)3 # 1 prevents 73 = 1 or 73 = —1 from happening. Thus, in the
case n = 3, the vectors v; and vy are linearly independent. Let’s now deal

with the case n = 4. We want to show that (vy, vg, v3) is free. By definition,

we have:
/11 1 1
v = (;—7)wiz +  (wiz—ywes) +  7(wig— ;wu)
vy = (% - %) wz + (w4 — %’w34) + r(wig — %’w13) €
vy = (L —Pwss + (wis—Lwu)a + r(ws— Lwu)e
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Suppose A1, A2 and A3 are scalars such that:

AU+ Aovy+A3v3 =0 (138)

Since the w;;’s are linearly independent over F', we derive the set of equa-

tions:

A —dag+dse = 0 (139)
r A — %Ag -0 (140)
Mt —Aza = 0 (141)
2 n(E-g) = 0 (142)

(139), (140), (141) and (142) are respectively obtained by equaling to zero
the respective coefficients of w3, wi4, wa4 and wsy in the relation (138).

Let’s first deal with | = —1 and ¢ = —1. By (139) and (141), we have:
A3 — A2 = A2 + As,

from which we derive Ay = 0 since our base field has characteristic zero.
Then by (129), we get A\; = A3 and by (140), we get (r + 1) A3 = 0. Since
we have assumed that (r?)? # 1 by semisimplicity of the Iwahori-Hecke
algebra Hp,2(4), we cannot have 7 = —1. Hence we get A3 = 0 and so
Al =X =XA3=0.

Suppose now [ = + and ¢ = 1. By (140), we have \; = % and by (139) or
(141), we get: Ay = (1 + r%) A3. Then by (142), we get:

(%4—74))\3:0
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Since we have assumed that (r2)* # 1, it is impossible to have (r?)? = —1.
It follows that A3 = 0, and by the above relations binding A; and A3 on
one hand and Ay and A3 on the other hand, we also get A\; = Ay = 0. This
achieves the proof of the fact that the family of vectors (vy, v2, v3) is free.

We are now able to conclude: the vector space Span.(vi,...,v,—1) C
V is (n — 1)-dimensional, is invariant under the action of the g;’s and is
a Hp2(n)-module since it is a proper nontrivial invariant subspace of V.
Then by the relations described above, it is also irreducible.

We note that for n = 6 the sufficient condition on [ and r so that there
exists an irreducible 5-dimensional invariant subspace of V holds in The-
orem 5, since simple computations of the dimensions of the irreducible
F Sym(6)-modules show that there is no irreducible representation of H 2 (6)
of degree d with 1 < d < 5. This forces the family of vectors (vy, vz, v3, v4, Us)
to be free by the same argument as in the cases n = 5 and n > 7. However,
for the whole theorem to be true in the case n = 6, we need to investigate
further about the irreducible representations of H,2(6) of degree 5 corre-
sponding to the partition (3, 3) and its conjugate partition (2, 2,2). An idea
is to reduce somehow to the case n = 5. We will use the branching rule for
the restriction of the Specht modules of the Iwahori-Hecke algebras that
are semisimple, as it is described in Corollary 6.2 of [10]. Assuming that

Hp,2(6) is semisimple, we have:
5(3,3) lHF7T2 (5) ~ 5(3,2) 8(2,2,2) \LHF,TQ (5) ~ 5(272,1)

Moreover, we have the following fact:

Fact 1. Suppose Hp,,2(5) is semisimple. Then, up to equivalence, the two irre-

ducible matrix representations of degree 5 of Hp,2(5) are respectively defined by
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the matrices Py, P>, P3, Pyand Q1, Q2, Q3, Q4 given by:

T —% 1
r -1 1
P1 = r y PQ = r
1 —r2 f% T
1 1 .
T
T 1 —r
r 1 r—%
P3 = 1 —% , Py = r
1 —% —r? —r2 1
r r 1 r—%

_% T 1
1
- . r 11 1
Ql = —r s QQ = -
1 L _1
7z T r
1 r —%
r 1 1 r
—= 1 r—= 1
r T 1
Q3 = 1 r ; Q4 = - r
1 r o —% — 1
T T
1 1oy o,
r r r

where the blanks are to be filled with zeros.

PROOF OF THE FACT: since the second matrix representation is the con-
jugate of the first one where we replaced r by —1, it suffices to show that the
first set of matrices defines a representation of H 2 (5) that is irreducible. It
is a direct verification that that the so-defined matrices P;’s, i = 1...4, sat-
isfy to the braid relations and to the Hecke algebra relations P2 +m P, = I;
where I is the identity matrix of size 5. Let us now show that this Iwahori-
Hecke algebra matrix representation is irreducible. Assuming Hp,2(5) is

semisimple, a non irreducibility of the representation means that there ex-
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ists a nonzero vector w in F° and scalars A1, A2, A3, A4 in F such that for all

i=1,...,4wehave:

Pow=MNw

(i)

Let w1, wa, w3, wa, ws be the coordinates of w in the canonical basis of F°.

We write all the equations provided by (x1), (x2), (x3) and (%4).

T w1
T w9
rws

wl—r2w3—%w4

1
wg—;w5

—%w1+w4
1
—5 W2 + w3 + ws
T w3

Wy

T Ws

T w1

T W2

1
w9 — ;wg
1 2

wl—;w4—7“ Ws

T Ws

A1 wy
)\1 w9
)\1 ws
)\1 w4y

)\1 Ws

)\2 w1
)\2 w9
)\2 w3
)\2 wy

A2 ws

)\3 w1q
Ag w2
A3 W3
)\3 W4y

A3 ws
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Wy — T W3 = Mw; (F16)

wy + (r — %) we +ws = Mwy (E17)

(1) T ws = Mws (F18)
—r? w3 + w; = Mws (F19)
rws+ws+ (r—Hws = Mws (E20)

We will show that it is impossible to have such a set of relations. Our first
step is to show that these relations force all the \;’s to take the same value
r. From there, we show that all the w;’s must then be zero, which is a con-
tradiction. First, since all the \;’s must be equal to r or all the \;’s must be

equal to —%, it suffices to show that \; = r.

Equation used | Result

Eq w; =0

) we =0

Now, if A\; # r, we get:

FEs wyg =0

(E1)
(E2)
(E3) w3 =0
(E6)
(E7)

FE7 ws = 0

Since we get that all the coordinates of the vector w must be equal to zero,
we see that \; must equal r, so that all the \;’s must in fact be equal to r.

Now, from (E,4) and (E14), we have:

1 2
<r+7)w4 = w;—7r-ws

r

1 2
(r—|—7)w4 = w3 —T1r"ws

r

from which we derive that:

w3 = Ws
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Using this equality, we get from (E13) that:

1
wy = (r+7>w5
r

and from (E7) that:

1
(r+7>w2:2w5
T

Gathering these two equalities, it yields:
1\2
(’I" + *) ws = 2ws
r

Since we have assumed that Hp,2(5) is semisimple, we have (r?)* # 1.
Thus, it is impossible to have (r + %)2 = 2. Hence we get ws = w3 =
0. Then it comes wy = 0 by (Fi3) and wy = 0 by (E2) and w; = 0 by
(E17). It is a contradiction to have w = 0, hence our so-defined matrix
representations are irreducible. We use these two irreducible 5-dimensional

matrix representations to show the following theorem:

Result 1.
Suppose n = 5. Then there exists an irreducible 5-dimensional invariant subspace

of Vifand only if | = r.

PROOF: suppose that there exists an irreducible 5-dimensional invariant
subspace of V, say W. Then W is an irreducible Hp,2(5)-module. Then
there must exist a basis (w1, ws, w3, wy, ws) of VW in which the matrices of
the left action of the ¢;’s, ¢ = 1,...,4, are either the P,’s or the ();'s. We

show that the first possibility leads to force the value r for I. Suppose such
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vectors exist. We read on the matrices P; and P that:

1
g1 w4 = —— W4

T

1
g3.wyg = —— W4

T

These two relations imply that in w4 there are no terms in ws4, was, w3s and
(k)

in wig, wis, wos. In what follows, we will denote by 1, . the coefficient of

w;j in wy. Thus, we have:

4 4 4 4
wy = uég) w3 + uﬁg) w13 + Mg4) wWoq + M§4) Wig

Furthermore, we read on the matrix P, that:
g2 w4 = 1wy + wi

By looking at the coefficient of ws3 in this equality and by using the expres-

sion for wy, we get:

1 4 m (4 4 1
7 Mg3) + T Mgs) = 7“#&3) + M;3) (*)

We will show that u%) = 0. To this aim, we look at the coefficient of w;3 in
gr-wy = 71wy + Wy

to obtain:
1) 1 4
Ng3 = Tﬂgs) + Mgs)
Further we look at the coefficient of w;3 in gz.w1 = rw; + w4 to get the

equation uﬁ) =T u%) + M%)- Since go.w1 = —% w1, in wy there is no term in
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wy4. Hence we get:

4 1
M§3) =-r /‘53)

Mixing the two equalities now yields

as desired. Now (%) can be rewritten as:

1 m
7 uss + T uiy =7 psy (00)

Since uﬁ) = u%) = 0, we derive from

g1.w1 = 1wy + wyq

that

1 4
Mézx) = M§4)

and we derive from

g3.w1 = rwi + wyq

that
4 = )
Now it comes:
= )
Moreover, since g3.wy = —% w4, we have by (78) applied with s =1,¢ =3
and \ = —% that:
) = =y
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It follows that

4 1 @
Mg:s) - Mg3)

Plugging this value for ,ug;) into (x*) yields:

m 1 4 4
( l lr) pig = —pig (5% %)

Furthermore, the coefficients in w, are related in a certain way that prevents

u%) from being zero. Indeed, as seen along the way, we have:

4 4
Mgg) = M§4)

4 4
Mg4) =—; /~‘§3)

Further, with g3.w4 = —% w4, we add a new equation by (78) applied with
522,q:3and)\:—%:

4 1 @
#24) - Ng:s)

It now appears clearly from these relations that if u%) = 0, then the other
three coefficients in w, are also zero. This is naturally impossible as wjy is a

basis vector. Thus, (x * x) reduces to:

ie

Conversely, suppose | = r.

Let w4 := w3 — %w24 +wig — w13
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and set

1
2
wH 1= gg.wd = rwsz — r°wiz — ; Was + W15
wl = go.wd — rwd = —— w3y + Wwoqg — r Wi + W13
T

1 2

w2 = gg.wl = —— wss + was — r° w1z + rwis
T

2

1
w3 = g3.wW2 —rw2 = —r w3 + 1wy — — W5 + W3s
r

Claim 1. If [ = r, then the vectors w1, w2, w3, w4, w5 span an irreducible 5-
dimensional invariant subspace of V over Q(r).

PROOF: itis a direct verification that the family of vectors w1, w2, w3, w4, w5

are linearly independent over Q(r) and that they satisfy to the relations:
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g.wl = rwl+ws

_ 1
g.wl = —swl
gswl = rwl+wd
gLw2 = rw2 -+ wd
go.w2 = —% w2
grw2 = (r—LHw2+wl
grw3 = rw3—riwi
go.wd = rwd+ w2
g3. w3 = —% w3
gaw3 = —rwl+w2+rwd—r2wd+rwd
gr-wd = —% w4

_ 1
gzwd = —_wi
gLwh = —Liws

r

go.wb = rwd+ w2

g3.wh = rwd—riwi

gaws = (r—2)ws+wd

By Fact 1 the claim is hence proven. To finish the proof of Result 1, it
suffices to show that the second irreducible representation of degree 5 de-
scribed by the matrices ();'s cannot occur. Suppose that there exists a basis
(v1,v2,v3,v4,v5) of W in which the matrices of the left action of the g;’s,

i =1,...,4,are the Q;’s. In what follows, we will denote by )\z(f) the coeffi-



CHAPTER 8. PROOF OF THE MAIN THEOREM 126

cient of w;; in vy. By the relations

g3. vy = TU4

g1-v4 = TUg

we get the relations between the coefficients in vy:

4 4
)\515) = 7")‘:(),5)

=
W =
W =
W =

4 4
)‘;3) = 7")‘53)

Next, since g4.v4 = v5 and g3.v5 = —% vs — %2 vy, We get
1 1
939404 = —— G404 — 5 V4
r r

Looking at the term in w5 in this equation yields:
4 4 1 @
r? )‘52) = _)‘(12) T2 )‘52)

Since (1%)® # 0, we have r? + 5 + 1 # 0. Thus we get AlY = 0. By looking

at the coefficient of wys in g3.v1 = —% v1 + vg4, we now get: r )\512) = —% )\§12).
Thus we also have )\(112) = 0. Further since )\%) = r/\%) by the relation

go.v1 = ruy, it follows that )\%) = 0. We then look at the coefficient of w3 in

9204 = —L vy + vy to get: —mA%) =-1 )\Y? where we used that )\%) =0.It
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comes )\(fé) = 0. From there we derive from the set of relations above that:
Y = =20 = A0 =0
Thus we have:
vy = )\éi) wag + 7 Ag? wys + )\;(J,? w35 + 7 )\%) was + )\545) w15
Let’s look at the term in wos in g3 g4 v4 = —% ga g — %2 v4. It comes:

4 1 4 1 4
—mr2/\§ ) = - (—mr)\g )> — ﬁr)\gf))

ie

4
—3 )\55) =0
Hence )\Yé) = 0 and there are only three terms left in vy:

Vg = )‘i(;zll) W34 + 1 )\:(;15) Wy5 + )\:(;é) w35

Let’s now look at the term in w34 in the relation g;.v1 = —% v1 + v4. We get:

1 1 .4 4
7”)‘5,4) == )‘:(34) + )‘:(34)

ie
4 1 1
)‘:(34) = (7“ + ;) )‘z(%,4)
On the other hand, by looking at the coefficient of w34 in g2. v4 = —% V4401,
we get:

4 1 @ 1
—-m >‘§,4) = >‘§,4) + )‘§4)
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e

4 1.
)‘5,4) -, )\54)

The two relations binding /\éi) and )\&) now yield /\éi) = )\(311) = 0. Thus,

there are only two terms left in v4. Explicitly we have:

Vg =T Ag45) w5 + )\%) w3s

But by looking at the coefficient of ws4 in g3.v4 = rv4 we have:

m /\gé) =0
Then v4 would be zero, a contradiction.
Let’s go back to the proof of Theorem 5. When n = 6, suppose that there

exists a 5-dimensional invariant subspace WV of V with
W SG3) or W 5222

Then
w lHF,T2(5)3 SG2) or W lHF7T2(5)g g§(2.2.1)

Then there must exist a basis of VW in which the matrices of the left action
by the g;’s are the P;’s or the ();’s. We first place ourself in the first situation
and adapt the proof of Result 1. Let (w1, w2, w3, w4, ws) be a basis of W in

which the matrices of the left action by the g;’s are the P;’s. Since the rela-

tion g1.wy = —% wy (resp gs.wq = —% wy) forces that in wy there is no term
in wsg, wae, Wse (resp in wog, wis), we see that the shape of wy is still the
same. Then the presence of a sixth node does not modify the arguments of

Result 1 and we get by the exact same arguments as in the proof of Result
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1 that [ = r. Furthermore VW must be spanned by the linearly independent
vectors wy, wa, w3, wy, ws provided in the proof of Result 1. But W is a sub-
module of V. Hence g5.WW C W. This is not compatible with the spanning
vectors above.

Second, still following the proof in Result 1, we show that it is impossible
to have a basis (v1, v, v3,v4,v5) of W in which the matrices of the left ac-
tion by the g;’s are the );’s. Suppose such vectors can be found. Taking the
same notations as in Result 1 and using the same arguments as in the proof
of Result 1 with the addition of a sixth node, we must have:

= r)\g;é) wWys + /\:(;é) w35+
)\gé) W56 + r)\gé) wye + )\gé) w36 + r)\%) wae + )\%) w16

We simplify further the shape of v4 by looking at the terms in wi2 in g;.v4 =
rvg. Such terms appear only when g; acts on wag, with coefficient mrs.

Since there is no term in w34 in v4, we simply get:

m 7“3/\%) =0

Hence, )\%) = Ag? = 0.

Further, by looking at the coefficient of w34 in g3.v4 = 7 v4, we obtain:
4)

ie

Furthermore, we claim that v4 cannot be a multiple of wss. Indeed, if so,
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in —% ga.v4 — %2 vy there is no term in wsg, but in g3g4.v4, there is one. This

would contradict

1 1
9394-V4 = —— g4.V4 — —5 U4
T T

Thus, without loss of generality, we may set )\:(34) = 1 and we rewrite vy as

follows:

(4) 1
V4 = T W45 + W35 + Agg Wse — Wie — CED

We now derive from vy = go.v4 + % vy that:

vy = (1 +r2)w45 + 17 w35 + was

1 1 1
+ (7“ + *) Aé‘é) Ws6 — <7“+ *) W46 — W36 — — W26
r T T

If we look at the coefficient of wag in g3.v1 = —% v1 + vg we get
1
1= 5

which is a contradiction as (12)? # 1.

Thus, we conclude that when n = 6 it is impossible to have an irreducible 5-

(3,3) 12,2)

dimensional submodule of V isomorphic to S>3 or isomorphic to S(*22),

Rather, it must be isomorphic to &V or S (21%) Then, as seen before, one

of these representations leads to [ € {-%, — -} while its conjugate represen-

tation cannot occur. Hence, the proof of Theorem 5 is now complete.

8.4 Proof of the Main Theorem

In this section we prove the theorem:

Theorem 7. Assume Hp,2(n) is semisimple. Then,
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v®) is irreducible if and only if | ¢ {—13,1, -1, %}

Forn > 4, v\ is irreducible ifand only if | & {r, —13, T,}_g , _rn1_37 TQ,}_;;}

PROOF: we already proved the theorem for the small valuesn = 3,4,5,6 in
the previous sections. For larger values of n, we will use the following two

statements of James which can be found in [6]:

Proposition 3. Let K be a field of characteristic zero.
Forall n > 7, every irreducible K Sym(n)-module is either isomorphic to one of
the Specht modules ™, §(1"), §(n=1.1), S@1"%) or has dimension greater than

n-1.

Proposition 4. Let K be a field of characteristic zero.
Forall n > 9, every irreducible K Sym(n)-module is either isomorphic to one of
the Specht modules S(™, §(n=11)  §(n=22) ' G(n=2.L1) o their conjugates, or has

dimension greater than W

For a proof of these two facts, we refer the reader to [6]. We will use an

immediate corollary:

Corollary 3. Let D be an irreducible F' Sym(n)-module with n = 7 orn > 9,

where F'is a field of characteristic zero. Then, there are two possibilities:

either dimD € {1,n — 1, n(n2—3)’ (n—1)2(n—2)}

or dimD > (”71)2&

PROOF OF THE COROLLARY: the dimensions of the irreducible F' Sym(n)-

n—2,1,1)

modules S( , $("=22) (and their respective conjugates) are given by
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the number of standard Young tableau of shapes (n —2,1,1) and (n — 2, 2).
In a standard tableau, the numbers increase down each row and down each
column. For the shape (n — 2,2), the two possible configurations are the

following:

where you need to pick two integers out of the (n — 2) remaining ones, to

fill in the two boxes on the second row. The other possible configuration is:

And there are (n — 3) possible choices for the node (2,2). Thus, the total

number of standard Young tableau of shape (n — 2,2) is

Hence we have dim §("22) — %5 And there are (") standard Young
tableaux of shape (n — 2,1,1), so dim S~21L1) = ("_1)2&

Now for n > 9, the corollary is nothing else but a reformulation of
Proposition 4 with dim §("=22) — ™3 apnq dim §(n-211) — [=ln=2),
By Proposition 3, the irreducible F' Sym(7)-modules have dimension 1,6
or dimension greater than 6. In the table below, we computed the dimen-
sions of the irreducible F' Sym(7)-modules that have dimensions greater
than 6. We used the Hook formula. Here, the conjugates of the Specht mod-
ules mentioned in the table have been omitted since they have the same di-
mensions by the Hook formula. As illustrated by the table, the irreducible

7x4

sym(7)-modules have dimensions either 1 or 6 or 5% = 14 or &% = 15 or
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dimensions greater than 15. This achieves the proof of the corollary. Note
that Proposition 4 fails in the case n = 7, as for instance dim S 43) = 14,

while Corollary 3 holds in this case.

class of irreducible hooklengths dimension
Sym(7)-module
65321 !
56.2) aE 211} jeoo oy
714]3]2]1]
!
5(5,171) i f(57171) = m = 15
1]
5/4(13|1 !
§(4.3) SRR ‘ fA3) — m =14
64[2]1]
!
S22 31 FeRD = 6><4Z<3><2 =35
1]
713]2]1]
3 !
8(4’1’1’1) T f(4,1,1,1) _ W =920
1]
5132
!
5G:3.1) 41211 FE3 = s =21
1

Finally, we note that Corollary 3 is not true for n = 8, since 35*> = 20 and

dim 44 = 14.
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Let’s go back to the proof of the theorem. There are two parts in the
proof. First of all we need to show that for each of the values r, —r3, L5,
—Tn%g, r%%d of I, the representation v is reducible. Second we need to
show that if v(™ is reducible, then it forces one of the values r, —3, Tn%g,
—Tn%g, Tzn%a» for the parameter [. The first point is achieved by exhibiting
a non trivial proper invariant subspace inside V as it was already done in

the case | = r%%g, (cf Theorem 4) and in the cases [ € {Ml,3 , —M%r,} (cf

Theorems 5 and 6). We leave the cases | = r and [ = —r? for later. For the
second part of the proof, we will use our preliminary remarks and results of

G.D. James. We proceed by induction on n to show the following property:

1 1 1
(9,,) : ™ is reducible = I € {r, 3 e S e r2”—3}

First we show that (§7) and (9g) hold. Suppose v(7) is reducible. Let W
be a proper non trivial invariant subspace of V, with W irreducible. Then
W is an irreducible Hf,2(7)-module. By Corollary 3, we have dim W ¢
{1,6,14,15} or dim W > 15. If dim W = 1, Theorem 4 implies that | = T,%
Also, if dimW = 6, Theorem 5 implies that [ € {%4, —%4}. Let V) be the
vector subspace of V over F, spanned by the w;;’s for 1 < ¢ < k < 6.
The vector space Vy is a B(As)-module with the action provided by the
restriction of (") to B(As3), but is not a B(Ag)-module since for instance
g6-wse = ws7 & Vo. In particular, Vo # W. Further, if Vo C W, then
Zo; € W. By § 8.1 this would imply that W = V), which is impossible.

Thus, considering the intersection of vector spaces YW NV, we get:
0CWNYVYy CVy

& Suppose 0 = W N V. Since W @ Vy C V, we must have dimgWV +
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dimpVy < dimpV,

7 6
: . < B _
ie dimprW < (2> <2) 6

In this situation, we get, as seen above | € {T%, —%4, %4 .

&&d Otherwise, we have 0 C W NV, C V.
Since W is also a B(As)-module with an action given by the restriction
v | B(As), the vector space W NV, can be viewed as a B(A5)-module. By
forgetting the last vertical line in the tangles representing the spanning el-
ements w; ;’s, 1 < i < k < 6 of V), the inclusions above mean exactly that
) is reducible. Then, by the case n = 6, we getl € {r, —3, L -5 5}

We now use the same technique to still get more informations, but this
time with the F-vector space V; := (w; ;|1 < i < k < 5),. With the action
given by v | the vector subspace V; of V is a B(A4)-module. For the

B(Ayg)

same reasons as above, it is impossible to have V; C W, hence we have:
OCWny,CcW

And there are again two cases:

& IfW NV = {0}, then dimW < (1) — (3) = 11. Then by the above,
dimW € {1,6}and | € {X, -4, 37}

7 T
A& Otherwise, 0 C W NV, C V;. By forgetting the last two vertical

lines in the tangles representing the spanning elements w), ;s 1 <i < k <5

of Vi, we read on the inclusions above that v(® is reducible. By the case

n=>5,ityieldsl € {r,—r% 5, —%, %}
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Suppose now that | ¢ {-;, —-, -} Then points & and # cannot hap-

pen. By points dée and & we get:

P=er? & r=c¢ (143)
rP=er’ o rl=c¢ (144)
r=er? o rf=e¢ (145)
=1 o =1 (146)

Since 12 # 1 as m # 0 and since ()7 # 1 and (r2)* # 1 by semisimplicity

of Hp,2(7), none of (143) — (146) can occur. Thus, I must take the values r

or —r3.

We conclude that [ € {r, —r3, 7%4, —%4, T%}, as expected.

Let’s now prove (9s). Taking the same notations as before, suppose V
is reducible and let ¥V be an irreducible submodule of V. By § 8.1 and
the relations defining the BMW algebra, W is also an irreducible H 2 (8)-
module. If dimWWV = 1, then! = T% by Theorem 4 and if dimW = 7, then

| € {%,—-L} by Theorem 5. Otherwise, dimW > 8 by Proposition 3, a

™

piece of the work of James in [6]. Still taking the same notations as before,
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we define the vector spaces V and V;:

Vo= (wipll <i<k<T)

Vi = (wjsll <j<s<6)

If WNVy = {0}, thenit forces dimW < (3)— () = 7,sothatl € {-}5, — %, L}
by the above. Otherwise, we have 0 C W N Vy C V. If we forget about the
last node (number eight), we see with these inclusions that (") is reducible.
Then by (97), it yields € {r,—r3, &, -1 I}

If WNV; = {0}, then it forces dimW < (g) — (g) = 13. At this point, we
need to study wether or not there could be an irreducible H 2 (8)-module
of dimension d with 8 < d < 13. The answer to that question is no as
shown by the table below. We referred to the Appendix table in [6]. James
gives a polynomial lower bound in n for the dimension of an irreducible
K Sym(n)-module depending on the shape i1 = (2, p13,...) of the parti-
tion u = (p1,p2,...) = n of n and on the characteristic of the field. In
characteristic zero, these bounds are reached for any n. We summarize the
results in the case n = 8 and char(K) = 0 in the table below. In this case, a

complete list of Specht modules of dimension greater or equal to 8 is:

5(6,2)’ S(G,l,l)’ 5(5,3)’ 5(5’2’1)7 5(5,1,1,1)’ S(4’4), 5(4’3’1), 5(4,2,2)7 5(4,2,1,1)7 8(3’3’2),

and their respective conjugates (when these are not self-conjugate), as illus-
trated in the table of our appendix. Hence we see that the different possi-

bilities for i are:

(2), (1%), (3), (2,1), (1%), (4), (3,1), (2,1,1), (2,2), (3,2)

For each of these shapes corresponding to the rows of height > 2 in the
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Ferrers diagram, the dimension of the corresponding class of irreducible

K Sym(8)-module is:

Specht module ft dimension

5(6:2) (2) 20
5(6,1,1) (12) 21

5(5:3) (3) 28
5621 (2,1) 64
§(5,1,1,1) (13) 35

S (4) 14
S(4:3.1) (3,1) 70
§42,1,1) (2,12) 90
§(42.2) (22) 56
5(3:3.2) (3,2) 42

The last row of the array was obtained by the Hook formula as the ap-
pendix table of James gives results only for partitions i - m with m < 4.
From the table, we gather the information that the next smallest degree
of an irreducible representation of the Iwahori-Hecke algebra Hp,2(8) is
14. Thus, dim»V < 13 implies in fact that dim)V € {1, 7}, and this forces
! € {-%,%,—%} by Theorem 4 and Theorem 5. On the other hand, if
WnNV; # {0}, then it comes 0 C WNV; C V), the last inclusion holding for
the same reasons as before. The F-vector space W NV, is a B(A5)-module

with the action given by v®) | When the BMW algebra B(As) acts

B(As5)”
on the tangles representing the elements w; ;’s, 1 < ¢ < 6 of V), it leaves
their last two vertical lines invariant. Hence, we may as well forget about

them and we read on the inclusions above that v/(%) is reducible. By the case

n = 6, it follows that [ € {r, —r3, %3, —713, %9}
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Suppose now that | ¢ {13, %, —%}. Then, by the previous considerations,

13?
we get:
1€ {r,—r3, %3, —%3, %9}
&
le{r,—r, r%, —%4, r%}
Again, we cannot have:
o= ert
P9 = el

since (r?)* # 1 and (r?)° # 1 by semisimplicity of Hf,,2(8). Then, the only

3 1 1 1}'

» P 5 13

possibilities are: [ = r or | = —73. In summary, [ € {r,—r
This achieves the proof of (§s).

We are now in a position to deal with the general case. Let n be any inte-
ger greater or equal to 9 and suppose that (¥,,—2) and (¥,,—1) hold. Suppose
that (™ is reducible and let W be a proper nontrivial invariant subspace of

V. The F-vector subspace ¥V must satisfy to:

ocwcy
Vi<i<n—1, 5;(W)CW (%)

Without loss of generality, let’s assume that )V is irreducible. We have the

lemma:

Lemma 6. Let G be a F-vector subspace of V. Then,
G isa B(Ay—1)-module if and only if G is a Hp,2(n)-module.
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PROOF OF THE LEMMA: Suppose first that G is a B(A,,—1)-module. By
§ 8.1 and the defining relation (3) of the BMW algebra, the B(A,,—1)-action
on G is a Iwahori-Hecke algebra action by Hp,2(n) since e;.G = 0 for all
1 <i < n— 1. Conversely, if G is an Hp,2(n)-module, it is obviously a

B(A,,—1)-module since the expression defining e; is polynomial in g;.

By the lemma, WV is an irreducible H g ,2(n)-module. Then by Corollary 3,

we have dim W € {1,n — 1,228 (D=2 6p Gi py > (=U0=2),

If dimW =1, thenl = Tzn%g by Theorem 4.
If dimW =n —1, then! € {15, — L5} by Theorem5.

Otherwise, dim W = w ordimW = ("71)2& or dim W > %

r2n—3 rn—3
1 l N
i i il =
1 n—1 8 ) dim

As for n = 7 and n = 8, let’s define the two F-vector spaces:

V0:<wi7k|1§i<k:§n—1>F

V1:<wj75]1§j<s§n—2>F

of respective dimensions ("51) and ("52) If W contains V, or V;, then W
contains z,, and by §8.1, all the 3’s are in fact in W. Then W is the whole

space V, which is impossible. Thus we have the inclusions of vector spaces:

0CWnNYVYy C Wy
0CWnNYyC W
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If W nV, = {0}, then WPV, and we have:

dimW +dimV, < dimV

. . n n—1
ie dimWw < <2>—< 5 )

ie dimW < n-1 (147)
Similarly, if W NV, = {0}, then W V) and we get:

dimW +dimV; < dimV

. . n n—2
ie dimWw < <2>—< 5 )

ie dimW < 2n-3 (148)

(=3 holds as soon as n > 7, 50 in particular

Since the inequality 2n — 3 < ==

for any n > 9, we see in each case and as illustrated by the figure, that
there are only two possibilities for the dimension of W: either dim W = 1

or dimW = n — 1. Thus, each of the conditions (147) and (148) implies

that! € {rnl,3 ,— Tnl,g , T23,3 }. Suppose now that [ does not take any of these

values. Then we have W NV, # {0} and W NV, # {0}, so that:

0CWnNVYyCVy
OoCcWwWnYy,CW

By definition of the representation, v~

is a representation of B(A4,_2) in
V. Still by definition of the representation, for each i = 1,...,n — 2 and
for all basis vector x5 in Vy, the vectors v(" =1 (g;)(z5) and (™ (g;)(z4) only

depend on the inner product (3|c;) and we have:

v (gi)(wg) = v (g:)(wp) = vilap)
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Letz € WNVy. ThenV1 < i <n—2, v D(g)(2) = v (g;)(z) € W since

Wisa B(A,_1)-submodule of V. Thus,

Vi=1,...,n—=2, 1" (g )WnV) SWnW

Then v~ Y is reducible and (¥,,_ ) implies that! € {r, -1, 7, — 1, s |

Similarly, v("=2) jg a representation of B(A,,_3) in V; and we have:
V1<i<n—3,Vze WV, v (g)(2) = vi(z) € Wby (k)
Thus, we have:
Vi=1,...,n—3, "D WnV) CwnHw,

so that the representation v("~2)

l , 1 11
SR AR A ;=5 pn—5’ y2n—7

In summary, if | ¢ {Tnl,g,, — r”1*3’ TQ,},g }, then:

is reducible. Then (9,,—2) implies that

1 1 1 1 1 1
3 3
le {T’ - pn—~4’ _rn74’ r2n—5 } and [ € {T’ T yn—>5"’ _Tn75’ r2n7}

At this stage, we recall that we made the assumption that H .2 (n) is semisim-

ple. By Corollary 3.44 in [10], the smallest integer e such that
144+ () =0

(e = oo if no such integer exists) must be greater than n. Since m # 0

implies 72 # 1, this condition is in fact equivalent to: ”the smallest integer
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e, if it exists, such that (72)¢ = 1 is greater than n”. Thus, we must have:
)k £1,Vk=1,...,n

We use this constraint on r to show that the two conditions on [ above force

I € {r,—r3}. Indeed, the condition

3 1 1 1
Le{r,—r, -4y ypn—4s ;2n—5

&

3 1 1 1
l € {Tv -r, =55 pn—5) 7ﬁ2n—’7}

and the impossibility to have any of the following equalities below

w1 = =5 < re&{-1,1} impossible as m # 0
€ _ 1 n—3 __ : ibl 2\n—3 1
ST = o= ST =€ impossibleas () #*
s = 5 & r"=e impossibleas (r?)" # 1
T%%f, = T%% 2N r2=1 impossible as m £ 0

imply that I € {r, —r%}. We conclude that if (") is reducible, then | €

3 _1 1 1
{r,=7°, 5=s, —7m=3, ;2n=3 - Hence,

(ﬂn—Z)&(ﬂn—l) — (ﬂn)

Since (97)&(9s) hold, (9, ) holds for all n > 9.

To complete the proof of the Theorem, it remains to show that for [ = r
and [ = 3, the representation v(" is reducible. We know from before that
Mi<i<j<nKerv(X;;) is a proper invariant subspace of V. If we can show
that for [ = r and for [ = 3, this subspace is non zero, then v(" is reducible

for each of these values of I. For n = 4,5 and for each value of | = r, —r3
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we exhibited a non zero vector belonging to Ni<;<j<,Kerv(X;;), which
showed the reducibility of »(™) in these cases. For bigger values of n, we

have the result:

Proposition 5. Let n be an integer with n > 5.

Ifl = r, X:=r’wgs—rwst+ws—rwy € N Kerv(X;))
1<i<j<n

If 1 = —r3, Y= —rwgg—%w;34+w24 € N Kerv(X;))
1<i<j<n

PROOF OF THE PROPOSITION: for n = 5, the vectors of the proposition are
the ones annihilating the matrix S of § 5. By construction, S is the matrix
of the endomorphism », ., ;, (X;;) in the basis B. By Proposition 2
of §8.1, the matrix Matgr(X;;) is the matrix whose {(1 +2+ --- + j —
2) + (j — i)}-th row is the one of Matp} <, ;<, v(X;;) and with zeros
elsewhere. Hence Proposition 5 holds for n = 5. Moreover, to show in
the general case that X',V € Ni<j<j<nKerv(X;;), it suffices to show that
each row of the sum matrix annihilates X', ). Further, since the last (’2"”) -5
coordinates of the vectors X and ) are zero, it suffices to check that the
five first coordinates of each row of the sum matrix annihilate the column
vectors (72,0, —r,1,—r) and (0, —r,0, —%, 1). Furthermore, by the remark
above, the first (3) rows of the sum matrix correspond to the only nonzero
row of the matrices Matpv(X; ;) for 1 <i < j < 5. Since an expression for
v(Xij) is:

v(Xij) =vj—1... Vz‘+17/(€i)7/;+11 e 1/]211,

and since v; }(z3) only depends on the inner product (o;|3) as in the ex-
i \Tp y aep p
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pression of v;  below:

r s if (Ba) = 0
Lo if (Bla) = 1
v (2g) = 25 o, —mlrPO 20t mag if (Blay) = & B-a; >
Tha i (Bla) = 1 & foap <
Thta, i (Bla) = -1 & B >
Thtoy — T Ta; Tmag if (Blu) = -3 & B <

the action of v(™ (Xij), J <5 ON Ty, Tags Taj+a2; Lass Tasz+as 1S the same as
the action of v®) (Xij), 7 < 5 on the same vectors. Thus, we only need to
check that the five first coordinates of the last () — (3) rows of the sum
matrix annihilates the column vectors (r%,0, —r, 1, —r) and (0, —7, 0, —%, 1).
In other words, we need to check that for all the BMW algebra elements

Xij’swithl <i<j<nandj>6:

Ifi=nr,

2 (X3 @, = ) ), (X)), =1 (X)),
Ifl = —3,
X)) (g, +5X05) (g =0

For a proof of these two equalities, we shall use the table of the appendix
that gives a complete description of how the X;;’s act on the wg;’s or the
straightforward computations below that use the conjugation formulas for

the X;;’s. First we have the lemma:

Q5

&%)

Q5

=0 (%)
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Lemma 7.

Forall1<i<j—1<nuwithj>6andi > 5, we have:
VB € {a1, oo, aotaq, a3, az+as}, v(Xij)(xg) = vi—1 ... Vi+1V(€i)V;r11 . l/j__ll(.CCﬂ) =
Forall i > 5, we have:

VB e {ar, 0, a0 + a1, a3, a3 + ao}, V(X i41)(2g) = v(es)(zg) =0

PROOF OF THE LEMMA: for1 <i < j—1<mnandj > 6and ¢ > 5, it suffices

to notice that:

Supp(B)N{i—1,i,i+1,...,5— 1,5} =0

Hence, the vector v(e;)v; +11 . u;fl(xg) is zero. As for the second equality,

it simply comes from the fact that (3|a;) = 0. O

In what follows, we shall denote by ¢; the subset of ¢* composed of the

positive roots aq, ag, as + a1, ag, az + ao.

It remains to show (%) and (%) fori € {1,2,3,4} and j > 6. Let’s start

with i = 4. We have for all 3 € ¢ :

v(Xy)(2p) = vio1...vsv(edvgt... l/j__ll(xg)
= rﬂ% vi—1...vsv(eq)(zp)
0 if B € {a1,a9,00+ o}
= N-%E,Vj_l...%(wm) if g = ag

N%ijl...l/5($a4).% if 60 = a3+
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By the game of the coefficients in () and (%3 ), we conclude that (%) and
(%) hold when (i, j) = (4, ) with j > 6.

Next, we have for all 3 € ¢{ and all j > 6:

v(Xs)(zg) = vi—1...vav(es)vy ... V;_ll(azg)
= 727%5 vi_1...vav(e3)vy t(xp)
0 if 8 = aq
le,4 Vit ... (Toy) if B = a9
= N»l,g Viet...U(Tay) if B = co+o
ey Vit ...va(zqy) if B = as
le,g, m(3—1) vi.w(za,) if B = azta

When [ = r, the last term above is zero. Thus, the only nonzero terms

in (%) are —r v 1 ... v4(%a;) and 511 .. v4(24,) and they cancel

1

each other. As for (%) when! = —r?, all the powers in I cancel each other,

as in the equation:

1 1 1 1 1 1 1 1 —0
it G (C ) =

More computations show that for all 8 € ¢; and for all j > 6,

v(Xoj)(p) = vior...vav(eavy .. .vit(zg)
= 7‘%5 Vioq... Vgu(eg)l/glwfl(ﬂﬂﬁ)
N.l_g Vi1 ...v3(zq,) if B = o
N.Ll % vVi—1...13(Tay) if B = o2
= Fm(7— 1) vicro.n(@a,) if B = axto
0 if g = o3
r11*5'% Vi1...13(Tay) if = a3+




CHAPTER 8. PROOF OF THE MAIN THEOREM 148
The zero comes from the fact that:

vy vy () = Tay (149)

Moreover, if | = r the third row is also zero. Since

1 1 1
2 L
rer Trj 570_0,

we see that the first and the last term on the left hand side of the equality
(%) cancel each other. Also, the fact that:

1 1 1 1

=0
ri—4 93 ri—5 3

r

and the computations above imply that (s3) holds.

Let’s now study the action of v(e1)v; 'v5 'v; ! on an x5 with 3 € ¢}
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We have:
V(el)ygl(xal) = V(el)(x012+al —MTay + mxal)
1
= 7 xal
V(el)ygly?jl(gcou) = V(el)ygl(xarﬂls — M Ty + mon)
= v(e1)(Zay)
=0
~1. -1 —1 m
V(el)VQ Vs (Tagtas) = 1/(61)1/2 (Tagtastar — 7$a3 + M ZTaytar)
1 m
= V(el)(; Lagtazt+ar — " Tag+as + M Tay)
1
= 7 ‘TOQ
vien)vy vy vy (way) = vien)vy ' (za,) by (149)
1
=~ u(en)(za)
=0
-1, -1 -1 _ -1, -1 m
V(el)y2 Vg Vy (l’a3+a2) - U(61)1/2 Vs ($a4+a3+ag - 7 Tay T+ meéeraz)

1,1 m
= v(e)r, (; Tastastar = " "lastay +ma,)

= () (Fagtad)

= 0
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Therefore, we have for all 8 € ¢ and all j > 6:

v(Xij)(xg) = vji-1... Ijgy(el)z/;1 . 1/]:11 (zg)
= 7“971—5 Vi_1... ygu(el)yglz/glyjl(mﬁ)
( le,5 %2 T Vjim1...va(za,) if B = a1
0 if g = a9
= N-1_5 % % Vici...11(Tq,) if B = c+o
0 if 6 = o3
0 if 0 = az+as

Then, we see that all the terms of the left hand side of equality (x3x) are
zero. And we read on the first expression and on the third expression above

that

r? (X1 (Fan)uy, =7 (X1,) (@ar+a2)]u,, =0

Then () also holds. This achieves the proof of Proposition 5 and the con-

jecture is thus proven when the Iwahori-Hecke algebra H 2 (n) is semisim-

ple.



Chapter 9

More Properties of the

Representation when

1€ {r,—r3}

In this part we still assume that the Iwahori-Hecke algebra H 2 (n) for the
adequate integer n is semisimple and we show more properties of the rep-
resentation /(™). We focus on the cases when the representation is reducible
with [ € {r, —r®}. We introduce new notations: we will denote by K (n) the

intersection module

and by k(n) its dimension as a vector space over F. We first study some
properties of reducibility or irreducibility of K (n) depending on the values

of l and r.

151
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9.1 Proprieties of Reducibility/Irreducibility of the K(n)’s

We have the Proposition:

Proposition 6.

Let n be an integer with n > 4.

When | = r, K (n) is always irreducible.

Let n be an integer with n > 3.

When | = —r® and n # 8, there are two cases:

r?" #£ —1 and K(n) is irreducible

n — i i n—1)(n—2
r?" = —1  K(n) is reducible and k(n) > ()2#

(Case n=8) When | = —r3, there are two cases:

r16 £ —1 and K(8) isirreducible

6 =1 K(8) isreducible and k(8) € {15,21,22}

PROOF:

% Let’s first assume that n > 5 and n # 8. Suppose [ = r. The
case | = —r? will be treated separately later on. We know that for
n > 5and n # 8, the irreducible Hp,2(n)-modules have dimension

n(n—3 n—1)(n—2
1, n—1, on=3) (-1)n-2)

. . n—1)(n—2
or dimension greater than % Sup-

pose K (n) is reducible. By semisimplicity of Hp,2(n), the Hp2(n)—
module K (n) would decompose as a direct sum K (n) @ Kz(n) with
K (n) irreducible. With the same notations as before, let’s write k1 (n)

for the dimension of K;(n) over F' and ky(n) for the dimension of
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K> (n) over F. Suppose now ki(n) > W Then it comes:

kQ(n)<n(n2—1) (n—1)2(n—2) 1

By Theorem 4, this would force [ = m%g, which contradicts our as-
sumption [ = r. Furthermore by theorem 5, it is impossible to have

ki(n) = n—1and by theorem 4, it is also impossible to have k1 (n) = 1.
Then, the only remaining possibility for k1 (n) is k1 (n) = w It fol-
lows that:
nn—3) n(n—1)

2 < 2 ’

ie ka(n) <n < n(n23)

This last set of inequalities now forces k2(n) € {1,n — 1}, which is

again a contradiction. Hence K (n) is irreducible in this case.

x Let’s now deal with the case n = 3. Here we assume that [ = —r3. We

have k(3) € {1, 2}.

* Ifr6 £ —1.

3 we know that there exists a

Suppose k(3) = 2. Since | = —r
one-dimensional invariant subspace of V. Theorem 4 also states
that this one-dimensional invariant subspace is unique with our
assumption on r. Moreover, it is contained in K (3). Then it
must have a one-dimensional summand, which is impossible by
uniqueness of the one-dimensional invariant subspace in that
case. Hence we must have k(3) = 1. Then K(3) is irreducible

and as a matter of fact, K(3) is the one-dimensional invariant

subspace of V.
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* Ifr6 = —1.

Then, by Theorem 4, there exists two one-dimensional invari-
ant subspaces of ¥V whose sum is direct. Since these spaces are
distinct, k£(3) cannot equal 1. Hence k(3) = 2, K(3) is reducible
and K (3) is a direct sum of these two one-dimensional invariant

subspaces.

x The case n = 4.

First we prove the following Theorem:

Result 2.

Suppose v*) is reducible and let W be an irreducible submodule of V.

IfdimW = 2, then | = r and W is spanned over F by the vectors:

(w13 — %w23) - % (w14 — %w24)

(w12 — + wiz) — F (w2a — + w34)

Conwversely, if | = r, the two linearly independent vectors above are stable

under the action of g1, g2, g3.

PROOF: By lemma 6, W is an irreducible 2-dimensional Hp,2(4)-

module. Let’s set H{, Hy and Hjs to be the matrices:
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By the symmetry of the roles played by the scalars r and —1 and the

choice H3 = H;, it suffices to check that:

H+mH, =1

H\HyH, = HyH Hp
(where I is the identity matrix of size 2) to see that these matrices de-
fine a matrix representation of degree 2 of the Iwahori-Hecke algebra
Hp2(4). Furthermore, this representation is irreducible. And indeed,

if the representation were reducible, there would exist a nonzero vec-

tor v = (v, ve) of F2 and scalars \; and \; such that:

Hl.’U = /\111
HQ.’U = )\Q’U

By using the definitions for H;, we get from the first equation:

1
—svpt+v2 = A
)

T V2 = )\1 V2

from which we derive the new set of equations:

(T‘ + %) v = V2 Vo = 0
or
)\1 = T /\1 = -

3 =

Since it is visible on the matrices that in Hy.v = \g v, the scalar v; has

been replaced by the scalar vy, we also get the set of equations:

(r+ %) vy = v v = 0
or
)\2 = T /\2 = -

S =
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where v; has been replaced by v and A by As.

From there, we see that it is impossible to have v = 0 or v1 = 0
because since (r?)? # 1, this would yield v; = vy = 0. Hence the

braces on the right hand side are to be excluded. Now we get:
1\ 2
v = <r+7> v1 and vy # 0,
T
2
so that (r + %) =1,
. 1 1
Le r+—=1orr+-=-1
T T

Let’s solve the quadratics 72 — 7+ 1 = 0 and 72 4+ 7 + 1 = 0. Both have

discriminant (iv/3)2. Thus we get the solutions:

Equivalently,

Then it comes:

T 9T ;T ;T
T2 e {6223,6 213,6413,6813}

Now it is visible that (r2)3=1, which is forbidden. Thus, the so given
representation of Hy,2(4) of degree 2 is irreducible. Then there exists

a basis (v1,v2) in W such that:

v = —%vl ()1 vov] =1rv; +v2 (%)3 vz vy = —%vl (%)s5

V1V = V1 + TV (%)2 VoV = — 3 V2 (%)4 V3 Vg = V1 + T V2 (*)6

By ()1 (resp (3)s), there is no term in w34 (resp wi2) in v1. Similarly,
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by (3¢)4, there is no term in w14 in vo. Next, let the \;;’s be the coeffi-
cients of the w;;’s in v1 and let the 11;;’s be the coefficients of the w;;’s

in vy. By (%)1 and (77) applied with ¢ = 1 and A = —1, we get:
1 1
Aoz =——A13 & Ay =—— Ay
r r
By (%)5 and (78) applied with ¢ = 3and A = —1, we get:
1 1
Aag ===z & Au=—= A3
r r

By ()4 and respectively (77) and (78) applied with ¢ = 2 and A =
—%, we get:

1 1
p3a = ——poa & g =——p2
T r
Gathering these relations between the coefficients, we obtain:

1
U1 = W13 — W23 5 Wag — — Wiy
r T r

1 1 ,
v« w12—;w13+/ﬁ(w24_;w34)+ﬂ w23

where p and ' are scalars to determine. For that we use the mixed
relations ()2, (%)3, (). First and foremost, ()3 sets the coefficient
of proportionality of vy to be one. Also, by looking at the coefficient
of wyy In ()3, we get u = —%. Further, by looking at the coefficient

of w3 in (%) and replacing p by its value, we get:

1 1 /
r r

It follows that ,u/ = 0. Thus, if W is an irreducible two-dimensional
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invariant subspace of V, then it is spanned by the vectors

1 1 1

V1 = Wiz — W23+ 5 Woq — — Wiy (150)
r r r
1 1 1

vy = W2 — — Wiz — — W24+ —5 W34 (151)
r r r

Furthermore, looking at the coefficient of w;9 in ()2 yields:

from which we derive % = ie l=r
Conversely, if [ = r, it is a direct verification that the vectors v; and
vg defined by (150) and (151) satisfy to all the relations (3); with
i = 1,...,6. Thus, those linearly independent vectors span an ir-
reducible two-dimensional invariant subspace of V.

We have the immediate corollary:

Corollary 4. Let n = 4. Then, there exists an irreducible 2-dimensional

invariant subspace of V if and only if | = r.

PROOF: contained in the above.

Aparte: we note at this stage that for [ € {1, —1}, the freedom of
the family of vectors (v1, v, v3) of Theorem 6 is a direct consequence
of Theorem 4 and Corollary 4. Indeed, if the family (v;, v2, v3) is not
free, then dimSpanp(v1,ve,v3) = 1 or dimSpang(vi,ve,v3) = 2. In
the first case, we get | = r% by Theorem 4, which is impossible. In the
second case, the existence of an irreducible 2-dimensional invariant

subspace would force [ = r, also impossible. We note that the same

argument does not hold for the spanning vectors of an irreducible 3-
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3

dimensional invariant subspace when | = —r° since we could have

3 _

—r% = X Freedom needs to be shown by hands in that case.

We have a corollary of Corollary 4:

Corollary 5. When | = r, the intersection module K (4) is the irreducible

2-dimensional invariant subspace of V.

PROOF: by Result 2, an irreducible 2-dimensional invariant subspace
of V when it exists must be unique. Also, as a matter of fact, it must be
contained in K (4). Suppose | = r and k(4) > 2. Then k(4) € {3,4,5}.
Assume first k£(4) = 3. If K (4) were not irreducible, it would contain
a 2-dimensional submodule that has a one-dimensional summand.

Then! = % = r,ie (r?)® = 1: absurd. So K(4) is irreducible, 3-

1

dimensional and | € {2, —1 —r3} by Theorem 6. None of these pos-
sibilities is compatible with [ = r. Hence k(4) # 3. If k(4) = 4,
then K (4) is not irreducible as its dimension is not 1, 2 or 3. Then by
uniqueness in Result 2 it must be a direct sum of a 1-dimensional sub-
module and an irreducible 3-dimensional one. This is again impossi-
ble. The other remaining possibility is £(4) = 5. Then the only pos-
sibility for K (4) is to decompose as a direct sum of an irreducible 3-
dimensional invariant subspace and an irreducible two-dimensional

one, which for the same reasons as above has to be excluded. We must

conclude that £(4) = 2, which achieves the proof of the corollary.

Let’s go back to the proof of Proposition 6 for n = 4. First, by Corol-
lary 5, half of the work is done in the case n = 4. Indeed, the corollary
says that when [ = r, the submodule K (4) of V is irreducible. When

3

| = —r3, we know from Theorem 6 of the existence of a (unique) ir-

reducible 3-dimensional invariant subspace of V. Then k(4) > 3. We
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attempt to exclude turn by turn the two possibilities £(4) = 4 and

k(4) = 5 and summarize the usual arguments in the following table:

k(4) | K(4) value for [ Contradiction

4 |31 |l=%=—r®| NONE, apparently
5 |32 l=r=—13 (r2)? #£1

We need to investigate further in the case k(4) = 4. If r® # —1, then
it is impossible to have k(4) = 4. Since it is also impossible to have
k(4) = 5, it comes k(4) = 3 and K (4) is irreducible. If on the contrary
r8 = —1, thenwehavel = —r3 = %5 The fact thatl = %5 forces the ex-
istence of a one-dimensional invariant subspace of V. Since we have
seen that k(4) > 3, this one-dimensional invariant subspace is not
K (4), but is contained in K (4). Then by semisimplicity of Hz,2(4), it
has a summand in K (4). This summand cannot be two-dimensional
(otherwise | = r, impossible with | = —r?). Since by the table above,
k(4) < 5, this summand must in fact be 3-dimensional. It forces
k(4) = 4 and K(4) is a direct sum of the unique one-dimensional

invariant subspace of V and of the unique irreducible 3-dimensional

invariant subspace of V. This terminates the case n = 4.

x Let’s go back to the general case with n > 5 and n # 8 when | = —r3.

First if 72" # —1 then it is impossible to have | = —r3 = T%%S Thus,
by the same arguments as in the case | = r, K(n) is irreducible. If

now 2" = —1, we have [ = —r3

= il By Theorem 4, there exists
T

a one-dimensional invariant subspace in V. Since by Proposition 5,

the intersection K (n) NV, is non-trivial as the vector Y is in K (n) for

every n > 5 and since by choice of [ and r and the previous study, the
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module K (n — 1) is irreducible, we have the inclusions:

0C K(n)NVy C K(n)
0CK(n)NYVy=K(n-1)

If k(n) = 1, then we must have K(n) N Vy = K(n) = K(n — 1).
But still by choice of [ and r, K(n — 1) cannot be one-dimensional,
hence a contradiction. Thus it is impossible to have k(n) = 1 and the
one-dimensional invariant subspace of V, say V,; - must be strictly

contained in K (n). This proves that K (n) is reducible. Moreover,

' p2n—3

by semisimplicity of H,2(n), the module V, _ 1 has a summand
in K(n). This summand cannot be or contain an irreducible (n —
1)-dimensional invariant subspace (otherwise [ € {rn%?,, —T,n%} by
Theorem 5, a contradiction with [ = —3). Since

nn—1) (n—1)(n—2)

_ —n_1
2 2 T

(n=3) (n—1)(n—2)

this summand must be irreducible, of dimension 2 5 5

or

dimension greater than ("_1)# Hence k(n) > W

x The case n = 8.

If W is an irreducible submodule of V, then
dimW € {1,7,14,20,21}

* Assume [ =1r

The argument is the same as in the first general case, except
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that there is one more possibility for a dimension between 7 and
21. Explicitly, suppose K (8) is reducible. Since we assumed
that Hp,2(8) is semisimple, there exists K1(8) and K3(8) sub-
modules of K(8) such that K(8) = K;(8) & K2(8). Without
loss of generality, K(8) is irreducible. Like in the first case, if
k1(8) = 21, then k2(8) < 28 — 21 = 7. Then K»(8) is irreducible
and one-dimensional. It follows that | = iz by Theorem 4. Since
(r?)" # 1, we get a contradiction. Also, since (r?)% # 1 and
(r?)7 # 1, we cannot have k; (8) € {1,7}. Hence k; (8) € {14, 20}.
Suppose first k;(8) = 14. Then k2(8) < 28 — 14 = 14. This is
impossible by the same arguments as before. On the other hand,
if k1(8) = 20, then k2(8) < 28 —20 = 8. Then K>»(8) is irreducible
and has dimension 1 or 7, which is impossible. We conclude that

K (8) is irreducible when | = r.

* Assume [ = —r3

a) Ifr10 £ —1 then {3 # —r3. Since we also have (r?)% # 1, the
same arguments as for [ = r yield the irreducibility of K (8)
in that case.

b) If r'6 = —1, thenl = —13 = T% By Theorem 4, there ex-
ists a unique one-dimensional invariant subspace of V. If it
was K (8), we would have K(8) = K(8) Ny = K(7), the
last equality holding by irreducibility of K (7) for these val-
ues of [ and r. Then K(7) is also one-dimensional which
forces | = T%: impossible. We conclude that K (8) is re-

ducible and contains a one-dimensional invariant subspace
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that has a summand in K(8). This summand cannot be
one-dimensional or contain any one-dimensional submod-
ule by uniqueness in Theorem 4. This summand may also
not be 7-dimensional since it would then be irreducible and
we would have [ € {, —T%} This is not compatible with
| = —r3 and (r?)® # 1. Neither can it contain an irreducible
7-dimensional invariant subspace. Since it has dimension

less than 28, it must be 14, 20 or 21-dimensional. This ends

the proof of Proposition 6.

We deduce from the Proposition some properties of inclusions of the K (n)’s.
Let us first introduce a few more notations. We extend the definitions of V)
and V; and define V,,_ to be the F-vector space spanned by the w;;’s with

1 <4< j<s— 1. Precisely,

Definition 2.
Vi—s = Span (w1l <i<j<s—1) Vs=4,...,n (152)
And for better clarity in the notations, we set:

V) = Y, o Vs=3,...,n—1
v =y

We will use either of these definitions depending on the context. The sec-
ond definition is somehow nicer as it has a meaning independently of the

choice of integer n. We have the Propositions:

Proposition 7. Suppose | = r. Assume H,2(n) is semisimple with n > 4. Then

K(n) D K(n—-1)
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PROOF OF PROPOSITION 7

The inclusion uses the irreducibility of the K(n)’s for n > 4, whenl = r
and the fact that they are nontrivial. To show that the inclusion is strict

uses the result of Proposition 5.

The proof itself: suppose | = r and let n be an integer with n > 5. We
consider the intersection K (n) N V(=1) 1f this intersection was trivial, we
would have k(n) < n—1, which is impossible. Since K (n)nV"~1) ¢ p(»-1)

(otherwise K (n) = V by §8), K (n) N V(=1 is a proper non-trivial invariant

subspace of V("~1) and we must have:

0c K(n)nv c K(n—1) (153)
By irreducibility of K (n) for every n > 4 when [ = r, we now get:
K(n)ny®Y = K(n—1) (154)

Thus, we read:

K(n—1)C K(n)

Further, if the equality holds between the two sets, then,

K(n) c y»=1 (155)

We show that (155) is a contradiction. We recall from Proposition 5 that the

vector X defined by:

X :r2w12 — rwis + wsyg — T Wy
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belongs to K (n). Since K (n) is a B(A,—1)-module, the vector
(gn—1---9594) . X = r" 2wy — " W13 + W3n — T W2p

also belongs to K (n). As a matter of fact, this vector is in K (n), but is not in
V(=1 hence the contradiction in (155). We conclude that K (n) > K (n—1).
It remains to show that K'(3) C K (4). But by Theorem 7, the representation
v3) is irreducible when [ = 7. Moreover, K (3) is a submodule of V and is
not V itself. Thus K (3) must be trivial. Finally, K(4) # 0 as it contains for

2 w13 4+ wag — T w14 — 7 wo3. Thus, when ! = r,

instance the vector z(4) = r
we have:

0=K(3)CK(4)
This ends the proof of Proposition 7.

Proposition 8.

In Proposition 7 it suffices to assume that Hp,2(n — 1) is semisimple.

Indeed, in the proof above, we considered the intersection module K (n) N
V(=1 Consider instead the intersection K (n) N K (n — 1) and use Propo-
sition 5 to claim that this intersection is non trivial for n > 6. When n = 5,
use for instance that 2(4) € K(4) N K (5). Then by irreducibility of K(n—1),
we have K(n — 1) N K(n) = K(n — 1), from which we derive that K (n) 2
K(n—1). Since (gn—1...94).X € K(n)\K(n—1), wehave K(n) D K(n—1).

We now study some properties of inclusions of the K (n)’s when [ = —73.

Proposition 9. Let n be any integer withn > 4. Suppose | = —r3 and suppose

Hp2(n — 1) is semisimple.
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1) Ifr2(=1 £ 1, then K(n — 1) C K(n).

2) (n = 4) If r® = —1, then we have:
K(3) £ K(4) C K(5) C K(6)
3) If r2(»=1) = —1 for some n > 5 then we have the towers of inclusion:
K@3)c---CcKn—-1)¢ZK(n)c---C K(2(n—1))

PROOF: let’s first prove 1). Following the same scheme as in the proof
of Proposition 8, we show the inclusion K (n — 1) C K(n). For n > 6, the
intersection K (n) N K (n—1) is nontrivial as ) belongs to all the K (s), s > 5
by Proposition 5. When n = 5, y(4) € K(5) N K(4). Also, when n = 4,
—rwiz — 2 wez+wig € K(4)NK(3). Thus, 0 C K(n)NK(n—1) C K(n—1).
By irreducibility of K(n — 1) when ! = —%, Hp .2 (n — 1) is semisimple and

r2(n=1) oL _1, it follows that K (n — 1) C K (n). Since

1
(gn—1--.94).Y = —rwa3 — ;wgn +wa, € K(n) \ K(n—1),

we see that K(n — 1) C K(n). This ends the proof of point 1). Let’s prove
points 2) and 3).

Claim 2. Suppose r** = —1 for some n > 3 and assume that Hp,2(n) is

semisimple. Then r?f # —1, Vk ¢ (2N + 1) n.
PROOF: Suppose ¥ = —1, some k # n. The proof is in two steps.

e First k < 2n: we have

1= T2n _ T2k7’2(n_k)
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n—k)

If #?* = —1, it comes 72 = 1, a contradiction with Hp,2(n)

semisimple as k — n < n.

o If k > 2n, let’s divide k by 2n:
k=tx2n+swith0<s<2n-1

It comes —1 = 72k = #25(p2")2t, Then r?* = —1 with 0 < s < 2n — 1.
It forces s = n by the first point. Then k£ = (1 + 2¢t)n. Hence k €
(2N +1)n.

We deduce from the claim a lemma:

Lemma 8. If r*" = —1 and Hp,2(n) is semisimple, then Hp,2(2n — 1) is

semisimple (but Hp,,2(2n) is not).

PROOF OF THE LEMMA: firstif 72" = —1, then (%)*" = 1,50 Hp,2(2n) is
not semisimple. What the lemma says is that 2n is the first positive integer
k for which r?* = 1. In other words, 72 # 1,...,(r?)*»~! #£ 1, so that
Hp,2(2n — 1) is semisimple. Suppose that there exists an integer ko such

that 0 < kg < 2n and r2k0 = 1. Then it comes:

1= TQkOT'Qn_sz — 7"2(n_k0)

so that

,',_2(?1—]{?0) — _1

Now 0 < |n — ko| < n implies that [n — kg| ¢ (2N + 1)n. Then by the
claim we have r2/"—Fol # —1, which yields a contradiction. Thus, V0 < k <

2n — 1, 72* # 1. This ends the proof of the lemma.
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Suppose n > 5 and let’s go back to the proof of Proposition 9: by the lemma
Hp,2(2n — 3) is semisimple. Also, by the claim, r?* # —1, Vk ¢ (2N +
1)(n — 1). In particular, for all positive integer k such that £ < 2n — 3 and
k # n — 1, we have 72 # —1. By applying point 1) of Proposition 9 to all

these admissible k’s, we get:

KB)c---CcK(n-1)
K(n)cC---C K(2n—2)

It remains to show that K(n — 1) ¢ K(n). When ! = —r3 and 72"~ =
—1, there exists a one-dimensional invariant subspace of yn-1) say Vi 1.

Moreover, by Theorem 4,

Vl,nfl = SpanF( Z TS—H ws,t)

1<s<t<n—1
We have:
n—2
s+t _ +n—1
€n—1- E r Wst = g r En—1-Win—1
1<s<t<n-—1 i=1
n—2 i,
7nz—i—n 1
- ,rniiiz wn—l,n
i=1
n—2

Since (r?)"? # 1, we see that e;—1.> 1 cspen_1 ™ wsr # 0. Hence

Vin-1 € K(n) and a fortiori, K(n — 1) € K(n). This ends the proof of
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point 3). Let’s prove 2). If | = —r3 and 76 = —1, we know from before that

1 1
K(3) = Spanp(wia + rwiz + r2 wo3) @ Spanp(wis — w13 + 3 wa3)

Since 63.(11)12 +rwis + r2 w23) = (1 + 7'2) W34 ;é 0, we see that
K(3) € K(4)

Let’s show that K (4) C K(5). When I = —r3, y(4) € K(4) N K(5), hence
K(4) N K(5) # 0. Moreover K (4) is irreducible as 7® # —1 (otherwise
r? = 1) and r® # 1 (otherwise 72 = —1). Thus K(4) N K(5) = K(4),
which implies K (4) € K(5). From y(4) € K(4) we derive g4.y(4) € K(5)
id est —r3 wyo — T%wgg) + w5 — T wez € K(5). This element is not in K (4).
Hence we have K (4) C K(5). Finally, by Proposition 5, K(5) N K(6) # 0
and since 719 # —1 (as otherwise (r?)?> = 1) and r'© # 1 (as otherwise
(r?)? = 1), we know from Proposition 6 that K(5) is irreducible. Thus,

K(5)NK(6)=K(5)and K(5) C K(6). Further, by the usual argument,
95-Y € K(6) \ K(5)
Thus K(5) C K(6). In summary,

When [ = -3, (r2)2# 1 and 7% = —1, we have:

K(3) ¢ K(4) C K(5) C K(6)

This achieves the proof of Proposition 9. In the next section, we prove two
more theorems that finish characterizing the dimensions of the invariant

subspaces of V when the representation is reducible.
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9.2 Properties of Dimension of the K(n)’s

Our first main result is the following;:

Proposition 10. Let n > 4. When |l =r, k(n) = @

PROOF: first we show that when [ = r, we have k(n) > w We will

deal with the case n = 8 separately. By Corollary 3, for n = 7or n > 9, the

irreducible H,2(n)-modules have dimensions 1,n — 1, "("2_3), (”_1)2("_2)

or dimension greater than % Hence in the case n = 7Torn > 9,

if k(n) < @, then there exists an irreducible (n — 1)-dimensional in-
variant subspace of V or there exists a one-dimensional invariant subspace

of V, which forces | € {15, =5, — =3 }. None of this value is compat-

ible with | = r. Thus, k(n) > w in these cases. When n € {5,6},
the story is similar as Corollary 3 still holds in these cases. As for n = 4,
k(4) = 2 by Corollary 5. Suppose now n = 8. The irreducible H,2(8)-
modules have dimensions 1, 7,14, 20, 21 or dimension greater or equal to
28 = dim V®). By Proposition 7, we know that K'(8) O K (7). By the above,
we have k(7) > 14. Hence it comes k(8) > 14. Moreover, by Proposition
6, K(8) is irreducible when [ = r. Then k(8) > 20 and we are done with
all the cases. We will prove the other inequality geometrically, by using the
tangles. Let’s introduce a few notations. Let 7'(n) denote the matrix of the

sum endomorphism v(n) := 3, i<, v (X;;) as in the definition below:

Definition 3.
v(n) =Y cicjen V" (Xij)
T(n):= Matg ., v(n)

Property 1. K(n) = Kerv(n)

PROOF: by Proposition 2, Matgv(n) p(1) (Xij) is the matrix whose [(”gl) +
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(j —i)]-th row is T'(n)’s and with zeros elsewhere. It follows that

m Ker V(n) (X”) = Ker ( Z l/(n) (XZJ))

1<i<j<n 1<i<j<n

With our notations,

K(n) = Ker (v(n))
Since rk(v(n)) = rk(T(n)), we get the equality on the dimensions:

n(n —1)

k(n) +rk(T(n)) = 5

Thus, to show that k(n) < "("2_3), it suffices to show that rk(T'(n)) > n.

Property 2. Whenl =randn > 4, rk(T(n)) > n

PROOF: when n = 4, since k(4) = 2, rk(T(4)) =6 —2 = 4. Whenn =5
we recall from Result 1 that there exists an irreducible 5-dimensional invari-
ant subspace. Since K (5) is irreducible by Proposition 6, we get k(5) = 5,
hence rk(T'(5)) = 10 — 5 = 5. Since the square submatrix of 7'(6) composed
of the first ten rows and first ten columns is 7'(5), to show that r&(7'(6)) > 6,
an idea consists of extracting from 7'(5) a square submatrix of size 5 (such
a matrix exists as rk(7'(5)) = 5) and try and build from it an invertible
square submatrix of 7'(6) of size 6 by adding a sixth subrow and a sixth
subcolumn. We notice that in each last five rows of T7'(6), there are six zeros

amongst the first ten coefficients. These are indicated in bold below:
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T

(5) *

o oo o0 o0 o0 11 L L 2 1 L L L
0 o0 I 5 L 1o o0 0 ro2 I 5 %
0 5 % 5 0 001Yo o |2 r 2 1 %
L %500 L o0oo00 12 0 |2 2 1
Lo 5 0 0 L o0 o0 L |32 2

Since the coefficients in the lower right part of the matrix are all non-zero,
life would be wonderful if there existed five columns in 7'(5) aligned on
one of these rows of zeros that made a square submatrix of 7'(5) invertible.
Then, adding this subrow of five zeros and any subcolumn amongst the
last five columns of T'(6) would still make the determinant of the result-
ing extended submatrix non-zero. Unfortunately things don’t happen this
way. We wrote a program in Maple that computes the determinant of all
the square submatrices of 7'(5) (See appendix D). The first five numbers
that are printed in the output correspond to the columns and the five ones
that follow, to the rows. We fix an admissible column and see if for one of
the rows we get a nonzero determinant. To do that we scroll the bar down
onto an admissible column (the first one being [1, 2, 3,4, 5] and the last one
being [5,6, 7,9, 10] and there are 30 of these) and look for a row that would
give a nonzero coefficient at the end. The result is negative. The mathe-
matical explanation for that is unknown to the author. We need to ask for

slightly less and content ourselves with five columns aligned on only four
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zeros. Let’s pick the first four zeros of row 11 and notice that it could be nice
to have a one as the last non-zero coefficient. Thus, we investigate about
the determinants of the submatrices of 7'(5) with the pattern of columns
C :=[1,2,3,4,7]. The first (in the lexicographic order) admissible 5-tuple of
rows is actually R := [1,2,3,4, 7](= C). And in fact picking C and R is also
anatural choice as, by our program, it is for these subcolumns and subrows
that the first nonzero determinant arises in lexicographic order (when or-

dering the columns first).

A few notations:

e Given a matrix A, submatrix(A4, [i1, ..., is], [j1, - .., Js]) denotes the
square submatrix of size s of A with subrows iy, ..., is and subcolumns
Ji,---,Js, where we followed Maple’s notations.

e Given R a subset of rows, ¢;, g denotes the extracted i;-th column

with rows R.

Let M := submatrix(7'(5),[1,2,3,4,7],[1,2,3,4,7]).
We have det(M) = (Tz%ly £0,as (r?)? #£ 1.

Hence the family of columns (¢ r,c2 R, 3R, Car,c7R) is free. A fortiori,

the subfamily (¢; », c2,r, 3R, caR) is free.

Let M’ := submatrix(7T(6),[1,2,3,4,7],[1,2,3,4,12])
det(M') =0 (see Appendix D)
Then (¢1 r, 2R, c3R, CaR, C12,R) is not free, but (¢1 r, c2,r, 3R, caR) is. Hence,

the column ci2 % is a linear combination of columns c¢; r,c2 R, 3R, C4R-
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Thus, we don’t modify the determinant of M by adding to ¢7 z a multiple
of ¢12z. The 12th column of T'(6) is the vector v(6)(wae). The coefficient on

the 11th row is [V(ﬁ)(w46)] = [I/(6) (X56)(w46)]xa5 = % by (TL)1 of Ap-

Tag
pendix C with [ = r. We recall that the coefficient of the 7th column and
the 11th row is a one, while the other coefficients of the extracted matrix on

the same row are 0’s. We now do the operation on the columns

C7,Ra((3)+1] T “rra((D)+1 T " C12,RQ[(3)+1)

in order to make a fifth zero appear, where we used the symbol @ for con-
catenation of lists. By doing so the determinant of M is unchanged. Let’s

consider the matrix
M" := submatrix(T(6),[1,2,3,4,7,11],[1,2,3,4,7,12])
M" is a square submatrix of T'(6) of size 6 and

1" ].
det(M )=det(M) x — #0
N e’ r
£0

Thus, we have exhibited an invertible submatrix of 7'(6) of size 6. This
shows that 7k(7'(6)) > 6. Furthermore, we have seen that when | = r, we
have for all n > 4 that k(n) > "("T_S) This is equivalent to rk(7T'(n)) <
n. Thus, we have rk(7'(6)) < 6. Hence rk(7(6)) = 6. Next, forn > 7

we inductively build invertible submatrices S(n) of T'(n) of size n in the
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S(5) := submatrix(7'(5), Rs5,Cs) with Cs = R5 :=[1,2,3,4,7](=R)

S(n) := submatrix(T'(n), Ru—1Q[(";") + (n — 5)],Coc1@Q[(" 1) + (n — 4)])

S(n) is built from S(n — 1) by adding the extracted [(";') + (n — 5)]-th sub-
row and the extracted [(", ") + (n — 4)]-th subcolumn. In other words, S(n)
is built from S(n — 1) by adding the subrow corresponding to X5, and the
subcolumn corresponding to wa, as shown on Figure 1. In the table below,
we gathered the results of the actions of X2, X3, X13, X34 and X5 on the
vectors wy ,’s for n > 6. To calculate the coefficient of the action of X34 on
wyk, we used (SR);_4 with ¢ = 3 and j = 4. It yields the coefficient =5 to
calculate the coefficient of the action of X5 on wyy, we used (T R)j_5 with

| = r. It also yields the coefficient r*~5.

Wag | War | o.. | Wan
X2 O 0 0
Xo3 | O 0 0
X3 0O 0 0
Xsg | T r? rno
Xys | 7 r? o

It appears clearly on the table that C("=1) 4 (n—4),R is a multiple of ci2 .
Since, as seen above, cj2  is a linear combination of the extracted columns
C1R, 2R, C3,R,Car Of T(5), each extracted column (") (n-a).R of T'(n),
n > 7, is also a linear combination of columns c¢; z,c2 R, c3r,car. Thus,

for any n > 7, we won’t modify the determinant of S(5)(= M) by adding
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to its 7-th column c7 z a multiple of c(ns1)
2

Figure below,

+(n—4),

W46 Wq7

1 2 3 4 7 10 12 15 18 "
0000 O 0 0
0000 O 0 0
0000 O 0 0
0000 O r r?
0000 O r r?
Xs6 00 0 0 1 z 0
Xs7 00 0 0 1 0 1
Xsn 00 0 0 = 0 0

176

- As it appears on the

S =

Figure 1
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we have:
Vn > 7, Xsp Wap = %wgm (Rule (TL)1 with [ =)
Vn > 7, Xop.wis = =g Wsn, (Rule (SL), withi =5 & j = n)

Vn > 7, Xsp.waj =0 forall6 < j <n—1BECAUSE ! = r (cf Rule (CL))
Vn > 7, Xsn.wsy = 0 forall (s,t) € {(1,2),(2,3),(1,3),(3,4)}

Vn>7, Xspwsyy =0,¥V6 <k<n—-1,VE+1<j<n

Hence, doing the following operation O,, on S(n) with:

n—6 1

Os : Crr, — CrRr, — ;} 1 O (h2) R

transforms S(n) into a matrix by blocks with 0’s in the lower left quadrant,
a square matrix Mo, = S(5)p, of size 5 obtained from M by doing the
operation 05 and whose determinant equals the one of M in the upper left
quadrant and an upper triangular square matrix of size n — 5 with 1’s over

the diagonal in the lower right quadrant:

3 =
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Then it comes:

n—>5
det(S(n)) = det(S(n)o.) = det(S(5)o.). (i)

Hence, S(n) is a square submatrix of size n of T'(n) that is invertible. This
shows that 7k(T'(n)) > n for all n > 7. And since we know from before
that for all n > 4, rk(T'(n)) < n when | = r, we have in fact: When [ =
r, rk(T'(n)) = n forall n > 7. This is the same as saying that When [ =
r, k(n) = w for all n > 7. Since as we have seen along the proof, we
also have rk(T(4)) = 4 (e k(4) =2 = ), rk(T'(5)) = 5 (e k(5) = 5 = 22)
and rk(T(6)) = 6 (i.e k(6) = 9 = &%), this ends the proof of Proposition 10.
Moreover we will remember the following fact, equivalent to Proposition

10:
Fact 2. When | = r, the rank of T'(n) is n for all n > 4.

We have two direct consequences of Propostion 10. Unless otherwise men-

tioned, H,2(n) is assumed to be semisimple.

Corollary 6. Let n be an integer with n > 4. If | = r, then there exists an

. . _3 . . . .
irreducible %—dzmenszonal invariant subspace of V.

PROOF: by Proposition 6, K (n) is irreducible. By Proposition 10, K (n)

is @-dimensional. This ends the proof.

Corollary 7. Let n be an integer with n > 5. If there exists an irreducible

W—dimensional invariant subspace of V, then | = —r3.
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PROOF: Suppose n > 6. Let W be an irreducible W—dimensional

invariant subspace. Since for n > 6, we have 2n — 3 < "(”2_3) < "(n2_3) +

1 = W, it comes dimW > 2n — 3, hence W NV, # {0}. Also,

n—1< (”_I)QM implies that W N Vy # {0}. Thus, by theorem 7 we get:

I € {r _Tg’ Tz(niz)—37 Tn1—5 ) _rn1—5} and [ € {r, -3, T2<n}1)_3a 7.n1—4 ) _T'n1—4 }-
This only leaves the possibility I € {r, —r} by semisimplicity of H,2(n).
Now dim W = W implies that k(n) > n(”T_?’) +1and when! = r we

have k(n) = w by Proposition 10. Hence the only possibility for [ is in

factl = —r3.

The casen = 5

Suppose that there exists an irreducible 6-dimensional invariant subspace
of V. Then we claim that there cannot exist an irreducible 5-dimensional
invariant subspace of V. Indeed let’'s name them Vs and Vs. We have
Vs C K(5) and Vs C K (5). The existence of an irreducible 5-dimensional
invariant subspace of V implies I = r by Result 1; by Proposition 6, K (5)
is irreducible as [ = r. Then K(5) = V5 = Vs, contradiction. Hence there
cannot exist an irreducible 5-dimensional invariant subspace. Hence [ # 7.
But () is reducible, hence l € {—r3, &, %, % }. Since 6 > 4, Vsn V) £ 0.
1 _1 1

Hence, v is reducible and I € {—3, 1 —1 11 Then I must take one of

the two values —r% or -%. Since | # r, we have k(5) € {6,7}. If | = % then
there exists a one-dimensional invariant subspace V; of V) which is in di-
rect sum with Vs. Hence k(5) = 7and K (5) = Vi®Ve. If | # %, thenl = —r3
and k(5) = 6. Then K (5) is irreducible and K (5) = Vs. Let’s push the study
a little bit more. We have dim(Vs N V#¥) = 6 + 6 — dim(Vs + V) > 2 and

VenVW C K (4). Hence, k(4) > 2. Moreover, since | # r, k(4) € {3,4}. Sup-
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pose k(4) = 4. Then K (4) is a direct sum of an irreducible 3-dimensional in-

—7”3.

variant subspace of V(4 and of a one-dimensional one. Then [ = %5
Sor® = —1. Then r!? # —1 and | = —r3. Hence K (5) is irreducible. More-
over | # %7 Thus, if | = T%, then k(4) = 3 and K (4) is irreducible as [ # r.
Also it follows that [ € {—1, —r®}, hence either v = —1 or 1 = —1. We
conclude that Corollary 7 holds for n = 5 in the case r #£ —1. Also, we
deduce from this discussion that if K(4) is reducible, then [ # %7 Hence
| = —r3 and K(5) is irreducible. Thus, K(4) and K (5) cannot be simulta-
neously reducible. Suppose now that 76 = —1. We will show that i = —r3,
and this will prove that Corollary 7 holds in fact in any case. We have
r9 % —1. Thus, > # —r®. Suppose | # —r3. Then | = . Then as seen
above, K(5) = V1 & V. Then k(5) = 7 > 4 and K (4) is irreducible as for
instance K (5) is reducible. It follows that K (5) N V*) = K (4). In particular,
we have K (4) C K(5). Also, by the above, when | = %, we have k(4) = 3.
Thus, K (4) is irreducible, 3-dimensional. Since [ = %7 = —%, we know from

Theorem 6 that K (4) is spanned over F' by the vectors:

1 1

v = (; + 7“) w1z + (wiz — - waz) + 1 (wig — - wa4)
1 1 1

vy = (* + 7“) w3 + (waq — —ws3q) — (w12 — — wi3)
r r r
1 1 1

V3 = (* + 7“) wzg — (w13 — —wi4) — (Wog — — W)
r r r

Let’s compute the action of X35 on v2. By using the table in Appendix C,

where we replaced | by —1, we have the equalities:
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X35.w3y = —r Lozt by (ML),
X35.w1z = % Tagtas DY (SL),
X35.w23 = 1 Tagt+as Dy (SL),
X35.w94 = (% — r)(—% — 7)) Tostou by (CL)(M)
Then it comes:
X35.09 = (r + %)2 Tog+oy (156)

2
Since K(4) C K(5), we must have <r + %) = 0, a contradiction. Hence
it is impossible to have | = %7 when r® = —1. Then [ must take the value

3 we claim that there

—r3, which ends all the cases. Conversely, if [ = —r
exists an irreducible 6-dimensional invariant subspace inside V®). Indeed,
by Theorem 7, v(®) is reducible, hence there exists an irreducible B(A4)-
submodule of V. It cannot be 5-dimensional by Result 1 (I # r); nor can it be
4-dimensional (I ¢ {5, — 5 }). If r'% % —1, it cannot be one-dimensional ei-
ther. Then it must be 6-dimensional. If r? = —1, then we recall from Propo-

sition 6 that k£(5) > 6. Then there must exist an irreducible 6-dimensional

submodule as well. Hence the Theorem:

Theorem 8.
Suppose n = 5. There exists an irreducible 6-dimensional invariant subspace of V

if and only if | = —r3.

Finally we note that Corollary 7 does not hold for n = 4. Indeed, since
(r*)* # 1, we have 2 # —r3 and —1 # —r3. And when [ € {1, -1}, there

exists an irreducible 22-dimensional invariant subspace of V*) by Theo-

rem 6.

We have a corollary of Corollary 7:
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Corollary 8.

Let n be an integer with n > 4.

n(n—3)
2

i) If there exists an irreducible -dimensional invariant subspace of V, then

there does not exist any W—dimensianal invariant subspace of V.

i1) If there exists an irreducible W—dimensional invariant subspace of V,

then there does not exist any @-dimensional invariant subspace of V.

PROOF: we prove both points at the same time. Let’s first assume n > 5.

n(n—3)
2

Suppose that there exists both an irreducible -dimensional invari-

ant subspace V.3 of V and an irreducible %

2

invariant subspace

V(n—1)2(n—2) of V. By Corollary 7, we have | = —r3. If v £ —1, K(n) is ir-
reducible by Proposition 6, hence a contradiction. If 72" = —1, then on one
hand there exists a one-dimensional invariant subspace V; of V, which is in
direct sum with V(n,l);n,m . Hence we have V; & V(nfl);n%) C K(n). Then
k(n) > leﬁ + 1. On the other hand, Vw has a summand, say S in

n(n—3)
2

K(n). Let’s denote by s its dimension. Since k(n) > + 2, we must

have s > 2. Since | = —r?, there does not exist any (n — 1)-dimensional
invariant subspace inside V. Hence s > 2 implies in fact s > n — 1. Now

if s > n, we have dim(Va-3 ® S) > n + n(n2_3) = "(n;l): a contradiction
2

. n(n—1
since k(n) < %

. This ends the proof in the case n > 5. It remains to do
the case n = 4. In this case, if there exists an irreducible 2-dimensional in-
variant subspace of V&) thenl =r by Result 2; if there exists an irreducible
3-dimensional invariant subspace of V4, then [ € {—r, 1.1} by Theo-

rem 6. Then it is impossible to have an irreducible 3-dimensional invariant

subspace and an irreducible 2-dimensional one.

When [ = —r3, it appears that it is not as easy to show properties on the
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rank of the matrix 7'(n). However, we have the nice result:

Proposition 11. Suppose Hr.,2(n—1) is semisimple, | = —r® and r2"=1 £ —1.
Then,

kE(n) > k(n—1)+ (n—2)

PROOF OF THE PROPOSITION: by proposition 9, point 1), we know under
these assumptions that K (n — 1) C K (n). Thus, any vector that annihilates
the matrix 7'(n — 1) annihilates the matrix T'(n). Let v1,va, ..., vgn—1) be a

basis of K (n — 1). Define (n — 2) linearly independent vectors by:
Vi = Wy1p — 7 Whp + Pk Wi kt1, k=1...n—2

Claim 3.
V1,02, -+ o5 V(ne1)s V1 -+ -, Voo are k(n — 1) + (n — 2) linearly independent

vectors of K (n)

PROOF OF THE CLAIM: we want to show that the X;;’s annihilate the
Vi's for k = 1,...,n — 2. First, let’s show that the last (n — 1) rows of the

matrix T'(n) annihilate these vectors. To that aim, we compute:

ki iR <

VIi<jk<n—-1 [Xjnwenl,  =q-rF3+2 ifk>j

—r% —r? ifk=j

Let’s fix a row of the matrix 7'(n) that corresponds to the action of a X,
with 1 < j < n—1. We want to multiply this row by the vector V;. First, we
let X, act on the vectors w1, and wy,, and multiply the first resulting

coefficient by 1 and the second resulting coefficient by —r, then add the two

coefficients.
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*

If k> j, we get —rk=+3 4 pk=i+3 — ¢

*

Ifk<j—1,weget—rFJ-1 4 phi-l =9

*Ifk=j -1, weget— —r*+ 5 =1’

1

T

* If/-c:j,weget—r3+%+r3:

Now fixa k € {1,...,n — 2}. We have:
Xjn-(Wgg1,n — T win) =0 except for j € {k,k+1}
Also, we have:

XestnWiptilu,,,, = 752

_ 1
|:Xk,n~wk,k+1:| e

WEk.n

|:Xj,n-wk,k+1:| = 0 ifj & {k,k+1}

W
J,n

Thus, we get:

184

Vi<j<n—-1,V1I<k<n—-2, Xj.(Wryin — "W + R Wi k1) =0

This shows that the last (n — 1) rows of the matrix 7'(n) annihilate the vec-

tors Vi’s, k = 1,...,n — 2. We will now show that the whole matrix 7'(n)

annihilates in fact these vectors. Given two positive integers s and ¢ such

that1 < s <t <n-—1,wehave:
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—pn—tt2 ifs=k
=2 ift =k
[stt. wkm} =
wey (=13 —p)(rkmstnmt=l _ph=stn=t=3) jf s < kandt > k
0 otherwise
—pnit2 ifs=k+1
pns2 ift=k+1
[Xs,t- wk+1,n:| = (=2 —p)(rkstnot _pkmstn—t=2y f s <kt landt > k+ 1
wst
—r2 %2 if (s,t) = (k,k+1)
\0 otherwise
—N%H ifs=kandt>k+1
rt*% ifs=k+1landt>k+1
[Xs,t- wk,k+1] = ksl ift=*kand s < k
w1
—pk—s+2 ift=k+1lands <k
0 otherwise
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From these equalities, we derive:

Vi>k4+1, Xpp Vi = (=% =)t — 72y o pnttt2 pnte]
=0 (157)
Vs <k, Xgp Vi = —r pr—s=2 4k k—s—1

=0 (158)

Vs <k, Xopp1 Vi = 1" 724 (1 4 0?) (0572 — i) R kst
=0 (159)

\v/t > k + 1, Xk+17th e _,',.Tl—t—Q _|_ ,r.n_k Tk_t+2

=0 (160)

Equalities (157), (158), (159) and (160) show that all the X;;’s with 1 <
i < j < n — 1 annihilate the vectors V;’s, 1 < k < n — 2. Thus, we have
shown that the first (”;1) rows of the matrix 7'(n) annihilate the vectors
Vi,...,Vh—2. And with the work from before, all the rows of 7'(n) anni-
hilate in fact the vectors Vi, ..., V,,_2. Thus, these vectors belong to K (n).
Since we picked the vectors vy, vy, ..., vgn—1) to form a basis of K(n — 1)
and since K (n — 1) is contained in K (n), the latter vectors also belong to
K (n). Finally, itis visible that all the participating vectors in Claim 3 are lin-
early independent. thus, we conclude that the claim holds and Proposition

11 as well.

Corollary 9. Let n > 4. Assume that r"1 £ —1, y" 2 £ 1 p20 £ 1,
If there exists an irreducible @—dimensional invariant subspace of V, then

l=r.

PROOF: we proceed by induction on n. When n = 4, if there exists

an irreducible 2-dimensional invariant subspace of V, then | = r without
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any further assumption on r by Result 2. When n = 5, if there exists an
irreducible 5-dimensional invariant subspace of V then [ = r still without
any further assumption on r by Result 1. Let n be an integer with n >
6. Let’s name W the irreducible @—dimer\sional invariant subspace of
V. Consider the intersection W N V("1 Since dim W = w >n—1

for any n greater or equal to 6, this intersection is nontrivial. Hence we

1 1 1

get ! € {’I", _T37 =4 T pn—4) 7«2n—5} as I/(n_l)

is then reducible. Also, from

wnye-b C g (n — 1), we derive the inequality on the dimensions over
F:
n(n —3) n? — 5n (n—1)(n—4)

~(n—1) = 41 = ; ~1 (T)n

We note that ”2%5" +1 > n—2isequivalentto (n—1)(n—6) > 0, which is it-

n(n—3)
2

self equivalent to > 2n—3. Let’s first deal with the case n > 7, assum-

ing that Corollary 9 holds for n = 6. Then [ € {r, —r3, —T,n1_5, rnl_s, ,,21}—7 }
as ("2 is reducible (dim W > 2n — 3). Then I € {r,—r*}. We want to

show that [ = r. Suppose | = —r3. Since r*" # —1, we have seen in Propo-

sition 6 that K(n) is irreducible. Then K(n) = W and k(n) = "("2_3). If

r2=1) -4 _1, then an application of Proposition 11 with k(n) = ™3
yields:
_ 2 _ — —
k(n—l)gn(n 3)_(n_2):n 5n+2:(n 1)(n —4)
2 2 2
Also, if 72"=1) £ —1 and | = —73, then by Proposition 6, K(n — 1) is

irreducible. Suppose first n # 9. Then n — 1 # 8, hence,

(n—1)(n—4)
2

(n—1)(n—4)

_2«<
" 2

—1<k(n-1)<
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forces in fact k(n — 1) = %, as there is no irreducible invariant

(n—=1) (n=1)(n—4)
5 .

subspace of V of dimension strictly between (n — 2) and
Also, if n = 9ien — 1 = §, then the inequality above reads 7 < 19 <
k(8) < 20. Since the degrees of the irreducible representations of H 2 (8)

are 1,7,14, 20,21 and degrees higher or equal to 28, the case n = 9 is not

different. Thus we get k(n—1) = %. Then by induction hypothesis,
the existence of an irreducible %-dimensional invariant subspace
of V(»=1) implies I = r. This is a contradiction with I = —r3. Hence our

3 was absurd and [ = r as announced. It remains to

hypothesis | = —r
study the case n = 6. When n = 6, we find another argument to claim
that the intersection W N V®) is non trivial. Indeed, it suffices to notice that
dimW + dimV% = 9 +6 = 15 = dim V®). Then, if the sum W + V®
is direct, it comes W & Y@ = ) Acting with e5 on both sides yields
e5. V(%) = 0, which is a contradiction. Hence W N V(¥ # 0 and again in the
case n = 6 we must have [ € {r, —r®}. In particular, since 7' # —1, this
implies that K (5) is irreducible. Further, the inequality (Z)s reads k(5) >
4. Thus, we have k(5) € {4,5,6}. Now k(5) = 4 is to eliminate as the
existence of an irreducible 4-dimensional invariant subspace of V(*) would
force | € {5, —%}. Hence k(5) € {5,6}. We show that in any case this
forces | = r. And indeed if k(5) = 5, it is automatic with Result 1. Suppose

now k(5) = 6. We show that it is not possible to have [ = —r3. If | = —r3,

since 7% # —1, an application of Proposition 11 with n = 6 yields:
k(6) > k(5) + 4

Hence it comes k(6) > 6 + 4 = 10. But since [ = —r3 and r'? # —1, K(6) is

irreducible by Proposition 6. Hence K (6) = W and k(6) = 9: contradiction.
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Thus, we must have [ = r. This ends the proof of Corollary 9. The next

Corollary specifies the cases r?" = —1 and uses the result of Corollary 9.

Corollary 10. Let n be an integer with n > 4. If r*" = —1 and there exists an

irreducible @—dimensional invariant subspace of V, then

Either — k(n) = "3 g(n—1) = =0 gpg =y

Or k(n)= (n=1)(n-2) niz), k(n—1) = 7("72)2("73) and 1= —r3

o= o

PROOF: Let’s first assume n > 6. Following the proof of Corollary 9,

the existence of an irreducible @-dimensional invariant subspace of V

3 1 1 1 3 1 1 1
forces l S {7’, -r, =4y pn—4> 7“2”*5} and l S {T, -r, rn—53  pn—55 p2n—7 }/

which forces in turn I € {r, —73}. If | = r, we already know from Propo-

sition 10 that k(n — 1) = % and k(n) = ”("273). If | = —r3, since

r?» = —1, there exists a one-dimensional invariant subspace of V, say

(n=3)

V1. By hypothesis, there also exists an irreducible %~ -dimensional in-

variant subspace, say Vn-s , of V. The two vector spaces must be in di-
2

rect sum as V.m-3 is irreducible. Hence we have V| @ Vaw-s C K(n).
2 2

If this inclusion is strict, then k(n) > %2(71_2) and Vi & Vam-3 has a
2

summand in K (n) whose dimension is strictly less than n — 1 (recall that

"(”2_1) - (”_I)Q(n_Q) = n — 1). This is a contradiction. Hence K(n) =

Vi ® Vaw-s and k(n) = W To complete the proof, it remains
2

to show that k(n — 1) = (”_2)2& Since (”_léﬁ > n — 1, we have

K(n) n V=1 =£ 0. Hence K(n) N V"D C K(n — 1). It follows on the

dimensions over F' that:

k(n—1) > P=Dm=2)

Here comes the use of Corollary 9: since 2" = —1, wehave r™ # —1, r"*! £
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~1, ..., 72»=1 £ 1. In particular r2™~1) # —1 implies that K (n — 1) is

irreducible. If k(n — 1) = %, a licit application of Corollary 9 yields

| = r, a contradiction with [ = —r®. Thus, the inequality above can be
bettered:

1> =20 =)
As for the other way, again since 72" = —1, we have 72"~1) = —1. Hence
we may apply Proposition 11. It provides us with the inequality: W >

k(n— 1)+ (n—2),ie

(n—2)(n—3)

k(n—1) < 5

Gathering the two inequalities finally yields:

(n—2)(n—3)

k(n—1)= 5

Finally the Corollary is true when n = 5 and in that case we know from
before that | = r and k(5) = 5 and k(4) = 2. As for n = 4, we also have
! = r and k(4) = 2. Moreover, it is true that k£(3) = 0 since for | = r the

representation v/(®) is irreducible by Theorem 7.

Joining the results of Proposition 6 and Corollary 10 adds a bit of infor-

mation to Proposition 6:

Corollary 11. Let n be an integer with n > 4. If | = —r3 and r** = —1, then
either there exists an irreducible @—dimensianal invariant subspace of V and

PROOF: first the corollary holds for n = 4 and n = 5. Indeed, for

n = 4,if | = —r3, there does not exist any irreducible 2-dimensional in-
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variant subspace of V (otherwise | = r by Result 2). On the contrary,
there exists an irreducible 3-dimensional invariant subspace of V by The-
orem 6 and there exists a one-dimensional invariant subspace of V since
| = —r3 = L (8 = —1 by hypothesis). Those two invariant subspaces
are in direct sum. Hence k(4) > 3. When n = 5, there does not exist any
irreducible 5-dimensional invariant subspace of V (otherwise I = r by Re-
sult 1). By Theorem 8 there exists an irreducible 6-dimensional invariant
subspace of V. This subspace must be in direct sum with the existing one-

dimensional one. Hence k(5) > 6. Suppose now n > 6. If there exists

n(n—3)

an irreducible —=--dimensional invariant subspace of V, then by Corol-
lary 10, case | = —r3, we have k(n) = m_léﬁ Suppose that there does

not exist any irreducible w—dimensional invariant subspace of V. Since

| = —r3 and r?" = —1, we know from Proposition 6 that K (n) is reducible
and k(n) > % Since with our assumptions there must exist a one-
dimensional invariant subspace V; of V, if we had k(n) = m_l)zﬂ, then
this one-dimensional invariant subspace of V would have an irreducible
w-dimensional summand in K(n), impossible by hypothesis. Thus,

k(n) > =002 4 g,

Corollary 12. Let n be an integer withn > 4. If | = —r3 and r*® = —1, then

either there exists an irreducible w-dimensional invariant subspace of V and
k(n) = Wléﬁ or there exists an irreducible %—dimensional invariant

subspace of V and k(n) = 1+ (”—1)2&
PROOF: by Corollary 11, it suffices to prove that if there does not exist

an irreducible w

an irreducible m_lzﬂ—dimensional invariant subspace of V and k(n) =

-dimensional invariant subspace of V, then there exists

1+ (n71)2(n72).

Let’s first deal with the case n = 4. In this case, there does not exist
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any irreducible 2-dimensional invariant subspace of V (otherwise | = r,
impossible with | = —r3). Further, by choice of [ and r, there exists an
irreducible 3-dimensional invariant subspace of V and a one-dimensional
invariant subspace of V and their sum is direct. Then by uniqueness of the
one-dimensional invariant subspace of V, it is impossible to have k(4) = 5.
Hence k(4) = 4. This ends the case n = 4.

When n = 5, by choice of | and r, we know that there exists an irre-
ducible 6-dimensional invariant subspace of V (cf Theorem 8) and there
exists a one-dimensional invariant subspace of V. Their sum is direct. It
forbids k(5) = 8 or k(5) = 9. Hence k(5) = 7. Also, since [ # r, there does
not exist any irreducible 5-dimensional invariant subspace of V by Result
1, hence we are done with the case n = 5.

Suppose now n > 6 and suppose that there does not exist any irre-
ducible w-dimensional invariant subspace of V. By Corollary 11, we
have k(n) > 1+ ("_DQM In particular k(n) > n — 1, hence the intersec-
tion K (n) N V(1) is non-trivial. Further, since 7>* = —1 by hypothesis, we
have 72("~1) # —1. Hence by Proposition 6, K (n — 1) is irreducible. Thus
we get K (n) NV~ Y = K(n — 1). From there, we have:

(n—1)(n—2)

5 — dim(K (n) + V1)

k(n —1) = k(n) +

Hence, we get:

k(n—1) > k(n) — (n— 1)

that we rewrite:

kE(n) <k(n—1)4+(n—1)

Since we already know that k(n) > 1 + %, it suffices to show that

k(n—1) = ("72)2& to get the desired result. To that aim, we show a
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lemma:

Lemma9. Letn > 3. Ifr"tt £ —1,9"F2 £ 1. r2" £ —land | = —13,

then k(n) = ("_1)2&

PROOF OF THE LEMMA: whenn = 3and [ = —3 and % # —1,
there exists a unique one-dimensional invariant subspace of V. Moreover,
there does not exists any irreducible 2-dimensional invariant subspace as
I ¢ {—1,1}. Thus we have k(3) = 1. Whenn = 4 and | = —r?, there ex-
ists an irreducible 3-dimensional invariant subspace of V. Moreover, since
I # r, there does not exist any irreducible 2-dimensional invariant sub-
space of V. Hence k(4) # 5. Also since r® # —1, there does not exist any
one-dimensional invariant subspace of V, hence k(4) # 4. Thus, we have
k(4) = 3. Let’s also do the case n = 5. By Theorem 8, there exists an irre-
ducible 6-dimensional invariant subspace of V. Hence k(5) > 6. Since there
does not exist any one-dimensional invariant subspace of V, k(5) cannot
equal 7,8 or 9. Thus we have k(5) = 6. Let n > 6. Under the assumptions
on!and r, we know that there does not exist any one-dimensional invariant
subspace of V by Theorem 4, there does not exist any irreducible (n — 1)-
dimensional invariant subspace of V by Theorem 5 and there does not exist
any irreducible @—dimensional invariant subspace of V by Corollary 9.
Moreover, by Proposition 6 when | = —r3 and r?® # —1, we know that

K (n) is irreducible. We recall that when n = 6,7 or n > 9, the irreducible

representations of H,2(n) have degree 1, n — 1, "("2_3) , ("_1)2("_2) or a de-
gree greater than (”71)2& Hence, for these values of n, we must have

k(n) > % When n = 8, we must have k(8) € {14,20,21}. Since

k(7) > 15 and since K(7) C K (8) by Proposition 9 (as r'4 # —1), it is im-

possible to have k(8) = 14. Hence, the case n = 8 is not exceptional and we

(n—1)(n—2)

must have k(8) = 21. In any case, we have k(n) > 5 . We will show
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conversely that k(n) < W It is equivalent to show that the rank of

the matrix 7'(n) is greater or equal to n — 1. We have the lemma:

Lemma 10. Let n be an integer with n > 5. Suppose r*™ # —1. Then,
l=—1r® = 7rk(T(n)) >n—1

PROOF OF THE LEMMA: we computed with Maple the determinant
of the submatrix of T'(5), composed of subcolumns 1, 3,4, 7 and subrows

1,3,4,7. We define:

S(5) := submatrix(7'(5),[1, 3,4, 7],[1,3,4,7])

in Maple notations. The value of the determinant of S(5) is W«#
For future reference, define R5 = C5 := [1, 3,4, 7]. Next, given n > 6, we
inductively build from S(n—1) a submatrix S(n) of T'(n) by adding the sub-
row correponding to the action of X,,_ , and the subcolumn correspond-
ing to the vector wy,. Explicitly, we have:

S(n) = submatrix(T'(n), Rnl@[(” ) 1> +1)), cnl@[<” N 1) +(n—4)))

And on Figure 2 is how the matrix looks like. We will show that when

r2" £ —1, the determinant of this matrix is nonzero. In fact we have:

Proposition 12.

1474 4. pdn=1)

n(n—>5)

det(S(n)) = (-1)"*" e

PROOF OF THE PROPOSITION: by construction, there are only two nonzero

coefficients on each of the ((g) + 1)-th rows of the matrix S(n) for k =
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5,...,n — 1 and they are respectively given by:

1
Xkt wWakly, = o by (SL)—4 (161)
1
Xk k1 Wager1]u o = ~ 3,55 by (T'L)k—4 (162)

These coefficients are the ones corresponding to the columns C(k—l) +(k—a)
2

and C ()4 (k—3): In particular, doing the operation

3
Ca2) -5 T~ C3) 45 T C0 )

on the columns makes a zero appear on the last row, making all the coeffi-
cients of the last row zero except —M%_G Hence the determinant of S(n)

is:

det(S(n)) = -~ — det(S(n — 1))

"~ 3 =6
where S(n — 1) is obtained from S(n — 1) by replacing C(n—2)+(n_5) (Rn-1)
2

with C("g2)+(n75) (Rn—l) + 7'3 C("*1)+(n74)(R”—1)'

2

It comes:

det(S(n — 1)) = det(S(n — 1))

43 det(C1(Rpn-1),--- 76("_3)+(n—6) (Rn-1), C(n—2)+(n_5) (Rn-1), C(n;1)+(n_4) (Rn-1))

2 2
The second determinant in the sum above is:

n—1

)det([1,3,4,7],[1,3,4,< 5 >+(n—4)])

, 2 =7

We computed with Maple det([1, 3,4, 7], [1, 3,4, 12]) and found the value r°.
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Then,
det([1,3,4,7],[L,3,4, <n ; 1) ¢ (n— 4)]) =
Thus, we get:
1 1 1 . p3
det(S(n)) = —— ——gdetS(n —1) - —— (-1)" =5
" 2

Let’s proceed by induction on n and assume that Proposition 12 holds for

S(n—1). Then, replacing det(S(n—1)) by its value yields the new equality:

det(S(n))

I
|
—_
~—
3
F
—

R T s ]

(n—1)(n—6) (n—6)(n—"7)
Pl e

And by reducing to the same denominator, we get:

det(S(n)) = (—1)"*!

1+r4+---+r4(”1)]

(n=5)
7"8"'%

As mentioned at the beginning of the proof of Lemma 10, the formula in
Proposition 12 holds for n = 5. Furthermore, we deduce from it the value
for det(S(6)). Indeed, by adding to the 7-th column 73 times the 12-th col-

umn, we see that:

1
det(S(6) = —= x (det(5(5)) + 3 det([1,3, 4,7, [1,3, 4, 12]))
Lo+t o
- e ( r8 Ty )
1+7 478 4 r12 4 710 4 20
- P11

So Proposition 12 also holds for n = 6. Then, by induction, Proposition 12

holds for every n > 5.
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W46 W4z Wian
123 4 7 10 12 15 18 ... ("YY (") + (n—4)
U 0 o ] 0 0 0
O 004 O 0 0 0
O 00 O r r? e
O o o ] r r? rn=o
X6 0 0 0 1 —% 0 0
X 1 11 0
67 0 0 0 0 1 -
Xp_in 0 0 0 0 0 0 - % s
Figure 2
This achieves the proof of Lemma 9. Let’s go back to the proof of the
Corollary. Since when r?" = —1, we have
A I T p2(n=1) # -1,
by Lemma 9, we get k(n — 1) = ("_z)zﬁ As already explained above,

it follows that k(n) = 1 + (”71)2& Then there exists an irreducible



CHAPTER 9. MORE PROPERTIES OF THE REPRESENTATION 198

(n—1)(n—2)

5 -dimensional invariant subspace of V. This ends the proof of

Corollary 12. Thus, Proposition 6 can be slightly bettered and rewritten

in the following way:

Proposition 13.

Let n be an integer with n > 4.

When | = r, K (n) is always irreducible.

Let n be an integer with n > 3.

When | = —r3, there are two cases:

1) 72" # —1 and K(n) is irreducible

2) r?" = —1 and K(n) is reducible. Moreover, when n > 4,

a) Either there exists an irreducible @-dimensional invariant subspace,
K (n) is the direct sum of an irreducible @ dimensional invariant sub-

space and of the unique one-dimensional invariant subspace and

k:(n) _ (n—1)2(n—2) )

b) Or there exists an irreducible (n_léﬁ

-dimensional invariant subspace
. . . . 1) (n—2 . . . .

K (n) is the direct sum of an irreducible %—dzmenszonal invariant

subspace and of the unique one-dimensional invariant subspace and

n—1)(n—2
k(n) = 1+ 2=l=2),

(Case n = 3) There exists exactly two one-dimensional invariant subspaces of V

and K (3) is the direct sum of these two one-dimensional invariant subspaces.

In the case n = 5, we have a Corollary of this Proposition:
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Corollary 13. Ifl = —r3 and if 110 = —1, then:

K(5) +vW =y

PROOF: Suppose that 1% = —1. Then r® # —1, so K(4) is irreducible. If
K(5)4+ VW is strictly contained in V), then its dimension as a vector space

over F'is less than 10. Then it comes:

dim(K (5) N VW) = k(5) + 6 — dim(K (5) + VP) > k(5) + 6 — 9 = k(5) — 3

Since by Proposition 13, we know that k(5) € {6, 7}, the fact that k(5) > 4
implies that the intersection K (5) N V) is nonzero. Thus by irreducibility
of K(4), we have K (5) N V) = K (4) and the inequality above reads:

k(4) > k(5) — 3

Moreover, when | = —r3, there exists an irreducible 3-dimensional invari-
ant subspace of V(4. Since K (4) is irreducible, it must be K (4). Hence

k(4) = 3. Thus, the inequality above becomes:
k(5) <6

Then k(5) = 6. Then by point 2)a) of Proposition 13, there must exist an
irreducible 5-dimensional invariant subspace of V(®). But this forces [ = r
by Result 1: a contradiction. Thus, the vector spaces K (5) + V®* and V©®)
have the same dimension and they are actually equal.

In fact Corollary 13 generalizes to each n by noticing that the linearly inde-
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pendent set of vectors

S =V Duyw, ..., Vo)

of K(n) + V"=V of cardinality @ — 1 does not span the vector space

K(n) + V=Y when r2* = —1. Explicitly, we will prove the following
Proposition:

Proposition 14. Let n be an integer withn > 5. Suppose | = —r® and r?" = —1.
Then,

K(n) + V=D = pm

PROOF. Suppose that K(n) + V("1 = Span,(V1,...,V,_2) ® V=, If
I = —r¥and r?® = —1, then | = 1. Hence, there exists an irreducible
1-dimensional invariant subspace of V(™). Moreover, by Theorem 4, it is

spanned by

§ st Wst

1<s<t<n

Thus, if the equality above holds, the vector

2 -2
Wiy +TrwWep +r w3,y + -+ r" Wn—1,n

must be a linear combination with coefficients in F' of the (n — 2) vec-
tors wyy1, — rwy, Wwhere k = 1,...,n — 2. A direct verification shows

right away that this is impossible. Then the set S is a linearly indepen-

dent set of K (n) 4+ V(1) of cardinality @ — 1, which does not span

K(n) + V=Y. This shows that the dimension of K (n) + V(1) must be

(n=1)

@ — 1, hence must in fact equal “—, the dimension of

greater than

V™) Thus, K (n) + V=Y = V(™ as announced.
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Proposition 14 now allows us to give a more accurate version of Propo-

sition 13, point 2), as it shows that point a) cannot occur.

Proposition 15.

Let n be an integer with n > 4.

When | = r, K (n) is always irreducible.

Let n be an integer with n > 3.

When | = —r3, there are two cases:

1) 72" # —1 and K(n) is irreducible

2) r?" = —1 and K(n) is reducible.

Moreover, when n > 4, K (n) is the direct sum of an irreducible (”*%M—

dimensional invariant subspace and of the unique one-dimensional invariant

n—1)(n—2
subspace and k(n) =1+ %

(Case n = 3) There exists exactly two one-dimensional invariant subspaces
of V and K(3) is the direct sum of these two one-dimensional invariant

subspaces.

PROOF: Point 1) was already proven in the proof of Proposition 13 or
its former version, and there is nothing more to add. Hence, let’s prove
the new version of point 2). Assume first n > 5. Suppose that [ = —r3 and
r?" = —1. By Proposition 13, point 1), K (n—1) is irreducible, as under these

assumptions on [ and 7, we have | = —r3 and r2("*~1) £ —1. Moreover, by

Proposition 13 point 2) this time, k(n) is big enough” so that K (n)N V(1)
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(n—1)(n—2)

cannot be trivial. Explicitly we have ~—5—= >n — 1 foralln > 5.
Hence we have: Kmn)nyr=b = K(n-1)
By Proposition 14, we also have: K(n) + V=D = 1%L

Both equalities yields the equality on the dimensions:

b -1) = by B2 ne )

= k(n)—(n—-1)

Thus, we get:
kE(n)=k(n—1)4+ (n—1) (163)

Following the result of Proposition 13, only two cases are possible: 2)a) or

2)b). Suppose 2)a) holds. Then there exists an irreducible W—dimensional
invariant subspace of V(™). By Corollary 10 we must have
k(n) = =V =2) 1)2(” —2 g g1 =203 2)2(” -3

a contradiction with (163). Hence the hypothesis 2)a) was absurd and
2)b) holds: there exists an irreducible w-dimensional invariant sub-
space of V™ and k(n) = 1 + W To achieve the proof, it remains
to deal with the case n = 4. In that case, there exists a one-dimensional in-
variant subspace and an irreducible 3-dimensional one, and they must be
in direct sum. Hence, again, situation 2)b) holds.

In turn, Corollary 10 can be rewritten:

Corollary 14. Let n be an integer with n > 4. Suppose r*™ = —1. If there exists

an irreducible W—dimensional invariant subspace of V, then | = r.
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9.3 A Proof of Theorems C and D

We are now in a position to give a complete characterization for the dimen-
sion of the irreducible representations. We gather our two main results in

the following theorems:

Theorem 9. Let n be an integer with n > 4. There exists an irreducible w—

dimensional invariant subspace of V if and only if | = r.

Theorem 10. Let n be an integer with n > 5. There exists an irreducible ("*léﬁ—

dimensional invariant subspace of V if and only if | = —r3.

Before we start the joint proof of these two theorems, let’s gather some

known facts from earlier. In chronological order, we have the following

results:
e Forn > 4: if | = r, then there exists an irreducible w-dimensional
invariant subspace of V. (Corollary 6)
e Forn > b5: if there exists an irreducible w;n_z)-dimensional invari-
ant subspace of V, then [ = —r3. (CorollaryT)
e For n > 4: V cannot contain both an irreducible w-dimensional

. . . . “1)(n—2) . .
invariant subspace and an irreducible %—dunensmnal one.

(Corollary 8)

e Forn > 6and r2(®~ Y £ —1:if | = —r3, then k(n) > k(n—1) + (n—2).

(Proposition 11)

e Forn > 4and r"t! £ —1, 772 £ 1, ... r?" # —1: if there exists

(n=3)

an irreducible =% -dimensional invariant subspace of V then [ = r.

(Corollary 9)
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n . _ n—1)(n—2
Forn > 5and 72" # —1:if | = —3, then k(n) < %

(Lemma 10)

For n > 3 and 72" # —1: if | = —r3, then K (n) is irreducible

(Proposition 15)

e Forn > 4and r?* = —1: if | = —r3, then there exists an irreducible
%—invariant subspace of V. Moreover, k(n) = % + 1.

(Proposition 15)

Forn > 4 and 72" = —1: if there exists an irreducible @-dimensional

invariant subspace of V, then [ = r. (Corollary 14)

THE PROOF ITSELF: Given n > 5, it remains to show that if »*” # —1 and
r2$ = —1 for some integer "TH < s < n — 1, then the following two state-
ments hold:

(

statement 1: if there exists an irreducible %_?’)—dimensional invariant sub-

space of V, then [ = r. (S1)

statement 2: if | = —r3, then there exists an irreducible %-dimensional

invariant subspace of V. (52)

We will prove by induction that:
Vn > 5, (Pp)

where

1
(Pn) :if r*" # —1 and r?* = —1, some integer nt

First, (Ps) holds: (S1) is true by Result 1; (52) is true by Theorem 8. Let

< s <n-—1,then (51)and (52)
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n be an integer with n > 6 and suppose that (P;) holds forall 5 < k <n—1.

Let's first deal with the case 7* = —1 for some integer . < s < n — 1.
In particular, we have r2(**1) £ —1 and r?* = —1 with s + 1 < n. By
induction hypothesis, (P, 1) then holds. Since we assume | = —r3in (52),

there exists an irreducible @

-dimensional invariant subspace of V1),
Moreover, since for | = —r3 and r2t1) £ —1, K(s + 1) is irreducible, we
getk(s+1)= @ Then we show by induction on [ that:

Vs+2<Il<n, k(l)—(l_l)z(l_m (164)

For | = s + 2, since r**! # —1 and s > 4, we may apply point number 4

withn = s + 2. It yields:

k(s+2)>k(s+1)+s=

Moreover, by point number 6 above, with n = s + 2, we also have:

s(s+1)
2

k(s+2) <

It follows that k(s 4 2) = @ Let [ be an integer with s +3 <[ < nand
suppose equation (164) holds for the integer [ — 1. Again, since 72(—1) £ —1,

point number 4 forces:

k(l)zk(l—1)+(z—2):02)2“?’)+(l_2):(ll)2(l2)

And since 7% # —1, point 6 again forces:

(1 -1 -2)
k() < ——
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Thus, equation (164) holds for each s+1 < ! < n and in particular holds for

n. Then K (n) is irreducible and W-dimensional, so that (52) holds.

Now, if there exists an irreducible ™n=3)_Jimensional invariant subspace
2

of V, then [ cannot equal —r3 by (52) and point number 3. Also, if k(n) >

n(n273), then K (n) N V(=1 = {0}, otherwise k(n) < n — 1, but @ 2
n(n=3)

n for every n > 5. Assume first n > 7. Then, if k(n) > 5, then

K(n) N V™=2) £ {0}, otherwise k(n) < 2n — 3, but w > 2n — 3 as soon

as n > 7. Then it comes:

I 1 1 1 & ] 1 1 1
€ {T’ r2n—=>5 ’ ,rnf4 ) _rn74 } < {T’ T2n77’ yn—> ’ _Tn75 }

This only leaves the possibility [ = r. It remains to deal with the case
n = 6. When n = 6, s must be 4 and the only possibilities for [ are [ = r or
l= rig We will show that the second possibility for [ is to be excluded. And
indeed, if there exists a one-dimensional invariant subspace of V6), and an
irreducible 9-dimensional one, these must be in direct sum, which forces
k(6) > 10 and in fact k£(6) = 10. Since Tig must equal %2 or —T%, there must
exist a unique irreducible 4-dimensional submodule of V®) that is the only

submodule of V®). Thus, k(5) = 4. Now, from the inclusion
K(6)nV® C K(5),
we derive on the dimensions:
k(5) > k(6) — 5,

so that

k(6) <k(5)+5=4+5=09,
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a contradiction with £(6) = 10 as mentioned above. Hence the case n = 6

is no exception and (.S1) also holds in that case.

Suppose now 12" # —1 and 21 = —1 and let’s show (S1) and
(S2) under these assumptions. Let’s first do it for n = 6. We assume
that r'? # —1 and 7! = —1 and try and show (S1). Suppose there ex-
ists an irreducible 9-dimensional invariant subspace of V() and suppose
I = —r3. Let’s first determine k(5) and k(6). Since | = —r3 and r!? = —1,
there exists a one-dimensional invariant subspace of VY6, Moreover, since
[ = —r3, there also exists an irreducible 6-dimensional invariant subspace
of V). Moreover, there cannot exist any irreducible 4-dimensional in-
variant subspace of V(®) when I = —% and there cannot exist any irre-
ducible 5-dimensional invariant subspace as well. Hence we have k(5) = 7.
Since r'? # —1 and | = —r3, we also know from points 6 and 7 that
k(6) € {9,10}. Since there exists an irreducible 9-dimensional invariant
subspace of V() by hypothesis, if k(6) were equal to 10, there would also
exist a one-dimensional submodule of V(®), which would force | = %9 But
when [ = —r3 and r'2 # —1, this is impossible. Hence we have k(6) = 9.
Consider now the intersection K (6)NV(%). The H Fr2(5)-module K (6) Ny®)
is contained in K (6) n, 2(5)- By semisimplicity of Hp,2(5), there ex-
ists an H p,2(5)-submodule S of K (6) lHF,TQ (5) Which is a summand for
K(6)NnY®):

K6)nV® ¢ S = K(6) I, 2(5) (165)

Let’s study the dimension of K (6) N V). First, we have the inequality:

dim(K(6) N V®)) >94+10—15=4
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If the dimension of K (6)NV®) were 4, K (6)NV®) would have a 3-dimensional
summand in K (5). This is impossible; if the dimension of K (6) N V®) were
5, K(6) N V®) would have a 2-dimensional summand in K (5). This is im-
possible by uniqueness of the one-dimensional invariant subpsace of V().
If now dim(K (5) N V(®)) = 6, then by (165) the dimension of S would be 3.

We show that this is impossible.

Lemma 11. Under the hypothesis | = —r3 and r'® = —1, it is impossible to have:

S C K(6)
S'is a Hp,2(5)-module
dimS =3

PROOF OF THE LEMMA: it suffices to show it when dim S = 1. We leave the

proof for later in a more general setting (cf Lemma 13).

Assuming the lemma holds, the dimension of K (6) N V®) must hence be 7.
But then
K(6)NnVY® = K(5),

which implies in particular:
K(5) C K(6)

Butif K(5) C K(6), the inequality of point 4 above becomes true, although

710 = —1 and we must have:

k(6) > k(5) + 4

With k(6) = 9 and k(5) = 7, this inequality yields a contradiction.
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Partial conclusion: we have proven that if there exists an irreducible 9-dimensional

invariant subspace of V%), then ! cannot equal —r®. Then € {Z,r}.

We have the general lemma:

Lemma 12. Let n be an integer with n > 5. If r>*=Y = —1 and there exists an

irreducible @—dl’mensional invariant subspace of V, then | € {r, —r3}.

PROOF OF THE LEMMA: Let’s denote by W the irreducible @—dimensional

invariant subspace of V. For n > 5, we have w > n—1, hence Wny(—1)

is not trivial and so I € {r, —r3, T23,5, 7""1*4’ _7’"1*4 }. Also since v is re-

ducible we have: | € {r, —r3 1 L —rnl_?) }. Thanks to the hypothesis

) In—37 pn—3"

r2("=1) = _1, it is impossible to have

1 €

r2n—=3 = pn—4

2(n—1) _

as otherwise r2("*t1) = 1 and r —1 would force 2 = —1, which is

excluded. Since it is also impossible to have T,,,l_g = -m—s and Tnl_g = =57,

we see that [ € {r, —r}.

In fact, we have the more general proposition:

Proposition 16. Let n be an integer with n > 5. Lemma 12 holds even without

2(n—1) _

the assumption r —1: if there exists an irreducible @-dimensional

invariant subspace of V, then | € {r, —r3}.

PROOF OF THE PROPOSITION: by an argument repeated many times in the

n(n—3)

past, the existence of an irreducible —=;

-dimensional invariant subspace
of V implies that [ € {r, —r3, rgn%g,} Ifl = 7"2"%3’ then there must exist a

one-dimensional invariant subspace of V. Denote it by V; and denote the
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irreducible @

-dimensional invariant subspace of V by V3.
2

Let ]} = V]_ D Vn(nf?))
2

Vis wénfz)-dimensional. The equation

(n—1)(n—2)

>2n —3
5 n

is equivalent to

n?—Tn+8>0,

thus holds for every n. It follows that VY N V(=2) ig not trivial, so that

1 € {r,—r3, TZT}J, T,},s, —rn1,5} and [ € {r,—r3, 7"27}*5’ Tn1,4,—7,n1,4 }, which
leaves the only possibilities | € {r, —r3} for I.

Let’s go back to our case n = 6. Applying the proposition with n = 6
excludes the possibility I = -%;. Thus, we have shown (S1) when n = 6 and

r19 = —1 but 712 # —1. From there we easily deduce (52) under the same

6) is reducible, hence

assumptions. Indeed, if [ = —r3, the representation u(
V(®) must have an irreducible submodule, which is also an 1 2 (6)-module
by the old lemma 6. The irreducible representations of H,2(6) have de-
grees 1,5,9 or 10. The hypothesis 72 # —1 forbids to have | = —r3 = .
So there cannot exist any one-dimensional invariant subspace of V(). Since
it is also not possible to have —r% € {;, — %}, there does not exist any irre-
ducible 5-dimensional invariant subspace of V(®) by Theorem 5. Moreover,
the existence of an irreducible 9-dimensional submodule of V() would
force [ = r as we just saw in the proof of (S1). Then the only remaining

possibility is that there exists an irreducible 10-dimensional invariant sub-

space of V(©). Hence (52) holds for n = 6, 7' = —1 and 2 # —1. We note
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that by showing the statements (S1) and (52) under these conditions and
together with all the previous considerations, we have actually shown the

theorems 9 and 10 for n = 6.

To finish the proof of (P,) by induction, let’s go back to the general case

under the assumptions 12" # —1 and r2®~Y) = —1. First let’s deal with

(n=3)

the proof of (S1). Suppose there exists an irreducible “—-dimensional

invariant subspace of V(™). By Proposition 16, we know that [ € {r, -3}

and we want to show that [ = r. We will follow the same path as in the case

2(n—1) —

n = 6. Suppose [ = —r3. Since | = —r® and r —1, we have by point

number 8 that k(n — 1) = 1 + ("_Q)QM With [ = —r% and r?" # —1, we

also know from point 6 and 7 that k(n) € {"(n2_3) : ("_1)2(”_2)} (we will see

later on in the proof that this is still true when n = 8 and admit it for now).
Since there exists an irreducible w-dimensional invariant subspace and
there does not exist any one-dimensional invariant subspace, we must have

k(n) = @ Let S be a summand for K (n) N V™Y in K(n) Ir,, -1

Kn)nv® g s=K(n) Iy 2 (n-1) (166)
We have
dim(K (n) n Y1) > (”_1)2(”_4) —1
Then we must have
dim (£ (n) V01 > P20 3)

Moreover,

K(n)nvrY c K(n—1)
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implies that
(n—2)(n—3)

dim(K (n) n VD) <1+ 5

If dim (K (n) N V=) = 1 4 @=20028) e oot K(n) N VD = K(n — 1)

which would imply that K (n — 1) C K(n). Then it comes:

(n—2)(n—3)
2

+(n—2)+1:w+17

k(n) > k(n—1)4+(n—2) = )

a contradiction. Hence we must have dim(K (n) N V1) = WQ)ZM

But then, from equation (166), the Hz,2(n — 1)-module S would have di-
mension n — 3. By James’result in Proposition 3 of the thesis, S must then
contain a one-dimensional Hp,2(n — 1)-submodule, say U. When n = 7,
we also use the fact that there is no irreducible representation of Hp,2(6)

of degree between 1 and 5.

Lemma 13. Let n be an integer withn > 5. Suppose | = —r> and r2(»=1) = —1.

In K (n), there does not exist any one-dimensional Hp,»(n — 1)-module.

PROOF OF THE LEMMA: suppose such a module U exists and let

u= E Wij Wij

1<i<j<n

be a spanning vector of U over F. By the same arguments as in the proof

of Theorem 4, we must have:
. 1
V1<i<n-—2, v(u)=Au where X € {r,—f}
r

It follows from these relations that for every node i with 1 <i < n — 2, we
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have:

VEZi+2, pivig = ik (167)

VI<i—1, iy = Mg (168)

From there, we see that if one of the coefficients ug, somel < s <t <n-—1,
is zero then all of the coefficients yi;; for 1 < i < j < n—1 are zero. Suppose

we are in this situation. Then « reduces to:

n—1
U = E Hin Win,
=1

But we have:

n
€1. W1y = —T W2
n—3
el1. w2 = T w12
er-wjp, = 0 V3<j<n-1

Then u would not be annihilated by e, which is impossible. If none of
the coefficients for the w;;’s with 1 < i < j < n — 1 are zero, in particular
34 is nonzero. Then by the same argument as in the proof of Theorem 4,
case n > 4, the coefficient A must be r and not —%. Thus, u can be written

as:

n—1
u= E ' wi + E ' Wi
1<i<j<n-—1 i—1

Like we did in the proof of Theorem 4 (cf equation (72)), let’s look at the
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action of v; on u and the resulting coefficient in wy>. This time we get:

m

() +p = =1 =1 (169)

After simplifying this expression and replacing 72"~1) by its value —1, we

obtain:

m
— =0
r

I

Then it comes p = 0, so that U is in fact spanned by

U= E 7w

1<i<j<n—1

2(n-1) — _1, we can

We note that we recover the fact that [ = 7%%5 (when r
check that Tzn%g, = —r3). To conclude, it suffices now to look at the action

of e,,—1 on u. We have for every i with1 <i <n —1:

1

€n—1-Win-1 = n—i—2 Wn—1,n

Then, it comes:

n—2
) 1— 7“2 n—2
en—1.U =T Z;(TQ)’ Woo1p =17 1(_,22
P

Wn—1,n

Then, e,,_1.u is nonzero as 72"~2) % 1. Then U is not contained in K (n): a
contradiction. On the way, we recovered the result from Proposition 9 that
whenn > 5,1 = —r® and 2"~ = —1, K(n — 1) ¢ K(n), where we used
the same action on the same vector.

Now Lemma 13 holds and we have hence proven that it is impossible to

have | = —r3. Thus, [ = r and (S1) holds. Let’s finally prove (52). If
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I = —r?, then v is reducible. Moreover, if 2" # —1, we know that

K (n) is irreducible by point 7 and k(n) < Wléﬁ by point 6. Suppose

first n = 7Torn > 9. Then an irreducible Hp,2(n)-module has dimen-

(n—1)(n—2)
2

n(n—3) (n—1)(n—2)
2

s . Since

sion 1,n — 1, or dimension greater than

| = —r3 and r?® # —1, K(n) cannot have dimension 1. Neither can it have

dimension n—1 (as otherwise ! € {Tn%, — 7“"%5 }). Then it must have dimen-

(n=3)
2

[ = r by (51). So we see that K (n) must have dimension w Thus

(n—1)(n—2)
2

n(n—3)

5, then we would have

sion 2 . If it had dimension

or

(52) is proven for n = 7 or n > 9. The case n = 8 is in fact not different,
but needs to be slightly adapted. Recall that the irreducible representa-
tions of H f,2(8) have dimensions 1, 7, 14, 20, 21 or dimensions greater than
or equal to 28. Still by points 6 and 7, we have K (8) is irreducible with
E(8) < 21. Then k(8) € {14,21} by the same arguments as in the cases
n="Torn > 9. If k(8) = 14, then dim(K(8) N V(7)) > 7. By point number
9, the existence of an irreducible 14-dimensional invariant subspace of V(7)
must be excluded. Also, by semisimplicity of H,2(8), it is impossible to
have —r3 € {-%, == }. Then K(8) N V(") must have dimension 1 + 15 = 16,
which is also the dimension of K(7) when | = —r3 and r'* = —1. Then
we get K(8) N V(T = K(7) and in particular it comes K (7) C K(8). This
leads to a contradiction as any spanning vector for the one-dimensional in-
variant subspace of V(7 does not belong to K (8). So we have shown that it
is impossible to have k(8) = 14 and the only remaining possibility is thus

to have k(8) = 21. This shows (52) in the case n = 8 and !0 # —1 and

=1

To summarize, we have proven that (S1) and (52) hold when 72" # —1

and r2("~Y = —1. We have also proven that (S1) and (S2) hold when



CHAPTER 9. MORE PROPERTIES OF THE REPRESENTATION 216

r?" # —1and r? = 1 for some 21 < s < n — 1 (and that is where we used
induction). Then (P,,) holds for every n > 5 and Theorem 9 and 10 are thus
entirely proven as soon as the Iwahori-Hecke algebra Hp,2(n) is assumed

to be semisimple.

We have the immediate Corollary:

Corollary 15. Let n be an integer with n > 3. Suppose | = —r3.
n _ (n—1)(n—-2
If r2n o —1, then k(n) = (=1n=2)

n— _ n—1)(n—2
Ifr2n = —1, then k(n) = 1 + =1r=2)

PROOF: the second point is point 2) of Proposition 15 when n > 4. When
n = 3, we know from Theorem 4 that there exists exactly two one-dimensional
invariant subspaces of V and that their sum is direct. Then k(3) > 2 and
since k(3) # 3, in fact k£(3) = 2. As for the first point, Lemma 10 for n > 5
yields the inequality k(n) < ("71)2& Since when [ = —r3 and n > 5 there
exists an irreducible W-imvaﬂant subspace by Theorem 10, we also
have k(n) > W, so that k(n) = W It remains to deal with
the casesn = 3and n = 4. Whenn = 3,1 = —r3 and | # %3, there ex-
ists a unique one-dimensional invariant subspace of V®). The uniqueness
forces k(3) = 1. When n = 4 and | = —3, there exists an irreducible 3-
dimensional invariant subspace of V) by Theorem 6 and there does not
exist any one-dimensional invariant subspace of V() as r® # —1. Then
k(4) € {3,5}. Moreover, since [ # r it is impossible to have k(4) = 5. Hence

k(4) = 3, as announced.



Chapter 10

The Uniqueness Theorem and
a Complete Description of the
Invariant Subspace of V™

whenl =r

In this part, we prove a theorem of uniqueness and describe the irreducible

@—dimensional invariant subspace of V(™) when [ = r.

Theorem 11. (Uniqueness)
Let n be an integer with n > 3. We assume that v(") is reducible and exclude the
case when | = —r3 and r® = —1. Then, there exists a unique non-trivial proper

invariant subspace in V™).

PROOF: Assume first n > 5. Since v(" is reducible, | must take one

of the values T,,,l_g, — Tnl_g , rm}_g ,7 or —r° by the Main Theorem. Moreover,

2n

with the assumptions 7" # —1 and Hp,2(n) is semisimple, all these val-

ues are distinct. When | = r or | = —2 and r?" # —1, one of the results of

217
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Proposition 15 is that K (n) is irreducible. Since any proper invariant sub-
space of V(™) must be contained in K (n) and K (n) is non-trivial for these
values of [ and r by Proposition 5, the vector space K (n) must in fact be
the only non-trivial proper invariant subspace of V(") Moreover, when
l =r, K(n)is w-dimensional by Proposition 10 and when [ = —r3
and " # —1, K(n) is W—dimensional as we just saw in Corollary
15. Suppose now that | = —1—. We know by Theorem 4 that there ex-
ists a one-dimensional invariant subspace of V(") Further, by Theorem 5,

(resp 9, resp 10), there cannot exist any irreducible (n — 1) (resp "(”2_3) , Tesp

%2(”*2)) dimensional invariant subspace of V() Then in the cases n = 5

and n = 6, this unique one-dimensional invariant subspace of V(™) must be
the only invariant subspace of V(™). Let’s now consider an integer n with
n ="T7orn > 9. Then, if K(n) is not one-dimensional, its dimension must
be greater than or equal to 2 + (”_1)2& It forces both K (n) N V(=1 +£ 0
and K(n) N V™=2) +£ 0. Then, | € {r,—r3}, which is impossible. Again,
K (n) is the unique invariant subspace of V(™ in that case. When n = 8,
if k(8) > 15, then again, k(8) > 13 and k(8) > 7, so that [ € {r,—r3},

a contradiction. Hence we conclude again that k£(8) = 1 in that case. Fi-

L. —M%S} In these cases, we know that there

nally, suppose that [ € {5
exists a unique (n — 1)-dimensional invariant subspace of V(™) and there

does not exist any irreducible 1 or "("2_3) or (”_1)2(”_2) -dimensional invari-

ant subspace of V(™). Again, we will deal with the case n = 8 apart. When
n € {5, 6}, as before, we may conclude immediately. If now n =7orn > 9,
suppose that there exists an irreducible s-dimensional invariant subspace
of V) with s > 1+ @102 That would force | € {r, —r3}, which is
impossible. Thus, the unique (n — 1)-dimensional invariant subspace of

V() is the only invariant subspace of V(™). Finally, in the case n = 8, there
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cannot exist any irreducible 14-dimensional invariant subspace of V& for
the same reasons as before. Hence the unique 7-dimensional invariant sub-
space of V(® is the only invariant subspace of V(®). This ends the proof
of Theorem 11. Let’s now describe the unique invariant subspace of V("

when [ = r. We have the theorem:

Theorem 12.

Assumel = r.

o When n = 4, the unique invariant subspace K (4) of V® is spanned by the
two linearly independent vectors:
w§4) = (wig — %w24) + (wa3 — 7 w13)

wy 1= (o — 2 wza) + (w13 — rwia)

o When n > 5, the unique invariant subspace K (n) of V™) is built induc-
tively as a direct sum of the unique invariant subspace K (n — 1) of V(=1

and of an (n — 2)-dimensional vector space spanned by the vectors:

n—4 (

1
wy = Win —  W2n + r wog — T w13)

)

) 1 —4
wy = Wep — oy Weiln T T (Wiggr —Twig), 2<k<n—2

PROOF OF THE THEOREM: the case n = 4 is contained in Result 2. Let’s deal
with n > 5. When n = 5, Claim 1 of Part 8.3 provides us with a spanning

set of vectors for the unique invariant subspace of V). Up to a reordering,

we read that these vectors are w§4), w§4), the spanning vectors of the unique

5 . .(5) (5)
3

invariant subspace of V(%) and the three vectors w,”, wy” and w;"’. Hence

the Theorem holds in that case. We will proceed by induction. Given an
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integer n with n > 6, let’s assume that the Theorem holds for the integer
n — 1. So K(n — 1) is spanned by all the vectors w"’s of the Theorem with
4<t<n-1land1l < s <t—2 When! = r, we know that K(n) is the
unique invariant subspace of V(™ and that it contains K (n — 1), the unique
invariant subspace of V("~1). Moreover, it appears that the (n — 2) vectors

w; ', i=1,...,n—2,span an (n — 2)-dimensional subspace of V() that is
in direct sum with K (n — 1). Since we notice that
nn—3) (n—1)(n—4)

k(n) = 5 = 5 +(n—2)=k(n—-1)+ (n—2),

it will suffice to show that the (n — 2) vectors wgn), i=1,...,n— 2, belong
to K (n). To do that, we follow the same steps as in the proof of Claim 3.
First, let j be an integer with 1 < j < n — 1. We compute with the tables of

Appendix C' used with [ = 7:

rh=I itk £
V1 < k <n-— 1, [Xj,n'wk,n]w]-n
2 ifk=j
It follows immediately that:
[Xj,n'(wk,n - % wk-}—l,n)]wv = 0 lf] Q {kl, k+ 1}
J:n
[Xk,n-(wk,n - % wk—l—l,n)] w, = 1
[XkJrl,n-(wk,n - %wk+1,n)}wk+1 = _%

When | = r, the actions (C'L), ;) of Appendix C are all trivial. Then we



CHAPTER 10. THE UNIQUENESS THEOREM 221

have for any integer k with2 <k <n —2:

1 T

(X1 (Wi g1 — Twl,k)]wl w pgnk—2  gn—k1 0
2<j<n-1
[ Xjm-(w1 g1 — rwlvk)}w_ = 0, foralljsuch that
o J ¢k k+1}
1
(X (w11 — 7 w1 )] or = Tomd
1
[ Xit1- (W11 — Tlec)]wkH = a3
Also, we have,
[ Xjm-(w2s — TUJ13)]M = 0, forallj ¢ {1,2,3}
J,n
1
[Xl’n.(w% - w13)] wy = - yn—4
1
[XQ’n.(’LUQ,g —-r w13)] wo - rn—>3
1 T
[ X3, (w23 — Twls)]w3 = i s 0

Now it appears that the last (n — 1) rows of the matrix 7'(n) annihilate the
(n)

(n — 2) vectors w; *,i = 1,...,n — 2. To complete the proof, we want to
show that the X ;’s with 1 < s < ¢ < n—1 all annihilate these vectors. This

verification is left to the reader.



Chapter 11

A Proof of the Main Theorem

without Maple

In this part, we proceed without using the results from previous part. From
part 8, it suffices to show that the Main Theorem holds for the small values
n € {3,4,5,6}. In the case n = 3, the Main Theorem is proven with Theo-
rem 4 and Theorem 5. Indeed, by Theorem 4, there exists a one-dimensional
invariant subspace of V if and only if I € {Z%,—r3}. By Theorem 5, there
exists an irreducible two-dimensional invariant subspace of V if and only
if | € {1,—1}. Similarly in the case n = 4, we know by Theorem 4 (resp
Theorem 5, resp Corollary 4) that there exists an irreducible one (resp 3,
resp 2)-dimensional invariant subspace of V if and only if | = T% (resp
1 € {,—1 —r3} resp | = r). Since the degrees of the irreducible repre-
sentations of H,2(4) are 1, 2 or 3, this proves the Main Theorem in this
case. Let’s deal with the case n = 5. Suppose v(®) is reducible and let
W be an irreducible invariant subspace of V. Consider the F-vector space

WnNV,, with the same notations as before. If this intersection is trivial, then

the sum W+, is direct and we must have dim W +dim),; < dimV/, id est,

222
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dimW < 4. Then dimW € {1,4} as the degrees of the irreducible repre-
sentations of Hy,2(5) are 1, 4, 5, 6. By Theorem 4 and Theorem 5, this forces

l€{%, 5, —%5} Supposel & {5, 5, —%}. Thenwehave 0 C WNV, C V.

11

By the case n = 4 it follows that [ € {r, —r3, %5, — 1+, 7} Moreover, we have:

dimWnNVy) = dimW +dimVy — dim(W + V)
> dim W + dimV, — dimV = dimW —4

Furthermore, by our assumption on /, we have dim W € {5,6}. If dim W =
5, then by the Result 1, we know that it forces | = r. From now on we sup-

pose that [ # r. So dim W = 6 and dim(W N Vy) > 2. Our assumption on [

isnow [ ¢ {r, %7, %2, —%2} and [ € {—r3, %5, %, —%} Our goal is to show that
I = —r3. Since W N V) is a proper invariant subspace of Vy, it must be con-

tained in K (4). Therefore, we also have the inequality dim(WnNVy) < k(4),
where we used the notations of previous section. We will show that it is im-
possible to have [ = %5 (unless %5 =—dorl= % orl = —%. Ifl = %5, then
by Theorem 4, there exists a unique one-dimensional invariant subspace
inside Vj. In particular k(4) # 0. Hence k(4) € {1,2,3,4,5}. At this stage,
we recall our assumption of semisimplicity for Hp,2(5). When Hp,2(5) is
semisimple, a fortiori Hp,2(4) is semisimple. Suppose k(4) = 2. If K(4)
were not irreducible, it would contain a one-dimensional submodule that
has a one-dimensional summand by semisimplicity of H,2(4). This is im-
possible by uniqueness of the one-dimensional invariant subspace of V.
Then K (4) is an irreducible two dimensional invariant subspace of V. By
Corollary 4, the existence of an irreducible two-dimensional invariant sub-
space of V, implies | = r, a contradiction with (r?)3 # 1. If k(4) = 3,
11

there are three possibilities. Either K (4) is irreducible and [ € {—73, %, —1

yro

by Theorem 6. Or K(4) contains a one-dimensional submodule that has
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a two dimensional summand by semisimplicity of H,2(4). Then [ = r
by uniqueness of the one-dimensional invariant subspace of V and Corol-
lary 4. Or K(4) contains a two-dimensional submodule that has a one-
dimensional summand. Again, this forces [ = r by uniqueness of the one-
dimensional invariant subspace of V, and Corollary 4. Gathering these
results, the only possibility for I that is compatible with | = -5 and our

assumption of semisimplicity for Hp,2(5) is to have | = —r3.

Suppose
now k(4) = 4. Then K(4) is reducible. If K(4) contains a two- dimen-
sional invariant subspace, then this two-dimensional subspace has a two-
dimensional summand in K (4). This is impossible by uniqueness of any

one-dimensional (resp two-dimensional) invariant subspace inside V. On

the other hand, if K (4) is a direct sum of an irreducible 3-dimensional sub-

module and a one-dimensional submodule, we must have l € {73, %, —%
and | = T%, which leaves the only possibility of I = —r% = — for the

parameters [ and 7. Finally suppose that k(4) = 5. The story is similar.
K (4) is reducible and is either a direct sum of a 4-dimensional submodule
and a one-dimensional submodule or a direct sum of a 3-dimensional sub-
module and a 2-dimensional submodule, with no further decompositions
allowed by uniqueness of an irreducible two-dimensional submodule of Vy
or a one-dimensional submodule of Vy when these ones exist. Since there
does not exist any irreducible representations of H,2(4) of degree 4, the
tirst decomposition should still break, which is impossible. As for the sec-
ond decomposition it forces I = r, which contradicts our assumption ! = r%
In summary, either k(4) = 1 or [ = —r3. To reach the goal it suffices to show
that it is impossible to have k(4) = 1. When k(4) = 1, the two inequalities

above read:
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dim(WﬂVO) > 2

dim(WnV,) < 1

a contradiction. To achieve our goal it remains to show that it is impossible

to have !l € {1, —1}. First we show that for these values of | we have k(4) =

3. The scheme of the proof is the same as in the case | = %5 The existence

of a 3-dimensional invariant subspace of V) shows that k(4) # 0. Then, we
eliminate turn by turn the possibilities k(4) € {1,2,4,5}. Immediately, if
k(4) =1, thenl = -5 by Theorem 4, in contradiction with [ € {1, -1} Next,

if k(4) = 2, then K (4) is irreducible by Theorem 4 and | = r by Corollary

4. This again contradicts | € {1, —1} by semisimplicity of H,2(4). And

r?

in fact those two cases could right away be excluded by a simple use of
Theorem 6. Indeed, we have seen in Theorem 6 that when | € {1, -1},
there exists a 3-dimensional invariant subspace inside Vy. This implies that
k(4) > 3. If k(4) = 4, by uniqueness in Theorem 4 and in Result 2, K (4)

must be a direct sum of a 3-dimensional submodule and a one-dimensional

submodule with no further decomposition. This forces I € {—r?, 1, —1} by

sy

Theorem 6 and | = T% by Theorem 4. Since it is impossible to have | = %

rd

and [ € {1, -1}, we are led to conclude that k(4) # 4 when | € {1, -1}

Finally, if k(4) = 5, we get [ = r by the same arguments as those already

described further above. This is again impossible with [ € {1, —1}. Thus,

r? r

we have shown that when I € {1, —1}, we have k(4) = 3. An immediate

consequence is that K (4) is irreducible. We also derive from this fact that
dim(W N Vy) < 3 by one of the two inequalities of the beginning. Then,
for these two values of [, we have 2 < dim(W NVy) < 3. Furthermore,
1 € {1, —1} forces dim(WNV}) = 3. By equality on the dimensions, we now

get that W NV = K(4) and we note on the way that W N is irreducible.
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Suppose first that | = 1. Following Lemma 4, equation (40), it is an easy
verification using the table of the appendix or directly by hands that w4 —
w3 € K(4). Then w4 — wog also belongs to W NV, and in particular to W.

Since W is a B(A4)-module, e4.(wi4 — wo3) must also belong to W. But,

1
eq.(wig — woz) = -2 T

Then it comes W = V: contradiction.

Similarly for [ = —1, we have:
Tag + Lag + Taytastas — Lag € K(4) =Wwn VO
It follows that:

1
e4-(Tay + Taz + Taytagtas — Tag) = (1 + 772) Toy €W

Since (r?)? # 1 by semisimplicity of Hz,2(5), this implies that z,, € W.
But again 1V would then be the whole space V by the arguments of § 8.1.
We conclude that it is impossible to have l € {1, —1}. Thus, we have shown
that if (%) is reducible and I ¢ {r, %, %, —%}, then I = —r3. This says ex-
actly that if v(® is reducible, then I € {r,—r® %, % —%1}. Conversely, if
| = %, there exists a one-dimensional invariant subspace of V by Theorem
4, hence the representation is reducible; for [ € {%2, —%2}, there exists an
irreducible 4-dimensional invariant subspace of V by Theorem 5 and so the
representation is also reducible in that case. As for [ = r (resp | = —7r3),
it is a direct verification that the vector X’ (resp V) of proposition 5 of §

8.4 belongs to the proper submodule K (5) of V. This achieves the proof

of the Main Theorem in the case n = 5. It remains to do the case n = 6.
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The degrees of the irreducible representations of H,2(6) are 1,5,9, 10, 16.
The vector space V is 15-dimensional. Hence, if W is an irreducible sub-
module, then dimW € {1,5,9,10}. If dimW = 1 then ! = %9 by Theorem
4. Also, if dimW = 5 then | € {%,—%} by Theorem 5. Suppose now
I ¢ {5, %, —%} Then WNVy # 0. EWN VY, = 0, then dimW < 9,
which forces, with the condition on [ above, dim W = 9. Also we note that
WPV, =VasdimW+dimV; = 9+6 = 15 = dimV. Since W C K (6), we
must have e;. W = 0. Also, by definition of V;, we have e5.V; = 0. Then,
it follows that e5.V = 0, which is a contradiction. Thus, if [ & {%9, %3, —T%},
then both W NV, and W N V; are nonzero. By the case n = 4 and the case

n = 5 we now get:
311 _1
ZG{T,—T,TT,;,—F
&
11 L1

3
Le{r,—r’ 7,3, — 2

which implies I € {r, —3}. We conclude that if v is reducible and I ¢

%9, T%, —%3}, necessarily I € {r, —r3}. In other words, if »(9 is reducible

thenl € {r, —r3, Tig, T%, —%3} Conversely, for [ = %9 (respl = T% orl = —%3),
there exists a one-dimensional (resp 5-dimensional) invariant subspace of
V by Theorem 4 (resp Theorem 5). Thus, the representation is reducible in
these cases. As for | = r (resp | = —73), we already know from the case
n = 5 that X' (resp )) belongs to K (5). And as has been seen in the proof of
Proposition 5, we also have eg. X' = Xy6.X = X36.X = Xo6.& = X16.X =0,
with the same equalities holding for ) when ! = —r3,so that X (resp V) be-
longs to K (6). Which proves the reducibility of the representation in these
cases as well. The Main Theorem is thus proven in the case n = 6. And we
have seen in Part 8 that if (¥)5 and (9)s hold, then (¥),, holds for all n > 7.

Conversely, for each of the values of [ in the set { i, 5, — 3,7, —1°},
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the representation v(™ is reducible by Theorem 4, Theorem 5 and the proof

of Proposition 5.
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The program
SIZE := proc(n) binomial (n, 2) end proc
G := proc(k, n)
local i, j, t, g;
g;
(1, s) —> array(l .. SIZE(s), 1 .. SIZE(s));

if n < 3 then ERROR(‘you have entered an invalid value)
elif n = 3 then
if k = 1 then

g(k, n)[1l, 1] := 1/1;
g(k, n)[1l, 2] := 1/r - r;
g(k, n)[1l, 3] := 0;
gk, n)l[2, 11 := 0;
g(k, n)[2, 2] :=r - 1/r;
gk, n)l[2, 3] := 1;
gk, n)[3, 11 := 0;
gk, n)[3, 2] :=1;
g(k, n)[3, 3] =0
elif k = 2 then
g(k, n)f1l, 11 := 0;
g(k, n)[1l, 2] := 0;
g(k, n)fl, 31 :=1;
g(k, n)yfz, 11 := 0;
g(k, n)[2, 2] := 1/1;
g(k, n)[2, 3] : (1/r - r)/1;
gk, n)[3, 11 := 1;
gk, n)[3, 2] := 0;
g(k, n)[3, 3] :=r - 1/r
else ERROR(‘you entered an invalid first coordinate?l)
end if
else
if k = n - 1 then
for i to binomial(n - 2, 2) do for j to
binomial (n, 2) do
if j <> i then g(k, n)[i, j] =0
else g(k, n)[i, 7] = r
end if
end do
end do;
for i from 1 + binomial(n - 2, 2) to

binomial(n - 1, 2) do for j to binomial(n, 2) do
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if j <> i + n - 1 then g(k, n)[i, 7]

else g(k, n)[i, j] =1
end if
end do
end doj;
for i from 2 + binomial(n - 1, 2) to
binomial (n, 2) do
for j from 1 + binomial(n - 1, 2) to
binomial (n, 2) do
if j <> i then g(k, n)[i, Jj] := 0
else g(k, n)[i, Jj] (= r - 1/r
end if
end do;
for j from 1 + binomial(n - 2, 2) to
binomial(n - 1, 2) do
if 3 <> 1 - n + 1 then g(k, n)[i, 7]
else g(k, n)[i, j] =1
end if
end do
end do;
for j from 2 + binomial(n - 1, 2) to
binomial (n, 2) do
t := j - binomial(n - 1, 2) - 2;

g(k, n)[1l + binomial(n - 1, 2), Jj] :=
(1/r = r)/(1lxr"t)

end do;
g(k, n)[1l + binomial(n - 1, 2),
1 + binomial(n - 1, 2)] :=1/1
elif k < n - 1 then
for i to binomial(n - 1, 2) do
t = n -k - 2;
for j from 1 + binomial(n - 1, 2) to

binomial (n, 2) do
if jJ <> binomial(n - 1, 2) + n - k
then g(k, n)[i, j] := 0
else
if 1 = binomial(k, 2) + 1 then
g(k, n)[i, 3] :=

r(t - 1) - r’(t + 1)
else g(k, n)[i, j] =0
end if

end if
end do

end do;
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for i from 1 + binomial(n - 1, 2) to
binomial(n, 2) do for j to binomial(n, 2) do
if
j =1 and j <> binomial(n - 1, 2) + n - k
and j <> binomial(n - 1, 2) + n - k -1
then g(k, n)[i, Jj] =1
elif i = binomial(n - 1, 2) + n - k - 1
and j = binomial(n - 1, 2) +n -k -1
then g(k, n)[i, j] :=r - 1/r
elif i = binomial(n - 1, 2) + n - k - 1
and j = binomial(n - 1, 2) + n - k then
g(k, n)fi, j] :=1
elif i = binomial(n - 1, 2) + n - k and

J = binomial(n - 1, 2) + n - k — 1 then
1

g(k, n)l[i, J] :=

else g(k, n)[i, j] =0
end if
end do
end do;
for i to binomial(n - 1, 2) do for Jj to
binomial(n - 1, 2) do
g(k, n)li, Jj] :=G(k, n - 1)[i, 3]
end do
end do
else ERROR(‘this element does not exist')
end if

end 1f;
Matrix (SIZE(n), g(k, n))
end proc

IDENTITY := proc(n)
local identity, 1i;
identity := Matrix(SIZE(n), SIZE(n));
for i to SIZE(n) do identity[i, i] =
Matrix (identity)
end proc

1 end do;

e := proc(k, n)
simplify (evalm (1 (

‘&xY(G(k, n), G(k, n)) + (1/r - r)*xG(k, n) — IDENTITY (n))

/(1/r - 1)))

end proc
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E := proc(k, n) Matrix(e(k, n)) end proc

ginv := proc(k, n)
simplify (evalm(
G(k, n) + (1/r — r)*IDENTITY(n) + (r — 1/r)*E(k, n)))
end proc

GINV := proc(k, n) Matrix(ginv(k, n)) end proc
T := proc(n)
local X, k, i, 3;
X;
(s, t) —> Matrix(SIZE(n), SIZE(n));
for i ton -1 do for j from i + 1 to n do
if 3 =1 + 1 then X(i, J) := E(i, n)
else X(i, j) := Matrix(simplify(evalm(‘&x*"(
G(3 -1, n), X(i, 3 - 1), GINV(j - 1, n)))))
end if
end do
end do;
evalm(sum ('’ sum(’X(i, 3)", "3 =1 + 1 .. n)’,
i’ =1 .. n - 1))
end proc
d := proc(n) LinearAlgebra:-Determinant (Matrix (T (n))) end proc

NOTIRR := proc(n) solve({d(n) = 0}, {l}) end proc
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And running the procedure NOTIRR for n = 3,4, 5, 6 yields:

> NOTIRR(3);

3 1
{L =-1}, {1 =-1}, {1 =1}, {1 =1}, {1 =-r}, {1 =-—-}

3

r

> NOTIRR (4);
{L=r}, {1 =r}, (L =1/r}, {1 =1/r}, {1 =1/r}, {1 =-1/r},
1 3 3
{l=fl/r}, {l:, 1/r}r {1:7777}1 {lzfr }r {lzir }I

5
r

{L =-r}
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> NOTIRR(5);

1
{1=rx}, {1=r1x}, {L=1}, {L=r}, {1=rx} {1=--},
7
r
1 1 1 1
{1=--——-}, (1=~ -}, {1=--——-}, {1=--—},
2 2 2 2
r r r r
1 1 1 1 3
(1 =-——}, {1=-——-}, (1=-——-}, {1=-—}, {L=-1},
2 2 2 2
r r r r
3 3 3 3 3
{1=-r}, {(1=-r}, {1=-r}, {1=-t} (1=-r)

> NOTIRR (6) ;

{lL=r}, {1 =1}, {1 =1r}, {1 =1}, {1 =1}, {1 =1}, {1 =1},

1 1 1
{1=r}, {1=r1}, {1=--—}, (1=~ -}, {1=--——-},
9 3 3
r r r
1 1 1 1
(1 =--=—}, (1=~ -}, {1=---=—}, (1 =--—},
3 3 3 3
r r r r
1 1 1 1 3
(1=}, {1 =}, {l=-—} {l=-—-} {l=-1]},
3 3 3 3
r r r r
3 3 3 3 3
{1=-r}, {(1=-r}, (L=-r}, {L=-r} {1=-1]},
3 3 3 3

{L=-r1}, {1l =-r}, {1 =-r}, {1

Il
|
K
—
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Table for Sym(8)
Specht Ferrers diagram conjugate Ferrers diagram | conjugate dimension
module Specht module
SA g\
S(6,2) ‘ ‘ ‘ — 5(272%171’171) 20
G(6,1,1) L L] : §(3,11,1,1,1) 21
G(5.3) | | G(2:2,2,1,1) 28
G(5,2,1) [ 1] G§(3,2,1,1,1) 64
G(5,1,1,1) L ] G(4,1,1,1,1) 35
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§(4.4) §(2:2.2.2) 14
§(4,3,1) §(3,2,2,1) 70
S(4’2’2) S(3’3’1’1) 56
S4211) self-conjugate | self-conjugate 90
5|4
5(3:3.2) 413 self-conjugate | self-conjugate | =rigosry = 42
201
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Reference Multiplication on the tangles index range algebraic result
| | |1
I T ‘ ‘
AT
(MR)k N ‘ k=1,...,5—1—1 Xl'j.wi+k7j :lTk_lwij
|4,
(ML)k \\——‘— k=1,....,5—1—1 Xij'wi,j*k:lrk%lwij
i i
I
(TR)k \ | | k=1, ,n—1) Xl] Wi j+k = [ k-1 Wij
i [
T
(TL)y, aih k=1,...,i—1 | Xij.wik; = 77 wij
R_\ Yoo 4 4 -
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algebraic result

Ref Multiplication on the tangles indices range
i i
AT -
(SR)y, \\\ \\( e Xijowj gy = rEDTOZ D 0y
i i
(SL)g, k=1,. t—1 Xij - Wi—k,i = m Wij
i i
R
R s=1,...,5—i—1 i Wi e sas = (ptES—1 _ pts—3y _ -
(CR) (5,1 t=1,....,n—j i Wits g+t = (7 r Y= 7) wij
I i
U
| | | | s=1,...,i—1 1 1 11
(CL)<SJ) | | | | t=1,...,5—i—1 Xij Wi—s,j—t = <Tf,+s—1 — iFs—3 ) (7 - ;)wij
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Determinants of square submatrices of size 5 of 7'(5)

l:=r:N:=Matrix (T (5));

g:=proc () local M, 4, i1, i2, i3, i4, i5, 31, Jj2, 33, Jj4, I5;
for j1 to 10 do for j2 from jl+1l to 10 do for j3 from j2+1 to 10 do
for j4 from j3+1 to 10 do for j5 from j4+1 to 10 do
for i1 to 10 do for i2 from il+l to 10 do
for i3 from i2+1 to 10 do for i4 from i3+1 to 10 do
for i5 from i4+1 to 10 do
with(linalg);

M := submatrix (N, [il,i2, 13, i4, i5],
[31, 32, 33, 3J4, 351);

d := LinearAlgebra:-Determinant (
Matrix (M)) ;

print (j1, 32,33, 34,35,11,12,13,14,15,d)

end do
end do
end do
end do
end do
end do
end do
end do
end do

end do
end proc
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And some fragments of output (columns, then rows, then determinant):

first line of output 1,2,3,4,5,1,2,3,4,5,0
1,2,3,4,5,1,2,3,4,6,0
first 1,2,3,4,7,1,2,3,4,5,0
5-tuple 1,2,3,4,7,1,2,3,4,6,0
(1,2,3,4,7] 1,2,3,4,7,1,2, 3,4, 7, 224841
is first 1,2,3,4,7, 1,2 3,4, 8, 20441
"non-admissible” 1,2,3,4,7,1,2,3,4,9,2r2 +r* 4+ 1
pattern 1,2,3,4,7,1,2,3,4,10, r(2r2 +r* + 1)
of columns 1,2,3,4,7,1,2,3,5,6,0
5,6,7,8,10,5,6,7, 9,10, 0
5,6,7,8,10,5,6,8,9, 10,0
5,6,7,8,10,5,7,8,9,10, —I+2r°+1
5,6,7,8,10,6,7,8,9,10, —+2r°+1
last 5,6,7,9,10,1,2,3,4,5,0
”admissible” 56,7,9,10,1,2,3,4,6,0
5-tuple :
of columns 5 6,7,9,10,6,7,8,9, 10,0
last line of output 6,7,8,9, 10,6, 78,9, 10, C+27+1

> with(linalg) :1:=r:Determinant (Matrix (

} determinants are all zeros

+— first nonzero determinant

}  whatever determinant

} determinants are all zeros

}  whatever determinant

submatrix(T(6),[1,2,3,4,71,11,2,3,4,121)));

0
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Ferrers
diagrams
forn =3

Reducibility
of

the L-K

representation

of degree 3

le{l,-1}

Dimension

of the
corresponding
invariant
subspace

of V)

Spanning
vectors

w12

rwis

= w3

—_

w12
- W13

T

72 W23
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Reducibility of the L-K representation for n = 4

ED.
s (LT N
n = L —
Red.
of
the L-K . lefl -1 I—r [ — _p3 cannot
rep. " roor occur
of
deg 6
Dim.
of the
inv. 1 3 2 3
subspace
of V4
o (F —er)wiz
+(w13 - %w23) 1 1
—+€; r(w14 — %w24) b (; +.r73);u34
° (% — € T‘) 1,(123 151(1)111)%_7;1“)111;4)
+(w2e — €5 }1134) o (w13 — + wa3) <t 213) o 24
Spann. L +e r(wiz — 5 wi3) —L (w14 — L way) ) Wid
Yi<icjca T wij 1 " 1] —rwiz —r2wis
vect. Si<gs L] (; — € 7)) wad o (wiz — = w13)

+(wiz — L wia)
+€ r(waz — + w2a)

ifl ==,
T

T =t

*%(w24 — - ws4)

*% w34 — ,% w24

. (T + 7%) w12
+w24 + % w23
—w13 — rwi4
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FD.
for
n=>5

© ©

[ [] l

Red.

the L-K
rep.

of

deg 10

le {7%7_,,%}

Dim.
of the
inv.
subs.
of V(®)

Spann.
vect.

Fori=1,...,4

(% — &) wiit1

+Zi:_i+2 Tk_i_Q(wi,k - %wi+1,k)
e Y] TS (W — 2w iqn)

1 ifl=4,

€ = . T 1
-1 ifl=—=

T

When
(4)

.’LUI

(4)
i , W
21<i<j<s T wi; ©) (4)
2 ()

.’Ul

. w§5), , w:(f) o

, U

, U

r10 £ _1:

(4)

QR
)
2

3
(5)

7’03

)

e A circled circ ® on top of the Ferrers diagram indicates that the conju-
gate irreducible representation cannot occur in in the Lawrence-Krammer
representation.

e The vectors w§4), wgl) are the spanning vectors of the unique irreducible

2-dimensional invariant subspace of V).

5
w§> = wlS*%w25+7ﬂ
The vectors w§5), wéS) and w:(f) are given by: w§5) = Wy — Twgs +
w§5) = w35 — %w45 +r

e The vectors v£4), 1)54) are the spanning vectors of the irreducible 3-

dimensional invariant subspace of V(4) of the previous table.

The vectors v§5) , v§5) , v?(f)

U/(f) 5—k

(4)

7U3

are defined by:

= Wiy15 — T Wes + 77 " wekr1, K=1,...,3

(waz — 7 w3)
(w13 — rwi2)
(w14 — 7 w13)
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Reducibility of the L-K representation for n = 6

© ® © ®
ED. © [
for [T 1] ]
n= CTTTT T ]
Red.
of
the L-K o ) . - B ot
rep- 1= Le {5~} l=r l=—r occur
of
deg 15
Dim.
of the
inv. 1 5 9 0
subs.
of V(©)
10 .12 £ _ 1.
Fori=1,...,5 ) When r10 r12 £ —1:
G o TS)wli’i-"—lQ 1 w'® @ | te{4,5}
Spann. i +2hmiqa T ke (Wi e = 5 Wit1,k) b 0l 12
vect. Zl§i<j§6 r Wij +e Z;;ll ps—it4 (wei — %ws,z‘-ﬂ) . w%G) . U(ﬁ)
Lo ifl=g s ©)
€ = r37 (6) s
-1 ifl:—%3 - wy G
3
(6)
-0

e A circled circ ©® on top of the Ferrers diagram indicates that the conju-
gate irreducible representation cannot occur in in the Lawrence-Krammer
representation.
e WO = {w§4), w§4),w§5), w§5) , w:(;’)}, all the vectors defined in Appen-
dices F' and G. ) X ,
wy =  wpe—,we + 77 (w3 —rws)
V2<Ek<A4, w;(f) = Wgn — %wk+1,n + r? (Wigs1 — T wig)

e The vectors v with ¢ € {4,5} and s € {1,2,3} are defined in Appen-
dices F' and G.
e The v,(f), k=1,...,4are given by:

(6) ._ 6—k
Uy = W16 — T Wk T 7 Wk k+1
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