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Abstract

This thesis studies sequential change-point detection problems in different contexts.

Our main results are as follows:

e We present a new formulation of the problem of detecting a change of the
parameter value in a one-parameter exponential family. Asymptotically optimal

procedures are obtained.

e We propose a new and useful definition of “asymptotically optimal to first-
order” procedures in change-point problems when both the pre-change distri-
bution and the post-change distribution involve unknown parameters. In a gen-
eral setting, we define such procedures and prove that they are asymptotically

optimal.

e We develop asymptotic theory for sequential hypothesis testing and change-
point problems in decentralized decision systems and prove the asymptotic op-

timality of our proposed procedures under certain conditions.

e We show that a published proof that the so-called modified Shiryayev-Roberts
procedure is exactly optimal is incorrect. We also clarify the issues involved by
both mathematical arguments and a simulation study. The correctness of the

theorem remains in doubt.

e We construct a simple counterexample to a conjecture of Pollak that states
that certain procedures based on likelihood ratios are asymptotically optimal

in change-point problems even for dependent observations.



Contents
Acknowledgements iii
Abstract iv
1 Introduction 1
2 Preliminaries 5
2.1 Sequential Hypotheses Testing . . . . . . . .. ... ... ... .... 5
2.2 Change-Point Problems . . . . . . . . ... ... ... . .. 8
3 Composite Pre-Change Hypotheses 11
3.1 Simple Post-Change Hypotheses . . . . . . . ... ... .. ... ... 11
3.1.1 Open-Ended Hypothesis Testing . . . . . ... ... ... ... 13
3.1.2 Change-Point Problems . . . . . ... ... .. ... ..... 23
3.1.3 Extension to Half-Open Interval . . . . . . ... ... ... .. 26
3.1.4 Numerical Examples . . . ... ... ... ... 28
3.2 Composite Post-Change Hypotheses . . . . . . .. ... .. ... ... 30
3.2.1  Asymptotic Optimality . . . . . .. ... ... ... ... ... 34
322 p@)and g(A) . . ... 40
3.2.3 Numerical Examples . . . ... ... ... 0oL 43
4 Sequential Decentralized Decision Systems 45
4.1 Sequential Hypothesis Testing . . . . .. . .. .. ... ... ..... 48
4.1.1 Information Bounds for Open-Ended Tests . . . . . . . . . .. 49

4.1.2 Asymptotically Optimal Open-Ended Tests. . . . . . . . . .. 51



vi
4.1.3 Two-Decision Hypothesis Testing . . . . . ... .. ... ...
4.2 Change-Point Problems . . . . . . ... ... ... ... ... ...
4.2.1 Limited Local Memory . . . . . .. . ... ... ... ... ..
4.2.2 Full Local Memory . . . .. ... ...
4.3 Finiteness of Va(g, f) . . . . o o

4.4 Numerical Examples . . . . . . . ... 0oL

5 Some Results Related to Classical Change-Point Problems
5.1 Shiryayev-Roberts Procedure. . . . . . . .. ... ... ... ... ..
5.2 On Yakir’s Optimality Proof . . . . . . . ... ... ... ... ....
5.2.1 Theoretical Results . . . . ... .. ... ... ... ...
5.2.2  Numerical Examples . . . . . ... ... ... ...
5.3 Pollak’s Conjecture on Problems with Dependent Observations . . . .
5.3.1 Asymptotic Optimality of the SPRT . . . .. ... ... ...
5.3.2 Suboptimal Properties in Change-Point Problems . . . . . . .
5.3.3 A Numerical Example . . ... ... ... ... ... .....

Bibliography

80
80
82
82
86
87
89
90
94

96



Chapter 1

Introduction

Sequential change-point detection problems have many important applications, in-
cluding industrial quality control, reliability, fault detection, clinical trials, finance,
signal detection, surveillance and security systems. Extensive research has been done
in this field during the last few decades. For recent reviews, we refer readers to
Basseville and Nikiforov [1] and Lai [10], and the references therein.

In change-point problems, one observes a sequence of independent observations
X4, X,, ... from some process. Initially, the process is “in control,” i.e., the X’s have
some distribution f. At some unknown time v, the process may go “out of control”
and the X’s have another distribution g. The problem is to detect the occurrence of
the change as soon as possible while keeping false alarms as infrequent as possible.

When both the pre-change distribution f and the post-change distribution g are
completely specified, the problem is well understood and has been solved under a
variety of criteria. Some popular procedures are Shewhart’s “control chart,” Moving
Average control charts, Page’s CUSUM procedure, and the Shiryayev-Roberts proce-
dure. The first asymptotic theory, using a minimax approach, was provided in Lorden
[16].

In practice, the assumption of known pre-change distribution f and post-change
distribution g is too restrictive. Motivated by applications in statistical quality con-
trol, the standard formulation of a more flexible model assumes that the pre-change
distribution f is given and the post-change distribution ¢ involves unknown parame-

ters.
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However, as shown by several examples in Chapter 3, there are many situations in
practice in which the pre-change distribution intrinsically involves unknown parame-
ters. Chapter 3 proposes a different formulation for such change-point problems and
provides asymptotically optimal procedures.

As an example, consider the problem of detecting shifts in the mean p of inde-
pendent normal observations with known variance. Suppose pg < p1. The standard
formulation is to specify a required frequency of false alarms when p = po before
a change occurs, and to minimize detection delay if u changes to some value larger
than 4, see, e.g., Lai [10], Lorden [16], Pollak [25], Siegmund and Venkatraman [34].
In Chapter 3, we assume that p is partially specified before the change, say p < pyo.
Our formulation specifies a required detection delay if u changes to u; and seeks to
minimize the frequency of false alarms for all possible p less than pg.

It is natural to combine the standard formulation with our formulation by con-
sidering change-point problems when both the pre-change distribution and the post-
change distribution involve unknown parameters. Ideally we want to optimize all
possible false alarm rates and all possible detection delays. Unfortunately this can-
not be done, and there is no attractive definition of optimality in the literature for this
problem. In Chapter 3, we propose a useful definition of “asymptotically optimal to
first-order” procedures, thereby generalizing Lorden’s asymptotic theory, and prove
the optimality of our proposed procedures.

Recently change-point problems have been applied in so-called “decentralized” or
“distributed” decision systems, which have many important applications, including
multi-sensor data fusion, mobile and wireless communication, surveillance systems,
and economic theory of teams (see Blum, Kassam, and Poor [2], and Veeravalli [38],
and the many references therein). Figure 1.1 illustrates the general setting of decen-
tralized decision systems. In such a system, at time n, each of a set of sensors .5,
receives an observation X! | and then sends a message to a central processor, called
the fusion center, which makes a final decision when observations are stopped. In
order to reduce the communication costs, it is required that the sensor messages be-

long to a finite alphabet. This limitation is dictated in practice by the need for data



Fusion Center
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Figure 1.1: General setting for decentralized decision systems

compression and limitations of channel bandwidth. In decentralized change-point
problems, it is assumed that at some unknown time, the distributions of the sensor
observations X! change abruptly and simultaneously at all sensors. The goal is to
detect the change as soon as possible over all possible protocols for generating sensor
messages and over all possible decision rules at the fusion center, under a restriction
on the frequency of false alarms.

Even if it is assumed that the observations are independent in time as well as
from sensor to sensor and the pre-change distributions and post-change distributions
are completely specified, little research has been done on optimality theory under
a minimax criterion. Veeravalli, Basar, and Poor [40] and Veeravalli [38] pointed
out that there are five possible information structures depending on how the local
information and possible “feedback” are used at the sensors. Crow and Schwartz [6]
and Tartakovsky and Veeravalli [36] have studied the simplest information structure
using a minimax approach, but both have restrictions on the class of sensor message
protocols. Chapter 4 develops optimality theory for all five information structures
in decentralized change-point problems and offers asymptotically optimal procedures
which are easy to implement. For that purpose, we develop an asymptotic theory of

sequential hypothesis testing in decentralized decision systems, which is of interest



on its own.

The problem of detecting a change in distribution for dependent observations
is an important topic in the literature, for example, see Lai [11]. It is natural to
extend Page’s CUSUM procedure or the Shiryayev-Roberts procedure, both of which
are based on likelihood ratios, to dependent observations by simply replacing the
probability densities with the corresponding conditional densities. Pollak conjectured
([24], [44]) that such procedures are asymptotically optimal under general conditions.
In Chapter 5, we disprove this conjecture by constructing a counterexample where
the pre-change distribution is a so-called “mixture distribution” and the post-change
distribution is fully specified.

In the change-point literature, as in sequential analysis more generally, theorems
establishing exact optimality of statistical procedures are quite rare. Moustakides [21]
and Ritov [27] showed that for the simplest problem where both pre-change distribu-
tion f and post-change distribution g are fully specified, Page’s CUSUM procedure is
exactly optimal in the following sense: It minimizes the “worst case” detection delay
defined in Chapter 2, subject to a specified frequency of false alarms. Besides Page’s
CUSUM procedure and its generalizations, the most commonly used and studied ap-
proach to define change-point procedures is that of Shiryayev [30] and Roberts [28].
Yakir ([43], 1997) published a proof that when both f and g are fully specified, a
modification of the Shiryayev-Roberts procedure is exactly optimal with respect to a
slightly different measure of quickness of detection. In Chapter 5 we show that Yakir’s
proof is wrong. It is still an open problem whether the modified Shiryayev-Roberts
procedure is in fact optimal, although its asymptotic optimality was proved in Pollak

[24].



Chapter 2

Preliminaries

This chapter covers certain preliminaries to the thesis results. We briefly discuss
sequential statistical hypothesis testing and then we discuss the simplest change-
point problems. Here we put emphasis on what we will need in later chapters. For
a more general setting and background, we refer interested readers to Basseville and

Nikiforov [1], Govindarajulu [8], and Siegmund [33].

2.1 Sequential Hypotheses Testing

For the usual statistical tests the sample size is fixed before the data are taken, but
for a sequential test the total sample size depends on the data and is thus a random
variable. We are interested in sequential tests because they are economical in the sense
that we may reach a decision earlier via a sequential test than via a fixed sample size
test. The criteria for the choice of sequential tests are the operating characteristic
(OC) and the average sample number (ASN) functions which will be defined in the
following.

Suppose X1, Xs, ... are independent and identically distributed random variables
observed sequentially, i.e., one at a time, and let p be their density function. Suppose
we want to test the null hypothesis Hy : p = fy for some 6 € © against the alternative
hypothesis H; : p = g, for some A € A. Here {fy,6 € ©} and {g\,\ € A} are
two disjoint subsets of probability densities. Denote by Py and P, respectively the
distribution when X7, X, ... are independent and identically distributed with density
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fo and gy. Let Ey and E) be the corresponding expectations.

The operating characteristic (OC) function of a sequential test is determined by

(1) the probability of type I error, Py(test rejects Hy); and

(ii) the probability of type II error, P, (test accepts Hp).

It is desirable that these error probabilities should be as small as possible. A
typical requirement for a sequential test is that Pg(Reject Hy) < « for all possible
and Py (Accept Hy) < f3 for all possible A\, where o and 3 are given error probability
bounds.

As noted earlier, the number of observations, say IV, required by a sequential test
is random, and so the distribution of N must be considered. It is usually characterized
by the expected value of N when fy or g, is the true underlying density. Thus, we

can define the average sample number (ASN) functions as
(i) E¢N; and
(ii) E,\N.

Another desirable property of a sequential test is to have small ASN functions, e.g.,
small subject to the error probability bounds a and £.

Note that N can also be thought of as the time at which the test decides to stop
taking observations since we observe X’s one at a time. Since the decision to stop at

time NV is only based on the first N observations, N is called a stopping time:

Definition 2.1. (Stopping time). An integer-valued (or possibly co) random vari-
able N is said to be a stopping time with respect to the sequence Xi, Xs,... if for
every 1 < n < oo, the event {N = n} depends only on X1, Xs,..., X,.

Let us first consider the simplest case. Suppose Xi, X, ... are independent and
identically distributed with probability density function p, and we are interested in
testing a simple hypothesis Hy : p = fy against a simple alternative hypothesis
H, : p = g\, where both # and \ are given.
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The best procedure, in a certain sense, is the following sequential probability ratio

test (SPRT), which was developed by Abraham Wald during World War II. Choose
two constants A and B such that 0 < A < B < oo, and define the likelihood ratio

o)
Define a stopping time N = first n > 1 such that L,, € (A, B). In other words,
N=inf{n>1:L, & (A, B)}. (2.1)
The SPRT will stop sampling at time N and

reject Hy if Ly > B,
accept Hy if Ly < A.

Theorem 2.2. (Wald and Wolfowitz [41], 1948). Among all tests (sequential or
not) for which

Py( Reject Hy) < «, and Py( Accept Hy) < 3

and for which EgN and E\N are finite, the sequential probability ratio test (SPRT)

with error probability o and 3 minimizes both EgN and E\N simultaneously.

Remark: Lorden [19] showed that the condition that the expected sample sizes

are finite is not needed.

In order to determine the OC and ASN functions of the SPRT, Wald developed

the following two important propositions which will also be useful in later chapters.

Proposition 2.3. (Wald’s Equation). Let X, Xy, ... be independent and identi-

cally distributed with mean p = EX;. For any stopping time N with EN < oo,

E(i X;) = u EN. (2.2)

i=1
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Proposition 2.4. (Wald’s Likelihood Ratio Identity). Suppose X1, Xs,... are

independent and identically distributed with density f and g under Py and P, respec-

tively. Define the likelihood ratio sequence

n

9(Xi)
L, = :
)
For any stopping time N
P;(N < ) = E,(Ly'; N < o). (2.3)

In the above we consider SPRTs to test a simple null hypothesis against a simple
alternative hypothesis. For the problem of testing a composite hypothesis against a
composite alternative, we refer interested readers to Govindarajulu [8], Kiefer and

Sacks [9], and Siegmund [33].

2.2 Change-Point Problems

Suppose there is a process that produces a sequence of independent observations
X1, Xo,.... Initially the process is “in control” and the true distribution of the X’s is
fo for some 6 € ©. At some unknown time v, the process goes “out of control” in the
sense that the distribution of X,,, X, 11, ... 1is g, for some A € A. It is desired to raise an
alarm as soon as the process is out of control so that we can take appropriate action.
This is known as a change-point problem, or quickest change detection problem.
Denote by Py , the probability measure under which Xy,..., X, are distributed
according to a “pre-change” distribution fy for some § € © and X,, X, ,q,... are
distributed according to a “post-change” distribution g, for some A € A. We shall
also use Py to denote the probability measure under which X7, X5, ... are independent
and identically distributed with density fy (corresponding to ¥ = 00). By analogy
with hypothesis testing terminology, we will refer to © (A) as a “simple” pre-change

ost-change) hypothesis if it contains a single point and as a “composite” pre-change
p g yp gle p p p g
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(post-change) hypotheses if it contains more than one point.

In change-point problems, a procedure for detecting that a change has occurred is
defined as a stopping time N. The interpretation of NV is that, when N = n, we stop
at n and declare that a change has occurred somewhere in the first n observations.
We want to find a stopping time N which will stop as soon as possible after a change
occurs but will continue sampling as long as possible if no change occurs. Thus, the
performance of a stopping time N is evaluated by two criteria: the detection delay,
and the frequency of false alarms, which we next define.

The detection delay can be evaluated by the following “worst case” detection delay

defined in Lorden [16],

E\N = sup (ess sup By, [(N —v+1)*|Xy, ... ,Xl,,l}). (2.4)

v>1

Note that the definition of EyN does not depend upon the pre-change distribution

4

fo by virtue of the essential superum, which takes the “worst possible X’s before the
change.” The detection delay is also called the short Average Run Length (ARL).

It turns out that if EyN is finite, then Py(N < 0o) = 1, which means that we will
have a false alarm with probability 1 even when there are no changes. The false alarm
rate is usually measured by 1/E¢N, where EyN is often called the long Average Run
Length (ARL). Imagining repeated application of such procedures, practitioners refer
to the frequency of false alarms as 1/EyN and the mean time between false alarms as
EyN.

A good procedure N should have EgN large for all § € © while keeping Ey N small
for all A € A. In general, however, it is harder to find any sort of optimal procedures
when O (or A) is composite because there are no procedures which simultaneously
optimize over © (or A). The problem of finding an optimal procedure is solvable in

the simplest case where both © and A are simple, i.e., the pre-change distribution fj

and the post-change distribution g, are given. The (exactly) optimal procedures are
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given by Page’s CUSUM method, which uses the stopping times

n

: _ 9x(X;)
T,=inf{n>1: 1?3§n§10g (0 > a}. (2.5)

Theorem 2.5. (Moustakides [21], 1986). For any a > 0, Page’s CUSUM proce-
dure T, minimizes the worst-case detection delay ExN among all stopping times N

satisfying EgN > EyT,.

Unfortunately, in hypothesis testing and change-point problems, exact optimality
theorems such as Theorems 2.2 and 2.5 are limited to the simplest case where both
O and A are simple. In more practical problems where © or A is composite, no pro-
cedure can exactly and simultaneously optimize over © and A, and only “asymptotic
optimality” theorems have been established. In the asymptotic optimality approach,
we typically first construct an (asymptotic) lower bound as the ASN functions goes
to oo in hypothesis testing problems or as the mean time between false alarms EqN
goes to oo in change-point problems. Then we show that a given class of statisti-
cal procedures attains the lower bound asymptotically. In this thesis, we establish

asymptotic optimality theorems in various contexts.
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Chapter 3

Composite Pre-Change Hypotheses

In this chapter we study change-point problems when unknown parameters are present
in the pre-change distribution. First, we study the case where all distributions are
from a one-parameter exponential family of densities and the post-change distribution
is completely specified. Then we consider the general case where both the pre-change

distribution and the post-change distribution involve unknown parameters.

3.1 Simple Post-Change Hypotheses

Assume that the probability density of the data is indexed by 6 and written as fy(x).
In parametric change-point problems, standard formulations assume that 6 is equal
to some known value 0y before a change occurs. When the true 6 is unknown before
a change occurs, it is typical to assume that a training sample is available so that
one can use the method of “point estimation” to obtain a value #,. However, it is
well known that the performance of such procedures is very sensitive to the error
in estimating . (See Stoumbos, Reynolds, Ryan and Woodall [35]). Thus we need
to study change-point problems for composite pre-change hypotheses, which allow a
range of “acceptable” values of 6.

There are many practical situations where the need to take action in response to a
change in a parameter 6 is definable by a fixed threshold value. For example, suppose
we are interested in monitoring water quality and that a contaminant A is considered

unacceptable if it reaches or exceeds level b. Another example occurs when one is
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monitoring or tracking a weak signal in a noisy environment. If the signal disappears,
one wants to detect the disappearance as quickly as possible. Parameters 6 associated
with the signal, e.g. its strength, are described by a composite hypothesis before it
disappears, but by a simple hypothesis (strength equal to zero) afterwards.

In this section we consider the problem of detecting a change in distribution from
fo to fi where # € ©, an interval on the real line, and A is a given value outside the
interval ©. The problem is to find a stopping time /N such that the mean time between

false alarms, Eg N, is as large as possible for all # € © subject to the constraint

where v > 0 is a given constant and \ ¢ O.

One cannot maximize EyN for all § € © subject to (3.1) since the maximum for
each 0 is uniquely attained by Page’s CUSUM procedure for detecting a change in
distribution from fy to f\. A natural idea is to maximize Eg/N asymptotically for all

0 € O. Lorden [16] showed that for each pair (6, )

E\N > (1+ 0(1))%, (3.2)

as EgN — oo. This suggests defining the asymptotic efficiency of a family {N(a)} as

log EgN
e(0,\) = liminf ——2 % @)
a—se (X, 0)E\N(a)

(3.3)

where {N(a)} is required to satisfy EgN(a) — oo as a — oo. Then e(f, \) < 1 for all

families, so we can define
Definition 3.1. {N(a)} is asymptotically efficient at (6, \) if e(6,\) = 1.

The problem in this section is to find a family of stopping times that is asymp-
totically efficient at (6, \) for all 8 € ©.
In this section, it will be assumed that { f¢ }¢cq are the densities of a one-parameter

exponential family with natural parameter space {2 with respect to a sigma-finite
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measure F'. Denote

fe(x) =exp(x — b)), —oco<z<oo, €, (3.4)

and assume = (£, {) is the natural parameter space of . Let P¢, E¢ denote the prob-
ability measure and expectation, respectively, when X, X, ... are independent and
identically distributed with density fe. Differentiating the identity [ es*~®dF(z) =1
gives us

EcX; =0(§) and Varg(X;) =10"(&) > 0.

In particular, b is strictly convex (unless F' is degenerate at a point).

Before studying change-point problems in Section 3.2.2, we first consider the cor-
responding open-ended hypothesis testing problems in Section 3.2.1, since the basic
arguments are clearer for hypothesis testing problems and are readily extendable to

change-point problems.

3.1.1 Open-Ended Hypothesis Testing

Suppose X7, Xs, ... are independent and identically distributed random variables with

probability density fe of the form (3.4) on the natural parameter space Q = (§,§).

Suppose we are interested in testing the null hypothesis
Hy: € €0 =100
against the alternative hypothesis
Hy: e A={)},

where £ <6y <0 <A <&
Motivated by applications to change-point problems, we consider the following
“open-ended” hypothesis testing problems. Assume that if Hy is true, sampling costs

nothing and our preferred action is just to observe X, Xs, ... without stopping. On
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the other hand, if H; is true, each observation costs a fixed amount and we want to
stop sampling as soon as possible and reject the null hypothesis Hy.

Since there is only one terminal decision, a statistical procedure for an open-ended
hypothesis testing problem is a stopping time /N. The null hypothesis Hj is rejected
if and only if N < oo. A good procedure N should keep the error probabilities
Py(N < o0) small for all § € © while keeping Ey\N small.

The problem in this subsection is to find a stopping time N such that Py(N < 00)

will be as small as possible for all § € © = [0, 0,] subject to the constraint

where v > 0 is a given constant.
Unfortunately we cannot minimize all error probabilities simultaneously. A natu-
ral approach is to employ an asymptotic formulation. By Proposition 3.2 below, for

any stopping time N,

|log Py(N < 00)|
>
I(\,0)

(3.6)

for all 6 € © = [y, 0]. This suggests choosing a family of stopping times which

asymptotically maximizes

|log Py(N < 00)|

T00.0) (3.7)

for all # € © subject to (3.5), as 7 — oc.

Proposition 3.2. For any stopping time N, relation (3.5) implies (3.6).
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Proof.
S )
I(\60) E\N = (Z} Xz)> by Proposition 2.3
Xz
fo(Xi . .
> —logk ( Jo ) by Jensen’s inequality
LA ()
= —logPy(N < o0) by Proposition 2.4
Relation (3.6) follows at once from the fact that Py(N < o0) < 1. O

Next, we propose a class of stopping times which is asymptotically optimal. Our
proposed open-ended tests of Hy : 6y < & < 6y versus Hy : £ = X (> 6;) are defined

by the stopping times

M(a) = inf {n >1: il (Zlog 28((; —I(\,0)a) > 0}. (3.8)

Theorem 3.3. Suppose {N(a)} are stopping times such that ExN(a) < E)yM(a).

For all 8, <0 <60, as a —

|log Py(N(a) < o0)|

%) <a+ (C+o0(1)Va, (3.9)
and
| log Py(M(a) < o0)|
9] .0 > q, (3.10)
where

A= A—b ()

¢= (]()\,91) 1(A,90)>’ or

(3.11)

The proof is based on the following lemmas.
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Lemma 3.4. For 6 € [0y, 6], define

My(a) = mf{n>1 21 (\ 0)a >o}. (3.12)
Then

Py(M(a) < 00) < Py(My(a) < 00) < exp(—I(A,0)a), (3.13)

and hence (3.10) holds.

Proof. The first inequality in (3.13) follows at once from the fact that M(a) > Mpy(a)
for all 6 € [0y, 61]. By Wald’s likelihood ratio identity,

Py(N < o0) = Ey(exp(—Iy); N < 00)

where [, = > log(f1(X;)/ fo(X;)). The second inequality in (3.13) follows from the
fact that Iy, @) > (A, 0)a. O

We now derive approximations for EyM (a). Observe that the log-likelihood ratios

(A = 0)5n = n(b(A) — b(0)),

Zlo

where S,, = X7 + --- + X,,. Thus the Kullback-Leibler information numbers can be

written

(X, 0) = Exlog(fx(X)/ fo(X)) = (A = 0)6'(X) = (b(A) — b(6)),

while

Vary (log(fa(X)/fo(X))) = (A = 0)*"(N).

Hence, for any 6 € [0, 01],

(\0)a = (\—6) [Sn —¥(Na— (n— a)%].

Zl
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Define

(3.14)
Then for 6 € [0y, 01], the stopping time My(a) defined in (3.12) can be written as

My(a) = inf {n >1:8, >V (Na+(n— a)gb(@)}, (3.15)
since A > 01 > 6. Similarly, the stopping time M (a) can be written as

M (a) = inf {n >1:5,>b(Na+ sup [(n—a)d(d)] } (3.16)

00<6<61

Since b(f) is convex, ¢() is a strictly increasing function of 6 and v'(\) > ¢(6,).
Hence the supremum in (3.16) is attained at 0 = 6, if n < a, and at 6 = 6, if n > a,

so that
{M(a) =m} ={M(a) = My,(a) =m} forall m <a. (3.17)

For simplicity, we omit a and 0, writing M = M (a) and M; = Mjy,(a) for i =0, 1.
Lemma 3.5. Fora > 0,

6(6) = 6(6) .

EnM{a) = 0+ G =)

)\(CL — Mo, MO < CL). (318)

Proof. Since E,X; = V/()), by Wald’s equation, v (A\)E\M = E,S);. By (3.16), for all
0 € [0p,01], Sy — V' (N)a > (M — a)¢p(0). In particular, it holds for § = 6, or ¢;. Thus

b,()\)E)\M = E)\SM = b'()\)a + E)\(SM — b'()\)a; M < (I) + E)\<SM — b’(/\)a; M > CL)
> V(N + By ((M = a)g(6); M < a) + Ex((M = a)(6:); M > a)
= V(Na+ ¢(0g)Ex(M —a; M < a) + ¢(61)E\(M — a; M > a)
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Plugging in Ex(M —a; M > a) = E\M —a —E\(M —a; M < a), we get

¢(01) — ¢(6o)

EM > Ey(a — M; M < a). 1
Relation (3.18) follows at once from (3.17) and (3.19). O
Lemma 3.6. Fora > 0,
¢(61) — ¢(6o)
E,\M ——— " —“F\(a— My; My < C 3.20
A < a+ VO — o(6h) A(a 0; My < a) +Ch, ( )

where C depends on 0y,601 and X but not on a.

Proof. Observe that
EXM=a—E)(a—M;M <a)+Ey(M—a;M > a),

and Ex(M — a; M < a) = Ey\(My — a; My < a). Thus it suffices to show that

b'(A) — ¢(h)

Ex(M —a;M > a) < VN — o)

E)\(CL - ]\407 MO S CL) + Cl. (321)

To prove this inequality, define a stopping time

Ni(a) =inf{n >1:) (X;—(6:)) > a},
i=1
for i = 0,1. Assume a is an integer. (For general a, using [a], the largest integer < a,
permits one to carry through the following argument with minor modifications). By

(3.17), we have

Ey(M = alM >a) = /

P, <Sa —H(Nae dx‘Mo > a).

0
E)\<M—CL

Sy —b'(Na =x, My > a)
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Conditioned on the event {S, — V' (A\)a =z, My > a},

M—a = inf{mz 1 Xos1 ++ + Xawm + Sa zb’(A)aerqa(el)}

= inf {m >1: i(Xaﬂ- —¢(0))) > b (Na— S, = —IE},

which is equivalent to Nj(—x) since X1, X, ... are independent and identically dis-

tributed. Thus

Ex(M — oM > a) —/

0
E\N.(—z) Py (Sa —H(\ae d:c’Mg > a). (3.22)
Similarly,
0
EA(MO - a’Mo > a) _ / E\No(—1) PA<Sa —H(Na e d;c)Mo > a). (3.23)

—00

Now for ¢ = 0,1 and any a > 0, define

Then by Theorem 1 in Lorden [15]

sup EyR;(a) < Ex(X; — ¢(0:))?/(b'(\) — ¢(6;)) < .

a>0

By Wald’s equation, (0'(\) — ¢(60;))E\N;(a) = a + E \R;(a), so that

sup E <Nia ——) < 00,
A oV IOy
for 2 = 0, 1. Hence, there exists a constant C5 such that for all a > 0,

E,\Nl(a) < b/()‘) B ¢(90)

< mEANO(a) + Cs.
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Plugging into (3.22), and comparing it with (3.23), we have

b'(A) = ¢(6)

Bs(M - IDE

M>a)< E,\(Mo—a

My > (I) + Cs.
Since {M > a} = {M, > a}, we have

Ex(M —a; M > a) < E\(My — a; My > a) + CoPy(My > a). (3.24)

Again, using Theorem 1 in Lorden [15] and Wald’s equation, we have

sup(E,\MO — CL) < (4

a>0

for some constant C3. Thus

E\(My—a; My >a) = EyMy—a+Ey\(a— My; My < a)

< Cg—i-E)\(a—MO;MO SCL)
Relation (3.21) follows at once from (3.24) and the fact that Py(My > a) < 1. Hence,
the lemma holds. O

Lemma 3.7. Suppose Y1, Ys, ... are independent and identically distributed with mean

p > 0 and finite variance o®. Define

Na:inf{nZI:ZYQZa}.

=1

Then as a — oo.

E(% NN, <9y = \/5( i —|—0(1)>.

=

Proof. 1t is well known that as a — oo,

. e (3.25)
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and that
N, — Ny —a/u
Vao?/p?

is asymptotically standard normal. (See page 372 in Feller [7], and equation (5) in
Siegmund [32]).
The asymptotic normality of N, suggests that, letting Z denote a standard normal

random variable,

E(Na;Na < o) = E(Z;Z<0)+o0(1) (3.26)

and thus

a a NN 1
E(——Na;Na§—>:— ac? u?’E(Na;NaSO): ao? p3<——|—01>,
: : j Var i (= -+ ol1)
which would prove the lemma.

To prove (3.26) note that by (3.25),

1

EN, = O(—) and Var(N,) =1+ o(1),

B

and hence EN2 = (EN,)? 4 Var(N,) = 14 0(1), as a — co. Pick 5 > 0 and note that

/2
02 BV, < —) 2 ~E(Ci 8, < ) = - B(R2) = -2

Now the bounded convergence theorem implies that

E(Na;—ngNagO)—>E(Z;—77§Z§O), as a — oo.
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Thus,
0o > limsupE(Na;Na < O) — E(Z; —n< Z< O)
AN 1 1
> liminf B(N,: N, < 0) — B(Z; —n < 7 < 0) > — 20
a—o0 T]
Relation (3.26) follows by letting n — oo. O

Proof of Theorem 3.3: Relation (3.10) is proved in Lemma 3.4, so it suffices to
prove (3.9). By (3.12), My = Mjy,(a) can be written as

Mozinf{n21:il< ! log H(Xi) >a}.
i=1

>‘7 90) f90 (XZ)
Note that
1 AN
B\(1oa " )
and
Hr(X) B b"(\)
VM%HX%f%ﬂMXQ_KWM—¢@mT

which we denote by 2. Thus by Lemma 3.7,

0o

V271

E, (a — My; My < a) - \/a( + 0(1)). (3.27)

Using Lemma 3.5 and Lemma 3.6, we have

¢(01) — ¢(6o)

M =0t 50— a6

EA(CL — M(), MO < CL) + O(].)
By (3.27) and the definition of ¢(#) in (3.14), we have

E\M =a+ (C+o(1))Va, (3.28)
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as a — oo, where C'is defined in (3.11).

It follows that for all 6 € [0y, 6,],

|log Py(N(a) < c0)]
I(\,0)

< EjzN(a) <Ez\M(a) =a+ (C+ o(1))Va,

The first inequality is from Proposition 3.2. The second one is the condition of the

theorem. Thus (3.9) holds, and the theorem is proved. O

3.1.2 Change-Point Problems

Now let us consider the problem of detecting a change in distribution from fy for
some 0 € © = [0y, 01] to fr. As described earlier, we seek a family of stopping times
that is asymptotically efficient at (6, A) for all § € ©.

A method to find such a family is suggested by the following result, which indicates

the relationship between open-ended hypothesis testing and change-point problems.

Theorem 3.8. (Lorden [16]). Let N be a stopping time with respect to X1, Xo, . ..
such that Po(N < o0) < a. Fork =1,2,..., let Ni, denote the stopping time obtained
by applying N to Xy, Xiy1,... and define

N* =min(Ng + k — 1),

k>1
Then N* 1s a stopping time with

1
EGN* 2 R
«

and for any A,
E,N* <E,N.

Let M (a) be the stopping time defined in (3.8), and let My(a) be the stopping time
obtained by applying M (a) to the observations Xy, Xj41, . ... Define a new stopping
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time by M*(a) = ming>1 (My(a) + k — 1). In other words,

— I(\,0)a) > o}. (3.29)

1<k<n 0o <0<61

. . . . Ia(
M = inf 1: f 1
(a) =in {n >1: max in (;k og I

The next theorem shows that the family {M*(a)} is asymptotically efficient at
(0, \) for all § € O©.

Theorem 3.9. For any a > 0 and 6y < 0 < 601,
EoM*(a) > exp(I()\,0)a), (3.30)
and as a — 00
E\M*(a) < a+(C +o(1))Va, (3.31)

where C' is as defined in (3.11). Moreover, if {N(a)} is a family of stopping times
such that (3.30) holds for some 0, then

E\N(a) >a+0(1), as a— oco. (3.32)

Proof. By Theorem 3.8 and Lemma 3.4, for all 6 € [0, 6,], we have

. 1
BoM*(0) 2 s > esp(I(1.0)a).

which establishes (3.30). Theorem 3.8 and equation (3.28) imply that

E\M*(a) < Ex(M(a)) = a+ (C+o(1))Va.

Relation (3.32) follows from the following proposition, which improves Lorden’s lower

bound in (3.2). O

Proposition 3.10. Given 6 and \ # 0, there exists an M = M(0,\) > 0 such that
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for any stopping time N
log EgN < I(\,0)E\N + M. (3.33)

Proof. By equation (2.53) on page 26 of Siegmund [33], there exist C; and Cy such
that for Page’s CUSUM procedure T, defined in (2.5),

EoT, < Cie”, and I\ OE\T, > a— Oy,
for all a > 0. Let a = log Eg N — log C;. Then
EygN = Cie* > E¢T,.
The optimality property of T, (Moustakides [21]) implies that

I\ 0)logE\N > I()\,0)logE\T, > a— Cy =log EgN —log Oy — Cs.

The following corollary follows at once from Theorem 3.9.

Corollary 3.11. Suppose {N(a)} is a family of stopping times such that
E)\N(CL) S E,\M*(a)

Then for all 0y < 60 < 6y and a > 0

log EgM*(a) .
I(\0) — 7

and as a — 00,

log EgN(a)

0.0) <a+ (C+o(1)Va,

where C' is as defined in (3.11).
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For computer implementation, by (3.17),

M*(a) = inf {nZl max Zlog > I(\ 6p)a, or

n—b<k<n

fé’o
L<h S 1210 f91 ]()\,Ql)a},

where b = [a]. Let Wi, = max{Wy_1,0} + log(f\(Xk)/fo,(Xk)) and Wy = 0. Then
M*(a) can be written in the following convenient form
~ A

M*(a) inf {n = e, Py o8 Joo(Xi) —

I(\, 6p)a, or

Wop1 + Z log f91 > I(\, 61)a } (3.34)

i=n—b

Since W, can be calculated recursively, this form reduces the memory requirements
at every stage n from the full data set {Xi,...,X,} to the data set of size b +
2, ie, { X p 1, X0 p,...,Xp}. It is easy to see that this form involves only O(a)

computations at every stage n.

3.1.3 Extension to Half-Open Interval

Suppose X1, Xs, ... are independent and identically distributed random variables with
probability density f¢ of the form (3.4) and suppose we are interested in testing the

null hypothesis
HO:fe O = (§791]

against the alternative hypothesis

H12€€A:{)\},

where ¢ < A. Recall that = (,¢) is the natural parameter space of £. Assume

lim By X = —oo. (3.35)
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This condition is equivalent to limy ¢ b'(f) = —oo since ¥'(0) = EgX. Many distri-
butions satisfy this condition. For example, (3.35) holds for the normal distributions
since g X = 0 and § = —oo. It also holds for the negative exponential density since
b(#) = —logt, £ =0 and EgX =V'(0) = —1/0.
As in (3.8), our proposed open-ended test M (a) of Hy : § € © = (&,6,] against
H, : £ = )\ is defined by

T(a) =i o ~ h(X)
M (a) = inf {n >1 .§<1£1§fe1 (;log ) I(\,0)a) > O}.

~

As in (3.16), M(a) can be written as

M(a) = inf {n >1: zn:Xi > b (N)a+ sup [(n - a)gb(@)] }, (3.36)

i=1 §<9§91
where ¢(0) is defined in (3.14). By L’Hoptial’s rule and the condition in (3.35),

M =lim V() = lim EyX = —c0.

. _ —b
lim ¢(#) = lim —2 i i

9—>§ 0—>§ A
Thus for any n < a, Y., X; is finite but sup, <y, [(n — a)9(0)] = oo. So M (a) will
never stop at time n < a. Recall that ¢() is an increasing function of #, hence the

supremum in (3.36) is attained at 6 = 6, if n > a. Therefore,

M(a) = inf{n>a:Y X;>V(Na+ (n—a)e6)}

i=1

= inf{n>a: 210g ]{6’\1(())2)) > I(X,6)a}. (3.37)

Using arguments similar to the proofs of (3.28) and Lemma 3.4, we have

Lemma 3.12. Fora > 0,

~

Py(M(a) < 00) < exp(—I(A,0)a), (3.38)
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for any 6 € (§, 61]. Moreover, as a — oo,

E\M(a) = a+ (C + o(1))Va, (3.39)
and
D N N (0
¢= IV 2r (3.40)

For the problem of detecting a change in distribution from some f; with 6 € © =

(€, 01] to fx, define M*(a) from M(a) as before, so that

n

M*(a) = inf {n>a: max Zlog

1<k<n-—a ik f

Ia(X5)
X > I(\,01)a}. (3.41)

By Theorem 3.8 and Lemma 3.12, we have

Lemma 3.13. For a > 0 and 6 € (§,64],

EgM*(a) > exp(I()\, 0)a), (3.42)

and as a — 00

~

E\M*(a) < a+ (C+o(1))Va, (3.43)

where C' is defined in (3.40).

Thus the analogs of Theorems 3.3 and 3.9 hold.

3.1.4 Numerical Examples

In this subsection we describe the results of a Monte Carlo experiment designed to
check the insights obtained from the asymptotic theory of Sections 3.1.2 and 3.1.3.
The simulations considered the problem of detecting a change in distribution from

fo to gx, where fy = N(0,1) with § € © = [-1,—-0.5], and gy = N(A,1) with
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Table 3.1: EyN for different procedures
(The best possible values are obtained from optimal envelope of
Page’s CUSUM procedures)

0 best possible M*(a) T(—-0.5,a) T(—-1.0,a)
(a = 18.50) (a = 2.92) (a = 9.88)

—-0.5 233 £7 206 £ 6 233 £7 125 £ 3
—-0.6 5923 £ 15 501 =15 518 =15 297 £8
—-0.7 1,384 £43 1,324 £43 1,227 £ 37 938 £29
—-0.8 5,157 £ 165 4,688 £ 148 3,580 £ 113 4,148 £ 129
—0.9 | 22,942 £ 699 19,217 £ 606 10,613 £ 343 21,617 £ 658
-1.0 | 118,223 £ 3,711 || 83,619 + 2,566 | 31,641 + 1,036 | 118,223 £ 3,711

A € A ={0}. In this case our procedure M*(a) reduces to the form

n

0. 0

* — . > : . 2 -z
M*(a) mf{n >1: max ee[—l?,f— 05 [E: (Xi—3)+ 2a] > o}
= inf{nzl: max E (Xi—l—l)z

n—[a]<k<n Py 2

n

a, or

n

1 1
X+ bz L)
13@3@}_1 Zk( * 4) - 4&

Table 3.1 compares our procedure M*(a) and two versions of Page’s CUSUM

procedure T'(0y, a) over a range of § values. Here

T(0yp,a) = inf{n >1: max Zlog g/\(X)) > a}
- i

1<k<n = foy(
— inf{n>1: n(—e)[X-_e_Op}
= Infyn > ﬁ%?gxn'_k o)X 5 > ay.

The threshold value a for Page’s CUSUM procedure T'(6, a) and our procedure M*(a)
is determined from the criterion EyN =~ 20. A 10,000-repetition Monte Carlo simula-
tion was then performed to determine the appropriate values of a to yield the desired
detection delay to within the range of sampling error. Moreover, with the thresholds

used, the detection delay EyN is close enough to 20 so that the difference is negligi-
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ble, i.e., correcting the threshold to get exactly 20 (if we knew how to do that) would
change Ey N by an amount that would make little difference in light of the simulation
errors EyN already has.

Table 3.1 also reports the best possible E4N at each of the values of 6 subject to
E,\N =~ 20. Note that they are obtained from an optimal envelope of Page’s CUSUM
procedures, and therefore not possible in practice. Each result in Table 3.1 is based
on 1000 simulations and is recorded as the Monte Carlo estimate + standard error.

Table 3.1 shows that M*(a) performs well over a broad range of #, which is con-
sistent with the asymptotic theory of M*(a) developed in Sections 3.1.2 and 3.1.3
showing that M*(a) attains (up to O(y/a)) the asymptotic upper bounds for log Ey N

in Corollary 3.11 as a — oc.

3.2 Composite Post-Change Hypotheses

Let © and A be two compact disjoint subsets of some Euclidean space. Let {fy;6 € ©}
and {gx; A € A} be two sets of densities, absolutely continuous with respect to the
same non-degenerate o-finite measure. In this section, we are interested in detecting
a change in distribution from fy for some 6 € © to g, for some A € A. Here we no
longer assume the densities belong to exponential families, and we assume that both
© and A are composite. We require that © is compact.

Ideally we would like a stopping time N which minimizes the detection delay EyN
for all A € A and maximizes EgN for all § € ©, i.e., seek a family {/N(a)} which is
asymptotically efficient for all (6, A) € © x A. However, in general such a family does
not exist. For example, for A = {\;, A2}, it is easy to see from (3.3) that there exists
a family that is asymptotically efficient at both (6, A1) and (0, Ay) for all € © only
if

1(2,0)

100, 0) is constant in 8 € ©.

This fails in general when © is composite. For example, if fy and g\ belong to a

one-parameter exponential family and © is an interval, a simple argument shows that
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I(X2,0)/1(A\1,0) is a constant if and only if A; = As.

It is natural to consider the following definition:

Definition 3.14. A family of stopping times {N(a)} is asymptotically optimal to
first-order if

(i) for each O € O, there exists at least one N\g € A such that the family is asymp-
totically efficient at (0, \g); and

(ii) for each A € A, there exists at least one 0\ € © such that the family is

asymptotically efficient at (0, \).

It turns out that such asymptotically optimal procedures can be obtained from
the problem of finding a stopping time N such that Ey/N is as large as possible for

all 8 € ©, subject to a constraint of the form

sup (qo()\)E,\N) <a, (3.44)
AEA

where a > 0 is given. Here go(A) > 0 can be thought of as the cost per observation
of delay if the post-change observations have distribution gy. Our Theorem 3.15 uses
a weaker, asymptotic version of (3.44).

Our proposed procedures 7*(a) and 77 (a) are defined as follows. First, define

o I()\,0)
p(0) = Ae/f; qo(\)

(3.45)

Next, let n be an a priori distribution fully supported on A. Define an open-ended
test T'(a) by

T(a) = inf {n >1:inf

1
0€0 ©8

[ 1 fA[9A<X1)"'g)\(Xn)]n(d/\)] S }
p(0) Jo(X1) -+ fo(Xy) 7

Finally, define

T*(a) = min(Ty(a) + k — 1),

k>1
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where T(a) is obtained by applying T'(a) to Xk, Xyi1, . ... Equivalently,

SN . : 1 Jaloa(Xk) -~ ga(X,)] n(dN)
T*(a) = inf {n >1: lrélkagin(}gg [p(ﬁ) log “4A ) (%) } > a}. (3.47)
We also define a slightly different procedure
SN . 1 Jaloa(Xk) -~ ga(X,)] n(dN)
i@ =it {n 2 1 nf e, Sy los S p ey ) 2 69

The next theorem and its corollaries, whose proofs are given in Section 3.2.1, show

that 7*(a) and 77 (a) are asymptotically optimal to first-order.

Theorem 3.15. Assume that A1 - A3 below hold.
(i) If A is compact and {N(a)} is a family of stopping times such that (3.44)
holds. Then for all 0 € ©

log EgN(a) < (14 0o(1))p(0)a (3.49)

as a — OQ.

(i1) For alla >0 and 6 € O,

EoT"(a) > exp(p(f)a). (3.50)

If © is compact, then

E\T"(a) < (1+ 0(1))$ as a — o0 (3.51)
for all X € A, where
o) =t e (3.52)

and q(A) = qo(X).
(#ii) Relations (3.50) and (3.51) still hold if T*(a) is replaced by T} (a).
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Corollary 3.16. Assume that A1-A3 hold and © and A are compact. Then both
T*(a) and T (a) are asymptotically optimal to first-order.

Corollary 3.17. Under the assumptions of Corollary 3.16, if {N(a)} is a family of

procedures such that

E\N
limsupf—@ <1 forall X\ €A,
a—00 E,\T*(a)

then
. log EgN(a)
lim sup

— - <1 e .
a— 00 log EQT*(Q) - for ¢ E @

S?;milaﬂ ly, ’Lf
l()g EQN a

— L > e
T (a) = forall 6 € O,

then

E\N
/\—@21 for all A € A.

lim inf =
a—oo E,T*(a)

The same assertions are true if T*(a) is replaced by Ty (a).

Remark: Corollary 3.17 shows that our procedures 7*(a) and T7(a) are also
asymptotically optimal in the following sense: If a family of procedures {N(a)} per-
forms asymptotically as well as our procedures (or better) uniformly over ©, then our
procedures perform asymptotically as well as {N(a)} (or better) uniformly over A,

and the same is true if the roles of ©® and A are reversed.

Throughout this section, we impose the following assumptions on the densities fy

and g, as well as on p(6).

A1. p(0) is continuous and py = infycq p(#) > 0.

A2. The Kullback-Leibler information numbers (), 0) = Ejylog(gx(X)/fo(X)) are

finite. Furthermore,

(a) Iy =infyinfy I(N,0) >0

(b) I(A,0) and I(\) = infy I(A, ) are both continuous in A.
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A3. For all 4, A
(a) Ex[log(ga(X)/ fo(X))]* < o0
(b) lim, o Ej[log SUpP|gr—g|<p for(X) —log f@(X)]2 =0
(c) limy_y Ex[log gy (X) — log gA(X)]? = 0.

Assumptions A2 and A3 are part of the assumptions 2 and 3 in Kiefer and Sacks

[9]. Assumption A2 guarantees that © and A are “separated.”

3.2.1 Asymptotic Optimality

First we establish the lower bound (3.50) on the mean times between false alarms for

our procedures T*(a) and T (a).

Lemma 3.18. For alla >0 and § € ©, T*(a) and Ty (a) satisfy (3.50).

Proof. Define

. 1 Jaloa(X1) - ga(Xn)] m(dA)
o) =int {n 21 S los e G 2

and

t*(0,a) = 1;1>1111(tk(9, a)+k—1), (3.53)

where (0, a) is obtained by applying t(0,a) to Xg, Xii1,.... Then it is clear that
T*(a) > T (a) > t*(0,a), and hence

EyT*(a) > EgT (a) > Eq [t*(@, a)}

Using Theorem 3.8, we have

1
= Py (t(0.a) < %)’

Eq [t*(@, a)]
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and it suffices to show that
Py(T(a) < o0) < exp(—p()a).

Define
Ll (X0) -+ g7 ()] ()

L = e R o %)

For any stopping time N,
Po(N <o0) = f:Pg{N =n}
- i/Nn} [fo(Xl) : "fe(Xn)] dé&y - - - d€,
=3[ o] -
= /A (21: /{N:n} [Lgl gA(X1) - ‘EL\(Xn)} dg; - d§n> n(d\)

- / Ex(Ly' N < 00) n(d\).

By definition, Lyg,q) > exp(p(€)a). Thus,

Po(t(0.0) <o) < [ Bx(exp(-p(0)a): 1(6.0) < o0) n(a)
— exp(=p(0)a) [ Pa(t(6,0) < oc) i)
< exp(—p(f)a),
which proves the lemma. O

Next we derive an upper bound on the detection delay for our procedures.

Lemma 3.19. Suppose that A1-A3 hold and © is compact. Then (3.51) holds for all
AeA
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Proof. By definition, EzT*(a) < E\T*(a) < E»T(a), so it suffices to show that

E\T(a) < (1 +o(1))ﬁ

for any A € A, where g(\) is defined in (3.52). We'll use the method in Kiefer and
Sacks [9] to prove this inequality. Fix Ay € A. Let {e,;a > 0} be a set of positive
numbers with ¢, — 0 as a — co. By assumption Al - A3 and the compactness of O,
there exist a finite covering {U;, 1 < i < k,} of © (with 0; € U;) and positive numbers
dq such that for all A € V, = {A | [N = Xo| <o}, and i =1,--- | kg,

E), [log gA(X) — log SULI? fo(X)] = I(Xo,0;) — €a, (3.54)
cU;

and

sup [p(0) —p(6;)] < €a.
feU;

Let Ni(a) be the smallest n such that

log / : [gA(Xl) A (Xn) | (dA) > sup [p(@)a + ;bg f9<xj)] (3.55)

Clearly Ni(a) > T(a). By Jensen’s inequality, the left-hand side of (3.55) is greater

than or equal to

/,‘{a log [gA(Xl) - 'g)\(Xn)] % + logn(V,)
= ;/a logg)\(Xj)% — | logn(V,)| (3.56)

since 1(V,) < 1. Since {U;} covers ©, the right-hand side of (3.55) is less than or

equal to

sup sup |p(6)a+ Y log fulX;)]
1<i<kq 0€U; =1
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< sup [(p(6) + ca)a+ sup D log fl(X;)

1<i<ka 0eU; j=1
< s [(6(6) + cat 3 logsup fy)] (3.57)
1<i<h, o vels
For j =1,2,---, put
d\ ,
Y; = / logg)\(Xj)n< )7 and Z; = logsup fp(X;) for i=1,--- k.
Yo n(Va) 9eU;

Let Ny(a) be the smallest n such that

1<i<k,

> Y, — max [ZZ;# (p(ei)‘l'ea)a} > [logn(Va)l,
j=1 Jj=1

or, equivalently, the smallest n such that for all 1 < i < kK,

Y, - Z . e |logn(V,)|
S 2 e iy )

J=1

Using (3.56) and (3.57), it is clear that No(a) > Ni(a). Recall that py = infyeg p(6),
and define
o , |logn(V,
€, [logn(Va)l
Po apo

To =
Let Ns(a) be the smallest n such that

i >
282wy 20
J:

or equivalently

Z[ ;(91)3 _E“] +12§§2a2[ ;<9i)j - ;(91)] +ea] > a(1+ 7).

j:]_ Jj=

Clearly N3(a) > No(a). From (3.54), we have

JETE ] 5 et

1
—€(14+—) fori=1,... k,. 3.58

p(0:) Do
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Suppose that {U;} are indexed so that the minimum (over 7) of the left-hand side of
(3.58) occurs when i = 1. For n = 1,2, ..., define

_Eai|a

Sn=2 [ p(gl)J

J=1

and

- [Yj—Z} Y, -7

B=2 %@ ~ o)

—i—ea] fori=1,... k,.
j=1

Let N*(a) be the smallest n such that, simultaneously,
S,>a(l+7,), and min B’ >0.
1<i<ka

Clearly, N*(a) > N3(a). Now it suffices to show that as a — oo

ExN*(a) < (1+0(1))

a
. (3.59)
q(Ao)
The proof of (3.59) relies mainly on two facts. First, the last time miny<;<y, B, < 0
has finite expectation under Py, because the summands in B!, have positive (> ¢,)

mean and finite variance. Second, by (3.52) and (3.58),

Y- 2

E
Ao p(91)

1
- ea] > 4(%) = call+ ).

The detail of the proof is omitted as it is identical to the proof of Lemma 2 in Kiefer

and Sacks [9]. O

Proof of Theorem 3.15: To prove (i), use Lorden’s lower bound (see (3.2)) to

obtain

log BN (@) < fuf ((1+0()I(\ OBAN(@)) < fof ((1+0(1)I(0)_5).

so that (3.49) follows from the compactness of A.
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To prove (ii) and (iii), use Lemmas 3.18 and 3.19, so that it suffices to show that
q(A) > qo(A) for all A € A. Fix A\g € A. By (3.45), we have p(0) < I(Xo,80)/qo(No) and
hence (Ao, 8)/p(0) > qo(No) for any 0 € ©. Thus g(Ao) > qo(Ao) by the definition in
(3.52). This complete the proof of the theorem. O

Proof of Corollaries 3.16 and 3.17: First note that

(3.60)

where p(#) and ¢(\) are defined in (3.45) and (3.52), respectively.
To prove (3.60), fix 6y € ©. On the one hand, recall that g(\) > ¢o(\) for all
A € A, so that

: I(/\ue‘J) : I()"QO)
f < inf =
AeA qg(A) — AeA qo(N) P(6o):
by the definition of p(f) in (3.45).
On the other hand, (3.52) implies that g(\) < I(X,6y)/p(6y) for all X € A, so

p(6o) < I(X,60p)/q(N\) for all A € A. Thus

I()\, 6p)
qo(N) 7

<
p(0o) < inf

i
S
and hence (3.60) holds.

To prove Corollary 3.16, note that the asymptotic efficiency of 7*(a) and T (a)
at (6, \) is

p(0)q(A)
e(6,4) = 00 0)

and so they are asymptotically optimal to first-order by virtue of the compactness of
© and A and relations (3.52) and (3.60).
Applying Lorden’s lower bound, we can prove Corollary 3.17 in the same way as

part (i) of Theorem 3.15. O

Remark: Instead of T'(a) in (3.46), we can also define the following stopping time
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in open-ended hypothesis testing problems:

) = inf L i 1 o sup, [gx(X1) - - - gx (X)) a
T =inf {n 2 1: ot [ Zmtos =gt st 2 ah. @)

and then use it to construct the corresponding procedures in change-point problems.
When fy and g, are from the same exponential family, we can obtain an upper bound
on Py(T(a) < o0) by equation (13) on page 636 in Lorden [17], and so we get a
lower bound on the mean time between false alarms. The upper bound on detection
delay follows from Lemma 3.19 and the fact that 7'(a) < T'(a). These procedures are

therefore also asymptotically optimal to first-order if fy and g, belong to exponential

families.

3.2.2 p(f) and q())

Here are some examples of choices of p(f) and ¢(A) and the corresponding procedures

provided by our theorem.

Example 1: If there exists Iy such that for all @ € O, infycp (A, 0) = Iy, then
qo(N) = Iy yields

p(0) =1, and g¢(A) = inf I(}6).

This is even true for composite © and A. In particular, if © is simple, say {6y}, then
the considerations of Section 3.2 reduce to the standard formulation where the pre-
change distribution is completely specified. Moreover, Pollak [23] proved that T'(a),
defined in (3.46), has a second-order optimality property in the context of open-ended

hypothesis testing if fy and g, belong to exponential families.

Example 2: If there exists Iy such that for all A € A, infgeg (A, 0) = I, then
qGo(A) = 1 yields
p(0) = mf I(X,0), and ¢(}) =1,

even for composite © and A. In particular, if A is simple, say {\}, then the consider-

ations of Section 3.2 reduce to those of the problem in Section 3.1.
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Example 3: Suppose fy and gy are exponentially distributed with unknown means
1/60 and 1/\, respectively. Assume © = {0 : 60 € [0y, 01]}, and A = {\: X € [X\g, \i]},
where 0y < 61 < Ao < A1. Then the pairs (p(), ¢(\)) defined in (3.45) and (3.52) are
not unique. For example, the following two pairs are non-equivalent:

(Ao, 0) p2(0) =

and

1 (A1, 0)I(No, 61)/1 (A1, 01)
@1 (A) = 1(X,60)/1( Ao, o) 32(N)

1
I(X,01)/1(X0, 1)

Suppose t}(a) and t3(a) are the procedures defined by (3.47) for the pairs (p1(0), ¢1(\))
and (p2(0), ¢2(N)), respectively. Even though both ¢f(a) and t5(a) are asymptotically
optimal to first-order, it is easy to see that t{(a) has larger mean times between false

alarms uniformly over © while ¢5(a) has smaller detection delays uniformly over A.

In our theorems, we require that © and A are compact. If they are not compact,
then our procedures may or may not be asymptotically optimal. However, we can

still sometimes apply our ideas in these situations, as shown in the following example.

Example 4: Suppose we want to detect a change from negative to positive in the
mean of independent normally distributed random variables with variance 1.

In the context of open-ended hypothesis testing, we want to test
Hy:0 €0 =(—00,0] against H;:AeA=(0,00).

Let us examine the procedures T'(a) defined in (3.61) for different choices of go(\).

(I) g(A\) =1 leads to

and

to(a) = inf{n >a: S, >0}, where S, = ZXZ"
i=1

Hence we use the following stopping time to detect a change in mean from
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negative to positive:

f(”)‘(a) = inf {n > a: max (Sn — Sk) > 0}.

0<k<n—a
Note that the maximum is taken over 0 < k <n — a.

(IT) Assume go()) = AY? with 8 > 1/2. Then we have
p(0) = kgl6)> /P and g(A) = AP, with ks =28%(28 — 1)/A2

(we assume 0° = 1) and thus

~

tg(a) = inf {n >1:8,> aﬁnl’ﬁ}.
This suggests using a stopping time of the form

%(a) = inf {n > 11 max [(S, — Si)(n — k)] > aﬁ}

0<k<n

to detect a change in mean from negative to positive. Observe that for g = 1,
ts(a) is just the one-sided SPRT and tAE(a) is just a special form of Page’s
CUSUM procedures. For 3 = 1/2, i3(a) and f;(a) have also been studied
extensively in the literature, since they are based on the generalized likelihood
ratio. Different motivation to obtain these two procedures can be found for ¢4(a)
in Chapter IV of Siegmund [33], which is from the viewpoint of the repeated
significant test, and for f;(a) in Siegmund and Venkatraman [34], which is from
the viewpoint of the generalized likelihood ratio. For fﬁ(a) with 0 < 3 <1, see

Chow, Hsiung and Lai [5] and equation (9.2) on page 188 in Siegmund [33].

Though one cannot use our theorems directly to analyze the properties of t(a)
and f;(a), I conjecture that they are indeed asymptotically optimal to first-order.
I believe that a proof can be based on an asymptotic expression for the mean time

between false alarms and the detection delay. I plan to study the asymptotic behavior
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of these procedures in future research.

3.2.3 Numerical Examples

In this subsection we report some simulation studies comparing the performance of
our procedures in Section 3.2.1 with a commonly used procedure in the literature.
The simulations considered the problem of detecting a change in distribution from
fo to gx, where fy and g, are exponentially distributed with unknown means 1/6 and
1/A, respectively, and § € © = [0.8,1] and A € A = |2, 3].
By (3.45), qo(A) = 1 leads to p(d) = I(2,60) where I(),0) = £ —1 —1log ¥, and so
our procedure based on (3.61) is defined by

. 1 < A
“(a) =inf{n>1: inf —= > (og 5 - ) = a}.
T*(a) =infyn >1 max  inf 22@)3 7(0) 2= 1Og0 A=0)X;) >a
A commonly used procedure in the literature is so-called generalized likelihood
ratio procedure, see Lorden [16], Siegmund and Venkatraman [34]. The procedure
requires specification of the nominal value 6y (of the parameter of the pre-change

distribution), and it is defined by the stopping time

7(0g,a) = inf{n > 1: max sup log
(6o, @) { 1<k<n ycp Z f90 = a}
= inf{n >1: max sup Y (logi — (A=60)X;) > a}.
1<k<n 2<x<3 to

i=k

Note that 7(6, a) can be thought of as our procedure 7*(a) whose © contains the sin-
gle point 6. The choice of Ay can be made by considering the pre-change distribution
which is closest to the post-change distributions because it is always more difficult to
detect a smaller change. For our example, 6y = 1.

An effective method to implement 7(6y,a) numerically can be found in Lorden
[16]. Similarly, we can perform T7*(a) as follows. Compute V, and W, recursively
by V, = max(V,,—1 + log 5% — (2 — 0.8)X,,,0) and W, = max(W,_1 4+ log2 — X,,,0).
Stop whenever W,, > p(0.8)a/(2 — 0.8). In addition, whenever V,, = 0 one can begin
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a new cycle, discarding all previous observations and starting fresh on the incoming
observations. Moreover, each time a new cycle begins compute at each stage n =
1,2,...,
QM =X+ 4+ Xppp1, k=1....n

Ifp(1)a/(3—1) < W,, < p(0.8)a/1.2, we will also stop at the first n such that Q,in) < ¢y

for some k, where

— it klog)\—logﬁ _p(Q)a
KT 0820<1 gorey A_0 A—ol

Table 3.2 provides a comparison of the performances for our procedure T *(a) with
T(6p,a). The threshold a for each of these two procedures is determined from the
criterion Eyp—; N(a) ~ 600. The results in Table 3.2 are based on 1000 simulations
for E4N and 10000 simulations for Ey\N. Note that for these two procedures, the
detection delay E,N = E,N. Table 3.2 shows that at a small additional cost of
detection delay, T*(a) can significantly improve the mean times between false alarms

compared to 7(1,a). This is consistent with the asymptotic theory in Sections 3.2.1.

Table 3.2: Comparison of two procedures in change-point problems with composite
pre-change and composite post-change hypotheses

T*(a) 7(1,a)

a 22.50 5.02
=1 601 £+ 18 606 £+ 19
EyN | 6=09 | 1,448+£43 | 1,207+ 36
0=0.8]3,772+116 | 2,749 +£90

A=2 |21414+0.10 | 21.92 £ 0.11
A=2.2118.09+0.07 | 18.18 £0.09
E\N | A=251] 15.08 £ 0.05 | 14.76 + 0.06
A=2711375£0.04 | 13.22+£0.05

A=3 [1229+£0.04 | 11.62 £+ 0.04
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Chapter 4

Sequential Decentralized Decision
Systems

In this chapter we discuss sequential hypothesis testing and change-point problems in
the context of decentralized decision systems. See Figure 1.1 for the general setting.
Suppose there are L sensors in a system. At time n, an observation X! is made at
each sensor S5;. Based on the information available at S; at time n, a message U,ll is
chosen from a finite list or alphabet and is sent to a fusion center. The fusion center
uses the stream of messages from the sensors as inputs to a sequential hypothesis test
or change-point detection procedure. Without loss of generality, we assume that U},
takes a value in {0,1,..., D! — 1}.

In Veeravalli [38] and Veeravalli, Basar, and Poor [40], the authors considered five
different cases, depending on how “feedback” and “local information” is used at the
Sensors.

Case A) System with Neither Feedback from the Fusion Center nor Local Mem-
ory:

Uy, = 6(X,)-

Case B) System with no Feedback and Full Local Memory:

U,Q:%(X{Ln]), where Xfm] = (XL XD,
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Case C) System with no Feedback and Local Memory Restricted to Past Decisions:

UTlL = (Z%(X?lw U[lll,nfl])ﬂ where U[If,nfu = (Uia Sy U}L*l)’
Case D) System with Full Feedback and Full Local Memory:

UTlL - ¢£L(X[ll,n]’ U[ll,nflp R U[Ill,nfl})'

Case E) System with Full Feedback, but Local Memory Restricted to Past Deci-
510MS:

U’rlL = ¢ITL<X’£L; U[l1,n—1]7 cee U[%,n—l])-

This chapter develops an asymptotic theory of decentralized change-point prob-
lems, giving in all cases procedures that are asymptotically optimal and easy to
implement. For decentralized change-point problems, we assume that at time v the
change affects all sensor simultaneously. Like previous authors, we consider only the
case of simple hypotheses, both pre-change and post-change. The problem is to min-
imize detection delay in cases A - E over all possible sensor message functions and
fusion center decision procedures, subject to a constraint on the mean time between
false alarms. Crow and Schwartz [6] and Tartakovsky and Veeravalli [36] studied this
problem for case A, but both imposed restrictions on the sensors’ message functions.
Our theory involves no such restrictions.

Section 4.1 provides an asymptotic theory of decentralized sequential hypothesis
testing problems. We develop bounds on the expected sample sizes of hypothesis tests
and find asymptotically optimal procedures. In Section 4.2 we provide asymptotic
theory and asymptotically optimal procedures in change-point problems. Section 4.3
establishes a sufficient condition for our theorems to be applied. Section 4.4 gives
simulation results for examples in both open-ended hypothesis testing problems and
change-point problems.

Throughout this chapter, we make the following assumptions, which are standard:

(A1) The sensor observations are independent over time as well as from sensor to



47
Sensor.
(A2) The densities of the sensor observations are either f1,..., fL or ¢t ..., g%,

where the f’s and ¢’s are given. For each [, the Kullback-Leibler information number

167 = 108 (5o w1 (@)

is finite and positive, and

/ (log Jgtllg%)zl(:v)d:v < 00. (4.2)

We now introduce some notations. Let D be a positive integer. Consider a
random variable Y whose density function is either f or g with respect to a measure
i, and assume that the Kullback-Leibler information number I(g, f) is finite. For
a (deterministic or random) measurable function ¢ from the range of Y to a finite
alphabet of size D, say {0, 1,..., D —1}, denote by f, and g, respectively the density
of #(Y') when the density of Y is f or g. Let

and define
In(g. f) = SUup EqZ, (4.3)
and
Volg, f) = sup Ey(Zs)". (4.4)

It is well known (Tsitsiklis [37]) that Ip(g, f) < I(g, f), i.e., that reduction of the
datat from Y to ¢(Y) cannot increase the information. Tsitsiklis [37] showed that the
supremum Ip(g, f) is achieved by a Monotone Likelihood Ratio Quantizer (MLRQ)
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o of the form

Y
e(Y)=4d ifandonlyif X\;< % < Adt1, (4.5)

where 0 = Ay < Ay < --- < Ap_1 < Ap = o0 are constants. These optimal MLRQ’s
are not easy calculated, but we follow the standard practice in the literature of de-
veloping procedures that assume sensor messages are constructed optimally in the
sensor. Some of our theorems assume that Vp(g, f) < oo. A sufficient condition for
finiteness of V5(g, f) is given in Section 4.3.

Using these notations, define the information numbers

In =Y In(d, ), (4.6)
=1

where D = (D', D?,--. , D¥), and

L
Lior = Zf(glafl)- (4-7)
=1

These two information numbers are key to our theorems.

4.1 Sequential Hypothesis Testing

In this section we consider the problem of decentralized sequential hypothesis testing.
As stated in (A1) and (A2), there are two possible probability measures, Py and P.
Under Py, the observations at sensor S;, X!, X1 --- | are independent and identically
distributed with density function f!, and under P, they have density g'. The problem
is to test the simple null hypothesis

Hy: Pyistrue
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against the simple alternative hypothesis
H,: Pyis true.

A sequential procedure consists of a rule to determine the sensor messages, a stopping
time 7 used by the fusion center and a final decision rule that chooses Py or Py based
on the information up to time 7 at the fusion center. We first establish information
bounds and then find asymptotically optimal procedures for open-ended hypothesis
testing problems in all cases and for two-decision hypothesis testing problems in cases

B and D.

4.1.1 Information Bounds for Open-Ended Tests

Motivated by applications to change-point problems, we first consider “open-ended,”
or “one-sided” tests of the null hypothesis Hy, i.e., tests defined by a stopping time

7 that stop sampling only to reject Hy and must satisfy
Py(7 < o0) < a. (4.8)

Lemma 4.1. For any stopping time T satisfying (4.8),

(i) In cases A, C and B, if Viu(g', f'), defined in (4.4), is finite for all 1 <1 < L,

then we have

| log o

Eur > (1+o(1) 2,

(4.9)

where Ip is defined in (4.6).
(ii) In cases B and D, we have

1
E,r > 1osal (4.10)

tot

where I, is defined in (4.7).



50
Proof. Using Wald’s equation and Jensen’s inequality, it is straightforward to prove

(4.10). We next prove (4.9) in cases A, C and E. Note that we can write

= Un(X5),
where ¢!, are allowed to depend on U[1 1]’ U[1 1] Denote by fw , and gw n
respectively the conditional density induced on U! given U} Q1] U, [If,n—u when the

density of X! is f! or g'. Denote by Z! the conditional log-likelihood ratio function
of Uy, log (94, (Un)/ f1.0(U3)).-

Since X}, ... ,X# are independent, so are U}, ..., UnL given U[11,n71}’ cee U[%,n—l}'
Thus in the fusion center the conditional log-likelihood ratio of (U}, ... UL) given
U[11,n_1]a . U[Il/,n—l] is

L
=> 7.

=1
By Theorem 1 (or Theorem 3) in Lai [12], to prove (4.9) it suffices to show that

for any § > 0,

lim sup Pl{ maxZZk > Ip(1+d)n } ) (4.11)

n—~o0

Since

L L
EZ, =Y EZ <> In(d f)=1Ip,

=1 =1

the left-hand side of (4.11) is less than or equal to

lim sup Pl{ maxzz <Zk Ele> > [D5n}

n—oo k=1 I=1

< thsupP {maxz (Zl ElZ,lc> > (5171},

n—oo

where 0; = Ipd/L.
Note that Y ,_, (Z,lf — ElZ,i) is a martingale. Doob’s submartingale inequality



o1
(Theorem 14.6 of Williams [42]) implies that

t

! ! > i1 Ea(Zp)?
Py { max > (7 - BaZ}) > 6} < =

Note that for any k, E;(Z!)? < Viu(g', f!) by definition, and hence

t

Vii(g', ')
L _ ! DS HJ )
P (A - B4) 2 om) < S
which implies (4.11) since Vi (g', f!) is finite. Relation (4.9) follows. O

4.1.2 Asymptotically Optimal Open-Ended Tests

We now propose asymptotically optimal procedures satisfying (4.8) for all cases in
open-ended hypothesis testing problems.

In cases A, C and E, we propose the following open-ended tests, denoted by
M(a) :

Each sensor uses the optimal monotone likelihood ratio quantizer ¢!. Namely,

U = (X)) =d if and only if A < g(Xs) < Aoy,
" ! FHXL)

where 0 = )\6 < )\ll < ... < )\lD_l < )\lD = oo are optimally chosen in the sense that
the Kullback-Leibler information number [ (gfo, ffo) achieves the supremum I (¢!, f').
Here fjj and gfo are the densities induced on U, when the observations X! are dis-
tributed as f! and ¢', respectively.

Based on the independent, identically distributed observations U,, = (U}, ... UL),
the fusion center then uses the one-sided sequential probability ratio test (SPRT) with
log-likelihood ratio boundary a, i.e., our stopping time M (a) is given by

M(a) = 1nf{n>1 Z(Z fllEU’i;)za}. (4.12)
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Lemma 4.2. For a <1 let a = |loga|, then M (a) satisfies (4.8) and

E.M(a) = % +0(1), (4.13)

as a — oo, where Ip is defined in (4.6).

Remark: This lemma and part (i) of Lemma 4.1 establish the asymptotic optimal-
ity of our procedures M (a) in open-ended hypothesis testing problems in cases A, C

and E.

Proof. Applying standard asymptotic theory for one-sided SPRTs to the sensor mes-
sages U, = (U},...,UL), the proof of (4.13) is straightforward. O

In cases B and D, our proposed procedure 7'(a) in the open-ended testing problem
is as follows:
For each sensor S;, one considers whether or not the log-likelihood ratio of f!

versus ¢! exceeds the boundary ma, where

(g f)  _1(d'. 1)

LI ) e e
That is, for [ =1,2,...,Land n =1,2,..., letting
- 109
St =S "log L2 (4.15)
218 i)

define the sensor messages
Ufl = 1{5711 > Wl&},

where 1{A} is the indicator of the event A. The fusion center will stop and reject Py

if Ul =1foralll=1,2,...,L,ie. our stopping time T'(a) is

T'(a) = inf {n >1:8 >maforall [=1,2,.. .,L}. (4.16)
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Lemma 4.3. For a <1 let a = |log «|, then T'(a) satisfies (4.8) and

a
]tot

ET(a) = — + O(Va), (4.17)

as a — o0, where Iy is defined in (4.7).

Remark: This lemma and part (ii) of Lemma 4.1 establish the asymptotic opti-
mality of our procedures T'(a) in open-ended hypothesis testing problems in cases B
and D. Moreover, it is interesting to note that our policy 7T'(a) only uses binary sensor

messages, but it is asymptotically optimal for general D'(> 2).

Proof. For any stopping time 7, using Wald’s likelihood ratio identity, we have
Po(1 < 00) = Ejexp ( ZSl,T<oo
Since SlT(a) > ma for all [ and Zle m = 1, we have

Po(T(a) <o0) < Ejexp(-— Zma;T(a) < 00)

IA
Q

&
I
Q

Thus T'(a) satisfies (4.8).
To prove (4.17), for 1 <1 < L, let

T, = inf{nZl:Sflzma},

and

For simplicity, denote 7, = 7(0). It is well known (e.g., Theorem D in Kiefer and
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Sacks [9]) that for any 1 <[ < L,

Ein < o0 (4.18)
since log (¢'(X)/f'(X)) has positive mean and finite variance under P; by assumption

(A2).
By definition of 7; and 7,(1}), we have

T(a) > max Ty,
1<I<L
and
L
T(a) < 1%% <Tz + Tl(Tl)) < gllagiTl + ;n(Tl).
Now since X!, X1, ... are independent and identically distributed under Py, we have

E 7 (T;) = Ey7y, and thus

L
B, max 7; < BiT(a) < By max T + lzl E\7. (4.19)

1<I<L

Now 1; can be written in the form

| n 1 (X
T, = mf{” = z; (I(gl,fl) o8 ?‘l((Xf>)> - Ijot}’

and hence Lemma 3.7 leads to

Itot
Thus
E T, < C‘+§L:E(T—O”)+
11%112}53! I = N Tiot
a
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Relation (4.17) follows at once from (4.18) and (4.19). O

Remark: A heuristic argument indicates that, as a — oo,

E,T(a) = E; max T} + O(1) = — + (C'+ o(1))Va, (4.20)
1<I<L Lo
where
©=F i G gy 40/ e
and Zi,..., 7 are independent standard normal random variables.

4.1.3 Two-Decision Hypothesis Testing

Suppose that we want to decide which of Py and P, is true. That is, we want to find

two-decision sequential tests such that

Po(Accept Hy) <, Py(Accept Hy) < S. (4.21)

Applying the lower bounds in Lemma 4.1, it is easy to find asymptotic lower

bounds for the expected sample sizes 7.

Theorem 4.4. If T is the sample size of a test satisfying (4.21), then as o+ 3 — 0,
(i) In cases A, C and E, if Viu(g', f'), defined in (4.4), is finite for all 1 <1 < L,
then we have

| log o

Eim > (1—0(1)) o

(4.22)

where Ip is defined in (4.6). Moreover, if Vpi(f', g') is also finite for all I, then we

have
(4.23)

where Jp = Zlel Ini(f' g").
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(i) In cases B and D,

(4.24)

where Iy is defined in (4.7), and Jip = ZzL:1 I(fl, gY).

Proof. Wald’s inequalities (Theorem 2.39 of Siegmund [33]) imply

4]
1—a’

o
1-03

1—
[tOtElT Z (1 — ﬁ) log o ﬁ -+ ﬁlOg

l—«o

JtotEOT > (1 — Oé) IOg 5

(4.25)

+ alog

Relation (4.24) in part (ii) of the theorem follows at once from these inequalities and

1

the fact that (1—x)log(1—x)+xlog x attains its minimum value —log 2 when z = 3.

To prove (4.22) in part (i) of the theorem, define a new stopping time 7’ by

T if 7 chooses P

7+ M; if 7 chooses Py

where M is the stopping time obtained by applying M (a), defined in (4.12) with a =
| log a|, to all sensors observations from time 7 on, i.e., X' , X! o, ... for 1 <1< L.
It is obvious that 7’ is also a procedure in cases A, C and E.

Note that M; is independent of 7, and by Lemma 4.2,

|log |
Ip

Po(Ml < oo) <a, and E;M; = +O(1).
Thus

Py (T’ < oo> < Py <7’ chooses P1> + Py (Ml < o0; T chooses P0>

A

a+P0(M1 < oo) < 2a,
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and

ElT/ S ElT + E1 (Ml, T chooses Po) S ElT + 6 E1M1

— B+ ﬁ(% +0(1)).

Now using the results in Lemma 4.2 for 7/, we have

[log(20)|

Bir' 2 (1+0(1) =2 =,
D

and thus

Eir > <1+o(1))%—ﬁ(%+0(1>)=(1—o<1)>—|13io‘|,

as a+ [ — 0. Therefore (4.22) holds. The proof of (4.23) is identical. O

It is easy to see that the asymptotic lower bounds in Theorem 4.4 are sharp. For
example, the following test achieves the asymptotic lower bound in (4.22) in cases A,
C and E.

Each sensor uses the optimal MLRQ ¢! so that the Kullback-Leibler information
number [ (gi,, fi,) achieves the supremum I (g', f'). Based on the independent ob-
servations U, = (U}, ... UL), the fusion center uses the sequential probability ratio
test (SPRT) with log-likelihood ratio boundaries a < 0 < b, so that the corresponding
error probabilities are at most « and . In other words, the stopping time of our test
is
95 (UL)
fLUp)

~

n L
M(a,b):inf{nz1:Z£k¢(a,b)}, where ﬁk:ZIOg
k=1 =1

(4.26)

We stop sampling at time M (a, b), and if M (a,b) < co

decide Hy if >, L, < a,
decide H, if 337 Ly >b.



o8

Note that ﬁl, ﬁg, ... are independent and identically distributed with

L
EiLy = Ip(d, f') = I, and  EoLy < Jigr
=1
Applying well known properties of the SPRT (Section 2.2 of Siegmund [33]), we can
choose a and b so that our test satisfies (4.21) and achieves the asymptotic lower
bound in (4.22).

In cases A, C and E, I have not been able to find procedures to achieve the lower
bounds in (4.22) and (4.23) simultaneously. I believe that such a procedure does not
exist in case A in general, but I have not been able to devise a proof.

In cases B and D when D! > 3 for each [, we propose the following asymptotically
optimal procedures, using a combination of open-ended tests.

Define m; as in (4.14), and

I(fg)  _I(f9)

TSI T
For each sensor S,
0 lf Siz S —plb,
Ui=<1 ifS >ma, (4.27)

2 otherwise

where S! is defined in (4.15). Finally, the fusion center will

stop and decide H; if qu =lforall1<I<L,
stop and decide Hy if Ul =0forall 1 <l <L, (4.28)

continue sampling  otherwise.

Thus our stopping time is 7'(a,b) = min (T'(a), T'(b)), where T'(a) is given by (4.16)
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and analogously
T'(b) = inf {n >1:5. < —pbforall 1<i< L}. (4.29)

We decide Hy if T'(a,b) = T(a) and decide Hy if T'(a,b) = T'(b).

Theorem 4.5. Assume a+ 3 <1 let a = |loga| and b = |log 3|. Then

Py (T(a,b) accepts Hl) < a,

P, (T(a,b) accepts Hy) < (4.30)
As a+ 3 — 0, we have
ET(a,b) < ET(a) < (14 0(1))a/I . (4.31)
Similarly, if (4.2) holds with f and g interchanged, then
EoT'(a,b) < EoT'(b) < (1 + 0(1))b/ Jior, (4.32)

as a+ 3 — 0.

Remark: Based on the lower bound in (4.24), under the conditions of this theorem

T(a,b) is asymptotically optimal in cases B and D in the sense of minimizing both

EoT(a,b) and E,T'(a,b) asymptotically subject to (4.21).
Proof. Note that Po(1"(b) < co) = 1. By the definition of T(a,b), we have
Py (T(a, b) accepts Hy) = Po(T(a) <T'(b)) < Po(T(a) < c0).

The first inequality in (4.30) follows at once from the property of T'(a) established in
Lemma 4.3. The second inequality in (4.30) is proved similarly.

Relation (4.31) follows from the definition of T'(a,b) and (4.17). The proof of
(4.32) is identical. O
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4.2 Change-Point Problems

Assume that at some unknown time v, the density function of the sensor observations
{X!} changes simultaneously for all 1 <[ < L from f' to g'. That is, for each 1 <
| < L, the observations at sensor S;, X!, X} ..., are independent random variables
such that X!, ..., X! | are independent and identically distributed with density f
and X!, X].,,... are independent and identically distributed with density ¢'. Recall
that we also assume that the observations are independent from sensor to sensor. Let
P, and E, denote the probability measure and expectation, when the change occurs
at time v. Let P, and E,, denote the probability measure and expectation, when
there is no change, i.e., v = o0.

As in the classical change-point problems, we want to design the sensors’ message
function ¢! and seek a stopping time 7 at the fusion center that minimizes the “worst

case” detection delay, as defined by Lorden [16],

Ei(7) = sup <ess sup B, [(7 — v+ 1) "X,y ’Xﬁv”*”})

v>1

subject to
Eom > 7. (4.33)

The worst-case detection delay E;(7) can be replaced by the “average” detection

delay, proposed by Shiryayev [31] and Pollak [24],

D(r) =supE,(r —v|T > v).
v>1
Although the worst-case detection delay E;(7) is always greater than the average
detection delay D(7), they are asymptotically equivalent. Either one can be used in
our theorems.

We will study this problems in two different cases: limited local memory (cases

A, C and E) and full local memory (cases B and D).
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4.2.1 Limited Local Memory

In cases A, C and E, the following procedure M*(a) has been studied in the literature:

Each sensor uses the optimal MLRQ, ¢!, that achieves the supremum I (g’, f!),
just as in the definition of M (a) in the open-ended hypothesis testing problem. Based
on the independent observations U, = (U}, ... UL), the fusion center uses Page’s
CUSUM with log-likelihood ratio boundary a to detect whether or not a change has

occurred, i.e., the stopping time is given by

n L l l

. 9,(U;)

M*(a) = inf {n > 1: max (Zlog z ) > a}. (4.34)
ks NS )

Crow and Schwartz [6] showed that M*(a) is optimal in the sense that the MLRQ) is
optimized at each sensor. Later Tartakovsky and Veeravalli [36] proved the asymptotic
optimality property of M*(a) in case A under the restriction that the sensor message
functions {¢!, ..., ¢} satisfy the following condition: For all v =1,2,..., as n goes
to oo, n! Zfi:’ Zle Z! converges in probability under P, to some positive constant
I, where Z} = log (g4(U})/f5(U})). Veeravalli [39] conjectured that M*(a) is also
asymptotically optimal in case E because it has performance similar to the Bayes
solutions in case E. The following theorem shows that under a condition on second

moments, M*(a) is asymptotically optimal without any restriction on the sensors’

message functions or the fusion center decision rule in cases A, C and E.

Theorem 4.6. Assume V(g f1), defined in (4.4), is finite for all 1 <1 < L. If
{T(7)} is a family of procedures in cases A, C and E satisfying (4.33), then

log
Ip

Ei7(y) > (14 0(1)) (4.35)

as y — oo, where Ip is defined in (4.6). For~y > 1 let a =log~y. Then M*(a) satisfies
(4.33) and
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so that it asymptotically minimizes the detection delay EiM*(a) as v — 0o in cases

A, C and E.

Proof. To prove (4.35), we use a result of Lai [11], which generalizes Lorden’s asymp-

totic theory. Lai [11] showed that

log ET

Eim > (1+0(1)) 7

as E,,7 — oo, provided that for all § > 0,

v+t
. Q(Xi’le"' aXzel)
lim sup ess su P(”){ max lo >I1(1+d)n
n—00 VZIID P tsn Z_: gf(Xi|X17"' ,Xi1) — ( )

Thus it suffices to verify that this condition holds for the fusion center observations
X;=(U}!,...,UF) and I = Ip. The remainder of the proof is similar to that of part
(i) of Lemma 4.1.

Observe that M*(a), defined in (4.34), is Page’s CUSUM procedure, so that by

applying the standard bounds,
and

where Ip is defined in (4.6). Thus M*(a) achieves the lower bound in (4.35), and

therefore it is asymptotically optimal in cases A, C and E.

4.2.2 Full Local Memory

It has been an open problem also to find asymptotically optimal procedures (including

both the sensor and fusion center decision rules) in cases B and D. We propose the
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following asymptotically optimal procedures T*(a) in these cases.

In cases B and D,define the CUSUM statistic

= max Z log (4.36)
foreachl =1,...,L,andn =1,2,.... Each sensor S; sends a local summary message
based on whether or not the CUSUM statistic exceeds a constant threshold:

. 1 if Wé > ma
U, = , (4.37)

0 otherwise

where 7; is defined in (4.14). Then the fusion center will stop and declare a change
has occurred if and only if Ufl =1foralll <I<L.

This stopping time T™*(a) can be written as
T*(a) = inf {n >1:W!>ma forall1 <1< L}. (4.38)

Theorem 4.7. As a — oo,

ET"(a) < — + O(va), (4.39)

tot

where Ly is defined in (4.7). Furthermore, if we assume

/gl(x) log ?llg)) 3dx < 00, (4.40)
for1 <1< L, then as a — o0,
E T*(a) > (1+o(1))e?, (4.41)

Moreover, if {T(a)} is a family of procedures in cases B and D such that (4.41) holds,
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then

S O(1), asa— . (4.42)

tot

Ei7(a) >

Remarks:

(1) It is essential that each sensor continue sending the local messages to the fusion

center even after the CUSUM statistic for that sensor exceeds the local threshold.

(2) For each sensor, the mean time between false alarms is exp(ma). By the renewal
property of the CUSUM statistics, the mean time between false alarms for the fusion
center is of order Hlel exp(ma) = exp(a) since we continue sending local messages.
(See the proof below. As in Siegmund and Venkatraman [34], the key idea is Lemma

411).

(3) It is interesting to note that at the sensors, we cannot replace the CUSUM statis-
tics by the Shiryayev-Roberts statistics defined in (5.2): in that case the mean time
between false alarms in the fusion center is roughly exp((maxX, m;)a), which is much

smaller than exp(a) as a — oc.

(4) This theorem shows that the procedure T*(a) minimizes the detection delay up

to O(y/a) among all procedures in cases B and D such that (4.41) holds.

Proof. The inequality (4.39) follows from the definition of 7*(a) and T'(a) and the
property of T'(a) in (4.17) of Lemma 4.3.
To prove (4.41), let A = exp(a) and note that

fe'e) &9 n+1
E.N = ZPOO(Nzn)ZZ/ P.o(N > n)ds
n=1 n=1v"

00 n+1 o)
> Z/ Po(N >2z)dz :/ P (N > z)dx
n=1"“" 1

= A/ P (N > tA)dt.
1/A
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Thus by Lemma 4.11 below and Fatou’s Lemma,

liminf (BT (a)/A) > liminf / Poc(T(a) > 1ALt > )it
0

a—00 a—00

> /0 " Jim inf [POO(T*(a) > tA)1{t > %}] dt

a—0o0

= / exp(—t)dt =1,
0
and hence (4.41) holds. The asymptotic lower bound in (4.42) follows at once from
Proposition 3.10 in Chapter 3. O]

To complete the proof, we need to prove the following lemmas.

Lemma 4.8. Let W! be the CUSUM statistic defined in (4.36). Forl =1,... L,
n=12,..., and b > 0,
P (Wi 2 b) < exp(-b).

Proof. Let S! denote the log-likelihood ratio Y. log (¢'(X!)/f'(X}!)), and define

Sl = 0. Then the CUSUM statistic takes the form

W! = max (S,l1 - S,i) (4.43)

0<k<n

Since (X!,..., X!) have the same joint distribution as (X!,..., X!), W! has the same

distribution as max;<;<, S. Thus,

where

N,(b) = inf {n >1:8 > b}.

Lemma 4.8 follows from the fact that

Poo(N;(b) <n) < Poo(Ni(b) < o0) < exp(—b).
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Lemma 4.9. fork=1,2,...,

Poo(T*(a) = k) <

Proof. Note that, since the observations are independent from sensor to sensor, ap-

plication of lemma 4.8 yields

Po(T*(a) =k) < Py (W,ﬁ >ma forl1<I< L)

L

= HPOO(WIi Z ma)
=1
L

1
< Hexp(—ma) = exp(—a) = T
=1
O
Using Lemma 4.9, it is easy to derive
Lemma 4.10. Form =1,2,...,
P.o(T*(a) <m) < 2.
A
Lemma 4.11. Fort > 0,
limsup P (N < tA) <1 — exp(—t). (4.44)

a—00

Proof. For simplicity, we consider only the case L = 2. The same idea can be applied
to the cases L = 1 and L > 3. Choose m = m(a) such that m/a®> — oo, and

logm/a — 0. Note that

P(N <tA) = Poo< max max [min E} > a)

0<k<tA/m km+1<j<(k+1)m L1<I<2

St gt
= Poo<mgx max [ min max u] > a), (4.45)

J 1<I<2 4 s
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where the maximum is taken over 0 < k < tA/m, km +1 < j < (k+ 1)m and
1 <14 <jforl=1,2. For all such k, define

Di(k) = {ia:km+1<iy<j<(k+1)m}, Dy(k)={iz:1<1iy <km}.
For simplicity, omit k — e.g. write C for C;(k), and define
B, = CiNnDy, Bo=0CsNDy, By=C,N Dy, By=0CN Ds.
For r =1,2,3,4, define

St — gt
Q= Poo(maxmax [ min max u} > a),

koo Liie B om

where the maximum is taken over 0 < k < tA/m, km +1 < j < (k+ 1)m and
(11,12) € B,. Note that the right-hand side of (4.45) is less than Zle Q., and hence

it suffices to show that A

lim sup Qr <1 —exp(—t).
msuw ) =t
It is easy to see that

Q, = 1_HPOO<maX[min maxu} SCL),

; i L2 m

where the product is taken over 0 < k < tA/m, and the maximum is taken over

km+1<4<j<(k+1)mforl=1,2. Thus
tA/m
Q1=1-— (POO(T*(a) > m)) .

By Lemma 4.10 we have

m)tA/m

Qs1-(1-7
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Note that since m/A — 0 as a — oo, for given § > 0, once a is sufficiently large,

- exp(—(1+9)

- )

Sk

and thus @ <1 —exp(—(1+ d)t). Letting 6 — 0, we obtain

limsup @; < 1 — exp(—t).

a— 00

To complete the proof of Lemma 4.11, it suffices to show that for all € > 0, @5, Q3
and ()4 are smaller than e for sufficiently large a. We will prove this fact for Q)5 in

Lemma 4.12. The proofs for )3 and ), are similar. O]

Lemma 4.12. Under the condition (4.40) of Theorem 4.7, for all ¢ > 0, once a is
sufficiently large,
e 528

min max —Z

> a) <,
1§l§2 il 7Tl

Q2 =P, ( max max
k J

where the maximum is taken over 0 < k <tA/m, km+1<j<(k+1)m, 1 <i <

km, and km+1 <iy < j < (k+ 1)m.

Proof. Note that j — iy = j — km + km — i and {Sj — S} } equals the sum of the
independent random walks {S} — S}, } and {S},, — S} }. Hence,

IA

IN
|
}v

8

Q2 % iPoo< rna><;A§1 + St > 70 and W2 > 7T2a>

—1
max S; + S5} >m a),
1<i<tA J

/A\
~
@)
5
Sl=
&
\gE
w
3
N

using Lemma 4.8 for W?.
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Now using Wald’s likelihood ratio identity,

Poo( max gzl + S; > 7T1a>

1<i<tA

1 ol 1
< Poo(S) > ma) + Poo(fg%%ﬁ S; >ma—S; > 0)
< POO(SJ1 > ma) + Em)(exp(Sj1 — ma); ma — S} > 0>

= Eyexp (min(O, S; — 7r1a)>

= Ejexp (min(—S}, —7r1a)>.
Thus,

Q. < %iElexp<min(ma—S},O)>.

J=1

2 we have for

Applying Lemma 4.13 (below) for S} under Py, and letting m; = a
sufficiently large a

sup E; exp (min(ma — Sjl, O)) < €.

Jjzmi
Therefore,
t 1
QQ S E(ml 1 + (m — ml)el) < t(— =+ 61)
and the lemma follows, since the right-hand side goes to 0 as a goes to oc. O]

Lemma 4.13. Suppose X1, Xs,... are independent and identically distributed with
EX;, = pu >0, Var(X;) = 0%, and E|X;> = p < co. Let S, = X1 + ... + X,, and
my = b%. Then

sup Eexp <min(b — Sy, O)) — 0,

n>msi

as b — oo.

Proof. First we establish

E exp (min(b — S, 0)) < a?ip/ﬁ + (I)(ba—\/nﬁﬂ>
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2

+ 0\/ﬁ> exp (b + (% - u)n), (4.46)

b—nu

av/n

+A(

where ®(x) is the standard normal distribution and A(z) =1 — ®(z) = ®(—x).
Let F,(x) denote the distribution function of S,,. Then

x—n,u)’< 3p

ovn /17 a3\/n

Fo(z) — ® (
for all x by the Berry-Esseen Theorem. Now

Eexp (min(b — 5,,0)) = F,(b) + /boo exp(b — z)dF,(x)
- /boo F,(x)exp(b— z)dz

< [ @A) o

3p T — N

- 03\/ﬁ+q)( a\/ﬁ>+
L
| o explo+ )=,

and hence (4.46) holds.
We next bound each term on the right-hand side of (4.46). For n > my, the first

two terms are uniformly bounded by

3p 1 — b
)
o3b * o
which goes to 0 as b — oo.

For the third term on the right-hand side of (4.46), we need to consider two cases:
(1) p > 0?/2; and (2) u < 02?/2. In case (1), note that A(z) < 1, and so for all

n > myq, the third term is smaller than

2

exp (b= (1= 5)H)
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which goes to 0 as b — oo. In case (2), note that A(z) < ¢(z)/x for all x > 0,

where ¢(z) is the density function of the standard normal distribution (see page 141

of Williams [42]). Thus the third term is smaller than

o\v/n b— un
b—l—(az—u)n(b( 0\/% )’

which also goes to 0 uniformly for all n > m; as b — oc.

Therefore, Lemma 4.13 holds. O]

4.3 Finiteness of V(g, f)

In Lemma 4.1 and Theorems 4.4 and 4.7, we assume Vp(g, f) < oo, which is difficult
to verify in general. In this section, we give some sufficient conditions to verify it

when D = 2.

Theorem 4.14. Suppose f(y) and g(y) are two densities such that

Eg<log %)2 = /log (%Yg(y)dy < 0.

Define

At) =Py (g(Y) > tf(Y)), B(t) =P,(g(Y) > tf(Y)).

Assume that A(t) and B(t) are continuous functions of t on (0,00) and take values

0 and 1 for the same t. Moreover, assume that

lirtriilolp\/B(t) | log A(t)| < oo, (4.47)
and
limsup /1 — A(t) |log(1 — B(t))| < oo, (4.48)

t—0



72
where v/0|log 0| is interpreted as 0. Then Va(g, f) < oc.

Proof. Assume that ¢(Y) is a measurable function taking values in {0, 1}. Denote by
f» and g, respectively the density of ¢(Y) when the density of Y is f or g. Let

go(¢(Y))

Zo =108 % (5v))

Note that when D = 2,

1—
Ey(Z0)" = (10 22)° + (1 = ) (log T2
where ay, = Pp(¢(Y) = 1) and By = Py(¢(Y) = 1). Define
T2 1—r2
D(r.5) = r(1og 1) + (1 = 1) (1o -=0)".

for 0 < r,s < 1and D(0,0) = D(1,1) = 0. To prove V5(g, f) < oo, it suffices to show
that there exists a constant M such that for all ¢,

D(ﬁ¢,a¢) < M.

If one of oy, and By is 0 or 1, it is easy to see that Z, is 0 with probability 1 under
g, and hence D(f3,, o) = 0. So it suffices to consider the case where 0 < ay, G, < 1.
Since D(b,a) = D(1—b, 1—a), assume without loss of generality that 0 < a,, < [, < 1.
(Otherwise consider 1 — ¢(Y) and use (4.48) instead of (4.47)). Since 1 — B(t) is a
cumulative distribution function and B(t) is continuous, there exists ¢y € (0, 00) such

that
B(to) = By.
Now define v* by
1 if g(X) > tof(X);

0 otherwise.

Then P¢(v* = 1) = A(ty) and P,(7v* = 1) = B(to).
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The proof of the Neyman-Pearson lemma (page 65 of Lehmann [14]) shows that

/ (7 — 1) (9ly) — tof (4))dp > 0,

so that
(B(t) = Bs) — to(A(t) — ag) > 0.

Since B(tg) = (B4 by our choice of ¢y, we have
A(tg) S Q.
Note that for fixed r,

dD(r,s) l—r 1—7 r_ r

s 2[1—3

which is positive for all s < r. Thus D(r, s) is a decreasing function of s in the interval

[0, 7]. In particular,

D(By, ap) < D(By, A(to)) = D(B(to), Alto)).

Therefore, it suffices to show that there exists a constant M such that for all ¢,
D(B(t), A(t)) < M.

Since A(t) and B(t) are continuous functions of ¢, it suffices to show that D (B(t), A(t))
is bounded as ¢ goes to 0 or co. It is easy to see that if the likelihood ratio g(y)/f(y)
has a positive lower bound by > 0, then D(B(t), A(t)) is 0 if b < by. So it suffices to
consider the case when such a lower bound does not exist.

Now B(t) and A(t) go to 1 as t goes to 0, so

lim \/%‘ log ig; ) =0.

t—0



74
By Wald’s likelihood ratio identity, we have

1=B(t) = P,(g(v) <tf(V)) =By (§550(V) <7(V))
< tPy(g(V) SHA(YV)) =11 - A1),

Using the fact that 1 — A(t) < 1, we know that /1 — B(t)} log iﬁg

g ‘ is less than

max {\/1 — B()|log(1 — B(t))|,v/1— B(®)| logt|} (4.49)

Ast — 0, B(t) — 1, so that the first term in equation (4.49) goes to 0. By Chebyshev’s

inequality the square of the second term is

(logt)2Pg<( — log ]gcgj;) > |10gt]) < Eg< ~log %)2’

which is finite by the assumption. Hence

limsup D(B(t), A(t)) < oo

t—0

Similarly, it is clear that

1— B(t)
lim /1 - B ‘log ’—O

t—o00 t

and

lim sup \/B(t)‘ log%’ = limsup \/B(t)|log A(t)]

t—o00 t—o00

is finite by the assumption in (4.47). Hence

limsup D(B(t), A(t)) < oo,

t—oo

and Theorem 4.14 is proved. Il
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Corollary 4.15. Suppose the distribution of the random variable Y belongs to a one-

parameter exponential family having the continuous densities
foly) =exp{fy —b(0)}, —oc0o<y<oo, §e

with respect to a o-finite measure p, where 2 is an open interval on the real line
and b(0) is twice differentiable with respect to 0. Let Fy(y) denote the distribution
function of Y. Consider 8y < 6 in Q, and let f; = fo, and F; = Fy, for i = 0, 1.
Define yo = sup{y : Fo(y) = 0} and yy = inf{y : Fi(y) = 1}. If

3/2 _ 3/2
lim —(Fo(y)) < oo, and lim —(1 Fi(y))

Y=o f() (y) =0 fl (y)

< 00,
then both Va(fo, f1) and Va(f1, fo) are finite.

Proof. Since fi(y)/fo(y) is a monotonically increasing function of y, it suffices for
Va(f1, fo) < oo to show that equations (4.47) and (4.48) hold for A(t) = 1 — Fy(logt)
and B(t) = 1 — Fi(logt), which is straightforward using L’Hopital’s Rule. The proof
is identical for Va( fo, f1). ]

Remark: Tt is easy to check that two normal distributions with the same variance

satisfy the conditions in Corollary 4.15, and so do two exponential distributions.

4.4 Numerical Examples

Suppose there are three sensors sending binary messages to the fusion center, i.e.,
L = 3 and D' = 2. Assume that the observations at sensor S; are independent and
identically distributed normal random variables with mean 0 and variance 1 under
Hy and with mean p; and variance 1 under H;.

If gy > 0, then in cases A, C and E, the likelihood ratio at sensor S; is a mono-

tonically increasing function of the observation, and hence the MLRQ at each sensor
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S; can be written as
1 X,i > A\

0 otherwise.

Thus the Kullback-Leibler information number for U}, is
I = h(@\ = ), @(\)),

where ®(-) is the distribution function of a standard normal random variable and
h(a,b) = alog(a/b) + (1 — a)log((1 — a)/(1 — b)). Since the function I(\') has a
unique maximum value over [0, 00|, it is easy to find the optimal A,

Let us consider the case of three nonidentical sensors: pu; = 0.4, us = 0.8 and
i3 = 1. The optimal thresholds A are 0.3169, 0.6347 and 0.7941, respectively, and the
corresponding optimal Kullback-Leibler information numbers I(\!) are 0.0509, 0.2038
and 0.3186, respectively. Therefore,

~ (u)”
Ip=05733, and Lu=y -

=1

=0.9.

Consider the following three optimal procedures: (i) M(a) defined by (4.12) in
cases A, C and E; (ii) T'(a) defined by (4.16) in cases B and D, and (iii) N(a), the
optimal one-sided SPRT for the centralized problem, which is defined by

n L
N(a) =inf{n >1:8S, > a}, where §, = ZZlog ?iif{%)) (4.50)
k

k=1 l=1

Since 1/Ip = 1.7443 and 1/I;,; = 1.1111, the asymptotic theory in Section 4.1 indi-

cates that

E;M = 1.7443 |log o] + O(1);
E\ T = 1.1111 |loga| 4+ O(+/]|log al); (4.51)
E.N = 1.1111 |logal + O(1),



7
where « is the error probability.
For each of these three stopping times 7(a) and a = 20 %, 1 < ¢ < 100, we
simulated the expected sample size E;7(a) directly and used importance sampling to

simulate the error probability o = Py(7(a) < 00). That is, the estimator of « is
1= LS oS, (452
a&=—>Y exp(—S,), :
m <7 P !

based on m independent realization of (7, S,) under the probability P;. Fitting func-
tions of a of the same form as (4.51) to the simulation results based on 2500 repeti-

tions, we obtained

E.M = 1.7441 |loga| + 0.3109;
E, T = 1.1150 |log |+ 2.712v/|log o — 1.109;
E.N = 1.1112 |logal 4 0.2217,

which agree well with the asymptotic expressions in (4.51).

Now consider the same examples for change-point problem, i.e., suppose there
are three sensors sending binary messages to the fusion center, so that L = 3 and
D' = 2. Assume that the observations at sensor S; are independent and identically
distributed normal random variables with mean 0 and variance 1 before the change
and independent and identically distributed with mean y; and variance 1 after the
change. Again, assume p; = 0.4, s = 0.8 and puz = 1.

We compare the following three optimal procedures: (i) M*(a), defined by (4.34)
in cases A, C and E; (ii) 7%(a), defined by (4.38) in cases B and D, and (iii) N*(a),
Page’s CUSUM procedure in the centralized problem, which is defined by

N*(a) =inf{n >1: max (S, —Si) >a},

0<k<n—1

where S,, is defined by (4.50) and Sy = 0. Now the asymptotic theory in Section 4.2
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indicates that

E\M* = 1.7443 logvy + O(1);
E\T* = 1.1111 logvy + O(y/log7); (4.53)

E\N* = 1.1111 logy + O(1),

where 7 is the mean time between false alarms.

For these three procedures 7(a), the renewal property of CUSUM statistics implies
that the detection delay E;7 (or D(7)) is just E;7, the expected sample size when
the change happens at time v = 1. It is therefore straightforward to simulate the
detection delay. However, it is very difficult to simulate E.,7(a) directly if a is large.

As pointed out in Lai [10], if 7 is a CUSUM procedure,
(4.54)

provided that v = E.7 satisfies n/logy — oo and logn = o(logy) as v — oco. It
can be shown that expression (4.54) also holds for these three asymptotically optimal
procedures. Thus, by importance sampling, a good estimator of E, 7(a) for these

procedures is

/{2 (exn(=8 16 <)

j=1
based on m independent realization of (7,S,) up to the specified time n = a* under
the probability P;.

For a = 20%7, 1 <7 < 100, Monte Carlo experiments with 2500 repetitions yielded
estimates for the detection delay E;7 and the mean time between false alarms for each

of these three optimal procedures. Fitting function of a of the same form as (4.53)
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to the simulation results, we obtained, with v = E,7(a)

EM* = 1.7417 log~y — 7.423;
E\T* = 1.1136 logy + 2.6857+/log vy — 8.9343;

E\N* = 1.1091 log~y — 4.4063,

which agree well with the expression (4.53) obtained from the asymptotic theory in

Section 4.2.
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Chapter 5

Some Results Related to Classical
Change-Point Problems

In this chapter, we study classical change-point problems with given pre-change distri-
bution. We briefly introduce the Shiryayev-Roberts procedures. Then we show that
the proof of the optimality property of the randomized Shiryayev-Roberts procedure
in Yakir [43] is wrong. Finally we construct a counterexample to disprove Pollak’s
conjecture on change-point problems for dependent observations. In this chapter we
use the notations in Pollak [24] and Yakir [43], which are slightly different from those

in the previous chapters.

5.1 Shiryayev-Roberts Procedure

Given densities f and g, suppose that we observe a sequence of independent random
variables X, Xs,... whose density changes at some unknown time from f to g. Let
P, denote the probability measure (with change time k) when Xj,..., X, have
density f, while Xy, Xi1,... have density g. Let P, denote the probability measure
when there is no change, i.e., X, Xs, ... are independent and identically distributed

with density f. Then Page’s CUSUM procedure in (2.5) can be written as

. _ - 9(X3)
Ty = 1nf{n >1: 1211?;12 X)) > A}.

The following alternative to Page’s CUSUM procedure T’y has been suggested by
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Shiryayev [30] and Roberts [28]:

n

9LX) A}, (5.1)

=] >1:
Ny 1nf{n_ X)) >

[y

n
k=1 i=k

This so-called Shiryayev-Roberts procedure is a limit of Bayes solutions and its prop-
erties have been studied in Pollak [24, 25]. It is well known that the behaviors of
these two procedures are similar (see, e.g., Pollak and Siegmund [26]).

Note that if we define

RN Hn 9(X5)
= k=1 i=k FXa) (52)
then
_ 9(Xn)
o =)

forn=1,2,..., where Ry = 0.
This inspired Pollak [24] to consider the following randomized Shiryayev-Roberts

procedure:
T(A o) =inf{n >0: R; > A}, (5.3)

where

9(Xy)
f(Xn)

and R} € [0, 00) has distribution ¢ chosen by the statistician.

R, =(1+R,_,)

For the right distribution g, the asymptotic optimality of 7(A, o) was proved
in Pollak [24]. Later Yakir [43] claimed that it is exactly optimal in the sense of

minimizing the “average” detection delay

Dy(N)= sup Ey(N—-k+1|N>k—-1) (5.4)

1<k<oo

among all stopping time N satisfying E.o N > E7(A, ).
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In Section 5.2, we point out that the proof in Yakir [43] is wrong. Simulation
results support our conclusions. It is still an open problem whether 7(A, ) is exactly
optimal.

It is natural to extend the theory of change-point problems to the case of depen-
dent observations. Lai [11] showed that the analog of Page’s CUSUM procedure is still
asymptotically optimal under some conditions which are difficult to verify in general.
Pollak [25] showed that the analog of the Shiryayev-Roberts procedure is asymp-
totically optimal in change-point problems for post-change distributions that are a
certain type of mixture. Pollak conjectured that the analogs of the Shiryayev-Roberts
procedures are asymptotically optimal for dependent observations in a wide context
([24], [44]). In Section 5.3, we construct a simple counterexample to show that the
close relationship between open-ended hypothesis tests and change-point procedures
may fail and the analogs of Page’s CUSUM or the Shiryayev-Roberts procedures are

not in general asymptotically optimal for dependent observations.

5.2 On Yakir’s Optimality Proof

In this section, we explain what is wrong with Yakir’s proof of the exact optimality

of the randomized Shiryayev-Roberts procedure.

5.2.1 Theoretical Results

In order to prove optimality properties of N = 7(A, pg) for the right distribution ¢y,
Pollak [24] and Yakir [43] considered the following extended Bayes problem B(G, p, c).
Let G be a distribution over the interval [0, 1]. Suppose 0 < p < 1. Assume that a
random variable 7y is sampled from the distribution GG before taking any observations.
Given the observed value of 7y, suppose the prior distribution of the change-point v
is given by P(v = 1) = mp and P(v = n) = (1 — my)p(1 — p)"~2 for n > 2. Consider

the problem of minimizing the risk

P(N<v—1)+cE(N—v+1)*,
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where ¢ > 0 can be thought of as the cost per observation of sampling after a change.
It is well known (Shiryayev [30]) that the Bayes solution of this extended Bayes
problem B(G, p, c) is of the form

Mg, . =inf{n>0: R, > A},

where ¢ =1 — p, and

Toq

p(1 — mo) -1

* * * n 1
Ry = , Ry, =(Ry .+ 1)f ~ for n>1,
where 7 has a distribution G. Yakir [43] showed that for some sequence of p — 0,
there exists a sequence of G = G, and ¢ = ¢, such that ¢ — ¢* and m/p — R+ 1 in
distribution, and so N} is a limit of Bayes solutions M, .. Yakir [43] claimed that

the Bayes solution Mg , . satisfies

1 — {Expected loss using M¢ , . for Problem B(G,p,c)}

lim
p—0 p
= (1 — c*ElNz)(ERS + 1+ EOONZ). (5.5)

The proof of the exact optimality of the randomized Shiryayev-Roberts procedure
in Yakir [43] is based on this equation. However, the next theorem shows that equation

(5.5) does not hold in general.

Theorem 5.1.
. 1 — { Ezpected loss using Mg, . for Problem B(G,p,c)}
plg(l) p
_ E ((1 — N (R + 1)) (1 - ENSENS. (5.6)

Proof. For the extended Bayes problem B(G, p, ¢), any stopping rule N satisfies

1 — {Expected loss using N for Problem B(G,p,c)}
p
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PN >v—1
_ PW=2v >[1—0E(N—u+1IN2v—1)- (5.7)
p
Note that
P(N>v—1 -
(N=v—1jm) _ D0 S (1 —m) (1= p) PPN > k—1jo = k)
p p k=2
- % +) (1= m)(1 = p)f P (N >k — 1)
k=2

Since mo/p — R + 1 in distribution, and Mg, , . — N} as p — 0, we have

. P(Mg;chl/—l)
lim R

p—0 p

— ER:+1+E.N. (5.8)
Arguing as in lemma 13 of Pollak [24], we have

lim BE(M¢, . —v+ 1M, . >v—1)=
p—0 P P

ENj ER;+1
E.N* A 0 mE(N* v = 1 59
PAER;+ 1+ BN, | BRj+ 1+ BN o0 (Naly=1), (5.9)

and the limiting distribution of R conditional on {v = 1} has the density dp;(z) =
(z + 1)dpo(x)/ [(x + 1)dpo(z). Since R > 0, by definition (5.3),

E(N;|R;,v=1) <E(N;|R; =0,v=1) = ENy,

where N, is defined in (5.1). It is well known (Pollak [24]) that E;N4 < oo. Thus,

by bounded converge theorem,
lim B(N v = 1) = 1ir%E(E(N;|Rg, v = 1)’,, — 1) —Er(A ),  (5.10)
p— p—

since the limiting distribution of R, given the event {v = 1}, is ;. Using the relation
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between ¢y and ¢, it is easy to see that

El(le(RS + 1))

0

(5.11)

The theorem follows at once from Equations (5.7) — (5.11). O

Remark: It is interesting to note that N7 is a so-called equalizer rule, i.e., for all

kE>1

)

E (N5 —k+1|N5 > k—1) = BN,
Yakir [43] claimed that N} is also an equalizer rule in the context of the extended
Bayes problem B(G, p,c), i.e., for all k > 1,

lin%E(NZ —v+1Ny>v—-1v=k)=ENj}.
p;}

However, although this is true for all £ > 2, it is false for K = 1 in general. Note that
(5.10) and (5.11) tell us that for k =1,

lir% E(Ny—v+1Ny>v—1v=1)=E;7(A4,¢1) # E{N} in general.
p—>

Thus, Yakir’s claim is wrong.

It is natural to do simulations to confirm that (5.5) fails while (5.6) is correct.
However, it is difficult to simulate the value of the left-hand side of these two equa-

tions. Now based on (5.5), Yakir [43] also showed that

(o +1)(1 = po)
polpio+1)+1"7

E, N}, = (5.12)

where

po=P(R;>A) and  po= E(RG|R; < A).

Yakir is correct in deriving (5.12) as a consequence of (5.5). Our result (5.6) and the
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arguments in Yakir [43] lead to
B N; = (0 + 1)(1 = po) = poEs (RN ). (5.13)

Thus, in order to confirm that Yakir’s proof is wrong, it suffices to show that (5.12)

fails while (5.13) is correct.

5.2.2 Numerical Examples

To illustrate that (5.13) is correct and (5.12) is not, we have performed simulations
for the following example, which is considered by Pollak [24] and Yakir [43].

Define fo(z) = exp{—x}1(z > 0) and fi(z) = O exp{—0z}1(x > 0), where 6 > 1,
and pick an A such that 0 < A < 6. Yakir [43] chose the randomized Rf as follows.
Let the distribution of R* be ¢, where

0 if z <0;
wo(r) = (z/A)VO-D if 0 <2 < A
1 if z > A.

Let the distribution of Z be the P, distribution of f1(X)/fo(X). Both R* and Z are
independent of the sequence of observations X, Xo,.... Then R = (R* + 1)Z.

As shown in Yakir [43], in this example,

A A 1 A (2-0)/(6-1)
Uo = /o r dpo(r) = rE and pyp=1-— (G = 1) /0 (o + VT dz.

If § = 3, then py = 1 — (log(24 + 1 + 2/A2 + A))/(2V/3), and if § = 2, then py =
1 — (log(A+1))/2.

Table 5.1 compares the theoretical values of E; N} given by (5.12) and (5.13)
to Monte Carlo estimates. Our theoretical result (5.13) was based on Monte Carlo
estimates of Eq (R5NY), while Yakir’s result (5.12) was calculated exactly. The number
of repetitions was 100,000 in the Monte Carlo experiment.

The results in Table 5.1 suggest that (5.13) gives correct values for E; N} and
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0] A | Monte Carlo | Our result (5.13) | Yakir’s result (5.12) |
31 2.9 | 1.2357 £ 0.0032 | 1.2382 £ 0.0010 0.9938
31 2.7 | 1.1652 £ 0.0031 | 1.1632 £ 0.0010 0.9268
3| 2.5 | 1.0877 £ 0.0029 | 1.0927 £+ 0.0009 0.8617
21198 | 0.7779 £ 0.0027 | 0.7715 £+ 0.0013 0.5708
2| 1.8 | 0.7005 £ 0.0026 | 0.6993 £ 0.0012 0.5090
2|1 1.5 | 0.5798 £ 0.0023 | 0.5813 £ 0.0010 0.4115

(5.12) does not. These results support the claim that Yakir’s proof of exact optimality

of the randomized Shiryayev-Roberts procedures is flawed.

5.3 Pollak’s Conjecture on Problems with Depen-
dent Observations

In this section we construct an example to show that the close relationship between
open-ended hypothesis tests and change-point procedures no longer holds for depen-
dent observations. It also disproves the conjectures of Pollak [24] and Yakir, Krieger
and Pollak [44], which state that Page’s CUSUM and the Shiryayev-Roberts proce-
dures are asymptotically optimal for dependent observations. Our example illustrates
that in open-ended hypothesis testing problems in which the null hypothesis specifies
a mixture of distributions, the SPRT is asymptotically optimal, but Page’s CUSUM
and the Shiryayev-Roberts procedures are not asymptotically optimal in the corre-
sponding change-point problems.

Consider three given probability densities fi, fo and g such that

(5.14)

X)\2 X)\2
E“(’(lOg]gj((X))) <oo forj=1,2, and Ef1<log%> < 00,

and I > Iy, where I; = I(g, f;) = E,log(g(X)/f;(X)) (j = 1,2) are the Kullback-
Leibler information numbers. Denote by Py, P, and P, the probability measures

when X7, X5, --- are independent and identically distributed with densities f7, fo and
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g, respectively. Choose a constant 7y € (0, 1), say m9 = 1/2. Define
Pf = 7T0Pf1 + (1 - 71'0)Pf2.

Under Py, X;, Xo, -, X,, have a “mixture” joint density

flay, - an) =mo || Aulwi) + (1= m0) [ | falw)- (5.15)
i=1 i=1
Suppose that X, X, ... are sampled from a true distribution P, and we are in-
terested in testing the null hypothesis Hy : P = P against the alternative hypothesis
H, : P = P,. The one-sided SPRT is defined by

. - g(Xi’Xla"‘ aXzel)
= f >1: > A
TA n {n > iI;[f(Xi’le" 7Xi71> - }

= nfin : H?ZI g(XZ)
- f{ = mo [ [y f1(Xa) + (1 —mo) [T, f2(X0) ZA}

In change-point problems, we are interested in detecting a change in distribution

from Py to P,. Page’s CUSUM procedure has stopping time

. q( :
T, = f{ >1-
4 = 1<k<nH XZ|X17 7X7;—1

. Hn—kg Xi)
= 1nf{n>1 max = - > As,
— asksnme [iny A(XG) + (1= me) [T, f2(X5) }
where
o= mo [[imy J1(X5)
mo [ [y f1(Xi) + (1 — mo) [[i; fo(X)
Similarly, the Shiryayev-Roberts procedure has stopping time
X ’Xla ) z 1)
Ny = 1nf{n>1 ZHfX]Xl 71) }
k=1 i=k ’ v
HTL—]{ g(Xz)
= mf{ >1: ~ = >A}.
; Th-1 [ Limy f1(X3) + (1 — meo1) [T f2(X0)
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The purpose of this section is to establish the asymptotic optimality of 74, the
SPRT, and to show that T4y and N4, Page’s CUSUM and the Shiryayev-Roberts pro-
cedures, are not first-order asymptotically optimal. As a consequence, the conjecture

in Pollak [24] and Yakir, Krieger and Pollak [44] is false for dependent observations.

5.3.1 Asymptotic Optimality of the SPRT

The next theorem shows that 7,4, the one-sided SPRT, is asymptotically optimal.

Theorem 5.2. For any A > 0,

1
Pf(TA < OO) < Z, (516)
and as A — oo
log A
E, 74 = Of +O(1). (5.17)
2

Moreover, if {N(A)} is a family of stopping times such that (5.16) holds, then

S log A

E,N(A) +0(1), as A— oc. (5.18)

2

Proof. Relation (5.16) follows at once from Wald’s likelihood ratio identity. Note that

T4 can be written as

. ~g(X) 1
T :1nf{n21: lo + lo > lo A},
A Z SR T Tt (o) T
where v, = [, (f1(X:)/f2(X;)). Since I; > I, we have Ejlogy, = I, — I} < 0.
Thus 7, — 0 with probability 1 under P,. The proof of (5.17) is therefore a direct
application of the nonlinear renewal theorem (Theorem 9.28 of Siegmund [33]).
To prove (5.18), note that (5.16) is equivalent to

7P, (N(A) < 00) + (1~ 70)P 1, (N(4) < 00) < .
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so that we have
1 1

1—7T0 A

P, (N(A) < o) <
Relation (5.18) now follows at once from the well known fact that

E N> |log P, (N < 00)|
N > )
I,

5.3.2 Suboptimal Properties in Change-Point Problems

For 1 < v < oo, let P, denote probability when the change in distribution from
Py to P, occurs at the vth observation, so that X;,..., X, _; have joint density
fand X,, X,.1,... are independent and identically distributed with density ¢g. Let
P; denote the probability measure when there is no change, i.e. v = oo, in which
case X1, Xo,... are distributed with density f. As in the change-point problems for

independent observations, we seek a stopping time N which minimizes

E,N

g

subject to the constraint E;N > ~.
We first consider the asymptotic behavior of Ty and N4, Page’s CUSUM and the
Shiryayev-Robert procedure, and then propose a better procedure, which has much

smaller detection delay and roughly the same mean time between false alarms.

Lemma 5.3. As A — oo,

logEf Ny <logE;T4 < (14 0(1))log A, (5.19)

Proof. The first inequality holds by definition, and so it suffices to prove the second
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inequality. Define a new stopping time

tl(A):inf{nZ lzﬁ

(Xi) > <7T0 + (1 — ) Hlel(fz(Xi)/fl(Xi))>
7o + (1 — mp) H?:l(fQ(Xl)/fl(Xl))

() (= )

v

and hence Ty < t1(A) by definition. By the following lemma, Et(A) = O(Alog A),
and so Ef, Ty < O(Alog A). Similarly, Ef, T4 < O(Alog A). The lemma follows, since
EfNIﬂ'OEle—i—(l—ﬂ'O)EfQN. ]

Lemma 5.4. As A — oo,
E;t1(A) = O(Alog A), (5.21)

where t1(A) is defined in (5.20).

Proof. Let S, = 37 log(f1(Xi)/f2(X;)) and Vi, = 370 log(g(Xi)/ f1(Xi)) for n =
1,2,..., and Vj = 0. Denote W,, = maxo<g<n—1(V,, — Vi), then ¢;(A) can be written
as

t1(A) =inf{n >1:S5, > —loglog A and W, > K4}.

Using an idea of Kiefer and Sacks [9], let v; be the first n such that W,, > K4, vy the

second n such that W,, > Ky, etc. Let ¢; be the indicator function of the set where

Sy, < —loglog A,t =1,2,.... Then as shown on page 719 of Kiefer and Sacks [9],

t1(A) = v + Z(UJH — ;) H¢t-
1 t=1

j=

Let v, — v; be the first m such that maxi<p<m(Viniv; — Vato;) = Ka. Evidently,
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* : * Y : :
Vi1 — Uj > vj41 — v5. Since v,y — v; depends on X'’s whose indices are greater than
vj, it follows that v}, ; — v; is independent of ¢y, ..., ¢;. Moreover, v} ; — v; has the

same distribution as v;. Consequently

Ef1t1(A) < (Eflvl)(l + Z Efl H ¢t)
j=1 t=1

Let o be the last time S,, < —loglog A. Since v; > j, we have

00 i 00 00
ZEfl H¢t < ZPfl(a > Uj) < ZPfl(U > ]) - Ef10'
j=1 t=1 j=1 =1

Since the summands in S,, have mean I(fi, f) > 0 and Var(S;) < oo by assumption
(5.14), it is well known that Ef o < oo, (see, for example, Theorem D in Kiefer and
Sacks [9]). By a property of Page’s CUSUM procedure, we know Erv; = O(Ky).
Thus, Ef,t1(A) < O(K4)O(1) = O(K4) = O(Alog A). O

Lemma 5.5. As A — oo,

1+ 0(1)
I

EgTA 2 EgNA Z EgNA Z lOg A, (522)

Proof. The first inequality holds by the definitions of T4 and N4, and the second
inequality holds by the definition of EQN . So it suffices to prove the last inequality.

Rewrite N4 as

(1) (2)
9(Xi) log moWn ' + ( o)W

(X)) ot (A—m) - log A}

NA:inf{nZ 1:210g
i=1

where

 fin TR =10 O . O
L= d W =1 . Jj=12
" o o +; g(X0) - g(Xy) 7

Since I} > Iy, Eglogy, = I, —1I; < 0. Thus, under P, 7, — 0 with probability 1, and

Wy — W, a finite random variable (see Pollak [25]). By the nonlinear renewal
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theorem, we have that

1+ 0(1)

2

E,N, =

log A
as A — oo. O
Theorem 5.6. If N(v) are stopping times such that E;N(v) > v, then

log ~y
L

E,N(7) > (1+0(1))

as v — 00, and there exist stopping times for which equality holds. Thus Ty and N 4,

Page’s CUSUM and the Shiryayev-Roberts procedures, are asymptotically suboptimal.

Proof. For any stopping time N = N(v) such that E;N >, we have
WoEle + (1 — Wo)EfQN 2 v,

thus Ef N > v or Ef, N > 7. So by the optimality property of Page’s CUSUM

log logv) _ (1+o(1))10g7

E,N > (1 1)) mi
o = (14 of1)) min(<F1, 22 -

as 7 — 00

since I; > I. Moreover, this bound is achieved by the CUSUM procedure Ti(7),
defined by

Ti(y) = inf {n > 1: max H
i=k

1<k<n 4

[i(Xs) T om
This is because Ey, T'(y) > v/m and so E;T(v) = mEnT(y) + (1 — m)EnT(y) > 7,
while E,T(7) = (1 + o(1))(log¥)/I.

Now it is straightforward to show that T4 and N4 are asymptotically suboptimal.

Assume E¢T'y = ~. Then by Lemmas 5.3 and 5.5,

E, T4 > (1+0(1))

log log
1+ o0(1
A > (14 0(1)) T
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since Iy > I,. Thus T4 is asymptotically suboptimal. The proof for N, is the

same. OJ

Remarks:
1. The lower bound in the previous theorem can also be achieved by our procedures

defined in Chapter 3:

n

" . . . 9(Xi) }
= >1: m —I..
M*(a) = inf {n 1 min min 2 (log (X)) Ij-a)>0p¢,
or
= >1: Xo) g . :
M (a) = inf {n 1 min min 3 (log F(X,) I;-a)>0 (5.24)

2. Page’s CUSUM and the Shiryayev-Roberts procedures can effectively detect a
change from f5 to g, but they perform poorly when detecting a change from f; to g.
However, from the asymptotic viewpoint, the standard formulation is equivalent to
the problem of detecting a change from f; to g. At a small additional cost of detection
delay, our procedures M*(a) and M;(a) are able to detect both changes very well.

3. This counterexample can be extended to the case where

01

fley, - z,) = i fe(wr) -+« fe(wn)m(€)dS,

and g = f\, where { f¢}¢cq are the densities of a one-parameter exponential family, as

defined in (3.4), with natural parameter space 2 = (¢, £) with respect to a sigma-finite

measure F', and 6; < A.

5.3.3 A Numerical Example

The purpose of this subsection is to give some indication of Theorem 5.6 and to
show that Page’s CUSUM procedure T4 and the Shiryayev-Roberts procedure N4
are suboptimal.

Table 5.2 compares the results of a 2500-repetition Monte Carlo experiment in
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Table 5.2: Comparisons of four stopping times

Eq7 Eg7 Esr E,7
Page’s CUSUM, T4 6402 £ 129 | 14214 £+ 289 11610 | > 51.94+0.5
Shiryayev-Roberts, Ny | 1766 £ 35 1336 + 27 1480 >349+0.3
T1(7y) (v = 2000) 37815776 | 9.4+£0.1 12612 17.3£0.1
M;(a) (a =17.3) 36102 £ 744 101 £2 12101 23.7+0.2

MATLAB. In Table 5.2 we consider the change-point problem in this section with
fi = N(1,1), fo = N(—0.5,1),g = N(0,1) and my = 1/3. Note that the expected
values of sample means are 0 under both the pre-change distribution f and the post-
change distribution g.

Four different procedures are considered in Table 5.2. The first is Page’s CUSUM
procedure T)4. The second is the Shiryayev-Roberts procedure N4. For A = 1000, we
simulated Ef, 7, Ef,7 and E 7 for these two procedures, giving the mean time between
false alarms E;m = mgEf, 7+ (1 — my)Ey,7, and a lower bound of the detection delay
EgT in E,7.

The third procedure is T7(7y), defined by (5.23), and the fourth is M7 (a), defined
by (5.24). We simulated Ef7,Ef7 and E,7 for 7 = Ti(y) with v = 2000 and
T = M{(a) with a = 17.3. It is easy to see that E;7 = moEf, 7+ (1 — mo)Ey,7, and
the detection delay E,7 equals to E,7 for T} () and M;(a). The thresholds v and a
are determined from the criterion E;7 > E;Ty ~ 11610.

Table 5.2 indicates that T} (vy) performs better than both Page’s CUSUM proce-
dure T4 and the Shiryayev-Roberts procedure N4 in the sense that 77(y) has a larger
mean time between false alarms and much smaller detection delay, reflecting that
Page’s CUSUM and the Shiryayev-Roberts procedures are asymptotically subopti-
mal. The conclusion still holds if T} (7) is replaced by M/ (a).
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