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f1� � WP��vowqkVOPQ7r1�qp1j|Q7S O1v �:�!j|Q��

Sl�1Q��#kgT �FQ�muX �
kVOPQzf1v�fPmuT fPQ!i!jCv�p1k}�dvoT fP�5i�fP�JT fP�-voT f1�5S�vomup1kgTVv�f1S��oh1i!jlk � �&�oTsSCkVOPQ�SUk}i
f1�PT fP�-� �(i �RQ
S�vomup1kgTVv�fR�7i
f1� �Ci!jlk � �1��TVS5kxORQ�v�p1k}�dvoT fP� S�vomup1kgTVv�f Q�:�kgjUi!� k�Q!� w�jlv�t Tsk �2NRORQ �RQ�j k�Ts�#i!mzSU�&i!msQ
�qT �RQ!S rPQ�mV�0SUkgj|Q&f1�qkxO � i�j~WRTsk�jli�j|XBpRfRTsk�S��:i
f1� kxORQ(OPvojlT���v�fPk�i�m7�#vqvojl�PT fPi�kgQ!SJi!j|Q(�#v��}j vok�i�kgT f1�
� i!jlkgQ!SUTVi�f��&vqvoj �PT f1i!kgQ!S�T f8pRfPTuk}S7vow

a
��kVOPQ:�PTVSUk�i�fR�#Q�vowPi:S�v�p1j|�#QGw�jlv�t kVOPQ�j vok}i!kgTVv�f�i/:�TVS�� � � >o�

� � > �':�kgjUi!�#kgQ!�0v�p1k��-voT f1� f1v�fPmuT fPQ!i!j �(i �FQ!S �PS��
kgj|p1Q�v�p1k}�dvoT fP�Df1v�fRmsT fRQ!i�j �(i �FQ!S���n-voj
λ =

0,−2,−10
�
Ψ0 = 0.15

�
aΩ = 0.3

� ��TukxO�i
180 × 20 × 32

�qjlTV�H�1NRORQ�rPQ�mV�
Ψ
TVS�S OPv ��f@i�S�i

w�pRfR�#kgTVv�f$vowdjMi!mVv�fP�5i�jUi��PTVi�m!msT fPQ�kVOPj v�pC��O$kVOPQ�S�v�p1j � Q`�CvoT fPkx�!T;� Q<���!i!mVv�f1��kVOPQ
θ = π/2

�
ϕ = 0

msT fRQ<� � v�fPkgT fRpCv�pCS/� p1j �RQ!S5S OPv � �#v�t��Pp1k�i!k�TVv�fPi�mzj|Q!Slp1msk�S�w~voj5v�p1k��dvoT f1� �(i �RQ!S�����TVSU� j|Q�k�Q
�CvoT fPk�Sl�7w~voj5kVOPQ8f1v�fRmsT fPQ!i!j5t+vq�PQ�mVSl�`S O1v � kVOPQ2i!�P�1j v�:�Tut�i�kgQ(v�p1k}�dvoT fP� �(i �RQ!S Q�:�kgjUi!� k�Q!�
w}j v�t SUk�i�fP�PT f1� �(i �RQ�S�vomup1kgTVv�fPS�� � � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� >��



:
� � @ NROPQ�S�i�t�Q�t�vq�1Q�msS7i�S�T f�n-Ts�?�#� � >��#WFp1k-T f8kVOPQGj|Q!�qTVv�f�vow�kxORQ�S�v�p1j � Q!S�� � S�T f�ndTV� �#�-� >=�&v�fRk�T fRp'�

v�pCS�� p1j �RQ!SMS O1v � kVOPQ��#v�t��Pp1k�i!k�TVv�fPS�vow�kVOPQ�kgj�p1Q�f1v�fPmuT fPQ!i!j�v�p1k��dvoT f1� �(i �RQ!Sl��i
f1���PTVSU� j|Q�k�Q
�CvoT fPk�S�S O1v � kVOPQ�v�p1k��dvoT f1� �(i �RQ�i��P�1jlv�:�Tut+i!kgTVv�f�Q�:�k�jli�� kgQ!��w}j v�t kVOPQ�fPv�fPmsT fRQ!i�j�SUk}i
f1�PT fP�
�(i �RQ�S�vomup1kgTVv�f�� � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� >��

� � � N �(v5SUQ�k�S�vowR�&v��gt+v �FT f1� � i!jlkgQ!SUTVi�f��&vqvoj �PT f1i!kgQ!S �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� @<�
� � �  )Q!v�t�Q�k�j Ts�zWPi�SUTVSzw~voj
kVOPQ�N � � � i��1i!�1kgQ!���&vqvoj �PT f1i!kgQ!S � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� @6>
� � � � �1i!�1kgQ!���&vqvoj �PT f1i!kgQ!S�T f�kVOPQ

x̃, ỹ
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i!�P�1j v�:�T t+i!k�TVv�f k}v+kVOPQ(v�p1k��-voT f1� S�vomup1kgTVv�f Q�:�k�jli�� k�Q!� w�jlv�t kxORQ2SUk�i
f1�PT f1� �(i �RQ(S�vomup1kgTVv�f
� �1i!k}i kgXd�1Q5�CvoT fRk}S�� �=yzQ!Slp1msk}S:i!j Q S OPv ��fBw~voj�iJkxXd�1Ts�#i�mFfPv�fPmsT fRQ!i�j�SU�#i!mVi�j`t+vq�PQ�mu� ��TukxO@�Ci/�
jUi�t�Q�kgQ�jUS

Ω = 0.3
�
λ = −25

�
Ψ0 = 0.15

�
χmin/a = 0.05

�
χmax/a = 200

�qw}voj�i5�qjlTs� ��TskVO

nχ × nΘ × nΦ � 12001 × 16 × 32
�$yzQ!Slp1msk�S5i�j|Q�S OPv ��f i!mVv�f1��kVOPQ

Z̃
i/:�TVS��$NROPQ�S�vomup1kgTVv�f

TVS��1mVvokgk�Q!� i�SGi/wgpRfP� k�TVv�f@vow
Z̃
�FkxORQ �PTVSUk}i
fP� Q5w}j v�t�kVOPQ/voj TV�qT f i!mVv�f1��kxORQ/i6:�TVS�kxORjlv�pC��O@kVOPQ

S�v�p1j � Q<��NROPQ�Q�:�kgjUi!� k�Q!�J�CvoT fPk�S�T f�kxORQ �(i �RQG��v�fPQ�i!j Q�i:j|Q!Slp1msk�vowFkgj Q!i!kgT f1��kVOPQ �(i �FQ!Szi�S�msT f8�
Q!i�j �oNPORQ:Slt+i!msmR�~�PTVSUk�i
fP� Q��1msvokPS O1v �(S7kxORQ`WPmuQ&f1�PT f1�/j Q!�qTVv�f2i
f1��kVOPQ�T fFfRQ�jzj Q!�qTVv�f(T f ��OPTu��O
kxORQ:SUk}i
f1�PT fP� �(i �FQ�S�vomup1k�Tsv�f(TVS�pCSUQ!�2i�Szi�f�i!�P�1j v�:�Tut�i�kgTVv�f�w~voj�kVOPQ:v�p1k��-voT f1�$S�vom p1k�TVv�f�� �Q� ���

� � �&� � v�t��Ci!jlTsS�v�fJvowokxORQ�i
f1i!muX-kgTs� �(i �FQ!SCi
f1�5kVOPQ7�&v�t2�Pp1k�Q!� �(i �RQ!SPw}voj
aΩ = 0.5

�
χmin = 0.05a

i�fP�
χmax = 70a

��i
f1�
a2 = 0

i!k
χmin = 0

��NRORQ:t�v�f1v��CvomsQ=TVS`Slp�WRkgjUi!�#kgQ!��T f2kxORQ=r1�op1j|Q)v�f
kxORQ�jlTV��OPk�k}v i!msmVv � w}vojzi:�#v�t��Ci!jlTsS�v�f(vowR�#v�t��Pp1kgQ!�2i
f1��i
f1i!muX-k�Ts� �(i �RQ�i�t��1msTukgpC�PQ!S��-� �Q� Yo�

� � �,� � f�i�fP�op1mVi�j �qj TV� ��TukxO
nΘ = 5

i�fP�
nΦ = 6

�  =jlTV�D�CvoT fPk�Sl�`�CvoT fPk�S�i�k ��OPTs��O i �Ri�mup1Q
w~voj

Ψ
TVS��#v�t��Pp1kgQ!�R�Ri!j Q=�&v�f�fPQ�� k�Q!��WFX2S�vomsTV�+msT fPQ!S��7NRORQ �Ci�S OPQ!�2msT fPQ!SGQ�:�k�Q&fP��kxORQ5�qjlTV�+k�v

I��ROPi�fRk}v�t�K��CvoT fPk�S�fRQ�Q!�PQ!�@w}voj�kVOPQ5�#v�t��Pp1k�i�kgTVv�f��Gn-voj�kVOPQ nd�)�IT t��1msQ
t�Q&fPk�i�kgTVv�fBvow
kVOPQ
ECi!�1mVi!� TVi�fBi!kz�CvoT fPk

A
kVOPQ �Ri�m p1Q�vow

Ψ
i!k��CvoT fPk

A′ TVS:fRQ�Q!�1Q!�H� �PX@kVOPQ8SlXdt�t�Q�k�j|X vow`kVOPQ
�RORX�SUTs�#i�md�1j v!WPmuQ
t��qkVOPTVS �Pi!mup1Q:�&i
f�WPQ=j Q
�1msi�� Q!�$WFX8kVOPQ �Pi!mup1Q)i�kR�CvoT fRk

B
� �$OPTs��O  &7v�f�kVOPQ

�qjlTV�H�L7oTut�TsmVi!jlmuX8kVOPQ��Ri!mup1Q�i!k
B′ � ��OPQ&f2fPQ�Q!�PQ!�R�q�&i
f8WPQ)j Q
�1mVi!� Q!��WFX�kxOPi�k1i!kP�CvoT fPk A �-kVOPQ

�Pi!mup1Q:i!k
C ′ �&i
fJWRQ=j|Q
�1mVi!�#Q!�/WFX�kVO1i!kPi!k C �okVOPQ �Pi!mup1Q=i�k D′ �#i
f$WPQ�j|Q
�1mVi!�#Q!�JWFX�kVO1i!kPi�k D �

i�fP��S�v w}vojlkVOH� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �q�

>-� � � v�f1SUkgjUi!T fRk �RTVvomsi�kgTVv�f1S`w~voj�Q �Pvom p1k�TVv�fPS ��TskVO
γ1 = γ2 = 0

�qw}j|Q�QA��T f1�=W1v�pRfP�1i�j|X8�&v�fP�PTsk�Tsv�f1Sl�
i�fP�+fPv(�#v�f1SUkgjUi!T fRk��1jlv54sQ�� kgTVv�f1S��=hPmVvokgkgQ!� i!j Q5jli��PTVi!mPj Q!S�vom p1k�TVv�fPS

Nr = 21
�
31
�
. . .
�
61
�Pi!msm

� p1j �RQ!S�muTsQ:v�f�k}v��2vowRQ!i!��O�vokVOPQ�j � � � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� ���A@
>-� � � v�f �FQ�j �dQ&fR�#QG�1mVvokPw}vojzkxORQ=Q �Rvomup1kgTVv�f(�1j Q!SUQ&fRk�Q!��T f(ndTV� ��>-� �<�-hPmsvok�kgQ!��i!j Q:�PTswgw}Q�j|Q&fP� Q!S�w}j v�t

kxORQ:S�vomup1k�Tsv�f ��TskVO�jUi��PTVi�m�j Q!S�vomup1kgTVv�f
Nr = 81

� � � � �Q� � � �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � � ���A@
>-� � � v�f1SUkgjUi!T fRk �RTsvomVi�kgTVv�fPSMw~vojFQ �Pvomup1kgTVv�fPS ��TskVO

γ1 = γ2 = 0
�#�&v�fPSUk�jli�T fPk;���1j|Q!SUQ�j��FT f1�`WPv�pRf1�1i�j|X

�&v�fP�PTsk�Tsv�f1Sl�di
f1��f1v �&v�fPSUk�jli�T fPkR�1j v54sQ��#kgTVv�f��17qvomsTV�(� p1j �RQ!S�i!j Q�fPvoj t+i!msT���Q!�JWRX$kxORQ:{qpCi
fPkgTskxX
||∇u(t)|| ��ORTsmsQ kVOPQ �1i�S ORQ!�+� p1j �RQ!SGi!j Q:f1voj t�i�muT���Q!�(WFX ||∇u(0)|| �`��Q��#i!X2vow�kVOPQ)fPvoj t�i�mR�
T���i�kgTVv�f2w~i!�#k�voj ||∇u(t)|| jUi!kxORQ�j�kxOPi�f��qjlv �8kxO�vow1kxORQ)�#v�f1SUkgjUi!T fPk�S��&i�pCSUQ!S�kxORQ5�qjlv ��kVO2T f�kxORQ
OPTV��ORQ!SUkP��j Q!S�vomup1kgTVv�f2S�vomsTs�2��p1j��FQ!Sl� �$OPTs��O8O1i �RQ��#v�f1SUk�i�fRkRj v�pRf1�8�~vowgw3��msQ �RQ�m��&v�fPSUk�jli�T fPk��FTVvomVi/�
k�Tsv�f1S�� � �Q�Q�Q� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �����



:�TsT
>-� > � v�f �FQ�j �dQ&fR�#Q$vow`Q �Rvomup1kgTVv�f1S S OPv ��fDT f ndTV� � >-� �-�JhPmsvok�kgQ!�Di�j|Q��PTswgw}Q�j|Q&fP� Q!SGw}j v�t kVOPQ8Q �Rv��

mup1kgTVv�f ��TskVO
N = 81

� ��OPTs��O TVS�OPQ&fR�#Q�w}vojlkVO@kxORQ j Q�w�Q�j Q&fR�#Q5S�vom p1k�TVv�f
uR

� 7qvomuTV� ��p1j��FQ!S�i�j|Q
f1voj|t+i!msT���Q!��WFX ||u(t)|| ��OPTumsQ�kVOPQ��Ci�S OPQ!�/� p1j �RQ!SCi!j Q�f1voj|t+i!msT���Q!��WFX ||u(0)|| ����Q��#i�X vowqkxORQ
f1voj|t+i!msT���i�kgTVv�f�w~i!�#k�voj ||u(t)|| �#i!pCSUQ!S�kVOPQ��dj v ��kVO+T f�kVOPQ)OPTs�oORQ!SUkP��j Q!S�vom p1k�TVv�f+S�vomsTV�+��p1j��FQ!Sl�
w~voj ��OPTs��O ||δu(t)|| TVSz�#v�f1SUk�i�fRkPi!k�j v�pRf1�1vowgw�msQ �FQ�m;� � �Q� � � �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � � �����

>-� @ � v�f1SUkgjUi!T fRk �RTVvomsi�kgTVv�f1S�w}vojPQ �Pvom p1k�TVv�fPS ��TskVO
γ2 = −1/M

�&�#v�f1SUkgjUi!T fRkd�1j|Q!SUQ�j��FT fP��WPv�pRf1�1i!j X
�&v�fP�PTsk�Tsv�f1Sl�!i
f1����TskVO1v�p1k��&v�fPSUk�jli�T fRk��1j v54sQ�� k�TVv�f���NPORQzT f1SUQ�koS O1v �(SC�PTsw�w�Q�j Q&fR�#Q!S ||δu(t)||/||u(t)||
w}j v�t kxORQ)j|Q�w}Q�j|Q&fP� Q�S�vomup1kgTVv�f@vowPndTV� ��>-� >1�RNROPQ:� p1j �RQ!S7msQ �RQ�m-vowgw1i�kFmVi�kgQ)kgTut�Q!S�WRQ��&i�pCSUQ�W1vokVO
fRpPt�Q�jUi!k}voj
i�fP�2�PQ&f1v�t�T f1i!k�vojz�qjlv � Q�:��Cv�fPQ&fPkgTVi!msmuX$i�k-kVOPQ:S�i!t�Q�jUi!k�Q!S���� � � �Q�Q�Q� � � �Q� ���	�

>-� B � v�f1SUkgjUi!T fRk �FTVvomVi!kgTVv�f1S8w~voj Q �Rvomup1kgTVv�f1S ��TskVO
γ1 = γ2 = 0

��w}j|Q�QA��T fP��WPv�pRf1�1i!j XD�#v�f1�PTR�
k�Tsv�f1Sl�
i�fP� i�SUT f1�qmsQ��#v�f1SUkgjUi!T fRk��1j v54sQ�� k�Tsv�f i!k

t = 20M
� ��TukxO

Λ = 2/M
� � h1voT fPk�S5S O1v �

||C(t)||/||∇u(t)|| i�w�k�Q�jCQ!i���O8kgTut�Q=SUkgQ
�L�oNPORQGT f1SUQ�k��1mVvok}SzkVOPQ:S�i�t�Q:�1i�k�i�v�f2i:msT fPQ!i!j�SU�#i�msQ<�C� �&���
>-� � � v�f �FQ�j �dQ&fR�#Q)vowMQ �Rvomup1kgTVv�f1SGS OPv ��f+T f+ndTV� �/>1� B��MhPmVvokgk�Q!�+i!j Q=�PTswgw}Q�j|Q&fP� Q!S7w�jlv�t kVOPQ�Q �Rvomup'�

k�Tsv�f ��TskVO
Nr = 81

� �Q�Q�Q� � � � �Q� � � �Q� � � � � � �Q� � � �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � � �&�d�
>-� Y y�i��PTVi!mz�1jlvorPmuQ!S$vow 〈ψ〉10 i�fP� 〈CiCi〉00

w}voj5kxORQ�Q �Rvomup1k�Tsv�fbvow�ndTV� �8>-� B�� NPORQ�S�vomsTs�0msT fPQ!S
j Q
�1j|Q!SUQ&fPk�kgTut�Q!S

t/M = 20, . . . , 25
��NROPQ(�1i�S ORQ!�DmuT fPQ(j Q
�1j|Q!SUQ&fPk�S�kVOPQ(SUk}i!kgQ 4 pCSUk�WRQ�w~voj|Q

kxORQ$�#v�f1SUkgjUi!T fPk��1j v54sQ�� k�Tsv�f i!k
t/M = 20

�5NRORQ�i!jlj v �(S:T f1�PTs�#i�kgQ$kVOPQJmVvo�&i!kgTVv�f vow�kVOPQ f1v�f8�
Slt+vqvokVOFfRQ!S�S7T f

ψ
� � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �&���

>-� � ��Tswgw}Q�j|Q&fP� Q!S7WPQ�k ��Q�Q&fBQ �Rvomup1k�Tsv�f1S ��TukxO k�T t�Q�SUkgQ
�
∆t

i�fP�BkVOPQJj Q�w�Q�j Q&fR�#Q/S�vomup1kgTVv�f
uR

� vow
ndTV� ��>-� >q�Ci�kCr8:�Q!�@Q �Rvomup1k�Tsv�f k�Tut�Q!S

t0
�G� �Pvomup1kgTVv�fPS�pCSUQ

γ1 = γ2 = 0
��w}j|Q�QA��T fP� WPv�pRf1�1i�j|X

�&v�fP�PTsk�Tsv�f1Sl�qi
f1�8�#v�f1SUkgjUi!T fPk-�1jlv54uQ��#kgTVv�f ��TskVO
Λ = 2/M

i!w}kgQ�j
Q!i!��O�k�T t�Q:SUk�Q
�P�
∆T = ∆t

� � �
�6�
>-� �
� � v�f1SUkgjUi!T fRk �FTVvomVi!k�Tsv�f1S ||C(t)||/||∇u(t)|| w}voj=Q �Rvomup1kgTVv�f1S���TskVO γ1 = 0

i�fP�
γ2 = −1/M

�
�&v�fPSUk�jli�T fPko�1j|Q!SUQ�j��FT f1�GWPv�pRfP�Ci!j X��&v�fP�1Tuk�TVv�fPSl��i�fP�J�#v�f1SUkgjUi!T fPkq�1j v54sQ��#kgTVv�f ��TskVO

Λ =
√

2/M
Q �RQ�j|X

∆T = 2M
��exf1SUQ�kFS O1v �(S�kxORQ:S�i!t�Q=�1i!k}i ��TukxO(rFfRQ�j�k�T t�Q�j Q!S�vom p1k�TVv�f�� �Q�Q�Q� � � � � �&�<�

>-� ��� ��Tswgw}Q�j|Q&fP� Q!S:w�jlv�t kxORQ�j|Q�w}Q�j|Q&fP� Q�S�vomup1kgTVv�f
uR

� vow`ndTV� � >-� >q�zw}voj=kVOPQ8Q �Rvomup1kgTVv�f1S S O1v �$fDT f
ndTV� �,>-� ����� �Q�Q� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �&�6>

>-� �&� ��Tswgw}Q�j|Q&fP� Q!S ||δu(t)||/||u(t)|| w�jlv�t kVOPQJj Q�w�Q�j Q&fR�#Q S�vom p1k�TVv�f
uR

vow�ndTV� � >-� >�i!j Q �1mVvokgk�Q!� w}voj
�PTsw�w�Q�j Q&fRk���O1voTu�#Q!S7vow

Λ
� � �Pvom p1k�TVv�fPS ��TukxO

γ1 = 0
i
f1�

γ2 = −1/M
���#v�f1SUkgjUi!T fRkP�g�1j Q!SUQ�j �RT fP�

WPv�pRf1�1i�j|X/�&v�fP�1Tuk�TVv�fPSl�o�#v�f1SUkgjUi!T fPk��1jlv54sQ�� kgTVv�f�Q �FQ�j X
∆T = 2M

� � � �Q�Q�Q� �Q�Q�Q� � � � � �&�<@
>-� �,� � �Pvomup1kgTVv�fPS �8TskxO

γ1 = 0
i
f1�

γ2 = −1/M
�d�#v�f1SUkgjUi!T fPkC�1j Q!SUQ�j �RT f1� WPv�pRf1�1i!j X(�&v�fP�PTsk�Tsv�f1S

i�fP� �&v�fPSUk�jli�T fPk��1jlv54sQ�� kgTVv�f Q �FQ�j X
∆T

����Tswgw}Q�j|Q&fP� Q!S=w}j v�t�kxORQ8j Q�w�Q�j Q&fR�#Q$S�vomup1k�Tsv�f
uR

� vow
ndTV� �,>-� >q�-i�k

t0 = 100M
w~voj
�1Tuw�w�Q�j Q&fRk-��O1voTu�#Q!S�vow

∆T
i
f1�

Λ
� � �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � �
�<B

>-� �T> 7qvomsTV�D��p1j��FQ � msQ�w�k�i/:�TVS��`S O1v �(S/kxORQ(jli�kgTVv@vow�kgTut�Q2Sl�1Q&fPk`T f Q�msmsT �1k�Ts�$S�vom �FQ!S/k�v kgTut�Q2Sl�1Q&fRk
T fBkxORQ OFXd�1Q�j WPvomsTs�5Q �Rvomup1kgTVv�f �#vq�PQ<�5��i�S ORQ!�B��p1j��FQ � jlTV��OPk�i/:�TsS���S O1v �(S=kxORQ$jUi!kgTVv2vow�kgTut�Q
j Q!{op1Tsj|Q!��w~voj�v�fPQ�Q�msmsTu�1kgTs��S�vom �RQ�k�v5kxORQ:kgTut�Q:w}voj�v�fRQ=Q �Rvomup1kgTVv�f�kgTut�Q:SUkgQ
�L� � �Q�Q�Q� � � �Q� �&��B
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@ � � � �Pvomup1kgTVv�f vow��&v�fPSUk�jli�T fRk �FTVvomVi!k�Tsv�f1S5w~vojQ7o��O��(i!j���SU��ORTsmV� T fPTuk�TVi!m��1i�k�i�� E1Q�w}k7r1�qp1j|Q�S O1v ��S

Q �Pvom p1k�TVv�fPSMpCSUT fP� �Pi!jlTsv�pCS �Ri�mup1Q!SCvowdkxORQ`�#v�f1SUkgjUi!T fRk��1i�t��1T fP�:�Ci!jUi�t�Q�kgQ�jUS
γ0
i
f1�

γ2
pCSUT fP�

fRpPt�Q�jlTs�#i�mzj|Q!S�vomup1kgTVv�f {Nr, Lmax} = {13, 7} ��yzTV��OPk�r1�op1j|Q(S O1v �(S/kxORQ(msv�f1�BkgTut�Q!SU�&i!msQ
Q �Pvom p1k�TVv�f2vow�kxORQ:S�i!t�Q=�1i!k}iGw}voj�kxORj Q�Q��PTswgw}Q�j|Q&fPk�fFpPt�Q�j Ts�&i!mqj|Q!S�vomup1k�Tsv�f1S�� � � �Q�Q�Q� � � �Q� �T>�Y

@ � � � �Pvomup1kgTVv�f/vow��&v�fPSUk�jli�T fRk �FTVvomVi!k�TVv�fPSCw}voj?FGQ�j jFT fRTsk�Tsi�m��1i�k�i ��TskVOJSl�1T f5�Ci!jUi�t�Q�kgQ�j
~a = (0.1, 0.2, 0.3)

w~voj
SUQ �RQ�jli�m�fFpPt�Q�j Ts�&i!mqj|Q!S�vomup1k�Tsv�f1S�� � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �T>��
@ � � � �Pvomup1kgTVv�f�vow87o��O �(i!j���SU��OPTsmV��T fRTsk�Tsi�m-�1i�k�i:�1Q�j kgp1j~WRQ!�$WFX8i=�qjUi �RTsk�i!k�TVv�fPi�m �(i �FQ��Pp1msSUQ ��TskVO

i!t2�1msTskxpC�PQ
10−3 � E1Q�w}k�r1�qp1j|Q:�PQ
�1Ts�#k�S��&v�fPSUk�jli�T fRk��FTVvomVi!k�TVv�fPS�i!k �Ri�j TVv�pCS�fRpPt�Q�j Ts�#i�mdj|Q!S�vomup'�

k�Tsv�f1Sl��i�fP��kVOPQ�j TV��OPkFr1�op1j|Q�S O1v �(S
Ψ4

i �FQ�jUi��dQ!�8v �FQ�j
kVOPQ:v�p1kgQ�jPWPv�pRf1�1i!j X$vowFkVOPQ��#v�t��Pp'�
k}i!kgTVv�f1i!m-�Cv�t�i�T f�i!kPi�SUT f1�qmsQ:fFpPt�Q�j Ts�&i!m-j Q!S�vomup1kgTVv�f��87qvomuTV����p1j��FQ!S�pCSUQ:w}j|Q�QA��T f1�=W1v�pRfP�1i�j|X
�&v�fP�PTsk�Tsv�f1S�i
f1���1i�S OPQ!����p1j��FQ!S7pCSUQ=�&v�fPSUk�jli�T fPk;���1j|Q!SUQ�j��FT f1��i
f1�(�RORX�SUTs�#i�m�WPv�pRf1�1i�j|X8�#v�f8�
�PTsk�Tsv�f1S�� �Q�Q� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �,@��

B�� � ��voj t�vowGkVOPQ2Q�jlj voj ||δu||/||u|| �7j|Q�mVi!k�T �FQ�k}v kxORQ�j|Q�w}Q�j|Q&fP� Q�S�vomup1kgTVv�fR��v�f0i�r8:�Q!� �1v�t+i!T f
Q�:�kgQ&f1�PT fP�Jw}j v�t t�T fPTut2pPt �#vqvojl�PT fPi�kgQ:jUi��1T pCS

1.9M
k�v t�i6:�Tut�pPt

41.9M
��NROPQ=�Cv�t�i�T f

TVS�WRjlv��dQ&f�T fPk�v8Q�TV��OPkMS OPQ�msmsS�Q!i���O+vowMkxORTs���qfRQ!S�S
5M

i
f1��jUi��PTVi!mFj|Q!S�vomup1k�Tsv�f
Nr
�-��OPvqSUQ&f v�f

w~v�p1j��1Tuw�w�Q�j Q&fRkCj�pRf1S�i�S
Nr = 8, 11, 14, 17

�zNRORQ/�#v�f1SUkgjUi!T fRkz�1i!t2�1T f1�8kgQ�j t+S��1j|Q!SUQ&fPkgQ!�+T f
i�mumqvowRkVOPQ!SUQ:SUTut�p1msi�kgTVv�f1S�O1i �FQ

γ5 = 0.6
�V�Q� � � � � � �Q� � � �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � � �!���

B�� � � v�f1SUkgjUi!T fRk-f1voj|t ||C||/||∂u|| w~voj
kxORQ=S�i�t�QGj�pRf1Sz�1mVvokgk�Q!�8T f(ndTV� �AB � � � �Q�Q�Q� � � � �Q�Q�Q� � �!�A�
B�� � �1jlj voj1fPvoj t ||δu||/||u|| w~vojMj|pRfPS7T f8kxORQ:�#v�f1SUkgjUi!T fRkP�}�Ci�t��1Q!��SlX�SUkgQ
t ��TskVO2v�p1k�Q�jRWPv�pRf1�1i�j|X

i�k
r =

>d�6� �
M
�,Bq�6� �

M
�KYo�<� �

M
�!�
�o�<� �

M
��NROPQ�mVv�f1� ��k�Q�j|t �qjlv ��kVOJvowokVOPQ�Q�jlj voj-fPvoj t vo� � p1jlS

Q�:��Cv�fRQ&fPkgTVi�mumuX2v�f@i5k�T t�Q!SU�#i�msQ��1j v��CvojlkgTVv�fPi�mRk�v�kVOPQ S�{opCi�j|Q5vowCkxORQ5�&vqvoj �PT f1i!kgQ)�CvqSUTskgTVv�f vow
kxORQ:v�p1k�Q�jRW1v�pRfP�1i�j|X/� �Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �!�A>

B�� > � v�f1SUkgjUi!T fRkdfPvoj t ||C||/||∂u|| vow�kVOPQ�S�i�t�Q�j�pRf1S�i�S
kVO1vqSUQGT f�n-Ts�?�,B�� �-��NROPQG�#v�f1SUkgjUi!T fRk}Sz�qj v �
i�S
t1/2

pRfPkgTsm1Q �RQ&fRkgpCi!msmuX��PjlT �FQ&f Q�:��Cv�fRQ&fPkgTVi�mumuX�WFX�kVOPQJv �FQ�jUi!msm1mVvqS�S)vow�i!�#��p1jUi!��X��PQ
t�v�f8�
SUk�jli�kgQ!�8T f�ndTV� �AB � � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �!�A>

B�� @ � v�f1SUkgjUi!T fRkFf1voj t ||C||/||∂u|| vow1iGWRmVi!�T� O1vomsQ)SUTut�p1msi�kgTVv�f ��TskVO Rmax = 41.9
�
Nr = 17

� T f
Q!i���O�vowFQ�TV��OPkRSlp�WP�1v�t+i!T fPS��g��i�fP��k �(v �PTswgw}Q�j|Q&fPk�WPv�pRf1�1i�j|X$�#v�f1�PTskgTVv�fPS�� � � �Q�Q�Q� � � �Q� �!��@

�<� � ��Tswgw}Q�j|Q&fP� Q�WRQ�k ��Q�Q&f kxORQ��&v�t2�Pp1k�Q!� Q�Ts�dQ&f��Pi!mup1Q�w}voj)i
f
n × n

�qjlTs� i�fP� i
2n × 2n

�dj TV�
w~voj�kVOPQ �1j v!WPmuQ
t vowz�qQ&fPQ�jli�msT%��Q!�VI

l = 1′′
Sl�ROPQ�j Ts�#i�mRO1i!j t�v�fPTs�#S��:�5i!k�i/�CvoT fRk}S:i�j|Q i!k

n =

5, 10, 15, 20, 25
�&NROPQ:SU�#i�muT f1�5TVSzmVvq�di!jlTskVORt�Ts�Gv�fJWPvokVO(i6:�Q!Sl��i�fP�8kxORQ=i��P�Ci!j Q&fRk

1/n2 �1Q
�1Q&f �
�PQ&fP� QG�&v�fRrPj t+S�kVOPQ:SUQ��&v�fP�8�~voj �1Q�jC�#v�f �FQ�jl�qQ&fP� Q�vowRkVOPQ��#vq�1Q<� � � � �Q� � � � �Q�Q�Q� � � �Q� �5Y,Y



:�T �
�<� �

L2
fPvoj t ||δy||2 :=

[∮
(y2n − yn)

2dA
]1/2 �dvowCkxORQ��PTswgw}Q�j|Q&fP� Q`WPQ�k ��Q�Q&f2kVOPQ)�#v�t��Pp1kgQ!�2O1i!j �

t+v�fRTs�
y
v�f@i
f

n × n
�qjlTV�+i
f1�@i

2n × 2n
�qjlTs�@w}voj`kVOPQ��1j v!WRmsQ
t vowM�qQ&fPQ�jli�msT%��Q!��I

l = 1
K

Sl�ROPQ�j Ts�&i!m�OPi�j|t+v�fPTu�&S��:��i�k�i �CvoT fPk�S=i!j Q
n = 5, 10, 15, 20, 25

�zNPORQ/SU�&i!msT fP�(TVSGmVvq�di!jlTskVORt�Ts�
v�f(WPvokVO+i/:�Q!S�� � v�f��RQ�j �qQ&fP� Q5i!�P�1Q!i!jUS7k}v�WPQ�SUmsTV��OPkgmuX�SUmVv ��Q�j�kVO1i
f

1/n2 ��kVOPTVS�t�i!XJWRQ5�Rp1Q
k}v5T fRk�Q�j|�CvomVi!k�TVv�f8Q�jlj vojUSl��voj
�1Q�j O1i��CS�Q�jlj vojUS�w}j v�t kVOPQ��#vqvojl�PT fPi�kgQ�SUT fP�qp1msi�j Tsk�TuQ!S7i!kFkVOPQG�CvomsQ!S��/�5Y �

�<� � ��Tswgw}Q�j|Q&fP� Q�WRQ�k �8Q�Q&f�kxORQ@�&v�t2�Pp1k�Q!�,Q�TV�qQ&f �Ri�mup1Q
λ
w}voj8i
f

n × n
�qjlTV�,i�fP��i

2n × 2n
�qjlTV� w~voj=kxORQ8�1jlv!WRmsQ
tEvow��qQ&fPQ�jli�msT%��Q!� j vok}i!kgTVv�f �qQ&fPQ�jli�k�vojUS��2NROPQ�SU�#i!msT f1�@TVS�mVvq�di!jlTskVORt�Ts�
v�fDWPvokVO�i/:�Q!Sl��i�fP� kVOPQ�Q�j jlvoj �#v�f �FQ�jl�qQ!S$i�S

1/n2 � NROPQ(�1mVvok=T fP� mupC�PQ!S �Pi!mup1Q!S/w~voj n =

15, 20, 25, 30, 35
� � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� �5Y �

�<� >
L2

f1voj t�vowzkVOPQ$�1Tuw�w�Q�j Q&fR�#Q:WRQ�k ��Q�Q&f kxORQJ�#v�t��Pp1kgQ!� �qQ&fPQ�jli�kgT fP�2w�pRfR�#kgTVv�f
z
w~voj��qQ&fRQ�jUi!mR�

T���Q!�(j vok}i!kgTVv�f��dQ&fRQ�jUi!k}vojlS`v�f�i
f
n× n

�qjlTV�2i�fP��i
2n× 2n

�dj TV�2w}voj
n = 15, 20, 25, 30, 35

�
� v�f �FQ�j �dQ&fR�#Q7i��di�T fJi��P�1Q!i!jUSPk}v`WRQ�SUmuTV��OPkgmuX/S O1i!msmVv ��Q�j1kVO1i
f

1/n2 ��NROPQ �8TsmV�PmuX �Ri!j X-T f1�=j Q!�
� p1j �RQ`j Q�msi�kgQ!SMk�v�iGS�vomup1kgTVv�f�w}voj �$OPTs��O8kVOPQ�Q�Ts�dQ&f��Pi!mup1Q`TVSzSlt+i!msm � i!�P�Ci!j|Q&fPkgmuX��#v�f �FQ�jl�qT fP��k}v
i!�P�1j v�:�T t+i!k�Q�muX

λ ∼ .095
�x�-i�fP��kxORQ�j Q�i!�P�1Q!i!jUS�k�v WRQ5i
f+TVS�Slp1Q���TukxO�kxORQ)fPQ!i!j��PQ!�qQ&fPQ�jli���X

vow�kVOPTVS�Q�TV�qQ&f �Ri�m p1Q �8TskxO kVOPQ
λ = 0

Q�TV�qQ&f �Ri�m p1Q/�#vojlj|Q!Sl�Cv�f1�PT fP�2k�v
z = const

�GNPORQ �Pi!jlTR�
i�kgTVv�fPS)vow�kxORQ�j|Q!�B��p1j��FQ
�1kxORQ�j Q�w}voj Q
�Rt�i!X�WPQJ�Rp1Q$k�v�TsmsmC�#v�f1�PTskgTVv�fPT fP�@vow7kVOPQJQ�TV�qQ&f �FQ��#k�voj
�&i!ms��p1mVi!k�TVv�f��
� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� � ���
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� � � NROPQ5j|Q!�Pp1� kgTVv�f�w}i�� k�voj`w}voj�v�p1k��-voT f1� �(i �FQ!SG�Rp1Q�k�v�kxORQ)f1v�fPmuT fPQ!i!jlTskxX��`n�voj�i�mumR�&i�SUQ!Sl�
Ψ0 =

0.15
�)NROPQ$SUQ��&v�fP� �&vom pPt2f j Q�w�Q�jUSGk}v �C{?� � � � ����� �)NROPTVS:Q!{qpCi!kgTVv�f TsS)S�vom �FQ!� w~voj

Rlin
���CSUkgTR�

t+i!k�Q�� pCSUQ!S�kxORTVS �Ri!mup1Q$vow
Rlin

T f
exp (−

√
−λRlin)

� �MSUkgTut�i�kgQ/��TVS=kVOPQ/j Q!�Rp1� k�Tsv�f w~i!�#k�voj
w~v�pRfP�2w}j v�t i:fRpPt�Q�jlTs�#i!m�S�vom p1k�TVv�f+vow8�C{?� � � � �6��� ��NROPQ:mVi�SUkP�&vomupPt(f+�qT �FQ!S�kxORQ)j|Q!Slp1msk}S7w}j v�t
�8Q ��k�v�f8��y�i!�ROPS�v�f �#v�t��Pp1k�i!k�TVv�f �8TskxO

aΩ = 0.3
����TukxO kVOPQJv�p1k�Q�j7WPv�pRfP�Ci!j X�i�k

r = 30a
�

i�fP� ��TskVO2i
r, θ, ϕ

�qj TV�2vow
120× 20 × 32

� � � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� >-�
� � � � v�f �FQ�j �dQ&fR�#Q�vow�rFfPTskgQ��PTswgw}Q�j|Q&fP� Q
�#v�t��Pp1k�i!k�TVv�fPS�� ��v�fPmsT fPQ!i!j1v�p1k}�dvoT fP��S�vomup1kgTVv�f1SCi�j|Qz�#v�t �

�Pp1k�Q!� ��TukxO(r �FQ:�1Tuw�w�Q�j Q&fRk��qj TV�(j|Q!S�vomup1kgTVv�f1Szw}voj
λ = −10

�
Ψ0 = 0.15

�
aΩ = 0.3

��i
f1��v�p1kgQ�j
WPv�pRf1�1i�j|X i!k

r = 30a
� � f

L2
fPvoj t TVS
�#v�t��Pp1kgQ!�$w~voj1kVOPQ��1Tuw�w�Q�j Q&fR�#QCWRQ�k ��Q�Q&fJkxORQGS�vomup1kgTVv�f

w~voj
�dj TV�
k
i
f1�(�qjlTV�

k + 1
�oNRORTVSzTVSzj Q
�Cvoj k�Q!�8i�SzkxORQ I��1jlj voj6K�w~voj
�dj TV�

k
� �Q�Q� � � � �Q�Q�Q� � >d�

� � � � v�f �FQ�j �dQ&fR�#Q w}voj�jlvok�i!k�T fP�2msT fPQ!i!j�t+vq�PQ�mVS�� � msmPt�vq�1Q�msSGOPi �FQ
aΩ = 0.3

�
λ = 0

�1i
f1�+pCSUQ
v�p1k}�dvoT fP��WPv�pRf1�1i!j XB�&v�fP�PTsk�Tsv�f1S$i!k

χmax = 50a
�+NRORQ(�#v�t��Pp1kgQ!� t+v�f1v��CvomuQ2k�vBS�v�p1j|� Q

SUk�j|Q&f1�qkVO�T fP�1Q�:��
γQeff/Q

��TVS�pRfPTskxX�T f�kxORQ�Q�:oi!�#k�S�vomup1kgTVv�fH�qNPORQQI!k �(v5j Q!�qTVv�f�KG�#v�t��Pp1k�i!k�TVv�f
j Q�k�i!T f1Szi!msm�t2p1msk�T �CvomsQ!S7w}voj

χ < 3a
� � � � � �Q�Q�Q� � � �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q�Q�Q� � �
�

� � � � v�f �FQ�j �dQ&fR�#Q8w}voj)j vok}i!kgT f1��f1v�fRmsT fPQ!i!j)t�vq�1Q�msS�� � mum�t+vq�PQ�mVS)O1i �RQ
aΩ = 0.3

�
λ = −25

�

Ψ0 = 0.15
��i
f1�Ji�mum�pCSUQ�v�p1k}�dvoT fP��W1v�pRfP�1i�j|X5�&v�fP�PTsk�Tsv�f1S�i!k

χmax = 50a
�!NPORQUI�k ��v=j|Q!�dTsv�fHK

t�Q�kVO1vq��j Q�k�i!T f1Szi!msmot�p1muk�Tu�CvomuQ!S�w}voj
χ < 3a

� �Q�Q� � � �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � �Q�Q�Q� � �A�
� � � NROPQ jUi��PTVi�kgTVv�f�j Q!�Rp1� k�TVv�f+w~i!�#k�voj��Rp1Q5k�v(kVOPQ�f1v�fRmsT fRQ!i�j TskgX���n-vojGi!msmP�#i�SUQ!Sl�

Ψ0 = 0.15
�Fi�fP�

aΩ = 0.3
�1NRORQ�SUQ��#v�f1���#vomupPt2f�j|Q�w}Q�jUS�k�vC�C{ � � � � @���� ��NROPQ=kxORTsj ���&vom pPt2f��dT �RQ!S7kxORQ)j|Q!�Pp1���

k�Tsv�f8w~i!� k}vojlSC�1j|Q!SUQ&fPkgQ!�$T f$h1i!�1Q�j1e �#NRORQ�mVi�SUk-�#vomupPt(f��qT �FQ!S
kxORQ�j|Q!Slp1msk}S
vow�kVOPQ�Q�Ts�dQ&fPSl�1Q��#kgjUi!m
�&v�t2�Pp1k}i!kgTVv�f �8TskxO

χmin = 0.3a
� ��TukxO v�p1k}�dvoT fP�(W1v�pRfP�1i�j|X+�&v�fP�PTsk�Tsv�f1S�i!k

χmax = 50a
�

`max = 3
��i
f1��i=�qj TV� �8TskxO

nχ = 8001
�
nΘ = 16

�
nΦ = 32

� �Q� � � � �Q�Q�Q� �Q�Q�Q� � � � � ��@



: �RT
� � > NROPQ�j|Q!�Rp1�#kgTVv�f8w}i�� k�vojUS
w}voj1fPv�fPmsT fRQ!i�j�v�p1k}�dvoT fP� �(i �FQ!S � kVOPQ��PQ�� j Q!i�SUQ`T f�i�t��1msTskxpC�PQ��Rp1Q�k}v

f1v�fRmsT fPQ!i!j5Q�wgw}Q�� k}S�� ��n-voj
aΩ = 0.3

t+vq�PQ�mVSl��kVOPQ�w~i!�#k�vojUS i!j Q8�#v�t��Ci!j|Q!�Dw}voj�kVOPQ(�PTsj Q�� kgmuX
�&v�t2�Pp1k�Q!� v�p1k}�dvoT fP� S�vom p1k�TVv�fPS8i�fP� w~voj/v�p1k��dvoT f1�DS�vomup1kgTVv�f1S�Q�:�k�jli�� kgQ!��w}j v�tIf1v�fRmsT fPQ!i!j
SUk}i
f1�PT fP� �(i �RQ!SJS�vomup1k�Tsv�f1S�� NROPQ

λ = 0
j|Q!Slp1msk�SJT fP�PTs�&i!kgQ�msT fRQ!i�j5t�vq�1Q�msS$T f ��OPTs��O kxORQ

j Q!�Rp1� k�Tsv�f w~i!�#k�voj�TVS�pRfPTskxX(WFX+�PQ�rFfPTuk�TVv�f��5NRORQ �Ri�m p1Q8�6� ���6B/>$w~v�pRfP�Bw}vojGkxORQJQ�:�k�jli�� k�Q!� S�v��
mup1kgTVv�f@�qT �FQ!SGi�f�T fP�1Tu�&i!k�Tsv�f@vow
kVOPQ)fFpPt�Q�j Ts�&i!mRi!� � p1jli���X�vow
kVOPQ)Q�:�kgjUi!�#kgTVv�f��1j vo� Q!�Pp1j|Q<� � msm
j Q!Slp1muk}S ��Q�j|Q �&v�t2�Pp1k�Q!� ��TskVO

`max = 3
�
χmin = 0.2a

�Ri�fP�
χmax = 50a

v�fBiJ�dj TV� �8TskxO

nχ × nΘ × nΦ = 8001 × 16 × 32
��NRORQJj|Q!�Rp1�#kgTVv�f@w}i�� k}voj �(i�S��#v�t��Pp1kgQ!��WFX�k�i/�-T f1�2kVOPQ

jUi!k�Tsv$vowCkxORQ5{opCi��Pj�pP�CvomsQ)�#v�t��Cv�fRQ&fPk�S�� � mVS�vJmsTVSUkgQ!�+i�j|Q=kVOPQ)Q!SUk�Tut�i�kgQ!� �Ri�m p1Q!S�vow
Rlin

�dkVOPQ
�PTVSUk}i
fP� Q�w}j v�t kVOPQ=S�v�p1j � Q!SCWRQ
XFv�fP� �$OPTs��O2kxORQGfPv�fPmsT fPQ!i!jzQ�w�w�Q��#k�Szi�j|Q�SlpP�P�1j|Q!S�SUQ!�P��i
f1��Q!SS�
k�T t+i!k�Q!S:vow�kxORQ$j|Q!�Pp1� kgTVv�f w~i!�#k�vojUS`WPi�SUQ!�Bv�fBkxORQ$Q!SUkgTut+i!k�Q!S:vow

Rlin
����7�Q�Q �C{ � � �-� @���� ����n-voj

�&v�fPSUTVSUkgQ&fP��X ��TskVO�N�i&WRmsQU� � �:kVOPQ:S�v�p1j|�#Q�SUkgj Q&fP�qkxO�OPi�SCWRQ�Q&f�k�i6�dQ&f�k}v:WRQ)�<� ��>�Y�� �Q�Q� � � �Q� �9Y
� � @ NROPQ�Q�jlj vojUS � �1Tuw�w�Q�j Q&fR�#Q!S
w�jlv�t i�fPi�muX-kgTs��S�vom p1k�TVv�fP�1vowRkxORQ:t�v�f1v��CvomsQ �R{opCi��Pj|pP�CvomsQ)i!�P�1j v�:�T��

t+i!k�Tsv�f�w}voj��PTsw�w�Q�j Q&fRk �Ri�m p1Q!S`vowPkVOPQ)S�v�p1j � Q)Sl�1Q�Q!�
aΩ

�FNROPQ)v �RQ�jli�msmdQ�j jlvoj�TsS`kVOPQ��PTswgw}Q�j|Q&fP� Q
vowFkVOPQ��#v�t��Pp1k�i�kgTVv�f1i!mdi
f1��i�fPi�m X�kgTs��S�vomup1k�Tsv�f2i�k

χmax = 70a
�!kxORQ ��i �FQGQ�jlj vojMTsS�kVOPQ:�PTswgw}Q�j �

Q&fP� Q�vowRkVOPQ��&v�t2�Pp1k}i!kgTVv�f1i!mdi�fP��i�fPi�muX-kgTs�`�1Q!i/�-�}k�v����1Q!i/� i!t2�1msTskxpC�PQ!S�� � � � � �Q�Q�Q� � � �Q� Y,Y
� � B NROPQ)Q�wgw}Q�� kRv�f�kVOPQ ��i �FQ�i�t��1msTukgpC�PQ�vow1kVOPQ=�&v�fP�1Tuk�TVv�fPSGv�f

a2
i�fP�

da2/dχ
i!k
χmin = 0.3a

�
NROPQ5j vomsQ vow
kVOPQ

a2
kgQ�j t �#i�f�WRQ)pRf1�PQ�jUSUk�vqvq� i�SGi
f+Q�wgw}Q�� k�T �RQ)S OPTsw�k�vow
kVOPQ5� Q&fPkgQ�j�vow
SU�&i!mVi!j

��OPi�j �qQ<�<7oQ�QGkgQ�:�k-w~vojz�PQ�k�i�TsmsS�� �Q�Q� � � � �Q� � � �Q�Q�Q� � � � �Q� � � �Q� � � � �Q�Q�Q� � � �Q� ���
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e}k3
 S7i
f(Q�:�� Tsk�T f1�$kgTut�Q:k�v)WRQ=i=j|Q�mVi�kgT �FTVSUk ���)fP� Q��}Q!S�vokgQ�jlTs���#v�fP� Q
�1k�S`Slp1��O�i�SCWRmVi!�T� O1vomsQ!S`i�fP�2�qjUi �FTsk}i!kgTVv�f1i!m
msQ&fPSUQ!S7i!j|Q`f1v � wgp1msmuX/pRf1�PQ�jUSUk�vqvq�(k�v5Q�:�TVSUk-T f�kVOPQQI�j Q!i!m;K �(voj mV�H�qNRORQ!voj Q�kgTs�#i�m�i�fP��Q�:��1Q�jlTut�Q&fPk�i�m��&vqSlt�vomR�
vq�oX+O1i �RQ�Q&fRk�Q�j|Q!� kVOPQ$t�i�T f1SUkgj Q!i�tV�! )jli �FTsk�i�kgTVv�f1i!mR� �(i �FQ�i�SUkgjlv�fPv�t�X TVS5i#W1v�p1k�k�v�w~vomsmsv ��� � f1� t�vqSUk
Tut2�Cvojlk�i�fRkzw~vojGkVOPTVS:kxORQ!SUTVSl�CkxORQ .-��+ ��� )��1S�vomup1k�Tsv�f vow �1T fPSUk�Q�T f'
 S)rPQ�ms�BQ!{opCi�kgTVv�fPS=rFf1i!msmuX+SUQ�Q
t+S=k�v�WRQJi!�'�
�1j vqi���OPT fP�Jv�p1j��djli�Sl�L�

n-voj�t+i
fRX�X-Q!i!jUSl��Q�:oi!�#kPS�vom p1k�TVv�fPS�vow8�1T f1SUkgQ�T f'
 S�Q!{opCi!k�TVv�fPS ��Q�j|Q:v�fPmuX(i �Ri�Tsmsi&WRmsQ�T f2�#i�SUQ!S7vowPQ�:�kgj Q
t�Q
SlXdt�t�Q�k�j|X/voj
i!mV�qQ WRjUi!Ts��Sl�1Q��#Tsi�msTukgX �"��� �3���
i!jlTVv�pCSM�1Q�j kgp1j~WPi�kgT �FQ�i��P�1jlvqi!��OPQ!S ��Q�j Q��PQ �RQ�mVv��1Q!�R�
�1j v �FTV�PT f1�
i
f Q&f1voj t�v�pCS$i�t+v�pRfRkGvowGT f1SUTs�oORkGT fPk�vBkVOPQ8f1i!kxp1j Q(vow��qjUi �RTuk}i!k�Tsv�f1i!m��PXqfPi!t�Ts�&Sl�
WFp1k�kVOPQ(k�j�p1muX &S(;� !�+/. 0
� ���"#��PXqfPi!t�Ts�&S�O1i �FQ2j|Q
t+i!T fPQ!� w}i�j�w�jlv�tEj Q!i!��O pRfPkgTsm �RQ�j|X j|Q��#Q&fRk�muX��@NRORQ�SUkxpRfFfRT f1� �#v�t��1muQ�:�TskxX i
f1�
f1v�fRmsT fRQ!i�j TskgX vowzkVOPQJrPQ�mV�BQ!{opCi!k�Tsv�f1S:�Pp1k�S=kVOPQ$�RXdfPi!t�Ts�#S)vow�SUkgjlv�fP���qjUi �RTsk�i!k�TVv�fPi�m1rPQ�mV�1S=v�f i/�1Q!�1Q!SUk�i!m
kVO1i!k��#i�f8v�fPmuX�WRQ�j|Q!i���OPQ!��k�vq�1i!X ��TukxO�kVOPQ�ORQ�mu�(vowF�#i!j Q�wgp1m��#v�t��Pp1kgQ�j�SUTut2p1mVi�kgTVv�fPS��qNROPTsS�TsS�kxORQ:j|Q!�qTut�Q�vow
+���� ���� %$�)���� ��� )A(3 %5< �(��?�

NROPQ�rPQ�ms�(vowdfRpPt�Q�jlTs�#i�m�j Q�mVi!kgT �RTukgX�OPi�S
�1j vq�qj Q!S�SUQ!��T f8Slt+i!msmqSUkgQ
�CS ��S�v�t�Q�k�Tut�Q!S7w}voj��(i!j �P��S�v�t�Q�kgTut�Q!S
WPi���� �(i!jl� ��v �FQ�j�i �RQ�j|X�mVv�fP���1Q�jlTVvq�Bvowzk�Tut�Q<�5e�kMO1i�S��&v�t�Q$k�v2j|Q!{qp1Tuj Q/i�SUTut2p1msk�i�fRQ!v�pCS=�#v�t�t+i
f1� vow
SUk�i�kgQ��~vowP�}kVOPQ��~i!jlkM�&v�t2�Pp1k}i!kgTVv�f1i!mu�PfRpPt�Q�jlTs�#i�m �Ci�fP� i
f1i!muX-k�Ts�#i!m1t�Q�kxOPvq�1Sl�
S�v�t�Q�k�T t�Q!S)k�v2kVOPQ/pRfPw~voj kgpRfPi�kgQ
Q�:�� mupCSUTVv�f0vowG�RORX�SUTs�#i�m`T f1SUTs�oORk ��NRORTVS��di�j �di�fRkgpCi
f Q�wgw~vojlkx�zO1v ��Q �FQ�jx��TVS/rFf1i!msmuXBWRQ!�qT fFfRT f1� k�v �Ci�XDvowgw��
��TskVO(t�p1mskgTu�1msQ�t�Q�kVO1vq�1S�f1v � i �Ri!TsmVi#WPmuQGw~voj
O1i
f1�PmsT f1�JkVOPQ=i!j ��OPQ�kxXd�Ci�m��1j v!WRmsQ
t vow�fFpPt�Q�jlTu�&i!mdj Q�mVi!kgT �RTukgX��
WRT f1i!j X�WRmVi!�T��O1vomuQ!S �"��B��q�A�!�o�T>��q�,@��6B!�����/�,Y!�q�&� �3�

NROPTVS�kVOPQ!SUTVS�TVS�Q �RTV�PQ&fR�#Q/vowzkVOPTVS�j Q �Rvomup1kgTVv�fBvowzkVOPQ rPQ�mV�R�PT f kVO1i!k�kVOPQ5�ROPTsmsvqS�v��RORX �PjlT �FT fP�2kVOPQ �(voj��
�#i�f�WRQ��PT �FTV�PQ!��S�v�t�Q �$O1i!k-� msQ!i
fPmuX�T fPk�v�kxORj Q�Q��RO1i�SUQ!S���WRQ�w~voj|Q � ��OPi!�1kgQ�jUSP�:i�fP�C���g�!�Rp1jlT f1� � ��O1i��1kgQ�jUS >��A@��
i
f1� B��x��i�fP�(i!w}kgQ�j � ��OPi!�1kgQ�j
��� �
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� OPi!�1kgQ�jUS��$i�fP� �$j|Q�mVi!k�Q�k�v�k�v(i5�1j vq�djli!t�Sl�1Q!i�j OPQ!i��PQ!��T f@j|Q�� Q&fPkPX-Q!i�jlS�WRX(yzTs��O1i!j �@hPj Ts� Q �%�o� �V�F�#i!msmsQ!�
kVOPQ4�<���� %! #� "$L&�(*),+-#� %+/.10324),56� � h87�9b�-i!�P�1j v�:�T t+i!k�TVv�f���NPORQ�t+vqSUkFi!t8WPTuk�TVv�pCS�vowRkVOPTsSz�1j v54sQ�� k 
 SzvojlTV�qT fPi�md�dvqi!mVS
SUkgQ
t�t�Q!� w}j v�t �$O1i!k�T f j|Q�kgjlvqSl�1Q�� k�msvqv���S1msTR�dQ7i
f5Q�:�kgj|Q
t�Q��1Q!S�SUTut�TVSlt j Q!�di!jl�PT fP��kxORQ�fPQ!i!j���k�Q�j|tH�1j vqSl�1Q��#k�S
w~voj1kVOPQ��#v�f �FQ&fPkgTVv�fPi�mqi��P�1j vqi���O/k}v�fRpPt�Q�j Ts�#i�m�j Q�mVi!kgT �RTukgX���T fRk�Q!�qjUi!kgT f1��Q �Rvomup1kgTVv�f8Q!{opCi!k�TVv�fPS
T f�k�Tut�Q<� �)fPQ
t+i�4Vvojz�PTswgrP��p1mskgX ��TskVO(kVO1i!kRi��P�1jlvqi!��OJO1i�Szk}v �1v���TskVO(�&v�t2�1Q�k�T fP�JkgTut�Q!SU�#i!msQ!S�� � k�kxORQ=S OPvojlkRQ&fP�R��kVOPQ�j|Q�TVS
kVOPQ7jlT fP�dT f1�)kgTut�Q!SU�#i!msQ7vowqkxORQ`T fP�PT �RTs�PpCi!m
O1vomsQ!Sl��vowdvojl�PQ�j

GM/c3
� � k�kxORQ`mVv�fP�)Q&f1�R�&kxORQ�j Q�TVS1kxORQ`kgTut�Q!SU�&i!msQ

vowzkVOPQ/Q!S�SUQ&fPkgTVi�m1�RXqf1i�t�Tu�&S��7kVOPQ/T fPSl�1TsjUi!m;�=NROPTVS�TVS:SUQ �RQ�jli�mPkgTut�Q!S=�qj|Q!i�kgQ�j�kVO1i
f Q �RQ&f kVOPQJvoj WRTsk�i!mR�1Q�jlTVvq�
√
r3/GM

��w~voj�i7WRT fPi�j|X�SUQ
�Ci!jUi!k�Tsv�f8vowRjli��PTupCS
r
�de�wRi
f8Q �Rvomup1kgTVv�f��#vq�1QGTsS�k�v�WRQ��&v�t�Q�fRpPt�Q�j Ts�#i�msm X/pRfPSUk}i/�

WRmsQ
�oTuk ��Tsmsm��1vJS�vJv�f�kVOPQ=jlT fP�qT f1�$kgTut�Q!SU�&i!msQ
�ow}voj ��OPTu��O�kxORQ�fFpPt�Q�j Ts�&i!mdk�T t�Q�SUkgQ
�2TVS�i��1i!�1kgQ!�R��j|Q&f1�PQ�jlT f1�
kVOPQ�t�p1��O(mVv�f1�qQ�j �}kgQ�j t �ROFXFSUTu�&i!m-�PXqfPi!t�Ts�&S7v�p1kPvowPj|Q!i���OH� � �RQ&f�TuwPkxORQ:�#vq�PQ=j|Q
t+i!T fPS7SUk�i#WPmuQ � i�fP�8fPv �(i/�
�1i!X�Sl�!t+vqSUkRvowRkxORQ
t �1vq�g��kxORQGt�TVSlt�i�kg��O�vowRkxORQ�Q �Pvomup1kgTVv�f(kgTut�Q=SUkgQ
��w}j v�t kxORQGt+voj|Q:T fPkgQ�j Q!SUkgT f1� T fPSl�1TsjUi!m
kgTut�Q!SU�#i�muQ��1j Q!SUQ&fRk}S�i
f8T fRQ�w�rPQ&fR� XJvowRkVOPQ:SUk�i�fP�Ci!j �8i!�P�1j vqi���O�vowFT fRk�Q!�qjUi!kgT f1�/kxORQGQ �Pvomup1kgTVv�f(Q!{opCi!k�TVv�fPS7T f
kgTut�Q<�

NROPQ��1Q�j TVvq�PTs�)SUk�i
f1�PT f1� � �(i �FQ i��P�1jlv�:�Tut+i!k�Tsv�f+TV��f1voj|Q!S�kVOPQ/S O1voj k�Q�j�kgTut�Q!SU�&i!msQ<�`egf�w~i!�#kCTskCTV��f1voj|Q!S4) � �
kgTut�Q!SU�#i�muQ!S��oNRORQ�voj WRTsk-TVS�i��P�1jlv�:�Tut+i!k�Q!�$i�S1WRQ�T fP� Q�:�i�� kgmuX5�1Q�jlTVvq�PTs����voj
T f8w~i!� kg��Q�:�i�� kgmuX�&S( )�(P %!�+�)A� ��T f�iG�#v��
j vok}i!k�T f1��w}jUi�t�Q�vowq�#vqvoj �1T f1i!k�Q!S�� �)fR�#Q�kVOPTVSCi
f1S�i!k;��TVSPTut��CvqSUQ!�R��kVOPQ�w~v�p1j �~�PTut�Q&f1SUTVv�fPi�m�Q �Rvomup1kgTVv�f �1j v!WPmuQ
t
SUTut2�1msTsrPQ!S�k�v5i`WPv�pRfP�Ci!j X1� �Pi!mup1Q`�1j v!WRmsQ
t v�f8kVOPQGkVOPj|Q�Q��~�PTut�Q&fPSUTVv�f1i!m�t�i�fRTsw~voms�8vow FGTsmumsT f1�/voj WRTsk�S�� � �)fP� Q
Slp1��OBiJSUk�i�kgTVv�fPi�j|X+S�vomup1kgTVv�fBTVSGw~v�pRfP�P�RkxORQJSUmsv �=�CSUQ���p1mVi!j�T fPSl�1TsjUi!mP�#i�f2WRQ T fRw}Q�jlj|Q!�@i��PTVi#WPi�kgTs�#i�mumuX�� ��NROPTVS
i��1Tsi&WPi!k�Ts��i�S�SlpPt��1kgTVv�f2WRj|Q!i6�-S��1v ��fF�RvowM�&v�p1jlSUQ
� �$OPQ&f+kVOPQ�OPvomsQ!S�rFf1i!msmuX(�1mupRf1�qQ5k�v �(i!jl�+v�fRQ i�fPvokxORQ�jg�
WFp1k�kVOPQ�j|QGTVS�i�SUTV��fPTsrP�#i
fPkF�1Q�j TVvq��vowFkgTut�Q � t2p1mskgTu�1msQ�voj WRTsk�S �%�6�!����� ���dT f ��ORTs��O�kxORQ�T f1Sl�1Tsjli�m�j Q
t�i�T fPSzSUmVv �
WFp1kFkVOPQ�Q �Rvomup1k�Tsv�f(TVSzk}vqv)f1v�fRmsT fRQ!i�jzw}voj�iG�CvqSUkP� �8Q ��k�v�fPTVi
f(Q�:��Ci
f1SUTVv�f��

e}k�f1v � i��P�1Q!i!jUSPkxOPi�kqkVOPTsS
mVi!k�Q7T f1Sl�1TujUi!m�SUk�i��qQ`�&i
f)WRQ7O1i
f1�PmsQ!� �RQ�j|X ��Q�mum�WFX)t�vq�1Q�j�fJQ �Pvomup1kgTVv�f$�&vq�PQ!Sl�
S�v kVOPQ2h87�9 i!�P�1j v�:�Tut�i�kgTVv�f�TVS5f1v mVv�fP�qQ�j fRQ��#Q!S�S�i!j X i�SJi+�-v��sWRQ�k ��Q�Q&f�w�jlv�tKQ!i!jlmuXB�CvqSUkP� �8Q ��k�v�fPTVi
f
�#i�ms��p1mVi!k�Tsv�f1S=k�v�mVi!kgQ/fRpPt�Q�jlTs�#i!mC�1mupRfP�qQ8SUTut�p1msi�kgTVv�f1S��CD�v ��Q �RQ�jx�CTsk��&v�p1ms� �&v�fR�#Q�T �Pi#WRmuX@SUkgTsmsmPWRQ/pCSUQ�w�p1m;�
NROPQ$WPi�SUTs�$T fPQ�wgrP�#TuQ&fP��X �CvqSUQ!� WFX kxORQ(t�TVSlt+i!k���O vowGk�T t�Q!SU�#i�msQ!S j|Q
t+i!T f1S5Q �FQ&f T f t+vq�PQ�j|f fFpPt�Q�jlTu�&i!m
�#vq�1Q!S�� yzQ
t+v �FT f1�+Tsk ��Tsmum
j|Q!{qp1Tuj Q/kxORQ�Tut2�1msQ
t�Q&fRk}i!k�Tsv�fDvow7SUk}i#WRmsQ$T t��1msTs� Tsk�kgTut�Q��}SUk�Q
�P�1T fP�+i�ms�-voj TskVORt+Sl�
i(Slp�W1SUk�i
fPkgTVi�m
Q�w�w}vojlk�w~voj)Slp1��OD�#v�t��1muTs�&i!kgQ!� �&vq�PQ!S��2e}k7TVS��CvqS�SUT WRmsQ�kVO1i!k�v�fR�#Q8kVOPQ8t+i!��OPT fRQ�j X TVS�rFf1i!msmuX
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∂tCi = ∂t∂iψ − ∂tφi = ∂i∂tψ − ∂tφi = ∂iπ − ∂iπ = 0.
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∂tφi = ∂iπ + γCi
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∂tφi = ∂iπ + γ∂iψ − γφi,
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∂tCi = −γCi.
� �<� � ���

NRORpCSl��w~vojMfRQ!�di�kgT �FQ �Pi!mup1Q!Szvow
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� �<� �����



�
�

∂tπ ' δij∂iφj ,
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∂tφi ' ∂iπ + γ∂iψ.
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π̄ := π + γψ,
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∂tψ ' 0,
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∂tπ̄ ' δij∂iφj ,
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∂tφi ' ∂iπ̄.
� �<� �<B��

NROPTVS=TVS=kVOPQ8S�i�t�Q$i�S:kxORQJ�1j T fP� Tu�Ci!mC�Ci!jlk�vow�kVOPQ � + ��! #� � ��#�Q �Pvomup1kgTVv�f SlXFSUkgQ
t��MS�v�kVOPQJQ�w�w�Q��#k
kxOPi�kzkVOPQ
γ

kgQ�j t OPi�S�OPi��@v�f@kVOPQ��1j T fP� Tu�Ci!mF�Ci�j k
vowMkxORQ5Q �Pvom p1k�TVv�fBSlX�SUkgQ
t �#i�f�WPQ5j|Q
t+v �FQ!��WFX�i msT fRQ!i�j`��OPi�fP�qQ vow
�Ri�j TVi&WRmsQ!S���NPORTVS�msT fPQ!i!j���O1i
f1�qQJvow �Pi!jlTVi#WRmsQ!S�O1i�S:kVOPQJ�qQ!v�t�Q�kgjlTs�=t�Q!i
fPT fP��vow�iJ��O1i
f1�qQJvowCWPi�SUTVS�v�fBkVOPQ
WFpRf1�PmsQ�vowP�RXqf1i�t�Tu�&i!morPQ�mV�1Sl�&WFp1kFkVOPQ:i&WPSUkgjUi!�#k-SUkgj|p1� kxp1j Q�vow�kxORQ:��O1i!jUi!� k�Q�j TVSUk�Tu�7t�i�kgjlTs� Q!S�kVO1i!kF�PQ�kgQ�j t�T fPQ!S
ORXd�1Q�j~W1vomuTs�#TukgX�TVS�WPi�SUTVSS�}T f1�PQ
�1Q&f1�PQ&fPk �1� X8t�vq�PTsrP�&i!kgTVv�f@vow1kVOPQ�Q �Rvomup1kgTVv�f+Q!{opCi!k�TVv�fPSl�-kxORQ�j Q�w}voj Q
��OPi�Szf1v
Q�wgw}Q�� k�v�f8kxORQGOFXd�1Q�j WPvomsTs� TskxX8vowRkVOPQ�SlX�SUkgQ
tV�

� w}kgQ�j)�#v�f �FT fR�#T fP�Bt�X�SUQ�mswGkVO1i!k�kVOPTVSJSlX�SUk�Q
t TVS=WPvokxODOFX-�1Q�j~WPvomsTs�8i
f1� pRf1SUk�i&WRmsQ
��e�{op1Ts���dmuX ��j vokgQ2i
SUTut2�1msQ�rFfPTuk�Q��}�1Tuw�w�Q�j Q&fR�#Q�Q �Rvomup1k�Tsv�f+�#vq�1Q=k}vJT f �FQ!SUk�Ts�-i!kgQ�kxORQ=fRpPt�Q�jlTs�#i!mFSUTskxpCi!k�TVv�f��
NPORQ�j|Q!Slp1mskPTVS�S OPv ��f
T f$ndTV� �
�<� �&�
kVOPQ`rPjUSUkdQ �RQ�j1�PQ
t�v�f1SUkgjUi!k�TVv�f�vow-v��1k�T t+i!m��#v�f1SUkgjUi!T fPkq�1j v54sQ��#kgTVv�fJw~voj1kVOPQ7pRf1SUk�i&WRmsQ�SU�&i!mVi!j ��i �FQ
SlX�SUk�Q
t��`NROPTVSGSUTut2�1msQ rFfPTskgQ��~�PTswgw}Q�j|Q&fP� Q�SUT t�p1mVi!k�Tsv�f �(i�SGv�fPmuX(t�Q!i
fPkCk}v8�PQ
t�v�f1SUkgjUi!k�Q5kVOPQ5T fPSUk}i#WRTsmsTskxX�vow
kVOPQ�SlX�SUkgQ
t��-i
f1��kVOPQ=Q�w�w�Q��#kgT �FQ&fPQ!S�S�vow1kxORQ=�1j v54sQ�� k�TVv�fPS��Cn-i�j�t�voj Q)�PQ�k}i!TsmsQ!�8fRpPt�Q�j Ts�#i�m-T f �FQ!SUkgTV�di�kgTVv�f1S�vow
�#v�f1SUkgjUi!T fPk1�1jlv54uQ��#kgTVv�f+w}voj`kVOPTsS�pRf1SUk�i&WRmsQ5SU�#i!mVi�j �(i �FQ5SlX�SUk�Q
t�i�j|Q=�1j|Q!SUQ&fPkgQ!��T f���OPi!�1kgQ�jM>���WFp1k1kxORQ
X(i�j|Q
i!mut+vqSUk1Q&fPkgTsj|Q�muX�i!k�kgjlT WRp1k�i#WPmuQ=k�v/t2X��&v��}i!p1kVO1vojlS��1NROPQ�kgQ�:�kRvowC��O1i��1kgQ�j >��(i�S ��jlTskgkgQ&f8WFX E1Q�QQECT f1�-WRmVv�t��
i
f1���Pp�WRmsTVS OPQ!�(i�S � �<@ � ��TskVO8t�X�SUQ�mswPi�S�i:�#v��~i�p1kVO1voj �oe�kFTVSzj|Q
�1jlT fRk�Q!� �FQ�j WPi!k�Tut i�S���O1i��1kgQ�j�>-�

��������� � ��#���� #���# �!��������#�� )�� � �����,���0#213����4�
������'�5*3��
�#��

9�ORTsmsQ �(voj��dT fP��i�SCi`�CvqSUk��1vo� ��TskVO$kVOPQ � i!mskgQ���O5fFpPt�Q�jlTu�&i!m!j Q�mVi!kgT �RTukgX��dj v�pP�P��ndjUi
f1S1hPj|Q�k}voj TupCSM�PQ �FQ�mVv��1Q!�
i �FQ�j X@pRfR�&v�f��RQ&fRk�TVv�fPi�m7�#vq�1Q8w}voj=fRpPt�Q�jlTs�#i!mzj Q�mVi!kgT �RTukgX��+hPQ�j O1i��CS�kVOPQ8t+vqSUkGSlp1j|�1jlTVSUT f1� vow7OPTVS/�PQ!SUTV��f
��O1voTs� Q!S �(i�SGkVOPQ �(i�X(kxOPi�k1OPQ r8:�Q!�+kVOPQ/Sl�Ci�� Q�kgTut�Q5�#vqvojl�PT fPi�kgQ5w}j|Q�Q!�1v�t vow
�dQ&fRQ�jUi!mPj Q�msi�kgT �FTskgX �bi ��i!X
�#i�msmuQ!��kVOPQO.-��+ ��� )��� 
	,� #��/),� ��!�+1 %$
t�Q�kxOPvq�L�

NROPQ�t+vqSUkP�#v�t�t�v�f+i��P�1jlvqi!��O�k}v5fRpPt�Q�jlTs�#i�mdj|Q�mVi!k�T �FTskxX WRQ!�qT f1S ��TskVO�S�v�t�Q �Ri!jlTVi
fPkPvow ��OPi�kRi�j|Q�f1v �



���

 0

 1e-06

 2e-06

 3e-06

 4e-06

 5e-06

 6e-06

 7e-06

 0  20  40  60  80  100  120  140  160

L_
2 

no
rm

 o
f s

ca
la

r 
w

av
e 

co
ns

tr
ai

nt

time

ndTV�op1j Q��6� � � � v�fPSUk�jli�T fPk`fPvoj t ||c|| :=
(∫

δijCiCjd3x
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�xµ = Hµ,
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ψρσ∂ρ∂σψµν ' 0,
� �<� �,Y��

��ORQ�j Q
ψµν

TVS�kVOPQ�Sl�Ci!� Q�k�Tut�Q�t�Q�kgjlTs�7i
f1�
ψµν

Tuk}SzT f��RQ�jlSUQ��T��NROPQU�1T f1SUkgQ�T f�Q!{opCi!k�Tsv�f1S�kVOPQ�j|Q�w~voj|Q�j|Q!�Pp1� Q � i�k
�1jlT fP� Tu�Ci�mRvojl�PQ�jU�Ck}v8T fP�PQ
�1Q&f1�PQ&fPk �(i �RQ Q!{opCi�kgTVv�fPS�w}voj�Q!i!��O��&v�t2�Cv�fPQ&fPk�vow�kxORQ/Sl�Ci�� Q�k�T t�Q�t�Q�kgjlTu��� � S
mVv�fP�(i�S`kVOPQ=t�Q�kgjlTs��j|Q
t+i!T f1S4ECvoj|Q&fPk*��Tsi�fF�qkxORTVS�TVS�i � ),+1 ����&�( � �$OFXd�1Q�j WPvomsTs�:SlX�SUk�Q
t���egf���O1i��1k�Q�jOB���Q �8Tsmsm
Q&fP�#v�pRfPkgQ�j�S�v�t�Q:vowFkVOPQG�#v�t��1msQ�:�TskgX$vowFQ&fPSlp1jlT fP�5OFXd�1Q�j WPvomsTs� TskxX$T f�kxORQ � �)� w}voj t+i!msTVSlt2��i�fP� �8Tsmsmq�#v�t�Q
k�v/i��P�1j|Q��#TVi!kgQ 4upCSUk-OPv � Sl�1Q��#TVi!moQ!{opCi!k�TVv�f � �<� �,Y��qkgj|p1m X$TVS��

9 TukxOJOPTVSzSl�1Q�� TVi!msmuXJ�PQ!SUTV��fPQ!���#vq�1Q
�!pCSUT fP�5kxORQ!SUQ��dQ&fRQ�jUi!msT���Q!�8�gO1i!j t�v�fPTs��Q �Rvomup1kgTVv�f8Q!{opCi!k�TVv�fPS � i!mVv�f1�
��TskVO@i �FQ�j X�T t��Cvojlk�i
fPk1t+vq�PTsrP�#i�kgTVv�f@SlpC�d�qQ!SUkgQ!��WRX � i�jlSUk�Q&f� =pRfP�1msi���OR���PQ!SU�#j T WRQ!��T f���OPi!�1kgQ�j @o�x�dhPj Q��
k�vojlTupCS �(i�S`i#WRmsQGk}v �#i�j j X$v�p1kRkxORQ�rPjUSUkRQ �FQ�jzSUTut2p1mVi�kgTVv�f�vowFt2p1msk�T �1msQ)voj~WRTsk}Sl���&vqi!msQ!SU� Q&fP� Q
�oi
f1��jlT f1�d�1v ��f
vowCiGWRT f1i!j X WPmsi����/OPvomsQ�SlX�SUkgQ
t �"��B � �RNROPQ�j|Q=TsS�f1vJi&WPS�vomup1kgQ��PT �FTV�PT fP�$msT fRQ
�di�k �$OPTs��O�v�fPQ)t�TV��OPk1S�i�X8kxOPi�k
kVOPQ I
t+vq�PQ�j|f8i��qQ<K�vow-fFpPt�Q�jlTu�&i!moj|Q�mVi�kgT �FTskxX=WPQ!�di
fR�&WFp1k�hPj|Q�k�vojlTupCS 
 S�rPjUSUkd�1j Q!SUQ&fRk}i!k�Tsv�f�vowFkVOPQ!SUQGj|Q!Slp1msk�S�TVS
i�Sz�-vqvq�2i:��O1voTu�#Q:i�S7i
fRX�� �

NROPQz�CvojlkgTVv�f$vowqkVOPQ � i�muk�Q���O�� � voj�fPQ�msm
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�,�
kgjUi!m��#vq�1Q�O1i�S�mVv�f1�5T fPSUTVSUkgQ!�8v�f�pCSUT fP��OFXd�1Q�j WPvomsTs��Q �Rvomup1k�Tsv�f�Q!{opCi�kgTVv�f1S � ��B �V��S�v)pP�Cv�f8SUQ�Q�T f1�5hPj Q�k�vojlT pCS 
 S
j|Q!Slp1msk}Sl� �8Q {qp1Tu�T�dmuX$WRQ!�di�f�k}vJT f �FQ!SUk�Ts�-i!kgQ ��OPQ�kVOPQ�j ��Q��#v�p1mV��pCSUQ5i �qQ&fPQ�jli�msT%��Q!�(OPi�j|t+v�fRTs�=w}voj t�i�msTsSlt
v�p1jUSUQ�m �RQ!S��Cn-voj7i
f�Q �Rvomup1kgTVv�f@SlX�SUkgQ
t k�v�WRQ=�&v�t2�Ci�kgT WRmsQ �8TskxO�v�p1jzfRpPt�Q�j Ts�#i�m-�&vq�PQ
�qTukRt�pCSUk � w}voj7kgQ���OFfPT��
�#i�m�j Q!i�S�v�f1S��-WRQ)�Pp1kCT f@i�w}voj t�kVO1i!k1T f �Rvom �FQ!SG�PQ�jlT �Ri�kgT �FQ!S�v�fPm X(pP��k}v�rPjlSUkMvoj �PQ�j �8TskxO�j Q!Sl�1Q�� kPk�v8Sl�Ci�� Q
i
f1��k�Tut�Q<�dexf(kxORQ��1j|Q �FTVv�pCS�SUQ��#kgTVv�f ��Q:S�i � OPv � kxORQ=SUQ��#v�f1�8�}vojl�PQ�j ��i �FQ�Q!{qpCi!kgTVv�f(�&i
fJWRQ ��jlTuk�kgQ&f(i�S7i
rPjUSUk;�~voj �PQ�jzSlX�SUk�Q
t2�!WFX$�1j v�t+vokgT fP�$i!msmdrPjUSUkP�PQ�jlT �Pi!k�T �RQ!Szk�v/T fP�PQ
�1Q&f1�PQ&fPk�rPQ�mV�1S���NPORQ:S�i!t�Q)i��P�1msTsQ!S
OPQ�j|Q �
T fRk�j vq�Rp1�#T fP�/rPQ�ms�CS

Πµν
i
f1�

Φiµν
��Q!{qpCi!kgTVv�f � �6� ��Y���WRQ��&v�t�Q!S

∂tψµν −Nk∂kψµν ' 0,
� �<� � ���

∂tΠµν −Nk∂kΠµν +Ngki∂kΦiµν ' 0,
� �<� �����

∂tΦiµν −Nk∂kΦiµν +N∂iΠµν ' 0,
� �<� �q�!�

Ciµν := ∂iψµν − Φiµν = 0,
� �<� ���o�

��ORQ�j Q
Πµν

TsS5�1Q�rFfRQ!� Q!S�SUQ&fPkgTVi�mumuXBi�S�kVOPQ�kgTut�Q��PQ�jlT �Pi!k�T �RQ8vow
ψµν
�
Φiµν

TsS5�1Q�rFfRQ!� WRX kVOPQ$fRQ � �&v�f �
SUkgjUi!T fPk � �6� ����� � i�fP�

N
�
N i ��i
f1� gij i!j Q�S O1vojlkVO1i
f1�/w~vojF�Ci!jlkgTs��p1mVi!jF�#v�t��Cv�fPQ&fRk}SCvow ψµν ���PQ�rFfRQ!�/�#v�t��Ci!�#kgmuX

T f�kVOPQ�Q�:��1j Q!S�SUTVv�f �

ds2 = ψµνdx
µdxν = −N2dt2 + gij(dx

i +N idt)(dxj +N jdt).
� �<� �6�o�

NROPTVS�rPjUSUk;�~voj �PQ�j�j|Q
�1j Q!SUQ&fRk}i!kgTVv�f vow�kVOPQJ�qQ&fPQ�jUi!msT���Q!�8�gOPi�j|t+v�fPTu�Q�1T fPSUk�Q�T f SlX�SUkgQ
t �(i�SG�1j|Q!SUQ&fPkgQ!�2WFX
� m �FTqT f �V� �3��egf���O1i��1k�Q�j�@ �8Q=�qQ&fRQ�jUi!msT���QGkxORTVS�SlXFSUkgQ
t k�v ��p1j|QGk �(v SUQ�j TVv�pCSzTsmsmVS��

ndTsjUSUkx��Q!{opCi�kgTVv�f � @ � �����qTut��1muTsQ!S`i�w}j TV��OPkgQ&fPT fP�JQ �Rvomup1kgTVv�f�Q!{opCi�kgTVv�f(w}voj
N i � ��OPvqSUQ:�1j T fP� Tu�Ci!m��Ci�j k�TsS����

∂tN
i −Nk∂kN

i ' 0.
� �<� �/>q�

�C{opCi�kgTVv�f1S�vowRkVOPTsS�w}voj t �&i�pCSUQ�S O1vo���-S�k�v �PQ �RQ�mVv���T f�ORX��Pjlvq�RXqf1i�t�Tu�&i!mqSUTut2p1mVi�kgTVv�fPS��dNov5��p1j Q�kxORTVSzTsmsmu� ��Q
Slp�WPSUk�Tukgp1kgQ)kVOPQ=�&v�fPSUk�jli�T fRk Ckµν �qk�vJkgjUi
f1SUw}voj t kVOPQ

∂kψµν
i!�P�1Q!i!jlT fP�/T f�Q!{opCi!k�TVv�f � @-� ���o�FT fPk�v

Φkµν
�RNROPTVS

Slp�WPSUk�Tukgp1kgTVv�fR�R�Rp1Q�k}v$t2X(�&vomsmsi&WPvojUi!k�vojUSl�dt+i�X2i!�P�1Q!i!j �RQ�j|X8t�T fPvojGi�fP��pRfP�#v�f �FT fP� T fP�q�qWFp1kMTsk1kxp1j|fPS:v�p1k
k�v2t+i/�dQ�kxORQ�SlX�SUkgQ
t �� "+ � ),��� �=#<�P.1��+ ��� )A(;�|��i8{opCi!msTskxX@Tut��1muX-T fP�+kxOPi�k7S O1vo���-S5S O1v�p1mV�BfPvok�WRQJQ�:��1Q�� k�Q!� k�v
�PQ �RQ�msv���w}j v�t Slt+vqvokVO(T fPTuk�TVi!md�1i�k�i �%��� � �

NROPQ$SUQ��&v�fP� �1i � T f � m �RT 
 S)Q �Rvomup1kgTVv�f SlX�SUkgQ
t�� � @-� ���o��� � �<� ���o�x�RTVS=kxOPi�k�kVOPQ/fRQ ��muX@T fRk�j vq�Rp1�#Q!�B�&v�f �
SUkgjUi!T fPk�Sl� Ciµν ��t+i�X WRQ��#v�t�QGpRf1SUk�i#WPmuQ=T f8fPv�fPkgjlT �FTVi!m-SUTut�p1mVi!kgTVv�f1S��19@QGO1i �RQ:i!msj|Q!i��RXJSUQ�Q&f(i=��p1j|Q:w}voj�kVOPTVS
�PTVSUQ!i�SUQ<��� X5t+vq�PTsrP�#i�kgTVv�f8vow�kVOPQGSU�#i!mVi�j �(i �FQ�Q!{opCi�kgTVv�f$�1j Q!SUQ&fRk�Q!�/T f8kVOPQ��1j|Q �FTVv�pCS
SUQ�� k�Tsv�fR��kxOPi�kqt�i6�dQ!S
kVO1i!k1SlXFSUkgQ
t pRf1SUk�i&WRmsQ
�d�#i�f�WRQ�i��P�1msTsQ!� ��TskVO@i)�#voQ�wgrP�#TsQ&fRk1vowMkVOPQ)v��P�CvqSUTskgQ5SUTV��f�T f+voj �PQ�jzk}vC&�(*) �, �� 
	,�7kVOPQ
SlX�SUk�Q
t��Gexf@kVOPQ/S�i!t�Q �(i!X �FiJkgQ�j t �1j v��CvojlkgTVv�fPi�mPk�v Ciµν

�&i
f2WRQ i��1�PQ!��k�v(Q!{opCi!k�TVv�f � @ � �/>o�1k�v(SUk}i#WRTsmsT���Q
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�T>
kVOPTVSz�#v�f1SUkgjUi!T fPk �

� �&v�t2�1msTs�#i�kgTVv�f�i!jlTVSUQ!Sl�MO1v ��Q �FQ�jg�7v�f kVOPQ2Slp�W�4sQ�� kGvow`ORXd�1Q�j~W1vomuTs�#TukgX�� NROPQ(i!jl�opPt�Q&fRk��qT �FQ&f T f kVOPQ
�1j|Q �RTVv�pCSMSUQ��#kgTVv�fF�!kxOPi�k�OFX-�1Q�j~WPvomsTs� TskgX TsSC�1j|Q!SUQ�j��FQ!�)WRQ��#i!pCSUQ`kxORQ`t+vq�PTsrP�#i!k�TVv�fPS
k�v)kxORQ`�1j T fP� Tu�Ci!m��Ci!jlko�#i
f
WRQ�j Q
t�v �RQ!�=WFX�i7msT fPQ!i!jP��O1i
f1�qQ7vow �Pi!jlTVi#WRmsQ!Sl�#TVSMSl�CvoTumsQ!�/T f/kxORTVSM�#i�SUQCWFX)kxORQ�Slp�WPSUkgTskgp1kgTVv�f/t+i��PQ�k}v�Q&f1Slp1j|Q
msT fRQ!i�j)�PQ!�dQ&fRQ�jUi!� X���n-voj5S�v�t�Q8k�T t�Q
� ��Q8msi&WPvoj|Q!� pRf1�PQ�j)kVOPQ�S�i�� Tut��1j|Q!S�SUTVv�fDkVO1i!k7msT fPQ!i!j��PQ!�qQ&fPQ�jli���X
�(v�p1mV�JWRQ�T fP�#v�t��Ci!k�T WPmuQ �8TskxO8�&v�fPSUk�jli�T fRkPSUk�i&WRTsmsTukgX ��kxOPi�k ��Q �(v�p1mV��O1i �RQGk�v/��O1vqvqSUQ:v�fRQ=voj
kxORQ=vokVOPQ�j �

ed�PTVSU�#v �RQ�j|Q!�$i�j|Q!S�vomup1kgTVv�fJw~voj1kxORTVS
�#v�f��PTs� k �qexf$j|Q�kgjlvqSl�1Q�� k�Tsk-S OPv�p1mV�/O1i �FQzWRQ�Q&f$v!W �FTVv�pCS���egfJkVOPTVSRWRpCSUT��
fPQ!S�Sl��kVOPQ i
f1S ��Q�j`TVSGi�m �(i!X�S��MSlp�WPSUkgTskxp1k�Q5kVOPQ5�#v�f1SUkgjUi!T fPk �7NROPQ5�#v�f1SUkgjUi!T fRk1OPi�SGi!msj|Q!i��RX/WRQ�Q&f@Slp�WPSUkgTskxp1k�Q!�
T fRk}v �M{dS�� � @-� ���o�Mi�fP� � @-� �/>q� �=egf ��O1i��1k�Q�jG@�� ��Q ��TsmsmMSUQ�Q$kVO1i!kzi$�#i�j|Q�w�p1m1Slp�WPSUkgTskxp1k�TVv�f vow Ciµν T fPk�v � @-� �6�o�
i!msmVv �(S�pCSzk}v j|Q��&v �FQ�j1OFXd�1Q�j WPvomsTs� TskxX#� ��OPTumsQG�1j Q!SUQ�j �RT fP�5msT fPQ!i!jz�PQ!�qQ&fPQ�jli���X/i�fP�(�#v�f1SUkgjUi!T fRkRSUk�i&WRTsmsTukgX��

NROPQ!SUQJTVS�Slp1Q!Sl�
T f �Rvom �RT f1��kVOPQ8SUk�i&WRTsmuT��oi!kgTVv�f vow Ciµν �Cj|Q
�1j Q!SUQ&fRk
t�X+t�i�T f �#v�fPkgjlT WRp1kgTVv�f k}v�kVOPQ �(voj��
�1j|Q!SUQ&fPkgQ!�DT f ��OPi!�1kgQ�j @ �VE1Q�Q E1T fP�-WPmsv�tKi�fP�D�Di!j��V7o��OPQ�Q�m�i!j Q�t�vqSUk�j|Q!Sl�Cv�f1SUT WRmsQ(w~voj�kVOPQ8OPQ�j|��p1msQ!i�f
�#i�ms��p1mVi!k�Tsv�f �FQ�jlTuw�X-T f1��kVOPQ ORXd�1Q�j WPvomsTu�#TskxXBvow�kxORQ$j|Q!Slp1msk�T f1���#v�f1SUkgjUi!T fPk�Q �Rvomup1k�Tsv�fDSlX�SUk�Q
t2�1�1j Q!SUQ&fRk�Q!� T f
SUQ�� k�TVv�fV@ � >1� �6�GNROPQ
X2pCSUQ!� i/�&v�t2�Pp1k�Q�j�i!mV�qQ WRjUi$SlX�SUkgQ
t k}v �FQ�jlTswgX�kVOPTVS�ORXd�1Q�j WPvomsTu�#TskxX+T fB�qQ&fRQ�jUi!mu�1i
f1�@e
kVOPQ&f�j|Q
�1Q!i�kgQ!��kVOPQ�Tsj��#i!ms� p1msi�kgTVv�fJWFX O1i
f1�R��j|Q!SUkgjlTs� k�Q!��k�v kxORQ=Sl�1Q�� TVi!mo�#i�SUQ:vowFmuT fPQ!i!jlT���Q!���1Q�jlkxp1j WPi!k�TVv�fPS�vow
�1i!kPSl�Ci�� Q�kgTut�Q<��exf(kxORTVS��1j vo� Q!S�S7eRpRfR�&v �FQ�j Q!�(i=w�Q � Q�jlj vojUSl�!f1vokPT f(kVOPQ:�&v�t2�Pp1k�Q�j�i!mV�qQ WRjUi:j Q!Slp1msk�Sl�!WFp1kRT f
kVOPQ�Tsj�kgjUi
f1SU� jlT �1k�TVv�f T fPk�v(kVOPQ5t+i
fRpCSU� jlT �1k �GNPORQ fFpPt�Q�j Ts�&i!mPj|Q!Slp1msk}S��1j|Q!SUQ&fPkgQ!�+T f@��O1i��1k�Q�j4@�i�j|Q�Q&fRk�Tsj|Q�muX
�Rp1Q�k}v5t�X$�&v��}i!p1kVO1vojlS��-E1Q�Q ECT f1�-WRmVv�t ��j vok�Q�kVOPQ:k�Q�:�kRvowR��O1i��1k�Q�jH@�� ��ORTs��O �(i�S��Pp�WRmsTVS OPQ!�2i�S � ��� �V�oi
f1�
TVSzj|Q
�1jlT fRk�Q!� �FQ�j WPi�kgTut��
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NROPQ�rPjlSUkP�}vojl�PQ�j1�qQ&fPQ�jli�muT���Q!� O1i!j t+v�fRTs��Q �Pvom p1k�TVv�f8SlX�SUk�Q
t �1j Q!SUQ&fRk�Q!�JT f���O1i��1kgQ�j'@�TsS�i��Cv ��Q�jlwgp1m�k�vqvom�w}voj
fRpPt�Q�jlTs�#i!m�j|Q�mVi!k�T �RTskxX ��i
f1�JT f1�PQ�Q!�JkVOPQ � i!msk�Q���OJi
f1� � voj|fPQ�mum��qj v�pP�CSMi!j QzpCSUT fP�)Tskqw}vojPQ!S�SUQ&fPkgTVi�mumuX5i!msm�vowdv�p1j
WRT f1i!j X5WRmVi����/OPvomsQ�SUT t�p1mVi!k�Tsv�f1S����1p1kFTskPSUkgTsmsmqO1i�S�i=w�Q � �1jli �/W1i!����Sl��SUkgjlv�fP�$Q&f1v�pC��O2kxOPi�kFTskPTVS�j Q!i�S�v�f1i#WRmsQ
w~vojMpCS�k�v��dQ�Q
�(i�f�Q
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�1Q&f1�PQ&fP� Q�w}vojM�#v�f �FQ&fPTsQ&fR�#Q7WRQ�mVv ��� � O1i
f1�qT fP�5kxORQ�Sl�Ci�kgTVi!mo�PQ
�1Q&f1�PQ&fP� Q �8Tsmsm
OPQ�m �2k�v5�#msi�j Tsw�X/kVOPQ:i�� ��p1jUi!� X/vowRkVOPQ�h87�9Ii!�P�1j v�:�Tut�i�kgTVv�f ��OPQ&f�fPv�fPmsT fPQ!i!jlTskgTsQ!S7i�j|Q�Tut2�Cvojlk�i�fRk �

egf kVOPQ8i��P�1msTs�#i�kgTVv�f vow`kVOPQ�h87<9 t�Q�kxOPvq�Dk�v(OPvomsQ!Sl�zi
f T fFfPQ�j�WPv�pRf1�1i�j|X@�&v�fP�PTsk�Tsv�f ��TsmsmPWPQ/pCSUQ!� i�k
i/Slt+i!msmu�Pi��P�1j v�:�Tut�i�kgQ�muX(Sl�ROPQ�j Ts�#i�mPSlp1j w~i!�#Q<��n�voj�SUTut��1msTu�#TskxX�OPQ�j|Q
�-OPv ��Q �RQ�jx� ��Q5pCSUQ i�f�Q�:��1msTs� TskMS�v�p1j � Q



�,Y
kgQ�j t��

S =
δ(r − a)

a2
δ(θ − π/2) [δ(ϕ) + δ(ϕ− π)] ,

� � � >q�
j|Q
�1j Q!SUQ&fRk�T fP�Jk �(v/�CvoT fPk�Sl�qQ!i���O2vowPpRfPTsk1SU�#i!mVi�j
��OPi�j �qQ
�oT f2Q!{opCi�k�vojlTsi�md� Tsj ��p1mVi!j�voj WRTsk�Sl� ��TskVO2jUi��PTupCS

a
i
f1�

i
f1�op1mVi!j �FQ�mVvo�#TukgX
Ω
�oNRORTVS`S�v�p1j|� QGk�Q�j|t

S
v!WPQ
X�SzkVOPQ:SlXdt�t�Q�kgj XJ�1jlv��1Q�j kgX/kVO1i!kFTVS
fRQ��#Q!S�S�i!j X/TswPiG�1Q�jlTsvq�1Tu�

S�vomup1kgTVv�f(TVSzk�v/Q�:�TVSUk ��Tsk�S E1TsQ:�1Q�j T �Ri�kgT �FQ �Pi
fPTsS OPQ!S�i�msv�f1�JkVOPQ FGTsmumsT f1�Jvoj WRTsk ~ξ �
e}w ��Q�i�j|Q)T fRk�Q�j|Q!SUkgQ!��v�fPmuX(T f(OPQ�muTs�&i!msmuX(SlXdt2t�Q�kgjlTs�=S�vomup1kgTVv�f1Sl��kxORQ&f+kVOPQ�rPQ�ms��Q!{qpCi!kgTVv�f � �-� ���Rj Q!�Rp1� Q!S

k�v

1

r2
∂

∂r

(
r2
∂Ψ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂Ψ

∂θ

)
+

[
1

r2 sin2 θ
− Ω2

]
∂2Ψ

∂ϕ2
+λF (Ψ, r, θ, ϕ) = S(r, θ, ϕ) .

� � � @o�

NROPQ/t�TR:�Q!� ��OPi�jli�� kgQ�jGvow�kxORTVS)hP� � S OPv �(S)� msQ!i!jlmuX�T fBkxORQ��&voQ�wgrP� TsQ&fPkzvow
∂2
ϕΦ

� NROPQJmsTV��OPkz��X-msT fP�1Q�j�TVS=i�k
r sin θ = 1/Ω

��ORQ�j Q(kVOPTVS/�&voQ�wgrP�#TuQ&fPkG��O1i
f1�qQ!SJSUTs�of�� egfPSUTV�PQ�kVOPQ2msTV��OPkG��X-msT f1�PQ�j �
r sin θ < 1/Ω

��kVOPQ
Q!{opCi�kgTVv�f�TVS�Q�msmsTu�1kgTs�#i�m �!v�p1k}SUTV�PQGTskdTVSMOFXd�1Q�j WPvomsTs�A��n�voj
v�p1k}�dvoT fP�JS�vom p1k�TVv�fPS�vow�kVOPTVS�Q!{opCi!k�Tsv�f ��Q�T t��CvqSUQ�i
f
v�p1kgQ�j�WPv�pRf1�1i!j X8�#v�f1�PTskgTVv�f

∂rΨ = −∂tΨ
�-voj`Q!{op1T �Ri�muQ&fPkgmuX

∂rΨ = Ω∂ϕΨ
�-v�f�i5Sl�ROPQ�jlTu�&i!mRSlp1j w~i!�#Q ��TskVO

i)jli��PTupCS�mVi!jl�qQ��&v�t2�Ci�j|Q!��k}v
1/Ω

� � S7TumsmupCSUkgjUi!k�Q!�(T f2n-Ts�?���-� ����kVOPTVS`Sl�ROPQ�j Ts�&i!m-Slp1jlw}i�� Q=TsS ��Q�mumFv�p1k�SUTV�PQ)kVOPQ
msTV��ORkz� X-msT fP�PQ�j:T f kVOPQ/Q!{opCi�k�vojlTsi�m1�1mVi
fPQ
�1S�v2v�p1j�WPv�pRfP�Ci!j X��&v�fP�PTsk�Tsv�f1S�i!j Q Tut2�CvqSUQ!� v�f i�Slp1jlw}i�� Q kxOPi�k
�Ci�S�SUQ!S�kVOPj v�pC��OJWPvokxO8kxORQ:Q�mumsTu�1kgTs��i
f1�$ORXd�1Q�j~W1vomuTs��j|Q!�dTsv�f1S�vowFkVOPQG�1j v!WPmuQ
tV�

hPj v!WPmuQ
t+S ��TskVODWPv�pRf1�1i!j X �&v�fP�1Tuk�TVv�fPS8v�f��#mVvqSUQ!� Slp1jlw~i!� Q!SJi!j Q��#v�t�t�v�f0T f�kVOPQ2�&i�SUQ�vow�Q�msmuTu�1k�Tu�&i!m
hP� �CS��L9@Q i�j �op1Q:OPQ�j|Q)kVO1i!kMv�p1j�WPv�pRf1�1i!j X �Ri�m p1Q)�1jlv!WRmsQ
t ��TskVO�t�TR:�Q!��hP� �MS�t�i!XJWRQ)pRfFpCSlpCi�m �oWFp1kCTVS
��Q�msmq�CvqSUQ!� � �6� � � � �di!T fR��i=SUTut��1msQ�t+vq�PQ�mq�1j v!WPmuQ
t ��TsmsmoORQ�mu�(k}v �#msi�j Tsw�XJTVS�Slp1Q!S��-9@Q:SUQ�kFkVOPQGf1v�fRmsT fRQ!i�j TskgX
�Ci!jUi�t�Q�kgQ�j

λ
k}v=��Q�jlv2T f �C{ � � � � @���S�v+kxOPi�k ��Q8�#i�f S�vom �FQ8kxORQ8j Q!Slp1mskgT fP�@muT fPQ!i!j)Q!{opCi!k�TVv�fDi�S�i
f T fPrFfPTuk�Q

SUQ�jlTuQ!S��oe�w���Q���O1vqvqSUQ:i:�)TsjlTs��OPmuQ�kR�&v�fP�PTsk�Tsv�f

Ψ|r=rmax
= 0 ,

� � � B��

i!kPi)rFfPTuk�Q�jli��PTupCS
rmax

�qkVOPQ&f2kVOPQ)S�vomup1k�Tsv�f�k�vJkVOPTVS7msT fRQ!i�jz�1j v!WPmuQ
t �&i
f$WRQ ��j Tsk�kgQ&f2T f2k�Q�j|t+S`vow1Sl�ROPQ�jlTu�&i!m
�1Q!S�SUQ�mqw�pRfR�#kgTVv�f1S

j`, n`
i�S

Ψ =
∑

`

∑

m=even

2mΩY ∗
`m(π/2, 0)Y`m(θ, ϕ)

j`(mΩrmax)
j`(mΩr<) [n`(mΩr>)j`(mΩrmax) − n`(mΩrmax)j`(mΩr>)] .

� � � ���
D�Q�j|Q

r<(r>)
T fP�1Tu�&i!k�Q!S`kxORQ5Slt+i!msmsQ�j � �qj|Q!i�kgQ�jU�PvowCkxORQ5{opCi�fRk�Tuk�TsQ!S

r, a
� �
i�fRTVS OPT fP�2vowCkVOPQ

j`(mΩrmax)
�1Q��

f1v�t�T f1i!k�voj�t�Q!i
f1S�kVO1i!kMkVOPQ5kVOPQ I��#i �FTskxX8K
r ≤ rmax

OPi�SGi j Q!S�v�fPi�fRkPt+vq�PQ i�kCw}j|Q!{op1Q&fP��X
Ω
�7egf+kxORQ5�&i�SUQ

kVO1i!k
rmax

OPi�S
v�fPQ�vowFkVOPQGj|Q!S�v�f1i
fPk �Ri�m p1Q!Sl��kVOPQ�S�vom p1k�TVv�f8k}v�kVOPQ7WPv�pRf1�1i!j X �Ri�m p1Q��1jlv!WRmsQ
t TVSMf1vokdpRfPTs{qp1Q<�
7�p1��O �Ri!mup1Q!S�vow

r
i!j Q)vow8��Q�j v/t�Q!i�Slp1j|Q
��WFp1kCi�j|Q)�PQ&fPSUQ�T f�kxORQ5SUQ�kCvow
i!msm

r
��O1voTs� Q!S��
NPORTVS`t�Q!i�fPS�kxOPi�k1kVOPQ

�#i �FTskxX5TVS
i!m �(i�X�S
i!j WRTskgjUi!jlTsm X�� mVvqSUQ�k�v�i�j|Q!S�v�f1i
fP� Q
��Tsw-Slp1wgrP�#TsQ&fRk�m X)OPTV��O�i�fP�op1mVi�jPt�vq�1Q!SMi�j|Q7�&v�t2�Pp1k�Q!�H� �
�#v�f1SUQ!{op1Q&fP� Q5vowCkxORTVS�TVS�kVO1i!kCi=fRpPt�Q�jlTs�#i�m��&v�t2�Pp1k}i!kgTVv�f+�1voQ!S7fPvok1�&v�f��RQ�j �qQ<� � � v�t2�Pp1k�Q!��S�vom p1k�TVv�fPS��1Q��



� �
�1Q&f1�+v�f�kxORQ��#v�t��Pp1k�i�kgTVv�f1i!mP�qjlTs�+SUT���Q
��i
f1��WRQ��#v�t�Q�mVi!j �dQ�j ��TukxO�T fP� j Q!i�SUT fP�8i�fP�qp1msi�j7j Q!S�vom p1k�TVv�f�� �)NROPQ
�PTswgrP� p1mskxXJTVSzfPvok34upCSUkPv�fRQ)vowP�#v�t��Pp1k�i�kgTVv�fPi�mq�1jUi!� k�Ts� Q<�dNRORQ�WPv�pRfP�Ci!j X �Pi!mup1QG�1j v!WPmuQ
t TVS�w�pRf1�1i�t�Q&fRk}i!msmuX
Tsmsm-�CvqSUQ!�+i�S`i5j Q
�1j|Q!SUQ&fPk�i�kgTVv�f2vowCrPQ�mV�1S�T f�i�f�T fRrFfPTskgQ Sl�Ci�� Q<�CNROPQ�j|Q)TsS7f1v$t�Q!i�fRT f1�qw�p1m

rmax → ∞ msTut�Tsk
vow �C{ � � � � �!� �

hPj v!WPmuQ
t+S ��TskVO�t�TR:�Q!�2Q�msmuTu�1k�Tu��i
f1��ORXd�1Q�j WPvomsTs��j Q!�qTVv�fPS`i!j Q�vowRS�v�t�Q:T fPkgQ�j Q!SUk�T f2i!Q�jlvq�RXqf1i�t�Ts�#S � �/> �x�
WFp1kFkVOPQ�j|Q�i�j|QGw}Q � �dQ&fRQ�jUi!mqj Q!Slp1muk}Szv�f ��Q�mumR���CvqSUQ!�FfPQ!S�S��qegf�kVO1vqSUQ�j|Q!Slp1msk�S�kVO1i!kR�1v5Q�:�TsSUkg��kxORQ�f1i!kgp1j|Q�vowRkVOPQ
WPv�pRf1�1i!j X �#v�f1�PTskgTVv�f1S��1mVi�X�SziG�1T �Pvok�i�m�jlvomuQ<��9@Q�OPi �FQ�w}v�pRf1��kVO1i!k�kVOPTVSzi��P�1msTsQ!SMk}v5v�p1jC�1Q�jlTVvq�PTs�7S�vomup1kgTVv�f1S
i!mVS�v1�qe�w ��Q�j|Q
�1mVi!�#Q�kVOPQ���TujlTs��OPmsQ�k��&v�fP�PTsk�Tsv�f1S7vow �C{?� � � � ��� ��TskVO�kVOPQ 7qv�t2t�Q�jlw�Q�mV�8�&v�fP�PTsk�Tsv�f

(∂rΨ − Ω∂ϕΨ)r=rmax
= 0 ,

� � � Y��

kVOPQ&f�kVOPQG�1j v!WPmuQ
t TVSzw~v�pRfP�(k�v:WPQ �8Q�msmo�CvqSUQ!�H�qNROPTsS�TsS��Ci!jlkgTs��p1mVi�j muX � msQ!i�jMw~voj�kVOPQ�msT fPQ!i!jM�1j v!WPmuQ
t�� ��OPQ�j|Q
kVOPQ��#msvqSUQ!�(w}voj t S�vomup1kgTVv�f(k�i6�dQ!S�kVOPQ�w~voj|t

Ψ = Ψout + Ψextra .
� � � ���

D�Q�j|Q
Ψout

TVSzkxORQGpCSlpCi�m1I!v�p1k}�dvoT fP�Ji!kFT fPrFfPTukgX K:S�vom p1k�TVv�f

Ψout =
∑

`

∑

m=even

−2imΩY ∗
`m(π/2, 0)Y`m(θ, ϕ)j`(mΩr<)h

(1)
` (mΩr>)

� �-� �
���

i
f1�

Ψextra ≡
∑

`

∑

m=even

−2imΩY ∗
`m(π/2, 0)Y`m(θ, ϕ) γ`m j`(mΩr<)j`(mΩr>)

� �-� ���!�
��TskVO

γ`m ≡ −
(
h

(1)
` (z) + i dh

(1)
` (z)/dz

j`(z) + i dj`(z)/dz

)

z=mΩrmax

.
� �-� �&�o�

7oT fR�#QGkVOPQ:Sl�RORQ�jlTs�#i�m D�i�f �-Q�mqwgpRfP� k�Tsv�f�O1i�SzkxORQ=i�SlXdt��1k�vok�Tu��w~voj|t
h

(1)
` (z) = (−i)(`+1)eiz [1/z + O(1/z2)]

�
TskCw~vomsmsv �(S:kVO1i!k |γ`m| TVSGvowzvoj �1Q�j 1/rmax

�`NPOFpCSl�
Ψ → Ψout

�Fi�S
rmax → ∞ �FSlpC�d�qQ!SUk�T fP�2kVO1i!kMkVOPQ5muT fPQ!i!j

�1j v!WPmuQ
t TVS ��Q�msmo�CvqSUQ!� � �6@ � �
��pPt�Q�jlTs�#i�m�j Q!Slp1muk}S��#v�fPrPj|t kxORTVS�SlpC�d�dQ!SUkgTVv�f��49 TskVO@kxORQ:WPv�pRf1�1i�j|X(�&v�fP�1Tuk�TVv�f T f �C{ � � �-� Y��g� ��Q)OPi �FQ

Q&fP�#v�pRfPkgQ�j|Q!�/f1v)wgpRf1�1i�t�Q&fPk�i!m��PTswgrP��p1mskgX��&v�t2�Pp1k�T fP�5�&v�f��RQ�j �qQ&fPkdS�vomup1kgTVv�f1S�k�vGWPvokVO�kVOPQ`msT fPQ!i!jCi�fP�/f1v�f �
msT fRQ!i�j �RQ�jlSUTVv�f1S/vowG�C{ � � � � @o�x��i
f1� O1i �FQ(�#v�fPrPj|t�Q!� kxOPi�k�S�vomup1k�Tsv�f1S$�1v�f1vok��1Q
�1Q&fP��v�f kVOPQ8�Ci!jlkgTs��p1mVi�j
� msi�j �qQ!� �Ri�m p1QG��OPvqSUQ&f(w~voj

rmax
�

�+
 ��� � ��� � � �213#%��� � 
 # �!��

� 13# ��#�
�)�� �

NROPQ`S�vomup1kgTVv�f1S ��Q �8Tsmsm&WPQ��#v�t��Pp1kgT f1�=T fC�CT f1SUkgQ�T f�
 SCkVOPQ!voj|X#�!vowq�#v�p1jUSUQ
�
i�j|Q�SUk�i�fP�1T f1� � �(i �FQ�S�vomup1kgTVv�fPSl�#WRp1k
kVOPQ�j|Q=i!j|QGfPv$i!�#kxpCi!m?I!SUk�i�fP�1T f1� � �(i �FQ�WPv�pRfP�Ci!j X$�&v�fP�PTsk�Tsv�f1S�K)i
f1i!mVvq�dv�pCS`k�vJkVOPQ 7qv�t�t�Q�jlw}Q�ms�2�#v�f1�PTskgTVv�f
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T f �C{?� � � � Y��
w}voj=v�p1k��dvoT f1� ��i �FQ!S�� e�kzTVS=pCSUQ�w�p1m �1kxORQ�j Q�w}voj Q
�Pk�v�Q�:��1mVvoj Q/kVOPQJt�Q!i�fRT f1��vow`SUk�i
f1�PT f1� � �(i �FQ
S�vomup1kgTVv�f1S ��TskVO(v�p1jCt+vq�PQ�m�f1v�fRmsT fPQ!i!j�kVOPQ!voj TsQ!S�� � S
�CvoT fPkgQ!�2v�p1k-T f�7�Q���� � � �
��v�p1jC�Ci�jli��PTV�ot w}voj�SUk�i�fP�PT f1�
�(i �RQ!S�TsS�kxORQ E�7�e � vow�i�msT fRQ!i�j=kxORQ!voj X ��kVOPQ8msT fPQ!i!j�SlpP�1Q�j �CvqSUTuk�TVv�fDvow`O1i!msw7T f1�dvoT fP� i
f1� O1i!msw`v�p1k}�dvoT fP�
S�vomup1kgTVv�f1S�� 9@Q�S OPi�mum7Q�:�k�Q&fP��kVOPTVSJ�PQ�rFfPTskgTVv�f vow�SUk}i
f1�PT fP� �(i �RQ(k�v+fPv�fPmsT fRQ!i�j kVOPQ!voj TsQ!SJT f k �(v �(i!X�S��
NROPQ rPjUSUkMTVS�i�f+Q�:�kgQ&f1SUTVv�f vow
kxORQ  =j Q�Q&f+w�pRfP� kgTVv�f+t�Q�kVO1vq�Bvow �V�A@ �x�Ri�fP�+TVSG�&i!msmsQ!�+kVOPQ�j|Q5kxORQ/N'7� =n � k�T t�Q
SlXdt�t�Q�k�j Ts�  )j|Q�Q&f2w�pRfP� kgTVv�f1�Rt�Q�kVO1vq�H�Cn-voj�kVOPQ=�1j v!WRmsQ
t T f=�C{?� � � � �o�FkVOPTsS`t�Q�kVO1vq��SUk�i!jlk�S�WFX ��j Tsk�T f1��kVOPQ
rPQ�mV��Q!{opCi�kgTVv�f�T f8kxORQ:w}voj t

L[Ψ](Ψ) = σeff [Ψ] .
� �-� �,�o�

D�Q�j|QGkxORQ:v��1Q�jUi!k}voj L[Ψ]
�PQ
�1Q&f1�1S�v�f

Ψ
WFp1k �bv�fP� Q

Ψ
TsS�r8:�Q!� �b�#i�f WPQ��#v�f1SUTV�PQ�j|Q!�8k}v:WRQ�msT fPQ!i!jlm X�v��1Q�j �

i!k�T fP�Jv�f
Ψ
��7�Tut�Tsmsi�j muX

σeff
�PQ
�1Q&f1�1Szv�f

Ψ
�
WFp1k �bv�fP� Q

Ψ
TVSzr8:�Q!� �bTsS�k�v:WRQG�&v�fPSUTV�PQ�j Q!��i�r8:�Q!��T fFOPv�t+v��

�qQ&fPQ!v�pCSzkgQ�j t T f8kxORQ:Q!{opCi!k�Tsv�fR��i�f�Q�wgw}Q�� kgT �RQ�S�v�p1j � Q�k�Q�j|tV��NROPQ�j|QGTVS
f1v�pRfPTs{qp1Q �(i�XJvowF�Pp1k�kgT fP�/kVOPQ�rPQ�mV�
Q!{opCi�kgTVv�f T fRk}v(kxORQJw}voj t vow �C{ � � � � �,���Mw~voj�i f1v�fRmsT fRQ!i�j�t�vq�1Q�mP�1j v!WRmsQ
t��1voj�w~voj��qQ&fPQ�jli�mPj|Q�mVi!k�T �FTskxX/�GNROPQ
{opCi�SUT��}msT fRQ!i�j TskxX(vowM�qQ&fRQ�jUi!m�j|Q�mVi!k�T �FTskxX#�qi�fP��vowCv�p1jzfPv�fPmsT fPQ!i!j`t+vq�PQ�mVSl�qt�Q!i�fPS`kVO1i!kCi�kPmsQ!i�SUkPkVOPQ=�1j T fP� Tu�Ci!m
�Ci!jlkPvow L TVS`i�m ��i!X�S7pRfPi!t8WRTV�opCv�pCS��1NROPQ�j|Q)i!j|Q=i!mVS�vJS�v�t�Q5v!W��FTVv�pCS��op1TV�PQ�msT fRQ!S�k�vJw~vomumVv ���Cegf(�Ci!jlkgTs� p1msi�jx�
L i
f1� σeff

S O1v�p1ms��WRQ��&v�t�Q
Ψ
�}T fP�PQ
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Ψn
out

��i�fP��kVOPQ&f �(v�p1mV�(S�vom �RQ

L[Ψn
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L[Ψn
stnd](Ψn+1) = σeff [Ψn
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stnd = 1

2 Ψn+1
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TVSzpCSUQ�w�p1mdT f2S�vom �FT fP��w~voj�kVOPQ:jlvqvokRvow1i�f(Q!{opCi!k�TVv�f
x = f(x)

v�fRmuX8Tsw
f
TVS7SUmVv ��m X �Pi!j X-T fP� ��egf(TskgQ�jUi!k�Tsv�f(w~voj

Ψ
kxORQ)Q!{op1T �Ri�msQ&fRkR�#v�f1�PTskgTVv�f+i��P�1msTsQ!S�k�v L−1 ◦ σeff

� ��ORQ�j Q L−1 TVS7kxORQ  =j Q�Q&f(wgpRfP� k�TVv�fF�dkxORQ=T f �FQ�jUSUQ=vow L
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Ψn k�v(t+i/�dQJmuT fPQ!i!j:i!�P�1j v�:�Tut�i�kgTVv�fPS:w}voj L
i
f1�

σeff
� �C{opCi!k�TVv�f � � � �,���-kVOPQ&f�k�i/�-Q!S�kVOPQ�w}voj t

L[Ψn](Ψ) + (Ψ − Ψn) ×
[
∂L[Ψ]

∂Ψ

]

Ψ=Ψn

(Ψn) = σeff [Ψn] + (Ψ − Ψn) ×
[
∂σeff

∂Ψ

]

Ψ=Ψn
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Ψstnd =
∑

`

∑

m=even

2mΩY ∗
`m(π/2, 0)Y`m(θ, ϕ)j`(mΩr<)n`(mΩr>) .
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j`(mΩr)j`(mΩa)
k�v�kxORQ
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t+vq�PQ ��TskVO1v�p1kF��OPi�fP�dT f1�5kxORQ7WPi�mVi
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�qTsS��PTswgrP� p1mskFT f(�1jUi!�#kgTs� Q=k�vJTut2�1msQ
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�#voQ�w�rP� TsQ&fPk
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kVOPQ Q�:�kgjUi!�#kgTVv�f vow
kxORQ t2p1mskgTu�CvomsQ/�&voQ�wgrP�#TuQ&fPk�S�T f �Rvom �FQ!S=i ��Q�TV��OPkgQ!�BSlpPt v �RQ�jGi!msm1i
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v�p1k��-voT f1�$S�vom p1k�TVv�f2�#i�f WRQ:Q�:�k�jli�� kgQ!��w}j v�t kVOPQ��&v�t2�Pp1k�Q!�(SUk�i�fP�1T f1� � �(i �FQ�S�vomup1k�Tsv�f

Ψstndcomp =
∑
Q �FQ&f

`

∑

m=0,±2,±4..

α`m(r)Y`m(θ, ϕ) .
� �-� � ���

NROPQ2�&voQ�wgrP�#TuQ&fPk�S
α`m(r)

i!j Q��#v�t��Pp1kgQ!� w}j v�t
Ψcomp

��WFX �1j v54sQ��#kgTVv�f ��TskVO
Y ∗
`m

� ndj v�tKkxORQ�j|Q!i�msTukgX vow

Ψstndcomp
�-kVOPQ5�#voQ�w�rP� TsQ&fRk}S �8TsmsmPv!WRQ
X

α∗
`m = α`−m

��i
f1��w}j v�t kxORQ5SUk}i
f1�PT fP� � �(i �RQ�SlX-t2t�Q�kgj X �
cosmϕ

v�fPm X#�!f1v
sinmϕ

kgQ�j t�S��FkVOPQ
X ��Tsmsmdi!mVS�v v!WRQ
X
α`m = α`−m

�
NROPTVS�w}voj t vowMkxORQ5�&v�t2�Pp1k�Q!�@SUk�i�fP�PT f1� � ��i �FQ S�vomup1kgTVv�f TVSG�&v�t2�Ci�j|Q!� ��TskVO i �qQ&fPQ�jli�m�OPv�t+vq�qQ&fPQ!v�pCS



�6�
msT fRQ!i�j �

λ = 0
�FSUk}i
f1�PT fP�-� �(i �RQ � Q!{opCi!mot+i���fPTskxpC�PQ=T f �Pi
f1�(v�p1k}�dvoT fP� �(i �FQ!S��FS�vom p1k�TVv�f�vow �C{ � � �-� @��g� ��TskVO

kVOPQ:SlXdt�t�Q�kgj X$vowRk �(v Q!{qpCi!mqi
f1�(v��P�CvqSUTskgQ=S�v�p1j|� Q!S��

Ψstndlin =
∑
Q �RQ&f

`

∑

m=0,±2,±4..

Y`m(θ, ϕ)
[

1
2 C`mh

(1)
` (mΩr) + 1

2 C
∗
`mh

(2)
` (mΩr)

]
,

� �-� �����

��ORQ�j Q
C`−m = C∗

`m

��w}j v�t kVOPQGj|Q!i�muTskgX/vow
Ψstndlin

� � rPkgk�T fP�o��T f�kxORQ ��Q!i/�1��rPQ�mV�N��v�fPQ
��vowFkVOPTVS�w}voj t vowFkVOPQ
SUk�i�fP�1T f1� � �(i �FQ�t�p1mskgTu�CvomsQ:k}v5kVOPQ��#v�t��Pp1kgQ!�(wgpRfP� k�TVv�f

α`m(r)
�qT �FQ!S�kVOPQ �Ri�m p1Q�vow

C`m
�

�PX �RTuQ ��T f1�5kVOPQ�muT fPQ!i!j
S�vom p1k�TVv�f�i�SCOPi�muw3�}T f1�dvoT f1� i
f1�JOPi�mswP�~v�p1k��dvoT f1����QG�PQ�rFfRQ�kxORQGQ�:�kgjUi!�#kgQ!�$v�p1k��dv��
T fP�JS�vomup1kgTVv�f2k�v=WRQ

Ψexout =
∑
Q �FQ&f

`

∑

m=0,±2,±4..

Y`m(θ, ϕ)C`mh
(1)
` (mΩr) .

� �-� �q�!�

7oT fR�#Q)kxORTVSGQ�:�kgjUi!�#kgQ!��S�vomup1kgTVv�f �(i�S�rPkgk�Q!�+k�v�kxORQ5�&v�t2�Pp1k�Q!�+S�vom p1k�TVv�fBi�S�SlpPt�T f1��v�fPmuX2kVO1i!kCmuT fPQ!i!jlTskxX2i!�'�
�1msTsQ!�R��Tsk ��Tsmsm�WRQ�i:�dvqvq�2i��P�1jlv�:�Tut+i!kgTVv�f8Q�:��#Q
�1kdT f�kVOPQ:SUkgjlv�fP� �}rPQ�mV�8j|Q!�dTsv�fH��egf�kVOPQ��1j v!WRmsQ
t+SzvowFT fPkgQ�j Q!SUkx�
kVOPQ:SUk�j v�f1�/rPQ�mV�1S�S O1v�p1mV�JWRQ:�#v�fPrFfRQ!�2k�v i:j|Q!�qTVv�f8fPQ!i!j
kVOPQ:S�v�p1j|�#Q!S��oegf�kVO1vqSUQ:j|Q!�dTsv�f1Sl��Slt+i!msmq�&v�t2�Ci�j|Q!�
k�v2i �(i �FQ�msQ&fP�dkVOR�RkxORQJrPQ�mV� ��Tsmsm1Q!S�SUQ&fRk�TVi!msmuX8WRQJkVO1i!k�vow�iJSUk}i!k�Tu�5S�v�p1j � Q
�Pi
f1� ��TsmumRWRQ T f1SUQ&fPSUTskgT �RQJk}v�kVOPQ
�PTVSUk�i�fRkCjli��PTVi!kgT �RQ�WPv�pRf1�1i!j X��#v�f1�PTskgTVv�f1S�� � S7�CvoT fRk�Q!�@v�p1k1T f=7oQ������-� �&�qkxORQ S�vomup1kgTVv�f1S�T f�kxORTVS�j|Q!�qTVv�f �8Tsmsm
WRQGQ!S�SUQ&fPkgTVi!msmuXJkxORQ�S�i!t�QGw~voj
kVOPQ�T fP�dvoT f1�o��v�p1k}�dvoT fP�q�oi�fP��SUk}i
f1�PT fP�-� �(i �RQ��1j v!WRmsQ
tV��egf�kxORTVSzT fFfRQ�j�j|Q!�dTsv�f
kVOPQ&fR� ��Q=k�i/�-Q:v�p1j�Q�:�kgjUi!� k�Q!��v�p1k��-voT f1�8S�vomup1kgTVv�f�SUTut��1m X8k}v)WRQ=kVOPQ:�&v�t2�Pp1k�Q!�2SUk}i
f1�PT fP� � �(i �RQ=S�vomup1kgTVv�fR�
S�v5kxOPi�k

Ψexout =





∑
Y`mC`mh

(1)
`

��Q!i/� rPQ�mV�2v�p1kgQ�j
j|Q!�qTVv�f
Ψstndcomp

SUkgjlv�fP�/rPQ�mV�8T f�fPQ�j�j|Q!�qTVv�f .
� �-� ���o�

NROPQ=WPv�pRf1�1i!j X�WRQ�k ��Q�Q&fBi$SUkgj v�f1�2rPQ�ms�BT f�fPQ�jGj|Q!�dTsv�fBi�fP� ��Q!i/��rPQ�ms�Bv�p1kgQ�jGj Q!�qTVv�f ��v�p1mV�BTV�PQ!i!msmuX
WRQ$iJ�#mVvqSUQ!�BSlp1jlw}i�� Q/Slp1jlj v�pRf1�PT f1�2Q!i���OBvowzkxORQ$S�v�p1j|� QJj|Q!�qTVv�f1S���NROPTVS�TVS=Q!i�SUTsmuX�Tut��1muQ
t�Q&fPkgQ!� ��TukxOBkVOPQ
i��Ci��1kgQ!� �#vqvojl�PT fPi�kgQ!S k}v�WPQ(T fRk�j vq�Rp1�#Q!�DT f i�Slp�WPSUQ!{op1Q&fPkG�Ci!�1Q�j � D�Q�j|Q
��w~voj SUTut2�1msTs� TskxX#� ��Q�k�i/�-Q(kVOPQ
WPv�pRf1�1i!j XBk}v2WRQ2i(Sl�ROPQ�j Ts�#i�m�Slp1j w~i!�#Q�i!jlv�pRfP� kVOPQ(voj TV�qT fH� exf�vojl�PQ�j=w~voj�kVOPQ�Q�:�kgjUi!� k�Q!�DS�vomup1kgTVv�f�k}v(WRQ
Slt+vqvokVOBi!kCkVOPTsS`WPv�pRfP�Ci!j X � ��Q�pCSUQ i:WPmuQ&f1�PT f1�(vow
kVOPQ5T fFfPQ�j�i�fP�+v�p1k�Q�j�S�vomup1k�Tsv�f T f@i k�jli�fPSUTskgTVv�f@j|Q!�dTsv�f
Q�:�kgQ&f1�PT fP�)WRQ�k ��Q�Q&f8jli��PTsT

rlow
i
f1�

rhigh
i�fP�P��T f(kVOPTsS�j|Q!�qTVv�fR� ��QGk�i6�dQ

Ψexout = β(r)
∑

Y`mC`mh
(1)
` + [1 − β(r)] Ψstndcomp .

� �-� �6�o�

D�Q�j|Q
β(r) ≡ 3

[
r − rlow

rhigh − rlow

]2
− 2

[
r − rlow

rhigh − rlow

]3
,

� �-� �/>q�
S�v�kVO1i!k

β(r)
�dvoQ!SGw}j v�t �Ji!k

r = rlow
k}v$pRfRTskgX�i!k

r = rhigh
i
f1�2O1i�SGi��Pi
fPTsS OPT fP�

r
�}�PQ�jlT �Ri�kgT �FQ5i!kFWPvokVO

Q&f1�1S��
egf�kVOPQ��#i�SUQ�vow
v�p1j7kgXd�1Ts�#i!mF��O1voTs� Q

Ω = 0.3
�dkVOPQ �Pi!mup1Q�vow

rlow
TVS���O1vqSUQ&f+k�v5WRQ

r = 1.3 a
�bkVOPQ �Pi!mup1Q

i!k ��OPTs��OBkxORQ8SUk�i�kgTs�5i
f1� SUk�i
f1�PT f1� � �(i �FQ�S�vom p1k�TVv�fPS�vow�kxORQ$msT fPQ!i!j��1j v!WRmsQ
t��PTsw�w�Q�j�WFXB�
��� ��NROPTVS �Ri!mup1Q



�/>
S O1v�p1ms�(�PQ�� j Q!i�SUQ �8TskxO�T fP� j|Q!i�SUT fP�

Ω
�#WRp1k-Tskdt�pCSUk�WRQ�mVi!jl�qQ�j1kxOPi�f�kxORQ�voj WRTsk�i�m�jUi��PTupCS

r = a
��S�v���Q���OPvqvqSUQ

Tsk�k}v:WRQ

rlow = a[1 + 0.3(0.3/Ω)] .
� �-� �6@o�

egf�vojl�PQ�j
k�v)O1i �RQ�iGt+vq�PQ�jli�kgQ�muXJkxORT f�kgjUi
f1SUTskgTVv�f(j|Q!�dTsv�f ��Q:S�v�t�Q ��OPi�kFi�j~WRTsk�jli�j TsmuX/k�i6�dQ

rhigh = a[1 + 0.6(0.3/Ω)] .
� �-� �<B��

n-voj�kVOPQ)fFpPt�Q�jlTu�&i!mRj|Q!Slp1msk}S�j|Q
�CvojlkgQ!�8WRQ�mVv �:�RkVOPQ5Q�:�k�jli�� kgTVv�f+�PQ�k�i�TumVSGvowL�C{dS�� � � � � ����� � � � �<B���i!j Q=pCSUQ!�P��i
f1�
Q�:�kgjUi!� k�TVv�f�TVS��&i!jlj TsQ!�8v�p1k�pCSUT fP�JkVOPQ

` = 0, 2, 4
t�p1mskgTu�CvomsQ!S��

� )/�(�
��# �(&/��� ��#��

Nov �RQ�j Tsw�X�i�fP�J�PQ
t�v�f1SUkgjUi!k�Q`SUQ �RQ�jli�m!T f�f1v �Ri�kgT �FQ`w�Q!i�kxp1j|Q!S � ��Q�msmR�g�CvqSUQ!�/t�TR:�Q!�)W1v�pRfP�1i�j|X �Ri�mup1Q��1j v!WPmuQ
t��
SUk�i�fP�1T f1� �(i �RQ!Sl�oQ�w�w�Q��#kgT �FQ:muT fPQ!i!jlTskxX��1vowMkVOPQ=h87�9�i!�P�1j v�:�Tut�i�kgTVv�fF� ��Q)pCSUQ=kxORQ:f1v�fRmsT fRQ!i�j`SU�&i!mVi!jzt+vq�PQ�m
vow �C{ � � �-� @��g� ��TskVO kVOPQ

δ
w�pRfR�#kgTVv�fBS�v�p1j|�#Q!S:�qT �RQ&f�WFX �C{?� � � � >q� �G9@Q t+i/�dQ/kVOPQJSUTut2�1msTsw�X-T fP��i�S�SlpPt��1kgTVv�f

kVO1i!kMkVOPQ=fPv�fPmsT fPQ!i!j�w�pRfR�#kgTVv�f
F
T f �C{ � � � � @��1�PQ
�1Q&f1�1S�v�fPm X�v�f

Ψ
�qf1vok�v�f�Tsk�SG�1Q�j T �Ri�kgT �FQ!S��zndj v�t�kVOPTVSGi
f

v!W��RTsv�pCSGSUTut��1msTurP�&i!k�Tsv�f@w~vomsmsv �(SGw~voj7kxORQ�TskgQ�jUi!k�TVv�f�t�Q�kVO1vq�@vow��M{dS�� � � � �A����� � � � ��B�� �?9@Q�j|Q
�1mVi!�#QQ�M{ � � �-� �,�o�
WFX

L(Ψ) = σeff [Ψ] .
� �-� �o���

��TskVO L k�i/�-Q&f�k}v:WRQ

L ≡ 1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

[
1

r2 sin2 θ
− Ω2

]
∂2

∂ϕ2
.

� �-� �,Y��

NROPQ�Q�wgw}Q�� k�T �FQGS�v�p1j|�#QGkgQ�j t T fP� mupC�PQ!SCW1vokVO�kVOPQ�kgj|p1QG�CvoT fRkRS�v�p1j|�#Q�i
f1��kxORQ�f1v�fPmuT fPQ!i!j�kgQ�j t

σeff [Ψ] =
δ(r − a)

a2
δ(θ − π/2) [δ(ϕ) + δ(ϕ− π)] − λF .

� �-� � ���

��p1j
��O1voTu�#Q:vowRkVOPQ�f1v�fRmsT fRQ!i�j TskgX$w�pRfR�#kgTVv�f
F
TVS

F =
Ψ5

Ψ4
0 + Ψ4

.
� �-� �����

� 9@Q ��TumsmM�#v�t�t�Q&fPk1WRQ�mVv � v�f kVOPQJ�PTsw�w�Q�j Q&fR�#QGWPQ�k ��Q�Q&f kVOPTVS���O1voTs� Q$i
f1�@kVO1i!k
t+i��PQ5T f �1j Q �FTVv�pCS �(voj��q�
T fR�#mupC�PT fP���1j Q �FTVv�pCS �FQ�jUSUTsv�f1Szvow-kxORTVS
�Ci!�1Q�j � �8D�Q�j Q

Ψ0
TVSziGSUQ��#v�f1�Jf1v�fRmsT fRQ!i�j TskgX �Ci!jUi�t�Q�kgQ�j �

λ
WPQ�T f1��kVOPQ

rPjUSUk�� �<9@Q�S OPi�msmq��O1vqvqSUQ
Ψ0

k�v�WPQGmuQ!S�S�kxOPi�f8pRfRTskxX �!T f8kxORQ�fRpPt�Q�j Ts�#i�moj|Q!Slp1msk�S
k�v=WRQ��1j|Q!SUQ&fPkgQ!�R�
Ψ0

TsS�k}i/�dQ&f
k�v=WRQ

0.15
�

Nov(pRf1�PQ�jUSUk�i�fP� kVOPQ�Q�wgw}Q�� kzvow7kxORTVS:f1v�fRmsT fRQ!i�j TskgX ��muQ�k
R
�PQ&f1vokgQ�kVOPQ8�PTVSUk�i�fR�#QJw}j v�t�v�fPQ�vow�kxORQ$�CvoT fRk

S�v�p1j|�#Q!S�� �CQ�j X�fRQ!i�jMi=S�v�p1j|� Q��CvoT fPkx��i�k �FQ�j X/Slt+i!msm
R
� �$OPQ�j|Q�kxORQGrPQ�mV��TVSzSUkgjlv�fP�o�

F
O1i�S�kxORQGmsTut�Tuk

F → Ψ
�



�6@
S�v5kxOPi�k�kxORQ:S�vomup1k�Tsv�f2vow �C{-S�� � � � �q�!��� � � � ������i��P�1j v�:�Tut�i�kgQ�muX5O1i�SzkxORQ ��p'�-i �(i�w~voj|t

Ψ ≈ e−
√
−λ R

4πR

fRQ!i�j
S�v�p1j � Q��1k
.

� �-� �q�!�

� kRS�v�t�Q:�1TsSUk}i
fP� Q�w}j v�t kVOPQ=S�v�p1j � Q �b�#i�mumoTsk
Rlin
�bkVOPQ�rPQ�mV�

Ψ
WRQ��&v�t�Q!S�Slt+i!msmsQ�j�kVO1i
f

Ψ0
�oi
f1�

F
�&i
f/WRQ

i��P�1jlv�:�Tut+i!k�Q!�$i�S
Ψ5 ��7oT fR�#Q Ψ

Tuk}SUQ�msw�TVS�msQ!S�S�kVO1i
f
Ψ0
��i�fP�JOPQ&fR�#QGmsQ!S�S�kVO1i
f�pRfRTskxX#��kVOPTVS

Ψ5 f1v�fRmsT fPQ!i!jlTukgXJTVS
Slt+i!msmqQ&fPv�pC�oO(k�v:WRQG�&v�fPSUTV�PQ�j Q!��i:�1Q�j kgp1j~WPi�kgT �FQ��&voj j Q�� kgTVv�fH�

e}wqkVOPQ`k�jli�fPSUTskgTVv�f8i!k
Rlin

k�i6�dQ!SP�1mVi�� Q �8Q�msm�T f1SUTV�PQ�kVOPQ�fPQ!i!j �ov�fRQ�vowdkxORQ��1j v!WPmuQ
t���kVOPQ&fJkVOPQ�Q�wgw}Q�� kqvowdkVOPQ
f1v�fRmsT fRQ!i�j TskgX��&i
f�WPQ�pRf1�PQ�jlSUk}vqvq�2i�S7w~vomsmVv ��S�� �8Q!i�j�i)S�v�p1j � Q:�CvoT fPkPkVOPQ�S�vom p1k�TVv�f(O1i�S�kxORQ)w~voj|t vow1i=pRfPTuk
SUkgj Q&fP�dkVO ��p'��i �(i��Cvok�Q&fRk�TVi!m;� � kR�PTVSUk�i�fR�#Q

Rlin
kxORQ=Q�wgw}Q�� k-vowRkxORQ

λF
k�Q�j|t TVS�kgp1j�fPQ!�(vow�wFi�fP�(kVOPQ:S�vomup1kgTVv�f

WRQ��&v�t�Q!S�i5SUTut2�1msQ � v�p1mVv�t8W2�Cvok�Q&fRk�Tsi�m;�MNRORQ5S�v�p1j � Q�SUkgj|Q&f1�qkxO�w~voj�kVOPTVS � v�p1mVv�t�W�rPQ�mV�R�dkVO1v�pC��OR� ��TumsmqWRQ
msQ!S�S
kVO1i
f/pRfPTskxX��q�)p1Q`k}v=kxORQ

exp (−
√
−λR)

��p'��i �(i�w}i�� k}vojx��kVOPQ�S�v�p1j � Q�SUkgj Q&fP�qkxO��PQ��#j|Q!i�SUQ!SPT f$kVOPQ�j|Q!�qTVv�f
w}j v�t

R = 0
k}v
R = Rlin

�qi
f1��kxORQ)Q�wgw}Q�� kFvowPkVOPQGf1v�fRmsT fPQ!i!jlTukgX8TsS7k�vJj|Q!�Rp1�#QGkVOPQ:Q�w�w�Q��#kgT �FQ�S�v�p1j � Q=SUk�j|Q&f1�qkVO
WFX@i$w}i�� k}voj�vow�voj �PQ�j

exp (−
√
−λRlin)

� 7oT fR�#QJkxORTVS=kgjUi
f1SUTskgTVv�f k}i/�dQ!S��1msi�� Q �8Q�msm �8TskxORT f kxORQ fRQ!i�jG��v�fPQ
�
TskMS O1v�p1mV�2WRQ�kVOPTVSU� ��#�� $�� #$S�v�p1j|� Q SUk�j|Q&f1�qkVO+kVO1i!kMTVS�j|Q!Sl�Cv�f1SUT WPmuQ5w~voj��qQ&fRQ�jUi!k�T fP��jUi��PTVi�kgTVv�f��7NROPQ5Q�wgw}Q�� k1vow
kVOPQGf1v�fPmuT fPQ!i!jlTskxX(v�f2jUi��PTVi�kgTVv�fF�okVOPQ&fR� ��Tsmsm�WRQ:kVOPQ)S�i!t�Q=j|Q!�Rp1�#kgTVv�f(w}i�� k}voj

exp (−
√
−λRlin)

�qi
f1� ��Q=�#i
f
Q!i�SUTsmuXJQ!SUk�Tut�i�kgQGkVOPQ:SUT���Q=vow�kxORTVS�f1v�fPmuT fPQ!i!j�Q�wgw}Q�� k � �)fRQ:Q!SUkgTut�i�kgQ��&i
f/WRQ�w~v�pRfP�JWFX$S�vom �FT f1�

Ψ ≈ e−
√
−λ Rlin

4πRlin
= Ψ0

� �-� ���o�

w~voj
Rlin

�zi�fP� pCSUT f1�BkVOPTsS �Ri!mup1Q�vow
Rlin

T fDkVOPQ�Q�:��1j|Q!S�SUTVv�f
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i�fP�Jt+i
fRX
�Ri�j TVi&WRmsQ!S��Mn-voj`v�p1j`kVOPj|Q�Q��~�PTut�Q&f1SUTVv�fPi�mFSU�&i!mVi!jz�1jlv!WRmsQ
t TsmsmupCSUkgjUi!kgQ!�(OPQ�j|Q
�oO1v ��Q �FQ�jx� �8Q:O1i �FQ�WRQ�Q&f+i#WRmsQ
k�v5pCSUQ:iGt+voj|Q��~voj �}msQ!S�SzSUkgjUi!TV��OPkgw~voj �(i!jl��t�Q�kVO1vq�(vowRT f��RQ�j k�T f1�JkVOPQGt�i�kgjlTR:=w~voj�kVOPQ�rFfRTsk�Q:�PTswgw}Q�j|Q&fP� Q�Q!{opCi6�
kgTVv�f1S��

egf v�fPQ�i��P�1j vqi���OBk}v�rFfP�1T f1�@i�f TskgQ�jUi!k�T �RQ8S�vom p1k�TVv�fF� ��Q�pCSUQJt+i!k�j TR:2T f �FQ�jUSUTVv�f i!kzQ!i!��O SUk�Q
� vow7kVOPQ
�PTsj|Q��#k`Tsk�Q�jli�kgTVv�f vow �C{-S�� � � � �q�!�g� � �-� �,Y��x��i
f1� �8Q�k�i6�dQ2i�� �Ri�fRk}i��qQ2vowGkVOPQ2w~i!�#k�kxOPi�k L−1 TVSJj vok}i!kgTVv�f1i!msmuX
SlXdt�t�Q�k�j Ts� � T;� Q<���RTskzTVS�k�jli�fPSUmVi�kgTVv�fPi�msm X@SlXdt�t�Q�kgjlTu����TskVO j|Q!Sl�1Q�� k
k�v

ϕ
�x�Ci�fP� ��Q �(voj�� ��TskVOBkxORQJn-v�p1jlTuQ�j



�,Y
�#v�t��Cv�fPQ&fRk}S

Ψn
m(r, θ)eimϕ

vowGkVOPQ(TskgQ�jUi!k�T �RQ(S�vomup1kgTVv�fH� � k�Q!i!��O�SUk�Q
� vowGTskgQ�jUi!k�TVv�f �8Q(�1j v54sQ�� k�v�p1kGkVOPQ
n-v�p1jlTsQ�j)�&v�t2�Cv�fPQ&fPk�S/vow�kxORQ2Q�wgw}Q�� kgT �RQ�S�v�p1j � Q<�+�=p1Q(k�v+kxORQ�f1v�fPmuT fPQ!i!jlTskxX T f kxORQ(Q�wgw}Q�� kgT �RQ�S�v�p1j � Q
�zkVOPQ
n-v�p1jlTsQ�j�t�vq�PQ!S=vow

Ψn
m(r, θ)eimϕ

t�TR:8T f kVOPTsS=SUkgQ
�P��WFp1k L−1 TVS:jlvok�i!k�TVv�fPi�mumuX+SlXdt�t�Q�k�j Ts�5S�v(kxORQJn-v�p1jlTuQ�j
t+vq�PQ!S��1vJf1vokCt�TR:JT f@kVOPQ SUkgQ
� vow
S�vom �FT f1��w~voj

Ψn+1 �`NROPTVS�t�Q�kVO1vq�@k�i6�dQ!S�i�� �Pi
fPk�i��qQ5vowMkxORQ Q�w�rP� TsQ&fP��X
vow�i/w~i�SUk1n�v�p1j TsQ�j�kgjUi
f1SUw}voj t � n-ndNC�
i
f1�+j|Q!�Rp1�#Q!S�kVOPQ5y � �EfRQ�Q!�PQ!��k}v8msTskgkgmsQ5t+voj|Q5kxOPi�f@kVO1i!kCw~vojGi k ��v��
�PTut�Q&fPSUTVv�f1i!m

r, θ
�qjlTs�L��NROPTsSzt�Q�kxOPvq�R��kVOPQ�j|Q�w~voj|Q
��i�mumVv �(S7i:jli�kVOPQ�jMrFfPQ:�qjlTV��T f

r
i
f1�

θ
�

9@Q5O1i �RQ pCSUQ!�BkVOPTVS=Q�w�rP� TsQ&fPkMndn-NBt�Q�kVO1vq� Q�:�k�Q&fPSUT �RQ�m X#��WFp1kz�PTsj|Q��#k
Tsk�Q�jli�kgTVv�f+OPi�S:kxORQ$�PjUi �JWPi!�T��i�mR�
j|Q!i��RX5� TskgQ!��w~vomsmVv �8T f1���C{?� � �-� �AB�� �!Tsk-TVS
muTut�TskgQ!�8T f8kVOPQ�SUk�j|Q&f1�qkVO�vow-kxORQ�f1v�fPmuT fPQ!i!jlTskxX/Tsk-�&i
fJOPi�fP�PmsQ<����Tsj|Q��#k
TskgQ�jUi!k�Tsv�f ��TsmumMf1vok`�&v�f��RQ�j �qQ�w~voj �RQ�j|XBSUk�j v�f1��f1v�fRmsT fRQ!i�j TskgX��(NROPQ8Tuk�Q�jli�kgT �FQ �8Q ��k�v�f8��y�i!�ROPS�v�f t�Q�kVO1vq�
vow��M{ � � �-� � ���x�dv�f�kVOPQ vokVOPQ�jzO1i
f1�R���1voQ!S�i!mut+vqSUkMi�m �(i!X�S��#v�f �FQ�j �dQ)v�fP� Q v�fPQ=OPi�S�i/S�vom p1k�TVv�f@Slp1w�rP� TsQ&fPkgmuX
� mVvqSUQ�k�v$kxORQ)�#vojlj|Q��#k1S�vom p1k�TVv�f��
NPORQ�v��1Q�jli�k�voj7v�f�kVOPQ�muQ�w}kPT f=�C{?� � � � � ���g��OPv ��Q �FQ�jg�d�#v�fPk�i�T f1S�kVOPQ:�1j Q �FTVv�pCS
TskgQ�jUi!k�Tsv�f

Ψn ����ORTs��O TVS�f1vokzSlXdt�t�Q�k�j Ts��T f ϕ �1S�v8kxOPi�kMkxORQ n-ndN@t�Q�kVO1vq� �&i
fFfPvokPWRQ5pCSUQ!� ��TukxO �8Q �8k}v�f �
y�i��RO1S�v�f�Tsk�Q�jli�kgTVv�f��PNROPTsS7O1i�S�t�Q!i�fRkPkxOPi�k1i=j Q�mVi!kgT �RQ�m X��#vqi�jlSUQ)�qjlTs�P�ovoj�mVi�j �qQ=y � � ��O1i��2k�v�WRQ:pCSUQ!�L�?9@Q
O1i �FQ5fPvok�X-Q�k�Tut��1muQ
t�Q&fPkgQ!� i/�Ci�jli�msmuQ�msT���i&WRmsQ)t�Q�kxOPvq� w~voj�S�vom �RT fP��kVOPQ/Tsk�Q�jli�kgTVv�fBSUkgQ
�CSl�1i
f1�@OPi �FQ=WRQ�Q&f
j|Q!SUk�j Ts�#kgT fP� t�vqSUkFj�pRf1S�k}vIY� �L�

e}k
TVS �(voj kxO t�Q&fPkgTVv�fPT fP�@i�f T fRk�Q�j|Q!SUkgT f1�(OFX�WPj TV�Bt�Q�kxOPvq� kxOPi�k ��Q/OPi �FQJQ�:��1mVvoj|Q!�L�)NROPQ �1j v!WPmuQ
t�T f
�C{dS�� � �-� �o��� � � �-� �����x�&v�p1k�SUTV�PQ�kxORQG�CvoT fPkPS�v�p1j|� Q!Sl���#i
f/WRQ ��jlTskgkgQ&f(i�S

(L + λ) Ψ = λΨ5
0

Ψ

Ψ4
0 + Ψ4

.
� �-� >����

NROPQ)fPv�fPmsT fRQ!i�j TskxX+v�f@kVOPQ5j TV��OPk
TsS�fRQ �RQ�j`mVi!jl�qQ �-TskMTsS:Slt�i�mum-W1vokVO@w}voj
Ψ > Ψ0

fRQ!i�j`kxORQ S�v�p1j � Q!Sl�Ri
f1�+w}voj

Ψ < Ψ0
w~i!jMw�jlv�t kVOPQGS�v�p1j|�#Q!S���NROPQ ��Q!i6�ofRQ!S�Szvow�kVOPQ�w}voj t�i�m!f1v�fPmuT fPQ!i!jlTskxX$SlpC�-�qQ!SUk�S�kxOPi�k-i�S�vomup1kgTVv�f8t�i!X

�#v�f �FQ�jl�qQ �8TskxO��PTsj|Q��#kRTuk�Q�jli�kgTVv�f�Q �RQ&f2w~voj7mVi!jl�qQGf1v�fRmsT fPQ!i!j7Q�w�w�Q��#k�S��1NROPQ�v��1Q�jUi!k}voj
(L + λ)

�dw�p1j kxORQ�j t�voj Q
�
TVS�j vok}i!kgTVv�f1i!msmuX$SlXdt�t�Q�kgjlTu� ��S�v5kxORQGndn-N8t�Q�kxOPvq�(�#i�f WRQ�pCSUQ!�H�oNRORQ�t�Q�kxOPvq�R�!OPv ��Q �FQ�jg��kxp1j|f1Szv�p1k�k}v=OPi �FQ
i)SUQ�j TVv�pCS �1i ����9�OPQ�j|Q

Ψ
TVS7Slt+i!msmu��kxORQ:muQ�w}k;�gO1i
f1�(SUTV�PQ�vow8�C{ � � �-� >����qTVS7�1v�t�T fPi�kgQ!�JWRX

λΨ
� ��ORTs��O(TsS �FQ�j X

fPQ!i!jlm X�Q!{opCi!mPk}v�kxORQ jlTV��OPk;�gOPi�fP� SUTV�PQ<��egf kVOPQ/i
f1i!mVvq�oX ��Q/�di �FQ
�Rw}vomsmVv ��T f1�=�C{ � � �-� �AB��x�-k}v8kVOPQ/Tsk�Q�jli�kgT �FQ
S�vomup1kgTVv�f2w~voj�i:jlvqvokPvow

x = f(x)
�qkVOPTsS7TVS�Q!{op1T �Ri�msQ&fRkRk�v

f
O1i �FT f1�Ji)�PQ�jlT �Ri!k�T �FQ �FQ�j X�� mVvqSUQ:k}v5pRfPTukgX�i!kFkVOPQ

j vqvok �`e�k �(v�p1ms� i��P�1Q!i!j`kVO1i!kMkVOPTsS:�PTswgrP��p1mskgX(�#v�p1mV�(WRQ i �RvoTV�PQ!��WFX2Tuk�Q�jli�kgT f1� �C{ � � � � >����RfRQ!i�j7kVOPQ/S�v�p1j � Q
�
��ORQ�j Q=kxORQ:f1v�fRmsT fRQ!i�j TskgX(TVS`SUk�j v�f1�o�-i
f1��Tuk�Q�jli�kgT f1��kVOPQ)SUk}i
f1�1i!jl�(w~voj|t vow1kVOPQ)�1j v!WRmsQ
t T f�kxORQ ��Q!i/��rPQ�mV�
j|Q!�dTsv�fH� ��pPt�Q�j Ts�#i�m�Q�:��1Q�jlT t�Q&fPk�S ��TukxO�kxORTVS�i!�P�1j vqi���O O1i �RQ�WRQ�Q&f8T fR�&v�fR�#mupCSUT �RQ<��7oT fR�#Q �8QG�1v=f1vok-T fPkgQ&f1�
k�v$pCSUQ iJSUT fP�qmsQ����Ci!k���O@Sl�RORQ�jlTs�#i!mR�&vqvoj �PT f1i!kgQ5SlX�SUQ
t�T f@kVOPQ5wgp1kgp1j|Q
� ��Q)O1i �FQ=f1vokMQ�:oi�t�T fRQ!��kxORTVS�ORX�WRjlTV�
t�Q�kVO1vq��Q�:�OPi!pCSUkgT �FQ�muX��

egf��1jUi!�#kgTs� Q ��Q)OPi �FQ)pCSUQ!�+kVOPQ5w~vomumVv ��T fP�(Q�� msQ�� k�Ts�:i��P�1jlvqi!��O�k�v�rFf1�@S�vomup1kgTVv�f1S�� � TV�Cn-voj�muT fPQ!i!j7t�vq�8�
Q�mVSl�dw}voj ��ORTs��O2fPv$TskgQ�jUi!k�TVv�f�TVS�j|Q!{op1Tsj|Q!�P� ��Q:OPi �FQ)k�i6�dQ&f�i�� �Ri�fRk}i��qQ)vow1kVOPQ�y � � �}j|Q!�Pp1� kgTVv�f2vowMkVOPQ)n-ndN
t�Q�kVO1vq�H� � TuTV��n-voj=SUkgj v�f1�qmuX2fPv�fPmsT fPQ!i!j�t�vq�PQ�mVS ��Q5O1i �FQ/pCSUQ!� �8Q ��k�v�f8�}y�i��RO1S�v�fBTskgQ�jUi!kgTVv�f v�fBi$kxORj Q�Q��
�PTut�Q&fPSUTVv�f1i!m � f1v�f8��ndn-NC�M�dj TV�R��i�fP�2O1i �RQ:pCSUQ!�@�#v�fPkgT fFpCi�kgTVv�f � T;� Q<���?I!jli!t2�1T f1�$pP�LK���W1vokVO+T f

λ
i
f1�2T f

Ω
�
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��Q!Sl�1TskgQ$y � �KmsT t�Tsk�i�kgTVv�fPSl� �8Q/O1i �FQ�WRQ�Q&fBi#WPmuQJk�v2�#v�fPrPj|t kVO1i!k�kVOPQ�S�vom p1k�TVv�fPS�i!j Q/SUQ��#v�f1�8�~voj �PQ�jG�&v�f �
�FQ�jl�qQ&fPk � � TuTsTV�Fn-voj −λ msQ!S�S�kxOPi�f2i!j v�pRf1�(����TskFO1i�S
WRQ�Q&fJWRQ�Q&f��CvqS�SUT WRmsQ=k}v rFf1��S�vomup1k�Tsv�f1S �8TskxO2kVOPQ=�PTsj Q�� k;�
TskgQ�jUi!k�Tsv�fR��ndndN�t�Q�kVO1vq�H��NROPQ!SUQ`S�vomup1k�Tsv�f1SMO1i �FQzWRQ�Q&f/�&v�t2�Ci�j|Q!� �8TskxO$kVOPQ��#vojlj|Q!Sl�Cv�f1�PT fP��S�vomup1kgTVv�f1SMw}j v�t
kVOPQ�f1v�f �}ndndNo���8Q ��k�v�f8�}y�i��RO1S�v�f�t�Q�kVO1vq�R��i�fP��OPi �FQ�WRQ�Q&f$w~v�pRf1�8k�v5i��qj|Q�Q ��TskVOPT f�kxORQ`fRpPt�Q�jlTs�#i!m�pRfP� Q�j��
k�i�T fRkgXJT f�kVOPQ:S�vomup1kgTVv�fPS��

egf�i��P�1muX-T f1��kVOPQ)Tsk�Q�jli�kgTVv�f(t�Q�kVO1vq�1Sl��i
f1��mVvqv��dT fP�8w~voj��&v�f��RQ�j �qQ&fP� Q
� ��Q:OPi �FQ=pCSUQ!�2k �(vJQ�jlj voj�t�Q!i6�
Slp1j|Q!S�� �)fRQ
�

εiter ≡ Ψn − Ψn−1 �RTVSGkVOPQJ�PTsw�w�Q�j Q&fR�#Q)i�k
iJ�qj TV�@�CvoT fPk1WRQ�k ��Q�Q&f@kVOPQ �&v�t2�Pp1k�Q!� �Ri�mup1Q/i!k
i
�qjlTV���CvoT fRkg��i
f1��kVOPQ �Ri�mup1QG�#v�t��Pp1kgQ!��i�kdkVOPQG�1j|Q �RTVv�pCSMTsk�Q�jli�kgTVv�f��qNROPQ�SUQ��#v�f1�8Q�j jlvoj1t�Q!i�Slp1j Q
�

εsoln
TVSzkVOPQ

�Ri�mup1Q=vow
(L(Ψn) − σeff [Ψn])

i�k1i)�dj TV�(�CvoT fPk �Pexf�v�p1j�ndndN��#v�t��Pp1k�i�kgTVv�fPS�kxORQ)� jlTskgQ�jlTsv�f(w~voj��&v�f��RQ�j �qQ&fP� Q
�(i�S:k�v�O1i �RQ kVOPQ j t�S �Ri�m p1QJvow

εiter
� i �FQ�jUi��qQ!�+v �RQ�j�kxORQJQ&fRk�Tsj|Q/�qjlTV�1�
w}i�msm-WRQ�mVv �

1 × 10−6 ��NPORQ �Ri!mup1Q
vow
εsoln

�(i�S`i!mVS�v5t+v�fRTsk}voj|Q!��T f(kVOPQ=ndn-N2�&v�t2�Pp1k}i!kgTVv�f1S`i�fP� �(i�S7w}v�pRf1�8f1vokPk�v�WRQ=msi�j �qQ�j
kVO1i
f
1 × 10−6

i!kPi�fFX8�qjlTs�(�CvoT fRkg�di
f1�(k}v5O1i �RQ=i
f(j t+S �Ri�mup1Q:kxX-�1Tu�&i!msmuX�i�j v�pRf1�
1 × 10−7 � � t�p1��O2t�voj Q=SUkgjlT fP�dQ&fRkPj Q��

{op1Tsj|Q
t�Q&fPkFw~voj��#v�f �FQ�jl�qQ&fR�#Q �(i�S�pCSUQ!�2T f(kVOPQ �8Q ��k�v�f8��y�i!�ROPS�v�f2�&v�t2�Pp1k}i!k�Tsv�f1S��-kVOPQ:j t�S �Ri�m p1Q=vow
εsoln

O1i��8k}v5w}i�msm�WRQ�mVv �
5 × 10−11 w~voj
kVOPQ:S�vomup1kgTVv�f2k�v=WRQ�i!�#� Q
�1k�i&WRmsQ<�

� 4���# � �������3�!#%��4��

��

9@Q)rPjlSUkPTsmsmupCSUkgjUi!kgQ)kVOPQ)wgpRf1�1i�t�Q&fPk�i!m-�#v�fP� Q
�1k1vow1kxORQ)h87�9It�Q�kxOPvq� ��TskVO �Pi!jlTVv�pCS`S�vomup1kgTVv�f1SGvow8�C{ � � � � @o�x�
��TskVOBkxORQ/fPv�fPmsT fRQ!i�j TskxX@�qT �RQ&f T f �C{ � � �-� �����/�)ndTV�op1j|Q/� � �8S O1v ��S�S�vomup1kgTVv�f1S)T f kVOPQ/Q!{opCi�k�vojlTsi�m �

θ = π/2
�

�1mVi
fPQ ��kVOPQ2i�t��1msTskxpC�PQ�vow�kVOPQ(rPQ�mV�
Ψ
TVS5�1mVvok�kgQ!�0i�S/i�w�pRfR�#kgTVv�f vowG�&voj vok�i�kgT f1� � i�j k�Q!SUTsi�fD�#vqvoj �1T f1i!k�Q!S

x = r cosϕ
�qi
f1�

y = r sinϕ
�-NROPQ:S�v�p1j|�#QG�CvoT fRk}S`i�j|Q�v�f(kxORQ

x
i6:�TVS�i�k

x = ±a �oi
f1��kxORQ)v�p1kgQ�j1WPv�pRf1�1i!j X
TVS�i!k

r = 30a
��n-vojGi�mumPw~v�p1j��1mVvok�Sl�

aΩ = 0.3
�
λ = −1

�Ri
f1�
Ψ0 = 0.15

�`NROPQ j|Q!Slp1msk}S��1mVvokgkgQ!�Bi!j Q)kxOPvqSUQ
w}j v�t �PTsj Q�� kRTskgQ�jUi!kgTVv�f �8TskxO�kVOPQ�ndndN�t�Q�kVO1vq�R�-w~voj7i��#v�t��Pp1k�i�kgTVv�fPi�mF�dj TV�2pCSUT fP�J��Bo�:jUi��PTVi!m��PT �FTVSUTVv�fPSl�R��B
�PT �FTVSUTVv�f1SGT f

θ
�Fi
f1� ���/n-v�p1jlTuQ�j`t+vq�PQ!S��7n-vojGi!msmFt�vq�PQ�mVSl�FkVOPQ5�#v�t��Pp1kgQ!�+j Q!Slp1muk}SGi!j Q��Cv�t�T f1i!kgQ!�2WFX(kVOPQ

t+v�fPv��CvomsQ
�1S�v�w~voj`�#mVi!jlTukgX2T f@kVOPQ r1�op1j Q!SGkVOPQ
ϕ
�}i �FQ�jUi��qQ5vow�kVOPQ/S�vomup1kgTVv�f@O1i�S`WRQ�Q&f+Slp�WPkgjUi!� k�Q!�@i!k
Q �FQ�j X

jUi��PTupCS��oe}kFTsS ��vojlkVO8f1vokgT f1�/kxOPi�k�kxORTVS��1j vo� Q!�Pp1j|Q`fPvokRv�fPm X�j|Q
t+v �FQ!S�kVOPQGt�v�f1v��CvomsQ � kVOPQ
` = 0

�Ci!jlk�vowRkVOPQ
S�vomup1kgTVv�f1�x�!WFp1kRi!mVS�v5j|Q
t+v �FQ!S�kxORQ

m = 0
�Ci!jlk�vowFkVOPQ:{opCi��1j�pP�CvomsQ
��Q�k��A�

NROPQ$�1msvok�T f �Ci�j k � i��7vow�ndTV� ��� � �2S OPv �(S5kxORQ�v�p1k}�dvoT fP�BS�vomup1kgTVv�f � S�vomup1k�Tsv�fDw~voj)v�p1k}�dvoT fP��WPv�pRf1�1i!j X
�#v�f1�PTskgTVv�f1S�� ��kVOPQ8�1mVvok�T f �Ci�j k � WP��S O1v ��SJkVOPQ��&voj j Q!Sl�Cv�fP�PT f1�@T f1�dvoT fP� S�vomup1kgTVv�f��@NROPQ8�1mVvok`T fD�Ci�j k � �&�
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λ = −10
t�vq�PQ�mFi �(i�X�w}j v�t

kVOPQ:S�v�p1j � Q��CvoT fRk �
NROPQ:j Q!Slp1muk}S7T f2n-Ts�-S����-� @ i
f1���-� >/i!j Q:�qjUi��ROPTu�&i!mdQ �RTV�PQ&fR�#Q:w~vojzkVOPQ)i�� � p1jli���X8vowPkVOPQ=h87�9 t�Q�kVO1vq���qkVOPQ

v�p1k��-voT f1� �(i �RQ�w}voj t�S=Q�:�kgjUi!� k�Q!�@w}j v�t kxORQ/fPv�fPmsT fRQ!i�j=SUk�i�fP�1T f1� �(i �FQ$S�vomup1kgTVv�f i�j|Q Q�:�� Q�msmsQ&fPk�i!�P�1j v�:�TR�
t+i!kgTVv�f1S�k}v kVOPQ�k�j�p1Q:v�p1k}�dvoT fP� �(i �RQ!SCWPvokVO�fPQ!i!j�kVOPQ:S�v�p1j � Q!S�i�fP�(T f(kxORQ ��i �FQU�ov�fRQ<�qNROPQ:i��qj Q�Q
t�Q&fPkFT f
kVOPQ)T fPkgQ�j t�Q!�PTVi!kgQQ��v�fPQ � f1vokCS O1v �$f�T f�kVOPQ)r1�op1j|Q!S��PTVS`Q!{opCi!msmuX�Tut2�1j Q!S�SUT �FQ<� � {opCi�fRk�Tsk�i!k�T �FQ=t�Q!i�Slp1j|Q=vow
kVOPQ=i��qj|Q�Q
t�Q&fPkFTVS7kVOPQ I/EP� K��PTswgw}Q�j|Q&fP� Q�vowPkVOPQ=v�p1k}�dvoT fP� �(i �FQ=i�fP�2kVOPQ:Q�:�kgjUi!�#kgQ!�2v�p1k��dvoT f1�8i��P�1j v�:�Tut�i6�
kgTVv�fH�FNROPTVSzt�Q!i�Slp1j|Q:TsS7kVOPQ=S�{opCi�j|Q�jlvqvokPvowPkVOPQ=i �RQ�jli��qQ � v �FQ�j�i!msm-�dj TV�8�CvoT fPk�S��1vowPkxORQ)S�{opCi!j Q!�(�PTsw�w�Q�j Q&fR�#Q
WRQ�k �8Q�Q&f8kVOPQGkgj|p1Q�i
f1�8kVOPQGQ�:�kgjUi!� k�Q!�8v�p1k��dvoT f1�/S�vomup1kgTVv�f1S��-n-voj

λ = −10
kxORTVS E1�=�PTswgw}Q�j|Q&fP� Q�TVS

8.7× 10−6

i
f1�DTVS vow�kxORQ(S�i!t�Q2voj �PQ�j�i�S5kxORQ(Q�j jlvoj=T f Noi#WRmsQ8�-� �(w~voj)kxORQ
180 × 20 × 32

�qjlTV�BWRQ�T f1�+pCSUQ!�H� 7�T fP� Q
kVOPQ/fFpPt�Q�j Ts�&i!mMpRfR�#Q�j k}i!T fRk�TsQ!S=i�j|QJvow7kVOPQ$S�i!t�Q�voj �PQ�j=i�S=kVOPQ$�PTsw�w�Q�j Q&fR�#Q=WRQ�k ��Q�Q&fBkxORQ$kgj|p1Q8i
f1� kxORQ�Q�:��
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ndTV�op1j Q7�-� @ ��NROPQ�S�i!t�Q`t+vq�PQ�mVS
i�SCT fJn-Ts�?� � � >���WFp1kqT f�kVOPQ`j Q!�qTVv�f$vow-kxORQ�S�v�p1j|�#Q!S�� � SCT f$n-Ts�?���-� >��#v�fPkgT fRpCv�pCS
��p1j��FQ!S7S OPv � kxORQ:�#v�t��Pp1k�i!k�TVv�fPS�vowRkVOPQ�kgj|p1Q�fPv�fPmsT fRQ!i�j�v�p1k��dvoT f1� �(i �FQ!Sl��i�fP�(�PTVSU� j|Q�k�Q��CvoT fRk}S`S O1v � kVOPQ
v�p1k��-voT f1� ��i �FQ:i!�P�1j v�:�Tut�i�kgTVv�f�Q�:�kgjUi!�#kgQ!��w}j v�t kVOPQ�f1v�fRmsT fRQ!i�j�SUk�i�fP�PT f1� �(i �RQ�S�vomup1kgTVv�f��

kgjUi!�#kgQ!��v�p1k}�dvoT fP� �(i �RQ!S ��Q��#i�f�f1vok��#mVi!Tut k�v)O1i �RQ��#v�t��Pp1kgQ!� ),+ �5t�Q!i�fRT f1�qwgp1m-T f1i!�#��p1jUi!� X/T f8kxORQ:h87<9
i��P�1jlv�:�Tut+i!k�Tsv�fH�

NROPTVS7TVSzpRfPw~voj kgpRfPi�kgQ<�Regf(�1j Q!SUQ&fRk�T f1� fFpPt�Q�j Ts�&i!m-j Q!Slp1msk�S�Tsk �(v�p1mV�8WRQ�pCSUQ�w�p1mdk�v$�PQ
t+v�fPSUk�jli�kgQ=kVO1i!kPkVOPQ
h87�9Ei!�P�1j v�:�Tut�i�kgTVv�f$TVSl��i�w�k�Q�jMi!msmu��i
f�i��P�1jlv�:�Tut+i!k�Tsv�f/WFXJS O1v ��T fP�Ji�t�vq�1Q�mqT f ��ORTs��O8kxORQGQ�:�kgjUi!�#kgQ!��v�p1k;�
�dvoT f1�+S�vom p1k�TVv�f TVS)SUTs�ofRTsrP�#i�fRk�muXB�PTswgw}Q�j|Q&fPkCw}j v�t kxORQ$kgj|p1Q$v�p1k}�dvoT fP� S�vom p1k�TVv�f�� ��p1j�T f1i#WRTsmsTskxX@k}v2�1v2kVOPTVS
TVS)j|Q�mVi!k�Q!� k}v2msTut�Tuk}i!k�Tsv�f1S5v�f fFpPt�Q�j Ts�&i!m�S�vom p1k�TVv�fPS�� ��p1j=i!jl�opPt�Q&fRk}S:w~voj:Q�w�w�Q��#kgT �FQ msT fPQ!i!jlTukgX S OPv � kxOPi�k
kVOPQ�h87�9 i��P�1jlv�:�Tut+i!kgTVv�f�S OPv�p1mV�2w}i�Tsmov�fPmuX$TswRkVOPQ�j Q!�qTVv�f�vowPSUTV��fPTsrP�#i
fPk�fPv�fPmsT fRQ!i�j TskxX8v �FQ�jlmVi��CS�kxORQ ��i �FQ
��v�fPQ<��n-voj�kxORTVSGj Q!i�S�v�f �8Q�pCSUQ!� kVOPQ

χ
�~�PQ
�1Q&f1�PQ&fRkC�1j|Q�w~i!�#k�voj7vowM�C{ � � �-� �<B��1T f i
f+Q!i!jlmuTsQ�j �FQ�jUSUTsv�f vow�kVOPQ

�1j|Q!SUQ&fPkF�Ci��1Q�j�k�v$i!msmVv � pCS7k�vJw}voj � Q�kxORQ:f1v�fRmsT fRQ!i�j TskgX�k�v=WPQ:�#v�fP� Q&fPkgjUi!k�Q!�(T f2kxORQ �(i �RQ ��v�fPQ<� � mskVO1v�pC��O
kVO1i!k7kgQ���OFfPTs{qp1Q��1Ts� i�msmsv ��pCS)k�v�T fP�Pp1� Q�SUTs�ofRTsrP�#i�fRk`Q�j jlvojlS=T f kxORQ�h87�9 i!�P�1j v�:�T t+i!k�TVv�fF� ��QJO1i �FQ$Q�:��
�1mVi!T fPQ!�R�!w}vomsmVv ��T fP�C�C{ � � � � �<B��g� �$ORXJkxORQ�S�vomup1k�Tsv�f1Szw~vojMkxORQ�t+vq�PQ�mVS ��TskVO�kVOPQ��1j|Q�w~i!�#k�vojRO1i �RQ�pRfP�PQ!SUTsjUi#WRmsQ
w}Q!i!kxp1j Q!S��5e}wzf1v2pRf�f1i!kgp1jli�m

χ
�}�PQ
�1Q&f1�PQ&fP� Q$TVS=Q�:��1msTs� TskgmuX+T f�4sQ�� k�Q!� T f kVOPQ8S�v�p1j|�#Q
�CkVOPQ ��i!X+T f ��ORTs��O Q�w3�

w}Q�� kgT �RQ5f1v�fRmsT fRQ!i�j TskgX@�#i
f+WRQ t+i��PQJk�v2w}i�TsmCTVS:w~voj
aΩ

k}v�i!�P�1j vqi���O+pRfRTskgX �CT;� Q<���Cw~vojGkVOPQ$S�v�p1j � QJ�CvoT fRk}S=k}v
t+v �FQ �FQ�j X�j|Q�mVi!k�T �FTVSUkgTs�#i�msm X � i��#i�SUQ=T f ��OPTs��O+kVOPQ)h87�9 ��v�p1mV��WRQ�Q�:��1Q�� k�Q!�(k}v�w}i�Tum�w}voj�WRT fPi�j|X8T f1Sl�1TujUi!mV� �
��fPw}vojlkxpRf1i!k�Q�m X#� ��Q�O1i �RQ)fPvok1WRQ�Q&f i&WRmsQ k�v8rFf1�B�#v�f �FQ�j �dQ&fRk
S�vom p1k�TVv�fPS=w}voj�mVi!jl�qQ

aΩ
�GhPj Q!SlpPt�i&WRmuX(kVOPTVS

TVSG�Rp1Q)k�v�kVOPQ�w}i�� kPkxOPi�kCmVi!jl�qQ
aΩ

t�Q!i�fPS�rPQ�mV�1S ��TskVO@S OPi�j|�@�qjUi��PTsQ&fPk�Sl�-k}vqv8S OPi�j|��k�v WPQ:O1i
f1�PmsQ!��WFX(v�p1j
fPQ�� Q!S�S�i!jlTsmuXJ�#vqi�jlSUQ��dj TV�1S��
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9@Q/OPi �FQ��qT �FQ&f OPQ�j|QJkVOPQ�w}v�pRf1�1i!k�TVv�fPS�vow�kxORQ$h87�9 t�Q�kxOPvq�@W1i�SUQ!� v�f kxORQ$Q�:�k�jli�� k�Tsv�f vow7i
f v�p1k}�dvoT fP�
S�vomup1kgTVv�f(w}j v�t i:�#v�t��Pp1kgQ!��SUk}i
f1�PT fP�-� �(i �RQ�S�vomup1kgTVv�f�� 9@Q�O1i �FQGi�msS�v/�qT �FQ&f8kVOPQ��PQ�k�i�TumVSzvowFkVOPQGQ�:�k�jli�� k�Tsv�f
�#i�ms��p1mVi!k�Tsv�fH�

NROPQ=j Q!Slp1msk�S`�1j v �RTs�1Q!�(w~voj7�&v�f��RQ�j �qQ&fPkFfPv�fPmsT fRQ!i�j7t+vq�PQ�mVS�i!j|Q I
�1jlvqvow K�WFX�Q�:oi�t��1msQ=kxOPi�kPkVOPQ�j|Q)TsS7f1v
w�pRfP�1i!t�Q&fPk�i�m-t+i!kxORQ
t+i!k�Ts�#i!m��1j v!WPmuQ
t�vow ��Q�msmR�g�CvqSUQ!�FfPQ!S�SGvow
kVOPQ=t�TR:�Q!�@hP� ���1jlv!WRmsQ
t2� �8TskxO�jUi��PTVi�kgT �FQ
WPv�pRf1�1i!j XJ�&v�fP�1Tuk�TVv�fPS�v�f2i=Sl�ROPQ�j|Q:kVO1i!kRTVSzT f$WPvokVO2kxORQ:Q�mumsTu�1kgTs�Gi
f1��ORXd�1Q�j WPvomsTs��j Q!�qTVv�fPS7vowPkVOPQ��1j v!WPmuQ
tV�
9@Q)O1i �FQ
�dw�p1jlkVOPQ�j|t+voj|Q
�d�1j Q!SUQ&fRk�Q!��muTut�TskgQ!��fRpPt�Q�jlTs�#i�m�Q �RTs�1Q&fR�#Q)w~voj7kxORQ��Pi!msTV�PTskxX(vow
kVOPQ�h87<9;t�Q�kVO1vq�R�
T;� Q<���PkVO1i!k�kVOPQ/Q�:�kgjUi!�#kgQ!�@v�p1k}�dvoT fP��S�vomup1kgTVv�fBTVS)iJ�dvqvq� i��P�1jlv�:�Tut+i!k�Tsv�f@k}v�kVOPQ/k�j�p1Q fPv�fPmsT fPQ!i!j�v�p1k}�dvoT fP�
S�vomup1kgTVv�fH�zNROPTVS�Q �FTV�PQ&fP� Q:ORQ�mu�CS�t+i/�dQ�kxORQ��#i�SUQ=w~voj7kxORQ5i!�P�1muTs�&i!kgTVv�f+vowCkVOPQ�t�Q�kVO1vq��k�v�kVOPQ5�qQ&fPQ�jli�m�j Q�msi6�
kgT �RTsSUk�Ts���1j v!WPmuQ
t��-T f ��ORTs��O@v�fPm X�kVOPQ SUk�i�fP�PT f1� � ��i �FQ5S�vomup1kgTVv�f ��Tumsm-WRQ��&v�t2�Pp1k}i#WRmsQ
��i�fP�+kxORQ5Q�:�kgjUi!�#kgQ!�
S�vomup1kgTVv�f ��Tsmum�WRQGk�i6�dQ&f(i�S�kVOPQ:i!�P�1j v�:�T t+i!k�TVv�f8k}v5kVOPQG�RORX�SUTs�#i�mo�1j v!WRmsQ
tV�

NROPQGfRpPt�Q�jlTs�#i�m-SUkxpC�PTsQ!SzOPi �FQ:i�msS�vJk�i!pC��OPkRi=msQ!S�S�v�f�i#W1v�p1kFkxORQ=msT t�Tsk�i�kgTVv�fPS�vowPkxORQ=j|Q�mVi!k�T �RQ�muX$SUkgjUi!TV��OPk;�
w~voj �(i!jl�$fRpPt�Q�jlTs�#i!mot�Q�kVO1vq�8pCSUQ!�8ORQ�j Q
�!t+i!kgjlTR:�T f �FQ�jUSUTVv�f2vowRkVOPQ�rFfRTsk�Q:�PTswgw}Q�j|Q&fP� Q�Q!{opCi�kgTVv�fPS7T f�Sl�ROPQ�jlT��
�#i�md�#vqvojl�PT fPi�kgQ!S��89@Q�O1i �RQ:w~v�pRfP��kxOPi�kPkVOPTsS`t�Q�kVO1vq��TsS`msTut�TskgQ!��WRX�kxORQ)�#vqi�jlSUQ)�qjlTs��kxOPi�kF�&i
f�WPQ:pCSUQ!�2w}voj
kVOPQ:rFfPTskgQ��~�PTswgw}Q�j|Q&fP� T f1� ��9@Q=�#v�p1mV�R��T f��1jlT fR�#T �1msQ
��pCSUQ:i�S�vow�k �(i!j|QGQ&f1�qT fPQ�Q�j T f1�Ji!�P�1j vqi!��O�k}v T fP� j|Q!i�SUQ�kVOPQ
jUi
f1�qQ)vow1fPv�fPmsT fRQ!i�j TskxX(i�fP��jlvok�i!k�TVv�f�jUi!kgQ)kVO1i!kP�&i
f�WRQ�O1i
f1�PmsQ!�H� �Pp1k1kxORQ)t�Q�kVO1vq�1S`pCSUQ!�(ORQ�j Q
�qSl�ROPQ�jlTu�&i!m
�#vqvojl�PT fPi�kgQ!S�i�fP� �PQ�msk�i/wgpRfP� k�TVv�f S�v�p1j|�#Q!Sl�Pi�j|Q�t�Q!i
fPkzv�fRmuX�k�v8�1jlv �FTV�PQ/iJj|Q�mVi�kgT �FQ�muX�SUTut��1msQ/�#v�fPkgQ�:�k�w}voj
Q!SUk�i&WRmsTVS ORT f1�/kxORQ�w~v�pRf1�1i!k�Tsv�f1Szw~voj
t�voj Q�i�� �Pi
fP� Q!�8i��P�1jlvqi!��ORQ!S��

egf�i)�Ci��1Q�jMf1v � T f2�1j Q
�Ci!jUi!k�Tsv�f � ��� �x� ��Q ��Tsmsm-�1j Q!SUQ&fRk1i�f2Tut2�Cvojlk�i�fRk1SUk�Q
��w~voj �(i�j �2T f��PQ!i!msT fP� ��TskVO
h87�9K�1jlv!WRmsQ
t�Sl�Ri5�#vqvojl�PT fPi�kgQ5SlX�SUkgQ
t�kVO1i!kM�#v�fPw}voj t+S�k�v�kVOPQ �qQ!v�t�Q�kgj X8fPQ!i!j7kxORQ S�v�p1j � Q!SGi�fP��w~i!j�w}j v�t
kVOPQ�S�v�p1j|�#Q8i�SlXdt��1k�vok�Tu�&i!msmuXB�dvoQ!S5k}v+Sl�RORQ�jlTs�#i�mC�CvomVi!j)�#vqvojl�PT fPi�kgQ!Sl�
kVOPQ8�#vqvoj �1T f1i!k�Q!SGWRQ!SUk`Slp1TskgQ!�Dk�v�kVOPQ
�PQ!SU�#j Tu�1kgTVv�f+vowCkVOPQ��(i �RQ!S�� �)fRQ5i�� �Ri�fRk}i��qQ�vowCkxORTVS�t�Q�kVO1vq��TsS�kxOPi�k1TskCi!msmVv �(S�pCS �FQ�j X(SUT t��1muX(k�vJ�Pp1kMT f
�PQ�k}i!TsmVS�vowRkVOPQ:S�v�p1j|�#Q!S�i�S�T fFfRQ�jCWPv�pRf1�1i�j|X$�#v�f1�PTskgTVv�fPS7jli�kVOPQ�jMkxOPi�f��CvoT fRkRS�v�p1j|�#Q!S��oegf2i��1�PTsk�Tsv�fR��kxORQ�fRQ �
�#vqvojl�PT fPi�kgQ!S�kxp1j|f�v�p1kMk�v5WRQ �FQ�j X ��Q�mumPSlp1TskgQ!��k}v�i Sl�1Q�� k�jli�mdt�Q�kVO1vq�+kVO1i!kRO1i�S�S O1v ��f+j Q
t�i�j���i#WRmsQ:�&v�t=�
�Pp1k�i�kgTVv�f1i!m�Q�wgrP� TsQ&fP��X#��WFp1k-kVO1i!ko�CvqSUQ!SCfRQ � �#v�t��Pp1k�i�kgTVv�f1i!m��1j v!WRmsQ
t+S�� � v�t2�Pp1k}i!kgTVv�f1SMpCSUT f1�5i
f8i��1i!�1kgQ!�
�#vqvojl�PT fPi�kgQ5SlX�SUk�Q
t O1i �RQ�i�msj|Q!i��PX5WRQ�Q&f��#i�j jlTsQ!��v�p1kMw}voj`kVOPQ�kVOPj|Q�Q��~�PTut�Q&f1SUTVv�fPi�m-f1v�fPmuT fPQ!i!j�SU�#i�msi�jz�1j v!W8�
msQ
t ��TukxO�WPvokxOBkVOPQ/rFfPTskgQJ�1Tuw�w�Q�j Q&fR�#Q i
f1� Sl�1Q��#kgjUi!mPw~voj|t�p1mVi!kgTVv�fR�Ci
f1� w~voj�msT fPQ!i!jlT���Q!�B�qQ&fRQ�jUi!mCj|Q�mVi!k�T �RTskxX
pCSUT fP��kxORQ�rFfPTskgQ8�PTswgw}Q�j|Q&fP� Q w~voj t2p1mVi!k�TVv�f��N7oT fP� Q$kVOPQ��1Q�k�i!TsmVS)vow7i��1i!�1kgQ!�B�#vqvojl�PT fPi�kgQ!Sl�CQ!Sl�1Q��#Tsi�msm X ��TskVO
kVOPQ�pRfRpCSlpCi!m�Sl�1Q�� kgjUi!mot�Q�kVO1vq�R�di!j Q�fPvok1�1Tuj Q�� k�m X$j|Q�mVi!k�Q!�8k�v/kVOPQ:w~v�pRfP�Ci!kgTVv�f1S`vowRkxORQ=h87<9It�Q�kVO1vq�R�okVO1vqSUQ
�PQ�k}i!TsmVSzi!j|Q�i!�P�1j v��1jlTVi!kgQ�k}v i:SUQ
�Ci�jli�kgQ��Ci��1Q�j �

� �RQ�j|X �PTsw�w�Q�j Q&fRkoi��P�1jlvqi!��O k}v�WPQ�kgkgQ�jFfRpPt�Q�j Ts�#S
TVSMk�v:pCSUQ�j Q�mVi/:oi!kgTVv�f t�Q�kVO1vq�1Sl��i!msj Q!i��RX=t�Q&fPkgTVv�fPQ!��T f
7oQ��A�
� � �-�qegf �FTsQ � vowPkxORQ=msi�j �qQGfFpPt�WRQ�j�vowRpRfP� Q�jlk�i!T fPkgTsQ!S7i&WPv�p1kFkVOPQ�Tuj�i!�P�1msTu�&i!k�Tsv�fR� �8Q�OPi �FQ:SUk}i!jlkgQ!�2v�f2i
WPi�SUTu��SUkxpC�PX�vowPj Q�msi6:�i�kgTVv�f�t�Q�kxOPvq�1S`T f�t�TR:�Q!��hP� ��SlX�SUkgQ
t+S�T f(h87�9 �}kxX-�1Q��1j v!WPmuQ
t+Sl�
WRp1k ��Tsmsmd�#v�fPkgT fRp1Q
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 #�� ��� �(� ��� ����
 #%�

n-voj�kxORQ5�PQ�rFfPTskgTVv�f�vowCkVOPQ�i��1i��1k�Q!���&vqvoj �PT f1i!kgQ!S`TskPTVS7pCSUQ�w�p1m-k}v/T fPkgjlvq�Rp1� Q�SUQ �FQ�jUi!m � i�j k�Q!SUTsi�f2�#vqvojl�PT fPi�kgQ
SlX�SUk�Q
t�S�� 9@Q�S OPi�mum`pCSUQ�kVOPQ�f1vok�i�kgTVv�f

x, y, z
k�v �PQ&f1vokgQ�T fRQ�jlkgTVi�m � i!jlkgQ!SUTVi
f SlXFSUkgQ
t+SJj Q�mVi!kgQ!� k�v

r, θ, φ
T fDkVOPQ�pCSlpCi!m �(i!X � Q<� � � �

z
TVS5kxORQ2j vok�i�kgTVv�f i/:�TVSl�zv�fPQ(vow�kVOPQ(S�v�p1j � Q8�CvoT fPk�S5t+v �FQ!S/i�S

x = a cos (Ωt)
�

y = a sin (Ωt)
��i�fP��S�v w}vojlkVO1� ��9@Q�f1v � T fPkgjlvq�Rp1� Q=i��#v���t+v �FT fP� � i!jlkgQ!SUTVi
f�SlX�SUk�Q
t

x̃, ỹ, z̃
WFX

z̃ = r cos θ x̃ = r sin θ cos (φ− Ωt) ỹ = r sin θ sin (φ− Ωt) .
� � � >q�

exf2kxORTVS�SlX�SUk�Q
t2�-i�S7T f�kxORQ)T fRQ�jlkgTVi�m
x, y, z

SlX�SUkgQ
t��dkVOPQ
z̃
i/:�TVS�TVS�kVOPQ)i/��Tut2p1kxOPi�m�i6:�TVS��89@Q�fPQ�:�k1�1Q�rFfRQ)kVOPQ

x

y

z

X

Y

Z

~

~

~

~

~

~

ndTV�op1j QG� � � ��N ��v5SUQ�k}S�vowR�#v���t�v �RT fP� � i!jlkgQ!SUTVi
f8�#vqvojl�PT fPi�kgQ!S

�#v�t+v �FT f1�JSlXFSUkgQ
t

X̃ = ỹ Ỹ = z̃ Z̃ = x̃ ,
� � � @o�

T f �$OPTs��ODkVOPQ(i/��Tut2p1kxOPi�m
Z̃
i6:�TVS�TVS)f1vok`kxORQ�jlvok�i�kgTVv�f i/:�TsSl�1WFp1k�jli�kVOPQ�j:TVS5kxORQ�msT fPQ�kVOPj v�pC��ODkxORQ�S�v�p1j � Q

�CvoT fRk}Sl��i�S�S OPv ��f(T f�ndTV� �,�-� �6�
��p1j=�-vqi!mCfPv � TVS�k�v�T fPkgj vq�Pp1� Q/fRQ � �#v�t+v �FT f1�@�&vqvoj �PT f1i!kgQ!S

χ(X̃, Ỹ , Z̃)
�
Θ(X̃, Ỹ , Z̃)

�
Φ(X̃, Ỹ , Z̃)

kVO1i!k`i!j|Q WRQ�k�kgQ�j:Slp1Tsk�Q!� k�v+i��1Q!SU� jlT �1k�TVv�f vow`kVOPQ��ROFX�SUTs�&i!m
�1j v!WRmsQ
t��
i�fP� kxOPi�k7i!msmVv � w}voj:t�voj Q8Q�wgrP� TsQ&fPk
�#v�t��Pp1k�i�kgTVv�fH� 9@Q ��Tsmsmzi�S�SlpPt�Q8kVO1i!k�kxORQ8�&vqvoj �PT f1i!kgQ�k�jli�fPSUw~voj|t+i!k�TVv�f TVS�T f��RQ�j k�T WRmsQ
�MQ�:�� Q
�1k7i�k7i8rFfPTuk�Q
fRpPt8WRQ�jzvowP�PTVSU� j Q�kgQ��CvoT fRk}Sl�oS�v kVO1i!k �8Q�t+i�X ��j TskgQ

X̃, Ỹ , Z̃
�ovoj

x̃, ỹ, z̃
i�S�w�pRfR�#kgTVv�f1S7vow

χ,Θ,Φ
�

egf8k�Q�j|t+S�vowFkVOPQ��#v�t+v �FT f1� � i�j k�Q!SUTVi
f8�#vqvoj �1T f1i!k�Q!Sl��kVOPQ�OPQ�msTu�&i!mdSlXdt�t�Q�kgj XJj�p1msQ�T f �C{?� � �-� ���-k�i6�dQ!SzkVOPQ
w~voj|t

∂t → −Ω

(
x̃
∂

∂ỹ
− ỹ

∂

∂x̃

)
= −Ω

(
Z̃

∂

∂X̃
− X̃

∂

∂Z̃

)
.

� � � B��
��p1jMfPv�fPmsT fRQ!i�j�SU�&i!mVi!j
rPQ�mV��Q!{opCi�kgTVv�f(vow �C{ � � � � ���q�&i
f�kVOPQ&fJWRQ ��j Tsk�kgQ&fR��w}vojMOPQ�msTu�&i!mdSlXdt�t�Q�kgj X ��i�S

LΨ + λF =
∂2Ψ

∂X̃2
+
∂2Ψ

∂Ỹ 2
+
∂2Ψ

∂Z̃2
− Ω2

(
Z̃

∂

∂X̃
− X̃

∂

∂Z̃

)2

Ψ + λF = Source .
� �-� �!�



@/>
NROPTVSzrPQ�mV��Q!{opCi�kgTVv�f��#i
fJWRQGQ�:��1j|Q!S�SUQ!���#v�t��1muQ�k�Q�muXJT f�kgQ�j t�S�vowPi��1i��1k�Q!���#vqvoj �1T f1i!k�Q!S�T f8kxORQ:w}voj t

LΨ + λF = Aχχ
∂2Ψ

∂χ2
+AΘΘ

∂2Ψ

∂Θ2
+AΦΦ

∂2Ψ

∂Φ2
+ 2AχΘ

∂2Ψ

∂χ∂Θ
+ 2AχΦ

∂2Ψ

∂χ∂Φ
+ 2AΘΦ

∂2Ψ

∂Θ∂Φ

+Bχ
∂Ψ

∂χ
+BΘ

∂Ψ

∂Θ
+BΦ

∂Ψ

∂Φ
+ λF = Sources .

� �-� Y��
e}k-TVS�SUkgjUi!TV��OPkgw~voj���i�j �8k}v S O1v � kVO1i!kFkVOPQ

Aij
i�fP�

Bi
�#voQ�w�rP� TsQ&fRk}SMORQ�j Q�i!j Q��qT �FQ&fJWFX

Aχχ = ~∇χ · ~∇χ− Ω2Āχχ
� � � ���

AΘΘ = ~∇Θ · ~∇Θ − Ω2ĀΘΘ
� �-� �
���

AΦΦ = ~∇Φ · ~∇Φ − Ω2ĀΦΦ
� �-� ���!�

AχΘ = ~∇χ · ~∇Θ − Ω2ĀχΘ
� �-� �&�o�

AχΦ = ~∇χ · ~∇Φ − Ω2ĀχΦ
� �-� �,�o�

AΘΦ = ~∇Θ · ~∇Φ − Ω2ĀΘΦ
� �-� �T>q�

Bχ = ∇2χ− Ω2B̄χ
� �-� �,@o�

BΘ = ∇2Θ − Ω2B̄Θ
� �-� �AB��

BΦ = ∇2Φ − Ω2B̄Φ .
� �-� �!���

D�Q�j|Q kxORQ$�qjUi��PTsQ&fPk�Sl�'ECi!�1msi�� TVi
f1SGi
f1� �1vok
�1j vq�Rp1�#k�S:i�j|Q k}vJWRQJk�i6�dQ&f kgj Q!i!kgT f1��kxORQ
X̃
�
Ỹ
�
Z̃
i�S � i!jlkgQ!SUTVi�f

�#vqvojl�PT fPi�kgQ!Sl��S�v kVO1i!kx��w}voj
Q�:oi�t��1muQ
�

~∇χ · ~∇Θ =
∂χ

∂X̃

∂Θ

∂X̃
+
∂χ

∂Ỹ

∂Θ

∂Ỹ
+
∂χ

∂Z̃

∂Θ

∂Z̃
.

� �-� �5Y��

NROPQ�w~voj|t vowRkVOPQ
Āij

i
f1�
B̄j

kgQ�j t+SzT f �C{dS�� � � � ����� � � � ���!�qi!j Q��qT �FQ&fR��w~vojz�qQ&fRQ�jUi!mdi��1i��1k�Q!�8�#vqvojl�PT fPi�kgQ!Sl��T f
�C{dS�� � �-� Y!�o� � � �-� �!�o� �

��������� � � �,#%� ���/� ����� � 
 #�� ��� �(� ��� ����
 # �5*3��
�#�� � � � E �

P

θ
θ 1

2

r
r1

2

2a Z
~

ndTV�op1j|QG�-� � �  )Q!v�t�Q�k�j Ts�zWPi�SUTVSzw~voj�kVOPQ�N � � � i��Ci��1kgQ!���&vqvoj �PT f1i!k�Q!S

�1Q�w~voj|Q��PTVSU��pCS�SUT f1� �qQ&fPQ�jli�m�w�Q!i�kxp1j|Q!S)vow�i
fDi��1i!�1kgQ!� �#vqvojl�PT fPi�kgQ�SlX�SUk�Q
t2�zTsk ��TsmsmCWRQ�pCSUQ�wgp1m�k}v+�qT �FQ
i8Sl�1Q�� TsrP�5Q�:oi�t��1msQ<� n�voj:kVO1i!kzQ�:oi�t��1msQ
� ��QJ��OPvqvqSUQ8i��&vqvoj �PT f1i!kgQ�SlX�SUk�Q
t

χ,Θ,Φ
kVO1i!kzTVS=�Ci!jlkgTs��p1mVi!jlmuX



@6@
SUTut2�1msQ�T f�w~voj t2�!kxOPv�pC��O � i�S ��Q�S O1i!msmo�PTVSU��pCS�SPWRQ�mVv �(�of1vok-kxORQ���O1voTs� QGkxOPi�kqTsSMfRpPt�Q�j Ts�#i�msm X5t+vqSUk-Q�w�rP� TsQ&fPk �
NROPQ7��OPvqSUQ&fJ�&vqvoj �PT f1i!k�Q!S1i!j Qzt�vqSUkqQ!i�SUTsm X)pRf1�PQ�jlSUk}vqvq�)WRX�SUk}i!jlkgT fP� ��TskVO/kxORQ��PTVSUk�i
fP� Q!S

r1
i�fP�

r2
w}j v�t kVOPQ

S�v�p1j|�#Q)�CvoT fPk�Sl�Ri
f1� ��TukxO@kVOPQ�i�fP�dmuQ!S
θ1
�
θ2
S O1v �$f@T f+ndTV� �<� � � �
NROPQ5w~voj|t+i!mR�PQ�rFfPTuk�TVv�fPS�vowMkVOPQ i��1i!�1kgQ!�

�#vqvojl�PT fPi�kgQ!Szi�j|Q

χ ≡ √
r1r2 =

{[(
Z̃ − a

)2

+ X̃2 + Ỹ 2

] [(
Z̃ + a

)2

+ X̃2 + Ỹ 2

]}1/4 � �-� � ���

Θ ≡ 1

2
(θ1 + θ2) =

1

2
tan−1

(
2Z̃
√
X̃2 + Ỹ 2

Z̃2 − a2 − X̃2 − Ỹ 2

)
� �-� �����

Φ ≡ tan−1
(
X̃/Ỹ

)
.

� �-� �q�!�

NROPTVS1��O1voTs� Q�TVSMS�v�t�Q�k�T t�Q!S1�&i!msmsQ!�CI!k �(v����#Q&fRk�Q�joWPT �CvomVi�jF�&vqvoj �PT f1i!k�Q!S�K �x�AB �x� OPQ�j|Q!i�w�k�Q�j-N � � � �
i
f1�5TVS1Q!{op1T �?�
i!msQ&fPk�k}v5kVOPQU��Q�j v��~voj �PQ�j1�&vqvoj �PT f1i!k�Q!S
pCSUQ!�JWFX �� i��PQ �� �x��� �d�&� � �

ndTV�op1j|QG�-� � � � �1i!�1kgQ!���&vqvoj �PT f1i!kgQ!S�T f�kxORQ
x̃, ỹ

�1mVi
fPQ
��i
f1�8kxORj Q�Q��}�PTut�Q&fPSUTVv�f1i!mq�&vqvoj �PT f1i!kgQ�Slp1jlw~i!� Q!S
� f2i!k�kgjUi!�#kgT �FQ�w}Q!i!kgp1j|Q:vowPkxORTVS7�Ci!jlkgTs��p1mVi�j
��OPvoTs�#Q)vowCi��1i��1k�Q!�8�#vqvojl�PT fPi�kgQ!S7TsS`kVO1i!kRkxORQ�i#WPv �RQ:j Q�msi�kgTVv�f8�

S OPT �CS7�#i�f WRQGT f �FQ�jlkgQ!�(T f(SUTut��1muQ:� mVvqSUQ!��w~voj|t k}v �qT �FQ

Z̃ =

√
1

2

[
a2 + χ2 cos 2Θ +

√
(a4 + 2a2χ2 cos 2Θ + χ4)

] � �-� ���o�

X̃ =

√
1

2

[
−a2 − χ2 cos 2Θ +

√
(a4 + 2a2χ2 cos 2Θ + χ4)

]
cosΦ .

� �-� �6�o�

Ỹ =

√
1

2

[
−a2 − χ2 cos 2Θ +

√
(a4 + 2a2χ2 cos 2Θ + χ4)

]
sin Φ .

� �-� �/>q�

NROPQ�t�Q!i
fPT fP�)vowqkVOPQ
χ,Θ

�#vqvojl�PT fPi�kgQ!SCT f/kxORQ
x̃, ỹ

�1mVi
fPQ � kxORQ
Z̃, X̃

�1mVi�fRQ!��TVSCS O1v ��f$v�fJkVOPQ7msQ�w}k�T f/ndTV� � � � � �
iG�1Ts�#kxp1j|Q�vowRkxORj Q�Q��}�PTut�Q&fPSUTVv�f1i!m

χ
�
Θ
��i
f1�

Φ
Slp1jlw}i�� Q!S�TVS�S O1v ��f2v�f8kxORQ:j TV��OPk �

NROPQ��qQ!v�t�Q�kgjlTu�&i!mz�PQ�rFfPTskgTVv�fDT fFOPQ�j|Q&fPk7T fDndTV� � � � �2SlpC�d�qQ!SUk}S5kVO1i!k�kVOPQ�i��1i!�1kgQ!� �#vqvojl�PT fPi�kgQ�Slp1jlw}i�� Q!S
O1i �FQ�kxORQ��#vojlj|Q��#k�msTut�Tsk7w~i!j:w�jlv�t�kVOPQ�S�v�p1j|�#Q!S���NROPTVS�TVS��#v�fPrPj|t�Q!� WFX@kxORQ8msTut�Tsk�T f1�@w~voj t�S �C{dS�� � �-� ���o� �
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� � � �6>o�qw~voj

χ� a
� � SUTs�1Q�w�jlv�t w}jUi!� k�TVv�fPi�m��&voj j Q�� k�Tsv�f1S�vowRvoj �PQ�j

a2/χ2 kVOPQ�j|Q�mVi�kgTVv�fPSzi�j|Q

Z̃ → χ cosΘ X̃ → χ sinΘ cosΦ Ỹ → χ sin Θ sinΦ .
� � � �6@��

�8Q!i!j=kVOPQ(S�v�p1j|�#QJ�CvoT fPk�i�k
Z̃ = ±a ��kVOPQ8msT t�TskgT f1� w~voj|t+Sl�zi�SUTV�PQ8w}j v�t�w}jUi!� k�TVv�fPi�m
�&voj j Q�� k�Tsv�f1S5vow�voj �PQ�j

χ2/a2 ��i!j|Q

Z̃ → ±a+
χ2

2a
cos (2Θ) X̃ → χ2

2a
sin (2Θ) cosΦ Ỹ → χ2

2a
sin (2Θ) sinΦ .

� � � �<B��

NROPQ!SUQ:msTut�Tsk}Sl�qi�fP�2ndTV� ��� � ����S O1v � kxOPi�k-fPQ!i!jzkxORQ)S�v�p1j|�#Q��CvoT fRk1i�k
Z̃ = a

kxORQ=Q�:��1j Q!S�SUTsv�f
χ2/2a

�1mVi�X�S7kVOPQ
j vomsQGvowFjli��PTVi!m��1TsSUk}i
fP� Q
��i�fP�

2Θ
�1mVi!X�S
kVOPQGj vomsQGvow-�CvomVi!jM�#vqvojl�PT fPi�kgQ<� � �8Q!i!j1kxORQ�S�v�p1j � Q��CvoT fRkFi!k

Z̃ = −a �
kVOPQGQ�:��1j|Q!S�SUTVv�f

χ2/2a
i��di�T f$�1mVi�X�SzkxORQGjlvomsQ�vow�jUi��PTupCSl�#WFp1k�kVOPQG�CvomVi!j�i
f1�qmsQGTVS

π − 2Θ
� � ��vokgTs� QGkxOPi�k�WPvokxO

w~vojCkVOPQ`fRQ!i�jCi
f1�$kVOPQ�w}i�j1msT t�Tskx��kxORQ��CvomVi!j
i
f1�qmsQ`TVSz�PQ�rFfPQ!� ��TukxO�j Q!Sl�1Q�� kok�v�kxORQ�msT fRQ�kxORjlv�pC��O$kxORQ�S�v�p1j � Q!Sl�
kVOPQ

Z̃
i/:�TVSl��fPvok���TskVO�j|Q!Sl�1Q��#k-k}v5kVOPQ�j vok}i!k�Tsv�f1i!m

z̃
i/:�TVS��

e}k
TVS)� msQ!i�jGkVO1i!k�v�p1j�fPQ ��SlX�SUk�Q
t O1i�S)i$�#vqvoj �1T f1i!k�QJSUT f1�op1mVi!jlTukgX i!k�kVOPQ8voj TV�qT fH�5egf1�PQ�Q!�R�1kVOPQ�j|Q/t2pCSUk
WRQ/iJ�#vqvojl�PT fPi�kgQ SUT f1�op1mVi!jlTukgX+T f i�fFX+Slp1��O i��Ci��1kgQ!�@�#vqvoj �1T f1i!k�Q SlX�SUkgQ
tV�:NROPQJS ��Tskg��O w}j v�t kxORQ/Slt+i!msmR�

χ
�#vqvojl�PT fPi�kgQ8Slp1jlw}i�� Q!Sl�
�1TsS#4VvoT fPk7���}Sl�ROPQ�j|Q!S)i!jlv�pRfP� kxORQ�S�v�p1j � Q!Sl��k�v�kVOPQ8mVi!jl�qQ��

χ
SUT f1�qmsQ��<�~Sl�RORQ�j Q��#i
fFf1vok

i �PvoTV��i=SUT f1�op1mVi!jlTskxX��
NROPQ/j Q
t�i�T fPT fP��Sl�1Q��#TurP�&i!k�Tsv�f fRQ�Q!�PQ!�BTVS:kxORQ�v�p1kgQ�j7W1v�pRfP�1i�j|X+�&v�fP�PTsk�Tsv�f1S�v�f S�v�t�QJmVi�j �qQ/i!�P�1j v�:�TR�

t+i!kgQ�muX8Sl�RORQ�jlTs�#i�m-Slp1j w~i!�#Q
χ = χmax

��n-voj7kVOPQ�t+v�fPv��CvomsQ=t�v�t�Q&fRk1vowPkxORQ)rPQ�mV�(kxORTVS7�#v�f1�PTskgTVv�f�TVS7SUTut��1muX
kVO1i!kCkVOPQ5rPQ�ms�+�1TuQ!S�vow�wCi�S

1/χ
�
n-voj`kVOPQ�jli��PTVi!kgT �RQ:�Ci�j kCvowMkVOPQ�rPQ�ms� ��Q�pCSUQ�kVOPQ)pCSlpCi!m?7qv�t2t�Q�j w}Q�mV�+v�p1k;�

�dvoT f1��v�p1kgQ�jzWPv�pRf1�1i!j X��#v�f1�PTskgTVv�f
∂tψ = −∂rψ

��i!�P�1j v�:�T t+i!k�Q!��i�S
∂tψ = −∂χψ

��NROPQ�w�jUi!�#kgTVv�f1i!mFQ�j jlvoj
T fRk�j vq�Rp1�#Q!�JWFX8kxORTVS7Slp�W1SUkgTskxp1k�Tsv�f�TVS`vow1vojl�PQ�j

a2/χ2 �FNROPQ 7qv�t�t�Q�jlw�Q�mV�2�#v�f1�PTskgTVv�f2Tsk�SUQ�mswPTVS�i!� � p1jli�kgQ�v�fPmuX
pP�Bk}v(vojl�PQ�j

(wavelength/r)
� 7oT fP� QJkVOPQ �(i �RQ�msQ&fP�qkxO@TsS:mVi!j �dQ�j�kxOPi�f

a
�Rv�p1j�Slp�WPSUk�Tskxp1kgTVv�f

r → χ
T f kVOPQ

v�p1kgQ�jFWPv�pRfP�Ci!j X)�&v�fP�PTsk�Tsv�f�T fRk�j vq�Rp1�#Q!SPfPQ!�qmsTV�qT WRmuX/Slt�i�mum�Q�j jlvojlS���Nov�i��P�1muX)kxORQ7OPQ�muTs�&i!m�SlX-t2t�Q�kgj X��8Q`pCSUQ
kVOPQ�j Q
�1msi�� Q
t�Q&fRk-j�p1msQ�T f��C{ � � � � B��-i�fP��kVOPQ:v�p1k��dvoT f1�5WPv�pRfP�Ci!j X/�#v�f1�PTskgTVv�f$WRQ��&v�t�Q!S
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�d�Rp1Q:k}vJSlt+i!msmdfFpPt�Q�j Ts�&i!m-T f1i!�#��p1jUi!� TsQ!SzT f�kVOPQ��1j v54sQ��#kgTVv�f��89@Q

O1i �FQGw~v�pRf1��kVOPTVS�k}v:WRQ�iG�1jlv!WRmsQ
t Q �FQ&f8T f(kxORQ=SUT t��1msQ!SUk � SUk�i�kgTs�7msT fPQ!i!jU�dt+vq�PQ�mVS��
9@Q)O1i �FQ�pCSUQ!�+i�f+i�mskgQ�j|fPi�kgT �FQ i!�P�1j vqi!��O2k�v8t2p1mskgTu�CvomsQ/�PQ��&v�t2�CvqSUTsk�Tsv�fBi�fP��t�p1mskgTu�CvomsQ rPmskgQ�jlT fP�o�Pi
f

i��P�1jlvqi!��O2kVO1i!kC�dT �RQ!S�Q�:��#Q�msmuQ&fPk1j Q!Slp1muk}S�w}voj`kVOPQ)fPv�fPmsT fPQ!i!j�SU�#i�mVi!jzt+vq�PQ�mVSGi
f1���1j v�t�TVSUQ!S�k�v5WRQ5SUTut�TsmVi!jlmuX
pCSUQ�w�p1mdT f��qjUi �FTsk}i!kgTVv�f1i!mqt+vq�PQ�mVS�����fP�PQ�jlmuX-T fP�JkVOPTVS`i!�P�1j vqi���O�TVS7kxORQ)�#v�fP� Q
�1kRkVO1i!kPkxORQ�i
f1�op1mVi!j
f1i!kgp1j|Q:vow
kVOPQGt�p1mskgTu�CvomsQ��#v�t��Cv�fRQ&fPk�S`vow�kxORQ:jli��PTVi!kgTVv�f8rPQ�mV�8TVS��PQ�kgQ�j t�T fPQ!�/WFX$nd�)� v��1Q�jli�kgTVv�fPSl��T f��Ci�j k�Ts��p1mVi!jRWFX
kVOPQ$nd�)�KTut2�1msQ
t�Q&fRk}i!kgTVv�f vowzkVOPQCECi!�1mVi!� TVi�f��)NPORQ/�1j v��1Q�jlkgTsQ!S:vowzkxORQ�Sl�RORQ�jlTs�#i�mROPi�j|t+v�fPTu�&S)kVO1i!k
t�i6�dQ
kVOPQ
t pCSUQ�w�p1mdT f2kVOPQ:�&v�fRk�T fFpPpPt��PQ!SU� jlTu�1kgTVv�f�vowPjUi��PTVi!k�TVv�f(TsS`k�i6�dQ&f2v �FQ�jg��T f2n-�=���#v�t��Pp1k�i!k�TVv�fPSl��WFX8kVOPQ
Q�TV�qQ&f �FQ�� k}vojlS7vowFkxORQGn-�=� EMi��1mVi!�#Tsi�f��

Nov5Tut2�1msQ
t�Q&fRkFkVOPTVS�TV�PQ!i ��Q:SUk}i!jlk�WFX �FTsQ ��T f1�JkVOPQ��qj TV� �Ri!mup1Q!SzvowRkVOPQ:SU�&i!mVi!jMrPQ�ms�
Ψ
v�f2i��#v�f1SUk�i�fRkP�

χ
Slp1jlw}i�� Q�i�Szi �FQ��#k�voj

Ψ
��OPvqSUQ��&v�t2�Cv�fPQ&fPk�S�i!j|Q�t+vqSUkR�#v�f �FQ&fPTuQ&fPkgmuX$Q�:��1j Q!S�SUQ!� ��TukxO(i:�1v�p�WRmsQ�T f1�PQ�:

Ψij = Ψ(Θi,Φj) .
� �-� �/>q�

D�Q�j|Q
Θi

i
f1�
Φj

i!j Q)kxORQ �Ri!mup1Q!SGv�f@kVOPQ
Θ,Φ

�qjlTV� ��TskVOBSl�Ci!�#T fP�dS
∆Θ

i�fP�
∆Φ

��e}kCw~vomsmsv �(S:kVO1i!k
Ψ
TVSGi

�FQ��#k�voj
T f2i:Sl�Ci!�#Q�vowP�PTut�Q&f1SUTVv�f
N ≡ nΘ × nΦ

�
egf8kxORQ

Θ,Φ
�#v�fPkgT fRpPpPt2�okVOPQ:i
f1�op1mVi!jM�Ci!jlk�vowRkxORQUECi!�1mVi!� TVi�f8i�k

χ/a� 1
TVSzkxORQ=v��1Q�jli�k�voj

∇2
ang ≡ 1

sin Θ

∂

∂Θ

[
sinΘ

∂

∂Θ

]
+

1

(sin Θ)2
∂2

∂Φ2
.

� �-� �6@o�

egf�i5nd�)�EkVOPTVS�TsS�j Q
�1msi�� Q!�8WFX(i�f�v��1Q�jUi!k�voj7T f+kVOPQ
N
�~�PTut�Q&f1SUTVv�fPi�mRSl�Ci�� Q�vowMi�fP�op1mVi�j`�qjlTV� �Ri!mup1Q!S�� ��p1j

Q�TV�qQ&f1Sl�1Q�� kgjUi!m�t�Q�kVO1vq��TVSMW1i�SUQ!�8v�f(rFf1�PT fP�JkVOPQGQ�TV�qQ&f��RQ�� k}vojlS�vowRkxORTVS
N
�~�PTut�Q&fPSUTVv�f1i!m-v��1Q�jUi!k}voj �

NROPQ
i, j

�#v�t��Cv�fRQ&fPkPvow�kxORQGQ�TV�qQ&f �FQ��#k�voj �8Tsmsm�O1i �FQGkxORQGw~voj t
Y

(k)
ij

��OPTu��O(S OPv�p1mV�JWPQ�i:�dvqvq��i!�P�1j v�:�TR�
t+i!kgTVv�f�k�v$S�v�t�Q

Y`m(Θi,Φj)
�qT;� Q<���dk�v$S�v�t�Q=�&v�fRk�T fRpPpPt Sl�RORQ�jlTs�#i!mqOPi�j|t+v�fRTs��Q �Pi!mupCi!k�Q!�(i�k1�qj TV�(�CvoT fRk}S��

� exf+�1jUi!� k�Ts� Q���Q �(voj���v�fPm X ��TskVO j|Q!i�mRQ�Ts�dQ&f��RQ�� k�vojUSGkxOPi�k
i�j|Q i��P�1jlv�:�Tut+i!k�Tsv�f1S�k�v8fPvoj t+i!msT���Q!�@j Q!i!mRi
f1�
Tut�i��qT fPi�j|X��Ci!jlk�S:vow
kxORQ$�qjlTs�'��Q �Pi!mupCi!k�Q!�+Sl�RORQ�jlTs�#i!mPOPi�j|t+v�fRTs�&S�� �8egf ndTV� ���-� @J�&v�fRk�T fFpPpPt�Sl�ROPQ�jlTu�&i!mFO1i!j��
t+v�fRTs�#S5i�j|QJ�#v�t��Ci!j|Q!�Bk�v2kVOPQ�Q�TV�qQ&f��RQ�� k}vojlS)w~v�pRfP� w~voj:i8�qjlTs� ��TskVO

nΘ × nΦ � 16 × 32
v�f i
f i
f1�op1mVi!j

�1v�t+i!T f
0 ≤ Θ ≤ π/2

�
0 ≤ Φ ≤ π

� � S=t�Ts�oORkzWRQ�Q�:��1Q��#kgQ!�R�MkVOPQ�i��qj|Q�Q
t�Q&fPkMWRQ�k ��Q�Q&f Q�Ts�dQ&f��RQ�� k�voj
i
f1�8�&v�fRk�T fRpPpPt w�pRfR�#kgTVv�f�TsS7{op1TskgQ:�dvqvq� ��ORQ&f�kVOPQ�SU�#i�msQGw}voj
��O1i
f1�qQ�vowRkVOPQG�#v�fPkgT fRpPpPt wgpRfP� k�Tsv�f�TVSzmVv�f1�



B!�
�#v�t��Ci!j Q!��k�v/kVOPQ:Sl�Ci!�#T f1�:WRQ�k ��Q&f��dj TV�8�CvoT fPk�S��

NROPQ/Q�TV�qQ&f �Ri�m p1Q!S�w}v�pRf1� w}voj�kVOPQ��PTVSU� j|Q�k�Q i
f1� �&v�fRk�T fFpPpPtEi
f1�op1mVi!jGECi��1mVi�� TVi
f1S�i!j Q T fB�dvqvq� i��qj Q�Q��
t�Q&fRk�w~voj�Slt+i!msmPQ�TV�qQ&f �Ri�m p1Q!S���n-vojGkxORQ/�1TsSU�#j|Q�k�Q��1j v!WRmsQ
t ��QJ�PQ�rFfPQ/i
f@Q�w�w�Q��#kgT �FQ)t�p1muk�Tu�CvomuQ$T fP�1Q�:

`
T f

kVOPQ�v!W��FTVv�pCS �(i�X#�!WRX(SUQ�kgkgT f1� −`(`+ 1)
Q!{opCi�m-k�v$kxORQ�Q�TV�qQ&f �Ri!mup1Q)w}voj7Q!i!��O(Q�TV�qQ&f �FQ��#k�voj � � �#v�t��Ci!jlTVS�v�f

TVSG�qT �FQ&f�T f+ndTV� �<�-� B vowCkxORQ�T fPkgQ!�qQ�j��#v�fPkgT fRpPpPt �Pi!mup1Q!S�vow
`
i
f1��kVO1vqSUQ5w}v�pRf1�+w~voj`i

16 × 32
�qjlTV�+v�f�kxORQ

j|Q!�dTsv�f
0 ≤ Θ ≤ π/2

�
0 ≤ Φ ≤ π

� � ��fRmsTR�dQGkxORQ�Sl�ROPQ�j Ts�&i!m�OPi�j|t+v�fPTu�&Sl��kxORQGQ�TV�qQ&f �FQ��#k�vojUSzi!j|Q`f1vokF�1Q!�qQ&fRQ�j��
i!k�Q
��S�v5kxORQ�j Q�TVS�i:Slt+i!msmdjUi
f1�qQ�vow

`
�Ri�m p1Q!S7vowFkxORQ:Q�Ts�dQ&fPSl�1Q��#kgjUi!m�t�Q�kxOPvq�2�#vojlj|Q!Sl�Cv�f1�PT f1� k�v Q!i!��O

`
vowRkVOPQ

�#v�fPkgT fRpPpPt �1jlv!WRmsQ
t�� ��n-voj�kVOPQ��PTVSU� j|Q�k�Q=v��1Q�jUi!k}voj�kVOPQ=Q�TV�qQ&f �FQ��#k�vojUS��Pn-voj7v�p1j7�1j v!WRmsQ
t kxORQ�vokVOPQ�j7i�fP�op'�
mVi!j�j Q!�qTVv�fPS�i�j|Q:j Q�mVi!kgQ!��WFX�SlXdt�t�Q�k�j|X/�
NROPQ!SUQ)SlX-t2t�Q�kgjlTsQ!S�i�mVS�vJQ�msTut�T f1i!k�Q�kVOPQ�vq�C� �Pi!mup1Q!S�vow

`
v�t�Tskgk�Q!�

w}j v�t ndTV� ��� � B �1NPORQ�r1�op1j Q�S O1v �(S�kVO1i!k1w~voj7Slt+i!msm
`
kxORQ�j Q=TVSG�dvqvq�+i��qj|Q�Q
t�Q&fPk-WRQ�k ��Q�Q&f�kxORQ5�PTVSU�#j|Q�kgQ)i
f1�

�#v�fPkgT fRpPpPt Q�Ts�dQ&f��Pi!mup1Q!S�� �1Q��&i�pCSUQ�vowMkxORTVS ��Q��#i�f�j|Q�w}Q�j�k}v$t�v�f1v��CvomsQ
�F{opCi��Pj�pP�CvomsQ
�qOPQ�:�i��PQ��#i!�CvomsQ
�?�����
Q�TV�qQ&f �FQ�� k}vojlS �8TskxOPv�p1kPi�t�WRTV�op1TskxX/�

ndTV�op1j Q � � @ �MNRORQ5Q�TV�qQ&f �FQ��#k�vojUSGw~voj�i
16 × 32

�qjlTV�@�&v�t2�Ci�j|Q!��k�v�kVOPQ �#vojlj|Q!Sl�Cv�f1�PT fP���#v�fPkgT fFpPpPt Q�TV�qQ&f8�
w�pRfR�#kgTVv�fPSl�okVOPQ=Sl�ROPQ�jlTu�&i!m�O1i!j t�v�fPTs�#S��-NROPQ��#v�fPkgT fRpCv�pCS7� p1j �RQ!S�S O1v � kVOPQ=Sl�ROPQ�j Ts�&i!m�O1i!j t�v�fPTs�#S ��kVOPQ:�1i!k}i
�CvoT fRk}S7i�j|Q�kVOPQ��#v�t��Cv�fPQ&fRk}S7vowRkVOPQ�Q�TV�qQ&f �FQ�� k}vojlS��

egfJkVOPQ�t�i�kVOPQ
t�i�kgTs�#S
vowdkVOPQG�qjlTs��Sl�Ci�� Q
�
k �(v �FQ�� k}vojlS
Fij

i�fP�
Gij

i�j|Q�k}i/�dQ&f�k�v�OPi �FQ�i
fJT fFfRQ�jC�1j vq�Rp1�#k

F ·G ≡
nΘ∑

i=1

nΦ∑

j=1

FijGij sin(Θi)∆Θ ∆Φ .
� �-� �<B��

9 TukxO(S�v�t�QG�&i!j|Q
�!�PQ�k}i!TsmsQ!��T f � �P�1Q&f1�PTR: �-� �
��� ��QG�&i
f8�#v�f1SUkgj�p1�#k-kxORQGnd�)� i
f1�op1mVi!jHECi��1mVi�� TVi
f�k�v�WRQ�SUQ�msw3�
i��(4svoT fPk ��TukxO j|Q!Sl�1Q��#kMk}v(kxORQJT fFfPQ�j��1j vq�Rp1�#kMT f �C{?� � � � ��B�� ��NROPTVS=�qpCi!jUi
fPkgQ�Q!SGkxOPi�k
kxORQJQ�TV�qQ&f��RQ�� k}vojlS:�#i
f
WRQ���O1vqSUQ&f+k�v5WRQ5voj kxOPvq�-v�fPi�m*� 9@Q5�#v�t��1msQ�kgQ�kVOPQ i
f1i!mVvq�oX�k}v$kVOPQ Sl�RORQ�jlTs�#i!m-O1i!j t�v�fPTs�#S�WFX���OPvqvqSUT f1��kVOPQ



B/�
Q�TV�qQ&f �FQ�� k}vojlS�k�v:WRQ�f1voj t�i�muT���Q!�R��S�v5kxOPi�k ��Q�O1i �RQ

nΘ∑

i=1

nΦ∑

j=1

Y
(k)
ij Y

(k′)
ij sin(Θi)∆Θ ∆Φ = δkk′ .

� �-� �o���

� NRORTVS�f1voj t�i�muT��oi!kgTVv�f�OPi�S7WRQ�Q&f�pCSUQ!�+w~voj`kxORQ Q�TV�qQ&f �FQ��#k�vojUSGS OPv ��f T f@ndTV� �<�-� @ � ��9 TskVO@kxORQ!SUQ/�1Q�rFfRTskgTVv�f1S
��Q��#i�fJf1v � ��jlTuk�Q:iGt�p1mskgTu�CvomsQ:Q�:��Ci
f1SUTVv�f�i�S

Ψ(χ,Θi,Φj) =
∑

k

a(k)(χ)Y
(k)
ij ,

� �-� �,Y��

��TskVO

a(k)(χ) =

nΘ∑

i=1

nΦ∑

j=1

Ψ(χ,Θi,Φj)Y
(k)
ij sin(Θi)∆Θ∆Φ.

� �-� � ���

ndTV�op1j Q � � B �
NROPQ
`
�Pi!mup1Q!S1vow�kVOPQ`�PTVSU�#j|Q�kgQzi�fP�op1mVi�j?EMi��1mVi!�#Tsi�f5v�f/i

16×32
�qjlTs� �#v�t��Ci!j|Q!� �8TskxO/kVOPQ�T fRk�Q!�qQ�j

`
�Pi!mup1Q!SGvow�kVOPQ/�#v�fPkgT fRpPpPt i
f1�op1mVi!jGECi!�1msi�� TVi
fH��NROPQ Q�TV�qQ&f �FQ��#k�vojUS�vowzkVOPQ/�PTVSU� j Q�kgQ i�fP�op1mVi�j ECi!�1mVi!� TVi�f
i!j Q�f1vok7�PQ!�qQ&fPQ�jli�kgQ
�PS�v�iJ�#mupCSUkgQ�j�vow7SUQ �RQ�jli�m

`
�Pi!mup1Q!S:vow�kxORQ$Q�TV�qQ&f1Sl�1Q�� kgjUi!m1t�Q�kxOPvq� �#vojlj|Q!Sl�Cv�f1�1S:k�v�i

SUT fP�dmuQ
`
�Ri�m p1Q�vowRkxORQ��&v�fRk�T fFpPpPt �1jlv!WRmsQ
t��

NROPQ�t�p1mskgTu�CvomsQ)rPmsk�Q�j T f1�JkxOPi�k �(i�S�kxORQ=t+vokgT �Ri�kgTVv�f�w~vojzkVOPQ=T fPkgjlvq�Rp1� k�Tsv�f�vow1kVOPQ)Sl�1Q��#kgjUi!m-�1Q��#v�t��CvqSUT��
kgTVv�fBTVS=Tut2�1msQ
t�Q&fRk�Q!�BSUTut��1m X(WFX�msTut�TskgT f1��kVOPQ/k�Q�j|t+S:T fP� mupC�PQ!�BT f kVOPQ$SlpPt T f �C{?� � � � ��Y�� �:y�i!kVOPQ�jGkVO1i
f
T fR�#mupC�PQ�i!msm�Q�TV�qQ&f��RQ�� k}vojlSl�zv�fRmuX kxOPvqSUQ �8TskxO

` < `max
i�j|Q$T fR�#m pC�1Q!�H� 7�T fP� Q8kxORQ��PTVSU�#j|Q�kgQ

`
S5i!j Q fPQ �FQ�j

mVi!jl�qQ�jGkVO1i
f kVOPQJ�&v�fRk�T fRpPpPt
`
Sl�Mi���O1voTs� Q

`max = 5
t�Q!i�fPS=kVO1i!k7kVOPQ/t+v�fPv��CvomsQ
�z{opCi��1j�pP�CvomsQ
�Mi
f1� vo���

kxpP�CvomsQ k�Q�j|t+Sl���8TskxO
` ≈ 0, 2, 4

i!j Q5T fP� mupC�PQ!�L��NROPQ Q�wgw}Q�� kCvow�kxORQ Q�TV�qQ&f1Sl�1Q�� k�jli�mFt�Q�kxOPvq� i
f1��t�p1muk�Tu�CvomuQ
rPmskgQ�jlT fP�Ji!j|QGkxORQ=SlpP�P�1j|Q!S�SUTVv�f(vow�kxORQ�mVi�j �qQGnd�)� WPv�pRf1�1i�j|X1�}j|Q�mVi�kgQ!�$Q�j jlvojlSl��i�S�Tsmsm pCSUk�jli�kgQ!�(T f�ndTV� �A� � >1�



B�>
egf(kVOPTsS�t�Q�kxOPvq��kxORQ

k
SlpPt�t�i�kgTVv�f�T f �C{ � � � � ��Y��-SUk}v��CS`i�kFS�v�t�Q:t+i/:�Tut2pPt �Pi!mup1Q:�dv �RQ�j�fPQ!��WFX

`max
�

i
f1�8kxORQ�Q!{qpCi!kgTVv�f1S�k}v:WRQ�S�vom �FQ!�2i!j|QGkxORQ:w}vomsmVv ��T f1�/t�vq�PTsrP�&i!kgTVv�f1S7vow?�C{dS�� � �-� ���o� �

∑

k

αk′k
d2a(k)(χ)

dχ2
+ βk′ka

(k)(χ) + γkk′
da(k)(χ)

dχ
= Sk′ .

� �-� >����

egf��1mVi�� Q�vow �C{ � � � � �6���-kVOPQ��#voQ�w�rP� TsQ&fPk�S�T f�kVOPTsS`SlpPt i!j|Q�f1v � Q �Ri�mupCi!kgQ!��w}j v�t

αk′k = Y (k′) · AχχY (k) � �-� >d�!�
βk′k = Y (k′) ·

[
AΘΘ

∂2Y (k)

∂Θ2
+AΦΦ

∂2Y (k)

∂Φ2
+ 2AΘΦ

∂2Y (k)

∂Φ∂Θ
+BΘ

∂Y (k)

∂Θ
+BΦ

∂Y (k)

∂Φ

] � �-� >��o�

γk′k = Y (k′) ·
[
2AχΘ

∂Y (k)

∂Θ
+ 2AχΦ

∂Y (k)

∂Φ
+BχY`m

]
,

� �-� ><�o�

��ORQ�j Q8Tsk�TVS�pRf1�PQ�jUSUk�vqvq��kVO1i!k�kVOPQ(i
f1�op1mVi!j��PQ�jlT �Ri!k�T �FQ!S5i!j Q8�#v�t��Pp1kgQ!� WFXBrFfPTskgQ2�1Tuw�w�Q�j Q&fR�#T fP� �2egf kVOPQ
Q�wgw}Q�� k�T �FQGS�v�p1j|�#QGkgQ�j t2�

Sk′ ≡ −λY (k′) · F
(∑

a(k)Y (k)
)
,

� �-� >6>q�
v�fPm X5kxORQ�fPv�fPmsT fPQ!i!jlTskxX i��P�1Q!i�jlS���NROPQ�j|Q7TsSPfPv I�k�j�p1Q<K7S�v�p1j|�#Q�kgQ�j t SUT fR�#Q ��Q`S�vom �FQ�v�fRmuX v�p1k�SUTV�PQ`kVOPQ`S�v�p1j � Q
i
f1�8T fPkgj vq�Pp1� Q�kxORQG�1jlv��1Q�j k�TsQ!S
vowRkxORQ:S�v�p1j � QGkxORjlv�pC��O$WPv�pRf1�1i!j X/�#v�f1�PTskgTVv�f1S��

��p1j�t�Q�kVO1vq�(TVS��#msQ!i!jlm X8Sl�1Q�� k�jli�mqT f �1i �Pvojx�
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�1Tu�#kxp1j Q`T f8kVOPQ��1j|Q!SUQ&fPko�Ci��1Q�jCT f�T fPkgQ�j �1j|Q�k�T fP�5S�v�t�Q
vowRkVOPQ��#v�t��Pp1k�i�kgTVv�f1i!mqj|Q!Slp1msk}S��
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egf8h1i!�1Q�jMeRkxORQ:S�v�p1j � Q �(i�S�k�i/�-Q&f�k}v:WRQ�k ��v5pRfRTsk��CvoT fPkR��O1i!jl�qQ!S
t�v �RT fP�$i!k�jli��PTupCS
a

S = γ−1 δ(r − a)

a2
δ(θ − π/2) [δ(ϕ) + δ(ϕ− π)] .

� �-� @q�!�

D�Q�j|Q
γ
TVS=kVOPQ ECvoj Q&fRk;�$w~i!�#k�voj

1/
√

1 − a2Ω2
�=NROPTVS:w~i!�#k�voj�TVS�fPQ�� Q!S�S�i!j X�Tuw�kxORQ$S�v�p1j|� QJTVS�k�v(�#vojlj|Q!Sl�Cv�f1�

k�v��CvoT fRk}S:vow�pRfPTukzSUk�j|Q&f1�qkVO i�S�t�Q!i�Slp1j|Q!�+T fBiJw�jUi�t�Q5�#v���t+v �FT fP� ��TskVO kxORQ$S�v�p1j|� Q �CvoT fPk�S�� � NROPTsS:w}i�� k}voj
�(i�S=T fPi�� �FQ�jlkgQ&fPkgmuX+v�t�Tskgk�Q!� w�jlv�t kVOPQ$S�v�p1j � QJT f h1i��1Q�jGe �degfBkxOPi�kM�Ci!�1Q�j�v�fRmuX@kxORQ$�#i�SUQ

aΩ = 0.3
�(i�S

SUkxpC�1TuQ!�P�qS�v ��Q:t+i�X8�&v�fPSUTV�PQ�j�kxORQ=�CvoT fRk1S�v�p1j � Q!S`T f2h1i��1Q�jzeRf1vokPk�v/O1i �RQ�WRQ�Q&f�pRfPTskCSU�#i�msi�jz��O1i!jl�qQ!Sl��WRp1k
S�v�p1j|�#Q��CvoT fPk�S �8TskxO2��O1i!jl�qQ!S

γ = 1.048
� �zexf�kVOPQ��1j|Q!SUQ&fPkF�Ci��1Q�j ��Q=Sl�1Q��#Tuw�X�T fFfPQ�jCWPv�pRfP�Ci!j X��&v�fP�1Tuk�TVv�fPS

v�f2S�v�t�Q=Slp1jlw}i�� Q
χmin

jli�kVOPQ�j
kxOPi�f(i
f(Q�:��1muTs�#TukRS�v�p1j|�#Q�kgQ�j t i�S�T f(h1i!�1Q�jMe � ��p1j�SUk}i
f1�1i!jl�8��O1voTs� Q=w}voj�kVOPQ
T f�fPQ�jCWPv�pRf1�1i!j XJ�&v�fP�1Tuk�TVv�fPS ��Tumsm�WPQ:kVO1vqSUQ:kxOPi�k��&voj j Q!Sl�Cv�fP�(k�v/kVOPQ��CvoT fRkPS�v�p1j � Q!S�vow8�C{?� � � � @d��� ��n-vojzkVOPTVS
��O1voTs� Q8vow7S�v�p1j � QJi�fP� w~voj

χmin � a
i
f1� � (−λ)−1/4a

� ��Q��#i�f@pCSUQ�i�f i��P�1jlv�:�Tut+i!k�Tsv�f w}voj:i�SUT f1�qmsQ
S�v�p1j|�#Q��CvoT fRk �

egf$f1vok�i�kgTVv�f(i��P�1jlv��1j TVi!k�Q�k�v5kxORQU���b�#i�SUQ �8QGOPi �FQ

R2 = Z̃2 + γ2(X̃ − βt)2 + Ỹ 2 � �-� @��o�

��v � ��QGpCSUQ�kVOPQ�k�jli�fPSUw~voj|t+i!k�TVv�fPS�vow �C{?� � � � ������� � � � �6>o��k�v �qQ�k

R2 =
χ4

4
+
(
γ2 − 1

) (
X̃ − βt

)2

+ O(χ6) =
χ4

4

[
1 +

(
γ2 − 1

)
sin2 2Θ cos2 Φ

] � �-� @6�o�
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ψ =
1

4π

1

R
≈ 1

4π

2

χ2

1√
1 + (γ2 − 1) sin2 2Θ cos2 Φ

.
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�1kRw}voj�i=��O1i
f1�qQ�vow1SUTs�of��FNPORQ!SUQ=jli��PTVi!kgT �RQ`WPv�pRf1�1i!j X
�#v�f1�PTskgTVv�f1SJS O1v�p1mV� WRQ(i��P�1msTsQ!� v�fPmuX k}v@kxORQ2jli��PTVi!kgT �RQ��Ci!jlk�vowGkxORQ ��i �FQ<�@NROPTsS/TVS/�1v�fPQ$WFX i��P�1muX-T f1�
kVOPQ��#v�f1�PTskgTVv�f1S�k�v�kVOPQ8SlpPt v�f kVOPQ�j TV��OPk7SUTV�PQ8vow �C{?� � �-� �,Y�� ��TskVO kVOPQ$t�v�f1v��CvomsQ8t+vq�PQ8v�t�Tskgk�Q!�H�$NROPQ
t�p1muk�Tu�CvomuQ��#v�t��Cv�fPQ&fRk}SJvowGkxORTVS/v�p1k�Q�j:WPv�pRf1�1i!j X �&v�fP�1Tuk�TVv�f i!j Q8kVOPQ&f �1j v54sQ�� k�Q!� v�p1k �BNRORQ(t�v�f1v��CvomsQ
t+v�t�Q&fPkx�RvowC�#v�p1jUSUQ
�dTVS`fPv�fPjUi��PTVi!k�T �FQ<�L7oT fR�#Q=Tsk1w~i!msmVS�vowgwCi�k1mVi!jl�qQ)�1TsSUk}i
fP� Q!S�i�S

1/χ
�dkVOPQ5v�p1kgQ�j�WPv�pRfP�Ci!j X

�#v�f1�PTskgTVv�f(TVSzk}i/�dQ&f�k�v=WRQ
(
da(0)

dχ
+
a(0)

χ

)

χmax

= 0 .
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egf h1i��1Q�j�eg� �8Q/Q�:��1mVi!T fPQ!��O1v � k�v(Q�:�k�jli�� k
iJ�dvqvq� i��P�1jlv�:�Tut+i!k�Tsv�f@vowzkVOPQ/v�p1k}�dvoT fP��S�vomup1kgTVv�fBw}j v�t kVOPQ
�#v�t��Pp1kgQ!��SUk�i�fP�PT f1� � ��i �FQ(S�vomup1k�Tsv�fH�@NROPi�k`Q�:��1mVi
f1i!k�Tsv�f SUk}i!jlkgQ!� ��TskVO kxORQ(S�vomup1k�Tsv�f0vow�kxORQ(muT fPQ!i!jlT���Q!�
�1j v!WPmuQ
t

Ψstndcomp =
∑
Q �FQ&f

`

∑

m=0,±2,±4..

α`m(r)Y`m(θ, ϕ) .
� �-� @<B��

9@Q �dQ�Q
�2kxOPi�kFfPvok}i!kgTVv�f2ORQ�j Q
��WFp1kRpRf1�PQ�jUSUk�i�fP�2kVO1i!k � TV�RkVOPQ=jlvomuQ)vow1kVOPQ)�#v�fPkgT fFpPpPt�Sl�RORQ�jlTs�#i�moOPi�j|t+v�fPTu�&S
TVS��1mVi�X-Q!� WFX i!�P�1j v��1jlTVi!kgQ�msT fRQ!i�j��#v�t�WRT fPi�kgTVv�fPSJvow�kVOPQ(Q�TV�qQ&f �FQ�� k}vojlSl�zkxOPi�k � TsTs��kxORQ�jlvomsQ(vow�kVOPQ��#voQ�w�r8�
� TsQ&fPk�S

a`m
TsSz�1msi!X-Q!�/WFX�i��P�1jlv��1j TVi!k�Q�muT fPQ!i!j
�#v�t�WRT fPi�kgTVv�f1S7vowRkVOPQ��#voQ�w�rP� TsQ&fPk�S

a(k)(χ)
�oi
f1��kxOPi�k � TuTsTV�FkVOPQ

SlpPt�t�i�kgTVv�fPS`v�fRmuX�Q�:�k�Q&fP�8pP�(k�v
`max

�
� S�T f h1i!�1Q�jGeg�RkVOPTVS:w~voj|t vowzkxORQJ�#v�t��Pp1kgQ!� SUk�i�fP�1T f1� � �(i �FQJS�vom p1k�TVv�f TVS:�&v�t2�Ci�j|Q!� �8TskxO i��qQ&fRQ�jUi!m

O1v�t�vq�qQ&fPQ!v�pCSzmsT fRQ!i�j �
λ = 0

�dSUk�i�fP�1T f1� � �(i �FQ � Q!{opCi!m�t+i���fPTskxpC�PQGT f8��i
f1�8v�p1k��-voT f1� �(i �FQ!S��dS�vomup1kgTVv�f(vow��
��TskVO(kVOPQ�SlXdt�t�Q�k�j|X8vowRk �(v5Q!{opCi�mdi
f1��v��P�CvqSUTskgQ)S�v�p1j|� Q!Sl�

Ψstndlin =
∑

Q �FQ&f
`,m

Y`m(θ, ϕ)
[

1
2 C`mh

(1)
` (mΩr) + 1

2 C
∗
`mh

(2)
` (mΩr)

]
.
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� rPk�kgT fP�q�7T f kVOPQ ��Q!i/�-�}rPQ�mV� �ov�fRQ
�7vow�kVOPTVS/w~voj tIvowGkxORQ�SUk�i�fP�PT f1� � ��i �FQ8t�p1mskgTu�CvomsQ(k}v@kVOPQ(�&v�t2�Pp1k�Q!�
w�pRfR�#kgTVv�f

α`m(r)
�dT �RQ!SzkVOPQ �Ri�mup1Q:vow

C`m
�

�PX �RTuQ ��T f1�5kVOPQ�muT fPQ!i!j
S�vom p1k�TVv�f�i�SCOPi�muw3�}T f1�dvoT f1� i
f1�JOPi�mswP�~v�p1k��dvoT f1����QG�PQ�rFfRQ�kxORQGQ�:�kgjUi!�#kgQ!�$v�p1k��dv��
T fP�JS�vomup1kgTVv�f2k�v=WRQ

Ψexout =
∑
Q �FQ&f

`

∑

m=0,±2,±4..

Y`m(θ, ϕ)C`mh
(1)
` (mΩr) .
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�Pi
f1� ��TsmumRWRQ T f1SUQ&fPSUTskgT �RQJk}v�kVOPQ
�PTVSUk�i�fRkRjUi��PTVi�kgT �FQ7WPv�pRf1�1i�j|X��#v�f1�PTskgTVv�f1S�� � S�Q�:��1mVi!T fRQ!�(T f(h1i��1Q�j�eg��kVOPQ=S�vomup1kgTVv�f1S�T f(kxORTVS`j|Q!�qTVv�f ��Tsmsm�WRQ
Q!S�SUQ&fPkgTVi!msmuX+kVOPQJS�i�t�Q/w~vojGkVOPQ/T f1�dvoT fP�q�
v�p1k��-voT f1�o�Mi�fP� SUk�i�fP�1T f1� � �(i �FQ �1j v!WRmsQ
tV�)exf kxORTVS=T f�fPQ�j�j|Q!�dTsv�f
kVOPQ&fR� ��Q=k�i/�-Q:v�p1j�Q�:�kgjUi!� k�Q!��v�p1k��-voT f1�8S�vomup1kgTVv�f�SUTut��1m X8k}v)WRQ=kVOPQ:�&v�t2�Pp1k�Q!�2SUk}i
f1�PT fP� � �(i �RQ=S�vomup1kgTVv�fR�
S�v5kxOPi�k

Ψexout =





∑
Y`mC`mh

(1)
`

��Q!i/� rPQ�mV�2v�p1kgQ�j
j|Q!�qTVv�f
Ψstndcomp

SUkgjlv�fP�/rPQ�mV�8T f�fPQ�j�j|Q!�qTVv�f .
� �-� @ ���

NROPQ kgjUi
f1SUTskgTVv�f�WRQ�k �8Q�Q&f iJSUkgj v�f1�2rPQ�ms� T f�fPQ�j�j|Q!�qTVv�f i
f1� ��Q!i/�2rPQ�mV� v�p1kgQ�j�j Q!�qTVv�f+�&i
f2WRQ �&v�fPSUTV�8�
Q�j|Q!� k�v2vo� ��p1jGT f S�v�t�Q/jUi
f1�qQ$vow

χ
�)NROPQ t+i/:�Tut2pPt

χ
T fBkxORTVS=jli�fP�qQ/t2pCSUk1WRQ$Slt�i�msmC�#v�t��Ci!j Q!�+k�v2kVOPQ

�(i �RQ�muQ&f1�qkxO
1/Ω

�Pi
f1�@kxORQ5t�T fRTut�pPt
χ
t2pCSUk��&voj j Q!Sl�Cv�fP� k�v(i$�PTVSUk�i�fR�#Q/w}j v�t kVOPQ/S�v�p1j � Q/mVi�j �qQ�j�kVO1i
f

v�p1jGQ!SUkgTut+i!k�QJvow
Rlin

� ��7oQ�Q��C{ � � �-� @���� ���/n�voj��PTVSUk�i
fP� Q!S
R
w}j v�t kVOPQJS�v�p1j � Q/kxOPi�kzi!j|Q vow�vojl�PQ�j

a
vojGmsQ!S�Sl�

χ ≈
√

2aR
S�v5kVOPQ�kxORQGt�T fRTut�pPt

χ
T f�kVOPQ�kgjUi
f1SUTskgTVv�f(j|Q!�dTsv�f�S O1v�p1ms��WRQGmVi!jl�qQ�j
kVO1i
f

χ ≈
√

2aRlin
�
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S�vomup1kgTVv�f+WRX�pCSUT f1�+i5WRmsQ&fP�PT f1��vow�kVOPQ$SUk�j v�f1� �}rPQ�ms� T fFfRQ�j:S�vomup1k�Tsv�f i
f1� kVOPQ ��Q!i/�1��rPQ�mV� v�p1kgQ�j�S�vomup1kgTVv�f
v �FQ�jzi:jli�fP�qQGw}j v�t

χlow
k}v
χhigh

�oegf�kVOPTVSzjli�fP�dQ ��QGk�i/�-Q

Ψexout = β(χ)
∑

Y`mC`mh
(1)
` + [1 − β(χ)] Ψstndcomp .
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D�Q�j|Q
β(χ) ≡ 3

[
χ− χlow

χhigh − χlow

]2
− 2

[
χ− χlow

χhigh − χlow

]3
,

� �-� Bo�!�
S�v kxOPi�k

β(χ)
�dvoQ!S`w}j v�t �)i�k

χ = χlow
k�v pRfRTskgX8i�k

χ = χhigh
i�fP�8OPi�S7i �Ri
fPTVS ORT f1�

χ
�~�PQ�j T �Pi!kgT �RQ�i!kqWPvokVO

Q&f1�1S��:exf@�1jlT fR�#T �1msQ �8QJS OPv�p1mV� ��O1vqvqSUQ
χ = χhigh

k�v2�PQ
�1Q&fP�Bv�f kVOPQ/mVvo�#i�kgTVv�fBvowzkVOPQ �(i �FQ��ov�fRQ
�Pi
f1�
OPQ&fR�#Q`v�f

Ω
��i
f1�/T f �1jlT fR�#T �1msQ ��Q`S O1v�p1ms�J��O1vqvqSUQ

χ = χlow
k}v=�1Q
�1Q&fP�Jv�fJkVOPQzf1i!kgp1j|Q7vowqkxORQ�fPv�fPmsT fPQ!i!jlTskxX#�

i
f1�BOPQ&fR�#Q�v�f
λ
i
f1�

Ψ0
��egfB�1jUi!�#kgTs� Q ��Q$OPi �FQ�w~v�pRfP� Tsk�k}v�WRQ8i��PQ!{opCi�kgQ$k�v���OPvqvqSUQ

χhigh = 2a
i
f1�

χhigh = 3a
w~vojzi!msm�t�vq�1Q�msS��
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NROPQ��#v�t��Pp1k�i!k�TVv�fPi�m��1jlv!WRmsQ
t vowMrFfP�PT f1��i S�vomup1kgTVv�f
Ψ
�&v�fPSUTVSUk}S�vowCrFf1�PT fP�(i SUQ�kCvowC�&voQ�wgrP�#TuQ&fPk�S

a(k)(χ)
kVO1i!kPS�i�kgTVSUwgX�kVOPQ:rPQ�mV�2Q!{opCi!k�TVv�f �C{dS�� � �-� >�����i�mVv�fP� ��TukxO2kVOPQ:T fFfRQ�j`i
f1�(v�p1kgQ�jCW1v�pRfP�1i�j|X��#v�f1�PTskgTVv�f1S��RNROPQ
v��1Q�jUi!kgTVv�f1S`v�f�kVOPQ=msQ�w}k;�gOPi�fP��SUTV�PQ)vow8�M{dS�� � �-� >�����i�j|Q�msT fRQ!i�j7v�f2kxORQ

a(k)(χ)
�di�S`i!j Q:kVOPQ�W1v�pRfP�1i�j|X8�&v�fP�PTR�

kgTVv�f1Sl�oS�v kVOPQG�1j v!WRmsQ
t vowRrFfP�PT f1�/kxORQ
a(k)(χ)

�#i�fJWRQ ��j Tskgk�Q&f(i�S

∑

k

Lk′ka(k) = Fk′({a(p)}) , � �-� B!�o�
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v��1Q�jUi!k}voj)v�fDkVOPQ
a(k)(χ)

�7i�fP� �$OPQ�j|Q Fk′({a(p)} ���#v�fPk�i�T fPT fP�BkVOPQ
f1v�fRmsT fRQ!i�j TskgX$T f�kVOPQGt+vq�PQ�mu��TVS
f1v�fRmsT fRQ!i�j�T f(kxORQ

a(k)(χ)
�

n-voj��PTswgw}Q�j|Q&fPk-WPv�pRf1�1i!j X(�#v�f1�PTskgTVv�f1S � v�p1k��dvoT f1�2voj�T fP�-voT f1�d��kxORQ5msT fRQ!i�j�v��1Q�jUi!k}voj Lk′k O1i�SG�PTswgw}Q�j|Q&fPk
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k
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∣∣∣∣
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∣∣∣∣
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n+1(χi) − a
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n+1(χi)

)2
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f1�qQ
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f1S �8Q�j
k�v�kxORQ��RORX�SUTs�#i�m��1jlv!WRmsQ
t�� � �&v�t2�1msTs�#i�kgTVv�f8T f��PQ
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t+i!kVOPQ
t+i!kgTs�&Sl� � TsTV� ��QGi!j Q �dQ�Q
�1T f1�5v�fRmuX/mVv ���~voj �PQ�jCt2p1mskgTu�CvomsQ!S��oegf�i��1�PTskgTVv�fR�!k�v�j Q
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χmin → 0
� ��p1j�v�p1kgQ�j

WPv�pRf1�1i!j X+�#v�f1�PTskgTVv�f1S�T f �C{ � � � � @<@���i!mVS�v�i��1� i�fBQ�j jlvojx�1T fB�1jlT fR�#Tu�1muQ8v�fPQ8vow7voj �PQ�j
(a/χmax)
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���

ndTV�op1j QO� � Y�� � v�t��Ci!jlTVS�v�f$vowdQ�:oi!�#k�i�fP�JQ�TV�qQ&fPSl�1Q��#kgjUi!m!msT fPQ!i!j1v�p1k��-voT f1�5S�vomup1kgTVv�f1S��oNROPQ`S�vomsTV�$��p1j��FQ`S O1v �(S
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χmin/a = 0.2
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χmax/a = 75

�
yzQ!Slp1msk�S�i!j Q7S O1v �$f ��TukxO
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`max = 5
� t+v�f1v��CvomuQ
�

{opCi��Pj�pP�CvomsQ
��i
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��Q�i!j Q f1v�mVv�fP�qQ�j)rPmskgQ�jlT fP�o��i�fP� ��Q8Q�:��1Q�j TsQ&fP� Q$kVOPQ��PTswgrP��p1msk�TuQ!S)kxOPi�k��1mVi��op1Q!� kxORQ�nd�)� t�Q�kVO1vq� w}voj
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f1���#vojlj|Q��#kVfPQ!S�S��

NovJS O1v � kxOPi�kPkVOPQ��#v�t��Pp1kgQ!��S�vomup1kgTVv�f�TVS�i!�#��p1jUi!kgQ:TukCTsS`�#v�f �FQ&fPTsQ&fRkCk�vJ�#v�f1SUTs�1Q�j7rPjUSUkPkVOPQ=msT fRQ!i�j7v�p1k;�
�dvoT f1���1j v!WRmsQ
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�C{ � � �
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f1� � � 7 � �qjUi
fPk � N1hP�6�<�}�����q�A�
�����o�=k�v"� N �P�di
f1��vow � 7�n��djli�fRk1h8D �?����� � �6@<B,Y�i�fP� � � 7 � �djli�fRk � �  Q@<���&��Y/�/>5k�v � i!msk�Q���OH�H9@Q5kVO1i
f8�
� ORjlTVS �1Q�Q�kgmsQ�i
f1� E1TVvoj �Pp1j��-v$w}voj7pCSUQ�wgp1mF�PTVSU��pCS�SUTVv�fPS:i
f1��SlpC�-�qQ!SUkgTVv�f1S��L9@Q5i!mVS�v$kVO1i
f8� � msQ�:�Q
X �1msT fPv �
i
f1���Di!jlTVi � jUi
f1vojMw~voj1OPQ�mu� ��TskVO(r1�op1j Q!Sl��i
f1� ��TskVO(��OPQ����-T f1� �&i!ms��p1mVi�kgTVv�fPS��

�d��� � ���+����.2�&9�' � � ��A � �
�!���2 �	�A��5�B�G.2���� ��G. ��� �5�F.(�
�+�� ��G	

NROPQ8T f�fPQ�j:�1jlvq�Rp1� k}S ~∇χ · ~∇Θ
� ~∇χ · ~∇Φ

��i�fP� ~∇Θ · ~∇Φ
� �Pi
fPTVS O SUT fP� Q�kxORQ�i��1i��1k�Q!�B�&vqvoj �PT f1i!k�Q!S)i�j|Q

vojlkVO1vq�dv�fPi�m � ��TskVO�j|Q!Sl�1Q�� kqk}v�i � i�j k�Q!SUTVi
f/t�Q�kgjlTs��v�f
X̃
�
Ỹ
�
Z̃
� ��NROPQGvokVOPQ�jCT f�fPQ�j1�1jlvq�Rp1� k}SMi�fP�NECi!�1mVi!� TVi�fPS
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i!j Q�Q �Ri!mupCi�kgQ!� ��TskVO�kVOPQ�Q�:��1msTu�#Tsk�k�jli�fPSUw~voj|t+i!k�TVv�fPSzT f��C{dS�� � �-� � ��� � � �-� �/>q�x�#w�jlv�t ��OPTs��O ��Q�rFfP�

∇2χ =
a2 + 2Q

χ3

� �-� B6B��

∇2Θ =

√
Q+ a2 + χ2 cos(2 Θ)√
Q− a2 − χ2 cos(2 Θ)

(
Q− a2

)

χ4

� �-� B����
∇2Φ = 0

� �-� B
Y��

~∇χ · ~∇χ =
Q

χ2

� �-� B ���
~∇Θ · ~∇Θ =

Q

χ4

� �-� �����

~∇Φ · ~∇Φ = 2
Q+ a2 + χ2 cos(2 Θ)

χ4 sin2(2 Θ)

� �-� ���!�

��ORQ�j Q
Q
TVSzkxORQ�w�pRfP� kgTVv�f

Q ≡
√
a4 + 2 a2χ2 cos(2Θ) + χ4 .

� �-� �
�o�
egf��dQ&fRQ�jUi!mu��kxORQ

Ā
i
f1�

B̄
kgQ�j t�S7i!j|Q��&v�t2�Pp1k�Q!��w}j v�t kVOPQ�w}vomsmVv ��T fP� �

Āχχ = Z2

(
∂χ

∂X

)2

+X2

(
∂χ

∂Z

)2

− 2XZ

(
∂χ

∂X

)(
∂χ

∂Z

) � �-� �A�o�

ĀΘΘ = Z2

(
∂Θ

∂X

)2

+X2

(
∂Θ

∂Z

)2

− 2XZ

(
∂Θ

∂X

)(
∂Θ

∂Z

) � �-� �,>q�

ĀΦΦ = Z2

(
∂Φ

∂X

)2

+X2

(
∂Φ

∂Z

)2

− 2XZ

(
∂Φ

∂X

)(
∂Φ

∂Z

) � �-� �A@o�

ĀχΘ = Z2

(
∂χ

∂X

)(
∂Θ

∂X

)
+X2

(
∂χ

∂Z

)(
∂Θ

∂Z

)
−XZ

[(
∂χ

∂Z

)(
∂Θ

∂X

)
+

(
∂χ

∂X

)(
∂Θ

∂Z

)]� �-� ��B��

ĀχΦ = Z2

(
∂χ

∂X

)(
∂Φ

∂X

)
+X2

(
∂χ

∂Z

)(
∂Φ

∂Z

)
−XZ

[(
∂χ

∂Z

)(
∂Φ

∂X

)
+

(
∂χ

∂X

)(
∂Φ

∂Z

)]� �-� �����

ĀΘΦ = Z2

(
∂Θ

∂X

)(
∂Φ

∂X

)
+X2

(
∂Θ

∂Z

)(
∂Φ

∂Z

)
−XZ

[(
∂Θ

∂Z

)(
∂Φ

∂X

)
+

(
∂Θ

∂X

)(
∂Φ

∂Z

)]� �-� �/Y��

B̄χ = Z2

(
∂2χ

∂X2

)
+X2

(
∂2χ

∂Z2

)
− 2XZ

(
∂2χ

∂X∂Z

)
−X

(
∂χ

∂X

)
− Z

(
∂χ

∂Z

) � �-� �	���

B̄Θ = Z2

(
∂2Θ

∂X2

)
+X2

(
∂2Θ

∂Z2

)
− 2XZ

(
∂2Θ

∂X∂Z

)
−X

(
∂Θ

∂X

)
− Z

(
∂Θ

∂Z

) � �-� Y����

B̄Φ = Z2

(
∂2Φ

∂X2

)
+X2

(
∂2Φ

∂Z2

)
− 2XZ

(
∂2Φ

∂X∂Z

)
−X

(
∂Φ

∂X

)
− Z

(
∂Φ

∂Z

)
.

� �-� Yo�!�

egf kVOPQ��#i�SUQ2vow�kVOPQ(N � � � �&vqvoj �PT f1i!k�Q!S/�PQ�rFfPQ!�DT f��C{dS�� � � � �	����� � � � �6>o�g�
kxORQ(Q�:��1msTs� Tsk�w}voj t+S/vowGkVOPQ
�#voQ�w�rP� TsQ&fPk�Szi!j Q

Āχχ =
a4 sin2(2Θ) cos2 Φ

χ2

� �-� Y!�o�



Yo�

ĀΘΘ =
cos2 Φ

[
χ2 + a2 cos(2Θ)

]2

χ4

� �-� Y/�o�

ĀΦΦ = sin2 Φ
Q+ a2 + χ2 cos(2Θ)

Q− a2 − χ2 cos(2Θ)

� �-� Y�>q�

ĀχΘ =
a2
[
χ2 + a2 cos(2Θ)

]
sin(2Θ) cos2 Φ

χ3

� �-� Y/@o�

ĀχΦ = −a
2
[
Q+ a2 + χ2 cos(2Θ)

]
sin Φ cosΦ

χ3

� �-� Y6B��

ĀΘΦ = − sin(Φ) cos(Φ)
[
a2 + χ2 cos(2 Θ) +Q

] [
χ2 + a2 cos(2 Θ)

]

χ4 sin(2 Θ)

� �-� Y����

B̄χ =
a2
[
cos2(Φ)

{
3a2 cos2(2Θ) −Q− 2a2 + χ2 cos(2Θ)

}
+Q+ a2 + χ2 cos(2Θ)

]

χ3

� �-� Y
Y��

B̄Φ =

(
3Q+ a2 + χ2 cos 2Θ

)
sin(Φ) cos(Φ)

Q− a2 − χ2 cos 2Θ

� �-� Y ���

B̄Θ =

√
Q+ a2 + χ2 cos(2Θ)

χ6
√
Q− a2 − χ2 cos(2Θ)

(c cos2 Φ + d)
� � � �����

��ORQ�j Q

c ≡ a2χ4 cos(2 Θ)+2 a4χ2 +4 a6 cos(2 Θ)+4 a4χ2 (cos(2 Θ))2−4 a4Q cos(2 Θ)−2 a2Qχ2−χ6 � �-� �o�!�

d ≡ χ4
(
a2 cos(2 Θ) + χ2

)
.

� �-� �!�o�
NROPQG�#voQ�w�rP� TsQ&fRk}S
fPQ�Q!�PQ!�8T f�kVOPQ 7qv�t2t�Q�j w}Q�mV�/WPv�pRf1�1i!j X/�&v�fP�PTsk�Tsv�f �M{ � � � � �q�!�di�j|Q

ΓΘ =
χ2 + a2 cos 2Θ

χ2
cosΦ = cosΦ

(
1 + O(a2/χ2)

) � �-� �/�o�

ΓΦ = −
√
Q+ a2 + χ2 cos (2Θ)

Q− a2 − χ2 cos (2Θ)
sinΦ = − cotΘ sinΦ

(
1 + O(a2/χ2)

) � �-� ��>q�

Γχ =
1

χ3

√
[Q+ a2 + χ2 cos (2Θ)] [Q− a2 − χ2 cos (2Θ)] =

2 sin 2Θ

χ

(
1 + O(a2/χ2)

)
.
� �-� �/@o�
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D�Q�j|Q ��QJ�#v�f1SUTs�1Q�j�kVOPQ � �1� �PTut�Q&fPSUTVv�f1i!m �FQ�jUSUTsv�f vow�v�p1j�ORQ�msTs�#i�mP�1j v!WPmuQ
t��1v�fRQJQ!{op1T �Ri�muQ&fPkzk�v(kVOPQ � �1�
�1j v!WPmuQ
t ��TskVO�msT fRQ)S�v�p1j|� Q!S�kxOPi�kFi�j|QGT fPrFfRTskgQ�muX�mVv�fP�JT f8kxORQ

z̃
� Q!{op1T �Ri�msQ&fRk�m X

Ỹ
�R�PTsj|Q��#kgTVv�fH��9@Q���OPvqvqSUQ=k�v

SUQ�k
λ = 0

��T;� Q<�|�ok�v t�i6�dQ:kxORQ:�1j v!WRmsQ
t msT fRQ!i�jx��SUT fP� Q)kVO1i!k���Tsmum-kxp1j|f�v�p1kRk�v$i!msmVv � i �FQ�j XJQ�wgrP�#TsQ&fRk�t�Q�kxOPvq�
vowFt2p1msk�T �CvomsQG�1jlv54sQ�� kgTVv�fH�oNROPQG� �1�G�PTut�Q&fPSUTVv�f1i!m �RQ�jlSUTVv�f(vow �C{dS�� � � � ���-i�fP� � �-� @q�!�qTVS

1

r

∂

∂r

(
r
∂Ψ

∂r

)
+

(
1

r2
− Ω2

)
∂2Ψ

∂ϕ2
= γ−1 δ(r − a)

a
[δ(ϕ) + δ(ϕ− π)] .

� � � �<B��

D�Q�j|Q
ϕ ≡ φ− Ωt

��ORQ�j Q
φ
TVSzkVOPQGpCSlpCi�m��CvomVi�j�i�fP�dmuQ

tan−1(ỹ/x̃)
T f�kVOPQ

x̃, ỹ
�1msi�fRQ<�

NROPQ����1���PTut�Q&f1SUTVv�fPi�mdw}voj t+S�vowRkVOPQ:i��1i!�1kgQ!���&vqvoj �PT f1i!kgQ!Szvow 7oQ��A���-� �)i�j|Q

χ ≡ √
r1r2 =

{[
(x̃− a)2 + ỹ2

] [
(x̃+ a)2 + ỹ2

]}1/4 � �-� �����

Θ ≡ 1

2
(θ1 + θ2) =

1

2
tan−1

(
2x̃ỹ

x̃2 − a2 − ỹ2

)
.

� �-� �
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9 TukxO@kVOPQ!SUQ5�#vqvoj �1T f1i!k�Q!S�kVOPQ����1���PTut�Q&fPSUTVv�f1i!m �RQ�jlSUTVv�f@vowH�C{?� � �-� ���Pk}i/�dQ!SGi w}voj t msTR�dQ5kxOPi�kMvow��M{ � � � � Y�� �
� SGT f@kVOPQ����}�PTut�Q&fPSUTVv�f1i!mP�&i�SUQ���Q5pCSUQ/v�fPmuX�kxORQ�O1v�t+vq�qQ&fRQ!v�pCS=w~voj|t vowM�C{ � � �-� �6B��x��SUT fP� QJkVOPQ Q�wgw}Q�� kCvow
kVOPQ:S�v�p1j � Q ��Tsmum�WRQGT fRk�j vq�Rp1�#Q!�8kVOPj v�pC��O�T fFfRQ�jCWPv�pRf1�1i�j|X/�&v�fP�1Tuk�TVv�fPS��

egf �(voj��dT fP� �8TskxO�kxORQ�S�v�p1j � Q�msQ!S�S�msT fPQ!i!jM���1�G�PTut�Q&f1SUTVv�fPi�mo�1j v!WRmsQ
t��!Tuk�kxp1j|fPS7v�p1k-k�v�WPQG�#v�f �FQ&fPTuQ&fPkFk�v
�PT �FTV�PQGkxORQ=voj TV�qT f1i!m �(i �RQ�Q!{opCi!k�TVv�f/WRX

Q/χ2 � �$OPQ�j|Q

Q ≡
√
a4 + 2 a2χ2 cos(2Θ) + χ4 .

� �-� � ���

NROPQ�j|Q!Slp1msk�TsS

LΨ ≡ χ2Q−1
(
∇2 − Ω2∂2

ϕ

)
Ψ = A

∂2Ψ

∂χ2
+B

∂2Ψ

∂Θ2
+ 2C

∂2Ψ

∂χ∂Θ
+D

∂Ψ

∂χ
+E

∂Ψ

∂Θ
,

� �-� �
�����

��ORQ�j Q

A = 1 − Ω2 a
4 sin2(2Θ)

Q

� �-� �
�q���

B =
1

χ2

[
1 − Ω2

(
a2 cos(2Θ) + χ2

)2

Q

]
� �-� �
�����

C = −Ω2 a
2 sin(2Θ)

(
a2 cos(2Θ) + χ2

)

Qχ

� �-� �
�6���

D =
1

χ

[
1 − Ω2 a

2
(
−a2 + 3 a2 cos2(2 Θ) + 2χ2 cos (2 Θ)

)

Q

]
� �-� �
�/>o�



Y/�

E = +Ω2 2a2
(
2 a2 cos(2 Θ) + χ2

)
sin(2 Θ)

Qχ2
.

� �-� �
�6@��

�PX2�1T �RTV�PT fP�(kVOPj v�pC��O2WFX
Q
�8Q)O1i �RQ��Pp1kMkxORQ��(i �RQ5Q!{opCi!k�TVv�f+T f i5w~voj|t T f ��ORTs��O@kxORQ5�&voQ�wgrP� TsQ&fPk�SGi�j|Q

Θ
�}T f1�PQ
�1Q&f1�PQ&fPk`T f�kxORQ

Ω → 0
msTut�Tsk � 9 TukxO�kVOPQ�SUk�i
f1�1i�j � t�Q�kVO1vq�R�7pCSUQ!� WRQ�mVv �:�7w~voj��1j v54sQ��#kgT fP� v�p1k

t�p1muk�Tu�CvomuQ��&v�t2�Cv�fPQ&fRk}S�vowdkVOPQ �(i �FQ�Q!{opCi!k�Tsv�fR�!kVOPTVSM�1j v��1Q�jlkxX5vowdkVOPQ`�&voQ�wgrP�#TuQ&fPk�SCt�Q!i
f1SCkxOPi�kqkVOPQ7t�TR:�T f1�
vowRkVOPQGt�p1muk�Tu�CvomuQ!S��#i
fJWRQ��1Tuj Q�� k�m X$i�SU� jlT WRQ!�8k}v5kVOPQ�j vok}i!k�Tsv�fH�

9@Q�f1v � Q�:��Ci�fP��kVOPQ:SUk�i�fP�PT f1� �(i �RQ�S�vomup1kgTVv�f
Ψ(χ,Θ)

i�S

Ψ(χ,Θ) =
N∑

n=0,2,4...

an(χ) cosnΘ ,
� � � ���6B��

i
f1��v�p1j�Q!{opCi�kgTVv�f$WRQ��#v�t�Q!S

N∑

n=0,2,4...

[
A
d2an(χ)

dχ2
− n2B an(χ) +D

dan(χ)

dχ

]
cosnΘ

−
[
2nC

dan(χ)

dχ
+ nEan(χ)

]
sinnΘ .

� � � �
�����
hPj v54sQ��#kgT fP� ��TskVO ∫ 2π

0 sinmΘ · · · dΘ �!�qT �FQ!S���Q�j v�WFX SlXdt�t�Q�k�j|X �
�1jlv54sQ�� kgT f1� �8TskxO ∫ 2π

0 cosmΘ · · · dΘ �!�qT �FQ!S

N∑

n=0,2,4...

αmn
d2an(χ)

dχ2
+ βmnan(χ) + γmn

dan(χ)

dχ
= 0 m = 0, 2, 4 . . . .

� � � ���
Y��

��ORQ�j Q

αmn ≡ 4

π

∫ π/2

0

cosmΘ cosnΘ[A(χ,Θ)] dΘ
� � � �
� ���

βmn ≡ −n2 4

π

∫ π/2

0

cosmΘcosnΘ [B(χ,Θ)] dΘ

−n 4

π

∫ π/2

0

cosmΘsinnΘ[E(χ,Θ)] dΘ
� �-� �������

γmn ≡ 4

π

∫ π/2

0

cosmΘ cosnΘ[D(χ,Θ)] dΘ

−2n
4

π

∫ π/2

0

cosmΘ sinnΘ [C(χ,Θ)] dΘ .
� �-� �������

9�ORQ&f�kVOPQ)Q�:��1msTs� TskCQ�:��1j|Q!S�SUTVv�f1S`w~voj
A
�
E
�dT f �C{dS�� � � � ���o����� � � � �
�/@o�x��i�j|Q=pCSUQ!��T f=�C{dS�� � �-� �
� ����� � � � �������x�

kVOPQ�j Q!Slp1muk}Szi!j Q

αmn = εmn − Ω2 a4 4

π

∫ π/2

0

cosmΘcosnΘ
sin2(2Θ)

Q
dΘ

� � � ���&�o�

βmn = −n
2

χ2
εmn +

4

π

Ω2

χ2

[
n2

∫ π/2

0

cosmΘcosnΘ

(
a2 cos(2Θ) + χ2

)2

Q
dΘ



Y�>

−n
∫ π/2

0

cosmΘsinnΘ
2a2

(
2 a2 cos(2 Θ) + χ2

)
sin(2 Θ)

Q

]
� �-� ���A���

γmn =
1

χ
εmn +

4

π

a2Ω2

χ

[
−
∫ π/2

0

cosmΘcosnΘ

(
−a2 + 3 a2 cos2(2 Θ) + 2χ2 cos (2 Θ)

)

Q
dΘ

+2n

∫ π/2

0

cosmΘsinnΘ
sin(2Θ)

(
a2 cos(2Θ) + χ2

)

Q
dΘ

]
� �-� ���,>o�

��ORQ�j Q

εmn ≡ δm+n,0 + δm,n =





2
Tuw
m = n = 0

1
Tuw
m = n 6= 0

0
Tuw
m 6= n

.
� �-� ���A@��

NROPQGT fRk�Q!�qjli�mVS
fRQ�Q!�1Q!�8T f �M{dS�� � � � ���&�o� � � �-� ���,>o��i!j|QGi�mumdvowFkVOPQ�w~voj|t

I =

∫ π/2

0

cos (2PΘ) sin (2JΘ)

Q(χ,Θ)
dΘ

� � � ���AB��

��ORQ�j Q
P
i
f1�

J
i�j|Q/T fPkgQ!�qQ�jUS�� 9 TukxO k�j TV�dv�f1v�t�Q�kgjlTu�/Ts�1Q&fRk�Tuk�TsQ!Sl�
i
f1� ��TukxO kxORQ�Slp�WPSUkgTskgp1kgTVv�f

x = sin Θ
�

Slp1��O�T fPkgQ!�qjUi!mVSz�&i
f(i!msm!WRQ�Q�:��1j|Q!S�SUQ!��T f�kgQ�j t�S7vowFT fPkgQ!�qjUi!mVS�vowFkVOPQ�w~voj|t

KN (k) ≡
∫ 1

0

xN√
1 − k2x2

√
1 − x2

dx ,
� � � ���!���

��ORQ�j Q

k ≡ 2aχ

a2 + χ2
.

� �-� ���/Y��
n-voj�kxORQ=T fRk�Q!�qjli�mVS7T f �C{?� � � � ���AB���v�fPmuX�Q �RQ&f �Ri�m p1Q!S`vow

N
i!j|QGfRQ�Q!�PQ!�(w}voj KN � � msm�Slp1��O2T fRk�Q!�qjli�mVS��#i�f$WRQ

Q �Ri�mupCi!kgQ!��T f�kgQ�j t+S�vowRkVOPQ��#v�t��1msQ�kgQ�Q�msmsTu�1kgTs�`T fPkgQ!�qjUi!mVS �x�5Y �x�

K(k) ≡
∫ 1

0

1√
1 − k2x2

√
1 − x2

dx E(k) ≡
∫ 1

0

√
1 − k2x2

√
1 − x2

dx .
� � � ��� ���

Nov:pCSUQ�kVOPQ�Q�msmuTu�1k�Tu�7T fPkgQ!�djli�msSMk�v)Q �Pi!mupCi!k�Q7kVOPQ KN (k)
�!w}vojMQ �FQ&f

N
� ��QGSUk�i�j k ��TskVO�kVOPQ�j|Q�mVi!k�Tsv�f1S OPT � � w}voj

M ≥ 0
�

0 =

∫ 1

0

(d/dx)
[
x2M+1

√
1 − k2x2

√
1 − x2

]
dx

=

∫ 1

0

x2M
[
(2M + 1) − (2M + 2)(1 + k2)x2 + (2M + 3)k2x4

]
√

1 − k2x2
√

1 − x2
dx .

� � � �&�����
NROPTVS��qT �FQ!S�pCS�kVOPQ�j|Q�� p1jlSUTVv�f�j|Q�mVi!k�TVv�f

(2M + 1)K2M (k) − (2M + 2)(1 + k2)K2M+2(k) + (2M + 3)k2K2M+4(k) = 0 .
� � � �
�q�!�
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9@Q �of1v � kxOPi�k

K0(k) = K(k) ,

i
f1� ��Q��&i
f�Q!i�SUTsmuXJS O1v � kVO1i!k

K2(k) =
1

k2
[K(k) −E(k)] ,

S�v i�mum �Pi!mup1Q!Szvow K2M (k)
w}vomsmVv � w}j v�t kVOPQ�j|Q�� p1jlSUTVv�f�j|Q�mVi�kgTVv�f��

�CQ�j XBQ�w�rP� TsQ&fRk��#v�t��Pp1k�i�kgTVv�f w~vomumVv �(SJw�jlv�t kVOPQ�j|Q!Slp1msk�SJi#WPv �RQ<� � k�i��qT �FQ&f �Pi!mup1Q(vow
χ
��v�fRmuX k �(v

T fRk�Q!�qjUi!mzQ �Ri�mupCi!kgTVv�f1S)t2pCSUkzWRQ(�Cv�fRQ
�zkVO1vqSUQ�w~voj
K(k)

i
f1�
E(k)

� � msm �Ri�mup1Q!S5vow K2M (k)
kVOPQ&fDw}vomsmVv �

w}j v�t kVOPQ(j Q���p1jUSUTVv�f j|Q�mVi!k�Tsv�fR�7i
f1� OPQ&fP� Q2i�msm �Ri�m p1Q!SJvow
αmn

�
βmn

�
γmn

���&i
f WRQ2w}v�pRf1��i�k�fPQ!�qmsTV�qT WRmsQ
�#v�t��Pp1k�i�kgTVv�f1i!mqQ�:��1Q&fPSUQ<�

D�Q�j|Q ��Q`pCSUQ�kxORTVS
t�Q�kVO1vq�8v�fRmuX/k}v�TumsmupCSUkgjUi!k�Q�T t��Cvojlk�i
fPk��dQ&fRQ�jUi!m�TsS�Slp1Q!S��qN�v=t+i/�dQ�kxORTVS�Tsmsm pCSUk�jli�kgTVv�f�i�S
� msQ!i�jMi�SM�CvqS�SUT WRmsQ
� ��QGk�i6�dQ�kVOPQGSUT t��1msQ!SUkdf1v�fPkgjlT �RTVi!mo�#i�SUQ�vow�kVOPQ�t2p1msk�T �CvomsQGQ�:��Ci
f1SUTVv�f � �8QG�dQ�Q
��v�fPmuXJkVOPQ
n = 0

i�fP�
n = 2

kgQ�j t+S �V�	� �V�oS�v5kVO1i!k

Ψ(χ,Θ) = a0(χ) + a2(χ) cos 2Θ .
� � � �
�����

NROPQ�Q!{opCi!k�Tsv�f1SGT f �C{ � � � � ���
Y��g�okVOPQ&f+�PQ!SU�#j T WRQ�kxORQ�T fRk�Q�jli�� k�Tsv�f@vowCkxORQ�t+v�f1v��CvomuQ
a0(χ)

i
f1�+{opCi��1j�pP�CvomsQ

a2(χ)
k�Q�j|t+S��8n�voj

χ/a � 1
i
f1�

χ/a � 1
kVOPQ8kgQ�j t�S)kxOPi�k�t�T�:�kVOPQ$t2p1msk�T �CvomsQ!S �1TuQ8vow�w ��Tsk7TVS5v�fPm X T f

kVOPQ)kgjUi
f1S�i!� k�TVv�f(j|Q!�qTVv�fR�
χ/a ∼ 1

kVO1i!kPkxORQ�j Q:TVS`SUk�j v�f1�Jt�TR:�T f1��vow1kVOPQ�t�p1mskgTu�CvomsQ!Sl�-i=t�TR:�T f1��kVO1i!kRw~voj7v�p1j
�1j v!WPmuQ
t�TVS�{opCi��Pjli�kgTs�:T f@kVOPQ/S�v�p1j � Q��FQ�mVvo�#TukgX

aΩ
��NROPQ��1j vo�#Q!S�SGvow
kxORQJ�qQ&fRQ�jUi!k�TVv�f+vow�jUi��PTVi!k�TVv�f��&i
f(WRQ

�FTsQ ��Q!��i�SzkVOPQ:�qjlv �8kxO(vow
a2
w�jlv�t kxORQ=Slt�i�mumR�

χ
fPQ!i!j��}S�v�p1j � Q�j|Q!�qTVv�f�k�v kVOPQ�mVi!j �dQ��

χ
jUi��1Tsi�kgTVv�f�j|Q!�qTVv�fH�

egf��1j T fP� Tu�1msQ
�okxORQ=msT fPQ!i!j�SUk}i
f1�PT fP� �(i �RQ��1jlv!WRmsQ
t �#v�p1mV�$WPQ=S�vom �FQ!�8WFX�T fR�#m pC�1T f1��i)kgQ�j t
as sin(2Θ)

�
msQ!i��PT f1��k�v+i�f i��C�PTskgTVv�fPi�m
SUQ��&v�fP�'�}vojl�PQ�j:�PTswgw}Q�j|Q&fPkgTVi�m1Q!{opCi!k�TVv�f�� � k7S�v�t�Q8T fFfRQ�j�WPv�pRf1�1i!j X

χmin � a
kVOPQ �Pi!mup1Q!SG�#v�p1mV��WRQ/Sl�1Q�� TsrPQ!� w}vojGi!msmRt�p1mskgTu�CvomsQ!Sl�Pi�fP�Bi!k�S�v�t�Q$v�p1kgQ�j�WPv�pRf1�1i!j X

χmin � a
�1i w~i!msm1vowgw

�#v�f1�PTskgTVv�f��#v�p1mV�8WRQ=Sl�1Q��#TurPQ!��w~voj
a0
�Pexf1�dvoT fP�8voj`v�p1k��dvoT f1�8�#v�f1�PTskgTVv�f1S`�&v�p1mV��WPQ�pCSUQ!��k�vJj|Q�mVi!k�Q

a2
i
f1�

as
�
e}k�TVSCQ!i�SUTsQ�jx��i
f1� t+voj|Q`T fPSUk�j�p1� k�T �FQ
��k�v:pCSUQ`i�fPvokxORQ�jCi!�P�1j vqi���O k�v:rFfP�PT f1�)kVOPQ�SUk}i
f1�PT fP� � �(i �RQ`S�vomup1kgTVv�fR�

kVOPQ�t�T fRTut�pPt i�t��1msTskxpC�PQ:t�Q�kxOPvq�(�1j|Q!SUQ&fPkgQ!�(T f(h1i!�1Q�j�e ��n-vojzkVOPQ:msT fRQ!i�j��1j v!WRmsQ
t TskRTsS`SUkgjUi!TV��OPkgw~voj �(i�j �
k�v+S O1v � � Y �zkVO1i!k�vow`i�mum�S�vomup1kgTVv�f1S5kVO1i!k � TV��O1i �RQ�kVOPQ$w~voj tEvow �C{ � � � � ���6B��g�Ci
f1� � TuTV�z�&voj j Q�� k�m X@�&v�pP�1msQ8k�v
kVOPQ�S�v�p1j|� Q
�`kVOPQ�S�vomup1kgTVv�f �8TskxO kVOPQ2t�T fPT t�pPt �(i �FQ2i!t2�1msTskxpC�1Q2T f�Q!i���ODt�p1muk�Tu�CvomuQ�TVSJkVOPQ�SUk}i
f1�PT fP� �
�(i �RQ�S�vom p1k�TVv�fF�oT;� Q<����kVOPQ�S�vomup1kgTVv�f(kVO1i!kFTVS
O1i!mswP�}T fP�-voT f1�/i�fP�8OPi�mswP�~v�p1k��dvoT f1� �oegf8�1j T fP� Tu�1msQ
��kVOPQGt�T fRTut�pPt=�
i�t��1msTskxpC�PQG�#j TskgQ�jlTVv�f��#i
f/WRQ�pCSUQ!��i�Szi:�PQ�rFfPTskgTVv�f(vowFSUk}i
f1�PT fP� �(i �FQ!S�T f(i�f1v�fPmuT fPQ!i!j
�1j v!WPmuQ
tV��D�Q�j|Q ��Q
i!j QG�PQ!i!msT fP� ��TukxO(i:msT fRQ!i�jC�1jlv!WRmsQ
t2��S�v ��Q�i!j Q�SUT t��1muXJQ�:��1mVvoTuk�T fP�$i �of1v ��f��1j v��1Q�jlkxXJvowRkxORQ:S�vomup1k�Tsv�f1S��

egf�kxORTVS�t�T fPTut2pPt �~i�t��1muTskgpC�PQ5t�Q�kVO1vq� ��Q Sl�1Q�� TswgX
a0
�
da0/dχ

�
a2
i
f1�

da2/dχ
i!k
χmin

��kxORQ&f@S OPvqvok
v�p1k �(i�j �H�GNRORQJ��O1voTs� Q/vow

a0
�Pi
f1�

da0/dχ
�Pi!k

χmin
i!j Q)kxOPvqSUQJw}voj�pRfPTskM�CvoT fPk���O1i!j �dQ!S��GNROPQ �Pi!mup1Q/vow

a0

i!k
χmin

SUQ�k}S�kVOPQ�SU�&i!msQ�vowCkVOPQ�msT fPQ!i!j`S�vom p1k�TVv�f��zNRORQ �Pi!mup1Q)vow
da0/dχ

�#i
f8WRQ)i!�P�1j v�:�Tut�i�kgQ!��i�S
1/πχmin

�
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egf��1jlT fR�#T �1msQ kxORTVSGSUk}i!jlkgT fP� �Ri�m p1Q��&i
f(WRQ i��34upCSUk�Q!�@S�v�kVO1i!k
i!kCmVi�j �qQ

χ
kxORQ5j Q!Slp1msk�S�w~voj

a0
S�i!kgTVSUw�X(kVOPQ5w~i!msmR�

vowgwP�&v�fP�1Tuk�TVv�f
da0/dχ = a0/χ logχ

�1exf(�1jUi!�#kgTs� Q
�okVOPQ�v �FQ�jUi!msm-j Q!Slp1muk � i!w}kgQ�jzkxORQ=t�T fPTut�T���i�kgTVv�f��1Q!SU� jlT WPQ!�
WRQ�mVv �(�FTsS �FQ�j X/T fPSUQ&f1SUTskgT �FQ=k�v5kxORQ���OPvoTs�#Q:vow

da0/dχ
i!k
χmin

�
NROPQ:��OPvoTs� Q!S7w}voj

a0
i�fP�

da0/dχ
i!k
χmin

i!j Q:�PQ�k�Q�j|t�T fRQ!��WFX�kVOPQ:w~voj|t vow
Ψ
�FQ�j X$�#msvqSUQ)k�vJv�fRQ�vowPkVOPQ

pRfPTukd�CvoT fPkd��OPi�j �qQ!S��<7qv�t�Q`�&i!j|Q`TVSPfPQ�� Q!S�S�i�j|X5T f$k}i/�dT f1��kVOPTsS
msTut�Tsk ��exf�kVOPQ
x, y

w�jUi�t�Q7�&v��gt+v �FT f1� �8TskxO8v�fPQ
vow
kVOPQ�pRfRTsk1�CvoT fPkC��OPi�j �qQ!S�kVOPQ��Ri�mup1Q�vow

Ψ
�Rp1Q5v�fRmuX2k}v�kVO1i!kM��O1i!j �dQ=TVS

log [(x2 + y2)/a2]/4π
� 9@Q)t2pCSUk

f1v � kgjUi
f1SUw~voj|t kxORTVS`j|Q!Slp1mskRk�v/kVOPQ I!msi&W�K�w�jUi�t�Q:vowCv�p1jz�&i!ms��p1mVi!k�TVv�f2T f �$OPTs��O �8Q:pCSUQ:�&vqvoj �PT f1i!kgQ!S
x̃, ỹ, t

�
NROPQ ECvoj Q&fRk;�=kgjUi
f1SUw~voj|t+i!k�Tsv�f�TVS

x = x̃ y = γỹ .
� � � �
�6�o�

� NRORQ�mVi�SUkMj|Q�mVi!k�TVv�f�w~vomumVv �(SGSUT fR�#Q
ỹ
TsS�T f@i �#vqvojl�PT fPi�kgQ)w�jUi�t�Q�kVO1i!kC�&v�t�v �RQ!S ��TukxO�kxORQ��CvoT fPkMS�v�p1j � Q
��WFp1k

��ORTs��O�TVS�j|Q�mVi�kgQ!�2k�v$kVOPQ5mVi#W2w�jUi�t�Q�WFX(i5SUTut2�1msQ5k�jli�fPSUmVi!k�TVv�f�WFX
vt
� �Q7�T fP� Q

Ψ
TVS�i�ECvoj|Q&fPk*� T f �Ri!jlTVi
fPk ��Q

O1i �FQ
Ψ = log (r2/a2)/4π

��OPQ�j|Q
r2 = x̃2 + γ2ỹ2 ��Q�:��1j|Q!S�SUQ!��T f2i��1v��1kgQ!���&vqvoj �PT f1i!kgQ!Sl��TsS

r2 =
1

4

χ4

a2

[
1 − 1

2

χ2

a2
cos (2Θ)

]
+
(
γ2 − 1

) 1

4
sin2 (2Θ)

χ4

a2

[
1 − χ2

a2
cos 2Θ

]
,

� �-� �&�6>o�

i
f1�
Ψ
TVSzkxORQ�j Q�w}voj Q

ψ =
1

4π

(
log

[
χ4

4a4

]
+ log

[
1 +

(
γ2 − 1

)
sin2 (2Θ)

])
+ O(χ/a)2

=
1

4π

(
log

[
χ4

4a4

]
+ 2 log

[
γ + 1

2

])
+ O(cos (4Θ)) + O(χ/a)2 .

� �-� �&�<@��
NROPQ�msi�SUk1j|Q�mVi�kgTVv�fPS OPTu�+TsS�t�Q!i
fPk1k}vJQ
t��RO1i�SUT���Q�kVO1i!kCT f+kVOPQ

χ → 0
msTut�Tuk

Ψ
O1i�S`f1v

cos (2Θ)
�&v�t2�Cv�fPQ&fRk �

NROPTVSJ�&v�t�Q!SJw}j v�tKkxORQ�w}i�� k�kVO1i!kGkxORQ=ECvoj Q&fRk;��TVi
fD�Ci�fR�&i/�dT f1� vow:kVOPQ�S�v�p1j � Q(rPQ�mV� O1i�SJkVOPQ(f1i!kgp1j|Q�vow�i
mVvo�#i�m
{opCi��Pj�pP�CvomsQ��PQ�w~voj t�i�kgTVv�fF� ��ORTsmsQ8kVOPQ

cos (2Θ)
k�Q�j|t j|Q
�1j Q!SUQ&fRk}S=i8mVvo�&i!m��PTu�CvomuQ<� � � S)�1Q�rFfRQ!� T f

�C{ � � �-� �
Y��x�
Θ ≈ θ/2

voj
(θ + π)/2

fRQ!i�j�kVOPQ:S�v�p1j|�#QG�CvoT fRk}Sl�oS�v/kVOPQ
cos (2Θ)

�PQ
�1Q&f1�PQ&fR�#Q�fRQ!i�j�kVOPQ:S�v�p1j|�#Q
�CvoT fRkR�&voj j Q!Sl�Cv�fP�1S�k}v5kVOPQ:�PTu�CvomsQ�rPQ�mV��vowRkVOPQ:S�v�p1j � Q<� �

NROPQ��#v�fPkgjlT WFp1kgTVv�fR�ofRQ!i�j
χ = 0

�o�Rp1Q:k}v kVOPQ=�1TsSUk}i
fPkF�CvoT fPkP�#i�fJWRQ=i!�P�1j v�:�T t+i!k�Q!� ��TskVO
r = 2a

S�v/kVO1i!k
i!k
χ = χmin

kVOPQ:i��P�1jlv��1j TVi�kgQGSUk�i�j k�T f1� �&v�fP�1Tuk�TVv�fPS7w}vojMpRfRTskF�CvoT fRkF��O1i!jl�qQ!Szi!j Q

a0 =
1

4π

(
log

[
χ4

4a4

]
+ 2 log

[
γ + 1

2

]
+ log 4

)
da0

dχ
=

1

πχ
a2 = 0

da2

dχ
= 0.

� � � �&�<B��

9�ORTsmsQ
da2/dχ

i�k
χ → 0

�Pi
fPTVS ORQ!S�T f��1jlT fR�#Tu�1muQ
�dT f+kVOPQ=fFpPt�Q�j Ts�&i!mF�#v�t��Pp1k�i!k�TVv�fF�
da2/dχ

�1msi!X�S�i)t�voj Q
�PQ�msTs�#i�kgQ jlvomuQ<�:e}k�TsS:��O1vqSUQ&fBk�v�t�T fPTut�T���QJkVOPQ �(i �RQ/i�t��1msTskxpC�PQ$i!k
msi�j �qQ

χ
�:e�k�TVS:i�� kgpCi!msmuX�kxORQ �Ri!mup1Q!S�vow

a2
i�fP�

da2/dχ
��i�k

χmin
kxOPi�kC�PQ�k�Q�j|t�T fRQ5kxORQ�jUi��PTVi!k�TVv�f�rPQ�mV�@i!kCmsi�j �qQ

χ
�Ri
f1�+�PQ�kgQ�j t�T fPQ ��ORQ�kxORQ�j�kVOPQ�j|Q

TVS5i
fRX
a2
jUi��PTVi�kgTVv�f Q�:�� Q
�1k7kVOPQ8jli��PTVi!kgTVv�f �#v�pP�1msQ!� k�v@kVOPQ�S�v�p1j|� Q<��Nov�t�T fPTut�T���Q8kxOPi�k7jUi��PTVi�kgTVv�f � i
f1�

SlpP�P�1j|Q!S�S`jUi��PTVi!k�TVv�f2kVO1i!kPTVS7fPvokC�#v�pP�1msQ!��k�vJkVOPQ5S�v�p1j|� Q!� �8Q)r8:
a2
i�fP� �Ri�j|X

da2/dχ
� � 9@Q)�&v�p1mV�U4upCSUkCi�S
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��Q�msmdr8:

da2/dχ
i�fP� �Ri�j|X

a2
� ��� T fPTut�T��oi!kgTVv�f(TVS`k�i/�-Q&f8k}v t�Q!i
f(kxORQ:t�T fPTut2pPt �Ri!mup1Q:vowPkxORQ)i�t��1msTukgpC�PQ

�PQ�rFfPQ!�/WFX

Amp ≡
〈

(χ/a)1/2

√

a2
2 +

1

4Ω2

(
da2

dχ
+
a2

2χ

)2
〉
.

� �-� �&�q�!�

n-voj
kVOPQ�Q�:��1Q�� kgQ!�$mVi!jl�qQG�PTVSUk�i�fR�#QGw}voj t vowFkVOPQ �(i �RQ!S
r−1/2 cos (2Ωr + δ)

��kVOPQ:{opCi
fPkgTskgX/T fPSUTV�PQ�kxORQ�i�fP�dmuQ
WRjUi!�T�dQ�k�SGTVS=Q�:��1Q��#kgQ!�+k}v$WPQ�fRQ!i�j muX

χ
�}T fP�PQ
�1Q&f1�PQ&fPk �PkxORTVS=TsS=�#v�fPrPj t�Q!��WFX�kVOPQ5fRpPt�Q�jlTs�#i!mCj|Q!Slp1msk�S��=NROPQ

i
f1�qmsQ�WPjli����dQ�k}S7�PQ&f1vokgQ)i
f2i �RQ�jli��qQ:v �RQ�j�i �(i �FQ�msQ&fP�dkVOR��j Q!Slp1muk�T fP�$T f2i�{opCi
fPkgTskxX8kxOPi�kFTVS
χ
T f1�PQ
�1Q&f1�PQ&fPk

k�v8ORTV��O i!� � p1jli���X2i�k�msi�j �qQ
χ
�=exfBv�p1j�t�T fRTut�T���i!k�TVv�f �1j vo�#Q!�Rp1j|Q���Q �Pi!j X

da2/dχ
i!k
χmin

k}v8t�T fRTut�T%��Q
� t��L�1NPORQ)t�Q!i
fPT f1�qw�p1m fRQ!S�S�vow1kxORTVS�t�T fPTut�T��oi!kgTVv�f��1j vo� Q!�Pp1j|Q
�qvowC�#v�p1jUSUQ
�-�PQ
�1Q&f1�1S7v�f+Tsk�S`T fPSUQ&f1SUTskgT �FTskxX
k�v kVOPQ:�PQ�k�i�TsmsSzvow�O1v �

a2
i�fP�

da2/dχ
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f1i!muX-kgTs� �(i �FQ!S
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f1��kVOPQ��&v�t2�Pp1k�Q!� �(i �FQ!S
w~voj
aΩ = 0.5

�
χmin = 0.05ai
f1�

χmax = 70a
�di
f1�

a2 = 0
i�k
χmin = 0

�MNPORQ=t�v�f1v��CvomsQ5TVS�Slp�WPkgjUi!� k�Q!��T f�kVOPQ�r1�op1j|Q�v�f�kxORQ�jlTs�oORk1k}v
i!msmVv � w~voj�i:�#v�t��Ci!jlTVS�v�f�vowR�&v�t2�Pp1k�Q!�(i
f1��i�fPi�m X�kgTs� �(i �FQ�i�t��1msTskxpC�PQ!S��-�

n-voj�kVOPQ/S�v�p1j � Q Sl�1Q�Q!�
aΩ = 0.5

��j Q!Slp1msk�Sl��w~voj
Θ = 0

�Fvowzv�p1j��#v�t��Pp1k�i!k�TVv�fBi!j|Q5S O1v ��fBT f+n-Ts�?��� � �&���
i
f1��i�j|QG�#v�t��Ci!j Q!� ��TukxO(kVOPQ:i
f1i!muX-k�Ts�`S�vomup1kgTVv�f(w~voj
k �(v��CvoT fRkPS�v�p1j|�#Q!S�Q!i!��O�vow�pRfPTukPSUk�j|Q&f1�qkVO

Ψ =
√

1 − a2Ω2









1
π ln (r/a)

w~voj
r > a

0
w}voj

r < a




+
∑

m=2,4,6...

Jm(mΩr<)Nm(mΩr>) cos (mΘ)


 ,
� �-� �&��Y��

� �$OPQ�j|Q
r>, r<

T f1�PTs�#i�kgQ
�zj|Q!Sl�1Q��#kgT �FQ�muX#��kxORQ��qj|Q!i�kgQ�j�i
f1�DmsQ!S�SUQ�j5vow
r, a

� � n-voj v�p1j)t+voj|Q�kgXd�1Ts�#i!m7��O1voTu�#Q
aΩ = 0.3

�qkVOPQ5�PTswgw}Q�j|Q&fP� Q)vowCkVOPQ��#v�t��Pp1kgQ!��i
f1�+i
f1i!muX-k�Ts��S�vom p1k�TVv�f@i�j|Q=k�vqv8Slt+i!msm�k}v�S OPv � pP� ��Q�mumFT f�i
�1mVvok �PNRORQ:�1mVvok1v�f2kVOPQ=msQ�w}kPS OPv �(S�kVOPQ:�&v�t2�Ci�j TVS�v�f�w~vojzkVOPQ ��O1vomsQ)jUi
f1�qQ)vowPkVOPQ=�&v�t2�Pp1k}i!kgTVv�fH�R��T �FTV�PT f1�
kVOPQ i
f1i!muX-k�Ts�=S�vomup1kgTVv�f�WFX��<� �/���:WRjlT f1�dSGTskMT fPk�v�fRQ!i�j muX��1Q�jlw�Q��#kCi!msTV��fRt�Q&fPk ��TskVO@kxORQ �&v�t2�Pp1k�Q!�@S�vomup1kgTVv�f��
��Q8kVOPQ�j|Q�w~voj|QJ��O1i!jUi!� k�Q�j T���QJkxORQ�v �RQ�jli�mum
Q�jlj voj:T f kVOPQ��#v�t��Pp1kgQ!�DS�vomup1kgTVv�f i�S �-� � � � ���FQ�jUi!msmMQ�jlj vojUS)w}voj
SUQ �FQ�jUi!m �Pi!mup1Q!Szvow

aΩ
i�j|Q�msTVSUkgQ!��T f�Noi#WRmsQG� � @ �

NROPQ7�1mVvok-v�f8kVOPQ�j TV��OPkdT f$n-Ts�?��� � �
��w~vo��pCSUQ!S�v�f�kVOPQ�vqSU�#TsmumVi�kgTVv�fPS�T f�kVOPQ�w}i�j ��v�fPQzWRX j|Q
t+v �FT fP��Q�w�w�Q��#kgT �FQ
t+v�fPv��CvomsQ)kgQ�j t�S��qn-vojzkVOPQ:i
f1i!muX-k�Ts�`j Q!Slp1mukFkVOPTVS�TVS��1v�fPQ�WRX$Slp�WRk�jli�� kgT f1� kxORQ:i�SlXdt��1k�vokgTs��t+v�fPv��CvomsQ�S�vom p'�
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kgTVv�f@w~voj��PTsw�w�Q�j Q&fRk �Pi!mup1Q!SGvow�kVOPQ S�v�p1j|� Q Sl�1Q�Q!�

aΩ
�`NROPQ v �FQ�jUi!msmRQ�jlj voj7TVSGkxORQ �1Tuw�w�Q�j Q&fR�#Q)vow
kVOPQ �&v�t2�Pp'�

k�i�kgTVv�f1i!m�i�fP��i
f1i!muX-k�Ts��S�vom p1k�TVv�f+i�k
χmax = 70a

�okVOPQ �(i �FQ:Q�jlj vojzTVS`kVOPQ)�1Tuw�w�Q�j Q&fR�#Q:vowPkVOPQ)�#v�t��Pp1k�i!k�TVv�fPi�m
i
f1��i�fPi�m X�kgTs�7�1Q!i6�-�}k�v����1Q!i/� i�t��1msTskxpC�PQ!S��

aΩ
���FQ�jUi!msm��1j jlvoj 9 i �FQU�1jlj voj

� � � � � �
Y�� ��� �,> �
� � � �<� � � ��� � �
� � @ �-� � � �6� � �
� � � �A��� ���

kgTVv�f √
1 − a2Ω2 log (χ2/2a2)/π

��n-vojzkVOPQG�#v�t��Pp1kgQ!�2S�vomup1kgTVv�f2kVOPTVSzTVS��1v�fPQ`WFXJ�1msvok�kgT f1�Jv�fPmuX
a2(χ)

�oNROPQ
�#v�t��Ci!jlTVS�v�f�S O1v �(S�k �(v)Q�wgw}Q�� k�S���ndTsjUSUkx�!kxORQ�j Q7TVS�i:�6� � �,�PTswgw}Q�j|Q&fP� Q7T fJ�1Q!i/�-�}k�v����1Q!i/��i�t��1msTukgpC�PQ<���1jlj vojUSCvow
kVOPTVSzkxX-�1Q:i!j Q�k}i#WFp1mVi�kgQ!��w~voj��1Tuw�w�Q�j Q&fRk �Pi!mup1Q!Szvow

aΩ
T f�Noi#WRmsQU�-� @ � � SUQ��&v�fP�2i
f1��t�voj QGT fRk�Q�j|Q!SUkgT f1� Q�w�w�Q��#kx�

i��P�Ci�j|Q&fPkPT f�kxORQ��(i �RQ!S�vowCndTV� �<�-� �&���dTVS�kVOPQ �PTswgw}Q�j|Q&fP� Q:T f@S OPi!�1Q!S�� 7oT fP� Q�kVOPQ5�#v�t��Pp1kgQ!� �(i �RQ��#v�fPk�i!T f1S
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i
f1�2OPTs�oORQ�j`t�vq�1Q!S���n-voj�Slt�i�msm

aΩ
kVOPQ i�t��1muTskgpC�PQ5vowMi

cos (mΘ)
�#v�t��Cv�fPQ&fRk��PQ
�1Q&f1�1S`v�f

aΩ
i��P�1j v�:��

Tut�i�kgQ�muX(i!�#�#vojl�PT fP�Jk�v
(aΩ)m−0.5 �-S�v$kVOPQ)�&v�fRk�j T WFp1k�TVv�fPS�w}j v�t m = 4, 6, 8 . . .

�PQ�� j Q!i�SUQ){op1Ts���dmuX ��TskVO
Ω
�

9@Q�f1v � �(i
fPk�k�v8pCSUQ/kVOPQJi!�#��p1jUi!� X2vowzkVOPQ msT fRQ!i�j`� �1� �1T t�Q&f1SUTsv�f1i!m1t�vq�PQ�mCk�v8t+i/�-Q/i
f Tut��Cvoj k}i
fPk
�CvoT fRk=i#WPv�p1k�kxORQ�jlvomuQ2�1mVi�X-Q!� WFXDkxORQ�S�v�p1j|�#Q+SUkgj�p1�#kxp1j Q2T f0�dQ&fRQ�jUi!k�T f1� jUi��PTVi!k�TVv�f�� Nov �1v kxORTVS�T f0v�p1j
t+v�fPv��CvomsQ �R{opCi��Pj�pP�CvomsQ��#v�t��Pp1k�i�kgTVv�fPi�m7t+vq�PQ�mVS �8Q��PQ
�Ci!jlk�w�jlv�tK�#v�f1SUTV�PQ�j T f1� I
�CvoT fRk K2S�v�p1j|� Q!SJi
f1�
��Q �Ri�j|X2kVOPQ ��O1voTs� Q/vow

a2(χmin)
�Gexf Q!i���O+�#i�SUQ5kxORQJSl�1Q�� TsrP�#i�kgTVv�f vow

da2/dχ
i!k

(χmin)
TVSGrFfPQ���kgpRfRQ!� k�v

�qQ�kFi�t�T fPTut2pPt �(i �RQGi�t��1muTskgpC�PQ�i!k
χmax

��n�vojMkxORTVSzT f �FQ!SUkgTV�di�kgTVv�f�k�v)O1i �RQ��ROFX�SUTs�&i!moj|Q�msQ �Ri�fR�#Q ��Q�fPQ�Q!�
k�v/i�SS� ��O1i!kRiQI!j|Q!i�S�v�f1i#WPmuQ<K �Pi!mup1Q�TVSzw~voj

a2(χmin)
�

e}w
χsurf

Sl�1Q�� TsrPQ!��kVOPQ � i��P�1jlv�:�Tut+i!k�Q�m X8Sl�ROPQ�j Ts�#i�mV�PmVvo�#i!k�TVv�f+vow1kxORQ5v�p1k�Q�j`Slp1jlw}i�� Q=vowMkVOPQ5S�v�p1j|� Q
�dkxORQ&f
��Q��#i�f ��jlTskgQ

a2(χsurf) = κ a0(χsurf) ,
� �-� �&�����

��ORQ�j Q
κ
T f1�PTs�#i�kgQ!SPkxORQ7j|Q�mVi!k�T �RQ�{opCi��1j�pP�CvomsQ7SUkgj Q&fP�dkVO/vowokVOPQ7S�v�p1j|�#Q<�69@Q�Q�:��1Q��#k

κ
k�v`WRQ7Slt+i!msm�w}vojRj Q!i!msTVSUkgTs�

S�v�p1j|�#Q!Szi
f1�(vowPvoj �1Q�j1pRfPTukgX�v�fPmuXJw~vojMORTV��OPmuX��PTVSUk}voj k�Q!�(S�v�p1j|�#Q!S��
egf2v�p1j��#v�t��Pp1k�i�kgTVv�fPi�mdt+vq�PQ�mVS �8Q=k�i6�dQ

χmin/a
k�v�WRQ �FQ�j X�Slt+i!msmu�qkxXd�1Ts�#i�msm X8� � �/@-��e�kPTVS7pCSUQ�wgp1mu��OPv ���

Q �FQ�jg�-k�v��#v�f1SUTs�1Q�j�kxORQ5�&v�t2�Pp1k�Q!�+j|Q!Slp1msk}S�i��P�1muX-T f1�8k�v8mVi�j �qQ�j�S�v�p1j|� Q!Sl�RS�v�p1j|�#Q!S �8TskxO
χsurf

SUTs�ofRTsrP�#i�fRk�muX
mVi!jl�qQ�jMkxOPi�f

χmin
�oNov/�1v kVOPTsS �8Q:�#i
f8pCSUQ�kxORQ:w}i�� k-kxOPi�kFv�p1k}SUTV�PQ
�
WFp1k �FQ�j XJ�#mVvqSUQ�k�v i)S�v�p1j|�#Q
�

a0
�Pi!jlTsQ!Szi�S

logχ
i
f1�

a2
w~i!msmVSzvowgwRi�S

1/χ2 ��ndjlv�t kVOPTsS ��Q��#v�fP� mupC�PQGkxOPi�k�w~vojzSlt�i�mum
χ

a2(χmin)

a0(χmin)
= κ

χ2
surf logχsurf

χ2
min logχmin

.
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κ = ±1
�`Tsk�S$t+i/:�Tut2pPt;j|Q!i�S�v�f1i#WPmuQ �Ri�mup1Q
��i�fP� ��Q��#i
f0��O1vqvqSUQ@i �Ri!mup1Q+vow

χsurf
�

kVOPQ �Pi!mup1QJi�k �$OPTs��OBkxORQ${opCi��1j�pP�CvomsQJi�fP� t�v�f1v��CvomsQJOPi �FQ Q!{opCi�mMSUk�j|Q&f1�qkVOH�)NROPQ!SUQ/��OPvoTs� Q!S=�PQ�kgQ�j t�T fPQ
a2(χmin)/a0(χmin)

��i�fP��kVOPQ�j|Q�w~voj|Q�kVOPQ��#v�t��Pp1k�i�kgTVv�f1i!mot+vq�PQ�m;�
yzQ!Slp1msk�S�i!j Q:�1j Q!SUQ&fRk�Q!�(T f+N�i&WRmsQ �-� B��Cn-voj�kVOPQ���O1voTs� Q!S

χsurf/a = 0.1
�q� � �/i
f1����� ���qi�fP��w~voj

κ =
�=i�fP�

���&�-kxORQ i!t2�1msTskxpC�PQ vow
kVOPQ {opCi��Pj�pP�CvomsQ��(i �RQ!S�TsS��&v�t2�Pp1k�Q!�@w~voj
χmin/a = 0.05

i
f1�
χmax/a = 70

�7n-voj
Q!i!��O���OPvoTs�#Q vow

a2(χmin)
��kVOPQ SUk�i�j k�T fP� �Ri!mup1Q5vow

da2/dχ
TsS�rFfRQ5kgpRfRQ!�+w~voj`t�T fPT t�pPt �(i �RQ i�t��1muTskgpC�PQ<�

7oT fR�#Q
a2(χ)

S O1v�p1ms�BO1i �RQ/kxORQ$w}voj t �&v�fPSUk � �
χ2 �1kVOPQ �Ri!mup1Q�vow da2/dχ

S O1v�p1mV�@WRQ �FQ�j X(fPQ!i!jlmuX�Q!{qpCi!mCk}v

−2a2/χ
�FNROPQ �Pi!mup1Q!S�w~voj

da2/dχ
T f2k�i&WRmsQU� � B5i�j|Q �FQ�j X�� mVvqSUQ=k}v/kxORTVS7�1j|Q!�PTs�#kgTVv�f��RNRORQ=k�i&WRmsQ��1j|Q!SUQ&fPk�S7kVOPQ

I�j Q�mVi!kgT �RQ i�t��1muTskgpC�PQ
�RK/kVOPQ jUi!kgTVv2vow
kxORQJjli��PTVi!k�Tsv�f i!t2�1msTskxpC�PQ/k�v�kxORQ/jli��PTVi!kgTVv�fBi!t2�1msTskxpC�PQ/w}voj�kVOPQ/�&i�SUQ
a2(χmin) = 0

�ze�k1TVS��#muQ!i�j�w}j v�t kxORQ�j Q!Slp1muk}S�kVO1i!kCkxORQ5SUk�j�p1� kgp1j|Q5vowCkxORQ5S�v�p1j � Q=OPi�S�muTsk�kgmsQ5T f��Rp1Q&fP� Q v�f+kVOPQ
jUi��PTVi!k�TVv�f$pRfPmsQ!S�S�kVOPQ:S�v�p1j � QGTVSzmVi!jl�qQ�i
f1�$O1i�S�i�f�Q�:�kgj Q
t�Q�f1v�fPSl�ROPQ�jlTu�&i!md�PQ�w~voj t�i�kgTVv�f��

egfbkxORQB�#i�SUQ@vow �qjli �FTsk�i�kgTVv�f1i!m�S�v�p1j|�#Q!Sl�=i
f�Q �RQ&f�SUk�j v�f1�qQ�j8SUk�i�kgQ
t�Q&fRk��#i�f�WRQ+t+i��PQ<� � S�i!msj Q!i��RX
�CvoT fRk�Q!�+v�p1kx�dkxORQ�I!{qpCi��Pj|pP�CvomuQ<K:t+vq�PQ

a2(χ) cos(2Θ)
fRQ!i�j�kVOPQ5S�v�p1j|�#Q:�CvoT fPk1TVS�i�� kgpCi!msmuX8i�mVvo�&i!mR�PTu�CvomuQ

a2(χ) cos(θ1)
�MNRORTVS��PTu�CvomsQ:t+v�t�Q&fRkM�#i
f8WRQ �RTsQ �8Q!��i�S`i5�PTVSl�1mVi!�#Q
t�Q&fPk1vowCkxORQ)� Q&fPkgQ�j`vowMSU�#i�mVi!jz��O1i!jl�qQ
�

i
f1�@ORQ&fP� Q�i���O1i
f1�qQ$T f kVOPQJjUi��PTupCS=i!k ��ORTs��O kVOPQ�S�v�p1j|� Q/�CvoT fRk}S:t+v �FQ<� NROPQJ��OPi�fP�dQJT fBkxORQ$jli��PTVi!k�Tsv�f
i�t��1msTskxpC�PQ �&i
f�WRQJi�SU� jlT WRQ!�@k}v�kxORTVS=��O1i
f1�qQ/T f jUi��PTupCS��:NROPTsS=Q�:��1msi�fPi�kgTVv�f vowzkVOPQ/��OPi�fP�qQJ�#i�f(WPQ t+i��PQ
{opCi�fRk�Tuk}i!k�T �RQ<�M9@Q5msQ�k

r
j Q
�1j|Q!SUQ&fPkPkVOPQ5�PTVSUk�i
fP� Q5w}j v�t�S�v�p1j|�#Q=�CvoT fPk���i�k ��ORTs��O+T fFfRQ�jzWPv�pRf1�1i!j X(�1i�k�i5TVS

WRQ�T f1�+Sl�1Q�� TsrPQ!� i
f1� �8Q�msQ�k
δ
WRQ�kVOPQ�jli��PTVi!mC�PTVSUk}i
fP� Q WFX ��ORTs��O kVOPQ�� Q&fPkgQ�j:vow�SU�#i�msi�j���O1i!jl�qQ$TsSGWRQ�T f1�

t+v �FQ!�(v�p1k �(i!j �L��NROPQ�S�vom p1k�TVv�f2w}voj
kVOPQ:SU�&i!mVi!j
rPQ�mV�8TVS

Ψ =
1

4π
log
(
r2 − 2rδ cos θ1 + δ2

)
≈ 1

4π

[
log r2 − 2(δ/r) cos θ1

]
.

� �-� �,�d���

ndjlv�t kxORTVS ��Q�T fPw�Q�j�kxOPi�k

a2 = − δ

2πr
.

� �-� �,�����
NROPTVS�t�Q!i�fPS�kVO1i!kFkVOPQ�jli��PTupCSzvowPvoj~WRTsk}i!m�t�vok�TVv�f2TVSz��O1i
f1�qQ!�8w}j v�t

a
i!� �&voj �PT f1�5k�v

a→ a+ δ = a− 2πra2 .
� �-� �,�<���

ndjlv�t �C{ � � � � �
�,Y�� ��Q5SUQ�Q=kxOPi�kPw}voj`{opCi��Pj|pP�CvomsQ=jUi��PTVi�kgTVv�f � kVO1i!kPTVSl�
m = 2

�RkVOPQ5i�t��1muTskgpC�PQ)vowCkVOPQ �(i �RQ!S
SU�#i�msQ!S ∝ a2 �qe�kFw~vomumVv �(SzkxOPi�k�kxORQ:i!t2�1msTskxpC�1Q�vowFkxORQ ��i �FQ!SzS O1v�p1mV�2�PQ
�1Q&f1��v�f a2

i�� �&voj �PT f1�5k�v

amplitude ∝ 1 − 4πra2/a .
� � � �,�/>q�

n-voj
kVOPQ��#v�t��Pp1k�i!k�TVv�fPS��1j Q!SUQ&fRk�Q!�$T f8Noi#WRmsQ4� � B��
a2
TVS�Q �Ri!mupCi�kgQ!��i!k

χmin = 0.05a
�!S�v

r ≈ 0.052a
��NROPQ`fFp'�

t�Q�j Ts�#i�m�j Q!Slp1muk}SCw~vomsmVv �8T f1�5w}j v�t kxORTVS�SUTut2�1msQ�Q�:��1mVi�fPi�kgTVv�f$vowdkxORQGS OPTuw}k-vowdkxORQ�� Q&fPkgQ�jMvow-��O1i!jl�qQ
�&�1j|Q!SUQ&fPkgQ!�
i�S�kxORQ:msi�SUk��&vomupPt(f(T f�N�i&WRmsQG� � B���i!j Q��#v�f �FT fR�#T fP�qmuX�i!�#��p1jUi!k�Q<�



���

Noi#WRmsQG� � B���NROPQGQ�wgw}Q�� kdv�f�kVOPQ �(i �RQ�i�t��1muTskgpC�PQ�vow�kxORQG�&v�fP�1Tuk�TVv�fPS�v�f
a2
i�fP�

da2/dχ
i!k
χmin = 0.3a

��NROPQ
j vomsQ�vowFkVOPQ

a2
k�Q�j|t �#i�f WPQ�pRfP�PQ�jUSUk�vqvq�2i�Szi�f8Q�w�w�Q��#kgT �FQ�S OPTuw}kRvowFkxORQG�#Q&fRk�Q�j
vowPSU�&i!mVi!jM��O1i!j �dQ<�<7�Q�QGk�Q�:�k�w}voj

�PQ�k}i!TsmVS��
κ χsurf a2(χmin) da2/dχ at χmin

yzQ�m;� � t��L�
1 − 4πra2/a� � � � ��� � �������o� ���AB � � � �6B6@�� �<� ��>�@ �<� ��>�B� � � � � � � �������o� � ���!��� �o���5Y6B/> � � �/@<@ � � �/@6>

� � � � ��Y�� ��B�>d��B ���o��� �&�q�	�6@6@ �<� �&�<@ �<� �&��Y� � � � � Y�� ��B�>d��B �;���o��� �T>o�o�ABo� � � Y���@ � � Y����
� � � � ���,� � �,>d��B @6@�� � Bo�
�6�d�
� �<� �q��� �<� �q��B
� � � � �,� � �,>d��B �;@<@���� B!�/>�@6@��q� � � �/Y � � � �/Y/>

NROPTVS5Q�:��1mVi�fPi�kgTVv�f w}voj�kxORQ�jlvomsQ(vowGkVOPQ
m = 2

t+vq�PQ�TVS/vow��#v�f1SUTV�PQ�jUi#WRmsQ(SUTV��fPTsrP�#i
fP� Q2w}voj5�qjUi �RTsk�i/�
kgTVv�f1i!m��1j v!WRmsQ
t+S���NROPQ`Q!{qp1T �Pi!msQ&fP� Q`�1j T fP� Tu�1msQ�Tut��1msTuQ!S
kxOPi�kdkVOPQ�j|Q`TsSCf1v)msvo�&i!mo�PTu�CvomsQ`w~vojCkxORQ��qjUi �FTsk}i!kgTVv�f1i!m
S�v�p1j|�#Q!S��
NRORpCS�kVOPQ5SUk�i!jlkgT f1� �Ri�mup1Q)vow

a2
��ORTs��OR�Fi�kPmVi!j �dQ)�PTVSUk}i
fP� Q!S��qT �FQ!S�kxORQ5{opCi��Pj�pP�CvomsQ�jli��PTVi!k�Tsv�fR�-TVS

f1vokRi:�Ci!jUi�t�Q�kgQ�j�vowRkVOPQ=SUk�j�p1� kgp1j|Q:vowRkxORQ)S�v�p1j|� Q ��Tsw ��QQ�ofPv � kVOPQ:mVvo�#i�kgTVv�f2vowRkVOPQ:Q�wgw}Q�� k�T �FQ�� Q&fPkgQ�jzvowPkVOPQ
S�v�p1j|�#Q
��kVOPQ:SUk�j�p1� kgp1j|QGTVSzr8:�Q!�H�

�d����� � ���+����.2�&9�'�� �� ����
��	 � A@ �*+� ���
3$����	C�����M !���������� �*+� .

egf(kVOPTsS`i��P�1Q&f1�PTR: ��Q�Q�:��1mVi!T f�OPv � kVOPQ��#v�fPkgT fRpPpPt i
f1�op1mVi!jMECi!�1mVi!� TVi�f8vow �C{ � � �-� �6@o�dTVS�Tut��1msQ
t�Q&fPkgQ!�2i�S
i�msT fRQ!i�j`v��1Q�jUi!k�voj7T f�kVOPQ

N = nΘ × nΦ
�1T t�Q&f1SUTsv�f1i!mPSl�Ci�� Q<�MNRO1i!kPmsT fRQ!i�j`v��1Q�jUi!k}vojzt2pCSUkMj|Q
�1j Q!SUQ&fRkRkVOPQ

i
f1�op1mVi!jLECi!�1msi�� TVi
f8Q �Ri�mupCi!kgQ!�8i�k�i)�qjlTs�8�CvoT fPk
Θa
�
Φb
�oNRO1i!k�TsSl��kVOPQ�msT fRQ!i�j
v��1Q�jUi!k}voj

Lab,ij
t�pCSUkPS�i!k�TsSUw�X

[
sin Θ∇2

angΨ
]
ab

≈
∑

ij

Lab,ijΨij ,
� �-� �,�<@��

��ORQ�j Q=kxORQ�i��P�1jlv�:�Tut+i!k�Tsv�f�TsS��Rp1Q)k�v$nd�)��k�j�pRfP�#i�kgTVv�f�Q�jlj voj �Re}k ��TumsmqWRQ:�&v�f��RQ&fRTsQ&fPk�WRQ�mVv � k�v ��j TskgQ)kVOPQ
msT fRQ!i�j�v��1Q�jli�k�voj�i�S`i�SlpPt

L = L(1) + L(2) ��TskVO L(1) �#v�fPk�i�T fRT f1� Θ
�PQ�jlT �Ri!k�T �FQ!S�i�fP�

L(2) �&v�fRk}i!T fPT f1� Φ
�PQ�jlT �Ri!k�T �FQ!S��
�PX$Q�:��1mVvoTskgT f1�JkxORQ)SlXdt�t�Q�k�j TsQ!S�vowFkxORQ=h87�9 �#v�fPr1�op1jli�kgTVv�f ��Q:�&i
f�msTut�TskPkVOPQ:jUi
f1�qQ:vow1i�fP�qp1msi�jz�#vqvoj��

�PT f1i!kgQ!S7k�vJv�fRQ�{opCi!jlkgQ�jzvowPkxORQ)�#v�t��1msQ�kgQ����}Sl�ROPQ�j|Q<�-NROPQ:T f1�PTs� Q!S
a, i

jli�fP�dQ�w�jlv�t �:k�v
nΘ

�oj|Q
�1j|Q!SUQ&fPkgT f1�o�
j|Q!Sl�1Q��#kgT �FQ�muX

Θ = ∆Θ/2
k}v

Θ = π/2 − ∆Θ/2
� NROPQ�T f1�PTs� Q!S

b, j
jUi
f1�qQJw}j v�tI�Jk�v

nΦ
�Mj|Q
�1j|Q!SUQ&fPkgT f1�o�

j|Q!Sl�1Q��#kgT �FQ�muX
Φ = ∆Φ/2

k}v
Φ = π−∆Φ/2

� ��p1j��dvqi!m�OPQ�j|Q ��Tsmum�WPQGk�v5S O1v � kVO1i!k ��TskVO�kxORTVSz��OPvoTs� Q�vowFkVOPQ
�qjlTV�R��kVOPQ�msT fRQ!i�jzv��1Q�jli�k�voj
�#i
f/WRQ���OPvqSUQ&f�k}v�O1i �FQGkxORQ=SlXdt2t�Q�kgj X

Lab,ij = Lij,ab .
� �-� �,��B��

NROPQ:Q�msQ
t�Q&fRk}S7vow
Lab,ij

O1i �RQ=i)�PTswgw}Q�j|Q&fPk-w~voj|t w~vojzkVOPQ�W1v�pRfP�1i�j TsQ!S`i!k
Θ = ∆Θ/2

�
π/2 − ∆Θ/2

i
f1�
i!k

Φ = ∆Φ/2
�
π − ∆Φ/2

��i
f1�8T f(kVOPQ�T fPkgQ�jlTsvojzvowFkVOPQ:i
f1�op1mVi!jz�qjlTV�H�<9@Q��&v�fPSUTV�PQ�j�Q!i���O8�#i�SUQ�SUQ
�Ci�jli�kgQ�muX��



�o�
� 

�K� 1 F 1 �"�#�9���	�(��8����%�"�#�TS

1 < a < nΘ
S
1 < b < nΦ

NROPQ�rPjUSUk��&v�fRk�j T WFp1k�Tsv�f(TVS

L
(1)
ab,ij =

δbj
(∆Θ)2

[
sin Θa−1/2δa−1,i −

(
sin Θa+1/2 + sin Θa−1/2

)
δia + sin Θa+1/2δa+1,i

] � �-� �,�q�!�

i
f1�8kxORQ:SUQ��&v�fP�(TVS

L
(2)
ab,ij =

1

(∆Φ)2
δai

sin Θa
(δb−1,j − 2δb,j + δb+1,j) .

� �-� �,��Y��
D�Q�j|Q

δj,c
TVS7kVOPQ FGj v�fPQ����-Q�j��PQ�msk�i��qi
f1�

sin Θa±1/2

TVS`�PQ�rFfRQ!�2k�v t�Q!i�f
sin (Θa ± ∆Θ/2)

��e}kR�#i
f$WPQ=SUQ�Q&f
kVO1i!kRWPvokVO+�#v�fPkgjlT WFp1kgTVv�f1SGk�v

Lab,ij
i�j|Q�SlXdt2t�Q�kgjlTs� ��TskVO+j|Q!Sl�1Q��#kPk�v�kxORQ5T fPkgQ�j|��OPi�fP�dQ�vow
kVOPQ)�Ci!Tsj

ab
��TskVO

kVOPQG�Ci�Tuj
ij
��i
f1�$OPQ&fR�#Q �C{ � � �-� �,��B��qTVS�S�i�kgTVSUrPQ!�H�

� 

�K� 1+1 F967�(*"���@

� ;U

�
a = 1

S
1 < b < nΦ

NROPQ
Θ
�PQ�jlT �Ri!k�T �FQ��Ci!jlk�vowFkVOPQ:v��1Q�jUi!k}vojMw~voj|t+i!msmuXJk}i/�dQ!SzkxORQ:w}voj t

L
(1)
1b,ij =

δbj
(∆Θ)2

[sin 0 δ0,i − (sin 0 + sin ∆Θ) δi1 + sin ∆Θδ2,i] .
� �-� �,�����

egf�kxORQ�SlpPt T fJ�C{?� � �-� �,�<@��okxORQ
δ0,i

kgQ�j t j|Q!Sl�1j Q!SUQ&fRk}S
Ψ(Θ = −∆Θ/2,Φ)

� ��OPTs��O�TVSMfPvokFi �Ri�m p1QGi �Ri!TsmVi#WPmuQ
v�fBkxORQ$i
f1�op1mVi!jG�qjlTs�L�=NRORTVS=kgQ�j t�OPv ��Q �RQ�jx�PTVSGt�p1muk�Tu�1muTsQ!�+WFX

sin 0 = 0
i�fP� �#i�f�WRQ/TV��f1voj|Q!�R�1S�v

L
(1)
ab,ijS�i!k�TVSUrPQ!SGkVOPQ SlXdt�t�Q�k�j|X��#v�f1�PTskgTVv�f T f �C{?� � � � �A�<B�� ��NPORQ5w~voj|t vow

L
(2)
ab,ij

i!mVS�v8i��P�1msTsQ!S ��TskVO1v�p1kM��OPi�fP�qQ/k�v

a = 1
��i�fP��ORQ&fP� Q �M{ � � � � �A�<B��dTsS7S�i!kgTVSUrPQ!�(w}voj�kVOPQGT fP�1Q�:)jUi
f1�qQ

a = 1
�
1 < b < nΦ

�

A A’

B B’

D’

D

C’

C

Θ

∆Θ/2

π/2

+π/2∆Θ/2−π/2∆Θ/2+∆Θ/2−

Φ

π

∆Φ/2+

∆Φ/2−

∆Φ/2−

π ∆Φ/2+

ndTV�op1j Q �-� �,� � � f�i
f1�op1mVi!j��qjlTs� ��TskVO
nΘ = 5

i
f1�
nΦ = 6

�� =jlTV�(�CvoT fPk�Sl�d�CvoT fPk�SGi�k �$OPTs��O@i �Ri�m p1Q)w~voj
ΨTVS��#v�t��Pp1kgQ!�R�Fi!j|Q��&v�f�fPQ�� k�Q!��WFX2S�vomsTV�+msT fPQ!S��7NROPQ �1i�S OPQ!��msT fPQ!S�Q�:�kgQ&f1��kVOPQ �qj TV�+k}v�I
�RO1i
fPk�v�tVK=�CvoT fRk}S

fPQ�Q!�PQ!�8w~voj
kxORQ:�#v�t��Pp1k�i!k�TVv�f��-n-voj�kVOPQ�nd�)� Tut��1muQ
t�Q&fPk�i!k�TVv�f2vowFkxORQQECi��1mVi�� TVi
f8i!k��CvoT fPk
A
kxORQ �Ri�m p1Q�vow

Ψ
i!kC�CvoT fRk

A′ TVS`fRQ�Q!�1Q!�H� �PX(kxORQ SlXdt�t�Q�kgj X�vow
kVOPQ��ROFXFSUTu�&i!mR�1jlv!WRmsQ
t2�FkVOPTsS �Ri!mup1Q5�&i
f(WRQ5j|Q
�1mVi!�#Q!�8WFXkVOPQ �Pi!mup1Q�i!k��CvoT fRk
B
� ��OPTu��O  &�v�f(kxORQ:�dj TV�H�-7oT t�TsmVi!jlm X�kVOPQ �Pi!mup1Q:i!k

B′ � �$OPQ&f8fPQ�Q!�PQ!�R���&i
fJWRQ�j Q
�1msi�� Q!�WFX8kVO1i!k1i�kF�CvoT fPk
A
�qkVOPQ �Pi!mup1Q=i�k

C ′ �#i�f$WRQ=j Q
�1mVi!� Q!�JWFX8kVO1i!k1i!k C �qkxORQ �Ri�m p1Q�i!k D′ �#i
f8WRQ:j Q
�1msi�� Q!�$WFXkVO1i!kRi!k
D
��i�fP�(S�v5w}vojlkVOH�
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9� ;V
9�

a = nΘ
S
1 < b < nΦ

egf8kxORTVS7�#i�SUQGkxORQ
Θ
�PQ�j T �Pi!kgT �RQ`�Ci�j kFvowRkVOPQ:v��1Q�jli�k�voj
w}voj t�i�msm X$k�i6�dQ!SzkVOPQGw~voj|t

L
(1)
nΘb,ij

=
δbj

(∆Θ)2
[
sin (π/2 − ∆Θ)δnθ−1,i −

(
sin (π/2 − ∆Θ) + sin (π/2)

)
δnΘ,i + sin (π/2)δnθ+1,i

]
.

� �-� �T>o���
NROPQ

δnθ+1,i
j|Q
�1j Q!SUQ&fRk}S

Ψ(ΘnΘ+1,Φb) = Ψ(Θ = π/2 + ∆Θ/2,Φ)
�oNROPTVS �Pi!mup1Q�TVS�f1vokP�PTsj|Q�� k�muXJi �Pi!TsmVi#WRmsQ

v�f�kVOPQ:�qjlTV�R�
WFp1k ��Q��#i�f��dQ�k�i
f�Q!{op1T �Pi!msQ&fRk �Ri�mup1QGkVO1i!kFTsS7v�f8kxORQ=�qj TV�$WFX/pCSUT f1� kVOPQ:SlXdt�t�Q�kgj X

Ψ(Θ,Φ) = Ψ(π − Θ, π − Φ) .
� �-� �T>-���

NROPTVS7TVS�Q!{op1T �Ri�muQ&fPkPk�vJkVOPQ�SUk�i!k�Q
t�Q&fPkPkVO1i!k
Ψ
TVS`T f �Ri!jlTVi
fPk��8TskxO�j|Q!Sl�1Q��#kRk�vJT f �FQ�jUSUTVv�f�kxORjlv�pC��O2kVOPQ�voj TV�qT f

i
f1�5j Q �PQ�� kgTVv�f T f/kVOPQ7voj WRTsk�i!m
�1mVi�fRQ � vojRQ!{op1T �Ri!msQ&fPkgmuX
Z̃ → −Z̃ � X̃ → −X̃ � Ỹ → Z̃

T f ndTV� �S�-� � � � � S1S OPv ��f
T f/ndTV� � � � �A��� ��Q`�#i
fR�
kVOPQ�j|Q�w~voj|Q
�#j Q
�1mVi!� Q

Ψ(Θ = π/2+∆Θ/2,Φ)
�8TskxO

Ψ(Θ = π/2−∆Θ/2, π−Φ)
�#vojP�&i
f

j|Q
�1mVi�� Q
Ψ(ΘnΘ+1,Φb)

��TskVO
Ψ(ΘnΘ , Φ̄b)

��OPQ�j|Q
b̄ ≡ NΦ − b

�8�C{qp1T �Pi!msQ&fPkgmuX � ��Q)�#i�f2j|Q ��jlTuk�Q �C{ � � � �T>����
i�S

L
(1)
nΘb,ij

=
δbj

(∆Θ)2
[
sin (π/2 − ∆Θ)δnθ−1,i −

(
sin (π/2 − ∆Θ) + sin (π/2)

)
δnΘ,i

]
+

δb̄j
(∆Θ)2

sin (π/2)δnθ,i .� �-� �T>����
NROPQ�kgQ�j t kVO1i!k-OPi�SCWRQ�Q&f8T fPkgjlvq�Rp1� Q!�(TVS

L
(1)

nΘb,nΘb̄
=

1

(∆Θ)2
.

� �-� �T>����

7oT fR�#Q ¯̄b = b
����Q5O1i �FQ

L
(1)

nΘb,nΘb̄
= L

(1)

nΘb̄,nΘb

��ORTs��OBS�i�kgTVSUrPQ!S�kxORQ$SlXdt�t�Q�k�j|X�T fV�C{ � � � � �,�<B�� � � msmCvokxORQ�j
kgQ�j t+S�T f

L
(1)
nΘb,ij

j|Q
t+i!T f�kVOPQ=S�i!t�Q)i�S�T f � i�SUQ=eg�oi
f1�8OPQ&fP� Q �M{ � � � � �,�<B��dTVS�S�i!kgTVSUrPQ!�2w}voj�kxORQ)T fP�PQ�:�jUi
f1�qQ
a = nΘ

�
1 < b < nΦ

�

� 

�K� 1�� F967�3*"���@

�+���
�D

�
1 ≤ a < nΘ

S
b = 1


9���
b = nΦ

n-voj�kVOPQ!SUQ=WPv�pRf1�1i�j|X��CvoT fPk�S � i�SUQ5e
�&v�fPSUTV�PQ�jUi!k�TVv�fPS�i!�P�1muX(k�v
L

(1)
ab,ij

��n-voj
b = 1

�dO1v �8Q �RQ�jx�
L

(2)
ab,ij

k�i6�dQ!S
kVOPQ�w~voj|t

L
(2)
a1,ij =

1

(∆Φ)2
δai

sinΘa
(δ0,j − 2δ1,j + δ2,j) .

� �-� �T><>o�
NROPQ

δ0,j
j Q�w�Q�jUSGk}v(i
fBi�fP�qp1msi�j�msvo�&i!k�Tsv�f �

Φ = −∆Φ/2
�CkxOPi�k�TsS�f1vok�v�f kVOPQJ�qjlTV�H�QD�Q�j|Q���Q/�&i
f@pCSUQ/kxORQ

SlXdt�t�Q�k�j|X
Ψ(Θ,−Φ) � Ψ(Θ,Φ)

��i
f1��OPQ&fP� Q
Ψ(Θ,−∆Φ/2) � Ψ(Θ,∆Φ/2)

�!k�v j Q
�1mVi!� Q
δ0,j

�8TskxO
δ1,j

�-NROPQ
j|Q!Slp1msk�T f1�

Lab,ij
S�i!kgTVSUrPQ!SzkxORQ=SlXdt2t�Q�kgj X$vow �C{?� � � � �A�<B�� �

n-voj
b = nΦ

�1kxORQJ�#v�f1SUTV�PQ�jli�kgTVv�f1S=i�j|Q �RQ�j|X�SUT t�TsmVi!j ��NRORQ
Ψ(Θ,−Φ) � Ψ(Θ,Φ)

SlXdt2t�Q�kgj X+TVS�pCSUQ!�Bk�v
j|Q
�1mVi�� Q

δnΦ+1,j
WFX

δnΦ,j
�
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� 
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9�

a = nΘ
S
b = 1


9���
b = nΦ

D�Q�j|QJkVOPQJw~voj|t+S)vow
L

(1)
nΘ1,ij

i
f1�
L

(1)
nΘnΦ,ij

i�j|Q k}i/�dQ&f w�jlv�t � i�SUQJe}e}e �8TskxO
b = 1, nΦ

�Ci
f1�BkxORQ$w~voj|t+S=vow

L
(2)
nΘ1,ij

i
f1�
L

(2)
nΘnΦ,ij

i�j|Q�k}i/�dQ&f(w}j v�t � i�SUQ=e � ��TukxO
a = nΘ

�Fn-j v�t kVOPQ)�#v�f1SUTs�1Q�jli�kgTVv�fPS�vow � i�SUQ=e�e}e1i
f1�
� i�SUQGe � Tsk�w~vomsmVv ��S7kVO1i!k�kVOPQ�j|Q!Slp1msk�S�ORQ�j Q�i!mVS�v S�i!k�TVSUwgX �M{ � � � � �A�<B�� �

Nov5� mVi!jlTswgXJkVOPQ�j|Q!Slp1msk�Sz�1Q�j T �FQ!�(i#WPv �RQ
� ��Q�msTsSUk-OPQ�j|Q�i!msm�f1v�f?��Q�j v5Q�msQ
t�Q&fRk}S�vow
L

(1)
ab,ij

i
f1�
L

(2)
ab,ij

�

L
(1)
ab,ab = − sinΘa+1/2 + sin Θa−1/2

(∆Θ)2
i!msm
a, b

� � � �T><@o�

L
(1)
ab,(a−1)b = L

(1)
(a−1)b,ab =

sin Θa−1/2

(∆Θ)2
w~voj

1 < a
� � � �T>�B��

L
(1)
ab,(a+1)b = L

(1)
(a+1)b,ab =

sin Θa+1/2

(∆Θ)2
w~voj

a < nΘ
� �-� �T>d�!�

L
(1)

nΘb,nΘb̄
= L

(1)

nΘb̄,nΘb
=

1

(∆Θ)2
��OPQ�j|Q

b̄ = nΦ − b
� � � �T>�Y��

L
(2)
ab,ab = − 2

sinΘa(∆Θ)2
i�msm

1 < b < nΦ
� �-� �T>����

L
(2)
a1,a1 = L(2)

anΦ,anΦ
= − 1

sinΘa(∆Θ)2
� �-� �,@����

L
(2)
ab,a(b+1) = L

(2)
a(b+1),ab =

1

sin Θa(∆Θ)2
i!msm
b < nΦ

� �-� �,@d���

L
(2)
ab,a(b−1) = L

(2)
a(b−1),ab =

1

sin Θa(∆Θ)2
i!msm

1 < b .
� � � �,@��o�
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T f1�PTs� Q!S
Lab,ij

S�i�kgTVSUrPQ!SL�C{ � � � � �A�<B�� ��9 TskVO8kVOPTVS
j|Q!Slp1mskdT f$OPi�fP� �8QG�&i
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kVOPQ�Q�TV�qQ&f �FQ��#k�vojUS�vow

∑

ij

Lab,ij Y
(k)
ij = −Λ(k) sinΘaY

(k)
ab ,

� �-� �,@<���

��ORQ�j Q:kxORQ
k
T f1�PQ�:5T fP�PTs�&i!kgQ!S`kVO1i!kRkxORQ)S�vom p1k�TVv�f�TVS7kxORQ

k
kVO2Q�TV�qQ&f1S�vomup1kgTVv�fH� � SUTV�PQ=w�jlv�t kVOPQ

sin Θa
w}i�� k}voj

v�f�kVOPQ�jlTs�oORkg��kVOPTVSzTVS�i:SUk}i
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vow

sin Θa
�1v)f1vokF��O1i
f1�qQ�kVOPQ!SUQ��&v�fR�#m pCSUTVv�f1S��

NROPQ�rFfRTskgQJ�PTswgw}Q�j|Q&fP� Q��1jlv!WRmsQ
t T f �C{ � � � � �,@6�o�x�di�msv�f1� ��TskVO �C{ � � �-� �,�<@��g�o�&i
f(WRQ5SUQ�Q&f�k}v/WRQ�kVOPQ5rFfPTuk�Q
�PTswgw}Q�j|Q&fP� Q�Q!{op1T �Ri�msQ&fRkRvowRkVOPQ��#v�fPkgT fRpPpPt Q�Ts�dQ&fF�1jlv!WRmsQ
t

∇2
angY (Θ,Φ) = −ΛY (Θ,Φ) .

� �-� �,@6>o�

9 TukxOJkVOPQ�pCSlpCi�m WPv�pRf1�1i!j X)�&v�fP�1Tuk�TVv�fPSl�!kxORQ�S�vom p1k�TVv�fPS
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f=WRQ`k�i6�dQ&f k�v`WPQ7kVOPQ`Sl�ROPQ�jlTu�&i!m&O1i!j��
t+v�fRTs�#Sl�oi
f1�

Λ
k}v�O1i �RQ �Ri!mup1Q!S

`(`+1)
��ORQ�j Q

`
TVSzi
f�T fPkgQ!�dQ�j ��NROPQ�S�vomup1kgTVv�f1S�vow1�C{?� � �-� �,@<���oS O1v�p1ms�(kVOPQ&f
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Y`m(Θi,Φj)
��kVOPQ i��P�1jlv�:�Tut+i!k�Tsv�f
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Y
(k)
ij

��i
f1�
Y

(k′)
ij

i!j|Q5vojlkVO1vq�dv�f1i!mCi�SGi �#v�f1SUQ!{op1Q&fP� Q/vow
kVOPQ
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� k�Q!i���O=WPv�pRf1�1i!j X:�CvoT fPkx� WPv�pRf1�1i!j X=�&v�fP�1Tuk�TVv�fPSMi!j|Qzj Q!{op1Tsj|Q!� v�f Q!i���O ��O1i!jUi!�#kgQ�jlTsSUk�Ts�CrPQ�mV� ��O1vqSUQ7�#v��

voj �1T f1i!k�Q���O1i!jUi!�#kgQ�jlTVSUkgTs�MSl�1Q�Q!�/TsSRfRQ!�di�kgT �FQ`i!k�kVO1i!k��CvoT fRk ��NROPQ�rPQ�mV�
U1− �
T f �Ci�j k�Ts��p1mVi!jg�#j|Q!{qp1Tuj Q!SPi
W1v�pRfP�8�

i!j X �#v�f1�PTskgTVv�f�v�f8i�msm�k�T t�Q�msTR�dQ7WPv�pRf1�1i!jlTsQ!S���n-vojCkxORQ�SUk}i
f1�1i!jl�/j Q
�1j|Q!SUQ&fPk�i�kgTVv�f$vowFkVOPQ�SU�&i!mVi!jCrPQ�ms�(SlX�SUkgQ
t��
�C{dS�� � >-� �,>o��� � >-� ��B��g�&kxORQGWPv�pRf1�1i!j X��#v�f1�PTskgTVv�f

U1− = Π − nkΦk = 0
TVS�pCSUQ!�2k�vJQ&f1Slp1j|Q � i��P�1jlv�:�Tut+i!k�Q�m XF�

kVO1i!k�f1v:SU�&i!mVi!j��(i �RQ!SPQ&fRk�Q�jRkVOPQ7�#v�t��Pp1k�i�kgTVv�f1i!m��1v�t+i!T fH�<9@Q ��TVS OJk�v:Q&fRw~voj|�#Q�kVOPTVS1�&v�fP�PTsk�Tsv�f�v�fJv�p1j1�qQ&f �
Q�jUi!msT���Q!�$SU�#i!mVi�jPrPQ�ms��SlX�SUk�Q
t2�/�M{dS�� � >1� �,@o�x� � >1� �6�o�x�
i
f1� � >-� �/>o�g�#T f8Slp1��O$i �(i�X5kxOPi�kqkVOPQ7�RORX�SUTs�#i�m � �#v�f1SUkgjUi!T fPk
S�i!k�TVSUwgX-T f1�d�RS�vomup1kgTVv�fPS`i!j Q�kxORQ�S�i!t�Q:w}voj�i!msm �Ri�m p1Q!SzvowFkVOPQG�Ci�jli!t�Q�k�Q�jlS

γ1
i�fP�

γ2
��7�T fP� Q

U1− �1Q
�1Q&fP�1S�v�f

γ2
�<�M{ � � >-� �<@��g�
kxORQ��1jlv��1Q�jRW1v�pRfP�1i�j|XJ�#v�f1�PTskgTVv�f�t2pCSUkRi!mVS�v �1Q
�1Q&fP�8v�f

γ2
�
U1− + γ2ψ = Π − nkΦk = 0

�
NRORpCS7kxORQ�i��P�1jlv��1j TVi�kgQ7WPv�pRf1�1i!j X8�#v�f1�PTskgTVv�f2k}v/Tut��CvqSUQ�v�f

U1− TVS U1− = −γ2ψ
�PNRORQ=w�j Q�QA��T f1� w~voj|t vow

kVOPTVSCWPv�pRf1�1i!j XJ�&v�fP�1Tuk�TVv�f � i�S
pCSUQ!��T f(v�p1j
�&vq�PQ!��TsSl�

∂tU
1− = −γ2∂tψ.

� >1� � ���

n-voj�WPv�pRfP�Ci!j X@�#v�f1�PTskgTVv�fPS5v�f kVOPQ�rPQ�mV�1S
Z1 i�fP� Z2

i

� �$OPQ&f fPQ�� Q!S�S�i�j|XF�x� ��Q�Q�:��1msvoj QJk �(v���O1voTu�#Q!S��



�
�
Y
�)fPQ)TVS�kxORQ�w}j|Q�QA��T f1�5WPv�pRfP�Ci!j X��#v�f1�PTskgTVv�f

∂tZ
i = ∂tZ

2
i = 0

�
egf 7�Q�����>-� > ��Q5S OPv � kxOPi�k1kVOPTVS�WPv�pRfP�Ci!j X
�#v�f1�PTskgTVv�f�i�msmsv �(S`�#v�f1SUkgjUi!T fPk �RTVvomsi�kgTVv�f1S`k}v Q&fPkgQ�jzkxORQ=�#v�t��Pp1k�i!k�TVv�fPi�m-�1v�t+i!T f2kVOPj v�pC�oO(kVOPQ�WPv�pRf1�1i!jlTsQ!S��
NROPQ�j|Q�w~voj|Q
� ��QJi�msS�v�Q�:��1mVvoj|Q/�&v�fP�1Tuk�TVv�fPS)kVO1i!k��1j Q �FQ&fPk�kVOPTsS=T f��Rp':�vow��#v�f1SUkgjUi!T fPk �FTVvomVi!k�TVv�fPS��G9 OPQ&fBkVOPQ
rPQ�mV�1S

Z1 i�fP���dvoj Z2
i

j Q!{op1Tsj|Q�WPv�pRf1�1i!j XJ�&v�fP�1Tuk�TVv�fPSl� ��Q:SUQ�k

∂tZ
1 = NkΦk −NΠ,

� >1� >����
∂tZ

2
i = P ki∂k∂tψ.

� >1� >d�!�

�C{opCi�kgTVv�f � >1� >����qTVSCWPi�SUQ!�8v�f �C{ � � >-� �,>o�q�&v�t8WPT fPQ!� ��TskVO��C{?� � >1� � ���x� ��OPTumsQ �M{ � � >-� >-���qTVS��1Q�j T �FQ!��w}j v�t kVOPQ
kgTut�Q��}�1Q�j T �Ri�kgT �FQ$vow �C{?� � >1� � ��� ��9@QJfPvok�Q$kxOPi�k ��TskVO kxORQ���OPvoTs� Q

γ1 = −1
�1kVOPQ$rPQ�mV�

Z1 fPQ �FQ�j�j Q!{op1Tsj|Q!S
i�WPv�pRfP�Ci!j XB�#v�f1�PTskgTVv�fH�V9@Q(i!mVS�v+fPvok�Q�kVO1i!k�kVOPQ�k�Q�j|t

∂tψ
kxOPi�kGi��P�1Q!i!jUS5v�f jlTs�oORk�SUTV�PQ2vowG�C{dS�� � >1� � ���

i
f1� � >1� >d�!��t�pCSUk7WRQ(Q �Pi!mupCi!k�Q!� pCSUT f1� kVOPQ2i��P�1jlv��1j TVi�kgQ�Q�:��1j|Q!S�SUTVv�f w~voj
∂tψ = ∂tZ

1 v�f�kVOPTVS)W1v�pRfP�8�
i!j X��?�M{ � � >1� >���� ��OPQ&f

Z1 j|Q!{op1Tsj Q!S7i�WPv�pRf1�1i!j X8�#v�f1�PTskgTVv�fR��vojO�C{ � � >-� �<��� ��ORQ&f2fPv5WPv�pRf1�1i�j|X8�#v�f1�PTskgTVv�f
TVS�j|Q!{op1Tsj Q!�H�$egf 7oQ��A� >-� > ��Q$�&v�t2�Ci�j|Q/fFpPt�Q�jlTu�&i!msmuX kVOPQ�j|Q!Slp1msk�S�vow`pCSUT fP�+kxORQ!SUQ��&v�fPSUk�jli�T fPk;���1j|Q!SUQ�j��FT f1�
WPv�pRf1�1i!j X��#v�f1�PTskgTVv�f1S ��TskVO+kVOPQ�pCSUQ�vowMkVOPQ5w�j Q�QA��T f1��W1v�pRfP�1i�j|X��&v�fP�1Tuk�TVv�fPS

∂tZ
1 = ∂tZ

2
i = 0

v�f+kVOPQ!SUQ
rPQ�mV�1S��

��������� �	��

����������������
���� ����
����!��"$#%��
��
���

NROPQ:TV�PQ!i=TVS7k}v5pCSUQ:kxORQ)w�p1mum-Q �Rvomup1kgTVv�f�SlX�SUk�Q
t2� �C{-S�� � >-� �A@��g� � >-� �<���g��i
f1� � >-� �6>o�g��k�vJQ �Rvom �RQ:T fRTsk�Tsi�m-�1i�k�i=w}voj��
�(i!jl��T f(kgTut�Q)i�f2i�t+v�pRfRk

∆T
i�fP�(kVOPQ&f � �$OPQ&f(kVOPQ)�#v�f1SUkgjUi!T fRk��RTsvomVi�kgTVv�fPS�WRQ��&v�t�Q=k�vqvJmsi�j �qQ!�Fk}v5�1j v54sQ��#k

kVOPTVS�S�vomup1kgTVv�f�WPi�����v�fPk�v8kxORQ �&v�fPSUk�jli�T fRk
Slp�WFt�i�fRTsw~vomV�@T f+S�v�t�Q/v��1k�T t+i!m��(i�X/� E1Q�k
ūα = {ψ̄, Π̄, Φ̄i}

�1Q��
f1vokgQ5kVOPQ5S�vomup1kgTVv�f v!WRk�i�T fPQ!�+�PTsj|Q��#kgmuX8w�jlv�t kxORTVS�w}j|Q�Q)Q �Rvomup1kgTVv�f@SUkgQ
�L��NPORTVSGS�vomup1kgTVv�f

ūα
t�i!X�fPvok
S�i!kgTVSUw�X

kVOPQ5�#v�f1SUkgjUi!T fPk�S7WPQ��#i�pCSUQ5jlv�pRfP�CvowgwMvoj�kgj|pRfR�&i!k�Tsv�f@msQ �FQ�mR�&v�fPSUk�jli�T fPk �FTVvomVi!kgTVv�f1S�O1i �FQ:WPQ�Q&f+i!t2�1msTsrPQ!�R�Fvoj
�#v�f1SUkgjUi!T fPk �FTVvomVi!k�Tsv�f1S�OPi �FQ �1v ��Q!�BkVOPj v�pC��OBkxORQ�WPv�pRf1�1i!jlTsQ!S���NPOFpCS ��Q ��TVS OBk�v��1j v54sQ�� k

ūα
T fBi
fBv��'�

kgTut+i!m �(i�XJWPi�����v�fPk�v�kVOPQ��#v�f1SUkgjUi!T fPkMSlp�WFt+i
fPTsw}vomV�H�zn-vomsmsv ��T f1��kVOPQ)�1j vo�#Q!�Rp1j|Q)v�p1kgmsT fRQ!�+T f 7�Q�����>-� � ��Q
�#v�f1SUkgj|p1� kPi EMi��qjUi
f1�qTVi
f��PQ&f1SUTukgX �

L = g
1
2

[
Sαβ(u

α − ūα)(uβ − ūβ) + λAc
A
]

= g
1
2

[
Λ2(ψ − ψ̄)2 − 2γ2(ψ − ψ̄)(Π − Π̄)

+(Π − Π̄)2 + gij(Φi − Φ̄i)(Φj − Φ̄j)

+λi(∂iψ − Φi) + λij∂[iΦj]

]
,

� >1� >��o�



�
� �
pCSUT fP�JkVOPQ=SlX-t2t�Q�kgjlT���Q�j

Sαβ
vowRkVOPQ�OFX-�1Q�j~WPvomsTs��Q �Rvomup1kgTVv�f2SlX�SUk�Q
t2���C{ � � >1� �o���x��i�fP�(kVOPQ ECi��qjli�fP�dQGt2p1msk�T��

�1msTsQ�jlS
λA = {λi, λij} ��NROPQ:SUk�i�kgTVv�fPi�j|XJ�CvoT fRk}S7vowFkVOPQ ECi��djli�fP�qTVi�fF�

L =

∫
L d 3x,

� >1� ><�o�

��TskVO@j|Q!Sl�1Q��#k1k�v �Pi!jlTsi�kgTVv�f1S�T f
uα

i�fP�
λA

�PQ�rFfPQ5kVOPQ v��1kgTut�i�msm X2�1j v54sQ�� k�Q!��rPQ�mV�+�#v�fPr1�op1jUi!kgTVv�f
uα
� 9@Q

O1i �FQ�T fP� mupC�PQ!��kVOPQ)t2p1msk�T �1msTs�#i�kgT �FQ�w~i!�#k�voj
g

1
2 = (det gij)

1
2
T f �C{ � � >-� >����Rk}v�Q&fPSlp1j Q=kxOPi�k

L
TVS��#vqvojl�PT fPi�kgQ

T f��Pi!jlTVi
fPk �
NROPQ�SU�#i�msi�jMrPQ�mV�(�#v�f1SUkgjUi!T fRk?ECi��qjli�fP�dTsi�f8�1Q&fPSUTskxX#�<�C{?� � >1� >��o�x�
O1i�S�kxORQ:w}vomsmVv ��T f1� �Ri!jlTVi!k�Tsv�f1S��

δL
δψ δψ = 2g

1
2

[
Λ2(ψ − ψ̄) − γ2(Π − Π̄)

]
δψ

−∂i(g
1
2 λi)δψ + ∂i(g

1
2 λiδψ),

� >1� >6>q�
δL
δΠδΠ = 2g

1
2

[
Π − Π̄ − γ2(ψ − ψ̄)

]
δΠ,

� >1� ><@o�
δL
δΦi

δΦi =
[
2g

1
2 gij(Φi − Φ̄i) − g

1
2 λj − ∂i(g

1
2λij)

]
δΦj

+∂i(g
1
2 λijδΦj),

� >1� >�B��
δL
δλi δλ

i = g
1
2 (∂iψ − Φi)δλ

i,
� >1� >q���

δL
δλij δλ

ij = g
1
2 ∂[iΦj]δλ

ij .
� >1� >�Y��

9@Q)j|Q!{op1Tsj|Q)kVO1i!kPkxORQ ECi��qjli�fP�dTsi�f
L
w�jlv�t �C{ � � >-� ><���oWRQ�SUk�i�kgTVv�fPi�j|X ��TskVO�j|Q!Sl�1Q��#kFk}v )���� �Ri�j TVi!k�TVv�fPS`T f�kVOPQ

�RXqf1i�t�Ts�#i�m�rPQ�ms�CS
δuα = {δψ, δΠ, δΦi}

� T fR�#mupC�PT fP�=kVO1vqSUQ7kxOPi�ko�Cv�f1vok �Pi
fPTVS O$v�f/kVOPQ
WPv�pRf1�1i�j TsQ!S��oi�S �8Q�msm
i�SGi�msm �Pi!jlTVi!kgTVv�f1S�T f+kxORQ ECi��qjUi
f1�qQ)t�p1muk�Tu�1muTsQ�jUS

δλA = {δλi, δλij} �`ndj v�t �C{dS�� � >1� >6>q� � � >1� >�B��x��Tsk
w}vomsmVv �(S
kVO1i!k

ψ = ψ̄ + γ2Λ
−2(Π − Π̄) + 1

2Λ
−2g−

1
2 ∂i(g

1
2 λi),

� >1� >����
Π = Π̄ + γ2(ψ − ψ̄),

� >1� @����
Φi = Φ̄i + 1

2gijλ
j + 1

2g
− 1

2 gij∂k(g
1
2 λkj),

� >1� @q�!�

i
f1� �C{dS�� � >-� >d�!�Fi
f1� � >-� >�Y��FTut2�1muX8kVO1i!kPkxORQ=�1j v54sQ��#kgQ!��S�vom p1k�TVv�f+S�i�kgTVSUrPQ!S7kxORQ)�#v�f1SUkgjUi!T fPk�S��'9@Q:fPv � S�vom �FQ
�C{ � � >-� @q���Fw~voj

λi
�-Slp�WPSUk�Tskxp1kgQ�Tsk1T fPk�vN�C{ � � >-� >����g�oi�fP�2pCSUQ �C{dS�� � >-� >d�!�Ri
f1� � >1� @����x�ok�v�v!WRk}i!T f�kxORQ�w~vomsmsv ��T f1�

Q!{opCi�kgTVv�f�w}voj
ψ
�

∇i∇iψ − (Λ2 − γ2
2)ψ = ∇iΦ̄i − (Λ2 − γ2

2)ψ̄,
� >1� @��o�

��ORQ�j Q ∇i
j|Q
�1j Q!SUQ&fRk}SGkVOPQJSl�Ci�kgTVi!m1�&v �Ri�j TVi
fPkz�PQ�jlT �Pi!k�T �RQ kVO1i!k�TVS��&v�t2�Ci�kgT WRmsQ ��TskVO

gij
�)egfB�PQ�jlT �FT fP�2kVOPTVS

Q!{opCi�kgTVv�f ��Q5O1i �FQJi!mVS�v8pCSUQ!� kVOPQ/w~i!� k
kVO1i!k
kVOPQ/k�Q�j|t
∂i∂k(g

1
2λki)

�Pi
fPTVS ORQ!S:Ts�1Q&fRk�Tu�&i!msmuX�WRQ��&i�pCSUQ
λij

TVS
i
fPkgTVSlXdt�t�Q�kgjlTu��� �C{qpCi!kgTVv�f � >-� @�����TVS�4upCSUkPkxORQ)�#v �Pi!jlTsi�fRkRT fFOPv�t+vq�qQ&fPQ!v�pCSGD$Q�mut2OPvomsk;� Q!{opCi!k�Tsv�fH�?9@Q:f1vokgQ



���
�
kVO1i!kqkxORQ`�Ci!jUi�t�Q�kgQ�jUSPt�pCSUkdS�i!k�TVSUwgX5kVOPQ��#v�f1�PTskgTVv�f

Λ2−γ2
2 > 0

w~voj1kVOPQ�Q �Rvomup1kgTVv�f�SlXFSUkgQ
t k}v�WPQ`SlXdt�t�Q�k�j Ts�
ORXd�1Q�j~W1vomuTs����7qvom �FT f1� �M{ � � >1� @��o�M�PQ�k�Q�j|t�T fRQ!S=kVOPQ�v��1kgTut�i�m1�1jlv54uQ��#kgTVv�f

ψ
�CkVOPQ�v��1kgTut�i�m

Π
TVS��PQ�kgQ�j t�T fPQ!�

w}j v�t �C{ � � >-� @����g�
Π = Π̄ + γ2(ψ − ψ̄);

� >1� @6�o�
i
f1�8kxORQ:v��1k�Tut�i�m

Φi
TVS�v!WPk�i!T fPQ!�/WFX$Q&fRw~voj|�#T f1� kxORQ:�#v�f1SUkgjUi!T fRkg�

Φi = ∂iψ.
� >1� @/>q�

9@Q�f1vokgQ�kxOPi�k�kxORQUEMi��qjUi
f1�qQ�t�p1muk�Tu�1muTsQ�j
λij

�1voQ!SMfPvokF�1mVi�X$i
fRXJQ!S�SUQ&fPkgTVi!mqjlvomuQGT f�kVOPTVS7i�fPi�m XFSUTsS�� �8Q:�#v�p1mV�
4upCSUkCi�S ��Q�msmqO1i �FQ�SUQ�k

λij = 0
i
f1��SUkgTsmsmFv!WRk}i!T fPQ!�2kxORQ�S�i�t�Q=�1j v54sQ�� k�Tsv�fH�1NRORTVS`t+i/�dQ!S�SUQ&fPSUQ
��WPQ��#i�pCSUQ=kVOPQ

�#v�f1SUkgjUi!T fPk Cij TVSzj|Q!i�msm X$i:�&v�fPSUQ!{op1Q&fP� Q=vowFkxORQ:�#v�f1SUkgjUi!T fRk Ci T f�kVOPTVS��&i�SUQ<�
NROPQJQ �Pvomup1kgTVv�f Q!{qpCi!kgTVv�f1S�w}voj

Π
i
f1�

Φi
�L�C{dS�� � >-� �A@��zi�fP� � >-� ��B��g�P�1Q��#v�pP�1msQ�w�jlv�t kVOPQ�msi�j �qQ�j=SU�#i!mVi�j

rPQ�mV� Q �Pvomup1kgTVv�f SlX�SUk�Q
t2�H�C{dS�� � >1� �,@o�x� � >1� �6�o�x�Pi
f1� � >1� �/>q�x����ORQ&f
γ2 = 0

��e}k�TsS)S�v�t�Q�kgTut�Q!S�vowzT fPkgQ�j|Q!SUkzk}v
�#v�f1SUTV�PQ�jCkxORQ`�1j v��1Q�jlkgTsQ!S
vowdkVOPTVS�Slt�i�mumsQ�j
SlX�SUkgQ
t��/�C{dS�� � >-� �A@��oi
f1� � >1� �AB��x�
Slp�W�4sQ�� kdk}v)kVOPQ�SUT f1�qmsQG�#v�f1SUkgjUi!T fRkg�
�C{ � � >1� ����� �!NROPQ7v��1kgTut+i!m��&v�fPSUk�jli�T fPk��1j v54sQ�� k�TVv�f/w}vojRkVOPTVS1j Q!�Rp1� Q!�5SlX�SUk�Q
t �#v�f1SUTVSUk�SCvow �M{dS�� � >-� @�����i
f1� � >1� @q�!�
� �8TskxO

λi = γ2 = 0
�x��k}vq�qQ�kVOPQ�j ��TskVO8kVOPQGSUT f1�qmsQ��#v�f1SUkgjUi!T fPk-Q!{opCi�kgTVv�f

∂[iΦj] = 0
��NRORTVS��&v�fPSUk�jli�T fPkdQ!{opCi�kgTVv�f

Tut2�1msTsQ!S�kVO1i!k
Φi = ∂iψ

w}voj�S�v�t�Q�SU�&i!mVi!j=wgpRfP� k�TVv�f
ψ
�8egfPSUQ�jlkgT f1�@kxORTVS�Q�:��1j|Q!S�SUTVv�f w~voj

Φi
T f �C{?� � >1� @q�!�x�

t�p1muk�Tu�1m X�T f1��WFX
g

1
2 gij

�oi
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��O1i
f1�qQ!S�i!k�i#WPv�p1k

t = 10M
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t+i!T f�i!kPi&WPv�p1kRkVOPTsS`kgTut�Q<�RNROPQ:�&v�f��RQ�j �qQ&fP� Q)vowPkVOPQ!SUQ)S�vomup1k�Tsv�f1S�S OPv �(S�kVO1i!kRkxORQ!SUQ)�#v�f1SUkgjUi!T fPk �FTVvomVi!kgTVv�f1S
i!j Q=i)w}Q!i!kxp1j Q:vowCkxORQ)Q �Rvomup1k�Tsv�f+SlX�SUkgQ
t�i
f1�(kxORQ�WPv�pRf1�1i�j|X8�#v�f1�PTskgTVv�f1Sl�djli�kVOPQ�j�kVO1i
f8WRQ�T fP�8i�j k�Tuw~i!�#k�S�vowMi
�CvqvojMfFpPt�Q�jlTu�&i!mqk�Q���OFfRTV{op1Q<�

�8Q�:�k ��QJQ �Pvom �FQ/kxORQ$S�i�t�Q/T fPTuk�TVi!mM�Ci!k�i!�?�M{dS�� � >-� B������ � >-� B!���g�opCSUT fP��kxORQ$S�i�t�QJSUk�i�fP�Ci!j � SU�#i!mVi�j ��i �FQ
Q �Rvomup1k�Tsv�f�Q!{opCi�kgTVv�f1S �

γ1 = γ2 = 0
�g�#WFp1k-kxORTVSzk�T t�Q ��Q�pCSUQG�#v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT fP�=WPv�pRfP�Ci!j X/�#v�f1�PTskgTVv�f1S

v�f(kVOPQ:rPQ�mV�1S
Z1 i�fP� Z2

i

���C{-S�� � >-� >o����i
f1� � >-� >-��� ��9@Q�pCSUQ�fPv/�#v�f1SUkgjUi!T fPkR�1j v54sQ�� k�Tsv�f(T f(kxORQ!SUQ=Q �Rvomup1kgTVv�f1S��
ndTV�op1j Q�>1� �@S OPv �(S$kVO1i!kGkxORQ��#v�f1SUkgjUi!T fPk�S�i!j Q�T f w~i!�#k�S�i�kgTVSUrPQ!� WFX kVOPQ!SUQ+S�vom p1k�TVv�fPS�k}v k�j�pRfP�#i!k�TVv�f msQ �FQ�m
Q�jlj vojUS���NROPQ S�vomsTs�@��p1j��FQ!S�T f�ndTV� �<>-� �/S O1v � kVOPQ5jli�kgTVv ||C(t)||/||∇u(t)|| �$OPTsmsQ5kVOPQ �1i�S OPQ!����p1j��FQ!S�S O1v �

||C(t)||/||∇u(0)|| ��NRORQJv�fRmuX+�PTswgw}Q�j|Q&fP� Q)TsS:kVO1i!k
kVOPQ/�PQ&f1v�t�T f1i!k}voj�pCSUQ!�+w}voj�kxORQ/�Ci�S OPQ!�@��p1j��FQ!S�TVS:kgTut�Q
T fP�1Q
�1Q&fP�PQ&fPk �JNPORQ8S�vomsTV� ��p1j��FQ!S�S OPv � kxOPi�kzkVOPQ$j Q�mVi!kgT �RQ/�#v�f1SUkgjUi!T fPk7Q�jlj voj�TVS�i��P�1jlv�:�Tut+i!k�Q�m X��#v�f1SUk�i�fRk
T f kgTut�Q pRfPkgTsmMi&WPv�p1k

t = 40
�Pi!k ��ORTs��OBkgTut�QJiJkgj�pRfP�#i�kgTVv�fBQ�jlj voj�msQ �FQ�m1�&v�fPSUk�jli�T fPk;� �FTVvomVi!k�T fP�2�Pp1mVSUQ w}j v�t

kVOPQ v�p1kgQ�jzWPv�pRf1�1i!j X8O1i�SGi�� �FQ��#kgQ!��T f��(i�j �+i!�#j vqS�S�kVOPQ/�qjlTV�@i
f1��w~i!msmsQ&f�T fPk�v8kxORQ:WRmVi�����O1vomsQ<� � w}kgQ�j
t =

40
kxORQ8j Q�mVi!kgT �RQ$�&v�fPSUk�jli�T fRk�Q�j jlvoj=�PQ��#j|Q!i�SUQ!S ��TskVODkgTut�Q<�2NROPQ$ORTV��OPQ!SUk;�}j|Q!S�vomup1kgTVv�f S�vomsTV�D��p1j��FQ!S�WPQ&OPi �FQ

�PTswgw}Q�j|Q&fPkgmuX��PkVOPQ
X(T fR�#j|Q!i�SUQ=Q�:��Cv�fRQ&fPkgTVi�mumuX ��TskVO+kgTut�Q<� D8v ��Q �FQ�jg�-kVOPTVSG�qj v ��kxO+vo�#��p1jUSGv�fRmuX$WRQ��&i�pCSUQ�kVOPQ
f1voj|t+i!msT���i�kgTVv�f�w~i!�#k�voj�T f+kVOPQ5�PQ&fPv�t�T fPi�k�voj � ��OPTs��O2t�Q!i�Slp1j Q!S7kxORQ SUT���Q)vow
kVOPQ5�PQ�j T �Pi!kgT �RQ!S`vowMkVOPQ)rPQ�mV�1S��
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��TskVO

N = 81
� ��ORTs��O(TsS�ORQ&fP� Q�w~voj kxO(kVOPQ�j|Q�w}Q�j|Q&fP� Q�S�vomup1kgTVv�f

uR
��7qvomsTs�(��p1j��FQ!S�i�j|Q`f1voj|t+i!msT���Q!�$WFX ||u(t)||
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ndTV�op1j QO>1� >:TsmumupCSUk�jli�kgQ!S
kVOPQ`fFpPt�Q�j Ts�&i!m��#v�f �FQ�j �dQ&fR�#Q�vow�kVOPQ!SUQ�Q �Pvomup1kgTVv�fPS��qhPmVvokgkgQ!�8i�j|Q�kVOPQ�jli�kgTVvqS�vow-kVOPQ
�PTswgw}Q�j|Q&fP� Q!S ||δu(t)|| k�vJiGt�Q!i�Slp1j Q�vowFkxORQ=SUT%��Q:vowRkVOPQ�rPQ�mV�1S��dNRORQ=S�vomuTV�(��p1j��FQ!SzT f(ndTV� �,>-� >5S OPv � kxORQ:jli�kgTVv

||δu(t)||/||u(t)|| ��OPTumsQ$kVOPQJ�1i�S ORQ!�B��p1j��FQ!S=S OPv � ||δu(t)||/||u(0)|| � � �di!T fR�1kVOPQJv�fPmuX+�1Tuw�w�Q�j Q&fR�#Q5TVS:kxOPi�k
kVOPQ��PQ&fPv�t�T fPi�k�vojGpCSUQ!�Bw~vojGkVOPQ$�1i�S ORQ!� ��p1j��FQ!S:TsS=kgTut�QJT f1�PQ
�1Q&f1�PQ&fRk �)ndTV�op1j Q!SG>-� ��i�fP��>-� >(S O1v � kxOPi�k
kVOPQ!SUQJSU�&i!mVi!j�rPQ�mV�@Q �Pvomup1kgTVv�fPS)i!j Q/SUk�i&WRmsQ
�F�&v�fPSUk�jli�T fRk��1j Q!SUQ�j �RT f1�(i�fP�+fFpPt�Q�jlTu�&i!msmuX��&v�f��RQ�j �qQ&fPk �:NROPQ!SUQ
S�vomup1kgTVv�f1S�kVOPQ�j|Q�w~voj|Q j Q
�1j|Q!SUQ&fPk ��O1i!k ��Q�Q�:��1Q��#k�k�v�WRQJkxORQ��&voj j Q�� k
�ROFXFSUTu�&i!m
S�vom p1k�TVv�f k}v2kxORTVS=�1j v!WPmuQ
tV�
9@Q�j|Q�kxORTVS5v�p1j�v�fRmuX v!W34uQ��#kgT �FQ
��kVOPTVS)�Ci��1Q�j ��v�p1mV� Q&f1� OPQ�j|Q<� D�v ��Q �RQ�j)v�p1j=�1j Tut+i!j X@T fRk�Q�j|Q!SUkzOPQ�j|Q�TVS
k�v+SUkgpC�RX kxORQ�pCSUQ�vow`�1j v54sQ�� k�TVv�f t�Q�kVO1vq�1S�k�v@�#v�fPkgj vom�kxORQ��qjlv ��kVODvow`�&v�fPSUk�jli�T fPk�S�� 7qv ��Q ��Tumsm
pCSUQ8kVOPQ
S�vomup1kgTVv�f�w~v�pRf1��OPQ�j|Q=i�S7i)j Q�w�Q�j Q&fR�#QGk�v �$OPTs��O+v�p1jzmsi�kgQ�jzQ �Pvom p1k�TVv�fPS`pCSUT fP�$�&v�fPSUk�jli�T fPkR�1j v54sQ��#kgTVv�f2�#i�f$WRQ
�#v�t��Ci!j Q!�H�

��p1jCmVi�SUk-SUTut2p1mVi!k�TVv�f8k}v5SUkxpC�RXJkVOPQ�Q�w�w�Q��#k�S
vowoW1v�pRfP�1i�j|X �&v�fP�1Tuk�TVv�fPS�v�f8kVOPQG�qj v ��kxO8vowFkVOPQ��#v�f1SUkgjUi!T fRk}S
pCSUQ!S�i)f1v�f �~SUk�i�fP�1i�j ��SU�#i�mVi!j�rPQ�mV��Q �Rvomup1kgTVv�f@SlX�SUkgQ
t ��TskVO

γ1 = 0
i
f1�

γ2 = −1/M
�Megf�vokVOPQ�j7j Q!Sl�1Q�� k}Sl�

O1v �8Q �RQ�jx�FkVOPTsS:SUT t�p1mVi!k�Tsv�f@TVS�TV�PQ&fPkgTs�#i�mFk}v8kVOPQ v�fPQ �PQ
�1Ts� kgQ!��T f@ndTV�dS��6>1� �Ji�fP�=>1� > �1e}k1pCSUQ!SGkxORQ S�i!t�Q5T fPT��
kgTVi�mo�Ci!k�i!�/�C{dS�� � >1� B���� � � >1� B!�o�x��kxORQ:S�i!t�QG�&v�fPSUk�jli�T fRkP�g�1j Q!SUQ�j �RT f1�:WPv�pRf1�1i�j|X/�&v�fP�1Tuk�TVv�fPSl�qi
f1�JfPv �#v�f1SUkgjUi!T fRk
�1j v54sQ��#kgTVv�f����1Q��#i!pCSUQ ��Q�pCSUQ��C{ � � >1� � ����i�S i$WPv�pRf1�1i!j XB�&v�fP�PTsk�Tsv�f�v�f

U1− �zkVOPQ�$S!�+-&�(P� )A %+1(P0*��� � &�����5< %+/.
S�vomup1kgTVv�f1S)vowzkxORQJQ!{opCi!k�TVv�fPS)i!j Q5kVOPQJS�i�t�QJi�S�kxOPvqSUQ$v!WRk�i�T fPQ!� �8TskxO

γ1 = γ2 = 0
� D8v ��Q �FQ�jg�RpCSUT f1��i
f

Q �Rvomup1k�Tsv�fDSlX�SUk�Q
t ��TskVO
γ2 = −1/M

T fPkgjlvq�Rp1� Q!S=pRf1SUk�i&WRmsQ5WRp1m��+k�Q�j|t+S)T fRk}v2kxORQ��&v�fPSUk�jli�T fPk7Q �Pvomup1kgTVv�f
Q!{opCi�kgTVv�fPSl� �C{-S�� � >-� �����Fi
f1� � >-� �����g��S�v kVOPQ $S!T+ &�(P� )� "+1(P035< %! � )A(3 "+/.$S�vomup1kgTVv�fPS�vowRkVOPQ:Q!{qpCi!kgTVv�f1S ��Tsmsm�WRQ)�PTswgw}Q�j �
Q&fPk � � v�fPSUQ!{qp1Q&fRk�m X kxORTVS
SlX�SUkgQ
t TsSCt�p1��O/t+voj|Qz�Ci�kVO1vomVvq�qTs�#i!m�kVO1i
fJkxORQ�SUk�i�fP�1i�j �JSU�#i!mVi�jFrPQ�mV�$SlX�SUkgQ
t��!i
f1�
�1j v �RTV�PQ!S7i)t�p1��O�t�voj Q)�PTsw�rP��p1mskR��O1i!msmsQ&fP�qQ�w~vojzkVOPQ��#v�f1SUkgjUi!T fRkC�#v�fPkgj vom-t�Q�kxOPvq�CS�SUkgpC�PTsQ!�(ORQ�j Q<�PndTV� ��>1� @
S O1v ��S�kxORQ)Q �Rvomup1k�Tsv�f@vow1kxORQ��#v�f1SUkgjUi!T fPk�S�T f�kxORTVS�SlX�SUkgQ
tV�MNoj�pRfP�#i�kgTVv�f2msQ �FQ�m��#v�f1SUkgjUi!T fRk �FTVvomVi!kgTVv�f1S�T f�kVOPQ
T fRTsk�Tsi�m��1i�k�i=�qj v � Q�:��Cv�fPQ&fRk�Tsi�msm X ��TskVO�i�f(Q���w~vomV�PT fP�JkgTut�Q=vow1i!�P�1j v�:�T t+i!k�Q�muX

1.1M
T f2kVOPQ!SUQ:Q �Pvomup1kgTVv�fPS��

NROPQ/jUi!k�Tsv ||C(t)||/||∇u(t)|| i��P�1jlvqi!��ORQ!SGiJ�#v�f1SUk�i�fRk�vowzvoj �1Q�j`pRfPTskxX+i!k�mVi!k�Q kgTut�Q!S:v�fP� Q/kxORQJ�#v�f1SUkgjUi!T fPk;�
�FTVvomVi!k�T fP���CvojlkgTVv�f@vowCkxORQ5S�vomup1kgTVv�f@�1v�t�T f1i!k�Q!SGi
f1�2kxORQ5�PQ&f1v�t�T f1i!k}voj�WPQ!�qT fPS�k�v8�dj v � Q�:��Cv�fPQ&fRk�TVi!msmuX(i�S
��Q�msm*� NROPQ$Slt+i!msmMT f1SUQ�k��qjUi��RO T f n-Ts�?��>1� @�TumsmupCSUkgjUi!k�Q!S:kxOPi�kzkVOPQ$�1T �RQ�j �qQ&fP� QJvow�kVOPQ!SUQ$S�vomup1k�Tsv�f1S)w�jlv�t kVOPQ
j|Q�w}Q�j|Q&fP� Q�S�vomup1kgTVv�f vow
ndTV� �<>1� >��dj v �(S�i!kMkVOPQ/S�i�t�Q jUi!k�Q)w~vojGi!msm1Sl�Ci!k�TVi!mRj|Q!S�vomup1kgTVv�f1S���NROPTVS�SlpC�d�qQ!SUk}S�kxOPi�k
kVOPQ��qjlv �8kxODTsS �#i�pCSUQ!�@WRXBi��&v�fPSUk�jli�T fPk;� �FTVvomVi!k�T fP�BS�vom p1k�TVv�f k�v+kxORQ8Q �Pvom p1k�TVv�f Q!{qpCi!kgTVv�f1S jUi!kxORQ�j=kVO1i
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�BTVS=Slt+i!msmsQ�jGw~voj�ORTV��OPQ�j�j|Q!S�vomup1k�Tsv�f1S�� 7qv�kxORQJ�#v�f1SUkgjUi!T fPk��1j v54sQ�� k�Tsv�f SUkgQ
�BTVS=Slp1� � Q!S�SS�
w�p1m-T f�SUTV��fPTurP�&i
fPkgmuX�j|Q!�Pp1� T fP�JkVOPQ�SUT%��Q=vow1kxORQ=�#v�f1SUkgjUi!T fPk�S�� �Pp1kPS�v�t�Q�kxORT f1��jli�kVOPQ�j�pRfRQ�:��1Q�� k�Q!�8O1i��P�1Q&f1S
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∫
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kVOPQ��#v�f1SUkgjUi!T fPkd�1j v54sQ��#kgTVv�fF� �$OPTsmsQGkVOPQ�mVv ��Q!SUk�S�vomsTV�8msT fRQ!SzS O1v � kVOPQ!SUQ��1j vorPmsQ!S�i!kdkxORQGS�i�t�Q�kgTut�Q

t = 20M4upCSUk
i�w�k�Q�j`kxORQ �1j v54sQ�� k�Tsv�fH�49@Q SUQ�Q/kVO1i!kCkxORQ/�#v�f1SUkgjUi!T fRk}S�Q!S�SUQ&fPkgTVi!msmuX �Pi
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�1j v54sQ��T�
kgTVv�f�SUkgQ
�L��NPORQ`fPQ�:�k-�1j vorPmsQGi!k

t = 21M
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S�v�t�Q�f1v�f �~Slt�vqvokxO�jli��PTVi!m

SUkgj|p1� kgp1j|Q:Tut�t�Q!�1Tsi�kgQ�muX�i!w}kgQ�j�kVOPQ=�1j v54sQ�� k�Tsv�f2SUk�Q
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Γabc
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Γabc = 1
2 (∂bψac + ∂cψab − ∂aψbc).
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t+S�kxOPi�kRi�j|Q�f1vok1SlXdt�t�Q�k�j Ts�`OFX-�1Q�j~WPvomsTs� ��ORQ&f
WPvokxO@�1j v!WRmsQ
t+S:i!j Q5�#vojlj|Q��#kgQ!�@SUTut�p1muk}i
fPQ!v�pCSUmuX�� D�Q�j|Q �8Q/�1j|Q!SUQ&fPk1fPQ � t+vq�PTsrP�#i�kgTVv�fPS=kVO1i!k�S�vom �FQ�WPvokVO
�1j v!WPmuQ
t+S ��TskVO1v�p1k-�PQ!SUk�j v�X-T f1�=SlX-t2t�Q�kgjlTs�
OFXd�1Q�j WPvomsTs� TskxX/�<9@Q��1v�kxORTVSRWFX i��1�PT f1�=i!�P�1j v��1jlTVi!kgQ�t�p1mskgTu�1msQ!S
vow�kxORQ��#v�f1SUkgjUi!T fPk Ciab k�v�Q!i���OBvow7kxORQ$Q!{opCi�kgTVv�fPS�� γ1N

iCiab
k�v=�C{ � � @ � �����g�

γ3N
iCiab

k}v �C{?� � @-� �6�o�x�Pi
f1�
γ2NCiab

k�v��C{?� � @ � �6>o� �!NPORQ!SUQ�k�Q�j|t+S�t+vq�PTswgX$kVOPQG�1jlT fP� Tu�Ci�m��Ci�j k}S�vowFkVOPQ�Q!{opCi!k�TVv�fPS��

∂tψab − (1 + γ1)N
k∂kψab ' 0,

� @-� �o���
∂tΠab −Nk∂kΠab +Ngki∂kΦiab − γ3N

k∂kψab ' 0,
� @-� �,Y��

∂tΦiab −Nk∂kΦiab +N∂iΠab − γ2N∂iψab ' 0.
� @-� � ���

� OPvqvqSUT f1�
γ3 = γ1γ2

t+i/�dQ!S�kxORTVSCfPQ � SlXFSUkgQ
t SlXdt2t�Q�kgjlTs�zORXd�1Q�j WPvomsTu�7w}voj
i
fRX �Ri!mup1Q!S�vow-kxORQ��Ci�jli!t�Q�k�Q�jlS

γ1
i
f1�

γ2
�5NRORQ�SlXdt�t�Q�k�j T���Q�j�t�Q�k�j Ts� � �$OPTs��O �1Q�rFfRQ!S:kVOPQJQ&fPQ�j �oX2f1voj|t+�zw~voj�kVOPTVSGfPQ ��SlX�SUk�Q
t �#i�f�WRQ



�T>d�
��j Tsk�kgQ&f(i�S

Sαβdu
αduβ = mabmcd

(
Λ2dψacdψbd + dΠacdΠbd

−2γ2dψacdΠbd + gijdΦiacdΦjbd
)
,

� @-� �����

��ORQ�j Q
mab TVS)i�fFX+�CvqSUTsk�T �RQ8�PQ�rFfRTsk�QJt�Q�kgjlTs� � Q<� � � � mab = gab + tatb

voj:Q �RQ&f
mab = δab

�`i
f1�
Λ
TVS�i

�#v�f1SUk�i�fRk ��TskVO2�PTut�Q&fPSUTVv�f(msQ&fP�dkVO −1 ��NROPTsS`SlXdt�t�Q�k�j T���Q�j
TVS��CvqSUTskgT �FQ)�PQ�rFfPTuk�Q�S�v mVv�f1�/i�S Λ2 > γ2
2

�
NROPQ/Q�TV�qQ&f �FQ��#k�vojUS=vowzkxORQ$��O1i!jUi!�#kgQ�jlTsSUk�Ts�:t+i!k�j TR:��

nkA
k α

β
� ��OPQ�j|Q

nk
TVS:kxORQ�v�p1k �(i�j � �PTsj|Q�� k�Q!��pRfPTuk

f1voj|t+i!mqk}v5kVOPQ`WPv�pRf1�1i!j XJvowRkVOPQ��&v�t2�Pp1k}i!kgTVv�f1i!md�1v�t+i!T f1�x���1msi!X$i�f�Tut��Cvoj k}i
fPk�jlvomuQ:T f(SUQ�k�kgT fP�)WPv�pRf1�1i!j X
�#v�f1�PTskgTVv�f1S�w}voj�rPjUSUk;�~voj �PQ�j�Q �Rvomup1k�Tsv�f�SlX�SUkgQ
t+S�� E1Q�k

eα̂β
�PQ&fPvok�Q:kxORQ)msQ�w�kFQ�TV�qQ&f��RQ�� k}vojlS �8TskxO2Q�TV�qQ&f��Pi!mup1Q!S

v(α̂)

���PQ�rFfPQ!�/WFX

eα̂µnkA
k µ

β = v(α̂)e
α̂
β .

� @-� �q�!�

9@Q=pCSUQ:T fP�1Tu�#Q!S ��TskVO2OPi�k�S � Q<� �?� �
α̂
�Rk�vJmVi#WRQ�m-kVOPQ=��OPi�jli�� kgQ�jlTVSUkgTs��Q�Ts�dQ&f��RQ�� k�vojUS�i
f1�(Q�TV�qQ&f �Ri�m p1Q!Sl�qi
f1�

α̂
TVS

f1vokMSlpPt�t�Q!�+v �RQ�j�T f �C{?� � @-� �q�!� �1NROPQ)Q�TV�qQ&f �Ri�mup1Q!S
v(α̂)

i!j Q=i�msS�v$�&i!msmsQ!�2kxORQ���OPi�jli�� kgQ�jlTVSUkgTs��Sl�1Q�Q!�1S��MNROPQ
��O1i!jUi!�#kgQ�jlTVSUkgTs��t+i!k�j Ts� Q!S7vow1SlXdt2t�Q�kgjlTs�`OFXd�1Q�j WPvomsTs��SlXFSUkgQ
t+S�O1i �FQ:�#v�t��1muQ�k�Q=SUQ�k}S�vowPQ�TV�qQ&f��RQ�� k}vojlSl�oS�v kVOPQ
t+i!kgjlTR:

eα̂β
TVSGT f �FQ�jlkgT WRmsQ�T f+kxORTVS��&i�SUQ<�7NROPQ5��O1i!jUi!� k�Q�j TVSUk�Tu�:rPQ�ms�CSl�

uα̂
�Fi�j|Q��PQ�rFfRQ!� i�S�kVOPQ��1j v54sQ�� k�TVv�fPS�vow

kVOPQ5�RXqf1i�t�Ts�#i!m�rPQ�mV�1S`v�fPk�v�kxORQ���OPi�jli�� kgQ�jlTVSUkgTs��Q�TV�qQ&f��RQ�� k}vojlS��
uα̂ ≡ eα̂βu

β � �Cv�pRf1�1i�j|X8�#v�f1�PTskgTVv�f1S�t2pCSUk
WRQ5Tut��CvqSUQ!�@v�f@Q!i!��O�T fR�&v�t�T f1�(��OPi�jli�� kgQ�jlTVSUkgTs��rPQ�mV�R�FT*� Q<� �-Q!i!��O

uα̂
��TskVO�fPQ!�di!k�T �RQ5��O1i!jUi!�#kgQ�jlTsSUk�Ts�:Sl�1Q�Q!�R�

v(α̂) < 0
� �6���q�o�&�o�,Y �3�zNRORQ���OPi�jli�� kgQ�jlTVSUkgTs�GrPQ�mV�1S�w}voj`kVOPQ=fRQ �  QD Q �Pvom p1k�TVv�f+SlX�SUk�Q
t2� �C{dS�� � @ � �q�!��� � @ � �����g�

i!j QG�qT �FQ&fJWFX

u0̂
ab = ψab,

� @-� ���o�
u1̂±
ab = Πab ± niΦiab − γ2ψab,

� @-� �6�o�
u2̂
iab = Pi

kΦkab,
� @-� �/>q�

��ORQ�j Q
Pi
k = δi

k − nin
k ��NROPQ ��O1i!jUi!�#kgQ�jlTVSUkgTs�=rPQ�mV�1S u0̂

ab

O1i �RQ �#vqvojl�PT fPi�kgQ5��OPi�jli�� kgQ�jlTVSUkgTs��Sl�1Q�Q!� −(1 +

γ1)nkN
k ��kxORQ�rPQ�mV�1S u1̂±

ab

O1i �FQ=Sl�1Q�Q!� −nkNk ±N
��i
f1��kxORQ�rPQ�mV�1S

u2̂
iab

OPi �FQ�Sl�1Q�Q!� −nkNk �
NROPQ:�&v�t2�1msQ�kgQ)Q!{opCi�kgTVv�fPS`w~voj7v�p1j
fRQ � rPjlSUkP�}vojl�PQ�jzj|Q
�1j Q!SUQ&fRk}i!k�Tsv�f(vow1kxORQ  QD Q �Rvomup1kgTVv�f+SlX�SUkgQ
t � T f �

� mupC�PT f1�/i�mumqkxORQGfPv�f8�g�1jlT fR�#Tu�Ci!mo�Ci!jlk�S��Fi!j Q

∂tψab − (1 + γ1)N
k∂kψab = −NΠab − γ1N

iΦiab,
� @-� �6@o�

∂tΠab − Nk∂kΠab +Ngki∂kΦiab − γ1γ2N
k∂kψab

= 2Nψcd
(
gijΦicaΦjdb − ΠcaΠdb − ψefΓaceΓbdf

)

−2N∇(aHb) − 1
2Nt

ctdΠcdΠab −NtcΠcig
ijΦjab



�T>��
+Nγ0

[
2δc(atb) − ψabt

c
]
(Hc + Γc) − γ1γ2N

iΦiab,
� @-� �<B��

∂tΦiab − Nk∂kΦiab +N∂iΠab −Nγ2∂iψab

= 1
2Nt

ctdΦicdΠab +NgjktcΦijcΦkab −Nγ2Φiab.
� @-� �o���

NROPQJk�Q�j|t+S�v�f kxORQ�jlTs�oORk7SUTV�PQ!S�vowO�M{dS�� � @-� �6@o� � � @-� �o���1i!j QJi�ms�dQ WRjli�Ts�)w�pRfP� kgTVv�f1S5vow�kVOPQ8�RXqf1i�t�Ts�#i!mMrPQ�mV�1S��
NROPQ��#v�fFfRQ��#kgTVv�f�k�Q�j|t+S

Γcab
i!�P�1Q!i!jlT fP��v�f�kxORQ�jlTV��ORkMSUTs�1Q)vowH�C{ � � @-� �<B��Ri!j|Q=�#v�t��Pp1kgQ!��pCSUT f1�J�C{dS�� � @ � �o�x�

��ORQ�j QGTsk�TVS�pRf1�PQ�jUSUk�vqvq��kxOPi�k�kxORQ��Ci!jlkgTVi!mq�PQ�jlT �Ri!k�T �FQ!S�i!j QGk�v �PQ�k�Q�j|t�T fRQ!��w�jlv�t kxORQ:�PXqfPi!t�Ts�&i!mqrPQ�mV�1SCWFX

∂tψab = −NΠab +N iΦiab,
� @-� �,Y��

∂iψab = Φiab.
� @-� � ���

� OPvqvqSUT f1��kVOPQ5�Ci!jUi�t�Q�kgQ�j
γ2 > 0

T f@kVOPTVS�fPQ � SlX�SUkgQ
t �&i�pCSUQ!SGkxORQ �&v�fPSUk�jli�T fRk Ciab k�vJWPQ Q�:��Cv�fPQ&fPkgTVi!msmuX
SlpP�P�1j|Q!S�SUQ!� �x�5Y �x�!WPQ��#i�pCSUQ=kVOPQ:t+vq�PTsrPQ!�=�C{ � � @ � �q�!��T t��1msTsQ!S�i�f(Q �Rvomup1kgTVv�f�Q!{opCi!k�Tsv�f�w}voj Ciab O1i �RT fP�$kVOPQ
w~voj|t��

∂tCiab−Nk∂kCiab ' −γ2NCiab
� � OPvqvqSUT f1�

γ1 = −1
t+i/�dQ!S1kVOPQ`SlX�SUk�Q
t �C{dS�� � @-� �6@o� � � @-� �o���&muT fPQ!i!jlmuX

�PQ!�qQ&fPQ�jUi!kgQ
� ��OPTu��O�Tut��1msTuQ!S�kxOPi�k-S O1vo���-S��Cv�f1vok-w~voj t w}j v�t Slt+vqvokVO�T fPTuk�TVi!mq�1i!k}i � ��� �3� � fP����OPvqvqSUT f1� kVOPQ
�Ci!jUi�t�Q�kgQ�j

γ0 > 0
�&i�pCSUQ!S1kxORQ��&v�fPSUk�jli�T fPk Ca k�vGWRQ7Q�:��Cv�fPQ&fRk�Tsi�msm X/SlpP�P�1j Q!S�SUQ!�R��i�S
�PTVSU��pCS�SUQ!�$T fC7oQ��A� @ � �-� � �

�8��� � ������.����o% �����+.(�
 !�!�5��	

NROPQ�t+vq�PTsrP�#i�kgTVv�fPS�vowqkxORQ  QDHQ �Rvomup1kgTVv�f$SlXFSUkgQ
t �PTVSU� pCS�SUQ!�JT f 7oQ��#S�� @ � � � ��i
f1��@-� ��i!j|Q`�PQ!SUTV��fRQ!�Jk�v)�1i!t2�
v�p1kRSlt�i�mumq�&v�fPSUk�jli�T fRk �FTVvomVi!k�Tsv�f1SzkxOPi�k-t+i�XJi�j TVSUQGw}j v�t T fRQ�:oi!�#k-T fRTsk�Tsi�md�1i!k}i��
fRpPt�Q�jlTs�#i�mqQ�j jlvojlSl�!Q�k��A��NROPQ!SUQ
t+vq�PTsrP�#i!k�TVv�fPS ��TsmsmR�Cv f1vokVOPT fP�q�-O1v ��Q �FQ�jx�dk}v$�1j|Q �RQ&fRkPkxORQ�T f��Rp':�vowC�&v�fPSUk�jli�T fRk �FTVvomVi!kgTVv�f1S�kVOPj v�pC��O+kVOPQ
WPv�pRf1�1i!jlTsQ!S`vowMkVOPQ=�&v�t2�Pp1k}i!k�Tsv�f1i!mR�1v�t+i!T fH� � v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT f1��W1v�pRfP�1i�j|X8�&v�fP�PTsk�Tsv�f1SGi!j QGfPQ�Q!�PQ!�
k�v��1j|Q �RQ&fRk
kVOPTVS � � ���?@!� B!�1� ���F�6@ � �Q7�p1��O�WPv�pRf1�1i�j|X��#v�f1�PTskgTVv�f1S:�&i
f�WRQJw}voj t2p1mVi�kgQ!� v�fP� Q$kVOPQ �1jlv��Ci��di6�
kgTVv�f Q!{opCi�kgTVv�f1S:w~voj�kVOPQ/�#v�f1SUkgjUi!T fPk�S=i!j|Q pRfP�PQ�jUSUk�vqvq�L� 7qv ��Q$�PQ�j T �RQ/i/rPjUSUk;�~voj �1Q�j�SlX�SUk�Q
t vowzQ �Rvomup1kgTVv�f
Q!{opCi�kgTVv�fPS`w~vojzkVOPQ=�&v�fPSUk�jli�T fPk�S`T f 7oQ��A�A@ � >1� �&��pCSUQ=kxORQ
t k}vJ�PQ�jlT �FQ=�#v�f1SUkgjUi!T fRkP�g�1j Q!SUQ�j �RT fP��WPv�pRf1�1i!j X$�&v�f �
�PTskgTVv�f1S�T f 7oQ��A�-@ � >-� ���P�1j|Q!SUQ&fPkCWPv�pRfP�Ci!j X@�#v�f1�PTskgTVv�fPS�w~voj:kxORQ$�RORX�SUTs�#i�m
�qjUi �RTsk�i!k�TVv�fPi�m�� �(i �RQJ�PQ!�qj Q�Q!S=vow
w}j|Q�Q!�1v�t vowCkVOPQ�SlXFSUkgQ
t�T f 7oQ��A�/@ � >1� ���qi
f1��rFf1i!msmuX(i
f1i!muX-��Q)kVOPQ ��Q�mumR���CvqSUQ!�FfPQ!S�S�vowMkVOPQ��#v�t�WRT fRQ!�+SUQ�kCvow
fPQ � WPv�pRfP�Ci!j XJ�#v�f1�PTskgTVv�f1S�T f�7oQ��A�T@-� >-� >1�

� � ����� � ���!��
	���(� ��# � ��������

�!� ����
�#213����4,

�����'�5*3��
�#��

NROPQ$�1j Tut+i!j X��&v�fPSUk�jli�T fRk�vow7kVOPQ! QD�SlX�SUk�Q
t TVS)kVOPQ8�di�pC�qQ��&v�fPSUk�jli�T fPkx� Ca � ��ORTs��O ��Q�j|Q�� ��j TskgQ ORQ�j Q�T f
kgQ�j t+S�vowRkVOPQ�rPjlSUkP�}vojl�PQ�jM�PXqfPi!t�Ts�&i!mqrPQ�mV�1S��

Ca = Ha + gijΦija + tbΠba − 1
2g
i
aψ

bcΦibc − 1
2 taψ

bcΠbc.
� @-� >����



�T><�
NROPTVS�Q�:��1j|Q!S�SUTVv�f(�PTswgw}Q�jlS�w}j v�t �C{ � � @-� �&�o�-v�fPmuX5WFXJt2p1msk�T �1msQ!S`vowFkxORQ=�#v�f1SUkgjUi!T fPk Ciab �qegf(kVOPQ�w~vomumVv ��T fP� ��Q
pCSUQ:kxORTVS`�PQ�rFfRTsk�Tsv�fR� �C{ � � @-� >����x��jli�kVOPQ�j
kxOPi�f �C{ � � @-� �&�o�x�&WPQ��#i�pCSUQ:TukPSUTut��1muTsrPQ!S`kVOPQ:w~voj|t vowRkxORQ=�#v�f1SUkgjUi!T fRk
Q �Rvomup1k�Tsv�f�SlX�SUkgQ
tV�RNROPQ:Q �Pvomup1kgTVv�f2Q!{opCi�kgTVv�f2w~voj Ca � �C{?� � @ � �,>o�g��TVS7SUQ��&v�fP��voj �1Q�j �-NRORpCSl� ��Q:t2pCSUk1�PQ�rFfPQ
fPQ � �#v�f1SUkgjUi!T fPkGrPQ�mV�1S/kxOPi�k�j|Q
�1j|Q!SUQ&fPk�kVOPQ2rPjUSUk��PQ�jlT �Pi!k�T �RQ!S vow Ca T f vojl�PQ�j5k�vBj|Q!�Pp1� Q�kxORQ2�#v�f1SUkgjUi!T fRk
Q �Rvomup1k�Tsv�f2SlXFSUkgQ
t k�v5rPjUSUk;�~voj �1Q�jMw~voj|tV�oNPOFpCS ��Q:�1Q�rFfRQ�fPQ � �#v�f1SUkgjUi!T fPkFrPQ�mV�1S Fa i
f1� Cia

kxOPi�kFS�i�kgTVSUw�X

Fa ≈ tc∂cCa = N−1(∂tCa −N i∂iCa),
� @-� >d�!�

Cia ≈ ∂iCa,
� @-� >��o�

pP�(k}v kgQ�j t+Sz�1j v��CvojlkgTVv�f1i!mqk}v kVOPQ��&v�fPSUk�jli�T fPk�S Ca i
f1� Ciab
�dNPORQ�w~vomsmVv �8T f1���PQ�rFfRTsk�Tsv�f1S�vow Fa i
f1� Cia

i!�T�
�#v�t��1msTVS O�kxORTVS�T f8i ��i!X kVO1i!k-�-Q�Q
�CSMkxORQ�w~voj|t vow-kxORQ��#v�f1SUkgjUi!T fPk-Q �Pvom p1k�TVv�f8SlX�SUk�Q
t i�S�SUT t��1msQ�i�SM�CvqS�SUT WRmsQ �

Fa ≡ 1
2g
i
aψ

bc∂iΠbc − gij∂iΠja − gijtb∂iΦjba + 1
2 taψ

bcgij∂iΦjbc

+tag
ij∂iHj + giaΦijbg

jkΦkcdψ
bdtc − 1

2g
i
aΦijbg

jkΦkcdψ
cdtb

−giatb∂iHb + gijΦicdΦjbaψ
bctd − 1

2 tag
ijgmnΦimcΦnjdψ

cd

− 1
4 tag

ijΦicdΦjbeψ
cbψde + 1

4 taΠcdΠbeψ
cbψde − gijHiΠja

−tbgijΠbiΠja − 1
4g
i
aΦicdt

ctdΠbeψ
be + 1

2 taΠcdΠbeψ
cetdtb

+giaΦicdΠbet
ctbψde − gijΦibat

bΠjet
e − 1

2g
ijΦicdt

ctdΠja

−gijHiΦjbat
b + giaΦicdHbψ

bctd + γ2

(
gidCida − 1

2g
i
aψ

cdCicd
)

+ 1
2 taΠcdψ

cdHbt
b − tag

ijΦijcHdψ
cd + 1

2 tag
ijHiΦjcdψ

cd,
� @-� ><�o�

Cia ≡ gjk∂jΦika − 1
2g
j
aψ

cd∂jΦicd + tb∂iΠba − 1
2 taψ

cd∂iΠcd

+∂iHa + 1
2g
j
aΦjcdΦiefψ

ceψdf + 1
2g
jkΦjcdΦikeψ

cdteta

−gjkgmnΦjmaΦikn + 1
2ΦicdΠbeta

(
ψcbψde + 1

2ψ
betctd

)

−ΦicdΠbat
c
(
ψbd + 1

2 t
btd
)

+ 1
2γ2

(
taψ

cd − 2δcat
d
)
Cicd.

� @-� >6>q�

NROPQGj|Q
t+i!T fPT f1���#v�f1SUkgjUi!T fPk�SMfPQ�Q!�PQ!��k�v��&v�t2�1msQ�k�QGkVOPQ  D>�#v�f1SUkgjUi!T fPk-Q �Rvomup1k�Tsv�f(SlX�SUk�Q
t i�j|Q Ciab �PQ�rFfPQ!�
T f��C{ � � @ � �<B��g�!i
f1�8kVOPQ��#msvqSUQ�muX�j|Q�mVi!k�Q!� Cijab

�o�PQ�rFfRQ!�JWFX

Cijab = 2∂[iΦj]ab = 2∂[jCi]ab.
� @-� ><@o�

NROPQ��#v�t��1muQ�k�Q8�#vomsmsQ�� k�Tsv�fDvow7�&v�fPSUk�jli�T fRk}S5w}voj=kVOPQ! QD�Q �Rvomup1k�Tsv�f SlX�SUk�Q
t TVS�kxORQ�j Q�w}voj Q/kVOPQ�SUQ�k
cA ≡

{Ca,Fa, Cia, Ciab, Cijab}
�PQ�rFfRQ!�BT fV�C{dS�� � @ � >o���g� � @ � >����g� � @ � ><>o�g� � @ � ��B��g�Fi
f1� � @-� ><@o� � � 9@Q pCSUQ pP�P�1Q�jG�&i�SUQ

ECi�kgT f T f1�PTs� Q!S�k�v�mVi#WPQ�mMkxORQ��#v�f1SUkgjUi!T fPk�S�� � NPORQ��#v�f1SUkgjUi!T fPk�S
cA

�PQ
�1Q&f1� v�f kxORQ8�RXdfPi!t�Ts�#i�mMrPQ�mV�1S
uα =



�T>6>
{ψab,Πab,Φiab}

i�fP�BkVOPQ�Tsj�Sl�Ci!k�Tsi�mC�PQ�jlT �Ri!k�T �FQ!S
∂ku

α �5NROFpCS=kVOPQ/Q �Pvomup1kgTVv�f vowzkxORQ$�#v�f1SUkgjUi!T fPkzrPQ�ms�CS cA
TVSG�#v�t��1msQ�kgQ�muX��1Q�kgQ�j t�T fPQ!�(WFX(kxORQ Q �Pvomup1kgTVv�fBvowMkxORQJ�RXqf1i�t�Tu�&i!mRrPQ�mV�1SGkxORjlv�pC��O��C{dS�� � @ � �<@���� � @ � �q�!� �H9@Q
O1i �FQ�Q �Pi!mupCi!k�Q!�(kxORQ!SUQ��#v�f1SUkgjUi!T fPkCQ �Pvom p1k�TVv�f�Q!{opCi�kgTVv�f1SGi
f1��O1i �RQ �FQ�jlTurPQ!��kxOPi�k1kVOPQ
X(�#i�f�WRQ ��j Tsk�kgQ&f+T f
kVOPQ:i&WPSUkgjUi!�#k-w~voj|t

∂tc
A +AkAB(u)∂kc

B = FAB(u, ∂u) cB,
� @-� >�B��

��ORQ�j Q
AkAB

i
f1�
FAB

t�i!X8�1Q
�1Q&fP��v�f�kxORQ��RXqf1i�t�Ts�#i�m-rPQ�mV�1S
uα

i�fP��kVOPQ�Tsj`Sl�Ci�kgTVi!m-�1Q�j T �Ri�kgT �FQ!S
∂ku

α �
NRORpCS�kxORQ��&v�fPSUk�jli�T fRkRQ �Rvomup1k�Tsv�f2SlXFSUkgQ
t � mVvqSUQ!S��dkVOPQ:k�T t�Q:�PQ�jlT �Ri�kgT �FQ!S�vowRkxORQ��&v�fPSUk�jli�T fRk}S �Ri�fRTVS O(T fPTuk�TVi!msmuX
��ORQ&f(kxORQ:�#v�f1SUkgjUi!T fRk}S�kxORQ
t+SUQ�m �FQ!S �Pi
fPTVS O2i!kRi
f�T fRTskgTVi�mdkgTut�Q<�qNROPQG�1jlT fR�#T �Ci�mo�Ci!jlkFvowRkxORQ=rPjlSUkP�}vojl�PQ�jM�&v�f �
SUkgjUi!T fPkoQ �Rvomup1kgTVv�f�SlXFSUkgQ
t kxp1j|f1SMv�p1kqk}v`WRQ`j|Q
t+i!j��-i#WRmuX�SUT t��1msQ � �qT �FQ&fJkxORQ`�#v�t��1msQ�:�TskxX vowqkxORQ`Q�:��1j Q!S�SUTsv�f1S
w~voj
kxORQG�&v�fPSUk�jli�T fRk}S�kVOPQ
t+SUQ�m �RQ!S�� �

∂tCa ' 0,
� @-� >q���

∂tFa ' N i∂iFa +Ngij∂iCja,
� @-� >�Y��

∂tCia ' N j∂jCia +N∂iFa,
� @-� >����

∂tCiab ' (1 + γ1)N
k∂kCiab,

� @-� @����
∂tCijab ' Nk∂kCijab.

� @-� @q�!�

NROPTVSz�#v�f1SUkgjUi!T fPkFQ �Pvomup1kgTVv�f2SlX�SUkgQ
t TVS�SlXdt�t�Q�kgjlTu�7ORXd�1Q�j~W1vomuTs� ��TskVO(SlXdt�t�Q�k�j T���Q�j

SABdc
AdcB = mab

[
dFadFb + gij

(
dCiadCjb + gklmcddCikacdCjlbd

)

+Λ2
(
dCadCb + gijmcddCiacdCjbd

)]
,

� @-� @��o�

��ORQ�j Q
Λ2 TVS i8�CvqSUTsk�T �RQ��#v�f1SUk�i�fRk�i
f1� mab TVS i
f i!j WRTskgjUi!j X+�CvqSUTskgT �FQ2�PQ�rFfRTsk�Q8t�Q�k�j Ts����NROPQ8�#v�f1SUkgjUi!T fRk

Q&fPQ�j �oX/w~voj�kVOPTVS�SlX�SUkgQ
t TVS��1Q�rFfRQ!��i�S

Ec =

∫
SABc

AcB
√
gd 3x.

� @-� @6�o�

7oT fR�#Q�kVOPQ(�&v�fPSUk�jli�T fPk�Q �Rvomup1kgTVv�f SlXFSUkgQ
t TVS�ORXd�1Q�j WPvomsTu� �7Tsk�w}vomsmVv �(S � i!k�kVOPQ(�#v�fPkgT fRpPpPtKmsQ �FQ�mV��kVO1i!k�kVOPQ
�#v�f1SUkgjUi!T fPk�S ��Tsmum
j|Q
t+i!T f S�i�kgTVSUrPQ!� ��TskVOPT f kVOPQ8�1v�t�i�T f vow7�PQ
�1Q&f1�PQ&fP� Q$vow7kVOPQ$T fPTskgTVi!m��1i�k�i��1Tsw`kVOPQ
X+i�j|Q
S�i!k�TVSUrPQ!��T fRTsk�Tsi�msm X/�

9@Q5O1i �RQ$i�fPi�muX-��Q!� kVOPQ$S�vomup1kgTVv�f1S)k�v2kVOPTsS)�&v�fPSUk�jli�T fPkzQ �Rvomup1k�Tsv�f SlX�SUkgQ
t�w}vojGkxORQ$�#i�SUQJvow7Slt+i!msmC�&v�f �
SUkgjUi!T fPk �FTVvomVi!kgTVv�f1S:vow�S�vomup1kgTVv�f1SGfPQ!i!j �1i�k�Sl�Ci�� Q<�U9@Q rFf1� kxOPi�k�i�msm1vowzkVOPQ/S OPvojlk;� �(i �RQ�muQ&f1�qkxO �#v�f1SUkgjUi!T fRk
�FTVvomVi!k�TVv�fPSzi�j|Q`�Ci�t��1Q!�Ji�kdkVOPQ`jUi!k�Q

e−γ0t
�
e−γ0t/2

��voj
e−γ2t

�<7qv)��O1vqvqSUT fP�
γ0 > 0

i
f1�
γ2 > 0

TsS�Slp1w�rP� TsQ&fRk
k�vJ�opCi!jUi
fPkgQ�QGkxOPi�kFi�msmdvowFkxORQ!SUQ=�#v�f1SUkgjUi!T fPk�S7i�j|Q�SlpP�P�1j Q!S�SUQ!�H�oNROPTVS
fPQ � rPjlSUkP�}vojl�PQ�j  QD SlXFSUkgQ
t kVOPQ�j|Q�w~voj|Q



�T><@
O1i�S`kVOPQ)S�i!t�Q)�#v�f1SUkgjUi!T fPkCSlpP�P�1j|Q!S�SUTVv�f2�1jlv��1Q�j k�TsQ!S7i�S`kVOPQ�SUQ��#v�f1�8�}vojl�PQ�j�SlX�SUk�Q
t vow  =pRfP�1msi���O2Q�k1i�m;� �x�AB �
i
f1�8hPj Q�k�vojlT pCS � �d� �3�

NROPQ��#v�f1SUkgjUi!T fPk�Q �Rvomup1kgTVv�f�SlX�SUk�Q
t2�O�C{?� � @ � >�B��g�MTVS/SlXdt�t�Q�kgjlTu�JORXd�1Q�j WPvomsTu��i
f1�DTsk ��Tsmum
WRQ�pCSUQ�wgp1m7k�v
�PQ�k�Q�j|t�T fRQ�kVOPQ���O1i!jUi!�#kgQ�jlTsSUk�Ts���#v�f1SUkgjUi!T fPk1rPQ�mV�1S��zNPOFpCSl� ��Q�Q �Ri�mupCi!kgQ)kVOPQ�t+i!kgjlTR:JvowMmuQ�w}k1Q�TV�qQ&f �FQ��#k�vojUS�vow
kVOPQ��&v�fPSUk�jli�T fPk�Q �Rvomup1kgTVv�f�SlX�SUk�Q
t

eÂB
i
f1�DkxORQ�Tsj��#vojlj|Q!Sl�Cv�f1�PT fP� Q�TV�qQ&f��Pi!mup1Q!S

v(Â)

� voj���O1i!jUi!�#kgQ�jlTVSUkgTs�
Sl�1Q�Q!�1S�� �5NPORQ$��O1i!jUi!�#kgQ�jlTsSUk�Ts�)�&v�fPSUk�jli�T fRk�rPQ�mV�1S)i!j QJ�PQ�rFfPQ!� � T f i�fPi�mVvq�oX ��TukxO kxORQJ�1j T fP� Tu�Ci!mMQ �Rvomup1kgTVv�f
SlX�SUk�Q
t��Pi�S�kVOPQ��1j v54sQ��#kgTVv�fPS`vowRkVOPQ��#v�f1SUkgjUi!T fPkFrPQ�mV�1S7v�fRk}v/kxORQ!SUQ�Q�TV�qQ&f �FQ��#k�vojUS��

cÂ ≡ eÂBc
B �dNROPQ�j|Q!Slp1mskP�

T fP�/��O1i!jUi!�#kgQ�jlTsSUk�Ts�7rPQ�mV�1Szw~vojMkxORTVS7�#v�f1SUkgjUi!T fRkFQ �Rvomup1k�Tsv�f2SlXFSUkgQ
t i!j Q

c0̂±a = Fa ∓ nkCka,
� @-� @/>q�

c1̂a = Ca,
� @-� @6@o�

c2̂ia = P kiCka,
� @-� @<B��

c3̂iab = Ciab,
� @-� @o���

c4̂ijab = Cijab.
� @-� @,Y��

NROPQ���O1i!jUi!�#kgQ�jlTVSUkgTs���#v�f1SUkgjUi!T fPkRrPQ�ms�CS
c0̂±a

OPi �FQG�&vqvoj �PT f1i!kgQ:��O1i!jUi!� k�Q�j TVSUk�Tu�`Sl�1Q�Q!�1S −nlN l ±N
��kVOPQ�rPQ�mV�1S

c1̂a
OPi �FQ$Sl�1Q�Q!�

0
�1kxORQ$rPQ�mV�1S

c2̂ia
i
f1�

c4̂ijab
OPi �FQ$Sl�1Q�Q!� −nlN l �Ci�fP�BkVOPQ$rPQ�ms�CS c3̂iab

O1i �RQJSl�1Q�Q!� −(1 +

γ1)nlN
l �

� � ����� � ������
��!� � ��
	�����!#%� # �.1+��� � -/��4������ �.* � ����� � 
��������

�Cv�pRf1�1i!j X+�#v�f1�PTskgTVv�f1S)t2pCSUkMWPQJTut��CvqSUQ!� v�f i!msmMkVOPQ$T fP�#v�t�T fP�+��OPi�jli�� k�Q�j TVSUkgTs��rPQ�mV�1S
uα̂
�MT;� Q<� �Ci�mumMkVO1vqSUQ

��TskVO
v(α̂) < 0

v�f i �Ci�j k�Ts��p1mVi!j�WPv�pRf1�1i!j X���NROFpCSl��W1v�pRfP�1i�j|X��#v�f1�PTskgTVv�f1S �8TsmsmCkgXd�1Ts�#i�mumuX�WRQ5fPQ�Q!�PQ!� w}voj
kVOPQ ��OPi�jli�� kgQ�jlTVSUkgTs�:rPQ�mV�

u1̂−
ab

�Pi
f1� � �PQ
�1Q&fP�1T f1�(v�f kxORQ �Ri!mup1Q/vow�kxORQ5�Ci�jli!t�Q�k�Q�j
γ1
i
f1�@kVOPQ/vojlTsQ&fRk}i!kgTVv�f

vow1kxORQ�S ORTsw}k
Nk i!kPkVOPQGWPv�pRfP�Ci!j X��Ft�i!X�i!mVS�v)WPQGfPQ�Q!�PQ!�(w~voj u0̂

ab

i�fP���dvoj
u2̂
iab

�87qv�t�Q=vow1kxORQ!SUQGWPv�pRf1�1i!j X
�#v�f1�PTskgTVv�f1S=t2pCSUk1WRQ$SUQ�kPWRX2�RORX�SUTs�#i�m1�#v�f1SUTV�PQ�jli�kgTVv�f1Sl�CT;� Q<� �dWFX�Sl�1Q��#TswgX-T f1� �$O1i!k
�RORX�SUTs�#i�mC�qjUi �FTsk}i!kgTVv�f1i!m
�(i �RQ!SMQ&fPkgQ�jCkVOPQ��&v�t2�Pp1k}i!k�Tsv�f1i!mq�1v�t+i!T fH��7qv�t�QGvow�kVOPQzW1v�pRfP�1i�j|X5�&v�fP�PTsk�Tsv�f1Sz�&i
f�WRQ�pCSUQ!�R�
O1v ��Q �FQ�jg�!k�v
�1j|Q �RQ&fRkPkxORQ�T f��Rp':$vowM�#v�f1SUkgjUi!T fRk �FTVvomVi!k�Tsv�f1S���NRORTVS��&i
f�WRQ5�1v�fPQ:WFX(Sl�1Q��#Tuw�X-T f1��kVOPQ)T fP�#v�t�T fP�

uα̂
i�k1kVOPQ

WPv�pRf1�1i!j X�T f+i ��i!X(kVO1i!kCQ&fPSlp1j Q!S�kVOPQ)T fP�#v�t�T fP�(��O1i!jUi!� k�Q�j TVSUk�Tu�:�#v�f1SUkgjUi!T fRkMrPQ�mV�1S
cÂ
i!mVS�v �Ri�fRTVS O+kVOPQ�j|Q<�

NROPQ7T fP�#v�t�T f1�)�#v�f1SUkgjUi!T fPk�rPQ�mV�1SCw}vojRkxORTVSCSlXFSUkgQ
t T fP� mupC�PQ
c0̂−a

�!i
f1�5�1Q�j�OPi!�CS
c3̂iab

i
f1���dvoj
c4̂ikab

�1Q
�1Q&fP�PT f1�
v�f

γ1
i
f1�

Nk i�kCkVOPQ:WPv�pRf1�1i!j X��O9@Q5rFf1�@kxOPi�kCkVOPQ!SUQ5T fR�&v�t�T f1� cÂ i�j|Q)j|Q�mVi!k�Q!��k�v�kxORQ5T fP�#v�t�T f1� uα̂ WFX
kVOPQ�w~vomsmsv ��T f1�/Q�:��1j|Q!S�SUTVv�f1S��

c0̂−a ≈
√

2
[
k(cψd)a − 1

2kaψ
cd
]
d⊥u

1̂−
cd ,

� @-� @ ���
nic3̂iab ≈ d⊥u

0̂
ab,

� @-� B����
nic4̂ikab ≈ d⊥u

2̂
kab.

� @-� Bo�!�



�T>�B
D�Q�j|Q5kxORQ�f1vok�i�kgTVv�f

d⊥u
α̂ �PQ&f1vokgQ!S�kVOPQ ��O1i!jUi!�#kgQ�jlTsSUk�Ts���1j v54sQ��#kgTVv�fBvow�kVOPQ�fPvoj t+i!mC�PQ�jlT �Ri�kgT �FQ!SGvow uα̂ � T;� Q<� �

d⊥u
α̂ ≡ eα̂βn

k∂ku
β �x��i�fP� ≈ Tut2�1msTsQ!S
kVO1i!k-i�ms�dQ WRjli�Ts�zkgQ�j t�S�i
f1�$kgQ�j t�S
T f �Rvom �FT fP� k�i
f1�qQ&fPkgTVi!mo�PQ�jlT �Ri!k�T �FQ!S

vowPkVOPQ)rPQ�ms�CS � T;� Q<� �
P ki∂ku

α �FO1i �RQGf1vok-WRQ�Q&f2�PTVSl�1mVi�X-Q!�H�RNRORQ=T f��(i!jl�2�1Tuj Q�� k�Q!��fRp1mum �FQ��#k�voj kc pCSUQ!�8OPQ�j|Q
TVS �PQ�rFfPQ!� i�S

kc = (tc − nc)/
√

2
�2NPORQ8TV�PQ!i�TVS�k}v@SUQ�k7kxORQ�msQ�w}k`SUTV�PQ!S5vow4�C{dS�� � @-� @ ��� � � @-� Bo�!�Ck}v=��Q�j v�k}v

�qQ�k �8Q
pPt�i�f�f8�}muTR�dQ�WPv�pRf1�1i!j X$�&v�fP�1Tuk�TVv�fPS�w~vojzkVOPQ:T fP�1Tu�&i!k�Q!�(�&v�t2�Cv�fPQ&fRk}S`vow
d⊥u

α̂ � �1X$Tut��CvqSUT f1��kVOPQ!SUQ
�#v�f1�PTskgTVv�f1S7v�f

d⊥u
α̂ � ��Q�Q&f1Slp1j|QGkxOPi�k�kxORQ!SUQ�T fP�#v�t�T fP�J�#v�t��Cv�fRQ&fPk�S`vow cÂ �Ri�fRTVS OH�

9@Q=OPi �FQ)w}v�pRf1��kVO1i!kMi5�#v�f �FQ&fPTsQ&fRk ��i!X�k�v$Tut2�CvqSUQ:W1v�pRfP�1i�j|X��&v�fP�1Tuk�TVv�fPSGvowMkVOPTsS�kgXd�1Q�TVS`k}v8SUQ�k1kVOPQ
T fR�&v�t�T f1� �1jlv54sQ�� kgTVv�f1S7vowRkVOPQGkgTut�Q:�PQ�jlT �Ri!k�T �FQ!Szvow

uα
�
dtu

α̂ ≡ eα̂β∂tu
β ��T f�kVOPQ�w~vomumVv ��T fP� �(i�X��

dtu
α̂ = Dtu

α̂ + v(α̂)

(
d⊥u

α̂ − d⊥u
α̂
∣∣
BC

)
.

� @-� B!�o�

egf5kxORTVSCQ�:��1j Q!S�SUTsv�f5kVOPQ�k�Q�j|t+S
Dtu

α̂ j|Q
�1j Q!SUQ&fRk!kxORQ��1j v54sQ�� k�Tsv�f1S1vowokVOPQ�jlTV��ORkoSUTV�PQ!S1vowokVOPQ�Q �Pvom p1k�TVv�fJSlX�SUkgQ
t��
�C{dS�� � @ � �6@���� � @ � �o�!� ��S�v�kxORQ$Q!{opCi!k�TVv�fPS5i�k
fPv�f8�sW1v�pRfP�1i�j|X��CvoT fPk�S �(v�p1mV� SUT t��1muX2WRQ

dtu
α̂ = Dtu

α̂ �/NROPQ
kgQ�j t

d⊥u
α̂
∣∣
BC

TVS
kVOPQ �Pi!mup1Q�k�v ��ORTs��O
d⊥u

α̂ TVSMk�vGWRQ�r8:�Q!��v�f8kVOPQ�W1v�pRfP�1i�j|X/��NROPTVSMw~voj t vow-kxORQzWPv�pRf1�1i!j X
�#v�f1�PTskgTVv�fBj Q
�1mVi!� Q!SGi�msm1vowzkVOPQ

d⊥u
α̂ kVO1i!k�i��P�1Q!i�jlS�T f Dtu

α̂ ��TskVO
d⊥u

α̂
∣∣
BC

� � �P�1muX-T fP�2kVOPTVS�t�Q�kVO1vq�Bk�v
kVOPQ��&v�fPSUk�jli�T fPk;���1j|Q!SUQ�j��FT f1�:WPv�pRf1�1i!j XJ�&v�fP�1Tuk�TVv�fPS7T f��C{-S�� � @ � @������ � @ � Bq���g� ��Q:v!WRk�i�T f8kxORQ:w}vomsmVv ��T f1�Jjli�kVOPQ�j
SUTut2�1msQ��&v�fP�1Tuk�TVv�fPS

dtu
0̂
ab = Dtu

0̂
ab − (1 + γ1)njN

jnkc3̂kab,
� @-� B/�o�

dtu
1̂−
ab =

[
1
2PabP

cd − 2l(aPb)
(ckd) + lalbk

ckd
]
Dtu

1̂−
cd

+
√

2(N + njN
j)
[
l(aPb)

c − 1
2Pabl

c − 1
2 lalbk

c
]
c0̂−c ,

� @-� B�>q�
dtu

2̂
kab = Dtu

2̂
kab − nlN

lniP jkc
4̂
ijab.

� @-� B/@o�

NROPQ8{opCi
fPkgTskxX
Pab

T f kxORQ!SUQ�Q�:��1j|Q!S�SUTVv�f1S=TVS)kVOPQ��1j v54sQ��#kgTVv�f k�Q&fPS�vojg�
Pab = ψab + tatb − nanb

�
i
f1� kVOPQ
v�p1k��-voT f1� fFp1msm �RQ�� k�voj

la
TsS7�PQ�rFfRQ!�JWFX

la = (ta + na)/
√

2
�

� � ����� ��) *3� ��� ��� -/��4,� ��� �.* � ����� � 
��������

NROPQ(�&v�fPSUk�jli�T fPk;���1j|Q!SUQ�j��FT f1��W1v�pRfP�1i�j|X �#v�f1�PTskgTVv�f1SJ�1j|Q!SUQ&fPkgQ!�DT f��C{-S�� � @ � B/����� � @ � B/@���j Q!SUkgjlTs� k�v�fRmuX w}v�p1j
�PQ!�qj Q�Q!S�vowPw}j|Q�Q!�1v�t vow

u1̂−
ab

��N �(v/vowPkxORQ=j|Q
t+i!T fRT f1�J�1Q!�qj|Q�Q!SzvowPw}j|Q�Q!�1v�t j Q
�1j|Q!SUQ&fPk�kxORQ:�ROFX�SUTs�&i!m-�qjUi �RTR�
k�i�kgTVv�f1i!m �(i �RQ!Sl�oi�fP�2kVOPQ:rFf1i!m-w}v�p1jzj Q
�1j|Q!SUQ&fPk��di!pC�qQ:w}j|Q�Q!�1v�tV�-9@Q=��OPvqvqSUQ)k�v/��O1i!jUi!�#kgQ�jlT%��Q�i
f1�(�&v�fRk�j vom
kVOPTVS��qjli �FTsk�i�kgTVv�f1i!m �(i �RQ:w}j|Q�Q!�1v�t T f2k�Q�j|t+S�vow1kVOPQ=T fP�#v�t�T fP���Ci�j k}S7vow1kxORQQ9@Q
X-m���p1j��Ri!kgp1j|Q<�PNRORQ:�1j v��Ci6�
�di�kgT fP�/�#v�t��Cv�fRQ&fPk�S`vowRkVOPQU9@Q
X-mqkgQ&f1S�voj��#i�f/WPQ �8jlTskgk�Q&f�i�S

w±
ab =

(
Pa

cPb
d − 1

2PabP
cd
)(
te ∓ ne

)(
tf ∓ nf

)
Ccedf .
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9@QJS O1v ��Q!� T f �x� � �MkxOPi�k
kxORQ!SUQ/�#v�t��Cv�fRQ&fPk�S)vowzkVOPQ�9@Q
X-mCkgQ&f1S�voj�i!j|Q5kxORQJT fR�&v�t�T f1��i�fP�Bv�p1k��dvoT f1� � j Q��
Sl�1Q�� k�T �FQ�muX�����O1i!jUi!�#kgQ�jlTVSUkgTs�/rPQ�mV�1SJvowGkVOPQ(��p1j��Ri�kxp1j Q�Q �Rvomup1kgTVv�f SlXFSUkgQ
t kVO1i!k�w~vomsmsv �(SJw�jlv�t kVOPQ �1TVi�fR��ORT
TV�PQ&fPkgTskgTsQ!S���NROPQ

w±
ab

i!j Q��1jlv��Cvoj k�Tsv�f1i!m�k�v=kVOPQ �8Q ��t+i
f8�}hPQ&fRjlvqSUQ`� p1j �Pi!kxp1j Q7Sl�1T fPvojM�#v�t��Cv�fRQ&fPk�S
Ψ4

� v�p1k;�
�dvoT f1�d�1i
f1�

Ψ0
� T fP�dvoT f1�d�g��j Q!Sl�1Q�� kgT �RQ�m X/�-9@Q=i!mVS�v5fPvok�Q:kVO1i!kRkxORQ)Sl�Ci!kgTVi�md�#v�t��Cv�fRQ&fPk�S�vow

w±
ij

i!j Q�Q!{opCi!m-k�v
kVOPQ/�&v�t2�Cv�fPQ&fPk�S:vowzkxORQ�9@Q
X-m1kgQ&f1S�vojG��O1i!jUi!�#kgQ�jlTVSUkgTs�=rPQ�mV�1S

2U8±
ij

�PQ�rFfPQ!�@T fBv�p1j��Ci��1Q�jGv�f �&v�fPSUk�jli�T fPk;�
�1j|Q!SUQ�j��FT f1�8WPv�pRfP�Ci!j X@�#v�f1�PTskgTVv�fPS w}voj=kVOPQNFU7oNDSlX�SUk�Q
t �x� � �3�$NPORQ�Q�:��1j|Q!S�SUTVv�f w~voj:kxORQN9@Q
X-m�kgQ&f1S�voj)T f
kgQ�j t+S�vowPv�p1j
rPjUSUk;�~voj �1Q�j �Pi!jlTsi&WRmsQ!S�TVS�pRfRTV{op1Q)v�fRmuX$pP�(k�v kgQ�j t�S��1jlv��Cvoj k�TVv�fPi�mqk�v5�&v�fPSUk�jli�T fPk�S ��Tsk�TVS��CvqS�SUT��
WRmsQ�k�v$��O1vqvqSUQ�kVOPQ!SUQ��#v�f1SUkgjUi!T fRkCkgQ�j t�S�S�v$kVO1i!k1kxORQ

w±
ij

�PQ
�1Q&fP��v�f+kVOPQ:f1voj t�i�mF�PQ�jlT �Ri�kgT �FQ!S`vow
uα̂

T f�kVOPQ
w~vomumVv ��T fP� �(i�X��

w±
ab ≈

(
Pa

cPb
d − 1

2PabP
cd
)(
d⊥u

1̂±
cd + γ2d⊥u

0̂
cd

)
.
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NRORpCS=iJ�RORX�SUTs�#i�mFWPv�pRf1�1i!j X+�#v�f1�PTskgTVv�f �&i
f�WRQJ�1mVi!�#Q!� v�f kxORQ$j|Q�msQ �Pi
fPkM�&v�t2�Cv�fPQ&fRk}S�vow
u1̂−
ab

pCSUT f1��kVOPQ
t�Q�kVO1vq�(vow �C{ � � @-� B!�o��WFX$SUQ�k�kgT f1�

dtu
1̂−
ab =

(
Pa

cPb
d − 1

2PabP
cd
)
×

[
Dtu

1̂−
cd − (N + njN

j)(w−
cd − γ2n

ic3̂icd)
]
.
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9@Q��#i�f�i!mVS�v�T f34uQ��#kdT fR�&v�t�T f1�5�RORX�SUTs�#i�mo�djli �FTsk�i�kgTVv�fPi�m �(i �RQ!S �8TskxO8i��1j Q!�PQ�kgQ�j t�T fPQ!� ��i �FQ�w~voj|t
ḣab(t, x)

kVOPj v�pC�oO8kxORQ�WPv�pRfP�Ci!j X$vowRkVOPQG�#v�t��Pp1k�i�kgTVv�fPi�m-�1v�t+i!T fJWFX$SUQ�k�kgT f1�

dtu
1̂−
ab =

(
Pa

cPb
d − 1

2PabP
cd
)
ḣcd(t, x).

� @-� B ���

NROPQ��#i�SUQ
ḣab = 0

�#vojlj|Q!Sl�Cv�f1�1S�k�vJi
f8TsS�vomVi�kgQ!�(SlXFSUkgQ
t ��TukxO8fPv T fP�#v�t�T fP���qjUi �RTsk�i!k�TVv�fPi�m �(i �FQ!S��
�Dvoj|Q��qQ&fPQ�jli�mumuX ��Q��#i�f$�#v�t�WRT fPQGkVOPQ��&v�fPSUk�jli�T fRkP�g�1j Q!SUQ�j �RT f1�o���RORX�SUTs�#i�m!f1v���T fP�#v�t�T fP�Jjli��PTVi!k�Tsv�fR�!i
f1�

kVOPQ:T f34sQ�� kgQ!�2�qjUi �FTsk}i!kgTVv�f1i!m �(i �RQ`WPv�pRf1�1i!j XJ�&v�fP�1Tuk�TVv�fPS�WFX$SUQ�k�kgT f1�
dtu

1̂−
ab

Q!{qpCi!mqk�v/kVOPQ=SlpPt vowRkVOPQ:jlTV��OPk
SUTV�PQ!S�vow'�C{dS�� � @ � B�>o�g� � @-� B
Y��x�oi
f1� � @ � B ���g�qi
f1��SUQ�k�kgT f1��kVOPQ)k�Tut�Q5�PQ�jlT �Ri!k�T �FQ!S�vow1kVOPQ5vokVOPQ�j7T fR�&v�t�T f1�8rPQ�mV�1S
i!�#�#vojl�PT fP��k}vJ�C{dS�� � @ � B6���1i�fP� � @ � B/@�� � ��vok�Q5kVO1i!kCkxORTVSGSUQ�k
vowM�&v�t8WRT fPQ!�(WPv�pRf1�1i!j X(�&v�fP�PTsk�Tsv�f1S�O1vomV�1SGkVOPQ
� �-� � .-)���.1�C�#v�t��Cv�fRQ&fPk�S7vow

u1̂−
ab

�&v�fPSUk}i
fPk-T f�kgTut�Q ��vokVOPQ�jRW1v�pRfP�1i�j|XJ�#v�f1�PTskgTVv�fPS7v�f�kxORQ��di!pC�qQ��PQ!�qj Q�Q!SMvow
w}j|Q�Q!�1v�t i!j Q�vowR�&v�p1jlSUQ��CvqS�SUT WRmsQ�WRp1kFi�j|Q`fPvokF�#v�f1SUTV�PQ�j|Q!��ORQ�j Q<�

� � ��� � � #��
�	�
�,� ��#����/#%� �

NROPQ ��Q�msm����CvqSUQ!�FfPQ!S�S�vow�kVOPQ T fPTuk�TVi!mR�sW1v�pRfP�1i�j|X �Ri�m p1Q��1jlv!WRmsQ
t �#i
f WRQ i�fPi�muX-��Q!�0pCSUT f1� kxORQ n-v�p1j TsQ�j��
ECi!�1msi�� Q�kgQ���O�fPTV{op1Q �x�!� � � 9@Q$OPi �FQ�i!�P�1muTsQ!� kxORTVS�t�Q�kVO1vq� k}v+kVOPQ  QD SlXFSUkgQ
t ��TukxODkVOPQ8�#v�t�WRT fRQ!��SUQ�k
vowCWPv�pRf1�1i!j X+�#v�f1�PTskgTVv�f1S:�1j Q!SUQ&fRk�Q!��OPQ�j|Q � ��QJk�j|Q!i�kMkxORQJ�#i�SUQ$vow�OPTs�oO �}w�j Q!{op1Q&fP��X��1Q�j kgp1j~WPi�kgTVv�f1S:vow �1i�k
Sl�Ci!�#Q�kgTut�Q:T f�i5SUmsTs� T fP� ��TskVO �1i!kPSl�Ci!k�Tsi�mdt�Q�kgjlTs���opRfRTskPmVi��CSUQ
�qi
f1��i)�#v�f1SUk�i
fPk1S OPTuw}kPkVO1i!kPTVS`k�i�fP�qQ&fPkPk�vJkVOPQ
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Q �Rvomup1k�Tsv�f1S�pCSUT f1� �Ri�j TVv�pCS �Ri�mup1Q!S�vowMkVOPQ5�#v�f1SUkgjUi!T fPkM�1i!t2�1T f1�$�Ci!jUi�t�Q�kgQ�jUS

γ0
i�fP�

γ2
pCSUT f1�$fFpPt�Q�jlTu�&i!m

j|Q!S�vomup1k�Tsv�f {Nr, Lmax} = {13, 7} �oyzTV��OPkPr1�op1j|Q)S OPv �(S`kVOPQ:mVv�fP�$k�T t�Q!SU�#i�msQ:Q �Rvomup1k�Tsv�f�vowFkxORQ�S�i�t�Q:�1i�k�iw~voj
kxORj Q�QG�PTswgw}Q�j|Q&fPkofFpPt�Q�jlTu�&i!mqj Q!S�vom p1k�TVv�fPS��
WPv�pRf1�1i!j X�� � �P�1muX-T fP��kVOPQ$n-v�p1j TsQ�j��PECi!�1mVi!� Q5k�Q���OFfRTV{op1Q$k�v2kVOPTVS)�#i�SUQ/X-TsQ�mV�1S=i/fPQ�� Q!S�S�i�j|X � WRp1kCf1vok7Slp1w�r8�
� TsQ&fPk��R�&v�fP�PTsk�Tsv�f�w}voj ��Q�msmR�g�CvqSUQ!�RfRQ!S�Sl�qkVOPQ=S�v��}�#i�msmuQ!���PQ�k�Q�j|t�T fPi�fRkR�#v�f1�PTskgTVv�f �V��� � ��w~i!Tsmup1j|Q�k}vJS�i�kgTVSUwgX�kVOPTVS
�#v�f1�PTskgTVv�f �(v�p1ms�Bt�Q!i
f kVOPQ$SlX�SUk�Q
t i��Rt�Tsk}S=Q�:��Cv�fPQ&fRk�Tsi�msm X@�qjlv ��T f1�+S�vomup1kgTVv�f1S���TukxO i�j~WRTsk�jli�j TsmuX�mVi�j �qQ
�qjlv �8kxO�jUi!k�Q!S��<9@Q`OPi �FQ �RQ�j TsrPQ!��kVO1i!k-kVOPTsS7�PQ�kgQ�j t�T f1i
fPkd�#v�f1�PTskgTVv�f�TVSzS�i!k�TsSUrPQ!��w~voj
kVOPQ  QD SlX�SUk�Q
t pCSUT f1�
kVOPQ��&v�t8WRT fPQ!�(SUQ�kRvowdWPv�pRfP�Ci!j X/�#v�f1�PTskgTVv�f1Sz�1j|Q!SUQ&fPkgQ!��ORQ�j Q<�

�8��� ���2�;���-���������F�G	1���� �	

egf kVOPTsSJSUQ�� k�Tsv�f �8Q2�PQ!SU� jlT WRQ(SUQ �FQ�jUi!m
fRpPt�Q�j Ts�#i�m�kgQ!SUk}S/vow�kVOPQ8fPQ ��rPjUSUk;�~voj �PQ�j  D Q �Rvomup1k�Tsv�f0SlX�SUkgQ
tV�
ndTsjUSUk �8QJkgQ!SUkzkxORQJQ�wgw}Q�� kgT �RQ&fRQ!S�S�vowzkxORQ$k �(v2�#v�f1SUkgjUi!T fPk��1i�t��1T fP�2kgQ�j t�S=T fR�#mupC�PQ!� T f �M{dS�� � @ � �6@���� � @ � �o�!�
WFX(Q �Pvom �FT fP��7���O��(i�j �oSU��OPTumV��T fPTuk�TVi!mP�1i!k}i � T f FGQ�j j��P7o��ORTsmV���#vqvojl�PT fPi�kgQ!S�� ��NROPQ!SUQ5kgQ!SUk}S�i�j|Q)�1Q�jlw}voj t�Q!��v�f
i=�#v�t��Pp1k�i!k�TVv�fPi�m-�1v�t+i!T f(�#v�f1SUTVSUkgT fP��vow1i)Sl�RORQ�jlTs�#i�mdS ORQ�msmdkxOPi�kFQ�:�kgQ&f1�1Szw}j v�t

rmin = 1.8M
� 4 pCSUkRT f1SUTs�1Q

kVOPQGQ �FQ&fPkqO1vojlT%�ov�fP��k�v
rmax = 11.8M

� �$OPQ�j|Q
M
TVS�kVOPQ�t+i�S�SzvowFkVOPQ7WRmVi!���5OPvomsQ<�oegf8kVOPQ!SUQ�Q �Pvomup1kgTVv�fPS �8Q

I�w}j|Q�QA��Q<K:kVOPQ��Ri!mup1Q!SGvow
kVOPQ T fR�&v�t�T f1�(��OPi�jli�� k�Q�j TVSUkgTs��rPQ�mV�1S�k}v8kVOPQ�Tsj`T fPTskgTVi!m �Pi!mup1Q!S�WFX2SUQ�k�kgT fP�
dtu

α̂ = 0
v�f(kVOPQ`WPv�pRf1�1i�j TsQ!S�w~voj�i�msmqT fP�#v�t�T fP�JrPQ�mV�1S � T;� Q<� ��i�mum

uα̂
�8TskxO

v(α̂) < 0
� ��9@QG�1Q�j w~voj t�Q!�8kxORQ!SUQGfFpPt�Q�j Ts�&i!m

Q �Rvomup1k�Tsv�f1S=pCSUT fP��Sl�1Q�� k�jli�mRt�Q�kxOPvq�CS=i�S:�PQ!SU�#j T WRQ!� w}vojGQ�:oi�t��1msQ/T f �x� � �
w~voj�iJjUi
f1�qQ$vow
fFpPt�Q�j Ts�&i!m1j Q!SS�
vomup1kgTVv�f1S�Sl�1Q�� TsrPQ!��WFX�kxORQ��Ci�jli!t�Q�k�Q�jlS

Nr
� kVOPQ=ORTV��OPQ!SUk
jli��PTVi!m�Sl�1Q��#kgjUi!moWPi�SUTVS�w�pRfR�#kgTVv�fP�
i
f1�

Lmax
� kVOPQ

OPTs�oORQ!SUk
Sl�RORQ�jlTs�#i!mR�gOPi�j|t+v�fPTu��WPi�SUTVS�w�pRfR�#kgTVv�fP� ��ndTV� �6@ � �=TsmsmupCSUkgjUi!k�Q!S�kVOPQ)j Q!Slp1msk�S�vowMkxORQ!SUQ�k�Q!SUk�S�w~voj`SUQ �FQ�jUi!m
�Ri�mup1Q!S�vow
kVOPQ5�#v�f1SUkgjUi!T fPkM�1i!t2�1T f1���Ci!jUi�t�Q�kgQ�jUS

γ0
i
f1�

γ2
�7NRORQ!SUQ5k�Q!SUk�SGS O1v � kVO1i!k ��TskVO1v�p1k
�#v�f1SUkgjUi!T fRk

�1i!t2�1T f1�(kxORQJQ�:�k�Q&fP�PQ!�  QD Q �Rvomup1kgTVv�f SlX�SUk�Q
t TVS�Q�:�kgj|Q
t�Q�muX(pRf1SUk�i&WRmsQ
�dWRp1k ��TskVO �#v�f1SUkgjUi!T fRkz�1i!t2�1T f1�
kVOPQ�Q �Rvomup1kgTVv�f1S�vowCkVOPQ 7o��O ��i�j �oSU��OPTsms��Sl�Ci!�#Q�kgTut�Q)i�j|Q)�#v�t��1muQ�k�Q�muX(SUk�i#WPmuQ=pP��k�v

t = 10, 000M
� i�fP��w~voj �
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ndTV�op1j Q @ � � � � �Rvomup1k�Tsv�f vow��#v�f1SUkgjUi!T fPk �FTVvomVi!kgTVv�f1S@w~voj FGQ�jlj�T fPTskgTVi!mJ�1i!k}i ��TukxO Sl�1T f>�Ci�jli!t�Q�k�Q�j
~a =

(0.1, 0.2, 0.3)
w}vojzSUQ �RQ�jli�m�fRpPt�Q�j Ts�#i�moj|Q!S�vomup1kgTVv�f1S��

Q �FQ�jg� ��Q��1j Q!SlpPt�Q!� �oNROPQ!SUQ�k�Q!SUk�S7i�mVS�v Tsmsm pCSUk�jli�kgQ�kxOPi�koW1vokVO(kVOPQ
γ0
i
f1��kVOPQ

γ2
�#v�f1SUkgjUi!T fRkP�1i!t2�1T f1�/k�Q�j|t+S

i!j Q�Q!S�SUQ&fRk�Tsi�mqw}vojzSUk}i#WRmsQGQ �Rvomup1k�Tsv�f1S��
� v�fPSUk�jli�T fRk��FTVvomVi!k�TVv�fPS`T f(ndTV� �A@-� � � i�fP�(T f(kxORQ=j|Q!SUkRvowRkVOPTsS7�Ci��1Q�jU�Fi!j|Q�t�Q!i�Slp1j|Q!� ��TskVO(kxORQ=�#v�f1SUkgjUi!T fRk

Q&fPQ�j �oX Ec �PQ�rFfPQ!�8T f �C{ � � @-� @6�o� �<7oT fR�#Q Ec TsS�fPvokP�PTut�Q&fPSUTVv�fPmuQ!S�Sl�oTsk�S�t+i��ofRTskxpC�1Q�OPi�S
f1v/i#W1S�vom p1k�Q�t�Q!i�f �
T fP�?��9@Q��&v�fPSUk�j�p1�#kRi�f(i��P�1j v��1jlTVi!k�Q�SU�&i!msQ ��TskVO ��OPTu��O(k�v5�&v�t2�Ci�j|Q Ec WFX$Q �Ri!mupCi�kgT fP�/kVOPQ L2 f1voj|t vowRkVOPQ
Sl�Ci!k�TVi!mq�qjUi��PTsQ&fPk�S�vowFkVOPQ:�RXqf1i�t�Ts�#i�mqrPQ�ms�CSl�

||∂u||2 =
∫
gijmabmcd

(
Λ2∂iψac∂jψbd + ∂iΠac∂jΠbd

+gkl∂iΦkac∂jΦlbd

)√
gd3x.
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NROPQ:�PTut�Q&fPSUTVv�fPmuQ!S�S7�#v�f1SUkgjUi!T fPkdf1voj|t ||C|| S OPv ��f(T f�kVOPQ!SUQ�r1�op1j|Q!S�TVS��1Q�rFfRQ!�2i�S

||C|| =

√
Ec

||∂u|| ,
� @-� ���!�

��ORTs��O2TVS`i=t�Q!i
fPT f1�qw�p1mdt�Q!i�Slp1j Q=vowPkVOPQ)j|Q�mVi!k�T �RQ:SUT���Q)vow1�#v�f1SUkgjUi!T fPk �FTVvomVi!kgTVv�f1S7T f�i=�Ci�j k�Tu� p1mVi!j�S�vomup1kgTVv�fH�
egf�kxORQ�r1�qp1j|Q!S�S OPv ��f8OPQ�j|Q ��QGQ �Ri�m pCi�kgQ ||C|| ��TskVO mab = δab

i�fP��kVOPQ��PTut�Q&f1SUTVv�fPi�mq�#v�f1SUk�i
fPk
Λ = 1/M

�
��p1jzSUQ��#v�f1�8fRpPt�Q�j Ts�#i�mqkgQ!SUkFQ �Rvom �FQ!S7kVOPQ:S�v�t�Q �$O1i!kFt+voj|Q���OPi�msmuQ&f1�qT f1�/T fPTuk�TVi!m-�1i�k�i:w}voj�i FGQ�j j1WRmVi!�T�

O1vomuQ � T f FGQ�jlj �37o��OPTsms� �&vqvoj �PT f1i!kgQ!S��7v�f i8�&v�t2�Pp1k}i!k�Tsv�f1i!mz�1v�t+i!T f �#v�f1SUTVSUkgT fP�Bvow�i(Sl�RORQ�jlTs�#i!m�S OPQ�mum�kxOPi�k
Q�:�kgQ&f1�1S�w�jlv�t

rmin = 1.8M
� 4 pCSUk
T fPSUTV�PQ/kVOPQ Q �FQ&fPkPO1voj T��ov�fP��k}v

rmax = 21.8M
�O9@Q5pCSUQ k ��v(Slp�WP�1v��

t+i!T fPSl��Q!i!��O O1i �RT f1��fRpPt�Q�jlTs�#i�m
j Q!S�vomup1kgTVv�f {Nr, Lmax}
�Mk}v��#v �FQ�j=kVOPTVS�j|Q!�qTVv�fH�8NROPQ�Sl�1T f vow�kVOPQJFGQ�j j

Sl�Ci!�#Q�kgTut�Q�pCSUQ!� OPQ�j|Q8TVS
~a = (0.1, 0.2, 0.3)M

� ��OPQ�j|Q8kxORQ8t+i��ofRTskxpC�1Q(vow�kVOPTsS �FQ��#k�voj��PQ�kgQ�j t�T fPQ!S5kVOPQ
FGQ�jlj�Sl�1T f@�Ci�jli!t�Q�k�Q�j

a = |~a| ≈ 0.374M
�Fi�fP� kVOPQ/�PTsj|Q��#kgTVv�fB�PQ�kgQ�j t�T fPQ!SGkxORQ$voj TsQ&fPk�i!k�TVv�fBvowzkVOPQ�FGQ�j j

j vok}i!k�Tsv�fBi6:�TVSGj Q�mVi!kgT �RQ5k�v�kxORQ${opCi�SUTR� � i!jlkgQ!SUTVi
f@�#vqvojl�PT fPi�kgQ/SlXFSUkgQ
t pCSUQ!�@T f v�p1j��&vq�PQ<�:n-vojGkVOPTVS�kgQ!SUk ��Q
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ndTV�op1j Q�@ � � �M� �Pvomup1kgTVv�f vow 7o��O �(i!j���SU��OPTsmV�+T fRTskgTVi�mM�1i�k�i5�1Q�jlkxp1j WRQ!�(WRX�i$�qjUi �FTsk}i!kgTVv�f1i!m �(i �RQ �Pp1mVSUQ ��TskVO
i�t��1msTskxpC�PQ

10−3 � ECQ�w�k�r1�op1j Q2�PQ
�1Ts� k}S �&v�fPSUk�jli�T fPk �FTVvomVi!k�TVv�fPS$i!k �Pi!jlTsv�pCS5fFpPt�Q�jlTu�&i!m�j Q!S�vomup1kgTVv�fPSl��i
f1�
kVOPQ�jlTV��ORk�r1�op1j Q(S OPv �(S

Ψ4
i �RQ�jli��qQ!� v �FQ�j�kxORQ(v�p1k�Q�j�WPv�pRfP�Ci!j X vow�kVOPQ��#v�t��Pp1k�i�kgTVv�fPi�m7�1v�t+i!T f i!k�i

SUT fP�dmuQGfFpPt�Q�j Ts�&i!moj|Q!S�vomup1kgTVv�fH��7qvomsTV�8��p1j��FQ!S
pCSUQGw}j|Q�QA��T f1��WPv�pRf1�1i!j X/�&v�fP�PTsk�Tsv�f1S�i�fP���Ci�S OPQ!����p1j��FQ!S
pCSUQ
�#v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT f1� i
f1�8�RORX�SUTs�#i�m�WPv�pRfP�Ci!j X/�#v�f1�PTskgTVv�f1S��

pCSUQ5kVOPQ5�#v�t�WRT fPQ!�@SUQ�kMvowC�ROFX�SUTs�&i!mPi
f1�+�#v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT f1� WPv�pRfP�Ci!j X(�#v�f1�PTskgTVv�f1S��PTVSU��pCS�SUQ!�@i�k1kVOPQ
Q&f1��vow�7�Q����A@-� >-� � �FndTV�op1j Q @-� � S OPv �(S�kVO1i!kFfRpPt�Q�jlTs�#i�m-Q �Rvomup1k�Tsv�f1SGvowPkVOPTVS4FGQ�j j7Sl�Ci�� Q�k�T t�Q=i�j|Q)SUk�i#WPmuQ)i
f1�
fRpPt�Q�jlTs�#i!msmuXB�&v�f��RQ�j �qQ&fPk7k}v

t = 10, 000M
� i
f1� w~voj|Q �FQ�jg� ��Q8�1j Q!SlpPt�Q!��pCSUT f1� i(jli�fP�dQ�vow�fRpPt�Q�jlTs�#i�m

j|Q!S�vomup1k�Tsv�f1S��
��p1j:kxORTsjl�BfFpPt�Q�j Ts�&i!m�kgQ!SUk�TVS5�PQ!SUTV��fPQ!� k}v+�PQ
t�v�f1SUkgjUi!k�Q�kVOPQ8Q�wgw}Q�� kgT �RQ&fRQ!S�S)vow`v�p1j:fRQ � �&v�fPSUk�jli�T fPk;�

�1j|Q!SUQ�j��FT f1�JWPv�pRf1�1i�j|X��#v�f1�PTskgTVv�f1S��)NROPTsS:kgQ!SUk��#v�f1SUTVSUk�S)vowzQ �Rvom �FT f1�2i�WRmVi!�T�-�gOPvomsQJSl�Ci�� Q�k�T t�Q5�1Q�jlkxp1j WRQ!�
WFX@i
f T fP�#v�t�T fP� �qjli �FTsk�i�kgTVv�f1i!m �(i �FQJ�Pp1msSUQ<��9@Q�SUk�i�j k ��TskVO 7���O��(i�j �oSU��OPTumV�BT fRTskgTVi�m
�1i�k�i!�Ci
f1� �1Q�jlkxp1j W
Tsk �RTsi@kVOPQ+T fP�#v�t�T fP���qjUi �FTsk}i!kgTVv�f1i!m �(i �FQ�WPv�pRf1�1i�j|XD�&v�fP�PTsk�Tsv�f,�PQ!SU�#j T WRQ!�0T f �C{ � � @ � B ��� ��TskVO

ḣab =

ḟ(t)(x̂ax̂b + ŷaŷb − 2ẑaẑb)
��ORQ�j Q

x̂a
�
ŷa
�
i�fP�

ẑa
i!j|QJkVOPQ8�#v�t��Cv�fRQ&fPk�S5vow`kVOPQ��#vqvoj �1T f1i!k�Q WPi�SUTVS �FQ��T�

k�vojUSl�
x̂a∂a = ∂x

�!Q�kg����n-voj�kVOPQ!SUQGQ �Rvomup1k�Tsv�f1S ��Q�pCSUQ�i
f�T fR�&v�t�T f1�J�qjUi �RTsk�i!k�TVv�fPi�m �(i �FQ��Pp1mVSUQ �$O1vqSUQ�k�T t�Q
�1j vorPmsQ5TVS

f(t) = A e−(t−tp)2/w2 ��TskVO A = 10−3 � tp = 60M
�-i�fP�

w = 10M
��NPORTVSGk�Q!SUkCTVS��1Q�j w~voj t�Q!�

v�f kVOPQJS�i!t�QJ�#v�t��Pp1k�i�kgTVv�fPi�mM�1v�t+i!T fB�PQ!SU�#j T WRQ!� i#WPv �RQ/w~voj�kxORQ$SUQ��#v�f1�+fRpPt�Q�j Ts�#i�m1kgQ!SUk �=ndTV�op1j|Q�@ � ��Tsm��
mupCSUkgjUi!k�Q!S�kVOPQ j|Q!Slp1msk�S:vowMkxORQ!SUQ k�Q!SUk�S�pCSUT f1�(k �(v8kxXd�1Q!S:vowRWPv�pRf1�1i�j|X��#v�f1�PTskgTVv�fPS��zw�jlv���Q&f8��T fP�#v�t�T fP� �}rPQ�mV�
� T*� Q<� �

dtu
α̂ = 0

w}voj
v(α̂) < 0

��WPv�pRf1�1i!j X �#v�f1�PTskgTVv�f1S � S�vomsTV� ��p1j��FQ!S���i�fP��kVOPQ2fRQ �E�#v�t�WRT fRQ!�bSUQ�k�vow
�#v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT f1�Ji�fP���ROFX�SUTs�&i!m�WPv�pRf1�1i�j|X��#v�f1�PTskgTVv�f1S��1TsSU� pCS�SUQ!�2i�k�kxORQ=Q&fP��vow87oQ��A�A@ � >1� � � �1i�S OPQ!�
��p1j��FQ!S�� �FNROPQ��qjli!�RO2v�f�kxORQ=muQ�w}kPT f2ndTV� �/@ � ��S O1v �(S`kxOPi�kP�#v�f1SUkgjUi!T fPk �FTVvomVi!kgTVv�f1S��#v�f �FQ�j �dQ:k�v �(i�j � ��Q�j v/i�S
kVOPQ)fRpPt�Q�jlTs�#i!mRj Q!S�vom p1k�TVv�f+TVSGT fP� j Q!i�SUQ!� ��ORQ&f+kVOPQ�fPQ � WPv�pRfP�Ci!j X(�#v�f1�PTskgTVv�f1S:i!j Q)pCSUQ!�R��WFp1k1fPvok ��ORQ&f
w}j v���Q&f8�}T fP�#v�t�T fP�-��rPQ�mV�/WPv�pRf1�1i�j|X$�#v�f1�PTskgTVv�fPS`i!j Q�pCSUQ!�H�

NROPQJ�qjUi��ROBv�f kVOPQ/jlTs�oORkzT f ndTV� �-@ � ��S O1v �(S:kxORQ�v�p1k��dvoT f1�2�ROFX�SUTs�&i!mM�djli �FTsk�i�kgTVv�fPi�m �(i �RQ �Rp': � t�Q!i6�
Slp1j|Q!�Jv�f/kVOPQ7v�p1kgQ�j-W1v�pRfP�1i�j|X�vowqkVOPQ7�&v�t2�Pp1k}i!kgTVv�f1i!m��Cv�t�i�T f1���#v�t��Pp1kgQ!�/pCSUT fP�=w�jlv���Q&f8��T fP�#v�t�T fP� �}rPQ�mV�1S
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� S�voms�2��p1j��FQ!�Ri�fP�(kVOPQGfPQ � �#v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT fP�Ji
f1���RORX�SUTs�#i�m � �1i�S OPQ!�8��p1j��FQ!�qWPv�pRf1�1i�j|X��#v�f1�PTskgTVv�f1S��
NROPQ!SUQ�Q �Rvomup1k�Tsv�f1S �8Q�j Qz�#v�t��Pp1kgQ!� ��TukxO5fFpPt�Q�jlTu�&i!m�j Q!S�vom p1k�TVv�f {Nr, Lmax} = {21, 19} �,9@Q7t�Q!i�Slp1j|QzkxORQ
v�p1k��-voT f1�/�djli �FTsk�i�kgTVv�fPi�m �(i �FQ �Rp': ��TskVO8kVOPQ�{opCi�fRk�TukgX 〈RΨ4〉

� ��ORTs��O8TVS�kxORQ49@Q
X-mo��p1j��Ri�kxp1j Q`�&v�t2�Cv�fPQ&fRk
Ψ4

i �FQ�jUi��dQ!�$v �RQ�j�kVOPQ:v�p1kgQ�j1WPv�pRf1�1i!j XJvowPv�p1j��#v�t��Pp1k�i�kgTVv�fPi�md�1v�t+i!T f �

4π〈RΨ4〉2 =

∫
|Ψ4|2d 2V.

� @-� �
�o�

D�Q�j|Q
4πR2 TVS5kVOPQ8�1jlv��1Q�j)Slp1jlw}i�� Q�i�j|Q!i�vow�kVOPQJWPv�pRf1�1i�j|X#�zi�fP� d 2V

j|Q
�1j Q!SUQ&fRk}S=kxORQ(�1j v��1Q�j�i!j Q!i8Q�msQ��
t�Q&fRk:v�fbkVOPTVS5WPv�pRfP�Ci!j X�� 7oT fR�#Q

Ψ4
w~i!msmVS�vowgw�msTR�dQ

1/R
�`kVOPTsS�{opCi�fRk�TskxX�S O1v�p1mV� WRQ�T f1�PQ
�1Q&f1�PQ&fPk:vow

R
� i�SlXdt��1k�vok�Tu�&i!msmuX�� �BNRORQ2�1i�S OPQ!�D� p1j �RQ2v�f kVOPQ(jlTV��OPk�T f�n-Ts�?� @-� �2�#muQ!i�j muX S OPv �(S${opCi�SUTR�gfPvoj t+i!m7vqSU�#TumsmVi/�
kgTVv�f1S ��TskVODw}j|Q!{op1Q&fP��X

ωM = 0.376 − 0.089 i
� �PQ�kgQ�j t�T fPQ!� WFXBi8fFpPt�Q�jlTu�&i!mzrPk�k�v+kxORQ!SUQ��Ci!k�i�� �(NROPTVS

TVS)T fD�dvqvq�Di��qj|Q�Q
t�Q&fPk �8TskxO kxORQ�w}j|Q!{op1Q&fP��X@vow7kxORQ�t+vqSUk`SUmVv ��muXB�1i!t2�1Q!� {opCi�SUT��gf1voj|t+i!m
t+vq�PQ8vow7kVOPQ
WRmVi!�T�@O1vomsQ �

ωM = 0.37367 − 0.08896 i
�s� �3� e�k�TVS/T fPkgQ�j Q!SUkgT fP� k}v+f1vokgQ�kVO1i!k�kVOPQ�S�vomuTV� ��p1j��FQ �0pCSUT fP�

w}j v���Q&f8�}T fP�#v�t�T fP�-��rPQ�mV�1S�WPv�pRf1�1i!j X8�#v�f1�PTskgTVv�fPS ���qT �FQ!S:{opCi!msTsk�i�kgT �FQ�muX8T fR�&voj j Q�� kPj|Q!Slp1msk}S7w~voj�kVOPQ)�ROFXFSUTu�&i!m
�qjUi �RTuk}i!k�Tsv�f1i!m��(i �RQ�w}voj t���Q �FQ&f+kVO1v�pC��O@kVOPQ msQ �FQ�mPvow
�#v�f1SUkgjUi!T fPk �RTsvomVi�kgTVv�fPS:TVS�w}i�TujlmuX2Slt+i!msmFfFpPt�Q�jlTu�&i!msmuX
T f kxORTVS)�#i�SUQ<� NPORTVS)TVSGf1vok7Slp1j �1j TVSUT fP�2WRQ��#i!pCSUQ/kVOPQ$t�i���fPTukgpC�PQ�vow��#v�f1SUkgjUi!T fPk �FTVvomVi!k�Tsv�f1S�T f kxORTVS)�#i�SUQJTVS
�#v�t��Ci!jUi#WPmuQGk}v5kVOPQ:SUT���Q�vowRkxORQ�T f34sQ�� kgQ!�2�qjUi �FTsk}i!kgTVv�f1i!m �(i �RQ��Pp1msSUQ<�

�8��� � �ML����)6 ���G.(3J�������� �	

9@Q)kVO1i
f8� 7�k�Q �FQ&f2��Q�k �8Q�TsmsQ�jx� ���Rv�fFfRQ � O1vq{op1Q�k;� �1j�pRO1i!kg�-D8i!jUi!mV�(hPw}Q�Tswgw}Q�jx��ndjli�fPS`hPj|Q�k}voj TupCSl� �5msT �FTsQ�jO7qi!j��
WPi���OR�oN-Tumut+i
f 7oi!p1Q�jx��7qi�p1m-N�Q
p'�-vomVSS�qX#�-i
f1�!� i�t�Q!S �Fvoj��8w}voj�OPQ�mu�1wgp1mF�PTVSU��pCS�SUTVv�f1S��#v�fP� Q�j|fRT f1��kVOPTsS �(voj��?�
EL� EM�PkxOPi�f �-SJkVOPQ�e}S�i�i!� �8Q �8k}v�f egfPSUk�Tskxp1kgQ�w~voj��Di!kVOPQ
t+i!kgTs�&i!mO7o� TsQ&fP� Q!SJw}voj5kxORQ�Tsj�O1vqSl�1Tsk�i�muTskgX �Rp1j T f1� i
�FTVSUTsk)T f ��OPTu��O,i+�CvojlkgTVv�fHvow=kxORTVS �(voj�� �(i�S��#v�t��1muQ�k�Q!�H�HNROPTVS �(voj�� �(i�S8SlpP�P�CvojlkgQ!�bT fb�Ci!jlk�WFX i
�qjUi
fPk-w}j v�t kVOPQU7�OPQ�j t�i�f�n-i�Tsj|��OPTsmV��n-v�pRfP�Ci!kgTVv�f�k�v � i�muk�Q���O8i
f1� � voj�fPQ�msm �
WFX � 7on �qjli�fRk}S�h8D � �}��� � �/@�B
Y!�
h8D � �}�!�6>6>����6B�i
f1� � � 7 � �qjUi
fPk�S � �  @�� �������o�
� � �  @�� �
�,Y/�6>8i�k � i!mskgQ���OF�Mi�fP�@WRX �J7on+�qjUi
fPk�S)h8D � �
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����h8D � �}�/�<@/>�B6�q�
��i
f1� � � 7 � �djli�fRk � �  =�6@   @d�  �i�k � voj|fRQ�msm;��7qv�t�Q)vow1kVOPQ=�&v�t2�Pp1k}i!k�Tsv�f1S�w}voj
kVOPTVS`�1j v54sQ�� k ��Q�j|Q:�1Q�j w~voj t�Q!� ��TskVO�kxORQ)N�pRfP�-SUkgQ&f��#mupCSUkgQ�j7i�kPkVOPQ ��i!k�TVv�fPi�m � Q&fRk�Q�j�w~vojO7�pP�1Q�j|�#v�t��Pp1kgT f1�
� �P�1msTs�#i!k�TVv�fPS��
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= Λdψ2 + (dπ − γdψ)2 + δijdφidφj ,
� B � �AB��

��ORQ&f Q�:��1j Q!S�SUQ!� T f kgQ�j t�S)vow
π
�CTVS=�CvqSUTskgT �FQ��~�PQ�rFfPTskgQ � w~vojG�CvqSUTskgT �FQ

Λ
��i
f1� SlXdt�t�Q�k�j T���Q!S)kxORQJpRfRk�jli�fPSS�

w~voj|t�Q!� SlX�SUk�Q
t��:NROPQ�j|Q�w~voj|Q
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kVOPQ
SUk�i�fP�Ci!j � rPjlSUkP�}vojl�PQ�j5j|Q
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∂tgij −L ~Ngij = −2NKij
� B � �!���

∂tKij −L ~NKij = NRij +N(KKij − 2Ki
kKkj)

−∇i∇jN.
� B � �5Y��
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gij
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gij

�:NRORQ/Q �Rvomup1kgTVv�f SlX�SUk�Q
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1

2
∂kgij .
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fRX
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gij
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muTR�dQ$kVO1i!kzw~voj�kxORQ�SU�#i�msi�jGrPQ�mV�R�M�PQ!SU�#j T WRQ!S:�ROFXFSUTu�&S=v�fPmuX ��ORQ&f � Q�jlk�i!T fB�&v�f �
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Ci := ∇j(Kij −Kgij),
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Ckij := ∂kgij − 2Dkij .
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f1� Ci
�Pt�pCSUk �Ri
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∂kgij/2
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kVOPQ:SU�&i!mVi!j
rPQ�mV��SlX�SUkgQ
tV�

NROPQ=fRQ � rPQ�mV�R�
Dkij

�-TVS�k�v WRQ��#v�f1SUTV�PQ�j|Q!��T f1�PQ
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∂̂0Dkij =
1

2
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N = gγ0 exp(Q),
� B�� �6@��

��ORQ�j Q
g
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�1v fPvokCi�wgw}Q�� k�kVOPQ:�RORX�SUTs�#i�m�S�vomup1kgTVv�f
Sl�Ci!�#Q`vowqkxORQ`Q!{opCi!k�Tsv�f1S
T fJi
fRX �(i!X ��WFp1kqkVOPQ
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kVO1i!k7j|Q&f1�PQ�j�kVOPQ8Q �Rvomup1k�Tsv�fDSlX�SUk�Q
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�1Q��
SU� jlT WRQ!��T f 7oQ��A�1B � � �1D�Q�j|QGkxORQ)�dvqi!mdTVS7k�v5t+vq�PTsw�X�kxORQ:Q �Rvomup1kgTVv�f�vowPkxORQ=kVOPj|Q�Q��}T f1�PQ�:)�#v�f1SUkgjUi!T fPkx� ��ORTs��O�T f
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∂̂0Dkij ' −N [δckδ
a
i δ
b
j −

1

2
γ3g

cagk(iδ
b
j)

−1

2
γ4g

cagijδ
b
k +

1

2
γ3g

abgk(iδ
c
j)

+
1

2
γ4g

abgijδ
c
k]∂cK̄ab

+N [
1

2
(γ6 −

1

2
γ4γ5)δ

c
kg
abgij

+
1

2
(γ7 +

1

2
γ3γ5)g

caδb(igj)k

+
1

2
(γ8 −

1

2
γ3γ5)g

abδc(igj)k

+
1

2
(γ9 +

1

2
γ4γ5)g

caδbkgij ]∂cgab.
� B � �/>q�

e}wg��w~vojzi!j WRTskgjUi!j X
γ5
��kxORQ�w�p1jlkVOPQ�jC�Ci�jli!t�Q�k�Q�jlS�i!j QGr8:�Q!�(i�S

γ6 =
1

2
γ4γ5

� B � �6@o�
γ7 = −1

2
γ3γ5

� B � �<B��
γ8 =

1

2
γ3γ5

� B � �o���
γ9 = −1

2
γ4γ5,

� B � �,Y��



�AB�>
kVOPQ&f�kVOPQG�1jlT fP� Tu�Ci�mdSlX�SUkgQ
t���T f�kVOPQ�kgjUi
f1SUw~voj|t�Q!� �Ri�j TVi&WRmsQ!Sl��mVvqSUQ!S�i
fRXJj Q�w�Q�j Q&fR�#Q`k}v

γ5, ..., γ9
�

∂̂0gij ' 0,
� B � � ���

∂̂0K̄ij ' N [gabδci δ
d
j − (1 + γ2)g

adδb(iδ
c
j)

−(1 − γ2)g
bcδa(iδ

d
j) + (1 + 2γ0)g

cdδa(iδ
b
j)

−γ1g
adgbcgij + γ1g

abgcdgij ]∂aDbcd,
� B � >����

∂̂0Dkij ' −N [δckδ
a
i δ
b
j −

1

2
γ3g

cagk(iδ
b
j)

−1

2
γ4g

cagijδ
b
k +

1

2
γ3g

abgk(iδ
c
j)

+
1

2
γ4g

abgijδ
c
k]∂cK̄ab.

� B � >d�!�

NROPTVSGTVS�kVOPQ5�1j T fP� Tu�Ci!m��Ci!jlkMvow
kVOPQ SUk�i�fP�Ci!j � FU7oN SlXFSUkgQ
tV� 7ov�w~voj�i
fRX �Ri�m p1Q vow
kVOPQ��Ci!jUi�t�Q�kgQ�j
γ5
� ��TskVO

γ6, ..., γ9
r8:�Q!�$WRXN�C{-S�� � B�� �<@�� � � B�� ��Y�� 9 �qkVOPQGORXd�1Q�j WPvomsTu�#TskxX�vowCv�p1j�t+vq�PTsrPQ!��SlXFSUkgQ
t TVS�kxORQ�S�i�t�Q=i�S�kxOPi�k

vowRkVOPQ��#vojlj|Q!Sl�Cv�f1�PT f1�/SUk�i�fP�Ci!j �JFU7oN(SlXFSUkgQ
tV�

�8��� � %J�+���o? ���!���M�
 &% �5A+ �*+�>�
���+	C !�����
�� 8�7"8�����2 !�!�5�

E1Q�k�pCSRf1v � kgp1j�fJv�p1j1i�kgkgQ&fPkgTVv�f/k}v�kVOPQ7Q �Pvomup1kgTVv�f$vowqkVOPQ7�&v�fPSUk�jli�T fRkorPQ�mV�1S1T fJv�p1jRt+vq�PTsrPQ!� FU7oN$Q �Rvomup1kgTVv�f
SlX�SUk�Q
t��  =T �RQ&f�kVOPQ��1Q�rFfRTskgTVv�f1S�vowGkVOPQ2�&v�fPSUk�jli�T fPk�S$T f�k�Q�j|t+S/vow�kxORQ�w�pRfP�1i!t�Q&fPk�i�m7�RXqf1i�t�Ts�#i�m�rPQ�mV�1Sl�
i
f Q �Rvomup1kgTVv�f SlXFSUkgQ
t�w~voj�kxORQ$�#v�f1SUkgjUi!T fPk�S)w}vomsmVv �(S�w�jlv�t v�p1j:w�pRfP�Ci�t�Q&fRk}i!m1Q �Pvom p1k�TVv�f Q!{opCi�kgTVv�f1S�� e}k�TVS
Tut2�Cvojlk�i�fRkg��w~vojMkxORQ��&v�fPSUk�j�p1�#kgTVv�f2vow��&v�fPSUk�jli�T fRkP�g�1j Q!SUQ�j �RT f1��WPv�pRf1�1i!j X/�&v�fP�PTsk�Tsv�f1Sl�okVO1i!k-kxORTVS�SlXFSUkgQ
t i!mVS�v
WRQ)SlXdt2t�Q�kgjlTs���gOFX-�1Q�j~WPvomsTs� � �/>����6@!���
� �3�RNRORQ=�1jlT fP� Tu�Ci�mq�Ci!jlkPvowPkVOPTsS`Q �Rvomup1k�Tsv�f+SlX�SUkgQ
t �#i
f$WPQ=Q�:��1j|Q!S�SUQ!�
i�Sl�

∂̂0C ' −1

2
(2 − γ3 + 2γ4)Ng

ij∂iCj

+
1

2
(γ8 − 2γ6 − γ5)Ng

ij∂iC1
j

+
1

2
(γ7 − 2γ9 + γ5)Ng

ij∂iC2
j ,

� B � >��o�
∂̂0Ci ' −(1 + 2γ1)N∂iC

+
1

2
Ngklgab

[
(1 − γ2)∂kClabi + (1 + γ2)∂kCailb

−(1 + 2γ0)∂kCliab
]
,

� B � ><�o�
∂̂0Ckij ' 0,

� B � >6>q�
∂̂0Cabij ' −1

2
Nγ3gi[a∂b]Cj −

1

2
Nγ3gj[a∂b]Ci

; 
�������14��`0-�� 14�$:?������
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�AB/@
−Nγ4gij∂[bCa] −Nγ6gij∂[bC1

a]

−1

2
Nγ7gi[a∂b]C2

j −
1

2
Nγ7gj[a∂b]C2

i

−1

2
Nγ8gi[a∂b]C1

j −
1

2
Nγ8gj[a∂b]C1

i

−Nγ9gij∂[bC2
a],

� B � ><@o�

��ORQ�j Q�kVOPQ)w~v�p1j �}T fP�1Q�:/v!W�4sQ�� k Cklij := 2∂[kDl]ij
TVS��#v�f1SUTV�PQ�j|Q!��i
f�T fP�PQ
�1Q&f1�PQ&fPk1�#v�f1SUkgjUi!T fPkx��S�v�kxOPi�k1kVOPQ

�#v�f1SUkgjUi!T fPk�Q �Pvomup1kgTVv�f2SlX�SUkgQ
t TVSzrPjUSUk;�~voj �1Q�j �
NROPQJT fP� mupCSUTVv�f vow7kVOPQ$kgQ�j t�S=�1j v��CvojlkgTVv�f1i!m
k�v

γ5, ..., γ9
T f �C{dS�� � B�� >���� � � B�� ><@��CO1i�S�SUQ�jlTsv�pCSUmuX �&v�t=�

�1msTs�#i!k�Q!� kxORTVS)SlX�SUkgQ
tV��E1Q�k
pCS:�&v�fPSUTV�PQ�jg�ROPv ��Q �FQ�jg�CkVOPQ/�&i�SUQJ�#v�f1SUTs�1Q�j|Q!� i#WPv �RQ
� �$OPQ�j|Q
γ5
TVS)i!j WRTskgjUi!j X �

i
f1� kVOPQ8vokVOPQ�jG�Ci!jUi�t�Q�kgQ�jUS:i�j|Q/r8:�Q!�@WFX �C{dS�� � B�� �6@���� � B�� ��Y�� ��egf kxORTVS)�#i�SUQ
�MiJfFpPt�WRQ�j:vow`j|Q
t+i!j��-i#WPmuQ
SUTut2�1msTsrP�#i�kgTVv�f1S7vo� � p1jzi
f1�8kVOPQ:i#W1v �FQ�SlX�SUk�Q
t �#i
f/WRQ ��jlTskgkgQ&f(i�S

∂̂0C ' −1

2
(2 − γ3 + 2γ4)Ng

ij∂iC̄j ,
� B � >�B��

∂̂0C̄i ' −(1 + 2γ1)N∂iC

+
1

2
Ngklgab

[
(1 − γ2)∂kClabi + (1 + γ2)∂kCailb

−(1 + 2γ0)∂kCliab
]
,

� B � >q���
∂̂0Ckij ' 0,

� B � >�Y��
∂̂0Cabij ' −1

2
Nγ3gi[a∂b]C̄j −

1

2
Nγ3gj[a∂b]C̄i

−Nγ4gij∂[bC̄a],
� B � >����

�PQ�rFfPT fP�/kVOPQ�fRQ � �&v�t8WPT f1i!k�TVv�f C̄k := Ck + 1
2γ5C1

k − 1
2γ5C2

k

�
NROPTVS��#v�f1SUkgjUi!T fRk�Q �Rvomup1k�Tsv�f SlX�SUk�Q
t O1i�S kVOPQ�S�i�t�QJ�1jlT fR�#Tu�Ci!m
�Ci!jlk7i�S�kxORQ�SUk}i
f1�1i!jl� FU7oN �#v�f1SUkgjUi!T fRk

SlX�SUk�Q
t��+NROFpCSl� ��OPQ&f kxORQ��Ci!jUi�t�Q�kgQ�jUS)i�j|Q8��OPvqSUQ&fBWFX �C{dS�� � B�� �<@�� � � B�� ��Y��g�CkVOPQ�ORXd�1Q�j~W1vomuTs�#TukgX vow�kVOPQ
w�pRfP�1i!t�Q&fPk�i�m-i
f1���#v�f1SUkgjUi!T fPk1Q �Rvomup1kgTVv�f+SlX�SUkgQ
t+S�i!j|Q=T fP�PQ
�1Q&f1�PQ&fPk1vow1kVOPQ=�Ci!jUi�t�Q�kgQ�j

γ5
�dS�v�v�p1jzt�vq�1T��

rP�#i�kgTVv�f1S��1v)f1vokPi!mskgQ�j
kVOPQ�ORXd�1Q�j~W1vomuTs�#TukgX$vowRkVOPQ!SUQ:SlX�SUk�Q
t�S��

�8��� �  ��7?@�
�!�
 &% �5AB�
���+	C !�����
�� � ����.�	D����.����@A����G�>�7"������� !�!���

� f1i!muX-��T f1��kxORQ/SUk}i#WRTsmsTskxX�vowMkxORQ �&v�fPSUk�jli�T fRk�Q �Rvomup1k�Tsv�fBSlXFSUkgQ
t T f@�dQ&fRQ�jlTs�)SUTut�p1msi�kgTVv�f1S�TVSGQ!S�SUQ&fPkgTVi!msmuX�f1v
�PTswgw}Q�j|Q&fPk1kxOPi�f kVOPQ wgp1msmFfRpPt�Q�jlTs�#i�mPj|Q�mVi!k�T �RTskxX(�1jlv!WRmsQ
t Tuk}SUQ�msw ��exf vojl�PQ�j`k}v(�qQ�k�S�v�t�Q5O1i
f1�PmsQ
�Ri�kMkxORQ$i
f8�
i!muX-k�Ts�#i!m7muQ �RQ�mu�`v�f kxORQ2Q�wgw}Q�� k�vow:v�p1j5t+vq�PTsrP�#i!k�TVv�fPSl� �8Q��#v�f1SUTV�PQ�j5�#v�f1SUkgjUi!T fPk;� �FTVvomVi!k�T f1� �1Q�jlkxp1j WPi!k�Tsv�f1S
vow�� T f8�-v �(SS�dT�Sl�Ci!� Q�k�Tut�Q<� �:W��FTVv�pCSUmuX kVOPQ!SUQ�Q!SUkgTut+i!k�Q!S ��TsmumzfPvok�WRQ��&v�t2�1msQ�k�Q�m X j|Q�msQ �Pi
fPk7T f�SUTut2p1mVi/�
kgTVv�f1S`vowRT fPkgQ�j|Q!SUkg��WRp1kFi�k�msQ!i�SUkRT f(kVOPQ:msTut�TukPvow1S O1voj kP� �(i �FQ�msQ&fP�dkVO��1Q�jlkxp1j WPi!k�Tsv�f1Sl��kxORQ)�PQ
�1Q&f1�PQ&fR�#Q:v�f(kVOPQ
Sl�Ci!�#Q�kgTut�QGW1i!�����qj v�pRf1�+S OPv�p1mV�(WPQ=t�T fRTut+i!m;��exf�kVOPTsS:SUQ&fPSUQ
��SUk}i#WRTsmsTskxX2vow
S OPvojlk;� �(i �RQ�muQ&f1�qkxO��&v�fPSUk�jli�T fPk;�



�AB6B
�FTVvomVi!k�T fP�2�1Q�jlkxp1j WPi!k�Tsv�f1S:vow�� T f8�-v �(SS�dTMSl�Ci�� Q�k�T t�Q/TVS)i/fRQ��#Q!S�S�i!j X��&v�fP�PTsk�Tsv�f w}vojG�&v�fPSUk�jli�T fRk��1i!t2�1T f1�
T f �qQ&fRQ�jUi!m;� � f1� ��ORTsmsQJv�p1j`� T f �-v �(SS�dTR�~Sl�Ci!�#Q�kgTut�QJi
f1i!muX�SUTVS�vow
msv�f1� � �(i �FQ�msQ&f1�qkVO@t+vq�PQ!S�t+i�X�fPvokPWRQ
�PTsj|Q��#kgmuX�j|Q�msQ �Ri�fRk�w~voj�Q �Rvomup1kgTVv�f1S�vow���p1j��FQ!� Sl�Ci!�#Q�kgTut�Q
�PpRf1SUk�i&WRmsQJmVv�f1� � ��i �FQ�msQ&f1�qkVO t+vq�PQ!S�S O1v�p1ms� i�k
msQ!i�SUkoWRQ:�PTVSU�#v�fP� Q�jlkgT f1�o��i�S�i:SUTV��f1i!mqkxOPi�k�T f1SUk�i&WRTsmuTsk�TuQ!S7i!j|QGmsTR�dQ�muXJT f(�qQ&fPQ�jli�mdSUTut2p1mVi!k�TVv�fPS��

NROPTVS7i
f1i!muX�SUTVSzT f �Rvom �FQ!S7kVOPQ:w�p1msm � f1vok�4 pCSUkF�1jlT fR�#T �Ci�mV���&v�fPSUk�jli�T fRkRQ �Rvomup1k�Tsv�f�SlX�SUkgQ
t���msT fPQ!i!jlT%��Q!��i#W1v�p1k
kVOPQ�msTut�TskRkVO1i!k

gij = δij
�
Kij = Dkij = 0

�
N = 1

�
N i = 0

�oegf8kxORTVS7�#v�fPkgQ�:�kx��kxORQ:wgp1msmq�#v�f1SUkgjUi!T fPkRQ �Rvomup1kgTVv�f
SlX�SUk�Q
t WPQ��#v�t�Q!S��

∂tC = −1

2
(2 − γ3 + 2γ4)δ

ij [∂iCj +
1

2
γ5∂iC1

j

−1

2
γ5∂iC2

j ],
� B � @����

∂tCi = −(1 + 2γ1)∂iC

+
1

2
δklδab

[
(1 − γ2)∂k∂[aCl]bi + (1 + γ2)∂k∂[iCa]lb

−(1 + 2γ0)∂k∂[iCl]ab
]
,

� B � @q�!�
∂tCkij = −γ5Ckij

−γ3δk(iCj) − γ4δijCk

−1

2
γ3γ5δk(iC1

j) −
1

2
γ4γ5δijC1

k

+
1

2
γ3γ5δk(iC2

j) +
1

2
γ4γ5δijC2

k .
� B � @��o�

��vokgTs� Q�kVO1i!k ��Q�i!j Q�fPv)mVv�f1�qQ�j1�#v�f1SUTV�PQ�jlT f1� Cklij i
f/T fP�1Q
�1Q&fP�PQ&fPkq�#v�f1SUkgjUi!T fPkqrPQ�mV�H��egf$i!�#kxpCi!m�Q �Rvomup1kgTVv�f1Sl�
��ORQ�j Q`kxORQ�w�pRfP�1i!t�Q&fPk�i�m�rPQ�mV�1S
i!j Q7Q �Rvom �RQ!�R�&fPvok�kVOPQ`�&v�fPSUk�jli�T fPk�Sl�!kxORQ�kxORj Q�Q��di
f1�Jw~v�p1j �}T fP�1Q�:G�#v�f1SUkgjUi!T fRk}S
S�i!k�TVSUwgX$kVOPQ�TV�PQ&fRk�TskxX

Cklij = ∂[lCk]ij .
� B � @6�o�

��TVvomVi!kgTVv�f1S7vowRkVOPTVS�TV�PQ&fPkgTskxX ��Tumsm�f1vokPi��P�1Q!i!jMT f8Q �Pvomup1kgTVv�fPS��
��v � kxORQ�i#W1v �FQ�SlX�SUkgQ
t�TVS`SUTut��1muTsrPQ!�(WRX�j Q!S�vom �FT fP�8i�msm-�#v�f1SUkgjUi!T fPkCrPQ�mV�1S`T fRk}v�n-v�p1j TsQ�jzt+vq�PQ!S��MNROPTVS

O1i�S)kVOPQ�w}voj t�i�mCQ�w�w�Q��#k�vow`j|Q
�1mVi!�#T fP��i!msm
Sl�Ci!kgTVi�m
�PQ�jlT �Ri�kgT �FQ!S
∂j

��TskVO −ikj
�Mi�f Tut�i��qT fPi�j|X+pRfPTsk�kgTut�Q!S�i

�1j v��Ci��di!k�TVv�f �FQ�� k}voj
kj
�=NPORQJj|Q!Slp1msk�TsS)i$SlX�SUkgQ
t�vowz�&v�pP�1msQ!� �5� �CS=w}vojGkxORQ �Ri�j TVv�pCS��&v�fPSUk�jli�T fRk�t+vq�PQ!S

cA(ki, t)
�

∂tc
A = MA

B c
B .

� B � @/>q�
�Ci���O Q�TV�qQ&f �FQ�� k}voj vow

MA
B (ki)

Q �Rvom �RQ!S/i�S
exp(st)

w~voj�S�v�t�Q
s(ki)

� NROPQ(j Q!i!m��Ci!jlkGvow
s
TVS kVOPQ�jli�kgQ(vow

Q�:��Cv�fRQ&fPkgTVi!mM�qj v ��kVO � vojG�1i�t��1T fP�q�RTsw
fPQ!�di!k�T �FQ!�
w}voj�kxORQJ�#vojlj|Q!Sl�Cv�f1�PT fP�(t�vq�1Q<�=�=p1Q/k�v�kxORQJj vok}i!kgTVv�f1i!m
T f��Pi!jlTVi
fP� Q/vowzkxORQ/�1j v!WRmsQ
t��FkxORQ!SUQJQ�Ts�dQ&f��Pi!mup1Q!S:S O1v�p1mV�B�PQ
�1Q&f1� v�fPmuX@v�f kVOPQ t+i���fPTskxpC�PQ$vow

ki
�1S�v�kVOPQ

�1j v��Ci��di!k�TVv�f �RQ�� k�voj�TVS��PQ��&v�t2�CvqSUQ!�(i�S
ki = kni

��OPQ�j|Q
ni
TVS�iGpRfPTsk �RQ�� k}voj �

NROPTVS:Q�TV�qQ&f �Ri�m p1Q/�1j v!WRmsQ
t f1i!kgp1jli�msm X�j|Q!�Pp1� Q!S�T fPk�v�Slp�WPSl�Ci�� Q!S:i�� �&voj �PT f1�(k}v �Pi!jlTsv�pCS:�CvqS�SUT WRmsQ$Sl�1T f
��Q�TV��ORk}S�i#W1v�p1k�kVOPQ��1j v��Ci��di!k�Tsv�fb�PTsj|Q��#kgTVv�f

ni
�bNPORQ�j Q2TVS8i+r �RQ��}�PTut�Q&fPSUTVv�f1i!mGSl�Ci!�#Q+vow=mVv�f1�qTskxpC�PT f1i!m



�AB��
t+vq�PQ!S�� {C, Cn, C1

n, C2
n, Cnnn}

� ��OPQ�j|Q Cn := niCi
�GQ�kg�A�HNPORQ�j Q�TVS8i�msS�v i r �FQ��~�PTut�Q&f1SUTVv�fPi�m�Sl�Ci!�#Q�vow

kgjUi
f1S �FQ�jUSUQ �FQ�� k}voj�t�vq�1Q!S�� {CI , C1
I , C2

I , CInn, CnnI}
� �$OPQ�j|QJ�#i!�1Tuk}i!mHECi!k�T f T f1�PTs� Q!S�f1v ��j Q�w�Q�j�k�v�i�k ��v��

�PTut�Q&fPSUTVv�f1i!m �RQ�� k�vojqWPi�SUTsSCvoj kxOPvq�dv�f1i!m�k�v
ni
��NROPQzj|Q
t+i!T fRT f1���&v�fPSUk�jli�T fPkorPQ�mV�1Sl� ��TskVO5OPTV��ORQ�jPSl�1T f ��Q�TV��ORkg�

i!j Q=j Q
�1j|Q!SUQ&fPkgQ!�2i�t+v�fP�8kxORQ �Pi!jlTsv�pCS`�1jlv54uQ��#kgTVv�f1S�vowMkVOPQ�k�vok�i�msm X2kgjUi!� Q�w}j|Q�Q��Ci!jlk1vow Ckij � � �qmVi
fP� Q5i!k8�M{ �
� B�� @����dS O1v �(S�kVO1i!kRi!msmqvowRkVOPQ!SUQ�OPTs�oO�Sl�1T f8� ��Q�TV��OPkRrPQ�ms�CS��1j v��Ci��di!k�Q�k�j T �RTsi�msm X ��TukxO

s = −γ5
T f1�PQ
�1Q&f1�PQ&fPk

vow��(i �FQ�msQ&f1�qkVOH�-NROPQ
X�i�j|QGkVOPQ�j|Q�w~voj|Q��Ci�t��1Q!�8Q�:��Cv�fPQ&fPkgTVi!msmuX�v�f�kVOPQ�kgTut�Q!SU�#i!msQ
γ−1
5

w~voj
�CvqSUTuk�T �FQ
γ5
�-NROPQ

mVv�fP�dTukgpC�PT fPi�m-i
f1�8k�jli�fPS �RQ�jlSUQG�&v�fPSUk�jli�T fPkFt�vq�1Q!Szj|Q!{op1Tsj Q`t+voj|Q:�#i!j Q�wgp1m��#v�f1SUTV�PQ�jUi!kgTVv�fH�

� � � ��� � �!�����513# ����# 13#%��
 �(� � ���/�5
��!� � �,
3��� ��#%�

NROPQG�qj v ��kVO8jUi!kgQ!S�vow�kVOPQ�k�jli�fPS �RQ�jlSUQ �RQ�� k�vojCt�vq�1Q!S
i�j|Q�j|Q�mVi!k�Q!�$k�v�kVOPQ�Q�TV�qQ&f��Pi!mup1Q!S�vow�iGr �RQ��sWRX1��r �RQ�t�i6�
kgjlTR: �RNRORj Q�Q=vowPkxORQ!SUQ)Q�TV�qQ&f��Pi!mup1Q!S7SUTut��1muX�Q!{qpCi!m −γ5

�PNRORQ=j|Q
t+i!T fPT f1�Jk �(vJi�j|Q:S�vomup1k�Tsv�f1SGvow1i�{opCi��1jli�kgTs�
Q!{opCi�kgTVv�fF�oi
f1�(�PQ
�1Q&f1�8v�f �(i �RQ�muQ&f1�qkxO�i�S��

s(k) = −1

2
γ5Γ ±

√
1

4
γ2
5Γ2 − v2

2k
2,

� B � @6@o�
��ORQ�j Q ��Q:�PQ�rFfPQGkVOPQ��#v�f �FQ&fPTsQ&fRkPS O1voj kxOPi�fP�

Γ :=
1

2
(2 − γ3 + 2γ4),

� B � @<B��

i
f1�
v2
TVS:v�fPQJvowzkxORQ/��O1i!jUi!� k�Q�j TVSUk�Tu��Sl�1Q�Q!�1S�vowzkxORQ FU7�N SlX�SUk�Q
t � j Q�msi�kgT �FQ5k}v�ORXd�1Q�jUSlp1j w~i!�#Q��xf1voj|t+i!mPv!W �

SUQ�j��FQ�jUS��x�

v2
2 :=

1

8
γ3(1 − 3γ2 − 4γ0) −

1

4
γ4(1 + 6γ0).

� B � @o���
��vokgTs� QJkVO1i!kzv�fPQ/t+vq�PQ/TVS�pRfP�1i!t2�1Q!�BT f kVOPQ/mVv�f1� � �(i �FQ�msQ&fP�dkVO �

k → 0
�MmsTut�Tukg� ��ORQ�j Q/v�fPQ/j vqvokzT fV�C{?�

� B�� @<@��
WRQ��#v�t�Q!S'��Q�j v1��NROPTVSCTVS1fPvokdSlp1j �1j TVSUT f1� ��vokVOPQ�j1�#v�f1SUkgjUi!T fPk;�~�1i�t��1Q!�Jj|Q
�1j|Q!SUQ&fPk�i�kgTVv�f1S1vowdkVOPQ �CT f1SUkgQ�T f
SlX�SUk�Q
t OPi �FQ)kVOPQ=S�i!t�Q=�1j v��1Q�jlkxX �V�������������o� � �Regf(�1jUi!�#kgTs� Q
�omVv�fP� �(i �RQ�msQ&fP�qkxO2�#v�f1SUkgjUi!T fPkRt�vq�1Q!S`S O1v�p1mV�
WRQU�dTsmsmsQ!�(vow�woWFXJ�1j v��1Q�j
�#v�f1SUkgjUi!T fPk;���1j|Q!SUQ�j��FT fP�=WPv�pRfP�Ci!j XJ�#v�f1�PTskgTVv�f1S��

egf8kxORQ�S O1vojlk �(i �FQ�msQ&fP�dkVO �
k → ∞ �-msTut�Tukg��kxORQ:�1TsSl�1Q�jUSUTVv�f(j|Q�mVi!k�TVv�f WRQ��&v�t�Q!S

s(k) → −1

2
γ5Γ ± iv2k.

� B � @,Y��

NROPQ!SUQ�j|Q
�1j|Q!SUQ&fPkF�1j v��Ci��di!k�T f1�$t+vq�PQ!S�vowCkVOPQ��#v�f1SUkgjUi!T fPkMSlX�SUk�Q
t2���Ci�t��1Q!��i�k1S OPvojlk �(i �FQ�msQ&fP�dkVO�v�f+kVOPQ
kgTut�Q!SU�#i�muQ

( 1
2γ5Γ)−1 � �8vok�Ts� Q�kxORQ�SUTV��fPTsrP�#i
fP� Q)vow�kxORQ:�#v�f1SUk�i
fPk Γ ���DvqSUkFvowFkxORQ�t�vq�PQ!S�j|Q!{op1Tsj|Q γ5 > 0

w}voj
�1i!t2�1T f1�o��S�v�kVOPQ5�1i�t��1T fP�8vowMkVOPQ�t�vq�1Q!S`j Q�w�Q�jlj|Q!�(k�v�T f �C{ � � B�� @,Y��Fj Q!{op1Tsj|Q!S

Γ > 0
i�S ��Q�mum;��NRORpCSl�-kVOPQ

�1i!t2�1T f1�=�&v�fP�1Tuk�TVv�f$�1mVi!�#Q!SCi`fPQ �>�&v�fP�1Tuk�TVv�f�v�f$kxORQ�SUk�i�fP�Ci!j �CFU7oN$�Ci!jUi�t�Q�kgQ�jUS {γ0, ..., γ4}
� WRQ
X�v�f1��kVOPQ

�#v�f1�PTskgTVv�f1S�kxORQ
XJt2pCSUkPS�i!k�TVSUwgX/w~voj�kVOPQ:SlX�SUk�Q
t k}v:WRQ�ORXd�1Q�j WPvomsTs�A�



�AB
Y
� � � ��� ����� � ��
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NROPQ=mVv�f1�qTskxpC�PT f1i!m�t�vq�1Q!S�i��di!T f2T f �Rvom �FQ)kVOPQ�Q�TV�qQ&f��Pi!mup1Q!S�vowCi�r �FQ��VWFX1�}r �FQ:t�i�kgjlT�:-�1exf�kVOPTsS��&i�SUQ:k �(v$vow
kVOPQ�Q�TV�qQ&f �Ri�m p1Q!Szi�j|Q�SUTut��1m X −γ5

�oNROPQGj|Q!SUkRi!j Q�kVOPQ�j vqvok}S�vow�kxORQ:��p�WRTs�`�Cvom XdfPv�t�TVi!m

s3 + γ5Γs
2 + k2v2

3s+ k2γ5Γ(1 + 2γ1) = 0,
� B � @ ���

��ORQ�j Q
v3
TVS`i
f1vokVOPQ�jM��OPi�jli�� kgQ�jlTVSUkgTs�`Sl�1Q�Q!�P���qT �FQ&fJWFX

v2
3 :=

1

2
(1 + 2γ1)(2 − γ3 + 2γ4) −

1

2
γ2γ3.

� B � B����

y�i!kxORQ�j:kVO1i
f �dT �RT fP���&v�t2�1msTs�#i�kgQ!� i
f1i!muX-k�Tu�5Q�:��1j|Q!S�SUTVv�f1S:w~voj�kxORQ�j vqvok}S=vow7kVOPTsS)�CvomuXqf1v�t�Tsi�mu� ��Q$SUTut��1muX
�#v�f1SUTV�PQ�j�i�SlXdt��1k�vok�Tu�=msT t�Tsk�SGT f

k
��ndTsjlSUkg��T f@kVOPQ5msv�f1� � �(i �FQ�msQ&f1�qkVO �

k = 0
�CmuTut�Tskx�Rk �(v�j vqvok}S �Ri
fPTVS O+i�fP�

kVOPQ�kxORTsj ��TsS −γ5Γ
�oNPORTVSzTVS �RQ�j|XJSUTut�Tsmsi�j�k�v kxORQGmVv�f1� � ��i �FQ�msQ&f1�qkVO$WRQ&O1i �RTVvoj
vowRkVOPQ �RQ�� k�voj
t+vq�PQ!S��

egf kVOPQ�S O1voj kP� �(i �FQ�msQ&fP�dkVO�msTut�Tskg�`kVOPQ��CvomuXqf1v�t�Tsi�m�WPQ��#v�t�Q!SJSUT f1�op1mVi!j � NRORQ�kgQ�j t+S5�1j v��CvojlkgTVv�f1i!m`k�v
k2 �1v�t�T f1i!k�Q+kVOPQ+�CvomuXqf1v�t�TVi!mu�:msQ!i �FT fP� i@msT fRQ!i�j$Q!{qpCi!kgTVv�fH� NROPQ+j vqvok�vow=kxORTVS8msT fPQ!i!j�Q!{opCi!k�TVv�fF�

s =

−v−2
3 γ5Γ(1 + 2γ1)

�!TVS�kVOPQU� �P. � � )A�'� !T!T(-vowFkVOPQ��CvomuXqfPv�t�TVi!mqT f8kVOPTsS�msTut�Tuk �oNROPQGk �(v�j Q
t�i�T fPT fP��jlvqvok�Sz�PTVS�i!�'�
�1Q!i!jzw}j v�t kVOPQ)i&WPv �FQ=�CvomuXqfPv�t�TVi!mFT f�kVOPQ)muTut�Tsk

k → ∞ �CNROPQ!SUQ)SUT f1�op1mVi!j7jlvqvok�S`�#vojlj|Q!Sl�Cv�f1��k�vJkgjUi �FQ�msT f1�
t+vq�PQ!Sl� �8TskxO Tut+i��qT f1i!j X@�Ci!jlk�msT fRQ!i�j=T f

k
T f kVOPTsS5msTut�Tuk ��NROPQ
X �#i�f@WPQ8w}v�pRf1� WFXBSlp�W1SUkgTskxp1k�T f1�Bw}voj

s
i

�Cv ��Q�jGSUQ�j TsQ!S�T f
k
�
s = s1k + s0 + s−1k

−1 + ...
T f@kVOPQ/i&WPv �FQ5�CvomuXqf1v�t�Tsi�mCi
f1�@S�vom �FT f1�(kxORQ/j|Q!Slp1mskgT f1�

�CvomuXqf1v�t�TVi!m�voj �PQ�j��sWFX �}vojl�PQ�j1T f
k
w}voj�kxORQ��&voQ�wgrP�#TuQ&fPk�S

si
��NROPQ�j|Q!Slp1msk�TsS

s(k) = −1

2
γ5Γ

(
1 − 1 + 2γ1

v2
3

)
± iv3k + O(k−1).

� B � Bo�!�

7qvGkVOPQ`�Ci�t��1T f1�:vowqkxORQ7kgjUi �FQ�msT f1�:mVv�f1�qTskxpC�PT f1i!m�t+vq�PQ!S1j Q!{op1Tsj|Q!SPkxOPi�k
v2
3 > (1+2γ1)

��OPQ&f/kVOPQ7k�jli�fPS �RQ�jlSUQ
t+vq�PQ!S�i!j QG�1i�t��1Q!��i�S �8Q�msm;�

egf0SlpPt�t�i�j|X#��kxORQ+�1i!t2�1T f1� vow=S O1voj kP� �(i �RQ�msQ&fP�qkxO �&v�fPSUk�jli�T fPk;� �FTVvomVi!k�T fP� t+vq�PQ!S$j|Q!{qp1Tuj Q!S/kxOPi�k�kVOPQ
jUi!kgQ!S

r0 := γ5
� B � B!�o�

r1 :=
1

2
γ5Γ

� B � B/�o�
r2 := v−2

3 γ5Γ(1 + 2γ1)
� B � B�>q�

r3 :=
1

2
v−2
3 γ5Γ(v2

3 − 1 − 2γ1)
� B � B/@o�

WRQ��CvqSUTskgT �RQ
� ��ORQ�j Q
Γ
TVS��1Q�rFfRQ!�$WFX �C{ � � B � @<B��di
f1�

v3
WFXN�C{ � � B�� B���� �



�AB �
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�1Q�w~voj|Q:�1j vo� Q�Q!�1T f1� �8TskxO(fRpPt�Q�jlTs�#i!mFkgQ!SUk}Sl� �Ri�m p1Q!S�t2pCSUkFWRQ=r8:�Q!��w}voj7kVOPQ)w}j|Q�Q��Ci!jUi�t�Q�kgQ�jUS��PNROPQ=�Ci!jUi�t �
Q�kgQ�jUS�i�S�S�vo�#Tsi�kgQ!� ��TskVO+kVOPQ5�#v�f1SUkgjUi!T fPk
�Ci�t��1T f1��kgQ�j t+SGi!j|Q�j Q!i�S�v�f1i#WRmuX ��Q�msmRSUQ�k �7NRORQ5v �RQ�jli�mumP�1i!t2�1T f1�
kgTut�Q!SU�#i�muQ:TsS`SUQ�koWRX

1/γ5
�oi�fP��kVOPTsS`�#i�fJWRQ���O1vqSUQ&f(k�v)WRQ:i�fFXJ�CvqSUTuk�T �FQGfRpPt�WRQ�j �-NROPQ:vokVOPQ�j
fPQ � �Ci!jUi�t�Q��

kgQ�jUS�i!j Q`�PQ�k�Q�j|t�T fRQ!� WFX��M{dS�� � B�� �<@�� � � B�� ��Y�� ��NROPQGvoj TV�qT f1i!m�FU7oN$�Ci!jUi�t�Q�kgQ�jUSMS O1v�p1mV�/WRQ���O1vqSUQ&f�T f�i�� �&voj �
��TskVO�OFX-�1Q�j~WPvomsTs� TskgXJ�#v�f1�PTskgTVv�f1S�w~vojMkxORQ:wgpRf1�1i�t�Q&fPk�i!mqi�fP���&v�fPSUk�jli�T fPkFQ �Rvomup1kgTVv�f2SlX�SUk�Q
t�Sl�oi�S ��Q�msmdi�S�kVOPQ
�#v�f1�PTskgTVv�f1S�kxOPi�k�kxORQ:�Ci�t��1T f1� jUi!k�Q!Szvow �M{dS�� � B�� B���� � � B�� B6@���WRQ��CvqSUTuk�T �FQ<�

NROPQ�ORXd�1Q�j WPvomsTs� TskxX/�&v�fP�1Tuk�TVv�fPS�i�j|Q�{op1TskgQG�#v�t��1msTs�#i!k�Q!� �$OPQ&f8�#v�f1SUTs�1Q�j|Q!�$T f$w�p1mumo�qQ&fPQ�jli�msTukgX���Nov=t�i6�dQ
kVOPQJSUTskgpCi!kgTVv�f t+voj|QJkgjUi!�#k�i#WPmuQ
��OPQ�j|Q ��QJj|Q!SUkgjlTs� k�i!k�kgQ&fPkgTVv�fBk�v2kVOPQJSlp�W1SUQ�k�vow��Ci�jli!t�Q�k�Q�jGSl�Ci!� Q/T f �$OPTs��O
i!msm���O1i!jUi!� k�Q�j TVSUk�Tu�GSl�1Q�Q!�1S�i!j Q�Q!{opCi�m-k�vC��Q�j v/voj�pRfRTskxX#�dj|Q�mVi!k�T �FQ:k}v5ORXd�1Q�jUSlp1j w~i!�#Q��xf1voj t�i�m-v!WPSUQ�j��FQ�jUS��PNROPQ
ORXd�1Q�j~W1vomuTs�#TukgX �#v�f1�PTskgTVv�f1SMT f�kVOPTsS�Slp�WPSUQ�kdvow-kVOPQ7�Ci�jli!t�Q�k�Q�j1Sl�Ci!� Q�i!j Q`Sl�1Q�msmsQ!�$v�p1kqT f � �P�1Q&fP�PTR: �8vow � �/> �x�
w~vomumVv ��T fP� �(voj���T f � ��B �3��NRORQJ�Ci!jUi�t�Q�kgQ�jUS

γ0
�
γ3
�Ci�fP�

γ4
i�j|Q r8:�Q!�BT f kgQ�j t�S)vow

γ1
i�fP�

γ2
WFX�kxORQ$kVOPQ

�#v�f1�PTskgTVv�f1S7v�f(kxORQ���OPi�jli�� k�Q�j TVSUkgTs�7Sl�1Q�Q!�CS��

γ0 =
1

2

� B � B6B��
γ3 =

−8

4γ2 + (5 + 3γ2)(1 + 2γ1)

� B � B����

γ4 =
1 − γ2 − (1 + 2γ1)(5 + 3γ2)

4γ2 + (5 + 3γ2)(1 + 2γ1)
.

� B � B
Y��

NROPQ�w�pRfP�1i!t�Q&fPk�i�mqQ �Rvomup1kgTVv�f2SlX�SUk�Q
t TVS�kVOPQ&f2SlXdt�t�Q�k�j Ts�T�xORXd�1Q�j WPvomsTu�GS�v5mVv�f1��i�SzkxORQ�w~vomsmVv �8T f1�$T fPQ!{opCi�m��
TskgTsQ!S�i�j|QGS�i!k�TsSUrPQ!� �

− 5
3 < γ2 < 0

� B � B ���
4γ2 + (1 + 2γ1)(5 + 3γ2) 6= 0.

� B � �����

� v�fPSUk�jli�T fRk7�Ci�t��1T f1��j|Q!{op1Tsj Q!S:kxOPi�kzkVOPQ$jUi!k�Q!S
ri
vow �M{dS�� � B � B!�o��� � B � B/@o�RWPQ/�CvqSUTskgT �RQ<�$NROPTsS)T f kgp1j�f

j|Q!{qp1Tuj Q!S�kVO1i!k
Γ > 0

i�fP�(kVO1i!k

0 < 1 + 2γ1 < v2
3 .

� B � ���!�
n-voj kxORQ(fRpPt�Q�jlTs�#i!m�SUTut2p1mVi!k�TVv�fPS$�1j Q!SUQ&fRk�Q!�DT f kxORQ(fRQ�:�k�SUQ�� k�TVv�fF�

γ1 = −1/4
� NROPQ��Ci�jli!t�Q�k�Q�j

Γ :=

(1/2)(2− γ3 + 2γ4)
�&i
f/WRQ�Q�:��1j|Q!S�SUQ!��T f�kgQ�j t�S�vow

γ2
pCSUT f1� kxORQ:i&WPv �FQ:Q�:��1j Q!S�SUTsv�f1S�w~voj

γ3
i
f1�

γ4
�

Γ =
5 + 3γ2

4γ2 + (5 + 3γ2)(1 + 2γ1)
=

10 + 6γ2

5 + 11γ2
,

� B � �
�o�

��ORQ�j Q:kxORQ)mVi�SUkPQ!{opCi�muTskgX�TVS�j|Q!SUk�j Ts�#kgQ!��k}v$kVOPQ=�&i�SUQ
γ1 = −1/4

�Fegf2kVOPQ�i!msmVv ��i&WRmsQ=j Q!�qTVv�f2w~voj
γ2
�
Γ
�#i�f$WRQ

SUQ�kFQ!{opCi!mqk}v i
fRX �Ri�mup1Q:�qj|Q!i�kgQ�jMkVO1i
f8� ��D�Q�j Q ��Q���OPvqvqSUQ
Γ = 5/2

�



�!���
NROPQ �Ri�j TVv�pCS��Ci�jli!t�Q�k�Q�jlSl��i�fP�8kxORQ=i�S�S�vo� TVi�kgQ!���qjlv ��kVO(jUi!kgQ!Sl�!�&v�t�Q=v�p1kFk}v �

γ0 =
1

2
,

� B � �A�o�
γ1 = −1

4
,

� B � �,>q�
γ2 = − 5

43
,

� B � �A@o�
γ3 = −43

10
,

� B � ��B��
γ4 = −52

80
,

� B � �����
r0 = γ5,

� B � �/Y��
r1 =

5

4
γ5,

� B � �	���
r2 =

5

4
γ5,

� B � Y����
r3 =

5

8
γ5.

� B � Yo�!�

NROPQ!SUQ��Ci�jli!t�Q�k�Q�jlSMS�i!kgTVSUw�X�i�msm�kVOPQ7fRQ��#Q!S�S�i!j X)�&v�fP�PTsk�Tsv�f1S
w}vojC�#v�f1SUkgjUi!T fRkd�Ci�t��1T f1�)T f/�1Q�j kgp1j~W1i!kgTVv�f1SMvow
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t vowRrFfP�PT f1��S ORQ!i�j �}w�j Q�Q
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f1� v�f kxORQ$pRfPT fPkgQ�j Q!SUkgT f1�
t�T fPTut2pPt

z = 0
��Nov i �PvoTV�8kVOPTVSl� ��Q�pCSUQ�iUECi��qjli�fP�dQ`t�p1mskgTu�1msTsQ�j

λ
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∮
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∮
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t+i!T fPT f1�

λ = 0
Q�Ts�dQ&fRw�pRfR�#kgTVv�f1S

v�f2kxORQ=pRfRTsk1Sl�ROPQ�j|Q
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NROPQ

�qQ&fPQ�jli�msT%��Q!�+j vok}i!k�Tsv�f �qQ&fPQ�jUi!k�vojUS�i�j|Q5kVOPQ&fB�PQ�rFfPQ!�2WFX � ��� ���!� ��NRORQJS�i�t�Q5�1j|Q!SU�#j Tu�1kgTVv�f@�#i�f2WRQ/i��P�1msTsQ!�
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t TVS�kVOPQ&f�S�vom �RQ!��pCSUT f1�8SUk�i�f �
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∆
TVS�kxORQGECi!�1msi�� TVi
f�v�f�kxORQG�PQ�w~voj|t�Q!�8Sl�ROPQ�j|Q�i
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S�v�t�Q�pCSUQ5T f+SUkgpC�RX-T fP�(kVOPQ �RXqf1i�t�Ts�#SGvowC�&vqi!msQ!SU� T f1�/WRmVi!�T�

O1vomuQ!S��on-vojCQ�:oi�t��1msQ
�
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t � �<� �!�!�g�qkVO1i!kM�#i
f
j|Q!i��PTsmuX)WRQGTut2�1msQ
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