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Abstract

We use the scale of neutrino mass and naturalness considerations to obtain model-independent
expectations for the magnitude of possible contributions to muon decay Michel parameters
from new physics above the electroweak symmetry-breaking scale. Focusing on Dirac neu-
trinos, we obtain a complete basis of effective dimension four and dimension six operators
that are invariant under the gauge symmetry of the Standard Model and that contribute
to both muon decay and neutrino mass. We show that—in the absence of fine tuning—the
most stringent neutrino mass naturalness bounds on chirality-changing vector operators rel-
evant to muon decay arise from one-loop operator mixing. The bounds we obtain on their
contributions to the Michel parameters are two orders of magnitude stronger than bounds
previously obtained in the literature. In addition, we analyze the implications of one-loop
matching considerations and find that the expectations for the size of various scalar and
tensor contributions to the Michel parameters are considerably smaller than those derived
from previous estimates of two-loop operator mixing. We also show, however, that there
exist gauge-invariant operators that generate scalar and tensor contributions to muon de-
cay but whose flavor structure allows them to evade neutrino mass naturalness bounds. We

discuss the implications of our analysis for the interpretation of muon decay experiments.

We then repeat the analysis with Majorana neutrinos. Since the lowest dimension mass
operator in this case is a five-dimensional operator, we start with a new basis of effective
dimension five and dimension seven operators that contribute to muon decay and neutrino
mass through radiative corrections. In contrast to similar studies of magnetic moments and
masses using Dirac and Majorana neutrinos, which found substantially weaker bounds for
Majorana magnetic moments, we find that the limits on muon decay Michel parameters
from Majorana neutrinos are similar in magnitude to the limits from Dirac neutrinos. We
also find, similar to the Dirac case, that there are operators in our basis whose coefficients

are not bound by neutrino mass.
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Finally, we calculate one-loop renormalization factors of twist-two operators in massless
QCD with domain-wall fermions. The Shamir type domain-wall fermion, with an infinitely

large extra dimension to describe the massless fermion, is used.
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Chapter 1

Introduction

This thesis is a collection of three phenomenological projects I have worked on as a grad-
uate student. Two of the three fall under the somewhat small but interesting umbrella of
“neutrino-matter interactions”; these two projects are the focus of this dissertation and I
have attempted to reflect this focus with the title. The third project is in a very different
area — namely, the lattice — and is an excerpt from a longer paper I worked on before
moving to electroweak physics.

Since it would be neither interesting nor insightful to construct this thesis as simply
a collection of papers, I have endeavored to make it more than the sum of its parts by
adding material to provide background and context. The brief review of muon decay theory
and experiment in the next chapter is an example. Muon decay, a purely leptonic process,
is important because it provides a direct test of the spin structure of the charged weak
current and as a result is one of the best methods available to test the structure of physics
beyond the Standard Model (SM). With this in mind, the chapter is intended to make
the results of the two subsequent chapters, on the theoretical connection between Dirac
and Majorana neutrinos and muon decay, more illuminating by contrasting them with
experimental findings and describing how these findings are obtained.

With the discovery of neutrino oscillations, neutrino mass has become the focus of much
theoretical and experimental work since it provides a unique window onto beyond the SM
physics. Much of this work has focused on crucial areas such as finding the number of
neutrino species, the values of the mass eigenstates and mixing angles, whether or not
neutrinos violate charge and parity (CP), are neutrinos “Dirac” or “Majorana” particles,
and if neutrinos have (measurable) effects on other particle physics processes. It is the

last question that this thesis explores. As I will show, neutrino mass can be related to
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muon decay in a model-independent way: our phenomenological analysis will not make any
assumptions about the dynamical origin of neutrino mass. At the same time, I will assume
a very generous limit for the neutrino mass — based on experimental and cosmological data
— that still gives interesting results. Since the number of candidates for physics beyond the
SM is large, model-independent studies of neutrino-matter interactions and neutrino mass
are a valuable tool in the search for new physics.

Chapter 3 discusses how Dirac neutrino mass limits can be used to put interesting
constraints on muon decay parameters. The first step is constructing the operator basis,
which means looking for chirality-changing operators that contribute to both processes.
This is, in fact, a specific example of a general connection between neutrino mass and
certain neutrino-matter interactions: under minimal assumptions, we will see that these
chirality-changing interactions generate contributions to neutrino mass through loop effects.
After constructing the basis we will proceed with the operator analysis, calculating matching
contributions from higher-dimensional operators to lower-dimensional operators, and mixing
between operators. In the end, we will see that neutrino mass does put strong constraints
on some contributions to muon decay parameters.

The work described in Chapter 4 is similar in outline and scope and is intended to
complement the material in Chapter 3. I will first discuss the reasons why a separate
analysis for Majorana neutrinos is necessary. The rest of the chapter will then closely
follow the previous chapter: we will construct the operator basis using five-dimensional and
seven-dimensional operators and perform the operator analysis with matching and mixing
calculations. As it turns out, the limits on muon decay parameters from Majorana neutrinos
will not be much different than those obtained from Dirac neutrinos, and we will explore
some of the implications of this result.

The two appendices address the very different area of the lattice, which is the only way
at present to study quantum chromodynamics (QCD) in a non-perturbative way. I will be
looking at a specific type of fermion implemented on the lattice, called the “domain-wall
fermion,” giving a pedagogical introduction to how it is constructed and using it to calculate
the matching coefficients for various twist-two operators. I first introduce the domain-wall
action and then move into a review of lattice perturbation theory, with a few illustrative
examples. The remainder is devoted to presenting results for specific operators, including

quark self-energies and bilinears and twist-two operators. The last results, on twist-two



3

operators, are new and have not appeared in the literature.

1.1 Notation and Conventions

We work throughout in units in which A =c=1.

We use the Weyl or chiral basis for the Dirac matrices

0 ot -1 0
ot 0 01

In Chapter 4 we will need a new way of writing fermion mass terms using the charge-

conjugation matrix C'. In the chiral representation of the Dirac matrices,

where € is the antisymmetric matrix. So for a Dirac spinor ¢, the conjugate spinor is [1]

wc = C,yow*
and
=0
The Majorana mass is then written
1 T

All other conventions are the standard ones in the literature.



Chapter 2

Muon Decay

2.1 Purpose

The study of neutrino-matter interactions has the potential to set bounds on beyond-the-
Standard Model parameters that may soon be accessible by experiment. For muon decay,
these bounds are on some of the so-called Michel parameters that contain information about
contributions to muon decay from unknown physics. In the Standard Model, there are well-
known predictions for what these parameters should be. In order to analyze the effect of
neutrino masses on the Michel parameters (MPs), we will need to cover some background
material.

I will first review what should be the familiar process of muon decay by looking at the
muon decay spectrum and its use. I will then examine the Michel parameters — essentially
a way of parameterizing contributions to muon decay from beyond the Standard Model
— by explaining how they are constructed. Lastly, I will roughly sketch how muon decay

experiments work and give some recent results for a particular experiment.

2.2 Muon Decay and the Michel Parameters

Muon decay (u~ — e~ vev*) is an ideal laboratory for testing electroweak interactions in
the Standard Model because it provides a direct test of the spin structure of the charged
weak current. Since this process only involves leptons, there is no need to consider more
complicated and unknown strong interaction contributions. This means that we have a clean
way to probe the electroweak V — A structure, and a careful analysis of the muon decay

spectral shape parameters can illuminate potential physics beyond the Standard Model.
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Muon decay is typically described with the following effective interaction:

iG,

L decay = — NG Z ggﬁ e T g (2.1)

v, B

where v = S, V,T indicate scalar, vector, and tensor interactions, and «,8 = R, L indi-
cate the chiralities of the charged leptons. The chiralities of the neutrinos are determined
by the values of v,«a, and 8. The coupling constants g parameterize the strength of the
corresponding phenomenological interactions. In the SM, we can easily see that g‘L/L =1,
while all other gs are expected to be zero. In many extensions of the SM, however, some of
the other coupling constants besides g‘L/L = 1 can be nonzero. In the left-right symmetric
model, for instance, g%R, g‘L/R, and g%L are no longer zero, although the details of that will

not be discussed here.

The Michel parameters, of which there are many, describe the energy of the decay
electron or positron, its angular distribution of the electrons if the muons are polarized, and
its spin polarization. In extensions of the SM, any new interactions of the muon would affect
these observables, so they are highly sensitive to deviations caused by physics beyond the
SM. The Michel parameters themselves are bilinear combinations of the coupling constants

g. For example, one of the parameters, called p, can be written as [2]

% 1% T T S Te |, S T«
lorrl” + larel® + 2l9LrI* + 2l9k|* + Re(92L9R1 + 9LRILE)] - (2.2)

1w
e~ w

p:

The four most commonly used parameters, p, 1, &, and J, describe the momentum depen-
dence of the isotropic part (p) of the electron energy spectrum plus an additional small
term proportional to another parameter (1), while the asymmetry is proportional to a third
parameter (§) multiplied by the muon polarization P,, and a fourth parameter (0) describes
the momentum dependence. In the Standard Model, these parameters are expected to be

p=3/4,n=0,§=1,and 6 = 3/4.

We will now examine the muon decay spectrum in some detail to see where the Michel
parameters fit in. For the four-fermion interaction, the differential decay rate at tree-level

for a polarized muon, after doing the neutrino phase space integrals and before integrating
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over the electron phase space (and where the final state spin is not detected), is [3]

Ffféw) Fas(z)

A

PTyev,m.  GEM, 4z Az
¢ — 1-— dp| — —1) &£ Pycosf2( 1 — 200 — -1 .
dxdcosf 19273 v [6( )+ p< 3 ) ueos f( v < 3 >) ]
(2.3)

Here we have assumed that the et and neutrino masses are zero, 6 is the angle between the
longitudinal muon polarization P, and the et momentum, the plus /minus sign corresponds
to uT decay, and x is a reduced electron energy (notice that 4/2 is the maximum e* energy
in the m, — 0 limit. The isotropic (F7g(x)) and anisotropic (Fias(z)) parts of the e* energy
spectrum are labeled.

All of the previously mentioned Michel parameters, aside from 7, are visible in Eq. (2.3).
The parameter 1 occurs when the e mass in the rate formula is not neglected, and so does
not enter into this simplified formula. There are also less-commonly used MPs that arise
from taking e* polarization into account, such as &', &, 1/, «, and (3, but they do not enter
into this analysis. In the SM with massless neutrinos, the muon polarization magnitude
P, is one; in actual experiments, only the product P,{ is measured. When comparing
experimental values for the Michel parameters with the rate formula, corrections due to

radiative effects should first be subtracted from the data.

2.3 Experimental Details and Results

In order to elucidate the practical considerations behind measuring muon decay parameters,
we will briefly look at the experiment at TRIUMF responsible for some of the most recent
spectral shape parameter measurements, TWIST (TRIUMF Weak Interaction Symmetry
Test). The goal of TWIST is to measure the entire differential spectrum of positrons from
the decay of polarized muons. It recently improved on the accepted Particle Data Group
values of two Michel parameters by factors of 2.5 (for p [7]) and 2.9 (for ¢ [8]). In the past,
each of the Michel parameters was determined in dedicated experiments, so TWIST is the
first muon decay experiment to measure more than one MP with the same apparatus [4].
The experiment requires an high-intensity beam of spin-polarized muons from 7 decay.
The charged pions are produced by the collisions of energetic protons in a proton beam with
the nuclei of a heavy metal target. Ideally, the pions, with mass m_ + = 139.5669 MeV,

then simply decay at the surface of a production target to produce a muon and a muon
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neutrino. Not suprisingly, however, these charged pions and muon decay products behave
differently in the target depending on whether they are positively or negatively charged.
Negative pions that stop in the target behave like heavy e™, rapidly cascading down to
tightly bound orbitals where they are almost always captured by the nucleus instead of
decaying to negative muons. In contrast, the positive pions that come to rest in the target
take up positions between atoms and are usually too far from any nuclei to be captured.

For these reasons, TWIST uses a polarized u+ beam.

The p* resulting from 7 decay are completely spin polarized and decay anisotropically
via the weak interaction to a positron (and neutrinos) whose momentum is correlated with
the muon angular momentum at the instant of decay. The pions that happen to come to
rest just within the surface of the pion production target decay to low momentum (up to
29.6 MeV) “surface” muons that only need to travel a short distance out of the target and
into the beamline vacuum. Unfortunately, the surface muon beam is not monoenergetic —
the muons come from pions decaying at various depths in the pion production target, and
those travelling from deeper in lose more of their energy — and the muon spectrum rises
with momentum and drops sharply at the “surface muon edge.” It is desirable to use those
muons with lower energy so that they can be stopped in the thinnest targets possible. As
a result, the muon beam must be fine-tuned into a narrow momentum range, typically just

below the surface muon edge, in order to obtain the greatest beam density.

After being tuned or “degraded,” the beam enters a 2 Tesla superconducting solenoid
and is stopped in a thin target at the center of a symmetric array of 56 low-mass, high-
precision planar drift chambers, which are used to track the paths and energies of the
particles (see [5] for a more complete description of muon beamlines). The drift chambers
were constructed to minimize the effects of multiple scattering and energy loss of both the
incoming ™ and the outgoing e™ from the target. The final errors are primarily limited by
systematic effects, since the statistical precision in this experiment is very high. See Fig. 2.3

for a schematic cutaway diagram of the TWIST spectrometer.

By accumulating 109 muon decays, TWIST’s goal is to achieve precisions that are 3—10



Beam pipe
Superconducting magnet and cryostat
Support cradle

TWIST Spectrometer
(cutaway view)

Figure 2.1: A conceptual drawing of the TWIST spectrometer. The superconducting solenoid
is inside the steel yoke (the yoke itself is required to produce the highly uniform 2 Tesla
field for the drift chamber). The drift chambers and proportional chambers (measuring the
energies of the particles) are symmetrically placed from the central target. Picture taken

from [6].
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times better than previous experiments; this means

Ap < 1x107*
Ad < 3x107*

A(Pg) < 2x107%.
The most recent results from TWIST are for the Michel parameters p, 6, and P,¢ [7, 8, 9]:

p = 0.75080 & 0.00032(stat.) + 0.000097(syst.) =+ 0.00023
§ = 0.74964 + 0.00066(stat.) = 0.00112(syst.)

P& = 1.0003 £ 0.0006(stat.) & 0.0038(syst.) .

Deviations from the SM value of p = 3/4 imply mixing of left- and right-handed muon
and electron couplings so that the muon decay Lagrangian would include scalar, vector, or
tensor couplings between left-handed muons and right-handed electrons, or vice versa. (Such
deviations can occur, for example, in left-right symmetric models.) The last uncertainty in
p represents the dependence of p on the MP 7, and is the change in p when 7 changes within
its uncertainty. In the SM, ¢ is also 3/4; it is in the anisotropic part of the Michel decay
spectrum and parameterizes the momentum dependence of the outgoing electron. Finally,
P,¢ =1 in the SM. The parameter § expresses the level of parity violation in p-decay. All
of these quantities agree with previous measurements and the SM values.

With the context for muon decay now set by this chapter, we may now examine the

particular details of the connection between neutrino mass and muon decay.
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Chapter 3

Dirac Neutrinos and p-decay

3.1 Introduction

Precision studies of muon decay continue to play an important role in testing the Standard
Model (SM) and searching for physics beyond it. In the gauge sector of the SM, the Fermi
constant G, that characterizes the strength of the low-energy, four-lepton p-decay operator
is determined from the p lifetime and gives one of the three most precisely known inputs
into the theory. Analyses of the spectral shape, angular distribution, and polarization
of the decay electrons (or positrons) probe for contributions from operators that deviate
from the (V — A) ® (V — A) structure of the SM decay operator. In the absence of time-
reversal (T') violating interactions, there exist seven independent parameters — the so-called
Michel parameters [10, 11] — that characterize the final state charged leptons: two (p, )
that describe the spatially isotropic component of the lepton spectrum; two (£, §) that
characterize the spatially anisotropic distribution; and three additional quantities (£/, £”,
") that are needed to describe the lepton’s transverse and longitudinal polarization!. Two
additional parameters (o’ /A, 5'/A) characterize a T-odd correlation between the final state
lepton spin and momenta with the muon polarization: S, - /%e X Su-

Recently, new experimental efforts have been devoted to more precise determinations
of these parameters. The TWIST Collaboration has measured p and § at TRIUMF [7, §],
improving the uncertainty over previously reported values by factors of ~ 2.5 and ~ 3, re-
spectively. An experiment to measure the transverse positron polarization has been carried
out at the Paul Scherrer Institute (PSI), leading to similar improvements in sensitivity over

the results of earlier measurements [12]. A new determination of P,¢ with a similar de-

!The parameters n and 7" are alternately written in terms of the independent parameters o /A and B/A.
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gree of improved precision is expected from the TWIST Collaboration, and one anticipates
additional reductions in the uncertainties in p and ¢ [13].

At present, there exists no evidence for deviations from SM predictions for the Michel
parameters (MPs). It is interesting, nevertheless, to ask what constraints these new mea-
surements can provide on possible contributions from physics beyond the SM. It has been
conventional to characterize these contributions in terms of a set of ten four-fermion oper-

ators

4G
Lr—decay — —72“ Z 98 e vl (3.1)
7767}"

where the sum runs over Dirac matrices I'" = 1 (S), 4* (V), and ¢®%/y/2 (T), and the sub-
scripts 4 and e denote the chirality (R, L) of the muon and final state lepton, respectively?2.
In the SM, one has g‘L/L =1 and all other g/, = 0. A recent, global analysis by Gagliardi,
Tribble, and Williams [15] give the present experimental bounds on the g/, that include the
impact of the latest TRIUMF and PSI measurements.

Theoretically, the g/, can be generated in different scenarios for physics beyond the SM.
The most commonly cited illustration is the minimal left-right symmetric model that gives
rise to non-zero ggR, ggL, and g‘L/R. From a model-independent standpoint, the authors

of [16] recently observed that the operators in Eq. (3.1) having different chiralities for the

AB

muon and final state charged lepton will also contribute to the neutrino mass matrix m;,

through radiative corrections. Consequently, one expects that the present upper bounds on
m,, should imply bounds on the magnitudes of the g,. The authors of [16] argued that the
most stringent limits arise from two-loop contributions, because the one-loop contributions
are suppressed by three powers of the tiny, charged lepton Yukawa couplings. The two-loop
constraints are nonetheless stronger than the present bounds given in [15] and could become
even more so with the advent of future terrestrial and cosmological probes of the neutrino
mass scale.

In this chapter, we present the results of a follow-up analysis of m, constraints on
the p-decay parameters, motivated by the observations of [16] and the new experimental
developments in the field. Our study follows the approach of [17, 18, 19], used recently
in deriving model-independent naturalness bounds on neutrino magnetic moments implied

by the scale of m,. We concentrate on the case of Dirac neutrinos, deferring a detailed

2The normalization of the tensor terms corresponds to the convention adopted in [14]. We do not specify
the neutrino flavors in Eq. (3.1) since the p-decay experiments do not observe the final state neutrinos.
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consideration of Majorana neutrinos to the following chapter. Although there exists a

long-standing theoretical prejudice favoring the see-saw mechanism with light Majorana

neutrinos as an explanation of the small scale of m,,, we see several reasons for studying the

Dirac and Majorana cases separately:

(i)

From the standpoint of string phenomenology, obtaining models with neutrino self-
couplings and a type I see-saw mechanism appears to be quite difficult. Recently,
the authors of [20] performed a systematic study of 175 viable ways of embedding
the Standard Model gauge group in the Eg X Eg heterotic string with Z3 orbifold
compactification and found that only two of the twenty classes of such inequivalent
models admitted neutrino self-couplings. The natural scale of m,, in these two classes
lies many orders of magnitude below the scale implied by neutrino oscillation data.
Interactions leading to Dirac masses occur more abundantly in such constructions. On
the other hand, a subsequent study of a specific Z3 x Z3 orbifold string construction
[21] indicated the plausibility of obtaining a type II see-saw mechanism, wherein left-
handed lepton-number-violating neutrino self-couplings arise from interactions with
scalar SU(2), triplet fields. Either way, however, the appearance of Majorana mass
terms is not at all a generic feature of string constructions, leaving the Dirac case as

a logical possibility.

Experimentally, there exists no conclusive evidence for or against the presence of light
Majorana neutrinos. New searches for neutrinoless double S-decay (0v33) could pro-
vide conclusive proof that the light neutrinos are Majorana, provided the neutrino
mass spectrum has the “inverted” rather than “normal” hierarchy (for recent reviews,
see, e.g., [22, 23]). If, on the other hand, future long-baseline oscillation experiments
establish the existence of the inverted hierarchy and/or ordinary (-decay measure-
ments indicate a mass consistent with the inverted hierarchy, a null result from the
0v 303 searches would imply that neutrinos are Dirac particles?. Either way, the invest-
ment of substantial experimental resources in these difficult measurements indicates
that determining the charge conjugation properties of the neutrino is both a central
question for neutrino physics as well as one that is not settled. Until it is, considering

the implications of Dirac neutrinos remains a valid enterprise.

3We thank S. J. Freedman for useful discussions on this point.
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(iii) The phenomenological analyses of Dirac and Majorana masses for other neutrino
properties and interactions are quite distinct. As illustrated by the recent analyses of
neutrino magnetic moments in [17, 18, 19], the characteristics of the operator basis
and renormalization can be sufficiently different and complex for the two cases that
separate studies of each are warranted. Moreover, the parameterization of the p-decay
Michel spectrum in the presence of Majorana neutrinos may require modification from
the standard form, as indicated by the recent work of [24]. Rather than lose the
reader in the details of differences in both the Michel parameterization and operator
renormalization for Dirac and Majorana neutrinos, we prefer to concentrate on the

Dirac case in the present study and consider the Majorana case in a separate chapter.

Having this focus in mind, we work with an effective theory that is valid below a scale
A lying above the weak scale v ~ 246 GeV and that contains SU(2);xU(1)y-invariant
operators built from Standard Model fields plus right-handed (RH) Dirac neutrinos. We
consider all relevant operators up to dimension n = 6 that could be generated by physics
above the scale A. For simplicity, we restrict our attention to two generations of lepton
doublets and RH neutrinos. Extending the analysis to include a third generation increases
the number of relevant operators but does not change the substantive conclusions. While
the spirit of our work is similar to that of [16], the specifics of our analysis and conclusions

differ in several respects:

i) The effective theory that we adopt allows us to compute contributions to m, from
scales lying between the weak scale v and the scale of new physics A. In contrast, the
authors of [16] used a Fierz transformed version of £+~ in Eq. (3.1), which is not
invariant under the SM gauge group and, therefore, should be used to analyze only

contributions below the weak scale.

ii) We show that for the two-flavor case the operators in £#~9% proportional to gg’g
and g}qz’g arise from twelve independent dimension n = 6 gauge-invariant four-fermion
operators, while those containing g‘L/R and ggL are generated by four independent

n = 6 operators that contain two fermions and two Higgs scalars.

iii) While the operators that contribute to p-decay have dimension n = 6 or higher, the

lowest dimension neutrino mass operator occurs at n = 4. The authors of [16] used
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dimensional regularization (DR) to estimate the mixing between the n = 6 p-decay
and neutrino mass operators? but did not consider matching with the n = 4 operator
at the scale A that cannot be determined with DR. We derive order-of-magnitude
expectations for the n = 6 operator coefficients implied by this matching, which
depends only linearly on the lepton Yukawa couplings and which gives the dominant

constraints for A > v.

iv) For A not too different from v, constraints associated with mixing among the n = 6
operators can, in principle, be comparable to expectations arising from contributions
to the n = 4 mass operator. We carry out a complete, one-loop analysis of this
mixing and show that only the neutrino magnetic moment and two-fermion/two-
Higgs operators mix with the n = 6 neutrino mass operator to linear order in the
lepton Yukawa couplings. We derive the resulting bounds on the g‘L/R rr that follow
from this mixing and find that they are comparable to expectations based on one-loop

matching with the n = 4 mass operator for A 2 v.

v) From the mixing with the n = 6 mass operator, we find that the bounds on the
| QER, gz | are two or more orders of magnitude stronger than those obtained in [16] and

at least three orders of magnitude below the experimental limits given in [15].

vi) The neutrino mass implications for the couplings gi’}{ gz, are more subtle. Of the twelve
independent four-fermion operators that contribute to these couplings, only eight are
directly constrained by the scale of neutrino mass and naturalness considerations.
Based on one-loop matching, we expect that their contributions to the gi’}{ R are
generally ~ 10% times smaller than the present experimental bounds, and ~ 10° times
smaller than obtained in the analysis of [16]. We show, however, that the flavor
structure of the remaining four operators allows them to evade constraints implied by
either one-loop matching or two-loop mixing. While from a theoretical perspective
one might not expect their contributions to be substantially larger than those from
the constrained operators, experimental efforts to determine the gi’}{ R remain a

worthwhile endeavor.

A summary of our results is given in Table 3.1. In the remainder of the chapter we give

4Since the computation of [16] did not employ gauge invariant operators, we consider the results to give
at best reasonable estimates of constraints implied by two-loop mixing.
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Table 3.1: Constraints on p-decay couplings gl,. The first eight rows give naturalness
expectations in units of (v/A)? x (m,/1eV) on contributions from n = 6 muon decay
operators (defined in Section 3.2 below) based on one-loop matching with the n = 4 neutrino
mass operators. For A ~ v, the bounds on g){R r, Obtained from one-loop mixing are similar
to those listed. The ninth row gives upper bounds derived from a recent global analysis
of [15], while the last row gives estimated bounds from [16] derived from two-loop mixing
of n = 6 muon decay and mass operators. A “” indicates that the operator does not
contribute to the given g/, while “None” indicates that the operator gives a contribution
unconstrained by neutrino mass. The subscript D runs over the two generations of RH
Dirac neutrinos.

Source 97 &l 97 5] g5 9% 91 5] |9kl

L 4x1077 2% 1077 ; ] _ ]
Fb:)212D 4 %1077 - - - - i}
F 112D None None - - _ _
F,211D - - 8x107° 4x107° - }
F,121D - - 8 x 107° - ; B}
F,221D - - None None - -
> - - - - 8 x 1077 -
oy - - - - . 2x107t

Global [15] 0.088 0.025 0.417 0.104 0.036 0.104
Two-loop [16]  10~* 1074 1072 1072 1074 1072

the details of our analysis. In Section 3.2, we write down the complete set of independent

AB

27 and/or p-decay. Section 3.3 gives our

operators through n = 6 that contribute to m
analysis of operator mixing and matching considerations, while in Section 3.4 we discuss
the resulting constraints on the g R.RL that follow from this analysis and the present upper
bounds on the neutrino mass scale. We summarize in Section 3.5°.

The material presented in this chapter was published in [37].

3.2 Operator Basis

To set notation, we follow [17] and consider the effective Lagrangian

Cr )
L= 5 0" () +he. (3.2)

n?j

®This work was done in collaboration with Jennifer Kile, Michael Ramsey-Musolf, and Peng Wang.
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where 1 is the renormalization scale, n > 4 is the operator dimension, and j is an index
running over all independent operators of a given dimension. The lowest dimension neutrino

mass operator is

O\ ap = LAGvR (3.3)

where L# is the left-handed (LH) lepton doublet for generation A, vX is a RH neutrino
for generation D, and ¢ = ito¢* with ¢ being the Higgs doublet field. After spontaneous

symmetry breaking, one has

0
o — (3.4)
v/V2
so that
ct oW . AD-A D
M,ADY M, AD m, VLVR
myP = —Cipapv/V2. (3.5)

The other n = 4 operators are those of the SM and we do not write them down explicitly

here.

For the case of Dirac neutrinos that we consider here, there exist no gauge-invariant
n = 5 operators. In considering those with dimension six, it is useful to group them

according to the number of fermion, Higgs, and gauge boson fields that enter:

Four-fermion:

Ly*LL~, L
CRY™RCRY LR
CRY™ RVR VR
VRY'VRVRYUVR

LeRplRL
LvpvgpL

EijiifREjVR

Here /g is the right-handed charged lepton field. Several of the operators appearing in this

list can contribute to p-decay, but only the last one can also contribute to m#” through
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radiative corrections. Including flavor indices, we refer to this operator as
6 ijTA)CTB, D
OJ(F«“,)ABCD = LilpLyvR (3.6)

where the indices 7, j refer to the weak isospin components of the LH doublet fields and

€2 =2 =1.

Fermion-Higgs:

(LAY LE) (¢ Do
i(LAy L) (¢ "7 D

)
)
iy 05)(¢" Do) (3.7)
u9)
)

ity vR) (6" Dud

Neither of the first two operators in the list (3.7) can contribute significantly to m#” since

they contain no RH neutrino fields. Any loop graph through which they radiatively induce

would have to contain operators that contain both LH and RH fields, such as (’)](V[) AB

AD
or other n = 6 operators. In either case, the resulting constraints on the operator coeffi-
cients will be weak. For similar reasons, the third and fourth operators cannot contribute
substantially because they contain an even number of neutrino fields having the same chi-

rality and since the neutrino mass operator contains one LH and one RH neutrino field.

Only the last operator
6
0F ,, = illar"v)(¢" Dud) (3.8)

can contribute signficantly to m, since it contains a single RH neutrino. It also contributes
to the pu-decay amplitude after SSB via the graph of Fig. 3.1a since the covariant derivative

D,, contains charged W-boson fields. We also write down the n = 6 neutrino mass operators
6 o~
O ap = (LAvR)(¢% ) (3.9)

as well as the charged lepton mass operator (L¢fg)(¢+¢) that we do not use in the present

analysis.
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Fermion-Higgs-Gauge:

Lry" DY LW,

Ly“D¥LB,,

ZRW“D”ERBW
vrRY' D" vR B, (3.10)

g2 (EUWT‘IQS)ERWSV

g1 (Z/Uuu(b)gRBuV

g2 (LO'/WTa(ﬁ)I/RWSV

g1 (Z—/O’“V(b)VRBuV

As for the fermion-Higgs operators, the operators in (3.10) that contain an even number

AB

of vg fields will not contribute significantly to m;

, so only the last two in the list are

relevant:

O ap = a(L "R By, (3.11)
O ap = @l SRWe, (3.12)

In addition to these operators, there exist additional n = 6 operators that contain two
derivatives. However, as discussed in [17], they can either be related to O](E?,) Ap and O‘(,g? AD
through the equations of motion or contain derivatives acting on the vp fields so that they
do not contribute to the neutrino mass operator. Consequently, we need not consider them
here. We also observe that the operator OI(/?/? 4p Will also contribute to the p-decay amplitude
via graphs as in Fig. 3.1b. We have computed its contributions to the Michel parameters
and find that they are suppressed by ~ (m,/A)? < 1.7 x 1077 relative to the effects of the
other n = 6 operators. This suppression arises from the presence of the derivative acting on
the gauge field and the absence of an interference between the corresponding amplitude and
that of the SM. Finally, we note that the operators whose chiral structure suppresses their
contributions to the neutrino mass operator (as discussed above) may, in general, contribute

to muon decay via the terms in Eq. (3.1) having € = u. We do not consider these terms in

this study.
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Figure 3.1: Contributions from the operators (a) (’)gj)AD and (b) Ol(ﬁﬁf?AD (denoted by the

shaded box) to the amplitude for p-decay. Solid, dashed, and wavy lines denote fermions,
Higgs scalars, and gauge bosons, respectively. After SSB, the neutral Higgs field is replaced

by its vev, yielding a four-fermion u-decay amplitude.

3.3 Operator Renormalization: Mixing and Matching Con-
siderations

In analyzing the renormalization of operators that contribute to both u-decay and m P it

is useful to consider separately two cases: (i) one-loop matching conditions at the scale A

involving the n = 6 operators that enter u-decay and the n = 4 mass operator, (’)J(é[) AD>

and (ii) mixing among the relevant n = 6 operators. In general, contributions to m{ "

involving the second case will be smaller than those implied by matching with 05\2 Ap by
~ (v/M\)?, since (’)5\(/5[)’ Ap contains an additional factor of (¢T¢)/A%. We first consider this
case and employ dimensional analysis to derive neutrino mass naturalness expectations for
the n = 6 operator coefficients. For v not too different from A, the impact of the n = 6

mixing can also be important, and in this case we can employ a full renormalization group

(RG) analysis to derive robust naturalness bounds.

3.3.1 Matching with O} ,,,

The analysis of [16] employed dimensional regularization (DR) to regularize the one- and
two-loop graphs through which four-fermion operators containing a single v, field contribute
to the n = 6 mass operator. Mixing with lower-dimension operators does not arise in DR
since the relevant graphs are quadratically divergent and must be proportional to the square
of a mass scale. For p > v, all fields are massless, and p itself appears only logarithmically.

Since the mass operator exists for zero external momentum, all quadratically-divergent
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graphs vanish in this case.

The n = 4 mass operator will nevertheless receive contributions at the scale A associated
with loop graphs containing the n = 6 operators. Simple power counting shows that these
contributions go as ~ A%/(4m)? times a product n = 6 operator coefficient C%/A? and the
gauge couplings ~ g2 appearing in the loop. Thus, matching of the effective theory with
the full theory (unspecified) at the scale A implies the presence of a contribution to C’f\/l of
order ~ aC%/4w. As emphasized in [25], the precise numerical coefficient that enters this
matching contribution cannot be computed without knowing the theory above the scale A.
One may, however, estimate the size of these contributions either using a gauge-invariant
regulator, such as the generalized Pauli-Villars regulator of [26], or using naive dimensional
analysis. Since we are interested in order-of-magnitude expectations, use of the latter is
sufficient. We emphasize that these expectations can only be relaxed in specific models

that suppress the matching conditions.

Figure 3.2: One-loop graphs for the matching contributions of the n = 6 operators (denoted
by the shaded box) to the n = 4 mass operator Ogé)’ Ap- Solid, dashed, and wavy lines

denote fermions, Higgs scalars, and gauge bosons, respectively. Panels (a, b, c) illustrate

contributions from OS)W, Og?), and (’)gf), respectively, to (’)1(\4/1[)7 AD-
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The relevant one-loop graphs are shown in Fig. 3.2. For the matching of the four-fermion
operators Ogg) Apcp onto (95(2 Ap» two topologies are possible, associated with either the
fields (L4, vE) or (LB, vR) living on the external lines. For the matching of Og)ABCD as
well as of (’)gj? AB into (91(\42 Ap> one insertion of the Yukawa interaction 7. lgLA is needed
to convert the internal, RH lepton into a LH one. In contrast, no Yukawa insertion is
required for the matching of (9](367) Ap and (91(/?,? Ap onto (91(\‘2 AD-

To simplify the analysis of matching involving the OE??ABCD we note that one may
always redefine the fields LA and f% so that the charged lepton Yukawa matrix fap is

diagonal. Specifically, we take

LAY — LA =8,5L° (3.13)

(G — (° =TgplP
with S4p and T p chosen so that
L f€ =L fdiag v (314)

where L, L' denote vectors in flavor space, f denotes the Yukawa matrix in the original basis,
and fdiag = St f T. We note that the field redefinition (3.13) differs from the conventional
flavor rotation used for quarks, since we have performed identical rotations on both isospin
components of the left-handed doublet. Consequently, gauge interactions in the new basis
entail no transitions between generations. We also note that Eq. (3.13) also implies a

redefinition of the operator coefficients Cﬁ/ﬂ AD> C’%’ Apcp- ete. For example, one has

46 A6
Cyrap = CnpapSu,aa (3.15)

s = ¢ SuaSppT

Fapcep = CpapopSaaSesTic

where a sum over repeated indices is implied. Diagonalization of the neutrino mass matrix
requires additional, independent rotations of the 1/3 p fields after inclusion of radiative
contributions to the coefficients C’?\f 4p generated by physics above the weak scale. Since
we are concerned only with contributions generated above the scale of SSB, we will not

perform the latter diagonalization and carry out computations using the L', ¢}, basis®.

SFor notational simplicity, we henceforth omit the prime superscripts.
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In this case, the only four fermion operators (’)}6) Apcp that can contribute substantially

to mAP are those having either A = C or B = C. Thus, we obtain the following estimates

of the contributions from the n = 6 operators to the coefficient of the n = 4 mass operator:

(6%
OS)AD - Cf‘\%, Ap(A) Cg, Ap(A)

~_ %
47 cos? Oy

6 3o
Oi(/V?AD - Cf‘\%, Ap(A) ~ m SV, Ap(A)
6 faa
09, = Cirap() ~ 16308 ™) (3.16)

faa
Og;)ABAD - Cj4\/I,BD(A) ~ WC?T,ABAD(A)

BB
Ogi)ABBD - Cj4\/I,AD(A) ~ WC%,ABBD(A)

where Oy is the weak mixing angle and where we have made the dependence on the matching
scale A explicit”.

The relative factor of 3cot? @y, for the mixing of (’)g? 4p compared to the mixing of
01(597) 4p arises from the ratio of gauge couplings (g/¢’ )2 and the presence of a 7'- 7 appearing
in Fig. 3.2a. The factor of two that enters the mixing of Og)A pap compared to that of
(’)%6’) Appp arises from the trace associated with the closed chiral fermion loop that does not
arise for Ogi,)ABBD'

We observe that there exist two four-fermion operators that contribute to p-decay that
do not contribute to Cj‘\% 4p in the basis giving a diagonal f4p: Ogg)A App With either
A=1,B=2o0r A=2,B =1. It is similarly straightforward to see that these operators do
not mix with C?/L AD» since in the basis of charged lepton mass eigenstates, there exist no
Yukawa interactions that couple lepton doublet and charged lepton singlet fields of different
generations. As we discuss in Section 3.4, the operators Og):) aapp With either A =1,B =2
or A =2,B =1 contribute to gig and g;’g, respectively. Consequently, the magnitudes of
these couplings are not directly bounded by m, and naturalness considerations, as indicated
in Table 3.1.

These conclusions differ from those in [16], which did not take into account operators that
contribute to p-decay but do not mix with the neutrino mass operators. The corresponding

bounds on gg’g and gfz’g obtained in that work are, thus, not general and would apply

"In relating the coefficients C(A) to those at the weak scale as needed for the analysis of both u-decay
and m,, we will neglect corrections to the relations in Eq. (3.16) generated by running, as they are higher
order in the gauge couplings and numerically insignificant for our purposes.
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only in scenarios for which Cg 112p and Cg’ 991 p vVanish. From a theoretical standpoint, one
might expect the magnitudes of 016;7 112p and 01677 991 p t0 be comparable to those of the other
four-fermion operator coefficients in models that are consistent with the scale of neutrino
mass. Nevertheless, we cannot a priori rule out order of magnitude or more differences

between operator coefficients.

3.3.2 Mixing among n = 6 operators

Because (’)](S[) 4p contains one power of (¢¢)/A? compared to O](é‘[) Ap> the constraints ob-

tained from mixing with the former will generally be weaker than the one-loop n = 4
matching contributions by ~ (v/A)? . However, for A not too different from the weak scale,
the n = 6 mixing can be of comparable importance to the n = 4 matching. Here, we study
the mixing among n = 6 operators by computing all one-loop graphs that contribute using
DR and performing a renormalization group (RG) analysis. Doing so provides the exact
result for contributions to the one-loop mixing from scales between A and v, summed to all
orders in faaln(v/A) and aln(v/A).

In carrying out this analysis, it is necessary to identify a basis of operators that close
under renormalization. We find that the minimal set consists of seven operators that con-

tribute to p-decay and m,‘j‘D :

6 6 6 6 6 6 6
O(B,)AD7 Oi(/V?ADv OJ(\/I),AD7 OE;—,)AW OJ(P“,)AABD7 OJ(P“,)ABBD7 O%,)BABD‘ (3.17)

For simplicity, we have included a single RH neutrino field V}g in all seven operators. While
one could, in principle, allow for different vr generation indices, the essential physics can
be extracted from an analysis of this minimal basis.

The classes of graphs relevant to mixing among these operators are illustrated in Fig. 3.3,
where we show representative contributions to operator self-renormalization and mixing
among the various operators. The latter include mixing of all operators into (’)](\(/5[)7 ap (a—
¢); mixing of O](\(j[), AD> Ogjy)AD, and O‘(,s?AD into Ogi)AD (d, e); and mixing between the
four-fermion operators and the magnetic moment operators (f, g). Representative self-
renormalization graphs are given in Fig. 3.3(h—j). As noted in [16], the mixing of the the
four-fermion operators into (9](3[)7 4p contains three powers of the lepton Yukawa couplings

and is highly suppressed. In contrast, all other mixing contains at most one Yukawa inser-
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tion.

Working to first order in the fa4 we find a total of 59 graphs that must be computed,
not including wavefunction renormalization graphs that are not shown. Twenty-two of
these graphs were computed by the authors of [17] in their analysis of the mixing between
(’)5\(/5[)’ 4p and the magnetic moment operators. Here, we compute the remaining 37. As in
[17], we work with the background field gauge [27] in d = 4 — 2¢ spacetime dimensions. We
renormalize the operators using minimal subtraction, wherein counterterms simply remove
the divergent 1/e terms from the one-loop amplitudes. The resulting renormalized operators

6
)as

(9](-(2 are expressed in terms of the unrenormalized operators (9](-
6 nL/2 e /2 ~(6)
OJ(R) _ ZZ 1Z L/2 4 ¢/ O( Z klOkO , (3.18)

where

o) =z 7520l (3.19)

are the p-independent bare operators. Zi/ % and Z;/ ? are the wavefunction renormalization
constants for the fields L# and ¢, respectively; ny, and ng are the number of LH lepton and

IZTLL/2 ntP/

Higgs fields appearing in a given operator; and Z are the counterterms that

remove the 1/e divergences.

6)

Since the bare operators O](-O do not depend on the renormalization scale, whereas the
Zj_k1 and the (’)j(-(;% do, the operator coefficients CJG must carry a compensating u-dependence
to ensure that L.g is independent of scale. This requirement leads to the RG equation for

the operator coefficients:

d
u@c;?’ +) CP =0 (3.20)
k

where

d
EDY <u@ZMl> Zyj . (3.21)

¢
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is the anomalous dimension matrix. We obtain®

_ 3(a1—3az)

167

9ao
8

0
Yik = 0
_3fAa
12872
_3fgB
12872

3o
87

3(a1 —3as)

167

—6&1(&1 + Oéz)
6oz (a1 + 3a2)

9(1+3a2) 33X
167 272
9asfaa _ 3faaX
8 872
0
0
0

_9041sz

_9o1faa _Y9a1fBB 9a1fBB
8 4m 2w 47
2Tan faa _9asfaa _ 9a2fBB 9asfBB
8w 4m 2m 4w
0 0 0 0
3o
T 0 0 0
3(3a; —a2)
= 0 0
3(artaz)  3(ar—asz)
0 0 8w 4w
0 0 3(a1 —a2) 3(a1 taz)

4

87

(3.22)

where the a; = g?/(4m) and X is the Higgs self coupling defined by the potential V(¢) =

M(¢te) —v?/2)%.

Using this result for «;; and the one-loop 3 functions for a1, as, and the lepton Yukawa

couplings, we solve the RG equations to determine the operator coefficients C’g(,u) as a

function of their values at the scale A. As in [17] we find that the the running of the gauge

and Yukawa couplings has a negligible impact on the evolution of the C,?(,u). It is instructive

to consider the results obtained by retaining only the leading logarithms In(x/A) and terms

8The term in 733 proportional to A differs from that of [17], which contains an error. However, this change
does not affect the bounds on the neutrino magnetic moments obtained in that work.
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Figure 3.3: One-loop graphs for the mixing among n = 6 operators. Notation is as in pre-
in the text.

vious figures. Various types of mixing (a—g) and self-renormalization (h—j) are as discussed
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Figure 3.4: Two-loop graphs for the mixing of the n = 6 operators. Only representive graphs
for the mizing of the four-fermion operators ng)ABCD into (95\64) Ap are shown.

at most first order in the Yukawa couplings. We find

Chiap(l) = Cfpap(A) [1— sl %]
- [W_C’E(A) +74C2(A) +11sCY AD(A)] In %
CS(u) = C5(A) [1 ~4n %]
+ [(F14/327%) CF, aaan(8) + (F/327%) CF, appp(A)] In &
C(n) = C%(A) [1 +4n %}

+[(3£44/1287°) (a1 — a2) CF. 4aap(A)

+ (3fBB/1287T2) (a1 — o) C?;, ABBD(A)] ln%
Cy ap) = Cp ,p(A) [1 — Y44 ln %} +(9fa4/8m)CO(A) ln% (3.23)
3(ag — 3 0
CP anap() = C% aaap(d) |1+ % In K}

+(9fa4/47) [CH ap(N)ox + Chy ap(A)as] ln%

3(a1 + as 0
CS appp() = C% appp(A) [1- <T> n ﬂ

31 —« W
—%Cﬁ papp(A)In A

+(9f51/2m) [C5 ap(A)ar + Cfiy ap(Aas] In &

(a1 + I
CP papp() = Cp papp(N) |1— % In X}

(a1 — 0
—(T)Czﬁa Agpp(A)In A

—(9fBB/Am) [CH Ap(M)ar + CPy ap(A)as] ln%
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where

C8(n) = Ck ap(w) £ Ciyap(n)
Con) = anC, ap(p) — 3a2Cy, ap (1) (3.24)
Y+ = (713 £723) /2
7 = 3(o + 3ag)/167

We note that the combination of coefficients C’_?(v) enters the neutrino magnetic mo-
ment. Its RG evolution was obtained in [17] to zeroth order in the Yukawa couplings; here
we obtain the corrections that are linear in f44 and fpp. The corresponding contributions

to the neutrino mass matrix émA? and magnetic moment matrix p/'” are then given by

AD v 6
om, "~ = — (W) Cir, ap(v) (3.25)
NfD B _4\/§<me?}) R {06( )} (3.26)
—MB = A2 (] T v . .

From Egs. (3.23), (3.25), and (3.26) we observe that to linear order in the lepton Yukawa
couplings, 016\4, ap (1) receives contributions from the two magnetic moment operators and
(’)é/6 ) but not from the four fermion operators. This result is consistent with the result ob-
tained by the authors of [16], who computed one-loop graphs containing the four-fermion op-

erators of Eq. (3.1) using massive charged leptons and found that contributions to m, mg’.

In the effective theory used here, the latter result corresponds to a one-loop computation

(6)

with three insertions of the Yukawa interaction. However, mixing with (9‘7 was not con-

sidered in [16], and our result that this operator mixes with (’)1(\6/[)7 Ap to linear order in the
Yukawa couplings represents an important difference with the former analysis.

We agree with the observation of [16] that the four fermion operators can mix with
(’)5\3)’ 4p to linear order in the fa4 via two-loop graphs, such as those indicated in Fig. 3.4.
These graphs were estimated in [16] by considering loops with massive W* and Z° bosons
that correspond in our framework to the diagrams of Fig. 3.4a. We observe, however, that
the two-loop constraints will be weaker than those obtained by one-loop matching with
(’)g\ﬁ/‘[)’ Ap by ~ (a/4r)(v/A)? (modulo logarithmic and model-dependent corrections), so we

do not consider this two-loop mixing in detail here. Moreover, because we work at a scale

> v for which the use of massless fields is appropriate, and because we adopt a basis in
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which the Yukawa matrix and gauge interactions are flavor diagonal (but m4P is not), the

(6) (6 (6)
F,

operators O’ 15p and O )221 p will not mix with O, , even at two-loop order.

3.4 Neutrino Mass Constraints

To arrive at neutrino mass naturalness expectations for the gzu coefficients, it is useful to
tabulate their relationships with the dimension six operator coefficients. In some cases, one
must perform a Fierz transformation in order to obtain the operator structures in Eq. (3.1).

Letting
v

2
9=k (K) Cg(v) (3.27)
we give in Table 3.2 the ks corresponding to the various dimension six operators.
Using the entries in Table 3.2 and the estimates in Eq. (3.16), we illustrate how the
bounds in Table 3.1 were obtained. For the operator (99122 p» for example, we have from

Egs. (3.5) and (3.16)°

5 1D
’0}67'7122D’516772 <—ZV > (328)
m
leading to
dmiP v\ 2 dmipP v\ 2
SolSsar? (/) (~ TolSom? | /) (~ 3.29
ol S a2t (22 ) ()" lafal <200 (22 ) (5) (3.29)

where mP denotes the radiative contribution to mAP. Choosing A = v and ém.P = 1eV
(corresponding to the scale of upper bounds derived from *H -decay studies [28, 29]) leads
to the bounds in the first row of Table 3.1. Similar arguments yield the other entries in the
table. Note that the bounds become smaller as A is increased from wv.

The constraints on the g){R rz, that arise from mixing among the n = 6 operators follow

straightforwardly from Egs. (3.23) and (3.25) and Table 3.2. We obtain

om2P 8 sin2 0 AsinZ 6 -1 A\ F
vV v w _ w _
b= () () (- 255) (7)o e

A similar expression holds for gf; but with m, — m. and ém2P — dmlP. Note that in

6
V,AD

the impact on the g‘L/R7 rr is higher order in the gauge and Yukawa couplings. To derive

arriving at Eq. (3.30) we have ignored the running of the C (1) between A and v, since

numerical bounds on the QER, gz from Eq. (3.30) we use the running couplings in the MS

%In what follows, we suppress the scale dependence of the C(p) and, as indicated earlier, neglect the
effects of running in translating the one-loop matching bounds into constraints at the weak scale.
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scheme a = a(Myz) ~ 1/127.9, sin? Oy (Mz) ~ 0.2312 and the tree-level relation between
the Higgs quartic coupling A, the Higgs mass my, and v: 2\ = (mg/v)?. We quote two
results, corresponding to the direct search lower bound on my 2 114 GeV and the one-sided

95 % C.L. upper bound from analysis of precision electroweak measurements, mpy < 186

GeV [30]. We obtain

2D -1 [1.2x 1075, mpy =114GeV
0¥nl = <(51m<[ > <1n é) (3.31)
¢ v 7.5 % 1076, my = 186 GeV
SmAD A\ 7! |25 %1074, mp =114GeV
l9re| = v ) oy
RL leV v

1.5 x 1073, mpy = 186GeV .

For A ~ 1 TeV, the logarithms are O(1) so that for ém, ~ 1 eV, the bounds on the g‘L/R7RL
derived from n = 6 mixing are comparable in magnitude to those estimated from one-loop

matching with the n = 4 mass operators.

Although the four fermion operators do not mix with OJ(\G/[) Ap at linear order in the

Yukawa couplings, they do contribute to the magnetic moment operators Og) ap and

Oé?,?AD at this order. From Egs. (3.23) and (3.26) we have

ou” V2 (%

v\ 2 . . A
= > (K) Re [f4aCP anap + [55CE aBBD) 1n;7 (3.32)

where (MfD denotes the contribution to the magnetic moment matrix and g is a Bohr
magneton. While ng)A aap does not contribute to u-decay, the operator ng)A ppp does,
and its presence in Eq. (3.32) implies constraints on its coefficient from current bounds on

neutrino magnetic moments. The most stringent constraints arise for A = 1, B = 2 for

which we find .
2 A - MlD
o YV <5x100 (2 v 3.33
Ch1zpl (§) 55 % n= - (3.33)

Current experimental bounds on |u;, P /up| range from ~ 10710 from observations of solar

and reactor neutrinos [31, 32, 33, 34] to ~ 3 x 107!2 from the non-observation of plasmon
decay into vv in astrophysical objects [35]. Assuming that the logarithm in Eq. (3.33) is
of order unity, these limits translate into bounds on g*LqR and ng ranging from ~ 1 —

0.03 and ~ 0.3 — 0.01, respectively. The solar and reactor neutrino limits on |uy, " /ug|



31

Table 3.2: Coefficients « that relate gJ,, to the dimension six operator coefficients C’,? via
Eq. (3.27).

Coefficient ng ng g}S{L gﬁL Q)Q/R QKL

CP 192D /4 1/8 - - - -
0}67,212D 2 - - - - -
CP 112D 3/4 1/8 -

C%, 211D - - 1/4 1/8 - -
CP 11D - - 12 - - -
C?«“, 221D - - 3/4 1/8 - -
e ST e

C\Q/,lD ) ) B ) ) —1/2

imply bounds on the g”ng that are weaker than those obtained from the global analysis
of u-decay measurements, while those associated with the astrophysical magnetic moment
limits are comparable to the global values. Nevertheless, the bounds derived from neutrino
magnetic moments are several orders of magnitude weaker than those derived from the scale
of neutrino mass.

The naturalness expectations for the C’g associated with the scale of m, have implica-
tions for the interpretation of u-decay experiments. Because the coefficients 019“,112 p and
Cg 991p that contribute to gg’g g are not directly constrained by m,, none of the eleven
Michel parameters is directly constrained by neutrino mass alone. Instead, it is more rel-
evant to compare the results of global analyses from which limits on the gJ, are obtained
with the m, naturalness bounds, since the latter imply tiny values for the couplings QZR, RL
Should future experiments yield a value for either of these couplings that is considerably
larger than our expectations in Table 3.1, the new physics above A would have to exhibit
either fine-tuning or a symmetry in order to evade unacceptably large contributions to m,,.
In addition, should future global analyses find evidence for non-zero ggg rp With magni-
tudes considerably larger than given by the m, naturalness expectations listed in Table
3.1, then one would have evidence for a non-trivial flavor structure in the new physics that
allows considerably larger effects from the operators Ol(f,)m p and (9?221 p than from the

other four fermion operators.

Finally, we note that one may use a combination of neutrino mass and direct studies of
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the Michel spectrum to derive bounds on a subset of the Michel parameters that are more
stringent than one obtains from p-decay experiments alone. To illustrate, we consider the

parameters 0 and «, for which one has

3 3 3 3 .
it i l9¥r|” + 5 l9FR|” + Re (92roLR) + (L = R) (3.34)

a = 8Re{gf (975 +6gi5) + (L R)}. (3.35)

From Table 3.1, we observe that the magnitudes of the g‘L/R rp, contributions to p and «
are expected to be several orders of magnitude below the current experimental sensitivities,
based on neutrino mass naturalness considerations. In contrast, the contributions to gg’g RL
that arise from 05?6,)112 p and (9%67)221 p are only directly constrained by u-decay experiments
and not neutrino mass. Thus, we may use the current experimental results for p to bound the
operator coefficients C’g 112p and Cg 991 p and subsequently employ the results — together
with the m, bounds on the QZR, pr — to derive expectations for the magnitude of a. For

simplicity, we consider only the contributions from 01@7112 p to p, and using the current

experimental uncertainty in this parameter, we find

2
1C% 1 1ap | (%) <0.1. (3.36)

6 .
V,1D"

In the parameter «, this coefficient interferes with C
v\4 6 6
a=—06 (K) Re (OV71DOF,112D + > s (337)

where the “+---” indicates contributions from the other coefficients that we will assume

D

4 /N2 (mlP
o] $2 %1074 (K) <1eV> . (3.38)

For A = v, this expectation for || is more than two orders of magnitude below the present

to be zero for purposes of this discussion. From Eq. (3.36) and the m, limits on C‘@/ p e

obtain

experimental sensitivity and will fall rapidly as A increases from v. A similar line of rea-
soning can be used to obtain expectations for the parameter o’ in terms of m, and the

CP-violating phases that may enter the effective operator coefficients.
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3.5 Conclusions

The existence of the small, non-zero masses of neutrinos have provided our first direct ev-
idence for physics beyond the minimal Standard Model, and the incorporation of m, into
SM extensions is a key element of beyond the SM model building. At the same time,
the existence of non-vanishing neutrino mass — together with its scale — have important
consequences for the properties of neutrinos and their interactions that can be delineated
in a model-independent manner [17, 18, 16, 36]. In this chapter, we have analyzed those
implications for the decay of muons, using the effective field theory approach of [17] and
concentrating on the case of Dirac neutrinos. We have derived model-independent natu-
ralness expectations for the contributions to the Michel parameters from various n = 6

operators that also contribute to the neutrino mass matrix via radiative corrections.

Our work has been motivated by the ideas in [16], but our conclusions differ in impor-
tant respects. In particular, we find — after properly taking into account SU(2) . xU(1)y
gauge invariance and mixing between n = 6 u-decay and neutrino mass operators — that
the dominant constraints on the contributions from ggL rr to the Michel parameters oc-
cur at one-loop order, rather than through two-loop effects as in [16]. Consequently, the
naturalness bounds we derive on these contributions are two orders of magnitude stronger
than those of [16]. Based on one-loop matching considerations that cannot be analyzed
in the context of dimensional regularization, we also obtain expectations for contributions
from various four-fermion operators to effective scalar and tensor interactions that are sub-
stantially smaller than the two-loop mixing constraints appearing in that earlier work. We
emphasize that these expectations can only be relaxed in the presence of fine-tuning or

model-dependent suppression of the matching conditions at the scale A.

In addition, we carefully study the flavor structure of the operators that can contribute
to pu-decay and find that there exist four-fermion p-decay operators that do not contribute to
the neutrino mass matrix through radiative corrections. Since these operators contribute to
the effective scalar and tensor couplings gi’}{ rz of Eq. (3.1), no model-independent neutrino

mass naturalness bounds exist for these couplings, contrary to the conclusions of [16]. In

AD

;7 so these effective

contrast, all operators that generate the g‘L/R py, terms contribute to m
couplings do have neutrino-mass naturalness bounds. From a model-building perspective it

might seem reasonable to expect the coefficients of the unconstrained four-fermion operator
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coefficients to have the same magnitude as those that are constrained by m,, but it is
important for precise muon decay experiments to test this expectation.

While we have focused on the implications of Dirac mass terms, a similar analysis for
the Majorana neutrinos is clearly called for. Indeed, in the case of neutrino magnetic
moments, the requirement of flavor non-diagonality for Majorana magnetic moments can
lead to substantially weaker naturalness bounds than for Dirac moments [17, 18, 19]. While
we do not anticipate similar differences between the Majorana and Dirac case for operators

that contribute to u-decay, a detailed comparison will appear in the next chapter.
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Chapter 4

Majorana Neutrinos and p-decay

4.1 Introduction

The existence of small nonzero neutrino masses has provided our first direct evidence of
physics beyond the Standard Model. Since direct experimental study of the neutrino mass
and of neutrino-matter interactions is difficult, and the number of candidates for physics be-
yond the SM is large, model-independent studies of neutrino-matter interactions combined
with the study of neutrino mass are valuable tools in the search for new physics.

The study of Majorana neutrinos and muon decay has the potential to set bounds on
beyond the SM parameters that may soon be accessible by experiment. These bounds are
on some of the Michel parameters [10, 11] that contain information about contributions to
muon decay from unknown physics. In the SM, there are well-known predictions for what
these parameters should be. A previous study [37] looked at the limits that a Dirac neutrino
mass could put on the muon decay Michel parameters. Here we do the same for Majorana
neutrinos, and we closely follow the approach of that paper. However, in order to analyze
the effect of Majorana neutrino masses on the Michel parameters, we will need to cover
some background material.

We will first examine the motivations behind the development of Majorana neutrinos,
both how they emerge from higher-dimensional operators and why they are, from a theoret-
ical perspective, appealing. In Section 4.2, we write down the complete set of independent
operators through n = 7 that contribute to m#2¥ and p-decay. Section 4.3 gives our analysis
of operator mixing and matching considerations, while in Section 4.4 we discuss the result-
ing constraints on the gz R.RL that follow from this analysis and the present upper bounds

on the neutrino mass scale. We summarize in Section 4.5.
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4.1.1 Majorana neutrinos

Contributions to muon decay are typically parameterized as

i,
V2

ﬁ,u—docay — Z glﬁ éaI"YVGDHF,Wuﬁ s (41)

v, a8

where we sum over Dirac matrices TV =1 (8), 4 (V), and ¢*?/+/2 (T) and the subscripts
« and f3 indicate the chirality (R,L) of the muon and final state lepton, respectively!. In
the SM, g‘L/L = 1 and all other glﬁ = 0. A recent, global analysis by Gagliardi, Tribble,
and Williams [15] give the present experimental bounds on the glﬁ that include the results
of the latest TRIUMF and PSI measurements. When referring to Eq. (4.1) with Majorana
neutrinos, note that vg — vrC.

We use the effective Lagrangian

n
L= ifn(_’j) 0" () +hee. (4.2)
n,J

where p is the renormalization scale, n > 4 is the operator dimension, and j is an index
running over all independent operators of a given dimension. There are several ways of
modifying the SM to allow nonzero neutrino masses. One of the “easiest” ways is to give
up on renormalizability of the Lagrangian [41]: by regarding the standard model as a low-
energy effective field theory, we find that there is only one gauge-invariant dimension five
operator allowed by SM gauge invariance and particle content:

(
£5:O

T&(FEH)(HTEL) +he., (4.3)

where L¢ = LTC (C is the charge conjugation operator). This operator clearly violates

lepton number, by two units. When the Higgs field acquires a vacuum expectation value,

@=(,5s) (4.9

we acquire a Majorana mass for the neutrino,

C5) 32
EM = —TEVL vy, + h.c. (45)

!The normalization of the tensor terms corresponds to the convention adopted in [14]
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As an aside, the neutrino has obtained a Majorana mass only because L5 violated lepton
number, which here is a low-energy accidental symmetry and is in general violated by
higher-dimensional operators. Since, in this formulation, neutrino masses are naturally of
order v2/A, if A > v, this is an attractive explanation of why neutrinos are much lighter

than the other fermions [40].

The Majorana mass, written in terms of Dirac spinors, is given by (see Sec. 1.1):
1
L= —im(LCL +hec). (4.6)

By comparing this with the n = 5 mass operator, Eq. (4.3),

5 AE 1
U (L) (1T eLF) o —SmidE v (4.7)

we see that after spontaneous symmetry breaking,

05, AE 05’ AE
Afx OE\Z) AE = M[[X (~H} vi® vp) .

an upper bound on the neutrino mass contribution is obtained:

2
mAP < %C;’g AE (4.8)

It is important to realize that the n = 5 neutrino mass operator, Eq. (4.3), is symmetric
with respect to the lepton flavors. This means that, if we label the flavors as A and FE, the

SU(2) indices beginning with i, j, ...and the Dirac indices beginning with a, b, ...:
o) 5 = Litei;Cup H, Hyen LE;
M, AE = Lia€ijCabdtj IAECRILYp
then by moving L¥ past LA (putting in a —1 for interchanging the fermion fields), we get

5
(95\4) EA = —LfbelkCakaHjeﬁLA

i,a 9

which is just

OF) pa = —(L"CTem)(H L") .
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Since L¢ = —LTCT, we get the original 5D mass operator back,
5 —F E 5
OJ(\/[) pa= (L eH)(H eL") = Og\/[),AE .

We will use 01(\3) ap and (95\3) g4 interchangeably to refer to the same operator.

4.2 Operator Basis

In order to begin the analysis we will first examine our operator basis by writing down some
of the operators up to dimension seven that contain Majorana neutrinos and contribute to
the n = 5 and n = 7 Majorana neutrino mass operators. Here we will make use of the list
of operators outlined in [38]. We will then take a careful look at the flavor structure of our
operators, and in the process discover that some of the operators that superficially appear
relevant to our analysis actually give contributions to u-decay that are unconstrained by

neutrino mass.

4.2.1 n =7 operators contributing to neutrino mass
As before, the lowest dimension Majorana neutrino mass operator, which is a 5D operator,
is
—A
O apy = (T eH)(HTeL") . (4.9)
For Majorana neutrinos there are no gauge-invariant n = 6 operators. Here, we group

the operators with dimension seven according to the number of fermion, Higgs, and gauge

boson fields they contain. The 7D mass operator is:
o) = (T eH)(HT L") (HTH) (4.10)

There are three independent operators with two derivatives. Only the last one can

contribute to muon decay after SSB:

Oy s = (T L") (HTDyeD H)
O ap = (LFeD"H)(HDyel) (4.11)
OgZC),AE - (ﬁEH)(HT(I_JHED“L).
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Due to the presence of the derivative acting on the external fermion field, this contribution

is suppressed and will not be considered here.

There is one independent operator with one derivative; it contributes to g%L and g‘L/R:

O i T (T eLP)(HT D, H) . (1.12)

There are two independent four-fermion scalar operators. Each one corresponds to a

different Lorentz contraction. These operators contribute to g}%L, ng, gﬁL, and ng:

—A —D, .
Og()a),ABDE = ejen (LY LkB)(LCj lr E)Hl )
7 —A _ B, , =D, B
O%()b),ABDE = eijer (Lo Ly ) (LS LR )H, (4.13)

where (g€ = C ET. These are the only independent SU(2) contractions. For example, the
contraction:

Op = €ijer(LlR%) (L L) Hy
can, by renaming i <> j, be shown to be simply —Op(q).

We also note that any four-fermion tensor operators, for example:

o = Eijﬁkl(F?O'aﬁ LkB)(F]DUaﬁ KRCE)Hl ’

F(a), ABDE

are merely linear combinations of the scalar operators and are not independent?. This can

be seen by starting with the operator
—A , B\ =D
eijekl(LCi LR° )(Lcj LkB)Hl ,

(™

and Fierz-transforming to obtain the ordering of the original operator, O F(a), ABDE'

1 —4 —D E 1 —a —D E
€€kl §(Lci LkB)(LCj (R )_|_§(Lci oo LkB)(LCj Oap LR€ ) H; ,

The tensor operators referred to in  [38], eijekl(L;-‘FAa'aﬁLkB)(L;FDJQMRCE)Hl and

A D B . .
cijert (LT 0P L;BY (LT " 00plr® )H;, are not Lorentz invariant.
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which means that the tensor operator can be re-expressed as:

1 —A —D B oA , B\ gD
geijekl([/ci o LBV IL 0ap trT) = egenl(Le L)L) Li”)
I —a —D , .
- §(ch' LB (ITE] ep")H,
or
) __ o0 L@
§Oﬁ(a),ABDE - _OF(a),DBAE - §OF(a),ABDE .

Finally, there is one independent W charged gauge boson operator that can contribute
to muon decay, and a B operator that does not:
—A
O ap = (I eH)o™ (HTer L )W, |
05 1y = (I eH)o" (H eL")B,, .
The operator (’)g) g is lepton flavor antisymmetric. The operator (9&7,) Ap» Which is the
is neither flavor symmetric nor antisymmetric.

We will choose to express it in terms of operators with definite flavor symmetry, Og,?j B

most general n = 7 operator involving Wy, ,

Nt _ 1@ 7
OWar = B (OI(/V?AE + Ol(/V?EA> : (4.14)

However, like the two-derivative operators, the contribution of the W operator is suppressed
(by a factor of mﬁ /A*) by the derivative acting on the gauge field and, again, will not be

considered in this analysis.

4.2.2 Flavor structure

In order to examine the neutrino mass constraints on the g 3 coefficients, we must determine
how the operators under consideration are related to these coefficients. For most, a Fierz

transformation [39] must be done to move the fields into the order in Eq. (4.1). By defining
v\ 3
g5 =—x(5) I, (4.15)

we can find the ks of the various dimension seven operators. These results are summarized

in Table 4.1; we explain how to obtain these numbers in the following.
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For the six possible flavor combinations for the two scalar operators Og()a% appp and
(’)g()b) appp> two are not constrained by neutrino mass. By writing out the SU(2) indices

we can examine the flavor structure more closely:

Oy anpe = €en(Ts L) (T (™) Hy
= HO (EAVLBE—LCDERCE _ K—LCAVLBEDERCE)
+ H+(FA€LBED€RCE B EAKLBE—LCDERCE) 7 (4.16)
Oy aspe = €en (T LE) (T tpe")Hy
- g9 (EAELBEDERCE B FAVLBQDERCE)

+ HY O v B e — vt B ety (4.17)

For example, we can obtain the glﬁ coefficients for the flavor combination O;‘zg )e by first

Fierz transforming and then exchanging fields. The different parts of the expanded operator

(using only the neutral Higgs part) contain information about muon decay or neutrino mass:

O = HOWE v T e =T v Vg tr”) . (4.18)

© decay v mass

After Fierz transforming the muon decay part, we have:

0

L 1 -
Oty = - @ Vi ta U™ v + 5 Vi 0™ L0, 0ag vi) | (4.19)

Next, we exchange the fields in the first position with the fields in the second position,
and similarly with the fields in the third and fourth positions, taking care to keep track of
minus signs from fermion anticommutation and the transposition of the charge conjugation

operator. Using the relations

- @) @ m
wr® Wr = Wr wr ,

(4.20)

ch(l)U)L(z) = ch(2)’wL(l), (4.21)
(4.22)

(4.23)

@ 2 __(® €]
wrt o wpt = —wg P w

(1) (2) (2) (1)
wit o™ wp = —wit o wy ,
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Table 4.1: Coefficients k that relate glﬁ to the dimension seven four-fermion scalar and

vector operator coefficients C7 via Eq. (4.15). A “” indicates that the associated operator
does not contribute to that ¢ in muon decay.

S T S T v 1%
K 9ir  9Lr Y9rL Y9rL 9LR 9RL

07 eppe —1 -1

F(a) 4/2 82
C? peep —1 —1 _

F(a) W2 8V2
07 epep _

o, W
2 S
e, L w
Cra) 2va

‘H

Teppe -1
CF b -

‘)—ll
S
5

T peep —1
Crey  3ys
07 epep 1 _

F(b) 4v2
C? pepe _
I;,EZ)Lee 282
CF(b) - - O

Tee
C(F(b)uu

oo
3

o
1
1
1
1

7ee _ B _ _ _ -1
v 1
o ) } ) -1
2%

the operator becomes:

HO —€ e— 1 —€ e—
O;H(Z)e = 7(2 ER vy, VLCquM —1—5 ER O'aﬁle I/Lcuaaﬁ ELM) . (4.24)
| —

S
9RL QEL

~~

Comparing these coefficients with the coefficient of Eq. (4.1), we find that gI%L = ﬁ (%)3 cr

and g% ;= (%)3 C7. A summary of these results can be found in Table 4.1.

=1
8v2

Finally, the values for g{;L and g‘eR are found by calculating the diagram in Fig. 4.1
with the Standard Model vertex fui/DLu and the new physics vertex with the operator

Og)AE =1 E—RCAWM(HTELE)(HTEBHH), where A, E =e,e (g);) or A, E = p,p (gyp). We

find that the coefficients for both cases are given by —ﬁ (Table 4.1). The difference from
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)

the Dirac case, where the coefficient is 1/2, arises from the additional Higgs field in Of/ B

Figure 4.1: Contributions of the operators Og)AE and Og)EA (denoted by the solid box)

to muon decay. Solid, dashed, and wavy lines denote fermions, Higgs scalars, and gauge
bosons, respectively. After SSB, the neutral Higgs field is replaced by its vev, yielding a
four-fermion p-decay amplitude.

4.3 Operator Renormalization: Matching and Mixing

In order to determine the effect of neutrino mass on muon decay, we must consider both
the contributions from matching the n = 7 operators discussed in Section 4.2 to the n =5
mass operator, and also from mixing among the relevant n = 7 operators. We expect the
results from the latter case to be approximately (v/A)? larger than those from 7D — 5D
matching, since the 7D mass operator has an additional factor of (HTH)/A%. The matching

case is considered first.

4.3.1 7D — 5D matching

Here we analyze the matching of the n = 7 operators to the n = 5 mass operator with naive
dimensional analysis. Dimensional regularization (DR) is inapplicable here because in that
scheme operators of a given dimension do not mix with operators of lower dimension.

To simplify the analysis of matching involving the Og,)ABDE we note that one may
always redefine the fields L# and Eg so that the charged lepton Yukawa matrix fap is

diagonal. Specifically, we take
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LA — LA =S,pL" (4.25)

tp — %' =Tppt"
with S4p and Tgp chosen so that
Lft=T fgag? (4.26)

where L, L' denote vectors in flavor space, f denotes the Yukawa matrix in the original basis,
and fdiag — St fT. We note that the field redefinition (4.25) differs from the conventional
flavor rotation used for quarks, since we have performed identical rotations on both isospin
components of the left-handed doublet. Consequently, gauge interactions in the new basis

entail no transitions between generations. We carry out computations using the L', ¢,

basis3.

To calculate the contribution of the scalar four-fermion operators in Eq. (4.13) to the
five-dimensional mass operator, we have one diagram to consider, Fig. 4.2(a). From Sec-
tion 4.2.2, we know that there are two charged fermions in the part of the operators asso-
ciated with the neutral Higgs field, so there are two ways to contract the charged leptons
belonging to the four-fermion operators and the Yukawa vertex. In general, each contrac-
tion gives a different result for the matching contribution. These results are summarized in

the next section.

For the one-derivative operator in Eq. (4.12), there is one diagram to consider (Fig. 4.2(b)).

The evaluation of this graph using dimensional analysis is straightforward.

As noted previously, the only scalar n = 7 four-fermion operators that can contribute
to the n = 5 neutrino mass operator are those with either A = E or A = B. For the scalar

four-fermion operators, the contribution from the 7D operators to the 5D mass operator

3For notational simplicity, we henceforth omit the prime superscripts.
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Figure 4.2: One-loop graphs for the matching of the n = 7 operators (denoted by the box)
into the n = 5 mass operator (9](5[) ap- dolid, dashed, and wavy lines denote fermions, Higgs

scalars, and gauge bosons, respectively. Panels (a, b) illustrate mizing of Og) and 0517),

respectively, into (95\3) AE-

from dimensional analysis are:

AA
OTABBA _ ~5.BB f 7,ABBA

F(a) M ™ 1en2 T F(a) )
O;é;)élBB LooBAA % ;é,)axBB ’
O;(f{l))BBA . CBBB 1J;AWA2 C;,(?))BBA ,
oA oy Jom prasas (4.27)

Certain flavor combinations (O%ABAB and O;AABB

Fla) ) ) are missing because, although they
contribute to p-decay, they are unconstrained by neutrino mass and do not contribute to

cs,.

When we calculate the contribution of the 7D one-derivative operator, Og ) g OF Og ) B4

to the 5D mass operator, we find:

*
OTAE oA faa OTAE

1672 4 7
7.EA 5.AE  fEE ~7,EA
0, — Oy~ 15—504 : (4.28)

In performing these calculations, the well-known relation C' _17u = —WTC' ~1 was useful.
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4.3.2 Mixing among the 7D operators

In order to study the mixing of the n = 7 operators, we use a partial renormalization group

(RG) analysis to derive the neutrino mass naturalness bounds.

\ / /
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v "y A /
Q/\/\/\/\/
H \ 78
v/ /
g
L . L
H
\ \ \
\ q/ / H \ g/
\ / / \ / A

H A H \
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Figure 4.3: One-loop graphs for the mizing of the n =7 operator Og) (denoted by the box)

into the n =7 mass operator (95\? Ap- Solid, dashed, and wavy lines denote fermions, Higgs
scalars, and gauge bosons, respectively.

Because O](\Z[) 4 contains one power of (H YH)/A? compared to 05\3) Ap» the constraints

obtained from mixing with the former will generally be weaker by ~ (v/A)?. However, we
will see that for A ~ 1 TeV, the n = 7 mixing can be of comparable importance to the
n = 5 case.

We will be calculating the contributions from the n = 7 operator Og ) g o the 7D mass
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operator using DR and performing a renormalization group (RG) analysis. The contribu-
tions of the other n = 7 operators will be ignored because their contributions to neutrino
mass are suppressed (in the case of the four-fermion operators, by three powers of the
Yukawa coupling) or because their contributions to muon decay are suppressed (in the case

of the two-derivative operators and the magnetic moment operators).

To first order in Yukawa couplings, there are five graphs to be calculated (see Fig. 4.3).
The background field gauge is used with d = 4 — 2¢; the operators are renormalized with
minimal subtraction, and the renormalized operators are then expressed in terms of the

unrenormalized operators:

o' _Zz Lz R g g o Z zlow (4.29)
where
o\ =z zp 2z 0l (4.30)

are the p-independent bare operators. Z}J/ % and Z}LI/Q are the wavefunction renormalization

constants for the fields L# and H, respectively, ny, and ny are the number of LH lepton and

Higgs fields appearing in a given operator, and Z 1ZnL/ 2ZI"{H / 222 :/ % are the counterterms

that remove the 1/e divergences.

)

Since the bare operators (’)( do not depend on the renormalization scale, whereas the

Z ﬁC and the (9§ }g do, the operator coefficients C’; must carry a compensating p-dependence
to ensure that L.g is independent of scale. This requirement leads to the RG equation for

the operator coefficients:

d
#ﬁoj +Y Cl =0 (4.31)
k

where
d
Vhj = Z <M@Zk;> Zy . (4.32)
V4

is the anomalous dimension matrix. However, since we are only calculating one element of

the matrix — corresponding to the mixing of O‘(/) 4 into (91(\? Ap — we easily find

_ 9oafi  3fiX

S 82 (4.33)
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where the “4” labels (’)g} A and “37 labels OE\Z[) g in the notation of [37], and where the
a; = g?/(4n) and X is the Higgs self-coupling defined by the potential V(¢) = A[(¢T¢) —
v?/2)2.

Using this result for 43 and the one-loop 3 functions for as and the lepton Yukawa
couplings, we solve the RG equation to determine the operator coefficient 017\/[(#) as a
function of its values at the scale A. As in [17] and [37] we find that the the running of the
gauge and Yukawa couplings has a negligible impact on the evolution of CXJ(M). We obtain

Clrap) = —1sCL (il 4 32 M= me om0y

: , A 4w V2 ’
where we have included the antisymmetric magnetic moment operator contribution. There
is also a contribution from the mass operator self-renormalization; while this has not, to our
knowledge, been previously calculated, we do not need its value in this analysis because we
are assuming that CJT/I, ap(A) =0, so that dm,, is generated entirely by radiative corrections

involving insertions of CZ . Combining Eq. (4.34) with the contribution to the neutrino

V,AE
. AE .
mass matrix dm;," given by

’U4

we will find the neutrino mass constraints in the next section.

4.4 Neutrino Mass Constraints

Using Eq. (4.8) and Eqs. (4.27) and (4.28), we can calculate the bounds shown in Table 4.2.

We will demonstrate this with an example. For the operator Ofﬂ(’; )e, we have from Eq. (4.8)

and Eq. (4.27): )
< U_ f Teppe
My, ~ A 1672 F(a) 7

giving a bound on the C coefficient of the four-fermion operator:

1672 (6m A
Teppe| < v £
1< 07 (e (4 -




49

By referring to the entries in Table 4.1 we see that

om v2 om v2
S 2 14 T 2 v
lgRL! < 27 (7&) (p) l9RrL S 7 (7&) (p) (4.37)

where dm,, are the radiative corrections to m,. If we choose A/v ~ 1 and dm, ~ leV,
which we take from tritium (-decay measurements [28], [29], we find the bounds in the first
row of Table 4.2. The other bounds are found in a similar manner. It is interesting to note

that, due to the factor of v2/A2, as the size of A increases, the bounds become smaller.

The constraints on the QER, rr, that follow from the mixing of the n = 7 operator (’)g\? AE

into the mass operator 05\? 4p follow straightforwardly from Eqs. (4.34) and (4.35), and

Table 4.1. We find

1 [/ dmbH 87 sin? Oy A sin? Oy -t vy 1
V <= v _ A _
LR ~ 3 < my > ( 9 > (a 37 > (lnA) ’ (4.38)

A similar expression holds for ggL but with m, — m. and dmi" — dm&. Compared to

the Dirac case, Eq. 4.38 has an additional factor of 1/2; this comes from a combination of
the additional Higgs field in the n = 7 mass operator, the factor of 1/2 in the Lagrangian
for the Majorana neutrino mass, and the value of kK = ﬁ in Table 4.1 (instead of kK = 1/2
in the Dirac case). To derive numerical bounds on the g‘L/R7 g, from Eq. (3.30) we use
the running couplings in the MS scheme a = &(My) ~ 1/127.9, sin® 0y (Mz) ~ 0.2312
and the tree-level relation between the Higgs quartic coupling A, the Higgs mass mp, and
v: 2\ = (my/v)%. We quote two results, corresponding to the direct search lower bound

on my 2 114 GeV and the one-sided 95 % C.L. upper bound from analysis of precision
pp y p

electroweak measurements, my < 186 GeV [30]. We obtain

fpt -1 [5.9%x 1077, mpy = 114GeV
|91 R] (512{7) <1 %) (4.39)
3.8%x 1076, mpy =186 GeV
ee —1 —4 —
‘ % | < omy, | é 1.2 x107%, myg =114GeV
IRL| ~ 1eV v

8.0x 107*, mpy = 186GeV.

For A ~ 1 TeV, the logarithms are O(1) so that for dm, ~ 1 eV, the bounds on the g‘L/R7RL

derived from n = 7 mixing are comparable in magnitude to those estimated from mixing
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Table 4.2: Constraints on p-decay couplings g 5 from the scalar four-fermion operator and

the vector operator. The first fourteen rows give naturalness bounds in units of (v/A)? x
(my/1eV) on contributions from n = 7 muon decay operators (defined in Section 4.2) based
on one-loop matching with the n = 5 neutrino mass operators. The third to last row gives
upper bounds derived from a recent global analysis of [15], the second to last row gives upper
bounds from a recent analysis using Dirac neutrinos [37], and the last row gives estimated
bounds from [16] derived from two-loop mixing of n = 6 muon decay and neutrino mass
operators. A “” indicates that the operator does not contribute to the given ggﬁ, while
“None” indicates that the operator gives a contribution unconstrained by neutrino mass.

Source 197 Rl 97 5] 95z 9% |91 &| |9k

7 eppe -5 -5
OF(a) - - 4 x 10 2 x 10 - -

O 2x1077 8x 1078 - - - -

Tepep _ _ _ _ _
O F(a) None
(9;75)“ ¢ - - - None - -
O ee : S 2x107% - : :

O 1x 1077 - - - - -

O - - 4x1075 2x107° - -
O™ 2x 1077 8x 1078 : - - -
O™ 2x 1077 8x 1078 - - - -

O Hene . - 4x107% 2x 1075 . .

g‘p(fgee
Oy ) - - - None - -
07 eefLit

Fb) - None - - - -

(9‘77## - - - - 4 %1077 -
OIS - - - - - 8 x 107°

Global [15] 0.088 0.025 0.417 0.104 0.036 0.104
Dirac [37] 4x1077 2x1077 8x107° 4x107° 8x1077 2x1074
Two-loop [16] 1074 1074 102 102 1074 102
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with the n = 5 mass operators (see Table 4.2). Due to the difference in numerical factors
between Eq. (4.38) and its equivalent in [37], the bounds from operator mixing obtained

here are slightly smaller than the bounds from the Dirac case.

4.5 Conclusions

We have used experimental limits on the Majorana neutrino mass to put constraints on the
muon decay Michel parameters. Specifically, we have derived model-independent natural-
ness contributions to the Michel parameters from various dimension seven operators that
also contribute to neutrino mass through radiative corrections. The resulting constraints
are much smaller than current experimental limits and are approximately the same as the
constraints obtained from Dirac neutrinos. They are also a few orders of magnitude better
than those obtained in a previous two-loop study [16] using Dirac neutrinos. It is interesting
to note that as neutrino mass bounds become tighter with future experiments, our limits
on the g coupling constants in muon decay become tighter as well. At the same time, as
the TWIST experiment improves its sensitivity to the Michel parameters it will be looking
for deviations from our predictions.

After taking the flavor structure of operators contributing to muon decay and neutrino
mass into account, we have found that, similar to the Dirac case, there are some four-fermion
operators that do not contribute to neutrino mass through radiative corrections. While all
of the operators that contribute to the vector coupling constants ¢¥ have neutrino mass
naturalness bounds, those contributing to the scalar and tensor coupling constants g7
do not. It is reasonable to expect the coefficients of the unconstrained operators to be
of the same order of magnitude as the constrained coefficients, but without more precise

measurements from muon decay experiments we cannot say for certain.
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Appendix A

Perturbative Renormalization for
Domain-Wall Fermions

A.1 Introduction

Understanding the non-perturbative dynamics that govern the internal structure and inter-
actions of hadrons is a central goal of nuclear physics. Experimentally, substantial efforts
are underway using electron scattering and relativistic heavy ion collisions to probe the in-
teractions of quarks and gluons at distance scales and temperatures where non-perturbative
dynamics are expected to dominate. Theoretically, a variety of approaches are being pur-
sued to derive insight into these dynamics. Hadronic models have been remarkably success-
ful in accounting for a variety of non-perturbative phenomena while providing important
guidance as to the essential elements that drive them. Similarly, effective field theories
such as chiral perturbation theory or heavy quark effective theory that incorporate approx-
imate symmetries of Quantum Chromodynamics (QCD) have proven to be powerful tools
in systematically correlating a limited number of existing measurements in order to make
predictions for as yet unmeasured observables. Each of these approaches, however, requires
parameterizing one’s ignorance of various aspects of non-perturbative QCD in terms of a
set of input parameters that must be taken from experiment. Ideally, one would like to
derive these parameters from first principles in QCD. To date, the only viable method for
doing so is to put QCD on the lattice.

The implementation of lattice QCD itself entails numerically approximating the full
theory in a way that reproduces it in the continuum limit. However, at finite lattice spacing

a, various symmetries of continuum QCD — such as Lorentz invariance — are broken. In
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order to obtain results that realistically describe the continuum limit, one must understand
the effect of these symmetry breakdowns in a systematic way. One of the most important
of these is the approximate SU(3);xSU(3)g chiral symmetry of the QCD Lagrangian as-
sociated with the three lightest quarks. It is well known that the widely used Wilson and
Kogut-Suskind (KS) lattice actions do not fully reflect this chiral symmetry. The Wilson
action breaks the degeneracy of physical quarks and the unphysical doublers by including
a chiral symmetry-breaking mass parameter. Consequently, a certain degree of fine-tuning
of lattice parameters is needed to compensate for this effect when computing quantities,
such as the pion decay constant or nucleon polarizabilities, that are chirally sensitive. The
KS action introduces no such mass parameter, but the corresponding spectrum does not
contain the full set of Goldstone bosons implied by spontaneously broken SU(3) 1, xSU(3)r
Symmetry.

In the past decade or so, the development of lattice actions for quarks satisfying the
Ginsparg-Wilson relation has allowed one to implement chiral symmetry on the lattice
while removing the problematic doublers and maintaining locality and gauge invariance.
For computations aimed at understanding the properties of light quark systems, the state
of the art clearly lies in the use of Ginsparg-Wilson quarks. Here, we focus on one variety,
namely, domain-wall (DW) quarks introduced by Kaplan [44] and subsequently formulated
by Shamir [45]. The DW action places physical quarks and their gauge interactions on
the four-dimensional boundaries of a five-dimensional space, where the size of the fifth
dimension is N. In the N — oo limit, the chiral symmetry is exact, while for finite IV, the

effects of chiral symmetry-breaking are exponentially suppressed roughly as exp{—N}.

A number of quantities have been computed using DW quarks, and it has been demon-
strated that the chiral behavior of various observables is reproduced in the continuum limit
(see, e.g. [46]). More generally, the observables one would like to study with DW quarks
and compare with experiment involve matrix elements of renormalized operators. The sim-
plest example are matrix elements of twist-two operators that give the lowest moments of
structure functions obtained in deep inelastic scattering. These matrix elements depend
on the renormalization scale p in such a way as to compensate for the pu-dependence of
the corresponding Wilson coefficients, with the precise definition of each dependent on the
choice of renormalization scheme. In most instances, dimensional regularization (DR) with

modified minimal subtraction (MS) scheme is used in continuum QCD. Since the lattice
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regulator differs by construction from DR, the corresponding renormalization scheme is not
the same as (MS). Consequently, a direct comparison between lattice results and experi-
mental values for matrix elements of renormalized operators is not meaningful. In general,

one has

(W0;1h)sis = Y _ Zin(pa) (W' |Ok | )1t (A.1)
k

where, at one-loop order, the matching coefficients ij(,ua) contain a logarithmic depen-
dence on pa plus a (i, a)-independent term that reflects the difference between (MS) and

lattice renormalization, viz

B 2

Zji(pa) = 05 + #CF [(Vjk + 7205%) In(pa) + Rl (A.2)

where v, is the anomalous dimension matrix, «y9 arises from wavefunction renormalization,
and the R;, contain the scheme-dependent differences!. The goal of the present study is to
compute the the ij for DW fermions for a variety of twist-two operators.

Ideally, one would compute the ij using non-perturbative methods, but doing so is
neither feasible nor desirable in all cases. It is well known, for example, that the break-
ing of Lorentz invariance by the lattice regulator implies additional operator mixing not
present in the continuum. Accounting for this mixing when approaching the continuum
limit can be prohibitively expensive when done non-perturbatively (for a more extensive
discussion, see, e.g. [51]). Similarly, weak interaction operators, such as those governing
the non-leptonic decays of K- and B-mesons, undergo mixing even in the continuum limit.
Thus, in both cases, having in hand analytic, perturbative computations for the ij can
be advantageous. For this reason, we present here O(ay) perturbative computations of the
Zji, for DW fermions.

As a practical matter, perturbative lattice renormalization can also provide for more pre-
cise determinations of the Zjj, than can be obtained at present with non-perturbative meth-
ods. The extent to which perturbative, one-loop computations provide a reliable method
for obtaining precise values for the ij depends on knowing that the truncation error as-
sociated with higher-order contributions is sufficiently small. So long as the Rj; are O(1),

the size of this truncation error is governed by the coupling gs(a). It has been known for

In summing over k in Eq. (A.1) we have allowed for operator mixing that arises both in the continuum
limit as well as mixing generated by the breaking of Lorentz invariance on the lattice.
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some time, however, that one-loop computations using standard link variables can yield
|Rji| >> 1, thereby undermining the convergence properties that undergird the use of per-
turbation theory. This situation is remedied to some degree by employing “smeared” or
“fat” links. The primary motivation for the use of smeared links has been to reduce the
impact of short distance fluctuations and exceptional configurations in the computation
of various matrix elements. As a by-product, however, carrying out perturbative renor-
malization with smeared links is equivalent to introducing momentum-space form factors
into one-loop computations that suppress large contributions to the R;;. Smeared links
have been used in a variety of Wilson and KS perturbative computations, leading to R ;i
of O(1). To our knowledge, no computations for DW have been carried out using smeared
links. While the paper from which this appendix is excerpted employs smeared links, all of

the results presented here will be in terms of unsmeared links.

The primary results of our work are numerical values for the Z;;, for matrix elements of
operators listed in Table A.1. To provide as many cross checks as possible, we also compare
our results in various limits with those obtained by Aoki et al. for the quark self energy
and bilinears using DW quarks and standard (unsmeared) link variables and [51] for Wilson
fermions without smearing. In all cases, we find agreement with existing results. In the case
of DW quarks, in the original paper we find that smearing generally reduces the magnitude
of the Rj; by factors of three or four and, in some cases, substantially more, but that will

not be discussed here.

As in the work of [47] and [48], we also find that the magnitude of the wavefunction
renormalization constant, Z,, for physical quarks that live only on the boundaries of the
fifth dimension is quite sizeable. As we discuss below, the origin of the large contributions
to Z, is a renormalization of the physical quark field that is distinct from the wavefunction
renormalization of the individual DW quark fields living anywhere in the fifth dimension.
We isolate this effect by writing Z, = Z>Z,,, where Z3 is the wavefunction renormalization
constant for the individual DW quarks and Z,, is the additional renormalization of the
physical quark fields. We argue that Z,, is essentially a non-perturbative quantity, and
we identify a method for obtaining it from ratios of non-perturbative matrix elements.
In contrast, Z3 and the individual operator renormalization constants Z;; appear to be
perturbative. Since the matching coefficients ij depend on products of the Zj_k1 and

Z4, since the latter contain the non-perturbative Z,, contribution, and since the Rj; are
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observable H(4) mixing P lattice operator

(2)§" 63 no 1 QV{1D4}<]

(z)y) 37 no 0 q74D4q — HgnDig+ (szq + (mDsq)
(x%)q 8, yes 1 QV{1D1D4}Q - Q(’Y{2D2D4} + 7{3D3D4})
(x%)q 2 no* 1 Q’Y{1D1D4D4}q + Q’Y{2D2D3D3}q —(3 < 4)
(1)aq af no 0 ¢3¢

(w>(§3, 65 no 1 (175’Y{153}q

(@XZ 65 no 0 gy 7{3D4}q

(2%)aq 47 w0 1 @y 7{1D3D4}q

(L)sq 67 no 0 @ o314 _

()sq 8, no L qy 0’3{4D1}q

dy 6/ w0 0 @y 7[3D4]q

da 81 no** 1 qy ’Y[1D{3] D4}q

Table A.1: Operators used to measure moments of quark distributions. Different lattice
operators corresponding to the same continuum operator are denoted by superscripts a and
b. Subscripts of irreducible representations of H(4) distinguish different representations of
the same dimensionality and superscripts denote charge conjugation C. In the operator
mizing column, no* indicates a case in which mixing generically could exist but vanishes
perturbatively for Wilson or overlap fermions, and no™ indicates perturbative mizing with
lower dimension operators for Wilson fermions but no mizing for overlap fermions. The
entry in column P denotes the number of spatial components of the nucleon momentum,
]3, that must be chosen non-zero. Operators requiring one non-zero component have been
written for P in the 1-direction and S in the 3-direction.

meaningful only in the context of one-loop perturbation theory, we quote results for the Z] k

rather than for the Rj;.

A secondary aim of this chapter is to provide a brief, pedagogical introduction to pertur-
bative renormalization with DW quarks for readers who may be unfamiliar with the subject.
An extensive review of perturbative renormalization that focuses largely on Wilson fermions
and unsmeared links can be found in [51], and the present work should be read in tandem
with that paper. Here, we discuss in some detail elements of perturbative renormalization
that are unique to DW quarks, and include a few detailed examples for illustration. We
also provide rather general expressions that may be used by others in constructing codes to

carry out perturbative renormalization.

Our presentation of these points is organized as follows: In Section A.2, we review the

DW action and discuss the structure of the various tree-level quark propagators needed for



57
the one-loop computations. In Section A.3, we give an extensive discussion of perturbative
renormalization, including the issues involving Z, mentioned above, the treatment of in-
frared singularities, and detailed computations of quark self-energies and bilinear operators
ql'q. This section contains most of the formalism needed to understand the subsequent dis-
cussion of twist-two operators. Because the notation and definitions employed in the lattice
community differ in some cases from the standard field theory notation, we also provide a
translation guide for converting from one to the other. Section A.4 contains the computa-
tion of the Zj, for the twist-two operators listed in Table A.1, and in Section A.5 we give
a summary. Additional formal, pedagogical, and computational details are contained in a

following appendix?.

A.2 Domain-Wall Action and Propagators

Domain-wall fermions live in five spacetime dimensions and possess gauge interactions in
the four-dimensional subspace that corresponds to ordinary spacetime. The fifth dimension
is taken to be of finite size, with physical quark fields corresponding to linear combinations
of the fields that live on the boundaries of the fifth dimension. For pedagogical purposes,
however, it is useful to first consider the fifth dimension to be of infinite size. One may
decompose the 5D Lagrangian into the usual 4D Wilson Lagrangian, £4, plus a component
that couples fields in the fifth dimension, L5 [45]. One has, then?,

L= o 3 [B@)r U)ol + ai) + e + ai)(r + 5, U (@)t (2)]

2a
T,8,1

+ S ) (ar+2) (o). (A3)

where x and s denote the usual spacetime co-ordinates and those for the fifth dimension,
respectively, and p indicates any one of the directions in the ordinary d = 4 spacetime

dimensions, and the gauge link is defined

U“(l') _ eiaggAu(:c-i-aﬂ/Q) ) (A4)

2The work in Appendices A and B was done in collaboration with Bojan Bistrovié.
3When comparing formulas, one has to take into account that different authors use different sign-
conventions for the r term
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The other notation in Eq. (A.3) corresponds to that of the standard Wilson Lagrangian: M
is the 5D mass parameter, and the terms containing r break the degeneracy of doublers in
the M — 0 limit. Although one may allow 7 to take on any value in the range —1 < r < 0,
we will take » = —1 in order to avoid the presence of additional time doublers that disappear

in the continuum limit. Note that the link fields U, (z) are independent of s.

The Lagrangian L5 couples fermions at different values of s without involving the gauge

degrees of freedom:

Ls = = Z [TJZ)S( )(7"5 - '75)¢s+1($) + T;Z_)s(l')(r5 + % ¢s 1 +Z¢s ) (A 5)

2(15

where we have allowed for the spacing a5, and the discretized second derivative (proportional
to r5/as) in the fifth dimension to differ from the corresponding quantities in the other
four dimensions. Note that since L5 involves no gauge couplings, one may think of the
coordinates s as labeling an internal degree of freedom, or “flavor,” for the fermion fields.
The total Lagrangian £ = L4 + L5 then corresponds to an infinite tower of ordinary 4D

Wilson Lagrangians for fermions labeled by s with “nearest flavor” couplings given by Ls.

For the purpose of carrying out renormalization, it is most convenient to work in mo-

mentum space. The DW action is

d ddp - 0
sow = 'S Low= [ Gt 2 PP () ). (A.6)

with
_ a. s s — 5 s + 75
D ,(p) = oy — =p? — + M || dsg — 1) r— Os_1 4 A7
S,8 (p) |:Zp ’Y 2p + <a5 + >:| S,S 2(1,5 S+178 2(1,5 S 1,8 ( )
Throughout the chapter we will use the notation
Py = 2 sin 2P Py = — sinap Py = cos Pu (A.8)
= 2’ = o ’ 2’

so that
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Since we will not take a continuum limit in the fifth dimension, we are not concerned with

the implications of the choice of 5 for the approach to the continuum theory. In this case, it

is convenient to choose r5 = —1 in order to obtain chirality projection operators in D(s)’ «(D):
. 1
Dg,s’ (p) = [ip-v—W(p)dss + a_5 (P+5s+1,8’ + P—5s—1,8’) (A.10)
1 a .o
W(p) = —— M)+ =p=. (A.11)
as 2

The propagator for the semi-infinite and finite dimensions will be determined by restricting

the range of s,s" in DY ,(p).

The DW propagator is obtained by inverting the Dirac operator Dg’ o(p). A detailed
discussion of the procedure for doing so is given in Appendix B . In practice, we work with
a fifth dimension of finite extent (s = 1,..., N) and quarks having non-zero mass, m. As
discussed below, physical quarks are defined as linear combinations of the quarks living at
s=1and s = N, we add a mass term only on the boundaries of the Dirac operator. The

resulting form is

A~

Dy g(m) =0(s—1)0(s' = 1)0(N — s)0(N — s') DY s + mP_05109 n +mPyds NG 1. (A.12)

)

The propagator for the 5D quarks is just the inverse of D and is given by (see Appendix B)

Suwr(p) = —ip -7 (GEy P+ Gy P-) + S5, Py + S5 P (A.13)
where
1 A
Sy = Zt: <_W5s,t + a—55s,t+1 + m5s,15t,N> G, (A.14)
1 N
S = D (—W(Ss,t -1 més,Nét,1> Gy - (A.15)
5
t
with

G;I:Sl :AOe—a|s—s’| +Aie—a(s+s’—2) +A:Fe_a(2N_S_S/)+Am (e—a(N—s-i-s’) +e—a(N+s—s’)> 7
(A.16)

where formulas for coefficients Ag, Ay, and A,, are given in Appendix B.



60
A.2.1 Physical quarks

The computation of hadronic matrix elements on the lattice requires the construction of
sources that contain quark interpolating fields. From the standpoint of chiral symmetry,
one uses interpolating fields whose m, — 0 properties are chosen to reflect most closely
those of the physical quarks of QCD. One advantage of DW quarks is that in the N — oo
limit, mass renormalization is mulitiplicative. Indeed, as shown in [47], the existence of a

massless mode xg

X =4/1—w} <P+w8_1¢s(x) + P_wév_szbs(:n)) (A.17)

is stable under one-loop renormalization. In principle, one would like to construct hadronic
sources and operators from the yg fields, but due to the non-local structure of that field it
is more practical to build interpolating fields from linear combinations of the fields on the
boundaries, 11 and 1. Denoting the interpolating, or “physical,” quark field as g(x) one

has

q(z) = Pyir(z) + P-yn(z), q(x) = Y1 (x)P- + Py (z) Py . (A.18)

As discussed below, it is necessary to know the DW propagators involving the physical
quark fields as well as those arising from one physical and one of the ¥4(x) fields. To that

end, we define the following propagators:

Ses(wy) = (q(x)ds(y)) (A.19)
Ssq(@,y) = (¥s(2)a(y)) (A.20)
Sea(@,y) = (a(@)a(y)) - (A.21)

Using our previous expressions for Sst(k‘) we obtain the following explicit expressions for

these propagators:

Sys(k) = —ik-v[g1(s,k)Py +g-(s,k)P_] + 0y (s,k) Py +0_(s,k)P- (A.22)
Se(k) = (94 (5. )Py + g (s, k) P-] (=ik <) + o4 (s,k)Py +o_(s,k)P_ (A.23)
(k) = ik -y —m(1l— [blase”®) (A.24)

fn(m)
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where

e—a(N—s) + maze e a(s—1)
s, k) = — A.25

e~ 4 omage— eV —5)
_(s,k) = - A.26
9-(s,k) [ e m) (A.26)
oy = m(l—Wase™®) gy — ase e~ (A.27)
oy = m(l—Wase *)g- — ase e~ *N=s) (A.28)

1

fn(m) = = (1—|blase®) —m? (1—[blase™@) . (A.29)

A.3 Renormalization

Deriving the matching coefficients ij(,u, a) requires that one carefully delineate the con-
tributions from both quark field renormalization and proper vertices involving operator
insertions. In doing so, it is useful begin with the standard reduction formulae for operator
matrix elements. Since we work at momentum scales p ~ 1/a that are well above the con-
finement scale, we may consider matrix elements between initial and final states containing
free quarks of well-defined momenta. To illustrate, consider matrix elements of the quark

bilinear, given at tree-level by

Oj(x) = q(z)ljq(z). (A.30)

After renormalization, one replaces the fields ¢(x) by the bare fields gg(x):

qo(x) =1\/Z, q(x) (A.31)

where Zq is the regulator-dependent wavefunction renormalization constant defined in a
particular renormalization scheme. Any additional ultraviolet divergences in the opera-
tor matrix elements that are not removed by the wavefunction renormalization (A.31) are

eliminated by operator renormalization:
~_ ~N A
Orj(z Z W Ook(x) =73 2, 20,(x), (A.32)
k

where ORj (z) is the renormalized bilinear, Ogy(z) = do(x)T'jqo(x) is the bare operator, and

Ny = 2 is the number of quark fields appearing in O;(x).
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The finite matrix elements of ORj (x) are then given by the reduction formula in terms

of amputated, one-particle irreducible matrix elements:

. 2
(k| Of(x) Ip) = disc+ (\/_—2_) / d'y / diz =PV g(k) D,
% (0 T [a(2)0f (@)a(y)e™S] 10) Dyu(h) (A.33)

where the “disc” denotes contributions from disconnected diagrams, and where we have
gone to the interaction representation, with Si,; = f d*z Lini. The operators 1_52 are
just the Dirac operators (either continuum or lattice) and Z, is the finite wavefunction
renormalization constant for the quark field ¢(z). In the MS scheme, the Z q gives the residue
of the pole of the renormalized quark propagator. In the case of lattice regularization, Z,
may differ from unity even at tree-level. From Eq. (A.17) we observe that for the physical
quark fields defined in Eq. (A.18), one has

(ZQ)lat, tree 1- ’LU(2) : (A34)

It is useful to express Eq. (A.30) in terms of the propagators S'ts, S’qs, etc., and the proper
vertices AJ, that contain insertions of the unrenormalized operators Oj (). Transforming

to momentum space leads to

2
[ dta e (1 Ons(a) ) = <27r>45<p—q—kr>< 1 ) >z (4.35)
k

9

X [S’qq(]g)—lrfoc qu(k) Agt(k’p)gtq(p) [gqq(p)_lrm’ t

I ot G —17tree G —17tree, f
where we have replaced D, and D, in momentum space by [Syq(k) ™" and [Sg(p) ~] ,

respectively. At tree-level, Agt(k,p) — qu(k,p) since Oj(w) contains only physical quark
fields, and Zj_k1 — ;. Similarly, Z, = 1 (MS) or 1 — w3 (DW quarks) and the inverse
propagators simply amputate the renormalized, external propagators Sqq(k) and Sqq(:n,y)

that arise from contractions of the () and ¢(y) with the fields appearing in O;(x).

At one-loop order, several effects must be taken into account. First, one must account for
renormalization of the propagators qu and Stq arising from external leg corrections. Since

Oj (z) contains only the physical quark fields ¢(z), one need consider only the external
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leg corrections to S’qq to this order. Second, one must include operator renormalization
generated by vertex corrections. The latter give rise to non-vanishing A%, A’sfq, and A’;S
since the internal lines can contain any one of the propagators Sqt, Ssq, or Sqq. In this case,
one may use the tree-level external propagators S’qs appearing in Eq. (A.35). Finally, the
one-loop expression for the residue Z, in Eq. (A.35) must be used.

Once this renormalization has been carried out, Eq. (A.32) can be used to convert matrix
elements computed on the lattice to the matrix elements of renormalized operators in the

continuum in the MS scheme. To do so, we observe that the matrix element of O Rrj between

quark states, (q| Op;|q) in any scheme is given by
A _ N A
(al Orsla) = 3 233 20" {4l Ok |0) e - (A.36)
k

where the Zj;, and Z, without the tilde denote the finite parts of the one-loop matrix
elements after the divergences have been removed by renormalization. Moreover, the tree-
level matrix elements (in the continuum limit) are identical for all schemes. Thus, we have

in the continuum limit

(4| Orjlows = Z(Zj_l)—s (Zéwz)
= (%) (4)

<q| OZ |q>tree (A37)

=

S

CAM (27%) (el O |y

2

so that the matching coefficients Z;;, of Eq. (A.1) are given by
7. — -1 Ng/2 —Ng/2
Zj = %: (ij )M—S(Zék)lat (Zq >1\/Ts (Zq )lat . (A.38)

The interpretation of Eq. (A.38) is clear. To obtain the renormalized matrix elements
in MS from those computed on the lattice, one must divide out the finite artifacts of lat-
tice regularization that contribute to wavefunction renormalization [the (Z, Na/ 2)1at factor]
and operator renormalization [the (Zg)iat factor]. For operators and operator mixing in-
volving different numbers of quark and/or gluon fields, Eq. (A.38) can be generalized in a
straightforward way. Note that for the physical quarks of Eq. (A.18), the tree-level matching
coefficients Z;j, = §;5(1 — wg)~Na/2,

The notation used in the foregoing discussion is the standard employed in most textbook
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treatments of renormalization. Indeed, the anomalous dimension matrix 7, is given in terms

of the logarithmic derivatives of the Zj_klz

d  _
Vik = Z (M@ij) Zk - (A.39)

14

The operator renormalization constants used in the lattice literature, however, are defined
with a slightly different notation. In [47] and [48], for example, the matching constant Zr
for quark bilinears ¢ql'q is given by

Zr=0—-wd) 2, Z,(na), (A.40)

where the (1 —w3)~1Z,! arises from the (Z, q/2)1at factor in Eq. (A.38) with N, = 2, and
where Zr(pa) contains the ZQ_ from 5D DW quark wavefunction renormalization and the
(Zp_l)M—S(Zp)lat(Zq)M—S factors?.

The extraction of the one-loop (Z;)1at factors in lattice perturbation theory involves
special considerations that we discuss before treating specific examples. First, we note from

Eq. (A.35) that we require the products

~ _ ,qtree . . ~ oo [ 4 _  tree, f
[Saa) ] Sge)ee and S (p)™ [Suup) ] (A41)
that occur in tandem with the one-loop vertex corrections and
~ 1 tree . N N 1 tree, t
Saa®) ] Spak)  and Su(p) [Sua(0) ™| (A.42)

associated with the external leg corrections to the physical quark propagators. For future

reference, it is useful to work out explicit expressions for the former:

SUT) = [ Spaln)

= —ip-y(g+Py+g-P_)+ 7, Py +7_P_ (A.43)
SI) = Su) [Sule } "

= (§-P+ + g4 P_)(—ip-v) + 0Py + 04 P- (A.44)

4The quark bilinears introduce no operator mixing, so the sum over operator labels does not appear.
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— a5e_afN(m) —a(s—l)

9+\p) = e A.45
T R (1= b a0 A

(p) = ase”“ fn(m) _eoV=s) (A.46)

7+ m? (1— |b(p)| ase )
g.(p) = m(l—Wase ®)gy +mage %e 271 4 gmalV=s) (A.47)
g_(p) = m(l—Wase *)g_ +maze e *N=8) p emals=1), (A.48)

In practice we will need p — 0 expansions of formulas for g+ and 74
g1(0) = Awy™", g (0)=Aw) ", 5y (0)=wy) ", o (0)=wi", (A.49)

with A = {255
—:
N tree , N N tree, t
The products [Sqq(k)_l} Sqq(k) and Sgq(p) [Sqq(p)_l} are each equal to the
residue® Z4. As we discuss in detail below, Z, receives two contributions that may be seen

by considering the one-loop renormalized Sqq:

Saa(p) = Saa(P)"™ + D 845 (p)"*° Lt (p) Sig(p)™ (A.50)

s,t

where ¥ (p) defines the one-loop self energy matrix:
Est(p) = iAstp -y + Bst . (A51)

In the continuum limit, we have

2
1 — wyg

Sqq(p) — ip-y(1+A) +m(l —wd)(1+ B)’

(A.52)

where A and B indicate the finite, one-loop contributions, m is the quark mass parameter
appearing in the lattice action, and Z, = (1 —wg)(1+ A)~!. The second term in Eq. (A.50)
contributes to A in two ways: (a) via the Ag component of X4 (p) that corresponds to
wavefunction renormalization of the 5D quarks and (b) through the By component in

combination with the ip - v appearing in S‘;gee and Sg;ee in the second term of Eq. (A.50).

5In the following discussion, we drop the “lat” subscript for simplicity, except where it is needed to
distinguish the lattice and MS cases.
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Denoting the contribution of type (a) as Z3 and that of type (b) as Z,, we have
Zy = ZsZy (1 —wj) . (A.53)

Physically, the effect of Z,, corresponds to a change in the normalization of the physical
quark fields defined in Eq. (A.18) that is distinct from the renormalization of the 1 and
1y components. As we discuss below, the magnitude of the one-loop contribution to Z5 —1
is roughly O(a,/4m), as one would expect, whereas the magnitude of Z,, — 1 is considerably
larger. The presence of anomalously large one-loop contributions is obviously troubling
from the standpoint of the perturbative expansion. In order to remedy this difficulty, we
identify below a method to obtain Z,, non-perturbatively by taking appropriate ratios of
axial current matrix elements. We also discuss an ansatz for resumming the large one-loop
contributions to Z,, that produces good agreement with the non-perturbative value.

Before proceeding with the detailed discussion of one-loop computations, we modify our
earlier definition of the physical quark fields g(x) to absorb the 1 — w% factor appearing in

Zg. In what follows, we take

1 1

— P _.l_ P_ R 7l = — ) P_ + ) P .
(A.54)
The corresponding mass parameter in the action becomes
m=(1-wdm. (A.55)

Note that with the definition in Eq. (A.54) one has Z, =1 at tree level.

A.3.1 Wavefunction renormalization

It is instructive to discuss in detail the computation of the wavefunction renormalization
constant Z, in order to highlight several features of the DW renormalization program: (a)
the general procedure for computing one-loop amplitudes; (b) the treatment of bona fide
infrared singularities as well as numerical divergences that arise in computing IR-finite
graphs in the vicinity of zero loop momentum; and (c) the non-perturbative extraction
of Z,. In doing so, it is also instructive to identify three classes of contributions: those

that contribute to Zs, those giving Z,,, and those that renormalize the mass parameter m.



Letting
N 1 tree . N 1 tree, t ) B
) = (S| Sua®) [Su@) ]~ oy +w) (A.56)
we may write X,(p) as
2
o g(]CF . ~. _ ~ =
Xq(p) = 16,72 [zp 7(22 A2w> +m2m} , (A.57)

where CF is the quadratic Casimir for SU(3); Y9, Y, and X, give the one-loop contribu-

tions to Zs, Z,,, and m renormalization, respectively; and

aswo

A_

= ) A.
1 —wk (A.58)

Because of the chiral symmetry of the DW action, the mass parameter m is multiplicatively

renormalized. Thus, it is convenient to introduce the mass renormalization constant Z,,
defined by
m+ 0 = ZyZ, i, (A.59)

where dm indicates the momentum-independent part of ¥,(p).

The diagrams that contribute to ¥,(p) are shown in Figs. A.1 and A.2. We discuss the

computation of each in turn.

A.3.1.1 Sunset diagram

The amplitude X, (see Eq. (A.50)) for the sunset diagram is given by

w/a

d
S(a,p) = / %;wp—k>vp<k,p>[sF<k>]sth<p,k). (A.60)
e

—7/a
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After rescaling the loop momentum k, — k,/a, we have

Lo
Sulap) = / % ;pr(ap — k)V, (k, ap) S (k)Va(ap, k)
»

—T

T A%k 1 a2g 1 ros o — ——
2 po .
SN | e VL (T k) + +k
QOCF/ S u [(ap_ o [2 (ap )p “Yp (ap >p]

—Tr

Xa [(—Z"}/ . ];(G+P+ + G_P_) + S+P+ + S_P_]

X [g (ap/—:k)o + i, (a];: k) 0: (A.61)

[ ik
gSCF /W[St(apvk)

—T

where we have suppressed 5D indices on G+ and Sy for simplicity. After performing the

~v-matrix algebra we separate the integrand into terms having odd or even numbers of ~

matrices
w/a ddk
Yst(ap) = QSCF / W ([[z;tid] s P T [[z;id] s P [Iet)en] s P+ T [[e_ven} st P—)
—7/a
(A.62)
where I+ are given by
e = 22t L (TR0 T (Gl + gpo(ap F RG]
oddlst P (ap/jk:)z a2 Y 4 p o|YUt]st po pl o F]st
+2i(aﬁk)p(aﬁk)cr’7p%o [Gﬂp]st
roo— —
+5(@p+ k)plap + K)oival(Ss + S=)lut | (A.63)
Tl = 29 LT TR (ap T R)olSilut — gpolap & B2IS:]
evenlst a (ap/—\k)2 a2 4 P o|Pt]st po plPFIst
T —_— —_ — —
+5(ap + k)p(ap + k)o (k- 16 [G)st + 70 k- 2{Gitlt) } - (A.64)
The contribution to %, (a,p) generated by Y (a,p) is obtained by multiplying by SOUT

and S/ on the left and right, respectively (see Egs. (A.50) and (A.56)). The corresponding
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p—k

= — — — _——
q(p) U (-p) W (k) U(-k) %(p) q(-p)

Figure A.1: Sunset diagram for physical quarks. Solid and curly lines represent fermions
and gluons, respectively.

integrand I,(a, p) appearing in ¥,(a,p) is, thus,

I, = 8OUTLGIY

= (1-wd) [—z‘p -y A (wéV_SP_ + w8_1P+> + (wg_lP_ + wéV_SPJr)L Iy

X {(wév_tPJr + fwé_lP_) (—ip-vA) + (wé_lPJr + wév_tP_)]t . (A.65)
Now we use

[oddP:I: = P:FIodda IevenP:I: = P:I:Ieven (A66)

to get

I2%%ap, k) = (=ip- AL gy(ap, k) (—ip - vA) + I, (ap, k)
+(—ip - YA Lgglap, k) + I (ap, k) (—ip - 1.A) (A.67)
1" (ap, k) = (=ip - YA L fyep (ap, k) (—ip - VA) + 10 (ap, k)

+(_ip : VA)f;)en(apa k) + je:)en(apa k‘)(—’Lp . 7“4) 3 (A68)

where

I = 1-wd ng_lfiwé_l = (1 —w}) ZwéV_SIijéV_t, (A.69)

= = (1-w}) ng_lfiwév_t = (1 —w}) Zwév_sl¥w6_l . (A.70)
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To evaluate the renormalization of the self energy, we only need to keep terms to O(p):

8lotld(ap, k)

Iq(ap,k:) = I_;_jd(ovk)‘i‘pu op
n

— AP I (0,F) + L5 (0, K)p -

pu=0
. oI (0,k
+Ie_ven(07 k) + pu evg#)
CTR N
—iA [P YL (0,5) + I (0,5)p - 7] (A.71)

+0(p?).

The terms p - vfo_dd(O, k) + ijdd(o, k)p -, I},(0,k) and pu%%ﬁf)’k) vanish after integration

since they are also odd in k,, so we are left with

8f;2ld(ap, k)

(AT2
o (A.72)

p—0

Iy(ap, k) = 150, (0, k) —iA [p - 710, (0, k) + I, (0,5)p - 7] 4Dy

A.3.1.2 Numerical evaluation of the sunset diagram

Obtaining an analytic expression for the expansion of I, in powers of the external momentum
p is a formidable task. Moreover, when we consider below the twist-two operators with n
derivatives, we will require all terms through O(p™) in the one-loop amplitudes. Arriving
at analytic expressions in the latter case — though possible in principle — is practically
inefficient for obtaining numerical results. An alternate approach, which we follow here,
involves evaluating the momentum integral numerically using the full expression for I, and
projecting out the required spacetime structures using the properties of v matrices. To this

end, we let
w/a

Y4(a,p) = g§Cr /

—7/a

d
% I,(a,p, k) (A.73)

and note that J(q) is a 4 X 4 matrix that can be decomposed in terms of Dirac matrices:

20 20 »
S(a,p) = D=L (a,p) = L=F [Js(p) + Jp(p)vs + Jo(0)vu + T4 (D)5 + JF (P)oyuw ]

~ 1672 1672
(A.74)
where
Js(p) = 1Trp[Jg(p)] Jp(p) = $Trp[Jy(p)vs)
Jp) = FTep )] Jile) = $Trp [Je(p)rsml (A.75)

J(p) = £Trp [Jy(p)ow)]
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and we have suppressed the a-dependence for simplicity. Parity symmetry implies that

Jp = 0= JY, while J& vanishes for p — 0. The J{; term must be proportional to p,,:

T (p) = ipyu [J2(p) + AJw (p)] (A.76)

where Jy(p) and Jy(p) denote the components that will contribute to Z5 and Z,,, respec-

tively. The physical amplitude can be written to O(p)
Jo(p) = Js(p=0) +ip-v[J2(p = 0) + AJw(p = 0)] . (A.77)

The scalar coefficient is given by

Tad
Js(p) = 16772/(;:;[%%"1) [f;,en(ap,k:)} (A.78)

—Tr

_ ] dk Gpo(ap — k)
(

T2 . 5
2m)% (ap — k)2 + A2 [ (ap + k)plap + k)65

—gpg(a];:k)%ir + r(aﬁk)p(aﬁk)gkg&v] . (A.79)

The Jo(p) term in Ji; arises from f(;;d, while the Jy (p) component is generated by the

p-yIf,, + 1.0 v term. Thus, we have

Todlk 1 i
J2(p) = 167‘-2/(2 ) 4TI' [p fy]z;tid(ap7k):|

—Tr

[ dk 1 [ip- ;
AJW(I)) = 16F2/WZTI‘D [Zp;)—( Z-A (p i even(ap,k)+Ie_ven(ap7k)p")/))

5 ddk 1 _
= 167°A TrD even(ap7 k) +Ieven(ap7 k)] : (ASO)
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Evaluating these expressions, we obtain

B h dk Gpo(ap — k) 1 _[r2, — — - — 9~
b@)—-/k%wgﬁt%P+A2t§<pk{ZMP+HAW+%%G++%AW+%%GJ

—T

—2(ap/: k:)p(a];: k)oppke G- — r(ap/—itk:)p(ap/: k:)(,paﬁs) } (A.81)

dk Gpo(ap — k)
(2m) (ap — k)2 + A2

Adw(p) = /7r

—Tr

{2A ([?j(aﬁ k)p(ap + k) — gpo(ap + k)?,} o5

r(ap+ k)(ap + K)okoov ) } - (A.82)

In terms of parameters 3 we then have

Yo = Jo(p—0) (A.83)
mYm = Jsip—0) (A.84)
Yo = Jw(p—0). (A.85)

In addition to circumventing the need to obtain analytic expressions for the expansion of
I, in powers of p, the foregoing approach also facilitates the implementation of different IR

regulators as may be most convenient for numerical integration.

A.3.1.3 IR singularities

Performing the loop integrals for the various X requires care when treating the region in
the vicinity of zero loop momentum. Similar issues arise in computing amplitudes for the
twist-two and three operators, so we discuss them in detail for the self-energy graphs here.
For terms that are IR singular in the limit of 7, p, — 0, we regulate the IR divergences by
keeping p,, nonzero or by introducing a fictitious gluon mass A. When 7 = 0 these integrals
contain a In pa singularity that we isolate numerically as discussed below. Keeping A or p,,
nonzero also helps with the numerical integration.

In the case of IR-finite integrals, the use of naive integration can also lead to numerical
divergences (or floating exceptions). When performed analytically, such integrals contain an
explicit k? in the integration measure that cancels the 1/k? appearing in the massless fermion
propagator. Numerical integration, however, is performed using 4D Cartesion coordinates.

The k? cancellation is not manifest and numerical divergences generally appear. To avoid
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the latter, we keep both p, and m finite and observe the behvior of the result as a function

of these parameters.

Once we know how to evaluate J,(p) for arbitrary p, there are several ways to extract
the finite piece in the p — 0 limit. For example, the general amplitude can be expanded in

power series and rewritten in terms of x = Inp2a? as

0o
J(p) = a+~vInp?a® + Z cn(p?a®)", (A.86)

n=1
where 7 is the anomalous dimension of the operator of interest. If we can keep p small
enough to be able to neglect all ¢, (p?a?)" terms, we can fit the .J(p) curve to a straight line
and read off coefficient . Another (and usually faster) method is to identify an integral
K'(p) that can be evaluated analytically and that has the same logarithmic singularity as

the integral of interest. Writing

dk
K'(p) = / (27r)dK/(k’p) =o' +vlogpa® + O(p*a?) , (A.87)

—T

we can subtract out the finite part to get just the logarithmic term:

od Tod
K(p) = / % [K/(k,p) — o/] = / %K(k,p) = 71np2a2 + O(azpz) . (A.88)

_r -7

We can then add and subtract K(p) from the integral of interest and end up with an

expression which is IR finite and that one can easily evaluate numerically for small p:

d
: kd [J(k,p) — K(k,p)] . (A.89)

J(p) — K(p)] + K(p) = logp*a® + / o

—T
For quantities (such as the self-energy) whose renormalization entails no mixing, this second
procedure is usually the most efficient. For twist-two operators with several derivatives,
however, the presence of mixing introduces complications that we discuss in more detail

below.
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A.3.1.4 Tadpole diagram

i —
P wen e P e

Figure A.2: Tadpole diagram for physical quarks. Solid and curly lines represent fermions
and gluons, respectively.

q(p)

Evaluation of the tadpole contribution is considerably more straightforward than for the

sunset diagram, since we have no internal fermion lines. For the 5D self-energy, we have

w/a w/a
1 d’k dk
D = 70s o Nd e ) = 1 )
@) = 5o [ LYCLATR | atetb)

—7/a —7/a
st f dk 9 . . 2 9pp(k)
= 5 | @ Ep: (—aggCr) (rcosap, — iv, sinap,)a [EEY:
 ugiCr 1 [ d% gk)
= 5 Ep: = Py / Gz a2 (A.90)

The integral is the same for each p, so we get

o 5stggCF d . 9po(k) :
Iy = 5\ 2l (no summation over p).  (A.91)
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Since there are no fermion propagators here, the 5D sums are straightforward to evaluate:

_ 1 N-1 9 1— U)%N 1

I Z w(s) 5stw0 = Z (’UJo)s = 1_ w2 — 1_ w2 (A92)
s,t=1 s=0 0 0

~ N N-1

I Z wi  ogqwy Tt = Z w) ™' = Nwl™' — 0. (A.93)
s,t=1 s=0

so the physical amplitude equals

Lp) = SOUTI.S/Y (A.94)
= (=ip YA Lgy(—ip - vA) + Ly + (=ip - YA Lo, + Toyen(—ip - 7A) (A.95)
= (1 - p2-’42) _odd —ip- ’YAI_even (A96)
2
_ . 50O Ioo(k).
= w7 <1+2A>k‘ YR (A.97)
which yields, after integration,
- 9 4r
Yo=8r"T, Y= ——(1671' T), (A.98)
where T is given by
T} = / Thy (A.99)
BRI e |

—T

Since T' does not depend on external momentum and has no singularities, it is straightfor-

ward to evaluate.
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A.3.1.5 Renormalization constants: 75, Z,,, and Z,,

Combining Egs. (A.50), (A.56), and (A.57) we have

. 1 1 1
g = — (1+32,- — | =- - +0(g5
o(?) 2p-7+m< qu-7+m> ip -y +m =3 (90)
1
_ +O(gp)

ip-y [1- B (S - AS)| +m (1- 4S5,

[1 At (5 - AT )} O(gs)  (A.100)
= = — —+ go .
ipy+m (1 — 6y, ) [1 + 9% (55, — AEw)]
ZwZo Z,

iy 4+ MZw Tt ip-y + My L

which allows us to read of the renormalization constants to order g?:

2wy ¢*Cr <
Zy = 1- IS, A.101
1 — w} 1672 ( )
20 B
Zo = 14 %—7522, (A.102)
20 _ _
Z:! - i 675 (Em — $2). (A.103)

Numerical values for the various Y; are shown in Table A.2 and hint at rather poor
convergence properties of the perturbative expansion for Z,,. In practice, we can sum the
higher-order contributions by considering the ratio of matrix elements of two correlators.

In particular, there exists an exactly conserved 5D axial current on the lattice,

= 3 s (5= ) [ -
()1~ Ul + )] (A104

that is non-local and that has the same continuum limit as the local axial current on the

lattice

Au(x) = q(z)yuvsq(x) - (A.105)

Since A, is conserved on the lattice, it receives no renormalization. In contrast, A, is
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renormalized by Zngq. Thus, the ratio
_ ) _ o, o,
=ZaZ, . (A.106)

To the extent that the perturbative, one-loop computations of Z 4 and Zy give good approx-
imations to the non-perturbative values for these quantities, the ratio R4 in Eq. (A.106)

that is computed non-perturbatively yields a non-perturbative value for Z!:

Z1z1 = (Z2)port (Zzgl)pert RA’ (A107)

where the “pert” subscript indicates the value computed perturbatively. In practice, it

turns out to be more tractable to consider the ratio of correlators

A, (x)q

(Au(z) q
To the extent that x and y are sufficiently well separated in Euclidean spacetime, thereby
avoiding additional short-distance singularities requiring operator product renormalization,
one has Rap = ZaZ, ! (the renormalization factors associated with the pseudoscalar current

would cancel from Rp in this case). In what follows, we will use R4p to extract Z, L

It is also interesting to consider the physical origin of the non-perturbative nature of
Zw-. At tree-level, Z,, just gives the overlap between the physical quark interpolating field
q(x) defined in Eq. (A.18) and the massless mode x( of Eq. (A.17):

(2/2) = (alusee = /1 — w- (A.109)

After renormalization, one might expect the bare massless mode y to have the same form
as in Eq. (A.17) but with the s — o5 = V/Z21s and wy being replaced by a suitably
chosen parameter w (corresponding to a renormalized parameter M in the DW action). In

this case, one would have

ZY2Z5 = (qolx0) = ZoV/1 —w?. (A.110)
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Letting w = wo + Aw we would then have

_ 2wpAw (Aw)?

2 2
T = (1 — wo) — 2woAw + (Aw) = (Zw) 1— w% 1— u)%

1

(A.111)

tree

Now observe that the overall 1 — w2 in Eq. (A.111) has been absorbed into a redefinition
of the interpolating field ¢ and that the second term in Eq. (A.111) has the same form as
the second term in Eq. (A.101) with

Aw=2"L% (A.112)

Thus, we might expect the O(g?) contribution to Z, to have the opposite sign from the
O(g?) term and magnitude roughly g*C%(47)~*(%,,)?. While this line of reasoning is some-
what heuristic, it is nonetheless suggestive that the large non-perturbative effects associated
with Z,, arise from a finite renormalization of the physical zero mode that goes beyond the

renormalization of the individual DW fields.

While at first, the separation of the piece in the expression for the self energy propor-
tional to ip - v may seem a bit arbitrary, the origin of two pieces is quite different. Let’s

take another look at the expression for the 5D self energy (A.62):

w/a
d?k
Sa= [ g (Tl Pt [ o Pe ) (A113)
—7/a

Terms Iild contain one v matrix and they give us the renormalization of the 5D wave

function Zo. I+

oven, terms have either no v matrices or two v matrices, so they yield the

renormalization of the 5D mass parameter M, plus the term proportional to o, matrix
which vanishes in the p, — 0 limit. Since the dynamics on on the lattice is governed by the

behavior of the zero mode

vo@) = \1—wf (Prug (@) + Pl (@)

— 1= [(Peti(2) + Poiow(a) + .. (A.114)
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by chosing our “physical” field to be

4ol2) = s [(Poths () + P ()] (A115)

VAT

it has an overlap of one with the zero mode

(qlx0) =1. (A.116)

In other words, we have created exactly one unit of the light 5D mode x¢, plus some amount

of heavy 5D modes
qo0(z) = xo(x) + Z cixi(), (A.117)

i>0
where y;(z) are the remaining heavy 5D modes on the lattice and ¢; are some coefficients
which we do not need to know. Symbolically, we can write the 5D quark propagator as a

sum of terms coming from the light and heavy modes:

Se(x) = Ix0) (xol + Y i) (il - (A.118)
i>0

As the system evolves in time, all the heavy contributions die out and we are left only with

the physics of the light chiral mode

Sst(7)|;—0e = Ix0) {x0| - (A.119)

So by calculating the renormalized propagator, we are really getting the renormalization of

the zero mode xJ:

xo(r) = /1 —wk (P+w8_11/)s($) + P_wév_s¢s(x)> . (A.120)

Renormalization of this zero mode has two effects: 5D fields get renormalized by a factor

Zs, but the 5D mass parameter also gets (additively) renormalized to w = wg + Aw, so the
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new zero mode looks like

x(z) = V1—w? <P+Z21/2¢1(w) + P_Z;/sz(w))

1 — w?
i 73 x0(z). (A.121)
0

As we can see, the renormalization of ¢(x) has two pieces:
Zyg = Z2Zw , (A.122)

where the first piece Zs describes the renormalization of the 5D wave function, and the
second piece Zy describes the renormalization of the (1 —w2)'/? factor. The factor (1 —
w%)l/ 2 comes from our requirement that the overlap of the tree-level light lattice mode
and the physical wave function go(z) equals one; our renormalization condition ensures that
the overlap stays one after the renormalization, so we think of the factor Zy, describing the

effect of the shift of the light 5D lattice mode. To order g3 we have

g2Cr
1—w? 11— <w0+ 1672 23) 2wy G2CF
= =1- D253+ 0(g8) = Zw +O(gd) . (A.123
1—w(2) 1—w(2] 1—w(2] 1672 3+ 0l90) w+0(g). )

Note that the one-loop result for Aw gives us order gg corrections for Zy, and therefore for

Zg4 as well.
operator Wilson DW M=1.6 DW M=1.7 M=1.8 M=1.9
»HS — nIATT | _16.644 -15.784 -15.896 -16.057  -16.29
Sy 0. 49.694 49.92  50.246  50.718
Zw(g?) 1. 1.787 2.157  2.886  5.057
Zw(98) 1. 1.512 1.809  2.386  4.092
Z, 1.141 1.713 2.051 2709  4.655

Table A.2: Results for Wilson and DW fermions, with no smearing.

A.3.2 Vertex renormalization

We now build upon the methodology established for the self-energy renormalization to
calculate the bilinear operators relevant to deep inelastic scattering. In this chapter we

concentrate on local quark currents which have no derivative operators.
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To evaluate the Feynman rule for the operator Or = g(z)T'q(x), we need to evaluate the

Fourier transform of the a* " g(z)I'q()

w/a J
ot q()Ty(z) = / %q‘(kﬁq(k), (A.124)

—7/a

which says that the Feynman rule for the operator Or is simply the I' matrix.

a(p) a(-p)

Figure A.3: Vertex diagram for quark bilinear operators (denoted by the box). Solid and
curly lines represent fermions and gluons, respectively.

The 5D amplitude for the vertex diagram is given by

w/a 4
e = %vpmk>s§N<k>0<k>s?UT<k>vA<k,p)GMp—k) (A.125)
—7/a
i dk
_ / Gl k) (A.126)
—n/a

where O(k) is the Feynman rule for the vertex operator ¢(k)I'q(k) in which T' is one of
Dirac matrices 1,75, vy, V.75, or 0,,. Dirac algebra for this diagram is the same as for
twist-two operators ¢v,D, D, ...q, since each covariant derivative adds only a factor of

four-momentum Eu- After rescaling the loop momentum k, — k,/a, the amplitude is given
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5abgpg .
Lulop k) = lm oo

[(9-P4 + g+ P_)(—ik - 7) + (0- P4 + 04 P_)] [

(ap + k), + ivp(ap + k;),,)]

[N RS

[(=ik - )(9+ Py + g-P-) + (04 Py + 0_P_)]

[_goTjgc <rg(ap? k)o + ivp(ap + k:)g)] . (A.127)

A.3.2.1 Scalar and pseudoscalar currents

After performing the ~ algebra and separating parts with even and odd numbers of ~

matrices, we get

2

even gpo' {fr — — =9
I = —27 < (ap+k),(ap+k)y ([Flk°g+g+ + o0+
+ ( k)2 9 1 ( )p( ) ([ ] F F )

+gpo(ap + k) 2(K2 g9+ [Flosos) + = (ap + k),(ap + k)

N 3

X (Yo k- y(geos(Elowgs) + k-0 ([Elgzox + o595)) } ls]  (A.128)

and

2

o -7, r - o
Iidd —_ /\L {—’Lk’ . ’y—(ap + k‘)p(ap + k)o (g:ta:t [:l:]O'j:gj:)
(ap — k)% + p? 4

_if)/ﬂ];” [gquPU(aﬁk)i - 2gpugau(alg\+/k)p(alg\+/k)a]
2
[—Ez([:lz]nggi + ging) + (Uﬂpai[i]aj:%p)] } [’75] . (A.129)

X([E]gzoF + o595) + s (ap + k)p(aﬁk)az‘%
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The physical amplitude is then obtained after summing in the 5" dimension

I(ap, k) = SOUT T (ap, k)SIN
_ [—ip 7 A <wéV_SP_ + wg—1P+) + <wg—1P_ + wéV_SPJr)} [IL Py + I, P ][ys]

X [(wév_tP+ + wé_lP_) (—ip-~vA) + (w8_1P+ + wév_tP_)L

= I 4 Iepen (A.130)
it = (=ip - YA L galsl(=ip - vA) + L0
+(—ip - YA gls] + Liga[s](—ip - v.A) (A.131)
whes = (=ip - YA e lys] (—ip - A + Topen 5]
+(=ip - YA en [15] + Topenlys) (—ip - VA) (A.132)

where as before

I = 1-w} ng_lliwé_l =(1—wj) ZwéV_SIijéV_t, (A.133)

I = 1-w Z wi Fw) ™ = (1 —wd) Z wd Il (A.134)
and we have used the fact

[oddP:I: - P:FIodda IevenP:I: - P:I:[even . (A135)
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Performing the 5D sums, we get

2
Feven — __ 9po |:'r' - — —— .9
I = ——— | —(ap+k)y,(ap+ k)s|Flgps(ap + k }
¢ e | T T Bulor T DelFlg o )
x ([FIk*G5d+ + 656+) [ys] (A.136)
2
Feven — __ 9po {T — — -9 9.9
I = —F—— S —(ap+k),(ap + k)s (0%]|F|k“g
e e Trwr b AL R
+Gpo (ap + k)5 (K32 [Flo})
+r(ap+ K)plap + ok (3205 H)4G7) } ) (A.137)
2
= o s T —_— — - _ ~ ~
B = == {_Zk y—(ap+k)p(ap + k)o (§£0£[E]|o+7+)
(ap = k)* + p? 4

_Z‘VMEV [guugpa(ap + k)i - 2gpugau(ap + k)p(ap + k)a]

([£]gxo5 +059%) + iVUg(aﬁk)p(aﬁk)a

[~k ([£]G59+ + §:95) + (6562[£)5£65)] } [7s] (A.138)
~ _ 7'2 — —
34 = ﬁﬁ {—ik‘ v (ap +k)p(ap + K)o (9655 [£]0+07)

_i'quV [guugpa(aﬁk)% - 29/}#901/(@]3:]?);)(&]3—:]{5)0]
- . . - 3 "" — —_—
([£]g+6+ + 6+0+) + zygg(ap +k)plap + &)y

[_%2([i]§$§¢ + gigi) + (&:F&:F [i]‘}i&i)] } [75] : (A-139)
To get the physical amplitude, we evaluate this at p = 0 so we are left with

I,=ThH,+1,

even *

(A.140)

It is easy to see that f;j 4 vanishes for p — 0 since it is an odd function of &, so the physical

amplitude is given by

2
_ 7= _ _ Yo T g (22717252 727252 [1~2
IS,P(apa k) — Ieven - ]%2 N /1,2 {kako (O-—‘,-[:F]k? .g—l—) + gpokp(k g_ [:':]0—)
rhphako (564 (£5-3:) } b (A.141)
For DW fermions g4,6_ — 0, we get
Isp = ! ﬁ/??&? + B2 E?3 +rE%G_ 64 b [s) (A.142)
S,p = l%2+u2 1 + [/ 9-0+ ¢ V5] .
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which agrees with Eqs. (4.5) and (4.6) in [48].

A.3.2.2 Vector and axial vector currents

After doing the algebra, we get the result (which we again split into parts with odd and

even number of y-matrices)

Igdd = /\L{’Ya g Jgua(aﬁk)2 _29 I/gO'Ol(a];:’_/k) (aﬁk)a)
t (ap — k)% + 2 g o ’

[(lygw - 2Eu%u)g$g¢ + guu0¢0:|:]
2
T —_ —_ — - —
+'71/Z(ap + k)p(ap + k)a [i(kzguu - 2k7uk7u)g:l:g:|: + g,uua:l:o-:t]
/r‘ —_— —_ — —
+5(ap + k)o(ap + K)o [V vuk - VO£ 9+ + Yok - YVugFo+

+yuk - Vo095 £ kv VuY09+0%] } ] (A.143)

and

even  __ gPU
Ist -

"7 Jigpe(ap + k)2 [y - yorgs £ k- yyuge0
(ap—k:)2+,u2{ P o [ ¥ ugx0%]

_2i(aﬁk)p(aﬁk)07p(7uga — k- ’nga)(aigq: + gﬂ:0¢)
2
o~ —~— . .
—ip(ap+ k)p(ap + K)o [£7k - Y09+ £ k- 7Yu970+]
r, — — _ _
+ig(ap + k)plap + K)o [(£767 929+ + VYo 9595 ) (K2 g — 2K,k

Yo Vo +0+ £ VuVoorox]} (A.144)

where we have omitted indices s and ¢ on functions g+ and o4 with the understanding that

the first always carries index s and the second t. For the amplitude for physical quarks we
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]_'odd

Teven  __
I =

fiven —

(ap — k)2 + i

(ap — k)2 + p

(ap = k)2 4 2

(ap — k)2 + pu
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9po — — —
i {’Yoe gpaguoc(ap + k)?) - 2gpugaa(ap + k)p(ap + k)a)

[(Ezgl“/ - 2%H%V)§$§$ + g,uz/5$0~'$]
T2 — — _ - - o
+7VZ(ap + k)p(ap + k)U [i(k2guu - 2k7uku)g:l:g:|: + guuo':ta:l:]

+r(ap+ k)p(ap + k)o [Yohu(£65g+ + G56+)
+(]; *Y9ou — VMEU)(i&qigi - gil:&:l:)] } [75] (A'145)

9po — — —
. 9 {’Yoe (ng'gl/oc(ap + k)i - 2gpugaa(ap + k)p(ap + k)a)

[(kzguv - 2%u%u)§¢§i + gul/&:F&i]
2

r - - 7 77 ~ o~ ~ ~
+'71/Z(ap + k)p(ap + k)U [i(k2guu - 2k7,uku)g:l:g$ + guuo':t0$]

/)" —— —— - - —_ —
+5(ap + k)p(ap + k)o (Vo0 xG7 (k- vyu £ vk - )
GG+ (k- vy £ 9k - 7)70] } [s) (A.146)

Yoo . - - " o~ - -~
£ {zgpo(ap + k)2 [yuk - 635 £ k- 47,565 ]

—2i(ap + k)p(ap + k)oY (Yuko = F - 1904) (5 + Gu6)

—ig(aﬁ k)o(ap + k)o (£7k - 7534 + k- 77,762)

+ig(ap/ﬂt k)plap + k)o [(EY01 G402 +1Yod797) (K2gu — 2kuky)
Yo VG £+ £ VYo T££]} [V5] (A.147)

Yoo . - - - - o~
. 5 {zgpo(ap +k)2(yuk -y £ k- yy,) 515+

~2i(ap + k)p(ap + k)ovp(vuko — k- V90p) (b + Gads)
2
7 —~ I S
—Zz(ap +k)plap +k)o (k- vy £k - 7)0x07
T, = — - - 7 .
+z§(ap + k)p(ap + k)J(VV’YJ + VU’YV) [g:l:g:F(k2g;w - 2kuku)

9o +%]} 5] (A.148)

To get the final expression for the amplitude for quark currents gv,[vs]q, we evaluate the

amplitude at zero external momentum to get

Li=Th,+ 10, (A.149)
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Again, it’s easy to see that I, vanishes after integration for p — 0 since it’s an odd

even

function of k, After projecting out the component proportional to v, we get

1 _
Iy a(ap, k) = ETYD {fiddh’s]w}

Ypo o - -
= m {gua (gpagua(ap + k)% - 29pugaa(ap + k)p(ap + k)a)

[(];2911'/ — 2k
2

re, — . S N
+guuz(ap + k)p(ap +k)o [i(k29uu - 2kukv)g-2i- + guva?l—]

)72+ g2

+r(ap+ k) p(ap + K)o [gouku(£5_G1 +§-51)

+(Eugou - guuéo)(ia g+ — g— ON'+)] } ['75]
1 { R + 7
(ap— k)? + 2 U7 o [ |
— 9 _ — _
—2gyuu(ap + k), [K°5% + 62 + dgpu(ap + k), (ap + k) ko
2

r — — c9 o720~
—i—ngU(ap +k),(ap + k), [ai + (K% — 2/4;5)93]

+r(ap + k), (gpu(ap + k) ku(+2910-)

+po(ap + 1)k (g-01 F g10)) } Dl (A.150)

Simplifying further, we get

2
DW.NOS o TPy o -
Iy a = /<;2 + 2 { > kokag? 1 KoL+ Tk29—0+} [vs],  (A.151)

which agrees with Egs. (4.5) and (4.6) in [48].

A.3.2.3 Tensor current

Procedure for the tensor current is exactly the same as before (except for the v algebra),
so the amplitude is again given by I, = f;;l g+ I cven» With the term Ij:i 4 vanishing after the

integration over k, since it’s an odd function. That leaves us with the physical amplitude
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j’even

given by
o= —=r— {T—Qwﬁ B)p(ap + K)o (0,02 [FFop — 2Ku0m + 28,012 )
(ap — k)2 +p2 L4
+ [gpa(aﬁ k)20 + 2(ap + k)p(ap + k) o (gpy ooy — g,maw)} (K52 [F]62)
+2 (gpo(ap + K)2(Fvrky, — Bu0i) +2(ap + K)plap + k),
X [Uak(Evgpu - EuQPV) - Ep(EvJou - 12:“00,,)]] 7
+r(ap+ k)plap + K)o [(5-61[Hg+0-) (FoOpus + Jou Ty — Jouohy)

+(G-64[Flgro-)(kuoor — kuoou)] } 5], (A.152)

where we have used the notation

Oru = Y kaGay - (A.153)

To extract the 0,3 component, we multiply by o,3 and take a trace; the result is then

obtained by using the fact that

1
ETrD [U,uyo'aﬁ] = Gua9vpB — Gup9va - (A154)

The final formula is then obtained by replacing 0.y, — gra9y3 — 9z39ya for all z,y in formula
(A.152) and will be omitted here. To simplify, we again take the p — 0 limit and use the
fact that due to parity

/ Ry f(K2) = / g £ () (A.155)

and that for domain-wall fermions, g4,6_ — 0 to get the result

2
__ Ow T 29,92 7272 | 7272 7272 | 7.272v] =2 79~ ~
It = R {—4 ka7 + [4(/%1@# + kyky) 4 A(kpky + kuku)} - +rk g_a+} . (A.156)

2

uk,% are the same, so we can use the identity

Since p # v, all integrals with k

R = SRR = SO A2 + SRR (A.157)
B a atp
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to simplify the coefficient of G2 to get
§2

PR V2D Kt P PR
T = ]%24_#2 4 + g-0+ 3

7.27.2 _ 1.271.2
43 kR - Bk ” . (A159)
P

which agrees with Eqs. (4.5) and (4.6) in [48].

A.4 Twist-Two Operators

Here we build upon previous two chapters for current and self energy renormalization to cal-
culate renormalization coefficients for twist-two operators with one derivative. Specifically,
we will be looking at the operator q(z)v{,D,yq(z). The renormalization of twist-two op-
erators relevant to the analysis of deep ineleastic scattering introduces many new elements
that are not present for the renormalization of quark self-energies and bilinear operators,
such as new Feynman rules associated with the derivatives in the operators and additional
graphs. For example, while the vertex diagram with this operator insertion is very similar
to the vertex diagram for local currents, a new feature that appears here are the “sails”

diagrams.

However, before we evaluate the twist-two amplitudes, we need to evaluate the Feynman
rules for twist-two operators. The derivative operator D, on the lattice contains all powers
of the gluon field A,, so we expand it in powers of gg. For one-loop corrections we need
only terms up to order g%

O = O + go0O) + 6302 . (A.159)

We then perform the Fourier transform to momentum space (the details of the expansion

can be found in [51]). The result for the Feynman rules is then given by

O p,k) = ik (A.160)
(ap + k),
2

(2) @ e by a’ -
0, (p, k) = —E{T ,T}pu—>—70F’yMp,,, (A.162)

oW(p, k) = T%iry,, cos

9 (A.161)

%
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where in the last step we have performed the summation over the group index

a a Nc2_1
Try 6T, T} = N~ Cr. (A.163)

The zeroth-order Off,],) contributes to the vertex diagram, the first-order contributes to the

sails diagrams, and the second order contributes to the tadpole diagram.

p—k K k

k k k PP p

Figure A.4: Momentum conventions for the twist-two operator §(xz)I'D,q (denoted by the
box). Solid and curly lines represent fermions and gluons, respectively.

The next step is to consider the Lorentz-index structure of the amplitude. The general

structure of a particular one-loop diagram for a twist-two operator is [49]

Pub
Juw () = (a() 1nuDul q(p)) = c1vupv+cauPu+ 39 YuPp+caguwp-y+cs ’;) 50y - (A.164)

For operators in the 6; representation, u # v, so only terms ¢; and ¢y contribute

Y1Pa + yab1 (A.165)

(q(p) 1M D4l q(p)) = (c1 +c2) 5

On the other hand, for the 3;’ representation, cg will contribute as well

<Q(P) ‘ [’Y4D4 - % (m1 D1+ 72Dz + ’Y3D3)] ‘ Q(P)>

1
= (c1 +c2 +¢3) [74104 ~3 (y1p1 + y2p2 + 731?3)] : (A.166)

We can see that the term proportional to p-7g,, does not contribute, so we want to eliminate

it. To extract coefficients ¢; in the case p # v, we multiply the amplitude with ~, and take
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a trace to get

1
ETI' [J;u/}’a] = C19uaPv + C29vaPyu + C39uvGualy + C49uPo - (A167)

For the 6; representation, we choose @ = p, v and add them up

11

__T J 4 — A.l
1 II J14 )4 C2 . l&.169

Alternatively, we can take the symmetrized combination J,, + J,, to getf

11
p—43T1“ [(Jig + Ju)n] =c + e (A.170)

For the 3;’ representation, we first choose y = v = « to get

1
ETr [Jupuvul = (c1 + 2+ 3+ ca)pu - (A.171)

To eliminate the ¢4 term, note that if we choose i = v # « (for definiteness, let’s pick p = 4

and a = 3), we get

1
ETI“ [J1a7y3] = €1943p4 + €2043Pa + C3G14943Pa + C1gaap3 = Cap3 (A.172)

so dividing by p, will give us the ¢4 coefficient

11
p_aaTr[JW%] = ¢. (A.173)

So, for the 3f representation the final result is

11
c1+cp+c3 = _ETY [Juu('y,u — ’ya)] , (A.174)
Pu

where we have chosen i # o and the vector p such that the components p, and p, are

SHere we choose the momentum Py to have only the pys component nonzero, so the term pﬂpy/p2p~’y does
not contribute. If our 4-momentum had both components p; and ps nonzero, we would have to subtract
—2Tr [J147va] with a # 1,4 to cancel the extra contribution.
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numerically equal. For the example above it would be

P = {070, \/? \/p;} . (A.175)

For the operator ¢7v,vsD,q we multiply by 57, instead of 7. With all this done, we can

now consider individual diagrams.

A.4.1 Vertex diagram

ap) a(-p)

Figure A.5: Vertex diagram for twist-two operators (denoted by the box). Solid and curly
lines represent fermions and gluons, respectively.

The only difference between amplitude expressions for the vertex diagram for current

and twist-two operators is the different Feynman rule for the operator O:

O = ¢(z)Tq(x) = r

i (A.176)
O = ¢(x)I'Dyq(z) = Tik,.

This means that the integrand I, (ap, k) for the amplitude J,,, (ap) for the twist-two oper-
ator O, = q(x)y,D,q(x) can be written in terms of an integrand I, (ap, k) for amplitude

for the current O, = q(x)y,q(x) given in Eq. (A.148) as

o o
Iutan) = [ alutan ) = [ Gl ank) ik, (A177)

—Tr —Tr

All that remains to be done is symmetrization in indices and projecting out the desired part

as discussed in the previous subsection. As before, the physical amplitude is the sum of odd
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and even terms in Eq. A.130, but now, since we are expanding to first order in p,, we have

to keep terms with p - v as well. Terms f;il ; and I are evaluated to 0" order in p; ffd d

Ieven

vanishes since it’s odd in k,. The term I, (p — 0) is even in k, which means 91, /dp,

even
will be odd and won’t contribute. I',,(p — 0) is odd so it vanishes as well. Hence, we are
left with
ort,
o

[vs] + (—ip - YA I yen [v5] + Toven V5] (—ip - vA) - (A.178)

L](p) = Pa

Since we are evaluating IX _ at zero momentum, after symmetrizing in p and v, it must be

EveEN

proportional to

[_;:)en ~ Guv X const. = (_Z‘p‘fyA)f;)en [75] +[_e_ven[75](_ip'7"4) ~ P Y9 (A179)

so it does not contribute in either representation we are interested in. We are now left with

ort,
14(p) = pa 0 5] - (A.180)

Instead of expanding the amplitude, to get the finite piece we can use the numerical method

discussed in the self energy section.

A.4.2 Sails diagrams

qr,@p+k),q qr,(@ap+k),q

q(p) a(p) q(p) a(p)

sail 1 sail 2

Figure A.6: Sails diagram for twist-two operators (denoted by the box). Solid and curly lines
represent fermions and gluons, respectively.
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Since the amplitudes for the two sails diagrams are related, we will evaluate them

together. They are given by

IV = Guplp—k)V,(p,k)SNO,, (A.181)
12 = Guplp—k)O0,SUTV,(k,p). (A.182)

Physical amplitudes are then obtained by adding the 5D-to-physical propagator and am-

putating the external leg

L = SOUTIM = §OUTY (p. k)SINO,,G,,(p — k) (A.183)
L = I¥S™N =0,,8%0"V,(k,p)G,,(p — k)SV. (A.184)
SOUT

As in the case of vertex diagram, part of and SV proportional to p -~ will give us a

contribution proportional to p -7 g, so we can neglect it from the start. Contracting with

Sin.ouT, adding them up, and simplifying the ~ algebra, we get

GRCrguplap + k),

r, — -
{_2')’;15(@1) + k)pa-i-

T kg
=2 (Fyyplap+ k) = k- 19, (ap = k) + ukplap + b)) 5-
r., - 7 ~ LT ~
Hgilap +k)plk -y, yule g+ ilap + K)ol w]ia—} [vs] (A.185)
where [...,...]+ is the commutator/anticommutator of v matrices. For p — 0, the first

two lines are odd while the third one is even, so to order p' the third line vanishes due to
parity”. That gives us the final result
ggCFgup(ap + k)u

I, = sl Yu(—7 ap/Ik: 19
? e (=) ap+ 1),

-2 (%wa(a];:k)p —k-y gpu(a];:k)u + ’yulz:p(apfik)p) §_} . (A.186)

"To zeroth-order in p,, it gives a finite contribution proportional to either g,. or o,,. The 0, contribution
is killed by symmetrization, while g, does not contribute to either representation we are considering.
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The amplitude for the 6; representation is then

1 = - 1
I, = ETrD [(I/w + Ivu)')’u] "

1 9(2]0}7 _— —_— - .- —_—
= - guolap + k), |—r(ap + k),00 —2§_k,(ap + k
R

P

=25 (ap + k) |gualap + Kk = gulap + K)ok | (A.187)

After simplifying, this becomes

1 2 -
BRI E—
Pv (ap — k)? + p?

2 <Ey(aﬁk)i + Ey(aﬁkﬁ) g_} . (A.188)

and after expansion in p, to first order this yields

_ 2 _ ~ 72~
I, = gOCF{/%2+,u2[ 2rcosk, o4 + kg |

1 7.2~ ~ 72 (72 | 72
G [rkrl,oq_ +4G_k2 (ky + ’%)] : (A.189)
For Wilson fermions, this agrees with Capitani’s formula (15.102) In the 3f representation

we have y = v. Using formulas from the previous section, we get

11
1y = _ETY L (Vs = 0] (A-190)
Du

where p # o and the four-vector p has components p, and p, numerically equal. This

yields
1 gCr — — s
I, = ————gulap+ k), |—r(ap+ k)04 —29_k,(ap+ k
q Py (ap— k)2 +N2 { up( )u [ ( )p + p( )p]
=25 (ap + F)u | gukaap + k) — Guaki(ap + k)a| § (A.191)
This becomes
1 gCr

I, = {—r(ap + k)04 — 29— (a]?—ifk:)i [k + ka } , (A.192)

Pu (ap — k)2 + p2
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which after expansion in p, yields
I, = geCr {A; [cos kuoy + l?:ig_]
k2 + 2

1 7.2 ~ S 72 (72 4 72
S CEwET k26 4G R2 (B2 4+ R2)) ¢ - (A.193)
This is numerically the same as expression (A.189) since indices p and « can be exchanged
in term with /;3153 Another way to see this is to observe that the amplitude I, has no

parts proportional to g,,v,p,, which causes the difference between the two representations:

I, =

)
QOCF r -
(ap — k)2 + 2 { (ap +k),o+

2
2 (B (ap+ k)2 = k-5 (ap + k)u(ap + k) + b (ap + 0)2) 5- } -

(A.194)

which, after expansion in p, to first order, yields

2
G Cryup L .
QgCF 72 ~ ~ 7.27.2 7.27.2 A
_m {7“pl,rkrl,a+ +4g_ (7“pl,k,,k,, + v,jpuk‘uk‘y)} . (A195)

After symmetrization in p and v we get expressions (A.189) and (A.193).

A.4.3 Tadpole diagram

The amplitude for the tadpole diagram is given by

w/a

d
W) = | %Gw(mozf;(p,p). (A.196)

—7/a

The operator vertex expanded to second order in gg

2 a’ b a?
O}(,LV) = _7{TQ7T }pl/ - _ECF’YMI;I/ (A197)



a) a=p)

Figure A.7: Tadpole diagram for twist-two operators (denoted by the box). Solid and curly
lines represent fermions and gluons, respectively.

is independent of the loop momentum so (after rescaling the loop momentum) we are left

with the amplitude

J,(p) = —lgSCF T = _%Cr 7Py (87T = i7y,py gchzopt“d (A.198)
1 2 a 1672 ' BV 1672
where T is the tadpole integral
1 [ ad
T = lim T(4?) = lim —/ d kd _Jov (A.199)
/,12—>O ;1,2—>O d (27'(') p k2 + qu
and
yOPtad — gzl (A.200)

has already been encountered in the self-energy renormalization. Note that the tadpole

contribution does not depend on the  structure of the operator.

A.5 Conclusions

In this appendix we calculated renormalization factors for twist-two operators in domain-
wall QCD at one-loop in perturbation theory, with no smearing. The main results of our

work are numerical values for the Z;;, for matrix elements of operators (listed in Table A.3).
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Operator | H(4) | Wilson DW M=1.6 DW M=1.7 M=18 M=19 MS
qq 17 6.101 16.401 17.313  18.425 19.875 6
Tv54 17 15.743 16.401 17.313 18425 19.875 6
qVud 4, 8.765 6.422 6.436 6.452 6.471 1
sq | AT 3.944 6.422 6.436  6.452  6.471 1
qouwq 67 4.166 2.428 2.142 1.793 1.334 0
dv.Dnyg | 6 | -15.016 -14.868 14771 -14.653  -14.499 -31/9
G Doya | 37 | -13.734 -13.92 13758 -13.568 -13.334 -31/9

Table A.3: Final results for Wilson and DW fermions, with no smearing.

To provide as many cross checks as possible, we have compared our results in various limits
with those obtained in [47], [48], and [51], and find perfect agreement. The introductory
nature of this appendix, and the following Appendix B, can also serve to establish the basics

of perturbative renormalization with DW quarks.
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Domain-Wall Propagators

It is simplest to begin with a fifth dimension of infinite extent, and subsequently consider

the corrections associated with the boundaries for the semi-infinite and finite cases. It is

easiest to first compute the inverse of 9275,(])) = [D°(D%)1]s &. Then, one has

[(DO)_l]s,s’ = [(DO)TGO]S

Explicitly, one has

1 w
Q(s),s’ ) + W2(p) +]_)2 58,5’ - (p) (58,8’-‘1-1 + 65,8’—1) .
a Qa,

5

We now define a(p) via

cosh a(p) =

It is then straightforward to show that

0 —
@, =
-1 _—
A7l =

The resulting propagator is given by

,8’ Gg,s’(p) = [Qo(p)_l]s,s’ .

5

2z + W) +p?

2|W(p)l/as

’
—Q|S—S
Ag e | \ 7

W)
as

sinh o .

[(DO)_l]&S’ = S:s'P+ + Ss_,s’P—

1
+ —
Sow = <2W sinh o

> [e“ﬂs_slﬂ‘ —as(ip -y + W)e_a‘s_s,‘] )

(B.1)

(B.2)

We now proceed to compute the propagator for the semi-infinite fifth dimension, for
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which the Dirac operator is given by
D o (p) =0(s —1)0(s' — 1)D278,(p). (B.8)

Again, we first find the inverse of {0 v = [DDT]& s. In carrying out the matrix multiplication
to obtain an explicit expression for )5y, one must take care to restrict the sum over

intermediate values of s to the positive integers. Doing so leads to

1
0
stsl = Qs,s’ - a_gp— 58,165’,1 (Bg)
= Qf P +Q P (B.10)
Q:s’ = Qg,s’ (Bll)
_ 1
Qs,s’ = Qg,s’ - 58,155’,1 . (B12)
as

The inverse, G, of ) has a similar decomposition:
Gow =GI P +G, P with  GLOF, =650, (B.13)

For large values of s, s, one expects boundary effects to be suppressed and G* ~ G°. Thus,

a reasonable ansatz is

G, =GY, + Apeolts=2), (B.14)

Expressions for the A4 are obtained by requiring [QiGi] s = 05 . Notice that for all
s> 1, QitGgs, = 05, and Qf:te_a = 0. We must therefore pay special attention to the

behavior of [Q*G*], ¢ at the boundary s = 1. After considerable algebra one obtains

QG Ly = Gow =3 Qu,Glo+> QpA_e ol

t>1 t>1
. WCL5 —e® _asl —01(8’—2) W e @
— (5 m 51,8’ —|— A_e as a5 51 S (B 15)
QTG ]y = Gow =) QLG+ Qf AelH=2)
t>1 t>1
1 / / w
T e+ A —als'=2) [ L s - B.16
s + T 01.¢ +Ate = o1, (B.16)
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From these equations we get the constraints

A_(Waze® —1)e* = —Ag(Was —e?) (B.17)
Ay KGM — _AOE ,
as as
with solutions
1—Wase™@ 9
A =-Ay——— Ay = —Ape” . B.1
0 1_ W(l5€a ’ + 0€ ( 8)

The resulting expression for the propagator is

DMy = SH,Pp+S;,P- (B.19)
Sty = —(p-y+W) (G + Agemolt) (B.20)
Jrai5 (GS_LS, - A+e—“|8+8’—1‘) (1—614) (B.21)

Sgw = —(p-y+W) (G + Aemol ) (B.22)
Jrai5 (GS e T A_e—“|8+8’+1‘) . (B.23)

The derivation of the propagator for the finite fifth dimension case proceeds along similar

lines. Starting with

A

Di(p) = 0(s = 1)0(s' = 1)O(N — s)0(N — s')D{ 4 (p), (B.24)

where s, s’ are now restricted to the range 1 < 5,5’ < N, leads to stsz = Q;"s,PJr + QS_S,P_

with
O, = 00— o B.25
s,s’ T s,8" a_g s,NOs' N ( . )
" 0 1
Qs,s’ = Qs,s’ - a_g 68,168’,1 . (B26)

From these expressions, one notes that

At AT
Qs,s’_Q

N—(s—1),N—(s'—1) * (B.27)

It is then straightforward to show that if Q;tét_s, = 04,4, ONe has Q;tél_\f—(t—l) N—(s'—1) =

At A - R A+
Js,5, or G = GN—(s—l),N—(s'—l)‘ Hence, it suffices to determine G, or G/,
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We again make the reasonable ansatz
G, = Gy 4 Aot =D | fomo@N=s=) (B.28)

and solve for the Ay by considering Q;tét_ s =05 at s =1 and s = N. Doing so leads to

A = AVee "1 (B.29)
In
a_q
A, = Ve m1 2 (B.30)
In
fv = 1—Waze® —e 22N (1 — Wa5e_°‘) ) (B.31)

Note that in the N — oo limit, one recovers the expressions in Egs. (B.18) and (B.14).

In practical calculations, one always works with quarks having non-zero mass, m. Since
the physical quarks are defined as linear combinations of the quarks living at s = 1 and

s = N, we add mass terms on the boundaries to the Dirac operator in Eq. (B.24):

Dyg(m) =0(s —1)8(s' = 1)I(N — s)0(N — §') DY, + mP_85 1055 +mPyds NSy (B.32)

)

which leads to

R 1
Of, = Qg —mW(p)[ds10s N + 65,05 1] — <—2 - m2> SsNOs N (B.33)
I ’ a5
A 1
Qs_s’ = QS,S’ — mW(p) [5&1(53/7]\[ + (5&]\7(55/’1] — <§ _ m2> 557153,’1 . (B34)
5
The symmetry condition Q;t g = Qﬁ—(s—n N—(s'—1) is unchanged by the presence of the

terms proportional to m, so it again suffices to determine either Gs_ & Or G;" o+ We take

G;ts _ G(S)7S/+Aie—a(s+s’—2)+A$e—a(2N—s—s’)+Am <e—a(N—s+s’) + e—a(N-‘rs—s’)) , (B.35)
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and solve for Ay and A,,, as before. Doing so yields

fn(m)

Letting

we have (D=, = ST, Py + S5, P with 5%, = [A*G*]

(1—a2m?) (Wase ™ —1)

Ao i (B.36)
1— 2,2 a_ 1
L= a5m) f(W%e ) g2 (B.37)
N
AofLN [e_O‘N {ang (Wase* —1) — (Wag,e_o‘ — 1)}
—2mWaZsinha| (B.38)
[1 - Wase® — a2m? (1 — Wase™®)] (B.39)

_e—2aN [1 — Wage ® — a§m2 (1— Wag,ea)] + 4mWa§e_aN sinha .

. 1
A;—,t = —(@p-y+W)dst+ a—55s,t+1 + mdg10:, N (B.40)

1
Agy = —(ip-7+W)bsz + a_(ss,t—l + mds N0t 1 (B.41)
5

s,s’
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