Regularity of the Anosov splitting
and

A new description of the Margulis measure

Dissertation presented by

Boris Hasselblatt

in partial fulfillment of the requirements

for the degree of

Doctor of Philosophy

California Institute of Technology

Pasadena, California

1989

Submitted 11 May 1989



-ii-

Titel und Orden halten manchen Puff ab im Gedrange

Goethe [Go]



Acknowledgment - iii-

“ .the best thing you can do is to emigrate and improve your mind.” [Wd]

At the completion of a dissertation, the end and high point of a student career,
thoughts wander back through the years of formal education.

Twenty years ago my family moved to Ethiopia for six years. I am grateful for
this and all the other experiences, for the environment they have nurtured me in. I am
indebted to my parents, the theologians, for encouraging my curiosity in science. My
achievements are also theirs.

Ten years ago | entered university. There it was that I began to be exposed to
mathematics. I thank the Fulbright-Kommission for sending me to this country, the
University of Maryland for being the reason to stay, Alex Dragt, Dan Rudolph and
Misha Brin, Anatoly Katok, Caltech’s Bohnenblust Travel Prize fund, the Sonderfor-
schungsbereich Geometrie und Analysis in Gottingen, the University of Maryland and
the California Institute of Technology for financial support. For enriching my life I
thank my friends on the coasts of this country and in Europe.

Five years ago I came to the California Institute of Technology.

For my becoming the mathematician I am I have to thank my adviser, Anatoly Katok.
Half of my life as a student was spent with his gentle yet forceful guidance, his help in
mathematics and out-side, his friendship and that of his family. I thank him for inviting
me here, for his generosity with time, for listening and his wealth of ideas, for
encouraging and funding travel to many conferences, for the rich mathematical
environment he has provided for all of us around him, for bringing here mathematicians
to whom I am in turn indebted: Renato Feres, Livio Flaminio, Ursula Hamenstadt,
Masahiko Kanai, Svetlana Katok, Howie Weiss, to name but a few.

This work is the beginning of a life as a mathematician. I look forward to

sharing it with Kathy.



Abstract -iv-

The Anosov splitting into stable and unstable manifolds of hyperbolic
dynamical systems has been known to be Hoélder continuous always and
differentiable under bunching or dimensionality conditions. It has been known,
by virtue of a single example, that it is not always differentiable. High

smoothness implies some rigidity in several settings.

In this work we show that the right bunching conditions can guarantee
regularity of the Anosov splitting up to being differentiable with derivative of
Holder exponent arbitrarily close to one. On the other hand we show that the
bunching condition used is optimal. Instead of providing isolated examples we
prove genericity of the low-regularity situation in the absence of bunching. This

1s the first time a local construction of low-regularity examples is provided.

Based on this technique we indicate how horospheric foliations of
nonconstantly curved symmetric spaces can be made to be nondifferentiable by a

smoothly small perturbation.

In the last chapter the Hamenstidt-description of the Margulis measure is
rendered for Amnosov flows and with a simplified argument. The Margulis
measure arises as a Hausdorff measure for a natural distance on (un)stable leaves

that is adapted to the dynamics.
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One aim of this thesis is to understand the regularity of the stable and
unstable distributions for Anosov systems. After a comprehensive introduction it
begins with a chapter containing a theorem that guarantees a certain amount of
regularity based on a bunching assumption on the rates of contraction and
expansion of the Anosov system. The regularity obtained is between Holder
continuous and differentiable with almost Lipschitz derivative, depending on the

amount of bunching.

In the following chapters it i1s shown that at least in the category of
symplectic Anosov systems this regularity theorem is optimal. It is shown that
generically symplectic Anosov systems fail to have Anosov splitting exceeding
the regularity asserted by the regularity theorem. The proof extends over three
chapters in which appropriate coordinates are obtained, a necessary condition for
excessive regularity is derived, and perturbations causing this condition to be

violated are constructed.

Finally, applications to geodesic flows in negative curvature are outlined.

Another independent aim of this thesis is to give a new description of the
Bowen-Margulis measure of maximal entropy for Anosov flows. This is done in

the last chapter.

The last section of the introduction contains a summary of results.
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Anosov flows and diffeomorphisms

The dynamical systems we are going to consider are Anosov systems and
geodesic flows on manifolds of negative curvature . We will usually assume that

they are C*, but this is rarely needed.

Definition 1.1: Let M be a compact Riemannian manifold and ¢t: M— M
a C®flow (i.e., a one-parameter group of diffeomorphisms). ¢t is called an
Anosov flow if $#0 and the tangent bundle TM of M decomposes into a direct
sum TM=E"“oE”aE’, where E¥ = <$> is generated by the flow direction ¢
and

(3 a,b,Cée |R+)(Vp€ M,t>0,u€ E**(p),ve E“(p))

L e ol < I Dpt(v)ll < e o)

%6"" llull < I1Dp-t(u)l| < Ce* [|ull

Remark 1.2: The classical reference is the book [Al] by Anosov.

In the Russian literature the names C-, U- or Y-system are also used
(because the Russian word for “condition” begins with the cyrillic letter “Y”,
which is transliterated as “U” and sometimes replaced by “C” for “condition”).

It actually turns out that only estimates from above are needed.

These estimates shall be called the Anosov estimates.

Theorem/Definition 1.3: i) The subbundles E°* and E** are tangent to

foliations W’“and W*’ respectively, whose leaves are called the strong unstable
and strong stable manifolds.

ii) The leaves of the foliations W" and W° obtained similarly from
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E*:=E“9oE’ and E*:=E"®E” are referred to as the (weak) unstable and
(weak) stable manifolds respectively. The pair of subbundles (E", E*) is referred
to as the Anosov splitting.

1) The leaves of the foliations W', W™, W" and W® are C* injectively
immersed copies of Euclidean space.

iv) The foliations W™, W*, W" and W’ are always Holder continuous in the
C'-topology, in the sense that the distributions E**, E**, E*:=E**&E’ and
E*:=E*®E" are Hélder continuous.

v) The foliations W' and W* as well as W*' and W’ form transversal pairs. In
other words, at every intersection point of leaves of W** and W*" (W’ and W*)
the leaves intersect transversally. (This is by definition.)

vi) If (E¥,E’) is the Anosov splitting for ¢t then (E°,E“) is the Anosov splitting

for y': = ¢t. (Thus often it suffices to consider E* in proofs.)
In order to make sense of the regularity laims here we need the

Definition 1.4: A distribution (i.e., a subbundle of the tangent bundle of
the manifold) on a differentiable manifold is said to be Hoélder continuous with
Holder exponent g if in local coordinates it can be spanned by vector fields

which have coefficients that are Holder with exponent 8.

Analogously regularity of higher order (Lipschitz, C*!, C' with Hélder

derivative, C* etc.) is defined via representations in local coordinates.

Alternative viewpoints for defining regularity are the following:
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Definition 1.5: A foliation on a compact smooth manifold M is a

decomposition M =|J M, (disjoint) such that M, Cc M are smooth submanifolds and
el

for all 'pe M there exists an open neighborhood U of p, keN and a

homeomorphism h: U— VCR" =R*xR"~* such that h sends connected components

of UNM, to sets of the form VN(R*x{z}) for some re R"*,

The foliation is said to be g-Holder if A can be chosen to be g-Hélder.

Similarly for Lipschitz, C*, C* with Hélder derivative, C* etc.

Or one can take as a measure of regularity of the stable and unstable

foliations the regularity of the holonomy maps as defined in the last chapter.

Definition 1.6: Let M be a compact Riemannian manifold and ¢: M— M
a diffeomorphism. ¢ is called an Anosov diffeomorphism if the tangent bundle
TM of M decomposes into a direct sum TM = E*® E’, such that

(3a,6,CeR*)(YpeM,neN, ue E*(p),v€ E'(p))

(% e [|oll < IDg™ ()l < Ce o]

. LT (Wl < cat ull

As in the case of flows, one obtains foliations W* and W°’. In analogous
situations their regularity and the smoothness of their leaves always correspond
to that of the foliations W*" and W’ for flows. In other words a comprehensive
discussion of flows and diffeomorphisms should subsume W" and W* for flows
and diffeornorphisms under one label and treat the foliations W** and W** for
flows as peculiar to flows. Specifically, time changes for flows, (which have no

counterpart for diffeomorphisms) can affect the regularity of W** and W** while
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leaving the regularity of the weak foliations W* and W* unchanged [P].

Definition 1.7: Let ¢t: M—M be a C®flow. A flow %' is said to have

been obtained from ¢! by a time change if there exists fe C°(M,R") such that

v =fp.

Plante [P] has shown, in essence, that Anosov flows in dimension three
generically do not have strong stable and strong unstable foliations of class C!.
He explicitly indicates how a time change can lead to breakdown of regularity of

the strong stable and unstable foliations.

We, in contrast, will prove here regularity results for the weak stable and
unstable foliations. Therefore we want to point out that the time changes here do
not play a role. On one hand, time changes leave the weak stable and unstable
foliations invariant. On the other hand, the data controlling regularity appear in
the form of a bunching condition, which is by definition invariant under time

changes:

Definition: Let M be a compact Riemannian manifold and ¢t: M— M an
Anosov flow. For a €(0,2] ¢t is called a-bunched if
(3 pl,uz,ug,VI:MXR+—>R) (v pe M) (v ve E*(p) , u€ E’"(p)) (v t>0)
L (e, ) I1Wl < 1Dt ()] < Cpial(ps ) 10l
%Vl(z% 8 llull < || D=t ()|l < Cry(p, 1) || ull

and ﬂz'”zS(mi"(I‘laVl))a-
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Remark 1.8: In the case of symplectic flows, (which we define below)
u; =v; and e-bunching is equivalent to p3 < uf < pj or vi<vi<vy.

The bunching condition can thus be viewed as a condition restricting the
spread of the spectrum of Lyapunov exponents.

One can take py;, v; so that there are @, 7;;M—R for which
wi(p ) = (B,(p))" and v,(p,1) = (7,(p)) ",

Thus in this work we will use the following bunching condition:

Definition 1.9: Let ¢* be an Anosov flow on a Riemannian manifold M.
For a €(0,2] we call pe M a-bunched if one can take 0 < y; < pr,<1<v,< v, <o,
C> 0 such that povst < (mz’n (pl,ugl))a
and Vve E*(p),u€ E**(p),t>0
& bl <Dl < ot o]

Lvitilull < 1 De-t(w)ll < Cvi lull.

Otherwise call p a-spread.
We call p u-a-bunched if pavat < ul
and s-a-bunched if povyt <vi%.
pt is called a-bunched if every pe M is a-bunched with uniform C.
ot is called strongly a-bunched if there exists an ¢ >0 such that all pe M are
(a+¢€)-bunched.
Define (strong) u-o-bunching and (strong) s-a-bunching for ¢t in the obvious

way.
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Example 1.10: Although R* is not compact, it is instructive to consider

the linear diffeomorphism of R* given by
¢ (z, Yy 2, wy—(2-2,4-y, 2/2, w/4).
Here W*(Zoy Yoy Zos Wo) = {{z, Y, 2, W)| 2= 20, W= wo}

a‘nd W’(xO,yo,zo,wo)z{(x, y,Z,w)|l‘=xo,y=y0}-

The leaves of W" are characterized by the fact that d(¢"(p),¢"(q))—0 for

g€ W*(p), n<0, the leaves of W* by d(¢"(p),4"(g))—0 for g€ W*(p), t>0.

As the Anosov estimates would suggest, this convergence is actually
exponential. Here it is furthermore possible to discern different exponential rates
of convergence within such a leaf. In the example we have fast stable leaves

qu(l'o, Yo, Zo, Wo) = {(2, Y, 2, W)| T = To, 2 = 20, W= wo }
and Wf’(xo, Yo, Zo, Wo) = {(Z, Y, 2, W)| 2= Lo, Y = Yo, 2= 2o }.
These leaves are characterized by the fact that e > "-d(¢"(p),4"(¢))—0 for

g€ W"(p), n<0 and ¢*""-d(¢"(p),$"(¢))—0 for g€ W*(p), n>0.

Example 1.11: To give a similar example on a compact manifold,

consider the following map of the 4-torus: Project the linear map of R* given by

2 1 0 0
1 10 0
A=l o 0 13 8
00 8 5

to the torus T* =R*/Z* under the natural projection. (The map projects since it
has unit determinant and thus the inverse also has integer entries and
consequently the integer lattice Z* is mapped onto itself.) The map has four
distinct positive eigenvalues and, being symmetric, thus an orthonormal basis of

eigenvectors. As above, one obtains two-dimensional contracting and expanding
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subspaces and these have one-dimensional fast contracting and expanding
subspaces spanned by the eigenvectors associated to the smallest and largest

eigenvalue respectively.

To be more explicit we compute the eigenvalues and eigenvectors here.

M 0

0 M3

Observe that A:[ 11

}, so the eigenvalues are those of M and

their cubes. But

2-A 1
1 1-A

=A% -3 +1 has zeros 3*‘6, e, A; =A: :3+«I_5’ A=A

detM—-/\I:’ 5 5

Thus we have eigenvalues A, A%, A', A%, The associated eigenvectors are

2-2 1
1 1-2A

A v =(1,A-2,0,0), A% - v, =(0,0,1,A —2)

obtained from solving [ }v:: 0 and are (without normalization)
Ao w =(1,01=2,0,0), A% o wy, =(0,0,1,A1 —2).
The unstable direction is spanned by v, and v,, the fast unstable direction by wv,;

the stable direction is spanned by w, and w,, the fast stable direction by w,.

In general, at a periodic point an Anosov flow (or diffeomorphism) will
have a substructure of the stable and unstable manifold. It is called the stable
and unstable filtration and consists of nested submanifolds in the stable manifold
and nested submanifolds in the unstable manifold. The stable filtration will
consist of a family of submanifolds W,, i=1,...,k of the stable manifold with the
property that W,,, is a submanifold of W; and W, is the stable manifold of the
periodic point p. Furthermore there are numbers ); such that
W, = {z€ M: \ld(p'z,p'p)—0}. In other words these manifolds correspond to
“increasingly faster stable manifolds.” The proof of this fact works along the
same lines as the proof of existence of stable manifolds by Hadamard and thus

these fast stable manifolds are also smooth and vary continously under
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perturbations of the Anosov system. Note that their tangent spaces at p
correspond to sums of root spaces for the return map associated to those
eigenvalues inside disks in C of different size. That is, if we take a closed disk in
C of radius r<1 and consider the eigenvalues of the return map contained in this
disk, then the sum of the root spaces for these eigenvalues is the tangent space to
one of the submanifolds mentioned above, in the case of r=1 for example, the
entire stable direction. In the future we will usually refer to the lowest-

dimensional element W, of the filtration as “the” fast stable leaf of p.

In a slightly different guise this issue arises for a return map directly, i.e.,
we consider a periodic orbit p for an Anosov flow and take a hypersurface
transversal to the flow through p. Thus, taking the return map to this transversal
(locally) we are looking at a fixed point p of an Anosov diffeomorphism ¢. Then
here, too we have the stable and unstable filtration. As above, the stable
filtration will consist of a family of submanifolds W;, i=1,...,k of the stable
manifold with the property that W;,, is a submanifold of W, and W, is the stable

manifold of the periodic point p. Furthermore there are numbers ); such that

W,={ze M:A}d(¢"z,¢"p)—0}.

Again, when D¢|, has an eigenvalue u such that |u| is minimal, then we
have a fast stable leaf with contraction at a rate |p|, which is a proper

submanifold of the unstable leaf of p.
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Geodesic Flows

To define geodesic flows consider a Riemannian manifold N with tangent
bundle TN. For teR and a vector ve TN following the geodesic 7. defined by

44(0)=v for time ¢ gives a new vector ¢*(v): = 7u(2).

Definition 1.12: Let N be a Riemannian manifold with tangent bundle

TN. Define the geodesic flow ¢t: TN— TN by ¢t(v): =4%.(t), where v is the

geodesic with %,(0)=ve TN.

Geodesic flows have a special structure. They can be described as
Hamiltonian flows on TN. Let M be a 2n-dimensional differentiable manifold. A
symplectic form on M is a nondegenerate differential 2-form w on M.
(v" =wAwA---Aw then defines a volume form.) In the setting of Riemannian
geometry the cotangent bundle T*N of N has a natural symplectic structure
given in coordinates (u,v) on T*N by Zdu‘/\duj . Via the isomorphism between
TN and T*N this gives a symplectic st,Jructure on TN. The geodesic flow then
arises from the energy functional H: TN—R, X—1g(X, X) as the flow generated by
the Hamiltonian vector field ¢, defined by w(¢p,-)= DH. Being a Hamiltonian
flow, the geodesic flow leaves H and w invariant. Since H measures speed,
geodesics have constant speed, i.e., |v|]|=|l¢t(v)||. Thus one can restrict the
geodesic flow to the unit tangent bundle SN:={ve TN|||v|| = 1}. This restriction
corresponds simply to restricting a Hamiltonian flow to an energy surface. But
while in general, Hamiltonian flows will have rather distinct restrictions to
different energy surfaces, the restrictions of a geodesic flow to different sphere
bundles SaN:= {ve TN}|||v|| = a} are isomorphic in that they differ only by a

reparametrization [K]. (Thus no information is lost in this process.) Symplectic
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structures exist only in even-dimensional manifolds, but ¢¢| oy admits a
description as a “transversally” symplectic flow, i.e., a flow preserving symplectic
structures on transversals. In fact, the restriction of the symplectic form w on TN
to SN is an antisymmetric 2-form of rank 2n—2, which is nondegenerate on
transversals to the geodesic flow. We will often refer also to such a form as

symplectic.

The symplectic form w on TN is the exterior derivative of a 1-form 6 on
TN, which descends to SN. Thus the geodesic flow on SN is an example of a

contact flow.

Definition 1.13: Let M be a differentiable manifold of dimension 2n-1.

A contact structure on M is a differential one-form ¢ such that 4A(d8)""! is a

volume on M. A contact flow is a flow preserving a contact structure.
In particular, geodesic flows (on SN) are contact flows.
A relation between geodesic flows and Anosov flows is given by

Theorem 1.14 [A1,K]: If N is compact and negatively curved then the

geodesic flow is an Anosov flow.

(Negative curvature is not necessary for geodesic flows to be Anosov, but
there can only be “very little” positive curvature. This is discussed briefly on
page 10 of [Al] and in [Ho).) Let us note here that in the case of geodesic flows
“the manifold” N is called the configuration space and its tangent bundle or unit
tangent bundle is called the phase space M, i.e., the manifold on which the

geodesic flow acts.
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Let us point out here that the presence of an invariant contact form
makes the regularity of strong and weak distributions coincide, essentially by
providing a canonical choice of time and thus preventing time changes that could
reduce regularity of strong stable and unstable distributions. To be more specific
E*®=FEYNkerd and E**=E’Nkerf, so since ¢ is smooth, E** and E** are as

smooth as E* and E°’ respectively.

In the geometric setting the stable and unstable foliations correspond to
ther horospheric foliations: On the universal cover of a negatively curved
Riemannian manifold horospheres are defined as level sets H.(t) of Busemann
functions ho(z):= tﬁmw((d(z,7v(t))—t) for veSM. We call Hy(t) = {z€ M| hy(z) = 8}
the horospheres at v.(c0). In the Poincaré disk model of the two dimensional real
hyperbolic space they are circles touching the boundary of the disk with » as an
inward normal. They can also be thought of as the boundaries of horoballs
Bv(O)::tyoB,(yv(t)), where B, denotes the ball of radius ¢. If w is another inward
normal to H, then 4. and yu are positively asymptotic (i.e., d(7+(t),7w) is
bounded for ¢>0). The inward normal bundle E**(v) of H, is thus the strong
stable manifold of v. In other words, in the geometric setting strong stable
manifolds project under the footpoint projection TM-— M to horospheres, which
are natural geometric objects. Thus the stable foliation in 7M (or SM) is referred
to as the horoshperic foliation. Note that reversing time along geodesics or by
applying the flip map J: TM— TM, v——v we get the strong unstable manifold:
E*¥(v) = JE*(Jv). It is the outward normal bundle of the horosphere centered at
vv(—o0). This reproves the previous remark that the regularity of the stable and

unstable foliations coincides for geodesic flows.
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Symplectic Flows

Our discussion here will also consider symplectic Anosov flows. The
setting is that of an odd-dimensional manifold with a 2-form that is
nondegenerate on transversals to the flow and invariant under the flow. We will
usually refer to this form as an invariant symplectic form for the flow. (This
terminology is consistent with that of [An], but very different from [AM], where
this is called a “contact form” and our contact form an “exact contact form.”)

We provide a few more pertinent facts about symplectic structures.

Associated with a symplectic form is the concept of Lagrangian subspaces.
A Lagrangian subspace of T,M is a maximal linear subspace V so that w,|y, =0.
Note that the stable and unstable distributions consist of Lagrangian subspaces
since invariance of w combined with the Anosov estimates forces w to vanish on

stable and unstable subspaces. Take two vectors z,y in an unstable subspace.

Then |w(z,y)| = |w(ptz, pty)| < wll-llptzll-llpty 1| < v llwll-ll2ll- Iyl —0.

A frequently useful theorem about local representations of a symplectic

form w is

Theorem 1.15: (Darboux) At any point pe M there exist local

01r
-10

coordinates in which w is represented as J =[ } , where I is the nxn identity

matrix.

(This contrasts sharply with the situation for a Riemannian metric where
a similar statement is true only for flat metrics.) This theorem simplifies
thinking about a symplectic form in local terms. We will give a proof (of a

stronger result) in a later chapter.
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Let us now give an indication of some results that motivated this study.

As mentioned above, the Anosov splitting associated with an Anosov flow (in

particular a geodesic flow for a negatively curved manifold) is always Holder

continuous.

Theorem 1.16 [A2]: The Anosov splitting is Holder continuous.

(We will reprove this result here.) It seems striking that the regularity of
the Anosov splitting might be as low as C¢ Thus its regularity has been
investigated for some time. Anosov [Al] showed by constructing an example

that the Anosov splitting may not be C.

Theorem 1.17 ([A1],§24): The Anosov splitting is not always C'.

(Anosov also mentions, but does not carry out “simple but lengthy
considerations in the neighborhood of periodic points.” In a way that will be our
undertaking.) His example is of a glcbal nature in that it is constructed from a
product of toral "automorphisms, thus in a very specific and computable
situation. Also the spectrum of that system is spread much further than
necessary to destroy smoothness. It does, however, exhibit exactly the Hélder
exponent that one would guess from the spectrum (in terms of the relation
between spectral bunching and regularity to be established here). Indeed, in the
terminology of our example 1.11, he modifies the automorphism MxA of
T® = T®xT*, which has eigenvalues A and A* and thus is %—bunched. The system
he obtains is also %-bunched and he computes that the Holder exponent of the

stable and unstable distributions is %, which corresponds to the relations we shall
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discuss below. It is also more effective than the examples given in this work
inasmuch as in his example the distributions are nondifferentiable almost
everywhere. Although this is not entirely unlikely to be the case in the
construction given here, we here only prove nondifferentiability at suitable

periodic points.

Considering geodesic flows on negatively curved surfaces Hopf proved the

following theorem in 1940:

Theorem 1.18 [Ho]: For the geodesic flow on a negatively curved

surface the horospheric splitting is C.

In 1974 Hirsch and Pugh proved this theorem for manifolds of higher

dimension under a pinching assumption on the sectional curvature K.

Definition 1.19: A manifold is said to be absolutely a — pinched if

lnf pr min

a< sup Kp maz’

(relatively) a — pinched if

where a€(0,1), sup and inf are taken over pe M and
Kp, maz = sup {{| K(p,II)| : I a 2-plane in Tp M}

and K, min = nf{|K(p,l1)]:1I a 2-plane in T, M}.
Hirsch and Pugh proved

Theorem 1.20 [HP]: For the geodesic flow on an absolutely 1/4-pinched

manifold of negative curvature the Anosov splitting is C'.
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Their proof is very dynamical in nature and uses essentially that this
pinching assumption guarantees strong l-bunching. (We improve the theorem
here as a corollary of our work, using that, by continuity of the sectional
curvature, relative a-pinching implies strong 2- ya-bunching [K].) In fact Hirsch
and Pugh proved that in the case of Anosov systems bunching implies some

regularity:

Theorem 1.21 [HP}: For a €(0,1] call a diffeomorphism ¢ #pP-a-bunched

if (30> L m<p<1<vy<n,)(Vpe M)(Vve E*(p),ue E*(p),neN)

Lt ol < 1D ()l < Csg o]

v llull < 1Dg ™" (W)l < Cw3 [lul

with oV < (mz'n (415 1/11))0‘.

Then the Anosov splitting of a #pP-a-bunched Anosov flow is C%.

(Note that this bunching condition is much more stringent than our
strong bunching condition since some quantifiers have been exchanged in

comparison to our definition 1.9.)
They prove the theorem for hyperbolic sets of diffeomorphisms.

The theory for surfaces has recently been completed by Hurder and
Katok. Their methods are more local and more refined than those used by
Hirsch and Pugh. Their results apply to volume preserving Anosov flows on
three-dimensional manifolds. By distributions of smoothness C'*“ we mean
distributions that in local C®-coordinates are spanned by vector fields of class C*

whose derivatives have modulus of continuity w. Here we take w(z): = — z-logz.
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Theorem 1.22 [HK]: Let ¢! be a volume preserving C* Anosov flow on

a three-dimensional Riemannian manifold M. Then the Anosov splitting is ¢'*¥,

where w(z):=-z-logz. If it is Cc'*® with o= o(-z-logz) then it is C*.

For geodesic flows the last conclusion implies that the curvature is

constant [HK, GJ.

While the theory for surfaces is thus complete in this respect there is no
full understanding of the situation in higher dimensions. On one hand there have
been studies very recently that explored the implications of high smoothness of
the Anosov splitting for geodesic flows, which have yielded fascinating rigidity
results. These have been initiated by work of Kanai [Kn], which has been
developed further by Katok, Feres and Flaminio. Without trying to explain
their methods we outline two results by Feres and Katok. The first result is a

step towards the following

Conjecture 1.23: Let M be a compact C* Riemannian manifold with

negative curvature and C* Anosov splitting for the geodesic flow. Then the
geodesic flow on M is C* isomorphic to that of a locally symmetric Riemannian

space.

Indeed, one conjectures more boldly that the manifold has to be isometric

to the locally symmetric Riemannian space.

This first result is contained in



1: Introduction 18

Theorem 1.24 (Feres & Katok [FK1]): Let M be a compact C*

Riemannian manifold with 1/4-pinched negative curvature and C* Anosov
splitting. Then the geodesic flow on M is C* isomorphic to that of a Riemannian

space of constant negative curvature.
together with

Theorem 1.25 (Feres, [F]): If M is odd-dimensional the hypothesis of

1/4-pinching can be omitted in theorem 1.24.

The second result is:

Theorem 1.26: (Feres & Katok, [FK2]) Let M be a five-dimensional

manifold with an Anosov flow preserving a transverse symplectic form and a
smooth ergodic probability measure. If the Anosov splitting is C* then either

i) the manifold has a flow-invariant structure of an affine locally symmetric space
or

ii) its Oseledetz decomposition extends to a splitting of TM and the Lyapunov

exponents are -2x, -x, 0, x, 2x where x is a flow-invariant measurable function.

This result is interesting here because it shows that those methods can be
used for Anosov flows, but also because it complements the situation considered

in the work at hand.

It is, by the way, believed that these rigidity results should be true with
C* replaced by C*?. We will be able to provide some evidence to support (at
least the reasonableness of) this conjecture: Symplectic Anosov systems

generically do not have C? Anosov splitting.
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On the other hand, while this research is going on and the idea is being
reinforced that having very smooth Anosov splitting is a rare occurrence, there
has been no full understanding of the regularity issue in the absence of pinching
or bunching. For example, so far there has been no complete answer to the
question: Is the Anosov splitting C' in the absence of strong 1-bunching or 1/4-
pinching? While there is the example by Anosov where this is not the case, the
more delicate question remains: Does the Anosov splitting typically fail to be
C' in the absence of (strong) l-bunching? Put the other way around: Are
theorems like those of Hirsch and Pugh optimal in some sense? It has been
believed by most people in the field that this is indeed the case. Now finally we
can shed some light on this issue. We show that already low regularity exceeding

the degree provided by our regularity theorem is rather special.

The work by Katok and Hurder has not only been mentioned for
“historical” reasons, but also because the local methods used there have inspired
this study and proved quite useful in it. One major tool in their approach can be
traced to an idea of Anosov. In [Al] he proves that the Anosov splitting need
not be C? by observing that for a symplectic map having C* Anosov splitting
forces a relation on the third jet of the return map at periodic points. He then
shows that this relation can be violated. Katok and Hurder observed that this
“relation” actually describes the vanishing of a globally defined cocycle.
Exceeding the critical smoothness forces this cocycle to vanish and this permits

them to carry out a bootstrapping process that gives arbitrarily high smoothness.

Let us briefly discuss the connection to this work. The condition we find

to be necessary for C*-regularity is of a different nature than that found for C*-
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regularity. Instead of a construct involving a jet of the return map we obtain a
geometric horizontality condition on unstable directions of points in the fast
stable leaf of a periodic point. If any global meaning of this condition is to be
found one should expect it to have the nature of an invariant distribution or

some invariance property of unstable directions, rather than being a cocycle.

It should be pointed out that while Anosov obtained his condition
necessary for C*> by considering a periodic point, Katok and Hurder obtain an
expression at arbitrary points and observe that having C? Anosov splitting forces
it to vanish at periodic points. (They then verify that they have a cocycle at
hand.) Qur coordinates here appear to be too specifically adapted to a periodic
point to immediately be able to obtain global information. One particularly
obvious weakness is the fact that we use the concept of a fast stable leaf here,
which may not be defined everywhere. (This aspect motivates the desire to study
perturbations of symmetric spaces of nonconstant negative sectional curvature:
Here, as well as for small perturbations, fast stable leaves are well-defined
everywhere by work of Pesin [Ps]!.) This then is an issue awaiting clarification:
What intrinsic meaning does the condition developed in this work have and is it

the manifestation of some global object or structure?

To return to the specific usefulness of Katok and Hurder’s methods we
remark that it is there that the semilocal analysis along orbits, both to obtain as
well as to limit smoothness, was developed. It is when our bunching condition is
violated that we can expect the Anosov splitting to “typically” fail to be highly

regular.

1Although this paper contains some errors, the conclusion we need is valid.
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Hirsch and Pugh show in their papers that for « <1 FP-a-bunching implies
C® Anosov splitting. Using the more local methods of Katok and Hurder yields

the following result:

Theorem 1.27: Let M be a Riemannian manifold and ¢t an a-bunched
Anosov flow, a €(0,1). Then the Anosov splitting of ¢t is C%~€ for all ¢>0. If ¢

is strongly a-bunched then the Anosov splitting of ¢t is C**¢ for some ¢ > 0.
In order to unify the treatment we used here:

Definition 1.28: A function f:R—R is said to be g-Hélder if fis [8] times

differentiable and the []"* derivative is Holder continuous in the usual sense
with Holder exponent g —[g].

A distribution is said to be g-Holder or Holder with Holder exponent g if in local
coordinates it can be generated by vector fields represented by coordinate

functions that are g-Holder.

Remark 1.29: Note that 1/4-pinching implies strong 1-bunching. We
thus proved that in the geodesic-flow-theorem of Hirsch and Pugh one can

conclude that the Anosov splitting is indeed C'*¢ for some ¢ > 0.

Recall that in the example given by Anosov in [Al] the diffeomorphism
has contraction and expansion constants given by 0<r’<r'<l<rv<v® <.
Thus his system is %-bunched. And indeed, by explicit computation, he shows

that the Anosov splitting has Holder exponent exactly 32-

We expect that in the absence of o-bunching the Anosov splitting should

typically fail to be C%*. The theory we develop can be summarized as follows.
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Definition 1.30: Let M be a Riemannian manifold, / € N. Define
S:= {transversally symplectic Anosov flows ¢'s M— M on M with the C“-topology}.
Here the C*-topology is defined as follows:
We say that pn—p €S if Ve>0,keN3INeN V>N
llon — ‘P“Ck <eand [lwn— “"”CI <e,
where wn and w denote invariant transversal symplectic forms for ¢» and ¢

respectively.

Remark 1.31: Since the invariant symplectic forms are not unique (one
can, e.g., rescale them) the closeness condition for them is intended to say that

wn and w can be chosen so as to be close.

Definition 1.32: Define Gy:=6

and Ga:={p'€6: ¢’ has an a-spread periodic orbit}.

Remark 1.33: G, is open in &. We shall use the induced topology.

Theorem 1.34: For a €(0,2] flows in G« generically do not have Anosov

splitting of class C“.

Remark 1.35: We show that at the o-spread periodic orbit the regularity

of both stable and unstable distributions can be made to be less than C% by
small perturbations causing a necessary condition for such regularity to be
violated. We then remark that the set of Anosov flows violating this condition is

open.

From our discussion it will be evident that, mutatis mutandis, we also

have
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Theorem 1.36: Let o €(0,2]. Denote by D« the set of symplectic Anosov

diffeomorphisms that possess an a-spread periodic orbit p. Then diffeomorphisms

in D« generically do not have Anosov splitting of class C?.

Remark 1.37: Note that we are making statements about absence of

regularity between C? and C¢ for small e. Specifically we obtain genericity of
failure of the Anosov splitting to be C?, breakdown of differentiability in the
absence of 1l-bunching and the fact that the Holder exponent of the Anosov

splitting may be arbitrarily small.

Contemplating theorems 1.27 and 1.34 immediately raises an obvious
question of what happens “in between.” Ideally one should hope that the data on
periodic points determine the bunching behavior to the following extent: “a-

bunching along all periodic orbits forces a-bunching.” In that case one could

assert the following

Conjecture 1.38: If all periodic orbits are a-bunched then the flow is a-

bunched and thus the Anosov splitting is C*~€ for all €>0.
If there is a periodic orbit that is not a-bunched then the Anosov splitting is
generically not C*.

(This latter part is known for symplectic systems.)

Our hope is that this question can be resolved reasonably soon. The
statement “a-bunching along all periodic orbits forces o-bunching” has a flavor of

Lifschitz theory [L] and similar methods might yield a positive answer.
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Statement of Results

In this section, intended for use as a reference, we briefly summarize the

results obtained here.

Proving Regularity:

Definition 1.39: Let ¢t be an Anosov flow on a Riemannian manifold M.

For «€(0,2] we call pe M a-bunched if one can take 0 < p; < py<1<v,< v <00,
C> 0 such that pavyt < (min (11, uil))a
and Vve E'(p),u€ E“(p),t>0)

L utllvll < lIDet(v)ll < Cu ol

Lvitllull < I De-t(w)ll < Cvi' |lull.

Otherwise call p o-spread.
We call p u-a-bunched if pavyt < uft
and s-a-bunched if pavat <vi®.
ot is called a-bunched if every pe M is a-bunched with uniform C.
pt is called strongly a-bunched if there exists an ¢>0 such that all pe M are
(a+¢)-bunched.
Define (strong) u-a-bunching and (strong) s-a-bunching for ¢t in the obvious
way. Similarly for diffeomorphisms. Write
A: = {d): ¢ is an Anosov system}
Uo:= {¢: ¢ 1s an a-bunched Anosov system}
AS: = {qS: ¢ is a strongly a-bunched Anosov system}
’llz-_a 1= {45: ¢ is an i-a-bunched Anosov system}, 1=1u,s

Qlf_a = {qS: ¢ is a strongly i-a-bunched Anosov system}, t=u,s.
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A manifold is said to be (relatively) a — pinched (a€(0,1)) if

K,
" o Roimes’
where
Kp maz = sup{|K(p,l1)|: 1 a 2-plane in T, M}
and K, min=inf{|K(p,I)|: 1 a 2-plane in T,M}.
Write Gq:= {a-pinched geodesic ﬂows}.

Remark 1.40: By [K] and continuity of curvature a-pinching implies

strong 2 - Va-bunching, i.e., 64 C %J .

Theorem I: Denote by EY, E* the unstable and stable distributions
respectively and let i=u, s.
The Anosov splitting is Holder continuous. (Since % =(0U2]‘lla.)
If «€(0,2], ¢ € Ua, >0 then the Anosov splitting of ¢ i; c* €,
If «€(0,2), ¢ € U3, then e >0 such that the Anosov splitting of ¢ is C**€.
If a€(0,2], €, , >0 then E'is C*~°.
If a €(0,2), €] , then 3e>0 such that E* is C¥*¢.

If Ef for ¢ € % has codimension one, then Je> 0 such that it is C'*€.

If ac[0,1), 4 €®, then Je>0 such that the horospheric foliations of ¢ are c2Vare

Low Regularity:

Definition 1.41: Define

G:= {transversally symplectic Anosov systems ¢ with the Cm-topology}.
For a €(0,2] define G,:=6

and Ga:= {4 €G: ¢ has an a-spread periodic orbit}.
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Remark 1.42: | | Gais open and dense (i.e., generic) in &.
(0,2)

Theorem II:
If o €(0,2] then ¢ € Ga generically does not have C® Anosov splitting.

¢ € & generically does not have c 1=l Anosov splitting.

Remark 1.43: The breakdown of regularity occurs at the a-spread

periodic orbits. It can be achieved simultaneously for stable and unstable

distributions.

Although the proof given here is missing some technical detail we also

state

Theorem IIl: Compact quotients of symmetric spaces of nonconstant
negative curvature admit a finite cover that can be perturbed so as not to have
C' horospheric foliations. Compact quotients of spaces of constant negative
curvature admit a finite cover that can be perturbed so as not to have C?

horospheric foliations.

Margulis measure:

Finally we prove:

Theorem IV: The Margulis measure of a transitive Anosov flow arises

from a Hausdorff measure for a natural distance on (un)stable leaves.
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In the introduction we stated that by using the methods of Katok and

Hurder one can obtain the following result:

Theorem 2.1: Let M be a Riemannian manifold and ¢t an o-bunched

Anosov flow. Then the Anosov splitting of pt is C*~€ for all e>0.

Corollary 2.2: Let M be a Riemannian manifold and ¢t a strongly o-

bunched Anosov flow. Then the Anosov splitting of ¢t is C** for some ¢ >0.
In order to unify the treatment we used here:

Definition 2.3: A function f:R—R is said to be g-Holder if fis [B] times
differentiable and the [8]'* derivative is Holder continuous in the usual sense
with Holder exponent g8 —[3].

A distribution is said to be g-Holder or Hélder with Holder exponent 8 if in local
coordinates it can be generated by vector fields represented by coordinate

functions that are g-Holder.

In this chapter we will outline a proof of this fact. Since the methods are
adapted from [HK] we will not go into as much detail here as in the later

chapters.

Remark 2.4: Recall that it suffices to investigate the regularity of the

unstable distribution.
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Holder continuity

In this paragraph we outline the proof of one part of this theorem, namely

Proposition 2.5: Let «€(0,1], M a Riemannian manifold and ¢! a u-a-
bunched Anosov flow. Then for any ¢>0 the unstable distribution is Hélder

continuous with exponent o —e.

Proof: We first choose appropriate coordinates. For all pe M take a
hypersurface T, transversal to ¢ of (small but) uniform size, so that the T,
depend C* on p. For fixed p we abuse notation and write W* for W*n9J, and
W* for W*N T ,. Denote the tangent distributions to these W* and W* by E* and
E*. These then are (by [A2]) Holder continuous distributions on 9,. We want to

show that they have Holder exponent a.

We choose coordinates =: Mx[-¢,¢]— M such that

Epi[-e, €] Tp

W* and W* are coordinate planes (W*~R¥x{0} and W*~{0}xR')

the induced map ¢*: T, -9 o has differential at zero of the form D¢' =[’2' CO‘,}
with -

14311 < Lvy' and [|Cell < Ly

the coordinates Zp:[-¢,¢e]—Tp are C™.
(Although we do not need this, We‘ remark that they can be taken to depend
Holder continuously on p in the C*-topology.)

We shall write the coordinates as (z,y) such that

Ep(2,0) € W*(p) and Z5(0,y) € W*(p).

We define a cone field
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V(6): = k + 1-dimensional distributions v on M such
*T ) that v(p) contains ¢(p) and is §-close to E¥

We will represent elements ve V(6) in the coordinates =, by identifying
v(p) with v(p)N TT,. Note that by the same token we can represent v(q) in

coordinates =, for ¢€ 7.

Thus é-closeness is determined in the coordinates Z, by representing v(p)

as the graph of a linear map D:Rf —R' and using the norm topology.

The flow ¢ acts on V(é) by transformations §, defined by
F v vip Do (v(97'p)),
ie., (&:v)(p) = D' (v(™'p))-

For ¢ sufficiently large §.(V(68)) c V(é) and for ve V(6) we have F,v—E" as t—oo.

W*(¢™'p)
v(67'q) W*(p)
¢'q /
/ q
T B
. (e W*(¢™"p) p W*(p)

Now let 8 =a — ¢ for some ¢ >0 and recall that for all pe M we have
- -B
vt <1.

In order to prove the proposition it suffices to show
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Lemma 2.6: There are K,e, >0 such that if ve V(6(¢,)) and ||y]] <€, then

(3 Te R)(‘v’te[T,2T]) & .(V(8(e0))) C V(8(e0))
and if 10, Il < Kllyll”
then 1(%)(0, 2l < K121,

where (0, 2) = ¢*(0, y).

This lemma implies the proposition since by applying it inductively we

obtain the

Corollary 2.7: There are K,e,>0 such that if ve V(6(eo)) and ||yl <eo

then (3 Te R)(Vt> T) F(V(8(€0))) C V(8(e€0))
and if 10 (0, )l < Klloll®
then (% 0)(0, ) < K111

where (0, 2) = ¢*(0, y).

Thus we showed that for all ¢t>T &, preserves the collection of
distributions that are 8-Holder with given constant K in the stable direction. But
since §,v— E" as t—oo and this condition is closed (by equicontinuity) this forces
E* to be Hoélder continuous in the stable direction with exponent 8 =« —¢. Since

E* is smooth in the directions of ¢ and E* we conclude that E* is (o -¢)-Holder.

Proof of lemma: In this proof we consider only points on the stable leaf

and thus write v(y), etc. instead of v(0, y), etc.
Suppose lo()ll < Kl

The differential of the map ¢* at y is

A, 0
D¢'(y) = B C
1 t

and there exists L>1 such that
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1 4:(y) — A1(0)| < Llyl|
147" (v) = ATl < Llyll
| Ci(v) — CL(O)]I < LIyl

1 B.(w)ll < Lyl for t<1.

Using that AT (O]l < Lvyf
IC(O)I| < L

B,(0)=0

one can show that (36>0, L> 1) (VHyH <6)
147 (Wl < Lvy!
| Bo(w)ll < L(Dlll
ICw)l < L u

Nyl < Lt lls* (-

The Lipschitz constant L(¢t) for B,(y) depends on t and we do not attempt

to control its growth. We may assume that it is nondecreasing in t.

The last statement follows from an analogous one about ||C;*(y)|| and the
mean value theorem. The first one is shown in the same way as the third. Thus

we prove the second and third statement here. We begin with the second one:

. Ay) 0
Since D‘”y):[g <§> c(y)}

and D¢'**(y) = D¢*(¢'y) D¢'(y),
, As(y) 0| | Ad'y) 0 Afy) 0
Bis(¥)  Cna(®) | | Bo(#'y) Cul#'y) || Bu(y) Culv)

we find Bn(y) = Bi(¢" 1 (¥)) An-1(v) + Ci(6™ 1(v)) B,-1(v)-
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Since ||A,..(y)|| and ||Cy(¢"'(y))|| are bounded by constants depending
only on n and inductively B;(¢"'(y)) and B,.,(y) are Lipschitz continuous we

conclude that

| Ba(w)Il < L(n)|l9ll-

The claim follows since |B{w)ll < L||y|| for t<1.
For the third claim, ||C,(y)|| < L ué, it clearly suffices to show:
Claim: (3K>1):  [|Ca(y) — Ca(OII < K i3 Iyl

Proof: We use induction. Note first that we can find Z > 1> ) such that

1Cy(y) — GOl < Lyl

NGOl < L 3

lle™ull < LA™ |lyll

pa(l — ’\).

- ; 1
and assume 1G5 = CO S Kijllsll for i<, llyll, <2

Then [ICy(¢™w)ll <

<G +11Ci(6™y) = C;(0)ll <
< Lpb+ Kpbllé™yll <
<Lpy+ KLA™pslyll =
= Ly (1+ KA™||yl)
and ||Cpy1(y) = Crsr(0)] <
<{1Cr(eW)l - [|Ci(y) — CL(0)]| +

£ 3G (6 W) IC(879) — GO - IC )] +
j=1
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+ [C1(8"y) — CL(O)I - I Ca(0)]| £
S Lpz(1+ KMyll) - Lilyll +
=l n-j f+1 ] j
+ Y Lpy T (4 KNyl - 2Nyl - Ly +
=
+ LEAM|yll - Lps <
<SS Lps T @+ BNl - L2 N |yl - Ld =
7=0

=L s llvll DN (L + KNyl <

j=0

<L g llvl {25+ Kp2sliol) <
- n+l . L4 [_1_ :l
<K ol b |- [ + ] <
n+l

- . 1—-A
< K3 ol since [oll, f<“2L=2 0

2L*

Now we use these estimates to investigate the action of &,.
If we represent v(p) by a linear map D as indicated above we can as well consider
the graph of D as the image of the map represented in matrix form as [II)] where
Iis the (k,k)-identity matrix.

A, 0 || T A, I

t - —_ ~
Then (D)= " o | 5 = 5.4 c0 7] (5,4 coopaz ©

where ~ indicates that the two maps have the same graph. In other words if we
let z=¢'y then D(z) =(B,(y) + C,(y)D(y))A;'(y) and thus

1 D()| =

= I(B.(y) + Ci(») D(¥)) A7 (W)l
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<IBDI AT + AW CI D)
< LNyl - Loyt + Ly - Db - Klfyll?
S L) Lpitllzll - Lvdt +

245 ak B

+ - - €t

-2 [ | it K

< K||#”

for te€[T,2T], where T is such that

L2+ﬂ-pr<%

and K such that K>2L(t) Lpi'- Lvy

We also take T large enough so that &,(V(6)) c V(6) for t> T.

34

for te[T,27T).

0
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Differentiability

We now want to prove

Proposition 2.8: Let M be a Riemannian manifold and ¢t a strongly u-1-

bunched Anosov flow. Then the unstable distribution is differentiable.

Remark 2.9: The previous section already yields that the unstable

distribution is Lipschitz-continuous.
Again we need only show transversal differentiability ([HK], [LMM]).

Proof: Let us first explain how differentiability can be proved using
estimates only and without knowledge of the derivative. For this introduction

consider first function f:R—R. Note that if fis differentiable at z& R then

flz+ hz—f(x) . f’(z)
and f(z)—l{(x—k) ~ ()
whence fe+h)—fla) f(x)=fz=FK)| __,
h k (h, k)—+0

or equivalently ,# |kf(z+R) + hf(z— k) — (h+ k) f(z)] rm

Conversely, the last statement implies differentiability at z.

If we now consider f:R"—R then in order to prove differentiability it

suffices to show that for any triple (v, v,,v5) € R*xR"xR"™ such that v, + v, + v; =0

h——lhlzha-lhzhsf(ﬂ vihy) +hyhaf(24 vahy) +hihof(2+ v3hy) — (hohs+hyhg 4+ hihy) f(2)|—0

as (hy,hy, h3)—0 and convergence is uniform in (v, v,,v3) € R*xR"xR".

The reason is that taking v; =0 gives a proof of existence of directional
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derivatives analogous to the case of the real line (with convergence uniform in
direction) and then this formula proves that directional derivatives depend
linearly on the direction. For a function on a manifold we have to replace the
arguments (z+ v;h;) by c;(h;), where ¢, is a curve with ¢,(0) = v;. The rest of the

proof is the same.

In order to prove differentiability of the unstable distribution we recall
first that it again suffices to prove transversal differentiability (i.e., in the stable

direction).
Choose coordinates as in the previous paragraph. We shall consider

v(p)€E(P)NTT,

{ triples (v;, Uy, U3) of vector fields on M such that: }
B:=
v+ vy + 3 =0 and [[vg| + [|va]| + [Jvs]| = 1.

¢ acts on B by: € (vy, Vg, v3): = (Dy, Dy, D3)

Dé'v;(¢'p)

h v. = :
where i(p) E(v(9'p), vo('p), v3(9°p))

¢, is the scale factor needed to have (#,,%,,73) € B.
Note that €, < Lpb and &' < Lyt
In light of the previous paragraph and the introduction to this one, it should now

be clear that in order to show differentiability it suffices to prove

Lemma 2.10: There exist ¢>0,p <1, K€R such that if

(Vpe M) (V(vl,vz,va) €B,0<hy,hy, g < e)

"h2h3D(7vl(p)(h1)) + h1h3D(7v2(p)(h2)) + hihy D(7v3(p)(h3))|| < Khyhyhy

where Vo (p) 2 geodesics in I'p with ’yv‘(p)(()) = v;(p), then

(aTe R)(vpeM,te[T,zﬂ,(f;l,az,aa)e@tsn,0<h1,h2,h3<e)
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“ilzilsD(’Y@l(p)(ill)) + }11}.‘3D(752(p)(’32)) + 7‘17‘2D(71~)3(p)(713))" <p Khihyhg

where V5,(p) 2T€ geodesics in I, with 75.(p)(0) =7;(p) and h; =€, h,.

Proof: Let us first evaluate the above expression with arguments

<¢t(7vi(go’p)(h‘))) instead of (71"),»(17)(6‘}1‘))' We use

D(8" (7, ( () =

= Bt('yvi(sotp)(hi)) : A;1(7vi(¢tp)(hi)) +

- . . -1 .
+ Ct(7vi(<ptp)(h‘)) D(V,Ui(sotp)(h’:)) At (7Ui(<ptp)(hl))'

Thus we get the following estimates:

hzhsD(fﬁt(')’vl(satp)(hl))) + h1h3D(¢’(7U2(<P,p)(h2))) + h1h2D(¢‘(7U3((p,p)(h3)))” =

=&

hzhsD(W("/vl(gptp)(hJ)) + hlhsD(¢t(7U2(¢¢p)(h2))) + hihy D(4 (7U3(<Ptp)(h3)))u <

<€t +

hzhth('le((Ptp)(hO)A;l(n) + hyhg By(T3) Ay (T3) + hyhy B,(T3) A7 (T5)

+ €2+ |hyha C(T) D(T) A7 (D) + hyhg Co(T3) D(T5) ATH(T5) + hihy Cy(Ts) D(T'3) A (T )|

Here we used the shorthand TI'; for the argument 7, ((ptp)(hi)'

Note that the first of these two terms contains only differentiable

expressions, hence is bounded by some (uniform) multiple of h h,h;. We estimate

the second term by using contractiveness of C, and A;' to get the bound

L2 pbvyt €2 Khhohy = LPphvy € Khyhohy < LPpbvyt pi' Khyhoyhy < LKA hyhy for large t.
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For te[T,2T] we then choose K large enough so that the first term is also

dominated by JKh h,hs. If we now pass to the argument (71.}_(p)(£th,-)> instead of

(¢t(7v,~(gotp)

<¢‘(7v (go’p)(s))> considered in these two instances are tangent at zero, so that the

(hi))) we simply observe that the curves (70([))(&5)) and

error term engendered is of order o(h,h,h;) and thus our estimates imply the

lemma. O



2: Regularity 39

Holder continuity of the derivative

We now want to prove

Proposition 2.11: Let a>1, M a Riemannian manifold and ¢! a wa-

bunched Anosov flow. Then for ¢>0 the unstable distribution is C* 7€, i.e.,

differentiable with derivative (a — ¢ — 1)-Hoélder continuous.

Remark 2.12: Note that we can conclude that strong 1-bunching implies

that the Anosov splitting is C'** for some ¢ >0 and that if the unstable foliation
is of codimension one then, since p;=p,, i.e., povy <pd=p, for a=1, this

implies that the unstable distribution is of class C'**.
We already know that the unstable distribution is differentiable.

Proof: We shall be rather brief here, since the explanations relating our
estimates to the result of the proposition are along the same lines as in the
previous proofs. Let B=a—e—1.

Then our bunching assumption is p,v3'u;® <1,

i.e. povitu” <1

We need to show that if
[Py D(y) — Dy DO} < Kllsll”
then |D;D(2) — D, D(0)] < K||z||ﬂ,
where z denotes ¢'(y) and D is the linear map representing E* in our coordinates.

The reader will note the uniformity in the estimates below.

We first distinguish linear and nonlinear parts by writing

D(y)=LD(y) + "D(y)
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with £D(y) linear in y and ¥D(y) differentiable in y with Dy ¥D(0) =0.
We use similar notation for the matrices 4;', B, and C,, i.e.,
A (y) = 47(0) + FA N (w) + VAT (w)
By(y)="B,(y) + VB, (v)
Culy) = C0) + “Culy) + ¥ C(v).
Note that then our claim reduces to showing that if
|Dy YD (w)| < Kilvll”
then |- D)) < K411,

where z denotes ¢*(y).

This is now a relatively easy computation:
Lp(¢ty) + VD(¢'y) =

=D(¢'y) =

= B,(y) A1 () + Cu(y) D(y) At (y) =

=[LB.(y) + VB.(v) ][ 4(0) + P (y) + VA (v) ] +

+[Cu0) + EC () + YCuw) ][ FD(w) + VD(v) ][ 47(0) + Laii(w) + VaT(y) | =
by separating linear parts

=[ LB.(1)4:(0) ] + [ B.(1) A} (v) — PB.(v) A7(0) ] +

+ [C(0) ED(1) A7(0) | + [ Cu() D(v) A7} (v) — C(0) P D(9) A7 (0) | =

=[Bu()4i'(v) — LB.()4:1(0) | + [ Culw) D(w) A7 (v) = C.(0) ED(y) A71(0) ] +
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+ [Linear part].
Therefore
ND(¢'y) =
=[B.(n A ) - LB:(y)A?(O)]f [C.(w) D(w) A7 (v) = C(0) ED(w)A71(0) | =
= [ Bi(») A} (v) — EB(w)AT(0) | + [ Cy) PD(1) AT (v) — C.(0) “D() A71(0) | +
+[Ci(n) ¥ D(v) A7 (v) ]
=:RHS
applying Dy to the left hand side now gives by the chain rule
D, VD(¢'(y)) Dys:(y) = D> VD(¢*()) Ci(v)-
Thus |02 ¥D(e' ()] < |Dy[RES]|- |C M (w)]-
Note however that in HDy[RHS]u the first two terms of RHS only contribute

O(Jlyl)- Thus (by the usual technique of enlarging constants in the end) we only

consider the term |Dy [Ci(v) ¥D(v) A7 ()|

Again, since YD(y) is Lipschitz in y we have

|y [c:(w) "D AP W) < Je.)[ Yy D] 4w + Otlisi

and it suffices to control “C,(y)I:NDyD(y)] A}l(y)H. But

) "oy D] 4w lei wl <
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<lcwl| ¥pypw|lat e wl <
<lewlla @l )l K’ <
< L Loy Luit KLty <

B

1o t
< L pp i) Ki’ <

-1 -ant .
< L4I:ll2’/21l‘1a:| l‘ftl\ ”z”ﬂ
Thus for T large enough to make
L*u§ T < %
and K large enough to overcome the O(||y||)-terms for t€[T,27], we obtain the

desired result. O



3: Adapted coordinates 43

This chapter is the first of those devoted to studying the absence of high
regularity in insufficiently bunched symplectic systems. In this chapter we set
the stage for some local calculations in a neighborhood of a periodic point. The
first statement we want to prove is rather natural: At a periodic point p we can
choose coordinates adapted to the symplectic structure and the stable and
unstable filtrations of p. Since this is a local theorem we assume without loss of
generality that we are considering an Anosov diffeomorphism of R*" preserving a

symplectic structure.

Proposition 3.1: Let UcCR®" be open, 0e U and F: U—R>® an Anosov
diffeomorphism onto its image with 0 as a fixed point and preserving a
symplectic form w. Let W c WjcC... CwWi= W*(0) be submanifolds of the stable
leaf W*(0) of 0 with 0 € W and dim W =i and let W*c Wy c...c W¥=W"(0) be

submanifolds of the unstable leaf W*(0) of 0 with 0 € W* and dim W =.

Then there exist coordinates (p;,...,Pn,q,...,qn) on U such that in these
coordinates

i) w=> " dp,Adg; (or w=J: :{3 é}, where Iis the nxn identity matrix),

1) W ={(p1s..»Pnsq1»--»qn) EVipy=...=pn=q;=...=¢q,;=0}

1) W¥={(p1s--sPns@1s--s@n)EViqy=...=gan=p;=...=p,; =0}

Definition 3.2: If there exists Ic{1,...,n} such that
{W}iel} ,{W!:iel} are the stable and wunstable filtrations of 0 these

coordinates are called adapted coordinates.

Proof: We adapt the proof of Darboux’ theorem given in Arnold’s book

[An] on Classical Mechanics.
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Denote by M; a 2i-dimensional submanifold of U such that
W?C M, W C M,.

Let p,: U—R be such that Pilyys =0, Py, =0 and the Hamiltonian vector field
P, (defined by dp, =w(P;,-)) is transversal to a hypersurface N, containing W
and M,_,.If P} denotes the Hamiltonian flow generated by P, then

(Vze U) (3! YE Nn, q,(2) € R): 2= Py
Thus we have ¢: U—-R with g N, =0 and since dp, and dq, are independent,
because the Poisson bracket {¢,,p;} = dg,;(P,) =1, we find that

My ={z€ U:p(z)=q(z)=0} .

Since {¢;,p;} =1 this completes the proof in case n=1.

We now proceed inductively:
Denote by @, the Hamiltonian vector field associated with ¢, and by Q! the
associated Hamiltonian flow.

Claim: wl;, is nondegenerate.
n-1

This claim implies that (M,_,, wIMn-l) is symplectic and hence, by
induction hypothesis, has adapted coordinates {p;, ¢;}’.,. We thus get
coordinates on U:

(vze 0) (3t ye My, s, teR) : 2= PE(QL(v)).
Define p;(2):=pi(y), :(2):=¢(y), i=2,...,n.

Proof of claim: For ze M, .,, ve To-M,., we have w(P,,v)=dp,(v)=0 and

w(Q,,v) = dq,(v) =0 since p, and ¢, vanish on M, _;.
If we T-M,_, is such that (Vve ToM,_;) w(v, w) =0 then,
since w(Py,v) =w(@y,v) =0,

we have (Vve T, U) w(v, w) =0, whence w=0 since w is nondegenerate. v
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We now have to show that the coordinates {p;, ¢;}7., are adapted.
ii) and iii) are satisfied by construction, so we conclude the proof by showing
that the coordinates are symplectic. It suffices to show that {p,,p;} ={q;,¢;} =0
and {g;,p;} =6,;.
Case 1: i=j=1: Already known.
Case 2: i=1 or j=1: Follows from invariance of ¢, and p, under Q! and P! for
k>2.
Case 3: i,5>2: ¢; and p; are invariant under Q; and Pi, hence the corresponding
Hamiltonian flows commute and thus Q; and P; are invariant under @} and P}.
Since @i and P; are symplectic the Poisson brackets {g;,p;} =w(Q,,P;) are
invariant under @} and P} and it suffices to evaluate them at points of M, _,.
Since ¢; and p; are integrals of the flows @} and P}, Q; and P, are tangent to
M, ,={ze U:p)(z)=q(z)=0}. Thus Q,-!Mn_l and Pj|Mn-1 are w-Hamiltonian
vector fields for g M, and Pilm_, and the desired Poisson brackets are those .
obtained in the coordinates of M, ,, which are, by induction hypothesis, as

desired. O
We will from now on assume that we are using adapted coordinates.

Now we wish to pass from these adapted coordinates to special adapted
coordinates that satisfy one further requirement. While the use of adapted
coordinates needs little motivation, it will not be clear at this point why we need
special adapted coordinates. This will only become clear when they are actually
put to use. The idea, however, is, essentially, to isolate “slow” directions in séme

sense.

Recall the setting of the previous proposition. We define integers k, ! and
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m by taking n—#k to be the maximal dimension of elements of the stable
filtration, m the minimal such dimension and k+ [+ m=n. We may of course
have |=0. Considering points in the fast stable leaf
{pr1s.esPrns Qs s @) EUipi=...=pn=¢;=...=qn-m=0}
(m being the lowest dimension of any element of the stable filtration) we can
write the differential DF of the diffeomorphism F as
DF|(0,...,o,qn_mH,...,qn) =|:g g]
with C lower block triangular. This is because the stable filtration at p is an
invariant subfiltration of
Wi={(p1s.--sPnsq1s..sn) EU:pi=...=pn=q=...=q,.;=0},

whence the tangent spaces are subspaces of the form {(0,...,0,z, ;,,,...,2:)}.

o) The block

Invariance of these forces the above form for DFlo, 0,0,y
sizes correspond to the increments in dimension when passing to higher-
dimensional elements of the filtration. Here we shall only use that the blocks can
be taken of sizes k, | and m, i.e., we think of C as
Chow 0 0 |k
C=| * Cniyq 0 |1
* * Cfa” m

k ! m
-1 . . . .
Furthermore A = C'  since F is symplectic, i.e.,

0 I At Bt o 1 A O AtB-BtA  Atc
J ol Joctly-r ol BC -CtA 0

This evidently implies that A is upper block triangular and the diagonal

blocks are obtained from those of C by taking transposes of inverses.

We want to change our coordinate system in such a way as to have the



3: Coordinates 47

upper left hand kblock of the matrix B identically zero at points
(0,...s@n-ms1s---»qn). Recall that k here denotes the codimension in W?*(0) of the
highest-dimensional element of the filtration at 0. Simultaneously we want to
maintain of course the conditions obtained in the previous proposition. We first

have to do a little linear algebra in

Lemma 3.3: For Se€ gl (k,R): = {S€ gl(k,R):S' =S} and A€ GL(k,R) with

IlA™] <1 the equation E— A'EA = S has a unique solution E€ gls(k,R).

Proof: gl(k,R)—gl(k,R), E—E— A'EA is linear. We need to show
injectivity.
Suppose E— A'EA=0, ie., E=A'EA. It suffices to show (v,Ev)=0 for all
ve SF 1 = {veRF: v =1}.
Let vy € S*! be such that |(vy, Evy)|=K:= Zzgf_ll(v, Ev)}. Since ||A™'|| <1 there
exist ¢ > 1, v; € S*! such that cvy, = Ay, Whenvce

o’ K = |(ovy, Eovy)| = [(Avy, EAvy)| = |(vy, A'EA v)l =|(v, Evy)| < K.

But if ¢2K < K while ¢2>1 and K>0 then K=0. a

Definition 3.4: Let UcR?*" and F: U—R?" be an Anosov diffeomorphism
onto its image, which fixes a point pe U and preserves a symplectic form
<+,w->. Then coordinates (p,,...,pn,¢,...,qn) o0 U are called special adapted
coordinates if in these coordinates

i) the stable filtration at p is a subfiltration of

{(p1y--+PnsqLq---3qn) € U:p1=...=pn=q1=...=q,,_,-:O}?:l,
i1) the unstable filtration at p is a subfiltration of
{15 sPrs @iy tn) €V = .= gn=p1=...=p,; =0}_ |,

i) w= Z dp;Adg; (or w=J: =[OI éJ, where I is the nxn identity matrix),
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iv) The wupper left hand kxk block of the matrix B defined by
DFl5 04 +1"._’qn):[gg} is  zero for all ¢, ,41,....9n. Here n—k is the
dimension of the highest-dimensional element of the stable filtration at p

properly contained in the stable manifold and m is the lowest dimension of

elements of the stable filtration.

Proposition 3.5: Let UcCR*™ and F:U—R>™ be an Anosov
diffeomorphism onto its image, which fixes a point pe U and preserves a

symplectic form <-,w->. Then there are special adapted coordinates for F.

Proof: Choose adapted coordinates and denote them by (s,t,u, v, w,z) with
s=(prssPi) ERY, t=(Pyyrs s Prom) ER,, U= (Propnyrs...,Pn) ER™,
v="_q1s:»q%) ER*, w=(Ghy1s--+ @r-m) ER, 2= (gnmer»--s ) ER™.

Then, suppressing the argument (0,...,0,2), DFI(o,...,o,z)Z[g g} with C lower
block triangular, as remarked above. The block sizes are k, ! and m, where the
block of size | may consist of smaller blocks or be absent if /=0. Note that

A=C"" and A'Bis symmetric since F is symplectic, i.e.,

0 I AtB*llo 1| AoO A'B-B'A  A'C

l-ro|foct||-To|BC|| -Cc'4 0
Denote the upper left k-blocks of A, B, and C by a, b, and c respectively. Then
atb is symmetric and thus atb— e+ atea=0 has a unique symmetric solution
e(2) € gl(k,R) by the above lemma. Note that ¢(0) =0 since 5(0)=0.
Let G(s,t,u, v, w, %): =(s,t,u—LD:(se(2)8),v+ e(2)5,w,2),
where D, denotes the differential with respect to z, or equivalently the matrix (or

vector) of partial derivatives with respect to z. Then
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I
0
DG=
€(2)
0
0

D F

Thus G is symplectic:

— D,e(2)s

E Dt

S O O O ~ O

DGYIDG =

S O O~ O ©

D'E—E'D
FtE—1T

oS O ~ O O O

I—-E'F
Ftptl_pip

©c ~ O © O O

49

— %Dz D.se(2)s
D,e(2)s

since F'E=E'F=0, and D'F=F and D'E= E are symmetric. This proves iii).

G also preserves the stable filtration since if s=0 we have DG =

Likewise the unstable filtration is preserved since for =0 DG =

is lower triangular. Thus i) and ii) are proved.

ptt

and D

Finally, to prove iv), we consider points (0,...,0,2z) and observe that the

representation of DF in the new coordinates is given by

DG-DF-DG‘'=

FA+B—-CE

Since EA+ B— CE=B— AV 'E+ EA and A is upper block triangular (with

blocks of size k, { and m) the upper left kblock of this expression is the product

of the upper left k-blocks:

But since A! is nonsingular and atb— e + atea =0 we conclude that
g

b—atle+ ea.

b—atle+ea=0

as required. O
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This chapter contains the central idea of this project. It is shown here
that excessive regularity of the Anosov splitting forces a degeneracy that cannot
be typical. The approach amounts to isolating the worst case that could occur in

the estimates used in the proof of regularity from the bunching condition.

We consider a (transversally) symplectic Anosov flow ¢t on a compact

Riemannian manifold.

Definition 4.1: A flow ¢t on a compact Riemannian manifold is said to
be transversally symplectic if there is an antisymmetric 2-form « such that w is

nondegenerate on hypersurfaces transversal to the flow.

For a periodic point pe M we can choose a small hypersurface 7,

containing p and transversal to the flow.

Definition 4.2: For a periodic point pe M of ¢t denote by T, a small
hypersurface transversal to the flow. We define the induced map or return map
@, as follows: &, is the restriction of the Poincaré return map of T to an open
convex subset of 9" containing p such that the return time is smooth. We now

denote this set by I or I,.

For purposes of illustration we can think of 9, as coordinatized by
Z:[-¢,¢]*"—=T,. Clearly & =&, is well-defined and smooth on a neighborhood of p
in 9,. Therefore we can consider its differential D® near p. ® is symplectic with
respect to the symplectic form w on 7,. Counting with multiplicities D®|, has 2n
eigenvalues, all off the unit circle since ¢* is an Anosov flow, and the set of

eigenvalues is closed under the operation of taking reciprocals.
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Definition 4.3: A periodic orbit p is said to be a-spread if the differential
D®p at p of the induced map & for the transversal 9, has eigenvalues A, and ),
of modulus greater than one such that 1< |,}? < |)|*. We will assume [;| and

|A;| are the minimal and maximal moduli for eigenvalues outside the unit circle.

Proposition 4.4: Let o €(0,2]. Assume y* has an o-spread periodic orbit
with |[A;]#|A.|* and the unstable distribution is Holder continuous with Holder
exponent a.

Then the unstable directions satisfy a geometric horizontality condition of

positive codimension.

Remark 4.5: Here the case a>1 implies a C'*“-assumption. The

expansion rates at the periodic point are v, = || and v, =|A,].

Proof: We choose special adapted coordinates on 9, as obtained

previously. From now on our discussion will take place in these coordinates.

By taking intersections of weak unstable leaves of the flow with 9, and
passing to tangent directions again, we obtain a distribution on ¥,, which we
also refer to as the unstable distribution. Near 0 (i.e., near p) these directions are
almost horizontal and thus we can represent these two-dimensional affine
subspaces as the graphs of affine maps. Dropping the constant part, we retain the
linear part D€ Mnn. The unstable direction is thus represented as the graph of
the linear map D or, equivalently, as the image of the linear map

[é]:R":R"x{(0,0)}—»Rz".
We will be particularly interested in points ¢=(0,...,0,2) on the fast stable leaf

through 0 (i.e., p). At these points the differential of ® takes a special form.
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Indeed when we obtained special adapted coordinates we saw that

A0
Dq)l(o,...,o,z) 2[3 C}

with C lower block triangular and A™' = C*.

w''(p) E%(q)

q /
— 34| E*(®q) = DO(E(q))

—————

p W*(p)

The action of D$ on [ D] gives

5ol o)

To bring this into the form [ lg’} again we multiply from the right with A= ¢t

and obtain

I « 1 A - I I
{D']ZQ [D}z[BJF CD}A 1=[(B+ CD)A'1:|={:(B+ CD) ct}-

Now recall that the unstable distribution is flow invariant. Therefore D' = Do®
and we just showed that

D(®(0,...,0,2))= D' =(B+ CD)Ct=(B+ CD(0,...,0,2)) C*.
Denote the upper left k-blocks of A, B, and C by a, b, and c respectively. Now,
recalling that 5(0,...,0,2) =0 and that C is lower block triangular, we compute

the upper left k-block of this matrix equation. We get
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d=c-d-ct
or d(®(0,...,0,2)) = ¢(0,...,0,2) - d(0,...,0,2) - ¢*(0,...,0,2).

If we let z,:=®"(0,0,0,2) we see that

d(zn) =[1:[ c(zn-.;l)} - d(z) -[’I__I()c‘(zi)}.

Observe that what we have accomplished here is to isolate the slowest

contraction by virtue of our special adapted coordinates.

Case 1: Suppose that «€(0,1] and that d(-) is Hélder continuous at 0
with Hélder exponent a. For 6§ >0 such that (v, +6)*<vf we choose a norm on
R* with respect to which ||¢’}(0)|| < v, + é. Since ¢ is Lipschitz continuous

(DI < (v2 +8) - (1 + Cyll2]l).

Note also that ||zn]| < Cov™ and ||d(2zn)|| € Csllzn|l®. But then

lld(z0)] s[’_ilnc"(zou]nd<zn>n[f[onc“(zn-i-l)|l]

n-1
< Cy(vy + 8)* 01" H(l + Csvi')
1=0

< Cs(vy + 6)*™ "
— 0.

Here we used that

n—1 . n—1 R
[T+ Covi'y=eap > log(1 + Cyri)
i=0 i=0

n-1
<emp S Gt
i=0

0

<exp Y Cyri'<oo
i=0
2n_-~-an 2 -« "
and (vy +6)*"v] :[(u2+5) 1/1] <1.

Thus d(2)=0.
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Case 2: o >1 and v, < 3. Differentiating the recursion relation
d(®(0,...,0,2)) = ¢(0,...,0,2) - d(0,...,0,2) - %(0,...,0, )
at 0 with respect to z gives D.d|, D,®|, = c(0) D.dl, c*(0),

since d(0,...,0) =0.

vy+4
(vy—6)*
by choosing a norm on R* similarly to the choice made in case 1.

Thus I D:dloll < [ D=dlol 11e(0) 111t (O) 1 D= Bl | < || Dadlo |

V1+5

But since 2L <1 we have for sufficiently small § that ;<1 and thus

Vo (1/2 — 6)
| Dzdlll =0.
This, however, implies that if Dd has Holder exponent « —1 then by the mean

value theorem ||d(z.)|| < C||zn||®. By the estimates in case 1 this again forces

d(2)=0. 0

Remark 4.6: We know for dynamical reasons that the unstable
directions are Lagrangian subspaces: Take two vectors z,y in an unstable
subspace. Then |w(z, y)| = |w(ptz,pty)| < |lwll-[letell-llpty | <v2*[|lw]l-ll2]l-llyl|—0. On
the other hand this property has nothing to do with the condition obtained here.
Indeed, since the pullback of w to the subspace parametrized by [1[)} is given by

D -1 0

symmetric. In other words the condition obtained here is not an obvious identity

t
[I] -{0 I][é]:D—Dt, D represents a Lagrangian subspace iff D is

arising from the symplectic structure. Of course in the next chapter we will show

that indeed this condition can be violated by (symplectic) perturbations.

The condition d(z)=0 (H)

can be thought of as a kind of horizontality condition on unstable directions. It
says that along the fast stable leaf of p some part of D (having to do with slow

contraction) is horizontal in our coordinates.
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In this chapter we first prove a dynamical lemma that will help in
designing the “right” perturbations for our purposes. We can then complete the

proof of the main theorem.

Definition 5.1: Let ¢t be a flow on a topological space M. A point ze M
is called negatively nonrecurrent if there exists an open neighborhood U of zin M

such that t,:=maz{t<0: ¢tz g U} >-00 and UN |J ptz=0.
t<to

Proposition 5.2: Let M be a Riemannian manifold and ¢t an Anosov
flow with a periodic point pe M. Then the fast stable leaf of p contains a

negatively nonrecurrent point.

Remark 5.3: The fast stable leaf of p is the submanifold of the stable
manifold of p that consists of points whose orbits approach p with maximal

speed. The proof only uses that it is a submanifold of the stable leaf of p.

Proof: There exist C, x>0 such that I Det| pall < C- e X for t>0.
Denote by 9 a hypersurface through p transversal to the flow direction and by

W/*(p) the fast stable leaf of p for the return map @.

Let g W/*(p) and B, = B ;(q) where ¢>0 is such that
T:=inf {t>1,:¢7'B(a) N B() # 0} > ¢ - log5C,
where to: =1inf {t>0: 97" B(q) N B (q) =8}

i.e., Ce_XT<%. Here B((q) denotes the ¢-ball around ¢ in M.

From now on denote by W’*(p) the connected component containing p of
the intersection of B, and the fast stable leaf of p and by W?*(z) the connected

component containing z of the intersection of B, and the stable leaf of z for
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z€ B,. For e sufficiently small B,:= B, N7 has local product structure. (That is,
local stable and unstable leaves intersect in exactly one point, so that we can
introduce coordinates as follows: Coordinatize W*(p) and W*(p) and then for
z € B, define the coordinates of z as

(coordinates of W¥(z) N W*(p), coordinates of W*(z) N W*(p)).)

Let D be an e-ball in the intersection of 9 and the weak unstable leaf of ¢

and let

Uy:= |J Bé(=)
reD

= U B3(9)
zeD

W= U Bée(x)
zeD

where — denotes closure and B¢(z) denotes the e-ball in W?*(x), z€ B;.

For ze B, let
Up:=U N W2,
Vei=Vin Wi(x),
We:= W, N0 Wi(z),
Sz:=Vg\Ug.

Note that the S, are spherical shells in W?(z).

It suffices to find a point in U:=Ugn w’*(p) that does not return to U, in
negative time.
Define
t: B,—R* U {0}, 2—1(z): = inf {t>0:p-tz€ U, }
and take z, € U,:= U such that

t{xg) = min t(z)>T.
() = i, 1(2)
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There i1s a smooth function r: W,: = Wgo —R™ such that

—‘(-‘L‘o)xo
Yy (z): = cpT(I)re T for ze W,
and T(go_t(%)ro) =1z,).
Thus ¢;: W,—9 1s a diffeomorphism onto its image and
W(W,) C W*(p) = W*(gy).
The intersection UnN S, of the spherical shell
Sp= ’:bx(sso_t(xo)zo) Cc W(p)
with U consists of points not returning to U, for time ¢ with
—Ty:=— maz Hz)<t<0,

zE 2

where V,:= Vgp—‘(”)xo'

Claim: Un S, has a connected component U4 such that (w,(W,)\S,)U Uh
is connected. (That is, Ugn W'*(p) traverses the spherical shell S, from the

inside to the outside.)

Proof: For ¢ small enough U is connected and has diameter at least ¢. By
the choice of T the diameter of S, is at most %-c. Thus U contains points on the

outside of the shell.

Since z,€ U, is on the inside of the shell there are points of U on the
inside of the shell and the claim follows. (We showed that U contains points of

both components of %( W,)\S;.) v

Take Us;c U, closed and connected such that (y(W,)\S,)u U, is
connected. Note that ¢;'(U,;) connects the complement of Sgo"(fo)a: in W, and is
0
itself connected. In particular diam (¥;}(U;)) > €.

Define t: Wy,—RY U {0}, o—t(z): = inf{t>0:p-tz€ U}
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and take 2, € ¥1(U3)
such that )= min Hz)>T.
z€ ¥1'(Us)

There is a smooth function r: W5: = W<P —R* such that

-t(zl)xl
Pa(2): = goT(x)zE T for re W,

and (=t ez = ().

Thus ¢,: W3—7 is a diffeomorphism onto its image and ¢( W;) C W*(xy).

The spherical shell Sy = %(Sgo“(’l)xl) C W*(zy)

consists of points not returning to U, for time ¢ with

—Ty:=— maxtxr<t<0,
R AGE

where Vg:i= ch"(’l)xl'

Claim: ¢;'(U;)nS, has a connected component U} such that

(¥2( W3)\S,) U U is connected.
Proof: As before. We use that v;'(Us) is connected and diam (¢;}( Us))>es/

Note that U,:=v,(U}) C U, consists of points not returning to U, for time
t with - T, —T,<t<0
and that T,>T.
Iterating this argument gives a decreasiﬁg sequence {U,}32; of compact sets
where U; has return times beyond (i—2)- T. The intersection is then nonempty

and contained in U and consists of negatively nonrecurrent points. O

After these preliminaries we proceed to the proof of the main theorem.
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Theorem 5.4: Let a€(0,2). Denote by &, the set of (transversally)
symplectic Anosov flows that possess an a-spread periodic orbit p. (With the C*-
topology as on page 22.)

Then flows in Sa generically do not have unstable distributions with Hoélder

exponent «.

Remark 5.5: By the next Lemma we first reduce the proof of the main
theorem to showing that the condition (H) obtained in the previous chapter is

generically violated.

Definition 5.6: A periodic orbit is said to have a 2-1-resonance if the
maximal modulus of an eigenvalue of the return map to a transversal is the
square of the minimal modulus of an eigenvalue of absolute value larger than

one.
Remark 5.7: This is not the common usage of the term resonance.

Lemma 5.8: Flows in . generically have an a-spread periodic orbit

without a 2-1-resonance.

Proof: It clearly suffices to exhibit perturbations destroying the

resonamnce.

Consider a periodic point p with a 2-1-resonance and introduce adapted
coordinates on a small transversal hypersurface as in the previous chapter. Let B,
be an e-ball about 0 in these coordinates and coordinatize the flow box
B: :O " Be as [0,¢]x Be so that the flow " 1s represented by (s,z)—(s+ 7,z), i.e.,

7=0

the identity flow.
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Sublemma: For 0<r<¢**! there exist symplectic maps G,: B,— B, such
that

GreC®,

G- is C'-close to id: B,— B,

=id and

G-
IBC\Be(l—e)

ek+1, _ek+ly k41, ek

+1
Gr(s,t,u,v,w,2) = (e s, te u, e v, w, e "z) on B.s.

We first show how this completés the proof of the Lemma.
Let ne C*(R,R*) be such that
n(z) =0 (z<0)
p@) = (2>0)
nis C*-small
and on B=|0,¢]x B, redefine the flow " ~ (s,z)—(s+ 7,1) so that
77(0,2) = (r, Gn(r)(f))-
This flow 3" is a symplectic C*¥-small perturbation of the original flow. It is easy

to see that it has no 2-1-resonance: Near the origin we have

PLES!
o€ I

—ek+1
o€ Tl

DGT = e_6k+1TI

k+1
€ rI

Thus the differential of the return map for the flow %" does not have the
resonance, since its maximal and minimal eigenvalues outside the unit circle are
multiplied by *** and e=€***?  respectively, so their ratio is changed by a

2642
factor of %€
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Proof of sublemma: We use a method devised by Moser that is

exhibited in the proof of Darboux’ theorem in [AM].

(This method is also the hat from which we pulled special adapted coordinates.)

Define 3(s,t,u,v,w,2) =<s,v>—<u,z> and y = py where pe€ C®(B,,R) is

such that p is C*-small,
p=¢tt on B,, and
p=0 on Bc\B

e(1-¢)’

and < -,-> denotes the standard inner products in R* and R™.

Define a vector field X by w(X,-)=4dy.
Since X is smooth with compact support it generates a complete flow G-.

Claim: The flow G is symplectic.

Proof of claim: Giw=w and %(wa) = GH(£ yw) = Grd(w(X,-)) = Grd’y=0,

where £ denotes the Lie derivative.

Finally, in order to study the maps G, near the origin we integrate the
vector field X given by w(X,-) = d7, which coincides with ¢**'X near 0. We find

that X(s,t, u,v,w,z) =(s,0,-u,-v,0,2)" and thus evidently G, is as desired. ]

Proof of Theorem 5.4: It suffices to prove that the horizontality

condition (H) of the previous chapter is generically violated.
Density:

We first prove density, i.e., we want to show that if the condition (H) of
the previous chapter is satisfied then there are arbitrarily small perturbations of

the flow for which this condition is violated.
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We pick a negatively nonrecurrent point ¢ in the fast stable leaf of the
periodic point p. We can in fact choose it such that it lies inside the
neighborhood of p on which we have special adapted coordinates. Translate the
coordinates so that ¢ is the origin. We now construct a perturbation in a way

similar to that used in the proof of Lemma 5.8.

Define 7(s,t,u,v,w,2) =1<s,s>=1||s||> and v=p7 where pe C™(B,R) is

such that p is C*-small,
p=¢t! on B,, and

e(l-€)’

and <.,.> denotes the standard inner product in R.

Define a vector field X by w(X,-)=dy.
Since X is smooth with compact support it generates a complete flow G-.
Claim: The flow G, is symplectic.
Proof of claim: Giw=w and L(Glw)=GHEyw)=Grd(w(X,"))= Gld’y =0,

where £ denotes the Lie derivative.

Finally, in order to study the maps G, near the origin we integrate the
vector field X given by w(X,-)=dy, which coincides with ¢**'X near 0. We find
that X(s,t,u,v,w,2)=(0,0,0,50,0)" and thus the induced flow G. is given by

Gr(s,t,u,v,w,2) = (s,t,u,v+ 75, w, z). Consequently

I 0]
Dér =
I 0 0
0 0 0 I
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I 0
E I

Let ne C*(R,R*) be such that
nz)=0  (2<0)
n(z)=e" (2>0)
n is C*-small
and on B =0, ¢]x B¢ redefine the flow ¢™ ~ (s, z)—(s+ 7,z) so that
7 (0,2) = (7, Gy (2))-
This flow 3" is a symplectic C*-small perturbation of the original flow. It is easy
to see that it causes the condition (H) to be violated: Applying DG-as above to
[II)] gives
I 0 1 I

E I | D)| |E+D

and this means that the condition (H) is now violated because if D satisfies it,

E+ D does not. Note, however, that we still have to show the
Claim: E+ D is the unstable direction at ¢ for the flow 7".

Proof: Here the choice of ¢ as a nonrecurrent point is important.
The unstable direction at ¢ “q can be computed as follows:
Take any distribution & along {¢'(q)}:<o, which is close to E*. Then
Jim Do'(8(¢7“(q)) = E*(¢™"0).
Since ¢ is nonrecurrent this limit is not affected by the perturbation. Thus

EY*(¢ ¢q) and E*(¢ °q) coincide. By invariance of E* under 3’ the claim follows.
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Openness:

We complete the proof by showing that the condition (H) is violated on
an open set of flows in G.. We need to prove that if the condition (H) is violated

for a flow ¢t then it is violated for all sufficiently close flows.

Let ¢t € Sa be such that the condition (H) is violated. Consider a small
perturbation '€ Ga. Recall first of all that on page 22 the C*-topology on G«
was defined as follows:

We say that gn—p € Ga if (v6>0, keN) (3 NeN) (Vnz N)
llen — S"”Ck <eand [lwn — W”Cﬂ <e,
where wn and w denote invariant transversal symplectic forms for ¢n and ¢

respectively.

Since the invariant symplectic forms are not unique (one can, e.g., rescale
them) the closeness condition for them is intended to say that wn and w can be

chosen so as to be close.

In order to show openness we observe that the condition (H) is an open
condition in a fixed system of special adapted coordinates. Thus we are done

once we show:

Lemma 5.9: If on is C*-close to ¢ then special adapted coordinates at p’

are C'-close to those at p.
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Remark 5.10: Here p’ denotes the periodic orbit of ¢n near p.

Proof: It suffices to show that adapted coordinates are close since the
coordinate change to special adapted coordinates depends smoothly on the

representation of the return map in adapted coordinates.

In order to show closeness of adapted coordinates it suffices to show that
the filtrations at p' are C'-close to those at p, since the construction of adapted

coordinates depends continuously on the filtration and symplectic form.

But this in turn follows from standard contraction arguments, i.e., the
arguments used to construct stable leaves of periodic points. In this case the
statement can be extracted from the arguments in [Al], Lemmata 9.2 and 9.3.

The argument is as follows:

In a local calculation the local unstable filtrations are obtained by a
Hadamard-argument using invariant cones. The data at our disposal here are, via
local coordinates, ¢ and ¢, two C*-close diffeomorphisms of R*® with 0 as a
hyperbolic fixed point and ¢. C*-close to ¢. Since the root spaces of ¢n are close
to those of ¢ (after possibly consolidating several into one), the corresponding
elements of the filtration for ¢ and ¢» are tangent to each other. But since the
Hadamard-argument gives uniform estimates on the derivatives this forces

corresponding elements to be C'-close. o
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This chapter describes work that is complete except for explicitly
performing some geometric calculations that are not points of mathematical

difficulty but technical work.

Geodesic flows are an obvious target for application of this theory. In fact
they were among the motivations for this study. The main difference is that in
this case we want to make statements about perturbations of metrics. As far as
the phase space picture is concerned, local perturbations of a Riemannian metric
on N are in the phase space M= SN much less localized than the perturbations
considered here. An equivalent way of seeing the difficulty is the following: When
constructing the perturbation in proving density of flows with Anosov splitting of
low regularity we needed to produce some nonrecurrence. In the setting of a
geodesic flow the appropriate concept of nonrecurrence is that of a geodesic that
does not return to a certain neighborhood in the configuration space N. In

general it is not clear whether such a geodesic can be found.

Note however that in our proof of existence of a negatively nonrecurrent
point the only ingredient that is not available in the configuration space setting
is the fact that one can make return times to a neighborhood large by shrinking

the neighborhood. Recall that the proof there began as follows:

There exist C, x> 0 such that “D<pt|E,|[ <C- e_xt for t>0.
Let g€ Wfs(p) and B, = B;(q) where ¢ >0 is such that

T:=inf {t>1: go"'Bﬁ(q) N B (q) #0}> -1)5 -loghC,
where to: = inf {t>0:30"Bﬁ(q)ﬂBﬁ(q)=0};

i.e., Ce_XT < % Here B(q) denotes the ¢-ball around ¢ in M.

In the case of a geodesic flow where we want to avoid returns to a
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neighborhood in the configuration space, this is not obviously so. There may be
geodesics that are closed piecewise smooth loops, i.e., geodesics returning to the
initial point but with a different direction. In other words, sufficiently long
return times to the patch where the Riemannian metric is perturbed cannot be
expected. Before describing one setting where this problem can be avoided and
that yields some interesting insights, let us point out that the argument given
here for existence of perturbations is not the only one possible. Another method,
(which yields perturbation results in a less fine topology than the C*-topology)
only requires the existence of an orbit that has long return times in a somewhat
average sense. (It involves controlling errors accumulating in encounters with the
perturbed neighborhood.) It may be possible to find a geodesic with such
properties in the configuration space. (Using that same argument one might also,
by the way, attempt to design the perturbation of the metric in such a way that
the errors introduced when the geodesic does return are only “large” if the
geodesic crosses the perturbed patch in a direction almost parallel to the geodesic
corresponding to 0 ptq. This could conceivably make the issue of return time
obsolete.) o

Nice targets for application to geodesic flows are symmetric spaces of
nonconstant negative curvature. (For example, the complex hyperbolic space.)
These are symmetric spaces of negative curvature with minimal curvature -4
and maximal curvature -1. At every periodic geodesic the return map has
expansion rates e and e*. So while the system has smooth Anosov splitting due to
its algebraic nature, its dynamical parameters are at the threshold for breakdown
of differentiability of the Anosov splitting: they are 1-bunched, but no more. The

primary reason this case is tractable with our methods is the following: A paper
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by Borel [B] has the following consequence:

Proposition 6.1 [B]: A compact locally symmetric space § of negative

sectional curvature has finite covers with arbitrarily large injectivity radius.
(I am much indebted to Masahiko Kanai for pointing out this fact to me.)

Thus we can consider a compact quotient of § and pass to a finite cover
with injectivity radius larger than the return times required in the nonrecurrence
argument. In other words, we take the fairly crude approach of using the
injectivity radius as a bound for return times. By transitivity of the isometry
group every periodic orbit has expansion rates e and e?. We can thus perturb the
metric so as to obtain a 2-spread periodic orbit. (The proof of the corresponding
statement in the category of Anosov flows is given above, when we “destroy a
2-1-resonance.”) Due to the large return times guaranteed by the large
injectivity radius, we can find a negatively nonrecurrent geodesic as we did
before in the flow category. A local perturbation of the metric that produces the

“twist” causing the condition (H) to be violated then completes the proof of

Theorem 6.2: Any compact locally symmetric space S of nonconstant
negative sectional curvature has a finite cover admitting perturbations of the
metric whose geodesic flows have horospheric foliations with modulus of

continuity 1—e¢ for some e.

Perturbations here are in the C*-topology. Note that the proof given here
is complete except that the local perturbations of the metric have not been given

explicitly.
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There are more reasons why it is worthwhile to study symmetric spaces.
Aside from being very intriguing examples in which to observe breakdown of
smoothness, the fact that fast stable directions are defined everywhere (and also
for small perturbations) might yield some insights into the currently poorly
understood nature of the geometric condition (H) obtained earlier. The rather
homogeneous structure of symmetric spaces and the universal presence of fast
stable leaves (even for perturbations) may be useful in trying to develop a global

picture of this condition.

There is the possibility that there are no nontrivial perturbations of
symimetric spaces of nonconstant curvature, (e.g., the complex hyperbolic space)

which still have C' Anosov splitting. Thus we have here some motivation to ask:

Question 6.3: Are symmetric spaces of nonconstant negative sectional

curvature rigid in the category of manifolds with C' Anosov splitting?

Note however that this would imply by the regularity theory developed in
earlier chapters, that no perturbation of the symmetric spaces considered is

strongly 1-bunched. This is a priori not a very natural supposition.

The techniques developed here can also be applied to manifolds of
constant negative curvature. In this case one perturbs to get a (2-¢)-spread

periodic geodesic and applies the machinery to show

Theorem 6.4: Any compact manifold § of constant negative sectional
curvature has a finite cover admitting perturbations of the metric whose geodesic

flows have horospheric foliations of regularity below C?*~¢ for some ¢ > 0.
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In this chapter we show that the Margulis measure for Anosov flows arises
from a Hausdorff measure for a natural distance on unstable leaves. This chapter
generalizes and simplifies work of Hamenstadt [Hs] that was done in the setting

of geodesic flows and used for her rigidity theory.

The Margulis measure i1s a measure maximizing entropy. Entropy is a
word for two invariants of dynamical systems measuring their complexity or

disorder. For a thorough introduction we recommend the book by Walters [W].

Measure theoretic or metric entropy is a notion in measurable dynamics
and information theory developed by Kolmogorov. (One explanation for the
term “metric” could be that it is shorter than and contained in measure
theoretic.) It measures how rapidly sets become independent under the

dynamics or growth of information under iteration.

Topological entropy, invented by Adler, Konheim and McAndrew, is
an imitation of metric entropy in topological terms, using open sets rather than
measurable ones. It can be thought of as measuring how many distinguishable
orbits there are when one performs observations of limited accuracy over a finite

stretch of time.

There is an interesting connection between these two concepts of entropy:
topological entropy is never smaller than measure theoretic entropy (for any
invariant probability measure). In fact, topological entropy is the supremum of
all measure theoretic entropies taken over all invariant probability measures. In
the case of Anosov systems, topological entropy is the maximum of measure

theoretic entropies and there is a unique measure of maximal entropy. Let us
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emphasize this statement again:

Variational Principle: Topological entropy is the supremum of measure

theoretic entropies. For Anosov systems, there is a unique measure of maximal

entropy.

Definition: The unique measure of maximal entropy is called the Bowen-

Margulis measure.

This measure was obtained independently in two very different ways by
Bowen and Margulis. While Bowen [Bwl] constructed this measure as a
measure for which periodic orbits are equidistributed and showed that it
maximizes measure theoretic entropy, Margulis [M] constructed a measure with
the property that its conditionals on unstable and stable leaves dilate uniformly
in time. To be more precise, he obtained measures on unstable and stable
manifolds and built from them a global measure in a local weighted product

construction. Let us paraphrase the procedure to give a clearer idea.

Let ¢':M—M be an Anosov flow, which has an invariant probability
measure with a smooth density with respect to Lebesgue measure. Using the
Riemannian structure one can define conditional measures on all unstable and
stable manifolds. For the sake of this argument let us assume that we start with
(Riemannian) Lebesgue measures on the leaves, i.e., measures given by the

volume form of the Riemannian metric on each leaf.

Denote this measure on W*%(z) by A.. Pick z,e M and S, € W*%(z,) open

with compact closure. For ze M, Sc W*¥(z) measurable define
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A T( )((IDT(S))
A(8):= lim
By T

An important part of Margulis’ paper is to show that this limit exists.

If we now define fW:=p 4 ((,Ot(So))
¢"(20)

then t+T(S))

A
t+T( )(

t
R (s»—,_,m N

(e™7(S)) A T ()

50t+T(Z)(

A t+T
= lim ( 0) =
(#"7(50))

i, = ROENCUEN)
A r (7T(S0)
= lim t (2) - lim

= A% ,\ 7 (97(S,)) Ty t+7 (g, =
07 (2) Som(zo)(so (S0))

A ter S, T
— lim i+T( o)((p ( )) - lim )‘SOT(Z)(V’T(S)) _
T A T(z )(SO (SO)) T AQOT(ZO)(SO (So))

A
t+T( 20)

A t+7 S
t+r(z>(¢ (S))

= t So 'y S -
”p’(zo)W( ) 82(8)

= J(1) - p(S).

In particular for z=z,, S= S, this implies
)=kt )(¢t+s(50))=
t, s
= S))) =
usot(sos(zo))(so (¢°(S.)))

— £(1). s —

'—f(t) “SOS(ZO)(‘P (SO))

=f(8)-f(s).
Thus we jump to the conclusion that f(t):edt. Sinai [S] showed that

d = h =topological entropy. Therefore
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H°<Pt=€ht[1.

This essentially characterizes the Margulis measure, as we shall refer to it,

since we only use and redescribe the construction of Margulis.

Let M be a compact Riemannian manifold and ¢t: M—M a C? Anosov
flow. On W*¥(z) we define a distance 5. and a spherical measure o: =0, which
expand uniformly under the flow. ¢ is equivalent to the conditional Margulis
measure [Hs,M,S] and for a Lyapunov metric ¢ equals the conditional Margulis

measure on every leaf W**(z2).
In order to have consistent notation for this chapter we recall the

Definition 7.1 [A]: A flow pt: M—M is called an Anosov flow if ¢ #0
and the tangent bundle is a Whitney sum TM = E**®¢ E** & E¥, where E* =< ¢ >

is generated by ¢ and there are a>0, b>1 so that

|| Dptull < b-||ul| - e** for t<0, ue E** (A)
| Deto|| < b-[|v]l - e for t>0, ve E**

Remark 7.2: Recall also that the distributions E*¥, E**, E*:= E*“aE’
and E’:=E*@E® are tangent to the foliations W**, wW*, W* and W*
respectively, which are continuous in the C'-topology. We will use here that
being a smooth injectively immersed submanifold, every unstable leaf W*“(2) has
a distance d. (and thus notions of openness and compactness) induced by

Riemannian lengths of curves in W*¥(z).

There is a natural correspondence between points on two nearby unstable

leaves:
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Definition 7.3 [M]: Sc W*(2) and &' c W*¥(z') are called e-equivalent
if there is a continuous ¢: Sx[0,1]— M so that:
é(-,0) =1d,
¥:=¢(-,1):5—S is a homeomorphism,

#(z,[0,1]) Cc W*(z) and is of length less than ¢ for all z€ S.

Remark 7.4: This is related to the local product structure briefly
described in an earlier chapter (page 56). ¢ is sometimes called the holonomy
map. It is as regular as the foliation W’. In the introduction we pointed out that

the regularity of ¥ can be used to define the regularity of W”.

Lemma 7.5 [A]: After possibly changing e there exists a Riemannian
metric on M, equivalent to the given metric and called a Lyapunov adapted

metric, such that (A) holds with 6=1.

Definition 7.6 [Hs}: Fix ReR. For x, y € W*¥(z) let

-sup {t€R: d : (+'(2).0'(y))< R
7](1‘,y): =7IZ’R(1‘,y): =¢€ P { € @ (z)( ( ) (y)) }

Remark 7.7: Several properties of 5 are evident:
noypt = ' -y since we change the time parameter,
Ny p=".R for € W*¥(2) since the same is true for d., and finally

n>0, n(z,y) =n(y,z) and 7(z,9) =0 iff c=y.

Thus it looks as if 5 is a distance.
Lemma 7.8: For z;, z,, y€ W*¥(2) and q, b as in (A) we have
H(n(21,22))" < (n(21,9)) " + (n(22,9)) "

Remark 7.9: Thus @ is a distance if M is given a Lyapunov metric.
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Proof: Let t= — logn(z,,2,) and r, =d t )(go'z,-,cpty) for i=1, 2
@ (2
If any r; > Rb then n°(z;,y) > n%(z;, 2,) > In(zy, z,) and we are done.

Thus assume that both r; < Rb for i=1, 2.

Claim: Then ns(z;,y) > e~ *'r,;/ Rb.

Proof of claim: It suffices to show that

d r (pt*7z,pt+7y) > R for T>(]i log >0
[

(2)
since in that case ne(z) 2 (e777)" = e™r;/ Rb.
But if y ¢ W*¥(pt+72) is a curve joining pt+7z; and et+7y and

— - t+T -y t+7 y
(v)=4d :+ (z)(so ;P 7TY)

then by (A) r; <lp=707) <b-e™ - Uy)=b- €™ d 1r  (9*+72;,0t47)
L4

v

and thus d S )(50“"":8 PHTY) > ¢ Bigo >%Rb R as claimed. v

But using the claim now we obtain

n(zy,2)/b=e"""/b since n%(z;,z,) = e '
< e % (r + 1)/ Rb since r1+r2>d ‘ (<p T, 9tz,) =R
<01, y) + 1°(22, 9)- since 7°(z;,y) > e”*'r;/Rb. O

Lemma 7.10: Omitting z in the subscript, we have

[

ngqrg[ﬂ;_b] -np for 0<r<R.

Proof: Clearly MR <0y
On the other hand d N z)(<pt1:,<piy) =rfor t=—logn,.(z,y).

Thus for > 3 1 logRb >0 we get d e )(go”‘"z, t+7y) > R as above and hence
@ z

-7

1
np(#y) 2 e 7T =n.(zy) e >n,.(2y) [RTT)]G' o
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Definition 7.11 [Hs]: For Sc W?*¥(z) let

0 (S): = inf{ io: eh: Sc Ej By (z;,¢;) with z; € W*¥(z) and ¢; < e}
j=1 j=1
and o(S): =0:(S) : = sup o(S).
e>0
Here h is topological entropy and By(z;,¢;) are ¢;-balls with respect to n around

:L‘]-'

Remark 7.12: ¢ is the h/a-dimensional spherical measure [Fd] on

ht

W*"¥(z) arising from ns. 0 , opt=¢€" .0, and o is Borel regular, i.e.,

v (2)
a(8) = sup {¢(C): CC S compact} (see [Fd]).

Lemma 7.13: If o is constructed from a Lyapunov metric then for 6 >0

there is an € >0 so that if SCc W*¥(z2) and &' Cc W*¥(#') are e-equivalent then

(1=6)-0(S)<a(S) < (1+6)-0o(S).

Proof: We will use that if {z} and {&} are e-equivalent and
{z"}: = W*(&') N W**(z) then 2/’ = ¢z’ for some r €R, so there is a CeR such that
ptr and gtz are C-e-equivalent for ¢> 0.
For §; <6 <1 there is a cover By,(z;,6;) of SCj@lB,,Z(xj,éj) so that 1216? <o(S) +6.
Claim: s CjLlean(z)(l,b(l'j),L(f) -6;) Where. ¢ 18 such that limi(e) =1.
Proof: If y e SnB,.(x,6) then dw-1096(2)(90""9"X,<p"°9"y) <R.
By uniform continuity of E°* this implies

getoss 0y (H# 12952 9(7109)) < R+ 0(C)

Withelgnoe(e) =0. But then we conclude by Lemma 7.10 that

n,p(z)(l/)(x)ﬂﬁ()’)) < L(fl) -6

where e): = [%(CG)T
Therefore (SN By.(z;,6,))CS'N By oy (¥(x;), 1(€)8 ) and the claim follows. v

Thus o(8') < u(e)* - 0(S). The other inequality follows similarly. uj
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Lemma 7.14 [M,S]: For a transitive C? Anosov flow ¢t we can

construct the Margulis measure 4.
Its restriction p¥ to W*¥(z) has the following properties:
I) pvis positive on open and finite on compact sets.
IT) u:t(z)ogat =Pt pu
III) for 6>0 there exists ¢>0 such that if Sc W*%(z) and S c W*%(2) are
e—equivalent then
(1 =08)- pou(S) <p*¥(S) < (1 +6) - peu(S)
IV) pev is Borel regular
V) the pev are defined up to a global constant (not just up to a constant on

each leaf).

Remark 7.15: III) is related to what is called “holonomy invariance” -

which characterizes the Margulis measure by [BM]. We do not use this fact.

Lemma 7.16: There exist 0 < a; < a, < 0o such that

ay e < pou(By(zy€)) < ay - €® for all xe M.

Proof: Suppose p*#(By(x;,1))—0 for some {x;}72, ¢ M. By compactness of
M we may assume that z;—=z. For : large S=B,(z}) is e-equivalent to some
S' C By(z;,1) and
poe(B(z;1)) > peu(8) >3- po¥(8) >0
by Lemma 7.14, a contradiction. So 0 < a; < p*¥(By(z,1)).
p*%(By(z,1)) < @3 < 0o is shown similarly.
The claim now follows, since

=loge ~loge
po( By(z,€)) = p(p1o9¢(Bo(p ™ ¥ 2,1))) = €® - psu( By(p ™ "% 2,1)). s
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Sl

Lemma 7.17: axt ptu <o <(20)% -t ptn.

Proof: 1) Let Sc W*¥(2). By definition of ¢ there is a covering by balls
Bp(z;¢ ) with €; <, z; € W™ (2) and

S ngl By(z;€;),

such that ce(S)+6> i er.
1=1
But then e(S) 46> 5 >0yt 30 pu( Bolajoe ) > @t - wou(S).
=1 =1

The left inequality follows when we let §—0 and e—0.

2) By Borel-regularity of ¢ and p** we can assume that Sc W*¥(z) is compact.
Let ¢ >0 and Se={ze W**(2): Iye S:n(z,y) <e/(2b)/°}.

Suppose {x;}7L, C S is a maximal subset so that the B (x;,/(2b)'/°%) are pairwise

disjoint. Since SC.L"JllB,,(xj,e) by Lemma 7.8, we have
]___.

m m ¢ h
LEEWEICOIEDS [72;)—/—}

< (26" o}t -]'2;’;1yw(B,,(xj,e/@b)‘/“)) by Lemma 7.16

<(26)*° . ajl - pou(So)by disjointness of B,,(xj,e/(2b)1/a) CSe.

h/a. -

Letting e—0 gives a(S) < (2b)"/*-ai'- p*u(S) which is the second inequality. o

Theorem 7.18: Let M be a compact C?-manifold and ¢t a transitive
Anosov flow. Equip M with a Lyapunov metric. Then after normalization the
measures o of Definition 7.11 agree with the conditionals of the Margulis measure

on every leaf.
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Proof: ¢ has measurable densities f,: W*%(z) =R with respect to psu.

f: M—R, z— f,(z) is measurable by Lemmata 7.13 and 7.14.

ht h

fis pt-invariant since ps¥opt = e . ysv and copt =€ - 0.
Since p is ergodic f=const. u-a.e.
By Lemmata 7.13 and 7.14, we can normalize fso that f, =1 p*¥-a.e. on each leaf

We(2). O

Remark 7.19: 1) If M carries an arbitrary Riemannian metric then after

normalization the measure o agrees with the conditionals of the Margulis
measure on p-almost every leaf. The reason is that the above proof still goes
through because f is measurable since (x,y,z,R).—n;z R(x,y) 1s lower

semicontinuous.

2) The above results are also true for the h-dimensional Hausdorff

measure [Fd].

3) These results apply directly to geodesic flows since by [HIH] the

standard metric on SM is a Lyapunov metric.

4) It is interesting to compare this construction with the one in [Bw2].
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