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Abstract

Let F be a genus two Siegel newform and g a classical newform, both of squarefree levels
and of equal weight ¢. We derive an explicit integral representation for the degree eight L-
function L(s, F' x g). As an application, we prove a reciprocity law — predicted by Deligne’s
conjecture — for the critical special values L(m,F x g) where m € Z,2 < m < % -1
The proof of our integral representation has two major components: the generalization
of an earlier integral representation due to Furusawa and a “pullback formula” relating
the complicated Eisenstein series of Furusawa with a simpler one on a higher rank group.

The critical value result follows from our integral representation using rationality results of

Garrett and Harris and the theory of nearly holomorphic forms due to Shimura.
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Chapter 1

Introduction

1.1 Overview and main results

If M is an arithmetic or geometric object, then we can often associate a very interesting
invariant to it. This invariant is a complex analytic function known as the L-function for
M and is denoted L(s, M).

The simplest example of an L-function is the Riemann Zeta function defined by

oo
() =3 =TI -p)"
n=1 D
for Re(s) > 1 and by analytic continuation elsewhere. This function encodes rich number
theoretic information about the distribution of primes. For instance, the fact that ((s) has
no zeroes on the line Re(s) = 1 is equivalent to the prime number theorem.

One can also associate L-functions to Dirichlet characters, number fields, elliptic curves
and modular forms. The case of modular forms is particularly interesting because they,
in a sense, include all the other examples mentioned so far. The classical modular forms
are holomorphic functions that live on the upper-half plane and satisfy certain symmetries.
These functions and their generalizations arise naturally from fundamental investigations
in several mathematical areas. Indeed, there is a quote attributed to Martin Eichler saying
that there are five basic operations in arithmetic: addition, subtraction, multiplication,
division and modular forms.

The theory of automorphic representations provides a natural setting in which to study
modular forms and their generalizations. The fascinating work of Langlands associates

L-functions to automorphic representations and use these to express deep relationships be-



2

tween number theory, geometry and representation theory. One of the tools that has been
successfully used to study L-functions and their special values is the method of integral rep-
resentations; this is sometimes called the Rankin-Selberg method after Rankin and Selberg’s
fundamental work in this direction. Often, sharper and more explicit results are obtained
when one restricts attention to holomorphic forms. The papers [GH93], [GK92]|, [HK91]
treating the triple-product L-function are good examples, and in fact, provided an inspira-
tion for this thesis.

A conjecture of Deligne [Del73] predicts that certain special values of such families of
L-functions are algebraic numbers up to multiplication by certain period integrals. Indeed,
let L(s, M) be an arithmetically defined (or motivic) L-function associated to an arithmetic

object M. Then Deligne’s conjectures assert that for certain critical points m,

(a) L(m, M) is the product of a suitable transcendental number Q and an algebraic

number A(m, M),
(b) If o is an automorphism of C, then A(m, M)? = A(m, M?).

To give a simple example, Deligne’s conjecture for the Riemann zeta function is just the
fact that ¢(m)/7™ is a rational number for all positive even integers m.

In this thesis, we prove a key special case of Deligne’s conjecture when M corresponds to
the product F x g where I is a Siegel modular form of genus two and ¢ a classical modular
form; see Theorem 3.6.1 below. As is often the case for such problems, the key ingredient
in our proof is the interpretation of the transcendental factor as the period arising from a
certain integral representation of Rankin Selberg type.

Fix odd, squarefree integers M, N. Let F be a genus two Siegel newform of level M and
g an elliptic newform of level N; see § 2.8 for the precise definitions of these terms. One can
associate a degree eight L-function L(s, F' X g) to the pair (F,g). We assume that F' and g
have the same even integral weight ¢ and have trivial central characters. We also make the
following assumption about F":

Suppose

F(Z)= Z a(S)e(tr(SZ))

S5>0

1s the Fourier expansion; then we assume that



a(T) # 0 for some T" = (1.1.1)

NI
o

such that —d = b> — 4ac is the discriminant of the imaginary quadratic field L = Q(v/—d),
and all primes dividing M N are inert in L.

Given a Hecke character A of L, we define in §3.1 a Siegel Eisenstein series Ev4(g, s) on
GU(3,3; L)(A). Let R denote the subgroup of GSp(4) x GU(1, 1; L) consisting of elements
h = (h1, ha) such that hy € GSp(4), he € GU(1,1; L) and hy, hy have the same multiplier.
We define in §3.2 an embedding ¢ : R — GU(3,3; L). Let ®, ¥ denote the adelizations of F| g
respectively. We can extend the definition of ¥ to GU(1,1; L)(A) by defining ¥(ag) = ¥(g)
for all a € L*(A),g € GL(2)(A). Our integral representation is as follows.

Theorem 3.6.1. We have

— 1
/ Eys(0(g1,92).5)B(00) W(g2) A (det g2)dg = A(s)L(3s + 5.7 x g)
9eZ(A)R(Q)\R(A)

where g = (g1, 92), A is a suitable Hecke character of L and A(s) is an explicit normalizing

factor, defined in §3.6.

The first step towards proving Theorem 3.6.1 is achieved in §2 where we extend an in-
tegral representation due to Furusawa. Let 7,0 be the automorphic representations corre-
sponding to F, g respectively. Furusawa [Fur93] defined a certain integral of Rankin Selberg
type and proved that it factorizes as a product of local zeta integrals Z,(s). He computed
the local zeta integrals only in the case when the local representations 7, o), are both un-
ramified and showed that they equal the local L-functions up to a normalizing factor. Thus,
he was able to find an integral representation for L(s, F' X g) in the full level case, i.e., when
M =1,N = 1. In §2 we compute, under certain conditions, the local integrals Z,(s) when
the local representations are either Steinberg or unramified. This allows us to generalize the
Furusawa integral representation to our case; see Theorem 2.8.7 for the precise statement.

The generalization is not straightforward. The explicit evaluation of the local zeta
integral involves several steps. First of all, we need to perform certain technical volume
and double-coset computations. These computations — easy in the unramified case — are

tedious and challenging for the remaining cases and are carried out in §2.3. Secondly, it is
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necessary to suitably choose the sections of the Eisenstein series at the bad places to insure
that the local zeta integrals do not vanish. Thirdly, and perhaps most crucially, the local
computations require an explicit knowledge of the local Whittaker and Bessel functions.
The formulae for the Whittaker model are well known in all cases; the same, however, is
not true for the Bessel model. In fact, the only case where the local Bessel model for a finite
place was computed before this work was when 7, is unramified [BFF97, Sug85]. However,
that does not suffice for the cases when we have m, Steinberg. As a preparation for the
calculations in these cases, we find in §2.4, an explicit formula for the Bessel function for
mp When it is Steinberg. We believe this is of independent interest.

The second and final step towards proving Theorem 3.6.1 is achieved in §3. We prove a
certain pullback formula (Theorem 3.2.1) that expresses our earlier Eisenstein series as the
inner product of the cusp form and the pullback of the simpler higher-rank Siegel Eisenstein
series Eys. Formulas in this spirit were first proved in a classical setting by Shimura [Shi97].
Unfortunately, Shimura only considers certain special types of Eisenstein series in his work
which does not include ours (except in the full level case M = 1, N = 1). Furthermore his
methods are classical and cannot be easily modified to deal with our case. The complicated
sections at the ramified places and the need for precise factors make the adelic language
the right choice for our purposes. We provide a complete proof of the pullback formula for
our Eisenstein series which explicitly gives the precise factors at the ramified places needed
by us.

Combining the results of §2 and §3, we deduce Theorem 3.6.1. It seems appropriate to
mention here that the referee of our paper [Sah09] has indicated that it was well-known to
some experts that one could use such a pullback formula to rewrite the Furusawa integral
representation.

From Theorem 3.6.1, we easily conclude that L(s, F' x g) is a meromorphic function
whose only possible pole on the right of the critical line Re(s) = % is simple and at s = 1.
Moreover, with the aid of basic techniques and results due to Garrett, Harris and Shimura,

we prove the following Theorem.

Theorem 4.5.1. Suppose that the Fourier coefficients of F' and g are totally real and
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algebraic and that £ > 6. For a positive integer k, 1 < k < % — 2, define

L(% —k,F x g)
A(F, g; k) = mAR=1(F FY(g, g)"

Then we have,
(a) A(F,g;k) is algebraic

(b) For an automorphism o of C, A(F,g;k)? = A(F?,9%; k).

We remark here that the completely unramified case M = 1, N = 1 of the above
theorem was already known by the works of Heim [Hei99] and Bocherer—Heim [BH06], who
used a very different integral representation from the one in this thesis. Also, just the
algebraicity part of the above Theorem (i.e., part (a)) has been proved for the right-most
critical value (corresponding to k = 1) in various settings earlier by Furusawa [Fur93],
Pitale-Schmidt [PS09] and the author [Sah09].

To relate Theorem 4.5.1 to the conjecture of Deligne for motivic L-functions mentioned
at the beginning of this introduction, we note that Yoshida [Yos01] has shown that the set of
all critical points for L(s, F'x g) is {m : 2—% <m < %— 1,m € Z}. In particular, the critical
points are always non-central (since the weight ¢ is even) and so the L-value is expected to
be non-zero. Assuming the existence of a motive attached to F' (this seems to be now known
for our cases by the work of Weissauer [Wei05]) and the truth of Deligne’s conjecture for
the standard degree 5 L-function of F', Yoshida also computes the corresponding motivic
periods. According to his calculations, the relevant period for the point m is precisely
the quantity 74" +3~4(F F)(g, g) that appears in our theorem above (once we substitute
m = % — k). We note here that Yoshida only deals with the full level case; however, as
the periods remain the same (up to a rational number) for higher level, his results remain
applicable to our case.

Thus, Theorem 4.5.1 is compatible with (and implied by) Deligne’s conjecture, and
furthermore, it covers all the critical values to the right of Re(s) = % except for the L-value
at the point 1. The proof for the critical values to the left of Re(s) = % would follow

from the expected functional equation. Extending our result to L(1, F' x g) is intimately

connected to proving the analyticity of the L-function at that point (see Corollary 3.6.2).
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These questions, related to analyticity and the functional equation are also of interest for
other applications and will be considered in a future paper.

We also note that the integral representation (Theorem 3.6.1) is of interest for several
other applications. For instance, we hope that this integral representation will pave the way
to certain new results involving stability, hybrid subconvexity, and non-vanishing results
for the L-function under consideration following the methods of [MR]. We are also hopeful
that we can prove results related to non-negativity of the central value L(%,F). These
results appear to be new for holomorphic Siegel modular forms. For example, the non-
negativity result is known in the case of generic automorphic representations by Lapid and
Rallis [LR02]; however, automorphic representations associated to Siegel modular forms are
never generic. Another interesting application of the integral representation would be to
the construction of p-adic L-functions. We intend to address these questions elsewhere.

We expect most of the results of this thesis to hold for arbitrary totally real base fields.
It would be particularly interesting to work out the special value results when the Hilbert-
Siegel modular forms have different weights for each Archimedean place. This case will be

considered in a future work.

1.2 Notation

e The symbols Z, Z>o, Q, R, C, Z, and Q, have the usual meanings. A denotes the

ring of adeles of Q, A the finite adeles. For a complex number z, e(z) denotes e2riz,

e For a matrix M we denote its transpose by M?. Denote by .J,, the 2n by 2n matrix

given by
0 I
Jp = "
-1, O
01 00
1 000
We use J to denote Jy and let s; denote the matrix
0 0 01
0 010
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e For a positive integer n define the group GSp(2n) by

GSp(2n, R) = {g € GL2,(R)|9" Jng = 1in(9)Jn, un(g) € R*}

for any commutative ring R.

Define Sp(2n) to be the subgroup of GSp(2n) consisting of elements g1 € GSp(2n)

with /‘n(gl> =1

e For a quadratic extension L of Q define

GU(n,n) = GU(n,n; L)

GU(n,n)(Q) = {g € GL2n(L)|(9)" Jng = pn(9) T tin(g) € Q*}

where g denotes the conjugate of g.

e Let H = GU(3,3),H; = U(3,3),H = GSp(6),H; = Sp(6),G = GU(2,2), G1 =
U(2,2), G =GSp(4),G1 = Sp(4), F = GU(1,1), F, = U(1,1).

e Define
H, = {Z € M,(C)|i(Z — Z) is positive definite},
H, ={Z € M,(C)|Z = Z",i(Z — Z) is positive definite}.
A B -
For g = € GU(n,n)(R), Z € H,, define
C D

J(g,Z) =CZ + D.

The same definition works for g € GSp(2n)(R), Z € H,,.

e For a commutative ring R we denote by I(2n, R) the Borel subgroup of GSp(2n, R)

B
consisting of the set of matrices that look like where A is lower-

0 AAHT!
triangular and A\ € R*.
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e For a quadratic extension L of Q and v be a finite place of Q, define L, = L ®g Q,.

Zj, denotes the ring of integers of L and Zr,, its v-closure in L,.For a prime p, let

Zy ,, denote the group of units in Zr,j.

If p is inert in L, the elements of ZEP are of the form a + bv/ —d with a,b € Z, and
such that at least one of @ and b is a unit. Let F%’p be the subgroup of Zzp consisting

of the elements with p|b.

e For a positive integer N the subgroups ['g(N) and T'°(N) of SLy(Z) are defined by

To(N) = {A € SLa(Z) | A = ; "1 (mod M)y,
PON) = {AesLo@) A= " "] (mod M.

For p a finite place of Q, their local analogues I'g,, (resp. Fg) are defined by

FO,p = {A S GLQ(ZP) | A= (mod p)},
0 =
0 * 0
[, ={AeGLaZy) | A= (mod p)}.
* %

e The local Iwahori subgroup I, is defined to be the subgroup of K, = G(Z,,) consisting
of those elements of K}, that when reduced mod p lie in the Borel subgroup of G(F)).

Precisely,
* 0 % %
x x x K
I,={AcK,|A= (mod p)}
0 0 % =
0 0 0 =

e Let R denote the subgroup of GxF consisting of elements h = (hy, he) such that
hy € é, hs € F and pa(h1) = p1(he). Let R denote the subgroup of R consisting of
those (hi, ha) where hy € G.

For a fixed element g € G(A), let F1[g](A) denote the subset of F(A) consisting of all



elements hgy such that po(g) = p1(he).
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Chapter 2

Extending the Furusawa Integral
Representation

2.1 Preliminaries

Bessel models

We recall the definition of the Bessel model of Novodvorsky and Piatetski-Shapiro [NPS73]
following the exposition of Furusawa [Fur93].

Let S € M>(Q) be a symmetric matrix. We let disc(S) = —4 det(S) and put d =

a b/2 b/2 ¢
—disc(S). If S = then we define the element £ = {g = .
b/2 ¢ —a —b/2

Let L denote the subfield Q(+v/—d) of C.
We always identify Q(§) with L via

Q(§)9x+y£»—>x+yﬂ2_d)GL,x,yEQ. (2.1.1)
We define a subgroup T'= T of GLs by
T(Q) = {9 € GL2(Q)|g'Sg = det(g)S}. (2.1.2)

The center of T is denoted by Zp. It is not hard to verify that T(Q) = Q(£)* and
Z7(Q) = Q*. We identify T'(Q) with L™ via (2.1.1)).
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We can consider T as a subgroup of G via

g 0
T>5g+— €Gd. (2.1.3)

0 det(g)-(g")"
Let us denote by U the subgroup of G defined by

I, X
U={uX)= ) Xt =X}

1o

Let B be the subgroup of G defined by R =TU.

Let 1 be a non trivial character of A/Q. We define the character § = 6g on U(A) by
O(u(X)) = ¥(tr(S(X))). Let A be a character of T'(A)/T(Q) such that A|Zp(A*) = 1.
Via (2.1.1) we can think of A as a character of L*(A)/L* such that A|JA* = 1. Denote
by A®8 the character of B(A) defined by (A®60)(tu) = A(t)0(u) for t € T(A) and u € U(A).

Let m be an automorphic cuspidal representation of G(A) with trivial central character
and V; be its space of automorphic forms.

Then for ® € V;, we define a function By on G(A) by
Bo(h) = / (A®6)(r) " ®(rh)dr. (2.1.4)
B(A)/B(Q)Zc(A)

The C - vector space of function on G(A) spanned by {Bg|® € V;} is called the global
Bessel space of type (S,A,) for m. We say that m has a global Bessel model of type
(S, A, 1), if the global Bessel space has positive dimension, that is if there exists ® € Vj
such that By # 0. In §2.1-§2.7 , we assume that:

There exists S, A,1 such that m has a global Bessel model of type (S, A,1)). (2.1.5)

Eisenstein series

We briefly recall the definition of the Eisenstein series used by Furusawa in [Fur93]. Let

P be the maximal parabolic subgroup of G consisting of the elements in G that look
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0 = * =x
like . We have the Levi decomposition P = MN with M = M® M) where

0 * * *

0 * * =x*

the groups M, N, MM M?) are as defined in [Fur93].

Precisely,
((a 0 0 o0 )
01 0 O
MY (Q) = lae L* p ~ L*. (2.1.6)
00 atl o
00 0 1
1 0 0 O
MP(Q) = | € GU(1,1)(Q),A =
0 A0 v 0 v oo (2.1.7)
0 v 0 ¢
~ GU(1,1)(Q)
1 2 0 O 1 0 a vy \
01 0 O 01 3 0
NQ) = laeQ,z,ye L ;. (2.1.8)
00 1 O 00 0
0 0 -7 1 00 01
We also write
a 0 0 O
01 0 O
m MV (a) ,
00 at'o
00 0 1
1 0 0 O
«o 0 o O
m® [@ 7 2 g
v 6 0 A0
0 v 0 ¢

Let o be an irreducible automorphic cuspidal representation of GLy(A) with central char-
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acter w,. Let xo be a character of L*(A)/L* such that xo | A* = w,-.
Finally, let x be a character of L*(A)/L* = M;(A)M;(Q) defined by

x(a) = A@) 'xo(@) " (2.1.9)
Then defining
II(myms) = x(m1)(xo ® 0)(ma), m1 € Mi(A), my € My(A) (2.1.10)

we extend o to an automorphic representation II of M (A). We regard II as a representation
of P(A) by extending it trivially on N(A). Let ép denote the modulus character of P. If
p =miman € P(A) with m; € M;(A)(i = 1,2) and n € N(A),

3p(p) = |NLjg(ma)l - | (ms)| 72, (2.1.11)

where || denoted the modulus function on A.

Then for s € C, we form the family of induced automorphic representations of é(A)

I(I1, 5) = Ind3 () (T @ 63) (2.1.12)

where the induction is normalized. Let f(g,s) be an entire section in (Il s) viewed con-
cretely as a complex-valued function on G(A) which is left N(A)-invariant and such that
for each fixed g € G(A), the function m — f(mg, s) is a cusp form on M(A) for the auto-
morphic representation II ® 6%. Finally we form the Eisenstein series E(g,s) = E(g,s; f)
by

E(g,s)= Y.  [f(19:9) (2.1.13)
YEP(Q\G(Q)

for g € G(A).
This series converges absolutely (and uniformly in compact subsets) for Re(s) > 1/2,

has a meromorphic extension to the entire plane and satisfies a functional equation (see

[Lan76, Fur93] ).
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2.2 The Rankin-Selberg integral

The global integral

The main object of study in this chapter is the following global integral of Rankin-Selberg
type

/ E(g, s, f)®(g)dg. (2.2.1)
G(Q)Za(A\G(A)

where ® € V; and f € I(II, s). Z(s) converges absolutely away from the poles of the Eisen-

stein series.

Let © = Og be the following element of G(Q)

1 00 O

a1l 0 O b++/—d
O = Wherea:—i_i

001 —@& 2c

0 0 0 1

The ‘basic identity’ proved by Furusawa in [Fur93| is that
Z(s) :/ W¢(©h, s)Bg(h)dh (2.2.2)
B(A\G(A)

where for g € G(A) we have

—_
= o
o O

o

Wi(g,s) = /A W g5 | P(ea)de, (2.2.3)

o o O
o O
[
= o

and Bg is the Bessel model of type (S, A, 1)) defined in § 2.1.

The local integral

In this section v refers to any place of Q. Let m = ®,m, and ¢ = ®,0,. Now suppose that

® and f are factorizable functions with ® = ®,®, and f(-,s) = Q. fu (-, 5).
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By the uniqueness of the Whittaker and the Bessel models, we have

Wi(g,s) = [ Wrwlge:5) (2.2.4)

By (h) = [ [ Bew(hv, s) (2.2.5)

for g = (gu) € G(A) and h = (h,) € G(A) and local Whittaker and Bessel functions Wi,
Bg ,, respectively. Henceforth we write W, = Wy, B, = Bg,, when no confusion can arise.

Therefore our global integral breaks up as a product of local integrals
Z(s) =[] Zu(s) (2.2.6)

where

Zy(8) = Zy(s, Wy, B,) = / W,(Og, s)By(g)dg.
B(QU)\G(QU)

The unramified case

The local integral is evaluated in [Fur93] in the unramified case. We recall the result here.
Suppose that the characters wy,w,, xo are trivial. Now let ¢ be a finite prime of QQ such

that
(a) The local components 7y, 04 and A, are all unramified.

(b) The conductor of 1), is Z,.

a b/2 ) y
(c) S= € M»(Zq) with c € Z .
b/2 ¢

(d) —d = b* — 4ac generates the discriminant of L,/Q,.

Since o4 is spherical, it is the spherical principal series representation induced from
unramified characters aq, 3; of Q.

Suppose M) is the maximal torus (the group of diagonal matrices) inside G and Py the
Borel subgroup containing My as Levi component. 7, is a spherical principal series repre-

sentation, so there exists an unramified character v, of My(Qy) such that 7, = I nd%o(g%q))fyq
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, (where we extend v, to Py trivially). We define characters 'ytgi) (i=1,2,3,4) of Q; by

£ 0 0 0 2 0 0 0
0z 0 0 0100
YD(@) = 5, : 1D (2) = 5, :
0010 0010
000 1 000 z
100 1000
01 0 0z 0 0
1 (@) = 7, : Y (2) =74
00 z 0 00 2 0
00 0 z 000 1

Now let fy( ,s) be the unique normalized If(vq— spherical vector in I,(Ily, s) and ®, be
the unique normalized K,— spherical vector in 7,;. Let Wy, B, be the coresponding vectors

in the local Whittaker and Bessel spaces. The following result is proved in [Fur93]

Theorem 2.2.1 (Furusawa). Let p(A,) denote the Weil representation of GL2(Qy) corre-

sponding to Ay. Then we have

L(3s+ 3,74 X 04)
L(6s+1,1)L(3s+ 1,04 x p(Ay))

Zq(szquq) =

where,

4 -1
L(s,my x o) = [T (1 = Pag(@)a™) 1 - BPaq(a)a™)

i=1

L(s,1) = (1—¢7*)7,

L(s, 09 x p(Aq))
(1 - ag(@)g )" (1 = B7(a)g=>)~" if q is inert in L,

(1 — ag(@)Ag(q1)g™%) 71 (1 = By(q)Ag(qr)g™5) ! if q is ramified in L,

(1= ag(a)Ag(q1)q*) "M (1 = By(a)Ag(q1)g )~

(1- aq(q)Agl(QI)qﬂ)fl(l - ﬁq(Q)Aqfl(qﬂq*s)*l if q splits in L,
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where q1 € Zq ®q L is any element with Ny o(q1) € qZ; .

2.3 Strategy for computing the p-adic integral

Throughout this section we fix an odd prime p in Q such that p is inert in L. Moreover,
we assume that S € My(Zy).

The fact that p is inert in L implies that if w,z are elements of Z, then w + 2§ €
(T(Qp) N Kp) if and only if at least one of w, z is an unit.

Moreover the additional assumption S € My(Z,) forces that a,c are units in Z,,.

An explicit set of coset representatives

Recall the Iwahori subgroup I,. It will be useful to describe a set of coset representatives
of Kp/I.
But first some definitions.

Let Y be the set {0,1,..,p—1}. Let V =Y U{oo} where oo is just a convenient formal

symbol.
1 0 n g¢q
01 q r
For z = (n,q,r) € Zg, let U, € U(Q)) be the matrix
0010
00 0 1
1 v 0 O
01 0 O
For y € Z, define Z, = c K.
00 1 0
0 0 —y 1
01 00
0 0O
Also define Z,, = € K.
0 001
0 010

In particular, the definitions U, Z, make sense for x € Y3,y € V. Now we define the
following three classes of matrices. We call them matrices of class A, class B and class D,

respectively.
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(a) For z = (n,q,r) € Y3,y eV, let A% = U,JZ,.

(b) For x = (n,q,7) € Y3 with ¢> —nr =0 (mod p) and y € V, let BY = JU,JZ,.

p

-2 0 0 1
1 0 0 X!
Zy i X#0, 00,
0 1 Xt o
0 X -1 0
0 0 01
-1 0 0 O
(c) For A,y € V, let D§ = Zy if A\=0,
0 1 00
0 010
-1 0 0 0
0O 0 01
Zy if A = oo.
0 010
0 1 00

Let S be the set obtained obtained by taking the union of the class A, class B and class

D matrices, precisely S = {Az} yev U {B#}yevacmgneys U {D{trey. Clearly S has
xEY3 qz—n’/‘EO (mod p) yeVv
cardinality p?(p+ 1) +p*(p+ 1) + (p+ 1% = (p+ 1)?(p> + 1).

Lemma 2.3.1. S is a complete set of coset representatives for Kp/I,.

Proof. Let us first verify that S has the right cardinality. Clearly the cardinality of K, /I,
is the same as the cardinality of G(IF,)/I(4,F,). By [Kim98, Theorem 3.2], |G(F,)| =
p*(p — 1)3(p + 1)2(p? + 1). On the other hand I(4) has the Levi-decomposition

g 0 12 X
0 wv.(g7 1) 0 1o
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with g upper-triangular, X symmetric and v € GL(1). So |I(4,F,)| = p*(p — 1)3. Thus
|G(F,)/1(4,F,)| = (p+ 1)?(p? + 1) which is the same as the cardinality of S.
So it is enough to show that no two matrices in S lie in the same coset.
For a 2 x 2 matrix H with coefficients in Z,, we may reduce H mod p and consider the

[F,-rank of the resulting matrix; we denote this quantity by r,(H). It is easy to see that

A A
if the matrix A = Y72 varies in a fixed coset of K,/I,, the pair (rp(A1),rp(A43))
Az Ay

remains constant.

Observe now that if A is of class A, then r,(A3) = 2; for A of class B, rp(A43) < 2
and r,(A;) = 2; while for A of class D we have 7,(A3) < 2, 7,(A1) < 2. This proves that
elements of S of different classes cannot lie in the same coset.

Now we consider distinct elements of S of the same class, and show that they too must
lie in different cosets.

For 1 = (n1,q1,71), 72 = (n2,q2,72) € Y3, y1,92 € Y, consider the elements A%, A%,
BY:, B2 of S. We have

(AZ) 'A% = (BY) ™ 'Bi; =

1 Y2 — Y1 0 0

0 1 0 0

—ng +ny —n2Y2 — @2 +n1y2 + q1 1 0
yi(n—n2)+ @ —q2 niya(na —n2)+ (W +v)(@—q)—ro+rm y1—y2 1

So if the above matrix belongs to I, we must have y; = y2,n1 = ng. That leads to
q1 = g2, and finally by looking at the bottom row we conclude r; = rs.

This covers the case of class A and class B matrices in S whose y-component is not
equal to oo.

Now (A%}) 1A% = (BY})'BY =

—Y1 1 0 0
1 0 0 0
(2.3.1)
q1 — g2 niy — ng 0 1
Gyr+711— Y12 — 12 myr+q—yin2 —q2 1
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which cannot belong to I,.

Also (AZ)1AZ = (BX) B =

1 0 0 0
0 1 0 0
—ro+r —@+qa 1 0
—@+q -n2+ny 0 1

and if the above matrix lies in I, we must have z1 = x».

Thus we have completed the proof for class A and class B matrices.

(2.3.2)

To complete the proof of the lemma we need to show that no two class D matrices are in

the same coset. The calculations for that case are similar to those above and are therefore

omitted.

Reducing the integral to a sum

By [Fur93, p. 201]) we have the following disjoint union

[T B@)-nm)- kK,

leZ
0<meZ
where
p2m+l 0 0 0
m+l 0 0
h(l,m) = b

0 0 1 0
0 0 0 pm

We wish to compute

Z(s) = / W, (Oh, 5) By (h)dh.
@NG@

By (2.3.3) and (2.3.4) we have

= Y / W,(©h, s)By(h)dh.

lEZ,m>0 B(Qp)\B(Qp)h(l,m)Kp

(2.3.3)

(2.3.4)

(2.3.5)
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For m > 0 we define the subset T, of S by

_ 0 0 0 0
T =1{B(1 0,0 B 0,0y Blo.o1y B0,y Bo,0.0y: Bo.0.0)» A0.00) A0y}
if m >0,

_[Ro 0 0
To = {B(l,O,O)’ B&O,O,O)’ B(0,070)’ A(O,O,O)}'
Also, we use the notation t; = B?l 0,0 t2 = B0y 18 = A(OSOO)' Thus T, = {t;|1 <

1 < 8} ifm>0and Ty = {tl,tg,tg),t'y}.

Proposition 2.3.2. Let [ € Z,m > 0. Then we have

BQ)\B@h(l,m)Ky = [ B@)\B(@p)h(l,m)t],.
t€Tm

Proof. Define two elements f and ¢ in K, to be (I, m)-equivalent if there exists r € B(Q))
and k € I, such that rh(l,m)fk = h(l,m)g. Furthermore observe that if two elements
of K, are congruent mod p then they are in the same I,-coset and therefore are trivially
(I, m)-equivalent.

The proposition can be restated as saying that any s € S is (I, m)-equivalent to exactly
one of the elements ¢ with ¢t € T,,,. This will follow from the following nine claims which we

prove later below.

Claim 1. Any class A matriz in S by left-multiplying by an appropriate element of U(Zy)

Y

can be made congruent mod p to A(o,o,o

) for some y € V.

Claim 2. If m > 0 all the Al(loo op¥ €V \ {0} are (I,m)-equivalent. In the case m =0 all

the Az(’o 00) Y €V are (1,0)-equivalent.

Claim 3. Any class B matriz in S by left-multiplying by an appropriate element of U(Z,)

can be made congruent mod p to one of the matrices

-
B2y Biaxn By Bloo,o)

where A€ Y,y € V.
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Claim 4. The matrices BY

(1AA2) AeY,y e {=X\ oo} are all (I,m)-equivalent to one of the

matrices BE’17070),y € {0,00}.

Claim 5. The matrices BY

(0,019Y € V' by left-multiplying by an appropriate element of

U(Zy) can be made equal to one of the matrices B?O,O,l) with y € {0,00}.

Claim 6. The matrices 3?07070), y € V are (I, m)-equivalent to one of the matrices B%Jo,o,o)
with y € {0,00}. In the case m = 0 these two matrices are also equivalent.

Claim 7. The matrices BY

(1’070)’
0
B0y Booa

B o) are (1,0)-equivalent and the matrices

) are also (1,0)-equivalent.

Claim 8. Any class D matrix Df/\ by left-multiplying by an appropriate element of U(Zy)

can be made equal to a class B matriz.
Claim 9. No two elements of T, are (I, m)-equivalent for any m > 0.

Indeed claims 1, 2 imply that any class A matrix is (I, m)-equivalent to one of ¢7,tg (and
when m = 0, t7 alone suffices). On the other hand claims 3, 4, 5, 6, 7 tell us that any class
B matrix is (I, m)-equivalent to one of the t;,1 < i < 6 (and that just t1,ts,t5 suffice if
m = 0). Also claim 8 says that any class D matrix is also (I, m)-equivalent to one of the
above. Since the class A, class B and class D matrix exhaust S, this shows that any element
of S'is (I, m)-equivalent to some element of T},,; in other words we do have the union stated
in Proposition 2.3.2. Finally claim 9 completes the argument by implying that the union is
indeed disjoint.

O

We now prove each of the above claims. The proofs are just computations, we simply

multiply by suitable elements of R to get the results we desire.

Proof of claim 1. This follows from the fact that U_; A% = JZ, (mod p) and JZ, = AZ(IO,O,O)‘

O]

Proof of claim 2. We first deal with the case m = 0. For y € V,y # 0 let j = (—% +
%) +¢ € (T(Qp) N Kp) (here and elsewhere we interpret 1/oo = 0). Consider the element
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(A?O’O’O))_lh(l, 0)~Ljn(l, O)Al(lo,w). By direct calculation this equals
—% 20 0 0
¢ Zartei 20 0
0 0 oy +ya—yb ‘
0 0 0 —%
if y # oo and equals
a 0 0 O
b —c 0 0
0 0 ¢ b
0 0 0 —a

if y = oo. Both of these matrices lie in I,, and this proves the claim for m = 0.
Now consider m > 0. For y € V,y # 0,00, let j = cy + p™¢ € (T(Qp) N Kp). Consider

the element (A%, )71 h(l,m)~1j h(l,m)AY which by direct calculation equals

(0,0,0) (0,0,0)°
.o : )
cy — @ cy? — —yp;nb + p?™Ma 0 0
0 0 _p2ma _ cy2 + yp;b Cy —_ %
0 0 by c

and this lies in I,. Thus Ag7070 is (I, m)-equivalent to AF o and this completes the proof of

the claim. ]

Proof of claim 3. Before proving this claim let us make a small remark. If A € Y is such

that A\? does not belong to Y one may ask what we mean by the notation Bé’l AAZ) in such a

case, we understand \? to refer to the unique element in Y that is congruent to A> mod p.

This convention will govern any such situation.

Y

We now begin proving the claim. Given a class B matrix B(
n7q77‘

) with n # 0 we must

have ¢ = n\,r = nA? (mod p) for some appropriate A € Y.

First assume that y # —\. If y £ oo put s = Afzgﬁiiy) ,t= —n(ler)\) ,u = 0 and check
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that (B} ¢r) 'UstuBS 2 is congruent mod p to

oy 1 A+n(y+A)
A-y 0 n(y+A) n(y+A)
An(y+A) 1 0 . 1
n(y+A) n(y+A) n(y+A)
1 An(y+A)
0 0 RTEDY y—i—iyk
0 0 0 n(y + \)

If y =00 put s = "771, t = 0,u = 0 and check that (Bg° )_1U57t7u31°3\’/\2 is congruent to

n7q7r

—_
[es}
o O
[es}

(aw]
S O 3=
—_
—~
S
|
—
~—
>

Both of these matrices belong to I,.
Now suppose that y = —\. Put s = ”T_l,t = 0,u = 0 and observe that (B(;L)‘q T))_lU(s,t,u)B(EAA 22)
is congruent mod p to

n—1

10 219
01 0 0
00 n 0
00 0 1

which belongs to I, also.

Finally assume that n = 0. So ¢ = 0 as well. If r = 0 there is nothing to prove. So sup-

r

poser # 0.Ify # coput s =0,t = @, u = %1 and observe that (B%’Qo,r))_1U(S7t,U)B%/0,0,1)

equals
10 =)
o1 0 0
0 0 1 0
0 0 0 T

which belongs to I,. If y = ocoput s =0,t =0,u = % and observe that (Bé/o,o,r))71U(s,t,U)B?0,o,1)
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equals
10 =0
01 0 O
00 » O
00 0 1
which belongs to Ip,.
Thus the claim is proved. O

Proof of claim 4. First suppose that y = co. If m > 0, put j = ¢/ +p"¢ € (T(Qp) N

K,). By direct calculation we verify that (Béfo,o))_lh(lv m)~L5h(l, m)B?f’A’AQ) is congruent

mod p to
5 00 0
c £ 0 0
0 0 § —c
0 0 0 %

and this belongs to I,.

If m=0, putj:@—kfe(T(Qp)ﬂK)andcheckthat if we let n € Y \ 0 be the

al b)\+c

element congruent mod p to and y € Y \ 0 be the element congruent mod p to

< then (Bé’mO’O))*lh(l,O) Lin(1,0)B%®

(IAa2) 18 congruent mod p to

c(aX?—br+c) 0

=2 0 0
B —a 0 0
—bA
0 0 a CT
c(ar?—br+c)
0 0 0 —deXbito

which lies in I,,. Hence B(1 AAZ) is (1,0)-equivalent to BY ) and by the proof of Claim 3

(n,0,0
it follows that it is (I, 0)-equivalent to B o.0)-
Now assume that y = —A. If A = 0 there is nothing to prove so assume A # 0.
If m >0, put j = c+p"A € (T(Qy,) N K,). By a direct calculation we see that
0
(B (1,0,0)
equivalent to 3(1 0,0)" It m =0, put j = (26 bA +£ € (T'(Qp) N K,) and check that if we let

) h(l,m) "5, m)B(_l’AAM\Q) is congruent to cI; (mod p) and thus B(1 Aa2) 18 is (I, m)-

n € Y \ 0 be the element that is congruent mod p to % then,
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(B?n,o,o))—lh(l7 0)~Ljn(l, O)B(_LA)\’/\Q) is congruent mod p to

5 0 0 0

a a)\2—>\b)\+c 0 0

0 0 a>\2—)\b)\+c a

0 0 0 3
which lies in I,,. Hence B(E?\A, A2) is (1, 0)-equivalent to B?n,O,O) and by Claim 3 it follows that
it is (Z, 0)-equivalent to BY, ; ;. O

Proof of claim 5. If y = oo there is nothing to prove. So assume y € Y. Put s = 0,t =

—y,u = 0 and observe that (B?O’Oﬁl))_1U(S7t,u)B?07071) equals

10y -y
01 —y O
00 1 0
00 0 1
which is in I, O

Proof of claim 6. First consider the case m > 0. Take y € V\{0,00} and let j = ¢/y+p™¢ €
(T(Qp) N Kp). By direct calculation we verify that

(B(

(07070))—%(1, m)~Lih(l, m)B?07070)

Y

is congruent mod p to £I4 and so Bo0,0) 1 (I, m)-equivalent to BY

(0,0,0)°
Now let m = 0. Take y € V' \ {0,00} and let j = c¢/y+b/2+ ¢ € (T(Q,) N K,). By

direct calculation we verify that (BY, )~ th(l,0)"5h(l, O>B?0,0,0) equals

(0,0,0)

ay?+by+c

” 0 0 0

—a 5 0 0

0 0 5 a

0 0 0 ay®+by+c
Yy

which lies in 1p,.
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Finally, if we take j = b/2 + ¢ € (T(Qp) N K) we can verify that

(Bf§7070))’1h(l, 0)~"jh(l, O)B?o,o,o)

—a 0 0 O
_ b ¢ 0 0
N 0 0 —c b
0 0 0 a
which lies in Ip,. O

Proof of claim 7. Putting j = g +&and s=1-2,¢t=0,u =0 we verify that

(B€§7071))_1h(l> O)_ljU(s,t,u)h(la O)B(Ol,O,O)

o o |
o
|
Q
()

which lies in Ip,.

Putting j = —% +&and u=1-%2,t=0,s =0 we verify that

(B3 o01) " (1, 0) 75U s 1,0k (1, 0) BY .0

which lies in Ip,. O

Proof of claim 8. Suppose y # co, A # 0,00. Put s =1 —2\y,t = y,u = 0 and check that
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(Dg)_lU(syt,u)BE’f’/\’)\Q) is congruent mod p to

B y 1—2\y
10 U

2\
S
0 0 1 -k
o0 o -3

Now suppose y # oo and put s = 1,t = —y,u = 0 and check that

(D) "' Us ) B 0.0)

10 0 0
o1 o
oo -1 0
00 0 -1

Next put s =0,t = —y,u = 1 and check that (Dgo)*lU(syt’u)B?OO 1 equals

10 0 O
01 0 -1
00 -1 0
00 0 -1

Now let A # 0,00. Put s = 1,t = 0,u = 0 and check that (Dio)_lU(s’tyu)BaA)\ 22) is

congruent mod p to

1 0 -1 —5
0 -1 & 0
00 —3 0
0o 0 0 3

Next put s = 1,t = 0,u = 0 and check that (DSO)_lU(&t,u)B?l 0,0) is congruent mod p



to
1 0 -1 0
01 0 O
0 0 -1 O
00 0 -1
Finally put s = 0,t = 0,u = 1 and check that (Dgg)—lU(sm)ngm) is congruent mod p
to
1 0 -1 0
01 0 O
0 0 -1 O
00 0 -1

O

Proof of claim 9. Suppose two elements f and g in T, are (I,m)-equivalent. Then there

exists r € B(Q,) and k € I, such that rh(l,m) fk = h(l,m)g. Denote v’ = h(l,m)"trh(l,m)

so that g =/ fk. Then 1/ is upper-triangular and belongs to K. Writing f, g in block form
fi fo g1

= , g = 72 we conclude as in the proof of Lemma 2.3.1 that the F)-rank
fs fa g3 94
of f3 equals the IF,-rank of g3. For class A matrices the [F)-rank of the corresponding 2 x 2

block is 2 and for class B matrices it is less than 2. So it is not possible that one of f, g is
class A and the other class B.

Thus we can assume that f and g are in the same class.

We first deal with the case m > 0.

Continuing with the generalities, let r = tu with T' € Qp,u € U(Q)). Put
t' = h(l,m)" th(l,m), v = h(l,m)  uh(l,m).

Thus " = '+ and this forces t' € (T'(Qp)NK,), v € U(Zy). We must then have t = z42zp™¢
with © € Z,y, 2 € Zp. Let u' = Uy

Let us first consider the class A case. We can check that (A((]o,op))_lt, u A?ao,o) is con-
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gruent mod p to
0 x 0 0

T —zc 0 O
—tr —zcu —sx —zct zc x

—ux —tx z 0

and so can never belong to I, because x is a unit.

We now consider the class B case. Suppose for (n1,q1,71), (n2, g2, 72) we compute

A B
0 —1 0
(B(nhth ,7"1)) tlu/B(“Qﬂ]Q,m) - C D

and prove that C is never congruent to 0 (mod p). It will follow then that for any y;,y2 € V,

B and BY?

(n1,q1,m1) (n2,ga,r2) A€ 11Ot (I, m)-equivalent because the introduction of the new terms

Zy, , Ly, cannot affect C'.

(B

(170,0))*1t’u’BO is congruent mod p to

(0,0,0)

T zc sx + zct tx + zcu
0 =z tx ux
r zc sr+x+zct tx+ zcu

0 0 —zc T

(B?Lo,o))_lt,u/B?o,o,l) is congruent mod p to
r zc—tx— zcu sx + zct tx + zcu
0 xr — ux tx uxT
r zc—txr—zcu sx+x+ zct txr+ zcu
0 —x —zc T

(B!

(0’070))_1t’u’B0 is congruent mod p to

(0,0,1)

r zc—tx—zcu sx+ zct tx—+ zcu
0 T — ux tx ux
0 0 T 0

0 —x —zc T
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Each of these three matrices have this property because x is a unit.

Now consider (B?1 0 O))*lt’u’B(ofO 0)- This is congruent mod p to

zc xr —sr—zct tx+ zcu sx + zct

x —tx uxr tr
zc —sr—zct tr+zcu sx+ x4+ zct
0 zc x —zc

which cannot belong to I, because z is a unit.

Next consider (B?O,(]’O))*lt’ o B{S0,0)- This is congruent mod p to

zc x tr+zcu sx+ zct

z 0 ux tx
0 O 0 x
0 O x —zc

which cannot belong to I, for the same reason.

Finally consider (B?O,O,l))_lt,u,BFS,O,l)' This is congruent mod p to

—tr+zc—zcu x tx+ zcu sx+ zct

T — ux 0 ux tx
0 0 0 T
—ux 0 wux+x txr—zc

which can again not belong to I,.
Thus we have completed the proof of the claim for m > 0.

For m = 0 we can only say that ¢ = z + 2£ with atleast one of z, z an unit.

0 —147,.1 RO _
(B1o0) 1B =
T+ %zb zC sx + %zb—i—zct tr + %zb—i—zcu
—za T — %zb tx — %Zb — zas uT — %zb — zat
x+%zb zC st +x — %zb—l—%szb—i—zct t:x—i-%zb—kzcu—l—za

0 0 —zc T+ %zb
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which if in I, implies p|z which in turn implies p|z, a contradiction.

(BXo0) 4Bl =

—za  x— %zb —zas +tx — %tzb —zat +uxr — %uzb
T+ %zb zc sz + %szb + zct tr + %tzb + zcu
0 0 —zc T+ %zb
$+%Zb zc sx+x+zct—|—%szb— %zb tw+%tzb—|—zcu+za

which cannot belong to I, for the same reason.

Put G = z(ct + 3sb — 3b). (B o) ' 1'W/'BY g0y =

(17070)
za(s —1) —tx + 3tzb o — 32b —zas+tx — Stzb  —zat + uz — Fuzb
z(1—38)+G zc sz + 3s2b+ zct tx + $tzb+ zcu
zc 0 —zc T+ %zb
$2b— G — sz ze z(s+1)+G  tox+ tzb+ zcu+ za

which cannot belong to I, for the same reason.

This completes the proof of the final claim. O

In which we calculate a certain volume

For any t € K, we define the volume Itl’m as follows.

I;"™ = vol(B(Qp)\B(Qp)h(l, m)tly). (2.3.6)

In this subsection we shall explicitly compute the volume Ilf’m. By Proposition 2.3.2, it
is enough to do this for ¢t € T,,,. The next two propositions state the results and the rest of

the section is devoted to proving them.

Proposition 2.3.3. Let m > 0. Let M, denote p3ltam

Lol
(SICEE Then the quantities I,™ for
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1 <i <8 are as follows.

l,m l,m
It1 = le,m It5 = Ml,m
™ = p? M, '™ = pM
to — P Mim te — PMim
Il’m - M Il,m _ 2M
t = pMim t =p I,m
3 7
Im Ilm _ 3
It4 - Ml7m Itg =p Ml,m

Proposition 2.3.4. For m = 0 the quantities Ié’m

are as follows.

l,m _ p3l+1 Il,m _ p3l
T+ )2+ 1) BT (p+ )2 +1)
L P2 i Al

o (p+ (P +1)

tr T

(p+1)(p?+1)

Remark. That the volume Ilf’m is finite can be viewed either as a corollary of the
above propositions, or as a consequence of the fact that vol(B(Q,)\B(Qp)h(l,m)K}) is fi-

nite [Fur93, §3].

For each t € T;,, define the subgroup G; of K, by

Gy =t7'U(Z,)GLy(Zy)t N I,

where U(Zy) is the subgroup of K, consisting of matrices that look like with

0 1o
M = M' € Ms(Z,), and GLy(Z,) (more generally GL2(Q,)) is embedded in G(Q,) via
g 0

0 det(g) - (971"
Also let G} = tGyt~! be the corresponding subgroup of U(Z,)GLa(Z,).

gt—

And finally, define
Hy = {z € GLs(Z,) | Iy € U(Z,) such that yz € G} }. (2.3.7)

It is easy to see that Hy = U(Z,)G} N GLy(Zy), thus H; is a subgroup of G La(Zy).



34

Lemma 2.3.5. We have a disjoint union

B(Q\B(@)h(l,m)tl, = [ B(Q)\B(Qy)h(l,m)Gity.

yEG\Ip

Proof. Since tI, = UyEGt\IP tGyy = Uyth\Ip Gity, the only thing to prove is that the union
in the statement of the lemma is indeed disjoint.
So suppose that yi,y2 are two coset representatives of G¢\I, and rh(l,m)gityr =

h(l,m)g2tys with g1, g2 € th,r € B(Qp).
A
This means ty2y, 141 is an element of K, that is of the form .
0 det(A) (A~

Hence tyoy; 't~ € U(Z,)GLa(Zy). Thus yoy;t € t7'U(Z,)GL2(Zp)t N I, = Gt which

completes the proof.

By the above lemma it follows that

Lf’m _/ dg-/ dt (2.3.8)
Gi\Ip B(Qp)\B(Qp)h(l,m)Gy

= Pg(l+m) [Kp : Ip]_l[GLZ(Zp)U(Z

)Gl / dt (2.3.9)
BQ\B(@)h(0,m)G}

where we have normalized fU(ZP)G L2 @\, dr = 1.

On the other hand,

B(Qp)\B(Qp)h(0,m)G} = B(Qy)\B(Qp)h(0,m)U(Z,)Gy
= B(Qp)\B(Qp)h(0,m)(U(Zp)Gy N GLa(Zp))
= T(Qp)\T(Qp)h(m)H;

p™ 0
0 1
For each t € T}, let us define

where h(m) =



35
and

W,m = / dt.
T(Qp)\T'(Qp)h(m)Hy

We use the same normalization of Haar measures as in [Fur93], namely we have

/ dt = 1.
T(Qp)\T(Qp)h(m)GL2(Zp)

We summarize the computations above in the form of a lemma.

Lemma 2.3.6. Let m > 0. For each t € T,,, we have

L p3(l+m) oV
ORI V.
Proof. This follows from equation (2.3.9). O

By exactly the same arguments as in [Fur93, p. 202-203], we see that
Vim = [GL2(Zp) : H) T(Z,) : O] (2.3.10)

where Of = T(Q,) N h(m)Hh(m)~L.
Let I') (resp. Top) be the subgroup of GLy(Zp) consisting of matrices that become

lower-triangular (resp. upper-triangular) when reduced mod p.
Lemma 2.3.7. (a) We have H;, = Fg fori=1,2,5,8 and Hy, =Ty, fori=3,4,6,7.

(b) The quantities Ay, = [U(Zy)GLay(Zy) : G| are as follows:

Ay =plp+1) Ay, =p+1
A, =p*(p+1) Ay =p+1
Ay =p*(p+1) Ay, =p’(p+1)
Ay, =plp+1) Ay =p*(p+1)

Proof. We will prove this directly using (2.3.7) and the definition of Ay,.
First observe that the cardinality of U(F,)G Lo (F,) is p*- (p? —p) (p* — 1) = p*(p—1)%(p+
1). Recall also that the images of Fg and T, have cardinality p(p — 1)? in G Lo (F,).
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Suppose
1 0 n g a b 0 0
01 g r c d 0 0
U: 7G:
00 1O 0 0 d —c
0 0 01 00 —b a
We have
a—nd+ gb b nd — qb —nc+ qa
c—qd+rb d d—rb —qc+ra
tflUthz 1 1 1
a—nd+gb—d b nd—gb+d —nc+qga—-c
b 0 —b a

By inspection, this belongs to I, if and only if b = 0 (mod p),n = § — 1 (mod p). So

400 1)2
Hy, :Fg and Ay, :%:p(p"i'l)'

c—qd+rd ra — qc qd —1rb

d

b a —nd+ gb qa — nc nd — gb

0 b a —b

b a—nd4+qgb—d qa—c—nc nd—qb+d

By inspection, this belongs to I, if and only if b = 0 (mod p),n = § — 1 (mod p),q = §.

4o 1)2
So Hy, =% and Ay, = PEUHHD — 2 4 1),

a b+ nc—qa nd — qb —nc+qa
c d+ qc—ra d—r1b ra — qc

t; ' UGty = 1 1 1
0 c d —c

c d+qgc—ra—a qd—rb—b ra—qc+a

SRS
N
o

By inspection, this belongs to I, if and only if ¢ =0 (mod p),r = g —1 (mod p),q =
4 —1 2 1
Htg = FO,p and Atg = % - pQ(p+ 1)
d+qgc—ra c ra — qc qd — b
b+ nc—qa a a —nc nd — qb
t, UGty = ! ! !
d+qc—ra—a ¢ ra—qc+a qd—rb—2»

—c d

o

Cc
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By inspection, this belongs to I, if and only if ¢ = 0 (mod p),r = g — 1 (mod p). So

A N2
H;, =Ty, and Ay, = % =pp+1).

a b nd—qgb —nc+qa
d gd—rb —qgc+ra

0 0 d —c

0 0 —b a

t:-'UGts =

By inspection, this belongs to I, if and only if b = 0 (mod p). So Hy = TI') and Ay =
Hp=1)2(p+1) _

- = 0+ ).

c ra—qc qd—rb

a qa—nc nd—qgb

0 a —b

0 —c d

ts ' UGts =

[N e~ N

By inspection, this belongs to I, if and only if ¢ = 0 (mod p). So Hy, = I'g)p and Ay =
p=12(p+1) _
- = 0+ ).
d —c 0
—b a 0

t-1UGt; =
gb—nd nc—qa a

Q o4 O O

rb—qd qc—ra c
By inspection, this belongs to I, if and only if ¢ = 0 (mod p),n = 0 (mod p),q = 0

40 1\2
(mod p),r =0 (mod p). So Hy, =T, and Ay, = % =p*(p+1).

a —-b
—c d

0

0
1 00
gqc—ra rb—qd d c
b

nc—qa gb—nd a

By inspection, this belongs to I, if and only if b = 0 (mod p),n = 0 (mod p),q = 0

40 1\2
(mod p),r =0 (mod p). So Hy, =T') and A; = % =p3(p+1).
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Let ¢t be such that H; = I‘g. Then by working through the definitions, we see that
Oh, =z +p" 'ylo, x,y € Zyp. (2.3.11)
On the other hand if ¢ is such that H; = I'g,, then we see that
O = @+ p"y&o, 2,y € Zyp. (2.3.12)
Lemma 2.3.8. Let m > 0. Then we have Vi, ;= p™ fori=1,2,5,8 and Vi, = p™ ! for

i=3,4,6,7.

Proof. This follows from (2.3.10), (2.3.11), (2.3.12), Lemma 2.3.7 and [Fur93, Lemma 3.5.3]
O

Proof of Proposition 2.3.3. The proof is a consequence of Lemma 2.3.6, Lemma 2.3.7 and

Lemma 2.3.8. O

Let us now look at the case m = 0. In this case Ty = {t1, to, t5,17}.
The groups Hy, and the quantities [GLa(Z,) : Hy,]™! have already been calculated. On

the other hand we now have
Oéi =z + pylo, T,y € ZLp. (2.3.13)

for each t; € T.

Proof of Proposition 2.3.4. We have already calculated each A;,. Also by (2.3.10),(2.3.13)
and Lemma 2.3.7 we conclude that each V;, o = 1. Now the result follows as before, from

Lemma 2.3.6.

Simplification of the local zeta integral

Recall the definition of the key local integral Z,(s) from §2.2. In (2.3.5) we reduced this

integral to an useful sum. Now suppose that W), and B, are right I,-invariant. Then
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Proposition 2.3.2 allows us to further simplify that expression as follows.

Zy(s)= > D Wy(On(l,m)t,s) - By(h(l,m)t) - I, (2.3.14)

1€Z,m>0 €T,
Note that in the above formula we mildly abuse notation and use © to really mean its
natural inclusion in G (Qp). We will continue to do this in the future for notational economy.
Remark. The importance of §2.3, where we calculated Iﬁ’m for each t € T,,, is that
we can now use the formula (2.3.14) to evaluate the local zeta integral whenever the local

functions W), and B, can be explicitly determined.

2.4 The evaluation of the local Bessel functions in the Stein-

berg case

Background

Because automorphic representations of GSp(4) are not necessarily generic, the Whittaker
model is not always useful for studying L-functions. For many problems, the Bessel model
is a good substitute. Explicit evaluation of local zeta integrals then often reduces to explicit
evaluation of certain local Bessel functions. Formulas for the Bessel functions have been
established in the following cases.

Sug85| unramified representations of G:Sp4(Qp)

BFF97] unramified representations (the Casselman-Shalika like formula)

[

[

[Niw91] class-one representations on Sp4(R)

[Miy00] large discrete series and Pj-principal series of Sps(R)
[

Ish02] principal series of Spsa(R)

In this section we give an explicit formula for the Bessel function for an unramified
quadratic twist of the Steinberg representation of GSp4(Qp). By [Sch05] this is precisely
the representation corresponding to a local newform for the Iwahori subgroup.

Throughout this section we let p be an odd prime that is inert in L. We suppose that the

a b/2
local component (wy ), is trivial, the conductor of v, is Z), and S = / € My (Zy).
b/2 ¢

Because p is inert, L, is a quadratic extension of @, and we may write elements of L,
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in the form a + bv/—d with a,b € Qp; then Zy, , = a + bv/—d where a,b € Zyp. We identify
L, with T(Q,) and ¢ with v/—d/2. Then T(Z,) = ng consists of elements of the form
a + bv/—d where a, b are elements of Z,, not both divisible by p.

We assume that A, is trivial on the elements of T(Z,) of the form a + by/—d with
a,b € Zy,p|b,p{a. Further, we assume that A, is not trivial on the full group T'(Z,), that
is, it is not unramified.

Finally, assume that the local representation 7, is an unramified twist of the Steinberg
representation. This is representation IVa in [Sch05, Table 1]. The space of 7, contains a
unique normalized vector that is fixed by the Iwahori subgroup I,. We can think of this

vector as the normalized local newform for this representation.

Bessel functions

Let B be the space of locally constant functions ¢ on G(Q)) satisfying

p(tuh) = Ap(t)0p(u)p(h), for t € T(Qp),u € U(Qy),h € G(Qp).

Then by Novodvorsky and Piatetski-Shapiro [NPS73], there exists a unique subspace B ()
of B such that the right regular representation of G(Q,) on B(mp) is isomorphic to m,. Let
B, be the unique I,-fixed vector in B(mp) such that B,(1l4) = 1. Therefore

By (tuhk) = Ap(t)0,(u)p(h), (2.4.1)

where t € T(Qp),u € U(Qp),h € G(Qp), k € K.

Our goal is to explicitly compute B),. By Proposition 2.3.2 and (2.4.1) it is enough to
compute the values By (h(l,m)t;) for l € Z,m € Z>o,t; € Tpy,.

Let us fix some notation. Recall the matrices ¢; which were defined in §2.3. Also we will

frequently use other notation from §2.3. We now define
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aé’m = Bp(h(l,m)t7), aéom = Bp(h(l)m)th)v
b5 = By(h(l,m)ts), "™ = By(h(l,m)t1),
b = By(h(l,m)ts), L = By(h(l,m)t),
cﬁ)’m = By(h(l,m)ts), cf;om = By,(h(l,m)te)

Lemma 2.4.1. Let m > 0,y € {0,00}. The following equations hold:
(a) aéjm =0 ifl<-1
(b) W =bp" = Wk =k =0 ifi<o.
(c) W =b5m =0 ifl<—1.
(d) ™ =0 ifl<o.
Proof. First note that U pti = t; (mod p), hence they are in the same coset of K,/I,.

Hence

By(h(l,m)t;) = By(h(l,m)Uopti)
= Bp(U(0707pl+1)h(l, m)tl)
= Up(p' ) By(h(l,m)t:).
Since the conductor of v, is Z,, and c is a unit, it follows that B, (h(l,m)t;) = 0 for | < —1.

This completes the proof of (a) and (c).
Next, observe that

By(h(l,m)Zy)

B h(l m)U(Ool)Z)

p

(
(
By (U001, m) Zy)
bp(p'c) By(h(l,m) Zy).

It follows that By(h(l,m)Z,) = 0 for [ < 0. This completes the proof of (d).
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Next, we have

By(h(l,m)JU 0,00 Zy) = Bp(h(l,m)JU 10,0y Uo,0,12y)
= By(h(l,m)Uo,01JU1,0,0)JZy)

= ¢p(plC)Bp(h(l’ m)JU1,0,0) Zy).

It follows that 1bé’m = bé’m =0forl<0O.

Finally,

Bp(h(l, 0)JU(07071)JZy) = Bp(h(l, 0)JU(07071)JU1,O,0Zy)
= Bp(h(lv O)UI,O,OJU(QOJ)JZZJ)

= ,(p'a) By(h(, 0)JU0,0,1) Zy)-

It follows that 1650 = 65 = 0 for I < 0. This completes the proof of (b).
O

By our normalization, we have 08’0 = 1. From Proposition 2.3.2, proof of Claim 6, it

follows that 2 = Ap(bJr‘z/jd).

To get more information, we have to use the fact that the local Iwahori-Hecke algebra

acts on B, in a precise manner.

Hecke operators and the results

Henceforth we always assume that [ > —1,m > 0. In particular, all equations that are
stated without qualification will be understood to hold in the above range. We know that
p is either Stgg, ) or §oStgsp4) Where & is the non-trivial unramified quadratic character.

Put w, = —1 in the former case and w, = 1 in the latter. Put

oS O
=)
—t

Ip

" o o O
o3

o
o o o
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Also, for y € V, define the matrices R, as follows: If y € Y,

Ry = (U(y,o,o))t7

and
O 0 -1 0
-1 0 o0
Ry =
-1 0 0 O
0O 0 0 1

Let t € G(Qp). By [Sch05], we know the following:

Z Bp(tZy) =0,

yev
By(tnp) = wpBy(t),

Y B,(tR,) = 0.

yev

(2.4.2) and Proposition 2.3.2 immediately imply

aé,m_{_paé,om:o’ form >0

pbgjm + lbgjm — 0, for Yy < {0,00}

pcé’m + céom =0, form >0

Next we act upon by 7,. Check that

1 0 0 0

o . 0 01 0 0

(Ml +1,m)Bg0) " h(l,m) A o.0)7p =

00 -1 0
00 0 -1

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)
(2.4.6)

(2.4.7)
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So we have
I,m
Ay = Bp(h(lv m)A?O,O,O))
= wpBp(h(l, m)A?o,o,O)np)
= wpBy(h(l + 1, m)BF§7070))'
Thus
aé’m = wycttbm, (2.4.8)
We also have
1 0 0 0
. . - 01 0 0
(h(1+1, m)B(o,o,o)) h(l, m)A(07070)77p -
00 -1 0
00 0 -1
So similarly, we conclude
aéom _ wpcéﬂ’m. (2.4.9)

Next, check that
(h(l, m)B(lLo,o)np)ilh(l —1m+ 1)U(fl/p,O,O)Déo = (Zl)t € Ip.
Hence
By(h(l, m)B(ll’Oyo)) = w,By(h(l —1,m + 1)DL).

(Note that both sides are zero if [ = —1,m = 0).
By the proof of Proposition 2.3.2, By, (h(l, m)B(l1 0,0)
¢p(pl—1c)bég1,m+l‘

Thus we have proved

) = b5™ and B,(h(l—1,m+1)DL) =

B =ty (240

At this point we pause and note that on account of (2.4.5)—(2.4.10) it is enough to
compute the quantities bé’om, aé’m,l > —1,m > 0,1l +m # —1. Of course, we already know

that aal’o = prp(bJ”Q/jd).
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Next, we use (2.4.4).
For each x € Y, we can check that A87070Rx =A%, 0,0- Furthermore, A87070Roo = DY..
Assuming [ +m > 0 we have By(h(l,m)A° o) = ag™ and By(h(l,m)DY, = 4, (pe)bs.
So using (2.4.4) we conclude

paé’m = —wp(plc)bigom, (2.4.11)

for { +m > 0.
However we can do more. Check that for z € Y, A(o 0 O)R = A(o 0,—2) and A(o 0 O)ROO =

D§ (mod p). Tf 1 > 0 we have By(h(l,m)AZ, _, = as and By(h(l,m)Df) = b5™. So

again using (2.4.4) we have

palt = —bh™, (2.4.12)

for [ > 0.

So (2.4.5), (2.4.10) and (2.4.12) imply that for [ >0, m >0
bl,m _

= —pbé’m = —pwp%,(pl_lc)bgl’mﬂ. (2.4.13)

Now observe that B87070ROo = DJ° (mod p)andforz €Y, B&QORQ, = Bgz,o,o- Assuming
I+ m # —1 we have By(h(l,m)Dg§°) = 1bé’m and for x € y,x # 0, Bp(h(l,m)BO_mﬁo,O) =
Lpi™. Hence using (2.4.4)

i = —p ok (2.4.14)

So by equations (2.4.6) and (2.4.9) we have,
all = P (p' )i (2.4.15)
The above equation, along with our normalization tells us that
bl = pr( 7) . (2.4.16)
Also, using (2.4.12),(2.4.13) and (2.4.15) we get
bt = i b“" (2.4.17)

for [ > 0,m > 0.
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(2.4.13), (2.4.17) and (2.4.16) imply :

o l
Bhm = _zm if1>0,m>1 (2.4.18)
—1,m 1 C :

In the case m = 0, Proposition 2.3.2, proof of Claim 7, tells us that 1ph0 — Ap(b+‘2/jd) 1bé’0

which implies

bé’g = Ap(

b+v—d
% )bl (2.4.20)

b+ v—d
1,0 -
)by = wytp(p IC)AP(T
EquationS (2.4.18)—(2.4.20), along with the earlier equations that specify the interde-
pendence of various quantities, determine all the values B, (h(l,m)t;). For convenience, we
compactly state the facts proven above as two propositions. We only state it for [ > 0 since
that is the only case needed for our later applications. The values for [ = —1 can be easily
gleaned from these and the above equations.
Proposition 2.4.2. Letl > 0,m > 0. Put M = (—pwp)lp_4(l+m). Then the following hold:
(a) By(h(l,m)tr) = M- =L,

(b) By(h(l,m)tz) = M - 5

bS]

(¢) By(h(l,m)ts) = M - 21,
(d) By(h(l,m)ts) = M
(¢) Bp(h(l,m)ts) = M
(f) Bp(h(l;m)ts) = M - (=p),
(9) By(h(l,m)tz) = M - 5,
(h) Bp(h(l,m)ts) = M - 7.
Proposition 2.4.3. Let | > 0. Put M = (—pw,)'p~4. Then the following hold:
(a) Bp(h(l,0)t1) = M - 5,

(b) By(h(l,0)t2) = M - ;.
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(¢c) Bp(h(l,0)ts) = M,

Y G )
3 .

(d) By(h(l, m)tz) = M - 2

2.5 The case unramified 7,, Steinberg o,

Assumptions

Suppose that the characters wy,ws, xo are trivial. Let p # 2 be a finite prime of Q such
that

(a) pisinert in L = Q(v/—d).

(b) The local components A, and 7, are unramified.

(c) op is the Steinberg representation (or its twist by the unramified quadratic character).
(d) The conductor of 1, is Z,

a b/2
(e) S = S MQ(ZP).
b/2 ¢

(f) —d = b* — 4ac generates the discriminant of L,/Q,.

Remark: o, is concretely realized as (possibly the unramified quadratic twist of) the
special representation on the locally constant functions of B,\G L2(Q,) modulo the constant
functions (where B, is the standard Borel subgroup consisting of upper-triangular matrices).

It corresponds to the local newform for the Iwahori subgroup I'g(p) of GL2(Qy).

Description of B, and W,

For any choice of local Whittaker and Bessel functions W), and B, we can define the local
zeta integral Z,(s) by (2.2.6). We now fix such a choice.
As in the unramified case from §2.1, we let B, be the unique normalized K-vector in

the local Bessel space. Sugano[Sug85] has computed the function B, explicitly.
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We now define W), Let f]vp be the subgroup of If{vp defined by

ﬁ;:{zefﬂz; (mod p)}.

It is not hard to see that I(II,, s) has ffvp—ﬁxed vectors. Now let W), be the unique &;—ﬁxed

vector in the local Whittaker space with the following properties:
o Wy(e,s)=1,
e Wy,(g,s) =0 if g does not belong to P(Qp)ﬁ;

Concretely we have the following description of Wp('s).

We know that o, = Sp ® 7 where Sp denotes the special (Steinberg) representation and

7 is a (possibly trivial) unramified quadratic character. We put a, = 7(p), thus a, = 1 is

the eigenvalue of the local Hecke operator T'(p).

Let W, be the unique function on G'L2(Qp) such that

W, (gk) = W (g),for g € GLa(Qp), k € Top,

1 =«
W}g( 0 1 g):wp(_cx)Wzg(g)aforgeGLQ(QP)7x€Qp7
@ 0\ _ Jr@lal il <1,
P
0 1 0 otherwise.
ffa 0\ [0 1 —p~'7(a)lal if |al, <p,
Wp =
0 1 -1 0 0 otherwise.

We extend W) to a function on GU(1,1)(Q,) by

Wy(ag) = Wy(g), for a € L), g € GL(Qp).

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)
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Then, Wp( s) is the unique function on é((@p) such that

W, (mnk, s) = W,(m, s), for m € M(Q,),n € N(Qp),k € U,, (2.5.5)
Wp(e) =1 and Wy(g,s) =01if g ¢ P(Qp)@;, (2.5.6)
and
a 0 0 0\ (1 0 0 0
01 0 0[]0 a 0 b
4% .8
00 a! o0[l0O 0 ¢ O
(2.5.7)
00 0 1/\0 d 0 e
13(s41/2) oy [01 D1
d1 €1

« a1 b ap b
for a € Q, e GU(1,1)(Qp),c1 =1 )
dy eq dy e

a b
Let us use the following notation: For € GU(1,1) we let

c d
1 0 0O
a b 0O a 0 b
m®( " 7)) =

c d 00 B 0

0 ¢c 0 d
a b

where = pi( ).

c d

The results

For i = 1,2, 3,4, define the characters ’yz(f) of Q, as in §2.1. We now state and prove the

main theorem of this section.
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Theorem 2.5.1. Let the functions By, W), be as defined in §2.5. Then we have

1 L(3s+ &, my X o)
Z W,, B,) = : p— )
p(sv D p) p2 +1 L(3S + 1,Up X p(AP)>
where,
4 .
L(s,mp x o) = [J(1 =2 (p)app™?p~*)7Y,
i=1
and

L(s,0p % p(Ap)) = (1 —p~ 717",

Before we begin the proof, we need a lemma.

Lemma 2.5.2. We have the following formulae for Wy(©h(l, m)t;, s) where t; € T,.

poms=3ls=3m=51/2q ifi € {1,5}

(a) If m > 0 then Wp(Oh(l,m)t;, s) = p*6m5*318*3m*5l/2aé. —L fie{3,7}

0 otherwise

—31s—51/2 1 ey
D a, ifie{l,5}
(b) W,(Oh(l,0)t;, s) = b

0 ifie{2,7}
Proof. We have
1 00 0
p"a 1 0 0
©h(l,m) = h(l,m) (2.5.8)
0 01 —pma
0 00 1
First consider the case m > 0.
We claim that Oh(l,m)t; ¢ P(Q,)U, if i € {2,4,6,8}.
1 00 0
pma 1 0 0 . )
Put ©,, = . Using (2.6.8), it suffices to prove that ©,,t; ¢

0 0 1 —pra
0 00 1
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P(Zp)&;. So take a typical element element

a ar at—+axy ay
0 m my-—pz
A P (2.5.9)
0 O Aa 0
0 v ~y—o0x ¢

P=

where all the variables lie in Z; and B € GU(1,1)(Zp) with A = iy

v 9 gl
We have
ar a+axp™a—at—axy —(at+ axy)ap™ +ay at+ axry
m  mpTa—my+PT  —(my— PT)()p™ + 5 my - pT
POty =
0 ~\a)~! —ap™\(a)~! N

Y "o — Yy + 6T —(yg—dz)ap™+46 Yy —ox

which, if it were an element of &; would imply that p | A, a contradiction.

We have

ar + (at + axy)ap™ —ay a4+ axp™a —(at + axy)ap™ + ay at + axy

m+ (my — prjap™ - mpTa  —(my—pr)ap™+ 5 my—pT
ap™\a)~! 0 —ap™\ (@)t Aa)™t
" —(yg—0zZ)ap™ +6 vy — 6T

POty =

¥+ (Vg — 6z)ap™ — o P

which, if it were an element of U; would imply that p | A, a contradiction.

We have
axr a+axp™a —(at+ axy)ap™ +ay at + axy
m  mpTa  —(my— pT)ap™ + 5 my-—pT
PO, tg =
0 0 —ap™ (@)t Aa)™?
v T —(vy—dz)ap™ +6 Yy -—ow

which, if it were an element of ﬁ; would imply that p | v,p | d, a contradiction.
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Finally we have

at + axy)ap™ —ay —at —axry axr a-+arp™a
(my — BT)ap™ — B —my+pPr m  mpTa
Xap™ (@)~ @t 0 0

PO, ts =

m

(Vg —dz)ap™ -5  —y+iT v pTa

which, if it were an element of ﬁ; would imply that p | v,p | J, a contradiction. This
completes the proof of the claim.
For the remaining ¢; (i.e., i € {1,3,5,7}) we have the following decompositions:

@h(l, m)t1

Pt o 0 0 -1 0 0 0
m-+l1 _m _
_ 0 1 0 0 ey p 0 ) P —1 0 0
0 0 p 2t o 0o pm 1 0 -1 p™a
0 0 0 1 0 0o 0 -1
@h(l,m)tgz
p?mtl 0 0 0 -1 0 0 0
m—+1 _m _
0 1 0 0 ey P 0 ) P 1 0 0
0 0 p_Qm_l 0 —p™m p™ 0 —p"a -1 pTa
0 0 0 1 —p"a 0 0 -1
@h(l,m)t5
p?mt 0 0 0 1 00 0
0 1 0 0 mtl Mo 1 0 0
_ m® p ) p
0 0 p 2t o 0o pm 0 0 1 pra
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@h(l,m)t7
p>mtt o 0 0 0 0 1 0
_ml
_ 0 1 0 0 ey 0 P ) 0 1 0 0
0 0 p2mt 0 —p™ 0 -1 p"a 0 0
0 0 0 1 0 0 pla 1

Part (a) of the lemma now follows from the above decompositions and equations (2.5.1)-
(2.5.7).

Let us now look at m = 0. Once again, let P be the matrix defined in (2.5.9). The same
proof as above for to shows that PO,,ts ¢ ﬁ;. As for t7,

—at —ary (at+ axy)d —ay a+axa ax
-my+pz  (my— fr)a -3 mao m
—A(@)™! a (@)t 0 0

PO, t7 =
—yy+déx  (vy—oT)a—4 o gl

If the above matrix lies in ﬁ; then we have p | ya which implies p | 7. But that immediately
implies, by looking at the bottom left entry, that p | 0%, hence (by looking at the second
entry of the bottom row) p | §. Thus p | v,p | §, a contradiction.

Thus Oh(1,0)t; ¢ P(Qp)ﬁ; if i € {2,7}. For t; and t5 we have the above decompositions,
from which part (b) follows via the equations (2.5.1)-(2.5.7).

Proof of Theorem 2.5.1. By (2.3.14) we have

Zy(s,Wp. Bp) = Y By(h(l,m)) > Wy(Oh(l,m)t;,s) - I;™ (2.5.10)
1>0,m>0 t,€Tm

We first look at the terms corresponding to m > 0. From Lemma 2.5.2 and Proposi-
tion 2.3.3 we have >, .. Wjp(O(l,m)t;, s) - I,flm = 0. So only terms corresponding to
m = 0 contribute.

From Proposition 2.3.4 and Lemma 2.5.2 we have

1
> Wo(Oh(l,0)ti, ) - I} = ——— - p~¥+H1/2q]
T p _|_ 1
t;€To
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Hence (2.6.9) reduces to

1

Zy(s,Wy,B,) = —— -
(8, Wp, By) P2l

> By (h(1,0))p~ ¥ 2a],
>0

Define C(y) = > ;5o Bp(h(l, 0))y'. We are interested in the quantity

Zy(s, Wy, B,) = Clapp™371/2), (2.5.11)

P?+1

Sugano, in [Sug85, p. 544], has computed C(y) explicitly. His results imply that

where H(y) =1 — 1972“ Qly) = H;l:1(1 _ 7}(}1‘) (p)p*?’/Qy).

Plugging in these values in (2.5.11) we get the desired result.

2.6 The case Steinberg ,, Steinberg o,

Assumptions

Suppose that the characters wy,ws, xo are trivial. Let p # 2 be a finite prime of Q such
that

(a) pisinert in L = Q(v/—d).
(b) A, is not trivial on T(Z,); however it is trivial on T(Z,) N T}.

(c) mp is the Steinberg representation (or its twist by the unique non-trivial unramified

quadratic character).

(d) op is the Steinberg representation (or its twist by the unique non-trivial unramified

quadratic character).

(e) The conductor of )y, is Z,.

a b/2
(f) S = € My (Zy).
b/2 ¢
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(g) —d = b?* — 4ac generates the discriminant of L, /Q,.

Remark. 7, corresponds to a local newform for the Iwahori subgroup I, (see [Sch05]).

Also, as in the previous section, o, corresponds to the local newform for the Iwahori sub-

group ['o(p) of GL2(Qp).

Description of B, and W,

Let @, be the unique normalized local newform for the Iwahori subgroup I,,, as defined by
Schmidt [Sch05]. Let w,, be the local Atkin-Lehner eigenvalue for 7p; this equals —1 when
mp is the Steinberg representation and equals 1 when 7, is the unramified quadratic twist
of the Steinberg representation. We let B, be the normalized vector that corresponds to
®,, in the Bessel space. §2.4 was devoted to the computation of the values B, (h(l,m)t) for

I,meZ,m>0,teT,.

Because p is inert, L, is a quadratic extension of @, and we may write elements of L, in
the form a + bv/—d with a,b € Qp; then Zy, , = a + bv/—d where a,b € Zy,. We also identify
L, with T(Q,) and ¢ with v/—d/2. We now define W,. By Assumption (b) above, we have
A, is trivial on the elements of T'(Q,) of the form a + byv/—d with a,b € Z,,p | b,p { a. Take
the canonical map r : IN(p — é(Fp) and define I)) = r~1(1(4,F)).

01 00

1 000
Let s; denote the matrix

0 0 01

0010

Let Wp( ,s) be the unique vector in I(IL,, s) with the following properties:
o Wy(1,s) =1,

o Wy(s1,s) =1,

o Wy(gk,s) =Wy(g,s)is k € I,

e Wy(g,8) = 0if g does not belong to P(Qp)I, U P(Qp)s11,

Concretely we have the following description of Wj( ,s) :



56

We know that o, = Sp ® 7 where Sp denotes the special (Steinberg) representation and

7 is a (possibly trivial) unramified quadratic character. We put a, = 7(p), thus a, = £1 is

the eigenvalue of the local Hecke operator T'(p).

Let W, be the unique function on GL2(Q,) such that

Wz/;(gk) = Wé(g),for ge GL2(@p)7k € 1_‘O,pa

1 «x
W]g( 01 g) = sz(—cx)WZg(g),for g € GL2(Qp)7x € Qpa
W a 0 _ T(a)lal if |al, <1,
P
01 0 otherwise
[ fa 0\ [0 1 —p~'7(a)lal if |al, < p,
Wp =
0 1 -10 0 otherwise

We extend W), to a function on GU(1,1)(Q,) by
Wy(ag) = Wy(g), for a € L), g € GL2(Qy).

Then, W,( s) is the unique function on G(Q,) such that

Wy (mnuk, s) = Wy(mu, s), for m € M(Qp),n € N(Qp),u € {1,s1},k € I,

Wp(t) =0ift ¢ P(Qp)leo U P(Qp)sllgla

a 0 0 0 1 0 0 O
01 0 0 0 ai 0 by
W U, S
0 0@t o 0 0 ¢ O
0 0 0 1 0 d1 0 €1
_113(s41/2 ar by
= [Npjg(a) - 1!,,( AW, :

dy e

(2.6.1)

(2.6.2)

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)
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« a1 bt ar b
fora € Q) ,u € {1,s1}, e GU(1,1)(Qp),c1 =1
di e di e

The results
We now state and prove the main theorem of this section.
Theorem 2.6.1. Let the functions By, W), be as defined in subsection™ 2.6. Then we have

1— P p—65—3
P+1 1-— apw,p35=3/2

1
~L(3s+ -, mp X 0p)

Zp(57 Wp, Bp) = 9

where L(s, mp x 0p) = (14 apwpp™'p~*) (1 + apwpp~?p~*) L.

Before we begin the proof, we need a lemma.

Lemma 2.6.2. We have the following formulae for Wy(©h(l, m)t;, s) where t; € T,.
p—6m3—3ls—3m—5l/2aé . 771 ifi=3,4, m>0

Wp(Oh(l, m)ti, s) =  p=ms=8ls=3m=51/24] ifi=5,6 m>0

0 otherwise.

Proof. We have

1 00 0
p"a 1 0 0
Oh(l,m) = h(l,m) (2.6.8)
0 0 1 —p"a
0O 00 1

Put K| = r~}(G(F,)). Thus ©h(l,m)t; € P(Qp)K], when m > 0 and Oh(l,m)t; €
P(Q,)0K,, when m = 0. A direct computation shows that P(Q,)K, and P(Q,)0K),
are disjoint; the fact that P(Q,)I, C P(Qp)K), then implies that W,(©h(l,m)t;,s) = 0 for
m = 0 . From now on we assume m > 0.

We can check that ©h(l,m)t; ¢ P(Qp)1, U P(Qp)s11, if i € {1,2,7,8}.

For the remaining ¢; (i.e. i € {3,4,5,6}) we have the decompositions:
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@h(l,m)tgz
prtto 00 —1 0 0 0
m+1 _m _
0o 1 0 0 ey P 0 ) P 1 0 0
0 0 p72mfl 0 _pm pm 0 _pma -1 pma
0 0 0 1 —p"« 0 0 -1
Oh(l,m)ty =
p?mtt o0 0 0 1 p"a 0 0
0 1 0 0 mtl 0 1 0 0
m(2)( p )s1
0 0 p2m-t —p™m  p™ 0 P« 1 0
0 0 0 1 pPha 0 —pha 1
@h(l,m)t5
p?mtl 0 0 0 1 00 O
0 1 0 0 mtl "o 1 0 0
_ m® p ) p
0 0 p 2t o 0o pm 0 0 1 pra
0 0 0 1 0 00 1
@h(l,m)t(‘)
p?mt 0 0 0 1 p"a 0 0
0 1 0 0 mtl 0 1 0 0
= m(2)( p )s1
0 0 p 2™t 0 0o pm 0 0 1 0
0 0 0 1 0 0 —pra 1

The lemma now follows from the above decompositions and equations (2.6.1)-(2.6.7).

O]

Proof of Theorem 2.6.1. By (2.3.14) we have

Zp(s, Wy, By) = > Y By(h(l,m)t))Wy(Oh(l,m)t;, s) - I;"" (2.6.9)
1>0,m>0t;€Tm
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From Proposition 2.3.3, Proposition 2.4.2 and Lemma 2.6.2 we have

L (1 —p)(—a w p—35—5/2)l(p—6s—3)m
> By(h(l,m)ty)Wy(Oh(l,m)t;,s) - I;™ = P pp2 —

i€{3,4,5,6}

Hence (2.6.9) implies

(1 —pp~*~° 1 1
Zy(s,W,, B,) = . ,
p(8, Wp, Bp) 21 1+ apuwpp 2p 35172 1 — 653
This completes the proof.
O

2.7 The case Steinberg m,, unramified o,

Assumptions

Suppose that the characters wy,ws, xo are trivial. Let p # 2 be a finite prime of Q such
that

(a) pisinert in L = Q(v/—d).
(b) A, is not trivial on T(Z,); however it is trivial on T(Z,) NI},

(c) mp is the Steinberg representation (or its twist by the unique non-trivial unramified

quadratic character) while oy, is unramified.

(d) The conductor of 1y, is Z,.

a b/2
(e) S = S MQ(ZP)
b/2 ¢

(f) —d = b? — 4ac generates the discriminant of L,/Q,.

Remark. 7, corresponds to a local newform for the Iwahori subgroup I, (see [Sch05]).

Description of B, and W,

Let ®, be the unique normalized local newform for the Iwahori subgroup I, as defined by

Schmidt [Sch05]. Let w,, be the local Atkin-Lehner eigenvalue for mp; this equals —1 when
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mp is the Steinberg representation and equals 1 when m, is the unramified quadratic twist
of the Steinberg representation. We let B, be the normalized vector that corresponds to ®,,
in the Bessel space. Section 2.4 was devoted to the computation of the values By(h(l,m)t)

forl,meZ,m>0,t € T,.
We now define W,,. Take the canonical map r : IN(p — é(]Fp) and define I}, = r=HI(4,Fp)).
Let W,( ,s) be the unique vector in I(Il,, s) with the following properties:
e Wp(O,s) =1,
o Wy(l,s) =1,
o Wy(gk,s) =Wy(g,s)is k € I,
e Wy(g,58) = 0if g does not belong to P(Q,)01, LI P(Qy)1,,

Concretely we have the following description of W),( , s).
Suppose o), is the principal series representation induced from the unramified characters

a, # of Q. Let W) be the unique function on G'L2(Qj) such that

W, (gk) = W,(g),for g € GLy(Qp), k € GLy(Zy), (2.7.1)
! 1 & !/
Wp( 01 g) = @Z)p(—CI)Wp(g),fOI‘ g€ GLQ(QP))x € Qp7 (272)
1
a|3 . olap)B(b)—a(b)B(ap) :¢ |a
a 0 |31 - =50 if [§], <1,
w) = P P (2.7.3)
0 b 0 otherwise

We extend W) to a function on GU(1,1)(Q,) by
WI’,(ag) = Wé(g), for a € L;,g € GLy(Qp).
Then, W, ( s) is the unique function on G (Qp) such that

Wy (mnuk, s) = Wy(mu, s), for m € M(Qy),n € N(Qp),u € {1,0},k € I, (2.7.4)
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Wy(t)=0ift ¢ P(Qp)(%]]’) L P(Qp)llg (2.7.5)
a 0 0 O 1 0 0 O
01 0 O 0 ag 0 by
Wy, u, s
00 at! 0o[[0 0 ¢ O
(2.7.6)
00 0 1 0 dl 0 €1
_1(3(s+1/2 . ay by
= |Nrjq(a) - e 1}p( 2@ hwy :
dl €1
« a1 b ar b
fora € Q) ,u € {1,0}, e GU(1,1)(Qp),c1 =
dy e dy er

The results
We now state and prove the main theorem of this section.
Theorem 2.7.1. Let the functions By, W), be as defined in subsection™ 2.7. Then we have

1

Zo(s Wo By) = 0oy s )

1
- L(3s + 50 Tp X Op)s

where L(s,m, x op) = (1 + wpp*3/2a(p)p*5)*1(1 + wpp*:)’/zﬁ(p)p*s)*l.
Before we begin the proof, we need a lemma.

Lemma 2.7.2. Let t; € T, 1 > 0. We have

—31s—21 (a(p)' 1 —B(p)'+! e

p < ) —5p) ) Ym=0,i=5
Wy (OR( )t s) = 4 prims-te—im—si/2 (sGLIBIY g5 g s

0 otherwise

Proof. By the proof of Lemma 2.6.2 we have ©h(l,m)t; ¢ P(Q,)01, if m > 0. As for the
case m = 0, we can check that ©h(l,0)t; ¢ P(Q,)01, if i € {1,2,7}. On the other hand,
again by the proof of Lemma 2.6.2, we have ©Oh(l,m)t; € P(Qp)I}, if and only if m > 0 and
i € {3,5}. The lemma now follows immediately from (2.7.1) - (2.7.6). O
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Proof of Theorem 2.7.1. We have

Zy(s, Wy, By) =Y Wp(Oh(1,0)t5, 5)By(h(l, 0)t5) - I}’
>0

(2.7.7)
+ ) > We(Oh(l,m)ti, s)By(h(l,m)t;) - I
1>0,m>04i€{3,5}
Using Proposition 2.4.3 , Proposition 2.3.4 and Lemma 2.7.2 we have
> Wy(Oh(l,m)ti, s)By(h(l,m)t;) - I;™ = 0
i€{3,5}
and hence
Zp(5, Wy, By) = > Wy(Oh(l,0)ts, s) By(h(l, 0)t5) - I’
>0
_ 1 3 pdts (a(P)lH — 5(]9)”1) (—pw,)'p~!
(p+1)p?+1) & a(p) - B(p) 5
1 1
— L(3s + =
RS R
This completes the proof of the theorem.
O

Remark. We might equally well have chosen W, to be the simpler vector supported
only on O (rather than on © and 1). The only reason we include 1 in the support of the

section is because this definition will be necessary for §3.

2.8 The global integral and some results

Classical Siegel modular forms and newforms for the minimal congruence

subgroup

For M a positive integer define the following global parahoric subgroups.
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B(M) := Sp(4,Z) N
M7

MZ

Uy (M) := Sp(4,Z) N
M7

MZ

Us(M) := Sp(4,Z) N

MZ

UO(M> = Sp(4v@) N
M7

MZ

When M = 1 each of the above groups is simply Sp(4,7Z). For M > 1, the groups are
all distinct. If T is equal to one of the above groups, or (more generally) is any congruence

subgroup, we define Si(I"”) to be the space of Siegel cusp forms of degree 2 and weight k

with respect to the group I".

More precisely, let Hy = {Z € My(C)|Z = Z,i(Z — Z) is positive definite}. For any

A

B
g= € Glet J(g,Z) =CZ+ D. Then f € S(I") if it is a holomorphic function

C D

on Hy, satisfies f(7Z) = det(J (v, Z))*f(Z) for v € IV, Z € Hy and disappears at the cusps.

We know that f has a Fourier expansion

MZ

MZ
MZ

MZ
MZ

MZ

MZ
MZ

MZ

MZ
MZ

NN NN

N N N N
N N N N

MZ

MZ Z

F(2) =" a(S, F)e(tr(52)),

S5>0
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where e(z) = exp(2miz) and S runs through all symmetric semi-integral positive-definite
matrices of size two.
Now let M be a square-free positive integer. For any decomposition M = M;Ms into
old

coprime integers we define, following Schmidt [Sch05], the subspace of oldforms Sy (B(M))

to be the sum of the spaces

Sk(B(My) NUp(Ma2)) + Sk (B(My) N U (Ma2)) + Sk (B(My) N Ua(Ma)).

For each prime p not dividing M there is the local Hecke algebra §), of operators on
Si(B(M)) and for each prime ¢ dividing M we have the Atkin-Lehner involution 7, also
acting on S(B(M)). For details, the reader may refer to [Sch05].

By a newform for the minimal congruence subgroup B(M), we mean an element f €

Sk(B(M)) with the following properties

(a) f lies in the orthogonal complement of the space Si(B(M))°d.

(b) f is an eigenform for the local Hecke algebras §),, for all primes p not dividing M.
(c) f is an eigenform for the Atkin-Lehner involutions 7, for all primes ¢ dividing M.

Remark. By [Sch05], if we assume the hypothesis that a nice L-function theory for
GSp(4) exists, (b) and (c) above follow from (a) and the assumption that f is an eigenform

for the local Hecke algebras at almost all primes.

Description of our newforms

Let M be an odd square-free positive integer and

F(Z)=)_a(T)e(tx(TZ))

T>0

be a Siegel newform for B(M) of even weight (.
Let N be an odd square-free positive integer and g be a normalized newform of weight

[ for To(N). g has a Fourier expansion

9(2) = 3 b(n)e(nz)
n=1
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with b(1) = 1. It is then well known that the b(n) are all totally real algebraic numbers.

We make the following assumption:

[Nelisal

a(T) # 0 for some T = (2.8.1)

]IS -

such that —d = b* — 4ac is the discriminant of the imaginary quadratic field Q(v/—d), and

all primes dividing M N are inert in Q(v/—d).
We define a function ® = &5 on G(A) by

®(Yhooko) = pia(hoo)' det(J (hoo, i12)) ™ F (hoo (1))

where v € G(Q), hoo € G(R)' and

ko € (H Kp) - (H Ip).
ptM p|M
Because we do not have strong multiplicity one for G we can only say that the repre-

sentation of G(A) generated by @ is a multiple of an irreducible representation . However

that is enough for our purposes.

We know that m = ®m, where

holomorphic discrete series if v = o0,

Ty = { unramified spherical principal series if v finite ,v { M,

§uStgspaywhere &, unramified, E=1 ifv|M.

Next, we define a function ¥ on G'L2(A) by

(i + ) 'g(m(3))

|~

U (yomko) = (det m)

B
v 4

where vy € GL2(Q), m = € GLI (R), and

ko € H GLy (Zp) H FOJ,

ptN pIN
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Let o be the automorphic representation of GLy(A) generated by W.

We know that 0 = ®o, where

holomorphic discrete series if v = o0,
0y = § unramified spherical principal series if v finite ,v { N,

§Star(2)where &, unramified, £=1 ifv|N.

Description of our Bessel model

In order to use our results from the previous sections, we need to associate a Bessel model
to 7 (or more accurately, we associate it to 7). This involves making a choice of (S, A, ).
This subsection is devoted to doing that.

Let ¢ =[], % be a character of A such that

e The conductor of 1, is Z, for all (finite) primes p,
o oo(x) =e(—x), for z € R,

* Ylg=1

Put L = Q(v/—d). where d is the integer defined in (2.8.1).
First we deal with the case M = 1. In this case, our choice of S and A is identical to

[Fur93]. To recall, put
h(—d)
T7(A) = ] tT(QTR)(Mp<oT(Zp)) (2.8.2)
j=1

where t; € [, T(Qp) and h(—d) is the class number of L.
Write t; = y;mjr;, where v € GL2(Q),m; € GLF (R), and k; € ((Hp<ooGLa(Zy))-
Choose

d/4 0
ifd=0 (mod 4)

0 1

(A+d)ja 172 ifd=3 (mod 4)

1/2 1
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Let S; = det(wj)_lfy;S*yj. Then, any primitive semi-integral two by two positive def-
inite matrix with discriminant equal to —d is SLo(Z)-equivalent to some S;. So, by our

assumption, we can choose A a character of T'(A)/T(Q)T(R)((Ily<ocT'(Zy)) such that

h(=d)
> Alty)a(S;) # 0.
j=1

Thus, we have specified a choice of S and A for M = 1.

In the rest of this subsection, unless otherwise mentioned, assume M > 1.

Suppose p is a prime dividing M. We can identify L, with elements a + bv/—d with
a,b € Q. Let szp denote the units in the ring of integers of L,. The elements of Zip are
of the form a + bv/—d with a, b € Z,, and such that at least one of a and b is a unit. Let FOLW
be the subgroup of Zz’p consisting of the elements with p|b. The group Zf,p / F%?p is clearly
cyclic of order p + 1. Moreover, the elements {(—b -+ \/—d)/2} where b is a positive integer
satisfying {1 < b < 2p : b = d (mod 2)} are distinct in Zz’p/F%’p. Note that d = 0 or 3
(mod 4) and hence b = d (mod 2) implies that 4 divides b> + d. So we have the lemma:

Lemma 2.8.1. There exists an integer b such that 4 divides b*> + d and (—b+ v/—d)/2 is

a generator of the group Zj p/FOLp for each p|M.

Proof. By the comments above, we can choose, for each prime p; dividing M, an integer b;

such that b; = d (mod 2) and (—b; ++/—d)/2 is a generator of the group Zz,pi/l“%,pi. Now,

using the Chinese Remainder theorem, choose b satisfying b = b; (mod 2p;) for each i . [
Now we define

b2+d
S — 4

NS
— Nl

As in section 2.1 we define the matrix £ = g and the group 7' = Ts. We have T'(Q) ~
L*. We write T'(Z,) for T(Qp) N GLa(Zy).

Let
h(—d)
T(A) = [] tT(QTR)(MpeocT(Zy) (2.8.3)
j=1
where t; € Hp<oo T(Qp) and h(—d) is the class number of L. For each p|M put I‘%’p =

T(Zy) N I‘g. Note that under the isomorphism T'(Z,) ~ szp sending = + y& — x + y@,

our two definitions for F% » agree, so there is no ambiguity.
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Let M = pips...pr be its decomposition into distinct primes. For each 1 < i < r we

choose coset representatives u,(f; Der (Zy,) such that

i

pit+l )
T(Zpi) = | | ukfl F(l)upi'
ki=1

We write an r-tuple (ki, .., k) in short as k. Let X denote the Cartesian product of the
rsets X; ={x:1<z<p}. For%EX, define

'
o (pi)
up = Huk, .
i=1

Then it is easy to see that as k varies over X the elements uz form a set of coset repre-
sentatives of Hp|MT(Zp)/Hp|MF%7p. Also note that | X| = [SLy(Z)/T°(M)| = IL,, s (ps + 1).
We denote the quantity IT, a(p; + 1) by g(M).

Let T(Z) denote the (finite) group of units in the ring of integers Zy of L. Let t(d)
denote the cardinality of the group T(Z)/{£1}. We know that,

3 ifd=3
td)=492 ifd=4

1 otherwise.

Let Ty; be the image of T(Z) in 11,3, T(Zy). Then Ty N Hp‘MFOL’p = {£1}. Choose a set of
elements 71,72,..74(q) in T(Z) such that they form distinct representatives in T'(Z)/{£1}.
Let 7; denote the image of r; in Ty;. We have

t(d)

To Y, = [ 7Ly ). (2.8.4)
i=1

Finally, choose 1,22, ..., Zg(ar) /4@y in TpjasT(Zy) such that we have the disjoint coset
decomposition:
g(M)/t(d)

My T(Zp) =[] wTyiTyand?, (2.8.5)
i=1
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This immediately gives us the fundamental coset decomposition:

)= I 4= T(Q@QT®R) [y T(Z) (M L'2 ) (2.8.6)
1<j<h(—d)
1<k<g(M)/t(d)

Also from (2.8.4) and (2.8.5) we immediately get another coset decomposition:

- 0
MnT(Zy) = [  @Fuly, (2.8.7)
1<i<g(M)/t(d)
1<j<t(d)

But we know that an alternate set of coset representatives in the above equation is given
by the elements uz. It follows that for any 1 <14 < g(M)/t(d),1 < j < t(d), there exists a
unique k € X such that ui lmﬁj € I MI‘%J,. This correspondence is bijective.

Write tjzy, = v mj kkjk, where vy, € GLa(Q), mj ) € GL$ (R), and Kik € (Mpcoo prnr GL2(Zyp)-
HMMFg. Also, by (vj%)f we denote the finite part of v, i, that is, (V) s = Vjemjk-

Lemma 2.8.2. For each j, the elements 'yj*llrl'yj,k form a system of representatives of

SLo(Z)/TO(M) as I,k vary over 1 <1< t(d), 1 <k < g(M)/t(d).

Proof. Fix j. Let 1 <ly <t(d), 1 < ko < g(M)/t(d). We have
Vika Tl Tk = Mk K ko T, T 1k (0 ek ) ™

Therefore 77 rtriyje € (GL3 (R)gcooGL2(Zy)) N GLy(Q) = SLy(Z). Moreover, if it
belongs to T'°(M) then we must have a:,;;ﬂ;lﬁa;k € I, ') and by (2.8.7) this can happen

only if [ =I5,k = ko. Now the lemma follows because the size of the set 'yj_’llrmﬁk equals

the cardinality of SLy(Z)/T%(M). O

Let S = det(yj’k)_17§7k57j7k. So, looking at S and S; as elements of GLa(R)" we

have S = det(m; ) (m;]i)tSmJ_’,i
Lemma 2.8.3. There exists j,k, 1 < j < h(—=d), 1 <k < g(M)/t(d) such that a(S;) # 0.

Proof. By assumption (2.8.1), a(7T) # 0 for some primitive semi-integral positive definite
matrix 7" with discriminant equal to —d. By [Fur93, p.209] there exists j such that T is
SLy(Z)-equivalent to Sj1. This means there is R € SLy(Z) such that T = R'S;1R. By
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Lemma 2.8.2, we can find k, [ such that R = ’yjfllrlvj,kg where g € T°(M). This gives us

1 _

T = g'v%xri (71 Siavya rvikg
= det () " 9"V 1T STV Y
= det () " 9"V} 1 SVskG

= ¢'Sj kg

Hence 0 # a(T) = a(g'S;kg) = a(S; ), using the fact that the image of ¢* in Sps(Z) falls
in B(M) and F is a modular form for B(M).
O

Proposition 2.8.4. There exists a character A ofT(A)/(T(Q)T(R)HPQOMMT(ZP)'Hp‘MFOL’p)
such that

> Alte) a(Sik) #0.
1<j<h(—d)
1<k<g(M)/t(d)

Moreover for any such A we have Ay, non-trivial on T(Z,) for each prime p|M.

Proof. By Lemma 2.8.3 we can find S;, such that a(S; ) # 0. Hence using (2.8.6) we know
that a character A satisfying the condition listed in the proposition exists.

Let A be such a character and p; a fixed prime dividing M. We will show that A,, is
not the trivial character on T'(Z,,).

For any 1 < j < h(—d) and k € X we can write tjup = VM,

: where Y% €
GLy(Q),m,; € GLy (R) and jk € (Mpcoo pprGL2(Zy) - Ty prTp.

&5
O 140 )

We put Sj’k = det(vj,k) Vj,gs%,k

Suppose A, is trivial on T'(Z,,). We claim that

Y Altjup)tal(S;) = 0. (2.8.8)
1<j<h(—d)
keX
Suppose we fix ki, ko, .., ki—1, kit+1,..kr. For 1 <y < p; +1, let kY € X be the r-tuple
obtained by putting k; = y. Then, by essentially the same argument as in Lemma 2.8.2
we see that fyj_’%l’yj%y form a set of representatives of T°(M/p;)/T°(M). In particular, this

implies, by [Sch05, 3.3.3], that a(Sj’f];y) = 0, and therefore, because A,, is trivial on
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T(Zp,), we must have 3, A(tjugy)_la(Sj 7v) = 0. It follows, by breaking up

Z A(tju;;)fla(sj’%)
1<j<h(—d)
keX

into quantities as above, (2.8.8) follows.
Given 1 < k < g(M)/t(d),1 < I < t(d), let k(k,1) be the unique element in X such that

-1 = 0
u%(k,l)xkrl € leMFL,p' (2.8.9)

Such an element exists by our comment after (2.8.7). Suppose we write 1, = Tjr; 1) oo Where

71,5 € Wy T(Zyp) and 70 € T(R)

Then, using (2.8.9) we have
tju%(k,l) = Tltjxkrljolok

with k € (I« prr G L2(Zp) - Hp|MF2. In other words we can take Vidkn = Tk

But then a(Sj,E(k,l)) = a(Sjr). Also from (2.8.9) it is clear that A~!(tju

(k,l))
A~Y(tjzg). On the other hand if we let k,l vary over all elements in the range 1 < k <

g(M)/t(d),1 < | < t(d), the corresponding k(k,l) vary over all k € X. As a result we

conclude that

> AtupTta(S ) =td) Y Altak) T ra(Sj). (2.8.10)
1<j<h(—d) 1<j<h(—d)
kex 1<k<g(M)/t(d)

But we have already shown that if A, is trivial on T'(Z,,) then

i

> Altjup)ta(S;) = 0.
1< <h(—d)
kex

The proof follows.
O

Consider now the global Bessel space of type (S, A, ) for m. We shall prove that this

space is non zero.
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For that, we consider

Bg(h) = (A®0)(r) ' ®(rh)dr (2.8.11)

/ZG (A)B(Q\B(A)

where 6 is defined as in Section 2.1 and ®(h) = ®(h). We will show that this function is

non-zero. In fact, we shall explicitly evaluate Bg(goo) for goo € G(R)T.

Proposition 2.8.5. Let goo € G(R)T and define Bg(goo) as in (2.8.11). The following
hold:

(a) If M =1 we have

By(900) = det(J (goo, 1)) Ta(goo) e(—tr(S - goo(i)) > A(t;)'alS;)
1<j<h(~d)

(b) If M > 1 we have

1 - — -
Bg(g00) = o0 det(J (goos 1))~ (o) e(—tr(S - goo (7)) > Atjar) " a(Sjr)
g 1<) <h(—d)
1<k<g(M)/t(d)

Remark. This is a mild generalization of [Sug85, (1-26)]. We present a proof below.
But first, we need some preliminary results.

For any f a function on Hy and go, € G(R)" define

(f1950)(Z) = f(9oo(Z))112(goo) det(J (goo, 1)) ™.

Let MQS Y™ denote the space of symmetric two by two matrices. We shall think of MQS Y as
a subgroup of G via z — u(z).

Also, for any continuous function f on G(Q)\G(A) define

Cylg) = / F(u(X)g)(tr(SX))~1dX.
M5V™(Q)\MSY™ (A)

The following lemma is the content of [Sug85, (1-19)]. However it is not proved there, so

for convenience we include a proof here.

Lemma 2.8.6. Let goo € G(R)T, g7 € GLy(Ay). We consider gy as an element of G(Ay)
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g 0
via g — . Then
0 det(g)- (97"

C5(900gy) = det(J (9o, 1)) pa(ge0) algs, S)e(—tr(S - goo(0)))

where a(gy,T) is the (T') 'th Fourier coefficient of F|gr, i.e.,

Flge(Z) =) algy. T)e(~tr TZ),
T

and gr 1is defined by the equation gy = gogrgx with g € G(Q),gr € G(R)", gk €
Hp<oo,pr Kp ’ leM Ip

Proof. Put Up = [,<o0 ptar Kp - pjns Ip © G(Ay). Define O by ©(g) = ®(ggs). Then
@ is left invariant by G(Q) and right invariant by gQUpgél. From that it follows that
6f(g.goo) = 6f(goo) if g€ gQ(Hq<oo U(ZQ))gél' Also note that Cg(googf) = CEf (goo) and

D (goo) = 112(goo)'det(J (goo, 1)) H(Fgr) (goo (1))-

Finally, by approximation, we have

MY™(A) = My ™ (Q) + det(gg) "'gq (Mzsym(R) I1 Miym@q)) b

q<oo

Therefore

Cg,(900) = O (u(X)goo)(tr(SX)) " HdX

MégynL (Q)\Mégy'm (A)

_ / B 1 (u(X ) goo)e(tr(SX))dX
det(g@flg@MSWZ)g@\MSW(R)

= p12(g00)'det(J (goo, 1)) 1D algy, T)e(-t2(T - goo(i)))
T

: (/ e(tr(T+S)-X)dX>
M3¥™(Z)\ My ™ (R)

= det(J (9o, 1))~ p2(900) algy, S)e(—tr(S - goo (D))
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Proof of Proposition 2.8.5. The case M = 1 is proved in [Sug85]. So we assume M > 1.
Note that

Bg(g) =

= / Cg(tg) A1 (t)dt.
Z(A)T(Q\T(A)

Hence, using (2.8.6) and the fact that Cg is right invariant by Il,. o ,r7T(Zp) -Hp‘Mfova

we have
Bi(goo) = [SL2(Z) : TOM) ™Y " A~ (tja) / C5(tjTitoogoo)dtoo.  (2.8.12)
T Zr (R)\T(R)

Our Haar measure is normalized so that the compact set Z7(R)\T(R) has volume 1.

We henceforth write R* instead of Z7(R) for simplicity. We have,

/ Cg(tjxktoogoo)dtoo
R*\T(R)
= / C@(toogootjxk)dtoo
R*\T(R)

_ / Cg(tocgoo (V) £)dtoo
R*\T(R)

= / det(J(toogooa i))_l,U/Q(toogoo)la(('Yj,k)f? S)e(_tr(s ' tm%(i)))dtm
R*\T(R)

= det(J (9oc, 1)) " p2(900) al (1) 1 5)(/}3*\T(R) e(—tr(S - goo(i))) dico)

= det(J (goo, 1) 12(goo) al (k) 5 S)e(—tr(S - goo (7))
(2.8.13)

Let us compute a((v;x)f,S). We have

Flm;x(Z) =Y a(T)e(—tr T - (m;x(2)))
T>0

=Y a(T)e(—trdet(my}) - ((mjx)'Tmyx) - Z).
>0

So, the S’th Fourier coefficient corresponds to T = det(m; ) (m;,i)tSm;,i = S;%. Thus

a((Vjk)f,S) = a(Sjk)- (2.8.14)

Putting together (2.8.12),(2.8.13) and (2.8.14), we have the proof of the proposition.
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Description of the Eisenstein series

This section describes the Eisenstein series on G (A). For each finite place v, recall that K,
is the maximal compact subgroup of G (Qyp) and is defined by
K, = G(Q,) N GL4(Z1,).
Let us now define
Koo ={g9€ GR)|p2(9) = 1,9 < ily >=il,}.
Equivalently
Koo =U(2,2,R)NU(4,R).

We define
p1(koo) = det (Koo)' det(J (Koo, 1))~

A B

-B A
where A € C,|A\| =1, and A+iB,A—iB € U(2;R) with det(A+iB) = det(A —iB). Then,

By [Ich07, p. 5], any matrix ko in Ko can be written in the form koo = A

pi(koo) = det(A —iB)~! (2.8.15)
Note that if ko has all real entries, i.e. ko € Sp(4,R) N O(4,R), then
pi(koo) = det(J (koo 1)),
Extend ¥ to GU(1,1;L)(A) by
U(ag) = V(g)

for a € L*(A), g € GLa(A). We define subsets S, .S2, 53 of the (finite) primes by

e 57 is the set of primes that divide M but not N
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e S is the set of primes that divide ged(M, N)
e S5 is the set of primes that divide N but not M

and put S =57 LISy LU S3. Let L = Q(v/—d), A be as in §2.8. Note that all primes in S
are odd and inert in L.

Now define the compact open subgroup UG of é(A ¢) by
v =115 [1vs 11 o (2.8.16)
pgS PES3 pES1US2

Define
1 ~ ~
Falg,s) = 63 2 (mymo) A(TT) " W(ma)pi(koo)  if g = mymaonkk € G(A) (2.8.17)

where m; € MD(A) (i = 1,2), n € N(A), k = kooko with keo € KC, ko € US and
k= I,k € I, K is such that k, = 1if p ¢ S1 U Sz, ky € {1,51} for p € Sy and
k, € {1,0} for p € S;. Put

falg,s) =0

if g is not of the form above.

We define the Eisenstein series Eg A (g, s) on G(A) by

Eyalg,s)= Y. fa(r9:9), (2.8.18)
YEP(Q\G(Q)

The global integral

The global integral for our consideration is

2(s) = / Eua g, $)8(g)dy.
Za(A)GQ)\G(A)

Then, by (2.2.6), Theorem 2.2.1, Theorem 2.5.1, Theorem 2.6.1 and Theorem 2.7.1 we have

Z(s) = QfZoo(5) p 053 L(3s+ 3,7 X 0)

= g(M/f)PMN ) 1— apwpp73573/2 ’ CMN(6S I 1)L(35 1o x p(A)) (2819)

plf
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where f denotes ged(M, N) and

L(s,mx o) = H L(s,mq % 0q)

g<oo

Lisox pA) = [T Els,oq x p(Ag));
q<00,qtM

Cals)= ] a=p7h
ptA

p prime

Py = H (7’2 +1),
rlA
T prime

Qa= H (1—7”),
rlA
r prime

and

oo(s) = / W/, (09, 5)Bg(9)dg (2.8.20)
B(R)\G(R)

As for the explicit computation of Z,,, Furusawa’s calculation in [Fur93], mutatis mu-

tandis, works for us. The only real point of difference is the choice of S. Furusawa chooses

(

40
1
, ifd=0 (mod 4),
0 1
S —
14d 1
* , ifd=3 (mod 4).
31
2

\

He computes Z(s) for the case d =0 (mod 4) and uses it to deduce the other case via a

simple change of variables, using

= N
O kI

N[ =
—_
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In our case we have,

2
G [ [T o) (4 o) (1o
b b b
5o b)) \o 1) \& 1
and so a similar change of variables works.
Define a(A) = a(F, A) by
" > 1<j<n(—a) Mtz)alS;) if M =1
a(A) = -
ﬁz 1<j<n(—a) Atjzr) la(Sje) if M > 1.

1<k<g(M)/t(d)

Then we have (cf. [Fur93, p. 214])

3148 I'(3s+31—3
Henceforth we simply write L(s, F' x g) for L(s,m x 0). We can summarize our compu-

tations in the following theorem.

Theorem 2.8.7 (The integral representation). Let F' and Ey p be as defined previously.
Then

By a(g,s)B(g)dg = C(s) - L(3s + -, F x g)

/zcm)G(@)\G(A) 2

where C(s) =

A(f)ma(A)(4m) =3~ 31+ 305 30(3s 4 31— 3) -
g(M/f)Pyn(6s+1— 1) un(6s +1)L(3s + 1,0 x p(A))

-y 1— apwpp—3s—3/2

with f = ged(M,N).

Remark. Note that

I 1 742 a(F,A)

— X (an algebraic number).
6 2 U= DL x p(h)
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Chapter 3

The Pullback Formula and the

Second Integral Representation

3.1 Eisenstein series on GU(3,3)

Let Pz = M7z Ny be the Siegel parabolic of fI, with

A 0
Myz(Q) := {m(A,v) = ( ) |A e GL3(L),v € QX} )
0 v-(A-1)

Nz (Q) = {n(b) = ((1) i) be Ms(L),b = b}.

For s € C, we form the induced representation
H(A s
I(A, ) = @I, (A, 5) = Tnd ) (A - )
consisting of smooth functions = on H(A) such that
=(nm(A,v)g, s) = [o] 2CT DNy g (det A) P2 A(det A)Z(g, 5)

for n € Ny (A), m(A,v) € M5(A), g € H(A).

Finally, given such a section =, we form the Eisenstein series E=(h, s) by

Eg(h,S) = Z E('yhv S)

YEPE(Q\H(Q)

(3.1.1)

(3.1.2)



80

for Re(s) large, and defined elsewhere by meromorphic continuation.

Some compact subgroups

For each finite place p of Q, define the maximal compact subgroups Kf , Kf , I?p of (respec-

tively) ﬁ((@p)v E(Qp)a é(@p) by

KM = H(Q,) N GLs(Zy,),

KY = F(Qp) NGLy(Z1p),
K, = G(Qy) N GLy(Z1,,).

Let U;{ be the subgroup of KE defined by

Uf:{zer\zE (mod p)}.

Let r: Kf —H (F,) be the canonical map and define the subgroup

" = r=11(6,F,).
Also, put
K = {ge HR)|us(g) = 1,9 < ils >=il3},
Koo = {9 € GR)|pu2(g) = 1,9 < ily >=ils}

and

KE ={ge FR)|um(g) = 1,9 < i >=1i}.

By [Ich07, p.5], any matrix ko in ng (resp. Kfo) can be written in the form ko =
A

-B A

where A € C,|[\| =1, and A+ iB, A —iB lie in U(3;R) (resp. U(1;R)) with
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det(A +iB) = det(A —iB).

For a positive even integer ¢, define
pe(kso) = det(A —iB)~". (3.1.3)
Note that an alternate definition for py(ks) is simply
pe(kiog) = det(kog)®/? det(J (Koo, 1)) "
Also note that if ko has all real entries, then
pr(koo) = det(J (oo, ) ™"

A particular choice of section

Fix an element Q € Hj(Z) and an element 2 € H(Z). For any place v let Q, (resp. €2,)
denote the natural inclusion of Q (resp. Q) into H(Q,).

We impose the following condition on 2 for all primes p € Ss:

If nm(A,v) € Pg(Qp) NQIH0Y, then det(A) € TY .

We next define, for each place v, a particular section T (s) € I,(Ay, s).

Recall that I, (A, s) consists of smooth functions Z on H(Q,) such that

(s+%)

(st 1
E(nm(A, t)g,s) = [t " 2Ny g (det AT A, (det 4)Z(g, 5) (3.1.4)

for n € Nz (Qu), m(A,t) € M5(Qy), g € H(Q,).

e Clearly I,(Ap,s) has a KE fixed vector whenever A, is unramified.

For all finite places p ¢ S, choose T, to be the unique Kf fixed vector with

T,(1,5) = 1. (3.1.5)

e For all finite places p € S3, choose T}, to be the unique Uf fixed vector with

Tp(Qps) =1 (3.1.6)
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and

Yy(t,s)=0
if ¢ ¢ P(Qp)QpU.

e Suppose p € S. Choose T}, to be the unique I;ﬁ fixed vector with

Tp(Qp,s) =1 (3.1.7)

and

Tp(t,s) =0
if ¢ ¢ Py (Q)Q 1.
o Let pe 5.
Choose T, to be the unique Iy’fl fixed vector with

T,(Q,s) =1, Tp(Qp,s) =1 (3.1.8)

and

Ty(t,s)=0

ift ¢ Py (Qp)ﬂj}’ﬁ L Pﬁ(@p)QpII’,ﬁ . Note that such a vector exists by our assumption

on ).

e Finally choose T to be the unique vector in I (A, s) such that

Tm(kooys) = pﬁ(koo) (3'1'9)

for ko € Koﬁg

Let T be the factorizable section in Indgflx) (Al - |2*). defined by
H

T(s) = (®uTo(s))-

As explained in (3.1.2), this gives rise to Eisenstein series Ev(g, s).
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Also, for each place v, we define the local section Tg, by

Tzﬁ;(ga 5) = Tv(nga 5)'

Define T#(s) = @, Th(s).
Note that Y* is right invariant by HpESﬂJSQ Q*[”Z’,EIQ_1 Hp653 QUEQ‘l [1pes KE.

p<oo
So, by (3.1.2), we construct an Eisenstein series Eys(g, s). Note that
Erxi(g,s) = Ex(9Q, s) (3.1.10)

3.2 Statement of the pullback formula
We henceforth fix Q) to equal the following matrix:

01 000 O

10000 O

00000 —1

Q=

00001 -1

00010 O

01100 O
An important embedding

g1 0

We now define an embedding ¢ : R < H. Let (g1,92) € R(A), and put h =
0 g2

Then we define ¢(g1, g2) to equal the element py ' hpo € H(A) where py € GLg(Q) is defined
by

0 1 0 00O
1 0 0 0 00
0 0 0 010
Po = (3.2.1)
0 0 -1 100
-1 0 0 0 01
0 0 1 00O
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An essential feature of this embedding is the following. Suppose

g1 = my(a)ma(b)n € P(A),

g2=0b
where
a 0 0 O
01 0 O 1
mi(a) = e MM (A),
00 a'! 0
00 0 1
a [ ~
ne N(A), b= € F(A),
v 4
and
1 0 0 0
0 a O
ma(b) = Il e o),
0 A0
0~ 0 ¢
a 3
where A = . Then
)
1(91,92) € Py (A). (3.2.2)

It is this key fact that enables us to pass from Klingen Eisenstein series on é(A) to Siegel
Eisenstein series on H(A).
Henceforth, we fix
2 =1106,1)Q.

The Pullback formula

For an element g € G(A), let Fy[g](A) denote the subset of F(A) consisting of all elements
ho such that us(g) = p1(he).
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We will compute the integral

E(g,s) = /N - Eri(1(g, ), s)W(h)A"  (det h)dh. (3.2.3)
F1(Q\Fi[g](A)
Define
Gs) =T -p)7,
pES
LSs,x-p)= ] @=&-p)@p "
p¢S

ged(p,D)=1

where y_p denotes the character of A* associated to L. Also define

Ps =[] +1).

peS

Also, let p(A) denote the representation of GL2(A) obtained from A by automorphic

induction. Hence, for a prime ¢q ¢ S, we have:
L(s,0q % p(Aq))
(1—a*(q)g )1 (1 = B*(q)g~ )" if ¢ is inert in L,

(1 —a(g)Ag(q1)g™*) 7 (1 = B(g)Ag(q1)g™%) ! if ¢ is ramified in L,

(1 —alq)Ag(q)g®) (1 = Bl@)Ag(q1)g*) !

(1= a(@A; N (q)g™*) (1 = B(@)A; (q)g™®) ™" if ¢ splits in L,
where q1 € Zy ®qg L is any element with Ny q(q1) € ¢Z; .

Also for a prime p € S3, put
L(s,0p % p(Ap)) = (L —p~ #7171,

Put

L(s,0 x p(A)) = [ Ls,a4 x p(A,))-
atM

Now define
_ Boo(s)L(3s + 1,0 x p(A))
B(s) = g(M)2Ps,L5(6s + 2, x_p)C5 (65 + 3) (3.2.4)
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where

gM)=T[w+1)

p|M

and
(_1)f/22—6s—1ﬂ_
6s+¢—1

Boo(s) =
Then the pullback formula says:

Theorem 3.2.1 (Pullback formula). For g € G(A) define (g, s) as above and Ega(g,s)
as in (2.8.18). Then we have

g(gv 8) = B(S)E‘lhl\(g? 5)'

We will prove the Pullback formula in §3.5 using the machinery developed in the next

two sections.

3.3 The local integral and the unramified calculation

Definitions

We retain the notations and definitions of the previous section. Furthermore, for any prime

p, we define the following compact subgroups of ﬁ((@p):

F F o
o Ij,={Aec K, |[A= . (mod p)}
*

o Let 1y : Kf — GU(1,1)(F,) be the canonical map and let Kf = 1, Y GLy(Fp)).
Define

IF _ pAF F
o, =K, NTg,.

Some useful properties

First, we note some properties of the section T!. Fix (g1, g2) € R(A).

e Let p be a prime not dividing M N and ki € I/i;, ko € Kf with pe(k1) = p1(ke).
Then, note that
Q_lb(kl,k'g)Q S Kf
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Because Tf, is Kf -fixed, it follows that
YH(u(gikr, gaka), s) = YH(u(g1, 92), 5), (3.3.1)
o Let p|N.pt M. If ky € Uy, ks € T with (k1) = pu1 (k2) then check that
Q u(k1, k2)Q € UL (3.3.2)
Because Tg, is Uf -fixed, it follows that
T (u(g1k1, g2k2). ) = TH(elg1, g2), 9), (3.3.3)

e Let p be a prime dividing M. If ky € I, ky € T4, with pa(k1) = p1(ks) then check
that
Q ik, k2)Q € TF. (3.3.4)

Because Y is Il’,ﬁ -fixed, it follows that
Y*((grki, goka), s) = YH(e(g1, 92), 5), (3.3.5)
o Finally, let k1 € Koo, ko € KE with pg(k1) = p11(k2). Check that
Q~Lilk, k2)Q € K. (3.3.6)

Hence we have

T (g1k1, gaka, s) = pe(k1)pe(k2) 1Y% (g1, g2, 5). (3.3.7)
The key local zeta integral
Let ¢ =[], ¥» be a character of A such that
e The conductor of 1, is Z, for all (finite) primes p,
o Voo(x) =e(x), for z € R,

. vl =1.
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Let Wy be the Whittaker model for W. It is a function on ﬁ(A) defined by

We have the Fourier expansion

A0
U(g)= > Wy g

By the uniqueness of Whittaker models, we have a factorization

W\Il = ®UW\I’7’U'

(3.3.8)

Now, for each place v, and elements g, € F (Qy), ky € f(vv, define the local zeta integral

Zv(gv,kv,s):/ T (1(ky, Bo), 8) W o (goho) Ay (det by )dhy,
F (Qv)

(3.3.9)

The evaluation of this local integral at each place v lies at the heart of our proof of the

pullback formula.

First of all, by (3.2.2) and the properties proved earlier, observe that it is enough to

evaluate the integral for k, lying in a fixed set of representatives of (P(Q,) N E)\f{\; JUy,

where
K, ifv¢gs

Uy = U, ifvess
I{] ifve S usy

For 1 < i <5, define the matrices s; € G(Q) as follows:

01 0O 0 0 0 1 0 0 1 0

1 000 0 0 1 0 0 0 0 1
S1 = ,  S2= y  S3=

0 0 0 1 0 -1 0 0 -1 0 0 0

0 010 -1 0 0 0 0O -1 0 O



0 -1 0 O 0O -1 0 O

-1 0 0 O -1 0 0 O
84 - 9 S5 -

0O 0 0 -1 0 1 0 -1

1 0 -1 0 0O 0 -1 0

Define the set Yo, = {1} and for a (finite) prime p, define the set Y, C G (Qp) as follows:
o V,={1}ifpt MN.

o Y, ={1,s1,8}if p|N,pt M.

o Y, ={1,s1,52,53,0,0s2,0s4,0s5} if p|M.

Remark. In the above definition, we consider the s; and © as elements of G (Qp). This

makes Y, a subset of G(Z,) for all places v.
Lemma 3.3.1. Y, is a set of representatives for (P(Q,) N E)\E/Uv at all places v.

Proof. For v infinite or v a prime not dividing M N, this is obvious. Now let p be a prime
dividing N but not M. If W denotes the eight element Weyl group, then W is generated
by s1 and s. W is a set of representatives for (P(Q,) N I’(:,)\If(:,/ff where Ipé denotes the
Iwahori subgroup of G (Qp). Since ﬁ; is larger than IE , there is some collapsing, as expected.
By explicit computation we find that {1,s1,s2} do form a set of distinct representatives.
The case when p|M is also proved similarly by explicit computation. For brevity, we do not

include the details here. O

The rest of this section and the next will be devoted to evaluating at each place v the

integral Z,(gy, kv, s) for every k, € Yy, g, € ﬁ(@v).

The local integral at unramified places

In the rest of this section, ¢ will denote a prime that does not divide M N. Hence, both A,
and o, are unramified.

In particular, o, is a spherical principal series representation induced from unramified
characters «, 3 of Q.

By abuse of notation we use g to also denote its inclusion in Q. Thus g is an uniformizer

in our local field.
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Let p(A) denote the representation of GLy(A) obtained from A by automorphic induc-

tion. Hence we have:
L(s,0q4 % p(Ag))
(1—a*(q)g )1 (1 = B*(q)g~ )" if ¢ is inert in L,

(1—- Q(Q)Aq((h)q_s)_l(l - 5((1)1\(1(%)@_5)_1 if ¢ is ramified in L,

(1—a(q)Aqg(q)g %) (1 = Bl@)Ag(q1)g*) !

(1= (@A (a)a™*) 7 (1 = Bl@)Ag (a)g™*) ™" if g splits in L,
where q1 € Z; ®q L is any element with Ny q(q1) € ¢Z; .

(1 —x(q)g~®) if x is unramified at ¢,
For a character x of Q; define L(s, x) =

1 otherwise.
Proposition 3.3.2. Let q be a prime such that gt MN. Let 1 denote the trivial character
and x_p denote the Hecke character associated to the quadratic extension L/Q. Then, we

have
L(3s+ 1,04 x p(Ayg))
L(6S + 2, (X—D)Q)L(6S + 3, 1) ‘

Zﬂ](gfb 178) = W‘P,q(gq) '

Proof. Let K, f ! denote the maximal compact subgroup of ﬁl (Qq) defined by
KD = Fi(Q) NGLy(Zy ).
Note that for g € ﬁl(Qq),kl, ko € Kfl, we have using (3.1.1), (3.3.1)

Tg(L(l, klgkg), 8) = Tg(/,(mg(kl)mg(kl)il, k1gka), s)
= Y4 (u(ma(k1) ™", gha), )

= T5(u(L,9), )

In other words Tg(L(l,g), s) only depends on the double coset Kfngfl.
There are three distinct cases: ¢ can be inert, split or ramified in L. We consider each

of these cases separately.

Case 1. q is inert in L.
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In this case, L4 is a quadratic extension of Q,. We may write elements of L, in the
form a + byv/—d with a,b € Q,; then Zy, , = a + bv/—d where a,b € Z,. Also note that A, is
trivial.

We know (Cartan decomposition) that

Fi(Qy) = | | K[ Ak ]
n>0

0
where A,, = 1 . So (3.3.9) gives us

Z(I(glb 178) = Z Tg(l’(laAn)a S) /K};IA Kﬁl W\I’,q(gqhq)dhq- (3310)

Given an element k € Kfl we can find [ € Z , such that kl € GL2(Z,). 1t follows that
if
GLy(Zq) AnGLo(Zg) = | |aiGLs(Zy),

where a; € SLy(Z,) then
KPP AKD = |aiK[
i

The importance of this observation is that we can use the theory of Hecke operators for
GL; to evaluate fo1Aanl W 4(gqhq)dhy.
Recall that classically T'(¢*) denotes the Hecke operator corresponding to the set
GLy(Zq)SkGLa(Zg) where S), comprises of the matrices of size 2 with entries in Z, whose

determinant generates the ideal (¢*). Also observe that

q’l’l
GLy(Z4q)S20GLo(Zg) = GLy(Z4q)AnGLo(Zy)
0 q¢"
q 0
| ] GLy(Z4q)San_2GLa(Zy).
0 ¢q
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So we have
/ Py 7 Wy 4(9qhq)dhy = Z W 4(gqai) (3.3.11)
K, AnK, -

= (Bon — Bon—2)Ww 4(g4) (3.3.12)

where (y, is the eigenvalue corresponding to W for the Hecke operator T'(¢*). We put 8 = 0
if £ <O0.
Using [Bum97, Propostion 4.6.4] we have

qk/2<a(q)k+1 _ 5(q)k+1)
a(q) — A(q)

Br = (3.3.13)

for k > 0.
On the other hand, using (3.2.1) we see that ¢(1, A;,) is the matrix

1 0 0 00 O
0 1 0 00 O
0 0 qg " 0 0 O
C =
0 0 ¢g"—1 1 0 O
0 0 0 01 0
1—-¢" 0 0 0 0 ¢
We can write C = PK where
¢ 00 0 01
0 1.0 0 00O
0 01 g™ 0 O
P = epﬁ(@q)
0 00 g™ 0O
0O 00 0O 10
0O 00 0 01



and
1 0 0 0 0 -1
0 1 0 0 0 O
0 0 1 -1 0 0
K = . (3.3.14)
0 0 1—q¢q" ¢ 0 0
0 0 0 0 1 0

So, by (3.1.1) we have
TH(u(1, Ap), 5) = ¢ ETUITE(K ) (3.3.15)

Also K € Kf, hence Tg(K, s)=1.
So, by (3.3.10),(3.3.12),(3.3.13),(3.3.15), we have

Zq(9q7 17 5) = W\p q(gq) |:Z qfﬁn(s+1/2) qn(a(q)2"+1 — B(q)2n+1)

= a(q) — B(q)
e ensi1y @ (@ = Blg)* Y
7; ! a(q) — B(a)

- *)A+q%7?)
(1 —alg)?q~%72)(1 — B(q)*q~%2)
L(3s+1,04 x p(Ay))
6s+2,x-p)L(6s+3,1)

= W‘lf,q(gq) : (

Case 2. q is split in L.

We can identify L, with Q, & Q, with Q, embedded diagonally as t — (¢,1).

For g € GL,(Q,) denote g* = J,1(¢")"1J,. Note that for n = 2, g* = dag- Now

there is a natural isomorphism of GL,(Q,) into U(n,n)(Qq) given by g — (g,¢*). Thus
specializing to the n = 2 case, g — (g, ﬁ;g) takes GL2(Qy) isomorphically onto P (Qqg)-

qm+k 0
Define A,, ;. to be the image of
0 qm
(g™, q7™) 0

Thus Am,k =
0 (qm’ q—m—k)
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The Cartan decomposition gives us
Fy(Q) = || K" A,

k>0
meZ

Let g1 denote the element (¢,1) € Ly. So Ny, /g(q1) = ¢. For brevity, let us denote Ay(q1)

by A. Note that for any integer m,
Aq(qm’qu) — A2m.
Now, using (3.3.9), we have

ZQ(gQa ]-a 5) = Z Tg(L(]‘?Am,k), 5))\—4m—2k/

F F
k>0 quAm,qul
meZ

Using the above conventions, and the notation of the inert case, we have

g™ 0
GLy(Zq)SkGLy(Zg) = . GLy(Zg) A xGLa(Zy)
q—m

q O
| ] . GLy(Z4g)Sk—2G Ly (Zy).
q

So, we have

/ L Wag(gehg)dhy = (B — Be-2) W q(gq)
K ' Ay 1k Kt

where we put G = 0 if £ < 0. Now ¢(1, Ay, 1) is the matrix C' where

1 0 0 00 0
O 1 0 00 0
0O 0 ¢* 00 0
C= 1
0 0 ¢"-110 0
O 0 0 01 0

1_qm+k 0 0 0 0 qm+k

= W‘I/,q(gqhq)dhq-

(3.3.16)

(3.3.17)
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[Note that by C' we actually mean the pair (C,C*). This convention will be used
throughout our treatment of the split case; thus the letters P, K etc. are really a shorthand
for (P, P*), (K, K*), etc.]

First we consider the case m > 0. We can write C = PK

where

gt* 0 0 0 0 1

0 1 0 0 0 O

0 0 ¢g™ —¢™ 0 O

p_ q q

0 0 O 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

and
1 0 0 00 -1
0 1 0 0 0 0
0 0 qm 1 0 0
K =
0 0 ¢g"—-1 1 0 0
0 0 0 01 0
1— qm+k 0 0 0 0 qm—l—k

Since P € Py(Q,) we have, using (3.1.1)
YH(e(L, Apyp), ) = NI HRGT3EmEREH/2D 78 (¢ ) (3.3.18)

Since K € Kf, Tg(K, s)=1.

Thus when m > 0 we have
Tg(L(lvAm,k‘)a S) _ )\2m+kq—(6m+3k)(s+1/2)‘ (3'3‘19)

Now suppose 0 > m > —k. For convenience we temporarily put n = —m. So 0 < n < k.

We can write C = PK



where
¢~ 00 0 0 1
0 10 0 00
0 01 ¢g™ 0 0
P= e
0 00 ¢g™ 00
0 00 0 10
0 00 0 01
and
1 0 0 0 0 -1
0 1 0 0 0 0
0 0 1 -1 0 0
K:
0 0 1—-g" " 0 O
0 0 0 0 1 0
1—¢*™ 0 0 0 0 ¢k

Since P € Py(Qq) we have, using (3.1.1)

TH(u(1, Amp), 8) = A2 Rg SRR (K )

(3.3.20)
— )\2m+kq73k(s+1/2)rg(K’ S)
As before Tg(K, s)=1.
So, when —k < m < 0 we have
YA(e(L, Ag), 8) = A2 g3k HL/2), (3.3.21)
Finally, consider the case m < —k. For convenience we again put n = —m. So0 < k < n.

We can write C' = PK

where
100 0 0 O
010 0 0 0
001 ¢™ 0 0
P= 1
000 ¢™ 0 0
000 O 1 0
000 O 0 ¢
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and
1 0 0 0 00
0 1 0 0 0 0
0 0 1 -1 0 0
K =
0 0 1-¢" ¢" 0 0
0 0 0 0 10
k-1 0 0 0 0 1

Since P € P5(Q,) we have, using (3.1.1)

Th((L, A ), 8) = N2 (1 )
(3.3.22)
_ /\2m+kq—3(—2m—k)(s+1/2)Tg(K, S)

So, when m < —k we have
Tg(b(l,Am,k),S) _ )\2m+kq(6m+3k)(s+1/2). (3323)
Substituting (3.3.13),(3.3.17),(3.3.19),(3.3.21),(3.3.23) into (3.3.16) we obtain

Zq(g(b 17 8)

= Wuq(94) Z(ﬁk — Br—2) [ Z A—2m—k o (=6m=3k)(s+1/2)
k= m=1

e o

—k—1
+ Z )\—2m—kq—3k‘(s+1/2) + Z /\—2m—kq(6m+3k)(s+1/2)
m=—k m=—00
_ Wy q(gq)(1 — g7 %73)(1 — ¢~ %72)
(1 —a(@)Ag=3 1)1 = B(@A g3 1)(1 — a(g)A\"1g=31)(1 — B(g)A"tg3~1)
_ L(3s+ 1,04 X p(Ag))
= Waa(9q) L(65+2,xy_p)L(6s +3,1)

Case 3. ¢ is ramified in L.

We largely revert to the notation of the inert case. Write elements of L, as a + bv/—d
with a,b € Qg; so Zr, 4 = a+bv/—d with a,b € Z,. Also let ¢1 = /—d; thus NL/Q(Ql) €qZy.
Put A = Ay(q1). We have \? = 1.
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The Cartan decomposition takes the form

Fy(Q) = | | K 4Ky

n>0

where A,, = i . So (3.3.9) gives us
0 ¢
Zy(9q,1,8) = Zrﬁ (1, A,) /ﬁlA 5 Wy 4(gghg)dhy. (3.3.24)
n>0 nK
Now,
—n
KﬁlAnKﬁl _ (% 0 o q" 0 Kh
q q q q
0 ¢ 0 1

So, by the same argument as in the inert case, we have,

/FlA K W\Il,q(gqh )dhq = (ﬁn - ﬂn—2)W\p7q(gq) (3325)

where, of course, we put 3, = 0 for negative n.

Now ¢(1, A,,) is the same matrix as in the inert case with ¢ replaced by ;. So the same
choice of P and K work.

Thus, by (3.1.1) we have

YE(u(1, Ap), s) = g e t1/2) (3.3.26)

Substituting (3.3.13),(3.3.25), (3.3.26) in (3.3.24) we have

ZQ(gqv 175) W\Ihq Yq |:Z)\n 3n( 3+1/2)q n/2 (O‘(Q)n—i—l (Q)n+1)
n>0 a(q) — B(q)
n/2—1 n—1 _ n—1
— n,—3n(s+1/2) 4 (OZ(Q) ﬂ(q) )
2\ a(q) — B(qg)

n>2
(1—q %)
(1 —algra ™ O - B g =)
B L(3s+ 1,04 x p(Ayg))
- W\P;Q(QQ) ' L(65 + 27 X*D)L(6S + 35 1)

= W‘Ihq(gq)




99

(Note that L(s,x—p) = 0 in this case)

This completes the proof. O

3.4 The local integral for the ramified and infinite places

The local integral for primes in S;

Let r be a prime dividing NV but not M. Note that r is inert by our assumptions. In this

section we will prove the following proposition.

Proposition 3.4.1. We have

Z(gr Ky, 8) = ﬁW\p,r(Qr) . L(3s + 1,0, % P(Ar)) if kr =1
0 lf kr = 81 OT S2.

where the local L-function L(s, o, x p(A;)) is defined by
L(s,0, x p(Ay)) = (1 —r257H 7L,

Proof. Recall that o is the irreducible automorphic representation of GL2(A) generated by
U. Let o, be the local component of o at the place r. We know that o, = Sp ® 7 where
Sp denotes the special (Steinberg) representation and 7 is a (possibly trivial) unramified
quadratic character. We put a, = 7(r), thus a, = %1 is the eigenvalue of the local Hecke
operator T(r).

We first deal with the case k, = 1. Let I’(}i ! denote the compact open subgroup of
F1(Q,) defined by

re =18 N F(Q).

Note that for g € F1(Qy), k1, ko € Ffilr, we have using (3.1.1), (3.3.3)

Th(u(1, kigks), s) = YE(u(ma(k1)ma (k)™ kigks), s)
= Y (u(ma(k1) Y, gko), s) (3.4.1)

T

= T5(u(1,9),5)

In other words Tﬁ(L(l, g),s) only depends on the double coset Fg agfé;’ L.

Because r is inert in L, L, is a quadratic extension of Q,.. We may write elements of L,
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in the form a + bv/—d with a,b € Q,; then Zr,, = a+ byv/ —d where a,b € Z,. Also note that
A, is trivial.

We know (Bruhat-Cartan decomposition) that

= F Fi, oF
F(Q) =T, U Iguwly,
Fi 4 F F F
u | |reiAlrgt v | | Tit Al
n>0 n>0
u | TiiwA, T8 U || T wAwT (L
n>0 n>0

(3.4.2)

r 0 1
where A, = and w = . S0 (3.3.9) gives us
0 " -1 0

Z(gry1,8) :T&(L(1,1),s)/ﬁ Wy - (grhy)dh,
Lo

+T$(L(1,w),5)/N W (ghe)dhy

FO,TWFO,T

F LA [

n=0 For4nTo (3.4.3)

—I—ZTE(L(LA”’LU),S)/N _ Wy, (grhy)dh,

Fy y
n>0 FO,TA"wFO,r

+ZT£(L(1,wAn),s)/ _ Wy (g+hy)dh,

Py Fy
n>0 FO,TwAnFO,r

—1—ZTE,(L(I,wAnw),s)/~ _ Wy ,(grhy)dh,.

Fy Fy
n>0 FOJwAnwFO’T

Now Wy, is an eigenvector for the Iwahori-Hecke algebra, hence each of the integrals
in (3.4.3) evaluates to a constant multiple of Wy ,(g,). Thus for some function A(s) (not

depending on g,) we have

Zy(gr,1,5) = A(S)W‘I/,r<9r)-

Since Wy (1) = 1 it follows that

Zr(gra 17 5) = Zr(la 17 S)W\I/,r(gr) (344)
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Given an element k € Pg ! we can find | € Z] , such that kl € I'g ;.. It follows that if
FO,rAnFO,T’ = |_| aiFO,ra
i

where a; € SLy(Zg) then
TiL AT = |l (L.

7

From [Miy89, Lemma 4.5.6], we may choose a; = where 0 < m < r?". Using

the formula in [GK92, Lemma 2.1], we have Wy ,.(a;) = r~2" and hence

> Wy, (a) =1 (3.4.5)

F F| - F
a€ly L AnTg 5 /Ty,
Also, from [Miy89] we have

P Foo_| |» 7R
TilwAwlgh = | |biTgL.
7

r " 0
where b; = . Using the formula in [GK92, Lemma 2.1], and doing some
_mrl—n rh

simple manipulations, we have

> Wy, (b) =1 (3.4.6)

beThLwAn,wlyt /TEL

Next, we check that the quantities TE(L(L Apw), s), T?»(L(l, wA,),s), are both equal to
0. Indeed TE«(L(l,A),s) = 0 whenever (1, A) as an element of H(Q,) does not belong to
Pﬁ(QT)QUTﬁQ_l. Let K be the matrix defined in (3.3.14) with ¢ replaced by r. It suffices to
prove that the quantities K¢(m(w),1)Q, K¢(1,w)-Q do not belong to (Pz(Q;) ﬂKﬁ)QUﬁ.
We check this by taking a generic element P of (Pz(Q;) ﬁKﬁ ) and showing that Q' PK, ¢

Urﬁ where K is one of the above quantities. That is a simple computation and is omitted.
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On the other hand, putting

r 0 0 0 01
0 1.0 0 0O
0 01 ™ 00
"= € Py(@)
0 00 ™ 00
0 00 0 10
0 00 0 01
we can check that
QlPl.(1,4,)Q e UX,
hence
Ti(u(1, Ay), s) = r07(+1/2)
Also, putting
00 »™ 1 0 O
01 0 00 O
S L R R P
00 0 00 r ™
00 0 01 0
00 0 10 O

we can check that

Q—lp—l ’ L(wvAnw)Q € Uf],

hence

Tg'(b(l’ wAnw), 3) = Ta(L(U@ Anw), 5) — T*ﬁn(erl/Q)

(3.4.7)

(3.4.8)
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So, using (3.4.5), (3.4.6), (3.4.7) and (3.4.14),

Z,(1,1,5) = Ta(m,l),s)/ﬁ dhr—kZTﬁ(L(l,An),s)[/FFlA & Wy (h,)dh,
0,r“ M= 0,r

1
FO,r n>0

+ / I O th]
Tl AnTgL (r)

= [KF TR (1423 1L, An). )

n>0
1
— 1 9 —6n(s+1/2)
r+1 (1+ Z " )
n>0
1 1477653

r+11—p-6s=3
whence (3.4.4) implies

1+ 1"_68_3

1
Ze(9rs1,8) = —=Wur(9r) - T— =55=3-

4.
r+1 (3-4.9)

Finally, we deal with the case when k, = s1 or so. The key observation is that if £ € K f 1

then for i =1, 2,

si_lmg(k)si € &:

By the same argument as in (3.4.1), it follows that Ta(si, g,s) only depends on the double

coset Kfl gI‘gjlr. So, if we can show that for all b € F}(Q,) we have Zaerl pr o Wy r(gra) =

T

0, it would follow that Z,.(g,, s;,s) = 0.
If we define
Wi(gr) = Z Wy r(gra)

ac K AT /Tt

then W(g,k) = W(g,) for all k € Kfl; in other words W is a vector in the Whittaker space

that is right Kf ! invariant. But the only such vector is the 0 vector and this completes the

proof.

The local integral for primes in S,

Proposition 3.4.2. Let p be a prime dividing gcd(M,N) and k, € Y,. We have
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Wy p(9p) : _ _
152 ifky =1 ork, = s1
Zp(va kp7 S) = (er )

0 otherwise .
Proof. Recall that o is the irreducible automorphic representation of GLy(A) generated by
V. Let 0, be the local component of o at the place p. We know that 0, = Sp ® 7 where
Sp denotes the special (Steinberg) representation and 7 is a (possibly trivial) unramified
quadratic character. We put a, = 7(p), thus a, = £1 is the eigenvalue of the local Hecke
operator T'(p).
Let ngﬁ denote the compact open subgroup of Fy (Qp) defined by

rgfg =T N Fi(Q,).

ky € T we

We first consider the case k, = 1. Note that for g € ﬁl(Qp),kl € I”ﬁ1 0.p

0,p>
have using (3.1.1), (3.3.5),

Tg(L(l, klgkg), 8) = Tﬁ (L(MQ(kl)mQ(kl)_l, klgkz), S)

= Y¢ (L(ma(k1) L, gka), s) (3.4.10)

1Fy gl—\/Fl

In other words T%(a(l,g), s) only depends on the double coset I'y) gI' .

Because p is inert in L, L, is a quadratic extension of Q,. We may write elements of
L, in the form a 4 bv/—d with a,b € Qp; then Zr,, = a + bv/—d where a,b € Z,. Also note
that A, is not trivial.

Fix a set U of representatives of Z7 » / F%,p- For definiteness we may take

U={1}uU{b+VvV—-d:beZ,0<b<p}

For [ € L) put l= - We know that given g € I‘g}? there exists [ € ZLXp such that

0 1
gl e ng;. From this fact and the Bruhat-Cartan decomposition (3.4.2), it follows that
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|_|F’F1ZF’F1 U |_|F’F1 zr”’;
leU leUu

U | rEadr U || AT

n>0 n>0 (3411)
leu leu

u | TfwA T U | | Ty w A il
n>0 n>0
leUu leU

™ 0 0 1

where as before A,, = and w =
0 r™ -1 0

Now, in the proof of Proposition 3.4.1 we saw that the elements (1, A,w), (1, wA,) of
fI(Qp) do not belong to Pﬁ(Qp)QUfQ_l. In particular therefore, the elements ¢(1, Anwl~),
(1, wARl) of fI(Qp) cannot belong to Pﬁ(Qp)QI;DﬁQ_I.

So (3.3.9) gives us

Zp(gp,1,8) = D_ AP OTH(LD,8) | Wap(gphy)dhy
leU 0,p
+3 Y T AZOTE((L, Anl), )/,F 5 W p(gphp)dhy (3.4.12)
n>0 LU Lo Anil
YN AW TE((L, wAwl), 5) / . o Wy (gphy)dhy.
n>0leU Lo, wAnwilo )

If we choose a;, b; as in the proof of Proposition 3.4.1 then we have

/ﬁl I /ﬁl _ . /ﬁl
I‘(J,IJ‘LX”ZFO,I? - |_| azFO,p7

Ty w A ity = |_| by
Hence, by the same argument as in the proof of that proposition, we have

F 1F11—1
//FlAanlf‘l W\If p(gph )dhp == /OF wAnwlF/ﬁl W\Iﬂp(gp}L )dhp = [K F ] .

It is easy to check that the last quantity is equal to ﬁ.
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So we have
, 9
Zy(gpeLs) = ) (ZA (1,1, 5)
v (3.4.13)
+ZZA (L, Anl),s) + )Y A2 TE (1, wALwl), )>
n>01eU n>01eU

We can check that for n > 0, L(l,AnZV) does not belong to Pf[((@p)QII’ﬁQ_l, hence
Tg(a(l,Aniv),s) = 0. We can also check that for [ # 1,1 € U, (1,7) does not belong to
Pﬁ(Qp)QIIQﬁQ_l, hence Tf,(L(l,lN),s) =0.

Also, putting

00 p7 " 10 0
0 1 0 0 0 0
10 0 00 p™
P = Gpﬁ((@p)
00 0 00 p™i
0 0 0 0 1 0
0 0 0 1 0 0

we can check that

Qflelb(w,Anwflv)Q € Ill,ﬁ,

hence
Tg(L(l, wALwl), s) = Ay (1)p~on(s+1/2) (3.4.14)
Thus we have A;Q(Z)Tg(L(l, wAywl), s) = A;l(l)p_6”(3+1/2) and hence for all n > 0 we
have
D> A7 (1, wApwl), s) = 0.
leu

So we conclude that

Wy p(9p)
Zy(gp,1,5) = ﬁ-

Next, we deal with the case k, = s1.
Itk e F’Fl then s;'ma(k)s; € I,. So, by the same argument as before, we know that
T]ﬁ)(a(a7 g),s) depends only on the double coset F'F ! gF'F !

Also, by explicit computation, we check that ¢(sq, Anwl), L(sl,wAnD do not belong to
Pﬁ(Qp)QII’ﬁQ_l for any n > 0. Moreover, the quantity ¢(s1, Anl~) belongs to Pﬁ(Qp)QII’ﬁQ_l



107

if and only if n = 0,1 = 1. On the other hand, for n > 0, the quantity ¢(s1, wA,wl) does

belong to Py (QP)QII’)IN{ Q. These last two facts are reflected in the following equations.

1(s1,1) = PQIQ™, (3.4.15)
where
010000
100000
001000
P = Epﬁ((@p),
000010
000100
000001
and
1 0 000 0
01 000 O
1 -1 100 0 -
I= en
0 0 010 —1
0 0 001 1
0 0 000 1
sy, w Aywl) = PQIQ™ (3.4.16)
where
0 1 0 00 0
10 0 00 0
00 —p"I " 00 0
P = Epfl(@p)v
00 0 01 0
00 0 10 0
00 0 0 0 —p



and

1 0O 0 00 0

0 1 0 00 0

—nj—1

. -1 100 0 i

0 0 0 10 —p "

0 0O 0 01 -1

0 0 0 00 -1

So, we have

Z(gp, 51, 8) = V(V 2(9) <1+ZZA (u(s1, wAwl), )>. (3.4.17)

n>01leU

But from (3.4.16) we see that T;ﬁ,(b(sl,wAanN), s) = A, (1)p~5+1/2) and hence

ZA (u(s1, wAywl),s) = 0.
leU

This completes the proof that

Wy »(9p)
Z — 7p p .
p(gpaslvs) (p+ 1)2
/0 F1 IF 0 1
Next, we consider k, = s2. Let I'y = il 1J1 where J; =
-1 0

Ifke F/O’ﬁl then S;lmg(k‘)SQ € I' So, by the same argument as before, we know that
Tg(L(SQ, g), s) depends only on the double coset " FlgF/Fl

Now, the Bruhat-Cartan decomposition (3.4.11) continues to hold when we replace the
left ng; in each term by F;O’ﬁl. So, to prove that Z,(gp,s2,s) = 0 it is enough to prove
that each of the elements (s2, Anl), t(s2, Apwl), t(s2, wAnl), (52, wA,wl) cannot belong to
Pﬁ(Qp)QII’ﬁ Q™! for any n > 0. This we do by an explicit computation. The details are
omitted.

Next, take k, = s3. Once again, we check that if k € F;O’ﬁl then sglmg(k)53 € I,. Onthe
other hand, an explicit computation again shows that the elements ¢(s3, An’lv), L(s3, Anwzv),
t(s3, wA,J), t(s3, wAan cannot belong to Pﬁ(Qp)le’,ﬁQfl. So by exactly the same argu-

ment as the previous case, Zp(gp, s3,s) = 0.
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Next consider the case k, = ©. Define

1 =
F’llil—{AEF'Fl\A_ 0 (mod p)}.

We can check that if k € l“uﬁ1 then O 'my (k)0 € I,. We know that given g € Folp, there ex-
ists [ € Zz such that gl € F’F !. Thus, the Bruhat-Cartan decomposition (3.4.11) continues
to hold when we replace the left Flo% in each term by F’f;. An explicit computation again
shows that the elements +(©, Anl), 1(©, Apwl), L(O, wA,l) never belong to Pﬁ(Qp)QII’,ﬁQ_l.

On the other hand, if n > 0, then ¢(O, wAnw’lv) does belong to Pﬁ(Qp)QI;,ﬁQ_l. Indeed,

WO, w Aywl) = PQIQ™ (3.4.18)
where

1 «a 0 0 0 0

0 1 0 0 0 0

00 —p" 0 0 0

P = Epﬁ(@p)v

0 0 0 1 0 0

0 0 0 —a 1 0

0 0 0 0 0 —p ™

and
1 0 0 00 0
0 1 0 00 0
—ap™l™t —1—p~! —1 0 0 0 -
I= P P . ent.
0 0 0 10 —p «
0 0 0 0 1 —14p "
0 0 0 00 -1
So, we have
W\If,p gp
Zp(9p: ©,5) = SN AW TEW(O, wAuwl), 5) ). (3.4.19)

n>01leU
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But from (3.4.18) we see that Tg(L(G,wAnwzv), s) = Ap()p~6(5+1/2) and hence

Z A;2(Z)T§7(L(@7 wAn'wflv), S) =0.
leUu

This completes the proof that
Zp(9p,©,5) =0.

Next consider the case k, = Osa. Define the subgroup

= = 10
F;Fl:{AEFg;HAE . (mod p)}.

We can check that if k& € I‘;ﬁl then (Os2) " 'my(k)Osy € I),. We know that given g € ng,
1

~ x
there exists # € Z/pZ such that gu(z) € T')f1, where u(z) is the matrix . So, to
0 1

prove that Z,(gp, ©s2, s) = 0, it is enough to check that the elements ¢(Os2, w(z)Apl), L(Osa, u(x) Apwl), L(O:
do not belong to Pﬁ((@p)Q[;ﬁ Q~!. This can be done by an explicit computation (omitted
for brevity).
Next, consider the case k, = ©s4. As before, we can check that if £ € F;,ﬁ ! then
(©s4) 'ma(k)Oss € I). To prove that Z,(gy, Os4,s) = 0, it is enough to check that the
elements +(Osy, u(x)Anl), 1(Osy, u(z) Apwl), 1(Osys, u(x)wAul), t(Osy,u(z)wA,wl) do not
belong to Py (QP)QII’)?I Q~'. This is done by an explicit computation, which we omit.
Finally, we consider the case k, = ©s5. We can check that if k& € ng then (Os5) 1ma(k)Oss5 €
I;). To prove that Z,(gp, ©ss,s) = 0, it is enough to check that the elements L(935,An23,
L(Oss5, Apwl), L(Os5, wALL), L(Os5, wA,wl) do not belong to Pﬁ(Qp)ngﬁQfl. This is done

by an explicit computation, which we omit.

This completes the proof of the theorem.

The local integral for primes in S,
In this subsection, we prove the following proposition.

Proposition 3.4.3. Let p be a prime dividing M but not N and k, € Y,. We have
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Waplgp) _ _
: ifk,=1o0rk,=0
Zp(va kp) S) = )

0 otherwise .
Proof. Recall that o is the irreducible automorphic representation of GLy(A) generated by
V. Let o, be the local component of o at the place p. We also let a, 3 be the unramified
characters of Q; from which o), is induced.

Let T/

0 p,FllF ! be as defined in the previous subsection.

D
We first consider the case k, = 1. As in the previous case, T4(1(1,9),s) only depends
on the double coset ngi gl“gii.

By explicit computation we check that, (1, Anl), ¢(1, Apywl), o(1,wAnl), (1, wA,wl)
do not belong to PH(@p)QI;ﬁ Q~'. So, by the results of the previous subsection, and
by (3.4.11), we have Z,(gp,1,s) = 0.

Next, consider the case k, = s;. Again, by explicit computation, we check that for
n > 0, o(1,Anl), (1, Apwl), (1, wAuD), (1, wA,wl) do not belong to Pﬁ((@p)ﬁfz’gﬁ@_l.
Furthermore «(1,wl) does not belong to Pﬁ(Qp)QII’)ﬁQ*]L and «(1,1) belongs only when
I # 1. This last fact is reflected by the following equation: Let [ satisfy the equation

2+ b1l +c; =0and let a = (I —r)/2 for some r € Z. Then we have

u(1,1) = PQIQ™! (3.4.20)
where
0 -$ 0 0 0 0
1 £ 0 0 0 0
p_ |00 Lo 0 0 _, @)
= = ~ )
0 0 0 —t-1 _2f 7
0 0 0 1 0 0
0 0 0 0 0 1
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and
2
-2 00 0 0 0
Bro1 0 0 0 0
0O -1 1 0 0 0 ~
I= 1
_¢ _btr btr © Ip
0 0 0 5 5 5
0 0 0 0 1 1
0 0 0 O 0 1
Hence we have
Wi - ~
Zylapo1o9) = I STAZOG D) 1] a2
PRSP
1#1

where the 1 comes from the results of the previous subsection.
Noting that Tﬁ,(b(sl,'f), s) = Ay(l) and that Y ey A1) = —1,
1£1

we get

W\Ihp(gp) W‘P,p(gp) .
(p+1)? " (p+1)2

Zp(gpa S1, 8) = -

Next, we consider k, = s2. Let F;,O’ﬁl be as in the previous subsection.

By the argument there, we know that Tg(b(s% g),s) depends only on the double coset
Iy Fgr.

To prove that Z,(gp, s2,s) = 0 it is enough to prove that each of the elements ¢(s2, Anl),
L(SQ,ATLU}N), L(SQ,wAnN), L(Sg,wAan) cannot belong to Pﬁ(Qp)QI;fIQfl for any n > 0.
This we do by an explicit computation. The details are omitted.

Next, take k, = s3. Once again, an explicit computation shows that the elements
L(s3, Anl), t(s3, Apwl), 1(s3, wARD), t(s3, wA,wl) cannot belong to Pﬁ(Qp)QIgN{Q*I. So by
exactly the same argument as the previous case, Z,(gp, s3,s) = 0.

Next, consider the case k, = ©. By explicit calculation, we check that for n > 0 the
elements (0, Aywl), (0, wALL), (0, wA,wl) do not belong to Pz (QP)QII’DEQ_l.AISO check
that o(©, wl) ¢ Pg(Qp)QII’,ﬁQ”. Also, provided [ # 1, we have +(©, wl) ¢ Pﬁ(Qp)QII’,ﬁQfl.

Thus, the only term that contributes is ¢(0,1).
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So by the same argument as before, we have

Zp(9p, ©,8) = T%(L(@y 1),s) /F/ﬁl W p(gphp)dhy
0,p

(3.4.22)
_ Wy p(9p)
(p+1)?
Next consider the case k, = ©Osy. For € Z, let u(z) be as in the previous sub-

section. As before, to prove that Z,(gp, ©s2,s) = 0, it is enough to check that the ele-
ments ¢(Osg, u(x) Anl), t(O52, u(z) Apwl), L(Osa, u(x)wAul), (O, u(z)wA,wl) do not belong
to Pﬁ((@p)ﬂlz’,ﬁ Q~!. This can be done by an explicit computation (omitted for brevity).
Next, consider the case k, = ©s4. To prove that Z,(g,, ©s4, s) = 0, it is enough to check
that the elements t(Osy, u(x)Anl), t(Os4, u(z) Apwl), t(Os4, u(z)wAnl), t(Os4, u(z)wA,wl)
do not belong to Pﬁ(@p)ﬂlfl Q~'. This is done by an explicit computation, which we omit.
Finally, we consider the case k, = Oss. To prove that Z,(gp, ©ss5,s) = 0, it is enough

to check that the elements ¢(Os5, Ayl),.(Oss, Apwl), 1(Os5,wALL), t(Os5, wA,wl) do not

belong to Py (Qp)QILﬁ Q. This is done by an explicit computation, which we omit.

The local integral at infinity

Proposition 3.4.4. We have

Zoo(gooa 1, 3) = Boo(S)W‘ll,oo(goo)v

—1)¢/29—6s—1,
where BOO(S) = (%(SW

Proof. Note that K, fo is the maximal compact subgroup of B (R). Furthermore, note that

any element h of F1(R) can be written in the form

1 =z b 0
h = k
0 1/ \0 b7!
~ 1 =z b 0
wherez € R, b € R*, k € KL . Let us henceforth denote u(x) = ,t(b) = .
0 1 0 b~

We normalize our Haar measures such that KZ has volume 1. Also, note that A is trivial
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and for k € Kfo, g,h € F1(R) we have
Y (L1, hk), )W oo (ghk) = TE (1(1, k), $) Wy 00 (gh).
Hence we have
Zo(goos 1, 5) = /0 h /_ T (1, (@), )W s (geou(@)E(B)b~Pdadb  (3.4.23)

where dz, db are the usual Lebesgue measures.
Let KX = Kofz N H(R). To calculate Tﬁoo(b(l, u(x)t(b)), s) we need to write the Iwasawa
decomposition of ¢(1,u(x)t(b)). However, finding an explicit decomposition is not really

necessary. Indeed, we know that there exists some decomposition

A X
v(1,u(x)t(h)).Q = K
1 (At)—l
with K € K1 A € GL3(R) and that
T (11, u(z)t(b)), s) = | det(A)|5CET2) det(J (K, )~ (3.4.24)

Now, let A% = (1, u(x)t(b)).Q. By explicit computation, we see that

01000 0
10000 O
Ab:()oooo-%
“loooo1 -1
00010 0
015b00 —F

By (3.4.24) we have

det(J(A%,0)) = det(A)~* det(J(K,1)).
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Since det(J(A2, 7)) = %2“) we have
T4 (11, u(z)t(b)), s) = | det(A)[5CET/2) det(A) b (x — i(b? + 1)) 7" (3.4.25)
On the other hand, we have
(Ab)(i) = (AA% + X AY).

By explicit computation, we see that

b+ b 4 2 0 —x
. 1 j
(Ag)(l):b4+2b2+x2+1{ 0 bt 202 + 22 + 1 0 i
o 0 b2+ 1
—z 0 b2+1
+ 0 0 0 }
+1 0 x
From this we get det(A) = \/ﬁ-

Therefore, we have
T (1, u(z)t(b)), s) = b3 (b + 1 4 20 + 22)3EH/DH2 (5 (12 +1))7L (3.4.26)
On the other hand, we know that

W 0o (u()t(b)) = €272 270" b

We will prove the proposition only for g., = 1, the calculations in the general case are
similar.

We need to evaluate the integral

/OO /OO b6s+€(x _ Z-(bQ + 1))—3(5-1-1/2)—5/2(3: + z‘(b2 + 1))—3(s+1/2)+€/2€—2m':ce—27rb2dxdb
0 —00
(3.4.27)
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Putting b*> = y , the above integral becomes

1 o) oo _ 4 .
. / / y33+£71(x —i(y+ 1))*3(S+%)*§(x +i(y + 1))*3(”%”%627”“6’2”(1xdy (3.4.28)
0 —00

Applying [GK92, (6.11)] to the inner integral, (3.4.28) becomes

times

/OO e-27r(1+2t) (t + 1)38+%+§t38+%_% (/OO y35+[21€—4ﬂ'y(1+t)dy> dt. (3429)
0 0

£2—1
Now, [¢° Y35t 7 e+ gy evaluates to

1
2’65’Z’1ﬂ’3S’§’%F(38 +4/2 + 5)
Using this, and the formula

% om(1426) 35+ L o 6s4l—3 —2m_—3s40/2—2 3 !
e %272 =2 e "' 2I’(35+§—§)
0

we see that (3.4.28) simplifies to

(_1)[/22—6s—lﬂ.
6s+¢—1

W\I/,oo(l)

3.5 Proof of the Pullback formula

In this section, we will prove Theorem 3.2.1.

Recall the definition of £(g,s) from §3.2. Our main step in computing £(g, s) will be

the evaluation of the following integral:

To(g,s) = /~ TE(u(g, h), $)U(h) A~ (det h)dh (3.5.1)
Fulgl(a)

By [Shi97], we know that the integral above converges absolutely and uniformly on
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compact sets for Re(s) large. We are going to evaluate the above integral for such s.

Note that G(A) = P(A) IL, K,. Moreover if k € K,, we may write
k= mo k‘/

where A = pa(k), so that us (k') = 1.

For any p € S3 we have, by the Bruhat decomposition,

K, = (P(Qy) N K;)U, U (P(Qy) N Kp)s10, U (P(Qy) N K520,
Also, for p|M, we have, by Lemma 3.3.1,

K, = [[ (P(@) N K,)s1,
s€Yp

Recall that we defined the compact subgroup UC of CNJ(Af) in (2.8.16).
So write ¢ = mq(a)ma(b)nk where k € vaf(vv, ua(k) = 1 and further write k =
kookramkur Where

koo € Koy, Ky € U
and kram = [ [, (kram)v, With
{1} ifvogs

(kram)v € {1731,52} if v € S3

{1,81,82,83,9,982,684,985} if v e S1U.8Ss.
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Therefore we have

Ty(g,s) = /~ T8 ((m1(a)ma(b)nk, b(b=h)), s)U(h) A~ (det h)dh

Fi[ma2(b))(A)

= pu(ko)

X [ T8 ((m1 (a)ma(b)nkeam, b(b™ R)), s)U(h)A~* (det h)dh
Film2(b)](A)

(using properties from §3.3)

= M) N yg(a) - pa(0) P2 py(kino)

X [ Y*(1(kram, h), s) U (bh) A~ (det h)dh
Fi(A)

(using (3.1.1)).

We write

Up(kram, 8) = /~ Y (1(kram, h), 5) W (bh) A~ (det h)dh.
Fi(A)

Thus we have

Ty(g.5) = Ma)|Npjg(a) - pa(0) ™ P2 py (ko) x Up(kram, ) (3.5.2)

Recall the Whittaker expansion

T(g)= > Wy ((A O) g) (3.5.3)
AeQX 0 1
I‘ama Z Z ( ( ) kram, S) (354)
AeQX 1

where for g € F(A), k € HUE),MQ(]C> =1, we define

Therefore

Z(g.k, s) = /ﬁ N YE(u(k, b, )W (gh) A= (det h)dh.

Note that the uniqueness of the Whittaker function implies

Z(g,k, ) HZ (g, ko, ),
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where the local zeta integral Z,(gy, ky, s) is defined as in (3.3.9).

So, by the results of the previous two sections, we have

B(s)Wy(g) if (kram)v € Y, for all places v
Z(gakramvs) = (355)

0 otherwise
where we define
{1} if v §é S U S,
Y, =< {1,5} ifves,
{1,@} if v e Sy usSs.

From (3.5.2),(3.5.3),(3.5.4),(3.5.5) we conclude that

T\Il(gvs) = B(s)fA(g,s) (3'5'6)

where fa(g,s) is defined as in §2.8.

We are now in a position to prove the Pullback formula.

Proof of Theorem 3.2.1. Recall the definition of B(s) from (3.2.4). Also recall that we
defined

E(g,s) = /N C Eps(u(g, ), )@ (R)A" Y (det h)dh. (3.5.7)
FLQ\Filol(4)

The pullback formula states that

E(g,5) = B(s)Ew alg,s).

By abuse of notation, we use R(Q) to denote its image in H(Q). First, we recall
from [Shi97] that |Pg(@)\f](@)/§((@)\:2 We take the identity element as one of the

double coset representatives, and denote the other one by 7. Thus
H(Q) = P5(Q)R(Q) U P5(Q)TR(Q).

Let us denote by R;, Re the corresponding sets of coset representatives, i.e. Ry C

R(Q), Ry C R(Q) and
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Q= || P;(@s

SER;

and

Pz (QTRQ) = | | P7(Q)s

SERo

Recall that we defined
Evyi(h,s) = > T#(vh, s)

~EPZ(Q\H(Q)

for Re(s) large. We can write Evy(h, s) = EL,(h,s) + E3,(h,s) where

T,j (h,s) Z Tﬁ (vh, s)
YERL

and

Tﬂ (h,s) Z Y¥(yh, s)
YER2

Now, by [Shi97, 22.9] the orbit of 7 is 'negligible’ for our integral, that is for all g,

/N B EZ,(u(g,h), s)T(h)A™ (det h)dh = 0.
F1(Q)\Fi[g](A)

It follows that

E(g,s) = /~ - EYy(g,h, s)¥(h)A™ " (det h)dh. (3.5.8)
F1(Q)\Fi[g)(4)

On the other hand, by [Shi97, 2.7] we can take R; to be the following set:

Ry = {1(m2(€)B,1) : £ € F1(Q), 8 € P(Q)\G(Q)} (3.5.9)

For Re(s) large, we therefore have

Ei‘ﬁ(b(g7 h)78) = Z Tﬁ(L((mg(f)ﬂg, h‘)78)'
(EF(Q)
BeEP(Q\G(Q)
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Substituting in (3.5.8) we have
E(g,s) =

ST THu(ma(€)Bg. h), s)B(h)A~ (det h)dh

¢eF(Q)
BEP(Q\G(Q)

D, YulBg & h), )W AT (det £ h)dh

56131(@
BEP(Q\G(Q)

= > B TH(u(Bg, ), s)¥(h)A~ (det h)dh
seP@\G@ ~ 1IIW

= Z T\Il(ﬁgv 3)

BEP(Q\G(Q)

= B(s) Z Ia(Bg,s)
BEP(Q\G(Q)

= B(s)Ew (g, s)

/le (Q\Fi[g](A)

/171 (@\F1[g](A)

Thus

/N . Evx:(g,h, s)U(h)A~ (det h)dh = B(s)Ey A(g, s) (3.5.10)
Fi(Q)\Fi[g](4)

for Re(s) large (so that all sums and integrals converge nicely and our manipulations are
valid).

However, Eyi(g,h,s) is slowly increasing away from its poles, while W(h) is rapidly
decreasing. Thus the left side above converges absolutely for s € C away from the poles of

the Eisenstein series. Hence (3.5.10) holds as an identity of meromorphic functions.

3.6 The integral representation

The following result was proved in the previous chapter:

— 1
/ Faalg,$)8(g)dg = C(s) - L3s + 3, F x g)
Za(A)G(Q\G(A)
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where C(s) =

Qfﬂm(%)‘?’s‘%“%d‘35—§r(3s +31-3) p6s=3
g(M/f)Pyn(6s + € — 1)CMN(6s +1)L(3s + 1,0 x p(A))

L 1 — apw,p—35—3/2

where

f=ged(M,N),

QA = H (1_T))
r|A
T prime

and g(A), P4, (? are as defined earlier.
Recall the definition of B(s) from (3.2.4) and let

Let R denote the subgroup of R consisting of elements h = (hi, hs) such that hy €
G, hy € F and p2(h1) = pi(h2). The above Theorem, along with our pullback formula,

implies the following result.

Theorem 3.6.1. We have

— 1
/ Eys(0(g1,92).5)B(00) U (g2) A (det g2)dg = A(s)L3s + 5.F x g)
9eZ(A)R(Q)\R(A)

where g = (g1, 92).

This new integral representation has a great advantage over the previous one: the Eisen-
stein series Evt (g, s) is much simpler than Eg A (g, s) (even though it lives on a higher rank
group). This is because it is because it is induced from a character of the Siegel parabolic.

Thus, it is more suitable for applications, especially with regard to special value results.

Corollary 3.6.2. L(s,F x g) can be continued to a meromorphic function on the entire

complex plane. It’s only possible pole to the right of the critical line Re(s)= % s at s = 1.

Proof. The integral representation of Theorem 3.6.1 immediately proves the meromorphic

continuation. Furthermore by [Ich04], we know that the only possible poles of the Eisenstein
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series Ey:(g, s) to the right of s = 0 are at s = % and s = % However, as we remark in

the proof of Proposition 4.1.3, the pole at s = % is impossible. So the only possible pole

of the Eisenstein series in that half plane is at s = % which corresponds to a pole of the

L-functions at s = 1. O
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Chapter 4

Rationality of Eisenstein series and
Deligne’s conjecture on critical
L-values

4.1 Eisenstein series on Hermitian domains

Let
G*(R) = {g € G(R) : pia(g) > 0}.

Define the groups Gt (R), Ht(R), F+(R) similarly.
Also recall the definitions of the symmetric domains H,,, ]ﬁln We define the ‘standard
embedding’ of H, x H; into Hj by

A
(Zl,ZQ) — ( ) .
Z3

We use the same notation (Z1, Z2) to denote an element of ]ﬁlg X }ﬁll and its image in IF]Ig
under the above embedding. Note that this embedding restricts to an embedding of Hs x Hy
into Hg.

We also define another embedding u of H, x H; into ﬁ-v]lg by
U(Z]_, ZQ) - (Zl7 _72)

Clearly this embedding also restricts to an embedding of Hy x H;y into Hs.

Furthermore, the following is true, as can be verified by an easy calculation:
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Let g1 € G1(R), g2 € Fi(R), such that g, (i) = Z1, g2(i) = Zs. In the event that (Z,, Zs) €
Hy x Hy we may even take g1 € G1(R), g2 € SL2(R).
Then

w(Zy,Z2) = (Q (g1, 92) Q)i

Now, let us interpret the Eisenstein series on GU(3,3) as a function on Hs. Recall

the definitions of the sections T, (s) € Indg((@ Ayl - |I¥). Also, for Z € H,, we set

)
(G0
7=i(7 - 2.

Lemma 4.1.1. Let goo € HY(R). Then
Yoo (Goor 8) = det(go0)/? det(J (goo, 1))~ det(goo (1)) T1/2 42

Proof. Let us write goo = m(A,v)nke where m(A,v) € M(A), n € N(A) and k € Kofg
Then, (3.1.1) and (3.1.9) tells us that

Too(goo, 8) = v 2CH2) | det A5+ det (koo )/ det (J (Koo, 1)) .

On the other hand, we can verify that

and therefore

o —

det(goo(i)) = v 2| det A|2.

Also we see that

J(goor1) = V(A" T (Koo, )

which implies

det(J(goo, 1)) = v det(A) " det(J (koo, 1)).

Finally
det(goo) = v° det (ko) det(A) det(A) 1.

Putting the above equations together, we get the statement of the lemma. O

Corollary 4.1.2. Let s € C, uy € ﬁ(Af) be fixed. Then the function X on ﬁ*(R) defined
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by
_ . s /4
(goc) = det(goc) /2 det( (g0, 1)) B (g oe, 5 + < = 1/2)
depends only on goo(i).
Proof. We have
Br(tfgos,s) = > Too(Yooloor 5)T(vs1s, 5).
YEPg g \H(Q)
So, by the above lemma,
Slg) = S0 det()"2det(J (3, 2)) " det((2))" (4.1.1)
VEPj ) \H(Q)
where Z = goo (7).
O]
Now,consider the coset decomposition
_ he o L t; -
F(h) =| |F@QF"(R) vt (4.1.2)
i=1 t;f‘

where t; € ﬁ(Af), tr = %', and

vF =TI &F I[85, I T (4.1.3)
piES PES3 peS1LSY
We note here that the constant h comes up because the class number of L may not be
1 and because the det map from F(ﬁ, to ZZ,p is not surjective. In particular, note that if
M =1, we have h = h(—d), the class number of L.
Also, we note that by the Cebotarev density theorem, we may choose t; such that
(Npjoti) = q; 1 where ¢; corresponds to an ideal of Z that splits in L. In particular
ged(q;, MN) = 1.
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Now, let

Also, we define the congruence subgroup I'ys n of Sps(Z) by
FM,N = B(M) N UQ(N)

Recall the definition of UC from (2.8.16). Let us define the compact open subgroup U G
of G(Ay) by
U =U%NG(A). (4.1.4)

Observe that
FM,N = UGSp4(R) N Sp4(@).

Next, put

and

ri = 1(1,8;) € E’l(Af)-

For Z € Hs, define the Eisenstein series EY(Z;s) by
B{(Z; 5) = det(goo) ™ ? det(J (900, 1)) B (Q ' 7iQo0, 5/3 + £/6 — 1/2), (4.1.5)

where go € H1(R) is such that geo(i) = Z. We note that EY(Z,s) is well defined by
Corollary 4.1.2.

Now, consider the function E?f(Zl, Z9;0) for Zy € Hy, Zy € Hj.

Proposition 4.1.3. Assume ¢ > 6. Then E%(Z1, Z5;0) is a modular form of weight ¢ for
Ty % Ty. Purthermore, for any so, the function E%(Z1, Za; so) (which is not holomorphic

in Z1, Zy unless so = 0) transforms just like E%(Zl, Z2;0) under the action of I'nyn x T';.
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Proof. We know that Ev(g,s) converges absolutely and uniformly for s > % So if £ > 6, it
follows that Efr(Z ;0) is holomorphic. Furthermore, the case £ = 6 corresponds to the point
s = % of Ex(g,s). From the general theory of Eisenstein series, we know that the residue of
Ex(g, s) restricted to K Olz at s = % must be a constant function. However, because Ev (g, s)
is an eigenfunction of K Ofi with non-trivial eigencharacter, this residue must be zero. Hence
E%(Z;0) is a holomorphic function of Z even for ¢ = 6.

Let A € I'pr,v, B € I';. It suffices to show that
Ei(AZy, BZy; s0) = det(J(A, Z1))" det(J(B, Z2)) Ey%(Z1, Za; s0).

a b a —b
For g = denote g = . Let ¢1 € G1(R), g2 € SLy(R) such that gyi =
c d —c d

Z1, 928 = Zo. Put s1 = s9/3+£/6 —1/2. We have

Now, because s; lési € UF we have
Ev:((Ag1, 5:Bg2), 51) = Ex:((91, 5i2); 1)-
On the other hand, we can check that
det(J(Q (Ag1, Eg})@, i)t = det(J(A, Z1))" det(J(B, Z3))" det(J (g1,1))" det(J(ga, i)
Putting everything together, we see that
E%(AZ1, BZs; s0) = det(J (A, Z1))" det(J(B, Z2)) B4 (2, Z2; s0)

as required. ]
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4.2 The integral representation in classical terms

Henceforth, we assume £ > 6. Recall the definitions of the compact open subgroups U, U F
from (4.1.4), (4.1.3) respectively. Let us define U C R(Af) to be subgroup consisting of
elements (g, h) with g € U, h € UF and pa(g) = p1(h). Also put K2 = K x Kf; Note
that KFKZ2 is a compact subgroup of R(A).

Also, define Virn = [Spa(Z) : I“M,N][Kﬁ : Uﬁ], where K = | Kf. We now

rephrase Theorem 3.6.1 in classical terms.

Theorem 4.2.1. For any k, we have

> ARt / / B (Zy,—Z2;1 — k)F(Z1)g(q: Z2) det(Y1)* det(Ya) dZ1dZ,
i Ti\H1 JT pr, v \H2

0—1-2k _ ¢

= VM7NA( )L<§ — ]{Z,F X g)

where for i = 1,2, we define the invariant measure dZ; on Hs_; by
1 i—4

where Z; = X; +1Y;.
Proof. By Theorem 3.6.1, it suffices to prove that for g = (g1, g2),

{—1—-2k —
Vi | Ers(1(1,92), 2 (g0 W (g2)A " (det g2)dg (42.1)
Z(A)R(Q\R(A)

=Y A_g(tz')/ / EY(Z1,—Z2;1 — k)F(Z1)g(qi Z2) det(V1)" det(Y2) dZ1dZ,
i T \H; JT pr, v \H2

(4.2.2)

Now, the quantity inside the integral in (4.2.1) is right invariant by URKX. Also, we
note that the volume of URKZE is equal to (Vjs ) ™! (recall that we normalize the volume
of the maximal compact subgroup to equal 1).

Hence we see that (4.2.1) equals
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{—1-2k —

Ex:(Ug1,92), —5—)®(g1) (g2)A " (det g2)dg (4.2.3)

/Z(A)R(Q)\R(A)/URKO%

Now, by strong approximation for Sps(A) and (4.1.2) we know that

Z(A)R(Q\R(A)/URKL

h ti 0
=[] a3 \Spa(R)/Koo) x - (i\SL2(R)/S0O(2)) .
i=1 i

7

t;
Suppose g € Spy(R),h € SLa(R). Also, put s; = , i = (1, 8), gi) =
Z1,h(i) = Zs.
We have
{—1-2k {—1-—2k

—) = Br(Q'riQQ u(g. Q. ————)

= det(J(Q (g, h)Q, 1)) ‘B (Z1, —Za;1 — k)

Ex:(u(g, sih),

On the other hand ®(g) = F(Z1)det(J(g,7))~¢ and ¥(s;h) = g(qiZ2) det(J(h,i))~*

The result now follows from the observations

det(J(Q"e(g, h)Q, 7)) = det(J (g, 0))det(J(h, 1)),

[det(J(g,1))? = det(Y2), | det(J(h, i))[2 = det(Ya).

and the fact that the Haar measure dg equals dZ;dZ, under the above equivalence. O

M) that appears in the statement of

Let us take a closer look at the quantity A(
the above theorem in the case when k is an integer, 1 < k < 5 —2. Write a ~ b if a/b is

rational. From the definition of A(s), it is clear that

0—1-2k i tE=200(A)Vd

A~ L(C+1 =2k, x_q)C( —2k)C((+2 — 2k)

But it is well known that L(iﬂ; 2212’\%‘1), Cff;?,’f) and % are all rational numbers. It
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follows that
—1-—2k

A( 5

) ~ T RFL=5EG (A, (4.2.4)

Rationality of holomorphic Eisenstein series

Suppose f1, fo are modular forms of weight ¢ for some congruence subgroup I' of Spa,(Z)

containing {£1}. We define the Petersson inner product

(uh) =@ [ p(@ R ey ) axay
I\H,

where V(T') = [Span(Z) : T.

Note that these definitions are independent of our choice for I'.

We henceforth use Eli\,f for E%f in order to show the dependence on A, ¢ and a(F, A) for
a(A) to show the dependence on F.

By a result of M. Harris [Har97, Lemma 3.3.5.3], we know how Aut(C) acts on the

Fourier coefficients of Ej\ +(Z;0). In particular he proves the following result.

Proposition 4.2.2 (Harris). The Fourier coefficients of EY ,(Z;0) lie in Q. Furthermore,
if o € Gal(Q®/Q), then
E} (Z;0)7 = Ej- 4(Z;0)

where E}V(Z; 0)? is obtained by letting o act on the Fourier coefficients of E}W(Z; 0).

4.3 Nearly holomorphic Eisenstein series

Recall the definition of the Eisenstein series E%(Z;s) from (4.1.5). The section T defining
this Eisenstein series depends on the Hecke character A as well as on the integer ¢. Hence-
forth, to make this dependence explicit, we use E}\ /(Z; s) to denote E%(Z; s). Moreover, for
any other positive even integer k, we use E}\k(Z ;s) to denote the Eisenstein series that is
defined similarly except that the integer £ has been replaced by k everywhere. In particular,
we know that E}\ +(Z;0) is a holomorphic Eisenstein series (of weight k), whenever k£ > 6.

We can write any Z € ]ﬁln uniquely as Z = X +4Y where X,Y are Hermitian and Y is
positive definite. We can also write any Z € H,, uniquely as Z = X + 1Y where X, Y are
symmetric and Y is positive definite. These decompositions are compatible with each other

in the obvious sense under the inclusion H,, C ]ﬁln
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We briefly recall Shimura’s theory of differential operators and nearly holomorphic func-
tions. A thorough exposition of this material can be found in his book [Shi00].

Let H temporarily stand for H,, or ]ﬁln For a non negative integer ¢, we let N 7(H)
denote the space of all polynomials of degree < ¢ in the entries of Y~! with holomorphic
functions on H as coefficients.

Suppose I' is a congruence subgroup of Spy, (if H=H,,) or U(n,n) (if H = ﬁn) For a
positive integer k, we let NV}(H,T') stand for the space of functions f € N(H) satisfying

f(vZ) = det(J (v, 2))" f(2)

for all v € T', Z € H, with the standard additional (holomorphy at cusps) condition on the
Fourier expansion if H = H; = H;. It is well-known that A (H,T) is finite dimensional. In
particular, if ¢ = 0, then N, g (H,T) is simply the corresponding space of weight & modular
forms.

We let N =n2 if H=H, and N = (n? +n)/2 if H = H,,.

Whenever convergent, the Petersson inner product for nearly holomorphic forms is de-
fined exactly as before.

Any f € N}(H,T) has a Fourier expansion [Shi00, p. 117] as follows:

1(2) = 3 Qrl(2ry) )2l

TeLl
where L is a suitable lattice and for each T', Q7 is a polynomial in N variables and of degree

< t. For an automorphism o of C we define

f°(Z) = Z Q%((QWY[U])—l)e%riTTTZ

TeLl

where Q7. is obtained by letting o act on the coefficients of Q7 and

i Yt ifH=H, and v—d = —+/—d

Y otherwise

We say that f € NY(H,T;Q) if f € NY(H,T) and f7 = f for all 0 € Aut(C/Q). We

will occasionally omit the weight ¢ and the congruence subgroup I' when we do not wish to
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specify those. In particular, we write N; (H; Q) to denote Ur N;(H, I'; Q) where the union
is taken over all congruence subgroups I'.

Now, from (4.1.1), it is easy to see that for a positive integer k (assume k < % -2 to
ensure convergence) we have Efw(Z 1 — k) € N3F-D(Hs). Then, exactly the same proof
as Proposition 4.1.3 tells us that the restriction of this function to Hs x Hj is a nearly
holomorphic modular form with respect to the appropriate subgroups. More precisely, we

have

By ((Z1, Z;1 — k) € N7¥ D (M, T ) @ N0 (HL, T). (4.3.1)

We remark here that for a general f € ./\/'3(’“*1)(1@13) we can only say that f(Z1,Z2) €
STNM(Hy) @ N2(H;) where the sum should be extended over all (Ay, o) with A 4+ g =
3(k —1). However, in this case, we know by (4.1.1) the exact nature of the polynomial of
degree 3(k — 1); thus we can conclude that \y = 2(k —1),\o =k — 1.

To prove the desired algebraicity result for critical L-values, we will need to know arith-
meticity properties for the nearly holomorphic modular forms in (4.3.1). That is the sub-

stance of the next proposition.

Proposition 4.3.1. Let £ > 6 and let k be an integer satisfying 1 < k < g — 2. Then the
function E}'M(Zl, Zy;1 — k) on Ha x Hy belongs to

r3k=1) (Nf(k_l)(Hz, v Q) ®M(k_1)(H1, Fz‘;@)> .
Furthermore, for an automorphism o of C, we have
(r3*DEL (21, Zo31 — k)7 = 7 3EVEL, (21, 2231 — k).

Proof. Since we already know (4.3.1) and since the Fourier coefficients of E% ,(Z1, Z2;1—k)

are just sums of those of E} (Z;1 —F), it is enough to prove that
(3" DB (231 - k)7 =7 3FVEL, (Z;1 - k). (4.3.2)

For positive integers p, q, we have the (modified) Maass-Shimura differential operator A}

that acts on the space of nearly holomorphic forms of weight ¢ on ]ﬁlg. This operator is
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defined in [Shi00, p.146]. By [Shi00, Theorem 14.12], we know that

APNE(Hy; Q) € #P NI (H3; Q).

However, more is true; in fact
((mi)°PARF)T = (mi) P AB(f7) (4.3.3)

whenever f € th(]ﬁlg) This easily follows from [Shi00, p. 118] since the Maass-Shimura
operators are special cases of the operators considered there and the projection map is
Aut(C)-equivariant. An alternative way to directly see (4.3.3) is to observe that the action
of the Maass-Shimura operator on the Fourier coefficients of a nearly holomorphic form can
be explicitly computed and observed to satisfy the desired property. The details in the
symplectic case was worked out by Panchishkin [Pan05, Theorem 3.7]; the calculations in
the unitary case are very similar.

We know that E}'\7€+272k(Z;0) € j\/‘&%%(]ﬁlg;@). So, we can apply (4.3.3) when t =
O,p=k—1,q=0+2—-2k, f= EKHQ_%(Z;O).

Moreover, by the result of Harris stated above,

E} p30-21(Z;0)7 = Ejo 115 94(Z;0).
So, (4.3.2) will follow if we know that

A’Z:Ql(k—l)ij,f-i-Q—Qk(Z; 0) =c-**D . B} (Z;1— k) (4.3.4)

for some rational number ¢ (The superscript ¢ should not be confused with the quantity
i = v/—1 that appears above!).

But (4.3.4) is precisely the content of Shimura’s calculations in [Shi00, (17.27)]. We
remark here that the Eisenstein series Shimura considers has different sections than ours at
the finite places dividing M N; however that does not make a difference because the differ-
ential operator only depends on the archimedean section. In particular, we apply [Shi00,
Theorem 12.13] to each term of the definition of our Eisenstein series using (4.1.1) and

observe that (4.3.4) follows with ¢ = 2_3(k_1)c§:21(k_1)(§ — k + 1) where c}(s) is defined as
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in [Shi00, (17.20)].

4.4 Holomorphic projection

Shimura observed [Shi00, p. 123] that for ¢ > n + ¢, there exists a holomorphic projection
operator 2 on N/ (H,). For a nearly holomorphic form f € Ni(H,), 2f is a modular form
of weight ¢ (i.e. an element of Ng(Hn)). For any cusp form g of weight ¢ on H,,

< f,g>=<Uf,g>.
More precisely, by the proof of [Shi00, Theorem 15.3], we can write

f=2f + Lyf

where L, is a rational polynomial of certain differential operators and f’ is a certain nearly
holomorphic form. The differential operators which are used to define L, are Aut(C)-

equivariant by [Shi00, Theorem 14.12]. Thus, for an automorphism o of C, we have
f7 = (Af)7 + Ly(f).

So we can conclude that

A(f7) = (@&Af)7.

Furthermore because the space of modular forms is a direct sum of the space of Eisenstein
series and the space of cusp forms, there exists an orthogonal projection from the space of
modular forms on H,, to the space of cusp forms on H,,. Because the space of Eisenstein series
is preserved under automorphisms of C, this cuspidal projection is also Aut(C)-equivariant.

From the above comments we conclude the existence of a projection map Acysp from
N}t (Hy, T2)@N[2 (Hy,T1) to Sy(Hy, T'2) @S (Hy, T'y) for ¢ > 2+t; and congruence subgroups
Iy C Spy,I'1 C SLe. This projection map satisfies, for any &(Z1, Z2) € N;l(HQ,F2) ®
N2 (Hy, Ty), F®M € S, (Hy,Ty), g € S,(H;,T), the following properties:

(a) (Aeusp®(Z1, Z2), FI(21)), gM (Z2)) = (((€(Z1, Z2), FD(2Z1)), gV (Za)),
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(b) (QlcuSpQE)g - QlcuS1o((’EU)-

In particular, everything above can be applied to the case when &(Z;, Z3) = 77_3(]“_1)]53\ (21, Z2;1—
We use ¢;(z) to denote the cusp form g(g;z) on I'g(Ng;). We can rewrite Theorem 4.2.1

as follows.

Z AT () (B} (21, Z2;1 — k), F(Z1)), 9i(Z2))

Vs n (—1—2k ¢
_ : A Lt — k. F
V)V (Tarn) (—% LG —kFxg)

Note that we have used the fact that g; has real Fourier coefficients. Together with (4.2.4)

the above equation implies that

S AT (BY (21, Zai 1 — k), F(Z1)), gi(Za)) ~ w1 a(F, A)L(g —k, Fxg). (4.4.1)

4.5 Deligne’s conjecture

Motives and periods

Let L(s, M) be the L-function associated to a motive M over Q. Suppose M has coefficients
in an algebraic number field E; then L(s, M) takes values in E ®q C.

Note that E sits naturally inside £F®gC. Let d be the rank of M and d* the dimensions
of the + eigenspace of the Betti realization of M. Deligne defined the motivic periods ¢t (M)

and conjectured that for all “critical points” m,

L(m, M)

ey e (o) <Y

where € = (—1)™.

Now, let F', g have algebraic Fourier coefficients. Assuming the existence of motives
Mp, M, attached to F, g respectively, Yoshida computed the critical points for Mp ® M,.
He also computed the motivic periods ¢*(Mpr ® My) under the assumption that Deligne’s

conjecture holds for the degree 5 L-function for F'. We note here that Yoshida only deals
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with the full level case; however as the periods remain the same (up to a rational number)
for higher level, his results remain applicable to our case.
Yoshida’s computations [Yos01, Theorem 13] show that Deligne’s conjecture implies the

following reciprocity law:

L(m,F x g) ¢ L(m, F* x g%)
< g’g>> (4.5.1)

TAm T34 Y ( - TAm T3 (Fa Foy(ga, go)
forall2— 5 <m < £ -1, a € Aut(C).

In the next subsection we prove the above statement for all the critical points m to the
right of Re(s) = % except for the point 1. The proof for the critical values to the left of
Re(s) = 1 would follow from the expected functional equation. The proof that L(1, F x g)
behaves nicely under the action of Aut(C) would probably require further work because
we do not know that this quantity is even finite (see Corollary 3.6.2). Thus, the problem
of extending our result to the remaining critical values is closely related to questions of
analyticity and the functional equation for the L-function. These questions are also of
interest for other applications, such as transfer to GL(4) and will be considered in a future
paper.

We also note that the integral representation (Theorem 3.6.1) is of interest for several
other applications. Indeed, we hope that this integral representation will pave the way
to stability, hybrid subconvexity, non-vanishing, non-negativity and p-adic results for the

L-function under consideration. We intend to deal with these questions elsewhere.

The main result

Theorem 4.5.1. Let £ > 6. Further, assume that F has totally real algebraic Fourier

coefficients and define ,
L(5 -k, F xg)
ARSI = S E By g, 0)

Then, we have:
(a) A(F.g;k) € Q,
(b) For all o € Aut(C), A(F,g; k)™ = A(F*, g% k).

Proof. Let U be the least common multiple of M, N and all the ¢;. Let I'1 be the principal

congruence subgroup of Sp4(Z) of level U and T’y the principal congruence subgroup of
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SLy(Z) of level U. For each i, we can write
Neusp (1 °EVEL (21, 231 = k) = Y F{ (Z1) f{(Ze) (4.5.2)
where F] (resp. f{) is a cusp form for I'; (resp. I'z); all of weight ¢. Then

S U g FT Fy = 7 8 DUE) (21, Zo;1 — k), F(Z1)), gi( Z2)).- (4.5.3)

We also have
S D> g WEFD® F) = 73 E D (Bla (21, Z;1 — k), F(Z1), 67 (Z2))  (4.5.4)

using Proposition 4.3.1 and the properties of holomorphic projection stated above.

By (4.4.1) we know that

[ 9i) (FT, F)
F.F){g,9)

A(F,g;k) =W - (a(F,A)~"- ZAQ(ti)ZTé (4.5.5)

for some rational number W.

Making a act on both sides of the above equation we get

A(F, g;k)* =W - (a(Fo,A%) - Y (A" 2 (t) <E§£};>z;2> F>> : (4.5.6)

1

We also note that (g, g9) = (gi, gi)-
Now by a result of Garrett [Gar92, p. 460], we know that for each r,

<<f{79i><F1er>>a _ <<(f{")a,g?><(F{)a7F“>>
(F,F)(g,9) (Fe, Fo) (g, g*) '

so we have

AP g )" = W (@O ) 3o 2 (Z P IOEVRE ) 5

)

Using (4.5.5) for F*, g®, A®, we conclude that

A(F,g; k)" = A(F“, g% k).
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O

Remark. The above result was already known in the completely unramified case (M =

1, N = 1) by the work of Bécherer and Heim [BHO6] who used a different method.
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