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ABSTRACT

Two problems related to elemental abundances have been studied:
the abundance anomalies in A-pec stars and the nucleosynthesis of

59(’309

elements between 2855. and

Diffusion processes were found to lead to most of the peculiar
abundances observed in A-pec stars, If it is assumed that the atmos-
phere is stable enough for diffusion processes to be important, gravi-
tational settling leads to the underabundances of He, Ne and O in the
stars where they are observed (that is with the eeff’ log g they are
observed to have). Radiation pressure leads to the overabundances of
Mn, Sr, Y, Zr and the rare earths in the stars where they are observed.
Si would be expected to be overabundant onlyif it has wide auto-ioniza-
tion features. The overabundance of P is not explained,

The magnetic fields observed in A-pec stars could bring to the
atmosphere the stability needed for diffusion processes to be important,
They would also guide diffusion into patches leading to the periodic vari-
ation of the observed overabundances.,

We have also studied the conditions necessary to generate
through nuclear reactions, the abundances observed between 28S:i. and
59

Co., It was found that most of the observed abundances could have

been generated in a single process, Si burning.

288i, 3OSi and 328, at £t = 0, in proportions

28

A mixture of

Si, 3081 and 31P was found to
28

leading to the observed abundance of
lead to the generation of most elements between = Si and 59Co if one

added up the zone where "no" Si had burned, where little had burned ...
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and where all had burned.

The summation over the zones was seen to depend on essentially
two parameters which most conveniently can be expressed as the lower
and upper limits of integration. One then has essentially four parameters:
((N-Z)/(N+Z))t=o, (A) t=0 2nd the two limits of integration. The density
was found to have no effect on our results., The temperature is more
important but the range of freezing temperatures to be expected can be
estimated accurately enough from the dynamic time scale. With four
free parameters, one than fits the abundances of some 25 to 30 of the 41
nuclei between 288i and 5g’Co‘, Some of the poorly fitted nuclei are

40 46

very neutron rich nuclei (368, A, Ca, 48Ca) which could easily have

been formed by a slight exposure of the material to a neutron flux.
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1. INTRODUCTION

Even though peculiarities in the spectra of A stars have been
known for some 60 years, and Morgan (1933) grouped the peculiar
A stars together some 35 years ago, no explanation of their peculi-
arities has yet found general acceptance. Efforts at explaining them
through unusual conditions of excitation have not been successful,
Recently some authors invoked nuclear processes, but, as discussed
below, these explanations also have serious.shortcomings.,

A-pec stars are slow rotators, and convection is of little
importance for early A and late B stars. Therefore, we hypothesized
that their atmospheres are stable enough for diffusion processes to
become important. Radiation pressure then plays an important role.
An overabundance of a given element is observed in those stars in
which radiation pressure is expected to push that element into the
region where lines are formed as should be expected from the dif-
fusion hypothesis. The magnetic fields observed in those stars may
help in bringing stability to the atmosphere. These fields guide
diffusion in some preferred direction and may account for the ob-
served relationships between spectral and magnetic field variations.

Briefly observational data will be reviewed noting the uncer-
tainties in its analysis, Then we will compare the predictions of
nuclear-physics models to the most reliable of the observed charac-
teristics. We will discuss some aspects of diffusion processes:
their time scales and the role of gravitational, magnetic and radiation

forces., Both continuum and line absorption will be seen to be impor-
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tant, Auto-ionization levels may substantially contribute to line
absorption. Finally, the abundance anomalies expected from dif-

fusion processes will be compared to the observed abundances.



2, THE OBSERVED ABUNDANCES IN A-PEC STARS

The analysis of A-pec star spectra is hampered by our igno-
rance of the structure of their atmosphere. The presence of strong
magnetic fields and of large overabundances of certain elements may
significantly alter the outer structure of the atmosphere where the
lines are formed. There is however no evidence for anomalies in
that part of the atmosphere where the continuum and the wing of the
Balmer lines are formed., No anomalies are observed (Searle and
Sargent, 1964) in the shape of the Balmer lines or in the relationship
between the Balmer lines, the B-V and U-B color indices, and D,
the Balmer discontinuity. However, disagreements between the
abundances predicted by the infrared and visible lines of Mg and O
suggest the existence of anomalies in the structure of the outer part
of the atmosphere (Mihales and Henshaw, 1966), The anomalies
seemn to exist in both the normal and the peculiar stars. They disap-
pear if one compares a peculiar star to a normal one. Comparative
studies are then probably more reliable than "absolute” studies
made with a model atmosphere of one star,

Furthermore, in determining the parameters of the atmos-
phere, one must be careful to use only criteria that do not depend on
the abundances of elements as most elements do not have normal
abundances. Not only should criteria depending on the intensity of
one particular line be avoided but also those affected by line blan-
keting. In practice, this is not always possible. Current model

atmospheres do not take into account the possibly important contri-
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butions of, for instance, the overabundant metals to the total opacity.
One should take into account the uncertainty introduced in eeff

(= 5040/Teff where Te is the effective temperature) and log g

ff
(g= gravitation constant). Therefore, to determine abundances lines
must be chosen whose width is independent of eeﬂ and log g.

We present an incomplete r€sumé of the data on the abundance
anomalies of A-pec stars. These data have been grouped according to
their reliability. One of the better established observational facts
(Sargent and Searle, 1967a, Wolff, 1967) seems to be that some of the
abundance anomalies depend on the effective temperature of the star,
Before the systematic studies of Sargent, Searle and co~workers, it
could have been argued that the apparent effective temperature depen-
dence of the abundance anomalies is due to selection effects. However
by determining the abundances of certain elements (O, Mg, Si, Mn,...)
in a large number of both normal and peculiar stars, Sargent and Searle
(1967a) were able to establish that certain elements (O, Si, Mn) had
unusual abundanées only in peculiar stars of a given range of eeff’

Outside that range they measured the abundances of the same elements
and they were found normal, or at least not so abnormal.

In tables 1 and 2, we have summarized the results of Sargent,
Searle and co-workers. Their results for O, Si and Mn seem parti-
cularly reliable since they depend on lines whose equivalent width,
for a given abundance, is relatively independent of the parameters of
the atmosphere (supposing LTE)., However, depending on the region
of the spectrum observed, one may obtain abundances, for one ele-

ment in a given star, varying by factors of up to 10. (Compare the
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two values for Si/H and for Mg/H in a few stars). If one wishes
to compare the abundances of two elements in a number of stars,
one should use, for both elements, lines in the same part of the
spectrum,

For most elements there is no available line whose equivalent
width is insensitve to eeﬁ and log g. Then the results obtained are
more dependent on the parameters of the atmosphere, However, the
underabundances of He, C and Ne seem well established at least
in the Si 4200 stars,

The behavior of the iron peak elements is more open to ques-
tion, The Mn overabundance, both with respect to H and the rest
of the iron peak, seems well established. Whether or not Ti, Cr,
and Fe have normal abundances is not established. Detailed
analyses of some stars point to their being anomalous, contrary to
the findings of Searle, Lungershausen and Sargent (1966).

In addition to "systematic" studies of a few elements, there
now exist detailed studies of the spectra of a few peculiar stars,

Now we will discuss briefly the three different analyses that have been
made of the same observational material on 53 Tau. Then we will
summarize the data on the abundances of A-pec stars recently com-
piled by Hack (1968). We will use that résumé, along with the syste-
matic studies of Sargent, Searle and co-workers, to judge the success
of theoretical models,

One can estimate how accurately the model atmosphere fits a

given atmosphere by comparing the analyses of Strom (1969) to that
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of Auer et al. (1966) for the same observational material on 53 Tau
(table 3). Differences by a factor of 4 are frequent. They seem to
stem mainly from a different choice for the turbulent velocity.

Whereas Auer et al. (1966) took v, = 0.0, Strom (1969) chose

T

= 10,0 km/sec in the UV and v..= 3.0 km/sec in the visible,

v T
Strom (1969) found that a turbulent velocity was necessary to obtain,
on the average, the same abundances from strong as from weak lines,
However, in spite of her using one turbulent velocity for the visible
and one for the UV, she still gets differences by factors as large as
seven between abundances obtained from lines in the ultraviolet and
in the visible, Arguing in the same way, Hardorp (1966) used
Vip = 4.0 km/sec for 3 cen A. Hardorp et al. (1968) found, however,
by analyzing line profiles, that Vep = 2.0 km/sec., It then seems that,
until one understands what "turbulent velocity" stands for it will not
be possible to choose a turbulent velocity unambiguously. Uncertain-
ties in the abundances by factors of 5 to 10 can be expected.

The differenceé‘between the results obtained by the two
curves of growth analyses probably can be related to the Searle,
Lungershausen and Sargent (1966) use of lines in the UV whereas
Aller and Bidelman (1964) give lines in the visible the greatest weight.
Because the UV and the visible form at different heights in the atmos-
phere, they are probably influenced by different "turbulent velocities. "
Disagreements are again likely to disappear only when "turbulent
velocities” are better understood.

Considering the uncertainties associated with the detailed
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analyses, we do not feel it worthwhile to compare the predictions of
theories to the abundances obtained for individual stars. It seems
preferable to group stars into a few categories, the better established
properties of which the theories should be expected to predict. Such
an attempt at grouping peculiar stars has recently been made by Hack
(1968). She separates the stars into four categories: Si, Mn, Sr-Eu-
Cr and Sr (table 4). Using the results of Sargent and Searle (1967a),
we can say that the Si stars have 0.28 = Qeff = 0.38, the Mn stars

0.34 =0 = 0,48 and the Sr-Eu-Cr and Sr stars have 0,42 = Ge

eff £ =
0.6. In our opinion the studies of Sargent, Searle and co-workers
have best established the dependence of abundances on atmospheric
parameters. Hacks then fills in, from other people's observations,
the abundances of elements not observed by Sargent and Searle.

The main points that we should retain from table 4 are:

a) The general overabundances of the rare earths and the
relatively smaller ones of Ba,

k) The temperature dependence of the overabundances of the
elements Sr, Y and Zr. Sr is most overabundant in the
cooler stars ,'-eeffz 0.4, Zr is most overabundant in the
hotter stars and Y is in between. We think a systematic
study of the kind done for O, Si, ... would yield interesting
results if done for Sr, Y and Zr.

c) Contrary to table 4, Sargent and Searle (1967a) concluded

that the abundances of C was normal in Mn stars, unknown

in the cooler A-pec stars and only smaller than normal in

the Si stars,
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TABLE 4

E
Composition of Ap Stars

Si Mn
He - -
C - -
o - o + o
Na
Mg o o
Al o o
Si o
S
K
Ca - -
Sc o -
Ti o + o +
v o *+ -
Cr + o +
Mn + ++ + ++
Fe + + +
Co
Ni +
Cu
Zn
Sr + + ++
Y + + ++
Zr ++ ++
Ba o +
Eu +++
Re 4+ +++ ++

*(Hack, 1968),
b33

Sr-Eu-Cr

++

© 4+ 0 4+ 4+ 0 O O ©

++

- o +
++ e+t
++ o+t

Sr

++
++

(++)
++
4

* indicates an overabundance by one order of magnitude, ++ by

two orders of magnitude, coa o
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Finally the relationship between the atmospheric parameters
and the peculiarities was strikingly confirmed when Sargent and
Searle (1967b) found that the same peculiarities occurred at the

same (0 log g} in Pop II stars as they did in A-pec stars.

eff?
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3. COMPARISON OF NUCLEAR MODELS TO OBSERVATIONS

We will now compare the observations to a few theoretical
models Which‘have been proposed to explain A-pec stars. Because
nucleo-synthesis theory succeeded in explaining the normal abun-
dances observed in stars, it was tempting to hypothesize that the
peculiar abundances were also due to nuclear processes and to postu-
late whatever astrophysical situation necessary to generate the ob-
served peculiarities through those processes., The abundances that
could be expected from nuclear reactions in the atmosphere were
studied by Fowler, Burbidge and Burbidge (1955) and more recently
by Brancazio and Cameron (1967). The astrophysical history neces-
sary to explain the abundances through nuclear reactions in the inte-
rior of the stars has been discussed by Fowler, Burbidge, Burbidge
and Hoyle (1965). They mention that possibly the evolution took place
in a companion that threw the abundances to the observed A-pec star
in an explosion. Van den Heuvel (1968a, b) further developed this
idea. We will mention objections to each of those models before pro-
ceeding to discuss the possibility of explaining the abundance anomalies
by diffusion processes,

First, there is a general property of the A-pec stars as noted
by Sargent and Searle (1967a) and Deutsch (1966) that none of the nuclear
physics models explains in a natural way; i.e., the dependence of the
anomalies on the parameters of the atmosphere. In this respect the
model developed by Van den Heuvel (1968a, b) fares most poorly. How

can the nuclear processes inside the companion of the A star be in-
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fluenced by the atmospheric parameters of the A-star? Equally hard
to imagine is how the effective temperature and the gravity could
change appreciably the end results of the magnetic acceleration of
particles in the atmosphere. In Fowler et al. (1965) model, the pro-
duced abundances could be related to atmospheric parameters only by
the dependence of atmospheric parameters and abundances on the
mass of the stars., This link seems rather tenuous for the striking
relationships observed.

The most serious difficulty faced by the interior model of
Fowler et al. (1965) is the discovery of A-pec stars in young clusters.
Their model requires that the A-pec stars should be A or late B stars
returning to the main sequence after the red giant phase. This seems
inconsistent with the observation of peculiar stars in clusters whose
turning point in the H-R diagram is higher than the position of the
A-pec stars (Kraft, 1967; Hyland, 1967; Garrison, 1967; and
Adelman, 1968).

The difficulty faced by the "atmosphere-nuclear-reactions"
model with element conservation has been discussed by Searle and
Sargent (1963). We will discuss it here relative to the specific model
proposed by Brancazio and Cameron (1967). In Si stars they assume
the whole surface material of the star has been exposed to little bom-
bardment by He ions (small values of their parameter W). However,
since He is underabundant by a factor of 10 or so in those stars, He
must have been "consumed" to a large extent over the whole surface of

the star. The transformation of O to Si requires a mass fraction



-17-

of 10“2. He ions represent a mass fraction of 0.4 in normal stars.
The transformation of O to Si requires only 3% of it. Where did
the rest go?
This model faces other difficulties when one compares it to the
details of the observations. It predicts, for instance, that Cr and
Mn should behave in a similar manner, However observationally,
they seem to behave differently (Sargent and Searle, 1967a). The
nuclear physics models predict that Sr, Y and Zr should all three
be overabundant in the same stars. Observationally, however, they
behave differently with eeff"
In our opinion all the nuclear physics models that have been
proposed up to now face serious difficulties. Rather than discuss
all the difficulties related to the details of the observations, we have
tried to limit discussion to the best observed difficulties. The prob-
lems they face are numerous and serious enough to warrant looking
in another direction for an explanation of the abundance anomalies,
Now we will discuss the consequences of making the hypothesis that

the atmosphere of the A-pec stars is stable.
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4, DIFFUSION PROCESSES

We postulate that the outer atmosphere of the A-pec stars is
stable enough for diffusion processes to be important there, This is
reasonable since the A-pec stars are known to be slow rotators and
convection zones are not expected to be important in B and early A
stars. The magnetic fields may also add to the stability of the atmos-
phere as magnetic fields are observed to reduce convection in sun
spots. Also the ability of the rigid rotator hypothesis (Deutsch, 1958)
to explain a large fraction of the observed magnetic field variations
argues for their stability.

We will now describe the physics of diffusion processes, their
time scale in the atmospheres of A and B stars, the relative impor-
tance of forces due to gravitation, to magnetic field gradients and to
differential radiation pressure from photo-ionization and line ab-
sorption. We found that diffusion processes naturally lead to the
abundance anomalies observed in the A-pec stars and to their ob-
served dependence on atmospheric parameters,

Diffusion processes in stars have been discussed by Aller and
Chapman (1960), Babcock (1947, 1958b, 1963), Greenstein, Truran
and Cameron (1967) and Praderie (1968). Aller and Chapman studied
the possibility that gravitational settling has reduced the abundances
of the heavier elements in the atmosphere of the sun. Babcock's
studies are related to the A-pec stars and will be discussed below.
Greenstein, Truran and Cameron showed that the underabundances

of He, in old halo B stars, could be explained by gravitational settling.
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Praderie discussed the possibility that the metallic line stars could

be the normal stars. Gravitational settling would have reduced the

abundances of heavy elements in the other stars including the sun.
First we will discuss the diffusion equation proposed by Aller

and Chapman (1960). We shall then use it to calculate diffusion

velocities and hence diffusion time scales in A-pec stars. The time

scale turns out to be of the order of 10% years; much smaller than

the expected life times of these stars. To oppose gravity, a force

must be of the same order as the gravitational force. Diffusion due

to 2 magnetic gradient will then be seen to be negligible, Then we

will discuss how a continuous force like gravity compares to a discreet

force like the absorption of photons. Both bound-free transitions (con-

tinuum) and bound-bound ones (lines) contribute substantially to the

transfer of momentum from the radiation field to certain elements.
Starting from the diffusion equation for a binary mixture,

Aller and Chapman (1960) argued for the following equation for a

mixture of ionized hydrogen, electrons and an ionized gas of charge

Z , and atomic mass A:

dc
_ 1, %2 2a-7-18p
Wiz"Dm[‘EEX 5r T p 3r
, 2.652%+0.805¢a-2) ar  AF " Fp) 5 ()
i 8r  KT(c ¥c,A) |
where

¢, = mass fraction of hydrogen

ACZ = mass fraction of the gas (Z,A).

1

relative velocity of the gas (Z,A) with respect to hydrogen
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r = a measure of distance (supposing plane symmetry) in cm
T = temperature in °Kk

p = pressure (cgs units)

i

Fi force on hydrogen (dynes)

FZ = force, per unit atomic mass, on the gas (Z,A) (dynes)

D,, = 1°947x1091‘5/2[1\1221\1(2)]'1 (2)

_ 2
A,(2) = log (1 +x7)

2 8

x% = 2.73 X 10° T> /(2°N)

N = number density of hydrogen

To evaluate equation 1 for the stars of interest, we used the
model atmospheres of Mihalas (1965), Before giving the numerical
results, we will briefly discuss the relative importance of each term
and obtain, as a by-product, the force needed to counter gravity and
a determination of the distribution with height of diffused elements.,

It is found numerically that in the atmospheres of A and B stars, the
term containing 9T/8r is generally less than 10% of the term con-
taining 9p/0r; we may then neglect the term containing 3T/8r. If
the gas (Z,A) has not diffused vyet, 8c2/ar = 0.0, we are left with the
term containing 9p/8r and that containing (Fi- FZ). But we know:
8p/dr = nﬁg and p = nkT., Since hydrogen is completely ionized and

since one assumes c‘2 <K c1,
m={m +tm /22 m /2
( P e)/ P/

Then



=21 =

18p, 1 7p8
p dr 2 kT

(note that in deriving equation 1, it was assumed that H was com-
pletely ionized and that He was not present. If one wishes to apply
equation 1 when those two conditions are not satisfied, it must be
modified slightly.) For diffusion to occur towards the top of the at-

mosphere, one then requires (if Ac, << Cl)

2

2A-Z-1 o z 1

If F, <<F, and (%— +—12-) << A (here this is always a reasonable

2

approximation, since for the ions of interest Z 52 and A 2 15),

one requires the other force on (Z,A) to be larger than the gravi-
tational force on (Z,A)., The terms (-—-—- — and (—— —B)
<, or p or

represent respectively the scale height of settling due to diffusion
(RD) and the scale height of pressure variations in the atmosphere.

If due to gravity diffusion stops when

dc Agm
1 2 - Z.A"Z"i Bm E r~ 305x 10_7
c, or P or kT

then (for A = 30)

6

R~ 3X 10 cm

D

A radiation force twice as large as the gravitational force would lead
to the same RD as the pressure gradient term. For diffusion to
cause observable effects, it has to take elements from the zone where

lines are formed to a zone one can not observe from the outside (or
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vice versa). This corresponds to a AT 2 1. The corresponding AR
is of the order of 108 cm in A stars. The atmosphere will then have
to be stable for at least 108 cm. There are 30 diffusion scale heights
over that distance. Diffused elements will then either be floating at
the top of the stable zone or lying at its bottom.

For diffusion to be of any importance, it is at least necessary
that the diffusion time scale be shorter than the life time of the star.
To determine the diffusion time scale, we have used equation { (with
Bcz/ar = 0.0 and F1 =0= FZ)’ along with Mihalas' (1965) models.
The results are shown onFig., 1, for Mn III ions, for log g = 4,

and different values of eeff" One reads directly the time to diffuse

from T = 5><1()m£l to T =17

1° One can use Fig. 1 to calculate time
scales for other elements and other ions by remembering that

(equations 1 and 2)

2
wizfo/Z (3)
or

2
t, <2 /A (4)

It is seen that the time scales are of the order of 104 years
for the ions of interest to move from 7 = 0.1 to 7 = 10.0 under the
influence of the gravitational force., If the radiation force on an ele-
ment is twice the gravitational force, that element will diffuse towards
the top of the atmosphere on the gravitational settling time scale,
These time scales are much shorter than the expected main sequence

life times (= 10° years) of A or B stars (Iben, 1965 and 1966).
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The time needed for Mn III ions to diffuse from T = 10,0
to T =0,2 is seen to be of the order of 104 years, much
shorter than the expected main sequence life times of A
or B stars. If the atmosphere is stable enough diffusion

processes should then be important.
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To determine how stable the atmosphere has to be for dif-
fusion to be important, we have plotted the diffusion vclocities as a
function of T for Mn III ions, for log g = 4.0 and a few values of
eeff" For diffusion to be important, convection and rotational circu-
lation currents would have to be slower than 10-3 cm/sec or so in the
atmosphere of the star (Fig. 2).

We have also calculated the diffusion speed for unionized O,
in the approximation w = % gt o where tA is the average time
between two collisions and g is the gravitational acceleration. For
the collision frequency of a non-ionized gas, we have used (Loeb,

1934)
V=t L 'WG"ZNV (5)

where N is the number density of H, ¢ is the mean diameter of the
two colliding atoms (= 3 A) and v is the average thermal velocity
(v = (SkT/m)l/Z)o If one uses p, = p - p, where p is the total

pressure and P, the electron pressure, then tA becomes:

-6 AT
Pg

t, = 4,2X10

A (6)

The diffusion velocity in a gravitational field is then approximately:

we =g

Lot =2xm”6gmm (7
2 A PG

Since the diffusion velocity of once ionized O is about the same as
the diffusion velocity of twice ionized Mn, the ionization of O is

seen, from Fig. 2, to reduce its diffusion velocity by a factor of
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The diffusion velocity shows that there must be no currents
faster than 10-3 cm/sec for the diffusion of ions (full line)
to be important in the atmosphere of A or B stars.
Unionized elements would diffuse ten times as fast (dashed
line)., Diffusion could not be important when there is

convection.
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about 10,

In the sun, convection leads to granules whose speed is ob-
served to be 105 cm/sece However, the sun is known to have an im-
portant convection zone close to the surface, whereas late B and
early A stars have only weak convection zones (Mihalas, 1965). We
have not found any reliable estimates of turbulent velocities in A-pec
stars; however, the abundance anomalies appear in those stars in
which convection becomes relatively unimportant and therefore where
diffusion processes are most likely to be important,

A-pec stars have recently been shown to be slow rotators
(Sargent and Searle, 1967a; Abt, 1967; Deutsch, 1967). Their rotational
velocity is about a quarter that of normal main-sequence stars. At the
moment, there are no reliable estimates of the velocities of rotational
circulation. Assuming a star uniformly rotates, Sweet (1950) has cal-
culated the velocity of the rotational currents. We have used the 3M@
model of Tben (1965) to obtain Pe and Tc needed to calculate
YV otation from Sweet's calculation. Wolff (1968) found that the obser-
vations were consistent with the A-pec stars being all those A stars
having equatorial rotational velocitiés of 90 km/sec or less. Using
Sweet's calculations, this implies meridional currents of 10-3 cm/sec.
The normal A-stars rotating faster would then have currents too rapid
to allow diffusion. This agreement may well be a coincidence however,
Mestel (1966) has shown that Sweet's calculations whould not be applied

outside the surface whose density is defined by P = QZ/Z‘WG where G

is the gravitational constant. For a period of five days, we obtain
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P=6X 1074 g/.cm3a At T = 1, in the atmosphere of a star with
0= 0.4 and logg =4, Mihalas (1965) obtains p = 3 X 1077 g/cm’
which is much smaller than p, Outside of that zone, the circulation
velocities should be increased by p/TD-Q Mestel, however, neglects
the influence of magnetic fields, Magnetic fields may be important
in increasing stability both against convection and against rotational
currents. One can expect stability against convection, if pg J_V_T'I_'l <
7H?/\% (Cowling, 1953) where \ is the size of the instabilities.

Here:

y,I—:—I-m 10_100m-1, H= 104 gauss

so that

A= 10“ cm

Since the radius is approximately 10“

cm (Iben, 1965), one expects
that the magnetic field will increase the stability against convection.
Similarly for stability against rotation one should replace pg JY%_J,
by 9929 For rotational periods of 0,5 days, one obtains \ $ 102 cm
(if p = 1077 g/cm:i e 10% gauss).

Even though it cannot be shown quantitatively that A-pec stars
have stable enough atmospheres for diffusion processes to take place,
they are expected to be among the stars having least convection and
the smallest meridional circulation due to rotation. Furthermore,
the magnetic fields observed in their atmospheres (Babcock, 1958a)

may very well reduce convection and rotational currents. It seems

reasonable then to make the working hypothesis that the atmospheres

of A-pec stars are stable and to study what diffusion processes are
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then likely to be important.

4.1, Magnetic Fields

We discussed above the possible importance of magnetic fields
in increasing the stability of the atmosphere of A-pec stars. Magnetic
fields might also be important in slowing the diffusion of ions and
their gradients may cause diffusion (Babcock, 1947, 1958b, 1963).

The effect of a magnetic field on diffusion velocities may be
approximated (Spitzer, 1962; Chapman and Cowling, 1953) by multi-

plying the component perpendicular to the magnetic field by (1 +w§ti)_1

3

w, = 2w _=9.5X 10 ZB/A (sec™ )

v is the cyclotron frequency of the ion of charge Z and atomic mass
A in a magnetic field of strength B gauss, tc is the average colli-

sion time of ions in the ionized gas; it is approximately equal to:

,n-16,.5/2
o~ 2X10 " AT (sec) (9)
c ZZ
Pg
Then:

5/2
w t =3x10'12§—§————-
cc ZpG

The magnetic field will start having appreciable effect in slowing down

diffusion when wctc“’-‘ i or:

Zp

11 G

B=3X10 (10)
T57z
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If 7T=0.,2 inthe atmosphere of a star with log g = 4.0 and

¢] = 0,4, one obtains for O II:
eff

Be 4 X 103 gauss

Effective magnetic fields of 1000 to 6000 gauss are frequently ob-
served in A-pec stars (Babcock, 1958a). Assuming that the star has

a2 uniform dipolar field, Hp’ one obtains:

Hp z He/(o,3o3 cos i) (11)

where 1 is the inclination of the magnetic axis to the line of sight.
It is reasonable to expect that H would be five times as large as He°
The observed He corresponds then to fields from 5000 to 30,000
gauss in the star. Magnetic fields could then be expected to slow
down diffusion perpendicular to the H field by a factor from 2 to 50,
Babcock (1947, 1958b, 1963) has discussed the possible impor-
tance of magnetic field gradients in causing diffusion in A-pec stars.
Assuming H = 105 gauss and H to vary over a distance of 107 cm
(107 cm can be calculated from Mihalas' models to be the minimum
thickness in the atmosphere of A or B stars corresponding to vari-
ations of T from T =0.1to T=1.,0), then [V<H|= 1072 gauss /cm

and the force on the ions is

22

wWVeH = 5% 107 g-crn/sec2

(taking p = Bp.B, where pg is the Bohr magneton)., The gravitational

-18

force, however, is 1.6 X 10 g-cm/sec for an ion with A = 100,
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Since, as seen above, to cause diffusion upwards the force opposing
‘gravity has to be at least as large as the gravitational force, it seems
unlikely that the magnetic field gradient could cause diffusion leading

to the observed abundance anomalies in A-pec stars.
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5. RADIATION PRESSURE

We will now discuss the importance of the radiation field in
causing diffusion. We first show that in spite of its discrete nature,
the radiation force can be treated in the same way as the gravitational
force, We then calculate the momentum transferred to the ions of
interest by bound-free transitions (continuum) and bound-bound ones
(lines). The radiation pressure force is frequently larger than the
force of gravity. It can then push elements outwards and cause over-
abundances in the outer part of the atmosphere. The strength of the
radiation pressure force in the outer atmosphere of A-pec stars is
related to the overabundances observed in these stars.

One might argue that the momentum received by an ion from
the radiation field is rapidly transferred through collisions to all
species present and therefore cannot cause diffusion. Under the hypo-
thesis that the time scale for this transfer is approximately the same

. o - .
he time for an ion to be scattered through 90, t.o it will be seen

ek

as
that a given radizﬁ:ion force causes diffusion velocities equal to those
produced by the same gravitational force.

For simplicity suppose that all photons are streaming in the
same direction. (In general one should consider only the anisotropic
part of the radiation field, i.e.,, the radiation flux.) Let tp be the
average time between the absozption of two photons. The momentum
transferred from the radiation field per second (the force) is then
hV/igf@:ﬁi}e The distance travelled per second hvtc/(thcM) {introducing

the factor ﬁ:c/z, since the push is remembered for a time tc’ but over
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the time tC/Z the strength of the push is reduced by a factor 0.5),
M is the mass of the ion. Similarly the distance travelled per second
under the influence of gravity is approximately 0, Sgtca Comparing
the two expressions it is easily seen that a radiation force as large as
a gravitational force causes diffusion through the same distance as
the gravitational force. The direction in which the ions will diffuse
will be determined by the relative size of the gravitational and radi-
ation forces, independently of tcc In the diffusion equation, one can
introduce the radiation force in the same way as a continuous force,
in spite of the discrete nature of the photons. The collision frequency
will only affect the diffusion velocity. The diffusion velocity due to
radiation pressure should then be expected to be of the same order
as the one calculated above for gravitational settling.

We now calculate radiation forces from bound-free and bound-
bound transitions in the usual way and expect that when the radiation
force is larger than the gravitational force, the ions will diffuse

towards the top of the atmosphere. One then observes overabundances.

5,1, Continuous Absorption

The force exerted onan atom by a radiation flux ¢, (physical
flux) in a wave length interval d\, through absorption of photons by the
level n, when the fraction Nn/Ntot of the given element are in the
level n, is given by (Pecker and Schatzman, 1959)

N

08 n d\
F,d\= 10 N Un% = (cgs) (12)
tot A

where d‘n is the cross section for absorption of the photon by level n,
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in the wave length interval dA (\ in A),,

We calculated the partition function from:

U= Z g, exp (-Wi/kT) (13)
i
where the weights g; = (ZJi-H) and the excitation energies Wi are
obtained from NBS tables, We then used Saha's and Boltzmann's
equations to obtain Nn/Ntot for all the levels of interest,
We estimated the contribution of the continuum by calculating
the bound-~free transition cross section in the classical hydrogenic

approximation

o) 2 7,9—‘-1-2 -1-5 x 10”18 cm? (14)
n YA 4

=}

where Zn is the charge of the ion after ionization, n is the principal
quantum number of the level and Y = hv/I.E. (I.E. = ionization energy
of the level n).

For photoionization, equation 12 has to be slightly modified
since not all the momentum of the ionizing photon is transferred to the
ion. Some of it is given to the electron. Far away from the atom,
the distribution of electrons after photoionization is given by

(Sommerfeld, 1939):
. 2 2 5
Jet 5in”0 cos”¢ (1 + 4B cos 0) (15)

where © is the angle between the direction of the light quantum and of

the electron and ¢ is the angle between the plane containing the
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electron, the photon and the ion and the plane containing the photon
and its polarization vector {f = v/c). The fraction F of the momen-
tum given to the electron is then:

fmvcos 8J32
F =

, (16)
f 3-03 J aQ

Since df = sin 0 d6 dg¢, one obtains:

2
_4 mv_ _ 8
F =€ Ty = 7 K (17)
where:
}-mvz
_ 2 _hv -1, E,
K= P = w (18)

As K~ i, the electrons go away with more momentum than the photons
brought in; the ions are then pushed back by the photoionization. How-
ever, in the cases of interest to us K S 15%, so that most of the mo-
mentum is transferred to the ion and not to the ejected electron. In
our calculations of the radiation force due to photoionization, we sub-
tracted the momentum transferred to the electron by multiplying the
right-hand side of equation 12 by (1 - 1.6K),

Equation 15 was obtained by Sommerfeld for the ionization of
the ground state of the hydrogen atom. To our knowledge, J has not
been calculated for any case but hydrogen when K is appreciably
smaller than 1. When K is close to 1, the effect becomes measurable.
For krypton the anisotropy has been measured and, on the average,

less momentum would be transferred to the electron than in the case of
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hydrogen (Krause, 1969). However, the experiment was carried out

at photon energies much larger than those of interest here. It seems
impossible to observe the 4f cos 6 term at low energy. It would be
nice to have J determined theoretically for cases other than hydro-
gen., If for some ions of interest the correction term went as 12B cos 0,
say, it would have an important effect on our conclusions,

We have calculated for a number of model atmospheres the
force transferred through photoionization from the radiation field to
different elements of interest, The results for the force at 7 = 0,1
are shown in Figs. 3 to 8 as a function of eeﬂ, log g = 4. The
special cases of O and Si will be discussed below in a section on
auto-ionization.

To calculate the forces, we used Mihalas' (1965) models. The
main feature in his calculated outgoing flux, insofar as our calculations
are concerned, is the Lyman continuum. Below the Lyman continuum,

hardly any flux is coming out. Photoionization will only occur then

for those levels in which the ionization potential is less than 13.6 ev,

The elements with ionization potentials larger than 10.5 ev but
smaller than 13,6 ev will be pushed out by large radiation forces in
the cooler peculiar stars, C, P, Cl, Ca, Sc, As, Br, Sr, ¥, Zr, Xe,
Rn and the rare earths fall in this category. The elements with
ionization potentials smaller than 10 ev or greater than 18 ev will not
absorb enough radiation to counter gravity in the A-pec stars. He,
Li, Be, B, Ne, Na, Al, K, Ni, Cu, Ga, Se, Rb, In, Sb, Te, Cs, fall

in this category. Those with an ionization potential between 13,6 and
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Fig. 3. Radiation force from the photoionization of C., The dashed

line indicates the gravitational force if log g = 4,
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Fig. 4. Radiation force transferred through photoionization to Si
and Mg. The dashed line indicates the gravitational
force, The histogram shows the number of Si stars as a

function of ee £ (from Sargent and Searle, 1967a), Wide

£
auto-ionization levels would have to exist in Si 1L, for the

radiation force to be able to push Si into the outer

atmosphere.
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Fig. 5. Radiation force transferred through photoionization to P,
S and Cl. The dashed line indicates the gravitational

force on P,
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Fig. 6. Radiation force transferred through photoionization to Ca
and Sc. The dashed line indicates the radiation force on

Ca,
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Fig. 7. Radiation force from the photoionization of iron peak
elements. The dashed line indicates the gravitational
force on Mn., The histogram shows the number of Mn
stars as a function of eef_f (Sargent and Searle, 1967a).
The radiation force from the continuum appears related to

the Mn overabundance in A-pec stars,
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Fig. 8. Radiation force from the photoionization of Sr, Y and Zr,

The dashed line indicates the gravitational force on Sr.
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18 ev may or may not be pushed outwards by the radiation field in the
warmer A-pec stars. Whether or not they are pushed out depends on
the details of the atomic structure., Compare Mg, Mn, Fe and
Cr, ‘

In .Fig. 9 is plotted the variation with T of the force trans-
ferred through photoionization on Si, Mn, P and Cl for the model
atmosphere eeff = 0.4 and log g = 4. The behavior with T depends on
the excitation energy of the levels from which photoionization occurs.
The special case of Si will be discussed at greater length below. The
radiation force on Si does not decrease as rapidly when T increases
as that on Cl or P,

One may wonder why hydrogen, the lightest element, should not
be thrown out. The answer is simple. There is too much H or not
enough light. The radiation pressure in these stars is only a few per
cent of the total pressure (Mihalas, 1965). The flux at the proper wave

length to push hydrogen up (below the Lymaf\l continuum) is very small.

Compare, for instance, H to Mn in a model atmosphere with eeffz 0.4
and log g = 4. There is about the same fraction of hydrogen which is
not ionized as there is Mn in those levels of Mn II which can be

ionized by the radiation flux above the Lyman continuum. Because Mn
is 50 times as heavy as H and the radiation force on Mn is four times
the gravitational force, there has to be 200 times less flux below the
Lyman continuum as above, for hydrogen not tc be thrown out. An
estimate of the relative flux below the Lyman continuum to the flux

above can be obtained from:
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Fig. 9. Variation with T of the force transferred through photo-
ionization to certain elements. Notice that the different
behavior with 7T of the force from element to element

may have important effects in causing overabundances.
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We obtained the ratio of opacities from tables prepared by Mihalas

for his model atmosphere calculations., H is then not expected to be

thrown out by the radiation flux.

5.2. Line Absorption

The possible influence of lines in pushing elements outwards
can first be seen by comparing to the gravitational force the momentum

per second a line would transfer from the radiation field to the element
2
of interest. For one line, f (rndv = gz%— f. Equation 12 then becomes

(keeping ¢v constant over the width of the line; Ntot is the number

density of the element of interest):

ﬂez Nn
Frad - 4 N oyE
mc tot
N
e~ 3 X 10-16 n_g (g-cm/secz) (19)
tot
if you assume ¢, = 3 X 10—3 (cgs) (as is typical in the atmospheres of
-20

A and B stars, Mihalas, 1965), This force compares with 1.7 X 10 A
(g"cm/secz”.)', the gravitational force on an element with atomic mass
A, if log g = 4, Saturation could reduce the flux by a factor of

2 X 104/A, and the radiation force from one line could still be as

strong as the gravitational force. If the flux in the line can be approxi-

mated by

(‘}line - ¢vcont (Kv/Kvnrn) (20)
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saturation can be estimated by comparing K in the line to K
Vnm
in the continuum. In the line

K _ 'rrez)\ ( fnmNn)\ _ 107 fnmNn N (21)
v 2 NAN - N A\
nm m c n
e H
We require,inorder to take saturation into account:
KV
_ _
FradR = Fraa T Fgrav (22)
Vam
This leads to:
ANt ¢
mass fraction that one line can support = —N—g—
H
4
) 10 (vav ax
Y A
= 0, K 2
0.1¢ v/x (23)

if AN/N = (1/c)mm = 10“5, as would be the case for an ion with
A = 100 at a temperature of 104 °K. We calculated, for different
values of \, 0.1 dvav/?\ at T = 0.2, in a model atmosphere with
log g = 4 and O g = 0.4. The results are shown in Fig. 10. De-
pending on where it is in the spectrum, a line of thermal Doppler
width can support a mass fraction anywhere from 10-7 to 10”7 . Note
that N f  has dropped out of the expression for ANtot/NH“ This

is because we assumed the line saturated so that the product

¢ K is independent of the value of K

vnm Vnm vnm

The line width could be defined as the width over which the
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Mass fraction that one line of thermal Doppler width
can support in an atmosphere with Geﬁ = 0.4,
log g = 4.0. On the average it can support approxi-

mately 3 X T of the mass.
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product ¢ , K, ig independent of X, . If K /Kv > 200 in
nm nm nm nm_,
the center of a line, and if K, < exp - [ (\ - xo)/AxO] where
nm
A\ is the thermal Doppler width, then exp -[ () - ko)/A)\o] 2

=0. 005
for I?\ - )\Oi =~ 2,5. The total width of the line is then approximately
5A)\o. If a given element has a resonant line at 4000 A, that line alone
could support a mass fraction of 10-6. If in addition to that line, the
element has 10 lines from the ground state with f= 0. 01, the lines
could support a mass fraction of 3 X 10—6. One could similarly add
the contribution of other levels, of multiplets, etc. One could go
through tables of lines for elements of interest and derive a formula
to estimate their f values. One could then estimate how many lines
of a given width an element could be expected to have. However, as
we shall see below it is generally clear whether or not the lines could
support the observed overabundances of given elements. Si certainly
does not have the 105 lines necessary to support its observed over-
abundances., But Eu does have the 1 to 10 lines found necessary to
support its overabundances. In what follows, we compare our results
above for what mass fraction 2 line can support, to what one obtains
supposing LTE in the formation of the line (Milne, 1927). The two
approximations give approximately the same results, We then calcu-
late how the mass fraction supported by one line varies with 7, A\ and
from one model atmosphere to another. Comparing the calculated
with the observed mass fractions, we determine which element can be
supported by the radiation pressure transferred through lines to an

element,

According to Milne {1927) when exp (—'rv } is small, one
nm
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line of width Ay would transfer 417Av(dBv/d'r)AT/(3c) from the radi-

ation pressure to the pressure supporting one element in a shell of

2

thickness AT. The number of atoms of an element per cm® of that
shell is:
N(A) dr _XA)AT (24)
Am K
p

The force one line exerts on one atom is then:

- ) éf_Av dBv AmpK 4T (25)

line ~ 3¢ dr “X{A&Y dT

Equating Fline to the gravitational force, one obtains the mass

fraction X(A) of a given element one line can support:

_ 4 AN hy  exp (hv/kT) — dT/T
X(A)= 4 X 10 2 KT T-exp (hv/KT) B (T)K —3f~ (26)

(cgs units except for A in A). Using Mihalas (1965) models we calcu-
lated the mass fraction a line of thermal Doppler width can support.

The results are shown in Figs. i{ to 13 as a function of \, for
different eeff’ and at different 7. The Doppler width is the appropriate

A"i/z, the plotted re-

one for an element with A = 30. Since A)\o o
sults can be extended to an element with any A,

Listed in table 5 are the number of "average" lines of thermal
Doppler width needed to support normal abundances of a few elements
of interest. Each line is asgumed to support a mass fraction of

7

3X10"', Note from table 5 that overabundances of elements heavier

than the iron peak can be supported by line absorption. However,
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Fig. 11. Mass fraction that one line of thermal Doppler width
can support as a function of the wave length of the line,

3 0.125 and 0.6 in an

It was calculated at T = 10~
atmosphere with eeff = 0,32, log g = 4.0, Note that
on the average, it tends to increase as T increases,

- contrary to the radiation force transferred through

photoionization (see Fig. 9).
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Fig., 12, Same as Fig. 11 except that it was calculated at different

T, in a different atmosphere.
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Fig. 13, Same as Fig. 11 except that it was calculated at different

7T in a different atmosphere.
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TABLE 5

The Effect of Lines

Nl.mrﬂoer’4<

of lines

required Abundance
o 5, x10% 2.5% 107
Ne 1,5 % 103 8., X 10°
Mg 2. x10° 9.1 X 10°
si 3, X 10> | 10°
c1 10, 2.6 % 103
Ca 250, 5, x 104
Cr 40, 7.8 x 10>
Mn 35, 6.9 % 103
Fe 500, 8.5x 10%
Ga 0.1 9.
Sr o5 61,
Y oA 8.9
Zx o1 14,2
Ba .05 2.6
La .01 .5
Eu .002 115

&
Number of lines required to counter gravity for the observed normal

abundances of some elements of interest, Each line was taken as
supporting a mass fraction of 3 X 10”7, The abundances are taken
from Bashkin, 1963, The number density of silicon is normalized
to 10%, The number density of hydrogen is then 3.0 X 1010,
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large overabundances of the iron peak elements or of the lighter metals

(except Li, Be and B) have to be supported by continuum absorption.

5.3, Avuto-Ionization Levels

The force transferred from the radiation field to elements
might be increased for two elements of interest, O and Si, by an
unusual type of levels, the auto-ionizafion levels. Those of interest
here are levels in which two electrons are excited. The total excita-
tion energy of the two electrons is greater than the energy needed to
ionize the ground state. At the same energy then there exists a
continuum of states. There is a finite probability that after the two
electrons have been excited, the system will ionize without collision
or absorption of a photon; hence the name given to these states.

If the parity and the quantum numbers J, L. and S of the
excited states are the same as those of the continuum for one value of
L of the emitted electron, the probability for auto-ionization is large.
The levels are then much wider than the usual excited levels. For
instance, auto-ionizing levels have been observed in Ca as wide as
0.07 ev (Newson, 1966, Ditchburn and Hudson, 1960), and in Cd and
Hg as wide as 0. 3 ev (Berkowitz and Lifshitz, 1968).

Calculation of what mass fraction a line related to such a
level can push upwards shows how important it might be. At
N\ = 1000 A for an atmosphere with Oogs = 0.32 and log g = 4,
Mihalas (1965) obtains for the physical flux: ¢ = 1073 (cgs) . The

pressure upwards transferred to such a level from the flux is then
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¢vAv/c =3 gr cm/(seczcmz)

1

(Av = 0.3 evor Avy/c =3000cm ). If X is the mass fraction that

can be supported by such a level:
X = ¢VAv/(ch) ~ 0.69%

where we took Pg = 5 %X 102 (cgs) from Mihalas calculations, at
T=0.1.

One single line ending at such a level could support nearly
1 %of the mass (an overabundance of Si by a factor of 10) of the
elements above T = 0, 1, if that element is concentrated above T =0.1,
as would be expected for an element being pushed upwards by such a
continuum-like level.

When an element has an ionization potential smaller than
13. 6 ev it can be ionized from the ground state by continuum radiation
above the Lyman continuum. The photoionization cross section is
affected by the presence of auto-ionization levels, however it is not
expected to change the integrated value over the spectrum by an
order of magnitude. It could make significant changes, by factors of
about 2 to our calculations, If there were enough information on
those levels, it would be interesting to include them in our calcula-
tions. The same remarks apply for elements having numerous excited
levels contributing to the photoionization opacity, like the iron peak
elements and Zr. The auto-ionization levels cannot contribute sub-
stantially here to the transfer of momentum to ions, like Mg II,

having only one electron outside of a closed shell: the excitation
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of two electrons then always involves more energy than is available
above the Lyman continuum.

Both O and Si are special cases. There is only one level
of O which is properly placed to transfer an appreciable amount of
momentum from the continuum:‘ the 2p4 1D level which is 2. 0 ev
above the ground state (ionization from the ground state would
require radiation from below the Lyman continuum). However,
it is a 1D term and, in Russel-Saunders coupling, the AS =0
selection rule does not allow it to be photoionized to the ground state
of OII, a 48 term, Allowed photoionization from that excited level
requires light from below the Lyman continuum. Furthermore, in
such a light element as O, Russel-Saunders coupling holds as exem-
plified by the small energy difference between terms of different J
in a multiplet., Transitions to auto-ionization levels might then be
the main source of absorption. However, in the case of O, either

transitions from the 1D level have to go to 3p or 3

F levels and thus
are expected to be weak transitions (forbidden by the AS = 0 selection
rule) or they go to 1P and 1F levels and are not expected to be
broadened by auto-ionization because the available continuum of
states has S = 3, The same argument applies to the second excited
level, a 1S level; however, it is never populated enough to contri-
bute substantially to the absorption, even if there were no selection
rules against it, One then expects only a little momentum to be

transferred from the radiation field to oxygen. The experimental

results of Rudd and Smith (1968) agree with the preceding discus-
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sion: they have found no evidence of the auto-ionization of 3'D or of
18 levels to the continuum involving the ground state of O II (a 4S
level). The force transferred from the radiation field to O is then
calculated to be smaller than 10%of the gravitational force on O.
It could not impede gravitational settling.

The case of silicon is different, mainly because of the break
down of Russel-Saundere coupling. Si II has two excited levels that

2 413 level and a 3p2 2 2 2D

are properly placed: a 3p D level. The 3p
level is perturbed by a 3d 2D level, Froese and Underhill {1966)

calculated that the wave function for the level of interest was actually:

2 2,4, 2

0. 84 3s3p® %D + 0. 54 38234 °D

The photoionization of the 3s 3p2 ZD configuration to the ground
state of Si II is prohibited, but that of the 3sz3d ZD is not. Further-
more that level has permitted transitions to levels which are known to
be strongly auto-ionizing (Shenstone, 1961). Their width is however
unknown.,

The photoionization of the 3p?‘ 4P level to the ground state of
Si III is forbidden, It is a two electron jump. However, this level
has permitted transitions to quadruplet levels which, in spite of the
AS = 0 selection rule, show auto-ionization effects to the continuum
involving the ground state of Si III (Shenstone, 1961). These auto-
ionization levels would not be expected to be very wide, but it seems,

in spite of the AS = 0 selection rule, that the transitions to the

strongly auto-ionizing doublet terms may not be so strongly prohibited
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because of the break-down of the AS = 0 selection rule in the auto-
ionizing of the 4p levels.

The available information on Si II does not allow us then to
say} whether auto-ionization will be important or not in transferring
momentum from the radiation field to Si. However, it is quite
possibly important. Because we ignore the width of auto-ionizing
levels and the f values of the lines connecting them to the 3p2 ‘p
and 3p2 ZD levels, one cannot calculate with any degree of certainty
the radiation force the auto-ionization levels may transfer to Si. An
upper limit is obtained by assuming an auto-ionization level is 0.5 ev
wide and is connected to the levels of interest by lines with f « 1.
The radiation force on Si is then found to be 20 times the gravita-
tional force in an atmosphere with eeﬁ = 0,32, log g =~ 4 and taking
saturation into consideration for an overabundance of Si by a factor
of 20,

Whether radiation pressure is transferred to Si through photo-
excitation to auto-ionization levels or through photoionization, the
lower levels are always the same and the radiation comes from the
same part of the spectrum. Both processes then give the same
dependence of the radiation force on the effective temperature of the
star., Plotted in Fig, 4 are the results for photoionization in the
hydrogenic approximation, This could be an overestimate if Russel-
Saunders coupling is a good approximation. It would be an under-
estimate if the auto-ionization levels which are known to exist were
wide enough, I' 2 0.05 ev, and if they were connected to the levels

of interest by strong lines.
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6, COMPARISON WITH OBSERVATIONS

We are now in a position to discuss what abundance anomalies
can be expected from diffusion processes in A-pec stars and to com-
pare these to the observed abundance anomalies. Given the diffusion
hypothesis, most well-established abundance anomalies would be
expected, The most important difficulty comes from the Si over-
abundance. Its explanation requires the auto-ionization levels known
to exist at the proper energy in Si Il to be unusually wide features.

If the atmosphere of the star is stable, abundance anomalies
should manifest themselves on a time scale of 107 years, Those
elements not contributing enough to the opacity in the outer atmos-
phere of the star will settle down. To observe large underabun-
dances, elements have to settle over the whole surface of the star,
For instance to observe an underabundance by a factor of 100, the
elements must have settled down over 99% of the surface. Ionized
elements will settle down ten times more slowly than the non-
ionized ones, Furthermore, when they have to cross magnetic
field lines, they will be slowed down by another factor of 10, An
element is then expected to be most underabundant when it is not
ionized,

Diffusion upwards will also be slower for ionized than for
nonionized elements, However, the magnetic field is now expected
to channel elements into patches and not to slow appreciably the
flow of elements upwards when the magnetic field is parallel to the

gravitational field. In those stars with magnetic fields, over-
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abundances of ionized elements should be expected to occur in
patches and to vary with a period related to that of the magnetic
field.,

The transfer of momentum through bound-bound transitions
(lines) is expected to be efficient in pushing outwards the less abun-
dant elements., Xach line of thermal Doppler width can, on the
average, support a mass fraction of 3 X 10—7, Since the mass
fraction of a typical normally abundant rare earth is only 10_8 to
10_9, lines could easily cause overabundances of rare earths, As
seen from Figs. 11 to 13 the force exerted by lines is not dependent
on T, so long as the element remains in an ionization state where
there are lines, i,e., does not take the configuration of a rare gas.
Lines cannot only maintain overabundances in the upper part of the
atmosphere, they can also push elements from below,

Lines cannot support overabundances of the more abundant
elements , like Si, in the upper part of the atmosphere. Over-
abundances of the light elements are possible only when the radiation
force transferred through photoionization or through auto-ionization
levels is larger than the gravitational force. However, lines can
still push elements from below to fill the upper part of the atmos-
phere where the continuum takes over. Note that an overabundance
by a factor of ten requires only that the elements from above 7 =1
be pushed up.,

The diffusion hypothesis predicts that the abundant, light,
nonionized elements, which have no properly placed continuum and

which do not have enough lines to be kept up by lines, should be most
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underabundant, This is confirmed by the results of Sargent and
Searle (1962). When O and Mg are both once ionized one expects
both to have settled down by the same amount. On the average this
happens around eeﬁ = 0,4 (see Fig, 14). When O is not ionized,
one expects O to be much more underabundant than Mg. This is
confirmed at eeﬁ 2 0,45, When Mg is twice ionized and O is
once ionized, one would expect O to be slightly more underabuﬁdant
than Mg. This would occur for O_. 5 0.36. The dataare not good
enough yet to confirm this trend; in any case, the difference should
be relatively small, Whereas O not being ionized increases its
diffusion velocity by a factor of about 100, Mg being twice ionized
changes the diffusion velocity by a factor of only 4.

Similarly Ne and He would be expected to be most under-
abundant when they are not ionized., The data are not as conclusive
for Ne as for O (see Fig. 15). Note that Ne can be observed
only when it is starting to be ionized, We have compared Ne to C
because, for a given abundance, the observed lines of Ne and C
behave similarly with eeﬂ (Sargent et al. , 1969). He seems to be
underabundant in the stars in which it is not ionized in the upper
atmosphere as would be expected.

Si will be pushed up only if there exist wide auto-ionization
states in Si II, as mentioned above. If they do exist, the radiation
force on Si will be largest in the temperature range in which the
Si stars are observed.

P, S, Cl, Ca, and Sc can be expescted to be overabundant
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The line indicates what fraction of O is not ionized at
7 = 0.3 in model atmospheres with log g = 4.0 and
different eeff" The points show the abundance of O
in a number of stars. The unfilled circle represents
an He weak star and the crosses represent A-pec
stars (from Sargent and Searle, 1962). The greater
underabundances of O occur only in stars where O
is not ionized in the outer atmosphere as would be

expected from the diffusion hypothesis.,
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The lines indicate what fraction of He and Ne is not
ionized at T = 0,3 in model atmospheres with log g = 4,0
and different Geﬁa The points show the abundance of Ne
in a number of stars (from Sargent, Greenstein and
Sargent, 1969). The unfilled circles represent He-weak
stars and the crosses represent A-pec stars., The data are
not as conclusive as for O, since Ne has been
observed only in stars where it is getting ionized in the

atmosphere,
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in the cooler A-pec stars, but neither A nor K should be, Sargent
and Searle have made no systematic studies of these elements., The
observational data is not conclusive except for P. Compare the
different values obtained for the abundance of Ca in 53 Tau (table 3),
The overabundances of P observed in 3 Cen A and a few Mn stars
for instance Kk Cnc are not explained here. In ¥ Cnc the ratio of O
to Mg does not seem to follow the same trend as in the other A-pec
stars,

In the iron peak, Fig. 7 shows that the diffusion hypothesis
explains naturally the overabundance of Mn. The occurrence of Mn
stars in the Geﬁg log g plane is also explained naturally. There is
excellent agreement between the observations and the overabundances
predicted by the diffusion hypothesis., Line absorption could explain
slight overabundances of the other elements of the iron peak. Ti
and Fe may also be affected by continuum radiation, but not as much
as Mn. One would not expect from diffusion large overabundances
of Cr, In fact Searle, Lungershausen and Sargent (1966) conclude
that Cr was not as overabundant as generally believed,

Lines can be expected to cause overabundances of most
elements heavier than the iron peak., They are so underabundant
that they generally are observed to have more lines than is necessary
to push them upwards. As can be seen from table 4, they are ob-
served to be overabundant. Comparing Fig., 8 and table 4, it seems
that Sr, Y and Zr are most overabundant in those stars where the

radiation pressure transferred to:them through the continuum is
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largest,

The rare earths are observed to be overabundant as expected.
Ba is not expected to be as overabundant as the rare earths, since
in the atmosphere of the A-pec stars, it is mainly in the form of
Ba III which has the same atomic configuration as the preceding
noble gas. It must have very few lines if any.

However, Sr will also take the configuration of the preceding
noble gas in the atmospheres of the A-pec stars, and it is observed
to be overabundant, It should first be mentioned that the maximum
of the radiation pressure force on Sr is in stars with eeﬂ =~ 0,55,
The maximum on Ba would occur in stars with eeff =~ 0,61, because
the ionization potential of Ba II is smaller than that of Sr II. At
that temperature, the convection zone is becorﬁing more important
and diffusion processes are probably unimportant. Similar remarks
apply to the contribution of lines. Sr is then expected to be more
overabundant than Ba, however the observed difference between the
two is perhaps bigger than would be expected.

Thus the diffusion hypothesis predicts the better established
abundance anomalies in the A-pec stars. In particular it predicts
the dependence of the anomalies on aeff’ unlike any nuclear model.
It also predicts that in a given star, Sr, Y and Zr should behave
differently, which again no nuclear models predict, It also predicts
the existence of patches leading to periodic variation of the over-
abundances. However, explaining the overabundance of P and the

existence of both Si and Mn stars at the same ' eeff is difficult,
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In our calculation, we had no free parameter to play with,
However, if we suppose that the atmospheres are not stable in their
uppermost part but only below a given value of 7, which may vary
from star to star, we would expect to have both Si and Mn stars at
the same Beﬁe We see on Fig., 9 that the radiation force on Si
does not decrease as rapidly when T increases as that on Mn., If
the relevant 7 for a given star were 1.0 or 2,0 it might become a
Si star, whereas it would be a Mn star if the relevant 7 were 0.1,
Some of the characteristics of the metallic line stars can probably
be explained in the same way. However, it is not clear how one
could explain the underabundances of Sc and Ca observed in some
metallic line stars, Because of the uncertainty as to the value of

7 one should use, we have not pursued the matter any further,
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II. NUCLEOSYNTHESIS IN Si BURNING
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1. INTRODUCTION

It has been realized for some time that the observed abun-
dances of the iron peak elements closely matched those to be
expected from nuclear equilibrium for some value of temperature,
density and neutron enrichment (Hoyle, 1946; Burbidge, Burbidge,
Fowler and Hoyle, 1957). More recently, Bodansky, Clayton and
Fowler (1968) found that, if equilibrium is reached between 285’1
and the iron peak but not between 285i and 4He, it is possible that
the observed abundances from ZBSi to the iron peak would have been
generated in a single process. However their comparison with ob-
servations was made for one zone of the star, in which there is a
well defined fraction of 28810 In a given star, there will be a super-
position of zones, each with a different dynamic history and with a
different value of left over ZSSia

In what follows, we shall find that the superposition of zones
in a Si burning star leads, with little arbitrariness, to the observed
abundances between ZSSi and the iron peak. The iron peak elements
may have been generated in complete equilibrium, but elements like
2951, 308119 31P, 328 oao were generated in zones where little ZSSi
had burned. The generated abundances will be seen to depend mainly
on the neutron enrichment and the extent of ZSSi photodisintegration
in the coolest and hottest ejected zones, With those three param-
eters, it is possible to obtain agreement within a factor of 3 between
the observed abundances and those expected from these calculations

for some 25 of the 41 elements between 28Si and 58Nia The
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generated abundances of only a few elements will depend on a fourth

parameter, the ratio of 328 to ZSSi after C or O burning. Some

40A, 4663, and 48(?.21) are unabundant

of the poorly fitted nuclei (308,
neutron rich nuclei, which could easily have been produced by a
slight exposure of the material to a neutron flux, The freezing
process will be found relatively unimportant for most nuclei, but
some of the poorly fitted nuclei will be found to be the most affected
by it. Inclusion of the freezing process improves agreement with
the observations, in many of those cases.

We shall first discuss the reaction rates which we shall use
and mention the other physical constants of importance. We shall
then describe our method of solution of the evolutionary equations
and justify our assumptions a posteriori. We shall finally present
our main results and compare them to the observations. We shall

also discuss the limitations that the observed abundances put on

the astrophysical conditions for their generation.



-87-

2, PHYSICAL CONSTANTS; REACTION RATES

There are four groups of physical constants which are im-
portant to the calculations of the transformation of ZBSi into the
iron peak: the nuclear partition functions, the binding energies, the
beta decay rates and the nuclear reaction rates., For the first three,
we have used values already available in the literature. * The
nuclear reaction rates needed for our calculations can be separated
into two groups: those related to the photodisintegration of 28Si

20Ne (yo), 6o (ya), 12¢ (aaa) and a group of

(that is 24’Mg (ya),
15 reaction rates (and their reverse) at masses A = 41 to 48.

Those in the first group have been measured experimentally. (Fowler
et al,, 1967). Uncertainties of the order of 50 % are to be expected
in this case, Those in the second group have not. They have been
estimated theoretically by Truran et al. (1966). In order to deter-
mine more precisely which of those rates were important to the
evolution calculations, how uncertain they were, and which experi-
ments should be carried out to reduce the uncertainties, we have

recalculated them using a semi~-empirical formula for Fy/D (Ap-

pendix 1) and the equivalent square well introduced by Vogt et al.

>kMos!: of the partition functions were taken from Truran, Cameron
and Gilbert (1966), Those not available there were taken from the
estimates of Clifford and Taylexr (1965), Most of the binding
energies were taken from Mattauch, Thiele and Wabstra (1965).
When not available there, we used those of Harchol, Jaffe, Miron,
Unna and Zionni (1967) or, when not available there either, we
used those of Clifford and Taylor (1965). For all the beta decay
rates, we used the numerical fits presented by Hansen (1966).
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(1965) and discussed in detail by Michaud et al. (1969). Comparing
our results to other calculations and to the available experimental
data points to uncertainties of a factor of two or so in the nucleon
channel, of five in the alpha channel (or perhaps more due to un-
certainties in the applicability of the optical model as discussed in
Michaud et al. , 1969), and of five in the gamma ray channel. Un-
certainties due to the excited levels may also introduce a factor of
five. These factors will be seen not to be additive in general.

We shall start from the results of the evaporation theory

for reaction cross sections averaged over the compound nucleus

resonances.
Y Tl
Z 2J+1 Z y s't!
(@) (1)
@I+{zi+) = . ), Tyula")
S"I"

where a represents the pair of particles and their state of excita-
tion, I and i are the intrinsic spins of the pair of particles «,

s is the channel spin, £ the orbital angular momentum of the pair,
J is the angular momentum of the compound nucleus (or equivalently
the total angular momentum T=T+% =1 +1+1), I is the intrinsic
parity. The unprimed quantites refer to the incoming channel, the
primed quantites should be summed over all open channels in the
compound nucleus including excited states of the residual nucleus.

It is assumed that all Tsﬂ (o) = Tﬂ (@) and similarly in the primed and

For a justification and a discussion of the evaporation theory see
Vogt (1968).
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double-primed cases.
As shown in Michaud et al. (1969), the equivalent square well
is an excellent approximation to Saxon-Woods potentials:

+(r-—RO)/a

Vo (r) = (p+iwy)/(1+e ) (2)

where a 1is the surface thickness, RO the radius of the well, VO
and W the real and imaginary parts of the potential closeto r =0

(since R,>> a). The equivalent square well is defined by:
0 q y

V= (V,+iW)  r<R,
vV =0 r > R1
R1 = RO + AR
W= Wy
and Vl determined from:
2 2
VoRo ™ V(Ry

The value of AR is given in Michaud et al. Using the equivalent
square well to replace the Saxon-Woods potential, the transmission

function can be written:

2

=
i

TI/“. +Tﬂ/4) (3)

il

T

4
’ 4nP£s f (4)

£

where P, (= kr/[ Fj + Gj]) and s, are the usual square well

£ 4
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nuclear penetrability and strength functions respectively, and where
f is the reflection factor. We have used the black nucleus strength
function throughout. Vogt (1962) has shown, for neutrons, that, on
the average, the black nucleus strength function multiplied by the
reflection factor should be equal to the Saxon-Woods strength function.
The same is expected to be true for protons. For 4He projectiles,
the black nucleus strength function multiplied by f is equal to the
diffuse well strength function since the large W0 used for 4He
smooths out any giant resonance effects. Finally in 3, we have neg-
lected terms like PRO:), SR® and n'Ss..>:< The terms containing R
will be, on the average 0. They will change sign at resonance. For
alpha particles, they will always be zero, since the large size of Wo
guarantees no resonance effects. For protons and neutrons, numeri-
cal calculations can prove them small. The nsﬁsﬁ term is also

small. It is zero on a giant resonance since Sﬂ is zero there (see

Vogt, 1962). Away from a giant resonance, becomes small (by

®2
definition of a giant resonance). Using the black nucleus strength
function to calculate wsgsﬁ would then give an overestimate. Even

then, numerical calculations have shown that the nSlsl term would
contribute less than 5% of the value of the denominator.

For the cases considered here, only the terms with trans-
mission functions with (£,/4',4") = 3 will contribute more than

20% to the cross section. They will be the only ones considered

below.

“These terms are defined by Vogt (1962) and are contained in the
expressions from which our equation 3 originates.
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We have calculated the transmission functions for all particle
channels using the square wells equivalent to the Saxon-Woods wells
with the parameters indicated in table 1,

For T(y), we have used
T{y) = ZTTI’\“,/D (5)

where I‘Y/D was calculated as explained in Appendix 1.

Granting that the optical model is a good model, four physical
parameters are needed to calculate the cross sections: the radii of
the different channels, the diffuseness parameter a, and the spins
and parity of the available states of the target and residual nuclei.

For the nuclei of interest here, the spin and parity of the
ground state of unstable nuclei are frequently uncertain. Those of the
excited levels are usually unknown.,* Those nuclei whose ground
state has a spin different from zero frequently have low energy
excited levels that could easily be heavily populated at the tempera-

o .
tures of interest here (3 =T, = 6). We shall neglect the excited

9
levels because of our ignorance of their spins. We shall discuss
below what uncertainties this introduces.

Using equation 1, transmission functions for 4cHe,, p and n
channels, Fy/D from the appendix, and the spins and parities of

the ground states as given in the Nuclear Data sheets, we have cal-

culated reaction cross sections for the cases of interest to us., The

%
See for instance the Nuclear Data sheets.

ok . 9 s s O
We will use Ty = T/107 where T is in K,
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TABLE 1

Parameters of the Saxon-Woods Well

R (fermis) vV, (MeV) W_ (MeV) a (fermi) £ AR
‘ 1/3
Nucleons 1.25 AI‘ 50 4 0.5 2.7 0.1
1/3
4 1.09 A + 1.6 60 10 0.5 4.8 0.7
He T
A.: atomic number of the target nucleus

T
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reaction rates were then obtained from (Fowler and Hoyle, 1964):

14
2.1T _X10
(ov) = 9M ( (%) o exp (-E/kT) d (E/kT) cm3/sec (6)

@

(if o isin cmz). The reaction cross section was evaluated for
about 15 values of the energy around the maximum value of the inte-
grand, which was then integrated using a simple sum of rectangles
(i.e. ZA(E/kT) X value of the integrand at the center of AE).

The reaction rates were fitted to the formula:

(AZ(O.ZS—i/ Tg) )

NA< ov) = A X10 cm3/sec g)

N is Avocadro's number, A1 = NA<0'V> at T, = 4 in the

A 9

middle of the range of interest and AZ is an effective threshold
temperature. The fitted values of A1 and AZ are in table 2. The
fitting formula reproduces the theoretical results to approximately
20% over the range 3 < T9 = 6. In table 3 we have compared the
reaction rates we calculated to available experimental rates
(Fowler, 1968) and to those calculated by Truran et al. (1966).

Our calculated rates involving only particle channels are within

a factor of 2 of the observed rates whereas those involving y-rays
are within a factor of 3. It seems to us that the main uncertainty
in the (p,y) rates comes from the y-channels since the proton
channels are not very sensitive to the radius used.

In table 4 we have compared the rates we calculated around

atomic mass number 44 to those calculated by Truran et al.



Constants for the Reaction Rates

(reaction rates in cm3/sec/g)

Reaction A1

4 Catay) 6.6
“2Calay) 1.14 X 10
*2Ca(ap) 1.76 X 10
“2Ga(an) 7.9

43 Calny) 7.8 X 10
“calpy) 5.7 X 10
44Ca(pn) 3.7 X 10
448(:(}9\() 3.2 X 10
*%5¢ (ny) 1.3 X107
4%Sc(pn) 4.4 X 10
*4Ti(ap) 8.9

4405 (ny) 6.6 x10°
455¢ (py) 1.3 x10°
455c(pn) 9.2 X 10
45 Ti(ny) 1.5 %10

-94 -

TABLE 2

A,  A,/[5.04 (MeV)

17.6
16.7
20,6
27.0
0.0
5,35
22,

6.14

8.3
23.

0.0

6.
14,3

0.0

4.4

Q of the
Reaction (Mev)

6.3
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TABLE 3

Comparison of Calculated and Measured Rates (cm3/sec/g)

” These Turan
Reaction T9 Exper, Calcu. et al. 1966
27 A1 (pa) 3 1.1% 10° 9.6 x 10% 9.6 x 10%
4.7 X 10° 7.8 X 10° 4.1 x10°
31 p(pe) 3 1.6 % 10° 1,7 X 10° 1.5 % 10°
7.8 X 10° 1.6 x 10° 7.2 %X 10°
31 poy) 3 2.6 % 103 5.2 X 10> 9.0 X 103
5.9 X 10° 1.7 x 10% 2.4 % 10%
34 5(pv) 3 2.4% 10> 7.6 X 103 9.0 % 103
6 x10° 2.1 % 10% 3.4 10%
>2Cr(py) 3 1.5 % 10° 5.4 X 10° 6.0 X 10°
1.1 % 10% 3.9 x 10% 5.4 % 10%

ES
Fowler (1968),
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TABLE 4

Comparison of Calculated Rates (cm3/sec/g)

These Turan Turan et al,
Reaction T9 Calcu. et al, 1966 XwT/(Z_I—TT“
Hcalay) 3 2.4 x 1071 1.3x 107! 1.3x 107!
5 5,4% 1011 3.5 X 10 3.5 X 10
42 Calay) 3 3.9x 107} 2,5 x 107 * 2.5 x 1071
5 9.6 X 10 5.0 X 10 6.0 X 10
42Ga(ap) 3 2,7% 1071 1,3x 107} 1.3x 107!
5 2.5 X 102 1,2 X 10° 1,5 % 10%
42Ca(an) 3 4.2 % 1072 1.6 x 10”2 1.6 X 1074
5 1,9 X 10° 8.5 X 10 1,0 X 102
43Calny) 3 7.4 x 10° 1.4 x 10° 1,8% 10°
5 8.2 x 10° 1.4 % 10° 2.2 % 10°
44 Ca(py) 3 2.0 x 10% 2.2 x 10% 2.4 % 10%
5 1.1 X 10° 1,2 X 10° 1.7 % 107
*4Ca(pn) 3 5.0 X 10 2.2 X 10 2.4 % 10
5 5.0 x 10% 2.1 % 10% 3.1 % 10%
445 (py) 3 1,04x10% 3.1 X 103 9.6 % 103
5 7.0 x 10% 1,3 x 10% 6.3 x 10%
4 5¢ (ny) 3 1.1x 107 3 x10° 9.0 x 10°
5 1.2% 107 3 x10° 1.5% 107
445¢ (pn) 3 8.4 x 10% 2.2 x 10% 6.6 x 10%
5 1.3 % 10° 1,9 X 10° 9.6 X 10°
455¢(py) 3 3.8 % 10% 2,8 x 10% 3.6 x 10%
5 2.7 % 10° 1.4 % 10° 2.4 % 10°
455¢ (pn) 3 1.4 x 103 3.0 X 10> 3,6 % 103
5 5.5 % 104 2.2 X 10° 3.6 % 10°
4474 (ap) 3 1.2x 1071 1.1 x 1071 1.1 x 1071
5 1.5 X 10° 8.0 X 10 1,0 X 102
447 (ny) 3 6.1 % 10° 2.9 x 10° 2.9 % 10°
5 6.9 % 10° 3,5 % 10° 4.4 % 10°
*>Ti(ny) 3 1,4% 107 6.6 x 10° 1.1 %107
5 1.6% 107 6.6 x 10° 1.3x 107
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(1966), Intheir calculations Truran et al. (1966) approximated the
effect of the existence of excited states in the target nucleus by
multiplying the right-hand side of equation { by (ZITJ_ri)/wT where
is

I,. is the spin of the ground state of the target nucleus and w

T T

the partition function for the target nucleus (including the excited
states). They imply that inelastic scattering can be approximated
by the partition function. The approximation is expected to be good
only if the denominator of equation 1 is dominated by the entering
channel. If it is dominated by any other channel, the factor
(ZIT+1)/wT will be an overcorrection. This correction is seen
to introduce a factor of up to 5 when 44’Sc is the target nucleus.
When this is taken into account, the two sets of calculations seem
to agree very well except for 458(: (pn) and 43Ca. (ny). In the
latter case the difference is probably mainly due to I‘Y/D. In the
458(: (pn) case however, the source of the disagreement is harder
to trace. Most of the present calculations give larger reaction
rates, mainly because of the inclusion of the reflection factor.
Another effect of the uncertainty of the spin and parity can
be studied by calculating reaction rates supposing that the target

and residual nuclei, and the incoming and outgoing particles all

have zero spin and the required parity Equation 1 then becomes

T ()T (a') '
s == (20+1) L 2L (7)
aq kZ Z T {(a")
o 1 A
0.’"

In most cases equation 7 is a very good approximation
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to equation 1. However, when neither @ nor «' are the main open

channels, equation 7 gives for the £ = 0 term:

To(a)TO(a') To(a)To(a')
To(a) + Tola') + Tozmain channel) = To(main channel)

(8)

If there were a large spin difference between the residual nucleus
for the main channel compared to the @ and &' channels, equation 1
would give:

To(a)TO(a')

T;, 1{main channel)
)

(9)

For neutron channels, one usually obtains:

T, 1 <<T

I+s 0 (10)

so that in these cases, equation 7 could be an underestimate by a
large factor (see Fig. 1). This is what happened for 41Ca (ay)45Ti

445(‘, (py)éSTi, for which the rates obtained from the

and for
approximation 6 are too small by a factor 3 and 10 respectively.
If low-lying excited levels had a spin different from the ground
state by Al =~ 2, such inaccuracies could have resulted from our
neglecting them.

Suppose, for instance, that we are looking at a AZ (ep)
reaction on an even Z, even N nucleus (J = 0 for the target

A+3

nucleus). Suppose further that the (Zz+1) nucleus (the residual

nucleus) has a spin J = 7/2. The conservation of total spin will



__()()_

INCLUDING J AND II
CONSERVATION —

s~ NEGLECTING J AND II
CONSERVATION

Ny {ov> (cm3/g/sec)
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Fig. 1. Reaction rate for the reaction41Ca(ay)45Tie The conser-
vation of spin and parity is seen to increase the cross section
by a factor of three or so. This will be the case only when
there are large differences between the spins of the ground
states of the nuclei involved. Our fitting formula (straight

line) fits the calculated points when ‘I‘9 2 2.5,
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then eliminate all combinations like TO(a)TO(p) or Tl(oz)Ti(p)
and allow only the smaller To(a)Té(p) combinations. However,

if the first excited level of At3

(Z+1) is a low-lying state with

J = 1/2, combinations like TO(Q)TO(p), Ti(a)Ti(p) would be allowed
again and could enhance the cross sections by one order of magni-
tude. From shell model ca}.culations* levels with J = 7/2 are
expected to occur in the mass range of interest here (A ~ 44).
However, no J = 1/2 level is expected to be too close. The en-
hancement is then not expected to be large (probably smaller than
30%). This effect could be much more important for nuclei with

around 80 or 120 neutrons or protons, where ground states with

J=11/2 and J = 13/2 are found.

%
See for instance Preston (1962).
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3. THE METHOD OF CALCULATION

Our aim is to follow, in time, the evolution of nuclcar
matter after 12C and/or 16O burning. We neglect the dynamics
of the problem and consider the evolution at different temperatures
and densities with an eye on the observed abundances between 2'SSi
and Cu, in order to find out under what circumstances of tempera-
ture and density the evolution could have taken place.

Calculations can be considerably simplified once it is recog-
nized that, when ZSSJ‘L burning occurs, one of the slowest links in

the system is the disintegration of 2881. It is not that 28551 (yo) 24Mg

“Mg) << x(*®si) (in what

is a slow reaction but rather that X(2
follows, we shall use X(AZ) to represent the mass fraction of AZ)
under the circumstances considered here. Since the photo-disinte-
gration flow is proportional to the number density of 2!"&Mg, the
small ZéMg abundance slows the disintegration flow by orders

of magnitude.

Another slow link is found at atomic mass 44. Itis again
caused by the low abundance of elements which have to carry the
flux to the more abundant iron peak nuclei.

The equilibrium equations will tell us what we need to know
relating the nuclei that are in equilibrium. All that the time evolu-
tion needs to tell us is how much mass is available from 28Si
disintegration and how many nuclei have crossed the A~ 45 bottle

neck. One also needs to follow how many beta decays have had

time to occur since the neutrinos and antineutrinos are expected
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to escape and so make a complete equilibrium impossible. Instead
of following with time each and every reaction rate in the system,
it is then sufficient to count how much mass has disintegrated, how
much has beta-decayed and how much has crossed the A =~ 45
bottleneck. One is left with three time-dependent equations to
solve, instead of a few hundred. The "constants” in the equations
are themselves time dependent however, and their time varijation
determines the maximum acceptable time step for a given required
accuracy. In what follows, we shall try, a posteriori, to justify
quantitatively the numerous hypotheses contained in the preceding
general remarks, after presenting the details of the adopted method
of solution.

During the ZSSi photodisintegration, the nuclei separate
themselves into three groups: the 160 group comprises 1'ZC, 160
and 2ONe whose abundances are determined by the disintegration
flow from 2851; the 28Si group in which there is "equilibrium"
among elements between 2['ltMg and mass 45 and n, p and lerHe; and
the iron group, where the elements are "in equilibrium" with each
other and n, p and 4'He but not with elements of the 2'881 group;
there is a break in the "equilibrium" at A =~ 45. The term "partial-
quasi-equilibrium" could be used meaning that given a certain
fraction of 2881 having disintegrated, given a certain value of
neutron enrichment and given a certain number of nuclei having
crossed into the iron peak, the nuclei are in the most likely statis-

tical configuration. In "quasi-equilibrium" there would be no break
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at A ~ 45 (Bodansky et al., 1968). In what follows we shall use
for simplicity "quasi-equilibrium" instead of "partial-quasi-
equilibrium."

Once the abundances of 4:He, pand n are determined by
the quasi-equilibrium above Z4Mg, one can calculate the disinte-
gration rate of 24Mg. We shall consider only the main route:
24Mg(ya)20Ne(Yc€)1éO(ya)1ZC(y, 3a) as justified by Bodansky et al.

(1968). We shall also follow Bodansky et al. (1968) in supposing:

20
_s}___a_t_lﬂf << flux through 20Ne

a oo

e << flux through 16O

alec

at

<< flux through 12C

The number of Z4Mg nuclei disintegrating per second then forms

-

a "conserved current" J down to the alpha particles. It is given

by
xya(24Mg)n(Z4Mg) -1 (ZONe)n(léo)n(uC)r3a (11)
J =
1+ n®ONg{t +q (101 +0( 20)]}
where
A
A (Tz)
n(Az} = ..E"_X__A___ (12)
)\‘(G-’( Z)

)\QY = na< o{a, y)v}
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The abundances of 12C, 16O and ZONe are then given by:
J +r
n('?c) = =22 (13)
r(T7C)
Yo
6 I+, (Pom(*ic)
n(*°0) = e (14)
A, (C70)
yo
2o 5, (*oim(*o)
n{" Ne) = Y 55 (15)
A (7" Ne)
vor

The assumption dX(AZ)/dt << J_ for 12(3, 1'60 and 20Ne holds

well through most of the ZSSi disintegration. However, it does
not hold well at the beginning, when the 4He particle density is

very low. It is then preferable to also calculate J_':

24 24 20

J'= }\Ya( Mg)n( Mg)/[i + (" " Ne)]
that is, the conserved current, if all the current were absorbed
in 16O. We then use, for the abundances of 1ZC, 16O and ZONe,,
n' (AZ):

A
n'(AZ) = > n(j_g) 55 g31dt—§r3an'(1zc,t)dt}
n(" "Chln(" O)+n(" Ne)
_ n(®2) { [ 13- 25 00 (2C, 0] at)

n(iZC) + n(160)+n(20Ne)

until

g[J’ - r3an'(12C,t)] dt = n(iZC)+n(160)+n(20Ne)
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We shall now indicate how we calculated the flow of particles
at A= 44, It will be seen to be very similar to our treatment of
the photodisintegration current.

The transformation of 2881 into the iron peak could be
imagined to occur in different ways. After a while, all the matter
could be distributed with a peak around mass 36, then, later,
around mass 44, and finally around mass 56. That is, one could
imagine the transformation to evolve as a progressive wave does.

But it does not go that way. Because of the relative binding
energies of the nuclei, the transformation rather takes the form
of emptying a big container sitting at A ~ 28, into a big container
sitting at A ~ 56, through pipes which have their smallest diameter
at A ~ 45. The elements between A ~ 36 and A ~ 50 never be-
come very abundant. The added binding energy of the nuclei in the
iron peak compared to those with A ~ 44, always more than com-
pensates the need for more nucleons to build them. As a conse-
quence, the elements with A =~ 45 have to carry a big flux (to fill
the iron peak container) even though they are themselves quite
unabundant. Since the flow of nucleons across a given nucleus is
proportional to the number density of that nucleus, the large iron
peak abundances are delayed by slow links at A = 45,

By looking at the quasi-equilibrium abundances obtained
by Bodansky it__a_;l_.(1968), and the reaction rates of Truran et al.
(1966) we have determined the point where nuclei cannot transport

all the mass that they are fed from below, and the reaction rates
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most important in crossing that point (we have recalculated, as
described in section 2, only those reaction rates which were found
most important). The network of those important reaction rates
is shown in Fig. 2.

Except for 45'1‘1’., 458c and 4l”:Ca, all the nuclei above mass
44 are in equilibrium either with the ZSSi or the iron group. The
abundances of 45TJ'L . 458(: and 44Ca are determined by the flows
trying to go from the 28Si. group to the iron group. The small
abundances of 45'.1‘:1, 45554: and 44Ca being the reason for the lack

of equilibrium between the ZSSi group and the iron peak, it is

expected that in:

nx (4 (4 Titny) + ax(*lea){(*lcalay)} + ex(*2ca){*?Calan)}

+ pX(%Sc){MSc(pv)} + pX(%Sc){A‘SSc(pn)}

N X(46Ti}{46

Tityn)} - X218 [(Bitym)} + (*OTi(va}

# nl* 112} + (*PTilyp)} + n{*5Titmp)} + n{*5Titay)}]

= ;@;}_ﬁ (45'3;,;

dt )

45

one can take dX(" " Ti)/dt = 0 and make a very small error, if one

is interested only in the left side of the equation. [ We have defined:
{44Ti(ny)} ={p2N2/A(n)A(45Ti)]<0'v>.] This allows one to solve
algebraically the three "rate" equations: the one above for the
rates crossing 45'1‘1 and two similar ones for 45&: and 44(3&1. One

4

can then obtain the following explicit expressions for X( STi),
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Fige 2



Fig. 2.
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Reactions bridging the gap between the Si-group and the
iron group. All other nuclei are in equilibrium with one
or the other group. The small equilibrium abundance of
those nuclei delays the flow of particles to the iron peak

and makes reactions important.
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X(4SSC) » X(44Ca) and for the total upward flux:

a= {(*PTi(yn)} + {*Titym} + {(*3Tilyp)} + n{*5Tilna)}

+n{*>Ti(ap)} + n{*°Ti(ny)}
b = -p{*°Sc(pn)}

= nX(**T1){**Tilay)} +oex(* ca){* Calay)} + ox(*2Ca){*2Ca(an)}

0
il

+ px(*sc) (s oy} + (0T (0T i(yn)}

(o
]

- n{*>Ti(op)}

[¢]
]

p{*°sclpm)} + {*°sclyn)} +p{*°sc(pn)} + p(*>sc(py)}

+ {%SC(YP)}
f= -p{‘MCa(pv)}
g = aX(*2ca)(**Calop)} + nx(**sc){*4sclay)} + X(*0sc) {*0sc(yp)}

. (45

h = Sc(yp)}

i={*ca(yn)} +p{**calpn)} + o{**calpy)}

m = nX(43Ca){43Ca(ﬁy)} + nX(44Sc){4QSc(np)}

455«:) _ agj - cdj - afm

X( eaj - bdj -~ afh

®(35T1) = (¢ - bx(*Psc) ) /a

x(*4Ca) = (m - nX(*°sc))/;
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7, = [x **The(**Tiap)} + x(*2ca)al{*2calay) 11 - )
+ X Tim (*5Titmy)} - x(*O0T1){*OTi(yn))
+ pX(*5sc)(*Bsa(py)} - x(*OT){*OTi(yp)) (16)

where g can be defined as

S 5, at

A

g = (17)

Z
55 neq( )

(Z is a summation to be taken over all members of the iron group)
>>

5. &
Xeq(AZ) = K(AZ,T,p)e % Pn Px(%8si) (18)
x(*z) = gx_ (*2) (19)
pN
=—2 x Az (20)

X(AZ) is the fraction of the total nuclear mass in the form of a
given element. For the elements of the iron group, we have also
defined Xeq(AZ) which is the mass fraction there would have been
in one element if the iron group and the 28Si group were in equili-
brium. For the members of the 285i group, g =1 and X(AZ) =

Xeq(AZ)n We also define

5, = (z - 14)/2 if Z is an even number (21)

6, = (Z - 15)/2 if Z is an odd number (22)
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ﬁp =Z - 14 - 2§, (23)
anzA-zs-«gaa-ap (24)

50:’ (Sp and Gn are respectively the number of @, p and n one

must add to 2881 to form the element ‘AZu We have also used
5 5 5
A 5/2 4 -=§ -=8 -4 A
k(®z,7,0) =| 2LELTT athe) 2 a(p) ? Paqn) 2P 8L
A(”"si) w(“7si)
3
={8 _+6_ ) § +6_+6 -=(8§ +6_+6_)
% 2 P n (oN. ) 0 P n MukT 270 P n Q(AZ) (25)
A 2 SXP | TR
27h
where
o®z) = 8(*z) - B(%®si) - 5 ,B(*He)
B(AZ) = the binding energy of AZ
Mu. = the atomic mass unit
A(AZ) = the atomic mass in units of the atomic mass unit
oo(AZ) = the partition function of AZ
We also have
o = K(*He, T,p)p%n? (26)

i

5/2 -9/2
4 M kT 4
K(*He, T ,0) ‘fﬁg{__éi_ﬁ_)___! < . > <(NAP)3exP JeF)

(A(p)A(n))2 2t kT

(27)

A

From equations 19 and 18 for X(AZ) and Xeq( Z) itis
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seen that the evolution of the abundances can be related to the evolu-
tion of X(zgsi), 2, p, n and g. To determine the evolution of the
abundances, it is necessary to transform the fundamental time
evolving quantities (the number of P-decays, the amount of mass
liberated through ZgSi disintegrations, the number of nuclei crossing
the A ~ 45 bottleneck) into o, p, n, X(ZSSi) and g. When added to
the three time-integrated quantities, the conservation of the baryon
number and the requirement of equilibrium between a, p and n
(equation 26) will furnish us with the needed equations.

We then calculate the abundances of the different nuclei at all
times, in order to calculate the time evolution of the f-decays, of
the amount of disintegrated 2881 and of the mass having passed
through A = 45, The abundances need to be known as a function of
time to within a few per cent, in order to get the time integrated
gquantities to within a few per cent. A linear prediction-correction
scheme has been devised to this end.

We start from the five basic equations

o . e
Z x(8z) = 1 (28)
all
nuclei
o= pZnZK(éHe,Tgp) | (29)
Nz) w2 XDppmlac=| ) ZXD (am-22m]+p - n| 0)
N¥Z),_, Am CWiet =Y /B
a all all
nuclei nuclei

# . .
This equation neglects the transformation of mass into energy.



=114~

where to simplify the writing, we have replaced Az, by I. B(I) is
the combined ﬁi-decay and e capture rates (positive for F3+ decay
and e  capture)s Z and N are respectively the total number of
"protons"” and "neutrons" both inside and outside of the nuclei.
[(N-Z)/§N+Z)]t=0 is the neutron enrichment at t = 0, For instance,
if all the matter were in the form of 29Si at t =0, then:

(N+Z <L§’?&;§Lé) ="72%=0°035

N, is Avogadro's number,

M, + ?%Ag 287 _dt ;Z» %%%—i (am - 28) (31)

To simplify the writing ), indicates that the sum should be
taken over all nuclei of the 285'1 Zroup, and Z over all nuclei of
the iron group. Z then indicates that the summation should be
taken over all niciiz;of both groups.

We have also used (A):

(A) = Z X(1) A(T)

> +>>

At t = 0:

(A)q = 5‘ X(DA(D) = 28(1 + M)

> +>>

We have linearized the equations, subtracting the value they

take at t =ty from their value at t = t1+ At, replacing:
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ti"%-&t ti

§ F(t) dt — gﬁ F(t) dt +F(t1)At

t=t t=t

0 0

alttAt) = alt,) + O
ptrAt) = plty) + Ap
n(tf&t) et n(ti) + An
glt ot — glt)) + Ag
x(*8si, e At) — x(*Bsi,t,) +ax(*si)
We obtain five equations, linear in At, Aa, Ap, &n, Ag and

A% (%8s

( E 5n(I}X(E)+n>%—? + é\z apmxm+p}%£

>+>> > A4>>

28,
+(Z 5, (0X(D) +a) A2 4 Z xn) AX( 1
>+>> > +>> X(""si)

(33)

(34)
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; Z {zm-mn}snm f;fg - An
>4>>
N xm A
+ Z Ezm—mnja ) +_%_} £E
>+>>
+ Z [z -~ ] s, m fgi Aa
>4+E>>
~ 28
¢ Z |z - )] X{zasn X
e a®®sn | x(*®s
; \Z[Zm | R A ! > sy (35)
>> = >+>>
“ ~
), %-% 5, (1) {N(zwzm] - 28 Z %—{% 5,00 + P 4n
>4>> >+>>
T ox N XM o | ap
+ /., A P( ) EN(I}?‘FZ(I} - 28 ZJ E"ﬁ'}f ﬁpﬂ) Al )i -—;‘f
>4>> >+>>
{z X5 o [No+zm]-28 ) Egm g de
>4>> >4E>>
5, DX 6 mxu 5. mxm Ax(Z8si)
e ) Tt ) Fwwe Z AT % (2831)
>4+>> >4 >+>
5,IXM < 6,MX() 5_(1)X(1)
j n = dM
4 Z ~am— AT "’Z A | g T a4t
>> >

(36)



> {% X(I)]in.f ZJESA(;’ X(1) %—;2 +> .57{;5&}(“) Ao

>> >>

¥ Sﬁﬁi)Pf( S;>+'§E = J,at/[eN,] (37)

where we have used

%I.t: = %[ x(*2c) + x(*%0) + x(*°Ne)] (38)
- 287 16 20

dM _ x< C) X(*°0) X(““Ne)

T o - o W2 +16 + 20 (39)

dt PN, < 126, a0 A(?ONe)

To simplify the calculations, dL/dt and dM/dt were calculated

in the time step preceding the time step during which they were used.
The equations 33 to 37 are the prediction equations. They

are used to give @, p, n, X(ngi) and g at t+At when they are

known at t. At each time step, the constants were calculated and

the 5X 5 matrix was inverted by the computer for At =1, Since

the equations are linear functions of At, Ao, Ap, An, Ag and

(ZSSi), the maximum acceptable value of Ao, Ap, oo AX (2851)

AX
can easily be used to determine the maximum At acceptable while
maintaining the desired accuracy.

It would, in principle, be possible to choose small enough
At's to keep the accumulated errors small, However the prediction

equations for Ad,... QAX(ZSSi} neglect the terms of higher than

first order in the development of (o + Aa)n (n = 8). Consequently,
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the expression,

alt) = «(0) + § %g at

is not accurate. Instead, it is preferable to control the accuracy
through the evolution of the more physical quantities:
a) Conservation of baryon number
b) Sum of the weak interactions
c) Total number of nucleons liberated by the disintegration
of %8si (from t = 0)
d) Strictly maintaining o = pZnZK(4He s T 5p)
e) Sum of the nuclei having crossed the bottleneck at A ~ 44
(from t = 0),

We calculated:

_ dM
M_§ dtd“Mo (40)
N-Z __(\ X(1) N-Z
Nz =2) ) sm dt+<—————-N+Z)t_O (41)
> 45> -
I, = § J,dt (42)

and compared them to the equivalent quantities obtained through the

prediction equations:

M = +n +

[ ? . +
AT L T AM P
>4>> >4>>

N SQ(I)X(I) 43
4 ) ame te e

Z 6 (DX(T) oo 8,(MX(D)
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N-2Z N
Nre ) = _zZ 2Z(1) - A(I) +n-p (44)
>4>>
and
- N X(D)
Ly=pNy 2_, A(D) (45)
>>
Replacing the right-hand side of equations 33 to 37 by:
-1 - > X (1) (33"
L4
all
nuclei
=1- 0ol =
K( He, T,p) (34')
g
E(I\HZ (N+Z (359
= (M - M) (36")
=(I+-I_;_)/QNA (37"

gives us the corrections

Aa, Ap, An, Ag, AX(?8Si) to satisfy con-

ditions a) to e). Those correction equations were used to guarantee

that whenever the X(I)'s were needed to calculate the time evolving

quantities, they were known to sufficient accuracy to calculate the
time evolving quantities with a 2% accuracy. The X(I)'s were not
always "predicted" to that accuracy, but they were always corrected
to that accuracy before they were used, Since the time integrated

quantities control the evolution. the evolution is determined to a 2%
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accuracy. The use of this prediction-correction method has the

advantage of transferring the control of the evolution to physically

evolving quantitiecs which are monotonically varying functions of

time, They are consequently much less subject to round-off and

other errors,
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4, A POSTERIORI JUSTIFICATION OF THE METHOD
OF CALCULATION

We have outlined above the method of calculation we have
used to study the transformation of 28819 2981 and/or 328 into the
iron peak, This method is based on a few postulates which we shall
try to justify a posteriori. At the same time, we shall try to explain
why quasi-equilibrium is a good approximation to this problems.

We shall see that, starting with 2981 or 328 brings on a tem-
porary nonequilibrium regime which, on the time scale of the
transformation of Si (via Mg) goes rapidly into the quasi-equilibrium
solution. We shall also find that the flows needed to carry the
transformation to the iron peak will cause but a small perturbation
on the quasi-equilibrium calculations; that is the "permanent”
regime is very close to quasi-equilibrium. Finally, the study of
the reaction rates relating the Si and iron groups show that they
rapidly capture protons and neutrons., Howewver it is found that there
exist fast cycles which transform 4He into p and n, maintaining
very closely the quasi~equilibrium abundances of 4:He » P and n.

It is easy to show that the reactions below A =~ 45 are fast
enough to maintain quasi-equilibrium in the permanent regime. As

881 disintegrates and liberates %He nuclei, the freed particles will
tend to join the remaining ZSSi nuclei to form 328, 36A, 40Ca ces
Comparing the rates shown in Table 5, we see that both the reactions
28

Si (@y) and ZSSi(a'p) can easily carry more “He than there is

available, KEquilibrium will then come very rapidly between 3389
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TABLE 5

Reaction Rates for the Establishing of Equilibrium*

{sec)

(for reverse

Target | A Flux if_ it .is p.hoto

Nucleus Reaction X(Z) (react/sec/cm”) ionization)

28g; (@y) 0,91 6.9 x 1034 8.5% 1078
(@p) 0.91 2.2 % 103° -

(ny) 0.91 1.7 x 107 1.5 % 1078

293 (ny) 0.012 2.4 %1033 3.3 %107/

30g (py) 0.0046 8.2 % 1074 1.1x10°8

31p (py) 0.0043 9.0 x 10°% 8.0x 1078

32 (@y) 0.034 2.7 % 1032 4.0%x 1077
(@p) 0.034 4,9% 1074 -

36, (@y) 5.8x10"%  2.4x10%? 1.8% 1077
36, ep)  5.8x107%  3,0x10%° -

‘hese calculations were done for p = 10 g/cm and Tg = 5, 33
The number of @ particles released per second is then% X 10
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2881 and 4Hena The reactions 3ZS(ay) and 325(0113) will need to
carry only a fraction (~ 2% at that stage of the evolution) of the
liberated 4cHe nuclei, They would be fast enough to carry all of it
without disturbing equilibrium by more than 9%. Similarly, there

is no difﬁéulty in establishing or maintaining equilibrium for 40Ca.

and 44Tio We would obtain similar results later on in the burning,
or if we did the calculations for different T and p.

If one starts with 298i instead of 28819 how long will it take
to establish quasi-equilibrium among the neutron rich nuclei? At

Tg = 5, the photodisintegration [ (yn)] lifetime of 295115 1.5x 1078,

That is, 2°Si, 2%Si and n will get into equilibrium within approxi-
mately 2 X 10”8 sec, However 3085. will also absorb some of the
neutrons, Its lifetime is approximately 3 X 10°7 sec, KEquilibrium
between 2851, 2751, 2¥Si and n is then expected to be attained after
6 X 10“7 sec, much before any Si has had time to disintegrate (Fig. 5).
If one starts with 328 instead of 283:1, similar arguments show that
the temporary regime would last for 10'6 sec or S0,

For quasi-equilibrium to be a good approximation, one also

needs the equation

a = K(éﬂe PR p)pznz

to hold closely, The reactions
a==qn + {BHe‘w‘v’m”p + (D == p + n))

are not expected to be fast enough to maintain equilibrium. However,

we shall see below that, if the equilibrium does not hold at a given
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toa fast cycles will develop to reestablish it rapidly., But before we
look at such cycles, we shall study the source of the bottle-neck

at A= 45, where the main sink of p's and n's will be found. This
will allow us to determine how fast the cycles must be if they are to
maintain quasi-equilibrium.

As mentioned above, the low abundances of nuclei around
mass 44 produce a bottle-neck in the flow of material to higher
atomic masses in forming. the iron peak, The efficient and accurate
determination of the iron peak abundances early in the burning re-
quires that we determine the important links beforehand. To that
end, we have studied the incoming and outgoing fluxes in each nucleus
around r%‘%Tig If 2 nucleus receives more flow from below than it
is able to carry upwards, that nucleus will be in equilibrium with
288% If a nucleus is able to send more nuclei upwards than it
receives from below, it will be in equilibrium with the iron peak.

We have supposed quasi-equilibrium to calculate the abundances of
the nuclei of interest. Using the rates for the special case Tg =5,

p = 107 g/cc. . Xizgﬁi) = 0,85, we have calculated the fluxes that

each nucleus receives and those it would carry forward (see Table 6),
These are over estimates of the fluxes, since some nuclei will not
attain the quasi»eéuilibrium abmldances; and since there will be some
backward fluxes,

It is readily seen from Table 6 that “474 and 448@ receive
more flux from below than they can carry forward, They will be in

45

srir. s . . 45 44 e
equilibrium with what precedes. Ti, Sc and ~"Ca receive, in
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general, the same order of magnitude of flux from below as they are
able to carry upwards., 46’1‘51 receives less flux from below than it
is able to carry upwards. It will be in equilibrium with the iron
group. 45Ti, 4584: and 44Ca will be in equilibrium neither with the
Si group nor the iron group. We shall use the conserved current
hypothesis to determine their abundances. The large flux that can

45Ti(np) reaction insures that 45’1& and 455(: be

be carried by the
in "equilibrium" with each other, but not with what precedes or what
follows, “

From the results in Table 6 and other similar results for
different temperatures, densities and neutron enrichment, we have
determined the reactions that would be most important in calculating
the abundances of the iron peak. Our calculations of their rates have
been described in section 2.

In the network of reactions we use (Fig., 2), it should be
noticed that, whereas some of the alpha induced reactions go from
nuclei in equilibrium with 2’8831 to nuclei in equilibrium with the iron
peak, the nucleon induced reactions always go to or/and from nuclei
which are not in equilibrium with either group. If we supposed all
nuclei in equilibrium with one or the other group, our calculated
fluxes could be appreciably too large. For instance, if g =0, and
if 44Ti(ny§ 45’1”5,{31‘\;) 461’3. is the main link, the conserved current

hypothesis:

x(*4

£

Tin { ¥ 7imy)} - (P21 {*PTi(yn)}

= (P Tin(*PTily)} - x0T (*CTityn)}
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gives

440 {** Titny)} —i——?ﬂl‘l-} x(* 1) (4671 (yn))
J. = Yn)}

1+Ei__.@£(£l_}

{*5Ti(yn)}

if g=0 (so X(*0Ti)=0),

_nX(*1i{*Tifny)}x
+ 7 i +x

J

x = j45T1!nx)}
(*>Ti(yn)}

whereas taking 45’1‘1 in equilibrium with the iron peak would have

given:
7, = X(**Tin{**Tiay)}

Neglecting the factor x At +x) would introduce a systematic error
Whie:he would be very large when x is small (x was found to be
frequently ~ 1; neglecting x would then introduce an error of a
factor of 2).

Our using only 15 reaction rates is a good approximation
because the dividing line between those nuclei in equilibrium with the
iron group and those in equilibrium with the 28Si group is very thin.

a4 458(: and 451‘1 all nuclei are strongly bound to one

Except for " "Ca,
or the other group.
As is seen in Table 6 most of the current upward is frequently

carried by (ny) or (py) reactions, However the photodisintegration
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of 2831 gives o particles. How will the thermodynamic equilibrium
between @, p and n be maintained in spite of the continuous con-
sumption of p and n? Essentially the answer lies in the equilibrium
existing between 2881 and 44Ti° If p or n or a combination of them
is out of equilibrium, cycles will develop between 205i and *3Ti to
produce n and p. The equilibrium between 2851 and 44Ti.cou1d not
be maintained without n and p having their equilibrium values.,
Since the alpha reaction rates [ (ay), (ap), (an)] can easily carry the
whole flux between 28Si and AATig they will also, when need arises,
generate cycles that will create p's and n's. These cycles will
have to be fast enough to transform approximately 25 % of the
liberated 4I—Ie into p's and n's, since an appreciable fraction of
the flux past #4735 will be carried by p's and n's.

Consider, for instance, the cycle ZSSi(ay)3ZS(yp)31P(yp)
28Si

3055 (yn)298i(yn)28si at T, =3, p=2x10° g with 5% of

9

burned, If one calculates the abundances supposing equilibrium and
then calculates the cycle using the rates in only one direction, one

obtains:

28 27 -1 -3

x(%8s1)a{?8sifay)} = 8,8 x 1047 sec™! cm

X(BZS){azs(yp)} =4,3 X 10%7 sect em™

- -2
X(31P){31P€yp)} =1,8 X% 10%8 sec Lem™

1.8 X 1.023 sec"1 cmm3

x(3%s1){3%si(yn)}

27 -1 -3

X(ZQSi){ZQSi('\(n)} 5% 10°" sec " cm

]
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where

i 28 PENG
{si"%(ay)} = Z 58 (V)
A("He)A("Si)
The "maximum" value of the slowest link in this cycle is about 1023
reactions sec"i cmmas Under those circumstances alpha particles

are being produced at the rate of 5 X 1022 gec™! cm‘3a so that a

single cycle converts into p's and n's the same order of magnitude
of a's as are being produced. No difficulty should then be encoun-
tered in maintaining the equilibrium for the reaction a == 2p2n.

It is also instructive to compare our calculations of the time
evolution of the system to the exact solutions which have been ob-
tained in some cases by Truran et al. (1966). They followed the time
evolution of the mass fractions by using the reaction rates* joining
the nuclei they were considering. They inverted a matrix having the
same number of lines and rows as they consider elements. To keep
round off errors to a minimum they used double precision. The
process is accurate but somewhat computer-time consuming. It
cannot easily be used for a general study of the kind undertaken here.
However, it is very useful to check some of our assumptions and to
verify our results, In a following section, we shall compare our
results with dynamic calculations carried out by Truran where he

followed the evolution of the mass fractions of the elements down to

X
They included the (ay), {op), {(an), (py), (pn) and (ny) reaction
rates and their reverse,
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temperatures where the reaction rates were slower than the dynamics.
All mass fractions were then frozen,

Fig. 3 shows a comparison of our results with those of Truran
at p=2X 107 g/cc and T9 = 4, The two methods are seen to give
very similar results even at t = 10—2 sec, before any 2'SSi has burned.
The most important difference seems to come from the 10% difference
in the time scale at t = 100 sec. This is not an important difference
since the reaction rates controlling the decay of 2881 are not known
te 10%., Our disagreeing could have been caused, for instance, by a
different temperature variation of the weight factors of the nuclei
involved in the 2851 decay or by our neglect of 2?’Na as a possible
path for the decay of 24Mgo

Perhaps more instructive is the comparison of our results at
Tg =3 and p= 2 X 106 g/cc, As canbeseenfromfig. 4thereisavery
appreciable difference between our results (full line) and those of
Truran even after 106 sec, when an appreciable fraction of 2881 has
burned. There is again a 10% difference in the time scale (that is
the time to have burned a given fraction of ZSSi), However, our
results represented by full lines are for 115 nuclei, including nuclei
with Z > N. Truran has not included those nuclei., The dashed
line results were obtained by excluding all nuclei for which Z > N,
We also show results without the nuclei for Z > N and without the
nuclei for Z =N if Z is odd. It is seen that the results are
sensitive on which nuclei are included. It seems that quasi-

equilibrium is established quite early but that the results of Truran
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Fig., 3. Comparison of quasi-equilibrium calculations (full line),
to the calculations of Truran (1969) (dashed line) at T9 =4,
p=2X 107 g/cm?’., Whenever the dashed line does not
show, it is indistinguishable from the full line. The agree-
ment is seen to be very good; the differences are much
smaller than the uncertainties due to the uncertainties in the

physical constants (notably the nuclear reaction rates).
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Fig, 4.
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Comparison of quasi-equilibrium calculations to the calcu-

lations of Truran (1969)at T, =3 X 10? °K and p=2X 10°

9

,g/cm3a . The number of nuclei one includes in the network

is seen to have important effects throughout the burning.
Truran éncludes no nuclei with 2Z > A and if Z was odd

no nuclei with 2Z = A, The effect of the added nuclei is
probably mainly felt through the {3:’: decays and e  capture

and does not show at the higher temperatures.
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and ours differ because of the different nuclei included in the net-
work. The main difference between his results and ours, if we
include only the nuclei he includes, probably comes from the accu-
mulated beta decays. Whereas Trutran includes beta decays only for
those nuclei above K, we include beta decays (and positron decays
and e-captures) for all the nuclei that we consider., There will have

been a non-negligible number of beta decays even att = 103

sec if
we include beta decays from the nuclei with masses smaller than

39, but not if we do not,.
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5. THE FREEZING PROCESS

We have seen above that, with our method of solution, it was
possible to solve correctly a "thought problem": the transformation
of 7754, Si, 328 ... into the iron peak at a constant temperature.
However, as the processed material is ejected from the star, it will
cool down; there will come a point where the reaction rates will be
slower than the dynamics. Can a constant temperature calculation
represent such a process? More precisely, on what aspects of the
history of the star are the observed abundances dependent? If they are
dependent on the detailed dynamics, the quasi-equilibrium approxi-
mation will not be a good approximation: it neglects the details of the
freezing which is where the dynamics appear in the abundances. If,
however, the frozen abundances are relatively insensitive to the
density and the temperature at which they have frozen, and if the
photodisintegration rates are more temperature sensitive than the
abundances are, then quasi-equilibrium will be an acceptable solution.

The final abundances will be seen below to depend mainly on
the neutron enrichment and on the extent to which 28Si burning has
proceeded. The comparison with observed abundances depends on
which zones of the star are ejected, what is the neutron enrichment
in each of those zones and how much 2881 has been burned in each of
those zones. Since the rate of 2881'. burning is very temperature sensi-
tive, it will be necessary to have closely spaced zones (AT9~ 0.02).

The freezing will be found to be relatively unimportant. We shall study

separately the temperature abundance of the reaction rates and of the
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equilibrium abundances. It will turn out that the reaction rates will
vary by orders of magnitude while the equilibrium abundances of the
more abundant nuclei will vary by 20%, aﬁd those of the less abundant
nuclei by factors of 2 or 3. Consequently, whatever be the dynamics
speed, the matter will freeze at the same temperature, and the final
abundances will not be very dependent on that temperature.

On Figs: 5 to 8 are found the time scales for 2'88i disintegration,
for crossing the bottleneck at A ~ 45, for (y,e), (y,p)and (vy,n)
reactions respectively, For nearly all the included cases, a AT9~ 0.5
change in temperature causes a two order of magnitude change in the
time scale. However, variations in the time scale from reaction to
reaction are much larger than that. The lifetimes for 4I—Ie emission
are up to five orders of magnitude smaller than those for 28Si photo-
disintegration. The lifetimes of strongly bound iron peak nuclei are
comparable to that of 2881. The lifetimes of proton and neutron emis-
sion cover the same range, They are smaller by 1 to 5 orders of
magnitude than the time for the iron peak to get in equilibrium with
8.

If one looks at the details of photodisintegration rates, one
notices that the larger time scales are associated with the disintegra-
tion of the more strongly beound nuclei, The time scale varies by up
to five orders of magnitude from nucleus to nucleus. If the dynamic
time scale is t =~ 0,1 sec, the more closely bound nuclei can be ex-
pected to freeze at T9 ~ 3,8, the less abundant and less closely bound
ones at T, =~ 3.0 or 2.6, A few nuclei, like 55(}09 may even freeze

9

4 .
only at 'I‘9 ~ 2.2. Those nuclei related only through "He reactions
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Temperature dependence of the time scale for Si burning
and for achieving equilibrium between the Si group and the
iron group. The time scale varies very rapidly with the
temperature, so that it takes a large variation of the dynamic

time scale to change the freezing temperature.
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Time scale for alpha photodisintegration. The time scale
varies, at a given temperature, by up to 6 orders of magni-
tude from one reaction to the other. For a given reaction
it varies by 6 orders of magnitude from Tg = 3.4 to

T, =5.0. The freezing temperature will then vary from

9

one reaction to another by AT() ~1,6,
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Fig. 7. Same as Fig. 6 but for proton disintegration., The time
scales are some three orders of magnitude smaller for

proton than for alpha emission,
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Fig. 8. Same as Fig. 7 but for neutron photodisintegration.
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probably will freeze slightly earlier than the others. It is clear,
however, that there does not exist a well-defined freezing temperature,
The equilibrium abundances at one given temperature will be a
reasonable approximation to the frozen temperature only if the
abundances are not sensitive to the temperature nor to the density.
(Since there is no one moment in the dynamic evolution when all the

abundances freeze, each will freeze at its own T, p.)

2 1

For dynamic time scales of 10™ " to 107" eec, the freezing of

9=4.4and’1‘9=5.0

(Fig. 5), and the freezing of the bottleneck at 4,0 < TC) = 4,6

(Fig. 5). The freezing of the individual nuclei should rather occur at

the ZgSi disintegration should occur between T

2,5 = 'I‘9 = 4,0, The freezing termperature will then depend on which
aspect of the freezing is most important:' the freezing of the photodis-
integration flux, of the bottleneck or that of individual reactions,

We have mentioned above that there does not exist one, well
defined freezing temperature, and, so, freezing density. The freezing
will occur over a wide range of temperatures and densities, The
accuracy of quasi-equilibrium calculations will be limited by the mass
fraction changes over that range.

Comparing, in table 7, the mass fractions for p = 107 g/cc
and p = 107 g/cm3 shows how independent they are on the density,

especially at T, = 3.2, This can be easily understood: the statistical

9

factors that determine the relative abundances depend only on the tem-

perature, For instance, suppose that only three nuclei are important:

ste, n and 54Fe, Then the equilibrium equations become:
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X(**Fe) = (1IN, p)?n?x (°?Fe) (46)

X(°*Fe) + X(P%Fe) +p +n = 1 (47)
54

TS n = (N-2) /(N o) (48)

¥ p and n << (N-Z)/(NAp), we can write:

54

X(7"Fe) = 27(N-Z)/(N 4 p) (49)

and

52 54

X(""Fe) =1 - X(7 "Fe) (50)

If (N«-Z)/(NAp) is a constant, then X(SZFe) and X(54Fe) are inde-
pendent of density, p and n are inversely proportional to .
If N-Z =0, we cannot neglect p any more in eq. 48. Actually

one usually finds n << p, and

X(**Fe) > 27p

54

‘Fe) and X(52

P, X{ Fe) are all functions of the density.

In our examples (Table 7), (N—Z)/(NAp) is much larger than
the free proton mass fraction and the much smaller free neutron mass
fraction, All the mass fractions are then independent of density. At

7

To = 4. 6and p = 10 g/@:m3 this would not be the case, since then

9

p >> (N—nZ‘)/(NA p). The equilibrium abundance would be density sensi-
.Y

tive. However during the freezing process, the proton density would

diminish and the point where p << (N—Z)/(NAp) would soon be reached.

. 55
Since the photodisintegration lifetimes for 56N1(yp) and Co(vyp)
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are among the smallest, one can expect that quasi-equilibrium would
be maintained among them at least down to Tq = 3, 2 (if the dynamic
time scale ~ 0. 1 sec). At that temperature, p 2 (N-Z)/(NAp) only

it p <10% g/em>. [ Actually if (N-Z)/(N,p) = 0.0, the mass
fractions are always density sensitive; there will always be a minimum
value of (N~Z)/(NAp), for any T, p, for which the proton number
density becomes important; our remarks above apply for (N-—Z)/(NAp)

> 10-4; 12(3‘ and 160 burning are expected to produce more than

10~ of neutron enrichment.] Whenever one makes quasi-equilibrium
calculations one should always check whether p << (N—Z)/(NAp} and,
if not, one should carry out the calculations at a lower temperature.
During freezing, the proton density will usually be much smaller than
(N-—Z)/(NAP), and the variations of density during freezing will have
no effect on the mass fractions,

The above remarks were made with respect to the free proton
mass fraction, Similar remarks could be made relating to the free
4He mass fraction,

Even though not as large as the temperature dependence of the
reaction rates, the temperature dependence of the equilibrium abun-
dances is not negligible., Its importance canbe estimated by com-
paring the mass fractions at T9 = 3.2 and at T9 = 3.8 for a given
amount of ZSSi left over (see Table 7). The mass fractions of the
more abundant nuclei vary by factors of 1.2 or so. Those of the less
abundant nuclei vary somewhat more (factors of up to 3). The reason
is simple, Usually, over the range of temperatures of interest, the

nuclei statistically most favored do not change as the temperature
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changes: they are fixed by the neutron enrichment and by the amount
of 2885. having disintegrated. The free p and n mass fractions
adjust to keep abundant the same abundant nuclei. The mass fractions
of the less abundant nuclei will vary in so far as their statistical
factors do not vary in the same way with temperature (and the
abundances of p and n) as those of the most abundant nuclei {(mainly
because the more abundant nuclei have larger binding energies). The
domineering effect of the most abundant nuclei can be seen by looking
at Figs. 9 and 10, At t = 0.0, the most abundant nuclei all have

A 5 44; the equilibrium abundance of only three nuclei with A < 44

then varies by more than a factor of two while the temperature varies

from T9 =3.,8to T9 = 3, 2; 4OK,, 43’K, and EZCa, When there is

only X(*8si) = 0,115 left (Fig. 10), the abundances of all nuclei

with A <44, except 28811, 328, 36A and 4OCa, vary by more than a

factor of two. At t = 0, the neutron abundance is governed by the need

for most neutrons to be in 305:1, 348 and 38A., Those three nuclei are

the most abundant neutron rich nuclei both at T(} = 3,2 and at T9 = 3.8,
Their abundances do not change by more than 20%; they are fixed by

the neutron enrichment of the material. When there is only 10% of

28Si left, however, most of the neutron enrichment is absorbed in the

iron peak. The mass fractions d the more abundant neutron rich

30L. 34

nuclei in the iron peak are fixed but those of ~ "Si, S and 3BA vary

3

considerably. However the mass fractions of 3051, 4S and 38A are

then very small, After integrating over the different zones in a star,
it is to be expected that most of the 3OSi, 348 and 38 will come from

zones.where they are abundant so where their mass fractions are
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Fig. 9. Variation of the equilibrium abundances with temperature,
Before the digintegration of 7 Si the equilibrium abundances
of elements with A < 45 is pot very temperature sensitive:

they govern the p, n and alpha abundances.
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Fig, 10, Variation of the equilibrium abundances with temperature,

ZSSi left over, the abundances

When there is only 10% of
of n, p and @ are controlled by the iron peak. The
abundance of the iron peak elements ig then insensitive to
temperature, whereas that of low mass nuclei is very
temperature sensitive, It turns out, however, that elements

are mainly generated when their abundance is least tempera-

ture sensitive, since it is then that they are most abundant.
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largely independent of temperature. This is true of most of the
abundant nuclei. Their mass fraction depends on how much 2881 has
been burned and on the neutron enrichment, not on T nor p. As

one integrates over the star, one integrates over how much 2881 has
been burned. The mass fractions of the important nuclei of the
ejected material then depend only, within a factor of 1.3 or so, on the
neutron enrichment. In a zone intermediate between the two already

54Fe) and X(34S) are strongly tem-

mentioned, Fig. 11 shows that X(
perature dependent for a given X(ZSSi). This is because we are in the
region where the control of the neutron enrichment shifts from the Si
group to the iron group. Changing the temperature changes the value

2 to 10—1

of X(Z’SSi) at which it occurs. On 2 time scale of v = 10"
sec, it is necessary as can be seen from Fig. 5, to heat the material
to Ty =~ 4.4 if one wishes to be left with x(%8s51) = 0.80. As the
material cools with such a time scale, the bottleneck will freeze at

’I‘9 e~ 4,2, Whether the neutron density is fixed by the iron group or
the Si group will depend on their relative influence at T9 >~ 4,2.

Since whether the neutron density is determined by the Si group or

the iron group changes appreciably the abundance of all neutron rich
nuclei, Tg ~ 4,2 is the most important freezing temperature in those
zones where X(ZSSi) ~ 0,80, In those zones where X(zssi) < 0.5

the control of the neutron enrichment is always exerted by the iron
peak. The freezing of the bottleneck is then not very important and the
most important freezing temperature is that of the individual reactions,

3.0 <T, <4.0. Elements with A <45 are mainly formed when

9
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Temperature dependence of elements that govern the
neutron abundance when X(ESSi) = 0.8. The control
shifte from the iron peak to the low mass elements as the
temperature changes from T9 =3 to Tg =5, The
abundance of all neutron-rich elements is then tempera-
ture sensitive, The important freezing temperature in

that zone is then the freezing temperature of the bottle-

neck at A =45,
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2

X{ 881) > 0. 5; the relevant freezing temperature for them is 4.0 < 7T

28¢i) < 0. 5; the

9

< 4.6, The iron peak elements are formed when X/{(

relevant freezing temperature for them is 3.0 g T, £ 4.0. One

9

should then compare with obaervations, quasi-equilibrium results

obtained at 3,2 £ T, £4.5, expecting the low mass elements to be

9
better fitted by the results at Tg = 4,2 and the iron peak elements by
the lower temperature results, Note that since for AT, =~ 0.6, the

9

equilibrium mass fractions vary by factors of 2 or less whereas the
reaction time scales vary by 2 crders of magnitude; the time scale of
the dynamics would have to vary by two orders of magnitude or so for
differences by factors of 2 to appear, in the mass fractions of the
unabundant nuclei (supposing burned the same mass fraction of 2851}.
To verify these assertions, we have compared our calculations
of partial-quasi-equilibrium abundances to the abundances obtained
by Truran (1969), after freezing (Table 7). It is seen that the more
abundant nuclei are determined by the quasi-equilibrium calculations
(at T9 = 3,2) to a factor of 1.2 or so. Most of the smaller abundances
are determined to a factor of 2. Among the greater differences, that

55C0, for instance, can be related to the very small photo-dis-

55

for
integration time scale for Co(yp) (Fig. 7). It will consequently
freeze at a lower temperature,

The observed abundances are seen to give only slim information
on the past history of the material. They do tell us how much neutron

enrichment the material has had. They also tell us that the material

must have been through temperatures:of '].’9 =~ 4 or 5 long enough for
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ZSSi to have been processed. The time it must have remained at such

a high temperature depends on the temperature it went up to. The
observed abundances should allow us to determine that time-tempera-
ture relationship.

To obtain, from stellar evolution models, the generated abun-

dances, one needs to break the star into zones of thickness AT_ = 0.02

9
(since such a temperature change already causes appreciable changes
in the amount of 2851 burned), to determine within a few per cent the
number of beta decays in each zone, and to follow in each zone, the
amount of 28871 burned to a 1% accuracy. A change by a factor of 1.5
in the amount of 283i burned would change the observed abundances
radically. To see this, note that the two calculations of Truran were
compared in Table 7 to the same calculations of ours. The large
differences in the 561\11 abundancessbétween the two cases considered
by Truran, are seen to come from a factor of 1.2 in the amount of
2881 burned. Considering the uncertainties existing in the experimental
rates governing the ZBSi disintegrations (a factor of {.5), it seems to
us that the evolutionary models should be carried with two or three sets
of the reaction rates to determine whether the transformation of 285i
into the iron peak could poesibly give the observed abundances in that
particular zone of thesstar. The uncertainties involved in using the
quasi-equilibrium approximation are much smaller than those intro-
duced by the uncertainties in the reaction rates involved in 28811 photo-
disintegration, and it seems to us that the method is quite appropriate.

The above discussion applies to one particular zone of a star. If one

integrates over many ejected zones, covering a great range in the
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amount of 28Si burned, {(much larger than a factor of 1.5), the

uncertainties in the photodisintegration rates become less important.
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6. SUMMATION OVER MANY ZONES

If one wishes to study the partial burning of 28811, one cannot
expect it to have occurred at only one temperature. It must have
occurred in a finite object, with different temperatures in different
zones., We shall present an approximation to sumnms tion over the
different zones of the star. It cannot be expected to hold to 10%
accuracy, but it will allow us to get insights into the effect of summing
over zones at different temperatures,

The integration of the mass fraction for a given element, over
the different zones in the star, can be written:

M,

M,
X(I) = §M X(1,M ) dM /§M1 dM._ (51)

1

To get any further, we need to relate X(I,Mr) to our calculations of

X(I,t,Tg)a We need some hypothesis on the structure of the star.

The simplest possible hypothesis is:
dM
=L = C 52

where C is any constant and T is the peak temperature attained in

each zone. As justified below, Eq. 52 would have to hold over a

range AT(} > 2,0, Then Eg. 51 becomes

T

&)

2 T,
X(1) :§ X(1,T) dT /§T dT (53)
1

T

All we need for our calculations to be reasonably accurate is the mass
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temperature relation to be linear over a range 3.2 = T9 = 4.6 in the
star. The proportionality constant C appears only in the value of
the limits of integration. To relate to our calculations we finally
make the hypothesis that the dynamics evolution goes on at the same
rate, throughout all the zones of interest in the star. Then using
Fig. 12* we find that an evolution that took to seconds at T = To’

will take 1:1 seconds at T = Tiz

(T,-T,)/0.26

=t 10 (54)

t =%

Or if we suppose that all the evolution took place in to sec at a tem-
perature T = To’ it is equivalent, insofar as the amount of 2881 burned

is concerned, to say it took place at T = T1 but in tl seC. One then

has
.ﬂggwe) -%E = - %ﬁ + 25% (55)
and Eg. 53 becomes
t
xm = § xwng /{ S (56)
ti h t1

The limits of integration are dependent on the mass fractions

of interest in the star and on the value of dM /dT. We shall treat t

*On Fig. 12 are plotted the lines of constant time in the plane of T vs.
the photodisintegrated mass of 283, Eg. 54 merely expresses that
given a certain number of 8si disintegrations it will take ten éimes as
long if the disintegration occurred at a temperature 0,26 X 107 °K
cooler. Or on Fig. 12, the lines of constant time (t = 10%, n= -5,-4,
«se,3) are each separated by a horizontal distance ATC) = 0,26 = 0.06.
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Fig. 12. Relation between time, temperature and the photodisinte-
grated mass fraction of 2881’1. All calculations were done
including beta decays for ( A) 0 = 28, ((N»Z)/(N+Z))=192X10—3.
The time for a given mass fraction of 2881’. to disintegrate
is seen to change by a factor of 10 if one changes the tem-
perature by AT() = 0,26+ 25% This allows us to approxi-
mate the burning in a star over a range in temperatures by

the burning at a given temperature but over a range in time.
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and ‘é:z as free parameters, determining them by requesting that
%8 LT . o . .
K{T7S1) and X{" Fe) be roughly equal to their respective observed

mass fractions. The final result is not very sensitive on the limits

of integration. If one increases t, by an order of magnitude, one

2
should decrease t by one order of magnitude or so, and one would
still obtain the proper mass fraction for X{ZgSi) and X(SéFe)e The

optimum value of the ratio £ /t, is then determined by the formation
3 4

364’% and 4@Ca which are produced mainly in the middle of

of 32’83
the evolution,
The arbitrariness of the limits of integration is also related

to the arbitrariness of the weight function dt/t. If the weight function

were to be taken as (dt), this would correspond to:

aM =(TO-T}/@‘,Z,6

or it would mean that dM/dT varies from any constant by at least a
factor of 10 over the range A’_E?g = 0,26, On the other hand the weight

function di:/tz would correspond to

aM_ ¢ 1o (T_-T)/0.26
dT ~©

and again dM/dT would have to vary from any constant by a factor of
10 over the range ATg = 0.26. Since such a strong variation of dM/dT
seems rather unlikely, we can exclude weight functions like dt or
d“é;/tzo

To verify the sensitivity of our results on the exact shape
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chosen for the weight function, we have made calculations using
dt/ti" 2 instead of dt/t as our weight function. It turns out that by
adjusting the limits of integration slightly, it is possible to obtain the
same final result (within 20% or so for all elements) for the integra-
tion by using (ilt/‘ti'2 or dt/t as the weight function. One needs

1,2

merely, for dt/t » to use slightly larger values of both t, and

1
toe It then seems that within reasonable limits, the weight function
has little influence on our results. The arbitrariness of the weighing

does not add any further arbitrariness than the arbitrariness of the

limits of integration does,
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7. NUCLEOSYNTHESIS OF ELEMENTS BETWEEN 2251 AND °?Co

W= have seen above that, once the neutron enrichment and the
mass fraction of decomposed ZSSi were fixed, the abundances were
determined "uniquely" for most elements. Varying T and p was
seen to have relatively little effect. Given the burned fraction of 285'1,
the abundances produced through Si burning in a star then depend
only on the neutron enrichment. In general however, the neutron
enrichment will increase while 288'1 burns. One needs to study the
relative rates of neutron enrichment and of 2'85'1 burning. It will be
found sufficient to study the evolution at p = 108 g/cc and for different
values of ng The evolution at (p,Tg) can always be reasonably
approximated by the evolution at (108,‘1‘('9). After determining how
the abundances vary as a function of the relative rates of 288?1 burning
and neutron enrichment, it will be found that the best fit to the observed

8Si and the iron peak is obtained if the ZSSi burn-

abundances between 2
ing is too fast for beta decays to occur. The neutron enrichment is
then fixed by the original amount of neutron enrichment before 285i
burning. It will be found to be within the range of neutron enrichment
expected from explosive C burning. Under such circumstances, it
will be found possible to obtain, within a factor of 3, the observed
mass fractions of some 25 elements between 2881 and the iron peak,

including most of the neutron rich nuclei (except 365, 40A, 46Cas

*8Bca, vou ).
To determine the effect of changing (p,Tg) on the relative

rates of beta decay and 28Si burning , we have calculated the number
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of beta decays and of 2831 disintegrations per gram of material at
different {p pT(})e We have found that the relative values of beta

decays and 288'1 disintegrations at any (p, Tg) can be obtained from

those at some (108§T(';) (increasing Tq by 0.2 to 0.4 for each
order of magnitude increase in p). For instance, the evolution at
6 8

(107,3.8) is approximated by that at (10" ,4.2) within 15% or so,
since the abundances are determined by the amount of beta decays

and of photedisintegrated 28810 Only the time scale changes. Then

the study of the evolution of the abundances at any (p,Tg) can be

replaced by the study at (308, Tg)n

The evolution of the abundances with time for different values
of T9 at p = 108 ¢fcc is shownon Fig. 13to 15 . We have included,
in the value of the abundances for the stable nuclei, the contribution
of the nuclei that beta decay after the matter has cooled down. For

. 56 . . .
instance, the abundance shown for Fe includes what is made in the

56

form of Ni,

54

For T(;ﬁ > 4.4, beta decays become numerous enough for Fe

to be the dominant nucleus only after there has been a period in which

56Ni has been the dominant nucleus. When 54Fe becomes the most

abundant nucleus, 581\3’5. is also abundant, since 2851 has all disap-
peared and the 4<He mass fraction is relatively high. It is then

possible, by adding up mass fractions, to fit most nuclei between

ZgSi and 58N19 including the neutron rich nuclei. This case will be

discussed below at greater length.

For 3.5 = T.= 4.4, the mass fractions in which >’

9 Sig
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Fig. 13,
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Time evolution of Si burning, including beta decays, at
T= 4.5X 107 °K, p = 108 g/cm3g At this temperature
and density most of the 28Si has disappeared before beta

decays become numerous enough to transform 56Ni into

5,4Fe., The most abundant iron peak nucleus generated

56 56

can then be " Fe (from ~ "Ni) as observed.
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Fig. 14, Time evolution of Si burning, including beta decays, at
T =4.2%107 °K, p = 10% g/cm>. In this case, >*Fe
rapidly becomes the most abundant nucleus. The iron

peak generated then does not resemble the one observed.
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Fig. 15,
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Time evolution of Si burning, including beta decays at

9 OK, p = 108 g/cm‘ae The most abundant

iron peak element generated is here 52Cr. Comparison

T =3.2X10

of Fig. 13 to 15 points to the generation of the iron peak

taking place at T2 4.5 X 109 °K.
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31Pg oo are made and those in which 56Fe is made are separated

by mass fractions in which 54Fe is the most abundant nucleus.
Using our dM/dT = C approximation to sum over the contributions
of the different masses, it is then impossible to obtain anything like
the observed abundancesf. One always ends up with too much 54Fe,
too little 4:OCa, or something.

If T9 < 3.4, the Cr isotopes will dominate the system for a
large fraction of the evolution, before complete equilibrium is
reached. It is again impossible to fit all nuclei between 2881 and the
iron peak if anything like the dT/dM = C weighing function is appro-
priate.

It would be possible to obtain something close to the iron
peak, &cept for 58Ni, at equilibrium at T9 = 3.8 as found by
Burbidge, Burbidge, Fowler and Hoyle (1957). The elements between
288'1 and Ti would then have to be formed in a different process since
a discontinuou,é relation is needed to eliminate the intermediate zones
which would lead to abundances very different from the observed
ones, but to keep the cooler zones to produce 2881 . o» and the hotter
ones to produce the iron peak and since it is hard to imagine how
one single process could lead to a discontinuous relation for dT/dM.

More generally, if we accept that few beta decays must have
occurred during the formation of the elements of mass 29 = A = 60,
it places severe limitations on the minimum temperature at which

the evolution must have taken place and on the corresponding maxi-

mum time during which the matter can have stayed and evolved at a
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Fig. 16. To the right of the full line, lies the region where Si
burning must have occurred if the elements between

2851 and 59(30 have been formed in a single process,

To obtain the proper abundance of zgsi, 30S:"t, .
one needs as much beta decays to have occurred when
very little ZBSi has been burned as when all has been

burned thus imposing the plotted limit on the burning

condition,
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given density. To generate the iron peak, there must be zones in
which the mass fraction of 2851 is down to at most 30%. However,
to best represent the low mass elements, there must have been as
many beta decays for the matter that evolved little as for the matter
that evolved more., Consequently, most of the beta decays should
have occurred before 28Si. disintegration. Since something like
(N-2)/(N+Z) = 5 X 1073 fits best the observations, much fewer beta
decays than that must have occurred by the time the mass fraction of

285'1 is down to 30%. On Fig. 16 we have plotted the T = f(p) for

N-Z -3
N+Z N+Z

line) coming from beta decays while SSi is reduced to 30 % of its

AN-Zy - 4% 10™% (solid line) and for A(NZZ) = 4x 107> (dashed

value at t = 0. Those curves determine a minimum temperature at
which the evolution may have taken place at a given density. It seems

to us that A( ) =4 X 10 -4 is a more realistic limit, since burning

N+Z
70% of the 28Si is a minimum to obtain anything like the iron peak.

The minimum temperature at which the evolution may have
taken place is then ’I‘9 ﬁ 4,0 and the corresponding maximum time
scale is 102 sec (so long as you suppose the evolution to have taken

& g/cc, the minimum

place at densities = 106( g/ccl.. At p =10
temperature is around T9 = 4,5 and the maximum time = 1 sec,
The values of the maximum time were obtained from Fig. 17. It

“851 at the lowest

was drawn by determining the time to burn 70 % of
temperature allowed at a given density.

We shall now investigate how successful can be the fitting of

the observed abundances by summing over the zones, if the evolution



L1 °314q

(99s) JNIL
S0l ol | ol

-181-

| | “ |

+
N\ €70 = (1Sgz) X USUM , Olx b= So

// Z-N

AN

\///
™

. Z+
£°0 = (1Sg) X VUM o OIxX b =S N\

™~

(cwo/B) ALISN3A

®
Q




Fig. 17.
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The full line indicates the maximum time allowed for
2854 to get down to 30% of its original value as a function
of density, To the right of the full line too many beta
decays would occur, The maximum time allowed at a

given density corresponds to the minimum temperature

plotted in Fig. 16,
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took place at T9 = 4,4 (see Fig. 13). One must bear in mind what
this corresponds to in a real star: the burning lasted about 10 sec at
3.3 < T9 < 4.6. In the hottest zones (T9 ~ 4,6) all of the 288’1 was
burned. In those zones, there was appreciable B-decays, enough to
transform some of the 56Ni into 54Fe and 58Ni. In the cooler zones,
no P-decays occurred; all the neutron enrichment comes from neutron
enrichment during C and O burning. One then does not obtain quite
enough 348, 3BA, P

However, the evolution may well have taken place at a slightly
higher temperature. As one raises the temperature, one diminishes
the time scale, and essentially the same evolution takes place, except
that, for a given amount of photodisintegrated 28Si, the accumulated
B-decays are less numerous. In other words, the size of the zones
in the star in which 56Ni is the most abundant nucleus increases. If
the evolution takes place at ng 5.0, "no" B-decays need have occurred
during Si burning in any of the zones of interest. Oae may then neglect
B-decays during Si burning. As shown in Section 6, the evolution is
then independent of temperature in so far that, if one increases T9 by
0.26 but decreases the time scale by one order of magnitude in all zones
and then sums over the zones, one obtains the same evolution. This has
one important practical consequence: if one takes B-decays equal to
zero during the evolution, one may study how fregzing will affect the
abundances after summing over the zones by carrying out the evolution
at different T9 and using the method described in Section 6 to sum
over the zones (see Fig. 18 and 19 and Table 8 ).

It is then possible to obtain reasonable agreement with the obser-
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Fig. 18. Mass fractions of the observed and calculated abundances.
At Tg = 4, 6 the summation was carried over Si having
burned from 5 X 10-6 sec to 1.5 X 102 sec corresponding
to summation over zones with a range in temperature of
ATgﬂ 1.8, At T9 = 3, 8 the summation was carried over
Si having burned from 1,5 X 1072 sec to 2.5 X 10% sec
corresponding to summation over zones with a2 range in
temperature of ATQ =~ {,5, The effect of changing the
temperature is mainly felt around mass A ~ 40, As
discussed in Section 5. one would expect a higher freezing
temperature for those elements, The neutron enrichment

used here iz an upper limit., A higher neutron enrichment

would lead to too much 54Fe,



-186-

x T=46x10°°K p=10%g/cm?®
YaN = 9o - -

T=3.2x10° °K @42>=3xm3
O CAMERON, 1967

N+Z
(A}O= 28.4

RELATIVE MASS FRACTION (arbitrary scale)

X
A
o
xx
." VA
D o x
Ol
o]
on
NEL &
| .
! X
|
|
| X
él A
} |
15° - | a |
x |
|
! D
! | ! I R N 1
28 33 38 43 48 X~ 53 58

ATOMIC MASS NUMBER

Fige. 19



Fig. 19.

~187-

Mass fractions of the observed and calculated abundances.
At T9 = 4, 6 the summation was carried over Si having
burned from 4 X 10"6 sec to 4 X 102 sec corresponding to
summation over zones with a range in temperature of

ATC}, ~ 2. At '1‘9 = 3. 2 the summation was carried over

Si having burned from 1 sec to 1010 sec corresponding

to a range in temperature of AT9 >~ 2,5, As discussed in
Section 5 the higher freezing temperature should apply to
low mass elements and the higher temperature to the iron
peak elements. This is caused by the freezing of the bottle-
neck at A = 45 and so shows the importance of an experi-
mental determination of the reactions involved (see Fig. 2).
The neutron enrichment used here is a lower limit. A

. 8...
smaller neutron enrichment would lead to too much 2 Si,
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vations, For instance at 'I'9 = 4,6, 25 out of 41 nuclei between 28Si
and 59{20 are fitted within a factor of 3. 0. The better fitted nuclei are
generally those which are least affected by the details of the freezing.
The most abundant poorly fitted nucleus, SSMn, comes from the B-
decay of 55(30, which as seen previously has a very small life time
for p emission (it goes to SéFe) and so, will freeze at a lower tem-
perature than the other nuclei., Looking at Fig. 18 and 19 generally
confirms what was said previously:‘ those nuclei which control the

He and n abundances in the zones in which they are mainly generated

30 32, 34

are not much affected by the freezing process (2951, Si, S, S,

38 40 54 56 56

A, Ca, ..., Fe, Fe (from ~"Ni), 58Ni ... ). Those nuclei

which are never the most abundant are most affected by the freezing:

35 3701, 4OK, e oo o

C1,
Comparing Fig. 18 to Fig. 19 shows that the observations
would be better fitted if there had been more f-decays in the zones
producing the low mass elements than in the zones producing the
iron peak., Consequently the observed abundances indicate that the
evolution took place at a temperature such that no f-decay occurred
during Si burning, in any of the zones of importance in generating

59

the abundances between ZBSi and ~ ‘Co. This required a peak tempera-
ture, in the star, of T9 2 5.0, and an evolutionary time scale smaller
than about 1.0 sec at p = 108 g/cc,

We have mentioned in Section 5 that the abundances we obtain

2 28

. . 3 .
were a function of the neutron enrichment, the fraction of ~~S to ~"Si

when the burning starts, and the limits of integration. We shall now
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discuss how varying those "free” parameters affects the abundances
we obtain,

The effect of varying the limits of integration can be seen by
looking at Table 8 (the lower limit was varied in this case). The

29a:

lower limit of integration determines how much 2885., Si, ... one

obtains. The iron peak elements are not formed very early in the
burning and the low mass elements are not formed very late in the
burning. The ratio of the two limits of integration, and so the upper
limit of integration is then fixed by the observed mass fraction of 56Fe.

328 at t =0 essen-

3055 ana 31

We have found that the mass fraction of

tially controls the abundance of 2SSi,, 295:1, P. The

neutron enrichment (see Table 8) is more important, it controls

293, 30g3, 3%g, 384, 5%pe, 58Ny, ... . To determine uniquely the

abundances generated, evolutionary model calculations will have to

determine the temperature reached in the ejected zones within ATg =~ 0,1

28

(2 factor of 1.5 in the amount of “ Si burned). This will lift the uncer-

tainty contained in our limits of integration. In the zones in which little

3851 has photodisintegrated, it will be necessary to know (within a

factor of 2) the mass fractions of 328, 3113 and ZSSi coming from

and 160 burning. Finally, it will be necessary to know, in all the

12C

ejected zones, the neutron enrichment cccurring during the C and O
burning phases to within a factor of 1.5 or so.

With four free parameters, we are able to fit, within a factor
of 3, the relative values of about 25 out of the observed 41 nuclei

28

between ~ Si and 59Co. Some of the nuclei are generated in zones

? .
where very little “SSi has been photodisintegrated, others where it has
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TABLE 8
The Effect of the Limits of Integration and of Neutron Enrichment
Ratio of the Ratio of the Ratio of the
summed summed summed
Nucleus abundances*® abundances® Nucleus abundances
ZsSi 0.9 2.5 45Sc 1.4
291 2.4 3.6 46p; 3,8
30g; 6.3 4,3 473 2.4
31p 2.1 3,0 4873 0.8
32g 0.81 1.2 4913 1,5
335 2,0 2.5 505 21,
34 5.8 3,5 50y 2.5
35¢c1 1,8 2.8 Sly 1.5
37¢ 1.8 2.3 50cy 4.0
364, 0.8 1,0 52c, 1,5
38,5, 5.0 3.1 53¢y 4,0
39% 1.7 1.6 o 20,
40y 5,0 2.1 >5Mn 2.2
4y 1.5 1,5 Spe 5,0
40y 0.84 1,0 S6pe 0.8
42¢c, 4,0 1.5 STpe 1,2
ca 2,0 1.2 58pe 24,
e, 0.9 1,0 8N 5,0
%9Co 3.

*The effect of extending the lower limit of integration by two orders of
magnitude in time, corresponding to increasing the tempgrature range
in the star by AT ~ 0,5, for the case Tq= 3.2, p = 10° g/cc,

((N Z)/(N+Z)) X 1072, For A = 44 the ratio is 1.

The effect of increasing the neutron enrichment from ((N- Z)/(N+Z))
1,2X 103 t0 6 X 10™3 at Tg=4.6 and p =108 g/cc,
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completely disappeared. Some of the more poorly fitted nuclei (368,

4OA, 46(3&,, 48(38.) are unabundant neutron-rich nuclei. They could
easily have been generated by an exposure of the material to a small
neutron flux. Of the other poorly fitted nuclei, some are sensitive to
the freezing: for instance 55Mn comes from 55Co which has a very
short lifetime to proton photodisintegration., It will then freeze at a
lower temperature (T9 e 2,5), Of the better fitted nuclei, some (like

32, 36 40

S, " A and ""Ca) are nearly independent of any of our free parameters.,

They are alwaysreasonably well fitted. The observed abundances

59

between 2881 and ~ “Co then seem to be telling us that they were mainly
generated in a quasi-equilibrium process. The modifications of the
quasi-equilibrium results one may expect from the physics (like freezing)
neglected in quasi-equilibrium calculations tend to make the agreement
better, As expected (see Section 5) neutron rich nuclei between 28Si

and Ti are better fitted by the higher temperature calculations

(T9 2 4.2) while the iron peak nuclei are better fitted by the lower tem-

perature calculations (T, = 3.5).

9
There is one characteristic of the burning which was not made
evident previously but which may be important. On Fig. 13 it is seen
that in some of the zones of the star over which we sum, 2881 has com-
pletely disappeared. If the zone was burned at 'I'9 2 6.0 and if it cooled
after that, will complete equilibrium be maintained during the freezing?
The first thing to freeze is the 7 “He == 285i link. This freezes the
total number of nuclei above 2881. As the matter cools, 4He, p and n

will try to add themselves to the available nuclei and, if the total number

of nuclei above 285’1 is too small, will tend to increase the mass fraction
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of the higher mass (A = 56) nuclei above the maximum values they

could have in complete equilibrium. This is the type of situation neces-

sary to produce more 58Ni then 56E‘e, as noticed by Clayton and

Woosley (1969).

Since in quasi-equilibrium calculations, the important parameters
are the number of 288’1 having disintegrated and the neutron enrichment,
it is possible, using quasi-equilibrium calculations, to study the property
of the cooling described above. To this end, we have used the method
described in Section 3 to calculate the photodisintegration of 288'1, but
we changed T and p in our equations as the evolution was progressing.
The results of our calculations are shown on Fig., 20. The T(t)v and

p(t) relations we used correspond to explosion time scales. It is seen

28

that, in some cases, the 7a == “"Si flux freezes above ’1‘9 =5, At

. . . 4
such temperatures, there is an appreciable mass fraction of free "He

even at p = 5 X 107 gf/cc.s As the matter cools down, the free 411e

28 56F

nuclei tend to join with the available Si... e, If, when the

. 4
To <= 2885. reaction freezes there is more free He than needed to trans-

form the 288‘1, 328, o s into the iron peak, the final abundance has more

57Ni, 58Ni, 59Co, .o than complete equilibrium would lead to. It is

. 5
noteworthy that quasi-equilibrium always underproduces 58N1 and 9Con

It then seems that the observed abundances are telling us that some of

the zones of the star were heated to temperatures '1‘9 2 6.0, Under

58 60

6 .
such circumstances, Ni, 59Co and possibly, at p £ 10 g/cc. Ni,

61

Ni, ... could be produced in the observed ratios.



MASS FRACTION

t x |02 (sec)
.86 1.87 3.8 60 8.5
g
io"“z _—
g3
G4
o= 6 X109 °K
5 Po= 1.2 X 10® g/cm’
10> N-7
(), - 000
<A>, =28
Ho"s _—
] ] ] i
6 5 4



-194-

Fig. 20. Time evolution of abundances with a dynamic profile.

The time variation was taken to be T9 = 6 exp (-t/0.21)

and p=1.,2X 108 X (Tg/é)z’ 7. The freezing of the

reaction 7e :2881 occurs above T9 = 5 and after that,
the 288i abundance falls below its equilibrium value.

This leads to the production of 58 59

60.. 61

Ni, Ni which are always under produced in equilibrium

Ni, Co and perhaps of
calculations. No difficulty was encountered in using our
method of solution with time dependent temperature and
density showing that it could be coupled with evolutionary

stellar model calculations.
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APPENDIX

Many of the nuclear reactions important for astrophysics
proceed through a compound nucleus at sufficiently high excitation for
the resonances to overlap, or, at least, for many resonances to lie
in the energy interval where barrier penetration and Maxwell-
Boltzmann factors make the reaction proceed. For those reactions
the optical model will be a reasonable approximation for the nuclear
physics involved in the particle channels, that is for the emission or
absorption of p, nor @, However, it gives no information on the
radiation channels (emission or absorbtion of a photon).

It is possible to write the cross section as (Fowler and Hoyle,

1964)

o = Z 0‘2
2n?x%(24 + 1)(T, T, /DT)
em A Sl Ay |

(T, /DNT, /D) .
(1)
/D 1

=

i

ZWZKZ(ZI + 1) (

%:Z Ty/D

The sums are to be taken over all open reaction channels in the
nucleus of interest,

The optical model allows us to determine (ri/D)JZ for the
particle channels. But in the (n,vy), (p,y) and (@,y) reactions, one
also needs (FY/D)ﬁ . Recently a large number of (ny) reactions

have been measured in the energy range of interest to astrophysics.,
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After obtaining an analytic expression for (Fy/D) » we fit free constants
in that expression by comparing with the experimental results of Macklin
and Gibbons (1965 and 1967).

Bethe (1937) has shown that, if the nucleus were a Fermi gas,

the density of states would be observed to be:

c 1 1/2 .
w = 5 eXP (CZ(AE) ) (E in Mev) (2)
(AE)
where for a Fermi gas:
Cj=1.7 X 1070 ey
| -
C2 =0,92

Here, however, we shall treat Ci and C'Z as arbitrary constants.
A is the number of nucleons in the nucleus. E is the energy at
which we are measuring the level density.

This energy is to be measured from the lowest possible level
in a Fermi gas. By hypothesis, in a Fermi gas, there is no inter-
action between the particles. In the nucleus, the pairing and shell
structure effects on the binding energy are ample proof of interaction
between the nucleons, The interaction between the nucleons pre-
sumably lowers the position of the ground state compared to the
excited states. Consequently, if one wants to calculate the level
density at an energy B above the ground state of the nucleus, we

shall use, in (2)

E=B"=B-A (3)

where A 1is a correction for the pairing and shell effects.
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Fig. 1 gives the variation of the position of the first excited
level with neutron number, in even~even nuclei, * We interpret the
dashed curve as giving a measure of the pairing of nucleons and of
the effect of the deformation of nuclei on the level density (to abbreviate
we will refer to the dashed curve as giving "the effect of pairing,”
keeping the effect of deformation implicit, in what follows). Then,
the experimental points give, superimposed to the pairing energy,

a measure of the energy needed to break the shell structure.

However exciting the first level does not require breaking
completely the pairing or the shell structure. One rather expects
that excitation of the first level would require, as a mean, a given
fraction of the pairing or "shell structure" energy. So for an odd-
odd nucleus, one expects:

¢ By
A, =Cy E Z - - G(N)E (4)
i=1

-

where E1 is the excitation energy of the first level of the four even-

i
even nuclei bracketing the odd-odd nucleus of interest, and &(N) is
the part of E,. due to the pairing (read from the dashed curve in
Fig. 1), 1/C3 is to be interpreted as the fraction of the "shell

energy" broken, as a mean, in the first excited level.

For an even-odd or odd-even nucleus,

2
E
3 1i
Aeo = C3 E Z —5 - G(N)E + C46(N) (5)
i=1 :

%
Taken from Nuclear Data Sheets,
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where the sum is to be taken over the two even-even nuclei bracketing
the even-odd or odd~even nucleus, and where 1/64 is interpreted

as the fraction of the pairing energy required to excite the first level.
For the even-even nuclei, exciting the first level breaks only one

pair (the paired neutrons or the paired protons). To represent the
pairing energy of the unbroken pair, we add a cohstant term to the

expression for the even-odd or odd-even nuclei:

A, =Cy[E, -8(N)] +C,8(N) +Cy (6)

The constants are to be determined as explained below., But we first
need an analytic expression for Ty/Da
For magnetic or electric dipole transitions, one has (Blatt

and Weisskopf, 1952), in the single particle model:

B
o an2 3 D(B) -
I (B) = CR §o (B-E)” 5rgy dF

where the ground state is taken at E = 0; or since we need only Fy/D:

VB 2 gB(B-EP L dE (7)
D(B) Jo BE)

(2) into (7) gives:

(XZ-XZ 3 -:% exp (x) dx (8)

r c » X
“y. 4 g
= Y0 X

A3.333
C

with
. 1/2
X = CZ(ACB)

3
and AC = number of nucleons in the nucleus and R~ < Ac‘
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Fig. 1. E=xcitation energy of the first level above the ground state,
The dashed line gives a measure of the effects of pairing and

of deformation.
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The integrand diverges at x = 0, However (2) cannot be an
accurate representation of the level density as x goes to zero.
Actually (2) does apply only for dw/dx > 0. The lower limit at which

(2) can be used is then x = 4. We approximate (8) by

I‘ C"
'zj 3 333 S‘ (X —3 exp (x) dx (9)

We integrate (9) by developing 1/x3 in series around X and keeping

terms up to the fifth order. We then obtain:

X 70

64+ 10

T 48C"
Y 1 6
X 2

s €
D A3;°333

' 48(3'1’ X+
—g—mm €
A3°333

C

i+

6
X (10)

or

i
10g10(ry/D) =-Cy -3.333log A * CZ(ACB) /2

+1.13/ [CZ(ACB)i/Z] (11)

We have neglected the lower limit which to the fifth order contributes
less than 20% if X = 10, (Note that if we go to higher orders in the
development of 1/x3 both the upper and lower limits diverge. Only
the difference between the two tends toward a well-defined limit.)

By integrating (9) numerically for different values of X (10 = X = 40)
we have verified that (10) estimates (9) within 20%.

We determine the systematic behavior of Fy/D by comparing
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our analytical result with the experimental values of (o-v)/vT for
the (n,y) reactions, as given in Macklin and Gibbons (1965). To do
that, however, we need (Fn/D)£=O’iazﬁ For (rn/D)lz() we have used
the experimental values given in Newson (1965) for 54 = A = 208,
We have used "theoretical” values (Campbell et al. 1960) for

(T /D)y_; ,- Then (Fowler and Hoyle, 1964)

(0:0]
ﬁ__)_j,; = _7,_12 . §0 ¢ (E/KT) exp (-E/kT) d(E/kT) (12)
™

Since (1"1117'\(/1"]3))2 in (1) is a slowly varying function of E,
estimating it at E = kT gives a good approximation to (12). This gives
an analytic expression with the help of which it is easy to determine
the constants from the experimental data. We have used, to determine
(31 and Cz, the (ny) reactions leading to odd-odd compound nuclei
for which A ~ 0. Then the reactions leading to the odd-odd com-
pound nuclei with A # 0 were used to determine C3. 04 is then
determined with the help of C1 , CZ’ and (33 by fitting reactions
leading to even-odd compound nuclei. Finally CS is determined by
using the even-even compound nuclei,

Once we have that first approximation to the constants, we can
integrate (12) numerically, taking into account the variation of
(rnry/nn with energy. We can then adjust the constants to get a
best fit.

The final comparison is shown on Fig. 2, For A =176, 6
cases lie outside a factor of 2.5. There were five reactions leading

to even-odd compound nuclei for which the first level of only one
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Fig. 2.
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Comparison of the calculated and experimental values
(Macklin and Gibbons, 1965, 1967) of (ev) . For A <175
there are about 70 measured cross sections. For six of
these our calculated value is outside a factor of 2.5 from
the measured value. Our calculations were done with

C1=3,72,C =0,286,C, =1,8,C,=3.8, C. =1.3.

2 3 4 5

The atomic mass numbers refer to the compound nuclei,

The nuclei mentioned are, also the compound nuclei.
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94

of the bracketing even-even nuclei were known: Zr(ny), 962r(ny) .

100 130Te(ny) and 15451»1«,“, These nuclei seem to be poorly

Mo(ny),
fitted, These "systematic" formulas neglect the effect of the defor-
mation of nuclei, For A = 176, it seems that the arbitrary constants
adjust themselves to fit successfully the experimental results, without
any consideration of deformation. But this might cause the divergence
for A > 176, The poor fit for A > 176 might also be related to the
effect of the two closed shells at lead, They start to be felt at A~ 173

in the position of the first excited level,
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