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Chapter 6

Proof of Theorem 2

From Remark 2.2.8, to prove Theorem 2, it suffices to construct non-zero tableaux
filled with d copies of ¢ elements for all required partitions of n = cd, ¢, d > 3. These
partitions were determined in Theorem 10.

Our approach is similar to the proof of Theorem 1 in Chapter 5. Using some
generic non-zero tableaux (like U; and V in Chapter 5) with ¢ elements, we join
them together by Theorem 8 to form a tableau of the appropriate shape and filling.
However, unlike in Chapter 5, a large number of generic tableaux are needed. Since
the cataloging of non-zero tableaux is quite tedious, we post-pone the construction
until Chapter 7. Namely, our proof here will presuppose the construction of all

tableaux of the required shapes for ¢ < 8 .

The general idea is to write a tableau T" as follows:

% [
T = S |V T’ Vi U |V V
|

for an appropriate 7", where S, U, and V generic constructions based on the parity

of d. This reduces the construction of T" to a construction of 7" where the shape
parameters, (r, s, and t), of 7" are small. Thus we only need to construct tableaux
for a limited number of cases corresponding to small shapes. The tableaux S, U,
and V are based on the following non-zero maximal tableaux: (Here U, Us and V

occurred in Chapter 5.)
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Let A\ =[r+s+ts+tt]. Wecan write T = SV T'VUVYV, for appropriate
T’ provided T" is maximail. Then 7" will be filled with d copies of ¢’ elements, for
some ¢ < ¢, which will eventually allow us to reduce to ¢ < 8. If 7" is non-zero and
maximal then by Lemma 3.4.9 and the Theorem 8 q; # 0 as desired. For simplicity,

we will base our construction on the parity of d.

6.1 Case: d even

To see how to write T'as T = SV U V V VT’ for an appropriate T" we first discuss
the individual reductions allowing us to write T’ = SVT', T =UVT',or T =V VT
Then successive applications of these reductions yield our desired decomposition. An
analysis of these reductions also computes the resulting bounds on the shape of T".
An example application follows the reductions listed below. The reader may wish to

refer to Example 6.1.1 while reading these reductions.

Reduction 1: Let T be any A-tableau with A = (A1, A2, A3), filled with d copies
of ¢ elements. Take f to be the maximum integer such that fd < A3 and ¢ — 3f > 3.
Let S = fPi(d) be the join of f copies of P(d). Then by Theorem 8, we may write
T =SVvT for T a N = (A — df, \y — df, \3 — df)-tableau filled with d copies of

¢ = ¢ — 3f elements, provided the weight-sets of S and T” are disjoint. The choice
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of f means that in 7", ' = X, = A3 —df < d or ¢ = ¢ — 3f < 6. Thus we need only
consider tableaux with ¢t = A3 < d or ¢ < 6. The ¢ < 6 condition coresponds to the
requirement ¢ — 3f > 3. We need this requirement so that there are at least three

elements available with which to fill the remaining tableau, 7".

Reduction 2: Let T be any A-tableau with A = (A1, A2, A3), filled with d copies
of ¢ elements. Take g to be the maximum integer such that gd < Ay — A3 = s and
c—2g > 3. Let U = gUy(d) be the join of g copies of U;(d). Then by Theorem 8, we
may write T'= U VT’ for T" a X = (A —dg, Ay — dg, \3)-tableau filled with d copies of
¢ = ¢—2g elements, provided the weight-sets of U and T" are disjoint. The choice of g
means that in 77, 8" = A, =\ = Ay —dg—N_3 < dor ¢ = c—2g < 5. However, we will
need the existence of a non-zero 7" in the specified shape. As was shown in Theorem 9,
this is not always the case for some s. Specifically, when s < 5 non-zero tableaux
do not exist for certain shapes when ¢ = 3. (Consider A = [6 +d,2 + d, 1] = [9, 5, 1]
with d = 3 and ¢ = 5. Applying Reduction 2 yields X' = [5,2, 1] with ¢ = 3. All such
tableaux are zero by Theorem 10 since s = 1.) To account for this, we modify the
construction above to use g — 1 copies of U;(d) when g > 0 and s’ < 5. In such a case,
the modified 7" now has s’ < d + 5. Thus we need only consider arbitrary tableaux

with s <d+5orc<5.

Reduction 3: Let T be any A-tableau with A = (A1, A2, A3), filled with d copies
of ¢ elements. Take h to be the maximum integer such that hd < A\; — Ay = r and
c—h>3. Let V.= hVj(d) be the join of h copies of Vi(d). Then by Theorem 8, we
may write T =V VT" for 7" a X = (A; — dh, Ay, A\3)-tableau filled with d copies of
¢’ = ¢ — h elements, provided the weight-sets of V' and T" are disjoint. The choice of
h means that in 77, v = A — A, = A\ —dh — XAy < d or ¢ = ¢ —h < 4. However,
we will need the existence of non-zero 7" in the specified shape. As was shown in
Theorem 9, this is not always the case for some r. Specifically, when r < 5 non-zero
tableaux do not exist for certain shapes when ¢ = 3. To account for this, we modify

the construction above to use h — 1 copies of U;(d) when h > 0 and »' < 5. In that
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case, the modified 7" now has r’ < d + 5. Thus we need only consider arbitrary

tableaux with r < d + 5 or ¢ < 4.

Conclusion: When d is even, we can apply these reductions successively. Take
an arbitrary A-tableau T filled with d copies of ¢ elements and assume ¢ > 6. We
use T to represent the appropriate 7" obtained in these reductions. By Reduction
1, T=S8SVvTW, where S = fPy(d) and TWhas t = A\3(TV) < d and is filled with
M) = ¢ — 3f clements.

Now, if ¢ > 6 apply Reduction 2 to TM. Since ¢ > 6, then by Reduction 2,
write TW = U vV T®? where U = gU;(d) and T® has t < d (since T(!) does) and
s < d+5. Here T® is filled with ¢® = ¢ — 2g elements.

Finally if ¢ > 6 apply Reduction 3. This gives 7? = VVvT®) where V = hVi(d)
and T® has t < d, s <d+5, and r < d+ 5. Here T® is filled with ¢® = ¢ — h
elements.

Hence T = SV UV V VT where either T® is filled with fewer than 6 elements,
or TW hast < d, s < d+5, and r < d+5. In the second case, T must be filled with
3t +2s+1r = cd elements. This is less than or equal to 3(d—1)+2(d+4)+ (d+4) =
6d+9 <8dif d>4. (If d =4 we have 6d + 8 < 8d and it’s not possible to have
6d +9 = 9d when d = 4. For d = 3 additional reductions apply.) Hence we only
need those tableaux with ¢ < 8. Moreover, if r or s < 5 in T®, then 7 or s < 5 in
T, because the reductions do not reduce r or s to less than 5. Hence T = T” has a
shape occurring in Theorem 10 since all partitions of n with r and s > 5 are needed.

This reduction uses Theorem 8. Our usage only requires verification that the
weight-sets are disjoint. However, the tableaux S, U, and V are in maximal form.
Hence for appropriately chosen tableaux (i.e., ones in maximal form), an application

of Lemma 3.4.9 can easily prove weight-set disjointness.

Example 6.1.1. To see how this reduction works, let us consider a specific shape,
A = [9d — 2,5d,d + 2] where d > 6, d even and ¢ = 15. This shape has t = d + 2,
s =4d — 2, and r = 4d — 2. First we apply Reduction 1, which joins P;(d) in order
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to have t < d.
[9d — 2,5d,d + 2] = Pi(d) V [8d — 2,4d, 2]

Then we apply Reduction 2 to the shape [8d —2,4d, 2|, which has s = 4d —2 to reduce
to s < d+ 5 by joining three copies of U;(d).

[8d — 2,4d, 2] = 3Uy(d) V [5d — 2,d, 2]

Applying Reduction 3 to shape [5d — 2, d, 2], which has r = 4d — 2 we normally want
to reduce r to be between 5 and d + 5. Here we won’t necessarily reduce r fully,
so that the resulting tableau will be familiar. Instead we will reduce to r = 2d — 2

(which may be reduced further depending on d) by joining two copies of V(d).

[5d — 2,d,2] = 2V(d) V [3d — 2,d, 2]

Hence, when we combine all these reductions, we get

9d — 2,5d,d + 2] = Py(d) v 3Uy(d) V2V (d) V [3d — 2, d, 2]

A non-zero tableau of shape [3d — 2,d,2] is Q* of Example 3.2.7 with A =1, B = 1,

C = d — 2. Therefore, writing

T=P(d)VvQ(l1,d—2)Vv3U(d) V2V(d)

and omitting the extra tail of Q* we have

d1111d2dd d d d
15556 4 810121415
24774 7 91113
366

As Q* is in maximal form, q, # 0.
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6.2 Case: d odd

When d is odd, we proceed exactly as in the even case, except the tableaux we use
are slightly different. Namely, we use S; instead of P, and U, instead of U;. These
adjustments are necessary for Reductions 1 and 2 since P;(d) and U;(d) are zero for
d odd. Reduction 3 remains unchanged however. For completeness, we rewrite these
reductions in terms of d odd. However, these reductions alone are not enough to
reduce to ¢ < 8. So after these reductions, we apply a few more in order to reduce

the size of tableaux we need to consider.

Reduction 1’: Let T be any A-tableau with A = (Ay, A9, A3), filled with d copies
of ¢ elements. Take w to be the maximum integer such that w-2d < A3 and c—6w > 3.
Let S = wSi(d) be the join of w copies of Si(d). Then by Theorem 8, we may write
T=8SVvT forT"a N = (A —2d-w,\y —2d - w, A3 — 2d - w)-tableau filled with d
copies of ¢ = ¢ — 6w elements, provided the weight-sets of S and T" are disjoint. The
choice of w means that in 7", ¢/ = X\, = A3 —2d-w < 2d or ¢ = ¢ — 6w < 9. Thus we

need only consider tableaux with ¢ = A3 < 2d or ¢ < 9.

Reduction 2': Let T be any A-tableau with A = (Ay, A2, A3), filled with d copies
of ¢ elements. Take v to be the maximum integer such that v-2d < Ay — A3 = s and
¢ —4v > 3. Let U = vU,(d) be the join of v copies of Us(d). Then by Theorem 8, we
may write T'=U VT' for T" a X = (A — 2d - v, Ay — 2d - v, \3)-tableau filled with d
copies of ¢ = ¢ — 4v elements, provided the weight-sets of U and 1" are disjoint. The
choice of v means that in 77, ' = X, = A, = Ay —d-v— A, <2d or ¢ =c—4v < 8.
As in the even case, to account for the shapes s < 5, we modify this reduction to
use v — 1 copies of U;(d) when v > 0 and s’ < 5. Then the modified 7" now has

s’ < 2d+ 5. Thus we need only consider arbitrary tableaux with s < 2d +5 or ¢ < 8.

Summary: The same argument as in the even case works for the d odd cases,
though the numbers are adjusted slightly. Take an arbitrary A-tableau T with filled

with d copies of ¢ elements, but this time assume ¢ > 9. Then by applications of
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Reductions 1, 2" and 3, T = SV UV V VvV TW where either T® is filled with fewer
than 9 elements, or 7 has t < 2d, s < 2d + 5, and r < d + 5. In the second
case, T® must be filled with 3t 4+ 2s + r elements, which is less than or equal to
3(2d — 1) +2(2d +4) + (d +4) = 11d + 9 as d > 3. Moreover, if r or s < 5 in T,
then 7 or s < 5 in 7. Hence T has a required shape of Theorem 10. However,
we wish to have T fillable with ¢ < 8. To do this we have additional reduction
techniques. However, these techniques are very sensitive to the parameters in 7, so
we will categorize them by such. The additional non-zero maximal tableaux we use

are

d—1
Ud—1)= 1 d odd wy = (0,d — 1)
2
d—1
1
Pl(d—l) = 9 d odd Wo 3 = (gdal dgl)
3
d—2
1 113
P4(d—2,1,1): 9 939 d odd W2,3: (8gdi2)
3

Start with a tableau 7" where t < 2d—1, s < d+4,s# 1, r <d+4,r # 1, d odd
and s+t even if r or s in {0,2,4}. (These are the partitions required by Theorem 10
after the previous reductions have been applied.) First consider those tableaux with

r > 10, which implies d > 6.

Case A: Assumer > 10, s <d+4,t <d—1. Then 3t +2s+1r < 3(d —2) +
2(d+3)+d+ 4 =6d+ 4 < 8d. Hence this case is covered by ¢ < 8.

Case B: Assumer > 10, s > d+4,t > d—1. Write T = P (d—1)VU;(d—1)VT".
If (r,s,t) are the parameters of T', then 7" has parameters (', s',t') = (r—5,s — (d+
1),t —(d—1)). Thus 5 < <d—-1,5<s <d+5 and 0 <t < d. Then
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3t+2s+r<3d+2(d+5)+d—1=06d+9 < 8d. Note that no exceptional r or s

cases occur in T”. Hence this case is covered by ¢ < 8.

Case C: Assume r > 10, s < d+4,t > d—1. Write T'= Pi(d—1)VT". If (r,s,t)
are the parameters of 7', then 7" has parameters (17, s',t') = (r—3,s,t—(d—1)). Thus
7T<r <d+1,¢ <d+3,and 0 <t <d. Then 3t+2s+r <3d+2(d+3)+d+1=
6d + 7 < 8d. Note that no exceptional r or s cases occur in 7”. Hence this case is

covered by ¢ < 8.

Case D: Assumer > 10, s > d+4,t <d—1. Write T = Uy(d—1)VT". If (r,s,t)
are the parameters of T, then T" has parameters (r/,s',t') = (r — 2,5 — (d — 1), 1).
Thus 8 < v < d+2, s <d+5 and 0 < ¢ <d-—1. Then 3t +2s+1r <
3(d—1)+2(d+5)+d+2=6d+9 < 8d. Note that no exceptional r or s cases occur

in 7". Hence this case is covered by ¢ < 8.

For r < 10 the arguments depend more on the values of r, but the general idea is

the same.

Case E: Assume r < 10, s <d+4,t <d—1. Then 3t +2s+r < 3(d—1) +
2(d+3)4+9=5d+12 <8 for d > 4. When d = 3, ¢ = 9 is a possibility. Now,
when d = 3, we have r < d+4 =7, s <d+3=6,andt < d—2=1. So here
t+25s+r<34+2-6+7=22< 8&d. Hence ¢ < 8 tableaux will suffice to cover this

case. Note that the s 4 ¢ parity is preserved in the exceptional » and s cases.

Case F: Assume r < 10, s > d+4,t < d—1. If r = 9,8,7,5 then write
T =U(d—-1)VvT. If (rs,t) are the parameters of 7', then 7" has parameters
(r', sty =(r—2,s—(d—1),t). Thenr’' € {7,6,5,3}, s <d+5,and 0 <t <d—1.
Then 3t' +2s' + 1" <3(d—2)+2(d+5) + 7 =5d+ 11 < 8d for d > 3. When d = 3,
then s/ < 8, ¢ < 1. We have 3t' +2s' +1' <3+ 16+ 7 = 26 < 9d. Hence ¢ < 8
tableaux will suffice to cover these case.

If r =2,4, or 6, then write T'= Uy (d— 1) VT". If (r, s,t) are the parameters of T,
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then 7" has parameters (1, s',t') = (r—2,s—(d—1),t). Thusr’ € {4,2,0}, s’ < d+5,
and 0 <t <d—1. Then 3t' +2s' +71' < 3(d—2)+2(d+5)+4 = 5d+8 < 8d. Hence
¢ < 8 tableaux will suffice to cover these cases if the tableau exists.

Note that U;(d — 1) preserves the parity of s + t, so if s + ¢ are even (always
the case when r = 2 or 4), we will have s’ + ¢ even which is necessary for ' = 0,
2, or 4. Hence this construction works except when r = 6 and s + ¢ odd. Then
Jt+2s+1r <3(d—2)+2(2d+4)+6 = T7d+8 < 8d for d > 8 otherwise it is less than
9d unless d = 3. If 3t +2s + 6 = 9d, then t is odd so write t = d — 2k with & > 1.
Then we have s = 3d + 3k — 3. Since s < 2d+ 4, we have d+3k < 7,sod =3, k=1
is the only solution. This corresponds tot =1, s =9, r = 6. Since s + t even, this
case has already been done. For d = 3 we also need to consider ¢ = 10. However,
34 20 + 6 < 10d so no such partition will occur.

For r = 0 we have s+t even. Then 3t+2s+7r < 3(d—2)+2(2d+4) = 7d+2 < 8d,
so this case is covered by ¢ < 8 tableaux.

Forr =3 we 3t+2s+7r <3(d—2)+2(2d+4)+3 =7d+5 < 8d for d > 5. When
d = 3 we have 3 + 20 + 3 < 9d, so such a partition does not occur. Hence r = 3 is

covered by ¢ < 8.

Case G: Assume r < 10, s < d+4,t > d—1. If r = 9,8,6 then write
T = Pi(d—1)VvT. If (r,s,t) are the parameters of T, then 7" has parameters
(r',s',t') = (r —3,s,t = (d —1)). Thus v’ € {6,5,3}, s < d+3,and 0 <t < d.
Then 3t + 25 + 1" <3d+2(d+3) + 6 = 5d + 12 < 8d for d > 5. When d = 3, then
s’ <6, t' < 3. Hence we have 3t'+2s'+1' < 941246 = 27 = 9d, so the only solution
ist' =3, s’ =6, r' = 6. This we can further reduce by writing 7" = V(d) vV T" where
T" is a ¢ = 8 tableau of parameters t = 3, s = 6, and » = 3. Hence ¢ < 8 tableaux
will suffice.

If r=7,5,0r 3 and s+t even then write 7' = P;(d — 1) VT". If (r, s,t) are the
parameters of 7', then 7" has parameters (1’,s',t') = (r — 3,s,t — (d — 1)) and the
parity of s’ + ¢’ is preserved. Thus 7’ € {0,2,4}, & < d+ 3, and 0 < ¥ < d. Then
3t +25 +1r <3d+2(d+3)+4=5d+ 10 < 8d for d > 5. For d = 3 we have
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3t'+28 +1r' <9+4+12+4 = 25 < 9d, so this does not occur. Hence the ¢ > 8 tableaux
will suffice.

Consider r = 0,2,4 with s +t even, or r = 3,5,7 with s + ¢ odd. If s > 8 write
T =P(d—2,1,1)vT' If (r,s,t) are the parameters of T', then 7" has parameters
(r', s, t') = (r,s—3,t—(d—2)) and the parity of s'+1¢ is preserved. Thus, 5 < s’ < d,
and 0 <t <d+1. Then 3t'+2s' +r' < 3(d+1)+2(d)+ 7= 5d+ 10 < 8d for d > 5.
For d = 3 we have 3t' +2s'+1r' <12+ 6+7 = 25 < 9d, so this does not occur. Hence
the ¢ > 8 tableaux will suffice.

For r =3,5,0r 7, s+t odd, and s <7, we have 3t+3s+r < 3(2d—1)+2-74+7 =
6d + 18 < 8d for d > 9. If 3t + 2s + r = 9d, then since r is odd, we have t = 2d — 2k
for k > 1. This implies s = d 4+ 3k + %. Since s < 7, the only possible solutions are
(r,s,t) =(7,4,4), (5,5,4), (3,6,4), (7,7,2) when d = 3 and (7,4, 8) when d = 5. For
those with s + t even, the case has already been done. For (r,s,t) = (7,7,2) write
T = Uy(2) VT where T" has parameters (5,5,2) and is a ¢ = 7 tableau. Hence we
still need (r,s,t) = (5,5,4) for d = 3. But this is U;(2) V1", where 7" isac =7
tableau of parameters (3,3,4).

We also need to consider those partitions with ¢ = 10. Then we have 3t +2s+r =
10d which implies t = 2d — 2k — 1 as t is odd. So s = 2d + 3k + 1 — % The only
solutions with s < 7 are (r,s,t) = (3,6,5), (5,5,5), (7,4,5), and (7,7,3) all with
d = 3. The cases with s + ¢ even have been done already. For (r,s,t) = (3,6,5), use
T = Py(1,1,1)VT" where T" is a ¢ = 7 tableau with (', s,/ ,t') = (3,3,4). For (7,4,5)
we have s = 4 and s + t odd, so this case partition is not needed.

When d = 3 we also may have ¢ = 11 or ¢ = 12. Proceeding as above, the only
solutions are (r, s,t) = (7,7,4) and (7,7,5). The second case has s+t even and hence
is not needed. The first case can be reduced to T' = U;(2) V1", where T"isa c =9
case with parameters (5,5,4). But this is U;(2) V 7", where 7" is a ¢ = 7 tableau of
parameters (3,3,4).

Ifr=0,2,4, s+teven,and s <7, we have 3t +3s+r <3(2d —1)+2-7+ 4=
6d+ 15 < 8d ford > 9. For ¢ =9, we have t = 2d — 2k — 1 as t is odd. Then s = d+
3k +1+ %= Since s < 7 the only solutions are (r, s,t) = (0,6,5), (2,5,5), (4,4,5),
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and (4,7,3) with d = 3 and (4,7,9). Note that only those with s+t even are needed.
For these cases write T' = Uy (d—1) VT", where T" is a ¢ = 7 tableau with parameters
(r —2,s — (d —1),t). Since this preserves the parity of s + ¢ and does not cause
r', s’ =1, the tableau exists.

For d = 3 we may also have ¢ = 10 or 11. Proceeding as above, the only solutions
are (1,s,t) = (4,7,4) which has s + ¢ odd, hence it is not need, and (4,7,5) which is
Ui(2) VUL (2) VT where T" is a ¢ = 7 tableau with (r,s,t) = (0, 3,5).

Case H: Assume r < 10, s > d+4,t >d—1. If r =8 orr = 9,7,5 and
s+t even then write T' = Py(d — 1) V Ui(d — 1) V T" where T" has parameters
(r',s',t) = (r—>5s—(d—1),t—(d—1)). Thus ' < 4, s < d+5, and ¢’ < d.
Then 3t' 4+ 2s' + 1" < 3d+ 2(d+5) +4 = 5d + 14 < 8d for d > 3. When d = 3 we
can have 3t' + 25’ + 1’ = 9d only for (',¢,t') = (2,8,3) or (4,7,3). But s + ¢ even
means only (4,7,3) is needed. This is Uy(d — 1) VT” where T” is a ¢ = 7 tableau
with (r,s,t) = (2,5,3). Hence we've reduced to ¢ < 8 cases.

For r =9,7,5 with s+t odd, write T' = Py(d—2,1,1)VU;(d—1) VT’ where T" has
parameters (1, s, t') = (r—2,s—(d—1)—3,t—(d—2)). Hence ' < 7,2 < s < d+2,
and t' < d+ 1. We will have s’ ¢ {0,1,2,4} provided s # d + 4 or d + 6. Then
3t +25 +1" < 3(d+1)+2(d+2)+7 =5d+14 < 8d for d > 3. When s = d+4 or d+6
write T = Py(d—2,1,1)VT" where T" has parameters (r', s',t') = (r,s —3,t — (d—2)).
Then 3t' +2s' +r <3(d+1) +2(d+3) +9 =5d + 18 < 8d for d > 5.

For d = 5, s = d+ 3 or d + 1 there are no partitions with ¢ < d + 1. Now
consider d = 3 with s’ < d+3, ¢ <d+ 1. Since r < d+ 4 we have r = 3,5, or 7.
Given these parameters, solving 3t + 25’ + 1’ = 3¢ for ¢ > 9, the only solutions are
(r',s',t') = (3,6,4), (5,5,4), and (7,4,4). Since s+t odd the only partition we need
to construct is (', s',t') = (5,5,4) with ¢ = 9. But this is U;(2) V T” where 7" is a
¢ = T tableau of parameters (3,3,4).

For r = 2,4,6 with s + t even, write T' = Py(d — 2,1,1) V Uy(d — 1) V T" where
T" has parameters (r',s',t') = (r —2,s — (d — 1) — 3,t — (d — 2)). Thus " < 4,
2<s <d+2 andt' <d+ 1. Since s+t even, we need only that ' # 1. Then
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3428 41’ < 3(d+1)+2d+2)+4=>5d+11 < 8dford> 3 Ford=3
d-4+2-5+4 =26 < 9d so that case is not needed.

For r =6, s+t odd write T'= P,(d— 1) VT", where T" has parameters (', s',t') =
(3,5,t — (d— 1)). Thus 3t' + 25" + 7' < 3d +2(2d +4) +3 = 7d + 11 < 8 for d > 11.
Solving 3t'4+2s'+r" = 9d given the parameters, the only solution is (', s',t') = (3,9, 2).
This is Py(1,1,1) vV 7" where T" is a ¢ = 6 tableau with parameters (3,6,1). When
¢ = 10, we also have (3,9, 3) as a solution, but this does not have s + ¢ odd.

For r = 3, write T = Py(d — 2,1,1) VT" where T" has parameters (r',s',t') =
(3,s =3,t —(d—2)). Thus 3t/ +25' + ' < 3(d+1)+22d+1)+3 =7d+8 < 8d
for d > 5. (The ¢ = 8 constructions will hold unless s — 3 € {0,1,2,4}, but since
s > d + 4 this can only occur with s = d + 1, d = 3. Then our original tableau will
have t < 2d — 1, s = d+ 1, r = 3 which is satisfiable by a ¢ < 8 tableau.) Solving
3t" + 28’ + 1" = 9d given the parameters, the only solutions are (r',s',t') = (3,6,4),
(3,9,2), and (3,12,6) with d = 5. The (3,6,4) case is Py(1,1,1) Vv T"” where T"” is
a ¢ = 6 tableau with parameters (3,3,3). The (3,9,2) case is Py(1,1,1) V T" where
T" is a ¢ = 6 tableau with parameters (3,6,1). When d = 5, the (3,12,6) case is
Py(3,1,1) v T" where T" is a ¢ = 6 tableau with parameters (3,9,3). There are no
tableaux with ¢ > 9.

For r = 0 we have s+t even. Write T' = Py(d—2,1,1)VT" where T" has parameters
(.8, ¢) = (3,5 —3,t — (d—2)). S0 3t' +25' + 7' < 3(d+1)+2(2d+1) = 7d+5 < 8d
for d > 3. As P, preserves parity and s 4+ t even, the ¢ = 8 constructions will work
provided ' # 1. But s > d + 4 forces s > d+ 1 > 4. When d = 3 we have

3-4+2-7=26 < 9d, hence all cases are covered.

Conclusion: When d is odd, we need all tableaux with ¢ < 8. The basic
reduction requires those tableaux to be disjoint from multiple copies of Sy, Us(d —
1,1) and V(d). The further reductions also require the tableau to be disjoint from
Pi(d—1), Uy(d—1), Pi(d—1)VU(d—1), Py(d—2,1,1), and U;(d—1)V Py(d—2,1,1).

For d even we need all tableaux with ¢ < 6, along with those tableaux having

t<d-1,s < d+4,r < d+ 4 when ¢ = 7 or 8 These tableaux need to be
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disjoint from P;(d), U;(d), and V(d). These tableaux will be listed in Chapter 7. In

Chapter 8, we verify that all necessary tableaux have been produced.



197

Bibliography

[1]

[7]

George E. Andrews, The theory of partitions, Cambridge Mathematical Library,
Cambridge University Press, Cambridge, 1998, Reprint of the 1976 original. MR,
99c¢:11126

S. C. Black and R. J. List, A note on plethysm, European J. Combin. 10 (1989),
no. 1, 111-112. MR 89m:20011

Emmanuel Briand, Polynomes multisymétriques, Ph. D. dissertation, University

Rennes I, Rennes, France, October 2002.

Michel Brion, Stable properties of plethysm: on two conjectures of Foulkes,

Manuscripta Math. 80 (1993), no. 4, 347-371. MR 95¢:20056

C. Coker, A problem related to Foulkes’s conjecture, Graphs Combin. 9 (1993),
no. 2, 117-134. MR 94¢:20019

Suzie C. Dent and Johannes Siemons, On a conjecture of Foulkes, J. Algebra

226 (2000), no. 1, 236-249. MR 2001£:20026

William F. Doran, IV, On Foulkes’ conjecture, J. Pure Appl. Algebra 130 (1998),
no. 1, 85-98. MR 99h:20014

H. O. Foulkes, Concomitants of the quintic and sextic up to degree four in the
coefficients of the ground form, J. London Math. Soc. 25 (1950), 205-209. MR
12,236e

The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.3,

2002, (http://www.gap-system.org).



[10]

[11]

[18]

198
David A. Gay, Characters of the Weyl group of SU(n) on zero weight spaces and

centralizers of permutation representations, Rocky Mountain J. Math. 6 (1976),

no. 3, 449-455. MR 54 #2886

Larry C. Grove, Groups and characters, Pure and Applied Mathematics, John
Wiley & Sons Inc., New York, 1997, A Wiley-Interscience Publication. MR
98e:20012

Roger Howe, (GL,,, GL,,)-duality and symmetric plethysm, Proc. Indian Acad.
Sci. Math. Sci. 97 (1987), no. 1-3, 85-109 (1988). MR 90b:22020

N. F. J. Inglis, R. W. Richardson, and J. Saxl, An explicit model for the com-
plex representations of S,, Arch. Math. (Basel) 54 (1990), no. 3, 258-259. MR
91d:20017

G. James and A. Kerber, Representation theory of the symmetric group, Ency-
clopedia of Mathematics and its Applications, vol. 16, Addison-Wesley, Reading,
MA, 1981.

G. D. James, The representation theory of the symmetric group, Lecture Notes

in Mathematics, vol. 682, Springer, Berlin, 1978.
Serge Lang, Algebra, 3 ed., Addison Wesley, Reading Massachusetts, 1999.

I. G. Macdonald, Symmetric functions and Hall polynomaials, second ed., Oxford
Mathematical Monographs, The Clarendon Press Oxford University Press, New
York, 1995, With contributions by A. Zelevinsky, Oxford Science Publications.
MR 96h:05207

Bruce E. Sagan, The symmetric group, The Wadsworth & Brooks/Cole Math-
ematics Series, Wadsworth & Brooks/Cole Advanced Books & Software, Pa-
cific Grove, CA, 1991, Representations, combinatorial algorithms, and symmetric

functions. MR 93f:05102



199
[19] Richard P. Stanley, Positivity problems and conjectures in algebraic combina-
torics, Mathematics: Frontiers and Perspectives (V. Arnold, M. Atiyah, P. Lax,
and B. Mazur, eds.), American Mathematical Society, Providence, RI, 2000,
pp- 295-319.

[20] R. M. Thrall, On symmetrized Kronecker powers and the structure of the free
Lie ring, Amer. J. Math. 64 (1942), 371-388. MR 3,262d

[21] Rebecca Vessenes, Foulkes’ conjecture and tableauz construction, J. Albegra

(2004), forthcoming.
[22] David Wales, personal communication.

23] Jie Wu, Foulkes conjecture in representation theory and its relations in rational

homotopy theory, http://www.math.nus.edu.sg/ matwujie/Foulkes.pdf.



