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Abstract

Foulkes conjectured that for n = ab and a < b, every irreducible module occurring
as a constituent in 12:1& occurs with greater or equal multiplicity in 1§Zz$b' We
generalize part of this to say those irreducibles also occur in 123280, where cd = n
and c,d > a. We prove the generalized conjecture for a = 2 and a = 3, by explicitly
constructing the corresponding tableaux. We also prove the multiplicity constraint
for certain cases. For these proofs we develop a theory of construction conditions for
tableaux giving rise to Sy ! S, modules and in doing so, completely classify all such

tableaux for ¢ = 2 and a = 3.
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Chapter 1

Introduction and Statement of
Main Results

Foulkes” Conjecture is an outstanding problem in the areas of plethysms, rational
homotopy theory, multisymmetric functions, and representation theory of symmetric
groups. In representation terms, Foulkes’ Conjecture deals with induced permutation
characters of wreath products of symmetric groups. The wreath product of symmetric
groups S, and &, denoted S,1Sy, is the normalizer of the Young subgroup S, x - - - x 8,
(b times) in Sp. Let 1 be the trivial representation of a group H and 1% the induced

representation from H to G. From this we can state Foulkes’ Conjecture:

Conjecture 1. (Foulkes’ Conjecture) If a < b then every irreducible character occur-
ring as a constituent in 1§:§’Sa occurs in 1§Z§Sb with multiplicity greater than or equal

to its multiplicity in 1§Z§’Sa.

Foulkes made this conjecture in [8] from his work on plethysms. The a = 2 case
was contained in Thrall’s 1942 work on symmetrized Kronecker powers, [20], and
proved again in [14] by James and Kerber using Gaussian coefficients. Coker also
gives a proof for a = 2 using eigenvalues in [5], while Doran used transition matrices
in [7]. The a = 3 case was proven by Dent and Siemons using mappings of unordered
partitions [6]. In [2], Black and List formulated Foulkes” Conjecture in terms of ma-
trix incidences and Wu has rephrase it in terms of rational homotopy theory in [23].
Howe, in [12], used a plethystic approach to interpret Foulkes’ Conjecture via canon-

ical morphisms between symmetric power modules. Using this, Brion, [4], showed
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the conjecture holds for b sufficiently large with respect to a and Briand [3] proved
Foulkes’ Conjecture for a = 4. Also using symmetric powers and plethysms, Stanley,
[19], places Foulkes’ Conjecture inside a larger body of open positivity conjectures
in Algebraic Combinatorics. With a more combinatorial approach, Doran gave ad-
ditional formulations in [7] using tableaux spaces. Doran also suggested generalizing

Foulkes” Conjecture to:

Conjecture 2. (Generalized Foulkes’ Conjecture) Given n = ab, a < b, if ¢, d are
such that cd = n, and ¢, d > a, then every irreducible character occurring as a

constituent in 1§Zzsa occurs in 1§32$C with multiplicity at least as large.

For ¢ = a and d = b this becomes the standard Foulkes’” Conjecture. Note that
¢, d > ais necessary. This is easily verified by using GAP, [9], which shows that some
irreducibles in 1§i§33 do not occur in 1?532- Conjecture 2 holds for small n, (less than
28), by computer verification also using GAP, [9]. In Chapter 5 we will prove it holds

for a = 2 by construction. Namely, we will show:

Theorem 1. Given b > 2, let n = 2b. If ¢, d are such that cd = n, and ¢, d > 2, then

. . . . Sn . Sn . T
every irreducible occurring in 13" 5 occurs in 137 o with equal or larger multiplicity.

2

We can also prove the following variation on Conjecture 2 for a = 3. The bulk of

the proof is discussed in Chapter 6 with supporting details in Chapters 7 and 8.

Theorem 2. Let n = 3b = cd, with ¢, d > 3. Then every irreducible character

occurring in 1§:253 occurs in 1§3286'

This theorem can be strengthened when the irreducibles involved correspond to

two row partitions of n. We prove this version in Chapter 9.

Theorem 3. Let n = 3b = cd, with ¢, d > 3 and let A = [A;, \y] be a two row
partition of n. Then every irreducible character y* occurring in 1?:2 s, occurs in 1§Z2 S,

with multiplicity at least as large.

In Chapter 2 we describe the necessary concepts to approach the Foulkes’ Con-

jecture combinatorially using tableaux. Much of this framework was developed by
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Doran in [7]. We develop the theory and techniques behind constructing appropriate
tableaux in Chapter 3. In Chapter 4 we completely classify and discuss all tableaux
that occur in 1§2283' The proof of Theorem 1 is given in Chapter 5. We prove The-
orem 2 in Chapter 6, though the required tableau constructions are postponed until
Chapter 7. In Chapter 8 we show that these tableaux suffice to cover all necessary
cases. We prove Theorem 3 in Chapter 9. The corresponding results for the alter-
nating character is given in Chapter 11. Theorems 1 and 3 also can be interpreted
in terms of the Gaussian coefficient; this is discussed in Chapter 10. Further impli-
cations of all these results are listed in Chapter 12. Some of these results appear in a
forthcoming article in the Journal of Algebra, [21], namely, Chapters 1, 2, 3, 5, and
portions of Chapters 4 and 6.



Chapter 2

Background

2.1 Tableaux

A partition X = [A,..., X\¢] of a number n is an ordered tuple of positive integers
such that > A\; = n and \; > Ay > 0; it is denoted by A F n. The length of X is ¢.
A Ferrers diagram is the set [A\] = {(4,j)|1 <i < ¢, 1 < j < N\}. Weview [\ as a
(left-justified) stack of boxes with row i having A; boxes.

A tableau of shape X is a filling of the Ferrers diagram [A] with a set of elements,
usually the positive integers. It is said to have content o = [y, . .., ] if the integer i
occurs exactly o; times. A tableau is semi-standard if the entries are weakly increasing
across the rows and strictly increasing down the columns. This notation is standard

and further discussion can be found in [7] and [18].

Example 2.1.1. Consider the following tableaux:

125 115 112
P= 42 Q= 22 R= 233
3 33

P is a [3,2, 1]-tableau of content o = [1,2, 1, 1, 1], while @ has shape A = [3,2,2] and
content o = [2,2,2,0,1]. Similarly, R has shape [3,3] with content [2%] = [2,2,2].
Both @ and R are semi-standard, but P is not.
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2.2 Combinatorial Structures

There are two different permutation actions on tableaux: an action permuting the
entry positions in the tableau and an action permuting the numbers filling the tableau.
These actions commute with each other.

Let T be a A-tableau filled with the numbers 1 to a, where A = n. The permutation
of entry positions corresponds to an action of S,, on T'. View the entry positions (i.e.,
boxes) of T as labelled 1 to n. Then o € S, acts on T by permuting the entries in
the positions moved by o. To avoid confusion between entry positions and numbers
in T', we will denote all entry positions with the subscript 7 when necessary. The

permutation action of the numbers corresponds to their permutation by 7= € S,,.

331
Example 2.2.1. Take n = 6, A = [3,2,1], and a = 3. Consider T = 12 . In
2
1p 27 3p
terms of entry positions, we label T" as 47 57 . For ¢ = (23)r € Sg, we have
67
313 221
ol = 12 , while the action of 7 = (23) € S3 gives 7T = 13
2 3

We generally restrict the action of S,, to two subgroups. Let Ry be the subgroup
of §,, which set-wise fixes the rows of T, namely, the row permutations. Denote
this action by oT for ¢ € Rp. Let Cr be the subgroup of S, which set-wise fixes
the columns of T, namely, the column permutations. This action is denoted 77T for
7 € Cp. If X is the conjugate partition of \, (i.e., the partition corresponding to
column lengths) we have that Ry ~ Sy, x --- x Sy, and O = Sy, X --- X S,\;y.
Viewing the subgroups under these isomorphisms, we can label the entry positions by
labelling each row (resp. column) with 1 to A; (resp. A;). Under these labellings we

write o (resp. 7) as a direct product of the permutations for each row (resp. column).

Example 2.2.2. Let T' = ;;2 , then for Ry we view T as labelled 17 27 3T.

17 27

. . . 17 17 1 . . .
Likewise we use the labelling 2T 2T T for Cp. Applying these actions to T', gives
T 27

the following sets:



1172 121 211 112 121 211
{cT'|o € Rr} =
23 23 23 32 32 32

) ) ) ) )

with each element occurring twice.

112 212 132 232
T Cpl =
{7T|7 € Cr} {23 13 21 11 }

) ) )

112 221 332 113 223 331
{nT|me 8.} =
23 13 21 32 31 12

) ) ) ) )

Cr ={0r x Or x Or, 12)r x Oz x Oz, Or x (12)7 X Or, (12)7 X (12)7 X ()1}

Note that the actions of o and 7 do not commute, but 7 commutes with both
o and 7.

Given A a partition of n = ab, let W be the set of all tableaux of shape A
and content [b%] = [b,...,b], where the entries are 1 to a. Let 8% be the set of
all semi-standard tableaux in W»®. These sets and the following constructions were
developed by Doran in [7]. Note that when b = 1, 8§ give rise to the Specht modules
which are discussed extensively in [15] and [18]. The partitions of n index the Specht
modules S*, which in turn correspond to precisely the irreducible modules of S,,.

From W*® we can construct the complex vector space W™ with the tableaux as
a basis. The action of S, on the tableaux give rise to a permutation representation.

Inside W*® we construct the following objects.

Definition 2.2.3. Let T € W Let ¢(7) be the sign of 7 as a permutation. Inside

WA we have:

a) e, = ZaeRT ZTecT e(r)orT
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b) dr = ZTFESG ZO’ERT ZTECT 6(7—)7T0'7—T

C) my = ZTI’ESG ZO‘ERT mol

The tableaux are independent basis for W% so for Ty, T, € W** we have

T1—|—T1:2T1 but T1+T2:T1—|—T2.

Example 2.2.4. Let T = ;; , then

o — 4 x 11+22 .y 12+21+21+12
T 22 11 21 12 21 12

Here, symmetry gives q, = 2e;.

Definition 2.2.5. From e, and m, we can construct the following subspaces of W*:
a) SM = Cley|T € WM
b) M = Clm,|T € W]

These spaces are S,-modules. We have {e;|T € 8}, a basis for SM and
{m,|T € §/8,}, a basis for M*¢. The set {q,|T € WM} generates SMN MM, but
does not form a basis. Background on these spaces and the proofs of the statements
may be found in [7].

In [7], Doran uses Gay’s result from [10]:

Lemma 2.2.6 (Gay’s Result). The multiplicity of the irreducible module S* in

lngsa equals the multiplicity of the trivial representation in S*.
From this, Doran reformulated Foulkes” Conjecture to:

Lemma 2.2.7. The dimension of S»*NM*? equals the multiplicity of the irreducible

A Sa,b
S in 1$b28a'

A proof of this lemma in terms of q;, ’s is presented in Appendix A. From this,
Foulkes’ Conjecture is equivalent to proving dim(S»* N M*?) < dim(S*M N M) for
a < band all A - n. Proving Conjecture 2 is equivalent to showing that for all A\ - n,

dim(S* N M) < dim(SM N MA) when ab = n = ed with ¢, d > a.
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Remark 2.2.8. In terms of tableaux, proving Theorem 1 is equivalent to exhibiting
my, non-zero linearly independent q., where T" has shape A and content [d], with m,
the multiplicity of S* in 1§§§’32. Theorem 2 is provable by exhibiting a non-zero q,
with T having shape A and content [d°] for all A such that the multiplicity of S* in
1§i§’33 is non-zero. For Theorem 3 we want m) linearly independent tableaux 7" with
content [d°] such that q; is non-zero, where A\ = [A\1, As] and m,, is the multiplicity of

A S3p
S* in 1$b283'



Chapter 3

Theory of Tableaux Construction

Throughout this and subsequent chapters we will use T' to represent an arbitrary
tableau, o an element of Ry, 7 an element of Cr, and 7 an element of S, for T filled

with 1 to a.

Remark 3.0.9.

d) qr = ZWGSaTreT
e) q.r = E(T)qT

These are standard computations, which are discussed in [7] and [18]. This remark
shows that we can ignore the effects of permuting entries when constructing the

tableaux. Also, we may order the columns however we choose at the cost of a sign.

3.1 Filling Tableaux

Definition 3.1.1. In 7', the weight of a number z in row ¢, denoted w;(z), is the num-
ber of times x occurs in row ¢ of 7. When 7' is not clear from context, we write w;(z|T)

in place of w;(z). We extend this so that w;(x1,...,7;|T) = (wi(z1|T), ..., wi(z;|T)).
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Implicitly, we take w;(T") = (w;(1),...,w;(a)), which is called the row-weight of row i
wi(z;)

of T Similarly, w(z;) = ( : ) is the weight vector of x; of T. Hence w(T) is the
we ()

matrix corresponding to w;(j|T). Note that row permutations do not effect weight,

so w(oT) = w(T).

122
Example 3.1.2. T'= 344 . We have w(T) = <é § g % §>. From this we can read
595

that wy(3) = 1.

Weights for a tableau are only comparable with tableaux of the same shape and
content. Recall that W is the set of all A-tableaux with content [b%]. Let N be the
set of all a-tuples w with non-negative integer entries and N%¢ those ¢ x a matrices.
Then we can view the row-weight function as a linear operator w; : Z[T'|T" € W] —
Zlwlw € N, where {w|w € N} is a Z-basis, or correspondingly, w : Z[T|T €
WA — Zw|w € N, with £ = £(\).

This means we treat weights like linearly independent basis in Z[w|lw € N%|.
Hence w(Ty + aTs) = w(Th) + aw(T3). If T} = ; 1 and Th = i 1 then wy (T1) =
(2,0) and wi(Ty) = (1,1). So wi(Th + T2) = (2,0) + (1,1) and wy (71 + T1) = (2,0) +
(2,0) =2-(2,0). For convenience, we take w(0) = 0.

Definition 3.1.3. Let rowsumy(i) be the sum of all the entries in row i of T,
Lemma 3.1.4. e, = 0 iff T" has a repeat entry in a column.

Proof. = 1t suffices to show that if T" has no repetitions within a column, then e, # 0.
By Remark 3.0.9 column permutations only change the sign of e;, so without loss of
generality, we may assume the columns of T are strictly increasing. If e; = 0 then
there exists ¢ € Ry, 7 € Cp such that €(7) = —1 and o077 = T, and we say that
T cancels in the summation. Since 077 = T, we must have w(o71") = w(7') and so
w(rT) = w(T). This implies that rowsumr = rowsum.r for all rows.

Let r be the first row in which 7 moves an entry of 7. Let «y,,...,q;, be the

entries of row r moved by 7. Say 7 moves 3 to «;;. Since r is the first row moved
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by 7, 8; > ;. Then rowsumy(r) = Zle iy D 0 < 2?:1 Bj+ Dips, i =
rowsum,r(r). Contradiction. Therefore e, # 0.
< If T has a repeated entry in a column, then there exists a transposition 7 € Cp
such that 77" = T. Hence e; = e, = ¢(7)e; = —e; and so e, = 0.

]

Knowing that any tableau with repeated numbers in a column makes e, = 0 is
very useful for our construction of non-zero tableaux. We summarize this fact as

follows:

Lemma 3.1.5. Any tableau T filled with the numbers 1 to a having more than a

rows will have e, = 0 and q, = 0, as will any 7" having repetitions within a column.

Hence every tableau T filled with the numbers 1, 2, and 3, with q., # 0, will have
at most three rows and all column entries will be distinct. Due to this, from now on

we will assume all tableaux have distinct column entries.

Notation: Many of the tableaux we construct will have multiple identical
columns. We call a group of such columns, a column block. For both clarity and
space we denote a column block by one copy of the column with the number of rep-

etitions listed above. If the number of column copies is omitted, it is assumed to be

3 KL MN
one. For example, T' = L1l would be denoted by T = 1 , while T = bl
222 ) 2233
3
1
has K copies of 2 and L copies of ;, M copies of ;, and N copies of g We call

3
the columns of T" having only one entry the tail of T'. When specifying T" by column

blocks, we may omit the tail, provided the content of 7" is known. The rest of T is

2
. . 11223
called the body. For instance, if T" = 394 and we know that 7" has content

4
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3,3,3,3], we can just list the body, T" = 5 ;i instead. It is assumed that any

4
entries not specified are contained in the tail.

We also use this abbreviated notation when describing elements of C'r. We write
7 € Cr as a direct product of permutations on the column blocks. Since the only per-
mutation possible on the tail is the identity, we omit the permutations corresponding
to the tail. Hence for T listed above, 7 is of the form 721 XTy X 13. We write 7I§Z if the
same permutation 7; is to be applied to K columns within a column block. When K is
less than the size of the column block, we understand 715Z to mean that 7; is applied to
all K of the columns (determined by context) and the identity permutation is applied

to the remaining columns within the block. For instance, on the previous 7', there

4114
are two permutations of the form (113)T X ()7 x (12)7, which produce 3322 and
14
1414
3322 .
41

3.2 Showing Tableaux are Non-Zero

Definition 3.2.1. A tableau T is said to be non-zero if q; # 0. Two tableaux are
said to be distinct if qr, # +qy,, otherwise T} and T, are said to be equivalent.

Since q; involves many summands, showing q; # 0 by direct summation is not
practical. Instead, we use a technique called weight-set counting. Weight-set counting
involves summing only those tableaux with a given weight; if that sum is non-zero,

the entire q; summation must be non zero.

Definition 3.2.2. Given a tableau T, let w(T") = (71, ..., T,), where Z; is the weight
vector w(j|T) = Z; of the element j in T. A weight assignment of T' is a pairing
between the set of elements of 7" with the multiset of weight vectors of w(7'). We
denote the pairing of the weight vector Z; with the element k; by w(k;|T*) = T;.
(The T™* represents a possible tableau which has the weight of k; being Z,.) Note
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that if the vectors ; and Z; are equal, the weight assignment pairing k; with Z; is
the same as the weight assignment pairing k; with ;. What matters in a weight
assignment is the vector paired with each element, not how we label the vectors.
We usually indicate a weight assignment by writing (k1, ..., k,), by which we mean
w(ki, ..., kT*) = (T1,...,%a) = w(T).
Given a permutation m we can create a weight assignment by assigning the element

7(k) to Ty, since w(m(k)|7T) = w(k|T') = T). Similarly, given such pairing (k1, ..., kq)

we can construct a permutation 7 by taking m = (k1,...,k,) in one-line notation.
111
300 . .
For example, let "= 223 . Then w(T) = (8 2 %> The weight assignment
3

(3,1,2) means w(3,1,2|T") = <§ % ?) for some tableau 7. This weight assignment
corresponds to the weight permutation 7 = (132) in cycle notation (from left to right).

Note, however, that such a listing (ki, ..., k,) of a weight assignment is not nec-
essarily unique. For instance, if T; = Ty then (ky, ko, ks, ... k,) and (ko, kq, ks, ... kq)
represent the same weight assignment (pairing) but give rise to different permutations.
The numbers of such permutations corresponding to the same weight assignment de-
pends only on the vector symmetries of w(7T"). This number is denoted s(w(T)).

For example, if ' = 11223 , then wr = (2,2,1). There are three distinct
weight assignments of T' corresponding to which of the three elements is assigned a
weight of 1. Since there are two permutations arising from such an assignment (for

instance, w(213|7) = (2,2,1) as well) we have s(w(T)) = 2.

Definition 3.2.3. A weight assignment (kq,...,k,) is wvalid for T if there exists
7 € Cr such that w(ky, ..., k.|7T) = w(T), i.e., T* = 7T. If this happens we say 7
is valid for (ki,...,k,), otherwise 7 is invalid. Given a valid 7 we say 7 is positive if
e(7) = 1 and negative if €(1) = —1.

1222334

Example 3.2.4. Let T = 311 . We have w(T') = (% § é é) Recall that for
44
17 17 17

Cr we use the labelling 27 27 27 (the tail is omitted since all column permutations
37 31
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on it are trivial). Now (2, 3,1,4) is a valid weight assignment since 7 = (12)7 x (12)1 x
3112334

(12)r € Cr has 77 = 122 with w(7T) = ((%)%?)é) , S0 w(2,3,1,47T) =
44

w(T). The weight assignment, (2,3,1,4) corresponds to the permutation = = (123)

in cycle notation, meaning w(1,2,3,4|7T) = w(1,2,3,4|7T)

However, (1,4,3,2) is not a valid weight assignment since then we must have
w3(2|7T") = 2 for some 7, but there is no column permutation that will put two 2’s in
the third row. We will make frequent use of weight assignments in order to determine

when 7' is non-zero.
Definition 3.2.5. Given T', consider the following functions:

e P(n(T)) = the number of 7 € (Cp such that €(r) = 1 and
w(r™(1),...,7 a)|TT) = w(T).

e N(n(T)) = the number of 7 € Cr such that e(r) = —1 and
wr(1),...,7 Ya)|rT) = w(T).

o P(I)=>_P(n(T)), where 7 correspond to distinct weight assignments of w(T’)

e N(T) = > _N(n(T)), where m correspond to distinct weight assignments of
w(T)

Theorem 4. (Weight-set Counting) If q, = 0 then P(T") = N(T').
Proof. Let D be the set permutations corresponding to distinct weight assignments

of T.

qr =0 (3.2.1)
:>2226<T)W(U7TTT) =0 (3.2.2)
= Z Z e(T)w(nrT) =0 (3.2.3)

m T

= Z Z e(T)w(nrT) =0s.t. w(l,...,a|r7T) = w(T) (3.2.4)

m T
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@ZZE(T) =0st w(l,...,a|77T) = w(T) (3.2.5)

=3 Y e(r) =05t wr'(1),..., 7 (a)|7T) = w(T) (3.2.6)

=s(w(T)) Y _(P(xT) — N(=T)) =0 (3.2.7)
weD

=s(w(T))(P(T) — N(T)) (3.2.8)

=P(T) = N(T) =0 (3.2.9)

If q; = 0, taking the weight of both sides gives Eq. (3.2.2). Since row permutations
do not effect weights, we can reduce to Eq. (3.2.3). As distinct weights can not cancel,
we can consider only those tableaux with the same weight as w(7), hence we must
have Eq. (3.2.4). Since we are only summing over tableaux of a fixed weight we may
drop the weight from the sum and simply add the sign of 7, for Eq. (3.2.5). By
definition of weight assignments, w(1,...,a|77T) = w(x*(1),...,7 " (a)|7T) hence
we get Eq. (3.2.6). Restricting the sum to distinct weight-sets gives the factor of
s(w(T)), and if we split over the sign of 7" we get Eq. (3.2.7), which by definition is the
same as Eq. (3.2.8). Factoring out s(w(7")) yields Eq. (3.2.9). Thus P(T") = N(T"). O

We can also write Theorem 4 as:

Corollary 5. Let A = {7|w(7T) = w(nT) for some 7 € Sy }. If 3 __ , (1) # 0, then
qr # 0 by weight-set counting on w(7).

An easy application of this theorem is the following useful lemma.

Lemma 3.2.6. If 7" is a tableau consisting of a single column block (and an arbitrary

K

tail), for instance, T'= 1 , then q, # 0 iff K even.
2

Proof. We have w = w(T') = (¥ 2). So there are two distinct weight assignments for
T, namely, w(1,2|7*) = w and w(2,1|T*) = w. We wish to determine for which 7
does T* = 77T satisfy one of these equations. For w(1,2|7T) = w, we must have K 2’s

in the second row, hence none of the columns of 7" may move. The only 7 satisfying



16

K
this is 7 =() ., which is positive. For w(2,1|7T") = w, we must have K 1’s in the second

row, thus 7 must exchange row 1 and row 2 for every column in 7. Thus 7 :(1K2)T
and €(7) = (—1)*. Hence when K is even, we have P(T") = 2 and N(T') = 0, so qy is
non-zero. The same idea applies for T" having more than two rows.

When K is odd, however, we have P(T') = N(T') so the Theorem 4 does not apply.
Instead, let 7 :(1K2)T and let 7 € S, be the corresponding entry transposition (in
our example 7 = (12)). Then 777 = T and €(1) = —1. Thus q,,, = TQ,r = g, =
€(T)dr = —qr. So qr =0, O

It is also true that if q; # 0, then it is non-zero by weight-set counting on some

weight w(77T). That is we can’t have P(7T) = N(7T) for all 7 € Cp and still have
qr # 0.

Theorem 6. If q; # 0, then it is non-zero by weight set counting on 771" for some

7€ Cr.

Proof. Recall that q, = ) _> > moe(r)rT. Since a tableau may be written in
multiple ways (such as 7" = wo1T = 7'd’7'T'), we need to be careful of how we denote
a tableau. Consider the terms of q, partitioned in to classes {77} = {wo7T|r €
Su, 0 € Rr}, using {77} as the class representative. Note that all tableaux in a
given class have the same sign and generic weight, i.e., the same weight modulo the
action of S,. Hence if 7T = #'d’7'T for some 7', ¢/, 7/, with e¢(r7') = —1 then
worTl = nr’oo’T'T, so the classes are equal set wise, but of opposite sign. This holds
for any element of the class, not just 77

This means we may view the tableaux which cancel in q, as a matching between
equal classes of opposite sign. So if q # 0, there is a set of tableaux T which are not
canceled in qr. Now for any 771" € T either the weight of 77" does not cancel, (that
is w(rT) # 7Tw(n'o’T'T) for all T € S, and all 7#'d’7'T € T with e(77") = —1) or the
weight cancels with some 7/0’7'T having e(77') = —1 (that is w(7T) = Tw(n'o’7'T)
for some 7'o’7"T € T). If the weight does not cancel for some 77", the q, # 0 by weight
set counting on 77". Assume all the weights do cancel. Then w(77) = 7w (n'o’'T'T),

so for every row, 71" and 7n'o’7'T have the same number of each symbol. Hence there
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exists @ € Ry such that 7T = 7Tn'Go’7’T. But then, since e(77") = —1, the classes
{rT} and {7'T} will cancel in q; contradicting 7T, n'o’7'T € T. Hence q, # 0 by

weight set counting on some 77" 0

We will not need Theorem 6 for our results; it is included for theoretical interest
and completeness. Theorem 4 is used quite heavily, however. For instance, it allows

use to directly establish the multiplicities of the irreducible characters in 1%?82'

Theorem 7. The only irreducible characters occurring in 1?922 s, are those correspond-
ing to all partitions A = [\, Ag] of 2b where )\; is even. Moreover, these characters

occur with multiplicity 1.

Proof. By Remark 2.2.8 we need only consider those shapes with q; non-zero. By

Lemma 3.0.9 and Lemma 3.1.5 all distinct non-zero tableaux filled with b 1’s and b
K

2’s must be equivalent to 7= 1 , (not including tail). Hence there is at most one
2
distinct non-zero tableau for any shape A. By Lemma 3.2.6, when A = [2b—K, K] then

qr # 0 iff K is even. Since (q,) = S** N M*»? we must have dim(S™? N M*?) = 1 if
K is even and zero otherwise.
This is a well-known result, appearing in [13] and [17].

]

The weight-set counting of Theorem 4 is useful for much more complicated
tableaux as well. To illustrate the general usage of the theorem, we list here a slightly

more involved example.

Example 3.2.7. To see directly how weight-set counting works, consider the following
example. The tableau Q* is listed below using the column block notation, with the
conditions on the block size listed to the right. Underneath the tableau we list the

weight and shape of the tableau.
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A+B+C=d
A ABBC
Q*_22231 2A+B <d
14414 C even
33
A,B>0

w2,3 = “3382%3)

A =[3d —2A — B,d + A+B, 24]

We want to show that qo+ # 0, which we do by showing P(Q*) — N(Q*) # 0
and applying Theorem 4. Now P(Q*) is the number of 7 € Cg- with e(7) = 1 such
that w(iy,ig,13,74|7Q%) = w(Q*) for some distinct weight assignment (i1, 9, 13,14).
(Equivalently, 7 is such that {w(i|[7Q")||i = 1,2,3,4} = {w(i|@")||i = 1,2,3,4}.)
Similarly, N(Q*) is those with ¢(7) = —1. The easiest way to count these 7 is to use
weight assignments. First we determine which weight assignments might be possible
using some general properties of the tableau. Then we count how many 7 correspond
to each weight assignment (i.e., for which 7 is the weight assignment valid) and
determine €(7). Finally, we add this signed sum to determine P(Q*) — N(Q™).

First we want to determine which weight assignments are possible for Q*. That
is, determine for which 4-tuples x = (i1, 42, i3, i4) there might exist 7 € C« such that
wos(x[7Q*) = (PO ). Let w = (*{*9.0 ). Simply looking at Q*, there are a
few restrictions on what x can be.

Notice the body contains d copies of the elements 1 and 4, but fewer than d copies
of 2 and 3 since 2A+B < d. Also note that the body of 7Q)* contains the same elements
as the body of QQ*. This implies that not all elements can have d copies in row two
of 7Q* for some 7. If wy3(x|7Q*) = w then either wy(1|7Q*) = d or wy(4|7Q*) = d;
namely, only the elements 1 and 4 may have ws(i|7Q*) = d. Hence any valid weight
assignment must have iy = 1 or 4. If wy(1|7Q*) = d, then there is only one other
non-zero weight to assign in row two. As B > 0 the remaining columns (the second

A block and the first B block) must have the same element in row two, namely, 2 or
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4. That means we must have either ws(2|7Q*) = A+B or ws(4|7Q*) = A+B, so the
weight assignment must have 4; = 2 or 4. Similarly, if we(4|7Q*) = d, then since
B > 0 we must have either wy(1|7Q*) = A+B or ws(3|7Q*) = A+B, that is iy = 1 or
3.

We also consider which elements j may have ws(j|7Q*) = 2A. We find that
only with j = 2 or 3 may this occur since these are the only elements for which
both A blocks will be the same in row three. (That is if wy3(7Q*) = w then either
w3(2|7Q*) = 2A or w3(3|TQ*) = 24, so any valid weight assignment has i3 = 2 or 3.)

There are six distinct weight assignments x = (i1, i9, i3, 74) meeting these condi-
tions: (1,2,3,4), (1,3,2,4), (4,3,2,1), (3,1,2,4), (4,2,3,1), and (2,4,3,1). In the
table below, for each weight assignment we list for what type of tableau 7Q* it is
valid, the form 7 used, the number of such 7, and the sign of 7. This is an easy way
to summarize the counting of 7 and their signs. (We will omit the subscripts g« when
writing 7 for easy reading. Remember that 7 is labeled by the entry positions of Q*

and not the elements.)
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wa 3(x|TQ*)

= ("6 020 0)

Q" T # er)

AABBC
22231
14414
33

AABBC
33231 » >
14414
22

AABBC
13211
34434
22

AABBC
22234
14411
33

AABBC
33234 P P
14411
22

AABBC
24434
12211
33

x = (1,2,3,4)

x = (1,3,2,4)

X = (3,1,2,4) (132) x (13) x () x (12) x () | 1 | (=1)**

x = (4,2,3,1)

x = (4,3,2,1)

x = (2,4,3,1) 0 x (12) x (12) x () x (12) | 1 | (1)

To see how we obtain such a table, consider the last row. We want a tableau 7Q*
such that we3(2, 4,3, 1|7Q*) = w. This means that ws(3|7Q*) = 2A so 7 cannot move
any entries in row 3. We also have wy(4|7Q*) = 0, so examining Q*, we know that 7
acts non-trivially on the second column block A, the first column block B, and column
block ¢, namely, 7 =% x (1A2)T X (1B2)T X % X (102)T. If 7 were to act non-trivially on
the first column block A or the second column block B, the number of 1’s in row two of
7Q* would decrease. Since we must have wy(1|7Q*) = d, this cannot happen. Hence
T :(A)T X (1A2)T X (1B2)T X (B)T X (102)T and has been completely determined for us.
Then we have w 3(2,4, 3, 1|7Q*) = w, so such a 7 exists and is unique. For reference,

7 and 7Q* are listed. Once 7 has been determined, computing e(7) = (—1)**5+¢ ig



21
straightforward.
Finally, to compute the weight sum for w, we sum the product of the number of 7
with the sign of 7, that is # - €(7). Here the sum is 1+ 1+ (—1)*™® 4+ 1+ 1+ (—1)*",
This sum is between 2 and 6, depending on the parity of A and B. Since it is non-zero

in all cases, Theorem 4 shows qq+ # 0.

3.3 Joining Tableaux

Definition 3.3.1. The join of two tableaux, U and V', denoted U V V is a way of
combining tableaux together. If the entries of U and V' are not disjoint, renumber
V so that they are. For instance, if U contains the numbers 1 to n and V' contains
the numbers 1 to m we first renumber V' with the numbers n + 1 to n + m. Then
concatenate the tableaux and sort the columns by length. Note that entries of every

column remain fixed, only the order of the columns change.

113 123 567
Example 3.3.2. U= 224 and V = 244 We renumber V to get V = 688.
34 3 7
113567 115367
Concatenating gives 224 688. When sorted we get T =UVV = 226488.
34 7 347

Note that since applying permutations of S, to a tableau has no effect on q, and m,,
the renumbering of a tableau is irrelevant. Also, any o € Ry that only interchanges
columns will commute with all 7 € Cp. Hence column sorting has no effect of e, qr,

and my., since there is no sign change for row permutations. This join operation also

joins the weight-sets, namely, w3(U V V') = w3(U),ws(V) = (0,0,1,1,0,0,1,0).

Definition 3.3.3. Let "= U V V for tableaux U filled with 1 to m and V filled with
m-+1to a. The weights, w(U) and w(V') are disjoint (equivalently, w(T") splits over U
and V), if every valid weight assignment of w(T"), can be obtained from concatenating
valid weight assignments of w(U) and w(V).

Say w(l,...,m|U) = (Zy,...,Ty) where the T; are weight vectors and w(m +

L...,alV) = (Tmt1,- -+ Ta). S0 w(l,...,a|T) = (Z1,...,T,). Consider a valid
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weight assignment of T assigning to the element j the weight vector Ty;. Then
w(l,...,a|rT) = (Tg,, ..., Tk,) for some 7 € Cp. This restricts to a valid weight as-
signment of 7, U by considering only the elements 1 to m. This restriction is unique
because a weight assignment is defined by the vector-element pairing, not the label
assigned to the vector. If this restriction corresponds to a weight assignment of w(U)
(i.e., the weights assigned to elements 1 to m are the same as the weights of w(U) as
vectors) then the weight assignment of 7" arose from valid weight assignments of U.
Similarly for V.

By restricting to a weight assignment of w(U) we mean {Zy,|i = 1...m} = {7;]i =
1...m}, i.e., the weights assigned to U are equivalent to those of w(U). If this result
is a weight assignment of w(U), it is valid for the tableau 7, U. If this is true for
all valid weight assignments of 7', then w(7") splits and the weights of U and V are
disjoint.

. 11 11
Example 3.3.4. Consider U = and V = 3333 . S0 T = 3333 and
22 4444 224444

wo(1,2,3,4|T) = (0,2,0,4). There are four valid weight assignments possible for T
(Recall that T* represents any possible tableau 77°.)

ws(1,2,3,4|T%) = (0,2,0,4

(1, ) = ( )
we(1,2,3,4|T%) = (2,0,0,4)
we(1,2,3,4|T%) = (0,2,4,0)

(1, ) = (2, )

2,3,4|T"

%)

When we restrict these weight assignments to U we get two possible assignments
for U, wy(1,2|U*) = (0,2) and wy(1,2|U*) = (2,0). Since the original weight of U is
wo(1,2|U) = (0,2), both of these assignments are assignments of (0,2) and both are
valid for U (simply take 7y = () and 7y = (12)7 x (12)7). A similar argument holds
for V. Thus the w(7') splits over U and V.

However, weight-set disjointness is highly dependent on the filling of T". Consider

11 43 1143

instead, U = and V = .SoT = and wy(1,2,3,4|T) = (0,2,1,1).
22 34 2234
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Then wy(1,2,3,4|7%) = (1,1,2,0) is a valid weight assignment for 7' by T* = 77" with
7= (12)r x ()r x ()7 x (12)7. However, ws(1,2|U*) = (1,1) it is not a valid weight
assignment of wy(U) = (2,0), even though there exists 7 such that wo(7U) = (1,1).

Hence the weights are not disjoint.

Although this definition of disjointness is a bit involved, in Section 3.4 we will
give a sufficient (but not necessary) condition on the tableau which is easier to check.
However, we use disjointness here to obtain the full generality of Theorem 8, which

is one of the fundamental tools we use to construct non-zero tableaux.
Theorem 8. Let U and V be tableaux such that

o clements(U) = {1,...m} and elements(V) = {m + 1,...a} (renumber if nec-

essary)

e The weights w(1,...,m|U), w(m + 1,...,a|V) are such that q, and q, are

non-zero by weight-set counting on w.

e The weight assignments corresponding to w(1,...,m|U) and w(m+1,...,a|V)

are disjoint.
Then for T'= U V V', we have q, # 0 by weight-set counting on w(T).

Proof. By weight-set counting on U and V' we have P(U) — N(U) # 0 and P(V) —
N(V) # 0. By Theorem 4, showing P(T") — N(T') # 0 implies q, # 0. Thus it
suffices to show P(T) —=N(T') = (P(U) —=N(U))(P(V) —=N(V)) or equivalently P(T") =
POYPV)+NU)NV) and N(T) = N(U)P(V) + P(U)N(V). We will show P(T") =
PU)P(V) +NU)N(V). The N(T') claim follows similarly.

Consider the weight assignment (ki,...,k,) of T. If w(ky,... k. |7T) =
w(l,...,a|T) with e(r) = 1 (ie., 7 is positive for (ky,...,k,)) then it
is counted in P(T).  Since the weight splits, we have w(ky,... k,|7T) =
w(ki, .. kn|n, U)w(kpgt, - ka7, V) = w(l,....mUwim + 1,...,alV) =
w(l,...,a|T) with (1) = e(7,)é(r,,) = 1. Hence either €(7,) = €(7,) = 1 or
€(n,) = €e(n,) = —1. If €(r,) = 1 then since w(ky,...ky|n,U) = w(U) is a
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valid weight assignment (because the weights are disjoint), it is counted in P(U).
Similarly for the P(V) cases. The ¢(7),) = —1 cases are counted in N(U). Thus
P(T) <PU)PV)+NU)N(V).

Now any weight assignments w(ki,..., k.7, U) = w(l,...,a|U) in P(U) and
wW(kmi1,-..,a|m, V) =wim+1,...,a|V) in P(V) must also correspond to the valid
weight assignment w(ky, ..., kqo|7T) = w(l1,...,a|T) with 7 = 7, x 7,,. Moreover
(1) = €(7,)é(m,,) = 1. So this weight assignment is in P(7). Similarly for weight
assignments in N(U) and N(V). Hence P(T) > P(U)P(V) + N(U)N(V). Thus we
have P(T) = P(U)P(V) + N(U)N(V) as desired. O

Theorem 8 allows us to construct a non-zero tableau from smaller non-zero
tableaux. The main difficulty in applying this theorem is showing that the weight-sets
are disjoint. To deal with this, we develop an idea of maximality of weights which is

sufficient for weight-set disjointness.

3.4 Maximal Weights

Since the action of S, on a tableau 71" does not change the resulting q,, we generalize
the definition of tableau weight to account for this. We put an order on this generic

weight, thus defining maximal weights.

Definition 3.4.1. Given a tableau T, the generic form of w;(T) is w;(T') = w;(7T') =
(x1,...,%,) for any m € S, such that z; > z,,; for all j. In essence, w;(T) is the
weights of w;(7T) listed in decreasing order. This definition works for any row of 7.
We define the generic form of a weight on the entire tableau (assuming 7" has at
most three rows) by, w(T") = wo 3(77T") = (3! = ye) for any m € S, such that y; > y;1
for all j and if y; = y;41 then z; > x;,,. We consider only the weight vectors of
the second and third rows and list the vectors so that the row three weights are

decreasing. If two vectors have the same weight for row three, we list the vector with

the larger weight in row two first.
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221
For instance, if = 112 then wy3(7T) = (2349). Hence w(T') = (9
333

Definition 3.4.2. We put an order on generic weights by w;(71) > w;(7%) if when

50)-

w;(Th) = (z1,...2.), W;(T2) = (v1,...v,), there exists k& > 1 such that z; = v; for

Jj <k and xp > vg. We say w(Ty) > w(Ty) if

1. w3(T7) > ws(T3) or
2. ws(Th) = ws(T») and wo(T1) > we(T3) or

3. wy(Th) = ws(T3), wo(T1) = wo(T3), and if we have w(7y) = (% %) and
w(Ty) = (3} 7 52) then there exists & > 1 such that y; = z; for j < k and
Y > 2.

We also apply this ordering to sets of weight vectors, by associating to each set

the generic weight vector formed by concatenating the given weights in order. So to

the set A= {(3), (;)} we associate the weight ($1).

Definition 3.4.3. We define the maximum generic weight of row ¢ of T to be the
maximum with respect to > of {w;(7T)|r € Cr}, where w is the generic weight
defined above. Similarly the mazximum generic weight of T is the maximum with
respect to > of {w(7T)|7 € Cr}. Note that the maximum generic weight of T is

based only on the weights of rows two and three. As such we ignore the weight of the

first row.
Example 3.4.4. Let T = ;i . Then the generic weights wy(77") are (1,1) and
. . . 11 22 .

(2,0), with (2,0) (the generic weight of 71" = 5o T 11 ) as maximum. Here

we've suppressed writing ws(7) since 7" has only two rows.
114414

If7T= 22333 then the maximum generic weight of T' (of the second and third

33

rows) is (32 99) which is wy 3(7T") in generic form, w(7).

Definition 3.4.5. Let T be a tableau having three or fewer rows. Let w™ be the
maximum generic weight of T. We say w™ is the max weight for T if w™ occurs in

dr- That is q; # 0 by weight-set counting on w™.
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Unlike the maximum weight, the max weight of a tableau may not exist since the
111
weight may not occur in q,. For instance, consider 7'= 222 . We know q; = 0 by
333
Lemma 3.2.6, yet T has ($39) as its maximum weight.

The max weight for T is always the maximum weight for row three of 7', but it
5233
need not be the maximum weight for row two of T. Consider T"= 1441 . The
33
maximum generic weight of 7" is (§229), but the maximum generic weight of row

two of T is (4,0,0,0) which is not the generic form of (0,2, 2,0).

Definition 3.4.6. If w™ is the max weight for T, we say T is in maximal form
provided wy 3(7T") = w™ for some m € S,. This only requires that some permutation

of the weight vectors of wy 3(1") be equal to the max weight of T'.

While the max weight may not exist for all tableaux, it is easy to show weight-set
disjointness for those tableaux which are in maximal form. In order to prove this, we

use the following lemmas regarding our ordering.

Lemma 3.4.7. Given two weights, W; and W5, of the same length, let C, =
{(z) | (g) € Wi}, k = 1,2 be the multisets of weight vectors in each of these weights.
Let A = C; \ (Cy N Cy), the weight vectors of Wj not in Ws. Similarly, let

B:C2\(Clﬂ02) Ile Z WQ, thenAZ B.

Proof. Without loss of generality, assume W is written in maximal form (i.e., is equal
to its generic weight). If W; = Wy then A = B = &, so the result holds trivially. So
suppose W7 > Ws. Then either Wy differs from W5 at some place in the third row,
or the third rows are equal and they differ at some place in the second row (at least
vectorwise).

Define AY = {(ZM(Z) €Ay =y} and B" = {(Zz)|(zz) € B, v; = v}. Defining
CY and CY similarly, we have AY = CY \ (CY N CY) and B* = CY \ (CY N CY).

Let Wy = (g1 = ym) and Wy = (41 = ym). If W differs from W5 in the third row,
= |oy
Then to show A > B it suffices to show

then there exists j such that y; > v; and y; = v; for all i < j. Hence |C}*
|CY! = |B¥| = |BY|.

for y; > y;, so |AY%
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|A%| > |BY|. But since y; > vj, we have |C’| > |C3’|. Thus wz(A) > ws(B) and
the result follows. Note that when the third rows are equal, this argument shows
ws(A) = ws(B).

If Wi and W5 are equal in the third row but the generic weights of their second
rows differ, we can apply the same argument as above, where A* B* CF are the
appropriate sets of weight vectors with the second row weight equal to x. This shows
wa(A) > wa(B). Since we've already have ws(A) = ws(B), the result follows.

If W, and W5 have the same generic weights in the second and third rows, then
by above we know the generic weights of rows two and three of A and B are the
same. By definition, A N B = &, so the second row of the first vectors in A and
B are different. Now W; and W, agree in the third row, so the first vectors where
they differ in the second row must be the first vector in A and B respectively. Since

W1 > W5 we have the large vector occurring in W; and hence in A. Thus A > B. [

The following lemma is an obvious property of the ordering, but is included due

to the non-standard ordering used.

Lemma 3.4.8. Given sets A and B of weight vectors, if A > B and B > A then
A= B.

Proof. View A and B as generic weight vectors W4 and Wg. Let W4 = (37 25 ) and
Wg = (%), Since A > B we have (y1, ..., Ym) > (v1, .-, Up). So either the
rows are equal or there exists j such that y; > v; and y; =v; foralli < j. As B> A
we would similarly get v; > y;, which is a contradiction. Hence w3(A) = w3(B). A
similar argument shows ws(A) = wy(B).

If A # B, let j be the first place where they differ. Then A > B implies (zj) > (Zj)

Since y; = v, this means x; > u;. But the same argument on B > A implies u; > x;,

which is a contradiction. Thus A = B. O]

Now using these lemmas we can show that the max weights of tableaux are nec-

essarily disjoint.
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Lemma 3.4.9. If U and V are tableaux in maximal form, with U containing b copies
of the elements 1 to m and V' containing b copies of the elements m + 1 to a (after

renumbering as necessary), then w(U) and w(V') are disjoint.

Proof. Let U and V be in maximal form. Let wo3(U V V) = (41 = gm yrit mye). To

show that U and V' are disjoint, we need to show that any valid weight assignment of

Ty o Thpy Thpyyq - The >

U VvV restricts to a valid weight assignment of U and V. Let <yk1 e Yo Yoty o Yk

be a valid weight assignment of U V V. That means there exists 7 such that
wos(T[U V V]) = (;:; e z::ﬂ N z::> We want to show it restricts to a valid
weight assignment of U, that is wy 3(7),U) = (2:; ) = wos(nU) for some € S,y

m}.

= 1...m} be set of the weight vectors of wy3(U) and D =

This is equivalent to showing {@) li=1...m}= {(” )i =

Let C = {(y) '
{(i:) i = 1...m} the set of weight vectors of wy3(7,U). Define A = C\ (C N D)
and B = D\ (CND). So A consists of those weight vectors of U assigned to V' which

are distinct from the weight vectors of V' assigned to U under this weight assignment.
That is, the vectors in A occur in w,3(U) but not in wo3(7,U). The set B is the
weight vectors are those vectors coming from wy3(7yU) which are not in wy3(U).
To prove disjointness, we need to show that C' = D, which is equivalent to showing
A=B=0.

Now U is in maximal form, so wq3(U) > wes(7'U) for all 7. Hence wy3(U) >
w23(7,U). So by Lemma 3.4.7, we have A > B. But we can also view A as the
weight vectors of U in wy3(7, V') which are not in wy3(V'). Similarly B is the set of
vectors from wy3(V') which are not in ws3(7, V). Since V is also in maximal form,
we3(V) > wys(7, V). Hence by Lemma 3.4.7, we have B > A. Thus Lemma 3.4.8
shows A = B. However, AN B = & by definition, so A = B = @. Thus the weights

are disjoint. O]

Example 3.4.10. Suppose U 1is a tableau in maximal form such that
WQ’3(1,273,4|U) == ( 8
w23(5,6,7,8,9,10,11|V) = (

) and V is a tableau in maximal form with
2110000). Suppose these weights were not disjoint.

That means we must be able to assign some weight (z) of U to V and some weight
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(”":) of VtoU.
y
First consider the vector (;) of U (i.e., the vector with the largest weight in row
three). Since V' is in maximal form, we know that there can be at most one copies of
any element in row three of 7V for any 7. Since 2 > 1, this vector cannot be assigned
to V. Similarly, once we know that (;) remains a weight of U, the largest row three

weight we can assign to U is 0. Hence (}) remains with V.

3

0) of U. Having V in maximal form means that when (}) are

Now consider (
assigned to V', a vector ((’;) assigned to V must have x < 2. Thus (g) is assigned to
U. Therefore the only vectors of U and V' that can be assigned to each other are the
(8) vectors. However, since a weight assignment is based only on the vector and not

its label, this is the same as a weight assignment arising from U and V. Hence the

weights are disjoint.

Lemma 3.4.9 shows that if U and V" are in maximal form, q, # 0 by Theorem 8.
We will apply Theorem 8 repeatedly when constructing tableaux. As such, we want

U VvV V to be in maximal form whenever U and V are.

Lemma 3.4.11. If 77 and 75 are maximal tableaux filled with different elements,

then T V T, is maximal.

Proof. The tableaux have no elements in common so the weight splits over the join.
Hence w(7[T1 V T3]) = w(nTy V 1o1s) = w(nTh) Vw(meT3). Since each tableau weight

was maximal, so too is their join. O

Hence maximality is preserved under the join operation. Through this join oper-
ation, we will construct collections of tableaux. To show these tableaux are linearly

independent (over C), we can simply compare max weights.

Lemma 3.4.12. Let {B,} be a set of tableaux in maximal form. If the max weights

of these tableaux are distinct, then {qs,} is linearly independent.

Proof. Assume {qs,} is not linearly independent. Let Bj be the tableau with the
largest weight such that qs, is not linearly independent from the rest of {qs,}. Write
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ds, = Y 0pQs,. Then w(qs,) = > ayw(qs,). Since By is in maximal form, w(By)
occurs with non-zero coefficient in w(qs, ). Hence w(Bj) must occur with non-zero
coefficient in w(qs,) for some p. However, B;, was chosen such that w(B) > w(B,).
By hypothesis these weights are distinct, so the inequality is strict. But the B, are
in maximal form, so w(B,) is the largest weight occurring in q,. Hence w(By) does

not occurring in ) ap,w(qs,), contradicting the linear dependence. O]

We will use Lemma 3.4.12 heavily in Chapter 9 to prove Theorem 3. To make use
of this lemma, we need to have distinctness of max weights. When the tableaux are
formed via the join operation, we can sometimes simplify the proof of max weight

distinctness via the following lemma:

Lemma 3.4.13. Suppose we have the two row tableaux T, T5, T3, and T}, were the
non-zero max weights are as follows: w(7T}) = (A, B), w(T3) = (C, D), w(T3) = (a,b),
and w(Ty) = (¢,d). Assume w(Ty) # w(T3), w(Ts) # w(Ty), but Ae(T7) = Xo(T3) and
Ao(T2) = Ao(Ty). If Xo(Th) # Ao(T), then w(Ty V Ty) # w(T3 V Ty).

Proof. Since A\o(T1) # Xo(To) and w(Ty) # w(T3), assume A+ B > C+ D and A > a.
If w(Th VTy) = w(T5VTy), either A = cor A=dsince a > b by maximality of w(T3).
Consider A = ¢, then B > d and B # ¢ because C + D = ¢+ d. Then A > a and
A4+ B = a+ b, implies B < b < a. Hence there is no weight equal to B, so this
cannot occur. Similarly if A = d then ¢ < B and hence there is no weight equal to

B. Thus the weights are distinct. O

Although Lemma 3.4.13 applies directly to the join of only two tableaux, it may
often be applied in a broader context. Namely, if many of the tableaux being joined
are the same, the question of distinct weights reduces to looking only at the weights of

those tableaux which differ. This approach will be used and discussed in Chapter 9.
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Chapter 4

Say,

The Tableaux of 1 S)Ss

In this chapter we completely classify and discuss those tableaux occurring in 1§Z’§’53.
To begin with, we determine exactly which tableaux associated with this space have
dr # 0. This is done in Section 4.1. In Section 4.2, we use this information and
the results from Thrall’s paper, [20], to determine precisely which partitions occur.
Finally in Section 4.3, we construct a complete tableau basis for each the tableaux

space SN N M3 associated to the irreducibles of 1???33

4.1 Classification of q; # 0, for T filled with 1, 2, 3

Let T be a A-tableau filled with b copies of the numbers 1, 2, and 3. By Lemma 3.1.5,
T has at most three rows. By Remark 3.0.9 entry permutations, column permutations
and column exchanges do not change whether q; is non-zero. Hence we may take T

to be in the following the form:

)
K+L4+M+0=0b
KLMNOFPQ
1112123 K+L+N+P=0b
29233
3

K+M+N+Q=b

KLZMZNZO
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However, since we know there are exactly b copies of every number in 7', we may omit
KL MN
1112
2233
3

the tail and simply write T as T = , retaining the condition L > M >N >0

and assuming the tail.

Theorem 9. With T as described above,

K+Lodd L>M=N2>0
K+Nodd L=M>N2>0

K+Meven L=M+2 N=M-12>0

\K—i—L even L=M+1 M=N2>0

Moreover, when q; # 0, it is non-zero by weight-set counting.

Proof. <= Using Remark 3.0.9, to show q, = 0 it suffices to exhibit 7 € S3, 7 € Cr,

€(1) = —1, such that 777 = T up to an exchange of columns.
K L M N
For L > M = N, L+ K odd, take 7 =(12), x (12); X ()7 x () and 7 = (12).
KL MN KL MN
So (1) = (=1)¥"" = —1. Then 7T = 2212 awrT= 2121 gince M= N,
1133 2233
3 3

exchanging columns gives T'.

K L M N

Forr=M>N>0,K+Nodduse m = (23), 7 =(23); X () X () x (12), and

interchange columns L and M.

K MMM
. . 11112
Now consider when L. = M+1, M = N with K + L even. Then T = 59933
3
KMMM
. 1112 13 23
Write T' = T* V 17 where T = and T} = . Let T5 = . Take o’ €
2233 2 1
3

M

K M M
Ry, 50 o'Ty = ‘Z’Q . Lot o/ = (123) € S and 7 =(132) x () x (12) x (12)€ Cp.
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Then via reordering the columns by &, we have o7*n’c’(T* VvV Ty) = T* V T7. Note

that e(7*) = 1 and &, ¢/, 7" commute with each other and all 7 € Cp+«. Then

qr = Z Z Z ome(T)rT

oc€Rp w€S3 TeCT

:ZZZO’WE T(T*VvTh)

oc€Rr e€S3 7eCr

= Z Zmr Z T)TT*) V ( Z e(7)7'T)]

oc€RT TES3 TECT* T/ECTI
=2 2 oml( X emrT) v (T~ Ty)
0cERT TES3 TECT*

:ZZ ZO‘?TG T(T*VT, —T"VT)

c€ER w€S3 TECT*

= Z Z Z ome(T)TT* V1T, — Z Z Z ome(T)TT* VvV Ty

oc€Ryp €83 T€CT* c€R meS3 T€CT*

= E E E ome(T)ror*n o' TV Ty — E g E ome(T)TT* V Ty
c€ER m€S3 TECT* c€ER w€S3 TECT*

= E E E ome( VTV Ty — g g E ome(T)TT* V Ty
c€Ryp €83 7€CT* oc€Rr m€S3 7€CT*

= E E E ome(T)TT* V Ty — g g g ome(T)TT* V Ty
oc€ER w€S3 TECT* o€Rp m€S3 TECT*

=0

Note that where appropriate we commute &, ¢/, and 7’ to combine with ¢ and 7 and

reparameterize. The €(7*) factor arises from the reparamterization of 77*.

Now consider when L. = M+2, N = M-1 with K + M even. So T =
K M-1 M-1 M-1 K M-1 M-1 M-1
Lol : VVriteT:T*\/TlvvhereT*:1 bz and
2 2 2223 3 3 2 2 3 3
3 3

11112333
"7 2223 '

We will use the idea of the previous case to show q, = 0. However, we need to

sum over all ¢(7)7T; with 7 in Cp,. These tableaux have different symmetry relations



34
with each other, so we will list all the ¢(7)77 and their relations. Note that the tail

is omitted for readability.

1111 2111 1211 1121
Tl - TQ = — T3 = — T4 e
2293 1223 2123 2213
1113 2211 2121 2113
22921 1123 1213 1221
1221 1213 1123 1223
Ty = Ty = T, = Ty = —
2113 2121 2211 2111
o 2123 . 2213 2221 2223
B= 79911 M7 7 1121 P 1113 YT 1111

For appropriate ¢’ € Ry, we have the following relations. All permutation listed

are from Ss.

Tl —(123)0'/T14 T2 = —(123)0',T9 T3 = —(123)0'/T6 T4 = —(123)0'/T7

T5 = (12)0'IT13 Tg = (12)0'/T8 Tl[) = (12)0'/T10 T11 = (12)0'/T11

T12 = (23)0',T15 T16 = (23)0'/T16

We also have some relations on 7™, namely that for 7* € S5 a transposition, then
mT* = 7 T* for T € Cpe with €(7,+) = (=1)¥™71 Also (132)T* = 71391 for
Tiz2) € Cp- with €(T(132)) = (—1)*™"" = 1. Then

Z Z Z o e(T)T(T* V (") 'o'T;)

c€RT m€S3 T€CT*

= Z Z Z o e(T)T (7" T* Vv o'T;)

o€Rp me€S3 TECT*

— Z Z Z 7o €(1T) (T )T(T* V 0'T))

c€RT m€S3 TECT*

— Z Z Z 7o €(T) €(Te)T(T* V T5)

o€Rp me€S3 TECT~
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Hence if T, = —(123)0"I; or 1T; = n*0'l; for ©* a transposition, then
D veRy 2uneSy 2ureCy. TOET)T((T* V T;) + (T V Tj)] = 0. Also, if T; = 7%0"T},
then > cp. D res, 2urec,. T0€(T)T(I™ V T;) = 0. So using the cancellations above,

we have

qT:ZZZTI’UG T(T* Vv Th)

ocERT 7T€53 TGCT

= Z Zmr Z T)TT*) V ( Z e(7)1Ty)]

oc€RT TES3 TECT* 7'eCry

:ZZZZWUG T(T* VvV T;)

i=1 c€Rp m€S3 TECT*

=0

= To prove these are the only non-zero cases, we will use weight-set counting
of Theorem 4 to show q; # 0 in the remaining cases. Given a weight, for every
weight assignment 7 € S3 we will count (with sign) the number of 7 € Cr such that
7w(T) = w(rT) and show the sum of these numbers is non-zero. In some cases it
may be necessary to use w(7'T) instead of w(T") to show the weight-sum is non-zero.
Since applying 7" affects only the sign of q;, this will not change our result.

Specifically we wish to show if:

K+Leven L>M=N2>0
K+Neven L=M>N>(0 thenqg;#0

L>M2>N

unless L=M+1, M=N, K+L even, or L=M+1, M-1=N, K+M even.

Note that if K =L = M = N = 0 then T has only one row and Cr = 1. In this
case q,r = qr, so there is exactly one distinct T'. Since K + N = 0, so the statement
holds. Similarly, if L = M = N = 0, applying Lemma 3.2.6 gives K even. Hence we

may assume L > 0.



36
We will use the first weight-set to illustrate the technique and notation of weight-
set counting. This method of argument will be used extensively throughout the rest

of the paper. We will list our weight-counting in a table of the following form:

w; = (L, M, N) ‘ Tableau ‘ # ‘ € ‘ T ‘ bound
@y | T || [ AxAhxd | uex

The column headings are: the weight being used, the form of the tableau, the
number of 7 corresponding to this weight, the sign of the 7, the form of 7, and any
bounds required. The subsequent lines correspond to different weight assignments in
line i. By (z,v, z), we mean w;(x,y,z) = (L,M,N). When M=N, there are j distinct
7 such that 7 =7; X o x 73. All the 7 have sign (—1)° and 77 is of the form 7".

The following is a standard formula that we will use in computing these weight
sums. Its proof is a straightforward inductive application of Pascal’s Identity. For

notation purposes, we take (f}) =0 for b >aorb < 0. We also use the convention

(o) =1

Lemma 4.1.1. (ath) -(}) = Z?:l (aﬂfz)

Consider the cases where K > 0 and at least L. > 0. We will apply weight-
set counting to rows two and three. For the most part, the table should be self

explanatory, though we will discuss the first weight-set table for clarity.

KL MN

: 1113
We'll start with 7' = ; ; 5 ; . wyg = (KN MY

3
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wa3 | Tableau +# € T bound

KL MN

K
(1,2,3) 1113

(1,3,2)

(2,1,3)

(2,3,1)

(3,1,2)

(3,2,1)

2232
3

KL MN

1112

3233

KL M N

22312

11133

K L MN

2212

3133

K L MN

32133

11212

KL MN

3133

(%)

( L
M—N

)

(~1)

(~1)s

(-1

(1)

(_1)K+M

(123) x (12)7 x

L+N—M

K
(132), x

K L

(13)p x O x (

M N

(12) 7 x (12)7 x ()

M N

12); x ()

2212

To understand how these 7 are obtained, first apply the permutations needed to
have w(z) = 0, for the appropriate . Additionally, apply necessary permutations
so that row three of T" has the correct weight. Once this is done, there will only be
one column block whose permutations have not been specified. Apply the number of
permutations needed to get the correct weight.

For the first line of this table, we see that T  has the desired weight and any column
permutations will change this. Thus there is exactly one 7 and it is positive.

In line two, we have w3(2) = K and wy3(1) = 0. Hence we must apply (23)r to

column block K. Columns !

! and ! cannot move since wy3(1) = 0. This gives L 2’s

in row two, so we must have L=M and apply (12)7 to block N. When L=M, this

completely determines 7, and it has sign (—1)**N. No such 7 exists for L > M.
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Line three counts wo3(2,1,3). Since there can be no 2’s in either rows two or
K L N
three, 7 must contain (12), x (12); x (12),. As row three already contains K 3’s,

column block K needs no other permutation. Hence column ! is the only column

where 7 has not yet been determined. As it stands, we already have K+L 1’s in row

N
two, hence only N more are required. Thus we need to apply (13), to L. There are

(1;1) ways to choose which N columns move within the M block. Hence we get (1\1\/][)
distinct 7 of the form described.

In line four we apply (132)r to block K in order to have ws(1) = K and w9 3(2) = 0.
Additionally, ws3(2) = 0 means we must apply (12)7 to block L and (12)r to block

N. This gives L 1’s in row two, so we must have L=M and leave block M unchanged.

In this case there is one such 7; it has sign (—1)".

Line five is similar to line three. From the constraints w3(1) = K and we 3(3) = 0
K M N
we have that 7 contains (123); % (12); X ();. In order to have the correct weight
L+N-M

for row two, we need L+N-M more 2’s. There are (|- ) ways to choose (12), from

M-N

block L and all these 7 have sign (—1)""".
K

The last line has a similar argument to line one. We need only apply 7 =(13),
M
X (12); to get the correct weight and this is the only possible 7.

From this table we get the following sums.

1+ (—1)““( M ) 4 (=) (M - ) I L£M (41.1)

M —N — N

1 (= 1) 4 (—1)t (;) (1) (_1)L+N(L

N) S-S L=M (41.2)

Case I: (L > M > N). Here, (4.1.1) equals zero only if |(," ) &+ (") = 0 or 2.

M—N M—N

For it to equal 0, we must have M = N or L. = M.

To have |(," ) — ()| =2, and (4.1.1) equal to zero, we must have K + M even

M—N

and K + N odd. Applying Lemma 4.1.1, we get L=M+ 1 or L =M + 2.
If L =M~+1, then (4.1.1) becomes 1 — (M )+ (M1) + 1. Now (M) — (M ) =2

M—N M—N M—N M—N

M

M—N—l) = 2, that is M = 2 and N = 0. This contradicts K + M even and K + N

only if (
odd. Hence (4.1.1) is non-zero for L = M + 1.

If L = M+ 2 and K + M even, (4.1.1) becomes 1 — (M) + (=1 () + 1.

M—N M—N
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For this expression to be zero we must have N = M — 1, in which case we’ve already
shown q; = 0. Thus (4.1.1) is non-zero unless L =M + 2 and N =M — 1.

Finally, (" ) + (*,) =2 only when M = N.

M—N M—N

Case II: (L =M > N, L > 0). We need only show the expression (4.1.2) is non-zero
for K+N even. From this, (4.1.2) becomes 2+ (—1)* (14 (2))+(—1)"™(1+(})). The
parity of K and N is the same, so we reduce to determining when 14(—1)*"((1+(})) =

0. Since (;) > 0, this cannot occur.

Case III: (L > M = N). We want a non-zero weight sum for K+L even. Under these
conditions, expression (4.1.1) becomes 1+ 1 + (—1)"" + (—1)**~. This is non-zero
unless K + N is odd.

It remains to show qr # 0 for L > N =M, K + L even, K + M odd.

KL MN

. . . . . 1112 .
For this, consider the following weight-set counting on T = 5933 with
3

wog = (KFEMLONEL Y Note that this weight-set is not the weight of 7. We are
counting which permutations 7 will correspond to a weight assignment 7w, where

w273 = 7TW2’3<TT) .
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Bound

(1,2,3)

(1,3,2)

(2,1,3)

(2,3,1)

(3,1,2)

(3,2,1)

KL M N

22312

11133
3

K L MN

32133

21212

K LM N

11132

22323

K L MN

32132

21213

KLM N

11132

32323

KL M N

22312

31133

(_1)K+L+Mfl

(7 1)M+N+L— 1

(_1)M—1

(_1)K+1

(_1)K+N+L+1

(_1)N+1

(123)  (

N

12)7 x (12) 7 X ()

L<IN+1

N+1—-L<M

Since we previously dealt with the L. = N 4 1 case, the last two lines of the table

do not contribute. Hence the table gives the weight sum:

(=1 (1)L (1) (1)L

L#EN+1, M#0

(4.1.3)

Consider L > M = N, K+ L even, K+ N odd. For L. # N+ 1, M # 0, (4.1.3) is

2((=1)M '™ + (—1)*'L), which is non-zero as L. # M. If M = 0, we must have K

and L odd. This makes (4.1.3) L + L which is not equal to zero since L. # 0. For

L = N+ 1 we've already shown q; = 0. Thus we determined all the non-zero tableaux

S3p
of 1 SySs-

]
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4.2 The Irreducibles Partitions of 1?2)5’83

For Theorem 2, we need to know which irreducibles occur (i.e., have non-zero multi-
plicity) in 1§Z’§’53. We call a shape (or partition) non-zero if the multiplicity of the cor-
responding irreducible in 1§2§83 is non-zero. By Lemma 2.2.7, the non-zero partitions
are those partitions where dim(S™3 N M*?) > 0. Since q, generates SN N M we
need only determine from Theorem 9 which partitions have non-zero tableaux. These
partitions and their multiplicities were completely determined by Thrall in [20]. We
will first derive them from Theorem 9 and then confirm it with Thrall’s result.

We will only consider shapes [A] which are partitions of 3b. Consider T' =

" . This labeling will be useful in our later constructions, so we will

-~
t
KL MN
. . . . 1112
derive the non-zero shapes in terms of it. When T is of the form 5533 e have
3

t =K, s = L+M-+N and the tail »r = 30 — 2s — 3t. Since 1, 2, and 3 all occur K = ¢
times in the part of T" above ¢, we will sometimes replace b with " = b — K when con-
sidering the multiplicity of elements in columns r and s, since the subtableau formed
by columns r, s and the tail will have the elements 1, 2, and 3 occurring b’ times each.

In partition notation we have A = [r + s +t,s + ¢, t].

4.2.1 Non-Zero Partitions from Theorem 9

Definition 4.2.1. For our purposes, we call a partition (or shape) A of n required if
there is a non-zero A-tableau T filled with % copies of the elements 1, 2, and 3. These
are precisely the tableaux determined in Theorem 9. Specifically, a required shape is
one for which we must construct an appropriately filled non-zero tableau in order to

prove Theorems 1 and 2. These shapes are explicitly determined in Theorem 10.

To determine the non-zero [A\] = [r + s + t,s + t,t|, we analyze the required

partitions that correspond to non-zero tableaux in Theorem 9. We find that:
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Theorem 10. The only partitions [r 4+ s+, s +t,t] of n = 3b which do not occur in
1§:ZS3 are those with s or r = 1 as well as those having s+t odd and s or r € {0,2,4}.
Equivalently, a partition is non-zero if, for r, s # 1, when r or s is in {0,2,4}, then

s+t is even.

Proof. For a given partition A\ = [r + s +t,s + t,t|, we need only find (L, M, N) with
L+ N+ N = s, K=t, and the conditions of Theorem 9 satisfied to show q, # 0.
This shows that S* must occur in 1?;’?33. Since all values of t = K can occur when
L > M > N, (if L # M + 2), we consider tableaux of this form. Given T, the elements
1, 2 and 3 will occur b’ = b — ¢ times in the remaining columns L, M, N, and the

tail of T'. For each t we need to determine which s for 0 < s < %/ yield required
non-zero partitions. To do so we will take the following parameterizations of (L, M, N)

and determine the corresponding s.

/
(L,M,N) = (i +2,i+ 1,i), we get s = 3i+ 3 for Ogigb;?)
b —5
=(1+3,i+2,1) s=3i+5 0<i< 5
b -7
= (i+4,i+ 3,7) s=3i+7 0<i< 5

For a given parameterization of (L, M, N) by 4, we have s = L+ M+ N. Since there
are at most &' 1’s in the r and s sections, we must have L + M| < b" which gives the
upper bound on 1.

These parameterizations of (L, M, N) are non-zero by Theorem 9 since L > M > N
and L # M + 2. Moreover, the parameterizations cover all equivalence classes of s
(mod 3). Hence this tells us that all partitions with s > 5 or s = 3 are non-zero,
leaving aside the upper bound on s for now. When s = 4, the possibilities for (L, M, N)
are (4,0,0), (2,2,0), and (2,1, 1) which are non-zero only when s+t, (i.e., K) is even.
For (3,1,0) the tableau is always zero since L = M+ 2, N = M — 1. For s = 2 the only
possibilities are (2,0,0) and (1,1,0). The non-zero conditions of Theorem 9 require

K = t, and hence s+ t, to be even in both cases. Similarly for s = 0, we must have K
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even for T to be non-zero, as shown in Lemma 3.2.6. For s = 1, the only possibility
is (L, M, N) = (1,0,0), and such a tableau is always zero.
Determining the upper bounds on s corresponds to determining lower bounds on r.
We will similarly give parameterizations of (L, M, N) which will cover all equivalence
classes of r (mod 3). Using the equation 3V’ — 2s = r we get the corresponding

equations and lower bounds.

b —3
For s = 3i + 3, i < 5 then r>3, r=0 (mod 3) (4.2.1)

, V=5
s=3i+5, i < 5 r>5 r=2 (mod 3) (4.2.2)

, V=7
s=3i+7, i < 5 r>7 r=1 (mod 3) (4.2.3)

This is the parameterization table for s rewritten in terms of r. So for » > 5, all

partitions are non-zero, provided the conditions on s are met.

If r =0, we must have L = M = N = %/ By Theorem 9, this shape is non-zero

only if K+4L is even. Thus only the shapes with s+¢ = K4+L+M-+N even are non-zero.
For r = 1 we get the constraints L+M =L+ N =58 and M+ N = b — 1. This means
M = N, and L=M+1. These tableaux are always zero.

When r = 2, we must have either L = M or M = N. These shapes will be non-zero

if K+N or K+L is even respectively. In either case, s + ¢ is even.

Y42 V-2 b’f4)

5 T g . In

For r = 4, we must have either M = N, L = M, or (L,M,N) = (
the first two cases, the non-zero conditions of Theorem 9 force s + ¢ to be even. In
the last case, the tableau is always zero.

Ifr =3or5theni = I’IT’?’ ori = 17'775 is an integer for &’ odd so the parameterization
listed works. For b’ even, these partitions are not required since 30’ — 2s = r, would
make 7 even.

In addition, Theorem 9 shows the remaining partitions are zero.
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4.2.2 Partition Multiplicities according to Thrall

In [20], Thrall determines the partitions occurring in 1§i§53 with multiplicity, which

he calls f(A). If A = [A1, A9, A3], he gives the following method to compute f(\):

To the minimum of 1 + A\; — Ay and 1 + Ay — A3, add whichever of —2,
0, +2 will give a result divisible by 3. If this result is even, divide by 6
to get f(A). If the result is odd, add or subtract 3 according to Ay being
even or odd and then divide by 6 to get f(\).

Letting A = [r+s+1t, s +1t,t] we have min(1+ X\ — Ay, 1+ X2 — A3) = 1 +min(r, s).
Then f(\) = w where z € {—2,0,2} such that 1 + min(r,s) + x = 0
(mod 3), y € {—3,0,3} such that 1 + min(r,s) + z+y = 0 (mod 6), and y > 0 if
s+t even and y <0 if s + ¢ odd.

Theorem 11. Writing s = 6k + j, » = 6h + ¢ with 0 < 4,5 < 5, then by [20], the
multiplicity of 8* in 13 is f(A), where

;

k s<r 1=0,2,4, s+todd
k s<r =1
k+1 s<r 1=0,2,4, s+1teven
k+1 s<r 1=3,5
h r<s 1=20,2,4, s+t odd
h r<s i1=1
h+1 r<s i=0,2,4, s+1teven

h+1 r<s i1=3,5

\

Hence f(\) # 0 for r, s # 1, provided s+t is even when r or s is in {0,2,4}. This

agrees with our results in Section 4.1.



45
4.3 Construction of Basis Tableaux for ¢ = 3

Recall that the space SN M*¢ is spanned by {q,} where the T are M\-tableaux filled
with the numbers 1 to c¢. By Lemma 2.2.7, dim(S*¢N M*¢) equals the multiplicity of
St in 1:23236- Given a partition A of n = 3b, we want a set of tableaux {B,} such that
{as,} is linearly independent and that |[{B,}| is the multiplicity of the irreducible
corresponding to A in 13’;Z s,- We call these B, the basis tableaux for ¢ = 3. These
tableaux will be used in Chapter 9 for the proof of Theorem 3. We will build these

tableaux from the following components:

223333
My= 123 My =
111122
33 3323
Ms= 11 My= 1112
22 2
A-1 A-1
N.= 232 3 l<a<2=0
11

In constructing these basis tableaux, we want tableaux filled with only the numbers

1, 2, and 3. We will use ¥ to denote the joining of tableaux without renumbering
223333123

111122

Let A\ =[r+s+t,s+tt]. When t is even, write s = 6k + j and r = 6h + 1,

them. For example, My ¥ M, =

with 0 < 4,5 < 5. Let ¢ = min(k,h). Since X is a partition of n = 3b we have
3t+2s+ 7 =3b. Hence 2j +i =0 (mod 3). Let § = =2, (Sod=0fori=j, 6=1
fori =7+3,and 0 = —1 for i = j — 3.) When ¢ is odd, we proceed as above, except

let s —3 =6k +75,0= i_gj , and g = man(k’, h).

For p=1, 2,..., g, we define the basis tableaux:

B, = LM ¥ Nopis ¥ (k — p)My ¥ (20 — 2p + )M, (t even)
Bp

%Mg v M4 v N6p+j/ v (k/ - p)Mz v <2h — 2p + 5)3\/[1 (t Odd)
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Additionally, for j, j* # 1 we have the tableau By, which is B, with p = 0 under

certain conditions.

By = LM3 Y N; Y EM, Y (25 + 6)M;, j>1 (t even)
By = tM3 Y EM, Y (20 + 6)My j=0 (t even)
By = LMy VM, VN Y R My Y (20 + 6)My, §>1 (t odd)
By = M5 V My Y E M V(20 + 6)My i=0 (t odd)

Note that if § = —1, then By exists only for h > 1 and B, exists only for g < h.

To demonstrate that the {B,} is a basis, we need to verify that they:
e Have the correct shape,

e Are non-zero and maximal,

e Are linearly independent,

e Span the space.

Shape: First consider the shape of these tableaux. We need to show these
tableaux have shape A = [r + s+ t, s + ¢, t]. For ¢ even:

A3(Bp) = 523(Ms) + As(Nop+j) + (k — p)As(Mz) + (2h — 2p + 0) A3 (M)
=L424+(k—p)*x0+(2h—2p+6) %0

=t

A2(By) Zé)\z(M:z) + A2 (Nop+j) + (k = p)Aa(M2) + (2h — 2p + §) A2 (M)
=t+6p+j+ (k—p)*x6+(2h—2p+5)*0
=t+6k+j

=t+s
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AM(Bp) = EM(Ms) + M (Neps) + (k= p)Ai(Ma) + (2h — 2p + 0) A (M)
=t+(6p+7)*x2+(k—p)*x6+ (2h —2p+0) %3
— 4+ 6k+j+6htj+30
—t+s+6h+j+30
=t+s+6h+1

=t+s+r
When t is odd we have:

A3(By) = FEA3(Ma) + Aa(Ma) + A3(Nepijr) + (K = p)As(Ma) + (2h — 2p + §)A3(M)
=542+ 14 (K —p)x0+ (2R —2p+6) %0

=t

Aa(By) =5 (M) + Ao (Ma) + Ao(Nopjr) + (K — p)Aa(Ma) + (22 — 2p + 6) A2 (M)
=t—14+4+6p+j+(k—p)*x6+(2h—2p+0)*0
=t+3+6K +7

=t+s

A(By) = 52 (Ms) + M (Ma) + M (Nepjr) + (K" = p)Ai(Mz) + (28 — 2p + )M (M)
=t—14+4+6p+7)*2+ (k—p)*6+ (2h —2p+0) *3
=t+3+6k'+j7 +6h+j5 +30
=t+s+6h+;5 +30
=t+s+6h+1i

=t+s+r

A similar computation works for the shape of By. Hence these tableaux have the

correct shape. Moreover, within each component, the same number of 1’s, 2’s and 3’s
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were used. Hence the B, have the correct number of 1’s 2’s and 3’s.

Maximality: When ¢ is even, a generic basis element (with the tail suppressed)

looks like:
tABC

3233

Pr1112
2

A=2k—-p)+6p+j—1
B=2k—p)+1

Then wy3(B,) = (o4 2(kmp) 0)  Since B > ¢ and A > B (for p > 1), this

weight is maximal. B, is also non-zero, since the only other possible weight assignment

is (Ot A=) 0 2(k=p) ) This has sign (—1)""2*~P) =1 as ¢ is even.

When t is even, the tableau B is the same as B, with p = 0 when j > 1. In this

case A > B and the above argument holds. There is no By for 7 = 1. When j = 0,

we have (suppressing the tail):

Then wy3(By) = (k 2# ). This weight is clearly maximal. Although there are

many different weight assignments possible for By, all weight assignments are positive

since each column block is even. Hence By is non-zero.

When ¢ is odd, a generic basis element (with the tail suppressed) looks like:

t ABC
3233
P 1112

2

A=2(K —-p)+6p+7j
B =2(k'—p)+2
c=2(k—-p)+1

Then wy3(B,) = (TP TIE=PT220-P)+10) Since B > ¢ and A > B (for p > 1),

this weight is maximal. B, is also non-zero since the only other possible weight

assignment is (TP AR =P)F2 0 20 -p)+1) - This has sign (—1) 72K =P = 1 as ¢ is

odd.
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When t is odd, the tableau By is the same as B, with p = 0 when j' > 1. In this
case A > B and the above argument holds. There is no B for j' = 1 (since qs, is

zero when j' = 1). When j' = 0, we have (suppressing the tail):

tAAA

3233
By = A=2k"+1
7 11129 +

2

Then wy 3(By) = (F4+2 2k+1 ) This weight is clearly maximal. Although there
are many different weight assignments possible for By, These weight assignments
always move exactly two or four column blocks. Since the size of the column blocks

is odd, all weight assignments are positive. Hence By is non-zero.

Linear Independence: To show the tableaux B, are linearly independent, by
Lemma 3.4.12 it suffices to show their max weights are distinct. First consider ¢ even.
Say Wy 3(B,) = wo3(B,), with p < p’. Then we must have t + 6p + j + 4(k — p) =
2(k — p'), which forces k = p = j =t = 0. Then our partition is just [n], so only one
tableau is needed. If wo3(B,) = wa3(Bo) with p > 0, then we get ¢t + 4k = 2(k — p)
which implies ¢t = k = p = 0. Hence the tableaux are linearly independent. When ¢
is odd, the max weights must be distinct, since an argument similar to the one above

shows t = 0 which is not possible.

Span: Since the tableaux B, are linearly independent they will span the space
SA3 N MM i [{B,}]| = my, where my = f()\) as determined by [20]. (We listed f(\)
explicitly in Theorem 11.)

First consider the case of ¢t even. Given A = [r + s + t+,s + t,t] with ¢ even,
then m, depends on the relative sizes of r and s. For s < r, we need k + 1 tableaux
for j # 1 and k tableaux for j = 1. When s < r, we have ¢ = k. Thus we get k
different B,’s and when j # 1 we have B, as well. The restriction on the tableaux
when § = —1 occurs only when g = h. However, then h = k and ¢« = j — 3 which

contradicts s < r, so this case does not occur here. Hence we have a full set of basis
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tableaux.

If r < s, we have g = h. How many tableaux we have depends on §. Note that By,
exists only for 0 # —1, and B requires h > 0 for § = —1. The number of tableaux
needed according to Theorem 11 also depends on 6.

Since s = j (mod 2) and 30 =i — j, when 6 = 0 we have i = s (mod 2). Then s
is even for i = 0, 2, and 4, hence by [20] we need we need h + 1 tableaux for i # 1
and h tableaux for 7 = 1. Since § # —1, there are h distinct B,. We also have By
when ¢ # 1 since ¢ = j. Hence we have a full set of basis tableaux.

If & = 1, all the tableaux described when § = 0 occur. Since § = 1, we have
1 = 7 + 3 which implies ¢ = 3,4 or 5. For i = 4 we need need h tableaux since s is
odd, while for ¢ = 3,5 we need h + 1 tableaux. When ¢ = 4 we have h different B,
(though no By since j = 1). When ¢ = 3,5 then j = 0,2. Hence B, exists and we
obtain the complete set of basis tableaux.

For § = —1 we have i = 7 — 3, so ¢ = 0,1,2. We need exactly h tableaux since
either i = 1 or s is odd. However, we no longer have By, so we get only h—1 tableaux
from the B,. In addition, when h > 1 we have B since j = ¢+ 3 > 3 and so j > 1.
Hence we have h tableaux for h > 1. If A = 0 then no tableaux are needed since
either r = 1 or r = 0 or r = 2 with s odd. Thus the correct number of tableaux is
given.

Now consider the case when t is odd. When s < r we need k tableaux for
j=0,1,2,0r 4 and k + 1 tableaux for j =3 or 5. If j =3 or 5, then ¥’ = k = g so
there are k tableaux B,, in addition to the tableau By (since j' = j—3#1). If j < 3
then g = k' = k — 1, so there are k — 1 tableaux B, in addition to the tableau B,.
For j = 4, we have k tableaux B,, since g = k' = k. However since j' = 1, B, does
not exists. The restriction on the tableaux when 6 = —1 occurs only when g = h.
However, then h = k' = k and i = j — 3 which contradicts s < r, so this case does
not occur here. Hence we have a full set of basis tableaux.

When r» < s we need h tableaux when ¢+ = 1. For ¢« = 0,2, and 4 we need h
tableaux when s is even and h + 1 tableaux when s is odd. For ¢ = 3 or 5 we need

h + 1 tableaux. Note that s #Z j’ (mod 2).
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If § =0 then ¢ = j'. We have h tableaux B, along with B, for j* # 1. Hence
we have h tableaux when ¢ = 1, and h + 1 tableaux otherwise. Since s is odd when
1 =0, 2, or 4, this is the correct number.

Ifo=1theni=j+3,s0i=3,40rb5. Ifi=3orb5, then j/ # 1 and there are
h + 1 tableaux as desired. If i = 4 then j" = 1, hence there are only h tableaux B,.
However, only h tableaux are needed here since s is even.

If 6 =—1theni=j5 —3,s0i¢=0,1o0r 2 Since sis even when ¢ # 1, only
h tableaux are required in this case. However, we no longer have B, so there are
h — 1 tableaux B,. In addition, when h > 1, we have By, since j' > 1, so the correct
number of tableaux are obtained. If h = 0 then no tableaux are needed since either

r=1orr=0orr=2with s+t odd. Thus the correct number of tableaux is given.



92

Chapter 5

Proof of Theorem 1

Recall, Theorem 1 says that every irreducible occurring in 1?:2 s, oceurs in 1222 s, With
equal or greater multiplicity, where n = 2b = ¢d and b, ¢, d > 2.

In Section 3.2 we proved Theorem 7, which showed that the irreducibles occurring
in 1§:282 were exactly those corresponding to partitions A = [n — s, s| for s even and
they occur with multiplicity one. (Since n = 2b is even, it suffices to consider only
the even values of s.) By Remark 2.2.8, to prove Theorem 1, it suffices to construct a
non-zero tableau filled with d copies of ¢ elements for each partition [n — s, s], where
Ogsgg,sevenandn:cd.

To do this we will construct some non-zero generic tableaux that when assembled
via Theorem 8 will produce all the shapes and fillings needed. Since we are con-
structing generic tableaux for many partitions and fillings, we will not use a fixed c.
However, we assume that every element listed in the body of the tableau occurs d

times, filling out the tail as needed. We apply weight-set counting to prove a tableau

is non-zero. The tableaux we need are:

Tableau U;

A d-A d-A A
A even

Uy=11 2 ~ 1
2 2 A<d
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A= [2d — A, A]

For this first tableau, we listed U; both with and without the tail. Normally we
will suppress the tail when writing these tableaux. U; is non-zero by Lemma 3.2.6

since A is even. It is maximal since (A,0) is the largest possible weight-set for this

shape.
Tableau U,
_AABB A+B<d
U= 1313
2449 A,B>O

wo = (0,A+B,0, A+B)
A= [4d — 2(A+B),2(A+B)]

Examining the filling of U; and A,B > 0 we find the following constraints on any

valid weight assignment: (Recall that U* corresponds to a possible tableau 7Us.)
o If wy(1|U*) = 0 then wy(2 and 4|U*) > 0.
o If wy(2|U*) = 0 then wy(1 and 3 |U*) > 0.

e We must have wy(1 or 2|U*) > 0 and wy(3 or 4|U*) > 0.

Since any valid weight assignment of (0,A + B,0,A + B) has exactly two zeros,
the restrictions above show that (1,2,3,4) and (2,1,4,3) are the only valid weight
assignments. These weights-sets correspond to applying 7 :6T X (A)T X (B)T X (B)T
and 7 :(1A2)T X (1A2)T X (1B2)T X (1B2)T respectively. As both of these 7 have positive

sign, qp, 7# 0. This tableau is maximal since every element x must have wy(z) < A+B.
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Tableau Us
A even
ABB A+B<d

Us= 112
233 deven
d
B=3

CUQ:(O,A,CZ)

A=[2d — A, A+d]

To show Us is non-zero we will use weight-set counting on wy = (0, A, d). There
are two cases for which we need to determine weight assignments, A + B < d and
A+B=d.

When A + B < d, only the element 3 may be assigned a row two weight of d. So
the distinct weight assignments are (1,2,3) and (2, 1,3), which occur with 7 = ()7
and T :(1A2)T X (B) X (B)T respectively. Since A is even, both 7 have positive sign.
Hence Us is non-zero.

If A+B =d, then A = B = g and d = 0 (mod 4). While every permutation
corresponds to a distinct weight assignment, every weight assignment can only be
obtained by having 7 move complete column blocks. Since all of these blocks are

even, T is positive for every weight assignment and hence Us is non-zero. This tableau

is maximal since (d, A, 0) is the largest possible weight.

Tableau V' (d)
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This is just a single row with d ones. Since there are no column permutations,

this tableau is always non-zero. It is obviously maximal.

Having constructed these generic tableaux, we will use the notation U;(z) to denote
the tableau U; with the parameter A = z or U;(x,y) for x = A and y = B in U;. We
will use fU; to denote the join of f copies of U;. Note that these tableaux are all in
maximal form.

For the proof of Theorem 1, the parity effects the construction process. To simplify

notation, we define the *-function.

T T even

z—1 xodd

We analyze T by the parameters r = n —2s and s, where A\ = [r+s, s|. For reference,

we consider tableau of the following shape, with r and s even.

~———

s

Proof of Theorem 1. To prove Theorem 1 we need to construct a non-zero tableau of

shape A = [n — s, s] for s < %, with s even and n = cd, ¢,d > 2. First we construct

crd*
2

a general tableau that covers most s. Suppose s < . We know s is even, so write
s =fd" + e, where 0 < e < d*, e even. Since s,d*, and e are even, this is possible by
the Euclidean algorithm.

Let T = fU;(d*) v Uy(e). Note that the bound on s guarantees that 2(f + 1) < ¢
when e > 0, and 2f < ¢ when e = 0. This insures that there are at most ¢ distinct
elements in T'. If there are fewer than ¢ elements in 7" add all the remaining elements

to the tail of T" by joining the appropriate number of V' (d)’s. Suppressing the tail
elements from the U;’s and V' (d)’s, T looks like:
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A R v d ---d
T'= 13 ..-2f—12f+12(4+3--- ¢
2 4 ..o 2f 242

Theorem 8 shows 7' is non-zero, provided the weight-sets are disjoint. Since the
tableaux are in maximal form, the weights must be disjoint by Lemma 3.4.9. This
covers the majority of the s. The remaining tableaux will be constructed according

to the parity of ¢ and d.

Case I: (¢, d even) In this case CQd = %d, so T' constructed above covers all

partitions.

Case II: (d even, ¢ odd) By the above construction, we have all tableaux with s up
to @. Thus we only need those even partitions with s = # for 0 <k <d-—2,
k = d (mod 4). Take T = <3U(d) V Us(a) for 0 < A < ¢ with A even. Then
s = %d +A+d= MT“A. Thus we have k = d — 2A, which ranges over the correct
parameters. Since U; and Uz are in maximal form, Lemma 3.4.9 implies disjointness

and Theorem & shows 7' is non-zero.

Case III: (c even, d odd) Since r =n — 2s = cd — 2s s we need A = [r + s, s] for
r < ed with r = ¢d (mod 4). Tt suffices to construct a non-zero tableau for r < 4d.
When r > 4d, let ' = r — 4dz with " < 4d. Then if we construct a A" = [s + 1/, 5]
tableau 7" filled with d copies of ¢ — 4z elements, we get the needed tableau by
T =TV 4zV(d). Hence we will take r < 4d.

When ¢ =0 (mod 4) then r =0 (mod 4). Take T' = <2Us(d —1,1) VUy(d — & —
1,1). This construction gives the shape <*[2d, 2d]+ [2d+%,2d—%] = [£+Z, < — ] as
desired. The parameters of these tableaux are positive unless r = 4d — 4 since r < 4d,
r =0 (mod 4),and d > 2. If r = 4d —4 then d — § — 1 = 0, so use U1(2) V 2V (d)
instead of of Up(d — § —1,1).

For ¢ = 2 (mod 4) we will assume r < 2d. When 2d < r < 4d let v’ = r—2d. Then
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can construct a X' = [’ + s, s] tableau 7" with ¢ = 0 (mod 4) and use T'=T" V2V (d).
Take T' = <2Us(d—1,1) VU; (242) with V/(d)’s as needed. Note that cd = r (mod 4)
implies that MT_T is even, while r < 2d insures it is positive. So we get the shape
[%d + 3, %d — 5] as needed. Theorem 8 shows these T’s are non-zero provided the
weight-sets are disjoint, which follows from maximality.
Note that since cd = n, n even, then c or d is even. Thus we have constructed all

cases. L]

Although it is not directly apparent from this construction, ¢ or d even is often
a necessary requirement for any non-zero two row tableau with s even to exist. For
instance, when ¢ = 3 and d = 7, the shape [11,10] has s even, but all tableaux are

zero by Theorem 9.
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Chapter 6

Proof of Theorem 2

From Remark 2.2.8, to prove Theorem 2, it suffices to construct non-zero tableaux
filled with d copies of ¢ elements for all required partitions of n = cd, ¢, d > 3. These
partitions were determined in Theorem 10.

Our approach is similar to the proof of Theorem 1 in Chapter 5. Using some
generic non-zero tableaux (like U; and V in Chapter 5) with ¢ elements, we join
them together by Theorem 8 to form a tableau of the appropriate shape and filling.
However, unlike in Chapter 5, a large number of generic tableaux are needed. Since
the cataloging of non-zero tableaux is quite tedious, we post-pone the construction
until Chapter 7. Namely, our proof here will presuppose the construction of all

tableaux of the required shapes for ¢ < 8 .

The general idea is to write a tableau T" as follows:

% [
T = S |V T’ Vi U |V V
|

for an appropriate 7", where S, U, and V generic constructions based on the parity

of d. This reduces the construction of T" to a construction of 7" where the shape
parameters, (r, s, and t), of 7" are small. Thus we only need to construct tableaux
for a limited number of cases corresponding to small shapes. The tableaux S, U,
and V are based on the following non-zero maximal tableaux: (Here U, Us and V

occurred in Chapter 5.)
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d—x
A==""4+X
d AABBBB 3
— _ d—x
B = =X
S=P@= ' devn g _ 566655 3
2 433434 d=x (mod 3),
3 121122
x €{0,1,2}
a _AABB A=d—1
Ui(d) = 1 d even, Uy= 1313
2 2442 B =
V:i
1

Let A\ =[r+s+ts+tt]. Wecan write T = SV T'VUVYV, for appropriate
T’ provided T" is maximail. Then 7" will be filled with d copies of ¢’ elements, for
some ¢ < ¢, which will eventually allow us to reduce to ¢ < 8. If 7" is non-zero and
maximal then by Lemma 3.4.9 and the Theorem 8 q; # 0 as desired. For simplicity,

we will base our construction on the parity of d.

6.1 Case: d even

To see how to write T'as T = SV U V V VT’ for an appropriate T" we first discuss
the individual reductions allowing us to write T’ = SVT', T =UVT',or T =V VT
Then successive applications of these reductions yield our desired decomposition. An
analysis of these reductions also computes the resulting bounds on the shape of T".
An example application follows the reductions listed below. The reader may wish to

refer to Example 6.1.1 while reading these reductions.

Reduction 1: Let T be any A-tableau with A = (A1, A2, A3), filled with d copies
of ¢ elements. Take f to be the maximum integer such that fd < A3 and ¢ — 3f > 3.
Let S = fPi(d) be the join of f copies of P(d). Then by Theorem 8, we may write
T =SVvT for T a N = (A — df, \y — df, \3 — df)-tableau filled with d copies of

¢ = ¢ — 3f elements, provided the weight-sets of S and T” are disjoint. The choice
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of f means that in 7", ' = X, = A3 —df < d or ¢ = ¢ — 3f < 6. Thus we need only
consider tableaux with ¢t = A3 < d or ¢ < 6. The ¢ < 6 condition coresponds to the
requirement ¢ — 3f > 3. We need this requirement so that there are at least three

elements available with which to fill the remaining tableau, 7".

Reduction 2: Let T be any A-tableau with A = (A1, A2, A3), filled with d copies
of ¢ elements. Take g to be the maximum integer such that gd < Ay — A3 = s and
c—2g > 3. Let U = gUy(d) be the join of g copies of U;(d). Then by Theorem 8, we
may write T'= U VT’ for T" a X = (A —dg, Ay — dg, \3)-tableau filled with d copies of
¢ = ¢—2g elements, provided the weight-sets of U and T" are disjoint. The choice of g
means that in 77, 8" = A, =\ = Ay —dg—N_3 < dor ¢ = c—2g < 5. However, we will
need the existence of a non-zero 7" in the specified shape. As was shown in Theorem 9,
this is not always the case for some s. Specifically, when s < 5 non-zero tableaux
do not exist for certain shapes when ¢ = 3. (Consider A = [6 +d,2 + d, 1] = [9, 5, 1]
with d = 3 and ¢ = 5. Applying Reduction 2 yields X' = [5,2, 1] with ¢ = 3. All such
tableaux are zero by Theorem 10 since s = 1.) To account for this, we modify the
construction above to use g — 1 copies of U;(d) when g > 0 and s’ < 5. In such a case,
the modified 7" now has s’ < d + 5. Thus we need only consider arbitrary tableaux

with s <d+5orc<5.

Reduction 3: Let T be any A-tableau with A = (A1, A2, A3), filled with d copies
of ¢ elements. Take h to be the maximum integer such that hd < A\; — Ay = r and
c—h>3. Let V.= hVj(d) be the join of h copies of Vi(d). Then by Theorem 8, we
may write T =V VT" for 7" a X = (A; — dh, Ay, A\3)-tableau filled with d copies of
¢’ = ¢ — h elements, provided the weight-sets of V' and T" are disjoint. The choice of
h means that in 77, v = A — A, = A\ —dh — XAy < d or ¢ = ¢ —h < 4. However,
we will need the existence of non-zero 7" in the specified shape. As was shown in
Theorem 9, this is not always the case for some r. Specifically, when r < 5 non-zero
tableaux do not exist for certain shapes when ¢ = 3. To account for this, we modify

the construction above to use h — 1 copies of U;(d) when h > 0 and »' < 5. In that
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case, the modified 7" now has r’ < d + 5. Thus we need only consider arbitrary

tableaux with r < d + 5 or ¢ < 4.

Conclusion: When d is even, we can apply these reductions successively. Take
an arbitrary A-tableau T filled with d copies of ¢ elements and assume ¢ > 6. We
use T to represent the appropriate 7" obtained in these reductions. By Reduction
1, T=S8SVvTW, where S = fPy(d) and TWhas t = A\3(TV) < d and is filled with
M) = ¢ — 3f clements.

Now, if ¢ > 6 apply Reduction 2 to TM. Since ¢ > 6, then by Reduction 2,
write TW = U vV T®? where U = gU;(d) and T® has t < d (since T(!) does) and
s < d+5. Here T® is filled with ¢® = ¢ — 2g elements.

Finally if ¢ > 6 apply Reduction 3. This gives 7? = VVvT®) where V = hVi(d)
and T® has t < d, s <d+5, and r < d+ 5. Here T® is filled with ¢® = ¢ — h
elements.

Hence T = SV UV V VT where either T® is filled with fewer than 6 elements,
or TW hast < d, s < d+5, and r < d+5. In the second case, T must be filled with
3t +2s+1r = cd elements. This is less than or equal to 3(d—1)+2(d+4)+ (d+4) =
6d+9 <8dif d>4. (If d =4 we have 6d + 8 < 8d and it’s not possible to have
6d +9 = 9d when d = 4. For d = 3 additional reductions apply.) Hence we only
need those tableaux with ¢ < 8. Moreover, if r or s < 5 in T®, then 7 or s < 5 in
T, because the reductions do not reduce r or s to less than 5. Hence T = T” has a
shape occurring in Theorem 10 since all partitions of n with r and s > 5 are needed.

This reduction uses Theorem 8. Our usage only requires verification that the
weight-sets are disjoint. However, the tableaux S, U, and V are in maximal form.
Hence for appropriately chosen tableaux (i.e., ones in maximal form), an application

of Lemma 3.4.9 can easily prove weight-set disjointness.

Example 6.1.1. To see how this reduction works, let us consider a specific shape,
A = [9d — 2,5d,d + 2] where d > 6, d even and ¢ = 15. This shape has t = d + 2,
s =4d — 2, and r = 4d — 2. First we apply Reduction 1, which joins P;(d) in order
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to have t < d.
[9d — 2,5d,d + 2] = Pi(d) V [8d — 2,4d, 2]

Then we apply Reduction 2 to the shape [8d —2,4d, 2|, which has s = 4d —2 to reduce
to s < d+ 5 by joining three copies of U;(d).

[8d — 2,4d, 2] = 3Uy(d) V [5d — 2,d, 2]

Applying Reduction 3 to shape [5d — 2, d, 2], which has r = 4d — 2 we normally want
to reduce r to be between 5 and d + 5. Here we won’t necessarily reduce r fully,
so that the resulting tableau will be familiar. Instead we will reduce to r = 2d — 2

(which may be reduced further depending on d) by joining two copies of V(d).

[5d — 2,d,2] = 2V(d) V [3d — 2,d, 2]

Hence, when we combine all these reductions, we get

9d — 2,5d,d + 2] = Py(d) v 3Uy(d) V2V (d) V [3d — 2, d, 2]

A non-zero tableau of shape [3d — 2,d,2] is Q* of Example 3.2.7 with A =1, B = 1,

C = d — 2. Therefore, writing

T=P(d)VvQ(l1,d—2)Vv3U(d) V2V(d)

and omitting the extra tail of Q* we have

d1111d2dd d d d
15556 4 810121415
24774 7 91113
366

As Q* is in maximal form, q, # 0.
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6.2 Case: d odd

When d is odd, we proceed exactly as in the even case, except the tableaux we use
are slightly different. Namely, we use S; instead of P, and U, instead of U;. These
adjustments are necessary for Reductions 1 and 2 since P;(d) and U;(d) are zero for
d odd. Reduction 3 remains unchanged however. For completeness, we rewrite these
reductions in terms of d odd. However, these reductions alone are not enough to
reduce to ¢ < 8. So after these reductions, we apply a few more in order to reduce

the size of tableaux we need to consider.

Reduction 1’: Let T be any A-tableau with A = (Ay, A9, A3), filled with d copies
of ¢ elements. Take w to be the maximum integer such that w-2d < A3 and c—6w > 3.
Let S = wSi(d) be the join of w copies of Si(d). Then by Theorem 8, we may write
T=8SVvT forT"a N = (A —2d-w,\y —2d - w, A3 — 2d - w)-tableau filled with d
copies of ¢ = ¢ — 6w elements, provided the weight-sets of S and T" are disjoint. The
choice of w means that in 7", ¢/ = X\, = A3 —2d-w < 2d or ¢ = ¢ — 6w < 9. Thus we

need only consider tableaux with ¢ = A3 < 2d or ¢ < 9.

Reduction 2': Let T be any A-tableau with A = (Ay, A2, A3), filled with d copies
of ¢ elements. Take v to be the maximum integer such that v-2d < Ay — A3 = s and
¢ —4v > 3. Let U = vU,(d) be the join of v copies of Us(d). Then by Theorem 8, we
may write T'=U VT' for T" a X = (A — 2d - v, Ay — 2d - v, \3)-tableau filled with d
copies of ¢ = ¢ — 4v elements, provided the weight-sets of U and 1" are disjoint. The
choice of v means that in 77, ' = X, = A, = Ay —d-v— A, <2d or ¢ =c—4v < 8.
As in the even case, to account for the shapes s < 5, we modify this reduction to
use v — 1 copies of U;(d) when v > 0 and s’ < 5. Then the modified 7" now has

s’ < 2d+ 5. Thus we need only consider arbitrary tableaux with s < 2d +5 or ¢ < 8.

Summary: The same argument as in the even case works for the d odd cases,
though the numbers are adjusted slightly. Take an arbitrary A-tableau T with filled

with d copies of ¢ elements, but this time assume ¢ > 9. Then by applications of
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Reductions 1, 2" and 3, T = SV UV V VvV TW where either T® is filled with fewer
than 9 elements, or 7 has t < 2d, s < 2d + 5, and r < d + 5. In the second
case, T® must be filled with 3t 4+ 2s + r elements, which is less than or equal to
3(2d — 1) +2(2d +4) + (d +4) = 11d + 9 as d > 3. Moreover, if r or s < 5 in T,
then 7 or s < 5 in 7. Hence T has a required shape of Theorem 10. However,
we wish to have T fillable with ¢ < 8. To do this we have additional reduction
techniques. However, these techniques are very sensitive to the parameters in 7, so
we will categorize them by such. The additional non-zero maximal tableaux we use

are

d—1
Ud—1)= 1 d odd wy = (0,d — 1)
2
d—1
1
Pl(d—l) = 9 d odd Wo 3 = (gdal dgl)
3
d—2
1 113
P4(d—2,1,1): 9 939 d odd W2,3: (8gdi2)
3

Start with a tableau 7" where t < 2d—1, s < d+4,s# 1, r <d+4,r # 1, d odd
and s+t even if r or s in {0,2,4}. (These are the partitions required by Theorem 10
after the previous reductions have been applied.) First consider those tableaux with

r > 10, which implies d > 6.

Case A: Assumer > 10, s <d+4,t <d—1. Then 3t +2s+1r < 3(d —2) +
2(d+3)+d+ 4 =6d+ 4 < 8d. Hence this case is covered by ¢ < 8.

Case B: Assumer > 10, s > d+4,t > d—1. Write T = P (d—1)VU;(d—1)VT".
If (r,s,t) are the parameters of T', then 7" has parameters (', s',t') = (r—5,s — (d+
1),t —(d—1)). Thus 5 < <d—-1,5<s <d+5 and 0 <t < d. Then
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3t+2s+r<3d+2(d+5)+d—1=06d+9 < 8d. Note that no exceptional r or s

cases occur in T”. Hence this case is covered by ¢ < 8.

Case C: Assume r > 10, s < d+4,t > d—1. Write T'= Pi(d—1)VT". If (r,s,t)
are the parameters of 7', then 7" has parameters (17, s',t') = (r—3,s,t—(d—1)). Thus
7T<r <d+1,¢ <d+3,and 0 <t <d. Then 3t+2s+r <3d+2(d+3)+d+1=
6d + 7 < 8d. Note that no exceptional r or s cases occur in 7”. Hence this case is

covered by ¢ < 8.

Case D: Assumer > 10, s > d+4,t <d—1. Write T = Uy(d—1)VT". If (r,s,t)
are the parameters of T, then T" has parameters (r/,s',t') = (r — 2,5 — (d — 1), 1).
Thus 8 < v < d+2, s <d+5 and 0 < ¢ <d-—1. Then 3t +2s+1r <
3(d—1)+2(d+5)+d+2=6d+9 < 8d. Note that no exceptional r or s cases occur

in 7". Hence this case is covered by ¢ < 8.

For r < 10 the arguments depend more on the values of r, but the general idea is

the same.

Case E: Assume r < 10, s <d+4,t <d—1. Then 3t +2s+r < 3(d—1) +
2(d+3)4+9=5d+12 <8 for d > 4. When d = 3, ¢ = 9 is a possibility. Now,
when d = 3, we have r < d+4 =7, s <d+3=6,andt < d—2=1. So here
t+25s+r<34+2-6+7=22< 8&d. Hence ¢ < 8 tableaux will suffice to cover this

case. Note that the s 4 ¢ parity is preserved in the exceptional » and s cases.

Case F: Assume r < 10, s > d+4,t < d—1. If r = 9,8,7,5 then write
T =U(d—-1)VvT. If (rs,t) are the parameters of 7', then 7" has parameters
(r', sty =(r—2,s—(d—1),t). Thenr’' € {7,6,5,3}, s <d+5,and 0 <t <d—1.
Then 3t' +2s' + 1" <3(d—2)+2(d+5) + 7 =5d+ 11 < 8d for d > 3. When d = 3,
then s/ < 8, ¢ < 1. We have 3t' +2s' +1' <3+ 16+ 7 = 26 < 9d. Hence ¢ < 8
tableaux will suffice to cover these case.

If r =2,4, or 6, then write T'= Uy (d— 1) VT". If (r, s,t) are the parameters of T,
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then 7" has parameters (1, s',t') = (r—2,s—(d—1),t). Thusr’ € {4,2,0}, s’ < d+5,
and 0 <t <d—1. Then 3t' +2s' +71' < 3(d—2)+2(d+5)+4 = 5d+8 < 8d. Hence
¢ < 8 tableaux will suffice to cover these cases if the tableau exists.

Note that U;(d — 1) preserves the parity of s + t, so if s + ¢ are even (always
the case when r = 2 or 4), we will have s’ + ¢ even which is necessary for ' = 0,
2, or 4. Hence this construction works except when r = 6 and s + ¢ odd. Then
Jt+2s+1r <3(d—2)+2(2d+4)+6 = T7d+8 < 8d for d > 8 otherwise it is less than
9d unless d = 3. If 3t +2s + 6 = 9d, then t is odd so write t = d — 2k with & > 1.
Then we have s = 3d + 3k — 3. Since s < 2d+ 4, we have d+3k < 7,sod =3, k=1
is the only solution. This corresponds tot =1, s =9, r = 6. Since s + t even, this
case has already been done. For d = 3 we also need to consider ¢ = 10. However,
34 20 + 6 < 10d so no such partition will occur.

For r = 0 we have s+t even. Then 3t+2s+7r < 3(d—2)+2(2d+4) = 7d+2 < 8d,
so this case is covered by ¢ < 8 tableaux.

Forr =3 we 3t+2s+7r <3(d—2)+2(2d+4)+3 =7d+5 < 8d for d > 5. When
d = 3 we have 3 + 20 + 3 < 9d, so such a partition does not occur. Hence r = 3 is

covered by ¢ < 8.

Case G: Assume r < 10, s < d+4,t > d—1. If r = 9,8,6 then write
T = Pi(d—1)VvT. If (r,s,t) are the parameters of T, then 7" has parameters
(r',s',t') = (r —3,s,t = (d —1)). Thus v’ € {6,5,3}, s < d+3,and 0 <t < d.
Then 3t + 25 + 1" <3d+2(d+3) + 6 = 5d + 12 < 8d for d > 5. When d = 3, then
s’ <6, t' < 3. Hence we have 3t'+2s'+1' < 941246 = 27 = 9d, so the only solution
ist' =3, s’ =6, r' = 6. This we can further reduce by writing 7" = V(d) vV T" where
T" is a ¢ = 8 tableau of parameters t = 3, s = 6, and » = 3. Hence ¢ < 8 tableaux
will suffice.

If r=7,5,0r 3 and s+t even then write 7' = P;(d — 1) VT". If (r, s,t) are the
parameters of 7', then 7" has parameters (1’,s',t') = (r — 3,s,t — (d — 1)) and the
parity of s’ + ¢’ is preserved. Thus 7’ € {0,2,4}, & < d+ 3, and 0 < ¥ < d. Then
3t +25 +1r <3d+2(d+3)+4=5d+ 10 < 8d for d > 5. For d = 3 we have
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3t'+28 +1r' <9+4+12+4 = 25 < 9d, so this does not occur. Hence the ¢ > 8 tableaux
will suffice.

Consider r = 0,2,4 with s +t even, or r = 3,5,7 with s + ¢ odd. If s > 8 write
T =P(d—2,1,1)vT' If (r,s,t) are the parameters of T', then 7" has parameters
(r', s, t') = (r,s—3,t—(d—2)) and the parity of s'+1¢ is preserved. Thus, 5 < s’ < d,
and 0 <t <d+1. Then 3t'+2s' +r' < 3(d+1)+2(d)+ 7= 5d+ 10 < 8d for d > 5.
For d = 3 we have 3t' +2s'+1r' <12+ 6+7 = 25 < 9d, so this does not occur. Hence
the ¢ > 8 tableaux will suffice.

For r =3,5,0r 7, s+t odd, and s <7, we have 3t+3s+r < 3(2d—1)+2-74+7 =
6d + 18 < 8d for d > 9. If 3t + 2s + r = 9d, then since r is odd, we have t = 2d — 2k
for k > 1. This implies s = d 4+ 3k + %. Since s < 7, the only possible solutions are
(r,s,t) =(7,4,4), (5,5,4), (3,6,4), (7,7,2) when d = 3 and (7,4, 8) when d = 5. For
those with s + t even, the case has already been done. For (r,s,t) = (7,7,2) write
T = Uy(2) VT where T" has parameters (5,5,2) and is a ¢ = 7 tableau. Hence we
still need (r,s,t) = (5,5,4) for d = 3. But this is U;(2) V1", where 7" isac =7
tableau of parameters (3,3,4).

We also need to consider those partitions with ¢ = 10. Then we have 3t +2s+r =
10d which implies t = 2d — 2k — 1 as t is odd. So s = 2d + 3k + 1 — % The only
solutions with s < 7 are (r,s,t) = (3,6,5), (5,5,5), (7,4,5), and (7,7,3) all with
d = 3. The cases with s + ¢ even have been done already. For (r,s,t) = (3,6,5), use
T = Py(1,1,1)VT" where T" is a ¢ = 7 tableau with (', s,/ ,t') = (3,3,4). For (7,4,5)
we have s = 4 and s + t odd, so this case partition is not needed.

When d = 3 we also may have ¢ = 11 or ¢ = 12. Proceeding as above, the only
solutions are (r, s,t) = (7,7,4) and (7,7,5). The second case has s+t even and hence
is not needed. The first case can be reduced to T' = U;(2) V1", where T"isa c =9
case with parameters (5,5,4). But this is U;(2) V 7", where 7" is a ¢ = 7 tableau of
parameters (3,3,4).

Ifr=0,2,4, s+teven,and s <7, we have 3t +3s+r <3(2d —1)+2-7+ 4=
6d+ 15 < 8d ford > 9. For ¢ =9, we have t = 2d — 2k — 1 as t is odd. Then s = d+
3k +1+ %= Since s < 7 the only solutions are (r, s,t) = (0,6,5), (2,5,5), (4,4,5),
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and (4,7,3) with d = 3 and (4,7,9). Note that only those with s+t even are needed.
For these cases write T' = Uy (d—1) VT", where T" is a ¢ = 7 tableau with parameters
(r —2,s — (d —1),t). Since this preserves the parity of s + ¢ and does not cause
r', s’ =1, the tableau exists.

For d = 3 we may also have ¢ = 10 or 11. Proceeding as above, the only solutions
are (1,s,t) = (4,7,4) which has s + ¢ odd, hence it is not need, and (4,7,5) which is
Ui(2) VUL (2) VT where T" is a ¢ = 7 tableau with (r,s,t) = (0, 3,5).

Case H: Assume r < 10, s > d+4,t >d—1. If r =8 orr = 9,7,5 and
s+t even then write T' = Py(d — 1) V Ui(d — 1) V T" where T" has parameters
(r',s',t) = (r—>5s—(d—1),t—(d—1)). Thus ' < 4, s < d+5, and ¢’ < d.
Then 3t' 4+ 2s' + 1" < 3d+ 2(d+5) +4 = 5d + 14 < 8d for d > 3. When d = 3 we
can have 3t' + 25’ + 1’ = 9d only for (',¢,t') = (2,8,3) or (4,7,3). But s + ¢ even
means only (4,7,3) is needed. This is Uy(d — 1) VT” where T” is a ¢ = 7 tableau
with (r,s,t) = (2,5,3). Hence we've reduced to ¢ < 8 cases.

For r =9,7,5 with s+t odd, write T' = Py(d—2,1,1)VU;(d—1) VT’ where T" has
parameters (1, s, t') = (r—2,s—(d—1)—3,t—(d—2)). Hence ' < 7,2 < s < d+2,
and t' < d+ 1. We will have s’ ¢ {0,1,2,4} provided s # d + 4 or d + 6. Then
3t +25 +1" < 3(d+1)+2(d+2)+7 =5d+14 < 8d for d > 3. When s = d+4 or d+6
write T = Py(d—2,1,1)VT" where T" has parameters (r', s',t') = (r,s —3,t — (d—2)).
Then 3t' +2s' +r <3(d+1) +2(d+3) +9 =5d + 18 < 8d for d > 5.

For d = 5, s = d+ 3 or d + 1 there are no partitions with ¢ < d + 1. Now
consider d = 3 with s’ < d+3, ¢ <d+ 1. Since r < d+ 4 we have r = 3,5, or 7.
Given these parameters, solving 3t + 25’ + 1’ = 3¢ for ¢ > 9, the only solutions are
(r',s',t') = (3,6,4), (5,5,4), and (7,4,4). Since s+t odd the only partition we need
to construct is (', s',t') = (5,5,4) with ¢ = 9. But this is U;(2) V T” where 7" is a
¢ = T tableau of parameters (3,3,4).

For r = 2,4,6 with s + t even, write T' = Py(d — 2,1,1) V Uy(d — 1) V T" where
T" has parameters (r',s',t') = (r —2,s — (d — 1) — 3,t — (d — 2)). Thus " < 4,
2<s <d+2 andt' <d+ 1. Since s+t even, we need only that ' # 1. Then
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3428 41’ < 3(d+1)+2d+2)+4=>5d+11 < 8dford> 3 Ford=3
d-4+2-5+4 =26 < 9d so that case is not needed.

For r =6, s+t odd write T'= P,(d— 1) VT", where T" has parameters (', s',t') =
(3,5,t — (d— 1)). Thus 3t' + 25" + 7' < 3d +2(2d +4) +3 = 7d + 11 < 8 for d > 11.
Solving 3t'4+2s'+r" = 9d given the parameters, the only solution is (', s',t') = (3,9, 2).
This is Py(1,1,1) vV 7" where T" is a ¢ = 6 tableau with parameters (3,6,1). When
¢ = 10, we also have (3,9, 3) as a solution, but this does not have s + ¢ odd.

For r = 3, write T = Py(d — 2,1,1) VT" where T" has parameters (r',s',t') =
(3,s =3,t —(d—2)). Thus 3t/ +25' + ' < 3(d+1)+22d+1)+3 =7d+8 < 8d
for d > 5. (The ¢ = 8 constructions will hold unless s — 3 € {0,1,2,4}, but since
s > d + 4 this can only occur with s = d + 1, d = 3. Then our original tableau will
have t < 2d — 1, s = d+ 1, r = 3 which is satisfiable by a ¢ < 8 tableau.) Solving
3t" + 28’ + 1" = 9d given the parameters, the only solutions are (r',s',t') = (3,6,4),
(3,9,2), and (3,12,6) with d = 5. The (3,6,4) case is Py(1,1,1) Vv T"” where T"” is
a ¢ = 6 tableau with parameters (3,3,3). The (3,9,2) case is Py(1,1,1) V T" where
T" is a ¢ = 6 tableau with parameters (3,6,1). When d = 5, the (3,12,6) case is
Py(3,1,1) v T" where T" is a ¢ = 6 tableau with parameters (3,9,3). There are no
tableaux with ¢ > 9.

For r = 0 we have s+t even. Write T' = Py(d—2,1,1)VT" where T" has parameters
(.8, ¢) = (3,5 —3,t — (d—2)). S0 3t' +25' + 7' < 3(d+1)+2(2d+1) = 7d+5 < 8d
for d > 3. As P, preserves parity and s 4+ t even, the ¢ = 8 constructions will work
provided ' # 1. But s > d + 4 forces s > d+ 1 > 4. When d = 3 we have

3-4+2-7=26 < 9d, hence all cases are covered.

Conclusion: When d is odd, we need all tableaux with ¢ < 8. The basic
reduction requires those tableaux to be disjoint from multiple copies of Sy, Us(d —
1,1) and V(d). The further reductions also require the tableau to be disjoint from
Pi(d—1), Uy(d—1), Pi(d—1)VU(d—1), Py(d—2,1,1), and U;(d—1)V Py(d—2,1,1).

For d even we need all tableaux with ¢ < 6, along with those tableaux having

t<d-1,s < d+4,r < d+ 4 when ¢ = 7 or 8 These tableaux need to be
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disjoint from P;(d), U;(d), and V(d). These tableaux will be listed in Chapter 7. In

Chapter 8, we verify that all necessary tableaux have been produced.
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Chapter 7

Tableaux Construction

The proof of Theorem 2 in Chapter 6 requires the construction of non-zero maximal
tableaux with ¢ < 8 for the shapes discussed in Theorem 10. In this chapter we
construct all the necessary tableaux and show they are both non-zero and maximal.
Some basic properties of maximality are listed in Section 7.1 and are used throughout
our construction. We construct those tableaux with two rows in Section 7.2. In
Sections 7.3, 7.4, 7.5, and 7.6 we construction the necessary tableaux with ¢ = 3, 4,

5, and 6, respectively. Section 7.7 contains additional tableaux need when ¢ = 7 or 8.

7.1 Maximality of Tableaux

Maximality, as discussed in Lemma 3.4.9, is an important property of the tableaux
we construct to prove Theorem 2. Given certain conditions of a weight, it is easy to
verify that a tableau is in maximal form. We discuss maximality here in general, in
order to simplify the proof of maximal form for the specific tableaux we construct in
the next sections.

Recall that a tableau 7' is in maximal form if q,; # 0 by weight-set counting on
w(T) and w(T) is the largest weight of all w(7T) for 7 € Cp. All tableaux that we
consider in the next sections are shown to be non-zero by weight-set counting prior to
addressing the maximality issue. As such, we only consider the weight condition here.
To summarize the basic conditions of Definition 3.4.2, a tableau weight is maximal

if it has the largest weight possible for row three, and given this, the largest weight



72
possible for row two. When multiple weights satisfy this, the weight where rows two
and three have elements in common (e.g., the element 4 appears in both rows) is
considered larger.
In general, to determine the maximal form of a tableau, we start with a given
filling of T" and use column operations to produce tableaux 771 with larger weights.
The following procedure provides an overview of how to determine the maximality of

a filling.

e First maximize the weight of row three. This usually involves having a weight
of d for as many elements as possible. (This is discussed more extensively
in Lemma 7.1.2.) There may be multiple different fillings having the same
maximum weight for row three. All such fillings should be considered for the

next step.

e Now maximize the weight of row two, given the filling(s) of row three determined
previously. To do this, determine the largest possible row two weight of each
element, provided those elements assigned to row three are not used. For a
given element this is equivalent to the number of copies in the body of T" minus
the number of copies used in row three. Fill row two with the element having
the largest weight, then repeat the procedure with the remaining elements and
positions. (This is summarized for weights in Lemma 7.1.4.) There may be

multiple such fillings having the largest weight.

e If there are multiple fillings after step two that have different generic weights,
choose the filling in which an element in row three has the largest weight in row
two. (The weight of their common elements is maximized.) There may not be
a unique such filling, but all such maximal fillings will have the same generic

weight. As such these fillings will differ on by an action of S,.
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Example 7.1.1. Consider

Z+X Z 7 A

3 323 .
ToQi= 3220 ) = ()

1 112

where 7 = %, A < 7, and some conditions on Z, A, and x to insure q; is non-zero.

First we want to maximize row three. Since this occurs when the non-zero weights
of row three are d and A, we check to see which elements can have weight d in row
three. Here, the only option is the element 1. Since any of the remaining elements
can have a weight of A, we leave that column unfilled for now. Thus the maximal
(third row) form for T"is 111x.

To determine the maximal second row form, we consider how many of each element
is available given the third row is partially determined. There are zero 1’s available,
27+A 2’s available, and 2z+A+x 3’s and 4’s available. Hence we can maximally fill
the second row with either 3’s or 4’s. Since the tableau is symmetric in 3’s and 4’s,

we will use 4’s without loss of generality. Thus we get a maximal (second and third
4*44

111%*°

This form gives rise to two different generic weights depending on whether the x’s

row) form of

are the same. These generic weights are (2 “ d_g“ 8) and (2 0 d_éﬂ g) The first one,

corresponding to the same element for both #’s, is larger. Hence a maximal (second

. . 44 . . .

and third row) form is 12° Note that this filling is not unique. We could have
4344 4 2 . . .

used 3 , 3433 , Or 3233 instead. All would be in maximal form.
1113 1114 1112

Some fillings can be seen as maximal strictly by examining the weight of the

tableau.

Lemma 7.1.2. If a row has at most one weight not equal to 0 or d, then its row

weight is maximal.

This follows directly from the ordering on weights and the limit of d copies of an
element in a tableau. If we call the weight not equal to 0 or d the non-d weight for

the row, we get the following result on tableau maximality.
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Lemma 7.1.3. A tableau is maximal if rows two and three satisfy Lemma 7.1.2
and either their non-d weights come from the same element or the sum of the non-d

weights is greater than d.

Proof. Given a tableau satisfying Lemma 7.1.2 for rows two and three, its maximal
generic weight must be either (§249) or (994d2) with the appropriate number of
0 and d weights. By our ordering, the first weight is strictly larger than the second
weight. Hence when the non-d weights come from the same element the tableau is
maximal. If A+ B is greater than d, the first weight is not possible and so the second

one is maximal. O

This lemma is directly applicable to the tableau weights. A more generalized form
of this, depending on the actual filling, is also useful. The following lemma reflects

the technique used in Example 7.1.1.

Lemma 7.1.4. A row is maximal if all except one non-zero weight corresponds to

the largest weights possible for any elements.

This lemma is a generalization of Lemma 7.1.2, where the maximum weight for

each element is no longer d. Using this in Lemma 7.1.3 gives:

Lemma 7.1.5. A tableau is maximal if row three satisfies Lemma 7.1.2, row two
satisfies Lemma 7.1.4, and the non-d weight of row three has the largest possible

weight in row two of all such weights satisfying Lemma 7.1.4.

Example 7.1.1 represents an appropriate use of Lemma 7.1.5. The weight of
row three is (d, A,0,0), clearly satisfying Lemma 7.1.2. The weight of row two is
(0,2,0,d—Z+ A+x). That satisfies Lemma 7.1.4, since we checked that d —z+ A +x
was the largest weight possible. Finally, w3(2) = A is the non-d weight of row three.
Since wy(2) = 7 is larger than wy(2) = 0, the weight is maximal by Lemma 7.1.5.

In general, for the application of Lemma 7.1.5 it is to check that Lemma 7.1.2
and Lemma 7.1.4 apply and then to show that the non-d weight cannot be assigned a

larger row two weight without changing the generic weight of row two. In particular
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the non-d weight conditions of Lemma 7.1.5 are satisfied if all extra (non-third row)
copies an element in row three are contained in row two. We will refer to these lemmas

for maximality justification of the tableaux constructed in the next section.

7.2 Tableaux for Two Row Partitions

In this section we construct all the two row tableaux needed for the proof of The-
orem 2. For many of these constructions, the parity of d is relevant. Recall the

notation:
d if d is even
d =
d—1 ifdisodd
Since we are constructing tableaux for many partitions, we will not use a fixed c.

However, for every element that is listed in the tableau, we assume it occurs d times,

filling out the tail as needed using only those numbers in the body of T'.

Tableau U;

Ad—Ad—A A
A even

Uy=1 1 2 ~ 1
2 2 A<d

wo(Uy) = (0, A)
A =[2d — A, A]

r=2d—2A, s=A,1t=0

We showed U; non-zero in the proof of Theorem 1.

Maximality: This tableau is maximal by Lemma 7.1.4.
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Tableau Us
AABB A+B<d
Uy= 1313
24 49 A,B>0

wy = (0,A+B,0,A + B)
A = [4d — 2A — 2B, 2A + 2B]|

r=4d —4A — 4B, s = 2A + 2B, t = 0

We showed U, non-zero in the proof of Theorem 1.

Maximality: This tableau is maximal by Lemma 7.1.4.

Tableau Us
A even
ABB A+B<d
Us= 112
233 0<2B<d
B> A
wy = (0, A, 2B)

A =[3d — A —2B,A + 28|

r=3d—2A—4B,s=A+2B,t=0

If B> A, any valid weight assignment must have wy(3) = 2B. Hence (1,2, 3) with
sign 1 and (2, 1, 3) with sign (—1)* are the only possible weight assignments. Thus Us
is non-zero. If A = B, we may also have weight assignments: (1,3, 2) with sign (—1)";
(2,1,3) with sign (—1)**"; (3,1,2) with sign (—1)**; and (3,2,1) with sign (—1)*T2.
Since A = B and A is even, these are all positive. Hence Us is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.4 since 2B > A + B.
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Tableau Uy

Uy= 23 A>B>0

WQ:<A+B,O70)
A=[3d—A—B,A+ B

r=3d—2A—2B,s=A+B,t=0

Since only the element 1 can have wy = A + B, there is exactly one valid weight
assignment, (1,2,3). Thus Uy is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.4.

Tableau Us
AB—2A—1B A2
Us=1 1 4 4 B >3
2 3 32 A+B<d

wy = (0,A+B,A+B—3,0)
A= [4d —2A — 2B+ 3,2A + 2B — 3]

r=4d —4A —4B+6,s=2A+2B—3,t =0

Only the element 2 may have wq(2)=A+B. Since A > 2 and B > 3, we must have
wa(3) = A+ B — 3. Hence (1,2,3,4) is the only valid weight assignment, so Us is
non-Zero.

Maximality: This tableau is maximal by Lemma 7.1.4 since A+B is the largest

weight possible.
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Tableau Usg
A=d—2
ABC D B:% d=1 (mod 2)
Us= 13555313135 i3
24424552 c=5" d>5
D — 45

Only the elements 2 and 4 may have wy = d. If wy(5) = 0, then wy(1 and 3) > 0.
Hence (1,2,3,4,5) is the only valid weight assignment and so Ug is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.2.

Tableau U,

2 23 2
Ur= 435534234 d=5
111223

wy = (5,4,2,0,0)

A= [14,11]

The valid weight assignments are (5,4,2,0,0,0), (5,4,0,2,0), (2,0,4,0,5),
(0,0,2,4,5), and (0,0,4,2,5). Since there are an odd number of weight assignments,
this tableau is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.4.

Tableau Ug

43333122444
ng d:4
11122



79

Then only valid weight assignments are (1,2,3,4), with sign 1, (1,3,2,4), with
sign (—1)%, and (3,1,2,4) with sign (—1)3. Hence the weight sum is 1 and Uy is
non-zero.

Maximality: This tableau is not maximal since wy = (0,0,4,1) is larger. How-
ever, in qr, the weight (0,0,4,1) always cancels. This tableau cannot be put in
maximal form, hence we will need to prove directly that it is disjoint from the requi-

site tableaux. This will be done in Section &.7.
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7.3 Tableaux for ¢ =3

We know by Theorem 9 which tableaux are non-zero for ¢ = 3. However, using
Theorem 8 on tableaux requires the tableaux to be non-zero by weight-set counting
on w(T"). We also want the tableaux to be maximal, in order to obtain the disjointness
of Lemma 3.4.9. Here we will list the tableaux used, briefly showing they are non-zero
and maximal. For all these tableaux, any valid weight assignment corresponds to a
unique tableau, so we will not explicitly state how many tableaux correspond to each

weight assignment.

Tableau P,

A= [3d — 2A, A, A

r=3d—3A,s=0,t=A

P, is non-zero by the Lemma 3.2.6.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau P,
AB
11 A+B<d
PQZ
22 A, B even
3

waz = (96" %)

A =[3d —2A — B, A+B, A

r=3d—3A—2B,s=B,t=A
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Only the elements 1 and 2 may have wys = A+B. Hence the valid weight assign-

ments are: (1,2,3) with sign 1; (3,2, 1) with sign (—1)*; (2,1, 3) with sign (—1)*"*;

I

and (3,1, 2) with sign (—1)®. Since A and B are even, this weight sum is 4 and q,, # 0.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau P

A B+1BC
2 2 2

P, = 3
1 1 13
3

w273 — (8 A+20B+1 S)

0<a<d
2B+1<d—A
0<c<«<B

A + C even

A=[3d—2A—-2B—C—1,A+ 2B+ C+1,A]

r=3d—3A—4B—2C—2,s=2B+C+1,t=A

Only the element 1 may have wy = A+2B+ 1. Hence the valid weight assignments

are (1,2, 3) with sign 1 and (1, 3, 2) with sign (—1)*"°. Since A+ C is even, this weight

sum is positive and hence Pj is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau P,

ABBC
2232
p= %3
1113
3
w2’3:(8A—BQBCAJ)

0<A<d
2B<d—A
0<c<B

A + C even

A=[3d—2A—2B—C,A+ 2B+ C,A]

r=3d—3A—4B—2C,s=2B+C,t=A
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Unless ¢ = B, the only valid weight assignments are (1,2,3) with sign 1 and
(1,3,2) with sign (—1)**°® = 1. If B = C the tableau is symmetric in 1, 2, and
3. Hence we also get the weight assignments: (2,1,3) with sign (—1)*"5+¢ = 1;
(2,3,1) with sign (—1)* = 1; (3,2, 1) with sign (—1)*™ = 1; and (3, 1, 2) with sign
(—1)* = 1. Thus the weight sum is always positive and P; is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.
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7.4 Tableaux for ¢ =14

Tableau ()4
0<A<zZ
C+ D even, if D =B+ x
Z+X 7 Z ABCD B+x>D
0 3 323323 D+ B+ xeven, if D=C
= >
T4 244440 ¢=D L _ dx
1 112 B+C<7zZ—A 3
d=x (mod 3)
Z + A + D even
w273 — (2 Z—II;D 8 2Z+x+éA+B+C)

A=[2d—2A—-B—C—D,d+A+B+C+D,d+ A

r=d—3A—2B—2C—2D,s=B+C+D,t=d+A

Since A < 7z, any valid weight assignment must have w3(1) = d. We must have
wa(4) =2Z+x+A+B+Cunless D= Cor D =B+x. If D= ¢, then we may also have
wa(3) = 2Z+x+A+B+C. If D = B+x, then we may also have wy(2) = 22+x+A+B+-C.
Given these restrictions, we list the valid weight assignments in the table below, along
with the sign corresponding to that assignment. Note that there is a unique tableau

associated to each of these assignments.

Assignment | Sign Condition
(1,2,3,4) |1
(1,3,2,4) | (=1)z+a+o
(1,2,4,3) | (=1)zrxtatnictn D=
(1,4,2,3) | (=1)2ztxts+o D=
(1,3,4,2) | (=1)2xtnto D =B+ x
(1,4,3,2) | (—1)=tatc D =B+X

Given the parity conditions on the parameters, the sign of these terms reduces to
1 in all cases. Hence the weight sum is positive and ()1 is non-zero.
Maximality: Because ¢ > D and B + x > D, the weight 22 +x+ A+ B + C

of 4 in row two is the largest possible weight given the Maximality of row three by
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Lemma 7.1.2. Hence this tableau is maximal by Lemma 7.1.5.

Tableau Q)
Z+XZ 7 A Z:%
3 323 0<Aa<Lz
Q2 = d=x (mod 3)
4 244 Z + A even
1 112 x €40,2,4}

o= (42545)
A=[2d —2A,d+ A, d + A]

r=d—3A,s=0,t=d+ A

For A < 7 any valid weight assignment must ws(1) = d. The tableau is symmetric

in 3 and 4, as well as 2 if x = 0. This gives the following signed weight table:

Assignment | Sign Condition
(1,2,3,4) |1
(1,3,2,4) | (=1)**
(1,2,4,3) | (=1)370x
(1,4,2,3) | (—1)%
(1,3,4,2) (—1)2Z x=10
(1,4,3,2) | (—=1)* x=0

Since x is even, all the terms are positive and ()5 is non-zero. If z = A the tableau is
symmetric in 1, 3, and 4, as well as 2 if x = 0. We get all the weight assignments listed
above, in addition to those obtained by interchanging rows or allowing ws 3(1) = (7).
Interchanging rows has sign (—1)4% = 1 since x is even. The other possibility changes

the sign by (—1)*™ = 1. Hence all the terms are positive and @5 is non-zero.

Maximality: This tableau is maximal as shown in Example 7.1.1.
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Tableau Q3

O0<Aa<d—-B

A BB
144 2B <d
@= 54,
A>B
3

A even

wa3 = (56" o)

A= [4d — 2A — 2B, A + 2B, A]

r=4d —3A —4B, s =2B,t = A

Since A > B only the elements 2 and 3 may have wy, = A+ B. Hence the only valid
weight assignments are (1,2,3,4) with sign 1 and (1,3,2,4) with sign (—=1)* = 1.
Thus all the valid weight assignments are positive and therefore ()3 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Q4

2A+B+C=d

AABCCD A+Cc+D<d
341313

Qr=222244 A,B,C,D >0
11 B + D even

Aeven,if A+ C+D=d
w23 = (5 60 %")
A=[3d —2A —C—D,d+ C+ D, 24|

r=2d—2A—2C—2D, s =B+ 2C+ D, t =2A

Any weight assignment must have either ws(1) = 2A or ws(2) = 2A. Unless
A+ C+ D =d, only the elements 1 and 2 may have wy = d. This gives the following

weight table:
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Assignment | Sign Condition
(1,2,3,4) |1
(2,1,4,3) | (=1)%*P
(2,3,4,1) | (=) | A+c+D=d
(1,4,3,2) | (—=1)* A+C+D=d

By our parity constraints, the weight sum is always positive. Hence ()4 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Qs
A+B+C+D=d
If A+B+F = d then:
ABCDEF A,B,E7F>O
433431 either ¢,D > 0
Qs = A+B+F<d
222244 orD=0and d+ C+ E even
11 B+C+E<d
or C =0 and d+ D even
A+D+E+F<d
W23 = (A-?—ngEgF)

A=[3d—-—A—-—B—E—F,d+E+F,A+B|

r=2d—A—B—2E—2F, s=C+D+E+F,t=A+B

Unless A + B + F = d, we must have wy(2) = d. Then since E, F > 0 we have
wo(4) = E+F. As A,B > 0, we have w3(1) = A + B. Therefore no other valid weight
assignments exist.

If A4+ B+ F = d, then it is possible to have wy(1) = d. However, unless C or D
equals zero, there is no element with ws = E 4+ F. Hence no such weight assignment
can exist. If D = 0 we can have the weight assignment (2,1,4,3) which has sign
(—1)4t*® = 1. If ¢ = 0 then we can have the weight assignment (2, 1, 3,4) which has

d+P — 1. Thus, in either case, the weight sum is positive and @5 is non-zero.

sign (—1)
Maximality: Rows two and three are maximal by Lemma 7.1.2. As no other
fillings may have this row two weight and common elements between rows two and

three, the tableau is maximal.
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Tableau Qg
A>0
ABC A+B<d-1
14114
= >
%= 55303 B=¢
3 A even, if B=C

B, C not both 0

CU273 — (8 A+8+1 Ci—l 8)

A=[4d—2A—B—C—2A+B+C+2,4A]

r=4d —3A—2B—2C—4,s=B+C+2,t=A

Unless B = ¢, we must have wy(2) = A + B + 1. This force wy3(3) = (¢f!) and
hence there are no other valid weight assignments.

When ¢=B then the elements 1, 2, or 3 may have wy = A+B+1. If wy(2) = A+B+1
then only the element 3 may have wo3 = (¢f1). If wa(1l) = A+ B + 1, then a valid
weight assignment exists only for B = 0. In this case ws(3) = ¢+1. If we(3) = A+B+1
then we may have wy(2) = ¢+ 1 or, if ¢ = 0, we(1) = ¢+ 1. Since these conditions
are subject to B = C and B and C are never simultaneously zero, the only valid weight
assignments are (1,2, 3,4) with sign 1 and (1, 3,2,4) with sign (—1)* = 1. Hence the
weight sum is positive and ()¢ is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Q7
A+B=d—2
AB C 2
Q——344414 A+Cc<d-2
T 223332 B+cC<d-—3
111 B
A,B>0
CU273 = (dgl g 032 8)

A=[2d—c—1,d+C+2,d—1]
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r=d—-2c—-3,s=C+3,t=d—1

Any valid weight assignment must have w3(1) = d — 1. Therefore wy(1) = 0, so we
must have wy(3) > 0. Unless B = C only the element 2 may have ws = d, so the only
valid weight assignment is (1,2,3,4) with sign 1. When B = ¢, we may also have
(1,3,2,4) with sign (—1)* and (1, 3,4,2) with sign (—1)****2. Since this sum is odd,
we must have ()7 non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.
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7.5 Tableaux for c =5

Tableau R;

R1:

Wa3 = (

XZ7Z7AB

524555

333443
111122

0 0 2Z+x+B zZ+A 0)
0 0 0

0<Aa<B<Z

d+ A+ Zeven, if B=12

A=[3d—2A—-2B,d+ A+B,d+ A+ B]

r=2d—3A—-3B,s=0,t=d+A+B

Z
d=x (mod 3)

d even, if A=B,x=0

First consider the valid weight assignments with A < z. If B < z then we must

have ws(1) = d; if B = Z we may have ws(3) = d as well. If we have ws(1) = d, then

w3(2 or 5) = A+ B because A, B > 0. Since B > A only the elements 1 and 3 may have

wy = 2Z 4+ x+ B unless A = B and x = 0. In that case, the element 4 may also have

this weight. If wo(3) = 2z + x + B, then wo(5 or 4) = z+ A. If wy(4) = 2z + B, then

wo(2 or 3) = z+ A. These constraints give the following table of weight assignments:

Assignment | Sign Condition
(1,2,3,4,5) | 1

(1,5,3,4,2) | (—1)~t®

(1,2,3,5,4) | (—=1)%*

(1,2,4,3,5) | (=1)* A=B,x=0
(1,5,4,3,2) | (=1)*+* | A=B,x =0
(1,5,4,2,3) | (=1)*™ | A=B,x=0
(3,4,1,2,5) | (—1)dtz+a B=12
(3,5,1,2,4) | (—=1)4 B=12
(3,4,1,5,2) | (=1)4 B =7

For B < z and A # B + x, we get a weight sum of 1+ (—1)**® 4 (—1)*** which is

non-zero. When A = B, x = 0, we get a weight sum of 14+1+(—1)*+(—1)*+(—1)*+
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(—1)*. This is non-zero by the parity constraints which imply z even. Similarly, if
A < B = 7, then the weight sum is 14 (—1)**2 4 (—1)274 + (= 1) 2F4 - (—=1)2+ (—1),
which is also non-zero by the parity constraints.

When A = B = 7z the tableau has many symmetries. Since the weight of rows two
and three are the same, interchanging rows yields a new weight assignment with a
difference in sign of (—1)+® = 1. Hence we will not count those weight assignments
which are inversions of rows two and three. First consider the possible element pairs
(x,y) that can have ws(z,y) = (d,2z). These are (1,2), (1,5), (3,4), (3,5), (5,3), and
(5,1), along with (2, 1), (2,4), (4,3), (4,2) when x = 0. Two of these pairs make up a
weight assignment (not counting row inversion). If x # 0 the possible pair assignments
are: (1,2)(3,4); (1,2)(3,5); (1,2)(5,3); (1,5)(3,4); and (3,4)(5,1). Since there is an
odd number, this weight sum in non-zero. If x = 0, the condition d even, implies Z is
even. Hence all the column blocks are even. Since any valid weight assignment moves
full column blocks, all weight assignments are positive and thus R; is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Rs
0<a<z—-c
X+ZZ7Z ABCC Z:%
R 2 445442 0<B<LzZ-C i s
7 3533535 0<c =x (mod 3)
1 1122 d even, if B= A + x
B<A

w _ (0 0 2z4+A+Cc+x 0 Z+B+c)
2,3 — \dB+a 0 0 0

A=[3d—2A—-2B—2C,d+A+B+2C,d+ A+ B

r=2d—3A—3B—4C,s=2C,t=d+A+B

A valid weight assignment must have w3(1) = d since ¢ > 0. Then we must have
w3(2 or5) = A+ B, or if B = 0, then wy(3) = A is also possible. There are not

enough 2’s to have wy(2) = 2z + A + ¢ + x. If we have wy(3) = 22 + A + C + x, then
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wa(5) =7+ B+ C. If we have wy(4) = 22 + A 4+ C + X, then wy(2) = Zz+ B+ ¢, and
B = A, x = 0. There are not enough 5’s to have wy(5) = 2z + A + C + x.

Hence there are two possible weight assignments: (1,2,3,4,5) with sign 1 and
(1,5,4,3,2) with sign (—1)¢, which occurs only when B = A, x = 0. By our par-
ity constraint, this sum is positive. If B = 0, we also have the weight assignment
(1,3,4,5,2) when A = B, x = 0. The weight sum is odd and hence the tableau is
non-zero.

Maximality: The tableau is maximal by Lemma 7.1.5. To see this, note that
when row three has the maximum weight d, the largest possible weights for row two
are: 0 for the element 1, Z + x + A + B + C for the element 2, 2Z + x + A + C for
the element 3, 2z + B + C for the element 4, Z + A + B 4 C for the element 5. Since
Z — C > A > B, the weight 2Z 4+ x + A + C is the largest. Given this, Lemma 7.1.4
shows that row two is maximal. Moreover rows two and three cannot have elements
in common, given the columns remaining after the largest weight elements have been

assigned. Hence the tableau is maximal.

Tableau Rj
7Z+X 7 7Z B A
po_ 5 2545252 D hen<g1 7z = 4
T 3 3434344 SASBS d=x (mod3)
1 1122
0 0 2z+x 1 20
W23 = (dA+B o (J)FBJr Z+8+ 0)

A=[3d—-2A—-2B—3,d+A+B+3,d+ A+ B]

r=2d—3A—-3B—-6,s=3,t=d+ A+ B,

We must have ws(1) = d. Since A < B, only the element 3 may have wy =
22 +x+ B+ 1. Then wy(4) = Z + A + 2. Hence there are no other valid weight
assignments. Thus R3 is non-zero.

Maximality: Row two is maximal by Lemma 7.1.2 and row three is maximal

by Lemma 7.1.4. Inspection shows that it is not possible to have the non-d weights
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assigned to the same element. Hence the tableau is maximal by Lemma 7.1.5.

Tableau R4

XZ—1724+1Z272—AZ—AA—1BA+1C

2 2 5 5 4 5 5 2 2 5
3 4 4 3 3 3 3 4 3 4
1 1 11 2 2

Ry =

_ (0 0 d 2z+B+C 0
w273_(d22—2A0 0 0)

d+ A+ Ceven, if A=B

1<A<z A+ B even, if ¢ = x
d—x
B =3
c<x d=x (mod 3)
zZ > 2

A=[3d—42—B—C+2A,d+2Z2+ B+ C,d+ 2Z — 24A]

r=2d—06Z+2A—2B—2C, s=2A+B+C, t =d+ 27— 24,

By construction, only the element 1 may have w3(1) = d. This means any valid

weight assignment must have w3(2 or 3) = 2z — 2A (unless A = 7 in which case the

weight assignments are equivalent to those using 2 or 3). Furthermore, the elements

appearing in row two must either be both 3 and 4 or both 2 and 5. Now we apply

weight-set counting.

Assignment | Sign
(1,2,3,4,5) | 1
(1,2,4,3,5) | (—1)*=*
(1,3,2,5,4) | (—=1)dtBtc
(1,3,5,2,4) | (—1)ctasnte

Condition
B=A, C=x
B=A
C=X

By our parity constraints, all these terms are positive. Hence R, is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Inspection

shows that it is not possible to have the non-d weights assigned to the same element.

Hence the tableau is maximal.
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Tableau Rs

Y+W—-AY—-—AAABYYW

R 4 5 145545 A even, if A =B Y:%
5:
3 2 321322 0<B<AKY ¥ +W=d
1 1

waz = (420 6800)
A =[2d — B+ 2A,2d + B,d — 24|

r=2A—2B,s=d+2A+B,t=d—2A

Since Y — A > 0, any weight assignment must have w3(1) = d — 2A. If wy(3) = d,
then wy(2) = d and vice versa. Similarly for the elements 4 and 5, however we may
only have wq(5) = d if A = B. So unless A = B there is only one valid weight
assighment. When A = B, we also have (1,4,5,3,2) which has sign (—1)2¢**. Since
A is even in this case, the sum is non-zero. Therefore Rj5 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rg
XZZZZ—AZ—A—1ABA+1C 1<A<z-2 Z:%
2255 4 ) 52 2 5254
Re = < =
6= s443 3 3 354 3 4 0<B<A d=x (mod 3)
1111 2 2 c<x zZ>3
_ (0 0 d2 0
W23 = (d 2r-2am10 00 0)

A=[3d—4z2—B+2A+1,d+22+B+x,d+22—2A — 1]

r=2d—6Z+2A—2B—2C+1,s=2A+B+C+1,t=d+22—2A—1

Only the element 1 can have ws=d and then any weight assignment must have
wa(3) = d. This forces wy(4) = 224+A + 1 +x. Hence w3(4)=0 which implies w3(2)> 0.
Thus there are no other valid weight-assignments and Rg is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Inspection



94
shows that it is non possible to have the non-d weights assigned to the same element.

Hence the tableau is maximal.

Tableau Ry
1<A<yY
Y-AY—-AA+LlAA-TYYH]
p_ 4 5 1.4 5 45 145 y =43
! 3 2 32 1 3 2 d odd
11
d>>5

W23 = (d—Af—le(C)lggg)
A=[2d+A+2,2d+A—1,d—2a—1]

r=3,s=d+3A,t=d—2A—-1

As Y — A > 0, any weight assignment must have w3(1) = d — 1 — 2A . Moreover,
only the elements 2 and 3 can have wy, = d. Hence there are no other valid weight
assignments, so [; is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rg
1<aAa<y—-2
Y-A—-1Y—-AA+1lAA-1YY
Ao 4 5 1 4 5 45145 Y =9
® 3 2 3 2 1 32 d even
1 1
d>6

W3 = (d—Af—12A g g 8 8)

A=[2d+A+2,2d+A—-1,d—2A—1]

r=3,s=d+3A,t=d—2A—-1

Since A < Y — 1, any weight assignment must have w3(1)=d — 1 — 2A. Moreover,



95
the only elements 2 and 3 can both have ws= d. Therefore there are no other valid
weight assignments, so Rg is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rq
0<A<Kz
XZ7ZZZABCDE B+C,B+D<Z—A Z:%
3443243444
Ry = — =
9 99555929935 C+D+E<Z—A+X d=x (mod 3)
111133 0<E<x x % 0
0<D<xXx+B
W2,3 = <2Z+A+3+C+X Z£A83ZJE)

A=[3d—-2A—-B—C—D—-—E—22,d+Z+A+B+C+D+E,d+7Z+ A]

r=2d—3A—2B—2C—2D—2E—3%2,s=B+C+D+E, t=d+2Z+A

Any valid weight assignment must have w3(1) = d. Only the elements 1 and
5 may have wy = 3z + E. If wy(5) = 3z + E, then only the element 2 may have
wy =X+ Z+ A+ B+ C due to the condition D < B + x.

Examining the tableau in light of these constraints shows that (1,2,3,4,5) is the
only valid weight assignment. Thus the tableau is non-zero.

Maximality: As the discussion above shows, the tableau weights are as large as

possible. Hence by Lemma 7.1.5, this tableau is maximal.
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Tableau Rjg

D> C
1<aA<z
Z+B>C+D
B < |3]
X727777Z—ABCDETFX Z—A+B+F>C+E
o 3443 3 243434 C,E< 7]
7 2955 5 532255 b < 2]+ [2] ZEE=DHE
— 12 2 d—x
1111 2 = &
F<[g]
d=x (mod 3)
C even
zZ> 2
w273 — (gx—i-ét]z-i-k:gg?,z A+OB+F+X)

A=[3d—-224+2A—B—C—D—E—F—Xd+Z—A+B+C+D+E+F+x,d+7Z— A

r=d+3A—2B—2C—2D—2E—2F — X, S=B+C+D+E+F+x,t=d+7Z—A

Any valid weight assignment must have w3(1) = d. Given the bounding parame-
ters, only the element 5 can have wy = 2z + A + B + F + x. When wy(5) is maximal,
only the element 2 may have wy = x+ Z+ D + E.

From this we find that the valid weight assignments are (1,2, 3,4,5) with sign 1,
and (1,2,4,3,5) with sign (—1)° = 1.

Maximality: The discussion above shows that the row two weights are maxi-

mized. Hence by Lemma 7.1.5; this tableau is maximal.

Tableau Ri;

0<A,B
ABCDEF E+F<d—A—-B-1
Rpo_ 353515315 c<d—A—-2
"7 494221424 b<d.-p_g_1 °TP7F
11 B A+C>E+F
0<F<E

( F  B+D+E+1 A+8+2 0 0)

W23 = \ats 0 00
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A=[5d—2A—-2B—C—D—E—F—3,A+B+C+D+E+F+3 A+B|

r=5—3A—3B—2C—2D—2E—2F—06,s=C+D+E+F+3,t=A+B

Any valid weight assignment must have w3(1) = A + B and hence wy(1) = F. This
implies wo(2) > 0. But to have exactly three non-zero weights in row two, we then
must have wy(4) > 0. Hence no other weight assignments are possible and hence the
tableau is non-zero.

Maximality: The possible row two weights, given the maximization of row three,
are E + F + 1 for the element 1, B+ D + E + 1 for the element 2, A + ¢ 4 1 for the
element 3, A 4+ C+ 2 for the element 4, and B+ D+ F + 1 for the element 5. Given the
conditions on these parameters we see that the weights for 2 and 4 are the largest.

Hence by Lemma 7.1.5, this tableau is maximal.

Tableau Ris

Y—-1+WYYYAW
1 54155 0<Aa<d-—-vY-1 y=2

1
3 3 322472 Y even, if Y = A 2y +w=d
4

woz=(08840)
A=[3d—A—1,2d+A,1]

r=d—2A—1,s=2d+A—-1,t=1

Any valid weight assignment must have two of the elements 1, 3, and 4 having
non-zero weight in row two. Hence at least one of them must have wys = d. Moreover,
we can not have a row two weight of d for both of these elements. If wy(1) = d
we may not have wq(2) = d, so the only option is ws(5) = d when A = v. This
corresponds to a weight assignment of (3,1,5,4,2) with sign (—1)??** which equals
1 due to the parity constraint. If wy(3) = d we may not have wy(5) = d, so the only
option is wy(2) = d. This corresponds to a weight assignment of (1,2,3,4,5) with



98
sign 1. When wy(4) = d, neither the element 2 nor the element 5 may have wy = d,
so there is no weight assignment with this option. Hence the weight sum is always
positive and thus Ry is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rq3

A+D+E<d D>C

ABCDE
R 13131 A+B<d A+E>B
13 —
24422 B+D<d If c =D then A+B+C+D+E even
55
A,B,C,D,E >0 If B=A+Ethen A+B+C+ D+ E even
W23 = (8A+8+E8B—50 A—?—B)

A=[d—2A—-2B—C—D—E,A+B+C+D+E,A+ B]

r=5l—3A—-3B—2C—2D—2E,, s=C+D+E, t=A+B

Since A,B > 0 any valid weight assignment must have ws(5) = A + B. We must
have ws(1 or 2) > 0. If wy(2) > 0, then wy(4) > 05 if wo(1) > 0, then wy(3) > 0.

This shows the only valid weight assignments are (1,2,3,4,5) and (2,1,4,3,5).
The second one only occurs when D = C or B = A + E. If that happens, the sign is
(—1)AEHETPHE — 1 Hence Ry3 is non-zero.

Maximality: The possible maximal weights for row two are: A 4+ ¢ + E for the
element 1; A+ D+ E for the element 2; B+ D for the element 3; B+ C for the element
4; and 0 for the element 5. By our parameter conditions, A + D + E is the largest.

Hence by Lemma 7.1.5 the tableau is maximal.

Tableau R4

d—32d—-4
1 4 1 5 151

R14: d25
2 2 2 3 344
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waz = (55%°50)
A= [3d,2d — 1,1]

r=d+1,s=2d—2t=1

For d > 5, any valid weight assignment must have wy(2) = d. This forces wy(3) =
d—3 and wy(4) = 2. Hence there are no other valid weight assignments. When d = 5,
we may have wy(1) = d or wy(1) = d—3 as well. Then the possible weight assignments
are (1,2,3,4,5), (3,2,1,5,4,), and (3,1,2,5,4). Since there is an odd number, this
sum is non-zero and thus so is Ry4.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Ry;

Z+X2Z17 7 = dx
2 55222

R p— pu—

15 5 43433 d=x (mod 3)
1 11 Z2>2

_ (002z24x+22z+10
uJ2,3—(do 0 0 0)

A=[3d—3,d+3,d]
r=2d—6,s=3,t=d

Since only the element 1 may have w3 = d and only the element 3 may have
wy = 27 4+ x + 2, there are no other valid weight assignments. Hence the tableau is
Nnon-zero.

Maximality: Given the row three weight of d, the row two weights are as large

as possible. Thus by Lemma 7.1.5 this tableau is maximal.
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Tableau Rig

d—2 A
R o 1 55531 l<a<d-4
T 2 442402 q>5
3 3
_(0d O 20
W23 = (004—1 oy 0)

A=[3d—a—1,d+A+2d—1]

r=2d—2A—-3,s=A+3,t=d—1

Any valid weight assignment must have ws(3) = d — 1 and wy(2) = d. This forces

wo(4) = A+2. Hence there are no other valid weight assignments and R4 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rq7

XZ2ZZ Z—1AZB Z:%
22552 5 225254 0<A<z-2

R17: d=x (mod 3)
34433 3 434 B < x
11114 7> 2

_ (00d2z4+A+B 0
w213_(d00 1 0)

A=[3d—22z—A—-1,d+22+A+x,d+1]

r=2d—472—2A—-2B—1,s=2Z4+A+B—-1,t=d+1

Only the element 1 can have ws=d and then any weight assignment must have

wy(3) = d. This forces wy(4) = 22+A + 1 + x. Thus there are no other valid weight

assignments and R7 is non-zero.

Maximality: The tableau is maximal by Lemma 7.1.3.



Tableau Ris

Only the elements 1 and 3 may have a weight of d. Hence the only valid weight
assignments are (1,2,3,4,5) and (3,2,1,4,5), both of which have sign 1 since x is
even. Hence R;g is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau R

Any valid weight assignment must have w3(3) = d. Then wy(2) = d. Hence there

are no other weight assignments possible. Thus R;g is non-zero. Maximality: This
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was = (30607
A=1[3d—-2z,d+z,d+Z]

r=2d—3z,s=0,t=d+ 1z

d—2 d—3

X even

1 553 5 1
2 422 4 4
3 3

Ryg =

was = (5645 %")

A=[2d+2,2d—1,d— 1]

r=3,s=d,t=d-1

tableau is maximal by Lemma 7.1.3.
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7.6 Tableaux for c=6

Tableau S

X+ZX+ZZZAA

d—x
g _ 5 6 5656 0<A<zZ z=5
| =
4 3 3434 Z+x even, if A =0 d=x
1 2 1122
_ (0 0 2z+A+x 2z+A+x 00
W2,3—(dz+2A+x T X00)

A=[4d—22 —2x —4A,d+ Z+ 2A +x,d + Z + 2A + X]

r=2d—2x—6A, s=0,t=d+ 2A+7Z + x

The construction of S; means that any valid weight assignment with A > 0 must
have w;(j) > 0 if and only if w;(k) > 0 for the pairs (j, k) = (1,2), (3,4), or (5,6).
These constraints show that the only valid weight assignments are those that inter-

change complete rows in the body of S;. Since the length of these rows ¢t = 472+ 2x+2A

(mod 3)

is even, all valid weight assignments are positive and hence S; is non-zero.

When A = 0 we must have ws(1) = d and wy(3,4) > 0 or wq(5,6) > 0. Hence
the valid weight assignments are: (1,2,3,4,5,6) with sign 1; (1,6, 3,4, 5,2) with sign
(1,3,5,6,2,4) with sign (—1)5+3x.

(=17

Since 7 + x is even, these assignments are all positive. Hence the tableau is non-zero.

(1,2,5,6,3,4) with sign (—1)

47+42x. and

Maximality: By Lemma 7.1.5 this tableau is maximal.

Tableau Ss

d—1aA
4 222423
Sy =
5 151111
6 3363
_ 40 0 0d0
°"2,£’>—(A6r 0A+200d)

0<A<d—-4
A=d (mod 2)
d>4

A=[4d—2A—-6,d+A+4,d+A+2

r=3d—3A—10,s=2t=d+A+2
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Any valid weight assignment must have wq(1) = A + 4 since if wy(1) = 0 then
we must have wy(2,3) = (A + 4,d) which is not possible. If wy(1) = A + 4, then
wo(5) = d. Thus the only valid weight assignments are (1,2, 3,4,5,6) with sign 1 and
(1,3,2,6,5,4) with sign (—1)*+2. Since A = d (mod 2) this sum is positive. Hence
Sy is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Since it is not
possible for the non-d element of row three to have a row two weight of A 4 2, the

tableau is maximal.

Tableau S3
d—4A22
g _ 5 11355511 0<A<d-5
’ 2 42442424 q>5
6 36633 B

_(0d 0 At500
w2:3_(00A+2 0 Od)

A=[4d—-2A—-T,d+A+5,d+ A+2]

r=3d—3A—-12,s=3,t=d+ A+ 2

Any valid weight assignment must have w3(6) = d and w3(3) = A+2 (or w3(5) = 2
if A =0). Then only the element 2 may have wy = d (or 4 if A = d —5). Moreover
if wy(2) = d, then wy(4) = A + 5. Hence the only valid weight assignments are
(1,2,3,4,5,6) with sign 1 and, when A = 0, (1,2,5,4, 3,6) with sign (—1)2. Therefore
the weight sum is positive and S3 is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Since the non-
d element of row two has weight A + 5 and there are only two copies of the element

3 available for row two, the tableau is maximal.
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Tableau S,
d—3A 2
g _ b 153511111 0<A<d-5
YT 2 424422344 q>5
6 36633 B

_(0d 1 a4500
u)2,3—(00A+2 0 Od)

A=[4d—-2A—-8,d+A+6,d+A+2

r=3d—3A—14,s=4,t=d+ A+ 2

Any valid weight assignment must have w3(6) = d. Now w3(6) = d implies ws3(3)

A+2and wo(3) = 1. Unless A = d— 5, we must have wy(2) = d and so wy(4) = A +5.
When A = d — 5 we may have wy(1) = d or wy(4) = d. However, if wy(1) = d, then
there is no element with wy = A + 5. If wy(4) = d, then wy(2) = A + 5. This shows
the only weight assignment is (1,2, 3,4,5,6). Hence Sy is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5 and the discussion above.

Tableau S5

0<aA,B,c<d-—e
x+7' x+7 7 7 7 7 ABcC

A even 7 ==
5 6 5656651
S: i — =
5 4 S 3434943 Cevenif A=8B e=x (mod 3)
1 2 1122 B even if A =C 3<e<d
B, C> A

__ (0Aet+tCet+tB OO
W2,3—(ee 0 0 oo)

A=1[6d—4e—A—B—C,2¢+ A+ B+ C,2¢

r=6d—6e—2A—2B—2C,s=A+B+C,t=2e
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The construction of S5 forces the following constraints on any valid weight assign-

ment.

e w3(l) >0 <= ws(2) >0.

e w3(3) >0 <= w3(4) > 0.

e w3(5) >0 < w3(6) > 0.

o If wy(j) = A, then w3(j) > 0.

o If wy(1) = A, then wy(5,6) >0 and A = C.
o If wy(2) = A, then wy(3,4) > 0.

o If wy(3) = A, then wy(5,6) > 0 and A = C.
o If wy(4) = A, then wy(1,2) > 0 and A = B.
o If wy(5) = A, then wy(1,2) > 0 and A = B.

o If wy(6) = A, then wy(3,4) > 0.

From this we can derive a signed weight table.

Assignment | Sign Condition
(1,2,3,4,5,6) | 1

(2,1,6,5,4,3) | (—1)2+ats+e | A = ¢
(3,4,1,2,5,6) | (—1)%+c A=B
(4,3,6,5,1,2) | (—1)letrts A=C
(5,6,3,4,1,2) | (—1)2+

(6,5,1,2,3,4) | (—1)tetsro A=B

Computing the weight sum we obtain 3+ 3(—1)* = 6 when A = B = C as A is always
even. For A = B # ¢, the sum is 2 + 2(—1)°. This is non-zero as C is even when
A = B. For A = C # B, we have 2 4 2(—1)®. This is non-zero as B even when A = C.

Finally if A # B, C the sum is 1 + (—1)* which is non-zero. Hence S5 is non-zero.
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Maximality: By Lemma 7.1.4, row three is maximal. Since B, C > A, row two

is maximal by Lemma 7.1.4. As the number of row three elements available for row

two is bounded by A, this is the largest weight and hence the tableau is maximal.

Tableau Sg

x+72' x+72' 7272 727 -1ABcC

g _ 3 4 433 4 234
5~ 5 6 565 6 651
1 2 112 2

_(c 0 e+Be+A—100
W273—(ee71 0 0 00)

0<A,B,c<d-—e 7 ==
A,B>C e=x (mod 3)
B>A—1 3<e<d

A=[6d—4—A—B—C+22e+A+B+C—1,2¢—1]

r=06d—6e—2A—2B—2C+3,s=A+B+C, t=2e—1

For any valid weight assignment we can have ws(j)

e only for j € {1,3,5}.

Moreover, w3(j) = e if and only if w3(j +1) = e — 1. If w3(j) = e then wy(j) = c. If

wa(1) = ¢, then wy(5,6) > 0. If we(3) = ¢, then wy(1,2) > 0 and B = ¢. If wy(5) = ¢,

then wo(1,2) > 0 and B = C.

This means (1,2, 3,4, 5, 6) is the only valid weight assignment when B # ¢. If B =

C, then we additionally have weight assignments (3,4,1,2,5,6) and (5,6,1,2,3,4).

In either case the weight sum is odd and hence non-zero. Thus Sg is non-zero.

Maximality: By Lemma 7.1.4 row three is maximal. Since A, B > C, row two

is maximal by Lemma 7.1.4. As the number of row three elements available for row

two is bounded by ¢, this is the largest weight and the tableau is maximal.

Tableau 57
ABCD E
14311135
S; =
22242246
33

_(0d O D+10E
W2,3—(00A+B 0 00)

A+B+C=d—-2
B+D<d-—2
A+D<d—2

A,B,D >0
0<E<d

E even
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A=[d—A—-B—D—E—1,d+D+E+1,A+B]

r=4d—A—-B—2D—2E—2,s=C+D+E+3,t=A+B

Any valid weight assignment must have wy(5 or 6) = E and ws(3) = A 4+ B. Since
A+ D < d— 2, we must have wy(2) = d. Then, as D > 0 we must have wy(4) =
D + 1. Hence the only valid weight assignments are (1,2,3,4,5,6) with sign 1 and
(1,2,3,4,6,5) with sign (—1)". Since is E is even, this weight sum is positive. Hence
S is non-zero.

Maximality: Inspection shows that rows two and three are maximal. Since D > 0

we cannot have any 3’s in a maximal row two. Thus S; is maximal by Lemma 7.1.5.

Tableau Sy

d—4 d—-2d—-4 2
66 6 3 2 1 23662

Sg = d>5
34 3 4 4 5 55151
11

waz = (309%°%060)

A=[3d—1,3d—1,2]

r=0,s=3d—3,t=2

Examining the tableau shows that we can only have ws(j, k) = (d, d) for (j,k) =
(2,3), (2,6) or (4,5). Also, we must have wy3(1 or 6) > 0, so ws(2,6) = (d,d) and
wy(1) = 2. This is possible only when d = 6. Hence the valid weight assignments are:
(1,2,3,4,5,6) with sign 1; (6,4,1,2,3,5) with sign (—1)??*; (1,4, 3,2,6,5) with sign
(—1)%"! when d = 6; and (6,2,1,4,5,3) with sign (—1)3 when d = 5. In all cases,
the weight sum is positive and hence Sy is non-zero.

Maximality: This tableau is not maximal since wy3 = (339514 40). However,
this weight is zero in q; . This tableau cannot be put in maximal form, hence we
will need to prove directly that it is disjoint from the requisite tableaux. This will be

done in Section 8.7.



Tableau Sy

ABCDEFG

151536636
242254542
33

_(0d 0 dELIGO
W2,3—(00A+Bo 0 0)
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A+C+D=d-1
B+F=d—-1
F+6<d—-1
A+B+E<d-—1
B+D+E+G<d-1
A, B>0

E,G>0or E=0 and G even

A=[4d—A—B—E—G,2d+E+ G,A + B]

r=2d—A—B—2E—2G,s=C+D+E+F+G+2,t=A+B

Any valid weight assignment must have wy(3) = A+ B because A, B > 0. Only the

elements 2 and 4 may simultaneously have wy = d. Then wy(5) = E + G unless E or

G is 0. If E = 0 we may also have wy(6) = G. Hence the weight assignments are are

(1,2,3,4,5,6) with sign 1 and, if E =0, (1,2, 3,4,6,5) with sign (—1)¢ = 1. Thus Sy

1S non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5 since G > 0.

Tableau Sig

2 A
155165 2<A<3
P 242243 d—4
33
was=(0035"3 00

r=9—2A,s=A+4+3,t=3

Any valid weight assignment must have w3(3) = 3. Other than 3, the only elements
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that can have wy = d is 2, or 4 if A = 3. Thus there are no other valid weight
assignments possible and the tableau is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Si;

1 5 6 1 6 5
Sll —
2 2 3 3 4 4
3
wrz = (§897%809)

A= [3d+1,3d — 2,1]
r=3,s=3d—-3,t=1

Any valid weight assignment must have two of the elements 1, 2, and 3 with
ws > 0. Since there are not enough 1’s in the body for this to happen, we must have
wa(2) = d and wy(3) = d — 2. This force wy(4) = d. Hence there are no other valid
weight assignments. Thus the tableau is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau S;s

0<a<d-3
AB C  0<B<d—2
g,_ 3311135
27 99492946 =
4 0<c<d
C even

__ (0A+30B+10cC
u)2,3—(0 00 1 00)

A=[6d—A—B—C—-5A+B+C+41]

r=6d—2A—-2B—2Cc—9,s=A+B+C+3,t=1

Any valid weight assignment must have wy(5 or 6) = ¢. We also must have
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wa(2) = A+ 3 since A > B. Then wy(4) = B+ 1 unless B = 0, in which case
wa(3) = 1 is possible. Hence the weight assignments are (1,2,3,4,5,6) with sign 1
and (1,2,3,4,6,5) with sign (—1)°. When B = 0 we also have (1,2,4,3,5,6) with
sign (—1)%, and (1,2,4,3,6,5) with sign (—1)“". Since C is even, this sum is positive.
Hence S, is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

7.7 Tableaux for c=7 and ¢ =8

For ¢ = 7 and 8, nearly all the required tableaux can be obtained by joining those
tableaux already constructed. This is demonstrated in Chapter 8. However, we do

need to construct one additional tableau, which is listed below.

Tableau W;

XXZZ2727277777A
78678837873 1=
45456456456 gy (mod3)
1211122233

A= [4d — 47 — A, 2d + 27 + A, 2d + 27]

r=2d—6Z—2A, s=A,1=2d+ 22

Only the triples (1,2,3) and (4,5,6) may have w; = (d,d,2z) or larger.
Hence the only valid weight assignments are (1,2,3,4,5,6,7,8) with sign 1, and
(4,5,6,1,2,3,7,8) with sign (—1)2?*%%2 Since A is even, the weight sum in pos-
itive. Hence W is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.
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Chapter 8

Tableau Sufficiency

Our proof of Theorem 2 in Chapter 6 presupposed we had constructed all tableaux
with ¢ < 8 for the shapes of Theorem 10. In Chapter 7 we constructed many non-zero
tableaux. In this chapter we will demonstrate that all the necessary tableaux have
been constructed. Specifically we need all shapes in Theorem 10, that is all partitions
[r+ s+t s+tt] of n, with r;s # 1, such that if r or s is in {0,2,4} then s+ ¢ is
even. Recall that those required shapes with r or s less than 5 are called exceptional

cases.

8.1 Sufficiency when ¢ =3

The tableaux we will use for ¢ = 3 are the P, described in Section 7.3. These
tableaux are all maximal and non-zero by weight-set counting. We will show that
every necessary partition of n = 3d has a corresponding P;.

First consider the exceptional r cases. These are tableaux having s + ¢ even with
r € {0,2,4}, or r = 3 with no constraints on s and ¢. Since our shape is a partition
of 3d, we have the condition 3t + 2s + r = 3d. Hence for a given r, we need only to

verify that all the appropriate s in the range 0 < s < 3d2’ L with s # 1 are obtained.

This condition shows s = r (mod 3).
Table 8.1 below lists the tableaux we are using for these cases. The column
‘Parameters’ indicates the restrictions on the tableaux arising from their construction

in Section 7.3. The column ‘s, ¢ values’ indicates their values in terms of the tableau
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parameters, while the ‘s covered’ lists those cases covered by the given tableau. The

restrictions given on the s covered reflect the listed conditions on the parameters.

Tableau Parameters s,t values s covered
<p<d = <s<3ld

r=0 | Py(d—2B,B,B) OsB<3 §=3B 0<s<3[3]
d — B even t=d—2B s+t even

<B<d =3B — <s<3|e| -

r—2| Pyd—28,8,8-1) 1<B< 3 s=3B—-1 2<s<3|5] -1
d — B odd t=d— 2B s+t even

<p< 4l = < s<3let

r=3| Py(d—2B—1,B,B,B) OsB=<% §=3B 0<s<35F]
d— B odd t=d—-2B—1 s+t even

<p< 4l = <s< 3|t

P;(d—2B—1,B,B—1) lsBs5 §=3B 3<s <35

d — B even t=d—-2B—1 s+t odd

da — _ < d| _

r—4 | Pyd—28,8,8—2) 2<B<§ s=3B—2 4_5§3L2j 2
d — B even t=d— 2B s+t even

Table 8.1: Exceptional r cases for ¢ = 3.

To see why Table 8.1 reaches the necessary upper bounds on s, we need to consider

the parity of d. For d and r even, the maximum s needed is 3?‘1 — 5, which is obtained

in the table. When d is odd, we need s <[4 | = 3&=r=1 However, s = 34=7=1 £ ¢

2
When r = 3, we

(mod 3), thus the largest s we need is s = 3=/=3 = 3|4] — £,
need s < 3‘17_3, which equals SL%j when d is odd. But for d even, the largest s = r
(mod 3) is s = 32 = 3| <=1 |, Hence the s bounds in Table 8.1 are correct.

For the lower bounds, Table 8.1 shows that all the necessary s are covered, except
possibly some s < 5. Since s = r (mod 3), all s are covered in the r = 2 case. In the
r = 3 case, s = 0 is only necessary when the s + ¢ is even. Similarly, no additional
tableaux are needed in the r = 4 case because s = 1 is not a shape of Theorem 10.

Now consider the exceptional s cases. These are tableaux having ¢ even with
s € {0,2,4}, or s = 3 with no constraints on t. We still have the condition 3t+2s+r =
3d, so for a given s we need only verify that all the appropriate ¢ in the range
0<t<d—[%], (with ¢ even if s # 3) are obtained.

Table 8.2 belows lists the tableaux we are using for these cases. The columns

‘Parameters’ and ‘Conditions’ indicate the restrictions on the tableaux arising from

their construction in Section 7.3. The column ‘¢t values’ indicates t’s value in terms
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of the tableau parameters, while the ‘¢ covered’ lists those cases covered by the given

tableau. The restrictions given on the t covered reflect the conditions listed on the

parameters.

Tableau Parameters Conditions ¢ value t covered
<t<

s=01] P(a,0) 0<A<d A even t=A 0<t<d
t even

<t<d-—

s=2| (A2 0<A<d-2 A even t=A 0<t<d-2
t even

<t<d-—

s=3| P(A, 1,00 0<A<d-3 A even t=A 0<t<d-3
t even

<t<d-—

Py(a,1,1) 0<A<d-2 A odd t=aA 0<t<d-2
t odd

<t<d-—

s=4| P(A4) 0<Aa<d-4 A even t=A 0<t<d-4
t even

Table 8.2: Exceptional s cases for ¢ = 3.

Table 8.2 shows that all the necessary t are covered, except possibly when s = 3
or 4. When s = 3, the t = d — 2, t even case does not appear. In this case, » = 0 and
s+t is odd, so by Theorem 10 this case is not needed. For s =4 and t = d — 3, we
have » = 1 which is not a required shape. Hence all the exceptional cases have been
covered.

Finally, consider the general cases remaining. These are tableaux having r, s > 5
and no additional constraints. We still have the condition 3t + 2s + r = 3d, so for a
fixed t we need only verify that all the appropriate s in the range 5 < s < %,
are obtained. (This accounts for the bounds both on r and on s.)

Table 8.3 belows lists the tableaux we are using for this case. The columns ‘Pa-
rameters’ and ‘Conditions’ indicate the restrictions on the tableaux arising from their
construction in Section 7.3. The column ‘s values’ indicates its value in terms of
the tableau parameters, while the ‘s covered’ lists those cases covered by the given
tableau.

To see how Table 8.3 covers all the necessary shapes, first consider P3. As C varies
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Tableau Parameters Conditions s value s covered
2<B< ==l < g < 3| d=t=1

Ps(t,B,0C) SB=T t+C even s=2B+C+1 b<s <35
0<c<B s+t odd
1<B< &t 2 << 3|4t

Py(t,B,C) -T2 t+C even s=2B+C < s <305
0<c<B s+t even

Table 8.3: General ¢ = 3 cases.

between 0 and B— 1, we get 2B+ 1 < s < 3B. When B increases to B+ 1, we go from
s=3Btos=2B+3=2(B+ 1)+ 1. There is no gap between these provided B > 2.
Since B = 2 yields a minimum s = 5, we don’t need any smaller cases. Hence P3 will
cover the cases, provided s+t is odd (equivalently ¢ + C is even). Given a case where
s =2B+C+1but t+Cisodd, use Py(t,B,Cc+1). Then t+cCc+1 is even, and C < B
implies ¢ + 1 < B, so the conditions of P, are satisfied. (As similar analysis on P,
shows all the s in the range do occur.) To see that the upper bound of s < |2¢=3!=2 |
is met, first consider P,. Since 3[4t > [3£3] — 1 = [3431=2 ] the upper bound

is obtained. For P, 3[&L| > 39=31=3 when d — ¢ is odd. If d — t is even, we have

3d—=3t—5| _ 3d—3t—6
e

, which is 3| %=L | as desired. Thus all the required shapes are

listed.

8.2 Sufficiency when c =14

When ¢ = 4, the tableaux we will use are the (); listed in Section 7.4. We will show
that every partition of n = 4d described in Theorem 10 has a corresponding ();. Note
that shapes with » > d + 5 can be obtained by P; V V(d) for the appropriate P,
filled with ¢ = 3 elements. As such, we will not include these shapes in the following
compilation. Throughout, we will use the convention d = 3z + x, where d = x
(mod 3). Unless otherwise specified, take x € {0,1,2}. We also use the notation d*
from previous chapters (d* = 2| £).

First consider the exceptional r cases. These are tableaux having s + ¢ even with

r € {0,2,4} or r = 3 with no constraints on s and ¢. Since our shape is a partition of
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4d we have the condition 3t 4+ 2s + r = 4d. Hence for a given r, we need only verify
that all the appropriate ¢t in the range 0 <t < % , (with s+t even for r # 3) are
obtained.

For the exceptional r cases with s + ¢ even, we only need those ¢t with ¢t = r
(mod 4). Given a shape (r,s,t) the next shape needed is (r,s — 6,t + 4). Consider
Table 8.4. For r = 0 we have all t < % when d =0 (mod 3). When d =1 (mod 3),
the shape t = d + % is not possible and the table provides all t < d + % — 1.
Similarly, when d = 2 (mod 3), the shape t = d + % corresponds to s = 1, while
t=d+ % — 1 is not possible. This covers the r = 0 cases. Note when d = 5, the
only shapes needed are t = d — 1 and t = 0. Moreover, t =d —1 and t = d — 2 are
not possible for d < 4.

For r = 2, Table 8.4 provides tableaux for 0 <t < d+zZ—2—xort =d+ 7 if
d = 2 (mod 3). Since t = 2 (mod 4), t < 2 is not needed. When d = 2 (mod 3),
t =d+z—1andt=d+2z—3 are not congruent to 2 (mod 4). Similarly, t = d+2z —x
and t = d+ z —x — 1 are not congruent to 2 (mod 4) for x =0 and 1.

When r = 3 we no longer have the conditions ¢ = r (mod 4); instead ¢ must be
odd. Table 8.5 accounts for all tableaux with 0 < ¢t < d + g — 3 for d =0 (mod 3).
For d =1 (mod 3) Table 8.5 accounts for all t < d + % —4 and fort < d-+ d%? -5
when d = 2 (mod 3). Tableaux with larger ¢ correspond to shapes having exceptional
s cases (s # 3). Since t is odd, these shapes are not needed according to Theorem 10.
When t < d—1 and d small, the shapes are either not required by Theorem 10 or are
not possible.

For r =4, we need all t =0 (mod 4), where t <d+z—4ifx=0,t<d+z—1
ifx=1,and t < d+2z— 2 if x = 2. Table 8.6 provides all these tableaux. Again,
the bounds on d are necessary to produce a valid shape. When d = 5 and t = 4,
the shape has s = 2 and can be found in Table 8.7. Hence these tables cover all the
exceptional r cases.

Now consider the exceptional s cases. These are tableaux having ¢ even with
s € {0,2,4}, or s = 3 with no constraints on t. When r > d, r # d + 1, we may
reduced to P; V V(d) for some P; filled with ¢ = 3 elements. (If s = 3 we may only
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reduce when r > d + 5.) Since we have already listed those table with exceptional
r cases, we will take » > 5. Hence for a given s, we need only verify that all the
appropriate ¢ in the range [2222=1] < ¢ < |4=25=3] (with ¢ even for s # 3) are
obtained.

For the exceptional s cases, consider Table 8.7. When s = 0, all ¢ are covered
except t =d + % when x = 4. However, this case is unnecessary as r = 1. If ¢t < d,
the shape is reducible to a ¢ = 3 case.

For s =2, allt > d— 1 except t = d+ %> — 1 (with x € {0,2,4}) are given in
Table 8.7. When that occurs, either the shape is invalid or » < 5. If t < d — 2, the
shape is reducible to a ¢ = 3 case. When d < 7 and ¢ > d the shapes are covered by
the exceptional r cases or are reducible to ¢ = 3 cases.

For s = 3 we want ¢ < d 4+ ©* — 2. However, when t = d + X — 2 (x € {0,2,4}),
then r < 5. Hence these cases have already been covered. When ¢ < d — 2 the shape
is reducible to a ¢ = 3 case. For d < 6, the cases are covered by ¢ = 3 or exceptional
r cases. The bounds on d for ¢ > d are needed to produce a valid shape.

For s = 4, Table 8.7 provides all tableaux with ¢ < d + % — 3 with x € {1,3,5}.
Since any t larger than this has r» < 5, this covers all shapes not already listed. Note
that for d < 12, all necessary shapes have ¢t < d; those shapes with t = d — 1 are not
needed for d < 6. Hence all the exceptional s cases are accounted for in Table 8.7.

The general cases of r,s > 5 are classified in Table 8.8. When r > d 4+ 5 we
can reduce to a ¢ = 3 tableau. Fix t = d 4+ z — k. Since r and s are greater than
5, we need all ¢t with 5 < k < z. For a t of this form, we need all shapes with
5 <s < k- [*£=2]. This range is covered in Table 8.8. To see why all such s are
obtained, note that for any fixed C, we always get 2¢ < s < 3C¢—1. Since C > 2, there
are no gaps as we increment C. The parameters between the cases are comparable,
so writing s = 2C + D + 1 and using the case corresponding to the parity of s + k
will yield the appropriate tableau. Since x < 2, we find s < k + LXMT%J implies
s<k+ Bt —1forx=00r2 ands < k+ |4 —2for x = 1. Comparing the
bounds shows all s are obtained. This takes care of all shapes with ¢ > d.

When 0 < t < d, we require all shapes with 5 < s < 2d —1t — L%j The tableaux
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Tableau Parameters t value t covered
0<Aa<z d<t<d+7z
s=0| Q(a) Z + A even t=d+A x €{0,2,4}
x € {0,2,4} t even, d # 4
0<A<z-2 d<t<d+z-2
s=2|Qi(a,1,1,0) x€{0,2,4} t=d+a x € {0,2,4}
Z + A even teven, d > 8
Qa(d —1,1) d odd t=d—1 t=d=1
t even
0<Aa<z-3 d<t<d+7z-3
s=3|@Q1(a,2,1,0) x€{0,2,4} t=d+A x € {0,2,4}
Z + A even t even, d > 11
0<A<z-2 d<t<d+z-2
@1(A,1,1,1) Z + A odd t=d+A x € {0,2,4}
x € {0,2,4} todd,d>8
Qs(454, 51,0,1,1,1) d odd t=d—1 t=d-1,
da>7 d>"T7,dodd
Qs(¢—1,4,1,0,1,1) d even t=d—1 t=d-1,
d>6 d > 6, d even
Qs(d —2,1,0) t=d—2 t=d—2
0<A<z-3 d<t<d+z-3
s=4|Q:1(a1,2,1) Z + A odd t=d+A x € {1,3,5}
x € {1,3,5} t even, d > 12
t=d—-1
Qs(5 45 1,0,2,1) ¢odd t=d—1 d odd
d>"7
d>"7
Qs(a,2) 2<A<d-2 f A 2<t<d-2
Aeven,d >4 t even, d > 4

Table 8.7: Exceptional s cases for ¢ = 4.
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listed in Table 8.8 satisfy this. Note that for ¢ < d — 3 the bounds on s for Q5 and Qg
overlap, thus guaranteeing all s are covered. For the small d not listed, the shapes are
either not possible, not needed, or result in exceptional cases done previously. When
t = 0 we require all d+ % < s < 2d—3. As Table 8.8 shows, this is satisfied. Hence

all necessary cases for ¢ = 4 have been covered.

8.3 Sufficiency for ¢ =5

When ¢ = 5, the tableaux we will use are the R; listed in Section 7.5. We will show
that every partition of n = 5d described in Theorem 10 has a corresponding R;.
Note that shapes with 7 > d 4+ 5 can be obtained by Q; V V(d) for the appropriate
Q; filled with ¢ = 4 elements. As such, we will not include these shapes in the
following compilation. Throughout, we will use the convention d = 3z + x, where
d = x (mod 3). Unless otherwise specified, take x € {0, 1, 2}.

First consider the exceptional r cases. These are tableaux having s + ¢ even with
r € 40,2,4} or r = 3 with no constraints on s and ¢. Since our shape is a partition of

5d we have the condition 3t 4+ 2s + r = 5d. Hence for a given r, we need only verify

that all the appropriate t in the range 0 < t < L5d3_rj, (with s + t even if r # 3) are
obtained.

For the exceptional r cases with s 4 ¢ even, we only need those ¢t with t = d +r
(mod 4). Hence given a shape (r,s,t) the next shape needed is (r,s — 6,¢ + 4).
Consider Table 8.9. For r = 0, this table provides all the ¢, except t = %, x=1,2
and t = d+ 2z — 1. These are not a possible shapes. When d < 6 we only need those
shapes with t < d.

For r = 2, Table 8.9 yields all t < d + 2z — 2 with x € {1,2,3}. Since t = d + 2
(mod 4). When t = d+2z, for x = 0, 2 we do not get a shape required by Theorem 10;
for x = 1 the tableau is listed in the table. Also, t = d + 2z — 1 is not a shape and
t = d+ 27 — 2 with d odd is not needed (the d even case is listed). If d < 6, then all

necessary shapes have t < d — 2. Hence we have accounted for all necessary tableaux

with r = 2.
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Tableau Conditions t value t covered
_ 5d
x=0 d t_ﬁ
r=0 | Ri(z,2) t=2 d=0 (mod 3)
d even
d even
1<aA<z d<t<d+2z-2
Ry(A, A,x) Z + A even t=d+2z—2A t=d (mod 4)
d>6 d>6
<a<d - <t <
Rs(A,A) Osas-1 t=d—2A 2sisd
A even t=d (mod 4)
Rip (%) d=1 (mod 4) t=1 t=1
d=1 (mod 4)
Uy(d) v Us(4, 4) d=0 (mod 4) £=0 t=0
d=0 (mod 4)
4 — 5d=2
x=1 5d—2 ’
r=2| Ri(z,72) t=5= d=1 (mod 3)
d even
d even
t=d+2—
Ro(z—1,2—1,1) x=0 f=dt 2 t=d+2 (mod 4)
d even d even
d=0 (mod 3)
x €{1,2,3}
e a ey, d<t<d+2z—2
Ry(A,A,x—1) t=d+22—-2A t=d+2 (mod 4)
d>17
d>17
Z+A odd
* <t<d-—
Rs(A,A —1) 1<a<d -1 t=d—2A 3stsd=2
t=2,deven
Py(1, 4, L) d =3 (mod 4) t=1 t=1,d=3 (mod 4)
Ui(d)VUs(4-1,2) d=2 (mod 4) t=0 t=0,d=2 (mod 4)

Table 8.9: Exceptional » = 0 and r = 2 cases for ¢ = 5.

For r = 3 consider Table 8.10. In this case, we need t # d (mod 2). All cases
with t < d + 2z — 3 are covered in the table. In addition we need t = d + 2z — 1 for
d =0, 2 (mod 3) with d even, which are listed as well. When d < 9 we have t < d+1
ort =d—+ 2z — 1, and so those cases are covered. Finally, when d =4, t = d + 1 has

s =1, so that shape is no needed. When ¢ = 0 and d = 3 then s is even, so this case
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is reducible to ¢ = 4 case with » = 0. Hence all necessary tableaux with r = 3 are
provided by Table 8.10.

For r = 4 we need those tableaux with t = d (mod 4), t < d+2z— 4. In addition,
we need t = d+27 whend = 2 (mod 3) and t = d+2z2—2 whend =1 (mod 3). These
are all found in Table 8.10. For d = 5 the needed tableaux are listed individually.
Ford =4,t =d+ 2z — 2 and t = 0 are the only shapes required, while d = 3 does
not need any shapes. Thus all the exceptional r cases are contained in Table 8.9 and
Table 8.10.

Now consider the exceptional s cases. These are tableaux having ¢ even with
s € {0,2,4}, or s = 3 with no constraints on ¢. When r > d, r # d + 1, we may
reduced to @Q; V V(d) for some Q; filled with ¢ = 4 elements. (If s = 3 we may only
reduce when r > d+5.) Since we have already listed the exceptional r cases, we will
also take r > 5. Hence for a given s, we need only verify that all the appropriate ¢ in
the range [4=2:=1] < ¢ < |34=25=3 | (with t even if s # 3) are obtained.

When s = 0, we need all even t < d + 2z. Table 8.11 provides all tableaux with
t>d+2,teven. Fort < d+1 we can use the reduction to a ¢ = 4 case. When s = 2,
we need all tableaux with d + 1 <t < d+ 2z — 2 and ¢ even, which Table 8.11 lists.
Those with t < d are reducible to a ¢ = 4 case, while the d < 5 cases correspond to
exceptional r cases or are similarly reducible.

When s = 3 we need those shapes with ¢t < d+2z—-3 and d+5 > r > 5. For
other r or r = d + 3 we can reduce to a ¢ = 4 case. Table 8.11 provides tableaux for
all t > d. When t < d — 1, we can reduce to a ¢ = 4 case when d > 8 or d = 6. The
remaining tableaux with » > 5 and d < 7 which are not reducible to a ¢ = 4 case are
listed as well.

For s = 4 we need all even t < d + 27 — 5, along with ¢t = d + 22 — 4 when d # 0
(mod 3). Table 8.11 provides all those tableaux with ¢ > d + 1 and d > 9. When
t < d we may reduce directly to a ¢ = 4 case when d > 10. Those remaining tableaux
with d < 9 have r > d+ 2, r = d or r < 5 and hence are either reducible or listed
previously. Thus Table 8.11 suffices for the exceptional s cases.

The general tableaux with r,s > 5 are classified in Table 8.12 and Table 8.13.
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Since r,s > 5, we only need those tableaux with 0 < ¢t < d + 2z — 5. For a fixed
t, we need all tableaux with 4"[_% < s < % because for r > d + 5 we can
reduce to a ¢ = 4 tableau. First consider ¢ = d + Z + A of Table 8.12. We need all

s<Z—A+x—2+ L%J Letting the parameters of Ry vary in order over their

2t | we get all

bounds yields all s up to B+ z — A + 2x — 3. Since B ranges to |
s<Z—A+x—3+ [%*’X_lj This covers all the necessary s for x > 1. When x =1
we also get s =z — A — 1+ [%5*| as needed. This tableau requires d > 16, for d < 15
we find there are no shapes with ¢t > d+2,5 <r <d+4 and s > 5. When d = 15,
Rg provides t = d + z, the largest ¢ required.

When d <t < d + z, Table 8.12 provides tableau Ry9. Fix t = d + 2z — A, then
we need all s < A+ 2Z+x+ [2Z=2]. To see why this tableau suffices, begin by
taking ¢ = 0. First let B and F vary over their ranges. Taking them maximal, vary
D up to its maximum and then take E up to [5| — 1. This satisfies all the required
inequalities. Then take Rio(A, |5],C, [2] + 5], (5] -1, [5]) with0 < c < [5] — 1,
C even. Similarly, use Rio(A, [5],¢,[5] +[5] —1,[5] —1,[5]) with0 <c < [5], C
even. This gives all 5 < s < A+2+ 5] +x+ [£] —2. Since [2Z=2| < [4]+ 2] -2,
all the necessary s are obtained. This tableau required d > 6. When d < 6, we find
there are no shapes with ¢ > d and r, s within the needed bounds. Table 8.12 also

contains t = d — 1, which requires all s < d — 1, as listed.

When ¢t < d — 2, consider Table 8.13. For t < d — 2, we need all s < 2d —t +

I_d_t_l

5— ] —2. Tableau Ry, provides this by taking the parameters through their ranges

in order, using B = 1 and B = 2 (with E > F). (We need B = 2 in order to obtain
s =5, otherwise B = 1 suffices.) The only snag is when ¢ = 2. Then we cannot have
¢ = 1, hence s = 5 is not obtainable in this case. However, t = 2, s = 5 is needed only
when d = 5 and hence is listed separately. Also, d = 3 needs only ¢ = 0, accounting
for d < 4.

Fort =1, we need all 2d —2 < s < 2d+g—6. (The s =2d—3 caseisar =d+3
reduction to ¢ = 4.) All these shapes are obtained in Table 8.13. For small d, those
tableaux not listed have s < 5.

For t = 0 we need all 2d —2 < s < 2d + |42 | — 2. Table 8.13 provides all the
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necessary tableaux. When d is even, we get all 2d < s < 2d + g, with s even and
2d —1<s<2d+ %l — 3 with s odd. While s = 2d — 2 is not listed, this shape has
r =d+ 4 and s 4+t even, so we may reduce to a ¢ = 4 case. When d is odd, we get
all 2d —2 < s < 2d + &1 — 2 with s even and 2d — 1 < s < 2d + &1 — 2 with s
odd. Hence all the required s are listed. Therefore Tables 8.12 and 8.13 provide the

required tableaux for the non-exceptional cases with ¢ = 5.

8.4 Sufficiency for ¢ =6

When ¢ = 6, the tableaux we will use are the 5; listed in Section 7.6. We will show
that every partition of n = 6d described in Theorem 10 has a corresponding S;. Note
that shapes with » > d + 5 can be obtained by R; V V(d) for the appropriate R;
filled with ¢ = 5 elements. As such, we will not include these shapes in the following
compilation. Throughout, we will use the convention d = 3z + x, where d = x
(mod 3). Unless otherwise specified, take x € {0, 1, 2}.

First consider the exceptional r cases. These are tableaux having s + ¢t even with
r € {0,2,4} or r = 3 with no constraints on s and ¢. Since our shape is a partition of
6d, we have the condition 3t + 2s + r = 6d. Hence for a given r, we need only verify

that all the appropriate ¢ in the range 0 <t < [Gdg_rj, (with s+t even for r # 3) are

obtained.

For the exceptional r cases with s+t even, we only need those t with t + r = 2d
(mod 4). Hence given a shape (r,s,t) the next shape needed is (r,s — 6,¢ + 4).
Moreover, for r even, both s and ¢ must be even. Consider Table 8.14. For r = 0,
this table provides all the all the required partitions. When t = 4 we must have d
even, while we need d odd for t = 2. For d = 3 and 4, only t = 2d, 2d — 4, and t = 0
are required. Hence all the » = 0 cases are provided. When r = 2, Table 8.14 gives
all the necessary tableaux since only those with ¢ < 2d — 2 and ¢t = 2d 4+ 2 (mod 4)
are required.

For r = 3 consider Table 8.15. In this case we need all odd t < 2d — 3 because

t = 2d — 1 has s = 0 and thus is not required by Theorem 10. All such tableaux are
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listed except d = 3 with ¢ > 3. When t = 3 we reduce to a ¢ = 5 case with s = 3
and r = 0. When t =5 and d = 3 we have s = 0 and hence the shape is not needed.
For r = 4 Table 8.15 provides all necessary tableaux. In this cases we have s and ¢
even with ¢t < 2d — 4, t = 2d (mod 4). When d = 3 and t = 6 we have s = 1, so that
shape is not required. Hence all the exceptional r cases are listed.

Now consider the exceptional s cases. These are tableaux having ¢ even with
s € {0,2,4}, or s = 3 with no constraints on t. When r > d, r # d + 1, we may
reduced to R; V V(d) for some R; filled with ¢ = 5 elements. (If s = 3 we may only
reduce when r > d+5.) Since we have already listed the exceptional r cases, we will
also take r > 5. Hence for a given s, we need only verify that all the appropriate ¢ in
the range [225=1] <t < [%=25=3| (with ¢ even for s # 3) are obtained.

Consider Table 8.16. When s = 0 this provides all tableaux since those tableaux
with ¢t < d* have r > d 4 2. For s = 2 the table provides all tableaux with ¢ > d + 2.
When t < d+ 2 we have r > d+ 2 provided d > 5. When d = 3 or d = 4 either r < 5
or we can reduce to a ¢ = 5 case as well.

Similarly when s = 3, those tableaux with ¢ < d + 2 are reducible to a ¢ = 5 case
provided d > 7. When d = 6, t = 7 we may reduce to a ¢ = 5 case with r = 3; for
smaller ¢ we have r > d 4+ 5. When d = 5 and ¢t = 5, we may reduce to a ¢ = 5 case
with r = 4 as s + t even; for smaller t, r > d + 5. When d = 4 and t = 5 we have
r < 5. When d = 3 and ¢t = 2 we may reduce to a ¢ = 5 case with r = 3; for smaller
t we have r > d + 5.

When s = 4 we need all even ¢ < 2d—3. Table 8.16 lists all tableaux with ¢t > d+2
and d > 5. When t < d+ 1, t even, we may reduce to a ¢ = 5 case provided d > 6.
When d = 5, t = 6 we have r = 4 and we may reduce using P;(4) to a ¢ = 3 case.
For d = 3 or 4 there are no needed shapes with 5 < r < d+ 1. Hence Table 8.16 lists
all the exceptional s cases.

The general cases of r;s > 5 are classified in Table 8.17 and Table 8.19. Since
r,s > 5, we only need those tableaux with 0 < ¢t < 2d — 5. For a fixed t, we need

h 5d7§)t74 S S S 6d7§)t75

all tableaux wit sinceif r >d-+5 we canreducetoac=>5

tableau. When ¢ is odd, write t = 2e — 1 then we need all s < 3d — 3e — 1. Consider



128

Se of Table 8.17. First we let B, A and then C vary over their parameters This yields
all s < 3d — 3e with t > 5. For t = 3, we use S7. First let D vary to its bound of
d — 4. Then take S7(d — 4, E) and S7(d — 5, E) with E varying over the even numbers.
This yields all the required s. For t = 1 we use Si». First vary B over its bounds to
d —2. Then use Si2(d —3,d —2,¢) and Sia(d —3,d — 3, C) with C even to obtain the
needed s. Note the bounds on d in these tableaux are necessary for coherence. Those
tableaux with d < 5 and shapes with r, s > 5 which are not reducible to a ¢ = 5 case
are listed in Table 8.18. Hence all odd ¢ are covered.

When ¢ is even consider Table 8.19. Write t = 2¢, so we want all 2d + g —3e—2<
s < 3d — 3e — 3. Consider S;. First let B and ¢ vary. Then take S;(A,d —e,d — e)
and S5(A,d —e,d — e — 1) as A varies over all even numbers up to d — e — 1 and
d — e — 2 respectively. This yields all 8 < s < 3d — 3e — 3 as needed when ¢t > 6. For
5 < s < 7 the tableaux are listed individually. For ¢ = 2 or 4, we use S7 which covers
all necessary s (as shown above for ¢t = 3). When ¢ = 0 we need 2d+g—2 <s<3d-3
which is provided in the table. Note the bounds on d in these tableaux are necessary
for coherence. Those tableau with d < 5 and shapes with r, s > 5 which are not
reducible to a ¢ = 5 case are listed in Table 8.18. Hence all even ¢ are covered by

Table 8.19. Therefor all the required tableaux with ¢ = 6 have been listed.
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Tableau Conditions t value t covered
r=3| Ri(z—1,2) x=0 t=d+2z-1 =222l
d> 6, d odd d>6,d=3 (mod 4)
Ro(z —1,1,0,0,1) x=2 t=d+2z—1 t=d+2z-1
d =2 (mod 3)
<A<7Z-— <t < _
Re(A,A —1,x%) lsasz=2 t=d+2z—-2a—1 d+lst<d+2z-3
d>9 d>9
Ri7(z — 2,x) d>6 t=d+1 t=d+1,d>6
Ris d=3or5 t=d+1 t=d+1,d=3,5
Rig t=d—-1 t=d—1
1<a<El g 2stsd=3
A P —
Rz(a) -2 t=d—-2A—-1 t #d (mod 2)
dodd, d>5
d odd,d > 5
1<a<d-2 iut=des
A A
Rs(a) -2 t=d—-2A-1 t #d (mod 2)
d even, d > 6
deven,d>6
R12(%—2) d even, d # 4 t= t=1,deven,d+#4
Py(1,1,1) V Uy (4) d=4 t= t=1,d=4
Us d > 5,d odd = t=0,d>5,dodd
Uy d=>5 t = t=0,d=5
_ 2d—4
X =2 2d—4 Pt
r=4 | Ri(z,2) t=d+ 5= t even
Z even
d =2 (mod 3)
_ 2d—2
Ry(z—1,2—1,1) x=1 t=d+ 22 -2 t=d+ 5y -2
d=1 (mod 3),
<A< <t < -
Ry(A, A —2,X%) 2sAasz t=d+2z—2A d<t<d+2z-4
d>6 d>6
Rs(A, A —2) 2<a<% -1 t=d—2a 2<t<d—4,d>6
Ri5(3,2,1,1,1) d=5 t=5 t=5d=5
d>7 =1
Ri2(%52) B t=1 d>7
d odd
d odd
Py(1,2,1) V U (4) d=5 t=1 t=1,d=5
Ur(d)vUs(4—2,9)  d=0 (mod 4) t=0 t=0
d =0 (mod 4)

Table 8.10: Exceptional r = 3 and r = 4 cases for ¢ = 5.
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Tableau Conditions t value t covered
r=08(2) t=2d t=2d
S<e<d_2 6<t<2d-—4
e _
Ss(d —e,d—e,d—e) - - t=2e t =2d (mod 4)
d=e (mod 2)
d>5
t=4
Q4(2,1,d —5,3) VU (d) d > 6, d even t=4
d > 6, d even
Py(4) V U3(2,2) d=4 t=4 t=4,d=4
S d>5dodd  t=2 =2
d>5,dodd
Ui(d) v Uy (d) v Ui (d) d even t=0 t =0, d even
e #d (mod 2) 6<t<2d—2
r=2|S(d—e—1d—ed—e) 3<e<d—1 t=2 t=2+2d (mod 4)
d>4 d>4
Qu2 5T LS Y (d—1)  d>9, dodd  t=4 t=4
d>9,dodd
Pi(3,3,3)V Py(1,2,1 d=17 t=4 t=4,d=7
Py(3,1,1) vV Py(1,2,1 d=5 t=4 t=4,d=>5
Q2(1) VUL (2) d=3 t=4 t=4,d=3
Qa(1, %, %, %) v Ui (d) d even t=2 t =2, deven
Us(d—1,1) VUi (d—1) d odd t=0 t=0,dodd

Table 8.14: Exceptional »r = 0 and r = 2 cases for ¢ = 6.
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Tableau Conditions t value t covered
<e<d- <t< —
r=3| Se(d—e,d—e,d—e) 3sesd-l t=2e—1 bst<2d=3
d>4 d>4
So(2,1,d —4,1,d —4,d —2,1) d>5 t=3 t=3,d>5
S10(3) d=4 t= t=3,d=4
S11 t = =1
r=4| Si(d-6) d>6 t=20—4 2
d>6
3<e<d—-14 6<t<2d-8
Ss(d—e—2,d—e,d—e) e =d (mod 2) t=2e t =2d (mod 4)
d>"7 d>17
Q2(1) VU1 (4) d=5 t=6 t=6,d=5
Qa(2, 2, 2, 454y v U (d) d > 6, d even t=4 t=4
d > 6, d even
Pi(4) Vv Uys(2,2) d=14 t=4 t=4,d=4
Qa(1, 453, 5L =3y v U (d—1)  d>5,dodd t=2 =2
d>5,dodd
Q3(2,1,1) VU (2) d=3 t=2 t=2d=3
UL(d) v Uy (d) vV Uy (d — 2) d even t=0 t=0
d even
Table 8.15: Exceptional r = 3 and r = 4 cases for ¢ = 6.
Tableau Conditions t value t covered
<AL < 2d"
s=0 Pl(d*)\/Pl(A) Osas<d t=d"+A " <t<2d
A even t even
0<A<d—-14 d+2<t<2d—-2
s=2 ] S3(a) A=d (mod2) t=d+A+2 t even
d>4 d>4
<A<d- <t< —
s=3 | Sy(n) 0<A<d-5 f—d A2 d+2<t<2d-3
d>5 d>5
Py(4) V P5(2,1,0) d=5 t=6 t=6,d=5
Pi(4) vV U4(2,1) d=4 t=4 t=4,d=4
<A<d-— <t < _
s=4 | Si(n) 0<A<d-5 f—dt At d+2<t<2d-3
d>5 d>5

Table 8.16: Exceptional s cases for ¢ = 6.
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Tableau

Parameters

s value

s covered

t=2e—1
5<t<2d—-5
t odd

56(A7 B, C)

1<A,B,c<d-—e

A,B>C
B>A—1
3<e<d—-2
d>5

S=A+B+C

5<s<3d—-3e
d>5

t=3 S7(1,2,d — 5,D,E)

0<E<d

E even

1<p<d-4

d>5

s=d—2+D+E

t=1 512(d73,B,C)

0<c<d
C even
0<B<d-2

s=d+B-+C

d<s<3d-3

Table 8.17: General ¢ = 6 cases for odd ¢.

d Tableau Shape
d= P3(2,1,0) VvV P3(2,1,0) [t=4,5=6
d=4| 50(2) t=3,s=5

Py(2,1,0) vV Uys(2,1) t=2,5s=5
Us(2,2) V Uy(2,1) t=0,s=9

Table 8.18: General ¢ = 6 cases for d < 5.
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8.5 Sufficiency for ¢ > 6, d even

In Chapter 6 we algorithmically demonstrate how to reduce an arbitrary tableau
to one of those tableaux filled with fewer elements. In the case where d is even,
we reduced all tableaux to joins of tableaux with ¢ < 6 to or those tableaux with
t<d, s <d+5r<d+5. Previously we showed all tableaux with ¢ < 6 where
constructed in Chapter 7. Now we will address the remaining cases with d even.

Since any tableau must satisfy cd = 3t 4+ 2s + r, applying the bounds on r, s, and
t we find ed < 3(d—1)+2(d+4) +d+4 =6d+9. Hence for d > 9 all such tableaux
will have ¢ < 6. For d = 8 and d = 6 it may be possible to have ¢ = 7, while for
d =4, both ¢ =7 and ¢ = 8 are possible.

When d=8 and ¢=7, only the shape with (r,s,t) = (11,12,7) satisfy the con-
straints. However, we can reduce this shape by V(d) to a ¢ = 6 case with r = 3.

When d = 6 and ¢ = 7, only the shapes with (r,s,t) = (10,10,4), (9,9,5) and
(7,10,5) satisfy the constraints. For (10, 10,4) we may reduce by V(d) to a ¢ = 6
case with (r,s,t) = (4,10,4) since s + t is even. For (9,9,5) we may reduce by V(d)
to a ¢ = 6 case with (r,s,t) = (4,9,5) since s+t is even. For (7,10,5) we may reduce
by U;(4) to a ¢ = 5 case with (r,s,t) = (3,6,5).

When d = 4 and ¢ = 7, only the shapes with (r,s,t) = (7,6,3),
(5,7,3), (3,8,3), (6,8,2), and (8,7,2) satisfy the constraints. For (7,6,3) we may
reduce by V(d) to a ¢ = 6 case of (3,6,3). For (3,8,3) use Rig vV U;(4). For (5,7,3)
we may reduce by U;(4) to the ¢ = 5 cases (5,3,3). For (6,8,2) we may reduce by
V(d) to a ¢ = 6 case of (2,8,2) since s + ¢ is even. For (8,7,2) we may reduce by
Ui(4) to the ¢ = 5 case (8,3,2).

When d = 4 and ¢ = 8, only the shape with (r,s,t) = (7,8,3) satisfies the
constraints. It can be obtained by Sio(3) V U1(2). Thus when d is even, all shapes are
reducible to tableaux filled with less than or equal to six elements and all the cases

with ¢ < 6 were obtained previously.
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8.6 Sufficiency for ¢ > 6, d odd

When d is odd, the reduction techniques of Chapter 6 work to reduce a tableau to
¢ < 8. As we’ve already constructed those tableaux with ¢ < 6, we will focus on those
with ¢ =7 or 8.

First, assume ¢ > d — 1. So long as r ¢ {0,2,3,4,5,7} we may use P;(d — 1) to
reduce to a ¢ — 3 case. If t >d—1 and r € {0,2,3,4,5,7} we may use Py(d —2,1,1)
to reduce to a ¢ — 3 case unless s € {0,2,3,4,5,7}. For s = 3,5,7 we may still reduce
by Py(d —2,1,1) when ¢ is odd. For r = 0,2,4, s = 3,5,7 and t even, the shape is
not needed by Theorem 10. For r = 3,5,7 and s = 3,5,7 with ¢ even, no shapes are
possible for ¢ = 8. When ¢ = 7 we have d > 5 so we may use P3(d — 3,1,0) to reduce
to a ¢ = 4 case with s +t even. For s = 0,2,4, we only need those shapes with ¢
even. For r = 3,5,7 we may reduce by P;(d — 1) to a ¢ — 3 case. This leaves those
cases with s = 0,2,4, r =0,2,4 and t even.

When ¢ = 7 there are no shapes having s = 0,2,4, r = 0,2,4 and ¢t even as d is
odd. For ¢ = 8, these shapes are obtainable, depending on d (mod 3). We list the
appropriate tableaux in Table 8.20. This completes all cases with ¢t > d — 1

Ift<d—1lands <d+4, butr=d+3orr>d+5 we may use V(d) to
reduce to a ¢ — 1 case. When ¢ = 8, there are no valid shapes with » < d + 4 and
t<d—1,s<d+4. For ¢c =7 this is also true provided d > 5. When d = 3 we need
(r,s,t) = (6,6,1) which is reducible by V(d) to a ¢ = 6 case with r = 3.

Ift <d—-1and s > d+ 4 we may use Uj(d — 1) to reduce to a ¢ — 2 case,
provided r ¢ {0,2,3,4,6}. Consider those cases with r € {0,2,3,4,6} If s > 2d + 5
or s = 2d + 3 we may use Us(d,d) to reduce to a ¢ — 4 case. For s < 2d — 1 there
are no shapes with t < d —2 and r < 6. If s = 2d, 2d + 2 or 2d + 4, then we may
still reduce via Us(d, d), provided ¢ is even (which always occurs if » = 0,2,4). Thus
we need only consider those tableaux with s = 2d + 1, or s = 2d, 2d + 2, 2d + 4 with
r =3 or 6.

Forc="T7and s > 2d, s #2d+ 1 only r =6, s = 2d, t = d — 2 is possible. This
can be obtained by Py(d —2,1,1)V Us5(2,d — 2) provided d > 5. When d = 3 we may
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(r,s) d Tableau
(0,0) d=0 (mod 3) Q2(2) V Q2(2)
(0,2) d =2 (mod 3) Wi(2)
0,4)| d=1(mod3) | Qi(z—1,0,1,1)VQi(z—1,0,1,1)
(2,0) d=1 (mod 3) W1(0)
(2,2) | d=0 (mod 3), d >3 | Qs(2) vV Qi(z —2,1,1,0)
d=3 S1(1) v UL (2)
(2,4) | d=2 (mod 3), d>5 | Qa(z) V Qi (2 —2,0,2,2)
d=5 S1(1) v UL (4)
(4,0) d=2 (mod 3) Q2(2) V Q2(2)
(4,2) d=1 (mod 3) Q2(z;x=4) vV Q1(z—1,0,1,1;x = 1)
(4,4) | d=0 (mod 3), d>9 | Qa(z) V Qi (2 — 4,2,2,0)
d=9 Qa(2) V Q5(4,4,1,0,2,1)
d=3 Q1(1) vUL(2) VUL(2)

Table 8.20: Exceptional r and s cases for ¢ = 8.

reduced by V(d) to a ¢ = 6 case with r = 3. For ¢ = 8 and s > 2d, s # 2d + 1 only

s =2d+4,r=3,d=75 can occur. In that case, use Q5(2,1,2,0,1,1) vV Uy(5,5).
This leaves those tableaux with ¢t <d—1, s =2d+1 and r € {0,2,3,4,6}. When

r =20,2,4, we must have ¢t odd, so in the ¢ = 8 case there are no possible shapes. For

c =7, we get a valid shape only for » = 4, in which case we have t = d — 2. For this

use Uy(d —

s+t even. For r = 3, there are no shapes satisfying t < d — 1 and s = 2d + 1 for

either ¢ = 7 or 8; similarly for » = 6. Thus all required shapes may be reduced to

those filled with ¢ < 6 elements.

1) to reduce to a ¢ = 5 case with r = 2, s = d 4+ 1 which will still have
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8.7 Tableaux Disjointness

Our proof of Theorem 2 requires the tableaux we constructed to be disjoint. Since
Lemma 3.4.9 showed that maximal tableaux are always disjoint, we need only be

concerned with those tableaux which could not be put in maximal form, namely, Usg

and Sg.

Recall that Ug = 43333122444 has d = 4 and wy = (3,2,0,0). When

11122
d = 4 the tableaux used in the reduction techniques are P;(4), Uy(4), and V(d).

These are the only tableaux that would be joined with Usg, so it suffices to show Uy is
disjoint from these tableaux. Note that the weights of these tableaux consist only of
4’s and 0’s.

If Ug were not disjoint from these tableaux, then there is some weight assignment
of Ug, not equivalent to wy = (3,2,0,0) which uses a weight from at least one of these
tableaux. However, since the only additional weights we may use are 4’s and 0’s,
there is no way to have a weight assignment of length 5 using 0’s, 2’s, 3’s, and 4’s

without being equivalent to (3,2,0,0). Hence the weights are disjoint from Us.
d—4 d—-2d—4 2
2 1 2 2 .
Recall that Sg = 66 6 3 366 with wez = (23452 d40) and
34 3 4 4 5 55151

11
d > 5. When d is even, the tableaux used in the reduction techniques are P;(d),

Ui(d), and V(d). When d is odd, the tableaux used in the reduction techniques are
S1(d), Usy(d), whose weights are 0’s and d’s, Pi(d — 1), Uy(d — 1) whose weights are
0’s and d — 1’s, and Py(d —2,1,1) with w3 = (3@ ;%5 ). Hence it suffices to show Sg
disjoint from these tableaux.

Now any weight assigned to Sg must have A3 = 2. Since d > 5, there are no weights
other of the listed tableaux than the weight (g) of Sg for which this is possible. This
means if Sg were not disjoint from these tableaux there would be a weight assignment
of Sg of the form (3¢ & &) which is not equivalent to (2393 22 9). The only weights

we may use for the x’s are the weights of the listed tableaux, namely, 0’s d’s, d — 1’s

and d — 3. Since the *’s sum to 3d — 3, they would have to be three d — 1’s and two
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0’s. That is, the weights of U;(d—1) or Py(d—1). Then the weights of Sg would need
to be assigned to other tableaux, so a weight of d would need to be assigned to either
Ui(d — 1) or Pi(d — 1), which is not possible as these tableaux are maximal. Hence
there is no other weight assignment for Sg and so the tableau is disjoint as required.

Thus all the tableaux constructed in the proof of Theorem 2 are disjoint as desired.
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Chapter 9

Proof of Theorem 3

Theorem 2 proves the generalized Foulkes’ Conjecture for ¢ = 3 without multiplicities.
We can, however, strengthen this result to include multiplicities for those irreducibles

corresponding to two row partitions. Namely,

Theorem 3. Let n = 3b = cd, with ¢, d > 3 and let A = [A;, \y] be a two row
partition of n. Then every irreducible character x* occurring in 1§:2 s, occurs in 1§Z2 S,

with multiplicity at least as large.

The proof of this theorem involves constructing the appropriate number of
tableaux, primarily out of the basis elements given in Section 4.3. The tableaux
constructed are maximal so linear independence is assured from Lemma 3.4.12 pro-
vided the weights are distinct. Once we have the basis tableaux for ¢ = 4, 5, and 6,
the procedure generalizes to provide the appropriate number of tableaux for any c.

Take \ = [r + s, s]. The multiplicity my of 8" in 1§:253 was determined by Thrall
in [20], which we listed in Theorem 11.

Since the multiplicity depends on the relative sizes of r and s we will handle these

cases separately. Moreover, if s = 6k+j and r = 6h+1, we will often simply construct

k + 1 or h 4+ 1 tableaux when possible to avoid detailed case analysis.

9.1 Case: s<r

Let A = [r + s, s] be a partition of n with s < r, where n = 3b = cd. We wish to

construct my linearly independent tableaux, where m, is the multiplicity of x* in



143
1§:z s, as described in Theorem 11. First we will construct these tableaux for ¢ = 4,
5, and 6; then we will use these constructions in proving Theorem 3 for a general

c. We will refer to the tableaux constructed in this way as basis tableaux. These

constructions will make use of the ¢ = 3 basis tableaux constructed in Section 4.3.

9.1.1 Basis Tableaux for c =4, s <r

Given A = [r + s, s] a partition of n, we have 2s + r = 4d = 3b. From this equation
and s < r, we have s < d+ |4]. For each A we will construct m, linearly independent
A-tableaux filled with the numbers 1 to 4. These will be our ¢ = 4 basis tableaux.
When s < r—d, we can use the basis tableaux constructed in Section 4.3. Consider
the partition X' = [r' + s,s] where v’ = r — d. Since s < 7/, we have my = my.

In Section 4.3 we constructed my linearly independent B,,, where B, are the basis

tableaux for ¢ = 3. Take B, V i as the basis tableaux for ¢ = 4. This works for
4

s<r—d,sor >s+d. Hence 4d = 2s +r > 3s + d implies s < d.
When d < s <d+ |2], write s =d + f, with 1 < f < [4]. Consider the tableau

A+B<d
ABCD A,B,C,D>0
T(A,B,C,D)= 4343 AS>D
1122

B> C
orA=D,B=C

w(T)=(A+B,c+D,0,0)

If A > D and B > €, no other weight assignments are possible for 7', hence this
tableau is non-zero and maximal. If A = D and B = C, we may also have the tableau
obtained by exchanging the rows. However, this has sign (—1)*"**°*® = 1 and thus
the tableau is still non-zero.

Let C, =T(d—2p,p+1,p, f—1). Then \o(T) =A+B+C+D=d—2p+p+
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1+p+f—1=d+ f =s. Hence these tableaux have the desired shape. Consider C,
forp=1,2, ..., Ld;ij To insure the €, are non-zero and maximal we need to check
that the constraints on T are satisfied. For f # 1 all the parameters are greater than
zero. Obviously, B=p+1>Cc=p. For A > D, we need d —2p > f — 1. This is true
provided p < %. Since p < L%J this inequality holds.

The €, are linearly independent by Lemma 3.4.12 if their max weights are distinct.
We have w(C,) = (d—p+1, f+p—1,0,0). If w(C,) = w(C) for p > p’, then we must
have d—p+1 = f+p'—1, thatis d— f+2 = p+p". Butp+p' < S+ L1 =d—f-1.
Hence this cannot occur. Thus the €, are linearly independent.

Since s = d + f, we have m) < [%J + 1, so it suffices to construct L%J +1
tableaux. The €, provide |45 ] tableaux. To show |%5L] > L%j + 1, it suffices to
show % — % > %, or equivalently, d — % > 2f. This holds for d > 5 as [ < ng
When d =3 or d =4 then f = 4] =1, which is handled below. Hence for s > d + 1
the C, provided at least m, linearly independent tableaux.

For s = d+ 1, that is f = 1, take €, = T'(d —p —2,2,1,p), for 1 < p <
|©2]. Then the conditions on T are satisfied and such p exist for d > 6. We have
w(C,) = (d — p,p+ 1,0,0) so the max weights are distinct. These C, provide at
least |%452] — 1 linearly independent tableaux and we need %] + 1 tableaux. Now
|52 — 1> |41] 4+ 1 provided d > 8. When d = 7, then s = 8 and two tableaux
are needed. Use T'(4,2,1,1) and 7(3,2,1,2). When d = 6, then s = 7 and only
one tableau is needed. In this case, use €, described above for p = 1. When d = 5
then s = 6 so two tableaux are needed. Use T'(2,2,1,1) and 7/(2,1,1,2). When
d = 4 then s = 5 so one tableaux suffices. However, for d = 4, s = 5 there are no
tableaux of maximal form. We will use the tableau Ug constructed in Section 7.2.
This tableau is non-zero but not maximal. Here we use maximal form only to show
linear independence. Since only one tableau is needed for s = 5, this tableau works.
(The d = 4, s = 5 case is actually not needed for the ¢ = 4 basis tableaux since
n = 3b = 4d implies 3|d, but we construct the basis tableaux for all d > 3 in order

to simplify the construction process in Section 9.1.4. However we will not use Ug in

that construction.) When d = 3, then s = 4 and only one tableau is need, hence
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T(1,1,1,1) suffices.

9.1.2 Basis Tableaux for c =5, s <r

Given A = [r + s, s] a partition of n, we have 2s + r = 5d = 3b. From this equation
and s < r, we have s < L%dj For each A\ we will construct m, linearly independent
A-tableaux filled with the numbers 1 to 5. These will be our ¢ = 5 basis tableaux.
When s < r —d, we can use the ¢ = 4 basis tableaux constructed in Section 9.1.1.
Consider the partition X' = [r'+s, s| where 1’ = r—d. Since s < r/, we have my = my.

In Section 9.1.1 we constructed my linearly independent €,, where €, are the basis

tableaux for ¢ = 4. Take €, V i as the basis tableaux for ¢ = 5. This works for
5

s<r—d,sor>s+d. Hence 5d = 2s+r > 3s + d implies s < L%dj.

For 4] < s < |2 consider

1<aAa<d-2
1<B< g =
SUIGE spsll=s
Ti(A,B)= 445 4 3 45 A>B
222 1 1 33
s>d+6
d>8

W(Tl) = <d7A+27B+ 17050)

Ty is defined for s > d+6, d > 8. (When d < 8 then s < d+6since s < |5¢].) Since
A > B, there are no other weight assignments possible and the tableau 7} is maximal.
Let &, = Ti(s—d—3—p,p) for 1 <p < [#5%]—2. For €, to be non-zero and maximal
we need the conditions on 7} to be satisfied. We have A > B since p < [25¢] — 2,
while p > 1 implies A = s —d -3 —p < d—2. Since d > 8, then B < L%lj - 3.
Note A > B implies these max weights are distinct. Hence this construction provides

|55¢] — 2 distinct, linearly independent tableaux when s > d + 6, d > 8.
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We will need an additional tableau, so take:

A B 1<AB<d-1
T5(A,B) = 5354
1122 s2>4

w(T3) =(A+1,B+1,0,0)

Clearly T is non-zero and maximal. Given s, take &/ = Ty(d —q,5s—2—d+q) for
g=1,2,...,d— L%J To insure £, is non-zero and maximal we need the conditions
of T, are satisfied. Since L%J < sand d> 3, then s > 4. Wehave 1 <A <d-1
because ¢ < d since s < L%dj Similarly the bounds on s show 1 <B < d—1. The &,
are linearly independent because A < B for ¢ < d — [*52]. This provides d — [$] + 1
tableaux.

We need my = [§] + 1 linearly independent tableaux. By Lemma 3.4.12 the
tableaux &£, and &', are linearly independent since they have different max weights.
First consider s > d + 6 which implies d > 8. Then we have both &, and &, for a
total of [*5%] — 2+ d — |£] + 1 tableaux. This is greater than or equal to [£] + 1,
since s < [%dj and d > 8.

For s < d + 6 we only have &, which provides d — [5] + 1 tableaux. This is
greater than or equal to L%J + 1 provided d > 5, since s < d+ 5. When d = 4, then
s < L%dj = 6 so the two &', suffice. When d = 3 then s < 5 and hence one tableau,

&) is sufficient. Hence we have constructed at least m, tableaux as desired.

9.1.3 Basis Tableaux for c =6, s <r

Given A = [r + s, s] a partition of n, we have 2s + r = 6d = 3b. From this equation
and s < r, we have s < 2d. For each A we will construct m, linearly independent
A-tableaux filled with the numbers 1 to 6. These will be our ¢ = 6 basis tableaux.
When s < r —d, we can use the ¢ = 5 basis tableaux constructed in Section 9.1.2.
Consider the partition X' = [r'+s, s| where v’ = r—d. Since s < r/, we have my = my.

In Section 9.1.2 we constructed my linearly independent &,, where &, are the basis
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tableaux for ¢ = 5. Take &, V i as the basis tableaux for ¢ = 6. This works for

6

s<r—d,sor>s+d. Hence6d:2s+r238—|—dimpliess§d—|—L%dj.

For d + |%] < s < 2d we want to construct my < [£] + 1 linearly independent

tableaux. We will do this primarily by joining two ¢ = 3 basis tableaux. In addition,

we will use the following tableaux:

d—2 f
G'=5 3 46
1 1 22

w(§") = (d—1,f+1,0,0,0,0)

d—2f—2 2
=4 5 4 66
1 1 2 23

w(G%) =(d—1,f—1,2,0,0,0)

29d—4d—3 2
=96 4 5 646
1 1 2 233

w(§*) = (d—2,d—2,3,0,0,0)

d—22d-5 2
S'=6 4 6 5 56
1 1 2 2 33

w(GY =(d—1,d-3,3,0,0,0)

1< f<d

4< f<d

d>5

d>6

d>"17

These tableaux are all maximal. Except for G2, no other weight assignments are

possible, hence these tableaux are non-zero. For G, the weight assignment (d—1, f —

1,0,0,0,2) is also valid. Since this has sign (—1)?, % is also non-zero.
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Consider [%] < s < 2d. (The s = 2d case will be handled separately.) Write
s = f+d, then L%dj < f < d. This means f > 2 always, and f < 6 only for d > 7.
Moreover f > 4 for d > 5 so the conditions on G? are satisfied.

We will use the ¢ = 3 basis tableaux for much of our construction. Let D,
represent the basis elements for ¢ = 3 of shape [2d, d] as described in Section 4.3. Let
F represent the basis elements for ¢ = 3 of shape [3d— f, f] as described in Section 4.3.
We will use the Dy, F5, and the §* to construct the m, linearly independent tableaux
for ¢ = 6. This construction will depend on d and f mod 6. Write d = 6k’ + i’ and
f = 6k+7i, with 0 < ¢,i < 5. For ¢ # 1 there exist mpsq = k' + 1 linearly
independent D,,, with p’ = 0, 1, ..., &/, and k" tableaux for ' = 1. Similarly, there
exists mpgq_y ) = k + 1 linearly independent Jpwithp=0,1, ..., k for i # 1 and
k wheni=1. Nows=d+ f =6(k'+Fk)+i+i=06k-+1, s0my<k-+1 Since
k<K +k+1, it suffices to construct &' + k + 2 linearly independent tableaux. We

will first consider d > 6, f > 6. Since &/, k > 0 consider:

S5 =Dp VIp p=01,...,k
Sp’:Dp’\/SCE p/:O, 1,. ,k,—l
So =Dy V Fy

There are k + 1+ k' + 1 = k + k' + 2 tableaux listed here. By Lemma 3.4.12 if
their max weights are distinct, these tableaux are linearly independent. Since these

tableaux are in maximal form we can simply compare their weights. We have:

w(9p) = (d,0,0,2p + i + 4k, 2(k — p), 0) p=01,...k
w(Sp) = (20" +i' + 4K, 2(k —1),0, £,0,0) p

w(Go) = (4k" + 4,2k, 0,4k + 7, 2k, 0)

Now d > f and p’ < k' — 1, so we have w(5G5) # w(9,) since w(G,) does not
contain a weight of d. Both of these weights are distinct from w(Gy), since they each

contain at least three 0’s while w(Gy) contains only two 0’s. The weights within each
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of these collections of tableaux are distinct because each collection {D,,} and {F5}
are linearly independent by Section 4.3.

When all these tableaux G exist we have a set of basis tableaux for ¢ = 6. However,
depending on the conditions on d and f, we may only have k' or k basis tableaux to
work with. In those situtations we will need to use the appropriate G to complete
our set of tableaux. Recall that we are taking d > 6 and that f > 6.

When d # 1 (mod 6) and f Z 1 (mod 6), all the tableaux G exist. Hence we have
the k' + k + 2 linearly independent tableaux required.

When d # 1 (mod 6), f =1 (mod 6), there exist only k linearly independent F5
withp = 1, 2, ..., k. Hence we have all the tableaux listed above except for those with
p = 0 and Gy. In place of those basis elements, use §; and G,. This provided k+k +2
tableaux. They are linearly independent by Lemma 3.4.12 provided the weights of G!
and G* are distinct from the weights of G,. We have w(§') = (d — 1, f 4+ 1,0,0,0,0)
and w(G%) = (d—1, f—1,2,0,0,0). Clearly these weights are distinct from eachother.
Now w(§G') # w(§G,/) since the number of 0’s differ. If w(S') = w(G;) we must have
f+1=dandp=k. Similarly w(G,) will be distinct from w(G?) unless d — 1 = f,
p' =k — 1. We have w(§?) distinct from w(G5) since d does not occur in its weight.
Hence for f # d — 1 these k + k' + 2 tableaux are linearly independent.

When f =d—1, use G and G* in place of G' and G%. Since w(G?) contains neither
d nor f it is clearly distinct from the weights of G,. Similarly, w(G*) is distinct from
w(Gp) since it does not contain d. While w(G*) does contain f, G, cannot contain
the weight 3 since d > 7. Thus we have sufficient linearly independent tableaux.

Now consider d =1 (mod 6) and f # 1 (mod 6). We have the G5 and G,/ listed
earlier, for p’ # 0, along with §' and G2, The discussion in the f = 1 (mod 6)
case above shows these are linearly independent provided f # d — 1. Similarly when
f =d — 1 we can replace G' and G? with G and G*. If d = 7 then G* does not exist.
However, then s = 13 on only two tableaux, D; V J; and G2, are needed.

When d =1 (mod 6) and f =1 (mod 6), we can write d = 6k’ + 1, f = 6k + 1.
Then s = 6(k’ —|—E) +2 50 k' +k+ 1 tableaux suffice. Use the Gy and G, listed earlier,
for p, p’ # 0, along with G' and G2. This provides the requisite number of tableaux.
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They are linearly independent by the previous discussion since f # d — 1, as d = f
(mod 6).

Now consider 3 < d < 6. Then f > L%dj implies f > 2. Since s = d + f, we must
have s < 11. Hence two linearly independent tableaux will suffice, namely, Dy V Fy
and G'. As in previous discussions, these weights are distinct provided f # d — 1.
When f=d—1, s =2d — 1. We need two tableaux only when d =5 or d = 6. Thus
Dy V Fy suffices for d = 3 and 4. When d =5 or 6 use Dy V Fy and T, where

24221
JT= 56456 d =6, w = (6,3,2,0,0,0)

11322

422
T= 5654 d=5 w=(5,2,2,0,0,0)

1123

These tableaux are clearly maximal and non-zero. Since f = d — 1 is not a weight of
T, we have that T and Dy V F; are linearly independent.

When f < 6 we have d < 7 because f > [2¢]. Since all d < 6 cases were done
above, only d = 7 remains. In this case we have only f = 5. Thus s = 12 and three
tableaux are required. We can use D; V F, G!, and G2. These tableaux are linearly

independent by previous discussions.

Now consider s = 2d. Write d = 6k’ 41, so s = 6(2k") +2¢'. Hence 2k’ + 2 linearly

independent tableaux will suffice. Let

d—2 d—2 2
Ai= 4 5 5 46
1 1 2 23

w(Ay) =(d—1,d—1,2,0,0,0)

This tableau is maximal. Although there are many valid weight assignments, all such
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assignments have positive sign, hence A; is non-zero.
When d # 1 (mod 6) we have k' + 1 linearly independent tableaux D,,. Hence we

can use:

D,V D, p=0,1,... K
‘Dk/\/Dp/ p/:O,l,...,k’,—l
Ai

with weights:

w(D,VD,) = 2p+i + 4k, 2(K' — p),0,2p + ¢ + 4K, 2(k" — p),0)
w(Dp VDy) =(d,0,0,2p+ i + 4k, 2(kK" — p),0)
w(A) = (d—1,d—1,2,0,0,0)

This provides 2k’ + 2 tableaux, provided & > 0. Their weights are clearly distinct
so they are linearly independent by Lemma 3.4.12. When d = 1 (mod 6), we have
s = 6(2k’) +2 so only 2k’ + 1 tableaux are needed. All the tableaux listed above work
except for p = 0 and p’ = 0, providing 2k’ linearly independent tableaux. In addition

use:

2 d—3d—422
Ay= 5 4 5 664 d>6
1 1 2 233

w(As) = (d—1,d—2,3,0,0,0)

This tableau is maximal and non-zero. Since d = 1 (mod 6) we have d > 6. Thus
A, provides the additional tableau and its weight is distinct from the other tableaux,
insuring linear independence.

When k' = 0 we have d < 6. Then s < 10 so two tableaux, A; and Dy V Dy,

suffice.
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9.1.4 Basis Tableaux for ¢ > 6, s <r

Let A = [r + s, s] be a partition of n, with s < r, where 2s +r = ¢d = n. We want to
construct m, linearly independent basis tableaux for an arbitrary c. In Sections 4.3,
9.1.1, 9.1.2, and 9.1.3 we constructed basis tableaux for ¢ < 6, which we will make

use of in this construction. In addition we will use the following tableaux:

d—2 d—2 2
Ai= 4 5 5 46
1 1 2 23

w(A) = (d—1,d—1,2,0,0,0)

2 d—3d—422
Ay= 5 4 5 664 d>6
1 1 2 233

wAz) = (d—1,d—2,3,0,0,0)

2 d—4d—4222
As= 5 5 6 644 d>6
1 2 1 332

w(As) = (d—2,d—2,4,0,0,0)

2 d—4d—-5232
Ai= 5 4 5 664 d>5
1 1 2 233

w(Ag) = (d—2,d —3,5,0,0,0)

As= 456 d=4

123
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w(As) = (4,2,2,0,0,0)

These tableaux are all maximal. Although some of these tableaux have addi-
tional valid weight assignments, all such assignments have positive sign. Hence these

tableaux are non-zero.

To construct A\ = [r + s, s]-tableaux with s < r, write s = md+ f, with 0 < f < d
and r = md + pd + g with 0 < g < d. Then 3md+ pd +2f + g =cd, so 2f + g = xd
for some x. This means ¢ = 3m +p+x. If p+ 2 > 3, a A\-tableau may be written
DV BV (c—3m—3)V(d), where D is a tableau of shape [2md, md] filled with 3m
elements, B is a [3d — f, f] tableau filled with 3 elements, and V' (d) is the one row
tableau. We will first consider this case and handle the p + x < 3 case later.

We have s = md + f, so writing d = 6k’ + 4/, f = 6k + 1, with 0 < i,7 <5
gives s = 6(mk’ + k) + mi’ +i. Since L%ﬁj < m, it suffices to construct |5] +1 <
mk' +k+m+1 linearly independent tableaux. If m < 2 we may simply use the basis
tableaux constructed for ¢ = 6 along with V'(d)'s, so assume m > 2.

Let D, be the ¢ = 3 basis tableaux of shape [2d, d] described in Section 4.3. There
are myq,q = k' + 1 such tableaux when i’ # 1 and &’ for 7/ = 1. Let B, be the ¢ = 3
basis tableaux of shape [3d — f, f] constructed in Section 4.3. This tableau has s < r
since f < d. There are mgq_yss = k' + 1 such tableaux for i # 1 and k' tableaux
when 7 = 1. Take f > 1 and d > 6. The d < 6 and f < 1 cases will be handled
separately. Consider the following tableaux forms (with the appropriate number of

V(d)’s as necessary):

L. {Dy V (m — £)Dw V By p=0,1,..., K —1
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II. mDy, V B, ¢=0,1,....k

q:O> 17 7E
i=1,2 3,4
d>6if j#1

Note that those tableaux with p = 0 or ¢ = 0 exist only when i’ # 0 or i # 0
respectively. We will not make use of these tableaux unless necessary. However, even
when & = 0, at least one B, exists, so if we regard k as the number of B,’s, we may
assume k > 1. When d #Z 1 (mod 6) we need mk’ + k + m + 1 tableaux. The list
above (taking ¢ # 0) provides at least mk'k + k + 4L%JE tableaux, which suffices
since 4| %] > m + 1. When d = 1 (mod 6), we need only mk’ + | %] + 2 tableaux.
If k' > 2 the list above provides at least m(k’ — 1)k + k + 4| 2] tableaux. This is
sufficient for m # 3. When m = 3 we need 3k’ 4+ k + 2 tableaux when i = 3, 4, or 5
and 3k’ + k + 1 tableaux for ¢ = 0, 1, and 2. When i < 2 the tableaux listed suffice.
For i > 3 we need an additional tableau so use the tableau of the Form I7 with ¢ = 0.
When &’ = 1, the tableaux of the Form I don’t exist. Hence we have only k + 4% ]
tableaux when ¢ # 0 and we need m + k + 2] 4+ 2. For m # 3 this is sufficient.
However, one additional tableau is needed for m = 3, when ¢ = 3, 4, or 5. In this
case we may use ¢ = 0 in Form /] for the remaining tableau.

To show linear independence of these tableaux it suffices, by Lemma 3.4.12, to

show that the max weights are distinct. For max weights we have:

I. (4K +2p + 7', 2(k — p),0)° v (d,0,0)" 9 v (4k + 2¢ + 7, 2(k — ¢), 0)

II. (d,0,0)™ V (4k +2q +1,2(k — q),0)
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IIT—1. (d—1,d—1,2,0,0,0) 0) 29 v (4k + 2 +1,2(k — q), 0

wl
o

IIT—3. (d—2,d—2,4,0,0,0 (m=20 \/ (4F +2¢ + 17,2

(d

11 -2, (d—1,d-2,3,0,0,0)
( —-q),0
(

)"V (d,0,0) ( (k —q),0)
YV (d,0,0)™29 v (4k 4 2 + 17, 2(k — q),0)
)"V (d,0,0) ( (k —q),0)
)"V (d,0,0) ( (k —q),0)

IIT—4. (d—2,d—-3,5,0,0,0) 0)m=20 v (4k + 2¢ +7,2(k — ¢),0

Consider those tableaux of Form I. If w(I(¢,p,q)) = w(I(¢',p',q")), then counting
the number of d’s shows ¢ = ¢, while counting the number of 4k’ + p + i"’s indicates
¢ =1. If p=p then ¢ = ¢/, which is not possible for distinct tableaux. Hence by
Lemma 3.4.13, the weights are distinct because f < d. Those of Form /I are distinct
due to the distinct weights of B,. Similarly those of the Form /1] — j are distinct by
the number of d’s and distinctness of w(B,). If w(III —i(l,q)) = w(III —j§(¢',q)),
then by counting the number of d’s we have ¢ = ¢'. Then by counting the number of
0’s, d — 1’s, and d — 2’s, we find the weights must be distinct for d > 6. (If d = 6 the
Forms II1 — 2 and II1 — 4 have the same weights.) To see the different forms have
distinct weights, first count the number of d’s. Obviously w(Il) # w(I) or w(III).
If w(I(f)) =w(I1I(¢)) then ¢ = 2¢'. However, counting the number of 0’s shows the
weights are distinct.

When d = 6 then s < 6m + 5, so m + 1 tableaux suffice. Since there are two
D’s and one B, Forms I and I provide the requisite number of linearly independent

tableaux.

Now consider the case where d < 6. Here s = mi’ + i so m + 1 tableaux suffices.
In this case the A;, 7 = 2, 3 do not exist. However for d = 5 we have A4 and
for d = 4 we have As. Moreover, we have exactly one D and one B. Hence the
appropriate Forms I, I11 — 1, and III — 4 or I1I — 5 provied 2| % | + 1 tableaux.
This suffices for even m. When m odd we need one additional tableau. For m > 5
use A; VA; V (m—4)DgV By where i = 4 or 5 as appropriate. If m = 3, then s < 19

so the three tableaux listed will suffice except when d = 5 and f = 3. In this case
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also use the non-zero maximal tableau:

4 4 44
JT= 596978
112234

w(T) = (5,5,4,4,0,0,,0,0,0)

When d = 3, we have s = 3m 4 2 since 1 < f < d. Hence L%j + 1 tableaux

are needed. We have mDg V By and LA, V (m — 2()Dy V By, which provide | % | + 1

Im+2
6

tableaux. Since m > 2 we have | 7] > |

|, so these tableaux suffice.

For linear independence, we need only check distinctness of max weights by
Lemma 3.4.12. First consider d = 4 or 5. Since w(As) = w(A;z) our discus-
sion on linear independence for d > 6 still holds. The only additional tableau is
A1 VA; V (m—4)Dg V By which clearly has a distinct weight. Similarly, by counting
the number of 5’s and 4’s, the weight of T is also distinct. Hence these tableaux are
linearly independent. When d = 3 the tableaux listed are a subset of the tableaux
for d > 6 and hence are linearly independent by the prior discussion. This covers all
cases with p + x > 3 provided f > 1. The f = 0 and f = 1 cases will be handled

after the p + x < 3 case.

Now assume that p + x < 3. Recall that if s = md + f, with 0 < f < d and
r =md+ pd + g, then 3md + pd + 2f + g = c¢d and 2f + g = xd for some x. This
means ¢ = 3m + p + x, so if p+ x < 3 then A-tableau with s < r may be written as
DVFV(c—3m—3)V(d). Here D is a tableau of shape [2(m — 1)d, (m — 1)d] filled
with 3(m — 1) elements and Fis a [(3 +x — 1)d — f, f + d] tableau filled with 3 4 x
elements. When f > 0, we have x > 0, which means F is a ¢ = 4 or ¢ = 5 tableau.
We will first consider the case where m > 3, d > 6 and f > 1.

If d =6k 4+ and f = 6k + ¢, with 0 < @, 7 < 5, then s = md + f, so we still
need [z] +1 < mk' +k +m + 1 tableaux. The number of tableaux D is the same as
before. Let F, be the ¢ = 4 or 5 basis tableaux of shape [cd — f — d, f + f]. There

are at least k' + k such tableaux. Moreover since d > 6 and f > 1 there is always at
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least 2 such tableaux.

Consider the tableaux of the following forms:

(=1,2,...,m—1
L {DpV (m =L —1)Dp vV I p=0,1,... k-1

q=1,2, ... K +Ek

I1. (m—1)Dp vV F, g=1,2, ... K+Fk

I11. CA;V (m—20—1)Dy vV F,
j=1,234

d>6if j#1

As before, the tableaux with p = 0 exist only for d # 1 (mod 6). When d # 1
(mod 6), the construction above provides (m — 1)k'(K' + k) + k+ K + 4| =L | (K + k).
Now k' 4+ k denotes the number of F’s, which we can assume is at least 2. Then since
4[™=L] > m + 1 for m # 4, this construction provides sufficient tableaux. If m = 4
then 4|21 | (k' + k) > 8, so this construction is sufficient.

When d =1 (mod 6), we need only mk’ + k + | 2] + 2 tableaux. For k' > 2, we
have (m — 1)(K' — 1)(k' + k) + k + k' + 4| ™1 | (K + k) tableaux by the construction
above, which is sufficient. If &’ = 1, the tableaux of Form I do not exist, so we have

only k' +k+4| 1| (k' + k) tableaux. However, since we know that there are always

at least two F,’s, we have k' + k > 2. Thus the tableaux listed are sufficient.

When d < 6, the tableaux A; with j = 2 and 3 do not exist. However we do have
Ay for d =5 and As for d = 4. Also, since d < 6, we may no longer assume that there
are at least two J,’s (unless d = 5 and f = 3 or 4). However there is always at least

one. In addition, there is only one D. Under these constraints we have tableaux of
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the Forms [1, III—1,and II]—4 or I1]—5 when d = 5 or 4 respectively. For m > 5
also use Ay VA; V (m —5)Do V Fy. This provides 2| ™~ | 4 2 tableaux for m > 5. For
d = 4 we need at most LMJ + 1, hence this this suffices. For d =5 and f = 2 we

need at most | 42|

+ 1 which we have. Our construction suffices except for m = 3
and 4. When m = 3, then s < 17 and three tableaux, II, II] — 1, and II] — 4 or

11T — 5 suffice. For m = 4 we need one additional non-zero maximal tableau, so use

d—11d—-11d-11d-11 2
TJ= 6 7 8 7 9 12 10 1211
1 1 2 2 3 3 4 45

w(7T) = (d,d,d,d,2,0,0,0)

When d = 5, f > 3 there are two F,’s hence the Forms I, II1 — 1 and II] —4
give 4| =1 | +1 tableaux. Since at most |22 | +1 tableaux are needed, this suffices.
When d = 3 we need [#242] + 1 tableaux. From Forms IT and IT] — 1, we have
| 2=1] + 1 tableaux. This is sufficient except for m odd. When m even we need one

additional tableau, so use 7T listed above.

Now to consider linear independence. By Lemma 3.4.12 it suffices to show that
the max weights are distinct. First consider when the F are ¢ = 4 basis tableaux.

The max weights are:

4k 4 2p 414, 2(K — p),0)° v (d,0,0,)" v (d—q+ 1, f +q—1,0,0)

II. d,0,0)" 'V (d—q+1,f+q—1,0,0)

v (d,0,0)" 2 v (d—q+1,f+q—1,0,0

IIT—2. (d—1,d—2,3,0,0,0)"

117 - 3. 0,0)" 21 v

d—q+1,f+q—1,0,0

—2,d—3,5,0,0,0)

(
(
IIT—1. (d—1,d—1,2,0,0,0
(
(
IIT—4. (d

) v Vv ( )
) 0,0)" 21 (d—q+1,f+q¢—1,0,0)
d—2,d—2,4,0,0,0) V ( )
) Vv (d )

vV (d,
vV (d,
V(d,0,0)" 2 v (d—q+1,f+q—1,0,0
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Consider those tableaux of Form I. If w(I(¢,p,q)) = w(I(¢,p,q'), then counting
the number of 0’s shows ¢ = ¢’. By counting the number of different weights we find
¢ = 1. Now if p = p’ then we must have ¢ = ¢/, which is not possible for distinct
tableaux. Hence by Lemma 3.4.13, these weights are distinct. The weights of Form 17
are distinct by the construction of the F’s in Section 9.1.1.

The weights of Form I1] — j are distinct by counting the number of 0’s and by
the distinctness of the F's. If w(I1I — j) = w(lII' — i) counting the number of 0’s
and different numbers shows ¢ = ¢/ = 1. So if the weights are not distinct, then
w(A; VF,) =w(A; VIFy), which implies A; and A; must have one non-zero element
in common. Then by Lemma 3.4.13, these weights are distinct if f > 2. When f =2
the tableaux have the same length and the lemma does not apply. If f = 2 then
wlII =3¢ =1,q=4)) =w({Il —4(¢ = 1,q = 3)), though all other weights are
distinct.

We have w(I) # w(I1), by counting the number of 0’s. Forms /1 and 1] are also
distinct by counting the number of 0’s. If w(/) = w(I1I"), counting the number of
0’s shows that £ = ¢'. Then counting the number of d’s shows that £ =1, ¢ = 1, and
q # 1. If the weights are equal, then (4’ +2p + 7, 2(k' —p),d—q+1,f+q—1) =
(w(A;), f). Since ¢ < L%j, these weights are distinct unless f = 2. When f = 2
thenw(I(l=1,p=k—-1,q=j)=w(II]—j' =1,¢' =1)), j # 1. Hence for f > 2
all the tableaux listed are linearly independent.

When f = 2 some of the tableaux in our list have the same max weights, and hence
may be linearly dependent. If we eliminate these tableaux with duplicate max weights
from our list we have (m—1)k'(k'+k)+k +k+4| 21| (K'+k) —4 linearly independent
tableaux when d Z 1 (mod 6). We need at most LWJ +1 < mk'+m tableaux,
which we have since we may still take &' + %k > 2. If d = 1 (mod 6) then we have
(m—1)(K = 1)(K + k) + k' + k + 4] ™2 | (K" + k) — 4 linearly independent tableaux
for ¥’ > 1. This is sufficient since only mk’ + ™2 + 1 tableaux are needed. When
k' =1 those tableaux of Form I don't exist, so we have k' + k + 4|21 | (K + k) — 1
linearly independent tableaux, which is sufficient. Thus the d > 6, f > 1, m > 3 case
is finished for ¢ = 4.
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When d < 6 the same tableaux are used with the substitution of As. However, As
has the same weight as A3z so the above argument applies. (Note that by the conditions
of Fy, ¢ < Ldg—fj < 1, so the max weight duplication does not occur.) In addition we
also use the tableaux A; VA; V (m—5)DgV Fy, for j =4 or 5. However, counting the
number of 0’s and d’s shows that this tableau is distinct from our previous collection;
otherwise w(A; VA; V Fy) = w(A; VA; VTF,) which is impossible.

In addition, when m = 4, d = 5 or d = 3, m even, we also have the tableau 7.
Counting the number of 0’s and d’s shows this tableau has a distinct max weight as
well. Hence when JF is a ¢ = 4 tableau, we have linear independence for f > 1 and

m > 3.

Now consider the case where J is a ¢ = 5 basis tableau. The ¢ = 5 basis tableaux
were constructed in Section 9.1.2. These tableaux have two different types of max
weights corresponding to the T} and 75 tableaux constructions used. Those of form T}
have weights (d, f —qg—1,¢+1,0,0) where ¢ = 1,2, ..., L%J —2 (when f > 6). Those
of the form T} have weights (d—g+1, f —1+¢,0,0,0) withg = 1, 2, d— | “-L=2]. We
will refer to the basis tableaux using the 77 tableaux as g-forms and those using 75

as g-forms. Then the max weights for the general tableaux have the following forms:

I(q) 4k 4 2p 44, 2(K — p),0)* v (d,0,0)" " v (d, f —q—1,¢+1,0,0)
1(9) 4K +2p + 1,2k — p),0)* vV (d,0,0,)" v (d—g+1,f—1+7g0,0,0)
II(q) d,0,0)" Vv (d,f—q—1,q+1,0,0)

I1(g) d,0,0)" 'V (d-g+1,f—1+70,0,0)

d—1,d—1,2,0,0,0)°V (d,0,00"* v (d,f—q—1,q+1,0,0)
0,0)"2'v(d—g+1,f—1+g0,0,0)
Vv (

d—1,d—2,3,0,0,0) 0,0)"=21y

Y
)
) d.f—q—1,¢+1,0,0)
d—1,d—2,3,0,0,0)
)
)

(
(
(
(
(
(d—1,d—1,2,0,0,0)
(
(
(d—2,d—2,4,0,0,0)"
(d

v (d,

v (d,

vV (d, 0,0 (d—g+1,f—1+7,0,0,0)
v (d,0,0)" v (d, f—q—1,q+1,0,0)
—2,d—2,4,0,0,0)" v (d, Vv (d

0,0)" 2ty (d—g+1,f—1+g0,0,0)
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IIT —4(q). (d—2,d—3,5,0,0,0)V (d,0,0)™* v (d,f—q—1,¢q+1,0,0)
I1T —4(q). (d—2,d—3,5,0,0,00°V (d,0,00" v (d-G+1,f—1+70,0,0)

These tableaux are linearly independent by Lemma 3.4.12 provided their max weights
are distinct. To show these weights are distinct we will often count the number of 0’s

and d’s in each weight. For convenience we will list these values below:

Form # 0’s # d’s

I(q). 2m —/{ m—{

@) om—¢r | ML AL
m—{ g=1

I1(q). 2m m

11(9). 2m + 1 m—1 g#1

m g=1
I1T — j(q). 2m —/{ m — 20

m—20—1 g#1

IIT—j(q). | 2m —(+1
m — 20 g=1

Table 9.1: Weights of 0 or d.

Consider those tableaux of Form I(q). If w(I(¢,p,q)) = I(¢',p',q), then Ta-
ble 9.1.4 shows that ¢ = ¢. Then counting the number of different numbers
shows ¢/ = 1. If p = p' then we must have ¢ = ¢ and vice versa, but this
can’t happen since the tableaux are different. Then since f < d, the argument of
Lemma 3.4.13 shows the weights are distinct. The same reason holds for Form (7).
Table 9.1.4 also shows w(I(q)) # w(I(g)). The tableaux of Form II are distinct
since the max weights of the F are distinct for ¢ = 5 by Section 9.1.2. More-
over, w(lI(q)) # w(I1(g)) by Table 9.1.4. The distinctness of max weights for
Form I11—j(q) or 111 — j(q) follows from Table 9.1.4 and distinctness of ¢ = 5 basis
tableaux max weights. Also from Table 9.1.4 we have w(I11 — j(q)) # w(III — j(q)).
Now suppose w(III — j(q,0)) = w(III —i(q,¢")). Table 9.1.4 shows that ¢ = ¢
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and counting the number of different numbers shows ¢ = 1. Since ¢ # j, the
weights of A; and A; must have exactly one non-zero weight in common. Thus
the argument of Lemma 3.4.13 applies and hence the weights are distinct. Similarly
w(IIl —5(q,0)) #w{II —i(q,0)) for f > 2 by Lemma 3.4.13. (When f=2,(=1
the conditions of Lemma 3.4.13 are not met.) The values of Table 9.1.4 are sufficient
to show w(II1 —j(q,0)) # w(II1I—i(q,¢)). This shows the max weights within each
tableau form are distinct for f > 2. Showing that w(l) # w(II) # w(I1I) follows
directly from Table 9.1.4.

When f = 2 our discussion on linear independence holds except for a few tableaux
of the Form I11(g). Specifically, w(/I] —2({ =1,4=3)) =w({II-3(({=1,5=2)),
wlIl-20=1,g=4))=w{lI]-4((=1,4=2)),and w([I[] -3((=1,g=4)) =
w(III—4(¢ = 1,7 = 3)). Thus we have three fewer linearly independent tableaux than
we originally calculated. If we eliminate these tableaux with duplicate max weights
from our list we have (m—1)k'(K'+k)+k'+k+4| 21 | (k'+k) —3 linearly independent
tableaux when d Z 1 (mod 6). We need at most LWJ +1 < mk'+m tableaux,
which we have since we may still take &' +k > 2. If d = 1 (mod 6) then we have
(m—1)(k' = 1)(K' + k) + k' + k + 4] =L (k' + k) — 3 linearly independent tableaux
for k' > 1. This is sufficient since only mk’ + || + 1 tableaux are needed. When
k' =1 those tableaux of the Form I don’t exist, but we still have 2 + 82| — 3
linearly independent tableaux, which is sufficient. Hence we have enough tableaux

when f = 2. Thus the d > 6, f > 1, m > 3 case is finished for ¢ = 5.

When d < 6 only the g-form tableaux exist for ¢ = 5. These tableaux have the
same max weights as the ¢ = 4 tableaux F (with the exception of an extra zero.)
Thus by the same argument as in that case, these tableaux are linearly independent.

Hence when & is a ¢ = 5 tableau, we have linear independence for f > 1 and m > 3.

These constructions assumed m > 3. If m = 1, The ¢ = 4 or ¢ = 5 basis tableaux
(joined with sufficient V' (d)’s) suffice. However, when m = 2, we need tableaux with

¢ = 7 or 8 elements. This case must be dealt with separately. (We will still assume
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f > 1.) Tableaux of Form [ listed previously (D, vV F,) still work for this case.
These tableaux are linearly independent by our previous discussion. As before, let
d = 6k'+i', f = 6k+i, with 0 < 4', 7 < 5. Since s = 2d+ f, we need at most 2k’ +k+3
tableaux. The tableaux F, have Ay = d+ f so there are at least k'+k such tableaux. So
for d # 1 (mod 6), we have (k'41)(k'+Fk) tableaux. This provides sufficient tableaux
unless ¥ =1, k=1,or k=0, k¥ <2. When k' = k = 1, then d + f > 14 so at least
three F,’s exists. Hence the Form I construction is sufficient. In the remaining cases,
computing exactly how many F, exist and precisely how many tableaux are needed
shows the Form [ tableaux are sufficient except for: d = 11, f =2, d =3, f = 2,
d=4,f=3,and d =5, f = 2,3,4. (For instance, when d = 6 and f = 5 there
are two F’s and two D’s, so Form [ provides 4 tableaux. Since s = 17, only three
tableaux are needed.)

When d = 11 and f = 2, there are two D’s and F’s for a total of 4 Form [ tableaux.

Since s = 24, five tableaux are required. In addition to the Form I tableaux, use

1010 4
T= 4 56 w(T)=(10,10,4,0,0,0)

1 23

which is non-zero, maximal, and linearly independent.
For d = 3, f = 2, we have ¢ = 8. Since s = 8 two tableaux are needed. In addition

to Do V Fy, use the non-zero maximal tableau:

29222
T= 5678
1234

w(T) = (2,2,2,2,0,0,0,0)

When d = 4 and f = 3, then we must have ¢ = 9 as s < r. Since s = 11, we need
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two tableaux. Use Dy V Fy and

2 2 2 2
T= 5969788 w(T)=1(3,3,3,2,0,0,0,0)
1122334

Counting the number of 4’s shows these tableaux are linearly independent.
When d = 5 we have ¢ = 8 and need three tableaux (except for f = 3 when two

tableaux suffice). In addition to Dy V Fy use:

444 f—2
T= 567 8 f#3
123 4

w(T) = (4,4,4, f —2,0,0,0,0)

4 f22
T= 566768
112234

w(@)=(5,f+1,2,2)

These tableaux are non-zero. Linear independence follows by counting the number
of 5’s and 2’s. Thus we have sufficient tableaux for d # 1 (mod 6).

When d = 1 (mod 6) we need 2k’ + k + 2 tableaux. The Form I construction
D,V F, discussed earlier provides at least &'(k’ + k + 1) linearly independent tableaux
for f #Z0 (mod 6). (When f # 0 (mod 6) there are &’ 4+ k + 1 tableaux JF,.) This is
sufficient for &' > 2. When f = 0 (mod 6) Form I provides k'(k' + k) tableaux, but
only 2k’ + k + 2 tableaux are needed. This is sufficient for &' > 2 since f # 0.

Since d > 3, only d = 7 remains. We need at most 4 tableaux, as s < 20. Consider
the tableaux B, V €, where the B, are ¢ = 3 basis tableaux with Ay = d — 1 and the
Cq are ¢ = 4 or ¢ = 5 basis tableaux with Ay = d+ f +1. There are two tableaux each
for B, and €, so this construction is sufficient. The max weights for B, are (6,0, 0)

and (4,2,0). The max weights for C, are (7, f +1,0,0) and (6, f + 2,0,0). Hence



165
the weights of our construction are distinct unless f = 5. However when f = 5 only
three tableaux are needed and the Form I construction D V F, provides three in this

case.

When f = 1 we can proceed as in the p + 2 < 3 case. We have s = md + 1
and r = md + pd + g. Then 3md + pd + 2f + g = cd, so 2+ g = xd for some z.
Hence x = 1. This means that for both the p + 2 > 3 and p + z < 3 cases we can
use the ¢ = 4 basis tableaux, proceeding as in the p + x < 3 case when f > 1. As
before, write d = 6k’ + ¢’ with 0 < ¢/ < 5. We have at least £’ linearly independent
A = [3d — 1,d + 1] tableaux F,, which we use for the following forms:

(=1,2,...,m—1

I. (D, V (m—L—1)Dp VT, p=0,1,... kK1
g=1,2, ...,k
11. (m —1)Dp Vv 3, g=12 ..., K

q:]-u 27' 7k/
7=123,4
d>6if j#1

These tableaux have the following max weights:

I. (4k" +2p + 7', 2(K' — p),0)" v (d,0,0,)" "1 v (d — q,q + 1,0,0)
II. (d,0,0)" 'V (d—q,q+1,0,0)

II1—1.  (d—1,d—1,2,0,0,0)" Vv (d,0,0)™ v (d—q,q+1,0,0)
IIT—2.  (d—1,d—2,3,0,0,0)"V (d,0,0)" %' (d—q,q+1,0,0)
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II1—-3. (d—2,d—2,4,0,0,0)" Vv (d,0,0)™ 21V (d—q,q+1,0,0)

II1—4. (d—2,d—3,5,0,0,0)"V (d,0,0)™ v (d—q,q+1,0,0)

Counting the number of zeros and d’s in these weights gives:

Form #0’s #d's
I. 2m—4 | m—{(—1
II. 2m m — 1

INT—j5. | 2m—40 | m—20—1

Then by arguments similar to previous cases and Lemma 3.4.13, these tableaux
have distinct max weights except for I11 — 1(¢ = 1,q = 2) and [I] —2({ = 1,q =
1) whose weights are the same. Thus by Lemma 3.4.12; these tableaux (omitting
IIT —1(¢ =1,q = 2)) are linearly independent.

When d > 6 and m > 3, we need mk’ + L%J + 1 tableaux. When k' > 2,
the forms listed above provided (m — 1)K'k’ + k' + 4|52 |k’ — 1, which is sufficient.
When k' =1 and d # 1 (mod 6), we still have these tableaux. If d = 7, then there is
exactly one D so Form I does not exist. However, there are two distinct F,’s. Thus
Forms IT and I11 provide 8| 1] tableaux. Since only m + | ] + 1 tableaux are
needed, this suffices.

If m = 2 then only Form I and I tableaux exist. Since s = 2d + 1, then 2k’ + 2
tableaux suffice. Forms I and I1 provided at least (k' — 1)k’ + k’, tableaux. When
k" > 2 this is enough. For d > 7, four tableaux are needed. Since there are at least
two D’s and two F’s, this construction suffices. When d = 6, there are two D’s, but
only one F. However, s = 13 so only two tableaux are needed, which we have. If

d = 7, three tableaux are needed. Since there is only one D and two JF’s, an additional
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tableau is required. Use:

66 2
H= 4567 w(H)=(6,6,3,0,0,0,0)
1233

This tableau is clearly non-zero and maximal and its max weight does not contain
d, so it is linearly independent from our previously constructed tableaux.

When d = 5, there are two distinct J,’s, which have weights of the form listed
above. However, there is only one D. Thus Forms I, 1] — 1, and 11 — 4 provide
at least 1+ 4| 1] tableaux. Since only |22 ] 41 tableaux are needed, this suffices
for m > 3. When m = 2 then s = 11, so the two tableaux of Form II are sufficient.

When d = 3 there is only one ¥ and one D. Moreover, only A, exists. However, all
the tableaux are linearly independent. Thus we have [mT_lj + 1 tableaux and we need
|#ml] 41 tableaux. This is sufficient for m odd. When m even then s =3m+1 =1
(mod 6) so only | ¥ | tableaux are required, which we have when m > 3. If m = 2
then s = 7, which means the single tableau of Form /7 is sufficient.

When d = 4 we need to proceed differently since the ¢ = 4 basis tableaux F is not
in maximal form. First consider m > 4. We will replace F in the previous discussion

with the following ¢ = 7 tableaux, (.

42 2
3{0: 4567 w<:H:0> - (4737270707070)
1223

2 2 2
Hi= 475465 w(Ho) = (3,3,3,0,0,0,0)
112233

The the tableaux we will use are:

II. (m—=2)Dy VvV H, ¢=0,1
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I11. CA; V (m — 20 —2)Dy V K, ¢=0. 1

Counting the number of 0’s and 4’s in the max weights of these tableaux show

they are linearly independent by Lemma 3.4.12. This can be seen from Table 9.1.4

below:
Form # 0’s # 4’s
II. 2m m—1
2m m— 2

IIT—j. | 2m—40|m-—20—1
2m — 0 | m —20 — 2

= O = O R

Table 9.2: Weights of 0 and 4.

Hence for m > 4 this construction provides 4LmT_2J + 2 linearly independent
tableaux. Since only L%J + 1 tableaux are required, this suffices.

When m = 3, then s = 13, so only two tableaux are needed. The two tableaux of
Form 17 suffices. Hence we have constructed sufficient linearly independent tableaux
when f =1 and m > 3.

For m = 2, two tableaux are needed, in which case use Hy and H;. Hence all

f =1 cases are accounted for, since m = 1 may be handled by ¢ < 6 basis tableaux

and V (d)’s.

When f = 0 the construction is similar to earlier cases, particularly the f = 1
case. However, instead of the F tableaux, we use only the ¢ = 3 basis tableaux D of
shape [2d, d]. Again, we may take m > 2, since m = 1 may be handled by ¢ < 6 basis

tableaux and V' (d)’s. Writing d = 6k’ 4+ 4, 0 <14’ <5, our general tableaux are:
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II. m@k/
I11. CA;V (m — 20)Dy (=1...2],j=1...4,d>6

These tableaux have max weights:

I. (4K +2p + 14, 2(K — p),0)* v (d,0,0,)™*
II. (d,0,0)™

IIT —1. (d—1,d—1,2,0,0,0)°V (d,0,0)" 2
IIT —2. (d—1,d—2,3,0,0,0)V (d,0,0)" %
IIT —3. (d—2,d—2,4,0,0,0)V (d,0,0)" %
IIT — 4. (d—2,d—3,5,0,0,0)°V (d,0,0)" 2

Counting the number of zeros and d’s in these weights gives:

Form #0’s #d’s
I. 2m —0 | m—/¢
II. 2m m

IIT—j. | 2m—+¢ | m—2/

Then by arguments similar to previous cases and Lemma 3.4.13, these tableaux
have distinct max weights and are linearly independent by Lemma 3.4.12.

Consider d > 6. If d # 1 (mod 6), we need mk’ + m tableaux. The above
construction provides mk’ + 1 + 4|%%] tableaux, which is sufficient. When d = 1
(mod 6) we need mk’ + [ % | 4 1 tableaux. In this case, Dy does not exists, so p > 0.
For k' # 1, we have m(k’ — 1) + 1 4 4% | which is sufficient. For k" = 1, we have
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4|3 ] + 1 tableaux since Form I is no longer valid. However, this suffices.
When d < 6 not all of the A; exist and there is exactly one D. For d = 4 and
d =5 we have Forms I1, [I] —1, and 11l —5 or I1] — 4 respectively. This provides
2|2 4 1 tableaux. Since at most |2 | 4 1 tableaux are needed, this is sufficient.
When d = 3 we have Forms I/ and I1] — 1, which yield [% | + 1 tableaux. Since
L‘%”J + 1 tableaux are required, we have enough. This construction work for m > 2,

hence all f = 0 cases are accounted for.

9.2 Case: r<s

This proof of this case follows similarly to the s < r case. Let A = [r + s,s] be a
partition of n with r < s, where n = 3b = c¢d. We wish to construct m, linearly
independent tableaux, where m, is the multiplicity of x* in 1‘;:233 as described in
Theorem 11. First we will construct these tableaux for ¢ = 4, 5, and 6; then we will
use these constructions in proving Theorem 3 for a general c. We will refer to the
tableaux constructed in this way as basis tableaux. These constructions will make

use of the ¢ = 3 basis tableaux constructed in Section 4.3 as well.

9.2.1 Basis Tableaux for c =4, r < s

Given A = [r + s, s, a partition of n, we have 2s + r = 4d = 3b. From this equation
and 7 < s, we have d + [4] < s < 2d. For each A we will construct m, linearly
independent \-tableaux filled with the numbers 1 to 4. These will be our ¢ = 4 basis
tableaux.

When d + L%J < s < 2d, write s = d+ f, with [%J < f < d. Consider the tableau

T from Section 9.1.1. This tableau is non-zero and maximal.
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A+B<d
ABCD A, B, C,D>0
T(A,B,C,D): 4343 A >D
1122

B> C
OorA=D,B=C

w(T)=(A+B,C+D,0,0)

Let C, =T([4] —p, 2] —p, Léj +p, f%l +p)for0<p< L%j. The constraints
on T are satisfied for all p provided f > 2 when p = 0. Hence €, is non-zero for these
parameters. Let C) = T'([2]—p+1, [2]—p, [{]+p, [L]4+p—1), with 0 < p < [EL] 1.
Here the constraints on T are satisfied providedand d — f > 4 and f > 4 when p = 0.

Hence €, is non-zero for these parameters. We have w(C,) = (d — 2p, f +2p,0,0)
and w(C) = (d —2p+ 1,f + 2p — 1,0,0). Thus the weights are distinct and
Lemma 3.4.12 the tableaux are linearly independent.

By Theorem 11, my = | 5|+1. Hence it suffices to construct | 5|+1 < [24=2L |41 <
%qu linearly independent tableaux since r = 4d—2sand s =d+f. f4 < f < d—4
then €, and € together provide 2[%] + 1 linearly independent tableaux. Since
2L%J > [%j, this is sufficient. When f > d — 4 we have r € {0,2,4,6} with s
even for r = 0,4 and odd for » = 2,6. Therefor, at most one tableau is needed when
f > d — 4, which is Cy. Now consider f < 4. Since f > ng, when d > 3, only f =2
and f = 3 remain. For d = 3, then f = 1 and we have r = s which was done in
Section 9.1.1. If f = 2, then d < 6. However, by Theorem 11, my = 0 for d = 3.
When d = 4 or 5, my = 1 and hence € suffices. For d = 6, the tableaux Gy and C;
suffice. If f = 3, then d < 9. For d =9 we have m, = 3, for d = 7, we have m) = 2,
while my < 1 for the remaining d < 8. Now €, suffices for those cases with d # 7 or
9. When d = 7 we need an additional tableau, however, C; exists. For d = 9, then

r = s and so this case was done in Section 9.1.1. Hence we have sufficient ¢ = 4 basis
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tableaux for all partitions with r < s.

9.2.2 Basis Tableaux for c =5, r < s

Given A = [r+s, s] a partition of n, we have 2s+r = 5d = 3b. From this equation and
r < s, we have 0 <7 < L%dj For each A we will construct m, linearly independent
A-tableaux filled with the numbers 1 to 5. These will be our ¢ = 5 basis tableaux.

First consider 0 < r < d. If dis even, then s—d = s (mod 2). Moreover, s—d > r.
Hence if N = [r + s — d, s — d], then there are m), linearly independent ¢ = 3 basis
tableaux and my = m, since A\; = Ay = \| — A,. Therefore we can use U;(d) vV T,
were T are the ¢ = 3 basis tableaux of shape X', as the ¢ = 5 basis tableaux.

If d is odd, then s =d — 1 (mod 2) and s —d + 1 > r. Let T be the ¢ = 3 basis
tableaux of shape N = [r+s—d—1,s—d+ 1]. Consider the tableaux U;(d—1)V T.
There are my such tableaux. Now my, = my when r # 0,3 (mod 6) since then
A — A2 —2 = N — X,. Thus for » # 0,3 (mod 6) we have constructed sufficient
tableaux. However, 2s + r = 5d and d odd implies r is odd, hence only r = 3
(mod 6) remains. In that case, my = my — 1, so only one additional tableau is
needed. For d,r > 9 use Uy(d — 3) V By where By is the ¢ = 3 basis tableau of shape
N =[r+s—d—6,5—d+3]. Toshow that Uj(d — 3) V By is linearly independent
from the U;(d — 1) v T it suffices, by Lemma 3.4.12, to show that their max weights
are distinct. Since d — 1 is a weight of U;(d — 1) VT for all T, we need only show that
d — 1 is not a weight of Uy (d — 3) V By. If we write A" = [’ + &, s'] and s’ = 6k + j,
0 <j <5, then w(Ui(d—3)V By) = (d— 3,4k + 7, 2k,0,0). If d — 1 is in this weight
then that means d — 1 = 4k + j. Since 28’ + 1’ = 3d, we then must have j = 0 and
r' = 3. Asr’ = r — 6, this implies r = 9. Thus for » > 9,d > 3 these tableaux are
linearly independent.

If d = 3, then only r = 3 is needed because r < d. Only one tableau is required,
which is Uy(2,1). When r = 9 we need two tableaux basis tableaux. The U;(d—3)V By
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we constructed above has weight (d — 1,d — 3, %) In addition, use

1Ad-—A—-1B4+1d—-B—-2AB
T= 43 5 3 4 54 A= B=[5"],d>11,dodd

11 1 2 2 33

which has weight (d,d — 1, %57,0,0). For d < 11, only d = 9 is needed since 9 = r < d

» 9

and d is odd. In that case, s = 2d so use U;(d — 3) V By and

d—1 d—1
T=5 3 5 4
1 1 2 2

Thus we have sufficient tableaux for » < d.
Now consider d < r < L%dj To construct the ¢ = 5 basis tableaux for these r we
will use two different types of tableaux. These are the same tableaux that were used

in Section 9.1.2 and hence are non-zero and maximal.

INEIREIR:
Ty(A,B)= 445 4 3 45 A>B
2292 1 1 33

w(T}) = (d,A+2,B+1,0,0)

A B 1<AB<d-1
T5(A,B) = 5354
1122 s >4

w(Ty) = (A+1,B4+1,0,0)
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Since d < r < %], then 2d > s > [%]. Consider €, = Ti(s —d — 3 — p,p)
for 1 <p < L%J — 2. For s < 2d — 1, the parameters on T} are satisfied provided
d > 8 (When s = 2d — 1, we take p < [5¢%] — 3.) This provides [5¢] — 2
linearly independent tableaux. We will also use &, = Ty(d — ¢,s — 2 — d + q) for
1<q¢g<d- [%j The parameters on Ty are satisfied provided s > d + 2 (which
holds for d > 3). Together, €, and & provide | 55¢] —2+4d— | %52] linearly independent
tableaux when d > 8. We need |%| + 1 = [25-28] 4+ 1 tableaux. When s > d + 6, we
have |22 ] +1 < | 55| — 24 d— [ *52] so these tableaux are enough. Since s > [3¢]
and d > 8, we have s > d + 6. Thus for d > 8, s < 2d — 1 these tableaux suffice

When s = 2d—1, d > 8 we have |*5¢] —3+d— 52| = |41 | — 2. This is greater
than or equal to [£] +1 = [%2] + 1 provided d > 8. When d =8, s = 2d — 1 we
have r = 10and only one tableau is needed, which &| provides. When d = 8 we also
have 7 = 12. In that case two tableaux are needed, which &, provides.

Now consider d < 8 with s < 2d — 1. For d < 5, or d = 6 and r = 8 only one
tableau is needed. Here & provides this tableau except if d = 3. When d = 3, then

r = s which was done in Section 9.1.2. When d = 7 or d = 6 and r = 10 two tableaux

are needed. In these cases, €, suffices. Hence for d < 8 all tableaux are provided.

9.2.3 Basis Tableaux for c =6, r < s

Given A = [r + s, s] a partition of n, we have 2s 4+ r = 6d = 3b. From this equation
and r < s, we have 0 < r < 2d. For each A\ we will construct m, linearly independent
A-tableaux filled with the numbers 1 to 6. These will be our ¢ = 6 basis tableaux.

First consider 0 < r < d. If d is even, then s — d = s (mod 2). Moreover,
s —d > r. Hence if N = [r +s —d,s — d|, then there are at least my linearly
independent ¢ = 4 basis tableaux and my = m, since A\; = Ay = A} — A,. Therefore
we can use Uy (d) V C,, were C, are the ¢ = 4 basis tableaux of shape )\, as the ¢ =6
basis tableaux.

If d is odd, then s =d —1 (mod 2) and s —d + 1 > r. Let C, be the ¢ = 4 basis
tableaux of shape \' = [r4+s—d—1,s—d+1]. Consider the tableaux U;(d —1) V C,,.
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There are my such tableaux. Now m, = my when r # 0,3 (mod 6) since then
A — Ay —2 = X — A, Thus for r # 0,3 (mod 6) we have constructed sufficient
tableaux. However, 2s + 1 = 6d implies r is even, hence only r = 0 (mod 6) remains.
In that case, my = m, — 1, so only one additional tableau is needed. Since 0 < r < d,
we have L%dj < s < 3d. For r # 0 we can write s = 2d + f with L%IJ < f<d-3.

Then
d—2 d—1 f-1
T= 4 63 5 3 6 4 w(T)=(dd,f0,0,0)
1 11 2 2 3 3

provides the additional tableau needed. Since 7" does not have a weight of d — 1 it
must be linearly independent from U;(d — 1) V €, by Lemma 3.4.12. When r = 0,
then s = 3d. However, since d is odd, then so is s and hence no tableaux are required.

Now consider d < r < 2d for arbitrary d. We have 2d < s < [2]. Write s = 2d+ f

for 1 < f < |2]. Consider

d—p—1p+1d—2ppp f
H,= 4 6 5 456 0<p< |4
1 1 2 233

wHy) = (d,d=p,p+f)

a—f

Now 3, is non-zero and maximal. Moreover, for 0 < p < |5

|, H, are linearly

independent by Lemma 3.4.12. Hence we have |5 | tableaux. We need 5] +1=

L2dg2f | + 1. Hence it suffices to show that L%J > L%J This holds except for

d=6,f=3,d=5,f=2;,andd=4,f = 1. For d = 4 and 6, only one tableau is

needed, so H; suffices. When d = 5, f = 2, two tableaux are required. Use H; and
Ui(d—1) Vv U (d—1)V U (d—1). Thus all the necessary ¢ = 6 basis tableaux have

been constructed.

9.2.4 Basis Tableaux for ¢ > 6, r < s

Let A = [r + s, s] be a partition of n, with r < s, where 2s +r = ¢d = n. We want to

construct my < |g] + 1 linearly independent basis tableaux for an arbitrary c.
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First write s = s’ + 2dq such that ' —2d < r < §'. If ¢ — 4¢g > 3 then a A-tableau
[r+s, s] may be written as T' = qUa(d—1,1) V1", where T" is a \' = [r+ ¢, §'] tableau
filled with ¢ — 4¢ elements. Since r > s" in X, we have my = m,,. Hence it suffices to
construct m, tableaux T”. If r = &, the tableaux 7" were constructed in Section 9.1.4.
Hence we only need to consider partitions A = [r + s, s] with s — 2d < r < s and the
case where ¢ — 4q < 3.

If ¢ —4¢ < 3 we may write T' = (¢ — 1)Us(d — 1,1) V T* where T* is a X' =
[r 4+ s +d, s + d] tableau filled with at most 6 elements. Since at least my = my
tableaux T™ were constructed for ¢ < 6 in previous sections, no additional construction
is needed for this case.

To construct A = [r + s, s] tableaux with s — 2d < r < s, write r = md + f, with
0< f<dand s =md+ pd+ g with 0 < g < d. Then 3md + 2pd + f + 29 = cd, so
f+2g = xd for some z. This means ¢ = 3m+2p+z. If 2p+x > 3, a A-tableau may be
written DV F, where D is a tableau of shape [2md, md] filled with 3m elements and F
is a [pd+ g+ f, pd+ g] tableau filled with 2p+ x elements. Given the constraints on r,
we have 2p+ 2z < 6. Hence we can use the basis tableaux constructed in Sections 4.3,
9.2.1,9.2.2, 9.2.3 as the ¥ tableaux. We will first consider this case where 2p+x > 3
and handle the 2p + x < 3 case later.

We have r = md + f, so writing d = 6k’ +4', f = 6k +1, with 0 < ¢,7 <5
gives r = 6(mk’ + k) + mi’ + 1. Since L%ﬁj < m, it suffices to construct |3 +1 <
mk' +k+m+1 linearly independent tableaux. If m < 1 we have ¢ < 9. For ¢ < 6
we have constructed the necessary basis tableaux in previous section. ¢ = 7,8 and 9
will be handled later. Hence assume m > 2

Let D, be the ¢ = 3 basis tableaux of shape [2d, d] described in Section 4.3. There
are mppq,q = k' 4 1 such tableaux when i # 1 and &' for i = 1. Let F, be the
¢ = 2p + z basis tableaux of shape [pd + g + f,pd + g] constructed in Sections 4.3,
9.2.1,9.2.2,9.2.3. At least one such tableaux will always exist, provided f # 0,1, 2, 4.
There are at least mypayg4rpatq < k' such tableaux, given the constraints on f. Take
f#0,1,2,4 and d > 6. The d < 6 and [ cases will be handled separately. Consider

the following tableaux forms (where the A; were defined in Section 9.1.4).



177

(=1,2,....m
I (D, (m— 0Dy VF, p=0,1,.... kK —1
q_ 9 7"7E
II. mDy V F, ¢g=1,2,..., k
0=1,2,..., |2
II1. CA;V (m — 20Dy v 7, a=12..k
j=1,2 34
d>6if j #1

Table 9.3: Tableaux Forms.

By Lemma 3.4.12, these tableaux are linearly independent provided their max

weights are distinct. The max weights of these tableaux are:

I. (4K +2p + ', 2(K — p), 0)* v (d,0,0)" 9 v w(F,)
I, (d,0,0)™ V w(F,)

IIT —1. (d—1,d—1,2,0,0,0)°V (d,0,0)™ 2 v w(F,)
I17 —2. (d—1,d—2,3,0,0,0)°V (d,0,0)™ 29 v w(F,)
IIT - 3. (d—2,d—2,4,0,0,0)°V (d,0,0)™ 29 v w(F,)
IIT — 4. (d—2,d—3,5,0,0,0)°V (d,0,0)™ 2 v w(F,)

The weights of F, depend on which basis tableaux we are using for . We cate-

gorize these weights by the number of elements in F.
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c | w(Fy) Range Conditions

3| (4h+2¢+j,2(h—q),0) qg=1,... K s=6h+j

4| (d—q %L +¢,0,0) ¢=0,...,2[ 5L

51 (d,4h +2q+ 7,2(h —¢q),0,0) g=1,... K s—d==6h+j,r<d,deven
(d—1,4h+2q+37,2(h—q),0,0) | ¢=1,... K s—d+1=6h+7j,d odd
(d —3,4h + j,2h,0,0) r<dr>9ifr=3 (mod6)
(d—1,d-3,%1,0,0) r=9,d>11,d odd

(d,d—1,%7,0,0)

(d7d701010) 7":9,d:9

(d—1,d-3,91,0,0)

(d,d—4% —q—1,4+1,0,0) g=1,..., 2L 2| r>d

(d_q/—‘—l,d_%_l‘i‘quo,o,o) q/:]"7|~£J+1

6 (d,d—q,%+q,0,0,0) q:O,...,QL%J r <d,d even
(d—1,d—q,% +¢+1,0,00) | g=0,...,2| %] r <d,d odd
(d,d, 5L, 0,0,0) r=0 (mod 6)
d—1,d—q, %L +¢+1,0,0,0) | ¢=0,...,2| %] r <d,d odd
(d,d —q,q + %5£,0,0,0) g=1,..., 421 r>d

The weights of Forms I,11,1I] — j are distinct for each J, listed provided d > 7,
except for the following cases. When F is a ¢ = 5 tableau, we have w(I({ = 1,p =
K —1,%1)) = w({III —4(¢ = 1,F3)) when d = 11,f = 9. When F is ¢ = 4 or ¢ = 6,
we have some duplicate tableau weights if f = d — 4 or f = d — 2. These weights are
wIl=1p=K—-1,9g=j—-1)=w(II—jll=1,¢=0)) for j = 2,3, and 4. Also, when
f=d—4,wehave w(II[-2({=1,q=2)) =w(II-3({=1,g=1)),w(II]I-2({=1,q =
3) =w(lIl -4l =1,g=1)),and w(II] =3l =1,q =3)) = w(II] —4(( = 1,q = 2)).
When f =d—2 we have w(II] —1({ =1,q =2)) =w({I] —2({ =1,q = 1)) as well. In

these cases we have (at most 6) fewer linearly independent tableaux available than listed.
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These will be called the constrained cases.

The linear independence of the remaining tableaux can be seen by counting the number
of d’s, 0’s in each tableau, determining the number of distinct elements in each tableau, and
applying Lemma 3.4.13 where appropriate. When d = 6, the Forms II] — 2 and II] — 4
have the same weight. When d = 7 the Forms I/] — 3 and II1 — 4 have the same weight.
Hence for d = 6 and 7, Form 111 — 4 will not be used.

We wish to have [§] + 1 linearly independent tableaux. Recall that r = md + f,
d =6k’ +4' and f = 6k +1, so it suffices to construct mk’ + k +m + 1 linearly independent
tableaux. We have f # 0,1,2,4, d > 6 and m > 2. Note that there is always at least one
F since f #0,1,2,4, so we will take k& > 1.

When d > 6, d %1 (mod 6), all the tableaux listed in Table 9.2.4 exist and are linearly
independent. This provides mk'k + k + 4|2 |k, which is at least mk’ 4+ k +m + 1. Hence
sufficient linearly independent tableaux exist. In the constrained cases, using the full set of
F listed (as opposed to only the first k') will provide sufficient tableaux.

When d = 6, the tableaux of Forms II] — 2 and I1] — 4 are not linearly independent.
Hence we have mk-+k+3 L%JE linearly independent tableaux. Then r = 6m+ f, so m+k+1
tableaux are sufficient. Since we have k = 1, we have listed sufficient tableaux.

When d =1 (mod 6) the tableau Dy does not exist. Hence Table 9.2.4 provides m(k’ —
1)k+k+4| 2| k linearly independent tableaux, provided &’ > 1. In this case r = 6k'm+m-+f,
so mk' +k + | & ] + 2 tableaux suffices. Thus we have enough tableaux unless m = 3,k=1.
In that case, specifically checking the number of tableaux needed and the number of J,
that exist, shows this construction is sufficient. When &’ = 1, there are no tableaux of Form
I and we do not use Form /11 — 4. Hence we have 1 + 3[ %] tableaux, which is sufficient
except in the following cases, where an additional tableau is needed If m =7, f = 5,¢c = 26
use 6U1(6) VU1(4), if m =3, f = 3,¢ =12 use bU;(6), ift m = 3, f = 5,¢ = 14 use 6U;(6),
ifm=23,f=06,c=13 use 4U1(6) V Uyx(3,2), and if m = 3, f = 6,c = 15 use 6U1(6). In the
constrained cases, using the full set of F listed (as opposed to only the first k') will provide
sufficient tableaux.

Hence for d > 6, f # 0,1,2,4, 2p + x > 3, we have constructed the requisite number
of linearly independent tableaux. We will consider the f = 0,1,2,4 case after doing the
2p + x < 3 case.
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When 2p + x < 3, the procedure described above require J; to have fewer than three
elements. In that case we use m — 1 in place of m in our construction and take J; to be
basis tableaux filled with 2p + x + 3 elements with shape [pd +2d+ g+ f, pd + d+ g]. There
are at least k' 4+ k such tableaux, though k may equal 0. Take d > 6, 2p+ 2 < 3, m > 3
Hence from the tableaux of Table 9.2.4 we get Table 9.2.4.

I. EDP\/(m—E—l)Dk/\/S"q p:Ol,,,,/{;/—l
¢g=1,2,... kK+k

II. (m—1)Dy VT, g=1,2,... K +k

(=1,2,..., 2]
g=1,2,.... K +k
j=1,2,34
d>6if j #1

Table 9.4: Tableaux Forms

As before, these tableaux are linearly independent, except in the constrained cases where
the same weight equalities occur. We do not use Form 1] — 4 when d = 6 or 7. For the
tableaux of Table 9.2.4, we require m > 3 for tableaux of Form I1I to exist. Since we still
have r = md + f, we want mk’ + k + m + 1 linearly independent tableaux, when d # 1
(mod 6). When d > 6, d # 1 (mod 6), this construction provides (m — 1)k'(k + k') + k +
K + 4™ |(k 4+ k) linearly independent tableaux. This is larger than mk’ +k +m + 1,
except when m = 4,k = 1,k = 0. However, computing precisely how many Fy exist in
this case and the minimum number of tableaux required, shows these tableaux suffice. In
the constrained cases, using the full set of F listed (as opposed to only the first k' + k) will
provide sufficient tableau.

When d = 6, Forms 1] —2 and I1]—4 are the same so we have only (m—1)+1+3| -1 |
linearly independent tableaux. Since r = 6m + f, f < d, we need m + 1 tableaux, which
we have. In the f = d —4 and f = d — 2 cases using the full set of F listed will provide

sufficient tableau.
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If d =1 (mod 6), the tableau Dy does not exist. Hence Table 9.2.4 provides (m—1)(k’'—
)(k+k)+k+k +4] 21| (k+ k') linearly independent tableaux when &’ > 1. In this case
r=6m-+m+ f,somk' +k+ %]+ 2 tableaux suffice, which we have. In the constrained
cases, using the full set of F listed will provide sufficient tableau. When k' = 1, there are
no tableaux of Form I or I1] — 4. Hence we have k + 1+ 3|2 |(k+1). This is at least as
large as mk’ + k + |5 ] +2 unless m < 8. However, computing precisely how many JF, exist
in this case and the minimum number of tableaux required, shows these tableaux suffice in
most cases. When m = 6, f = 3,¢c = 19 we need an additional tableau; use 6U;(6) V U1(2).
When m = 4, f = 3 we also need an additional tableau; use Uy(3,2) vV 7U1(6) V U1(4). In
the constrained cases, using the full set of F listed will provide sufficient tableau.

Thus for d > 6, 2p + x < 3, m > 2, all necessary tableaux have been constructed.

When 2p + x < 3 and m = 2, we find that ¢ = 7 or ¢ = 8. In these cases, consider the
tableaux of Forms I and II in Table 9.2.4. We have r = 2d + f, so 2k’ + k + 3 tableaux
are sufficient. For d # 1 (mod 6), we have at least (k' + 1)(k’ + k) linearly independent
tableaux of Forms I and II. When this isn’t enough, checking precisely how many tableaux
are needed and how many tableaux of Form I exist, shows that this construction is sufficient
except for the following cases.

When ¢ = 8,d = 8, f = 2 three tableaux are needed; use 2U;(8) V U4(6,1), Ui (8) V
Us(2,3) V U4(6,1), and Ui (8) V U3(2,4) V Us(4,1). When ¢ =8,d = 11, f = 2 five tableaux
are needed. They are 4U;(8), Uz(10,1)VU;(10), U2(10,1)vVU(8)VU;(2), U2(10,1)VU1(6)V
Ui1(4), and Us(10,1) vV U3(2,3). When ¢ =7, if d = 8 and f = 2, three tableaux are needed,
but Form I provides only two. In addition to those tableaux, use P;(0,3,2) Vv U;(8) VUi (2).
If c=7d =9 and f = 1, three tableaux are needed, but Form I provides only two.
In addition to those tableaux, use Uy (8) V Uy(8) V U1(6). If d = 10 and f = 0, three
tableaux are needed, but Form I provides only two. In addition to those tableaux, use
P5(0,4,2) v U1 (10) V U1 (4).

When d = 1 (mod 6), it is sufficient to construct 2k’ + k + 2 tableaux. We have at
least (k')(k’ + k) linearly independent tableaux of Forms I and II. When this is less than
2k’ + k + 2, checking precisely how many tableaux are needed and how many tableaux of
Forms I and I exist, shows that this construction is sufficient except for the following

cases. When ¢ = 8,d =7, f = 4 we need three tableaux; use U(6,1) V Us(4, 1), 2U1(6) V
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Uy(6,1), and U1(6) V U3(2,3) V Us(4,1). When d =7, f = 2 three tableaux are needed; use
Us(6,1) vV U1(6), Uz(6,1) V Uy (4) V U1(2), and 3U1(6) V U1(2). When d = 7, and f = 0,
two tableaux are needed, but Form I provides only one. In addition to that tableau, use
P5(0,3,2) v 2U,(6).

For c = 7if d = 13 and f = 1, five tableaux are needed, but Forms I and II provide
only four. In addition to those tableaux, use U;(12) vV U1(12) VU1 (8). If d =7 and f =1,
three tableaux are needed, but Form I provides only two. In addition to those tableaux,

use P3(0,3,2) VU1 (6) vV Uy (2). This completes the cases of ¢ =7 and ¢ = 8 for d > 6.

Now consider ¢ = 7 and ¢ = 8 when d < 6. When ¢ = 7, d = 5 we need two
tableaux of shapes [23,12] and [22,13], and one tableau of shape [21,14]. Use 3U;(4)
and Us(4,1) vV U1(2), for shape [23,12]; Ua(4,1) V Us(2,1) and Uy(3,2) V 2U;(4) for shape
[22,13]; and Ua(4,1) vV U1 (4) for shape [21,14]. When ¢ = 7an d = 4 we need two tableaux
of shape [18,10], 2U;(4) V U1(2) and Uz(2,1) vV U1(4), and one tableau of shape [17,11],
Uy(2,1) V 2U1(4). When ¢ = 7 and d = 3, we need only one tableau of shape [13,8],
Ua(2,1) vV U1(2).

When ¢ = 8 and d = 5, three tableaux are needed for shape [26,14], one tableau
for shape [25,15], and two tableaux for [24,16]. Use 3U;(4) V U1(2),Uz2(4,1) vV U1(4), and
Us(2,1)V2U;(4) for shape [26, 14]. For shape [25, 15] use Ua(4, 1)V Uy(3,2), while for shape
[24,16] use 4U;(4) and Ua(4,1) vV U1(4) VU1(2). When ¢ = 8 and d = 4 we need one tableau
for shapes [21,11] and [19,13] and two tableaux for shape [20,12]. In the first case, use
Us(2,1) vV U2(3,1) and Uy(4) V Ua(2,1) V P4(0,2,2), respectively. For [20,12] use 3U;(4)
and 2U2(2,1). When ¢ = 8 and d = 3 we need only one tableau of shape [15,9], which is
Us(2,1) V Uy(2,1). This completes the m = 2,2p + x < 3 case.

Now consider d > 6, 2p+x > 3, f = 0,1,2,4. In this case we cannot guarantee that the
tableaux F, of shape [2dp+ g+ f, 2dp+ g] exists. However, since d > 6, tableaux JF of shape
[pd+d+ g+ f,pd + d + g| will exist. Moreover, since s < r + 2d, this shape is fillable with
¢ < 6 elements. Hence we can simply use the tableaux constructed in the 2p + x < 3 case
with this F. Since we did not apply any restrictions of f in that case, those computations

hold.
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Now take d < 6. We have r =dm + f, f < d, s —2d < r < s. Since d is small, only a
few s are possible for each r. We will consider each case according to the value of d.

Ifd=3, wehave r =3m+ f, s=3m+ 3+ f, and f < 3. First consider f =0 or 2. If
m = 2 we have the shapes [15,9] and [19, 11]. In both cases, only one tableau is needed. Use
U2(2,1) VU4(2,1) and Uz(2,1) VU4(2,1) VU1 (2). Now take m > 3. Let & be the tableau of
shape [9+2f,64 f]. Since f = 0 or 2, one such F always exists. Then consider the tableaux
of Form IT and ITI —1 in Table 9.2.4. They have weight (2,2,2,0,0,0)¢V (3,0,0)™ 21y
w(F) for £ = 0,1,..., LmT_lJ and hence are linearly independent by Lemma 3.4.12. This
construction provides [™-1] 4+ 1 tableaux. Since we need at most | 2742 ] + 1 tableaux for
m odd and |22 | for m even, this suffices. When f = 1, let F = Us(2,1)VU(2) VU (2). If
m = 2 or 3, one tableau will suffice. In those cases use ¥ and FV Uy(2,1). When m > 4 we
will use the tableaux £A; V (m —2¢ —2)Uy(2,1) VF for £ =0,1,...,|Z2]. There are |Z]
such tableaux and they are linearly independent. Since only || are needed, this suffices.

When d =4 we have r =4dm + f, s =4m+ h+ f, and f < 3. Since s — 8 < r < s,
the only possibilities are f = 0,h = 2,4,6 and f = 2,h = 1,3,5,7. Let F be a tableau
of shape [8 + 2f 4+ h,4 4+ f + h]. Since F needs at most 8 elements it has already been
constructed. If m = 2, we need one tableau when f = 2, so F suffices. When f = 0, two
tableaux are needed. Use Uy(4) VvV U1(4) VU1 (2) and Ua(2,1) VU (4); U1 (4) VU1(4) VU (4)
and Uz(2,1) VU (4) VUL(2); or Uy (4) VUL (4) VUL (4) VU (2) and Ua(2,1) VU (4) VU1 (4);
depending on h. For m > 3, use the tableaux of Forms /1 and /1] — 1 of Table 9.2.4 along
with those of form I1T — 1, with A5 (given in Section 9.1.4) in place of A;. This provides
1+ 2| -1 ] linearly independent tableaux, which is sufficient.

When d =5 we have r =5m + f, s=bdm+h+ f, with f <5,0< h <10, and h = f
(mod 5). Let F be a tableau of shape [10 + h + 2f,5 4+ h + f]. When m > 3, consider the
tableaux of Forms I1, I11 — 1, II] — 4 of Table 9.2.4. This provides 1 + 2LmT*1J linearly
independent tableaux. Computing precisely how many tableaux are needed for each f and
h we find that this is sufficient except in the following cases. When f = 1, m = 4 we need
one additional tableau. For h = 1 use 4U;(4) V U;(2) and for h = 6 use 3U4(3,2) V3V Ui (4).
When f = 2 and h = 2 we need an additional tableau for m = 8,6, and 4. Use 11U;(4),
8U1(4) vV U1(2), and 6U;(4) respectively. When f =2 and h = 7, this construction suffices.
When f = 3 and h = 3, one additional tableau is needed for m = 6 and m = 4; use 9U;(4)
and 6U;(4) vV U1(2), respectively. When f = 3 and h = 8 we can take J to be a tableau of
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shape [14,11] and use the tableaux of Forms I, IT] — 1, and 11 — 4 of Table 9.2.4. This
provides 142[ % | tableaux, which suffices except for m = 3. In that case three tableaux are
needed; use Uy (4, 1) V3U1(2), Ua(4,1)V2U4(2,1), and Us(4,1) VU1 (4) VU1 (2). When f =4
and h = 9 this construction suffices except when m = 4. In that case we need an additional
tableau, so use 3Us(4,1) V U4(3,2). However, when h = 9 the tableau F has 9 elements.
Since we’ve only constructed the basis tableaux for ¢ < 8, use F = Us(4,1) V 2U;(4). When
f =4 and h = 4 we can take F to be a tableau of shape [12,8] and use the tableaux of
Forms II, I11 — 1, and I11 — 4 of Table 9.2.4. This provides 1 4 2[%] tableaux, which
suffices.

Now consider m = 2 for d = 5. The tableaux will have ¢ < 9 elements unless f =
2,h =7, f =3,h =8, 0or f =4. The ¢ < 9 will be constructed later. If f =2 h =7
we need two tableaux, Ua(4,1) V U4(3,2) V U1(4) and Uz(4,1) V Us(2,1) V P4(0,2,2). If
f =3,h = 8, two tableaux are required. Let F be a basis tableaux of shape [14,11]; use
AivVFand Ay VF. If f = 4,h = 9, two tableaux are needed, 2Us(4,1) V Us(2,1) and
Uz(4,1)VU4(2,1)V P4(0,2,2) VU (4). If f =4, h =4 we need three tableaux. Let F be the
basis tableau of shape [12,8]. Then Ay V F, A; V F and 2U4(3,2) V F provide the requisite

tableaux. Thus all necessary tableaux for d = 5 have been constructed.

Now consider when m < 2 for arbitrary d. If r < d then since s — 2d < r < s we have
¢ < 6, which has been done. If r = d + f then we must have ¢ = 7,8 or 9. First consider
when ¢ = 7 with r = d + f. We get s = 3d — % For d even use U;(d) V F where JF are
the ¢ = 5 tableaux with » = d + f. When d is odd use Uj(d — 1) V F where F are the
¢ = 5 tableaux with r = d + f — 2. This is sufficient unless d =1 (mod 6), f =2 (mod 6),
d =3 (mod 6),f =0 (mod 6), or d =5 (mod 6), f =4 (mod 6), in which case we need
one additional tableau. For that, use Us(d — 1,1) VB where B is a ¢ = 3 basis tableau with
s < r. This construction holds for d > 3. When d = 3, only the shape [12,9] is needed.
One tableau, Us(2,1) V Uy(2,1), suffices. Thus the ¢ = 7 case is complete.

Now take ¢ = 8. Since s —2d < r, we have f > Lg] and s = 3d+ %. For d even we can
use U (d) VF where JF are the ¢ = 6 basis tableaux of shape [3d — %, 2d+ %] When d is
odd, use Uj(d — 1) VF where J is the ¢ = 6 tableaux of shape [3d — % —1,2d+ % +1].
This construction suffices unless d + f = 0 (mod 6). (Since ¢ < f, d = f (mod 2) and

3
d > 6, such an F always exists.) If d + f = 0 (mod 6) use the tableau of Forms I and
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IT of Table 9.2.4, with F the ¢ = 5 tableaux of shape [2d + d;—f + f,2d + dg—f] This
suffices unless d = 13,f = 11, d = 1 (mod 6),f = 5, or d = 5 (mod 6),f = 7. In
the first case, five tableaux are needed; use 2U2(9,1),U2(9,1) v U1(12) v U;(8),3U1(12) v
U1(4),20,(12) VU1 (10) VU1 (6),U2(12,1) VU1 (12) VU, (2). In the f = 5 case use the tableaux
B,V F where B, are the ¢ = 3 basis tableaux of shape [2d + 1,d — 1] and F is the c =5
tableau with » = 3. This suffices for % even. When d;—f odd, an additional tableau,
U(d—1,1)VU;(d—1)V Ul(% +1), is needed. In the f = 7 case use the tableaux B,V JF
where B, are the ¢ = 3 basis tableaux of shape [2d — 1,d + 1] and JF are the ¢ = 5 tableaux
with » = 9.

Now consider when ¢ =9 with r = d+ f. We get s = 4d — % Since s — 2d < r < s we
have %d <f< % and hence this case does not occur. This completes the r < s case. Hence

we have proven Theorem 3.
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Chapter 10

Two Row Partitions and the
Gaussian Polynomial

Let n = ab with a, b € N and take ¢ € N such that 1 < ¢ < [%]. Let P5(¢) be the numbers

of partitions of n having at most a parts each of size less that or equal to b, that is partitions

of n fitting inside a b x a rectangle. Then P2(¢) is the co-efficient of ¢¢ in the Gaussian
a+b

polynomial [a;b]q, as in [1]. The Gaussian polynomial, [ ; ]q, is also called the Gaussian

co-efficient or the generalized g-binomial coefficient.

Lemma 10.0.1. Take n = ab and A = [n — £,{]. Let K = 831 S,. The multiplicity of x*
in 157 equals P5(¢) — P4 (¢ —1).

Proof. Let H = S,—¢ x Sy and H' = S,_g41 x Se—1. Then x["=44 = 190 — 15 by the
determinantal formula [14]. So <1}9(”,X[”_€’Z])3n = <1}S<”, 1}9{”)571 - <1%,1‘§1’3>3n. Hence it
suffices to show (1}5{", 1‘§In>5n = Pb(0).

Now (157,157 s, is the number of orbits of K acting on the cosets of H in S, [11]. View

the numbers 1 to n in blocks of size b, that is
[1,2,....0/b+1,...2b]---|(a—1)b+1,...ab|

The copies of H in S, correspond to the different ways S, sits in S,,, that is subsets of
{1,...n} of size £. Given such a subset L (corresponding to a copy of H) it will be broken
into a parts by intersection with the blocks above. Let u; be the size of the part of L in the
ith block. Since K acts by S on each of the blocks, L is equivalent (under K) to a subset
L’ where the first p; numbers {i-b+1,...7-b+ p;} are chosen from block i (starting with
the 0" block). Since K also has the wreath product action by S, acting on the blocks, L’
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is equivalent to the subset L*, where the blocks are reordered so the p; > piy1. Hence L*
corresponds to a partition of the number / into a parts of size at most b and every such
partition corresponds to a copy of H in &,.

So every such partition is contained in some orbit of K on S,,/H, and every orbit
contains some such partition. Hence it suffices to shows that no two partitions are in the
same orbit. Say pu = [po, ... pla—1] and v = [y, ...V4—1] are partitions of ¢ where we allow
0 < pi,v; < b If p and v are in the same orbit, then there exists ¢ € K such that
g-{t-b+j0<i<a-11<j<pu}={i-b+j0<i<a-11<j <y} So
g(ib + j) = ki b+ c¢;;. Since g moves complete blocks, we must have k; ; = k; j» for all
1 <4,7" < pi. As the action is injective, we must then have ¢; ; # ¢; j» for j # j'. Hence
looking at the image, we have p; = [{c;;}] < vg,.

Take pu > v, pu # v. There exists ¢ such that p; > v; and py = vy for all i < i. Then
there are ¢ such vy with vy > p,;. But if g - p = v then p; = [{¢;j}| < v, implies there are
at least 741 such v, which is a contradiction. Hence no orbit contains two such partitions,

which finishes the proof. O

The ideas behind this proof are due to J. Saxl stemming from discussions of his paper
[13].

Since the multiplicity of irreducibles in induced characters is non-negative [16], this
lemma implies the well-known unimodality of the Gaussian coefficients [1]. Now P%(¢) =
Pi(L), since [agb}q = [aFP] . by taking conjugate partitions. Hence this lemma shows that
Foulkes’ Conjecture always holds for two row partitions, which is discussed in [14].

We can also interpret our results on the generalized Foulkes’ Conjecture in terms of the

Gaussian coefficient. From Theorem 1 we have:

Theorem 12. If n = 2b = cd, with ¢,d > 2, then for 1 </ <[],
PLL) — PAC 1) = Ph(£) — Ph(¢ — 1)

Similarly, Theorem 3 gives:

Theorem 13. If n = 3b = cd, with ¢,d > 3, then for 1 </ < [ 5],

PE() = P~ 1) = Py(0) — Py~ 1)
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Hence our results give insight into the relationship between the rates of growth of dif-

ferent Gaussian coefficients.
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Chapter 11

The Alternating Character

Since Foulkes’ Conjecture is based on the trivial character, it is natural to ask whether
the ideas hold for the alternating character. The first question is, what we mean by the
alternating character in terms of induced modules.

Consider, the ‘alternating’ character of the form ((—1)s,, ls.s,) 1Sab that is the usual
alternating character of Sy, restricted to the subgroup S, ¢Sy, which is induced back up
to Sgp. A brief computer check of Foulkes’” Conjecture using this character shows it holds
for some small values of @ and b. In fact, Foulkes’ Conjecture is equivalent to the following

conjecture using the alternating character.

Conjecture 3 (Foulkes’ Conjecture for Alternating Characters). If a < b then every
irreducible character occurring in ((—1)s,, ls,s,) 15 occurs in ((—1)s,, ls.s,) T9 with

multiplicity greater than or equal to its multiplicity in ((—1)s,, |s,5.) Sab,
Naturally, this conjecture also generalizes to:

Conjecture 4 (Generalized Foulkes’ Conjecture for Alternating Characters).
Given n = ab, a < b, if ¢, d are such that ¢d = n, and ¢, d > a, then every irreducible
character occurring in ((—1)s, ls,s,) 15 occurs in ((—1)s, ls;s.) 75" with multiplicity at

least as large.

Showing the equivalences of Conjecture 1 or Conjecture 2, (Foulkes’ Conjecture for
trivial characters), and Conjectures 3 or 4 (Foulkes’ Conjecture for alternating characters)
is straightforward. We will assume Conjecture 1 (or Conjecture 2) holds and prove the

alternating character version. The same argument shows the reverse equivalence.
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Proof. First recall that if S is a subgroup of finite index in G, F an S-module and E a
G-module over a field, then there is an isomorphism Ind§ (Resg(E) ® F) ~ E ® Ind§ (F).
(See Chapter XVIII §7 of [16].)

Note that here we have used Ind for induction and Res for restriction of modules. Also,
let G=S8,, S=8,18 and T = 5,1 S, or S50 S, as appropriate. Let E be the G-module
corresponding to the character (—1) on G. Since we are working over C, we will use C to
denote the trivial module over any group.

The characters we’re comparing are ys = Indg (Ress(FE)) =(—1)s,, lsus, 15 and xr =
Ind$ (Resy(E)). Then xs ~ Ind§(Resg(E) ® C) ~ E ® Ind§(C) by the isomorphism
mentioned above. Similarly for x7. Switching notation back to characters, we get yg =~
(-1)1§ and x7 ~ (—1)¢1$.

Since we’ve assumed Foulkes’ Conjecture on trivial characters, we have 1? = 1% + 1) for
some character 1. Then ys = (—1)g(1% + ) = (=1)F1¢ + (=1)gw. Hence xs < xr as

desired.

Since we’ve proven Theorem 1 the argument above shows:

Theorem 14. If 2 < b then every irreducible character occurring in ((—1)s,, ls,s,) 152

occurs in ((—1)s,, lsas,) 1520 with multiplicity greater than or equal to its multiplicity in

((_1)52b leZSQ) TS% .

Similarly, Theorem 2 gives:

Theorem 15. Given n = 3b, 3 < b, if ¢, d are such that ¢d = n, and ¢, d > 3, then every

irreducible character occurring in ((—1)s, l.s,s5) T occurs in ((—1)s, lsus.) T -
While Theorem 3 shows:

Theorem 16. Let n = 3b = cd, with ¢, d > 3 and let A\ = [\, A2] be a two row parti-
tion of n. Then every irreducible character x* occurring in ((—1)s, ls,s,) T occurs in

(=1)s, lsps.) 15 with multiplicity at least as large.

Given the success of replacing the trivial character in Foulkes’ Conjecture with this

‘alternating’ character, it is natural to investigate if other definitions of an alternating

character yield similar results. One suggestion was to try (—1)225’ A~ (—1)§Z§’Sb for an
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induced alternating character in place of 1§“12’S in Foulkes’ Conjecture. Alas, a simple
a(Op

computer check via GAP [9] shows Foulkes’ Conjecture for this character fails when a = 3

and b = 4. Other variations on this character, such as (—1)5{;% S (—1)?2’2’31) also fail at

those values.
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Chapter 12

Discussion of General Results

Theorems 1, 2, and 3 extend the current research on Foulkes’ Conjecture. Although, the
proof used combinatorial techniques on Young tableaux, the results correspondingly apply
to areas such as Shur functions, Rational Homotopy Theory, and other means of interpret-
ing Foulkes’ Conjecture. In addition we may interpret the Foulkes’ Conjecture using the
alternating character via these theorems, which we discussed in Chapter 11.

While the construction of the tableaux themselves are cumbersome, the development of
the theory illustrates new approaches to Young tableaux. These concepts could be carried
forth in contexts involving tableaux other than its usage here. Although the main theorems
are specific to the cases a = 2 and a = 3, some general results arise from this study.

The main theoretical techniques of this paper are that of weight-set counting in Theo-
rem 4, the application of Theorem 8, and the use of maximality to show linear independence.

The theory and technique of weight-set counting developed in this paper can be im-
plemented in general, as can the concept of maximal form. While we only used tableaux
with three or fewer rows, the theoretical foundations of weight-set counting have been laid
for tableaux of an arbitrary number of rows. Although the computations are impractical
for a random tableau, the counting works smoothly for tableaux with suitable symmetries,
particularly those tableaux in maximal form.

Moreover, the technique of weight-set counting is not dependent on a filling of content
[b%]. However, for non-uniform contents, one must watch carefully the action of S,; the
weight-set counting may need to count all rows and the definition of maximality will need
adjustment.

Similarly, the usage of Theorem 8 in constructing larger tableaux will also work for other
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contents and row quantities. The use of the Lemma 3.4.9, to show weight-set disjointness by
maximality, however, has only been defined for three row partitions. It should be possible
to generalize it for other partitions.

Tableau maximality is a very useful concept for showing weight-set disjointness and
applying Theorem 8. It is vital in proving linear independence of tableaux. Linear indepen-
dence through tableau maximality should allow more progress on issues such as multiplicity.

The methods of proving Theorem 2 could also apply to proving Conjecture 2 with other
a’s, not including multiplicities. Unfortunately, the computations are likely to be some-
what cumbersome, especially the establishments of non-zero shapes as done by Theorem 9.
However, should those parameters be established through other techniques, the tableaux
constructed for Theorem 2 should provide nearly all the needed shapes with three or fewer
rows, thus reducing the work substantially. Moreover, the reduction procedures will also
apply.

Specifically, given any n = ab = cd, if the shapes having multiplicity zero in Sy S,
are bounded, then to prove the generalized Foulkes’ Conjecture for arbitrary ¢, d > a, we
should only need to prove it for a limited number of ¢’s. For instance, suppose a shape had
multiplicity zero only if \; — A\j+1 < f;. (For n = 3b, we had fi1 = fo =4.) Assume d is even
(the odd case, though more cumbersome should follows analogously). Then given a tableau,
we can ‘peel off’ a column block of size d with the appropriate row length, for instance,
Ui(d) and P;(d) are the two and three row versions. We can repeat this process so long as
Ai = Ait1 > d+ f; (and there are at least as many elements as there are rows). Hence in the
end, we need only construct a tableau with A; — A\j11 < d + f;. This tableau will need at
most 5>, i(d + f;) elements, hence ¢ will be bounded by this number. This should imply,
given the f;, if the generalized Foulkes’ Conjecture is true for ¢ up to some bound, it is true
for all c¢. (Presumably, if these tableaux exists, we can find versions with maximal/disjoint
weight sets as needed.) The existence of the f; seems probable since Theorem 2 implies fi,
fa < 4if 3|n. It may be the case, as in Theorem 1 that the parity of \; strongly effects the
multiplicity. However, since the ‘peeling off” does not change the parity, this process should
still go through.

In addition to this procedure, the investigations of Theorems 1 and 2 yield some gen-
eral results. Take the character lgzlgsb and consider the irreducible 8* corresponding to

A = [A,A2]. Then §A always has non-zero multiplicity whenever A\; and Ay are even.
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Moreover, this multiplicity is zero whenever Ay = 1 regardless of the choice of a and b.
These theorems also have implications regarding the generalized Gaussian polynomial, as
discussed in Chapter 10.

Finally, the techniques within the proof of Theorem 3 should extend beyond two row
tableaux. Specifically, Theorem 2 can probably be strengthened to include multiplicities for
all partitions. Such a result should follow the ideas of Theorem 3, though sufficient linearly
independent three row tableaux for ¢ = 4, 5, and 6 must first be established. However,
weight-set maximality should be sufficient to demonstrate linear independence. In all, these
results provide a strong foundation for those wishing to study the representation theory of

wreath products of symmetric groups via tableaux.
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Appendix A

Association between Tableaux
Spaces and Irreducibles

Let n = ab and H = S, S,. Recall that WM = {T|T a \-tableau filled with 1 to a, each
b times}. We will explicitly show why the multiplicity of x) in 1‘2}” equals the dimension of
C{q|T € Wha}.

View H as a subgroup of S, where H acts on
1,2,...0b+1,...,2b]...[(a—1)b+1,...,ab

by Sy on each block and by S, permuting the blocks. The elements of H are the form
(m1,...Mq,0) with m; € Sp, 0 € S;. Now S, x S, acts on WM with S, acting on the
numbers 1 to a and S,, acting on the positions (corresponding to labelling across the rows).

Let K = {(o7',(m1,...7q,0))|mi € Spy 0 € Sg}. So K < S, x H < S, xS,. Let T
be the A-tableau filled across the rows with b 1’s, then b 2’s, etc. Then S, x S,, acting on

T gives WM and K fixes T. Specifically, Stabs,xs, (T) = K. Hence as S, x S,, modules,

Ao ~ 1SaXSn _ 1SaxXSn
W = Ty = 1877

Proposition A.0.2. WM ~ > a PSa () @ (er(p))S» where @s, () is the irreducible of
S, indexed by p and @p(p) is the irreducible of H/(Sp x ... x &) ~ S, indexed by pu.

Proof. Since 1 x (Spx...x8p) < K, it is in the kernel of 1. As Spx...xS,<H, it is in the
kernel of 1}5("XH. So we can view 1‘}5(“XH asan Sy X H/(Spx ... x 8p) =~ 8, x S, module. Let
D ={(c7",0)|oc € S,} be the image of K in S, x H/(Sp X ...x Sp). Hence 1%XH ~ 1%“5“
as Sqg X H/(Sp x ... x Sp) modules. Thus we can write 1%“8“ = a,,0,® ¢, for p,vka

and some a, ,, where ¢ is the corresponding irreducible of S,.
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By Frobenius reciprocity a,, = (¢, ® ¢y, 1‘153“8“) = (¢ ® ¢u|p,1p)p. Now ¢, ®
¢V|D = ¢u@ So (¢p X Qbu‘Da 1D)D = |%| Egega Cf)#(O')d)y(U) = ||SDa|| : (‘bm@bu)Sa- Using row

lifpu=v
orthogonality and |S,| = |D|, we have a,, =

0 otherwise

So 19a%Se — bu ® ¢,. If we lift back to the original module 152 we have
D pka TR ¢H g K
1‘}3(“XH =2, 0s.(1) ® ¢ (1) where ¢s, (p) is the irreducible of S, indexed by p and ¢ (1)
is the irreducible of H/(Sy x - -- x Sp) =~ S, indexed by p. Since 15275 = (15¢*H)SaxSn we
get
155 = (Y 08,(1) © Dm ()55 = 37 s, (1) © (D11 (1))
p p

O]

By this proposition we have Wh® ~ D ia PS. (1) ® (e (p)5 as Sy x S, modules.
Consider the submodule on which &, is trivial, that is, 4 = (a). This corresponds to
ls, ® (1g)5~. If 1}5; = >, MuXy, this module corresponds to > , 1s, ® my,x,. Now
€x = D veRy 2recy €(T)oT is an idempotent of S, on A-tableau 7. So the action of ey
on > 1 ® myx, is the same as the action of ¢, = Zwesa meyx on WA, Then ¢y - WM ~
my(ex-8) as S, modules, as ey-8” = 0 for A # v. Now 8 is is a cyclic S,-module generated
by ex(T). (Correspondingly, the semi-standard tableaux which span §* are equivalent under
the action of S,,.) Therefore dim(ex8*) = 1 and dim(g\W*) = my. Hence {qr|T € W4},
spans a module of dimension m), the multiplicity of x) in 1?;2 s,- This proof is due to

Wales, [22].
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