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Chapter 7

Tableaux Construction

The proof of Theorem 2 in Chapter 6 requires the construction of non-zero maximal
tableaux with ¢ < 8 for the shapes discussed in Theorem 10. In this chapter we
construct all the necessary tableaux and show they are both non-zero and maximal.
Some basic properties of maximality are listed in Section 7.1 and are used throughout
our construction. We construct those tableaux with two rows in Section 7.2. In
Sections 7.3, 7.4, 7.5, and 7.6 we construction the necessary tableaux with ¢ = 3, 4,

5, and 6, respectively. Section 7.7 contains additional tableaux need when ¢ = 7 or 8.

7.1 Maximality of Tableaux

Maximality, as discussed in Lemma 3.4.9, is an important property of the tableaux
we construct to prove Theorem 2. Given certain conditions of a weight, it is easy to
verify that a tableau is in maximal form. We discuss maximality here in general, in
order to simplify the proof of maximal form for the specific tableaux we construct in
the next sections.

Recall that a tableau 7' is in maximal form if q,; # 0 by weight-set counting on
w(T) and w(T) is the largest weight of all w(7T) for 7 € Cp. All tableaux that we
consider in the next sections are shown to be non-zero by weight-set counting prior to
addressing the maximality issue. As such, we only consider the weight condition here.
To summarize the basic conditions of Definition 3.4.2, a tableau weight is maximal

if it has the largest weight possible for row three, and given this, the largest weight
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possible for row two. When multiple weights satisfy this, the weight where rows two
and three have elements in common (e.g., the element 4 appears in both rows) is
considered larger.
In general, to determine the maximal form of a tableau, we start with a given
filling of T" and use column operations to produce tableaux 771 with larger weights.
The following procedure provides an overview of how to determine the maximality of

a filling.

e First maximize the weight of row three. This usually involves having a weight
of d for as many elements as possible. (This is discussed more extensively
in Lemma 7.1.2.) There may be multiple different fillings having the same
maximum weight for row three. All such fillings should be considered for the

next step.

e Now maximize the weight of row two, given the filling(s) of row three determined
previously. To do this, determine the largest possible row two weight of each
element, provided those elements assigned to row three are not used. For a
given element this is equivalent to the number of copies in the body of T" minus
the number of copies used in row three. Fill row two with the element having
the largest weight, then repeat the procedure with the remaining elements and
positions. (This is summarized for weights in Lemma 7.1.4.) There may be

multiple such fillings having the largest weight.

e If there are multiple fillings after step two that have different generic weights,
choose the filling in which an element in row three has the largest weight in row
two. (The weight of their common elements is maximized.) There may not be
a unique such filling, but all such maximal fillings will have the same generic

weight. As such these fillings will differ on by an action of S,.
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Example 7.1.1. Consider

Z+X Z 7 A

3 323 .
ToQi= 3220 ) = ()

1 112

where 7 = %, A < 7, and some conditions on Z, A, and x to insure q; is non-zero.

First we want to maximize row three. Since this occurs when the non-zero weights
of row three are d and A, we check to see which elements can have weight d in row
three. Here, the only option is the element 1. Since any of the remaining elements
can have a weight of A, we leave that column unfilled for now. Thus the maximal
(third row) form for T"is 111x.

To determine the maximal second row form, we consider how many of each element
is available given the third row is partially determined. There are zero 1’s available,
27+A 2’s available, and 2z+A+x 3’s and 4’s available. Hence we can maximally fill
the second row with either 3’s or 4’s. Since the tableau is symmetric in 3’s and 4’s,

we will use 4’s without loss of generality. Thus we get a maximal (second and third
4*44

111%*°

This form gives rise to two different generic weights depending on whether the x’s

row) form of

are the same. These generic weights are (2 “ d_g“ 8) and (2 0 d_éﬂ g) The first one,

corresponding to the same element for both #’s, is larger. Hence a maximal (second

. . 44 . . .

and third row) form is 12° Note that this filling is not unique. We could have
4344 4 2 . . .

used 3 , 3433 , Or 3233 instead. All would be in maximal form.
1113 1114 1112

Some fillings can be seen as maximal strictly by examining the weight of the

tableau.

Lemma 7.1.2. If a row has at most one weight not equal to 0 or d, then its row

weight is maximal.

This follows directly from the ordering on weights and the limit of d copies of an
element in a tableau. If we call the weight not equal to 0 or d the non-d weight for

the row, we get the following result on tableau maximality.
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Lemma 7.1.3. A tableau is maximal if rows two and three satisfy Lemma 7.1.2
and either their non-d weights come from the same element or the sum of the non-d

weights is greater than d.

Proof. Given a tableau satisfying Lemma 7.1.2 for rows two and three, its maximal
generic weight must be either (§249) or (994d2) with the appropriate number of
0 and d weights. By our ordering, the first weight is strictly larger than the second
weight. Hence when the non-d weights come from the same element the tableau is
maximal. If A+ B is greater than d, the first weight is not possible and so the second

one is maximal. O

This lemma is directly applicable to the tableau weights. A more generalized form
of this, depending on the actual filling, is also useful. The following lemma reflects

the technique used in Example 7.1.1.

Lemma 7.1.4. A row is maximal if all except one non-zero weight corresponds to

the largest weights possible for any elements.

This lemma is a generalization of Lemma 7.1.2, where the maximum weight for

each element is no longer d. Using this in Lemma 7.1.3 gives:

Lemma 7.1.5. A tableau is maximal if row three satisfies Lemma 7.1.2, row two
satisfies Lemma 7.1.4, and the non-d weight of row three has the largest possible

weight in row two of all such weights satisfying Lemma 7.1.4.

Example 7.1.1 represents an appropriate use of Lemma 7.1.5. The weight of
row three is (d, A,0,0), clearly satisfying Lemma 7.1.2. The weight of row two is
(0,2,0,d—Z+ A+x). That satisfies Lemma 7.1.4, since we checked that d —z+ A +x
was the largest weight possible. Finally, w3(2) = A is the non-d weight of row three.
Since wy(2) = 7 is larger than wy(2) = 0, the weight is maximal by Lemma 7.1.5.

In general, for the application of Lemma 7.1.5 it is to check that Lemma 7.1.2
and Lemma 7.1.4 apply and then to show that the non-d weight cannot be assigned a

larger row two weight without changing the generic weight of row two. In particular
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the non-d weight conditions of Lemma 7.1.5 are satisfied if all extra (non-third row)
copies an element in row three are contained in row two. We will refer to these lemmas

for maximality justification of the tableaux constructed in the next section.

7.2 Tableaux for Two Row Partitions

In this section we construct all the two row tableaux needed for the proof of The-
orem 2. For many of these constructions, the parity of d is relevant. Recall the

notation:
d if d is even
d =
d—1 ifdisodd
Since we are constructing tableaux for many partitions, we will not use a fixed c.

However, for every element that is listed in the tableau, we assume it occurs d times,

filling out the tail as needed using only those numbers in the body of T'.

Tableau U;

Ad—Ad—A A
A even

Uy=1 1 2 ~ 1
2 2 A<d

wo(Uy) = (0, A)
A =[2d — A, A]

r=2d—2A, s=A,1t=0

We showed U; non-zero in the proof of Theorem 1.

Maximality: This tableau is maximal by Lemma 7.1.4.
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Tableau Us
AABB A+B<d
Uy= 1313
24 49 A,B>0

wy = (0,A+B,0,A + B)
A = [4d — 2A — 2B, 2A + 2B]|

r=4d —4A — 4B, s = 2A + 2B, t = 0

We showed U, non-zero in the proof of Theorem 1.

Maximality: This tableau is maximal by Lemma 7.1.4.

Tableau Us
A even
ABB A+B<d
Us= 112
233 0<2B<d
B> A
wy = (0, A, 2B)

A =[3d — A —2B,A + 28|

r=3d—2A—4B,s=A+2B,t=0

If B> A, any valid weight assignment must have wy(3) = 2B. Hence (1,2, 3) with
sign 1 and (2, 1, 3) with sign (—1)* are the only possible weight assignments. Thus Us
is non-zero. If A = B, we may also have weight assignments: (1,3, 2) with sign (—1)";
(2,1,3) with sign (—1)**"; (3,1,2) with sign (—1)**; and (3,2,1) with sign (—1)*T2.
Since A = B and A is even, these are all positive. Hence Us is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.4 since 2B > A + B.
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Tableau Uy

Uy= 23 A>B>0

WQ:<A+B,O70)
A=[3d—A—B,A+ B

r=3d—2A—2B,s=A+B,t=0

Since only the element 1 can have wy = A + B, there is exactly one valid weight
assignment, (1,2,3). Thus Uy is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.4.

Tableau Us
AB—2A—1B A2
Us=1 1 4 4 B >3
2 3 32 A+B<d

wy = (0,A+B,A+B—3,0)
A= [4d —2A — 2B+ 3,2A + 2B — 3]

r=4d —4A —4B+6,s=2A+2B—3,t =0

Only the element 2 may have wq(2)=A+B. Since A > 2 and B > 3, we must have
wa(3) = A+ B — 3. Hence (1,2,3,4) is the only valid weight assignment, so Us is
non-Zero.

Maximality: This tableau is maximal by Lemma 7.1.4 since A+B is the largest

weight possible.
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Tableau Usg
A=d—2
ABC D B:% d=1 (mod 2)
Us= 13555313135 i3
24424552 c=5" d>5
D — 45

Only the elements 2 and 4 may have wy = d. If wy(5) = 0, then wy(1 and 3) > 0.
Hence (1,2,3,4,5) is the only valid weight assignment and so Ug is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.2.

Tableau U,

2 23 2
Ur= 435534234 d=5
111223

wy = (5,4,2,0,0)

A= [14,11]

The valid weight assignments are (5,4,2,0,0,0), (5,4,0,2,0), (2,0,4,0,5),
(0,0,2,4,5), and (0,0,4,2,5). Since there are an odd number of weight assignments,
this tableau is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.4.

Tableau Ug

43333122444
ng d:4
11122
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Then only valid weight assignments are (1,2,3,4), with sign 1, (1,3,2,4), with
sign (—1)%, and (3,1,2,4) with sign (—1)3. Hence the weight sum is 1 and Uy is
non-zero.

Maximality: This tableau is not maximal since wy = (0,0,4,1) is larger. How-
ever, in qr, the weight (0,0,4,1) always cancels. This tableau cannot be put in
maximal form, hence we will need to prove directly that it is disjoint from the requi-

site tableaux. This will be done in Section &.7.
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7.3 Tableaux for ¢ =3

We know by Theorem 9 which tableaux are non-zero for ¢ = 3. However, using
Theorem 8 on tableaux requires the tableaux to be non-zero by weight-set counting
on w(T"). We also want the tableaux to be maximal, in order to obtain the disjointness
of Lemma 3.4.9. Here we will list the tableaux used, briefly showing they are non-zero
and maximal. For all these tableaux, any valid weight assignment corresponds to a
unique tableau, so we will not explicitly state how many tableaux correspond to each

weight assignment.

Tableau P,

A= [3d — 2A, A, A

r=3d—3A,s=0,t=A

P, is non-zero by the Lemma 3.2.6.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau P,
AB
11 A+B<d
PQZ
22 A, B even
3

waz = (96" %)

A =[3d —2A — B, A+B, A

r=3d—3A—2B,s=B,t=A
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Only the elements 1 and 2 may have wys = A+B. Hence the valid weight assign-

ments are: (1,2,3) with sign 1; (3,2, 1) with sign (—1)*; (2,1, 3) with sign (—1)*"*;

I

and (3,1, 2) with sign (—1)®. Since A and B are even, this weight sum is 4 and q,, # 0.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau P

A B+1BC
2 2 2

P, = 3
1 1 13
3

w273 — (8 A+20B+1 S)

0<a<d
2B+1<d—A
0<c<«<B

A + C even

A=[3d—2A—-2B—C—1,A+ 2B+ C+1,A]

r=3d—3A—4B—2C—2,s=2B+C+1,t=A

Only the element 1 may have wy = A+2B+ 1. Hence the valid weight assignments

are (1,2, 3) with sign 1 and (1, 3, 2) with sign (—1)*"°. Since A+ C is even, this weight

sum is positive and hence Pj is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau P,

ABBC
2232
p= %3
1113
3
w2’3:(8A—BQBCAJ)

0<A<d
2B<d—A
0<c<B

A + C even

A=[3d—2A—2B—C,A+ 2B+ C,A]

r=3d—3A—4B—2C,s=2B+C,t=A
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Unless ¢ = B, the only valid weight assignments are (1,2,3) with sign 1 and
(1,3,2) with sign (—1)**°® = 1. If B = C the tableau is symmetric in 1, 2, and
3. Hence we also get the weight assignments: (2,1,3) with sign (—1)*"5+¢ = 1;
(2,3,1) with sign (—1)* = 1; (3,2, 1) with sign (—1)*™ = 1; and (3, 1, 2) with sign
(—1)* = 1. Thus the weight sum is always positive and P; is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.
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7.4 Tableaux for ¢ =14

Tableau ()4
0<A<zZ
C+ D even, if D =B+ x
Z+X 7 Z ABCD B+x>D
0 3 323323 D+ B+ xeven, if D=C
= >
T4 244440 ¢=D L _ dx
1 112 B+C<7zZ—A 3
d=x (mod 3)
Z + A + D even
w273 — (2 Z—II;D 8 2Z+x+éA+B+C)

A=[2d—2A—-B—C—D,d+A+B+C+D,d+ A

r=d—3A—2B—2C—2D,s=B+C+D,t=d+A

Since A < 7z, any valid weight assignment must have w3(1) = d. We must have
wa(4) =2Z+x+A+B+Cunless D= Cor D =B+x. If D= ¢, then we may also have
wa(3) = 2Z+x+A+B+C. If D = B+x, then we may also have wy(2) = 22+x+A+B+-C.
Given these restrictions, we list the valid weight assignments in the table below, along
with the sign corresponding to that assignment. Note that there is a unique tableau

associated to each of these assignments.

Assignment | Sign Condition
(1,2,3,4) |1
(1,3,2,4) | (=1)z+a+o
(1,2,4,3) | (=1)zrxtatnictn D=
(1,4,2,3) | (=1)2ztxts+o D=
(1,3,4,2) | (=1)2xtnto D =B+ x
(1,4,3,2) | (—1)=tatc D =B+X

Given the parity conditions on the parameters, the sign of these terms reduces to
1 in all cases. Hence the weight sum is positive and ()1 is non-zero.
Maximality: Because ¢ > D and B + x > D, the weight 22 +x+ A+ B + C

of 4 in row two is the largest possible weight given the Maximality of row three by
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Lemma 7.1.2. Hence this tableau is maximal by Lemma 7.1.5.

Tableau Q)
Z+XZ 7 A Z:%
3 323 0<Aa<Lz
Q2 = d=x (mod 3)
4 244 Z + A even
1 112 x €40,2,4}

o= (42545)
A=[2d —2A,d+ A, d + A]

r=d—3A,s=0,t=d+ A

For A < 7 any valid weight assignment must ws(1) = d. The tableau is symmetric

in 3 and 4, as well as 2 if x = 0. This gives the following signed weight table:

Assignment | Sign Condition
(1,2,3,4) |1
(1,3,2,4) | (=1)**
(1,2,4,3) | (=1)370x
(1,4,2,3) | (—1)%
(1,3,4,2) (—1)2Z x=10
(1,4,3,2) | (—=1)* x=0

Since x is even, all the terms are positive and ()5 is non-zero. If z = A the tableau is
symmetric in 1, 3, and 4, as well as 2 if x = 0. We get all the weight assignments listed
above, in addition to those obtained by interchanging rows or allowing ws 3(1) = (7).
Interchanging rows has sign (—1)4% = 1 since x is even. The other possibility changes

the sign by (—1)*™ = 1. Hence all the terms are positive and @5 is non-zero.

Maximality: This tableau is maximal as shown in Example 7.1.1.
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Tableau Q3

O0<Aa<d—-B

A BB
144 2B <d
@= 54,
A>B
3

A even

wa3 = (56" o)

A= [4d — 2A — 2B, A + 2B, A]

r=4d —3A —4B, s =2B,t = A

Since A > B only the elements 2 and 3 may have wy, = A+ B. Hence the only valid
weight assignments are (1,2,3,4) with sign 1 and (1,3,2,4) with sign (—=1)* = 1.
Thus all the valid weight assignments are positive and therefore ()3 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Q4

2A+B+C=d

AABCCD A+Cc+D<d
341313

Qr=222244 A,B,C,D >0
11 B + D even

Aeven,if A+ C+D=d
w23 = (5 60 %")
A=[3d —2A —C—D,d+ C+ D, 24|

r=2d—2A—2C—2D, s =B+ 2C+ D, t =2A

Any weight assignment must have either ws(1) = 2A or ws(2) = 2A. Unless
A+ C+ D =d, only the elements 1 and 2 may have wy = d. This gives the following

weight table:
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Assignment | Sign Condition
(1,2,3,4) |1
(2,1,4,3) | (=1)%*P
(2,3,4,1) | (=) | A+c+D=d
(1,4,3,2) | (—=1)* A+C+D=d

By our parity constraints, the weight sum is always positive. Hence ()4 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Qs
A+B+C+D=d
If A+B+F = d then:
ABCDEF A,B,E7F>O
433431 either ¢,D > 0
Qs = A+B+F<d
222244 orD=0and d+ C+ E even
11 B+C+E<d
or C =0 and d+ D even
A+D+E+F<d
W23 = (A-?—ngEgF)

A=[3d—-—A—-—B—E—F,d+E+F,A+B|

r=2d—A—B—2E—2F, s=C+D+E+F,t=A+B

Unless A + B + F = d, we must have wy(2) = d. Then since E, F > 0 we have
wo(4) = E+F. As A,B > 0, we have w3(1) = A + B. Therefore no other valid weight
assignments exist.

If A4+ B+ F = d, then it is possible to have wy(1) = d. However, unless C or D
equals zero, there is no element with ws = E 4+ F. Hence no such weight assignment
can exist. If D = 0 we can have the weight assignment (2,1,4,3) which has sign
(—1)4t*® = 1. If ¢ = 0 then we can have the weight assignment (2, 1, 3,4) which has

d+P — 1. Thus, in either case, the weight sum is positive and @5 is non-zero.

sign (—1)
Maximality: Rows two and three are maximal by Lemma 7.1.2. As no other
fillings may have this row two weight and common elements between rows two and

three, the tableau is maximal.
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Tableau Qg
A>0
ABC A+B<d-1
14114
= >
%= 55303 B=¢
3 A even, if B=C

B, C not both 0

CU273 — (8 A+8+1 Ci—l 8)

A=[4d—2A—B—C—2A+B+C+2,4A]

r=4d —3A—2B—2C—4,s=B+C+2,t=A

Unless B = ¢, we must have wy(2) = A + B + 1. This force wy3(3) = (¢f!) and
hence there are no other valid weight assignments.

When ¢=B then the elements 1, 2, or 3 may have wy = A+B+1. If wy(2) = A+B+1
then only the element 3 may have wo3 = (¢f1). If wa(1l) = A+ B + 1, then a valid
weight assignment exists only for B = 0. In this case ws(3) = ¢+1. If we(3) = A+B+1
then we may have wy(2) = ¢+ 1 or, if ¢ = 0, we(1) = ¢+ 1. Since these conditions
are subject to B = C and B and C are never simultaneously zero, the only valid weight
assignments are (1,2, 3,4) with sign 1 and (1, 3,2,4) with sign (—1)* = 1. Hence the
weight sum is positive and ()¢ is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Q7
A+B=d—2
AB C 2
Q——344414 A+Cc<d-2
T 223332 B+cC<d-—3
111 B
A,B>0
CU273 = (dgl g 032 8)

A=[2d—c—1,d+C+2,d—1]
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r=d—-2c—-3,s=C+3,t=d—1

Any valid weight assignment must have w3(1) = d — 1. Therefore wy(1) = 0, so we
must have wy(3) > 0. Unless B = C only the element 2 may have ws = d, so the only
valid weight assignment is (1,2,3,4) with sign 1. When B = ¢, we may also have
(1,3,2,4) with sign (—1)* and (1, 3,4,2) with sign (—1)****2. Since this sum is odd,
we must have ()7 non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.
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7.5 Tableaux for c =5

Tableau R;

R1:

Wa3 = (

XZ7Z7AB

524555

333443
111122

0 0 2Z+x+B zZ+A 0)
0 0 0

0<Aa<B<Z

d+ A+ Zeven, if B=12

A=[3d—2A—-2B,d+ A+B,d+ A+ B]

r=2d—3A—-3B,s=0,t=d+A+B

Z
d=x (mod 3)

d even, if A=B,x=0

First consider the valid weight assignments with A < z. If B < z then we must

have ws(1) = d; if B = Z we may have ws(3) = d as well. If we have ws(1) = d, then

w3(2 or 5) = A+ B because A, B > 0. Since B > A only the elements 1 and 3 may have

wy = 2Z 4+ x+ B unless A = B and x = 0. In that case, the element 4 may also have

this weight. If wo(3) = 2z + x + B, then wo(5 or 4) = z+ A. If wy(4) = 2z + B, then

wo(2 or 3) = z+ A. These constraints give the following table of weight assignments:

Assignment | Sign Condition
(1,2,3,4,5) | 1

(1,5,3,4,2) | (—1)~t®

(1,2,3,5,4) | (—=1)%*

(1,2,4,3,5) | (=1)* A=B,x=0
(1,5,4,3,2) | (=1)*+* | A=B,x =0
(1,5,4,2,3) | (=1)*™ | A=B,x=0
(3,4,1,2,5) | (—1)dtz+a B=12
(3,5,1,2,4) | (—=1)4 B=12
(3,4,1,5,2) | (=1)4 B =7

For B < z and A # B + x, we get a weight sum of 1+ (—1)**® 4 (—1)*** which is

non-zero. When A = B, x = 0, we get a weight sum of 14+1+(—1)*+(—1)*+(—1)*+
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(—1)*. This is non-zero by the parity constraints which imply z even. Similarly, if
A < B = 7, then the weight sum is 14 (—1)**2 4 (—1)274 + (= 1) 2F4 - (—=1)2+ (—1),
which is also non-zero by the parity constraints.

When A = B = 7z the tableau has many symmetries. Since the weight of rows two
and three are the same, interchanging rows yields a new weight assignment with a
difference in sign of (—1)+® = 1. Hence we will not count those weight assignments
which are inversions of rows two and three. First consider the possible element pairs
(x,y) that can have ws(z,y) = (d,2z). These are (1,2), (1,5), (3,4), (3,5), (5,3), and
(5,1), along with (2, 1), (2,4), (4,3), (4,2) when x = 0. Two of these pairs make up a
weight assignment (not counting row inversion). If x # 0 the possible pair assignments
are: (1,2)(3,4); (1,2)(3,5); (1,2)(5,3); (1,5)(3,4); and (3,4)(5,1). Since there is an
odd number, this weight sum in non-zero. If x = 0, the condition d even, implies Z is
even. Hence all the column blocks are even. Since any valid weight assignment moves
full column blocks, all weight assignments are positive and thus R; is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Rs
0<a<z—-c
X+ZZ7Z ABCC Z:%
R 2 445442 0<B<LzZ-C i s
7 3533535 0<c =x (mod 3)
1 1122 d even, if B= A + x
B<A

w _ (0 0 2z4+A+Cc+x 0 Z+B+c)
2,3 — \dB+a 0 0 0

A=[3d—2A—-2B—2C,d+A+B+2C,d+ A+ B

r=2d—3A—3B—4C,s=2C,t=d+A+B

A valid weight assignment must have w3(1) = d since ¢ > 0. Then we must have
w3(2 or5) = A+ B, or if B = 0, then wy(3) = A is also possible. There are not

enough 2’s to have wy(2) = 2z + A + ¢ + x. If we have wy(3) = 22 + A + C + x, then
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wa(5) =7+ B+ C. If we have wy(4) = 22 + A 4+ C + X, then wy(2) = Zz+ B+ ¢, and
B = A, x = 0. There are not enough 5’s to have wy(5) = 2z + A + C + x.

Hence there are two possible weight assignments: (1,2,3,4,5) with sign 1 and
(1,5,4,3,2) with sign (—1)¢, which occurs only when B = A, x = 0. By our par-
ity constraint, this sum is positive. If B = 0, we also have the weight assignment
(1,3,4,5,2) when A = B, x = 0. The weight sum is odd and hence the tableau is
non-zero.

Maximality: The tableau is maximal by Lemma 7.1.5. To see this, note that
when row three has the maximum weight d, the largest possible weights for row two
are: 0 for the element 1, Z + x + A + B + C for the element 2, 2Z + x + A + C for
the element 3, 2z + B + C for the element 4, Z + A + B 4 C for the element 5. Since
Z — C > A > B, the weight 2Z 4+ x + A + C is the largest. Given this, Lemma 7.1.4
shows that row two is maximal. Moreover rows two and three cannot have elements
in common, given the columns remaining after the largest weight elements have been

assigned. Hence the tableau is maximal.

Tableau Rj
7Z+X 7 7Z B A
po_ 5 2545252 D hen<g1 7z = 4
T 3 3434344 SASBS d=x (mod3)
1 1122
0 0 2z+x 1 20
W23 = (dA+B o (J)FBJr Z+8+ 0)

A=[3d—-2A—-2B—3,d+A+B+3,d+ A+ B]

r=2d—3A—-3B—-6,s=3,t=d+ A+ B,

We must have ws(1) = d. Since A < B, only the element 3 may have wy =
22 +x+ B+ 1. Then wy(4) = Z + A + 2. Hence there are no other valid weight
assignments. Thus R3 is non-zero.

Maximality: Row two is maximal by Lemma 7.1.2 and row three is maximal

by Lemma 7.1.4. Inspection shows that it is not possible to have the non-d weights
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assigned to the same element. Hence the tableau is maximal by Lemma 7.1.5.

Tableau R4

XZ—1724+1Z272—AZ—AA—1BA+1C

2 2 5 5 4 5 5 2 2 5
3 4 4 3 3 3 3 4 3 4
1 1 11 2 2

Ry =

_ (0 0 d 2z+B+C 0
w273_(d22—2A0 0 0)

d+ A+ Ceven, if A=B

1<A<z A+ B even, if ¢ = x
d—x
B =3
c<x d=x (mod 3)
zZ > 2

A=[3d—42—B—C+2A,d+2Z2+ B+ C,d+ 2Z — 24A]

r=2d—06Z+2A—2B—2C, s=2A+B+C, t =d+ 27— 24,

By construction, only the element 1 may have w3(1) = d. This means any valid

weight assignment must have w3(2 or 3) = 2z — 2A (unless A = 7 in which case the

weight assignments are equivalent to those using 2 or 3). Furthermore, the elements

appearing in row two must either be both 3 and 4 or both 2 and 5. Now we apply

weight-set counting.

Assignment | Sign
(1,2,3,4,5) | 1
(1,2,4,3,5) | (—1)*=*
(1,3,2,5,4) | (—=1)dtBtc
(1,3,5,2,4) | (—1)ctasnte

Condition
B=A, C=x
B=A
C=X

By our parity constraints, all these terms are positive. Hence R, is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Inspection

shows that it is not possible to have the non-d weights assigned to the same element.

Hence the tableau is maximal.
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Tableau Rs

Y+W—-AY—-—AAABYYW

R 4 5 145545 A even, if A =B Y:%
5:
3 2 321322 0<B<AKY ¥ +W=d
1 1

waz = (420 6800)
A =[2d — B+ 2A,2d + B,d — 24|

r=2A—2B,s=d+2A+B,t=d—2A

Since Y — A > 0, any weight assignment must have w3(1) = d — 2A. If wy(3) = d,
then wy(2) = d and vice versa. Similarly for the elements 4 and 5, however we may
only have wq(5) = d if A = B. So unless A = B there is only one valid weight
assighment. When A = B, we also have (1,4,5,3,2) which has sign (—1)2¢**. Since
A is even in this case, the sum is non-zero. Therefore Rj5 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rg
XZZZZ—AZ—A—1ABA+1C 1<A<z-2 Z:%
2255 4 ) 52 2 5254
Re = < =
6= s443 3 3 354 3 4 0<B<A d=x (mod 3)
1111 2 2 c<x zZ>3
_ (0 0 d2 0
W23 = (d 2r-2am10 00 0)

A=[3d—4z2—B+2A+1,d+22+B+x,d+22—2A — 1]

r=2d—6Z+2A—2B—2C+1,s=2A+B+C+1,t=d+22—2A—1

Only the element 1 can have ws=d and then any weight assignment must have
wa(3) = d. This forces wy(4) = 224+A + 1 +x. Hence w3(4)=0 which implies w3(2)> 0.
Thus there are no other valid weight-assignments and Rg is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Inspection
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shows that it is non possible to have the non-d weights assigned to the same element.

Hence the tableau is maximal.

Tableau Ry
1<A<yY
Y-AY—-AA+LlAA-TYYH]
p_ 4 5 1.4 5 45 145 y =43
! 3 2 32 1 3 2 d odd
11
d>>5

W23 = (d—Af—le(C)lggg)
A=[2d+A+2,2d+A—1,d—2a—1]

r=3,s=d+3A,t=d—2A—-1

As Y — A > 0, any weight assignment must have w3(1) = d — 1 — 2A . Moreover,
only the elements 2 and 3 can have wy, = d. Hence there are no other valid weight
assignments, so [; is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rg
1<aAa<y—-2
Y-A—-1Y—-AA+1lAA-1YY
Ao 4 5 1 4 5 45145 Y =9
® 3 2 3 2 1 32 d even
1 1
d>6

W3 = (d—Af—12A g g 8 8)

A=[2d+A+2,2d+A—-1,d—2A—1]

r=3,s=d+3A,t=d—2A—-1

Since A < Y — 1, any weight assignment must have w3(1)=d — 1 — 2A. Moreover,
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the only elements 2 and 3 can both have ws= d. Therefore there are no other valid
weight assignments, so Rg is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rq
0<A<Kz
XZ7ZZZABCDE B+C,B+D<Z—A Z:%
3443243444
Ry = — =
9 99555929935 C+D+E<Z—A+X d=x (mod 3)
111133 0<E<x x % 0
0<D<xXx+B
W2,3 = <2Z+A+3+C+X Z£A83ZJE)

A=[3d—-2A—-B—C—D—-—E—22,d+Z+A+B+C+D+E,d+7Z+ A]

r=2d—3A—2B—2C—2D—2E—3%2,s=B+C+D+E, t=d+2Z+A

Any valid weight assignment must have w3(1) = d. Only the elements 1 and
5 may have wy = 3z + E. If wy(5) = 3z + E, then only the element 2 may have
wy =X+ Z+ A+ B+ C due to the condition D < B + x.

Examining the tableau in light of these constraints shows that (1,2,3,4,5) is the
only valid weight assignment. Thus the tableau is non-zero.

Maximality: As the discussion above shows, the tableau weights are as large as

possible. Hence by Lemma 7.1.5, this tableau is maximal.
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Tableau Rjg

D> C
1<aA<z
Z+B>C+D
B < |3]
X727777Z—ABCDETFX Z—A+B+F>C+E
o 3443 3 243434 C,E< 7]
7 2955 5 532255 b < 2]+ [2] ZEE=DHE
— 12 2 d—x
1111 2 = &
F<[g]
d=x (mod 3)
C even
zZ> 2
w273 — (gx—i-ét]z-i-k:gg?,z A+OB+F+X)

A=[3d—-224+2A—B—C—D—E—F—Xd+Z—A+B+C+D+E+F+x,d+7Z— A

r=d+3A—2B—2C—2D—2E—2F — X, S=B+C+D+E+F+x,t=d+7Z—A

Any valid weight assignment must have w3(1) = d. Given the bounding parame-
ters, only the element 5 can have wy = 2z + A + B + F + x. When wy(5) is maximal,
only the element 2 may have wy = x+ Z+ D + E.

From this we find that the valid weight assignments are (1,2, 3,4,5) with sign 1,
and (1,2,4,3,5) with sign (—1)° = 1.

Maximality: The discussion above shows that the row two weights are maxi-

mized. Hence by Lemma 7.1.5; this tableau is maximal.

Tableau Ri;

0<A,B
ABCDEF E+F<d—A—-B-1
Rpo_ 353515315 c<d—A—-2
"7 494221424 b<d.-p_g_1 °TP7F
11 B A+C>E+F
0<F<E

( F  B+D+E+1 A+8+2 0 0)

W23 = \ats 0 00
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A=[5d—2A—-2B—C—D—E—F—3,A+B+C+D+E+F+3 A+B|

r=5—3A—3B—2C—2D—2E—2F—06,s=C+D+E+F+3,t=A+B

Any valid weight assignment must have w3(1) = A + B and hence wy(1) = F. This
implies wo(2) > 0. But to have exactly three non-zero weights in row two, we then
must have wy(4) > 0. Hence no other weight assignments are possible and hence the
tableau is non-zero.

Maximality: The possible row two weights, given the maximization of row three,
are E + F + 1 for the element 1, B+ D + E + 1 for the element 2, A + ¢ 4 1 for the
element 3, A 4+ C+ 2 for the element 4, and B+ D+ F + 1 for the element 5. Given the
conditions on these parameters we see that the weights for 2 and 4 are the largest.

Hence by Lemma 7.1.5, this tableau is maximal.

Tableau Ris

Y—-1+WYYYAW
1 54155 0<Aa<d-—-vY-1 y=2

1
3 3 322472 Y even, if Y = A 2y +w=d
4

woz=(08840)
A=[3d—A—1,2d+A,1]

r=d—2A—1,s=2d+A—-1,t=1

Any valid weight assignment must have two of the elements 1, 3, and 4 having
non-zero weight in row two. Hence at least one of them must have wys = d. Moreover,
we can not have a row two weight of d for both of these elements. If wy(1) = d
we may not have wq(2) = d, so the only option is ws(5) = d when A = v. This
corresponds to a weight assignment of (3,1,5,4,2) with sign (—1)??** which equals
1 due to the parity constraint. If wy(3) = d we may not have wy(5) = d, so the only
option is wy(2) = d. This corresponds to a weight assignment of (1,2,3,4,5) with
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sign 1. When wy(4) = d, neither the element 2 nor the element 5 may have wy = d,
so there is no weight assignment with this option. Hence the weight sum is always
positive and thus Ry is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rq3

A+D+E<d D>C

ABCDE
R 13131 A+B<d A+E>B
13 —
24422 B+D<d If c =D then A+B+C+D+E even
55
A,B,C,D,E >0 If B=A+Ethen A+B+C+ D+ E even
W23 = (8A+8+E8B—50 A—?—B)

A=[d—2A—-2B—C—D—E,A+B+C+D+E,A+ B]

r=5l—3A—-3B—2C—2D—2E,, s=C+D+E, t=A+B

Since A,B > 0 any valid weight assignment must have ws(5) = A + B. We must
have ws(1 or 2) > 0. If wy(2) > 0, then wy(4) > 05 if wo(1) > 0, then wy(3) > 0.

This shows the only valid weight assignments are (1,2,3,4,5) and (2,1,4,3,5).
The second one only occurs when D = C or B = A + E. If that happens, the sign is
(—1)AEHETPHE — 1 Hence Ry3 is non-zero.

Maximality: The possible maximal weights for row two are: A 4+ ¢ + E for the
element 1; A+ D+ E for the element 2; B+ D for the element 3; B+ C for the element
4; and 0 for the element 5. By our parameter conditions, A + D + E is the largest.

Hence by Lemma 7.1.5 the tableau is maximal.

Tableau R4

d—32d—-4
1 4 1 5 151

R14: d25
2 2 2 3 344
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waz = (55%°50)
A= [3d,2d — 1,1]

r=d+1,s=2d—2t=1

For d > 5, any valid weight assignment must have wy(2) = d. This forces wy(3) =
d—3 and wy(4) = 2. Hence there are no other valid weight assignments. When d = 5,
we may have wy(1) = d or wy(1) = d—3 as well. Then the possible weight assignments
are (1,2,3,4,5), (3,2,1,5,4,), and (3,1,2,5,4). Since there is an odd number, this
sum is non-zero and thus so is Ry4.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Ry;

Z+X2Z17 7 = dx
2 55222

R p— pu—

15 5 43433 d=x (mod 3)
1 11 Z2>2

_ (002z24x+22z+10
uJ2,3—(do 0 0 0)

A=[3d—3,d+3,d]
r=2d—6,s=3,t=d

Since only the element 1 may have w3 = d and only the element 3 may have
wy = 27 4+ x + 2, there are no other valid weight assignments. Hence the tableau is
Nnon-zero.

Maximality: Given the row three weight of d, the row two weights are as large

as possible. Thus by Lemma 7.1.5 this tableau is maximal.
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Tableau Rig

d—2 A
R o 1 55531 l<a<d-4
T 2 442402 q>5
3 3
_(0d O 20
W23 = (004—1 oy 0)

A=[3d—a—1,d+A+2d—1]

r=2d—2A—-3,s=A+3,t=d—1

Any valid weight assignment must have ws(3) = d — 1 and wy(2) = d. This forces

wo(4) = A+2. Hence there are no other valid weight assignments and R4 is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau Rq7

XZ2ZZ Z—1AZB Z:%
22552 5 225254 0<A<z-2

R17: d=x (mod 3)
34433 3 434 B < x
11114 7> 2

_ (00d2z4+A+B 0
w213_(d00 1 0)

A=[3d—22z—A—-1,d+22+A+x,d+1]

r=2d—472—2A—-2B—1,s=2Z4+A+B—-1,t=d+1

Only the element 1 can have ws=d and then any weight assignment must have

wy(3) = d. This forces wy(4) = 22+A + 1 + x. Thus there are no other valid weight

assignments and R7 is non-zero.

Maximality: The tableau is maximal by Lemma 7.1.3.



Tableau Ris

Only the elements 1 and 3 may have a weight of d. Hence the only valid weight
assignments are (1,2,3,4,5) and (3,2,1,4,5), both of which have sign 1 since x is
even. Hence R;g is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau R

Any valid weight assignment must have w3(3) = d. Then wy(2) = d. Hence there

are no other weight assignments possible. Thus R;g is non-zero. Maximality: This
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was = (30607
A=1[3d—-2z,d+z,d+Z]

r=2d—3z,s=0,t=d+ 1z

d—2 d—3

X even

1 553 5 1
2 422 4 4
3 3

Ryg =

was = (5645 %")

A=[2d+2,2d—1,d— 1]

r=3,s=d,t=d-1

tableau is maximal by Lemma 7.1.3.
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7.6 Tableaux for c=6

Tableau S

X+ZX+ZZZAA

d—x
g _ 5 6 5656 0<A<zZ z=5
| =
4 3 3434 Z+x even, if A =0 d=x
1 2 1122
_ (0 0 2z+A+x 2z+A+x 00
W2,3—(dz+2A+x T X00)

A=[4d—22 —2x —4A,d+ Z+ 2A +x,d + Z + 2A + X]

r=2d—2x—6A, s=0,t=d+ 2A+7Z + x

The construction of S; means that any valid weight assignment with A > 0 must
have w;(j) > 0 if and only if w;(k) > 0 for the pairs (j, k) = (1,2), (3,4), or (5,6).
These constraints show that the only valid weight assignments are those that inter-

change complete rows in the body of S;. Since the length of these rows ¢t = 472+ 2x+2A

(mod 3)

is even, all valid weight assignments are positive and hence S; is non-zero.

When A = 0 we must have ws(1) = d and wy(3,4) > 0 or wq(5,6) > 0. Hence
the valid weight assignments are: (1,2,3,4,5,6) with sign 1; (1,6, 3,4, 5,2) with sign
(1,3,5,6,2,4) with sign (—1)5+3x.

(=17

Since 7 + x is even, these assignments are all positive. Hence the tableau is non-zero.

(1,2,5,6,3,4) with sign (—1)

47+42x. and

Maximality: By Lemma 7.1.5 this tableau is maximal.

Tableau Ss

d—1aA
4 222423
Sy =
5 151111
6 3363
_ 40 0 0d0
°"2,£’>—(A6r 0A+200d)

0<A<d—-4
A=d (mod 2)
d>4

A=[4d—2A—-6,d+A+4,d+A+2

r=3d—3A—10,s=2t=d+A+2
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Any valid weight assignment must have wq(1) = A + 4 since if wy(1) = 0 then
we must have wy(2,3) = (A + 4,d) which is not possible. If wy(1) = A + 4, then
wo(5) = d. Thus the only valid weight assignments are (1,2, 3,4,5,6) with sign 1 and
(1,3,2,6,5,4) with sign (—1)*+2. Since A = d (mod 2) this sum is positive. Hence
Sy is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Since it is not
possible for the non-d element of row three to have a row two weight of A 4 2, the

tableau is maximal.

Tableau S3
d—4A22
g _ 5 11355511 0<A<d-5
’ 2 42442424 q>5
6 36633 B

_(0d 0 At500
w2:3_(00A+2 0 Od)

A=[4d—-2A—-T,d+A+5,d+ A+2]

r=3d—3A—-12,s=3,t=d+ A+ 2

Any valid weight assignment must have w3(6) = d and w3(3) = A+2 (or w3(5) = 2
if A =0). Then only the element 2 may have wy = d (or 4 if A = d —5). Moreover
if wy(2) = d, then wy(4) = A + 5. Hence the only valid weight assignments are
(1,2,3,4,5,6) with sign 1 and, when A = 0, (1,2,5,4, 3,6) with sign (—1)2. Therefore
the weight sum is positive and S3 is non-zero.

Maximality: Rows two and three are maximal by Lemma 7.1.2. Since the non-
d element of row two has weight A + 5 and there are only two copies of the element

3 available for row two, the tableau is maximal.
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Tableau S,
d—3A 2
g _ b 153511111 0<A<d-5
YT 2 424422344 q>5
6 36633 B

_(0d 1 a4500
u)2,3—(00A+2 0 Od)

A=[4d—-2A—-8,d+A+6,d+A+2

r=3d—3A—14,s=4,t=d+ A+ 2

Any valid weight assignment must have w3(6) = d. Now w3(6) = d implies ws3(3)

A+2and wo(3) = 1. Unless A = d— 5, we must have wy(2) = d and so wy(4) = A +5.
When A = d — 5 we may have wy(1) = d or wy(4) = d. However, if wy(1) = d, then
there is no element with wy = A + 5. If wy(4) = d, then wy(2) = A + 5. This shows
the only weight assignment is (1,2, 3,4,5,6). Hence Sy is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5 and the discussion above.

Tableau S5

0<aA,B,c<d-—e
x+7' x+7 7 7 7 7 ABcC

A even 7 ==
5 6 5656651
S: i — =
5 4 S 3434943 Cevenif A=8B e=x (mod 3)
1 2 1122 B even if A =C 3<e<d
B, C> A

__ (0Aet+tCet+tB OO
W2,3—(ee 0 0 oo)

A=1[6d—4e—A—B—C,2¢+ A+ B+ C,2¢

r=6d—6e—2A—2B—2C,s=A+B+C,t=2e
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The construction of S5 forces the following constraints on any valid weight assign-

ment.

e w3(l) >0 <= ws(2) >0.

e w3(3) >0 <= w3(4) > 0.

e w3(5) >0 < w3(6) > 0.

o If wy(j) = A, then w3(j) > 0.

o If wy(1) = A, then wy(5,6) >0 and A = C.
o If wy(2) = A, then wy(3,4) > 0.

o If wy(3) = A, then wy(5,6) > 0 and A = C.
o If wy(4) = A, then wy(1,2) > 0 and A = B.
o If wy(5) = A, then wy(1,2) > 0 and A = B.

o If wy(6) = A, then wy(3,4) > 0.

From this we can derive a signed weight table.

Assignment | Sign Condition
(1,2,3,4,5,6) | 1

(2,1,6,5,4,3) | (—1)2+ats+e | A = ¢
(3,4,1,2,5,6) | (—1)%+c A=B
(4,3,6,5,1,2) | (—1)letrts A=C
(5,6,3,4,1,2) | (—1)2+

(6,5,1,2,3,4) | (—1)tetsro A=B

Computing the weight sum we obtain 3+ 3(—1)* = 6 when A = B = C as A is always
even. For A = B # ¢, the sum is 2 + 2(—1)°. This is non-zero as C is even when
A = B. For A = C # B, we have 2 4 2(—1)®. This is non-zero as B even when A = C.

Finally if A # B, C the sum is 1 + (—1)* which is non-zero. Hence S5 is non-zero.
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Maximality: By Lemma 7.1.4, row three is maximal. Since B, C > A, row two

is maximal by Lemma 7.1.4. As the number of row three elements available for row

two is bounded by A, this is the largest weight and hence the tableau is maximal.

Tableau Sg

x+72' x+72' 7272 727 -1ABcC

g _ 3 4 433 4 234
5~ 5 6 565 6 651
1 2 112 2

_(c 0 e+Be+A—100
W273—(ee71 0 0 00)

0<A,B,c<d-—e 7 ==
A,B>C e=x (mod 3)
B>A—1 3<e<d

A=[6d—4—A—B—C+22e+A+B+C—1,2¢—1]

r=06d—6e—2A—2B—2C+3,s=A+B+C, t=2e—1

For any valid weight assignment we can have ws(j)

e only for j € {1,3,5}.

Moreover, w3(j) = e if and only if w3(j +1) = e — 1. If w3(j) = e then wy(j) = c. If

wa(1) = ¢, then wy(5,6) > 0. If we(3) = ¢, then wy(1,2) > 0 and B = ¢. If wy(5) = ¢,

then wo(1,2) > 0 and B = C.

This means (1,2, 3,4, 5, 6) is the only valid weight assignment when B # ¢. If B =

C, then we additionally have weight assignments (3,4,1,2,5,6) and (5,6,1,2,3,4).

In either case the weight sum is odd and hence non-zero. Thus Sg is non-zero.

Maximality: By Lemma 7.1.4 row three is maximal. Since A, B > C, row two

is maximal by Lemma 7.1.4. As the number of row three elements available for row

two is bounded by ¢, this is the largest weight and the tableau is maximal.

Tableau 57
ABCD E
14311135
S; =
22242246
33

_(0d O D+10E
W2,3—(00A+B 0 00)

A+B+C=d—-2
B+D<d-—2
A+D<d—2

A,B,D >0
0<E<d

E even
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A=[d—A—-B—D—E—1,d+D+E+1,A+B]

r=4d—A—-B—2D—2E—2,s=C+D+E+3,t=A+B

Any valid weight assignment must have wy(5 or 6) = E and ws(3) = A 4+ B. Since
A+ D < d— 2, we must have wy(2) = d. Then, as D > 0 we must have wy(4) =
D + 1. Hence the only valid weight assignments are (1,2,3,4,5,6) with sign 1 and
(1,2,3,4,6,5) with sign (—1)". Since is E is even, this weight sum is positive. Hence
S is non-zero.

Maximality: Inspection shows that rows two and three are maximal. Since D > 0

we cannot have any 3’s in a maximal row two. Thus S; is maximal by Lemma 7.1.5.

Tableau Sy

d—4 d—-2d—-4 2
66 6 3 2 1 23662

Sg = d>5
34 3 4 4 5 55151
11

waz = (309%°%060)

A=[3d—1,3d—1,2]

r=0,s=3d—3,t=2

Examining the tableau shows that we can only have ws(j, k) = (d, d) for (j,k) =
(2,3), (2,6) or (4,5). Also, we must have wy3(1 or 6) > 0, so ws(2,6) = (d,d) and
wy(1) = 2. This is possible only when d = 6. Hence the valid weight assignments are:
(1,2,3,4,5,6) with sign 1; (6,4,1,2,3,5) with sign (—1)??*; (1,4, 3,2,6,5) with sign
(—1)%"! when d = 6; and (6,2,1,4,5,3) with sign (—1)3 when d = 5. In all cases,
the weight sum is positive and hence Sy is non-zero.

Maximality: This tableau is not maximal since wy3 = (339514 40). However,
this weight is zero in q; . This tableau cannot be put in maximal form, hence we
will need to prove directly that it is disjoint from the requisite tableaux. This will be

done in Section 8.7.



Tableau Sy

ABCDEFG

151536636
242254542
33

_(0d 0 dELIGO
W2,3—(00A+Bo 0 0)
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A+C+D=d-1
B+F=d—-1
F+6<d—-1
A+B+E<d-—1
B+D+E+G<d-1
A, B>0

E,G>0or E=0 and G even

A=[4d—A—B—E—G,2d+E+ G,A + B]

r=2d—A—B—2E—2G,s=C+D+E+F+G+2,t=A+B

Any valid weight assignment must have wy(3) = A+ B because A, B > 0. Only the

elements 2 and 4 may simultaneously have wy = d. Then wy(5) = E + G unless E or

G is 0. If E = 0 we may also have wy(6) = G. Hence the weight assignments are are

(1,2,3,4,5,6) with sign 1 and, if E =0, (1,2, 3,4,6,5) with sign (—1)¢ = 1. Thus Sy

1S non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5 since G > 0.

Tableau Sig

2 A
155165 2<A<3
P 242243 d—4
33
was=(0035"3 00

r=9—2A,s=A+4+3,t=3

Any valid weight assignment must have w3(3) = 3. Other than 3, the only elements
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that can have wy = d is 2, or 4 if A = 3. Thus there are no other valid weight
assignments possible and the tableau is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

Tableau Si;

1 5 6 1 6 5
Sll —
2 2 3 3 4 4
3
wrz = (§897%809)

A= [3d+1,3d — 2,1]
r=3,s=3d—-3,t=1

Any valid weight assignment must have two of the elements 1, 2, and 3 with
ws > 0. Since there are not enough 1’s in the body for this to happen, we must have
wa(2) = d and wy(3) = d — 2. This force wy(4) = d. Hence there are no other valid
weight assignments. Thus the tableau is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.

Tableau S;s

0<a<d-3
AB C  0<B<d—2
g,_ 3311135
27 99492946 =
4 0<c<d
C even

__ (0A+30B+10cC
u)2,3—(0 00 1 00)

A=[6d—A—B—C—-5A+B+C+41]

r=6d—2A—-2B—2Cc—9,s=A+B+C+3,t=1

Any valid weight assignment must have wy(5 or 6) = ¢. We also must have
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wa(2) = A+ 3 since A > B. Then wy(4) = B+ 1 unless B = 0, in which case
wa(3) = 1 is possible. Hence the weight assignments are (1,2,3,4,5,6) with sign 1
and (1,2,3,4,6,5) with sign (—1)°. When B = 0 we also have (1,2,4,3,5,6) with
sign (—1)%, and (1,2,4,3,6,5) with sign (—1)“". Since C is even, this sum is positive.
Hence S, is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.5.

7.7 Tableaux for c=7 and ¢ =8

For ¢ = 7 and 8, nearly all the required tableaux can be obtained by joining those
tableaux already constructed. This is demonstrated in Chapter 8. However, we do

need to construct one additional tableau, which is listed below.

Tableau W;

XXZZ2727277777A
78678837873 1=
45456456456 gy (mod3)
1211122233

A= [4d — 47 — A, 2d + 27 + A, 2d + 27]

r=2d—6Z—2A, s=A,1=2d+ 22

Only the triples (1,2,3) and (4,5,6) may have w; = (d,d,2z) or larger.
Hence the only valid weight assignments are (1,2,3,4,5,6,7,8) with sign 1, and
(4,5,6,1,2,3,7,8) with sign (—1)2?*%%2 Since A is even, the weight sum in pos-
itive. Hence W is non-zero.

Maximality: This tableau is maximal by Lemma 7.1.3.
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