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Abstract

Numerical upscaling of problems with multiple scale structures have attracted increasing
attention in recent years. In particular, problems with non-separable scales pose a great
challenge to mathematical analysis and simulation. Most existing methods are either based
on the assumption of scale separation or heuristic arguments.

In this thesis, we present rigorous results on homogenization of partial differential equa-
tions with L® coefficients which allow for a continuum of spatial and temporal scales. We
propose a new type of compensation phenomena for elliptic, parabolic, and hyperbolic
equations. The main idea is the use of the so-called “harmonic coordinates” (“‘caloric coor-
dinates” in the parabolic case). Under these coordinates, the solutions of these differential
equations have one more degree of differentiability. It has been deduced from this com-
pensation phenomenon that numerical homogenization methods formulated as oscillating
finite elements can converge in the presence of a continuum of scales, if one uses global
caloric coordinates to obtain the test functions instead of using solutions of a local cell

problem.
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Chapter 1

| ntroduction

In this work, we focus on upscaling problems with non-separable scales, which is both
important for applications and far from understood from a mathematical point of view. The
upscaling method lies on a new type of compensation phenomena for partial differential
equations with L* coefficients [108, 106, 107]. We could design numerical homogenization
methods through the use of a coordinate transformation which brings in an extra degree of

regularization. The results are presented in a rigorous mathematical framework.

1.1 Overview

Problems with many scales are ubiquitous in nature. To make them more accessible to
analysis, it is often preferable to make the assumption of scale separation (a small pa-
rameter € — 0) and periodicity (or quasi-periodicity, ergodicity). Essential progress has
been achieved in the study of such problems, to give a few examples out of a vast litera-
ture, let us refer to [33] (Bensoussan, Lions, and Papanicolaou) and [81] (Jikov, Kozlov,
and Oleinik). However, although an infinite perfectly periodic crystal lattice is elegant
and more amenable to mathematical analysis, nature is often more nasty and disordered.
Even the purest material cannot escape the effect of defects, fractures, and phase bound-
aries [117]. High Reynolds turbulence flow, plasma instability, and earthquakes give us
some outstanding examples where strong scale coupling is present and scale separation no
longer works.

Among all the multi-scale problems, the following divergence form elliptic equation
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with highly oscillatory coefficients a(X) is perhaps the most intensively studied one. It is

also one of the main objects of this thesis.

—Da(x)0u(x) =g in Q (1.1.1)
u

=0 on 0Q

Many methods for other multi-scale problems can find their roots in the elliptic counterpart.
Therefore, in the following, we will use (1.1.1) as a benchmark problem.

If a solution at the fine scale is sought, we often use multilevel or multigrid type meth-
ods ! which go from fine to coarse scale and back from coarse to fine iteratively. However,
optimal convergence for multigrid method cannot be easily achieved if the coefficients are
non-smooth or highly oscillatory. Diffusion problems with small scale oscillations can be
handled by the so-called “matrix dependent” prolongation/restriction operators [132]. In
recent years, robust and efficient multilevel methods such as algebraic multigrid method
(AMG) [113] and smoothed aggregation (SA) [126] were proposed for general elliptic
problems by mostly heuristic strategies. Domain decomposition methods are used to pro-
vide good preconditioners and facilitate parallel processing.

However, even with modern state-of-the-art supercomputers and algorithms, a direct
simulation of the highly heterogeneous media, which involves a wide range of spatial scales
and time scales, is still difficult, if not impossible. That is why we will pursue multi-
scale methods to solve (1.1.1) on the coarse scale. More precisely, we want to know how
to transfer information from fine scales to coarse scales and how to use the information
obtained to solve the problem on the coarse scale with much fewer degrees of freedom. We
often refer this procedure as numerical homogenization or numerical upscaling.

Homogenization theory (-, G- and H- convergence) answers the question with the
assumption of scale separation. The idea is to average heterogeneous media on the fine
scale in order to derive effective properties. The most general theory in homogenization is
that of H-convergence which was introduced by Spagnolo [121] and further generalized by

Tartar and Murat[125, 98]. With the powerful oscillating test functions method or compen-

ISee [39] on systematic upscaling, which is a multi-scale computational methodology developed from
multigrid method.
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sated compactness method, the H-convergence result for elliptic equations can be proved
independent from ergodicity or scale separation assumptions, although the homogenized
problem is not known a priori unless the media is periodic.

The Multi-scale Finite Element Method (MsFEM) of Hou and Wu [78] has been a large
source of inspiration in numerical applications (particularly for reservoir modeling in geo-
physics), we refer to [130], [88], [1], and [131] for recent developments. It leads to a coarse
scale operator while keeping the fine scale structures of the solutions. The construction of
the base functions is decoupled from element to element, leading to a scheme adapted to
parallel computers. A proof of the convergence of the method is given in periodic settings
when the size of the heterogeneities is smaller than the grid size and an “oversampling
technique” is proposed to remove the so-called “cell resonance” error [79] (when the size
of the heterogeneities is comparable to the grid size).

In fact, The issue of numerical homogenization of partial differential equations with
heterogeneous coefficients has received a great deal of attention and many methods have

been proposed. Let us mention a few of them:
¢ Multi-scale finite element methods [56], [103], [78], [74], [65], [70], [8]
e Multi-scale finite volume methods [89]
* Heterogeneous multi-scale methods [128]
» Wavelet based homogenization [68], [S5], [51], [37], [18], [41]
¢ Residual free bubbles methods [42]
¢ Discontinuous enrichment methods [61], [60]
* Partition of unity methods [66]
* Energy minimizing multigrid methods [129].

Most multi-scale methods are based on solving local cell problems. Some approaches
use the cell problem to calculate effective media properties, then solve an effective equation

on the coarse scale. A detailed review of this kind of upscaling methods can be found in
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[62]. Other methods, like MSFEM, incorporate the fine scale features of the problems into
basis elements. The coupling of small scales with coarse scales is then performed through a
numerical formulation of the global problem using these multi-scale basis. These methods
can often be justified in dimension one, in the case of periodic or ergodic media with
scale separation, or in the case of partial differential equations with sufficiently smooth
coefficients. However, the separation of scales is not always possible. For example, in
the subsurface modeling, the reservoirs often contain rocks of very different types, and
the permeability usually covers several orders of magnitude, from impermeable barriers to
highly permeable fast channels. It is difficult to make methods based on local cell problems
succeed in solving problems with non-separable scales.

Another perspective to approach multi-scale problems is the compression of operators,
for example, the homogenized equation can be seen as a compressed version of the original
equation in the case of scale separation. This question has received an answer within the
context of the fast multiplication of vectors with fully populated special matrices arising in
various applications [64, 50]. Let us recall the fast multi-pole method and the hierarchical
multi-pole method designed by L. Greengard and V. Rokhlin [71], which are based on the
singular value decomposition of Green’s function. Wavelet based methods for the reduction
of integral and differential operators have been designed by G. Beylkin, R. Coifman and
V. Rokhlin [9, 36, 35]. The concept of Hierarchical matrices has been developed by W.
Hackbusch et al. [73, 31, 30, 29, 27, 28] and is based on approximating a matrix to a
degenerate sum using a hierarchical partitioning procedure. For divergence form elliptic
equations with L” coefficients, it has been proven that the inverse of the stiffness matrix
can be represented by H-Matrix, provided the discretization is stable. It has been shown
that the complexity for solving (1.1.1) is O(N(lnN)”+3) operations (N is the degree of

freedom of the dicretization, n is the dimension of the space).

Composition Rule Allaire and Brizzi [8] have introduced the composition rule in the
multi-scale finite element formulation, and have observed that a multi-scale finite element
method with higher order Lagrange polynomials has a higher accuracy. In fact, I. BabuSka

et al. introduced the so called “change of variable” technique in the general setting of par-
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tition of unity method (PUM) with p-version of finite elements. Through the change of
variable, the original problem is mapped into a problem which can be better approximated.
In [20], special class of second order elliptic problems with essentially one-dimensional
rough coefficients a(x,y) = a(X) was considered, using change of variables, the divergence
form equation can be converted to a nondivergence form equation, and by Bernstein theo-
rem [34] the approximation property of mapped polynomials can be obtained. For elliptic
problems in 2-d with corners or interfaces, conformal mapping was used to map the rough

solution to a smoother function in [104, 105],

Global Information Numerous efforts have been made to deal with problems with non-
separable scales or global features. There exist some approaches which incorporate large
scale effects in the setting of upscaling. For example, iterating between coarse and fine
scales [48, 49] or solving a minimization problem [75, 101]. The idea to use global fine
scale information to homogenize transport equations for reservoir modeling in geophysics
is currently implemented in the industry and has been shown to be more accurate than local
methods ([131] and [130]). It is applied in practice because the porosity of the medium
is time independent and one can solve an elliptic equation only at t = O to upscale the
transport equations. Some recent results using global information by Efendiev et al. [2, 80]
are formulated in a partition of unity finite element framework.

The multi-scale elliptic problems are in some sense the “easiest” multi-scale problems.
The methods mentioned here can be seen as building blocks of a much larger quest aimed
at capturing high dimensional problems with a few coarse parameters [119], [14], [99],
[72]. Many extensions to diverse physical situations have to be developed and justified.
Paraphrasing the outcome of a recent DOE workshop [54], we may understand the physics
of multi-scale structures at each individual scale nevertheless ““without the capability to
‘bridge the scales’, a significant number of important scientific and engineering problems

will remain out of reach”.
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1.2 Summary of the Thesis

The thesis is divided into three parts. Chapter 1 is the introduction. Chapter 2, 3 and 4
discuss elliptic equations, parabolic equations and hyperbolic equations respectively. In
each chapter, we will first introduce the corresponding compensation result and formulate
the numerical homogenization method, then give the detailed proof of all the results in the
chapter, and finally show the results of numerical experiments. In Chapter 5, we will make
some concluding remarks.

To make the thesis self-contained, in the Appendices, we will state some results on
regularity of partial differential equations with L* coefficients, a-harmonic mapping, and

C! finite element using B-splines which are needed in the main body.

1.2.1 Metric Based Upscaling for Elliptic Equation

In Chapter 2 we consider the numerical homogenization of divergence form elliptic equa-

tions:
—Oa(x)0u(x) =g in Q

u=20 on 0Q

(1.2.1)

where a(X) is a symmetric N x N matrix with entries in L*(Q). We assume a(X) is uniformly
bounded and coercive. p > 2 is some constant depending on a and Q, ¢ is a function in
LP(Q).

The harmonic coordinates F(x) = (Fi(X),...,Fn(X)) associated to (1.2.1) satisfy the
following equations,

divaOF =0 in Q
(1.2.2)

F(X)=X on 0Q.

It can be shown that F is an automorphism over Q [6], we refer to Appendix B and
references therein. Recall that the natural distance associated to the Laplace operator on
a fractal space is called resistance metric [83, 122, 26]. It is thus natural to find that a
similar (not equivalent) notion of distance allows the numerical homogenization of PDEs

with arbitrary coefficients. More precisely the analogue of the resistance metric here is the
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harmonic mappings F. The analysis of these mappings allows bypassing of boundary layer
effects in homogenization in periodic media [8].

We discover the following compensation phenomena: Though in Euclidean coordinates
solutions U of (1.2.1) are only wlLp (by Meyers Theorem) or Holder continuous (by De
Giorgi-Nash-Moser theory), with respect to the harmonic coordinates they are WP (C!@
in 2d). Namely, they have one more degree of differentiability. Indeed, uo F ! satisfies
a non-divergence elliptic equation which is known to have W 2P estimate under a Cordes
type condition [93].

More precisely, write 0 :='JFalJF, then there exists p > 2, if 0 satisfies the following

Cordes type condition

B (Trace[a])2 . 123
Bo’ = esssup(xJ)EQT (n — W) < ( L. )

and || Trace(0)) %! HL‘”(Q) < 0, we have the following result %:

lueoF~ lwzriq) < CllgllLe(g), (1.2.4)

and in 2d, there exists a > 0, the derivative of U with respect to F is Holder continuous
I(OF) ™' Dullca(q) < ClIglLe(q)- (1.2.5)

(1.2.4) also holds for p = 2.

This phenomenon can be observed numerically. In figure 1.1(a) a is given by a product
of random functions oscillating over a continuum of scales. The entries of the matrix LIF
and (u are in LP, while (OF)~!Ou is Holder continuous.

It can be deduced from this compensation phenomena that numerical homogenization
methods based on oscillating finite elements can converge in the presence of a continuum
of scales, if one uses global harmonic coordinates to obtain the test functions instead of

solving a local cell problem. Compared with methods which perturb the test functions with

’The results presented in the thesis are slightly different from but essentially the same as those in [108].



a,log scale gradient of u in Euclidean metric gradient of uin the new metric

(@) ain log scale (b) Ou (©) (OF)~'0u

Figure 1.1: Gradient of u in Euclidean coordinates and harmonic coordinates

the solution of a local cell problem, the global change of coordinates allows avoidance of
the cell resonance problem and the means to obtain a scheme converging uniformly in h.

We can roughly explain the numerical homogenization method using the following ana-
logue: When we solve the equation Ax =y, we do not compute A~! directly. Instead, we
solve the equation with n different right hand sides Ax; = y;. With the information from
Xj, we can construct Ac with much fewer degrees of freedom and compute an approximate
solution using A¢ by a prescribed accuracy.

For example, we can use the composition rule to construct the numerical homogeniza-

tion method, write V" the finite dimensional subspace of H} (Q),
V= {poF : g exN} (1.2.6)

where X" is a usual C° or C! finite element space.

We have the following error estimate:

Ju = Unlhyyie) < Chlglzqa)- (1.2

Once one understand that the key idea for the homogenization of (1.2.1) lies in its
higher regularity properties with respect to harmonic coordinates, one can homogenize
(1.2.1) through a different formulation.

Instead of using the finite element () = ¢ o F, which has a deformed support, we can
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construct a finite element space & with regular support on the original quasi-uniform mesh,
but the price to pay is the discontinuity of the elements which results in a nonconforming
finite element method. We will prove the convergence of this method. The approximation
error on the coarse mesh would depend on the aspect ratio of the triangles of the coarse
mesh in the metric induced by F, and the approximation error of F by a piecewise linear
map.

Both ¢ and & contain the whole fine scale structure of F. In fact, it is possible to
compress the elliptic operator by a effective operator associated to the coarse mesh. In fact,
the resulting numerical method can be formulated as a Petrov-Galerkin method, with test
functions piecewise linear on the coarse mesh and trial functions the nonconforming finite
element &. To define the effective operator, we only need compressed information, the bulk
quantities (alJF) and the non-averaged quantities F (b) — F (@), where a,b are nodes of the
coarse mesh triangles K.

The elliptic operator appearing in (2.0.1) can be seen as the generator of a stochastic
differential equation. This stochastic differential equation can reflect the transport process
of a pollutant in a highly heterogeneous medium such as soil. The following operator
A — VU whose numerical homogenization is similar to that of (2.0.1) can represent a
physical system evolving in a highly irregular energy landscape V. The simple fact that
this evolution taking place in a continuous domain can be captured by a Markov chain
evolving on a graph is far from being obvious [123]. We propose to accurately simulate
a Markov chain living on a fine graph by an ‘up-scaled’ Markov chain living on a coarse
graph using the information from F. The main question is how to choose the jump rate Vj
of the random walk between the nodes of the coarse graph. The answer to that question is
conveyed by a multi-scale finite volume method.

We have seen that if o is stable then uo F~! belongs to W>P(Q) with some p > 2. It
is thus natural to expect a better accuracy by C! finite elements (described in Appendix C
and references therein) rather than piecewise linear elements. This increase of accuracy has
already been observed by Allaire and Brizzi in [8] when F is approximated as the solution
of a local cell problem. When the harmonic coordinates are computed globally, we observe

a sharp increase of the accuracy for the finite elements (y = ¢ o F by using splines as the
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elements @.

1.2.2 Numerical Homogenization for Parabolic Equationswith a Con-

tinuum of Space-Time Scales

In Chapter 3 we address the issue of numerical homogenization of linear divergence form
parabolic equations with a continuum of space-time scales, which describe many important
problems such as nuclear waste storage in deep geological formations [12]. Consider the

following equation:

= O(a(x,t)Ou(x,t in Qx(0,T
du=DO(a(x,t)0u(x,t))+g in Qx(0,T) (1.2.8)

u(x,t)=0 for (x,t)e (dQx(0,T))U(Qx{t=0})

where Q is a bounded and convex domain of class C? of R", T > 0 and Q1 := Q x (0,T).
g is a function in L2(Qr), and a(x,t) is a symmetric positive definite matrix with entries in
L*(QT) and uniformly elliptic on the closure of Q7.

Under the assumption of scale separation and time independent coefficients a, numeri-
cal homogenization methods have been proposed and analyzed in [3, 45] in the framework
of MsFEM or HMM method.

If the medium is time independent or the dependence on time is smooth, it is suffi-
cient to solve an associated elliptic equation n times to use the time independent harmonic
coordinates F. Otherwise, we need to solve for the time dependent caloric coordinates
F:=(F,...,F) satisfying

(

aF =0(a(x,t)OR(xt)) in Qr

F(xt)=x for (x,t)e (0Qx(0,T)) (1.2.9)

O(a(x,0)0FR(x,0)) =0 in Qx{t=0}

\

which is essentially different from the elliptic case.

The compensation phenomena can now be read off from the following estimate, under
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a parabolic Cordes condition we have:

luoF~! 20,22 () +[[Gt(uo F) 2y < Cll9llizor) (1.2.10)

which implies although u € L2(0,T,H}(Q)) and du € L2(0,T,H 1(Q)), uoF~! €
L2(0,T,W22(Q)) and & (uoF~!) € L2(Qr).

Fort € [0, T], let us define the time-space finite element space
VAt) = {¢oF(x,t): ¢ € X"} (1.2.11)
Define Y{ the subspace of L?(0,T;H}(Q)) as
YPi={veL?(0,T;HJ(Q)) : v(x,t) e V(1)}. (1.2.12)
Write up, the solution in YTh of the following system of ordinary differential equations:

(Y, 0un)2(q) +a[W, un|(t) = (W,9)12(q) forallt e (0,T)and ¢ € V(1)

Un(x,0) = 0.

(1.2.13)

We have the following error estimate,

[(u—up)(.,T) HLZ(Q) +Ju- “hHLZ(OJ;Hg(Q)) <Chligll>ar)- (1.2.14)

Furthermore, we can introduce the time discrete numerical homogenization method.
Suppose (th = n%)QSnSM is a discretization of [0, T] with M € N. Let (¢;) be a basis of X"

Write Z? as the subspace of YTh,

Zh={we Yl wixt) = zci (t)¢i (F(x.t)), ci(t) are constants on (tn,th1]}  (1.2.15)
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UP is the subspace of YTh defined as,

UN={weY: pixt) = zdi‘l’i (F(x,t)), d; are constants (on [0, T]).} (1.2.16)

define w, € UP by
Wa(x,t) == 3 ci(t) i (F(x.1)). (1.2.17)

|
Let v be the solution in Z$ which satisfies the following implicit weak formulation,

(suppose that v(x,0) = 0): forn € {0,...,M—1} and V{ € UP,

(W(tn+1)7Vn+1(tn+1))|_z(g) :(W(tn)Nn(tn))Lz(m +/ttn+1 ((d‘l’(t)aVnﬂ(t))Lz(Q)

- a[([],Vn+1](t) + (Lp(t):g(t))LZ(Q)) dt.
(1.2.18)

The following theorem gives an error bound for the time discretization scheme

At
[[(un =) (T) [ 2 + U =Vl 20 111 (@)) < C+ 9l (1.2.19)

When a is independent of t, the error bound can be improved to CAt.

1.2.3 Numerical Homogenization for the Acoustic Wave Equation

with a Continuum of Space Scales

Based on the upscaling techniques for elliptic equations and extended to parabolic equa-
tions with a continuum of scales, we can numerically homogenize acoustic wave equations
with a continuum of scales.

Waves in heterogeneous media is a field of great mathematical interest and applicable
to many real problems in geophysics, seismology, and electromagnetics [ 124, 25, 127, 19].
We refer to [124] for a review of the acoustic wave equation in relation to seismic imaging.
For an extensive work on the wave equation in complex or random media we refer to [111],

[24], [23], [87], [110], [109], [47], [86], [116], [84], and [85].
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We consider the homogenization of wave equation in heterogeneous media where the

bulk modulus K(x) and the density of the medium p(x) are only bounded,
K(x) ™" deu = Op(x)~'Ou+g(x,t). (1.2.20)

For example, in geophysical and seismic prospecting, K stands for the bulk modulus,
p the density and U the unknown pressure. The velocity ¢ and acoustic impedance O are

given by

c=+K/p and o= /Kp. (1.2.21)

The main difference with parabolic equations lies in the fact that with hyperbolic equa-
tions, energy is conserved and after homogenization there is no hope of recovering the
energy (or information) lying in the highest frequencies. However when the medium is
highly heterogeneous the eigenfunctions associated to the highest frequencies are local-
ized, thus energy is mainly transported by the lowest frequencies. That is why, when one is
only interested in the large scale transport of energy, it is natural to approximate the solu-
tions of (1.2.20) by the solutions of a homogenized operator. For localization of waves in
heterogeneous media, we refer to [118, 11, 84, 85, 86].

Different numerical schemes have been developed to solve that equation (with different
assumption on the regularity of the coefficients), we refer to [25], [19], [127], and [22] for
an incomplete list.

We show that under a Cordes type condition, as well as some mild assumptions
for forcing term g(x,t) and initial data u(x,0) (for example, assume that dg € L*(Qr),
g € L°(0,T,L%(Q)), du(x,0) € H(Q), and Oa(x)0u(x,0) € L%(Q)), the second order
derivatives of the solution with respect to harmonic coordinates F are in L? (instead of H ™!
with respect to Euclidean coordinates) and the solution itself is in L* (0, T,H?(Q)) (instead
of L®(0,T,H!(Q)) with respect to Euclidean coordinates). Therefore, using the composi-
tion rule, we can construct numerical homogenization methods to solve the acoustic wave

equation.
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Chapter 2

Metric Based Upscaling for Elliptic
Equations

Suppose Q C R" to be a bounded and convex domain of class C2. We consider the following

benchmark PDE

_di O =g in Q
iv(a(x)Ou(x)) =g in (2.0.1)
u=0 in 2Q

where g is a function in L*(Q) (depending on the context, we can make different assump-

tion g € LP(Q) with p > 2). a(X) is symmetric, uniformly elliptic with entries in L*(Q).

2.1 Compensation Phenomena

We introduce the so called a-harmonic coordinates associated to (2.0.1), i.e., the weak

solution of the following boundary value problem

divaOF =0 in Q
2.1.1)

F(x)=x on 0Q.

By (2.1.1) we mean that F is a n-dimensional vector field F(x) = (Fi(X),...,Fn(X))
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such that each of its entries satisfies

divalllF=0 in Q

(2.1.2)
F(X)=X on 0Q.
Define o by,
o :='0OFalF. (2.1.3)
Define the anisotropic distortion of 0 by
Amax (0(X))
Ug := esssup (7) . (2.1.4)
o xXeQ )\min (U(X))

where Amax(M(X)) (Amin(M(X))) denote the maximal (minimal) eigenvalue of matrix
M(x), we also use the notation Amax(M) := esssupycq Sup|g|— t€aé and Apin(M) :=
essinfycq infg|— t&aé for the supremum of Apax(M(X)) and infimum of A, (M (X)) over
Q.

In dimension n = 2, we say that 0 is stable if and only if tgs < c and (Trace(O))_l €
L*(Q). According to [10], in dimension two if a is smooth then 0 is stable. According to
[6], F is always an homeomorphism in dimension two even with a; j € L*(Q). Also see
Appendix B and references therein.

We will use the notation Llpu := (DF)_1 Ou. In dimension two, it is known ([10], [15],
[6]) that the determinant of UF is strictly positive almost everywhere and the object LIgU is
well defined. In dimension three and higher LIpu is well defined when 0 is stable and F is

an automorphism.

Theorem 2.1.1. Assume that o is stable and n =2, then there exists constants p > 2, a > 0,
and C > 0 such that (OF)~'0u € C%(Q) and

1(BF)"'Bullca(q) < ClIglir@)- (2.1.5)

The constant o depends on Q, Amax(@)/Amin(a), and tg. The constant C depends on the

constants above and || Trace(0)) ! HLW(Q).
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Remark.
If one considers a sequence a; = a(x/€) such that pg, and HTrace(ag))%*lHLw(Q) are
uniformly bounded away from co, Ain(@¢) @and Amax (@¢) are uniformly bounded away from

0 and oo, then (2.1.5) is uniformly true.

This compensation phenomenon can be observed numerically. In figures 2.1(a) and
2.2(a) a is given by a product of random functions oscillating over a continuum of scales.
The entries of the matrix OF are in LP by Meyers Theorem (figure 2.2(b)), the entries of the
gradient of U in the Euclidean metric are in LP (figures 2.1(b) and 2.2(c)), yet (DF)’1 Luis
Holder continuous (figures 2.1(c) and 2.2(d)).

a,log scale oradient of uin Euclidean metric gradient of uin the new metric

(a) ain log scale (b) Ou (© (OF)~'0u

Figure 2.1: Change of metric on the disk.

Moreover, we can introduce the compensation phenomenon in dimension N > 3. As in

Appendix A.1.2, the Cordes parameter 35 associated to o is defined by

- (Trace[Cf(X)])2 )
Trace['a(x)a(x)

) (3P, Ai(o(x))

= €SSSUPy- (n a zi”_ll}\i (o(x))

Bo : = esssupyco (n

)
) (2.1.6)

)

where Aj(M) denotes the ith eigenvalue of M.

In dimension n > 3, we say that 0 is stable if and only if, S5 < 1 and exists p > 2 such
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(b) one of the entries (OF

VF 9y, on the fine mesh

(d) (OF)~'Du

Figure 2.2: Change of metric on the torus
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that || ( Trace(o )) |||_oo < o, In fact, in dimension 2, we have

—

1 1
=g, Sa(Het ) 2.1.7)

therefore Uy < 0 = By < 1.

Remark. According to [10] and [44] in dimension three and higher o can be unstable

even if a is smooth. We refer to figure 2.6 for an explicit example.

Let us write
1

16.0v[?)? dx )_". (2.1.8)
1

Whagea = (), { ,Z

Theorem 2.1.2. For n > 3, assume that o is stable and F is an automorphism on Q, then

there exist constants p > 2 and C > 0 such thatuoF~! ¢ Woz’p(Q) and
Hqu—lHWOM(Q) <Cll9llLr(q)- (2.1.9)

The constant p depends on n, Q, Apax (@), Amin(@), and Bg. The constant C depends on the
constants above and || ( Trace(0)) %! IL=(0)

In the following theorem we do not need to assume Q to be convex.

Theorem 2.1.3. Assume n > 2 and (Trace(0))~! € L*(Q). Let p > 2. There exist a
constant C* = C*(n,dQ) > 0 such that if B5 < C* then there exists a real number y > 0

depending only on n, Q, and p such that

H(DF IDUHCV <C||g|||_p (2.1.10)

The constant C in (2.1.10) depends on n, ¥, Q, C*, Ayin(@), Amax(@), |[@/|L=(q), Mo and
ni
I(Trace(0)) | ()
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2.2 Dimensionality Reduction

2.2.1 Finite Element Using Composition Rule

According to Theorems 2.1.1 and 2.1.2, whatever the choice of g at small scales, solutions
to (2.0.1) live in the neighborhood of a functional space correlated to F of dimension n. We
will propose a rigorous justification of a variation of the multi-scale finite element method
introduced by Hou and Wu [78] in the refined form by Allaire and Brizzi [8] in situations
where the medium is not assumed to be periodic or ergodic (these methods are already
rigorously justified when the medium is periodic [78], [8]).

Let % be a conformal simplicial coarse mesh on Q composed of n-simplices (triangles
in dimension two and tetrahedra in dimension three). Here h is the resolution of the mesh
defined as the maximal length of the edges of the tessellation. By ‘coarse’ mesh we assume
h is much greater than the scale of oscillations of the problem. By ‘conformal’ mesh, we
mean: call y(.%,) the maximum ratio of the n-simplices K over .7 of the ratio between the
radius of the smallest ball containing K and the largest ball inscribed in K. Assume y(.%)
to be uniformly bounded in h.

Write the coarse mesh finite element space X" C H&(Q) the set of piecewise linear
functions on the coarse mesh vanishing at the boundary of the tessellation. .44 is the set
of interior nodes of the tessellation and ¢; (i € A44,) is the usual nodal basis function of xh
satisfying

$i(yj) = &j- 22.1)

The finite elements ({; )ic. 4, are defined by

Wi = i oF(X). (2.2.2)

Let VN be the space spanned by ;. Write Uy € VP the solution of the Galerkin scheme

associated to (2.1.1) based on the shape functions ({J)ic ;.

a[yi, un] = (¥1,9)12(0)- (2.2.3)
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Figure 2.3: The Galerkin elements

where a[-, ] is the bilinear form defined on H} (Q),
afv,w| := / Ovalw. (2.2.4)
0

We have the following Theorem 2.2.1 which implies that solutions to (2.0.1) live in the

H!-norm neighborhood of a low dimensional space.

Theorem 2.2.1. Assume that o is stable and n = 2, there exist constants a,C > 0 such that

lu=Unlly1 < ChlgllLe(q)- (2.2.5)

The constant a depends only on n, Q, Apin(@), Amax(2), and Lg. The constant C depends

on the objects mentioned above plus y(.7) and || (Trace(a))_l HLM(Q).

Remark. Theorem 2.2.1 is also valid with a = 1 as in Theorem 2.2.2. The only difference
between these two theorems lies in the constant C. In the proof of Theorem 2.2.1 we use
the property uo F~! € C19(Q) and in the proof of Theorem 2.2.2 we use the property
uoF~tew?22(Q).

Remark. The proof of Theorems 2.2.1 and 2.2.2 is done for the exact function ¢ and not
for its discrete version. In the implementation, we use piecewise linear function on the fine

mesh to approximate ;. If a is regular at a given small scale hy then it is easy to check
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that Theorem 2.2.1 remains valid as long as the edges of the fine mesh are smaller than hy.
A more intriguing case is when a is discrete and discontinuous on a fine mesh. Numerical

experiments show that Theorems such as 2.2.1 and 2.1.1 remain valid.

Remark. We keep the composition rule used in [8]. The only difference between the el-
ements (2.2.2) and the ones proposed by Hou, Wu, Allaire, and Brizzi lies in the fact that
we use the global solution to (2.1.1) and not a local one computed on each triangle of the

coarse mesh through an over-sampling technique.
For dimension n > 2 we have the following estimate:

Theorem 2.2.2. Assume that o is stable, n > 2, ||(Trace(0)) < o and

1
o)
|| Trace (o) HLM(Q) < 0. Then there exist constants p > 2, C > 0 such that

[u—Unlli(q) < ChllgllLe)- (2.2.6)

Furthermore we have the L? estimate,

lu—Un[l 20y < Ch*[IgllLe(g)- (2.2.7)

The constant C depends on n, (%), Q, Bo, Amax (), Amin(a), || (Trace(0)) and

1
@)
|| Trace (o) HL‘”(Q)'

Remark. Compared with the numerical results in section 2.4, we believe that the theoreti-
cal estimates are not optimal. We conjecture that the resulted equation is better conditioned
after the coordinate transformation, although the comparison of (o) and the aspect ratio

of a does not directly quantifies this effect. See the discussion at p.54.

2.2.2 Localized Nonconforming Finite Element Method

For clarity, we will restrict to dimension two from now on, the generalization of the state-
ments to higher dimensions is conditioned on the stability of 0 (and the application of

Theorem 2.1.3).
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Figure 2.4: Support of the elements @; and

The elements ¢ (2.2.2) can be supported on highly distorted and non-local domain

(figure 2.4) since
support(y) := F ! (support(¢)). (2.2.8)

Is it possible to avoid that difficulty by solving (2.0.1) on a coarse mesh with localized
elements supported on a regular domain? The answer is yes, but the price to pay will be
the discontinuity of the elements, which results in a nonconforming finite element method.

Recall that when the coefficients a(x) of the PDE (2.0.1) are L*, F is Holder continuous
by Theorem A.1.2 in Appendix A.1.1, also see [120, 67]). It is meaningful to look at the
point value of F. Now let v be a function defined on the nodes a, b, ¢ of the triangle K € .
It is natural to look at the so-called ‘coarse gradient’ of v evaluated at the nodes of the

triangle K, i.e., the vector defined by

Ov(K) := . (2.2.9)
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Define n©. (K) the weak aspect ratio induced by F

1
F _
Nimin (K) = vl (2.2.10)

where 0 is the interior angle of the triangle K = (F(a),F(b),F(c)) which is closest to

/2. nE. (K) is large if the triangle K is flat. We define

Niain = SUp Niin(K) 2.2.11)
Keh

If the weak aspect ratio of the triangle K nrllein(K) < oo then the following object called

the ‘coarse gradient’ of v with respect to the metric induced by F is well defined.

-1

Opv(K) := i . (2.2.12)

Now consider the nodal elements (&;)ic_4, defined by

&i(xj) = &j

Or & (X) = constant within each K € ;.

(2.2.13)

If the mesh is not unadapted to F then the elements (figure 2.5) (2.2.13) are well defined

and given by

&(x)=1+ (F(X) — F(Xi>)DF¢i(K) if i~K and xeK (2.2.14)

&i(0) =0 in other cases

where the notation | ~ K means that i is a node of K. Observe that the elements & are
discontinuous at the boundaries of the triangles of the coarse mesh, but continuous at the
vertices, therefore we obtain a nonconforming finite element method. &; are easier to im-
plement since they are localized in these triangles. Write Z" the vector space spanned by

the functions &;.
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For K € 9, we write ak the bilinear form on H'!(K) defined by
ak[v,w] := / OvaDwdx. (2.2.15)
K

Write H!' (%) the space of functions v € L?(Q) such that the restriction of v to each

triangle K belongs to H!(K). For v,w € H!(.%},), define

a*[v,w]:= Z ak [v, w]. (2.2.16)
Ke

The nonconforming finite element method can be formulated in the following way:

look for uf € 2 such that for all i € .44,

a*[fi,uf] = (Eiag)LZ(Q)- (2.2.17)

Let ||V[hk = (Jk |Oul?dx) /2, ||v[lh = Sk [V|lhk then ||v||n is a norm of H!(Z,). Write

2"y the interpolation of u over space Z":

ZMu(x) = S uxi)& (). (2.2.18)
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It is well known that the numerical error of nonconforming finite element method is

composed of interpolation error and nonconforming error (see e.g. [40, Lemma 8.1.7]),

Wh,0) —a*(wp, u
Ju—ulfn<C(lu— 2t sup W)= WnW], (22.19)
whezh\ {0} [[Whilh
The nonconforming error is
W —a*(wp,u
en(2 = sup W) =2 (W, L) (22.20)

whezM {0} [[Whlln

We will show that the interpolation error |[u— 27"l depends on n; , which is the weak
aspect ratio induced by F, and the nonconforming error en(Z") depends on x*(h), which is
the error of piecewise linear approximation to F.

X" (h) is defined in the following: Let A& B be the symmetric set difference of A and

B. For K € %, we can quantify the approximation error of piecewise linear approximation

to F by
£ area(F(K)oKF)
X (K) T area(KF) 9 (2221)
and,
x*(h):= sup x*(K). (2.2.22)
Ke

The accuracy of this approximation itself is an interesting problem, see [95, P. 46-51,

‘PL approximations of homeomorphisms’] and [96]. We make the following assumption:

Assumption 2.2.1. x*(h) — 0 as h — 0. Furthermore, since F is a C% homeomorphism,
there exists some 8 > 0, such that x*(h) < ChP.

We say that the tessellation 7, is not unadapted to F if and only if the determinant of
OF (K) is strictly positive for all K € 9}, and Assumption 2.2.1 holds. Observe that if the
tessellation .7, is not unadapted to F then ;. (K) < oo, the requirement det(CJF (K)) > 0
contains additional condition that there is no inversion in the images of the triangles of %

by F. Now we have the following theorem,

Theorem 2.2.3. Assume that o is stable and that the mesh is not unadapted to F. Then
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there exists a constant a > 0 such that

1
(a*[u—u")? <Ch||g]lLp(q)- (2.2.23)

The constant o depends only on n, Q. €, Ug, Amax(@), Amin(2), and x*. The constant C
depends on the objects mentioned above plus n; and || (Trace(d))_l HLW(Q).

Remark. The bilinear operator a*[-,-] on Z" is characterized by a constant matrix within

each triangle K € % equal to
YOF(K)) ' ({OFalF )k (OF (K)) (2.2.24)

where (v)k means the average of v over K with respect to the Lebesgue measure

(V)k = Voll(K) /Kv(x)dx (2.2.25)

and Vol (K) is the Lebesgue measure of volume of K.

Observe that uf is discontinuous at the boundaries of the triangles of the coarse mesh;
we have to find an accurate way to interpolate uf in the whole space using its values at the
nodes of the coarse mesh. Let us write F (_#},) the image of the nodes of ., by F, 7F the
triangulation of F(.47). Suppose ¢iF is the standard piecewise linear nodal basis of 7F.
Write _#Zp the interpolation operator from the space of functions defined on the nodes of

T into H!(Q) defined by

Ihv(x) =y v(xi) ¢ o F(x). (2.2.26)

e
Observe that for i € A, V(Xi) = _ZhV(X;). We have the following estimate

Theorem 2.2.4. Assume that o is stable and that the mesh is not unadapted to F. Then

there exist constants a,C¢ > 0 such that

lu=_Zhu" [l1 ) < Cth? g Lo(ay- (2.2.27)
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The constant a is the same as in Theorem 2.2.3. The constant Cs depends on the same

objects as in Theorem 2.2.3 plus v*, which is defined by

*

Vol(KF)
V' = sup

—_ 2.2.28
P Nol(F(K)) (2.2.28)

where KF is the triangle whose nodes are the images of the nodes of K by F.

2.2.3 Numerical Homogenization from the I nfor mation Point of View:

Effective Operator on Coar se Scale

The Galerkin schemes described in subsections 2.2.1 and 2.2.2 are based on elements con-
taining the complete fine scale structure of F, which represents too much information. We
can wonder: What minimal information should be kept from the fine scales in order to
up-scale (2.0.1)? We would like to keep an accurate version of (2.0.1) with minimal com-
puter memory. Otherwise stated, we are considering compression from the point of view
of numerical homogenization. We view the operator (2.0.1) as a bilinear form on H(% (Q)
and we will use X" as space of test functions to zoom at the operator associated to a at a

given arbitrary resolution.

HI(Q)xHI(Q) —R
a: 0()xHo(Q) (2.2.29)
(v, w) — Jo'OvaOw.

The up-scaled or compressed operator, written %}a, will naturally be a bilinear form
on the space of piecewise linear functions on the coarse mesh with Dirichlet boundary

condition.

Xxhxxh SR
Una : (2.2.30)
(v,w) — Unalv,w].

The question is how to choose %ha? To answer that question we can integrate (2.0.1)
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against a test function ¢ in X", then we obtain that

/D¢aDudx:/ ¢gdx. (2.2.31)
Q Q

We will use the test function ¢ to ‘look at’ the operator (2.0.1) at the given resolution
h. We can decompose the first term in the integral above as a sum of integrals over the

triangles of the coarse mesh to obtain (we assume that O is stable),
/ Ogadudx= Y / 0 (x)a(x) OF (x) (OF (x)) "' Du(x) dx. (2.2.32)
Q Kz /K

Now (¢ is constant within each triangle K € 5. (OF(x)) ~'Du(x) is Holder continu-
ous, thus we can approximate it by a constant within each triangle K and equal to the coarse

gradient of U induced by F, i.e.,
Oru(K) := ) (2.2.33)

where a, b, ¢ are the nodes of the triangle K. It follows that the tensor alJF can be averaged
over each triangle of the coarse mesh and we will write (allF )k its average. In conclusion
a good candidate for the up-scaled operator %a is the bilinear form given by the following

formula: for v,w € XN

1

Ualw) =y /KtDv<aDF>K(DF(K)) Ow. (2.2.34)

Keh
Observe that the only information kept from the small scales in the compressed operator
(2.2.34) is the bulk quantities (alJF )k and the non averaged quantities F (b) — F(a), where
a and b are nodes of the triangles of the coarse mesh. The latter quantity can be interpreted
as a deformation of the coarse mesh induced by the small scales (or a new distance defining
coarse gradient). In particular, when a = M(%) and M is ergodic, then as € | 0 (alJF )k con-
verges to the usual effective conductivity obtained from homogenization theory and OOF (K)

converges to the identity matrix. It follows that the object (2.2.34) recovers the formulae
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obtained from homogenization theory when the medium is ergodic and characterized by
scale separation.
To estimate the accuracy of compression we have to use the up-scaled operator %pa to

obtain an approximation of the linear interpolation of U on the coarse mesh. We look for

u™ e X" such that for all i € A4,

%ha[¢i,um] == (¢i7g)L2(Q)‘ (2235)

The price to pay for the loss of information on the small scales is the loss of ellipticity.

This loss can be caused by two correlated factors:
* The new metric can generate flat triangles.
* The up-scaled operator can become singular.

The first factor is due to the localization of the scheme. The second factor does not appear
with Galerkin schemes. It is not observed in dimension two but it can not be avoided in
dimension greater or equal to three in the sense that the up-scaled operator has no reason
to remain elliptic and local. Indeed, consider a box of dimension three, and set in that box
tubes of high conductivity as shown in figure 2.6. Set the left side of the box to temper-
ature 0°c and the right side to temperature 100°c. Then an inversion in the temperature
profile is produced around the critical points shown in figure 2.6 (see [10] and [44], instead
of increasing from left to right in these regions temperature decreases). Now as the op-
erator is up-scaled, the information on the geometry of the tubes is lost but the inversion
phenomenon remains in the loss of ellipticity and locality of the operator.

Critical points

Figure 2.6: a in dimension three
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Nevertheless it is possible to prove that once stability is achieved then the method is
accurate (if 0 is stable). Notice that we can rewrite (2.2.34) into
Ualvw) = 5 / tOv(alF ), (OF (K)) ' Dwdx
Keh K

-3 / tOvad 2 Mwdx (2.2.36)
Keh K
—a*[v, 2.

Thus we can rewrite (2.2.35) as
a*[v,u”] = (V,0)2(q)- (2.2.37)

W e XM and u? € 20, For a nodal function v, let us define the homogeneous Dirichlet form
on the graph induced by F;:
GV =5 Vi - vl (2.2.38)

i~]

where V; = v(Xj).

Remark. Let us recall that for v e X", &[v] can be bounded from below and above by the

L2-norm of the gradient of v. More precisely

&hlv] < ||DV||EZ(Q) < Nmaxh[V]. (2.2.39)

max

which means that &;[v] is equivalent to ”V”H&(Q)' Nmax = 1/sin(0) where 0 is the closest

interior angle of the triangles of .7}, to 0 or 1.

By (2.2.37), the test function and trial function are in different spaces, this category of
finite element methods is called Petrov-Galerkin method [16, Section 8.2]. We write i ~ |
when those nodes share an edge on the coarse mesh. Let us define the following stability
parameter

SM— inf  sup “alv ] (2.2.40)

wezZM\ {0} vexXm {0} (éah [V]) 2 (éoh [W]) 7

Remember the inf-sup condition (or Banach-Necas-Babuska Theorem) [21, p.112][57,
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p.84][16, Section 8.2], if and only if .™ > 0, the scheme (2.2.37) is well defined in the
sense that a unique solution u? € 2" exists. In [79], Hou et al. proved the inf-sup condition
for the scale separation periodic case and proposed a Petrov-Galerkin MsFEM formulation
with nonconforming multi-scale trial functions and linear test functions in order to elimi-
nate the cell resonance error. Observe that .”™ depends only on the up-scaled parameters
so we have a control on the stability.

Let us write .#pU the linear interpolation of U over F:

Fpu = Z u(x) @i(x). (2.2.41)
e

We have the following estimate,

Theorem 2.2.5. Assume that o and the scheme are stable and that the mesh is not un-

adapted to F. Then there exist constants a > 0,Cp, > 0 such that

[7hu = U™l (@) < Cuh®|9][L=()- (2.2.42)

The constant a depends only on n, Q, Anin(@), Amax(@), and Ug. The constant Cp, can be
written

Crn = C%. (2.2.43)

where C depends on the objects mentioned above plus and || (Trace(o))_l HLW(Q).

The compressed operator allows us to capture the solution of (2.0.1) on a coarse mesh
(figure 2.7). We can add information to the compressed operator in order to obtain fine
resolution approximation of u (figure 2.8). Indeed let _#j be the interpolation operator

introduced in (2.2.26), we then have the following estimate:

Theorem 2.2.6. Assume that o and the scheme 2.2.37 are stable and the mesh is not un-

adapted to F. Then there exist constants a > 0,Cp, > 0 such that

Ju—_Zhu™ 4110y < Cmh?(|g]L= (- (2.2.44)
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The constant a depends only on n, Q, Ain(@), Amax(@), and pg. The constant Cpy, can be

written as,
PoV*\ 3
o)

Cin = CllmaxMiin (2.2.45)

where C depends on the objects mentioned above plus H (Trace(cr))*l HLW(Q).

2.2.4 Numerical Homogenization from the Transport Point of View: a

Multi-scale Finite Volume M ethod

Let us write .7}" the dual mesh associated to Jh. 7" can be obtained by drawing segments
from the midpoints of the edges of the triangles of .7} to an interior point in these triangles:
We can choose the interior point to be the circumcenter to obtain a Voronoi tessellation but
one can also choose the barycenter [59].

Let us write V; the control volume associated to the node i of the primal mesh and X; the
characteristic function of Vj. The finite volume method can be expressed in the following
way: Look for u¥ € 2" (2" being the space spanned by the elements & introduced in
(2.2.13)) such that for all i € 41,

a*[xi,u’] = (Xi,9)L2. (2.2.46)

Again, it follows from equation (2.2.46) that the only information kept from fine scales
are the usual bulk quantities (effective conductivities at the edges of the dual mesh) plus
the metric information F (b) — F (@) where a and b are nodes of the triangles of the primal
mesh. According to (2.2.46) the good choice for the jump rates of the random walk should

be
vij=a"[xi, & if i~j and i#]. (2.2.47)

To properly describe the transport process one should look at a parabolic operator instead of
the elliptic one. We will restrict ourselves to the elliptic case characterizing the equilibrium
properties of the random walk.

Notice that the test function and trial function in (2.2.46) are in different spaces. Similar

to (2.2.40), write .V the stability parameter of the up-scaled finite volume operator, which
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is defined by
V= inf sup a I[V’W] - (2.2.48)
we ZM{0}veap\ {0} (h[V])2 (&h[w])?2

Theorem 2.2.7. Assume that o and the scheme are stable (.”¥ > 0) and that the mesh is

not unadapted to F. Then there exist constants a > 0,C, > 0 such that
17U = Al () < Cuth?(|gllLe() (2.2.49)
and

Hu_fhuVHHl(Q) SCVQhaHgHLp(Q). (2.2.50)

The constant a depends only on n, Q, Ayin(a), Amax(@), and L. The constant C,; can be

written as
Cui ::C%. (2.2.51)
The constant Cy,» can be written
* v* 1
Cyp 1= C(TmnllnnEo? )% (2.2.52)

C depends on the objects mentioned above plus and || (Trace(cr))*1 [ @

Remark. Numerical experiments show that although the finite volume method keeps very
little information from small scales it is more stable and accurate than the method presented
in 2.2.3 (it is also more stable and almost as accurate as Galerkin method in which the
whole fine scale structure of F is used). That is why we believe that the constants (2.2.51)

and (2.2.52) are not optimal.
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2.3 Proofs

2.3.1 Compensation Phenomena
2.3.1.1 Proof of Theorem 2.1.1-2.1.3

To prove Theorem 2.1.1, we need a variation of Campanato’s result [46] on non-divergence
form elliptic operators. The W 2P solvability Theorem A.1.3 is included in the appendix
A.1.2.

Assume that o is stable. Write F~! the inverse of F (which is well defined if o is

stable). Write Q the symmetric positive matrix given by the following equation

(tDFaDF)> E(y). 23.1)

Q)= (|det(DF)|

W is the strong solution of the following non-divergence form elliptic equation:

B g
|det (OF)[oF 1"

n
> Qijdow =

=1

(2.3.2)

Let us now prove the following theorem,

Theorem 2.3.1. Assume that o is stable and that Q is convex. Then there exists constants

p > 2, C > 0 such that the solution of (2.3.2) belongs to Woz’p(Q) and satisfies

<

Wllypp(q) < 19]|Lr(q)- (2.3.3)

1
1—Bs

C depends on Ayin(@), N, p, Q, and || (Trace(o))T'}’*1|||_m(Q) The theorem also holds for

p=2.

Proof. Since

YL AiqQ _ Trace(Q) oF-!

VA = =
Q SiAfo  Trace(Q?)

(2.3.4)

we have
170) Trace(O)

= FL 2.3.5
det(OF)oF—1  Trace(o?) ° (2.3.5)
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Using the change of variables y = F(X), we obtain that

170) Trace(O)

- % < "/

1
(det(TF))P | o g (2.3.6)
Since 0 = 'O0FalF, we have det(g) = (det(0DF))?det(a), use inequalities

|det(M)| < C(Trace(M))", (2.3.7)

and

Trace(M?) < C(Trace(M))>. (2.3.8)
It is easy to check that

Capn

H Trace(O)
()\rnin(a))g

1
ol P
Trace(0?) (det(0IF))® H'—°"(Q) =

| (Trace(0))2 '[P q (2.3.9)

)
Observe that Bg = By, a direct application of Theorem A.1.3 and estimate (2.3.5) to

equation (2.3.2) implies the theorem. The proof also applies to the case p = 2. U

Using the well known De Giorgi-Moser-Nash theory ([69], [97], [100]) for divergence
form elliptic operators with discontinuous coefficients (more precisely we refer to [ 120] for
the Global Hélder regularity), there exists C,a’ > 0 depending on Q and Apax(2)/Amin(2)

such that F is a’ Holder continuous and
HFHCG/ <C. (2.3.10)

which is stated as Theorem A.1.2 in Appendix A.1.1.

The following lemma is the key observation,

Lemma 2.3.1. For ¢ € C7(Q), We have

al¢,u] =Q[¢,0] (2.3.11)

and divy Q(y) = 0 in the weak sense.
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Proof. Since F € C%', ¢ € H}(Q),

/D¢aDudx - /D¢DF1DFaDFDF1Dudx
Q Q

_ /qusQDudy.

To prove Q(y) is divergence free, it is enough to prove that for all § € C7(Q),

/ Q(y)Ody = 0.
Q

In fact,

/ooFlmqu _ /DFaDFDF1D¢dx
o det(OF ) oF 1 o

_ /DFaDd)dx

Q
_ —/ ¢ 0a00F dx
Q
— 0.

Let ¢ € C7(Q). Write ¢ := ¢ oF ~!. Using Theorem 2.3.1 we obtain that

n

<¢’.Z Qij(}'djW)LZ

i,]=1

_ g
@ (¢’ | det (OF )| oF1>L2(Q)'

By Lemma 2.3.1,
a[d),WO F] = (¢7g)L2(Q)'

(2.3.12)

(2.3.13)

(2.3.14)

It follows from the uniqueness of the solution of the Dirichlet problem (2.3.14) that

WoF = u. Theorem 2.1.2 is then a straightforward consequence of Theorem 2.3.1 and the

equality uoF~! =w.

Theorem 2.1.1 is a straightforward consequence of the Sobolev embedding inequality

(A.1.13), Theorem 2.3.1, Lemma A.1.3, and the fact that Lpu = LdoF.
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2.3.1.2 Holder Continuity for Nonconvex Domain

In this subsection we will not assume Q to be convex. Let NPA (Q) (1 < p<,0< A <n)
be the weighted Morrey space formed by functions v : Q — R such that ||V||\pa Q) <@
with

1
— —A p)P
AIINTS = su X —X V(X . (2.3.15)
I ”NP/\(Q) e%(/g‘ ol " vV(x)] )

To obtain the Holder continuity of uoF ~! in dimension n > 3 we will use corollary 4.1
of [90]. We will give the result of S. Leonardi below in a form adapted to our context. Con-
sider the nondivergence elliptic Dirichlet problem (A.1.3). Write W2 PA (Q) the functions

in W2P(Q) such that their second order derivatives are in NP (w).

Theorem 2.3.2. There exist a constantC* =C*(n, p,A,dQ) > 0 such that if By <C* and
f € NPA(Q) then the Dirichlet problem (A.1.3) has a unique solution in W2PA NW,"P(Q).
Moreover, if 0 < A < n < pthen Ove CY Q) witha =1—-n/pand

C

0V||ca < ——||f )
IDVles @) < 5zl oy

(2.3.16)
where C =C(n,p,A,0Q).

Theorem 2.1.3 is then a straightforward application of Theorem 2.3.2.

2.3.2 Finite Element Using Composition Rule
2.3.2.1 Proof of Theorem 2.2.1-2.2.2

Let us prove Theorem 2.2.1. We write V N the linear space spanned by the elements ;. The

solution of the Galerkin scheme satisfies afu — up, V] = 0 for all v € V", Thus
au—up] =afu—up,u—vj. (2.3.17)
It follows by Cauchy-Schwartz inequality that

alu—up] < inf aju—vJ. (2.3.18)
vevh
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Let V:=voF ! and using the change of variable y = F (X) we obtain
alu—v] =Q[a—V]. (2.3.19)
In dimension n = 2 it follows that

D
2 : 2
H hHHl = in(a) 1é1th HL (Q) ( )

with

D := Trace [/ tOFa0F dx]. 2.321)
Q

Using the following standard approximation properties of the elements @; (see for in-

stance [57]),

. a
inf |00~ Owli2g) < CY(TRIN 0l g (2322)
we obtain that
D ! a
[lu—unll < Cy(Th)( )| 0d]|cah?. (2.3.23)
)\min(a>
We conclude by observing that for | € R"
tt - t
I"'OFalFl = inf I+ 0Of)a(l+0Of).
A it 0 Dna0 -+ o) (2324)

which means that D is indeed bounded. Theorem 2.2.1 becomes a direct consequence of
(2.3.20) and Theorem 2.3.1.

In dimension N > 3 we obtain from (2.3.19) that

Amax (Q)

2
U—Unllj S 55—~
| b= (@)

. 2
nf |00 — 0wl g, (2.3.25)
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It is easy to obtain that

B —

Amax (Q) < (det(a))? g (Trace(0))' 2. (2.3.26)

We conclude by observing that Ly < C(fs) and using the following standard approxi-

mation properties of the elements @; (see for instance [57]).
ngfh 100 —Dw||2q) < Cy(Ih)h||Ullwe2(q)- (2.3.27)

We can use the Aubin-Nitsche technique [17, 102] for L2 estimate, the proof follows
from standard duality techniques (see for instance Theorem 5.7.6 of [40]). Choose Vv €

H{ (Q) to be the solution of the following linear problem: for all w € H}(Q)),
a[w,v] = (W,U—Un) 2(q).- (2.3.28)
Choosing W = U — Uy, in equation (2.3.28), for V¢, € XN, we have
lu— unl[2(g) = a[u— Un,V — ¢n). (2.3.29)

Using Cauchy Schwartz inequality, since ¢y, is arbitrary, we deduce that

. 1
lu—unllf2q,) < (alu—un)? o (alv—¢n])? (2.3.30)
< Ch”U||W2,2(Q)Ch||\7||wz,2(Q) (2.3.31)
S Ch2||a||W2=2(Q)||u_Uh||L2(Q)- (2332)

Therefore,

||U—Uh|||_2(Q) SChZHUHWZZ(Q) (2.3.33)
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2.3.3 Localized Nonconforming Finite Element Method

2.3.3.1 Proof of Theorem 2.2.3

Let us prove Theorem 2.2.3. We assume that the coarse mesh is not unadapted to F. Let

K be a triangle of %, and let a be a node of K, such that nrllein(K) is the weak aspect

ratio induced by F over triangle K. l‘)r';in(K) = ﬁ, where 0 is the interior angle between

(F(a),F(b))and (F(a),F(c)), b and c are the other nodes of K. We can prove the following

lemma,

Lemma 2.3.2.
IO u(K) — Deu(@)] < 305,(K) | Ddlca [F &, (23.34)
Proof. It is easy to check that
u(b)—u(a) = (F(b) —F(a))duoF(a) + (F(b) — F(a)) - Gpa (2.3.35)
where the vector Qp, is defined by
Oba 1= /01 [DU[F(a) +s(F(b)—F(a))] — DU[F(a)H ds. (2.3.36)

Use the notation fp := (F(b) —F(a))/|F(b) — F(a)| and write fg; the unit vector ob-

tained by a 90° rotation of fpy towards fcg. Defining (¢ as in (2.3.36) we obtain that

Oru(K) = Oru(a) +Kk, (2.3.37)

with
K = Opa — A fpa, (2.3.38)

and
A .~ fea(Oba—dea) (2.3.39)

fca. fbaL
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which leads us to

100|ca [[F[|Eerh™ .

Uru(K) —Dru(@)] < <

ca- baL

The following lemma is a direct consequence of Lemma 2.3.2,

Lemma 2.3.3. Let K € .7}, and let x € Q then

!

OFU(K) = Opu(X)| < 3MminllD0ca (14 |F |4, ) (h+ dist(x, K)) **.
Lemma 2.3.4. We have

a‘[u— 2"u] < Cnyiy |00 cal|F | & h ¥ D.

Proof. Since
a[u— 2] = / {(Opu(x) — Opu(K)) o(x) (Opu(x) — Dpu(K)) dx.
K
with 0(x) :='0OFalF. Using the change of variables F (X) =y we obtain that

aclu—2" = [ 1 (000) = DRu(K))Q(y) (0ty) — Dru(K)) .

from which we deduce that

ak[u— 2] < (30l 00]ca|F 12,72 /F o S teQedy.
e=

Thus
* * N2
a*[u— 2"u] < C (Nl 00 ca||F €, h* ) "D.

where D has been defined by (2.3.21).

We need the following lemma to control the nonconforming error:

(2.3.40)

O

(2.3.41)

(2.3.42)

(2.3.43)

(2.3.44)

(2.3.45)

(2.3.46)

O
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Lemma 2.3.5.

sup |(Wh,g) —a*(Wh, U)|

< Ch@. (2.3.47)
Whe ZM {0} [[Whilh

Proof. Let &}, be the set of all the edges in , é(’h': be the set of all the edges in fh':.
Observe that

a*[u,wp] — (Wh,g /Duath—whg)d
/ (00Q(y)0d — Wy QOO dy
Ke%

/ 0(Q0a - wy) dy
Ke%

% / (2.3.48)
Zg / Wh ds— /Q

/ 0(QUa- [w ])dy
Ke% yoKF

/ (DuQOwr] — (W) QOICI) dy.
Keyh

where [] is the jump across dF (K). Suppose that K; and K; are adjacent triangles in .
X1, X2, X3 are vertices of K;. Xj, X2, X4 are vertices of K. W| = Wh|F(K1)’ W, = Wh‘F(Kz)’ W
and W, are piecewise linear on F(K;) and F(Kj) respectively. Since Wy, is continuous on
vertices of F(K), let wj = Wnh(F(X;)). Let F(X7X7) be the image of segment X7X; by F, for
yeF(Xixz),i=1,2,j=1,2,

Wi(y) —wj = [0OW, (y—yj). (2.3.49)

therefore,

Wi (y) —=Wa(y) = (OW; — OWa)(y = Ay; — (1= A)ya). (2.3.50)

Choose A such that [y —Ay; — (1 —=A)y,| < che’, By (2.3.48) and Assumption (2.2.1),
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it results

" [u,wh] — (Wn,9)[ < 3 (DaQUWr] — [Wn]QODa) | dy

KE%‘ F(K)eKF
<5 [ |00Q0w|+| W Qu0aldy
K&z JF(K)eKF
<5 [ |00y
KEZ% F(K)oKF

a’ -
e KEZ%/F(K)@KF (0]} 1QHO0] dy (235D

<Ch¥( Z/ |D0QD|dy +
Ke% F(K)

-

Iy
ch?’ 3 / |th|'#dy),
ke, F(K) det(OF ) o F !

7

v~

I>

Using Cauchy-Schwarz inequality, we have the following estimate for | and I,

=5 / 00Q(y) Dwirldy < 5 /|ttha x) Clu[dx
Ke F(K)

Key
< (a*wp))/?(afu])'/? (2.3.52)

<CAmax(a)||whl|n[l9ll2(q)

. g

lh = / Wy - ——==——=—d
2 Kezyh oo O e OF o F T

/th OFOF)~ Owngdx
Ke%
1

(Amin(a))l/2 KEZ

1
min

IA

/ Owho Owp) /2 ( / g2dx)!/? (2.3.53)

IN

uo
Amin ()| (Trace 0) | L=(q

IN

)) Y2 i lnllg L2
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Theorem 2.2.3 is implied by Theorem 2.3.1, Theorem A.1.2, Lemma 2.3.4, Lemma
2.3.5,(2.3.51), (2.3.52), (2.3.53), and the inequality (2.2.19) for nonconforming finite ele-

ments.

2.3.3.2 Proof of Theorem 2.2.4

Let us now prove Theorem 2.2.4. We have

alu— '] <2afu— _ghu] +2a]_ghu— zhu'].

(2.3.54)

Write jhu = (_#nu) o F-1. jhu is a linear interpolation of U on the tessellation 7.

Using the identity

alu— _#hu] = Q[0 — _#nul,

we obtain that

a[u— /hU] < ||U||C0FIGD.
where i is the maximal length of the edges of .77 . Observe that h < h?'||F | ca’-

Lemma 2.3.6. We have
al hu— #nu'] < poviat[2Mu—u'].

Proof. Letw:= _#Zhu— /huf, to obtain (2.3.57), we observe that

ajw] = a*[_Znhw| = Q[W].
Thus
— tOw(KF Ow(K ™) dy.
o] = 5| IO oy
It follows that

* )\max(Q)t ~ F ~ F
o<V 5 /F o1 oy WK )Q) Dw(KF) dy

(2.3.55)

(2.3.56)

(2.3.57)

(2.3.58)

(2.3.59)

(2.3.60)
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from equation

QoF = — 2 (det(a))?, (2.3.61)
(det(0))2
we obtain that
)\max(Q)

< Ug. 2.3.62

Next, observing that
3 / Pw(KF)Q(y) Ow(KF) dy = a*[ 2w, (2.3.63)

Keh F(K)

we obtain (2.3.57). U

Theorem 2.2.4 is a consequence of inequalities (2.3.54), (2.3.56), Lemmas 2.3.6 and
2.3.4, Theorem 2.3.1, and the following inequality

a*[ZMu—u'] <a*[u—uf] +a*[u— 2. (2.3.64)

2.3.4 Numerical Homogenization from the I nfor mation Point of View
2.3.4.1 Proof of Theorem 2.2.5

In this subsection we will prove Theorem 2.2.5. The method introduced in subsection 2.2.3

can be formulated in the following way: Look for u™ € XM such that for all v e X",
a*[v, MM = (v,9),20- (2.3.65)
which implies the following finite element orthogonality property for all v e X",
a*lv, "™ —u] = 0. (2.3.66)
Let us write W = u— 2”"u™. By the inf-sup condition (2.2.40) we obtain that
1 a*[v, 2w

< sup . (2.3.67)
Fm o (gh[V])%

[l

(&hlw])
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By the orthogonality property (2.3.66) we have

a*[v, "] = a*[v, 2"u —u]. (2.3.68)
Thus
1 1
a* [V, 2] < (Amax (@) 7|0V 2(q) (@°[2u—u]) . (2.3.69)
using the inequality (2.2.39)
10VI[E2(q) < NmaxéhlV], (2.3.70)
combine (2.3.67), (2.3.69), we deduce that
1 1 1 1
(6h [w])% < —— (Amax (@) Nmax) 2 (a* 2 u—u)) :, (2.3.71)
It follows from (2.2.39) that
Nmax Lo 1
107U — Ou™[| 2(q) < % (Amax ()2 (*[2"u—u]) 2. (2.3.72)
And we deduce from Poincaré inequality that
Nmax 1 * h 3
U — UM ) < CQ% (Amax(2))2 (a*[2"u—u])2. (2.3.73)

We obtain Theorem 2.2.5 from equations (2.3.72), (2.3.73), Lemma 2.3.4, and Theorem
2.3.1.

2.3.4.2 Proof of Theorem 2.2.6

Let us now prove Theorem 2.2.6. Using triangle inequality we obtain

alu— _Znu™ <alu— _ghu] +a[_Znu— _7Znu™. (2.3.74)

The object a[u — /hu} has already been bounded from above by (2.3.56). Writing
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W:= _Zpu— _Zhu™ we have
afw] = % 2o

(2.3.75)

&h|W] has already been estimated in equation (2.3.71). It remains to notice that

al_zmw] = Q[w. (2.3.76)

From this point the arguments are similar to the ones employed in Lemma 2.3.6, indeed
Qw] < ugv*}\max(a)HDWHfz(Q) < UgV* Amax (@) MmaxEh[W]. (2.3.77)

2.3.5 Numerical Homogenization from a Transport Point of View
2.3.5.1 Proof of Theorem 2.2.7

We assume the mesh to be regular in the following sense: The nodes of the Voronoi diagram
of 7, belong to elements of the primal mesh. In dimension 2 this means that each triangle
K € % is acute. Let us write Yy, the vector space spanned by the functions ;. For v € Z"
we define #fv by

YV 1= Z ViXi. (2.3.78)
e

The metric based numerical homogenization method can be formulated in the following

way: look for u¥ € Z" (the space spanned by the elements & p.23) such that for all i € 44,
a“[xi,u’] = (xi,9)- (2.3.79)
Notice that the finite volume solution U is given by

alxi,u] = (xi,9), (2.3.80)

which implies the following finite volume orthogonality property for all i € 44,

a*[xi,u’—u] =0. (2.3.81)
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Equation (2.3.79) can be written as

ZU‘]’/Vi n.a.0é& :/Vig. (2.3.82)

J~I
Write W := 2°'u — uY, by the inf-sup condition (2.2.48) we get

< L sup &l w
— S vea\{oy (GhV])7

D=

(¢h[w])

(2.3.83)

Using the orthogonality property of the finite volume method we obtain that for v € %4,
afw=— vi/ n.a(02" — Ou). (2.3.84)
ic, /oM

Let &} be the edges of the dual tessellation (edges of the control volumes), we obtain
that

a[v,w] = Z (Vj—Vi)/ nij.a(D.,%‘”hu—Du). (2.3.85)
&j€én i

where €;j is the edge separating the control volume Vj from the control volume Vj and njj

is the unit vector orthogonal to €jj pointing outside of V;. It follows that

D=

a*[V,W]S (gh[v])%HDthU_DFUHL‘”(@?)( Z \eij|2}\max(a))\max(a)) . (2386)

8
Note that
Ho
A < 2.3.87
(%) = 3 (Trace( ) T 2357
and

> [ij* < 4nmax VoI(Q). (2.3.88)

&€

It follows from equation (2.3.83),

1 4 1

(&hw])? < ez 10F 2" — Orul|L= (g Mmax VOI(Q) (Amax (@) Amax(0)) 2. (2.3.89)

Equation (2.2.49) of Theorem 2.2.7 is then a straightforward consequence of (2.2.39)
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and Lemma 2.3.3.

Let us now proceed to prove (2.2.50) of Theorem 2.2.7. By triangle inequality

alu— _zZw'] <afu— _znu| +af _zhu— _zpu'l. (2.3.90)

a[u — /hu} has already been estimated in equation (2.3.56). Writing W := _#Zhu — _#hu”
we have

aw] = %th[wy (2.3.91)

But &h[w| has already been estimated in equation (2.3.89). It remains to estimate

a'[ /nw]
Shlw]

. Similar to the argument in Lemma 2.3.6, we have

a*[_ZnW] < UgV* Amax (@) Nmax Eh[W]. (2.3.92)

which concludes the proof of Theorem 2.2.7.

2.4 Numerical Experiments

Let us now illustrate the implementation of the numerical method. The computational do-
main is the unit disk in dimension two. Equation (2.0.1) is solved on a fine tessellation
characterized by 66049 nodes and 131072 triangles. The coarse tessellation has 289 nodes
and 512 triangles (figure 2.9). Since our methods involve the computation of global har-
monic coordinates, the memory and CPU time requirements are not improved if one needs
to solve (2.0.1) only one time, whereas localized methods such as the one of Hou and Wu
or E. and Engquist do improve the memory requirement or the CPU time. We will show,
as a trade-off, the accuracy of the numerical homogenization will be sharply improved.
The elliptic operator associated to equation (2.0.1) has been up-scaled to an operator

defined on the coarse mesh (compression by a factor of ~ 300 ) using 5 different methods:

* FEM_y: The Galerkin scheme described in subsection 2.2.1 using the multi-scale

finite element shape function ;.



Figure 2.9: Coarse grid

» FEM_¢: The Galerkin scheme described in subsection 2.2.2 using the nonconform-

ing elements ¢&;.
* MBFEM: The metric based compression scheme described in subsection 2.2.3.
* FVM: The finite volume method described in subsection 2.2.4.

« LFEM: A multi-scale finite element where F is computed locally ' on each triangle K
of the coarse mesh as the solution of a cell problem with boundary condition F (X) = X
on dK. This method has been implemented in order to understand the effect of the

removal of global information in the structure of the metric induced by F.
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Figure 2.10: Example 2.4.1, Trigonometric multi-scale
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condition number of upscaling operator, problem 3 coarse mesh L, error, problem 1

—<— FEM-y-lin]
FeMe

—o— MBFEM
FVM

b
—+— LFEM

(a) Condition number (b) Coarse mesh L' error

Figure 2.11: Example 2.4.1, Trigonometric multi-scale

Example 2.4.1. Trigonometric multi-scale
The following example is extracted from [94] as a problem without scale separation:

a(x) :1( 1.1+sin(2mx/g;)  1.1+sin(2my/g)  1.1+cos(27X/€&3)
6 1.1+sin(2my/g;)  1.14cos(2mx/&)  1.1+sin(2my/&3)
1.1+sin(2my/e4) 1.1+ cos(271X/€s5)
1.1+cos(2mx/e4)  1.1+4sin(27y/es)

(2.4.1)

+sin(4x%y?) + 1)

1 1 1 1 1
where €] = 5,8 = 13,63 = 17,84 = 37,65 = ¢s-

Figure 2.10 demonstrates the deformation of .7 F (figure 2.9) induced by F. The defor-
mation is small since the medium is quasi-periodic and F is close to X. The weak aspect
ratio induced by F is n . = 1.1252. Table 2.1 gives the relative error estimated on the
nodes of the coarse mesh between the solution U of the PDE (2.0.1) and the solutions ob-
tained using the up-scaled operators. Table 2.2 gives the relative error estimated on the
nodes of the fine mesh between U and the fine mesh approximation of the coarse mesh so-
lutions. Figure 2.11(a) gives the condition number of the stiffness matrix associated to the
up-scaled operator versus —log, h (logarithm of the resolution). Figure 2.11(b) gives the
relative L-distance between U and its approximation on the coarse mesh in log scale versus
—log, h. Obviously FEM_y has the best performance. For the method LFEM, numerical
error increases with the resolution, this is an effect of the cell resonance observed in [79]

and [8]. This cell resonance does not occur with the methods proposed in this paper. The
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Coarse Mesh Error H FEM_y ‘ FEM_¢ ‘ MBFEM ‘ FVM ‘ LFEM
LT 0.0042 | 0.0022 | 0.0075 | 0.0032 | 0.0411
Lz 0.0039 | 0.0024 | 0.0074 | 0.0040 | 0.0441
el 0.0059 | 0.0090 | 0.0154 | 0.0117 | 0.0496
HT 0.0060 | 0.0262 | 0.0568 0.0203 0.0763
Table 2.1: Example 2.4.1, Trigonometric multi-scale
| Fine mesh Error || FEM_(y | FEM£ [ MBFEM | FVM | LFEM
LT 0.0042 | 0.0085 | 0.0053 | 0.0080 | 0.0593
Lz 0.0043 | 0.0082 | 0.0061 0.0078 | 0.0591
L 0.0063 0.0112 | 0.0154 | 0.0141 0.0597
“HT 0.0581 0.0540 | 0.0778 | 0.0601 0.0943

finite volume method is characterized by the the best stability and one of the best accura-
cies at a coarse resolution. The increase in the error observed for FVM as the resolution
is increased is a numerical artifact created by the fine mesh: one has to divide the coarse
tessellation into coarse control volumes. These coarse control volumes are unions of the
control volumes defined on a fine mesh, and when the ratio between the coarse resolution
and the fine mesh resolution is small and the triangulation is irregular, it is not possible

to divide the coarse tessellation into control volumes intersecting the edges of the primal

Table 2.2: Example 2.4.1, Trigonometric multi-scale

mesh at positions close to the midpoints of those edges.
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Figure 2.12: Example 2.4.2, High conductivity channel

Example 2.4.2. High conductivity channel

In this example a is characterized by a fine and long-ranged high conductivity channel.
We choose a(x) = 100, if X is in the channel, and a(x) = O(1), if X is not in the channel. The
weak aspect ratio induced by F is ., = 2.2630. lg is 1.03 x 10°, and the aspect ratio of
a is 103. The condition number of the linear system associated with linear elements on the
fine mesh is 3.29 x 103. The condition number of the linear system associated with LFEM
(dof 225) is 1.48 x 10, but the condition number of the linear system associated with

FEM_y is merely 621. We can see that the equation is better conditioned in the harmonic

coordinates, and the theoretical error estimate is in fact not optimal.

Table 2.3 gives the relative error estimated on the nodes of the coarse mesh between the
solution u of the PDE (2.0.1) and an approximation obtained from the up-scaled operators.
Table 2.4 gives the relative error estimated on the nodes of the fine mesh between U and
the fine mesh interpolation of the coarse mesh solutions. Figure 2.13(a) gives the condition
number of the stiffness matrix associated to the up-scaled operator versus —log, h (loga-

rithm of the resolution). Figure 2.13(b) gives the relative L;-distance between U and its

approximation on the coarse mesh in log scale versus —log, h.

Observe in figure 2.12 that the effect of the new metric on the mesh is to bring close

together nodes linked by a path of low electrical resistance.
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(a) Condition number

(b) Coarse mesh L' error

Figure 2.13: Example 2.4.2, High conductivity channel

Coarse Mesh Error H FEM_y ‘ FEM_¢ ‘ MBFEM ‘ FVM ‘ LFEM
LT 0.0022 | 0.0081 | 0.0127 | 0.0062 | 0.0519

Lz 0.0025 | 0.0096 | 0.0179 | 0.0081 0.0606
L 0.0120 | 0.0227 0.0549 0.0174 0.1223
“HT 0.0120 | 0.0384 | 0.0919 | 0.0265 | 0.1514

Table 2.3: Example 2.4.2, High conductivity channel

| Fine mesh Error || FEM_yy | FEM.{ | MBFEM | FVM | LFEM
LT 0.0070 | 0.0155 | 0.0164 | 0.0121 0.0612

Lz 0.0069 | 0.0153 | 0.0202 | 0.0123 | 0.0743
L 0.0133 0.0227 | 0.0573 0.0214 | 0.1226
“HT 0.0760 | 0.1032 | 0.1838 | 0.0820 | 0.2142

Table 2.4: Example 2.4.2, High conductivity channel
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(a) a. (b) 7F

Figure 2.14: Example 2.4.3, Random Fourier modes

Example 2.4.3. Random Fourier modes.

In this case, a(x) = e with

h(x)= > (aksin(27K-X) + byxcos(27K - X)) (2.4.2)
[KI<R

where ay and by are independent identically distributed random variables on [—0.3,0.3]
and R = 6. This is another example where scales are not separated. The weak aspect ratio
induced by F is n; = 3.4997. The deformation induced by F is given in figure 2.14.
Errors between U and the fine mesh interpolation of the coarse mesh solutions are larger
(tables 2.5 and 2.6), which is due to the fact that those errors depend on the aspect ratio
Nimax- Of course one could improve the compression by adapting the mesh to the new metric
but this has not been our point of view here. We have preferred to show raw data obtained
with a given coarse mesh. The figures 2.16 and 2.17 give the log plot of L!, L2, L® and H!
relative error. The X-axis corresponds to the refinement of coarse mesh, the y-axis is the
error. The tables 2.7 and 2.8 show the convergence rate in different norms (the parameter

o in the error of the order of h?).
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‘Coarse Mesh Error H FEM_y ‘ FEM_¢ ‘MBFEM ‘ FVM ‘ LFEM

LT 0.0027 | 0.0075 | 0.0117 | 0.0106 | 0.1197
Lz 0.0028 | 0.0087 | 0.0130 | 0.0125 | 0.1169
L 0.0066 | 0.0278 0.0320 | 0.0376 0.1358
HT 0.0133 0.0648 0.0805 0.0597 0.1514

Table 2.5: Example 2.4.3, Random Fourier Modes

Fine mesh Error | FEM_y | FEM_{ | MBFEM | FVM | LFEM

L! 0.0112 | 0.0148 | 0.0148 | 0.0188 | 0.1304
Lz 0.0177 | 0.0223 | 0.0184 | 0.0202 | 0.1265
L 0.0773 0.0824 | 0.0614 | 0.0680 | 0.1669
“HT 0.0972 | 0.1152 | 0.1307 | 0.1659 | 0.1725

Table 2.6: Example 2.4.3, Random Fourier Modes

[Method [ L' [ 7 [ L° [ A" |
FEM_ ¢ | 1.62 | 1.66 | 1.56 | 1.44
FEM_¢ | 1.38 | 1.27 | 1.23 | 1.18
MBFEM | 1.38 | 1.40 | 1.27 | 1.08
FVM 0.53 | 1.14 | 1.26 | 1.03
LFEM | 1.51 | 1.53 | 1.62 | 1.46

Table 2.7: Coarse mesh approximation convergence rate

| Method | L' [ L* | L® | H |
FEM_yy [ 1.74 [ 1.61 [ 1.23 ] 0.89
FEM_¢ |1.57 | 147123091
MBFEM | 1.54 | 1.52 [ 1.21 | 0.96
FVM [0.75]1.16 | 1.22]0.58
LFEM [152]|1.54[142]1.10

Table 2.8: Fine mesh approximation convergence rate
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Figure 2.15: Example 2.4.3, Random Fourier modes

coarse mesh L, eror, problem 3
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Figure 2.16: Coarse mesh error (log,) LY, L2, L® and H! errors vs. coarse mesh refinement,

Example 2.4.3, Random Fourier modes

(d) H! error
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Figure 2.17: Fine mesh approximation error (log,) L!, L2, L® and H! errors vs.

(d) H! error

mesh refinement, Example 2.4.3, Random Fourier modes

coarse
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Figure 2.18: Example 2.4.4, Random fractal

‘Coarse Mesh Error H FEM_y ‘ FEM_¢ ‘MBFEM ‘ FVM ‘

LFEM

LT 0.0024 | 0.0075 | 0.0231 | 0.0073 | 0.0519
Lz 0.0025 | 0.0085 | 0.0241 0.0100 | 0.0606
o 0.0094 | 0.0399 | 0.0920 | 0.0398 | 0.1694
HT 0.0161 0.0718 0.1553 0.0493 0.3107

Table 2.9: Example 2.4.4, Random fractal

Example 2.4.4. Random fractal

In this case, a is given by a product of discontinuous functions oscillating randomly at

p p+1) « [q o+1

different scales, a(x) = a;(x)ax(X)---an(x), and &;(X) = Cpq for X € | 3ts 5

Cpq is uniformly random in [%,,

is N}, = 2.4796. Table 2.9 gives the relative error estimated on the nodes of the coarse
mesh between the solution U of the PDE (2.0.1) and an approximation obtained from the
up-scaled operator. Table 2.10 gives the relative error of the fine mesh approximation of
the coarse mesh solutions. Figure 2.19(a) illustrates the condition number of the stiffness
matrix associated to the up-scaled operator versus —log, h (logarithm of the resolution).

Figure 2.19(b) gives the relative L-distance between U and its approximation on the coarse

mesh in log scale versus —log, h.

PIEED)]

Y], n =5 and y = 2. The weak aspect ratio induced by F
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(a) Condition number

(b) Coarse mesh L' error

Figure 2.19: Example 2.4.4, Random fractal

| Fine mesh Error || FEM_(y | FEM_£ [ MBFEM | FVM | LFEM
LT 0.0108 | 0.0147 | 0.0245 | 0.0142 | 0.0765

Lz 0.0155 | 0.0198 | 0.0280 | 0.0173 | 0.0812
L 0.0662 | 0.0802 | 0.0919 | 0.0720 | 0.1694
“HT 0.1015 | 0.1231 0.1838 | 0.1433 | 0.2642

Table 2.10: Example 2.4.4, Random fractal
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Figure 2.20: Example 2.4.5, Percolation.

‘Coarse Mesh Error H FEM_y ‘ FEM_¢ ‘MBFEM ‘ FVM ‘ LFEM ‘

LT 0.0034 | 0.0253 | 0.0485 | 0.0167 | 0.2848
Lz 0.0041 0.0265 | 0.0523 | 0.0189 | 0.2851
o 0.0163 | 0.0813 | 0.0643 | 0.0499 | 0.3018
HT 0.0343 0.0843 0.1070 | 0.0713 0.3740

Table 2.11: Example 2.4.5, Percolation.

Example 2.4.5. Site percolation

In this case, the conductivity of each site is equal to y or 1/y with probability 1/2. We
have chosen y = 4 in this example. Observe that some errors are larger for this challenging
case because a percolating medium generates flat triangles in the new metric — indeed
Nxin = 22.3395 which is much larger than previous examples. Table 2.11 gives the relative
error of the coarse mesh approximations of the PDE (2.0.1). Table 2.12 gives the rela-
tive error of the fine mesh ¢, interpolation of the coarse mesh solutions. Figure 2.21(a)
demonstrates the condition number of the stiffness matrix associated to the up-scaled oper-
ator versus —log, h. Figure 2.21(b) gives the relative L-error of the coarse mesh solution

in log scale versus —log, h.


figures/fvm_circleg_7_a2d.eps
figures/circleg_7_fmap_cmesh.eps
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(a) Condition number

(b) Coarse mesh L' error

Figure 2.21: Example 2.4.5, Percolation

| Fine mesh Error || FEM_(y | FEM_£ [ MBFEM | FVM | LFEM
LT 0.0115 | 0.0265 | 0.0585 | 0.0216 | 0.3024

Lz 0.0152 | 0.0268 | 0.0628 | 0.0229 | 0.3015
L 0.0500 | 0.0527 | 0.0940 | 0.0497 | 0.3135
“HT 0.1000 | 0.1712 | 0.1954 | 0.1343 | 0.3964

Table 2.12: Example 2.4.5, Percolation
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2.4.1 Numerical Experimentswith Splines

We have seen that if o is stable then uo F~! belongs to W2P(Q) with some p > 2. It is
thus natural to expect a better accuracy by using C! elements as ¢ in the method ) = ¢ o F
instead of C? elements. In [8], the use of higher order Lagrangian polynomials as coarse
mesh shape functions was suggested and the increase of accuracy has been observed when
F is obtained as the solution of a local cell problem. In our case, when the harmonic
coordinates are computed globally, we would alter the finite element method () = ¢ oF by
using C! elements for the ¢.

We refer to Appendix C and references therein for C! finite element methods. One
possibility is to use weighted extended B-splines (WEB) method developed by K. Hollig
in [76, 77], these elements are in general C!-continuous. They are obtained from tensor
products of one dimensional elements. The Dirichlet boundary condition is satisfied using
a smooth weight function ¢, such that w = 0 at the boundary. The condition number of the
stiffness matrix is bounded from above by O(h~2) (we have the same optimal bound on a
Galerkin system with piecewise linear elements).

We have considered two challenging multi-scale medium for our numerical experi-
ments: random Fourier modes and percolation. For the simplicity of the implementation
a square domain has been considered, and weighted spline basis are used instead of the
WEB spline basis. For a square domain [—1, 1] x [—1, 1], the weight function is chosen as

w = (1 —x?)(1 —y?). Two methods have been compared,

* FEM_y}in: The Galerkin scheme using the finite elements )i = ¢j o F, where ¢; are

the piecewise linear nodal basis elements.

* FEM_ysp: The Galerkin scheme using the finite element (i = ¢j o F, where ¢; are

weighted cubic B-spline elements.

As shown in table 2.13-2.16 and figures 2.22-2.23, a sharp increase in accuracy is

observed for the method FEM _(Jsp.
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‘ Coarse Mesh Error H FEM _in ‘ FEM_ysp ‘

LT 0.0437 0.0046
Lz 0.0426 0.0052
L 0.0614 0.0096
“HT 0.0746 0.0227

Table 2.13: Example 2.4.3, Random Fourier modes

Fine mesh Error || FEM_(Jjin | FEM_{)gp |

L! 0.0546 0.0077
Lz 0.0529 0.0096
L 0.0920 0.0289
“HT 0.2109 0.0547

Table 2.14: Example 2.4.3, Random Fourier modes

Coarse Mesh Error || FEM_Jji, | FEM_(gp |

L! 0.0393 0.0080
Lz 0.0379 0.0098
L 0.0622 0.0309
“HT 0.0731 0.0404

Table 2.15: Example 2.4.5, Percolation

| Fine mesh Error | FEM_(in | FEM_(J)p |

LT 0.0470 0.0099
Lz 0.0464 0.0130
L 0.1174 0.0554
“HT 0.2030 0.0838

Table 2.16: Example 2.4.5, Percolation




66

condion number of upscaling operatr, problem 4 aoarse mesh L, eror, problem 4 fine mesih L, eror, problem 4
% N 2
—<— FEMyin —<— FEMyin
FEM-ysp FEM-ysp
“ 4 3
~
35 5 o -4
~ L
.
L 6 < 5 ~
2 7 6 N
2 B 4 4
15 3 3
4
10 -10) o
o
5 4 -11] 10
_ul .
25 3 35 4 5 5 2 25 3 35 4 5 5 2 25 3 35 4 5

(a) Condition number (b) Coarse mesh L' error

(c) Fine mesh L' error

Figure 2.22: Example 2.4.3. Random Fourier modes.
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Figure 2.23: Example 2.4.5. Percolation

(b) Coarse mesh L' error
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Chapter 3

Numerical Homogenization for
Parabolic Equations with Continuum
Time and Space Scales

In this chapter, we address the issue of the homogenization of divergence form parabolic
equations in space and time in situations where scale separation and ergodicity at small
scales are not available. In section 3.1 we give the main results, i.e., the compensation
result and error estimate of numerical homogenization scheme. In subsection 3.1.1 we will
establish the increase of regularity of solutions of (3.1.1), show that under a (parabolic)
Cordes type condition the first order time derivatives and second order space derivatives of
the solution with respect to caloric coordinates are in L? instead of H™! in Euclidean co-
ordinates. In subsection 3.1.2 we will formulate the corresponding semidiscrete numerical
homogenization method. In section 3.1.3 we will state the formulation and error estimate
of the corresponding full discrete numerical homogenization method. In section 3.2 we
give the detailed proof of the regularity result and error estimate. In section 3.3 we show

the results of numerical experiments.
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3.1 Main Results

Let Q be a bounded and convex domain of class CZ of R". Let T > 0. Consider the

following parabolic PDE

gu=div(a(x,t)du(x,t))+g in Qx(0,T) G.1.1)

ux,t)=0 for (x,t)€ (dQx(0,T))U(QU{t=0}).

Write Q7 := Q x (0,T). g is a function in L?(Qt). a(x,t) is a symmetric positive
definite n X N matrix with entries in L*(Q7). We assume a to be uniformly elliptic on the

closure of Q.

3.1.1 Compensation Phenomena

Let F be the solution of the following parabolic equation

(

aF =div (a(x,t)OF(x,t)) in Qf

F(x,t)=x for (x,t)e (0Qx(0,T)) (3.1.2)

div (a(x,0)0F(x,0)) =0 in Q.

By (3.1.2) we mean that F := (F,...,F,) is a n-dimensional vector field such that each

of its entries satisfies

(

aF =div(a(x,t)OR(xt)) in Qr

F(x,t)=x for (x,t)e (dQx(0,T)) (3.1.3)

| div (a(x,0)0F(x.0)) =0 in Q.

We call F the caloric coordinates associated with a. In the case of time independent

medium, F is the harmonic coordinates defined in (2.1.1). Similar as in Chapter 2, we write

o :='0OFalF. (3.1.4)
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3.1.1.1 Time independent medium

In this subsection we assume that a does not depend on time t. Recall that B4, the Cordes

parameter associated to O is defined by

(Trace[o])2>,

Bo = esssupycn <n ~ Trace[lo0] (3.1.5)
and
Amax (O
Hg = esssupq. /\mf‘ <(U)) . (3.1.6)

Write for p > 2, WD P (D for Dirichlet boundary condition) the Banach space W PQ)N
W, P(Q). Equip W5 P(Q) with the norm

yol

||v||\5)v : / z&a, )2 dx. (3.1.7)

1]

Equip the space Lp(O,T,Wé’p(Q)) with the norm

p T 2\ %
_ . 2
M orwenian = o s (3 @) oxa (3.18)

Theorem 3.1.1. Assume that da =0, g € LZ(QT), Q is convex, Bs < 1, and
(Trace[o])?~! € L(Q) thenuo F~! € L2(0,T,W2*(Q)) and

-1
||u oF ||L2(0,T,W§’2(Q)) S ||g||L2 (Qr): (319)
1— Ba
The constant C can be written as
C:LnH(Trace[G])Q_IHLwQ (3.1.10)
()\min(a>)Z @)

Remark. According to theorem 3.1.1, although the second order derivatives of u with
respect to Euclidean coordinates are only in L?(0,T,H~1(Q)), they are in L?(Qr) with

respect to harmonic coordinates.



70
The compensation phenomena presented in this subsection can be observed numeri-
cally. In figure 3.1, the value of a is set to be equal to 1 or 100 with probability 1/2 on each
triangle of a fine mesh with 16641 nodes and 32768 triangles.

Figure 3.1: Site percolation

(3.1.1) has been solved numerically on that mesh with g=1. u, uo F-! é.u and

dx(uoF~1) have been plotted at time t = 1 in figure 3.2.


figures/a7.eps
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() dku (d) dx(uoF~1)

Figure 3.2: u, uo F-1, du, and ox(uo F_l) at time t = 1 for the time independent site
percolating medium
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In situations where g € L*(0,T,L%(Q)), g € L*(0,T,H™1(Q)), or g € LP(Q7) with
p > 2, one can obtain a higher regularity for uo F~!. This is the object of the following

theorems.

Theorem 3.1.2. Assume that Q is convex, g € L*(0,T,L%(Q)), g € L2(0,T,H-1(Q)),
4a=0, By < 1 and (Trace[a])? ! € L®(Q7), thenforallt € [0,T],ucF ~1(.,t) e W3*(Q)

and

_ C
||U oF l(-at)||W[2)=2(Q) < - 1 (HgHLW(O,T,LZ(Q)) + ||6tg||L2(0,T,H*1(Q))> : (3.1.11)
1-B5
Theorem 3.1.3. Assume that Q is convex, g(.,0) € L*(Q), ég € L>(0,T,H~1(Q)),

geLP(Qr),da=0,Bs < 1,and (Trace[a]ﬁ‘1 € L*(Qr), then there exists a real number

po > 2 depending only on n, Q and 4 such that for each p, 2 < p < pg, one has

IHLP(O7T7W§‘p(Q)) <——(l9llrcar)

1—-Bs (3.1.12)
+ Hg(-70) H._z(g) + ||dlgHL2(O7T7H*1(Q)))'

luoF~

The constant C in Theorem 3.1.2 and 3.1.3 can be written as

1
)\min(a> )

B —

C n
c_ Cnon H(Trace[a])rlHLW(QT)(l+

()‘min (a) ) 4
Write

V(X) —v
IVller@) = sup [v(x) —v(y)]|

3.1.13
X,YEQ X£Y ‘X - Y| 4 ( )

Theorem 3.1.4. Assume that n < 2, Q is convex, g(.,0) € L?(Q), ég € L>(0,T,H-1(Q)),
gcLP(Qr),4a=0,Bs < 1, (Trace[a]) "' € L*(Qr),and g € L2[0, T;LP (Q)] with 2 < p*.
Then there exists p € (2, p*] and y(p) > 0 such that

T 1
([ IBeF ) (0]Ieye @) <—— (Iglluran
1—Bs (3.1.14)

+19C, 0| 2(g) + 139l2 07 H-1(0))-
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The constant C in (3.1.14) depends on n, p, Q, Amn(d), Amax(a) and

H(Tratce(o))*l HL‘”(QT)'

Remark. It easy to check that if n =1 then the theorem is valid with y = 1/2.

3.1.1.2 Medium with a continuum of time scales

In this subsection the entries of a are merely in L”(Qt). We need to introduce the following

parabolic Cordes type condition.

Condition 3.1.1 (Cordes Type Condition). We say that condition 3.1.1 is satisfied if and
only if there exists 8 € (0,%) and € € (0, 1) such that

&% Trace[loa] + 1 < 1

esssupq < :
' (5Trace[0]+l)2 n+e

(3.1.15)

Write
Trace[lo 0]

W. (3¢1-16)

Zg 1= esssupg N

Observe that z4 is a measure of anisotropy of 0, in particular 1 <z5; <nandzgs =1if o is
isotropic.
Write

Yo = HTrace[O]H,_oo(QT)H(Trace[d])*1 HL“‘(QT)' (3.1.17)

Proposition 3.1.1. If || Trace[o]| =(q,) < ®and || (Trace[o]) HLM(QT) < oo then condition
3.1.1 s satisfied with
0:= nH(Trace[G])_lHLm(QT). (3.1.18)

and with € := (2ys — 1) /(2y3) provided that z5 < 1+ ¢/n.

Remark. Notice that in dimension one zg = 1, thus for n = 1 condition 3.1.1 is satisfied if

Trace[o] € L*(Q7) and (Trace[a])~! € L*(Q7).

We have the following theorems:
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Theorem 3.1.5. Assume that Q is convex, and condition 3.1.1 is satisfied then uo F~!
L2(0,T,W5*(Q)), d(uoF~') € L2(Q7), and

199 F a0y + 1O F D ar) < Clollzan (3.1.19)

where C depends on Q, n, 4, and €.

Remark. According to theorem 3.1.5 although the second order space derivatives and
first order time derivatives of u with respect to Euclidean coordinates are only in

L2(0,T,H~1(Q)), they are in L?(Qt) with respect to caloric coordinates.

Similarly we can obtain the following theorems in situations where g € LP(Qr) with

some p > 2.

Theorem 3.1.6. Assume that Q is convex, and condition 3.1.1 is satisfied then there exists a
number po > 2 depending on n, Q, & such that for p € (2, p), uoF ! € Lp(O,T,WS’p(Q)),
G (uoF~1) € LP(Q7) and

190 F ! porgeiay + 19U FDlipi@r) < Cllgllun) (3.1.20)

where C depends on Q, n, 4, and €.

Theorem 3.1.7. Assume that Q is convex, and condition 3.1.1 is satisfied, then there exists a
number ay > 2 depending on n, Q, & such that for a € (0, ap), O(uoF~1) € L2(0,T,CY(Q))
and

1B F N Y)llTca() < Cllallar (3.1.21)

where C depends on Q, d, n, and €.

These compensation phenomena can also be observed numerically. Choose

1 > 1.14sin(2mX' /&)

_ . 12,,12
a(xyt) = ¢ Z T 1+Sln(2ny’/si)+sm(4x y?) +1) (3.1.22)

with X =X+ V2t Yy =y—V2t, &g =1, &6 =&, &5 = &, &4 = 5, and & = . This

medium has been shown in figure 3.3 at time 0 (note that Apax (2) /Amin(2) ~ 100).
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Figure 3.3: a at time 0

(3.1.1) has been solved numerically with g = 1 on the fine mesh with 16641 nodes and
32768 triangles. Figure 3.4 illustrates dyu and dx(uoF~1) at time 0.3.

(a) dyu (b) d(uoF1)

Figure 3.4: diu and dy(uoF~!) at time t = 0.3 for the multi-scale trigonometric time
dependent medium.

In figure 3.5 and 3.6, X9 = (0.75,—0.25) and the curves t — u(Xp,t),uo
F~1(xo,t), Ou(Xo,t), Ouo F~!(xo,t) are plotted fromt =0 to t = 0.3.


figures/ap4.eps
figures/uxt03p4.eps
figures/utxt03p4.eps
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the point is (0.75,-0.25)

0.06

0.03-

(@uanduoF~!

Figure 3.5: t — U(Xo,t),uoF 1 (xo,t) fromt = 0 to t = 0.3 with xo = (0.75,—0.25)
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Figure 3.6: t — Ou(Xo,t),OuoF~1(xg,t) fromt = 0 to t = 0.3 with xo = (0.75,—0.25)

(@) dku and dx(uoF~1)

(b) dyu and dy(uoF 1)
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3.1.2 Numerical Homogenization in Space

Suppose we have a quasi-uniform coarse mesh with its aspect ratio uniformly bounded.
Let Xp, be a finite dimensional subspace of H} (Q) "W !*(Q) ! defined on the coarse mesh
with the following approximation property: There exists a constant Cx such that for all
feWs?(Q)

vien){th_VHHé(Q) SthHfH\NS,z(Q). (3.1.23)

It is known that the set of piecewise linear functions on a triangulation of Q satisfies
condition (3.1.23) provided that the length of the edges of the triangles are bounded by h
(Cx in (3.1.23) is given by the aspect ratio of the triangles).

For media characterized by a continuum of time scales we will use C! differentiable
elements which satisfy the following inverse inequalities (see [57, Section 1.7]): forv € Xy,

Mllwz2 ) < Cxh™! VIl (@) (3.1.24)

and

||V||H6(Q) SCXh_IHVHLZ(Q)- (3.1.25)

As in Chapter 2, we use WEB spline based finite element to ensure that the conditions
(3.1.24) and (3.1.25) are satisfied.

Fort € [0, T] let us define the time-space finite element space

V@) == {oF(x,t) : ¢ €Xpn). (3.1.26)
Write
afv,w](t) ::/QtDv(x,t)a(x,t)Dw(x,t)dx. (3.1.27)

Define Y{ the subspace of L? (0,T;:H)(Q)) as

YPi={ve L2(0,T;HG(Q)) : v(x,t) e V(1)}. (3.1.28)

'W1* is the usual space of uniformly Lipschitz continuous functions.
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Write Up the solution in YTh of the following system of ordinary differential equations:

(W, kun) () 3l Ul (1) = (@,9)i2q) forallte (0,T) and g € V(1)
Un(x,0) = 0.

We have the following theorem for time independent medium:

(3.1.29)

Theorem 3.1.8. Assume that ga = 0, Q is convex, Bs < 1 and (Trace[o])~! € L*(Q7),

then
[[(u—un)(., HLZ +Hu_uhHLZ(o,T;Hg(Q)) <Chligll2or)- (3.1.30)
The constant C depends on Cx, 1, ©, Amin(a), Amax (@), and | (Trace[0]) ™[] a(q,)- 1N >3
it also depends on || Trace[o] HLW(QT).
We have the following theorem for medium with a continuum of time scales:
Theorem 3.1.9. Assume that Q is convex, and condition 3.1.1 is satisfied then
0= 0) T oy + 19— Ul 7 < Chlal 3,131

The constant C depends on Cx, n, Q, 9, &, Apin(a), and Apax(a).

3.1.3 Numerical Homogenization in Spaceand Time

The ordinary differential equations system (3.1.29) is still characterized by a continuum of

time scales in situations where the entries of a merely belong to L*(Q). They need to

be discretized (homogenized) in time in order to be solved numerically. This will be the

object of the this subsection. Loosely speaking, although the parabolic operator (3.1.1) is

associated to a fine tessellation and fine time steps, it is possible to approximate it on a

coarse tessellation with coarse time steps.

LetM €N, (t, = n%)OSnSM is a discretization of [0, T]. (¢;) is a basis of Xn. Write Z?

the subspace of YTh such that

2 ={wev!:w Z ci(t) @i (F Ci(t) are constants on (tn,thi 1]}

(3.1.32)
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Write UP the subspace of YTh such that

UN={weY: pixt) = zdi‘l’i (F(x,t)), d; are constants (on [0,T]).}. (3.1.33)

Forw ¢ YTh, define wy € UP by
Wn() = ¥ Ciltn) i (F (1), (3.1.34)
|

Letv e Z? be the solution of the following implicit weak formulation (suppose that

V(x,0) = 0): forn € {0,...,M — 1} and Vi € U,

(W(tn+1)7vn+l(tn+1))|_2(Q) :(wan),Vn(tn))LZ(Q) +/tt”“ ((dtw(t)7vn+l(t))|_2(g)

o a[([],Vn+1](t) + (Lp(t):g(t))LZ(Q)) dt.
(3.1.35)

The following Theorem 3.1.10 shows the stability of the implicit scheme (3.1.35):

Theorem 3.1.10. Letv e Z? be the solution of (3.1.35). We have

HV(T)HL2(Q) V201 Hi @) < Cllgllz@r)- (3.1.36)

The constant C depends on n, Q, and Ay, (@).

The following Theorem 3.1.11 gives an error bound for the time discretization scheme

(3.1.35) when a does not depend on time:

Theorem 3.1.11. Letv e Z? be the solution of (3.1.35) and un be the solution of (3.1.29).

Assume that dia = 0. We have

[ un =) (T2 100 = Vil gy < CA (a8l 01 + 1196 0) 2y )-
(3.1.37)

The constant C depends on n, Q, Apin(@), and Apax ().
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The following Theorem 3.1.12 gives an error bound for the time discretization scheme

(3.1.35) when a is time dependent:

Theorem 3.1.12. Assume that Q is convex, and condition 3.1.1 is satisfied. Letv € Z! be

the solution of (3.1.35) and up, be the solution of (3.1.29), we have

At
[[(un =) (T)| () + lun = Vll2 (0.7 e ()) < C%HQHLZ(QT)' (3.1.38)

where C depends on Q, n, d, €, Amin(@), and Apax(a).

Remark. Observe that the accuracy of the time discretization scheme (3.1.35) requires

that |At| << h when a has no bounded time derivatives.

3.2 Proofs

3.2.1 Compensation Phenomena
3.2.1.1 Time independent medium: Proof of Theorem 3.1.1-3.1.4

Suppose that dta = 0. We will need the following lemmas. Let .o/ be the bilinear form on
L2(0,T;H}(Q)) defined by

T

W] = /0 alv,w](t) dt. (3.2.1)
where
a[v,w(t) := /Q tOv(x, t)a(x,t) Ow(x, t) dx. (32.2)

Let o/r[u] := 27 [u, u].
The following Lemmas 3.2.1-3.2.3 are the standard energy estimates. We show them
by assuming a smooth. When a is nonsmooth, we can use Galerkin approximations of U

and then pass to the limit. We refer to [58, Section 7.1.2] for a reminder.
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Lemma 3.2.1. We have

Cho
Ju. HL2 ) Harlu] < mHgHLZ (Qr)* (3.2.3)
min
Proof. Multiplying (3.1.1) by U and integrating over Q1 we obtain that
1
EH HLZ ‘HZ{T[ ] = (U,9)12r)- (3.2.4)

(3.2.3) is established by using Poincaré and Cauchy-Schwarz inequalities. U

Lemma 3.2.2. Assume dia = 0. We have

&) +a[uCTY] < Jlg]Ez 0y (32.5)

Proof. Multiplying (3.1.1) by d:u and integrating by parts we obtain that

|etu(. t HL2 ) Fafou,u] = (3, 9)12(q)- (3.2.6)

Noticing that
1
aldiu,u] = th (a[u]). (3.2.7)

we conclude by integration with respect to time and using Cauchy-Schwarz inequality. [

Lemma 3.2.3. Assume d:a = 0. We have

T2 )+ o [w] <

Am”lldtglluom ) 1960 g 3238

Proof. We obtain from (3.1.1) that

02u = div (a(x)déu(x,t)) + ég. (3.2.9)
Multiplying (3.2.9) by diu and integrating over Q1 we obtain that

1
AT g+ 10 = [ (@u. A0l s S |AUC0) [ (210
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We conclude by the H~!-duality inequality and Cauchy-Schwarz inequality. O

Let us now prove the compensation theorems. Choose

Mi=— 2 oF . (3.2.11)
|det(O0F)|2
It easy to see that By = By 2. Observe that
[ l2oiay) < — | (Trace[a]) 1| (2.12)
A () Le(ar) -
Fix t € [0,T], choose
u-— _
foo (A0 e (3.2.13)
|det(OF)|2

Observe that by the change of variable y = F(X) one obtains that if dta = 0 (which implies
that F is time independent), ;U € L?(Q), and g(.,t) € L>(Q) then f € L?(Q) and

Ifll2) < llotullizg) +1l9ll2()- (3.2.14)
It follows from Theorem A.1.3 that there exists a unique vV € W,%’Z(Q) satisfying

Cllvm HEW(QT)

IVl < W(||atu||ﬁz(9) +l0lE2(q)- (3.2.15)
— FPo
and the following equation
aa(y,t) =y (a(F~(y.1),1)); ;a05v(y.t) +9(y.t). (3.2.16)

5]

We use the notation § := goF ! and 0 := uoF~!. Using the change of variable y = F(X)

2see p.139 for the definition of Cordes parameter By
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and using the property divallF = 0 when dia = 0 we obtain that (3.2.16) can be written

du = div (ad(voF)) +g. (3.2.17)

If gu € L?(Q) and g(.,t) € L>(Q) we can use the uniqueness property of the solution

of the divergence form elliptic Dirichlet problem

div (a0w) = u—g (3.2.18)

to obtain that Vo F = u. Thus using Lemma 3.2.3 we have proven Theorem 3.1.2. Moreover
assume that g € L?(Qr) and 6u € L?(Qt). It follows that fort € [0,T] —B, g(.,t) € L>(Q)
and du(.,t) € L2(Q) where B is a subset of [0, T] of 0-Lebesgue measure. It results from

the previous arguments that on [0,T] —B, uoF~!(.,t) € WS’Z(Q) and

ClvmlEear)
—(

||U0F71(~,t)|’3\,22 o
P -y

[RUC D2y + 190D [Bg)-  (B219)

Integrating (3.2.19) with respect to time we obtain that uo F ! € L%(0, T,W,%’z(Q)) and

Cllvmll- g,
—(

(1-B3)*

luo FHP 19Ul 0p) + 18112 (00p ) - (3.2.20)

L2(0,TW3*(Q)) —
thus by Lemma 3.2.2 we obtain Theorem 3.1.1.

Let us now prove Theorem 3.1.3. Assume that there exists (o > 2 such that for2 < p <
qo, &u € LP(Q7), and g € LP(Qr). Let us now apply Theorem A.1.3 with p < min(pg,Qo),
M given by (3.2.11), and f given by (3.2.13). It follows that fort € [0, T] — B (where B is a
subset of [0, T] of 0-Lebesgue measure), g(.,t) € LP(Q) and du(.,t) € LP(Q). We deduce
from Theorem A.1.3 and the argumentation related to equation (3.2.18) that on [0,T] — B,
uoF~1(,t) eWSP(Q) and

Hp <Cn p.Q

all M|||_°° Q)
WeP(@) !

(1-B3)P

JuoF~'(,t) U] oy + 1D Pyq)- (B2:21)
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Integrating (3.2.21) with respect to time we obtain that uoF ~! € LP(0, T,Wé’p(Q)) and

_ ChpalWmllieo
JuoF 1||Lp(O7T7W§,p(Q))§ ks ] ( T)(||51U||LP(QT)+||9||Lp(QT))- (3.2.22)

1—Bs

It remains to show that under the assumptions of theorem 3.1.3, diu € LP(Qr).

In order to bound Hdtu(.,t) HLP () Weuse general Sobolev inequalities [58, Section 5.6].

 If n > 3, write p* =2n/(n—2). We have for 2 < p < p*,

(/ (Gu)Pdx) » gcm(/ (Gu)P dx) ¥ (3.2.23)
Q ’ Q
thus, using Gagliardo-Nirenberg-Sobolev inequality
2 1
u)Pdx)p <C alaul. 3.2.24

o If n =2, we write for (Xj,X2,X3) € Q x (0,1), V(X1,X2,X3) := dtu(X1,X2). Using
Gagliardo-Nirenberg-Sobolev inequality in dimension three we obtain that for 2 <
p<6

(/Q(dtu)pdx)% gcme/Q(Datu)zdx. (3.2.25)

which leads us to (3.2.24).

e If n = 1 then using Morrey’s inequality we obtain that with y:=1/2,

1ulloy ) < Ca a[Gu). (3.2.26)

1
)\min(a)
We conclude the proof of Theorem 3.1.3 using Lemma 3.2.3.
Theorem 3.1.4 follows from Morrey’s inequality and theorem 3.1.3.
3.2.1.2 Medium with a continuum of time scales: Proof of Theorem 3.1.5-3.1.7

We will need the adapted version of Theorems 1.6.2 and 1.6.3 of [93], which are adapted as

Theorems A.2.1 and A.2.2 in the Appendix. These theorems show that under a parabolic
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Cordes type condition, nondivergence form parabolic equation has a unique solution in

LP(o, T,Wg’p(Q)). Consider the following parabolic problem:

oV = z Mij(x)didv+ f (3.2.27)
i,]=1
assume M to be symmetric, uniformly bounded, and elliptic, v =0 at t = 0 and on the

boundary 0Q. Write
Trace['MM] + 1

MM := €ssSuPyco , (3.2.28)
e (Trace[M] + 1)2
and
Trace[M] + 1
QM = esSSUPycq; Trace[MM] +1° (3.2.29)
Write for p > 2
Sp(Q7) == {v € LP(0,T,W2P(Q)):av € LP(Q1):v(.,0) = o}, (3.2.30)
and
P 5
Vlls @) = / ; 8i9;v)* v)?)? dydt. (3.2.31)
Parabolic Cordes condition can be given by: there exists € € (0, 1), such that
< b (3.2.32)
Nw = e 2.
Let & > 0. Let us now apply Theorem A.2.1 on [0,T /J] with
M :=daoF !(y,dt), (3.2.33)

and

f:=35(goF1)(y,at). (3.2.34)
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Notice that Ny < o and o < oo since

Trace[ MM] + 1 8% Trace['00] +1
€esssupg race| I+ = esssupq race[ 00] + . (3.2.35)

5 (Trace[M]-i—l)2 ' (6Trace[0]+1)2

Trace['0 0] (ob-

Let us now prove proposition 3.1.1. Recall that x = Trace[o] and z = nW

serve that 1 <z < n). Itis easy to check that condition 3.1.1 can be written as,

—52x2($z—1)+2x5—(n+e—1) > 0. (3.2.36)

Choose & = n||(Trace[o]) ™! HLW(QT). Observing that &X > n and OX = ny it is easy
to conclude the proof of proposition 3.1.1. Similarly we obtain the following lemma by

straightforward computation from equation (3.2.36):

Lemma 3.2.4. Assume that condition 3.1.1 is satisfied then
H(Trace[o])_1 HL“’(QT) <C(n,¢,0), (3.2.37)

and
| Trace[0][[ g,y < C(n, £,0). (3.2.38)

If condition 3.1.1 is satisfied and F is an homeomorphism, It follows that the following

equation admits a unique solution in SZ(Q%) by Theorem A.2.1.
aw(y,t) = > Mi(y,t)aig;w(y,t) +k(y,t) (3.2.39)
]

with K(y,t) = dd(y, t). And we have

5 C
/0 /Q((f?tW)ZJrZ(didjW)z)dydtémnfnu(g%). (3.2.40)

I7J

Using the change of variables t — Ot and writing

w(y,t) :=v(y, ot). (3.2.41)
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we obtain that Vv satisfies the following equation on Q

qv(y,t) =% (G(F‘l(y,t),t))iv,-dajV(y,t) +4d(y,t). (3.2.42)
I,]

Using the change of variable y = F (X) and observing that 6;F = divalJF we obtain that

vo F satisfies

d(voF)=div(ad(voF)) +g. (3.2.43)

It follows from the uniqueness of the solution of (3.2.43) that u =VvoF. In resume
we have obtained Theorem 3.1.5 (use Lemma 3.2.4 to control the constants). The proof of
Theorem 3.1.6 is similar and based on Theorem A.2.2. The proof of Theorem 3.1.7 follows

from Theorem 3.1.6 and Morrey’s inequality.

3.2.2 Analysisof Numerical Homogenization

Write %y, the projection operator mapping L2 (O,T;H(%(Q)) onto YTh, Py is defined by:
e s

2 [V, U — Zpu] = 0. (3.2.44)
Write p :=U—%pU and 6 := ZhU — Up.

Lemma 3.2.5.

1
EH(u—uh)(T)Hiz(Q)+MT[u—uh] :/QT PO (u—up)dxdt +.o4[p,u—up].  (3.2.45)

Proof. Multiply (3.1.1) using test function () € Vh(t) and integrate over Q, by subtracting
(3.1.29) we obtain that

(W, (u—up)) +aly,u—up =0 forall g cV(t). (3.2.46)
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Integrating by parts with respect to time leads us to,

(lIJ,(U—Uh)(-,T))Lz(Q) +=QJ{T[LIJ7U_UI’\] = /Q dtlIJ(u_uh) dxdt. (3.2.47)
Taking = 0 in (3.2.47) we deduce that

=) ()2 + 4 lu— i) /d@u—uh)dxdt-l-(P Un) L2y (T)

+ 7P, U — Up].
(3.2.48)

Integrating by parts again, it results

d@(u—uh)dxdt-l—(p,u—uh)Lz(Q)(T ——H (U—up)( HLZ
G (3.2.49)
+/ Po(u—up))dxdt
Qr

which completes the proof of the lemma. U

3.2.2.1 Time Independent Medium. Proof of Theorem 3.1.8

Lemma 3.2.6.

| (u—up)(T HLZ )+ [u—un] <2||plli2 o)l (U —Un) L2p) +@7[p]. (3.2.50)
Proof. Lemma 3.2.6 is a straightforward consequence of Lemma 3.2.5 and Cauchy-
Schwartz inequality. O

Similar to Lemmas 3.2.1 and 3.2.2, we have the energy estimates for Uy, in the following

Lemmas 3.2.7 and 3.2.8.

Lemma 3.2.7. We have

un(-, ) IF 2y + < [un] < (3.2.51)

<3|
Amin(a) ' @)
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Proof. Taking () = Uy in (3.1.29) and integrating over Q1 we obtain that

1 2
EHuh(.,T)HLZ(Q) + .2 [un] = (Un,9)12(qr)- (3.2.52)

Using Poincaré and Minkowski inequalities leads us to (3.2.51). 0]

Lemma 3.2.8. Assume d:a = 0. We have

2 2
HaI“hHLZ(QT)"‘a[“h(wTﬂ < HgHLZ(QT)' (3.2.53)
Proof. The proof is similar to Lemma 3.2.2. We need to take () = dyUp, in (3.1.29). 0]

Lett € [0,T] and v € H}(Q), we will write % V(.,t) the solution of:

/thwa(x,t)(w,v —Znv)dx =0 Y eVh(t). (3.2.54)

We need the following lemma:

Lemma 3.2.9. Assume the mapping x — F(X,t) to be invertible for fixed t, then for v €
H{ (Q) we have

e Forn=1,
1 1
(alv—ZnsV]) > < Cxh|jvo F*l(.,t)uwé,z”aDF 2= (3.2.55)

e Forn>2,

(alv— Zna]) * <CxhllvoF ' (. )llyp
D (3.2.56)

n-1 2
x Cnlg* H(Trace[a]) lHLi(QT)'
Proof. Using the change of coordinates y = F (X,t) we obtain that (write V:=voF 1)

a[v] = Q[v] (3.2.57)
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with
2] = [ 1Owy.0QU.)TW(y,t) dy (3.2.58)
and
Qy.t) 1= ———oF ! (3.2.59)
T det(TF) ‘ -

Using the definition of L@hiv we derive that
[ h,t ] PEX [ ] ( )

Using property (3.1.23) it follows,

207~ Tin¥] < Amax (QICXN W22, (3.2.61)
It is easy to obtain that
e Forn=1,
Amax (Q) < [|a0F [|L=(qr), (3.2.62)
e Forn>2,
n-1 n
Amax(Q) < Cniig? || (Trace[o]) IHLW @)’ (3.2.63)
O

Lemma 3.2.10. Assume that da = 0, Q is convex, B < 1, and (Trace[ad])~! € L®(Qr)
then
< |p] <Ch?|lglIE2 - (3.2.64)

The constant C depends on Cx, N, Q, Amin(2), Amax (@), and || (Trace[o]) Ifn>3

71HL°°(QT)'

it may also depend on || Trace[o] HLW(QT).

Proof. The proof is a straightforward application of Lemma 3.2.9 and theorem 3.1.1. Ob-

serve that in dimension one alJF = ([oa~ 1)~ O
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Lemma 3.2.11. Assume that da = 0, Q is convex, By < 1, and (Trace[a])~! € L®(Qr)

then
IPll2ar) < Ch2llgll2 i) (3.2.65)

The constant C depends on Cx, N, Q, Amin(@), Amax(@), and || (Trace[o]) Ifn>3

- L®(Q7)"
it also depends on || Trace[o] HLW(QT).

Proof. The proof follows from standard duality techniques (see for instance [40, Theorem
5.7.6]). We choose v € L?(0,T,H{(Q)) to be the solution of the following linear problem:
forallw € L2(0,T,H}(Q))

AW, V] = (W, 0)2(qr)- (3.2.66)

Choosing W = p in equation (3.2.66) we deduce that
||pl|EZ(QT)) = ST[P,V—ZnV]. (3.2.67)

By Cauchy Schwartz inequality,

—_

10122y < ([0])* (v — ) 2. (3.2.68)

By Theorem 3.1.1 we have

HV||L2(O7T7WS’2(Q)) <Clpll2@qr)- (3.2.69)

Using Lemma 3.2.9 it results

1
(«Q{T [V—<@|1V])2 SCthHLZ(QT)' (3.2.70)
It follows that
1
IPlli2(qr) < Ch (a4 [p])>. (3.2.71)
We deduce the lemma by applying Lemma 3.2.10 to bound </ [p]. O

Theorem 3.1.8 is a straightforward application of Lemmas 3.2.2, 3.2.6, 3.2.8, 3.2.10,
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and 3.2.11.
3.2.2.2 Medium with a Continuum of Time Scales: Proof of Theorem 3.1.9

In this subsection we will assume that the finite elements space X}, satisfies the inverse

inequality (3.1.24).

Lemma 3.2.12.
1 p
S =) (T)[Ex gy + e lu ]_/QTW
(3.2.72)
i,]=1
Proof. Using change of variable x = F ~!(y) in equation (3.2.45), we have
or ar |detDF|o (3.2.73)
+/ pdF(OF)~'0(u—up) dxdt.
QOr
Using equation (3.1.2) we obtain that
paF (OF)~'0(u—up) dxdt = —a4[p,u—up] — / pQi j0i0j(0—Up)dydt.
Qr i ] 1
(3.2.74)
0]
Lemma 3.2.13.
Ah 2
H |det(0F )|z o F ! I2ar) < 28l +ClOAI (0.TWG*(Q)) (3:275)

where the constant C depends on n, Amax(@), || Trace[0]|| =(q;), and Ug-
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Proof. Using the change of variable y = F (X,t) in (3.1.29) we obtain that for all ¢ € Xy,

(¢’|det AlETee = 2hj=1Ja(9,Qijdi0i0h)2q)

g
+(¢7W>L2(Q) (3.2.76)
Uh(x,0) = 0.
\
Recall that Q is given by (3.2.59). We choose ¢ = d;0} and observe that
o o
- | deta\ 1 (3.2.77)
|detDF|2 \deta\
thus
o
— < C(Nn,Amax(a), || Trace[O]|| =(qr), Mo ) - (3.2.78)
H|dtDF| HL (Qr) ( max (Qr) 0)
We deduce the lemma by Minkowski inequality. U

Combining Lemma 3.2.12 and Lemma 3.2.13 we obtain the following lemma:

Lemma 3.2.14.

1
Sl =un) (D)) + A [u—un] <Cliplloar) (I9lz(ary

(3.2.79)
+ HUhHLZ(o?T’WI%’z(Q)))
where the constant C depends on n, Amax(@), || Trace[0]|| =(q;), Ho-
Lemma 3.2.15. Assume that Q is convex, and condition 3.1.1 is satisfied, then
IPlliziar) <Ch*lIgll2(qr)- (3.2.80)

The constant C depends on Cx, n, Q, 9, &, Apin(a), and Apax(a).

Proof. The proof is similar to that for Lemma 3.2.11. U
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Lemma 3.2.16. Assume Q is convex and Trace[o] € L*(Qr), we have

9]l L2(0)- (3.2.81)

>0

1B0llu20 720y =
The constant C depends on Cx, N, Q, Ayin(a), Amax (@), and || Trace[0]||L»(q;)-

Proof. Using the inverse inequality (3.1.24) we obtain that

Cx
90l 0.70g20) < T I8z 0 7 0g2))- (3.2.82)
Using the change of variables y = F(X) it follows that,
1Oan|I?, 0T @) < C.ar[up)] (3.2.83)

where C depends on N, Ayin(2) and || Trace[0]|| = (o). We deduce the lemma by using
Lemma 3.2.7. U

Now Theorem 3.1.9 is a straightforward application of Lemma 3.2.14, Lemma 3.2.15

and Lemma 3.2.16.

3.2.2.3 Numerical homogenization in time and space: Proof of Theorem 3.1.10-
3.1.12

‘We use the notation of subsection 3.1.3. First let us show that the numerical scheme (3.1.35)

is stable. Indeed, choosing = v (t) one gets

1
‘Vn+1(tn+1) ‘iz(Q) :(Vn—H (tn)7vn(tn))|_2(g) + E (‘Vn+1 (tn—H) ‘iz(g) - }VH—H (tn) ‘iz(g))

_ /tntn+1 <a[Vn+1(t)] + (Vn+1 (t),g(t))Lz(Q)> dt.
(3.2.84)
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It follows by Cauchy-Schwartz inequality that

1 1 Ty
2 Vi1 (t1) ‘iz(Q) <3 |Vn(tn) ‘iz(g) - /t (a [Vni1(t)]

(3.2.85)
+ (Vn+1 (t)v g(t))Lz(Q)> dt.
Hence using Poincaré and Minkowski inequalities one obtains that
2 tn+1 2
‘Vn+1(tn+1)‘|_z(g) +/t a[Vny1 (1)) dt S‘Vn(tn)‘Lz(Q)
" (3.2.86)

Cn,Q tht1 2
@ o 1900

which implies Theorem 3.1.10 and the stability of the scheme.

Integrating (3.1.29) with respect to time over [tn,ty, 1] we obtain that for € UP,

((tn1), Unltns 1)) 2 ) = (). () g+ [ " (@00).00),

(3.2.87)
—a[@(t), un(V)] + (WD), 9(1)) o ) ) dt.
Let us write (ui) the coordinates of Up associated to the basis ¢joF, i.e.,
un(x,t) := 5 U (©)gi(F (x.t). (3.2.88)
Define
un(xt) := 5 U (tn) $i (F (x,1)). (3.2.89)
Subtracting (3.2.87) and (3.1.35) we obtain that for ) € Z?,
(W(tni1), (Unss —Vn+1)(tn+1))Lz(Q) =(Y(tn), (un —Vn>(tn>)|_z(g)
the1
[ (@90 ) ©) g 3:290)

—afy(t), (un—Vne1)(1)]) dt.
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Choosing Y = Up+| — Vpa1, by Cauchy-Schwartz inequality we deduce
+ +
1 2 thi
St =V o) |2 ) + /t a[(Uns1 —Voi1)(t)]dt <
! 2 o 3.2.91
§H<Un —Vn)<tn)HL2(Q) +/tn ((d(unﬂ —Vny1)(t), (Un— Un+1)(t))|_2(Q) (3.2.91)

—a[(Uns1 = Vo) (0), (U = ng1)(0)]) .

In the following, we will discuss two different situations where a is time independent

or time dependent.

Time independent medium. If the medium is time independent then (3.2.91) can be

written as
1 2 tn+1
EH(UHH —Vn+1)(tn+l)H|_2(Q) +/t a[(unﬂ —Vny1)(t)]dt <
X X o (3.2.92)
5 H (Un—Vn)(tn) HLZ(Q) _/t a[(unﬂ —Vnt1)(t), (Un—Unyp) (1)) dt
which leads us to
1 2 thi
EH(UnH —Vni1)(ths1) HLZ(Q) +/ a[(Ung1 —Vng1)(1)]dt <
th
1 2 thel florr (3.2.93)
EH(UH_VH)(tn)HLZ(Q)JF \ /t 1(t <s)a[(Unt1 —Vng1)(t), Gsun(s)] dsdt.
Write At : =1, | —t,. Using Minkowski inequality we obtain that
1
a[(Unt1—Vnt1)(t), Osn(s)] <5 [(Uns1 —Var1)(t)]
24t (3.2.94)
At -
+ Ea[dsuh(s)].
It follows from (3.2.93) that
2 tn+1
|(Uny1 —Vn+1)(tn+l>}|_2(g) +/ a[(Unt1 —Vnpr)(D)]dt <
fn (3.2.95)

Tt
th

[ (Un ) ()£ + I / " a[duun(s)] ds.
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Observing that

/tt”“ a[(Unt1 —Vne1)(1)]dt >0.5 tt"“ a[ (up —Vni1) (1)) dt

- [ aln - @l

and

We obtain that

H(UnH —Vn+1>(tn+1>Hiz ‘i‘%/tn+1 a[(uh —Vnp1)(B)]dt <

1 (un =) (tn) [ 2 +;m2 / a[dsun(s)] ds.

In conclusion we have obtained the following lemma:

Lemma 3.2.17. Letv e Z? be the solution of (3.1.35). We have

H(uh—v)(T)Hiz( 2/ (up—V) ()] dt < ;Atz/OT a[dsun(s)] ds.

Combining Lemma 3.2.3 with Lemma 3.2.17 we obtain Theorem 3.1.11.

Time dependent medium. Observe that

0;(Unt1 —Vny1) = atF(DF)_lm(UnJrl —Vntl)-

(3.2.96)

(3.2.97)

(3.2.98)

(3.2.99)

(3.2.100)

It follows after writing &F = divalJF, integration by parts, and using the change of
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variables y = F(x,t) in (3.2.91) that

1 tht1
EH(UnH —Vn+1)(tn+l)Hiz(Q) +/t a[(unﬂ —Vny1)(t)]dt <
1 thy1
5 | (un — Vo) (t0)]| 20 —2/t a[(Unt1 —Vnr1)(1), (Un—Unn)(O)]dt  (32.101)

tni
B Z /t /Q(Uh —Uny1)Qi,j3 0 (Unyy —Vny ) dtdy.
1] n
Hence using Minkowski inequality we obtain that

2 tnt1
H(Unﬂ —Vn+1)(tht1) HLZ(Q) +/tn a[(unﬂ —Vny1) ()] dt <
thi1
(=) (tn) [ 2 +4/tn a[(un— Uns1)(t)] dt (3.2.102)

tht1
=23 [ [ (0 001)Q1 89 Ty — )l
7/t JQ
Again using Minkowski inequality it follows that

tht1
’z/t /Q(Uh—UnH)QiJ&laj(UnH —Vn+l>dtdy’ <
1,] “in

n

1 2 tn1 2 )\max(Q) /tn+1 / ] 2
ZCAN/tn /Q\Uh Uny1|~dtdy+ Ca A %Q\(}ldj(unﬂ Vni1)|“ dtdy.

(3.2.103)

Using the inverse inequality (3.1.24) and the change of variable y = F(X,t) we obtain

that

thi1 ) Cx thi1
/m %/Q“}Idj(un—kl—vnﬂﬂ dtdy < —=5 (Q)/tn a[(Ung1 —Vnyr)(t)]dt.

min

(3.2.104)
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CX)\max (Q)

, we have
|’]zAmin(Q)

Choosing Ca =

thi1
et =Va) ) gy +5 | @l Vo) (O]t <

the1
|(Un —vn)<tn)\iz(g) +4 /t a[(Un—Uny1)(t)] dt (3.2.105)
CXAmaX(Q) 2 tne1 2
o /t /Q|uh—un+1\ dtdy.

Using (3.2.96) gives us

1 rin+
et =Va) ) oy +3 | allUn=var) ()t <

2 9 tI’Prl
[(Un =) (tn)[ ) + 5 /t a[(un— Ung1 ) (t)] dt (3.2.106)
CXAmaX(Q) z/tn+1 / 2
4+ —=——-=N Uh—d dtdy.
2hz)\min(Q) th Q| " n+l| y

Moreover using the change of variables F(X,t) =y and the inverse inequality (3.1.25)

we deduce that

thi max tht1
/t [ (Un— uns1) (1)) dt < XAmx(Q) /t /\Uh—umﬂ dtdy.  (3.2.107)

Let us observe that

th
/“/ | — Uy [ dtdy < At2/ /|atl]h|2dtdy (3.2.108)
It follows

(s =)o)y [ aln =)0 <

) (3.2.109)
[ (Un = Vi) (1) 2 —l-CB‘At‘/ /|dtu dydt

with

9 N2

Cg = CX)\max(Q)(E + m

). (3.2.110)
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We deduce,

2
H(uh—V)(T)HiZ( 4/ (Un—v ]dt<CB|At|//|0tl]|2dtdy (3.2.111)

Using Lemma 3.2.4 to control Cg and combining (3.2.111) with Theorem 3.1.5 we

obtain Theorem 3.1.12.

3.3 Numerical Experiments

The purpose of this section is to give several illustrations of the implementation and per-
formance of the numerical homogenization method. The computational domain is the unit
square in dimension two. Equation (3.1.1) is solved on a fine tessellation characterized by
16129 interior nodes (degrees of freedom).

In the time independent case, for instance, a is a constant matrix in each triangle of
a given fine mesh of Q. In the time dependent case, on each fine mesh triangle a is step
function from [0, T] into the set of positive definite symmetric matrices. The caloric coor-
dinates F have been computed on the same fine triangulation of Q associated to a through
a standard finite element method.

Three different coarse tessellations with 9, 49, and 225 degrees of freedom (dof) are
considered. The parabolic operator associated to equation (3.1.1) has been homogenized
over these coarse meshes using the method introduced in subsection 3.1.3.. We have chosen

splines to be the space X" introduced in subsection 3.1.2.

3.3.1 Timelndependent Medium.

Example 3.3.1. Time independent site percolation.

In this example we consider the site percolating medium associated to figure 3.1. (3.1.1)
has been solved with g = 1 and g = sin(2.4x — 1.8y +27t). The fine mesh and coarse mesh

errors are given in tables 3.1, 3.2, 3.3, and 3.4.
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Table 3.1: Coarse mesh error: Time independent site percolation with g =1
dof L L® L? H!

9 |10.0142 | 0.0389 | 0.0168 | 0.0366
49 | 0.0077 | 0.0450 | 0.0101 | 0.0482
225 | 0.0035 | 0.0228 | 0.0060 | 0.0293

Table 3.2: Fine mesh error: Time independent site percolation with g =1
dof L L® L? H!

9 |0.0196 | 0.0843 | 0.0251 | 0.1193
49 1 0.0136 | 0.0698 | 0.0184 | 0.1028
225 | 0.0040 | 0.0243 | 0.0070 | 0.0485

Table 3.3: Coarse mesh error: Time independent site percolation with g = sin(2.4x— 1.8y +
2mt)

dof | LI L L2 HI
9 [0.0278 | 0.0400 | 0.0274 | 0.0377
49 10.0336 | 0.0612 | 0.0324 | 0.0619
225 1 0.0321 | 0.0492 | 0.0289 | 0.0710

Table 3.4: Fine mesh error: Time independent site percolation with g = sin(2.4x — 1.8y +
21t).

dof | LI L L2 HI
9 [0.0418 [ 0.1099 | 0.0428 | 0.1287
49 10.0390 | 0.0907 | 0.0383 | 0.1177
225 1 0.0174 | 0.0544 | 0.0318 | 0.0977
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3.3.2 TimeDependent Medium

In the following examples we consider media characterized by a continuum of time scales.
The solution is obtained by the numerical homogenization method described in subsection

3.1.3.
Example 3.3.2. Time dependent multi-scale trigonometric

In this example a is given by equation (3.1.22). Although the number of fine time
steps to solve (3.1.1) is 2663, only 134 coarse time steps have been used to solve the
homogenized formulation. If one also takes into account homogenization in space, the
compression factor is of the order of 35000 for the coarse mesh with 9 interior nodes.

Figure 3.7 shows the curves of t — a(Xo,t) and t — F(xo,t) for a given Xg € Q.

L . L L L L iy L L L L L L L ,
0 0.05 01 0.15 02 0.25 03 0.35 0.72 073 0.74 0.75 0.76 077 0.78 0.79 08

(@t —a(x,t) (b) Top view oft — F(xg,t)

Figure 3.7: Multi-scale time dependent trigonometric medium

The coarse and fine mesh relative L!, L2, L®, and H! errors with respect to time have
been plotted in figures 3.8, 3.9, 3.10, and 3.11. The initial boost of the relative error is due
to the initial value u(x,0) = 0.

The coarse and fine mesh errors att = 0.1 are given in tables 3.5 and 3.6 for g = 1, for

g = sin(2.4x — 1.8y + 2t) the errors are given in tables 3.7 and 3.8.


figures/pap4.eps
figures/pFtopp4.eps
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Table 3.5: Coarse mesh error: Multi-scale trigonometric time dependent medium, g = 1
dof | LI L L H'

9 |0.0018 | 0.0045 | 0.0019 | 0.0039
49 | 0.0012 | 0.0054 | 0.0015 | 0.0060

Table 3.6: Fine mesh error: Multi-scale trigonometric time dependent medium, g = 1
dof | L' L* L H!

9 10.0031 | 0.0096 | 0.0034 | 0.0242
49 | 0.0014 | 0.0059 | 0.0016 | 0.0166

Table 3.7: Coarse mesh error: Multi-scale trigonometric time dependent medium, ¢ =
sin(2.4x — 1.8y +21t)

dof [ L! L L H'
9 [0.0043 [ 0.0087 | 0.0044 | 0.0085
49 10.0033 | 0.0079 | 0.0035 | 0.0084

Table 3.8: Fine mesh error: Multi-scale trigonometric time dependent medium, g =
sin(2.4x — 1.8y +21tt)

dof | L! L*® L2 H!
9 [0.0082]0.0199 | 0.0087 | 0.0379
49 1 0.0038 | 0.0104 | 0.0040 | 0.0244
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coarse mesh L, error fine mesh L error
0.07
dof9 dof9
dof 49 dof 49
0.03 0.06
0025
002
0.015
0.01
I\
o005 [V M
0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) Coarse mesh L! error (b) Fine mesh L' error

Figure 3.8: L! error: Multi-scale trigonometric time dependent medium

coarse mesh L, error fine mesh L, error

dof 9
008 dof 49 008

dof 9
dof 49

ooost\ "

0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) Coarse mesh L2 error (b) Fine Mesh L? error

Figure 3.9: L? error: Multi-scale trigonometric time dependent medium

coarse mesh L, error fine mesh L, error

04
dof 9 dof 9
——dof4g ——dof4g

007 035
006 03
005 025
02
015
o1
005

A —

0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) Coarse mesh L* error (b) Fine mesh L* error

Figure 3.10: L*® error: Multi-scale trigonometric time dependent medium
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coarse mesh H, error fine mesh H, error

dof 9

dof 9
dof 49

0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) Coarse Mesh H' error (b) Fine Mesh H! error

Figure 3.11: H! error: Multi-scale trigonometric time dependent medium
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Example 3.3.3. Time dependent random fractal

In this case, a is given by a product of discontinuous functions oscillating randomly

at different scales, a(X,t) = aj(x,t)az(X,t) - --an(X,t), and aj(x,t) = cpq forx € [5 Prly

2|7 2|
[%, %1) in the time interval 0.1 x [4—k,, k—;f,l) Cpq is uniformly random in [%,, y], n =6 and

y = 0.7. In this example, we have QL"((Z)) = 160.3295. The number of fine time steps are

3482, and the number of coarse time steps are 175.

The time-dependent media and (F;,F,) is drawn in the following figure 3.12.
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Figure 3.12: aand (F;,R,) attime t = 0, t = 0.1 for time dependent random fractal medium

Figures 3.13 is the plot of u, U, uy and Uy at time t = 0.1.
We illustrate L!, L2, L*®, and H! errors with respect to time in figure 3.14-3.17.
In the following tables, we show the coarse mesh error (table 3.9) and fine mesh error

(table 3.10) at time t = 0.1.
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(c) ux (d) Ox

Figure 3.13: u, U, Uy, and Uy at time t = 0.1 for time dependent random fractal medium

Table 3.9: Coarse mesh error of random fractal case with spline elements
dof | L! L L HI

9 10.0046 | 0.0074 | 0.0052 | 0.0065
49 | 0.0036 | 0.0046 | 0.0036 | 0.0059

Table 3.10: Fine mesh error of random fractal case with spline elements
dof | L! L L H'

9 10.0039 | 0.0082 | 0.0043 | 0.0222
49 | 0.0033 | 0.0054 | 0.0034 | 0.0168



figures/ut01tdp6.eps
figures/utt01tdp6.eps
figures/uxt01tdp6.eps
figures/utxt01tdp6.eps

108

coarse mesh L. error fine mesh L, erfor

dof 9
dof 49

dof 9
dof 49

Y S -

0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) coarse mesh L! error (b) fine mesh ! error

Figure 3.14: L! error for time dependent random fractal medium at t = .1

coarse mesh L, error fine mesh L, erfor

dof 9 dof 9
dof 49 009 dof 49

0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) coarse mesh L? error (b) Fine Mesh L? error

Figure 3.15: L? error for time dependent random fractal mediumt = .1

coarse mesh L_eor fine mesh L_error

——dof9 ——dof9
——dot49 0.5 ——dot49

0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 01

(a) coarse mesh L™ error (b) fine mesh L™ error

Figure 3.16: L* error for time dependent random fractal mediumt = .1.


figures/cL1tdp6.eps
figures/fL1tdp6.eps
figures/cL2tdp6.eps
figures/fL2tdp6.eps
figures/cLitdp6.eps
figures/fLitdp6.eps

109

coarse mesh H, error fine mesh H, error

dof 9
dof 49 045

dof 9
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(a) coarse Mesh H! error (b) fine Mesh H' error

Figure 3.17: H! error for time dependent random fractal mediumt = .1
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Chapter 4

Numerical Homogenization for Acoustic
Wave Equation with Continuum Space
Scales

In this chapter, we apply the metric based upscaling method to acoustic wave equation in
dimension N in situations where the bulk modulus and the density of the medium are only
bounded. In section 4.1, we show that under a Cordes type condition the second order
derivatives of the solution with respect to harmonic coordinates are in L? (instead of H ™!
with respect to Euclidean coordinates). It follows that it is possible to homogenize the
wave equation numerically without assumptions of scale separation or ergodicity by pre-
computing n solutions of the associated elliptic equation. In section 4.2, we give proofs of
compensation phenomena and convergence of the numerical upscaling method. In section

4.3, we show the numerical experiment results.
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4.1 Main Results

Let Q C R" be a bounded and convex domain of class C2. Let T > 0. Consider the follow-

ing hyperbolic partial differential equation

“1(x)02u=div(p ' (x)0u(x,t))+g in Qx(0,T),

u(x,t)=0 for (x,t)edQx(0,T), (4.1.1)

u(x,t) =u(x,0) for (x,t)e Qx{t=0},

Lau(x,t) =ui(x,0) for (xt)€Qx{t=0}.

Write Q1 := Q x (0,T) and a:= p~'. We assume that a is a n x n symmetric, uniformly
elliptic matrix on the closure of Q whose entries are in L”(Q). K is assumed to be scalar

such that K and K~! belong to L*(Q). We assume that g belongs to L?(Qt).

4.1.1 Compensation phenomena

Since the media is time independent, we use the same notation as in Chapter 2 and focus on
space dimension N = 2. The extension to higher dimension is straightforward conditioned

on the stability of 0. Let F := (F;,F,) be the harmonic coordinates satisfying

divaOF =0 in Q,

(4.1.2)
F(x)=x on 0Q.
Let 0 :='0OFalF and
Amax (O (X
Ug := esssupxeg<%). (4.1.3)

We assume that 0 satisfies Cordes type condition g < % and (Trace[o])~! € L®(Q).

We also write

4.1.4)

v
NI—

V][ Lo (0,7 H2()) = €8SSUPg<i<T </Q Z 3id;v(x,t))
1]
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Throughout the chapter, we made the following assumptions

Assumption A.  Assume that the g satisfies dg € L?(Q7), g € L®(0,T,L?(Q)), initial data
u(x,0) and diu(x,0) satisfy du(x,0) € H'(Q) and Oa(x)0u(x,0) € L2(Q) or equivalently
d2u(x,0) € L*(Q).

Theorem 4.1.1. Suppose that Assumption A holds, then uoF~! € L*(0,T,H?(Q)) and

luoF~lieo1H20)) <CI9lli=(o1,2(0)) +129lL2(r) + [1GU(X,0) 11 (q)

4.1.5)
+|67u(x,0) o))
The constant C can be written
i Knax, Ami A n
C _ C(I’],Q, Krmm max Ilmn(a)a max(a)) H(Trace[d])rl HLM(QT). (416)
(1-B5)
We use the notation

Kmax == [K[Lo@)  and  Kpyin := (K™ |L=(0)) " (4.1.7)

Remark. The condition g € L?(Qr) is sufficient to obtain Theorem 4.1.1 and the fol-
lowing theorems. For the sake of clarity we have preferred to restrict ourselves to
g€L”(0,T,L(Q)).

4.1.2 Numerical homogenization in space

We will largely use the notation similar to parabolic equation in Section 3.1.2. Suppose we
have a quasi-uniform mesh. Let X" be a finite dimensional subspace of H} (Q) N"W *(Q)

with the following approximation properties: There exists a constant Cx such that

« Interpolation property, i.e., for all f € H2(Q)NHJ(Q)

inf [Vl @) < Cx flle(a. (4.1.8)
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* Inverse Sobolev inequality, i.e., for all v € X h,
IVll2(q) < Cxh™! VIl () (4.1.9)

and

IVl @) < Cxh ™! Vll2q)- (4.1.10)

These properties are known to be satisfied when X" is a space of WEB (Weighted Extended
B-splines) finite element of resolution h.
Write
V= {poF(x): ¢ € X"} (4.1.11)

Forv e Hé (Q) write ZnV the projection of vV on Vy, with respect to the bilinear operator

a[-, ], i.e., the unique element of Vy such that for all w € Vj,
ajw,v—2Zn| =0. 4.1.12)
Define Y{ the subspace of L (0,T;:HJ(Q)) as
Y= {ve L2(0,T;HJ(Q)) : V(X,t) € Vi, Yt € [0,T]}. (4.1.13)
We use the following notation
afv,w] := /QtDv(x,t)a(x) Ow(x,t) dx. (4.1.14)

Write Up the solution in YTh of the following system of ordinary differential equations:

;

(K™, 02un) 2(q) +a[Y, un] = (¥,9)12(q) forallte (0,T)and g € Vh,
Un(x,0) = Znu(x,0),

| Gun(x,0) = Zndu(x,0).

(4.1.15)
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The following theorem shows the accuracy of the semidiscrete solution. We need an
improved assumption on the regularity of the forcing term ¢ and the initial data, which
guarantees O(h) convergence of the scheme (4.1.15). On the other hand, we can see that
even g and all the initial data are smooth, under the assumption a(x) € L, we can at
best expect U € L®(0,T,H!(Q)) instead of the improved regularity L®(0,T,H?(Q)) in the

harmonic coordinate.

Assumption B. Assume that the forcing term ¢ satisfies d2g € L?(Qt), g €
L®(0,T,L?(Q)), initial value u(x,0) and &u(x,0) satisfy d2u(x,0) € H'(Q) and
Da(x)0du(x,0) € L2(Q) or equivalently d2u(x,0) € L2(Q).

From now on we will always suppose without explicitly mentioning that Assumption

B is satisfied in the discussion of numerical homogenization method.

Theorem 4.1.2.

Hat (U—un)( HLz -l-H (U—unp)( HH1 <Ch(||5t9|||_°°0T|_2 ))+||5t29|||_2(QT)

+102u(%,0) 1 () + 197 u(x,0)[[L2(0)-
(4.1.16)

The constant C depends on Cx, n, Q, Bo, Kmin: Kmaxs Amin(@), Amax(2), and

| (Trace[a]) ! HL“’(QT)'

4.1.3 Numerical homogenization in time and space

Let M € N, (tn = ng;)o<n<wm is a discretization of [0, T]. (¢;) is a basis of X,. Write trial

space Z? the subspace of YTh such that

Zh={wev!:w ZC. Ci(t) are linear on (tn,thy1]}.  (4.1.17)

Write test space UP the subspace of YTh such that

UM ={peY: gxt) Zd ¢i (F ), di are linear (on [0,T]).}. (4.1.18)
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Write Vp, the solution in Z? of the following system of implicit weak formulation: for

ne{0,...,M—1}and € U,

thr1
(K100, 8vn) (tns 1) — (K14, v (t) = /t (KA, dvp)dt

@.1.19
- [ e+ [ .0t
th th

In equation (4.1.19), vn(t) stands for limg|o(Vh(t) —Vh(t — €))/€. The unknowns are

O:Vh(t), once we know the values of them at t,, we can use the following relation to obtain

thit1),
it Vh(tn+1) —Vh(tn).

(4.1.20)
tn+1 —1n

OVh(the1) =

The trial function space Z? and test function space UP introduced in this section are of
different degrees of freedom, therefore we are solving a least square problem at each time
step.

Denote mass matrix M by Mij = (¢i(F(x)), ¢j(F(x)) and stiffness matrix K by Kjj =

a[gi(F(x)), ¢j(F(x))], we can show that (4.1.19) is equivalent to a linear equation

Ce=Tf, 4.1.21)
with the matrix C
M + Ak
C= A2 (zf ) (4.1.22)
taM 4 22l ¢

Since M and K are positive definite, the least square problem has a unique solution,
which also gives the existence and uniqueness of V. The computational cost of solving the
least square problem only depends the degrees of freedom of the coarse mesh.

The following Theorem 4.1.3 shows the stability of the implicit scheme (4.1.19):

Theorem 4.1.3.

1avn (-, T Iz (@) +HIVa( Tl @) < C I8l (@r) + 1du(x,0)ll2(q)
+ U, 0) 1) +Ch(lI&gll=0 T2 + 180l 2 @y “123)
+[162u(%,0) 1410 + 107 u(X,0)[| 2(q))-
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The constant C depends on Amin(a), Amax(@), Kmin, Kmax, and T.

The following Theorems 4.1.4 and 4.1.5 give us the accuracy of the implicit scheme

(4.1.19).

Theorem 4.1.4.
[(Gtun — dvn) (-, Tl + 1| U = Vi) (-, T)[1 ) < CAL(L+h7)
(4.1.24)
(I0gllLoqo.7.12(0)) + 189ll20p) + 102U 0)[H1(q) + [187U(X,0) | 2(q)) -
The constant C depends on Cx, T, Amin(@), Amax (@), Kmin, Kmax: Bo. ||(Trace[o]) ™! HLW(QT),
and || Trace|[0] HL‘”(QT)'
Theorem 4.1.5.
At
Uh — Vh)( + / Uph—Vh)(.,t)dt <C—(At)
=) iy <CR@
(Iagllieo.7.20)) + 1089llL2(r) + 107U, 0) 1) + 107U(X, 0) | 2()) -
The constant C depends on Cx, T, Amin(@), Amax (@), Kimin, Kmax: Bo ||(Trace[o]) ™! HLW(QT )

| Trace[o HLM o @and || G|l (.7 12(q)) (Which is bounded by Theorem 4.1.3) .

4.2 Proofs

The proofs are organized into three subsections corresponding to the three subsections of

section 4.1.

4.2.1 Compensation phenomena: Proof of Theorem 4.1.1

Lemma 4.2.1. We have

07U ) (T) + 810 (T) <C(T. ™ K (a(d0]0) .

+1162u(x,0) () + 1891 2(qy) )
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Proof. In case a is smooth, differentiating (4.1.1) with respect to t, we have
K~1du—divaddu = ég. (4.2.2)
multiplying by d2u, and integrating over Q, we obtain that

1 1d
20|t|||< dtuH o)t 5 g o] = (69, 07U)2(0)- (4.2.3)

Integrating the latter equation with respect to t and using Cauchy-Schwartz inequality

we obtain that

HKi%dtzuHEZ(Q) (T) +alau](T) SHKf%dtzuHﬁz(Q) (0) +a[au](0)

(4.2.4)
+llagllz o)l ull ) -
Consider the following differential inequality,
t
X (t) gA(t)+B(t)(/ X (s)ds)?. 4.2.5)
0
Write Y (t) = supgco4 X (S), one has
X (t) < A(t) + Bt (¥ (1)) (4.2.6)
Let t be a time such that Y (t) = X(t), then
Y (t) <2A(t) +t(B(t))". (4.2.7)

It follows that

0Pl )(T) +lRUI(T) (T, 1 Ky (2l 0) s

+110¢ullf2(q)(0) + 1Al QT)

In the case where a is nonsmooth we use Galerkin approximations of U in (4.1.1) and

then pass to limit. This technique is standard and we refer to [58, Section 7.3.2.c] for a
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reminder. O

Lemma 4.2.2.

|01 ) () + &bl(T) <C(T, 2 K (2l 0 @29)

+ |kl 0 (0) + 9l a) )

Proof. Multiplying 4.1.1 by d;u, and integrating over Q, we obtain that

1d
K~2du ——alu] = u . 4.2.10
S Ik AUl g + 5 Sl = (6. 4u) 42.10)
The remaining part of the proof is similar to the proof of Lemma 4.2.1. O

Let us now prove the compensation theorem Theorem 4.1.1, this is similar to the proof

of Theorem 3.1.1 in Chapter 3. Choose

Mi=— 2 oF . 4.2.11)
|det(0F)|2

It is easy to check that (4.2.11) is well defined. Moreover observe that B\ = 5 and

Cn

2 U
Ivmllie(qr) < WH(TMC@[O])4 HL‘”(QT)' (4.2.12)
Fix t € [0, T]. Choose
K=192u—
_ (KTau-9g) ?) oF 1. 4.2.13)
|det(0OF)|2
Observe that by the change of variable y = F(X) one obtains that
111120y < Kinh 182020 + 0112 (2.1

It follows from Theorem A.1.3 that there exists a unique v € W2?(Q) satisfying the



119

equation
(G(F_l(y>))|7jdﬁlv(y7t) = K_l(y)ﬁtzu(yvt) - g(yat)7 (4215)
1]
e vl
Clivml|{=(q
IVIReg) € ———1 2 (Kb l192ull ) + 19172 ) (4.2.16)
(1-B5)?

Use the notation K :=KoF~!, g:=goF~!, and 0:=uoF~!. By change of variable
y = F(x) and the identity divalJF = 0 we deduce that (4.2.15) can be written as

div(ad(voF)) =K 'gfu—ag. (4.2.17)

If d?u € L>(Q) and g(.,t) € L?(Q) we can use the uniqueness property of the solution

of the divergence form elliptic equation with homogeneous Dirichlet boundary condition.

div (aOw) =K~ 'gfu—g. (4.2.18)

to obtain that vo F = u. Thus we have proven Theorem 4.1.1. In the following sections we
will prove the convergence of semidiscrete and fully discrete numerical homogenization

formulation (4.1.15) and (4.1.19).

4.2.2 Numerical homogenization in space: Proof of Theorem 4.1.2.

Lemma 4.2.3. We have

Kmax
[92unllF2 ) (T) +aldkun) (T) <C(T, 2™, K (alétun] (0)
min 4.2.19)

+1162un(x,0) 72 g) + 130l P )

Proof. The proof is similar to the proof of Lemma 4.2.1. U
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Lemma 4.2.4.

Kmax
k22 g (T) +afun] (T) <C(T, 2™ Kinar) (alun)(0)
i (4.2.20)
+ | kunllEz 0 (0) + 19122 0, )-

Proof. The proof is similar to the proof of Lemma 4.2.2. U

Write % the projection operator mapping L2(0,T;H}(Q)) onto YL, for all v € Y{:
[V, u—Zhu] =0 4.2.21)

let p:=u—%puand 0 := Zhu — Up.

Fort € [0,T] and v € H}(Q), we write ZnV(.,t) the solution of:
/ 'Oga(x)0(v—Znav(x,t))dx =0 forall ¢ € VN (4.2.22)
Q

It is obvious that Znhu(.,t) = %h:u(.,t). For example, we can choose a series of test
functions which is separable in space and time, v(X,t) = T (t)X(x), T (t) is smooth in t and
has &(t) function as its weak limit.

We will need the Lemma 3.2.9 of Chapter 3 which gives the bound

Bf—=

alv — %nv])? <Ch (4.2.23)

We will use the Lemmas 3.2.9,4.2.5, 4.2.6, 4.2.7 and 4.2.8 to obtain the approximation
property of the projection operator Zh.
Lemma 4.2.5. g;(uoF~1) € L*(0,T,H?(Q)) and

10 (ue F~lliso.1h20) <Clagll=(01.2(q) + 1079l 2r)
+17u(%,0) [l 2(q) + 12U, 0) |1 (q) ) -

(4.2.24)

Remark. The constant C is the one given in Theorem 4.1.1.
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Proof. The proof follows from the differentiation of (4.1.1) and is similar to the proof of

Theorem 4.1.1. U

Lemma 4.2.6. We have

1
(e#1ap))? <Ch(l|lagll=(o1.2(q) + 1079l 20r)
+||dt3U(X70)H|_2(Q) + ||dt2U(XaO)HH1(Q))-

(4.2.25)

Proof. The proof is a straightforward application of Lemma 4.2.5 and Lemma 3.2.9. [

Lemma 4.2.7. We have

13ollL2(ary <Ch* (&gl 7 L2()) + 199l L2 (r)
+162u(x,0)[l2(0) + 182U(X, 0) |41 (q) ) -

(4.2.26)

The constant C in Lemma 4.2.6 and 4.2.7 depends on Cx, n, Q, B, Amin(2), Amax (@), Kmin,

Kmax, and || (Trace[o]) ! HLW(QT). If n > 3 it also depends on || Trace|[o] HLW(QT).

Proof. The proof follows from standard duality techniques and similar to that of Lemma

3.2.11. We can deduce that,

1
(%T [v— ,%mV]) 2 < Ch||&'tp|||_z(QT). 4.2.27)
Since
1
13pll2(qr) < Ch(<A[dp])>. (4.2.28)
We deduce the lemma by applying Lemma 4.2.6 to bound At [d;p]. O

Lemma 4.2.8. We have the following estimates for initial data,

19t (un(x,0) — u(x,0)) |2 < Ch*([|&g(x,0)ll2() + 107U, 0) l1(q) + 1 u(x,0) [l 2(q))
lun(x, 0) —u(x,0) |4y () < Ch(lIAg(x,0)l2(q) + [1d2u(X, 0) |1 (@) + 107 u(x, 0) | 2(q))
(4.2.29)

Proof. We can estimate |6/ 2(q) similar to Lemma 4.2.7 and apply Lemma 3.2.9 to get

the second inequality.
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0J
Lemma 4.2.9. We have
190 = n) 22 g (T) + @1 = ) (T) < € (Kanin, K, T) (18U = un) 22 (0) .
+afu—Uun](0) + (1P |2 197 (U —un)ll2(qy) + 4 [dp])-
Proof. We have
(K~'g, 02 (u—un)) +a[y,u—uy =0. (4.2.31)
Let ¢ = 6,0 = ¢ (u—up) — P, it results
1d, 1 1d 1 2
St K kU=l g+ 5 gralu—un] = (K™'dp. a2(u—un)) +aldkp,u — uy)
(4.2.32)
Integrate with respect to t, using Cauchy-Schwartz inequality, we have
1 1 2 1 1 2 1
S IK™ 26k (u—=un)l[z ) (T) = S lIK™2 (U —un)llizq) (0) + 5a[u —un](T)
1 L
— Salu—u / Ko l180l1L2 g 192 (u — tn)ll (g0t + (4 @] [u — up]) .
(4.2.33)
The remaining part of the proof is similar to the proof of Lemma 4.2.1. U

Theorem 4.1.2 is a straightforward application of Lemma 4.2.1, Lemma 4.2.3, Lemma

4.2.6, Lemma4.2.7, Lemma 4.2.8, and Lemma 4.2.9.

4.2.3 Numerical homogenization in spaceand time: Proof of Theorem

41.34.15
Stability Choose ¢ € U in equation (4.1.19) such that (J(x,t) = Gvn(x,t) for t €
(tn,th+1]- We obtain that

thi1
K™ 2(3ch||Lz J(tn1) = (K™ 3vn(tnr1), @vh(th))L2() = —/t a[0tv, vh]dt

o (4.2.34)
+/t (Gvn, 9)L2(q)dt.
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Observing that

tht1 1 1
/t al v, it = S alvi) (1) — slvn) () (4.2.35)
using Cauchy-Schwartz inequality we obtain

1K™ 2 31 (tns 1) + @lVR] (tra1) < K2 Avh] 12 (tn) +alvi] (tn)

th1 (4.2.36)
+2/t (Gvh, 9)L2()(t) dt.

Summing from 0 to M,
_1 2 -1 2 T

|IK™28vp||“(T) +a[vp)(T) < |[K™26vp||“(0) +alvp)(0) —|—2/0 (ach,g>L2(Q) dt. (4.2.37)
We conclude the proof of Theorem 4.1.3 in a way similar to the proof of Lemma 4.2.1.

H! Error Estimate We derive from equations (4.1.19) and (4.1.15) that

(K", 8Un — 8Vh) (th 1) — (K™, Gun — 8vh) (tn)

toel toel (4.2.38)
— [Tk aun—awde+ [ alwun—wilde =0,

Let = 6,0y, — 6V, where Uy, is the linear interpolation of up, over Z?. Write Y = Up — Vh

and W = U — Up, it follows that

(K™ 3tYn, &yn) (tns1) + (K™ dWh, dyn) (ths1) — (K™ dyn, diyn) (tn)

. toel toel (4.2.39)
~(K v, Ay )+ [ alotynynlde+ [ adn ydt =0,

Observing fttn”“ G:Wh(X,t)dt = 0 we need the following lemma:

Lemma 4.2.10. If ;"' u(s)ds =0, then

2 et 2
u- < —At/ u’(s)-ds. (4.2.40)
tn
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Proof. We have

U2 = (u(t)— — /t”“u(s)ols)2
= ([ [ W@y

n

< ([ e [T wieeere
ther ot
= 2 [ w@neeras

O
Since 02Wh(X,t) = —82Un(X,t) in (tn,tns1], by Lemma 4.2.10 we have
2 1 1 2 2
/ |G (x,£) 2 dxdt < —At/ / 162un(x,t)[2dxdt, (4.2.41)
Q 4 h Ja
and
thr1 ) 1. ., thr1 5 )
/ / |G (x, 1) P dxdt < ~At / / 162un(x,)[2dxdt. (4.2.42)
th Q 4 t Q
Using the inverse Sobolev inequality (4.1.10) we obtain from equation (4.2.42) that
tht1 A2 [toet 5 5
/ / a[dwp] dxdt < CW/ / |07 uR(x,t)|~dxdt. (4.2.43)
tn Q tn Q

Summing (4.2.39) over n, notice Yp(0) = 0, A yn(0) = 0 we obtain that

1 T
(K~ 3tyh, Geyn) 20 (T) + Fan(T) = —/0 a[aWh, ynldt — (K™ (dtWh, Gtyn)2(q) (T)-
(4.2.44)

Theorem 4.1.4 is a straightforward consequence of (4.2.44), the estimates (4.2.41),
(4.2.43), Lemma 4.2.3 and Lemma 4.2.8.



125
L? Error Estimate  Following [22], write y(t) := ftT(uh —Vp)ds and (t) the linear inter-
polation of y(t) on Z!. Write z(t) = y(t) — @(t). Using the test function (¥ in (4.2.38) we

obtain that

(KN (y—=2),8(un—vn)) (tns1) — (K~ (y—2),8(un— Vh)) (tn)
Tttt tor1 (4.2.45)

+ (K”(uh—vh+(9tz),(3t(uh—vh))dt+t aly —z,up—Vvp)]dt =0

Observe that

the1 1 1
K (0= ), B o= )t = 31K o= ) Pt = 5 1K =) ).

(4.2.46)
Moreover
thr1 th1 1 d
/ a[y,uh—vh]dt:—/ Eaa[y]dt
n tn (4.2.47)
= Lal](tnr) + 2aly] ()
=75 Y| (h+1 5 Y|(ln).
Write

1 1 _1 2 1 T
1= (K7 (Y =2), & (Un —Vh)) (th+1) + S 1K™ 2 (Un = vn) (tn+1)—53[/ (Un—vn)ds].

thi1
(4.2.48)
We have
tn+1 1 tI'1+l
it = |,,—/t (K dz,ﬁt(uh—vh))dt-l—/t [z, U — V).
It follows by induction that
tn+1 -1 tI'1+l
'”“:'0_/0 (K dz,dt(uh—vh))dt-l—/o alz,un — vi)]dt. (4.2.49)

v~ v~

Ji N))

Choose T = tn;1. Observe that Vy(0) = Un(0), tvn(0) = dtun(0), lo = —1a[ [y (un —
vp)ds], and lnp = %HK’%(uh —Vh)||*(T). Moreover using Theorems 4.1.3, 4.1.4 and

Lemma 4.2.4, it follows that ||| 2(q) is bounded by At>(1+h=1) and ||6; (unh —vp) 2
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is bounded by At(1+h~"), hence we can deduce that J; < CAt3/h?.

Similarly we obtain that

T 1
N g/ a[z]2alun — vy 2dt
0
CAt T
ST sup ||uh_Vh||H1(Q)/ [[Un = Vh||1(q)dt (4.2.50)
te[0,T] 0

C\3
gmAt .

This concludes the proof of Theorem 4.1.5.

4.3 Numerical Experiments

In this section, we will first give the numerical algorithm. Several examples will be pre-
sented. The computational domain is the unit square in dimension two. Equation (4.1.1)
is solved on a fine tessellation characterized by 16129 interior nodes (degrees of freedom).
Three different coarse tessellations with 9, 49, and 225 degrees of freedom (dof) are con-
sidered.

The hyperbolic equation (4.1.1) has been homogenized on these coarse meshes. We use
web extended B-spline based finite element [76] to be the space X h introduced in subsection
4.1.2. For all the numerical examples, we compute the solutions up to time T = 1. The
initial condition is u(x,0) = 0 and ut(x,0) = 0.

The fine mesh solver for the wave equation is Matlab routine hyperbolic, which uses
linear finite element basis in space and adaptive integrator in time. The fine mesh solver

for F is Matlab routine assempde.

Algorithm 4.3.1 (Algorithm for Homogenization).

1. Compute F on fine mesh.

2. Construct multi-scale finite element basis () = ¢ o F, compute stiffness matrix K and
mass matrix M (¢ is piecewise linear on the fine mesh).

3. Time march (4.1.19) and (4.1.20) on coarse mesh.
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Table 4.1: Coarse mesh error (dof 49): Time independent site percolation with g = 1 with
different methods

Method LT L L2 HI
LFEM | 0.1446 | 0.2159 | 0.1615 | 0.3431
FEM_()in | 0.0157 | 0.0690 | 0.0443 | 0.1504
FEM _(sp | 0.0064 | 0.0233 [ 0.0070 | 0.0522

Example 4.3.1. Time independent site percolation

In this example we consider the site percolating medium associated to figure 4.1. Equa-
tion (4.1.1) has been solved with g = 1, g = sin(2.4x — 1.8y +21t).
and a Gaussian source function given by

1 x>+ (y—0.15)?
g(x,y) = WCXP(— 202 )

4.3.1)

with 0 = 0.05. Notice that as 0 — 0, the source function will become more singular.
Figure 4.2 shows U computed on 16129 interior nodes and U computed on 9 interior nodes

in the case g = 1 at time 1. Numerical errors are given in tables 4.1 —4.6.

Figure 4.1: Site percolation

Tables 4.1 and 4.2 show the comparison between different numerical homogenization
methods; here we use the notation in Chapter 2. LFEM is a multi-scale finite element

method where F is computed locally (instead of globally) on each triangle K of the coarse
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(@) u. (b) up.

Figure 4.2: u computed on 16129 interior nodes and Up computed on 9 interior nodes at
time 1

Table 4.2: Fine mesh error (dof 49): Time independent site percolation with g = 1 with
different methods

Method L1 L L2 HI
LFEM | 0.1582 | 0.2557 | 0.2231 | 0.3304
FEM_()in, | 0.0439 | 0.0518 | 0.0791 | 0.1236
FEM_y)s, | 0.0097 | 0.0493 | 0.0126 | 0.0767

mesh as the solution of a cell problem with boundary condition F(X) = X on dK. FEM _yJjin
is the Galerkin scheme using the finite elements j = ¢; o F, where ¢; are the piecewise
linear nodal basis elements. FEM_{gp is the Galerkin scheme using the finite elements
Y = ¢joF, where ¢; are the weighted cubic B-spline basis elements. We observe that
the methods using global F have much better performance, and FEM_yJgp is better than
FEM_yiin.

Tables 4.3, 4.4, 4.5, and 4.6 show that we have reasonable error with different forcing

term using FEM_(Jgp.
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Table 4.3: Coarse mesh error: Time independent site percolation with g = sin(2.4x— 1.8y +
2mt)

dof | LI L L2 HI
9 [0.0696 | 0.0920 | 0.0701 | 0.1014
49 10.0337 | 0.0431 | 0.0305 | 0.0648
225 1 0.0318 | 0.0653 | 0.0292 | 0.0921

Table 4.4: Fine mesh error: Time independent site percolation with g = sin(2.4x — 1.8y +
2mt)

dof | LI L L2 HI
9 [0.0998 | 0.1232 | 0.0887 | 0.2428
49 10.0592 | 0.1150 | 0.0536 | 0.1778
225 1 0.0404 | 0.1031 | 0.0380 | 0.1398

Table 4.5: Coarse mesh error: Time independent site percolation with Gaussian source
dof [ L' L* L H!

9 10.0748 | 0.1235 | 0.0799 | 0.3767
49 | 0.0546 | 0.1092 | 0.0580 | 0.2602
225 | 0.0368 | 0.0601 | 0.0406 | 0.0974

Table 4.6: Fine mesh error: Time independent site percolation with Gaussian source
dof [ L' L* L H!

9 [0.0977 | 0.4595 | 0.1192 | 0.4857
49 10.0927 | 0.4144 | 0.1102 | 0.3857
225 | 0.0866 | 0.2030 | 0.1098 | 0.3802
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Table 4.7: Coarse mesh error (dof 49): High conductivity channel with different strength
A L L L HI
10 | 0.0041 | 0.0197 | 0.0083 | 0.0208

100 | 0.0080 | 0.0459 | 0.0126 | 0.0492

1000 | 0.0349 | 0.0934 | 0.0484 | 0.1051

Table 4.8: Fine mesh error (dof 49): High conductivity channel with different strength
A L L L H!
10 | 0.0053 | 0.0246 | 0.0120 | 0.0375

100 | 0.0117 | 0.0501 | 0.0179 | 0.0958

1000 | 0.0454 | 0.01253 | 0.0611 | 0.1491

Example 4.3.2. Time independent high conductivity channel

In this example a is characterized by a narrow and long ranged high conductivity chan-
nel. We choose a(x) = A >> 1, if X is in the channel, and a(x) = O(1) and random, if X is

not in the channel. The media is illustrated in figure 4.3.

Figure 4.3: High conductivity channel superposed on a random medium

Tables 4.7 and 4.8 give the coarse and fine meshes errors for g = 1 with fixed coarse
mesh (dof 49) and A = 10, 100, 1000 respectively. From the table we can see that the errors
grow with A increasing, but the growth is moderate. The fine mesh and coarse mesh errors

for g = sin(2.4x — 1.8y 4 27t) are given in tables 4.9 and 4.10.
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Table 4.9: Coarse mesh error: High conductivity channel case with g = sin(2.4x — 1.8y +
2mt)

dof | LT L K H!
9 [0.0364 | 0.0338 | 0.0335 | 0.0541
49 10.0193 | 0.0282 | 0.0196 | 0.0447
225 | 0.0081 | 0.0092 | 0.0078 | 0.0204

Table 4.10: Fine mesh error: High conductivity channel case with g = sin(2.4x — 1.8y +
27t)

dof L L® L? H!

9 10.0748 | 0.0790 | 0.0729 | 0.1514
49 10.0295 | 0.0339 | 0.0291 | 0.0760
225 | 0.0095 | 0.0119 | 0.0091 | 0.0315
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Table 4.11: Coarse mesh error: Neumann boundary condition, fine mesh dof 16129
dof [ L! L® L> H!

9 10.0468 | 0.893 | 0.0506 | 0.1320
49 10.0138 | 0.0713 | 0.0166 | 0.1353
225 1 0.0094 | 0.0436 | 0.0115 | 0.1778

Example 4.3.3. Time dependent source with Neumann boundary condition

In this example we consider the site percolating medium. (4.1.1) has been solved with
Neumann boundary condition. The source term is given by g(x,t) = T (t)X(X,y), X(X,y) is

the Gaussian source function described by

X(x,y) = Wexp (- 57 ) (4.3.2)
with 0 =0.05, T (t) = Ty (t)T(t)
10 1— (=
ZZ s1n(2knt), (4.3.3)

and T,(t) = erfc(8(t —0.5)), erfc is the complementary error function. See figure 4.4 for
T(t)in (0,1).

Figure 4.4: t — g(0,t)

Errors are given in tables 4.11 and 4.12 for fine mesh with dof 16129, in tables 4.13 and
4.14 for fine mesh with dof 65025. Figure 4.5 shows U computed on 16129 interior nodes

and U, computed on 9 interior nodes at time 1.
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Figure 4.5: u computed on 16129 interior nodes and up computed on 9 interior nodes at

time 1

Table 4.12: Fine mesh error: Neumann boundary condition, fine mesh dof 16129
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(b) un

dof

Ll

LOO

L2

Hl

9

0.0484

0.1240

0.0571

0.4334

49

0.0261

0.0803

0.0316

0.3025

225

0.0183

0.0520

0.0216

0.2575

Table 4.13: Coarse mesh error: Neumann boundary condition, fine mesh dof 65025

dof

Ll

LOO

L2

Hl

9

0.0477

0.1217

0.0593

0.1381

49

0.0140

0.1184

0.0178

0.1761

Table 4.14: Fine mesh error: Neumann boundary condition, fine mesh dof 65025

dof

Ll

LOO

L2

Hl

9

0.0523

0.1209

0.0550

0.3914

49

0.0263

0.1176

0.0314

0.2444
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Chapter 5

Conclusion and Discussions

Global information As we have stated in the previous chapters, if one has solved the
initial equation at least n times and those solutions are (locally) linearly independent it is
also possible to use them as new coordinates for numerical homogenization. The idea to
use global fine scale information to homogenize transport equations for reservoir modeling
in geophysics is currently implemented in the industry and has been shown to be more
accurate than local methods ([131] and [130]). It is applied in practice because the porosity
of the medium is time independent and one has to solve an elliptic equation only att =0 to
upscale the transport equations. We notice that some recent results using global information
[2, 80] are formulated in a partition of unity framework. In this case, {1,Fy,---,F,} can be

used to construct the local approximation space.

Higher dimension In dimension three and higher it has been known since the work of
Fenchenko and Khruslov [63], [82] that the homogenization of divergence form elliptic
operators —divags[Jug = g can lead to a non-local homogenized operator if the sequence
of matrices @ is uniformly elliptic but with entries uniformly bounded only in L'(Q).
From a numerical point of view this non-local effect implies that a non-local numerical
homogenization method cannot be avoided to obtain accuracy. Recently Briane has shown
[43] that this non-local effect is absent in dimension two in the H-convergence setting. In
Chapter 2, it is shown that the accuracy of local methods depend on the aspect ratio of
the triangles of the tessellation with respect to caloric coordinates and the invertibility of

F on both continuous and discrete level (which is not the case if one uses non-local finite
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elements). In fact, observe that in dimensions higher than three the harmonic coordinates
are not always invertible, an idea to bypass this difficulty could be either to choose the
change of coordinates locally and adaptively or to enrich the coordinates by writing down
the initial equations as degenerate equations in a space of higher dimension. These points

have not been explored.

Optimality condition Moreover, it could be conjectured that one could use any set of
N linearly independent solutions of (4.1.1) instead of the harmonic coordinates. The key
property allowing the homogenization of (4.1.1) lies in the fact that if g has enough integra-
bility then the space of solutions is at small scales close in H'! norm to a space of dimension
n. Once one has observed at least n linearly independent solutions of (4.1.1), one has seen
all of them at small scales. Let us further explain this in the following sense:

Write L := —0a0. L~! maps H!1(Q) into H}(Q), it also maps L?(Q) into V a sub-
vector space of Hé (Q). The elements of V is close in H! norm to a space of dimension n (n
is the dimension of the physical space Q). Introduce the Kolmogorov n-width optimality
condition [112],

d(n,|-||,S) =infsup inf ||f — 5.0.1
(n.1-11.5) = nfsup inf |1 ~g] 5.0

which is the error per degree of freedom for a whole class of functions. Ep denotes an n-
dimensional space, and S is the class of functions that we wish to approximate, S is chosen
as the unit ball of some appropriate Banach space. A minimizing space Ej is called an
optimal space. Therefore, Let .9}, be a triangulation of Q C R" of resolution h (where
0 < h < diam(Q)), in terms of H! norm or C% norm, {F} is the optimal space for V
uniformly in h.

We have the following conjecture, let A be set of mappings from .7 into the unit sphere
of R™1 (if A € A then Ais constant on each triangle K € .7, and ||A (K)|| = 1), then

I3 A ||H3(Q)

sup in <
Vi Vs, V1 €V AEA ZP:11 | Dallvi|l L2(Q)

(5.0.2)

Equation (5.0.2) is saying that any n+ 1 elements of V are (at an h approximation in
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H! norm) linearly dependent. Recall that n+ 1 vectors are linearly dependent in a linear
combination (with non-zero coefficients) of these vectors in the null vector. In (5.0.2) the
linear combination of the n+ 1 vectors is at relative distance of order h (resolution of the

triangulation) from 0.

Further plans Some possible extensions of this work may include:
* Homogenization of partial differential equations

— Homogenization of linear elasticity equation: Numerical experiments suggest
that similar compensation phenomenon still exists. Although the generalization
from the scalar case to vectorial case is highly nontrivial, one could still find a
change of coordinates in the space of elastic deformations. The difficulty is the

injectivity of the mapping.

— Homogenization of convection-diffusion-reaction equation and Navier-Stokes
equation: The idea is to rewrite the equation into a parabolic equation or the per-
turbation of a parabolic equation, and apply the upscaling method for parabolic
equations. Petrov-Galerkin like methods (for example ELLAM) will be inves-
tigated. It is of its own theoretical interest to investigate whether or in what
assumption we can find similar compensation phenomena for nonlinear equa-

tions (such as Navier-Stokes).
* Numerical Analysis and Scientific Computing

— Implementing and developing a fast, scalable method to solve the fine scale
problem. It is interesting to compare numerical methods such as AMG and
H-Matrix method, which are able to solve problems with non-separable scales,
to find the connection between algebraic approaches and upscaling approaches,
and to benefit from such a connection [38]. This would also include attempts to
compare several categories of methods: locally adaptive finite element method,

multi-scale finite element method with overlapping or non-overlapping local
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problems, and our method ! The goal is to obtain an optimal trade-off which

keeps the essential fine scale information and reduces the cost of precomputa-

tion.
» Applications

— It is possible to apply our method to a wide variety of practical problems:
composite material, reservoir modeling, inverse problem, and seismic imag-
ing, just to name a few. For instance, in a joint project with Professor Haibin
Su of Nanyang Technological University of Singapore, we intend to optimize
the charge distribution of composite ferroelectric material in order to lower the
voltage needed to actuate the composite. In this case, the equation has to be
solved with multiple right hand sides, which is an ideal case on which to apply

our method.

'In terms of a global mesh generation method, my method is closely related to the harmonic map based
moving mesh method [91].
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Appendix A
Regularity Theory of PDES

A.1 Elliptic Equations

This section introduces regularity results for divergence form and nondivergence form el-

liptic equations.

A.1.1 Divergence Form

Consider the following divergence form elliptic equation,

—div(a(x)0u(x)) =g in Q (A1)

u=0 in 020Q.

where a(x) is symmetric, uniformly bounded, and elliptic.

Theorem A.1.1 (Meyers Theorem [7]). There exists a number p > 2 and a positive con-
stant C > 0, which both depend only on a, 3, and Q, such that, if g € W ~1:P(Q), then the
solution u of (A.1.1) belongs to W, "P(Q) and satisfies

||u||W017p(Q) < Cllgllw-1r(0)- (A.1.2)

De Giorgi-Moser-Nash theory ([69], [97], [100]) gives Holder estimate of divergence
form elliptic operators with discontinuous coefficients; more precisely we refer to [ 120] for

the global Holder regularity. For example, we have the following theorem [67, Theorem
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8.29]:

Theorem A.1.2 (Holder Continuity). If u is a W12 solution of equation (A.1.1), it fol-
lows that u is locally Holder continuous in Q. A uniform Holder estimate may also be
obtained if the domain is further restricted, for example, if Q satisfies a uniform exterior

cone condition.

A.1.2 Nondivergence Form

In this case, we consider strong solutions of the linear second order elliptic Dirichlet prob-

lem

n_ MIX)Djjv="f in Q,
2ij=1 (X)Dij (A.1.3)

u=0 in 0Q.

We assume M to be symmetric, uniformly elliptic and bounded. Strong solution of
(A.1.3) is a twice weakly differentiable function satisfying the equation (A.1.3) a.e. in Q
and assuming boundary values on dQ in classical or in generalized sense.

The strong solution of (A.1.3) may not be unique. In fact, we need the following Cordes
condition to ensure the unique solvability of (A.1.3).

Let Aj() be the ith eigenvalue. Write for the symmetric matrix M,

i1 Ai(M(x))
> Ai(tM(X)M(x))
B ’llrace[M (x)] @14
~ Trace[tM(X)M(x)]’

UM =

and the Cordes parameter By associated to M

Bm : = esssupycq (N —

(3P AM(x))> )
ST AM(X)M(x))

B (Trace[M(x) ])2
= eSSSUPycQ ( Trace[(M (X)M (x)]>

(A.1.5)

Theorem A.1.3. Assume that By < 1. If Q is convex, then there exists a real number

po > 2 depending only on n, Q, and By such that for 2 < p < po, if f € LP(Q) the Dirichlet
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problem (A.1.3) has a unique solution satisfying

||VHW02-,P(Q) S

1 ||VMf|||_p(Q)~ (A.1.6)
1- By

The constant C only depends on Q, M, and p.

Theorem A.1.3 is a slight modification of theorem 1.2.3 of [93], for the sake of com-
pleteness we will give the main ideas leading to estimate (A.1.6). Let us recall the Miranda-

Talenti estimate [93, Section 1.4].

Lemma A.1.1. Let Q c R" be a bounded and convex domain of class C2. Then for each

veW;2(Q) it results

/Qi (dajv)zdxg/(Av)zdx. (A.1.7)

i,]=1 Q
Remark. The only place where we use the convexity of Q is for the validity of Lemma A.1.1
(we refer to [93]).

The Laplacian A : Woz’p(Q) — LP(Q) is an isomorphism for each p > 1. Let A~!(p) be
the inverse operator A~! : LP(Q) — Woz’p. It is clear from (A.1.7) that |A~!(2)|| < 1. We
also know that [|A~!(p)|| is monotone increasing. Fix a number r € (2, %), by interpolation
inequality we have,

r(p=2)
1A~ ()|l <C(p) = [|a™"(r)|| P2 (A.1.8)

Let v be a solution of (A.1.3) (the existence of V can be obtained from a fix point theorem

by [93, p. 21]), we have
HVHWOZ’p(Q) < HAil(p)”HAV”LP(Q)- (A.1.9)

Observing that Av = vy f +Av — vy LmV, one can obtain

1AV|[Leiq) < [[vm Flle(@) + 1AV — vmLmV|Lp(q)- (A.1.10)



141
Then following the proof of Theorem 1.2.1 and Theorem 1.2.3 of [93] we have

n
||AV—VMLMV||EP(Q)§/QB,3/2 Y (Gi95v)P)dx. (A.1.11)

I,j=1

Since C(p) > 1, there exists some p > 2 such that 1 —C(p)B,\l,l/2 > (1— l/2)/2 Com-
bining (A.1.9), (A.1.10), and (A.1.11) we obtain that

< (30 5 _ 2C(p)
(/Q(ivjz_l(&'ﬁlv)p)dx) §1_7B,\1A/2||VM1°||LP(Q)- (A.1.12)

which leads to estimate (A.1.6).

By Sobolev embedding inequality

19Vl g < CIVIwgs - (A.1.13)
Theorem A.1.3 implies the Holder continuity of v in dimension n = 2.
A.2 Parabolic Equations
A.2.1 Divergence Form
Consider the following parabolic equation,
gu=div (a(x,t)du(x,t))+g in Qx(0,T
(a(x,t)0u(x,t)) (0,T) A2

u(x,t)=0 for (x,t)e€ (dQx(0,T))U(QU{t=0}).

By energy estimate and Galerkin approximation, there exists unique weak solution of di-
vergence form parabolic equation U € L?(0,T;HJ(Q), with u’ € L?(0,T;H~1(Q)). For
example, see [58, Section 7.1].

Similar to divergence form elliptic equation, we have Holder continuity of u [92, Chap-

ter IV].
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A.2.2 Nondivergence Form

Consider the following non-divergence form parabolic problem:

oV = Z M (x t)aidjv+f. (A.2.2)
i,J=1

We assume M to be symmetric, uniformly bounded, and elliptic. v=0att =0 and on

the boundary dQ. Write

Trace['MM] + 1

MM = esssupycq, (T M+ 1)2, (A.2.3)
race
and
Trace M| +1
QM 1= eSSSUPycq; Trace[tl[\/ll\]/l] s (A2.4)
Write for p > 2

Sp(Q7) == {v € LP(0,T,W2P(Q)):av € LP(Q1):v(.,0) = o}. (A.2.5)

and

P 5

||V||sp(QT> : / Z 30;v)* v)?) 2 dydt (A.2.6)

]
We will restate Theorems 1.6.2 and 1.6.3 of [93] below in a version adapted to our

framework:

Theorem A.2.1. Assume Q to be convex and that there exists € € (0, 1) such that ny <
1/(n+¢), then for each f € L2(Qr) the Cauchy-Dirichlet problem (A.2.2) admits a unique

solution in S,(Q7) which satisfies the bound

am

Wisi@n = 1= 7=5!fllean- (A2.7)

Theorem A.2.2. Assume Q to be convex and that there exists € € (0, 1) such that ny <
1/(n+ ¢€), then there exists a number py > 2 depending on Q,n, € such that for each f

LP(Qr) the Cauchy-Dirichlet problem (A.2.2) admits a unique solution in Sp(Q7) which
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satisfies the bound
am

IVlsy@r) = Cpl_imeHLP(QT)- (A.2.8)

Remark. In fact theorem 1.6.3 of [93] is written with 1 —C(p)+/1 — € in the denominator
of (A.2.8) but it is easy to modify it to obtain (A.2.8) by lowering the value of py and

changing the value of Cy.
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Appendix B

a-Harmonic M apping

Consider the weak solutions to the divergence form elliptic equation
div@dOF)=0 inQ (B.0.1)

where a is a two by two symmetric matrix and satisfies the uniform ellipticity condition
with entries in L*(Q). Let Q be an open set in R?. F will be said to be a-harmonic if it

satisfies (B.0.1).

B.1 Periodic Media

Let Q = R2. Suppose a is 1-periodic with respect to each of its variables X; and X,. Let

W, (R, R?) = {U € W2 (R?,R?)|U (1 +m, % + 1) = U (x1,%), B
for a.e. (X1,%) € RZ2,ym,nec 2},

and

W, (R? R?) = {U e W, 2 (R? R?)|U — Ax € W,"*(R?, R%) }. (B.1.2)

The following is the a-harmonic result in periodic setting (Theorem 2.1 of [4]).

Theorem B.1.1. Leta € L§°(R2, Mg) and let A be strict positive definite matrix. If UA €

Wﬁl’Az(RZ,RZ) is a a—harmonic mapping, then U” is a homeomorphism of R? onto itself
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and

detDU”A >0 a.e. in R2. (B.1.3)

B.2 For Bounded Domain

Let Q C R? be a bounded simply connected open set, whose boundary is a simple closed
curve. According to [10], in dimension two if @ is smooth then F is a homeomorphism.
According to [6], F is always a homeomorphism in dimension two even with a; j € L*(Q).

For example, we have the following result (Theorem 4 of [5]):

Theorem B.2.1. Let Q C R? be a bounded simply connected open set, whose boundary dQ
is a simple closed curve. Let ® = (¢, @) be a homeomorphism of dQ onto a convex closed
curve I and let D be the bounded convex domain bounded by I'. Let U € Wllo’é(Q,Rz) N
C(Q,R?) be the a-harmonic mapping whose components are the solutions of the Dirichlet

problems

div(adu;)) =0 inQ, (B.2.1)
u=@ ondQ i=1,2. (B.2.2)

Then U is a homeomorphism of Q onto D.
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Appendix C

C! Finite Element M ethod

As the shape functions on the coarse mesh, we find that C! finite elements sharply increase
the accuracy compared with C finite elements. C! finite elements were developed to sat-
isfy the regularity requirement of higher order partial differential equations, for example,
in linear elasticity. The construction of C! element is more cumbersome compared to C°
ones. Traditional C! methods use higher order polynomials, for example, Argyris element
etc. [13, 32, 53]. However they are generally hard to implement and the solutions using
these shape functions may have spurious oscillations. Recently, subdivision schemes using
B-splines were introduced to construct C! finite elements [77, 52]. In our numerical ex-
periments, we use weighted extended B-splines (WEB) method developed by K. Hollig in
[76, 77].

C.1 Multivariate B-splines

In one dimension, the uniform B-spline b" of degree n is defined by the recursion relation,

b"(x) = /XX b"1(s)ds. (C.1.1)

-1

b is defined as the characteristic function of the unit interval [0, 1). b"(0) = 0.
Though there is no unique way to construct multivariate B-splines, the simplest one is

to use tensor products of uniform B-splines. For a bounded domain Q, let by, be m variate
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nth order B-splines with grid width h and index k = (ky, - - ,km). We define,

Pn(Q) = span by . (C.1.2)

which the set K of relevant indices contains all k such that by, # 0 for some x € Q.

C.2 Waeight Functions

To make B-splines based finite element approximations comply with a specific boundary
condition, we can use a weight function w [114, 115]. For example, for Dirichlet boundary
condition, we can choose W such that it is positive and vanishes at the boundary.

Therefore, we define the weighted spline space by
WL (Q) = spany i Wh. (C2.1)

where K is the set of relevant indices.

C.3 Web-Splines

Although the spaces % and W provide optimal approximation order, the B-spline basis
is not uniformly stable with respect to the grid width h. Since some B-splines close to the
boundary of the computational domain, Q may have very little support. Thus, the Galerkin
system may be ill-conditioned. The remedy of this problem is to use the Lagrangian inter-
polation of the ‘inside’ B-splines to approximate those ‘boundary’ B-splines. We introduce
the following notation: Inner and Outer B-splines. Partition the grid cells Q = Ih+ [0, 1]™h
into interior, boundary, and exterior cells, depending on whether Q C Q, the interior of
Q intersects dQ, or QN Q = (0. Among the relevant B-splines by, k € K, we distinguish
between inner B-splines

bi,iel, (C.3.1)



148

which have at least one interior cell Q; in their support, and outer B-splines
bj,j€J=K\I, (C.3.2)

for which suppbj consists entirely of boundary and exterior cells.
For an outer index j € J,let (i) =1+{0,...,n}™C | be an m-dimensional array of inner
indices closed to j, assuming that h is small enough so that such an array exists. Moreover,

denote by

n

-

|‘| v=lv—H (C323)
+ V I’l

m
&= |'|

the values of the Lagrange polynomials associated with I ( j) and by J(i) the set of all j with

i € 1(j). Then the web-splines

Bi =

: g jbjl, i€l (C.3.4)
W) &)

form a basis for the web-space W%\ (Q).
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