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ABSTRACT

Numerieal models have been construcbed which describe the
evolution of stars which are inmitially pure heliwm. The iteralive
‘technlgue, programmed for a large compuber, permits the inclusion
of radiation pressurs, electron degeneracy, slectron scabtering
opacity, gravitational conbtraction, and detailed composition
changing brought about by triple-glpha and (a,+v) reactions.

The twenty homogeneous (pure helium) models, which range in
mass fram 0.1 o €0 My, fomm a "main sequence™ on the left of the
H-R ddagram. Evolutionary sequences of models at 0.5, 1, and o) ¥
exhaust their central helium supply in times of 80, 12, and 0.8
nillion years. Thereafter the convective core models, which have
remained near their main sequemce positions, are replaced by shell
source models of increasing luminosity. A4t all three masses the
final ecomposition of the helim-exhausted core is almost exxclusively
oxygen, although 2 reduced rate for Clz(c::.,,«r)m]'6 can lead to moderate
fractions of carbon.

There is no clear indlcation that the models correspond to
any group of observed stars. Massive helium star models may resemble

Wolf-Rayet stars in mass, luminosity, and effective ‘emperature.
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PART I, INTRODUCTION,

This introduction swumariges information essential to the
regearch reported in the remaining parts. It first mentions the
pesulis of previous work on helium star modsls. Next arve presemted
the assumptions of stellar sitructure by which this work is governed,
A third section reviews the equations and bowndary conditions which
relate the variables throughout the star. The fourth section
outlines the physics which relates the intrinsic variables at each
point within the star. The fifth and last section mentions the
computational techniquea essential to the creation of the maerical
stellar models.

Section I-1l. Background,

Introductory to the work reported here is a glance at the
published work of other authors., Models for homogeneous heliun
stars were first constructed by Cremford (1953). His picneering
work has been followed by Oks (1961), Cox and Giuli (1961), and Van
der Borght and Meggitt (1963), each of whom has reported the charac-
terigtics of one or more models of nearly pure heliwum stars. Among
these works perhaps the clearest exposition of a justification for
the construction of such models is provided by Cox and Giuld (1961).
These three works and forthcoming papera by Cox and Salpeter (195k)
and Deinger and Salpeter (1964) indicate the major features of the
"helium star main sequence", a series of models for homogeneous
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stars composed of nearly pure helium al various masses.

The following statements describing the structure of such
model stars ave implied by the above-mentioned works, Helium
burning reactions are confined to a central core, within which
convection transports the energy generated away from the center.

In an envelope surrounding this core radiation carries the emergy
to the surface, where it passes through a stellar atmosphere and is
radizted inmto the surrounding empty space. As the models Increase
in mass an increaging fraction of the mass is found in the convective
core, The physics which describes the stellar material is indicated
by the ranges of temperatures and densities. Thelr central values
are appropriate for the triple-alpha reaction of helium burning.
Degeneracy of the electrons near the center is significant only for
the stars of small mass, and radiation pressure increases in impor-
tance as larger masses are considered. The stellar matexrial is
practically completely ionized throughout a1l the models, indicating
that electron scattering is the predominant source of opacity in

all but the outermoat layers.

Cox and Salpeter (1964) conclude that homogeneous helium=
burning stars can exist at masses greater than about 0,33 M en
approximate upper mass limit to the main sequemnce may be guessed
at 100 or 200 M. For this mass interval Talle 1 indicates the
order of magnitude of several lmportant quantities, These approx-
imate values are drawn from the works memtioned above.
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Models describing the evolution of stars which are initially

on the "helium star main sequence® are reported by Aller (1959),
Hayaghi, Hoshi, and Sugimoto (1962), Osaki (1963), and in forthecoming
works by Cox and Selpeter (1964) and Deinszer and Salpeter (1964).
& class project in 1962 at the California Institute of Technology
also attempted to construct models describing the evoluticn at one
solar mass, These models provided valuable guldance for the present

study by permitting the anticipation (malitatively and quantita-
tively) of the following developmente, As the helium in the coxe
is depleted the star brightens and then moves toward higher effec-
tive temperatures., The core ceases to be convective when its helium
is exhaustedy thereafter the core contributes to the luminosity ty
cocling and gravitational contraction. A shell source generating
energy by helium burning moves outward, leaving heliwm-depleted
layers beneath 1t; degemeracy in the core and radistion pressure
in the envelope increase in importance; and, as the envelope expands,
the model star brightens and then moves towards lower effective
temperatures and surface gravities. The present study confimms
these developments.

Section I~2, Structwral Assumptions,

The several assumptions involved in the construction of the
models of the present study are membioned here. The presence of
rotation, pulsation, tidel forces, or large scale magnetic fields
could lead te complex distortions oxr intermal velocity fields and



-h.

mixing. In spite of the fact that such phenomena can have important
effecta on stellsr structure and evolution, they are neglected in
order that the present computations may take advantage of the enoxr-
mous simplifications afforded by the mechanical assumpticns of
spherical symmetyy and hydrostatic equilibrium.

Severs]l mechanisms permit the generation and transport of
energy. The energy stores of a star are muclear, thermal, and
gravitational; frem them energy may be released by nuclear reactions,
cooling, and gravitational contraction, and only in the forms of
thermsl motions and radiation {(not, for example, in the form of
neutrinos, which are neglected throughout this work). The transport
of energy through the material of the ster is achieved in a gitua-
tion of either (a) “convective equilibriwm", in which thermal energy
is carried physically by turbulent motions of the material, and in
sihich uniformity of composition is consequentislj cr (b) ®radistive
equilibriwm®, in which energy is carried in the form of photons
and/or by the conduction of degenerate electrons. In no case is
thermal diffusion allowed to transport either emergy or nuclear
species, The choice between (&) and (b) is made o yield ‘the less
steep of the appropriate temperature gradients, It is assumed that
a tempersture gradient equal to the adiabatic suffices to transport
the energy in a convective regime; this is violated if a conveciive
regicn exists near the surface, where at least a mixing lemgth theory
should be included. The structure of the surface layers is approxi-

mated by that of a grey stellar atmosphere which is gtable both
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against convection and against the vlowing off of material by the
radiation pressure of the emergent flux. The stellar models of the

present study are requirsd to obey all of the foregoing asgunptions.,

Saction I-3., Structural Equations.,

This saction reviews the wvarisbles, differential equatlons,
and boundary conditions appropriate to the construction of stellar
models satisfying the assumptions of the preceding ssction. Several
works preosent more complete justification, derivation, and descrip~-
tion of similar material; among such works Sections 5, 6, and 7 of
Schwarzschild (1958) are exemplary.

Physical variables and their logarithms are used to describe
the structure of the gtar. The symbols used to represent these
variables, and their descriptions and units, are listed in Appendix
D. Considering M (the mass interior to the sphers of radius r) and
t (time) as the independent variables, the differential equations
relating the dependent variables r, L, T, and P to M and % are four
in number., They appear here in dimensionless form. The radius
equation, equivalent to the definmition of density, is

M ar M

rdd hn}p ’

(1.1)

The luminosity egquation, describing the conservation of energy, is

%%-%(a-%-?%[%]) . (1.2)
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The derivatives with respect to M and t are to be interpreted as
partial derivatives to be taken holding the other independent vari-

able constant. The temperature equations imply radiative transport

id .. —‘13‘-5 M (1.3)
TR b 16n?

;- utar B W wmommenay ° (1,2‘)
T I‘2 hm'g

The physics of stability against convection demands that, of the two
equations, the one which yields the less negative value of the deriv-

ative be chosen. If we define the convection paramster by

RINE )
15’ = 16118.0@' m - 2 (1'5)

3 »LP I‘2"l

an equivalent statement is that radiative transport prevails if ¥
is positive, and convection occurs if § is negative. The pressure
equation, describing material in hydrostatio equilibrium, is

2
K& o (1.6)

Let M denote the total mess of the model star (although the mass of
the sun is denoted by M@). The substitute independent variable
m= (7 ~H) is useful in the region M> (0.5)M , for which alter-

nate forms of the above egquations may be derived.

The differential eqations permit the determination of stellar
structure only when supplemented by appropriate boundary conditions.

Analytic developments in the nelghborhoods of the boundaries are
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more conveniemt for numerical work. The surface is represented by

M= m or by m=03 near it the theory of stellar atmospheres provides
such a development. We choose the simple case of a grey atmosphers,
for which the descriptive equations are

@fn :
P=— 1.7
Lry
and, adopting Eddingbon's approximate solution,

3""2@ [ . jm xm | . (1.8)

The center is represented by M=03; there the appropriate boundary
conditions are r=0 and L=0, Lot the subscript ¢ denote values
of the other physical variables at the center, and develop four
quantities in powers of M near the center. The retention of the

firgt terms in the developments for r and L yields

re= [—E%— /3 (1.9)
C

and L = M(e"), s (1.10)
where, as everywhere in the star,
cee-Bopi[i] L o
Similarly the pressure and temperature developmente yield
2 3
op) - o [2m0% T3 ]2/
| (-2 = - : ] [ — (1.12)
-[22%] [2-T"
(1.13)
(T"Tc) -

T,-1 2/3
2 [2eer] [ 2]



-B -

The choice between the radiative and comvective forms of equation
1.13 must be made to yleld the less negative value of ('r-rc).

Section I-i, Physical Assumpiions.

Accessory to the structural equations of the previova section
are the comstitutive relations among the intrinsic variables. The
values of the constamts required in these relations are takem largely
from Allen (1963) and are listed in Sectiom D-3.

The equatlion of state relates the density p, the internal
energy u, and the adiabatic temperature gradient TE?{ o the
temperature T, the pressure P, and the chemical composition, The
effects of radiation pressure, ionization of helium, and semi-rela-
tivistic, partially degenerate electrons oamuse the equation of state
relations to differ from the basic perfect gas formula., In the
caloulation of the present models each effect is included only whem
the difference between its inclusion and ita omission amounts to
moreﬂaanlo'hina;vquanﬁty. The first section of Appendix A

presents the required equaticns.

The opacity % is a function of T, p, and the compositiocn.
Tts major contributor is electron scattering; ionic scurces of
opacity (free-free transitions, bound-free transitions, and line
absorption) are important near the surface; and conduction by
degenerate clectrons, vwhen significant near the center, is included
in the calculation of % . The opacities used are obtained from
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tabular material made available by 4. N. Cox (1964) in advance of
publication, and described btriefly in Section A-2,

The reactions listed in Table 12 lead to muclear energy
generation, Helium-burning includes the triple~-alpha and (a,+)
reactions which produce carbon, oxygen, and neon nuclel. The
schematic carbon and oxygen burning reactions convert those muclel
into ones having atomic weights between 20 and 40, Throughout the
computations the temperatures remained too low for these latter
reactions o occur significantly. The details of the energy genera-
tion, and formlae for the computation of ¢ from T, p, and the
compogition, are discussed in Section A-3, The contributions of
cooling and gravitational contraction to the enmergy release rate
are included in equation 1.2,

Section I-5, Computational Msthods.

The techniques used to construct the model stellar interiors
resemble those suggested by Henyey et al. (1964), although several
modifications of Henyey's method are employed. A particular value
of the interior mass M characterizes each of several discrete mass
levels. At each such level the computations must yield numerical
wvalues of the dependent variables r, L, T, and P and of the auxiliary
variables p, %, and ¢, These eight variatles, all evaluated at the
seme set of radially ordered points within the star, mmst be related

in a way that satisfies similtaneously the equations of Section I~3



and the physics of Section I-4, The initial trial model, obtained
from previcus work, specifies values for the variables; usually the
emations are not satisfied by this model., One then considers small
changes in the values of the trizl model, and requires that these
changes permit the model %o more closely satisfy the squations.,

™is requirement leads to a complete set of equations linear in the
changes; values for the changes may then be obtalned bty a specialized
matrix inversion scheme. Applying the changes to the values of the
trial model yields a new trial model. A few such iterations suffice
‘o produce a model which satisfies the original relations to scme
required precision.

The creation of a satlisfactory model abt some particular bime

'ba is normally followed by the creation of a model at a later time
tb' The trial model at the new time is obitained by a linear extra-~
polation of the values of the dependent variables from the two (or,
sometimes, one) previous models. As each lteration on the new model
is performed the new composition 1s obtained from the former 6cmpo-
sition by the integration of the appropriate equations, schematically
represented by

ﬁ = £,(p,Ty%,,) (1.kh)

at AMTITAN

at each mass level or within each conveétive region. In equation

1.1, x, represents the fraction by mass of the mclear epecies with
atomic weight A, and X5 implies that all the composition parameters
may be required as arguments of fA‘ The forms of the functioms £

A
are detailed in Section C=~l, In addition, the new model must be
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velated to the former model in a way vwhich satisfies eguation 1,2,
Appendices B and C present a detailed description of the method,
including many necessary mumerical techmiques, as it is applied o
the creation of both the hemogeneous and evolved stellar models.

Both the mumber of values which must be easily acceasible
and the complexity of the numerical operations demand that a large
electronic compubter be used in order that the method be an economical
one. The models were calculated by an IEM 7094 computer, supplemented
by several specialiged auxiliary machines, The program, written in
FORTRAN IV, called for the use of most of the cemputer's 32,000 word
memory; it permitied a maximum of 200 mess levels for a particular
stellar model. The storage of previously computed models on magnetic
tape was & standard procedure; for the models reported herein more
detailed information may be obtained from a read-out of the models
stored on tape.

Athough ogs units are employed throughout the caleulations,
many of the results are quoted with reference to the sun. The valunes
used for the mum, taken from Allen (1963), are listed in Section D-3.



PART II, HOMOGENEOUS HELIUM STARS,

The technicues outlined in Section I-5 and detailed in
Appendix B have been used to create seversl mmerical models for
homogeneous heliwm stars, These models ave characterized by the
following composition parameters, specifying fractions by mass
of the various constibuenta:

X = 0,000000 {no hydrogen)
Y = 0,999000 = x_ (helium, Heh)

X, = 0,0000l1  (carbon, G2)

7 = 0001000 4 %6 = 0:000120  (exygen, O
Roqy = 0,000298 (neon, 1%20)

X, = 0,0001i1 (metals, £>20)
The content of elements heavier than heliwm is similar to that
of extreme Population II stars, and is responsible for the
departure of the opacity values from those which would be derived

' for a pure heliuwm composition.

An understanding of the models which will follow can be
enhanced by the consideration of homology transformations among
gtellar models. Accordingly the first section briefly presents
hmﬁolog relations. The second section discusses the homogeneous
helium star model at one solar mass. The third section presents
the "helium star main sequence", a series of models which share
the above composition and have various masses.
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Section II-1, Homologous Models,

We Pirst cast the constitutive relations in the following

schematic formsa:

state p= yP/TG (2&1)
opacity % = constant (2.2)
energy generation ¢ = DT, (2.3)

Hera;;iatobeintarpretedasaquantityproporbimaltotha
molecular welght of the stellar materinl, and the exponent

-[ YL 5 (2.1

Then ecquation 2,1 represents a degenerate gas law when a ia
amall (less than unity), a perfect gas lawwhenac =1, and a
gas law including radiation pressure when o is large (greater
than wity). Similarly the ecponent

3'508 e
YLl (2.5)

permits equation 2.3 to represent nuclear emergy generation.
Tn the case of the triple-alpha reaction x may be taken as a
quantity proportional to the fraction by mass of Beh, and 30

is a represemtative value for v.

Those considerations required for the derivation of a
homology transformation from the equations of the stellar interior

have been applied using the schematic relations of equations 2.1
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through 2.3. let T, P, and x represent cenbral values, p and %
represent mean values, and M, R, and L represent surface values
of the sppropriate uantities, The proporticnalities of the
homology tranaformation are then

plv-bitl2a) o 206/, .3 (2.6)

P « T“/J’Mz (2.7

R = ip" (2.8)

and b o« o)y (2.9)

An expression for the effective temperature may also be obitained

in the form
Teh - LB« AP0y . (2.10)

Equations 2.6 and 2.9 imply a mass-luminosity relatiom
among homologous models exhibiting identical composition and
values of p, %, and X in the fomm

dlogl v+12412a
—-55—-3 5 '}'_-’47—"» e . (2.11)
For such models the elimination of M and T among equations 2.6
through 2,10 leads to the relation

y+20 Moad
LogT, = constant - ( SoTionin ) =5 ) e (2.12)

This equation represents a line in the (M ,.og Te) plane,
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Section II~2. The One Solar Mass Model,

A model for a homogeneous helimm star of one solar mass was
cbtained first, The model reported by Cke (1961) was used as a
trisl model. Several iterations were required to produce from this
a satisfactory model including the physics described in Secticn I-h
and Appendix A, The final model had 109 mass levels and an indica=-
tion of ita precision is given by the statement that the inequalities
B0 through BU2 were a1l satisfied for q = 10>,

This model, at & mass of 1.989%10°° gm, exhibits the mmerical
values membioned in this paragraph. The behaviors of its dependent
variables arve sumarized in Tatle 2 and displayed by Figure l. The
cembral temperature and density are 1.3210° °K and 6,0010° gu/er’
respectively. Nuclear energy gemeratiem by the triple-alpha reaction
oceurs wholly within a convective core comtaining 0.264 of the star's
mass and extending from the cemter to 0,237 of its radius. In the
surrounding radiative envelope the opacity of electron gscattering
and atomic processes ranges from 0,2 cmz/gn in the interior to nearly
s muz/@ at the surface. The atmosphere is characterized by an
effective temperature of 52,300 %% and a gravity of 7.86!:1()5 cxn/seca.
The externsl radius is 1.29%0°C cm, 0,187 times that of the sun,
and the total emergent flux is 9.277X10° ergs/sec, 230 times that
of the sun, at an absclute bolometric magnitude of <1.18L,

The importance of electron degemeracy is designated by refer-
ence to the density ratio A which is defined by equation AS3. Ab



the cemter of the one solar mass model A = 0.974; A remains consbant
throughout the convective core and decreases outward in the envelope,
being greater than 0,99 in the outer tenth of the star's wass, Radl-
ation pressure is designated by the value of B, the ratic of the gas
pressure to the total pressure. In the one solar mass model P equals
0,985 at the center, veaches a maximum of 0,994 at an interior mass
frastion of 0.945, and falls to 0.%Ll4 near the surface. Iomization
is effectively complete everywhere; even at the surface only 0,002
of the electrons are bound, Clearly nomne of the possitle departures
from the emuation of state of a perfect gas are very importent,
although they were included in most of the calculations.

The model reported by Oke (1961) is in very good agreement
with the present model, Both are nearly hamologous to the ten solar
mass hydrogen star model of Kushwaha (1957). Comtrasted with Oke's
model, the lower luminosity of the present model sbems from the
glightly higher value of 'T%ZI = 2,6, rather than 2,5, used in the
convective core, and from the slightly higher opacity. Oke's energy
generation formila yields a value for ¢ at the center about-BO times
smaller than the one used here; consequently the logarithm of the
central temperature is mmaller than his by 0,046, The remaining
quantities (radius and pressure) differ accordingly (i.e., obeying
the transformations of equations 2,6 through 2.9) by similarly
amall factors. Comparisons may be drawn between this model and
models at one solar mass obtained by other authors at the reader's
digeretion,
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Section II-3, Main Sequence Models.

The sequence of twenty models of homogeneous helium stars ab
various masses was computed using, in addition to the techniques
described in Section I-5 and Appendix B, the fallowing scheme, Given
a converged model at a particular mass, the numerical value of the
gtellar mass was changed artificially by a small amount with each
iteration, as approximate convergence was malntained, Vhen the
desired mass for some model was reached the mass was held constant
as succeszive iterations converged to a satisfactory model. Fourteen
models proceeding from one M, to greater masses and five to lesser
masses were thus obtained without requiring construction by the
programmer of individual trial models. Each model so obtalned had
of the order of 100 mass levels; and the remarks concerning the
accuracy of the model at solar mass are applicable to each of the

others,

Numerical values for these models are summarized in Table 3.
Figure 2 displays the locus of the models in the (Mbol,‘fbgl‘e) plane;
the equation

tog T = L.655 - (0.053) M, o (2.13)

describes the major portion of this line. These star models have
effective temperatures about four times those of their counterparts
at the same luminosity on the normel dwarf main sequence, and the
slope of their locus is slightly steeper. TFigure 3 displays the
mass-luminosity relation for these modelsy they are brighter than



normal dwarf stars of the same mass by factors between aboub four

(at the high mass end) and about 200 (at low mass). Values for

adogl
adog 1

low mass exhibit no instabilities. For masses greater than thirly

range between 1.l and 4.7, respectively, The models of

H@ the margin by which the force of gravity exceeds that of the
emergent flux on the atmospheric layers is less than 25 % and a
small change in the opacity or scme other perturbation could subject
the star to mass loss. Instability against pulsation could be res-
ponsible for sn upper mass limit to the helium star main sequence.

Variations with mass of the central temperature, pressure,
and density, and of the external radius and luminosity may be compared
with the predictions of the homology relations of Section II-l., For
neighboring models the predicted proportionalities are quantitatively
correct if appropriate values of the exponents & and v are employed.
Flectron degeneracy and conduction are more important in the models
of small mass; A= 0,85 at the center of the O.h M, model. For
masses greater than 3 }'J@ degeneracy calculations were om‘i.tted.‘
Radiation pressure was included in the calewlations at all masses.
Tt is most important in the more massive models; at 60 M, § ranges
between 0,10 and 0.39. In addition it is primarily responsible for
the marked increase with mass of the mass fraction L 0 be found in
the convective core, whose boundary is fixed by the vanishing of ¥
(cf., emation 1.5). The firat term in ¢ increases with increasing
interior mass fraction; its variation is roughly the same for all
the models of the main sequence., The second term in ¥ varies with
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B, the gas pressure fraction, as indicated in the last paragraph of
Section A=l, Thus as radiation pressure increases in importance
with mass, a greater fraction of that mass is included in the
convective core. The mumerical results of this effect appear in

Table 30

The results of the present study agree well with those of
other recent investigations. The minor quantitative differences, at
a given mass TN , among T, P, By, and L are attributable to the
slightly different state, opacity, and energy generation relations
employed, The lower luminosities of the small mass models (compared
with the models of Cox and Salpeter (196l) stems from the larger
opacity used; the more massive models agree well in luminosity and
radivs. These models contain a smaller mass fraction in the convec~
tive core than do their predecessors. This fact reflects the
sensitivity which the requirement that ¢ vanish at the core bowndary
introduces into this important quantity. That the core mass fractions
be correct in the initial main sequence models is important for the

subsement evolution.
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PART ITY, EVOLUTICN OF HELIUM STARS,

Four series of numerical models describing the evolution of
helium stars have been created using the computational techniques
of Appendix C. One such series of sequential models, that for a
one solar mass helium star, is discussed in some detail., The second
section outlines the similar evolutionary developments exhibited
by model sequences at 0.5 M, and at 6 My» The last section indicates
the effect of a reduced rate for the Clz(a,'r)olé reaction on the

evolution at one solar mass,

Section III-1, Evolution at One Solar Mass,

Sixty-nine models following the one reported by Section II-2
describe the evolution of a helium star of one solar mass, Some of
the important properties of selected models of this sedquence appear
in Tables 5 and 6, The evolutionary tracks in the (boch,bogp c) and
(Mbol,bogT e) planes are displayed respectively in Figures 9 and 13.
Figure ly @isplays the development of the central and average composi=-
tions with time, and Figures 1 and 5 through § display the profiles

of r/R, L/ , t0gT, and dogp within the star at selected times.

Initially the homogeneous star model has the configuration
described in Section II-2, The first phase of the evolution, through
the twenty-first model, is characterized by the continuing presence
of a convective core, which contains approximately a constant fraction

(0.267) of the star's mass., Within this core the composition is
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uniform, and the curves subscripted ¢ in Figure Ui describe its vari-
ation with time. At first the triple-alpha reaction produces C-2,
vwhich is eventually depleted by the growing importance of the
12(a,y)0*® reaction. By the time the heliun is exhausted, at

6 years, the core contains 01 6 almost exclusively., The

12.2x10
composition change introduces a discontinuity in the molecular

weight and the density at the edge of the convective core, which
increases from a factor 1.00 to 1,33. During this phase the tempera-
ture and density within the core exhibit a steady increase, whereas
within the envelope the density decreases slightly and the tempera-
ture remains approximately constant. The star brightens by 0.67
magnitude, first doing so at nearly constant effective temperature
and then moving towards higher T g? 28 the radius passes through

a maximm and then falls sharply to a minimum, The effects of both
degeneracy and radiation pressure, although increasing, continue to
be minor. The opacity and energy generation rate retain approxi-
mately their initial values, and gravitational contraction makes a

minor contribution (about 0,5 %) to the luminosity.

As might be inferred from a comparison of Figures 1 and 5, the
consideration of a sequence of homologous models may contribute to
an understanding of the early evolutionary development, As the
helium content of the convective core is depleted, approaching zero
from unity, the starts mean molecular weight increases from 1.333

to 1,453, In the homology equations x and u change appropriately.
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Tnitially the increasing molecular weight is responsible for increases
in Rand L , as T, and T, change less markedly. Beyond about model

8 the influence of decreasing x (cf. equation 2.6) causes T  to
increase more rapidly than before, such that R decreases and Te
increases perceptibly. Thus as R goes through a maximum the gtar
traces out the portions of its tracks in Figures 9 and 13 between
models O and 21. As x, which represents the helium content of the
core, approaches zero the homology considerations become inapplicable
and only an examination of the details of the evolutionary models

can reveal the accompanying events.,

When the helium content of the core falls to zero several
significant changes in the star's structure occur. Nuclear reactions
can no longer serve as a source of energy in the core; nevertheless
a temperature gradient still exists there, and energy continues to
flow outward. Consequently as the core gives up thermal energy and
contracts the central temperature decreases, the temperature gradient
diminishes, and the central density continues to rise. As the flux
in the core decreases convection is replaced by radiative equilibrium
as the mechanism of energy transport. The temperature at the edge
of the helium~-exhausted core has risen (in the earlier stages) enough
to permit helium burning in a shell source there %o supply most of
the star's luminous energy., Some of this energy is absorbed by the
ouber layers, resulting in their exzpansion and increasing the star's

radivg., The luminosity and surface area increase as Te remains
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approximately constant, The events of this paragraph occur between
mnodels 21 and 3lz of the computations and occupy a time interval
between 12,2 and 13,1 million years in the life of the star, when

the model structure displayed in Figure 6 is exemplary.,

The remaining evolutionary phase, described by models 3L through
69 of these computations, occupies the time interval between 13,1 and
16,7 million years. At its beginning the temperature gradient in the
core has been reduced sufficiently that the central temperature passes
through a mindmum and starbs to increase again, The shell source in
which helium burning makes the major contribution to the luminosity
begins at the same time to move away from the former convective core
boundary, Within this shell source the nuclear reactions follow a
pattern similar to the one originally followed within the core,
characterized by the buildup of G:L 2 and its subsequent depletion,
leading to a final composition almost completely O:l'6 » Throughout
this phase the shell source, as it turns oub, remains at a nearly
constant distance from the center of the star and contains in a region
of significant nuclear energy generation typically 0,10 of the staris
mass (this falls to 0,05 somewhat later), It moves toward larger
interior masses as the evolution proceeds, leaving behind a contract-
ing oxygen core of increasing mass. The core makes only a minor
contribution to the luminosity of the star, falling from about 12 4
at the start of this phase to about 5 4 at its conclusion., Within

this core the temperature and density increase with time., The ratio
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of the temperature at the center to that at the edge of the core
ranges between 1,2 and 2.0; and degeneracy increases markedly in

importance at the center, where A reaches 0,56 in the last model.

Figures 7 and B display the structure of the star during
this phase, Clearly as the shell source moves outward in mass the
homology considerations are inapplicable, and an easy explanation
of the various developments is not available, Among these develop=
ments is a very significant increase in the radius of the star,
This is accompanied by increasing luminosity in such a way that
the star passes through a maximum Te and then moves upward and to
the right in the (M, ,,logT e) plane, As this takes place radiation
pressure increases in importance, growing to as much as half of
the total pressure. Eventually the surface layers become unstable
against convection, and this event forced the termination of the
evolutionary computations, as the program was not equipped with

technigques suitable for the handling of convective surface layers.

The several paragraphs of this section are surmarized by
Table 5, Table U explains the letters used to designate the

variocus events and developments of the evolubtion,
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Seetion ITTI-2., Evolubion at Other Masses.

The fifty-four sequential models describing the evolution at
0.5 M and the fifty models describing the evolution at 6 M, ave the
subjects of this section, The major developments in the histories
of these stars parallel the events discussed in the previous section

for the one solar mass star; they are summarized in Tables 7 and 9.

The evolubionary tracks for the one half gclar mass model
are displayed in Figures 9 and 13; the development of the composi~
tion is shown in Figure 10; and the numerical values of important
quantities for selected models are assembled in Tahle B. Initially
the homogeneous star has a convective core conbaining 0.22h of the
staris mass. At the center the degeneracy indicator A equals 0.91,
and radiation pressure is everywhere negligible. In the first ghtages
of the evolution the central density decreases slightly (about 2 %)3
thereafter most quantities vary nearly as they do in the one solar
mass cgse. At a2 time of 79::106 years the luminosity has risen 0.L7
magnitude and the convective core has achieved its final composition
of almost completely 016. The following interval, to 8h3€106 years,
is characterized by a radiative oxygen core whose central temperature
drops sharply to a value almost as low as the initial central tempera-
ture, as the core gives up some of its thermal energy. Meanwhile

the luminosity declines briefly, then rises another 0,33 magnitude.

As the shell source moves away from the former core boundary the
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central temperature ¢limbs slowly, The luminosity grows and the
star remains at approximately constant radius, as there does not
seem to be enough energy available for its expansion. The compu-
tations were terminated after the fifty-fourth model, and at a time
of 131.39x106 yeara, when an anomalous composition appeared. The
time steps between the last few models were perhaps a bit too large,
and there is some doubt about the validity of the computational
resulis beyond about 120:{106 years. The last reliable model
displays a core conbtaining about half of the star's mass as
oxygen; at the center electron degeneracy reduces A to 0,149, and

radiation pressure is everywhere insignificant.

The ewolutionary tracks for the six solar mass model are
displayed in Figures 9 and 13; the development of the composition
is shown in Figure 11; and the mmerical values of important
mantities for selected models are assembled in Table 10, Initially

the homogeneous star has a convective core containing 0,527 of the
star's mass; degeneracy is everywhere negligible and radiation
pressure varies between 12 and L8 per cent of the total pressure,
The first stages of the evolution resemble those of the one golar
mass model, The convective core grows quickly to 0,578 of the
star's mass and remains there until the core's helium content

falls below 0,01 by mass at about o.ahaxloé years, When helium

20

burning ceases at the center the composition there is 0,06 Ne“” and

0.54 016 by massy the star's luminosity has increased about 0,6
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magnitude. Two developments then occur which distinguish this
gtar's evolution from that at one solar mass: gravitational
contraction of the core, providing about ten per cent of the
star's luminosity, is sufficient to prevent the central tempera~-
ture from falling; and a convective region just outside the shell
source includes about 0,12 of the star's mass. The star moves
toward lower effective temperatures, as the star expands and the
outer layers absorb some of the energy from the interior. The
were terminated after the fiftieth model, at a time of 0.8599&106
years, and at an average helium content of 0,423 by mass., In
the last model degeneracy is everywhere negligible and radiation

pressure provides between 23 and 66 per cent of the total.

For helium stars of various masses one might expect the
time in their evolution at which the convective core exhausts its
supply of helium to be proportional to qu/L . BSuch a proportion-
ality is quantitatively verified (to within a few per cent ) by
the three detailed evolutionary tracks, and may therefore be used
with confidence to predict characteristic times for the other

models of the helium sbar main seduence,
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Section III-3, Effect of 2 Reduced Reaction Rate.

As is pointed out in Section A-3, there is considerable
uncertainty in the rate of the reaction ct 2(0;,7-)016. In order to
ascertain the effect on the evolution, a sequence of models at one
solar mass was created in which this reaction rate was reduced by
a factor ten from its standard value. The camputations were carried
through 19 models nearly to the exhaustion of the core helium cone
tent, at a time of approximetely 10.55% 106 years., Important
times in the evolution of this model star are included in Table 5.
The composition in the convective core followed the development
displayed by Figure 12, and the final composition was 0,55 C*7 and
0.5 016 by mass. The evolutionary tracks in the (Log Tc,Log pc) and
(Mbol’ Log Te) planes are effectively indistinguishable from the ones
obtained for the one solar mass model employing the standard reaction
rates. The only significant difference is evidenced by the shorter
evolutionary time for the models with the reduced rate. This ref-
lects the fact that not as much energy is released by the burning
of a given amount of helium to approximstely equal quantities of

(3]'“2 and 0‘1 6 as is released when 016

is the only product, Thus if
the star is to retain the same luminosity in the two cases it will

complete the reactions in a shorter time in the former case.
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PART IV, CONCLUSIONS,

The major result of this study is the presentation of the
evolutionary models described in the foregoing sections, They are
intended to provide more reliable models describing the evolution
of helium stars than have heretofore been available. As such it
is hoped that they parallel, although less extensively, some of the
recent research, using similar technidques, leading to models which
describe the evolution of hydrogen stars, Of the remaining two
sections, the first contrasts the present models with their prede-
cessors, and comments on their internmal structure and composition,
The lagt sechtion mentions those links which the model stars may have

with actual, observable astronomical objecis.

Section IV-1, Internal Results.

The evolutionary tracks described by the fitted models of
other investigators (cf, the last paragraph of Section I-l) are
essentially similar to those described by the models of the present
study. In particular the convective core models correspond quantita-
tively very well to those of the current study if adjustments are
permitted which superpose the initial homogeneous models, In this
phase of the evolution the only major difference is that the time
for helium depletion in the core is longer in the present models
than in any of their predecessors. This results not from the

smaller luminosity (which, at a given mass, would yield a longer
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time), nor from their less massive cores (which would shorten the
time), but from the fact that the current models employ nuclear
reaction rates which lead to the release of more energy per helium
nucleus consumed than do their predecessors., For example, in the
works of Aller (1959), Osaki (1963), Aand Hayashi (1962) the terminal

core composition is exclusively (312, rather than 016

s and their
masses, in solar units, and core exhaustion times, in millions of
years, are (1.0,6.5), (0.8,10.6), and (0.5,23) respectively, Com-
pletion of the reactions to oxygen nearly doubles the available
energy, and therefore, at a given luminosity, the accompanying time

as well. The composition resulting from helium burning is discussed

in more detail later in this section.

The same three authors included in their evolubionary calcu=-
lations a few shell source models which necessarily exhibit the
following defects: (1) they have carbon cores rather than oxygen
cores; (2) the cores are assumed to be isothermal, implying the
omission of energy release by either cooling or gravitational con-
traction; and (3) the energy generation occurs only in an artificially
thin shell source at the boundary of the core., In spite of these
defects the models manage to represent moderately well the stages in
which the helium-exhausted core grows, Their evolutionary sequences
differ quantitatively, but not qualitatively, from those of the

present study.
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Radiation pressure and electron degeneracy both increase in
importance with time in a1l four series of evolutionary models.
Radiation pressure remains negligible in the 0.5 M, model, and
appears to have no decisive effect on the evolution even at 6 Hg,
where its presence is important to the model siructure. Electron
degeneracy has only a one per cent effect on the density at the
center of the last model at six solar masses, whereas in the lighter
models it reaches an effect of a factor of two on the density in

the last computed sbages of the ewvolution,

The composition of the evolving models, both in the convective
core and in the shell source, depends primarily on the ratios of
the rates of the nuclear reactions of helium burning listed in
Table 123 it is determined in detail by the integration of equations
05 through C9. The standard reaction rates used in three of the
computed evolutionary sequences lead to a final composition of the

helivm-exhausted core which is almost completely 016, with some

Ne20 created in the core of the six solar mass model. Among these

standard rates, the formula used for the Cl 2(a,~r)016 reaction corres-

2 _ 0,78, The rate of this

ponds to a reduced alpha-particle width ea
reaction is somewhat uncertain; it is discussed by Fowler and Hoyle
(196h), If at one solar mass this rate is reduced by a factor ten
the final composition containg approximately equal amounts of carbon

and oxygen. The composition results of the present model calculations

may be reagonably compared with those of Deinzer and Salpeter (196l).
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They associate with 6&2 = 0.4 a rate for the ¢t 2((1,7)016 reaction
which is 2.9 times smaller than the standard rate used in this work,
These authors present a thorough discussion of the composition of
the cores of helimm=burning stars ranging through a broad spectrum
of masses, Parallel developments oceur in shell sources undergoing
helium burning, for which the present study finds a final composition
almost completely ()l6 at the lower messes, Thus as the shell source
moves away from the former convective core boundary no noticeable
inhomogeneiby occurs in the chemical composition of the growing,
helium-exhausted core,

It is well known that the nuclear reactions by which hydrogen
415 fused into helium in stellar interiors camnot play a dominant
role in the evolution of stars having less than some limiting small
mass, Kumar (1963) has created models for hydrogen stars of low
mass, and he finds 0,08 M, a8 an approximate value for the mass
1imit, For such a model the central temperature camnot exceed about
3::106 OK, a temperature below which hydrogen-burning is negligible.
Similarly Cox and Salpeter (196&) find that model helium stars less
massive than 0,35 M cannot achieve central temperatures high enough
to sustain helium-burning reactions (greater than 1x10° °k), The
effect of electron degeneracy on the equation of state is responsible
for this phenomenon; the limiting small mass models exhibil values of
A near 0.6 in the central regions. The closest approach of the main
sequence models of the present study to this limit is at a mass of

0.k M(D’ for which A = 0,85 and Tﬂl.]xlﬁs °k at the center,
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The evolubion which might be anticipated for helium star
models beyond the termination of the sequences reported here iz
subject to similar considerations., The evolutionary sequences at
0.5, 1.0, and 6.0 M, are terminated at centrel values of Aand T
of (0.hg, 1.%10° %), (0.56, 3.6’9:1108 %), and (0,99, 3.9c10° %K)
respectively., The nuclear reactions of carbon and oxygen burning
might be expected to be the next set of reactions to occur. The
mininal temperatures for the (C-2+G+2), (C12+ %), ana (0%0+ ')
reactions are of the order of 6, 9, and 13 times 10% %k respectively,
At all three masses, therefore, the central temperature will have to
increase considerably before carbon and oxygen burning reactions
occur, Probably in the 0,5 M@ model the cemtral temperature will be
limited by the effects of electron degeneracy to values too low to
support these reactiona, and the model, after helium burning ceases,
will contract towards a white dwarf configuration. The one solar
mass model may be expected to have the same fate, with two qualifi-
cations. First, its mass approaches the upper limiting mass for
white dwarfs, and relativistic effects on the degenerate equation
of state may become important, Second, if the final core composition
contains an appreciable fraction of carbon the (G‘12+ 01 2) reactions
may be ignited, as they occur at lower temperatures than the (01 6, 016 )i
reactions which would be the only ones available for an oxclusively
oxygen corej thus the choice of a rate for C1 2(@,«()016 in the present
models may be decisive in the next evolutionary stage., The six solar

mass model may achieve temperatures at which the oxygen-burning
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reactions occur; the effects of neutrino energy loss (cf, Fowler and
Hoyle (1.96k4) ) may become significant at such temperatures, although

they are negligible at the end of the present model computations,

Section IV-2. External Resultis.

A star may conceivably come to exist on the helium star main
sequence in one of two ways. It may be the remant of a star which
has proceeded through the hydrogen=burning stages and then shed its
hydrogen exterior., A less probable alternative is that it came into
being through the contraction of a helium-rich cloud, expelled perhaps
from an earlier generation of stars, The characteristic evolutionary
time for a helium star is that time spent near the main sequence
position, as the helium in the central convective core is consumed
(leaving primarily oxygen in its stead), For the three detailed
model series considered, at 6, 1 and 0,5 solar masses, the charac-
terigtic times are 0,8, 12, and 80 million years respectively.
Thereafter about one half of the characteristic time is spent as
the star brightens and burns helium in a shell source, The tracks
in the (M 5, -f.ogTe) plane exhibited by the models are displayed
in Figure 13, Further evolutionary developments have nol been con-
sidered in detail, but they may presumably include mass loss, eontrac-
tion, and either the onset of carbon and oxygen burning or cooling

toward a degenmerate white dwarf configuration.
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For the range of effective temperatures (L,5< fogT RS 5.2) of
the current models neither theoretical nor observational studies have
satisfactorily described the spectral distribution of the emergent
flux, Were such a distribution available the bolometric magnitude
could be related to a magnitude in agregion of the spectrum accessible
+to conventional astronomical observation., Using a black body approxi-
mation to this distribution, 0%Dell (1963) has determined bolometric
corrections for this range of effective temperatures, relating Mbol
o the inbernational photographic magnitude scale by BG=Mb°1-Mpg o
The application of his bolemetric corrections places the models of
the present study in the (Mpg’ Log T e) plane of Figure 1L, This
figure may then be used to compare the models with observed astro-
nomical objects.

The other entries in Figure 14 represent observed stars in a
schematic way. Their positions include some of the effects of
reddening, blanketing, transfers among coclor systems and effective
temperatures, and methods of obtaining distance moduli. Such mani-
pulation of the observations is necessary to position the objects
in the plane of Figure 14, The sources of these data follow, The
"normal dwarf main sequence" is that adopted by Allen (1963). The
globular cluster diagram (M5) is from Arp (1962) and Sandage (1962).
The Wolf-Rayet stars are discussed by many authors (see below) and
they probably fall somewhere in the region labelled WR in the figure,

Greenstein (1963) discusses several varieties of blue stars, among
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which are old novas, SS Cygni stars, hot subdwarfs, and faint blue
stars. These objects all fall to the left of the main sequence (of
hydrogen stars), but do not appear in Figure 1b for lack of specific
data, Figure 3 in the letter of Harman and Seaton (196k) supplied
the information on the nuclei of plax;etary nebulae (to which the
abbreviation NPN is given). The line representing the white dwarfs
(WD) was provided by Creenstein (1965).

The evolving helium star models of the present study spend
most of their helium=burning lifetimes close to their main sequence
positions, and therefore in a relatively narrow band in the plane of
Figure 1, Cox and Salpeter (1961) demonstrate that if the outer
several per cent of the mass of a helium star is replaced by a
hydrogen-rich envelope the point representing the model is moved
at consbant luminosity toward lower effective temperatures; in this
way the entire region between the helium and hydrogen mzain gsequences
may be bridged by helium star models. It is possible, therefore,
that such modified helium star models may be reasonable ones for
many of the stars reported by Creenstein (1960). The method by

which Cox and Salpeter (1961) obtain a model for HZ bl 15 exemplary.

Tt seems likely that the models of the present study are not
simply related to the horizontal branch stars of globular clusters.
The effective temperatures of the bluest of these stars are not known,
but they may extend as far to the left in Figure 1k as tog T = k.5,
This does not warrant = statement linking them with the heliwm star
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models, The models are incapable also of explaining the rare, very
blue globular cluster stars of high luminosity and (possibly) low

mass, mentioned by Arp (1958) and discussed by Traving (1962). The
interpretation of both of these varieties of globular cluster stars
mugt await the construction of stellar models with rather different,

and almost certainly inhomogeneous, internal constitutions,

Harman and Seaton's (1964) sequence of NPN falls in the region
also occupied by the helium star models, In the plane of Figure 1L
the NPN sequence corsses the helimm star main sequence at a model
mass of aboub 2 MQ. These models, to which hydrogen-rich envelopes
may be added (in the mammer of Cox and Salpeter (1961)), may be
capable of representing the NPN which fall on or to the right of the
helium star main sequence., Nevertheless this possible inmterpretation
seems unlikely for the three reasons that (a) a mass of about 1.2 M@
for the NPN has been conjectured (on kinematical grounds) by 0'Dell
(1963) and other authors; (b) the NPN cannot form a group of similar
objects and at the same time be explained as helium stars, because
some of then almost certainly fall considerably to the left of the
helium star main sequence; and (¢) the lifetimes and evolutionary
paths suggested for the NFN by 0'Dell (1963) and by Harman and
Seaton (196l) seem quite reasonable and are not at all consistent
with 2 helium star model interpretation., These authors surmise that
the interiors of the NPN involve no nuclear burning of fuels as light
as helium, and that the luminosity arises from contraction, preceding

the white dwarf phase for which energy is released by cooling,.
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The Wolf-Rayet stars may indeed correspond to the more massive
helium star models. The existence of an extended envelope and other
structural complications makes difficult the assignatbion of an effec-
tive temperature to the WR stars., They may lie in the range between
the 13,000 % color temperature and the 100,000 %K ionization tempera-
ture mentioned by Underhill (1960); the brightness temperature of
52,000 %% suggested by Rublev (1963) may be representative. The
same authors suggest absolute visnal magnitudes between -2 and ~53
helium star models abt masses greated than ten MQ have cormparable
values of Mpg' For example, the helium star model at ten solar
masses, uging 0'Dellts bolometrie correction scale, has Mpgs =1.66.
If by the addition of a hydrogen-rich shell the effective temperature
is reduced to 60,000 %K and the Jluminosity remaing the same the
result is MP " ~3,7. Limber (196lt) quotes results which place the
mass of two Wolf-Rayet stars (VAL Cygni and CQ Cephei) near 10 L
On the basis of such considerations it is reasonable to state that
WR stars and helium star models may exhibit comparable masses (ten
suns), luminosities (ILOS suns), and temperatures (several tens of

thousands °X).

Tt will be recalled that the models near the upper mass end
of the sequence of helium stars exhibit smell margins of surface
layer stability; i.e., the force of gravity exceeds that of the
emergent flux by only a small factor. Disturbances occasioned by
rotation and/or a companion star could result in the ejection of

matter from such a star, and in the presence of a configuration of
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gas beyond the star's surface. Such considerations for massive heliwm
stars may correspond to the forced rotational instability proposed by
Limber (196l) as an interpretation of the observed spectral charac-
teristics of Wolf-Bayet stars, Kuhi (1964) has obtained photoelectric
scans of WR stars; these scans show no evidence of a hydrogen conbri-
bution to any of the emission lines, whose relative intensities are
consistent with He IT identifications, The predominance of helium

in the spectra of these stars' oubter laysrs lends support to their
interpretation as helium stars. The evolution of a ten M® helium
burning star has a characteristic time of the order of 5:{105 years,

s shorb bime which could be related to the rarity of WR stars. The
extremely high temperatures and luminosities, coupled with only
moderately high mass, which are currently accorded to the Wolf=Rayet
stars may therefore be consistent with their interpretation as

helium burning stars,

The comparisons drawn between helium star models and actual,
observed stars are at best tentative., Nevertheless the present
study has indicated the major properties and evolubionary develop=
ments of imaginary stars composed of pure helium, The final composi-
tion of almost exclusively oxygen is perhaps the result of most
interest. Continuation of the evolutionary computations beyond the
termination of the model sequences of this work might also be

instrucbive.
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APPENDIX A, PHYSICS OF THE STELLAR MATERTAL,

This appendix presents information sufficient for the cal=~
culation of p, %, €, ¥, and I‘Z/(I‘z-l) for particular values of
the temperature T, the pressure P, and the camposition parameters
X, e Tn addition are required values of the logarithmic derivatives
of ps s ¢’, and w with respect to T and P, The method used to

obtain these derivatives is illustrated by an example:

(a) ealculate p from T and P
(b) choosing a small A, calculate p! from T and P'= (1+ A}YP

(¢) evaluate the derivative using the form

ddogp P o 1rp!
2 oo g s wcen ﬁll & -AJ-
2d0g? o B;]T%A [p; ] (A1)

The procedure of the example may be readily extended to the numerical
calcvlation of the eight required logaritimic derivatives. In this
work A was taken as 10, This mmerical procedure makes simple the
inclusion of a1l the physics invelved in the calculation of py s € 5
and u in that of their derivatives as well. That physics is presented
in the three sections of this appendix, of which the first deals with
the equation of state, the second with the opacity, and the third with

the nuclear reactions leading to energy generation.
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Section A~l. The Equation of State.

Consider a system of mass M, consisting of an assembly of
particles at uniform temperature T and pressure P, and in themo-
dynamic equilibrium with its surrcundings. In this agsembly let
each chemiczl element, specified by its atomic number Z and its
atomic weight A, contribute a fraction X%, to the mass of the system.

Then the number of atoms of element Z is given by

M
NZ = —;Zﬁ“‘ » (Az)

1et the state of ionization of the element Z be such that on the
average 7° electrons have been freed by each ateom. Then the total

numbers of atoms and electrons in the assembly are given respectively

by M_%
Na’zﬂz‘gz;;‘ (a3)
R u_z
and “e=zznz‘§2;xz (ak)

where the sums are to be taken over the elements Z. Defining the
molecular weights for the atomic and electronic portions of the

system respectively as the number of am per particle we have

M/H 1
Hy ® N, "3 :xZ/A (45)
M/H 1
and Yo" TH, Iixm/h (26)

The equation of state relates the intrinsic quantities Xys T, Py py

and u (cf. Appendix D), making use of such intermediate quantities
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as 2/, s a0d 1. The introduction of the extrinsic quantities M,

N, U, and V aids in the presentation of equation of state information,

Let the total volume occupied by the assembly be V. Ibs

relation with the density M He
p =75 = 1l 7 (a7)

leads immediately to the relations

ov_ (48)

pH

N, =

[}

pv
TE e (49)

S

and N, =

T =

The pressure is the sum of radiation and gas kinetic pressures
Ps= Pr + Pg (810)
where Pg =P +P, . (A11)

The energy in the assembly is the sum of kinetic (thermal) energies
of the atoms and electrons, potential energy of ionization, and

energy in the radiation field:

U=0, +0_ +0U, +T . (412)

We shall be interested in the energy per unit mass, u = % .

Sufficient information about the radiation field is provided

vy a 4
Pr--—T

3 (413)
and by U, - aT’*v R (k)

The first of these equations specifies a lower limit to the total

pressure for a system in thernodynamic equilibrium at temperature Te
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In most situations encountered in stellar interiors the atoms

(or ions) obey the perfect gas law:

P = Kalc;/v (£15)
3w
and Ua = -2- HakT ® (Alé)

The ionization of the atoms is responsible for the presence of the
Ne free electrons and for the total emergy of ionization Hi. In the

notation of Allen (1963) the Saha equation is

N 2U
1, _ 50l0 5 r+l
log miq.r- Pe = Xr, 14--2- LogT = 0.1772+ 20g T, . (an

The similtaneous solution of such equations for each adjacent pair
of ionization stages and for each element enables us to obtain the
average mmber of free electrons Z' contributed by each element, and
the energy
M

U, =ZUN = 7 z szz/A . (218)
The average ionization energy for the element Z, Uz, may be approxi=
nated by r'-1

= & - &
U, rEO e, ¥ BTN g (419)
where »’ is the greatest integer less than or eqal to Z'. The

values of Z/ and U, so obtained are to be used in equations A, 46,

and 412, For complete ionization simply set 2’ equal to Z.

The electrons must be described as an assembly obeying
Fermi-Dirac statistics, and situations arise in which they are

partially degenerate and semi-relativistic. Chandrasekhar (1939)



presents the three equations

N o BV - p2

e 1l Y0 MEAET 1
© _ 2

U ‘8wv " _Ep %
€ ”1‘1.3‘0 ea*E 4L
8V o 3
and PV= P 3E
¢ —3;;5‘03 E +1 5’5@ ’

The correct relativistic relations between p and E are

2
pz-%*zhn
c

and pdp = [—%-l- m] dE .
e
The definition u= é leads to the intermediate relations
2
p
pP= (2ka)u(1+P‘- )]1
I 2 mo?

- kT
pdp (ma:)[u x m?] au

and E gy = (k) du
op

Appropriate substitutions yield

MRy a P2
¥, e B[ (G350 5y [

o
e Ll |

(a20)

(Az1)

(a22)

(423)

(a2ly)

(a25)

(A26)

(a27)

(428)

8V 3
= ¥T) (20kT) = (mkT
o= 50 (i) *( JN —

2 & 3/2
m[<1+%:—ia<l+u§%9 ]éu {513
a+g
e

(429)
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3/2 f [@ (1*“'"9]3 du

+1

. (A30)

and P V= 3 1er) (2mkT)
'3;?

We define €=X5s and introduce the three integrals Ilu/ 2 3/2
me

I‘g/ 2, whose arguments, not explicitly stated, are « and e, The

definitions are

272 . f 1/2 du [1,, 5 cus 2c?s 33u3]

) (431)

2 3/2
ne[ e {3;@’ ]

B e o 1"

a+u
2 3/2
__3 [ (h lljryﬁdf) ]

ans J‘ e e ]

? (432)

[wz/mm] ; -

21&/3

Equations A7 and A3l lead to an expression for the density,
O aner /2 172
o = Lo () [ 22T : (a3h
B an [ 2277

Equations A8, All, Al5, A33, and A3b lead to an expression for the

gas pressure
kT
P = P + B2
g

;.LH

-(hw}ﬂ)[-%?%f/z[glg/2+%%/2] '. (835)
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Lastly the internzl emergy is given by

3
E-a-'n Y Eﬁ = --g: HakT + Ue
' R E  plE
h

. n
-3 KL [1 22 .
2 BH "5 3 %72 ] (236)
The equations describing the behavior of the radiation, the aboms,
and the electrons are all the analybic relations required for the
equation of state caleculations.

For the purposes of caleulation the evaluation of the equatien
of state is divided into two cases: the degenerate case, in which a
technique for the mumerical evaluation of the three integrals is
used; and the non-degenerate case, in which a perfect gas law,

modified to include the first degenerate term, is used.

For the perfect gas case we consider the three integrals to
be equal to the Fermi-Dirac functions Fs’ which is equivalent to
setiing ¢ equal to zero, Thus

02 =T, (437)
and 2., (438)

For mmall degeneracy it is well kmowm that

(] 5 ey,
u =y, 8 s s »
Fs = Iom ad © I‘(a+1) [1 —;54_-1: + ] ® (A39)
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This approximation leads to

PET i e o ;
u.fdPg Hg Iy /3
3 U 3
2 j2 P
S S (R
where e ™ [ - S (ah2)
Hale

and T T . (ab3)

This perfect gas law including the first degenerate term is used in
the model ealculations whenever e © is less than 0,05, For the lower
temperature range of this perfect gas region iterations among equations
A6, similtaneous equations of the form Al7 (yislding Z2’), and the
relation P, = P gu,/p.a are performed to obtain u . Elsewhere complete

ionization is assumed, yielding, for these compositions, By = 20

For the degenerate case more complex techniques are required,
Consider integrals of the form, involving the function £(u),

ad 2
8 u du
£ 0 e %1

Approximating £(u) by
Flw)a 1+ o | f(uy) =1 5 (Abs)
(u + w [ uy ]

wherse Uy remains arbitrary, an evaluabion of I?. is

£(u,) -1
I?Z‘ m Fy o+ [ 3 ‘J Fan1 ° (ah6)




- U8 -

This approximate equality may be made exact for all functions £(u) of

the form (l+au+ an/ 2 by choosing
F 2
_ g+3/2

With this choice the right-hand side of equation AlS evaluates I3

(a) exactly for the non-relativistic degemerate case,

(b) to within about one per cent for the completely degenerate case
( la| large; as checked against the representation of Schwarz-
schild (1958), page 61),

(c) exactly for the very relativistic degenerate case (e large), and

(d) exactly for the completely non-degenerate case (a large),

and is expected to be good to within five per cent in all inter-

mediate regions,

The five Fermi-Dirac functions Fl /29 F3 /29 FZ’ FS /29 and F3
are required for the evaluation of ]%/ 2, I%/ 2, and I?,/ 2 via equations
A6 and A7, ILet the independent variable o be replaced by an

alternate degeneracy parameter v, chosen so thab

e for small v, large a
""“{ 2

(AL8)
o for large v, large (-a) .
In this way the limiting behaviors of F s
{ T(s+l)e™ ~ T{s+l)v for small v (als)
F 5 Al

B+ S+1
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involve no transcendental functions of ve Let v be defined by its

relation bo F.l /2

2 (2us9mashe ¥
Rije =57 “(.8535055 5 ) (450)

and evaluate the four remaining functions by the approximabion

s+l 2
a ta vty
F = 9y 2 °
s 8+l [go ] [b°+b1v+b2v2+v3 ] . (451)

formila

Appropriate choices of the five constanis a o) 12 b o? bl’ and b2 for
each of the functions Fs are listed in Table 11; they were oblained
by requiring that equation A51 reproduce Fg exactly at the four
points a=<l, +1, +3, and +6 and that

g+l

[Er] g (&) 7 = o) (a52)

vhere g = 2,697115h is the same for all values of s, The values to
which the Fs were fitted have the following sources: for Fl /2 and

FB /2 they were obtained from McDougall and Stoner (1939) 3 for F2 and

Fy

and for F; /2 they were interpolated among the others. By comparing

they were obtained from mumerical integrations by Castor (1961);

these tabulations with calculations using equation AS51 it may be
verified that the approximations yield values for the Fermi~Dirac

functions accurabe to better than 0,1 per cent,

For any given value of v all five Fermi-Dirac functions can
be evaluated mmerically by performing only two square roots, five
divisions, 30 multipliecations, and several additions, Only a few



- 50 -

more operations, described by equations Al6 and ali7, are reqguired in
order to obtain 1%/2 and I%,/Z, fron which P, is Teadily calculated
via equation 435, A few iterations (changing v) suffice to duplicate
Pg to within 10'6, and then p and u may be calculated using egquations

A3l and A36., An indication of the importance of degeneracy is given
N P, W (453)
g §7‘2‘ ’
Hy '3' I+

A is the ratio of the correct density to the density which would be

caleculated for a completely ionized perfect gas of the same composi=

tion and at the same temperature and pressure.

In dense matter thermal conduction by degenerate electrons
supplements radiation as a means of energy transport, Information
sufficient for the calculation of the thermal conductivity is
presented by Mestel (1950) and is amplified by A. N. Cox (1961) .
The conductivity v, is given by

3 2 1/3
el lalmiG))) W

where  and £ are functions of the degeneracy pavameter a, Their
1imiting behaviors, in terms of the alternate parameter v, are

1/¢ g

for small v+ (0,589k)° 198 1073 e = (6.2711)v  (455)
or v v m v
° (456)
2
for large v:  (0.8475)° 16" 1013 B 372 (o.80589)/2

1‘13 exﬁl
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For intermediate values of v Cox provides tables of (l/l;)& and ge“ to

which were fitted the following mumerical approximations:

for all w: }' = 9y [ 2‘h9h92* (0.608?2)? ] 3 (AST)
12,1852+ (10,3873)v + v

for v §30: g =y m9‘31* (3790370)\! ]

178,187 + (89,068L)v = v > (458)
=0 2
for v>30: g =oF[ 230087 (b59.5T0)v + (0.808890v" ] | (agy)
51505&&’5‘ v

These approximations reproduce Cox's tables to within a few per cent

and permit computation of the required conductivity via equation Ash,

The last exercise in this section derives an expression for
the adiabatic temperature gradient by retwrning to a consideration
of the system of mass M, volume Vﬂg , and internal energy U=1Mu .
Choose T and P as the independent variables and write the heat
exchanged by the system with its surroundings in any quasi-static

change:

a0+ PaV = Mdu =
-5 % (460)

,n{[ am+[g.% dP-p ]PdT [aplndy}

For an adiebatic change this heat vanishes, leading to the adiabatic

temperature gradienb:
T au]P . RIR®

T, B{dP/P} oT pu p LOT

T,-1 ar/T “ag pu . [gglr p[gglr

o (aé1)
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The czlculation of the logarithmic derivatives of p and u can be
followed immediately by the calculation of 1‘2/(I‘2- 1) via equaticn
A6l., This quantity is required for the consideration of convective
equilibriuvm in the stellar interior (ef, Section I=-3 and Appendix B).
Tt may differ from 2.5 if the effects of ionization, radiation
pressure, and semi-relativistic, partially degenerate electrons are
included in the calculation of p and u.

If in such a caleulation are included only a perfect gas with
ratio of specific heats v = cp/c , and the effects of radiation

pressure, equation A6l leads to

[1‘2 _ P @e-1p-3800r=1) | (4ep)
T,-1 (b=38)(y-2)

For a perfect monatomic gas v=5/3 and 1‘2/(1"‘2'-1) ranges from 2,5
wmder conditions of negligible radiation pressure (g= 1) to kb under
conditions in which the gas pressure is small compared tc the radi-

ation pressure (B approaching zero).

Section A-2. Opacity.

The opacity was obtained by machine interpolation in a table
of opacities supplied in advance of publication by A. N, Cox (196k),
Where important the contributions of electron scattering, free-free

transitions, bound-free transitions, and line absorption were included
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in his calewlated absorption coefficients, These formed the basis
for integrations over frequency to yield Rosseland mean opacities,
which were tabulated for discrete values of composition, temperature,
and density, The two opacity tables used have the composition

sumaries and ranges indicated:

firgt table second. table

xH 0,.000000 0,000000

x 0999000 0,000000

%5 0,0001la 00999000

X6 0,000L20 0.000L88

Xo0 0.000298 0,000347

x (others) 0.0001k1 0.000165
smallest (p,1) (10~ Cem/er’, L.510% %) (1078em/ad, 10° %K)
largest (p,T) 10*gn/ca, 107 %K) (10%en/en’, 107 °K)
tobal number
of entries 1hh 80

When a numerical value for the opacity Ay Was required for some mass
level, the machine searched the tables and,after finding the nearest

tabular points, interpolated 4ogyx, linearly in dog p, dog T, and X
R o

vhere the conductivity of the degenerate electrons became
important the material in Section A=l was used to calculate v c® It

was combined with np to yield the effective opacity » via the formula
1 WV 3
bdha "—“"3'" 4 oumea ® (A63)
X lhger %

The mumerical values of the opacity x obtained by the techniques out-

1ined in this section should be reliable to about twenty per cemb.
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Section A=3., Nuclear Heactions.

The nuclear reactions whose effects are included in these
evolubionary models are summarized in Table 12. From particular
values of the temperature and density the reaction rates R may be
caleulated independently of the composition, using material described
by Fouler and Hoyle (1964), Expressions for these rates are set
forth below, in which the wnits of R ave emsec™, of p are gn/cm,
of pg ave 10%em/en’, of Ty are 10% %, and of Ty are 10° %,

The first three reactions, describing helium burning, are im-
porbant in the temperature interval between fogT=7.9 and LogT=8ls
at the lower limit of this range the reactions occur in barely signi-
ficant amounts, whereas at the upper limit they are so fast that no
helium can long remain in the material without being consiumed, The
first of these reactions, the triple-alpha, involves a small egquilib-
rium concentration of the unbound nucleus BeB in its ground state,
This reacts with an alpha particle to yield the meleus C12 in its
7,65 Mev excited state, which them decays by y or ei emission to the

Cl 2 ground state, The reaction rate is given by

Py 1/2
tog 1y, = 26.05 + tog [ ] - FE (o.ss)[;--s--jfL . el
8

The second reaction involves the 7.116 Mev excited state of 016,

and has a rate given by (465)

P -1/2
tog By ¢ = 33.5h+ Log o +2t0g [ £] - 3°‘§5’8 - 218, 0.38[---5«]:L .
5 Ty Tq° 1>
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Here the determination of eﬁ (the reduced alpha-particle width) is

e§=0.78 is used in these calculabions. It is

aomewhat uncertaing
possible that a revised value of 6§ could reduce Log 316 by as much
as unity from the values caleulated in this work; this would have an

important effect on the carbon-oxygen ratio in the product material.

The third reaction proceeds via three channels, an off-resonanb
one, one involving the 5.63 Mev exciled state in NezO, and one invol-
ving the 5.80 Mev excited state in Ne?®. The rates used in this work

for the three channels are given by

Log R, = 33.27+ tog 6 +z&ogp--—4ogT -.%4,0,5;{_5_ /2 (466)
8
Log Rzo 25.37+ 24ogp - -3-£og T8 -légli + 0,51[.5%.]1/2 (467)
and 8
Log R © 3 53.9 "5]1/2
8Ryo = 26,37+ 240gp - -é-&og Ig - -E,—é- + 0.51.[-;——5 . (A68)
8

According to Fowler (1964) more recent data require that the initial
mumbers in the above three equations be replaced by 32.77, 24,87, and
21,37 respectively. The total rate is the sum of the rates for the

three channels: b

[
Ryg = R20 + Ryg *+ Rog . (469)

The older values appearing in equations 466 through A68, and the
value Gs =1, were used in this work; because this reaction did not
occur significantly in the models, the numerical results would not

be altered by small changes in these quantities,
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The carbon and oxygen burning reactions listed in Table 12
are formal summaries of the major results of reactions among Clz and
01 6 nuclei; actually the reactions lead to the formation of several
products, including neutrons and protons, the product nuclei having
atomic wieghts distributed between 20 and 40, The rates are obtained
simply from consideration of the lifetimes for compound nucleus

formation among the reactants. They are given by

tog Ry, = 19,30 +2 t0gp - §LogT, - 36.57(-%; + 0,003 (a70)
tog Ryg = 54,29 +2 togp - §0gT, = .30(---; 0.0800Y3 ()
and

tog Ry, = 60,27 +2 Logp - §4,0gT9 - 59.eh(-%;-9= + 0.0800Y3 | (a72)

These reaction rates are non-negligible when {ogT>8,7 for material

at densities of the order of 100 gn/cr.

Let QA represent the energy released in the reaction leading
to the formation of the product nucleus with atomic weight A. The
energy generated per unit time and per unit mass of stellar material
is
e = f'-’-%(x 2R, + Qlé(x (xR + -Q-?'-i(x BICHH

, Gg %2

("12) PRl + oty ) Gy IR + B ) Ry o (4T3)

The composition changes brought about by these reactions are examined

in Section C=l.



- 57 -
APPENDIX B, DETERMINATION OF A STELLAR MODEL,

This appendix describes a method, based on the theory of stellar
interiors, for the construction of a single mumerical stellar model
of total mass M. The basic independent variable is taken as 4ogM
(for MS (0,5YM) or fogm (for M>(0,5)M) and is specified at each
of several mass levels, carrying the index J. The mass level nearest
the surface is indicated by J=1, that nearest the center by J=JAY,
and the center itself by J=JC or simply by a subscript c. At each
mass level the independent variables X, through x, specify the compo-
sition, and the dependent variables 4ogr, L/LO (where L is a constant
approximately equal to the luminosity of the star), {ogT, and logP
take on discrete numerical values; these values provide the substance
of a stellar model., Numerical values for the auxiliary quantities
Ps %y €, and u and their logarithmic derivatives are also calculated
at each mass level J, The following three sections describe the
techniques used for the determination of satisfactory numerical

values of the dependent variables,

Section B=l, The Trial Model,

In a satisfactory stellar model the dependent and auxiliary
variables must be related in a way which satisfies the equations of
stellar structure listed in Section I-3, To this end the equations
are rewritten here as a set of auantities Bl through El5 each of

which must be zero:
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at the surface of the star:

fg = dog l:f:;%]

P EBrrrchh 1 3]‘"‘ én
o A P
0 lgr
throughout the body of the star, i’or‘H> (0.5)M =
n dr m
grﬁw—h?m?—
¥ lm:t}p
m dhb m _-
o = 2303~ F -1 ]
() )
-n&Z, 3 % _ub
T dm hac;Elénzru
7] pe, 2w
T dn I'2 htxr;

(B1)

(B2)

(B3)

(Bl)

(85)

(B6)

(B7)

(88)

(B9)

(210)
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and at the center of the star (here M is the mass interior to the

mass levsl at J =JAY):

1 3
fl’ = Logr - S-wg[m@] (m)
L X
L=t~ f&;“ (m12)
(4] [}
T -7
fp= 'T" c (E13)

8acT 03 tp,
where T = { (mly)

T e To o2 [ 3 ]2/3

T2 3 P, e i;;"’c
and, lastly, fp == * %~ Pe (EL5)

Pc
2/3
oG 27 3

where ® 3 Po [mec] - (B15)

The choice bebween the radiative and convective forms of gp and fT
is, as usual, made to yield the less negative of the two possible

values for the logarithmic temperabure derivative

diogl M T
dloghi " Ta (n7)

From the independent and dependent variables of the trial
model we proceed first to the evaluation of the auxiliary quantities

and thence to the evaluation of the expressions fg through fP’ as
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follows. At the first mass level, subscripted 1, eguation Bl yields

G
.fg = gt Log + Logml- h&ogrl - chPl . (m18)

The integral in £ (cf, equation B2} is evaluated by

BJ”mlxdm %mlﬁydx (EL9)

where x Bm/ml and y“x/nl 3 at each value of x we obbtain the opacity

» using

tog T = tog T+ htog | 3 (143 D] (820)
and Log p = dog pq + Log [—-—-_—;E—E] - Log ’I" (B21)
371
-2t [_3%/2 ,
where Pr 3 T T;-é_'%] (B22)
3t

and % T= 112‘ r yax N (B23)

8m'1 0

In order to discuss 8,5 E15 Bps and gp we consgider the

representative egquation
Loz (B2k)

At the points %, X, and X, let the function f(x) have the values
£, %, , and :f Then we can approximate f£(x) in the region between
x and Xg by (B25)
+ § + % £ o=
L+ r Atrinh R
£x) g2 + [ -22] [ _ﬁ]ux 5)x-x) =
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By requiring that f£(x) have the value £, at x, we can obtain

3 3
o (x, =) £3+ (23 - 2+ (1 =x3)1, ’ (B26)
2 (2, xl)(x3 % ) (x5 - %,)

Integrating equation B2l to find (y,- yl) yields

(B27)

+f ( )2
w‘xz"ﬁ)[(fl 2. 22 o]

Associating % with dog M 7.2 with {og ¥ s 7 with fog .

*2
and ¥, with dog ry and letting

£(x) = - s (B28)
Lo
we can evaluate g, at the adjacent points (J<1) and J as follows:
(B29)

2

( log vy 4= dog Ty [( J1+i‘J> (Log My~ &ogﬁ_.l) fu]
&)y Tog ¥ 1~ bog i

Three poimts are required for the evaluation of f£* /2 via equation B26;
in practice it is taken as an average of £'/2 evaluated at (3=-2),
(J=1), and J and of £“/2 evaluated at (J-1), J, and (J+1), The
quantities (gL) 3 (gT) g and (gP) 5 may be obtained analogously,
for both the internal and extermal forms.

The guantities f_, i‘L s fT s and £ at the center of the

T P?
star, may be directly calculated from equations B11 through HL6.
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The foregoing material permits the evaluation, for the trial
model, of the B(JAY)+2 expressions :fg through f, of equations Bl
through F15. If these are not all zero to within some desired
accuracy the model is not satiafachozy. The following section

describes the iterative procedure used to obtain an improved model.

Section B=2, Iterations on the Trial Model,

The dependent variables of the trial model are fogr, L/Lo,
tog Ty and 1ogP; let the values of £ 2 through fy, for this model be
given superscripts o. In an improved model the variables are to be
roplaced by togr +[x]

L/L, + (1] (B30)
logT +[T]
Log P +[P]
where the unknown guantities [v], (L], [T], and [P] are to be amall
corpared to unity., Let A denote inl0=2,303, Then for the new
model the expressions fg through fP will be given approximately as
follows: at the surface
£, = (2 g)° - Wrl, - [P} (B31)
2.0 o

and £ = [Bﬁri‘iﬁl | (a+oarel; + MT]J.-L.{IJJ.) -1
| (B32)

Q ‘
BRETC Galm fEm )



=63 =

Within the star
[r]J 1 = [r]J

(gr) (gr)J Logt; 4 = Log M,

[hm}]o < 3Alrly 4 - A["' 3T 1[T]J—l A{P BP]J I:P]J«])
AT e R E B o

similar expressions for (gL) P (gT) g» and (gP) g may be easily
obtained. The berm containing £*/2 has been included in (g)7 but
not in the remaining terms., Near the cenbter we obtain

g 8+ Uyt 3 5 3] 100 ;23] (B3l
and " ,
£ = fgqmm-{?eg L3 mr o 3"][?:1 ). (=9

Expressions for L and fP may be obbained analogously.

Let the row vector X have as its elements the li(JAY)+2 unknowns,
in oxder,
x = { (rdy, (31, (Th, (P, (xly (Bl o o v o
e oo s [Ty Plyp (Tl (P10} (836)

and the colunn vector B have as its elements the l(JAY)+2 quantities

evaluated using the trial model,
0 o o o o
E = { f;: fo-: (gr)2’ (gL)Z’ (gT)Q’ (g:p)gﬁ e & @ @
° o 0
e oo o (g () ipp T T T T e (B37)
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The system of equations describing the setting of the 4(JAY)+2

quanbities fg through fP equal to zero mey be cast in the form
E - 5 x= 0 R (B38)

The mabrix f: has all of its non-zero elements clustered near the
diagonal, as diagrammed in Figure 15, The solution of the system
B38 for the elements of x takes advantage of the special form of 'é,

and is accomplished by the following procedure.

The first two ecquations can be solved for [r]l and [L]‘l as
linear combinations of [T]l and [P]l. These may be substituted in
the third through sixth equations, which then form a system of four
equations in six unknowns, A standard technique for the inversion
of a four-by-four matrix is then used to solve for four of these
unknowns, Lle, {P]l, [r]z, and [L]z, in terms of the remaining two,
(T J, and {P] o° The substitution of two of these four linear forms in
the next four equations permits solution for four more unknowns in
terms of [T] 3 and [P] 3° Repeated application of the substitutions
and solutions leads to the situation in which [rl];. and (L], ave
expressed in terms of | T] say and ! saye The substitution of these
two linear forms into the last four equations leaves four equations
in the four unknowns [T, [Pl pp (7], and {P.]c. One more appli-
cation of the matrix-inversion scheme provides numerical values for
these four unknowns. Then by successive substitution values for 211

L(JAY)+2 unimoun elements of the vector x can be obtained,
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As the numerical value of each unknown is obtained its size
is examined. The linesrization exhibited in equations B3l and B35
(and in the several others like them) is meaningful only if the
changes in all the physical quantities are small, This may be assured
by requiring the absolute values of [r] g (0L3N[L] 5, t[T1 5, and
plPl; (for a1l levels J) to be less than some number, taken in these
calculations as 0,13, corresponding to a maximum fractional change of
35 per cent in any physical quantity, BHere t is the largest in

absolute value among ] [n BT] [T "] , and unity and p

P ¢’
is e Jlarge apsoluLe ne among 3? aP apP
the largest in absolute val p [x ] [e,,

and unity, where ¢’ is the largest of the le ‘1 encountered in the star.
If an element of X exceeds this requirement it is replaced by a

number with the same sign and an absolute value satisfying the
requirement, before proceeding further in the sedquence of substitutions

by which the remaining elements of X are +0 be czlculabed.

If at each mass level J the quantities dogr, L/L o> ‘08T, and
LogP of the trial model are replaced by those of form B30 a new trial
model is obtained, In order to satisfy the requirement that fegwx,
LogT, and Log P be monobtonic from center to surface we check the new
model for inversions in these quantities; if such are found we simply
redistribute the dependent variables among the mass levels, elimina-
ting the inversions. For the trial model the expressions Bl through
B16 may be evaluated; each such iteration should bring these expres-

gions closer to zerc, A trial model becomes an accepbable stellar
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model if all the inequalities BUO through BY2 are satisfied, For

each value of J let

(B39)
(2.303) {ogh 52" éogMJ) for M<(0,5) 7N
The surface equations demand
(2303) £, l-———-—-—EL"f" l (8L0)
2,303 and <q .
€ erZO'T

At each mass level J, letting (gr) g @nd sinilar forms be specified

by equations like B29, demand
. (Bla)

la(edyls I5saslen)gls 10eg) ls and lalep) ] <a

At the center demand
(2.303)|£,)5 |2}, 12pl, and |£] <a . (Bl2)

In these calcwlations the maximum perrissible fractional error q

was taken Lo be lo'h. For the evolutionary models about four itera=
tions were usually sufficient to proceed from a trial model predicted
from models at previous times to an acceptable current model, requir-

ing about forty seconds of computing time,

Section B=~3, The Mass Level Structure,

The distribution of those discrete values of M which were to

be assigned to the mass levels J was determined by the following

considerations, The error (which results from the lack of an infinitely

fine sequence of mass levels) is displayed by the term proportional



to /2 in equation B29. For a pair of nearby mass levels J and J°
the machine computes the £’/2 terms for each of the four stellar
interior equations, chooses the largest in absclute value from

among the four, and examines

Tt requires this quantity to be smaller than n’q where the integer
n is |J ~J] and q is some small mmber, The machine inserts or
dele'bés mass levels in the interval (J,J9) to keep in step with
this criterion, such that the terms proportionsl to £7/2 never con-
tribute more than q to the logarithms of the dependent variables,
These temms are nevertheless included in the model calculations.
Ag =102 1led to the use of abowt 100 mass levels, which were

adjusted every few evolutionary time steps.
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APPENDIX C, THE EVOLUTIONARY CALCULATIONS,

This appendix discusses the creation of sequential models
describing the evolution of a sbar. A pair of such models mast
satisfy the requirements
(a) that the composition change between them satisfy in detail the

appropriate set of differential equations C5 through C8;

(b) that the emergy release at each point in the star resulting
from gravitational contraction be included in the energy gen=
eration equations 1,11 and Cl3; and

(c) that the differemce in the total energy stores of the two
model stars, suming the nuclear, thermal, and gravitational

energy contents, equal the total energy radiated in the time
interval between the two models,

The physics employed in the construction of the models guarantees
that condition (c) is satisfied automatically when (a) and (b) are
satisfied by the detailed structures of the models. The following
two sections detail the numerical procedures used in the construc-
tion of models satisfying requirements (a) and (b), The third
section describes procedures used to obtain a trial model in the
evolutionary sequence, and to choose appropriaste time steps
between models.
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Section C=l, Change in Chemical Composition,

Nuclear reactions are accompanied by composition changes which
play an important role in stellar evolution, The consideration of
the reactions listed in Table 12 and described in Section A=3 leads

to the following equations for the transformation rates:

dna o] cb:a

® CER @@
=-3 (xa) 3B].2 - (xa) (312) Hlé - (xa) (%6)320

oy P Iy

a 126 at ©2)
=+ (xa)3912 = (%) (x )Ry g = 2(’*12)23211 = (%)) (5 g)Rog

g P g

at 16H dt (c3)
=+ (x ) IRy = (%) (2 0)Rog = (%)) (3 IR = 20z ) Ry

dn

g D20 P S0
at  20H 4t el

=+ (x ) )Ry o
These equabtions would be valid at each instant at every point in the
star were it not for the fact that in a convective region the frac-
tions by mass and their rates of change must be uniform throughout.
In order to cast the equations for the static mass points and for

the convective regions in the same form we set

dx
&"52 =k [" 3 (Xa) BF‘.»’LE'{xa) (x12) Bié . (xa) (xlé) R;_()] (c5)
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(c6)
dXZLZ 3, ® » ®
prrmadit [” ()R] 5 = (x) 3y ) )By = 20y ) zﬂzh' () (xlé)R28]

e
=6

26 - 16 [ () (R - (o) oy B = (1) (IR - 205 )85, |

dxzo "
and =22 = 20 [ (mRp] (c8)
Values for X, the fraction by mass of elements having atomic weights

greater than 20, are provided by the relation
X FEp TR Ryt Hy =L (©9)

For a mass level in a non-convecltive region we simply set

each R
i =fa-F-;R ® (¢10)

For a region convective in the interval (Ml, Hz) we set each

» H W s 10}
B = ]23-»» . (c11)
Ha-}ll Kl P

We have now to deal with the time development of the solutions of
equations C5 through C8 for the composition parameters at each level,
choosing values of i appropriate for either stable or convective

regions.

Consider two successive models for each of which values of
log T, Log p, and § (convection parameter; cf. equation 1.5) are
specified at the mass levels M 7 and for the firgt of which the
composition parameters are also specified in detail. These corres-

pond respectively to an accepted model at a former evolutionary
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time and to the trial model at the current time, For those pairs
of adjacent mass levels J and J' in each model between which the
convection indicator § changes sign we assume M.l, the mass interior

o the convective zone boundary, to be given by
tog My = (45 togMy, = 4, LogM))/(¥; =4y (c12)

Between the two models we assume that the quantities {ong at all
convective zone boundaries and 40gT and dogp at all mass levels
are linear with time, On the basis of these assumpbions we can
compute a value for each R’ at all intermediate times for each
gtable mass layer and for each convective region. Sufficient
information is now available so that a Runge-Kutta integration of
the composition changing equations C5 through CB can be performed
to derive values for the composition parameters appropriate for the
trial model at the current time. In this Runge-Kutta integration
the time steps can be chosen much smaller than the time step between
the models, in order to insure reliable computation of the new

composition,

Section C=2, Gravitational Contraction.

The contribution of the gravitational contraction to the
energy generation, described by emation 1,11, is obtained as follows,
Let subscripts a refer to the accepted model at the former evolution—
ary time t’a and subscripts b to the trial model at the current time

tb. Then for computabional purposes we replace equation 1,11 at each
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b
values of fogT, 4Logp, and the composition of the trial model at

mass level by 1 1
e;geb_ub-ua_Pa*Pb E;"E:] R (c13)
, t -t 2 (t, - %,)
Here &, is the nuclear energy generation rate obtained from the

the time Yy, via equation A73.

Section C=3, Time Step and Model Prediction,

Given acceptable models at times *’a and 'l;b the continuation
of the evolutionary sequence demands that a trial model be obbtained
at some new time % c® It was found that this time could be guitably

chogen using the fornmla

S A
“g [t:-::] = 0@8(Q"0.9) ® (Clh)

Here q is the change per iteration in the logarithm of the greatest
error (ef, forms BUO through BU2) in the model at time &, The
restriction that the time step (¢ c-'bb) not exceed twice the time

step (tb = a) was also imposed, In this way convergence reducing

the error by nearly a factor of ten per iteration is maintained
throughout the evoluticnary calculations., Such a scheme for the
choice of the time step seems to be most efficient, in that it permits
the evolubion to proceed as far as possible in a given amount of

computer time,
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A linear extrapolation in time was used to set wp the trlal
model at the new time tc. Let y represent any of the quantities
Logrs L/I‘o’ Logl, 4LogP, logp, and § at each of the mass levels;

the extrapolation formula
t_ =t

o =Tt t;_—-—«?i (v =7,) (c15)
a

is used to predict the new model values., From the trial model so
obtained the new composition is predicted on the basis of the material
in Section C=l, For this composition new auxiliary quantities are
computed and the model is tested according to the reguirements of
Section B=l, If the model is not satisfactory it is altered as
described in Section B=2, Iterations are performed in this way
until an acceptable model is obtained, and then preparations are
made for a subsequent time step., Thus a series of models describing

the evolution of a helium star can be obtained and printed out.

Bach time a few evolutionary models are created the current
and former models are stored on magnetic tape, so that they may be
accessible at a later time when the evolubtionary computations are

4o be continued,



-7 -

APPENDIX D, NOTATION,

This appendix tabulates the symbols which represent various
physical and mumerical guentities. It presents for each symbol a
description, the uwnits in which it was used throughout the com=
putations, and the section in whiech it is introduced in this
report. The meanings of the several subscripts are also included,
First are presented intrinsic quantities related to the description
of stellar material, The second section presenits extrinsic quanti-
ties which are used to describe a star and extrinsic gquantities
related to a thermodynamic system (cf, Section &-1), The third
and last section lists the constants used, for all of which the
numerical values tabulated by Allen (1963) have been adopted,

Many symbols of limited usage are omitted, as are conventional
mathematical symbels.



Section D=1,
symbol

A

B

FE

s
H
P
U

n

a,lz' Qe

e

P
a
¢
e
T

QA

R

%

T
e
e

U

u
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Intrinsic Quantities,

subscripts description

atomic weight

electron energy

Permi~Dirac functions

degeneracy integral
number

pressure
energy

compesition fraction by number

He 012, ete.
electron momentum

pressure
ion
central
electron
radiation

energy release per reaction
leading to creation of nuc~
leus with atomic weight A

reaction rate leading to
creation of nucleus with
atomic weight A

tine
temperature
central
effective
internal energy density

electron energy parameter

units introduced

by Section
(none) A=l
ergs A=l
(none) A=l
(none) A=1
(none) C=l
gn~-cn/sec A=l
ergs/bm3 I-3
ergs, Mev A=3
reactions A=3
e sec
sec, years I-3
%k I-3
ergs/gn I-3
(none) A=l
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symbol subscripts description wnits introduced
by Section
U, partition function (none) A=l
U ” energy of ionizabion ergs, v A=l
x camposiﬁion fraction by mass (none) IT
0.,120.00 He 9 (9'2, ate,
Z element of atomic mumber Z
Z atomic number (none) A=l
z’ average mumber of free (none) Al
electrons per atom
Qv degeneracy parameters (none) A=l
8 gas pressure fraction (none) I1-2
¥ ratio of specific heats (none) A=l
1"2 adiabatic exponent (none) T3
€ electron temperature parameter (none) A=l
e, e’ energy generation rates ergs/gm sec I-3
s Rosseland mean opacity cmz/gm I-3
R radiative
A degeneracy indicator (none) A=l
i molecular weight amu/particle Al
a ion
e electron
v, electron conductivity erg/em sec °K A<l
o density on/en® I-3
o cenbral
¥ ionization potential ergs, ev A=l

¥ convection parameter (none) I=3
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Extrinsie Quantities,

gymbol subscripts descriplion

For a star model:

L
0
L
m
M
£
m
M
bol
2
r
£
R

internal luminosity variable

arbitrary constant
external luminosity
exterior mass variable

interior mass variable
at core edge

total mass

absolute magnitude
bolometric
photographic

internal radius variable
at core edge

exterior radius
optical depth

For a thermodynamic sysiem:

M
N
a
e
r
2
U
a
e
i
r
v

mnagg

mmber of particles
ions
electrons

atoms r Limes ionized

of atomic number Z

energy content

ions (thermal kinetic)
electrons {thermal kinetic)

of ionization
radiation

volume

wmits introduced

by Section
ergs/sec I-3
ergs/sec I1-3
gn I=3
gm I3
gn I-3
(none) IT-1
o T3
on IT=1
(none) I-3
gn A=1
{none) Awl,
ergs A=l

an AL
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Section D=3, Consbants.

description symbol value

Laboratory constants:

radiation density constant 2 7.56 1075 erg/ard® %
gpeed of light ¢ 2997929 10 cm/sec
gravitational constant G 6,668 10’8 erg-cm/gn2
Planck's constanb h  6.6252 10727 erg sec
mass of hydrogen atom H 1.67333 10"2}4 gn
Boltzmann's constant k  1.38046 10746 erg/°K
mass of the electron mn 9.108h 10~28 gn
Stefan~Boltzmann constant o 5.6692 10“5 erg/cm2 sec QKh
energy conversion factor 1.60207 10712 erg/ev
Astronomical constants:
Twninosity of the sun Lo 3.9 1073 erg/sec
mass of the sun M, 1.989 10°° gn
magnitude of the am Yot 72
radius of the sun R, 6.95% 10*° cu

time conversion factor 3,155693 107 sec/year
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w B2

small R . large
nass internediate mass mass
m/M@ 0.33 1.0 10 200
R/RG 0.05 0.2 0,8 h
/2 4 300 10° 107
Mol 3 -2 -8 -12
Log T _ b6 h.8 5.0 5.2
log T, 8.02 8.12 8.27 8.37
tog p, 5 L 3 2
qf 0.3 0.3 0.7 0.97
3 4og L 7 3 2 1.2
adogu

Table 1. Order of magnitude of wvarious quantities for
homogeneous helium stars, The nobtation of the
first seven rows is explained in Appendix Dj
e represents the mass fraction in the convec-

240gLl i the slope of the

ddog M
mass—-1uminogiby relation,

tive core, and




- 83 -

log P

Log p

r/R M/m L/z log T "
1.0000 1.00000 1.0000 L,9731  6.3611 =-6.b1g L L8s
0.9988 1.00000 1.0000 5,182  7,0687 -5.9089 L. 743
0.9969 1,00000 1.0000 s.ighe 7.7778 =5.3762  L.,507
0.99l2 1.00000 1.0000 5.h830  8.1883 -L.B176  3.2W7
0.9870 1.00000 1,0000 5.7107  9.698Lh -3.8192  1.h87
0.977T 1.00000 1.0000 5.9386 10,7717 =2.9689 1.072
0.9639 1.,00000 1.0000 6.1368 11.6733 =2.2632 0,975
0.9433 1,00000 11,0000 6,3388 12,5861 =~1.5506  0.775
0.90%1 0.9999 1.0000 6.58L47 13.6582 =-0,7233  0.573
0.8563 0,99969 1.0000 6.7769 1h.5825  0.0103  0.h22
0.7856 0,99789 1.,0000 6.9993 15.5363 o.llasz 0.358
0.6922 0.9879k 1.,0000 7.2238 16.4710  1.4536  0.350
0.5793 0,94500 1.c000 7.1365 17.3709  2.137h  0.320
o.lnéh  0.73905 1.0000 7.7051 18.h362  2.9297 0.2l
0.3207 0.50000 1,0000 7,882 18,9520  3.2992 0.2k
0.2669 0.34581 1.0000 7.9258 19,1887  3.h568  0.222
0.2387 0.268Lh  1.0000 7.9 19,2950  3,5237 0,210
0.2370 0.2639% 1.,0000 7.9668 19,3010  3.527h
0.2353 0,25963 11,0000 7.969L 19,3068  3,5310 =0,209
0.1665 0.10816 0.9963 8,0l6k 19,509k  3,6550 =0.190
o.110lh  o.03k87  0.8681 B8.0889 19.6219  3.72 - 0,182
0.0735 0,01065 0,5136 8.1073 19.6707  3.754L ~0,178
0,039k 0.00068 0.12h9 8,1177 19.6984  3,77i2 =0.176
0.,0199 0.,00022 0,0086 8.1209 19,7067 3.7763 =0.175
0.0068 0,00001 0,0008 8,1218 19,7092  3.7779 =0.175
0.0000 0,00000 0,0000 8,1219 19.7095  3.7781 =0.175
Takle 2. Values of interior quantities for the homogensous

helium star model at one solar mass.

The region
of the convective core iz indicated by prefixing
a minus sign to the value of the opacity, and the
core boundary is indicated by a single row,
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Table 5,

Summary of the evolution of a helium star at one solar mass.
In the first three columms are listed model numbers, evolu=-
tionary times, and events in the life of the star as obtained
from the present investigationj enitries in parentheses refer
to the models which use a reduced rate for the reaction
Clz(u,y)dlé (cf. Section III-3). The last three columns
indicate various developments which occur between the models
specified gt the leflt,

Table 6.

The evolution of a helium star at one sclar mass, Values of
various quantities are presented for selected models of the
evoluticnary sequence; each row represents one medel. The
sixth and seventh columns present in solar units respectively
the mass and radius of 2 point having a helium content halfway
between the central and surface values; early in the evolution
this corresponds to the edge of the convective core, whereas
later in the evolution it corresponds to the center of the
shell source.
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Figure 1.

Structure of the homogeneous helium star
model at one solar mass. The abscissa
represents the interior mass fraction, and
the ordinate represents oneof the quantities
with which the four lines are labelled. The
convective core extends to a mass fraction
of 0,26k,
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Figure 2.

Loci of models in the (Mbol’ Log Te) plane.
The solid line represents the homogeneous
helium star models of the present study,
and the dashed line represents the normal
dwarf (hydrogen star) main sequence, taken
from Allen (1963).
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Figure 3,

The mass luminosity relation for the homogeneous helium star
models of the present study (solid line) and for the normal
dwarf main sequence (dashed line; values taken from Allen (1963)).

Figure 4, (Drawing on page 98).

Muclear abundances in the evolution of a helium star at one
solar mass, The abscissa represents time and the ordinate
represents the fraction by mass of the various species.
Subscripts ¢ indicate values at the center of the star and
subscripts av indicate the average composition of the star.
Until a time of 12.2X 106 years the central values apply to
the entire convective core (mass fraction 0,.267); thereafter
they are consbant with time, WNot all of the average compo-
sition curves are shown in the early evolutionary stages.
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Figure 5. ' 6 ‘(_)/z
Structure of model mumber 8 in the evolu=- logiT 1
tionary sequence at one solar mass, at a R p _/
0g

time of 9.hx106 years; cf. Figure 1. The
discontinuity in log p ocours at the edge
of the convective core, at mass fraction 0,267,
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Figure 6. 6.0

Structure of model number 26 in the evolu- ]
tionary sequence at one solar mass, ab a log p —f
time of 12.3 .'xlO6 vearsy cf, Figure 1, The

shell source at the former convective core

boundary is distinguished by a discontinuity

in fogp and by a sharp rise in the luminosity.
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Figure 7.
Structure of model mmber U3 in the evolu-
tionary sequence at one solar mass, at a

time of 15.14:&106 years; cf., Figure 1. The
shell source has moved out to a mass fraction

of 0,lsk,
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Figure 8. E’g‘
 Structure of model mumber 69 in the evolu- | P
tionary sedquence at one solar mass, at a
time of 16.71c106 years; of, Figure 1.
The shell source has moved out to a mass

fraction of 0.701.
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 Figure 13. (Caption on page 109).
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Figure 1k, (Caption on page 109).
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Figure 13.

Loci of helium sbtar models in the (Mbol’ {og Te) plane,
The dashed line represents the main sequence of homo-
geneous helium star models. The solid lines represent
the tracks of evolving helium star models, for which
the large numbers indicate the model masses (0.5, 1.0,
and 6,0) in solar units and the small numbers indicate
evolutionary times (beyond the main sequence position)
in millions of years,

Figure 1k,
The (Mpg, log T e) plane. The various labelled entries
are as follows:

H  The normal dwarf (hydrogen star) main segquence,
including the sun (®).

He The helium star models of the present study,
including the main sequence and three evolutionary
tracks; the effect of a hydrogen-rich shell on the
model ab 10 M@ is indicabed by a dashed arrow.

M5 Ilocus of normal points for the globular cluster Mo,

WPN The region of the muclei of planetary nebulae, for
which the dots indicate individual stars.

WD ILine of the white dwarf stars.

WR Region somewhere within which the Wolf-Rayet stars
may be located.

The sources of data for these entries are noted in the
text of Section IV-2,
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Figure 15.

(Caption on page 111).
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Figurs 15.

Elamente of the mabrix f:.

Part i, Upper left corner (surface).
Part ii, Lower right corner (cemter).

The colunms correspond to the unknown elements of the
vector X (ef, form B36); the rows correspond to the
several equations of the system B38, as indicated (here
JAY is shortened to J). An entry a indicates a non~-zero
element and a blank indicates a zero element; those along
the diagonal are connected by a dashed line,



