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Our revels are now ended...These our actors,
As I foretold you, were all spirits, and
Are melted into air, into thin air,
And, like the baseless fabric of this vision,
The cloud-capped towers, the gorgeous palaces,
The solemn temples, the great globe itself,
Yea, all which it inherit, shall dissolve,
And, like this insubstantial pageant faded,
Leave not a rack behind: we are such stuff
As dreams are made on; and our little life

Is rounded with a sleep...

William Shakespeare
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Abstract :

In this thesis we prove that a Borel set which contains spheres centered
at all points of a Borel set of Hausdorff dimension greater than 1 must
have positive Lebesgue measure, and, using the same method, we re-
derive a special case of Stein’s spherical means maximal inequality. We
also prove the corresponding result for circles, provided that the set of

centers has Hausdorff dimension greater than 3/2.
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INTRODUCTION L

Introduction

By the term packing problem we usually refer to the following type of
question: given a collection of geometric objects in a Euclidean space is
it possible to find a set of Lebesgue measure zero containing a translate,
or a congruent copy of dilates of every object in the collection?

The beginning of the study of packing problems can be traced to
Besicovitch who, as early as 1919, solved the ”Kakeya problem” by
constructing a compact set of plane measure zero containing a line
segment in every direction. The monograph by Falconer [5] contains
a fairly extensive account of the history of the subject, as well as its
applications to other areas of mathematics.

In this thesis we are concerned with the problem of investigating
the relation between the measure of the union of a set of spheres or
circles and the metric properties of the set of their centers.

To begin with, a partial answer to the above question comes from

the work of Stein [14] on the spherical means maximal operator.
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For f € C.(R?), define

Mf(z) = sup f(@ —ry)do(y)

1<r<2 J gd-1
where S% 1 is the (d — 1)-dimensional sphere and do is surface measure.

Then we have the following:

THEOREM 0.1. Suppose thatd > 3, p > ﬁi_l Then there exists a

constant C > 0 that depends only on d and p such that

IMfllp < Cllfll,

for all f € C.(RY).
Using this result one can easily prove the following:

THEOREM 0.2. Let F C R* d > 3, be a set of positive Lebesque
measure. If E C R? is a set which contains spheres centered at all

points of F', then E has positive Lebesque measure.

The two-dimensional case was settled by Bourgain [2], who proved
that the conclusion of the above theorem still holds if d = 2, and,

independently, by Marstrand [9], who used purely geometric methods.

THEOREM 0.3. Let ' C R? be a set of positive Lebesque measure.
If E C R? is a set that contains circles centered at all points of F, then

E has positive plane measure.
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This should be contrasted with a construction due to Talagrand

[15].

THEOREM 0.4. There is a set of plane measure zero containing for

each © on a given straight line, a circle centered at x.

It is, therefore, natural to ask whether one can weaken the condition
that the set F' in the above theorems should be of postive measure. The

main results in this thesis are the following:

THEOREM 1. Let F C R% d > 3, be a Borel set of Hausdorff
dimension s,s > 1. If E C R?% is a Borel set that contains spheres

centered at each point of F', then E has positive Lebesgue measure.

THEOREM 2. Let F C R? be a Borel set of Hausdorff dimension
s,s > 3/2. If E C R? is a Borel set that contains circles centered at

each point of F', then E has positive Lebesque measure.

The thesis is organized as follows:
In Chapter 1 we state some geometric lemmas needed later on, in Chap-
ter 2 we prove Theorem 1 and construct a counterexample related to
it, in Chapter 3 we prove Theorem 2, and finally, in Chapter 4, we dis-

cuss the possibility of weakening the condition s > 3/2 in Theorem 2.



INTRODUCTION 4

Throughout this thesis, a < b means a < Ab for some absolute con-

~

stant A, and similarly with a 2 b and a ~ b. We will denote Lebesgue

measure by | - |.
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CHAPTER 1

Background

We start with some notation:

B(z,r) is the open disk (or ball) with center x and radius r.

C(x,r) is the circle (or sphere) with center = and radius .

C®(x,r) is the -neighborhood of the circle (or sphere) C(x,7), i.e., the
set {fyeRY:r—6<|z—vy|<r+6}

If C(z,r) and C(y, s) are circles, then define

d((2,y),(r,s)) = |z —y[ + [r = s|

A((w,9), (r;8)) = [lz =yl = [r = sl|

Note that A = 0 if and only if the circles are internally tangent, that
is, they are tangent and one is contained in the bounded component
of the complement of the other. In what follows, we assume that the
centers of all circles (or spheres) in question are contained in the disk
B(0,1/4) and that their radii are in the interval [1/2,2].

The following lemma gives estimates on the size of the intersection
of two annuli in terms of their relative position and their degree of

tangency. The reader is referred to Wolff [17] for a proof.



1. BACKGROUND 6

LEMMA 1.1. Suppose thatr # s, 0 < § < 1. Then there exists an

absolute constant Ag such that:

1. C%(x,r)NC%(y, s) is contained in a §-neighborhood of arc length

< Ao,/ imé;ji& centered at the point x — 1 - sgn(r — s) =4

2. The area of intersection satisfies

62

|C (m,r)ﬂC <y,8)|§AO\/(5+A)(5—I—d)

Furthermore we have the higher dimensional analogue whose proof

we omit.

LEMMA 1.2. Suppose that C°(z,1), C%(y, s) are spheres in RY, d >

3, such thatr # s. Then for 0 < <1

62

S(x 8 < —

The following lemma is essentially Marstrand’s three circle lemma
[9]. It is a quantitative version of the following fact known as the circles
of Apollonius:

Given three circles which are not internally tangent at a single point,
there are at most two other circles that are internally tangent to the

given ones.
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FiGURE 1. The circles of Apollonius.
LEMMA 1.3. There exists a constant Ay such that if €,t, X € (0,1)
satisfy A > Alﬂ then for three fized circles C(x4,1;),1 = 1,2,3 and

for 6 < e the set

{(z,7) € RZx R : A((z,7), (z5,7:)) < € ¥4,
d((x,7), (z;,7:)) > t Vi,
Co(x,7) N C¥(xs,1;) # 0 Vi,
dist(C®(x,7) N C® (i, 13), C4(x,7) N C¥(x;,75)) = A

Vi, j i # 5}
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is contained in the union of two ellipsoids in R3 each of diameter < 5.

A proof of the preceding result can be found in Wolff [17].
We conclude this chapter with some facts from Geometric Measure
Theory. We refer the reader to Falconer [5] for definitions, proofs and

details. In what follows, H*® denotes s-dimensional Hausdorff measure.

THEOREM 1.1. Let E be a Borel set in R% and let s > 0. As-
sume that H*(E) > 0. Then there exists a nontrivial finite measure p

supported on E such that u(B(x,r)) < r° for x € R™ and r > 0.

If E is an s-set, i.e.,, 0 < H*(E) < 00, then a point = € E is called
regular if the upper and the lower densities at = are equal to one;
otherwise x is called irregular. An s-set E is said to be irregular if H?*-
almost all of its points are irregular. Irregular 1-sets are characterized

by the following:

THEOREM 1.2. A 1-set in R? is irreqular if and only if it has pro-

jections of linear Lebesgue measure zero in two distinct directions.

In fact, one can say much more.

THEOREM 1.3. Let E be an irregular 1-set in R%. Then projs(E)

has linear Lebesque measure zero for almost all 6 € [0,7), where projy
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denotes orthogonal projection from R? onto the line through the origin

making angle 6 with some fized axis.
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CHAPTER 2

The higher dimensional case

In this chapter we assume that d > 3.

For f : R* —» R, § > 0 small, we define Ms : B(0,1/4) — R by

M;sf(x) = sup L

1/2<r<2 |C%(%,7)| Jos(zm)

|f(y)|dy

Theorem 1 will be a consequence of the following L? — L? maximal

inequality:

PROPOSITION 2.1. Let F C B(0,1/4) be a compact set in R? such
that there exist s > 1 and a finite measure p supported on F with
w(B(z,7)) < 7r° forz € R* and r > 0. Then there exists a constant A

that depends only on s such that
1/2
2
([ MssPan) < il
for small 6 >0 and all f.

In order to prove Proposition 2.1 we need the following weighted

version of Schur’s Lemma.:
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LEMMA 2.1. Let (S, ) be a measure space, and let C > 0. Suppose
K is a measurable kernel on. S x S and w is a measurable function on

S such that
/IKTy y)|du(y) < Clw(z)| Vx € S
[ 1K@ pul)dus) < Cluw) vy € 3

Then for f € L?(S) the function Tf defined by

/K x,y)f(y)du(y)
is well defined almost everywhere, is in L?(S), and satisfies | T f|l2 <
Clifl2-
PROOF. Let

1= [ 1K) 0)lduts)

Then by Holder’s inequality

1= [ 1K@ o) 2K, ><y>|1/2%du<y>

< ([ esmonns) (] o)

< Gty ( / Kl )

Therefore

/(/ | K (z,9) f (y)ldp(y )> dp(x)



2. THE HIGHER DIMENSIONAL CASE 12

~¢ [ui (/ K@), ||f<y>|2dn<y>>du<m>
~c [ 1w (/ Ko pu(o)ldute) ) ()

<c [S £ @) Pdu(y).

O

PROOF OF PROPOSITION 2.1. Decompose R? into disjoint cubes

{Q;} of the form

[lﬁ%,(kl + 1)%) % ve O {kd

where ky,...,kq € Z. Then

/F (Msf (@) dps(z) = 3 / (Mo f()) dp()

Note that if z,y € Q; then

M f(z) S Masf(y)

Therefore, if x; is the center of the cube @); and if we let a; = p(Q;)

then

[ M @) duta) $ Y 0y (Mas ) ®

J

Since |C%(z,7)| ~ §, we can choose r; € [1/2,2] such that

1
M25f(T]) ~ 6 C25( ' ) f(y)dy
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It follows that

) 2
Z(]](M26f ;)) 5—; </c2«s(xj,rj)f(y)dy> (2)

J

By duality, there exists {b;} with 37, b% = 1 such that

2

1

=5 < / <f W)Y bjay/ QXC%(mj,rj)(y)) dy)
¥

1 2

.(5_ if”?/ <Z XC%(T i )(Z/)) dy

1 2 1/2 1/2
— @Hf”z Zbibjai a; Xc%(m,;,r,;)mc%(xj,rj)(y) dy

.3

||f||2 Zb bja;"*a;*|C% (i, r;) N C¥ (x5, 75)|

1
< bbioa 1/2 '1/2
I8 b 3

where the last inequality follows from Lemma 1.2. Now let

1/2 1/2
a-/a-/

K i i — 1 ’]
1/2

wii) = &
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Then, by Holder’s inequality,

Z biba 1/2 2L/ 1
4N T =+ 6
1/2

1/2 (]1/2(]1/2 ’
, T Y
“(29) (B

7

- ()

illez
For each 4,5 let Z; ; € Q; be such that

1 , 1
=M
|Tij =2l + 6 aeq v — x5 +6

Then for all 7 we have

27:: K(t, j)w(i) = w(j) Z m
w(j) Z |.”Z’7:,j = ;'J\ +6

0¥ [ T
- () [

|T—-Tj|+6

< Cuw(j)

where the last inequality follows from the fact that a measure satisfying
the condition in the statement of Theorem 1 has uniformly bounded

potential (see [5]).
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By symmetry

> K@, j)w(j) S Cwli), Vi

J

Hence, by Lemma 2.1, we have

%

1/2
Y uKGG)) | Sc> ) =cC (5)
(5 ) | 50 (58)

It follows from 1, 2, 3, 4, and 5 that

/F (Msf(2)du(z) < AllfI2

where A depends only on the measure of ' and on s. O

Note that if we let

Af@)= swp [ \f(o—t)ldo(u), £ € C(RY

1/2<t<2

then, using Fatou’s Lemma, we obtain the é-free version of Proposi-

tion 2.1 as follows:

p
Jas@rana) = [swswit (i . Wy ) dite)
) 1 &
< sup inf / sup <|—m o |f (y)ldy> dpi()
< [Msf@yauto

S 1B
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PROOF OF THEOREM 1. We may assume that F' C B(0, ;). Sup-
pose that |E|=0 and choose ¢ so that 1 < ¢ < s. Then there exist a
compact set Fy C E, a compact set F; C F with HY(F;) > 0, and
a positive number 7, such that, for each x € F}, there is a sphere
centered at x with radius r(z) € (r,2r) which intersects E; in set of
surface measure at least r4~1(x). Without loss of generality we may

assume that » = 1. It follows that for all x € F}
M&XEf ()21

where E? is the §-neighborhood of the set E;.
By Theorem 1.1, there exists a nontrivial finite measure p supported
on F; such that u(B(z,7)) < 7, for x € R? r > 0. Therefore, by

Proposition 2.1, we have

u(Fy) < / (Maxps(2))?da(z) S | Y
Py

The right-hand side of the above inequality tends to zero as § — 0, so

we get a contradiction. O

We will show that we cannot drop the condition s > 1 in Theorem 1.

PROPOSITION 2.2. There exists a set of d-dimensional Lebesgue

measure zero containing for each x € [0,1] x {0} x --- x {0}, a sphere

|
centered at x.
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PRrROOF. The idea, which goes back to Davies [4], is to parametrize
the set of radii using a suitable irregular 1-set.

Divide the unit square [0,1] x [0, 1] C R? into 16 disjoint squares of
side 1/4. Let Sg ;) 1 <4,j < 4 be those squares (indexed from bottom

to top, left to right). Let

Ey = S1,2) US4 U Sy USus)

Apply the same procedure to each of Sy 9), S(1,4), Sa1), Sa3), and let
FE5 be the union of the new squares. Continuing in the same manner we
obtain a decreasing sequence of compact sets {E,}. Let E = (2, Ep.

Then F is a 1-set such that

projo(E) = [0,1], [projx/2(E)| = 0, [projx/a(E)| =0

where |-| is linear Lebesgue measure, and projg, projr/2, projr/4 denote,
respectively, orthogonal projection onto the z-axis, the y-axis, and the
line through the origin making angle 7/4 with the z-axis. It follows

from Theorem 1.2 that E is irregular.

Let
A= U {(%1,. - 2d) s (T1— @) + 22+ - + 22 = a® + b}

= U {(T17>T(1)T3:2(1’[}1+b—’r%—_.T?J_l}
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F1GURE 2. Construction of the parameter set E.

Since projo(E) = [0, 1], A contains a sphere centered at each point of
{(a,0,...,0):a€[0,1]}.

Fix s1,...,84-1. Then

Aﬁ{(.’[)l,.‘.,md)l.’lfl = 81, L2 = 89y 54+ s Ld—1 :Sd—l}
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= {s1} x {sa} x -+ x {sa-1} x B

where
B={zq:2%=2as;+b—5%—s2—...— 5% ,, (a,b) € E}

B has measure zero if and only if {2as; + b : (a,b) € E} has measure
zero. But L£'({2as; + b : (a,b) € E}) = 0 for almost all s; € R
by Theorem 1.3. Therefore, by Fubini, A has d-dimensional measure

Zero. |

It is interesting to note that using Proposition 2.1, we obtain a
geometric proof of the following special case of the spherical means

maximal theorem in R%:
COROLLARY 2.1. There exists an absolute constant C' such that

IMsfllr2@ey < || fll2

for small 6 > 0 and all f.

PROOF. Decompose R? into disjoint cubes {Q;} of diameter 1/2.

Then by Proposition 2.1, we have that for all j

|| (Mes@)ran < 1513
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For each j let
I(j) = {k : dist(Q,, Q&) < 3}

Then there exists an integer N such that

card(I(j)) < N Vjy

ZXI ) < N Vk

Also, for each k let fr = fxq,, so that

F=> 1
k

Note that if & ¢ I(j) then xq,Msfir = 0. It follows that

[ (Msfa)as
-y (s @)

SZ/(;M&J%(.@)) d
= M fr(x) M fi(x)dx
Z;/Q fel@) Ms fu()d

1/2
<Z Z <Q (M fr(z))? T) </ (Msfi(x ))Qdm>

J klel(j)

<0  fellall Al

J kJIEI()

<N S A

J kel(j)

1/2

20
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=NY > xipn® 3
E
SO
k

= N?|I£113

21
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CHAPTER 3

The two-dimensional case

Before we proceed with the proof of Theorem 2, it might be instructive
to discuss briefly the underlying ideas. It turns out that the two-
dimensional problem can be reduced to estimating the measure of a
family of thin annuli. By Lemma 1.1, the measure of the intersec-
tion of two annuli is large when the corresponding circles are internally
tangent. It is, therefore, essential that we be able to control the to-
tal number of such tangencies. To this end, we employ Marstrand’s
three circle lemma together with a suitable counting argument. This
approach was first used in Kolasa and Wolff [8], and, subsequently, by
Schlag [10], [11], [12]. We should, however, mention that, in contrast
with the afforementioned authors, we do not make any cardinality es-
timates since these are not particularly useful in the case of general
Hausdorff measures.

The motivation for the combinatorial part of the proof is the fol-

lowing observation (see [6] for more details):
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FIGURE 3. Tangential and transversal intersection of

two annuli.

ProOPOSITION 3.1. Let {Cj};.vzl be a family of distinct circles such

that no three are tangent at a single point. Then
card({(¢,§) : C; || Cs}) S N°
where C; || C; means that C; and C; are internally tangent.
PROOF. Let Q = {(4, 51, J2,73) : C; || Cj,., k=1,2,3}.

Fix j1, J2, j3. Then, by the circles of Apollonius, there are at most two

choices for j. Therefore,

card(Q) < 2N(N — 1)(N —2) < 2N3
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On the other hand, if we let n(i) = card({j : C; || C;}), then

Q U {Z} { jl>]2’]3) Ci H Cjk,’ k= 172a3})

Hence
N
card(Q z 1)(n(i) —2)

=1

v

It follows that

card({(s,7) : Ci || C;}) Zn

N
:Z ) —2)+2N

N 1/3

< <Z(n(i) - 2)3> N*3 42N
=1

< (card(Q))Y3N?3 + 2N

S (2N3)1/3N2/3 s IN

< N5/3

a

The proof of Theorem 2 will be a quantitative version of Proposi-
tion 3.1, with Lemma 1.3 playing the role of the restriction imposed by

the circles of Apollonius.
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PROOF OF THEOREM 2. We may assume that F C B(0, ;). Sup-
pose that |E| = 0 and choose s; so that 3/2 < s; < s. Then there
exist a compact set By C E, a compact set F; C F with H**(F;) > 0
and a positive number r, such that, for each x € Fj, there is a circle
centered at x with radius r(z) € (r,2r) which intersects F; in a set of
angle measure at least 7. Without loss of generality we may assume
that v = 1.

By Theorem 1.1, there exists a nontrivial finite measure y supported
on F} such that u(B(z,r)) < r®, for x € R? r > 0.

Let {z;}ic; be a maximal d-separated set of points in Fj, and let

a; = ju(B(x;,6)). Choose r; > 0 such that
1
1C%(zi,m) N EY| > §|Cﬁ(-’17ia""i)| (6)

where E? is the §-neighborhood of Ej.
Let x be the infimum of those A > 0 such that there exists J C I

satisfying

and for all j € J

il
HT € CO(xj,m) NES ) GiXcs (i (&) < /\H > Zlcé(-?’jﬂ”jﬂ
i€l
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Choose N large enough so that

and

NZ—N <281+1
N2—-N -2 3

Let C5 > 1 be a large constant to be determined later on.

Define (3 : [6,1] x [6,1] — R by

t"},f(si“:/Q) C_%m’ lf t2513+1 < 02%6
d7A V2 2
B(t,€) =
1/N L. 2s1+1 2_1.\’_._

D ift7s > Cy" e

Then, for small §, # has the following properties:
" (l/N
Blt.€) 2 Cay 3 = Bt ) = sy

1—1/2)

€ t30 -3 Ns
5(7L, G) < Oy ? = /B(f, 6) = TCQ

> B(82k,82") < M
§2k<1
52!<1
where M is a constant that depends only on N and on s;.

Define for all 4,5 € I and t,e € [6, 1]

Ay = maz{§, ||z — x| — |ri — 1y}

Sre(d) = {i € I : CO(xi, i) N CO(zj,my) # 0, ¢ < | — x5 < 28,

ESA,,;]' §26}

26
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: 1 K
At,e(j) = {’I} € Cé(’L‘],T]) . Z G,iXCé(mi7ri)(.’E) Z Mﬂ(t7€>§}

1€5t,¢(5)

CLAIM 3.1. There ezist t, e € [6,1] and a set of indices J such that

. 1 .=
|Ate(J)| > Z—B(t,e)lcé(xj,m)l, vied
and
a5 2 sl (R
T = oMY
jeJ
PROOF. Let

Jy = {j el: |{T S C‘s(fljj,rj) B Z(I,,:ch(mi,n)(fl?) < g}'

el

>

|C°(x, Tj)|}

Ny

By the minimality of x, we have
1
Z < 5;1/(F1)
Jj€Jo
Therefore, if J’ is the complement of .Jy, then
1
> a; 2 Zu(F) (10)
jeJ’
and for all j € J'

5 . K 1
HO&(%‘,TJ) NnE;: Zﬂlch‘i(zi,n)(m) < 5}‘ < Z|C6(-’I7j>7“j)|

el
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Hence, using 6 we obtain

K

{ %@y r) N B Y axoseuny(@) > 3 J| 2 210, m))
i€l

For each j € J' let

Bj = {T € Cé(mj’rj) N Ef . Zaixcs(mi,”)(m) > g}

el

Then for all j € J'

B; C UA52k,621 (7)
kL

28

(11)

Indeed, suppose there existed j € J', x € B, such that for all &, with

62%,62' <1 we had = & Agyr s2:(j). Then, by 9

Z ;X (x; r,) Z Z a‘iXC"‘(mi,ri)(m)

i€l k\l i€Sgok 501 (5)
g -5 Z 382, 621
M 2

< —, contradicting 12.

o=

It follows that for all j € J’ there exist k, [ such that

. 1
IA52’°,621 (])l > Wﬁ(62k762l)|cé(mjarj)l

(13)

In fact, if this were not the case, we would have that for some j € J’

|Bj| < ’Uk,l Aszk,w(j)‘

< Z | Asar 62 (7))
ol
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105 (z5,m)] ) _ B(62%, 62%)

k1l

_4M

1
< Z|C"5(xj,frj)|, which contradicts 11.

Finally, let

R : 1
T D) = {5 € I+ s sn ()] = 862", 820 ()1}

Then, by 13

=|JJ(k,1)
k|l

We claim that there exist t = §2% ¢ = §2! such that

1
Z a; > Wﬁ(tﬁ)ﬂ(ﬂ)
jeJ(k,l)
If not, then we would have
PILED DD DR

jeJ’ ko jeJ(k,1)

1 k l
%3 M/L(Fl);ﬁ(& ,62")

1
L §M(F1)’ contradicting 10.

Fix t,e € [6, 1] as above. Then there are two cases:
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Case 1: ((t,e) > C’g\/E

f

It follows from the definition of s that there exists a set of indices J C [

such that

1
> a;> §M(F1)

JjeJ
and
1
HT € C%(z;,r;) NEY : ZaiXC5(mi,ri)(m) < 2/@}‘ > Z|C"5(.’Itj,rj)|
i€l
for all 7 € J.

Let,

Q = {(4,51,72,J3) : § € J, j1, 72,73 € J, 71,72, J3 € St.e(d)

Bt €)
CiM

dist(C%(z;,5) N C¥ (), 75,), C¥(m5,7;) N CO(wj,,75)) >

Vi, 1k # 1}

where C; > 1 is a constant to be determined before CS.

Further, define the following sets of indices:

Ql == {(j17j27j3) : 3.7 such that (jaj17j27j3) € Q}

Q2 = {j1 : 32, js such that (ji, ja, js) € Q1}
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For j; € Q3 let

Q(j1) = {J2 : 375 such that (j1,J2,73) € @1}
= {73 : 3j2 such that (j1,j2,73) € Q1}

Let

R= E : QA Qjy g

(4,41,J2,93)€Q

Note that if Cs is large enough, then

B(t,€) Cy e €
% & % i
ot = e\t 23

where A; is the constant in Lemma 1.3. It follows that if (j1, j2, J3) € @1

then the set {z; : (J, j1,J2,73) € @} is contained in the union of two

ellipsoids of diameter < . Hence

€
F2(t,€)

€ B
R3S < B2(t 6)> Z U ey e

(J1,J2,33)€Q1

Furthermore, if j; € Q2 and js € Q(j1) then there exists j such that

J1,J2 € Ste(j). Therefore,
|25, — 23| < |24, — 4] + |25 — 55| < 42

It follows that for fixed j; € Q2 the set {z;, : jo € Q(j1)} is contained

in a disk with center z; and radius 4¢. Hence

Z Aj, S 7

J2€Q(51)
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Therefore,
R ’S <ﬂ2 > Ajy Ay Ajg
(41,72,3 €Q1
2
<(mig) Zoa| T on
1€Q2 J2€Q(j1)

S < > fsl (14)

Now fix j € J.

CLAIM 3.2. There are three subsets Dy, Dy, D3 of As () such that

26(t, €)

dist(Dy, D;) >
75( ks l)_ C.M

CVE kA1

and

|Dx| 2 6B(t,€), Vk
provided that Cy is large enough.
ProOOF. We use complex notation. If 0 < 0 < 0y < 27 let
Goyo, = Are(§) N {zj + e € C¥(xj,r;) : 61 < 0 < 0y}

Then there exist 0 = 6; < - -+ < ; = 27 such that

[ A (4)]
6

|Goy 41| = s = LB

Let

Dk = GGQk_l,Hgk’ k; = 13 273
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Note that for all [

Bt e i
2(4—]\4)|C&($jarj)| < ‘G9u9z+1| S dlam(GG”el“)&

Therefore,
diam(Ggthl) 2 ﬁ(t E)
It follows that if we choose C large enough, then we have

26(t, €)

dist(Dy, D;) > ——~
1b(k, l)_ C.M '

and |Dk| Z B(ta 6)6

For each k let
Sk ={i € Ste(g) : D N C"S(mi,r,;) # 0}
Then

kB3 (t,€)6 < é—(fﬁfdm

Dy 2

<Y @D N CO(wi, 1)

1€Sk

< Y ailC(ay,m5) N O (i, mi)|

1€SK
52
S e
1E€SK \/E

where the last inequality follows from Lemma 1.1. Therefore,

Z a; 2> %KﬂQ(t, €)V'te

1€ Dy,
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By Lemma 1.1, if i € S;((j) then

t
diam(C°(z;,75) N CO (i, 7)) < A\/g = %’6)
A 2

Therefore, iy € Sk, 12 € S, k # | implies that

26(t,¢)

M
2AB(t, )
A

Bt €)
CiM

diSt(C(S(mil’ril) N Cﬁ(xj) Tj)) Cé(xim riz) N Cé(mh Tj)) =

=

provided that Cy is sufficiently large. It follows that if 5 € Sk, k =
17273a then (jaj1>j2,j3) = Q Hence

R2) a; ) 4054,

jeJ  J1€S
J2ES2
J3€S3

3
> B(t,€) (%KﬂQ(t, e)\/E>

If we compare the above equation with 14, and then use 7, we obtain

81—3/24281-3/2
Y A S ¥
preiti(t,e)

Case 2: ((t,€) < Cy

S+~ m

)

Fix j € J. Then we have

Bt e)
M

k6B%(t,€) < K |Ate(5)]
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_ / Bl
Ay M

< Z a;|C®(zi,m;) N C°(z5, ;)]

iESt,e (j)

iest,E(j)
where we have used Lemma 1.1 and the definition of A; (7).
Note that the set {x; : i € S;(j)} is contained in a disk of radius

2t. Therefore,

Z a; S T

iESt,,e(j)

It follows that

tsl—l/Q
U A
" YRR e

Using 8, we obtain x < 6. We conclude that, in either case
k<6 (15)

To complete the proof, notice that

1
5/1'(F1) = Z a;

JjeJ

1
= 5 Zajé

jedJ

1
<52 ail{r e Coym) NEL Y aixosuro (@) < 25}

jeJ el

3]
<= ( a’jXC’is(z-r‘)(m))dm
6 {mEEf:ZjGJ ajxcg(mj,rj)(m)g2k{,} Z L

Jjed
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< <kl By

|~

< |EY| (16)

where the last inequality follows from 15.
If we let 6 — O then the right-hand side of 16 tends to zero, which

is a contradiction. O
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CHAPTER 4

Possible improvements

As we discussed at the beginning of Section 3, the proof of Theorem 2
was motivated by a result of combinatorial nature, namely Proposi-
tion 3.1, which asserts that if one is given a family of N circles such
that no three of them are internally tangent at a point, then there is a
bound of the form CN®/3 on the total number of tangencies.

This, however, is far from being sharp. Clarkson, Edelsbrunner,
Guibas, Sharir and Welzl [3] developed a technique which leads to
a bound of the form C.N3/?*¢ Ve > 0, suggesting that it might be
possible to weaken the condition s > 3/2 in Theorem 2. Indeed, Wolff

[16] proved the following L? — L3 maximal inequality:

THEOREM 4.1. For x1 € R, let

1
Msf(z1) = sup
r€l1/2,2] |Cé(, )] C(z,r)
T2E€R

|f]

where x = (x1,3). Then

Ve >0 3Ac : || Msf|Lsmy < Acb™ | I3

Using this, he proved, in the same paper, the following:
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THEOREM 4.2. If a <1 and if E is a set in the plane which con-
tains circles centered at all points of a set with Hausdorff dimension at

least a, then E has Hausdorff dimension at least 1 + .

The preceding result suggests that a set F as in the statement of
Theorem 2 has to be fairly large. In view of this and the analogy
between Proposition 2.1 and the spherical means maximal theorem, it
seems reasonable to make the following conjecture which would imply

that Theorem 2 is true for all s > 1.

CONJECTURE 1. For § > 0 small, f : R? — R, define M; :

B(0,1/4) — R, by

1
Msf(zx)= sup ———
of (@) 1/2<r<2 |Cé(x, )| C8(z,r)

|/ (y)|dy
Let F C B(0,1/4) be a compact set in R? such that there exist s > 1
and a finite measure p supported on F with u(B(z,r)) < ré, for v € R?

andr > 0. Then there exists a constant A that depends only on s, such

that

1/p(s)
( / (Maf(m))”(s)du(m)> < Al flley (15)

Note that in order for the above inequality to hold, it is necessary
that p(s) > 4 — s. To see that, let I =[—1/8,1/8], and let E C I be a

Cantor set of Hausdorff dimension s—1. Then H*~1(ENB(0,8)) ~ &1
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Define

Fs =1 x (EnN B(0,6Y?))

and

Rs=[1— 6,1+ 6] x [-26%2, 267

Notice that

r € Fs = M&XR5(!IT) Z (51/2

Therefore, using 15

1/p(s)
§Y2(H? (F5))V/Pe) < ( / (M5X35)p(s)(m)st(ﬂ?)>
Fys
< lIxrs llpes)

— §3p(s)/2

On the other hand
HE(F5) ~ H*"Y(E N B(0, 6/2)) ~ =D/

Hence
s—1)
5365 < 6%
which is possible only if p(s) > 4 — s.
Now we will present a heuristic argument affording evidence that

the techniques in [3] might be used to prove that Theorem 2 is true

for all s > 1. Assume that E is compact, |E| = 0, and suppose that F’
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satisfies the following regularity condition: There exists a non-trivial
finite measure o supported on F' such that u(B(z,r)) ~ r°, for all
x € F, r > 0. Let {fcj}ﬁ\;l be a maximal é-separated subset of F.

Then N ~ ()", Let {r;}}_; be such that C%(z;,7;) C E°. Define
A={(i,5) : C(=4,7;), C(z;,7;) are tangent}
B ={(i,7) : C(=4,7;), C(z;,7;) intersect at an angle > 7/100}
Now suppose that if 7 # 7 then
either (i,7) € A in which case |C®(xz;, ;) N CO (x5, 7;)| S 6%/

or (i,§) € B in which case |C®(x;,7:) N C®(xj,7;)| < 62

Choose € > 0 such that € > % (1 - %) It follows from the remarks at
the beginning of this chapter that |A| < N3T¢.
By an argument similar to the one used in the proof of Theorem 1,

one shows that

1/2
1S 6B <Z 1CO (s, i) N ca(m]-,rm)

2]
1/2
1
Sés—llEéll/Q Z 53/2+ Z 62+§6
(i,5)€A (i.5)eB

1\ 3/2+ 1\ 2 1 1/2
563_1|E6|1/2 ('5_5> 63/2+ <;S_S> 62+§5

S B2
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Letting 6 — 0, we get a contradiction.

We conclude by presenting an alternate way to attack the two-
dimensional problem (see Schlag[11]).

Let LE(RY) = {f : f = Gaxg, g€ LP(RD}, a €R, p > 1, be
the space of Bessel potentials, with norm ||f|lap = ||9]l,- Here Gq is

the Bessel kernel, i.e., the inverse Fourier transform of the function
Gal(8) = (1 +[¢2) .

The Bessel capacity of a set E C R is defined as
Bay(E) = inf{||f|l5,: f=1on E}

The relation between capacity and Hausdorff dimension is given by the

following result due to Havin and Maz'ya [7]:

THEOREM 4.3. Let E C R be a Borel set. If p> 1, ap < d, then

Bop(E) = 0= H¥P*(E) = 0, for every e > 0.

We refer the reader to the Appendix for a proof of a generalization
of the preceding result.

Furthermore, for f € C°(R?), define

M (z,t) = a f(z —ty)da(y)

where do is arc measure.
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Sogge [13] made the following conjecture regarding the above op-

erator:

CONJECTURE 2. For all € > 0, there exists A, > 0, such that

[Rugd/pX

1/2—¢

®2x(1,2) < Aell fllzame) (18)

for all f € C(R?).

We will show how 18 would imply that the conclusion of Theorem 2
holds for all s > 1. As before, suppose that |E|=0 and choose s; and
0 > 0,s0that 1 <1+ < s; < s. Then there exist a compact set
FE, C E and a compact set Fy; C F with H*'(F}) > 0 such that for each
x € Fy there is a circle centered at z with radius r(z) € (1,2) which
intersects Fj in a set of angle measure at least 7. Let E; = {(z,r(z)) :
x € F1}. Then there exists a sequence { f,} in C°(R?) such that f,, > 1
on Ey and ||f,|lsa — 0 as n — co. Choose ¢ € C2°(R?) such that ¢ = 1

on (1,2) and define

gn(m’ t) = mfn (.’E, tﬁ/’(f)

Then g, > 1 on E;. Hence, by 18

~

Bl/2—6/8,4(E1) < ”gn||4L4

4
1/2—5/8(R3) S ||f"||L4(R2)
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Letting n — oo we obtain Bl/2_5/g74(E1) = 0, and therefore, by Theo-

rem 5.1
HI~W2-8BUHY By = 0 = HI(Ey) = 0 = H(F) =0

contradicting the choice of 6.
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Appendix

Here we prove a generalization of Theorem 4.3.
Let LP1P2(R%M x R%) p; > 1, pp > 1 be the space of all functions

with finite | - ||, p, norm, where
p2/m1 1/p2
oo = ( [, ([, lolonaapran) " do
Rdz ]Rdl
For o > 0, define the space
Lglyp2(Rd1 % Rdz) s {f :f=Ga*g, g€ Lpl,m(Rdl % Rdz)}

with norm Hf”a,pl,pz = ”9“1’1»1’2'

The mixed-norm capacity of E C R? = R% x R% is defined as
Ba,pl,p2(E) = inf{||f| i : f >1on E}

a,p1,pP2

THEOREM. Let E C R?* = R% x R?% pe a Borel set.

If p1 < p2 and dy + dy 22 — pyac > 0 then
Bapyp(E) = 0= HdZMI%%_mME(E) =0, for every e > 0.
If p2 < p1 and dy + dyEl — proc > 0 then

Bopips(E) = 0= HUF 2574 (BY — 0 for every € > 0.
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PrOOF. Without loss of generality we may assume that £ C [0, 1]%.
Let p be a finite measure supported on F, and let u be a non-negative

C function such that v > 1 on E. Then

WE) < / u(a)dp(x)
- / G ¥ D%u(x)dp(z)
= [ Duty) [ Galo — pin(a)iy

p ”u”a,px,szGa * .“'”ql,qz

where ¢, g2 are the conjugate exponents of py, ps respectively, and D*u
is the fractional derivative operator acting on u, defined as the inverse
Fourier transform of the function (1 + |€|2)*/24(€).

For each n > 0 we subdivide R? into disjoint dyadic cubes of side
27" so that each cube of side 27* is split into 2% cubes of side 2~*+1),
If @ is such a dyadic cube then I(Q) denotes its sidelength and @ the
cube with the same center as @) and sidelength 3/(Q).

Let,

lz|>¢, if0<|z| <1,

0, if || > 1.
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It follows from the properties of the Bessel kernel (see, e.g., [1]) that

there exist constants a and A such that
Galz) < AlL(z), 0< |z| < 1

and

Gal) < A=, Jo| > 1

Therefore,

|Ga * ,“”ql,qz

iy oy
T 1
= </ </ (Lo *“(ml’%))qldﬁ) dm)
Rd2 R%
q1 %2 B
1
+ / </ </ e—al(m1,m2)—y|d'u(y)> d.’171> dxo
Rd2 Rdl l(ml,mz)_y|>1

=B+ B

B’ is easy to estimate. By Minkowski’s inequality for integrals, we have

1/q2

92/q1
B' < / / </ e_a'Q1|(m1,-T2)_y|dml> drsy du(y)
Rd R42 R41
{ g q2/q1 1/a2
< u(E) / e‘ﬁ"’”'“'d;@ (/ e—%@1|z1|dm1> < 00
R42 R%1

On the other hand

fa*u(-’ﬁ):/' _dply)

z—y|<1 IT - y|d—a
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-> | P

=0 St cayi<an

<320 (B(r, 277))

n=0

S ), ,(‘g)cﬁa Xq()

Q)<L

00 1/p1
S (Z 2—6])1 (n+1)>
n=0

where ¢ is a positive number.

1/q1

wQ)™
TN ara—ars Xe (@)
B T

Let mp : R% x R% — R be the usual projection my(z1, ) = 5.
Also, let s = dy + d1§—f —pea and t = d; + dQ% — pra.

Suppose that p; < py and that H*"¢(E) > 0 for some € > 0. Then
there exists a nontrivial finite measure p supported on F such that

w(B(x,r)) < r*t€ for all z € RY, r > 0. It follows that

_ 92/q
B = /d (/d (Fo % //,(ml,mg))“dm) dxy
R2%2 R

a2/q
/1 d
= R%2 QZ)< 1(Q)n(d- a+5)I(Q) 1X7Tz(Q)(~772) dxo
1
Q)
<= C .
z(QX); I(Q)Q2(d—a+6)—d1 2 _dy
- 022 sl _2 ) 'u q2 1

)=2—n

oo 2n(q2 (d—a+6)——d1 E% —d3)

S Cu(E) Z on(gz—1)(s+¢) S0

n=0




APPENDIX 48

provided that é has been chosen so that pd < e.
Now suppose that p; < p; and that H'™¢(E) > 0 for some ¢ > 0.
Then, as above, there exists a nontrivial finite measure supported on

E such that p(B(z,r)) < r't for all z € R?, r > 0. It follows that

_ a@2/q1 q1/92
Q)" d
<ol [ | T g @ et o
Q)1

(11

== Cl(g)zl lI1(d a+6) dz—l dy

:szn(tzl(d—a+5)—d2%—d1) Z pl(@)“(é)ql—l

n=0 1(Q)=2—n

[e’e] 2n(q1 (d—a+6)—d2 % —dl)

SC/z,(E)z; SEDa— <%

provided that p;6 < e.
It follows that pu(E) < ||ullap,p,- By assumption, Ba p, p,(E) = 0.

Therefore p(E) = 0 which is a contradiction. O
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