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'fhis 1:iar-01· pPesGnts a mBt'· C.Hl l'or· solvin.~ tho two 

u ___ cnsion11l caLc~dc Clow '.·11•ohlr::n . 'J.'his ntetjrn•i of aoJ ution 

utlllzos the Eilopf1S of ttw alr•:t'oll irrnt.ond of tbe ni rfull 

Vfall!e of this ·st,ep 12 the nurr.~,:rical accurac.; ualne.:: in 

solvL-.; fne tl1c Vi:$lo<.:lty dlstt'ibution ui!'ectl-y , wi taout 

tile dif{'0rc.~tl.atlon reqtth•ed in ot,h1:;r methods . 

An ,~ppllr:1:ltion oi' this method is nm.dG to a t.! . .1:>oe 

bla·:ied uxl•·l J'lo·;; pur:p ustn_; fa standarrl t,ACA 4400 series 

airfoil for Li.tl blade sh'lpes . 
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l I 

velocJ.t-- 'Otc ,, 1 

riurr:::)er• OJ: <11Vl•d.o- 1 t ..... -o i t_li:11 -1:, .- r.:,. ·el<" of 
the -S - pla,1e is d. vidod fot• tbe t rn.,s r·orcintion 
neries ar~Pu~~- d~ion . 

puLp scctlo11 radtu.s except an nol,:ll . 

cuus tant usc-:c. ln d t0r.♦i:,l!10. t lor~ of L,.".: s L:0 part 
in the scrieo ,.ppro:d.t;-ia.tion . 

V;., volocit? cnterir:; l;:1e c1.1_n-::9.de o.r '1lrfoi.ls . 

V 

X 

':j ver·ticr,.] 001·,·onect in t,he 2 - ')1l;!n,_ . 

C =x+l.t1 C1,::Jen..ie r;laUfl o 

V 



oc 

r 

, n ~1,, or attnr:ri o •• V 
or t , al ri•:··oil . 

•it. c~ ,.1r-i ~•n_;l·, meas ;.1•0(J VJ tween t: 1·.: ~ -· - l:i and 
llno of 1::1.e c'n,scn·I0 r1~•,.,, .-, c. ''.) t } .... ,., l.c_-wUn_; 

-:., : ,LS of i;t·n:: G1irfo 1.-ls in t iv! (;a.;ca,1e; • 

cl1•c . ...1.lalion abo ... t nn lirfo i.l in L.1'.- curcvl· •• 

ie ·.n~lfl o: vcl0,·lt,, le&vin.; tho et,ncn.tle 1:.e11stu·•ed 
·,·:u: r;-ofvf'() tC8 to '.', J.L·w c:r-nv,r~ t,~.:_•r>u. ,!, T,Jie 

tr.~I: t:1., c~ ,cs o •• the n1.:r>folls li- LLe: cnscfauo. 

~l. a .,_;le o_ val,H·lt) t'n-LAri:1; t• c e . .1.LH'.,..:c!-· 1 CH~•:.1. ··d 

E 

0 

1 t1, Pcf1.. 1-snco to a 11~1c ~.:.1°a'.T1" 1, ::··o·., ;:; t ,~ 
lf,o.c::tn~ ec ;f,S of tho r .. '. rf'oilri :._ .. 1 V· c co:::eoc:c . 

lnc:icac..es u )ertur>l atio"1 l'v.1ctio·1 i, :,:10 t:r'l'"•S­
t' or. t11, ion . [ .6X (¢ )] 

constm t usrH) h, tr·e t1•p rn ~o-!'", .-,t;'._(, 1 o t'. e ):­
cor·ponent or tb: ca.~co.tle P1"'"otl . 

conBtnrit usor' in t. ,e tr-fr.sf or· .. fat ion of t o x ­
co:1•

1 JO 1ont of tie cu~ud<c: r.t.t:rfoi.1 . 

:: S +.,t1!_ pl1n10 of L1iw 
ts tro.1sfo:l'r:.-0cl . 

lnto 

2 1T' ' = N ~n.:.>uli>.1::.• nector•s lnt.o ,;;Llo1 t, .•J cir·cle in 
,J tvlv.1ft to O"JterMine l.hf, t1·r,"t.i 01•n,r-.,tion nerles 
o.;;; :.: 0 u .. l.r.1ution . 

ho:elzontnl coLpo.u:ut 1!1 the 'S -pl'Hiw . 

n.n,_;ulnr ;.1.ot~1.t.ion for pola1· coordinstt s in the 
':j - plane . 

ci>1_,lo ln i,L,~ ':S - plCi!'1e corrBs ·io ).~ .ln . to thr"! leading 
e -~ .,o or t' ;l"l ulrf oil in U c ~ - pl1-:tne . 

nn:.t;le in the :S - plar1e cor res·,on<l:ln: t.o V·1') trPilin;; 
e(1 .~e of th--: r1 trfoll i:1 tro ~ - µlA.no . 

constant ln the f'llilt rilntc cosca:i"': tr1:1r.1Af'orr. at1.on 
~'c,t&r 1n ~,' ti:y the et1f'l'/Hlo <H·~ensior..s . 

vl 
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-~ e =- "X,. cor.~~ t: __ .. l. .:~ '- r_j_ ·:., _ P-'- 01 _cc X, l'or the 
f :!. rn::.l t r·u .:J,.:o ',· 1.,d,, ion • 

. -,ub:JCripts 

0 to 1: -1. iJ:1cd • to <:c.::; ·: _;na tc tile values of ¢ 
\.L ·~1 -::, ?.e , l:~cl~ ln '.i:e -S -plt,ric ls r1 .:. v ided 
tr1to .... l ~, (.1: -t c . 

O to oo . 
of tl·:1. 

1 to 11.::..J 
2. 

'C::.cd to :.11.:si•_;nat.o t l :c coe'ff' ic)i,~rts 
f;1~r 10. s :,um1·1a. ti on . 

• r,,, ~ to d~sl;.,..t'l to t 11e 
□ urlva ~nprpxi~~~ion~ . 

N-1 
0 to T . 1Jr,:0ll to desir;nnte thA vnluns uorid 

:tn dote ~--r: lnln; t>··e c:o 0 ff' ;_~ i8ntt "o·c •., .e CT<' r1r-.s 
c Pi\}'•oxir:-iation . 

pr•imo ,in<l:!.caLos t, first dE>rlvotivc . 
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11his paper Jr•ese: 1ts a r:,ethod :,.'or nolvln ·; tLc two dirc,on ... 

sional proolef1 mu.st be) considered vih.en Uw alrfoi.ln of' the 

cnscade are so far apart tl 1ai t,:e f'orm o::' the flow cannot be 

du tormlned f::·or,: the direc 'Lio~: and the c ross- n0 rt i.0·1nl e.rco. 

of the pas s a ·;e he t weon the n i rCoils . 'l'his ls t;,e s 1 tua t ion 

that ex is ts in most pu«ps and cocnresaors wbero tl.n ~irroils 

do not have a very apcra ciable overlap . 

s ional f l ow problm.:a . ?his is t:rue if' ,.e 1 cai:tt...- the assv.;r.ptlon 
. 

that t"v: flow p1~oceeds thrcm.~h t. e vane ::,;:; st.om of t.nc r.m p 

along concont rlc c ll.1dr•lcnl surl'ncc .. s . ·Th Ls i ssu ·,1i'.~~lon v,;ill 

not be too f UI' off wl!en t 10 pw::rr is oporati:1.,~ wit:- in tr.0 

vicinit:1 o; lts . bost 0ff'lcior1c.r ;1oin t because LY:e f'J.ov: putter.1 

pie tm·e iB then obtained by unrol l in~ the codcor,trlc c;·J.:i.n-

d:r-ical su.rrace . 

I n m.nk .t ne; a t}.,eore tical nnal • R 1. s of thr:-.: !'low we ean 

consh3er t,l,t~ vano s,11 s terr stationar:v . This c1:;n 1 ~e do··1e due 

s,stem alon~ a constant radius oho1 s Gernoulli's equetion 



'I'1' i$ ·1s -·1r:ptj_m1 doos much to :1im7.)1 tfy tho cal cul& t 1.011s and 

i:,oes not L.nrow t'l8 r0>sul ts v0r·: rur off' a:--i sJ ,ow:-1 h:r 0.xpericnc0 

with otbP-r prooleirs of a s:i::-~i1a1° :1ntur0 . 

T:1.e pu '·P to which tl10 two- d ir·ensional solutio:1 of th.0 

flow nattern was Hp-oliiad ls c l·eer•lfls~ 1O- l'L pr•opcll.or purrip . 

'rLls pump ·pHs used because it \Jill soon be tester] in the 

f4ydror"!;1·narnic s Laborntor:, ut the CalH'or-r:ira Institute of 

'i'tH!Lnolo~:y and will thus offer a .c::cans of c:-:ecldnu the ac­

curuc :J o C tnc me tho,:: . 

l1revlo1.1.t;l-y two l ines of uttnck havo t;een Ei:-i.ploycd for 

t..llo -~one:ral solution of the twc- db10n:1ion~l flo1,; probli=_.:11 for 

tho cascade to L:.c 1:novrn flow 11.round a circle by n :roup of 

eonl'ortiml tr11nsforr:utior.s . 7hc sc•conr: at' enmtH to r10di f y 

the flow about an .lndlvldua.l airfoil by ovnluatln :; 8-n inter­

f.'er-nnce funct.to::1 arl.sln; f'r·m·· t'qo prrsenc0 of tl e other 

airfoils tn thu casca.d,) . 'l1he interference r~otno··' .. ~ trorou~;hlJ 

described in ttc pnp0r of ¼atzoff , ~inn , a~d Lnuronco (1) . 

l\d~n1ntu_~lHl ar·c: claimed for thls m.0ti1od part .icula ""l y in 

~301 vi rq tho lnversc problem, t.::o. t is , f irn~ J.1J,; t~w air'l'oll in 

1:t c~1sca.rJ.c for a _;lvo~1 v•,loclts dl8tribution. 

Ono of t1.1e eurliost papers on a .;:r.otLoci for ~Le exact 

soh,.tlo:1 or fl,~.i prH,t e-n a::."blt,r-,trJ airfoll c:..8-.;:-t~~c is t at 



'i'he diffnr0no~ lies in the t\act t hat two trar.nft>rrat: 4.<,~10 are 

ton nc~r circle . 

Gcl ds·:.,01 11 Hl1'J. Jor:son (7) have roccntl,, worked out a 

.~sncral solution for L,n invorsc enGco.Jc proolem by an 

solut.Lo~ of ;mrt icu.11:u· th.:.·,-! b l ndcj cnsu1d0 p!"'oblexrs . 'l'l·c:.!:'c 

t~vl t vdl 1 not; bo J;1Ern t lone,1 he I'<J . 

i:.'ho min:.or·l cal wo r :: for· the ;2nere,l sol,:tlon of t>e 

caBcado flow 1~ natur2ll1 ;~oat , due to thq fnct thRt tn 



'.\11 of the nboVi; t.:et::od:--i worL clr-cctl/ f10.: tr.r-. 1.,irfoll 

alr:·o:_l , n diff'orentiRtion necotrnar:, i.n the ot}~.or r,ethods 

:s ~li_inatc~ in solv!n; for t~o veloaiL~ tintribut:on . 

no lon~or na. ;ni r· lc(i oy a differen,; ia Lio:1 1ff~d accuro.c sLo:.,.,ld 

tLerc!.'ore be irr.proved , :ie <!ondl, , si!1cc t:::c occur·ac ' has 

·"Jur:ibe .• of' i tern.t.lo 1s involved . 



co::-.ipl tcater·1 two di::-.e-.,siona.l flow po.ttern of a caRcade of 

i"'."::f'lnite a:l.rfoi l s into the flow pnt~·H·n around a"'l in:'inite 

i~ the :ollo~ln0 manner . 

• 

fro:1 t! r: s.::n:r•cr::. in the --S - r->lane as s.:1owri in Pi __ ; . 1 is 

lent to r•ecti l inear flow u:irallel to ~he ""- o.xlL , both tlcms 

be in-; in the po3i t1.ve cU::·ectioD. . Thus , tho 1-esu.l tn-~.t flow 

at tl!El cascade airfoll :ls U:r:· VGctor• sun: of LL;csc t.~-w flow 

veloci i,ion . In tLe Y- dl:cection a poiut Lc.L· wa,,. between 

two consf:;cutlve str·aidlt li;-ws i!: at, in.i'lr!it i1, l,hc """:f-

•'or convon i.ence , lot --..:.s 1.:0.,;o U f"; eirclo one of unit 



,. 
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-"# 
radiuf'I and r•eplace -X., by e thus obtaini1, ·: t1 jQ f'ollo· ,il1,; 

equation: 

(?,) 

The parameter \f" is related to the c~".ord- 6 i:-tp rutio , and 

this relationship is estaolis:1ed in ti.e folloi:;.i.n, cann<S r . 

• .e kno w t~wt at the ed0es of t!10 strai __ ;ht lino airfoils , we 

have 

(3) 

Sin.co -S:: e"' ¢ on tho circle w 1ich tr•ansforr-1s to tte st,,...u i ;ht 

line , WP. cnr Birnplif';/ tLe above equat1()n obtt1lning ( 9) 

ta. n ¢ = (4) 
eZV-- + 

De notln; the two roots by ¢T for tl1e trail.in ., o( ,,e and (A. 

.for tLe l oadint,~ ed _;e o.f' the strai'.;ht line and noting ¢L. = 11'+ ¢r; 

we con obta in the cl:,.o r d lon::;th . , This ls done by· aubsti tu tine.; 

t he, val ues of 1> on t he c ircle for tl c leau.ln:, a.•1d tn,ilir~._:: 

od.~c-,~; of tho stra i ,::;ht line into the cxnres[1io:n. for ~ aul 

tahinu the difference of the. t rn values . In this ::"i t1-r-1or , 

we obtain { 0 ) 

2b = 2d. [sin, tq,,t ,Sint - c.05~ /03 2 si11~ ~ ] (5) 
1T Y2cofJ\z.V,+2cos2~ . fz cosh'Z.Y,i-2C.o!>z~H'0:!J 

Knowin ... ; b, d , 0:11d ~ , Wf; can solve t:1is equatio-i; .for 1f' 

and Ums vm b11 v e deter mtned tr,o relationshlo bet ·;een the 
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Let us introduce the i"'ollowin-., chun ~es in the trans-

for: 1£:l.t ion. First, let t!1e Ghord lcn ;tr of the strt, i _';: t 

co::ms • BJ u s implG trar sln t ior:!., wo obtl'. J.n t::e 

1'ollow1n._; transi'orrna.tion 

( 6) 

T'hl.s makes the trarwror11:ntiov1 of' tl10 caSCfdA of strhi ,ht 

llnes as shown in Fi~ . 2 . If a cur♦ vr-> reprosenti11•~ nq ::llr,-

in place of the strai :;l~t lin,~ airfoil , the trannf'or·r1at1on 

does not ,~o Into a c,ircle , but the variatior1 fr-orr. the e lrcle 

will not be vor: ·,sreat if t:tiici-:ness and carr;bcr n.rc small 

as is ths case in the typical alrf'oil . Iri order to ,-3lir:11n­

atc the varla.tlons in the circle ca.1sod by thic.kt1e!HJ und 

ca1:1bcr, pcrturba tions of tho form 
c,O 

~ 
0 

into a perfect circle . A ncrturba'clon of this t~rpc will 

also cha.n:;e tbe x values a.n well ns the y va1uos of the 

equation . These chan;es are as follows: 

~ [A,, cos (-n ¢) + B?! s i-n (-n ¢~ 
11:: I 

8~ + ~ [e,, cos(l1¢) - An si11(i1¢~ 
1'I -= I 

{7) 



n faetor• E . :ust ·t,o tntroducecl to a c count f'o:r c w1 es in 

AX(~) ·1,i .:ell us a 

C, l!Se ri b; ~ X(</>) • 

in x and y ~ we have 

X = (I+ c) f{¢) + AX(¢)+~ 

lj = Ll ~(¢) 

Thi s will &:; ive . t ho tra!,sforrnatioo RS s h own i n Pi g . 3 . 

At the l eac11n; and trnilin,~ fH.i ~;es of the airfoi l 

~; = (1 t E) -f (¢) + L1X
1
(¢) = 0 

:rbere f 1(¢) = d[f(¢)] and ~x'(¢) -
d.¢ 

Thor·ef'ore 

( I + E.) f (¢) = - LlX(¢) 

( 9 ) 

(10} 

Ynowln;_; ¢-r and ¢'- , € can be df'.terrnlncrj by divicU.n: tho 

witho'.d, tlle perturbat:tons . Thus 



E. -
/ - f (¢r) + f (¢,t.) - ~X(¢r) + .6X(¢t.) 

f(¢T) - f (¢t.) 

/=(I+ E)-f(¢r) t AX(¢r) + b 

, nd ~ = I - (I+ t) f ((1>7 ) + AX(¢,7). 

( 1 l ' --J 

a:-d ¢4 are neccs~rnr' to d0tcr111.no E 1·1hich is a pa.rt of 

o :p..1.at ion 10 . 11his must therefore be done 'rY'f success i vo 

np.)roxi ~,s..t.ions . 1'-'\irst , mako the assumption thot E. =O and 

from equation 11 . Using tr·.e new val'1e of E rode-!':e-r-ritne 

¢r and (A • :lepeat thL cycle until there is no ap~'nrent 

c!lan6o in E or ¢r and ¢L • Onco this is done ~ cnn also 

be deter·mined because ¢r and c a.re no11 ln-10•,m . 

';:h~ on1:, thin3 necessar-y to cmrr:1lete tha transforr .. ation 

ls a. 1-.1etho 1i of de>:terr lnins tLc A's and BI s of tLB sunrn.11tion 

rrhere a.re many ways of doing this hut the followin - rn.e~,hod 
' ' 

w~s us~~ in obtainin; the results for this paper . 

Divide the circle into o.n odd number o··· sect.ors, the 

cii visionf.l that should he 1.sed . UR tn 1, t~:c st.1•nir;ht line 

transf'or,":P.tion as n f'irst approxir,fltlon , the vnlues of' x 

f'o:r tLe various ¢j di vis ions can he - deto:r•mtnor': . 'l'Le-:-1 from 
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at o-ncL of' the C'•lculo.te<l lcn,_;ths . i.nowin6 tl!e Yj 1 s and ¢.j 's, 

the series can no\"r be found . An 0x1.:rr.ple of the ;.1cti oc used 

·:ill h0 worked.out for S d:lv:..sion, or the circle {see F'i_; . 4) , 

··11 visions . 

i,:wwin[~ the y co::-. )ommLs for tLe V5.rious an . .;les, we 

write tho tollo~in~ equations 

B. -t 8, t B'Z.. 

B. t- B, c.ose + Bi.c.osze - A, sin@ - A1.. s1?1 ze 

Bo -t- 13, c.05 ZS;- 8.,_ C.OS48 - ,.q, si112.0 - A'Z.. s/,-, 4-e 

and fW on to Id+ where ¢,, = 8) ¢2. =- 2 S , ~ tc. ~·lot lnG t:tiat + e = - S 

an::1 30-=-ze , we can by additlon m1d subtro.cti.on or t}~c• cqua-

tions deterr:1i1:.o t;l-"6 J.'ollowln i e<.1w1 tions: 

~o : B. + B, + Bz... 

u + !1 -:: 2s0 +z.B,cost3+t.Bz. c.osze J, .,.. 

~1- -r 'j
3 

-= z. Be, + z. B, c:..os ze + 2 Bz. cos e 

~, - ':1.,,.-= - z A, si,,,e -ZAi. si112e 

u 1..1 _ z A, si-,,, ze - 2. Az.. s,,, 0 
J z. - .:13 : 

Let Cc, :: 'j6 J C, = ~, + lj + J Ci. ::: ::Jz. + !13 , and ~wlvin!; 

f'or a. , /3, , and s~ ' WC obto in 

Bo::: ~ ( Co + c, + Ci.) 

8, =- 1.( Co+ C, cos et C-z. i:.o.s is) 
. 5" 
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A,-= ~ ( s, si-,, e -t- Sz. 5;'1 ze) 

A"l. = f ( s, si,, z e -r Sz. s ✓ - 11 e) 

obtriJ.nin_, the rosul ts for this :-,aper . 

ond 

trnns f'o:"L!O. tion, 
00 

B .. + ~ [a.,, co.s ("11¢) - A1i st'~{"¢~ 
11: I 

00 

Z:[- 71 B~ si'1 (11¢) - 11 A-,, c"s(11¢~ 
'II: I 

(16) 

ficients fro~ tho shape of th0 njrfoll . ~irst, th~ ~10~0s 

are usod in doterr,inlr,.·~ the veloc-itJ fll~trirn~tio:-1 ab ut 

V,e airfoil , and s-i"'we the .e3olut ion of' th,~~ vo loc· it • distr:i. ... 
' 

bution is the ~rimory purpose of the transfor~ution , this 

;ivcs JOU the direct solution . SecondlJ , th@ errors iD­

volvod in obta:!.nin,s t 1 :o coefficients from -. a.re i1.o. ,nif'led 

:1:r1r1J tir ,,'.'1 5 in obtainin,.:s d!J 
d¢ 

nrc now t't ti;>1es as lar ,e . 

f r·o1.: y , because the coe.i.'1 lcicnts 



follows . 

x . 

..,. or· rl Q2S 
, ... (,,.i.. i .... d ' ¢ 

for-

tl10 

crr::-1 be dc" ... e:r>n,'1.=1ed .fro:,1 the curves ,1:ado frora the ulrfoll 

this "iO cicterrnlne the coefficients for t..he sac~·.ation , and 

ttlU3 obtain bX(¢) f11 om equation •7 . i ,DOt!.r 1 ;1.t.; ..1 X (¢ ) we . ) 

outuin ¢T/P1...) t
1 

and s as U03Ct'tiJ0d O.''l n& ·o " :;, 9 . 'l'his -~ives 

t:13 first o.pprox i n:atiou to thF.) 1' inul trans rorrra t ion in the 

form of ~qua tion :J . Hy us lni; the new tr·ans f.'or'.rat ton to 

obtai.1 x and 

a new n...11d bettor np:;roxllr..aticP1 to tho final trn.:1sf'orrnation 

is obtained . This 1s repented until very little chan~ 

is obtained hetween two succesrd ve a Jpro:xlrrations . \nth 

of u c~scade of nirfolls to a circ l e • 

.'le :1ow nroccod to tho c£llculation of the flo\~· around 

abo•.:!.t t:,e circlo , for the stra.l_;ht line transforrna.tion 



,. 

I 

'iJ co:! __ >ar>.i..son with lihf:1 t'in;:i.l tr11n11''•1""'r.Je.;,ion c·iUr.ltion, "-:c 

This ia for• n vnlocit y in tLo .c - ola:1e of' 

-..(. II{ )., f1 e-"' tt ve z. s ut X = - oo 

-AC(, :... (7 _; ~ 
and ve + 2S 

e at X == + o0 

These .11-rc determined ns f011oH::i: 

'l'ho veloci t•., at the airf o:L boundf"lr-.,, is ..:; :t ve i tn tho 3&me 

r.:nnnor 

This cnn be rewritten in t: c .Col lowi.n~, vrn:. on u-·,e nirfoil 

u..-~v-

now l0t 



F= V ( , + El f (¢) + -<- r ( 't E) R 
4 7( 

ancl 2 ,i_ s in>, i. l" 

cosh i.1v- cos 2¢ 

:;:,ct q be th,:; local totnl vu loci Ly , then Cb = r u." + 1f?. 

2.s(,u)[cosh¥' cos(-c;-@)si11¢- .,j,,~'Y'si11(oc.,.~)cos¢ +fvs si11h zl"] 

17' (co_s~ -z.V,- cos2¢.)V[O+e)ft¢)+AX'C¢U'L+[.a!Jt¢] 1-
{lG) 

If we satisfy the :'utta conditlon at tLc tr-,1i.llng 

L_ 
2 vs (17) 

BO the volocit;; distrihution b0col'1"fl~ 

i = 2s(1H)[cos~ Y, cos(-i+U(.si»¢- sin¢rl- sin >-. 'I' sin(«+~)(co!.¢- cos¢7'.j 
17' -~-;-----::-====::;;=====~- ( lf } 

V (cos >i -z. Y, - cos,¢) VBi+f:)ft¢) + ~x•,~))'t [A':J'~)J' 

··1th tL." s oq H.t ion, we 1 ave t,!C con oletc solution for 

the tr,o dim.tinsional flow about nlr·l'<,lla in a cascur~G . 

It should be noted , Lowovcr, t!,a t thr, ve loc 1 t J t~!1Lcring 

tb0 cascade 1s not the velocity used ir V:e 0::i_uation . 

V< locity dta_r,.rrun {l•'l:; . f,) to obtn.ir: tl c velocity ll"'C in 

lhe equation . 



PA.11.1 III 

4~!'.o .r-:..rf'oll ls tan >nt ~o the line x =O and the trnili.ne:; 

!'HLe men.suremonts of tl· f¼ slope ( d'J) of the airfoil u:r.1d. 
- dx 

he ac cu:::·11,.,e , thoroi'ore , it should be chec.:iwd b;/ lnto .;1•1.d,ing 

l''D U.o# ( 3 ) and tbe; canco.de an ;l~> ( ~ Y '-'l.re '::nown . C:::i in; 

these , tl.'O value of ~ is de term 1 nc ·: fr-om the oquation 

2 . '11 t h 1f deterrri!""?( cvn1~.1ate t ;::, functions f(¢) nrd fr¢) 

where 

.Pl ot tno ae functions a<;lt i ns t ¢ • we soe t hu t f('l/-t ¢)-= I- f{JI;) 

I f' und f (1ft ¢) = - (¢) , s o t,:.nt only ho.lf' the ran.;e from 

0 t o 2 71' ne eds t o be p l otted . 

---~---------~--~---~~---~-----------~---------------------*Thia is equation h rewritten . 
{H~i:quation G rew:rlt t on using - ~ _ 

, ,p 
~ - e , 

I 
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;s. i) ivido i::~o circle lntu (N) oJ.d dlvislonu t10 t }1at ¢j = J ~ 
• ~ t''"' j -= o J Z. • • • - N - I ".I. J,- J ) J J • 

let and 

Using this , determlne 

(d ~) - (d><) (d~) 
dij - #j dlq' 

,,here (~)j ls obtained i'rom t l-1 0 plot of ~~ pr<-ipa:rcd in 

step 1 . Fr•om the values of (~;h obtain 

!I.::.! 

r -:::. t l- 718?1 si'fl (11¢) - n An COS('7ftl)j 
ft 'h= I 

by usln.~ ttic table for t hB Vfal..,.c of J aelcctecl fro~ 3tur.pff ' s, 

3( a) . ,le see. th.at o.t tltH lea.din~ and tr.r.tllin 'l ed _;E, s of 

the airfoil ~; goos to ln.r lnit:r \Vhilo t ;ocs ·l,o ze ro , 

tl!US _) v1 ,1 ; an ind0termino.tn 1uart 1 t-r • If the nose or 

trallin.~ ed ;es of L,he eirt'oll cnn )e au oroxi rrato r~ by s. 

circh) or ;;are.bola , tho 'oll ,w n; ~r 0t'10 '1~ C9.rt be used for 

d'd daterrd .nlng '1i in the vicinity hero t ~iese va.lUE'tS -~--~-------~--~--------------~-~~-~----~~--~-~----~---~~~-* For the first (.lpp1~oximo. t, ion , a amt, 1 le r nurtbo r of 
di visipns on can be used and this increased in t l i; la tor 
approxin:e.tions to obtain th•} flrw.l doalred nccu-:,ccJ . It1 
obta1nin; the reaul ts I'or this pr.;:..or 11 d.i v isl on!,., we:ee 
used on t;·.o f irst appr·oxL,'!o.tlon a.r.d thls inct' Ol:l.SCH , tu 17 
f'or, tlle rmnainin,:; ap;;;roxli ,. a t1ons . '.i'hes0 tubles r.• r·e iucl-..c..H..:d 
in ap :,c.ndix A. 
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becomu indeterminate. In tho c~we of u circle, tho ;eneral 

o .. 1wrcion is ( X-Cl)-.... + (lj-b )'L- = C-z. • Taldn:~ t,},3 f'lrst 

derivative with respect to ¢, we obtain lX-o...)1;+(b'-b)~:::o 

and 

As the nose of' the airfoil is nppr•oaohed and 

.~o t o zero. Appl:ying L' Hos;,)its.l ' s rule , we obt,ain 

1 rdx)-z.. d2.x 
~ -= - lei/ + (x-a.) d¢i. 
d¢ @ 

dp 

As the noso is appro nchecl ~¢ and x go to zero and we ol;tain 

in the limi t 

I n t he cas e of a parabola., the general equation is 

(a.x + b ~ - c./ = A (bx - a.~ -t d) . Follmvin~_; the a::ime procedure 

as above , we obtain 
d'X 

dY ~ za. (a.~ + b ~ ) U + [-ia. (ax+ b~-c.) - Ab] dl' 

cl¢ - 2. b[o. ~ + b ~~] 

As the nose is ap . roac: e d , 
,, 

¢1-; and ~ ap .. roact:es ~1- • 

j; and x go to zero , ¢ ap )roaches 

',Jc obtain in t he l imit 

In the case where a s i :mpl e pa ra1)ol e. i s u s ed 
1 

C(. = o ,,~i ving 
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nos.' oi' th0 airf.'oll . In th cases abov, , ho.1_v3r , 

Pead from the rur·ve of 

s;)1 
dX 

d~ 
ax 

::,ct; OtD<J s sn:n.11 

If 

plotlod 

. .,:iore f'(r,) = Af sm f s111Jiy,.s11u,+cos, coih~ corii6 _ s111@smbv,cos,S - cosf,o'-~? sm; (z. sm;co;-~ 
1T s111h,.Y,+s111'¢ (s111~i."¥-+.s,,,z.16) ::J 

l!.::J. 2. 

and Do x"(¢) = Er A.,, l)~ cos(n(/>) - B-n ri' 511'1(n ¢~ 
.,, ::1 

1::: UfJ l • 



Ini L in.lly, l•--:t E-::. 0 and ci~ tel'm. ne ¢T r:md ¢1- by ,.,lotting 

- f'(t>) u'1d ~xt¢) a ;ninst ¢ nn<l rcadins tho tnter·inctlon . 
' 

E = 
I - f (</>r) t- f (<l>i.) - ~X(¢T) + LlX(¢L) 

f (¢,) - f (9t) 

uit~: t:Ct.is valuo of . E , J'E-plot - (I+ c) f(¢) and read the 

t ;i.,1 ls uori.e , riet .-;•:",J.ne t,·rt~ co?1.1tnr1t ·& fror-i t~:e '-":c1.uat:i.oa . 

S = J - (I+ 6)f (¢r) - AX(¢r) 

!., . Ph~ nu,.' expression for x is now X = (l+ E-) /(¢) -t~X(<I>) + ~ 

X. =(I+ e)f(¢) -t LlX('Pj) + ~ 
J 

(~;);"' (IH:)ft~;) T L\x'(flJ) 

1.':r·o ... j = O; IJZ.J---- N ... 1. Us~.n~; 1..!.LCS(' r:ti" valu~s, JeL1:·r·:' na 

( d':i) • ,., .,,.,,,,,,.. .,~1. (1 i 1 <'"' • ,-, t' .,,·,1 1 :·_1n1.",~,•r. • .. r,e t't·.1" 110•" d¢. ,t,.._i \..,.._,...,\.,.LJ..1..1'., .... .!.., I V.•_l-1 ._, :,...._4,.,;, '- .. ..;., ~ ~--...-C V ... w 

; • l / :; i' ,'· A.,. m.d 8')\ rr-0;' (~ • • 

J 
, . .~<..,~;ur.,_1J r tt.J!) 4-.i: llsi_ ~ l,,1 e '-"f::..~uc, 01t 



values of (~~)j obtained· shov1 very little ch.an ;c over the 

~rcvious values . 

7 . The Yutta condition 0 ives the circulotion around any 

a.lrroll in tr-e cas cn.< ,e as 

_r__ = 
zvs 

'l'hc velocity dia,_;rs.r1. for the cascade is shown in li'iG • 5 . 

\1a c·an solve for t~ fr•oni li'i; . 5 in terr.as of O.i. ,mri obtain 

C.oi- ¥e = co.shY..- c.os¢T ,ot~, + 2 cot~~ si-n ¢ 7 (lg) 
cosh Y,, + c.o~¢r cos A 1f + C "s ¢.,. 

The e.n,:;lo or nttack ex for o.ny lncidr::nco a~1glo ~;, Cf.u."l be 

round from , l:e r-ola.t lonship 

sinA 'If c.ot oi + sin ¢r 
ta.nh lf(iosh}v-t-Co.s¢.,.) 

and for• e.nJ exl t nn-~le ~e the rel ation3t' lp is 

s·1-nh 'f c.oi ~e-s·,,, ¢T 
tQ->1 (o<-+ ~) = 

ta.,i~ Y,(c.osh lf- C.oS ¢r) 

'l."he lift coefficient if:1 ;-;iv<rn by the equation 

(20) 

bnfH.,c'i on the r::,s,an volocl ty and the chord ( iu t}~is curie 

oq1.1ul to unit:;) . l'Uttln~-:i; r into the equntion, WO obtain 

8 . I!a.v ln0 sotisficu ti.c i<utta condition , we: can now dctor­

tnlne the velocity dlstr lb tion about t}-,e ni!·foll a::, a 

function of ¢ by the following relationship , 
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'b -= 
V 

S(1+ E:.) ,o sA 1f COS(o<t •Xsin ¢ - sin ¢J - s i nh 1f St11(o<+ ~)(co~f,- cas )!>'T) * 
7( [51nh?. ~ + sin i.ii] V[(1 + f-) F<¢) + LlX'(¢Jz. -t [A 1J'<¢»2. 

.Probubl) the e:aslest ·nr...:) to plot the complete dintr·ibu1.1on 

of velocity about the airfoil is to plot X 

X-= (J-r €:.) f(¢) + .1X(¢l + S 

t -=-. (1-,. c) f '(¢) + .1x'(¢) 

d'd = ti ::J'(¢) 
r)¢ 

The plot of x enables us to find tho ,>osition in the Z: -

ple.no corresponding to any chosen valua of ¢ , ,,,hlle the 

plot of t,::,,o other two factors ona'.ol0f, us to c1u,tor r ino tr...e 

ra.::ical V{s1-t E)f{¢) + .tix'c~ij' + [.&y'c~J' for nny ¢ • 'i.t~:us 

'·mowinl!> ¢ und tho above values , we cnn dotcrr..ino the v0loci ty 

c:1st1·ihution about the airfoil for- nny i::rr1 ,10 or ntt$'ck . 

•d'I'his is equation 18 reuritten . 



t_iu bla·-le . t lr.c.c, the r 1b blad section is th.'...ci:ost. nn, •:J e 

cc1scade. ut tL<:, hub hr-. the lo •ost 0ap .. chord ruL1o , the tub 

solution offora the moBt interostln~ res~lts . 

rouuon, tlw complete calculntlons arc .;lven i'o.r' tlle; :mb 

.1cetion, ·,11r·10 only t.hf, res·.1lts o.:re proncntod i'o.r t'10 other 

tv:o sectlons . 1..nough of t•)~, n:)sults for these trnctlon~ 

nre 11 S ted , hOV/CVCT' , to -;i VO snr~o 1doa of t.h~ l''UDir' '.!. ty of 



(a) 

Hub r irf' oi 1 • ~- ta 
. 

Tho hub ooct ion iti n:ude of fJ ' A nir.foil .44~!:~ . The 

din:c .. 1slons were 0..l te1~ed frmr. thoo~ of 'Jl\CA report 4GO ( 11) 

to brin,e tl:e nocH:~ tan; 0 nt to the line x=O. Tho followin2 , 

t;ablB .~lvea the dirnemdons usod in th:i.s papr,,r for the 

airfoil . 

airfoil ti;tation uppor surface low·er surrace 
X • /00 'j X /00 :jx/0O . 

0 0 0 

1 . 25 2 . 15 - 1 . 74 

2 . 5 3 . 08 -~ • :JG 

5 . 0 4 . 43 - 2 . 79 

7 . 5 5 . 47 - 3 . 03 

10 . 0 G. 31 - 3 . 14 

15 . 0 7 . 62 - 3 . 15 

20 . 0 8 . 55 - 1~ • 90 

25 . 0 9 . 17 - 2 . 74 

30 . 0 n . 54 - :' . 40 

40 . o 9.-'11 - 1 . 99 

50. 0 n.o:s - 1 . 56 

60 . 0 8 . 01 - 1 . 13 

70 . 0 f.5 • GO - 0 . 74 

~Jo .o 4 . 83 - 0 . 45 

fJC .o 2 . G8 - 0 . 25 

95 . 0 1 . 45 - 0 . 18 

100 . 0 0 . 1;, - 0 . 13 

I 



'I1he loa.dinG ed;_;o of t>e airfoil is ;_;i von by the follow-

ing 0r1uat.ion 

)
2 uz = ( )2. (x-.0158 + ;1 . 0158 

'lhe trnil.lng ed,·;e is approximnted by 
2 

(.0013) 

Using this data , we dE{tcrmlne the slope curves for the 

airfoil ~iven in Pig . o • 

.Purip De.ta 

Section radius = 1.ro•• 

1'ho pU!1'1p is an axial flov, type with t:i.1r00 blades . 



. ) ' - •.. u ... 

1. 

?ron t~o equ~tion 

and lettin(; P = Vf(c..os.h z..lt, +c. os2~ 

,(;' :'!.~iVO 5 '2 7T" R - 0 369 A =-11' = 1tU - • )• • \ 

and cos ~ = O. f,53 

Then we obtain 

, we can solvo for }', 

SR . 4°, sin ~ ~ o . 833 , 

0 . 553 log p + O. bB3 + l . 666 tan-
1 

0 . ~33 = 2 . '71 
1· - o . s53 

by trinl and error , we obtain 

P = o . 604 and ~ = 0 . 390 

The equation f'or f(¢) is 

·i'hu s we he. ve , 

The e q_uation for f '(¢) ia • 

f (¢>) = .;. 511'1 ts sin>, Y1 cos¢ - cos~ cosh ~ s/11 rj 
" si'1htJt- + si11z.¢ 

rl'hus we have , 

These equations a_ e plotted and the cur"rns are shown ln 

I•'ii:,:; • 7 and O. 



_Jlvid.:tn-.., ~L~ ciPelo :i.nto 11 :;cctoro, '!rn obtu.in Lhc 

foll<win_; ta~le 

. 
( ~). = ftr/,) (~;\, (~;t J ¢j x.i = f(ef>;) 

" • J 

0 0 O. 836 o . 7o9 0 . 0~'0 0 . 0153 

l 52 . 73 O.999 - o .c1:S'.:! - G. 156 o.oor)o 

2 64 , 15 O. 94O - 0 .149 - 0 . 251 0 . 0374 

3 98 . 19 O. 87O - 0 . 208 - 0 . 225 O. O469 

4 130 . 91 0 . 78B - 0 . 334 - 0 .194 O. Of,4f) 

5 ln3 . 64 0 . 3DJ - O. '15O - 0 - 0~?f) 0 . 01·3,, 

6 19r, . 313 o . o~~o - 0 . 230 0 , 710 - 0 . 16::>1 

7 eos .09 0 . 022 0 .120 - 0 . 3~10 - o . 0?196 

8 1:61 . B:::: 0 . 100 0 . l'N) - 0 . 0l'"i - 0 . 0,{J:50 

g :~94 . 5f, C) . :2f~G 0 . ~~[,~~ o . 049 0 . 01~3 

1 0 2;1'7 . 2? 0 . 4:;;a 0 . 4~15 0 • ) 113 0 . O:c:13 

UninJ table 1 ln ap•::,end ix A, we obtoin tYe f 0110¥:in,5 

oquntion 

whore A,= - 0 . 0::515 B 1 = - 0 . 02GB 

2A = 2 + 0 . 0315 2I3z = + 0 . 04$4 

3A1 -= - 0 . 0178 3b3 -= - 0 • J2b4 

4A+= + 0 . 0102 4b..,:= + O. 017!, 

5A5= - o.oou2 bBs-=- - c . 0~39 

Prom this, we obtain 

.6X(;) = i [A 11 c.os (11 ¢) + B,i s111(~ ,] 
">I •I 



s 
'1X '(¢) = ~[:-11A,, s·,,, (1,tf,) + 7J 811 cos(11~ 

Fro:-;1 the plot o.f' and 

¢,.::::: 71' + ~~9 . 5 ° a!l a first e.pproxir,o.tion . l'lotti:1g -AX
1
((/)) 

on ((~) in tho v1c ini t; of tLesE two values, wo obtai!l 

¢T-= 30 . 4 ° and ~,.:: 7f + 4.:2 . B
0

• Since t}•o f1.r•st npprox1.­

rr:ations a.re. all crude, t; ere is no need to resolve for 

tf;T a'P"ld ~,. after obtainln6 E. for this first appro.xfr.:otlon . 

'11hus 1.10 rind 

f('Pr) = 1 . c.,c , f(rt>i.) -= 0 . 010 , t:.x(rA)= - 0 . 020 , t:lX(rA.) = J.O66 

1'her·eforc E. -
1 - f cr1>7) + ff!A.) - Llx(¢T) + .ox(pS_) _____________ =- o.mn 

f <rA) - f(¢J 

~ : l -(1+ E.) f(¢r) - e:.X(¢r)=-o . o?7 
5 

X = (I+ r:)f(J) + t [A,, cos(>t~) + 8 11 s·1,-,(11¢] + ~ 
1f:, I 

dx 5 • ~ d¢ -:: (I+ E.) f (rt,) + fr:- n A.,, s,-,,(-n~) t 11 8..,, c.os(-n¢~ 

x = ( 1 . o~n) f (; ) + .6 x(¢) - o . 077 

~; = (l . 09'7) f' ( ¢ ) t ~X
1
(¢) 



Por t~'lo oecorn~ 1.1_;,;,rox:tnut:lon, we divide tr.e circlo into 

17 sect.era• Since we will use this r:-H:ir:le n1m:hcr of 1i visic;ms 

for thG rest of the up".".lro.1Iima.tions, V-.e followinr; tnblo , 
is ~;iven usin:; the ¢j S obtainen i'rom table ~ of o.ppe:-::d:1.7.. A. 

. 
¢· f ( r/>j) f (¢j) J 

J 

0 0 o . 836 o . 759 

1 21 . 18 0 . (196 0 . 12s 

2 42 . 3b 0 . 9b0 - 0 , 003 

3 63 . G3 O. rJ42 - o . 149 

4 84 . 71 o.ee1 - o.un 

5 105 . 88 0 . 009 - 0 . 22'7 

6 127 . 06 0."709 - o.~no 

7 148 . 89 G. 54!:> - o . .s10 

8 169 . 41 0 . 31G - 0.84'.:.: 

I) 190 • .:>0 0 . 055 - 0 . 110 

10 211 . 76 c.ooo 0 . 085 

11 252 . 94 o.o~-so C ~1:30 

12 254 . 12 o . ot,[1 o . 184 

13 275.39 0 . 153 0.201 

14 ~10G . 57 0 . 2~S8 0 . 2RO 

15 31? . 75 0 . 357 O .~1BB 

16 338 ,. 92 o . 545 0 , 665 



1."or the second nrr:r·o.x.Lrar1tion we obtnin the followlnL'; 

tuble. 

. 
J 

0 - 0 . 020 

2 - 0.018 

3 - C. 025 

4 - 0 . 035 

S - 0 . 05G 

6 - 0 . 032 

? - 0 . 018 

10 O. O79 

11 O. O46 

13 0 . 005 

15 - 0 . 021 

1 6 - o . 018 

Xj :(J H) f(r/JJ) 

+ax(~)+ S 

0 . 821 - 0 . 013 

o.ns4 - o.cn7 

o.774 o.oon 

o . ou2 - 0 . 081 

0 .042 -0.,046_ 

o . 503 o . r C4 

O.831 

C.118 
f 

- 0 .100 

- C.l'b5 

- 0 . 215 

- 0 .32? 

- 0 . 1(59 

- 0 . (;t,3 

0 .; 05b 

0 .134 

o .Hi8 

C . 436 

o .734 

0 . OCD 

- 0 . ;::70 

- 0 .lU' 

- 0 .14? 

- 0 . 082 

o . Ob2 

0 . 414 

- 0 . 031 

0 . 030 

0 . 0101 

O.OO13 

o . o:Y70 

C. 0454 

- 0 .. 1;;38 

- 0 . 0900n-

- o . 040()-:r 

' 
- 0 . 0231 

- c . 0052 

0 . 007:3 

C. G~lb 

•U·:-3ec pa·30 30 for ietr,iln of how these values vrrJre 
d0tor1dned . 



,c see t:.at nurn'·)ers 10 ~mr' 11 of ti'10 second npproxl-

r:.D.tion ar·c too close t.o t} e 1eadi':'l;~ erLrt-: to 11llm·1 ~~ 
to be, i~eaii fro~ tl',3 curve . Th~ equation for t,,c curvn nt 

the loP..din,,· ()':~e is tli=i f'o]J.o,yin_~ eircle . 

' l 'Z. (x - 0 . 0158) + ~ = (0 ,.0158 ) 

Prom thi:1, vie obtain 

0.01so (~;.J~ _ (~{ 

where ~t = (1+-€) f'r¢> + ~x't¢> 

and thus cet 

By plotting a:;ainst ¢ and rending the values for 

10 and 11 from tne plot, we obte.1!1 values for· th( i·e r1oints 

where ~; cannot b<) directlJ deterninod . The value at ¢L 

ls bctwoen the· two points and ullows us to fill ln tbo 

rsn~o for the mlssint points quite rcadil~ . 
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Uoin_; to.blc 2 ln ap )cr,ai.7. A, ~;e obtain tr.c followln_; 

coefficienta 

A,= - 0 . 0397 

.')A3= - 0 . 0142 

4.A..,= + 0 . 0134 

5A5-=- - 0 . 0091 

(5J, =- t- 0 • 0033 

D,: - C. 0360 

:3B3 :. - 0 . 0110 

4134 = + 0 . 0180 

5Bs = - 0 . 0060 

6B, = + 0 . 0084 

_ 7 = - 0 . 0027 

8A8= - 0 . 0004 

8 
hore L'i X(¢) = i [A,, cos('n~) + B71 s1n(n~ 

11• I 

6 X'(¢) = i:_ E ii A 71 sin (-n¢) + 11 B,, cos (11¢~ 
?t:' • 

Pl otting - 6 x'(¢) on (I+ E.) ft¢) , wl:ore E. r ero is the 
' 

previouSlJ' determined E. , we obtn1n from tho lntorsoct i one 

¢T= 2? . 4 ° nd ¢L.=1ft 35 . S
0

• Then ,f(¢T)= 1 . ooo ,f(¢ .. )=0 . 003 , 

~x(¢T)=- 0 . 032 , AX(¢,_)= o . 069 , E = 0 . 104 , nndS=-0 . 104 + 0 . o~m=-0 . 072 

The € in this ense b tn ~ close ·enough to t' .o or1 inal E , 

the procedu1•0 neod not bo re ,;eatc;d . 

Thue 9 wo have 



For the thLrd approxinmtion , \,e obtain tho following 

to.bl0 . 

J 

0 - 0 . 02? 

l - O. O29 

2 - 0 . 040 

3 - 0 . 047 

4 - 0 . 046 

5 - 0 . 039 

9 0 . 082 

10 0 . 073 

11 o.oss 

13 0 , 01'7 

14 - 0 . 003 

15 - 0 . 016 

16 - 0 . 026 

x. 
.I 

o . 824 0 . 003 

0 . 900 - 0 . 019 

0 . 980 - 0 . 030 

O. 921 - 0 . 008 

0 . '78:3 0 . 020 

o.aa:s o.o..i4 

O. b2fi 0 . 089 

0 . 0·11 o . 047 

0 . 001 - 0 . OG3 

0 . 015 - 0 . 046 
' 

o .oao - o .os1 

0 . 114 - 0 . 047 

0 . 183 - o . O!.>O 

0 . 504 - 0 . 0 16 

- 0 . 133 

- 0 . l'i3 

- O. 185 

- 0 . ?.31 

- 0 . 200 

- O. 785 

- O. 4O6 

- 0 . 035 

0 . 097 

0 . 130 

0 . 175 

o . 395 

o . 719 

0 . 009 

- o . 266 

- 0 . 220 

- 0.102 

- 0 . 153 

0 . 035 

- 0 . 105 

- 0 . 013 

0 . 038 

0 . 045 

0 . 0179 

0 . 0011 

0 . 0424 

0 . 0407 

0 .0444 

0 . 0457 

0 . 045G 

- 0 . 1550 

- 0 , lOOOt· 

- 0 . 0412 

.:... o . 0137 

- 0 . 0023 

0 . 0000 

0 . 0213 

0 . 0324 

~sea page 33 ror details of how thlo value was doter­
minod . 



For- ¢ ::. 'T( + 35 .o Q ; we obtnln 

f"(rA) 0 . 390 and l:lX
11{¢J= 0 . 020 

Since 

(
d Y)a • 
d¢ V>. 

I. 

and 

we obtain 

By pl otting d ~ against ¢ and readin_; tL~ val ue f or 
d; 

number 10 from the plot , ,...,e ,obtain the value of d ~ at a¢ 
this point for which d~ d.X ca.n.,ot be read • 

At this tif''.e, n chock can 'be 1i:.nde wh tn' 1 wilJ show 

if tho ~; ls· appro_ach!.n.; close to the f'i.nfl] solution . 

We knmv V1eN'.l can be no co'nstant term for 
I 

A~ (¢) , there-

fore , [. (~!). = o.. Por the S<:rno·0d approximotlon , we obtain 
" J.:o J , /6 

~:Jg},= - O . 0127 and for· t ' :.e third appl'•oxime. tion l:(~:):= - 0 . 005? 
~: 0 J ' • :o II' J 

which indicates the third approximation is fe.irl~ close to 

the answer . 



c.ient:: for tho thlrd np;::,pox:tmatlon ,. 

''A -,.,, 2 -

4A+ = 
5A 5 = 

6A,-::::. 

7A 7 = 

0 . 0121 

o . oot)3 

0 . 0026 

- o.oo~t3 

B -,-

0 . 0 308 

0 . 0102 

.0 . 0211 

0 . 0066 

0 . 0094 

7B , -=:. - 0 . 0039 

BA 8 -::::: o . 0005 en8 = o . oos1 

A.~o:in plotting -AX'(¢>) on (1 + € ) f 1
(¢) , we obta.1n ¢~ = 27 ,. 4° 

0 

ond ¢,_ = 1J' + 36 . l for t~ie final a.ppr•ox1mat1on us i nc~ the 

-:-mw E. • Then f (r/JT) = 1 . 000 ; f(¢A,)-= 0 . 003 , ax(¢T)=- o.oz:i1 , 

LlX (¢1.) = 0 . 071 , n.nd E. = 0 . 105 , and therefore ., 

~ = - O,. 1O5 + 0 ,.031 -=- - 0 ~0'74 

x = {l .,1O5) f(¢) + AX(¢) - 0 ,.074 
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1,•or the fourth ap•')r-oxir,a t ion , "".\10 obtain th"': following 

tabla . 

J ~x(¢j) x. .6X(¢_) (tt (~)XJ (~l J 

0 - 0 . 026 0 ~824 0 . 006 o.asa. 0 . 021 0 . 0100 

l - 0 . 028 0 . 998 - 0 . 021 0 . 120 0 •. 009 0 . 0011 

2 - 0 . 03s o.gao - o . 02e - 0 . 129 - 0 . 266 0 . 03•l~S 

3 - 0 . 014 o. 9~33 - 0 . 002 - 0 . 1G7 - 0 . 245 0 . 0410 

4 - 0 . 043 o . 857 0 .011 .:,_ 0 , 189 - Ot 221 0 . 0418 

5 - 0 . 038 0 . 782 0 . 019 - 0 , 232 - 0 . 101 0 . 0443 

6 -:- 0 . 027 0 . 6B2 0 . 041 - 0 . 301 - o .1s2 0 . 04G8 

7 - 0 . 006 0 . 522 0 . 078 - o . 485 - 0 . 090 0 . 04ZS6 

8 6 . 037 0 . 31 2 0 , 157 - 0 . ?93 0 . 040 - 0 . 0317 

9 o.oso 0 -.0G? O. Of'i7 - 0 . :3H6 0 , 395 - 0 . 1521 

10 0 . 076 0 . 002 - 0 . 059 - 0 . ~l -- - 0 . 098~ 

11 0 , 053 0 . 013 - 0 . 057 0 . 086 - 0 . 475 - 0 . 0409. 

12 0 . 035 0 . 058 - 0 . 056 0 . 125 - 0 . 11'1 - 0 . 0142 

13 0 , 015 0 . 110 - 0 , 049 0 . 1?3 - O. OlB - 0 . 0031 

• 14 - 0 . 001 0 . 188 - 0 . 04? o . ~J40 o . 038 0 , 00~)1 

15 - 0 . 015 0 . 305 - 0 . 030 o. ;1na O, Ob5 0 . 0219 

16 - 0 . 024 o . 504 - 0 . 020 0 . '715 0.045 0 . 0322 

-----~~-------~-----~-------~--------·------------------~~-
*See pa.,.,o ~)6 for aetails of how this value was doter-

r;lined . 



Therefore 

and (d 1:J) - 0 . OflOO di j6k -

Again by plotting f a .. :;;ainst ¢ , we ore nhle to obtain 
' 

tho indet6rmtnnte point 10 . Hy plotting (1 + f) f 1
(¢) on 

; we obtain 

and therefore , E = 0 . 106 and ~ = - 0 . 0'75 

did 3ince there wr:.tr. not much c:-uan 0e . in a¢ for tho lust two 

t.:.p r;.r·oxirno. tions , 110 UBe this lnst approx.im1-t tion us the: final 

ans ,~er . Thus we h a.v0 , 

For t1·1 0 

x = {l . 106) f(¢,) +- AX.(¢) - 0 . 075 

J = ~ 'j (¢) 

coeffic1onts , we ho.ve 

A :: - 0 . 0392 B. = - 0 . 0345 
' 

"A -,:;, 2 - o.02ss 2Bt:;::. 0 . 0299 

3A3 = - 0 .• 0130 3B3 - - 0 . 0152 

4A+ = o.01rrn 4B + = 0 , 0201 

5A5 =. -- 0 . 0055 5Hs= - 0 . 0054 

6A,:: 0 . 0050 6B, = o.oooe 
7A7 =. - O . OO35 713 7 =- - 0 . 0 031 

HA.8 =- - 0 ~0007 8B 8 -= 0 . 0046 



The eqU•Jtion for t:o.e lif't cooff iciont is 

we have 

By rewri t 1UJ;; , wo obta:tn 



For convenience of s!10'..:in::,; tho conver,;encc of t!."".c successive 

npDroxir.m.tions , a table; of 

( ~!). 
J 

. 2nd 3rd 4t .. t 
J Approx . .Approx . Appro:x . 

0 C. 0191 0 . 0179 o.cnso 

l O. OO13 0 . 0011 0 . 0011 

n 
I'., 0 . 02110 0 . 0?,54 0 . 0343 

3 O. O484 • 0 . 04~4 0 . OL'.'.10 

4 0 , 0471 0 . 0407 o . O418 

5 O. O454 o . O444 O. O443 

6 0 . 0481 0 . 0457 0 . 0458 

7 O. O4O5 0 . 0436 O. O436 

8 O. O4OO 0 . 0274 o . c317 

9 O. lt.>38 - O. lb5O - 0 olbL:l 

10 0 ,.0900 0 . 1000 - O. O9LO 

11 o . ot100 O. O412 - O. Cl109 

12 0 . 0231 O. O137 - O. O142 

13 O. OO52 o .oor.~1 O. OO31 

14 O. 0073 0 . 0000 n .OODl 

15 0 . rJ~!37 0 . 0210 0 . 0''19 

16 0 . 0::.:-15 0 . 0324 0 . 032~'. 



(b) 

Lid-section Airf0ll Data 

The mid- section is raade of' NAOA a.ir.t"'oil 4409. 

fl.llilp Data 

Section radiui = 2 . 00 • • 

Chord ler .• gth = 2 . 91' t 

Casc(ide af\3le = 71.35 
0 

·From the above data , we obtain ,;- = 0 , 6@4 and ¥' = 0 . 960 

Por· this section , four approximations wErre used ,1a 'before . 

(~). will be lia'ted f'or th<ii approxim.atiorts to show the 
,,,, J . 

\ 

speed or convorganee . 

Using the final appr't>Xirnstion , '111,>e obtain for the 

oolution 

,E- = 0 . 081 ~-:::: - 0 . 053 

X : ( 1 . 081 ) /(¢) + .QX(¢)- 0 . 053 

~ = A~(¢,) 

For the coeft'ic1ents , we have 

A,= 0 . 0135 B,= 0 . 03'74 

2A1 = 0 . 005•i- 2B,.-::. 0 . 0427 

3A3 = - 0 . 0001 38,= o.oose 
4A4 = o·. 0007 4B+ =- o.ooss 

5A.5 = 0 . 0001 58 5 = 0 . 0022 
I 

6A, = 0 . 0004 5D,= 0 . 001:; . 

?A ,=- 0 , 0004 '7B1:::: 0 . 0014 

8A8 = 0.0004 BBe= 0 ,.0014 

The equation of the lif't coB.fficient is 

CL.= 7 .la ~in(o< + 3 . 84° } 
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Tabla or (1;}. Por ·1d-Section 
J . 2nd 3rd 4tn 

J Approx . Approx . A.pproJc. 

0 0 . 0075 0 . 0075 0 . 00'75 

l - 0 . 0047 - 0 . 0051 - 0 . 004? 

2 - 0 . 0044 - 0 . 0042 - o . 0042 

3 0 . 0145 0 . 0126 0 . 0120 

4 0 . 0350 O . OS;?8 .0 . 0331 · 

5 O. O521 O. O521 O. O522 

6 0 . 0615 0 . 0025 o . 0B20 
I 

7 I 0 . 0549 O. Ob:39 0.0540 

8 o.01se 0 .. 0148 0 . 0158 

9 - 0 . 0536 - 0 . 0538 - 0 . 0535 

10 - 0 . 0802 - 0 . 0786 - 0 . 0784 

11 - o.oeoo - 0 . 0750 - 0 . 0750 

12 - 0 . 0545 - 0 . 0490 - 0 . 04~0 

13 - 0 . 0201 - o . 0~110 - 0 . 0f?OO 

14 0 . 0059 0 . 0062 0 . 0075 

15 0 . 0243 0 . 0245 0 . 024s 

16 O. 0232 0 . 0233 0 . 0231 
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{ C ) 

Tip-Jeation Airfoil Data 

The tip-soctlon is medc of ·IAGA airfoil 4406 . 

Pump Data 

Section radius =· 4 . 00 ' t 

Chord l'en ~th =. 2 . 88 ' 1 

Cn.~ cadB angle = 78. 12 
0 

.F'rom the above data, we obtain ..2. == 0 . 926 and Y== 1 . 284· 
7f 

Por this section, four ap proxir.1ationa were _ used . (d':3) 
d¢j 

aill a3ain be llsted to sLow conversonce . 

Ae1; nin , . using the f lna l approximation , we obtain for 

t l-:o final eolutlon 

Por 

The 

¢. = '7l . 9 c:, 
T 

E = o . 048 

1t. = 7f + 81 . ? 
6 

a= - 0 . 032 

X -= ( l . 048) f(¢)+~x(¢) - 0 . 032 

lj, -= ~ ~(¢) 

the coefficients , we have 

A, ::: - 0 . 0035 B, = 0 . 0266 

2A 2 = 0 , 0009 2B1 = 0 . 0399 

5A3 = 0 . 0041 3133 = O. OOH) 

4A = 0 . 0016 l'l"' - 0 . 0007 4 :i:o+-

5A5 = 0 . 0010 5B 5 -::. 0 . 0017 

6A,= 0 . 0001 6B,-= 0 . 0002 

7A7= 0 . 0001 787'= 0 . 0004 

8A8 = 0 . 0013 8.B s :=. 0 . 0003 

eque.tlon of the lift coefficient i,s 

cl.= f.3 •• 89sin ( o( + 3 . 84 ° ) 



Table of (cl~) ?or '1'1p• 3oction 
d¢. 

J . 8nd 3rd 4th 
J Approx . Approx . Approx . 

0 - 0 . 0035 - 0 . 0035 - 0 . 0035 

l - 0 . 0151 - 0 . 0147 - 0 . 0147 

() 
r..., - 0 . Ol:57 - 0 . 0152 - 0 . 0134 

3 - 0 . 0010 - 0 . 0039 - 0 . 0040 

4 0 . 0103 0 . 0195 0 . 019'6 

5 0 . 0417 C , ')424 0 . 0425 

6 0 ,0654 0 . 0540 0 . 0543 

7 o . 0482 0 , 0475 0 . 0480 

8 0 . 0209 0 . 0211 0 . 0210 

9 - 0 . 0227 - 0 . 0240 - 0 , 0231 

10 - 0 . 0650 - 0 . 0575 - 0 , 05'75 

11 - 0 . 0636 - 0 . 0616 - 0 . 0626 

12 - 0 . 0510 - o.04n5 - 0 . 0485 

13 - 0 . 0180 - 0 . 0180 - 0 . 0180 

14 0 . 0121 0 . 01:~7 0 . 012a 

15 0 , 0288 0 . 030s 0.0312 

lG 0 . 0141 0 . 0142 0 , 0142 



C . vvl tor.· the 1.id- soctlon , and C . 001 .for Uw tlp- Bi~ction . 

caDc t~roc deci~al pl~ces nre sufficient . Thus , we Roe 

s.i 1 •ulH:r-lti-:rn tn tho --S ... plane farther· uwa.y frof'.'i the circlo , 
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de.ta; hut .it iA expected tl at tho carr:ber ef ~'ect will be 

lf1As t .Lan that of. tl· lclrnesn . 

In 'islicenus' book (12) , o. plot of latt.ice effect 

coefficient (1() is ll~adn a ;~ainat tho Jap- chor•d ratio i~or 

var lous vane an,sles . 'i'hosc curves ure for- flat plia.teis , 

uan K is defined as tho veluo by wb :td1 the slope of the 

lift C!J.l:"VG f'or· an ir1dl vidual f'l(lt ;,lat.e rrust be rl'll.ll t1p l 1ed 

to obtain tt..a.t for a plate :Ln a .cnRcn.cc . r\oadtn _; ¥. for 

the lattice con(1 it1ons for tne pump , we obtain R = 1 . 09, 

1 . 1 '7 , and ] . 08 f'or , tho hub , mid- section , en"l tip , r,3spoc­

tivel-y . The slope of tho 11ft curve for a s:tn.:;lc fla.t 

plnte is * = 211. Multiply lng by I< ~tves ~; = s .91-, 7 ,. ;;5 , 

and 6. 79 as the slope for a lattice of' flat plate~ . Gom­

purin:.~ these vnlues with tho actual ones , ~~ = 6 . 59, 7 . lB , 

a.:1d 6 . 89 , wo see tLe sume trend ex.1st~, and tbese values 

re close t.o those obtnlne;d frorn tl'ie nbovc curve . 'l'his 

muc,: bf!'cct on the slope of .,the lift curven • 

In t:-·10 outer sections, the ;.:;ap- chord ratio is quite 

lar ~e , therefore , 1 t .:ou}d be~ oxpoctod · that the behnvior 

for the airfoil in tho cascade woulrl be sildlar to !t slnt~le 

a i.rfoil , particularly near t:'le anl:~lc 1·>f zero lift . '¥e. see 
0 

that the zero lift an.;le is the so.me (- ?, . 84 } i'o:r theso 

two sections , und this v~ilue is also ve:r-1 similHT' to the 

zero lift ar1.,;le f'or the sln_;le airfoil o.s shown in the 



liACA 1rR ci/4GO {11) . For the hub- a!!Jction , howAver , the value 

of' tht zero lift, an,,,;le (-,.. sz . 00° ) does not cori'pare f°nvornbly 

Some ideu of the effoc t of tl ic cnscnde an;le on hoth 

~; and the z.ero 11ft a,,'1i_;le <:an bo dE>tf.H'mined by co~rporison 

vii th the rcsul ts of Kutv.of f , I1'inn , and I..o.urence (1) . 'i'hey 

W'Ori:ec1 out tLe results for· a OlHwade ~omposed or tJ,~CA 4412 

a1rfolls , with o·nac.mde nrl'~le oqu11l to ZPro, Am, t=.1 64p- cbord 

ratio of l . O~-'i2 . -:t'his eom:p!irea very closely with th.:) hub 

casca.rle for the ourr;p of NACA 4412 alrfoila , a ~~ap- cl'.:ord 
0 

ratio of 1 . 15 , nnd cascade an·_;le equal to 56 ., 4 • The 

results of' th!t: ct1scede ror the Ottscade ane';le equol zero 
0 

51ve the an,;le of zero lift ru.l - 6 . 94. nnd the slope of the 

lift curv0 e.s ~5 . ?0 . Compar':J.ni; with th-9 cu.s<~a<le for the 

purrip , we havt the Z•Jro lift e.nJle equal - 2 . 00° und the a lope 

01' the lift curve equal 6 .59 • Since the on1:t vnriable is. 

essentially the cascade lim:,le , WA tiJ$O thnt ,.s th.ta an.Jlo 

Since the nn1le of zero 

• 11.ft for the slngle td.r:fo i.1 is about - 4 , we see that a.t 

some $-lngle in bet.ween the .above ,.m,Jlos , the effect of the 

gap .. chord ratio ls belanced b:; the cescado a~le to give 



oft'r?c'... O'! t.:-ie slope of the lif''t cu1'Ve could hove heen 

;)re Uct• : fr·om th0 l' curves r11ontioned ori pe ~e 14. From 

U ese: curves v:e obtait the slopA. 01' thr:, lift cur·ve equal 

4 .08 for a c ~eade of fl.at lnte nirt'o i ls 1.d th zero cascf.1de 

nJ le , bier. checks very closel:! to tr.at. of' the i ACA 441:":.! 

t>ir·foiln . .:ance these curves ore diet that the slope v;1ll 

cont inuousl/ dncrease ao tho casC-n<.ic. an_::;le roes to zer·o , 

f nd the c;lope. as c r.'tleulatod for the ,~in ;le tdr·foil is equal 

to i . iJ, tho point whore tho saine zr.-ro 11ft 0!1 ~1 ~ ls obtain­

ed for t.ne cascade o.nd sln._,le airfoil ill not 0 1vc equal 

. Rlopos of t .. f., 11ft ,,u1"vos . 

For tho throe cascades oomputerl :tn t!'1is pooci- , tr e 

curv<·'~l 01' "!axirrur. v .... locit7 on th- ·upper ~url' '1 cc versus 

n 1 .,lP-' of uttnc k were obta1ne,, , and aro a own in 1• i ; . 9 . 

The vrduos of' th, mnxin:u1r1 VHloci t J w1"lre obtalne ,·i b y pl,ottlng 

tho v0locit:r n;ainst t he parmn •tor ¢ or tho 'S -- plane , 

and P.ter'l'hl ning the t'"axlmurn ve loe1 t:-, f'rmr. the curve • 

l on 1 tn., tho v~-:luc of ¢ opposite ti.· i:aximum rslocity , the 

pot~ t on tho alr-foil wher•e this mexla~,im occur·s can then 

bo obtained by subs l,1 tu ting this • valuo of ¢ in the final 

0,xpr·,..~sslon obtained for x. 
' 

The tip und rutd- section nirfo:i.ls bci .: , uite f'ar apart 

show rr.a. lmum voloc1 ty cur>voo that are siralla:r to tl ose 

hicl .muld beexpocted for s:ln_:lo airfoils of these thic ,. 



r:.a.xL.:.Ul~ velocity ut low un,_.,los of attr-,ck, ,,hll t,~e th:f.nnost 

flL:,fo1.l s11ows tue most rapid risEJ or .1e.xirnw .. Vtloclt;1 

wit ·m_;le of attack . P.or tr c hub section , l10wover , we 

Goo iho.t it h:HI loYmr v0loeltios t:rnn the rrdd-seetion at low 

an _,les or uttnc {. ~ :tnee the hub- sect iort i$ thlckoot , this 

is tl:'t'1 onposite of what ls expected . This eond1tio1"l is 

due to the chon~e of clrculat1on around the hub- section 

because of' the cescade effects . Cor:•parin~ tho equat lons 

of tbn lift coeffi('ient ( C1. ) for tb,e two sections , we see 

that the e.n.::.le of z·ero lift for• the b.ub- scction was noved 

l . 84 ° in thi:i Jiroctim. of positive an_;lc of attack . Thus , 

wo oao that· tho circulation l.lus been quite rtdlcnll.r changed 

for tho oar,e an~;l"3 of a.tti!.ck . If we Love over on tho curve 
0 

or .tUximum vclocit.,1 ibr tho hub- section 1.--,4 , wo soc tho.t 

ti.1ls voloeit)' \;ill oxoo~d that of the r.1ld- scction ut the 
0 

point l . 84 o.wo:;1 • T!1is is w1,o.t '"'C would expect , tcce.u.se 

this con~itlon ie for apnroxt~atcly the Rnt~ circulation 

around eite.h . irfo11 . 

'11he conplote v~locitv distrlhution curv<)~ are .;;iven 

for th; } ub cascodc with both ~ero and u fi vo de0r.-~e on ;le 

of attacL in ti ~was 10 and 11 . Prom f'i:;u:•e 10 . we see that 

the m8.Xim1.:u11 voloci t:1 on th<.' u~:iper sm•:face of the. rdrfoil 

is OY.C0cdeL1 b the maximum Vu loci t:; on the lower sur•face . 



zoro ) 1ft o.n :le . Por the five J.e :rce an ;le of attack , 

t: 1 □ conJi tion disappears , as st~own in i'l.:;u1•e 11 , because 

the an~le of ntu1c'.1 ls noi, suff'iclentl;y lnrt;er than the 

J:'he curves of mn.ximum velocity emable us to pr•odict 

incipient cavitation for the pump . The flow rnto div1ded 

by the inlet area • lves the velocit;1· perpen::ilcular to the 

c.aseat10 , and the P . p . rn . enables us to f-lnd the relative 

velocity paral lel to the c·ascade • This r-elat-1 v,.. velocity 

is in the opnos 1 te cHroct:lon or tre -i,ump rotation . 1rhe 

veeto1• sum of these two veloelties determines the 0ir1ection 

and rna1_;nltude of' tho inlet velocit:, to the cascade ,. 1rhus t, 

,;ie know v~ and ~4 , as nhown 1n figUl''(;) 5 , nncl can determine 

the ans:;10 of attack f:r•om ·equation rm . Th.e .,,a_;nitude of 

( the velocity used ;in eqm.ition 18) io :;ivon b,:, tri.o equation 

Ha.vipg cfoterri1ined t . .ne an ;lt1 of attack anJ tl 9 vclocl ty , 

Ca.vltotion occura •~·hen the pressur,e in tho rluid ranches 

its vapor· pressure which 1s detcr·mtne<l by the temperature • 

~ve can write the Bernoull i equation for the airfoil a s 

follows: 



or 

Pt> is th.e static prassure ah.oad of· the pu~p vanes in the 

lnlot to t~hc pur.-.p , V;, is the ontet·in; velocity .relatl.ve 

' to the pu:ap vanes , ttnd P 1s thtj vapor pr·essurc . Since 

all t:1ese values are kno,;m , wo can solve for 't and from 

the curves , determtnc tho an.~le of attack at v,rhich this 

valuo occurs . Ii' 1 t iri tne sumo or leer: than tho an_;l c 

of o.ttack ori,_i;ir1all:1 dcto:r· .nlnod for V from the pump con­

c. l tions , then cavl ta.tion t11 11 1?esul t . If it ls h\rger 

thRn the- an~le of attach: ori·;lna.lly determtned , then l:a-

vi tat ion ,qill· not reoul t . To f'ind trrn ex.a.ct point for in­

cipient co.vi tat ion , we seo that various florr rates and :- . p . m. 

ust he tr·lcd until the an ;le of attack detorr;tJned b:y these 
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