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and function of tho thoorot:toia.n in 1:10dcrn . tochnoloc:r, trho 

nh~raice.l svnterna which ure 1n1:i.erent in tho nath~mat1oe.l con-
" .:1 ii 

principal tools are the Laplaca trantitorr.-.m.t:.ton and the theory 

of func ·tions of a oor!lplex variable. 

It is shown that mnnv of the corr~nonlz oncountored cener-
~ ~ ' 

are perhaps intuitively obvious, but the details are gone 

The 1.mpl1cat1one in ~egard to these matter-a ot the pr1n• 

ciplo or ana.lyt:1.o ccmtin.untion are ooneider-ed. Tests tU'e 

derived to enable on~ to decide whether or not there is any 

chanae of realizing a prescribed transfer ch~:u"scter!st:tc T( jw), 

paradox of the idealized low•pnss filter ls examined 1n this 

light. The questions nro shown to be unanswerable ln tho oa.ae 

ot graphically expressed data. 

It 1s shown that the resu.1 ts of the 8t11dy nr-e in agr.-ee-

theo~etioiao.s ·can accomplish 1n general. 
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popular oonoept1on of an on;:::lneor ( asido from an er~oneo:1s 

association with locor:-1otive and hoist opera:t:oi"'s, •nhich pra~-H:r:!_ t­

day professional engineers are still trying to live do~m) :.-:.as 

e;onerally been that or a vi?;orous young man 1.n bootrs and rough-

he had to be , and was , and is. 

The emergence of tho alldo r ule aa an aocoptod symbol 

It 1ncl1ca.tes t he r;row1ng public awareness of t he i.mportance 

of a olass ot O!"lg1ne~ra who own no boots, don't always look 

busy, and do their work on paper or at the bl~1ikboa.rd. If 

one inquires as to theil" function, one learns t'.bat they al?& 

aonoernod with the t heoretical aspects of engineer :!.ne problems ; 

These classes or enf;ineors are not J.n r;ended to be 

mutually exclus1 ve; 1 t 1s abundantly evident t ha t t he inJ.i vi.d­

ual gains 1n professional oo::r.Ipetence snd e.ffectl vonass as he 

possesses thE:J good rea.turos of both. The proc: tician who 

i gnoron theory soon doscends to the level of routine med'.!. • 

~ ( R-l} retera to Re.ference 1if l ln t he Hef'erences followi~ 
the text or this pa:per. 
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by reasoning abou.t :tt. Rather do 

applicable body (>f theory, bearing alway s S.n mlnd the lu:·;:11.Git 

restricti ons on the theory rrh1Gh w0re .Lnr os o:d when lt was 

has alre '".dY taken place; t he t·heoratioiun j, .. rn t makeB use of 

applied physicia t 1 V:ihataver he r1.e.y Le , he occupies s.n 

increaaingly important place in r., r>tas en:,•day tochnoloc:;; tho 

that s tep•by•step exper•1me:ntal development is eriminally '. u-1-

economical of t1rne, manpower, and materials~ not to montion 

money .• 

by his practician colleagues with an at t~!.tude which (tho ,.,ch 
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infinl ~ely more bearable t he s et:irn.ing ly tnescnpanle dey w·hen 

he i s oaught with his tntegrals down . History records t h at 

the Delphic O~acle enjoyed a long ~eriod of popularity and 

prestige d$ap i te t ~\e fact that its predictions were c,)uched 

in 9,.1,ch evasive te.r--ms as to o.-imi t almost any fntor:rn~e- t ation 

whatsoever (I.-3). Not so today's theor~:t iciat1; his nervices 

will be esteemed or desp1.aed according as ho 1.s or i s not 

willing and able to ~~ l ve ,ie.f'tni te, under a tandablo arHn1ers 

which are both use!'ul and r•ight. 

~!:'he questions whi.ch a theoretician ::my be sskod arc 

strange and diverse. 1''"r1ia p aper will consider 110w he n i cht 

go about answering certain inqalries of r~t.-1e t:rne ilC an I· do 

thus•and-so? 11 

It has been a long tl.me slnoe pra.cticians have expend0d 

any serious effort on attampta to construct ·pen•petual•rnotion 

machines. It :ts realized that such sa device would f ,1nctton 

in complete contradiction or the 1a~a or physics ns '?JO kn.ow 

them; it is gra.,h:ially baoomi.ng acknowledged that t:Jnny othor 

apparently rosy prospects a.re 1nhert'.'-·m t1y une.tta1nsbleo Just 

what Will be th~ effect of this d.1sillt.rnioning info1--mation 

on the popular mind, oond1t1on~d by SunJ.ay•supp lement science 

and ht1.okst:era• engineering to expeot a r1evor-end1ng stream of 

surpassing marvels, · would be both difficult and 1nter-02ttng to 

surmise, but this will not be a.ttempted hore. 

Ideally, the theoretician employs in his a.'1.alysis the 

very best theory at his dlspoB$l; that which e lves the most 
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realistic p icturo of: t he wo1"1ci ,_;; f observat i on. Ur1fort ,m.a::.ely , 

th'i. n ultimate ologo.nce n1ui1t frequently be f orf.;0one. It of'tcm 

happens that t he detailed, h l :.; ;--, ... q,.w .. lity tF,t:tl ysi.B ':'. h at 

represents the tt,eoretician' s boat work must be Jud.CEH1 

difficult or 1mpcse1ble ,; f accomp li.shment wr.th re1atlon t o the 

practical problem at. hand . 

Then the theoretlclan must t,ia k e jud i. ..:!l o;.is Rp-r• r>o:dmatlon s 

to get his an$lysis going again. Tho a<ldltlonal task of 

interpreting . the r e sults of' t he upprox.imate aol 0.t ticm mny be 

difficult, but it is not really a novelty; even hla very 

.finest theory ha$ uncertainties in lt, of whi ch h ,a will take 

acoou.nt 11' he 1s 1Y:etlculona. 

In studying tho beh avior of e lectr.ic nl syster:-.a of finit e 

spatial extent, for exn..'n;--lo, one often supposes that the 

physic.al cons ti t '.ition of the c i re ~,;it c an be c 'l;u.racterl zed by 

certain discrete (or n1,1nped") pnrametera (fln 1 te ln rn.:i.mhor) 

which do not vary w1 th t h ·e. S'.'ho de;,ende'.;lt vs..rlri L- le.s &I"'O 

taken to be a f1cite set of mora•or-le s e well-behaved functions 

of time; a. finite number of apeeif!.ed 0 .rorcir:g f u.ncti ons i1 

{of time) may be present, representi n.r; tI;o lnfl s.lon1-~0 on the 

network of the external ,.m1 verse. ;!then t h e behavior of ·the 

circui t has been speoified. math ema~ically by applle,s.tlon of 

t l\e phys.ice 1nvol ved. thr-01.l gh Kirchhoff' a Laws, one has u 

finite eet of linear ordinary integrodi f.farential e cpat ions 

wi tb oonste.nt . ooetricionts. The bound~1~y con.di tions aro 

genere.lly · :tn1tie.l con11t1ons. 1n wh!ch the values of certs.in 

of the dependen t variables and their derivatives of varioua 



orders are spooii'ied at time t • o+ (n .. Ji). 

No realistically minded olectr.l.cal englneer, practlclan 

O!' t heoretician, will clni.m t l·; a.t t:,eao equat1.or~n nro -an 

n.d.aqt.tato desorir,t1on of f.111 that can nar,pen in the :·1c.d;wcPk . 

The equat1on.r'l r,u"e certrd.r 1y ;-;rong for c tl!'r>ents too 11:11:-ge or 

too s:na.11 in ma0r.d. tudo, .for• oxaniplo. ,\t on0 cxtrer:10., tho 

dissipation o.f Jcu .10 h<Jat in tha notworit ' s Ct)nncict.1.ons ootlld 

. be large e :--l.O'J..J.h to melt t :10m.. On the ot;},~n• hand, there is 

always present a bacl{groun.d or minute 0 nolseu cz.:.r>l"'0nts in tho 

c1rc,:.:.1t elements (due to the the1:~mal e.g i!.:.atlon of t::;e 

cons ti tuont molecules, for exs.mpl,~) which wc,uld mask very 

small cuJ:ir-ents. 

Yet it often happ ens that t he eq\u1tions n~e mea11:i.ngt'ul 

over- an e.xcenstve 1.ntor:·?odiate r9.!1 ge of c :.rrro:.t r- ·, acn~.t:ides; 

a. vast amount of analysis has been ca.r:."ied out w:. th .J·1s t this 

suppos1t1on of 1' lineari ty," and its a9r,1icat1on has boon most 

fruitfu.l. Thi.s papar will be based exclusively on this 

assun1p t1Qn a."ld its generalizations. 

Once tho t heorctlcian has decided to work w:U.;h th.o ~)ystem 

or eqµat1ons d.iscusaed above, ha has ,::iany 1:iethoda of r.1ather,1at• 

ical nnalyals trt his disposal. By the nature or t :ne pr,:iblem' s 

mathet.ruitical formu.lntlt}n, it 1.s ve ·,...-y well suited to study by 

moans or the Laplace transformat ion ( n-5 1 R-6) • The 

1ntegrodi.fferentlal equations transtt">rm into linear algebi,aio. 

ones: the boumiary- conditions e.Ni s:rntll/JWatically and almost 

effortlessly 1ntr-odu,.cec1; and it the parameter- s in the 
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tr-ans form 

Q:) 

F(s) = f t(t) e-s1: d t 
0 

Ono o.f the p.r•incipal results to be oL,tai7-:ed by this 

BO:r't of st..1dy (L -10) may be oto.tetl as follovvs. 

a linear natwOPk without 1nlt1al storage of energy in the 

magnet le fields or t.he ind;;,o tors or t he elee t.1:2ic f i elds of 

the capacitors (that is, no such fields exist at t: o+). 
f \ u .. t hermore, let v(t) a,-:d i(t) be s-.lfi'iciently well-behaved 

functions of tlme no t hat they possess transfer-Ms V(s) and 

I ( s) 1 .. effpeoti vely. Then t he rune tton t ( s) do fi ned by 

7 (s) = V ( s) 
r.. . I Cs) 

is a ·quotient of polynomials in a with real coe.ffioients which 

a.re de t&rtainod. only by t ho c_onnta.-it parameters of t, he net;.• 
-!t• 

work and ~h G way ito elamonts are connected. 

* An equivalent development or tr.us result in a strictly • 
i:-:mtbamatical formulation is given in (R•ll). 
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In p:r•ecise terminology, ,, ( ,s) is a r11tim1al f ,.1nction of' the 

complex variables; it is (with the possible exc:er.: tion or a 

fin!te number of poles} regul~n· t h rougho1t t he entire a• 

plane. For the present problem, tho netwc-rk is comple t ely 

oharaotor1zed by the tunot1on z(a}; t his ciroumsta.'1.ce hae 

given 1"1se to a vef7 extensive literature -relatlng to the 

design and synthesis or finite linear lun1f;ed-pa.rametsr 

electrical net·wo:19ks to i\.11fill pr.esoribed conditions (n-12). 

Sim.1lar so-called 0 impedancat1 func 'tions Z ( s} can be 

found which relate t he (t:rta..'1sformed) current in one branch 

ot the network to the (transformed) voltage·drop across some 

other bran.oh or chain of branches. '!'ha raethod is nrpli cable 

to the study of r:1nny mechanisms and combined electro­

rneohanioal systems; after a while, one acq dros t he hab1 t 

ot mentally replacing the time-domain block dh1r:rar.1 

e ff ec. t. (1:-) 

by the s•doma1n (or complex•f'requency-domain} block diagram 

T (s) 
Effec.1:Cs) 



where 

T(s) == 
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Effeci: ( s) 

Ca. u. s e ( s) 
.. 

This viewpoint is vex-y holpfu.1, but its limitations and 

qualifications must be borne :tn mind . P,n exa.."ilple of' a v0r.-y 

simple linear lumped. ... pal"a:meter meohanimn not subJect to it 

1s given in (A•l).-tt 

The first major investigation of' this pmper is ce.1":ried 

out in Pat. .. t II• It is QD .attempt to generalize the h:rpodenco 

notion (and z.,ost especially the f :motion•theoreticnl aspects 

of the. matter) to llnee.r d1st~ibuted•pa.rwnoter systems. Such 

s:,&tems are by d'efin1 tion desori1>ed by S;tatoms of linoa.r 

ptll'1)1a1 1:nte.grodit.forontlal cq•.1a.tlons with tma•oonstant (but 

not necessarily s}'.u1ce•constant) ooeft1ciento. The t'3pea1£ lea• 

t'ion of admissible boundary conditions ·~vill be nade h1 r10rc 

dotall. 1n Part II; for the presont, let it be noted that the 

physical system 1nusb be of t!n1te spatial extent. The 

prinoipal ondeavol:' 1n Par-t II 1& to establish that snob 

systems are deset":l.bed by impedances and other "netw01 ... kt,~;} 

functions whtoh are meromorph1o tunot1ons or SJ that is • that 

*(A•l) ~ei"ers to AnpencUx Ill• which ~s to be f'ound 
following .. the text ot thl s pa.per• 

•r'°Topologioall:y, a maot-o:Joopioally continuous physical 
system (auoh u an electr-1.aal transmission line) ie scarcely 
a network. · Never~helesai this terminology ~111 be applied to 
it he:re. 



exception of isolated poles . 

The second ·major ihvest1getion of this paper ls carried 

out 1n Part III • . It !.a an evaluation of the si ,snif5..cs.nee 

a..vid oonsequencee ot the application of the prlnoipla of 

analyt1o -eont1nuo.t!on to the genel"-alizcd network functions 

developed and hypothesized in· Fart II. 

The principle will be sto.ted with care 1n r ·a1:-t; III; for 

the p1"esent, let it be noted that specii'iontion of n me:r. .. omor­

phio function in•the .. ·a::na.11 loads inevitably to a uniqi.10 

detern'.d.nation of the :t"unot.ton• s values in•t;he•larr1e. 

The results of :Par-t II are inIDl-ediately appl :tcable to 

questions of t he type "Can I do thu.s-and•ao't n wh ich the 

theor-et1o1an oocasi0nally encounters. For exrunr,le, s ,.:rp:poee 

that it is desired to build a device whi.oh wlll have s ome 
I 

transfer charno ter1st1e T{ jw) • A (w) + jJ3(w) .for w1 < w < w2 
as· shown below [tdw) . and B(w) are real r·.,motions of w]. Gan 

T{jw} be chosen with absolute arbitrnriness? 

w 

Wa 

ACw) 
--- :S(w) 

0 

-~: I I 
I I 
I I 
I I 
I I I _.............., 

I - I 
~-------- I 
I I 
I I 

The anawo:r 1s -'liol u The theorettolan can point out that 

analytic oont1nuation of th.e (merom.orph1c) transfer character-
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i st:.tc T ( j1t) (bas ed on., s ay , the proposed f :...mc t i ona l values 

a.long t he lower half of' t :tc line seg;i1ont 1.11w2 ) l oads to 

unique funot1.onal valuea along t he uppe r• :1alf of t b.c r1017;men-t. 

in the natur e of t hings i inpossible i a t leas t 1n s oi'nr ~1.s t h ings 

I I I, tests to oxplo:tt t.trl s cr-1terion e.1'!)e c onsidared 

Suppose, now, that t he proposed T(;jw) has passed i ts 

will t he praotioian l e t himself in for at frequen(~ies w out .. 

side t he range w-1 < w < w2 in the ovont that he is s ucceosfu l 

1n contriving -a systom to give hlm t he deoirod '.r { Jti) l n this 

range? 

The functional value of the (r;1eroino~ph i c) t~anst'ott 

eharacteris'tio T( jvJ} 1a unlquely determined at any point L"'.1 

t he- a-plane try t h@ apeo.1f.:tcation or f unc.t1onu1 'ni1u.es along 

t he line segcient w1w2• Part III oonstders r:zJ ans to exploit 

t h.ts relationship. 

Finally, 1n Par-it :rv, the results of t he invest i gations 

are constd,.u--ed t'ro:m t he standpoint ot practical appli c abiU.ty 

and 1n cH:>roy>a.rison w:l th related. te8t rn and procedures previously 
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A. P~emonitory Introduction 

the attontlv-e reader will soon er1aounter occns1ona.l defections 

by the l'le.ys.tde; proofs will dogenora.te i.nto plausib1ltty 

arguments; indeed, tho r,r1nol:pe.l invoatigation of Pn.~t IJ. 

pttov1ng intraotable in tho general case., the result will 

remain only an hypothesis. 

Another r.eatnPe ot this work probably quite :13nlling to 

a ma.tberri.at1o1a."1 1s th.at w·hs,t does qet dona is achievod. under» .. ;; 

.far str1oter assumptions tho.n a.i~e absoL1.tel:1 roqutred" It 1.s 

be car-riod throu,gh with 1.,ogax-~ to a wider class of' functions 

t hru. those which o.re constdered. To do oo \'lould t robe.bly be 

nore J.lffieul t, tbouf:h; end t ho o.xternfad vnltzUty of t he 

,.-..esults would not be or any interos I; in r::ractlce.1 nroblomz. 

a. The Mathematical Fu.notion& to be Cons!dorod 

A prominent oontemporru:"y rnathemaM.oian (R-13) <.mce 

de!'ined a well•behaved func-t1on flS one in which a physicist 

might be interested. Engineers have leas oui-iosi.ty, however; 

in conside-ving a given problem, we shall restrict out atton• 

t1on to its E•:f'unotiopff• 

Suppose that the equations or motion ot the physice1l 

system under study involve at the htghest the nth 'time derive.-
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tive of some dependent variable, n • O, l, 2, ••• (1.f n • o, 
no time derivative appears)• Then the E•~.met1ons of this 

problem possess the following properties: 

(.l) They are real•val1,.1ed f\metions of tho real variable 
< t { tim.e), de.fined 11 alroost. overywhe1 ... e 0

~ in O = t <<». 

(2) The:, possess continuous tlme derivatives 1~~r the 
~ 

first (n • 1) ordar•s t hroughout O = t <.OO (sir;ntf1cant only :f'or 

n > 0).-

(3) They possess nth-order time deri vat1 vos rmlch are 

rlcht-semioontinuous at t · • o, al'tO sectionally continuous 1n 

aveey tin:tte interval in O ~ t <.ocim, and :poase>ss only a r ini te 

nus:iber of maxir.1a and nt1n1ma. · in every tin! te interval tn 
< . 

0 = t(oo. 

<Ii.) They and thei:r time derivatives of ·the f!rst n 

orders $l"G of exponential order aa t-+- oo ~~ • 

{t-n Almost e,,e~rwheren here ::,1eana everywhere except , fol" a 
dem:u11erable set or"' points having no f 1n:t te point ot' acc:.unula• 
tion • 

. < ~'":rhat :is .t 1n • any fini.te interval [T1, T2l such that 
0 = T1 ~· t ~ l~2<°', an E•.function•a nth•order time derivative 
is contlmlOas except for possibly o. -!'1n1 te numbor of sir,,:ple 
jump d1Roont1nuitiea (and is therefore bounded in this 1ntei-val., 
by the way). 

~-:~hat 1a, ro1• any r,;-runction (and 00.oh or its first n time 
del."ivo.tivea) r(t), there exist .finite, real; non-negative eon• 
-stanto Mr- ar, and 'ff ouch th.at lr{~}I ~ Mr exp (art) tor all 
t ~ Tf {WPitten '*i"(t) • O (exp {artlI) 'With regE\rd to the oon• 
seq-<lences or (3) above, Tr can be taken equal to zero for all 
the f (t) or present interoot. '!'hat the same Mt will not sutt1ee 
for any g•fanotlon a.'l'ld a.ll of 1 ta der1V$t1.ves 1s ~Eparent upon • 
consideration of f(t) • exp(lOt), for rtm}(O) • lom. One tnlght 
surmise that t he sane minimal ar would s ,.1f:fice for any E• 
function and all of its do.rivatives, hi.it :tt has not been poaa• 
1ble to prove this. 
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• It :ts to be noted tbat a 01ven functlon nay be nn E• 

function relative to one pJ:aoblom but not rele.ttve t() others • 
.. 

For instance, k(t) • t 'i\i' possesses a deri.vnt1ve which is u.n• 

bounded as t~o+. k(t) 1s not an E•funct!on if t h e nroblern 

under c:onslderation involves k' ( t) or h:t r:;her.- t:!.me deri Ye.ti ves, 

deri vati vEu11., or ooilrse, !"unctions possessing suitably well• 

behaved der1vat1vos of all o~ders are I:::•f'unctions rE1la.t:tv0 to -
liln7 problem. 

This elasa of' relatively docile fu .. V"J.ctlons is i ntended to • 

include adequate descriptions of the rne:r;tbevs of wh.o.t m:tght bo 

oallod the class ot pointer readings in the g:tven proble11.1 . 

These p .... vo.r1abloa tlX"G t ha moa.suros oft.he (macroacop!.c) 

physioal obse:rvables in the or1ginee1~• s (a:.."ld . scientist• s) 

world• 

The ala.as of E•tunctiona falls well within Doetsch's 

olass of L-funotions a.'1d1 1ndeed, within his class of La• 

funotions (R•lld • Much use will be made of his results. 

It 1.s wo:rthwh1le to look at some L-functicno wh.ich can• 

not possibly be E•funotions or any problem. q{ t) : t•·l is 

an L•funotion he.vlng t~he transform Q,(s) :f{!)/st (H-15). 

q(t) ·1s unbounded as t~o+, and 1t :ts perfectly certain tha~ 

no such P•variable has meaning• Considered f1 .. om the sta.."1.d ... 

point of its o·pei~o.t1onal definitions" no phya..ioal theory oan 

tole?iatt> .1n!'inlt1es, even though they azto improperly absolutely 
' 

integ_t~ble. 

There are appa-rent exceptions to th.ts pr1:no1ple ln both 



involving large forces e.ct!ng for shor•t times a!'e moat 

expedi t1ously handled by considering momentum c han t:!i&S under 

the application or instanta...'1eous impu.lse.s, not nmr.it l onlng 

forces at all. Gardner nr1d Barnes (R•16) O!:'l!)has:lze tho 

definitive character of e. networ-k•s G1~eent a fnnGt:ton, or 1ta 

r$snonae to an impulsive {or Ki.rchho!'r-Dirac) tnput • While 

thie can oply be approximated in practice, the concept 1.s 

undeniably of grea:t utility. 

The tace•savinc V<10.y ou.t of t. he t heoretical difficul ty 

here in only now beco,:;:iing generally known {H•l?, R-111, H-19 ) • 

The phyoio.a.1 impossibility of porf'orr:.inc, tr-uo :tm1)1J.lslve 

is no los:1 01..,. usetu.l t; e neral1ty :tn excluc11ng trom nttont1on 

t- {o.nd "quas1-L• 0 
)' funothms wh i ch a:r-e unbounded 1n tho 

neighborhood or any finite t. 

Another, t•funotlon wh1.oh 1s excluded fror;i tha fru-nil7 of 

possible E•functlons ia tiha.t old reliable horror s (i;) : sin 

(1/t}, t > 0 (R-20). no matter how g{O} is def:Lned, this 

bounded f1mct1on :tails to 1·ul\.ve right-scimi•contin:1tty nt t • O; 

1 ta derivatives are unbotL"lded neat' t = o+; a.~d. 1t por.rnossos 

an infinite number of maximQ and minima 1n this v1c1.nlty. A 

good physical reason for- feeling that no P-var lable can 

0:ori .. ospond t:O g( t) 1s that the oscillatlons ot the function 

in the v1citlity oft= o+ o-ecur at 0 .frequonl31es" so out• 

landishly h!~-;h as not only to outstrip t he oltuieical theoey 
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no de;irlvatlon is _felt i!: cxcludlng such L•.f'unct,:i.on..n f1--om 

attention here. 

The two exceptional i'unot:.tons abovo appear to represent 

the prinoipal ol11sses of L•funot1o.."1s which cannot possibly he 

E-1\t.'l'lc t:l.ons. · There is one inr;iortant ~spect of the corres­

pondence between the E-f'unctions and tho I'•va.ris.bJ.es of a 

• given proble.,11 •ahich recr.,:dres e.ttent1.on, t ho,..1gh. An r~-f:_mct1on 

noed be @nly sectionally continuous in any finite 1.nter\~al 

(1.f' n = O). Can one reasonably expect to observe po!.nte:r 

readings which are discontinuous ln t.L:1e ? 

the mooha.nioal iner-tis. churc.cteri~tic of oxist:tnc; 1n1lica.tJ..ng 

elo-inents . au.oh as gal vru.1omoter mirrors and ca.thode-rny ... t;.ube 

electron sti"'eams. Tho query really relates to t he underlying 

physi'ca.1 obsePVablos t ::emaelves. 

A mea.."ling!\il answer \o t.!1e question soems to cia11 for ta 

more o;(tensive and prof'ou.nd r,hilosophlcal invest1.c;at1on tb.an 

can be attempted hero. 1'.'here is evary inclination to reply 

in the negative. From ·this standpoint, d:tscontir~uo,is 

functions mu.st be ragar-ded as only 1dea11zod ap: roxi!;lo.to 

deaor1pt1ons of the1r associated P•Val"'iables; introduced 

because they greatly r aciU.tnte analysis. and lor.:1 t.imi.zed 

only by the t.U.Jeful t?'ui t of t heir employment• Tho p1~oblom of 

degrada:tion•by•approx1rnat1on erisi;ng ho~e is not el nevi one. to 

the theoretician, though, as was brought out in Part I. 

Some doubt oan be :raised regarding the dasorlpt:tve 

adequacy of t he fa."1l1ly or possible E•t"unations. One has no 
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d11'£'1culty 1n 1,--riagining Q f•var!able to be exp1"e~sed by h{t) = 
exp(t2). Yet h(t) is not of exponential order as t~"'• and 

it 1s not possible to cro,..ry out the process of Laplace trans­

formation on it (R•21). /ihat is to be done? 

ThG only way out seems to be tr-...rough nrm..itilation 11 of the 

function (R•22). One int-r•·odtices an E•function which is equ.al. 

to h(t) tor 0~ t~ T a.nd hns some convenient value (perhaps 

:u:>ro) for T < t <OO which 1& of exponential ordet" as t-ll)c:o• 

!.f the problem under cons1deration ls one to wh l. ,~h classical 

cau3e•and•of!'ect rolationoh.tps ( ,vi th their sequence in t lme) 

apply• this E:•.funotion Vlill boa povfectly suitable 
, l - ' 

repz-esentat1on of the tvoublesome P-va.r•i able above for 
< < . 

0:::: t = T. One need only choose T sufficiontly large at the 

start to cover ·the period or interest. 

c. The Mathet".J.at1oal Specif'iofiltion of Phya1oo.l Systams 

All linear physical systems a.po dosor1bed by B? :1tems of 

l1naazt 1ntegrod1fferential eqaations (ordlnncy or pn1: .. ttal) 

with t1tne•constant coat'f1c1ents, as stated in Part I o Ir the 

system 1.o composed entirely of lumped-parameter alsments, 

both the ro~oing fun;;tion (or 0 os.1.J.so 1•} and t:.:).e resp o~1se 

runct!.011 (or "eft'eot n) ooour d1?'ectly in the o-rdin~nry- integro• 

differential equations of e-0tion. Th.e boundary cond:t tlons 

are generally 1n1tlel. oond1tions (at t :; O+), often taken .so 

&a to correspond bo no initial at~age of energy. 

Fo:r d~atr1buted-pa:r>amater- t3yst&~s. however, the sit:..1a• 

t1on 1s usually ditferent. In the mo13t involved e•se [wb.1oh • 
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we sl1all now consider in detail , leaving the pa~tlculn1')s of 

some ralmpler instances to (A-7)] , neither> t he rorcing function 

nor the response function oocurs in the homogenaoc1.s linear par• 

tial 1ntegrodif.t'erent1al equntiona or motion. They e.ppeart 

instead as (spatial) boundary values of the dependent varla.bla;, 

or as 0U111u,.rostrictions on :hese (spatial) bouncra:ry cond1t1ons. 

As an example or the fo~1-., one co.n cite the one•dimens:tonal 

elect~ioal transm1ss1.on line(tc be st~d1ed in detail in Sect1on 

(F) followlt4-;), where the "cause" ma._y be the voltage at the 

sanding end and the 11 ef'foct*' may be the voltage at the ree&iv1~ 

u + + + Send;"~ l\ec. e iv i" "l 
v(o,t) v(.x., 't} v(l,t-> 

A ,,Ar"A t l(S Arr•"'~1:"s 
- - - 0 

0 X l, 
i-------+1----+l--~)o x 

The seoond situation can co.-ne u.bottt 1f the tt-e.nsmission line 1s 

replaoed with a we.veell-lde .excited ,nd loaded by coupling loops. 
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If one supposes that t he loops o.nd t he adjacent portions of 

tho guide walls are perfectly conducting, then 

where A1 is the al'.'ea enclosed 'by t he 001.1pl~ng loop;; the gc1ide 

wall., and the voltage soui--ce, and ~(x;V yA, zA, t) is -the 

1:1:agnotlo•flux donsi ty inside t he guide at t he oleu ent di\ of -
A1 • A similar expression holds fol' v O ( t). 

•~ generally,, tho foroing 1'tmct1on t(t) enters the 

mathematical formulation or the physical problem as 

tCt) = I j<x11, ':J11,~11>t)d "R, 
R . 

where Ria the .finite domain (line, surface, or volume) con• 

oerned and ¼ (x~, Yn• z8 , t) ls t he value of sane f :teld vari­

able at the element of in.togra:t1on dH ( t he integrand n1.ay 

have · to be written ¼<xR• YR, zn, ·t) •~ in sorno instanoas, na 

above]. It is in a;corda,.."'?ee with the work of' Section (B) 

above to suppose that t'(t) and !<x,: y, z, t) [!'or all (x, 

y, z) or lnterest; no~ just in R] are E-tunotlons of tti..e 

p~oblem conoernod*, ao t hat ~heir transforms F(s) and°F{x, y, 

~·Thia will not be tho ease if the specification or the 
p~oblem is self ... oontrad1ctoryt. as, tor oxam:ple, 1£ one assumes 
that a non•eero voltage drop s applied between t wo points ot a 
perfectly conducting body. 
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z, s) exist. Upon transfor"'...1.tng &.'1.d revorsine the order ot 

integPation with respect to spaoe o.nd tine, one ;::ets 

F(s) = L "F(xR• 'jR, ~~, 5) cl R. 
R 

The mather.1at1oal just1.ficat1on for th.t s step is c ivon in 

,(A•2) . 

One 18 tempted to identify the f unction•theort~tical 

cha.raoter1st1os of°F(~• YR, zR, s} with thmJe cf P(e), but 

thia would be most improper. A chysically significant co;;.1nter• 

example is given in (A•3)• It is not even oorrect to su·npoae 

that °F(xR• Ya, zR, s) has as extensive a half•plano of 
i} I holomorphy (R•2i.i,) as F( s), as ia shown by a J.umped•pa.r•at'leter 

counterexample 1n (A•tt). It can be shoVll-n, however (> ... 5) that 

the half-plane of holomorv:~Jiy c; f F(s) ia e.t least as e:1: tensive 

o.a that of any i=cXrt• "R• Zn• s). 

D • 

It is now poasible to 1ntrodu.eo t i,e principal . t.'enture ot 

Pa:rt II. SuppoSJ• that fort~ O a forcing runotlon (an E• 

funotlon not! 0 ot tho problem} f(t) is applied ton linear 

distributed•parem~ter system of finite spat1Al extent by means 

of a boundary condition over a dome.in E:1• and a res-ponse 

• ~A function V(a,) o.r a complex vrwiable s ls said to be 
holomQ?'t)hi:O in a co:-tain ,-domain 1f · 1t is ana1yt1c and single-­
valued itwoughout •. an:y- f1nl. te ~ aul>19eg on of t hat domain. . .· • 
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The initial cond.it1ons (t • o+) in the system aro S'lCh 

that 1.r t !'.1e f'o:ro1ng :function r( t) had not been a:ppl:tod , the 

systen:1 ·o1ould never have changed its state .from that et t : o. 
The .dependent VaJ".1ablea in t h& problem e.re so chogen thnt they 

all vanlsh in t hl $ partioul61.r state o.f t h e s ystem; they 

?"&present the departut'eS of the field variables from quiescent 

(or "DC") val1.1ea which mn,- be different tr•o:m ze ro~ 

This 1rar,11es, tw exmTlple, that if t he 1:1.nee.1~ homor;eneous 

pa1"tial integrodltfer-ential equati ons of rAOtion of t he system 

contain \ti, X, z, !;) [!<x, y, z, t) being some .field var1• 

able]. then f<x,. y, z, o+) • 01 so that {<x, y 1 z, t) = O 

hold$ for all t > o. Physically, trJ,s seems to repr i:: sent 

the reqi.d.rement that thette be no initial storage or energy 

in the system, just as in the study of linear l1.m1ped-~s:rametei­

networks. 

Cat'r),ting put the ::,:::vocess of Laplace transfoi,ination on the 

equations of motion, -;;, one gets a system of homoe,eneous linear 

*One teals some oonf1d.enee that this can be dons !'or a 
systsm ot bounded spatial extentt since [by the argu..rn@nts or 
(A•2) $tld (A--5)] the field variables thttoughorit t he system are 
tL"litormly majorized. by an E""tunot1on whose t _ranoform posseeees 
a half""'plane· or . holomo-~b.J' -• One tuu1 no reason to feel t hat tbio 
is ·oo fol' a apatio.11-y unboundEtd srst-.m. • 
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o~dlnrary 01~ pe.rt i. al integrodifferential eqi..1ations in the 

derivatives and integral$ of t h e f:teld vat~iahles \'flth respect 

to space variables go over 5.nt;o t h.o cor•roopondlng derivatives 

derivative ot a f ield vari able with resnect t o tl~o coes ovor 

into t, ho prodact of t; l:e complex variable a and the fic3ld• 

vo.ri&ble tN1r1 S1fortn by vl1,..tue of t he initial con.di tlons 
. . it 

mentioned above. The partial intogria.l of a field variable 

with respect to t1m..e (from O to. t} goes over lnto t ho fiel d• 

variable transform divided by B• -

As l"egards the remaining spatial bou.ndnry conditions on 

the s ystem' a behavior, lt will be a.saumed that they tre.natorm 

i nto linear bomogeneot.1s co:mbination.s of the field-variable 

transfo~s and t hoit:> spat l al derivatives. Tli o coeff ic i ents 

in these expressions may involve the space variables in any 

reasonable ·way, bttt they are spec1flca.lly a~sumed to be at 

most meromorphlc fu-"lctions or s*f A d :t eciuss1on of th<?- lmplioa• 

t1ons of &n assumption of this sort is g:tven by Doetsch 

(n--26). 

*It • 1s heI•e assur11&d t hat any fleld variable whoso time 
derivative is under transf ormation is itself continuous for 
O ~ t<ac,. Exactly this qualification was lnelud.ed in the de~ini• 
ticm or the $•funot1one of' tbe p1-toc lt:m1 (so that t he time derlva­
ttve cohe@Pned would indeed exist throughout O ~ t<oa., and the 
equations of motion would not blov up). 

¾HrA function V{s) of a oomplex val"iat le sis said to be 
meromorphic if it ls analyt1o and s1ngle•valued exoept poss l bl7 
f'or isolated poles t hroughout a.ny f1n1 te subregion of t he s• 
plaM, 
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Let us suppose that a unique aolu tion exlilt~ to the 

.. "~} T problem es stated' • hat :ts 1 t he 1~cpatlons of motlo:1 and all 

the boundary oondit1ons are satisfied by v&lues of t·h e field 

variables • . ReruembeI'ing what f(t) and g (t) ar-e. we seo that 

and 

and 

f (t): I i("l\•'j11• i!:R, t)ciR 

'Rt 

':)(t) = [_ 1'"R•~R•~R,t)ciR 

Ro 

Fl s) I 'T(xR, 'jR• ~1\, s)d"R 
. 1\1 . . 

f b(K-p,, 'jR, i!'I\, s) J. 'R. 

'Ro 

*It 1s bG7<>nd. the ooopo of-this paper to consider existence 
thQor&rrHJ ln dets.11-.- The crux or the :matt.or seems to lie in itt1• 
posing neither tO<) many nor- too few boundary condit:tons, and 
this is genf)rally taken care or in a set1staotory ma.nnor in 
_praotioal e.pplioatione. ,, 
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1stic of t l.10 system• defined by 

T(s) = 
G-( s) 

F<s) 
• 

That this quantity 1s determined only by the con$titut1on of 

the system itself ls fairly obvious, but a pr-oof ls r;a; iven in 

(A-6)• 

That t he transfer c rlaracteristic T(s} can be d 1scuasod 

tor linear distributed-parameter systems in wh lch t he Hcausoi' 

and "effeob" functions are incrodt10ed in wa~rs sor·\ew·hgt d:tff,ar ­

ent f:ror~ that above 12 shown in {A-7 j • 

It must best%'ossed t hat the actual e.2tlatence or T{s) 

ht1s not boon proved. If t he s :rntorn can be s t uti.i od b:7 La.place• 

transforrn i:1othods, t hough, T(s l 1Illll indeed oxlst in accordance 

with the abovt1 de.fin! tion; we shall now t)xsnine l ts r,t•oportiea 

under this aasumption. 

s. General Statements About t he Tr·ansfer Characteristic T (a) 

The first thing to note 1s that T(s} possesses a half• 

:plane of meromorphy. * G{s) 1s holor;orphic tor- (I"' >o-n{g(t)), 

and f (s) re~ o- '> o-11{t ( t >}, by (R•2f4.) • F' (a) (not I o) does not 

~he use or this torm 1 s • not in str-iot agreement with the 
definition ot a me:romo.rpbic function given above; t he meo.n1ng 
here ls that T(s} possesses the property ot belng analytic and 

• stngle;.valued throughout t he 1nte;r1or of a hall'-plane except 
.tor possiblf! isolt\ted poles. 



_have a finite llmi t point of t,eros 1.n 1 ts half•p lan o of 

holomorphy (R•27), so t hat it crr, {T(s)\~cru{.r(t)}, a-M{T(s)! > 

cra{s(t)}, ·then T(s) possibly has poles a t t he (laolnted ) 

zeros of lf(s), but no other slngulo.rities :for <r)<rM{T (s)l• 

Elsewhere in the finite -part of t hl s regi on tt is an 

analytic function, so t. h t..t:; it (T(s)] is maromor-phic in. the 

h alt•pls.M cr>o-~{T( s >}. * 
w 

One can even say someth ing about t he half-plane of ho1omor".)hV 

or T(s); thi.a develor.:mcm t ls pursued .in { A-8). 

f(t} (by assumption an E-.function of t he ~:·,roblem and.er 

oonsideratlon) ls by definition a r•f.u1l•va1'J.ed funnt l on of the 

real var1able t. From its de.finltion, P{s) is a real function*~· 

of t he oompl0.x var1t1.ble s; it s = er + jO 1a r eal, P (cr) is roal 

too. The same oonsiderati c,ns hold for g (t) a>1d G{s); we can 

conclude that T(s} • G(s)/F(0) ·1a 11 real function of s aa well. 

. . 
• *'l'h.e ,hal.f-plane of me.Pomorphy of T(s} can of course, be 

muoh more extensi vs t ha.n t he half•pl'ana detet-n1!ned . by this 
existenoe &l"gument • . • • 

~o be distinguished t~~ "real-valued function." . 
. r,·, 



By th.a principle ot reflection (R-JO), T(i) = 'ffii 
thro1..lr;hout- the half•plt.mo of :noronmrphy ot T{s) • That is, 

T(s) T ( er+ j w) = A ( er, W) + ) "B ( ~ w) ., 

where A{o-, w) &nd B(a-,w) are real, thon 

A C er, w l = A < er, - w) 

'B (er, w) = - B(cr,-w). 

If the half-plane of meromorphy (or. a mo,..-e oxtenslve 

eyrllm-etr1oal reg ion ot' m-s:romorr;;hy obtained by· analytic continua­

tion of T(s)] conta1na the so .. called "t'eal•trequf.bnoy11 axis 

• a : O + jw, ens ::iees that the rosistive and 1 .. eaotive components 

of an AC tr-8.!is.fer irnpeda.'1oe are even and odd functions ot 

f~equenoy respeotl vely, for example• 'l'h.1.s ls the 11near-

d1s tr1butod•parameter-syster.i general.izstion or a well•known 

result in the study or llnes.?' lumped•parameter networks. 

or espttoial 1nte~st, .though, 1s another significance of 

the half•pla."le 0£ me?'omorphy of T(s). Th:roughout this region 

(and its extens1on b1 imalytic oont1nuat1on} the funational 

value or t(s} is unlquel';I;.:. .clet&r.nslned by its values 'f.n the 

n$1ghborhood of some 1nteP1or point: in :r,art1ou.lal", a.lqng a 
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segment of the axis a = CT+ jO. This tmE\ns that tho trans"!' 

fer character•istic in all 1 ts uni versal1 ty is fully deter­

mined by the val'..les of a ~infl:lP real function [A (er, O )] of a 

real var1table (er) along a segment of thls axis. This is a 

considerable s1mpli.f1cntion or the tra,:11 t1onal viewpoil.'it, 

aoco~d1ng to which T(a) is detarmined by the values of tvtg 

real t\inotiona [A (O, w) and B(o, w) or their• equivalent] of 

o. real Va.?Jlable {w) alonr: a a&fv.'Hant (generally the entiret.1) 

of the reQJ.•treq~.ienoy axis. This slngle•funot.ton spec1f'ioe.• 

tlon of T ( s) 'wlfOUld not be well adapted to study or t~,o system 

by t:.he use of the F'our1ei"' integral, but - lt mitht be of 

interest :ln network design, synthos1s, and teat. Thi$ same 

property obtains tor linear 11..1.mped•p•rameter networkst of 

The tact t,; hat t he linear homogeneous nlgebra1o eqi.ia.tion 

O(s) : T(s)•F(s} holds t~.Ht enables us at once to e;ene~alizo 

to 11neat" distrib~ted•parartteter systems the well•knpwn super• 

pos1 tion theorems of linear lu,mped•:pe.razneter netwo:Pla~ o It is 

no longer eu:rpi--1s1ng that an eloctrical transmission line 

can be charaeter1zed by its ABCD para.meters (R-31); this is 

juat a conse(f ... tenoe of the app11oe.t1on of the st..rpe~posl tion 

principle. 

T(s) is a quotient or transforms, but it is not generally 

a transform itself• lf. we take g(t) i f(t) (which is J>er!'eotly 

pei~ss1b le) * then O ( s) I F ( s) holds true• and we rind that 

T·(s). I 1;, mioh is not a transtom in tho usual sense (R-19) .• 
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nevertheless, transtorrn cons ldera:~ ions impose l:tlui ta t i ons 

on the rate or growth of the magnitude of T{s} aa e~a, along 

the (J""•ax.is, fox• exara.ple. Sup;:-ose that the equations of mot1on 

of the physioal system involve at rnost nth•ordor t 1.tne deriva• 

ti ves (n a O, 1, 2 1 ••• ) • An admissible forcing function is, 

f (t) = 0 , • 

f (1:) =- t,. , 

(i(s) = T(s)• f{s) 

t < 0 

0 < t:. 

=- l!L TC s) . . 

G(s) 1.s holornorphio for 0-)0-u{irr.(t)1, and by (R-32), 

G(s) -..o aa a~ao with complete two•dimens1onal freedom 1n 

any 1n.f'1n1te wedge•regton described by 

. . 

where cr.1 > <r8{g( t ) J • 
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w 

rr 

Thia imposes a rostriction on the ,a~der of ma •::.;nl tude of 

'l' (s) as s➔ oo 1.n t he wedge-region. If T{s) N Asn+ l, A .::f= O, 

as s ~ oo thez-e, then G(s)~ Al!! =t= o, in contrad:l,;-; t ion to the 

theorem cited above. A similar contradic tion arises if '.Hs) 

increases in magnitude faatel"' t han sn + 1 • Thus we Goncluda 

' that T(s) must not increase in magnitude faster than sK, where 

k < n + 1, 

This estimate could p:,c,obe.bly be sharpened, but it ls 

sutt1c1ent to make us realize t h a.t T(a), wrJioh is inva1~1ant 

w1th re¥;pect to inputs f(t), ·must not lnct"oe.se in r;.iac;nitude 

taster than some power or s as s-=,, cio in such a wadgo•ree;ion 

tor- ~hiohO-w > o-n{T(s)} .. T'h1s holds tr•.10 for any physical 

• system subject to our stu.dy, since a definite 1nd1o1al integer 

n ~ 0 ex1ste tor any suoh system. 

It would sutfioe for the ·development to come in Part III • 

• to know oniy that T(s) possesses no natural boundariEts {unoon• 

querable obstaoles to analytic' oontinua.t1on)- Branch points, 

essential aingularitiEJS·· sint_r.ilar lines, and SllCh like can be 

overcome, as w1ll beoeen. Nevevtheless, one ls tempted .to 
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hypothaa:lze vastly tr.ore: to wit; that T( s) 15 merom.01 .. nhic (in 

the sense of the original def1 :n it1onj. 

It has not been possible to prove either or these con­

tentions fo'!! gena1 .. al physical sy1stoms of the t ype st:1died 

above. Cona1d.er1ng only· t he !'irst ( wh ich the second m,ist 

nseessarlly inolude} 1 its demonstration oan searoel:r be 

expected to come .from ftm.c:tion•theoretical pr1nciplaa alone, 

for funr;t1onal ele1oonts possessing natural bo'.1ndar1es are 

qul te comrr.,on, pex-haps t:he rule _rather than the exception 

(R•33) • . 'Neither is the transform theoey alone of rm.teh help, 

f'or Doetsoh oalls to our attention an E•!'unction (for a 

problem in whloh n a 0) whose transform. has a natural boundary, 

the axis s • 0 + jw (R•3!+). Any proof of either of these 

notions must :-est on the introduot1on or physi.cal conaiderat1ons 

which have bsen quite elusive up to the present time. 

The hypotheses will be introduced tor what they are worth. 

Consideratio.n of a large number of solved examples in both 

study ancl practice (see Carslaw and Jaeger• R•.3.5, for example) 

has failed to disclose a single contrary 1nstnnce. 

One aspect of thi.s matt&J:- must be stressed. There a:re 

many exercises in {R•J5) 1n which T(s) d.oes indeed have branch 

points. Without except.ton,. these arise in conneot1on with 

"se-mi-infit1! t;e" electrical oablea, heat-tr-ans.fer struotuites, 

or other suoh dev1oes. One feels no qualms whatsoever 1n 

ruling o i.it of' consideration "11Y and all phyaioa.1 systems wbioh 

are unbounded in space,- for they ·ape certainly unattainabl-0 

1n praetioe • . lot even the Federal Government can afford to 
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buil'd a ·semi•1nf1n1te tl'ansm1.ssion line. 

Having done tbis, one is faced with an 1nterost1ng 

ph11osoph1cal probl&."ll• If we refuse to thintz abm.rt physical 

syatema unbounded in space, how oan we properl y d..tscuss 

physical systems unbounded 1.n time, as req:.drerl by the {o,oo) 

integration 1ri ?6l".fol'f..i1ng the Laplaoo transformation? 

A pragmatic an~wor is possible; of oou:rae. After 1:10 

have ·undone the t~ansformation, t ho resul tlng t1mo f'unct:lona 

satisfy the roc,piremonta p laood on them by the aq~Hlt.iono of 

motion and the bound~y cond1 tions. Who could ask for more ·? 

F. T( a} for t he Mon•un1form 'Ir.1.msr.1:tsaion Lins 

Lest it seem that F'a:rtt !I has degenerated <'.:ompletely into 

mere 1ntu1t1ve apeaul ation, a problem of graat pract1~al 

iritportance will be worked t b rao ogh in aupport of the 11,,,·po t heses 

of Seat.ion (E). 

Consider an elec.trical transmisi3lon line of len~·:tb 1., 
possessing d1strtbu.ted JHn"c..-neter>s R., L, G, and C r, fH• u.n:i. t 

lene;th ·wh.ioh e..1'e continuous functi.ons of x in O ~ x ~ f? 
The line is terminated at x = 1 by t, spatlally fi!1lte l:tnoar 

~1s lnn.,lies that the na.rtL"'lleters are bounded :tn O ~ x~..2. 
Tl1at is reasonable,, since ''tntinite" R and/or L imply an or,en 
oir-euit :1.n the line; 11:tnfinite" G and/or O a, ahort circuit. 
Et th.er of. these . l"'·aul ts · can best bo chat"'ged up to a tel''lainat1ng 
1rapedanee • . R, L, Q 1 and C al"e. tho series refit1seance and 
1nduotanoe and the $-hunt eonducta.noe s ad os.pacitart0a per unit 
length ~•opectively ot . the t~ansmlssion line, or course. 
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~ { s) 1s at moat a ration.al f'unc tion of s [as ato.ted in Pa.:t"'t I 

and proved in (R•lO)]. If t he line 1::-i s hort•oirou1ted, Zir{s) 

;; O; it" open•cil"oui ted; 1/ZT( s) • o. 

I(x,s) 
+ v-----+--------f--{ 

V(s) V(x,s) 

i--------+--------+----~x 
0 " .t 

lt will be supposed t hat a voltage source v(t) is applied to 
. > 

the line at x = 0 fort= O, and that the initial distributions 

of voltage and current alon/{ the line and in the te:r.•m:l. n~t;inr, 

networl{ vanl gh Vlentice.lly . 'l'hen the well•knmm. ti t1e •doms.in 

• eqtlat1ons of motion 

transfo:r.tn into the s•domain equations 
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d. I(x,s) = _ [(3 (x) + s C(><}1 vcx,s) = - '((x,s)Vcx,s) . 
d X (D<.>t<.-2.) 

Z(x,s)= R(x)+ s L(x) 

and 

Y(x, s) ~ Gr(x) + s C.(x) 

ar-e t he line's series 1mpeda..~oe and shunt adi::11 t tanoe p•.:l"' anit 

length at the point x. 

The boundary oondit1on at x = 0 is 

while that at x • .! is 



the roqutrements of :;eH~tlone (0 )' and (D) above; the function• 

theoretical nature 01' some of the tro.nsfer charsctaristios is 

investigated in (A•9). 

It 1s there demonstrated• for exe.mple, that the input 

ir:1.pedanee z1 (s) : V(O, s)/I(O, s) 1s indeed a mez-omo1")ph1c 

function. 

Generalizing the physical p1•ohlern, we may now 1nvig1ne 

two different lines oonnecttng in tandem as sbovm bolo·}1 . 

Line #1 (which we ha.vs ju ::i t st:-1died} is terminated in Z,.. {s) 
- j.' 

as before. 

We may replaoe t he combination ot Line i!Yl and ZT{s) by the 

generalized impede.nee z1(s) found above; now only one line is 

ln view. 



z1 (a) has boen sho:wn to be a :::1eror:1orphic function; it 

is not d1t.f.toult to SJao that the mo.n1pulat1on at the start of 

(A-9) ca..~ . be crfrried throug:.1:1 a;.-;atn t:or Line -fi' 2. ire thus 

cone ludo that z
11 

{s), the input 1rnpedar1oe at the tormtr.als of 

Line #2. is agatn a 1:1oromorphlo function. Ono can generta11ze 

this conol:us1on to t h o tandem con11oct:ton of any nut1ber of 

G; and C wl1ioh are only- aeotionally continuous. 

The parallel oombinot1on of a finite number of ind:tvidually­

terirtna.ted, non•coupled lines rr • .;.st yield a meromorphic re• 

sultant inpt1t 1mpeda.floe, and we can extend this conolu•sion 

to nt:rees" of such lines. 

«J:'he present theory is not a.pplioable to syatems of lines 

conneote{t at both sending and receiving ends except as such a 

comblnstion oan be interp1"eted as a alngle line with ne\1 

J>at-ametera R, L, G, and C • 

Some similar remarks could be inad.e about other transfer 

oharaotertst1os of non•u.~i!'orm lines: the oonelus1.on of 

.fun-cticmal mer0,."!lorph1o1ty continually presents · :ttso,lf,, · 

Vie oan now understand why many_ of the ·exampl4Uf in (.R•,35) 
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led to meromo~pl11c transfer oharacto:t.,isties, £or the tz,ans• 

formed equations of motion in smne 1nstanoee can be . inter• 

;preted as applying to tr-ansmtsoion lines whose, pars.metor-s 

vary in prescribod. geon1otr1cal re.sh1ons • Tha analysis ot 

. (A.•9) applies, then, to t hose exercises. 

With th1o enlightening suooeaa behind ua, we shall pass 

trom the realm or meta,..analya1s, e.ndea.vor1ng in Part III to 

put our eonoluaione to work in the sen1e6 ot the theot-et1o1an, 

•ho s•nea the praotic1an, wbo tn turn serves the wo11ld. 

III ·'n'!E COM'IlfJATION PROBLEM 

A. Underlying Mathematical Cona1detJat1ona 

!he ext~aordinar-y elegance and tert1lity or the prtn• 

ctploa ot the identity, uniqueness, and oont1nuab111ty or 

analytio tunotlons are Pefleeted 1.n the existence of several 

alt•rnat1v$ .fundm:.1.ontal statements 1n rega1~d to these r,1atte:ra. 

• Perhapa bes't $U1 ted for o~~ present purposes 1s this one 

(Oh1u-ch111 1 ll•.39) I 

"Ir a function ts s1ng1e•valued and analyt1o 
thx-01.1ih0.ut a region, it is untquely detet'nl1ned by 
its values ove:r an &PO, or .throufhout a sub­
region, within the given region. 

li'rom • a str1ctl:y logical standpoint, this o1reumatanoe ls 

simply the eonaequenco or the application tocei-tain poatulatea 

and defln1t1ona or oth&raat-bitra-r11:, .established Nlea ot 

manipulation. It ia worthwhile, though, to eone14er the matte:r 

1n another l1ehtJ we can ecaroel7 do b~tter than hea,rwna, 
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Knopp has to say on the subject {bap;omihl's translation, R-hOh 

"?low it is exceedingly rem~kable tbat by means of 
the single requirement of' d1fferentiabil1ty, that 
is, the re uirement ,21 }:_e rs;ulari,tz, a class of f •,mc• 
tiona having these; properties i3 selected from 
the totallty of the most; general !''..lnction3 of a 
co.'nplex variable. On the one h:r-md, th1s clas8 is 
still very gencPC:ll and includes almost all functio:ns 
ar1aini.J in appl1oat1ons. On thi~ 0th.or hand.11 a 

• function belonging to ;:, hia olasn p ossesses s uch a 
strong inner- bond, t.he.t frori. i tH hebavlor in a 
reg:ion. hot;ever> small, or the (s)•plnne ono can 
d.oduce ita bebavio1 .. in the ont1.re ror:ia1n t ns ra:ra'b 
of the plane• • • 

ns1nco natur•al phenomena t'b.emsolvos posses:1 an 
intrinsic 1~egultwity, it is clear t~hat, above all, 
those functions whi.ch possess s ,.wh on inner atruc• 
t ~.1re. will ap ;-- aar in a.pplicationa in the na.tural 
sc.ienoes. 0 

It was shown in Section O:), Fatit II, that the transfer 

eharacteristic 'I'(s) . of a lineal' physical :;yr; tarn oi' t h e t;ype 

discussed there possesses a half-plane of meromorphy. If ~ve 

exolude from tl1e finite portion of this half'•plBne s mall 

neighborhoods of all t.he singular! ties (which ax•e poles}, tho 

resulting <loI:1ain is on0 in tih;lch T(s} is ane.lytic ond sinr;le­

valued, and t he pri:noiple of analytic continuation ls 

immediately applicable throughout it. 

It is desirable. t hm.1gh, to extend t h-i s do~ain to include 

as much of t he ent:tr-e s•plane e.s possible.. This can easily 

be dona 1£ T(s) ls rn-erom.01-,,hlc in th.e original senso (that 

is, throughout the a•plane). Indeed, es~ential singularities 

and other isolated pathological point;& wrJ.oh do not~ lntroduoa 

multivaluedneas oan be quarantined in an exactly stmiler way, . 

leaving virtually the entire s•plane as e. l"eg1on where T(s) 
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:1.a single-valued and analytic. 

lf' we allow the sit,ucttion to beco1i1e rnore e orrmlicated, so 

that T(s) possesses isolated branch poin'l;s in addition to 1 ts 

other troubles, it ls still possible to fix thlngs up IHJ..tis• 

ts.ctorlly. Let all the branch outs be made in the neo;ativo 

<r-direc tion, away from T ( e) 's half•plane or meronor·-hy. Then 

in the simply connected region* remaining,T(s) is 0..nalytic and 

s1nglo•valued exoept for possible 1sola~od irregularities such 

as poles and essential s1ngular1t1es. Onti oan eastly pr•oceed 

from any point {A) .1_n tho cut pla..1-le to any othor (D) by 

dotou.ring into T(s) 9 s half•plane. or mer•omorphy. 

w 
-----f!J I 

-- :B 0-- - - ---+--~ 4\ 

Ao--- (!) Brc:u,c" p.;"t 

Bt-4"ck 

C "'t 

By the principle of analytic oont1nu.at1on1 t han, 'l:'( s) is 

uniquely determined 1n•the•large by its values in•t;he•small, 

even in ehls trying situation,. 

ii-A two•dimenaionel region R is said to be simply con~ected . 
i:f any closed ourve within it encloses only points of R• This 
implies that rm..,-_ two curves C1 amt 02 .· conneet1ng two points A 
and Bin l:l and ly1na entirely within R can .be continuously de• 
rormed into one mother without leaving e., • • 



The 000: .. u~renoe of a natural boundary to the continuation 

of 'l1(s) quite ef.t'eot1vely halts our pro-gi,ei:rn. }'Jre~lenoe of 

either or the natural boundaries shown below renderos a sub­

stantial pox-t1on ot the a-plane inaoeessi'ble fPOm T(s) 1 e 

half•plane or me~omorphy. 
w 

I 
I 
I 

o--M (TC s)} 
The oocurrenoe of sing>Jla1 .. lines {non-closod cu.r-vec across 

anne.xs.t;,1on or 11 alrnost &11 ° of the s•pls.ne to T ( r;) ts !:al.f•plana 

of r::ero11:mrpny-. A sineular line of this sort 

w 

-~ It must be remembered that continuation is possible a­
oroas a branch -cut, leading onto the next ~heotof the Ri~h 
sur-faoe rov the function concerned. 
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is no ;rorse to handlo t :,1an a branch cut {as t::'eated above)• 

Other oln.gu.le.1 .. llnos cc>~'"! be tru:ned if we systema.tJ.call:,;- cut 

the s-pltt"1e 1n .this ,vay. 

w 

q-

. (!] :Bt-t.\KC.k 'Po;Mt:-

1 --- :8t"AKC.k c e<t: 

--+--- --$ • S S SS • S, •,.. 4'"£« v £.. ;"e, 

I 
I 

A bl'&nch out goes ott to the left (in the negative O-•d1roct5.on) 
% . f-.Pom some symmetrical point or eaeh singiilar line, and any 

branch out which impinges on a singular line ri-om the right 1s 

~ po1nta ~ chosen aynrnetl'ically With l'eepeot to the 
er-axis ao that the I'eaulting out· plane will be synu-net:r1oal and 
the principle of retl~ction (R•JOJ c-an be ·applied to T(s) • 
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diverted ao as to coincide v,tth tho sit43t.1.le.:i:• ltnc' s crm cut 

tn golng oi'f to tho left. T.ne addition of more sinr;:ular lines 

and branch points may oomp11cate t h e p ictu1--e• but t he cut s­

plane will remain simply connected a!'1d essenti ally tnt e.t!t. 

The most 1rnportr~t hypothesis rnade about T { s) in f art II 

llpart trom the question or 1ts acttial existence) is that it 

possesses no natural boundaries. 5uppoo1ne t h.l s to ha t!"'J.O, 

the pr-1.nc1ple or analytic oont1nue.tion gual"lantees th@t T(s) lo 

uniquely determined throughout a suitably cut s•plane 'by its 

values in tho v1c1n1ty of' any inte!'lor point of that o:.1t nlonc. 

In the f'ollow1ni-,.; two Soct1ona we shall consider !'.'Ioe.ns to 

exploit this fact• 

B. The Contim1at1on of tmal:rtioally Expres s ed Data 

We are e.t last in a pos1 tion to deal with the p rt)blam 

disousaed 1n Part I. Suppose that, as stated t here, a 

theoreti.eian is approaohed by a practician who defth .. es to 

realize a certain trans.ft:"l!' charaoterist1o 

throughout a f'requeno.y range v1 ~ w .t:. w2• The real f:.motions 

A{O, w} and B(O, 'j//) (oz- t heir oqttivalent) are for, the present 

. supposed given 1n o.nalytiaal tor-m: graphical p:resen.tnt1011 w111 

be oonalderod in Seotion {C) rollowing. 

It 1a not necessary that the spoc1tioation be made through• 



out the w•range by ,just one expression; T( jw} may be t;:i..ven in 

each of a finl ta n-.4'nber of sections of t :::e segment w1v~. The 

oase ot just two sections is tm!'ficiently general fort thls 

exposition; the prao ·t.iois...11 desires to have 

where "l'";, (w) and C1f2 (w) a1"e cor:1ple2c'•valuod functions of the 

real variable w. 

It is not. · dJ.f.t'icalt to see what must be done. Ono ~e­

plaoes w by s/J in the analytical ex-pression !'or °T1 (w). 

This 11 (s/j) must at least have t he properties deduced fol? 

tho goneval transfer characteristic T(s) in Sect:ton ( r:), fiat't 

II. Brietly, 

(1) T(s) 

(2) T(s) 

possesses a halt-ple.no of holomorphy, O"')q-n{T(a )}. 

1s Peal for a real 1n th1s half•plane. 

(.3) T(s) does not increase in magnitude faster than sk 

as s ~co-1.n any wedge•region desot"l'ibed by 

whore <ii >CTjJ{T(a)}. . . . 
,- •. ·1 

(4) T(a) ha.a no natlll'al bounda.:r.iea (an hypothesiQJ not 
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proYed). 

It Of l (s/j) satisfies t hese requirements, then (taking 

note of -;:- ossible b:t"anoh c :lts, whiab Wt,ro not defin:t tely ruled 

oat in Pe.rt II) one ea.."1 ox~11ne the values ot or1 (w) in the 

re....nge w < w < •2• If th0rae is agreement, final lf not, it 

would seom t hn t tho desir ed transfer cha.racterist1c. T( .h-1) • 

w
1 

< 'II< w
2

• cannot be attained with any physical system of' 

the fH,rt to v1hlch ·we h i.,ve l'.'estr1cted out attention. 

If this eolf-cons!stenoy test is passed, t hough, one 

can proceed to det0r1n1ne the behavior ot T{s} throt1ghout a 

su:t tably out simply con."'lect&d s-plane by exm-.lining the 

behavior ot °T;_(a/j) [or ~ 2(s/j) now], including as a 

special case T(jw) tor w oatside the segment •i•2• This 'bver• 

all 0 view of the transfer cha:racte:ttistic T(s) enables one to 

disoove:r what ?roblems of stability, active-/paas1ve-network 

realizability, oto., are implied by t :1e specification or 

•r( jw) in the segr.:1ent ~• Thus t ho ob,Jeotives of Pnrst ! are 

attainable in th.l s oase. 

It must be remembered, though, t hat these cr-H~eria are 

t}eoessarx;. It is not knovm whether or not they are suf£1o1egt. 

No general syntht/Jsis p:rooed;.1re is offered liere. 

Tl'le procedut"e will be bettei- app:reciated after working 

through an oxan1pl<.h P.u-tioula.rly 1nrorr..11at1 ve ls that ot the 
~ 

idealized low•pasa filter with time delay td > 0 • (R-t:.1) • 

*It was thls example which tirst ai-oused the wr1te?'1 a 
interest in the topioa whloh have developed into_. t~a .pape!'1 



Thie hypothetical device hRS a trans.fer• cha:i::•acto?'1stic 

which supposedly gives distort1onless transrn1ss1on with a 

time delay td 1n the pass band, but eorn:plete :rejection outside 

it. 

Th.o eontinuod tre.11~.f'ev oharaoteristic T{s) [based upon 

the values or T(jw) ror lwl < w1] is plainly T(s) • K 

exp(•std}• This .f'unction has the p1 .. oportles or a. ti .. nnsfer 

oharaoteriatio listed above• Indeed• it oan bo soon to 

correspond to tho voltage transfer ratio of a distortionlesa 

uniform t1,ansmisslon line (R/L : G/c) t.erm: nated in l ta 

oharaote,:,1at1o i.mpeda,."'lc& <¾ = ~ L/d), for insta.'rlOEh 

Thia T(s) ls an entire function, and i:t dec1dedly does 

not agree with the desired values o:f T ( jw) for- I w I > w1• 

One feels quite certain that the originally specified 'l'(jw) 

is unattainable, and this belief is stran:g t honed w:·1.en one re• 

calls that the idealized low•pa..<1s filter can be shown by 

analysis U1•hl) to have the whi1ns1.eal habit of p:resont1.ng an 

output signal :f= 0 befor1 the input signal (a uni t•step 

tunot1on haz-e) f.s appl1edl 

It is both anusing and d1scOUrQ81ng to see to what lengths 

aome authors have gone in attempting to palliate this abomina• 



tion. Aa long as physical systems are studied within the 

f:ramowork ot classioal physics, cause•and•·et't'ect rola:tionshipe 

(with their sequence ln time) must apply without exception; 

any departUl"e from them 1s a shame and a disg:raoe and t-ende:rs 

suspect ot gl"ossest error the entirety of the aaoociated 

a."lalystsi Or so a "high•ehurch0 theoretician would say. A 

gentler view ot the matter might be to the effect thtat here 1s 

ven1ent to approximate and eomprom1ae, evaluacinr; the s:tgn1f1• 

oance or his results in the light of his assumptions nnd in 

comparison with experiment, This 1s not a new problem for 

him• 

Some add1t1onal examples of the continuation of a.r-2alyt• 

ically expr-essed data are given in Seotions (A) and (H), 

Part IV. 

o, The Continuation ot Graphioally Ex-pressed .Data 

Suppose, now, that our cheorotician is ar{a.1.n approachod 

by a practician who desit•EHJ to real1r&e a certain tr~.msrer 

oharaoteristio 

throughout ' & frequency .range w1 < w < w2• !hit; time, the real 

functions A(O, w) and B(O, w) (ol"' Ch♦ir equ1valent) a:re given 



questions posed in Part I? 

precise, one could (in principle, at leas t) dator mine the 

values of all tho df.n"ivat;i.ves [clt\At,w)] a21d (cl"B<:Jw)l 
cl W W: Wo cl W J W = Mio 

(n : o, 1, 2, .•• ) .fro:n them at so1w9 convenient po:inl.~ w
0

, 

w1 < • t , < w2• Supposing s :: jtt
0 

t o bo a point of m.ns.lyt1c1-ty 

or T( s), tho Taylor' s-no:ri es expansion of' t :he t:::•ansfor c : \rU:""' 

acteristic abont that point iiuould be 

direction. This functional element could t hen serve aa a 

basis for the analytic continuation of 'I' ( s) by nt least t wo 

methods. 

The classical circle-oho.in mothod {R-42) is udeq•.tate in 

~ Ve can reasonably asa1-mie chat these graphs will be 
sectionally oont1nuous (and therefore bounded) with only a 
.fini ta m1mbe1" of maxirr-..a ez1d mlnima in w1 S. w ~ w2, 0inoe 1 t 
is impossible in practice to draw graphs o.f any other ld.nd. 
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pr1no1ple, since one does not o.xpect T(s) to have any natural 

boundaries. The sheer oomputn.tional bulk of this mothod, w1th 

1 ts soq,.ienoos of suooesai vol:; detet"mi.ned power sa~ies I is 

d1SOOUl'ag1ngt though. 

Another m.ethod of cont1m1a.tion in•tho•large (baaed on 

knowledge of the coert1o1enta 9.n) utilizes a process of SU!'l'.Da• 

tion developed by &ttel+ Sinoe th.ts, too, turns out to be 

impractioal, the details are r-elegatad to (A•ll). 
I 

It was assumed above that a• j110 was a point of analytic• 

tty ot 'r(s). There may be some difficulty in deeidin5 this.! 

:nr1qt1• Ono might be fooled by a graph of t he continuo,.1.s, 

everywhet'e ... apbitr,ar1ly-o.ften•d1tterentiable function 

C ( w) :::: e )( p (- 1 / w 2) , w + o 

C (w) .:t o ' w - o. 

C(w) 

---------1 

0 w 

It ca.~ be shown (B-43) that c<J(o) vanishes tor all 

positive 1ntegezta n • . Thua a Taylor's-aeries expansion o~ C(w) 
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• ~ 

about w: 0 makes no senso. 

TrJ.ase diff1oult1es at"e of only lirni ted interest, l:owever, 

since it is certain '.:.hat the pra.ctioia."1 wlll ~ prosent 

graphical data whioh are mnthematically p::.,eoiae. Any curve 

D ( w) , w1 < w < w 2, will appear as e. "smear," or extended two• 

di mens tonal region, rather t;han as a mathematical c:u•ve, since 

it will have b'9en drawn by a pen, pencil, 01~ other inBtrument 

which lays down a strip-mark. 

])(w) 

0 w, Wz w 

'?hus the functions A(O, w) and B(O., w) [and henoe T(J,-,d] 

can be apr,irox1mat(Jd un1.f'omly within the widths of tr.a 0 smeaJ•s u 

throughout the fini to range w1 < w < w2 by any of an inde:!'1n-

1 tely large number of .functions [r1 Cs)] . • Unique analytic 
S-=JW 

oontinue.tion 1n-the•large is manifestly impos::d.blo. 

'.!'he quostion of ~nrox1me.te continuation in-the•small will 

not be cons1de.red here. Sortte worli:: on this matter- has been goi.ng 

on elsewhere, however (R•4h). 

An alternative explanation for the negative conclusion of 

th.is Section can be given by means of tho modern theory or 

*The underlying funot1on•theoret1cal reaso~ror this state 
of affairs is, of course., that C(-s/j) = exp(l/s }, s ';f= O, · 
possesses a.n essential singularity at s • o. 



information and c ;:m;t:,;1nlcntlon ( R-J-15 , 

determined by tho relatt ve restriotl ·,,· eness of choices made 

between members of sets c.f alterr.iatlve.s. The slm:,lent and 1;1ost 

appealing scheme of infoi•r::atio-n measu2cmen t operates on a 

binary basis and 

If we expard any (!":t n ite) pos:7.tive roal number A 1n 

powers of 2, we find that 

b due to altor·ne.tive oxp. ansions muoh as m 

A ::: ..L 
a. 

.L + ..Q_+ a 2T. 

+ 

0 - b lf'1 :::. o, M1 < f ~ - I 

but this does not relieve us from having t o specify a denm:1er­

able in£in1ty [or NcjAleph-Uull ), Cantor• s .f:trst tre.:rn.;finite 

oa:rdinal (R•49)] of t he bm• 'l'hus the n,.unber A requires No 
bi ts i)1." intort-,u1tion for its exact speoifioation. 
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Adding a.11other bit gives a choice between 11+u and ll-
11

, 

so that any non•ze:tto real number requires WOb1ts. /: ddinr:,: 

one more bit gives a choioe between zero and not-zer-o, so 

that anz 1"t1al number reqqirea )10 b1 ta. Doublins W0 :t .. eau.lt.s 

in just )1
0

(R•h9), so that any complex nuniber h1hich • ts 

essemttally just an ordered pair o!' r•eal m.uubera) requires 

)t
0
bits of 1.n.fovmatio!l. A dent11:1erable oolloot.ion or dormmett­

ab.les is denume:Nlble (H•50), so that tl1e c olleotlon of co­

eff1o1ento an ot a. Taylor's er Le.ur0nt's series requires 
u .I'~ 

"onlyu n
0

b1 ts of information for 1- ts complete specJ..fioat 1ono" 

thus a !'unotional element of 'T(s) {f'rom whlah analytic continua• 

tlon could take 0.·,le.ce) would represent W0 bi ts of :tnformm.tion. 

It is pretty obvious thst the amount of informa t.lon 

represented by the g;raph1oal presentation of 'f(J,v) :: ,6,(0, w)+ 

jB(0, w) in th& finite range w1 < w <. w2 is finite, ntnce the 

curves A(O, w) and B(o. w) could be quantized in their 

ordinates and abscissas without depe.rt!.ns from the strip• 

regions whioh are the physical ot..u-ves. Fo1 .. example, tho c,1rve 

D(w), w1 <. w <. w3, drawn above contains less inf'ormnt.ton than 

°This 1.tL.probe.bly the underlying reason w'hy a.n analytic 
function can be at most d&num<:u:,.e.bly !ni'initely multiply valued 
at any point• aa is the oase for W(s)= log a (R•51). Similarly 
suggestive · 1s the fact that the oiasaical exam£1es of ftmo­
tJ.onal elements poruuuuting natural ,;-boundaries (such o.s H ( s) c 
.. t

0
s~ , {~J~)] rely on misbehavior ot the t 1.mctions at a de• 

numerably 1nt1n1t• aet ot potnta · (ln th.is example the points 
a • e,r.p{j2iip/q). p .and q pol)1t1.ve integers; p/q rational]. 
This ta not tru•ot non~analyt1~ tunetions euoh as I(s) • 
I ( cr+j w) • 1/cr, -~lob misbehave• at .every point of the w• 
axie (whose equation · 1s ere _O). 



the set of' shadod roo t angles in t; he s kotch below. 

])(w) .~ 

-■ -- J<~ 

~ 
.,..,. ..I - XX'> .. . - - I 

~ :A A 

I ~x w - I 

"'"'" ~-,. - I 

I w "'" - I . I 
I 

I 
I . 
I I 

I 
I . 
I I 
I . 
I I 

I 
- I I 

I I --0 w, Wz. w 

Th.e absclsuaa of t hes e I'octan:~los i nor eas o by s ul t• 

ably smal l e cp al s tep s d w, ard t hn i r ord1natos aro s i mil~arly, 

qua...--i t i zed . Ecich of '.'; L ese 8l''a 0.s 1...,ep r-eson ts on l y a f lnit& amount 

of informa:;1on , -t~ and t rle s ame · t ::11ng c tm be said f or t he whol e 

finite collec t i on 

Thus t here is just not avai lable enou,Sh i nformation to 

enable one to caN7 out unique con t i m1ation in~the•lare;e. 

Ir one endeavors t o get out of t h is predi cament or 1mpot -

ency by 1nt~oduc1ng anal yt ic expressions fo~ A(O, ' and WJ 

13 (0, •> over sections ot t.h e r ange w1 < • <: •2, one mi.1st pre• 

pare to deal wtth the considerations of Sec tion (B) above. 

~In the sketch above, a ,choice of one rectangle out or the 
2li in ea.oh oolumn. • • 



IV A COMPARISON OF THE RGSULTS 1NITH THE 'NORK Of' CTHBRS, AND 

AN EVALUATION OF THE S!GNI.FICANCE OF '!'HE CONCLUSIONS 

A• Th.e Work o~ Bode 

It !a possible to 1ptor-pret much ot the work of Bode as 

constituting applioations .ot the principle of analytic continua• 

tion. A problem with which 1n different guises ha deals .re• 

pea.tedly (R•S6) is that of determining an impedance function 

Z(jw ) given either R(w) • Re Z(jw) orX(w): Im Z(jw) tor 

all•• ·The correepondonoe between his notation and ours is 

as .follows: 

:C (3w) < ➔ T(jw) 

R(w) ...c: ~ ·A(oJw) 

X (w) <( ")- :B ( o, w) . 

Suppose that we a-ve glv•n R(w) tor all w by nnalytiaal 

expressions · (sraph1oal presentation •111 be . discussed. presently)• 

rr ·w• replace w by a/J, the . resulting analytically aont1nued 

function li(e/j), d9-t1neti throughout - the s•plane exoept at 1ts 

s1ngular1t14t&• e,~tainly ~educea to B(w) i-or a= jw, thua 

satiafy1ng . the data• , -,. ,: • 

The problem la by ~o lli•,u.)s .• sol•ed, though. ••.• The impedance 

tunctlon a<s/J), While: P•~t~c.H~;lY ~oeptable tl-c>tn the atahd• 

. t,Qint ot bile reqiuremepta·'ot "Boct1on (E), P&ifft II., may pos~t)so 



s. :function X( w } such that 

(1) jX(s/j} sa.ti~f5.es the roqu:l renrmts of Seet1.on (El, 

(2} x(~) la real, and 

(3) Z(s) : H(a/j) + jX{a/j) is nhys .lcally ~ealizable~ 

1n such a way th~t 1ta t r~i~les juat c~ncol thoso of R(s/j). 

active two-terminal notwo~k N2 in series vdth a t tl'o•term1na1 

network N1 having Re [z
1
{jw)]: H(w) will yield a two-terminal 

, not·work ii, the real pa.rt of whose input i 1..-ipedanoo will at111 

equal R{w) . Alternat i vely, the fact that we are not r iven 

both H (w) and X( w) ovo.!" any range Wt < vv < v12 1.mrlios that t~e 

the derivnt1.ves [ z (n) {s )1 
'J s -

lw {n = O, l, 2, ,, . ., ) ; we ha'Jo 
..,. 

analytic continuation 1s not possible . 

h:)de' s restric tlon of J:-ds attention to mlnirm.un•:r-ea.ctnnoe (oI-

for- -SUC!'l t:.1e run~t:ton Xht) (if it 0xiats) ll uniqUOo 

Suppose t hat we are given 
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tile extended function R{s/j) is not r,hysioally realizable, 

stnoe 

l - '12 Y2. - s+t S-1 

has a simple pole at s = l (1n the right half of the s-plane). 

fo get rid ot this outrage, we put 

'la. 
S - I 

1n whioh ♦ < s) is t:,hysice.lly realtza.ble and. satisfies tl1e 

condition$ ot Seotion (E), Part II. Sino$ 

Ya 
•(•w-1). J .) 

+ . 
l 
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. 
J 

( 
½ . • ) .' -

-w -.i . -w + j 

'la 

½. 
s i- I 

and 

+ 'la _..;__._. 

S+I 

Thus 

Whioh sat1sf1es all the req..tiremants of · the p1'"0blem an4 

corresponds• in tact, to this n1 i n1~ .. reaatanoe netwottk:• 



R•I.JL. C ': l f. 

l'tlng on t. his sa.t1G t heme, 

Bode's tvoatment of grar,h:tcally pro3ented date. (R•59 ) 1s 

very interesting. Eis 1•esu.lts arc admittedly only approximate, 

in ecnto:r,m1ty with t he pesoiciistic conolus1ons or Sect!on 

(c). rut III. Unfortunately, his method• are not applic-

able to the oentral problems of Pa.rt III [tn which, fop 

example, both Bhr) and X(w) •f'U-8 given 1n some ra..11ge w14'. • < •aJ­
ts1noe the st1•a1ght•l1ne approx1'.!Ua:t1ona he f.lakes would amount 

to the introduction of analytical expi-ess1ons tor- Z(jw)• with 

the attendant difi."1eult1ea d1soussed 1n Section (B), Pat 

lIIe 

W$ must take issue with Bode for t he, tenor of his rwe~kl 

at an enrlie?' point (R-60). Evon allowine toi- the ditfereM• 

between his and our uses or the tePm "netwo:t>k cha.raot.e:r1-8t1c," 

his rosi tion seeuis un%9Gasonable. By v1rtue of t he principle 

of analyt!.o oontirn.iat1on, th• oonneat1on between t.h• value• ~ 

.a network's 1mpedanoo ohara~ter1st1o in 1:he e-xtnme l$Ct ot · 

the p ( or s ) -plane and along the real•f'Pe~i.1ency •Uis 1&1J n.oO . 

tenuous, b,J.t or tho vetty st:rongoatl It no natural boun.duiM 

1nter-vene, the v.aluee in elthet' region -,an be used: to dete .. . • ·_. 
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mine those in the other ex:actly. Since the offensive subject 

~attel:' is only a digr-esslon, however. tbe remainder or .Dode's 

wor1( stands ,.1.nin:peached. 

The only other known investigation of the questions 

stated in Part I and investigated in Pal"t III 1s due to Paley, 

1aiener, • and Wa1 lman (R-61, R-62, R-63) • Tho cr1 terion intro• 

duoed by chem cum be stated in these words:* 

"Suppose that M(w) • f T(jw)\ 1s an arbitrary ampli­
tude characteristic, !•.!•, an even r.1.on-negati ve 
function of frequency, having a Fotirier transform. 
Lat us call IHw) •realizable' 1t it 1s possible to 
associate with ·the amplitude t'unotlon M(w) a t.1hase­
lag £unction ♦(w) (not nocos~ar-lly linear) such that 
tho combined trequenoy function T(jw) = M(w) exp 
(•j f (w)l yields r.ero transient response for t < 0 
[to &.'1y input applied for t ~ OJ. This is clearly 
a very general and non-restricted oonoaption ot 
'roalizability.' Thon a neoessary and sufficient 
condition for the ar.iplitude ftU'l\!t1on . M(w) to be 
roalizable is that 

be .finite." 

ao 

f I Lo~ M (w) I d. w 

'+ w 2 
-co 

This cr1 terion is not equivalent to the reatr1et;ions on 

T(s) de-velopad 1n Sect.ion (E),.Part II. The assumption that 

&Hw) : IT( jw) I possesses a Fourier transform rules out transf'er 

~aken from (R-63), with slight changes in notation end · 
the addition or the bracket. 
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oharaoter1st1cs such as f(s) : 1, since M(w) : T(jw) :: 1 

1s not Fourier•transtoi-mable. 

One must admit that this T(jw) can scarcely be attained 

:tn praet:toe for .arbitrarily large•• Ir the physical system 

concerned is this one, 

+ o-------;~---~ 

I (s) 
VCs) 

in whioh T(s) = V(s)/I(s): l, tho resistor will fail to obey 

Ohm's Law at very h1gh trequeno1ea owing to failure of the 

oonduct1on process in the substance. Paraaitio shunt capacity 

across its terminals will become predominant, and the lumped• 

parameter deaor1pt1on or the system will be founcl inadequate. 

It is probably true (as Wallman says) that any phystoal 

ar.rplitude oh&l"aoberiatic M(w) 1s "1nev1tablyu Fouraier•transfox-ma­

atile. 

An interesting parallel between the Paley-Wiener•Wall.man 

criterion and. our restrictions on T(s) is. dis-played 1n (A-12). 

It is ver., illuminating to int.er-pret Wallma.n 1 s examples 

(R ... 63) in the light or the work · done 1n thia paper-. 

{l) The ·1deal1zed loW•pa$s t1lte,:.. Por this devic•• 



.. 58 -

M tw) I, lwl< I 

M (w) =- 0, (WI> l. 

c\>(w) 1a unspecified. Wallman concladeb that .!12 c:\,(w) exists 

for wh.tch M(w) 1i<l realizable ln his sense. In Sectlon 

Part III, we a ons1dered a similar devioe with K : 1~ <l>(w) : 

Vita, and w1 = 1 from t.he standpoint of the pl"inotple or 

analytic c ontim.1ation and otama to a. similar pes :.11n:t?it1.e 

(2) The Gaussian .. arror•ourve tilter. li'or this device, 

tHVI) • exp(-w2 ); cj>(w) ls tmspeoif1od. Wallman concludes 

that !l2 cf>hv) exists for which M(w) is realizable ln his 

Let us analyze by analytic continuation atterrrf'ts to 

realize this tilter. Since ~(w) : f T( jw) f = exp(•w2 }, 

T(s): exp(s2 ) will oertainly satisfy the given data. This 

T(a) satisfies all the requ1rer,isents of Section (I-;}, Ptutt II, 

with one s1gnif1oant e.;toept1on_. T(cr) • exp(cr2 ) increases 

.faster than any crK as er~"'• It has not been r,ossl'ble to 

·«dootor up• this 'l'(s) bJ applying coJTection factors exp 

[ets>J which c1o·not alter IT(Jw>l• This is in agi-eement wi_th 

Wallman'• oonelua1on,. thot1$h ·'!9. are unable to sive a pi-oot 
. -

that no suob e (s) ~.x1sta, aa . he does, . 



M(wl = I , 
M (w) = E , lwl >I. -

. oy 

details are g1van in (A-lJ). 

U1-) A i'J.lter whone amplitude characte rlstic 1s M(w) : 

f sin{ w)/wf. Walln:an eoncludes that this nmpli.tudo Gharac t~eris -

inf1...ni te numbei.. of 

It is possible by FlcH:L'1S of' t1.nelytic cont1nu.ntion and 

e.11:i.od cons1dorat1ons developed in this paper to S'.)r'1'1t~H.H~ize an 

a:;::rpenl .inrr; distributed•p aramoter> syster:1 whi-oh ha8 I T( jw) I = t~ { w); 

procedare ta a a follows . 

Since I T(jw) I • ls :tn (\1)/wL, w·e ,;:ay start by ra~-lac1ng w 

by· s /j. Then 

2s • 
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However, this T1 (s) grows "too .fast" in magnitude ass 

along the 0-•axia, tor example [compare (A.•12}]. 'Ne n;.1.st apply 
~ ~ 

a taa tor exp (•Rs), R = 1, to tame the term ex;.., { s) /2s o ...- Tak ing 

R • 11 

T(s) 
-s 

= -r.<s)e -= • 

Recalling the significance or tbe transfottm o-perators 1/s 

(integl'at1on trom O to t) and exp(-s) (unit time delay), tie see 

that the desired transfer cha:raoter1st1o ean be realized with 

this system: 

+ 

T,.1tta. l>eJ-.~ 
ca "~its) 

The delay unit oa.."1. be realized with an elootr-ical 019 

aooust1aal transmission line, for example. The integrator may 

*The tact that R is not de.t1n1tc,lydetermined is Just a 
reflection ot tqe ract that we do not specity a functional 
element or T(s) by the given data tor M(w), so chat no unique 
T(s) exists. This ts s1m1la:r to the laokot uniqueness ot 
results obtained by Bode' a methods• discussed in Section (~) • 
above. 
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be a little harder to obtain in r rac t ice. 

(5) A tilter whose ru.;;-rplitude cbnra,~torlstic is !:' (w) = 
( sin(w)/1;1] 2

0 Thin :ts p htinly l"e alizabl,-;; wi th two s.m:l.tr:.1 of (h ) 

in tandem. 

st:.idied up to the preBe:nt time ar1d tvh:teh have been most 

extensi voly eznp loyod in e.pplioations are tr•n.nmnls$ion 15.nes 

a;."1d wave guides• It is of interest to soo what ar-e t he 

i 1:1plications in thls oonnocti.on of tho :tnvoatigations of 

Part, II and Part III. 

Ma.xr.rell' s equations (rationalized MKS units) a r~e well 

known; any electroms.gnet1c system considered rr-.. ust or e:i. .. ate 

subject to 

'v k E = -p.. ) tt -- ~t 

V " H - YE 1- fY + E: ~ E - ~ ... 
""' ~ 1: 

-V • ( e. E) - f --
V. (,µ_ fj) - 0 --

at all 1 ts i:iteriior points . It is he:ro ansur11ed tho.t µ • E , 

arid Y a:i.•e con:iltant in time, though not necessarily uni.form 

in apace. 



In ordar to render these partial diff'erontial o c.p.ations 

homogeneous in t h e conrpononts of E, E, and th-oil• s~_H1c0 and - -
time de:rlvat~ives, we shall have to put f' = o. 
t La.t we cannot allow any loose charges to wnndc:i. .. around in 

the intcr .. ior of om:" electromagnetic system., Th:':. 0 lim:ltation 

travel1ng•wave tube, f'or ox~1ple, in whlch tho essantta.1 

phenomenon is the interaction betweon charged particles and 

the electromagnetic r:telde 

It need not be a.arnumed th.at the media of which t h.e system 

S:tnce MU\-1ell ts equ ~r t ions involve a i 
at 

study the elec tromagne ·r.ic sytitern in ttJrn:s 

blea E and n which vn::;1.::ih for t = o+. .... .... 
dep&rtu.res fror:1 some qL1iescont state. 

vm:rin-

e.xtont; ra-dl.at:t ng st~uctnres IU'e not oonsideredo J.f one 

suppo,s.os that the electro:~mgnetic Gy-stem under ~; t·• .. tdy ts 

su.rro1mded by a por.f'ootly conducting surface exoept; rossibly 

at t he places where the f.'oroing function 1a applied end the 

response function ts observed, thing& oorne out ve~r well• 

Suppose that pa.,,,.,t or thi!i bou.ndar-y ls a portion of the yz• 

pla.11e , t he interior of t'1e sloctromagnetio system lying in 
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the positive x-directiono The post ti ve z-dl:r•octlon :!.a o . .1t of 

the page . 

Pe..-fect:l!J 
• C oM-1'4..c. t ,'"~ 

---+------+------~-·>( 
"Ra, ioll\ 

/ . 

'!'he tangential co..7Ponents or E must va'1.1sh on tho bound--
ary, by the .def1 t1ition or a perfect conductor. So we have 

)( a c,+ 

as the f'lrat two boundary eond1t1ons. 

Writing out the soalar equation that .comes from. the x• 

component or -c he fj.rst Maxwellian equation e.bove, we hsve 

-A ) H,c 
a 1: • 

At x = o+,. By and Ez oust vanish f'or all ;/ and z ooncE:n-•ned, by 
c)Hx 

tho boundary conditions above. ThtUI ar :r,ust van.l.sh, a."ld HX 

nr..;,st be a constant. Slnoe H : 0 at t • o+, this aonatant X • 
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must be zero. so, 

H - O )C = o-t. • 
X - J 

Writing out the soalar equations that oome fr.om they- and z• 

oor.1ponents of the seoond U.ax.wsl 1 :t s.n eQuati.on above, wa have 

~ H1e ~ He =- y ~~ + E ~ E~ 
~~ ~)( 

--. 
~'t-

~H, ~ H,r - r Ea. + ~ \£~ --- ~~ - • 
c) )C ~'t: 

At x = a+, Rx, ~, and Ez must vanish for all ::l, z. and- t 

concerned, by the boundary conditions above. So., 

~ H" - 0 
~x -

x= 0 i'. 

~ H~ - C) - -~ J( 

Writing out the third Maxwellian eque·t ion abovE!I, 



X - o+, 

T::18 .i.s t he Blxth and f:lna.1 boundary eondI tlon on the soalar 

cav!.ty , 

So, tho transfe r charaJter-

the 

~"In t h e work above , it; was i m::,lts::d.tl y as?ll :tt1ed i;h at the 
,rmdi,Jm h:i.r.ie d..t ntely adjacent to t ~}e porfectly conducting bound• 
tU'"r \HlS isott•cn::lc . '.the l.J otmd&ry conditions on the corrrrion ents 
of ... E a.nd. N a t x a o+ f or t he contra.r'v' case are much more c onml1 -

,..... ,Nii ,r_, " 

tHited a r:d will not be gi ven he)re . Thay are , h owever , m.d• 
mia:.:i:i.ble in ;;he a~nse of Sactim1 ( D), Part II . 



- 66 -

diso~saion j~st conclude J to cover cases or ~his 

At t h e fraqioncies or present oract1ca1 interes t, the 

Cot1 d '4t tiv it:y 
-y 

Perfec.1: 
C o"d""c.1:or 

From another sta.nd:r oint , ,1e s:1m1ld r;_nd 1 t ver.·y dif flcult 

a porfoct obatructor • ~ •" 
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horr1ogeneous llnoat• partial dif.Co:i.""ontis.l eq'Jations [ seo 

Section (F ), Part :n:]. If we l"equ.i:t"e that the lei~sth or- the 

llne be finite, the anfllysis oi' .P a:vt II and F'a:i.--t III is 

T'he foregoin.g development supplies a basia for the lntr-o• 

ductlon ol"' t:•,imsfor char•e.cteristios into the study o!' linear 

nlineari tyu is r,erha:pH .-i.ntu:t ti vely· obvious; the 

accounts of c hiJ netwo~k-thaoret ical aspects of waveguldes 

D. What 11aa Been Accoi-rp11shed? 

The investic:.ations of this paper have now been comr:letod; 

it :r?oma1no only to decide what has been aoooin;ilishod a.nd to 

oval:.late tho si0:ni.t"'loance of tho t"esults,. 

progr-ains. Saoh a procedure is oertainl~l necessary to :r-ende~ 

the work done oo:n:prehensible to per.sons lacking the ti roe, 

inol1nation• or ability to wrestle with the inner complexities 

of the investigation. Indeed, the investigator himself often 
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pro.f'its . f'rom the pr~paratlon of sueh a s1.1,.~1ing-up ot his 

achievements. 

Very briefly, the investigations have yielded amnver-s to 

most or the questions and problems posed in Pe.rt I (to a 

surpl"is1ngly 1 arge proportion of t hern, 1n tact)• 

Tho field to ba oonside1•ed was 11mit&d at the start to 

that of 11neEU" syst~ms ot f1n1 te apatinl extent, Tr-::1.s must 

be acknowledgod to be an onerous restriction. !Eon-li.noait 

device a and of.f'eo ts are all a.bout us; f11rther•n1ore, :t t 1a 

ext1'emoly d1f':£'1c;.1lt, for example, to analyze an electro• 

. 
as those oorr>espond1ng to pla.oing the .system 1n an infinite 

rspa.oe. Nevertheless, within tbe range of applicability or the 

zaathem:atioal ooM true ta studied; a nu?nber ot intererrting • and 

important matters were det1lt with. 

Much of Po.rt II is the detailed investigation of general 

linear distritn1ted-parara6tor systems; the t'esults can be 

briefly surt'k"l.larized by saying that many of the con:monly en• 

countered generalizations to ltn~ar dist~ibuted•r,a.ra.mete?" 

systems of fa.rniliar ltu:1ped-para.-neter-system ideas are valid• 

Thla is something illhioh is perha;,::s intuitively obv!ous to many 

people, but a theoretician always viows 1ntui.t1ve res1..1lts •1th 

so~e rskept1c1am until they are cheeked by analysis or esper1• 

mont. If ho is a cynlc, he may evon 13$8 1n them a libe~•l 

proportion or \V:i.shtul thi!}k1rtfh 

It was not possible to anawer all the Q\184blc:ma 'o:r1ginill1 



sentod data turned out to be unanewarable if absolrrte exact• 

In Section 

reallzatim1 of a filta~ nosiess1ng a prescribed a M~ litude 

The questions of int01"6St to the practician are 

·~An af.flrmati ve answer here does not g,..1arantee that the 
daz:f..-red objective can be acoo:mplished, of' course. It just 
aamerts t hat there is no bar ·to achieving the desired transfe~ 
characteristic, tor e1~runr1le. so rar as the present studies ae 
conoerned .. 

**Of oourge, one is gensrally content with something leas 
:;han such an ideal anower, bi.lt the d1tf1cult and important 
problems of o:pprox1mat1on a.r1a1ng hex-e -.re outside · the soope 
o:f this paper, 
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~-qu.:t to oasy to st11te,. but tho1r syatematic investigation brings 

in a host of compl.tcati.ono. 

oot1ched in pseudo-legal language L'l1.d do not apply to a host ot 

exceptional instances. 

V'lhat ;iurpoae, then, does the theoretician -serve? Ona 

both corr~at and properly understood• they do shed s9~ light 

on the :problem at hand. F~thermore, the quality of his 

p:~oduct has improved substantially over what 1 t used to be 

and bids fnir to oontinae. to do so. 

Only a theo:r@t1o1an motivated by a great and abiding 

faith would r:1aintaln that the theory will 11lt1mately c;1ve 

all the answezts; but. with all its iraper-!'ections and short• 

cor:-:inp;$, it S(i)erns to be our best hope if we are not content 
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AFFENDIX i'l 

Consider this device: 

:e 

It has only one degree of freedom. It is comrosed of a ri.sid 

K6 whose unstretohed leng th is ho Visco ,.rn friction (retarding 

foroe p1 ... oportional to x•elative velocity) affects tho ma~rn , with 

coefficient B, Its equation of motion ls (by Newton's Second 

7:'hie ls not a linear dif t.'e1 .. 0ntial e-q:.1at1on; att-empts to solve 

it by the Laplace-trans.format.ion method lea(l to faihu'"f.h Yet 

the components ot the 1;-1eehanlsm are linear lumpe<l•parameter 
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m.eohanice.l eleratmts. 

It ha1--dly seems fair to blame the spring (whose sti!'f'neas 

parameter K 1a m.B-sooi11lted wit~h the troublemaking term) for 

this misfortune; it is do1ng_1ts linear best. One has some 

difficulty in putt:tng into words the d istinotion between 

ro.echanical and eleetrioal networks by virtue of whioh em• 

ba:rraasing meohar.d,sms such as this exist. 

Er,lbar-rassing it is, for any statements made about the 

genare.l rropot.,ties or mechanlsms as e. re:sult of Le:plaC(:)• 

trans.form L"1alys1s must be qualified with the acknowledginent 

that t, hese statements do not necessarily apply to the members 

of a vast class or relatively simple devices. 
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APPENDIX #2 

Reversing th.a Order ot' Time and Spa.oe Integration 

It will be here supposed that R 1e a one•d1mens1onal 

region; the extension to e.reaa and volumes seems plausible. 

It 1s deall:'ed to show that 

The complex vario.ble s om be l"eplaced by tts real part rr 

in what follows if desired• 

Expressing some olaas!cal sufficient conditions (R•2.3) 

in the te:rminology ot the present problem, the 1--ev0rsal of 

integration c!t"der w1ll be pe:rmlsa1ble provided 

(l) {<x,t) exp(.-st) I f (x,t) 'I' (t), where ; (x,t) is 

continuous 1n O ~ x~!, O ~ t ~ T {T arbitrary positive), and 

·'fJ ( t) is bounded and inter~able 1n O ~ t ~ ir. 
411) 

(2) f., -f (x.t)es:tt converges uniformly in O ~ x=-1 • 

As regaJt>ds (1). since f<x,t) is by assumption an E• 

function of the problem, a,.-,y diaoontim.11 ties t•wise 1 t pos• 

sesses oan b0 charged. up to an other'wise well•b"haved 1'...inction 

'f'(t), so that • t(x,t) 1s oonttnuous in O ~ t ~ T, It 1a 

. quite unreasonable to En:.t:ppose ·eont1tiu1t7 ot ♦ (x, t) 1n x, 

however; 1n a1ec,tpomagnet1c .th&oey1 tor example, d1soon~imt1• 

ties 1n the . field veoto-i:-s at tran•ittona between n1edia are 

qu1te -' C01'l'.lln0tl• 



Novertholess, it ls phye!.ca.11:r plau.s1ble to assume that 

j C,c;1 t) is sect1ona.lly oontin'.lous in O ~ x <. 1. It is 

certainly bounded there, and uextraordina1•y11 dlsoont:tnui tiee 

(such as at x : O for- g(x) : sin {1/x)] quite pla.1nly imply 

spatial variation of the f :teld vari.€tble concerned in a 

fashion not encompassed by the maet"oscop1c theory. Fron1 th1s 

standpoint, then, lot us Pegardf(x, t) (and thus ct,(x, t)] 

< <::1 as continuous in O = x = 1, one or the finite number of 

sections or continuity of {,<x, t) 1n this one•d:tmens i onal R. 

The follow1nt~ argument need only be repeated for each or the 

other sections., 

As regards ( 2), the requirer.11Emt will be -met in O ~ x ~ ,'i 
pxaov1ded there exists a function m(~ ~ O suoh that f {<x, t)e

stl: 
- < <i1 < ( m(t) tor O= X:L~1, O =b; and J~~{t)dt exists (R-23). 

By Vil't,10 of t ho a~$tmptiot1S abo1.lt {<x, t) inade above, it 

is certain that a function M(t) ~ 0 ox1sts such t.hat l{<x, t)f ~ 
M{t) for O ~ lt ~ .f 1 , 0 ~ t. M{t) corresponds to a P-variable 

that .1s 1n a sense a physical observable, so t hat lt l s not 

unreasonable to suppose that !t(t), t9o; is an E•!'unct1on ot 

the probleffl. 'rb..1a 

tor 

the 

O ~ .... ~ /J , t ~ o. One has only to take fT°'7'1.. 1,r to assu, re. 
--:-"1 c:b l~ 

existence ot f m(t)dt. Thus the domonstrat_ton 18 oomplet9.d. ,'. 
~ - - .. - -

• This 1s an appropz•iate plaoe to oall attention -t 'Q-:On«r -:'\; • • 



ta 1n li.H32:1.i-inf'ini to tr>unmnt ss:Lon llno • 

----

0 )( 

---
----

One can pe:Pi: w.ps imagine a transient · situation :tn t1h.tch 

v(t.) is fir..lte but t11e voltage between conductors lricree.ses 

withoat bound vii th x. The d1~"lleters of the oo:nd1..1.ctm:-r~ and 

their sp&cl.ng grow with x in such a way that the rJacnttt.tdo of 

the electric fi,::)ld stren,s;th ,E never exceeds any assign.ad va1ue. 

Claar•ly, ·then, no ruajorant M(t) can exist for the voltage 

betweon oonduct.o~s. 



'P 

)( s 
.. £ 

perfe'-t lj c.o,td."-c."t ..... :1 
. , 

Wll'Q. 

V=I 

at t = o, t hen 

Supposa 

I - -s -

charactor-tst:teA as 1/s, then 

c ho .!'01 .. .m J:, ( xA, y A, zA) /s 
2

, -and - • 
3t.) • t fort > o. 
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Dy ts.kine a rnth0r oy::,acial cap-surface A hav:tnr a 

dii'forent from. zero arbitrarily soon after t: o. But this 

is in direct d1sagree."l1ent v11th the well•known electro::1agnetic 

theorem to tb.e effeot that B at 1' will not change fro:.'.1 zero 
N 

until after at least n time :tn-terval T : i /c, where c is tho 

.frae-apaoe voloo1ty of eleotror.iu.gnot1o•wave propagation. One 

r.riuI~t, therefore, diaoard t he hn,othosia on the function• 

theoretical properties of~{xA, YA, zA, s). 

It is pa~anthotically noted that this resalt rests on 

a flrin r;'lQ.~;heml\ltical .foundation, althou.f~h tba discms ,:; 1.on above 

does not recapitulate it. Tho deposed hypothesis may be true 

for a d1fforent olaas of equat,1ons (those which 1.niply 11 action• 

at•a•d.lataa."'lce 11
) 1 but it seems doubt!\11 that such ecpat:.ions 

desc1 .. ibe systems or physic al 1nterast. 



Consider t h l.s electrica,l circuit. :i.nit!.ally without 

+~~__, 
i,(1:) 

vlt) 

-0-0---------__,. 

Its transform equation or motion ia 

V(s) = I{s) [ ~ + c:.
1
s 1 

I(s) = s V Cs) 

Suppose that v(t) : V
0 

oxp(-at), a> 1/RC. Then V(s) : 

V0 fts + a) 1 and 

T(s) = . (~) · s • · 
R (s + a.)(s 1- ~'c:.1 

V{s) is holomorph1e tor er>••• I(a) 1s holomorph1o tot­

er> -1/BG ~ •a, a leas extens1 ve halt•plan•• 
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Claira: The half-plane of: holomo.~nhy of F( s) :ls at leant as 

extonsi VO as t:°.i.Ll t of i=cxn .. Vn• Zn ,· G) !'or• tmy (X,:, . v~ Zn ) ln 
, .. .. J~,,, ,,.. ' !\' "ti ' J. t · •-

The demonstration will be :~ado for tho case of R a o:r1e • 

dl.1:1ens:l.onal rag :ton, as in (A-2). 

CX) 

"'"F(x,s) = [ .g.<11,1:)e:-s"'=_.t: 
C> 

r:ioat effioient) cr(x), so th.&t t bo h.a.1.f-plane of holomorphy of 

"f (x., s ) is cr>cr( x). Now, since {<x, t) ia by e.ssuI:lption 

• 1 .... ,.., " ' 1 r, ~ !: I) ;!> i soct:i.onal y -., (L.tin,40<.1.s n v - x - ~, ther-a exists a 1.unct - on 

li'. (t) ~ 0 such that ){(x, \;)) ~ M(t); 0 ~ x ~ 1, 0 <.t. 

Just an in (A- 2), it is not unreasonable to supnoaa that 

cr( x) exoeeds " M, since 

throughoca-~ 0 ~ x : i. • 

It is plain that none of the (minimal) 
r"=' • -~ ~ - -
Jo {<x, t }e dt exists to'I.' o->«.M 

Thus the cr(x) are bounded above• and a 

letrnt upper bound er= exists such that 



Just 

sect:tcnally continuou.s i n 

gho:i:•e { <x, t;) t n 

(H- 23), ~ (x, s) 

ruttl.ng 

Thei same nrocess is <H!U"l'ied o'.,1t for each of the fi n:i t0 nu:mbar 

{nay , n • l) of.' othe1-- aect 7.ons of continuity of ~ x, t) in 

the conolusion is that 

R 
F ( s) "' f "F (x ,s).! x - F, Cs)+ r._ (s)-1- .. , 1- F;, ls) 

C> 
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Invariance or the TrAnsrei~ Characteristic T{.s) 

Suppose that ru'ly other admissible forcinrJ function f 1 (t} 

(not: O) 1s applied to tho system 1n the samo fashion as in 

Section (D), Part II; giving r:tae to a slm11~ response i"ino­

t ion. g1 ( t). Just as before• the tI•anster eharac terist1o 1s 

T, ( s) - • 

Wow, put W ( s ) :: F 1 { s ) /F ( s ) • • 'l'hen 

F, (s) = WC•). F (s) & f W ls) 'F(R,s).lR & f "1", (II, s) J. R. 

R, Re. 

Multiply1ng the original linear homogeneous tranotormed equa­

tions of mo~ion and rem.ainlng boundary conditions (which are 

all appttopr1atelyl1near and homogeneous) by ·w(s}• it ia 

appai-ent by 1nspeot1on that ~ 1 (R, s) : W(s)·t,(R, s) satisfiaa 

allot th••• So, 

6, (s) ~ ... ~, (11,s)d.R 
-::. 

f, {!S) J ~ ( R,s)J. R 
Ri. 

L. -t1(11,s)J. R <;,(sl 
-f 'F (R,s) J. R f (s) 

R" 

.. L~(,) .f, (R,s)J.!l 

t~($) "f{11,s).U. 



• 82 • 

Thie establishes the ts.ct t hat the tranat'er cho.raoter1st1c 

'l' {a) is lfldependent ot the foroing fu.not1on t'( t) • and is 

thus detern1ined solely by the composition of the ':,hyaical 

system itself. 
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Other Wo.ys of Introducing *'Cause" and '; 0 Ef'fect 11 F\motione 

In Sections (C) and (D) o~ Part II, ex.tensive oonsldera• 

t1on \Te.s given to linear distr1buted•parru-oeter systems of 

finite spatial extent in which th$ 11nea.,.-- pa:rtie.l integro­

d1fferent1al oquations of motion weri'l homogeneous. In 

addition, 1t wae supposed that the initial values or oe~tain 

f'iela vru~iables and son10 or t heir de!'ivatives were iero; th•t 

t he forcing a.."1d ros;ponsa f unctions entered the rna bhematioal 

spec1f1cation or t he p1--ob lom vu integrals ot field variables 

over dor.-iaina in space; a nd that all othel' spatial boundary 

ocmdi tions transformed into limnlt' homogeneous algebraic 

equations of a certain speo1f1ed type. The transfer charactel"• 

latie T(s) was defined for a 1ystem ot this sort, and we must 

now show t hat such a tunctton can be discussed in the case of' 

physical systems differing 1n some particulars tl"om those such 

as were described above• 

First of all, 1t matters but little how the response 

function enters t he problem. It :nay be simply the value of 

a field variable at some po1nt in SJHl(Ut• for example. All that 

counts is !'or it to be a sort ot s'Ul'il of .f1old•va:r1able values, 

so that tho linearity of the equatlon O(s) :i: ,'f(s)•F(s} will be 

p:reserve_d. 

Much the same thing is true o!' how ti~ toi-o!ng t-..moticm 
; 

entet'a the problem. It may d;etermtno the valu• ot • t1el4 

variable at some point in apace, or tt may ••en entel' , tM,,,' 



palttial 1nte~differont1al equations ot motion t hettmelvea• 

rendering them inhomogeneous though still linear. As long as 

the dependont vo.r-iables or t;be problem are chosen to glvo 

zero initial cond1tJ.omt, and tho l"(Un&ining trane.fom.'.',ed spatial 

.boundary- conditions at1'e 11n•ar and homogen~ous with ooGffi• 

oien·ts as spec1.t'lod., the dev&lopment or thG ayatem tnvar1ant 

T(s) will follow without d1.ffloulty • . The extension of' (A-6) 

to the present case offers no t:iras.t px-o'blem• 

~V1th th.ts backg.rot.1.ni!, tr..en, completely general ariplioa• 

b111tyw1ll be old.med fort.he notion of thiiJ trs.nsfer eharaoter• 

1stlo T(s). 
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The Half•Plane ot Holomorph~ or 'l"(s) 

As stated in. Section (D) and (E) of Part II, a "cause" 

f ( t) applied to a merJber ot a oel'ta1n claaa or physiea.l s;,,sterna 

gives raise to an °etfeetu g(t). and the transte1" char-aotor-1st1c 

ot the system is dafined to b• T(s) • O(s)/F(s). Suppose that 

the aystom 1s one whose equations or motion invol'Ve at most 

nth•order time derivatives, so that it aan tolerate an nth• 

f(t)-= o., t < 0 

f(t)1:: t: .. , 

tl♦I 

Then F'(s) : ~ (R•l.5), and T(s) : ~ 4(•) • O(s) 1s holo• s ..... , . L!. 

morphio f'or cr><rnfg(td\ by (R-~J. It ia plain that T(s} 1a 

also holomoPph1c fox- cr,0""8{g(t}}, some real numbol'• 

This. t hen, displays a hal.f'•plane of holomoi-phy ot T(s) 1 

since T(s) ls invariant with Pespect to inputs t(t) by (A-6).* 

A rel&tGd str-iotly•t:ranstoiwm•theoNttioal result may be of 

interEHJt. Suppoee- that d(t) [ not a null tunetion (R•28)] 1s 

tranefoPllltl.ble, and d(Oi") t o. • D(a) (not I 0) is hoiomol"l)hio 

*The half-plnn$ of holomorpby of T(a) . oan, of ootWae1 be. 
mt1ah more oxtonsi ve t h&11 the halt-plane determined by this . 
exi s tenoe &J."?g1..went. 



1n some ha.lt•plane o-)o-11{d.(t)) by (R-24). Then D(s) has no 

more than a finite number or zaroa 1n any infinite wodge• 

region dea¢ribed b7 

where crw ~ crR{d(tl}, 

Prootc Suppose the eontra17. The ze~os cannot have e. .finite 

point ot acaumalation in the wedge-region, since that would 

cont:rad1ot the holomoPphy of D(s} tor, cr>cru{d(t))' (R•27). 

The ze~os must, then,be ttst:rung out" to the right 1n the wedge• 

region. 
w 

OonsidGr Lim sD(a) .aa s -=,. OD w1 th complete two-dimensional 

rreedom in the wedge•Ng1on. !ly (8•29), this limit oxists and 

ts equal to d(O+). Now, let us pertoi--m the limiting operation 

by traveling out along a path which goos through indefinitely 



many ot the {hypothetical) zeros or D(s). This causes th$ 

product sD(s) to vanish oooasionally; no matter how rar the 

journey has proceeded• sD(a) .will vanish indefinitely many 

times during the rema;nder ot the trip. 

But 'this implies Lim sD(a) = o, since this limit ts known 
. s-;.oo 

to exist. However, L1f1 _:DJs) : d.(O+) + 0 by · initi.al assumption. 

So, the orisinal hypothesis must bf) false,. and tho theorem 1e 

proved, 



- 88 ... 

APPFJiDIX #9 

T(s) for the Non•Uni.form Transmission Line 

Let us inveatignte the solutions o!' the equations 

cl. V(~,s-) = - l (x
1
s) 1 (x,s) 

dx 

cl. I (~,s) = - Y (>r s) V(1e s) 
d X . I ) 

subject to th$ boundary eondittona 

V{o,s) = V(s) 

V ( 1, s) - ~, ( s) I ( 1l, ~) == o . 

Z(x, s) and Y(x, s) are Emt1ve functions or s_, * and Zr(s) ts a 

rational function of s.iK$, 

It we suppose that the line is neither shorat• nor open• 

circuited [v<l, e) ♦ o., I(l• a)$ oJ, then tha problem can be 

r-estated 1n this weyt 

-fkA function Q(e) or a complex variable s 1a .said to be an. 
entire .t·unot1on 11: it is analytio and single ... valued throuv)lout 
the fln1te s--plane. 

~h1a ruult.":lplo illustx-ates the mannet- · 1n l'lhich line~ l\.l'lPild• 
paxsameta:r sub•syatertns a.re .. associated w1 th linea:r d1stlf1but•d• 
ru1~mneter a1sto1~• and indicates a re-.son for th• ep$o1f1oat!on 
or admiseiblo bo1mdaPY oondit1ona made in Seetion (D) • Part II11 



cl [V{>c, s) 1 
J; VCL,~fJ 
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~ ( x , s l r ( x, s) :=;- _ z (", s) [r < ,. , s )J 

V(J.,s) Z-T(i) IClas) 
( C, <. "'< .L) 

Her-e is a {translated) th.sor-em on differential equations 

by Hom (ll•.36) t 

uin the syBtom of differential equat.ions with pai-a• 
meters _µ.1 • _µ.2, • • • 

~f· 
let the ri.mc~1o~s r1 as wttll as the derivatives cl'f~' 

c\-f i ~f.: ~ f~ · · be ti 1th t • • • ~,~, a-",• ~µ&, • • • oon nuous w respec 

to all the arguments x, Y1, • • • Ynt µ, 11..u.2, • • • ln 
a oex-ta1n domain. Then tne d1tferent1a •equation• 
aat1sfy1ng ftmct1ons Yi (1 • 1, a, • •• ri) \thieh are . 
determined by the initial conditions x • a, Yl = b1,_ 
•. • Yn = bn {independent ot ,µ1, µ.2, •,.) as well 

. .\~~ ~s.:. ·. • 
e.a tho derivatives ~- .i..Mz.l •• • are continuous 
functions of the var1a?>le x and the para.meters. -"'l, 
"""'2• .~ •• " •• 

Th.ts .t a Just a re:floct1on r,r the taot that the 1ntegl'ala 

or linear (;rd1nar-y d1fi'&Nnt1al G(f..te.t1ona can have no othei-
. . 

singular poln't,s than those . ot t.t,e <U">G<ftioients. • The appl1oab1l• 
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ity of tho th$or~m to our restated problem is evident; we 

neod only identify µ.withs, x = a with x :.!, (vex, s)/ 

V(J, s~ vitb y1 , (r(x, s)/I(J., sij with Y2, bl Eu-id ba both 

11.i th un1 ty. Since t he only ain£.,-1.11ari t-1era or the f 1 in the 

f'1n1ta s•plane are polfJs arising from the poles and zeros ot 

7..ir ( s), we see that the tune ti one [v (x, s) /V ( R • s) 1 and 

(1(.x, s)/l{l, s)J cannot havo eingular1t1ea at othe:r than 

these same points 1n the .finite e•planel 

The tunotion•theox-etical aapeets ot the matter are 

emphasized by OoW'aat•s statement of an eq~valent theorem 

(R•.37): 

"We often have occasion to study systems or 
linear equations whose coeftieients are analytic 
!'unctions of certain parametePs. tot :;10 suppose, 
for definiteness, that the coeft1e1ents . ,, • ot t.ho 
oqu.at1ons ••• at-e continuous £unot1ons or x in the 
interval ( a, b}, and that they depend also upon a 
parameter A ot whloh the7 are anal1t10 runot1ons 
in~ r"egion D., 

ttThe · integrala ot this systet!l which take on 
given 1nitie.l values tor a value Xo or x included. 
between a and b ar-o ropres0nted tn the whole 
interval (a, b) by un1to:rmly oonvel."gent aeries, 
and from the very manner 1n which we obtain th$m 
it ie clear that all tho terms ot this series at-e 
-.nalytio ftmetions oi"' the para..-nQte,, A 1n o. These 
integrals are theretor-e them$elves analytic rune• 
ti.one or.-\ 1n t he r&gion o.O 
Some doubt as to the app11cab111ty or this theorem tr4'7 

be oecaa1one4 by Goux-aat•s plainly stated :req,u1Pement that 

the _po1nt x
0 

_(whette the valuoa ot _the dependent va~1ablea are 

spec1t1ed) ts included between the end points of the interval 

(a, b).. In the p?Joblem at hand we 1dent1ry Xo wlth 1, &nd 

(at til'St sight) <•, b) with (O, 1.J, alnce that 1a tho location 
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meet Goursat's aond1t1ons, nnd probably violates some or 

Horn's i mplicit assumntiona ae. well. 

To get out of t his predicament, we may lt8agine that the 

rest >:1 ted &qua.tions above ~pply 1:n an extended ra.11ge O.::: x < 21. 
Tho values i:>.f' Z(x, a) a t1d Y(x, s) in I..~ x ~ 2.2can be takGn 

to be equal to their values at x.: R., thus maintaining the 

continutty of coeffiolon-ts which 18 so important ln the theo~ens. ·, 

It might be pos-siblo to give a :physical 1nterprot; at1on ot this 

rno.tho:n~tlonl artifioe, but there 1s no neoeaaity t,o do so. 

It {referring to Goursat's statement} we take as the 

re r:lon D the !'1.ni te a-plane e.xoltu11ve of small neighborhoods 

of the poles and zeros of Z,r ( s} • then [v(x, s) /V (1, s)] and 

[r(x, s)/I(2, s)] must be analytio th~ougho1-1 t D. None ot . 

theiv aingulai-1 ties can be branch points (the -req1..11red branoh 

outs would -trespass on D). 

It is not so ee.sy 1 however, to decide th!lt no essential 

singularities of' fl nlte ai'i'ix can ooour in t;heae functions. 

This aapoot of the r roblom :ts 1nveat1gated in (A•lO), where 1t 

is shown that t; },e singularities of [vex, a}/V(I• s}] aNi poles 

agreeing in position and ordo?' w1t.h the zeroa ot Z,1.(s)J the 
. ... 

a:tngularities of [I(x, s)i1cl. a)] arepolea agreeing in 

position and 01--der with the poles or iT{s). 

Sinoe the zeros and poles or ZT(e) are t1nite 1:n nud:>ei-, 

(vex, s)/V(£, a)] and(i(x, s)/I(i, a)] are both. then • . · • 
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:moromo;r,:,hic funo tion3 or !h<tr 

Sup1,ose that the trans!'er chnr-11.oteristic of interest is 

the input 1rn:pedariae ZI(sj at the input terminals (x : 0) or 

the line. By definition, 

sineo V(/., s) • = ZT(a)•I(i, s). Z'li (s) is a rational function; 

\Yh1le (v(o, s)/V(£, s>l and 1/(I(O, s)/I(I,, s)] are rnero• 

mo1--ph.ic functions. Tho last part or this conclusion follows 

sii"1ce the zeros of (I(O, s)f:I(l, s}], ~lthough isolated, ai-e 

not necesEiar1ly f1h1te in number. We ~e led to concl:.1de» ., 

there.fore, cha.t z1(s), th$ product of these functions, 1s a 

meromorphic function 1tselt, Q.. E. D. Note that this trans• 

.fer oharaeterigtio, being an invtu'ia.nt or the system, is 

found wi thou-t expl1oi t knowledge or the foPoing .... funet1on trans­

.fo:r1n V(sL, 

For the special case in which R, L, G, and Care unl.fom 

in O ~ x ::5- J.., lt oan be shown (R•.)8, compave A•lO) that 

t<-110 oam1ot assel"t that they an t1t&opf6 f'unctlona o~ s, 
since the theorems ot Horn and Goui:-sat do not give direotl7 
any 1nf"orr.iat1on aboat the exact behaviol" ot the funottona 1r.i 
the vicinity of tta • oo , " whex-e Z(x,. a) and Y(x, e) have 
simple poles. Indeed, the ex.fWlple conaid•~d 1n (A.•10.) showa . 
that the solutions oan have essential s1nsula:r1tles • at 0 a ='-"•" 
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sene1 .. al ex;n•®IJ::d.on for Z.,. ( s) • 
./, 

It ie interesl:;1.nc to note t;h at t he e1ngularlttes of 

Zr ( s} are not necosr.uwll;t '.; hose of ?.t7:, ( s}, as !. s p:r(nrod by 

consider.inc; t .ho carie Z,.i:, (El) : P.,I' -=t=-o., a constant (1-.ea5.ntive 

toi"mination of tha llne ). 

Thla Z,-. ( s) is an ant ire function wh1.oh m~ver vu.rd.shes. 
J. 

Any s1ngula:rities of' z
1

(s) come about, t h epe.fm:110, by cha 

vanishing of ita bP.acketed denom.inator above. If we 

l 11 t r- ... 0 G : 1J"1 .. L. ~ 'v~· , re..,, -L. O· I' ~ 1 ~ • tJ! 1 spao a ze o d • , . T T ~a ss~pa ion ess 

line} so that Z(s) = sL, Y(s): ac, then 

Ii' ET:: -{t/c', then z1(s): RT £or alls; the line is 

ter1;:iinated in its "aharaoteristte" 1rapodanoe. If R'I'>~ L/0.,_ 

then z1 (s) has a (simple) pole at s • o-: -(s.rtanh(-,l!,/CR'l,2
1 

)] / 

i LC 1 .R , and perhaps other s1n.gulatt1 tiea elsewhere as well. 



Poz:, cmnpleteness we shall ocr1sider the open•eirouited 

1.ino, sr0clftca.ll~' excluded from t;Le i:Ol"O(;olng development. 

Uotinc; that v Cl, s) $ Op we can restate the 1)roblsm in this 

J. [v(x, s)1 _ 
Jx V(.l,s) -

[V(~.,sll _ 
l Vl£,s) J x #:t - I 

Since Z(x, s) and Y{x, s) :u--e ontil'e functions, 6r<x, s)/ 

V( f, s)] and [r(x, s)/V(i,, sij we entire functions too, by 

the theo1~ems of Horn and Goursat stated erwlier. Tho input 

:::: 
V(o., s) 
I (o,s) 

a :id 1 t .is oarts.in.ly a meromo:rphte function, poss1bly having 

poles at the (isolated) zavos ot (I(O, s)/V(l, si]. 

The considor9.tion of' the sbox-t-o1rcu1ted line ts quite 
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s~1m11az-, and the details will not bo given here. 

So much tor the input impedanoo or tho 11na. Othei-

tre.nster .charaateristics rriay ba studied; if WO aN tnterested 

in voltage tre.nsforrantion, th~n 

(
v(x,s)] 

(
V l1t;1 s)J 

J\(t>) 
V (x, s) V(tJs) I C.l,s) 

= = = 

E
V{o_,s)] V(o,s) tY(o.,s)] 

V(.R,s) 'I(£, s) 

is a meromorphic function (the la.st part of the expression is 

to be employed in the case ot a ehort-ob,eul ted line)• 



Since th'.!.f.i in an AppencUx to an Appendix, it should be 

i!,- (s) J. M (x,s) :: - (~()(} + s L (~)] N(>c,s) 
cl )( 

.l. N ( x., s) ~ - [G (K) + .s C. (><)) i!T (s) M (x,s) 
J. X 

ci-1.b Jee t to t h e boundary cond1 tions 

M(i, 45 ) === I 

N (£, s) = I .. 

l t h as boon show11 :tn ( A-9) t hat M (x, s) and n (xt s) can­

not possibly have singulari t5.os in t h.e fin ite a-plane at othGl" 

than the poles an d zeros of t he t•at1one.l function Z,,,(s) • We 
.;. 

mu.st now determine the exact natu1 ... e of these singule.ritiea, 

knowing aa yet o:1ly that the:; cannot be branch -po1.nts. 

Suppose that Zit ( s) has a pth-orde~ pole (p > 0) at s : 

s
0

, a finite point in the s-plane. We shall now sho~ that 

M(x, s} ls a..v1alytic at s • a0 , and th.at N(x, s) has a pth­

order pole there. 
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The Laurent's•series expa."1s1on of Z1(s) about s = s 0 can 

be assumed knownJ 

throughout soma annular neighborhood of s: a
0

• Let us try 

to detar.:1ine t he functions 4n{x) and bn{x} 1n the expansions 

M (x,s) 

O'Q t\ 

N ( .'( J :s) -::. ~ o,. ( X) ( S' - s--) . 
11•-p 

In order that the bo1mda~r oond:1. tions of the restated 

restated problem be satisfied, these coetf'1oient functions 

must sat,!sfy 

and 
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l," (1) -:=. o ..> n -= - p, - p + \, • • • J - I J I , 2., • • • . 
'!~ 

Substituting t he expanaions i nto the eqm1tionn of the 

problem, we get 

and 

Equating the ooetfieients of (e-s
0

) •P 1n tho two equations, 

we get the subsidiary d1ffel'ential•equat1ons problem 



Tl·io solution of thls yn•oblem :rielda functions a 0 (x) and 

b (x} wb.ich a:re not identicall:\" zero. ~.:--p -

. Equating tha coefficients of (s•s0 )•p+l., we ge 'ti the sub-

sidia.l?Y dil'ferent.tal-eq1.HAt1ons problem 

= - ['R (x)-t s. L (>')) b-p+i (x )- L lx) b_p ('<) 

b_ p~ I (.Jl) = - [G (k) + S0 C (x)] (c_ p4 1 (X)t C-p+I ~o~)] 

• ~. (~):::: 0 

b-p+-,($2)-= I 

b-p+, (.£)-== 0 r~ z. '2. ••• , .,;, ., . 

1:•nad wo a:.:rnumed ht;~her•order s1ng-<-1lar1·t1es of I'i.(x1 a) and 
11{.x, s) e.t a • s 0 , we should have oome up with diffe1'tential 
eq(J.ations and bou11darv eondi tions satisfied by solutions wh1oh 
va:nJ.sh 1denticn. lly I showing that the higher•order s in:-i:ular1t1es 
w::::r0 not-; really present . •• 
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Th& solution of thls problem yielde tho .functions a.1 (x) 

and b•P+l (x) • It 1o oloe.r-"" that the ;~r-oooe:ss can be continued 

step-\dse, allowing each of the functions '1rl (x) 

and bn (x) to be. determined• Thi..1s- the hypothesis as to tho 

behavior of M(x, s) and !Hx, a ) - 1n tho vicinity of s : s0 is 

verified. 

The analysis or the behavior or M(x, a) and N(x, s} near 

e. zero of ZT(s) 1s, by the syrJ1tetr;;t or t he p roblem, qulto 

similar to the foregolng, so that 1!' ZT(a) has a qth•orderi 

zero (q > 0) at s :. •av a finite point in the s•plane,. then 

M(x,· s} has a q_th•orde:a role at s =•••and H(x, s) 1m analytic 

there. 

It is ot interest to che-ok t h is analysis by compe.l'."1son 

with the known results fot• the ordinary transm.1s . ._::iion 11no, 

1n whleh R, L, o. and C are unlfom 1n O ~ x ~ 1 • It can be 

shown (atter a little wan1pulat1on or some res1.1lts il-1 

(R•J8 )] that 

where Z(s) : R + La and Y(s) = G 1- Cs. Thua the poles ot 

(v(x, s)/V{J. sU aeree in position and oi-dez.-w1th tho Z&:rc?B 

ot ZT(a). Similarly, 
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haa poles .whieh agi-eo with those or ZT ( s) • Th1.s e.,r.rrees 

exaotly wt th the genei•al a.'1alys1s above. 
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Explicit Continuation b:ir Borel Sn!m:mtion 

Borel' s method of ~Wlt'.ne.tion is dlscussed in (R-53, E-51r, 

R-5.0') • The procedure is as follows: S:.1pf}ose tt.1at we are gi-wn. 

a power series 

whose 1'"ad:tua o.i' convergonce is ·Lmity . With this f'unc·tional 

element we a rrnoo1ate an ontire function 

Tb.en the .ftmctlon defined by the inte&T&l 

«> 

f, (s) ::. f e-t: cj,(s~ )J-t: 

0 

is exactly ocpa.l to f(s) v1ithin the circle fsl • l. What 1a 

r;ici-•e, tho intag:Ntl converges · a.nd represents an analytic. 1'\mo• 

t1on in the inte1"ior or a certain convex polygon which 1a 

o.t'ten a more ox:to-nsi ve region than the- interior of the unit 

circle. Thus r
1

(s).rap:resents the analyt1o continuation or 

.f(s} outside the un:tt clrole within the polygon. The integral 
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divergos outside this pol:::-con. by the way • 

. As an example of t r1e nethod_ suppose that 

f (s) = W\ 
5 . 

'Ihe oirole of aonver~enoe of this series 1s certainly I s l : 1, 

and ~ = 1 for all n. The associated eW\tire function is 

s 
- Q. 

by oompau-1son with a well•lmown series expansion for exp(s). 

Bol"elts integral 1a1 then, 

00 . 

f I ( S) ,. J .£ t; C. Sf: J. t 
0 

I - S 
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..,.. 

~ f(s) clafi,.ecl 

□f, _(s)def-i,iecl 

In this example the (degenerate) polygon of summability 

is the entire half•plane q-< l. It we expand t 1 (s) 1n a 

Taylor's series abouts: o, we dlsoovor that r1 (s): r(s) 

for \o \ < 1, etnce the oorr-espond1ng ooei"fio:tenta of nowera 

. of' s are e Qlllill • t1(s) is the unique analytlc cont;inua• 

tion of t(s) outside t he unit circle in the region· er< 1. 

Of oourse, we oould have summed the seri1es tor r(s) by 

inspection to begin with; one suspects that oontinuntlon by 

Borel'a method 1s not of great utillty in moat practical 

cutses. µowever, the ex1steric,e of the integral oxpress:ton for 

f' 1 (a) outside the unit c1111ole is a cor.1fort and a re-ass 1.tN1.nce • 

~ost authoN morely prove the classical tmlquenesr.t thoorema 

. ot analytio cont1nuat1on, never oven trying to carry oi.1t tho 

process. 

Nobody seems to have ta.ken the trouble to continue a 

Laurent•s•&el"ies tuncttonal element* by Borel sumnation. Sinoe 

*Suoh a.aerie• 1a just as good a tunetional element aa a 
pOW81'° se:rlea. 
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tho Taylor• s-aeries portion of' a Lau:r-ont' s ae1 .. 1es offers no 

d1ff'ioult1es, let us omit all but tbe negative-exponent terms. 

Suppose that 

converges oats1de the 1.mi t c1~cle, dlvorg.tng fo:r I 11 I-<. 1. 

With this functional elet:iont we associate nn entil,.o function 

11• I 

Thon 

ls the integral ot interest. 

As an exa..,~le or the method, suppose that we a.re given 

-

This se:riea converges tor Is I ;> l and 'di verges fol' Is I ~ 1 J 

bn • l tor- all n .. The-e.ssoc1ated entire f"unction ia 
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by 1napeot1on. The integral of intei~est 1a 

'l'b.ia integ~al oonve.rges for all points s for whioh Ft~ (l•l/s) > 

o. This 1& the region (cr- 1/1)2+w2 "> ( 'la,)2, the exterior or 

a certain circle. In thie region, then, 

- I -= 

The Lau1 .. el'lt • S•@et•1es oxpanaion or g
1 

( s) about o : O for Is I ?' 1 

agrees with t he original expresaion for g(s), ao that s1 (s) is 

t he analytic oont1nuat1on ot o;(s) into the portion of: the 

unit circle outside t be circle ( o-- 1/z)2+w2 a: ( Y2.) 2• 
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s-pl«11e. 

circle. 
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APPENDIX #12 

Tbe Signtf-1cance of a Certain Restr1ot1on on T(s) 

It wa~ shown in Section (I0 1 Part II, that T(s) oarinot 

inereaso in magnitude taste1 .. than sk as s ➔~ in any WE.Hige• 

i-egion deooribed by 

where C7i; > (J" alT(s)\. 

Consider T(a) • 0.x.p(ata), wlwN ta is positive. This 

proposed. transfer eh&r-aoter1st1o is an enb1re !\motion (thus 

possessing no natui-alboundar1ea) and 1s real for- s raal. It 

does not satisfy the requirement stated in the first paragraph 

above, s 1nce IT ( s }I _,, oo "too fast" as s ➔ oo in a."'ly wedge• 

region described above. More explicitly (taking crw = O), since 

taen 

I ~ .,. 1 < s) I ·.~ 

t:..~S (~rj (~)] 



This negative conclus1 on 

semns to be a close connection between them o Since both GOViB 
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.For this dev1oe, with M(w) = I T( jw) l, 

lwl<. I 

M(w)-: E., I w \ > I. 

The tiltor is low-pass for E < l; there ts, however, nothing 

to prevent one's ts.king 6 ":> l and havlns 0esent5-al1y a high ... 

In studying this problem by tb.a m-othods developed in 

sion for T( :s) suggested by the t-1ork in (R-63) and tho:n to show 

that it has the p1 ... oper magnitude for s = jw and fulfills other 

requirements on transfer characteristics in conere.l~ Consider 

L,o~E 
ii • 

where the p.:rincipal bra."lch of the logarithmic function is to 
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C'llta running in the negative er-direction. frog, th<➔ noints s = 
+ J, T (a) is holor1orphio fox, cr'>O-~.,.{ T ( s )\ = O. T ( o) ha© no ... 

natural bounda.1~:toa. Lot tine; s ➔ oi::- alm10 a ro.y s = P exp ( j I ), 

' e I < ¾ , e C o:ns t ant, 

I- j s 
C ~ • S l 

- c , - ... ~) - ,; 2 ,,.. c.o :s- e 
I - 2 r- ~ it1t B + r .t. 

approaches •1-jO as r ➔ oo, sinee oos a.~ o. >->:· 

as r~ oo, and 

:fer chs.ra.oteristle derived in Sect1ori ( r ), Pai-at II• 

Let us now determine 'l' (jw) • The path of oboervation in 

the ••plane dotou.ra to the right around tho bl'.'"aneh points e.t 

s = ± j, in · the manner shown below. 
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w • I 

C 

B 

A 
~ 

0-

0 
Br~Kck 
Poi Mt 

Br'"'"' -- C "t-

• ► 'Pel -t" 
st"" c1 i eel 

function of _w with odd-f\mctlo:n aymmetry prop0:1.:>ti0s o lndoed, 

L \
l'tw,_ 

0 '5 1-w 
( l..o~ EI l. 

0 
\ I +w J 

IT 43 l-w 

(0 <. E <. l) is eff'&atively t he phase-lag function which 'Wallman 

presents (R•6J). So this part cheok4 out ver;(well. 

The investiga:t;ion or·· the 1.mag1na.ry part of the logarithm 
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In. the (l-JS)•plane and th.r~ 

-:c~ 

A .:e C 

fo:z• 

R~.-.1a Ar1(t-js) 

-A - " 
.B 0 

C. 0 

.:s A 
---A---~r-----A---

Re 

.Ar1(1+.;s) f {, ... .;s)ij I ... Lo~ 7:t"fs 

-0 - " 
0 0 

- -,, -ti 

'fr,us in range B {fwl < ·l)., we find that jL04-Ec,;o):: 0 

andlT(jw)J:: 1, as it shottld. In the rang<hs A and C (\w\ ~ 1),, 

we f1nd that j '-0-wfi (-lil)~Lo45E and , ,I'(jw) I = e JI as it 

1"he g iven M(w) = I T(jw)J has been chocked. exactly by the 
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this exaxnple. Tb.:ts T(f.:i) is not :.lnlq;,1e 11 since an ,:vidlt:tonal 

materially affecting t:1e sit·,1a.t:i.on. 

No exact pl~sical realization of this ~roph □ ed tranafer 

none ever \<1111 be • 
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