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A study has been • nrJ..de of th'9 las.et. s:;ruz1.:rea c;ri te:rion 

of best :ti t ~.ts n. me:.ms of evaluating the fleneH1tot oonatan1H1 

presented and srnMJ ana.lytioal onaracteri,st:tcs of' the solu­

tion investig::1ted. J. p.rocfHil:U:e >21aB develor,ad :to:r perforraing 

the oalcm.la.tions w1 th cor~t'tGl'dia.l pt.l11ched o·.1::rd equipment, and 

the results of t1:;10 test oalculaticm.e :::1:ce p;ra3en.ted. It is 

Coef:i'io ients are p:res~nted fol' an ,a ;nJ.tion 'by mear.rn of 1t1h:tOh .i 
• ·-. ·. ··: · :::: 

the least sq1.1ares r:Jeas1.tre of the ;nzeoision of f 1 't 1:tE1y 1·aa.dil,f t~ 

he oc1.lculated fo'2 any a~b1 tx-a.ry vo,lues of the conatant .. 

It 1a concluded tba"~ tbe 111a·thnd used 1~ m.si.t:;1bla for 

digi t:ll-oomputa:r t:reatmen:t tmd,, as -r1pplted to · volwnetric ,(l~t·t'..t 

g:i:ve1J both a.11 1mp:rovec.\ fit and tha desired ,preo:i.se inte:rp~~!~: 

tion o-t the fit. 



teoh.nology is h \sed a,l"e l n:rgaly r1hynic::1l x-a~t!ia:r t h:111 (ihemi cF.:i.l, 

·!.nd b@oausa t I'w phyeioa.l properties of p1Bts-oltrn.1.:; .J.nd ~:ts 

consti tu.en ta are so nr.\lto:ttot'U'3ly non-ide~11, p rog:rt%.".£l in ::oieet-

of pet:rolev.rn ~1.nd the gx,e:1. t :range of compoai tiona ·:,.rhioh are 

encountered. in the n :.•,t~.1.rt11 p;roduot ;:1,nd i r1 its Vt1:rit-:1us de:ri v-

1 

Ooi.r:.c idant with the oomp il::i:tion of · <ic"1.t ;1 , t herai'o:re,· 

. . 
Theaa teoh.J1. iqaen" while by neoess1 ty r.fftioh twect , a.,re subj eot 
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mol~ou.la:r interactions which determine the t he:rmodyn:?.mio 

beh,..:,.vior of materials zmd an inc:re r~eed theoretical :interest 

in tllermodynarnio €(.i,t\~·ttons of stete; and secondly, the 

:recent :ra.pid clevelop,.;.1ent of high-speed compu:tlng equipment 

b.:.:l.e rm.:.de it ;;<1ssi ble t o consider, :for pr acrtiO E'\.l engineering 

computations, equB.l; ion.s which would. formerly have l:ieen con­

sidered a s intexeating . perhaps, but hopeleosly cumbersome. 

It ':18.3 !n the belief tha t the development of suitable 

equa.tions of state o:ff exed t he moot proud.sing approach to 

the problem o.:f es ·ta blishing t b.a t heI'ilnodyr.1.arJ.io beha:viol' of 

petrole'Uill and i:ts derivatives, and in t he hope th~t a con­

tribution could be ma.de to1nu·t1 putting the development on 

a. more preoise basis th.at the prenent 1nve0tigation was 

launched. 
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In 194-0 aenediotClf" aho"1ed tha.·t an equ.'1.tion of the fo:rm 
P= RTd +(f3oRT-Ro-Co/r:z)d

2
+(hRT-a.)d 3 (l) 

+ a. er d6 -f- ~,Z {I+ lfd2) c -id~ 

would. oor:rel ?-, te volumetric data for metl1ane, ethane. propane, 

and butane with an ave:,:age erro:r of less than o.4'){,. In 

a.ddi 't i on> he demonstrated ·tha:t vapo:r pressure data for these 

hydrocarbons oould be correlated with an average er1-or of 

appro:d.m.ately 1.1Ji 'by means of a ftl(;aci ·ty equs:ti(Jn de:ri ved 

from it using the sarne constants. Subsequently( 2) he showed 

that a partly theoret10.~1. pa:nly empirioal set of :rules 

f(lr cumbina.tion of the const&its for pu:re hydrooazbons gav• 

ocm.sta.nta f o? mixtul'ee which rep:teeented their beh..~v1o:r with 

a oouparable though somewhat r ::rduoed aoottraoy. 

Howeve:r, the ma6-rni tuc\$ of the oomputat1ons involved in 

eva.lun.ting aui table oonstanta appears to have prevented any 

investigation of the Benedict equation as a means of corre1-

a.t1ng rather th~ p:redioting thel'modyna.mlo data :t.o:r mixturera. 

Sinoe the ability of the Benedict equa.tion to correlate the • 

data tor mixtu:?e is hardly to be questioned 1n view of its 

proved utility for prediction, the only obstaole is 'the 

oomputat1on.al one. The ultimate objeot1ve of the pro3eot · 

of whioh this wo:rk is the initial pba.se is to utilize the 

Benedict equa.t1on as a. means of oorrela.ttng data on hydit~ 

carbon mixtures and 11' possible to 1mp:rove upon the methotla. 

111 Dere and throt~out the text, su,pe:rsoript numbe:rs 1n 
parenthesis are used to desigll,;~ta ~eterenoes. 



oondS. ti.on must be lTJet. l t 0 21.n be seen th.:1.t 1.ihe l'thJuire1:1e11te 

sifu"tlifioanoa, c;J' f.rvon oonsiaterioy, some method :to:: p:reoiae 

speoif ioa:tion of ·the GOUl):.t>or;J. :Je must 'be fotu1.d. This l'equ.ir$a 

first that oi1.'1l.:r~ote:ristios of the volumeti-io f1 t be i :1vest1:.. ... 
. ·- -

~1-.,,,... ¢, : '!,\~.;;, :' 
~• ,......, a -tf._t l.~H .· 



i.Jbviounly, the :f1.rst uroblem is t 11cn tc1 ;.i3 ~tabli. tfrl 

a meaauze o:t the •goodness of f 1 tu whtc't. ·vs111. f twnish tI1e . 

neoesa-3rily . preoise a..nswere to the a:oove qti.4?Jat19ns by a~ 

oomputa.tional p:rooedu.:re e~ouomiot.~.lly adaptable to d1gftal • 

compu'ting equipment. In the folloljfing discussion are ·pre­

sented the :resuJ. tf, of the appliCa tic,n of the le~st squa:rea . 
' o~1terion of best f1t. 



'l'he oomp:ressibility faotor. z, waa the tu.notion chosen 

fo:r a.p:)lioation of ·the least aqu.13.l'ea m$thoo.. ?hat is, values 

of the Benedict constants were found suoh that the aw of the 

squares of the el':rors 1n z was minimized. The choice in.s a 

oomp:rornise t.n this respect& the minim1!3ation of the absolute 

errors in pressures would have pla.oed an undesired weight on 

data tor high pres~e, whereas minimization o't the :relative 

er:cors in pressure involved :repeated divisions by pressure. 

auoh d1vi~1ons were found to oause considerable difficulty 

in oompu~a;iion with the available machines due to the large 

xia.nge of pre;ila\U'es involved. 

Tli.e Benedict equ.~tion a.s wri1rben fo~ the compressibility 

factor is given below: 

Z = / + ( 8 0 - ,f; - jff3)d + 'f Jo - ffT) d 
2 

ds d2 ( d, ~) _-JJ.:i. 
+ a. ci. l?r + ~ 1 3 I+ 1 c 

(2) 

In the following sections a.re diecussed the analytical. aspeota 

of the problem of fitting expe:rimental da.t?~ with an equation 

of this :form. by the a.ppliof1tion of the leaet squal"es Ori terton. 



co!':rel.:ited '»i ·l;h an e--ruation of tl,e form 
. 6 

Zc(d) T) = / + c/J; (J,, T) V(IJ;/(7 + ~ cfJ7·(d, T)/( (3) 

1n wh1oh v'(Jc/ 7..) = (/ +- I d~) E-/~ 7. (l~) 

As m.u- me:J,mure of the "goodness of :f'i t 11 • we sl'.1.a.11 choose the 
,.. 

S Wl~ I (i, X), ot ·tlle lfKltk:Ues 0~( the e:r:rorg in ~: . m1d shall 

seek values of i and the z O s suoh. th.-'1 t X ')ti, 1J) bar& 1 ts 

- min.i?n-t,m v ::~lue. Using ·the auhscl'ipt k to denote the value 

correaponding the k th e.;rpe:rimen·t and defining 7}.h o,a 

the er:ror, Zeh ,. z ..h , in the oalouL.i.1:;oo z, X'N,H) 03.ll 

Using these conventiona , 7ne can now -ii?ri te the oond.1 tions 

whioh we r eK1ni:re Oi,. ~ and ·the I( ' s i n the :follm1in.g 1mp11o1t 

fomt 
-a x 1. (1, xJ 0 .(6) -

o 1 
d '). X 2 (1/~-) >0 (7) 73 1 ').. 

~ 

J X (t,k) =0 (g) J X1 

~'.l x'\i)O 
J~ :l- / 0 (9) 



. 
l:i.ave a.i'1 extreme V,),lue or saddle point and (7) 1:.\Ild (9) inaure 

'l. 

that the l (i;X) defined by (6) a.nd ($) is indeed a minimum. 

Xn t ha following sections the ohuaoterist1os of the above 

derivatives will be investigated in some detail, and the 

equations ~ill be ezpressed in forms .mAitable for computation. 

It m,1!r be noted at ·this point . however, that suoh a 

treatment o:f the problem ia neoeea~i:/!1' only because of the 

term. Omission of this t~otor would :reduoe 

equation (;) to a form linea:r in the rr• s, and the lea.st 

Squa.l'ea :f1 t of d,."\to. to lineu eqQations has been d1acueaed 

in general by m::J.ny autho:rs. (see fo:r example Ref. :;) • 

Aooordingly, interest is oente:rad primarily in equations 

(6) and (7). 



Dy o.ii':fel'en.ti.:l.tion o:f equat i()n (5) wiih reapeot to t 
Vi ith all i(ta held constant i he:r-e resuJ.ts1 

(1) 

It ·:JhouJ.d be empba.aized at t his po1nt tha t 'Jk is he:re oon­

sidered to be a funot1on only of 1 and the 1<1 s. We have 

adopted for oonven1enoe the v1e:,rpoint th:'1.t to eaoh of the n 

expe:!iments there ool':responds a function , 1J.h, de:t'1ned bf 

1)j - Zc.h. - z.h. = Z, (d,kJ lk) - z,k_ 

. 6 

_ ( I - Z..h.) +- ¢/ rj (1) 1f7 -f- L ¢,·,k I(· 
I ~t 

(11) 

in wlUOh 

~ 

(12) 

~{1) == JY(7d1,,1.}= (1+.ld-k')t-""i 

rj];ll _ r/);{d.k,TA) (14) 

d J-k 
Utilizing now equation (ll), J 1 aan be evaluated as 

: ~Ji = ¢,~ Kr ~ ij<1J (15) 

(16} 



Elimin..-1.·tion of ;).h from (17) by means of (11) :1.n d of 'Jl1 (d) 

by meana 0£ (13) yields 
d X '). (~ I<) == - 2 1 I<-, 1--i (I - z. I d) I d 4 t:' - "d)/l, 

;) i 7 .{-;;( ..h/ '+'7)t -h c., . 
Jt 

- 2 I I(, 2 t (/);; d-k 
4 

(I+ 1 d;/) t:2
-tJ),_ 

..ii.."' (lS) 
6 n I ::z, 

- 21 I(, E ;,;· E ¢,·j ~Jt dk4 E_,J~ • 
,·::., ...k , 1 

,. 

Thia is then the expl'e$aion :fo:r a t-,(1:1<) explioit 1n 

1 cmd the K4 a. 





By substitution of equation (lg) in equation (6) there 
yZ . 

results a neoessal/'Y oondi tion that J...., ('if, K} be a minimum with 

respect to 1 .. d i 

n + :2-) _;! ),. 

2 i K/ b (J):1e : -.l ( I+ 'Ind~ C •• .z 

+ z :1 ;r; ~ I(, b rP,1 @,: d; r 11
J.J, 

fr-; f, , ) , 1- -1dt = 2 '! 7 t-;: ( z.Jt, -11 <;4-h d1 E . 

(23) 

This equation, though a. valid condition for minimization of 

.X:z.(1;11) with respect to i , is far too clumsy to con.side,.. 

fo~ oomputational 'lld. It was decided that tria.l values of J 
.:t 

wouid be seleote4, and values of the K1 e found suoh that X(~) K) 

was a minimum with respect to all K's. As will be shown, the 

computation for the K's 1s straight•tonai-d on this basis. 

The equations derived above oan be used to investigate the 
z 

nature of the dependence of X(1,K) on j . Since each set 

of trial values of 1 used involna a large amount of com­

puta"1on, any information of this nature may be quite ftluable. 



L (I+ 1d ")l_ 0
J

2 

rj-.. oo 

L 
-j--,co 

A- (/-fid(J.) 
cl 1d 2 

d.7 e 
HenoeJ by (1)) 

L 7/{'<iJ - L 
1➔~ t-~ 

d_: -
d-1i').. E~d.Jt 0 

From equ.-J. t ion (rs) it f c,1 lcma 

j !1'1'U8't n1 

i . 

• id'J. 
L (1-1-1d~)t- =I 

i- 0 

l =. I 

best 

'2' G) • \, . • 



out the oonventiono1 least s~u~res evaluation .of the 1 

a even l1neal.9 constant a, I~ .. 

It is of interest to ooupa:re equn.tion (27)~with the 

equivalent lir:1i ting foru1 of the oo:r:relating equation n.s 

inoraa.aes wi ·thout l1mi t. The latter waa found to differ 

from eque.tion (27) only by omission of the K ten. From 

this faot a simple deduction shows that 

(28) 

for K•m which satisfy the l@t'.1,st sq'Ual'eo cr1 terion. Thus if __, ,, 

R7 in ( 27) ie found to have ~•, least aqU::'lres valu.e of zero, 
2, 2 

then the lertst squn:t'es vaJ.ue of X (o, 11) 8.tld of X (aJ., I() 

are eqtt1l beov.ue-a th<i oor:ralatinB equations are identical. 

:a:oweve:r, if tl'l.e least squares Vt.\lue of rr, is non-zero, then 

X
2
(o,K) rmist be less tb.Jn X 2.(00,k)t since it is less than 

ths X ~ (1, J() fo:r K aqU:":l,1. ·to ie:ro. 

Fo· .... -:it,a 1h" 'iti ,.. .... , .. , .. !'.> ,9 d'Xz(,,,1<.) 
• .. ,. _ = ,L, . nL, v , .•• J. t"" 0.1. -a ~ as 1 approaches 

zero ue c:ono:i.der eq-u1:1.tion (17). From equation (26) 1t 

fellows ·th,,:t J.la 1s fini ta t1,s ~ tl.Pl)l"Oaohes !l!ttro. Aooord• 

I 
T 

is also bouxldtd for :fin:i:te J.. 's and K's and 
2 L a x < ,, x J == 0 c 30 > 

1-0 d 1 
ror the limiting value ct ~;~~7

A> as 2f a.pp:roaohes 

mero we oonaider equa,t1on ( 21.). Having already demonstrated 



By a.pplioat1on o:f' equation (2S) this becomes 

L 
J z X 2

(1,1r) · f-, 1 -,. f ) {33) 
J 1 j., = -2 K1 ~ (/)7--k d--k \'IL ~Ja 

1 _.,,. a Ji." , 1 ~o 

"'\ a. l 
r/ . . 0 X (t', K) ., . Thus •if!8 find ·tw1t as p av.i,,roa.ohea zero, J '1 "'- a .!:)p:roaohes 

HOll\tt tin1te positive v~lue wtth ze:eo first derivative and a 

finite second deriva.tive. Though this seoond derivative 

oould. be oalcu.ta:ted by equation (J2), no certain intorma..t1on 

as to 1ts sign can be obtained without oomput;,,tion. However• 
I ~& 

since (/)7..k ls proportional. to rJa.~Zi, it is a.pparent that · 
1 d 4 • • • 

the :fao'\or (/)7..h. 4 glvef_} t .. very heavy weight 1n the summal1Ml . 

to the J •s fo:r large values of d, hence we can oonolude 

'\ha.t sign 01' a;; ~1
' If) 1a largely d&t~rmined by the signs 

of the J I s oor:reepondin;:t to the largest values of d, a.nd 

is o:f the opposite slf;n :for positive K • 
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HEI-IA vron o.F X .i ( 1) 

It will now be oonventent to define ~ new 3et of 

va.riablaa useful in discussion of the method proposed above 

tor eval·uating 1 and the X's.. As has been stated, trial 

Ya.luea ot i are selected. and the best values of the r~ • s 

ooruputed oorzespond.ing to these ~ •s. The val~es of R7• ~ill 

be da:notf:Hl try 'Kfif) to indi"ate their depencten.ce upon the 

tr1al 1 val ..:~a. Similarly, we shall define X "<,,) auoh that 

as follows: 

=O 



cl X 
2 

Ji 

T!:1e O{m.oluaierns prcvio'l..tsl:? anivoo ti,t in the p:reoeding 

di souseions :reg,J.rding 
J x'\-t) 

'il1 • 

d X :,..(~, 11) 

J'J 

37":com oonaide~ation oi tho p o·;10r l1erie2 e:itp:;\!HJicn1 of P(ld:z.) 

tor i su£:tio1ently small ·th.1,t id?. i3 $iUlll. 1.n c01:1yxJ.:rison to unitYt 

X Q.(rl} anothe:r useful oonclusion .re~.u-ding t he vazia:tion of ; 

oa.n be ~eaohed. It le an.i'.3:1.ly shown th.at the :ti:rot two tams 

in the po,1,:,e;r ear i es ~XJ:.a.n e1 on ot (I+ 'I J 1-) t -id,. a.:re / - --1 J -:i. d .,_ . 

AocoX'(Ungly, the ei'feot i'or small i of tlie P°(~J')..) faoto:f 

-
d7]: I 1/l. d,; 1,7-of the f o?r.n 'y/; • stnca j ooclU's only a.a the 

squ.,.".l.~e. t11>3 effeo-t ot this terill is the " an.me to-:r ootl1 positive 
:2. 

and negative 1 , and .X (1) mu.at be looally ayic:1:;1et:rio about the 

point 1J =0 • Oonaequentl;v wa Ca..'Tl :rrta ta th.1.t -the ptiint i = o 
must he :1 ma.x:b .. ,u.m oxi minitmlli'l in. :X :i. (i) ~ rwt f), flrox point. 

As a s-rui.m1ary of the oonolunions :r~:J.ohed in the preceding 
2 

discussion, aketohas of po.soible X (6) cn.u-ves ue shown in 

Ourve .1 rep~esents the cane of 9, neg.a ti ve value of 



a t 6=a • with one min:tnn,r.i only 'lo-.r a posltive J . Cu.:rve O 

d~ X 2
(1) 

i"" the d.err.enera·te oa.ae of noaitive va lue of -......--,-- o f 1 
"" ~- .r:" cl 1 :2 = d =;0 

with no r::i inima exof3!)t a t t h:ts point. 



' 
number of equu.tions which {1:rill be of use in t:ren.tr,1ent of the 

least squares problem n.nd in interpretation of ·the results. 

81noe they a.re t:?.p:Jlio.a.ble to any least equ,.i.res t:reatmen't ot 

a linear e,-11.1at1on, no olaim to originality is ma.de, and the 

derivations al."8 1noluded here only 1n order that all pe:rt1nen\ 

equations may be a,va1la.ble t.n the same nO'"menolatuxe as is uaed 

throllghout the :reminder ot the text. 

It is now deatied to obta1n suJ.table eqw.iti.ons for 

evaluation of the beat K1 s to:r a given value of i , and fo:r 

oonvenienoe we s.ball rewrite the oor:celating equatloas in the 

:f'OJ'Rl 

7 

Zc (d·, T) = / + L <A·(d) r)l(-
1 -=, 

in which th$ ooeffioient of K7 is now written as 

(39) 

On this basis 
7 

')~ = (I-Z-k) + E <ftilt 10 
r1 

(4o) 

By substitutton ct (5) in (8) •e ha.v• 
n 

2 E '1),_ dJ-k = 0 
k..: I (I ;) /-(1· 

(41) · 

Bu.1 fl"Om (4o) 



0 

For simpltoit~r we sht~l1 define the quantities 

and 

7 

L C, j~· == h-2 
(47) 

j = I 

Hence applioa.tion ot eqwition (8) is· phown to lead to a aet 

of simul t aneous lin~'1r equations in the K • s, 'I'he solutions 

of these equations are the values of K( ~). 
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Q. 

s:.?rtOlAL 11:~UA'r lON r on JlNA)~UhTimr or X ( t) 

After eval uation ot the quantities, K(1), a s i mple 

method exists for eva lua tion of X1..('lf) • The a.xpreaaion 18 

de:rived below. 

By eubstitution of (4o) in (5) 
,, 

x_'- (1, K) =I;:}!,, Ki- Z1,.) + t {j), J. !(i J 
By rearrangement ihis yields 

n 7 n 

x 'c,, 1-J = J; :J ... (1-Z1,.) .,_ j; ;r,J; cp;Je. J _1,_ 

1 
If the x•e 1n (49) are taken as I{O). thenr (t)K)beoomea 

X \-t) , and by substi tut1on of equation (!1,,3) 

(4o), we have 

_k_ " I 

7 n 

+ j; I(,'[; </J,.(1-Z;,_) (51) 

Utili zing (ll-6) thia can be written as 

2. 
X (t) (52) 

2. 

Utilizing equation (52), X (i) oan then be oomputed from the 
:l 

K(i) values by computing (Z~-1) a.long w1 th the other oross-

p:roduota, cfJ,f/);Ji.al7d¢),{z.Jt-l), summing "the values ot (Z.-h.-;),._ ov•i-

the data, and the...~ the simple evaluation of equation (52). The 

value of this procedure over that of oaloulating and summing 
1 . the ;}.h. values lies esaentia.lly 1n the fa.ot that 1 t requbres 



multiplioation by the R(~) values only after summation. 
'Z. 

For the e~p~ri mental oaloula.tions here :reported. X ('If) 

·~va.s calculated berth by equation (5) and by equatipn (52),. 

since J~•e were required for other purposes . However. 1n 

a regule.l" routine use of this method fo:r evaluation of the 

K's, only equation {52) naed be used, 3.ncl a considerable 

saving oa.n thus be effected. 



:t11 oz-der to ln.su.:re tha t ecw~.tione (9) n.1·e sv.tisi'led by 
l 

thG vnlues of KP ) , a.~ to obtain a.n expxession for Y (i1 1<.) • 
'.l. 

the o~cond pt'o:rti '.?J.a o'! X (i,X) with :-espeot to t he x•~ 

By differentiation 
:i,. 

d r <~K) == 
d Ki 

For 1· o. j , this becomes 

of (5 ) and subirrtitution of (l1,2) 
n 

2 L ~~ ¢1· .k 
,,h "-I 

2> :z X ,.,(,,., x) 
0 C·· 

d X 1·2 
N 1, 

(55) 

Since Cii is a sum of srrua;rea nild 1s thexeifore posttive, 

it is seen tha.t equ.~;tion (9) is indeed satisfied~ and hence 
~ 

that equa.tion (8) does in f act minimize I<1✓ 1r) with :respeot 

to the I{ 9 s. 

Equation (55) is of considerable interest for another 

reason. ln subsequent investigations regt.Uding oo:rrelsitions 

of vapor pressure dat~, it will be of interest to know the 

effoot of oba..Viging the t • s from their lea.at aqua.res value.s. 

Such information ts readily a.va.ilable by integration -of 

equation (55). 



It oan be :::hown. by J.i :f;'f ei·,~:r1Gi,?-.t i on that the :raaulting 
2 

equation for X ('t) I\) i g 
I 7 

X ('1A) = X~(t) + EL Cu J Kl· J JG· C57) 
1-:z./ J"' I 

where 

c .. 
7 j 

then {59) reduc.as to 
u X?.(1) k) 

d K,. 

C·· J ?. 

Fuzther differentiation gives 
2 :l ) 

d X (1,X == 2 Crs 
d Kr J 1(5 

(61) 

(62) 

S1noe (62) is identtoal to (55), (57) reduces to (34), and. 

(61) reduces to (g) for J k, = 0 • equation (57) is p:roved.. 

Using {57), the effect of any obang:e 1n the K's tziora 

their best values oaa be :readily computed. ~Y oornbintng (57) 

111 th ( 52) an al te:rria ti ve exp:ress1on of Y ~ (1, If) oan be ob•alned. 
,, 

X').{~lr) = L (z-A-1)1 T 
.k=I 

7 7 
(6)) 

+LL C✓-j Jk1· J'A;· 
i;::: I J° = I 



All da-t.:1 ~1€i:c ,~ fir.st conv1EJrtsd into Miglish unita, with 

tampe:ra:ture r,300:rd:-=)d .. ~o the neal°est O. 01 °a, p:resm.~s :r t)Oorded 

. 
"this ohoioe of val"iatiles w-as in 

signifioant figures ~e;ra chosen so as to be :.;,dequ.ate for the 

reta,ined to avoii:i l'G1md:1.ng eri-ors. 

F:r0:rn the ltl_:,:aciZic volu.me::;, the molal densi tien,. d , t-;re:re 

oaloul':J..ted 3,g 1/tW r:1.nd raool"ded to oeven decimals . tt(1leoular 

wei,Jite were on the baeic1 of 12.010 for o;ri,rbon ;-md l~!JOSO 

for hyd:roe;en. Cf.he VHlU.OB of (Z • l) ·were oalcula)~ed, as (P/RTd)-1 

,11th seven deoirr1"1la re1w.inect.. The 'llalue of R used :J:-0,11 10. 73lS5 

ij1noe the m.11:d.P.-lllm -zy,,1,l.u,,3 3 of d .t!..nd T/lOOO "!le.re both nea . .r 

unity foJ: the d ... ~ta. '.laed, it w.:1,e fc,tmd. ·tbi~t the Cf: • s were 

adequately e:tp :ee~.·n3ed to the sw:ie nunbei> oZ uaoi.111H.ls as ( z • l) 

,. 

1ngly. 

Afte%' oa1ouls.t1on of the if)• a and (Z • l), a.11 the oros~ 



were :found to be :ie large a s eleven digits in some ca.sea. 

'l1he sets of aimultl!l.,neou..s equations whose ooef:fiotents and 

oon~rtant terms we:re the ab,.:,ve sums of cross~products were then 

solved by the procedure of • :reduction ·to unit diagonal form. 

That 1s, a pivot co~ffioient wae ~elected, the $qu3.tion in 

whioh 1 t occurred wets d.i vided through by this coeffiolent, 

and ~ suit;'.'.1.ble multiple of the pivot equation "i.11 A s then sub­

tracted fron1 ea.oh of the other equations so tha t all other 

ooefficients in the pivot ooltllllXl were :reduced to zero. 

successive :1p:9lioation ,of this operation to a pivot in each 

:row reduoed all coefficients exoept t~e pivot in eaoh equation 

-,rn zero. and the pivot to unity. Prior to solution of the 

equations, however, ea.oh equation was divided by its larges'I 

coefficient and the quotients .:reoo:rded to eleven deoimals. 

Tb.is served to simplify the ma.ohine procedure and to buftei-

the coefficients a;ga1nst the aocurm..'.\lation of rounding errors. 

In solving the resulting equations all oomputa.tlone were 

o:a.:rr!.ed to eleven decimals, and the :resulting !P s were thua 

obtained to ten or more digits. 

Before s-ounding, these K1 s were proved by substitution. 

A cMck to within cne in the tenth decimal w~.a considered to 

be due only ,o rounding errors. Thie oheok by substitution 



was concurrent with the entirely analogous oomputatiori., to 
~ 

seven deoiroa1s, of Y (?5) by tk.ru •. '1.t1on (52 ) .. 

For all su"osequeut oaloulationn, th:ree digits ware 

dropped in the values of the K•s, tha resulting values being 

seven to ten <iigi t numhei,s. The er:rors of fit were then 

calot\l.ated to seven deoimt1.ls by equation (AK; ). 1,hes e J values 
2 

were squared and summed to give X11) "!or oheok ourooaas and were 

divided 'by the e.x-_perimental 2, values ·to give t ha l'elative 

errors of fit; r . Both~ ;s e.nd r's were oom, uted to seven 

dSOil!\.-rcJ.ls tor oonsistenoy with the rapresentat1on ot z. The 

a val.uea we1·e also summed with and w1 thout aign for oaloulat1on 

of 7 and Fl :respectively. For all oaloulntions o:f' average 

values. the sums we:re rounded rathe.r than the individual e:r:ro:ra 

of fit. 



the preceding diaouoaion upon deoimala ra.the:r than d.4,;i ts 

oarried and the apparent disregard fo:r aignitioAnoe of the 

many digi ta car:ried may vexy rea.aona.bly be questioned. 

Though a. thorough exa.m1n.at1on of the questions involved is 

not conaidared justified B,t this tinu&, the following br1ef 

discus1;;1on of two pertinent points is aonaiderad app;roprinte, 

Fizst, it may be not&d tb~t in a:n.y least aqtw~rea p~o­

oedu:re it 1a neoessary to oonaidt~ the e:rxors of tit aa 

exaot quantities which are to be evaluated 8,0 aooura.tely a.s 

desired. In general, the errors will be evaluated to as 

many dig1ta a.shave a:ny experimental significance. Further­

more, it ta oha:raoterist1o of the least squares procedure 

that a great many digits must be oar%1ed 1n order ,hat the 

experimental signitioa.noe of the data not be lost 1n ihe 

oo~se of the computa:t1ons. Indeed, it was totmd tha.t the 

range of variation of some of tha c./)•s, notably dJT • ia 

such t~":i.t even the eight d1gi ts carried were not adequa:te to 

retain a.11 the s1gni:tioance of the datri_ and 1 t raay be 

advisable to use more d1gits in tbe computations with the 

next set of tz1al i values. 

seoondly, this Ooln"puta.tion is ver;r much an explo,ra.to:ry 

one, with infoma.tion ae to tb.e acouraoy obtainable with the 

equation and the aoouraoy Zfquired in the oomrn.1.ta.tion con-



eidered to be ~..mong the ma1n r esults desired, Hence the 

ohoioe of preoi si on used i n t he computati on was dic tated 

to a oonniderable extent by convenience in scheduling the 

computation for mao~ine operation. Since the ~BM type 6:)4 

Eleetronio Oaleulating Punch, which was used for oaloulation. 

of all the rfJ • e r.nd the cross-products, is 'best • adapted to 

handling ot numbe:rs of eight or less digits, a oon3:tderable 

advantage was realiized. by the ohoic,e made. 



. . 

1lo:r p::opD,ne ·t.i?.8 set oi' dri.t r:. txe.~1.t,~d 'm:~a th.:·yt of Hen,tt1.es 

l(f1y, ru1d K:~n.llky. ( 
1
>) 'TJ1i:::.1 sa;;.; ~iia;Jfr} ici.ent,.o~:1:U.f ·tha.:t t:re11ted 

(1) 
by rienediot r \i:i ;.sbt, :--¾,z1r1 H:u..'bin . 0.xc:e1.:rt fox eor::te me.a,.s•urei:,ieut~ •· 

:region. Th.,:i data Wf.s eoxt-ve:rtt1d tnto 1.12,gl.ish m:d"'ca:1 betoi-e 

E-~P:::•li.cm.tio11 of the leai,t ... e<~ru:1,;;?es 1,1:athod., rJonvel'&ioo :ftto'tore 

a:re giveri i,n 'l\~ible I. 

Th.r~e ··,u.lues o:f' i we;i.•e t:r(nt ted.. 1tiey wtu· ::. chosen ·~o 

2 
his oorrntB..nts 2.,xa iracluded. l'.n :1ddl tiou, X 

. . . . . . . •. . . . . : . 

1
~ 41-.l.-_,., H > ·"'· h1·,-_:tlY.' . "'_.:.~. 't)o • ~-~,.,,,~;,".; , .. ·t,_:,,. ~··"'\/' -;;, .1•·,,,, ,:-,,~.,_....;1,!, ,;, . .,., •!>•~. ,.,~., {,,;o'J' 4.·]•,,i;,,· . ··l"'·•!j ;;.;~ .. . 
Q \I -t..~~ O,;.Jt ~•~;.Y,ti4 'J~ 9 .t<i'V~Jil"..,t.&, !',; .IJ..,;. ,:, _1':.).-J. Y..t ,; .\-~ . 1'1-~ t-• t J_~ -~\u,J.~'iJ."" ~gt:,;\ _v . .£ t~·•·~\~ - O _Gt..Q \i,.._. 



aqua.res method. 

In Figures :3 t hrough 11 n.re shown the indi vidu.r.-u errors 

of fit vereun d as isot:O.e:rms for a.11 f oi.U' set a of constants. 

I nspection of t hese plots shows that the least-squares oon-r 

sta.nta fit only slightly better over most of the range. The 

pr1no1pal 1. mpl'ovem.ent ooours in the :region of h igh density 

and low pzeaaure. It does not appear that the tit for low 

densities is saorifioed. 

lt may be seen that a :f'ew points devi~ .. ta rM.:rkedly from 

the otherwise smoo-th curves. These pointa appeal' to be 

slightly in error, demonot:rat1ng an additional utility of 

the plots. 

The least-squares values of ·the average error in }~ are 

seen to 'be better in a somewl.t1.t smaller ratio ~ban the root­

mean-square e:rro:r. As an estimate this i c e.xt:ea:9olated. on · 
" 

a. plot versus the root-t.Y1.ean-square er:ror in li~1gure 12. A 

value of o.17f; is obtained for tb.e estimated least•equares 

value. As a check on the oomputationt the average error in 

z wa.a also oaJ.ou.lated omitting the th:ree experimental values 

for a. density o! 6.2:L~ lb./mols/ou.ft. Bantd1ot likewise 

omitted these points when be computed the average enor ot 

o.lt-0% whioh he gives fo% propane. The value o.4oS% obtaine4 

using Benedict• a oonatants is oonaide:red to oheok satis:f'a.otorlly. 

One e.dd.1 tional point regarding the plots shmm ln 

Figurea 3 through 11 ot the ~tlat1v~ er?ors versus densit7 



group, t he ourves sho:1 n, tendency to approa.oh a f'ini te va.lue 

as t he density app:roaoheo :::ero. Sinoe the Bened:tot equation 

approaches the perfect gas equation as density ap~r~aohes 

2ero just as the ga.a 1 tl!H!li' t\pp:ror.:i.ohea perfect ·gas beha.vio,:, 

the limiting value of t he relative e:rro:r should be aiero. 

In view of th1s it appea:ts ?Otrni'ble tha t there exiats a 

consistent erro:t in the e.xpe:rim$ntal raeasurements. An 1mpus-e 

sample or an error in container volu.~e u e considered most 

likely. Since sWJh an ef:f'eot might also be a result o'l a. 

trial b value \lthioh w::is too l a rge no definite oonolusion ia . 

justified unt1l m1n1wiza"tton with respect to o is completed. 

In Table Ill a.:e shown for referenoa the ooeffi oients Ci·J 

and b 2 in the set of sinmlta.neous e~uo.tions fox the trial ~ '• 

used. The valu•s are on the h1.sis previously diacumaed of 

tem? e:ratu:res i n thouss.nds ot dag:rees • Rankine. 



66 e.:!:r-:ierimem.tn,l rue.1.i-Ju:rements:i of pres.sure. "Jolu.E1e, and . 

This is the originn..1 data used fol" a ptJ,per by Olds, H~.mer. 
. ( 6) 

~lage, a.no. t...1.oey. 'fl:i.a results of the learrt-oq1.1ares oa.l-

oulat1on u.$1.ng BenecUot' s vn.lus of i P..nd VJ.lues 5~; on 'e1 ther 

are noted i.n the v,;1.lues of constr,nta obt:.:i.ined. 'l'he constants 

well above the c:r it io;:c1l Yte:r e omu~ i d.eJ..·ed. 

1s appo,:rent th.~t the i 41i•::!.lu.es used ::1,'£e f <~r fr•om t~e best for 
" 

the le...~at-$: . .ru::::i,xes conet~J.n·l;a giv0 a roo·t-.11ai~1-squa.re error in 

Z cf 0.0034. wb.ioh is 40~b of the 0,0066 obtained using 

Benediot'E oonste.nts. Tb.e average i'raotional e:r:ro:t in z is 

o.2y~;:1, which is 45~.; of' the value obtained using Benediot•s 

oonatE1..nts. fJ.inoe the d:.:1.ta treated cov1;,:rs a. restricted 

temperature ran.get this rather f t\VO:ra.ble oompa.r1s()n 1s to 

be expected. 



In f igures 14 tlu.-ougl\ 20 are pr esented the paroent&ge 

error versus d plots fo -.r: the trial 1 of 1 .. 05 times Bened1ot• s 

ve,lue and tor Benedict's ccnistIU1.ta. In thi:::,i 0 3.i]e BO little 

clif:ferenoe vm.13 :folli"'1d in the ~ « s tor the three ~. trials 

that t heii• plots :9.l"e esnenti m.lly ooiocicient . Again it 'iicJill 

be seen tha;t fu.:rnentially smooth curves a.:re obta!.ned, indioating 

th.~.t the rn1,n.dom experimental arxors ~e small in telation to 

the failv.ra of the eq'Ufl,t1on t o fit the true beh~.vior. 

In Table V are shown for refel'enoe the coeff icie.n:tss C1·i 

.az1d b ,i , in the oet of aimu.i.taneoua equationsi • fo-:r the 

tria,l 1 va.luee used. The values are on t he lias:hi previously 
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/ )( /0 -5 

2 
sign1fioant ch.n.nc;e 1.n X n:'.l folloira: 

(l'.m. 8. Gl'l~Or) 

henoe 

. 'l.. 

Using the extra.po la tad. 18(--tst s ,;i,llr.'1.X'es • v:;J.ue of X , the 

oo:tresponding Vii!..lu.e o:t t tv.3 r.m .. o. error • is e :1 t i1na.ted t o be 

2 X 10-J. 

Henoe 

On tl"le bru!lis ~ve have arrta.bliehed, . the 0ma.1lest signit:toan·t 
?.. 

change in X ie found t o be i.'. ;, of its mini rm.:u:1 11<:tlue~ 

1Jext, £:tom equation (63) -;;e find t hr::t D, oh-:1ng$ t J /(r • 
';l.. 

in any one l< ohr.1.,"lges X f:rom i ti t:d.nit(s'l,:ll.11 v ,1lua by thi:) e)::t•;yu.nt 

S X1-. -- Cl"'r (JAr)-;. 
F·rom this 

dkr - ✓Rf • ' 

and SKr __ /cJX?- ., 
Kr -. -. • \J Cr~ k:.,.~ . 

Using now ~he above ex1i r e~sion f o:c th-e 



we have 

Aooo.r.dingly, we can stats 'tl1;1t ti.le smallest oignifioant chr,.n.ge 

1n is within the rru.1.ge 

6 -,..;o-4- ->-= J!<1/Kr ~ :ZX/(}_,, 

We can thuo conclude ths~'t ·t...l':!.e const2.ntn nee-:1 only be corauutsd 

to four fi&Jf'lU'es to g1ve a root-mean-sqmre error ot fit for 
2 

this set of da.ta. l1l1-icl1 is within 10-5 ~~'1.d a X within 1~:b of 

the least ~,1u.;::-.re.e v:}.lues. 

The above OG,lou.1a;t1ons ~an be CX!)l'essed as :forrm .. tLa.e in 

dKv- = -Ir 1-J 
K't' Crr Xr?... 

✓IJ.n d ( :)
1 

c~ .. k'f'?, r.m. s. error; 
and S X~ 

of fit 

which 1s take11 to be the smalleat whioh is oignifioant. 



,A very consid.e:rable pa:rt of the effo:i:·t devoted to this 

inveotign.tion wa.s d.1reoted tm.val"d devising and ,generalizing 

tl1e m80hine tecbniques for oomput8.tion. ~1J1\i. de::ior:lptione ot 

the teohnio~l citrta.ils are on :file with the DSiJ ,:1."rtment of 

Chemical :&.'ngineering. Howevel', a full praE;entr~.tion of 'this 

material is not oonsidered a.pp:rop:riate here, for it is only 

a method of computation a..nd. thus not in i taell' of any 

theoretical inte:re~·rt. Accordingly, a few general comments 

only ri.l'e :tnolt1.ded here. 

It is recognized that the e:ttent of the oomputationa 

required li:3,a not been eri::rphasi.zed thu~ fa.:r, and henoe th!:l.t 

the need for machine teohn1quea of oomputn.tion may not be 

evident. However, a few statistics will oerve to demonstrate 

this point. We shall assume for example that a typioa.l aet · 
~ 

of d..:1,ta consists of 100 measurement$ of z ve:rsus d and T. 

In the oourae o:t oa:c:ry1ng out a full evalUD.tion of three 

sets of trial 't valu.ea, a. total ot 9600 mult1pl1oat1ona and 

divisions by .g digit numbers and 500 mult1plioa.t1ons and 

divisions by 13 digit n1.1mb©rs a.re required• together wi,h 

n. oompa:rable number of additions and aubtraotions. Fui;her­

more, about two-thirds a.s many ope:ra.tions are required for 

each subsequent set of three trial ~ values investigated. 

lt is evident that auoh a. computation would be very expensive 

and time-consuming by conventional methods using deak 

o.a.loula. tors. 



-JS-. 

By the maohine procedure developed for thi s investigation 

a complete l.e"'.st sc._p1..aren t1"e.str-ien·t can be ca rried cu·t in wo 

to t h;ree ;,'\lee}rn and l t 11.,1 1.,el :i.eved tlm t :i:eduot l on of this time 

by lt fc•.otor of two en: noxo can be achieved i:C J;jho pz-ocedu.re, 

io put on a large soale b.::i.cis. However, it should be emplla.a-,, 

1zed. t1:ui·c t;nese stv:tement.s a:ra on ·the bziaie of a.n op e~ator 

liho i s t horoughly famil. :l.a.x 'wl ·th the t hel'lr.lOdy!',J,'l.ffiiO and ma.the• 

tn3.tica.l problems, the oomput1ng equipment , z~d a ll d0ta.1la 

of the p i• :.}Cedu:res used. 



. . 
:range (;f :-1:)t1liOc1.bil:U;y r:.it::.y be r:-o~~;'.;lible. 

cona•~;mto and. ·1;11e t1um of the st .. f'l.!.stl'e9 of the ,:-e~td:u':i.l~l3 ~~-re 

uni~1uely: uetea"t"di.ned the -:J<inoept o:? -~·\·.i.e 0r.:nlletlt sir,,1ifio ::m:t 

~ 

signifio~ii.nt inororMm.t in :-~ the v:11u~e l y;, 10-, i it h {tS been 

a.re oonoludad to be oignif1oant to no more thD-ll ion:t • 



By way of :-3u;:;1)'.w~ry, i ·t i a corm l t'!tl.ed thG. t ·tJ.1 e 102.1s t 

equues method f 11n1isheg .~1 practioa,l die;i tt1.l ,J (1t.\m:ter p:ro­

oedUZ"e to'J: ova.lt:iti:tion ot tho DBned1ot cont1t.antD fol' 

•• correlation of v ol 111.:1~rtric d~:it.--:i. fox lig ht hyd:roon:..l't>tnis. 

A signifio:3,ntly tiattex fit i 0 :)<} ~nible th::i1n by previous 

•method.a, ;.,nct. • into:r:Ir1tion io obi.:'1.inatl which parni ts easy 

· o.il01..tlation O•f the dote:ru.inacy of the constants 01.n.d of the 

degree to ·wJ:iioh the precisirn.1 o:? fit is-1 l'edu.ored by ,:iny 

;:1rbi tr;1.:ry cb.zln[;e o:f t t1e oon :~t ? .. n t s fxom ·thei:r bast Vct1ue~ . 



Q,uantity F l"OI!l • 'ro l11aotot 

.Pzessiu-e atrnos • paia 11}. 696 

Temperature t:>i Oro ,.~ l. ['J 

Volume litera ou.~ ft "'tr< -J1 00.t,' i'!t ... ,.,.1 • 

Ma.es , .... r:.r., . lb. 1~5 3. 59 2i} 
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5.946290 '.:;i . 653610 !5 . 370930 - 6-~, "'10 ~._ 1 ") ·,h 
....... t .,.., .,,,. 1-,, 

Bo 1,. 5913065 l . lJ..L~:0064 l. 275G72a i ,;:!~<'.}o.o•, 
....... . • ) .. ~-, • . ,' • .I;;..-,, 

10-3 ... 2g 2"30');,:,: a6 .060274 23.513037 ;1r:- r" • "'t(;!,.. 
- "'•O • • "' '- t.> ··-:;·. ·,;. ).,;'',;),)' 

, "'' .... 

10- 900 5. 0235931} 5. 5362459 6 l ~?go~,_..., 
• ~~ .;.,,/V 

t' ••• , 1 (' 139· 
() • . ;:.: _~>;J' • , 

b ij.' ,..i·5 -- ·~ t'f , Q, t)L, 2o 5.1574946 ?• 74-0>~757 • ~ 7 (.<i ...,10'\? J • . ~-"·~ •• ,I;.. 

., 
35. 0tM86l 42.927363 51. gl~GgGl r·7 --,,;·;-(,,•7 10- )a. -.) • ) i :..1..:) 

ex 3.0273172 2. 6366092 2. 3217096 .. •• r.:· ··1·'11(· .'·.,. Ji I ·• · )" ... . .. _,,/ 

~•~, 

17 . s654{)2 ? t~ ~j\_, ,., ).11 h. 10- >o 19 .71.3905 21.759351 •-I_/ a ,,,_ .Jt .,. •~• l 

x2 0 . 00127724 0 PQ' OQ"'29g . v ,.,,o- 0 . 00071161~ 0 . Ch. 936535 

~~ 0 . 00339 0 O,')~&, ' • '- L.;.j,11!", ,:;,.' 0 ,,.._,., 2,,. .. 
• e '.,A) ?) 1) n:·,(•lc ~ • , ....... , j ";;} 

~ -o.oooig -0. 00011 - 0 . 00004 - '1 C"1:J~. t;' h.3 \. . . ·•· . ~ 

l~I 0. 00273 0 0.0 ,;;29·, 
• \. t,,... J,, 0.00191 n · ,·,,-, -;,70 

\,i • ·,]'-•' ;) 

/JJzl o . 001;.g3 0. 00401 0 . 00332 ... ... _ .. ,,.•17 
\ ~ I it ' f· , ' . 
·-.$ • -.... / ... J 

(0 .00473)$ (0 . 00391 ) 0 { o . oo 32v .. 1 ie { ,-, ,.,, .. ,ll{)"') ~ 
_ V , \J<,"·· 0 

ll' Da.ta at d of 6. 24 lb. ·mols/cu. ft. omitted 



1 No. l 

j .Mo. l 10. 6945 Jei> 

j No. 2 13.9519J72 

TABLE III(a) 

.?E.OPAHE 

2 3 4 
13.9519372 24,.g511076 1~.;06illt-59 

W.4iS7i;oo5 33.gli-15965 5,.9724351 

5· 6 
5.9721+3~ 0.751742g 

g. 02g3019 1.0~~23,195 

7fj 

6. 325r,o 76 
6. ~t:~11,459 
j{' ~' ;:.. · 
t ) . 79.117 {g 

s. 591g7ro 
<I\. Q't~6· ... 27 
C., • ,/ .J•'"-" . t.J.,. ··- l_ 

9. 21.!l~ 3996 

j rio. 3 24. g511076 33. g1~15965 6l~. (5$51830 10. 9312212 15.0553160 2. 0550031 16.3~91200 
17 01' .,,,..,.,..,,.. .... 

• • ' tc,).;,:,. t)t:).r,; 

j No. 4 !~. 5064!1-59 5.9724351 10.9312212 2.103751J.6 2.$2668g9 o.4o~6n22 

j lo. 5 5. 9 7 211-35g S.0283019 l5.055]16o 2.8266SS9 :; • $46511!,8 o.;705994 

j No. 6 O. 751742fj 1.0423095 2.055oa31 o.llOS6022 0 • 5705991l- 0 . lf)l~29 

0 The t-h.ree values OOl'l"~spond to l=IOSia,;. 00 ia, and o. 9 s1e, reepectively. 

•. , 7 616r-~r.1'} l. . - _)\ .I (.. 

~ 7o71J<>11( ;., 
'---~ .., .'Q 'J' ..... 

2 9'")1"1 .-~Jin. 
• GV?U'('\J 

"'% o4 -:r-,..,•~i;,.., 
.,;• r - .;{ ~-~r ... 

;.8365003 
4. 0090695 
l► .. 18176~ 

O. l}97g623 
0.52711~61 
0.5567172 

I 
+ 

\ .;,J 
I 



TABLE III (b) 

.PB.0.PAME 

1 'BO. l 2 3 4 5 6 7 

j Bo. 7 6.~~076 a.59w720 16.3~·91200 2.7974S42 J.$365t103 0., ll97g623 . l}. 26396g7 
6.5694459 t'.L9186l21 17.0 2662 2.9205$40 1.t.0090695 0 .. 5~. 11~61 4. s . . ,rs 3011-0 
6.794177g 9.21+li.3996 17.6965012 J .. 01l·37242 l~.1S176;g 0.55 7172 4.9 B7437 

bj -11. $[1216!!, 7 -16. (){j 3220 3 -30.51g5g22 -l~, 3990 39 3 -6.03ss1~25 -o.6olt073g -7. 6996~5t;t 

K,. 1.:;c,1306~ -2.929s363 "+ 46·i8129· ~ 4 .. 6556428 -3.2696oo4 9.~-s1175 l.66l~7orJ5 ~ J . , ' ' ..t 
.. ~ .. 

1 ,~}-8···l(J'.' ·6 ' ; _:., l.'~'.)•:r. 7.llR -0.515f5706 5.1(t74946 j ·· .9999966 10.. l-64279 1.a369~1 •. V "'1' ~-· q ·CJ:.J ;; 

1. 27567'2J.~ -2.19095s} -0.5705351 5- 7 t01757 · .s:311224 11.2164633 2.0275 9 
I 

~ ""'2 27.1 l2l5 13.6 ;:f lJ.1.1 10.1 11.s -i:=-
\111 1.',.i -f 

22.i 109 17.3 61.6 11. 1;.,. 
17. 93.,5 21.l 69.3 89.7 13. 2· 20 l -· . • !' 



1 

Bo 
10""">¼ 

10-900 

b 

10- Jf.i 

ex 

lO-,c 

Xi(-J) 

1. 61g77v,-0 1 . 5416900 

0.70336500 0. 70223723 

7 "l.,. /'d-r..d ., ~,-,1,..,6-- ~1 • .1boovo u • ,:; ..1 ;;, :; 

0.1307256 o.14647s7 

0 . 5 706Ql}56 0 . 5 7116 7 211 

- c .. 5152522 -o . 4lS4701 

l . 739761~ 2 . 237l 71J 

• o , 21342g1 -o . 17297tio 

0 . 000777;2 0 . 00076564 

O. 0034 3 O • 00311-5 

-0 . 00025 ~') . 00026 • 

0 . 00278 

o.oo24J 

0 4002.7e 

0 . 00242 

o. 69791469 

7. 25653g 1 O,,h~cl,i 
• -.\..J"""i,~.,,. f' 

0. 1709262 0 . 2761352 

o. 5s476176 o. eGS11-956 

.0 . 21.K:\7311-4 2 . 9901g3 

~. 1126911 0 . 5122074 

- 0 . 1161562 o. ~9911g9 

o.000791s16 o. 001>g;eo; 

0 . 003!1,6 

- 0 . 00026 

0 . 00276 

0 . 0021.J.o 

o,. oog;a 

0 . 00176 

0 . 000-K> 

- 0 . 00;41 



TABLE V(a.) 

MffiiA..U 

i 110. 1 2 ' • • · ·· -
. 4 . . • . ' .. 

j No. l 31.4726905 !~6. 2577)37 107 . 7799221 25 . 97635£12 

j No. 2 1>6.. 2577337 69. 7757fJl 8 170 . ol~1~77 39. osso;62 

5 
39. o&so561l-

60. 23929gg 

6 

31. 2370121 

;o. 5329'➔53 

70 

55 .663g722 
57.7179103 
59.8227471 
tq . l~12002g 
90 .7665702 
94. ~gg71i 

j Iio . 3 107. 7799221 170 . 01i1-;g77 !1)}6. 09()J391~ 91~.8371312 152.1125267 137. 00334g1 227.J71Jfilp 
2?.G. t:52l4464 
246. l9;802S 

3 ~o .. 1~ 25.9763;g2 39.osso,62 911-. t:;71312 22. 7619427 

3 1-'m. 5 

j fJo . 6 

39.oggost,4 

31 '."'>-.Z.'"'("11 •:)'!; 
• C. ,,,I ct.,.,.G.l. 

w . 23929gg 152. 1125216 34.97615n 

50. 53291l-53 137. 80JJ4Sl 30. 675lJ.1i, 79 

34. 9761577 

;4., 9152142 

50. 21f;{}li-79 

.. The three valt~s oonespond to o= / os1Ja.7 100-t,e, a-1td oMJ.a x-0apect ivaly. 

30. 6754!~ 79 

50. 2180479 

st~. 07711539 

4t1J . '1611~118 
• ., ' 50. 957782·'-~ 

53.0090to7 

1($ OL '!)fi~~ O • 0--~J':2 . G 

i1. J~5!b 
,ii Jl 7 fi ".t I" '1')!')"3 o v--,., -1'" ;iO~t.:.- -

, ~ r,,:ehf\OJ"I~ 
00 • :)::;,""1'V'_ ;;;v • 
11. 9923s9 • 
75. ;;o:;g69 

I 
+=' 
1' 



TA i:fL,E V (b} 

l t \i:TnA:rn 

1 No. l 2 -:-{ 4 5 6 7 ✓ 

j No. 7 55.66}5722 ~7 • ' 2B "'1>"'1 ·7. •71K)"''lb~ Li..g. 9611n1n ?S.0629552 6$ • 551-K190~ 117.5488717 S . 4120{) ·') ._;:.-:; • .) " "'?i 
71. 9923?S9E 57 . 7179~03 90 4 7665709 2;6. 6524••~6i\. ·5{'J ()t":). ·7 7 ""' ;::,l:~ "r.1 3...- ·-,~,·""1 127.119r11t g ~-· • :J g,;> ....... o . ?, 1,Ji.YO i 

c:9 d "''7" ~•1 9lt . 20HE!716 24(1 .- 1c ·'80 9 8' 53 .009ot.07 ·::1 ,, ·7u36~r.Jl-, 75.5503t369 137.4204916 , • • ,.;~l;.. 4 i ) . .) )\ u \,J t t . ' <) C. .c. ) 

bi 7. 2716dlS 10 . 21}62733 22 . 057 271!13 ,. ... - ,. ... 7q "() 9.5257067 g -·726,..2'.'.!! 11.4529so3 b . ·.):)';! .,. bi_ 0 l) -~ J --C) 

11. 97:369£S(, 
12.5101000 

!{1 o. 7033650 --0 . 636l}i.} ~~4 -(j . Ol21Sll 0 . 5706ol~7 o . 0Lmo115 0 . OfJ 352i~ 7 -o.019gg71.~ 
0 ·-10· ;-:,,::,·iz!:) 0 6g ·1.3r4t': ' i. • -o. O 1361~90 o. 571x-s 721 o.035i933 0. 0872314 7 -0. 0161182 I ,. •' . ..,,,,.L.~.; ""- ...,._ ·. . _, ::> ' l. ,, 

.f:' 
o. 6979iJ.}7 -0·1 6·~61 ",., __ - 0 .0159270 o .. 5gil, 7 6lf1 ('.'\ •"•2? l '"'{-,18· o.09225L>-9 -o. 010.g237 • • I Uci'.) ' • . \ J - .. .,/ c;: ....J 

! 
2 15.6 ·•2 e. 0 --t':62 7.41 0 .127 r , t,. 77 n oh.64 011 K1 ) • ,.I_ . t,;o' ,. u • . •. J . I 

1 - - 32. 6 0 . 0,5 31 7.53 0 r)"i! ""7 O. ,H.l 0 . 0330 -:>•:? v • ·, 0 ;) , 

15.3 32. 0 O. llJ. 7-19 0 . 0277 o . 1-H;o 0. 0161 
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