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The probvles of ovaluating counstants for $he lsnedict
gauartion of sbate is digoussad, 1% 48 cenocluded shnt a

method wust be found wnleh 1o adaptabls o high-anoed dip-

i%al cousuteras and whilch 1s oxuable of pregise analytical.
intarnretation L7 the @dguatbtion is t¢ be nnds upracilonl as
a means of correlating data Jor nizxtuves of hydroeocazrbons,

P

A study hasg b@an'ma@@ of ths laast squares oriterion

of best £it as o weans of evaluabing the Uenediet constsnts
from volusnetric data alone. Thne neceassayy eqma%icﬁa 278
nresented and sons analytical oMaracteristics of the solu=
tion investipated., A wraé@ﬁuxe wWaH @avéidaed f@x p@rf@rﬁiﬁg.'
the ¢aloulations with coumsrolal pwiched oupd aguiymengg.&ﬁﬁ
the results of tﬁﬁ‘ﬁﬁat oaloulations are prsssnted. I is
ghown that éignifieantly botter 4% ol v&imaé%ria d&%a'&s;f

- poasible than was cobtained by ﬁame&iaﬁ%,'S@mgaéigigna'ar@ e
show which indiocate that the 3ensdioct sonsiwnts ara.@@taxmigeéf‘
by the experimentally obasrved behavicr to four di@izg a%“ﬁéﬁé,
Coef’iolente are presented for an & umtion by weans of whish
the least squarss neasuvre of ths yr@cigién of £it may rgadiiygz
be galoulated fow gny arbltrary vnlues of the a@ﬁsﬁ&n%{

3% is oconcluded that the wathod used &@.amiﬁahie fox

digital=-oomputar treatment and, as applled te<va1uma%ri$ @&£ag

wives both an lmproved fit and the d@gi&@d}gzae&safiﬁterﬂrawwx
tion of the £i%, | ‘
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One of the uost lusordant and long=-stuanding problang

‘of the petroleus industTy is that of oblaining ndequate

thermodynasio and veluwsedrio dota won waloh 3o boss englinesr—

ing caloulationg. Dachruse the proodsses upon whish uedrolew:.

“nd beoauss «he'phyaionl properiies of potrolew: and is
conatitusnta are sd notoriously non~ideal, vregress in u@é%w
ing this »roblem has larpgely been th&@ugh she coupilation

of exnerinental dadz on numsrous aystsms of intereat., .iowe
aver, baoauss of the aluost wnliumided awbar of aonstiﬁuenﬁs
of netroleun and the prent rangse 02 compositions which are
enoountered in the notural product and in i%s varicus derive
atives; the now Large body of avallable data ié but & minute
fruetion of what is nesded, | '

Goinclident with the sompilation o%'d&ta, %heﬁefara,
there havs beon devised muwmerous aumririoal te@hﬁigueg for
correlation of the behawior of hyﬁraaﬂrbans‘wi%h various
measuzabie and greﬁia%&b&a shnracteristies such a8 m@le@ﬁlmr
welght, oritical constants; visoosidy, density -nd %he'liaa.~
These tesimiques, while by nscessity wuch used, are suhgec% “
%6 sericus limidations in acouracy 2nd apolicability, and
gan hardly be congldered %o have solved the problewu,

In reecent years, howevar, the marked developsent iﬁ
two £ieldp rather a2y reucyad £2on notrolewsn @m@ima@riﬁg“
iag phed new light on the prodlewm.  Pirst, from stotinti=

greater wnderstanding of the

L

ounl wechanios has coms o



Do
molecular internctions which detsymine the thermodynamio
behavior of materizls and an inorezsed theorejtical interssi
in thermodynamic eyuatlions of stabte) and secondly, the
recent rapld developuwent ¢of high-gpeed conpulting squipment
has made 4% poussible %o consider, for practical engineering
gonpusations, eguaiions which would formerly have bgen con-
sidared as intsresting, perhaps, but hepeleussly cumbersowme,
I% was 4n the belisf that the development ¢f suldable
squations of state offered $he most prouising aporoach 1o
the proviem of establishing the thermodynanic behavier of
petroleus and its derivatives, and in the hove $hat o con-
trivusion could be made toward pudtiug %Qe develepm@nt on
a more precise basis $hat the present investimntion was

launched,
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DLLGIRGIO OF OBJEQTIVES

In 1540 @eqeﬁict(lb phowed that on euuati@n of the form
P=RTd +(BaRT ~Ro=Cofra)d + (bRT-a)al*
+ QCTC{ + 7—2(/‘/“16{2)6

would correlate volumetric data for methane, etvhane, propane,
and butang with an average erro? of less than 0.4, in
additicn, he demonstrated that vapor pressure dasa for these
hydrocarbong could be gorrelated with an average error of
appeoximately 1.1% by mesns of a furacity equation derived
from 1% using the same oonstants, 3ubsequent1y(2) he ghowed
$hat a pazrtly sheoretionl, partly emplirioal set of rules
for cumbinabtion of the constants for pure hydrocarbons gave
constants for mixturds whioh representsd thelr bshavior with
a ocomparable though somewhat r-dused acouracy. |
However, the mapnitude of the computations involved in
evaluating suitable constants appéars to have prevented any
investigation of the Benedict equation as a means of correl~
ating rather than predicting thermodynamic data for mixtures,
Since the ability of the Benediot equation to correlate the
data for mizpure is hardly to be questioned in view of its
proved utility foxr prediction, ths only obstanle is the
compubaticnal one, The ultimate objective of the project
of which %his work 4s the initial phase is to utiiize the
Benedict oquation as o means of correlating data on hydro=

carbon mixtures and if posaible to improve upon the methods.

*Tere and througheut the $ex$, superseript numbers in
nuroaﬁhesis are uged to designonte references,
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for predioting the tensdiot conatnls Lor uixtures.

In atteupding %o 1% '@%Gdzctgﬁ ¢ uation $o e sisting
data for hydrooarbons, it e obvious thnt mmny avalurbions
would be reguired, zand thnt 2occrdingly o BUsh LoTs 200nonie
“oal procedurs thon Benediotls was zequized. Thls, in fact,
is thwe esosnoe of tHs nroblew, and 4% wis ausuusd frum,%ha
beginning that a method was rwﬁnlrau wialoh was suffisiently
ro&‘hig@ thiot avallable digliel compulsr fooilities could ‘2567
utilized.

in addition, &% was recognized that éne%har 1ﬁp@r%anﬁ
condition must be med. I% can De seen that the raquireuents
that bodth wvoluwietris and 7nof nrsssure datn be fitted 2re
guite independend, Lor ne untior how ago _nuelv the agunition
desorives ths szingle »nsﬂe VoL umetrio data, t“@r@ ig no
assurance that the chanse in fugacity integrateﬁ across the
tzo phasse zepion will 56 2826, Aocorﬁingly, 3008 ﬁgmpﬁ@mise
was nssumed o be weoulirsd., in af&er t%wz vhe varisticns
with convonitlon of galoulated vulueﬂ of whe vongdnds have
signifiaaﬁos, 6P gvon consi atwnoy, 30me ﬁe%ﬁdu Loz yxae&se"
specification of the coupromise must be ;euni Thisg zaqzézaa
first that oharacteristics of the volumetrio £it be investl-
gated and angwers found 3¢ the following “uestiﬁn° Firsﬁ{ihﬁﬁf
good is the "hest” 2447 ﬁam@m&, Pl wall awe tha ﬁﬁﬂﬁfaﬁ%ék
corressonding to the Shost® it definsd? ﬂ&fﬂg how ek ks

the ”w&adneaa“ of the it 3¢ dnced by any'axb¢yﬂmry chanrs. in
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the constants from thelr "haegt? velues?

Cbvioualy, the first sroblem is then to satablish
53 neasure of tie *zoodness of £1i¢¥ which'wiillfmrmism %ﬁa
necessarily precise answers $o the above questions by a
oomputational progedure aecﬁomicmlly adantable tovdigital'
oempu%ing'aquipment. in the folloﬁing disonasion are nre-
sentad thse resuits of the aﬁplicatianraf the least squares

eriterion of besct fit.
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CHOIOE OF ZQUATION

The coupressibility fLactor, &, was the function choaen
for aprlication of the least sguares method., That s, valuss
of the benedioct constants were found such that the swm of the
squares of the errors in 2 was minimiged., The choice was a
soupromige in this respect: the minimization of the absolute
errors in pressures would have placed an undesired welght on
data for high pressure, whezeas minimizatlion of the relative
errors in pressure involved repeated divisions by presgure,
duoh divicions were found to cause conaiderable difficulty
in computation with the avallable machines due to the large
range of pressures involved,

The Benediot equation as written oz the compressibility
faotor is given below: |

2 = /4 (B~ 2 -fp)d + (- 75)d

_10(2 €2)
vaadk + 247 (1+9d%) €

In the following seciions are discumsed the analyticsl aspeots
of the problem of fititing experimenial data with an equation

of this form by ths application of the least squarss oriterion,
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8% 1% be sgswzed $hat n slmaddanecus magspursnesnds of
%, &; and T have been nade, and that the resulite are to bhe

correlated with an o uation ¢f the form

6
T, 7) = 1+ GG VoI, +2 @7 (3)
tnwnton SN = (1+0dNET (1)

As our measure of the Pgocdness of fi4%, we shall choose the
éumg l?bnhﬂ, a¢f the sauares of the exrors in o, and shall
goel values of 7 and the 93 such that X 1(%”) has 1ts
minimae valua., Using the cubseript k to denote the valus

correspoending the 2:7—4

sxperinent and defining Zlé a8
« » . ) 2
Bhe errO¥; %) = B s In the caloulssed Z, X (4,4 ean

then be siprezsed as

n :
A 2 x
X0 #n) = % ,; Dk (5)

Using these conventions, We ¢an now write the conditions
whioh we zraguize on J ana the X¥s3 in the fellowing imzieit
form: M
J0X (7,K) — 0
2 ZZ
2
D*X"(3,K)
29" >0 (7)
a
o X (8K __ ,
S =— 0 (&)
28 X (,%)
A * =0 (9)

{6)
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Gf the above egustions, (6) =nd (8) rejuire that [ 1(1) A)
have an extreme value or saddle point and (7) and (9) fnaure
that the Il({,/f) defined by (6) and (¢) is indeed a minimum,
in tha following seotlions the characteristics of the above
derivatives will be invesjizated in some detaill, and the
squations will be expressed in forms suitable for computation.

I% may be noted at this volnt, however, that such a
traatment of the problesm is nsosssary only bhecause of the

Y(vd") term. Omlssion of this faoctor would reduce

equation (3) %o 2 form linear in {the M's, and the least
sauaras 4% of dada $0 linear equations has beson discussed
in genoral by many authors. (See for example Ref. 3),
Agcordingly, intersst is centersd primarily in equations
(6) ond (7).
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IRVESTIGATION OF 37

By differentistion of equation (5) with resuect so 7

with 2l X's held constont thore reswliésl
2 n .
> X (1,K) 2 § 92k
57 L 9% 07 (1)

1t should be esphasized a% this point that 3, 19 hers oon-
atdered $o be & funoion only of 7 and the K's, ¥e have
adopted for conveniencs the viewpoint that %0 ezoh of the n

experiments there corresponds a funotion , Jh,defined by

gh = ZCJL~ZJ¢_= ZC(JJa,E) —Z,

| . |
L (1=Zy) v G+ 2 ke B

in whioh |

| Orp = Pelda,Th) i £7 - (423
%) = VOdE)= (120d7) 7%y
$ﬂ7,,fz = ¢7 (JJ&, 7];) (11)

34k
Usilizing now equation (11), 37 oan bs evaluated as

2k . g # "“’“{;?(l)

37 (15)
By differentiation of (13) .
o _ ¢ o7

T, =7 € | (16)

Equatlon (10) yields, by substitution of (15) and (16)
d X (3K > AY Rk N
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Eliminosion of 34 frow (17) by mesns of {11) and of ¥ (¥)
by means of {13} yields

> XX K) ; Cd) e
2XOY  _2ik DN-2) S dy €T

YA (/+zc/;)§’2"’*‘
=1 (18)

6 n 2
—2i4 Z/?”’g Pk D cv/ﬁ:lf—mz

2
This is then the expression for 3_917@_/1) explioit in
7  :ond the Kla.
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S X (s o X (4,K)

BYEATIGATION OF 372

Fron (17), by differentiation, is obtained
22X (s, K)=-—2h’7tgh ¢,A a’k 5""4

_ —%;f
~7;
*M/"zf% B, Iy &4
k=
By substitution of (17) in the first texm and (15) and (16)

in the peoond texm, (19) veducses %o

K 2 2
X 1(1, ) 1/ éx (7,K) 27 ﬁ’ E '<ﬁ, )6 _-27d}
{(20)

+2sz§ Ik By o £

By rsarmngement this bscomes

"X — L X GK)
55 =7 3

n , ey , 21)
"'2“/72; Do c/;zf’ = (3h+1d:¢fﬁ /r;‘f-‘d‘)

As an alternative form, equation (17) can bs used to

eliminate ——g—,}—’-‘ﬂ—) y and (13) substitubed after rearrange-

ment to yield
2 L3
X (%K)"‘27ﬁg¢h p _uu

°07% -
2d ol R
[(7j"- )g«k"’j‘]i ¢rj¢/r 7‘/4]
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DISCUSSION OF MINIEIZATION +ITH RESPECT T¢ 4

By substitution of eguation (18) in equation (6) there
2 &
results s necessary condition that X3, K) be a minimum with

respect to 9( 1
21K Zcm cﬁ (1+ Mn)f

. zMZfr gjm g di €%

=20 ) Guf)i K€

(23)

This equation, though a valid condition for minimiszagion of

X 2(7/,/{) with respect to 7 y» i far too olumsy to consider
for computational use. It was decided that trial values of Y
would be seleoted, and values of the K's found suoh that I?zj i)
was a minimum with Pespect %o all K's, As will be shown, the
computation for the K's is straight~forward on this basis.

The equations derived above can be ua;d %o investigate the
nature of the dependence of I?z, K) en 7 . Since each set
of trial values of 7 wused involves a large amount of com-

putation, any information of this naturs may be quite valuable,
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LiolTLie mnevion e X (3, H)

ie shall consider Pirst the behavier of Y (K) =
4 increases w shout Liwit,

By L'ucra)i.'ml':s 2ule

/__ (/ +7d ”)5 = T Jd 2 {2)
1—»00 j—,w dT 6
- Henoe, by £13) J 2

_ —Zbh . = O
1L Y = {;,0 dy 7 {25)
>0

From equation (95) 1% fellows thot the 3ffeot of letting /7
inerease withoul Liwid 1o slw iy it of onltiing the texn
Dy Y 0) A, in ewation (2). Hsnos 7/Lm X %K) is best
o

ebtained by evoluation of X z-"zi'a’:x this %exnm deleted. All
partial derivatives of X x) with regpect o 7 wugt of
ecovurps approaci zere for suflisiently laxge 7 .

dext; it will be of Indorest to iuvesbigais tho belavios
of -x L(f/,ff) a7 awsrroaches 28rc.

Fraoa suuation (1%}

2
L /V(io/ﬂ): = (/+7c/1)£4d =/ (26)
>0 />0

Then in the Linid as 7 SPpRoLehgs U8re, s corrala Umg

squation {2) becounes

Zc (d: T) = /+ Cﬂ?/(‘{r 7—)/‘/71-247@(0/,7)/{, (7?}

1=/

In this onge the Lisising value of X (7,K)

may be evaluated vy deletingz the Zaotor WM ‘) and oaxrying
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gut the conventionul least squares evaluation of the
seven linear constanis, I,
it 1s of interest to coupare e‘quatlcsn {27) .with the
eguivalent linitlng foxm of the correlating egquation as
inorsases withoub liwmit, The latter wes found to differ
from eguation (27) only by omission of the X term, From

this fact o sinple deduetion shows that

70

[ Xink) ézL;X%m). - (28)

for K'p which satisfy the lowst sguares exi;ﬂs/axian. T‘hus if
K, in (27) 4s found to have o least sguarss valus of =zevo,
then the lanst grunres value of X z(o, A) and of X “(, H)
are ggual becsuss $he correlating equationg are identical,
Howewvzer, 1f the least a2quares valus of % is nonezero, than
Xz(o,fr) mi3% be isas than )(z(oo,/f), singe 41t is less than

2 .
the X (@7, #) for ¥ agunl %o zero,

dX%a,x)
27

zero we conpider ecusiion (17). From eguation (26) it

For the limiting volus of as 7 approaches
follows Whet 34 is firite ss J  approaches zero. Acoord-

¥ e a
LOELY

L dX (k) 2

. d-»0

43 also bounded for inite d, 's and X's and

2
/| é_ai%fi_fﬁ — 0 (30)
]-20
3111(7,/()

For the limiting value of “— =~ as 7 approsches

mere we consider equation (21). Having already demonstraded
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-7d*
that ), and & are bounded for small 7/ , then

[ 24 Z@l dy &% (44 +7d5 @, /fz.f_m)(n)

)’—,0
= 0
Hence .
j XK _ Ly LRI (32)
F>o 92/2 & 1)

By application of equation (28) this bscomes
32X iR A (33)
Z. 372.( ="Z/(7JLZ'@7)¢ Q{k (AD ?le) ‘

70
Thus we £ind that as 7 approaches zero, 3—3’%&;—‘) approaches
song finite pési%ive value with zero firet derivaitive and a
finite gecond derimﬁive.' Though this second derivative
gcould be Oalculated by equation (32), no certain information
as %0 its oign can be obtained without computstion. However;
sinoce wzlj‘,_ is proporsional to °f{7l , it is appazrent that
the faotor (07;3 a’; glves o very he@y weight in the summation
to the 3 'a for }azﬁge values of d, hence we can oonolude
$hat simm of %—l,;‘?;(f—ﬂ is lazgely determinad by the signs
of the 3 's correspending to the largest values of d, and

iz of the ormpousite sigm Por positive X
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~~~~~ HAYION OF x (7)

it will now be ounvenient %o define n new 28t of
variables useful in dlgoussion of the umethod propessd above
for evaluating 7 and the X's. As has been stated, trial
values of 7 sre paleoted, and the best values of the I's
oomputed corresponding to these 7 ‘s, The valuss of ¥, will
be denotad by X{7) %o indiocats thelr dependonce upon the

trinl 7 wvalus, Similarly, we shall define X (s) suoh that
2 2
X (1) = X (7, Hw) (3h)

We oan oasily show thald d I d X0 _ ( O X(r,#)

ag follows: H; = £ (7)

LT 0H) = 2Ry 3 2L

But 4f X, = R{(7), then by eguation (s)

a I (Y K) — O ;’8)
9 H; '
Hence, 4f X = X{4), then for any arbitrary change in 7 and
the K3

dXsw) _ > X0 k)

—d s

d 7 D7 (36)

and in pordiocular along the path defined by eguation (8), for



2 ) C
wnioh X (4,A) becomes X (7) s #ouaticn (26) is valdd,
LEnee '

dx* <a_xj_(ﬂ,/<)

7 o 2 z 2 K 2 ‘ a3
d KA (v) (37)
The concluslons provicusly arrivsd a¥ in $he prsceding
2
disouvssions rogayling a—%T@’i) are agoozdingly squally walid
d X*@2)

for N7 5

Feom considerasion of the nover series exponalon of Y (4d?)
tor /J suffioiently small that 7d 13 @il in soapazisen ¢ wnisy,
anothor useful conclusion regarding the variaiion of X 2( 7)
can be reached., 1t ;e aasily shows that the fizpt two terms
in the power series expoansion of (/+947)¢€ T aze J—44%d% .
asoordingly, the effe6t for small 7 of the #(#4*) gactoz
in the oorrelating equadtion ig that of ineluding an extra tegnm
of the fozn — & 7L, . 9ince / ocours only as the
square, the effect of tils dewru is the’same for both nositive
and nepative 7 y and 1?7) gt be lo0ally syrmeldyrie about the
point -0 , Oonsequently wa oan siate that the velng 4=0
must he o waximwmn o ninimm in Il(z ) s nct 3 2iax point,

Fupther, i€ =0 i3 a maximu in X (4), ab lea3t onsd
minimus want exist on elther side,

as 2 swmary of thse conclusiong rasohed in the preesding
digousaion, sketohas of wossible XQ( 1) surves aze shown 4n
Figuze 1. OCurve i repressnis the ooz of o negative value of

2 2
d 11 = 1] . 7hig is sxnected te be ths normal Gase.

d*X*)

Jurve U renresenits the oang of 5 amall positive valus of 147



-} fm
at J=0, with one minimm only for o npositive J . GCurve O
is the d te oase of po: d* X )

s the degenerate case of positive value of — T = O afd=0

with no minima excent at this point.
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BYALLATION OF K (Z')

In thie and the twe followlng seotions ars derived a
nuzber of eguations which will be of use in %rsa%mént af the
least sguarss problem and in interpretation af the results,
8inoe they are apnlicable teo any least asquares treatment of
a linear ejuation, no olaim %o originalidy is nade, and the
derivations are included here only ia orxder that all nertinent
 equations may be available in the same nomenclature as 15 uged
throughout the remainder of the texs,

It is now desired %o obialn sultable equaltions for
evaluation of $he best K's for a given wvalue of 7 s ond for

gonvenience we ghall rewrite the coxrelating equationg in the

form _
L7)= [ + )] D7)k, (38)
in whioh the coefflolent of K; is now written ss
D(1,d, T) = @ ¥irse) (39)
On this basis
7 .
5k = (1=24) + JZ Pia (%)
By substitution of (5) in (8) we have |
: D4k _ (41)
Zg% 55 = ¢ |
But from (40)
2948 - @, (42)

oA,



o T w

n

,k:l
substitution of (H0) ylelds, after resrrangement,

n :

) A ; Do @y = D (Za=1) Pi (%)
j=1 2l

}Z_:I

For simplioclty we shall define the guantities
n

Cij = 2 Pin i (15)
o; :Z(ZJ;/) ik il

and

§ Ci, K, = by (47)

=i
Hence appriication of equation (8) is shown to lead to 2 set
of simultaneous linear ecustions in the K'g, The solutions

of these evuations are the values of X(3),
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GOEOIAL BQUATION FOR SVALUATION oF X (7)

After evaluation of the gquantities, K(J/), 2 simple
" 2
method exists for evaluation of X (7) , The sxpression is
derived below,

By substitution of (40) in (5)
2 - 7
1. K)= . X 7 )%8
X (7, ) JQZ;Q&[(/ Z*)+J.2__;' QQJ}&/(/J (48)
By wearrangement this yields

X8 = D gu(i-Z) # Z/(/iqukjk (49)
F i S5t <

I2 the XK's in (B9) are taken as X(7), then L (7, k) becocues
Ii(?f) y and by substitution of equation (43)

X ) = D gu(1-2y) (50)
o =1

Expanding (50) by means of (40), we have

n

X = ) (Z2y=1) + ;/rfg(ﬁ,&(/—zk) (51)

Y
Utilizing (46) this can be written as
2 X 5 7
L) = Z (Ze=1) + JZ/C 5 (52)

Utilizing equation (52), X (%) 6an then be ocomputed from the
(1) values by computing (Zf/)z along with the other orosa=
produots, Oy, and P(2,-1)s summing the values of (Z,- /)z over
the data, and then the simple evaluation of egquation (52).
value of this procedure over that of caloulating and summing
the Qi values lies essentially in the faot that it requires
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mulbdiplioation by the K(7) walues only after summation,
For the experimental calculations here xeported,ixlﬁﬁ
was oaloulated both by equation (5) and by equation (52),
since j,°'s were required for other purposes. iowever, in
‘a regular roubine use of his wsthod for evaluation of the
K's, only equation (52) need be ussed, and a considsrable

saving oan thus be eflected.
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TARTIATION OF I(f/f) W Abh &

In order %o insure that equations (9) nre aatisfied by

the wnlues of X(2}, and %o obtain an expression for’Iﬂ%/ﬁ
the pecond pardizls of X%ZK) with regpect to the X'sg
will now be obitalned,
By differentiation of (5) and substitution of (42)
X R _ Z
ey APV A
Differentiating again, with substitution of (42)

aa.x'l(z}/\,) n
’—257;:T;E; = é?ﬁz:j Qaﬁk CQL&

Substituting (42) yieldf
2 X7tk .
EL_7_£__2 =
a/ra' a/f/ J
For =4 , this bscones
2 v 2
(5 I (:;K) f— 2 Cj?"(‘
o My

»

(53)

(54}

(55)

{56)

gince Ci. is a sum of sguares and is thersfore posisive,

1% is seen %hat equation (9) is indesd satisfied,; and hence

that equation (8) does in fact m&nimize.r&ﬁ)with respedd
to the X's, |

Equation (5%) is of considerable interest for another

reason., In subgequent investigations regarding corrslations

of vapor pressure dabte, it will be of intersast to know the
6ffect of chaanging the K'g from thelir least souares valueeg
Sush information is readily available by integration of
equation (55).

.
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It oan He shown by differenticoticn that the resuliti
ng

2 V5
equation for X (7,K) is

X x)=X"®)+ ZZC SK; 3K (57)

1=/ J—‘-‘/

where ) . (58)
JH; = n, =50

Thus by differentiation of (57) asnd (58)

7 )
3 Sp IA
3: 2L (1 Z’ Z Cij (255K + IK; a/«:) -
ginoe from eguation (U45)
_ (60)
Ci; = C;;
then (59) redudes %o
2XGK ST ~ o (62)
a Kr - Z “Z/j, C)f‘ r .
Further differentiation gives '
X (k) — 2C.. (62)

o Ar 3 As

since (62) is identical to (55), (57) reduces to (34), and

(61) reduces to {8) for d ;=0 , equasion {57) is proved.
taing (57), the effect of any ohange in the K's from

theiz best values oan be readily computed. By coubining (57)

with (52) an alternative expression af ]f“@«/g) ocan be obtained,

X' tn) = Z(Zr/) - Z/r @ 4,
ya AZT ég:ﬁ G Ik I A&

(63)
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DELURAFTTIGE QY SUEPUTATIONS

411 datn wers first converisd inte Fnglizh unids, with

semnerature yacordad %o the nearest 0.C1%9R%, pressuze rotorded

-

o the nearsst U.0L psis, and speoific volume ¥sgorded to the

A

nesress 100 ou.ft. per b, This oholce of variavles was in
conformity with laboratery policy for orxiginal daja. Thé
signifioant figurss wors chosen 3¢ a3 %6 be adsquate foxr the
avaiiable datas for nmothane, ethane, propane, and buthne, I3
is %o be noted that dots originally rscorded in thess wnits
was not nocessarily signifloant o this many figures, bud
when converded from other wiids the indicstad fi?ares RwEXrd
re%a&néﬁ $¢ avoid xounding exrors,

From the specifie volures, the molal densitiss, &, were
caioulated a8 /W snd voscorded o seven deeimsls. kolecular
wel h%s were ¢n the bagls of 12.01C for oarbon ~nd 1.0080
for hydropen. The values of {2 = 1) wers caloulated as (P/RTA)-1
with ssven deolmals retainad. The value of R used was 1G.73185
{psia){on.£4. )/ (OR){ib.mol, ).

dince $he maximum valuse of 4 and TflOOG 7ere both near
unity for the data used, it wes found $hat the ¢7's werse
adequately exnressed o ths sune nunber of decimals as (2 « 1)
Af oaloulated as (U (d, T/weo) . alL @ 's were accordingly
caloulated to seven deoglimala on thig basia, and decimal
looations in 2ll subseguent couwutations are disoussed acoorde

ingly.
After oaloulation of the @' s and (% - 1), a3ll the orosa~
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products, PP x » Cﬁm( 4% /) )cw/ (Z- /)jL @973 %hen caloulated
$o geven declimuis, In some cuses 1t was foumd that Shese
produsts vers nine-diglit numbers. The sums of sach of these
crope~producte were obtained restalining &1l deocimnais, and

wero fownd to be w8 largs as eleven digits in some casas,

“he sets of slmulitaneous equations whose voefficients and
congtant terms wers the asbove sums of cross-products wers then
solved by the procedure of reductlon to unit diagonal form,
That i, & pivot coafficient wog gelected, the ecuvation in
whioh 1% occurred was divided through by this cosfficlent,
aﬁd 2 guitable mulitipls of the »ivot equation wis then sub-
tracted from eaoh of the other equations so that all other
coefficlients in the pivot colunn were reduced 30 zero,
Susoessive npoplivcation of this operation 3o 2 pivot in each
row reduped all coefficients except the pivot in ezch equation
%o zero, and the pivot to unity. Prior to solution of the
squntions, however, each equation was divided by its largest
ceoefficient and the quotients recorded to eleven decimals,
This served %o sinplify 4he machine proocedure and to buffer
the coeffloients =gainat the accumulation of rounding errors.
In solving the resulting equations all computations were
earried to eleven decimals, and the resulting X's were thus
ob%ained to ten or more diglis,

Before rounding, these X's were proved by substitution.

A check to within cne in the tenth deolmel wze considered to

be due only %0 rounding errors., This cheok by substitution
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was conourrent with the entirely analogous computation, to
geven deoimals, of Yx(ﬁ) by equstion (52},

For alli subgeguent caloulations, three digits were
dropped in the values of the K'g, the resuliing wvalues being
geven to ten digit mwabers., The errors of fi% wers then
calonlated to seven decimals by equation (40). These 3 values
were squarsd and summed to glve X?ﬁ) for check purposes and were
divided by the experimental % values to give the relative
exroxrs of fi%; v . Both 4 's and r ‘g wers computed to seven
deoimnls for congistency with the repregentation of 2. The
9 values were also swuued with and without sign for caloulation
¢f T and T respectively. For all scaloulations of average
values, the sums were rounded rather than the lndividual errors

of fit.
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NOT=S ON COMPUTATIORAL PRBIGISION

At this polnt it ig raﬁagﬁizea st tho suphasis in
the preceding disoussion upon decimals rather then digits
carried and the apparent disregard for significance of the
many diglits carried may very reasonably be quesitioned,
Though a thorough examination of the qusstions involved is
not considered justified at this time, the folliowing brief
digeussion of two pertinent polnds i1s considered appropriats,

Fizsd, it may be noted thai in any least squares pro-
gedure 4% 18 necessary to consider the errors of f£it as
exact quantities which are to be eveluated as acourately as
desired. 1In general, the errors will be svaluated %o as
many digits as have any experimental significance., Further-
more, 1% is oharacteristic of the least squares procedure
that & great many digits must be carried in order that the
experimental significance of the data not b8 lost in the
course of the computations. Indeed, it was found that the
range of variation of some of the Prg, notably dj%— y 18
such that even the eight digits earried were not adequate to
retain 211 the significance of the datn, and it may be
advisable to use more digits in the computations with the
next set éf trial 7 walues.

seoondly, this computasion is yvery muoh an exploratory
ong, with information as to the accuracy obtainable with the

equation and the asouracy reguired in the computation con~



sidered to be among the waln resulits desired, Hsnoe the
choice of precisicn uged in the computation wag dlctated

to a considerable extent by convenience in echeduling the
computation for machine operation. Since the IBH type 60U
Electronic CGaleulating Puneh, which wag uged for calculation
of all the ¢ ¥s =nd the cross=products, is best adapted te
handling of numbers of elight or less digits, a considerable

advantage was realized by the choloe made,



For propans %08 896 ol a&;’tz.‘é:ﬂ;, vroated wos thad m a@*f‘%%%@g

"b.

Kay, and Eaminuky, ' ¢ This se
; | (% s
by Benediot, webv, and Fubln  exospt for sons neasurensns

wae idantically that @m%g%@ﬁQ'

\Nv g #

by Keup and /*ngifi; which suplesentad 1% in she am‘a;waﬂ%ﬂal-
region, Tha data was convoried ingo knglish units belode
%p%ii&&ti@u of Bhe x@aﬁﬁwagummsﬁ method, Conversion &matmxa
ars given dn Table 4.

Thrse vnlues of 7 WORE ﬁréﬁﬁéd. They waxs vhosen 6
e the value publisied Wy Denedict Mf*‘ values 575 on sisher
side. The Penaldiod couatanis snd peveral overall mensures
of the fi% :“:;,33"&3 pressnied in Table .;, 48 n Gomparison, .
Benadies?s constunts and the same wiasarss of the 1% using
i constands are iunclumded, In adidl 3&.02&1; X . Y m of
the suguazes of Hus mé&ﬁuﬁa, ia nlotiad vé:c*mw 7 in Pigure 2,

£ .

The interpolation of thins plod &3 om the bagis of o oconstant
gagond Jderlvative, Vron ;”mu 2 4% ia ovident 1 1: the -
best walue of 7 dlflers conal L g Wiy fron Sonediotts v“,z.»,,.
Onr $he bools of bhe o x.mw*ﬂe ea;;:'?;33;:».;::«1:»12;,.»-.:-,_43;3.&1'1 nzed, $he ,-mﬁm Sungn

is sosimated 4o cosuar af couroxicassiy V70 of Jonediosd’a 7 .

» & ® Ty B
R ah

74 S g & omw  drey eyt oy T Gl Ve e s B A At Yoy i g b )
Returning Bo Table I 8% wi L Do 20%33 that the Lest 7

L3 brled gave o rootensan-d.00re 2¥rer walsh wan 8.4 285

o’ o

of thut obizinsd using Nenedist's sonsionts, 4 considerable

Luurwamm% in bw averall 2ib of Sois set t}.xf *m?m%zciﬁ :t?“-@.m.

iz thus 9&1’}"‘%‘"& %0 he poskivle by the pj'“m,s,msz,caz\ o ﬂz& iamt«
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gguares method.

In Figures J tiarough 11 are shown the indiwvidual errors
of £i% versus 4 az isctherms for all four sets of congtengs,
ingpeotion of these plots shows that the least-squares cone
stants £1t only slightly better over most of tie range, The
principal fwmprovement odours in the region of lhigh density
and low pressure, It does nod appear that the £it for low
densities is saorificed.

it may be seen that a fow points devinte markedly from
the otherwise asmooth curves. These points 2ppsar %o be
slightly in error, demonstrating an additional utilisy of
the plots,

The least-gounres values ¢f the average error in % are
peen t¢ be betiter in s somsewhst smaller zatio than the roote
nean~gguare error. As an sstimate ghis iz extrapolated on
a plot versus the root-mean~sguare error in Flgure 12, A
valus of Q.17 is obtained for the estimated least-sguares
value., A8 a check on the compubation, the average erxrror in
2 was also caloulated onmitting the three experimental valueg
for a density of 6.2% 1b./mols/ou.ft. Bonedlot likewise
omitted these points when he compubed the average error of
0.40% whioh he gives for propasne. The value 0,4308% obtained
| uging Benedioct'g constonts is compiderod to chack satisfactorily.

One additional point regarding the plots ghowm in
Figures 3 through 11 of the redlative exrorsg versus density
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4s eonsidered worthy of note, 1I% 6an be ssen that, as a
group, the ocwrves shov 2 tendency %o approach a finlte walue
as the density appronchen zero, Since the Benedict equation
approachas the perfect gas equation as density apnroaches
zero just as the gos 1tsel? apnroaches perfect gas behavior,
the limiting value of the relstive error should be zero,
In view of this it appears nossible that there exiasts a
gonsigtent error in the experimental measurementa. An impurs
gample or an error in ocontainer volume ave considered most
1ikely. 23inoe sush an effeot wmight also be o result of a
grial J value which was %oo large no definite conolusion is
Justified until minimizaddon with reaspect to ! is completed,

in Table II1 are shown for reference the coefflolents C,;
and b; in the set of simuitaneous eguations for the trial J'g

uged, The value¢s are on the basis previously discusmsed of

temneratures in thousends of degress Rankine.



The get of dain fox methans walaon wns trented consisted of
66 experimentul mensuremsnts of pressurs, voluse, and

temperature, coveriag o range of teaperatures from 100%

to 460% 7 and a rangs 6f presaures frow 1500 t¢ 10,000 psia,

This is the origlannl data used for a papsr by Ulds, Reamer,
(&)
9age, and Laoey. The results of the least~squares cal-

oulation uging Senedicitts wmlus of 7 and values 5 on either
aide are showvn in Tabie IV, In thigs ease.marked diffsrences
are ncted in the values of oonstonds ¢binined. The constants
2y O , and o differ moot r2dically Zrom DRenedicotts valuss,

This behavior is attributed to the fact thnt only spmnorﬂturesl
well above the critical wore gonsidered,

t

i3

A plot of X wersus 71 is shom in Pigurs 13,
is apparent that the 7 values uged aze fur from the best for
this get of data. Trom these pooulia, however, no estimcie
oan be made of the best 7 ., From Table IV 4t iz scem that
the least-syuares congtanis give o root-uenn-square error in
% of 0,003%, which fs 50 of %he 0.0066 obtained using
Benedict's constants, The averape fractionzl error in 7 is
0,255 which is 459 of the valus obtained using Benediot's
cougbants, Ginoe the data treated covsrs a restrioted
texperaturs range, this rather favoravle comparison is to

be expected.
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in Figures 1% %hrough 20 are prosented the percentage
error versus & nlots for the trinl 7 of 1,05 times Renedict's
value and for DBenedict's constanta, In thiz case so little
difference was found in the 2 's for the three 7 trials
that their plote are éssentlially ocolncident, Again 4t will
be seen thot essentlally smoecth ocurves are obiained, indicating
$thn$ the random exnerimental errors are small in raiétion $o
t¢he fallurs of thse sguotion %o it the truwe behavior,

In Table T are shown for reference the coefficients,
and é%' y in the set of simultanecus eguations for the
trial 7 values used. The values are on the basis previcusly

discussed of temperature in thousands of degrees Ranlkine.
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POESIatiny TO 0N SoNsSTANTS ARD DETEE.LL «;;‘j
From the resulis ohiained in the treatuont of tha

propans data, a0 approxinnde caloulation ean

gheds 0¢ ;mzcler'w ble Lizht on ths preclslion %o
Fenedict cgrwt'&mg may be wnd ;azsze‘.’i,:«;f deterninsd. & shall

agsume that the zmnlleat ohowge in the nool-mesn-siuaxs

error which oan bhs ounsidlered 40 have any signlficanse is
o & ) , _ ;
/ x /0 o From tnis we onn comouds the sanlliest

VA
giznificant change in X as Foliowss

(x.m.3. eryox) 1/__—_' 2l 17 ‘
2

hence X% = kR (r.n s, arror)

JI =2- niz’-iﬁ.ﬁv 61‘1‘0?) 5(‘}: f‘}.s. erm)@ )
S x>  a8(z.m.s. errer)

e
X (r.i.8. orror)
y AL
Using the extrapolated least squares value of X, the

corresponding valus of $hs 2.m.8. error-is estimated to be

2 x 1077, |
™ 2x1077 10" %
iHence x*  a2x/03%

On the bw'ia we bave esbtablished, the smallest signlfloantg
change in x” is found to be 1% of ite minimw: value,
Hext, fron eqmtic}n ((-33) we find that o ohange, o My ,

in any ons ¥ changes X ;E:mm ite minfwgs value by the anound

519\ = . Epp (;/{r)z

From this N <
, 5/\’,- = Cer

and Ske . [TX
/(r = Cre Kr
Using now we above aﬁz;@amim’s Zor the az,&z,aiast aiwifis*mu .

-
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2 -4
change in 1 and the estiunted minimuwm value of X of 4%/

we have JKr L (4x/o—4)(/0-;.)‘ _ Qx/O—S’ ] -
Ky Crr KY"L Cor Ke

i
However, frowm Tablo 111 4% is seen that /0 < (., [ £ /00.
Acoordingly, we con state that the smalliest signifioant change

tn JKr/K‘r is within the range

6&/0_4 = JKVK\— ?.2)(/0'4

We ¢an thug conclude that the constents need only be comvubed
to four figures %o give a reoot-mean=square error of f£it for
this set of data which is within 1072 and a Iz within 1 of
the least sqwres values,

The above caleuwlzationg can be oxnressed as formuiase in

the follovwiag formd

A g A SN Y Y y o

. 51 2J SO
. — n
X* T (rm.s. errov) 29 \/ L*

where & 4a the change in the root~mdan—square error of it

whioch is taken to be the smallesgt which is signifiocanst,
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A very conalderable part of the effort deveted te thie
investipntion was directed toward devising and generalizing
+he machine techniques for ocomputation, snd dezcripitions of
the techmical detalls are on file with the Department of
Chnenical Fngineering., liowever, a full presenistion of this
Cmaterisl 19 not oonsldered appropriaste hare. for 1% is only
a methed of compudation and thus no$ in itsell of any
$heoretical interest. Accordingly, a fow general comments
only are included here.

1% is recognized that the extent of the sompudations
required has nod been emphasized thus far, and hence that
the need for machine techmiques ¢f computation mny not be
evident., However; =» fow statistics will serve %o demonstrate
this peint. e shall assumd for ermple that o typical set
of data conglsts of 200 measurements'of Z versus d and T,
In the course of carrying out a full evaluation of three
gets of trial 7 wvalues, a total of 9600 multiplications and
divisions by & digzit nuubers and 50C nultiplications and
divigions by 13 digls numbers are required, together with
a oomparable nuwaber of additions and subtractions, Furfherw
more, about dwo-thirds as many opsrations are requirsd for
aach subsequent s6%t of three trial / values investigated,
It is evident that such a computntion would be very expensive
and time-consuming by conventional methods using desk

¢alouiators,
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By the maohine procedure developed for this investigation
a compulete lecsat syuaren treatient can be Carrisd ocub in two
$o three wesksg and 1t in belleved it reduoblon of iuis time
by a feotor of dwe o mere can be achleved 1f tue procedure
ig put on o large soals busis, However, it should bs emphasge
ized that tnese stutements are on the basis of an operator
who is thoroughly familiar wilth the thermodynamis and mathew
matical problems, the computing equipment, and all detaills

of the prosseduares used,
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S By oaloulations wsing :;."ay;‘-.i‘:uzl aet of volunabris dats
4% hos besn showa that Lot squnres values of tho Senedlot
vc:é_mstan?;s oerrelate tho daby gimifiomantly %a'e‘éstzar tuan the _
'valuaa pubiié?wd by Benedicd. The vsiues of bodh Gird |
_roet_—msén-s:.guare and the wmeen fraoticunl seror in 5 fox
this pet of propone cm*b:i were astimnsed 0 by Q.0017, oz
185 and 289, respeotively, of the COTTOBHOnLLLS cusnbition
uged in Densdict’z ?can-ssta;n%. The ié\.zi,z*uvet;ga n% N e 1%
was found So b2 nardionlagly notlgeniie 2t the roxluwa
densitiesd, indleating that sizmificund extenalon oi the
range of asnlifability uay be possiile.

48 o origerion fér measuring the dspgree o which 'i:’izé

conglants snd the sua of the syuares of the raaiduala wre

g n measurs of the trme Ifunetion, Taling s the smalleond
éiémificém‘&s'iﬁcz‘eman% in .7 %he valus 1 X 107 ¢ &% hins been
shown $hod the coerrsgponding incyoment in _' is 1 cf its
lenst volue and tuut She increments in the ¥ip are in the

: raﬁgef 0.025 %0 (.06 <n this bapig, the Denedict eanstants
are conoluded to be significant to o more than fuur

Ligures.
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By way of swaanry, 1% is aoﬁcluﬁed that the laaét.
squares method furilsihes 2 practical digltal ooouler pro-
cedure for ovaluation of the Tenediod comstants for
'correlétien of volunetrio dsts for Iizght hydrooarbons,

'A significantly batter £i% is cs9ilbie thon by previcas
-methods, aﬁd-infarmmﬁion is obtiineﬁ whioh wernits sagy
caldulatian of the deterwinagy of the @@naﬁamts and of the

degres to which the nrecision of £1% is reduced by any

&

arbiteary change of the conatants from their best values,
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Pressure
Temperature
Volume

HMaes
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1b.



THRIAL X

5., G46200

THIAL 2

5. 653610

15913065 1. 8400064

28, 223008

-

4, 6556128

26.060274

5.5362459
5. L5746

35.08680L 42,927363

3.0273L72

2,63660u2

17.865502  1$.713905

0,00127724% ¢,00006208

0.00339
~0, 00018
0.00273
Q. 0048

0.00205

-0, 00011

0. 00288
0, 00401

(e.oo&7§)° {0.00391)°

TRIAL 3

5. 370930
1. 2756728
25.513037
6.122897C
5. F40L757

I é‘el;' &)1

ba‘ & }j kuf'd

5,653610

SR 4 Lt s
1 . :h:i}f‘ i ‘..3

25, 55383
5. 219139
§ @ ?UQ&’}‘Z’.

®Data at 4 of 6.2% 1b, wmols/ou. £4. omitted



§j Bo.
h ﬁu,
3 ﬁa;
§ Be.
3 ¥o.

3 Yo,

1

o

6

1
10,6945 36k

13.9519372
2, 8513076
4, 506%459
5.9724358

C. 7517528

2

13.9%19372

185, 4875005

33.8415965

5.9724351

8.0283019

1.0823095

TaBLE 111{a)

PROPANE
3 4
24,8511076  5.5068459
33.8015865  5.9724351
&4, 8851880 10.9312212
10.9312218 2.1037546
15.0553160  2,8266889
2,0550831 0.%086022

5
5.97214358

&,0283019

15.0553160

2.8266889

3. 8465148

0. 5705994

6
0.7517428

1.0%23095

2,0550831

0, 8086002

0.57059%%

0.1058020

g‘gés 159
o sl |

6.7941778
8. 5918720
&. 0186127

g, 2Ll 3006

3-6. 3?911-{3‘,‘
17.0482062

17. 6165012

2, 7e748h2
2.5205840

3. 0437212

8365803
%, 0090695
i, 1817638

0,8078623
0. 5271461
0.5567172

®*The throe values oorrespond to J§=/(05ds,/ 007, and 0.957, yegpectively.
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8.5918720
&.0186127
9. 2443996

~16.06532203
~2.62968363

-2.52@311?
=2,2909584%

126
109
$3.5

TABLE I11(%0)

PROPANE
3 4
16.3091200  2.7974842
17.5482662 2.9%?;5&%
17.6065012  3.0437242
-30.5185622 ~4,3990%93
0. 681293 4.6556428
—0.5156766 5.1?%:&9&6
-(0.5705351  5.7K1757
13.6 45.6
Li.3 ’jé.i
£9.3

o

5
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