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Abstract

In this thesis we establish sharp LP — L? bounds for the circular maximal function
in the plane. This is accomplished by interpolating a L2 — L° endpoint estimate
with Bourgain’s well-known LP — L” bounds. The endpoint estimate is proved by
combining the geometric/combinatorial method of Kolasa—Wolff with a L? inequality
on a small ball. The L? — L? estimates for the circular maximal function established
in this thesis would be a consequence of C. Sogge’s sharp local smoothing conjecture

for the wave equation.



CONTENTS

Contents

1 Introduction
1.1 Overview and general discussion . . . . . . . . . . ... ... .....
1.2 Fourier integral operators . . . . . ... ... ... ... ... ....

1.3 Related questions from geometric measure theory . . . ... ... ..

2 The main argument
2.1 A reformulation of the main theorem . . . . ... ... ... ... ..
2.2 The combinatorial method . . . . . . .. .. ... ...
28 THeLP Thoors « « » v + 5 0 5 ¢ 6 + + & 9 5 v 2 v o % o v v g v oo s s
2.4 The threecirclelemma . . . ... ... ... ... ... ........

2.5 Proof of Theorem 2.1.1 . . . . . . . . . . . . . .

3 Some remarks and a slight improvement
3.1 Estimates for the global maximal function . . . .. ... ... . ...

3.2 Some estimates for the wave equation . . . . . . . ... ... ... ..

v

12

16

16

21

24

33

43

47



CONTENTS

3.3 A slight improvement .

3.4 The L? theory revisited



LIST OF FIGURES

List of Figures

2.1 Regions of boundedness in Theorem 2.1.1

3.1 Regions of boundedness in Theorem 3.2.1

vi



CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

1.1 Overview and general discussion

In [18] Stein introduced the maximal function

Mfa) = s [ \fa=w)ldoty) (1)

0<t<oo
(do being surface measure on S?°!) and showed that M : LP(R?) — LP(RY) for the
optimal range of p’s provided d > 3. The case d = 2 was settled by Bourgain [1]. It
is easy to see that maximal functions of type (1.1) can never be bounded on any L?

with p < oo if we replace spheres by boundaries of cubes, say. Indeed, let

M= [ 15— w)ldnts)

1<t<2
where dp is surface measure on 9[—1,1]¢. Choose f : R? — R with the following

properties: f > 0, f(z/,0) = oo for all 2’ = (z1,...,24-1), [|f[Pdz < oo for any
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finite p. With this choice of f it is clear that /T/l/(x',xd) = oo for all ' € R4,
zqg € (1,2). More generally, the same example shows that maximal averages over
any hypersurface containing a piece of a plane can never be bounded on L? for finite
p. Typically, such hypersurfaces are ruled out by assuming nonvanishing Gaussian
curvature. It turns out that this condition plays a crucial role in the analysis of M,
and also in other problems in harmonic analysis, cf. [20]. The reason for this is the

following well-known result (which we state for spheres rather than general surfaces).

Proposition 1.1.1 The Fourier transform of the surface measure do of the unit

sphere S%1 has the following asymptotic expansion:

do(€) = ¥ elw, (|¢]) + e 2 ¥lw_(J¢]) (1.2)

with smooth functions ws on RT satisfying
dk:
|ﬂwi(3)l < Cp(14s)~@ D27k E—01,2,....
s

Proof: This is a standard application of the method of stationary phase to the

integral

)= L e do(a), (1.3)

Indeed, fix v € S4 ! and let £ = \v, A > 1. By stationary phase, the main contribu-
tions to the integral in (1.3) will come from the critical points of the phase function

¢ : ST! — R defined by ¢(z) = z - £. Clearly, those critical points are given by
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the points with normal parallel to v, i.e., x = +v. Furthermore, by the nonvanishing
of the Gaussian curvature, these critical points are nondegenerate. Hence stationary
phase implies that the main contributions to (1.3) come from A~'/? neighborhoods of

+v, more precisely
c/lc;(/\v) = ¢, N D/2 g =2 AN=(0=D/2 4 Jower order terms.

Finally, the full statement (1.2) of the proposition follows by a more detailed analysis
involving the parameter v € S4=!. We refer the reader to [6], Theorem 7.7.14, or [15],

Theorem 1.2.1, for details. M

Following Stein, we prove the L? boundedness of

M) = swp [ 15 )l do(y) (14)
1<t<2 Jga-1
in dimensions d > 3 using (1.2), cf. [18], [20].
Proposition 1.1.2 Suppose d > 3. Then

[IMfll2 < Clfll2 (1.5)

for all f € C.(R?) (= continuous functions with compact support).

Proof: Let

Af(z) = f(x —ty)do(y) = (f * dov)(z)

gd—1
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where do; is the normalized surface measure on tS%!. We may assume that f > 0.

Then

2
sup A} = AJ@%+/I1AJ@Nﬂ

1<t<2

_ /|f % dov)(z)] dt

Thus
_ & d
R 5l < 1Al + [ 1f ¢ o)t (1.6
1
By Young’s inequality,
AL fll2 < [ f]l2- (1.7)
To estimate the integral we apply Plancherel’s theorem.
[1f * —(dot)llz ||f dazllz < Il Il—ddtlloo (1.8)
Since do,(z) = t~@Ydo(z/t) and thus JEt(g) = C/i(\f(tf), (1.2) implies that
| Sl < © (1.9
e "= '

provided d > 3. The proposition follows from (1.6)-(1.9). ®

Remarks: a) The operator M is not bounded on L? if d = 2, cf. Stein’s example (1.11)
below.
b) Estimate (1.5) also holds for the global maximal function M. Indeed, given suit-

able inequalities for M one can pass to corresponding bounds on M by scaling and
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Littlewood—Paley theory. This is done in detail in chapter 3, section 1 below. In this
introduction we shall consider only M.
c) It is possible to extend Proposition 1.1.2 to general f € L?. Some care has to be

taken in defining M, see, e.g., section 3.

It turns out that Proposition 1.1.2 is not optimal, in so far as M is bounded on
LP(R?) for some p < 2 provided d > 3. Indeed, we have the following result, which is

due to Stein [18] in dimension d > 3 and Bourgain [1] in dimension 2.

Theorem 1.1.1 Suppose d > 2, ﬁ <p<oo. Then

IM£llp < ClIfll (1.10)

for all f € C.(RY). (1.10) cannot hold for any p < ﬁ.

The sharpness is immediate from Stein’s example

f(z) = |z|" | log |z|| ™ X{z1<1/2 (z)- (1.11)

Indeed, f € LP(R?) for all p < d%‘ll, but M f(z) = co provided 1 < |z| < 2.
For the original proofs we refer the reader to the aforementioned papers. Other
proofs, based on the theory of Fourier integral operators, can be found in Sogge [15]

and Stein [19]. See also section 2 below.

The main result in this thesis is the following generalization of Bourgain’s theorem.
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Theorem 1.1.2 Suppose (%, %) lies in the interior of the triangle T with vertices
(2/5,1/5), (1/2,1/2), (0,0). Then
M fllLagey < C|l fll Loz (1.12)

for any f € C.(R?). Moreover, (1.12) cannot hold for any (%, %) in the exterior of T .

11

5»3) lies on the segment

In view of Bourgain’s theorem, (1.12) also holds if (
connecting (0,0) with (1/2,1/2). The optimality statement is easy. Indeed, for small

0 >0, let
fo = Xji—s<|z|<144)-

Then M fy(x) =1 on |z| < §. Hence || fol|, = §7 and | M follq > 5s. Secondly, let

J1 = X{je1)<6,|za)<81/2]-

Then Mfi(z) ~ 62 if 1 < |zy| < 2 and |zy] < Y2 Thus | fi]l, ~ 5% and
[Mfillg =9 2045) | Given these properties of fy and f; and the translation invariance

of M we conclude that (1.12) can hold only if (%, %) lies inside the region bounded

2

by the lines a =2

1+ % = o and 1—1) = é. However, it is easy to see that this region

1
p )
coincides with the closure of 7.

We shall obtain Theorem 1.1.2 by interpolating the known estimates for M on
the segment (0,0), (1/2,1/2), cf. [1], [18], [10], with the following endpoint result (b

is some positive constant)

M flls,00 < Cllog 81" || fllsy2,1- (1.13)
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Here Mj is the maximal average over thin ¢ annuli (see page 16) and the norms are
those of the corresponding Lorentz spaces. In other words, M is of restricted weak
type (5/2,5). We do not know whether the logd term is an artefact of the proof or
not.

The proof of (1.13) is a combination of the geometric/combinatorial methods from
Kolasa~Wolff [8] and a localized L? inequality for Ms, which seems to be new. The

details are in chapter 2 below.

1.2 Fourier integral operators

The proof of Proposition 1.1.2 suggests that it might be possible to obtain maximal

function estimates from suitable LP — L7 estimates for operators of the form

Ff(at) = [ emeeia)fe) de (1.14)

with symbol a € S~™(R%). Note that the main ingredient in the proof of Proposi-

tion 1.1.2 is

sup |[Ff(t)lla < ClIfll-
1<t<2

with m = 0, which is a direct consequence of Plancherel’s theorem. It turns out that

the optimal LP — LP estimates for fixed ¢ (we set t = 1) are

NFf(, Dllpway < Cllfllrwey provided | (1.15)
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For the wave equation these inequalities were established by Peral [11]. More precisely,

if u solves

u(-0) = f ul-0)=

in R? then Peral showed that

llu(-, Dl o@ey < Cll Il Lz mey (1.16)

provided |1 — 1| = -2 Here L? is the usual Sobolev-Bessel space with norm
2 p d—1 v

11z = 11T = A)72£1lp.

The connection between (1.15) and (1.16) is given by the solution formula

) = [ e os(aneln) ) de.

That one needs at least (d—1)|3 — %| many derivatives in (1.16) can be seen by taking
initial data f which are localized to a thin shell of radius one, say, and a small ball,
respectively.

In Seeger—Sogge—Stein [14] it was shown that (1.15) holds for Fourier integral op-
erators with phase function ®(z,¢), homogeneous in ¢, satisfying the nondegeneracy

condition

See also Stein [19] and the numerous references to related work given there.
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It is easy to see that Stein’s theorem 1.1.1, i.e., the case d > 3 follows from (1.15).

Indeed, by Proposition 1.1.1 spherical means can be written as

Af(z) = A ettt (tle)) £(€) dg + A et _(dlel) F(e) de

= F*flz, i)+ F flz,t).

It suffices to consider F*f. Let n € C§°(R) be equal to one on (1,2). Applying

Sobolev’s theorem in the ¢ variable yields

sup [F* £z, 0] < OIT — S) () F* £z, )} logey (1.17)

1<t<2 0
with o > 1/p. The right-hand side of (1.17) can be estimated by (1.15) since the
operator inside the norm is of the form (1.14) with

+d—1
m=—« —y
2

Indeed, (d — 1)/2 is simply the rate of decay given by (1.2), whereas the —« term is
due to taking o time derivatives, which essentially amounts to taking « derivatives

in space. Hence (1.17) and (1.15) imply

||Hf“m(nz<d) < C| fllrmey

provided
1 1 « 1 1
I— - _l S &5 = R )
2 2 d—1 2 pd-1)
ie,if d > 3 and p > d%‘ll, which agrees with Theorem 1.1.1 above. Note that

this method fails in d = 2 since we need strict inequality in a > 1/p. However,
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Mockenhaupt—Seeger-Sogge [10] observed that the above approach does yield Bour-
gain’s circular maximal theorem provided one replaces (1.15) with the following local

smoothing estimate

2
|Ff(z,t)|Pdzdt < C€||f||‘£p - (1.18)
1 R2 a(p)+e( )
where 2 < p < 00, € > 0 and
sle—2) Z<p=4
ap)=4 " 7 (1.19)
3

In [10] inequality (1.18) was obtained by an adaptation of Cérdoba’s proof of the
Carleson—Sjolin theorem [3]. Note that (1.19) represents a gain of a fixed number of
derivatives over the fixed time estimate (1.15), e.g., in case p = 4 of a gain < 1/8.
We therefore conclude from the previous discussion that Bourgain’s circular maximal
theorem is a consequence of (1.18). A conjecture of Sogge [15], known as the sharp
local smoothing conjecture, maintains that (1.18) should hold with 2 < p < 4 and
a(p) = 0. It is shown in [15] that this is best possible and that it would imply the
Carleson-Sjolin theorem. Moreover, it is easy to see that the the optimal LP(R?) —
L?(R?) bounds for the circular maximal function would follow from Sogge’s conjecture.

Indeed, applying Sobolev imbedding in ¢ as above, that conjecture would imply

HﬂfHL‘*(R?) 5 C[|f||Lil/4+€(R2)-

Interpolating this with the simple L' — L* bound

[ MFll oo ey < Cll fllr 2
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yields

[MFfllzae) < Cllf o)

provided (l l) lies on the half open segment connecting (1/4,1/4) and (2/5,1/5).
This is precisely the statement of Theorem 1.1.2 above.
In conclusion we would like to mention that Schlag and Sogge [13] have recently

established the following local smoothing estimate

3/10+e

//]Ffa:t\5dq:dt<6’||f||55,2 | (1.20)
IR2

Firstly, (1.20) would again follow from the sharp local smoothing conjecture by
interpolating with the appropriate L1 — L, bound. Secondly, since 3/10 = 1/2 —
1/5, Sobolev imbedding with 1/5+ € derivatives in ¢ shows that Theorem 1.1.2 follows
from (1.20). The proof of (1.20) is based in part on the Klainerman-Machedon
estimate [7] for the wave equation. However, we shall not discuss the proof here,
since the emphasis in this thesis lies on the combinatorial method of Kolasa—Wolff
rather than on the Fourier integral operator methods. [13] also contains variable
coefficient extensions of Theorem 1.1.2 as well as sharp I” — L? bounds for spherical

maximal operators in higher dimensions.
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1.3 Related questions from geometric measure the-

ory

Suppose E and F are subsets of the plane with E closed and F measurable. Assume

that for every x € F there is an 7, € (1,2) so that
HY (C(z,7,)NE)>0 forallze F

where H! is linear Hausdorff measure (for properties of Hausdorff measure, see Fal-
coner’s book [5], chapter one. Dimension in this section will always mean Hausdorff
dimension). In this section we shall always assume that E and F are as above. The
following result is due to Marstrand [9] and Bourgain [1]. We will denote Lebesgue

measure by | - |.

Theorem 1.3.1 If |F| > 0 then |E| > 0. In other words, the union of a family of

circles has positive (planar) measure if their centers form a set of positive measure.

Proof: This is a simple consequence of Bourgain’s circular maximal theorem. In-
deed, assume that U € R? is open. Then there is an increasing sequence of nonneg-
ative functions f, € C.(R?) so that sup, f, = xv. Fix a p € (2,00). By monotone

convergence and Theorem 1.1.1

[Mxully < Clixull, = ClU|7.
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In case |E| = 0 there would be a decreasing sequence of open sets U, D E so that

N,,Un = E and |U,| — 0. We could then conclude from the previous inequality that
[Mxzl, = 0.

However, this contradicts |F| > 0. H

One might ask whether the conclusion of Theorem 1.3.1 will still hold under the
assumption that dim(F) > ¢o for some ¢y < 2. The following result of Talagrand [21]

shows that ¢y has to be at least one.
Proposition 1.3.1 There exist E and F such that H'(F) > 0 but |E| = 0.

On the other hand, Wolff [22] has shown recently that for F' as in the proposition,

E “barely fails to have positive measure”. More precisely he showed
Theorem 1.3.2 If H'(F) > 0 then dim(E) = 2.

His proof is based in part on an argument from combinatorial geometry that was
developed in [4] to obtain bounds on the number of incidences between n spheres and
m points in R3.

We do not know whether it is possible to deduce ¢y = 1 from [22]. Rather, we will
show that ¢y = 1 would be a consequence of the sharp local smoothing conjecture
from the previous section. This connection, which relies on the theory of capacities,

was pointed out to me by Thomas Wolff. For the definition of capacity as well as
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the connection between Hausdorff measure and capacity we refer the reader to the

appendix.
Proposition 1.3.2 Suppose dim(F') > 1. Then |E| > 0.
Proof: Firstly, we may assume that E is compact and that
HYENC(z,75)) = v>0

for all z € F with v fixed (since H' is a regular outer measure, see [5]). Since
dim(F) > 1 there is an € > 0 so that H'*(F) > 0. Fix € to be that number. Assume
the proposition fails. Then there is a sequence f; of nonnegative functions in C§°(R?)
so that f; = 1 on a neighborhood of £ and ||f;|ls+ — 0 as j — oo. Pick a cutoff

function n € C§°(R) so that n = 1 on (1,2). Define

uj(z,r) = (dov * f;)(z)n(r).

Then u; > 7/2 on some neighborhood of F' = {(z,r,) : ® € F'}. If the sharp local

smoothing conjecture is correct then

luilics,  o@) < Cell fill o).

Therefore, by the definition of capacity (see appendix)

Chi-<(F) < Cll filla.

Passing to the limit j — oo, this would imply that

Cy1_«(F) =0. (1.21)

@lm

1
2
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However, by the proposition in the appendix we conclude from (1.21) that

1

0 = H3 4G DT5(F) = HI(F') > HIT(F)

which contradicts the choice of e. B

15
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Chapter 2

The main argument

2.1 A reformulation of the main theorem

For the combinatorial argument below it is convenient to consider maximal averages
over thin annuli rather than circles. More precisely, let 0 < § < %, l1<r<2, and

define for f € S

Clz,r) = {z€R?: |Jz—y|=r}

Cs(z,r) = {z€R?: r(1-0)<|z—y|<r(l+6)}

/06 O

where do, is the normalized surface measure on 7 S'. Unless stated to the contrary,

- 1
Msfl@) = s o]

we shall be dealing only with functions defined on R2.

We shall write < to denote < up to an absolute constant. Similarly with 2 and
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~. For any measure v on R¢, we let v)(z) = A"%(A~1z). First we will consider some

examples, two of which have already appeared in chapter 1, section 1.

Examples:

I:

11.

1il.

1v.

Let f = Xc;(0,1)- Suppose 6 < |z| < 1. Since the difference in curvature between

C(0,1) and C(z, 1+ |z|) is ~ |z|, these circles will pull apart by an amount ¢ at

—

a distance ~ , /I%I from the point of tangency. Hence M f(z) > 82 (|z| + 6)~2

for |z| < 1. Thus || f||, ~ 57 and [[Msfllg = 5 provided g > 4.

Let f = xgr, where R is the rectangle centered at 0 with dimensions § x 5z,

N

Then M;f(x) ~ 62 provided |z;] ~ 1 and |zs| < 5%. Hence s 22 5% and

[ M £l == 67073,

_ 2
Let f = xB,)- Then Msf(z) ~ § for |z| ~ 1 and thus || f||, ~ d7, [|[M;sf|l; =

J.

Let f(z) = (|1 — |z|| + 8)"2xB(0.2)(z). Then

_ ) 1
Msf(z) 2 Iogﬂ lz|72 if 20 < |z| < 1. (2.1)
7
To see this write f as
_1 _j
f b2 Z 2 ]/2X02j6(0,1+(2f—1)5)- (2.2)
1<21 <61

Taking the average of f over the annulus Cs(z,1 + |z|) and considering the

contribution of each dyadic shell in (2.2) separately yields (2.1). Hence || f]|s =~
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il ht
|logé|? and |[M;f|l2 2 |logd].

In view of these examples one might make the following conjecture (see figure 1).

Conjecture: For any f € L' N L>®(R?)

[Mfll, < Il in region (2.3)
[Msflly < da#|Ifll,  inregionII (2.4)
Msfll, < 620+ |£]], in region TII (2.5)
[Msfll, < 877 Ifll,  in region IV. (2.6)

Regions LIII, and IV do not contain the point T" = (%, %), where we have the

well-known, optimal inequality (see Bourgain [1] and [2] and example iv above)

M5 £l S |log 82| £l (2.7)

Otherwise the boundaries are part of the regions. We will prove the following theorem

(by C. we shall always mean a constant depending only on €).

Theorem 2.1.1 For any f € L' N L=(R?) and any € > 0,

[Mfll, < NIfll,  in region I\ (QP U PT) (2.8)
[Msflly < Ceda v ™[fll,  in region II (2.9)
IMsfll, < C’eéé(l’L%_%)“El]fHP in region II1 (2.10)

[Msflly S 877 Ifll,  in region IV. (2.11)
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Q

19
1
q
A
S=(1,1)
T %3 v
111
Pl=(%3)
11
(0,0) R = (1,0)

Figure 2.1: Regions of boundedness in Theorem 2.1.1
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Remarks: a) In certain cases the ¢ ¢ term can be replaced by a suitable power of
| log d|, but we do not elaborate on this.

b) It can be shown by modifying the proof of Theorem 2.1.1 that the optimal esti-
mates, i.e., (2.9) with e = 0 hold in the region I7N{; < §}\ (P U PR). This
(somewhat technical) argument is given in chapter 3, section 3.

¢) The most interesting statement in Theorem 2.1.1 is probably the estimate at the

point P (see figure 1), i.e., for all f € L' N L*°(R?) and any € > 0
M flls < Cd™|| f1ls/2 (2.12)

(note that the conjecture on page 18 says that this should hold with e = 0).

The proof of Theorem 2.1.1 is based on a combinatorial argument from Kolasa
and Wolff [8] combined with a localized version of the L? estimate (2.7). For the
d—free bounds (2.8) we interpolate the (5/2,5) inequality with an estimate obtained
from the local smoothing theorem in Mockenhaupt, Seeger, and Sogge [10].

This chapter is organized as follows. In Section 2 we introduce the notion of multi-
plicity p of a family of annuli. It is shown that certain estimates for pu are equivalent
to LP — L9 bounds on Mj;. Section 3 contains the localized L? inequality and a
bound on the multiplicity is derived from it. In section 4 we establish the main result
of this thesis, i.e., the restricted weak type (5/2,5) estimate. This is accomplished by
combining the combinatorial argument from [8] (which is based on Marstrand’s three

circle lemma [9]) with the localized inequality from section 3. Theorem 2.1.1 then
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follows by various interpolation arguments. This is done in section 5.

2.2 The combinatorial method

Fix E C [0,1]* and 0 < A < 1. Let {z;}}1, be a maximally §-separated set in
F={zcR®: (Msxg)(z) > A}
and let 7; € (1,2) be chosen so that
|Cs(xj,m5) NV E| > A Cs(x,75)]

for j = 1,2,..., M. Henceforth we shall write C; instead of Cs(zj,m;) N E and C}

instead of Cs(x;,7;). We introduce the multiplicity function

M
=2 o
j=1
Following [8] we define p to be the smallest integer for which there exist at least M /2
values of j such that
. A
{C; - @ <l >3IG.
Clearly, we can then also find at least M /2 values of j for which
. A
G« 22wl > 516 (213)
The combinatorial method attempts to bound p from above, typically in terms of

A, M, and §. Since

WElz [ @=YTHC @<z AMs, (2.14)
{E: ®<p} j
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this will imply a lower bound on |E|. The following lemma characterizes the estimates

of i required for LP — L7 boundedness of M.

Lemma 2.2.1 Let 0 < « and B < 1. Then p < AN"*MP implies
[ Msfllooo S A28 fllps  for all f € L' 0 L

wherep=a+1,g=p(1—-0)"! andy= . — %. We also have the following converse.

1
p

Suppose that for some fized p >0, 1< qg<o0,1<p<oo, and all f € L' N L*®
M5 fllg S 67711 F1p- (2.15)
Then
g < AP G g2 (2.16)
Proof: For the first statement we need to show
{(Maxe > Mo < 677 47x7"|E]s.
The left-hand side is ~ (M 52)%, whereas the right—hand side is
> STTAPNY (AN MBS ~ (MS2)i

Here we have used (2.14), i.e., |E| 2 p~'AM?.

To prove the second statement, we distinguish two cases. First assume that

|Er|={E : &> p}| < p ' AMS.
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Applying hypothesis (2.15) to the function f = xp, and using (2.13) we obtain
MM S 6P |Eyl» < 877 (n" " AME)?,
which implies the desired inequality (2.16).

In the other case, i.e., |E)| > p~*AMJ, we use duality. Note that the dual state-

ment to (2.15) is

| Za’jxcé(yjapj)npf - 51" (2.17)
Y]
for all 6-separated {y;} in [0,1]2, all {a;} which satisfy (¢ hF |aj|‘1’)$ < 1, and all
pi € [1,2). L&t g; = 25, py = 14, and @y = (52M)_$ for j = 1,2,...,M. Then by
(2.17)
p(pAME) < pl By|7 < (| S 6710 (8 M),

which implies (2.16). H

At this point it might be instructive to consider those bounds on p that correspond

to the points P, R, S, T in figure 1. By Lemma 2.2.1,

P: u < AiM:z (2.18)
R: u S M (2.19)
g: u £ & (2.20)
T: p < Al (2.21)

Not surprisingly, inequalities (2.19) and (2.20) are trivial, whereas (2.21) follows (up

to a | log (5|% factor) from (2.7). Our main goal will be to show (2.18) (the result below
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will involve a |logd| factor, though). In order to do this we shall need an improved

version of the L? statement, i.e., inequality (2.21).

2.3 The L? theory

Before formulating the result, we consider an example.

Example: Let 106 < 10p < r < % and define
E={zecR®:1-p<|z|<1}

and A = \/g. It is easy to see that F = {Msxg > A} ~ B(0,r) and M ~ g—z. To

determine u, note that ® will be approximately constant on
Ei={z : 1—p<|z|<1-—p/2}.

Hence

Thus

W~ 5_1,0_%7‘% = A~

We shall prove below that this improved version of (2.21) holds in general (up to
a | log 0| factor) with r replaced by the typical distance of two intersecting annuli (for
a precise version of this see pages 31). To this end we need a refined version of the

L? inequality (2.7). First we recall a result from [2].
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Lemma 2.3.1 Let K € LY(RY) assuming K differentiable. Define for j € Z

o = sup |K(¢)|
|¢|~27

B; = sup [(VK(€),)l.
|§|=~29

Then for any fized j and f € S such that supp(f) C {R? : 2771 < |¢] < 271}

: 1
| S |f * Killl2mey S of (0 + B5)2 (| fllr2re). W

By well-known decay properties of &l’\r (see Proposition 1.1.1 above) Lemma 2.3.1

implies that

IMFllr2@®ey S | flr2@e (2.22)

for any f € S whose Fourier transform is supported in {R? : 277! < |£| < 2771} for
some j > 0. The following proposition shows that this estimate can be improved if
one restricts the maximal function to a small ball. We prove this fact by combining

Bourgain’s original argument with Lemma 2.3.2 below.

Proposition 2.3.1 There exists an absolute constant Cy so that for any j = 1,2, ...,

all f € S with supp(f) C {R? : 2971 < |¢| < 27*1}, and all 0 < t < 1, zp € R?

IMF | 2Baony < Cot2l| £l r2me)- (2.23)

Proof: We may assume that 2o = 0. Choose cut—off functions ¢ € C$°(R?) with

¥ = 1on B(0,1), n € C(1/2,4) so that n = 1 on (1,2), and ¢ € S such that
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supp(¢) € {1/4 < |€] < 4} and ¢ =1 on {1/2 < |¢| < 2}. Define

Alf(w) = (" 2)n(r) / S do(rlg) o276 f(€) de.

R

Let {r.}, be a 277 net in [1,2]. Suppose 7, < r < r,,1. Then

) ) TT+1 . Tr+1
<2 [ 4 ap+ / dp

d
& Qi
dp of

and thus

2

2 2
oup |41 < 2 [ |4 fPap+2 [ dp
1 1

1<r<2

d .
A
dp * /

= 27A+27B.
By Proposition 1.1.1 do has the representation

do(£) = R{eTElw(le))}

with w € C*°(0, 00) and

d* w(s)

P
P PR

for all k =0,1,2,.... Hence the integral of A can be written as

/R Ads = /R 2 RZK(g,g)é(z-jg)s£<2*]£)f(£)f(é> de dé

K(g)é) _ t2 /_00 /IRZ 627ri(t:c~(5—5~)+7‘“5|—|5~|)),¢2(x)n2(r)w(rl§|)w(rig|) dux dr.

o0

26

(2.24)

(2.25)

(2.26)

(2.27)
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Integrating by parts and applying (2.24) shows that
|K(€,€)] S 2782+ tle — )2 (1 + 1€ — 1€,
provided || ~ |§] ~ 2/, Lemma 2.3.2 and Schur’s lemma yield
| Ade sz
R2
Similarly,

/ Bdz < 24||f|%
RQ

and the proposition follows. B

The following lemma is true because the ||| — ||| factor reduces the two-—

dimensional scaling in the integral below to one dimension.

Lemma 2.3.2 Let 0 <t < 1. Then

~N =2 - -2 B
sw [ (L+de=8)" (11— A1) " dese

Proof: Fix a §~ € R2. Then, on the one hand,

N\ -2 =2
oo (orte=8) 7 (i - 1)

~ Y aren? [l
2i<|€|/2 e
' o |€|+27 =
~ S () / (= DT
2i<|é|/2 A
~ Y@y e 3 et
pi<ld 2it<1 t=1<2i<|€|

AR w T bl

12
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On the other hand,

~\ =2 )
/{£:|5—£|z|é|/2}(1+t'€_€|) <1+||§|_|€[|> o

—2

(1+118) " (1+11el-11) " ae

12

/{5 L |e—€1>1€1/2, 1] -1€] 1<I€1/2}
-2

N\ —2 -

+ 16~ 1+ 1€] — [€]])  de
/{§:||€|—|E||2[€|/2}< € 5[) ( el =1 H)

= A+ B, (2.28)

The first term in (2.28) can be estimated as follows.
N\ —2
A = (1+14) /
1€1/2
N2 -
(1+2dl) KISt

31€]/2

(1—|— |r — |§~||)_2rdr

12

For the second term compute

B :/ e e e+
{€: 21€1<lel}
N\ —2 -\ —2
+ 1+ ¢€ 1+ |€]) ~ de
/{é:%IEIZIEI}< H) ( ||>
~ / (EED2 (1 + (€D dé + / ~ (1+ e de
{€:t-1<i¢)} {&: 21g<lg <=1}

+(1+d) T (1+18) 1P

< 1+|logt]+15t™. m

Remark: (2.27) above shows that Proposition 2.3.1 is essentially equivalent to the

following estimate for the two—dimensional wave equation. Let u solve

O# =08, #0j= F 80 =0.
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Then there exists an absolute constant Cj so that

1
// u(z, )2 dz dt < Cor| {2y (2.29)
0 B(zo,r)

for all 0 < 7 < 1. It might be interesting to ask whether such an estimate can hold
in LP with p # 2. Interpolating (2.29) with Sogge’s sharp local smoothing conjecture

[15], i.e.

1
/ lu(z, )| dz dt < C, || fI|s (2.30)
0 JR2 €

with € > 0 yields

1 - )
([ [ eorad)’ <cor i, (2.31)
0 JB(zo,r)

for2<p<4,20€R?*0<7r<1 e>0andall f€cS. Solving the wave equation
above with initial condition f equal to a smooth version of Xx¢;(,) shows that the

exponent % — % is optimal. Moreover, as in the case of local smoothing, (2.31) cannot

hold for p ¢ [2,4] or with e =0 if p > 2.

It is standard to pass from f as in the statement of Proposition 2.3.1 to general

f € L?. This is done in the following corollary.

Corollary 2.3.1 There exists an absolute constant Cyy so that for any f € L*(R?),

o €ER? and 0 < 6,t < 1,

M5 1|2 (Bizosy) < Cot?|logd|? || f]l2. (2.32)
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Proof: Choose ¢ € S such that Supp(qg) compact, ¢ >0, ¢ >0, ¢ > 1 on B(0,1).
Given f € L*(R?), f >0 let f = Z;io f; be a Littlewood—Paley decomposition, i.e.
supp(fo) C {|€] < 2} and supp(f;) C {R? : 277! < |¢| < 2*1} for j = 1,2,.... Let
Xsr = do, x ¢5. Then clearly

XCs(0,r) 5 Xé,r-

If M denotes the usual Hardy-Littlewood maximal operator it is easy to see that

IMsflleaeoty S IMfoll2weom + >, | Sup2|X6,r*fj|”L2(B(10,t))

1<23 <61 1<r<

S HUMfollo+ D 1Ml

1<29<6—1

3
S thlle+tz D> il

1<27 <61

(ST

< tllfollz +t2[logdlz | > 1413 (2.33)

1<29<6-1

1 1
S t2|log 2| £l
In line (2.33) we have used a special case of Bernstein’s inequality, namely

[ follo S Nl follo- ™

In order to obtain information on g from (2.32) we shall determine the typical
distance of the centers of two intersecting annuli in any collection of annuli. More
precisely, we can specify certain geometric properties (i.e. the distance of the centers

and the angle of intersection) of those annuli that contribute most to the multiplicity
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function ®. Following [8], we let a : [0,1] x [§, 1] — [0, 1] be such that

> a(2ks,2') < 1. (2.34)

k>0,1>0
Define A = A(t,€) = a(t,e)A/2, i = ji(t,€) = a(t,e)u, M = M(t,€) = a(t,e)M/2.
Furthermore, for all 4,5 € {1,2,..., M} we let (for the meaning of A see Lemma 2.4.2

below)

Ay = maX(5>|l$i—$j|—|7"i—7"j||)

Sl. = {i:CiNC;j#0,t/2< |z —z5| <t, e<A;; <2}  (235)

(D{,e - Z Xcr

i€S],
(recall that C; = Cs(z;,m;) and CF = E N C;). The pigeon hole principle asserts that

there are numbers t € [4, 1], € € [4, 1] such that
{C; : ®]. > n}| = NG| (2.36)

for at least M values of j, say 1 < j < M (for details see [8], Lemma 4.1). For any a

satisfying (2.34) we shall always let € and ¢ be those numbers.

By essentially the same argument as in the second part of Lemma 2.2.1 we can
now establish the refined version of (2.21). In what follows, Cs will denote a constant

of the form C|log§|®, for some absolute constants C and b > 0.

Lemma 2.3.3 Suppose a = |logd|™? in (2.34) and let t be the corresponding typical
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distance of centers given by (2.36). Then
p < Cs A1o't (2.37)
Proof: Let {z;} be a t net and consider the quantities

M(i) = card{l<j<M : z; € B(z;,t)}

My(i) = card{1<j <M : z; € B(z,2t)}.
Then, clearly
> My(i)~M and > My(i) ~ M. (2.38)

Since M = aM /2 we conclude from (2.38) that there is a point of the net, say 2o, so

that M; = M;(0) and M, = M,(0) satisfy M; 2 aM,. Define

¢, = Z XCs -

Jtlej—zo|<2t

As in Lemma 2.2.1 we distinguish two cases. If
|B\| = {E : & > p}| < a7 AM:,
then by Corollary 2.3.1
[ MesxE, || L2801 < Cst?|Eylz.
The expression on the left is > A(62M;)z by (2.36), whereas the right-hand side is

< Cst3 (51 AM,0)*
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by assumption. Recalling the definition of M;, My, A etc., we obtain (2.37).
If |Ey| > i *AM,d, we use duality. Dualizing (2.32) yields (with ¢ replaced by 2t)

—1,1
I Za’jX05(yj,pj)||L2(R2) < Gtz (2.39)
]

for all d-separated {y;} in B(z0,2t), all {a;} for which (& > la;|?)z < 1, and all
p; € (1,2). Let y; = z; € B(%,2t), pj = 1;, and a; = (62M2)_% for j =1,..., M,

and a; = 0 otherwise. By (2.39)
@112 < Cs 6142 (62Ms,)z.

The left-hand side is > g|{F : ®; > i}|z > (i 'AM,5)z and the lemma follows.

2.4 The three circle lemma

In the previous section implicit information about circles was used to prove an L2
bound on the maximal function and thus a bound on the multiplicity p. In this
section we shall attempt to use explicit geometric properties of circles in order to
bound p. The procedure we apply here was discovered by L. Kolasa and T. Wolff [§],
who in turn use Marstrand’s three circle lemma, cf. [9] and Lemma 2.4.1 below. The
underlying principle for that lemma is the following geometric observation. We call

two tangent circles internally tangent if the smaller one is contained inside the larger
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one. By assuming that the centers of all circles under consideration are contained in

a fixed set of diameter one, we shall henceforth rule out external tangencies.

Fact: Given any three circles which are not internally tangent at a single point, there

are at most two circles which are internally tangent to the three given ones.

Kolasa and Wolff observed that this fact can be combined with a basic result from
extremal graph theory to control the total number of possible tangencies in a large
collection of circles of which no three are tangent at a single point. Indeed, we have

the following

Proposition 2.4.1 Suppose {C;}YV is a collection of distinct circles in the plane so

that no three are tangent at a single point. Then
card{(s,5) : C;,C; are tangent}y < N°/3.

In particular, at least half the circles will be tangent to no more than < N?/3 other

circles.

Proof: Let
Q ={(C;,C;,,C;,Cy) + Ciand Cj, are tangent for k = 1,2, 3}.

On the one hand, the above fact implies that

7]
card(Q) < 2 :
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On the other hand, with n; = card{C; : C;, C; are tangent},

N n; N
card(Q) > Z > 2:(71Z —~2)*/6.
i=1 3 i=1
Thus
N N
i=1 1=1
N
< (S 2N o
i=1
1
3
N
< NP+ N
3
5 N5/3.

Since card{ (¢, j) : C;, C; are tangent} = SN n;, we are done. M

This proof is just a special case of a well-known argument that provides upper
bounds for the maximal number of edges in a bipartite digraph with m edges and
n sinks containing no Ks;. For the meaning of this terminology, further details and
applications, and references, see [4].

Although the argument below is motivated by the previous discussion, it does not
directly use the fact or Proposition 2.4.1. Indeed, dealing only with tangencies is too
restrictive for our purposes. Rather, we shall use the following quantitative version
of the above fact, cf. [9], which allows for various degrees of tangency. For a more

general and precise version, see [8].



CHAPTER 2. THE MAIN ARGUMENT 36

The number € in Lemma 2.4.1 controls the degree of internal tangency whereas A
separates the “points of tangency”. Ns(S) denotes the § entropy of the set S, i.e.,

the cardinality of a maximally ¢ separated set in S.
Lemma 2.4.1 Let (z;,7;)}_; € R* x (1,2) and fit 0 < \,e < 1. Consider the set

3
g = {xGRQ\UB(xj,e) :3dre (1,2) with ||lzy—z| —|ri—r|| <e€
j=1

fori=1,2,3 and l|ei(z,7) —e;(z,r)] > X fori#j,i,5=1,2,3}.

Here

Then

for any 0 < 9 < e.

Remark: It is easy to see that the bound on Ns(S) can be attained.

Proof: Let

Q = {(z,r) eR* x (1,2) : |z — 4] > 3e,7 # i, |es(z, ) —ej(z,7)| > A

fori< §,4,4 =123}
and F : Q — R? be defined by

F(z,r) = (l&i — z| — ri — )iy
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It is easy to see that the Jacobian JF' of F' satisfies
J I = |€1 — €2||€1 — 63”62 — €3| > /\3.

Since card(F~!(p)) < C, for some absolute constant Cy and all p € R* we conclude
that

|F~1(B(0,2¢))| < X732

According to the definition of S there exists a function  : S — (1, 2) so that for every

z € S we have |F(z,7(z))| < €. Then clearly

{(z,7):z€8,|r—r(x)|<e c F1B(0,2))U

{(z,r) :z € SN UB(LL’]',?)E), Ir —r(z)| < €}

j=1

and thus |S] S 273, ®

The following lemma contains bounds on the diameter and the area of Cs(z,r) N
Cs(y, s). In various forms it appears in several papers on this subject, see, e.g., [1], [8],
[9], [15]. Since the exact version we use here does not seem to be contained explicitly

in any of these references, we provide a proof for the reader’s convenience. Let
A = max(|lz —y| — |r — 5|, 9).

Lemma 2.4.2 Suppose z,y € R*, z £y, |t —y| < 3, and r,s € (1,2), 7 # s,

0<d<1. Then
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A

i. Cs(z,7)NCs(y,s) is contained in a § neighborhood of an arc of length < F=—

centered at the point © — rsgn(r — s) =4

. the area of intersection satisfies

52

VAlz -y

|Cs(z,7) N Cs(y, 8)| S

Proof: Let z € Cs(z,7) N Cs(y,s). Then |z —z| = r; and |z — y| = s; where

|r —r1| < d and |s — s1| < 4. By simple algebra
2z—z)-(y—2) =12 -8+ |y - z|*. (2.40)
Assume 7 < s. Then (2.40) implies

2ri|z —y|(1 —cos<t(z —z,z —y)) = (r1 + |z —y|)* - sff

- - A
e = i) = g 2 (1=m) o . (2.41)
W—yl |z — ]

If » > s one estimates <((z — z,y — z) in a similar fashion.

and thus

If A <104 the bound in ii follows from i. Otherwise consider a = <((z — z,z — y)

as a function of r and s;. Taking partial derivatives in (2.40) yields

AP oy
— rilz —y|lsina = r x — y|cosa
By 1 Y 1 Yy

oo

— r|lz —y|sina = —s;.

681
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Thus

Oa Oa _ _1

S e | —y)7t ~ (Alx - .

51+ |55, S (elle —y)™ = (Ale —y])
The last equality is true since A > 106 implies that (2.41) holds with =~ instead of

<. Since 7 and s, vary in a 6 interval, a will be contained in an interval of length

< —— and ii follows. ®

v/ Alz—yl

Proposition 2.4.2 below is the main result of this paper.

Proposition 2.4.2 Mj; is of restricted weak type (5/2,5), i.e. for any f € L' N

L™ (R?)
[Msflls.00 < C 10g6]" || £lls/21 (2.42)
where b is some positive number.
Proof: By Lemma 2.2.1 we need to show
W< Cs A2 M3 (2.43)

(recall that Cs is a constant of the form C|log (5|b). This will follow from the com-
binatorial argument in [8], which is based on the three circle lemma, and the refined
L? bound from above. As in Lemma 2.3.3 we let a = |log (5|_2. For simplicity, z < y
will denote © < Csy in this proof. Let Cy be a large constant (depending on the

constants in Lemma 2.4.2 above).
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€

t

)%

On the one hand, by (2.36) and Lemma 2.4.2

Case 1:

Xs%(

2

_ )
NS | > xer Scard(S],)—=
Y jesi

tie

On the other hand, by Lemma 2.3.3

ESAT e
Thus
B9 (5) sme (1)) (5)).
Hence, if
HONON
then
EENONOK

- whazivg (3)'(7)

SRAONGNONORO)

= i

[SIE

where we have used (2.44) and (2.46) in line (2.47) to replace A* and M2

If, on the other hand,

40

(2.44)

(2.45)

(2.46)

(2.47)

, respectively.

(2.48)
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then
_ e lpep;  w-Brl. g
i< ATlele=TnEsY
1 2 g
< 3E(F) s (5;\4) 574 (2.49)
__3 3
= )\ 2M-z=.

1
Case 2: A >Cy <E> : ; (2.50)
Following [8] we let

Q = {(j,41,92,93) : 1 <j <M, 41,%,%3 € Sf,e and the distance between any two

of the sets C; N Cy,,C; N Cy,, C; N Cyy is at least C7'A}. (2.51)

For suitable Cy and C, Lemma 2.4.2 implies that any two of the

ilij—.T,i

T

er = x; — rjsgn(r; — m)m.—_ﬂ
J ir

for 7 = 1,2, 3 are separated by a distance > X. Lemma 2.4.1 therefore implies that

card(@Q) < (§>2 PVA

On the other hand, for Cj sufficiently large,

card(Q) > M <ﬂ52;\f/3> > (2.52)
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This follows essentially by (2.45) and the definition of the set (). Hence

3
- LMz \°
ﬁ3§A6<§>2< t2> M5,

Combining (2.53) and (2.37) yields

(2.53)

(SIE

7< min | X 64,077 (;) (‘W%) M

Sl

Hence, if

(2.54)
we conclude that

(2.55)

The expressions in (2.55) are obtained by estimating A by (2.54) and (2.50), respec-
tively.

If, on the other hand,

2 (9 (20 s

(2.56)

42
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43
then
Lot ?
= g 52 (E 6 Z Aii
BSOA 5) ( ¢ > *
- i
< 27 X<M52> M%z) %
1 Q 1
1\ % 4 1\ 2
x [ A3 <Mf> M) <Mf> M (2.57)
— i

To obtain (2.57), use (2.56) and the inequality

5)' (5]\5) S MM

which follows from (2.50). Consequently, we have established (2.43) and thus (2.42).
|

sl

)

2.5 Proof of Theorem 2.1.1

The following lemma states that instead of averaging over  annuli we can average

over a mollified version of do, which is essentially concentrated on a ¢ annulus.

Lemma 2.5.1 Fiz a radial function ¢ € S(R?). Suppose that for fited 1 < p < ¢ <
00, @ <3

IMsfllg S 0711l
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Jorall0 <é <1, fe L*NL>®. Then

IM(f * 85)llg S 0N £l
forall0 <d <1, fes.

Proof: Write ¢(|z|) = ¢(z). We construct a radial, non increasing majorant for ¢

as follows. Let p(r) = r?|¢r(r)| and define

(jal) = /| T|¢/<r>|dr

or equivalently
v@)= [ Gxw), @olr)ar

where B is the unit ball in R%. Note that

[ w@rdo= [ ptnyar= [“uwrar

Let f € S. Then

1<t2 1<t<2

51
supdoy x (¢ % )] < { | =/ l}supldat (xs)s) % 111 (1) dr

= A+ B.
On the one hand

5—1
1Al < / [ Miorsl 11l o(r) dr

§5—1
< 5 / = p(r) dr ||,

N (A
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since & < 3. On the other hand, by Young’s inequality with 1 + % = % + i,

1Bll, < / | ¢8)10rg * | £l £(r)dr

—1

< / | e 100 l1sll £l o)

0057“—% r)dr
< /5 (6r)7% p(r)dr || 1],

=1

S Il

and the lemma follows. W

Proof of Theorem 2.1.1: Statements (2.9), (2.10) of Theorem 2.1.1 follow via Mar-

cinkiewicz’s theorem from the estimates at the points Q,R,T,P (see figure 1). To prove
(2.8), suppose we are given any f € S. Let
o0
F=3 5
=0
be a Littlewood-Paley decomposition, i.e. supp(fo) C {R? : |¢| < 2} and supp(fj) C
{R? : 257! < |¢| < 27t} for j = 1,2,.... On the one hand, (2.10), (2.9), and

Lemma 2.5.1 imply

IMSilly < Ce2¥(fille if (5, ) € QP U PT (see figure 1) (2.58)

11
P’q
for any € > 0 and j = 1,2,.... On the other hand, by the local smoothing theorem

in [10] (see also [2] and [15])

IMSille S 277 £l (2.59)
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where 2 < p < o0, B = B(p) > 0, and j = 1,2,.... Interpolating (2.59) with (2.58)

yields
IMFlle S 277 fllps if (5, 3) € region \QP U PT (2.60)
for some v = v(p, ¢) > 0. Furthermore,

IMfolly < [l follo (2.61)

by the Hardy-Littlewood and Bernstein inequalities. Finally, (2.8) follows from (2.60)
and (2.61) by the Littlewood—Paley inequality.
Up to a |logd| factor, (2.11) follows by interpolating the estimate at T, i.e. (2.7),

with the ones at the endpoints R and S:
[Msflls + M5 flloo S 07 £l (2.62)
To obtain the sharp estimates, let f = "° f; be as above. The analogue of (2.62) is
IMFill + 1M Sjllee S 2N f5ll (2.63)
(see Lemma 3.2.1 below). Interpolating (2.63) with the L? bound (2.22) yields
I#f5lle S 26N fillp if (&, 1) € region IV. (2:64)

(2.11) now follows from (2.64) by the same type of argument as in the proof of
Corollary 2.3.1 provided 1 < p. The estimates on the segment SR follow from the

ones at the endpoints. We skip the details. B



CHAPTER 3. SOME REMARKS AND A SLIGHT IMPROVEMENT 47

Chapter 3

Some remarks and a slight

improvement

3.1 Estimates for the global maximal function

Theorem 2.1.1 holds for the global version of M. Let

Mf = sup rdo, x f|.

0<r<1

The number a can vary and will be specified below. One can pass from bounds on
M; to bounds on M by Littlewood-Paley theory. The following lemma is essentially

a calculation from [1].
Lemma 3.1.1 Let1 <p<oo, 1 <p<qg<ooand € R. Suppose that

IMFlly < 27711 £l (3.1)
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forallj=1,2,... and f € S such that supp(f) C {R? : 2971 < |¢| < 27T} . Then,

with a =2(1/p—1/q),

IMflly S Ifll #FB<0,¢22, and1<p

~Y

IMflly < Clfllz,,  #B=0,e>0
for all f € S. Here L? are the usual Sobolev spaces.

Proof: Let f = > 7° f; be as in the proof of Theorem 2.1.1. Recall that (g).x(z) =

272kg(27%z). Then (with M? defined in Lemma 3.1.2)

Mf = sup sup r®|do, * f|

k>0 r~2-k
< sup sup r |do, * ij + sup sup 27% |do, * (Z )

k>0 r~2-k <k k>0 r~2-F [P
5 M“f+SUpZ2 5 (M(f5)24) 5o

k20 =k
7\ o
< s (z S0t () ) | 2
k>0 | j>k

The first term in (3.2) is bounded by Lemma 3.1.2. Assume first that § < 0. Let
s = max(2,p). Using the inequalities of Young and Littlewood-Paley, we can then
estimate the second term as follows.

(gl )] - (g

k>0
q

22—]6(1 f] 2’“

>k

1

( (Zzu—kmijp))“ (3.3)

AN
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1
< <Z ||fj||;>
7

S QAP S 1111l

If 8 > 0 we compute, starting in line (3.3) above,
s 5 N
(Z N2 R (FA(f)ar)s > 5 (Z 27k (Z 2—j62j<"+f’||fjl|p> )
k>0 | j>k " k>0 7>k
N
s (Zee(Sra-aeonn,) )

k>0 >k

Ce”f”LgJr

IN

for any e > 0. W

In the following lemma we recall a well-known fact about certain maximal aver-

ages.
Lemma 3.1.2 Let 0 < a < 2 and define for any f € L' N L>®(R?)

Mof(z) = sup 7o /B We=play

0<r<oo

Then

, 1<p<g< 0. (3.4)

IMfll, S fll for %:

N

1
p
Proof: For a = 0 this is just the usual Hardy-Littlewood maximal function. In

case 0 < a < 2, ¢ < oo we have the inequality

/()]

Mf(z) S 22 dy.

Rﬂx—y
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Since the kernel is in weak Lﬁ, (3.4) follows from Young’s inequality. Finally, if

q = 00, (3.4) follows from Holder’s inequality. H
We can now state the global version of Theorem 2.1.1.
Theorem 3.1.1 For any f € S(R?),
[IMfllg S fllp in region I\ (QP U PT) (3.5)

and for any € > 0

IMFllg < Ce I fllez,,

where

1 2

¥ o= - == in region I1 (3.6)
P q
3 1 1

yo= 2 2 in region I11 (3.7)
2

v = —-—1 in region IV . (3.8)
p

We have set a = 2(11—7 — é) throughout.

Proof: The above statements follow from Theorem 2.1.1 and Lemmas 2.5.1 and 3.1.1.
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3.2 Some estimates for the wave equation

It is well-known that circular averages can be imbedded into an analytic family of

operators. As in [18] we let for all f € S
AL = ki =+ f,
where
B(e) = 5 (1~ (a3
a o
For R(a) < 0 this is defined by analytic continuation. In particular,
da % = AF
1
and u(z,t) = tA? f solves
Ou=0, u(0)=0, uw(0)=/f

By interpolation one can obtain analogues of Theorem 2.1.1 and Theorem 3.1.1 for

the operators

MFf = sup |AZ £

1<t<2

Mef = sup t*|ATS].

0<t<1
Estimates of this type go back to [18] (see also Stein [19], pp. 518-19 and the references
given there). For simplicity we shall restrict ourselves to the wave equation, i.e. & = %

Solving the wave equation above with initial conditions given by suitable modifications
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of examples i-iii on page 16 shows that the following theorem is optimal (up to €).

For the meaning of the points P; etc. see figure 2.

Theorem 3.2.1 For any f € S let u be a solution of the two-dimensional wave

equation as above. Then

|| sup t* tu(-, )|l SNl in region A\ XPLUPRPYUYZ (3.9)

0<t<1

and

I sup " u( g < Ce 1 £z,
0<t<1

with € > 0 and

1 2 1

Yy = — == == in region B 3.10
> g 2 (3.10)
N (3.11)

= ——1-— in region :

Y % 2 g
2 3

= 2_7 ~3 in region D. (3.12)

We have set a = 2(% — %) throughout.

The most interesting statement in Theorem 3.2.1 is probably the bound at P, =

|~

(1

, &), ie.

o

” ls<l;‘1<)2u('a t)“L“’(Rz) < C. Hf”Lioﬁ(Rz)'

It is easy to see that this is exactly what would follow from the local smoothing

conjecture. The same remark applies to the operators M~ . On the other hand, the
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position of all other points in fig. 2 can be explained fairly easily by invoking the
decay properties of ke. This is done in the following two lemmas. They are proved

in general dimensions.

Lemma 3.2.1 For all o = o + it € C there exist constants C,, such that for any

7=1,2,..., all f €S with supp(f) C {R% : 291 < |¢| < 27*1}, and 1 < p < o0

—-—Q i(i_o

M flloomey < Co2ile )”f”LP(le) (3.13)
IM*fllpgsy < Ca2l®7| fll i rey (3.14)
“mafHLQ(IRd) £ DpdfeH-nA I Il 2 mey- (3.15)

Moreover, for every |o| < S there exists a constant Cs so that for all —oco < T < 00

|Cy| < Csexp(Cs|T|). (3.16)

~

Proof: Choose a radial function ¢ € S(R?) with supp(¢) C {R? : 1 < [¢| < 4}
and so that f = f*¢,-; for any f as in the statement of the lemma. By Lemma 3.2.2

below

| A bo-illLaway S 97(1=e=¢) (3.17)
I 15<1§p2 Al pa-illpimey S 2i(1=0) (3.18)
L

for all 1 < ¢ < 0. Since

JATFI < AT b % |

sup |A%f| < [sup |A?¢2-j\] £,
1<t<?2

I<t<2



CHAPTER 3. SOME REMARKS AND A SLIGHT IMPROVEMENT

Q=

>
>

o4

D
A
Y @D
P =g ) ¢
B
Q = (0,0) X =(%,0) R = (1,0)

Figure 3.1: Regions of boundedness in Theorem 3.2.1
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inequalities (3.13) and(3.14) follow from (3.17) and (3.18), respectively.

By Lemma 2.3.1
M fll 2@y S oF (5 + 6;)2 | fll r2(ray
where

a; = sup |[k*(€)]
J€J~23

B, = sup |(VKk(€),8)|.

jg|==27

By (3.19) and (3.20) below
a; < 279(@D/240)
B, < ril@-dy2o)
Thus (3.15) follows. &

Lemma 3.2.2 Let ¢ € S be a radial function such that supp(¢) C {R? :1<lEl <

4}. Then for any a =oc +ir € C, N =0,1,2,... there exist constants Co n so that
[Af $o-i ()] < Can?=7 (1 + 27| —t])~

foralll <t<2 z€R? and j =0,1,.... Moreover, the constants Ca N satisfy the

growth condition (3.16).

Proof: This will follow from stationary phase. We shall use the asymptotic expan-

sion of k@ derived in Lemma 2.2.3 in Sogge’s book [16]:

ka(€) = el Wk (g]) + el Wz (J€)) (3.19)
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where w! and w, are € C*(0, 00). Their decay is given by

k 1
4 £(5)] < Cuall + 5)~F—Fak, (3.20)

dsk ¢

k=0,1,... where the Cy, satisfy (3.16), as can be seen by Stirling’s formula. Note
that the representation (3.19) includes the surface measure do = k.

By definition of the A,
Aiga-s(2) = / LTk (E)9(277¢) d
R
B / ST W (€0)p(279€) dE +
Rd
+ [ emee @i de
Rd
- I+ + [._.
It suffices to consider I_. Introducing polar coordinates yields
I = 2jd/0 P e~y wi (2|2 ws (27tr)d(r)rd= dr +
+2jd/ g~ 2mi2! (jel +t)r Wy (2j|x|r)w;(2jtr)g5(r)rd_1 dr
0
= A+ B.

Consider the first integral.

oo N
Al < O ]fa] = e]) ™Y / (chi> (wg (2')alr)wg (Ftr)g(r)r*]| dr
0
< Can?(Zllal - Z/ (@[e])H(1 + 2[alr) 7 (@0)
k+I<N ¥ 3

(1+2tr)~F ol ar

< Co 292 |z| — )N (1 + 29|2|)” G griligtto),
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Hence

|A] < Con2C (1 + 2 ||z| —t)) N

provided 1 < t < 2. Estimating B in a similar fashion finishes the proof. H

In the following proposition we move point P in figure 1 to position P; in figure 2

by Stein’s interpolation theorem.

Proposition 3.2.1 Let f € S(R?) so that supp(f) € {R? : 27-! < |¢| < 20+1} for

some j=1,2,.... Then for any e >0
i .
A2 fllzsogey < Ce2l1 £l o ey (3.21)
Proof: By equation (4) in [18],
AL f / AL flr (1 — 517 s ds (3.22)
provided o > 0. Let a = e +47. In view of (3.22) Theorem 3.1.1 implies that
1M Flls < Cer 2N £ 152

Interpolating this with

——=1 427

M flloo < C-27|| £y

(see inequality (3.13)) via Stein’s theorem yields

A2 £ll, < C 27 £, (3.23)
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where p — 10/7 and ¢ — 10 as e — 0. The proposition follows by interpolating (3.23)

with

M flloe < 2801 £11,

which is a special case of (3.13). B

Remark: Just as in the case of circular means, the endpoint result (3.21) would follow

from the sharp local smoothing conjecture [15]. Namely, by that conjecture
.| i
M2 flla < Ce 277G9)| fl4
for any f as in Proposition 3.2.1. Interpolating this with estimate (3.13), i.e.
_% i
M2 flloo < 22| £l

yields (3.21).

Proof of Theorem 3.2.1: Let f € S such that supp(f) C {R? : 2/-! < |¢] < 27+1}

for some j =1,2,.... By (3.13), (3.14) and (3.15)

M fllays S 11 f llags
—
M flla S N fllays
which correspond to the points Z and Y, respectively. Statements (3.10), (3.11), and

(3.12) now follow from the estimates at the points X,R,S,Z,Y,P, (which we derived

_ 1
above) via interpolation and Lemma 3.1.1 (note that we can replace M with M? in



CHAPTER 3. SOME REMARKS AND A SLIGHT IMPROVEMENT 59

that lemma). Inequalities (3.13) and (3.15) of Lemma 3.2.1 imply that

IRl <27l i (1) €QXUQZ\{X,2)

p’q

for some 8 = B(p,q) > 0. By what was shown in the first part of this proof

M2 fll, < Ce 27 £l if L, 1)e XPRUPYUYZ

p’q

for any € > 0. By interpolation,

IM>fllg S2770fll i (G ) €EANXPURYUYZ

p’q
for some v = v(p,q) > 0. Thus (3.9) follows from Lemma 3.1.1 provided ¢ > 2.

In [19], Stein proved (3.9) on the segment QZ \ {Z}. The theorem now follows by

interpolating those estimates with the ones we just derived. B

3.3 A slight improvement

In this section we prove remark b) from chapter 2, section 1. This will follow from
an argument similar to the one in section 4. However, we will not use (2.37), which
contains a logarithmic factor, but rather the following geometric observation. It might

be worth noting that (3.24) is not sufficient for the (5/2,5) estimate.

Lemma 3.3.1 Let [i,¢,t be as on page 31 (here a is any function satisfying (2.34)).

Then

=i
N
™M
:_IH
QN'I’LJ
s

(3.24)
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The constant in (3.24) is absolute, in particular it is independent of the choice of a.

Proof: Let z € Cs(z;,r;) N Cs(zi, ;) where Ay; ~ € and |z; — ;| > t. Then
|ri —r;| <t and the angle <(z;, 7, 7;) =~ V/et. Hence z; has to lie in a rectangle of
dimensions approximately (et)% x t. By ¢ separatedness the maximal number of z;’s

is bounded by (3.24). B

Proof of remark b) on page 20:

Case 1: A£Gy (%)é (3.25)

Here Cj is the same constant that appeared in the case distinction in the proof of

Proposition 2.4.2. For later purposes we rewrite (3.25) as
1
2

A< a! (g)% (51\5%) M- (3.26)

(here < is to be understood as defined on page 16). Since card(Sf;e) < min(M, ;—;) by

the definition (2.35) of the set SZE, we conclude from (2.45) that

3 NE 2
p<a it G) <5At4 ) M7 min (1, #) : (3.27)

It is convenient to rewrite (3.24) as follows:

i 3
< ] E 2 _t ’ %
p<a <5) <5M%) Mz, (3.28)

Let 0 < 8 < % and 0 < 7 < 1 —26. Multiply (3.27) with the 8" power of (3.28) to

wit

if 3§ l(1_3ﬁ)
oyt (0N (oM 5 . 3
,LL1+5 5 Ca . B/\ 1 (;) T ]\/[4(l+ﬁ) min <1,W>
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~ € t

1(1-28-n) 1\ 3(1-26+n)
< qm2m26-n )\ —(1+5+n) (é) ’ <_5_‘M_i> X

t2
x M 1(3+26-1) iy (1, W) (3.29)

where we have used (3.26) to obtain (3.29). Let

S\ (oME ¢\
ale; 1) = G <E> ( > +(5M%> (3.30)

for 7 > 0. Then we can choose C; sufficiently large (depending only on 7) so that a

satisfies (2.34). For suitably small 7 depending on 3 and n we conclude from (3.29)

that
p < AR M = Ao P (3.31)

where l <a<2anda—1asn—0,a—2asn—1and 3 — 0. Moreover,

1 1926 1
s JPAPIPS Sk il SRR L B
1-5 1+28+7 1- 5

as 7 — 1 — 20. Thus, according to Lemma 2.2.1, (3.31) corresponds to weak type
p — q estimates with 2 < p < 3 and ¢ > 6.

Case 2: X0 G)é (3.32)

We rewrite (3.32) as

t

A>q! (§>; <5M%>§M—%. (3.33)

With @ defined by (2.51), we infer from Lemma 2.4.1 that

2
card(Q) < (§>2 2~ M min <1, ]\—;25—2> . (3.34)
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The minimum occurs on the right-hand side because for a given choice of z;, we must
have

[2iy — Bay | & |2, —iy] = |, ~ 35] = 28

Here (j,41,12,13) is a typical element of Q (cf. (2.51)). This follows immediately from
the definition (2.35) of Sie. Clearly, the same inequality also holds for z;,. Combining

(3.34) with (2.52) we obtain therefore

WAL 2\
3.« —10y~6 {€)?2 &
< atA <5) < i > M 4 min <1, —_M62> : (3.35)

Suppose 8 > 0. Writing A® = A°A%# in (3.35) and estimating A\® by the 5™ power

of (3.33) yields

1(5-1) 1\ -0 5 5 B
3 < g 1048 )68 <§>2 <§%_2> MEGHE i (1, J ) . (3.36)

€ t Mé?

If 1 < 8 < 3 we can choose 7 in (3.30) so that (3.36) implies
p SATEMAF6 for 1 < o< 2. (3.37)
Combining (3.31) and (3.37) and applying Lemma 2.2.1 shows that
M5 oo S 85711 £l for2<p<3,6<q (3.38)

Inequality (2.9) of Theorem 2.1.1 with € = 0 now follows from (3.38) and the obvious

estimates for ¢ = co via Marcinkiewicz’s theorem. W
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3.4 The L? theory revisited

The purpose of this section is to rederive the crucial L? estimate, i.e., Lemma 2.3.3,
by purely geometric/combinatorial arguments. This is accomplished by using a two
circle lemma, see Lemma 3.4.4 below, and a suitable iteration scheme. First we
introduce some notation, following [22]. By C we shall always mean a family of circles

with d—separated centers lying in some fixed compact set. Let

C = Clz,r)={yeR?® : |[z—y|=r}
C* = {yeR?* :r—p<lz—y|<r+p}
ACC) = |lz—2|—|r—T7||

d(C,C) = |z—2z|+|r—7|

Hy = D xer
CecC
CS = {CecC :¢2<AC0O)<e, t< |z —3 <2,

Ir — 7| < 4¢). (3.39)

The following proposition clearly implies that
p< COo N6t

for any € > 0, which is essentially the same as (2.37). The only difference is that we
have powers 0~ ¢ instead of logarithms, which makes no difference as far as the proof

of Theorem 2.1.1 is concerned.
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Proposition 3.4.1 For all n > 0 there exist constants C,, > 0 and 6y > 0 with the

following properties: given any family C there exists A C C with |A| > C-1|C| so that
g n

Hz e C® : pf4(z) > 6" A1} < A6 (3.40)
forallC € A, all 6 <e<t,0< )\ provided § < dy.

This will follow by iterating Lemma 3.4.5 below. The idea of considering weak type
inequalities for the multiplicity in the full range of the parameters originates in [22].

First we establish some technical lemmas needed in the proof of Lemma 3.4.5.

Lemma 3.4.1 Suppose A(Cy,Cy) = B, d(Cy,Cy) = 7, t > 2¢, and that § > 10e.

Then
G e < B¢ 3.41)
| et et | ~ —2\/—5_7' ( :
Proof: Let F(z,7) = (|]x — 1| — |r — r1|, |x — 22| — |r — 73]) be defined on

Q={le,r) | t<|z—8] £2, §=1,2}

Suppose (z,7) € Q and let e; = s and 0; = sgn(r — 7). Then
ey —0
DF(z,r)=
€2 —02

and thus

JFE(z,r) ~ |<(e1o1,€202)| = a.
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Here JF? denotes the sum of the squares of all 2 x 2 subdeterminants of DF. Suppose

(z,7) € Q and |F(z,7)| < €. Then there exist r} so that |r; — 75| < € and
|z — x| = |r—7}| for j=1,2.

Moreover, |z — z;| > t > 2¢ and ||r —rj| — [z — z;|| < € imply that sgn(r —r}) = o;.
Consider first the case where o; = 05. Then
|z — 22> = |z -2+ |z —22)* = 2(21 — 2) - (22 — )
= |r—ril* +|r —r3f* = 2lr — rilr — 3 +
+2|x — ||z — 22|(1 — cos )

= |rl — > + 2|z — 31||z — 32|(1 — cos @),

and thus
t*’a? > Br — 81e 2> Br.

If 0y # 03, then by a similar calculation t*a® 2 G7. We conclude that

JF 2 @ on QN EFHD(0,¢)).

By the coarea formula,

HYE T yY)NQ)dy = / JF(z,r)dzdr
QNF-1(D(0,6))
& = b

~ t

D(0,¢)

QN F~H(D(0,¢))]

which implies

t2

[projg: (2N F~H(D(0,€)))| S e =

&
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For example, set 8 = ¢ and t = 7 in (3.41). Then (3.41) says that the total
number of circles in C5* NCS2 is no larger than the maximal number of circles in e
that pass through one of the points C; N Cs.

To estimate |CS* N CS?| in those cases where Lemma 3.4.1 does not apply we will
use the following observation. Roughly speaking, it says that if C; = C(z;,3/4) are

internally tangent to C(0, 1) for j = 1,2 with the points of tangency being far apart,

then C; and C; cross each other.

Lemma 3.4.2 Let C; = C(zj,rj) for j = 0,1,2. Suppose A(Cy,C;) < B; and

Iro — il < 4pj, pj < lxo — ;] < 2pj for j=1,2. Assume

a = <(sgn(r1 — ro)(z1 — o), sgn(r2 — 1o)(z2 — T0))
> AO\/(ﬂl + B2)(p1 + p2) (3.42)
P1P2

for some sufficiently large constant Aq. Then A(CY,Cy) > B1 + Ds.

Proof: Let o; = sgn(r; — o). Then

|£L"1 — $2|2 = |.’171 - 370’2 + |£L'2 - 5130|2 — 2(1’1 - l’o) ‘ (372 . .Z'Q)
lri—ra? = | —ro|* +|re —7”012—2(7"1 —10)(r2 — T0)
331—3:2]2—|r1—7°2[2 = [xl—xolz—|r1—r0]2+|x2—x0|2—|r2—r0|2+

+20’10'2(’7'1 = Toll’rg — Tol =t |271 — ZEO||£L’2 — .7/'()|) +

+20109]21 — Tol||Ta — 20|(1 — cOs ).
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This implies that

A(Ch, Co)(|zy — m2| + |11 — 72‘) e 101,02042 — Bipr — Bapa — p1B2 — p21

= pp20’ — (B1+ B2)(p1 + p2)

Z p1pacd’

67

where we have used (3.42) in the last step. Furthermore, d(Cy,C3) < p1 + p2 and

thus finally

A(Cy,Cy) 2 MOH 2 A B+ B) > B+ fr. A
p1+ P2

Using Lemma 3.4.2 we can deal with the case § < 10e¢ that was left open in

Lemma 3.4.1. As suggested by the case where C; and C, are tangent, we will show,

roughly speaking, that any circle C € CS* N CS? has to intersect the arc of minimal
ghly g Yy et et

length on ('} that contains C; N Cl.

Lemma 3.4.3 Suppose C; € Cg; Then

t2 e+
& !
|Cet1 ﬁCetz| 5 3—2 7 ¢

Proof: We may assume that 7 < 4t (otherwise C5' N CS> = ). Let

Suppose C € C! satisfies

mln(<{(£, Xy, CI“2)7 <{(:f‘, L, _:CZ)) > A0707

(3.43)
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Ay being the constant in (3.42). In view of (3.39) we may then apply Lemma 3.4.2

with Co=C1,Ci=Cy, Co=C, 81 =0, B2 =¢, pp =7, and p; =t to wit
A(C,Cy) > e+ B>«
In particular C ¢ CS?. We conclude that any C € C5' N CS2 has to satisfy
min(<(Z, z1, z2), <(T, x1, —22)) < AgYo.

In particular, the centers of all circles in C5* NCS? are contained in a 4t x 2t Agyo rect-
angle centered at z; and thus

2

t
€5 eI S 5

as claimed. H

The following result is the aforementioned two circle lemma.

Lemma 3.4.4 Suppose Cy € CﬂCT1 Then

£2
Cy C2 < E €
ICa: NCGA < 52 mm(\/:, \/B?) (3.44)

Proof: As before we may assume that 7 < 4¢t. Moreover, we may also assume that

2¢ < t. Indeed, since |C' NC?| < g—z either

(@)

==
$
\‘

%

or

VAN
2~

%

€
T
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without loss of generality. In the first case 16e < 7 < 4¢, whereas in the second case
24%¢2 < B < 672 < 6-24t%. Hence, if A(C},Cy) > 10e we may apply Lemma, 3.4.1

to conclude

t2
e8| % ——

If on the other hand A(Cy, Cs) < 10¢, then (3.44) follows from (3.43). ®

Lemma 3.4.5 Let a € (0,1] be fized and suppose that every C € C satisfies

. £\ 2
H{z e C’ : pis(x) > AN <—> g}! < Ap (3.45)
€
foralld < p<e<tandall) < A.
Then there exists A C C , |A| > £|C| so that
| ; / t\ 4 |
H{z € C* : ufg(a:) > Ay|logd|*A"te 1t (E) §}| < Ap (3.46)

forallC e A, §d < p<e<t, and 0 < A. Here Ay is some absolute constant
depending on A but not on C or the parameters (in fact, we can take A, = coV A for

some absolute constant cg).

Proof: Suppose there are at least %|C\ many circles C' € C with the property that

, £\ 4
{z e C’ : uﬁg(z) > Ay|log 8”2 A"157 1t (—> g}l > Ap (3.47)
€
for some choice of § < p < e <t and 0 < A. Then there exist a family B C C with

|B| > |logé|~*|C| and numbers § < p < e <t and A > 0 so that (3.47) holds for this

(fixed) choice of p, €, t, A, and all C € B.
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Consider the set

S={(C,C,Cy) : CeB, C1,Cy € S for j=1,2, sgn(r —ry) =

=sgn(r —r), B/2 < A(Cy,C) < B, 7 <|z1 — 22| <27}, (3.48)

Here 8 and 7 are chosen by pigeonholing so that the lower bound

Ve t (V)
card(S) = |logd|™*|B] <|10g5|—1A_€A1|10g5|9/2A15 (_) g)
p

€
~ logallcl 42 (1) (1) (3.49)
— 18 152\5) \e '

holds.

To obtain an upper bound on card(S) we would like to estimate the number of
choices for C' given C; and C, by Lemma 3.4.4. However, (3.48) does not specify
|ry — 75| so it is not clear whether C; € CﬁCT1 (see (3.39)). On the other hand, we only

need to consider those (Cy, Cy) which also satisfy
|T’1 = 7'2' S ’CCl = CUQI -+ 2€.
Indeed, given any (C,Cy,Cy) € S we can estimate

re=m| = |(n—r)= (e =)l =l =7 =|r2 = 7|

IN

llr1 = 7| = |21 = 2|| + ||r2 = 7| = |22 — 2| + |Jo1 — | = |32 — 5|

S 2¢ + |CL‘1 — ﬂle,
as claimed. Let us assume first that 7 > ¢. Then

|r1 —ro| < |z — 22| + 27 < 47,
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and thus C, € Cg; for any (C},Cy) that can appear in an element of S. Also note
that such (Cy, C,) satisfy

cPncl £

Hence

card(S) < Y > 1c$ N ¢S (3.50)

1€ cyecgt:cPncy #0

\/?51(7>% i e £

S €] Allog ] 3

53 ﬁmin( ;’\/_T—_ﬁ) (3.51)

To pass from line (3.50) to line (3.51) we have applied Lemma 3.4.4 to bound the
cardinality of the intersection whereas the number of terms in the second sum of line
(3.50) can be estimated by invoking assumption (3.45). In fact, here we have used

the special case p = 3 of the following estimate

card({C, € Cfﬁ‘ : CPNCY#0}) < A\/;P_ﬂg <%)§ | log 4], (3.52)

which is essentially Lemma 3.2 from [22]. To prove (3.52) write C? as the union of

5 rectangles {R; Yog. Let

m=m(\) = Ax"'767! (%) ’ g

Then assumption (3.45) implies that (with m = m(X))

m card({j : card({C; € CT(’;} : RN CY #0}) € [m,2m]}) (3.53)

VB _ T (sz’f_ﬁ

< mA
~ p o\B/) o p
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By summing (3.53) over the |logd| many dyadic values of m € [1,§7%] we obtain
(3.52).

We now show that the upper and lower bounds (3.49) and (3.51) are incompatible
for large A;. Consider first the case € < . Then (keeping in mind that 7 < 4t) the

right-hand side of (3.51) is

\/7'_[37' T 2 2 e
te 12 [t\?
S AC||logé 2 52 (E) )

which contradicts (3.49) for large A;.

If 5 < € then the right-hand side of (3.51) is

Vil
0

]
5
te (t\°

s aleliosd 3 (5) (

te [t\°
< Al el 5 (5)

< A|C||logd|

LSS N—— N————
|R [N][e)
/\ 0”

™| m | T
N—
R

S e
/N
o
N
[SIE

where we have used o < 1 in order to pass to the last line. For large A; this will

again result in a contradiction.

Recall that we have assumed 7 > € throughout. We will now treat the case 7 < e.

As before,

; te (t\?[t\?
card(5)2|10g5]°|B|Afé—§<5> (E) , (3.54)
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whereas trivially

t22 t22
T

(3.55)

Inequalities (3.54) and (3.55) imply that A7 < 1, which is a contradiction for large 4.

Proof of Proposition 3.4.1: In view of Lemma 3.4.5 it will suffice to show the fol-

lowing.

Claim: There exists an absolute constant A so that for any family C
B4 g1, [ F : P
{z € CP @ wt(z) > ANT07t | - SH <M (3.56)
3
forallCeC,alld <p<e<tand <A\
If (3.56) failed for one circle C' € C and one choice of the parameters then inte-

grating pg‘c‘ over C” (as in [8]) would yield

1
t P
Ap AN157 1 (-) % % [pal F =
€

which is a contradiction for large A. H
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Appendix A

In this appendix we establish a special case of the well-known connection between
capacity and Hausdorff dimension. For any set £ C R%, 1 < p < o0, and a > 0 we

let the (p, @) capacity of E (strictly speaking, the Bessel capacity) be
Cpal(E) = inf{[|ull7, : u>1 on a neighborhood of E}.
Here L (R?) is the usual Sobolev—Bessel space with norm
111z ey = (1 = 2)*2f]],.

Suppose p > 1 and ap < d. Then it is essentially a consequence of Sobolev’s inequality

that there exists a constant Cjy depending only on p, a, and d so that
Co_lrn_ap < Cpu(B(z,1)) < Cor™™ P

for all balls B(z,r). This suggest that C,, and H" " are related. For a general
statement in this direction see [23], Theorem 2.6.16 and the references to the original

literature given there. Here we only deal with a special case which is sufficient for our
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purposes. The following proof is an adaptation of the argument on page 107 in [23]

to the case of fractional Sobolev spaces.

Proposition: Let 2 < p < 00, 0 < a < 1, and ap < n. Then C,,(EF) = 0 implies
that

HPPT(E)=0 forall €>0.

Proof: By the definition of capacity there exists a sequence u; € L so that u; > 1
on a neighborhood of E for each j and |lu;||;» < 277. We will use the following result
about the relation between Sobolev spaces defined in terms of Bessel potentials and
Besov spaces. Let AP4(R%) be the space of functions for which the following norm is

finite:

ull sz aggay = llull, + (/R (- Ttt&;fzw”g dt) 1 o

where 1 < p,q < 00, 0 < a < 1. It is shown in Stein [18], page 155, that

LP(RY) ¢ APP(R?) provided p > 2. (A.2)
Now let
= Zuf € APP(RY)
j=1
and define

e, r) = r“d/ u(y) dy.
Br(z)
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Since u; > 1 on a neighborhood of E for each j, @ satisfies

liminf @(z,7) = oo for all z € E. (A.3)

=00

Let © be the measure

= [ [ o,

|y — z|**Pe
Firstly, p is finite by (A.1) and (A.2). Secondly we claim that
lim sup 7*?~ (B, (z)) = oo for all z € E. (A.4)
r—0
Indeed, if for a fixed z € E there is a M < oo so that

rap_du(Br(:I:)) < Mr¢,

then

/ ) — Tle, PP dy K / / el —ale)P dpde
By (z) () r(z)

apd/ / luy—u d|pdyd2
r(z) JRE y_z|pa+

= 7P~ 4y(B,(x)) < Mrt.

AN

In particular,
la(z,2777Y) — a(z, 277) P S M277,
which would imply that lim;_, @(z,277) exists, contradicting (A.3).Thus (A.4) holds.
By a standard covering argument, see [23] Lemma 3.2.1, we conclude from (A .4)
that

HIeP+(E) = 0. m
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