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l'.:h:ts thesis ie an 1n:voet1gat1mi. of' the a.tlalosieo between lu.mped 

or l'.~oot.:!.nuous meerumical systems and. eleetrie eircu:1 ts. Method.a . 8.1"8 

developed for obtaining electric c1rcu1t analogs o-r linea:dzed mechani~ 

oal systems. Eeaentia.l features of the deTelopnent are the use o? • co­

ordinate transformations ·a.n4 the trans:f'ormation properties of certain 

• fundemantal ma.trices. '.i.1heae malce possible a g,sneral ~tment of the 

problem of obtaining of'f1e1ent &.1l!IJ.oga. 

The general theory is devolopoo. in part II end it ie shown that an­

electric o1rou1t tteing linear passive, b1-l.atoral el811'1Emts &nd. ideal 

tra.nef'ormers may be constructed. for ,my of the linear aeehan1cal sy-stems 

cone1deNCI. 

In :part ma new a.pp:roaoh to tho problem of eircuit analog1ee for 

beams ie developed Md the methods of part II are applied to obtain new 

and more accurate enalogie a for the d3namic behavior of beams w1 t..li up 

to six degrees of freed.en. A discusoion of analog1.ee for .f'rallee is 

g1 van and the effeots of the so-cal.loo. ah(tar deflection and or ecnb1ned. 

ln.tent.l and axial load.a 1n beams ia :L'!'lvastieateci. 

In part IV the smrs due to lumping of d.1at.r1.buted mass and die­

, tr1buted external force are 1nvoat1pte4 tor sane eiaple systems. 

A disoueaion and 8UDIDa17 of the thesis 1s given on pages ll to 14. 



In cODducting this etudJ', I have been helped 1n !11.!U\V. ~s by 

Dr. Georgo W. Iiousner for whose encouragement and aesieta.noe 

I am most gr-ateful. I would also like to acknowledge the aid 

of Dr. Gilbert !) • JJ~Ce.nn and the eta.ff of the Analysis labora­

tory, California Inat1tute of 1.reehnology- who taught m.e much 

about eloctr1c analog canputat1on, and eepeciall3 Dr. H1ehard 

:ti . MacNeal. who was particularly helpful and enooaraging. / r. 

R. G. Me4aen gave 8Qne or hie Yalue.ble time to proof read 

a.Dd. to do the t;r.ping e.n4 I th&nk him very much f or h1a 1D0at 

welcane a.es!stance. 



l. l . A S'Ul"V_ey of' the Can.yu.rat1oua.J. :2-roblem . , . .. . l 

• 1.2 '.l.wo i'iothods of' opta1ning Ltlm,J,,)ed. Eq1.1at1ons . • , • . • . • . 3 

1.4 

1.5 

2.1 

2.2 

Stl):pc,, in Solving a Probl001 by El ectri c Cirouit "Analogy-
1 

Nature of the Errors In,,olved . . • • • . . . . 
• !~att1'!:"e of tho Lumped System Equations •.. . . . . 
C OOJJ:1'-. 'tnat e Trensf'm"lllatione . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . 

• (;ircuit Ana.logy ;for a Coord:tna:te 11'ra.ns!o1,,:.1a.tioo. . .. . . 
C irc:u;it Alla.logy f or a Uaaaleas Rigid Boo,y . . . . . . . . . 
Circ,jJt Avn.log1es far 'lvo-coordinate Physical 

Coefficient, £~trices and their Inverses . . 

Ci~euit A.naiog1es for Multi-coordinate Physical. 
Coeff"iaient Matrices and. their Invez·see • . 

• • . . . . 
. . . . . . 

Part III AllPLICATIONS 'l'O cournmous SY~1S 

;.l N.otatione and. Conc~pta u.aod in the J\nalyf.!1s of Baam.f.i . 

4 

5 

6 

ll 

15 

18 

20 

25 

The Shaft in Torsion . .. • . . . . . • . . . . . . . . . . 49 

Analogies for a Beem :Ben.dins in a. Principal ?la:ne . . . . . 
The Goneral One-diraen.eional. Elaetio Structure . . . . • . . 
Th• _Finite Difference Beem .Ana.logy • • ·• .• • • • • • • • • 0 78 

• • •· •. . . • • .• . 
PC111bined Ai:1al and Transve:rse Lode . . . . , . 



Frrunea ··········· ····,···· ········· 
5. 9 i.na.logiea for 11\\io and Throe D1manai01lal Sy1i:rt.ema • • • • • • 94 

Part IV Ero10RS 

4.l Canpar1aon qt> the Deflection of' a Centilevei- Beem 
under a Unifol'm Distributed I.A>ad. with that of' 
the same Beam tulder a Set of Equivalant Concen­
trated. Ioruls and With the Deflection of th~ ' 

• Equ1 Talent Finite D1:f'f srence Beam • . • . • • . • • . • . 97 

4. 2 Ccmparison of Normal Modes and Frequenaiee of a •• 
• Continuous Ca.ntilever Beem with thoee of the 
Lumped Mass Beem, the F1n1 te Diff'orenc@ Beam, 
and. an • Analogous lllec tric C 1rcv.1 t . . . . . . 

!;. .:; Cc:,m;par1oon of ~om.al Modes and. :1.:"'requenciee of a. 
Distributed Nase Pinned ... pimled Beam with t.hose 

•• 0 104 

of . tho Lumped' .:-J.aes and Yiai te Difference Equi v&lt1nt0 • . 114 

P..EF'ERENCES • . -• . . -· . . . . . . . . • • . . . . . • • . . . . . . .. 117 . 



1 

~ODUCTIOO 

l.l · A Survey ct the Cauputational Problem 

The dynamic behavior of elastic aystema undargo1ng·ma11 d1splace­

wm.te ··· rraa a poa1t1on of equilibrium fora an illlporta:nt class ot p,roblEIIS . 

in engineering~ ·· Vibrations of machinery, nutter of ~lane~. ~ 

earthquake reeponae of bu1l41ngs are t;r.pioal exeaplas. Such problm.EJ 

are solved 1n varioua wa,e most of which DJS¥ be elaesii"1e4 um.er three 

One approach makes s1Drpl1f)1ng aseuapt101'l8, then writes diff'eren-
. . 

tial equations and solves these by the methods of mathematical anal,vs1e. 
( 

In practice ~s met.hod is 11aited to ayataaa involvtng relativel;y fem 
. ' 

~iliultaneous, linear, d1fferent1&1 equa.ticma with constant coe:f't1c1ents. 

An example is the free-vibraticn solut1oo. for baams tfith various end 

ccm41t1ona. ~.an.v treatises and papers have been written on such :prob­

lelie and scme or the important cmes are listed in the appended b1bl1o­

gt"&Pb1'• 

.Another method of aolut1"1 solves the pertinent equations, whether 

.or nc>t they are explicitl,J written, b1 numerical methods. These nuaer1-

C$1 aethods can be used on a w14er class of probleae than can be sol ve4 

ana.l3t1cal.13, but the answers obtainecl are leas · general 1n nature. For ·• 

eXaJRple, . the, cu.· be used to obtain nuaerical. solutions to linear equa­

t1cme with ncm-cc:matant coef'f'1c1ents. 'Among the best known examples are 

the Holzer method for f'in41ngthe normal JI.Odea and frequencies of tor­

e1cmal vibration or a shaft an4. the correepond.ing. aethod tor beams . 

developed. b7 Ivtleste4 ( 1) , Pr<>hl. ( 2), ~ others. Southwell ( 3), am. 

.liardy· Crose ( 4), . have . dev:eloped well knQwJ1 1 terati vs numerical me~hOdo 
. '• , 
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to ce.lculato dei'lacticms of ela.ot.ic sy:Jtt'lJLS under static loads . 

The th.1:rtl. tYl.)6 o?. • approach and. the one used in th1a thesis coo.­

stru.ot o a physical model, and the problem io solved not by d.1g1tal 

calculation but by making physical aeasurEDent& en ·cha model. Si'h0 

moo.el~ or 11183" not be of the seine physical form as the p::t"Ctoty-;o • 

.E:ramples 1n which 1 t 13 the oame are the st'Udy of crtresses by tho 

photo--elastic technique and. the ott!dy of' auspensicra bridge behe.Vior 

b;r the testins of a <ljnemically o1milar mo:?.el. iibdele of a pcys1cal 

f'o:nn d.if'far<mt frm. the prototn:16 are called a:nalogo. ~Chey are med.els 

bees.use the ma.tllamatical equa·~1ons which deoor1be their behavior are 

the aema. as, or appro:dma.te those, which deooribe tlw prototype 

behavior. The a.nalog method of solution is most of·t;en used oo probl€11l9 

which are too cm.plex to be oolved by the other methods described. An 

exem:ple of ouch an analog is the uae or a two-d1mooa1onal., electrio 

_ ccmductor to solve Iapl.a.ce's (!)qua.tion. y,,__>v ::.. o 

IUeetric circuit analogies for moobanioal eystans i'om. e. ;particu­

larl.7 important. claes of such method.a of solution, and. 1 t ie \iii th su.ch 

analogies for the anall ciisplaeanent behavior of elaet1c systQua that 

th1:;i thesis is :pr1mari]3 caice:m.Gdo Steady state and t~ioot. bel1a.­

T1or of ecaplex elastic eyeteme havo been atu.dioo 'by t,his 1110·Gim. An 

example, which will be d1acuased 1n thia theais, :te the d.etermi:nation 

of the first soventeen normal modes and. frequencies of:' a com!Jloto air-

plane. t-'ilJ:D'3 tn>es of linear m1d non-linear control systems have also 

been. investi~ted. 1lleotr1c eneloge for lum,ped machanical elements and 

- ,for eimple mechanical systems have been deooribed by ma.n.v authors, 

am.ans whic_h Gardner and . :Elarnes . ( 7) g1 ve· an excellent treatment. Tha 

literature on electric circuit aualogieafor continuous lll8Chan1cal 

eyste.ns eu.. ·ror lumpoo s;retame with more than one d.egl!"ee of fr~ 



is not extensiTe. It 1'"111 be discussed throughout this thesis. Ot 

particular iapOrtance is the work of McCaun and MaoNEta.l ( 8), MacNeal ( 9) 

eD4 Kron {10). 

In the present part of the thesis saae general d1ecuss1cm of methods 

ot formation of analogies and ot the errors 1nvolTed is first disouseed.. 

Restnoticma on the aechanical ayetau to be studied are then develope4 

and. sau.e notatioo. is :lntroluced. In section 1.7 a discussion ml4 aua­

Jllar3" ot the material presented 1n parts II, m am. IV is given. 

1.2 'lwo Methods of Obtaining Lumped EquatiODSJ 

The analogies which will be CCID81dere4 are f'Ol'IM!ld. by using a 

f1n1te number of 41.screte electrical eleaante. If' they are to repre­

sent cmt1nuous meehanica.l s:,etaa with an infinite number of degreee 

ot free4Gm, an appronmatian or lmping muet be M4e 1n obtainiDg the 

analog trcm the prototn,e. There are 'bllO general methods by wh1oh 

this is doo.e. In one method the d.1tterent1al eq,uationa ot mot1cn for 

the continuous system are l'l.l"ittan 1n tem.s of ecne particular eoord.1-

~'te _'!1~•• The luapmg 1a then accaaplished by cmverting the differ­

ential equations to 41tterence equations. Thie methocl was used 'by 

Mccann and Macleal (8) al3d. by Kron (ll) 1n his analogy t~-- the elastic 

1'1el4. [ ~ - -°-~ -~_lJapQ .... '.t;;ho_ .4.istr1b.utad._.llll.fJ8 .... ~ 90t!JUlltfil .. ~ __ t__l;le 

v_ate • 1.nto risi4. boc11' ~~ Tal!f!~!, __ q __ ~~~,!ll~~!R~- ~nKllb,t.~,,!S 

~to stat1eal\7 equin.1.ant COD~tecl fQm.tiLJltULAPLU..ee these to a 

,..-41aensioDal ~~!DVOWJ__,J!Wj.j.L»,Lq,B'k_,_ • The nsw.ting ltmqJe(l, or 

t1n1- l~ ot tree4ca lQ'Btea is ·the aatbellaticalJJ d.eecri'bed. 1D 

tenas ot a aet ot ooortmate qsteu, -4 the circuit ,nal oS tor 

these 9C111&t~ons is eG11Stru.ote4. Thie •e the utho4 used b7 Kron ( 10) 

1D his anelO§ far beems am 1>1· P(ytleatad.'(l) ·~ P:rohl (2) 1n their 
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11umerica.l methods. One of' the main co.."'ltributiona of' this tb@si e eteme 

fra:a a.p-9licatioo of thie m0thod of lumping. [Tb.a two methods., which 

will hereafter be called the f initi, diff ~rooco me·t;hod e..!d the l'tmWed 

method, yield the smne reault when a!)ylie! to systems, such as a shaft 

in torsion, which are d.eacribed. by the wave equation.J They give dif' .. 

f erent reeulta and. the lumped method more cloaely approximates t he 

continuous ssstem when they- are applioo. to higher order systems suoh 

as boo.ma. The two methcds trill be cQilJ)ared and t he analogs obtained 

by f!!eCann . and Maol:Jeel. and by lU'On will be described in part III. 

1.3 Stepa 1n Solving a-Problem by Elootr1e Circuit l\nal.og\r 

The process of eolrtng a probls by electric cireuit analogy 

'llJ4'1 be outlined 1n four stepa. 'I'hasa are: 

l. 'llle system must be defined and M¥ neceesary aseumptione­

end approx1mat1one aueh aa that of linearity made, It must then be 

replaced, ·1r neeeesary, b7 an equivalent lumpoo. system. 

2. The lumped ayatam must ba described mathanat1cally in term,~ 

of a coordinate syetea or set of coordinate systems. 

3. A:r1 electric ci~uit 1a devised whose behavior correepcnds 

to the mathema·cical d.escript1on cf step 2. 

4. The pb_y'eical electric circuit is canetr.ucted and the solution 

·f'.i tha :problem 1a obtained by making mee.eurments uixm 1 t. 

These steps are 1n1iarNlated, for aDi1' one of the f'our depends 

upon what 1a required of the other throe. The lumping used; coordinate 

systems chosen, an4. o1rcu.1ta devieed depend upon the aceuracJ desired, 

tha cost involved, 8D4. fl.enbillty required 1D the reaulting circuit. 
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1.4 Nature of tha Errors Involved 

r111e val.us of a aolut1on to any problem eonoerninc; the p~·ei.cal 

uaorld de1,enda upon hew close4r the eolut:ton e.r,proximatea the corre­

sponding real physical. behavior.. The di:f.f'er.ence bat~1een. t he soluti on 

of a problem and. the oorrespond~ng real behaVior will l1e cal.loo the 

total. "1'l"Or. The total error involved in the aolu.ticm of phy~1cal 

problema by lumJ;)eCl analogies ia the sum of partial el"'l'O!'□ which arise 

1n t he folle>trl.ng 'fJ8..Y: 

1. Error i e oatuJed. by :b:utial d.ef1n1t1on and. simplification ot 

t he s;rstan. 'l'his er:i:or i s OCIIDOll tc all methods of solution of prob­

lfl1lU,1 ar.lt'i. it will be discm .. t:'!soo. no f'urther ix1. this theoic. E:mnrplea are 

the aseumptiOJW of l i noo.ri ty , pure ma1H1, canc6:ntrat ed loads, pure 

impuleo , eonservativa syst ems , and so forth. 

2. Error is eausoo 'by lumping of continuoue ~stems . Thia 11!4 

-illustrated bT the queetion i ha,,1 close)J- d.06>a the d.ynam .. 1.o bohavior 

of a massless beam wi. th n equal.13 spaced masses cori'"~oo. to that or 

t.he scm.e beam with the eame total ma.es distributed over its l.ew.gth? 

3. Scee cireuite ma_v- be oonsid.erab]J eilirpli.f1ad by anittillg 

elements which have a !:Dall ef'.l:'ect, and this introiucea error. for 

• 1.nstanoe, the f'in.t te dif'ference bGWR analogy re:pree~ts a s1mpl1f'ioa­

t1an of one f'ora of tha_lunq,ed analogy in, which one oo~tive 1nductsncrs 

:per oell 1a cnitted.. 

4. . Error 1s caused by 1m.perf'ect1cma :tn the circuit elements. 

'.rh1s error might be class1f'1ed UDd.er two hoodings: First; a.a biased 

error, that due to lmoun ef'f'eets au.ch ae resistance of 1.mucta.ncaa and. 

leakase and. Dl8€Jletiz1ng 1nductance or trao.sfoxmere; seoODd, as rand.oil 

error such a.a that due to impe:rfaet calibration or element.a. 
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All o:? these errors are inq,orta.."'lt 8Il1 un.fort '!ll'JatoJ.Jr all are 

rat.her difficult to anal3~e. Moro will be said.. a.bout t-..ham and sane 

quantitative intormatic.u on lU1JC,;;,ing erro1~ will be given in part IV. 

1.5. NatUJ"& ot the Lumped System Equation,~ 

The 'b~b.&.Vior of' a l~ elastic ayet921. ~ be agooifiod b;:; a. 

f'inite set of genera.li&ed. coordinates (x 1--- Xn)• For the saall ,11e­

:plaoElS'li.ents of the 111.mped systm. about a position ot' equilibriµm, a set 

of Le.grengG' s eql-lB.tions in the :f:'orm of eq. (1) l!laJI. be written. The 

theory of such small oscillations ie 1,>resemted by Is'armen and B1ot (12), 

cba.ptsra III, V and 'iJI, 1n tll.e f'mm used in '.Jlie thesis. 

(1) 
( i. = l - - -n) t.i.lle:ro n 
18 the number of degrees 
of freedal). or the syetea 

In. th10 equation T, "'J, D, ere posi t:t vo u.ei'in:1:w qu.aw?a~c;1o forms 

whieh ~'"e re1,))}0Cti veJ.¥ the fil'St noo ... zero or gy.ai.i.x'at,:tli terms in 

r1:93lo:r' a aeries ex.(}a.D.Oiona of the kinetic an<;>rgy, the :potential energ 

a.nd a d.iesir,e.ti<:x!i :t'unctton about t.he position of equilibrium. The x; 

are the gone1'6.lized ooox'dinate~ tmfJ.. the F ;_ e:£'G the correegODCUng 

dtemal gen.eralized f'oraes. ·:ne ~ of the teclmical tora, saall­

dio:placement, io that the higher order ·tlimlW of the Ta,ylor' 13 seriaa 

• are amal.l . ~ w1 th the quadratic term.a, 

Equat1CIIDS (l) ~ be written 1n the tcma: 

(2) 

where the repeated index eUllllation convent1oo 1a used and whore the 

mua coett1o1ents m1J· , · the viaoous dmr,plig c~':f'icimita bAj , &Jl4. the 

spring coefficients k.tj are real constants. 
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Equations { l) Tllll3' alao be wri ttan in the mat,riX form (3) • 

':!:'he matrioos [m], [bl, end lk] a?'e matrioee ot positive definite 

quadratic forms and a.a au.oh they are s31111Wtrio, have positive dia,sonal 

* terms, and positiTe discr:tm1nMta. Furthamoro they are non-s1.ngular. 

In what .t'ol.lcMs these ms.trices with the time derivative opera.tor in­

cluded will b@ referred to aa a group by the term :peys:tcal coo.ff icient 
• d.." J 

m&tris with the symbol (d] or d~i. Thu.a lrn] cH.1 , [b] 4 ;; em [t] are 

( d] •a. 11Jla reason for using matrix notation a.nd. sane discu.aaion of 

eq.{3) will be given in eeetion 1.7. Circuit a;oalogiee for these peyai­

eal ooeffioi~t matrices are the main &J.bject of :part II. 

Equatio:o.a (2) and. (3) u;r be interpreted aa equatioo.s for au 

n loop or n node-pair eleotrie network with linear, _passive, bi 0 lateral 

eleaiente. ]'or the loop netlflOl"k the F'..i.. a?>e voltag,3 s01.u-ces and the x _;_ 

. are loop cur.rents while for the nod~ ne-w10rk the ~ are current sou.roes 

and the i:;.. are node-pair voltages. If D'Alembert•s principle 1 0 used, 

• eq. (,;) states that the sum of the forces acting e.t e. point is zero. 

In the loop e.nal.o&Y this eorreaponds to K1rohhoff'a voltage law and 1n 

the node .a:nal.ogv' it correspond.a to Kirchhof'f''a current law. 'i'his 

correepom.ence :forma the basis for electric circuit a.nalogy solution 

of mechanical systems. In praot_iee the el.ootric elements available 

are linear 812d it is this fact which restricts ooo.s1deration to am.all 

dieplaoeunt.s and to syetem.s with .Viscous damping. 

* For good troe.tments of matru e.lgebra in a form pertinsnt to 'this 
thesis see: 

Le Corbe1ller, P. (1'), Matrix Analysis of Electric networks 
Frazer, Duncen and Collar .( 14) , • Ele111ente.cy Matrices 



1.6 Coordinate 2TW:lsfo:rma.tions . . 

The fOl"m or.' the elactx·ic ch"ou1t a~~oiis to a pii.ysical 

coef:c'ic:J.ent matrix [cl J d.e1Jenda up011 the values of the ccmr;ruemts_ d ;__i. 

'I'heee in turn depemd upon the coordina.~s choaan. to describe the mechan­

ical syat.e:u1. }'or a given problem 1.t ~Y ba that Newton' a law,eq.(3)
1 
is 

not expressed in a. eoo..""liinate ~yatem suitable for the ep:aatruction of 

en electric circuit, or it ~ r be that tN10 distinct coor-dina.te systems 

l:u:1.:va beau. uaed a.:od these must ba related elect.riea.ll.¥. In e.:1.the:r case 

a. transformation of coordinates must be me.d.e . Such trana:f'ormt!i.tious will 

now be studied. 

Su.ppos o a eet of generalized cooX'div.ateo i A 1s givsn ae functions 

of another aet x; by: 

(4) 

DisplAcemeute are then related. by : 

( 5) d X . -= 
,< 

If displacarnanta of points are measured frcm tlw oi•igin of coordinataa • 

than they a.re the same quantities a.LJ the coordinates of tho points, and 

the same symbol, x.4,m&3 be uaed f or both. The part ial derivatives 

may- be erpa.nd.ed 1n a Taylor's aer1ea about the ori,51!;,. If d.1aplacements 

are wall -~ the constant tam need. be retained _ t o1· a f'1rst order 

ap:prox1me.t1on and the differential notation 1n aq. ( 5 ) ms;/ be dropped. 

Thus eq,(5) ~ btJ W'l."itten: 

(6) or . 
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'rlie tf}cb.nlcal term, generalized eoordi.M.to, includes the a:i;iocif1catian 

of . inder~.o.dent c001'dinates and thie implies that la] ia non,,-singular 
-I 

. aud has an inverse, (a]. 'I'he terms on the diasonaJ. o:f [al represent 

physicall,y a chang(, of scale or unit of iaeasurement along the same axes. 

'P.ae of'f'-d.1~"'0ll8.l terms represent a ch.e.nge of coordiJlate axes. A set of 

n quantities whioh transform. 1n the ease manner as do the coordinates 

of' a point 1n an n apa.o~ ia daf1noo. ·as a contravariant vector (sea 

Le Corbeiller { 13)). It i'.ollowe that the x .i. fo:m a oontravariant • 

. vector, ( :x]. Sinca the traneforma.t1on ie indepondant of t1Jlle, the 

generalized velocities x;. , aceelerat,1ona x;, and 1n ta.ct. all time 

d~rivatives of [x], form contra.variant vectors. 

The generalized forcas Fi are defined as quantities which, when 

multiplied -by the oorreeponding generalized. diapla.ceme:nts and then 

sumnod .• g1 ve the 1nva.r1ent, work. Thie relation 1a used to f1:od the 

manner of ·transformation of genora.l1zed. forces a~ follows: 

t!'J [$ x] = b W 

(7) 
[FJ[al ~x] =- sw ~ [F]~ x] 

[F1 [e.] = [ FJ _, ' 

[FJ = ( a'] [F] 

A aet of quantities which transform as the . inverse trans-posed 

matrix of tha coordLYltl.te trans.formation 1s def'ined a.s a oove.riant 

vectoi- ( sae Le .Corbeiller ( 1,5)) . Hance the eet of generalized. f oro~s • 

·and t~e eete of all time derivatives of those fo1"'Cee fona covariant 

vectors. 

Time, . which 10 the independent variable, ~ be tranef'omed by 

--a aeale __ o~ or change 1i1 the unit or time. such a transformation 
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will be specified by: 

'l"'be manner 1!1 which tha phyeice.l coefficient matrioes, 1ntl'"Oduced 

on :page 7, trans:rorm wen the coordinate system 1a tranaf'ormed by 

[ x J -= [ a] [ i] and t =- N t, will noo, be detel'llined. It will be recalled 

that a ph3'aical coeffic ient matrix relates a set of :forces to a sat of 

displacements or t:1.ma derivatives of dieplacemente. In the notation 

introduced on page 7 the derivative operator we.a included ind.but 1n 

all but the last equation below, the derivative operator will be 
'I · d" _., d,, 

axplioitly written as p = dt" or p::: dt'I . The behavior equation 

for a system is: 

When the coordinate tre.naformations, [xl :: [a][il, [Fl= [af[~ and 

t -=- !~ t, are ma.de 1 th1e equation beeanea: 

Upon premultiplying both s1dee b;r [ a'] this booaaea: 

[a']~ ::]181 [i] ~ [F] 

Now [d] relates [i ] and L~l by [~1[iJ :: [ii'] end therefore by comparison 

with tha equation above, 

(9) 

which is the required transformation law. 
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1.7 Disouaaion of. th6 'i'heaie 

Th~ que.d.ratie forms t-1hich appoo.!' m eq. ( l) are :u:1var iant t o co­

ordinate system change; they have a d.efinita value no matter what 

coordinate system is ohoee-.n. to specify the 'behavior of th& system. '!'he 

set of equations (2) are derived f'ran eq. ( l) and the values of' the 

pbyaical coefficients m,;j, b;j , and k~J in this aet do depa.nd on the 

:particular coordinate system. •.r11e fom of the electric circuit analog 

a.ri..d th@ t.}"l)e of el~otrical elements used el.so depend on the particul.a:t 

set of valuss of the peysical coefficients. Therefore there a.re at 

least aa many circuit analogs for a peyaical system as there ere co­

ordi.na.te eyert;ems in which tha physical system 'llJB-3 'be described . Tha 

uaefuluase , f leXibil ity and coat of construction of the cireuit analogs 

. :for one physical system ~ VB.l.7 widel.y, and usually there ·<.1ill be a;u 

. optimum circuit for the @,iV<m canputational problem. 0-.a.a of the contri­

butions of this t hesis ie the develo1~t of me·thoia ±'er choosir .. s; a 

coordinate system for a given ph.ye1cal p1'"0blem which will yield an 

optimum electric ciroui. t analog. An import.ant tool which is used. both 

in ohooaing coordinate systems and 1n d.eviaing circuit m:ialogiea for e. 

gi'V'Sll eet of behavior equations is the transt·omation of' coordinates. 

J.;epanding upon the conditions in a specific problem, this tra.n~omat1a.a. 

~ 'bo made ma.thematically, before the circuit is devised, or eleetr:i.c­

ally and in the circuit. 

The set of equations (2) taken a.a a e;roup have a me&ning ape.rt frcm 

any particular coordinate aystem. This is oonvenient~v axpressed mathe­

matic~ by writing the set in matrix form as eq . {3), and by providing a 

. rula for the tranafomation of the matrices wharl the coordinates are 

tranaformed. Thtl physical coeff'ioietlt matrices of eq. (3) ms;;y be called 
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raepoctively a ganeraliz0"l mass, a genoral.ized viscous damper a.nd a 

generalized spring. ·:Phese generalized quantities r-ela.t,e the sat of' 

generalized forces, called the vector force, acting on a sy-stooi to the 

co1Tesponding sat of generalized di apla.camenta which aa a group ar~ 

ce.lled ·tho vector diapla.cemeut. \i"i"hile an analogous electric circuit 

1s . in princ1ple ,alw~s conctructad fo~ a set of be.b.evior o~~ationa, 

atill, w1 th theae eoncor,ts in m:tnci, one IDJJ.J. ~ that the pam;1i vo cir­

eui t analog itself is constructed not for the hchavio:::- egua.tior.12 (2), 

but for the physical coeff1ciont matrices of oq.(3). Gurr!3nts and 

voltasoa are applied to the circuit ans.log 1n the eame 1rm3 that forcoa 

and displacements a.re applied to the corresponding r,hysical system. 

In part II some required nomenclature 1a developed and the analogy 

for a coordinate transformation 1s given. A ganeral investigation is 

then made of circuit analogies for physical coofficioot matrioea, that 

ia, for the generalized masses, viscous dampers and springs ~1hich mak@ 

u:p a phyaice.l systam.. T'.a1s investigation uaes coordinate tranafo21Ji8-

tione and bas as an object the discovery of useful circuits for certain 

ela.saee of' matrices and. the davslo}l'flent of methods by !,ih1ch useful cix•­

eui te may- be deviaed. One meaning of useful circuit in this sense ie a 

circuit which requires no negative elements, and i:n order to eliminate 

such elements, ideal tra:nsfo1-mera are u.su.a.113 required. i:•ne obJect of 

pa.rt II 'tJllJJ thus be stated ae the investigation of analogies tor physical 

systems which require e. minimum nUI11ber of ideal tranaf'ormere, no negative 

elements and which give me.xi.mum accuracy. 

In part Ill ana.logias f'or a ·rastrioted class of generalized beamo 

• ar-e developed by using the concepts and analogies of' part II and one net, 

concept. T~1s concept is that the d.1sple.oament of one end of' Q. one -
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dimcna1onal alaatie eyst0fil i s the etun of a r igi d bod.y displacement 

caused. by the dia:plaoc,msnt of the other eru.l and an elastic displace­

ment caused. b;r the applied force across the elastic system. The nane".a­

clnturo and pertinent equations are first workad out for a ons-coordi­

nate ayotam au.eh aa a shaf't in torsion. The two-coordine:t.e case of a • 

beam bonding 1n a princ1:pa.l plane is then diaeuaeoo. a.nd. this S.s follo:1ed, 

by a three-coordinate example of the general six-coordin':ite ease. Part 

III al:30 discuaaee sane important subsidiary topics, 

In part IV the error ca.used by lumping of d.ist ributad mass 1a dis­

cussed for sane pe.rticula.r eyatem0. 'I'he error caused by lumping of a 

distributed extornal force an e. cantilever bee.m i s 1nvast1e-~ted. and scae 

results of errore due to circuit imper.fectiona are given. 

The theaia ~ 'be summarized as :follows: 

.A. The essential developments and new cont,ribntiona to electric 

analog ccmputation. are: 

1. An electric circuit analog fore. generalized ooord.1.nate 

e;retea tranaformat1on 1s given. 

2 . . Coordinate system trana~ormationa e.nd the circuit analogs 

for them are used to obtain analogs for a;r,~ linear mechanieal 

system whose behavior is described. by a finite aet of generalized 

coordinatas. These analogs use only ideal .transformers anll. pasei ve, 

bilateral,electrie elem'3nts. 

• ;S. Methods are develo:psd. for obta.1n1ng efficient circuit 

8.'!lalogs; that 1s, analogs which uee a a1n1mv.m number of transformers. 

4. A c1rcu1 t analog for the ema1l d1aplacE11118nta of a maaeleas 

r i gid body and for the force.a s.cting m the body is give-.a. 

5. The coocopt that the die:plac001etlt of' o-.a~ end of a one -
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elastic doformt.l,t:1.on is t..mod to obtn:l.n a.i:1 efficient ~iroui"l; exJ.al.og 

:u . '.::he cane~:pto and arJ.:.i.log.:.. outlined in A pe:c".il.it the conatru.e-

tion of anelogoui:i c1rcu1 tn ?or· b~o which have tho folloiwing important 

fea.ture.o. 

1. 1i•hey aine aigniflcantly morl) accurate and not a.}_jj,,r ociahly 

r?um.erical ca11:~ioons of the two aJlalogs ui th eo1"?\;)apw-.A.ing con­

tinuous s;;ei.am..'3 are g1 ven in :par-t IV. 

2. 'l'he;; are much mer@ flexiblo and i:Jff ic:iont than t.hG 

analog~ using negative electric elements which 8.l~a givan by 

1;.rou ( 10) a.uo. others. 

3 . The d1f'f'erential oqua:tlon for the b.Jama coru::idareil need 

1e needed. 'l'hia f act :permita the co:uatructicm of a.nulogs for 

e;en~ralizad. 01x-coordi..1y;d;a ay0t~s Guch aa eurvoo. bea.;;:w. 
\ 

C, bamplem of the theory a.ud. .ma.logs developed. are given thro\l8h-

out the th@eie and varioua subsidiary topics rel.a.ting t.o boauw and 
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P/IJ\'I II 

The purpose of ~ II is to investigate and develoy::i 1;u;3ef'ul c i z-cnlt 

analogier~ ?or physical ooof'fiolent matrices and. their inv~x-ses. Thio 

is done w1 th the aid of coordinate eystem tranef'o:nna.tions. Exc:e? t f'or 

some e.xam_ples 1 the matrices ccmeidored ar0 general in nature. In ::_xi.:i:·t 

III the mat~icee for some :particular ayetenw will be given. 

In section 2.l sane electro-m~chanical analogous qil&lt1ti~s are 

dieoussed and the eystooi Med 1n this theai.a is explained.. Seet1on 2.2 

considers the analogy- for a coordir.ia.te 0yatam transformation and section 

2. 3 that for a maesleoa rigid. body. Two-cooi·clinata phys1ea.l coei."ficie'.z.t. 

matrices are diacu.asoo. in section 2.4a and their inverae.;1 111 oectian 

2 . 4b • . In 2. 4c acme examples e.i-:-e g1 van. 'l'he eene:rn.l mu1 t1-coordm;1. te 

physical coefficient matrix 1s coneidered in oaction 2.5a. ItG inverae 

1a the subject of 2.5b and exam:pl$S are given in 2.:;'ic. 

2.1 llectro-mooiw.nical P.nalOfu'Oue Quantities 

could be made analogous to either .Kirchhof"f' s c,;rront law or 'to hie 

only a few of' which a.re ueu.ally ueeful. 2'or the 88.ko of sm:pllcity in 

exposition only the current law ane.10£1:1 i:'Sill be developed. in thh 

manner. I3oth are used 1n actual eompute;Uonal vro:rk, although the cv.r-

7.­
ren t law analogy 1a the more cam.an for cont,inuou.a meeh&n:ical eysttl!:1ls . 

~- 1'he c1rcu1 ts obtained f:r·om the currGnt law analogy are to:pologica.ll~y 
~imilar to the correopond1ng mechanical systems. (Gardner a.ud Be.X'Il.es chap. 
II). For e:a:em.ple, if a. aprL,e connects two points mechenicnlly ·than • 
oon·espo.nd1ns].y an ir1.di1ctav.ca cOlmec:ts 'two nod.ea electr1call.'r. Thie . 

. fact is a great s.irl in viev..aliZ.:'!D.€~ an.a u1 conetructiing circult a...nalogs~ 
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into a circuit ne1fa or ju.,1.ction mu:at be iero. Tho same i s true f'or all 

tllll.e derivatives an.cl time :lntegre..le: of' c1UT(mt . '.(,Jowton ' .e la-<1 with 

D' Alembert ' a princi:pl o makes an equ1 val en·I; s-ta.ten1ent for forces acting 

an a rigid body . '11ance f'orce may be mac.l~goua~.JIDt or &"JY ~ - J 
~f i t._@_J;J.me d,er-1-vati V@$.. . .o-r.--t:lme.. __ 1ntegrals - and-, -d0pendi.ng ... upon_ .tht:L phy.si-

ca.l g~~f..t:~~~-~t_3 _uaed, di9plac~~~ll'.t to1ill.-be -ana.logpµa __ t<?. __ !0l ~ ?r --~o 

aane t,ime d(3ri va:t.1:v.:.e 01·-integral of ... vol tagaJ. Tlu-ea of the most 1.1seful 

sets of analoec,u.$ q_uanti ties a.re g1 ven in tabl e I. .t>.. compl ete tabl e 

of both f8llli l ies is r~v~n in Go....'l"'dner arul Ea.1"1les (7) page 64. 

~ -- ·-

Vi0clia!lical 
quantity 

force . ; 

d.ispl&eeent 

velocity -

maea 

spring 

ccrn:pl ia;nce 

viscous d.amper 

inverse damper 

Tabl e I 

El ectro-mechani cal Analogous Quantities 

·--.. -·-·-.-- -- - -· M--• -

Symbol Ana.logy .AI~'U.Og'f Jina.logy 3 (for 
l 2 atat1c proba . ) 

f} cu.rr.ej d i Cur'.c'ell t) 
ott' 

cu:rrent 

% / (vol tage ) (,:lt volt.ace vol.tag, 
. 

vol tage 1 (vol tago) d. ' 1 · ) % - , m r.,age 
d:,t. 

m capec:1t;r . none 
--

l• .-. inverse induct. same conduetanci;ll 
ae 

g in(:l.u.cta:nce au&logy 1:esist:m.oe 
1 

b cond:u.cte.nce none 

- I 

b r esi stance none 

f or convenience~ simpliciti only anaiog, 1 will be used 1n 

t he remainder of the thasi e. 

The elementary circui t ana1oga in Fi3. l specLoPy the a1sn ecmven­

t iona and 1lluatrate t he method which will be uaed. The external force 

acting on a. point ia posit.ive wha.n 1n the same dir act1on a.SJ the 



• coi-rasp<>nding displac~e11t. Suci'! a force iG repr0oentf)(i by a current 

:f•lo;.ring intQ the corree;poncli:n-e; node. T\oth currents and forces ere 

il11i1r..at.Jd by closed a.rr~s ~. Voltage positive above a rai"erence 

ground is indicated 'by x placed at the nodo. Othor potential differ­

ences al'."i;} :!11.dicated by+ and - and. by op01.1 6J..'TOW8 ~. With eaclt 

figure th0 'behavior equation ie r:;iven 1n the notation u1;;1ed in this 

theste e:,.n :lu conve.ntioru:: .. l electrical notation. 

:< 
<---1 

G~ o.r 

f-:: 
. . . 

F b 

----~ --j}-~ 
! 

~-• ., -<--J 
X I 

Fig. lb 

·. ~ · F 
~~~ . +t 

~~- -~ :-i 'I-,. I:. • 
I - . 

'f l-= - ed:t L .• . 
oir . 

Fig, le 
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l'Yl t 
b Ji K 

l ,=-

~F --7 x I 

'••I f m~~+F. E -- .l< 
Ft b r - ___ J_f_, 

This i s 1il@"!.-ton ' g leu;;; and :i:::trchhof'i' ' s 
current 1&11 wher.'0; 

'.fi'ig . ld. 

The electric c1rcui t analog f.'or a coord:tnata t::-:•ensfm."'!:2c1.t:'l.on is 

an idea.l trans?omer ne-wrork. To shat; this i can~id.m" ti.iv transformation 

spacif'ied by eqs . ( lOa) which a.re given in expanded for.I! aB eg,s . ( lOb) . 

( lOa) 

(lOb) 

[x] = [aJ[iJ 

CrJ ~ c~J'[f J 
- -

X 1 = a, 1 X, + a.l'2X'2.----1-a.,nx,, 

-
•. l!.21 x,-+ a2,.x'l.---+a211Xn 

I I '- , I 

I I ' , ___ 

,, 
i;,l. :0 

I 

-
F -=: .., 

6. 1 2. :,\ + O..zi I-'2,--- +a ,,11:'1, 

I 
·, 

I I '-
I ' I I -, 

' a ,n F, + a !" 
21'\-!z.--- + a.nnF I'\ 

between currents by making the coeff1c1enta the turns ratios of ideal 

tranefo~rs. The windings of the __ tranaf'onnera are co.nnocted. so t h.at 

the voltages mid cun-ente add 1n the proper n·ua.uner. El thor . n multi ril e -

winding or n 2 two-winding ti"ansf ormers ma, be -uead . The network . u.ising 
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_ind.icn.t~ aro the :r-ut:tos ,,:r: tu..~s oo the coils :r.ep:ro:Je-J1tilig the tmbarred 

eoordir.!B.tf: 0yatem to the tu..'l"'fla on the coils :repreeent:lng t.h0 "ba.VTed. 

., 
x, 

+ 
. I 

, C,( ""' ! 
I 

- --- -- -- ----· - __ j 

Fig. 2. 

frm a. ·camnon node, one line of each circuit 1.l1J3 be grounded., and ~he 

·circuit may b~ 1nd.1catad as ehcmn 1n Fig. :;. 'I'he set or currents flow:1.ng 

urto one z1ds of' the ooord.1.na te. syetam tranafonraa tion ( O ~ s. T. ) are 

ar.i.a.log<>u.Q to a general,ited vector foroi;,,. The aet flo'.1:ing out of the 

other side represent the same ganera11&ed force but 1n e. different 



F, 
x, x, 

ti,,. - _ __., F, 

f2 -~ 5<-i. X1. r-

C.S.T. 
-----¼,o, 

j 'l. 

•I 

Fri -+ x3 
--~ fn -+----

x" 

coordinate aystem. The same e·tatement 1a tr.le t'o:t t.he set of' volt.ages 

or generalized velocity vector. 

A part1cularJ.s- important eireuit for the applications is that for 

two coordinates with no eoale change and with a eOftlJlon ref0re:ice node. 

'I'hia ie illuetra.ted in li'ig. 4. Eq.(11) 1e the corresponding tr-a.nsfor .. 

ruat1on. 

{11) 

2. 3 Circu1 t Amloe7 for a Maealaea Rigid :r~ 

An iaportcmt mechanical element whose electric circuit e.nalOgJ 

for eaall dieplactsenta will IlOIJ be developed 1a ·the maaaless .r1gid 

bod3'. To specify, the position of a rigid body six independent coorii-

nates are required. The specification of a general displacement 
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independent. coordi.ua.tes sui"ficeu. .Gy "<.he s&1t, lll"e:,"'l.lS.en.t s used in sec-

the.u the posi ticn eoordina:t.ee &Ad the displacru0:ut co:u.po::r.ont o or0 

:ri.ato0 d.o and t hGref'ore they tom a co.nt:tavar1ant vecto1·. 

s 

A B 

0 p 

before displacement &fter rliople.cement 

I I 
In ?'1g. 5 the linea OP, OQ, O :R, 0 S, E!.l"e coord.inate axea fixed in 

space) while tho linas AB and. AC are Nf' arence lino a :Pixed. in the bod,y. 
• I , 

d :!.s ti}.o normal d1otanoe .?ran o to the line thr<>ueJl C pe.rall.el to Os. 

Cone1der another coordinate syet'3111 in which the voetor displacement is [i.J. 



nen.t of t,hie vector d.0fin0a. as 'Lhe dieplacement of. point C in the 
I 

direction O s. 

coordinate systamo. 

{ [ C:J \Vill 00 used hereafter to 
d.0s:tt.'.~t,e a massless rigid body) 

to e:;presr.:1 t.he email d.iar,lacement [x], or it er.-m 'be looked upon aa a. 

rigid body relation which gi-vea t.he displacements of a. set of points i~ 

wnen the bod..y i s displaced ~Y [ x] . FYUll the latter viewpoint there 1e 

no ret:1.cor1 to re~t.riet the X..i. t-0 an illd.e:pendant aet, and aocordingly [cr,J 

the coo:rdinatee aTe irldependent, [a.] is a:1%'Ul..ar and. tbs 0quations 

cannot be inverted.. 

1.fhe e:ram:p1e was given for a pla.""W" ayatem 'because 1 t was e1lllpl11 

to 1llus·t;rata. For the general ca.ea th~ relations are .similar but au 

eoord.inatoe are involved. 

Forcea acting on the rigid body oan be treated 1n the follow1ng 



manner. Assume that the f'orces act along the va..-doua coordinate axes. 

Since the rigid body can store no ene:i•g; , the total wm...,a done in a small 

displacemeri.t must be zero. Hence: 

(14) 

LFJ[x]: [i][i] 
~"J(x] "tfj[a.1 [x] 

[F]; r~lF] {[a] mas be rectangular) 

P..,=sica.,, = this means the.. t if the sot of' n fol"Ce'J and counlos F • ia i1.ly ~ .,. "' • .~ J Al 

g:1 ven, then the au independe.."lt CWJ..lO!lent.s, ~ , needed to specify t.he 

vector ~orce a.re obtained by ~q.(14). 

Except for the fact that La.l 't1JaJ' be s:1.ngular, that 1ar have no 

inverse, eqe.(13) end (14) a.l"'e 1dant1oa.l to eqs.{6) and (7). Accord-

11~, the analog for a ma.salees rigid body is tho transformer na~-ork 

of :? ig. 2 w1 th m:lY' necoeeary extra trenef'o~'11ler w1.nd~-s. It can bs 

concluded. that a ms.asless 1 .. i gtd body, w.hich 1a a gcno:r-alized lavGr, is 

a mechanical analog of a mathematical coo:rd.1na.te t ,l"'&"1.Sf ormation or of 

an electric c1rcu1 t tl."'&is~:'onner not,work. One oi' t t e most useful we;,a to 

use the conce:pts of this eeetion 1a to co.usicl.er ~'<18. ( 13) and ( 14) as 

relating the forces and di.splacementa at t1:ro enda of a. rigid bar. b"rom 

t..llis r ,oint of view and w1 th [ a. J non-s:tngnl.a.r, if [r J end [ :x] aro the 

vecrt.o~· external force actiz:.g ui;on one e.r.id I a.nd the vector displacement _, 

of' the SOllle end. of the bar, th~"I! [ i J = Lei} [x J and [ F] ::c - [a.') ["i' J ara the 

external force acting UI'<m, and the d.:'.'U.J1l la.eeaont cf', the othal."' end of 

the bar. ".rhe minus sign arises beca.u.se both tj.j aud(FJ represent t.he total 

vector foree actine; on the body, and for the body to be in equilibrium, 

the total vector force muet be zero. 

As an e%ample of this concept COilsider the a.ua.log for a eprins-
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mounted engine a·!; the end of a sti:t'f. nacelle on-an airplane wing. Tha 

system ie 1deal.1zed. as 8110-,m in Fig. 6. 

wing-~ 

-'Jr.> 

/ -~ 

/// 

/,r;~ 

t
,,.__JA 

-·. --. no. c e I/ e 

/ 

/ 
/ / 

F!g. 6. 

1l'he r0laticn betv10en the d:lsr.i,>l.a.cements at end.a A and B of the bar io: 

1'he analog for thia equa.t,ion 10 given 1n !:i"ig. ~-. The analog for the 

sprine-ma£Js ayotea is given ih ~~1g. le. The two analogs are connec"too. 

to form the caapleta e;J&l.og which is g1von 1n i ig. 7 . 

. 
:le 
• 

e + 1,. 
ro[( .. <----·· 

I 

1+ 
,~ 

. 
±m 

eA 
• 

Fig. 7. 
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2. :.} Circuit .Ane.l.ogiea for 'lwo-coord1nate Physical Cooff1c1oot ~"'8trices 
and theu~ Inversos 

In section 2.l sane elemontar.r circuit anal.013iee for one-coordinate 

_systa:r.s were given. Analogies for two-coordinate €,'Sl'l,eralized masoes, 

viscous dampers and o-_;Jringe and their inverses t.irill ncx-J be .5.nveatiga.too. 

In section ?. .5 a similar 1nvest1~tion i'or. ·tho multipl~-coordine.tG case 

will be made. Section 2.4a dieoussea tha oqu.a.tion ( :?] =- ~1\?(l whil~ in 
-, 

2.4h the inverse, [xl = [ d] [F'j, 1a considered. 'I\fo sil:J:,;plo examplea of 

the theory are given 1n 2.4c. 

2.1i-a. Consider equations (15) which mechar:.icall.y ralata a voetor force 

to a vector di0plae~en.t while elt~ctr1ctlly thoy are equation.a for a 

fo'lll" teminal net.work i:i th two eel.t' -wlm..tt.ta.ncas and one mutual a.dmittanoe. 

I+\ = 
{15) 

'1.11 x,+ d 11.Xz. 

•;, = d.,-z.:X,-t- d·ziXz. ' 2 

A fou.r-torminal, mutual, inverse :tilductance is not a practical s1ngl.e 

elamont to use 1:n eleetric e:a.e.log oan.putatio:n. Pre.ctical conaiderationa 

thu.e require t he !llUtual Un'lll to be a two tenuna.l elment CODllllOn to two 

norlos . In order to construct a circuit for eqa. {15) ueil:lg ~ two 

temi.nal oleD1ents , qwmt itiaG ara added and subtracted to the risht 

sidea of the equat1one oo ·that they 'become eqe. ( 16). If' the roferenae 

nodt~s for :r. 1 and x 2 are the eame, Fig. 8 ~ be constructed f?'all thee~ 

'l'h1s circuit is a simple ,c network. 

F ,-=. :a:,(d,,+d,2)-d ,,{x,-xz) 

1 2 =- -d,,(:a:i.- .::,)+ X 2(du+d,i) 



F, 

J?i g . 2 . 

There are three situations in which the :it network of Fi g . £3 loses 

its simplicity. ·Theoe are: 

l. I f the referanca nodes for eqe . (16) are not t.he eame, ie-olation 

ia required . ~--'o accompl ish this either a tranaformei? or the circuit of· 

2. I f . d
12 

in eq0 . (15) is a positive quantity then Fig. 8 requires 

a nega.t1 ve &.dmi ttanee . • For steady :state, fixed frequency , ~re.lizoo. . 

spring or mass :probl.@as, where a negative inverse inductanc~ is a capa­

city and vice versa, a negat ive admittance~ easily be used. I n all 

other types of ·problams, negative ada1tte.ncee require active elements 

auch as -feedback em.:pl ifiers. 
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;. If d
12 

is negative, it is possible that d,
1 

1" d 12 <. · O or 

d 2 2 + d 11 <:. O, a ecmdi tion which WO" .. ld require ne{?,at1 ve ad.mi. ttanoes. 

It will now be shcx9in .that no matter wl:la:t; the values of thtl d~i, 

ou-cuits for [d] maJT be draiNn which use no more than one tra.ns:formsr, 

have no ne~tivo admittances, BZld. ith1ch give isolation (permit two 

reference DOdee). These e1rcuita are dev1~ed by ueing concepts of 

- • ooordine.te syaterii tranaf'ormaticm. A scale chaoge tralls±"ormation will 

first be invaatisated. and then a coordinate axes cll8.ne,ve will be con­

aidered. . !~cte that if the three condit:l.ons below are met, oo trans-

:\"om.er or nee'P, t i ve adm.i t-t.auee is required. 

l. d 1-z. is neeative • 

2. di,/ \d,,j , d22.> ld12I 

:,. The reference nodes are emmon (oo isolation needed). 

The aoale c~ tre.ns:fomation, eq.(17), is in·troduced mid. u.aed to 

transfonn [d] of eq.(15) so that 1n the new coordinate ayetem aqa.(18) 
\ 

value other than -+ l will require o-.a.e transf'O:t-m@r • 

. (17) 

(18) 

;z - -
::: d. 11 a 1 x, + d. ,-z.a,~zx·2 

-
F 

2 

·Q.uantities are added and subtracted fr-cm the ri~t ~ides of eqs,(18) 

and eqm-.(19) are obtained.. 



(19) 

Eqe . (19) are equivalent to the cirou1t of Fig. 10 . . 

~ ~ 

F; F, 
+ 

-r t t 

-<l 

t-

X, 1 x, 
I -

\___ d az _ I d,2 4 , C<z l 
2 2 l. f3 

1'1g . 10 . 

In eqo.(19) a.Yld. the analogous circuit, Fig. 10, the quantity~ ia 

a ,~urns ratio and. polarity on an internal transi"ormer in the circuit 

which accomplishes isolat ion, invert.a volt.a~ and ctu-rant az~ 6f'fect1ve.1Jf 

chanu~s scale . T-.canef'ormers such as this~ in -what hereai'ter will be 

cal.loo. t he f3 poai i:.1on I ar0 V'3ry important and are used i•epsat0d.ly 1n . the 

rest of the thesis . 

An inspection of the circuit .ahows t hat an;y- 011e of. the threa t:rane­

fo:r,~ters serves to i$olata t.he currents and to remove the restriction oµ 

the si~ of d 1z. • The requ1rED.ant t hat oo ne{?Jl.tive admittance be ueed 
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i:in.r ,ooes the i..'lleqv.e.11 t ~.eo ( 20). 

( 20) 

I:t' t.l:::a oecond inequali t;y 1 s inverted. a ... "1.d substituted into the i'il"st, the 
(3:{ .. 

cond.i t:1.or1 i s o'bta.inecl f'or an a to exist t·.rhich s1mul.tanoou.sly satisfies 
I 

·z. 
the iuoqua.11 tieEJ. This condiUo.n is that d 11 d z2.~ :1 12.. The cl1scx-jm1na;nt 

matrix of e. qu&iratic form. Therefor-a, inequalities (20) are ~e 
(3~ 

satisfied and an a 
I 

ca:n s.ll:3e;y·s be chosen vJhich will yield oolJ' positive 

ad!ui tt..mces. :2\i.rtheii:aora &'"1;,J· one of thG three ti«anafomers can be u.aed 
• 80..1.. 

e.l0'<.1e to obtairi a au.:ltable ve.lue of a, . 
. /JC{_;;, 

:l:he term a ma,y- be chosen 
I 

oo that e1 ther illequali ty, but not both toget her , is an equ.ali ty &J.d 

henee that the correffpa1Jiing adm.i tta:."'lce is zero. 

If too traneto:r-ru0rs were perfect azzy- c»:le of the three :poe1t1c.ms 

the circuit inductors t1hen [ d] 1a a generalized Spl"iJ.lg. !'101" this parti­

cular caae the 13 f l-OC11 tion would be best. 

'!'he elam.ental7 0001"di.."'l8.te axes transfoi-mation (J'ig. 4 peg-~ 20) 

a:p:plied to eq. { 15) ia impol!'um.t enough to dasel"Ve investisa,tion. 

Consider the tra.nsformat1ooa: 

{21) 

(22) 



'I'heee tre.nsf'om.ations a:pr,lied to aqs . ( 15) yield eqs. ( 23 ) and ( 24) 

reapeot:ivel,y. 

F, =-
{23) -

f, --

f , 

F2 ·-

(J ,; -t2(<2.,cCi +-dz.,a~~) X 1 +(d2.zCl2., -td,-;..} X2. 

(<i2.2C<,_1+d ,2.)x, + _du Xz 

The eorreGr,onding cil'cuit does not isolate a."ld ia not part1cularly-
• c;(, z. 

imIJOrt ant nn.loss a , -z. =- - -. -
!?111 

reduce [d] to a d.iagon.-11 matrix. · Eq_s.{ 2::>) and {2!:, ) then b~c001e aqs.(25) 

and. ( 26) with conosr,ond.1ng c1rcu1 ta, J!'igs. ll and. 12. 

F, -:: ~t I I X1 

(25) 
z. 

Fz 
c;{ It cf Z 7,. - c(, 2 

><2 -· 
rA11 

2. 

F. '- du d 44 - d,;z x, 
dzi_ 

{26 } 

F2. - c.{z z x, 

The circuits of F:tgs . ll and 12 e.re identical to that of Fig. 10 when 
c( ;z. • 

·T· respect1.vezy. 
"'2'2. 
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2.4b Circuit analogies for two-coordinate :physical coof'ficient 

matrices were d1aouaeed in section 2 .l~a. Analogiee f'or their invorsea 

11111 now be oonsiderod.. 

The behavior of a system ma;:, be specified by an equation [r:J -=- ~d J (x J 
r,J . r"'7r:1 or, eince Ld 1e non-amgular, 'by an inverse equation , [ xJ = La. J LFj , where 

- 1 

[d] ""[d], and time derivative opare:oors are r@l)laoed by time intesraJ. 

operators . The inverse of sqa.(15) can then be written as eqa.{ 2"/) 

/\ /\ 
lt = d 11 F l + d 12 F2 I 

! 27) A /\ 

.x~ :.:: d ,,, 
12. H I + 8.Zl. F 'L 

The .corresponding circuit fo:r ·a camnon ref'ere.n.ce node ie a simple T . 

I t i0 drawn in Fig. 13. 

~ ~ A ~ , 

F, X, d, 1 -•c( 2 d, , -clr2. • Xi F
2 

---.C>➔ •--v-.l\/V>lv----~--f\/v'.""---- ~--

• A 

The d,:_j are now impedances and the~ condition f <:1r no negative impedances 
"" I\ /\ /\ ,, 

• ~a that d 12 be pos1t1V6 and that d 11 > d 12 and d1.i > d 1-z.. • 1~e relation · 
A 

between dlj and d:c.~ 1m: 

)'.. 

where : d 
II 

d. 22. - • d 1,. = o 

• These relations and :fig. 15 shew that 1f a tra:nefo?'mer is or is not. 

required for the c1roui t for [ d J then correspond~ 1 t 1s or 1a not . 
. , ' 

required 1n the circuit, for [ a 1 . The ·eamt> transtormationa and 



f ig . 14. 

F, F .. 
.............. """-"(]t-----

'I' 

~q . ( 27) , ce.."l be uoed td th the same coord1nat,o eystem to r•1-.1la:t .. 3 U1e vecto1 .. 

f orce to the vector displacement and correspo;rn:Unil,y ~itrw:s" 'tho circuit 

of 3':tg. 10 or of ?':! g . l J m.a,r be ·c.soo. aa the olectric a.'18.log for the 

· phyaioal system . 

. 2.4c 

:phy01eal eoef'?1cient matricee vrill new be given. 

Conolder. a. rigid body mase constrained by t orce:1 applioCl at a :point 

a diatanco ~ ?ran the center of mase. In F'ig. 15 th~ee forces are shoon 

as spring foroea. A rigid body mas6! such a□ t hia is a ·uae:f'ul idealiza­

tion of a lumped. ma.ea in a. nan-eymmetrical. 'beam. rn:i.ch as an a.ir.:plene w1.ng. 

I 
1 1 ....--,e 
1c.m.~ 
}-+-~---~-- -l--

. • . ~ ;A ~.1,. 

Fig. 15 . 



'l.'he inertia properties oi: the rigid body mass expressed in the y, e 

coordinate ayatam are Given ·by eq.{2g). 

1 21) \ .. 

If' a tranaformat1on to the x 1 , x 2 coordinate ayet001 fs ma.de by eq.(29), 

then the inertia properties are expressed. by eq.(30). 

(29) [:J = r: -.~J t1 
[:} b:~ -::.J [~J 

The analogous circuit ia that of Fig. 8 where the admi'ttancea are now 

capac1t1ee. The circuit, ie drawn in 1"1g. 16. 

. 
(YI s.. . 

Fl x, X-z F2.. 
J:::i,, 

I I( I -<l: 

,'YY1 ..Q.' -t Ic_9. - vY' ~ 
/YY\-m'\{ T .I 

Fig. 16. 

-If ~>1 then one capacity would be ne~t1v-e unless one of the methods 

dieouaeed in. this section i1ore used t.o el1mins.te j,. t. 

A$ a second: example consider a naI'TQI' cantilev~r beam loaded with 

• a force an4 went a:ppliocl at the end. (Fig. 17). I:f' the el.amped ond 1e 

restrained __ f'rCD wa!'Pine, then Ca.st1sJ.1emo • a theonm may -be _. uee4 to ob­

tain .the spring matrix ( eq. :;1) . * _ 

.* - Soe Timoshenko, Theory of Elasticity, (lD) page/49. 



·- ------· -----·] i e , Fe 

f ----------) ---1 

..9.2. 
-1--­
ZEI 

\f ·<j, F1 

.e ·1 
+--- ! 

Zflf 

1c\ j 
Equation ( 31) 1s in tha tnvera,3 yhyaical cooff1c1e11t ma.tr:tx rorm, for 

w:hiOh the goneral e1rouit a.no.log i s a.rs.wn 1n )?:1.g~ 13 . 'Ihe impedancae 

a.re n<M inductances a.nd. 'the circuit is given in J i g . 1n • 

.l - e-
El: zE.r 

P.n:a-· ne€ji.t1ve inductances nia;y· b0 elimina.too. by the methods developed 1n 

this oaction . 

. 2.5 llectr1c Circuit 4nelog1es for Multi-coordinate Physical 
Coef:f.'ic1ont Matrices. 

Mult1-eoord1nate physical ooeff1e1ent matr1o~s will nooi be ~vzed 

by methods similar to those uaad for the tt<Jo-eoordinat.e case. Gircuit 



·· I 

a.nl'...logies for [d J and [ d J -:.. [ d.] will 'be obta:LYled.. in section£ 2. 5a e.nd. 

2.5b, and S<De general remarks about tbe number of transformers roq~ired 

for an arbitrary L d.] will be made. AfJ examplee, the analogs :i:'or a 

generalized ma.es and a gen.ei-a.lized epi"'ing ax·e B5-ven 1n aecti® 2.5c. 

2 ~ 5a Consider sq. (32) which corresr,onds 'oo 6(!S. { 15) f'or the two-co-

ordinate case. 

r

'i? 
,d, 1 

di2 ___ __ dl,..,l 
,.. 

...! \ i x1 
I 

(32) ?7.. id,.-: dz .. --- d:u1 I , %2 
I i i i ....._ I 

lL 
I I I 

....._ 

I I , ' ....._ 

i 1i1 Ld,,, d 2Y'\- - - - dOI) L - r, 

If quant1 tiee are added and mihtract,~ from the right oidee of the 

constituent equations of eq.(32), then the set of @qe.(35) are obtained. 

(33) 1 = (1 -- - n) 

.I.f the reference nod.ea for then dis~lacema:nts, x.._, are c011non, the 

squival.emt circuit for eqs.(33) io the generalized. tt. It ie illustrated 

for n = 4 in Fig. 19. 

= 

cl, 1 -,. d,, , d,, u:/,, l 

Fig. 19. 



If .\ll.l the of.f-d:l.~'1\.,~.al c1. ~ j are ne&iati Vs3, m·ld. :i.f' every dia.go..'1.al d ;_ i is 

. greet ter . than the sum of' t.he absolute values of the o:f'f -diagonal d;. j 1n 

the eam.e r.t:'M, theri no nee,3,tive admittances a.rs required. If negativs 

admittances a.re to ·be· eliminated, or if 1$olation 1~ necessary, th0r.. 

• tra.naformera muat be uned.. Theae transformer a ~ be used m 8lx:J of 

three poei tions which corres1:iond to a scale change, au 1.uternal c:h:.!.ngo 

1n the p poai ticn, or e. coord.iinte axos cbango. 'i.-Je proceed in tho ssme 

manner aa 1n the two-d1mane1anal case and et~ the first two po~1t1ooa 

aimultaneousl,.y and af'ter that t.he coo:t"diila.te azea change. 

The scale ohaJl8e tre.nsfonna. t1on, eq. { Y-1·) , 1 a used to trenat'om. [ d J 
so that. 1n the new coord:l.nate system eq.(35) 1s obte.1nod. Quazitities 

are ad.dad and aubtre.cted fran the riejlt aid.ea of the consti tuant equa­

tions of eq.(35) and oqe.(56) aro obtained.. 

0 
::: I 

a - -- - 0 
I 2. I 
I '- ,, I 

' I I 

0 0- -- _ _:: an 

.. 
F, d.11 C\ 1 d,za,&17 - - -o\,"e1,a., % · 

I 

. (,5) F d,i~.~ • c{l>a~ ---·d2nCi~O X2. 2 
\ - I I '- I - '-I I I '- I 

'-I I '-I : " I ~ 
1i1 d,.,a,a., dantl,a., -- -d,.,,,~,, 

x"""' /VI. 
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i a A- 1 _ jo~/ ( • /V\. 

= +~(I ·d · 11\(X;,_ 1/3 1 --) (,d . .. ,-,a a ·d· ·1 \I • 1~-· 
r..: -=. .L C<; aj Ai~ IP•·J\ -t 7 xi +\ ,,.a,. ~L ,,(3/·;;;,;:.J -L f3 .. ja_, ojd-'j!J X; 

j =1 .{ c t j •. I 
. I) /·Hi 

+!(ha, a3cl,i~( X, + ~:) 
~ =_,.+I 

wher0 ~..ij is e. pure number whosa e101 is the 88110 ae that of a..:ajd;j• 

(The eumation convention 1a not used}. Because the terms of eq.(36) a.re 

awkward to write, a shorthand notation will be introduced. Thia nota­

tion will be used throughout the remainder cf the thesis. Define: 
-(,<•/ . ,i :-·.-, 

1 ' L\a~o-i .,,~/1 2_\ J I o. · -a • - _t-.::.. •• .a.... - f3 • • a -o · 1 • • 

A .< .. • t3,:d _ --~ ~ 3 "J 
-j ' I 

~M•i = \a .. a1 ts~ ~cLi l 

When thie notation ia used for the caee of three coordinates, eqs. (;.6} 

becc,me eqs.(37). 

-
F I + 

(37) 

The equivalent circuit for eqo.(37) 1a drmm 1n Fig. 20. 

Fig. 20. 



·:; . Invert sroltage ei.11('J. Clll"l'"e'l\t if _a..;,i ~$ -~ :lxmi't1.ve te:t"'.!ll 

'l'he ef'!.'r.v-et; • ~)f. tramii'ona0:i:· J)Csition ~1 acc<X!tpl1.f.i1i:i;flg tJ:iec1,, ti'tret·> tJ1irj,k,<. 

J.trt n¢~-:;'f.lir .r.i:v,q. i,0 :1sol..1.-t~e-d 0}tJ1<~~··'b.,v tte ·a ., t:razwfb~iex.•. c;i:;• 'by 
··. , .. • . . . ,. ,. ·•. • 

·1⇒ d t:b:111i~fQl'rt/i)Y.'f:'. w;hl,eh • CC>"<l~,l.<;> :rt . ·tr.;, the .otJier lifll'e'e • . • S~ee there 

are n • ~:ioo.,~ ~p.~i1.1~ r :;;.Orr.plot~ :i.gol~.tion . m;;y 'he OOCO!irflir{\~~/ by ~-l -'c)''.!-:.M"."· 

f i>rfill')T,J t,J'.l c:,, H :A Jiosit;lon· ,.,,,/'l;~r ,;, (,r, - '). +I48.,;,,,f'.t~Tl'"'"';~:;i ±~1' th~ @ • · ~-··. ''.;;0e/1t~~ :: 
'k ,,., • l ~• .<J •.• • ~; ~ • ~N ~•'••·• "' -~~~~---~<.-,~ • :~~:•~;/:.: •\ .: ::'/:\;;( ,)1..<'a, ,·• ', ~ .·, _..::( •< t 

n· • hn ~!:; le, l~;ge),~~iv~ .. it< ht;ir9 . the . G'~"f,~e:t• .;;i~ Cfl ... '1'~~~ --x~~?:: :~~ :oi . _tii f: ' 

~:~:~r.0;::i~'1Zz::~~:::::~~t~l:t-... 1 

,, 'I'he!Jtl tt-ro n..40thflds or :hwe?'@im c~: be usecl , to@1:i~r • . So 
0

ussc1;_ they m~ ,· 

·-t~~-t, oo ioor.e t.r,m~f~_,Jj,-~ e:d.P, be . ~iaquh~ ,for ~if~\ fuv~:r~~,:~.:(~i{~\ • _,: 
·-·;;.-,> ·:: '(·'., ' .:-

!llililber of' ~iOsithre 0.JJ oz:. cri~ side of the di~iw,l • • Thfe ,~J,1i{t}~~J i0 ,o( 
•."·· :,.::,.~•- ,- ; 

:i•r.:~qtd.1~,;ld. oo.l;r 1n ~he extr~e c~~,3 when tlr,e • sif;s,.e alt.e~t-~,\~ :-~#ie 
-,. \• "•~ :·· 

. . r .• • , 

rtl.o:n1\\ the l"~Sl m. the rn:?.u.t1.l ~eiie f~ror 'Will 1)o reg_ui:r.~. • 

,'foe condition that ail the 5;AJ.~ be positi_vo i~oe$~, t#~ ,-~~ii,f(3B,). 

lt· ~ 
11 0 +I /-~--+l~,~~~ cL~1 • 

+ ·1·•·P2 .. ; a: .. d2'."·I ... ··• 
u,. ' . 1 

I 
i 

_...:..., - -~ 0 



a,;_ change all the terms in the corree-panding ro:1 ar.d column while t he ~ ;_ J. 

tra.n0f Ol"21Wre change ~ 1.nd.1 vidual terms. The two ;poei t1ons .n'e not 

equi valant a.a they are in the ~c;wo d.1mene1on&l case. 
. (3· . a . 

The axistemce of a set of ~1-- which satisfies inequal1 t1sa ( 38) 
a~ 

will now 'be inveotigated. For these 1noqual.1 ties t,o be aatisf1oo. the 

le:f't band terms muat oertainly 'be larser than the 1nd1vidus.l. te:m.s o.n 

the right hand aides . Thia condition gives a set of inequalities of 

the eype: • 

I /3,20. .. 1 ~ \~\ 
q, ~12. 

I 
I 

l f?,,,._ CiJ ~ \ ctm. II ~ 
C<, I d .. ,,,.,_ } 

·xr theae inequalities are substituted into inequalitiaa (38) the in­

equalities (39) a.re obtained. 

l. ·,. • 
d. I I ~ 0 ..0~1. J_ \ ·3 cl ,.,.,.,. 

+ + 
:Li..: 

+ -- -- ·- ... - - + 
(,( ·2 2. d .... ,,.,..., 

2. 
., 

" 1'2.. O.i3 
'2. 

(.39) dn.~ + 0 -+ d ·,"' . I;"; -+ -t-
d 3'3 

-+ 
J.,,,,..A'\, 

I 
I 

' l. ·.1. ~ 

d hl'\ ~ + 
d I 'Y\. + c( Zn + dJ,,.._ * -- + 

dt~_jM 0 Ti,- d-;; ;r;~· '- ··· - .J~ 

~-,j_--.-,) 

Inequalitiea (39} a.re neeeeaary but not e'lJffieiant conditions for th@ 

• exi~tence of a set of f.3~j.;. :~1 which will make all the $;;i.~ positive. Thie 

means that unless they are sat1sf1ed no eet of (3,,a_aj . eXiste and . evoo if 
a,~ 

the<tr are aatisfi-4 a set 0 9 ~;i cri 
., .1. - JD83 not enst . 

a; 
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T'ns fact that Ld] 1a the matrix of a. :pos1t1vo definite quadratic 

:Corm means that all the discriminants of [d] are positive. This fact 

yield.a the inequalities (40) which will el.ways be satisfied by pb;y'eica.l 

coefficient matrices. 

(40) 
J_ •• 

or 1n general for ,my J \ 1, d,.:.; ~ d~~ 
II 

A comparison of inequalities (39) and (40) ahows that pb1's1cal coef­

ficient matrices~ exiat for which no electric circuit can be con­

structed. with positive admittances and uaiug tranefo:nners 1n tho a; or 

13,.,.,·i positions. For the two-coorpl111~i'e: case :lnequalities (39) and (40) 

ere identical and inequali·tiee (39) 8.1."e both necessary and. sufficient. 

'i'he coordinate axes transformation will UOf/ be inveatie,ated. An 

important theorem pertaining to this tre.nsf'orme.tion states that, an 

analogcu.a e1rcu1t for any [d] can alwqs be constructed using at moat 

,,.,,,(~-,) transformers. The proof is that euceesoive elementary trana­

f'o:rma tions or the tn--e, eq. ( 41), can be perfo?"TMd where ea.ch trans:f'orma­

t1on makes t he oon"espond.ing off'-4.ia.gonal term zero. Sinee there are 

/YI(,.,._- 1) 

2. 
off -diagonal tenas, this is the number of transformers required 

to reduce [dj to a diagonal matrix. 

rx, +l -+a .• 
"1 

0 0 x, 

. (41) X 2 - 0 -tl · O 0 x~ -

X Y\ 0 O · 0 +l xn 

A three coordinate l_d J transfomed by eq. ( 41) 1s g1 ven 1n oq. ( 42) . 

d II d 11 a 1 .. 1- d,7. d ,3 

{ 42) d 11 a 14 -t- dn. 
4 

d" a' + 2d,2a,2+ d2 .. d 13 a,2.+d.13 

<l,3 d 1"3a1._-+-d:.., d33 



:For isolation to be obtained wi th a coordinate ams transf'o:rmation 

the of'f-diagonal. terms must be made zero. Thie requirea a d.e.f ini t.e turns 

ratio cm the aA-~. transformers, for instance , in the exam:ole a :: - qi..!.! 
() - ,2. d,i.. • 

If i solation is Il:ot required the valuea ~f o.,.3 ~ ba arbitrary w1th;1.n 

certeJn limits and atill yield positives~~ tmd si~ inversion for posi­

tive d~i. The minimum number cf eltme11tary coordinate axes transforma­

tions required for s,;rzy Ldl depend.a cm th$ relative numerical values of 

the canponents of l d] . 

In pract ical canputat1on with an electric analog canpu.ter., trans­

f'o:rmere are the most ex_pensive and t he most troublesaaa elamenta usoo.. 

Therefore 1 t 1s ~a desirable to chooa6 ooordina:t.e systoois so that a 

mi..'l'J.1mum numbe1~ al."e required. U-ilfortunately no general formula can be 

g1 ven ttrhich will er;;>lici tly detol'.tl'rlne th.is optimum eoordina:te system. 

In genaral,a coordinate axes, a aeale ohange and en internal 13~j position 

transformation will be l'~quired aim:u.lt:,aneously . 

. 2.~b. Circuit Malogies f or the 1nversie physical cosffieient mat,rix, 

[4Y~ L_d], will now be invastiga.too. They can be ·treatoo. in !'Auch th@ same 

manner as that used for the matrix [dj. Consider eq. (42) 

"' /\ "' x, d11 d, .. - - - d in F , 
\ 

/\ 

" " {42) Xz d.12 di..--- a ..... F 2 
I I '-.. ! 

I I ' I 
1 A A 'A 

X" d l'r'\ d. -- -· - dn~ Fn 2 () 

'I'his equation may be tra.na:t"onaed by a . sea.le c~ and by adding _a."ld 

subtracting quantities 1n exactl;r the same~ as its inverse we.e trana­

f orm.ed. Thia mesne that eqe. ( 31+) , ( 35) , ( 36} and { ;7) ca..Yl be applied to 
/\ 

eq. ( 42) if 1?1 theee equations d; 1 is replaced by d ~ j , x; by ·;J';. and F; 



.,/ 

by x;. The circuJ.t :for (.l, three coo1•d.iJ:.a t 0 [a. l 10 show·.n in Fig, 21 where1 

for ::Jimplicity, t he ocalo cha.nee tre.:ns:i:'"'orm.ers ro·e not r~hown. 

----->,.\tv,;,,v.-------

~' 

Fig, 21. 

f\ 

The condition that the ~..,,,; be positive impoeeo the inaqualities (38), and 

a neceaaary c0lld1t1on that e.n,y ccmbin&tion of a..: and f:t.j transformers 

exists which eatiafy these inequalities 1s given by inequalltiea (39). 
, A 

( In these ineque.11 ties d; ~ ie to be replaced. by d; 1 ) . If no aet of a,,.: 

an4~;a exist, then e. coordinate axea cl'l.anee muot be made. In the esme 

manner as in ~e circu1 t for [ d] , tranef'orm.ere ma;r be uaad 1n the a ;,_ or f3_; ~ 
A 

;;,oe1t1one to invert voltage and ourrent if SZJ3 one of tlle d;~ 1e ne~tive. 

If the three conditions on Pase ~ are catisfied, then the eircuit 

for [ 4 J requires no transf ormors. '1:h1e is not true in the o1:roui t for 
-, 

(_dJ. For n>3, transtormera 1n at lea.st sane of the IL·j poe1tiana will 

* al.wfQ'e be required. !~o '3 . ..i.j trans:f'ormera are required for n-== 3 but tor 

ail pbJ'e1oal problems likely to be encountered one acale change trans­

former 1s needed tor isolation ii" the ref erence nod.ea a.re COllllllon and two 

are needed if' they are not. The circuit for the three-coordiila.te ease 

'Thia can be proved by topological arguments. 
See Oerdner and Barnes(?) page 49. 



when the reference nodee a...Y'8 eamnon is dr&m in Fi g . 22. 

,,... /'\ I\ 

,~ ~n -cl, ... +dn 
..... __ _ .. 

.,.._ __ ~ --E<']"I---

Xz. F 2. 

Fig. 22. 

Another coordinate circuit mq be couplec1. to that of Fis, 22 to yield 

the circuit for n -= 4, ~ by using three (d .... -J transformers. Furthermore, 

three is a m1n1mma ~ber obtained onlJr when the ~A~ are all positive. 

'l'he ll1n1.mu:m number of. tranefOl"ller& tor ~ oii"Cui t can be obtained by 

comb1nin8 circuits such e.e If1g. 21 and Fig. 22 with those obtained b,1 

coordinate ans crumgo. 

For two coordinatea it waa found that if' a tre.nefo:naer was or was 

net required for [d] then corregpood.1.ngl;r one was or was not required 

for[~]. Thie is no longer true 1n the multi-coordinate case. L d] ma::, 

have no zero terms and require D18JJ3 trsnefor.m.ers while L d 1 m&J' have mMJ3 

zero terms a:n4 require ffl'll t.rensformera , or the ·eonverae ~ be true. 

Because of'this fact the search for a cirouit with minimum number of 

transformers which 1a analogous to tY.r:f mu.lt1-eoo:rd.1Date peye1cal system 

should include 1nvest1e,at1on of both [d] end Ld]. 

'l'wo simple esaapl&s or multi-coordinate phyaioal eoett1e1ent 

matrices will now be given. 



and move) pa.l"'allel to the a.xii:! of the l"ri.."'Lg. T.i-icac mr.rt;ioniJ correspond to 

the antisymmetric v1b:rat1one of the e.irplane aa a whols. The circuit 

a.Iia.log :for the tl1ree-degr0,e-o:i'-:freedan rigid mam:i mountcil. atl the api .. inga 

is required. 'i'o d.eoeribe the tlll:l.SS a coo:r-d.1.nate aystem will be used t11ilose 

three caupawmte a.re the arn..al.l dieplacam~nta aloog the s:;;;ring axe8 of the 

three points in the 1naaa at which the springs ara att,a.ched. TI'ig, 23 

illustrates the aitu.e.tion. Tiie b .. ;,ha,Vio::r of the riaid body mass expraased 

in a ca.rteafon coordinate s-Jatom w:f.tl1 origin a-t, tJ1e cent.er of maa0 is 

given by eq.(43), 

0 ] 

•• 1 "'.,"'l: m 0 .,,. . ~ 

::1 
(43) ., .. t! - 0 I:><.x I;q, ; r;_ ,< -

~-" 0 IX r. Iir_l Vi r-



The linear transfonnation f.ran tho y, 8><, ei- to .t.hei gonaralized. coord.1-

s, = y ~, Gx 4 ~. Gi 

_lt 2. - y .;.. ~:zex -t ~:.i. e~ -

X3 -· Sx 

. When then equations are inverted they 'baccme aq. ( 44) . 

Lr -I ii - E I Ei\-E, q ~ 1 -i / '\ 

le I - { -r ,,.. 

-r\ jl~2
• 

{44) I x I - FL -f, 0 0 

ler J -I -t I 32- !, X3 

Theoompcn.ents of' the ma.as matrix obtained when eq.(43) is transf'omecl 

bf eq.(44) are: 

z.. 

m 
. II = -+ 

n-1 {~_ -t Tt. r 

n,; ~- f ' + Ti!. i.' m ,2 
- I . z. -· 

( ·i --~~);;: 
• G 2. I 

. , "' t ~ 2 §I) + Tr. it ( s 1 - s 2) 

•13 
yY) F, l 0 I "- -- + --~--·· - (t~- f ) 2 ,., 

(45) 
f. 2. J'' 

m-zz + 
rYY1 , + rt --

(t- - ~-,2 
<. <:. I) 

1'11. Z3 = -+ 
n-1 tJ S,. f, - :S1 i=_J + I-u ( 52 - Si) 

----------- ----·- --·------~ - · 
(i2 - &,) 2 

For the 9I;ecifie problem considered the numerical valuee are: 

/ 
./ ,, _ 



E,~ -14.2 :tn. 

S,-= -t 10.8 1n. 

46 . 

Dl -= 11.l 

I)()(-= 3560 lb•in-aec' 

I H "' _34000 _ lb-1n-s"c'" 

Theee numerioe.l values substituted into oqa.(45) toeetber w1tha see.le 

change ot x 3 -:: .,1 i 3 yield eq. ( 46) . lto t:nmaformer 1a required for this 
.:,Q . 

scale o~ because the e-pr'-DS to )lfhioh the mass 1GJ at.tachod 19 also 

transrorm.ed.. The problem 1a n01r to f'1m a circuit analog ror eq.(46) 

which has no negative admittances. Iaolation ia not required 'becauee 

the %'.&f'orence nodes, w.b.1ch correapcm4 to the equilibrium. poa1 t1on of' the 

maea, ·aro CCl!llllOll. 

:·1 
_, 

r
+ 14.o - 5.14 + 9.47 x, 

(46) - 5.14 + 7 .!"o - e.23 
.. - . xt. • t'-z. ' -

r3l L + 9.1i.7 
.. 

- 8.23 -t· 111 .. h %3 

Since tar each row the a-um of the absolute values of the off-dagooal 

terms 1e greater than the diago-.oal term and since d 13 is pcsitivo, it 

1a apparct tbat acne sort of transformation is required. Neither the 

. ass matt'u of eq.(46) nor its inverse satisfy the 1nequ:e.l1ties (39), 

. therefore a eooi'd.inate axes transformation must be made. Pn inspection 

of the .three possible el•entarT ~ticms shows that the a 13 

poait1cn 1a preferable. This transformation g1ves the matru (~7) 

m 22 



r11ent that all the ~1;_, be rooitiva and tha.t t he t.ransfo:rilled. d 13 be negs. .. 

t:tve imposes the cand.Hion that +l.3\ > • a__ 13 > -t 1.16 . As a convenient 

value take a 13 :: 1.25 which givee a transformer turns ratio o'f .8 to l. 

1fhe :rc:,eiult,ing circuit is drawn 1n il.,1g. 2b. The single transformer has 

.not only me.de all the ~; pos1 ti ve but haa alao inverted the sign of the 

As a a~;)oond example consider a un1fcm cantilever ab.aft twisted by 

oouples oqu.all,y spaoed al.ens 1te length. This is the same probl• as 

that of e bar loaded With pure tensile forces, Fig. 24, or that of a 

beam loaded w1 th banding manents. 

k ==- spring conrrtant 

::. .JG for the shaft 
Jl-

-:: .f. for th.a bar J i.., 

= f"I 

R 
f or the beam. 

Fig. 24-, 

In the fom [xJ::[d]\_Fj, which yield3 the :tmped.ar,ce &1&1.os,, the behavior 

_of the eyatem is doaer.i'bed 'by the influence cooff1cient matrix eq.(48). 

This is the form 1n which moc:ay •)ooxplioatod. raocba.nical S"Jetama are des­

oribed,- ai'ld is that which is obtained from Castiglia.no• s theorem. 

x'l 

I
-

. 1 l l "i' J. I 

.. !... l 2 2 Ii'· 
X2, i - ~ 'l 

{43 ) 
, _ 
1-

Ali 
I 2 · 3 ; -a, 

X 3 ! ..: l 
t 
I i · *1 

~ 1:J 
- l 2 ; 4 [!+ 



It is apparent tllia.t the analog f'or this matrix requires wmy transformers. 

If the equation is inverted to the adm:t;ta.nce analogy form, (Fl = l_d J [x], 

eq.(49) is obtained. 

r F ,~ 
~2 -l 0 o7 1x, I I 

l:/ 
l-1 -+ 2 -1 ol 

(49) . ~I -11 
('-

i 0 -l +2 !x3 

lo 0 -1 -t l lx 4. 

\/ 

In tbia form all the s.,~ except ~A1. are zero, all the ~ M .... ~ are negati~ 

and no .1'30lat1on is required. The circuit, Fig. 25, 1e a generalized u 

~1th many zero a.dmi ttauces . The admittances a.re inverse inductances. 

~ x, 
-::i,;:- -·~•--,.--------

4 c 



PP.PT III 

A??.LIC.P..'I'IONs 1110 cmJ1.rn mous srs~,.:s 

The analogies for elementary ayeteaa develop8d in part II '11Ja3 be 

considered as tools which will be applied. izi part III to continuous sys­

tems. Seetioo ;,.l caneldera the sbaft load.ad by concentrated torques 

tram a different vietrpoint than was done 1n eecticm 2.5. Nananclature 

and. ideas which normally would not be used 0Jl so simple 6 system are 

introduced. 1n order that a parallelism ma_y- be made with the case of the 

aimple beam, oectian 3 .2, and with the genei"alized caoe. The methods 

and naaenclature devolopad in sectioi:ia 3.1 and. 3.2 ai·e c-eneral.ized and 

applied to a moro complex system. in section 5.3. In tho remainins aec­

tiona of part III va:rioua topics pertaining to beam.a and frames are 

discussed. 

3.1 Notation and Concepts used in the Analysis of Boaine. 
11he Sb.aft in 'l'oi~sion 

In eeotion 2. 5c the behavior ot: a. un1.t'oi,n maael~as shaft loaded . 
by equally spaced concentrated couples was C?-3CU1w by au 1llfluanco 

coef'f1c1ent mat:r:iz , or oy it~ inve::ci30, Uie apri:ag matrix. The electric 

circuit a.nalogies !'or botl1 J11.;A.tricea are g1 van in .vart II. 'l'he influence 

matru: method of a.:p:p1~00.ch g1 ven 1n section 2. '.)c 1~ not. convenient for 

more com~l1ca.ted systeru.o nor '!tor bom.1.c.ar,y cond.Hi ons which are a tunot1on 

of time. We nw consider a auch more power-lu.l w;Wlod of deacr1'b1Jl8 the 

mechanical system end of obta1o1ng circuit analoQiea. 

Imagine that the shaft {or bar in tcusion) is divided into n sec­

tions which ha.Teno.mass. ·Between~ two sections ia a point upon which 

the uterna.l. .forces act and which bas a luazped point masa equal to that 

of the she.ft 1n the neighborhood of the point. For the preaeot D• AlElllbsrt • a 
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:principle will be uood and th1a mass will be accounted for by an extern.ally 

a:p:plied. inertia f oree. Er-.i.ch of ·the soctiol..ta hao a sprizls eons tent, k, 

eqwtl. to that of the eorrespaodiug soction of the continuous aha.ft. The 

eectiona need not be equal in length nor the ab.aft u.nif'o:mTbut for~­

ven1ence 1n the discuesio.n ·t11at follows the k's are e.esumod eqv.a.l.. The 

ai tuat1on and tho nanemclature used is illustrated in Pig. 27. 

havior ~ be deooribed. by I<'= k: x or x = g :/ . 'The nanoncle.ture used to . 

describe thie elGmantliu.7 syatam and more cCDplicatad. ones to t'ollow will 

new be developed. ? 01'" a rea.aon whioh will 'be a:p118.?'00.t later this will 

be done usins matrix notaticm, although 1n tho oa.ae of the abaft the 

:matrices have on.l;y one CaJlJ.)01l.ellt and the square brackets Jna(I' be ignored. 

The two ends of the spring are denoted by a and b. lFaA] , Lii\_J a.re the 

eztemal forcee aetins on the en.de, and [x"½ w'ld. Lx 6,J are the dieplace­

mente of the ends. These qusntities are positivs in the d.irGct1an sholln 

1n 71g. 28. An 1 post ... su.bscript denotes ·tl1e ith can:poneni. of the matriX 

while an 1 :prs-aubacr:!.pt 1lld1catee the :t th sectioo :Lri the o~?lete oystem • 

• 
b 
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A very important con.capt which rm:-r~a the bas1e for much that fol­

lows and wh1ch will now be erplained. i n that (x 6J can be e0Deidered ae 

the sum of a rigid body displacement, L x ;) , and an elastic displacement, 

[xe]. suppose that the spring 1a rigidly claaped &nd that [Fe.;] is then 

applied to end a and that 1 t 1a displaced by [:a:i,.1 • The theory of rigid 

bocl1' displacemente developoo. in section 2.; 1s applied to obtain: 

[xf\.J •= ( ci:j [ ~ 
-, 

[?\ l ; -[e'] ~rct1 
(fo1~ the shaft aect1on, a.-:: +l) 

The clamp on the spring is then removed., end a is not moved and end b 

displaces elastically, [ Xe] , under the load LF {l . Using these concepta 

the behavior of the system ma:,- be specified by eqe.(50). Thia eect1on of 

the thesis and the t.o that f'ollollf are ccncemod with the investigation 

of theae very im.poi-ta.nt equations. 

(50.1) ~ . ., J - (k"}[x;J .L' \:, -

(50.2) [x1,l -::: [x ,~+ [x ~ 

. (50.3) [x~J -= [a,] (x,~ 

(,0.4-) L;,- J • b -= -l~J"t7;J 
{50-5) [x e] ::= Cs"JL?~J 

For the case of th& shaft section th&se equations bec0Dl6 eqa.(51) 

(51) 

If the a end of the spring wore tued or grounded, ~J would be zero, · 

Cxel would equal [x~} eDd eqe.(51) would reduoe to the form ~ ~[k](xJ 
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to which the theory of· part II could be appl.ied di:r@Ctly. In gem.era!, 

both ends of the spr1Il6 move and both displacements m.uat be repret!lmted 

by node :pair voltages 1n the electric circuit. IJ:'here are two general 

methods of obta:! ning a c1rcui t Malogr for eq. ( ,0) and theao correapoll'..l4 • _, 
to the rmalogias for ( d] and. [ d] studied in :part II. 

The admittance method proeMds by reducinB ~ rearranging oqe.(50) 

1n the followins manner. Sq. (50.3) 1a substituted. into eq. (,0.2). The 

result 1s than substitutttd into eq.(50.l) to give eq.(52.1). Eq.{,0.4) 

is then eubat1tuted into e,q.(52.l) to give eq.(52,2). These two equa­

tions are canbined. into one matrix equation, eq.(52.3} and this equation 

1s then another statement o:t .. the rela•!iiona contained 1n eqs. ( 50). 

( 52.1) 

( 52.2) 

For the shaft these equations becan.$: 

11\, = + k( % b - X ~\ 

F""'-:. - k( %b- Xe..) 

The matru Lh1 1n eq.(52.5) 1a aym.otri cel. and ei:ngular. '1:hat 1t is eo 

follcwe f'raa the reo1proeity theorem and the fact that only the relative 

d1eplaoement of the two end. points deriend.s on the f orce applied across 

the epring. The e1reu1t analogy for eq.(52.3) 10 the gene:ralizecl n. 

_ Iao.laticn ie not required because \)ti::~] mlll ~.bl are measured. fraa the 

at rest or cero poe1t1on. In the circuit for the aha.ft asct1on, Fig. 29., 

both the .~A; are zero. 
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I 
.. L 

The impedance method :proceeds by constructing circuits for the rigid 

body transformation eq. ( 50.3) and either the spring or inverse apring 

matrices, eq. (50.l) or eq. (50 , 5). Then iri order to add ~ el to [x~ the 

two circuits are placed. in eeriaa. The r0su.l.tins circuit i"'or the aha.ft 

section, eqs .(51) 1a given in Fig. 30 . 

-Fa... 
<I 

. 1- Xe:--, 

P.'ig. 30 . 

A compari.ean ot Fi g . 29 and Fig. 30 shows that f or t he ~ha.f·t section the 

two c1rcu1te are th8 881.IW. ?Jote that positive Fb correspcrods to tena1.on 

in. the spr1ng and that both diaplacemente (voltages) &rid tena1.ona (cur­

rents) mBJ' be m.ee.oured 1n t he a.nal.og . 

Circuit a.nal.og1es for tho individual sections of the abaft have new 

been obta.1n9d. Tho next etep 1a to combine these c1reu1ta to obtain the 
.. 

o 1roui t tor the cCQpleto aha.ft. To do thi G1 Newt.on' e lal'A1 is applied to 

the pointe between the sections. As a notation convention let. each sec­

tion aseuae the number of the junction point on 1ts right and l&t the 



f'orcea, d:tsplacemcnta or l)a.!'a.'11etrsrn or the i th secUon b0 clenoted by ~­

pre-oubacr:t.pt. 'l"he external forcec: ap:pl1ed. to tho junction r..o1nta and 

the d1spla.eamonta of the points heve no letter eubeeri:pta. A typical 

Junction point with all the forces and d181)laeements labelled 1s ehotln 

in Fig. 31. 

I ~tbl 
I 

--t>--••-Q.J<..0 =---~ ~. ~ 
; [FJ ~ V<J j [F-b1 A" i[F" l 

Fig. 31. 

In all such ey-stea.s the ends of the aeotions have the ee.me dieplacanents 

as the points to which they are attached. Hence: 

?iewtan's law applied to tho point gives: 

.For the ease or the ohaft w1 th n -= 3 eq s. ( 55) are obtained.. 

F,-= 2kx
1
-kx 2 

(55) F 2 -:. -kx
1
-+2kx 2 -kx3 

Equat1one (54) and. (,5) era aleo Kirehhoff''e law i"or currents flowing 

. into a. node . . • TogGther with eq.(5:;) they ahow that the 1n.div1dual cir­

cuits representing the separate sections should be placed in series to 

fora the complete analog, Fis. 32. Eqs.(55) and. Jl'ig. 32 are identical 

to thoee .obtained in eeetion-2.5c by inverting the inf'luenee coefficient 
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matriX, (eq. (49) and Fig. 26). 

Fi g . 32. 

So far in the discussion th$ ,i_ F ha.ve bean considered. a.a applied 

external. forces or any natura whateoever. It the points each .have a 

point maae . .:. [ •l and no extern.al applied forces then the ;_ [w J are g1 ven 

by eq. (,6). 

Tlla analog for a one-coordinate maes il:l a oond.~er, t-herefox·e when• the 

circuit analosa for the masses are substituted for t he extarna.l forcee 

the circuit becomes tbat of Fi g . 33. 

Fig. 33 1e the well known ladder network which is the finite difference 

analog for cont1nuoiaa &yet.eras described by tha one dimeneiona.l wave · 

equation. 



In this section a;na.logies will be obtained f'or a beam bending 1n 

a principal plane by pr--ecisel,y the aame method a s was used tor the 

shaft 1n aootion 5.1. T'he matrix: equations will be the same except tr.at 

hare they will have two coordinates instead. of one. It will be assumed 

for the time being that the beam behavior follows tho technical theory 

of beams, that is, that cross sections plane 1n the unloaded. beam remain 

plane 1n the loaded beam. '.Phe beam ie load.~d with concentrated trano­

verae forces :_P a.nd. bend.in€, couples .:... 2:1 whose :positive d.irections a.re 

I (v1 

-------s 
• ·--i·_j) 

p 
l\ 

Imagine that the beam is divided into 11 m.as0le0e sections and that 

between tmY. two sections 1a a rigid plane upon which ·the external force 

and couple act. The nomenclature used m:1d. the pos it.ive directions of 

Fig. 35. 



Tlle concepts which were d.evolo;po:l L--i section 3. l and which are 

a:nbodied. in eqs. { 50) will now be O:.fi-plioo to the boom <3ect:to:n of Fig. ~5. 

Eqo.(50) f or the beam. section become eqs.(57). (Eqa.(50) are v;ritten 

at th~ aide for reference) 

(57.1) 

( 57 .2) 

(57,5) 

Ths cO?n:ponents of [ci] are ob tiainoo- from the gtf)(Xlletry of' t h~ beam section. 

The components of [sl l%l£!3" be ob'l;a.1nea. by using Caotigliano• s thoorem in 

. th& following mwmer. !!"'rom the theory of strength of materials we obtain 

the exr,reseicm for etra1n enQrgy· in tba beam: 

U = i{ °;1L' J.E ( E • distance measured i'raa ""4 b - Olll4 a) 

:" In the ease considered here M-= S 6 [ + n6. If EI ie a function of r it 

should be taken into account in the integration. Here, for definiteness 

1n the a.ample, EI has b~ aaBUlll.ed constant. Thus: 

_. \_ (. st ft -~ - ·t \V'tLL / 1. + s\,·H"' Ai. ) 
·U =- 2.E I · 3 "' '"' 



Eq .{57. 5) is obtained by: 

e>V -= o Sb 

< l.. ./l,~ 

Sb 
/'L 

ilt" Ye -= r -t ;H 6 
3EI ZFl 

"ov 
0 (v\, 

~ 

A-,._ 
11.. 

ee = + c • + Mb 2[~1 Q \:, 
F: 
. .,.... 

. J .. 

The two general methods of approach discuased in eeot1on ;.l will 

now be applied to obtain a.na.logies for eqe. { 57). It will bs found 

that tho circuits fil2all,y obtained by tho trio methods will be identical 

although th~ circuits obtain8d in inte:rmed.iatt~ steps a.re quite different. 

The admittance analoe3 1e obtained. by the se.me method that was use! 

in section :;.l. Eqa.{57) are aubetitut~ into eqe; . {52) and eqa.(59) are 

ob~ined ao a result. 

_ r 12 
+ ---; 

'l~ 

= El - ,~ 
fl-'-· 

'--

~ 
-- r + -'~-

I I Z .. (c 
s°'- -\- "' + r-j CA, I / V / \ ... / 1 j ; l"---

i 

-1 + "' 4 G z 
G e"\,_ + -- t- -

' C\. 
,fl.'- ./l. j \4- ./'L. 

I = EI I I Z (o I Z -- __ /E_ 

l:: 
- - it4 + --- l'jh /(".! j\.; /1 ;,._ 

+ 
Jg_ + L'. C, +- 4- 01, -ft..,_ JL. / l.' /l...-

The circuit tor eq.(59.3) 1a tho sen,erallzed re . It 1& shown with 

negative acbaittanoes 1n Fig. 36. 
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l+•11: 

Mo.. 6a. 

;'(L . 

12. E J 

jl <-

(ti ,. 1ncl , c ,•1 f ~:.f v,c,,/,.,·c.; c,,c o f 
I nv c vse 1 ,....,c,1(,c fo. r1 c c) 

Eq. ( 59. 3) and F ig. 36 a.re the same as those gi veil by K ro,.1 ( 10) . ·X· 

To ob_tain tho circu.1 t for the cc.E.pl ete beam, 1:-:iooiton' 0 ~ is s.11:plied 

to the rigid planes betwsen the beam sectiono. 'l:h.e convention for desig­

nating the sections a.!'l.d rigid planes between t he eections which was ex­

plained at the bottan of page 53 will b~ used . Eqs.{53) and ( 54) f.or 

the beam become: 

{60) [:~ r.::1 f." :~J 
I"-+ I 0.. 

'-· 

{61) l
. 'PJ ls] ~ so.-J 

: M 

~ b ,HI - + -
' -'l ll rl 

,( •·ob ;., r• ct. 

Upon subat1tut1ng the values for ~"':] ancl. [_Y 4] obta.1£100. from aqs.(59.l) 

* Kron obtains Fig. 36 by a d1f'f erent ap:pl"'Oe.Ch than i 0 used here and he 
·11aes his own "teneoria.ri me-t.hoda. See hie book ( 15) . 
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and (59 .2) in eq_. (61 ), and by mak:L~ use a? ,aiqa . 1 60 ), eq. { 62 ) ie obt31ned . 

The te11WJ o:t' eq. ( 62} are adr.lJd to e,;1 ve ~q. ( 6 3) . \'\lh-on oq . ( 6 3) is w.r-1 t t en 

f or a beaz11 wit.ha. particular num.br;3r of cells and the boundary conditions 

ai·e cons idered., i't ie an equation of the fo..""m [F J = [ a.] [x] for which 

enalostee were studied in part II. The invers~ of eq.(63) for any givan 

beam becaa.es the infl uence coefficient equation ~J :. [s] [Fj . I n part. rv 

tpie equation is given for a cantilever beam . 

(62) 

l

-: "J·- ,~- I Z 
- _f_ Z4 C t· '· -- - +··-

_,,-15 / ';, 1... .,f3 
-· E .. ! : 
- .. L I .,, _A.. 

• ?.i I + Jo_ -t .:~- 0 -+ 
A ,h L p t... / 't I'~ 

Eqs . (60) to (64) ahow t hat t he circuit ±'or a cooplate beam is obtained 

by .placing the eection circu.1ta of F1g . 36 in aeries . When this is done 

sane of the admittances '"'4"h1ch are 1n parallel cancel. Tho circuit fm.--

~ ca.ntil~ver boom with n =::. is shown 1n Fig. :.i? . . The boundary cond1 tion 

at the clamped end i s imposed by grounding e c, and Yo.. . Thia ehorta some 

of the admittances and places others 1n parallel mak1%18 possible 80flle 

eimpl if'ieatione not shown 1n the figure. The oircu:tt is the eeme a:~ 

that. obtained frm [k] o~ ~q.(63). 
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t 

l +~n 
~ R.-.. 

Eq.('9.3), the equation which deaeribea the beh&Vior or the beam 

aecticc 1n the admittance aethod, yields neptive admittances 1n 1ta 

oqu1valont circuit and provides for no scale ona.nge in passing frcm the 

mechanical to the electrical systea. To eliminate these effects the 

metbo4.a ot part II will be used and in particular the scale ohange, 

eq. (64 ), and coordinate axes transf'oru.tion, eq. (65), will be applied. 

y = a Ya.. So. -=- L S"'-0.. a.. 

(64) 
e"' -= b a 6:, Mo_-:.. 

I -;; 
-- 1\· be.. u Cl. 

. Yb ~ a Yb S1, ~ 
_l. S 
0. I:, 

8b::: b a ab Mb 
1-

-,:: baM" 

1a.. +l -t-a ,2. 0 0 l i:~1-l 

ea.. -t-l 0 
) 

0 0 Xo,~ --
jb 0 0 +l : :,._j Xb1 

8\) 0 0 0 xb.. 

bA ~~ . 
If a 12 .l!IIMl a 24 are taken ae a,2.::. - •2 , &;i. 4 -= + , · and eqa.(64) and (65) 

are u11ed to tranefOl'll oq.(59.3), then the very mu.ch a1mpllf'1ed eq.(66) 
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reau.lts. Eq. (65) with the values of' a.
12 

an.d a 2-4 oubsti-tutoo axe given 

1-- .. 

1
1;' t-~ () • · ,:.1. . 1 ., 

/"V 

I '- c:, '-
0 lt~,.\ l /1 '.J 

~ 
•. l. 

-· I 0 •t_.::. 
le,. ·.c 

./{. 

(66) ! ::: EI I 

,. "l_ 

(./· I 0 -v 
x~. ! 

/ l . ~, 
J I 

Jl i !-
, ., ' ·" 1_ Cl 

V 1 61 J I ,-. > I 
I i 

-t~ "' ~\:; 1 
' ... J 

,'( -~ 

i 
I o Fb., I ,t_·'-CA ,_ 

---
~1 L /l 

4 ? 

0 
J..r- ('. \ 

,,.. ! +- -b· I · •. ,.J 

Ycl :to. l 
xr.ri.. 

X "' 2. 2 

0o. -.: Xa. "2. 

{67) 
~!..': ... -· % 61 -t-- Xb'L .,-b 2. 

e6 -= x62 

The &1.&logo-ue eircu:t t, :tor eq_. ( 66) 1:J g:i. v0n if Fig. jf, . In thi g figu.rs 

the curroo.te and voltages are t~ive.n by eqs. (67). 

t1 J.,. ~'t ·; • . 
X,u. /?.. 

,<bZ. Gb M1:, 
!>- - - ------·-------··-·-··- -o --- ···· ·--C..>i . .Q..<..'.C.Q.---- --r-- 6 --· -<i----

~ --·­
t= b 2. 

/2 E.I a.1. 

---~/.3- X ·t~ . + ,, J 
c· c ~ i1C----~-Sl1--+--,o&-. -~ 

2. 

The· oircui t e.na.log for a beam of more than one soction 1.s obtained by 

pl.e.cing n circuits like 1i~1g. ;8 1n series. Thie .aix-cu.it wtll ba dieouesed 
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·' .,. 

• after the 1mpedanae -,thod of approach has been investigated. • 

.Analogies obtained by the 1mped.ance method tlill now be studied. 

A circuit which oan take several forms will be obtained w1ch, upon a 

coordinate axes tr&nafonna.tion, becomes the circuit of r"'ig. 38 . In 

this method the circuit for either the aprine equation eq. (57 .1), or 

the inverso spring equation sq.(57.5), is placed in series with the 

circuit for the rigidbcxcy tranaf'orme.tion, eq.{57.3). All of these 

circuits were etu.died in detail 1n pert II. The reference, nodee :f"or 

1' e and Oe are yr.. end 8 A , and sine@ theee are not. the same, isolation 

is Nquirsd. Furthermore, lk 12 \ > kz. 2 so that a tnmeformer ie required 

to el1minate a ooe,ative S._ ::. . Since we are dealing with two-cUaensional, 

. peyaical coefficient matriees either the '1: or the rr circuit (aee section 

2. 4) ~ be used aDd the siligl.e tranaf onner "fJJl!JJ be placed !n the IS , the 

a;, or the a 2 position. In ordar to eonatru.ct a pmctieal electric cir-

' cu1 t the scale changes used in the adm1 ttanee analogy a..., introduced. and 

used to transfOl"Jll all the eqs.(57). Wh<111 this 1a dooo eqa.(57.l) and 

(57 .:5) beeaae eqs. (68.l) and ( 63 .3). 

(68.l) 

(68.3) 

The combined circuit using the~ network {see Fig. 10) with t.he trans­

former 1n the 13 position 1a givan 1n Fig. 39. This circuit bas the ad­

vantage that tho bending mments,M.,,and shear forces,sk>')are eur:t"(mts 

which ma;s- be measured 1n the cil"cuit. 
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Fig. 39. 

Eqs.(68) and the correepondine circuit or Fig. 39 will now be 

e1mpl1t1ed by means of' a coordinate s.xas transformation. The elementary 

coordimt.te axes transformation of oq.(69) is applied to the beam eocticn 

e:pring equation, eq.(68.1). If' a 
12

::. - / K\2.::. +ri,k, the spring equation 
~II 2 

becanes oq. ( 70) • 

(69) 

(70) 

If the rigid. body displacements are trane:f'ormed 1n the same manner aa 

the elast.io dieplacem.enta, that 1e, by the matrix of eq. (69), and 1t the 

right s14o of· eq. ( 68. 3) is subat1 tuted ~or the rigid b~ d.1aplacem.onte 

than eq. ( 71) 1a obtainecl. 



c;:5 

e: l r-- ·7 

[::] [

+l 
-t -~1J ~X h ,-] 

+ "b:r i Yr, 1 

(71) : i I -I I - ! - -
+ 1 : i 60..j 0 -tl X)t.i.. 

--· L - ·- . ·-

'fhira equation ie r~ to obtain: 

(71b) 

If the scale char.lge of eq.(64) and the trm:vJfo:mation matrix of eq.(69) 

are applied to eq.(57.:2), eqs.(72) are obtam:)(I . . 

(72) 

'l'he equivalent circuit for eqe.(70), (71) and (72) is the eame as that 

obtained by the admittance .rr.ethod. The circuit is given in Fig. 38 and 

the equations which define the TOlte.gaa and currants in thi s circuit ru-.-e 

eqs.(67). 

Figs. ,s e.nd :59 are two uaeful circuits for a ai.ngls beam seetion. 

A eirou1 t for a beam 00m1,osod of several sections is obtai rJ.ed by placing _ 

$everal of theac, eect1on circuits in geries. When thi 21 1m done, at each 

saetim Junction tvo transf'ormera ere 1n eer1eei w1 t h the rigid-plane dis-

placement node ~ y bettveen them. The two transform.era may 'be replaced by 

one with the node :901nt .i-. y a t the center tar, . The resu.l.ting circuit 1a 

shewn in Fig. 4o. Itote that tho values of r and. EI mBJ diff'@r trm sec­

tion to section. 

'l'he center-tapped trs.nefo:ruere mtiJ.3 be eliminated Lf the external 

force vector u:1 is trm1£?Jf o:ni.1.13d. into the coordinate system used 1n the 

1 + l beam aoct1on. Thia tranaf'cmnation of' the external Tector force 

will 1n general require a trans:fomer which tor 8Clll8 important special 



j oo 0000 nl~r,~ 
L+, 1 

t-1 p i j_T/ p 

Fig. 40. 

cases m,q be ol1minatad. The appropriate trana:f'ormatioc equations are 

eqa.(67), am these applied to[;~ giw eqo.(7}). 

= AX I - t- (_; ~.'...j 
z {73) 

'The c1rcu1 t for the transformation ls g1 ven in Fig. 41.a. 

. . 
,()(i=. -tTI)(~~ 

~ . ... e 

Fig. 41b. 



If AP is an extern.al f orce generator or if' it ie proportional to; y or 

to a time derivative or integral of) y, and ti' 'b -= ~, , then the circuit 
A..1'-1 c., 

becomes tl1~t of Fi g. 41b and it is apparent that th~ transformer ma;y- be 

omitted. 

Ae an example suJ,pose that;._ P and _.J! are inertia forces given by 

eq. (74). 

When the scale ch~ traneformati c:xn (75) is made t.hie equation becomes 

eq. ( 76). 

( 7')) e-: b a e 

(76) where 

The circuit e.nalog for ea.oh of the mass coefficients 1s a condenser. 

In Wig. 42 thee& condensers are ehown 1n the circuit for a cantilever 

beam which has beam seot:1.ohe of' equal l ength. 'I'he boundary cori41t1ans 

at the cl.amped end are impoeed by grounding the d.is:pla.cem.ent nodes while 

those at the free r.,nd are 1m:poead by applying no shear force or ben1Ung 

coupls currents. 
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3'ig. 42 ( values sh.Otilll ar·e for ~ a.rrl C ) 

.3 . 3 The General One-d:lme:neio.oal Elastic Str'Ltc ture 

as befo1--e, the beam is di ,rid.0d. in.to maaaleso ooct10'.rl$ r~iiich are eepa..""'atoo. 

by rigid planes u.:pon which the external forces act. In th,;; general caae 

the displacement vectors hava six cc:mponent,e wllien epseify translation 

an4 rotatian a.oo. ·the force vectore correspondingly havei eiX COl!lponente 

which epeeiry force and couple o The elastic 'behavior of a beam section 

1e ul3U.ally apee1f1ed. by an influence matrix wh1eh ia obtained from the 

strain energy by- uaing Caetigliano' a tbeorem. :for the syatems eonaid.ered 

in this and pnv1oue section.a no non-linear :forces such as those involved 

in buctling are a.ll.owed. Such foreea Will be discussed. 1n section 3.6. 

As before, the principal idea. used 1a that the displacanent of end b of a 

beam eect101l is the sum of an elastic part· cauaed by the applied. forces 



for th.<3 section is o'btaw..ed by placixl{,;; cir-ctt:1 t1:J .for thl;) tkb'O ;pa.rte 1n 

As an exrun.pl~ of a moro general beam, the circuit B.tialo©" far the 

bending of a ciwved boom out of 1 te plane iiiill lie o'bta.ined 1n this aecticc. 

Other aystam.a such as the banding of a beem with a product of inertia or 

the bending 1J.11d twistL'>'l{~ of a beam about en e.na other tha'l'l the center 

of' twist can be obta:lned in a similar manner. It will be asaumsd that the 

boem has a circular c:rosa section, that its center line is a c!.rcula.r are 

end that the radius of the cross section is small compared to ·the radiu.a 

of the canter lino. 11:hase assumptions a.ro ma.de i'or ai.mplicity 1n exposi­

tion and 1n order that a canparieon of' natu;eal f'requencies of v1'brt1.tion 

may be made w:lth a Icno:.tn solution of:' tha continu.ou.s case; they are not a 

restriction an the method used. 

Fig. 4,3. 
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In terms of the notat1cxo. f or a typical b,oom. ssction shar.n 1n Fig. 

43, tha strain energy 1n the beam 0oct1c:m. is i iv0:n by: 

(Tl) [
,P M 2 

-,-;-;.) 

u ~ o (2/i-t-2.JG ,RoZ\ 

where: M,\-:: Fb F. sin).__+ M 1:, 'coe}, - Tb sin \ 

T" -=- F b :R(l-cosX) -+ M 6 sin r- + T b cos \ 

The el.$st1c belle.Vi or of the beam c-.an be apecit'ied by: 

-
Ye s,1 g• ,2. S,1 Sb 

(78) ee ::: 8,2 8 22 623 
"/,'! - • I:, {50 . 5 ) [xe] = [g] ~b] 

\fie s,3 S:.z:s g 3'3 T b 

Th• influence coeff'ioients in equation (78) 1'tlt\Y" bo cal.cu.lated frcm eq.(77) 

by ueina Cast1gl.1ano's ,theorem. The result of' t his calculation is: 

(79) 

s 11 = 4~r[zlf-~2¢ + ;~ ((,4+,w~,24' -~~ct)] 

S1 2 -= ~~:[ I - ~ 2 4' + J½ ( :3 - -4 C-<7~ ~ + 2 ~ ¢)] 

1J ( ~~i - 2 'P --✓~2~ )] 

~ I ( Z cp -~ 2 cp )] 
0G 

8 2 3 : 4: r [ - ( I - . ~ 2 f} + s: ( I - u,·.t 2 qi J J-
633 ~ 4:1:[ 2t-~ 2 ~ + JJ ( z 4 +~'h ztTI 

The rigid bo4 relation, eq. ( 50.2), 1s givan by: 

Y11.J • 
l -t R e1n4' +R(l ... coat) .,-,,t_l·. 

(80) e = 0 + coe~ +ain~ 

6
80. (50.2) [z.J:: [a. J ~'ll. ~: . 0 -ein 4, + cos er 41~ -
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!.:.lhen ¢-;. o and F ➔ 00 i n suoh a r1umner that I~ ~ = constant = r 1 these 

equations 'became those for a simpL::i bw.m. 5_n 'beruling , aoetion ; . 2, and a. 

shaft 1n torsion, section 3 .1. 

I n accordance with eq s. ( 50. ;i ) an:1.. ( ~x'). 4-) , the analog for the beam 

section ie obte.1nerJ. ·by placing the i nverDe aprine circuit .from eq.(78), 

~"1 sar1ee w:tth the l"igid body cir cui t fra.n eq. ( f'IO). Both of these cir­

cuits were ::rtudied in 1?e.rt II althoue,h the specif.:tc values of the elec­

T1oal olements depe:rul upon the particu.l&" problem considered . To yield 

a practical electric circuit, the scale chanses , aqs.(Sl) are ,..ntrocluced. 

-
Y; -::: o. Yi , 

(81) e· 
<i 

= ab , e J ( J = a,b,e,z·) {:1::: a ,b ) 

1/!j = 
.. 

a..i z "/)~· 

Vv'hen t hese ecals cb..anges a.re intx-oduoed lnto t he invors<:} spring equaticm 

(7B) and t ho rigid body relation (BO), they beccrae eqs . {82) aDd. (83) 

reapectivel.y. 

(82) - -312-- l:,, 

':J •}_ 
bz, 

y/t 

r
l -1- b 11{ ei.n 4 + b_ B( l-cos4) 

[;--
1Yc-. L. 
I 

en. + cos 4 + .~::~~ sin t 1- [x~~[ ci](iJ 1 ·0 ) = 0 /60., \ U;j 
J:',.. 

l~°' ,&,, in~ 
' , -

COB f 4'n 0 --· a -t· 
,&1" 

~ circuit f'or the 'beam section when ~-:: 22.5° and. ·~~ "'- (1-t-V)= 1. 3 

will now be developed. . For this value or <f> . end J~{ the values of s . • are: 
~ ,. "'d 

/ 
I 



g II -=: 

.:, "3 
_,, t+ o .02-o&s1) 

4E:r ' 

r,z2. {-0.040063) 
4 fl 

'l"o simplify the rigid 'body relation, telte: 

The rigid body ralat:ton than baccmes: 

~"l 
•·· 

YcJ +l +l i" . 5:z.'O 

(E~) 0 +.924 +l e«-~~J::. 
,.i,-1\.. 0 - • ll~6 -+. 924. f~ 

The inverse aprine eqU&tion becC'i!Uea 

Ye + 0 . (J206[) + 0.11785 - O. OD'.x '6 

107) ee -:: 
_E_:_ 

-t o .117E.;~i + 0.2334<3 + 0 . 00492 \ <...! 4EI cl 
'fe_ - O.OD5f;e + o.00492 + 0.04329 

f~s.1, 
"'- P 

:: 
To aeccepl1sh 1eole.t1oo at lea11rt t wo tranafo:rni<:,rs are 1--equired 1n the 

analog ror eq. ( F;7). In ad.di-ton t.he neGB,tive impedance resulting frcn 

s 
1 

> g must be removed. A pre,ctica.l. l"Ja3 to do this is to make a. 
2 II 

local, scale e~ in the y~ eCBponent arid. to ioola.te the 6€ canponent. 

A circuit for a bNm section in which this 1a done ia given 1n Fig. 44. 

AlthOUsh the general values of' aqe.(82) and (83) are given on the _o1rcu1t 

diagram, it 1s valid as drawn only ror a [s] which has components with 

the same signs and ne&l"~ tM saae values as that of eq.(87). Other 

~ues of ccnpouenta might require tranef'oraera in the p ;J positions or 

a coordinate axes cbanse~ 
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A lumped circuit analogy tor the out of plane free vibrations of a 

un1.t"orm i-\U.l ring will now be given. r.l"'ne shape of t l1e f'undemantal. mode 

of auch a ring is indicated in Pis. 45, The + and - indicate !IIOVe­

ments out _of and into the plane of' the figure. The boundary oond.1t1cma 

on the octant which are ehO"'~ 1n the figure are obtained. by synneti7. 

-+ --------~ 

' / S=-0 \ 
- ( T :: 0 . --

\. "i"c1 / 
\ M '-0 I 

\ f~o / 

'-+ -/ 

Because of sym.et z·y , t o mod<i:l t he f ull l'"ing when H vibrates in the 

fundamental or higher modes with &1 int,~gr,al number of g_uar-t;er wa.ve 

lengthe in an octant , 1 t i s onl,y neneB.3eJ:"'J to moo.cl th~ octant. To 

model the octant 1n t he sxemple cone1.deroo. here, t h 'O of' the b~ sec­

tion.a studied above t.1111 be placed in series. Th~ boundary eond.1 tiona 

make 1t pose1ble to elimJ.nate sane of the rigid bOl1,y tnmaformers, aud 

to take a4Y&nt&ge of this, the b end,tS of' t he sections a.re Joined to-
(),, 

gether instead 0£ ~ a to~ b e.s haa been done :previoua~ . 'l'he co-

ordinate systems used on the beam eeoticna a.re ehown 1n Fig. 46 . An 

1llspect1on • of the figure shows that the same equations deeer1ba both . 

bea aect1Cllis and therefore the analogs for the two ijeotiona are identi­

cal. However at the ·scct1cm Junction a trsnaformer is nee<ied to relate 
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.,_e1, to ,e., because their positive directior.LS are opposite to each other. 

l 1g. 46 . 

{all y'a are positive 
out of the page) 

A lumped. m.ase equal to tha maos of' the eente'.'.:" hal.f of 'i;;ha oct&ut ts 

plac$d. at the eeot1on Junction and a lt1Mped ma.es equal to on@-quarter 

of tho maee of t he octant 1s placed at the a end of' 00ction l. 'I'he 

ma.es which wauld normaU:Yoe at end a of e13ction 2 is grcnwdoo. . In the 
' 

analog the rotary inertias , which are condensers conn~c;ted to t he slope 

and twi at nodes, have "been :neglected . If f" -:. ma'3e of the beam per unit 
( 

length, thlffl the ma.as of ona-he.lf an octant i0: 
II 

m ~ 1: df ? s f 
0 

When the scale changes, y -=- a y , and t :: N t, e.re mad" the ma.ea becanes: 

(88) 

The ecaplete circuit witl'l the pa.:r'8Jleter va1uea .of eqs. (86), (87) and 

(.88) ia given if Fig. 47. 

The expreaeian for tha natural frequenoieo f or the distributed 

mass ring, for ,wbieh l!"i g . 47 is the l um:_ped inaoa anal,og, ie givan by 

Tilr..oshenko ( 22), page 410. Thi a expreaston is: 
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li"or the f"tmdam.ental. mode and f.or ?>'.-= 0.3 tbie eXpresaian becaues: 

(90) 
We.. 

----------

'\11/T ( ' , ). ' -=- -z,.,,o.., f' R,4 

or - 1 

The lumped me.es :f'requ.ancy obtained f):om the circu.1 t frequency, 

-f -:. 2-JtffiL.~, ean be put into this d1mena1onleea form by subatitut1ng the 

values of tho eircui t eleenta obtained fran Fig, 47 into the term m: . 
The circuit olement values are: 

(91) 

?~ing the eubsti tut ion one obtains: 

(92) 

'In,,. ., __ ~_.i,.~ ). TT f 
.uus s.1.nce IDLe N = 

/'/ 
the frequency paremet,0r becanes: 

(93) 

(the Le subscript indioatea the lu.mped. boom frequooc;r calculated by 

the electric circuit). The ratio of the ca11.tinuous boain f"l"equency to the 

lumped-mass beam frequency as calculated by the analogoue electric cir­

cuit ie obtained 'b:r d.1v1d:1.ng eq.(90) by eq.(93). 1."1le r·eault is: 

(94) ·- -·-·~-----------+ (7.7o) -J 1...;c' 



In t,he first p!U"t of t.hi:J aecticm th'J fmi te diffar911Ce e.nalo@ 

·developed. by M.cCann·and Hac!,ieal fort.ho 4th crder dit"f@rential equation 

daecr1bing the bebavior of a etra1ght bsem will ba givffl. Thie ana.l.ogv' 

will then be ccnpared with the lumped anal.oQ developed 1.vi eeotio:-1 3. 2. 

To 4esor1b8 the beam the COO'l"d.inate eye~ of 3'1g. 43 will be used. 

i . • 

. bwr~~~rrnm X 
-~ 

Fig. 48. 

h'aa the theory of the strength of materials the d1i'ferent1a.l e-'1uat1on 

ror the deflecticm of the neutral axie ie: 

(95)-

7-'hie equation could 'be converted to a finite d.1f'f'erenoe eqwitiem 1.raed.1-

atel.J, but 1t 1e acre inetruotiva to consider the four r1x-0t oro.ar equa- . 

ti~ usad to der1vo it. 
t 

Th• equilibrium ocmd.1t1Ql15 cm. the_baam elaaent a.re: 

or 

::.: w 



? l!l('IIG?lt = 0 

nook:e'e law g1vesa 

(96.4) 

J.M 
dX 

79 

Ill theae equations the post-au'becript indicates the se<.ition er cell 

(97 .4) 

S · 1 - S. , -.: ·+ {w ~) . 
A~~ A-~ A 

L. ... 

f.,: ' -=. + 
A, 

Y. - y . 
....... I ,A -

Eq{!;,7.2) 1a a ratio of C'l~tz.tl:il. 

Eq(97.3) 1e a relation betweetn volt&Ge 8lld em-rent. (obme law) 

Eq(97.1+) ie a ratio of voltages. 

The e.nal.cgoue oircuit for eqs.(97), ifhieh .10 the f1n1t0 difference 

. analog for a eiaple 'beam, is sS;van 1n Fig. 49. 
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To ocmpa:re the finite difference a.nalogr of Fig. 49 with the l umped 

analogy developed in section 3 .2 ffl> trane:rorm the latter into a. form simi­

lar to the former. To do this the 1.nveree spring equation, (57.5), for 

the simple beam is written with~ el-=~~-~] [x ... l aubstituted for [x e} 

lqs.(98) are obtained as a result. 

(98.l) 

(98 .2) 

Doth eidea of eq. (98.1) are d1vtded by r and both s 6 terms ara divided 

and iau.lt1piied by r to s1 ve eqe. ( 99) . 

(99) 

Tho rigid body relation. of forces 1s a.loo required. 'I'his 1e obtained 

frcm eq. ( 57 .4). 

(100) 
Mc::t. -::: - M b+ r Sa. 

S.:t -::: -Sb 

In eqs.(99) the reference nodes for ths two relative displacements on the 

lef't band aides are cc:rr.man., namely 90...• The analogous e1rcu1t for th~se 
fl. "--- / \,, equations ia the simple T network but since -- .,,, -- , one inductance 

:ZEJ" JEI 

• will ·be ne~ti ve. The cireui t for one section ia g1 ven 1n Fig. 51. Thie 

circuit is the same as that for one cell of the finite difference anaJogy, 

Fig. 49, except for tbe negative 1nduetance which 1a not present 1n tho 

latter. The effect on errors of caitting this induotance w1ll be investi­

gated 1n :pi:,.rt IV• 



Fig. 51. 

3.5 Shear ~efloctio.n 1n Beame 

In sections 3 .1 to ; . 3 the technical theor-J of beams wae assumed in 

which ;pltme sections remain :;:lane. This assumption makes the problem 

tru.13 ona-d.imensione.l, that is, the relative diaplacemente of two end.a 

of a beam section can ba epee1f1etd by not more than aix quantities 

which are proportional to the aam@ number of generalized force components. 

In aetua.11 ty a. beam section ie a three-d.imooeiona.l elastic region and the 

diapla.cements of the encl s can only be er.>ecified by three disple.ceaent 

fru1.ctione of two apace variables eaeh. Plane seot1one remain plane oni, 

f'or the case of pure 'bs:nd.ing; f'or lateral loads d-s>.flections are gz-eater 

than that predicted by the technical theory. In texts on strength of 

materials .in which the technical theo:ey is used to obtain the bending 

~t,iffneas of beama,it 1a shown that the shear stress 1a a function of 

the lateral shear force and the shape of the beam croee section. 'l'he 

shear etraes causes a ehear strain, which moans a 41stort1on of cross 

sectione, and the.shear strain produces a deflection additional to that 



obtained i"rom bending. T'nere are v-ai•ioue ap1,;ro:d.ra.ate ways 1n which thi® 

e.dd.1tional deflection~ 'be calculated. 

slope caused _by shear alone of DJa31ituda~ 

* The most cam:ncm ie to as8Wlle a 

( 101) 
~1, (t-:,._'1) "-j .". o< <. -;:,I. c' $ () ·-· -· = 
c\ ,< ..., -· A G 3I G 

~ 

y 
1 

_ shear deflection 

~ = factor which .multiplieo t ae aver&e,-ve shear stress 
to obtain the ehear stress at the centroid of a 
cross oect1on , = 3/2 for rectang-lllar cross seotione 

c -::. one half the depth of a. eymmet;rical bee.ru 

Int.ho beam section.a consideroo. in thi0 thesis the ehear force 1e 

constant over the section length, Md. the shear deflection of' a bemn 

section 1e thus: 

(102) 

11.'hia ad.ditiOlJEl.l deflectim1 is a one-dimensional effect, that is, it 

depends only on the ahear force in the beam aection. Thia simple shear 

deflection term. can be included 1n the beem. equations or section 3.2 by 

• 0( R ) 
simply adding AG to the e , , tem of' eq. ( 57 . 5 . Thie tflm then beeanes 

3 oUl. fr 1 -+ A G which in the electric c 11""<:ui t means a oorresponding4' larger 

inductance. In P'ig. 51, which ia ths circuit for one section of the lumped 

analogy 1n the finite d1ITarance form, the negative 1.nduc~e a.rises frc:.m 

fl /l. .f"t. 
:3f r - ~ 1 =- - 0 f I . When shear effects are included, the correspond.ins 

inductance 1s: 

{103) + 

* For eDmple sse Timoehenlco (17), Strength of' :-~teri,ala , 2nd ed. page 170 



Hence when the shear term 1:.:; lax·~ en:ou.gi:l , no OOeP,tive ·incfoctauce iB 

required. a.r!d the circuit of Fig . 51 be00ti1es a vel.";;' useful and practical 

circuit. "ii'or a solid rectangular beam with Poisson • a ratio of 0 . 3 the 

ra;t;1o of bemu depth , h , t.o loo.gth , r , at w.hioh the inducta.."'lce 1e ei-ther 

zero or poaitive can be found by: 

a. ::: 3/2 

E -- -
G -

substitute t heae values in 

(104) 

0fI 

n. 
h 

A =b h 

I ::. 

and obtain the condition : 

The shear deflection t e:t"in oi eq. ( 102) doee not ch,;pond. on the bound­

ary co..,."l(litions on tho beam a0ction as it should t o be correct for all 

situ.at.ions and it i s f or t his reason t hat i ts val idity is opcm to quee-
'.l 

t:ton . 
. ~ 

In the pl.ene 2tr~00 or two--d.imenaio..'1a.l a.pr.:roximation to a beam 

the ehea.r term of eq. {102) for a, -= 3/2 is obtained onl;r for the case of 

a rectangular eantilevor beam in wh:1.cb. t ho built in end 1a free to Tll(arp . 

}!"'or all other boundary c<md.1 tiona the term of 0q . ( 102) is not correct 

although the oorreet term is known for only a few cases . Fo1· inatanoo, 
.. 

t he strain energy 111 shear may be calculated a.no. Castlgliano1 0 theorem 

used to obtatil t he ehea.r term for an end-load.sci cantilever with the built 

in and reetrainad f rom warp1:ng . In thia; case : 

{105) 
.. 

'2. AC 

S' GI 
s 

In sv.mmery we may as;:r that 1:f' the II!.a,Gn1 tu.de of tht3 shea:r term can 

,i- '111moehenko, Theoey o:f Elas ticity ('18) , page . 37 
'l••!f tl II :page 149 



be obtained, 1t c&D ba incorporated into the circuit analogy easi~. 
-

HoweverJ :1n all but the most elementary ca.sea a correct ahea.r term is 

not .known. 

3.6 Ccmbined Axial and Tranaverae ·Loa.de • 

. When an anai force acts oa a beam that undergoes lateral d.e:f"lee• 

t1cm, the effect of the force de})Mlds cs the lateral defleot1on ·&nd '1n 

this eenee the system 1s non-linear. Consider a. 'beem 1n bend.ins td th 

e.n axial load T. (Fie;. 52a}. 

Fig. 52a. 

,--

~</iE} 
~-oh-I 

i!"ig. 52b. 

The axial load may bs thought of as applfing a cl1str1buted external 
' ~ 

bending couple, -T 1-j , to the beam. This ie shown 1n Fig. 52b where ~x . 

T d3' 1s the manent applied to the beam element of length dx. In the 

electric circuit e.nalo€'3 far the beam this distributed man(;Jllt must be 

lumped into equivalent coneEm.tr&ted maments whioh a.re applied at the ;. 8 

DOCles or the bc,am. (Fig. ;58 or 40). If' T 1s a variablo, e1ectron1c 

ault1pl1ers are requ1n4 in which the inputs are. the voltages ,;, 8 and T 

and: the output is the current ll• . When T 1e a ooneta.nt, the current 

~M=(-T;.. 8 q)~ be obtained b7 oom>.eeting induct&nceo between ground a:nd 

the ;, 8 nodes. In thia equation q is the l.engt.h of beam over whioh the . 

41atr1buted ·mcnenta are lumped; 1n moat cases 1t will equal the beam 

eectton length, r. • If T ia_ negative, that 1e, 1:f the beam is 1n OClllll-

• proaa1ca., either electronic nea,.t.tive inductances iauat be used ar 1 1n 
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the eteady state ca.ae at a. known f'requeucy , condensers ma:,- be uaed as 

negative inductances. In the static case where the beam maaaes are 

zero, buckling loads correspond to resonant frequencies of tbe circuit. 

When the scale chano-es of ~q. ( 64) are made, the value of the T 1nTerso 

inductors become__!___~ T q b-... a-: When condensers are used .for negative 
'-

inductances their value 1s: 

(106) C -=--

In Fig. 42 these condensers would be in ;parallel with the rotary inertia 

condensers. -z. In the f'igure, b -= -· and f'or q --= r, the axial load condonsar 
/ l. ......... 

I 0 . 
values wou.14 be - ..:- 1.. • 

f\. W 

3. 7 Lumping of Distributed Forceo. 

W1th1n the stated e.aaumpt1ons of one-dimensional theory, the olec­

tr1e circuit analogies developed 1n eectiona 3.1 to 3.3 are e:a:act for _ 

the case of conoo.ntrated loada. When distributed load.a act on a omtinu­

oue syst• they- must be replaced by equivalent lumped loads 1n the analogy. 

The word, equivalent, in this case can have ma;ey maanings. For instance, 

the lumped loads may- be statically equivalent to the d1a'!:,r1bute4 _loa4s 

wh1c.ll the.)!'.. replace, or -they mJ33 be concentrated loads which produce 

deflect1cms at the po1nta of application equal to the deflections ot the 

* eame points under the distributed loads. The methcid ueed. 1n this tt ~e1s 

of replae1n8 distributed loads by statical equ1valente does not require 

-~ · knowledge whatsoever of the solution in order to make the lumpins, 

and. it 1s thus probabl.3 the most general and best to use on ccmplioated 

* Another methOd of treating systems with distributed loads 1s to cbf.mge 
the effective sprine conatenta so that upon appl1oat1cm of lumped loads, 
deflectieoa nearly equal to thoee qaused by equivalent distributed loede 
are, obtained. Thia method 1e discussed by HorY&¥ and Ormon4royd ( 19) . 



Distributed. loade oa.uaed by the motion of tlie By-stem 1 tself form 

an important class of such loads. Examples are 1.nert,ia fol'ces due to 

distributed masa, transveroe forces caused. by e.n ela.Eitio fmu.1dat1on or 

a viaoous fluid, Md distributed. mau0nts caused by a.x1al f'orces. In 

this case the dietributoo. forces are effectivel_r cOlllb:1.ned by lumping tho 

distribut,ed mass, spring or viscous damper 8tld app4in8 the result.ant 

lumped. element at the node pointa of the ele.stic system or circuit 

analo&r. Thus the total inertia force on a ea,rtion of a simple ·oeam 
1 

with me.as per unit length f 1a i /..A y dx. In the lumped analogy this 

f~e is replaced by ,.. y f ~ d.x ;her<:> ,: y should b1;1 at or near the center 
() 

or mass of the maaa, ( fl. f-< J.. x • In the genora.l case , y and /-" are f'uno-
.1,.; 

tions of x,and the integral of the distributed inertia forces is not 

exactly equivalent to the lum.pod 

,- '1-

{ in S(tllOl"a.l) ) j--'- 'y IU 

6 

inertia. force. '.rliat is: 

If 7 IUl4 f- a.re expa.nd.ed 1n a TaJ'lor' a aer1ea about their Talue at one 

end. of the beam section it ean be shown that for y and /A· constant or 

linear functions of x the equality is true. 

'l'he errors involved 1n some particular types of lumping on sane 

specific sy-stems will be investigated 1n part I\". An analysis of the 

problem in seneral would be 1nteraating but difficult. It ehould be 

pointed out that these lumping errors are not peculiar to electric 

analogy methods but occur in most nulller1cal methods of solving eontinu- . 

ous mechanical systems. 



Tho manner 1n wh1cl1 'beam sections are 1')JJ3.oed in series to form 

beams has been discussed. In the same manner, beams ~ be oomb1ned to 

form frames. If e. frame is a atrttoture such ao a building in wh1ah the 

dynam.ic beba.Tior ot the building as a whole ta ot interest, then 0Dl¥ . 

cme or two. sections are requirec1 for -.oh b&am and the masses ot the 

beams 11183' be lmaped at the beem Junct1cma. On the other htmd, 1~ the 

frame 1a a structure such as an airplane 1n which the mcde obape ot 

.ch wins 1s important, then enough sections mu.at be used in the beam to 

84equatel1' Npreaont the number of modes clea1red. 

In a frame ea.oh IISll.ber can · be deaor1bed 1n a coordinate IQ'Stem 

wb1oh ;rielda the best circuit a:neloS for that member. The l'llri~e me.; 

bers ,, ea.eh 1n em optimum coordinate 97etem, are then connected by tnm.e­

former networks. In a frame w1 th only mutually perpendicular aembert:J the 

coordinate systems will differ normally by see.le change factors anl,y, 

but 1n a trams with oblique members, coordinate azc,e changes will usually 

be required. 

An enaple of a s1Jnple plane f.ramo with oblique members is given 1n 

Fig. 52a. Tho coordinate axes chosen to represent each bean,. Q.r-e shown 1n 

Fig. 52b and. the resulting circuit die.gram 1n Fig. 53. The methods of 

the preceeding section may be used to take account of the oc:abined az1&l 

an4 lateral lorula. If the external. force had bean other than along one 

of~ 01.Z coordinate d1reet1one at the beam Junction, it WOl1ld have to 

be transformed into ccmporumts alOZl8 these .directions~ . 'l'he coord1Date 

axes tnmaf'cmaat1on at tho Junction ma:, be el1minated if' thct saru coordi­

nate qet• ia used for both beaas. 'l'h1e usuall;y CQ11Pl.1oatee me of the 

beam circuits so that more tranatormere ara required .1n 1t. 'l'he best 

uthod.to uM 4epeada upon .the specific problec. 



F 

/ beol'Y1 ti I I~--)--· lb~:.. 
l. _ ______ .I 

IX..,. 
,.,. :.i 

Pig. 52a. 

'fue coordinate system. tranaform.atio..'1. is: 

1 1~b 1 - ?. .x.ic , coa~ + 2.x 6 ,.ein t -
I Xb:,_ -= ,. ,x b1 sin~ 2 .Xbz. COS 1 
IX b :!, -= 2 X 63 

en actual eJ.11?1.ane and i s one tli..at '93.6 aolved on the Zlectri_c Ima.log 

Callputer of the Analysis Laboratory at the California InetHute of 

Technology-. The airpl.a.'l"J.e is symmetrical, and theret'ore eynsuetr1oal 

and en-tisymllletrical mod.es of vibration exist tmd mD;/' be atudied eepa­

ra.tel;y. In t he ff'"Jl!l!Aetrfoal modes the w-'...ng and horlzontal etabi Uzer 
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(The four two-will.ding transformers in tb.6 circuit llLV be 
repiaoed. by two threo-winding tra.neformers) 

Fig. 5;. 

·not 'fflist. Tha vertical fin is considered. rigid 1n theee mod.ea. In the 

ant1aynmetrical mod.ea the wing 81'.ld. horizontal s-tab1l1zer ti:pe move oppo­

s1 tel3, the f'uaelage 'be-tld.a s1dettJise and. twists and the vertical fin bends 

am. t1!,1sts. The wings and horizontal stabilizer bend end twist 1n both 

oases. Beoause of the aymnetry of the airplaua it 1s on.13' necaasery to 

model the half airplane ~ing on ooo eids of the lorlg1t11d1nal. axis. The 

finite . di!"f erance beam a:ialog ie ahou>m in the :figures. 

'l'he eonters of' ma.ea ot the beam sectiOD.B a.re 1n ~al not en the 

oenter ·of twiat of the beams, yet the coordinate system uead to describe 

·thG behavior of the maaaes is the deflection of , and rotation about, the 

center of wist. Theref'ore, the s1tuat1on is exa.ctl,y that of the e~ple 
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in secti on 2.4 and. the r i gid body ma.ea anal.cg i s the o1rcu1t ot' Fis. 16. 

The oen"tere of mass e.re not all on the same side of the center of twist 

w..d th.erefors 13 pos1t1cm ·transromers are used 1n eome of the mass net­

worke to change the a1gn of the m12 • 

The me.sees and stiffneeeee of the fuselage are much larger t.han 

those of' the wing a.na. ttlil mez1bers, and to keep the eleotr1eal eleenta 

within an optimum sit?,e for canputw uee, different aca.l@a were used tor 

the different b~s . Ths scale orumse t :r·anef ormer s ahown in the f'igi,u-e 

were therefore required. I~ot0, for example, that twis t ill the w1ns· is 

coupled. to slope 1n the fuse~ . 

In the analogy for the ~trice.l mod.ea t he engine can mova vert1-

cal.ly_ and can pitch. '!'he coordinate sys tem used to d~scr1be its baha­

Vior has as components the displacements of the r,ointe of attachment of 

the aouuting springs. The circuit analog is the it nertwork shown. The 

engine 1n the ant1aymmetr1cal. case ie the same as that given ae an 

example in section 2.5<,. The o1roui"t analog 1s the generalized ,r with 

a coordinate axes transformation. In :i?i g . 55, the engine analog has 

three tranef ormera instead of the one required 1n Fig. 24. The reason 

for the difference is that at the t:.tma the e.1rpl6ne problem was eolvsd 

the methods developed 1n this thesi s were not kno;i:n and the c;oord.inate 

eyatem used to deecr1be the ~.ne behav;_~Jr we.a not optimum. 

Rotary inertia of th~ b ~ .i:,t aect1ana was neglected 1n all cases but 

those such as the fuselage sect1ona earr.rin8 the wins 1n ya or the verti­

cal fin 1n pitch. 

The various sub-e1rc1.\ite mentioned above are la.belled on the circuit 

diagraae . 
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AI! electrie circu.i t i!j topol~1ically a syet(JIT. of line3 snd thio 

meo..'lB that to obtain a."'ltlogies f'or tt'JO OX' tl.i.ree-d1meno1onal continuous 

eyetems they l!l'..1□t be replaced by- a grid or moeh of one-dimens1one.l sys-· 

tems. l-.nothe1- wey to state the si 'w.at1on is tho. t, excludtng the time 

vai·1o.ble, t.-;o and three-dimenmione.1 continuous e,Yr:JtemfJ are deeor1bed. by 

~t:tal c.iffor0nt1al equations while electric networks eJ."ei a.lwe.ys des .. 

cribed by s~ts oi" ordinar·y differential equations. After the tt-.10 or 

t,h.r0a-d1ll1ensiona.l system. 1s rerlaaed by an equivalent roo-d1mena1onal. 

me9h, the methods developed ln this thoais can be uaed, w:tth no parti­

culi":r ca:uplication, to obtain a c1rcu1 t a.."18.logf. 

The equ1 val.Em.C5 of cxn.e-dimansiaoal meshaa t.o t(Mo-dimaneional prob­

lems has been quite widely st.11.died althougb much remains to be dCDB. • 

-:I' 
The m.eeh a.ne.logr for a m.ambr.a.t1.e is well known. The el.ectr1o circuit 

e.ruuog ie a netw01--k of 1.ndv.otora topologicall: the S81'11e as the mesh ct 

sprillge. A mosh of bars wliieh have axial and shear sprineS can be uEi5d 

to ar.,:prozimate the problem of plane etrese and plane 13t..ra1n. Coupline 

between bars in perpendicular diroetione 1s caused by F·o1eeon•s ratio. , 

r,;ron (11) bas given an analogy for this raeeh and fiJAC.?JeeJ. 1n an unpub­

lished. note has ueed a f1nit8 dirf'eronc1t appro:id.m&ticm. to the differen­

tial equations to obtain the es.me result in e. somewhat more genera.l 

fasbicm. The analogy can also be constructed uaing the impeda.nce methc4 

dieouasod 1n section 3.1 and :,.2. Grinter (5), page 1:,, has given an 

equivalent ·mesh for plane etreee and plane strain problams 1n whioh 

bee.ms in anal strain and bending replace t.he shear m0Dlb@ra of the 

other mesh analogy. Ee shOW'a that the effect of Poisson's ratio JDl\'f 

«- -• Marcus (20) bas written A book on the subJeet of mesh appro%1-­
t,1ana for two d1mcme10Dal ·elast1o systems. 



e>ften be OOgl$Oted in this wash &"Ad. urh0'.ra this ca.n bo doll'.:; the circuit 

for th@ msah ia ampler t.han toot for the fini tg dii"ferencG oqua.tions of 

elaet1c1ty. 

m elaatie plate fcB:J' also be approximated by &1. orthogacal mesh of 

beams which bend and twist. r-1BCNea.l. ( 9) baa obtained a fini ta ditterenoe • 

ana.loe:, for a plate by coovertillg tho differential equa.t1ane for a plate 

(a~ Timoshenko (21)) into finite d1ff~a form. N~ (5),po.ge 138, 

has briefly discussed. the correepcmding mchan1cal model. The a.nalogy 

consists of an orthogonal net of the finite difference b~ d.1seueeed 

in section 3.4. which twist and bend end are intereamiected by springs 

which correspond to Poiaaan•e ratio. If' the beams developed 1n eect1cm 

3.2 of this t.bea1e were used in place of the finite d.if'feronco beama, 

considerable improvement 1n accuracy should result. 

'l'hree d1mans1onal. problE98 can be hafl..clloo. 1n the same WaJ· as two 

dimensicmal onoe but an almost proh1b1t1ve]3 large number of electric 

elements would be required for all but the simplest 1u-obl.GG. 



ERRORS 

The nature of the errors involved 1n the solution of problems of 

eontinuoua meohan1eeJ. systems by electric circuit analogies mi.a outli.Dod. 

1n section l. 4. A canplete study of these errora would include an in­

vestigation of the effaet of circuit element 1m.perf'ectiona and of lumping 

. of parameters on tha transient end ate~ state response of eyetema. 

•Ui,.fortunatel;r these error studies are difficult. and require lone and 

tedioue numerical eal.culat1ons. In the present pert of this thee1a an 

error study of acme simple uniform syat,eme will be made. It seems 

reason.able that the reeulte may be applied qualitatively to syst-.s 

which are not too greatly non-uniform. 

In section ~-1 the deflections of a uniform cantilever beam under 

a uniform distributed load will be obtained. and compared with the 4eflee­

t1on of th8 ea.me beam under equivalent 11Jlllped loads and with the dis­

placement of the equivalent finite difference beam. Explioit exprees10IUI 

for defleet1on error tor the general ease of' n concentrated (lumped) 

loacia will be obtained. 

In section 4.2 the natural frequenci$S and mode sba~e of a uniform 

cantilever beem will be compared with those for tho lumped mass analogy 1 

the finite difference beam, and with t.he results obtained frm an analo­

gous electric circuit for the lumped mass beam. The comparison ia ma4e 

• for n = l to n =- 4 sections in the beam. Binco the f1ni te d1f'ferenoo befllll 

may be considered as a simpl1f1cat 1cm of the lumped mass beam.., this CCII• 

par1ean evaluatel!I for th1e particular syat• _ the three types of 1trrw 

mentioned 1n section 1.4. 

In 'Motion 4. 3 tha oont1nuous beam, the lll1Jll)e(l mass beam and the 



97 

finite difference beom a.re can.pered for the case of pinned-pinned 8l'lda 

withn=3• 

Tbe methods ueed in pa.rt IV may be applied to beams with other 

boundary ccmd1t1ana and. with a greater number of sections than are 

atu41ed here. When and if the errors due to circuit elements are known 

and und.eretood, an electric analog ccaputer could bo used to stud¥ the 

errors due to lumpiDg snd. this t10U.ld obviate the cliscot~ing amount of 

numerical calculation other.iise necessary. 

4.1 Caapar1aon of the Deflection of a Cantilever Beam under a Un1:r0rm 
Distributed Loe.d. with tllat of the same Beam under a Set of Equiva­
lent Concentrated Loads and. w1 th the Dafle.iction of the Equi vale.nt 
Finite Difference Beem. 

In this section the deflection of a uniform cantilever beam under 

a un1foni. distributed ·t;rsnsveraa load will be obtained by the theory of 

et~ull of material.a. The distribut ed forces will than be replaced. by 

a. eat of statically equivalent oo.noentrated :torces and the :1..nf'lu.ence 

coefficient m.atru for this eystem obtained. 'The terms of thia matrix 

will ·then be aum.ued 1n such a ma.n:ner that the d@f lectio.ne of the points 

at which the forces a.re applied are obta:lnad. rr'hese del'lec t:l.o:na will 

then be compared with those of the same poir.1.ta under the diet;;:•ibuted 

load. :nnal.1,¥ the f'ini te dif'f'eronce equation for a beam under unii'orm 

distributed load ie wri'i.ten and tl!e solittion given. This soluti(Xl is 

then ocapared with the othar two. rl'he results are eXpressoo. as deflec­

tion errors which are !\motions of pos:1:liion 1n the be&m and numbc.,r of 

sect1ona into which the 'boam. ie divided. Tilia error study of a. static 

system is important because it is one of the few t hat ean be oolved for 

a general number of beam sections. Qualitatively, the results oan 
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Consider the beam o:f i•' i g . 5(>a . 

/ iitlt111L1Wt X 

--)-1 

. The d1fterent1al equation for this beam ie 

ite '. aolution is: 

(107) 

. The lumped load appronmat1on to If!g. 56e, is given in Fig. 56b . 

. To develop the deflection equation .for this l nm:ped load beam we next 

consider the end loBded cantil ever of B'ig. 57 . 

Fig. 57. 

Frail atr8Dgth of mater:S,.als theory anet obtains tor this beam, 

(108) 

and if the substi tut1one a -=- jr and x = 1r are made, eq. ( 109) 1a obtained. 

(1 and J are positive integers which indicate poaiticm). 
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(109) 

Thia equation ~ve£i ·t.he beam detl eetio.n at the point 1 due to a force 

e.t point j when J ~ i . Fran 1 t an influence coefficient ma.triX can be 

eonetruc~. That is: 

. (110) 

1 ; /Y_, 

Y;_ == .2 '-LJ Fa' 

where 

j=I 

0;~ [ 1
2

{3J -1~ far 

al'.14 by the reciprocity theorem . . 

A few valuea of thia matrix are given in eq. (lll). Note the.t the s .:j 

terms are unique and do not depend on n. Thia means that the matrix for 

11 aeot:tcna i0 obtained by ta.king only the first n row@ and columns from • 

the general matru:. 

Y, 2 5 ·8 ll l h 
11\1 t 

Y'7. 5 l.6 28 40 52 Fi 

{lll) 
/1.,3 

8 28 
{ r• 

-> 100 

F3j 
Y3 - it:~--c::l - ~fI .; 

Y4 11 40 81 128 176 ii' ,.ti 

Ys- 14 52 108 176 250 1-i' 
'~5 
e--

The summation of eq.{llO) will now be p:ar-l'ormed expl1eit1Jr. Since 

• tbs value · of. g _;_ j g1 ven in eq. ( 110) ie true ~ for J >-- i, the sym.rtetry 

properties of' the matrix w1ll be used and the summation will be l!l&ie 1n 
. . \ - . 

two pa.rte. The pat h of summation 1s eho.rm by arrows in eq.(lll). First 

the teme 1n the 1th column·are summed d001n to, but not includiJle, the 

diagonal tem. 'lnis siim is: 
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The second sum 1s formed by st m~ting at the 1th column and SUllllling along 

the 1th row. This sum. is: 
,.k·'--'Y\,., 

2 1 2. {3k - 1) 
)'< a,;_ 

( 'I'.he reader should • re.aember that i , J , e.Dd k are dUJ1111-S" 11'..doxes stmldins 

f or integers . • tll'bether they f31)eci f 'y a rc:m or column 1n the 1Z1atrix deptmia 

• on t heir poattion 1n the various terms) . Since e..ll the F,~ are equal, 

eq. ( 110) wit.h t he method. of smm-.!&tion h'ld.:tcated ia gtvan by: 

( l.12) 

The first E!U."t ia the sum o:r t,t'll'O finite power series whil9 t he eecond ia 

th$ m.mi. of an arithmetic progi."ession . The result of the .s~t1an i s: 

(113) 

where the L subscript indicates the l tullPed. load. system.. 

The d.efleetions of the 6qu.ally e-pacoo. point s, JC ::: ir , ( i = 1- --n) , 

will. now be obtained for the continuousl y loaded can:t;1l ever , eq . (107 ). 

When the substitutions: 

x -= i r 

are mrula 1n eq . ( 107 ) it beecmee : 

F ll 3 
; -i.. [ - - ; • ._ _ ( 4 + g /Y\.) ~ + ( 3 + I Z _.,..., + I Z ... " ,.. ~ 

' 114 > 1-e-- - 4s2i ~ o( ,{, . 

1

J 
where the c aubseript ind.ieates the distributed l oad or continuous eyetem . 

. The differenca 1n defl ection of the point x = 1 r u.."lder the cont 1nuou.s 

and t he l umped l oo.de 1s s1 voo by the dL°terenca of eq . ( 114) and eq. ( 113) . 



(ll5) 

(116) 
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F f t.-7 2 
::::--1 

-4 SEI 

y ) = F /4-<rfr.7.. ~ ~ z. 
L >< -4g EI 0'+1) (xis a discrete variable) 

The error :ratio 1n 4.1.mensionlese form io: 

· (117) 

The two equaticms above show t hat t he ma.x1mum error magnitude and the 
• X ~ 

ll8%1mum percent error occur at :.( -= "'~-:;:~~ -. 
,:. 

'l'he 4.ef'lection of the equi val.ant tini te diff 0renee beem will now be 

obtained~ The diffe,rential. equat1c:m for t he beam with distributed _loe.d 

can .beconverted to a finite dif'ferenco aquat1on 'by replacing differsn­

tiala with 41.f'ferences. When this 1e dona ths finite difference equation · 

that. ie obtained 1a: 

Tho .general solution to this 1.nhomoganoua difference equation 1a: 

(119) 

The boundary eCDd.itic:ma on the beam. are ezpresaed by: 

y· -:: 0 
0 y - Y. -=Y-

,""lo'\1- I ~ /'V\. 
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These bound.e.ry conditions a.re substituted into eq. (119) and after con­

siderable algebraic work t he arbitrary conetanta are evaluated and t he 

solution, eq. ( 120) ie obtained. 

where the f subscript indicates the finite difference beam. 

The difference 1n deflection at the point 1 between the coot1nuou.a 

and t1n1te dittere:noe beame 1a given by eq.(ll4) minus eq.(120) • . Thia 1s: 

-· 
(121) 

S1.nce n) 1, eq.(121) states that Y,,._ <. Yf;,_. The error ratio in d.uiension­

lees f~ for the finite difference beam is: 

4/>'\+2 
Eq.(121) ehowe that the me.x1mu.m error ooeure at i ~ 5 a.nrl eq.(122) 

shows that the maz1mum percent error occure,at z-::: m1u,mua-:: r. 

, In: · table n a.re g1 ven values of' the percent errol!" for the lumped 

beam, eq.(117), and the finite dif'ferenoa beam aq.(122), for values of 

n frca l to 6. 
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'J?able II 

Valuee of error ratio in percent for the lumped and finite dirference 
approximations to a tmifOl"'mly loaded cantilaver beam. 

~-~-.•-•·-------- ---··- ··----·---------·- ------- ·------·-- -- -- -- ------rr-------

. --- - -----·-__ , _____ _ _0_~~-L ______ ----- ___________ -::2.~~-~-:?:___ _________ "::1:..:_~ ---· ----------

F o::. ,-t, on 
I 

j_~
1
-1L.,1()l 'jc..-1~ •\Co j.::_-Af.:: .10)

1

")c ,1f ,100 J-c:._"'J:.
10 

1-c-'."j_t. ·
10

'-c-, 

-~,:. -"-J,c. -"-;!~ ___ __ ; "1.,e. 
-----tr------~~---., 

5.89 -41.l 1.75 
I 

0 ~2() e 3 x, i 
► 

.026 -19.0 
i 

2. 32 i ~u.6 X2 l 1.01 - 9.09 

X3 

··-----· I 1.23 - 5.3'.;, 

/l1. -=- 4 ,,,..,_= 5 A'\..= (o 
- ,._.. --------- -- -------------------- ". - -------- -----r-··------------······· --·•····-------- --····--·----

x I • .478 -14.8 .312 I -12.1 .218 -10.3 

X 2 - 5.ll .559 - 7.83 .353 .. 6.00 .248 

X 3 • }.}4 .654 - 4.:.'58 .4-01 - :;.en .271 

X+ • 2.42 .762 - :5.05 .456 - 2.-·r1~ .302 

• Zs • 1.82 .518 ... 1.97 .:537 

.)75 Xb • l.39 



4 .2 Com.parieon of Normal Mod.ea and Frequencies of a Continuoua 
Cant ilover B@am w1 t h t hose of t he Lumped r1.aes Beam, the Fini ta 
Di fference Beam, and an Analogous ilectr ie Ci r cuit. 

In this secti on the natural frequencies and normal modes of a cant i­

leiver beam carrying lumped masses will be obtained and compared with 

those of a continuous cantilever . The natural f r equencies will also be 

calcule..too. for the finite difference beam and in add.1t1on the results of 

an electric circuit solution on the CIT lUect;ric Analog Computer will 

be given. The results are summarized in the error information givEm in 

tablas I V and V. 

4.2a The first four normal mod.e~ and frequencies f or the continuoua 

beam will first be obtained.. Consider the beam of Ii,ig. 56a 1n ~hich -the 

distributed load 1s an inertia loading. The differential equation 1n 

this oe.se 1a: 

(123} 

where f-= mass per unit l ength . 'fhe solut ion t o t his equation for 

clamped-free boundaries is: {Timoshenko (22), pasa ,44, 01· Ftjleigh (23), 

~ 276.) 

where: 

(125} 

and th@ first four values of a ·are given by : 

a X:: l.8751o4 
I 

a 2 X :: 4.694091 

8.3 Q -= 7 .85&757 

~ Q ~ 10 .995541 

( t ha c s u ;bacript indicates 
t he contini.10us mass beam) 
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'l'he correspondi n.g val ues of tho frequency parameter c.,0,c ,Q ::. a ... i £ ~ 2./fryt,,__ I .. '" 
' EI J 

a.rs Si van :l.n tabl e I V, col rum.1 5 . 

The mode ahapes of the l umped mass analogy are expressed by deflec­

tions of points along the beam. To make a eompe.riaon of mode shapes, the 

defleotione of the same points in the eontinuous mat3il3 beam must be cal­

culated. In both caaes tha d.eflection a·t ans- point ::x: ;_ .is made dimens ion­

less by d.1v1ding by t.he deflection at point x 1 , The calculation ia me.de 

using the fimction of eq. ( 124) . Thia .function a.7ld l tia deri vat.i vo have 

bean calculated 'by Fung in Air Foroe Teclmieal Report I~o. 5761, part II, 

( 24) . Using these t ables thf.'.l deflect.ion ratios given in table V, col umn 

3 a-re obtained . 

4. 2b The n.atu.ral f requenciea and mod.e ~b.ap0s of the cootin:uous beam 

having been obtained , t he next step ie a similar ealculat,ion for the 

lumped mass beam. Tile l ump~ approximation to Fi g. ;6a i ei Fig. 56b 

where the eonoentrated forces ro·e n0tv inertia forces of l?la(,i;nitude : 

tll'here f-A- / L -= lumped mass 

..Q -· (n,. ½ )r 

These values of the forces substituted into the inverse spring equation 

for the beam, eq. (ill), give the :frequency equation (l.28). In this 

equation: 
f.o E.I 

{127) 
,\ ~ f- 4,::.u2. 

/l t.. 

2- t\ 5 

5 16-~ 

8 28 

11 40 

. 4 

~ EI (,-,,~ll 
:: 

f' Y. 4 v'--L~ 

8 ll 

28 40 

54 -,\ 81 

81 12s-A 

(the L subscript 1nd1catea 
the lU!llped mass beam) 

0 



E.:xixmsion of the datenuinant or eq. {l.28 ) tor n ::: l to Ii- gtvee the · 

follow1~-; .t'requency equations 

n -= l -- )\+ 2 -- 0 

n = 2 + 'f...,. - l B 'A + 7 - 0 -
(129) . ·3 

n::: 3 ->-- -+ 72 >-.' - 131 A -t- 26 =- 0 

n-= 4 /\ 
4 

- 200 >•? + 1065 A -i. - 722 td· 97 - 0 

The roots of thes~ fl"equ.euc;~r equations &~ given belour, and 1n tabla I V, 
>-. -tu' %'r .. 1.t 

column 4, are g1 ven t he ve.luee ot the f"".eequency parameter, u.\_) y fr ~ ..p;:_--./ . 

n :::- l 7'-~ 2 

n -=- 2 " -: 17.602325 , 0.,97675 
(130) 

';\ ---n == 3 70 .1375 , 1.6357 , 0.2267 

n ;:: ~- >--= 194.54474 , 4.68662 , 0 .58757 , 0.18106 

7l'he normal mode shape a for the l umped mass 'biaam are calou.la.too. from 

the equa.tiono of motion. (;z'he elements of the determinant of eq. (128) 

are the coeff1c1enta of t hese equations .) Thus , for n ::. 2 the equatio-.a.a · 

of motion gt ve. 'tho diei,~emant ratio by: 

\ Y1 .,,,. 2 Y1 -+ 5 Y-i_ 
(131a) 

A Y 2. :: 5 YI + 16 y 2 

The displacement ratios for other values of' n are obtained 1n the aam® 

(131b) 7 \- 4-

;? \ + 3 

4 ( '7 A -:il. 
S')-.-40 

( 
for \ 

n = 3) 



_d~ _ _j4 q 0-__ zs)(+ >,.~~ 1~2_\-t-351) _+_(12)_(1 ~:- s- \') 

~. (12\(213.\-3'14 ) ·+(2.q-t 11'>-.)(1 ~:--1 ~z \--t3i1) 

~:z ~)1_2 S >-. - 3t.JLJ - 1-3 3- '3 A I I ~t-~'.±1_ 
~)?-1~2\1- :,si) ll/\+24)+(i-2) 28'\- 3<:Jtl) 

( 
for ' ) 

l1 -=· 4 

~o A ±_1_0~t~ f- ~_~_1_0 -t s· >-- +JJ. 1, >- + :/Ll" _ 

( ~ I\ + I 2. )(-+ A'-- I ) 2 ,\ + 3 S- I -( 'i D \ + i f g 12. ) 

'I:he ml.uea of these ratios for the valuea of\ a.nd ,,\ 2 give:1'l in eqe.(130) 

aro ta."bulated 1n table V, oolumn 4. 

4.2c The next system considered. is the tinite difi'erence beam. The 

fin.tte d.itterenca equation for a vibrat~ beam oan be aolved without 

difficulty but for clru:ttpad.-f'ree boundary condit ions the frequency equa­

tion which is obtained. is a very ecmpl1eated t,:ranseendental equation 

whose roots are ver-1 d.iN'ieult to d.et0rmu10. Imrtoo.d of using this 

general solution for the finite difference cantilever beam, the SUlO 

method which was used ?or the lumped mass b;JSW. 1~·1ll be ue.oo... 

The deflection at a point x = 1r on the f inite dif ference beam due 

to a load at a point x = J,.· ie givan by: 

d C A ·\. 

( 132) y ,.: -: 2 g ~ j Z'/ 1 -=- (1- - ·n) 

J: I 

. . -\~;-; ..;.: -~ 

The value '6f' g, can convenient~ be ,ie-t~l"'J.dn~ frcm the eircuit analo~ 
• ~' ' 

for the finite difference beam. · Ito value i a~ 

(133) 
• I 

The inverse aprins equ.9.t:!on., (132), when wr:ttt<m 1n matrix f'orm w1th • 



l f.,8 

1::1 
l 2 3 4 r:;i. 

, ,. I 

2 6 l (} l i,~ 
f\..3 

I
F 

( l ~-) / 
l! 

-= 2El 3 10 19 28 

~

-;;, :. 

4 l!~ 28 41{, 
[_ .i, 4 

The frequency equation for the system is obtained frail eq. (134) when the 

F _; a.re inertia force a given by eq. ( 126) . The frequency equation ie: 

l-Af 2 

2 6-A~ 
{135) 

3 10 

4 14 

where 
2EI 

:5 

10 

19->-t 

28 

~-

14 0 --
2e 

~-4 -Af 

(the f subscript indicates 
the finite difference beam) 

E%pane1on or the determinant of eq.(135) for n -::. l to 4 gives the follow­

ing frequenoj equations. 

(137) 

n-=- l 

n -;. 2 

n =- 3 

n: 4 

- Af +l = 0 
;:., 

-tf..f-7/\f-t- 2-:: O 

-- >--.\ + 26 >---
2

4 - 26 /\~ + 4 =- 0 
4 , \ .:i. \ 

+ \.{ - 70 A{+ 174 t \+· - 76 ,,,{ + e- -= o 

The roots of' these equations are given bolcw, and. the valuea of the 

½
7:--r r,'.:7 I I )._ 

f'.requency parameter vJ ~ Q !::.__ = \I :z. (_/YI -t -~ . ere S,. vcn i :i table I V, col. 5. 
EL {'j-,_ f-1 

>,_ --.: l 

n ~ 2 \. -:: 6. 70156 , 0.29844 

>--~ 24.96496 , o.84555 , 0.18949 

11 ;:: 4 ~ -=- 67 .4361.~ , 2.o406 , 0 . 36261 , o.l.603:5 
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The mode ohape .f'or t h-~ finite d '.Lf'!°'o:i."enca beSZ'! Ll..'\V be caleu.la.ted 1n 

e:r.e.ct~ t.he GGUTle ru.an.,7lOl" a.a that for ·tho lur.o.pad. mass beam, although :1 t 

will not ba done hero . 

4. 2d 'l'o make a li:m.i t~d investigation of e1.".!;•m·s d.11a to computer 

elements, the lum.90(1~.aos boam analog was tested on the en Electric 

Analog GO!ll,i.--mter. The resu.1t3 v.:hen COimJt'al"OO trl.th the lumried-me.ss beam 

calculated values give the 1}:i.nror due to circuit imperfections. 

The electric circuit ca.lculationa ware me.de on the circuit. of' F1g. 

58 . This :l.o the same circuit as that of ~'ig. 112 but tlith the rotary 

inertia neglected.. In the peyaicel circu.it uaoo., the leakage inductance 

of the transformers we.a included in the valuaa of' tha circuit 1.nd.uctancee 

and the mugnctiz!:ng iu.d.11cta.'r.!.C0 we.a r::1.Sde nec.,li (-!:ibly small by operating 

at high enough f:req_1:.enci0c. -

1~e relationship between the circuit el~t values, the circuit frequen­

cies, tmd. the corresponding beam f':r.equ.eneies ie obtained in the follow:lll8 

manner. · 

. The lumped beam frequency ie given by eqa. { 127) which are: 

/')IV\ -=- r .IL, 

( 127_) w 
I... .,( : (rd i)-'l., 
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L - C. :: 

~i.1heee values subot:1.tuted into eq.{127) give: 

/1/ (A) :.E.'. ( 1~0) fe ,-1.,- :: ~ 

:;Jn 

.---
I v ', r;; ---------

;;;:rr ,;-7,- ~ 
(the 0 auboc~ipt llldicates 
the electric circuit) 

Where f = 2 re CJ\e= 2 :, :ti t-\.e is the coo11mter f'l:->eq~1eney. 

When the valn0 of \lA' fran the second of eqs. (1.27 ) is aubetituted into 

(139 ), the desired relat:i.o.a 5.EJ obtained. 

(140) 

In the o:1.rcu:i.t the exdting voltage wa.e adju.steo. 130 that in each case 

Y, was equal to 1. The values of the circuit elements used and the o1r­

cui t frequencies obtained. are g1 ven in table m. The eorreap01'Jding 

valuea of 

column 6. 

,.,2- r:-:, 
t.ho :frequtmcy :parameter, wL e X V L- ~ are g1 van in tabl$ IV; 

E.T 
c,r-cu:t-

The mode ahap0 data fran ths.l\are given 1n table v, column 5. 

A et">lr.pa.riaon of the data obtained fran the electric circuit with the 

calculated valuoa for the lum.-ped-masa beam yields the errors dua to 

o1rcu1·t; 1mperfeotiona a.lone. Theae data for natural freqmmc1ee are 

given 1n table I7, column 9. 
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Table III 

Circuit Values for Fig. 58 

-------- ----- -
l'\vn1bey nno(;\f_ L C 
o+ sec:T,oni 

r'YI { J r-,v "'· be-- ,,- hev,rie, 
/Y\.. 

·-

l l l l 

2 l .l .l 

2 2 l l 
------~· ---

3 l .l .1 

' 2 l l 

3 3 l l 

4 l .l .l 
-~ 

4 2 .3 ·-' 
4 j l l 

4 4 l l 
-·- ·--··- ----··-- ·-· 

t~ 
C ,p.~ 

141 

457 

310 

251 

155.5 

409.5 

l~-0.5 

30t.f. 

2'6 

4~ 



I -z. 

/YL i'Yloae 

· l l 

2 · l 
.' 

2 

5 l 

2 

; 

4 l 
! 

2 

3 

4 
' • 

)..12 

Table IV 

Frequency Parameters e.nd. Frequency ltrror..s 
for Free Vibrati<ma of a Cantilever Beem 

3 _____ L I s __ I ____ (✓,. _ _ _ 1
-·-----·-----·· -----

4 7 s L c1 - ------· · 

f Ye o V (:"_ I'"\ C -· ea. "01 meters P<2r ce"' i' error 
·----·- ---- ·· ----- · - .. -

wcR'-~ ;;.,,_i .Q i.Ji:-~ wfQ7-Jt WI.£~'"~ '-'-'c.- "'-)1- Wc -Wf W,_- <-<10 11 
L f:E t r ET ··----- · 100 - -- • 100 - -- •IOt 

v'-t ' cµ._ w,_ 
---- -

:,.516015 ;.8977 ,.18197 ;.26 -10.86 +- 9.50 -2 
·----

3.516015 3.6490 3.414}3 3.36 - :,.783 + 2.69 -t· 2 ·-

22.034490 24•-277 l.6.1797 l.6.2 .;. l.018 ~26.57 - ., 
3.516015 3.5829 ;.4673 3~47 - 1.902 -+ 1.}S5 0 

22.0}4490 2,.46; 18.8399 19.2 - 6.485 + 14.50 -2 

61.697208 6:5.025 39.7980 39.8 - 2.152 + ,5.49 0 
- ·- ~ ~---~ 

,.5l.6o15 3.55624 3,4873 ,.,o • 1,143 + .816 . - .7 
;•~ .. 

22.034490 22.9124 20.0474 20.3 - , .. 985 +9.018 -1 

61.697208 64.708 47.5575 !1,7.9 - 4.88 +22.Sil - .4 
I 

+-40.G4 120.90192 ll.6.;71 71.5211 71.5 + 3.582 0 
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Table V 

Mode Sha.po Data for Vibrating Cant1lover Beam 

r----- - -

(~:)c (~;)L (~~\e 
po-;,t, 0"1; 

• (Y\ n>1odc of ::1...:: 
1 , 

1---·••--

2 l -t 3.1558 + 3.1205 +;.07 "a).. - 1. 
~ - -

2 
I .1025 .3205 .;3 i'j~:: le - - - .R s 

~ - l + 3.4108 + 3.3987 -t- 3.36 ~ . • 

.K- 1 .. 

+ l.l879 
( - 7 

2 -t 1.2915 + 1.19 
'J.L ~ 

.fl. 7 

3 - .4670 - .7008 - .71 

4 l -t ,.5457 
i 

-t-3.5177 1t- 3.50 . 

1+1.98 
·'j 4 

2 1-2.oa,2 ·t 1.9794 1S..:- -
. { 9 

3 + .4803 + .240 'J.&.- '2. 
.Q - 1 

4 - • Tl90 - .96 

(~~Jc. -(~3) (1, ) ~ 0 s ,t,-o,-,s 

J, L 
~1 le'. 

cf ':h. 
J• 

-- L--- - -------

3 l + 6.4427 + 6.3928 + 6.~o "Jx b 

2 .6,~ .7H80 - .82 
i"-;; -- -

125., .. L , - .0927 +- .2151 +- .2:52 k 7 
,_ _ _ . .,,_ ., ,~ 

4 l +6.9495 + 6.9919 -+ 6.92 Aj y, ___ ~, 

2 + 1.1977 i"l.0764 +l.12 _!_:_j_ 

' - .9660 - .74 1 x. ' ~-
X. 4 

4 + .2311 + .60 

• (~~) (11,)L (j~} p;::; :, ,f, or,> 

of 1~ . . 

~ . C. :'j, Le "d, ' I 

--·--·--··- ----
4 l r+ 10 . '(6 ,9 H-10.807~ . ftlO. 70 

2 - 1~:,'45 - l.4,e, -1.42 
· -"J2L '3 

R • 9 

' + .2204 + .32 1 X - ,_ - . -
., t 4 

,. 

4 · + .2061 -l.62 
. 
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4.3 Compariecm. of Nonne.l Modes and Frsqueneies of a Diatr1butoo. 
Maes Pinnacl-pinned Beeim w1 th those of' the Lumped Maas and 
Finite DU-ferenoe Equivalanta. 

In this section the nol'm81 modaa and f'requeno1ee of' a distributed 

maaa 1 uniform, pinnad.-pinne4 beam will be s1ven. The frequencies and 

mode shapes for the equ1 Talent lunq,ed. mase beem with n = ;} will thon be 

round. The sen.oral aoluticm ot the finite 41tterence equation tor 

pinned-pimlecl ends will be si,Ten. F1nal 1~ the t'requonc1ea am m.c4e 

ehapea for the three eases will be cClllparad. 

The solution of the beam equation, eq. (123), v1th distributed maaa 

loadins f or pinned-pinned boundaries 1a: (T1moehenko (22), page 338) 

where: 

(142) ,A. = f -- -·· 00 

The natural frequencies and mode ebap&s :for a. lumped mass boam 'fD41' 

be determined bf the same methods e.e were, uaed for the cantilever beaa. 

For the pinned-pinned bee.a with n = 3 tho f'roqueney equation is: 

18 - /\ 22 14 

22 32 - I\ 22 -= 0 

14 22 18- ?\ 

\~ 24 EI -::. 
24EI (,,-v\+,)

4 

f fl 4 w-i.. r _e"- l.,<.)'l.. 
I. I-

Eq.(14:,) Nctueee to: 

(1•5) 

The roots of this equatien are: 
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The eorrespcmding values of the frequency parameter are: 

(147) , , 

The . Ill.Ode shapes of the beam are obte.1.ned f'raa the equations ot 

motion. They are apecttiad by: 

The value, /\ ::. 4, eubatituted into this last equation giTes a aingular1ty-

• X I 
which indicates the second ll:IOClo, in wh1oh by symmetry, the point , T -== 2 , 

does not move. When the quadratic roots are 0ubst1 tutod. into the secen4. 

of eqs.(144) and the eXpreeeion ie e1mpl1t1&d., the f'oll.c:lw11l8 T&lue 1s 

obtained. 

{149) 
1-~ ~ i 
"j J. - ...L 

.Q_ - -z_ 

r--·-

- + v'-
- 2-

A eom.pariecm of those values with the corroapcmding values frcflll eq.(141) 

shows that there 1a no mode shape error for tJle luapod mass beam for n =:,. 

The finite differonce equation for 1nort1a loa41DS is: 

(150) 

Thsiseneral eolut1cm for this halogeneous equat1m is .obtained by aeeua-
, 

. • C{,A 

1ng that •,,Y,. ~ e . This value is subetituted into eq.(l,O) and the solu-. 

tion found to b•: 

(151) 

'Where: 

{152) . 
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'11le bound.e.r;r oond.:l tions ar0 : 

Whan these boundary ccr.od.itiona are substituted into eq.(151) the solution 
• ~ 

below · 1e obta:lned: 

~en thie value of a 1s eubsti tut$d into eq. ( 152) , the fioequenc, para­

meter 'tf¥r' the f1n1te difference beam 1a tound to be: 

The numerical values of. th1m parameter torn::: 3 are: 

0.97449 l.8006 I 

A ccnpar1eon of eqs. (154) and eq. (14-1) shows that there is no mode ehapo • 

error for the fin.1.te ditterence p1nned-pizme4 bOUl for arq value or n. 

The frequencies for the three. beams JU:1 be -compared b7 giViq the 

frequency errors. These ere givsn 1n table VI. 

Table VI 
- -~-~ 

moJe WC -w'-
·IDO 

Wc-Wf 

c,vc u) " , '· 00 
C. 

l . .031 ,_, ,.oi.. 'I, 

2 !7261, 18.941, 

., 6.}2 ,,, . I ,a., 'f, . 
! I 

----.-·-
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