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Abstract

In the wake of a two-dimensional bluff body placed in a uniform stream, for
sufﬁciently iarge but not too large flow velocity a distinctive pattern of vorticity is
observed. The pattern consists of 'vortices"” of high vorticity surrounded by nearly
irrotational fluid. These vortices are organized in two nearly parallel staggered
rows of vortices of opposite direction of rotation. This pattern is called the von

Karmdén vortex street.

This thesis is a report on the analysis of a model for the von Kdrman vortex
street. The model is inviscid, incompressible, two-dimensional, and consists of vor-
tices of finite area and uniform vorticity. The first part of this thesis contains a
brief survey of the work on this problem, and an explanation of the approach used
in the present work; the second. part describes calculations of steady solutions of
the Euler equations of this kind, and the third part describes an analysis of the sta-

bility of these steady solutions to two-dimensional disturbances.

The calculations indicate that the vortex wake can be stabilized by sufficiently
large area of the vortices. Data are given which (to some approximation) will permit
relating the street to the Aow past a body; this is proposed as a suitable study for

further work.
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1. Historical Overview and General Introduction

The Kdrmdn vortex street is a complex fluid mechanical phenomenon which ocecurs
in a remarkable variety of circumstances. The '"singing" of power lines or kite
strings in the wind is an every-day observable event. The sound is produced by‘ a
mechanism involving the alternating periodic shedding of vortices of opposite direc-
tion of rotation from opposite sides of the generating filament. Vortex streets are
also- observed in atmospheric flow about mountains and islands.‘ in ocean flows
about structural members and pipes, as well as in hydraulic and aeronautical sys-

tems.

The more general problem of the wakes in flow past bluff bodies has been the
subject of experimental and theoretical work. for more than a century. The
phenomenon of periodic vortex shedding was apparently first studied experimen-
tally by Strouhal {1878) in his work on "aeolian tones" produced by wires moving
through air, and by Lord Rayleigh (1879). In 1911, von Kdrmén published the first
theoretical study of vortex streets, at which time the subject became of'widespread
interest. Since then, roughly twenty relevant papers have appeared annually in the
literature; a total of well over one thousand. I;t, is not intended in this introduction
to describe every aspect of every problem of this type which has been studied;

rather, a brief overview of the field will be given.

Since the early work, interest has expanded to include very many facets of the
phenomenon, as well as extensions to different but similar flow problems. Areas of

research reported in the literature include:

1. Study of the unsteady street formation process; discharge of vorticity from the
genera{:ing body.

2. Quantitative theoretical analysis giving characteristics of the street:

a. shedding frequency



‘b. width
c. streamwise spacing
d. vortex strength
e. downstream evolution
3. Average forces on the body (eg. drag).
4. Oscillatory forces and interaction with aeroelastic bodies.
5. Non-unigueness of the street as a function of the flow parameters.
8. Transitions between various flow regimes of fundamentally differing character.
7. Efects of accelerating (vibrating) bodies.
8. Effects of compressibility.
9. Effects of acceleration/deceleration of the background flow.
10. Eﬂ'ecté of shear.
11. Effects of density stratification.
12. Effects of walls in the flow channel.
13. Effects of lift and unsymmetricality of the body.
14. Effects of changing two-dimensional body shape.

15. Effects of three-dimensional body orientation and shape:

a. taper
b. steps
c. perpendicular barrier plates
d. ends
16. Sound generation.and absorption.
17. Interaction with shock waves.
18. Multiple-body configurations.

19. Fully three-dimensional wakes.

Papers reviewing much of the most fundamental work include Goldstein (1938),

Rosenhead (1953), Krzywoblocki. (1953), Wille (1960), Morkovin (1964}, Berger and



-3-

Wille (1972), Ehrhardt (1979}, Bearman and Graham (1980).

Some of the interest in the field has undoubtedly arisen due to the controversy
over inconsistent exp_erimental, results obtained by different. researchers. The
experiments are difficult and are influenced by residual turbulence of the flow tun-
nel, roughness and shape of the body, wall effects (blocking of the channel), and
measurement technique. The usual measurements performed do not measure the
vorticity distribution or streamlines which would be best for thecretical analysis,
but rather the velocity. To this day, the fundamental question of whether the spac-

ing between vortex rows at first grows or decays has not been conclusively settled.

Similarly, there is controversy over the many theoretical attempts Lo study the
problem. The exact problem is so intractable that quite severe approximations are
generally made before analytical or computational methods are applied. The great
variety of approximations which have been made, and the great variety of aspects
of the problem which have been emphasized by different researchers, have resulted

in much disagreement of results:

Viscosity of necessity is involved with the generation of the vortex layers by the
body. A number of papers have appeared, describing attempts to simulate this
shedding process by computer. For example, Gerrard (1963), Gerrard (1967), Sarp-
kaya (1968), Laird (1971), Chaplin (1973), Clements (1973), Takao (1973), Jain and
Goel (1978), Kiya and Arie (1977a,b), Stansby (1977), Kuwahara (1978), Sarpkaya
and Shoaff (1979) have used two-dimensional iaviscid line vortex models with simu-
lated vortex shedding, and Payne (1958), Jordan and Fromm (1972), Swans-on and
Spaulding (1978), and Hurlbut, Spaulding, and White (1978) have solved the two- or
three-dimensional unsteady viscous flow equations for moderately low Reynolds
number flow past a circular cylinder. However, it is apparent that viscosity is not
essentiél to the formation of the vortex street once the vortex layers have been

created; the first group of cited researchers were able to simulate the complete
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process from shedding to street formation with purely inviscid models. Also, it has
long been observed experimentally that there are considerable ranges of Reynolds
number over which the Strouhal numger (dimensionless shedding frequency) and
drag coefficient remain essentially constant {eg. Roshko, (1961)). Also, Strouhal
numbers have been formed using the distance between layers, the vortex shedding
frequency, and the street velocity which are essentiaily independent of the {two-
dimensional) body shape. Hence, it would appear that viscosity does not neces-
sarily play a crucial role in the vortex wake development, and (except for the gen-
eration of the vortex layers) the body is not very important in the formation and

evolution of the vortex street.

To test this hypothesis further, a number of authors have studied in the absence
of viscosity the evolution of infinite parallel vortex layers with small periodic initial
disturbances (Abernathy and Kronauer {1962), Christiansen (1973), Boldman, Brin-
ich, and Goldstein (1976), Aref and Siggia (1981)). Despite the serious approxima-
tion involved with the line vortex method these researchers used, the Kdrmdén vor-

tex street seems to have been the generic result.

For this reason, it seems reasonable to restrict attention to the street proper,
and to treat the body flow region as a 'black box” which does not enter into the
analysis in. a fundamental way. This approach does not explain the initial vortex
layer formation process. However, it seems reasonable that to good approximation,
the latter problem could be studied separately. Areas of research interest for the

street proper include:: '

1. Steady configurations for invisecid flow.

2. Stability of the steady configurations to two-dimensional disturbances.:

3. Stability to three-dimensional disturbances.

4., Effects of viscosity which result in gradual evolution of the street and the pair-

ing process whereby pairs of vortices amalgamate and produce a new street of



lafger. more widely spaced, vortices.

5. The fully unsteady problem including a correct treatment of viscosity.

Most of the earlier analytical studies of the inviscid problem have dealt with the
point vortex street. First studied by von Kdrmén (1911), this model has’ reappeared
repeatedly sincie, despite its serious limitations (namely, its stability properties do
not correlate with experimental. observations and because of its unphysical infinite
kinetic energy, it may not be connected with the body flow excépt through ad hoc
assumptions). Two efforts to improve von Kdrmén's model are due to Domm (1955)
and Bhrhardt (1979). Both researchers have produced stability diagrams similar in
general character to the one discussed later in this thesis. However, this.is prob-
.ably fortuitous, as approximations of a very serious nature have been made in each
case. Domm considered the stability to two-dimensional disturbances of Oseen-
Hamel vortices {viscously diffusing line vortices) placed at positions specified by von
Kérmédn's model. Howéver, this configuration is not a solution of the equations of
motion, and Domm’s assumption that all vortices are of the same age is not reason-
able. Ehrhardt considered the inviscid case, but with a particular cyclindrically
symmetric vorticity distribution. Again, however, the assumed configuration
(steady) is not a solution of the equations of motion. Furthermore, Ehrhardt con-
siders the stability of motion of one vortex when all the others are held fixed; obvi-
ously irrelevant to the real problém. Rosenhead (1930) attempted to analyze the
stability of viscous streets to three-dimensional disturbancés, but, lacking quantita-
tive information about the street itself, this work is not very satisfactory. These
two serious errors: 1) considering via the eguations of motion the 'stability” of
artificial configurations which are not solutions of the equations of motions; and
2) studying stability to perturbations which are irrelevant to the physical problem,
have reappeared many times in the literature since von Kdrmdn (1911}, Stability of
_the street is a rathef delicate question, and approximations of this severity have

‘consistently resulted in conclusions which are either not useful or else highly



qu'eétio'nabie.

Some recent researchers have attempted ‘to study the question of stability of the
fully developed vortex street by "solving" the initial value problem using the discrete
vortex or cloud-in-cell method (Christiansen and Zabusky (1973), Aref and Siggia
(1981)). Although there are computational difficulties associated with these
methods (for example, artificial viscosity and anisotropy of interactions using the
second), and the models become physically unreasonable after sufficiently long evo-
lution time, the results are probably largely accurate for small times. However, the
high cost of these methods prohibits a complete study of the problem, and

interpretation of the results is sometimes difficult.

To avoid the limitation of low Reynolds number, and to avoid the difficulties cut-
lined above, the present work deals cnly with the simplest caser a symmetrical
(non-lifting), bluff, two-dimensional body in a uniform stream of a homogeneous,
incompressible, perfect fluid. As von Kdrmdn (1911) pointed out, it is sufficient to
consider a parallel array of vortices extending to infinity in both upstream and
downstream directions. A model is proposed wherein each vortex has finite area
and uniform vorticity; this is probably the simplest possible extension of von
Kérmdén’s point vortex model. The model cannot be made to predict viscous effects
accurately. It does have one advants;\ge over most of the published viscous work
(except the unsteady Navier-Stokes solutions) which is that it is a consistent model
for which essentially exact (numerical) solutions may be obtained. Furthermore, it
applies to the high Reynolds number case Which cannot be studied (yet) by direct
Navier-Stokes calculations. The fact that for large Reynolds number the wake
rapidly becomes turbulent diminishes the importance of this model. Howevef, it is
believed that it is of value to have precise calculations for a mathematically con-

sistent (although perhaps somewhat unphysical) model.

This thesis contains a study of the steady solutions of the flow equaticns of the
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above-outlined type, and an analysis of stability to two-dimensional disturbances.
Relating this highly idealized model to the flow past a body is a necessary task, and

is proposed as a suitable study for further work.
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II. Steady States

1. Introduction

For a certain range of:Reynolds number, a regular pattern of vortices is observed in
the wake of a two-dimensional blunt body placed in a uniform stream. In his classi-
cal work, von Kdrmén modeled the problem with an infinite street of point vortices
(see v. Kdrmdén, (1911) and (1912); v. Kdrm4n and Rubach, (1912)). This approxi-
mate approach has several limitations, among which are the infinite kinetic energy

and difficulty in fitting the model to flow past a body.

To improve the model, the vortices are ‘herein allowed to be.of finite area, but
uniform vorticity. An integro-differential equation is then solved to obtain the
steady shapes of the vortices. This part of the thesis constitutes the first part of a
study of the wake flow problem; and describes only properties of the steady solu-

tions for the infinite vortex array.

2. Formulation

Consider an infinite array of uniform two-dimensional vortices, consisting of one
row of identical vortices ofb area A and strength -I' with centroids at positions z=0,
+ i, +2I, £3l,.., y=0, and of a second row of identical vortices of area A and
strength +I' with centroids at a=d, d+ I, d+ 2, d+ 3i,..., y=-h. The frame of refer-
ence is chosen with a uniform flow U in the z direction at infinity as in figure 1 so
that the vortices are stationary. It is assumed that the flow is invisecid, incompressi-
ble, two-dimensional, and, outside the vortices, irrotational. This part of the thesis
deals with the steady flows of this kind, principally with d/I=0 and 0.5 (for values
other than 0 and 0.5 translating solutions exist but the street does not move paral-

lel to itself; see Rosenhead, (1929)).

The complex potential outside the vortices can be written (with the notation

z =z +iy, 2'=z' +iy'):



. — il' ' ' ) T ' ! )
w(z) = T —-z') dz' dy -j;{log sm-i—(z—-z Yda' dy' }+ Usz, (R.1)
where X, Iy refer to the cross-sections of one vortex in the upper and lower rows,
respectively. By applying a Green’s theorem, the complex velocity can be written as

a line integral around the boundaries of the vortices:

sm-——-(z -z') sm—(z ~z')

dz' } + Us. (2.2)

w+7 =~———{L[10g dz' —[Iog

The requirement that the velocity field be tangent to the boundary of the vortices .
then determines the steady shapes of the vortices, apart from the scaling, as a

function of the three dimensionless parameters d/l=u, h/l=k, and 4/1%= a.

To simplify the calculations, the vortices in the two rows are assumed to have
identical shapes, differing only in position and orientation. There are two reason-
able choices of symmetry; invariance to reflection about the line y=-h/2 (the
streamwise axis centered between the two rows) and a suitable z translation, and
similarly with an additibnal reflection about =0 (the vertical .axis of one of the vor-
tices). In both cases, it is sufficient to satisfy (2.2) along the boundary of a vortex

in either row. For vortices of streamwise symmetry, these two cases are equivalent.

The second choice was picked, giving in place of (2.2):

u+iv = —— !Iog s1n—-(z z') sm—(z +2' —ul+icl =2z) | dz' + Us, (2.3)

where Z denotes the centroid of I; and is for now assumed to be arbitrary. The first
symmetry could also have been considered, but since only streamwise symmetric

solutions were found using (2.3), this was not attempted.
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‘Three quantities of interest are the propagation velocity Us of the array, the kin-
tetic energy of the fluid, and the momentum transport. They are needed to relate '
this model. to the wake flow problem. Specifically, the following quantities are

defined:

400

1t VR 24,2 1 i 2
r=g/ f_w(u +hdedy, D =-2Imj  (wW-w)?de (2.4)

-1 00

where the contour integral in the expression for D' is along any contour from y =—w

to y=+w which does not pass through a vortex. Here T is the kinetic energy of the
fluid per unit length (streamwise), D' is essentially the momentum flux of the fluid:. .
in the streamwise direction with the contribution from the vortices themselves
omitted, and w'=u—-U; is the z velocity relative to the free stream. Dimensionless
values of these quantities are defined as follows:

-~ L A { Ay i '
Ofo )= FUs Tlam) =T Do) =50 (2.5)

3. Circular Vortex Approximation -

The vortices of small area for the exact problem are nearly circular, and for pre-
cisely circular vortices,'the propagation velocity, momentum transport, and energy
calculations can be done analytically. The former two calculations lead to the same
result as for point vortices (Goldstein,(1938)) since the flow field outside a uniform

circular vortex is identical to that of a point vortex of the same circulation. For

d=i/2, u=4,

_T nh ,_ T Th \
Us = 2ltanh T D= 5] B Us. (3.1)
and the energy can be evaluated exactly by integration of the kinetic energy den-

sity:
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1
- I* (_li)i i
T = o Iog[ —) cosh——|+ 1. {3.2)

For u=0, coth replaces tanh in (3.1) and sink replaces cosk in (3.2). Note that the

circular vortex model loses physical validity when the vortices overlap, namely for

T2, 2 T
— + —
a> - (< + 4®) or 1

4. Asymptotic Analysis for Small Areas

Perturbation expansions can be developed for small area A. A solution may be cal-

culated with an expansion for the vortex shape of the form

z = (ag+azcos@P¥tagsind¥tacosdBrassinso+ -+ Jet? (4.1)

[
where ¥ is the polar angle (¥%=0 corresponds to the positive z direction) and where
@ Qg,... are homogeneous.polynomials in @y Substitution into the equations

yields:

z = (———) et? [1+%(tanh2ﬂm—%)cos2ﬂ+- - ] u==
i . (42)
z = (iﬁ_—) ? it |:1+l;i;1—(coth2mc—-§—)cos&9'+ . ] ©=0

In principle, large numbers of terms may be calculated by computerized symbol
manipulation and by using accelerated convergence techniques to approximate the

solution for reasonably large areas. This was not attempted.

5. Numerical Method

Two successful numerical schemes were employed to calculate the steady vortex
shapes; one using Newton’s method in a straightforward manner and the other
.using an ad hoc iterative scheme {Pierrehumbert and Widnall, {1979)). Only solu-

tions for vortices symmetric in the streamwise direction were computed. The first
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numerical scheme allowed solutions lacking this symmetry, but none were found
(although an exhaustive search was not conducted). For purposes of the calcula-

tions, %1 was taken to be the vortex with centroid at the origin.

The condition that the vortex boundary be a streamline may be written:

Im{%(u +iv) }: 0o (5.1)

where the derivative is taken along the boundary. The boundary of Z; is parameter-

ized using polar coordinates:

z = R(§)ei®®
) =% +47 — 6sin2d

Cs
N
NS

oo

A 1A
&t
IA
o
=)

(6.2)

v N ~ ~
R(%) =Hhas + Y (a;cosjd + b,sinj T )
j=1

Here 1%, 6 are parameters which permit limited adjustment of the scaling of ¥ in
regions of high curvature of the boundary, so as to improve the rate of convergence

of the Fourier series for R.

Equation (5.1) is evaluated at uniformly spaced values of 3 :

3 =8 = 2mF .
¥ =9 =L (=0.L2..2N) (5.3)

This gives 2N +1 equations for the 2N +2 unknowns ag,..., 2y, bq,..., by, Ug, and an

additional equation comes from fixing the size of the vortex, eg.:
R () = fized, | (5.4)

where ¢ is some fixed angle. However, the resulting system is singular, because
(5.1) is invariant to a translation of z. The specification is completed by fixing the

centroid of the vortex at the origin, ie.:
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iy = é;!}?3e""d19= 0. (5.5)
1

The resulting 2N +4 real equations for the 2N +2 unknowns are not independent and
the problem is handled by using the trick {(Chen and Safiman, {1980)) of solving

(5.4) combined with the 2N +1 equations which arise from the discretization of:

Jm{aai_' {(u+iv )} + F{3)T+ foB)7 =0, (5.8)

where f1 and fp are more or less arbitrary non-trivial functions chosen to ensure
that the Jacobian of the system is non-zero for the solutions that satisfy (5.5). The
choice of ¥ and 2 respectively for fy and f; was found to be-satisfactory. Also,

the zZ appearing in (2.3) was dropped to simplify the equations slightly.

If 6=0, then as the limiting case of touching vortices (in each row) is approached
for the 4=0.5 case, the curvature of F with respect to ¥ becomes large near =0 and
¥=m, and hence convergence of the series for R becomes slow. For large &, %=0,
6=0.4999 were used, which concentrates mesh points in these regions of large cur-
vature, and hence smooths out R as a function of ¥ . This procedure works well for
roughly x> 0.38; below this ﬁoint, large curvature appears for large area vortices
away from =0 and ¥=n, and the simple transformation to 3 described by (6.2) is
not useful. Probably, more complicated transformations could be found which

would alleviate this difficulty, but this was not attempted. To speed up some com-

putations, 130=—-—7l. 6=0 were used, and the vortices were assumed to be streamwise
symmetric. In this case, the Fourier series for R contains only the cosine terms,
and hence the number of unknowns is reduced. Specifically, {5.8) is evaluatea at
the mesh points (5.3) for j=1,2,...,N, and the unknowns are ag, @y,..., aGy-y, Us; the

remaining Fourier coefficients are taken to be zero.

Integrals for velocity, centroid, and area were evaluated using the trapezoidal
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rule, with care taken, in the former case, to preserve formal infinite order accuracy

(see appendix A). Initial guesses for Newton’s method were provided by using one

Buler step to advance:from the previous converged solution, starting with small vor-

tices and gradually increasing the size by continuation in the parameter (5.4).

However, convergence was observed to be insensitive to the initial guess. Accuracy

was ensured by requiring that the highest order Fourier coefficients were

sufficiently small, and by checking that increasing N had sufficiently small effect on

the results. Values of N from 50 to 400 were found to be adequate for 5 digit preci-

sion in the final results. Each iteration required roughly from 1 to 25 seconds using

a CDC Cyber 203 computer {64 bit floating point).

The second numerical scheme is essentially a scalar approximation to Newton'’s

method. Consider the variation of the stream-function ¥ along the boundary of the

vortex at some intermediary stage in the calculation. It is assumed that most of

the change in ¥ on the boundary due to a perturbation of the boundary comes from

the fact that it is computed at a different point, rather than the fact that the flow

field is changed. Again, a polar coordinate representation for the boundary is

employed:

2(3) = R(T )ei¥d)
D) = --—g—+1'§ —3sin2%

(5.7)

but here streamwise symmetry of each vortex is assumed ab initio and the unk-

nowns are taken to be U; and the values of R at:

3 =0 = _ﬂﬁrl (j=0,1,2,...N)

The iteration performed can be written:

Y-y

Rj(n""l) - RJ(“)_pW

(j=12...N)

(5.8)
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{5.9)

The numerator of the guotient is obtained by integration of the velocity using the

trapezoidal rule:
(n)_qyfn
Y-yl (5.10)

y-_T-r— ~ ~ ~ rw
N |\er i \@d8/; 0%/ i \ov/ ; OR /j-1\88 /j-1 \09/j-1\88/ j-1

)8 ™ () 2 " () () e ) (2

and ¥gp = 690K is of course a velocity compohent. The relaxation factor p is-
adjusted empirically for optimum convergence (typically 0.5% p< 2). Cycles of this
iteration alternate with an update of Us:

v 3n)
Yn“Yo

grt) = gnlap (5.11)

where V ';l/("') is obtained by integrating dy around the half revolution from % to
By . The velocity was calculated essentially as before {(but see appendix A). As the
final step of the iteration, the vortex is shifted in the ¥y direction te put the centroid

at the origin, new values of K; being computed via interpolation.

This method has apparent advantages over Newton’s method; namely, its sirmnpli-
city and its speed per iteration (the cost is O(N?) per iteration versus O(¥3) for
Newton's method). However, highly unpredictable dependence on the initial guess
and poor convergence rate in. some cases are the penalties. Convergence is
geometric with observed convergence factor ranging from about .15 for very small
vortices to about .85 for large vortices. The method failed entirely to converge for
very large vortices with small x. Furthermore, more points are required‘»for the
same accuracy as compared with the previous method. Instability is controlled by
limiting the maximum value of p and was not a difficulty. Values of N ranging from

"B50 to 400 were found to be adequate. These calculations were performed using a
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DEC VAX11/780 computer (64 bit floating point).

The. ehergy can be: obtained by a single contour integral over the vortex boun-
dary requiring O{N) operations (see appendix B). The momentum integral was com-
puted by applying the trapezoidal rule over a finite contour passing between two
neighboring vortices, and extending to regions where the flow is essentially a uni-
form stream (the perturbation decays exponentially with y). Romberg integration

was used to obtain sufficient accuracy for this calculation.

6. Results of the Calculations

Figures 2 to 5 show the calculated values ofy U, , T, and D' for the case u=0.5 for-"'~
the exact problem, accompanied by the corresponding results for the circular vor-
tex approximation. The curves were traced by using as continuation parameter the
guantity e which is the ratio of the £ semi-axis of the vortices to I. As is evident in
figure 5, a solution of simultaneous maximum area and minimum energy exists for
each « in accordance withl Kelvin's variational principle for the steady states
(Saffman and Szeto, (1981)). This limit is a contour in the (x,a) plane, as depicted
by curve 1 in figure 6. For roughly «> 0.38, further increase in a results in a
decrease in area and increase in energy, up to the point a=0.5, where the v.ortices in
each row touch. This limiting case is depicted by curve 2 in figure 6. Thus, between
curves 1 and 2, there are two different configurations for a given {x,a). Presumably,
the solution curves could be continued beyond a=0.5 by considering two adjacent
distorted vortex layers in place of discrete vortices, but this was not done. Similar
behavior has been observed for the linear vortex array, which in fact corresponds
to the limit x-»« (Saffman and Szeto, (1981)). Quite different behavior was
observed for « smaller than about 0.36. In this case, the calculations indicate that
the parameter a approaches a limiting value less than 0.5. To check that this
phenomenon was not dependent on the choice of the horizontal semi-axis for con-

tinuation, the vertical semi-axes were also used as continuation parameters. In ail
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daSés, the numerical evidence indicates that as the vortex size increases, vortices in
each row protrude between vortices in the other row, and the solutions branches
terminate when vortices in opposite rows approach and finally meet. Here there is
no turn-around in area or energy, but maximum area and minimum energy occur
at the limiting point of the solution branch. This behavior is similar to that
observed for a pair of ‘counter-rot‘ating vortices as studied by Pierrehumkbert
(1980). The calculations for £< 0.36 and for large area were costly, and an accurate
calculation of the limiting case was not attempted. For this region, the correspond-

ing segment of curve 1 in figure 6 should be regarded as a lower bound.

Presumably, there exists a critical value: of £ which divides the regions of the two
types of limiting behavior. Due to cost limitations, it was not possible to determine
accurately this critical value. However, it is believed to lie within the range from

0.35 to 0.365.

A geometric observation of relevance is that for small areas and for x> .36485,
the vortices are longer in the streamwise direction than in the transverse, and the
converse for « less than this critical value. The exact dividing value for infinitesimal
area is the solution to cosh®m«=3, which is obvious from (4.2) and which may also
be demonstrated using an elliptical vortex: approximation (as has been applied to
the linear vortex array; see Saffman and Szeto, {1981)). This is in gocd agreement
with the numerically estimated large area critical value of « as discussed above, but
there is no evidence to suggest that the large area critical value is precisely the

infinitesimal area critical value.

Figures 7 to 43 are plots showing the vortex shapes and the velocity fields. The
apparent good gualitative agreement with experimental observations (for example,
Davies, (1976)) seems.to provide some justification for the assumptions implicit in
the proposed application of this model to ‘the wake behind bluff bodies and its sta-

‘bility. However, this "apparent qualitative agreement” is not very significant, and
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more meahingful comparison with experiment must wait for research beyond the

scope of this thesis.

Figures 44 and 45 show the calculated values of U, and T for the case u=0 as
well as the corresponding results for the circular vortex approximation. The energy
calculations are used in the next part of this thesis. The momentum flux was not

calculated for these steady states.
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1I1. STABILITY

7. Introduction

The Kdrmén vortex street is a regular pattern of vortices consisting of two'parallel
staggered rows, which, for a certain range:of Reynolds number; is observed in the
wake of two~dimensional blunt bodies placed in a uniform stream. In the previous
part of this thesis, an inviscid model for the wake flow was described which consists
of two rows of staggered vortices of finite size, extending to infinity in both direc-
tions. Steady solutions (which propagate relative to the free stream) were found .

numerically, and their properties were calculatad.

This part of the thesis discusses the stability of these steady solutions to two-
dimensional disturbances. A normal mode analysis is carried out and the growth
rates and frequencies of the modes are calculated for a range of values of the vor-
tex size and separation/spacing ratio of the street. It is found that finite size can
stabilize the street to infinitesimal disturbances. The results for superharmonic
disturbances are in accord with those predicted by energy arguments based on
Kelvin's variational principle‘. It will be pointed out that an attempt to use these

energy arguments for subharmonic disturbances leads to fallacious conclusions.

8. Subharmonic Instabilities of the Point Vortex Array

The limiting case of point vortices (a=0) was studied by von Kérmdn (1912); see also
Lamb (1932, §158). It was shown that infinitesimal two-dimensional disturbances of

wavelength 1/p grow like %%, where

212 Lo
-ﬂ_—l.;0'=:tB:t(A2—Cz)z (8.1)

and
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A =2p (1-p)-sech?rx,

B =i 2psinhmi(1-2p) 4+ Sinh2mep , (8.3)
coshrme cosh®nk
¢ = cosh2mep _ 2pcoshmi(1-2p) (8.4)
cosh®nk coshme

Note that p need not be an integer or rational. Since the steady flow has
wavelength 1, it follows from Floquet or Bloch wave theory that the normal modes of

the system (for finite as well as point vortices) are of the form

ot 2nizp '
e’ e P(z,y) (8.5)

where P(z+l,y)=P(z,y). Disturbances with p equal to an integer or zero will be
called superharmonic; they alwéys have wavelengt;h [. If pis not equal to an.integer,
there is clearly no loss of generality in supposing that 0<p< 1, and such distur-
bances will in general have cbmponents with wavelengths greater than I and will be

called subharmonic.

Figure 46 shows the regions of stable {(Reoc=0) and unstable {Reo> 0) eigenfunc-
tions in the {x,p) plane for point vortices. It should be noted that not all eigenfunc-
tions are linearly unstable but for x# «, there always exist unstable disturbances.
For x=«, (where cosh?mc,_.=2) all the disturbances are linearly stable, and this case
was identified by von Kdrmdn as-the stable configuration of the street. However, it
was discovered by Kochin (1939) that this "stable” configuration is in fact unstable
at second order approximation in the disturbance amplitude {(for an. elegant
demonstration, see Domm (1956).) These higher order studies have dealt only with
the case p=0.5, and it is not known whether approximati'on of the evolution equa~
tions to order higher than first would lead to growing disturbances for other values
of p. The disturbances for the p=0.5, k=, case grow in time as e® where £> 0 is
Rt

proportional to the initial disturbance, as opposed to the e"®" behavior (or

(8.2)
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independent of initial conditions) which occurs in the unstable region away from

the stability/instability boundary.

Initially, it was hoped that an energy criterion could be used to answer this ques-
tion of finite amplitude stability away from the stability boundary. The Kirchhofl-
Routh path function W(zy.zays ') (which is a measure of the 'interaction
energy", see Lin (1943)) determines the motion of the vortices (z;,%;) through the

relations:

(6.6)

daz; __ 1w
dy; _ 1w
dt P-,; B:z.i

By a trivial change of variables,. say z;- -z; for vortices with I';=-I', this becomes a
Hamiltonian system with Hamiltonian W. The right-hand sides of the (Hamilton’s)
equations may be expanded in Taylor series about‘the steady solutions z;, ;. The
linearized equations reproduce figure 468. The second and higher order terms are,
for sufficienily small deviation from the steady state, a small correction to the
linear (and integrable) system. There exists a body of theory for such "mearly
integrable” Hamiltonian systems in the literature (see, for example, Chirikov
(1979)). In general, such systems exhibit the slow instability phenomenon known as
"Arnol’d diffusion". Fairly general bounds exist for the average growth rate of this
instability (eg. Nekhoroshev (1971)) but these do not appear to provide useful con-

clusions for the present problem.

The stability boundaries of figure 48 will obviously be perturbed by the effect of
finite size of the vortices, and the degenerate saddle will separate into one of the
possibilities marked by the dashed lines in the figure. If case 1 is the situation,
then there will be stability to infinitesimal disturbances for a finite range of « in the

_vicinity of k=«,. If caée 2 obteains, then finite vortex size makes the array unstable

for all x.
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in principle, the problem of deciding between case 1 and case 2 can be treated by
perturbation theory by expanding in powers of the area of the vortices, i.e. a. Hov}-
ever, for reasons to be given below, it appears that the algebraic complexity is
great, and direct numerical methods were employed instead. These, of course, have
the advantage that they give results for finite areas not accessible to perturbation
methods. It clearly suffices to consider only the subharmonic (pairing) distur-
bances with p=0.5, and we thereforev restrict attention henceforth to disturbances
which are periodic with period 2[ in the z-direction. Note that the superharmonic

disturbances are then. automatically included, as these are trivially of perind 2i.

9. Analysis of the Stability

It is appropriate for disturbances with period 21 to consider four independent per-
turbed vortex shapes {and positions), corresponding to the four vortices in one
period 2!, and extended periodically to infinity along the street, as in figure 47. The
approach is to calculate the. first variation of the velocity field due to a perturba-
tion in vortex shape and position, and then to require that the linearized kinernatic _
condition be satisfied on the boundaries of the vortices.” In particular, solutions are
looked for that are normal modes proportional to €°%; an eigenvalue problem is the

result.

A convenient parameterization for the vortex boundaries is a polar coordinate

representation:

z(9) = zo(F) + z'(V)
N (9.1)
z'(8) = [Bag + Y (ancosnd + b,sinnd)]et?

n=1
Here zy(¥) describes the steady boundary in question and z'(+)) describes the added
disturbances.

As was shown in the previous part of the thesis, the complex velocxty field pro-

‘duced by a single row of vortices (of spacing 21) can be calculated by integration



-23-

around the boundary of a single vortex in the row as follows:
u-l-w = ———f log| sm—-—(z—Z)[ dZ (9.2)

. where z =z +iy is the complex coordinate, lower case variables refer to the point of
evaluation of the flow field and upper case variables refer to the path of integration.
When evaluated on a vortex boundary, this will give the velocity contribution on the
voftex boundaries of each vortex in the corresponding 2I-periodic row due to dis-
turbances of the other three 2I-periodic vortex rows, added to the unperturbed
value. Substituting z=zg+ 2', Z=Z4 + 7', and assuming constant area 4, the- -

corresponding first variation of the velocity contribution is:

aln—(Zo-Zo)

d®]d®(9 3)

it = L ez’ il
w'tiv' = - fl:log +Re{21 cot— 2] T (z0=Z4) {2

As was remarked in the previous part of the thesis, the "self-induced” velocity for

one row of vortices may be written:
e . dZ\, 4. .
wHiv = f log| ————| - i[arg(z-Z)-}0] <ol* MZd8 —inz (9.4)

where the arg function is taken so as to make the integrand periodic. The

corresponding first variation is then:

T & Tt a7 Y =
u'ti' = 5o [Re{[mcot (zo=Z0)

Zo]@'—zv} -z | oo

+ {log -1 [arg(zo=Zo) — 726] AR ~imz'

Note that all singularities of the integrand have been removed. To calculate the

change in flow field due to the complete disturbance, three terms of the form (9.3)



-24-

and one of the form (9.5) are summed with appropriate choice for the sign of I' and

the vortex coordinate parameters in each case.

The kinematic condition that the vortex boundaries move with the fluid may be

written:
D [r-R(8t)]=0 (9.8)
Dt ! i

Here:

R(®t)= Re(® + R'(9¢)

D _o, 8,1 8 (8.7)
Dt ot u'ar r 30

where, as before, the subscript nought refers to the uhperturbed quantity and the
superscript prime refers to added perturbations. Also, u, and wgare the polar velo-
city components. The solutions. of interest are normal modes with perturbations

proportional to e}, so that:

R'(8t) = e R'(D)

u(r, 9t) = uo(rn, ¥ +e®u'(r, 9 (9.8)
where the latter holds for each velocity component. To leading order:
3 aug
w(r, ¥ = |ug + e° R’~5;_— +u' [ {Rg® {9.9)

for each velocity component. Equations (9.7), (9.8), and (9.9) may be substituted

into (9.8) and terms of second and higher order in the perturbation omitted, giving:

Ourg 1 dRy | duyg

Up' + ar R’—Ro a3 u,g+—aTR' = (9.10)
, 1 dRy , . UYm dR
R = e g R Y B g

‘where now all quantities are evaluated on r=R (%), and use has been made of the
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fact that:

1 dRg
Upg = -R;;—a—ﬂ—um =0 on r=R, (9.11)

The left hand side of (9.10) is the perturbation in normal velocity component du,

divided by the geometric factor:

_1 4Ry

_é.
Rs 49 )2] (9.12)

cosn = l:l+(

where the effect of the change in normal direction due to the perturbation has been.

omitted. Also, ugw and the unperturbed. tangential velocity component u;q are

related by:
Ut = Upg COST) (8.13)
so that (9.10) may be:written:
— ' 2 _1_ 0 : ' 2 Et_o..;dﬁ._‘_
0uy, = ocosn R' — cos®y RZ dv ugoR ' + cos*n R, di" (9.14)

This may be equated.to the corresponding quantity calculated by the integration

above (ie. by (9.3) and (9.5)) and using:

0u, = cosy u,' - 1 dRouqy’

Rg dv
u,' = u'cos®+ v'sind (9.15)
uyg = —u'sind + v'cos®

After substituting (9.1) and evaluating at the 2NV +1 points

=9 = =M o
'19—1% - 2.N+1 (.7_0: 1:'--: EN) (9'16)

- the result is a generalized eigenvalue problem of the form:

i
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Aw=oBw .7)

where A and B are 8N+4 by 8N+4 matrices and w is a vector containing the four
sets of 2N+1 Fourier coefficients from (9.1). The real parts of the eigenvalues of
this system then give the growth:rates of the corresponding normal modes.. Inspec-
tion leads to the conclusion that if o is an eigenvalue, then so are —¢, ¢°, and —¢°.
Thus, it is evident that at best, a steady state may have only normal modes with

zero linear growth rate, and otherwise, the state is linearly unstable.

For numerical purposes, the system (9.17) may be simplified somewhat, by~ .
recognizing the symmetry of the problem. It is sufficient to consider disturbances
where the vortex shape perturbations z' are negatives for vortices of rows 1 and 2
above, and similarly for rows 3 and 4. This simpl}ﬁcation reduces the size of the
system to 4N+2 equations in two sets of Fourier coefficients. Values of N from 10 to

25 were used, depending on the size of the vortices.

Computations of the eigensystem were performed with standard library routines
using an IBM 3033 computer (64 bit floating point). Some computational difficulties
were encountered; an explanation follows: Note that for isolatéd circular vortices
of area A4 and circulation IT', normal mode perturbations exist of the form (see

Lamb, (1932,pp.230-1)):

'= ¢ cosm P et
/70 NV
o= %QZTTA (m~1) (9.18)
(m=23,4,...).

Since the corresponding flow field perturbations fall off in distance 7 as ™1 and
since small area vortices for the street are nearly circular, it is evident that for
small A and large m, there will exist such solutions for the street. These in fact are
the superharmonic disturbances. For srﬁall area A, these eigenvalues are much

‘larger in modulus than the subharmonic (p=0.5) modes which. are bounded as 4
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decreases. In fact, although this behavior: is most severe for small areas, for all
states that were computed, these "nearly isolated" modés had eigenvalues with dom-
inating moduli. This characteristic showed itself in a great sensitivity of the calcu-
lated small eigenvalues to er'rors in the steady calculations (hence the matrices A
and B). Typically, an error of roughly 0.1% in radius or tangential velocity com-
pletely destroyed the small eigenvalue computation. A second computaticnal prob-
lem was failure of convergence of the iterative procedure for eigenvalue and eigen-
vector computation.. This difficulty usually manifested itself near the

stability /instability interface, and the explanation is not clear.

The results of the stability calculations are plotted in figures 48 to 68 and sum-
marized in figure 69. ‘As described in Chapter 8, curve 1 denotes the approximate
maximum area for a given spacing ratio, and between curves 1 and 2 there are two
solutions for a given (x,a) pair. Outside of the nearly enclosed central v-shaped
region indicated in the (x,a) plane, there are modes with positive growth rates, and
hence these outlying states are linearly unstable. Inside this region, there are no
such modes {with z period 21). With the exception of the smaller energy state in the
non-unique region (between curves 1 and 2 in figure 69), all eigenvalues correspond-
ing to superharmonic disturbances were found to be purely imaginary. The excep-
tional cases were found to be difficuilt to calculate, but the growing superharmeoenic
modes appear to have real eigenvalues (see figure 688). Aside from the trivial modes
(uniform displacements) the non-growing modes were found to be approximately
given by (9.18), at least f;)r m greater than 3 or 4, with best matching for large m.
There is agreement with the unsteady initial-value calculations of Christiansen and

Zabusky (1973), as indicated in figure 69.

The observed change of subharmonic stability as o crosses some critical value a,
occurs when an imaginary eigenvalue splits to become a growing/decaying pair.
. This may be explained as follows. Since the eigenvalues ¢ are given (to arbitrary

‘approximation) by the roots of a polynomial whose coeflicients présumably are
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smooth functions of a, non-analytic behavior of ¢(a) is limited to the existence of
branch points (Bender and Orszag, (1978, pp.350)). Thus, the observed splitting as «

is decreased below o, {say), may be described locally by

0. R £~ /0,—a+1iw (9.19)

Hence, transition from stable to:unstable conditions is accompanied by the degen-
eration of two imaginary eigenvalues. This phenomenon was clearly observed both
for the stabilization at smaller area and the subsequent destabilization at larger
area, and is apparent in many of figures 49 to 65. The superharmonic instabilities. ‘
seem to have more complicated behavior, and due to the difficulty of these calcula-

tions, this matter remains obscure.

For small areas, the width in « of the stability region decreases and a plot of cal-
culations in the vicinity (figure 70) indicates that the critical value of area o at

which stabilization occurs, asymptotically for small area, is approximately:

1

ar 1,31 (k, —IC)—Z- €< Ky :
N - (9.20)
ar 0.78(1c—K; ) 2 > K

This approxzimate result indicates for the following reason that its exact calculation
by perturbation analysis may be a laborious task: When a=0 and p=0.5, the eigen-

values are the roots of the gquartic

4 242} 2 R4 4232 —
o* + 2(BE-AR)o® + (BR+A%)* = 0. (9.21)

It is expected that the coefficients of the equation for the eigenvalues are analytic
functions of ¢ and . Hence, for a < < 1, the perturbed eigenvalues are roots of the

guartic

ot + [(R(BR-42)+clf o(ic)+atf 4{x) - - - Jo? + [(BE+4 3)2+azgg(rc)+a4g4(ic) o] =0
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(9.22)

(Invariance to changes in the sign of the vorticity requires the coefficients to be
even functions of a). The roots will, as functions of @, have branch point singulari-
ties, corresponding to a change.in stability of the system, where the roots of the

quartic are not distinct; i.e. when

—~18A2B% + [4(B*-A®) fa—4gs]oR + [4(BR-ARfF +fE—4g,Jot+ -+ =0. (9.23)

The results shown in figure 70 indicate that when expanded in (k-x,) as well as o,

this equation takes the approximate form

_ 2 _ 2f 4 .
1.04{c—rc)? — R.320%(k~K,) + o* = 0, (9.24)

The principal point, however, is that it is necessary to go to fourth order in « in

order to determine the behavior of the eigenvalues for small area.

10. The Energy Criterion for Stability

It was pointed out by Kelvin (1910,pp.118) (see also Arnol'd (1980,pp.335)) that for
given vorticity and momentum, steady states correspond to stationary points of the
kinetic energy with respect to kinematically allowable isovorticial perturbations.

The steady state is then stable if it is a local maximum or miminum in energy.

For this problem, assuming perturbations periodic in the streamwise direction
(say with pericd N1, N an integer), it is sufficient to apply the above criterion to cne
period of the flow field. Holding.the vorticity constant, and assuming that vortices
of opposite sense do not amalgamate, the requirement of kinematically allowzble
perturbations forces the total area of the vortices of each sense to remain
unchanged. The condition of momentum invariance requires that the components

of hydrodynamic impulse per unit length,



1 Nl +oo I'h
I, = —-j—vjjo'f wy dz dy = 5 (10.1)
1 Nl” L)
I, = -—-A—EJO[W wz dr dy =0, (10.2)

stay constant. This is ensured by keeping the distance between the centroids of the

fwo rows constant. In the following discussion it shall be assumed that N=2,

Now consider a system with period 2l; and consider the following four

configurations (see figure 71):

(1) t=21o, d=lg, h=ho A=24, (10.3)

(2) 1=2lq d=0, h=hy A=24,

{

(3) L=lo, d=Wlo, h=hq A=4,

(4.-) l-—'—lg, d:O, h'—'-‘ho, A=A‘o

These states are apparently unique for small values of o {below curve 2 in figure 69
for states (1) and (3)). It is clear that these four states satisfy the above conditions
(10.1) and (10.2). Presumably, there are other steady states that do so, such as
finer splittings and multiple vortex layers, but the existence of such configurations
is not crucial to this argument, as their energy is (believed to be) less than that of
configuration (4). We are concerned with the stability of configuration (3) to
superharmonic disturbances of period I, in which all vertices in a row are disturbed

in the same way, and to subharmonic disturbances of period 2i;.

Calculations based on the circular vortex approximation (see Chapter 3) indicate
thé.t the energies of the four steady states can be ranked és follows when a=Aq/L§ is

small:

E>E>ESE, (10.4)
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Siﬁqe Eis clearly bounded above, & is an absolute maximum and configuration (1)
is stable; it follows from the similarity of (1) and {3) that configuration (3) is stable
to all superharmonic disturbances, and this will remain true for all a below curve 2
in figure 69. (When there are two states, the one with less energy will be unstable.)
This confirms our calculations of superharmonic instability but state (3) is not
stable tc subharmonic disturbances for « outside the range shown in figure 69 and

will therefore be in this range a minimax of energy.

Now it can be shown from calculations of the system with d=0 that when « is
large it is possible for £3< £'3 to occur. When this problem was first studied, it was
speculated that a mechanism for the stabilization of configuration (3) against
subharmonic infinitesimal and finite amplitude disturbances is that the drop in &3
below # 5 for sufficiently {arge area results in a change in the topology of the energy
surface in the infinite dimensional configuration space (for this configuration) so

that it becomes a local maximum in energy. Non-dimensionalization leads to

’2 ~
T = %—-T(a. «, i) for the energy per unit length of a given steady state (assuming it

exists). The condition that £;=Fg then leads to:

2 T (B I, 0) = T (a0, &, 15) {10.5)

where o and « are the parameters associated with configuration three. The result
of applying.this criterion is shown by curve 3 of figure 69. It was observed that for
the u=0 cases (configurations (2) and (4)), solutions exist only for vortices up to a
limiting area. As the vortex area approaches this limit adjacent vortices in opposite
rows near each other. It is believed that this behavior is qualitatively similar to
that observed for a pair of counter-rotating vortices by Pierrehumbert (1980). For
small «, the limit occurs at small area, and since interactions betwzen neighboring
pairs are then small, the counter-rotating vortex pair should indeed be a good

approximation. Curve 4 of figure 69 represents this approximation. Some calcula-
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tioﬁs for the exact problem were attempted and are in reasonable agreement with
curve 4 {the approximate caloulated limiting areas were always less than curve 4
and within about 25%). However; accurate calculation of the limiting area is prohi-
bitively expensive, and was not undertaken. According to this argumen’b, the region
of stability lies between curves 3 and 4 in figure 69 and is moreover a region of sta-
bility to finite amplitude disturbances which are not too large. The results of the
linear stability analysis shows that this argument is fallacious. Incidentally, there
is no evidence to suggest that the symmetrical configuration (d=0) can be stabilized
by finite size, but Taneda (1965) reported that oscillation of the body produced
streets of symmetrical vortices. At present no explanation of this phenomenon can

be offered.

11. Conclusion

Von Kédrmdén's analysis of the linear stability of the point vortex street has been
generalized to vortices of ﬁﬁite size and it has been demonstrated that finite size
can stabilize the array. The boundary of the linear stability region for subharmonic
disturbances of period twice the separation is shown in figure 69. The open gues-
tions deal with non-linear stability and with stability to more general disturbances.
At present, there seems to be no way to study the former question other than by
direct numerical calculation of an initial value problem. This was carried out to
some approximation by Christiansen and Zabusky (1973), as commented earlier,
and their results indicate that linear stability implies non-linear stability, or at
least, very slow growth. The possibility of unstable disturbances of more general

character than those considered here could also be investigated in this way.

For point vortices, the equations of motion amount to a Hamiltonian system of a
finite number of degrees of freedom (depending on the assumed periodicity) and
the theory of nearly integrable systems (eg. see Chirikov (1979)) suggests that this

_system is subject to slow instability ("Arnol'd diffusion"). However, it may be that the
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in'stability' is so slow that streets of physical interest are in a practical sense stable.
This question has not been resolved. Intuitively, one can perhaps expect this
behavior to persist to the finite area case, but it would be worthwhile to investigate

this matter further.
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IV. Directions for Future Research

As was pointed out previously, there are unresolved questions pertaining to the sta-
bility of the inviscid model described herein. A conclusive resolution of the ques-
tions of neutral versus true stability and stability to three-dimensional distur-
bances would be highly desirable in order to complete the theoretical understand-
ing of this idealized model. These are rather subtle but generic problems, and a
solution might provide some general understanding of the class of inviscid but rota-
tional flows. However, it is possibly true that these questions are of more theoreti-
cal than practical interest. Another unresolved question is whether or not there
are two-dimensional disturbances of more general character than considered here
which result in greater instability. In principle, disturbances of longer wavel{ength
could by studied by allowing more than the four independent vortex perturbations
allowed in the present Work.‘ This approach would not resolve the possibility of the

existence of a continuous spectrum.

An interesting and useful extension of this work would deal with the cases of vor-
tex streets with rows of vortices- of unequal strength {and/or area and shape) and
uncentered stagger, which might be produced in the wake of lifting and vibrating
bodies or bodies with unequal free-stream velocities atove and below. These exten-
sions require only minor modifications to the methods used for the model probiem
considered here. A more difficult extension of the model would deal with nonuni-
form vorticity, although still in the context of inviscid flow. If the vorticity is taken
to be piecewise constant with each vortex consisting of several concentric 'layers”,
each of uniform vorticity, the present numerical schemes could also be used with
minor changes. A more general distribution of vorticity probably would require a
different approach. It is not known what .effect on the results a nonuniform distri-

“bution of vorticity woﬁld have, but it is conjectured that the changes would be of an

unessential nature.
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v Frﬁm the point of view of theexperimentalist and applied fluid dynamicist, prob-
ably the most unsatisfactory aspect of the present work is the neglect of viscosity.
While it is of interest to observe how well the physically observed phenomena may
be predicted by an inviscid model (the author plans to investigate this matter
further), it is probably true that comparison with experiment must remain doubt-
ful. Viscous effects are fundamentally important in real physicai systems produc-
ing Kédrmdn vortex streets, but their presence greatly complicates the theoretical
analysis, and a fully satisfactory treatment of the viscous problem has not yet been

achieved.
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Appéndix A - Calculation of the Velocity

To evaluate the integrals in (2.2) it is useful to write:

L[log
1

where Z=2z |5_g and dZ7/d® can be determined from (5.2) as finite Fourier series

92 e, (A.1)

er
dz' = flog
0

. m \ T
sm—l-(z —-z') sin—-

in ®. Hence, the integrand is 2w-periodic, and the trapezoidal rule gives formally
infinite order accuracy - provided that the integrand has infinitely many deriva-
tives, ie. that z is not on the boundary of the vortex. Unfortunately, z is on the

boundary for one of the integrals when (5.8) is solved to obtain the vortex shapes.

To preserve accuracy in this case, the following trick is used (suggested by Dr. B.

Fornberg):

sin-—?—(z—z’)
dz' =flog dz' + flog dz' (A.2)

flog —g—(z—z’)

sin—";-(z -z')
T (z-2")

The first integral presents no difficulties, and the second can be calculated as fol-

lows:

(z-z')

flog jll

dz' flog——(z—z ) dz' ~ flog |z | -dz' (A.3)

= -ifarg (z=2") dz'

T+on
=~ f a'rg(z—Z) — d@

-

v+2nw Z
— e - s
= —q 4 [a'rg(z -Z )~ %@] T de ~ %

>
d»“"mt
E)
®
Ry
&
Q
@

17 +2m

= - L {[arg(z—Z)—%@] % - %Z} d@ —inz(3d)

11
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where the arg function is taken so that the integrand is 2n-periodic.

For the second numerical scheme, Ry was approximated by a fourth order cen-
tered finite difference formula, and z4then obtained from this. Hence, the integrals

were approximated to third order.
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Appendix B - Energy Calculation
The calculation of the kinetic energy for the infinite vortex street proceeds nearly
identically as for the infinite linear array (Saffman and Szeto, (1981)). The result
(with unit density) may be written:
AT rpad¥ p o T 0¥ oo 11 Trps
=47 R an © " em Xom ds 16A2 fR @ (B-1)
where (R,9) are polar coordinates with origin at the centroid of the prime vortex,

and x is the integrand in (2.1) that gives the value of the stream function at the ori-

gin, after combining the integrals. le.:
w(o.o):——z—ffdi | (B.2)
2nd b : :

The functional form of ¥ depends on the symmetry presumed to exist between the
two rows of the street. Corresponding to (2.3), the actual function that was used in
these calculations is:

sin LU
-z
A

sin-%(z —d +ih )

x(z) =log (B.3)
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Figure 2. Values of the street propagation speed ﬁs for the staggered
vortex array {(u=%). Solid lines denote the calculated values for the

exact problem and dashed lines denote the circular vortex approximation.
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Figure 3. Values of the momentum flux D' for the staggered vortex
array (U=%). Solid lines denote the calculated values for the exact

problem and dashed lines denote the circular vortex approximation.
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Figure 4., Values of the kinetic energy T for the staggered vortex
array (u=%). Solid lines denote the calculated values for the exact

problem and dashed lines denote the circular vortex approximation.
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Figure 5. Expanded plot of kinetic energy T versus area 0, showing

the non-uniqueness, maximum area, and minimum energy.
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Figure 9.

Plot of the vortex shapes and the velocity field for

.2

0=.06963

Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 10.

Plot of the vortex shapes and the velocity field for

.2

o=,1019

K=

Arrow length is proportional to the speed of the fluid at midpoint.
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Plot of the vortex shapes and the velocity field for

Figure 11.

a=.1566

.2
Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 12.

Plot of the vortex shapes and the velocity field for

.2102

o=

.2
Arrow length is proportional to the speed of the fluid at midpoint.

K=
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Figure 13. Plot of the vortex shapes and the velocity field for
K=,28055 0=.0007063

Arrow length is proportional to the speed of the fluid at midpoint.
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Arrow length is proportional to the speed of the fluid at midpoint.

Plot of the vortex shapes and the velocity field for
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Figure 15. Plot of the vortex shapes and the velocity field for
K=, 28055 0=.09382

Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 16. Plot of the vortex shapes and the velocity field for
Kk=.28055 - a=,1485

Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 17. Plot of the vortex shapes and the velocity field for

K=,28055

o=, 2047

Arrow length is proportiomal to the speed of the fluid at midpoint.
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‘Figure 18. Plot of the vortex shapes and the velocity field for
K=,28055 o=.3247

Arrow length is proportional to the speed of the fluid at midpoint.
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Arrow length is proportional to the speed of the fluid at midpoint.
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Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 21. Plot of the vortex shapes and the velocity field for
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Arrow length is proportional to the speed of the fluid at midpoint.



- = = am e = o = -
------- - - e o o -
- > s e -
- . e s e e o o - -
- s e e e o e e - e
T
- - e o m - - e ™
- . e = = e -
- YR e eE am s s -

- ™M e m w e -

S . . - - -

\\\\\\\-—'/IJ

- P e 4
N PV A 4
AN s 22
VL AN |
Vot ' ' t t/
{ i ¢ s = v\ "f
A A R T
/4 dr e =~ AAXRN
VAP 2k N NI UL N U N
PP s 0 S AN
/i NV VY
y N
/I Yy
Vo i
VAN g1t
YN\ A/t
NN NN S f
NN N AT Py
T S i ol (I S . S 4

Figure 22.
K=.35

65

- - - . =
S

S S

D N N Y

N NN

NV

Vv

b b

I

‘RN
A
NS S A
N~=-cr i}
\\-III“&
I T T T
' R T T Y
4+ « » v vV N N\
P Y T T T N
P T T L . S N
® > w ™ Y\ u\ M "w

. m m e e o e - - —— = .
M TR e s S B S S P O i et el e Y e “a
L R . I G S P el e, S, S, §
L N L Y A R A i i & e e T U S ¥
NN s e e s S
Voo A Y \
L A \
I LN |
/Ir—\\\\\\ J
R NN W ')
P L b N N N N  / /
NN NN\~ S/
rd XA NS S
/ WAV~
YAV N N~ -y

' B T MR SN PP

78 2N BN B R oty

N AL L sy
e Pl A A A 2 I v N
e et il P AP S AR R 2 T T U N
e S S I I I G A o T T S ¥
TR TR S adt o P N P S S e = wm e T w
- e . e s o v - > s = m m m
. . e - e o - > - - o o e o =

o=.07613

Plot of the.vortex shapes and the velocity field for

Arrow length is proportional to the speed of the fluid at midpoint.



- o = . o o -

- e n At o - =, -

PVl e NN\ N\ N S

N |

4

i

— -
— -
—_ -

]

N R T T e et P

TR TR e P A L P

B T i

R e T Tl it P -

e R gy e e ol

— -
— -
—
- -
-
-

- -

I

{

- - -

-
- —— > - e
-

Figure 23. Plot

K=.35

-t . e s - -
- e - -, o =
- - e > e o= -
R g e e
-t s - s > -
-t s it = s =

|
|
}
t

}

- e mh - P E ap e . e S S e
- e s e S —m e e e = =
—_ - - - n e - —e e e - —
- - - ek ap e = e - . -
— . - - e e - wr e -
- e - - e = - i -
— . . L ad

— e - e wm an - >

i
i

11 bl e S NN\

¢
i
}

I .
- e, . an Cn e en - -
e e e e e
- . - e A e -
- ek > - e > e - =

- . — T o > —dn

- s i —t

}

AN TR e — LY

e e R R e . i e
. T e e el el o

- S = e S

\

VAVANVNANN NS r P p 7 # v v NNV YL

Pl

|

- e - m -

¢
)
t

- e Mk R S S mp P P T B B e B P e W w me e —e e

of the vortex shapes and the

o=.1543

velocity

Arrow length is proportional to the speed of the fluid

field for

at midpoint.



-

A A A Ay 4
A

!
!
i

i
i
i

|

!

PP N N W N N N R A A I R I |

Figure 24.

I O R B B/ A A N\ S N A A A BT A |

NN EEEEEEEN

!

4

”

A A A N N
PE bbb b VY ANANNNNS s e e e v v

T T T T T S S T T A O £ T S S e A A A A |

i
\

\

NNS = 7 S = NN

U T T
S T T TR T

|
i
i
\

|
{
4
i

{

\
\

K=.35

ST T T T T

LV VN NN

\
\
\

|

NN VBV VY

VAN NN NS s A e N

|

|

VANNS S et 2 e =~ NN VYL L

t

[

[ O AR

~ s AL m s = NN

k4

O O N A 2 I 7 X T O N T A T T IO IO OO '

Pl
|
}

}

A

I VAR R S S\ N N R 4y Au A R B T B I A |

R N S N\ N N N A

[
i
i

}
|
i

}

i

i
1

67

PN N 2N N N B I I A
P 40 SN S B N R RN B A

[N I B R AP R o e S il d
o —— A R I A B B R |

L I Y A A A A

i
|
i

{

i

11147/

!
{

i
i

i

TR T IR Y B/ e -  \ D T 2 A B

T S T S R S T T S A O O O S i A A A O N I R B R

(TS SN N N A A N S N N O I P SRR N W WL Y
I T T T O T A R O R L T T R Y

3

NGRS o I o N S O O

PV VY NNNSN S r s A 7w e~ NNV

|
|
{

i
|

{

\

A AT R B

L T T T Y

\
\

\
i
|
|

\
l
|
{

Vb oy N NN

\
\
t

Plot of the vortex shapes and the velocity
o=.2090

Arrow length is proportional to the speed of the fluid

VA NN NN~ A e N

\

NNV VbV

i

|

P A VNS s s p p e e NN YL

|

VLV

NN e 2 PSS~ NN

vy

\

LWL WL SRR S N ¥ I S R A A N O I N I O A

field for

F I I T T S I B A B A

A R RSN\ R Ny R

N N NN N N R A A ]

at midpoint.

}
'

i
}

i

!

LA

AP A S S O N Rt e il

4



{
I
i
i
|
}
|
}
A
i
{
{
4
{
i
{
i

- - - e - e o - et . -t e - - - - - —
- e e e e e e e e s = e e = - = e e e ke n - - - - - = - - - - - - ———
i MR n s e e M mgr T i MR et D evn eGn weht e WP i M s WGP e s MG s R B Ve YR mit e e e e e e e e -
— R e Mg e M ade M B i e i e WP =T D S e T SND e S G s TR TP = B e M S s e e Bes e e e e e
— T i R s i e SR o e Wl P el P AP i SR v Sn ER A SR YR e S e o BN s e i el el et A e e ami e T
A e N e SR B EE AR el S et et el s T AR TSR e Tme W TR TR G Ml i s mir el el Gl el el e Es e emgn e g G
T e T e e B it d G ol ol el S e i s TR T TS T, g s S e W A e il o il il el el et G s T e S
TR TR TR R ek e ol ol ol ol G ol el e e e T TR MR Y TR TE TR S e i e ol il i el i el e el e . e
T TR TR TR TR AR aF o L o P el il et e s e T M YA TR TR TR TR S i wl P P P el P e T m “gu s e
R TR TR e e wn i A P L LN L el adr e T T A TR T TR TR e R e wB o B I P e Tt e, my, ™,
e R L il gcs st it gt i T S U WL L A S I I B i i e ctern i e S S
NN N A NN NMNNN N = e oss g A ~ S
NI P E LS SRS\ L NN P A ~ N W
WAL t tfFrs NN N T N/ B B -~ N\
BRI vt or vy bl LI A Y AR
Wi - AER A% B A VLl s e AR B S BN A Vo
Wil s= AU\ U I A AU L O P

'y AR Ny RNy A NNV v
V' 2 L SN I TR N A0 U N VA Iy
P74 RSN\ /R N\ A\ VAN /4
WA e =~ NN\ N Y RN L N LN A
VNI N N A N 2R NN N | N NN 41
/8 B B AR EERR RS UL U N SR FAH - Y (A /A
L A I 2 A A Y A A R I B B A A i
(RN NN A A A ) B L T N A 2 B & b
NN SNN~= s VANNNSN S - r g Y LI
NN N AL sy AN AN NN NN e S gy N
N W A A A A T T U U T S A A A P L T Y
T e e L e i A S S e I I e R TS
e i R e R e e i I e e e T T i M o T Y I i i e e e T e S
e TV T T AR e il il ol i T W W o el e E TR TR TR YW TR T TR T e e el B T A P o P wE v v Sm Ym Y
T T TM A S e el il ol Gl el P W =R EE SR TR TR TS TR TR TR T Y S e B il il B o ol o e T we e TR e
e = o = - . o - - .+ = = ma e = = = = = o - o - o -~ —— — =
e ot o e e - - > e m e = . . -~ . = = - > - - - = . - o —— —
————-——w-’-.-.—-—o-—.—‘—-—‘—‘—-—--.—-‘uu———————-—.———.—.—.-‘_-———o-—-.‘-‘-u——.-ﬂ
e cn oo = e o . - o - - - - - — o o — - - = - = - ix -

Figure 25. Plot of the vortex shapes and the velbcity field for
K=, 35 0=.2358

Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 27. Plot of the vortex shapes and the velocity field for
K=.35 o=.2653

Arrow length is proportional to the speed of the fluid at midpoint.
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Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 38. Plot of the vortex shapes and the velocity field for
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Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 39, Plot of the vortex shapes and the veiocity field for
K=.5 o=.1578

Arrow length is proportional to the speed of the fluid at midpoint.
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Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 41. Plot of the vortex shapes and the velocity field for
K=.5 0=.2609

Arrow length is proportional to the speed of the fluid at midpoint.
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Figure 42. . Plot of the vortex shapes and the velocity

Arrow length is proportional to the speed of the fluid

.5

A\ T N B AR A

SNSRI A /o A A 4 B S NE T Y T T T T R T T N O A

R I A R N N N N T R NN/ o o /A T T\ T T O T I T O R N N

I BEEEEEEREEEE

?r - v v WL : B A N A
{
|
|
|
|

-l
-
”»
L}
-
-
-
- -
-~

-

-

\
]

\
'

i
O A N R N N A AN A A AT N U UL U S AN S SRS T £ Y A A N

A N A A AR A A A AN AT/ A T\ N UL U U 0 \ U S RN A AN I O O O IO T T N

RN T T N N T T N T O T T T\ N
I T O N T R T T T B\ N

N T O O T R T TR TR\ N
R T T A

RN
NN
NN

N

field for

at midpoint.



86

e i e s el e S mafn e el et s D amlh e S i Srdh P e e i e Emlh P TP S D e D el S el s e T i . —
s — —n g e e s i e e P i Ll S i Sl R T G P PR T e i S s s S —fp —n i e e
s il s iy i e r S el e il i G ol e A i D D s i Gl G i S s S e dn i e s S mfn ol e s g e
e e i s i P D D el eln Sl ) e i =D S T s T D gy Ty TGS Cnfs T Y Cfls G P Ay P = —D —R —h =g W s —
. e i e B ln s i e P e Nle e s el e e e i S e e dn e e e e it g A
e e e cnfn el e R R i R el e P el i Wl —n T e s e s e il D TGh Sl el AP S wnlS —lh B el s e g g —
- . et o et e e il S el s Tl el S Tl e Slp s s e D Wln Cn AR s h mfh el kil et e e s g n g e Sein
s e S B el el Sl P i A s Sl e e Sfh e MR e T s A el S D el el D P e s e o | e ——
L s e e o A il P el el el el e s e g T i Sl e s s A Sl e R ol Gl b el S S s e e —gn g =0
T i e e adn P et ol P ol el el el e e T T T i T e e S e e R ol Al il B el el el e e e g P>
e T s e R e el P el el il el el el el e i T Ty, T TH T T TR M S il il el el el S il el s i g g ~tn
TR TR YR TR il il ol ol ol ol el el el o e s T T T T, T TR TR D el il ol il ol ol P el el s S e Sty "t
—_ e e ., P e i ~— Ty, T TR R mm e S P P e ol i et —~— .
N L) - P I e e T e Y N e e e o W P P B et g = mm m
b - VR A AV R I B T T T Y T N - VAR Y R B R B I . YR N N

¢ - AT SR | 1] ] [ R} ¢« . . . ) ) [ | [ - AT | t 1) 4 [} L] - . . * ]
- - w L N NN s r s r's -~ - L U U U U R T S I P ]
- e e W W L Y - a, & A e S N W[ W N, M N e e e e o

> e S W, W - - Pl o R R S e Wy, T B = =
T A e S B, S, R W % W ST Pl ol ol B g L e e e e -
BT WA e ey, B, Ty, W, W B V| W, e e A T BT AT A s e ey Oy, By, B T, W W, W, W e 4
- T, W T, N e, e e 0 AT T, W, T, W, W, Wy, W e o o
- LN SRR B P g - . -~ W, N, N e w0 o
&N & N e e an em S N, - o e W W o e -~ - . Ay T Y e o T
LSRN NN LS 4 s o - 8 LN - - s 7
) ot - ' : o T 1 ' . ¢
, 2 ’ ’ - ~ ~ N . - 2 s ’ ’ - N NN
- P 4 W o e m = ~ w - & P i - o -
- e P P e . e e - - - A - e . a e
T T s e e el el el ol ol P il Pl e T T T T T e e el P ol ol il o A ol - - - = e N
T R e e i il ol R ol P B el il o g S T T el T TR S e S el el el el el P el e s e . .
— Ty iy ey Ty =i s S P ol el AR =l S R g iR =iy Ty i T g TG ——(n G Y — — P =l i el P B el i e — e iy
. s e e R e e el el S P il e r Gdn it Tnn Sl S S e e TP i s D ol P il ol ol ol ooln dn Sl e =
et A h P P ) AP it S el e AR TR Sefe RS Sie Tn e Sl TR e P P e ol e S et il lh e e e =
s o g e e i e S A il S it Sl e mfn D e s TR s s s S T i il S B eSS it i it s e s s
— e et s S =D A el Wl et vl e Gl e D Sagh TR e TR SAED S A G Amge g SR D D S ) i P i e P s TR G g
e e e e e e e e e T el e e el s e T e e T e e e el e i e i e —
—— G AP i Ty Pl — - D it — = — i i N = =D TR Gan = WD = TG = R P ——D W R A g — . — — — — —
e i i e s i e e el s S B e S h TR s e el P e s U s e s s T S S iR Gl e B s et
**—‘—.—.—o—.—.—.i—.—.—.-‘-—.-‘—.—b—-‘—.-"-.—.-—.—.—.—.—.-.—.-.-.—.—.-—.—.—.—.»ﬂ*
— g —— S SR Sl T R gD =l =R =P WG = T WER P Sags G R e S SR TR G R TG WG R g P g G g CaQE S —gh sy w—t

Plot of
.5

Figure 43. the vortex shapes and the velocity field for
0=.2562

Arrow length is proportional to the speed of the fluid at midpoint.

K= (smaller energy case)
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Figure 44. Values of the propagation speed ﬁs for the aligned vortex
array (u=0). Solid lines denote the calculated values for the exact

problem and dashed lines denote the circular vortex approximation.
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Figure 45. Values of the kinetic energy T for the aligned vortex array
(u=0). Solid lines denote the calculated values for the exact problem

and dashed lines denote the circular vortex approximation.
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Figure 48, Calculated non-dimensional eigenvalues (0'12/F) from the
linear stability analysis.
+ denotes real part (growth rate)

0 denotes corresponding imaginary part (frequency)
Q¢ denotes neutral eigenvalue of lowest frequency
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Figure 49. Calculated non-dimensional eigenvalues (G°12/F) from the

linear stability analysis.

+ denotes real part (growth rate)

0 denotes corresponding imaginary part (frequency)

O denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 50. Calculated non-dimensional eigenvalues (0+12/T) from the

linear stability analysis.

+ denotes real part (growth rate)

0 denotes corresponding imaginary part (frequency)

¢® denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 51. Calculated non-dimensional eigenvalues (O-lz/T) from the

linear stability analysis.

+ denotes real part (growth rate)

o] denotes corresponding imaginary part (frequency)

¢ denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 52. Calculated non-dimensional eigenvalues (G-lZ/F) from the

linear stability analysis.

+
0
<o

denotes real part (growth rate)

denotes corresponding imaginary part (frequency)
denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 53. Calculated non~dimensional real part (growth rate) of the

eigenvalues (G'lz/T) from the linear stability analysis.
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Figure 54. Calculated non-dimensional real part (growth rate) of the

eigenvalues (U'lz/F) from the linear stability analysis.
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Figure 55. Calculated non-dimensional real part (growth rate) of the

eigenvalues (G'lz/F) from the linear stability analysis.
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Figure 56. Calculated non-dimensional eigenvalues (O'lz/T) from the

linear stability analysis.

+ denotes real part (growth rate)

0 denotes corresponding imaginary part (frequency)

O denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 57. Calculated non-dimensional real part (growth rate) of the

eigenvalues (O'lz/T) from the linear stability analysis.
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Figure 58. Calculated non-dimensional real part (growth rate) of the

eigenvalues (O-lZ/F) from the linear stability analysis.
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Figure 59. Calculated non-dimensional real part (growth rate) of the

eigenvalues (O-lZ/F) from the linear stability analysis.
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Figure 60. Calculated non-dimensional eigenvalues (0+12/T) from the

linear stability analysis.

+ denotes real part (growth rate)

o denotes corresponding imaginary part (frequency)

¢ denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 61. Calculated non-dimensional eigenvalues (G'lz/F) from the

linear stability analysis.

+ denotes real part (growth rate)

0 denotes corresponding imaginary part (frequency)

¢ denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 62. Calculated non-dimensional eigenvalues (O'lZ/T) from the

linear stability analysis.

+  denotes real part (growth rate)

o] denotes corresponding imaginary part (frequency)

¢ denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 63. Calculated non-dimensional eigenvalues (6+12/T) from the

linear stability analysis.

+ denotes real part (growth rate)

0 denotes corresponding imaginary part (frequency)

¢ denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 64, Calculated non-dimensional eigenvalues (0+12/T) from the

linear stability analysis.

+
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¢

denotes real part (growth rate)

denotes corresponding imaginary part (frequency)
denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 65. Calculated non-dimensional eigenvalues (G'lz/F) from the

linear stability analysis.

+  denotes real part (growth rate)

o] denotes corresponding imaginary part (frequency)

¢ denotes neutral eigenvalue of lowest frequency, showing
degeneracy at change of stability
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Figure 66. Calculated non-dimensional eigenvalués (O*lz/F) from the

linear stability
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Figure 67. Calculated non-dimensional eigenvalues (0+12/T) from the
linear stability analysis.
+ denotes real part (growth rate)

o} denotes corresponding imaginary part (frequency)
¢ denotes neutral eigenvalue of lowest frequency
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Figure 68. Calculated non-dimensional eigenvalues (O'lz/F) from the

linear stability analysis.

+ denotes real part (growth rate)

denotes corresponding imaginary part (frequency)

denotes the real eigenvalues for the smaller energy state
in the non-unique region (see text)
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Figure 71. The four vortex configurations for the energy criterion

for stability.




