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Abstract

We investigate the existence and properties of an integrable system related to or-
thogonal polynomials on the unit circle. We prove that the main evolution of the
system is defocusing Ablowitz-Ladik (also known as the integrable discrete nonlinear
Schrodinger equation). In particular, we give a new proof of complete integrability
for this system.

Furthermore, we use the CMV and extended CMV matrices defined in the context
of orthogonal polynomials on the unit circle by Cantero, Moral, and Velazquez, and
Simon, respectively, to construct Lax pair representations for the Ablowitz-Ladik

hierarchy in the periodic, finite, and infinite settings.
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Chapter 1

Introduction

The purpose of the work presented here is to introduce the connection between the
theory of orthogonal polynomials on the unit circle and a classical integrable system,
the defocusing Ablowitz-Ladik (AL) system. In particular, we shall use the former
to introduce the full AL hierarchy and to obtain Lax pair representations for all the
Hamiltonians of the hierarchy.

This is not the first instance when such a connection appeared and was used to
recast a system in Lax pair form. Flaschka [13] proved complete integrability for the
celebrated Toda lattice by recasting it as a Lax equation for Jacobi matrices. Later,
van Moerbeke [36], following similar work of McKean and van Moerbeke [23] on Hill’s
equation, used Jacobi matrices to define the Toda hierarchy for the periodic Toda
lattice and to find the corresponding Lax pairs.

But, as we shall explain in Section 3.1, Jacobi matrices can be viewed as a part
of the theory of orthogonal polynomials on the real line. From this perspective, our
results are complex analogues of the corresponding results on the real line, and the
approach we use to prove our main result, the Lax pair formulation of the evolution
equations for the AL hierarchy, is heavily indebted to van Moerbeke’s ideas [36].

The role of complex analogue to the theory of orthogonal polynomials on the real
line is naturally played by the theory of orthogonal polynomials on the unit circle.
So the question that started this investigation was exactly the question of finding an
analogous scheme to the one described above: Is there an integrable system related

to orthogonal polynomials on the unit circle in the same way that Toda relates to



orthogonal polynomials on the real line?

The answer is “yes”, and the results can be summarized as follows:

Orthogonal Lax Integrable
polynomials operators systems

(1.0.1)
OPRL — Jacobi matrices « Toda lattice

T T T
OPUC —  CMV matrices <« defocusing AL

The arrows here represent conceptual connections. In the rest of the introduction
we briefly introduce the different notions that appear in (1.0.1) and formalize the
connections between them, while at the same time presenting the structure of the
thesis.

As explained in Section 2.1, one of the most important impulses to the theory of
integrable systems was the discovery of solitons. This in turn led to the development
of the inverse scattering transform (IST) as an extremely powerful tool for solving
nonlinear PDEs. While we do not wish to go into any detail concerning the theory
of direct and inverse scattering (an extremely rich subject, still very much at the
center of the field), let us just say here that the IST should be thought of as a
nonlinear Fourier transform. In particular, it allows one to linearize the flow of the
corresponding nonlinear PDE, and its existence can be used as a definition of complete
integrability in the infinite-dimensional setting.

At the heart of this effort was the well-known KdV equation, followed closely by
the cubic 1-dimensional NLS (focusing and defocusing). Almost simultaneously two
discrete analogues also attracted a great deal of attention and interest. One is the
Toda lattice, certainly the simplest and most studied differential-difference equation.
In Section 2.3 we present those aspects of the very rich theory of the Toda lattice
that we are most interested in.

Another differential-difference equation which emerged in the mid-"70s is the
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Ablowitz-Ladik equation [1],[2] (also known as integrable discrete cubic NLS). It ap-

peared in the general form

—iC, — (an—i—l — 2a, + an—l) + O‘nﬁn (an+1 + an—l) =0

_iBn + (ﬁn+1 - 2ﬁn + ﬁnfl) - anﬁn (5n+1 + ﬁnfl) = 0.
In particular, taking
571 = Qp

for all n, one gets the space discretization of NLS. It reads:
—ict, = p2(Qpy1 + Q1) — 20, (1.0.2)
where oo = {a,,} C D is a sequence of complex numbers inside the unit disk and

pr =1 lag|*

The analogy with the continuous NLS becomes transparent if we rewrite (1.0.2) as
—i0y, = Qpy1 — 200, + 1 — |an’2(an+1 + Oénfl)-

Here, and throughout the thesis, f will denote the time derivative of the function f.
Note that the condition that all the a’s be inside the unit disk ID is not unreason-
able: If a,(0) € D for all n, then this remains true for all time. Moreover, if, for a
certain N € Z, we have ay € S' at time ¢ = 0, then oy remains on the unit circle
for all time.
Another important observation is that there are three types of boundary condi-

tions that one can impose in (1.0.2):
e Periodic: a4, = oy, for a fixed period p > 1 and all n € Z;

e Finite: a_; = ay = —1 for afixed N > 1, and we are interested in the evolution

of ag,...,an_1 € Dy
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e Infinite: a_; = —1, and we investigate the evolution of {¢;};>0 C D.

We will study all of these cases, as they correspond to the same situations for orthog-
onal polynomials. The analogous conditions for the Toda lattice go under the names

YW

“periodic,” “open,” and “closed” Toda, respectively. Also, in the finite and infinite
AL, we can choose any points on S! as boundary conditions. The value -1 is chosen
by analogy with the theory of orthogonal polynomials on the unit circle.

Ablowitz and Ladik proved that (1.0.2) is completely integrable (in the infinite

setting) by associating it with a discrete 2x2 scattering problem:

Vin+1 — Zvl,n_gﬂn'UQ,n

—1
Von+1 = < UQ,n+UnU1,n

with o = £1.

The AL system has been extensively studied over the past thirty years. Until
very recently, most of the results were concerned with properties of the discrete sys-
tem which are preserved in the continuous limit. More recently, algebro-geometric
solutions were also studied. See [16] and the references therein.

At the other end of our scheme (1.0.1) are the two orthogonal polynomial theories:
OPRL (for “orthogonal polynomials on the real line”) and OPUC (for “orthogonal
polynomials on the unit circle”). The basic results of these theories are sketched in
Chapter 3, with more emphasis on OPUC, since these are the results we use.

For both OPRL and OPUC the beginning of the theory is the same: Consider a

probability measure v with the support contained in R, or u, supported inside
S'={zeC||2|=1},

respectively. Construct the orthonormal polynomials by applying the Gram-Schmidt
procedure to the monomials {27};50, z € R to obtain {p;},>0, or, correspondingly, to

{27}50, 2 € ST and get {¢;};50. The remarkable feature of these theories is that in
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both cases the orthonormal polynomials obey recurrence relations: (3.1.1) on R

:Cpn(x> = Gp+1Pn+1 (J?) + bn+1pn(x) + anpnfl(m)

and (3.2.6) on S!

where

These relations provide the connection of the orthogonal polynomial theories to Jacobi
and CMV matrices.

Jacobi matrices are real, symmetric, tri-diagonal matrices. Much of their study is
driven by the fact that they represent a generalization of the 1-dimensional discrete
Schrodinger operator. Indeed, note that, for a sequence u = {u(n)},ecz, the discrete

Laplacian is given by

(Au)(n) = (u(n+1) —u(n)) — (u(n) — u(n — 1))
=u(n+1)+un—1)—2un).

Therefore the discrete Schrodinger operator is
(Hu)(n) =u(n+ 1)+ u(n — 1) + V(n)u(n)

with V' = {V(n)}.cz being the potential (traditionally, the —2u(n) term from the

Laplacian is absorbed in the potential). In other words, if we write H in the basis of



delta functions 6; = {0, ,, }nez, we obtain

V() 1
H= 1 Ve 1
1 V(@3

This is just a doubly-infinite Jacobi matrix

bl aq
J = aq b2 as
as bs

with
a,=1 and b, ="V(n)

for all n € Z.

We are interested in Jacobi matrices from a different perspective. For us, they
represent the link between the Toda lattice and orthogonal polynomials on the real
line. Jacobi matrices are matrix representations of the operator of multiplication by x
in L2(R, dv). While details can be found in Section 3.1, this is immediately apparent
from the reccurence relation (3.1.1).

By the same token, we are interested in a matrix representation of the opera-
tor of multiplication by z in L?(S',du). Here things are more complicated than in
the real case, and the relevant details can be found in Section 3.3. Nonetheless, it
turns out that the correct matrix representation was found by Cantero, Moral, and

Velazquez [7]. In terms of the Verblunsky coefficients {a,},>0 which appear in the
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circle recurrence relation (3.2.6), the CMV matrix has the form (see (3.7))

Qg ot Pop1 0 0
Po  —Qply  —Qppy 0 0
- 0  pray —aqan pais paps
0 P1P2  —Q1p2  —QaQ3 —Qi2P3
0 0 0 P30y —Qi30y

Now we easily understand the first line of our scheme (1.0.1):

OPRL — Jacobi matrices <« Toda lattice

The Toda evolution is equivalent to an evolution equation for Jacobi matrices in Lax

pair form:

J=1J,P]

for some antisymmetric matrix P. On the other hand, Jacobi matrices arise as matrix
representations related to the theory of orthogonal polynomials on the real line.
We can now return to our original question: To what is this line transformed if

we replace OPRL by OPUC? The answer is given by the second line in (1.0.1):

OPUC — CMV matrices <« defocusing AL

These are, in short, the new results of this thesis.

That CMV matrices play, on the unit circle, the role that Jacobi matrices play
on the line has already been shown, to the extent that they both are natural matrix
representations associated to the respective orthogonal polynomial theories. In fact,
the analogies run much deeper, as can be seen from [21]. In a certain sense (that can
be made rigorous), this reflects the fact that real symmetric matrices can be reduced
to Jacobi matrices, while unitary matrices can be reduced to CMV matrices.

Yet for our purposes here, the main question remains: Which integrable system
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fills the diagram? In other words, how does one find that defocusing AL is the system
in question.

In principle, one can follow exactly the ideas from the real line case: write down
abstractly the time evolution for CMV matrices, and from there deduce the evolution
equation obeyed by the Verblunsky coefficients. It will turn out to be the defocusing
Ablowitz-Ladik evolution.

In fact, such a mathematical picture is only very clear in hindsight. The road that
we followed was slightly more complicated, but it also provided more information. As
explained above, one can impose different boundary conditions to the AL equation;
in particular, we can consider the case of periodic coefficients. Equally well, one can
investigate the theory of OPUC with periodic Verblunsky coefficients. In the course
of this investigation, Simon found that the space of Verblunsky coefficients naturally
decomposed into tori that were also level sets of certain functions. This behavior is
typical of integrable systems, as explained in Section 2.2.

This led Nenciu and Simon to the results presented in Chapter 4. More precisely,
we found a symplectic form on the space DP of Verblunsky coefficients, and proved
that a certain set of functions Poisson commute. Moreover, Simon [29] proved that
these functions are independent almost everywhere (in the sense of Section 2.2). So we
found a completely integrable system naturally associated to OPUC. But what is the
evolution equation of the coefficients under the first Hamiltonian in the hierarchy? A
simple computation revealed that it is exactly defocusing AL with periodic boundary
conditions.

Having found this, the next natural question was whether this connection between
Ablowitz-Ladik and OPUC can be used to provide a Lax pair formulation for the
evolution equation. This turns out to work, even though it is necessary to change
the Hamiltonians that are being considered. In Chapter 5 we introduce the new
Hamiltonians, and prove the main result: the Lax pairs for the whole AL hierarchy.
All of this is done in the periodic setting. A few relatively simple observations further
allow us to deduce the analogous statements for the other two types of boundary

conditions: finite and infinite. We achieve this in Chapter 6. And, as scheme (1.0.1)
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claims, the Lax operators are indeed the CMV matrices associated to the coefficients
which obey the AL evolution.

There are only a few aspects of (1.0.1) left to clarify, and they refer to the meaning
of the vertical arrows. We proceed from left to right. If the measure p on the circle
is invariant with respect to complex conjugation, then it can naturally be mapped
into a measure on the interval [—2,2], as in (3.6.1). This correspondence between
measures translates into relations between the orthogonal polynomials and between
the recurrence coefficients (see (3.6.2)). A particularly short proof of the Geronimus
relations (3.6.2) was given by Killip and Nenciu [20], and in the process shows how
to recover the associated Jacobi matrix from the CMV matrix. This is presented in
Section 3.6.

As for the integrable systems side of the picture, Section 6.3 shows how the Toda
lattice is part of the AL hierarchy. The “translation” of the Toda flow to Verblunsky
coefficients has appeared previously in the literature under the name Schur flow,
but the connection with the defocusing AL hierarchy is new. The details of this
correspondence can be found in Section 6.3.

The organization of the thesis follows the summary given above. Chapter 2
presents background information on integrable systems. As the subject is huge, we
give only the minimum information required to make sense of our claims. The Toda
lattice is also given some attention, not only as the technically simplest case of a com-
pletely integrable differential-difference equation, but also since it plays an important
role in the mathematical picture that we are presenting.

Chapter 3 sketches the basics of the theory of orthogonal polynomials. While
OPRL are briefly introduced in Section 3.1, OPUC are given more space and atten-
tion, and most of the relevant facts are proven. The last section of the chapter gives
details about the connection between OPRL and OPUC.

From here on, we focus on the task at hand. Chapter 4 introduces the relevant
symplectic structure in the periodic setting, and gives a first proof of complete in-
tegrability. Still in the periodic case, Chapter 5 contains the main theorem about

Lax pairs for the defocusing AL hierarchy. In particular, complete integrability is
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recovered as an easy corollary.
The last chapter, Chapter 6, completes the answer to the big, initial question,
by finding Lax pair representations involving the CMV matrix for the finite and
infinite defocusing AL hierarchy. Moreover, Section 6.3 shows how to recover the

Toda evolution from the second AL Hamiltonian.
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Chapter 2

Completely Integrable Systems

2.1 Brief History

The mathematical modeling of a great variety of nonlinear phenomena arising in
physics leads to certain nonlinear equations. It is quite remarkable that many of
these equations are integrable. While the notion of integrability cannot be easily and
universally defined, one can think of an infinite-dimensional system as being integrable
if there exists a change of variables which linearizes the flow. What makes (nonlinear)
integrable systems fascinating is the fact that they exhibit a richer phenomenology
than linear systems, while still being approachable to mathematical investigation. In
particular, many of them have solitons, that is, localized solutions with particle-like
behavior.

The fascinating new world of solitons and integrable behavior was discovered by
Kruskal and Zabursky, who were trying to explain the curious numerical results of
Fermi, Pasta, and Ulam [12]. They were thus led to study the Korteweg-de Vries
equation, and discovered that the localized traveling-wave solutions of KdV had an
unexpected behavior: After interaction, these waves regained their initial amplitude
and velocity, the only effect of the interaction being a phase-shift. This particle-like
behavior led them to call these waves “solitons.”

The next challenge was to search for additional conservation laws believed to
be responsible for the stability properties of solitons. This led Gardner, Greene,

Kruskal, and Miura [14] to the connection between KdV and the time-independent
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Schrodinger scattering problem: Let KdV describe the propagation of a water wave
and suppose that this wave is frozen at a given instant in time. By bombarding
this wave with quantum particles, one can reconstruct its shape from knowledge of
how these particles scatter. In other words, the scattering data provide an alternative
description of the wave at a given time. The time evolution of the water wave satisfies
KdV, which is a nonlinear equation. The above alternative description of the shape
of the wave would be useful if the evolution of the scattering data were linear. This
is indeed the case, and hence this highly nontrivial change of variables provides a
linearization of the KdV equation.

The essence of this discovery was soon grasped by Lax, who in [22] introduced the
so-called Lax pair formulation of KdV. Following Lax’s formulation, Zakharov and
Shabat [37] solved the nonlinear Schrodinger equation. Immediately following this,
many of the well-known nonlinear PDEs were rewritten in Lax pair form. Besides
allowing one to do inverse scattering, they are also isospectral deformations, and
provide a qualitative, geometric understanding of the evolution. This is the aspect of
Lax pairs that we show in the next section. All the results given in this chapter are
classical, and the study of Lax pairs has evolved very much from this stage. But even
only these very simple considerations show that they are an interesting and powerful

tool in integrable systems.

2.2 General Results

In this section we wish to introduce some of the basics of the theory of finite-
dimensional integrable systems. We will follow the excellent presentation of Deift [9].
For more details see also [5].

We begin by introducing the notion of a Hamiltonian system.

Definition 2.1. Let M be a (2n)-dimensional manifold. Assume that there exists a

2-form w on M which is

e nondegenerate: w(u,v) =0 for all v € T,, M impliesu = 0;
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e closed: dw = 0.
In this case, the pair (M,w) is called a symplectic manifold, and w a symplectic form.

The simplest example of a symplectic manifold is M = R?*" with the standard

2-form

w—idxj/\dyj.

j=1
On a symplectic manifold (M,w), we consider Hamiltonians, that is, smooth,

real-valued functions H : M — R. Fix m € M. Then
dH,, : T,,M — R

is a linear functional. Since w is nondegenerate, there exists a unique vector Xg(m) €
T, M so that
dH,,(v) = w(Xy(m),v), veT,M.

So every Hamiltonian H gives rise to a so-called Hamiltonian vector field Xz on M.

Example 2.2. In the case (R* w = 2?21 dz; \dy;), let

- 0 5, a
= o ph— ) =
V=2 <aj Ox; * ]3?/1)

and
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where (-, -) is the usual inner product in R** and

0 I
J =
-1 0
If
H:R”™ SR

is a Hamiltonian, then

dH (v) = Z:: ( o 8% of, )

()
: (XH,J

with
Xy = J* Hal | My
H, —H,
An evolution equation is called Hamiltonian if it is given by a Hamiltonian vector
field:

Note that in (R*",w = Z?:l dz; A dy;) this just recovers the classical notion of a

Hamiltonian system:

. 0H
.T—ﬁ—y
. OH
=

Definition 2.3. In the general case, let H and K be two Hamiltonians. We define
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the Poisson bracket of H and K as

{H, K} = W(XH,XK).
Then note that a Hamiltonian equation can be rewritten as
K = Xy(K)=dK(Xy) ={K,H},

where K is the derivative of K in the direction of Xy. Henceforth, we will express

Hamiltonian equations as

K ={K, H}.

Let H, K, and L be three Hamiltonians on (M,w). Then
dw( Xy, Xk, X1)
is proportional to
{{#, K}, Ly +{{K, L}, H} + {{L, H}, K'}.

So while nondegeneracy of w allows us to correctly define Hamiltonian vector fields,
closedness of w implies that the corresponding Poisson bracket obeys the Jacobi iden-
tity,

{{H,K}, L} +{{K,L},H}+{{L,H},K} = 0. (2.2.1)



16

In particular, (2.2.1) implies

[(Xu, Xk](L) = Xu(Xk (L)) — Xk (Xu(L))
= Xu({L,K}) - Xx({L, H})
={{L, K}, H} - {{L,H}, K}
=-{{K,L},H} - {{L,H}, K}
={{#,K},L}

= Xx,m (L).

So we can conclude that the commutator of two Hamiltonian vector fields is also a

Hamiltonian vector field,

(Xu, Xk] = Xk my

Moreover, two Hamiltonian vector fields commute if and only if the associated Hamil-
tonians Poisson commute.
The most interesting feature of Hamiltonian systems is that their flows can be
linearized using relatively few conserved quantities.
Indeed, let
t={x,H} (2.2.2)

be a Hamiltonian system on (M, w), with the dimension of M equal to 2n.

Definition 2.4. A function
o: M —R

that remains unchanged under the flow generated by H is called an integral of motion

(or conserved quantity).

Note that such a function obeys

=0 < {¢,H}=0.

Let D C M be a domain that is invariant under the flow generated by H for all
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time.

Definition 2.5. We say that the system (2.2.2) is completely integrable on D if
there exist n integrals of motion Hy = H, Hs, ..., H, that are independent (meaning
that their derivatives dHy, . .., dH, are independent at each point in D), and Poisson
commaute:

{H;,H,} =0 foralll <j k<n.
Then the following result describes the motion of the system:

Theorem 2.6 (Liouville-Arnold-Jost). Assume that H is completely integrable on
a domain D with integrals Hy = H, Ho, ..., H,, and suppose that

18 compact and connected. Then
(a) N is an imbedded n-dimensional torus T™.

(b) There exists an open neighborhood U C M of N which can be coordinatized as
follows: If (¢1,...,¢n) are coordinates on the torus T" and (z1,...,x,) € Dy,
where Dy C R™ is a domain which contains the origin, then there exists a
diffeomorphism

WD) xT" — U

so that
(Hot)(x1,. oy XTny 1y vy Pn) = h(xq,. .., 24)

for some function h, and v is symplectic, that is,
n

Yrw = Z dx; A dy;.
j=1

Sketch of proof. The idea is to immerse R?" into M?" using the flows generated by

the commuting Hamiltonians. Indeed, let w;j (m) = ;(t;, m) be the flow induced on



18
M?" by H;, with 1;(0,m) = m. Then, fixing mo € N, the map

t=(t1,...,ty) = T(#) =9} o0l (myg)
takes R" into the level set

This is because
d . N
S Hi(W (m)) = {H; H} (47 (m) = 0.

J

One can then prove that I' is onto N, and that
A={teR": T(t) =mp}

is a lattice in R™. On the other hand, R™/A is mapped diffeomorphically onto N.
Since N is compact by assumption, it follows that A must have n generators, and so

R™/A, and consequently also IV, is an n-torus. O

The question now becomes how can one find a large enough number of conserved
quantities for a given system. A possible answer was given by Peter Lax [22], and it
consists of the realization that if one can recast the system in the form of a Lax pair,
then the evolution is isospectral, and so the spectrum of the Lax operator provides
invariant quantities.

Let us be more specific. A Lax pair is an evolution equation for a (traditionally)

self-adjoint operator L which has the specific form

L =[P, L],

where both P and L are time-dependent, and P is anti-symmetric. Its main advantage

consists of the fact that such an evolution is isospectral.



19
Indeed, let Q(t) be the solution of

dQ o
—=-QP, Q(t=0)=1I.

Then note that, by anti-symmetry of P, we also have

dQ* _ * *
o = QP =PQ".

Hence,

200 = ~(@P)Q" +Q(PQ") =0

and, similarly,
d
SHQQ) =0,

We can then conclude that ) is unitary.

Moreover, note that
%(Q*L(O)Q) = (PQ")L(0)Q — Q"L(0)(QP) = [P, Q"L(0)Q]

and
Thus we get

and so L(t) is unitarily equivalent to L(0). In particular, if A is an eigenvalue of
L(0), then it is also an eigenvalue of L(t). In other words, the eigenvalues of the Lax
operator L represent integrals of motion.

We are more interested here in the situation when L is unitary, rather than self-
adjoint. The above proof works without change as long as P is anti-Hermitian. In
particular, we see that a unitary operator evolving according to a Lax pair remains
unitary at all time and the evolution is isospectral.

One can prove directly, by methods very similar to those above, preservation of



20

unitarity. Assume

L =[P, L],
with L(0) unitary, and P(¢)* = —P(t) for any ¢. Then it is also true that

d
—L* =[P L"
dt [ Y ]

and so

d ... a4 "
Z(LL) = [PLL), —(L°L) =[P, L"L]

with (LL*)(0) = (L*L)(0) = I. By uniqueness of the solution we see
LL*=L"L=1

for all time t.

One can prove conservation of eigenvalues directly, without investigating the evo-
lution of the eigenvectors (as the method presented before actually does). Indeed,
assume that L is a unitary matrix obeying a Lax equation, and let A € S! be an

eigenvalue of L and ¢ the corresponding unit eigenvector. Then

A= (Lo, 9)

and hence,

A= (Lo, )+ (L, ¢) + (Lo, §).

Note that

(Lo, ¢) + (Lo, §) = (6, L*9) + (Lo, 6)
= (6, A0) + (A¢, 9)
M(9,0) + (¢, 0)]
M, 6)
=0,
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as (¢,¢) = 1. Here we also used the fact that L is unitary for all time, and so
L*¢ = \¢ always holds.
So,

A= (L¢,¢) = ([L, Pl¢, )
= (P¢,L*¢) — (PLo, )
= (Pp,A\p) — (AP, ¢) = 0,

as claimed.

Both situations presented above are interesting. The Toda lattice, which we
present in the next section, can be rewritten in terms of (real-)symmetric Lax matri-
ces, as we will explain. The main result of this thesis consists of finding unitary Lax

matrices for another classical integrable system, defocusing Ablowitz-Ladik.

2.3 The Toda Equation

Consider the classical mechanics problem of a 1-dimensional chain of particles with
nearest neighbor interactions. Assume that the system is uniform (contains no im-
purities) and that the mass of each particle is 1. Then the equation that governs the

evolution is
d2yn
dt?

= V' (Uns1 = Yn) = V' (Y — Yn1), (2.3.1)

where v, denotes the displacement of the n'® particle, and V is the interaction po-
tential between neighboring particles.
If V'(r) is proportional to r, then the interaction is linear, and the solutions are

given by linear superpositions of the normal modes

) ml
y¥ = C, sin <N—i— 1) cos <wlt+5z>-

In this case there is no transfer of energy between the modes.

The general belief in the early 1950s was that if a nonlinearity is introduced, then
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energy would flow between the different modes, eventually leading to a stable state of
statistical equilibrium. Fermi, Pasta, and Ulam [12] set out to numerically investigate
this phenomenon through a computer experiment performed at Los Alamos in 1955.
What they found instead was quasiperiodic motion of the system. This phenomenon
was explained by the connection to solitons, and by the discovery by Morikazu Toda

[33] of what is now called the Toda lattice.
Before proceeding to describe this particular system, let us note that the equation

(2.3.1) can be recast as a Hamiltonian system: Set

H:R*™ - R,

H(p.q) = 2”: (%]2 + V(gra1 — %)) :

J=1

Then the Hamiltonian system generated by H in (R**, w = > iy dxj A dy;) s

= 5t = V(¢ — 4-1) = V(g1 — @)

_OH .

4i = ~ oy, ;-
This is equivalent to (2.3.1) if we set
Yk = Qk-
The Toda lattice is given by setting
V(ir)y=e"+r—1

It was introduced in 1972 by Toda, and its main interest at the time was that it had
solitons.
Complete integrability of the system was proved by Flaschka in 1974 by introduc-

ing a change of variables that allowed him to set the system in Lax pair form.
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Flaschka’s change of variables is given by

k11—
e 2

N =

ap =

b = — 5Dk -

The new variables obey the evolution equations
b= ki = e = ] <2t — ),
with ag = a,, = 0, and

_ 9k+1-9%

e 7 [—Qr+1 + dx) = ar(br — bpp1).

=

ay =
One can also rewrite the Poisson bracket from the p, ¢ variables

{pj,pk} =0 {Qjan} =0 {pj»Qk} = 5j7k
into the new variables:
{bkaak} = _Lllakn
{bk, akfl} = %&1%1

for all k =1,...,n, and all the other brackets are zero.

Now set J to be the Jacobi matrix with these a and b, that is,

bl aq
J— aq b2 (05}
a9 bg

(2.3.2)

(2.3.3)

(2.3.4)

Flaschka’s main observation was that the system of equations (2.3.3) and (2.3.4)

is equivalent to the Lax pair

J=J,P]
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with
—ay 0 Q9

P:J+—J_:
—a9 0

One can also use the Lax pairs to prove that if A and p are two distinct eigenvalues

of J, then
{\u} =0. (2.3.5)

This proof can be found in [13], for example, but may have been known before that.

First note that (2.3.2) implies
{bkaak} = —iak,

{bk, Clk—1} = %%-1

for all £ = 1,...,n, and all the other brackets are zero. (Bear in mind that we
imposed the conditions ag = a,, = 0.)

Then, if ¢ is a unit eigenvector of J with eigenvalue A, we get
A= (Lo, ).
Differentiating with respect to by, we have

oN _ (0J Do 99
e (a—bﬁ ¢) N (Ja—bﬂ) ! (‘”” %)

oJ 0

aJ
- (5e0)

=

for any 1 < k < n, as by appears exactly once in J, in the position (k, k). Similarly,
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we get that

(32

a; ~ 20;¢j11

forany 1 <j<mn-—1.

Now let i be another eigenvalue of J, and ¢ the associated unit eigenvector. Then

we have
n—1
B o\ Ou  ON Ou
{A = Z{bk,ak}[a—bk " Bay  Da, 8_b,j
k=1
- oN  Ou oN  Ou
be an M 22 _ et
+kz:;{ k> Ok 1}[8bk Gak_l 8ak_1 8bk]
=1 Z W1 [Opbr—1Vk — Vrdh—10%]
k=1
— 1Y an[ bt — Vidrdri ]
=1
=3 ¢y | Ry + Riya ]
=1
where
Ry = ar(dr1¢k — drthrra)-
Recall

Jo = \o.

This is the same as

apPp+1 + bpdr + arPr—1 = A@y.

If we multiply this by ;. and then subtract the expression in which we interchange

the roles of ¢ and 1), we obtain

ak (Prr1Ve — Vra10k) + a1 (Gp1Vk — Yio10k) = (A — 1) Prth,

or, in terms of R,

Orthr = /\—1'U<Rk — Ry—1).
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In other words, if we plug this into our expression for the Poisson bracket of the

eigenvalues, we see that

1
P = o & )= i

as Ry = R, = 0.

While this is a relatively easy proof, it relies heavily on the particular structure
of the Jacobi matrix J, without explaining in any way why the computations mirac-
ulously turn out to give the right answer.

A step in the direction of this explanation is the following: If we rewrite the
standard Poisson bracket from the p and ¢ variables into the a and b variables, we

will see that, in fact,
{J7H2} = '] = [J7 P]?
where
H2 = %TI‘(JZ)
Now define
H, = tTr(J")

for all n > 1. Then van Moerbeke proved in [36] that

{J; Hpa} = [J, (") = (J)-].

(In fact, he considers the periodic Toda lattice, but his result implies the one claimed
here by taking one of the a’s to 0.) This implies, by the general theory, that the

eigenvalues of J are conserved by all of these flows. Putting it differently,
{\H,} =0

for any eigenvalue A\ and any n > 2. But since the H,’s are essentially traces of

powers of J, it follows that this is another (more complicated) proof for (2.3.5); we
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also get

{H,,H,}=0

for any n,m.

Remark 2.7. That the H,’s are the correct Hamiltonians to consider, and the role that
the special structure of J plays, is explained by the underlying Lie algebra and by the
identification of the Poisson bracket defined here with the so-called Kostant-Kirilov
bracket. As it turns out, a similar statement is true in the Ablowitz-Ladik case,
where the Poisson bracket is the Gelfand-Dikij bracket on an appropriately chosen
Lie algebra. This is part of work in progress jointly with Rowan Killip [21].
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Chapter 3

Orthogonal Polynomials

3.1 Orthogonal Polynomials on the Real Line

In the presentation of the Toda lattice in Section 2.3 we claimed that there exists
a close connection between Jacobi matrices and orthogonal polynomials on the real
line. In this section we will present some of the very basic results of this theory.

Let v denote a nontrivial (i.e., with infinite support) measure on R so that

/R|x|"dz/(x) < oo

for all n > 0. Since v is nontrivial, the monomials

are linearly independent in L?(RR, dv). So we can define monic orthogonal polynomials
{P,}n>0 and orthonormal polynomials {p,},>¢ using the Gram-Schmidt procedure.

We get for n,m > 0 that
(Pna Pm) = 77:25717717 (pnapm) = 5nm>

where

P,(x) = 2" 4 lower order, pn() = Yx™ + lower order,
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Y > 0 and (-, ) denotes the usual inner product in L*(R, dv),

(f.9) = / f(2)g(z) dv(z).

Note that
(xf,g) = / £ (x)g(x) dv(z) = (f, zg).

This simple observation allows one to prove the recurrence relations for orthogonal
polynomials on the real line. Indeed, for n > 0, xP,(x) is a monic polynomial of

degree n + 1. Therefore,
zP,(x) — Pyi1(x)

is a polynomial of degree at most n. Moreover, for j < n — 2,
(2P, Py) = (PasaPy) = 0= (Pay, P)
since n > j 4+ 1 = deg(xP;). Also,
(2P, Poot) = (Py,2Pyy) = (Py,2"™) = | P* > 0.
So there exist numbers a, > 0 and b, € R, k > 1, so that
2P, (1) = Poy1(x) + by Po(2) + a2 P, _1(2)

for all n > 0, with ag = 0 and
| Pl

[

Ap =

for n > 1.

This implies

Therefore,
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and the orthonormal polynomials obey the recurrence relation

2P () = api1Pns1(T) + bur1pn () + anpp_1(x). (3.1.1)

In other words, the operator of multiplication by x in L?(dv) can be represented

in the basis of orthonormal polynomials by the Jacobi matrix

by ay
a; by as
J, =
as b

Favard’s theorem says that, given any Jacobi matrix .J, there exists a measure v
on the real line for which

J=4J,.

In general, v is not unique. (Contrast this with Verblunsky’s Theorem 3.5 on the unit

circle.)

3.2 Orthogonal Polynomials on the Unit Circle

In this section we present some of the basic notions and results related to the theory
of orthogonal polynomials on the unit circle. The reader interested in more details
can check Szegd’s classic book [31]. In our presentation, we follow the two-volume
treatise by Simon [28, 29]. For a shorter presentation of the subject, see [30].
Consider a probability measure p on S' = {z € C||z| = 1}. If p is supported
at infinitely many points, then the monomials {2"},>¢ are independent in L?(du)
and one can apply the Gram-Schmidt procedure to produce the monic orthogonal

polynomials {®,},>¢ and the orthonormal polynomials

D, (2)

On(2) = .
|| 22 (ap)
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For each n > 0, we define the operator R,, on L*(du) by

(Ruf)(2) = 2"f(z) = 2" F (1/2).

The second equality holds since 2 = 1/z on S!. Note that R, is anti-unitary; moreover
R? = I, and if f is a polynomials of degree at most n, then so is R, f.

For orthogonal polynomials ®,, and ¢,,, we shall use the standard (but somewhat
ambiguous) notation

®F = R\®,, ¢ = Ruon.

Recall that ®,, is, up to multiplication by a constant, the unique polynomial of

degree at most n orthogonal to 1, z,...,2"" L. Since R, is anti-unitary and
R,z = 2",

we obtain that @} is, again up to multiplicative constants, the unique polynomial of

degree less than or equal to n that is orthogonal to z, 22, ..., z".

Further note that ®}(0) =1 (since ®,, is monic), and

120 1* = | B ®al|* = [| @71 = /@2(6”) du(e"”), (3.2.1)

where all norms are taken in L?(du).

Theorem 3.1 (Szegd Recursion). For any nontrivial measure ju on S*, there exists
a sequence of complex numbers {ay, }n>0 C D so that the monic orthogonal polynomials

obey the Szego recursion formulae

(I)kJrl(Z) = Zq)k<2) — O_ék(I)Z(Z), (322)

ra1(2) = Pp(z) — gz ®i(2). (3.2.3)

Moreover,

1@ l3a = [0~ lasP). (3.2.4)
7=0



32

Proof. Since ®; is a monic polynomial of degree j, we obtain that
D,11(2) — 29,(2)
is a polynomial of degree at most n. Furthermore, for 1 < j < n, we have
(2®,,27) = (®p, 227) = (@, 2771) = 0 = (P41, 27).

By the previous discussion, we see that ®,,.1(z) — 2P, (z) must be a constant multiple
of ®7,(2),
Dpi1(2) — 2P0 (2) = —a, P (2)

for some «,, € C. This is (3.2.2); equation (3.2.3) follows by applying R, 1.
Rewrite (3.2.2) as
2P, (2) = Ppya(z) + @, P (2)

and take norms. As deg(®;) < n, we will have that ®,; is orthogonal to ¢, and

hence,
12n]l* = l2®@ull* = [ Prsall® + lownl*[| 271"
But we know that |®*||* = ||®,]|?, and hence,
1Pnsa]|* = (1 = |am]*) @]l (3.2.5)

Since ®; # 0 in L*(dp) for all j > 0, we obtain
1—|an* >0 <= a, €D, foralln >0,

and, by iterating (3.2.5), we recover (3.2.4):

n

|@nall® = TT(1 — layl?).

J=0
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Remark 3.2. Following Simon [28, 29|, we call the «,’s Verblunsky coefficients. The
choice of using —a,, in (3.2.2) was made so that the «’s also represent the coefficients
in the Schur algorithm for the Schur function associated to the measure p. For more

details, see [28].

Recall X
D, (z i -1
6,2) = T2 = (1) @l
where
pi =1 — logy]*.
Hence,

Pny1(2) = ( f[ Pj) 71q’n+1(2)

_ 1 [z( 1:[ pj> D, (2) — dn(ﬁpj)_lq)ﬁz)}

Pn =0

1 ~ x
= = [#6n(2) = 6u0},(2)]

-1

Here we used the fact that p; € R for all j > 0, and so
n—1 1 n—1 1
Rn(( 1T Pj) q’n> = ( 1T Pj) R, ;.
=0 j=0
So the orthonormal polynomials obey the recurrence relations
1 — *
ria(2) = = [260(2) = a0 )] (3.2.6)

and

Brin(2) = —[61(2) — anzen(2)]. (3.27)
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These recursion relations for the orthonormal polynomials can be summarized as

¢n<2) _ A(@n_l,Z) ¢n—1(z) :

¢ (2) n1(2)
where

Alag, z) = — : —

We define the transfer matrix

T.(2) = A(ap-1,2) ... A(ap, 2) (3.2.8)
for all n > 1; hence,
PN e ||
9(2) 1

Lemma 3.3. For each n > 0, there exist polynomials A,, and B, of degree n, called

Wall polynomials, so that

2By 1(2) =45 4(2)

Tn(z):<j1;[:pj>l BN (3.2.9)

Moreover, these polynomials obey the recurrence relations
Api1(2) = An(2) + ant12B(2) (3.2.10)

Bpi1(2) = Bo(z) + ant1245(2) (3.2.11)

with Ap(z) = o and By(z) = 1.

Proof. We proceed by induction.
For n =0,

1 z —Q
Tl(Z)

Po | —apz 1

and hence (3.2.9) holds with Ay(z) = ap and By(z) = 1.
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Assume that (3.2.9) holds for some n > 0. Then

Tova(z) = Alons1, 2) T (2)

- 1 z —0ln 41 ZB* _A*< )
Prtl | —au 12 1 j=0 Pi —2A,( B, (2)
_ (’ﬁp )| B () ) B Bl
- J
j=0 —2(anp12B(2) + An(2))  ans1245(2) + Ba(2)
Denote
Bui1(2) = Bu(2) + anp124,(2)
and
Ani1(2) = An(2) + an12B(2).
Then

Bl 1(2) = Rus1Bnsa(2)
= Ry11B,(2) + Gny1 R (245(2))
= 2R, B, (2) + an1 R, A (2)

= 2B, (2) + a1 An(2)

and similarly,

A (2) = 2A5(2) + G Ba(2):

This proves (3.2.9), (3.2.10), and (3.2.11) for n + 1.
Further note that
Ana(2) = 2A5(2) + Qi1 Ba(2)

Byy(2) = 2B3(2) + G Aul2).

Since Bj(z) = 1 and Aj(z) = & have degree 0, these recurrence relations also imply
that B; and Aj are polynomials of degree exactly k, for all 0 < k£ < n + 1. This,
together with (3.2.10) and (3.2.11), implies that Ay and By are also polynomials of
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degree (exactly equal to) k, as claimed. O

Remark 3.4. The Wall polynomials and the recurrence relations that they obey will
play a vital role in Chapter 4 in proving complete integrability for the Ablowitz-Ladik

system.

Finally, we give without proof the theorem that is the analogue on the unit circle

of Favard’s theorem from the real line:

Theorem 3.5 (Verblunsky). There ezists a one-to-one correspondence between
nontrivial probability measures on the unit circle and sequences of Verblunsky co-

efficients {auy, }n>0 C D.

3.3 The CMYV Matrix

Consider the operator

f(z) = 2f(2)

in L?(du). We want to represent this operator as a matrix. In order to achieve this
we first need to choose an appropriate basis in L?(dpu).

A first, natural choice would be the set of orthonormal polynomials, {¢n}n>0-
But there are several reasons why this does not represent the best choice. On the
one hand, the orthonormal polynomials form a basis in L?*(du) if and only if the
Verblunsky coefficients are not square-summable: 377 |a;|* = oo (for a proof of this
statement see [28]).

On the other hand, even in the case when {¢;} is a basis in L?(du), the matrix

that we obtain is a Hessenberg matrix:

(
_ -1
—aag-1 [[op py 0< k<1,

Gri = (Pn, 201) = 1 py, k=1+1,

0, k> 1+2.
\
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Generically, all the entries above the main diagonal and the first subdiagonal are
nonzero, and they depend on an unbounded number of Verblunsky coefficients. Con-
sequently, this matrix representation, known as the GGT matrix, is somewhat difficult
to manipulate.
A more useful orthonormal basis was recently discovered by Cantero, Moral, and
Velazquez [7]. Indeed, they define two such bases: Applying the Gram-Schmidt

procedure to

in L?(du) produces the orthonormal basis {x,},>0. Similarly, we obtain a second

orthonormal basis {x, },>¢ from

Denote

XV () =
2 =2k 41,

and P™ the orthonormal projection in L?(du) onto

H(—k,k), n — 2]{‘,

H™) —
H kr+1)y, n=2k+1,
where H ;) is the subspace of Laurent polynomials spanned by 2k 2k 2l Then
note that
(1— P™)x”
= PO

Proposition 3.6. We have

M o 1(2), n=2k—1,
Xn(2) = (3.3.1)
z*kqb;k(z), n = 2k,
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and

ks =2k-1
o(2) = 2G5 (2), n 5 (33.2)
Zﬁk¢2k(z>) n = 2k.

In particular,
T (2) = Xn (1/2). (3.3.3)

Proof. Note that
(1- 1D(0,2n—2))22n_1
[(T= Ploan—2)= "

¢2n—1 (Z) =

where Py is the orthogonal projection in L?(du) onto Hyyy. Also note that
2 Prmyz ™t = Pletimn)-

Given these two facts, we obtain

2 gy =

- P(—k—l—l,k—l))ZkH
1 — P20

[

[

(1= Ppprp-n)2"
(1

(

(

= X2k-1,

which proves half of (3.3.1). The other part of (3.3.1), as well as (3.3.2), can be
proved by similar calculations.

Finally, (3.3.3) follows immediately from (3.3.1) and (3.3.2):

Xon-1(1/2) = 27D gy (1/2)
=21 (1/2)
=2k 26 (1/2)
= 27"¢51(2)

= x2k—1<z>7
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and

Xak (1/2) = 27 0R a5, (1/2)
03, (1/2)
=27k 2R (1/7)
= 2 " por(2)

= Top(2).

The CMV matrix representation is given by

Crr = Xk, 2X1)-

for all k,1 > 0.

Proposition 3.7. The CMV matriz is given by

0o pPoQ Pop1 0 0
Po  —npQ1  —appr 0 0
C— 0  prae —aiqe  p203 P2P3
0 pip2  —Q1py —Qold3 —Qgp3
0 0 0 P30y —Q30y

In other words, for any j > 0 even, the (generically) nonzero entries on the j™

and (j + 1)% rows of C are given by:

Cij—1 = pj—10y4,
Cij = —ajaay,
Cijy1 = PiQjy1,

Cj,j+2 = PjPj+1,
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for the §* row, and

Cj+1,j71 = pPj-1Pj;

Civg = —pj,
Civrgr = —0@541,
Citijra = —ajpjn

for the (j + 1) row.

Remark 3.8. Note that, in the previous statement, as well as everywhere from this
point on, we consider all the indices to be greater than or equal to 0, and we set
a_1 = —1. In order to better understand how this boundary condition influences the

form of C, see Section 3.4.

Proof. Since
Ck,l = (Xk?ZXl)a
and the x’s can be expressed in terms of the ¢’s and ¢*’s as in (3.3.1), the statement

of this proposition reduces to computing certain inner products of polynomials.

For example, for j > 0,

Cojojre = (X2j, 2X2j42) = (27%’2}7 227j71¢§j+2)

= (¢;j7 ¢;j+2) = (¢;j(0)a ¢;j+2)

-1, 2%+l
=(IIr) (IIm) (.95
=0 =0

2j—1

1 —2 9
———(IIn) el

P2P2j+1 N 7

1 2j—1 o 4,

— L (TI) (T0 s
P2jP2j+1 1 1—0

= P2jP25+1-

k

Here we used the fact that ¢; is orthogonal to z,..., 2", as well as relations (3.2.1)
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and (3.2.4).
All the other expressions for the entries of C are proved in very much the same
way, and using the recurrence relations (3.2.2) and (3.2.3), together with the identities

that we used above. O

There is an alternate way of describing C, which is particularly illuminating. We
will present it here without proof, mainly since proving it just means running several
arguments similar to the ones in Proposition 3.7.

For 4,5 > 0, define

Lij=xi(2),224(2)) and M;; = (2:(2), x;(2))-

Set

Q

0, kE Pk

P —Q

Then
L :diag(@0,®2,@4,...) and M = diag([l],@l,@;),,...), (334)
and
C=LM.

Remark 3.9. Let us note here that throughout the thesis we index rows and columns
of matrices starting with 0: for example, £;; = @; for all j > 0, j even. The (infinite)
CMV matrix C is the matrix that we use in Section 6.1 to define Lax pairs for the

flows generated by the Ablowitz-Ladik Hamiltonians on the coefficients o, j > 0.

3.4 Measures with Finite Support

Throughout Sections 3.2 and 3.3 we assumed that the measure p we were starting

with had infinite support. Assume now that y is a probability measure on S* with



42

finite support; more precisely, let

p=>_ .,
j=1

be supported at n points zi, ..., 2, € S, with

D om=1.
j=1

Then the monomials 1, z, ..., 2"~! form a basis in L?(du). To these we can apply
the Gram-Schmidt procedure, and define the monic orthogonal polynomials {®, };:01

and the orthonormal polynomials

OB

J

15

¢; =

for0<j<n-—1.

Furthermore, we can consider 2" € L?*(du) and define

n—1

Bp(2) = 2" =) (2", 05)05(2).

J=0

We obtain a monic polynomial of degree n, which is equal to zero in L?*(du), since

2" € span(l,z,...,2" 1) = L*(du). In particular, this means that ®, is the unique

monic polynomial of degree n with zeroes at the mass points z1,..., 2, of u.
The same reasoning as in the proof of Theorem 3.1 allows us to define «y, ..., a1 €
C so that

Dji1(2) = 29,(2) — a;9}(2)

J

for0 <j<n-—1,and
191117 = (1 = Jey]*) 125>
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Since P, ..., P, 1 are nonzero in L?(du), we again obtain

ag, ..., Qp_9 e D.

But @, = 0 in L*(du), and hence,

B, ?
1_ o 2 || n O
1l = 15 T
or
On_1 € Sl.

If, as in the infinite case, we represent the operator of multiplication by z in the

basis considered by Cantero, Moral, and Velazquez, we obtain a finite CMV matrix

Cr=LiM;y.
Note that, since |, 1| =1,
Ol — 0
@n—l - '
0 —Qp_1

decomposes as the direct sum of two 1 x 1 matrices. Hence, if we replace ©,,_; by
the 1 x 1 matrix that is its top left entry, &, 1, and discard all ©,, with m > n, we
find that £; and M are naturally n x n block-diagonal matrices. As in the infinite
case, the finite CMV matrix C; allows us to recast the Ablowitz-Ladik hierarchy of

equations in Lax pair form.

3.5 Periodic Verblunsky Coefficients

The theory of periodic Verblunsky coefficients was first studied by Geronimus, and,
more recently, by Peherstorfer and collaborators, and Golinskii and collaborators (for

detailed references to their work, see [29]). Simon used the analogy with Hill’s equa-
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tion to fully develop the theory for periodic Verblunsky coefficients in [29, Chapter 11].
We are interested in sequences of Verblunsky coefficients {«;};>0 which are peri-
odic with period p:

ajyp = forallj > 0.

These are completely described by their first p terms, so from now on, whenever we
talk about periodic Verblunsky coefficients, we will think of finite sets {a; }?;8 e Dr.

Let us first observe that in this case, besides the usual CMV matrix C, one can
also define a so-called extended CMV matrix that we shall denote by £. If the a’s
are periodic with period p even, that is, they obey «a;;, = «; for all 7 > 0, then we
can define a two-sided infinite sequence of coefficients by periodicity. The extended

CMV matrix is

where

L=o, ad M=Ee;, (3.5.1)

on the span of ; and d;1;, and identically 0 otherwise. The extended CMV ma-
trix £ will play an important role in determining the Lax pairs associated with the
Hamiltonian flows of the periodic Ablowitz-Ladik system.

Another very important notion defined in [29] is the discriminant A(z) naturally

associated to this periodic problem. It is given by
A(z) = 2 "PTi(T(2)),

where T),(z) is the transfer matrix defined in (3.2.8). The form of A that we will use
follows from (3.2.9):

A(2) = 2 PPM7YB,_1(2) + 2B:_,(2)], (3.5.2)

p
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where
p—1
M=]]r
§=0

is called the modulus. We note here that a related quantity, Ko = M?, will play a
very important role for the periodic Ablowitz-Ladik system.

It will be very important for our study to link the discriminant A to the extended
CMYV matrix. In order to achieve this, note first that £ acts boundedly on the space

of bounded sequences [*°. Moreover, if S is the p-shift
(SU)m = Upmip, foruel™,
then, by periodicity of the a’s, we see that
SE=ES.
In particular, if # € S* and we consider
X5 ={u€l®|Su=pu},

then & takes Xj3 to itself:
5(Xﬁ) - Xﬁ.

We can therefore define

E(B)=E 1 Xg.

Moreover, if for 0 < j < p — 1 we consider J;(5) € X given by

(5J<5))m = 5l form=1Ip+j

and 0 otherwise, then {(%(B)}?;é is a basis in X3 and we can represent £(/3) in this

basis as

5(5) = ['pMp(ﬁ)a
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with
©o
L, =
Op_2

and

—Qp—1 pp-187

61
M,(P) =
Op_3
Pp—10 Qp—1

Note that we will do something very similar in Section 5.1, where we will define
a restriction of £, but considering § = 1 and the period a multiple of p (for more
details, see the explanations preceding equation (5.1.4)).

The relation between the discriminant A and the extended CMV matrix £ is given

by the following relation:
p—1
det(z — £(8)) = ([T o3) "2 [A() = (B+57) ] (3.5.3)

j=0

for all 3 € S*. For a proof of this statement, see Section 11.2 of [29].

Moreover:

Proposition 3.10 (Simon). Let p (the period of the coefficients) be even. Let

{04]-}?;(1) and {”yj}ﬁ;é be two elements of DP. Then, the following are equivalent:
L A(z{a;}) = Az {7;})-

2. TI;(0~lay?) = TI;(1—|;[?), and the eigenvalues ofg(g)({ozj}?;é) and 5(5)({%}?;8)
coincide for one 3 € OD.

3. The eigenvalues of £ ({a; ?;3) and Ep) ({7 ?;(1)) are equal for all § € OD.
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4. spec(c‘f({aj}§;(1))) = spec(E({v; I;;é))-

When these conditions hold, we say that {«; }?;(1] and {v; ?;é are isospectral.

Next, we present two examples which represented a first step in establishing the
connection between OPUC and the AL system. For the full computations which
justify our claims, see Examples 11.1.4 and 11.1.5 in [29].

Example 3.11 (Geronimus). Let o € D and define a; = « for all j > 0.

The isospectral manifold in this case is a circle
{a=(1—pHY2%% . 0 € [0,2n]}

if |a|] # 0, and a point (or a zero-dimensional torus), a = 0, if |a|] = 0.

Example 3.12 (Akhiezer). Consider ap; = a and a1 = ¢, with o,/ € D and j > 0,
to be periodic Verblunsky coefficients with period p = 2. Again, the discriminant is

easily computable and
0 2 ~
Ae") = m[eos(@) + Re(aa’)]. (3.5.4)

Let 4 € [0,7) solve cos(61) = —Re(aa’) + pp’. Note that |Re(aa’)| + pp’ < 1, and
hence, there are always solutions, with 0 < 6, < #_ < 7. Thus, |A(e?)| < 2 if and
only if +6 € [0,,0_]. We are interested in finding the set of pairs (a, ') € D? which
lead to a given A of the form (3.5.4). This can be done explicitly, and the conclusion

is:

e There are no open gaps for |a| = |a/| = 0, and so the isospectral manifold is a

point (0-dimensional torus).

e There is exactly one open gap when oo = +a’ # 0, which leads to the isospectral

manifold being a circle.

e There are two open gaps if and only if the isospectral manifold is a two-

dimensional torus.
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The two examples above suggest that DP fibers into tori, generically of real dimension

p, half of the real dimension of DP. This was proved by Simon in [29].

3.6 The Connection Between OPUC and OPRL

Let us now consider the case where the measure dy is symmetric with respect to
complex conjugation, or what is equivalent, where all Verblunsky coefficients are real.
It is a famous observation of Szegd (see [31, §11.5]) that the polynomials orthogonal
with respect to this measure are intimately related to the polynomials orthogonal

with respect to the measure dv on [—2, 2] defined by

Flz4 2V dp(z) = /_2 F(@) dv(z). (3.6.1)

Sl

The recurrence coefficients for these systems of orthogonal polynomials are related

by Geronimus relations (see [17] and [18, Section 30]):

b1 = (1 — agp—1)ar — (1 + aop—1)ag—2
" (3.6.2)

1/2
s = {(1 = g 1)(1 — aZ) (1 + amn) } 72

We will now present the short proof of these formulae given by Killip and Nenciu
in [20]. As an off-shoot of our method, we also recover relations to the recurrence
coefficients for (4 — x?) dv(x) and (2 & x)dv. The former appears in the proposition

below, the latter in the remark that follows it. These formulae also appear in [6].

Proposition 3.13. Let a4 be the system of real Verblunsky coefficients associated
to a symmetric measure dy and let L and M denote the matrices of (3.3.4). Then

LM + ML is unitarily equivalent to the direct sum of two Jacobi matrices:
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where ay and by are as in (3.6.2) and

by = (1 — qopq1) ok — (1 4 qopt1) Qoo

~ 1/2
a1 = {(1+ ager1) (1 — ady o) (1 — agys) } ”

Moreover, the spectral measure for (J,ey) is precisely the dv of (3.6.1). The spectral

measure for (J,e;) is m@ — 2?) dv(x).

Proof. Let S denote the following unitary block matrix

1 |—V1— 1+
S = diag([1], S1,55,...) where Sp=-— vi—ar vita ,

V2 | VTFar VT—as

which is easily seen to diagonalize M. Indeed, STMS = diag(+1,—1,+1,—1,...).
We will denote this matrix by R.

The matrix LM + ML is unitarily equivalent to A = ST(LM +ML)S = STLSR+
RSTLS, which we will show is the direct sum of two Jacobi matrices. We begin by
showing that even-odd and odd-even entries of A vanish, from which it follows that
A is the direct sum of its even-even and odd-odd submatrices.

Left multiplication by R changes the sign of the entries in each even-numbered
row, while right multiplication by R reverses the sign of each even-numbered column.
In this way, RB + BR has the stated direct sum structure for any matrix B and
hence, in particular, for B = STLS.

It remains only to calculate the nonzero entries of A. As S and L are both tri-
diagonal, A must be hepta-diagonal and so the direct sum of tri-diagonal matrices.
Moreover, A is symmetric (because L is) so there are only four categories of entries

to calculate: the odd/even diagonals and the odd/even off-diagonals. We begin with
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the diagonals:

— Q29 0 \/HT%—l
0 aog | | V1 — aop—q

= (1 — Cl’gkfl)a’zk — (1 + 052k71)052k72

—agr—o 0 —V1 =g,
O QAo \/1 + A2k —1

Aoki1,2k41 = [\/1 +ag—1 V1-— an,l]

Aopor = — [—\/1 — o1 1+ agk,l]
= (1 — agp—1)op—2 — (1 + qop_1) .

Note that the factor of 2 resulting from A being the sum of two terms is cancelled by
the factors of 27'/2 coming from S and St. The calculation of the off-diagonal terms

proceeds in a similar fashion:

0 0 VvV 1 + Aok 1
pare O (V1 —agrqr

= /(1= azn ) (1 = a3)(1 + azern)

Aopy12k43 = [\/1 +ag—1 V1-— agk_l]

0 0 |—v1—awn
par. O V14 oopg

= \/(1 +age1)(1 — a3 (1 — agey1).

A2k,2k+2 - - |:—\/1 — 9k—1 \/1 + Ckzk,l}

That dv is the spectral measure for (J,e;) is an immediate consequence of the
spectral theorem, LM + ML = LM + (LM)™!, and the fact that S leaves the vector
[1,0,...,0] invariant.

Tracing back through the definitions, we find that the spectral measure for (j ,€1)
is equal to that for the operator f(z) — (z + 271) f(2) in L?*(du) and the vector

1 1

F2) = ()2 xo(2) — (52)7 xa(2) = (H22) 2 27'93(2) — (3524)? du(2):

From the relations (3.2.2), (3.2.3), and (3.2.4), we find p1¢3(2) = ¢(2) — a1zd1(2),



51

pod1(z) = z — ap, and ppoi(z) = 1 — apz. These simplify the formula considerably:

21—z

f(z) = 2o

The expression for the spectral measure for (j ,e1) now follows from the simple cal-

culation [z7! — 2|2 =4 — (2 + 271)% O

Remark 3.14. In the above proof, we conjugated LM + ML by the unitary matrix
which diagonalizes M. One may instead use the matrix diag(Sp, Se,...), which diag-
onalizes L This also conjugates LM + M L to the direct sum of two Jacobi matrices.

In this way, we learn that the recurrence coefficients for m& + z)dv(z) are given
by

b1 = £(1 F aor)aokr F (1 £ agg)aok—1

1/2
i1 = {(1F am)(1 = a2, 1) (1 + agey) } 72
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Chapter 4

The Periodic Ablowitz-Ladik
System

4.1 Commutativity of Discriminants

We begin by defining the symplectic structure. We are considering the problem of
periodic Verblunsky coefficients with period p, so we are interested in a symplectic
form on DP, which has real dimension 2p. Let a = (ag,...,,_1) € DP, and let
u; = Rea; and v; = Ime; for all 0 < 7 <p—1. Then we define our symplectic form
by

181
W= 52—2dujAdvj. (4.1.1)
=0 i

As all of the subsequent computations will involve only the corresponding Poisson

bracket, let us note that, for f and g functions on D?; we have

15~ ,[0f 99  Of g
{f.9} = §j20pj {6_%8_1)]_8_1{,6_%} (4.1.2)

p—1
=iy P [af 99 Of 8g}’ (4.1.3)
=0

&ij 8&]' B 80@ 8643-

where for z = u + v € D we use the standard notation

o _.9 g 2_1(90 .9
o ov) MY 9z " 2\ouw " an )
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Lemma 4.1. The 2-form defined by (4.1.1) is a symplectic form. Equivalently, the
bracket (4.1.2) obeys the Jacobi identity and is nondegenerate.

Proof. The form w is a sum of 2-forms, each of which acts only on one of the variables
a; for 0 < j < p—1. But any 2-form is closed in R?, and hence w is closed. It is also

nondegenerate, since the function pj’2 is positive on D? for each j. O]

The first result is

Theorem 4.2 (Nenciu—Simon). With the above Poisson bracket, we have
{A(2),A(w)} =0 (4.1.4)

for any z,w € C.
In particular, one has

Corollary 4.3. The Hamiltonian flows generated by A(z) for z € 0D and by H?;(l] pj

all commute with each other and leave A(w) invariant.

Theorem 4.2 is proved using the expression of A in terms of Wall polynomials
and the recurrence relations that they obey. More precisely, note first that, under the

flow generated by
p—1
Ky = H P?;
5=0

the a’s evolve according to

{Oéj, K()} = iKQOéj
or

This immediately shows that

Since we know from (3.5.2) that

A(z) = 272Ky 1By (2) + 2B2_ (2)),
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we can conclude (4.1.4) once we prove that
{Bn(2), Ba(w)} = {2B,(2), wB,(w)} =0 (4.1.5)

and

{Bn(2),wB}(w)} + {2B}(z), Bp(w)} = 0. (4.1.6)

Remark 4.4. We will prove these statements by induction on n. Before we begin the
actual proofs, note that such a strategy makes sense: Let us be more precise in our

notation and use
N~ o [0f 99 Of g
_ 2 —
{f, 9k = ZZ’)J {a@j Oaj  da; Oa
7=0

for the Poisson bracket on D™*!. It is a simple observation that if f and g depend

only on ayg,...,a, and m > n, then

In particular, as B,(z) is a polynomial in ay, . .., ay,, we can use in (4.1.5) and (4.1.6)

any bracket that involves “enough” a’s.

Proposition 4.5. Forn >0 and z,w € C, define

F.(z,w) = —i{A}(2), B,(w)} (4.1.7)
and ) B
Qn(z,w) = zw - %

Then the following statements hold for alln > 0 and z,w € C:

(o) {Bn(2), Bo(w)} =0
(B {A50), An(w)} = 0
(Vn.0) For ¢ > 1,

2 (2, w) — wIF, (W, 2) = Qq(z, w)[A;,(2) Ba(w) — Ay (w) Bn(2)]

n
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Remark 4.6. Note that (cv,) implies (4.1.5). Indeed, if f and g are two complex-valued

functions, then

— ,[af ag of g
Ou; Ov;  Ov; Ou;

Pj
0

In particular,

by (a,,) applied to

N
2
)
o,

8|~

Proof. For n = 0, recall that By(z) = 1 and Aj(z) = ap. Since By is constant (as a
function of the Verblunsky coefficients), statement (ag) is immediate. (Gp) is merely
stating that {ap, ap} = 0, while () holds since Fy(z, w) = 0 and neither A nor By
depend on z or w.

Assume that n > 1 and the statements (a,—1)—(Vn-1,4) are known. Recall that

the Wall polynomials obey recurrence relations (see (3.2.10) and (3.2.11)):
B, (2) = Bp-1(2) + anzA;_1(2)

and

Ar(z) = zA;_(2) + anBn-1(2).

We will prove (a,)—(7Vn,4) one by one, by plugging in these recurrence relations and
using the induction hypothesis.

(cvn,) : We use the recurrence relation for B, and in the expression for the Poisson
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bracket we separate the a,,-derivatives from the other ag- through «,, i-derivatives:

{Bu(2), Bu(w)} ={Bn-1(2), Bu-a(w)} + (onz) - (anw){A, 1 (2), A7 1 (w)}
+an [o{A]_1(2), Buor(w)} + w{Baoi(2), A7y (w)}].

Here we use the fact that all the other terms in the expansion of the right-hand side
contain factors of the type {ay,, Bn-1}, {an, A% _,}, which are zero as both A’ ;| and
By,—1 depend only on ay with k <n—1, or {a,, a,}. Considering the right-hand side
now, observe that the first two terms are zero by («,_1) and ((,_1), while the third
term equals

1o, [an_l(z, w) — wk,_1(w, z)] =0

by (4.1.7) and (yp—1,1)-

(Bn) : We prove the statement in the same way as («,). Indeed, from the recur-

rence we get

{A5(2), AL (W)} =zw{ A}y (2), Ay (W)} + 63 {Ba-1(2), Baoa(w)}
+ an [Z{AZ_AZ), Bn_1(w)} + w{Bn-1(2), A;—l(w)}] )

and we use (a,—1), (Bn-1), and (y,-1,1) to conclude (3,).
Before proceeding to prove the last statement, we will deduce a recurrence formula
for F,:
Fo(z,w) = p2[2F,-1(z,w) + wAL_  (w)B,_1(2)]. (4.1.8)

Indeed, note that
Fu(z,w) = —i{A;(2), Bn(w)}

= —i{@n, anJwB, 1(2)AL_ () + 2F,_1 (2, w) + w]oa, |2 F 1 (w, 2)

= puwA, (W) By (2) + przFaa(z,w),

where we used the recurrence formulae for A and B,, and induction hypotheses

(n-1), (Bn1), and (yn-1,1)-
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(Vn.q) : Using the recurrence formula (4.1.8), we see that

02 [ Fa(2,w) — Wi Fa(w, )] =21 By (2, 0) — w s (1, 2)
+ 2%wA!_(w)Byp_1(z) —wizA) _(2)Bn_1(w).
From the induction hypothesis (7,-1,4+1), we have

+1 +1 21 —w!
2T, (z,w) —wT o (w, 2) = zw

(A5 1(2) Baoa(w) = A5,y (w) By (7))

Z—Ww

Plugging this into the previous formula, we get

o [y 0) = W0, 2)) =5 () Baaw) (05— )

q _ 4
— A (w)Bn_1(2) (sz - zqw> :

Note that
zZw —wilz = z%w = 2Q,(z,w)
z—w z—w
and
Zw — 2w =wz = wQ,(z,w)
z—w z—w

So we can conclude that
P2 [29F (2, w) — w'F,(w, 2)] = Qq(z,w) [2A%_1(2) Byo1(w) — wAL_  (w)B,—1(2)].

It remains to treat the right-hand side. Here we use the recurrence relations (3.2.10)

and (3.2.11) to get
A:L(Z)Bn(w) - AZ(w)Bn(z) = pi [ZA;—l(Z)Bn—l(w) - wAZ—l(w)Bn—l(Z)}-
The last two equations imply the statement of (7,,4):

2, (z,w) — wiF,(w, 2) = Qu(z, w)[A}(2) Bp(w) — A (w)B,(2)].

n
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We now turn our attention to proving (4.1.6). This is also achieved by induction,

but a more involved one. First, we introduce some extra notation:

Ry(z,w) = i{B,(2), Bu(w)}
Su(z,w) = i{An(2), A7 (w)}
Xo(z,w) = i{B,(2), A, (w)}
Yo(z,w) = i{An(2), Ba(w)}

and deduce recurrence relations for these quantities. For all n > 1,

By(z,w) = i{B,(2), Bu(w)}

= i{zB;_1(2) + anAn_1(2), Bp_1(w) + awA;,_(w)}

(4.1.9)
=2R 1(2,w) + | |*wS,_1(2,w) + anzwX, 1(z,w)
+ @nYn—l(zv w) — PiWAn—l(z)AZ—l(w)a
Sn(z,w) = i{An(2), Ay (w)}
= i{AZ?l(z) + O‘nZB:L—l(Z)7 wA;,_(w) + dan—l(w>}
(4.1.10)
=|an|?2R_1(2,w) + wSy_1(2,w) + apzwX, 1(z,w)
+ @Y1 (z,w) + pp2B; 1 (2) Buoi (w),
Xo(z,w) = i{B,(2), A, (w)}
= i{ZB:z—l(Z) + dnAn—l(Z)a UJA;—l(w) + dan—l(w)}
(4.1.11)

=, 2R, 1(z,w) + a,wS,_1(z,w)

+ 2w X1 (2, w) + @Y, 1 (z,w),
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Yo (2, w) = i{ Ay (2), Bo(w)}
=i{A, 1(2) + 2B} _{(2), Bp_1(w) + a,wA;_(w)}
(4.1.12)
=, 2R, 1(z,w) + awS,_1(z,w)

+ 22w X, 1(z,w) + Y1 (2, w).

We can now state our result:
Proposition 4.7. The following statements hold for alln >0, q € Z, and z,w # 0

(Thq) 21R,(z,w) — wiR,(w, z) = Qq(z,w [An(z)A;‘l(w) — An(w)A;';(z)}
215, (z,w) — wiS,(w, z) = — [294,(2) Aj (w) — wI A, (w) Al (z)]

(Sn,q) Zq _ wq

[2B;(2) By (w) — wBj(w) B, (2)]
(Znq) 21X (2,w) — WXy (w0, 2) = Qq(z,w) [B(2) Ay (w) — By (w) A5, (2)]
(Ynq) 27, (z, w) — wiY,(w, 2) = Q,(z, w) [An(z)Bn(w) — An(w)Bn(z)}.

Remark 4.8. As with the previous proposition, note that relation (4.1.6), which we
set out to prove, is exactly (r,1). As the proof will show, all the other relations in
the statement of the proposition are necessary in order to prove (r,1) by induction

on n.

Proof. First, we deal with n = 0: Recall that By(z) = Bj(z) = 1, Ag(z) = ap, and

Aj(z) = ap. Therefore, we immediately find
Ro(z,w) = Xo(z,w) = Yo(z,w) =0 and Sy(z,w) = pi.

The right-hand side of relations (rq,), (%o,), and (yo,) is identically equal to zero, as

By, Bj, Ao, and Aj are all constant (as polynomials in z).
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It remains to consider (sg,). It follows by a simple computation that

rhs(sg,) = —[zq|a0]2 — wq\a0|2] +

_— [z~1—w-1]

= 2"pg — wpg = Ths(so,q)-

Now assume that all the induction statements hold for some n, n > 0. We prove
them for n+1. We use the recurrence formulae (4.1.9), (4.1.10), (4.1.11), and (4.1.12)
throughout these computations without mentioning them.

We start with relation (r,+1,4). In this case we get, using the induction hypotheses,

hs(rn41,9) = 27 Rpt1 (2, w) — w! Ry (w, 2)
—Ihs (1 1) + Qs 2w - Ths(z)
+ Qg1 - 1h8(Yng) + | [Pz - Ths (s, 1)
= Prr2w 277 AR (2) A (w) — wi T Ay (w) A (2)]
=Qq+1(2,w) [An(2) A}, (w) — Ay (w) A (2)]
+ ans12wQq (2, w) [ By (2) A (w) — By (w) Ay (2)]
+ A1 Qq(2, w) [An(2) By (w) — Ay(w)By(2)]
+ 2w [277 A (2) A (w) — wi™ A (w) A7 (2)]

P[4 ()AL ) — 0 A () 45(2)]
Group together the terms in the last identity that contain A, (2)A%(w), recalling that

29 —

P3L+1 =1- |an+1|2 and  Quy1(z,w) = 2w —w

Doing this, we obtain that the coefficient that multiplies A, (2) A} (w) is

2471 — !
— 2wz = 2w wT—————— = wQ, (2, w).
z—w z—w

29 —

ZW

Similarly, the coefficient multiplying A, (w)A7 (z) is 2Q,(z, w). Plugging this into the
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identity above, we obtain

lhs(rn-l-l,q) = 2'Ry,41(z, w) - wan+1(w> z)

= Qq(z, ) [wA,(2) A, (w) — 24, (w) A7, ()

+ Q1 45(2) Bp(w) — @1 A — n(w) By (2)
+ Jans|*2 B (2) Ba(w) — |om1 [ By (w) Bn(2)]
= Qq(zaw) [An+1(Z)AZ+1(w) - An+1(w)AZ+1(z }

= rhs(rp41,4),

as claimed. In the last sequence of identities we have used the recurrence relations
for the Wall polynomials without giving any details.
We now turn to proving (s, ), which requires somewhat more involved computa-

tions. From the recurrence relation (4.1.10), we get

IS(S410) = 2511 (2, w) — WSy (1w, 2)
=lap |- hs(rpgi1) + apgrzw - Ths(z,,)
+ ny1 - 1hs(ynq) + 2w - 1hs(sp 1)
§ P2 [ BY(2) Buw) — B () B (2)]
—Qy(z,w) [2B1(2) Ba(w) — wB(w) Ba(2)]
— 2w [T Ay (2) Al (w) — 0 A (1) AL (2)
F onnzwQy (2, w) [By(2) A4 (w) — Bi(w) A3 (2)]
F B1Qyz,0) [Au(2)Bu(w) — Ay () B, (2)]
Tl Qi (2 w) [Au(2) A% () — Au(w) AL (2)]
T 2, [ B () Ba(w) — w B (w) Ba(2)].

Using the recurrence relations for B,y and B, we find that the right-hand side
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rhs(s,11,4) equals

U [2B1()Balw) — w? B (w) Ba(2)
+ an 2w B ()45 () — s By (w) 43 (2)
+ Gnz A (2) By (w) — GnwA, (w)By(2)
)45()]
()

+ Jan|*zw(A — n(2) A5 (w) — an(w
(2))
)

—[rw(z7 A, (2) AL (w) — w? T Ay (w) A
+ anzw(2'B(2)Ar (w) — w B (w) A},
+ (274, (2) By (w) — 0! Ap(w) Bp(2)

+Jan|* (27" By (2) Bu(w) — w" By (w) Ba(2))].

Moreover, if we group terms together according to which of the Wall polynomials

they contain, we get that rhs(s,1,) further equals

— 2w |29 A (2) Al (w) — wITt A (w) A (2)]

+ angrzw| By(2) A (w) (2 ZZ - Zq —21) = By (w) A, (2) (w - ZZ - Zq —u')]
e [ A8 ) (- T ) - A B () - T )]
+ (BB (- S = 2) = Bi(w)Bula) (uF - S — 0™

+ 1" Qa1 (2, w) [An(2) AL (w) — An(w) A7 (2)]
+ P [277 By (2) Bu(w) — w' By (w) Ba(2)].

If we also recall that

29 — 4 24 —
— =y
zZ—w zZ—w

Z .

- wq = Qq(z> w)>

we can immediately conclude that rhs(s,41,4) = lhs(s,11,4)-

The proofs of (,41,,) and (y,11,4) follow the same pattern, while being even easier
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than the ones above. We present them without giving too many explanations:

Ihs(2n11,4) = 29 X041 (2, w) — W' Xy (w, 2)
=041 - 1hs(rpg11) + Q12w - 1hs(s,—1 4-1)
+ zw - 1hs(2p,4) + @21 - 1hs(Yny)
=2wQq(2,w) [ B (2) A5, (w) — By (w) Ay (2)]
+ Q1 Quat (2, W) [An(2) A} (0) — Ap(w) A7 ()]
+ 1 Qq(2,w) [An(2) Ba(w) — Ay (w) By(2)]
+ Gn1Qq(2,w) [2B;,(2) Bu(w) — wB; (w) By (2)]
— Gn1zw 277 Ay (2) A (w) — wi Ay (w) A ()]
= Qq(z, w) [2w B (2) Ay (w) — 2w By (w) Ay (2)
+ O w AR (2) AL (W) — Qg1 2An(w0) A7 (2)
+ 1 An(2) Ba(w) — G5y An(w) Ba(2)
+ Gn 1285 (2) Bo(w) — agywBy (w) By (2)]
= Qq(z,w) [Br 1 (2) A (w) — By (w) A (2)]

= rhs(z,41,4)
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and
1hs(Ynt1,4) = 27Yns1(z, w) — w4 (w, 2)

=041 - 1hs(rp g11) + @y 2w - 1hs(S,-1 4-1)
+ a2 2w - Ths(z,,4) + 1hs(yn,)
=0 12w Qq(2,w) [ By (2) A7 (w) — By (w) A7 ()]
+ 0 1Qqr1(2, W) [An(2) A7 (w) — An(w) A5 ()]
+Qq(2,w) [An(2) Bu(w) — An(w) By(2)]
+ 1 Qq(2, w) [2B;() B(w) — wB;(w) Ba(2)]
— Q2w [ A () A (w) — I A (w) AL (2)]
= Qu(z,w)[02 2w By (2) A5 (w) — a2, zwB(w) A3 (2)
+ Q1WA (2) AL (1) — 124, (w) A (2)
+ A5 (2) Bp(w) — An(w) Bn(2)
+ 128, (2) Bu(w) — apwB; (w) By (2)]
= Qq(2,0) [An11(2) Bpya (w) — Apya (w) Bpia (2)]
= ths(Yn+1,4),

as claimed.

4.2 Independence of the Hamiltonians

We want to discuss some issues related to the independence of the commuting Hamil-

tonians defined in the previous section. All the results that we present here have been

proved by Simon, and can be found in [29, Chapter 11].

As explained before, one of our main reasons for investigating Hamiltonian systems

related to orthogonal polynomials on the unit circle was to try to explain the existence

of so-called isospectral tori of Verblunsky coefficients, observed in Examples 3.11 and

3.12. Recall that the name “isospectral” is justified by Proposition 3.10.

In fact, more is true:
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Theorem 4.9. The isospectral manifold is a torus of dimension equal to the number

of open gaps.

Remark 4.10. Note that, if {aj}i;é and {fyj}f;é are two isospectral sequences of
periodic Verblunsky coefficients, then they define the same discriminant A(z), and
hence the associated measure has the same (and so the same number of) open gaps.

Therefore, the statement of Theorem 4.9 makes sense: The number of open gaps

is constant on any given isospectral manifold.

This theorem is proved in [29] by other methods than the ones we are concerned
with here. Nonetheless, we believe this phenomenon to be the consequence of Conjec-
ture 4.13 below. The analogous statement on the real line holds, and was proved in
the continuous setting by McKean and van Moerbeke [23], and in the discrete setting

(Toda lattice) by van Moerbeke [36].

Theorem 4.11. Let p be even. Any set 21, ..., 2, of distinct points in S* which obey

J

p
=1

J

s a possible spectrum of some Q.

Define
e -
Q—(Zla 7Zp) = —max Q(e) % - Oa Q(e) <0 )
where )
0(0) = e[ (e" - 2,).
j=1
Then the allowed moduli consistent with (z1,...,z2,) as spectrum for Q is (0, iQ,].

In the interior, the set of {ozj}?:é with that set of eigenvalues and modulus is a p-
dimensional torus. At the end-point where the modulus is iQ_, the dimension 1is

strictly less than p.

We do not prove this result here, but instead refer the interested reader to [29,

Section 11.4].
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Remark 4.12. Tt is convenient to parameterize the (p — 1)-dimensional z’s obeying

(4.2.1) by using the fact that

1[==11%

jec j¢C

for any C' C {1,2,...,p}.

Denote
Iq = Z “j1 “iq
{715-2da}C{1,-.p}
Then
Iy=1,=1,
Ipfq = jq
for 1 <¢ <%, and so
I, is real.
Define
F:DP - RP

by
f(Oé) = (ReIl,Imll, e ,ReIp/g_l,ImIp/g_l,]p/g,M2).

Then F is a polynomial in {Re aj}ﬁ';(l) and {Im aj}i;é, and by relation (3.5.3) for
£ =1, we have

p—1 p
(Hpj>zp/2[A(z) — 2] =det(z — Q) = Z(—l)q]qzq.
j=0 q=0
Note that Theorem 4.2 and its corollary prove that for any nonzero z,w € C, we

have
{ (ﬁm)wﬂm@) - Q]fij)pj} —0

and
p—1

1 B RO

J=0 J=0
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In particular, this implies
{M?1,} =0 and {I, Iy} =0

for any 1 < ¢q,¢ < p— 1. If we also remember that

for all g, we obtain that
Re Il7 Im [1, ey Re Ip/2—17 Im [p/2—17 [p/27 M2
are a set of p Poisson commuting Hamiltonians on DP. So independence of these

Hamiltonians at a point in D? is equivalent to rank(F)=p at that point.

Conjecture 4.13. The rank of F at a point a = (g, ...,a,-1) € DP equals the
number of open gaps of the measure associated with the sequence of periodic Verblunsky

coefficients {a;}j>0, Qinp = i for any 0 <k <p—1andn > 0.
Here we will prove the weaker result:
Theorem 4.14. The image of D? under F contains an open subset of RP.

Proof. Notice that, as o, 1 — —1, the periodized CMV matrix Q converges to a

finite CMV matrix

since
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So, in this limit,

det(Q — z) = det(Cy — 2)
=, (z;0,...,0p-2,0,p 1 = —1)

= 2@, 1 (200, ap2) + Py (2500, ..., @y 2).
But then, by Theorem 2.2.13 of [28], we get that

ran( lim F | (M =0))

ap—1——1

is open, and hence, by continuity, for mg small, there are points where F | (M? = my)
has maximal rank p — 1. If we parameterize D? so that M? is the last coordinate,

then in these coordinates we get

d(F I (M*=myg)) *
0 1

dF =

Thus dF has maximal rank p at points where F | (M? = mg) has maximal rank
(p—1). By the implicit function theorem, this means that the range ran(F) contains

an open set. ]

We can now use this result to prove that the Hamiltonians
Rel;,ImIy,...,Re Lo 1, Im L5 1, 1,9, M*

are independent on a dense set of a € DP. The argument that we give here also
represents the first part in proving Theorem 4.9.

Let d1,...,0, be the canonical basis in R” and define

G : DP — AP(R?P)
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by
G(a) = NP[dFLI(61 A -+ N By),

where t denotes the transpose. Then note that
dim(ran(dF,)) =p if and only if G(«) # 0.

But G is a vector-valued polynomial in Re(a;) and Im(a;), and so it is real-analytic.
We conclude that either G is identically zero, or else its nonzero points are dense.

Assume that G is identically zero. This is the same as saying that no point in D?
is regular for F, and hence the range of F consists only of singular values. But Sard’s
theorem says that the set of singular values of F has measure zero. We therefore find
that in this case, the range of F is a set of measure zero in RP, which contradicts the
result of Theorem 4.14.

Hence G cannot be identically zero, and so
dim(ran(dF,)) =p

on a dense set of a € DP, as claimed.
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Chapter 5

Lax Pairs for the Defocusing
Ablowitz-Ladik System

5.1 Lax Pairs in the Periodic Setting: Main Re-
sults

We must first define our Hamiltonians K,,. Essentially, they are traces per volume of
the powers of the extended CMV matrix £.

Consider the periodic Ablowitz-Ladik problem with period p. If p is even, then
let £ be the extended CMV matrix associated to these a’s; if p is odd, think of the
sequence of Verblunsky coefficients as having period 2p and thus define the extended
CMV matrix €.

For each n > 1, we define the Hamiltonians we will be working with as

15
Ky =~ > & (5.1.1)
k=0

For n = 0, we set
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Finally, for A a doubly-infinite matrix, we set A, as the matrix with entries

.Ajk, ifj < k,
(A—i-)jk = %Ajj, lfj = ]{3,
0, if j > k.

Our central result is:

Theorem 5.1. The Lax pairs for the n'™ Hamiltonian of the periodic defocusing

Ablowitz-Ladik system are given by
{€, K, } = [€,i&]] (5.1.2)

and

{€, K.} = [€,i(E})] (5.1.3)
foralln > 1.

Here we use {€, f} to denote the doubly-infinite matrix with (j, k) entry {&;x, f};

also, £} denotes (£") .

Remark 5.2. The form of Theorem 5.1 and the main idea of the proof were inspired by
the analogous result of van Moerbeke [36] for the periodic Toda lattice. But neither
of the two results implies the other.

Moreover, in the case of the Toda lattice, the necessary calculations are very
simple due to the tri-diagonal, symmetric nature of the Jacobi matrices naturally
associated with that problem. The analogue on the circle are CMV matrices, whose
more complicated structure makes proving this result computationally much more

involved.

But we are dealing with a finite-dimensional problem, so we are interested in
finding appropriate finite-dimensional spaces to which we can restrict the operators
in (5.1.2) and (5.1.3). Also, we want to express the Hamiltonians K, in terms of these

restrictions.
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The following lemma is an immediate consequence of the structure of &; it can

easily be proved by induction whenever £ can be defined.

Lemma 5.3. Let n > 1 be an integer. Then &y is identically zero as a function of

the Verblunsky coefficients if one of the following holds:
|7 — k| >2n+1
or 7 —k=2n and j and k are even
or j —k=—2n and j and k are odd.

In particular, the number of entries which are not identically zero (as functions of the

a’s) on any row of E™ is bounded by 4n.

Recall that the definition of £ depends on the parity of the period p. This explains

why we need to study the cases p even and p odd separately.

Let us first consider the case of the period p being even. We denote by X (4 the
subspace of [*(Z)

X(d) = {U € ZOO(Z) |um+dp = um}

of sequences of period dp. As the Verblunsky coefficients are periodic with period p,
we find that &, x4y = Ex for any j,k € Z, and hence £ restricts to X (g for all
n € Z and d > 1. Moreover, if we denote by ﬁlid), k=0,...,dp—1, the [*°(Z) vector
given by

( ,id))j = 1 when j = k (mod dp), and 0 otherwise,

we have that {géd), éd), . dp 1} is a basis in X(4), and

n n d
E" D)y = (€)= EMriay

lEZ

Notice that this sum has only a finite number of nonzero terms for any choice of

n,J,k,p, and d.
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Let us denote by Q) the matrix representation of the restriction £ [ X4 in the
basis {féd), fd), e ,fg(lz)_l}. Then the matrix representing £" [ X(4) in the same basis

is Q?d), whose entries are given by

?d)u‘k = Z & ktiap (5.1.4)

Iz
for 0 < g,k <dp—1.

Lemma 5.4. For dp > 2n + 1, we have that

1 n
ETT( Q(d))
1s independent of d and equals K,.
Proof.
1 1
STr(Qy) =5 > Qe
k=0

From Lemma 5.3 we know that £ = 0 for [j — k| > 2n. So for dp > 2n + 1 we get

Qe = D Elestap = -

leZ

From this and periodicity, we can conclude that

1 1 dp—1 p—1
ETT(Q&)) ~ 4 Z Epr = Zgi?k = nky
k=0 k=0
is indeed independent of d. n

If p is odd, we consider the same objects as above, with the extra constraint that
dp, and hence d, must always be even. Recall that, in this case, we define £ by
thinking of the Verblunsky coefficients as having period 2p. For d even, we can then
define X4 and Q4 as above, while always keeping in mind that we can use the

results we just proved for dp = g - 2p.
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Therefore, if d is even and large enough, we have

dp—1 2p—1

2 n 2 n n
ETY( (d)) ~ 4 Z Eip = Z Eng -
k=0 k=0
The last observation we need to make is that, in this case, the entries of £ obey
Eik = Etpitp-
This comes from the fact that
£j+p,k+p = Mjk
and that £ and M are symmetric. Hence,

Enipiir = Y LipiMugip = > LuMiy =Y LyuMu = Ej,

leZ lEZ leZ

as claimed. A straightforward induction shows that

n _on
gk+p7j+p_ jk

for all n, and hence,

1 1 2p—1 p—1
ETI"( ?d)) D) Z Eik = Z‘S}?k = nky
k=0 k=0

also holds for p odd, as long as dp is even and dp > 2n + 1.

So we proved that, with K, defined as in (5.1.1), we have

1 n
for dp even and greater than 2n + 1.

Let us note that relations (5.1.2) and (5.1.3) hold in the sense of bounded operators
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on [*°(Z). Moreover, all the matrices in these relations obey the same periodicity
conditions as £, so it makes sense to restrict (5.1.2) and (5.1.3) to X4 for d > 1. By

doing this we get

Corollary 5.5. For all d > 1, with dp even, and n > 1, we have

{Q), Kn} = [Qa), 190y +]
and
{Qu), Kn} = [Qa), 1((Qy )",

where we denote by Q?

i, the matriz representation of (E")+ I X in the basis
{f(()d) f%d) d 1}
&1 s Egp

Note that Q (D)ot is not an upper triangular matrix, as it contains entries which
are generically nonzero in its lower left corner.

Let us make an observation that will explain why we cannot simply use the traces
of powers of Q) even if p is even, but also that we are not changing by much the

Hamiltonians we are most interested in:

Proposition 5.6. For p even and 1 <n <% —1, we have
K, = Tv(Qn)
n = —1r 5
n 1

but
(QZ/)Q) Kppo + 2K,

Proof. From formula (5.1.4) and Lemma 5.3 we see that, forn < £ —1,

Z Eigrip = €jj

IeZ

for all j =0,...,p — 1. This follows since, for |[| > 1,

lj— (G +1p) >p>2n+1.



Hence, using (5.1.1),

If n = £ and j even, the formulae (5.1.4), (6.2.2), (6.2.3), and periodicity of the
Verblunsky coefficients imply that

(i =D&
D).gg — J.j+ip

leZ

=&+ 5"J+p

_5n+HPk

and
),j+1,5+1 — Z J+L,j+1+lp
1€Z
=&t 53+1 J+1—p
=&t H Pk
k=0
Therefore,
2
p o) 25"+ pHPk Ky + 2Ky,
as claimed. O

Remark 5.7. An easy computation shows

{0, 2Re(K1)} = ipf (o1 + aj11)
and
{a;,log(Ko)} = iay

for all 0 < 5 < p — 1. Hence (1.0.2), the periodic defocusing Ablowitz-Ladik equa-

tion, is the evolution of the Verblunsky coefficients under the flow generated by the
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Hamiltonian 2 Re(K;) — 2log(K)).

From Theorem 5.1 and Corollary 5.5, we can immediately conclude

Corollary 5.8. The Laz pairs for the Hamiltonians Re(K,,) and Im(K,,), n > 1, are
gien by
{€,2Re(K,)} = [€,iEF +i(EY)"] (5.1.6)

and

(€,2Im(K,)} = [€, " — (&MY, (5.1.7)

while the corresponding statements for Qq), d > 1 and dp even, are given by

{Qu): 2Re(K,)} = [Qu) iQ?d),+ + i ?d),Jr)*] (5.1.8)
and
{Quy, 2Im(K,)} = [Qay, Qs — (L)' (5.1.9)

In particular, relations (5.1.8) and (5.1.9), together with the observations on
isospectrality of Lax operators from Section 2.2 and (5.1.5), imply

Corollary 5.9. We have
{K,,Re(Ky,)} = {K,,Im(K,,)} =0,

and hence,

{Kme} = {Kn,Km} = 0.

Define the doubly-infinite matrix P by

le 6lm ‘ Hpk

Proposition 5.10. The Lax pair representation for the flow generated by Ko =
;’;é p3 is given by

(&Ko) = [€,P). (5.1.10)
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In particular, we can conclude
{Ko, Ko} = {Ko, K.} =0, (5.1.11)

or, equivalently,

(Ko, 2Re(K,)} = {Ko, 2Im(K,)} = 0. (5.1.12)

Proof. The Lax pair representation (5.1.10) is verified by a straightforward computa-
tion. It is based on the fact that the flow generated by K rotates all the a’s by the

same angle

{aj, Ko} = iKoay,

while

€, Pljx = Er(Prr — Pij)-

The Poisson commutation relations (5.1.11) and (5.1.12) follow, as in the previous
cases, by restricting the Lax pair to periodic subspaces and concluding that the flow

preserves eigenvalues, and hence traces. Il

From (3.5.3), Corollary 5.9, and Proposition 5.10, we immediately get that H?;é 0;

and the coefficients ¢, of 2P/2 ( H?;(l] pj) [A(z) — 2] Poisson commute. Note also that,
by (3.5.3), we see that the connection between the K’s and the ¢’s cannot be explicitly
written down. Hence, one cannot write simple Lax pairs in terms of £ for the flows

generated by the c’s.

5.2 Proof of Theorem 5.1: Main Ideas

The main technical ingredient in the proof of Theorem 5.1 is the following:

Lemma 5.11. For alln > 0 and j even, we have

OKni1 @G, QPjrig, Pi-L gn
T AR REARY ;I
Oa; 2p; 205 2; (5-21)
Q01 o Vi ET it -
+ Sj,j+1 - Oéj+15j+1,j+1 - pﬂ‘“gﬂ?:jﬂ

2p;
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0Ky __ %Pin AjPj—1 apn + QY1 on
854]- 2,0 J+2J ij Jj—1lj+1 ij J,j+1
05 (5.2.2)
iOi41
+0-1Ef 1 — €l = =5 &
Py
OKny1 _ Qjo1pj-2 oy I P S L
a1 20. J,j—2 20 Jig—1 20 4 J7LJ
BT e 523
o 201 J—1,4+1 04]8 — Pj ,j+1
i
aKn—H Q51052 on
e =pPj— 25] 1,j—2 — Gj— 25 —1,5-1 —]2 ,J §.5—2
i1 pi-t 5.2.4
o @ s . . ( e )
I e e s V| +ozj_104]_2 n
ij 1 Jj—1.J 210]— J 1,j+1 2,0j—1 Jj—1

Remark 5.12. Note that, for any n > 1 and 0 < j < p — 1, we have

oK, (aKn)
a6,  \ 9B

and hence one can easily find the derivatives of K,, with respect to a; and &; from

Lemma 5.11.

Proof. The proof reduces to direct computations once one notices that, by invariance

of the trace under circular permutations,

a[(n—i-l o 89
D _ET ( 55 ) (5.2.5)

We give here the complete proof of (5.2.1); (5.2.2) through (5.2.4) can be found
in a similar way.

Notice that, for j even, a; appears in exactly 6d entries of Q4. So (5.2.1) follows
by periodicity and by a straightforward computation from (5.2.5):

0K i1 1 09 () ki 0
80éj d "l 80éj ).k

o a;
J n
=—2a,; & 1E" &
1541, — T Pi+1C425 — —1C5-1 j+1
Pj Pj P
@.
J
+ p.aj 1E5 501 — @& — Pinia -
j
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]

Before we embark on the proof of the main theorem, we provide another prelimi-
nary result; while the statement is almost certainly not new, we give a proof for the
reader’s convenience.

Consider an N x N matrix A having the following stair-shape

* 0 0 - 0

* * 0 0
A= :

* kK 0

* Kk K 0

where the stars and 0’s represent rectangular matrix blocks. Formally, that means
that for any row number 4, there exists a column number j(i) so that A;; = 0 for all
j > j(i), and the function ¢ — j(i) is nondecreasing. In particular, it is also true that
for any column j, there exists a row i(j) so that A;; = 0 for ¢ < i(j). We note in
passing that j(i) and i(j) are not equal.

We will say, somewhat informally, that another matrix A has the same shape as

A if A;; = 0 whenever j > (i) for all i.

Lemma 5.13. Let A be a matrix as above and B be an arbitrary N x N matriz.
Then
[A, B]ij = [A, Bl

for all (i,7) with j > j(i). This implies that, for the same indices (i,j) with j > j(i),
we have

[A, B_]ij =0.
Remark 5.14. Note that:

e If A and B commute, then the commutators [A, B, ] and [A, B_] have the same

shape as A.
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e Also, by transposing these equations, we obtain the same type of result for lower

triangle shapes.

e The same type of result holds for doubly-infinite matrices. In particular, if A
and B are two doubly-infinite, stair-shaped matrices such that the commutator
[A, B] makes sense and equals 0, then the commutators A, B.]| and [A, B_] are

themselves stair-shaped.

Proof. We proceed by direct computation: Let (i,j) be an index so that j > j(i);
equivalently, ¢ < i(j). Then

[A, Byli; = Z A By — Z By ik Akj
k: k

= Z AikB+,kj_ Z B-hikAkj

k<j(i)<j i<i(j)<k
= Z AipBrj — Z By Ag;j
k k

Since B_ = B — B, we get
[Aan] = [Aa B] - [A7B+]

and so the second relation is just a consequence of the first one. Il
We are now ready to prove Theorem 5.1.

Proof. We will first deal with relation (5.1.2) for n+ 1, n > 0,
{57 Kn+1} = Z[ga 5J?+1]’

The left-hand side matrix has two types of entries: the ones outside the shape of a
CMYV matrix, which are identically zero, and the ones inside the shape.

The entries outside the shape are dealt with immediately by applying Lemma 5.13.
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Indeed, £ and £™ are doubly-infinite matrices, and they commute; hence, by the third
observation above, the commutator [£, £71!] has the same shape as £.
We are now left with the entries (j, k) that are inside the shape. Before we start
computing, we make a short observation. Consider the doubly-infinite matrix I/ given
by

Ujk = 0jk+1

for all 7,k € Z. In other words, U is the left-shift on [°°(Z) in the usual basis. Note

that for a doubly-infinite matrix B we have
(U*BZ/{)]k = Bj—l,k—l and (L{BZ/I*)]k = Bj+1,k+1~

Consider £ = £({¢;}) to be a doubly-infinite CMV matrix. We know that £ =
LM with
Z = diag(...,@0,®2,64,...)

and

M = diag(...,0_1,01,6;,...).
It is easily seen that

U Lo}t = M({a;1}) and U MU = £({a; 1),

which implies that
UE{o; )t = E({aj1})

is also a doubly-infinite CMV matrix. The same is true for
Ue({a; U = E({aj}).

We use the notation (5.1.2), for the (k,[) entry of relation (5.1.2), and similarly
for (5.1.3). Assume we know (5.1.2); for a fixed pair of indices (k,[). As for any {a;}
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the matrix U*EU is a doubly-infinite CMV matrix, we know that

(U EU g, K U EUNY = iU EU, (U EUY ], (5.2.6)
But
* 1 * n
KU EU) = T 1)de((U(d)Qﬁd)u(d)) )
1 * n
= 7 0 U Q)" U)
= n+1(5)

and U is a constant matrix. Therefore,

{UEU W, K UEU} = (UHE, Knrn(E)JU)
= {51271,171>Kn+1(5)} (5:2.7)
={&-15-1, Kns1(E) }.

On the other hand,

EU, U EUN o = iUE, (V) = 71" (€ imr i

=i[E (EMT 111 = i[E, 51“]1—1,1@—1-

(5.2.8)

Plugging (5.2.7) and (5.2.8) into (5.2.6), one gets relation (5.1.2);_y x—1:
(&1, Kpgr } = [E,E o1 g1

If instead of considering U*EU we consider UEU*, we obtain that (5.1.2);; implies

(5.1.2);41 k+1. In particular, this means:
o (512)kk 4 (5'1-2)k+1,k+1
o (5.1.2)]6’]6,1 = (5-1-2)k,k+1

° (5.1.2)]{4_17]{_1 ~ (5'1~2)k,k+2
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[ J (5-1-2)k+1,k = (5-1-2)k+1,k+2~

So the proof of relation (5.1.2) is complete once we prove it for the indices (k, k),
(k,k—1), (k+1,k—1), and (k+ 1,k) with k even.

We note here that we can apply the same reasoning as above to £* instead of £?,
but we do not obtain anything new.

Finally, these relations are proved using Lemma 5.11. We give the computational
details in Section 5.3.

The second part of the proof deals with relation (5.1.3) for n 4 1, n > 0:
{&, Knia} = [E,i(E7T1)).

We shall proceed in very much the same way as with (5.1.2), while incorporating the
necessary computational adjustments.
Let us first note that
(E1Y = ((€7y™)-,

So Lemma 5.13 and the subsequent remarks apply here too and we can conclude that
[£,i(E71)*] has the same shape as €.
Turning our attention to the entries inside the shape of £, we note that using

exactly the same reasoning as for equation (5.1.2) shows that
o 5.13) < (5.1.3)kt1441
o 5.13)kk—1 < (5.1.3)kk+1
o (5.13)kr16-1 < (5.1.3)k k1o
o 5.1.3) k11 < (5.1.3)kt1ht2

So, again, we only have to check four relations; the only difference is that, in this
case, (5.1.3)kt+1.4+1, (5-1.3)kkt1, (5.1.3)k k12, and (5.1.3)x41 k+2 turn out to be com-

putationally easier to verify. We do this in Section 5.3. O]
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5.3 Proof of Theorem 5.1: The Full Computations

We prove relation (5.1.2) for the necessary indices.

First, let k = [ be even. Then

— _ ~ K _ B — K
i{gkk7Kn+1}:ij2[a( g 104) OKpy1 O(—ag10y) 0 n+1]
i

804]- 804]‘ 804]- 0%-
COKp 5 0Kun
Pr—1& + PR
10k —= k—1
k—1 A1 k aak
Q10—
_ 2 — n n k—1P—-2 n
= —Pr_1% [Pk—25k—1,k—2 - ak—ng—l,k—l T o 5k,k—2
Pk—1
Ap—1Qk oy, Ok—1Pk on Ap—10,—2
- bk — 5 Chtgi1 T~ Chr1
2pk-1 2pk-1 201
+piak 1[_ Oy 1? . Ak Pk+1 ’? b — Ok Pr—1 1? e
- + ) Jr 9 -4 +
2px, 2py, 2py,
Q1

n — n n
—2Pk 8k,k+1 - O‘k+15k+1,k:+1 - Pk+15k+2,k+1} .

On the other hand,

[8, &"fl}k,k = 5k,k7152j11,k - SIZZLSHM
= P&+ anpeEl i
= Pr—10k [Pk—2pk—1‘€£—1,k—2 — h—2Pk-1E_1 1
— g1 OkE gy, — Oék—1pk51?—17k+1]
01k [Pk—lak&?&,ml - O‘kflé‘kglzkﬂ

— n n
+ POk 1E 1 T pkpk+15k+2,k+l} .

After a few simple manipulations, we find that i{&Ek, K1} + [5 , 51“] L equals

Q10 n n n _
9 [(5k,k_2,0k—2pk—1 - 5k7k_104k—2pk—1 - 5k,k+106k—104k)

— (pk—lakgl?fl,k + pko_ék—&-lgl::lJrl,k + pkpk-‘rlgngZ,k)]
Q1

= SRt (6me),, - (£67),) =0,

which concludes the proof of (5.1.2)y.
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The second case we must consider is (5.1.2)g x—1 with k& even. Again, we first look

at

; O(pr_1ay) 0K, I pp_1ay) OK,,
Z{gk,k—h Kn+1} = Z p]2 |: (pk 10ék) +1 (,Ok 10%) -H]
J

80[j 8dj 8dj 80éj
R Qp10, 0K 10y, 0Ky 2 OK,q1
= Pr-1 |~ - — Pk—1Pk
20p—1 Oy 2pp—1 Ooy—q Oay,
_ Pr—10%

_ n — n
5 |:pk—2ak—lgk71,k72 - Oék—QOék—lgk:fl,kfl

=~ n n
- Oék—104k5k,k - ak—lpkgk7k+1]

n ~ en X—10% o
—Pk—1Pk [pkpk+1€k+2,k+1 t o€ e — — 5 Skan
Pk—1CQk oy, OkPk+1 on OpOt1 o
5 gt 5 Eryar t 5 gk+1,k]-
On the other hand,
n n PE—10% ( on n
€, 8++1]k,k71 = _Pkflpkgk,ﬁl + 9 (£kj11,k—1 — &)

If we write £ = £€™ and plug the appropriate entries into the expression above,

we obtain

{Ehpp1, Kg1} + [E,ET  kpn

pk—ldk n n — n
— [ak—lpkgk,k+1 + PrPk1Ek 12 T PROr1E 41 1

= n n =y n
+ Pr-10kEL_ = Pr—2Pk—1E) g — pk—lakgk,k—l]

Yo"
=& 21 u [(55n)kk — (E"E)wr| =0,

which proves (5.1.2) k1.
Having done these two cases in some detail, we will just present the main steps

in the computations for (5.1.2)41 -1 and (5.1.2)541 . A useful observation is that,
since both sides of our identities are polynomials in the a’s and &’s, one can more

easily identify terms by keeping track of the powers of % that occur.
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The right-hand side of (5.1.2)g41 -1 gives us

[S,Sfﬂ]kﬂ,kq _ pk—21pk (5n+1 _ en+l )

k—1,k—1 k+1k+1

So these are the terms we want to identify on the left-hand side:

{41 h-1, K1} = ZPJQ[ ( gai‘ ! aajﬂ . go; 2 804;1]
J

Pk—1Pk n ~ n _
a 21 [ — &1 h2Pr—20h-1 = Ey 1 (—k2@h1)

+ (——1PK)E 1 — ER_1kPr—10k

+ (ks 1) E 1 o1 T (—Oékpk+1)5£+2,k+1]

2
+ |alzl| [Pk—2pkglgk—2 + akpr€y_ 1,
+ pﬁé’;‘_l,kﬂ — 2Pk 1
— Pr—2PkE ko T U 2pkEL k4
— appr€y_q ) — pigl?—l,k-&-l
o |?

+ Pe-1Pk+1E5 12k + Pr—10k41E_1
+ Pea €1 — WP €
- pk—1pk+151?+2,k - Pk—1@k+1gl?+1,k
— Ozk—1pk—15£,k+1 - Pi_151?—1,k+1}
= w [ - (Sng)k—l,k:—l + &1 p 1811
+ (55”)“17“1 — gk-}—l,k—lgl?—l,k-f—l}

= —[& 5?_+1]k+1,k71 .
Finally, we deal with (5.1.2);41 . As before, we notice that

Q—
n+1 . nd1 k—1Pk n+1 n+1
[5, 5+ ]k+1,k = pkflpkgk—l,k - —2 (gk:k - k+1,k+1)’
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The other side of the identity can be transformed as follows:

, O(prog—1) OKny1  O(prag—1) 0Kpia
_ Z 2
Z{gk—‘rl’k’ Kn+1} - p]|: aO{j 86@ - 807]- 0aj }

J

= — Pr—1Pk [51?_1,143—2%—2/)1@—1 + 52_1,;@_1(—0%—2%—1)}

1Pk

3

n — n
[Pk—2pkz—15k,k—2 + P10
+ & — EY
Pk=1PkCk—1k+1 — Qk—2Pk—1Ck k-1
+ pr_10kER_  — 10 E

— n n
+ Q1&g o T Oékpk+15k+2,k+1}

g1 |(Jék|2 _ n n n
+—4 — ap1&1k — Per1€iak — Pe—1EE 1 g1

n = n n

+ a1 1 + 1&g+ P o
n n

+ o1& 1 g1 — Oékflgk,kﬂ}

= = Pk—1Pk [5271,k725k—2,k + 51?71,k71gk—1,k]

p—1Pk

3

[5ﬁk_25k—2,k + 2pp10kE; 1
— &1 k188 11 T 20 1PkEL 1 1
+ &1k + ELEr
— &1k 1E 1 — 5k+1,k+2511:1+2,k+1]
= —pe-1Pk(E"E)k—1k + ak;pk [(S"E)k,k - (55")k+1,k+1]

= _[57 giﬂ]kﬂ,k .

This concludes the proof of (5.1.2)g11x, and hence of relation (5.1.2).

The second part of the proof deals with relation (5.1.3):
{ga Kn-‘rl} = [87 1(5—7-+1)*]

We shall proceed in very much the same way as with (5.1.2), while incorporating the
necessary computational adjustments.

Again, we only have to check four relations; the only difference is that in this
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case (5.1.3)k+1k+1, (5:1.3)k k41, (5.1.3)k kr2, and (5.1.3)41 k42 turn out to be compu-
tationally easier to verify.
As before, we start with the diagonal entry, (5.1.3)41 541, that we shall prove in
some detail.

We start by analyzing the left-hand side and observing that

—ags1) 0K, I(—agayy) OK,
{1 vt Knga } = Zp][ v ) adfl - Oa; L 804%1
j j J J
_ 2 (9Kn+1 2 aKvn—i—l
PrCk+1 oG Pr+1 ka o

So by taking the complex conjugate in this relation, we get

. r Kn 1 aKn 1
{141, K1 } = _piak—&-l—aak + P00 k—a +1
Jr

- — n n
= PrQkt1 [pkak+1gk+1 k1t PRPE1ER L2

O Olt1 Qg Pl+1
— et o
2 2
OkPk-1 on Q10 o,
+ Y Ep 11 — 5 Er b

_ n n
+QkPr+1 [Pkpk-i-lgk—f—l kT akpk+1gk+1,k+1

PrOk11 Q1042 o
T [y T T g Skl

Akt 1Pk+2 op OOt
T Erripes T 5 Erya ot |-

On the other hand, we have

EE ) Ihprnar = Y S (EF kg = D (EF ) ike1Erre

k—1<j<k+2 K<j<k+3
¢ ecn+1 n+l &
= Er 1 k28050 2 — Epks1Chk

_ — n+1 n+1
= —Oékpk+15k+1,k+2 - Pkak+15k7k+1-
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Notice that

A = 2 n+1 2 _ aKn—‘,—l
Z{5k+1,k+17 Kpi1} = —ppagpr——— + Pet1Ck =
oy, 011

n Py n Py n
= PrOk+1 [(5 PE" ekt = Pr—10kER_ oy 1 E

O Ol41 en O Pk+1 en

T 9 CkHLk T T 5 Che2k
QkPk-1 on Q10 oy

+ 5 Ep g1 — 5 Er kit

— n — n n
+Ok P11 [(5 &)kt k42 + Oék+104k+25k+1,k+2 + Ofk+1pk+25k+17k+3

O PRORAL o Okg Qg2 cn
9 R2k T T 9 Ck+Lkt2
_ Ok+1Pk+2 O Okt 1

n n
5 Erviprs + 5k+2,k+1] ‘

Therefore, we get that i{Es1x11, Kny1} + [E, (EXT)* ks1hr1 equals

Q01

n n n
5 [ — Pe=1P6ER—1 k1 + W1 PRE 1 + QrPr1E 0
_ n = n n
+ POk 18 1k T+ Pe1Ok 288 1 ko T Prr1PE+2E8 1 krs

Qo
= % [ —(E-E k11 + (E"- 5)k+1,k+1] =0,

which ends the proof of (5.1.3)g11 k41

We now turn to (5.1.3)g g41:

Te [ontlvs] n PrCL+1 n n
£, (5++1) ]k,kﬂ = Pkpk+15ki11,k+2 + 9 (5k:11,k+1 - 51;,2—1)-
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The left-hand side becomes

{Er k1, K1} = i{pri1, Kny1}

J— n n
= = PkPk+1 <5k+1,k5k,k+2 + 5k+1,k+15k+1,k+2)

_ PEQk+1

n n
5 ( — 5k,k+2gk+2,k + £k+1,k+3gk+3,k+1

n n
— 260 1 kraPrr1Phr2 T Ey ko€ i
n — n
- 25k+1,k+2/?k+104k+2 - 8k,k71€k_17k
n n
— &kl T 5k+1,k+15k+1,k+1>

Q
= —prPr1(E"E )k py1 — P ;H <(55n)k,k + (5n5)k+1,k+1>-

So we find what we wanted:

{Erprt, Kna b = 4[E, (ET) hpra

The next entry that we analyze is (5.1.3); y42. Considering the right-hand side
first, we get

J

€ ET N ks =D Ej (EF sy — D (ET )i - Ejiro
J

G CD)
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If we look at the left-hand side now, we get

{Ekkr2y Kn1} = i{prprst, Kny1}

= 2 [ _ prr1 0K
’ 200 Oy,
2 _ Ykt1Pk 0K, i1
- pkH[ 20k41  Oagp

QPr+1 8Kn+1]
20k day,
Qp+1Pk aKnH}

2pk+1 adkz—i—l
PkPk+1 n A n
= 9 [akpk+lgk+2,k+1 + akpk—lgk—l,k

=~ n ~ n
- akz—lakgk,k + ak+1ak+25k+2,k+2

n —~ n
+ Q1 k+2E 2 s T ak+1pkgk+l,k]

|ak|2pk+1 gn gn
+—4 Qp1Ck 1k T Pe1Chiak

n n
+ pk—lgkfl,kJrl - ak—lgk,k+1
— n n
- Oék+15k+1,k - Pk+15k+2,k

n n
= Pe—1E51 1 T ak—lgk,k—i—l]
|O‘k+1‘2pk n gn
+—4 PkCriak — QkChyo ki1

— n n
+ k2041 o T Pe+2E0 41 jgs
n n
- pkgk+2,k + akgk+2,k+1
— n n
- ak+2gk+1,k+2 - Pk+25k+1,k+3]

= BL (€€ ha = Exnvabins

—(E"E) k22 + 5£+2,k5k,k+2]
_[87 (Si+1)*]k7k+2 5

which immediately implies the equation (5.1.3)g 2.

Finally, we turn to the last relation we have to prove, equation (5.1.3)g41 g+2. As
above, we start with the right-hand side and observe that

e renel o O_ékkarl n
[5, (5+) ]k+1,k+2 - 9 (gkill,kﬂ

n+1 n+1
- 5k+2,k+2) — PrPr1 € 1
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Considering the left-hand side now, we have

{Ehr1 2, K1 }

= _p%p 0K 1 G2 [ Qg1 0K n Q41 aKnH]
= =Pkl — Qi - —
R Doy ML 2pp00 O 2841 O

= PkPk+1 [pk@k+151?+1,k+1 + Pkpk-i-lgl?—&-Q,k—i—l]

Ok Ph41 ~ n n
- [ — Pk@k+1gk+17k - pkpk+18k+2,k

2
- Pkpkflglzl—mﬂ + O‘kflpk’gl?,kﬂ

_ n n
+ (){k+10[]§+25k+2’k+2 + ak+1pk+25k+2,k+3

— n —~ n
+ Oék+1,0k5k+1,k - O‘kak+15k+1,k+1

- 2
ak"ak-‘rl’ n n
T4 pkgk+2,k - akgk+2,k+1

+ akr2E 1 ko T Pe2E8 1 ks

— Pk€ivan — Okr2E8 1 o

— Pr+2E, 41 ks T akgl?—i—lk-i—l]
= PrPr+1 [pko_ékJrlgngrl,kJrl + pkpk+1£l?+2,k+l]

—% [ — (E"E)kr2ht2 + (EE™ ) kr1k41

— 20k 1PkE1 1 g1 + 2ak—1pk‘€l?,k+1}

n OkPk+1 [ on n
= pkpkﬂgk,ﬁl i (5k111,k+1 - 5ki21,k+2)
= _[57 (gﬁ)*]k—i—l,k—i-Q’
which implies
i{5k+1,k+27 Km—l} = _[87 (52)*]k+1,k+2,

and hence (5.1.3)41 k+2 holds.
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Chapter 6

The Finite and Infinite Settings

6.1 Lax Pairs in the Finite Case

In this section we prove Lax pair representations for the finite Ablowitz-Ladik system.

We are interested in studying the system
—id; = pj(aj + 1)

for 0 < 57 < k — 2, with boundary conditions av_1 = ay_1 = —1. The idea behind
finding Lax pairs for this system is to take one of the a’s in the appropriate periodic
problem to the boundary, and identify all the objects obtained in this way. As it turns
out, they are all naturally related to both the Ablowitz-Ladik system and orthogonal
polynomials on the circle, and can be defined independently of the periodic setting.
Let us elaborate. As presented in Section 3.4, if we start with a finitely supported
measure p on S!, the associated Verblunsky coefficients are ay, ..., an_2 € D, ap_1 €

S1. The CMV matrix is, in this case, a unitary k x k& matrix,

Cr=LyM;y
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with
ap o
Po —Qp
Ly=
Qk—2  Pr—2
Pr—2 —Of_2
and
1
ay P
M; = p1 —o
Q-1
If, in addition, we restrict our attention to the case when ap_; = —1, then we obtain

the following connection between the finite and the periodic cases:

Lemma 6.1. Let k be even and Cy as above with ay—1 = —1. Define a doubly-
infinite set of Verblunsky coefficients by periodicity: oumipi; = o for all n € Z and
0 <j < k—1. Then the extended CMV matriz £ associated to these a’s has the

direct sum decomposition

E=P sy, (6.1.1)
reZ
where S : 1%°(Z) — 1°(Z) is the right k-shift.
In particular, the following also hold:
d—1
Qu =P sy (6.1.2)
r=0
and
1
K, (&)= -Tr(C} 6.1.3
() = - Tv(cy) (6.1.3)

foralld>1 andn > 1.

Proof. Relation (6.1.1) follows immediately if we observe that p,,_1 = 0 for all r € Z,
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and this implies that (see equation (3.5.1))
M =P S"(My).
reZ
By periodicity, we always have
L=EPs(Ly).
reZ

So (6.1.1) follows from the definition of C; = L;M;. Likewise, (6.1.2) is just the
restriction of (6.1.1) to X(). So then

Q=P 5(CH)
r=0
and, by taking the trace, we get (6.1.3). O

Note also that the Poisson bracket (4.1.2) separates the a’s, and hence it naturally
restricts to the space of (g, ...,y o, ap_1 = —1) € D*~L. If two functions f and g

depend only on «ay, ..., q;_ o, then

k—2
1 ,[0f 0g Of dg
{f?g} - 2 Z’Oj |:6uj 81)]‘ a'Uj aUJ:|

Jj=

fe—
:iipg Of g Of dg
J 8@j60&j 8aj8dj ’

Jj=0

where, as before, a; = u; +1v; for all 0 < 7 <k — 2.

So the next theorem is an immediate consequence of Theorem 5.1:

Theorem 6.2. Let
Kf

n

= Ka(C)) = - TH(C})

for all n > 1. Then the Lax pairs associated to these Hamiltonians are given by

{Cr. K1} = [Cr,i(CP)4]
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and

{Cr K} = [Cr.i((CF)4 )]
for alln > 1.
Or, in terms of real-valued flows, we have
{Cr,2Re(K))} = [Cr,i(CP)+ +1i((CF)+)']
and
{Cr,2Im(K))} = €, (CF)4 — ((CF)4)7]
foralln > 1.

As in the periodic case, since K/ is the trace of C%#, we obtain Poisson commuta-

tivity of the Hamiltonians:

Corollary 6.3. For all m,n > 1, we have
{KJ, Re(K})} = {K}, Im(K},)} = 0
and
(K, K} = {K] K]} =0.
k=1 2 _

Remark 6.4. Note that, since a1 = —1, we get p,_1 =0, and so Ky = Hj:[) p; =

on D*~!. But if we define

then

or

{am, log(K({)} = 10,.

But, even though K({ acts on the o’s in the finite case in the same way as K, does in

the periodic case, there exists no Lax pair representation for Kg in terms of C;. The
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reason is that

Tr{Cy, Kg} = —iKg(c_ko — _2),

which is not identically zero on D*~% while the trace of a commutator is always zero.

6.2 Lax Pairs in the Infinite Case

Finally, we deal with the infinite defocusing Ablowitz-Ladik system. By this, we mean

that we consider the system whose first equation is
idy = piapn + o)

for all j > 0, with the boundary condition av_; = 0. The idea behind constructing Lax
pairs for this system is to use the finite AL result. Since each entry in a fixed power
of the CMV matrix depends on only a bounded number of a’s, extending the finite
Lax pairs to the infinite case only requires an appropriate definition of the “infinite”
Hamiltonians K! for all n > 1.

Let us explain these claims: Fix ng > 1 and j9,my > 0. Consider the finite
problem with k very large (k > 20(jo + ko + no) is sufficient, though a much more

precise bound can be found). In this case,

Cim = (Cs)jm

for all 0 < 7,m < jo + 4, my + 4 respectively, and 1 < n < ny. Say we can define
a K! such that its dependence on the first k a’s is the same as that of K. Then,
for 0 < 3,m < jg + 4, my + 4 respectively, we can replace “finite” by “infinite” in
(6.2) jo,mo and (6.2),.mo-

The last element we need is K?, the n'® Hamiltonian for the infinite problem. It

is a function defined on sequences {a;};>¢ of numbers inside the unit disk, having a
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certain decay. The condition it must satisfy is
KZL({Oé(), Ay ..., 01 = —1, O7 0, . }) = KT]:({O((), Ay, Q1 = —1})

Given that
1
KI(C;) = —Tr(C}
n(Cf> n r(cf)7

a natural guess for K would be
) 1 n
K;(C)=—“Tr"(C").
n

But recall that the CMV matrix is unitary, so it is not trace class. Nonetheless,
given the special structure of C, we can define our Hamiltonian K' following this
intuition as the sum of the diagonal entries of C®. While this statement will be
rigorously proved in the following lemma, the reason why one can sum the series of
diagonal entries is that all of these entries have the same structure for shifted a’s:
They are the sum of a bounded number of “monomials.” By “monomial” we mean a
finite product of a’s and p’s. All the monomials that appear as terms in the diagonal
entries contain at least one « factor. Since all the a’s and p’s have absolute values
less than 1, and if we assume [!-decay of the sequence of coefficients, the one « factor
in each monomial will ensure convergence of the whole series.

The next lemma and its proof explore in more detail the structure of the entries
of powers of the CMV matrix and its consequences for the definition of Hamiltonians

in the infinite case.

Remark 6.5. We must observe that Theorem 4.2.14 from [28] proves that, if
{aj}iz0 €17,

then the operator C" — C{ is trace class for all n > 2, and

o0

Tr(C" - Cf) = Y _(C")i-

J=0
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Here Cy denotes the free CMV matrix, given by all Verblunsky coefficients zero. Also

in this case note that, by Cauchy-Schwarz, the series

> c
j=>0
is absolutely convergent.

While this proves that we can define our Hamiltonians in the case of [ decay of
the coeflicients, we are also interested in knowing how a Hamiltonian depends on any
«. More precisely, in order to apply the symplectic form to a Hamiltonian which is
the sum of a series (for which we do not know uniform convergence), we will prove
that, for each n > 1, there exists a constant ¢(n), depending only on n, such that for
any j > 0 there are at most c¢(n) terms in the series defining K which depend on
a;. Our proof is direct and fairly brutal, but it also describes the general structure of
the entries of a power of the CMV matrix. In particular, it emphasizes the repetitive

structure of CMV matrices.

Lemma 6.6. Let {a;};>0 € I'(N) be a sequence of coefficients with a; € D for all
7 >0. Let C be the CMV matrixz associated to these coefficients. Then the series

> ocy (6.2.1)
£>0
converges absolutely for any n > 1.
Moreover, for any k > 0, we have that C};k depends only on ag_(2n—1), - - -, Qkt2n—1,

where all the a’s with negative indices are assumed to be identically zero.

Proof. We prove these statements by making two important observations.
The first refers to the general, doubly-infinite case. Let {c;};ecz be a sequence of
complex numbers in D, and £ be the associated extended CMV matrix. Notice that

the structure of £ is such that there exist functions ff, and f7, defined on D?® with

Ejk = fla (-1, a5, a41)
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for all j even and j — k = dy, and

Ejvipe = fla (1, 05, 0541)

for all j even and (j + 1) — k = d;. Here e and o are used to denote “even” or “odd”
respectively, and —2 < d; < 1.

Using this simple remark, one can prove by induction that for all n > 1, there
exist functions

e o . ]D)4n71 N C

n,dn? Jn,dy
with —2n < d,, < 2n — 1 such that
e = Jaj—r(Qj—@n-1)s - Qren-1))

for j even and —2n < j—k < 2n — 1,

Jn+1,k = froz,jfk+1(aj—(2”—1)7 s vaj+(2n—1))
for j even and —2n < j+1—k <2n—1, and

& =0
for all the other indices (I, m).
Moreover, for |d,| < 2n — 1, each such function f¢/ ¢, is a sum of at most 4"
monomials, that is, products of a’s and p’s, and each monomial contains at least one

a factor. The only entries containing only p’s are the extreme ones:

i n fg— n(a'— 2n—1)y -+ Q4 2n71)
7.J+2 ,—2n\j—( ) J+( ) (6.2.2)

= PjPj+1 " Pj+2n—1
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and

o
w _on(Qj_(2n—1); " Qg 2n-1))

g = (6.2.3)
= Pi-@2n-1)Pj—(2n-2) """ Pj
for all j even.

Fix n > 1. Each monomial in fs/ 4, 1s bounded by the absolute value of one of the
a’s involved, and there are 4" such monomial terms in each sum. Putting all of this

together, we get that, for all 5 even,
€551 1€l < 4" (leg—@n-p] + -+ + [ 20-1])-

The second observation we need to make in order to conclude the convergence of
the series (6.2.1) concerns what changes in all of these formulae when we introduce a
boundary condition a_; = —1.

From the discussion above, we see that actually
;fk = g;'?k

for j,k > 4n, as these entries only depend on «’s with positive indices. (As we
remarked earlier, these bounds are not optimal, but they are certainly sufficient for

our purposes.) Hence we also get
ICil 1C ] < 4™ (l—@n—ny| + -+ + [ 2n-1])

for j > 4n even. So, since the sequence of a’s is in !, we get that, for any n > 1, the

series (6.2.1) converges absolutely. O

We can now define our Hamiltonians as
K, = K\(C) =) Cp (6.2.4)
k=0

By Remark 6.5, they are well-defined for {«;};>0 € {2, and, for any fixed j > 0, only
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a finite number of terms in the series depends on «;. We can therefore state our main

theorem in the infinite case:

Theorem 6.7. Let {a;};>0 be an I*(N) sequence of complex numbers inside the unit
disk, C the associated CMV matriz, and K the function defined by (6.2.4). Then the

Lax pairs associated to these Hamiltonians are given by
{e. K} = [.ic?] (6.2.5)

and

{C, K.} =[C.i(C})"] (6.2.6)

foralln > 1.

Or, in terms of real-valued flows, we have
{C,2Re(K})} = [C,iC} +i(CT)*] (6.2.7)

and

{C.2Im(K;)} = [C,C} — (C})7] (6.2.8)
for alln > 1.

Proof. For each fixed n and entry (j,1), there exists a k large enough such that all
the entries of C and C" that appear in (6.2.5),; and (6.2.6);; are equal to the entries
of Cy and C7%, respectively, in the corresponding finite Lax pairs.

Moreover, since C;; depends on two a’s, and these appear in only finitely many
of the terms in K, the Poisson brackets on the left-hand side are well-defined finite
sums and equal the corresponding Poisson brackets in the finite case.

Therefore, the results of Theorem 6.7 follow directly from Theorem 6.2 and the

observations in the proof of Lemma 6.6. n
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Remark 6.8. As in the finite case, we define

Ky=1]#
=0

Recall that

pi=1—lay]* <2(1 — |oy|)

and {a;};>0 € [*(N). Therefore, K{ is well-defined and positive; also the following

Poisson bracket makes sense:
{a;,log(Kj)} = —2ia;.

But, as in the finite case, we cannot hope to find a Lax pair representation for the
flow generated by K in terms of C. The dependence of .. {C;;, Ki} on ay is
nontrivial, while .- ([C, Al;; is identically zero for any infinite matrix A for which

the commutator makes sense.

6.3 The Schur Flows and Their Relation to the
Toda Lattice

In this section we want to present another system of nonlinear differential-difference
equations

dp = (1 — a2) (i1 — an1), {aj} C(=1,1), (6.3.1)

known as the discrete modified KdV equation (see [1] and [15]) or the equation of the
Schur flows (see [11]). This system’s main interest lies in its connection to the Toda
and Volterra (or Kac-van Moerbeke) lattices.

More precisely, the Schur flows appear in the work of Ammar and Gragg [4] as an
evolution equation on the Verblunsky coefficients obtained by transferring the Toda
equation via the Geronimus relations from the a’s and b’s. As such, it is an evolution

on real a’s. One can then relax this condition and think of it as an evolution on
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complex coefficients, which preserves reality (that is, if the a’s are real at time 0,
then they remain real for all times).
As it turns out, this description applies to “half” of the Ablowitz-Ladik flows, the
ones generated by Im(K,) for all n > 1. Indeed, the evolution on the Verblunsky

coeflicients under these Hamiltonians is equivalent to the Lax pairs

{€,2Im(K,)} = [C, (€)1 = ((€")2)7),

which preserve reality of the a’s. (We consider here both the finite and infinite ALL.)
So it is natural to ask ourselves what are the corresponding evolutions of the a’s and
b’s.

Here we will only show that (6.3.1) is equivalent (up to a multiplicative constant)
via the Geronimus relations (3.6.2) to the Toda evolution. In other words, as the
notation suggests, we think of the o’s as real Verblunsky coefficients. Moreover, we
recover (6.3.1) as the evolution generated by —2 Im(/;) under the AL Poisson bracket
(4.1.2). In fact, in joint work with Rowan Killip [21], we prove that, in the finite case,
all the evolutions induced by Im(K,,) become, via the Geronimus relations, simple
combinations of the evolutions in the Toda hierarchy.

Let us first see what the flow generated by —2Im(K) is. Recall that

p—1
K, =— E Q11
k=0

and
{a;, K1} = ipja;_,
{aj, K1} = ipjaj.

Combining these two equations, we easily find

d; = {a;, —2Im(K1)} = pi(aj1 — ;).



106

If ;(0) € R for all j, then a; € R for all j and for all time. Since in this case

pi=1—la)?=1-0a,

we recover exactly (6.3.1).

Recall that, as presented in Section 3.6, measures on the circle which are invari-
ant under complex conjugation correspond via (3.6.1) to measures on [—2,2]. This
happens exactly when the Verblunsky coefficients are real, and in this case they
are related to the recurrence coefficients on the interval via the Geronimus relations

(3.6.2):

b1 = (1 — qop—1)aor — (1 4 qop—1) o2

aiﬂ = (1 —agy-1)(1 — o) (1 + ag1).

Let the Verblunsky coefficients evolve according to the Schur flows (6.3.1). We

want to deduce the evolution equations for the a’s and b’s.

brsr = (1 — cugge—y ) Giagy — o1 Qo — gy Qzgp—n — (1 + Cuoge_1 Gog—2)
= (1 — ag-1)(1 — agy)(azes1 — aze-1)
-(1- oék,l)(oc% — uop—2) (Qak, + ag—2)
— (1 + agp—1)(1 — gy o) (@21 — i)

= (1 — agp—1) (1 — a3 ) (1 + cggesn)
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and, by a similar, but somewhat tedious calculation,

: 2
20110k 41 = iy [brya — Dria].

So we find

bri = Qi1 — aj,

. 1

41 = §ak+l<bkz+2 - bk+1)-
Let

1 1
Bk = —§bk, .Ak = —§ak.
Then we get

Bk+1 — 2(./4% - ./42 )

k+1

Ak—l—l = Ak—f—l(Bk—i-l_Bk‘-i-Q)a

which are exactly the equations of the Toda lattice (2.3.3) and (2.3.4) written for B
and A.
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