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ABSTRACT

The general theory of line shapes in-nuclear magnetic resonance
experiments is first oﬁtlined in some detail, and resulis important
. to the ensuing discussion are derived,

A radiofrequency spectrometer has been assembled, and its
design, construction, and operation are described,

The fine structure problem for collinear systems of three
interacting sping is solved by application of perturbation theory,.
Application is then made to the special case represented by the
bifluoride ion, Experimental determinations of the line shapes
and mean square line widths are made for the proton and fluorine
resonances in potassium bifluoride, andxinterpreted in terms of
the configuraticn of the ion, The equilibrium position for the
proton is found to be within + 0,05 A.U. of the center of the ion
axis, Similar experiments performed on sodium bifluoride are less
conclusive, but limits are set on the possible configurations of
the HF,” ion in this salt.

Line width studies have been made on a number of crystalline
coordination complexes, It is found that the cobalt (III) hexammine
ibn possesses freedom of reorientation in the lattice, but that no
such freedom exists in otherrelated compounds which were studied,

Finally, an attempt to determine the third proton configuration

in phosphorous acid is briefly described.
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I. GENERAL THEORY OF LINE SHAPES IN NUCLEAR MAGNETISM,

To explain the existence of hyperfine structure in atomic

| spectra, Pauli in 192l postulated that atomic nuclel in general
possess intrinsic angular momenta and associated magnetic momentsp)
Since that time, the experimental ramifications of the miclear
spin in both physics and chemistry have grown steadily in number
and importance, to the extent that an acceptance of Paulits
postulate and its consequences is an established part of the

modern scientific weltanschauung, It 18 the purpose of this

section to describe a particular method for obtaining information
concerning the structures of certain crystalline solids, from
the observation of interactions among the nuclear momenis which

they contain.

1. Spin and lagnetic lioment Properties of Nuclei:

-
The spin I of a free nucleus, like any other angular

momentum, may be defined by the commitation rules for its

componentss:
(z,. xy] = HAI_
[Iy, 1] = A1 (1.1)

[IZ, Ix_‘ = iRI,

where

- >

.2 2 .2 _
I-I-IX-I»Iy-rIz; A =h/2TX .



Since; . -; comm:tei with Ix’ IY and Iz s We may obtain simulteneous
eigenvalues for I « I and one of the components, which we shall
take to be Iz. By manipulation of the above rules( 2) we find the
allowed values to be
TeT=11+1)% (I=o0, 35 15 35 oen )
(1.2)

Iz=m (m=I,I-1, see ,"'I)Q

Here I is a quantum mumber, not to be confused with the magnitude
of the angular momentum vector., It 1s the maximum possible value
of Iz in units of %, and is the quantity customarily referred to
as "the spin,” For the purposes of the experiments to be described,
in which we shall consider processes accompanied by energy ex—
changes on the order of 10'43 electron volt, the spin I is a
permanent, unalterable property of the mucleus, We shall therefore
explicitly label the states of interest only by the degree of
freedom corresponding to the (2I + 1) possible values of the
magnetic quantum number wm,

As in the case of electron spin, there is associated with
the spin of a nucleus a magnetic dipole moment g s collinear

with the angular momentum, and defined by

r.\. ‘.:gﬁ-é-l (1.3)

vhere e is the electronic charge, Mp is the proton mass, and c



is the velocity of hgh’b in a vacuum, g is a splitiing factor,
analogous to the Landé g, and can be determined at the present
time only by experiment,

The quantity usually called the magnetic moment, M , is
defined as the maximum possible time average of an observable

>
component of IA s> 1oBey 3

o= <Hz>m=gﬁ%§;1=g/@1 (1ek)

where )6 is the nmuclear magneton, 5.0L9 x 10"21“ erg ga.usex"1 .

For a mucleus of spin I > 1, there exist in general higher
electric and magnetic multipole moments which may interact with
f1elds present-at the mcleus. Only electric 2°--pole and

22 +1-pole noments are possible£3 ) and of these

magnetic 2
only the electric quadrupole moment has been of any experimental

interests None of these, however, will directly concern us here,

2, Magnetic Resonance of Isolated Spinss

The interaction of a nuclear magnetic moment with an external
~dp

magnetic field Ho is given by

Wo - - H . HO (2.1)
- whence the possible energy levels for a mucleus in such a field
are

‘r‘fo =-mgp I"I0 | (2.2)



adjacent levels being separated in energy by & Wy =gp Hye

‘Here Hj is the magnitude of the field, which is taken to lie in

‘the z direction., In classical terms, the field exeris a torque

on the moment, equal to

-l
iy -> -
Px HoaLz-@E (2.3)
dat
by Newton's second hw(’;‘) From (1.3) we then have
H‘Ez"g'ﬁ%?' HOZIq (2'1-‘)
P

' o - - v
That is, the vector I precesses about HO with angular frequency

-

in which W, is called the Larmor frewmcy( :.5 ) In comnection
with the physical reality of this frequency,_ it may be noted that
by the Bohr frequency condition, AW =%, a transition between
ad;}aée_nt levels is accompanied by the emisgion or absorption of

a quantum of radiation at the Larmor frequency:

®W = %—:%lgz%g—flos W . (2.6}



For protons (I = -1?, g = 5,586) in a field of 5000 gauss*, this
frequency, in units of cycles per second, is 21.4 x 106 sec'A 3
which is in the range of radiofrequencies, Ior all other nuclei
except that of B the magnetic moment is smaller thanthis, so
that the Larmor precession is slower for the same field strength,
or requires a larger field for the same precessional i‘.‘recruem:;&,r.%'}‘r
Transitions between Zeeman levels may be produced by inter-
action of the rotating component of magnetic moment with a
rotating magnetic field, lzlajcrana( 6) and Rabi(7) have solved

the problem exactly for an isolated spin, However the results

are given with sufficient accuracy

simplieity by the usual perturbation theory fo

"
g
B
g
o
B

dipole transition probabilities:

d 21C ‘ 2
T w2z | | x| n % p @y (@
where M is the magnetic moment operator, Because IZ is fixed by

the quantization, the effective parts of A are the rotating

components in the xy plane,

* Strictly speaking, field intensity should be measured in oersteds,
However, since we shall be dealing only with substances of
nearly unit permeability, the induetion and field strength are
numerically the same, Ve therefore perpetuate the inaccuracy
to conform with the existing literature,
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It is clear that we can regard either the frequency or the field
as the independent variable, with the same results. Owing to
the nature of the experimental arrangement to be described, the
latter convention is ordinarily the more convenient, and we shall
ugually regard HO as the explicit variable, with a Larmor value
Hs



B .
Uopr =3 (L x I | (2.8)
/o (w ) is the energy density per unit freguency range in the

weak, isotropic, unpolarized field, We shall wish to deal

instead with a small oscillating field polarized in the x direction,
H1cosw 4. For this case the transition probability per unit tine

becomes

5 _
R P e N IR DL O
(2.9)
where HO is now regarded as the independent variable and
§ (Hy, H') is a Dirac delta function, ' The behavior indicated
here is the nuclear magnetic resonance effect. It may be noted
at this point that, if this sharp resonance can be detected, we
have a method for determining either the g factor of the nucleus
or the magnetic field strength by means of a simple frequency
measurenent, Much experimental activity has recently centered in

these a.rsas(9’Jl 0)

owing partly to the conveniemce and high

accuracy of the measurements, |
Expression (2,9) is symmetrical in the states (m) and ‘ m') s

so that the probability per nucleus per unit time is the same for

induced emission as for absorption, In order for continuocus

absorption to occur in an ensemble of nuclel, there must at all

times be a greater population in the lower (absorbing) state



~ than in the upper (emitting) one. We must then inquire concerning
the relative populations of states of different m in the steady

state,

3. The Egtablishment of Thermal Equilibrium:

At equilibrium, in the absence of any radiation field but
with a constant magnetic field, HO’ the population of state
| m > is descoribed by a Boltzmann distribution:
~gm g iy

Y e g p Hy
T2 %

Nm=z— e 5 . (301)

Here NO is the total number of gpins under consideration and Z is
the partition funetion, which for this éase is very nearly

2T +1. For protons (I = %, g = 5,586) at room temperature in a
field of 5000 gauss we find the ratio of the populations of the

two levels to be

5,
—3r— = 14+3.5x% 10’6 . (3.2)
1
]

Clearly, it is the very small excess number in the state of lower
energy wnich must be responsible for any net absorption of energy
by the ensemble,

In the absence of any effects other than thuse su [ar considered,

the application of a radiation field at the Larmor frequency will



result in an exponential approach of this population ratio to
unity. For the ensemble of protons we are free to define a
"spin temperature", T, such that (3.1) always holds. The
absorption of radiatioﬁ then results in an unbounded linear
increase of T a? which is concerned only with the spin variables
of the thermodynamic system, and the disappearance of any net
absorption. In order to preserve an excess in the lower state,
there must be a mechanism other .than induced emission for
lowering the spin temperature by loss of energy by the spin system
to the other degrees of freedom of the system.* There are two
possibilities involved:

A, Tne excited spins nay decay by spontaneous magnetic
dipole emission, The average life with respect to such decay,
however, is found to be onthe order of 1022 secondg‘ 22 and the
process may therefore be neglected,

B, [Inergy may be given up to the lattice motion of the
surroundings. (Here the term "lattice" is loosely used to include
all of the surroundings, whether in a solid, liquid, or gas, which
embody the translational, rotational and vibrational degrees of
freedom of the medium,) It will be shown in a later section that
such motions are effective in bringing about equilibration of the
entire thermodynamic system only when the changing magnetic fields
-~ at the excited nuclei have Fourier components in the vicinity of

wL or 2 OJL. As a measure of the effectiveness of these

* It this were not so, it would be possible to pre%:are a spin
system with a real negative spin temperature. ()



processes, we may define for any material a "gpin - lattice
relaxation time", Ta by
-t/T
N -N,~e .
kNote that competition between the resonant absorption and the
thermal relaxation affords a possible method of measurement of T,

In single crystals where the only motions are high frequency
lattice vibrations, T, 1s characteristically of order 10h seconds.
.Ve:y snall and unpredictable amdunts of paramagnetic impurities
may reduce these times enormously, and so no significant relatione
ship can be deduced bebween the emplirically detsmined relaxation
time and the dynamical properties of the crystal. In gases and
1iquids, where the Fourler spectrum of perturbing dipole fields
is a random one, T1 is typically on the order of 1 second.

It will be seen that the slowness of the relaxation process
imposes a limitation on the attainable rate of absorption, there
being an optimum size of H1 for the greatest possible steady state
value of N, - Nm +1° while this limitation is often severe, it
is still possible to obtain measurable absorptions in most cases,

It is well to remark parenthetically that the measurement of
spin -~ lattice relaxation times as a function of temperature
provides an important method for studying changes in lhe constie
tution and internal motion in solids occurring at second order

(13)

phase transitions.
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A third tﬁpe of interaction is that between nuclear dipoles,
in which a guantum is emitted by one and absorbed by the other. _
This spin - exchange coupling cannot produce themal relaxation
of the spin system since the total energy is conserved. But it,
together with the static dipole fieldg in the sample, is respon-
sible for the effect of principal interest in the investigations

described in this thesis,.

4e The Local Field:

Up to this pdint we have considered the nuclear magnetic
resonance effect for nuclei which are regarded as not mutually
interacting. In any real material the moments do of course
influence one another, and it is of inﬁeres’o Yo examine the nature
and size of the observable effects produced.

To take a naive but heuristic view, we may think of the
mitual interaction in classical terms, as follows: for a given
exciting frequency, the resonant value of the magnetic field
is in general not simply the applied fisld ;0 o Instead it is
the vector sum of ;0 and whatever local perturbing fields may be
present at the resonant nucleus, due to the nature of the sample
itself, In materials which are electronically diamagnetic the
only imporitant disturbances of this sort are the dipole fields
of the nuclei themselves, (So long as we restrict ourselves to
nuclei of spin 32-, we encounter no trouble due to coupling of

nuclear quadrupole moments to the gradient of the electric
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field of the lattice,) If we assume that only the static z come
ponents of these fields are of importance, we may write the

field at nucleus i due to the others as

- 2
B, = % H 23 rig (1 = 3 cos 913) (Le1)

-p

where ,ei i is the angle between _I;O and the radius vector Ty 3
connecting i and j. For protons separated by 1 A, U., P /P3 '
has the value 14,1 gauss, so it is evident that Hige, 18 @
small but appreciable perturbation on the 103 gauss fields
ordinarily used to remove the space degeneracy.

If (4.1) ia averaged over a sphere, as would be the proper
procecdure _for a sample in whiech the internuclear vectors are
rapidly and randomly changing in directdon, the local field is
seen to vanish, In gases and ligquids, where such averaging'occurs
due o the thermal motion and is essentially complete within one
Larmeor precession period, this result is observed: the magnetic
resonance occurs very sharply at 5, (A natural line width of
ca. 10"5 gauss remains, owing to the finite lifetimes of the
excited states,) In "rigid" crystalline solids, however, where
the nuclei are bound closely to fixed equillbrium positions, quite
a different situation prevails,

Suppose, for instance, that & sample conslsts entirely of a

set of muclear pairs in each of which nucleus 1 has a different
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: ->
magnetic moment than nucleus 2, if T, is the same for all these

pairs, the local field at nuclei of type 1 is always
P2 2
{ Hloc. ] 1 = L s (1 - 3 cos8 91 2) (ho 2)

with the sign determined by which of the two allowed states the
second spin occupies. If all dipole - dipole interactions other
than those within the individual pairs are neglected, there will
then be two distinet values of the external field for which
resonance of 1 occurs at a given excitation frequency:

H, =H + 5-‘-?— (1 = 3 cos? 6,) - (L.3)

12
If more distant neighhors are considered, it is clear qualitatively
that each of the two absorption lines will be split into many
more components, the amounts of the splittings being proportional
to H jrl 3"3 . For a very large number of such components, the end
effect is a broadening of the entire absorption line, in which the
fine structure due to the 1 = 2 interactions may still be discernible
if these are sufficlently dominant.

It should be remarked here that the above treatment actually
gives the correct result for the case that the interactions are all
between unlike spins. This will be made clear in the more complete
treatment to follow, as will the fact that a correction is necessary

when interactions between identicael spins are of importance,



5. The Effect of Motion on the Line Width:

Ag we have seen, rapid random reorientation of the inter-
nuclear vectors causes averaging of the local field to zero,
producing an extremely narrow absorption line. However, motion
which is not of a spherically symmetric type may produce incomplete
averaging and a line of intermediate width.* For a nuclear pair
of the type discussed above, rotating about an axis normal to the
internuclear vector, the line is one half as broad as if no motion
occurred, although the structure of the line remains the same.

This sort of behavior is useful in studying the intemal motions
of crystalline solids, as will be pointed out in more detail in
a later section,

Even if the orientation of a group remains fixed, any large
internal vibrations have an effect on the line shape. For the
nuclear pair, the local field of interest involves an average of v
Ty ;3 over the state of motion., For harmonic stretching vibrations,
to take an example, this average is certainly not the same as the
inverse cube of the equilibrium separation; and this fact must,
in principle, be taken into account., Fortunately for the simplicity
of the calculations, most vibrations in solids are not of a large

enough amplitude to introduce errors if they are neglected,

6, GQuantum Mechanical Description of the Dipole - Dipole Coupling:

"Thile the classical local field viewpoint often leads to correct

results, there are many cases where corrections are needed. For this

R

A more rigorous discussion of the types of averaging necessary,
and the conditions under which they are valid, will be given in
Seection 1V,



1

reason, and in order to‘ plaée the entire treatment on a more
rigorous basis, it is desirable to consider the quantum mechanical
situation in some detail,

The energy of an assembly of classical magnetic dipoles in a
-magnetic field ?{0’
rigid, is given by

assuming its internal configuration to be

-

DTN Hai My (B Pyg) (5 o 7y)
=<'. H Z. -._-.3_—..-1 -3 . 3,
+ }Ll o* Zi j>i ri;] rig

(6.1)

where the first term is the "Zeeman" energy of interaction with the

external field, and the second represents the "dipolar" emergy, or

-t

coupling of the moments with one another, T, 3 is the radius vector

Joining muclei 1 and J. For a system of nuclel of spin % we may
write the corresponding Hamiltonmian operator as followss

H-3 = 3,
j 1

i

T T (T 2 N T )
_ 2| Yi'Y; i T3ty " Tag
Hoyy=egp®| =513 T y

T3 i3

(6.2)

Here the 0" 's are Pauli spin operators, whose components are given

by
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' 01 0 4 VG’ 1 0)
oﬂx= 1 o) 3 O’yz i o)} 2 \o /" (6.3)

The same Hamiltonian is valid for any other spin if we replace these
operators by the corresponding (2T + 1) by (2I + 1) angular momentum
‘matricesqh) so long as we consider only magnetic interactions.

For a spin system of any complexity, it 1s apparent that the
above Hamiltonian is an exceedingly complicated one. In principle
one should take into account the effects of all the 1020 or so spins
in the macroscopic sample. Such a system has an enormous number
of states, all highly degenerate in the absence of any coupling,

The introduction of the perturbation partly removes the degeneracys
and establishes a set of fine structure components for the absorption.
These will nearly all be in the immediate vicinity of the unperturbed
line at H*, since the great majority of the characteristic valnes

of H are small in comparison with the Zeeman energies of the states,
The very high density of fine structure components in this small
range permits the problem to be treated by continous methods,

the totality of the fine structure being deseribed by a continuous
line shape function, f(HO).

(16) and Van Vleck(”)

Adopting this point of view, Waller-“f ) Broer
have devised a rigorous, if not completely practical, method for
~calculating £(Hy) from the molecular data., The line shape is
described in terms of its moments about the center, which are defined

by
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- 0 =

%¥.n 34 .
0 (HO-H) f(HO-H)dHO,

Og-ﬂa

(6.h)

3t
0

A lmowledge of all the moments is equivalent to a knowledge of the
function itself£18) The theory expresses the moments in terms of
the traces of the magnetic moment matrix and its commtator with
the Hamilbtonian, the traces being evaluated in a representation
in which the miclei are independent. Because of the invariance of
the trace to transformation from one representation to another, the
results are valid for the coupled system.

Unfortunately, the calculation of the higher moments is

extremely tedious, and the solution has been carried out only

through (HO - u*)l, Furthermore, the higher moments are very
sensitive to small changes in the wings of the line, and these
are the regions in which experimental measurements are the least
accurate. The second moment, however, retains considerable
utility in the matching of experimental data to theoretical
models, It 1s found to have the form

(HO-H*)Z = AHé :.mB\T; .I.(I +1) gzﬁz Zk rgfc P2(008 ejk)

1 2,2 =5
,;.,3,13;,. (I +1) gt ﬂ Zk; Tk P2(§os ejk,). (6.5)
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Here the unprimed letters apply to the nuclei at resonance, and
the primes denote whatever other perturbing nuclel are involved.

Ns is the number of muclei at resonance in the group for whiech the

second moment is calculated, In practical cases, A g2 converges
"rapidly as I_Is is increased,

The second moment alone gives very little information regarding
the shape of the absorption, However _in nany cases it is possible
to use this quantity in conjunction with the results of another
treatment to obtain detailed line profiles in excellent agrsement
with experiment., The sample is imagined to be divided into small,
magnetically identical "elementary interaciion ceils®, each containe
ing only a few nuclei. The internal interaction energy of each
of these cells is to be large in comparison with its coupling to »
the surroundings. By a method to be described in the next section,
the line profile for such a cell is calculated assuming it to be
completely isolateds The second moment contributed by the
su;-roundings alone ig then computed, and a bell - shaped curve of
appropriate half width is substituted for each (discrete) component
of the elementary cell fine structure, The validity of this
procedure rests on the assumptions that the surroundings are
approximately isotropic in their magnetic effects, and that the
external broadeﬁing is produced by many more muclel than occupy
the elementary interaction cell, In many real crystals this
assumption turns out to be justified. Furthermore, if the external
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broadening is very small iri comparison with the total width of
the absorption, the line caleulated by this procedure is quite
insensitive to the exact shape of the broadening function used,
Indeed, in some of the calculations a rectangular component line
gives vsu.bstantially the same results as a Gaussian,

We shall now discuss the method to be employed in calculating
the fine structure to be expected from the highly anisotropic

elementary interaction cell alone,

Te The Energy Levels of the Elementary Interaction Cell:

We now restrici the discussion to a small group of two or
three nuclei, so that the Hamiltonian (6.2) becomes tractable,
Since the matrix elements :H 13 are small relative to the splitting
of the Zeeman levels, we may expect to obtain valid results by
considering the former as small perturbations on the latter. We
label the states of the system by the magnetic quantum numbers m,
of the individual spins, and assume that this characterization is
still valid after the introduction of the perturbation, It is
convenient to sort out the effects of various parts of the
Hamiltonian(w) by expanding it as follows:

g:8 2
Ho, = J;%fm [crxi 7,0 - 30,2) + %y Tyt =30,

i3

+crzidzjm-3a‘ )-3(0-10' + 0, O, ) 138 1

Y3

-3(0. o oa,. ¥,..-3(0 o o,
3( 17s. +O’ziO’xj) 13845 = 3 7 zi+ in)Flj y

(7.1)
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_ . | .
. a = s
in which @ 32 /e 130 and ¥ iy are the direction cosinei of Ty
relative to a set of Cartesian axes whose z axis is along HO'
We now introduce the bperators( 20)
O =0, +10
H * Ii
g =0, -i0
"1 X5 LEY (7.2)
for which the seleetion rules are
o 4 ! m =+ 1
i
. 1. - (7+3)

i

These have the advantage _‘bhat they are more stricet than the
restriction 4 m =1 1on O x 21one. Re-expressing the results
in spherical polar coordinates (r, 8, ) and adding the appropriate
Heisenberg time factors exp (-iEt/h) for the various states the

Hamiltonian matrix becomes

| gg}gz
=gl
j—{ij_ ;?3 (A+B+C+D+E +F) (7.1)
ij
where
_ 2
A-—O’zio'zj(1-3 cos eij)
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1 pH
B:-%(1-3c032 eij) 0"__; 0'_‘_ e i) (gd-gj)

i J

18H
—— (g - &)
4&6* O'_ &

.-

A gt

ijlo o o B By
2

3 . -if
== % 8in eij cos eij e

i}BHOt
—h &

+G—"’;jc—z‘ie

. o (7.5)
The changes inm = Z my which may be induced by this perturbation

are, for each term
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A:DAn=0 D

: An=-1
B: Am=0 E: Am=+2
C:Nm=+1 F: Nn=-2

Term A represents the static dipole - dipole interaction between
the z components of magnetic moment, and as such is identical with
the “local field" perturbation described in 8 L. If all interw
acting pairs (i, J) have sufficiently different g factors, all of
the other terms vanish in time average, and the classical calculation
is correct and complete. For pairs of identical muclei, only
terms C - F vanish, and the secular part includes both A and B,
The latter may be thought of as corresponding to the simultaneous
reversal of two antiparallel spins, brought about by the preceasing
compohen‘b of dipole field produced by each at the other. For a
simple pair or an equilateral triangle of identical spins, the
econtribution of B is one half that from 4, so the splittings
obtained are 3/2 the classical values. This factor does not hold
for all systems, however, the reason being connected with the fact
that }l_ 1j and '}[ 1Kk do not in general commute.

For a spatially rigid elementary interaction cell, terms
C, D, B, and F always vanish, owing to their rapid periodicity.
However, if the lattice undergoes motions producing fluctuating
- magnetic fields which have a Fourier component at g )9 Ho/'ﬁ or
2g ﬁ Ho/'h, this part of the Hamiltonian allows exchange of energy

between the spins and the lattice degrees of freedom. This
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‘phenomenon is of interest im the theory of the spin - lattice
relaxation process(lz) but will not occupy our attention further
hefeg We shall be interested, indeed, only in crystals in which
- all the motions are of a far higher frequency when (/9] L

‘ The problem remaining is to calculate the matrix elements of
& and B between all palrs of states of the spin system under
consideration, The matrix is then diagonalized by solving a
secular equation, The eigenvalues of the energy are added as
corrections to the energiea of the appropriate unperturbed
Zeeman states to obtain the complete energy level scheme for the
system,

In order to relate the various energy differences which
obtain to the expected fine structure, we must first calculate
corresponding magnetic dipole transition probabilities. In simple
cases of high symmetry, these often can be obtained on inspection
by a consideration of the symmetry properties of the wave functions
and of the magnetic dipole operator. In somewhat more complicated
cases it will be necessary actually to insert the operator and
calculate its matrix elements. In order to do this, we mist first
determine the correct zerot'th order wave functions for the systenm
by finding the unitary matrix which diagonalizes the Hamiltonian,
These linear combinations of the most elementary states are then
used to calculate the relative transition probabilities, and the

magnetic resonance spectrum is thus obtained.
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8. Iine Shapes in Single Crystals and Powders:

The structure of the absorption still depends on all the
T j and ei j° If a model is now assumed for the elementary inter-
action cell, this dependence reduces to a single one on the orien-
tation of the cell in the Zeeman field, If the macroscopic sample
is a single crystal, in which all the cells are identiecal in
structure and orientation, the observed absorption should clearly
agreé with the results of the above calculation. In any real
material, however, the cells do of course interact, though the
strength of this coupling is assumed smwall compared with the internal
interactions. As mentioned in the previous section, we take this
into account by substituting for each fine structure component

a Ganssian:
"'(H - Ho)z
1 2% ?

FVer

where the half width g ineludes the "extramolecular" broadening

S(H) = ~(8.1)

as well as any contributions due to crystal imperfections and
magnetic field inhomogeneity%f If the assumed model is correct,

and if the proper broadening has been introduced, the result should
e in good agreement with experiment, This has indeed been the
case in the few experiments which have been performed with compounds

of known structure., 3So long as the overlap of the Gaussian come

4% ne .
" to be discussed in a later section.
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ponents is slight, the observed peaks fall on the positions pre-
dicted by the first order perturbation theory, and thus a simple
and direct determination of the interatomic distances is possible,
In only a few cases is it feasible, or even possible, to
- obtain single crystals of a sufficient size and perfection to
carry out the experiment required by the above analysis, It is
therefore important to inquire what the shape of the absorption
line will be in the case that the sample is a grossly isotropic
powder of microecrystals, To do this we regard_the resultant line
as the superposition of a continwm of canponents, in which the
strength of the o mponent at HO is taken as being proportional
to the probability that its center lies between H, and H, + di .
EFach of the components is to be a Gaussian whose half width is
given by the characteristic supplementary broadening ? s and the
probability required is related to the field strength through the
dependence on orientation of the elementary interaction celil.,
From the Hamiltonian (7.5) it is evident that the only
angular dependence for a nuclear pair (i, j) resides in the factor

2

(1 =3 cos eij). For a set of such pairs with different ©

ij?

the line shape becomes a rather complicated function of cell
orientation, and the introduction of all the necessary constraints
on these angles may become tedious, For the special case of

linear elementary interaction cells, however, the angular depen-

dence may be treated as a scale factor for the total splitting,
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and its averaging carried oﬁt independently of the exact geometry
of the interacting group.

| If all orientations over a sphere are equally likely, we may
take the probability as a function of 8 to be

where © is the angle between any axis fixed in the interaction
cell and the external field, and p(6) is normalized to unit
probability for finding © somewhere in the range (0,7 ). ¥We can
write the unbroadened fine structure analytically as

B, -5 =% 2. 4,8 (g - +0)(1 =3 e0s20)  (8.3)
o

where there is one (symmetrical) pailr of components for each value
of X, and d « 18 the degeneracy of the transitions corresponding
to splitting X . Using this expression to obtain sin © in terms

of HO’ we have for one of the allowed values

: * \ =1/2
@ _ 1 13 -9

dHO -EdJ-T—' m&""—“ . (8.’4)

Here the upper sign holds in the range - 2& < Hy - 8 éfx and

the lower one for - X < H, - H é 20X , 1In the overlapping

0
region, dp/dHO is given by the sum of these,
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The line shape for \t.he pair of components at +of is obtained
by folding the Gaussian component line into the probability dise

tribution function (8.4), that is:

e 7—-—
£(8) = J%l}_e 23" @, (8.5)

Owing to the linearity of this Gauss transform(m) we can carry
out the in‘begraﬁion for just one sign in (8.4) and add to the
result its reflection in (Hy = H') =0, It is helpful at this
point to simélify the notation by introducing more convenient

dimensionless variables, e write

_é = F’ (8.6)

Choosing the upper sign in (8.4) the transform is

1 - (y-x?
G(Oty-rH*):f q«ezﬁ

2 W-—x

dx -

(8.7)

This integral has not been evaluated in closed form and so it is
necessary to carry it out numerically., The difficulty with the

branch point at x =1 is removed by an integration by parts:
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‘ "“"'1"‘"2-'(3’-3{)2‘1
Ay +8) =2 {Tox e 2P .

1
——5 (¥ = x)?

1
+2/.9;2. j o=@ -0 F ax,
-2

Introducing the commonly tabulated errvor function

2
1 :.?..2,“
d? (2) = ‘)’2‘?;:. e (8.8)

and discarding some multiplicative constants, we have

e(y) =\l’3ﬂ2 @(XJ;-?-) + j; \F—-_x—(y-x)§ lﬁ:‘.& dx

(8.9)

This function has been evaluated by multiple application of Simpson's
rule and the results are recorded in Table 1. ‘Vhere necessary,
more accurate analogues of Simpson's rule for more finely divided
intervals have been employed. The figures given are presumed
reliable within + 1 in the last figure,

As noted above, the line shape is proportional to g(y) + g(=y).
This function appears in Table 2, In both tables all transforms

are normalized to unit total area.
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9. Use of 5(;;_2 in Prediction of Real Line Shapes:

The application of. the above analysis is reasonably straighte-
forward. A model is assumed for the elementary interaction cell,
the basic fine structure is calculated by perturbation theory and
.a value of ? is then estimated., For each component ol 3 the
transform for the appropriate value of }3 3 = ; /X 3 is obtained
by interpolation in Table 2 (or mare simply by choosing the nearest
tabulated transform), The arguments are then miltiplied by X 3
and the entries by X 31 to preserve the normalization. The
results for all components are plotted and added graphically to
sbtain the theoretically predicted total absorption,

If the assumed model for the spin system is qualitatively
correct, some agreement will be found with the sxperimental data,

The parametérs O\ . and /3 5 ave naw adjusted to give the best

J
possible correspondence, and the internuclear distances calculated
from the values of X j are obtained, These are always of the
farm o y= K ’ir'B . In favorable cases, little or no adjustment
of )9 3 is necessary, for this quantity is frequently predictable
with reasonable acecuracy Trom previously known features of the
erystal structure. If the basic structure of the lattice is un~-
known, however, some adjustment will be necessary, and the value
obtained may give some small amount of information concerning the

type of packing in the crystal. The procedure yields the most clear

- cut results when )8 3 is considerably less than 1., Qtherwise so
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mich of the elementary interaction cell detail nay be obscured as

to lead to considerable ambiguity on the interpretation of data,

It is an unfortumate fact that even in the most favorable cases, the
smearing of the fine structure by the extramolecular interactions

‘hides many of the more closely spaced fine structure components,
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© TABLE 1

Ganss transform of the Fine Structure for a
Spherically Symmetric Distribution.

¥ P:ono P=0A5P=ma> f=035 B = 0.30 f:oag

-2‘ 70 . OOO » OOO - ODO . OOO . OOO . 001

-2,60 .000 .000 .00 .000 .000 .006
~2.50 .000 .000 .000 . .000 .005 .01k
~-2.40 .000 . 000 . 000 .00L 011 022
-2030 .OOO .005 an 0016 0021 a033
<2.20 .005 017 037 .0L0 .039 .051
-2.10 .030 .0Lé 079 076 069 .072
“20% 0081 .08,4 -11 2 010,4 0099 0092
"1090 01“45 9139 .'}3)4 .1211 .120 0115
-1.80 71 160 .150 LU 37 .133
~1.70 77 .165 . 160 .155 .153 .150
~1.60 .180 .169 67 166 .165 165
-1.50 .182 7L J73 173 173 172
~1.40 .186 181 181 181 181 .180
"1030 0190 0189 0189 0189 0189 '187
"1 01 0 . 200 - 200 Py 201 . 202 » 200 01 98
~1.00 20l « 20l +205 «207 « 206 « 205
-0.90 « 209 . 209 .210 212 .212 .212
-0.80 .215 . 215 .216 27 .218 .219
~0.70 .221 221 .222 .223 . 225 . 225
~0.60 228 .228 . 229 .231 #233 .232
~0,50 .236 .236 . 237 239 o 2l1 240
-0, 140 <215 245 246 248 +250 . 250
«0, 20 . 264 . 264 . 266 . 268 . 272 .278
0,10 .275 276 .279 .282 .287 . 297
0.00 .288 «290 . 294 .298 .30L .319
0.10 .30 «306 312 .318 325 341
O' 20 ‘32}4 '326 t335 '3}4}4 0353 03614
0.30 348 351 .367 375 .38k 391
O'h'o ‘376 ‘387 ohjo 0&17 thh 0’-‘-21
0.50 15 433 NITY 162 RIY .55
0.60 168 L9k .59 .521 .515 L8
0' 70 0571 0599 5602 4578 05146 -503
0.30 «Th2 124 L671 .605 «550 198

0.90 »952 JT72 . 6ol .581 .518 1468
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TABLE 1 continued

y F =00 F:o&SAFamm F=0£5‘F=mw f£=0.35

1.10 +295 .380 .312 «352 «367 «350
1420 +Olls 154 « 207 . 250 270 276
1.30 .002 077 .129 .158 171 »203
1,50 .000 .029 . 061 ,0T9 .099 2137
1.50 .000 .002 .010 .032 056 <087
1.60 .000 .000 .000 .006 .025. .050
1.70 .000 .000 .000 .000 .010 .029
1.80 .000 .000 .000 .000 .002 .01

1.90 «0C0 «000 .000 .000 .000 .00k
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Normalized Line Shape Functions.

vy F=.10 f=.15 f=.20 f=.25 f=.30 f=.3

0.00 .238 .290 .29 .298 .30L .319
0.10 « 290 « 291 .295 «300 306 +320
0.20 . 294 «295 +300 306 .312 «321
0.30 <301 .302 .310 316 $322 0326
0.40 .310 316 .327 «332 «337 «336
0.50 .325 «334 3.46 .350 354 .348
0.40 <348 .361 373 376 374 «350
0.70 396 10 12 <1100 »386 <364
0.30 478 470 +LL3 it .38 «359
0.90  .580 <490 .38 396 «365 .3L0
1.00 JLg2 422 «332 .338 .328 311
1.10 «298 . 290 <256 .272 «283 .27
1.20 120 75 « 202 223 « 232 <23k
1.30 098 133 160 i 1380 195
1.0 .093 05 .21 J30 Wik 159
1.50 091 .088 .092 .102 15 .130
1,60 090 .085 084 086 095 . 107
170 .088 .082 .080 077 . 081 .090
1.80 .085 .080 075 ,070 070 083
1490 .072 .070 076 . 062 . 050 + 060
2.00 040 .0L2 056 .052 .050 «0Lo
2,10 015 .023 ) o] .038 035 036
2,20 . 003 009 2019 «020 020 .025
2.30 .000 .003 »005 .008 .010 016
2.0 .000 000 .000 .002 .005 011
2.50 .000 .200 - 000 .000 .002 007
2.60 . 000 .000 .000 .000 .000 .003
2.70 .000 .000 «000 .000 .000 .001
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II, DESIGN, CONSTRUCTION, AND OPERATION OF THZ APFARATUS.

The first experimental detection of resonant transitions
'between nuclear Zeeman levels was made oy the molecular beam
magnetic resonance method of Rabi(ez) et, al. This technique
is still in widespread use., However by its basic nature it
excludes from study any materials in the solid or liquid state,
Partly in order to overcome this shortcoming, several variations
of the nuclear magnetic resonance have been developed in the
postwar period. The two approaches are in no sense competitive,
but rather are complementary in that each is suitable for
attacking problems inaccessivle to the other.

In the maclear induction apparatus of Bloch and his
collaborators(ZB), the sample is contained in an excitation coil

-
whose axis is at right angles to the external field H At

0
resonance, a voltage 1s induced in a second coil with its
axis in the third perpendicular direction, and the resulting
signal is amplified and detected to obtain the final resonance
signal,

The ruclear magnetic resonance absorption technique,
-gimultaneously developed at Harvard by Purcell and co -‘workersgzh)
omits the third coil, Instead it measures the energy losses

from the excitation coil at resonance by means of the unbalancing

of a radiofrequency bridze.
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Investigations have also been made in which the signal of
interest is a change in the level of oscillation of a regenerative
or superregenerative detector( 25 ). The induetance in its tank
circuit is again a coil whose axis is at right angles to ?IO’
and contains the sanple of interest. This approach has been
found useful chiefly in the construction of flumeters. By this
means, magnetic field measurements accurate to one part in 'IO5
or better are conveniently possible,

A more radical departure is taken by Hahn( 26)

and his
colleagues, Here the sample is excited by two or more shori
pulses of high level radiofrequercy energy, One or more delayed
pulses are then observed at a later time by detection of the
voltage in the same coil which is used for the excitation. This
technique is not applicable to the study of line profiles.

The apparatus to be described is a nuclear magnetic resonance
absorption spectrometer. A general view of the equipment in
substantially complete form appears in Figurs 1 , bage 35 s and a

block diagram in Figure 2 page 3b. The main features of its

design and construction will now be described.

1. Hagnet and Power Source:

The Zeeman splitting field is produced by & large clectro-
magnetg 27) which is stored oy the Office of Naval Research in the
Gates Laboratory. The original pole pieces, designed with an eye

to cosmic ray momentum measurements, have been replaced by more
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s

geneity and saturation properties. The pole faces are six by
fourteen inches in size, and are separated by a gap of 1,155
+ 4001 inch, The yoke is of a rectangular shape, with its two
longer sides joined centrally b the pole area, and is built of
cold rolled steel, ™With 2ll of the eight independent windings
connected in series to give a resistance of 6,7 ohms, the field
in the region of interest amounts to 460 gauss am_z:oere’:l , and the
magnetization curve is linear. A calibration of field versus
current appears in Figure 3 page 38 . At 5000 gauss , ‘the mean
inhomogeneity over areas of order 1 cm2 is roughly + 0.2 gauss,
Power is supplied by a bank of gixty large lead storage
cells, which are normally charged continuously during use by a
direct current generator, and controlled Dy a system of rheostats
(figure 9). The power drain is ordinarily about 0.8 K¥, although
the magnet is designed to operate safely at a dissipation of 10 7.
The windings are interleaved and covered with copper sheets
to which are soldered copper tubes carrying water for cooling
purposes. In the experiments to be described, a flow of about
1 liter per minute was maintained, and no perceptible heating

of water occurred,

2. _Fine Adjustment and Sweeping of the llagnetic field:

For purposes of fine control, the magnet is supplied with

an auxiliary winding of 2200 turns of 28 ga. enameled copper wire,
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vwhose resistance is SL;O ohms. It is desirable to be able to change
the value of the field slowly and linearly in time, as a resonance
peak is traversed. Jince the magnetization curve is linear in the
region of normal operation, a linear change of the current in
the auxiliary winding accomplishes this end, and is obtained
ags follows:
The output of a specially designed current regula‘bor( 28)
shown in Figure L page 40is comected to the auxiliary magnet
winding, In the absence of any pulses from its thyratron, the
bias on the 6L6's decays through the low pass grid circuit,
allowing the magnet current to increase, The bias on the
thyratron simultaneously becomes less negative, until the point
is reached at which this tube fires on each peak of its alternating
plate voltage. The train of negative pulses which thus appears
on the 6H6 cathode rebiases the 6L6 grids until the thyratron is
again cut off and the same process begins again, The hunting
characteristics are principally controlled by the constants of
of the integrating nebwork. The helical potentiometer is driven
by a slowly geared synchronous motor, so that the controlled
current changes in a linear fashion,

The sweeping system has been calibrated at total fields of
zero and 5000 gauss by means of a ballistic galvanometer calibrated
against both a standard permanent magnet and an effectively infinite

solenoid of calculablecharzcteristics, A calibration was also
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performed with a muclear magnetic resonance fluxmeter, constructed
by lire F. 3. Humphrey. All calibrations agreed with + 3%, and

the proton resonance data were taken as final, Provision was

made for continuous monitoring of the voltage across the heliczl
potentiometer, since aging of the batteries has a strong effect.
on the field calibration,

Inasmich as line widths and fine structure splittings depend
inversely on the cubes of the internuclear distances, determinations
of the latter are subject only to one third as large a relative
error as are the line width data themselves, The error in
relative field measurements in these experiments is conservatively

taken to be + 4,

3. Radiofrequency Power Source:

The high frequency voltage necessary to excite the sample
at the Lamor frequency is obtained from an R. 7, signal generator,

General Radio lModel 1007 ~ A, This unit employs a ‘ien bridge

oscillator to provide a continuously variable output of 0 - 200
millivolts and tvo volts over the range 5 Ke. to 50 Me. lost of
the experiments to be described were carried out at a frequency
of 18.&1 le, from a source impedance of 50 ohms,

The frequency drift after a ten nminute warm-up period is
slight., Performance is rendered more stable with respect to

rapid fluctuations in amplitude by the interpolation of a Sola

constant voltage transformer betiwreen the signal generator and its

power source.
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L. Radiofrequency Br;idge Detection of the lluclear Resonance:

The output of the signal generator is loosely coupled through
terminated 5O ohm coaxial lines (RG-58/U) of equal length to the
inputs of two arms of a radiofrequency bridge. One arm includes
- a tuned parallel resonant IC circuit, whose inductance contains
the sample. The coil is placed in a coaxial brass probe of low
shunt capacitance, and has its axis aligned perpendicular to the
external field .};0. When a nuclear resonance occurs, the energy
loss to the sample produces a reduction in the ¢ of this resonant
circuit, and the bridge is consequently thrown out of balance.
The Anderson bridge( 29) (“igure 5, page 43) whose dummy arm contains
2 nonresonant T section, is easy tooonstruct and is convenient
to balance at any frequency. However it has been found to be
somewhat less stable and definitely less sensitive than the
Bloembergen bx’idge(1 2) (Figure 5), although with icieal components
the two are electrically equivalentpo) The Bloembergen bridge
employs two arms which are electrically identical, so that the
output signals are alike in amplitude and phase., They are
comnected to an output junction by two coaxial lines, one of
wnich is one half wave length longer than the other at the
frequency of operation. The 180° phase shift thus introduced
brings about cancellation of the two signals when the bridge is
complétaly balanced,

It is well at this point to investigate the character of the

resonance signal appearing at the bridge output, and verify the
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expectation that it should be large enough to measure experimentally,
By an analysis of the tuned circuits of the Bloembergen bridge

urvlderv the assumption £Mt the generator signal is derived from &
constant current source, Pa.ka(yl ) finds the unbalance signal

originating from the nuclear resonance to be
D { ~ 3 - Xn .
Lhye QVO(X' gin 8 = X" cos 8)

Here Q is the ;*figure of merit” for the tuned cireuit, Vy is

the amplitude of the imput voltage, and X = X' ~ iX" is the come
plex nuclear magnetic susceptibility. © is a phase parameter,
adjustable by neans of the trimmer condensers of figure Lb, Then
€ =0 orTC , the bridge is unbalanced off resonance in amplitude
but balanced in phase, and the output signal is proportional to
the absorption, 9 = T¢/2 or 3 ® /2 is the condition for pure
phase unbalance and the observation of resonant dispersion.
Internediate values of © lead to the undesirable mixtures of
absorption and dispersion, from which it is diffieult to abstract
any useful information. The intelligence we desire is carried by
the absorption signal, which is observed directly slthough it
could ve calculated by means of the Kramers -~ Kronlg relations(Bz)
between the dispersion and the a,bsorﬁtion. In order to observe
the pure absorption signal, the bridge is deliberately unbalanced

in amplitude, so that the resonant variations observed are to

¥ Ihis is readily shown by calculating RL { M @ around a

hysteresis loop. ‘
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first order those for 8 =0 or TC.
If the absorption is described phenomenologically in terms
of its shape £(Hy), taking J I(H,) diy =1, it is possible to
0 o
(12)

write o
qr B X

XN(Hy) = g 2(i) (La1)

where KO is the static Curie susceptibility. Taking the typical

nmunmerical values

-2 .

_~7
~ 2 An ~ =2 -5
f(go,)max nb ? T 10 -107,

X = 10’10 cgs,

we have X = 1078 40 107 cgs. Hence from (L.1), if Q =100,

2

V, =10 € volt., the outpub signal is seen bo have an amplitude

0
of roughly 10~7 to0 107 voit. Amplification can serve to make
such a signal detectable only if it is at least of the same
order of magnitude as the noise voliage contridbuted by the
émplifieré. To a good approximation, the noise figure of the
“entire spectrometer is produced in the first stage of amplification,
which in the ?resen’c. épp_aratﬁs has a noise figure of about L db,

The noise voltage at the preamplifier input is given by

- N = ﬂ kTBFR (Le2)
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where B is the bandwidih of the system in sec™ s F is the noise
figure, and R is the equivalent source resistance, In the
spectroneter here described, the bandwidth 1s ordinarily taken
to be about 5 c.p.S., and R is roughly 100 ohms, At room
temperature; then, the noise voltage at the bridge oubput

8 volt, Thus the thooretical

junction is on the order of 10

peak signal to noise ratio is expected to be in the range 10

to ‘IOA, These orders of magnitude are corroborated experimentally.
It is worth noting that the signal to noise ratio may be

improved by cooling the bridge or by narrowing the bandwidth,

The former is found ordinarily to introduce greater difficulties

than it cures, owing to the establishment of fluctuating

temperature gradients and concomitant balance instability. Amf

decrease in the bandwidth increases the time required to make a

measurement, In summary, it then appears that noise is often

a difficult, but usually not an insuperable, problen,

5.  Audiofrequency Field Modulation:

In prineiple, one could trace out the shape of an absorption
iine simplg;f by measuring the amplitude oi' the amplified bridge
~output at a2 number of values of HO for a given excitation
frequéncy. However, ﬁhe_ small size of the resonant variation
compared with the fotal unbalance signal and the slow drifts

inherent in the apparatus make this an impractical procedure.
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Furthermore, it is desirable to detect the envelope of the radio=
frequency carrier at as early a stage as possible, and it would
be difficult to avoid instability in the DC amplification which
would then Lecome necessary.

A satisfactory solution of these difficulties is found in
a technique analogous to the use of a beam chopper in optical
spectroscopy, or Stark modulation in microwave spectroscopy. The
magnetic field HO is mﬁdulated sinusoidally at a low frequency
4% m OVeT & small region about a point at which we desire to lnow
the absorption. If this point lies somewhere on an absorption
line, the absorption becomes periodic with repetition rate
o m/QTC sec-1. Thus we may regard the shape function f(HO).
as a modulation on the simusoid at w o which in turn modulates
the radiofrequency carrier. Upon demodulation of the latter,
there results an alternating signal of period 2TC/ @ _ which
may then be amplified br ordinary, stable, resistance coupled
amplifiers. The amplitude of this signal depends upon thé
. absorption.

An advan'bage of this procedure will be evident in the fact
that, since the field modulation presumably does nothing eXcept
to introduce a periodic perturbation on the nuclear Zeeman
levels, any signal obsefved at the proper repetition rate
must have its origin in the nuclear absorpiion and nol in noise

sources in the remainder of the apparatus. (This is true so long
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as there is no pickup of the modulation voltage in the equip=
nent. )

ihe maximun potentialities of the modulation mevhed can
be realized only if means are aveilable for rejection of all
sirnals except those produced by the modulation, A later
ssction descrioes & satisfactory way to approdmate this
behavior,

In the present apparatus, the modulation is produced by
an auxiliary nmagnet winding of 600 turns, excited by an audic-
frequency signal generator, (Hewlett Packard 205A). The more
easily available 60 cycle modulation which could be obtained
directly from the power lines is avoided to obviate difficulty
with the pickup of that frequency which is certain to be present
in many parts of the apparatus,

The amplitude of the modulation has been determined by
measuring the alternating voltage induced in an air core solenoid
placed in the nagnet gap. The solenoid was calibrated similarly
in a larger solenoid of effectively infinite length and pre-
sumably calculable characteristics.s The maximum amplitude
available at a total field of 5000 gauss is about 3 gauss, which

is more than sufficient for the experiments to be described,

6. Low loise Preamplifier:

The bridge output is matched through a 50 ohm coaxial line

into a specially designed cascode wide -~ band amplifier, (figure 6)
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This circuit is a modification of a television tuner manufactured
by the Standard Coil Products Co., Inc. Its R&.F, transformers
are mounted in a rotatable turret, permitting convenient switching
from one i lec, = widseband to another. The preamplifier has

a noise figzure of ca. L db., or sbout 10 db. less than does the
subsequent part of the apparatus. This circusstance makes possible
the observation of signals roughly three times weaker than

could be detected without it.

T« The Receliver:

The cutput of the preamplifier is introduced through an
unbalanced 72 ohm coaxial line to a communications recelver,
National Co. Hodel HHO 50 = T, Here it is amplified and
detected, and its audiofrequéncy envelope appears at the speaker
terminals. Interchangeable coil sets are used to obtéin a
tuning range of 450 Ke. to 30‘};&3. While the local osecillator
is already both voltage - regulated and temperature compensated,
more stable and quieter operation is obtained by using as a
- power source the same Sola transformer that sup “lies the signal
‘generator. Haximum stability is obbtained using the automatic vol-
“ume control and a total signal level sufficient to drive the
intermediate frequency stages to the edge of the remote cutoff
region, £4n automatic noise limiter is available, bub its use

brings about no improvement.
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By this time it is obvious that it is far more convenient
to traverse an absorption by varying the external field at
} fixed frequency, than to use the opposite alternative., Any
change in frequency involves retuning both the signal generator
and the receiver, and requires rebalancing the bridge, In
addition, any large changzes in frequency require the renlace-
ment of the bridge's half wave line, The circuitry is found,
on the other hand, to be remarkably insensitive to even large

changes in the magnetic field,

8, Oscilloscope FPresentationt

The output of the receiver may be connected to the vertical
deflection plates of 5" oscilloscope (Dumont # 261). If{a
sample of the modulating voltagze is than put on the horizental
plates, the result is a linear plot of absorption versus field
strengih, over the range covered by the modulation. This
method of observation is particularly suited to the strong,Asharp
resonances characteristic of liquids and gases. In such cases
the modulation is ordinarily taken to be a fow times the line
width, and aAdirect comparison oetween the two is possible, Under
conditions such that the line widbth is determined solely Oy the
field inhomogeneity, it is therefore possible to aobtain an

“accurate estimate of the latter (see 8 1),
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94 Selective Audiofrequency Amplification of the Hesonance Signal:

4s mentioned in 8§ 5, it is desirable to detect only the part
of the total available signal which has its origin in the Zeenan
modulation of the spin enmergy levels. It is possible to show,
by neans of a laylor expansiom, that if the amplitude of the
nodulation signal is mach less than the characteristic width
of the avsorption peak, the Fourier component at &0 - has an
anplitude proportional to d/c'!H0 [f(HO)] . Even when the modulation
amplitude is of the same order of magnitude as the line width,

a surprisingly faithful reproduction of the [irst derivative is
obtained, Thus, if the audio system is given a very narrow
bandpass, the derivative signal will be obtained, and yet all of
the random noise will be eliminated except for the small amount
residing in the passband,

In the present spectrometer an extremely narrow bandwidth
is obtainable by use of a "lock -~ in" detector, shown in figure
71, page 53, 1In this device the input signal is put onto the
control grid of a mixer tube, whose suppressor grid is driven
by a sinusoidal reference signal.

Let us designate the frequency of a Fourier component of the
input signal by @ g When this signal is mixed with a sinusoidal
signal of angular frequency wm, the plate voltage of the mixer
stage contains compenents at W, and (,Os T W 1f,

now, the plate circuit is provided with a low pass filter network,
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all compenents will be rejected except w _ - wo n when

s
Wy & W, If w s T W o @ D.C. output is obtained whose
amplitude depends on the phase betwsen s and W 7 (For this
reason the device is often called a phase sensitive detector,)

By using a filter with a sufficiently long time constant, the
bandwidbh of the amplifier may thus be reduced to as small a
range as desired about a center at W n° In the present unit,
by use of a triple pi - section RC network, the 10 db, bandwidth
may be reduced to a measured value of about + 0.1 sacm'1 . Care
mist be taken that the bandwidth is kept wide enough to avoid
distortion of the resonance signal as the field is slowly
swept through an absorption line. Also with a narrow bandpass,
the magnet modulation and the lock - in mixing signal must be
maintained carefully at the same frequency, and in the same phase
relationship. The most convenient method of accomplishing this
is to derive both signals from the same signal generator,

The lock - in signal is amplified by the driver shcmi in
figure 8, page59 . Since maximum D.C. output of the detector
oecurs when the grid and suppressor signals are in phase, a
180° constant amplitude phase shifter is incorporated. Thus
a compensation is possible for the various phase shifis occurring
throughout the chain of apparatus between the signal generator

and the control grid of the phase sensitive detector.

In the present equipment, the detector is preceded by a
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stage of amplification which incorporates inverse feedback
thrbugh a twin - T rejection network tuned at the .modula'bion
frequezicyph) This stage has a 10 db. bandwidth of approximately
10 sec"'i centered at & o Its function is to prevent over-
loading of the lock = in atage by 60 CePeSe hum pickup and high

freguengy random neise Fluctuations,

10, Reecording leter Presentation:

The D.C. output of the lock-in detector is directly coupled
into a differential cathode follower, thus providing an output
of low impedance. A voltage divider is employed to divert a
part of this signal into a Brown recerding potentiometer with
full scale sensitivity of 0.01 volt, As the mddulated field
is slowly swept through a resonance, the derivative of the
absorption peak is ‘thus plotted on the chart, Experiments have-
been made to insure tha.t. the signal thus obtained is directly
proportional to the bridge signal over the entire scale, The
running axis of the chart is linear in the field strength, by
virtue of the use of the lineér current regulator described in
§ 2.

1. Freg&ency Heasurement::

For the accurate devermination of the positions of resonance
lines and the neasurement of magnetic fields, it is necessary

to have a means for precise measurement of freqency, While this
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necesaity.does not exist in the case of line shape determinations,
it was nevertheless felt desirable to increase the versatility

of "i.;,jh_e. Sﬁeci;ro;neter by installing provisions for such measure~
ments, A surplus Signal Cerps frequency meter, BO 27 - N has been
mmdified by Hr., Fo B. Humphrey by insertion of a buffer amplifier
input to prevent loading of the ocscillator. Its cutput is
connected to the vertical amplifier of a three inch cathode ray
escilloscope, (irigggh Model 830). The frequency meter dial is
set to zero beat with the input signal, and the i‘requéncy read
directly from the dial to five significant figures. By allowing
the frequency meter to radiate into a receiver tuned to National
Bureau of Standards Station WV, the meter calibration may be
checked whenever desired at frequencies of 2,5, 5, 104 15, 20

and 25 MC-/SGO-

12, Operation of the Spectrometer:

The signal generator is first connected as shown in figure
94, page 8. Using the 2 volt output, it is tuned until a mindmm
galvanometgr deflection is obtained, indicating the frequency for
ﬁhich ﬁhé line L is one half wave length long, The signal gemerator
is now turned down to an output level of 10 to 100 millivolts and
conmected'thrdugh one bridge arm at a time to the receiver, The
main bfidge tuning condensers are tuned to give a maximum
- reading of the "S" meter, indicating resonance of the tuned

circults,
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The eniire bridge is now put into the circuit, and the fine
tuning controls adjusted alternately until a minimum reading of
the "3" meter is obtained. Then the fine control on the dummy
arn of the bridge is deliberately detuned to obtain a considerable
amplitude unbalance. (The vo fine controls give substantially
independent control over amplitude and phase,) ThHe "S" meter
should now indicate stable balance roughly 30 to 50 db. below
the signal generator output.

"ith the R.F. gain control set for a reading of about S9,
the audio system gain is increased to the point where random noise

- becomes evident above the hum pickup on the oscilloscope. The
magnetic field is slowly varied by means of the main rheostat
system (figure 9B) until a sudden deflection is noted on the
Brown recorder, 'With the field set at a value slightly above or
below this point, the linear current regulator is now started and
allowed to sweep the field through the region of interest. If
an absorption is actually present, it will be mapped out on ‘
the Brovmn recorder. The system gain is then adjusted to give
a convenient deflectibn, and the line is traversed slowly and
repeatedly in both directions until sufficient data have been
obtained,

Throughout this process the receiver tuning changes slovly,
and the bridge gradually drifts out of balance, Contirmmal

adjustment of the controls thus becomes necessary if an optimum



€0

signal ié to be obﬁained.- The appearance of asymmetry in the
recorded line shape derivative is a symptom of large phase
unbalance, and requ:i.i-ea conplete rebhalancing of the bridge,

A provision is made for comnsction of ths verticai amplifier
of the five inch oscilloscope to one of the plates of the phase
inverter which follows the twin — T tuned amplifier. II the
oscilloscope is synchronized with a signal taken from the field
modulation supply, passage through a strong resonance produces
a characteristic sine wave patiern, which reverses sharply
in phase as the peak of the resonance is passed, Even in
cases where the signal is too weak to make this detection '
possible, the arrangement is a convenient one for continuous
monivoring of the system gain by observation of the noise level,

To avoid distortion of the line shapes it is advantageous
t0 use the smallest field modulation consistent with adequate
signal strength. Furﬁhermore, some adjustment of the R.F.
level at the signal generator is necessary to obtain a la.fge
signal without saturation and consequent broadening of the
absorption, |

In the case of strong resonances it is sometimes found
that the necessary data can be gathered more rapidly if the
output of the lock - iﬁ detectér is read on a vacuum - tube voliw-
meter rather than on the Brown recorder. Under these circumstances

the field is changed in discontimuous steps, and the average
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reading of the output meter determined at each point. Care must
be taken in either case that no drifting of the main field occurs
during the Lime taken to trace out an absorption line, Since

the only drift of the field is downward, this may safely be
agsumed toc be the case if lines taken by traversing the absorption
in both dirsotions have the same width.

In turning the main field on and off, the two awxdliary
windings should pe short circuited to avoid breakdown of the
insulation by the high surge woltages produced as the field
collapses. The main magnet windings are protected somewhat in
this way by a 25 watt, 100 volt light bulb which is comnected

across the power line,
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III. FINE STRUCTURE FOR ABSORPTION BY A THREE = SPIN SYSTEI.

The bifluoride ion, which will be discussed in detall in
next seciion, is an exmuple of a collinear three - spin system of
the type B - & - B, It is expected, for reasons to be mentioned
later, that the resonance absorption of this ion corresponds
to the special case in which the two A - B separations are the
same, However it is of some inberest to develop the more
general case of a collinear system of either of the types
BeA-BorB«~DB=-A, in which the separations are all inde-
pendent and may take on any values whatever, Limiting cases of
the results will be found to give the absorption for two simpler

systems which have been studied by other investigators.

1. The Energy Levels:

Tt is econvenient to write the secular part of the Hamiltonlan

(7.5) of Part I in the form

W33 b (3 .3 2
= & 3 (T '03—30’120'32)(3 cos 913-1)
i< 8ri3

(1.1)
Taking into account the collinearity of the spin system of

* The somewhat fatuous restriction must be made that the inter-

miclear distances must ve much smaller than the wave length
of the absorled radiation, The latber is ordinarily on the
order of 10 meters,
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intersst, and the fact that the & - B interactlons involve only

O, terms, this becomes :

j{ = ao:lz 6-22 + 00'15635 +b(6’2xd’3x "“sz"}y - 20’22 0'32)

(1.2)
whars
2
~2p85 B ~£58p B
a = W Pz(cos Q) e = W P,(cos 9)
LB AB
2 2
b = —--é-—gB i P,(cos 8). (1.3)
BrBB

@ is the angle between the system axis and the external field, and
the operators are labelled in such a way that 1 refers o nucleus
A and 2 and 3 refer to nuclei of type B. It is assumed that none
of the nuclel possess higher muliipole moments, and that the
substance in which they reside is electronically diamagnetic,

Tt is convenient in calculating the energy levels to use

as unperturbed stationary states the simple product wave functions

117 = (449 [87  =(+=)
|22 = () [6) = (-
3% =@ - 112 =(=4
T S 18> =(— (1.1

in which

) el
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The first symbol in each function corresponds to mueleus A,

and the others to B,; and BE’ the two other nuclei in the systen,

This representation is not diagonal under the perturbation (1,2),

and the Hamiltonian matrix iss
r

a+c=2b
a~c+2b 2b
O .
2b  —a4c+2b
.}l -fmC=2b
w2
: -3+6+2b
0
2b

The roots of the secular equation are
E,” =a40«2b .
2 2
E22=2b+‘[—14'b + (a - ¢)

2b

a=-c+2b

Egg = 2b +{ .hbé +(a - c)2

-

a-rc-éb J
(1.5)

Byy =2 - Ub® 4 (a - e)?

="_-a-c-2b E88=a+c-

2b

E,?? = b —ﬁbz + (a - 0)2

(1.6)

The chosen system of quantization is diagonal with respect to
the Zeeman energies of the uhcoupled spins, which are found to

be
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Wy = A+ 2B - Wy =4-2B

Wy =4 Wy == A

Ty =4 Wy = - A

My =-A+B Wy =-4-28 (1.7)
where

A""}a‘gAF o 3 B”_J? 83 fo - (1.8)

Combining the Zeeman and dipolar energies, the perturbed energy

levels are those shown in Figure 10, page L‘:.

Ze welection Hules and Intenslties:

The intensities for magnetic dipole absorption are proportional
to the squares of the matrix elements of the properly rotating
components of magnetiq moment between the states of interest.

To calculate these, it is convenient to use a representation in
which the dipoiar perturbation is diagonal, By caleulating the
unitary transformation which diagonalizes (1.2), we find that |
the states in which the spins of type B are antiparallel are
m‘ixed.to give _ |
e o2 G men

\3>i = (R® + 1)"1/_2 [R(++é) - ('_-f—+)]

[67 = & + 1% [a(e) + (=]

|71 = @ + 12 [ (csm) = m(—4)] . (2.1)
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where

Jhb2+{a-c)2-a+c

A= 5 {2.2)

These, together with the states ‘1) ; ‘h? s lS) s and ‘B>
of {1.3) make up the set of "correct zero'th order wave functionst

for the system, Computation of the matrix elemeats of
M= M, O+ gl ('T+B1 +CT+B2) (2.3)

yields the selection rules indicated in Figure 10, and the relative
intensities of Table 3.

We thus have calculated the unbroadened fine structure as a
function of the molecular parameters. BReplacement of each
component line by an appropriate bell -~ shaped curve gives the
expected single crystal spectrum, and further transformation
with the functions of Table 2 ylelds the absorption profile for

a powder sample,

3. Limiting Behavior for Two Simple Cases:

In case one of the A - B distances is very large, the inter-
action constants b and ¢ becomo vanishingly small., Application
of L'Hopital's Rule shows that R-» 0, and consequently all of the
trangitions shown in Figure10 are equally allowed, The

gpectrum consists of doublets of separation ha symmetrically
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disposed about the unperturbed resonance fields for both A and B,
and an undeviated line due to the resonance of the isclated
nucleus of type B. The doublets are just the ones which would be
calculated classicaily for a pair of unlike spins.

If both A -~ B distances are made much larger than the B - B
geparation, the coefficient R approaches unity, so that the mixed
states of (2.1) become singlets and triplets for the B - B pair,
The spectrum is made up of a single line at the unperturved
resonancce position for A, and a symmetrical doyblet of separation
6b in the vicinity of the Larmor field for muclei of type B, This
fine structure agrees with that calculated by Pake for a system
of two identiecal spins, and applied in interpreting the spectrum

due to the water molecules of hydration in the gypsum r:z“sr:si’t,alg3 5)
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TABLE 3

Abporption Spectrum for an Isolated 3 - Spin System,

Transition Energy Relative Intensity
L 1 2A + 2a + 2¢ 1
6 2 22f1 +R%)?
6 3 2 - 2| hb° + (a=c)® 1 - 2% +8%) 2
7 > 2 +2 [ +(a=c) 1 - %A +8%) 2
7 » 3 2 224 +r%)°
8 5 24 - 28 - 2¢ 1
2 1 ZBuhb-(hb2+(a-é)2+a+c (R+1)2/1 + R
3 1 - kb +\lb2 + (a-0)Prare (R-1)21 482
5 28 + 4b +\lb% + (a - c)2ra+c  (R+1)°A +8°
5 3 2B+hb-m2+(a-c)2+a+c (Pt-’I)E/‘! +R%
S za-hb_\[ub2+(a-c)2-a.-c (R + 1)/ +70°
7 h- 2B - b +\(hb2+(a-c)2-a—c (R-1)2/'I +R2
8 6 2B + Lb +\ﬁ;b2+:(a—c)2-a-c (R+‘!)2/1 +B%
8 7 2B + Lb .-{hbz.-l-(.a—c)lz-a—c (R-1)2/1 + B2
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IV, DETERMINATION OF THE CONFIGURATION

OF THE BIFLUORIDE ION.

1. Background:
he hydrogen atem has only a single ls orbltal which may bs

used in the formation of stable chemical compounds, However, a
large number of substances exist vhose properties cannot be
satisfactorily explained unless it is assumed that certain
hydrogen atons are bound rather securely to two atoms simulta-
neously. oSuch couplings, in which two atonms (one of them

always highly electronegative) are linked through a proton,

are called hydrogen bondss36) They are definitely longer (2.h4
to 3.0 A.U.) and weaker than normal covalent bonds, and normally
are roughly equivalent to the combination of one covalent and
one electrostatic bond.

In case the two hydrogen - linked atoms are identical, we
may think of the proton as moving in a potential of two minima,
each located approximately at the normal covalent distance from
one of the atoms., The exchange of the relatively massive proton
between the two equivalent positions does not contribute
‘appreciably to the stabilization of the molecule.

The hydrogen bond in the bifluoride ion, HF, , is anomalous

(37)
in that its total length, 2.26 A.U., is considerable shorter than
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any other known instance of this type of linkage. For the
normal double - minumum potential to exist, both the covalent and
the electrostatic parts of the bond must be significantly
shorter than experience and qualitative theory would lead one

to expect. One is tempted at least to entertain the idea that,
in bringing together two isolated flnoride ions, the potential
curves for hydrogen bonding merge to form a single minimum,

It is therefore of considerable interest to determine the
tru_.e state of affairs in this ilon, both for the sake of the
information itself and for any light which it may throw on the
theory of hydrogen bonding in general, Investigations of the
problem have been made by a variety of techniques, and with
considerable disagreement,

Keiselaza.:c'g3 8) from an examination of the infrared absorption
and reflection spectra of potassium bifluoride single crystals,
concluded in 1941 that the usual two - minimum situation prevails,
An estimate of 25 cm""l for the splitting of the ground state of
the asyrmetric stretching vibration was interpreted to indicate
a potential barrier of 7.35 keal. nole™ , separating the
ninima by 0,75 A.U.

Glockler and Evans(.39)‘ have interpreted the data of Buswell
ete_ a1 %) on tne 2.67 ] doublet to obtain a dowble minimm of
separation 0.52 A.U. The height of the barrier was estimated |

at 33.1 kecal. mole"1. 'In comnection with the results of both of
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these studies, it is well to note that barrier heights calculated
from the splittings of vibrational states are quite sensitive to
the form agsumed for the potentialsl‘d) In view of the facl that
no good a priori conjectures can be made concerning its shape, it
is likely that either of the above barrier height calculations
could ve considerably in error.

In 1949, Westrum and Pitzer published the results of a
thermodynaxic investigation of the system KHFz, KFy H ShZ)
Comparison of statistical entropies with those obtained from
heat capacity measurements showed that no residual entropy
exists at OOK, thus indicating strongly that the structure is
completely ordered and that the configuration is a symmetrical
one. Maximum limits of 7 keal. mole"1 and 0.3 A.U, were set
on the height and thickness, respectively, of the barrier,

Newman and Badger(b3) then undertook an investigation of
the polarized infrared spectrum of single crystals of KHFZ.
This technique permits more clear - cut assignments of observed
transition frequencies than does the more common unpolarized
absorption method. The results of this study appear to support
the thermodynamic results of Westrum and Pitzer, although it is
difficult to explain the observed relative intensities for
absorptions due to the bending vibration parallel with and
perpendicular to the tetragonal crystal axis.

At this time it was felt desirable to reinvestigate the
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problem by the completely independent method of nuclear magnetic
resonance absorptioﬁ. While this study was in progress, a
reinterpretation of the infrared spectrum was made by Ketelaar
and Vedderghh) bringing it into accord with the single minimum
hypothesis., .ecently, Peterson and Levy have published the
results of & neutron diffraction investigation of KHF23 in which
they conclude that the proton is centrally located within

+ 0.1 A, SL;) No research on the configuration of the bifluoride
ion in any other than the potassium salt has been published.
Rough x - ray diffraction data indicate the the F - F distance is
longer in the sodium salt that in its potassium analogue, It
would be interesting to verify this longer distance, and {o
ascertain whether or not a symmetrical situation prevails,

The only other bifluoride whose lattice parameiers have
been evaluated is the ammonium compound. The added complexity
introduced by the presence of the perturbing protons of the EHh+
ion would make the interpretation of a nuclear magnetic resonance

spectrun extremely uncertain,

2; The iffects giiMotion:

It is clear from the x « ray diffraction data of Bozorth(hé)
that the bifluoride ion is a linear system of type B - 4 - E,
with a total length of 2,26 A.U. in its equilibrium configuration,
Before assuming that it can be treated by the methods appropriate

to a rigid system, it is wise to consider the effecis of the
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various vibrational motions which are possible, In the case
at hand lhsse ares
a) a symetric stretching vibration,

b) the corresponding asymmetric stretching,

c)\ a bending vibration, V

d) a libration of the F - F axis,

e) the tunnelling of the proton between the two potential
ms_mma, which may have zero separation.
All of these motions are expected to be much more rapid than
the Larmor precessions of the spins. b), ¢) and e), to a good
approximation, involve only motion of the proton,

The complete Hamilﬁonian, including these effects, may be
abbreviated

H =1 + APy +HCq, ) (21)

where }( (1 )(q) includes the kinetic and potential energies for
’@he molecular and lattice vibrations, H_ (2)( 0" ) embodies the
Zeeman effect for the isolated miclei, and }L (3)(q, 0 ) is
the dipolar interaction (7.5) of section I, ¢ represents all of
the "orbital" degrees of freedom, and O stands for all the spin

variables. We assmme that wave functions of the form

P =o)X o) (2.2)
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describe the system of uncoupled spins, and that the orbital
motions are not appreciably altered bj,r the perturbation}(_ (3).
The validity of the latter assumption is indicated by the fact
that the matrix elements of connecting different vibrational
states are in magnitude roughly 10“9 times the separations of the
most closely spaced vibrational levels,

The perturbing Hamiltonian occurs in the form

(3) =
j’( (@, )= Z;(Zj £5(a) g35( 07 ). (2.3)

(viz. (7.5) of section I.) The matrix elements of the perturbation

are then

R e ”HZZ Be(a) £34(a) By(@) X ) gy5(0) L(o) AT AT,

i< 1
(2.4)

since the ¢i's do not operate on the O 's nor the X's on the q's.

This is just

ﬂmkk = % <fij(Q)>av. Q}kfx*(cr) g;4(07) X(07) 4T -

(2.5)
That is, the perturbation treatment is carried out exactly as
for a rigid lattice, excépt that the interaction parameters fij(q)
are replaced by their expectation values over the vibrational

state of the system. It now remains to be seen to what extent
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we ray expect these averages to be different than the parameters
calﬁulated for a rigid system in the equilibrium configuration,

fij(q) invariably has the form

r.
ij

X, .

. 1
fij(q} 2 -—-%- Pz(cos eij) (2.6)
A1l of the vibraticns a) through d) are characterized by zero
point energies on the order of 10"13 erg, and are separable as

51l

normal oscillatory modes, At room temperature (kT = L x 1 erg)

we may expect the ground states to be of predominant importance.
Assuming harmoric potentials, the wave functions eppropriate to
these motions are Gaussians in the displacements Kn. Strictly
speaking, therefore, one should take the necessary averages by

evaluating integrals of the type

(o) = (‘r’i’ L )
I q)/ = | n=‘l‘e Tyy X1"f"‘r

-—

X P2LGOS eij(Xl',o.',:{h)] dX&}... dxho

| (2.7)
Needleés , to say, such a process would be exceedingly difficult.
In view of ’the facts that the potentials are certainly anharmonic
to some degree, and that we have only meager knowledge of the
force constants, it would also be somewhat absu:bd. L more |

satisfactory procedure is to estimate the orders of magnitude
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of the corrections by calculating them for reasonable classical
orbits, | |

The only important relative motions of the two F19 nuclei
occur in the symmetric stretching vibration and the torsional
osciliation of the ion axis, The first of these occurs at a
frequoney of about 300 cm"1(h3 ) ; corresponding to a classiesl
oscillator amplitude of about 0.1 AU, With a total F - F distance
of 2,26 A,U,, the correction to rm3 resulting from an average
over a gimmoi,dal motion of this size is positive, and amounts to
considerably less than 0,1%. (©__ is a constant over this
motion,) According to Peterson and Levyws ) the libration

{for which remains constant) has an amplitude of ca. 11,°,

*FF
The effect on an average of P2( cos BFF) is indirect, and depends

on the equilibrium value of GFF‘ For powder samples, the total
width 3 @ of tﬁe distribution function (8.hL) ef sec‘binn T is |
not affected, The shape of p(Q_HO) is altered slightly in

this region, but for motions of the magnitude characteristic of the
bifluoride ion, the corrections are of the order of 1%, and may
consequently be neglected, Thus we conclude that the eifect

of m@t_iqg on the interaction constant for the F - F pair is
negligible, so | that we can calculate this coupling assuming a rigid
equilibrium separation,

Relative motion of the H ~ F pairs occurs in the asymetric
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stretching and bending vibrations, which have nearly the same
force constants and an almost spherically symmetrical classical
amplitude in the vicinity of 0.2 AU.{4). Integrating n3?
over a sphere of this radius drawn about a proton position 1,1
A3, from the Fw nucleus, we find that a positlve correction
of slightly less than 3% is necessary, e shall discover ihat
the distinction between a single minimum and a bimedal potential
involves much larger changes than this, and accordingly we may
temporarily neglect it excepl to remember its presences The
ogeillation of 6,

HF
has an amplitude of roughly 100, and its effect may therefore

oceurring in the asymmetric stretching motion

be neglected to an even better approximation than the F - F
libration, It is perfectly proper to consider the variations in
Tye and GI{F separately in this case,

The only proceaa which we have not yet considered, and the
most important one by far, is the tunmnelling of the proton which
mst occur if a double minimum situation prevails, Ketelaar'3S)
on the basis of his infrared measurements, concludes that this
phenomenon ocecurs at an average rate of 25 ca~', VWnile his
frequency assignments are suspect, it is at least certain that the
tunnelling occurs much more rapidly than the nuclear precession
rates of ca. 103 o which are assoclated with the establishment
of the spin energy levels, An immedlate amd vital consequence of

this fact is that, for the purposes of a nuclear magnetic resonance
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experiment, 'Ehe proton canﬁorb appear to be localized in one or
the other potential trough, and the required average values of
rHF(1) and rHéz) are the same, The spectrum is therefore gqualita-
tively that of a rigid symmetrical three - spin system, even
though the instantaneous configuration may be far from a
symmetirical onéf

The form of the potential in which the proton moves is unknowm,
80 thét we should be ill advised to attach too much importance
Lo the cholce belween Morse funclions, double parabola puitentlals,
and the like, e can obtain a fesult of sufficient accuracy
by assuming the proton to be localized with equal probability at
either of two fixed, symmetrically placed points, corresponding
to the minima of the actual potential, in the true situation,
the probability distribution for the proton is actually skewed
slightly farther from its nearest F19 neighbor than our potential
allows, However, this fact is partially offset by the fact
that the distances of closer approach are weighted more heavily
in computing the average of rH;3. In any case, it is reasonable
to assume that we have already allowed for the fact that the
.proton is not completely localized when we considered the effect

of the longitudinal vibrations of the ion.

The proﬁon ﬁave function for the tunelling ﬁotionlls more

properly representec by either the symmetric or the antisymmetric

linear combination of the localized wave functions. Since these
levels are established in times which are short in comparison
with @ -1, we wish the expectation value of ryy=3 in one of
these states, Since both squared wave functions are symmetrical

with respect to interchange of the ends of the ion, the resulting

average is the same for both H « F pairs.
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Taking the effective interaction constants a off and ¢ of £

of section ITT to be

o . _ 1,13 +8)73 4+ (1,13 -§)3
&effwceff—u(é) 2grm = B (1 __""._231.1;')&3 3-9)

. (2.8)
we find k as a function of the ha]f separation (S of the potentizl

minims to be as shown in Figure 1.

3¢ Predicted Line Shapes:

As we have just shown, the nuclear magnetic resonance
absorption spectrum is expected to be that of the symmetrical
B - A - B configuration caleulated in section III. The energy
levels, allowed transitions, and unbroadened fine strucﬁure
for this case are shown in Figure 12 , The various constants ,

evaluated for the symmelrieal situat.ion,r are

By = <1229 x 10722 erg b=7.6x 10"21‘ erg.

(3.1)

For Zeeman fields on the order of 5000 gauss, it is clear that
we are Justified intréating }{(3 ) as a small perturbation on+ -
Dividing the energy differences by the appropriate magnetic

 moments in each case, we find for a powder sample that
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-, ’ =2
S, = 18.4 gauss ; S0 = 9,76 gauss i
Fup ’ Frp :
3 = 1,72 gauss (3.2)

b
Prf
We therefore expect the following spsctrumg

a). a trilﬁlet centered at the unperturbed proiton resonance
position, the pentral line having twice the intensity of either
satellite, with a total splitting k( & ){(36.8) gauss, and

b) a pair of doublets at the fluorine resonance position,
Each doublet is split by 3.Ll gauss, and the doublet centers are
separated by k( & )(19.5) gauss,

This fine structure mist be treated by the methods described
in section I to make possible a compgrison with experiment,

Trial values for the extramolecular broadening may be. obtained
from a caleulation of the appropriate second moment, using known
crystal structure data.(.hé) KiF, crystallizes in a tetragonal
lattice whose unit cell dimensions, in the conventional syﬁboliém,
are: a = b = 5,67 AoUsy © = 6,81 A, U, The unit cell contains four
molecules, The bifluoride ions lie in i)arallel planes %c apart,
and each has its axis at right angles to those of its four nearest
in - plane nei_gh_bors,- The second moments external to a given
HF2" ion fér thls overall structure are found by equation (6.5)

of section I to be

TG (1Hq) = 1,33 gauss’;  AH® (

19
F'7) = 2,48 gauss
9 -
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from which the appropriate Gaussian half - widths are approximately
? (8Y) =1.16 gauss ; g (Fw) = 1,58 gauss,

L.  Preparation of Samples:

KHFZ,: Two commercial samples were available: Kalium
bifluoratum Kahloaum, No., 01958, and Potassium Acid Fluoride
Merck, "pure". Both were recrystallized from aqueous solution in
polyethylene and paraffin goated glass containers, and all erystals
obtained were observed to have the habit characteristic of the
salt., A weighed quantity of each sample was titrated with 0,1N.
NaOH to a phenolphthalein end point, and the titers agreed in
both cases with the caleulated aéid content within less than
1.5%. The Merck reagent was taken from the same lot as the
samples used in the infrared investigation of Wewman and Badger.

HaHP 2: A sample of Sodium Bifluoride "tech,", manufactured
by the J, T. Daker Chemical Co,, was recrys'{;aili_.li'zed twice from
aqueous soiution in polythylene vessels, Neither the original
éampla_es nor the final product showed any traces of colored or
ingoluble impurities. A titration with O,1N, NaOH gave the correct
acid content within 2%, "

The most likely impurities in the two substances are XF
and NaF, respectively. From the known nuclear magnet’i_c reébnaﬁce

spéctrum of the former, it appears certain that the introduction
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of either adulterant in quaniities up to several percent would
have no observable effect on the bifluoride resonances, It is
fherefore assumed that the samples are of sufficient purity,
After drying, samples of both substances were compressed
in an arbor press into cylinders 0,32 inch in diameter and ca, one
inch long, designed to fit snugly into the sample coil of the
spectrometer probe unit. The pellets were mounted on the ends of
1/8" Lucite rods to facilitate their handling. Samples were
iniﬁially stored in a desiccator over magnesium perchlorate,
until it was found that storage in the open hadrno effect on
elther thelr welghts or thelr nuclear magnetic resonance
spectra, |
Several attempts were made to prepare a single erystal of
potassium bifluoride of sufficient size to permit a otudy of
the dependence of muclear magnetic resonance fine structure on
the orientation of the crystal axes, The normal crystal habit is
a square or rectangular plate, roughly‘ one twentieth as thick
as it is wide, Attempts to grow sufficiently thick crystals by
é_low evaporation of saturated aqueous solutions failed, owing
to a tendency for branching of the well developed faces to occur
at imperfections and dust grains., It is likely that the use of
scrupulously cleaned solutions and a carefully temperature -
- controlled bath would eg_abl__e one to grow adequate crystals by |
slcwl cooling of the solution, It is known that the habits of

some crystale are changed by the addition of certain foreign
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substances, e.g.,, $ urea, gelatin, orgainic dyes, to the solutions
from which erystallization takes place, It 1s possible that such
a subsbance might ba found which would :‘merove the thickness -
to = width ratio of the potassium bifluoride plates, However, the
phenomenon is so poorly understood that any success in this
direction would have to be achleved through a process of trial and
ITOr,

An attempt was also made to manufacture the equivalent of a
single crystal by cementing together a number of the more easily
obtained thin plates, Nolten lambda sulfur was used as an

acdhesive, since it is one of the very few possible materials
19
Stacks of 10 - 20 plates were made, with the edges aligned with

which contains neither of the interfering nuclei 1}11 or

one another as carefully as possible. The edges were then trimmed
with a hot wire to obtain a cylind:cical_ sample which could be
supported in a thin - walled glass tube which fitted into the
sample coil of the spectrométer. Unfortunately, samples of

large size and high density could not be obtained, so that the
absorption signals were somewhat weaker than usual., Furthermore,
‘the positions of the sat.ellﬁ.‘t.e absorption éomponents depend strongly
on the crystal orientation, Since they are extremely weak even |
in the case of a perfect cryétél, the broadening introduced by
small misalignments of the platelels causes them o Lecone |
vanishingly weak, The recording of a derivative curve results in

- & further weal_:ening;_ The result has been that no dependable
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detection of the fine structure can be made, The few ins'taﬁ'ces_. :o_i"
structure observed at times when the spectrometer noise level

was unusially low were reproducible on successive runs, but unforiu~
nately could not be made to yield any guantitative information,
Qua}itatiw}ely, they appear to have the shape expected for a linear |
ion orisnted in either of two directiocns in the lattice, as

would be predicted from the known crystal structure of the salt.
Owing o the undependablility of the data, however, the single

crystal project has for the present been reluctantly abandoned,

5.  Comparison with Experiment: Proton Resopance:

A large number of line shape derivatives for the proton

resonance in powdered XHF, have been obtained under widely

2
varying conditions. The'mo_st satisfactory compromise between
mazivum signal strength and fitimum distortion was found in a
radiofrequency generator output in the neighborhood of ,05 wolt,
and a field modulation amplitude of about 1,5 gauss, However, no
single seil of adjusimenis was en'birel;_y satisfactory for observation
of all features of the absorption. The final experimental

cﬁrves are the result of the synthesis of separate results on the
central peak and the wesk satelliles, These latter are, in

powder samples, near the threshold of sensitivity of the spectrom

. meter, 'bu'b have still been obtained reproducibly and measured with

some acouracy. A sample absorption derivative is shown in Figure :13
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in the form in which it appears on the Srown Hecorder chart,
This tracing was taken with a narrow bandwidth in order to
emphasize the wings of the absorption, and consequently the
central component appears to be somewhet Lroader than it should
be,

Since the undeviated peak is very well resolved from the
satellite structure, a unique opportunity is afforded for determin-
ing the amount of extramolecular broadening by direct measurement
of the width of this line. Ixcept in its outermost regions it
is very nearly Gaussian, so that its second moment is simply
the square of the half - separation of the extrema of the
derivative curve. A large number bf measurements give an
average value of 1.93 + .02 gau352 for this quantity. The
difference of 0,58 gaussz between this value and the theoretical
one may probably be ascribed prineipally to field inhomogeneity
and slight residual broadening by the slow response characteristics
of the outout detector.

The aocsorption derivative in the region of a wing of the
curve has been calculated for several assumed ion configurations,
using a broadening Gaussian of second moment 1.9 gaussg. The
result is compared in Figure 1L with the mean observed absorption
in the same region, in the case of a symmetrical structure of total
F - F distance 2,26 A,U. The results for double minimm models are

qualitatively the same, except that the subsidiary peak is moved
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out farther along the H. axis. The points of calculated relative

0
maximmm absorption are indicated for the asymmetrical models

of Glockler and Svans and of Ketelaar. The preclsion of the
experinental values is indicated in Table lj, in which are
recorded the resullis of a set of measurements of the point of
relabive mosdamm sbsorpbtion, Prom these data it is evident

that both of the postulated dual potential configurations are
inadmissible, Inclusion of corrections for vibratidnal effects
would have the result of displacing the theoretical peaks

outward from the line center, so that there is no danger of
confusing the observed results with the absorpiion of a strongly -
vibrating asymmetrical ion, Taking into account the effects of
random errors and gystematic discrepancies which might result
from incorrect field calibration data, it is estimated that the

equilibrium position for the proton lies within 0,07 A.U. of

the center of the F - F axis,

6,  Comparison with Experiment -- Fluorine Resonance:

FTQ resonance data have been accumilated on several occasions
for the resonance in powdered KHF,. The absorption is extremely
‘broad (about 55 gauss in toto) and correspondingly weak, Further-
more, saturation of tﬁe spin system occurs at radiolrequency
power levels greater than about 50 mv, Even under the most

- favorable conditions, usable recording meter tracings could be
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obtéined only with the narrowest availablé system bandwidih, thus
requiring very slow traversal of the resonance region in order
to avoid distortion, lost of the Iinal data were cbtained at

an R.F. level of 20 mv,, and a field modulation amplitude in

the neighoorhood of 2 gauss,

Calenlation from the erystal structure data of Bozorth
yields an external broadening second moment of about 2,5 gau352
for a rigid lattice. Broadening of the calculated fine structures
with a Gaussian of this width leads to a set of curves whose prin-
cipal doublet separation, even for the minumm symmetrical case,
is considerably greater than that observed experimentally.

Traces of the (unresolved) subsidiary doublets appear in the
theoretical results, but are completely absent in the experimental
tracings, which have an obviously smeared simple doublet structure,
It is true that‘the theory for the symmetrical case approaches
agreement with experimental data more closely than does any
asymuebrical model, but the agreement is far from flawless. Ve

are then obliged, nolens volens, to introduce further artifiecial

broadening to the theoretical profiles in an attempt to reconcile
them with the actual results.

It is likely that the additional broadening stems from the
following source: Observation of narrow, sharp resonances on the
~ oscilloscope has shown that sharp, random fluctuations of the

main magnetic field are constantly occurring, with amplitudes
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in the vicinity of 1 or 2 gauss and at intervals averaging a
few seconds. These appear to originate in fluctuations of the
carrent supolied Yy the vatteries, either in response to changing
1load conditions or to random changes in the batteries themselves.
(Small fluctuations in the output of the sweeping power suoply
alse ceeur, but spparently only in response to changes in flux
through its magnet winding, This is shovm by the fact that the
variations do not occur with the main magnet current turned off,)

In the case of a stronger resonance than the one under
discussion, the fiela may be swept through the absorption region
rapidly enough so that the fluctuetions appear only as small,
randon irregularities in the field scale of the recording chart.
4 composite of a number of observed resonances then approxinates
the true absorption profile by virtue of cancellalion of the
variations. ‘“hen the field must be changed very slowly, however,
it appears that the signal obtained at each point is a more -
or — less complete average of the true absorption over the region
of the fluctuations. If the averaging is complete and the variations
are random in size, the effect is the same as a broadening of
the true line with a normal error curve which represents the
amplitude distribution of these changes.

Figure 15 shows a composite of a large number of experimental
curves and the theoretical absorption for a symmetrical ion,

broadened by a Gaussian of half width 3.1 gauss. A similar
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Pigure 15
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comparison, using the same broadening function, is made in Figure 16
with the double minimm model of Glockler and Lvans., Ketelaar's
model produces a dlscrepancy which 1s even considerably greater
then this one, Attempts to reconcile the double miniwmm models
with the experimental points by use of a still broader Caussian
function results in complete loss of resolution of the doublet,
and even poorer agreement than that evidenced in Figure 16,

A set of measurements of the observed doublet separation appears
in Table 5. In view of the degree of arbitrariness involved

in introducing a considerable amount of supplementary broadening,
it is deemed the part of wisdom not to press the excellent agree-
ment of Figure 16 too far in drawing conclusions regarding the
configuration of the spin system, It is certainly true that

a double minumum of as wide a separation as that of Glockler

and Evans is to be excluded, However it seems discreet 1o regard
these measurements chiefly as a verification of the proton

resonance resulis,

‘T. Second loments of the Absorption Lines:

Because of the extrems weakness of the outer reaches of the
- proton resonance, and the fact that it is just these regions which
conbribule most atro:dgly to the second moment of the absorption,
it is impossible to calculate a reliable value for this quantity

19

from the experimental curves, In the case of the F'° absorption,

the second moment was measured before a detailed line shape
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comparison was undertaken. The geometric mean of four such

determinations, taken from the most symmetrical of the recorded

derivative tracings, was found to be 93 + 2 gaussQ, The rigid
lattice second nmoment has been calculated by Van Vleck's
formila as a function of the distance (5 of the proton from
the center of the ion axis, and the outcome is recorded in
Pigure 17. The value for a symmetrical ion, including the
extramolecular contributions caleulated from Bozorth's x - ray
diffraction data, is 79.7 gaussz. If to this we add 7.1 gau532
for the additional contrivution of the arbitrary broadening
Gaussian used in the line shape determinations, there remains
a discrepancy of only 6.2 gaussz. The corrections to the

H - F interaction constants required by the vibrations of the
proton, which were estimated to be in the vieinity of + 3%,
would require about 64 correction to the calculated second
moment, whose terms are proportional to rigé. If we add such
a correction to the calculated value above, we obtain a final
estimate of 91.6 gaussz. The excellence of the agreeument
between this and the nmeasured value is to be regarded as
entirely fortuitous. The approximate nature of several of the
assunptions made, particularly the one regarding the validity
of the Jauss transform method for large broadenings, militate

against the placing of a great deal of faith on a one percent

agreement,
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The calculated second moment for the Glockler and Zvans
model amounts to some 200 gaussz s and that for the more extreme
Ketelaar structure is Lé0 gaussz. It is perfectly clear from
tﬁhese figures alone that the double minimum interpretations
based on infrared mea