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ABSTRAC_T~ 

T.he·:: standard entropies of isopentane,, ethyl benzene,, a;zelaic acid 

and sebacic acid have been· determined by the method of the third iaw of 

thermodynamics. An: ,anomalous hysteresis in, the heat capacity of isopen­

tane reported by Aston .tl !:!•· was not found. A" transition~ was found in, 

sebacic acid c:rystals and is discussed. 

A, theory is presented which accounts approximately for the apparently 

anomalous difference,~ between~ the thermal diffusion coefficients of the 

ions of an electrolyte ih the presence and in the absence of other elec­

trolytes. 

Tne structure of sulfur monochloride has been redetermined by elec­

tron diffraction.. The molecule was found to have an extended structure •. 

The parameters have been determined and are reported •. 

The theoreticai expression for the scattering of electrons by gases 

is altered by a camera of finite dimensions. An approximate theory of 

the alteration in terms of the camera dimensions (and electron~lens par­

ameters) has been developed. . An -expression for the ef'fect of multiple 

scattering ·has been· obtained •. 
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PART.··1 

THE STANDARD ENTROPIES OF SEVERAL OOMPOUNDS 

ISOPENTANE 

ETHYLBENZENE 

AZELAIO ACID AND SEBACIO ACID 
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Thermal Data. XVI. The Heat Capacity and Entropy of Isopentane. The Absence 
of a Reported Anomaly 

Bv G EORGE B. G UTHRIE, JR., AND HUGH M. HUFFMAN 

In two recent papers ' Aston and co-workers 
have reported the results of their low tempera­
ture studies on isopentane. During this investi­
gation they obtained certain anomalous results 
in their heat capacity and vapor pressure measure­
ments . These anomalous results were especially 
evident in the tempera ture interval 180 to 2-W°K. 
Aston has attempted lo account for these results 
on the basis of a hysteresis in the establishment of 
equilibrium between isomeric forms due to hin ­
dered rotation. The heat capacity of isopentane 
was also measured in 1930 by Parks, Huffman 
and Thomas, 2 who did not observe any irregulari­
ties in the heat capacity. 

Because of the great importance of such a 
phenomenon and the great effect its existence 
would have upon similar experimental and theo­
retical studies on other hydrocarbon molecules, 
it is of paramount importance that its actual ex­
istence be established beyond any reasonable 
doubt. 

We have accordingly reinvestigated the heat 
capacity of isopentane over the temperature 
range 1:3 to 300°K. Unfortunately, the design 
of our apparatus did not permit the simultaneous 
observation of the vapor pressure. 

( I ) ( iJ ) A~l o n ;111d ::;chumann, THrs· Jo tr R NAL, &, , 10:1·1 (1\1 1~ ); 
1h ) S1..~ bum ;i nn . A:-- t on ~ind Sagcuke hn . tht d . , &,, 10:-Hl ( 194 :!) . 

('.! ) l' a rl ~. llnfTman ;111rl Th o ma ~. ,hid. &2, 1o;i~ ( l !l'.W) . 

Experimental 
The Material. - Measurements were made on two dif­

ferent samples of isopentane. The first was purified for 
us by the Shell Development Company, who state that 
the entire sample, 300 cc., boiled at 27.92 ± 0.01 °C. The 
second sample was the isopentane that Aston, el 1tl., 1 had 
used in their calorimeter and was kindly sent to us by Pro­
fessor Aston . From data obtained during the melting 
poiut determinatious we have rnkulat ed that the liquid ­
soluble, solid -insoluble impurity in the first (Shell) sample 
was 0.013 mole per cent. a nd that in the second (Aston) 
sample was 0.008 mole per cent. 

The Apparatus.- Our heat capacity measurements were 
carried out in an adiabat ic calorimetric system which 
will be described in detail in a later publication . The 
calorimeter proper was of copper a nd had an internal 
volume of approximately 60 cc. 

The isopentane was transferred to the calorimeter by dis­
tillation through a glass syste111 to which the calorimeter 
was connected by a glass to metal seal. This system was 
rnnnected to the high vacuum line and to the source of 
helium by means of stopcocks, which were greased with 
Apiezon grease M. The stopcocks were so placed as to be 
out of the direct distillation path. In transferring the first 
sample (Shell) to the calorimeter it was necessary to ex­
pose the isopentane to the air for a short time hence pre­
cautions were taken to remove any water, which might 
have gotten into the sample, by several distillations from 
phosphorus pentoxide in the closed system. The second 
sample (Aston) was received in a container that could be 
sealed directly into the transfer system before opening . 
In both cases the system and the sample were carefully out -
i;assed by pumping with au oil diffusion pump while thr 
i, opentane was frozC'n in liquid air. Aft er ontgassing the 
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calori111,•ter was i1n1nersed in a bath of solid carbon dioxide 
and alcohol and the isopentall(: di stilled in . When the 
transkr was co1npleted helinm was admitted and the sys­
tc-m allowed to warm to roo111 tempera tnrc. The moncl 
metal filling tube, 1.0 111111. o. cl., was then pinched off 
close to the c-a lori111ctcr and quickly mad e gas tight by the 
applic-ation of a small drop of soft solder. The pressure 
of helium i11 the ca lori111cter was approximately -10 111111 . at 
mom te111pcrat ure . In the first case (Shell sample) the 
a111om1t of isopcntanc in the calorimeter was 35.598 g. 
(0.-lfl:341 mole) and the gas space at :300°K. was 2.28 cc. 
In the second case the amount of isopentanc in the calo­
rimt"ter was 2-l.8X-I g. (tJ .:l-H0 I 1nolc) and the gas space at 
:;0t) °K. was l().(i7 cc. This undesirably large gas space 
was d11c· to thc· lirnitc-d a11101111t of mate rial that wa, avail­
ahh·. 

It is of consideral.,le importance to note that af tn I he i, ,, 
pentane was sealed into the calorimeter there wa, "" vha11n· 
for it to be transferred to any other part of the calori 111et ric 
system, hence the mass of the isopc:ntane upon whieh olh<-r ­

vations were made was constant. 
Temperature measurements were made wit h a plat i1111111 

resistance thermometer, H-8, which had been co111pan:d 
against the laboratory standard platinum t hen110111der, 
H-25, which in turn had been calibrated by the 13ureau of 
Standards over the temperature range 1-1 ° h:: . to the br,ili11g 
point of sulfur. The energy 111easurc111cnt s were mark i11 
terms of the i11ternational joule by uti lizing rc:sistors and 
standard cells which had been co111parcd with others certi ­
fied by the Bureau of Standards. The observed c11ergies in 
international joules were converted to calorics by dividing 
hy -U&l:l. 

TABLE I 

i\10 1. AI. Ht-:AT CAPACITY CJF lsoPENTA1'E. ARKAN<;Eo C1rnONOLQC;1cALI.Y 

Molecu lar WC'ight = 72. I 46, 0 °C. 27:l Jfi °K. 
, · ,, Cp, , ·P, (.'p. rp . 

T, ° K ca l ., 'de i,.: n·c ·r. o...:.. cal. / degrce r. c- }(, cal./ dc~rce T. ° K cal. / degrt·t· r. ') K cal. ,'dtg:rl"c 

Series I, solid Serie, IV, liquid Serie, X, liquid Serie, X \"I I I, solid Series XXI I, liquid 

8-1 78 !ti 07 11 5 67 29.48 188 . 13 33.-10 13.20 1 . 119 21-1 82 :33 . 7:30 
87 (i9 JG . ,57 ]•)•) 87 29.7ti 197.01 32.81 1-1 .61 .482 22-1 23 ;J-1 ~:!~• 
\JU !)7 17. 1:3 133 \).j 30. HJ 206.76 33.29 lG.42 .956 233 . .'i(I :;., 7!1S 

9-1 58 17 78 1-19. 26 30. 79 2Hi.3-1 33.80 19.20 2 750 2-12 .j] :;.~ :Jtil l 

98.08 18.42 159.80 3 1. 19 225.78 3-1 . 31 22.90 3.861 251 :)q :;.::; !l.jlt 

JUI .4.J 19. 11 170.16 3 1.63 235.08 3-1.86 26.9-l 5.034 260 . ~=> :)ti . ;jt_j\) 

10.J .70 10.77 180 .35 32.05 Series XI, solid 31. 92 6.390 268 \J2 :i7 192 
107 .85 20.44 190.38 32.51 37.65 7.821 277 . -1\J :;;- 8t).j 
l lU \)-1 2 1 . 2:l 200.25 32.08 67.21 14.01 43.4 1 9.072 285 \J2 :ix -I-Li 

69.46 14 .67 49.20 10.2-1 29-1 21 :rn 1:i~ Liquid Series V, liquid 
Series XII, solid 55 .0:l 11. 38 

120.05 29 67 171. 33 31.66 Series XXII, solid 

124 .4.J 29 8-1 181. 50 32.09 71.46 15.30 Series XIX, solid 55. -W II -It.ii 

Series II, solid 191. 51 32. 5-1 Series XIII. solid 15.75 81.J ;j\) 98 12 371 
201.36 33.02 52.92 10.95 18.62 2. 591) ti-! . 65 13 38\! 

58.74 12.11 211.05 33.51 22.51 3.745 ti,. 7~ 1-1 07ti 56.98 11. 77 ti2.08 12.82 220.60 3-1.02 27. JO 5.083 (j\) 37 l-1 639 
65.22 13. 52 230.00 3-1 .56 Series X IV, liquid 32 . 17 ti.42-1 70 fl(i 15 29-1 
68.19 1-1 29 23\.J.26 35. 12 188.66 32.-12 37.98 7.89-1 -., 51 15 456 ,_ 
70 .99 15. J!J 248.37 35.69 198 .50 :12.87 H.20 9 .238 7-1 07 1-l 55:.? 
71.33 l:'i till 257.3-l 36.29 208. 18 :l3.36 -19.50 10 29 70 . 2,; 1-1 7 -+=~ 
Series I II , solid 2fi7 .90 37.08 217 . 70 :3:J.87 

Serie, XX, liquid 7S . ll~ 15. 1,-,;, 
227.08 3 1. ;l\l .,; l\J 15 8•)•) .'">-I. 70 II .:m Series VI, liquid ~-18-1. 29 :i2. 22u 

89~ 58.5\-l 12 Uti 209.78 33 . 43 Series XV, liquid 19-1.20 
X\-1. -II 15 

:32.titi-l 
f52.5U 13 9 1 219 .3-1 33.95 189.41 32 . .J-ti 203.97 

\l5 8\l 18 03 1 
33.165 

66.3 1 1:i 77 199 .25 32 . 9-1 213.57 33.6ti7 
IOI .\lli l\l :.!21) 

G9.24 14 5-1 Series VII, liquid 
208 .93 33.-11 223.0-1 3.J-.165 

107 -II 30 38:i 
71.4.J- 15 52 18-1. 60 32 .22 219.40 33.97 Ill .2-1 31 . 716 

232.35 34 .757 
73.58 15. 11 Series VIII, liquid 230.62 34.61 241 .52 35.293 Liquid 
76.01 14.79 
78 .95 15.14 231. 3.J- 34.65 Series XVI, liquid 250.5-1 35.899 I 15. Sti 29 -195 

82.56 15.71 Series IX, liquid 253 .56 36.04 295.42 36.496 1 ·>•) 8-1 29 . 761 

86.47 16.37 262.79 36.69 Series XXI, liquid 13:!. 77 :iu. 138 
186.49 32.33 

90 . 52 17.08 271. 88 37.38 187.58 32 400 
143. 5:3 30. 550 

192.67 32.60 
95.44 17. 94 280.38 38.00 197.45 32.858 

15-1 II 30 9GS 

101. 42 19.10 288.76 38.G2 207. lG 
!ti-I .-1\l 3l .301 

33.328 
107.68 20.51 297.00 39.28 31G .71 

17-1 ()9 31 .81~ 
33.844 

Series XVII , liquid 226. 12 3.J-.380 

297.81 39.31 235.38 3-1.919 
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Fi;: . !. - The mola l heat capacity of i,opcnt a11C'. 

The Heat Capacity.- The results of our heat 
capacity detcrmi11atio11 s 011 both samples arc 
givc 11 in Table 1 a nd those 011 sample 011e a rl' 
shown graphica lly i11 Fig. I. The results of t he 
heat capacity measurements on the two samples 
of isopc11ta 11c arc i11 complete agreement i11 the 
temperature ranges i11vestigated. For this reaso 11 
we did not fee l that it was necessary to extend 
our measurements 011 the second sample (Aston) 
below .')3 °K. In view of the nature of our problem 
we ha\·e reported the results of each experimental 
series of ubscn·atio11 s as a group (Table I ). In 
Fig. J we ha\-e presented gr.:i.phica lly the (timc­
tcmpcra ture ) history of our first (Shell ) sample. 
By reference to Fig. 2 and Table I a knowledge 
of the trea tment of the sample preceding each 
scril's oi measurements may be obtained. The 
tirnP temperature history of the second sample 
/..\stcHI ) is not shown on this cun·e . However 
i11 the tl-llipera ture region 180- :!-10°K. it was gi\·en 
;1 List and slow crmling treatme11t similar to that 
s!J01n1 for the first sample. 

111 the tc111pcratun· rcgio11 l-"0- 2-W° K . rcpl'a tcd 
attempts were m;1ck to obtai11 e\' idencc of a u 
anomalous beha\·i(Jr. During the ea rly part of 
this imTst iga tiun l\'l' c()rrcspuncl l'd with Aston 
and asked him to sugg(·st an cxpl' rimental pro­
ccdun: which 11·u1ild cause thi s phenomenon to 
ma11ifcst it se lf. In reply he wrutc, '' \Ve suggest 
tha t you cool across the Yacuum from :!!JO to 
L'-:O" K. i11 thirty -six hours (Series I), a11 d warming 
to 2!l0°K . aga in l'uu l fn,111 th is tl'mpcr; ,turc to 
J,<-:Q° K. i11 11 ot n1orl· tha11 four hours (Sl'rics II J. 
I II each case take 11wasurl·mu1 ts from i.-..;o to 
2:lQ°K. This procedure should produce a differ­
ence i11 hea t capacity of at least I% , Series I 

2,~, I 
'.lOII 

!(JO 

:250 

'f 200 

e, 150 

~ 100 

50 

200 

! . I 
i. i-·I I 

I j 

' 2. 

I 
/2 IJ 

I I •• 

____ / __ _j~ 

I · ;m lf 

, , 7 

r : 
150 - _...--;---t- -, 

I 
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r,o 
-i-

i - --r-
24 5 126 

Time in days. 

r-- ; _· 7 
I . I 

I .• I. 
' • I 
VJ! 
I 
I 
I 

I 

o ' 

9 I o 2 1 

Fig. 2. - Tin1c - tc111 µcrat urc hi ,tory of i,opcntan (•: 
solid lines ascending to right ind ieak hl'at capacity 
111easure111 ents, Series I-XIX consecu tive ly . I >a,hcd 
lines ind icate temperature of the isopentane iu the inter ­
va ls bet ween heat capacity measurement,. Break in 
lower sec tion of graph indicates a period of 27 days wh l'11 
isopentane was a t room temperature. 

being higher than Series II ." We carried out 
experiments according to these directions (our 
Series XIV and XV on the Shell sample and 
Series XX and XXI 011 Aston sample) except 
that our slow cooling required a longe r time and 
our fast cooling was done more rapidly than sug­
gested . The results of all of our experiments 
yield heat capacities that lie on a perfectly smooth 
curve within the precision of our measurements 
which is approxima tely 0.1 % (deviation) in the 
region in question. 

The Heat of Fusion.- Two measure ments of 
the heat of fusion were made on the Shell sample, 
one of which was in conjunction with the melting 
point determination . The value obta ined for the 
heat of fusion was U:t?.2 cal. / mole with an esti­
ma ted uncertainty of less than I calorie . A 
si11gle value of the hea t of fusio11 of sample t wu 
(Aston) was calculated from data obta ined during 
the melting point determination. The rnlue of 
the heat of fusion found was 122!1.J calo1ies per 
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mole. This value is about 0 .2% lower than the 
,·alue found for the first sample a11d is probably 
less reliable due to the experimental method . 

We have calculated the 111rlti11g- point of pure 
isopentane from data obtai11ed when ,·arious 
fractions of the two sampll' s wen: melted. The 
first sample (Shell) gave a melting point of 
113.371 °K. and the second (Aston) l I :{.;5(i,'-.; ° K. 
from which we conclude that the meltin g- point of 
pure isopentane is 11:J .37 ± 0.0,'1° K. This is in 
excellent agreement with Aston 's value I 1:Lm ± 

0 .05°K. 
The Entropy.- Wc han also calculated the 

entropy of isopent a nc from our data. Th e re ­
sults of these calculations are summari zed in 
Table III. 

Discussion 

.-\sto 11 "s plot of hi s experimental data indica tes 
a n anomalous beha,·ior especially in the temper,1 -
ture in term ls :Z0-·60°K. and 180- 2-10° K. Our 
measurements in both of these temperature re­
g- ions show 11 0 anomalous results. 111 cooling the 
isopentanc through the 70° trausitio11 zone 11-e 
cooled both rapidl y and slowly . The measure ­
ments in Series II were made after rapid C1>oli11g , 
all of the other measurements bclo" · ,:l'' K., 11·ith 
011c excep tio11, were made after the isupe11ta m· 
had bee11 allowed lo cool slowly, approximaleh · 
0. -1 0. :-) 0 per hour, in the regio11 71 to (i0° K. The 
single mcasurcl11l'Ill in Series X TT ll"as made after 
co"ling rapidly (twe11ty-ti,·c minutes) from ,\U.-1 
to li!l. ,'-.; ° K. in an a ttemp t to get a point 011 a11 
C'Xtrapolatio11 of the high temperature curn· as we 
have been ahll' lo do in the case of a similar transi­
tion found in sebacic acid (u11published in,·es ti ­
ga tion). The attempt was un~uceessful. Below 
(i9°K . a ll of the experimental results were in com­
plete agreement. 111 the region UU to 77 ° K. the 
points did not lie 011 any regular curve; this may 
be due to the fac t tha t the temperature incre­
ments were too large a nd that they did not co,-er 
the same portion of the temperature scale or to the 
fact that the energy absorption in this region is a 
fu11ctio11 of the history of the sample . The meas­
urements 011 sample two (Aston) in this region 
gave approx imately the same temperature (7"2 ° ) 
for the maximum energy a bsorption but the total 
l' nergy absorbed is ddinitely 10\-VC'f than in the 
case of sa mple cmc. 

.-\ st" 11 made fo u r s(-rics ,.f 111 cas11rern1'11ts 1111 l hl' 
s"lirl ;1t liquid hydrn.i::c n (<'ttqwratures ;111cl f.,1 111<1 

evidence fo r hysteresis. We made two sc-rics of 
measurements between 1 :J and 55° K . a nd several 
additional series of measurements between 53 and 
70° K. without finding any evidrnce of an anoma­
lous behavior. \Ve are unable to compare our 
da ta with Aston' s experimental points sin ce he 
has onl y published the va lues taken ir(Jnt a 
smoothed curve, Jiowe1·er, we submitted uur 
da ta to Aston prior to publica tion a nd in a C<lm ­
munica tion to D r. A. B. La mb he sta tes tha t hi s 
low curve between 10 a nd ,j.j °K. is essentia ll y in 
agreement with our curn:. 

In the temperature regiun l .S0- :2-I0°K. uur re-

TAflLE II 

l\ l ot.A l- HE AT CAPACIT\" O F l 50 l'ENTA1'E AT H 0 1· ,u1-. 1J 

T E~IP ERATLRES 

( ~11. cal. / tlegree % difT. from II :in d 1 ·, 

S .. P., S. , I' 
"/". o K . H. a nd,; _ A . and:-;_ H . anrl T . A. and S. II 111,! I 

Crystals 

J:l U7 
15 1.58 
3U 3 .00 3. 25 8.3 
:!;3 4.49 4 83 7.:J 
:30 5 . 8ti 6.00 2 . 4 
:;5 7 . 18 7.2--1 IJ s 
-HJ 8 3-1 8 . -11 s 
-15 9.41 1 \) --!ti Ii 
;)II IU.1\1 IU.4 1 ., 
55 11.:~3 11 3(i ., 
till 12 :~7 12 38 . I 
7() ( 1--1 .Rl'' 15 1)11 
0( ) l .'i 3 1 1.-, !! I 1.-, .-,s -
!lll lli . \1\1 In . ~ ) 1 j 17 . 11 ., 

11111 IS. 79 1.-..: SI 1\1 .-,1 . I ; II 

I ltl 31l !)!) 30. I t> - I . ll 

Liquid 
I Li :?H -l o 
1311 3!1 . tili 3!1 .GS ~~) . . -),-) () _(17 " :; ; 
1:m 31 1. 0-1 29.\.1\l ~~) n.-, . 17 :{ti 

1 ltl ;l(J -12 30.38 :l(J_ ;; I 1"' . 0 ~ti 

150 :rn . so 30 .72 30 7--1 .2(.i ~ I) 

l ti(l 3 1. 20 3 1. Oli 31.1-1 . 45 ! ! I 

170 31.G l 3 1.48 3 1. 5S . -11 . l\ 1 

180 32.0-1 3 1. 95 32.00 .28 I ll 

mo :"!2.48 32.--lli ·- ! lti 

200 :32 . \Jli 33.UO . I:! 
210 33 -l G 33.50 . 1:2 
220 :~-i 0(1 3-1.0-1 . I:! 
2:lO 3-l.5S ;3~. 60 .i l\ l 

2-10 :l5. 18 35.20 35.21) .Oti 11,i 

2,-)(I 35.82 35 89 ;;,,; 80 .20 I lt) 

3ti0 3fi.52 36.5\J 36 48 . Jg 11 
3,0 :; , . 2-1 :i 7 .3, 3, . 10 .:{5 : ~-' 
280 37 . \:18 38.3 1 ;;7. ""; .) " .S7 ,;i 

:2!ltl :18 . 75 ·Ill . -1\l" -l\l 

:mo ;;() p,;) 

'' F , lrapnl a tt ·d \ ·a l11 t· '- 1
' 1 11 t 1 , 111 , i1i,111 ;,111t·. " ' 111 d 

,·rt lu c 11 nt ccrt a i11. 
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suits show no ev idence of an anomalous behavior 
in either of the two samples that we have studied. 
These results lead us to the belief that the hys­
teresis in the liquid observed by Aston is not char­
acte ri stic of isopen tanc. We have sent Aston a 
por tion of the Shell isopentane upon which he will 
repea l hi s measurements . 

Another noteworthy result of this reinvestiga­
tion of the heat capacity of isopenta ne is the lack 
of agreement between our results and those of 
Aston, even in the temperature regions in which 
Aston reports no anomalous results. In Table I I 
we have comparcrl the data taken from a smooth 
cun·e through our data with those from Aston 's 
smoothed table. For sake of completeness we 
have also included the data of Parks, HufTman 
and Thomas. The accuracy ( I% ) claimed by the 
latter authors is not high, neither did they make 
any est ima te of the impurity in their sample, so 
little weight should be given to the apparent dis­
crepancies between their results and those of the 
other two in vestiga tions. 

TABLE III 

THE i\lOI.A I. EN"TROPY O F ! SO P ENTAN"E 

.\ ( 1:l.21, llehye , li 0 fr c-cdom l 
.:sS ( 1:1.2 1 - I 1:l.3, ) 
.is ( I J:l .37, fu , ion ) 
.:ss ( 11:u ;- - 298.lfi ) 
S (2\18 l(i, liquid) 

0 .38i> ± 0 0-!0 
= 19. 17-! "" .019 
= IO SG9 = . 0 I I 
= :i1 .8 12 ± .032 
= (i2 2-!0 ± . 10 

An examination of the data in Table II shows 
that al '.20°1( _ Aston's results arc about 8% higher 
tk,n those of thi s in vcstiga tion; this difference 
becomes progressively less as the temperature is 
increased . From ;j;j to 100° K . the heat capacity 
measurements arc essentiall y in agreement. Abo\-c 
the melting point the rliscrcpancies range from 

- 0.45 a t 1G0° K. to 4.5% at 2!)0°K. The ab,..ve 
discrepancies are of such a magnitude as to sug­
gest that the accuracy claimed in one or the other 
or both of these investigations is entirely fict:•ious . 
This suggests that perhaps the accuracy claimed 
by other laboratories may be open to question. 

We should like to propose that workers in this 
field select a substance whose heat capacity has 
been accurately determined which may be used 
as a standard test substance. 

The cliscrepancies in the experimental observa­
tions have ve ry little efTect on the agreement of 
the values of the entropies calculated from the two 
se ts of data. Our value for the entropy of liquid 
isopentane at :298.IG°K. is only 0.15 unit lower 
than tha t reported by Aston, which is well within 
the error assigned by him. 

Summary 

I. The heat capacity of isopentane has been 
measured over the temperature range 13 to 
J00°K . 

The melting point and heat of fusion of iso-
pentane ha\·e been measured. 

3. We believe that the results of this investi­
ga tion indicate that certain a nomalous results 
reported by Aston are not characteri stic of iso­
pentane. 

4. The 
:29f-!16°K., 

entropy of liquid isopentane at 
calculated from the data of this re-

search, is 62.24 ± 0.10 cal. degree- 1 mole-1. 

5. It is suggested that thermochemists should 
check their methods so that the accuracy as­
signed to the experimental results will have a real 
significance. 

i'ASAIJEN"A, CALIFOR:0-IA RECEl\"ED } ANt:ARY 16, 1943 
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Thermal Data. XVIII . The Heat Capacity, Heat of Fusion, Entropy and Free 
Energy of Ethylbenzene 

S1>111v ti111c ago th is L a h o r atc, r y bvga 11 a rl' scarch 
pr()g r a 111 i11 , ·1J h ·i11 g the s tud y of ccr t a i11 tl1ern ia l 
pr()pertil's o f hydroc 1rb1,11 s . Bcc:r u sc uf the illl ­
p,irL111c(• of etl1ylbt·11 z v11c i11 hydroca rbu11 chelll ­
is try a s tudy 1ras 11ud c o f its lo w tc111peratu r e 
tl1crn1 :il p rn p cr til' S. l 11 this paper 11-c present the 
rcs1Ilt s ()f thi s i11 ,-cstigat iu11. These d ata ha1·c 
licl·11 u ti li zed to calcu L1tt- th l' l'.lltrupy a11 d f r ee 
l'llt'rg\· (lr liqui d l'lhyllK! li'. l' l ll' :1 t :zq ,,_ ]( jc K__ 

The Ethylbenzene. - Th e 111 :i t er i:d 11 s u l i 11 this 
i11,·l·s t iga ti 1>11 ,r :1 s s 11pplivd t u u s i n the purifi e d 
'-·, 111cliti1111 b1· th l' S h el l Jk1·cl"p111u1t Co. _\11 
vs ti111 :1lc- () r th(' liquid s,>l 11blv·-s (llid i11 su lublc ill! · 
purit_1· 11·:r-; 111:11k from d:1t :1 "hta im ·d b v o b sen·i11g 
tlll ' L· q11ililiriu111 lL-11tpL·r:1t url' s cur r t·s p 1m di11 g t() 
k111111·11 f r:rct i., 11s o f th v 111 a t n i:d in the so lid a11d 
liqui d f11rn1. Th(' i ?1q>11rit y c· s tilll a ll·d fr1J111 th e 
:11) , ,y ,• cl :1t ·1 11·:is 0.07(1 11 11,IL- pn n·n t. 

Expe rim e ntal. Th,· "~ Jwri111t"11tal 111ethmJ ha , hl'L't t 
,lt- , nilwd i11 a nn:111 papn liy Rtll·hrwl' ill a nd ll u!T-
11 1:111~· :111•! , 11 ily a l,r i t·f (k-.cr i )l!i, ,11 11vc:d IJL· giY '-'11 hvr ,: . A 11 

:1di ;il1;lli,._· t ·:tl : 11i : :wt r iv :-- \ ·-.tl"Ili \\ ·a :-- ll A.: d in \\·liiv\J tl1t· 111a -

1 ... ·1 i;t! u 11 dvr in\·l"-.t i)..:<1 1 i,,~ 1 \\;1-.... v .,11tai11l'd i11 a :-l·ak, l l·<>ppL·r 

t ·: d ... ,ri 11:...-tl'r . \ 11 11.: ;1-.... 11rl'd qu;u11i 1_v 11f 1·l1 ·1..· t1 i t·a l t ·r1vrgy 

\,·a -. , 11p i, li L·d t , 1 tli L· caln ri111l't vr :111d at all t i1 11l·-.... d u ri11g­
tht · 1tll'a-.11r l"ll l L'111-.... thv lvllljll'ratun: ,,f th l· <:1 1\· iron 111l·llt wa-; 

111:1 i 11t~1i111·d :.it th:11 of tla · c: d:)ri,nl'ti:r t" prl·\·L·11t il l'at 
i11ll ·r 1. l1. 111 g-1 · Tli v i i titi.il a!ld l i 11 a l 1 .... 11 1pt·ratun• .:;. of the 

1a l111 i11 :vtvt' \\'\'ll' IJ !\"a -.un·cl 1,y 111t·~111:-,; nf a p lati11u11 1 n·-....i :-i l ­

:111n: t !1 1·r 111 1 1111t·t ... ·r. T h...: ,._·kctr ica l 1lll'a-....t1rl'lllt:llt-.... fl' ­

q11irl·d f , 1r tliL· 1kt,-r111 i 11a ti ( Hl o f tl a· 1..·11 ... ·r~y a11 d q f th 1..; rt.· ­

.._ j ..... 1;111n· c1f I ill· t livr1 11011 1vh·r \H·r l' Jl!adl' 011 a \\ 'liitl' dnul,k 
JHl l l' Jlti,,11 1t ·tl'r i11 c,>11 j u11 l· li<111 w ith a hi ~li ~l' 11..; ili\· it y gal ­

\" ;111t 1l! i t•tvr a111I :1cv1 11.ttdy ,·:1lil,rale,l r es i -.t alll'l':-- . T he 
p tn · i -. i ,11 1 "f 11 111 11it·~, -.... un·t !J t•11! :-- i :-- i11 g"\: IH.: r a l lil'lll·r t han 
!II' , a11 , ! \\'t· lwlil',.\' tl1~1t ahu vv :.;u "' J..:. . tli l' arn1r;a·v :-.!ii)t dd 
lH: .!1)1 111! I lit · ""l:lll ll· :1-.... t ht· 1,r t·v i -- i,H1. Thl' .... 111..:q.:,y 1~1 ea c.; url' -
111l' 11t-.... , , ·v1,· 111adl' i 11 tvri 1h q f t lit· i11h..: rt1ati n 11al jtJt1}1..; a11d 
wt· Jv c1n1,·vrtt"l l , 1 t liv t'1111\·t·11ti1111:d val1)rit· l,y di\·idi11g 1,_v 
I 1:--:: ;:;_ 

Tit, · t·t!J y\lH·111.v111· \,·:1-di:-.ti lkd into th l' l'; 1!.,r i111vll·r in a11 

a ir - f r n· -- ~:,!1·111 T liv g :.i -.... ..; pal'l' \\ ' J. ...; li lktl ,,·ith hdi t111 1 a t 
1111l· :1t111,i-....phl·tl' 11r1 ·-.-....un,.· at roo111 t c 11 1pl·ratun· and th v 
t·:tl1 ,1i1 1. l'tv r ,,:1-- tl1t · 11 -- \·~1kd hy the :tp p li t·atin11 uf a drup 11f 

... 1,ft -....1 d, kr . 
Tlt t: n ·--1!1 1:-. qf tht· lll·:11 cap:tl' ity l lll':t" lln: 111v11t :< arc gi ven 

i11 Ta t.I<- I :'11 th ! u f IIH' lv111pc·ra1 u n· ra11gc 11a, CU\"crl'd at 
ka :--1 1 ,, i 1.: t· a11d tl:v n ·-- ult-.... 1,f tliv 11 11.: a :-- urv111l·11ts i11 tli t· dif ­

fv rv11 t ,v : i v...; \\'t "l"l' i n t ·X n · II L·1 1t agr v v!ltt'll l . l 11 Ta h ie I l w e 

li :1\·c l i-....tt·•l thv Y:l!ut ·""I ,,f lii l' lH·at l ·ap:wi!y :tt i11tl'gral 

tl·11 11wr:it 11r ,. ·.._ :1 -- -.... l'lt· l· tt ·c l fn1111 .1 ...:.11.1 H1 tlt l'lll'\'t• tlin,u~ h all 
11fti>vd:it:i 

I \ ) l' r t·-;cnt :1cld n ·--s H11r1·a11 11 r '.\lines, Har t lt· .,\"i llc . Ok lahoma. 
1 '.! ) l{11t·ll r w<' in and J1 11fTm:111 . T111 ~ J,ww:-.:A1. , 65 , 10'.!0 ~\ [H :n 

TA OI.E I 

:'l l o LAL II EAT C APACITY O F E nt \"LllE:-iZE;<;E 

:'llok rnlar ll l' ig!tt = IIJG. IGO ; 0 °C . = 273.IG °K . 

1:i :; 1 
];-, I I I 

11; DI 

I ~I 7~ 

1!1 . 81 
J:L\ll) 
JI (I\I 

J:- !1!) 
JS \ II 

:; :.! . 2S 

:)~ ~½7 

•II ll7 

I J 111; 

1;- 11 
,.-,:.: :2S 

1,11) 

ti:_! \l) 

ti:l !IJ 

tili :21 

71 I I 
ll!l 

s:; I !I 

S!l q,-, 
~l li s·, 

It 1:;_ .,. 

111:; \: l 

Crysta ls 
I .:i,-,1 

I . !J,:, 

l S:ll 
-1 or;, 
.( 0:3() 

-I _(1! 18 
. fi 7ii 
, 1):--(1) 

:i !1-Jti 
1. -l~ 1:) 

,> . lSti 
,l IIS.i 

. :.!l 7 
SS'.l 

~I .-):·i.~ 

::s:--: 
~ I\ l l 

~ l t ·-1 1,-l 

,) !171 
:; \l! 1·, 

t', JXI 

: ~ ti~ )ti 

1'1 } 1 i ,-) 

,·, 1.-}~ 
- t Hi:) 

I; I i~ I:_! 

< p 

cal. / dco r ee 

0 1:i 

I _:J80 
I 8-lfi 
2 . 585 
J . fi38 
:ixov 
:J R-,!) 

_!)1;,j 

., _ll8G 
ti [.5tl 

I• ;\;J3 

- ,J-; 

s .'i13 
4.1 :r;·.-, 
~I .-,~ l 

)II \811 
11 !Ji l 
11 1:;1; 
JJ I;-, 
JJ \ !tl 
I:! , J,> 

J:l -I \;j 

11 J7'.? 
J .-, tl JS 

1,-, S7-I 

\ti t'tl 7 
1:- :;is 
1:- :JJ 1) 

T 
o JC. 

IIJ!J -t:J 
I 15 0 1 
1 l (i 53 
!:2tj. 71) 
1:):~. 33 
1:3898 
1;-,0. -17 
! ;j l. :l l 

]lill 02 
!l iG 8-1 
170.0-1 
I 73 . 1:3 

!Sl.51 
!!JO_ 70 
l!l! l 81 
J: Is . s1 

:21ti . :2:­
J IS. 1;, 
:2:!l 1-1 
JJ,-, so 

J:l-1 !lS 
:211 . 7\1 
:.:!.-,.) ;)·) 

~titi . n,; 
J:-7 -11 
~~t) . Xn 

:3~)t) J ;J 

t,T 

f,_ 235 

JG.SGS 
7 950 

12 ,578 
IV. 7G2 
11 8 14 
I I . 1G7 
~2 .013 

\J 13U 
;3_ 2-1-1 
J. 158 
:i 022 

Liquid 
!l . 2-l () 
0. 152 
\I 05(i 

S 05-1 
!l liU l 
~) 733 
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cal. / dc -
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18 . 7-!9 
19.859 
20.G29 
2 1 .222 
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:22 . 952 
23 .G77 
2-1 . G22" 
25 -l(l-l" 
~O 9~G'l 

37 . 93tj 
3S 2j, 
:3s OJ t, 
:_;s . OSJ 

:10 .o-1s 
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-l:! .O l t• 
-i::! 787 
·13 5tl-1 
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The Melting Point. - 111 Table III we haye gi , ·e11 t he 
l'quilihri1111 1 tc·11qH-rat11res correspondin g t o the kn o\\'11 
fr:t, · t i"il pf t·al l iri 111t·tl'r cnn tL~nt s 111 the liquid s tJ.t l·. 3 

l ·1 ili1 i11); t It,·,,• data ''"' ' ha \'C' cakulated the lll<'lti11); poi11t 
,. f 1 !1,· 111 i,111n· 111 tit,· ca l,1r i1 11c-ll' r a11d al,u fur purl' l'th \"l ­
hv111<·m· . Th,· ,·"Im·, of t he 111dtill )'; poi11t gi ,·,' 11 111 the 
Ja , t ,-,.1t111111 "f Tahk I 11 were• ,·alcu lat ed, by an apprP \ i-
111atl' 11 w 1lt"d. 011 l,a , i, of an i111puri1y uf (l_l);'() rnok p,·r 
<'l't ll F ro11 1 th, ·"· data 11·l' l'1Jnciu1k t ha t the• 111l'ltin); pni11t 

(:n Till' \ .tin<' g i \ t·n a-. pt>r n·nt. liquid is actually the per cent. of 

tla· l.1h: ulat1.: ◄ I ht·.1l o f ru-..i o tt u f t he co n tents u f the c., lvrimctcr but 

fllr pr ,,l·tical p :1rpo:--C':- t lii, m ay he taken a s repn .. •:--t.' lltin g tltt: per c-t.· nt 

u f the cth y!lH.' !I Zl' llC' i11 t h (' liquid form . 
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TAIJJ.E II 

~dor,AL H EAT CAPACITY OF ETHYLIJE NZENE AT I NTEGRAL 
TEMPERATUR ES 

T, °K. 
l-p, 

ca l. / degrce T, °K. 
<r, 

ca I. / U eg·ree 

Crysta ls 130 20.23 
13 0.94 140 21. 34 
15 1. 39 150 22.47 
20 2.68 160 23.Gl 
25 4 . 12 170 24.75 
30 5.53 175 25.32° 
35 G.85 Liquid 
40 8.06 180 37 61 
45 9.11 190 37 .91 
50 10 .06 200 38.2() 
5.''> 10.96 210 38.68 
GO 11 .80 220 39. 16 
(i5 12 .57 230 39.68 
70 13. 30 240 40.25 
75 13.99 250 40.88 
.-:o 14.64 260 41 .5-1 
85 15.26 270 42 24 
uo 15.86 280 42.98 

100 16 96 290 43.76 
110 18.04 300 44 . 56 
120 19.14 

, Extrapolatc:d. 

of pure c:thy lhc- nzene is 178.17 ± 0.03 °K. We wi sh to 
point out that the observed value for the melting point 
when 5.7';~ of tlw et hylbenzene was liquid is not in agree­
ment with the caku latc:d va lue. This may b<: taken as in­
dicat in g a dcviat ion frorn the laws of th e ideal dilute solu­
tion. 

'lo ?\ l cltc<l 

5. 7 
25.0 
45.4 
75.5 
93.5 

100.0 
Pure 

TADLE III 

MELTJ !'\G Por:,,;T Su1,DIA RY 
Obs. m. p., °K. l\l. 

177.880 
178 090 
178 . 122 
178. 142 
178. 147 

(178 .149) 
178. ](jg± 0.03 ° 

p . , °C. (calcd.) 0 

177.814 
178. 090 
178. 124 
178. 142 
178.147 
178 .149 

0 These values calcu lated on the basb that the so lid in­
soluble-liquid soluble irnpurity is 0.070 mole per cent . 

\.Ve have also determined the hea t of fu sion of c:t hylbL·11 -
zenc and the result s of two determi na tions of th is qua ntity 
are given in Tabk IV. It is to be noted that this quantity 
is somewha t a rb it rary since it is impossible to uniquely 

Fusion 

1 
2 

Mean 

TADLE IV 

F USION DATA SUMMARY 
C a t. / mole 

2189. 
2191.5 
2190. 3 

Dev. 

- 1.2 
+1.2 

deter111in<: th e true heat capacity curve in the region bc:luw 
the melting point. This uncert ai nty in the heat of fu sion 
will have only a minor cflcct on the entropy calculated from 
th<:Se data. 

We have also calcula ted the entropy of liquid ethyl­
benzene at 298. l G °K. The results of these calculations 
are summarized in T able V. The ent ropy of ethylbenzene 

TABLE V 

THERMAL DATA FOR ETHYLBE:-IZENE, SUMMARY ENTROPY 

S (0- 14°) = 0 .3984 (Debye 6° freedom, 0 = 128) 
6.S (14.0- 178. 17) = 27.604 graphical 
6.S (fu sion, 178. 17) = 12.2()3 
6.S (178 17-298. IG) = 20.654 
5 (Liquid 298. 16) = 60. 95 ± 0. 10 cal. degree- 1 mole- 1 

was a lso calculated by Huffma n, Parks and Daniels' 
from the results of their low temperature measurements 
which extended only down to 90°K. They obtained a 
value of Gl.2 E. U. / mole in excellent agreement with our 
more accurate value of G0.95 E. U. / mole. Proscn and 
Rossini have recently determined the heat of combust ion 
of ethylbenzene a nd give the value 6./l~ = -1091.03 
kcal. / rnole. 6 This datum has been utilized in conjunc­
tion with the ent ropy reported in this paper and other data 
to calculate the free energy of formation of liquid ethyl 
benzene. The data a re summarized in Table VI. In 

TABLE VI 

THE MOLAL FREE ENERGY OF FORMAT!O:-.; OF LIQUID 
ETHYLDE:-.;ZENE AT 298.16°1( . 

Heat of comb., 
!!.ll 0

, kca l. 

-1091. 03 

LHT'., kca l. iJ,S, cal ./de~rec 

-2 .98 -106.08 

t>F;, kcal. 

28. G:"i 

making this calculat ion we have used the values 1.36• 
and 3 1.2'.F E. U. for the entropies of graphitic carbon and 
hydrogen gas, respectively, and the values 68318.1 1 and 
9.J,0,'i29 ca lor ics for the molal beats of ior111at ion at 25 ° of 
liquid wat er and gaseous carbon dioxide, respect ively . 

In conclusion we wish to express our thanks to 
the Shell Development Co. for supplying the 
sample of ethylbenzene and also fo r t1nancial as­
sistance which made this investigation possible . 

Summary 
The heat capacity, heat of fusion and melting 

point of ethylbe11 ze11e have been measured. 
Tbe molal entropy and free energy of forma tion 

of liquid ethylbcnzene a t 208. 16°K. have been 
calculated, S = 60 .!)5 cal. / degree and c..F~ = 

28.65 kcal. 
BARTLESVI LLE, OKI.A. RECEIVED AUGUST 31, 1944 

(4) Huffman, Parks a nd !Jauiels, Tms J OURNAL, 52, 1547 ( 1930). 
(5) Proseu a1td Rossini, private communication, to be published 

in J. R esearch Nat. Bur. Standards. 
(G) Jaco b s a nd Parks, T111s JOU RNAL, 56, 1513 ( 1934 ). 
(7) G ia uqu e, ibid., 52, 18 16 (1930) . 
(8) F. D. Rossini, Bur. S ta ndards J. Research, llll, 407 (1039) . 
(9) Proseo an<l Jessup and Rossini, private commuuicat ion , to be 

publisued in J. Research Natl . Bur. Sta ndards. 



THE HEAT OAPAOITIES AND ENTROPIES 

•• OF AZELAIC AND SEBAOIO AOIDS • 

The statistical mechanicsr· of the solid state can treat only the very 

simplest solids; henc.e·, , empirical methods,, such as those of Parks and 

l Huffman: --~ offer the most fruitful approach to the estimation-of the thermo-

dynamiC ;:properties· of organic solids •. The determination-,of the energy 

relations in :the homologqus series ·:of dicarboxylic acids will be of gr.eat 

value in such empirical estimations since all the members: of this series 

are solids at 250c· •. It will besinteresting also to learn whether or not 

these ppop~rties show alternations similar to those in the melting points 

and other physical prop~rties •. Furthermore, . this class of organie com­

pounds seems to havecbeen neglected in the determination of thermodynamic:-·. 

2 data ·•· 

ln°·•.1942 the authors started on .such a study of this series • . When 

the calorimetric laboratory was dismantled and moved to the Petroleum 

Experiment Station'. .Of the Bureau of Mines, only the determination of the 

heat cap.a.cities and entropies of azelaic acid, ,HOOO(CH2 )fOOH, and of 

sebacic acid, 1ROOO(OH2 )8cooH, had been ·.completed • . Since there is little 

prospect that either of the authors will resume this inv.estigation··,in the-co 

near future, ,the results which were obtained are reported in this paper • . 

Experimental 

!h!, Materials. , - Both the azelaic and sebacic acids used in this 

* This research was conducted with Dr. H • . M •. Htµ'f'man, at that time 
assistant professor in ·the Wm • . G. KerckhoffLaboratories of the Bio­
logical Sciences. 
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study_ were obt.aine.d from~:the Eastman Oomp'1llY and were of White Label 

qt!S,lity,. These p~oduots,~were recrystallized several .times from- hot '.water 

and dried in::anr: oven at. -90°0. Uncorrected melting ,:points found inna " 

Hirschberg apparatus were 105 .5; - 106;,00 • .. for azelaic acd.d and 1;0 -

1;1.5~0· • . for sebacic,.::acid• . The melting points g;ven in the li-terature 

are 106:~5°0. and 1;4.5°0 •. respectively • . 

Dl!, Apparatus· ~ Experimental :Method'• . - The measurements were madec 

in the . apparatus and by the procedure which is described in detail by 

Ruehrwu·n and Huffman; • . Only a brief outline will be g;-ven here • . 

A copper calorimeter filled with about forty grams of the material . 

under study was mounted in an adiabatic . calorimetric system in· which the 

temperature of the environmentwas :maintained at .the t.emp('rature of ·the : 

surface of the calorimeter to minimize heat interchange at all times dur­

ing :observations. For each of the experimental heat capac.ities reported 

a measured amount of electrical energy was transferred to the calorimeter 

by means ro of a ·manganin resistance heater, .and the initial and final tem­

p~ratures ::were measured by means of a platinum: resistance thermometer •. 

The averameheatt cap11city, of the substance was calculated from the data, 

after making corrections which incl'illded the heat capacity, of the'.;Calor~ 

eter vessel and the thermometer • . 

The electrical measurements required for the determination:,of' the 

electrical energy and of the resistance of the platinum thermometer were 

madeeon a White double potentiometer in conjunction with a high sensitiv­

ity ~lvanometer and accurately calibrated resistances • . The potential 

was in terms of an Eppley unsaturated cell which had been compared with 

others certified by the Bureau of Standards • . Time was measured by means 
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of an ,electric. stop clock driven by power from Boulder Dam.. The electric.: 

timer was compared occasionally with a calibrated stop watch.. The ag;-ee+.o 

ment between the two timers was always O. 1 sec~ •. or better.. The precisiom 

of the measurements was in general better than 0.1%; above: ;50°K., i:t' is 

believed that the absolute uncertainty of the measurements is not greater 

than 0.2% • . The energy measurements were made ih terms of the inter­

national joule and were converted to calories by dividing by 4 •. 18:5:5. 

Pr.ocedure !£!:. Filling ·the Solid Calorimeter •. -- The p_aper:· of · Ruehr­

we-in-: and Huffman'- described the use of the cryostat : and calorimeter with 

liquids only.. Some of the calorimeters used ii1 this apparatus may be used 

for either solids or liquids •. One of these calorimeters was disassembled 

and filled with -layers of solid interspersed with thin copper disks •. When­

the calorimeter was full the lid was resoldered. With materiars whose 

melting points:· are as high as those used in this investigation, this opera­

tion TJrtq be performed quickly enough to prevent melting the solid. The 

calorimeter was then connected to the vacuum bench by means of the filling · 

tube and the air pumped out.. A fraction of an atmosphere of heli'Lun waa• 

admitted and the fttlling tube sealed with a drop of solder. The heli:um 

speeds the attainment of thermal equilibrium within the calorimeter •. 

Result&. 

The experimental heat capacities of azelaic and sebacic acids are 

given in Table I and are plotted i:h Figure 1.. In Table II are listed the 

values of the molal heat~capacity of both compounds at integral temper• 

atures:· a:s selected from a smoothed curve dra"m through the experimenta-l. 

data •. The heat .capacity data have been used to calculate- the entropy of 
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TABIE I 

MOW. BEA! OAfABITIES 

o°a~ .• • : . 27;.16°k~ . 

Azelaic Acid 

Molecular weight. :, • 188.218 

TM;o:K: •. .6 T 
op 

'I'M, oK • i1 T 
op 

ca.1./degree • cal./ degree:: 

1;.55 2.227 1.207 90.09 5·.96; 26.590 
l;j 76 S 2~1;9 1.262 . 90.92 TIMl. 26·if588 
15.79 2.252 1~774 97.84 6;999 28.122 
16-; '.;50 ;.;40 1_.986 105.47 8.259 29.798 
18.2; 2.6;2 2.;5~ 114.2T 9.9;0 ;1.402 
20.22 :: 4·.100 ;.160 12;-.95 8.840 ;;.116:S 
21.05 2.999 ;.451: 1,1.99 8.448 ;4.655 
24.65 4.219 4.:,a2 140.28 8.118 ;6,~1;8 
25.26 5·.sn1 i 5.026-5 149.95 11.2211. ;7.-:,69 
29.02 4.~02 6,'478 160.~; 10.7-,7 ;9.598 
;1.44 6, ,92 Tl l.l-77 . 17i.46 10.~27 4U~26 
;;.5; 4.~;L a.,~ 181.58 9.961: 42.ff89 
;7;70 6, 167 10. 191.;8 9.642 44.616 / 
;9.16S 6~747 10.615 200.88 9.95; 46;205 
44.67 , 7;777 12.762 - 206~87 7";658 47;1965 
45.56 : 6, 04; 1;.10; 215.18 8.960 48.'.;5~6 
51.1; 5.096 15.157 224.74 10.156 50.278 
5_1.70 6~265 15.:;56 - 2;5;555 11.475 __ ~.p29 
54.06-S ;.'.;5;;_ 16;176 246,84 11.101 54.~01 
56;46 :: 5.594 17~0;; 257:,,77 10.750 56;'.;>ll 
5~.48 5_;,;10 17,687 268.;6 10.426 58.60; 
64.48 6;695 __ 19.649 27~.6, 10.1;2 60.6:21 
70.85_;. 6i0;9 ::, 21.474 287.81 8.208 62.59; 
77; ~1 6' 89L 2;.2;8 295.92 8.01; 64.417 
82.88 8.056 • 24.727 ;o;.85 7;8;5 66; 1;5 
8;-.94 6~~59 25.008 

Sebacic . Acid 

Molecular wei~t - ·:202.244 

Stab.le crystals 146.52 1.94; 44.06; 
148.4; 9.499 4;.290 

' 1;.9; ;.02; 1.561 148.80 2.607 4;.g.98 
14.oo 1.987 1.58; 151.~; 2.658 42.101 
16.;6 2.746 2.254 154.09 2.647 42.171 
17.02 ;.1;6 2.457 158.84 11.~;1 42.965 
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TABLE I 
(Sebacic acid continued) 

0 
AT 

· o 
T 

O , C TM, K • . p· M' K • • AT 
cal./dggree oal./degree 

19.17 2.860 ;,.18T~ 169.96< 10.912 44.745 
20.60 4.028 ; :.741 180.61 10.555 46~~06: 
2;.57 5.945 4;946 191.01 10.258 47.J98 
25.19 5.157 5.6;; 201.1; 9.~76 49.;;9 
;0.12 7.14; na;;9 210.9T' 9.704 59.975 
;0.25 4.966 718977 220.55~~ 9.44; 5i.080 
;4.89 4.}12 10.0;5 229.87 . 9.196 54.996 : 
;7.86 a.;49 11.415 2;;9.6; 10.4;9 56.229 
;9.90 5.7;0 12.~; 244.o; 5.127 57.157 
45.82 6.115 14.~54 249.977 10.1;0 58.~66 . 
45.85 7.6;; 14.949 250.94 8.678 58.542 
51.*6 5.155 17.288 259.5;1. • a.412 60.184 
5;.;4 7.~56 18.002 259.96 _. 9.844 60.440 
54.25 ;.6j2 18.~59 267.28 4.799 62.;953 
56.85 5.6;; 19.~88 267~88 a.260. 62.049 
59.85 7.~72 20.480 272.01 4.671 64.586 • 
61.55 9 .Ql,58 21.104 275.98 7;940 65.145 
66.95 6~627··, 22.~64 279.02 9.;4; 6lj..-r;57 . ' 

7Vt.46 - 4.658 24.072 28;.90 Ti89T 65.4;; 
10.12 9.280 24.190 288.88 10.;9; 66,~1 
7'!>27 6, 020 24.941 291.70 7~728 67.091 . 
7~.c:,77 5.575 26~700 299.;;5 7.l565 68.886 . 
so.~ 10.~75 - 27.142 ;06~84 Ti404 70.672 
84.4-77 5.229 28.267 ;14.17 _ 7;251 12.;a; 
89.45 7.759 29.610 
91.~9 11.~1; ;0.084 
96;965 1-.257 ;1.411 

102.42 10.;40 ;2.658 Meta.stab le : O rystals 
104.02 6'872 • ;;.015 
111.5; 8.144 ;4~71f7 116~07 , ;.05~ ;5.029 
112.4-o 9.68; ;4.sn:i: 12;.i55 2.9;9 ;6~474 
119.47 7•7'9 ;6;54; 126~95:: ;.847 ;1.129 
121.76 9.079 ;7.097 128.84 2.854 ;7.476 
126j82 4.7:0 ;8.280 1;0.76 ;.772 ;7i881 
128.62 10.557 _ ;8.6,2 1;4.49 ;.701 ;,8.621 
1;0.61 8.616 ;9.192 1;e.15 ;.6;7 , ;9.;04 
1;6;;0 2.770 40.812 141.09 2.242 ;9.86; 
1;8.70 2.~1 42.006 14;.;2 2.219 4o.~oo 
1;8.79 9.784 42.20~ 145.5} 2.19T 40.716 
140.69 1.961. 4;.8;9 147. 71 2.174 41.169 
142.65 1 • .9;6 44-.6,8 149.88 2.156 41.515 
144.58 l.9j8 44.;aa 15;.~n 2.156 42.128 
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TABLE II 
- . . 

MOLAL HEAT CAPACITIES AT ROUNDED TEMPERATURES 

00o • . • 2~.l6~K •. 

0 p 
cal./de~ee 

Azela.ic Acid :. 

M.W. • 188.218 

Sebacic :: Acid 

M.W. • 202.244 

Metastable crystals. 



TABLE III 

MOLAL ENTROPIES AT 25"'• . 

o<?o. • 21,. 16~ • . 

. -

Azelai.c Acid 

M.W. = 188.218 

S(ly.00, - 298.16,~': graphical 

8(298.16); solid-

Sebacic . Acid 

M. W • • - 202 .244 

S( 1,.9
,)(Debye,9~freedom-,8 • 114) 

s(1,.9, ·- 298.16)' gr,aphicai 

s(298.l6}''sol1d-

Cal./degree 

o.~7~ ± o.04 

7~.251 ± 0.077 

7(7).~il: ±· 0.11 

o.~o % o.06> 

77;410 :t: o.oa 

771960 t_ 0.14 



azelaic .and sebacic acids. Summaries of these calculations are given in 

Table ,III • . 

Discussion 

The heat .capacity of' azelaic acid shows no unusual features. On the .. 

other hand, sebacic acid shows a higher order transition between lj0° and 

l5j°K •. An enlarge,ment of the section of the heat cap'1city curve including 

this transi tion--. is shown in: the inset of' Figure 1. . 

This transition,·Iis unusual in several respects. Few materials with 

melting points as him as that of 'sebaoic acid (1}4.~~o.) have transitions 

in:. such a low temperature range.. . Fuut.hermore, . the transition exhibits a , 

marked hysteresis; the metastable high temperature form can be supercooled 

to about 115!K. The rate of transition is immeasurably slow above this 

temperature, but the rate increases rapidly with decreasing temperature. , 

Thus, attempts to sup~rcool the high temperatl!lre form below 110°K. were 

unsuccessful (i.e., , the measurements which were made represented the heat '. 

capacity of unknown mixtures of both high and low temperature forms) • . 

Some of the dihydroge,n phbspha:tes and arsenates 4 have transitions iir; 

this temperature .range. These transitions have been satisfactorily inter­

preted5· as a :.change from an ordered to a random arrangement of the hydrogen 

atoms in the hydrogen bonds between the H2P(As)o4· groups. The authors 

believe that the transition found in sebacic acid can be given an analogous 

interpretation although there are not sufficient data· to establish this 

p~oposition conclusively. 

ln:0Dl.8llY substances containing hydrogen bonds, there are a large number 

of possible configurations of the hydrogens in these bonds. If the number 

of accessible arrangements is!, the entropy associated with this random-
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ness i:S k ln '!!.• In ice and heavy ice this randomne:ss persists even at 

extremely low temperatures because the allowed states are of nearly equal 

energy ( 11 degeneracy11 of the lowest state) and there is no observable 

tendency of the crystal to assume a unique · c.onf'igu.ration of zero entropy. 

However, , the allowed states in some crystals do not all have nearly equal 

energies and a transition to an arrangement of lower energy and entropy 

may occur at an attainable temperature. 

This interpretation has been confirmed for the dihydrogen phosphates 

and a.rsenates by the consideration of several fundamentally independent 

experiments. From the determination of the complete crystal structure of 
6' 

EH2~04
1 

:: except for the location of the hydrogen atoms, it is evident 

that there is a unique configuration of lowest energy. In this arrange­

ment of zero entropy, the crystal has a larg~ permanent polarization which 

can be observed in the ferro-electric (Seignette-electric) properties of 

these crystals below the transition ~perature: (identical with the elec­

tric Curie point) •. Further; , the entropy changEl which i 's-- observed to be 

associated with these transitions is approximately 1f ln '!!., where.- JL is the 

number of config,u.rations predicted for the high temperature form. 

A.'.c-.omplete determination of the crystal structure of' sebacic acid 

is not available for the discussion of its transition •. However, from' a 

7 * c:onsideration of the study of the unit': cell and space group ' and 

of the -sttuctural chemistry of the carboxylic a:cids8, the structure 

shown in Figure 2 '. seems likely • . In this structure the hydrogens in the 

* X-ray diffraction photograph's. of the sebacic acid used in this invest­
igation were made using a powder camera. . Since a:-'11 the observed lines were 
indexed within experimental error according to the unit cell and space group 
reported by Caspari, it is concluded that the crystalline forms of the two 
materials a.re probably identical. 
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hydrog~:,bonds may be arran~d ill>}~; C'l'Jn!f?i~ations it.n whi:chr there is one 

hy.!lrog~nccnear.eet each>carboxyLgroup; ! :is the number of molecules. , Thus, . 

the order-disorder entropy of this cry~taL.is ~ lJr,2 = 1.~8 e.a •. Fran" 

'the experimental data ·it is estimated that the difference in entropy bet--

• ween:rthe highl·and low temperature forms is less than o.80 e.u.: This 

difference between experiment and theory may be attributed to ( 1) t1ae 

failure of the ::crystal to attain,-1canp~ete randomness in"·,the transitionr, . 

(2) a c1state :of limited order at lowte:mperatures, , or (,) both:. . In the . 

following discussion it is concluded that the first suggestion-: is most 

likely • . 

/ 0-Hi '.O, 
It will be seen fran -Figure 2 :that the centers·· of the -0 0-

' o . .H-O/ 

gr,oup~ are arrangE!d innttro-dimensional .nets sep'"rated by 15'i02?i; . There·· 

will becener~ interactions between,.neighboring groups in aagi-;ven.:net 

depending on. the positions- of the hydrog~ atoms • . (These interactions 

-T!J1!CY b·e due-~,to electrostatic or van der Waals forces.) In so far as these:· 

interactions within the net are concerned, , each group ha.a three pairs of 

neighbors • . The strength of the interaction or coupling of each kind of 

neighbor to a gfyen group depends on the orientation of the -OOOH.HOOO-

* It is not possible to extrapolate the heat capacity of the high 
temperature form,:to absolute zero with any certainty. One extrapolation 
was made by assuming that the heat capacity of the high temperatune form 
could be rep~esented by 

C (sebacic acid) • (a - bT) C (azelaic acid) 
p; P-

and by evaluating the constants .! and B_bover the range, 112° t~ ;oo° K. 
by least squares • . Tne entropy difference calculated using this approx­
imation is o.82 e.u-. of which 0.51 e.u •. is obtained in the range 112-1;,°K. 
where the higlf· temperature form can be supercooled'•. The authors believe 
that this estimate is close to an upper limit. Further, ,it is believed · 
that t~e lower limit of the entropy difference is approximately zero. 
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g;oup~ in the crystal and one or more of these couplings may bee: neg_~igible •. 

At given,1..000H.HOOO,~ g;oup will haveelower energy; if its hydrogens have the<: 

same configgration:1as that of the maj~rity; of the neighboring group~ to 

which\--: itt is coupled •. 

The statisticaLmechan±cs of a two dimensional crystal with aia;,order­

disorder transition has been discussed by Onsag~r9 and is applicable to 

this crystal if the interactions of more distant neighbors than the near­

eet '.:.two pairs* w:Lthin.nthe net and the interactions .between the nets are 

neglected. This treatment predicts a cusp in the heat capacdty ( third­

order transition,):. Inntheecase where the couplings of a -gr,oup t-o its four 

nearest neiggbors are equal, the entropy increment associated with the dis­

ordering of the hydrogens from the absolute zero to the singular temp~r­

ature is o.61 e.u • . Since the region,,of large absorption of heat involved 

in the order-disorder transi tion,:extends beyond the singular temperature, 

a ?.fur.ther entropy increase would be attributed to the transition· • . The 

amount to be added is somewhat arbitrary as it is difficalt • to•)dec:ide where 

the transition apparently ends. , It is estimated by the authors that less 

than an additional o.;o e-.u:.~ would be attributed to the transition'") in:, 

most experiments •. Thus,, the total entropy change exp~cted to be observed 

in the::ttansiti~1is lees than 0.91 e·.u •. when the interactions of the four 

nearest neighbors ie equal.. 

When the coupling to the two p~rs of nearest neighbors are unequal, 

the cu·sp predicted in the heat cap~city becomes sharper and the area below 

* The extension of the theory to three pairs of neighbors is indicated 
but the results are not reported in Onsager's paper. 

•• This is the entropy between the singular temp~rat.ur.e and the temp~r­
at-ure where the heat capacity due to order-disorder faslle to 0.25 cal./deg~ . 



it ,decreasea • . In the limit when the effect of one p~r of neighbors is 

negligible, there is a diffuse hump ;in the heat capacity extending over 

so many degr:ees that it would be difficult to reco¢se; and therefore at'~ 

this limit no entropy change woula be attributed to the transition. Thus, 

as the ratio of the interaction energy: of one pair of neighbors to that 

of the other pair decreases, . the apparent en.tropy of the transition :woulki 

decrease from· 0.9 e.u •. to zero • . A. quantitative discussion for varying 

deg;-ees ::, of anisotropy of interaction will have to be the subject of further 

work, since On.ea~ did not report detailed computations inJ his p~p:er •. 

The shape of the region of ancmalous heat absorp~ion~observed in 

sebacic .. acid is not cusp~like, . but a II smeared out" cusp woulii not be at ·. 
~ ~ 

variance with the observed sha.p~ •. This 11 smearing out11, c~la b'e due, in 

p~rt, , to the limitations of the experimental method, , but it is more ppob'.,. 

ably the result of crystal imperfections and possibly of the failure of 

the two dimensional model Lconsidering only the interactions of the four 

nearest neighbors'•. The entropy inVIolved in:-.the transition:".is qualita­

tive_ly _·expl.ained by the theory • . A more quantitative c-omp~rison: wi1Lh1ave­

to await a fuller development of the theory of Onaage,r and the dete~ 

tion,:of the crystal structure of sebacic acid • . 

Tne failure of azelaic acid to exhibit a traneition :still remains -to 

be explained • . Only a small difference between the crystal structure of · 

sebacic and azelaic acids would give rise 2to either of two effects • . F'iret~ 

if one of the confi~ations of the -OOOH •• HOOC- group~ had a;: sigrdficant;;., 

ly g~eater energy than the other becense of the steric hindf"nQ.nCe of an 

oxygen of a neighboring group, .there would be no randomness of the typ~ 

discussed here. Second, ,if' the interaction energy- of one p~r of neimlior­

ing ~cups were leseened,,the cusp in the heat capacity weuld become so 
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small -tha:tt it would be unobserved; or if' the interaction energy of all 

four neigh,bors were weakened, ,the transition temperature would be lowered 

and not attained or the high: temperature . form would be 1 frozeDc';.in11, as irn 
~ ~ 

ice •. Itt is also possible that each carboxyL group?is hydrogen bonded to 

two carboxyl ~oups a'B in t3 -oxaiic aci.d ,in"l.which case, no transition-:or 

randomness would be expected. It appears to the authors that no sound 

conj~ctur.es can be made un'.hil the -, complete crystal struc.tures of these 

two compounds have been determined • . 

The :authors now raise the old question~.whetber the hydrogens in the-= 

hydrogen bonds in the carboxylic acids are arranged randomly or are 

arranged uniquely. If t.he interpretation presented here is correct, . the 

answer is that for sebacic ,~acid the low . temperat'Ul!e configw:a.tionds::: 

practically tmique •. Tlie entropy:00f randomness, ! .. )in2 =--1:.;58, su~sted~ 

by PaulinglO fdr carboxylic acidsc-.ie therefore not inc.luded in '. the 

summaries of t.he entropy of azelaic and sebacic ·.~ acids •. 

Summary 

The heat '.capacities of azelaic and sebaciic acids have been measured~. 

A ·htgl_l.er order transitionnwas observed in -sebacie acid in:cthe temp,er• 

atueerang~ 120-15;°K. . It :.is suggested that t.his is an order-disorder . 
/ 0-H'. ·°), 

transition of the two configimations of the hydrogens in the :,..o,
0

_..H-<Y -

g;o:oups3in t.he crystals'. Th.ls proposition:d.:s discussed with the aid of 

the theory of Onaag,r9,. 

The molaLentropies of azelaic :: and sebacic acids were calculated t'or · 

298.16~K.; S(azelaic acid) • "{Q.6~ cal./deg,~ and S(seba.cic acid) 

=· 71.96 cal./deg~. These entropies do not inc.lude an amount R 1n 2 • 

1.;8 cal./deg • . for the randomness of the arrangement of the carboxylic 



hydrogtlilS since arguments are presented that there is essentially no 

randomness at. :: low .temperatures •. 

Ac1mowledgGinen1f : . 
. . 

One of' the authors (G.G.) wishes to thank Prof. J. G. Kirkwood f.or · 

bringing Onsager's paper to hlts attenti~. He also expx,esees h1s appre­

ciationr to Dr •. J , • . Waser for criticiBllt' and discussion of this manuscriJl.1t' •. 
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THEORY OF THE THERMAL DIFFUSION OF ELECTROLYTES 

IN A C LUSIUS COLUMN* 

George Guthrie, Jr., J. Norton Wilson and Verner Schomaker 

Abstract 

A .theory is presented which accounts approximately for the apparently 

anomalous difference between the thermal diffusion coefficients of the 

ions of an electrolyte in the presence and in the absence of other elec­

trolytes; the theory is based on the electtic field resulting from the 

variation in diffusion constant among the various ions present. An 

apparent deviation from the Debye exponential law is pointed out in some 

published data on the behavior of electrolytes in the Clusius column. 

Introduction 

An apparent anomaly in the thermal diffusion of electrolytes was 

reported by Gillespie and Breck1 and by Hirota2 in 1941. In experiments 

with the Olusius column~ these workers found that one** of a mixture of' 

two electrolytes was transported into the upper reservoir, contrary to 

its behavior when it was the only solute; the other electrolyte of the 

mixture was transported as usual into the lower reservoir, but to a greater 

extent than when it was the only solute. Prior to this work no instances 

of the thermal diffusion of an electrolyte against the temperature gradient 

had been recorded in the literature. 

* This section of the thesis is Contribution No. 1222 from the Gates 
and Crellin Laboratories of Chemistry and will be published in the Journal 
of Chemical Physics for February 1949. 

** In these experiments the two electrolytes have a common ion. 
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A similar but less striking effect has long been lmown to occur in 

the ordinary diffusion of mixtures of electrolytes~; the more mobile of 

two mixed electrolytes diffuses more rapidly, the less mobile more slowly, 

than each diffuses alone. Vinograd and McBaui5 accounted for the effect 

quantitatively in terms of an electrostatic fi eld set up by the diffusion 

of ions of different mobilities. It occurred to one of us (G.G.) that the 

results of Gillespie and Breck and of Hirota could be similarly explained. 

We present herewith approximate treatments of the behavior of the mixed 

electrolytes in the pure Sor.et effect and in the Clusius column; the 

analysis accounts approximately for the anomalies referred to above. 

~ Soret Effect - Thermal diffusion without convection. 

Let the thermal gradient lie along the ~ axis. At the steady state ·: 

the flux fi of the !'th ionic species across any plane in the solution '. 

normal to ~ wi 11 vanish, i.e. 

( 1) 

where ~ is the ordinary diffusion coefficient, BI, is the thermal diffusion 

coefficient, £.i is the concentration in equivalents per unit volume,~ is 

the equivalent mobility, ~ is the sign of the ionic charge, and§. is 'the 

local field postulated to arise from the difference in ionic mobilities. 

Let us substitute R~ • FD1, where! is the Faraday; multiply Equation 

(1) by --c/./D.,and sum over all ions. Applying the approximate neutrality 
:L -i 

condition E ~dc1/~ = 0 we obtain 

(2) 

and 



d 1n Ci 

dx 
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= (- D~ + z/i L ~ciDi/Di) ~ 
D1 L c1 dx 

For non-electrolytes the Soret coefficient er is equal to the ratio 

-B.' /B.• We shall call this ratio for individual ions the intrinsic Soret ', 

coefficient CJ ~• The observed Soret coefficient O i for an ion-- in an 

electrolyte is therefore 

For a single electrolyte -AX this becomes 

(5) 

For a -mixture of electrolytes AX and BX 

a-A = a AX + fc-sf(c A + 0 a ~ ( 0 AX - c(Bx) 

er B • (J BX + ~ ,/(cA .+ cB )} ( (J BX - Cl AX) 
(6) 

Equations (6) predict effects of the type observed by Gillespie and 

Breck and by Hirota. The electrolyte which has the higher Soret coefficient 

alone will have an enhanced Soret coefficient in the mixture; that with the 

lower Soret coefficient alone will have a diminished coefficient in the 

mixture and may even have the sign of its coefficient reversed if the 

difference bet,ieen er AX and ~X is sufficiently great. Unfortunately no 

data are available for a direct test of these equations. 

Thermal Diffusion ~ Convection 

In the Clusius column a thermal gradient is maintained between two 

parallel vertical walls set close together; a convection current is thereby 
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superimposed on the thermal diffusion~current and the solute diffusing to 

the cold wall is_ carried to the bottom of the column and concentrated 

there. 

Let the vertical coordinate be z with origin at the bottom of the 

column of height h• Let the temperature gradient be parallel to the 

coordinate .25 with origin mid-way between the walls, separated by a dis­

tance 2.!• 

A material balance for an element of volume of height ~ and unit 

width extending normal to the z axis from .25 • 0 to .25 • .! leads at 

the steady state to 

where Y.sr is the vertical component of the convection current and all con­

centrations unless otherwise specified refer to the values at .25 = o. 

Effects of diffusion arising from Q J,2/d';[. have been neglected as small 

compared to !.y <Y s.f9Z• 

Since <YY9 "3. is not likely to vary markedly with .25, . we may to a good 

approximation replace the integral in (7) with .! !..y&.2Jaz where iy is the .. 

mean velocity of the convection current between~ • 0 and.!:• 

The field!, may be evaluated as before in any one of several ways; . 

the accuracy and convenience of the result depends on which of the terms 

is eliminated in the summation. We choose to eliminate 

and obtain 

whence 

FE 

RT 
C 

L .Ji Dio?c1fa x + (o? T/cJx) L v\ D!ci 

L Dici 
(8) 



(9) 

A consideration of the divergence of the flux in a vo~ume element of 

cross-section dydx at 2£ • 0 indicates that c9.£,1/dl5 at l5 • 0 is small. To 

a fair approximation we may set (r9 .£.{&l5) equal to <f .£.i a iE:Y,dx for all ions, 
. . 

where {f> is a ~constant lying between zero and unity and Qi is defined by 

Equation (4) • . This relation has been shown by de Groot6Sto hold approx­

imately in the thermal diffusion of non-electrolytes in .the Olusius column. 

Substitution of this approximation.~in (9) by means of Equation (j) leads 

to 

( 10) 

Equation (10) can be integrated for the case of a single electrolyte, 

il, if the depend~nce on z* of the mobilities, thermal diffusion coeffi­

cients and average convection velocity can be neglected. , Application of~' 

( h -
the conservation condition --4, _£,c_gz • 82.o• where £a is the initial con-

centration of electrolyte, then'. leads to 

(11) 

where B, is called the enrichment •. The quantities .2..1, and .2.t are respectively 

* The dependence onz, either may be explicit or may be implicit through 
dependence on .£,• . 



the concentrations at the bottom and top of the column; !AX is a constant 

whose magnitude depends on ·.the dimensions. of the apparatus and on the 

density, thermal expansion coefficient, and viscosity of the solution .. 

In the integration of Equation (10) for a mixture of two electrolytes, 

~and!!!, it is convenient to substitute -=-x •£A+ £a, and to substitute 

for the expressions in:~Qj in terms of the quantities !ilj • .B,1 j,V~j• 

Equation (10) becomes for this case 

_ c!Jc A • :.! ) ( uA 4'1i( )R .Lee A + [l uA -klx) ( uB4"x )R 1c ~ u;. ( uB fllxlli\J cs/Ux ( ( 
12

) 

fJy h r (uA+ux)c A + (uB+ux)cB ) 

A similar expression for J~/&z is obtained by , interchangi:ng. the subscrip:t,s 

J:. and!• 

These expressions can be integrated approximately if the fraction in 

curly brackets is assumed to be constant, giving 

CTuA+ux)Rlx] cA + IJuA+ux)(uB+ux)Rlx - uj;(tti3+ux)Ri\x J cB/ux 

(uA+ux)eA + (u3+ux)~ 

and the corresponding expression for Sa'•. When the enrichments are great 

enough to invalidate this approximation,-,. an,,exact integ:r;,ation:·:may be made • . 

V ariab lee may be separated in terms of the parameter V = £Al~. 
Integration of 2:Y/9:':i. and dc0/_gx yields 

and 

y + Yo 

h 

= [ut<~~)~X - uB(uA+ux)Rlx] ln{l+V) + ux(ua+'½c)Rsxln V 

(uA+ux)(uB...ux)(Rlx-R!x) 

(14) 



where Zo and _! are integration constants determined by the ratio and ab­

solute magnitudes of the initial conc.entrations respectively • . The limits 

of integration·Zt, and 4> are determined by the relation Zt - zb • h• 

ln obtaining _:Equation (12) from-Equation (11) it has been assumed 

that th~F quantities !! and Q' for each'::ion are constant •. This assumption: 

is justified even approximately only if the solutions of .M, BX, and of 

the mixture have the same ionic strength • . Fortunately, this requirement'~ 

is met in the experiments of Hirota • . For dealing with more complicated 

situations such as are presented by the experiments of Gillespie and Breck 

a more complex equation corresponding to -Equation (12) can be obtained in 

which the values 3:! and Q' corresponding to the different ionic strengths: 

enter speeif'ically • . The variations in mobilities with ionic strength· can 

be predicted fairly well, but no adequate theory appears to be available 

for the prediction of variations in Q'• · 

Application~!.2 Experiment 

The experimental enrichments obtained by the authors cited are com­

pared in Table I with the values predicted by means of Equation-s (1,,14) 

with substitution of the concentrations corresponding to the initial com­

position of the solutions, of mobilities corresponding to infinite dilu-­

tion,and of a temperature midway between those of the hot and cold walls 

and of !llx • liAX and ~X • Bax• We have presented the results of the 

approximate integration, Equation (1,), for all of the experiments. The 

more exact integration, Equation ( 14), , was computed only for the experi~ 

ments of Gillespie and Breck, in·: which the enrichments were large • . ln 

this computation lfm_. was assumed equal to !AX; this may be only a rough 

approximation. 



In the data presented by Gillespie and Breck, 1n cb/~ ~~ equal 

(,2.b - ~)/.2.c, for single electrolytes; that is, the variation of concentra­

tion with height is not purely exponential ias predici;ed by Equation (11). 

This comp.lication may contribute to the disagreement between these data 

and the:,approximate theory presented here. It is not possible to choose 

at this time between the substitution of 1!! ~/~ and (.!:q, - .2.t,)/~ for the 

enrichment fr• For the experiments of Gillespie and Breck we have made 

calculations using both values. It will be seen that the agreement is 

much better with Hirota I s data, as is to be expected from the arguments 

given above. 

It also may be mentioned that the results obtained by Gillespie and 

Breck and by Hirota can be accounted for by assuming that ; the enr.ichments 

of the various ions are proportional to their corrected Soret coefficients 

as gt-ven by Equation (6) •. The enrichments computed on the basis of this 

assumption are gj,ven in Column 7 of Table I; we are unable to present a 

detailed explanation :for their excellent agreement with the experimental 

results, although the result perhaps may be a natural coneequenc.e of the 

small separations obtained together with good equilioration along the 

temperature ~adient • . 
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TAB~ l 
; 

.. , , . . . . . . ' ' .. 

Enrichment 

Solution Ion~: %".2.t (~~)/~ Observer 

Expt,. Theory Soret* . Expt • . ·. Theory. '. 

' 

1-NHCL • H+ 01-, 1.22 '. Hirota•* 

l N NaCl 
+ -

1.047 Nas ;Ol . ' ,, .. ~ . 

+ -
l N NH401 . NH4 ·,01 1.010 

o·., N HOl 
'. + 
H l.~ 1.4;ac,c 1.~2 

0.5 N Na6L 
+ arc Na:1 0.97 0.95 1 •• · · 0.97 . . 

o., N HCl H 
+ 

1:.42 1.,1r,c 1~~ 
+ o.aaa,c 0.5 N NH401 NH4 o.s9 o.s9-

+ -
9.4 l _J.N HOl H 01 1.60 Gillespi ' ' 

e 

l N Fee:1 • 
2 

Fe +- -+-,91- 1.~o 0.2, and • 

· + 
l :.N HOL H ;9. , 72 • . a,e:::. 

25. 1~$)0 4.~oa:,c Breck 

l N Fe012 296~ a,d 2;;r4a,d 

20.l;f. b,c ;.Olb,c 

-'9•4 b,d 2;74b,d 

+-+ o.4oa,c -0.92a,c Fe 0.92 o.48 -0.10 
0.,5fltd - o.,2a;,.d 

0.55b)p: - 0.~9b,c 

0. ·&_b,d - - o♦44b,_ d :•· 

• Enrichment assumed proportional to effective Soret coe:f'f'icient ' 

** All measurements by Hirota listed above were made after hi:13 column had 
been running for two hours. The two-hour values did · not differ ~eatly 
from the-,equilibrium values in those cases for which both were obtained; 
e.g •. for L.N NaCl, LN NH40l, and l N HCl . the equilibrium values were 
reepectiveay 1.048, 1.010, and 1.25 as o:o?npared to values of 1.047, 
1.010, and li.22 at two hours • . 

(a} Usingi:S, = l!!<£1Y'.2.t) 

(b) Using .B • (£b - 2.t,)/~ 

(c) Approximate integration, Equation (1;) 

( d) Exact integration, Equation ( 14) 



Appendix : 

The Apparent Distribution of Solute in Gillespie and Breck1 s 

Column 

Evidence will now be presented which suggests that the concentration 

of solute at the steady state in Gillespie and Breck1 s apparatus approxp 

imates more cloee:cy a linear dependence on the vertical coordinate than 

the exponential dependence which was predicted by Debye7 and which also 

follows from the treatment presented here. 

Applying the conservation condition to a column without reservoirs, 

as used by Gillespie and Breck we have for the exponential distribution; . 

C • UVX) exp (ct_ y) 
' 

the consequence 

where ¼ is the initial concentration. 

For a · linear distribution of concentration up the column, 

c • u~x)(l f {J Y) 

(16) 

The experimental values of (~ --~)/.2.c, and~~' both of which were 

reported by Gillespie and Breck, are presented in Table II together with 

the values of c ·:/cc calculated by means of Equations ( 15) and ( 16) from- tha"! 
-b -t, 

experimental values of (,2.b - ~)/-2.o• . The results shown in Table II indicate 

that the distribution of solute up the column is certainly not exponential 

and may be roughly linear. -

We ar.e unable to account for the apparently linear distribution; a 



TABLE II 

.. 

C ..,. C "' 
::::11 ~ ~/~ Solution C . . -0 

and 
Calculated 

Ion:, Expt •. Expt • . 
Linear Exponential 

O.~ M Fe012 
0.22 1.29 l:.25· 1.25 

t-r 
o.44 1.64 o.~ M Bao121Ba__,_ 1.57 1 55··:, . ,,. 

+ 1 M HOl H 1.06 . ;.9 ;.26 2.88 

1 M HOl 1.60 9.4 9.0 4.95 

LM HOl l + 

+ o.~ M Fe01
2 

H 
1.90 ;9 ;9 6i69 



£'unction · linear in z is not a valid aolution"f'or the differential equation 

which applies '.·to a column in which only laminar convection occurs • . Possibly 

in Gillespie and Breck1 s apparatus :v -· varied appreciably with z• It ' is 
-y 

quite possible, also, that the apparent agreement with a linear distribu-

tion is purely coincidental; indeed, some of their data appear to require 

a ~dependence of .2, on z whose curvature ·is of the opposite sign from thatt 

of the, .. exponential • . 
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PART III 

A. STUDY OF THE STRUCTURE OF SULFUR MONOOHLORIDE 
.. 

BY ELECTRON DIFFRACTION 



Ali.STUDY OF :'THE STRUCTURE OF:' 

SULFUR MONOOHLORIDE 

BY ELECTRON DIFFRAOTION:: 

Tliecstruc:ture ·.::- of' sulfur. monochloride, , s201
2

_!' has: beema:. subj:ec:t\ of-, 

c·:ontroversy for ~ years~. Ohemd.-sts haver.::assimed either or both of :'tw.o: 

structures . to this compound.. In struc.turec I, which will bee: e.etlled the:, 

chain°:structure,, the . two chlorine atoms are : bonded to different'-. suifttr 

at.oms, . while · structurecII, . which will be _ called the:: pyramid' structure, . is · 

analog~s.,:to th!.onyL ohloride ::m ·tha.t't- both chlorine atoms are bonded to a-: 

singl~ c-sulf'ur atom-•. 

I 

(chain) 

II 

(pyramid) 

Interpretations of .:'the c: structureeof this c.ompound by means of -chem• 

ical feactions a.ppeu,.-to becinconclusive since::: for either structure:: 

reactions can beecited which seem to favor it •. &\survey of the studies 

of this structure :by many physical chemicarl metilods, . inc:luding:,;Ramam 

spectra¼~ , dipole :.-moment2 , , magnetic-:: susceptibilit~ ,, ul.tr~vaolet' atis:0rp­

tiow 1-epecitrJ,, e!ltchan~cwi>th radioactive su~ ,, amd ed.ectron- diffrac:tiom 

of:the ;= m&~:;, shows·stha.t the c~nca.uaions · r.eaohed do ncrt favor prep;onder..antly 

one ,~struc.ture or tile other • . Al.though er,, criticBi'l examination of these 

studiess is beyond the scope of this refJearch~ , it·' sh.oula be:: p:cinte-d out 

that BDm&, of. the investi~tora:, hav.ec shown, merely that thai-r obse:rvat'.:i.on1:1 



arecc:nnsistent with the :::-only structure c:onsiderea., 

Sinc.e -only tbed.nteratomic" dista:nces can be determined by electron. 

diffraction-of gases,. the location of the bonds must bed'ound indirectly •. 

If _' the .:int.eratomic distances determine a;,_unique geemetric:: ctonfigg.ration, 

there iss usually. only one reasonable assigr:iment of bonds • . However, the:: 

geometrice: c:Onfigu.ration of molecules having more '. than three atoms is not 

aiways uniquely described by the interatomic . distances alone • . In the case-,, 

of sulfur monochloride, the chain structure ,~ can be distinguished unamW.~ 

uously only if thecOl '•'• Cl distanced& ~eater than 2(8-0l)sirr.LEH~-S 
0 . 

(,i>proximat.ely 41 • . A~)' • . Hencej &.:'1direcf. distinction between the chain (I) 

sad pyramid (II) structures rests on .the determination of' the,: 01 •• 01 

diete.nc.e •. 

Two p~evioua studies:,by electron dit'frac:t.iorr of' sulfur monochloride9 

have been-:reported.. Aeker.mami.~and May.er were unable to dete,rmine the :-

01 •• 01 distanc.e '. but assumed the chain:'· (I) etrucf.ur.e and reported the 
0 0 , 

following p~rameters:1 a.verag~ ·. (S-01 • · 1.98 A.; . S-8 = 2l04 N.) = 
0 •. .L,. 0 -

2,00 •• . azid S '•:-.--.cu • , :.19 A~ . In as.more recent investi~tion, ba-sed om 

a egreai;er range of observation, Palmer reported a peak in his radial dis-
o 

tribution function corresponding to a'.'.01 ·•• 01 distance of , ·.97 A.'e and 

concluded that the moleoule :c·has the chain (I) structure:. In addition to 

the t:01 ' ,I• Cl distanc.e Pal.mer hae reported the following P-S,rameters& S~l = 
0 0 ---- 0 

1.99 A:. (assumed fromr.S01
2

~, . S-6 : 2l05 "•, (S-01, S-S : : 2~01 ~.), 

S •• Cl ·= ~~18 ,N.. (L,. 01-S-S : 105°); and the angle between· the two 

01;.5-S planes = 970. •. However, he ,:was unable ,"to confirm ,!:E! reality ~ 

the ,:01 .. , 01 dietancec~ ~ cc:orrelation· procedure' •. He:::wa:s una-ble :: to 
0 

excaude :::a.'ltrans ,0c~nfigw,ation11 (0l . -• . 01 =- 4.97 Au.) and c:oncluded that 



-40-

ad'reely rotating model was possible. . It has been found 7 subsequently 

that :a, ra-dia.1 distribution · :function of:' the: type us:ed by Pa-lmer· would bee 

expected to show a spurious peak at approximately the~distance reported 

by Palmer • . Ba.uer
8 

stated·. recently that he was almost unable to distingt;tish 

between chain and pyramid structures by electron diffraction alone. This 

conclusion has been confirmed in the present investigation over t he range 

of Palmer 1 s observations ( q • 12 ·tb q· • 6:jj , , where models which were equa:,1-

ly acceptable ~could be found ba:sed on-:either structure. Since Palmer_, by 

c:onsidering only the cha.in structure- in his correlation treatment, did not 

show that the pyramid structure was unacceptable, the reinvestigation of 

this molecule was undertaken • . 

Materia-1.. The sulfur monochloride was prepared by the direct reac...t-'ion: 

of chlorine on sulfur. The crude product was distilled twice iu vacuo in 

an all- glass system from liquid enriched in sulfur •. 

Apparatus ~Method •. Photographs were taken using the electron 

diffraction camera described by Brockway9.. An· a-ll-glass heated nozzle 

10 
built by Olaesson was:'. u-sed' and· pictures were taken, with nozzle tempera-

tures of 85°0 • . and 250°0. . The camera ( jet to film) distance was 10 •. 95 cm .. 

The electron wavelength as determined from ZnO pliotog:raphs11 was 0.0608 A .. 
Ab:out': thirty '., us.ule pictures were obtained, and on some it is 

possible to observe rings to the edge of the camera. The high and low 

temperature pictures have no observable differences and all pictureo are· 

indistinguishable in appearance from those:; taken by Pa--lmer
6

b •· Ten rings­

were observed and a total of thirty-three features were measured. The 

measured positions of maxima and minima are listed in Table I. Visual 

curves were drawn and radial distribution functions were calculated
12 

•. 
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Observed and Oalcu:lated Maxims;'.l and Minima . 

Mu~ . Min • . Observed :. Modell T -_ 
Cf!J4o Weight 

l 4·.4S 4]o80 . 1.07155 1:_ 
L 6~5; - 6~~) lf.0644 . ; 

2 ) 9.00 8~85 . a .. 9a;; 2 :'. _, -

A 11:1.~:S lJ.r.~5 ;- l~Ol'9 ; 
i ? 1,: .. 41 1;·.~0 (>'~9918 7 

; rt~lO 17.40 r.006; , 9 
; -, 2,t.;Sj> 2~.78 JJ.020<5 : 55. ·, 

/ 

4 2,,22 2,.40 ll:.0077 55 
4 1 2,j8l 25'.60 0.9919 55 

5
~- 28.91 2a.10 0.9720 5) ,-, 
/ 

55 .?~•59 ;~.40 0.99422 10 
6 ;8.29. ;0~'4-5 .• 1.0044 10: 

6 S ;9.a;::, 40.28 JJ.0088 7· 
7 41r.70 4r.6o 0.9976 7 

T l 4;.9',5; 4;:;~5 0.9909 7, 
8 47-. 70 47-.40 o·.99;7 10 

8 5li:.48 5,1.68 ,, ,093'.i 10 
9 55·-.oo • 55.45:, 1·.0082~ 55, ' 9 5Je92? 57-;98 1.0010 55 

10 60.15 60.15 ~- 1.0000 55 
10 62'~91 62~65 0.9959 55 

11: 68;44 66~60 1.0016 10 
11 70.40 70.60.: 1.002~ 10 

12 ::: 72.94 -r;-;Ja lf.01153 55 
122 75jl0 76'.~0 1~0160 4 

lp;; 77.6;;; 7a,.20 1.007; -4 
1; 81M5:S 81.90 1·.00;9 7 

14 86~22 • 8TH8 0.9948 65 
14 88_.o; 89065 lf.0184 ; " •' 

~
,·- 9d~69 93:~80 1..0105,:; 7' ) 

1,j 92~60 9;c.;~ l!:.0016~-- ~ 
16 : 95·:;66 91.2a 1!~0169 ; :: 

av-era~ ~,Cfo =- 1!~002~ 

average ::deviationn -- O'"e008T 



Interpretation!:.of.·.'the radial distribution funotion led to satisfactory 

models. The best model and limits of error were found by the c:orrelation 

method us.ing _·theoretical curves calculated by means of the re:duc:ed inten"!" 

sity :f'unction,; 

i •· 

The --V'd.sual . Curve\. , Curve ,,W in;:"L Figµr.ee L represents:::: the interpre.tatiom 

of :<'the visual appearance of ~the -. photographs • . Theoretical curves were used· 

u a ·· gi:;ide in .estimating =the relative('.' height of the central maximum and: 

depth of the first '.minimum since a :,:. la.rge error was made in the origfaial 

estimate -of these features. However, . it i.s believed that the drawing of 

the visual :~curve . has not ': been unduly influenced by calculated Clll'Ves ; · ail, 

that is essentia l in the visuaa: cm,ve~c,crreeponds f'aithf'ully t:o ori:g.µntli. 

jµd~n,ts and · measurement.a •. 

Resul't.s'•· It issexpectea that the•.: S;.o1;, s..a·, and sr•:.011. dist'anc:&s:: 

should not be gr_eatiy different ~in the two (oha-in; and pyramid) structures· 

and that · a ::-. decision:-1between the structures would be most clearly indicated 

liy tlue determination:of.:'thescn'•Gl~ distance.. The radial distri.bution·· 

funotionn(RD incFigt.We '.~ i:) shows two strong nearly symmetrica:J.: p,eaks a--t'~ 
0 0 

Z.0, ;A •. and .' , ) 22 &;; _. but · there• is -:no feature which can be identified de:ff-

ini tely as the 01'~;•01~ distancei . Tliere is a:; low, , very broad p~ak which 

might ::.bednterpreted as a ~long _(about 4'• -~J distance witlfr a- lar~ temp.;._ 

eratureefactor • . However, .this p~ak may be~spurioue since its height is· 

of :'the order of magiµtude .c:: of the uncertainty in the ba:se line •. Since the:: 

re la.ti ve areas of isolated peaks are sometimes in error by as much as a:. 
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TABLE II 

Parameters of Models Calculated 

Modea. s;;:.o 1 s-s s:.1.01_ oJ!;.01 

A:c 2'~0;:·1' . 
0 ., :1•,' 

2 1o;~i · ;::-.220 A· • . . .... • · 
B 2.04 a.04 ;:.2~;. 

0 
.. 
-· Z.022 Z.02'2 7;.2~5; 

D i.99 2·,11 ,~220, 

E. 2'.00 2.12~ ~205; 
,·., 

F lf~98 2'♦10 , ~.2.?5 . 

(£- 2P.07 JJ.~.:; ~-220 ' -' ',/ 

H' Z.08 r.~6 : ;:.2£155 

I 2.06 5 l~9Zr: ~2.?5.~ 

FR=t ~o;) 210;7 y.220 f.reee r.otat.ioni 

p 2.0, ' z.o,, »220 1.22J. 

400 2·,,o;; 
• - ✓ 2.0, ,·.220 41.00 

420 2,., o; .. . '. 2-~o, , :.220 4'~20 

440 ~0;:", z.o;_ ; ·;.220 4!.l+O 

498 2~o; • 2,o;;· . .} ; ;.220 4; .. 98 

T 2-.0055 Z.065) , ,.222~ lf'.2.0 wtthi-
temp_eraturee 
fact.or exp_(~,: 
ai.• 0.00;4 . 
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f'ac.1.or of .'two;, an-1a:lterna.tiveeinterpr8'ta.tion :is that the :, Ol~'eol:1. is ine---.lu<ied 
0 

withi.1,-.thee;,22~~N.- p~ak.. It1
J wae :.·c:onc.llided on, .thee b'asisc. of the ra-dial dis:.-

- . 
tr.ibut.ion:-,f'unction:that J the C 1':!.C,ll. diste.nce•:may bai approximately either: 

4 
o. ' o. 

~15:5&.. or. -,:.22 ::>~ , out-::. ai. definitec; decisionnc:ould.·: not':b'a:: made • . 

Tlieoreticarl curves were caiculated for three setss ofi:'mode,ls::>with·. the:: 
. 

'"f 
distances listed in:~TableeI:U.. Ima:-lr. sets the s...01, a;.s ;, and· s'.---c,1;_ dis-

0 . 0 0 . 
tanc.es ini.the .6entrai .:.model1. were ,:>2•0,5~, 2;,.o; :_ &;;, and ,;}22 k •. re.spec.~M.valyi •. 

J 

Figgre rel:1. Tlie2p~ametersd~.or the :memb'ers of this·: set are::p:lotted omthoc 

map li:1Figµre"2 •. Theseecur.ves are ::practica;:,lly indistinguishable'.· from-modelB' 

inn.which thEvtwo chlorine atoms are 0 rotati~ freely around the"' S-S b:ond.;, as: 

reppesented by FW •. Alternativeay, ,att large :,qqthey represent ·· structures 

in'1whichl,the 20!.i•C:l J.dista.nce has a -large temp~rature factor • . A seeond 
0 

set was calculated in which the CH'•Cl distance was varied around ; :.22 At 

model P is typica:l of this gr,oup;_-, and represents either a pyrami:d structure:, 

or a 0.ohaJ.n..---1structure ::with nearly ,ill Cllnfi~ation., These two sets of: 

models arecp~acticaily indistinguishable in.---:visuai: appee:rance • . Both 

sets ar.e"qualitatively in':good agreement with the visue.-1 curve beyond 

!16 ..--.; l.;5i and the .average: deviations of the ratio of the calculated to 

the observed posi tion:,of':'features in this range are of the order of? one 

percent for models in both sets although the ,,devia.tions in the second set:, 

aze slightly smaller • . Ifowever, in -.the region q,:,,.., l.i5; l:foth sets e.-rec0 uns~ 

isfae.tory in appearance and in the positions of the measured features • . 

ln':the third set, ,models 400, 420, ,and ·'440, the Ol~•<H~ distance wa-s varied 
0 

around 4~20 4 ... o::orreeponding to chain structures • . This set': of m-odels 

gj;ves much better a~.eement in the region ·.of the first minimum than°· either_-



of' C'the other two sets and is quite sa.tisfa:ctory out,·:, t'b about _g,q;:-m• Onec 

other modeLhas been calculated; 498 is ro..chairr1structure,:w±th .the . trantl 

confi~atibn... It_.:.is ·unsatisfactory • . 

-· 0 
It is concluded that the OJ;;'.•Olldista.nce is aboutt.4'.2 ·.~ end h'as a,. 

larg@;ctemp~ra:ture c,factor •. Oomparison,--:.of models 400, , 420,, and .440 (illus--­

ttated in.nFigure .Lout to lqa:.5,0) and:".models:·Mto I (IFand' I not shown-} 

rith the Vli.sua.1. curve,:v .· showscthat the ,: longt;term- makea· no sigrµficant :. CX>m­

tti:bution· beyond .9/r-' 59 •. Hence,. the p:arameters,, s;;;.o1~ , s-s; , and s·•'•Ol C:8.l'l 

be:'determined nee.'t"ly independently oft thec:: Cli•Ol distance by c:orrelatiorn 

of .':'the theoretical curves l:iey~nd ~r-' !ij)Cwt:th the "Visual curve and thee 

measured maxima and minima.. Thecvieual appearance of model AA is . the:_ most:, 

sa.tiefac.tory:,. Models r:,C:;aaad ·: D e.re~siigb,tly batter tha.n ·E and I wln.ich ara: 

j'1st \: acceptable. Mode le B1 ~ F;, G'.j , and .H: ·- c-ann'Ot-':, b'e :. accepted.. Tlie ave~ -_ 

deviations of the quantitative comparisons rule out models B and H while:: 

models E, ,G'i -and I axe barely aaceptable • . Th«vbest ivalues and the limit8" 

of erroi, , of -the ,eha.pe :parameters are (L) f.or the ratio of the avera-g~ . 

lengt)l of the ·:S-01 and S-S b'ondss tb the S' .. 0 l • distance, 1.9:90 + 0;.0155 

- 0.020 and : ( 2) for the ratio of.-:· the lengt;h of the S'o-5 di sta.nc-.e to the 

s;;o1 bond lengt;h, i 1.0, " t o.04\ - - 0.09· •. The limits of'.' error are :- inter­

depende:at Ul.d are plotted onnthe P:arameter map in Figuxec: 2>. , The:::, distances* 

correeponding~~to the range·· of accep:t;ab'le .modeL eha-p_ee a:s defined by these:: 

ratios ar.e found to be -(S~S+-22S~l~/~ • 0 2'..02~ ± 0.05 irx;, S:..OlJ a. 

2'~01 + 0.09 - o.06 ':lat-; : S~" == 21.07 + 0.08 - - 0.155 kX,~ and .s:J•ol~ • · 

,;221 ±· d.o; _-,iac •. The S'i'-S;;;.o1 ·.aagl;e isr; 104~B) t- ; 0 
,.:,._ 2~~-

• Tlie .assigried ' limits of error include the•c;uncertainty in" tbe deter ... 
mination of' :'the;:: si21e·•. 



TiiEv~theoreticad. scatterin:g'.,;functionn out to .P-=-;j i:s,: pracii'icaolly it►.­

sensitive to chang~s in:-:the ::S-01; , S~ ; , and' s"J•Oll distances in·,. the, range of 

aeceptablELmodels; consequently, the ~: long dis~ can.J:>e~ determinedl inri. 

this range~b:y varyin-g :_thecOl:i •Cll term,1 aione; around a:, centrai.:. model (such 

as ·A} •. Sincectlb.ere are relatively few observations in, this ran:w, , this 

distancec:caamot ·.be,.:: determined with the ~usuai preeisiorr. Model 42:0 is th~ 

bestt of ·those ·: calculated, .and 400 is fairly acceptable, but ;_440 seem.a, tb 

be just .bey9nd acceptability botb itmappearance and ih ' the locationnof~' 

features'•· It .is c,oncluded that the best':. vaiue of ·'thecOl•1•0Ldistance'"~ ie 

4'~155~ with'.& \ limit of:'error of about": o·.2~iac.. Th.es ang_;es be:twe~n thee 

S-S-01 .sple.nes : is1:92 ± 12~ •. 

It is estimated that .the temperatured'aotor,! ex.p(--mJ), reduc.e83 theo 

~ntribution of.~'the long;,~term ·by 59% ·at j c1~45J· i:'.~. ~_.;., 0-.00;41-. ModeiJ.T;, 

wh:bae ,,p:a,rameters are::near to the.,.:best ..,values, .has been calculated u:singc· 

this temperature :.· factor and .' is show,rin Pigµre s l! •. Th~eo,a1.ctt1.late-:d positions 

of max:ima,-,and.iminima:::i'or this model a.re g;-ven in,Te.bler.: I a-iong:::with>. th&; 

ra.-tios ··· a ::: _,, .'·· / .a,,:b ., and their averauecdeviation'il, 
--Caa,C'• ~ S' • o ., 

. Disoue.siort'_.. The ~· distances found in:·,this molecule will fit" only a-1 

cha.in:,struc.ture •. Tliis result rests onnthe finding of a -c relatively long 
0 ,-,. 

( ) 4 -~ .K~~ cn··•ol distance., The definite conclusion. that the molecule h'as,;; 
~ 

aalong'-~oti .ClJ.distance depends largely on measurements and interpretations 

inside the first ::maj¢r ring • .. Although' such observations are less reliab1e=­

innthi.e region::than1~between ":9f11t:.20 to _!3-a.;6G,, ther. ev-idence is more ,· thane, 

sufficient to make a '., definite 0 decisioru. The first >:.maj_or minimum: is shallow,, 

q~ite rflat, and broad •. It":,is certain"lthat ':.11 is unusua:ily weak and does 

not ':lie on::the ·outside, .aithougll it is possible that it lies at· the 0·bbttom-.. 



The,::first ring :;is . broader th8llr1.; ;t or 5'1 , r .ounded~ and of moderate height~ 

with"· ae.very weak hµmp i . A~t ;\ om thee inside,.. B:oth L:1' and A f are::- drawn 

wi1;h': sllgllt t,exa~rat:ionnin•ithec,vi.sttal curve-. Only models 400; . 420;, and' 

440 show all theseefeatures • . In·:both· m-odels .P and:l FR; . 111' li.eB:l on·. thS] ou~ 
. -

stdeeof the•.·minimum, ,Ai-1 cli:>es ·.,not;:.appea.r, .and 2:f i:s nea-rly as sharp as 

31' and ·5:t '•• Inr•,additioni Lt in model P is much too strong. . Quantitative·,~ 

comparisons lead to t he same conclusions; the :calcula:red _g:::_v-.aluee of '.' l!. i ; , 

1 1' ;?aadc' 2 ~ f:or both•P -and FR are ~·ail too large, and the ·deviation,s a-re:: 

larger and in a ·: different direction,thanr:usually experienced in~ thi:s regi·on •. 

Further;,the · p~esence of a :c long distance significantly imp:rove,s the ·.appear• 

ece· .. andrlpositionnof :.4 ,1, and ·4:t1 •. Model. 498 deserves some attention:, since· 

Palmer was unable '. to distinguish as trans· model such as this from a ei;aggered 

model similar :·to 400 •. It appears · tha.t a :c model could be found which would 

be ;·ae.ceptable in:::the range".::: of Palmer I s ::observa<t.ione·. (j = 12 ) to il : -6;} • . 

However,~ this model iac excd.uded by both the qualitative appearance of and 

the quantitativec0 comparieone in::the firett major minimum • . 

Only two comparisons between the best model found in the present r&-­

eeuch and ·tlll.e -smodeLfavored by Pai:.iner have any meaning • . One difference 2 

appears , serious; the size of the molecule found here ti! about one and o~­

ha.lf percent larger than that reported by Palmer •. N.o explanation of this; 

discrepancy ie offered at this __ time • . The other significant :comp:a.rison, 

we-ill .within the · lim!te of error. Since th'eerang~a of.;" observ-atiom in, the : 

present· study is nearly twi:ce _ as large; , the . latter value i:s proli.ably 

more a.ecurate • . 

It is evident now that the 01 .. 01:.distance reported by Palmer was 
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not founded -om.his e~eriment. , It is in-deed f'ortui tous that his value·:. 

is within :the present limits of error • . 

Tlie: best :model reported in this study is not necessarily the most; 

probable since the '. S..S/S-OLratio may be2ve.ried over rather: wide,· limits-. , 

~ estimate of' this ratio based oni~S..S and S-Cl distances found ih·: other 

molecules must wait ;until the uncertainty in the eize::parameter has been 

cleared up • . 

Smyth et·J: eri. 2 have , proposed that sulfur monochloride is a: mixture of~ 

the -chain and pyramid structures • . It"-- appears in .the p:resent research that:, 

the cstaggered chain is at least the ·0 predominaill ·- structure if ' not the only. 

onEt., In order to be :campatible ::with the diffraction• ,data the fracction· of.' 

molecules having this configuration: mustt bes three-q't!,arters or greater. , 

S_J.mllllary • . The structure of sulfur monochloride has been redetermined: 

by electron· ,diffraction. 

Sulfur monochloride has,•an extended or chain··:st; ucture, , 01:- S'.~- S- Cl, 

i:n:, wbiich theechlorine atoms are :: staggered • . The following distances and 

parameters were foundJ (S~ :::·+-2-~s-01:D/;h ·::: 2,02.§ ± O.D; kX;: S-::-01 :. 

2,01 ~ +- 0.09 - - O.06 -;iac·; s..s. a::. Z.O7 +- o.O8 .;._ 0.155 kX; S•'•oL :: 

:,, 22~ :: o.0')kX; oiJ.;.01 .. : : 41.155 f O~22kX; an.11·.Ls~-01 : :- 104.B) + :f 

- 2~ • . The angle between the 0 :S..S..OLp:lanes is 922 r!- l2Q ascmea:sured i'ran, 

the ,·.ili, configuration-. 

The results hav.e been comp!;\red with earlier determinations
6 

•. A.'_ 

discrepancy i:n °.the size ~, of the molecule has been. noted~-
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PART rl.' 

Ai:STUDY OF FACTORS m .. THE DESIGN 

AND USE OF Qt:,rELECTRON::DIFFRAOTION OAMERA". 



Tlie ctheoretical expression: .for the -~lax ·· distribution~: of "· electtonsr­

scattered by g!!;ses cannot be recorded exactly by a ·· camera'"' of "finite,: dimem­

sions. . Alterations in.r, the function arise from·· two causes, J first-',. uncertain­

ties,;are introduc.ed· into the scattering ·angle, . and second, the uncertainty 

in the measurement ':,of the number of electrons is less than the function 

only in a finite range •. The alterations Rroduced by these effacts place 

conflicting demands :·:upon--: the . design,er of an electromldiffraction C8lllera. 

Im.this study a -theory of the effect of the uncerta--i.nties::: om the· 

determination ·_ of interatomic distances in-, g~aeo'US3 molecules is developed 

by means of Fourier ·transforms •. An~expression~i:s obta:ined which. it ie 

hoped will .enable,_•the designer to make the best comp_romise amon-g the ~: 

uncertainties • . 

The magn,i tude of the angular uncerta.-i.nties:, due to the~ camera dimen"!.' 

sions, lens p~ra.meters, '. lens. aberrations, stability of the, power supply, , 

and oathbde temperature are given. 

Multiple scatterin~ is described in .the la.nguag~ of Fourier trans­

:f'orms '.,and an approximate interpretation--.is given. 

The requirements for an electrical recording system in a partia~ly 

idealized camera e.r.e discussed • . 
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AI\$TUDY OF F AOTORS~ m THE DESIGN 

AND~USE OF AN ELECTRON DIFFRACTION CAMERA 

INTRODUCTION 

Innthe desigp • of an instrument a number of compromises must be made . 

among conflicting theoretical and practical considerations • . Thus, .. it. is 

necessar,:y to obtain: in£ormation, both theoretical and empirical, about the 

operation of all the important elements of the ·apparatus. When all this 

material is collected along with practical information, the performance 

of the instrument is analyzed with respect to the factors involved in the 

design and the required compromesee reaehed. The procedure of design 

carried to this point defines the scope of the.oretical instrument design. -

The results of theoretical design must be interpreted w1 th some caution, 

althougjl if all the elements have been treated adequately, . the analysis 

will describe the actual performanc.e. . Often, . however, a theoretical design:, 

describes a partially idealized instrument and indicates the limits of 

realizable performance • . The discussion of the design of an electron·· dif­

fractionncamera. presented here is limited to theoretical design. The 

results obtained in-this analysis arespractical in part and idea:i in part •. 

The theory of the diffraction of electrons has been worked out in de~ 

tail several times • . Since this material has been collected and reviewed 

1·; 
elsewhere ; only the final resultssneed be given here • . The c~ete ex-

pression for the diffraction:'of fast electrons by gas molecules is 



wheree tP (¢)dc..J is the flux of eleo:trone scattered into the solid angle:: d J,, 

and 

where · J2 

J. 

¢ is the angle between the,:paths of the scattered electrons 

and· 1. the ,: incident e lec:trone, 

N:· ie:o t.he number of molecules in the electron beam·, 

j- is the flux: :o:f' electrons in the incident beam crossing 
i 

at •. 

unit area, 

is:. the angular distribution of the scattered electrons and: 

is called the scattering intenei ty function. It may be 

divided into three p~rts 

= ~ (s~ • oe (s1 
atomic:.: 

+ i (~:) + J2 (s) 
molecular inc.oherentt. 

- ~ L, i2-- , , 
ii. i 

sin'trijsr a 2 ' 2-· -- t"L ~ F··F · exp(- r ·s::./2) , 
m-ol. i j 'l'i i j:' r ' s ·- • it, . ij • 

(ld) 

~ ~ ' 4 = -~1?81/.s · inc. 
(le:,) 

innwhich K : ..2 2 22 
8 -rrm~ /h , m, and e ,:are the elec:tronic~mass and charge ~ -

respectively andih is Planck1 S;, c:on-stant; 
, 2~ 

F
1 

= (Z - f) /fl'> , . atomic:: scattering form factor for electrons; 
ao i 

f = 4 -,rf J'V (r)J 
2 

[c sinr:rs)/rs] r
2

dr , atbmic·: scattering • 
0 

f'actor for x.rays, t (r) is the atomic: wavec: 

:function--; 

s c- =- 4 n (sirt:'1¢/2)/i\. , where 'A. i:s the DeBroglie wavelength 

of the electrons; 

rift' = distance between the !,th• and jth atoms in .the molecule91 

Sr ij : =· mean square of the change due to thermal vibration.nin:.•.the,­

distance ½j f 



SL = -- inelasticc scattering function~. 

Oorresponding:~xpressions can be written for the diffraction of electrOllS": 

by crystals, . film-a, liquids and amorphorous solids • . Tliese expressions are 

similar to the x-.ray diffraction:,equations for corresponding media in which 

a;"£~l (li.+ cos2f;)/2 is replaced by 2(Z1 - f 1 )/9Rs2 where at, , and 8ti are:: 
, , . 

the 0
:

11radii II of the electron and the hydrogen:,atom •. 

Electron diffracition is a useful tool in1,structural chemistry,~ partic­

ularly itr:the determination ·of the structure of moleCllles in:· the ga;seous 

state •. Inspection of Equation (1) will show that, , in theory, all of the 

interatomic distances in a molecule can be found; hence, the structure, 

i.e· • . the positions of the atoms in·- sp~ce, can be determined up to certain ­

ambiguities • . In ·practice; accordingly, the performanc.e of an electron 

diffraction camera is judged by its ability to detect and measure accu­

rately all the interatomic distances in the molecules investigated •. The 

performance may better be discuseed ' in.:terms of the detail, , ranm,; and 

aoctmacy of the measurements of the scattering function :.which can be made ·· 

with the camera. If the observed data do not contain sufficient detail, 

long interatomic distances will be missed. The ability to recognize and 

separate the different distances increases with the range of the scatter­

ing parameter .!. over whieh the function is measured. Since the scattering 

decreases rapidly with!., the range of observation is limited usually by 

the absolute error of the measurements; and of course, these errors limit 

the reliability of the detection :of weak terms in Equation (1) • . The 

absolute error or its effect can be reduced by increasing either the sen­

sitivity of the observations or themag:gitude of the observed function. 

* Thie function has been tabulated for the incoherent scattering of 
atoms by L. Bewilogua2• 



The princ.iple of the electron .diffractien-:camera is relatively simp_le. 

The camera performs three functions, The generation :of high;...velocit.y 

electrons, the introduction of the : diffracting materiaLinto the electron: 

beam, and the recording of:~data f'rom~which Equationr. ( 1) can be obtained •. 

Inspection: of this equation shows that the camera must meaeure the wave­

length of the electrons, .the scattering angie, and the number of' electrons 

scattered a:t ' each angle. The wav.elength of the electrons is related to 

the velocity by the DeBrog~ie-- equation:· and can be selected by control . of 

the velocity, .the kinetic energy:,or the momenta ::: of the electrons • . The 

scattering ang1-e can be found by geometry •. In:·,the camera in.troduc.ed by 

Wierl~, .the angl;e is determined frcm three points, the elec:troirsource, . 

the diff'rac.tion '.·center, and a point on the recording surface •. The angle 

may be f'ound by other geometrical arrangements such as two points along : 

the scattered beam whenthe incident electrons form: a :parallel beam of 

knownr. direction • .. The scattered electrons can be measured either as a 

current or as a charge or by their effect on a photographic emulsion. 

Thus, . the elements of the electron···diffraction· camera:· are a source of 

high velocity electrons, a collimator to control the divergence of the 

electron beam or the cross-section of the diffraction zone, .a diffraction 

zone, and a recording device. 

High velocity electrons are usually obtained by electrostatic accel­

eration •. of '• low energy electrons .• . The kinetic energy of the electrons ca:nr: 

by determined from the accelerating potential and the initial energy of 

the electrons.. There will be an uncertainty in the energv; (and the wave­

length) corresponding to the distribution of the initial electron,:veloc­

ities , which is finite for all electron sources. , The uncertaint~ of the 



electron·:ener~es of practical sources is usually small enough'.r:that a.., 

velocity selector is unnecessary. 

Sinc.e -the geometric points and lines ( or planes) required for the 

exact . determination of the scattering angle cannot be realized in -. prac­

tice,· there will be uncertainties in the measurement of the angl,e. Thee 

observed data will be a sum of over-lapping theoretical functions and 

the fine details or :-resolving power of the data may be lost"i The un\oi! 

certainty of ang;e will be introduced by the size of the source, the 

diverg,Jlce of ·the .· oollimator, , the thickness of the dif'fraction,·: zone., and 

the resolving power of the recording device. 

However, . when the size of the source approaches a point and the diver­

~nce of the beam approa~hes zero, the number of electrons in the inc.ident 

beam-approaches zero, . the intensity per ueaa pc,r solid angie baving<a , 

natural .upper limit •. Furthermore, ,as the volume of the intersection of 

t'he "'beam and the scattering material approaches a point, the probability 

of soattering becanes negl;igible if the density of scattering material is 

nott correspondingly increased •. Thus, all the elements must have finite 

dimensions if the experiment· is to be pert' ormed in a practical length·· of 

time •. Since the relative effect of the absolutecerror of measurement of 

the number of electrons is decreased when more scattered electrons are 

observed, .a compromise should be made between resolving power and inten­

sity. 

The conflict between resolving power and intensity arises in the 

expc,rimen:bal use of the camera as well as its design. If the number of 

molecules in the diffraction region is large,some electrom will be scat­

tered more :than once; on the other hand when the number is small the 
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probability of scattering is slight. A discussien of multiple scattering; 

ie necessary in the final analysis of the performance of an electron:. 

diffraetion camera .. . 

PERFORMANCE 

11.tbecame evident in :the introduotory discussion, that the theoretical 

scattering,;func1tion cannot be reproduced exac:tly in°:any camera·. Since thee 

primary function of nearly all electron diffraction, experiments is the 

determination of the structure of molecules, the performance of an electron 

diffraction camera is evaluated from the detectability, separability, .and~ 

accuracy of measurement of the interatcmic distance terms in the recorded 

scattering function. However, all these qualities are not expressed ex- . 

plicitly in the observed scattering function • . Sinc.e the Fourier transform 

of a scattering function is related to the distribution of interatomic 

distances, it is reasonable to expect that the detectability and separ­

ability will be recognized easily in the transform of the altered scatter­

ing function; and indeed, it will be shown later that this conjecture is 

true • . 
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The Fourier transfonn F(r) of the function f(s) is defined by the 

integral 

and is connected to the sine. and cosine. transforms 

and F (r) 
c~ 

• l/{2'rf l ;c s) sin(rs) ds = 
= l/'l2 1f J

00

;(s) cos(rs)ds c 

-i/2 ' &<r) - F(-r U 
1/2 [!(r) + F(-r V 

by the relationa F~(r) + iF
8
(r) • . 

F(r) • er;;:+,;)½ ~Ep f i tan .. 1(F /Fc)l 

\F(r) j e;q, [ 1,cr 5] • 

(2) 

Since the transform:'. of a sum is the . sum of the transforms of the p~ts, 

each interatomic distance term- can be treated separately •. The transform 

of . a ,iterm. in the theoretical scattering function·,or some modification of 

it, such as the visual intensity function (theoretica'1), represents the 

ideal of perf'ormanc.e. When this transform is compared with that which is 

obtained from a correspondingly modified observed diffraction pattern, 

the performance may be estimated from the dissimilarity. 

Tlie camera alters the theoretical scattering :£'unction in, two ways. 

First, an indeterminacy is introduced into the observation of the scatter­

ing ;angte. Second, _. the intensity of scattering is modified by a factor 

which is a function of the scattering angle; in particular, .the patternn 

is recorded only in a finite rang~• -

• Some other properties of Fourier transforms which will be uaed are: 
1) The inverse·:- transform is :f'( s) • 1/"{Z'rr L ... F( r) exp (-irs) dr • . 
2) The transform· of an even, , real function is even and real • . 
,) The transform·: of an odd, real function is odd and imaginary. 



Indeterminacy of~ scattering angle. If' there are uncertainties in 

observing the scattering angle, , the observed scattering f'unc.tion will con­

sist' of superimposed theoretical functions. Oonsider that,:, the theoretical 

function, J (s), is defined by the equation:--

00 

Jl (s) =- J
00
~ (t} f (s - t).dt 

,. 
•· 

The· unit impulse or d func.tion, . r (s - t), is a singu;-lar and an improper" 

function having ~·.the value zero when s ; t ;_ and presenting a unit a.rear-•. 

Due to an unc.ertainty in~ ( or ,) each. unit impulse is spread out into a :. 

function:1.which still present.a &:::.unit area?.bu:t is no longer improper • . Such 

functions will be ,-called spreading functions. and Wi 11 be designated by 

gis - t; , t). •. Thus, , the observed :f\mc.tion will be 

"" 
~ (s~ • 1j (t} gfss- t,,. t)dt 

0 
- 00 

, (4) 

the folding of c9 with ,&ii!;- (Folding is a commutative op~ra..tiori.) When ·8;=) 

second uncertainty is introduc.ed, J ie folded with the second -spreading:,; 
0 • 

function:, ~(an- - t,, t-), and similarly for all the other uncerte:im.ies • . 

The spreading functions may be classified according to the form of 

th'e variable -(s - t, ,t} •. Two classes are sufficient to discuss approx­

imately the spreading functions encountered in a camera design • . 

Olaes I spreading functions' • . If the spreading function has a 

width parameter which is independent of the scattering angle, it ms.y be: 

written as g(s - t) • . In treatises on Fourier transform-a, it, will be 

found that, the transform.of 

(5) 
is '. 



where F (r) is the transform of f. ·(s) • . Hence-,. the transform: of n :., n l ' 

(6) 

is 

where E (r), which is real, is the transfornrof J (s), and Gfr), , which 
. . - . -

may. beecomplex , . is thec: transf'orm of gt<s~ • . Successive appllcation:;.of . 

Equation (6) for each independent spreading function gives 

G;fa(r) = Gf l~?,,.,.1~) C GI 1 (r.)GI 2~r )GI ,er)····· •• 

f' •· 

Class ,ll apreading·:f'unction. If the width· of the spreading 

function~is ·:p;-,op9rtionaLto the scattering parameter .!, the observed 

scattering function ~.will be 

It·.1s shownd.n~ Appendix I that the tr,ensfol'mi of this imegrai h · 

00 

£) /r) : :;L ~ ~t~'•°t1~rt? np(irt~dt 

(7) 

(8) 

(9) 

(10) 

'ftiat "';-.is •"to say, , the tranef o?'mi of a · sp~eading·_;:f'unctiow. of o lass II folded~ 

wirt}l1 ~- the theoretical scattering functioru,is a ld.nd of folding :of a11 witlr: 

the0theore'ticaJ. distribution.'.lfunc.tion ... Whew ,there ar..e more"' than· one-.­

spreading::func.tion:1of thlts ca.ass, Equation~ ( 9) beOlmle& 

* Tliie spreading :functions are .positive (and real) f".-or all values oft-· 
ffieref6re, t they alway:s con:hain·,ta.nceven:·:componen.t whose ·'transform, is rea:l 
and may contain an:·odd camponent '.;whose transf'orm,, i:s ima-g;nary. 
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/) 0(-dJ : -- l:,JJ (tf.a-in(rt) Rp_{ir1t)dt' (ll) 

where p~II is . the'.:transform:, of Girf. 

£!!!::-.:~~ -!Ji. 2 spreading t'uncticm.. . Even~:whennthe exacf. form 

of .-al.l the spr,eading;,functions and their transforms ar.e known,, it is 

pr,actical to make a limited number of approximations'.. In.:the problemi at . 

hand two approximations selected for their simp)iciti of .form -and inter-

pretaticmnappear .:-to be-:::adequate. 

4PJ>roxima:b±en: P • . 
. 

Gaussian ~error distributionn 

Thed.mit. iillpµlse ii3 sp1ead into a 

• ··-f 

~Jx) a:: (l/w• ~2 rr.') u:p~-x~/,2w~~) 

wltose~tranaferm~ia Gi,~Y) • - (l/i2Jf) exp(-w,12y2/,2} 

Her•e~~i is the standar.d (~adra:ticc:mean) deviation::,of the distributi0111 
. -

and the produc.ts ~inrEquatio1;9 (7) and (11) are simply 

Gt-i {y) = {l/~2 1T ) eEpp-{w'i_ ~- --w•~?- w•~ - ! ... )y
2
/2 ~~ {14) 

- ' ' 

&pproxima.1:.ion~2i~. Theeunit impulse is sppead unif'ormily 

and symmetrically over the interval 2_! 

= 1 
l/2v--· ;_ wh_•_ n,: I x _I ~ w·: 

~~:r:) 
O , , when / x t ) w 

{15) 

and the transform-, is t· •· 



Th.e 2meaning of the half-width}! is evident, . but unfortunately,, the trans~ 

form·;f!¼ ,dbes-:: n'Ot lend i.:tself' to convenient application-~ of Equations (7) 

and (ll). Equations. (15) JWlY be approximated by Eq'l,latiom, (17) if.!!' equals 
, 

the standard deviation·-. of ~ which is w:, • w/{5 •. That is,: 

g2~x) ::::: :n-1,1_ 2 Tr )/w] exp(➔ .. ,i!,/2w
2

) } 
• • 2 ·2 • 

G'~(y) ~ (l/{2?.ff ) exp(-w ·Y /6) 

and G'i
2

(y) Z (l/✓2?1T ) exp t-(Wi +W~ •• - W~ uu)y2/6j (16) 

Wlihiil1 the-- range that the approxime.te transform; is used, . the maximum error 

i&e ab.out·:.,% ~whennonly one"' s.preading.;functi.O?t is dominant.. When severa-1 

spreading functions, , whose half-widths:: are--:-, approximately equal, dominate:; . 

the error decreases rapidly • . 

The~:unc.ertaimy of ,!;--may be ~due either to ez. distribution: of · the eiec::t.ron. 

energie83 or to an:,indetenni~·; in the g_oemetry of . measuring th'e scattering 

angle •. If the eleC'tron1energies are sprea-d from· eE -eLl E to eE +- e~ E,, 

wkere ··!! iss the potentia:l through which: the electrons h'ave:· beenc acc:e:lerated, 

hence 2 

If::'theeang__~ecis indeterminate between--. , - '1 , and , +--Ll , ;: 

a.ad 

2w£ • - (41f/,-1\ ) : [_;dh(!(•2~ 1A) - -sin{A·- 2~ @)] 

w! j -= (4 -rr /;A) c:os(.(lJ/2) sm( ll ,1,2) 
. . -

-::::: (2·::rr/,?\ ) c:oa(,/a, Ali!- r •• 

(lT) 

(18:) 



Modif'ica.tion-i.2!~~ :d:nteneity;.. Thee camera: also modifies tlie . theor~ 

iCai:. sattering~;f'unctio:w.by::a . ..,:factor whiCh>depends on: the=' scatte--ring ~ 

eter; ; that is; (19) 
, 

Theett.ane:f'orm:-, of this modified function-., is 

whereeM(r) h3 the transf'.orm~~ ot':"m( SJ} •. 

Theemost imp~rtent modificait.iom i-s. that':. duae to:; the finite~ rangs over 

whic~.the ·diffraction-1pattern-.1.mayybe observed,, for which'::m(a:), :iis 

(21) 

(22) 

Tlfeelimit of observation -cannot be,:made arbitrarily large, by the· si:inplee 

expedient tof .'iiloreasingi,thecrange: . of recording by thee camera.. There~ will'. 

still be ·a c; maJdmum vaiueeof the -~·parameter .!." beyond whi-chi· observations of 

thecscattering functi0n1are meaningless • . This limi.t ': i'B reacned for a: ·pe.I!w­

ticuw-.(' in~ratbmicc distance· when:-.the runc.ertainty. of measurement equals the 

amplitude of the•i corresponding ~,ternt· imE~tiorn. (1) as altered by thi:rcamera:. 

and multiple -scattering' • . If N is:,tlile number :·of molecules imtlie diffrac:tiom 

zone,, .:t-ie the duration:··-of the experiment, . and .t1 Q a the uncertainty~.- in. 

the emeasurement 0 of the eccharge scattered imt.o the solid angle :! <.J ,~ theni.!it, 

Wheni. this approximate transform~ is used; , then 



is determined by the:cequatiom 

lft~~/95W:-f(s,.2i3-~sfu)) t _) d w 

l 1i 11h ) 

where -.:: C7f J deecribes=; thecch~ p_roduced in:,the amplitude of_'· FiFj_siit(1tijs1/ 

r ijr by theccamera ~and multiples scattering.·, Th&':'magn,itude,, of ·the ~rat.or 

(9 1 } is .e,'=fi>r :·the unaltered function, , bud!. 1:. iit is lees than-,~ and'. is-, a;_ 

functionnof'f'-G_:1, am.d ',!,•inn.any camera., It is c:lear that ~t the-: liimiit ~ ot: 

obeervatiotlj , cU1nbecextended by_ ihereasing";either th'e sensitivi.ty of the 

meae'l.memen.t, 1//J Qmin-! ! or the· dur.atiomof thee observation., It· a~lso appears 

that. :-~ increas.es with,· the c--factore N:, , !f.' 6%.t{ 1j , . and ~ tJ ; butdJt will ha 

seen-,ehortly that these fact·brs are n9t iiltlepemlent.. Ini perticw.Ilar, . 8 } l 

deoreases,ias N·, , h,'. and g c.J ar.e:: increased .. 

Theemunber of .molecules inn. the-2 diffr_acf.ion zone::> isr 

--nr.v.· • mo l2 

where p_-r,isrl:.he number of ·molecules per unit ·.area • . V is the. volume: of the:? 
' 

scattering zone, 0 is the--= averag! c-ross-section, . and l ~ isc. the aver~ 

len.g:l;h\. . The -: indeterminacy of thee- scattering 0;ang__,le2 increues with': the 

V\Olume ~of '.the ·.-diffraotion-izone; hence, , if ' the . density of .. scattering matter-

--is hela constant, i:J'. does:: not bec:ome arbitrarily large with V & O l siilcg: 
,n 

the :•indeterminacy ;reduces the magnitude of the operator 0 f J f'e. Also, thee 

number of molecules per unit~,volume !l·-cannot bee- increased without limit,and 

even::.beforeearcondensed phase,,-1:s obtained multiple ' scattering will have::-· 

masked. the desired scattering--pJa,tterru,by sp;-eading • . 

Thecupper limit of the current density.: £i of:· the elec.-tron: beam is m. 

func.tion -of ':-the _·specd.fic :; emissiornof 'the source and the angle of divergence 

of _ the ~beem-tt 



where jiit_ is the _:maxinnmL CUl!rent density in the~ beam:,, 

j'O is thez:specific:: emission·:of' the cathode, . 

E is the acceileraiiing:;potential, 

T :~ is the cathode temperattme, , 

k is Boltzmann1.s cn:,nstant;, 

ami q' is the. half angie of'~' divergence or convergence' •. 

This expressionr,is 8.8.c:onsequence of thee second law of thermodynamics and· 

c:orrespondsr; tb the theorem, of He-l.mh'oltz.i-Lagi-ange -- im optics •. It:, was deriv.ed 

by' D •. B •. Lanmutr~ in-'.. the(:abovesform for -electrorr-J:ieams and takes into 

accQunt theeMaatweilian·,vel~city distribution-. of:· tne . elee:trons:: l'eavingr,th& 

soiwce'•· The-2chbice•'. Of theeca.thode materiail and the~:upper limiit of ·the: 

opera-ting\temperatul!esarecdictated by practical: c-onsideration:s and deter­

minecthe c:•specifiC:; emission.-10f the source'. Th:e only factor m. the camera;-, 

desigil icon.trollinig_ the cunrent density is the divergence of the beam • . 

The ref ore i thEvmaximum cur.rent ·,density iw the diffractiom zone 1·s deter-­

mined by thecapparent. -angl,e subtended by the ·source-at ·: tWe,., diffractiom 

center • . Thie angle is an:1unoertainty in ,the scattering angle and the 

current density cannot be increased beyond. th'e limit of Equation,_ (2'-J 

wit.bout reduc.ing the maggitudeeof"(9 { J !;. 
Thecselid ·angl;e , d i,J ~ b'e written"1 

d:·~t..J ::: sm,,(6 'd,(62'.d& a- ( "\ / ~ fT )111 CQs{.(lJ/2~ d,' d&: 
. , 

4 t.J z ( "' /,4 :JT')s c:os(.(IJ/2} L'.l •r ~ .(IJ-r· r •• 

A ~-- is -the azinmthltl a.re of the::;diffraction· pattern, and '1 , . ill'. t.h'e, arc.~ 
6l r .·· 



of.:the scattering angle:intercept,ed by the .: recordin:g :device· •. A e emmot 
r 

eacceed 2 "'Pf[~. <1 , _.,- is :.·another., uncertaint,y in".the-" scattering,~.angle-: and. . re-­
r.-

duc.eac I £9 { J / "~. 
It · shou1ld not be forgotten that fl Q?!Jin,, is ai. functioru. of:' the total 

charge ~ '-, which ie being::measurecf.. A Qmiill usua,J.ly bec-.omes c:onstant': as 

theetotal charge, approaches zerd. For la.r.O'A Q the~0 ratio l\ 0. l l/1 n i'e 
- (;>'5 t "mi1!l! 1 ... t : 

nearly oonstanit' •. 
• , . + 

_mtec:omplew ·exprees-iom ~ ·]:ll!;;ctransf'orm 9£. ~ approximate observed 
. . 

s·cattering· funotiol'io . Oombining j!:quations (6),, (8), , an-d (19) gj:ves ftor tli&c 

observed scattering function·; 

Uponr substitution::1of' the approximations made in ,Equations (16) and (2JlE},. 

Equatiom (28) may be written:: . 

(29) 

Thissexpreseion~·:should also include a term due-~to experimental~ errors m 

recording of' tlile :: scattering pattern .. . 

Inapect.ion:·:of Equation (29) will reveal that the alteration of the 

theoretical distribution is described by the two func.tions 



and -~-~~':; i ~ ' _.,i· --~- ' ~ .:;._~ -- -~~-,--~.~t 

'{ ll:,._ · E {wf
1
r s _/3)2 ; 

Tiiellr product modifies the amplitude,.of the theoretical .distribution '. and 

should. be lar~ wi-th respect to the error term, otherwise it .will be0-dll'"..­

ficult to deteet and.nteratomic :: distanc.e· • . When there ue more? than . one 

interatomic:: distancei the :c'observed distribution:.may be smeared out su:ff,ii. 

ciently~ by thed'olding iil··Equation,, (29) t.hat"::the,;error term: make&.: separate: 

iden:t.ification,:.,_of two or more adj.~cent distances um.cert~'• · The: liinitt 

off'sep~rability (4 r )L is propc:>rtim&iJ.;_ to the width of: th~ Gaussian 

ftlnction.--i in'lthed.ntegrand of E~tio~ (29), 
' .- :'. · -~ ··: :, ·.\ " ··.'l . i - 1_:· • -~- :.::1 ··•:.t 

whiCh', is inversely p~oportiona.Lto one : of ·the aiterationi.functions C,o}~. 

The-sproduc.t,~ 

is aruneasure ·.·:ot' the•,merit of a camera· desigg:,. since the greater 1:-ts ma~ 

nitude,~-the more readily interatomic distance terms can be detected and_ 

separated· •. ~, w!; and:l'!fI cannot beevaried independently bwt. are functions, 

of the dimensions of the camera,·elements • . In order to evaluate s it is 
~ 

necessary to know • / {) t 11 r~ . Thies :f'unctiom.bae a simple form· only wheru 

Jl ( s) is a ::sum of sine.a and cosines.. In :this cue reinversion:l of: Equatioru 

* When at. :least one of the adjoining distances has a large temperaturec 
factor, , the determination~,.of the separatiom is still less certain • . 
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J 0 (s~ • tf {J (s)} =- Glt ~riji~OC±Iti~rij]s~~s,~l (s,) 

and the ,,approximationnwill beemade that 

Unless the widths of the · sp~eading _£unctions ~ mid ~I bec:ome lar~ wit.b:. 
' . 

resp~ct to the. · peried of sin{r
1 

~), this appro:ximatioru should be· satis­
. i . 

. factory •. 

Ac.curacy;.. Tlie alteraiti.c:m of 'the scattering functiorr. by the camera:i 

may imroduc.e systematic.::: errors which either introduce asymmetries into 

or shift the inflections• in the distribution1f'unction: £J (r); thus lead--
o 

ing;;to an: inaccurate determination of the distances' • . These errors arise · 

(1) fronran :odd term in the sppeadingf;:f'unction; (2) from the slope of the:o 

t~form:.~
1 

... ;,and C,) front· the actuaLasymmetry .of ~l: (~· ..... ·pJ~• The2 
"' It .• r · . . . 

firs~rder effect of an odd term iit"1 a sp~eading function is removed if 

the ',!s scale · is calibrated to coincide with the centers of gravity of the .. 

spreading functionllf♦'•. Higher order ef:f'ects would require separate .! 

scales for each interatomic distance •. 

'l'flansf'on:isG,S!t modified scattering·cf'unctiomJ' •. The differencesc betwemr.. 
. . . , . . , . . . , 

the,?transforms £l (r:) and £J (r.) describesthe alteration: by the:: camera:.:: of: 
0 

the ,,tbeoretical scattering _-:fun~tion:-·Jl (s:) tb cO 
0
(s)· •. However;, ihlnearly 

all ei.ectron:-.diffraction::determinations a.are lated function: such as the· 

observed visual scatterin·g :f'unction'-is used instead of J (s)., Hence, . it 

* Each of the coherent scattering terms in Jl (s) is represented by am 
infileotion:'lim..0 ( r) at r •-± r 1 jt · 

•• Such a <1calibration can be mate -~ iff theci s scale is determined from thee 
individual lines of ·the diffractionnpattern -of a crystSll of known spacing'~ 
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is more appropriate to describe,: the :.·changes i:il'l the relat,ed functiomby 

means of its ownntr8!1Sf orm •. 

The ·radial:. distributionr.funci-tion:used in"'l thie lab:era.tory is . the trans­

form of:.'sI
0
(s} 

00 

irD .,.(r) ~ ( 1/{fif>.f:r 
O 

( s) eq(ireJ de, I' 

• · 

I
0

(s~; the observed visual scattering function, .. 1-s ~ (s:) modified· by the::-
o . 

p~ysd()logi,cai :. response eof.:·eye vand by int.erpreta.tion. . Thia, modifio:a.tio?ll 

can:.,be :':deecribed approximately by the re·la:tion:. 

where ·,J B, is thecbacdcg,ound sub':ttact.ed by the,~ efei;e.nd ,v---
0 

l!ep:neeente: thee 

ch~ inr,sensitivity of the ,eye with the backg~ound and h3 approximateiy 

equaiLto .:1/J,} 13:(s) OYer aalarge~ran.ge-.. Equa.tion-:(;5.j may then'.".be2written 

'°" 

rD0 (1°1 • - at dc~(r) • -£ Lf!J0(p) - ~ (p~'},fc-,- - p) dpn (,:,) 

where d (r) is the •:transf'orm~· of I (s:~ and Y er) is the transflorm of /V" (s)., 
0 0 0 0 

To find the difference between, rD (r) and rD(r), it is necessary to sub~ 
0 

etitute :: fJ (p) from eitherrEquation:.(28) or (29) and make suitable approx~ 
0 

imations for ,SB! Y er - p), and the relation b~tween E (r) and rD(rl • . , 

Although a~complete,miderstanding of :the ·alteration-•.of rD(r:) to rD (r) 
0 

re qui.res ,,the analysis indicated, , iilvestigl:!,tion of the approximations needed' 

has ,:nC!)t beenmmdertaken~.since ·Equat:Lons (28) and (29) describe this d"ter­

atioru~to a first~order approximation, , which is adequateefor the desi~ o~ 

a scamera. 



OOMPONENTS OF AN ELEOTRON'.: DIFFRAOTION CAMERA 

Tlie scomponents of ~anr e lectr.on"'. diffraction, camerae are a source-: of 

nearly m0n.okinetic electrons, ac,ccllililator, , a diffraetion,·.zone and a re.,. 

cording device • . In•;this section:-:the pu~pose and generaLp~inciples of 

op&rationr:of each component. is g;ven. , The relation:,.of:·the dimensions to 

the intensity factor Nj1.d:'w'/ ,1 0. . . inr.Equation: (2,) is eV'i.:dent with th& ·'. 
':tl ~-

aid of Equations (24) and (?5}• . The connection'.'.betweeni.the :., sizes, of the 

components and the widths of the. spreading; fun.c.'.tions rs shown-:, in, later:· 

sections~. 

t !h! monokinetic'.:e·iectren S'ource1 •• Electrons for diffractiorr.have been, 

obtained either from-·.ar:. gas discharge tube or from ao- thermioni-c cathode •. 

The thermiom.cccathode has replaced almost universally the,· g9-;s discharge 

tubeebecauee it is easier to control and because the uncertainty of the·: 

initial.electron··energies is much sms:ller.. Thecch0ice of cathode material 

and operating temperature affects both the detectability and separability • . 

The. specific emission.·'. of thermionic emitters is ~ven»by the Richardsom­

Duabme.n? equation; 

where 

, . 

j
0 

is0the specific emission,of the cathode, 

B • is a ,·cons.tant (= 60.2~:fbr tungsten), , 

W is the ·thermionic elitctron··,work function (:. 4-t.i:52 'V70lts for 

tungsten), , 

and~. k is c,B'ol tzmann • es constant ( 111- 8.6~ x 10-5 electron, volt/ degree). 

The distribution of electrons emitted from a :thermionic cathode follows, the<c 



Maxwellian:-,law.. Let "X (E)dE :be the fraction-,oi' electrons emi:-tted with : 
·" 

initial. energy betwe·en eE and e(E + -dE); then 

This distributiondias a maximum at E =-- kT/&:? • - T/11,600 v.olt and 9($.£ m 

of the electrons have ener~s less than:,4k.T/e'. If the temperatur.eeof ~ 

cathodecis 2900~.; EDl1 is '.: 0.25:ivolt :,and the half width\-: of.:the spreading :· 

func.tion for the initial electron,,velocities:i is approximately 

(Cathode temperatur.ec a , 2900°».; aoc&-lerating potential: • -- 40,,000 v.olta;) 

It-':,will beeseen-- later that '.thie sp~eading :i-s negligible c:ompared with that. 

fronr:·.other causes and that the ,::choice of emissib?ll. temp~ratur.e iis not c:rit~ 

ical:. , Tbua; , thecsele.ction,:o:6' an emitter need not be based onn.&;1_ low operat­

inggtemperat.ure. , Instead, }it appears that a·' b'etter choice can be made oni 

the g,:-ounds of the specific emis sion,,at a temperature such that': cathodes, 

of different emitters would havec: the same mean.-lives •. If short lives, , of 

the order of ten hours, . can be : tolerated (by the usec of _·· readily inter­

chBngE!able -- ca.thodee), tungstennwould be selected on ·this basis alone • . 

Further, , tungsten has the important advantag~, that contaminatiorn from the:: 

air and fran the materials studied in the,:camera::.has -a small effect orn 

t.he :emitu,ionnin:10,anparison wi1.h the effect ':.orr--.c,xide-c:oated and thoriated ... 

tung~en cathodes • . 

After emission the electrons are accelerated by an electrosta.tie: fi&ld 

which is produc.ed by a ,:high potential applied between the -cathode and anode ­

( accelerating electrode) • ., Changes in the accelerating potential from one 



ex.posure eto another will result in different .! -scales for the sep_arate. 

experiments • . Thus, . i£ the ·:.! scale iss to be . reliable to one p_art in--:ai 

thousand, -the voltage,:lllUst • be rep:roduc.ible to one pa.rt in·: fiveD hundred •. 

Onr.the ~:other hand, . var:iatiori::- of :'the acce lera,ting potential . dtU"ing an ex­

posure is a ~.spr,eading function. If the 0 voltage during an exposure is h'e:ld' 

to one ,.part lll:lfive hlmdred, , the -half width of .the spreading function will 

(4J:) 

The .: imensity: and size ,~of the electroni.source can be c:ontrolled by tha 

desigrr,ot':'"'the c,cathode,, anode,, and · other electrodess in, thecfieldl betweeir, 

them within.the limits of Equation·: (25:) •. Thi'e group -of electrodes form ,an 

eleotronnlens system, and either the -ima~ of . theccath'ode or th:e pupil. 

(cross-over innthe forme.tion, of the imag~) issthe effective source in-,1.he:: 

camera.2.g~ometry •. The effective size . of the source cannot be made much 

smailer than 10.;.e millimeter •. 

The cocurxent ·density in the ~.beam at the ::diffraction zone depends gl'.'eat~-­

ly on:,the c.0 design ,of the electronr-,gup.:.. About t25% of the theoretical current 

density p:redicted by Equation:. (25) is realized in:-a ggod design. 

1.b!,::c:ollimatot • . The c:ollimator c,ontrols the divergence and theccross­

section,,at theediffraetion,·,zone of the electron beam. It may consist of 

one or more apertures or pinholes which ?n837'ybe p;lac:ed ahea-d or behind t1leJ 

diffraction·-,_zone along ·the electronnbeam and limit the,· diver~nce of th'e:l 

undiffracted or the diffracted beam· or both'e. In-. .many of :'the eleetron:--­

diffractiom-1cemeras pililhblesr are used for C(()llimatiori.. In tlie same wa:y 

that ordinary optical sylrl.ems make more efficient use of ligh't when lenses-­

ar.e used instead of pinhbles, electron lenses may b°Ekused to a:· certain:, 



extent . innelecdiron,1diff'raetion-1 to inoreas.e ~- the · ei"eetron--, intensity without 

loss of detail . in the ,,,ac-atterin:g pattern.. Such systems are discussed 

lat.er •. 

The ::diffracticm."~~. In the .usual methods of diffraction of electrons,, 

a"lthire'.secrl,ion.>: of a c:.solid specimenY'.or B..?.fine -- j~t of gas is introduced per­

pendicular to theceleotron beam •. When gases are studied th~, length of the:: 

diffraction:·,zone.:: (diameter of the j~t) cannot be made signific:ently smaller: 

tlb.an.'. 0.one millimeter•. At · .wide angl.;es this uncerta-inty in the scattering ; 

ang!e cbecames the most imp9rlant c:ontribution to ther: sprea-ding of the-; 

acattering?;p~ttern in.'!existing cameras. . This uncertainty in the, scatter-• 

ing:4mgie is approximately proportional to the • ratio of the diameter of 

tbecj~t to the . camera.,, leng;h ( distance between theediffrac:t.ion-:center and 

thecreoording device, • . An.:1idea-1. lens between thes diffra.etion zone . and th&: 

recording _ device can be focused so that the apparent · camera .length increases 

without limit and decreases the :.uncertainty in the scattering angle. Such 

a ·~.gain in performance is limited and perhaps is not even realized when 

practical lens.es with their aberrations are used • . 

!h,t ,recording· device' • . The . pattern of the scattered electrons is r~ 

corded almost universally on photogr~phic films. The selection of emul­

sions for electron diffraction of gases has been empirical and represents 

a '-'.compromise among the film characterist:i.ca, t s~edt resolving :ROwer, and 

latitude~ - The relation~of the film characteristics to performance will 

not ·be analyzed here • . In the application~. of the results of' this discussion 

to phbto~aphicc: recording, it will be assumed that the effect of the re~ · 

solving power of. the emulsion may be neglected and that the speed and lat­

itudeeare adequate • . The resolving power is the most important ,of these 



p~ameter11. The sensitivity (reciprocal of the minimum uncertai.nty in 
.. 

the recording of the scdtered charge) can be made equarl for all emulsions~ 

by selection of ~·an appropr,:iate e8posure . (product'~ of the initensity of th~ 
-

scattered electron and the ·:: dur.ation of ·the experiment•)1 •. When the ~ lat-

itude of .·the filmds limited, the canplete::pattern can be obtained from~ 

a -:-:.series ··:of :··graded exposures, ,each covering a portion of the pattern~•';. 

The diffraction patterns of solids have been recorded by electrical . 

measurement of scattered charges or currents, . but no applications of this 

method of recxording to the scattering of gases have ·been reported***• · 

The relation between sensitivity and the size ·,of probe is evident frODl' 

Equation (2,)-• . If the an~lar size of the ·p~obe is .1 .¢• -i1 &; . then-

.1 w -::::: ainnJlJ. '• · .1 ,0,_,-,,;_ ~ e- ~ ( A/ ~rr f ti.• t1 Ji t> e , (42)) 

while the half-width of the spreading ·:functionrd.-s 

(4;) 

• If "the system is stable; ,adequate exposure can be obtained by length--
ening the time of the experimem •. Such stability haa::not yet been demon­
strated in camerae used for the diffraction of electrons by gases; the:, 
length ·of an experiment ie limited to a fract!cin° of a::. second •. Howe-Yer; , th&J 
ef:f'ective 00 length· of an,"'exp~rimentt can be further increased 1ly superimpQsing; 
on ,one film:,a series of . short experiment.a·.,. Since this is a . tedious wocess, 
speed shoula not tbe sacrificed to resolving power any farther than necessary •. 

•• Provided tha:h thecsegm.ent of the p~ttern covered by a single experiment. 
is not so narrow th.at :adjoinin-g features cumot be compared •. 

•• This is dueeilb.::,part to the failurce to devise a satisfactory technique-~ 
and in part to tbe c: grea'tt suc.cess and sensitivity of the photographic method • . 
In '.:a '0 later section the theoretical limitation of electrical mea-surement of:' 
the scattering pattern is investi.ed" • . 



GEOMETRIC THEORY OF DIFFRACTION\ 

All of the : components of the electron diffraction camera: introduce .. 

ge;ometric uncertainties into the scattering angle. These uncertainties 

were not discussed quantitatively along with the .description of the individ­

ual components since the whole problew, of geometric uncertaint.y i .s disc-uased 

better as a unit •. In .the geometric ,·:theory, the · spreading ·of the scattering:_,; 

tunction71duecto the .effective size·-' of the source, , the divergence of the 

electronribeam, . the length of the diffraction zoru,, and the shape of thee 

recording surface will be treated •. 

Firstl.Order geam.etrie' theory 9£ diffracti.on. Diffraction has certain~. 

quasi-op~ical properties •. Inc:analogy; with optical theory, an image surface, 

magnification, . and aberrations can be defined. When electrons diverging 

from··a source or image are diffracted, there is a virtual image for each 

scattering angle, .and when electrons converging to a:. rea:-1 image are dif­

fracted, , the ·. imag~s are real •. The diffrac,tion image with its aberrations 

may be : f'ocused by electron lenses • . 

The focusing circle used in some spectrouaphe is fami:liar. In a:. 

first approximation a spherical surface possesses the se:me focal property • . 

Consider an electron ray pencil:.converging or diverging at the point ~• 

Locate the diffraction center ~ on the :. princ.d.pal ray and construct a spherec 

whosecdiameter is PO, . see Figure l • . If the diffraction region i's a thin 

spherical shell at the surface of this ephere, 0 the diffracted rrry pencil 

will be .. inc.lined at':.an ,angle , 1 and will be o:cnvergent at .Qr divergent front. 

the point ! 1 with 



Figure 
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sin:: (J • .,. sin~·-(J 

Let a second ray penc.d.l, ,convergent at J!, also on the surface, be diffrao:ted. 

The second diffrac.ted ray. pencd.Lwill be convergent at .R' and 

R1.P1 a · RP 
. 

and bR1.0P' = bROP 

These 0 results describe ~·the first-order approximation, of diffraction • . 

Sec·ond-order geometric<:theory 2! diff'ractiorl.. Im the : diffraction-· of 

electrons by_ gases it is impossible to con:fine the gas m :theediffractiom 

zone to a , thin··:.spherice:l shell • . The shape of the dif'f'rao::t.iorr:zone is more 

simply described by a ~succeesion of planes.. By considering first tha:t th~ 

dit'f'rao.ting material lies in. a plane; aberrations from the first-order 

imag~acan be found irl·,a second-order approximation •. Then by treating dif;. 

fraction from suc.ceesive p~es, ,first-order uncertainty will be found •. 

Let the ! axis l>eethe axis of' the system, i'.e •. passing through the 

centers of the source, ,the collimating apert~e, .the diffraction zone; 

and the recording surface; and place the origin at the diffraction .center 

as. in ·Figure ~:2~ . Inr:the secon-d-order approximatimr..consider only tpe rays 

which lie (both before and after diffraction) in a plane containin-g thee 
. 

! axis· • . _ The distance of the ray from the I _a.xis is !• The sourc·e is 

placed at f and thescollimating aperature at & The ideal image point is 

defined by the ray !i from-- a '."'point source at .f:, p~ssing through a, point 

ap~rture and diffracted at the origin; its path: iiJ 

{

zero 
R • 

l t :tan , , 

(incident) 

(diffracted) 
(44) 

An arbitrary ray~~ originating at~ and p~ssing through the aperture 

at !!Ar.and diffracted at Bo; .makes an angle ;}' with !{,• Its p_ath~is: 



Q \ 
Cl'.'. 

---e 

\ (\J 

Q) 

::, 
0, 

LL. 



R . 
2 . 

(inc:ident) 
.. , 
(diffracted) 

and the difference between the .: diffracted paths is 

The tangent of the angle subtended by /l B, iss 

Thua 

tan D. , ., • Ll R 1 /Z 1 secs , 

• R0 + Z [{tan ~sec~¢,)/(l - ,tan ~tan ~)I\. 
z• sec~ 

. 
Solving :eor tan t>. , / it is found that 

Expressing the parameters S,o and tan o in·1 terms of ~ and ~ 

R0 • (PR1.,\- ARp)/(P - A). 

tan o • (RP - RAJ~/(P - Ai) 

and substituting in:r:Equation .(46); then,:. 

tan Ll , =- (Z 1sec~, ~ --.A~.Rp .: (;•sec~-- P)RA\ _ 

• (P - ~z•s~~/ • (p · .. A)Z 1aec~j 
·-

' 
(47j 

(48) 

(z·f • • 2j · P)R 
is ,,the angular magnificatiolfi. • ,sec •• ' - • N- is thes- defocuaing tenit end 

(P • - A}Z I sec2ja 

is !!!2 on::the ideal image ...,suri'acej 



~~­

z • = p cros21.1 (59) 

The second-order term:, ,!!c, -tan 'If tan 1/'/t I sec~f6; deecribess the aberrati~ 

resulting fromna ··planef:diff'rac.tioo·:eurfaee • . Exp!Ulding _R0 tan lf the 

e.gglar.:ha.lf-width; becomes 

iil·,which the radii of the source and of the collimating aperture are used 

for !!p ud !i·_respectively. 

To find the effect of the,~ length of thes diffraction ·:zone,, c:onsider 

a 2.ray ~ diffracted at the plane Z • So It::. i-s evident that ~ is 

identical with a ~.ray ~ -: for which~ ie(•. sul:ts1".ituteit f.or J!o(see Figure 21, 

inset) 

Rb = R0 - (R0 - R0) • R0 - s &,an(¢ - ! ) - tan ~ 

• R0 • (S tan , sec2 r )/(1~ - -tan ,' tan 'l$ ) • 

Substituting in Eqt!ation (49) 

Tlius . the uncerta-inty due to the length of the diffraction~ zone fa 

in-:-which haU' ·'the mean length of the diffraetion-- zone is used for S·. 



ELECTRON: ].ENSES AND THEm APPLICATION . TO ELECTRON DIFFRACTION 

Electronsr,ca.tl:'be focused by electric ~and magnetic fields.. It i:s p;I"e­

dicted frorrr: the first-ord~r theory_ of lenses that most of the ~ometric. 

unc.ertilnties~ in the scatteringf;angle can be decreased without limit r~ 

~dlees of :.'the dimensions of .the ::: c.omponemr.a, of the camera .. However,, th~ 

higher order lens theory shows that the ·nearly ideal per:f'.ormance:,, predicted 

by the first-order theory, , will not bee realized' since practical lenses 

introduces' neW uncertainties (aberrations) which generally are; smaller th'an-: 

those present in:-.the ab'eenoe of lens&s except at la.rge, angles •. 

Lens aberrations. The theory of the aberrations of electron lenses 

has beem discussed by several authors:6~ . Thestreatment of Rogowski a:e out­

lined by Zwoey~n et\!;'i, 7. will be followed here appropriately modified for 

radial s,mmetriccimages. IruO'ontrast to the exact ray tracing methods 

used in .the careful design of ordinary optical systems, , it is sufficien~ 

to describe the aberrations by the coefficients of the second lowest order 

terms in··,ray equations since these aberrations cannot be c·orreoted suffi­

o~ently to make any higl::ler order aberrations become important. 

The aberrations of electron: lenses are usually divided into three 

groups: (1) ~ometriccaberrations which depend on the geometry of the 

lena :·fields, (2) chromatic ~aberrations which arise from the inhomogeneity 

' of the electron~velocitiee, :and (;) space charge effects which are prod~d 

by the mutual repulsion of the electrons and depend on the electron density. 

Geometric aberrations. The ray equation for axial symmetric leneeB'.' 

contains only odd order terms. The first-order terms define the~idea~ or 

* All but the uncertainty due to the finite size of the elements of the 
recording device •. 



Ga.ussian~.imag~ while the third-order terms describe the most important 

aberrations • . If' ' the axial symmetric · lens is ieotropie,, there are five 

aberrations (distortion; , curvature of field, astigmatism., coma,. and 

spherical aberration) as in ,ordinary optic.a. However,: magg.etic fielda, 

are non-ieotropie~and three additional aberrations ariees in thi~ case 

(anisotropic distortion, astigmatism and coma) • . The characteristic aber­

ration fi~essc·an be described easily in the Gaussian (ideal) image 

plane by eight ab'erration:.coefficients • . 

Let (RP, e•) be the croordine.tes of a point in.the obj~ct p).ane,, 
. -

(RA'. 4' ) b'e the coordinates of the intersection of a ray in 

the aperture plane, 

(R
1

, e ) be the ~c'.oordinatesc of the ab·errationless (Gaussian) 

imag~::: of (Rp, e•) in-1the imag~ pl.a.ne.c and llet I • O 

b'e p!U"al.lel to 't' • · o, 

(tiR, ~ e) b'e ~,the :deviation ·of the ray from the Gaussian i:inag~ 

point, 

e - &1 • X bec0 the angle of rotation· of the Gaussian image rela­

tive to the object ( -X. • O for p~e elec.±.ric: lenses), 

~ be the magnification o'.i the lens defined by R1 • 1it~ 
The eight aberrations may then be described as followa~ 

1) Distortion 

L\ R : s1Ri 

2) Anisotrop~c,: distortioni. 

RI <1 & • - S2~ 

;) Curvature of field 

Ll a • s;9Asm#-' 

R1Ll & • S;R?Acros o/ 



4) Astigmatism--. 

.6 R • S4R?Asm-111 

RI Ll • ;• • -s 4R~k A o:os q,i 

5) Anisotropic asti~tism-. 

Li R = -Sf~Acosr'f' 

RI A e • -S t>2o em"'" 5~'A. '7' 

6) Coma 

Ll R • SfpR!~2?.- c:css 2'-o/ ) 

R" ..1 e • s6a..::.R2sin-· 2 f I ,_y·J. , 

7) Anisotropic 2- c-.oma 

.!\ R • -SfPRisin·. 2 J 

RI .ti& • -Sfif'1(2 :-- c:os 22'¼' ) 

8) Spherical aberra.tiorn or aperture,:def'eet 

!). R • S 8a!~a.n1'1' 

R .,1 e = S-R~9oss'P I ts"-..., 

When'l the source and the · diffraction ~ttern are symmetric: about th&:o 

axis, . it is ,:ne.cessary to consider only the radial component Ll R of' the 

aberration fi~re,.. The angle II' of the ray intersection .in the aperture.--: 

plane may be ~ eliminated if the aberration:-·,figures are grouped by powerS:-of 

!!A/ amd !!p ad described by the .averag~ vaiue and the half width of I:!. R. 

Di stortion.,a 

.a R • : s1~ m· s
1
1t(Ri 

..1 R : · 0 
½ 

Field aberrations~:c (curvatur.e B£. field and a:stigmatism) s 

The ·image defect innthe Gaussian imag~ plane is 

Ll R • · ~s, - s4) sin 111 --s
5

c:os o/] R~A': 



-then,. D. R • 0 , 

•· 

However, . there is a ·· surfacecwbere the ~ R c:omponent of the coombination 

of curvature of field and isotropic asti~tism disappear.i. This is 

known as ,d;he tangential surface and is located at 

(S; + s4~(I - A~R~ : (S; + s4 ~(I - -A~ 2a; 

where (I - A) is -·the distance ··from the aperture"· plane:: to the Gaussian 

ima~ plane·. . The spreading of the image due to other aberrations is 

not gl".ea~ly different at this surface then at the Gaussian image plane •. 

If the recordibggdevica is located at the tangential~ sur:t'ac:e, 

fl Rt -;; s,a}A-. 
Ooma.ac 

Att the Gaussian ima~ p~ 

~ a ·. =· [s6(2 - c:os 2 'fJ ) .,.._ s7a1n-2~'Y] Ri,Ri 
. -

'!'his ima~ def'ect ' i:s unaymmetrioal 

M c-- 2'.~S <58p1\i 
a.ad L\ R½ = [2 ~:s

6 
- ✓--s~-:, +-s--~-] y~ 

Spherical aberration~, apertures defect a 

At the Gaussian image, plane · 
,.,_ . 

~ R : s
8
a._;_ san 'I' 

-.O R • · 0 

7 
.1 R½ : S8RN" • 

tt,~must·:be -.:pointed out that aberration c..-oeffic:ients ~ are not c-.onetant 

for a g:i,ven lens but depend onr:the focal length and the obj~ct and ima~ 



distances • . However, for magnification greatly different from unity it is 

frequently assumed that S / ~ is constant for . a g:i;ven lens and focal lengt:,h •. 
n:·: 

Chroma:t.ic::: ab'errations. The chromatic aberrations fall into three :, 

groupss 

1) Chromaticr: differenc.e in magqifie:ation 

L\ R =CR . 
lP 

R L\ & • '" 0 
I 

2) Ohromatic ;difference · in rotation-

Ll R • - 0 

R1 ti e • c2~p 

;) Chromatic difference in ima~ -- position-'. 

Ll R • Of ,!_in 4' 

RI L! e .... o,RlfOS:o tJJ 

O 
2 2 

is ~ero for a ·--pure electric lens. . Considering only the radial component 

I) R amd eliminating lJ) u in the oase of the geometric aberrations, ~ th•~ 

chromatic .:. aberrations may be described by 

Chromatic . difference in magnificatiom 

Ll R • " o1~ 

11 R,t • O 

Obromat,ic difference in ima~ p:osition-: 

2r[ • 0 

L! R½ • o,_~AJ,_ 

All of the cbromatic ::aberration:~ coefficiemr.s are proportional to the energ 

differences !,Ll!, of the electrons • . The coefficient 2.; is always positive: 

and never vanishes • . Further, 2, has an upper limit 
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where ,, E;q' A,is -the ··coordinate at the aperturerplane, and ~ is the maximum 

value of an electron ray path which passes through the obj~ct at the axis 

With unit sJope • . As in ·.the . case of the geametric :aberration coefficients, 

the chromatic ·aberration coefficients are f'unction-e of the focal length 

and of the obj~ct and image. distances •. 

Space charge effects'.. Since electrons are charg~d particles, . the 

field ac.ting on the electrons will be :·diff"erent from those produce:d by the--: 

electrodes and polepieces of the lens • . The electrons" repel each other and 

the ray paths deviate from those predicted in the absence of space charg_~. 

The effect of space charg~ '.:can be counteracted by modif'ica:tion of the lens 

design; but this correction can be ma.de only for each p
0
articular: distribution 

of electrons in the field. Fortun&tely, the space charge effects are of 

importance only when the electron,:density is high as it is in the electron: 

~ and at the image of the source,.'c produced by the undiff'racted electrons • . 

For these reasons the space charge effects can be neglected:: in'. the design: 

of a camera except in the electron gun which produces the effective electron 

source. , 

Oiollimating ~ When an electron lens is used to collimate the in­

cident beam, an image of the source With its aberrations will be located 

at f in Figur.ec,~ Tlie diffraction p~ttern ·will be described by the same 

equations as in the case of the pinhole camera-in which the size of the . 

source- is 

RP • '1>t R + s f:R7 
po 8 A 

negl,-ecting all aberrations but sp:tierical aberration*. The magnification:~ 

* The complete expression ·.is 

Rp = ~ Rp0 + s1~~ + ✓ cs, .,. s4)2 -+ s~ (R~~RA) + f 2 s6 -l s*:• s~ fRPa8i 

+ SaRi, + 01¾,o + Of1., f •• 
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is the ra1uo of the distances from the principal;_ p,lane of the Iens t-o 

the :imag~ and to the source. - The recording plane i:s now located m,_ the . 

opposite direction from the ,: diffraction,··center than in the case of the pin .... 

hole camera.. The recording surfaee may now be located at z 1 = P ct>mZP, 

~- ~ 
so that the ,'. "defocuaing11_ term (Z I sec:r-.¢ - P)RJ,(P - A:}Z~seC'.: ~ in-. Equation· 

( 49) disappear.a •. 

Projector Mm!!• -- An electtron:-;lena placed between--· the diffraction 

zmie sad the recording surf'ace will focus the virtual diffraction p_atterm 

as shoffll,·,in Figgre .4., Let the virtuaL diffractionq~attern described by 

Equation ( 49) lie on th~ surface (R
0

, U), where Z 1 =- U = P ®s.2[4.. An 

image of this pattern then ·!is focused on thecsurface · (R.v-, V). Tfut obj;eet 

distance B. from ·the p,incipp.l p).ane ':Of the lens i-s 

2' u, .. , : - U - H : P c:os .~- - -H 
' 

where :-!! is the princ.ipaLplane. , Thec.·imag~ ·distance ~ ,- from~ the princip_aL 

since ·c the magnification of the lens is ~ • - v/µ,. The ~magr\ification off 

the lens can bee expressed,- in terms of the obj~ct distance !:! and the focal:. 

length f ~• H - F by means of the lens equation,- 1/f • 1/u :+ l/v1-; $Vi.nE 

~ a : · f-/_(uu- f) =- (H - F)/(P cros2jz,; -..F)-'. 

Then vv ::, (It·:- F)(P C't)S, - H)/.(P Ct>B~:' • F) • 

Let the image ;· surface be defined by the parameters Li Zv = V(I') - V(,, • 0) 

and the r-:distance of the corresponding ime.~ point front the axis Rv •--~, 
then L1 'v· • ~( F - H )2;d.n2,,/{P - F-; (P cros?-1'/ - F) _ . 

- . - - (54) 
and RV • -- ~ (Pi21sa.n~ a- (H - -F)Psi?JI}. ·®sl'/(Pc:osz/6 - F). . 

When-nthe diffraction·,.center is located at the focus of the lens F = -o and 
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~ Zv end l\r simp;Lif'y to 

l1 Zv • ~~2fJ/ p 

and Rv, •- H tanf; 

which may be , combined to gi:ve . 

L) Zv • - ~/ P , . 9;c parabola (54b) 

It ',is ":seemtha.t .as I~ - oo the,:o image surface is a plane provided 

that ! and !! eze not moved • . 

The effect of aberrations e-tin ,be ·most · readily treated if' they are: 

referred back to _,the virtual sourc•'•· The :imag~,·with i.'ts aberrat1ons is 

passed back to the source through an ideai lens whose princip_al points 

ar.e -~identical with the practical lens. Thus, , thes aberration·: eeen at the:: 

virtual source -is 

The aherration--measured in t1 fl. from the 0 diffrac:tion:. ~nter i:s,,:approximately 

~ fJ/ ~ tu '1f; • t1RufP • - /J Rv/~P ~' 

; _ @Rv,/;(H: -- FJ[CX>s2'~, - (F/Pij • 

In eva:lttating:c; .c1¾, Rp ii- 1¾J • - P sin fJ c,os fl• 

For distortion we find 

L1 fJ z [s1'P'i!W~ O'Ds?¢/(It- F)] (cros2f; - F/P) • 

It appears that tan 8 fJ ➔ oo u :·P ..:..:> oo ; however:; s1 --+ 0 s:o that 

(55) 

tan A fJ remains f'ini te. . In· e lectron":microec opy S'Jfn. bas,:· been eva,luated 

for large magnifications, the inverse of the aboveesituation •. Thie 

quantity is nearly constant for large 0 magnification • . If the object and 

image are reversed, , the relation between the aberration coefficieni:.s, S 
n. 

for the forward p~ocess and S 1 . for the reverse, , is approximately n , 



where m • · 4 for n • l, 2 2 

• ;,4,5 

• 6 7·,:-,. ' 

• - l - 8 

and where ~ is the maggification· in1 the forward direction-, . 

~ 1 is2the magnif'ication-,in ·the reverse direction-; 

~~i ::, . l i •. 

TM:.edil equivalent to imag;ng the virtual1. source through an ideal lens 

aad referring thed.mage, :::back to the source through the practical lens • . 

Hence, , for the various aberration ·.Ll, may be expressetl. in:: terms of S , 
n 

the f'orwa:r.d aberration coefficient, . or S 1 , the ' backward aberration ooeffi;.. 
n · 

cient. 

Distortion. 

AJ.. • (B1/~)rsin;~ e:os?Ja 

• · (S •;~•) ( HL~ -F • •• \2'. t'e.n , sin~, 
l . . l - (F/P)sec2i} 

Thisds the :,displaeement of the diffraction:.. The effect on,, reiJ·olution de;. 

pends on the size of the virtual source •. It is gi-ven approximately by 

where a,, the angle subtended by the 0:source at the diffraction center, . is· 

small •. 

Field aberratiolllJ •. The best image b obtained when·.th:e image:: 



surface c,oincides with the tan~ntia.17. surface of the lens., Th±a-, surfaea. 

wilL be gS;venr,by 

.6 z~ ~ cs, ~s
4
)~ -.... .1 z;~ 

-:::: Es;-• s4)/~] vrh\~ '. +- L\ Zv 

or 

Onnthis r: sur±'ace one finds:, 

fl , / : (S§f?n.)R-,f sd.n:~cos~/ . 

or:· b. , / = (SXfr>,\1 )Rk KH .. F)/(11 -- F/Pj sirn
2~: 

(59) 

O'Qma '°.&mdJ a:fu!ts:otrop'iti, C'Oill«e., -- - -.-..- ,. 

L, 'N • s 611... ~+-I ,1, + 'c~6f J af sin, , ""80 /6 
(60) 

;; , ·, ,~ ,.,.'. ;; ~ ,r:i", 

or : ~ , : : S¥~ • [ 2 ~+-~ l L·+ -(S/S 
6
t] R: sim~,, cros:, ~ 

ll , / : (S/~ )(R~) 

or ~ 9 =- (s~•)(R~ .. F)(ax>s~f6 - FJP) 
(61) 

Oh?famatioc daft'erence,!nnmagn:tfica:bion.. 

, 
or · Ll , = (Oi/~ 1) sm-:.f'cros , / 

Ohrdrliatick dd;fference' in · i.maW positi:orr. 

or 



~ ~"~ electron1J.~•- Somecadvanta~s may '!Se ·:obtained by 

the :"-USe c.of .both a c:.ct)lli.Ibating and a proj,ector lens •. Such a·:·system·· is 

illustrated li Figt\ree~'.•· The .crollimating::;lens focuses a w.rtua-1 imag~~ 

at f of.~'a9.sourc~ at\f 0 
• . After diffraetionn.a V'irtuai scattering·pattern·· 

described in terms of'EE,, Q., H., adll; is focused by the proj:ector lens at·. 

!• . Such ae>.c~ination,!of . lenses permits the ioconstruc,tion•· of . a cemeran of.:."' 

limited dimensions with an effective · source at "any distance.. Insp~ction: 

of Equations,: (54) will show that.-::.the shape of the imag~ surface, i-s much. 

simpler when the effective sour.ce is at .infin:i:ty •. The virtual. diffracd.ion 

p~ttern itil described by Equations (49), (51), and (5;2)'~" th'e'c: aberrations:: 
. 

of.· the c-ollimating lens by Equation."' (5;), and:1 those . of:.' th'e:: p~o1ector lena,. 

by Equaf.ions (57) to (6;} • . 
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MULTIPIE SCATTERING:' 

The effect of multip~ scatterinT!;,,:on the diffraction p_attenr, 11' readilw 

diseussed if _ this occurrences is treated as add.ncli of'" sp_readingi O oneid-el!' 

se~ateq/ 1:.he cpJttterna that'.would be obtained-$f.:' all the e1ec:trons:·were:: 

scattered· not:. at 8!11, . once'i: twice, -and s:o forth~. The-·· observed diffraction: 

p~ttern .then,--may __ be r:visua:lized· ast the • eup:erp_:osi tion-. of~ these, sep_arates 

where \}' i:sc: the . probability of an electrombeing1:scattered !!! times . and1 

?Ill 

(m~ (e) desc-ribes the angtdar distribution" of electrons scattered.!!!: times •. 

Estimation-~ saattering ::probabilities>.. Let p. be the, mean: · probabi ll ty 

of scattering ;an electron~ . tl!len , 

'jic =<• N'.\ fa.{;4 ,r J;/ (s) d <./ 
· .;. 

- -· 
.::· n i er l . 

r 4 -rr 
where (t' a:. Jo J) (s) d t..J i:iLcailed thiiLscattering.; cross-eention of: th83 

Q 

molecules for elec~rons •. 

Assume t.ha.t all. thee effeetive e lec-tron .paths m·, diffraction volume ·. ar~ 

identica.-1. .. tbennthe increment. _ of w in: the distance: d-r is: ,. Tm: - -

(66) 

and (67) 

Evaiuating,:-;(67) fi>r m, • ·O, i 1, 21 -••• with the:-: c:onditione:, 4' _
1 

:. O, 4'0(0) = 1 

and 'f (o) = o it is found that 
ll11 ) 1 



4' (1) 
Dl1 

(68) 

This distributiomodl' the .p~obability of multiple events li kn-owm as th&:; 

Poisson·'.distribution.. 

Fourier transforms of ~upi&'. scatteriilgr:,:f\met±-.ons:; .!tt'-~ dimensions',-.. 

Tliees~attering;3ftmc.tion-:f'or no sc&ttering may be represented. by the -: b -­
filnct.ibn, d (sh . Tlie -· scattering; fune1'.tion:-:t.6r. sin-gle :·scatterin~ i:s, of 

CDUr.se~ ~ (s}. : lnr.theccaae of .double scattering,:the diffractiom p_attern--: 

is spread ab.out each;:point :.of a,. single s~attering function. . It i-s e:quiv__. 

aientt t"b say that ··:the · doub.le --:-scatteringr;f'unction°i-s the single sc.attering_:; 

:f'tinction :folded with itself m ,two dimensions • . 

m.tupJ.eesca:tter!n&;it t.wilr be :: see1t1.by ihducrt.ion .tha.tt 

(m~~ ~~Y~ ~ [J:(m..l~~ (u•,vi~ ~1~~ (x - ~ ' y:: ·-w~) dui clw • (69b) 

THectwo~dimenaional Fourier tr~f:orm 6 ( l ;,~) of': ~ (xiiY') is d"° 

fined by 

A ( t ; ,~ ) == (1/2 rr >jl.,l (x,y) eq, i{ t JO<+-"\ y) dlo dy (70) 

It t ca.nnthen be ·.:shown"lthat. 

(O~ ~ ( t ,,"'\ ) • · l l 

rmd ~mo~ ~ ( s ' ~ ) IS: c~1)L\ i. (Ih - - c11 m ( ~ ' ~ ). (71:) 

Combinilll.g;:Eq~tions (64); ) (68) ; , UJ.d • (71), the ::two-dimensional transform., 

L'.l m, of the '-'multiple : scattering-~tiem. iii 



(72). 

""' .\ .,. 
L\ M( ~ ' ~ ) a , em:p(- ~ - np{p). ~lh ) , -~ eacp ,;(~lb - ~o~~ ) • · 

Rela:tiom. between::-1h!'='!!!!:2!!:!le, . lli. dimen-sional.l Fourier transforms' •. 

When cD (x;-;i) iss radi~ll; s~trio, ,1'~e1 .. J} (xJy) ·=::,»(s), it·:;is' appropriat&c 
. . . 

to transformr Eq~tionn ( 70) t"b polar c:oordinates by_ the '. subs ti tution-i 

x .,:a- S . COS ~; y ~ S Sin':8; ; ~ ~ e C:08 * ,~ t\ • ~ Sin! t 
• roo 2lf 

6 ( ~ , ~) , a:: (1/2 rf)J nl _ ~ (s) ,Rp~ii~ s·: c:oa(& - ~) de dsF 
. . 0 Q - . 

which:·:may be e-written · 

(74) 

where -:J.:- ( P s1 is theezeroth order B:essei.'. :f'unction::of'' tbe first kind.. Tlie-:: 
0 \ 

oneedimensional .transform-- i:s 

J) (s) is related to both the..:~om and two dimeneiona.lJ.tra.nsforme by thee 

and 

sJ) (s~ ~-= (--i// 2~; ,;) ; f 00d f <r} exp(--irs1 ds Uoo . r . 
' , ? 

00 

Jl (si '--1 (' 4 (p) .J0( p s,) df 
. 0- , . , 

f ·•· 

Subetitutingj!:qm.tion.":(76) in Equation (74) 

(77) 



f ~r)( f s) sini rss dss • 
Jo ,, 

Oo 

and 

Substituting ,:,_j!q-gationn (77) in,Eqqai:,iOn".'. (75) 

£J(r) 

,B {r) 

ll • • : 

'ie:&--~ 

.0 (r) • 'fa/~:1 ! v Fi de 
. r e -r 

I!' <p 8 
fl 

· '·· r.'.· :::: e ~ 

,, r >e 

d f {79b) 

(79c) 

~ sone-d:imensicma.L Fourier transform.-: ,2! ~ mul.tipl.Ev scatt-e,ring '. 

ftinction-lt. The.:. interpretation-, of 'the ··· one<f!'Odimensional:. Fourier transform of 

the -~ scattering ,:func.tion· is familiar and readily:_ understood. Oombiiling; 

• 

inte~aad 



.-101-

Eq~tione,: (72), , (78) e.md:, (79) the2oneedimen-sionaL transform of the ~-multip)Je2 

scattering/ func.tion::is:~ 

An-ia.iternate exptfession,1cannbeederived by combinirtg,:Equations (64') and (68) 

f) (r) 
M 

(81) 

TYiere cha.e. not '~been ·time to carry these expressions further Sl\l that 

their meaning :::woui:cL be ,cccJ.arified ·•. Several approximations earn be enmined 

and q~aaitative interpretations made'• 

The effect of folding the function'~ asi.+ b(sd.m.re::)/r83with itself~ in:-: 

one and in two dimensions may be ·compared. qualita.tiveily. In one dimension . 

the f'oldedd'unction becomes C8 ♦ d(sd.n rs)/rs where d:/c-:. ({ b/a. . In··. two 

dimensions the folded function becomes more like a zeroth order Bessel 

f'unction"plus ae.el>?lstant; that ' is, the zeros of ·the varying ecomponent are:; 

no longer equa::lly spaced and the .amplitude -:: does not· fall of'f as fast as 

1/si Both kinds of folding show that the ratio of the amplitude of the 

periodic .component to the constant component is reduced. In addition, 

the two-dimensional folding,- which represents the physical picture, shifts 

the c::central maxima and minima inward, . corresponding to longer a-pparent · 
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distancee,, and the amplitudeeof the outer p__a.rt of the f'unction-- ui not·':. 

reduced as rapidly ae in:·:,.the case of one-dimensional folding •. 

With theee :.:: differencee in: mind. better approximations to the ihteneit-y_ 

function may be examined by one.-dimeneione..l folding •. First, , it i'S'o found 

that when:,there is more<:than one distance in.0 :a molecule the longest dis­

tanoeS? are erased more rapidly than the · shorter ones.. Second;, th'e apparent{·. 

distances are shortened; this shortening is compensated irr1part by the 

apparent · len-gtheruing found in the two-dimensional case • . 

Of all the effects of multipleeecattering the increase of the ratio 

of background (atomic and incoherent ' .scatte,ring) to the molecular soatte11-

ing is the ·.most '~important. 



THEORETICAL LIMITATIONS OF ELECTRICAL RECORDING 

Workers in the field of electron diffract.ion have sought mechanica-1· 

methods of obtaining data •. Densitometry of films ha.a heen used to some 

extent., Direct measurement of the sc~ttered electrons has been sugg~sted, 

but at present .no practical method applicable to gases ha.a appeared. . It _ 

is possible ;however, . to estimate the theoretice:l limit of the performance 

of a hypothetical but partly idealized system •. No practice.~ system can 

exceed this, limit • . 

~ hypothetica~ eyste~ • . Let the source and recording surface be 

placed · infinitely fax from the diffraction zone which has a · finite length 

-1 a:nd cross-seet,ion O. The only uncertainties in the scattering angle are, 

those arising from the finite angles subtended to the diffraction center 

by the source and by the recording element and those due to any lens 

aberrations. The lens aberrations will be neglected. 

For a practical example the cross-section of the scattering zone 

will be O = l mm~ .: -10-2 cm; .and the mean probability of scattering, 

p • 0.1. The c~thode will be operated at "-' 2600°K; so that the specific~ 

2 emissivity isl amp./cm. An -accelerating potential of forty kilovolts 
0 

and a wavelength of 0.06 A. will be used. An exposure time oft= 0.1 

sec. is reasonable. 

The limit srf. observation. The limit of observations has been 
-in 

given by Equation (2;5) which at la.rge :,scatterin-g angles is approximately 

(82) 
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where 1<. 1 = ~ z1z .. nlCtj .. (l. + eEJlcr) : 282 z
1
.z•j er • Substituting · 

J: o • J m 

from::Equations (25), (;,4), and (42) 

where CX. ia the half-angle subtended by the source and L\ ~is the width of'' 

the angle 4 , / subtended by a "recording element. If· w: ia the half-width 
r · ~ -

of the source and w the half-width of the recording element, then 
-r . 

and 
4 S r, :=. 
ttt 

w. = 4F /i.. coa(flJ/2) ain <X /2 -~ (2 ff / ;;>,. ) sin °' p 

W'f • ,d a/2 . 

(84) 

If the recording elements are equal segments of annuli, then A e ia con~ . r 
stant. Let either w-.w?. or w-~ +-w2- he helii constant,then ~ will be a -r-p_ ""T -p -.u 

maximum when./. : . 2wf, :and 
-r ""'P 

In the,.-:--caae where the recording element is approximately square, 

e5 a-:. 4 K ( A /2 TT );- ~ : exp [-cw2) .. w2)r:~,76] /r1· ·• 0 ~ (86) 
Illi 1 r p r P ~J J 

• • • • ? : :::> I 2~ 2 . 2 2. / so• which is a maxJ:mum; .holding ~ or w:-· +- w,_..- c:onstant when wi,· = w ,•· -r-p --:r -p -r -p 

that 5 = 4'// ("- /2 ·n- )4 4 ( ? , 21··:;z::\/ -' ,. A fl, s .. , ·\
1 

n w-.-.- exp ~ r.r:. . vi ,r .... L4 ,.. m· . r r · J.J J.J 
• (87) 

The . limit .2f detection ·.2£. .! diets.nee' • . Tne exponential funct~on in 

these Equations ·.· (from Equation (;54)) describes the : change of detect-



ability with the length of . the :1nteratomic dietanc.e. . Since there is no 

practical optimum value* for w • im the exponential, w,: will be determined 
-r -r 

by giving the exponential the arbitrary value 1f2 :when r.· equa·le the 
--:ij 

longest distance to be measured. The widths-~ irr,Equations (85) and (87) 

are . then 0.8;/rij .. and ];~026/r ij'. respectively, where -½.j is the longest 

distance to be observed • . 

: l.61 J\
1

( /\/2 Ti )
4 4 &. Ir·!~. r.i· . Ll n . • ' i"' . l.J J ""min 

amd s? =·· ;1.02 7~.,;C A/2 tr )
4
/r:

1
~~- r

1
• ... A Q . 

nt Ai, J:· :r min 
(88b) 

~ -sensitivity • . Equations (88) represent for the case of a rigid 

diatomic molecule twice the difference iii-:the .charges scattered at a, max. 

imum and at a 0 1minimum. The limit of' observation :. rs the point where the ·, 

presence of a maximum or a minimum ie just detectable •. If' Equations (88) 

are multiplied by a factor of two, . the maximum uncertainty in-, the measure_;,.. 

ment of the "scattered charge necessary to observe a distance r~. out to 
-J.J 

s :· will be found to be ::· 
-m-

and 

4 Q , . 
min 

: ; ;.22 f-(
1

( ll /2 n )4'A e Ir!~ r. f£
4 

, r' i., ij• m 

=· 4-~76 x 10~ (Z Z' / r:r )/r1 ; r.- SJ
4 

i . J. ' i •: i .;,_ ?It, J J . 

( A G- • 2 lf ) r 

a , ; ~.021'(l( i\. /~ Jf )4/r{i rij' 8' 
(89b) 

i. 

·• · 

* Me.nmizing Equations · (85) and (87) with respect to the width leads 
to w·.·r a:: ;/r'i:':· and 6/t1 .. ,. and the .values" of the exponential become 0.22: 
and 5.14, ;resiectively • . Jlf·_··wr is selecd:.ed for the longest dietance~in-0 the.:: 
molecules; ~ the _- difference in·· the relative · detectability of the longest 

arnd shortest distances woula liecihtolerable. 
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The .. longest deteotaiiie distanc:e using_:the ·- camere::, in, thi:s le.boratbry 
0 

ifL,proba.bly r!j' ~ 55 .t~ .. Professor ·Schomaker states:· that the molecular·.' 

pattern of e.thane -::: is , scarc:ely observable ::: at SJ• ;;o. The amplitude of the: 

molecular component of the pattern:ci.i3 reduced to about o.a ,oy the temp­

erature ::factor. z1zj/tf- is approximately ;;.6 ::and the interatomic distance., 

is r : =-1\~ for this molecule. Hence, . to equal the performance:: the •• 
ij · 

uncertainty in::the measurement of the charge ·must be . lees than, 

wh:en~:the recording elements are annular; and 

when the recording elements are approximately square. If allowance is 

made for the idealization ,in this calculation, the sensitivity of meas:~ 

urement ,innthe two c·ases will have to be of the order of magnitude of' 

10-14 tb 10-15 and 16-17 respectively· • . 
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Appendix,: I 

Four-ie·r t:r:a.n:sfornf ~ spreading fun-ctions of the sec;on'.d' class'• · 

The inte~ali. 

/)o(r) =- (lf-12 ,,'>f..l~Jl {t} line•-;~ exp(irs) dt'di, (i) 

is to beeevaluated • . Tliie inlli.egral can be'., written 

Making,::tihe -:-.substitut.iowuu::- ss- -t and inverting the order of ihteg,;atti.on:i 

leads to 
00 

£) 
0
~d 'Ill.: l J (t"~ (l±irt~ exp{irt~ dt (ii) 

By the Fourier ·inversiormtheorem • 

~ (t~ ::C (lj-f2~ )1£J(p) exp(- ip,i;) dp, , 
, . . -w . . 

(iii) 

whieh' gi,-vess 
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PROPOSITIONS'. 

le , The standard entropy reported for formic acid1 ineiud.es ½ R In12~ ~ 

ass sugmsted by Pau.ling2~ f'or the re.ndomnes83 at absolute zero of the posi­

tions :~ of' ·the hydrogen atoms innthe hydrogen bonds of the dime?" • . Am 

interpretation -of the transition found in sebe.cic aoid ( thia:: thesis) 

indicates that the hydrogens are oriented in.:-,this crystal and suggests:,, 

that the randomness in other carboxyl~c acids may not be 11 f'rozen in' • . 

I propose that the calculation:; of .the entropy of' formic :: acid monomer 

from'" spectroscopic data be,0 reinvesti~ted • . 

2~ - The measurement of Soret coefficients is notable for the lack of 

agreement among various observers • . It it most likely that these dis­

agr,eements arise from .the failure-: to completely suppress all convection 

currents. I propose that thermal diffusion cells be constructed using·, 

a :c;porous diaphragm between two thermostated reservoirs. The pores of 

the diaphragm can be small enough that convection i:s negligible. The 

solutions should be circulated within each reservoir. 

:;; . The recording surface in an electron··diffraction camera can be 

shaped so that the measured ring diameters (or radii) arecproportional 

to the scattering parameter s • (4 7T / ~ )s-in".fil/2'• · If the electrorr wave-
o 

length is 0.06 Al. and if' the distenc_e from·, the scattering center to the 

surface along the undif'fracted beam is L, then.·: such a surface is approx­

imated; out to s 2= 80, within a f'ew tenths of one percent,:by a sphere 

whose radius is ;5L/4. 
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4a, .. . The ~synthesis of .radial distribu-tion functions in the analysis of ' 

electron diffraction:·1data·· is becoming more extensive imthis laboratory. 

Although' the Gaussian cards prepared by A •. Perlis4 have proved useful-for 

such synthesesj·! cards designed particularly for thd:s ca:leulation· would oe:: 

more :· flexible •. I sugge,stt:tha.t cards tabulating :.:the t:tanaf'orm: of the mod..,. 

ification function,,be ·:prepared for use ::with: the • 19L11 board.. Thes functioru 

0 ~ 
should be tabulated at o.05)Ai.intervals and the displacement\ ( 11 :f'requency11 1 

0 
either o.OLor 0.02 A.. It ':,is : desirable that the function be tabulated 

for severa:l widths and that the amplitude unit--·,be defined in terms of ai. 

unit : sine f'ti'nction~ 

4b:.. Interpola.tionr1polynomials are satisfactory approximations for many 

functions. The interpolation polynomial and its derivatives can he e-x .... 

pressed as a linear combination::of' . the :ordinates • . The coeff'ie:ients for 

the f:irst derivative have been::tabulated for several group~ of: equa-lly 

spaced points{ aan.d should·' be placed on::punched ca:rdi:3 iir,this laboratory •. 

The calculation,.., of derive..tives2me.y be:,used in., the analysis of electron·· 

diffraction::data.. . In P?-rticular the modification ·functionft:. 852 exp(- 03'l:.) 

4 2 ' and s ::: exp(--as · ) sugge,sted by Ji~. Waser and V:'• .Schomaker are equivalent\ 

to 

where rD{r) is the sine transfo:rm::. of ea( s } •. 

5 j. The .Fourier synthesizer ·built by Pepinskyd: uses all-electronic wav:.e·: 
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generators. I propose that elec.tro-mechanical generators similar to the: 

tone wheels in the Hammond electric organ would be more satisfactory when 

the range of this computer is extended beyond terms of the twentieth 

order. 

6;. Nuclear resonance measurements will be useful in settling the struc­

ture of diborane •. 

7• The approximation of a function with polynomials or with a power 

series by the method of least squares can be greatly simplified when the 

abscissae are equally spaced7. I believe that the labor in computing 

the coefficients of a power series is reduced in the case of randomly 

spaced abscissae if, first, the coefficients are obtained for a series 

of polynomials which are orthogonal with respect to sums at equ~lly (or 

nearly equally) spaced points and, then, the series of polynomials is 

converted into a power series. 

8 a. The amplitude of the zeroth ( 11 central 11 ) maximum in visual curves 

is frequently estimated to be 1.5 times the average amplitude of the 

maxima and minima. This empirical rule can be rati onalized leading to 

the approximate expression 

112 exp(- cr- 2s2;2) I · 

for the probable amplitude of the 11 central11 maximum, where <S is the 

second moment (standard deviation) of the interatomic distances and A 

is the root-mean-square amplitude of the visual curve. A is given 

approximately by 
-2 n 2 _-2:. 
A --::- L Bt;,wi/2 : L 

i J.J. i 

n · 
~ c::::;-w. ~ 

J. i 
e::7/2n 

J. 
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wherer_:- ~ i:i:vthe amplitude a.n.-d·.' Wf i-'s,- the :.wi·dth:-: of'-.'.' the~ ±:1thr·maxii:na,. or:· 

m:i hi me•-.. Tliisz appr oximati om has severe:!~ limi tat-ions •. 

8.. ll:.. Th'e :_ removal -of''paxt of .'the -0 ba.eeline . error c:an b'e~ f"acili tated by 

inspection~·.of the integ~al . of·: the :~visua1:_curv-e-.. The,- o:a.se line of · the·· inte,­

grai . i:s located approximately by .an ordinate, paseing:;throug;11 the inte:gI'a-3. 

at :the abscissa2of' '.'the -:- centrai (zeroth) maximum of~the visual curve~ •. _ 

9. . At.larg~'.: amoum of incoherent scattering :.of 'electrons has b-eenc reported·, 

by some observers in•,. iodine-containing comppunde.. I propose that': part o:8:' 

this 1Il8.Y arise from, resonance between ·,the incident electrons and the~- K 

electrons · in~.the 0 iodine·. atome • . Experiments should b:e·, made:: by varying:; tha­

ac.ce le rating _--:potential~ . 

10.. ai . Tliecintensi ty of the _ beanr in--: the electron diffra<xtiom c:amera, ca1r­

b"e increased readily by increasing:::;the eize (c of the filament wira •. 

b1i, A.'..spring.:;shiltter from-an ordinary c,amera; can~bec? adapted to the • 

electron, dif'fraction camera and ' would enable exposures to be made more 

reproducibly_ than:!at present •. 

c,.. The state of:_' the art of' .'electronic .~ v-olta:g_e regqlation-: is suf'fi~ 

ciently advanced that a practical application-.can be made for electron" 

diffraction •.. 

d~. AAsec-ondary wave len~ -standard can be built us.ing ,:two readily 

calibrated vol tag, dividers arranged i:n:~ a::Wheatstone bridgt:, . for comparison: 

of:"the tt10 dividers and would 'be more satisfactory than the present :.a-rrang~­

ment i1'vthis laboratory • . 

11. ea. The c: propositions presented by candidates,. f"or the degree of:' 



Doctor of Philosophy irerthi:s department. should be :c:ollected ii'Y,one pla.ce0 . 

and ma.le :available to an ~aduate students 

ll.. . b':. . Each year the best propositions should be selected and pub Id.shed· • . 

2 •. 
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