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ABSTRACT 

Use has been made of the Clebsch-Gordon series 

to evaluate the matrix elements involved in the one­

level dispersion model for the elastic scattering of 

protons by light nuclei. The results have been used 

to describe the resonances at 440 kev and 1024 kev 

in the scattering of protons by lithium and the res­

onances at 988 and 1077 kev in beryllium. The 440 

kev lithium resonance seems to be definitely due to 

incident p-waves forming a compound state of Be8 

with J = 1. The 1024 kev lithium resonance is tenta­

tively identified as due to s-wave forming a state 

with J = 1, but more complete experimental data is 

necessary before a definite assignment can be made. 

The 988 kev beryllium resonance is ascribed to a 

level with J = 2 in B10 formed by incidant a-wave 

protons and the observed ,-radiation is therefore 

electric dipole. The narrow resonance at 1077 has 

been ascribed to incident d-wave and J = o. 
The agreement of these assignments with other 

experimental data is discussed. 
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I. INTRO DUCT ION 

The scattering of protons by atomic nuclei has long been 

a source of information concerning the structure of the nucle­

us. The earliest scattering experiments were of course per­

formed with natural alpha particle sources, but since the de­

velopment of accelerators - especially the high precision elec­

trostatic generators - proton scattering has become increasing­

ly important. 

The interest in proton scattering centers about the so 

called "nuclear resonance scattering" in which the proton, for 

certain more or less well-defined bombarding energies, is con­

sidered to enter the target nucleus and form a compound nucle­

us which then decomposes and re-emits the original target par­

ticle and proton. The observed elastic scattering (i.e. that 

for which the incident proton reappears with the same* energy) 

is made up of two parts. One part, the Coulomb or Rutherford 

scattering is of itself uninteresting since it is more or less 

completely understood and is described as the result of the 

repulsion of the classical electrostatic fields of the charges 

+e and +Ze on the proton and target nucleus. The other part 

is ascribed to various effect (which are not necessarily dis­

tinct) such as non-classical potentials (i.e. the break down 

at separations of less that 10-12 cm. of Coulomb's law), "nu­

clear scattering" in which the proton 11 bounces off the nucleus" 

* In the center-of-mass coordinate system. 
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(to give a crude classical picture), and "nuclear resonance 

scattering" mentioned above. As a matter of description it 

is perhaps easiest to say that the coulomb scattering is com­

pletely. described by the well known Rutherford formula(l) 

and any variation from the predictions of this formula are 

to be ascribed to the specifically nuclear effects. 

A convenient form for displaying the effects of the a­

nomalous scattering is to give the ratio of observed scatter­

ing cross-section to the Rutherford cross-section as a func­

tion of the angle of scattering and energy of the bombarding 

protons. In this thesis we shall calculate this function on 

the basis that the scattering is due primarily to coulomb 

scattering and a single nuclear resonance level for various 

assumption as to the angular momentum of the incident protons 

and the compound nucleus involved in the resonance. The ef­

fects of other resonances are either neglected (as in section 

III) or treated as a source of general non-resonant scatter­

ing which interfers with the resonance and coulomb scattering 

(as in section IV). The cross-sections thus calculated are 

compared with the experimental data obtained in the Kellogg 

Radiation Laboratory (2,3,4,5) and an attempt is thus made to 

determine the angular momentum of th~ compound nucleus associ­

ated with each of the resonances. 



II. THE MECHANICS OF THE PROBLEM 

1. General Description of the Calculation of Cross Sections 

The "cross section", ~, for a nuclear process is defined 

as the probability that, with an incident intensity of I bom­

barding particles per unit area and per unit time, the specified 

process will take place at the rate I~ per unit time and per 

target nucleus. We may consider either a total cross section 

or partial cross sections, the partial cross section being es­

sentially the probability that a more restricted type of pro­

cess occur; the total cross section for the process is the sum 

of the partial cross sections for each of the independent sub­

processes by which the less restricted reaction occurs. An ul­

tima~e example of this and the one in which we shall be partic­

ularly interested is the differential cross section for a nu­

clear disintegration or scattering process. The total process 

is the incidence of a specified particle and the subsequent e­

mission of ~me other (or possibly the same) particle. The 

total cross section does not specify the direction in which 

the emitted particle is moving relative to the direction of the 

incident particle. The differential cross section gives the 

probability that the emitted particle shall have a direction 

of motion included in a solid angle d.0- with coordinates Q, ¢ 
relative to the incident particle's direction. The total cross 

section is thus the integral over :1111 angles of the differen­

tial cross section. The latter may itself be decomposed into 

component parts. Thus the incident particle and the target 
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nucleus may initially be in any one of several quantum states 

and for each configuration of target and incident particle 

states we can specify a cross section; the complete cross sec­

tion is then the sum of these sub-cross sections each weighted 

by the probability that that configuration shall occur. There 

may also be more than one mechanism whereby the process under 

consideration can take p_lace as is the case in the description 

of the scattering of protons by nuclei where the scattering by 

the coulomb field and the scattering produced by the existence 

of the compound nucleus interfere with each other. 

As indicated above, the complete description of the scat­

tering process invcihres the break-down of the process into its 

fundamental components and the subsequent reassembly of the 

partial cross sections for each component into the complete 

cross section. Specifically, in the scattering of protons by 

a target nucleus the angular momenta of the two particles rep­

resent a specification of the quantum states of these particles. 

The scattering process involves a proton with spin (total ang­

ular momentum of the proton) of ½t and a nucleus with total 

angular momentum jt coming together with a relative orbital 

angular momentum t 11 and then coming apart again. The possible 

quantum states of the system are specified by the components 

of angular momentum along a given direction. We , therefore . 

have a proton with total angular momentum (spin) s =½and com­

ponent Yrl5 = ± ½ and a target nucleus with total angular momen­

tum and component mj' coming together with a relative orb­

ital angular momentum L and component m I to form a compound 
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nucleus with total angular momentum Jc and component M. (Fig. 

1). This compound nucleus then disintegrates into the origi­

nal particles and since we are considering elastic scattering 

the particles have the same angular momentum as before. The 

final state is therefore specified by the quantum numbers 

s,m5; i,MJ; i, !'I\ * 
We can therefore write a matrix element con-

necting the initial and final states. The sum of the absolute 

square of these matrix elements gives the cross section. How­

ever, it is more convenient to separate the coulomb scattering 

matrix element from the nuclear matrix element and write 

in which cr;, is the coulomb(or Rutherford) cross section and 

Mis the specifically nuclear scattering matrix element. If 

all the M's vanish we then obtain pure coulomb scattering so 

* We should also allow z to be different after the colli­
sion than what it was before and this possibility must not 
be overlooked. However, for low bombarding energies we 
should expect only one value of z to be importan~; that one 
indeed which is the smallest value consistent with other se­
lection rules. The compound nucleus will then be unable to 
emit particles with l < l' while the probability of absorbing 
or emitting particles with Z>Z' would be expected to fall 
off at least as fast as (R/,:?(H') where R = nuclear radius, 
21'1'~ • wave-length of the proton. For o. 5 Mev protons,::-
= 6.5 x 10-13 cm while the nuclear radius for Li is R = 

2.7 x 10-13cm. hence (R/~)2-1= (0.15) 2 • Since the parity se­
lection rule requires that the only values of l be z1,z+2,?+4,,,. 
we see that the only important value ts)l:l 1

• For example, 
from the curves of Christy and Latterl6 we find that for 
the penetration of 0.5 Mev protons thru the coulomb barrier 
for lithium, the ratio of d-wave to s-wave is 0.005. The 
more complete quantitative discussion to be given below will 
include the . possibility of different values of z. 
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that the MI s contribute the anomalous scattering. The S 's 

are the Kronecker delta and indicate that in coulomb scatter­

ing the components of angular momentum of the particles are 

unaltered. The total cross section can then be written as 

(2.01) 

the summations being extended over all possible values of the 

m's, while the f's themselves may contain implicitly a summa­

tion over 2 . The cross section formula indicates that each 

configuration of the incident particles is an independent and 

equally probable event, therefore, since there are 2J +l dif­

ferent possible values of mJ and 2s + l different possible val­

ues of ms, the a priori probability of each configuration is 

1/(2j + l) (2s + 1) justifying the factor in front of the summa­

tion. If the M• s all vanish we have simply <r = o;, • There are, 

of course, selection rules which limit the number of M's which 

differ from zero. We have the conservation law for component 

of angular momentum 

M = m 6 + m j + m = m~ + m J + m • (2.02) 

and the "closed polygon" relationships of the vector model 

Jc~ j+s+l 

Jc ~ Minimum ('\ J +s-1 \ -, _\ j t I - ,E> .I , I 1 + s- j I) 

(2.03a) 

(2.03b) 

These selection rules however need not be explicitly intro-
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duced but arise naturally from the group~theoretical arguments 

used in the evaluation of the matrix elements f. 

Since we are interested in resonance scattering from a 

more or less sharply defined level in the compound nucleus we 

shall carry out the evaluation of the f's in terms of the so 

called "one-level dispersion formula". 

2. The Dispersion Formula 

The dispersion formula (so-called because of the similar­

ity in form to the well known optical dispersion formula)
1 

was 

first developed by Breit and Wigner(?), following the quali­

tative description of Bohr(s), in connection with the slow 

neutron capture process. Their calculation was based on sec­

ond order perturbation theory and was extended to include 

many levels of the compound nucleus by Bethe(9 ) and by Bethe 

and Placzek(lo): Kalckar, Oppe~heimer and Serber(ll) also 

treat the dispersion formula on the basis of perturbation 

theory for both the case of single levels and of close, over­

lapping levels, and indicate that because of interference ef­

fects the cross section for the latter case is not a simple 

integration over single level cross sections. Objection may 

be validly raised to the use of ordinary perturbation treat­

ment since the nuclear potentials can hardly be considered 

as contributing a small perturbation on the Hamiltonian. Kapur 

and Peier1s<12 > have recognized this objection and have de­

rived essentially the same formula by considering perturba-

tion on the boundary conditions without specifically consi-
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dering the potentials necessary to do this. Their argument 

considers the unperturbed state as one for which no particles 

are emitted and the perturbation then changes the wave func­

tion so as to give a flux of reaction particles. Since the 

yields (cross sections) are small the perturbation calculation 

is justified. 

The dispersion formula has also been derived on the ba­

sis of the S-Matrix(l3,14,15) by several authors {16 , 17 , 18 , 19 ), 

a method which has been useful in providing a description of 

the cross section in the region between resonances, where the 

one-level formula must be abandoned in favor of the many-level 

formula. 

The phenomenon of resonance is essentially a result of 

the limited range of nuclear forces and the closely bound 

structure of the nucleus( 8 ) and the description is inadequate 

to handle the case of coulomb scattering which does not show 

resonances and must be separately calculated. It is import­

ant however to determine the exact phase relations between 

coulomb and. resonance scattering matrix elements since the 

interference of the two must be specified. A derivation of 

the one-level dispersion formula is given in Appendix l• We 

shall here indicate how the results there given must be modi­

fied in the presence of the coulomb field. 

The wave function of a particle in a coulomb field is{l) 

/
0 

= ;,12 [ exp{ ikz +icxfnk(r-z)} 

+ 2; ~~;r{J&-r expf i kr -iocfnzkr- i(J(. ks,ri2,J f -f i '17' +.21pJ] 
' (2.04) 
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where Mis the reduced mass, 

d. = zZe3/1tv 

~ =' rvf ,,.f.ti = ( 2 ME)'/a/it 

e
2 '1° = rc1+i01)/rc1-io() 

{2.05) 

and the wave function is normalized to unit incident current. 

The first term represents the incident plane wave (somewhat 

distorted even at infinity by the long-range field) and the 

second term the scattered wave. Equation {2.04) is a conven­

ient form if one is interested only in coulomb scattering. 

Since the coulomb field will distort the wave front at infin­

ity it cannot be neglected in analyzing the resonance scatter­

ing, and we must use coulomb wave functions and write the scat­

tered wave in a form in which the waves of different angular 

momenta are separated. Doing this for a pure coulomb potential 

(i.e. expanding {2.04) in spherical harmonics) we have 

(2.06) 

normalized spherical harmonic, polar axis 
along the direction of propagation of the 
incident beam. 

(2.07) 

~Cr) is the radial partial wave function of angular momen­

tum l and has the asymptotic form for larger 

t
1
Cr).,., sin ( kr +~1 - alt.1~r -2 f) 

e ~ i 71 = r ( I + t + i o( ) / f ( I + L - i ex ) 

The wave scattered by the nucleus also may be expanded in 

coulomb wave functions and we have (compar.e appendix I, Equa-
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tion (Al.16) et seq.) 

(2.08) 

where here ~ is the regular solution in the coulomb potential 

and g1 is the irregular solution. We have the asymptotic be­

havior (Compare Al.18) 

(2.09) 

The phase shift, 7
1 

- c<- f.n. :z kr of the wave with respect to a 

, plane wave (Compare (Al.26)) may have a further phase shift, 

S2 produced by short range nuclear potentials but these we ne­

glect here. 

The coefficients f are given by (Cf. (Al.23,34,37) 

cr-1 
A H / / / 

z' piovyms- (2.10) 

where Z,m are the orbital angular momentum and component of 

the scattered partial wave. 
I / 

1n; ms are the components of spin of the target nucleus 

and incident particle before collision. 

m1 m5 are the same after the collision. 

M is tne component of angular momentum of the compound 

nucleus. 

E kinetic energy of the incident particle. 

E0 resonance energy. 

The spin quantum numbers have been included to indicate that 

we have a strict selection rule 
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cr-1 
HP' • = 0 unless M = m + mJ + ms 

L yY\ '\'Vi l vY\ s (2.11) 

The total wave function is made up of the incident beam, 

the coulomb scattered beam and the nuclear scattered beam dis­

torted by the coulomb field. Therefore, adding (2.04) and 

(2.08) and making use of (2.07~ (2.09), (2.10) we have for the 
I I 

1 
m_; rr'I-:; 

partial wave 
>'11! Wis 

(2.12) 

where 

(2.13) 
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2rr~ = wave length of the incident particles = 211'/~ 

The cross section is the sum of the partial cross section for 

all the possible break ups of any given initial configuration 

averaged over the initial configurations. The cross section is 
r -,,,;m~ 

therefore the absolute square of r averaged over the pos-
vvi J VV\s 

Bible values of m/ I 

and ms • Since there are (2j +l) of the 

former and (2s + 1) of the latter we obtain 

(2.14) 

3. The Clebsch-Gordon Series and the Evaluation of Matrix 

Elements. (20 , 21 , 22 ) 

In order to calculate cross sections w• must still evalu­
cM 

ate the matrix elements HPZ mm m • These are given by the inte-
1 s 

gral 

(2.15) 

This is similar to equation (Al.24) except that we here specify 

the angular momentum quantum numbers of the nuclei and have 

normalized the wave functions per unit energy. We shall use 

group theory methods to determine the relative values of the 

HCM 
matrix· elements, Plmm,ms which will allow us to express these 

elements in terms of the experimentally determined half width 

of the resonance since we also have 



-13-

(2.16) 

~ being the "proton half width"• 

We need not know the exact form of the functions j or 

F but only their transformation properties. If the interac-
,T HCM tion potential vAP is a scalar, then l>lm'fY\ lms has the same 

transformation properties as 

(2.17) 

that is, we can write 

(2.15a) 

C 
where np1 is independent of the components m "";ms. 

Now the functions .fr .. ::~CJ""and a - -IA ✓ P.. , , ,., J h'\~ly111s - 1 JWl_i f-pswi~ Pim 
form two 

complete sets of functions and (17) is Just the expansion co-

fficients of trM in terms of the 
1mw,; rr7s • 

/p = :iirLl. \HCM 12 
1 .,.."'i~s Pl!"'\V.-IWls 

(2.18) 

We can then express the full proton width as a sum of partial 

widths for different angular momenta of the emitted proton 

C .rr,:;­
~Pl =J~z (2.19) 

-r111t 
The coefficients Mvn'fflt's can be easily evaluated by making use 

of tne expansion coefficients derived in Appendix II. 
J"Ml 

The evaluation of My,\.,,, y(\ falls into two categories depend­
J s 

ing on the type of nuclear interaction; these have very roughly 
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been called LS and JJ in partial analogy tq the atomic spectra 

notation. · The LS case is one in which the spin angular momen­

tum and orbital angular momentum are uncoupled. Physically 

this means that angular momentum of each kind must be separate­

ly conserved (the total angular momentum must be conserved in 

all cases); there are no operators in ¾P which couple the 

orbital momentum and the spin momentum. Mathematically this 

shows itself in the separation of the wave function into pro­

ducts of space and spin functions so that the integral (17) 

can be written as a sum of products of an integral over the 

coordinates of the space variables and an integral over the 

coordinates of the spin variables. In the case of "J J coup­

ling" the orbital and spin momenta are not separately con­

served but may be converted one into the other, only the total 

angular momentum J, is conserved. The integral (17) cannot, 

in this case, be written as the product of two integrals. 

A. "L S11 description 

We must write out l'Ai.,,,/Psms F;,1tn in terms of the orthogonal set 

'XcrM. It is assumed that we know the spectroscopic notation 

of tA ; and that the total momentum J is made up of orbital 
J 'rl1 J 

momentum ).. and spin momentum a- (For example :XA may be denoted 

as 2 Ps/z in which case J='S/i,o-=LA=I). Similarly, the total momen­

tum J of Xe is assumed to be made up of a specified Lands. 

then 

(2.20a) 



-15-

In this and -what follows we shall use 1¥ to denote a wave 

function combining space and spin; i , a function of space 

only and fa function of spin only. The symbol ....-. is used 

rather than equality to indicate that only the transformation 

properties of the wave functions are important; we use 1f and 

# for the space and spin parts of any wave function this 

however does not imply that the different functions are simi­

lar except in their relationship to the rotation group. 

The incident particle we shall specify to be a proton 

and hence it has only spin, therefore we write 

(2.20b) 

The relative motion wave function is of course pure orbit-

al, 

(2.20c) 

For the compound nucleus we write 

...,... "T'°JM 1-C:JM 'f . (2. 20d) 

then we have 

(2.21) 



-16-

combining this with (2.20d) we have 

B. "J J" description 

Here we specify only the total angular momentum which 

gives us a more general description which includes the pre­

vious one as a special case. We write 

(2.23) 

and the coefficients ~~t must now be recognized as depending 

on the quantum number T (In the LS description h~t would have 

been considered as depending on the LS assignment of the com­

pound nucleus if we had wished to have a compound nucleus which 

was a linear combination of LS states.) The most convenient 

way to introduce the dependence is to write 

(2.24) 

then 

(2.24) 
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so that from (2.15a) we have 

(2.25) 

We then find (see Appendix III) 

(2.26) 

From (2.19) 

(2.19a) 

While from (2.24) 

(2.24a) 

Comparing these two expressions we see that in the JJ descrip­

tion "E °';= 1 • and therefore 
T 

(2.26a) 

We can now write the cross section (2.14) in the form in 

which it will be most convenient to use by considering the 

ratio of the ·cross section to the pure coulomb cross section. 

We therefore write 
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and then in place of (2.13) and (2.14) 

(2.14a) 

(2.13a) 

Using (2.15a), (2.19) and introducing 

we have 

(2.13b) 

In applying these formulae to specific problems we must 

make some simplifying assumption in order to reduce the prob­

lem to one whose complexity is consistent with the accuracy 

of the experimental data. We shall assume that only one angu­

lar momentum of the incident plane wave produces the observed 

resonance and that therefore 

(2.27) 
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this reduces (2.13b) to the form 

I / M 
'fY\ t'M~ +w.s • = \"1\J +ms ::: 

where 81 = -z<1i-1oJ +cx~s;,/·te 

zZ 
cJ. = ''f,7" ~ 

X = (E:-Eo)/4y 

r(Z ➔ t+i'otl 
=---

r(l+1-101) 

(l+ic.){1-/+ioJ .... (t+iO<) -.zjr,o = ---'---'----..:__- e ·1 

U-ta)(1-1- i0t:) .... . (1-io1) 

From this last expression we can write 

t 
2(n -'r7J = z Z tllri1 ~ 

11 t YI.=! 

I 
and E)l = 2I' tart!+ cx~sir/i0 

rl=I 

We can then write the cross section in the form 

(2.13c) 

(2.28) 

(2.28a) 
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Using the values of the sums found in Appendix III we obtain 

our final form for the cross-section 
111. 1:2 ~ T!MoAR?,M-1'11,l!\(2 

a- (2l+i) 4rrlz ~ /Yz (0,~) hf<o(;o::\AJM JM 
- :::: I+:'----,-,--- ·--. -'-'Wl,-----;--'·--,--~-------- -
0-0 (2J+1)(z.s+1) a; ( 1 +xi) 

(2.30 

where ~(eos0) is the ordinary Legendre polynomial in cos g 
• \'!I 

which has been introduced in place of \ (8,¢) merely for rea-

sons of convenience. 

We can infer from the form of (2.30) compared to (2.29) 

that we can introduce the matrix elements in place of 
I / 

r 'm1 Wis M JM! 
tomlwi.s in which the matrix elements m-rm'T are given by 

(2.31) 

This amounts to describing the possible states of the 

initial or final system . by the quantum numbers T mT instead 

of the numbers ~J~s ; it is a direct result of the possibil­
nr·'M, ,Tr Yl'ls 

i ty of writing, for the JJ case, -r1 't' s as a linear combina-
,rrTiYlT tion of j'.' ( Eq. ( 2. 23) ) . Using the quantum numbers rn;~s 

we have a set of (2J-t1)(zs-+ r) • functions out of which to form 

our system; using the quantum numbers T,mT we obtain a set 
J-1,S 

of E (2T+1) == (i.1+1)(2s+1) functions. That each set must contain 
T"'\1-~I 

the same number of functions is a necessary result of the 

fact that each is a complete orthonormal system of the sane 

function space.• 
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III. APPLICATIONS TO THE REACTION Li7 (p1p) Li7 

The foregoing theory shall now be applied to the elastic 

scattering of protons by lithium at the well known ,-ray 

resonance at 440 kev. It is known that the angular momentum 

of Li7 in the ground state is 3/2 and the usual spectroscopic 

The angular momentum of the proton is 

1/2. We consider as possible only incident .proton waves with 

relative angular momentwn Z == 0,1 

The existence of the ,-ray and the non-existence of 

alpha .particles at this resonance give us important informa­

tion concerning the possible assignments of the compound nuc­

leus Be8*. The parity of Li7 in the ground state we shall as­

sume to be odd*; the proton of itself is even, while the rela­

tive angular momentum contributes a parity of (-1/·. The 

parity of the compound nucleus is therefore even for l= 1 

and odd for Z = o. Now the alpha particle has even parity and 

because the two alpha particles are identical they can come 

out of the compound nucleus only with even relative angular 

momentum ( Z = 0,2, ... ). Then, since the alpha particles them­

selves are 'S0 , this means that we have the reaction 

L r 8* 114 1'4 i + p ~ Be _,,. 11e + 1e 

* The parity assignment has not been experimentally veri­
fied but the usual models of the nucleus indicate odd pari­
ty for 117. 
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only if the compound nucleus of Be8* is even parity and even 

angular momentum. Since no alphas are observed we conclude 

that the Bes has either odd parity (in which case it may have 

any angular momentum) or even parity but odd angular momentum. 

The r-ray provides further information. It is known< 23 ) 

that this 17.57 Mev r-ray arises from a transition to ~he 

ground state of Bes~ The ground etate is almost certainly 'S0 

and we can make use of the ,-ray selection rules (which are 

particularly strict if one of the states is 1S0 ) to determine 

possible assignments to the excited state. The Y -ray selec­

tion rules and the states which can combine with a 's; state 

are shown in Table III.l. 

The type of radiation is given in column 1 (e.g. M1= mag­

netic dipole; E3 = electric o~ipole). In electric multipole 

radiation only L changes; in Magnetic multipole, only S. The 

forbidden transitions in column 4 are ip addition to those not 

allowed in columns 2 or 3. Column 6 gives the only state which 

as a result of selection rules can combine with a 
1
S: state. 

In the case of 11 JJ coupling" no separation can be made of 

orbit and spin and in place of J,. L or l. S we can speak only 

of ~ J. In column 6 only total spin and parity remain. 

These selection rules are more general and hence less re­

strictive than those usually given in atomic spectroscopy, as 

for example by Bowen<24 ). 
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1. Calculation of Cross-Sections 

a. l = o 

For l = 0 we can have only J - 1, 2 and with the JJ de­

scription T = J gives the only non-zero matrix elements. Since 

Tis equal to J there are no arbitrary constants and the angu­

lar distribution is completely specified by J. The possible 

assignments of the compound nucleus in the "LS" description 

are Since the parity is odd we forbid alpha 

particles, and by reference to Table III.I the existence of 

'P,-1-rays requires , and electric dipole radiation. If L and 

Sare not separately conserved we can also have a compound nuc­

leus with J = 2, but since the parity is odd this requires the 

radiation to be magnetic quadripole. 

The angular distribution of the elastically scattered pro­

tons is then obtained directly from Equation (2.30)*. 

b. 2 = 1 

For l = 1 we can form J = 0,1,2,3 and the possible "LS" 

'So 'D, assignments are 1, 'D 
2 

'D • 
/23 The parity of 

all these states is even so that in order to forbid alpha par-

* Inclusion of a potential phase shift as indicated in Sec­
tion IV has also been investigated. The analysis involved 
closely follows that given in section IV and since it leads 
to a negative result, it will not be given here. We need 
only say that even with the extra freedom of arbitrary phase 
shifts it is·not possible to ascribe this level to s-wave 
protons, since phase shifts can only shift the positions of 
maximum and minimum cross section but cannot change their 
values. 



-25-

ticles we must take only J = 1,3. Table III.l then shows us 

35+ that the only possible ""(- ray state is I which goes to 

the ground state by magnetic dipole. If we do not conserve L 

and S separately we can include J = 3 but the radiation is .then 

magnetic octipole. 

The calculation of the elastic proton scattering cross 

section is somewhat more tedious than the Z = 0 case. If we 

3s + assume that the compound nucleus is , we can calculate the 

from equation (2.22), and these are 

summarized in Table III.2a. Table III.2b presents the matrix 
I I 

-f "'1 Yrl!: 
elements I) 'M 

""l s 
From this, equation (2.29) gives us the 

cross·section 

(3.2) 

If we go to the "JJ" description the possible values of 

J are 1 or 3. In the former case we can have T • 1 or 2, in 

the latter only T = 2. We use equation (2.30) and find that 

the angular distributions are easier to calculate than in the 

1-S case; only the summation in the resonance term remains to 

be evaluated, the arithmetic is sufficiently direct that it 

shall not be given here. The cross sections are: 
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2. Comparison with experimental results 

(.3.4) 

The excitation curve (cross section as a function of inci­

dent proton energy) has been measured(25 ) at two different 

angles, approximately Q = 90° and e = 144° in the centar of 

mass coordinates. At 90° the curve is almost symmetric with 

a maximum ratio ~;Cio = 1.61, at 144° the curve is definitely 

asymmetric with the low energy side higher than the high ener­

gy side (see Fig. 2), the maximum ratio is ~;Co = 2.38. These 

then are the dominant features which must be used to choose be­

tween the various assignments of (3.1)-(3.4). We tabulate this 

data in Table III.3 in which we give, for each assignment of 

the compound nucleus, the position and value of the maximum and 

minimum of the ratio cr/O"'o • 

TABLE III. 3 

Assignmen t 89 .2° 144.4° 
X O' ~in 

a' Xmax a- I xmin ~ min max crom a.x a;; min ~max 

J - 1 1. 60 0.64 ,3.59 0 .66 -
l = 0 0.7 8 -1.29 0.36 -2,75 

J - 2 2.00 0.30 5,32 0.33 -
2 = 1 3s1 0 1.72 -- 1. 00 0 2.08 -- L OO 

I= 1 J - 1 0 1.72 1.00 -0.28 2.06 3.6 0.91 - --
1.55 -0.18 2.63 5.4 0.94 

L= 1 J = 3 0 2. 30 -- L OO -0.19 4.68 5.3 0.87 

Experiment 0 1. 61 -- 1. 00 - 0 .25 2 .38 ? 0.95 
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The double entry in the row 2 = 1 J = 1 is a reflection 

of the freedom in the choice of the quantum number T and of the 

possibility of having an arbitrary mixture of states with T = 1 

and T = 2. The two figures given are the extremes possible 

with different choices of the mixture of the two states. 

It is evident that the assignment 1= 1, J = 1 best repre­

sents the experimental data and we shall now more closely ex­

amine this case. It must be pointed out that the experimental 

excitation curve can not be compared with the theoretical curves 

until a correction has been made for the effects of resolution. 

There are, as always in experimental measurements, various 

sourves of "blurring" which tend to "smear out" the "true" ex­

citation curve and thereby reduce the maximum. Therefore the 

experimental maximum values of ~/(io must be increased before 

they can be adequately compared with the predicted values. A 

complete discussion of the problem and an evaluation of the 

various contributions are presented in Appendix IV; we shall 

merely state here that the maximum of ~la; should be raised to 

1.64 at 9.., 89.3° and to 2.41 at e = 137.8°. Considering now 

equation (3.3) we can plot!:!:..\ 
a; max 1mLLm. 

:2. as a function of o.'.1 for 

various scattering angles e. This is done in Fig. 3 and it is 
2, 

seen that the data indicate a value of ~ = 0.80 ± 0.02. The 

purely nuclear cross section is therefore found to be 

( 3. 3a) 



3. Equivalence of "JJ" and "LS" description 

We have concluded from the observed data that the compound 

nucleus of Be8 at 17.57 Mev above the ground state which is 

formed by the bombardment of 117 with 440 kev protons is a state 

with total angular momentum J: 1 and with BO% T: ;I. and 20'%, 

T = 2. We wish now to compare this description of the state 

with the more conventional description in terms of LS states. 

This can most easily be done by expressing the incident and 

compound nuclei in each of the two ways and then equating ma­

trix elements in the two descriptions. 

The incident system can therefore be written in two ways; 

(3.5) 

In the second description we do not sum over j because we know 

definitely the angular momentum of the lithium nucleus; the 

situation is somewhat more specialized than a completely gen­

eral case in which only the component orbit and spin momenta 

are given. The compound system is 

We now form the scalar product 

(3.7) 
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In forming these products we have used the same mode of descrip­

tion for the incident and compound systems; we can however also 

mix our descriptions: 

(3.7a) 

JMl 
where we have wri t'ten _M(LS) for brevity in place of M \"Ill" 1r1 {LS) 

) l 

we have 

(3.8) 

from this we can write 

(3.9a) 

(3.9b) 

We get an equation involving the 
JT 

V for each choice of fl S 

m)'¥1.1~~ and solving these equations we obtain the following 

matrix for the JT lLs , hence the transformation matrix between 

11 LS states" and II jT states". 
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X T I 0 0 I I I 2 / 

I -ff ff I 
0 0 

2 "5 3 

J_ I -Jt '/2 -ff 'tt :z ] -3 2 

2 I {f l. 
-~ 1

1
2 

f s 
; --

2 fa 

3 2 
,J5 

~'~ 
I 

0 -z 3 b 

We can by no means determine the compound state completely; we 

can only determine, from these scattering experiments, the ra­

tio c/..3h.,1/ cx'.3/,1,2. In terms of this more complete description 

the quantities a , and cx'2, of the previous section have the 

values 

(3.10) 

~i = V 
ci.-s/2,~ + rx31/2 

The coefficient °" .. ( s «.,,1.0 _ _f ! ) of equation (3.3) can therefore 

be written as 

I 3 0 ~I~+~ '2:i + 1o~b !310 ~01 -,s{z (3,o ~I\ - 5 {jo (3,o/3:,.1 - \OU (30, ~,,-4 f.5'001 (32, + :z'(is~,,~Z/ 

5. I 2 0~ +12~;1 +9~1~ 4- 3~;, + 4¼ (:i, 0 00 ,-h~ ~•• ~,,-2.ffo~,. ~21 t8f3 ~o1~ 11 + 2. 'fi5(3 I\ ~.:t\ 

{3.11) 

This expression .is not very useful since we do not have enough 

data to evaluate the constants (3L~ ; in addition to (3.11) 



all that we have is 

-z= (.J.Lc;. = I 
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(3.lla) 

Conceivably, similar analyses of angular distributions for 

other reactions which involve the same excited level of Be8 

could yield additional relationships from which to determine 

the rLs. • In this regard the angular distribution of the Y­

rays will, unfortunately, tell us nothing. According to calcu­

lations carried out by Judd( 26 ) the distribution of the Y-rays 

are determined solely by the parameter (,cx/-rx./") and there-

fore, although the angular distribution is different, we can 

obtain from it no further relationships between the {3Ls . 
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IV. I NCLUSION OF POTENTIAL PHASE SHIFTS INS-WAVE SCATTERING 

AND ITS APPLICATION TO THE LITHIUM RESONANCE AT 1 MEV. 

In scattering problems in which the proton can approach 

close to the scattering nucleus the effect of the nuclear non­

resonant potential scattering cannot be neglected. This is the 

case primarily for a-wave collisions, for which the relative 

angular momentum of the proton is zero. In order to include 

the additional scattering term we rewrite equation (3.1) in a 

form which explicitly displays the scattering matrix elements 

involved. 

(4.1) 

We shall introduce the effect of the potential scattering 

by means of phase shifts. The resonance denominator can be 

written in terms of its phase shift 

(4.2) 

and the resonance cross secti on becomes equiva-

lent to the phase shift cross section (Z?) 4n-1.
2

si..,_-z ~ . We can 

rewrite (4.1) in the form 

( 4. la) 

which is exactly the form of the cross section due to a phase 

s hift o/ in the state of angular moment~m J but with no inter-
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action other than coulomb scattering in the state with the other 

orientation of spins (this has of course been specialized to 

the case at hand for which the possible values of J are 1 and 

2). There is therefore a strong suggestion (which is indeed 

borne out by the calculations of Wigner(l?) and of Wigner and 

Eisenbud(l~) that if there is present nuclear potential scatter­

ing which can be represented by phase shifts ~J, the cross sec­

tion should then be of the form 

(4 . .3 ) 

where 

depending upon whether the resonance is or is not associated 

with the state J. 

We can fit the various parameters involved by comparing 

such characteristic data as the values and positions of the 

maximum and minimum cross section. Let us now consider only 

that part of ~ which is resonant; therefore we write (with 

rather obvious notation) 

(4.4) 

(4.5) 
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wher e 

A s irt E -= - cos eo 

hence we have immediately t hat 

~ 2.J+I [ ]2. 
'-'J Max = g <ro A ±f 'LL 

l'II\T' 

and 
(j -0".. = i:r-tl 2A110-Max TT"""' 8 • "" o (4.6) 

This is the most convenient procedure for determining the 

angular momentum from the observed excitation curve assuming 

that t he resonance is due to s- wave protons. We n6te tha t the 

change in cross section is independent of the phase shift SJ, 

but that this latter quantity can be determined by the position 

. of the maximum and minimum cross section. Also from the value 

of the cross section at maximum or minimum we can determine 

(but, in general, not unambiguously) the phase shift of the 

non-resonant component. 

The position of the maximum is 

and the minimum 

The lithium resonance at 1. 0 Mevis shown in Fig. 4. The 

fit is only qualitative but the data definitely indicates that 

the resonance is produced by a state with J = 1. The presence 

of the broad resonances above 1 Mev. which we have not included 
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in our analysis can easily be burdened with the responsibility 

for the lack of fit. We could of course have included these 

terms but until more data is obtained, in the form either of 

excitation curves at other angles or of angular distributions 

at various energies near the resonance, such a procedure would 

have little significance since agreement with one eacitation 

curve can certainly be obtained by a proper choice of non-reso­

nant background, particularly so if it is allowed to have a de­

pendence on energy. Another effect is that described in the 

next section, i.e. the influence of competing reactions. The 

curve for J = 1 can be brought into agreement with the observed 

amplitude of the resonance by introducing Yf/, ;::;; O. 7. 
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V. APPLICATION TO Be9 (p .p)Be9 

The compound nucleus s10 formed by the bombardment of Be9 

by protons is known to have several modes of decay 

b 
B'o-t, 

B9 + )"\. 

Be9+p ~ (B'o)~ 9 (5.1) Be+~ 

~ Be8 +d. 

L·" l +oC 

The y-ray yield shows a broad resonance at a proton bombarding 

energy of 988 kev . with a half-width of 94 kev and a narrow 

resonance at 1077 kev with a half width of 4 kev. <23 ) The pro­

tons respond to these resonances as well as to very broad reso­

nances below 700 kev. and above 1300 kev. (2s) The deuterons 

and alphas show typical resonance behaviour at 988 kev. but 

nothing at 1077 kev.< 29 ) 

9 i -The ground state of Be is taken as P31z and since this 

is the same as for Li 7 the cross-sections from single resonances 

will have the same form as those given in the previous sections. 

The broad resonance can properly be treated as single but the 

narrow resonance is not unaffected by the other upon which it 

is superimposed. We therefore shall first investigate the reso­

nance at 988 kev. and then, having determined its nature, allow 

it to interfere with possible assignments of the narrow resonance 

at 1077. 
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1. Broad Resonance at 988 kev. 

The cross section can be written in the form 

(5.2) 

Where QJ"l ( Cos&) is given by 

QJ! Ccos0) 

'l = 0 J = 1 1 

J = 2 1 

l= 1 J = 0 1 

1. z.)2. 
J - 1 I +J.(Sot.,-O(i. P. (cos8) - 2 10 2. 

J = 2 7 ( 2 2 )
2 

I +io r:J., -0(2 l'2(cos0) 

J = .'3 I+ ~25 fz ( cos.8) 

l = 2 J = 0 1 

J = l I :Z. 2. ) 2. ) I +-2 ( o( I - CX2. 'P2 ( cos 6 
2. 2 2. 

J = 2 1 +~(7~•43
0<'2 ) {s P,_(cos8)-+ 1b P4 (cos0)} 

J = .3 
z. Z.)2. t 1.)2. \ + 3 (4 CX7 +Oc'z Pz.(Co~eJ + ~ (2rx, i "5 5J. ?4 (cos0) 

J = 4 I+ fu f So 'P2 Cc.ose) + 1, ~Ccos0) } 

p,_ (cosB) = ~ cos,.B-t P4 (cos 8) = 35'Cos49-3ocos2 6+3 
~ 8 

2. Comparison with Experimental Data 

The differential scattering cross section for protons 

emerging at an angle of 142°55' in the center of mass coordinates 

has been carefully explored by Thomas, F~wler, and Lauritsen(29 ) 
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from 300 kev to 1300 kev bombarding energy; less reliable data 

were alsq taken- at approximately 105° (center of mass). The 

yield shows a minimum in the ratio of scattering cross section 

to coulomb cross section at 910 kev. ( ~(Mi~ - 0.79)and a 

maximum at 1038 ( ~(Max) = 5~135). We shall compare this 

data with the expected changes in cross section computed from 

equation (5.2) and tabulated in Table v.1. In calculating 

these values we have modified equations (5.2) in order to take 

into consideration the effect of the other modes of decay. In 

section III we could safely omit these corrections because the 

)-ray which was the only other competing reaction was of the 

order of 10-3 weaker. Here, however, the alphas and deuterons 

offer appreciable competition to the proton in the decay of B10. 

Therefore IP in the resonance denominator of Eq. {2.13b) must 

be replaced by 

, = fp + "!rt.+ 111. 

which introduces the factor tp/7 into the second term of 

(2.13c). The net effect can therefore be most easily describ~d 

by replacing ~ with in equation {5.2). In computing 

Table V.l we assumed the values 

Tu..! = 2.500 at 988 kev 
' cr;11-

0 : 142°55 1 ( center of mass) 

le.. = 0.87 
"( 

(5.3) 

This corresponds roughly to a deuteron-plus-alpha yield which 

is 15% of the proton yield. 
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TABLE V.l 

Relative change in cross section: 

(where two figures are given they represent extreme values 

possible for various assignments of ~T) 

J = 0 l 2 3 4 

l= 0 2.898 4.830 

l 0.432 1.750 2.160 4.05' 
1.296 ~-250 

2 1.064 3.73 1.040 4.91 11.46 
3.19 5.320 8.94 

Experimental: 4.345 

From this alone we see that possible assignments are Z = O, 

J = 2; l = 1, J = 3; 1= 2, J = 2,3. We can eliminate the 

last two on the basis of the shape of the curve, which shows 

a cross section less than coulomb below the resonance and a 

cross section much larger than coulomb above resonance; on the 

other hand the assignment l= 1, J - 3 shows a maximum below 

the resonance energy while l= 2, J = 2 would require a fairly 

symmetric excitation curve with very little evidence of inter­

ference effects and a maximum almost exactly at resonance. 

As a further verification we may compute the. predicted 

values of o-M.,"- O'"'i"' at 9 = 90° and compare these with the 
0-o 

experimental value (the data at 90° is not as accurate as that 

at 143° and therefore we shall use it sparingly and only as 

substantiating rather than primary evidence). 
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TABLE V.2 

Relative change in cross section crMt\x-~mi'f\. , 0 = 90° 
0-o 

(Where two figures are given they represent the ext.reme values 

values possible for various assignments of ~T) 

J = 0 1 2 3 4 

l = 0 0.991 1.651 

1 0.242 0.545 1.105 1.289 
0.727 1.211 

2 0.089 0.151 0.446 0.338 0.996 
0.268 0.716 1.313 

Experimental = 1.53 

We cannot place too much importance on the experimental result 

since it is accurate only to about ±20%. The form of the ex­

citation curve, however, is much more definitely established. 

For all 2 = 1 curves the interference term vanishes since the 

Legendre polynomial P1 (cos0) is zero at 0= 90°. Hence we 

would find the simple resonance curve superimposed on the cou­

lomb background with its maximum exactly on resonance. For all 

l - 2 curves the maximum cross section occurs at an energy less 

than the resonance energy and the minimum cross section occurs 

above the resonances. The observed curve shows a minimum below, 

and a maximum above, the resonance energy; which is the expected 

behaviour for an incident s,-wave. 

We the ref ore feel happy in choosing Z = 0, J = 2 to describe 

the scattering. However, a more detailed analysis of the data 

is possible. Inspection of the excitatiop curve shows that a 
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single resonance is not an adequate description of the scatter­

ing. We shall try to include non-resonant scattering following 

the theory developed in section IV. We introduce two phase 

shifts ~t and S2 corresponding to the states J = 1 and J = 2 

respectively and write our cross section in the form (see equa­

tion 4.5) 

• u = 1_,e A' = I.e. . I - c. OS 0 
, a;,'12 1 ex 

A
'.l, '\,l~ 

-= \+ 4 +Us\111.6)., 

A sin e = - cos 8 0 (5.4) 

where '4, = SI 

'lf;i - $2 - co+-'x (5.5) 

We can if we wish go back and make a more accurate estimate of 

YP/r from our data by using equation (4.6) 

(4.6) 

to determine v.. . 

Table v.1 gives us 

and Ep = 0.988 Mev, sin 80 =-0.0669, so that we find 

U = 2.312±0.10 

which implies the value 
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If we use this value we find, by fitting the experimental values 

of the cross sect ion at the maximum and minimum-11-

=r+o. 915 ± o. 03 

-0.176±0.03 ( 5. 7) 

where the probable error is based on the somewhat arbitrary as­

signment of a probable error in the cross section as pbtted in 

Fig. 5 of approximately 5%, The two values arise from the ambi­

guity of determining an angle from its cosine (Equation 5.4). 

It has been assumed that 8, does not chang·e over the resonance. 

to 

the 

( s 

From the position of the maximum and minimum with respect 

the , -ra.y resonance we 

nuclear potential phase 

' = 125 ± 15 kev 

is 2.n interger) 

can deduce the half width / and 

shift 62 . 
(\ = s 'fi' -0. 31 7 ± 0. 07 (5.8) 

Using the values computed here f or &I , Si ' rp/r and 1' 
we obtain the curve indicated as 11 theoretical 11 in Fig. 5. 

3. The Narrow Resonance at 1077 kev. 

To investigate the narrow resonance we must essentially 

repeat what has been done already for the broad resonanc~, but 

with the important difference that the background against which 

* There is also an indeterminancy of a multiple of 2n in 
our phase lhifts vtlich is beyond our power to determine from 
only a single resonance. We know that S-+o for low energies 
and increases by~ for each resonance. Hence only if we 
knew the entire excitation curve from zero energy up could 
we hope to determine S ·unambiguously. 
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the resonance interferes is not simply the coulomb cross section 

but the entire broad resonance. This leads to the cross section 

formula 

(5.9) 

where 11 988 Resonance" indicates the part already computed, 

Q Ji (cosB) has been previously tabulated but is here applied to 

the narrow resonance, u and cfr refer to those quantities of 

the broad resonance and are evaluated at a specific energy. 

They are considered to be constant over the narrow resonance. 

X refers to the narrow resonance and is of course in units of 

its half-width. 

The cross sections predicted from this have been compared 

with the observed resonance (Fig. 5). Th€f~ comparison has been 

made for 2 = 0,1,2 and for each of the possiblt; choices of l 1 

and bl for the broad resonance. The uncertainties, however, 

are such that no really definite assignment can be made. How­

ever, some general conclusion can be drawn. The magnitude'of 

the resonance is small* indicating that, unless the effect can 

be produced as a result of a fortuitous cancellation by the in­

terference terms, the total angular momentum of the compound 

* The effects of resolution (Appendix IV) tend to blur out 
the resonance; but correcting for this -only increases a-/0':'/MM 
by ~pproximat~ly 20%. 0 
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nucleus is zero. Hence data. at other angles should be able to 

resolve the question. At 90° the excitation curve shows a small 

resonance whose phase is inverted with respect to that at 142°. 

This implies that the resonance is J - 0 and that furthermore 

2 = 2. This last assignment results from the fact that for Z= 1 

all interference terms vanish at 90° while for Z= 2 the sign 

of the interference is reversed from that at 142° (at 90° 

P2(cos0) =-0.5; at 142° P2 (cos0) = 0.5). 

4. Comparison of Beryllium assignments with other experiments 

An energy level diagram is shown in Fig. 6 for the com­

pound nucleus B1O . The angular momentum and parity are indi­

cated for each level shown. Some of these assignments are how­

ever conjectural. The ground state of Be9 is fairly certainly 

3/2 (odd), and the level of BlO produced by the 988 kev reso­

nance we are attempting to ascribe to 2(odd). The level would 

then decay to Li 6+ Ol thru a p wave and to Be8 + d. also by 

p wave. With a 2(odd) state we can get electric dipole radia­

tion to the ground state which has recently been shown(30) to 

be 3(even). The ground state is supposedly one level of a 

triplet and 1 -radiation is equally permitted to the other two 

members. 

The narrow resonance we have indicated as going to a state 

O(odd) which could then radiate electric dipole only to the 1 

(even) level of the ground state triplet, but would require 

electric octipole · to reach the ground state. This level could 
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also decay to Li 6 + c<. or to Be8 + cJ. , the fact that such a de-

cay is not observed implies that a further selection rule is 

involved. On the other hand we could forbid such decay if we 

ascribed the narrow resonance to incident p-wave which would 

then lead to O(even) for the compound nucleus. Such an assign­

ment is, however, quite inconsistent with the existence of in­

terference effects at 90°. It is therefore evident that more 

experiment work is required. 
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Appendix I 

The Dispersion Formula 

The dispersion formula, as indicated in § II.2 has been 

adequately treated by several authors and the only purpose for 

presenting it here is one of completeness. The proof used is 

that given by Bethe(9 ). 

We shall consider for simplicity only a single compound 

nucleus which has only two modes of decay. P shall designate 

the incident particle and A the t&rget nucleus. Q and Bare 

respectively the emitted particle and residual nucleus other 

than the reemission of P; C is the compound nucleus. Hence the 

reaction can be symbolically expressed as 

(Al.01) 

We shall use fA,1s,fc,1P,jq to represent the normalized 

wave functions of the nuclei A, B, C, P, and Q, while fp and 

lfQ are the wave functions of the relative motions of the A, 

P or B, Q systems each with respect to their centers of mass; 

these functions are as yet unnormalized. 1/p is specified~~ 

the extent that it shall be composed of an incident plane wave 

and an outgoing spherical wave while 1fri. is solely an outgoing 

wave. 

The total Hamiltonian may be split in two ways 

H = HA+ Tp + Up + VAP 

(Al.02) 
= HB + TQ + UQ -t VBQ 
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HA, HB, He are the Hamiltonians of the internal structure of the 

nuclei A, B, c ... Tp and TQ are the kinetic energies of the re­

spective particles relative to the center of mass of the corre­

sponding systems. Up, UQ are the potential energies of P and Q 

in the field of A and B respectively and are functions only of 

the distance between A and P or Band Q. At large distances 

this is the coulomb field if P or Q is a. proton. VAP and VBQ 

are interaction energies between particles which depend on co­

ordinates other than the separation distance and include the in­

ternal coordinates of A and B. 

The wave functions ;< satisfy the equations 

HA:X,A = WAjA 

HB1B : WBtB 

Rte = wcXc 
(Al.0.3) 

except that we shall assume Jc to vanish outside the "nuclear 

radius 11 • The wave function of the complet.:e system is approxi­

mated a s 

The constant a is t he only one we need since ?.pp and ~Q are 

not yet normalized. We now try to satisfy the Schrodinger equa­

tion as accurately as possible with this choice 

where the energy W is given by 

W = WA + Ep 

(Al.05) 

(Al.06) 
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EP being the kinetic energy of the relative motion of A and P. 

We impose the following conditions, 

f j t ( f-/-\J) 1JF ol Tc = 0 

i * * ) J fA xp (H.,\.f 1:IJJ.'""Ad-rp=O (Al. 07) 

j X B* X: ( H-\J) 'lf cl-te, Dl'!:'Q = 0 

the integration in the first case is over all coordinates but 

in the second two cases only over the internal coordinates (in­

cluding summation over spins for P or Q.) and hence is a condi­

tion for all of the relative coordinates. 

From (.02) and (.03) we find (since the 

cl (W-vJc) = J j/'(¼,P-Lp) fA fp ~Pd~ 

and 

+ff c* (Vaq- L Q.) f P., ·,(:i. 7f« d-rc 

Lf~P = a J J: X/(¼,,,-Lp)J,d1Ai~ 

+ j y/-y./ VAP 1A 'j P ~P cfr;, d-r-,, 

+) tA* f /' (VAP-Lf) le i,Q 7fc,. i-r;, di-; 

j's are normalized) 

(Al. 08) 

(Al.09) 

(Al.10) 

plus an equation similar to (.10) for LQl./Q,· The second term 

in (.10 ) gives a contribution to t he nuclear potential scatter­

i ng and the third term represents a direct transition without 
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formation of an intermediate state from AP to BQ. Both of these 

possibilities we shall assume are small since we are primarily 

interested in the resonance with the compound nucleus. · 

Therefore (.10) reduces to 

(Al. 11) 

Lp is a spherically symmetric operator so that we can write (.ll) 

in spherical polar coordinates. We therefore expand ¥fin 

spherical harmonics. 

(Al.12) 

""* By multiplying (.11) by Yz and integrating over the solid 

a-ngle wp of the positional coordinates of particle P and making 

use of equation (.09) w, find that 1}p1~('f) satisfies the dif­

ferential equation 

(Al.13) 

in which Cpzrn Cr) is defined by the integral 

(Al.14) 

in which the integration extends over all the coordinates of all 

the particles except the distance ~ between A and P. 

Since fc vanishes for rp larger than the nuclear radius 

(i.e. the compound nucleus exists only if all the particles are 

close together), for large~ (.13) becomes the homogeneous equa­

tion, 
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(Al. 15) 

and the solution, which may contain both the regular solution 

f and the irregular solution g, is 

'f Plm - - o<'.Pl'll1 fpz{fp) + fdp1,,, 9p/',,) (r;,...,.oo) (Al. 16) 

where for small r 

tp/r) ~ r l+t 5 O·) ~ ,,--I 
Pl 

(r-+o) (Al. 17) 

For larger we can write the asymptotic form 

qrr)+i-t(r) = expifkr-l,¥ +Ji} (AL 18) 

~.:: Mpv/1i 
(r - 0<1) 

From (.15) we find, writing the equation for f and g, multiply­

ing respectively by g and f, subtracting and integrating 

(Al. 19) 

where the value of the constant has been obtained from the 

asymptotic forms (.18). In a inilar manner multiplying equa­

tion (.1.3) for 7./ by +- and equation (.15) for f by ~ , sub­

tracting and integrating from Oto large radius we find (since 

f vanishes at r = 0) 

(Al.20) 

(.20) now holds for larger and making use of (.16) and (.19) 
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we find 

aO 

~Pl\',\ = - ~~ a i t Pl CPlm ~r 

'2. r 00_ * J.. * * 
=-1i-U- a.Jorr,W\(rp9pfp),XA 1-p (Vp_p-Lp)fcJ-rAof:rpol./2.p 

Fl'iM -+f Plcn YiY(lr0,efi) 

(Al.21) 

(Al. 22) 

and since L? is a self-adjoint operator it 

can be seen that it contributes nothing to the integral in (.21) 

so that we obtain 

C 
where the matrix element V?lW\. is defined by 

(Al.24) 

the integration being carried out over all the coordinates of 

the system. 

We must now fix the coefficients O('Plm. These are deter­

mined by the asyq:totic behaviour of the partial waves. Since 

the only incident waves are the ones with subscript Pio these 

must have an incoming part such as to give an incident plane 

wave while all the others must be purely outgoing. Since we 

have the asymptotic expansion(3l) of the incident wave 

(Al.25) 
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we must write 1t as r Plo 

(Al.26) 

and for the other waves 

(Al.27) 

Equations(.16), (.18), (.27) and (.28) lead immediately to 

ex P' A • A :2. ~ rr(21-t 1) e i 81 
i.~ == t l""Plo + 7' --,;--

(Al.28) 

Now (.16) is valid only for distances at which the inhomogene­

ous term on the right of (.13) is negligible and we must there­

fore modify it so as to represent the correct form of 1/nm at 

small distances. To do this we write 

(Al.29) 

where hp1 ft•) is a solution of the inhomogeneous equation ( .13) 

such that rtp1(r) ~ gP1Cr-) at large distances. In analogy to 

(.22) we define 

(Al.30) 

and 



-55-

(AL 31) 

We must still determine the value of the constant a. This we 

can do by making use of equation (.08) which has not yet entered 

our discussion. Inserting (. 31) and similar expressions .in BQ 

into (.08) we obtain 

d(W-vJ,) = -.:;-1 [:Z.Jn(zi-t,) ib1so _ ._za. TTC~] 
c fw'. tt v u- e I\,, z ti v v l'h~, 

X: s y./'(VAP-LP)XAXP FP1Md-r 

(Al.32) 

+ similar terms in BQ 

The first integral is just¼~~; the second integral is diffi­

cult to evaluate but appears only as a shift in the apparent 

resonance energy of the reaction. The integral may be complex 

but will have the same phase as V~~ since G and F have the 

same phase. The summation is therefore real so that if we de­

' we have, including a similar defini-

tion for the BQ integral 
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or 

(Al.34) 

Thus the resonance occurs when the energy of the system is W
0 

rather than W0 • Thus the observed resonance energy for a given 

compound nucleus depends slightly on the mode of formation. 

That the effect should be small, at least in respect to the 

difference between / ray emission and elastic scattering of 

protons has been discussed by Breit(32 ) who indicates the shifts 

to be of the order of 'Ye/ Ep • 

Now the probability of emission of particle Q per unit in­

cident flux of P, i.e., the cross section for the emission of Q, 

is 

Since this is Just the flux of particles Qtm. Therefore putting 

(.34) and (. 23) irito (.35) we get 

p 41"Q if r. (2Z'+,t2ei07 VP2
1
o VQ! \'\I. 4 I c ,re TTC * /2-

CJ'Q1w- == (ti. 1lQ)i VpR: l' w-wo+fiYc 
(Al.36) 
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The matrix elements have been calculated with the particle wave 

function normalized to unit flux. If we normalize per unit 

energy we have (Ref. 9, p.105) 

(Al.37) 

where His the same matrix element as V but with energy rather 

than flux normalization. This gives us the final result 
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Appendix II 

The Clebsch-Gordon Series 

The Clebsch-Gordon series is the decomposition of a direct 

product of representations of the rotation group into a sum of 

representationa. Since the 2J+l wave functionsof angular momen­

tum J induce a representation of the rotation group, the series 

allows us to decompose the ·product of wave function into a sum 

of wave functions and hence becomes the mathematical basis for 

the vector model of the atom.(20,21,22) 

A wave function ¥1~ of a Hamiltonian which is invariant 

to rotation of coordinates can be represented in its transforma­

tion properties by the monomial 

(zj)/ (-,/-rri q'J'-+m ~j-m 

Y<t+m)I (J-rn)! 
(A2.l) 

wher~ ( ~, 1 ) is a spinor. This is just the coefficient of 

a. J-""°bltw. in the spinor-invariant 
ilj ➔ w.)!(J-'rll-)\ 

where (a,b) is a constant spinor. We are interested in evalu­

ating the coefficients in the expansion 

(A2.3) 

or, since as we shall see, the transformation can be taken to 

be real and unitary 
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(A2.4) 

We form an invariant 

, 

~ = (-AY +B.x:)2·1 (A2.5) 

where (A,B) is a constant spinor and (X,Y) an arbitrary spinor. 

The terms X j-J,m yJ-\'VI. .,1:, 
• of the expansion of ~ transform like 

,r,Jm the wave functions r 

We also write i in the form 

(A2.6) 

The spinor (~,1) shall be associated with the wave functions 

~t and the spinor ( {
1?1

) ~i th the wave functions ~:. 

We must obviously have ~+r=if since in the form (. 5) qi 

is a homogeneous polynomial of degree 2j in A and B, while in 

the form (.6) it is a homogeneous polynomial of degree ~+f . 
We shall not yet specify the values of~, ~,y any more complete­

ly. 

Expanding the two expressions for ~ and equating them 

we have 

(A2.7) 
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Identifying coefficients of like powers of Ai-m Bi+w,. we have 

(A2.8) 

p+r~r ot-p+r 
and since we want to identify the monomial 1 q 

1/. f- f+r- (3-';. + 1-r with the wave function n and the monomial 71 9 1 

with the wave function 7.f/ we also have 

o1..+y=2l 

~ + r = ,2S 

c<-y-:<{p-r)-= :Zf 

r + Y - 2 ( ~ +r) = :Z V 
(A2.9) 

Since (.5) and (.6) must b~ finite polynomials, ~,f, y must be 

integers and l, 5, j can be only integer or half integer; 

hence 

c1..= J+Z-s 

f = J+s-l 

1 = 1+s-j 
(A2.10) 

We see from this that 1,s,j must each be integral, or one inte­

gral and the two others half-integral. 

This gives us 

i m I i-+'fYl y i--rr-
(-1 { c~j) . X J J 

S-'r" 1-ts-5 

=LI: 
v~l-j-r 'f=-o 

j I i-Yfl.+r- l-tf 7-t"- s+v s-V 
(J°-l-1-s)1 (i-ts-1). {)4-S-j) . (-1) ~ 1 ~1 yt' 

CJ-~-s-n·)! (?+fJ--r-)/ (s-v-r) 1(j-l-1-V-tr)! r--.' (?-1-s-j-r>! 

(A2.11) 

The implicit condition on the indiees is that the factors in 

the denominator.of (11) must be factorials of non-negative num-
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bers. (We may allow the indices to run over all values if we 

recognize that the factorial of a negative number is infinite; 

hence terms containing them in the denominator vanish). This 

condition gives us other important relationships 

j+l-s ~o 

j+s-l 7;0 

l +s-1 ~o 

(A2.12) 

If we now replace the monomials in (11) by wave functions 

according to (.1) we have 

1/,_m = C . V<j-t~)!0-h'\)( {J+Z-s)!{J-+~-u!n+s-i)/ 
1 J lsJ j (2 lJ! (:;, s)_/ 

X 
t I; J U-t f-J,)! {l-f,A,)! c~w)! (s-v)! {-1)j-l-s+r 1.f/1-/J 7.// 
v = ~s r ( J-V11.+Y-S-tr) ! ( 7- rn -v-r )! ( S-Y-'r' )/ (;- l -1- J/t, )_Ir-.' (?-1 s-;-r)_I 

(A2. 1.3) 

where the constant Cz ' 
SJ 

has been introduced because the set 

of fun ct ions 1f
1 

m and the monomials (-i)J->x (:zJ )/ f J+Jn Y/i-t>t 

Y (f-+ wi ).I (j-m)/ 
are 

not equal but only have the same transf)rmation properties. 

That C Zsj does not depend on the magnetic quantum numbers m fL v 

can be seen if the identification of monomials with wave func­

tions is made in equation (.7) which is a function only of Zsj. 

We therefore have 

A I, f'Y ~ C 
15 

_ Z i (J + m)! /J-,._)! fl+ µ) 111-1')! ( s+vi! (s-vJ! ( I+ 1-,;1 ft+ s-1)! flt s-jl.f r-,l-l-s +r 

frtl J I'"' {zl)/ (2 s)/ v-~tv- s+r-).1 (l f/1,1,-Y-'r J.1 ( S~ll-t-)_i {J-1+ µ+;--)/ ,-/ (lt ~-f-r)! 
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A1sfAV = B G (-Ir J (j+n1)~(j-w.)U1+t,i-)!cl-/.A')/(s+vl! (s-v)! .. 

J m 1~r r ( J-P,-s-,.i--)! (f +v-1-tr-)f (l+ 11- -r)/ { s-v-r)/1-/r?+s-;-rJ/ 
(A2.14) 

~+V=~ 

the summation over ~- being taken over all values which do not 

make the denominator infinite. 

We must now evaluate the coefficient B1s{ • To do this 

A1St-J.Y 
we impose the condition that the transformation J~ shall 

be unitary. Since the A's are real this condition becomes 

(A2.15) 

This is most easily carried out for the case m: J since then 

the sum (14) reduces to a single term. Since BisJ is independ­

ent of m such a choice will not affect the applicability of the 
• 

solution to cases where m =I J. For m = J we have f', = 1-v , 

r == <;-v and 

A z_~,J-~V = B {-JJS-V ✓ (2J),I (Z+J-t)! (7-J+J1)/ (StJ1)/ (s-11)/ 

JJ 1sf (l+J-s)/ (J-l+sJ! (~-v)! (l-;tJ1/I 

== BisJ,rc;N{-l)s-v O+J-v)/(S-+v)/ 

(1+J-s)l (J+s-l)_I 0-;+vJ! ('i.-vJ/ 

Then, (15) becomes 

8;sj (2j) ! t (l +J-v)!{ s+v)! 

[ (1 +j-s)! (j+s-l)!] 2 Y=f-7 U-rw)! (s.-V)! 

we write this as 

2, .s 

Bzsj (.,_j)/ ~ ( l+J-Y1( s+v) = 
1 

<Z+J-S)! (stJ-lJ! L. -s.-v J l-J+P 
V--=l7 

(A2.16) 

(A2.17) 

(A2.18) 
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where ( ;) is the coefficient of X ~ in the expansion of 

(t+xt 

(
~) = o((ol-1)(cx-1.),,,(o(-e+1) =(-\)~ (~-o(-1)(~-0:-2) .. ,(1-cx){-oi) 

\- ~~ ~~ (A2.19) 

== (-1/ ( ~ -;-1) 
Then the sum in (18) becomes 

(A2.20) 

The summation of the binomial coefficients is verified by 
Z+s-j 

identifying the coefficient of X on each side of the 

identity 

(1+x/-l--_j-1(1+x/-J-s-1 =( l+'XJ_:zj-2 

z 
Solving . (18) for B1sj we then have 

0-t/-s)/{s+f-l)/fZ-+s-J)/(21'+d • 

(7 f S + f-+ I)! 

hence, we now have from (14) 

= {Hs;-J\! fZ.+J-s)/ (,+j-ZJ/(2;-1-1) S jJ,+Y 

(? +s+1+1)/ VM, 

(A2.21) 

(A2.22) 

~ c-1/ 1 CJ-tw.)/ (J-h\l! (1tp,)l (1-p,)! ( s-tv)! Cs-v)! 

X ~ (1-p,-H-r-)!{1-l+v+r)~ (1-+f-"')] (s-v-r)\~! (lts-j-i-)! 

(A2.23) 
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are tabulated in the following pages. 

Since the wave functions are representations (Darstellungen) 

of ·the rotation group we have labeled each table with the head­

ing D1 x Ds. The symbols on the left stand for the product 

of any two wave functions with 2 and s given by the subscripts, 

p, and v given by the superscripts. The symbols along the top 

of the table again stand for wave functions with subscript J 

AlsfY 
and superscript -rrt • The element 1.,,.. then stands at the inter-

!-'- 'V )1\. 

section of the row labeled Ui Vs and the column labeled Wj • 

All empty intersections are zero. Each sub-matrix is then an 

explicit example of the general group theoretical formula 

(A2.24) 

The coefficients A may also be thought of as a transforma­

tion of coordinate axes in function space from one set of 

orthogonal "base vectors,1 e - .,/, fJ. 11.V p.v - 'fi 't's, to another orthogonal 
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Appendix III 

Summation Formulae Involving 

Clebsch-Gordon Coefficients 

In section II certain sums of matrix elements appear in the 

equations for the scattering cross section. We have specifically 

sums of the type 

with various conditions on the summed indices. The matrix ele­

ments M can be written as 

Th t . Als • e ma rices are unitary and hence 

(A3.1) 

(A3.2) 

which follow directly from the condition that Als is the trans-

formation matrix from one orthonormal set of base vectors to 

another. 

We need also the relationship* 

* The evaluation of this sum has been given by Breit and 
Darling, Phys. 'Rev. 71, 402 (1947). 



(A3.3) 

To prove this we make use of Schurr's lemma that if the matrix X 

commutes with every matrix of an irreducible representation then 

Xis a multiple of the unit matrix. 
l LI lspv Als;,-/1 

We first show that A/.,,t is a scalar (i.e. that &A1m"" i"' 

where ~ is the operator which subjects the coordinates of the 

wave function to a rotation R.) 

' I 

Therefore 
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X (l) 
hence ~f commutes with the irreducible matrices D (R) 

for any Rand t herefore we can conclude that 

The evaluation of 

and obtain 

hence 

Xlsj 
is now simple. We simply sum Xt"t 

This establishes equation (A3.3). 

We now wish to sum the squa-es and products of matrix elements 

appearing in the cross section formula. 

We have 
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(A3.4) 

Another important sum is the same matrix elements summed over 

a different set of indices 

1: IM ::l)mS r == "E ol. ./" L \ A-; ir,,-rY" \~ 
M'{(1)ffl5 ,- Ml'l'IT 'JM 

2.J+1 ~ z 
= 22+1 Li O(T 

T 
(A3.5) 

The third important sum is the squares of products of 

matrix elements 

(A3.6) 
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Appendix IV 

Effects of Instrumental Resolution on Observed 

Resonance Excitation Curves 

Every physical measurement involves some amount of interpretation in 

order to determine, from the measurement, the actual value of the quantity 

whose measurement was intended. Measurements with a magnetic spectrometer 

are certainly no exception! Ideally we are trying to measure a cross sec­

tion, specifically we wish to determine the number of protons, per incident 

proton, scattered at a specified direction with respect to the direction of 

motion of the incident proton when the latter, just before scattering, has 

a specified energy. The actual measurement however determines the number 

of protons which leave the target with proper energy and direction of motion 

to pass thru the spectrometer when the magnetic field has a certain strength. 

There are five obvious points at which such a measure fails to meet the 

conditions required of it and therefore produces a smearing or lack of 

resolution in the results. 

(1) Variation in beam voltage. It is manifestly impossible to have all 

the incident protons of the same kinetic energy. The variation here is of 

the order of 0.1%. 

(2) Straggling in the target. The spectrometer is set to measure an 

energy which corresponds ideally to incident particles which have pene­

trated a certain distance into the target before being scattered. Because 

energy loss is stat.istical an observation of the energy of the emerging 

particle after it has left the target does not uniquely determine the 

energy at which scattering took place. 

(3) Finite source size. 



-89-

(4) Entrance window. A focusing spectrometer will focus to a point image 

all protons leaving a point source with the B&Dle energy over a wide solid 

angle; in the scattering of protons from light elements the energy of the 

scattered particle is a function of the angle of scattering and hence the 

point image is no longer produced. 

(5) Finite exit window. 

All the data were taken using a thick target. If we denote the bom­

barding energy by EB, the energy for which the spectrometer is set by 1
0 

and the energy at which scattering takes place in the target by Ep, we 

have 12 = lcBP as the energy of the proton just after scattering and 

k =[ M, cos8 +(M:-M/·smaB/
2

]
2 

(A4.l) 
M, +Mo 

is a function of the angle of scattering, 8, and the masses of the proton 

and the scattering nucleus, Mi and Mo• The target is arranged so that the 

normal to its surface bisects the angle between the incident and scattered 

directions. This means that the path length of a proton going into the 

target is the same as the path length coming out. The energy losses coming 

out and going in are therefore proportional to stopping powers at the re­

spective energies. If ~ is the ratio of stopping power- at energy kEp to 

,-
1/2 the stopping power at energy Ep ( 7;::; K ) we have 

£ = p 

(A4.2) 

(A4.2a) 

If we consider straggling we must consider the probability distribu-

tion 

(A4 • .3) 
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which gives the probability of a particle which had energy EB at x = o 

having energy Eat a depth x. 0( is a straggling parameter which is ap­

proximately independent of energy, ">1. €1 is the stopping power of the 

target for protons of energy E:s• Similarly, 

(A4.3a) 

which is the probability that a proton scattered by the scattering nucleus 

with energy kE shall emerge from the target with energy E0 • 

n E 2 = 7 n E 1 = stopping power for particles of energy E0 ; the yield is 

then 

oo £8 

1(£o)cl£o = f I P,(f:.: ~j£a) a-(£) Pi. (Eo, x;x£) cl£ oixclEa (A4.4) 
'J<:::o £:::o 

where 0-(E) is the cross section for scattering. The integration over x 

is extended to infinity in the approximation that we have a "thick11 target. 

The yield therefore is not proportional to cf but is "blurred" by the , 

straggling function 8(E,E0 ) 

s (£; £) -= f ~e (~-x; Es) R. (Ea, x;i£) ix 
X•O 

Integrating this we get, using (A4.2a) 

S(~Fo ) = ~°' e><p{212E,~[(Es-£;)(;-f? 2)+(1o;-1)(£-E;)]} 

X k0 {2ne,Q:-Y(!+?2){(Es-£)2+(1<E-E"o) 2J} 

(A4. 5) 

(A4.6) 
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K0(q) is the solution of the modified Bessel equation of zero order which 

is finite at infinity: 

(A4.6a) 

Using the asymptotic form and expanding the expression in the exponential 

as a power series in E - Ep we obtain, with sufficient accuracy for our 

purposes 

(A4.7) 

we therefore see that the straggling function is a Gaussian distribution 

with dispersion 

= (!+t,2)(£8 -£,.,) 
2. n, €, 0(. ( 1<-11 )2 

The variation in Ep as a result of straggling is 

Z vJ "'"' _ M -1 4EP °J?'l., 
'f.~""' -zmEI' iri I !1 

m/M = ratio of electron to proton mass. 

(A4.8a) 

I = effective ionization potential of the target. 

For variations due to beam voltage we find from (A4.2a) 

(A4.9) 
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For the effect of finite source size we note that changing the position 

of the source point changes both E
0 

and k (since the angle of scattering 

changes). Again from (A4.2a) we find 

(A4.10) 

where xis displacement of the source point and 8x is the mean dis­

placement resulting from finite source size. Now, if we he.ve a displace­

ment x in the source we produce a displacement mx in the image, m being 

the magnification of the instrument, so that if r is a displacement in the 

image space 

From the design of the instrument* we have 

and hence 

mEo =----
(1-1-m)r;, 

(A4.ll) 

r
0 

= radius of stabl_e proton path 

If Z is the distance from the source to the entrance window of the 

spectrometer, 

* For a complete discussion of the design and focusing properties of the 
proton spectrometer, see C. W. Snyder, Thesis, California Institute, 
(1948). 
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and from (A4.l)* 

this gives us, with E0 r,:::;, kEp 

(A4.12) 

For variations due to the finite entrance angle, we hold everything 

constant except k and obtain· 

(.A4.13) 

The finite exit window allows E
0 

to have a finite spread and 

(!4.14) 

The total spread in Ep is then given by 

For the scattering of protons by lithium, the conditions were the 

following: 

Ep = 440 kev 8~ = 300 ev 

h = 0.604 7 = 1.432 at e = 137.8° 

k. = 0.787 1 = 1.241 at e = a1.1° 

* Angles here are 'all laboratory angles. In discussing angular distribu­
tions in Sections III and IV we used center of mass angles. 
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m = 0.8 r 0 = 26.7 cm l = 12.4 cm 

bx= 6-x = 0.04 cm fu 
S9 = 49 = 0.0142 -l'20 

~r = Ar = 0.102 cm fil 
1::. x, Ae, Ar are the f'ull widths or the respective apertures; Sx, Se, 

&r are, on the other hand, the root mean square deviations measured from 

the center of the aperture. For ox and Sr the shape was taken to be 

rectangular; for be, parabolic. 

We therefore have, for the mean spread due to resolution 

& Ep = 0.926 kev at 137.s0 

= 1.320 kev at 81.1° 

Having computed this, what effect will it now have on the observed excita­

tion curves? We can, with sufficient accuracy write the formula for the 

excitation curve as 

0- If) =l-f rt-1-bX - = -I- (x 
<io l+X-' (A4.15) 

by neglecting the variation with energy of' slowly varying functions in 

(2.30). We now expand this in a Taylor series around the maximum. Then 

b 
Xmax (A4.16) 
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We represent the resolution by a function g(x) with the properties that 
a, 

J g <x:) dx ,a 1 
-rtJ 

The observed excitation curve then has the form 

.!!:.. / , -= / + Frx) = I + f aig(I} fri,:-t)dt . • 
0-o obs - co 

(M.18) 

Using the expansion (M.16) we find for F(x.ax) 

GO 

F{x:ma'J<) ::: f g(t)/ ('xmax_-f) df 
- co 

(.&4.19) 

Therefore, 

(.A4.19a) 

From the experimental data we find, ate= 137.8° (W • .3° in the center of 

mass coordinates) 

F{~) = 1.38 

"i '{ = 6 kev 

Xma.x = -0.2 ( = -1.2 kev) 

Ep = 0.926 kev 
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So that 

..£: I = 2.41 a; max 

At 9 = 81.1° (89.3° in the center ot mass coordinates) 

F(Xme,x) = 0.61 

½Y = 6 1tev 

Xmax =0 

Ep = 1.320 kev 

So that 

These are the values quoted in Section III. 



m =o 

a. Incident Configuration 

b. Compound Nucleus 

"'r 

c. Residual Configuration 

Figure 1 

Schematic Description of Momentum Vectors in 

a Nuclear Reaction 
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14-4.4° 

Z.O 

1., 

54. 8° 

l 0. 2 0. 4 0.6 08 10 l\J 
' Cl:2, 0,0 ,, 

08 0.4 oz 0 .0 t 
i~ ex.; 1.0 06 

Fie;ure 3 

Ratio of Maximum Oroaa Seotion to Rutherford as a f unc­
tion of the m~xture of T- states in the compound nucleus , for 
various angles of scattering in the center of mass sys tem . 

' . 
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J==2 

o/o; 
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800 1000 1200 KEV 

Figure 4 

Li'?+ p Elastic Scattering a.t 1. 0 Mev. 

Eo: 1024 kev ½, = 90 kev 

J = l: s, :. 0.46 6z= - r 
1.11 0.95; J - 2: 0 1= 



900 kev'. 

Figure 5 

Be9+ p. Resonance at 988 kev. 

/000 /100 

Ratio of Elastic Scattering to Rutherford Scattering vs. 

Proton Energy. 

--<>- Experimental Points (scattering angle 142° CM.) 

- Theoretical Curve 

E0 = 988 Emax = 1038 Ernin -

Phase shifts: 51 = \ +o. 915 

ti. 
1 -0.176 

2.sa + err 

"Yp/ -y : o. 82 ,. {fitted from this data)= 125 kev. 

'}', from gamma-ray width = 90 kev. 
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Figure 6 

Energy Level .e in a10 . 
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