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Abstract

Transmitter-Receiver systems are operationally
defined in a fashion applicable to the treatment of multipath
systens of reception. The systems of modulation now in
general use are divided into two groups, the continuous wave
and the pulse methods, and each is discussed in detail. A4
method is established for the solution eof the continuous wave
problem and the solutions considered for several types of
continuous wave modulated waves. It is found that to a first
épproximation none of the methods considered has any degree
of superiority in the small percentage modulation case but
a second order approximations shows freguency modulation
to be superior to amplitude and phase modulation reception
under conditions of ﬁnltipath transmission. The expected
wave form of the received wave is evaluated for small
percentage modulation conditions. Comparison of the theory
with a practical case of reception of freguency modulated
waves is made. Methods of solution of the problem of the
reception of modulated waves by diffraction as in physical

optics are established,
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MULTIPATH INTERFERENCE OF MODULATED WAVES

I. Introduction

l.1 The Furnction of Trangmitter-Regeiver Systenms

In radio communication, the intelligence or the
information is transmitted by allowing some property of the
radiated waves to vary with a function of the intelligence.
This process is known as modulation. The modulation is
usually carried out under conditions such that the average
freguency of the spectrum belonging to the radiation is much
higher than the freguencies usually associated with the
intelligence or the information and is also much higher than
the width of the freguency band corresponding to the principal
lines in the actual spectrum transmitted. The reasoa for
this procedure is a matter of the efficiency of radiation,
propagation and reception.

The functions of the intelligence mentioned above
are not necessarily point functions. Indeed we shall em-
counter such dependences as functions of the integral of the
intelligence as a function of the time. Insofar as a
mathematical expression of the dependence is concerned, the
property of the radiation dependent on the intelligence also
may not be simple.

However one can write operationally a simple

expression for the radiated energy. One can state that an
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expression for the amplitude of the disturbance radiated is

/¢ z(¢t) L=
where t is the time, I(t) is the intelligence or information
function to be modulated and transmitted while 0 is an
operator which represents the modulation process as a whole
including the property of the radiated wave mentioned and its
functional dependence on the intelligence. Typical examples
of the nature of this operator will be discussed in sections
2.1 and 2.2,

The disturbance is radiated into space by antennae
or is transmitted along wires. In due process a receiver
recognizes the energy and attempts a decoding process on the
incident energy so that the output from the receiver will be
of the nature of the intelligence function before the modula-
tion process took place at the transmitter. The process of
decoding is called detection. The nature of the receiver must
be such that the operation of the detector must correspond
to the particular type of modulation used. If the received
wave is exactly the same in every property except in ampli-
tude and in time of arrival as the wave radiated by the trans-

nitter, the received wave can be written in the form

k0 [(4=t4), T(t-t,)] 5,92
where k is some constant while t, is the time of transmission

of the wave between the transmitter and the receiver. The
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output from the receiver is then

E(t) = P xo [Qt-to), I(t-t;ﬂ g A

We choose operators, 0, such that the constant k is trans-
ferable across the receiver operator symbol, P . Hence the
detector output is

B(t) = kP 0 [(t-3,), I(t-t,)] Tyd=d
and the receiver output is proportional to

E(t) = I(t-to) 1.1-5
Ia other words, the ideal modulation-detection process should
yield distortionless output from the receiver with exact re-
production of intelligence or information as measured before
the process of modulation takes place.

When clear, undistorted reception is observed, the
processes discussed above can be said to take place. However
when the reception is distorted, the distortion can be at-
tributed to the fact that the reception is no longer 1l.1l=2
but is something else. Under less ideal conditions the
processes of the detection become

E(t) = P g(t) 1.1-6
where g(t) is the input wave function to the receiver cor-
responding to the particular circumstances' surrounding the
reception. The investigation of the nature of the distortion
will depend therefore in part upon the nature of the reception

and also in part upon the nature of the modulation and hence

upon the nature of 0 for the system in use.
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The nature of the receiwr operator, P , for the
particular system of modulation corresponding to the operator,
0, is at times obscured by the mechanism of the detection
process. In some cases the receivwer operator, P , is complex
and involves a number of mathematical operations. Some of
these operations have no function and are the identity operator
in the case of the reception of the idealized wave given by
eguation 1l,1-2 and only appear to affect the wave whea the
reception is something other than the idealized wave. This
property will necessitate a discussion in detail of the actual
mechanism of the detectlon process fo¥ the individual cases of
the inverse operator corresponding to particular methods of
modulation.

Distortion in the reception can be attributed to
the presence of any one or combinations of any of the
following three causes when superimposed on the desired
signal:

1. Random noise

2. OSpurious signal&opqupying all or part of the same
band of freguencies corresponding to that of the
desired signal

3. Multipath interference,
Random noise such as that caused by the motion of

electrons in resistors has the property that the energy is



- -

more or less uniformly distributed over the entire freguency
spectrum. Calculations of the properties of the various
systems of modulation under conditioas of receptioﬂ of a
random noise superimposed on the desired signal have been
made by several authors.l’2 The results are available in
terms of the characteristic variable corresponding to each
system: the signal-to-noise ratio.

A treatment of the reception bf spurious signals
occupying the same or overlapping frequeﬁcy channels 1is de-
pendent upon the exact conditions corresponding to the
particular disturbing spurious signals. The problem has not
been discussed in all its generality in the literature for all
the systems of modulation.

The treatment of the distortion in the reception
due to the multipath interference of the transmitted wave
to the exclusion of the other two possible causes already
listed is the subject of the present paper.

It should be noted that to some extent, all these
three effects are present in any reception of modulated radio
waves. However, if the signal strength corresponding to the
desired signal is sifficiently large coupared with those of
the disturbing influences, the observed distortion is very
small indeed and usually is so small as not to be noticed.
This property is a general property of all the methods of

modulation to be discussed and section 1.2 will present a

Proof of the statement.



1.2 The Definition of Multipath Systems

When electromagnetic waves are procpagated over
two or more distinect optical paths, the interference pheno-
mena resulting from the superposition of the waves at the
recelver are termed multipath interference phenomena. That
all of the paths of propagation involved in the interference
have the same source is an essential part of the definition.
This latter restriction enables us to distinguish between
multipath distortion and adjacent channel distortion. The
latter type of interference, already mentioned, arises be-
cause of the possibility of Peception of electromagnetic
waves from two or more sources which occupy all or part of
the band of frejuencies passed and detected by the receiver.

It is evident that there is little to choose between
the definition of multipath interference and that of the phe-
nomenen of interference in physical optics. Thus we can see
that interference as an optical phenomenon can be considered
as a speclal case of the more general field of multipath
interference of modulated waves.

The transmission and reception of the waves are sub-
ject to the operational definitions of the processes set
forth in the preceding section. It is seen that the output

of the receiver can be given as the result of the receiver
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operating upon the superposition of all the received energy

due to traunsmission over each of the paths and can be written

L&) £ P ZZ 4n0/( %), _Z'(f—é,{]}

where N is the number of the incoming signals, tn is the

as

le2-1

time of transmission of the nth signal from the transmitter
to the receiver, and An is the relative amplitude of the
nth unmodulated wave received as observed by the receiver as
though the other N-1 waves were absent. The unity of the
source for all waves 1is evident from the expression. No other
sources of energy except that from the one transmitter are
pernitted. The problem as stated in section 1.1 is reduced
to the consideration of the expression 1l.1l-6 for the function g(t)
given by the operation 1l.2-1. Further investigation will
depend upon the specific nature of the receiver system corres-
ponding to the transmitter operator 0. Specific properties
of the operators, 0, and ]3 s in common use will be discussed
in the next section.

In the case of modulated radio waves the above
expression l.2-1 represents a scalar guantity even though
the problem is one of the transmission of electromagnetic
waves. The problem has been reduced to one involving the
réceiver and the operation it performs and is not specifically
dependent upon the space or the boundaries in which the |
receiver and transmitter are located. The problem is merely

one of assumption of relative scalar wave intemsities, A
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and relative times of transmission, t of the incident

n?
waves upon a receiver whose operation is 5’ « The electro-
motive forces induced in the circuits of the receiver are
scalar gquantities and problems which involved vector fields
have been reduced to scalars and to scalar operations. 1In
the case of the optical interference problem, the statement
6f the problem is already one which is in scalar form.

No extensive solution of the problem has been
attempted heretofore. The cases of the interference of such
waves which have been treated in the literature follow:

1) When they are Freguency Modulated, N = 2 and

the waves are sinusoidally nodulated3s4»5:6,7

2) When they are Amplitude Modulated, N = 2 and

the waves are sinusoidally modulated8

3) When the problem is that of interference in

physical optics.
In the following pages, the problem is broadened to include
many specific types of modulation, general and specifie foras
of the intelligence I(%t), and generzl and many specific
conditions on the interfering waves as régards their relative
amplitudes and phases.

The assunptions that will be made are summarized

as follows:

1) That the receivers used are the ideal detectors



of the type mentioned im section 1.1

2) That the sources for all signals arriving at the
receiver are one and the same and that the sig-
nals may be linearly superposed in the receiver

so that the input to the receiver is

3) That the functions I(t) and the results of the

operations l.1l-1 and l.l1=3 are well-behaved.

We shall be able to express the output of the

. . i2-3
receiver in the fornm

£18 - ¢ Jrttt + DT B, Ry (6t), (hcb)... (tcte /.

where the function D will be called the distortion. The dis-
tortion is the signal superimposed upon the desired intelligence
I(t) in the detected wave. The distortion depends upon the
nature of the intelligence, on the nature of thé method of
modulation, on the relative amplitudes of transmission f?
where /? 7145 , and upon the relative times of transmission@-é} .
Ak and ty aﬁe the observed amplitude and time of transmission
of some one of the incoming signals. From eguations 1l.1-4
and l.1-5 we see that

D=0if N =1 o

We can expand 1.2-3 by Taylort's theoren

£ = c/I(f-fn,)+ D[[/é-c‘;(//-/la L i ﬁ/ ((‘ _{}/(t“,é,/___(t.‘—fﬁ

JD /. z2~4
27 (-4 L __.
+ Vivs J{tx‘t‘-,)z < *‘ ;
="

but if all signals have the same time of transmission, Z the

t,
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induced electromotive forces in the circuits of the receiver
by each of the incoming waves are all in the same phase and
the detected wave is exactly the same as if only one wave

were observed. Hence .2-S

Plrteti); A A, A B, bt bt Eti]
Thus for small time differences, since D is in all cases
well behaved, it is seen from l.2-4 the distortion becomes
vanishingly small with decreasing times (ty=-ti).

Further if one of the incoming waves has an ampli-
tude which is much larger than all the others, some estimate
of the behavior of the distortion function can be made. Let
the kth wave be the one which is larger in amplitude, Ak, than
all the rest. Then since all the N-1 values of the /2 are

small we can investigate the distortion by agein expanding

; (het) Gt o]
/'2'6
N
2? 75+p o
1P
But for only one wave arriving, the distortion is zero; or
D/I{t)/' /. é,] =0 vz

Thus for small relative amplitudes, ﬂ) s since D in all

1.2-3 by Teylor's theoren.
£ = C/I/Z‘/f—.b/‘fh"/,-géo, ... O

\\

-

‘U

\'

cases is a well behaved funetion, it is seen from 1.2-6 that
the distortion becomes vanishingly small as one received wave
becomes larger than all the rest of the amplitudes of the

other received waves.
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Physically, the conclusions of the preceding two
paragraphsycan be interpreted as followss If the principal
lines in the freguency spectrum are above the critical fre-
quency of the Heaviside Layer the reception is dependent
upon such phenomena as reflections from obstacles in the field
of transmission or refraction from say an inversion layer in
the atmosphere or is dependent upon line-of-sight propagation.
In the case of line-of-sight reception, the principal or the
line-of-sight wave is much larger in amplitude than any of
the amplitudes of obscure reflected or other signals, the
distortion present in the reception due to multipath inter-
ference is negligible or is very small. If one places reflec-
tors near the receiving antenna, the interference due to the
reception of a principal wave and the reflected waves is very
small or negligible as the times of transmission of the various
signals do not differ much from one another.

The distortion therefore depends, for all types of
modulation and receivers upon a set of 2N -2 variables and the
nature of the intelligence. The 2N8-2 variables are the
relative amplitudes of the N incoming waves and N-1 relative
times of arrival of the N incoming waves. It is precisely this
set of 2N-2 variables which will be an invariant for given
Positions of transmitter, receiver, and boundaries so that
comparison of various methods of modulation as regards multi-
Path interference can be made upon the basis of the nature of

the receiver and not on the basis of the surroundings.
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The guestion arises, "When do the differences in
the times of transmission become significant and cause apprec-
iable distortion?" It will be pointed out that the time
differences reguired for appreciable distortion in modulated
waves are of the order of 1/f where f is the highest freguen-
cy of the function I(t). For ordinary music or speech, this
time is of the order of 50 microseconds. Electromagnetic
waves in their propagation reguire corresponding path
differences of approximately 9 miles or 15 kilometers for
appreciable distortion of the intelligence. The distortion
is evident with path differences of the order of one mile.

In practical high frequency radio communication where line-
of-sight propagation is not possible, path differences of
one mile and above are not uncommon with suitable boundaries
to the region of the transmission and distortion in the

reception is noted.
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II. Methods of lModulation and BDetection

2.1 Continuous Wave Systems

The modern methods of modulation can be divided
into two groups. JIhey are the continuous wave methods and
the pulse methods of modulation. The continuous wave methods
of modulation are characterized by the fact that O(&(tj} is
a continuous function of t. The pulse wave methods of modu-
lation are essentially sampling metihods which transmit a few
sine waves of a constant freguency, for a short time, the
nature of this pulse and its relationship to the other pulses
transmitted depending upon the value of I(t) at the tinme of
initiation of the pulse. Most of the time, the pulse wave
trensmitter is inoperative as an intermittent or sampling
technigue for the transmission of information is utilized.
The pulse methods of transmission of intelligence are further
discussed in detail ia section 2.3,

a) Amplitude Modulation

The nature of the iransmitted wave in the case of
amplitude modulation takes the form
”[I(f/] = c//féIlé/] e ‘Wt (:uu&—f 2.1-1
where ¢ and k are coastants. W, is called the carrier fre-
quency of the unmodulated wave or of the siane wave ogccuring
when I(t) = 0. It is seen that this guantity represents a
funetion whose envelope varies directly with the intelligence,

I(t).

The detection process is defined such that if a
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wave of the form A

I Atie //8«//7««7" ais
is received, then the output of the detection process is
given by

Litds /,z}(t//.-wm sefALt) 2.4-3
It can be seen that in the case of ideal, or single signal
reception, the detector output is kI(t) where I(t) is a
function which is taken to average to zero over a long
period of time. For if I(t) did not average to zero, it
could be made to do so by the appropriate use of the function

I, ()= TIt)~ averaye L

in the expression 2.l-1. Further, steady state values of
detected currents are usually filtered out by the receivers
used so that the output of the receiver accounts for the
second term of 2.1-3. Both I(t) and E(t) average to zero.

Any function of time can be put in the form 2.1-2
with ease in a number of ways. This will reguire that for
any g(t), the form 2,1-2 be defined uniguely as regards the
nature of the A(t) and the f£(t}). This will be done in
section 3.1, enabling us to perform the operations of de-
tection in this method of modulation and in the other methods
of modulation classified as continuous wave methods.

b) Freguenecy Modulation

The transmitted wave in the case of freguency

modulation takes the form

o[1(d] = c e/ wthf UHM/ 7

/C-’(b//q’u—/—
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The indefinite integral is written siance the constant of
integrationuwhich appears may be incorporated into the
constant ¢ which appears in the fromt of the expression.
It is seen that the emnvelope in the present case is s
constant while the intelligence is carried by the relative
positions of the nulls in the function 2.1-4.

The detection process is defined for freguency
modulation such that if a wave of the form 2.1-2 is received,
where the form of 2.1=2 is uniguely expressed by the method

of section 3.1, the output of the detection process is given
by
L/ = 4 L) average i/f_(# Lt
A ot

Thus in the case of single signal or ideal reception, the
output is given by kI(t) where, as before, steady state
values of the output are filtered out by the receiver
accounting for the second term in the expression 2.1=5. @We ,
the carrier freguency is a constant, and again the average
value of I(t) over & long period of time is zero., As in the
case of amplitude modulation, W, is the angular freguency
of the unmodulated wave obtained by letting I(t) = O and is
called the carrier frequency. It should be noted that )
is the carrier freguency only when

41/0'«,: ]71‘/;0 2,1-6
In any other case, the non-zero steady state component
of I(t) yields, upon integration, a constant times the tinme,

which may be incorporated in the function 4T .



¢) Phase Modulation

The transmitted wave in the case of phase modu-

lation takes the form

&/z‘/é_/] - ce é[(""’I"%I/ﬁ‘// 20-7

Leat 7on?
Again, the envelope of the transmitted wave is a constant.

And again, the gquantity, ¢, is the angular freguency of the
transmitted wave had I(t) been allowed to be zero and is
called the carrier f{regyuency. The average value of I(t) is
usually taken as zero for any non-zero average value of I(%)
merely results in a phase shift which may be incorporated in
the constant ¢ which appears ian the front of the expression.

The detection process is defined for the phase
modulated wave such that if a wave of the form 2.1-2 is
received, the output from the recelver is given by

f/f/?///t/ ,u/,'(']— arcu,-(/-//ﬂ-a'.[i// 2.1-§
Thus the average value of E{(t) in this case is zero. 1In the
case of single signal or ideal reception, the output is
merely kI(t).

Some confusion has arisen in many guarters regard-~
ing the differences between freguency and phase modulation
because of the similarity of the expressions 2.1-4 and 2.1-=7
when I(t) is a pure sinusoid. And of course the expressions
cited are identical in form and the results of the detection
bProcesses for ideal reception are the same for sinusoidal

modulation. However this is as far as the similarity extends.
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The dissimilarities between eguations 2.1-4 and 2.1-7 and
between 2.1;5 and 2.1-8 are evideat. Further, even in the
case of sinusoidal modulation, the reception is not the

same when detection takes place under conditions of multipath
transmission.

d) Single Sideband Modulation

If I(t) is a periodic function, the fregueancy
spectrum of the transmitted wave for the amplitude modulated
case consists of a number of lines equally spaced extending
upon either side of the carrier fregquency, Wo . The totality
of the information however may be carried by only one-half
the lines in the freguency spectrum and thus may reguire
mnuch less energy to perform the transmission of the intelli-
gence than in the case of amplitude modulation. Usually the
upper half freguency spectrum is transmitted extending from
W, upward. The line corresponding to the carrier frequency
may or may not be transmitted. The nature of the transmitted
wave is found by taking the spectral analysis of the ex-
pression 2.1-1 and eliminating the lines of the spectrun

below the freguency Wo . We thus obtain

OfT(t)]- k)&t co Wiwn)t ¢ 5 4,500 lctpnio)E + Co coswit] 219
ny bg=/

where the a and bn’ are the ordinary Fourier coefficients

n’

in the expansion of I(t)
zm R o f/
a, = ;}/ Tt egm ol c//wf) E 2(, :n-_l-/_z—(-(-):i»u,wz" d(w
° o

and &, may be zero if the center freguency, @, is not
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transmitted. In the above expression, & is the fundamental
freguency of repetition of the intelligence, I(t). The ex-
tension when I(t) is & non-repetitious function, of the
egquation 2.1-9 to an expression involving Fourier Integrals
is evident.

The detection process involves the artificial
supplying of the carriesr frequency in the proper phase in the
case where the summation starts from n = 1 and the artificial
supplying of the mirror lines necessary to complete the
amplitude modulation spectrum and then performs a detection
of the type already mentioned in the section on amplitude
modulation.

If a wave of the fornm

o0 . -
j/-f/: fﬁn [p/%f,,,,/ﬂ qn]_* 5 b, 5" /wo+nw/z‘+/?] 2,410
h=

=/

is received, then the result of the detection process is

the output
a4 :
f/z"/:j.gd' coo /hwf#— &,y— “/ +”Z=_/ éﬁ Jrn (/7‘.;7‘-}/,,—“/ 2.1-

=/
where u is the phase of the carrier artificially supplied.
The choice of the phase angle, u, is determined by setting u
equal to the phase of the wave arriving at the receiver had
&n unmodulated carrier wave of freguency been transmitted
Tather than the modulated single sideband wave,

In the case of multipath propagation of a single

8ldeband wave, no new lines are introduced in the freguency
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spectrum and a phase shift is merely introduced in each.
It is this phase shift which produces the distortion ob-
served. Under conditions of multipath transmission, the
nature of the distortion in this and in other types of
modulation here mentioned must be coansidered in detail and
are discussed in section 3. Diagrams illustrating these
systens of modulation are found in figure 1.

e) Generalized Amplitude Modulation

Indeed, section 2.1lc) notwithstanding, amplitude
modulation and phase modulation are closely akin, being
members of a type of generalized amplitude modulation.

They are special cases of a modulation in which the trans-
mitter output is
(wot 72

ofretlf= ch[x0€)]e L.m..r 2
where h is a point function of its argument. The output of
the detection of this hypothetical modulation process, of
which only two examples are in common usage, is such that
if a wave of the form 2.1-2 were operated upon by the
receiver, subject to the uniqueness conditions of section 3.1,
the output from the receiver would be given by the solution
for E(t) to the eguation

wst
ch[ee]e " = 50 20003
Indeed in any type of modulation, the output from the

detector is given by the solution to the eguation

ﬂﬂf{f/:i (¢ 2,0-0%
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In the case of phase modulation, the operator h takes
the form ,4/17: gUAJC and for amplitude modulation it
takes the form A[_{T], (+ R
Unfortunately the conditions of this definition

for the expectsd output as a solution to the operational
eguation, 2.1=14, are not always followed in the construction
of receivers., They are constructed so that the reception
satisfies the sufficient condition that the output be
proportional to the intelligence or the modulation in the
case of single signal or ideal reception. This means that
operators may be inserted in the eguation 2.1-14 which take
on the form of the identity operator for ideal reception
but are not inoperative in the case of nmultipath reception.
4n exauple of such a case is the absolute value sign appear-
ing in equation 2.1-3 for the amplitude modulation detector.
We shall consider the generalized amplitude modulation case
but we shall therefore avoid any possibility of difficulty
by calculating the multipath distortion for the two subcases,
Phase and amplitude modulation as well. We can generalize
amplitude modulation as a subcase of the modulation con-~
sidered in 2.1-12 by considering only real operators, h,
and then solving the equation characterizing the detection

4Jatt] = (4] - ave [A®],  ert)- ult)-ave uly) 2.0-05

for £/¢) , where A(t) is defined in 2.1-2, Thus amplitude
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modulation but not phase modulation, occurs as a special case
of the modulation and detection givem by 2.1=15.

f£f). Freguency Modulated Freguency Modulation

The transmitted wave in Freguency Moduliation of

Freguency Modulation (Fy of FM) takes the form

(e feastuyt 1 4[] de | / 2,1-16

(Rt

W, 1is called the angular freguency of the carrier or the

0I/t‘] ce

carrier fregquency. It is the frequency of the transmitted
wave when Kj is zero. | is called the subcarrier freguency.
The subcarrier is modulated on the carriesr by the process
indicated in the eguation.,

Here,; as freguency and phase modulation, the
envelope of the transmitted wave is a constant. Also the
envelope of the subcarrier before modulation is a constant.
The argument for such a type of modulatiom is that the
signal-to-noise ratio for this type of modulation is very
small compared with the conventional types.

The method of detection is rather complicated fron
the standpoint of an operational definition. The detection
process can be considered in two stages. The first is the
operation by an ordinary frequency modulation detector upon
the incoming wave which is of the form 2.1-2 according to
the definitions of section 3.1l. The output of the detection
Process at this stage is ;ftf-qve df . This output is

/4
then written in the form of 2.1-2 and the resultant operated
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apon with another freguency modulation detector., Writing

Vea df .. ‘7“7 2,07
‘?}_—QVCJZ., = 3/1‘/? Reas Tn?
the FM of Fi detector output is L'/.-?_ avl.(.! . Again this
«T ac¢

second writing of the wave in the form of 2.1-2 must be done
unigquely. The detection of ideal reception as yielding I(t)
is evident. The detection of Multipath transmitted waves
will be considered in more detail,

2.2 The Mechanics of Detection9

Generally speaking a receiver for any type of
modulation can be divided into a distinct number of sections.
Each section contributes to the operator involved in the
detection, The general classifications of these sections are
as follows:

a., #A linear amplifier and detector.

b. A series of limiters introducing a fixed or
adjustable amnplitude gate.

¢c. A converter or demodulator restoring the audio
frequency characteristics of the original signasal.

do A series of audio frequency filters eliminating
all frequencies not used in the desired signal followed by
Audio frequency amplifiers which bring the signal to the
desired level.,

The linear amplifier is used to amplify the magnitude
of the incoming signal and reproduce the wave shape of the
Currents induced in the antennae., The linear detector is

POossibly an heterodyne detector which usually shifts the
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position of the frequency spectrum of the incoming radiation
downward in frequency but doesnot change the relative
positions or magnitudes or phases of the lines in the spectrum.

If the signal transmitted from the source has the
property that, during the time of actual operstion the envel-
ope of the transmitted function is either a constasnt not
zero or is zero, then limiters ot amplitude may be introduced
in the receiver. This has the property of clipping the peaks
of the incoming waves. The distertion introduced by this
operation is such as to add additional lines in the frequency
spectrum but they are located at integral multiples of the
existing lines in the spectrum. Modern transmission of
modulated intelligence 1s established so that, as noted in
section l.1, the width of the freqguency spectrum is much less
than the carrier frecuency. Recelvers are designed so that a
finite band-width corresponding to the bandwidth of the trans-
mitted wave 1s used thus eliminating the higher order frequency
lines introduced by the ¢liponing ovrocess. The advantages
of the clionping process are that it reduces the amount of the
noisé present in the detection.

With the pulse modulation techniques to be described
in the next section more than one intellirence function can be
transmitted upon the same carrier. The actual modulation due
to a particular intelligence function occupies such a short
bPeriod of time that other intelligence functions may be placed

upon the same carrier. This procedure is called a time division



multiplex system. At the present writing as many as ten
intelligence functions have been placed upon one carrier.

An oscillogram of the radiation from the transmitter antenna
would show a succession of pulses from each of the intelligence
functions in order, the entire procedure being repeated. At
the receiver a gating process is necessary to separate the
modulation waves for each of the intelligence functions in-
volved in the multiplex. This process is merely a pass or
no-pass system which lets the modulation corresponding to a
particular intelligence function proceed along a particular
channel but refuses passage to the other modulations of the
other intelligence waves. Of course there must be as many
gates and channels as there are intelligence functions in the
nultiplex.

The converter mentioned is the demodulator or
inverse operator already mentioned and needs no further
explanation.

There may be objectionable audio fregquencies present
in the resultant of the detected wave: Such situations are
encountered in the pulse methods of modulation. Filters must
be provided after the detector to eliminate these freguencies.

By means of review of the preceding section it may
be said that there are no limiters in amplitude modulation
and that the linear system is preserved not only in the

Telationship between the output of the detector and the input

to the transmitter but also in the output of the transmitter
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and the input to the demodulator of c) mentioned in the

cases of single signal transmission. Freguency modulation
has & linear converter or demodulator called a discriminator
which takes the value of the instantaneous freguency and
supplies it to the A.F. amplifier. In pulse modulators,

the limiters may either precede or follow the linear
amplifiers and the demodulator is the subject of the sections
following,.

2.3 Pulse Wave Systems

a). Pulse Amplitude Modulation

A pulse amplitude modulation (P4M) transmitter
radiates electromagnetic waves whose dependence upon time
is given by

9[2’(?!‘/] :-//7‘ 'éf/z‘o+n?)] LinT < t< G trttd 4 _
=4 lorntrd < €< by tlasdd

where t, is a constant, n is an integer, d( is the width
of the pulse and ‘4 1is the repetition rate. Thus the
radiation takes the form of a series of bursts of sine waves
whose amp;itudes depend upon the values of the intelligence
at the times of initiation of the bursts or pulses. The
spacing of the pulses is uniform and the sampling rate

is % o During the dead time, other intelligence
functions may be modulated and transmitted upon the same
tarrier, which procedure as already mentioned is the basis

for the process of multiplex. (See Figure 2).
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The problem can be locked upon as a special case

of the continuous wave amplitude modulation where the function
J+AX?{¢) in 2.1-1 is zero most of the time and is 1 #+R I (6+AT)

at other times. However the distinction is made separating

Palf from amplitude modulation because the former falls a

little more naturally into a common classification along with

the other methods of modulation of this group.

The detection of tais type of modulstion is similar
to the mechanics of that of amplitude modulation. The (47.3)
mechanical process in amplitude modulstion detection involves
the amplification of the incoming signal, its rectification
and passage through a low pass filter filtering out the high
freguency components remaining after rectification. The
cutoff of the amplitude modulation detection filter should be
set somewhere below the carrier freguency, We , and above the
highest freyguency of the intelligence, I(t), it is desired to
reproduce. The rectification process and filtering in reality
reproduces the envelope of the incoming function as implied
by the method of detection given by eguation 2.1-3.

The procedure of the PAM detection process is
eXactly the same as the above with the exception of the
Specification of the cut-off freguency of the low pass filter.
It is made more restrictive in this case. The cut off of
the receiver low-pass filter should be set at a frequency
Somewhere between ./C and z/l‘ o

Although some distortion is introduced by the
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procedure of finite sampling rates, this distortion can be
made small by increasing the sampling rates It has been

10,11 however, that the transmiiter sampling rate

shown,
sufficient to reproduce the highest frequency component

of the intelligence it is desired to transmit is twice this
highest freguency.

The detection procedure is approximately eguiva-
lent to passing a smooth curve through the tops of the
egually spaced pulses in the case of ideal or single
signal reception. This reproduces approximately the
intelligence wave to the limits of the sampling and of
the filtering. The distortion due to multipath trans-
mission will be compared with the ideal or single signal
wave as detected althougzh this wave is not exactly the

intelligence due to the finite sampling and the filtering.

Writing 2.2-1 in the form of a spectral analysis
2.3-2
T/ﬁ.v"l

2 wd -
olittl  [esztsrn 345 e T T o owralete™ ]

where 1‘ ™ , and T is the fundamental frequency of the
lntelllgence'to be reproduced. ki is a dimensional
constant chosen such that ky is unity in the system of
units of time where Te is the least common multiplier

of T.-r .

The detection of the ideal wave by a PAM receiver

Yields tne output & ¢33
feit i 2mm d
_,- mi e It amn T2 o~ Tt
E(t)= Z [/.; /gI(f,+nt-)]z_ Sin - oS A { AT / )
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For any wave, gl(t), arriving at a PAM receiver,
if it is put into the form 2.1-2 according to the conditions
of section 3.1, and if A(t) is periodic with frequency }Qk
having a Fourier Analysis

Alt)z 2 Anco [37312474:1;/ 25

then the detectior output is
1'/12

& = Z ﬂ ca':/—’”"{ J-,,/ 2,35

This will be more conmpletely 1nvest1gated in the case where
the distortion arises due to mulitipath distortion.

b)e. Pulse Length Modulation

A pulse length modulated (PLM) transmitter radiates
electromagnetic waves whose dependence upon time is given by
d/]_‘(t/]: (;capu/.‘c‘ / ?‘o+/r‘¢'< T & +02‘+-(£; 23-¢

= & bsaCrdy <t < 2, + (nedT

where J; is explicitly given by the condition

Jut K //+1I(f‘.,*nt)‘ 231
It can be seen that larger values of the intelligence cause
‘longer pulses to be propagated. The leading edges of the
pulses are egually spaced and are separated by the sampling
rate, Vf o Multiplex in this case is dependent upon the
maximum width of the pulse and hence is dependent upon the

maximum value of the modulation, Thus the number of

Inax,
@llowable intelligence functions having the same maximum

Values which can be inserted in a PLHM multiplex with sampling
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e
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rate, Ve , is egual to or the next smaller
integer,

It should be noted that another system of PLM has
been proposed where the tralling edges of the pulses are
equally spaced but the leading edges vary with the value of
the intelligence at the time of initiation of the pulse.

In this case the output of the transmitter is given by
[I()]= ¢, eroos? [ fpnr-dpc it <torat 23-8
=0 ZtnT <t (—o,..n’C‘-/-’c—cﬁu
where J: is implicitly given by the condition
&= Ko 14 k0T n _4) 2371
The two systems of modulation are similar and widths of the
pulses transmitted in the two cases are the same in the liamit
when the width of the pulses are small compared with the
sampling rate. The former system of modulation is the one
which will be here considered however.

The mechanics of the detection of this type of
modulation is similar in technigue to that of the preceding
section. The incoming signal is separated from the remainder
of the multiplex components by & sultable gating systen.

The PLM system for a single intelligence function is then
amplified and rectified. The resultant envelope of the
inconing wave is passed through upper and lower level limiters

to eliminate extraneous signals and the remainder is passed



= Jw

tarough a low pass filter to recover the original in-
telligence. The action of the low-pass filter upon pulses of
varying length and constant height can be calculated and
seen to be similar to the passage through the same filter of
pulses of constant width but variable height (PAM) with the
same sampling rate. This is so at least when the two cases
consist of pulses which are small in width. This follows
because the pulses may be looked upon as energy arriving at
the filter; the rate of arrival of energy at the filter is
the same for PLM as it is for PAM since the relative aress
under pulses are proportional for the two systems.

The frequency analysis of the wave propagated by

the transmitter takes the form
2.3-\@

~r/ s
//I/é}] ﬁ’. OI:TJ ;" il zrrm/f ty-nt- "/cos N.& G- hZ"—”r)

”

where the notation is similar to that used for PAM. After
reception by a PLM receiver the ideal single signal wave

becomes upon detection

T/h‘l‘r/k-
f/ﬂ’ ¢ ZZ' /hmf (wg_m TEx ﬂ?-f/ A T 2.3-1)
n=0 M'/ 7/_ /

The analysis for an arbitrary wave arriving at the receiver
is more complex. Further analysis is reserved until the
Particular case of multipath transmission is considered.

¢). Pulse Position Modulation

The concepts of Pulse Position Modulation (PPM)



or Pulse Phase Modulation as it is sometimes called are very
easy to grasp from the material of the preceding section on
PLM. In PLM the length of the pulses transmitted varies
directly as the modulation. In PPM the width of the pulses
is a constant but the position of the pulses varies with the
modulation. The output of the transmitter in the case of

PPM is given by 23~12

ofr16l] - G Cosw.f] ot -d, < t< lor -4 4p
I T g lo#nT-dptp S < B, + (261) T=drp 1t

where JC is given implicitly by the expression

/;,: /(3 I/ta‘/‘ﬂf—fﬂ/
It can be seen that the width of each pulse is p and the

2.3-13

position of the pulse with respect to its center position is
a function of the modulation. The center position or un-
modulated position of the pulse occurs when - 7 (¢)=0

In the unmodulated case all the pulses are egually spaced,
occuring periodically with a period, ®. The sampling rate
of the modulatéd case averages 1/®. If PPM is used for
nultiplex transmission of intelligence, with a number of
signals whose maximum values of intelligence are all ’Ijmax,

the number of allowable channels is , or the

L. S—
P 7 2/(; /Z/m“

next smaller integer.

The mechanics of the detection process consists of

the separation of the various channels by suitable gates.

The single resulting intelligence PPM function is then
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amplified and rectified. The resultant envelope of the
incoming wave is converted from a series of position pulses
to a series of length pulses of the type used in modulation
in equation 2.2-8. The length pulses are then detected in
the fashion stated in the preceding section, using the

upper and lower level limiters and the filter. Upper and
lower level limiters may be inserted before the conversion
to length pulses. Conversion from position pulses to length
pulses is accouplished by allowing either the leading or the
trailing edges of the position pulses to initiate a pulse

in the receiver which is not terminated until a specified
time., The trailing edges of the length pulses resuiting

are egually spaced and the length pulses are of the form

of the pulses without carrier in eguation 2.2-8., It is
conceivable that pulses without carrier of the form of
eguation 2.2-6 could be generated in the receiver by having
all leading edges of the length pulses equally spaced but
letting the length pulses be terminated by either the
leading or the trailing edges of the position pulses.
Reference is made to plate ¥,

e). Pulse Freguency Modulation

Pulse freguency modulation (PFM) transmitters

radiate waves whose dependence upon time is given by

O/I(t/]: G cosw,T lyct< bnrd 2.3-14
-0 t+d <t < €
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where t, is given implicitly by the expression

w, an‘f S e - 2T e
where @y is the carrier freguency of the unsampled freguency
modulation. The actual procedure used in PFM transmission
is to freguency modulate the intelligence in the continuous
wave sense and then perform a PPM sampling process on the
resultant. It can be seen that the spacing of pulses in PFU
bears a similar relationship to PPM as continuous wave FM does
to continuous wave phase modulation. The number of pulses per
unit time transmitted is directly proportional to the magni-
tude of I(t). The mean (or unmodulated) sampling rate is 19%% =
Time division multiplex in this case would depend upon the
rate of transmission of the pulses or upon the maximunm
value of the integral appearing in eguation 2.2-15 where as
has been custonmary, ave I(t) = 0 so that the integral is
not divergent but oscillates with time., The number of time

division multipiex signals which can be transmitted is given
2T
w,d +2 I §kTetl L, ,

by or the next smaller integer.

The detection process is similar to those previously
considered insofar as preliminary stages are concerned. The
various PyM multiplex systems are separated by a gatiag
Process. The individually channelled PFM wagves are rectified,
limited at upper and lower levels and the resultant envelope
Passed through a discriminator of the type described by

*quation 2,-15., The result is then passed through a low-pass



filter, eliminating the higher freguency components., The
behavior of the detector is uncomplicated in action when
considering single signal reception.
e). Pulse Code Modulation

Pulse code modulation (PCM) is perhaps the most
difficult type of pulse modulation thus far encountered as
far as mathematical expression of the radiation is concerned.
The method is based upon the expression of integers in the
binary system of numbers. The present system of modulation
has been proposedl‘z’lB’14 because of its apparent superiority
over all other systems of modulation here mentioned with
regard to the signal-to-noise ratio despite the very large
bandwidth of transmission required. The PCH transmitter

radiates waves of the form

-\l
0/zt)] = d,,,cotal bt (ntm)TS T otlntm)Tep :
s Tor (nten) T +p <t~ Cot (htmp) T
where A;m is the coefficient in the expansion of
~V-t - -/
2.3-17
/’/ &I/ZL’* ”T/ =,,,§; J’;m 2 -f— 7‘)" {61394'7)
where Inm=0 B B and 2 </
N
1+ &), <2 23-%

such that
in some arbitrary scale of magnitudes with N a position
integer. The number of time division multiplex signals
allowable is T?QD or the next smaller integer. Each

group of N pulses, whether all are present or not is called
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a pulse code group. Synchronizing signals must be trans-
mitted in order to ensure the start of a pulse group.

The receiver at the preliminary stages, behaves
like the other pulse method receivers. It submits the
multipiex PCM to separation by a suitable gating system
followed by the usual amplification, rectification and upper
and lower level limiting of the individually channelled PCHM
waves. Any given pulse code group is then multiplied by a
wave generated inside the receiver initiated by the
synchronizing signals as shown in figure 4. HMultiplying a
particular code group by this wave yields a series of N
pulses whose heights are to each other, if present, in
powers of 2. At this stage, the signal in the receiver
has the form,

EVL/ =y 2

2 d

Mm-t] tr im) T < €5 Co# (nim)T+2

v (n+m)T+P < TV b+ (neme)T
2.3-19

A given pulse code group, thus modified, is integrated by
sumning the amplitudes of the N pulses thus generated, the
resultant integrated value being used to generate an
amplitude pulse of amplitude egual to this integrated value.
Thus each pulse code group is operated upon in such a
fashion as to generate a single amplitude pulse. These
egqually spaced, equal width pulses are then passed through

a low pass filter as in the final stages of PAM receivers,
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removing the intelligence. There is of course distortion
introduced by both the finite sampling process and the
reduction process for the sample pulses. The former dis-
tortions can be made small by letting the sampling rate, 7&r
become large and the latter distortion can b%l%ade smaller
by letting the integer N become large. This system of
modulation is advantageous because of the on-off character
of the pulses transmitted. Thus the reception depends, in
the ideal case, merely upon the presence or absence of a
given pulse and not upon position, width or height of a
pulse.

2.4 Optics as & Case of Modulation

The formulation of optical transmission as a case
of modulated waves is not difficult. The transmitted wave
is unmodulated in the cases of physical optics usually
considered., The source output may be written

0)zct)f - A coswyt e
The receiver, (photographiec plate, screen, etec.) which
usually observes intensities so that if a wave of the form

9t/
Fled=Aed A

were received, the receiver output would be

£/ A% 2.4-3

2.9-2

The amplitude fﬁnction, A, appearing in 2.4-2 is assumed

constant because, as will be seen in application of the
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method of 3.1, in multipath transmitted waves the

amplitude function of the received wave is coanstant.
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III. Solutions for Continuous Waves

3.1 The Vectorial Picture for the Resultant Wave

The concepts of representation of sinusoidally
oscillating guantities by complex numbers are well known.
If one attempts to express a guantity, /4 m;/a/ff(p/, as a

complex number where a, o, & are real constants, this can

be done by writing [(Gdtfdzy’ 2./-1
A(oi/wt'f(’o/: /4€ RealPhaT

Thus the sinusoidally oscillating gQuantity can be pic-

torially represented by the motion of a point in the

complex number plane; a complex number whose magnitude is

A in the appropriate system of units and whose argument at

some time, t, is (adf+éy o This complex number, or "vector®

or "characteristic vector", moves with constant angular

velocity, e The projection of the line connecting the

origin and this point in the complex number plane on the

line through the origin AZM> is the guantity considered.
Of course the convention, 3.1-1 is perfectly

arbitrary. Indeed, remaining in the domain of complex

representation, the projegtion on the coordinate axis of

the motion of a point along any one of a group of resiricted

paths with appropriately varying velocity, such that the pro-

jection will be a sinusoidally varying oscillation, would

have been satisfactory. However the simplicity of the

representation 3.1-1 with its constant amplitude and
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constant angular velocity is appealing. It further has the
advantage that the amplitude function, A, represents the
envelope of the actual oscillating function as plotted in
Cartesian coordinates while the zeros of the actual
oscillating function are given by the zeros of the real part
of the exponential function.

‘The fundamental arithmetic operations of addition
and subtraction of sinusoidally oscillating guantities of
the same freguency are shown to correspond to the analogous
operations on their complex representations.

A more difficult guestion is the representation to
be given to the sum of two sinusoidally oscillating quanti-
ties when the angular freguencies are different. It is well
known that the resultant acoustic phenomenon, when the fre-
quencies are close to one another, is that of beats. 4 con-

venient representation of the sum is

A “""L’, 5 f?'/ 7 Ach’si"zt"'&z) z 671‘.‘.,4;* 2A|A1C0°Ew-;‘w')t+49‘b‘&l3 .

. P Ay 500w, )z-rd,_-o,]
e‘[“’lt'f 4'/ an A/ fAzwﬁw!:U, )tf'(91_‘0/]

20-2

It can be seen that this representation is most convenient
because the amplitude function represents the envelope

which, if w, and W, are close to one another, represents

2
the amplitude of the beat phenomenon. The exponential
function leads to the zeros of the combination of the

oscillatory functions. The result has a geometrical
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representation (fig. 6) which is the vector sum of the two
vectors representing the simple oscillatory functions.
Thus the concept of oscillatory funcitions of varying ampli-
tude and phase (and frequency) has been introduced. When
a function AIt/eifwﬁﬂb’//&“n’f is written, we shall
reserve for A(t) the definition of amplitude, for s the
mean value of QJ{+4¥ termed the carrier freguency, for
(w—wo}t 1‘# the definition of phase. It was upon this
basis that the definitions of the various systems of con-
tinuous wave modulation (section 2.1) were made. Their
conplementary demodulation systems depend upon the
generalization following.

When one is interested in writing the resultant
of a number of oscillatory funciions in the form of
‘equation 2.1-2, the characteristic vector of the resultant
is required to coincide with the
resultant of the vector repre-
senting the separate funcitions
thus fixing the .amplitude and
the argument of the exponential
function. These demands fix the

sum of two or more harmonic

vibrations uniguely so that the

equations of demodulation now FIGURE 6

have unigue meaning,



5 0

Examples follow in succeeding sections.

3.2 Smell percentage modulation of Point functions of

Intelligence.

In fiew of the definitions of the preceding section,
the distortion function, D, defined in 1.2-3 or the output
function E(t) of 1.1-3 can now be calculated for the con-
ditions of multipath transmission and reception by the
complementary receivers corresponding to the transmitters
of continuous wave type modulation. The calculations are
now made for amplitude, phase and generalized amplitude
modulations. These types of continuous wave modulation
methods fall into a common group as they are all types of
modulation involving point functions of the intelligence.

a). Multipath Reception of Amplitude Modulated Waves

By R2.1-1 the transmitter output is

a / l‘“’ot/ 2.|— .
&/‘T/t//' o & éI{f}e Rea) Paet
Thus the input to the receiver, by 1l.2-2 is
~ ¢ (ws) (t=Tn 3,2-)
giete B A, friztie] S 3
=t

where the guantities A ,, t are those defined on page §

n
(section 1.2). In order to determine the output of an

amplitude modulation receiver receiving this wave, it is
necessary to place 3.2-1 in the form 2.1-2 which can be

accomplished by the method of the preceding section.

Performing the rearranging of terms in 3.2-1
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indicated by the vector addition process, g(t) becomes

o i oé' ! s Seaf3V
90 TFE G enp ORI an

Qe A (1+ £ I-t)

(s - G-y - wo S
Thus by 2.1-3, the receiver output is

where

5“”34 Zfd;dj e F;& ..av<\]jf‘fa;a1-w,€;;, 3273

Tzt q=t
It is of interest to calculate the form of 3.2-3 whenktIL“S<L

Using the first two terms of the binomial expansion,

2 N~ g /A 3 ‘ ("l‘,’
Elt/ /2-2_14;)41, C"/‘i +2;2‘4, A; cofl; 206-1;)
£3eq =t
’ VZsA:A; e (¥

. - A 7lE-)
= ; as/A
ac{rz'm,'z LT A &
”_ZET A.’/)‘co-!‘ 7 o
and since (p.l1¥4) va 1 fﬁ
al/l_z—(f’/;o,

(FEAA; cosfi T(6T)
! 758 s
Z7 AA; o7 )
34 7=
where ,-NZ.Z:'/%A#“/’,"T' 2 4
 atd

This is a form which lends itself nicely to numerical

3.8

computation and the result. of this calculation for
various fundamental wave forms is seen in section 3.4.

The condition that
~ vy
Z—Z—AI'A1'C”J/'1 e
e
is essential to the expansion and the significance of
the vanishing of this function is discussed in section

3.3,

b) Phase Modulation




By 2.,1-7, the transmitter output is

(Wt + £ 2¢t) A
I/ T(t )= Ce C1%e z!
/ ] /?ea./PMr

and the input to the receiver by 1l.2-2 is
AN .
glers 3° g, o €T AT 3.5
n=7

The output of a phase modulation receiver detecting this
wave is found by placing g(t) in the form 2.1-2 by the

vector addition method of the previous section.

. 4 FAsn ) 6
[T ; (wat~tan” BL 3.2
j}/l"/= 22 AA;cos 25 € (e ’Wc
'=l7‘.v T

where

Q.= w, b p710¢-%)

3.2-1
’ )T (6t))]
(i =00 - P - 4/ Tre-to)T (e
Then by 2.1-8 the receiver output is
W fﬂ'fmﬂ' o L. Ll
f/f}: 72” e l _ ave /a~» .‘32141 ki 3.2-8
'fﬁ;cofﬂ; fﬂ,cd’aﬂ..
£ 2474 can be calculated when ‘hI'nu <<iT by expanding
»
= r‘.z"ﬂ; Sia _[2;
an L&— in a Taylor's Series and considering the first
" el
two terms, where .Q;,':ﬂii as a first order calcu-

lation, with the effect of the intelligence acting as a

Perturbationu .
—_ z'/I.-:m/’f'f 4 5T 4:A; conffi; T(¢-E;)
fﬂ,'(o.fﬂ,' zefA;A‘ P F,1
~ o . >
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and by the discussion on page 14, ave 7(¢=0 so that

577A%cuf1jn%~tl o
frtls & Fa o 3.2

The form of 3.2~ 1d is remarkably similar to 3.2-4, the result

obtained for amplitude modulation of small percentage modu-
lation. Indeed for the same type of I(t), and for similar
relative characteristics (Ai,ti) of the arriving waves, the
detected wave is the same in both cases as the denominators
of both expressions are constants, the time dependence

appearing only in the numerators,

¢) Generalized Amplitude Modulstion

The transmitter output in generalized amplitude

modulation is 0/_1'((‘/) ¢ A[I(f/]f"%/ o, 2.4-12

and after transmission under multipath conditions, the

input to the receiver is o (Em )
ot ( Wy (T Ea u
= 2. A, 4 [Te-t)e / 3.2-
(7 I’;/: “ / ] &A/Pﬂr
where by the treatment of section 3.1,

' -t 2 74 S/nF 2-l2
Jlt/ rt 4, 4, cos fq e’ A~ 7o Faccorfi / >

= s/

where a:- ;A/_Z'//--é;/] 3.2-3

The detector output, E(t), is, by R.1-15 2N
t X

A/(/(T"ﬂ = [%12: A, -ﬂf a?(’:,' /)/.-Z'(f-ti)] 4/.2'(6"(1‘)) ~-ave EEA’ A; c‘“F("‘! (I(‘E-f;ﬂ h[l.(("?.“).]

To calculate the value of the function, E(t), for small

percent modulation, the function is expanded in a Taylor's
Series, calculating the change in /6(U(Q9 because of a

small variation in I(t), letting

Zt)= T, I (th 3-8
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where (5.('6}(“\“ e Ls , ave d€)=0 , The result will yield

the fluctuations of U(t) about a steady state value, Ugy.
RV
o et — l S &) P
U (t " g T, 3

The value U, arises by a calculation when I(t) is assumed

a constant. The first two terms of the Taylor Series are

=L 4=t

o4 2Y ) SH = ST i A 4
A/%/*J—&—/‘,JI;OJ/ J-;:ZA casfi; h(T,)

~

L 2 A, cosfii W TR S ()
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[E2 A Aicos By 3,21
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=F M0 A cosP h’(Io)J'({--t;)}
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and

o)+ [EB Aty (T ~ o SEEAArarfis WT)) = 0 38
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so that 2.1-16 beconmes
Et) - 2Y) o) - 25/ Z 20 dteal 3,244
IT Ir,

£3 9=
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I Frahienbey
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since, as usual, 4v¢ J(¢)=0

Again the similarity of the forms 3.2-1§ 3.2-4,
3.2-10 is striking and is in fact significant. It will be
shown that even for reception of freguency modulated waves,
the result takes the same form for small percentage modu-
lation (small fluctuations of intelligence about a zero
value).

3.3 Small Percentage Modulation Case for Freguency Modulation

Reception

By 2.1l-4, the transmitted wave in the case of
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freguency modulated waves is

&ﬁ"{f/}: p t'/zd.i f—k/f(ﬂo('% 2.1""

1en! ParT

After multipath transmission, the received wave is

j/f’/: 2—4n cJw, (¢-Ta) f—A/I(tf—t,,/dt] gt

n=s

which must be put into the form 2.1-2 by the method of
section 3.1 so that the definition of the receiver

operation in 2.1-5 may be applied. Lettingf.t
f

Qt = —wylt-t;) #é/_z-/f/a/f +/é T(eldt 3,32
’ T “y
1,
Q= - wot t’/_z(ﬂdt ,
/Wdz‘fﬁn :2—’4/1".[2}

g,?—;
j/t/ F’Z /‘1 /4 (‘,Jﬂt‘, e t 4 (oJﬂ
= 17
The detection process thus yields P
- s L1adl
Ett) = w4 Ao Busn L wetd Fan” 221 ]
/ o ﬁ 2:4 rcor S = A ‘at ? A cor Ly 3.3-¢
ng Ajew Qi Ttk 544, Ay costly Tt R
fA/ fo’-nt‘] ‘%A" ﬁ{ ‘o‘ﬂ;-‘
and for small frequency deviations,
"Q(‘»’. ’\/‘1
7/0;« 4//(,J (..//Z/ J,u
‘75 oL T, - ,/V
so by the usual assunption of ave I(t) = 0,
:zv_lvq '4 (o.hﬂ\"i I(t“t\) 3.3-5
Fttl= Z'ZAiAaco:F\',‘
unless 2'1/.\ Ai coJ€1-° o This result is the first term
sl 1-
of a Taylor Expansion about the points J?q==@4 .

The condition on the results of the two preceding
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sections that

Mo
2_2:14;/4,‘ cosfi; #O

fA
is a stringent one. It implies that under unmodulated condi-
tions, the receiver antenna would be placed at a point of no
field. When modulated, the resultant wave is highly distorted.
The detectors of phase and freguency modulation do not operate
as ideal detectors under this condition. The expression for
the output wave assumes a singular value under this condition
but too the amplitude function of the resultant wave (§.3-3,
3.2-2) will have zeros at periodic intervals determined by the
nature of the function I(t), where ave I(t) = 0. These zeros
correspond to the "holes™ in the envelope function of
Corrington in his exposition of the two signal, sinusoidally
modulated case of frequency modulation reception. The zeros
in the envelope mean that insufficient signal is present to
drive the limiters to saturation at periodic intervals
resulting in the non-ideal detection. Experimentally it is
recommended that the antenna of the receiver not be placed

at such singular points in space (if they exist) to avoid

this non-ideal detection.

The result of the last two sections is that, for
small percentage modulation, the output waves for amplitude
modulation, phase modulation, and freguenecy modulation, all
take the same forme It may be suggested that the similarity

of form is connected with the fact that under conditions of
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small percentage modulation each freguency spectrum has only
three important lines- the carrier and two sidebands- although
the side bands for different methods of modulation have
different phase relationships to the carrier. This suggestion
implies that perhaps the results of the multipath transmission
of single-sideband modulated waves should not then take the
same form as the result of the calculation above., The results
for single sideband modulation are presented in section 3.6.

3.4 Small Percentage modulation Evaluated for Special Waveforus

of Intelligence

It is of interest to calculate the reception to be
observed under the conditions of small percent modulation dis-
cussed in the preceding sections. The common form of eguations
3.3-5, 3.2-10 and 3.2-4 guarantee that the results of this
section will hold for the three fundamental types of modulation.
a) Pulse Modulation

fihen the intelligence is a pulse we write the

function I(t) in the form

T = 0] EFGre
é.

-/ -;-ﬁ?:)+c

where 1; is the repetition rate of the intelligence pulses.
It will be shown that the assumption of zero width pulses is
not essential to the results of the calculation.

By 3.3-5 the reception will be zero except at such

time$ t; when some one of incoming waves will bring the modulated
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pulse to the recelver. At these tlmes the reception is

544 cosf; 2-4 cos («r-o ‘*i/
fg= Eltg)- i /i % s £hy 1 T
f {{ﬁ,ﬁ, (dﬁ.‘ Z/J A,co.fg ‘3 P~ l

c-(‘,-
Thus the reception over a period of the modulation, T, ,

will consist of N pulses of various amplitudes given above.
If the receiver output is placed upon an oscilloscope screen
the result is a set of N pips whose amplitudes, hq are given
[ad ]
by / A Z_Al CaJ/‘i
L/ R
ZAZ fflqa 143 “"F%
=1

l""

Z"'; z,...ll‘/ 3_«.{—2.

normalized in the approprlate system of units.

The system of equations, 3.4-, homogeneous in the
variables A;, have a compatibility condition arrived at by
adding all the eguations. Whence

;"‘_’ . iy 3.¢-3
Thus the sum of the amplitudes of the N pips is exactly egual
to the change in amplitude, phase or freguency of the single
pulse at the transmitter corresponding to the method of
modulation.

The system of eguations 3.4-1 holds for pulses of
any shape as long as

1) the amplitude of the intelligence pulse is small
enough to allow é/i?Q‘,<<l for phase and amplitude modulated
pulses,

2) the area under the pulse integrated over one pulse
is small enough s0 that k/_]_-(r/c/('<<l for frequency modulated

one
pulses and puise

3) the width of the pulse in time units is smaller than
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the smallest of the times (tp-tp_l) where the incoming signals
have been ordered in accordance with the time 6f their arrival.
This avoids %"overlap® of the incoming pulses in the various
waves.

Thus the system of eguations 3.4-1 holds for pulses
of any shape as under the conditions above the condition of
"no overlap" guarantees that the disturbance, if any exists,
will be due to one incoming wave alone. So that the output
will look as though N pulses were received at the times tq,
each of identical shape but whose relative amplitudes are in
the ratio of the numbers, hq.

A convenient notation for the system of equations
3e4-1 is given by plotting a set of N vectors in a plane whose
amplitudes are given by the Aj and whose arguments mesasured
from some arbitrary axis are given by the /9; o Let the
vectors be called Ai « These are meant to be true vectors,

not the artificial vectors introduced in section 3.1 to

represent oscillating electrical guantities. Let‘§ be the

~

vector sum of the fi' Zf:f___z{ ét PR

Then A’ - 4 ﬁz E 2.9-5
£7

b) A Superposition Theorem

From the results of the preceding sections exempli-

fied by 3+3=5 ~ o~
S5 p Aicosfiy T1E-t)
£t R 23-5

&~ N

- A,‘A«,’ (0-'/1'1'

S, .
l-l,%l




5 -

which becomes by 3.4-1

1/ = fé,-f/f/t,-/ 2.97°

st
Thus by this superposition theorem, the reception at a time, t,
is given by the sum of the pip heights corresponding to each
wave, had the transmitter been pulse modulated with deviation
corresponding to I(t-%4).

By this theorem it is now possible to predict the
reception for any wave shape of the intelligence function
I(t) merely on the basis of the knowledge of the nature of the
reception when pulse modulated. For a calculation of the re-~
sult expected when the modulation is a sguare wave, triangular
wave and pulse wave with possibility of overlap in the re-
ception see figure 7.

From the figure the significance of the theorenm
3.4~5 is readily seen. The calculations are made under the
assumption that /e/r/,“fw for amplitude modulation and phase
modulation and that ,f/rl{-laft<<l for freguency modulation. No
assunption need now be made about moverlap®.
¢) Sinusoidal Modulation

It is seen, from either 3.3-5 or 3.4-5 that when
I(t) is a sinusoid the detected output is a sinusoid, undistor-
ted with a phase shift and amplitude change introduced.

d) Region of Validity of Superposition Theorem

The superposition theorem holds for freguency

modulated waves as long as (€oSSLy 2 ©oSfy

wnd SEA Ajcorfsi 2o

e 1‘:[
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I.e. the condition of validity is Qg ;::/;1- 7.4-6
Now (&= w (¢-t:) + Flé-€)
and ﬂq (t) = w, (-0 )+ AL ¢- (7‘/’7[/?"“1'}

—'/"1' . £l-T) _ fle-¢;)
Hence for 3.4-6 to hold, (F&-t;)-nfﬁwtj)}<<l
By the Mean Value Theorem, for f(t) single valued, continuous
first derivative, |£(¢-T:)-pl-t;)]s lf.'\- (#'H‘.J)’ o<ty
Hence a sufficient condition for the applicability of the

/
superposition theorem is !{(fJ((fq‘és‘ for all t; For

je
freguency modulation this result becones h(Ilmx't v <<'.  For
phase modulation the result of the sufficiency is kllqnu,fpfch
For amplitude modulation the condition of applicability of the
superposition theorem is that ‘l(IL“Nk <<lI o

The order of magnitude of these limitations is given
by the following figures. For signals starting simultaneously
at the transmitter over the various paths with times of
arrival between first and last signals of the order of ten

-t ?
microgeconds, k lIl..w,Q S:"l‘; = $x\o "‘“‘/.uz
(o]

s @llowing maximum
fregquency deviations of the order of go’ 04ck9&¢c, . The
same order of magnitude of freguency deviation holds for the
frequency and phase modulated cases, where the freguency deviation
of a wave transmitted of the form

012760::/4etw%¢ft]/cy
is defined as 4;3 « FYor amplitude modulation the

/' max

superposition theorem limitation is a maximum modulation of the

order of 10% where the percentage modulation of a wave of the
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form of 2.,1-1 is given by 100kI(t).

When pulse modulated, the conditions for the
validity of 3.3-5 et al. can be relaxed to, say for freguency
modulation, the condition that the area under the pulse is
Sm-all. Ioeo h jI‘t,’lt<<‘

one e
If the pulses are 1/2 microsecond in width, the maximum allow-
able freguency deviation is of the order of Liklo*cqchne<n

under conditions of "no overlapw,

3.5 Large Percentage Modulation for Continuous gave Systems

The expansions 3.2-3, 3.2-8, and 3.3-4 sumnarize
the expected detector output as functions of time for given
I(t) for the three basic types of modulation: amplitude,
phase and freguency modulation. Simple methods have been
advanced for calculation of the expected output wave shape
for given wave shape of the I(t) and for specific values of
the a3 and ti.

An attempt at a determination of the superiority
of one system over another fails at the small percentage
modulation stage as the results obtained, under suitable limi-
tations, are identical for all three systems. Further con-
parison demands an investigation of the Taylor's Series for each
type of modulation beyond the first term. Theée higher order
calculations are now performed.

For amplitude modulation multipath reception the

Taylor's Expansion of which 3.2-4 is a part is
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For phase modulation multlpéth reception the Taylorts Expansion

to two terms is
Lad

£1e)- 4 55"4.4{”(&51&-:‘) ,512—;:;;,4/; A A cofly mﬂ‘,[z (¢- 2}/+zz(t‘-t‘)ﬂt—t¢_)7

7‘ — 13053

E .l’q A‘l‘""/g"‘i = ( A A; coo/”}
YRy
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For freguency modulation multipath reception, the Taylor's

53
Expansion again to two terms is 2

Ele) - ,4 52’/) A 605(91 z/¢-X / AL"”{';AA [ AkAe cospi swfu[z(t— L)+ It /~2I/¢‘~f'j'

’ 11 e

e — Lzl
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When sinusoidally modulated, the first order terms
yield only the fundamental while the higher order terms in the
expansion yield the observable distortion. The order of the
highest harmonic produced in the detection is egual to the
nunber of terms used in the expansion. Thus when only two
terms in the expansions are conslidered, the fundamental and
a second harmonic are produced. This result affords a
criterion for the comparison of the various gystems of
continuous wave modulation thus far coasgidered.

The criterion for superiority among the various
systems of continuous wave modulation will be the relative
amounts of second harmonic produced by the wvarious systems of
modulation~detection when sinuscidally modulated, two terms
considered in each expansion when the number of interfering
sigﬁals ig limited to two (N = 2). For

I(t) = sin ot
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the output is of the form

E1)= beoo lurteB) + < coo a(m, ¥ 2.5-4
The criterion for the comparison of the various systems
becomes a comparison of the magnitudes of the ratios c/b.

For amplitude modulation 2,55

% 2 GRIFEFEF=IZ . . ",
b7 2 ‘[‘1‘225525??2/4"4’4’?’4"4’"’4” Ao Bp 51i(35q 5infinp 5im i i 517, s Eem* i)

For phase modulation,

o) . R [BTEEE N wwe , 1 2 od -
7= % e i ] At A b AoPp <oifl; <sfomnSinfisq 5in 3, 3.5-6
'IINS (it G(LP)+;*LCQS u‘lP-z'—‘"(‘(”‘( ¥ '(P()}
: - ., 4ol
For freguency modulation, Y, coo (olip +oy))

. Cok TEET . :
0/6 = D‘—‘r— ’/I.‘zllez_ lz'?;f: fﬁ‘ Ay /}‘/-)(A» Al /}, (aS/;{ coSPrmn SmlJ Re S o
/ €05 ooy Rgp) #2008 20lgp - Co3 (Eme¥(pt) - coo (Liem t¥gp) + 4 < (‘“MPL)}
+4 €05 (Kp, gyl

where c, is a constant common to all systems and where 3.5-7
4:' =“JJ'{I.
Aq = ooy
For N = 2 these summations reduce to
. 2, b4 t T - d/ ] :A
o) - X 1-cot)sin PR W < GA AP P (W el
73R | 2 (
3.5-%
for amplitude modulation
¢, = CR (1-coot) s1ing AR, (AAT < GE g7, 2 3.59
%% B 4 By 5 A PlpZEnplr-crd
for phase modulation 2.5-1°

y 1 4 .
% * g‘!-'é//—cm/&n,!/%ﬁz (A *A) = %—éﬂl (1P ) Ff (r-covsd/
# 7
for freguency modulation. The dimensionality of the constants
k used in these expressions prevents a conclusion that fre-
guency modulation is far and above the best system of modulation

considered. Indeed an examination of the conclusions on page
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&2 for the sinusoidal intelligence function show the allow-
able values of k for freguency and phase modulation differ

precisely by a factor w_ to permit of the same order of

8
approximation.,

A comparison of the three distortion ratios, c¢/b,
shows that in most of the cases of reception, transmission
by amplitude modulation is superior to transmission between
the same two points by either freguency or phase modulation.
From 3.529 and 3.5-10 it is seen that the relative percentages
of second harmonic are one-half smaller for phase modulation
compared with freguency modulation and hence phase modulation,
under this criterion, is always more free of distortion than
fregueacy modﬁlation than freguency modulation at the same
carrier freguency. For most cases of transmission

(c/b )AM <(C/6)p~\ < ( c/")‘:'“
Indeed only for

p b4

is phase modulation superior to amplitude modulation and only

for P > \}51.'\\'?"“6 - I§("P, )/ '7?‘
-

is freguency modulation preferable to phase modulation.

Sowgrr-lsagl g
2

If the poiat (fl@)’ plotted in the plane of figure
87lies between the two curves, it is advantageous to transmit
in the order of preference phase, amplitude, and freguency
modulation. If the point lies above the upper curve it is

advantageous to transmit, in the order of preference, phase,

frequency, and amplitude modulation., If the point (fbﬁ’
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lies in the unshaded area, the order of preference is
amplitude, phase, and freguency modulation. It is estimated
that the allowable amplitude modulation for the cecriterion

of negligible third harmonic for sinusoidal modulation is 25
percent. For freguency modulation transmission the maximum
allowable freguency deviation for the comparison to hold is
1/4 the modulating freguency. The conclusgions of this sec-
tion compare favorably with the results of experiments per-

4 that freguency

formed with practical systems of modulation
modulation yields larger distortions due to multipath trans-
mission than amplitude modulation.

The case of an intelligence function which is a
pulse is also easily calculable in the case where several
terms are considered in the Taylor's expansion. For amplitude

modulation, the terms at the times ﬁq’ when some one of the

imcoming waves brings a modulated pulse to the receiver become

F(ff)= kéfﬂ;ﬂiasﬁﬁzz.fI‘EZ%;A'/),-AAA(:/};/%'( St [T /7'"["7. 2.5-u
Vv ;12'4;14.;:0319.2; . f 4 (l_:z:'-:g”:,qhq'. “’/?"'i/ 3 ° -

_ 43 g z'zz‘fz:'m/yhﬂ(ﬂmﬂn 23 )35 cosPre {% [7 fe

(7 ZA; 4jcosfis )7~

Z
For phase modulation the result is iy of
f(t’}_—_ A_?%AI-AiroSA-i:l‘ " _/g'l. é é 25.21'4,'/4‘]'4/:4( {cos(;;,isuh()k‘ J‘{;ans/"(“mﬁz"gz }J‘t
I 3R A; wsfPi, 2 —
Ll (ETAA et fis )
&

3.S'~| b
For freguency modulation the result is ¢
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In the last expression the assumption is still made of

small area, c, under the pulse. These expressions reduce

to  aHy): Ay SA; wsfiy  yAs z'z'A Ajsinfeysinpis h;4122§f444t$mf"$u%’<aﬂz

=

et ko
(ZZA Ajcos pii] ™ (% z-zA A cosfis ) T2 (Z2A, Ajcosfi )%

‘Iﬂ'v

+ 3,514
for amplltude modulation

o - 3.5
&ty )z ’M A* 249 2 ATy Sy 4 T E E A Aoty < hz
:..,-IA‘A cosBi; 2— (§§A Ajcosfiz ) ©
for phase modulation while for frequency modulation the result
iif/f,l /4;z4zu¢£, zzé%:@%;ﬁ%ﬁ?” A, A&cqyfiaw7%1 » .
d ,41cos‘f, (zf,q Ajcospi; )
-l’-l _,7’,
In terms of the vectors‘B, A;» introduced in
3,5-1)

section 3.4 the pulses received become
city) - 4 4Ly £ (10 Uyl 4 é’f*f/@""/@i &
/R Rl -

& /t’ /2 RY 3.5-\8
£lty) < £ £ SI7 . f (24 LR VA TG E)

3,5-\9

Eltg)- £ 257

for amplitude, phase and freguency modulation respectively.
3.6 Multipath Transmission of Single Side Band Amplitude
Modulated Systems (SSBAM)

The multipath reception of SSBAM is reduecible to
the condition that the detected output is in the form 2.1=11
if I(t) is in the form 2.1-9 as the input to the receiver
can be placed in the form of eguation 2.1-10. The input to
theAreceiver is by 1l.2-2

gttl- ,slfnf 4 1@, cos (tnrnw)(€-8) o by 5n (Wornio) (6 ) R
for the case where the lower half freguency spectrum and the

carrier are suppressed. Writing 3.6-1 in the form 2.1-10
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by the method of 3.1,

j/t‘/ A Z/{_ZA.A‘\ cos (Wornw) (& -t;) d‘,.coo[(w,,+nw/{-- 941] z
%énxhtﬂhm+nuyt—fg)/[

2.2

where % i 2:4 ol T fmu/f

and the u of expres31on 2.1-11 is

~N
i sty WC;
6(=‘Z;n 5544' 3.¢-3

Defining

);:wz‘; f'--w/f t/) I ~4;

and 1in the usual fashion

ﬁ;%ff} B cwlt-t)=F b

the output from the detector 1is

&Y = éﬂg J?ff AvAcos ((9,-1-4-»7?)

2.6~

&n CoSs (qw—/'-V/ }
+£;sﬂvdh~Jf;V)
since
fz,4_;—,,,//4+nr/ _,2',4 r4/€ » Z'A»/) J‘m{ﬁ,-m)')
Vs Tan 2 %, AT o
F Ai cos ((ll +nd;) Z‘A (,.r,ﬂ ,_{;A Ay ro:(ﬁ,,{-n
Por N ;ﬂl, it is seen that the recevntion reduces to

S - Aﬁ4 };§54g1545f704t317'f;%; 4-ﬁw"ﬁUf"2f

or undistorted reception.

For a sinusoidal intelligence function, all the
coefficients ¢, =4,=0 for >/ , and no distortion
is present. A single line in the frequency spectrum is
transmitted and although a phase shift may be present, no
higher order harmonics are present.

In the more general case, it 1s seen that the

various harmonics have suffered changes in their relative
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amplitudes, and relative phase shifts, causing the distor-

tion although no new harmonies have been introduced. Suppose

several signals arrive with negligible &E' but with

not necessarily smallﬂ}possible since the modulating fre-

guency is in general very much smaller than the carrier

freguency). Writing 3.6-4 in the form

101-2 [T Hoh i) | = B lancmmtt by immt]

A ( tsndd [asisnwl—bn €22

g

where / -/ .232 /.),-A;ﬁé/ﬂ',- i )’,/

N 54

U = (@ ffﬁljll (‘D/F"‘f ,4.,.)’.-)

V& 27

For y )‘/.', - and calling J;:() and n):‘« l
then & o o and
~ v - ﬁd(ﬂ""’(’f'/” J‘IhﬂWﬂ
ettt s S
/g s

an undistorted output}

3.7 Multipath Transmission of Freguency Modulated Freguency

Modulated Systens

As an example of a case of freguency division
multiplex, we consider freguency modulated freguency modu-
lation. For the purposes of calculation consider a single

channel modulation case. Rewriting the notation of 2.1-16

calling
Pl Coo / w i (/_Z‘/z‘/a(r] .
At = 4 [reesde |
(0¢)= K /peesde +wnT
The received wave is e S s L2
I S Lt -2

l/—ZEZEﬂ,'A;c”J?«J € oL Ay ce 2

.

Ty 75t



which sfter a first detection yields output

-¢ " t5)
£ /4)- {lz;/l /41605‘~r2|.1 Plt- 1).ave. ;:ElA A5 ¢ s Seq ple-TS 3.1-3
2_2'—/]‘ A1 casgzvl 2 2—‘ A’i Ajcos QLI\
¢ P

l-l-’sl =

An expression for the output of the second discriminator
becones now guite difficult to write.

Suppose the function I(t) is periodic with fre-
guency @p. Taen a freguency analysis of 3.7-3 would show
verious ordered spectra centered at freguencies n&y with
lines ceparated by freguencies ﬂz. The detection process
by selective tuned circuits tekes the first order spectrunm,
centered ot e, «nd performs & frequency modulation detection
of the ordinsry type upon it. This first order spectrum is
difficult to celculate becsuse of the interaction terms
between the components of the function 3.7-3.

For both K, k, small, the results of & modulation

is here calculated. The output of the first detector is

osf; pIE-E 32 AiA b pl-t) .
& ¢l= 51{4 e i P/‘l) _ ave '; TN 3.71-M
ZZ:A 47 cosﬁ, )”Z'z: A‘-Ai cos(\'—"

By the process described in section 3.1 thig is written

in the form

2‘2‘A A1¢u:?1:t-1)
- M)( ﬁvtﬂﬁ-vﬁr
c‘./t} .,Z:,A A'\Cc‘\ : €03 / {;‘.1{4 A %1" / ] sz A1C°SF1“IX'\
ZZAAﬁ“'1 fAAN”k\ 2.1-3

-l.'u /= 7-/
Thus the second detector output is

: Co o X _L(f f')
Et/ = /{ "7-"FFA ’41 kA( cc.;/d c ngéec s
ZZZZ Ai Aq ArAe Co.r/f,‘ “”/‘Ac“‘yl

Y Sy

2.1°6

where

[4;" :'w‘g/f"—f-,'} [\]:“‘,,(t"f‘f)
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When pulse modulated the amplitudes of the N

pips observed are. ~ w~ L < ) )
wie). £ A BEE A ey obue gt 3
J ££ nz‘:'.l;: ,4/./47-,4',‘ Ae coSF;,i “JF/‘( Cos 6-0
It is apparent thgf;-aé in 3.4-3,
~ 3-8
Zhity) - k

and the “superposition theorem 3.4-5 holds in this case as

well,

s)= 3 44Tt/ g

where the hi's are different in the present case from the

values in the cases of amplitude, phase and freguency
modulation,

If the analogy is carried a little farther,
comparing the second order modulation system with first
order systems, keeping K small, the first two terms in

the Taylor s Expansion are

. >
st): § EEEEA A M Agcosfsothppcore (X WSS NELIEN)
~ ~~£A.A) ArAe (oSF A Co:ﬁu_ ca)ﬁ,t
7

t o
5 1:4 Ay ALALAM AnAoA]’(dfél‘) (o5, MC'J{M ""(gﬂ’ e Xl"’ r Jr“. tr)“

Y
[5?551?4 AiAv Ac c:.\s{;.‘cosfuc.:rjtyt § ok
It is noted that these eguations are obtained from the

4,

Me M

7532

Mt

analogous freguency modulated case by letting
Ay As ZApeetf
fo—=
A calculation of the amount of second harmonic
present when sinusoidally modulated, for purposes of
comparison with the systems already considered, yields,

on the basis of the assumptions on page gq and the
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substitution indicated above, from 3.5-10 3.1-"
Ve - z
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No comparison with small signal amplitude, phase and

freguency modulation is made as the criterion for com-
parison is difficult by virtue of the entrance of modu-
lating freguency, carrier and subcarrier phase shifts

( ag/i ¥ ) into the expression 3.7-1® one term of which
is not contained in 3.5-8, Hence the fregquencies to be
chosen for the Wo,ﬂl in freqguency modulation of fre-

guency modulation for comparison with the Wy ©f freguency,

phase or amplitude modulation is in doubt.

For K slightly larger than in the above con-
siderations, the first two terms in the Taylor's Expansion
must be considered, recombined according to the vector rule
of section 3.1, and expanded as above, & calculation which
will not be made here.

3.8 100% Modulated Pulses

When amplitude modulated pulses are 100% modulated,

differing from the type of small perceatage modulation

considered previously, the calculation is not difficult.
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These pulses are exemplified by their use in radar. If
no %overlep® in the reception is observed, the reception
evidently is a series of pulses at the times ql whosge
amplitudes are

5’/:‘7/://; e
since, at the time tgqs only the energy due to the qth wave
is arriving and no interference is observed with the other

wavese.
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Iy. Experimental Interpretations

4ol The Inverse Problen

As noted in previous sections the calculation of
the expected wave form at a particular point in space de-

- pends upon & knowledge of the transmission characteristics
A; and t4 for all the arriving waves for a given type of
intelligence function and for a given type of modulation-
detection system. Thus if the guantities 43, tj were
known the formulas above would be useful. How can the
transmission characteristics be measured?

Certainly the Ai are given by the results of
section 3.8 where 100 percent modulated Amplitude Modulated
Pulses were transmitted and detected. But caa the process
give the relative times of arrival t; as well? Theoretically,
yes, but the gquestion of resolution in the receiver arises

as a practical objection. It is noted that in all the

formulas trigonometric fuactions of the /g% are
taken requiring a knowledge of the ﬁﬁ to an accuracy of
high degree in the guantity Xp appearing in the
expression

/4;]- = ZTfﬂc,. +J-':1'

where By j is an integer such that o< d(t1 e W « For
reasonable accuracy, the /ﬂy‘7jnﬂy should be calculated to
say 5% accuracy or the J:‘l to +.0S radian. At a

2
carrier freguency of w,= 27 x (0 sec”! the J?j imply
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knowledge of the path difference to an integral number of

wave-lengths plus an excess known to about 2.5 cm. In

practical transmission over many kilometers betweean trans-

mitter and receiver it is perhaps too much to expeet of the

radar receiver to detect path differences of this order.

Further, taking into account the finite pulse size, the

resolution on the radar screean would be impractical, namely

the nij could be estimated but the J}' could not whereas

the J}i are the important guantities in these expressions.
However if pulses of small percentage modulation

are transmitted by any of the three continuous wave methods

lconsidered to be fundamental imn nature then the amplitudes

of the pulses detected are the hq not the Aq. But the Aq

are known from the experiment of the preeeding paragraph.

and the h, the system of eguations

Hence knowing the Aq g

C‘Aj :4? (.Z:,-/l" cc-.uﬁ} PR e -1

can be solved for the unknowns Ji' « For N = 2 the

solution becomes

ol (/»{J//—/:’J/‘ (/‘4‘1‘} “ -2

/- P,

For N 22 numerical approximation methods or graphical
methods are necessary to evaluate the angles J;' o Un-
fortunately more than one solution may exist for N>2 only

one of which may correspond to the actual case under

consideration. However the system has been reduced to a
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very small number of possible solutions; the particular
one corresponding Vo the actual case under consideration
being selected by a transmission under a condition where
the percentage modulation is not small or where the in-
telligence is not a pulse,

With the information of the Ay, %3 the formulas
of the preceding sections can be used as "predictors" for
the expected wave shape of the detector output for a given
type of modulation and intelligence function.

The geometrical interpretation of the iaverse
problem heretofore referred is that if the magnitudes of
a nunber of vectors ﬁi are given, then the problem is to
orient the vectors in a plane such that the resultant of
the vectors R yields inner products 4;* R which are pro-

portional to the observed hje

Le.2 A Case of Multipath Freguency Modulation

As a check on the above concepts, an experimental
test was made using sinusoidally modulated freguency modu-
lation. The transmitter used was the commercial transmitter
of KHJFM located atop Mount Lee in Griffith Park, Los
Angeles, California operating at a carrier freguency of
99.8 megacycles. W,= 2T x 9. ¥ ‘O‘St{' . fhe receiver was
mounted in a mobile truck unit and consisted of various

interchangeable antennas of several directivity patterns,
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a Hallicrafters model SX-28 receiver with an extra stage
of limiting, and various monitoring eguipment. The output
was placed upon an oscilloscope and photographed. Fourier
analyses of the detected waves were made and the results of
the various data tabulated by percentage distortion present
of the various harmonics under the possible conditions of
operation.

The receiving unit was operated for the tests
here reported at the intersection of Glenoaks Blvd. and
Chevy Chase Dr, in northeastern Glendale, California, an
airline distance of 5.4 miles from the transmitter. The
reception was chosen such that line of sight conditions
were not observed as under line of sight transmission the
reception would be, as observed, almost free from dis-
tortion since the intensities of the reflections are in
general small compared with the direct wave., Indeed the
receliver was operated in a region where the observations
indicated, by their distorted nature, that the received
signal, of strength above the limiter level, was of a
nature to be multipath distorted. Physically the location
of the receiver was one inside & canyon with a rather
narrow mouth, the canyon being pointed in a direction away
from the transmitter (see Appendix 2), and having walls
rising approximately 250 feet above the elevation of the

receiver in the vicinity of the receiver. The transmitter
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was approximately 1050 feet above the elevation of the re-
ceiver.

By 3.5-3 when the higher (fourth and above)
harmonies are small, the reception should yield a second
harmonic distortion which increases in direct proportion to
the maximum deviation freguency k, when the modulating fre-
guency, wa, is kept a constant. The third harmonic should
increase as the sguare of k under similar limitations.
Curves of the observations are given in figures 9-1l1l. The
observed straggling of the second harmonic curves at the
high deviation freguency end in a direction awéy from the
predicted slope of unity in the logarithmic plot is probably
due to the effect of the appreciable fourth harmonic and thé
fact that the fourth term in the Taylor Expansion, if
present, introduces. at the s