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Abstract 

Transmitter-Receiver systems are operationally 

defined in a fashion applicable to the treatment of multipath 

systems 0£ reception. The systems of modulation now in 

general use are divided into two groups, the continuous wave 

and the pulse methods, and each is discussed in detail. A 

method is established for the solution of the continuous wave 

problem and the solutions considered for several types ot 

continuous wave modulated waves. It is found that to a first 

approximation none of the methods considered has any degree 

of superiority in the small percentage modulation case but 

a second order approximations shows frequency modulation 

to be superior to amplitude and phase modulation reception 

under conditions of multipath transmission. The expected 

wave form of the received wave is evaluated £or small 

percentage modulation conditions. Comparison of the theory 

with a practical case of reception of frequency modulated 

waves is made. Methods of solution of the problem of the 

reception of modulated waves by diffraction as in physical 

optics are established. 
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MULTIPATH INTERFERENCE OF MODULATED WAVES 

r. Introductio~ 

1.1 The Function of Transmitter-Receiver Systems 

In radio communication, the intelligence or the 

information is transmitted by allowing ~ome property of the 

radiated waves to vary with a function of the intelligence. 

This process is known as modulation. The modulation is 

usually carried out under conditions such that the average 

frequency of the spectrum belonging to the radiation is much 

higher than the frequencies usually associated with the 

intelligence or the information and is also much higher than 

the width of the fre~uency band corresponding to the principal 

lines in the actual spectrum transmitted. The reason for 

this procedure is a matter of the efficiency of radiation, 

propagation and reception. 

The functions of the intelligence mentioned above 

are not necessarily point functions. Indeed we shall en

counter such dependences as f'unctions of the integral o:f the 

intelligence as a function of the time. Insofar as a 

mathematical expression of the dependence is concerned, the 

property of' the radiation dependent on the intelligence also 

may not be simple. 

However one can write operationally a simple 

expression for the radiated energy . One can state that an 
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expression for the amplitude of the disturbance radiated is 

1.1-1 

where tis the time, Ilt) is the intelligence or information 

function to be modulated and transmitted while O is an 

operator which represents the modulation process as a whole 

including the property of the radiated wave mentioned and ita 

functional dependence on the intelligence. Typical examples 

of the nature of this operator will be discussed in sections 

2.1 and 2.2. 

The disturbance is radiated into space by antennae 

or is transmitted along wires. In due process a receiver 

recognizes the energy and attempt~ a decoding process on the 

incident energy so that the output from the receiver will be 

of the nature of the intelligence £unction before the modula

tion process took place at the transmitter. The process of 

decoding is called detection. The nature of the receiver mu.st 

be such that the operation of the detector must correspond 

to the particular type of modulation used. If the received 

wave is exactly the same in every property except in ampli

tude and in time of arrival as the wave radiated by the trans

mitter, the received wave can be written in the form 

1.1-2 

where k is some constant while t 0 is the time of transmission 

of the wave between the transmitter and the receiver. The 
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output from the receiver is then 

E(t) = Pko [(t-t 0 ), Ilt-t0~. 1.1-3 

We choose operators, o, such that the constant k is trans

ferable across the receiver operator symbol, P • Hence the 

detector output is 

E(t) = k p Of (t-t 0 ), I(t-t0 ~ 

and the receiver output is proportional to 

1.1-4 

1.1-5 

In other words, the ideal modulation-detection process should 

yield distortionless output from the receiver with exact re

production of intelligence or information as measured before 

the process of modulation takes place. 

When clear, undistorted reception is observed, the 

processes discussed above can be said to take place. However 

when the reception is distorted, the distortion can be at

tributed to the fact that the reception is no longer 1.1-2 

but is something else. Under less ideal conditions the 

processes of the detection become 

E(t}= {?g (t) 1.1-6 

where g(t) is the input wave function to the receiver cor

responding to the particular circumstances, surrounding the 

reception. The investigation of the nature of the distortion 

will depend therefore in part upon the nature of the reception 

and also in part upou the nature of the modulation and hence 

upon the nature ' of O for the system in use. 
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r/he nature of the r e ceiwr opera.tor, P , for the 

particular system of modulation corresponding to the operator, 

o, is at times obscured by the mechanism of the detection 

process. In some cases the receiver operator, ,p , is complex 

and involves a number of mathematical operationso Some of 

these operations have no function and are the identity operator 

in the case of the reception of the idealized wave given by 

equation 1.1-2 and only appear to affect the wave when the 

reception is something other than the idealized wave. This 

property will necessitate a discussion in detail of the actual 

mechanism of the detection process for the individual cases of 

the inverse operator corresponding to particular methods of 

modulation. 

Distortion in the reception can be attributed to 

the presence of any one or combinations of any of the 

following three · causes when supe~imposed on the desired 

signal; 

1. Random noise 

2. Spurious signa~o~cupying all or part of the same 

band of frequencies corresponding to that of the 

desired signal 

3. Multipath inter£erence. 

Random noise such as that caused by the motion of 

electrons in resistors has the property that the energy is 
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more or le~s un~formly distributed over the entire frequency 

spectrum. Calculations of the properties of the various 

systems of modulation under conditions of reception of a 

random noise superimposed on the desired signal have been 

made by several authors. 112 The results are available in 

terms of the characteristic variable corresponding to each 

system: the signal-to-noise ratio. 

A treatment of the reception of spurious signals 

occupying the same or overlapping frequency channels is de

pendent upon the exact conditions corresponding to the 

particular disturbing spurious signals. The problem has not 

been discussed in all its generality in the literature for all 

the systems of modulation. 

The treatment of the distortion in the reception 

due to the multipath interference of the transmitted wave 

to the exclusion of the other two possible causes already 

listed is the subject of the present paper. 

It should be noted that to some extent, all these 

three effects are present in any reception of modulated radio 

waves. However, if the signal strength corresponding to the 

desired signal is sifficiently large compared with those of 

the disturbing influences, the observed distortion is very 

small indeed and usually is so small as not to be noticed. 

This property is a general property of all the methods of 

modulation t9 be discussed and section 1.2 will present a 

proof of the statement. 
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1.2 The Definition of Multi:rrnth Systems 

When electromagnetic waves are propagated over 

two or more distinct optical paths, the interference pheno

mena resulting from the superposition of the waves at the 

receiver are termed multipath interference phenomena. That 

all of the paths of propagation involved in the interference 

have the same source is an essential part of the definition. 

This latter restriction enables us to distinguish between 

multipath distortion and adjacent channel distortion. The 

latter type of interference, already mentioned, arises be

cause of the possibility of neception of electromagnetic 

waves from two or more sources which occupy all or part of 

the band of fre 7uencies passed and detected by the receiver. 

It is evident that there is little to choose between 

the definition of multipath interference and that of the phe

nomenon of interference in physical optics. Thus we can see 

that interference as an optical phenomenon can be considered 

as a special case of the more general field of multipath 

interference of modulated waves. 

r.rhe transmission and reception of the waves are sub

ject to the operational definitions of the p rocesses set 

forth in the preceding section. It is seen that the output 

of the receiver can be given as the result of the receiver 
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operating upon the superposition of all the received ene~gy 

due to tran'smission over each of the paths and can be written 

1.2-1 

where N is the number of the incoming signals, tn is the 

time of transmission of the nth signal from th~ transmitter 

to the receiver, and An is the relative amplitude of the 

nth unmodulated wave received as observed by the receiver as 

though the other N-1 waves were absent. The unity of the 

source for all waves is evident from the expression. No other 

sources of energy except that from the one transmitter are 

permitted. The problem as stated in section 1.1 is reduced 

to the consideration of the expression 1.1-6 for the function g{t) 

given by the operation 1.2-1. Further investigation will 

depend upon the specific nature of the receiver system corres

ponding to the transmitter operator o. Specific properties 

of the operators, o, and P, in common use will be discussed 

in the next section. 

In the case of modulated radio waves the above 

expression 1.2-l represents a scalar ~uantity even though 

the problem is one of the transmission of electromagnetic 

waves. The problem has been reduced to one involving the 

receiver and the operation it performs and is not specifically 

dependent upon the space or the boundaries in which the 

receiver and transmitter are located. The problem is merely 

one of assumption of relative scalar wave intensities A , ., 
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and relativ,e times of transmission, tn, of the incident 

waves upon a receiver whose operation is P . The electro

motive forces induced in the circuits of the receiver are 

scalar quantities and problems which involved vector fields 

have been reduced to scalars and to scalar operations. In 

the case of the optical interference problem, the statement 

of the problem is already one which is in scalar form. 

No extensive solution of the problem has been 

attempted heretoforee The cases of the interference of such 

waves which have been treated in the literature .follow: 

l) When they are Frequency Modulated, N = 2 and 

th© waves are sinusoidally modulated3,4,5,6,7 

.2) When they are Amplitude Modulated, N -= 2 and 

the waves are sinusoidally modulated 8 

3) When the problem is that of interference in 

physical optics. 

In the following pages, the problem is broadened to include 

many specific types of modulation, general and specific forms 

of the intelligence Ilt), and general and many specific 

conditions on the interfering waves as regards th-eir relative 

amplitudes and phases . 

The assumptions that will be made are summarized 

as follows: 

1) That the receivers used are the ideal detectors 
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of the type mentioned in section 1.1 

2) That the sources for all signals arriving at the 

receiver are one and the same and that the sig

nals may be linearly superposed in the receiver 

so that the input to the receiver is 

Z II,, tJftt-t,.l Ir~ -t.,Jj 
n:, 

J) That the functions I(t) and ths resul t s of the 

operations 1.1-1 and 1.1-:3 a.r e well-behaved • 

We shall be able to express the output of the 
1•1.-3 

receiver in the form i/ 
E (fl:: c /rt-ti -1-))[:r. ft:)/·/{ A/ .. :. f?., j (~-t,~ (~_t/ •· {tw:- t~ )]J 

where the function D will be calLed the distortion. The dis-

tortion is the signal superimposed upon the desired intelligence 

I(t) in the detected wave. The distortion depends upon the 

nature of the intelligence, on the nature of the method of 

modulation, on the relative amplitudes of transmission ,// 

where /!- A1' , and upon the relative times of transmission(tic-~J • 

Ak and tk are the observed amplitude and time of transmission 

of some one of the incoming signals. From equations 1.1-4 

and 1.1-5 we see that 

D = 0 i.f N.:: 1 • 

We can expand 1.2-3 by Taylor ' s theorem 

/. 2-4-

the 
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induced electromotive forces in the circuits of the receiver 
' 

by each of the incoming waves are all in the same phase and 

the detected wave is exactly the same as if only one wave 

were observed. Hence 1.2-s 

P /_r ( t - tit) .,· /{ ~ .J ... ., /;_,(; tit.-:, t, ~ ~ -f,_, t',c t, ., . ",; t:lf._t;] :: o 

Thus for small time differences, since Dis in all cases 

well behaved, it is seen from 1.2-4 the distortion becomes 

vanishingly small with decreasing times (tk-ti)• 

Further if one of the incoming waves has an ampli

tude which is much larger than all the others, ~ome estimate 

of the behavior of the distortion function can be made. Let 

the kth wave be the oue which is larger in amplitude, Ak, than 

all the rest. Then since all the N-1 values of the /?; are 

small we can investigate the distortion by again expanding 

1.2-J by Taylor's theorem. 

Elt-/= c/ Ilt-J 1-1Jf .r1t-J;!~., ~ ... ., o; (i,,.-t,~ t..,--f1..., ··] 

/\.l~l) +~ 'AP.. I-•" 
J: ' d. "= Pw.:o 

/. 2-G. 

But for only one wave arriving, the distortion is zero; or 

P / xt-tJ_,- 1; -e,] =-o 

Thus for small relative amplitudes, fl. , since D in all 

cases is a well behaved function, it is seen from 1.2-6 that 

the distortion becomes vanishingly small as one received wave 

becomes larger than all the rest of the amplitudes of the 

other received waves. 
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Physically, the conclusions of the preceding two 

paragraphs can be interpreted as follows: If the principal 

lines in the frequency spectrum are above the critical fre

quency of the Heaviside Layer the reception is dependent 

upon such phenomena as reflections from obstacles in the field 

of transmission or refraction from say an inversion layer in 

the atmosphere or is dependent upon line-of-sight propagation. 

In the case of line-of-sight reception, the principal or the 

line-of-sight wave is much larger in amplitude than any of 

the amplitudes of obscure reflected or other signals, the 

distortion present in the reception due to multipath inter

ference is negligible or is very small. If one places reflec

tors near the receiving antenna, the interference due to the 

reception of a principal wave and the reflected waves ia very 

small or negligible as the times of transmission of the various 

signals do not differ much from one another. 

The distortion therefore depends, for all types of 

modulation and receivers upon a aet of 2N -2 variables and the 

nature of the intelligence. The 2N-2 variables are the 

relative amplitudes of the N incoming waves and N-1 relative 

times of arrival of the N incoming waves. It is precisely this 

set of 2N-2 variables which will be an invariant for given 

positions of transmitter, receiver, and boundaries so that 

comparison of various methods of modulation as regards multi~ 

path interference can be made upon the basis of the nature of 

the receiver and not on the basis of the surroundings. 
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The ~uestion arises, nwhen do the differences in 

the times of transmission become significant and cause apprec

iable distortion?" It will be pointed out that the time 

differences required for appreciable distortion in modulated 

waves are of the order of 1/f where f is the highest fr&quen

cy of the function Ilt). For ordinary music or speech, this 

time is of the order of 50 microseconds. Electromagnetic 

waves in their propagation re,guire corresponding path 

differences of approximately 9 miles or 15 kilometers for 

appreciable distortion of the intelligence. The distortion 

is evident with path differences o:f the order o:f one mile. 

In practical high :frequency radio communication where line

of-sight propagation i~ not possible, path differences of 

one mile and above are not uncommon with suitable boundaries 

to the region of the transmission and distortion in the 

reception is noted. 
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Ilo Methods of Modulation and Detection 

The modern methods of modulation can be divided 

into two groups. They are the continuous wave methods and 

the pulse methods of modulationo The continuous wave methods 

of modulation are characterized by the fact that o[I lt~ is 

a continuous function of te The pulse wave methods of modu

lation are essentially sampling methods which transmit a few 

sine waves of a constant frequency, for a short time, the 

nature of this pulse and its relationship to the other pulses 

transmitted depending upon the value of Ilt) at the time of 

initiation of the pulse. Most of the time, the pulse wave 

transmitter is inoperative as an intermittent or sampling 

technique for the transmission of information is utilizede 

The pulse methods of transmission of intelligence are further 

discussed in detail in section 2e3o 

a) Am2lil~ Modulation 

The nature of the transmitted wave in the case of 

amplitude modulation takes the form 

tJ[I(t-ij-=- ~ (11- il. I!t-l} e cw,,-t / ,tc, ttl.. .. -r 2.1-1 

where c and k are constantse uJ~ is called the carrier fre-

quency of the unmodulated wave or of the sine wave occuring 

when I(t) = O. It is seen that this quantity represents a 

function whose envelope varies directly with the intelligence, 

The detection process is defined such that if a 
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wave of the form ✓ ~ • i (6 
4/-f/ = Alt/e n i} ~ u ' /,~ I I"- r 

is received, then the output of the detection process is 

given by 

It can be seen that in the case of ideal, or single signal 

reception, the detector output is kI(t) where Ilt) is a 

function which is taken to average to zero over a long 

period of time. For if Ilt) did not average to zero, it 

could be ma(ie to do so by the appropriate use o:f the function 

.I, {f/:: I{r/- av~,-~J-ft IC-fl 

in the expres5ion 2ol-l. Further, steady state values of 

detected currents are usually filtered out by the receivers 

used so that the output of the receiver accounts for the 

second term of 2.1-3. Both I (t) and E(t) average t o zero . 

Any function of time can be put in the form 2.1-2 

with ease in a number of wayse This will re~uire that for 

any g(t), the form 2.1-2 be defined uniquely as regards the 

nature of the A(t) and the f(t). This will be done in 

section J.l, enabling us to perform the operations of de

tection in this method of modulation and in the other methods 

0 £ modulation classified as continuous wave methodse 

b) Freguencz Modulation 

The transmitted wave in the case of frequency 

modulation takes the form ( fl/ 
f-

,1 , fw. t+~Jrlthly, 
tJ _rftl; = c e 71 -f 

• Re~ll'wt 
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The indefinite integral is written since the constant of 

integration which appears may be incorporated into the 

constant c which appears in the front of the expression. 

It is seen that the envelope in the present case is a 

constant while the intelligence is carried by the relative 

positions of the nulls in the function 2~1-4. 

The detection process is defined for frequency 

modulation such that if a wave or the form 2.1-2 is received, 

where the form of .2.1-2 is uniguely expressed by the method 

of section 3ol, the output or the detection process is given 

by 

Thus in the case of single signal or ideal reception, the 

output is given by kllt) where, as before, steady state 

values of the output are filtered out by the receiver 

accoun ting for the second term in the expression 2cl-5. W0 , 

the carrier frequency is a constant , and again the average 

value of I(t) over a long period of time is zero. As in the 

case of amplitude modulation, W0 is the angular fre,quency 

of the unmodulated wave obtained by letting I(t) = 0 and i~ 

called the carrier frequencye It should be noted that "-b 

is the carrier frequency only when 

I, 1-b 

In any other case, the non-zero steady state component 

0 £ Ilt) yields, upon integration, a constant times the time, 

which may be incorporated in the function ~t ., 
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c) Phase Modulat16n 

The transmitted wave in the case of phase modu

lation takes the 

2,t-7 

Again, the envelope of the transmitted wave is a constant. 

And again, the quantity, W& ia the angular frequency of the 

transmitted wave had Ilt) been allowed to be zero and is 

called the carrier frequency. The average value of I(t) is 

usually taken as zero for any non-zero average value of Ilt) 

merely results in a phase shift which may be incorporated in 

the constant c which appear5 in the front of the expression. 

The detection process is defined for the phase 

modulated wave such that if a wave of the form 2.1-2 is 

received, the output from the receiver is given by 

E(t/-: /./tt/ -~-t]- av~,-.,-cf.,&lt/-11/-fi/ ,. ,~~ 
Thus the average value of E(t) in this case is zeroe In the 

case of single signal or ideal reception, the output is 

merely kilt). 

Some confusion has arisen in many quarters regard

ing the differences between frequency and phase modulation 

because of the similarity of the expressions 2.1-4 and 2.1-7 

when I(t) is a pure sinusoide And of course the expressions 

cited are identical in form and the results of the detection 

processes for ideal reception are the same for sinusoidal 

modulation. However this is as far as the similarity extends. 
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The dissimilarities between e~ uations 2 . 1 - 4 and 2.1-7 and 

between .2 . 1-5 and 2.1-8 are evident. Further , even in the 

case of sinusoidal modulation, the reception is not the 

same when detection takes place under conditions of multipath 

transmission. 

d) Single Sideband Mod~lation 

If I(t) is a periodic function, the frequency 

spectrum of the transmitted wave for the amplitude modulated 

case consi~ts of a number of lines equally spaced ext ending 

upon either side of the carrier frequency, Wo . The totality 

of the information however may be carried by only one-hal£ 

the lines in the frequency spectrum and thus may require 

much less energy to perform the transmission of the intelli

gence than in the case of amplitude modulation . Usually the 

upper half frequency spectrum is transmitted extending from 

W0 upward . The line corresponding to the carrier frequency 

may or may not be transmitted . The nature of the transmitted 

wave is found by taking the spectral analysis of the ex

pression 2.1- 1 and eliminating the lines of the spectrum 

below the fre~uency Wo • We thus obtain 

C[.rtt-J}.: Jr f Ii,, Ca:> ((,4",+'1 tiJ)t: + f ,,, ~,;,, (wo1-nw)t + Cd Ct>:S w.,-t-J z.,-7 
I,,!., ,,, ,,1 

where the a, and b, are the ordinary Fourier coefficients n n 

in the expansion of I {t) 

a,, = ,:.. l z.; tt-/ Ctnl7"4'i (( 1~t) .,I l = / 1 ::.rt-Jr1',,nwt- d (wt/ 

and c0 may be zero if the center frequency , 1,(,/6 is not 
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transmittede In the above expression, w is the fundamental 

frequency of repetition of the intelligence, I(t) . The ex

tension when I(t) is a non-repetitious function, of the 

equation 2.1-9 to an expression involving Fourier Integrals 

is evident. 

The detection process involves the artificial 

supplying of the carrier frequency in the proper phase in the 

case where the summation starts from n =land the artificial 

supplying of the mirror lines necessary to complete the 

amplitude modulation spectrum and then performs a detection 

of the type already mentioned in the section on amplitude 

modulation. 

If a wave of the form 

2,,.10 

is received, then the result of the detection process is 

the output 

Elt-J:f-4, Ctr.> (11~-/--1--dn-~J + nf b,.-r flh {11wf-1f,,-tA) 2,/-11 

11=1 

where u is the phase of the carrier artificially supplied. 

The choice of the phase angle, u, is determined by setting u 

equal to the phase of the wave arriving at the receiver had 

an unmodulated carrier wave of frequency been transmitted 

rather than the modulated single sideband wave. 

In the case of multipath propagation of a single 

Sideband wave, no new lines are introduced in the frequency 
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spectrum and a phase shift is merely introduced in each. 

It is this ' phase shift which produces the distortion ob

served. Under conditions of multipath transmission, the 

nature of the distortion in this and in other types or 

modulation here mentioned must be considered in detail and 

are discussed in section 3. Diagrams illustrating these 

systems of modulation are found in figure 1. 

e) Generalized Amplitude Modulation 

Indeed, section 2.lc) notwithstanding, amplitude 

modulation and phase modulation are closely akin, being 

members of a type of generalized amplitude modulation. 

They are special cases of a modulation in which the trans

mitter output is 

()fI(i:lj: C' [:r(,&)je''Wo-f:/ 4-- 2,l-l2. 
lk .. 111.A, 

where his a point function of its argument . The output of 

the detection of this hypothetical modulation process, of 

which only two examples are in common usage, is such that 

if a wave of the form 2.1-2 were operated upon by the 

receiver, subject to the uniqueness conditions of section J . l, 

the output from the receiver would be given by the solution 

for E(t) to the equation 

~ /, f Elt-ij e <L,vof: <jff/ 

Indeed in any type of modulation, the output from the 

detector is given by the solution to the equation 

tJ/Et-t!l := J (tj 2, 1-/-Y 
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In the case of phase modulation, the operator h takes 

t h e form j f .rJ:: e d1.I and for a mplitude modulation it 

takes the form 

Unfortunately the conditions of this definition 

for the expected output as a solution to the operational 

e~uation, 2~1-14, are not always followed in the construction 

of receivers~ They are constructed so that the reception 

satisfies the sufficient condition that the output be 

proportional to the intelligence or the modulation in the 

case of single signal or ideal receptione This means that 

operators may be inserted in the equation 201- 14 which take 

on the form of the identity operator f o r ideal reception 

but are not inoperative in the case of multipath receptione 

An example of such a case is the absolute value sign appear

ing in &quation 2.1-3 for the amplitude modulation detector. 

We shall consider the generalized amplitude modulation case 

but we shall therefore avoid any possibility of difficulty 

by calculating the multipath distortion for the two subcases, 

phase and amplitude modulation as well. We can generalize 

ampl itude modulation au a subcase of the modulation con

sid ered in 2 .. 1-12 by considering only real operators, h, 

and then solving the equation characterizing the detection 

fo r Elt-J , where A { t) is defined in 2 .. 1-2.. Thus amplitude 
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modulation _but not phase modulation, occurs as a special case 

of the modulation and detection given by 2.1-15. 

f)o Fre9uenc~ Modulated Freguency ModulatiQ.U. 

The transmitted wave in Frequency Modulation of 

Frequency Modulation (FM of FM) takes the form 

c1(Itt!l-- ce ,/w.tr1<,fco.1(~t-1-llµt-t1tit:}t1t] / 

I h-.tlf..f 

41. is called the angular frequency of the carrier or the 

carrier freguency. It is the frequency of the transmitted 

wave when K1 is zero. W 1 is called the subcarrier frequencye 

The subcarrier is modulated on the carrier by the process 

indicated in the aquation. 

Here, as frequency and phase modulation, the 

envelope of the transmitted wave is a constant. Also the 

envelope of the subcarrier before modulation is a constant~ 

The argument for such a type of modulatioA is that the 

signal-to-noise r atio for this type of modulation is very 

small compared with the conventional types. 

The method of detection is rather complicated from 

the standpoint of an operational definition. The detection 

process can be considered in two stages. The first is the 

operation by an ordinary frequency modulation detector upon 

the incoming wave which is of the form 2ol-2 according to 

the de:finitions of section J.lQ The output o.f the detection 

process at this stage is di- di This output is ~ - 14 "'' lit 
. 

c(t v 
then written in the form of 2 .. 1-2 and the resul t ,ant operated 
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upon with another frequency modulation detector. 

rl ~ ef_:f ~ B /..Li it1tt-J I 
cit: - tl.11'(.d, - CT/ e l,Re4/7lt-r 

the FM of FM detector output is ~- '1v-< ,, 
K-C- dC 

Writ;i11g 

2,1-I 7 

Again this 

second writing of the wave in the form of 2.1-2 must be done 

uniquely., The detection of ideal reception as yielding I(t) 

is evident. The detection of Multipath transmitted waves 

will be considered in more detail. 

2.2 The Mechanics of Detection9 

Generally speaking a receiver for any type of 

modulation can be divided into a distinct number of sections. 

Each $ection contributes to the operator involved in the 

detection., The general classifications of these sections are 

as follows: 

a. A linear amplifier and detector. 

b. A series of limiters introducing a fixed or 

adjustable amplitude gate. 

c. A converter or demodulator restoring the audio 

frequency characteristics of the original signal. 

d. A series of audio frequency filters eliminating 

all frequencies not used in the desired signal followed by 

Audio frequency amplifiers which bring the signal to the 

desired level .. 

The linear amplifier is used to amplify the magnitude 

of the incoming signal and reproduce the wave shape of the 

currents induced in the antennae e The linear detector is 

Possibly an heterodyne detector which usually shifts the 
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pcQJsition of the fr eq_uen cy spectrum of the i n coming radiation 

downward in fr equency but doesnot chanc; e the relative 

p ositions or magnitudes or phases of the lines in the sp ectrum. 

If the signal transmitted from the source has the 

prop erty that, durine; the time of actual operation the envel

ope of the transmitted fun ction is either a constant not 

zero or is zero, then limiters ot amp litude may be introduced 

in the r e c e iver. 'I'his has the iJroperty of clipping the peaks 

of the incoming we_ves. The dis t o rt.ion introduced by this 

op er a tion is such a s to add additional lines in the fre quency 

spectrum but they are located at integral multiples of the 

existing lines in the s p ectrum. Modern trans :01ission of 

modulated intelligence is established so that, as noted in 

section 1.1, the width of the fre c~uency spe c trum is much less 

than the car1,ier fre quency. Receivers are designed so that a 

finite b a nd-width corresponding to the bandwidth of the trans

mitted wave is used thus eliminating the hi gher order frequency 

lines introduced by the clipp ing process. The advantages 

of the clipping process are th 2_ t it re ,~ uces the amount of the 

noise present in the detection. 

With the pulse mo dulation techniques to be described 

in the next section more than one intellig ence function can be 

transmitted u p on the same carrier. The actual modulation due 

to a particu l ar intellig ence function occuwies s1J.ch a short 

period of time that other intelligence functions may be p laced 

upon the same carrier. This procedure is called a time division 
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multiplex ~ystem. At the present writing as many as ten 

intelligence functions have been placed upon one carrier. 

An oscillogram of the radiation from the transmitter antenna 

would show a succession of pulses £rom each of the intelligence 

functions in order, the entire procedure being repeated. At 

the receiver a gating process is necessary to separate the 

modulation waves for eaoh of the intelligence functions in

volved in the multiplex. This process is merely a pass or 

no-pass system which lets the modulation corresponding to a 

particular intelligence function proceed along a particular 

channel but refuses passage to the other modulations of the 

other intelligence waves. Of course there must be as many 

gates and channels as there are intelligence functions in the 

multiplex. 

The converter mentioned is the demodulator or 

inverse operator already mentioned and needs no further 

explanation. 

There may be objectionable audio frequencies present 

in the resultant of the detected wave. Such situations are 

encountered in the pulse methods of modulation. Filters must 

be provided after the detector to eliminate theae frequencies. 

By means of review of the preceding section it may 

be said that there are no limiters in amplitude modulation 

and that the linear system is preserved not only in the 

relationship between the output of the detector and the input 

to the transmitter but also in the output of the transmitter 
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and the inp~t to the demodulator of c) mentioned in the 

cases of single signal transmission& Frequency modulation 

has a linear converter or demodulator called a discriminator 

which takes the value of the instantaneous frequency and 

supplies it to the A~F. amplifier. In pulse modulators, 

the limiters may either precede or follow the linear 

amplifiers and the demodulator is the subject or the sections 

following& 

2e.3 Pulse Wave i;x:ste~ 

a). Pulse Ampl itude !\!fodul atign__ 

A pulse amplitude modulation (PAM) t~ansmitter 

radiates electromagnetic waves whose dependence upon time 

is given by 

t) [:rct-J} =- /; -1 ~I l to -f- /1 ?"[II "61- n ·1: ' t, t-,. J-n-r:+J 

== 6 / t" -;-n-c- +-d, C ~ f 0 + {"I-J-1)[ 

where t
0 

is a constant, n is an integer, J is the width 

o:f the pulse and 1/r is the repetition rate.. Thus the 

radiation takes the .form of a series or bursts of sine waves 

who£e amplitudes depend upon the values of the intelligence 

a t the times of initiation of the bursts or pulses0 The 

spacing of the pul~es is uniform and the sampling rate 

is .. During the dead time , other intelligence 

fun ctions may be modulated and transmitted upon the same 

carrier, which procedure as already mentioned is the basis 

for the process of multiplex . (See Figur e 2) . 
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The problem can be looked upon as a special case 

of the continuous wave amplitude modulation where the function 

;+A.rt-t) in 2.1-1 is zero mo.st of the time and is 1-1-ltI'lt;,-11T) 

at other times. However the distinction is made separating 

PAM from amplitude modulation because the former falls a 

little more naturally into a common classification along wj_th 

the other methods of modulation of this group. 

The detection of this type of modulation is similar 

to the mechanics of that of amplitude modulation. The (Fi7, 3) 

mechanical process in amplitude modulation detection involves 

the amplification of the incoming signal, its rectification 

and passage through a low pass filter filtering out the high 

frequency components remaining after rectification. The 

cutoff of the amplitude modulation detection filter should be 

set somewhere below the carrier frequency, Wo, and above the 

highest frequency of the intelligence, I(t), it is desired to 

reproduce. The rectification process and filtering in reality 

reproduces the envelope of the incoming function as implied 

by the method of detection given by equation 2.l-J. 

The procedure of the PAM detection process is 

exactly the same as the above with the exception of the 

specification of the cut-off frequency of the low pass filter e 

It is made more restrictive in thi~ case . The cut off of 

the receiver low-pass filter should be set at a frequency 

somewhere between 1/-c and 

Although some distortion is introduced by the 
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procedure of finite sampling rates, this distortion can be 

made small by increasing the sampling rate e It has been 

shown , lO,ll however, that the transmitter sampling rate 

sufficient to reproduce the highest frequency component 

of the intelligence it is desired to t~ansmit is twice this 

highest fre~uency. 

The detection procedure is approximately equiva

lent to passing a smooth curve through the tops of the 

equally spaced pulses in the case of ideal or single 

signal reception. This reproduces approximately the 

intelligence wave to the limits of the sampling and of 

the filtering . The distort i on due to multipath trans

mission will be compared with the ideal or single signal 

wave as detected although this wave is not exactly the 

intellig~nce due to the £inite sampling and the filtering~ 

where T. _ T't 
-I - l'\, , and Tis the fundamental frequency of the 

intelligence to be reproduced . ki is a dimensional 

constant chosen such that k1 is unity in the system of 

units of time where Tr is the least common multiplier 

o;f ,-
1 "t"" • 

The detection of the ideal wave by a PAM receiver 
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For any wave, glt), arriving at a PAM ~eceiver, 

if it is put into the .form 2.1-2 according to the conditions 

of section Jol, and if A(t) is periodic wit.h .frequency ,1/jj 
f 

having a Fourier Analysis 

~ ( 2rr,,t- r-J 
G.. (I,. C.#0 -::,:- -fd~ 

n~o 1-f 

then the detector output is 
?/q, -I 

E (-tj = i c,,,, CtP ( 2111rt ;-/;,) '2 ,")--~ 

""' I 7;: 
This will be more completely investigated in the case where 

the distortion arises due to multipath distortion. 

b) • .fl:Ll..§..&. Length Modul~llin_ 

A pulse length modulated (PLM) transmitter radiates 

electromagnetic waves whose dependence upon time is given by 

t1 r rtcl] =- C, Ctt., HI, t l ~ f- .,.,, ~ t ~ -1:-,, -,1-,, ?:" +-J,, z.~ -'-

;. o f /. + "1t"° ~J; , t , t-. t- (n ,-,), 

where ~ is explicitly given by the condition 

J:, :- Ki. (1-1-iI(t-.,-1-,--c}. 

It can be seen that larger values of the intelligence cause 

longer pulses to be propagated. The leading edges of the 

pulses are equally spaced and are separated by the sampling 

rate, 1/~ ., Multiplex in this case is dependent upon the 

maximum width of the pulse and hence is dependent upon the 

maximum value of the modulation, Imax., Thus the number of 

allowab le intelligence functions having the same maximum 

Values which can be inserted in a PLM multiplex with ~ampling 
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rate, 1/-r- , is equal to , or the ~ext smaller 

integer. 

It should be noted that another system of PLM has 

been proposed where the trailing edges of the pulses are 

equally spaced but the leading edges vary with the value of 

the intelligence at the time of initiation of the pulse. 

In this case the output of the transmitter is given by 

t1[Ittij~ <', t:'"9 4101 t, 1-nl'"-J,,, t , fo·N11:" :2 ,'3 - 8" 

-::: (J t, 1-'1 c."' < t ~ "C°<> f-,1--C- +-r::--cl:i~ I 

where l is implicitly given by the condition 

The two systems of modulation are similar and widths of the 

pulses transmitted in the two cases are the same in the limit 

whe n the width of the pulses are small compared with the 

s ampling rateo The former system of modulation is the one 

whi ch will be here considered however . 

The mechanics of the detection of this type of 

modulation is similar in technique to that of the preceding 

sec tion. The incoming signal is separated from the remainder 

of the multiplex components by a suitable gating system. 

The PLM system for a single intelligence function is then 

amplified and rectified . The resultant envelope of the 

incoming wave is passed through upper and lower level limiters 

to eliminate extraneous signals and the remainder ia passed 
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through a low pass filter to recover the original in

telligence & The action of the low-pass filter upon pulses of 

varying length and constant height can be calculated and 

seen to be similar to the passage through the same filter of 

pulses of constant width but variable height (PAM} with the 

same sampling rate. This is so at least when the two cases 

consist of pulses which are small in width. This follows 

because the pulses may be looked upon as energy arriving at 

the filter; the rate of arrival of energy at the filter is 

the same for P1M as it is for PAM since the relative areas 

under pulses are proportional for the two systems. 

The frequency analysis of the wave propagated by 

the transmitter takes the form 

where the notation is similar to that used for PAM . After 

reception by a PLM receiver the ideal single signal wave 

The analysis £or an arbitrary wave arriving at the receiver 

is more complexo Further analysis is reserved until the 

particular case of multipath transmission is considered. 

c). Pulse Position Modulation 

The concepts of Pul~e Position Modulation (PPM) 



".), 
- .... J.-

or Pulse Phase Modulation as it is sometimes called are very 

easy to grasp from the material of the preceding section on 

P1Me In PLM the length of the pulses transmitted varie~ 

directly as the modulatione In PPM the width of the pulses 

is a constant but the posit;on of the pulses varies with the 

modulation. The output of the transmitter in the case of 

PPM is given by 1..3 ... 11.. 

o[rtt-1] _ ~ Co :s <-v, t l tp-rn'I:' -1,. , t: °' t: + h'C-c( -1-f 

" j tot-n'l::-dn+/' ~ "t< i::,,-,.. (n1-1) r--J,,,-, 

where is given implicitly by the expression 

It can be seen that the width of each pulse is p and the 

position of the pulse with respect to its center position is 

a function of the modulation. The c enter position or un

modulated position of the pul se occurs when • T(-t}~o 

In the unmodulated case all the pulses are equally spaced, 

occuring periodically with a period, -i-., The sampling rate 

of the modulated case averages 1/'t"G 1£ PPM i~ used for 

multiplex transmission of intelligence, with a number of 

signals whose maximum values of intelligence are all fI/m_ , 
the number of allowable channels is ?' I'( ;'.~/4 

? -r2 -.J - MA.I( 
~ or the 

next smaller integerG 

The mechanics of the detection process consists of 

the separation of the various channels by suitable gatese 

The single resulting intelligence PPM function ~s then 
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amplified and rectified& The resultant envelope of the 

incoming wave is converted from a series of position pulses 

to a series of length pulses of the type used in modulation 

in equation 202-8. The length pulses are then detected in 

the fashion stated in the preceding section, using the 

upper and lower level limiters and the filtere Upper and 

lower level limiters may be inserted before the conversion 

to length pulseso Conversion from position pulses to length 

pulses is accomplished by allowing either the leading or the 

trailing edges of the position pulses to initiate a pulse 

in the receiver which is not terminated until a specified 

timeo The trailing edges of the length pulses resulting 

are equally spaced and the length pulses are 0£ the form 

of the pulses without carrier in e~uation 2e2-3. It is 

conceivable that pulses without carrier of the form 0£ 

equation 2~2-6 could be generated in the receiver by having 

all leading edges of the length pulses equally spaced but 

letting the length pulses be terminated by either the 

leading or the trailing edges of the position pulses. 

Reference is made to plate~-

e). Pulse Fregu!ncy Modula~ion 

Pulse frequency modulation (PFM) transmitters 

radiate waves whose dependence upon time is given by 

o/Itt/]::. <'r ~(JS Wo tj t,,, < t < tn rd 
.: <j t,, + ✓ < "C <' t,,,+1 
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where tn is given implicitly by the expression 

1
-t,, 

41t ~+ t> hI(tl✓r =-- z.nT 

where 4lfi is the carrier f'requency o.f the unsampled frequency 

modulation. The actual procedure used in PFM transmission 

is to frequency modulate the intelligence in the continuous 

wave sense and then perform a PPM sampling process on the 

resultant. It can be seen that the spacing of pulses in PFM 

bears a similar relationship to PPM as continuous wave FM does 

to continuous wave phase modulation. The number of pul5es per 

unit time transmitted is directly proportional to the magni-

tude of I ( t). The mean ~or unmodulated) sampling rate is z.3/w, .. 

Time division multiplex in this case would depend upon the 

rate of transmission of the pulses or upon the maximum 

value of the integral appearing in equation 2e2-15 where as 

has been customary, ave I(t) = 0 so that the integral is 

not divergent bu t oscillates with time. The number of time 

division multiplex signals which can be transmitted is gi ven 

by 

li t J or the next smaller integero 
W, J' f' l 

O 
le IttJ ,19"'1 "-" 

The detection process is similar to those previously 

considered insofar as preliminary stages are concernede The 

various PFM multiplex systems are separated by a gating 

Process . The individually channelled PFM w~ves are r e ctified, 

limited at upper and lower levels and the resultant envelope 

Passed through a discriminator of the type described by 

equation 2.-15e The result is then passed through a low-pass 
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filter, eliminating the higher frequency components. The 

behavior of the detector is uncomplicated in action when 

considering single signal reception. 

e). Pulse Code Modulation 

Pulse code modulation lPCM) is perhaps the most 

difficult type of pulse modulation thus far encountered as 

far as mathematical expression of the radiation is concerned. 

The method is based upon the expression of integers in the 

binary system of numbers. The present system of modulation 

12 13 14 has been proposed ' ' because of its apparent superiority 

over all other systems of modulation here mentioned with 

regard to the signal-to-noise ratio despite the very large 

bandwidth of transmission required. The PCM transmitter 

radiates waves of the form 

O{I(t-J] =J,,n,cr.,W,t I t;,1--(11-1-1n)r~t,tt;+61-1'-mft"t-p 
2

-~-,1. 

== d j To -r ( n+n,/ t" -r j) ' -I- '(; t o-l V,lh1f/ r . 

where lnm is the coefficient in the expansion of 

/-f /4' :£ /Tp-i- ,17'} :- f I l,,,,, <. N'-M-l-f- iP.., 
J?,:::t> 

where cf;,,,,:: 0 ",- I and iP.., < I 

such that 

in some arbitrary scale of magnitudes with Na position 

integer. The number of time division multiplex signals 

allowable is or the next smaller integer. Each 

group of N pulses, whether all are present or not is called 
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removing the intelligence. There is of course distortion 

introduced by both the finite sampling process and the 

reduction process for the sample pulses. The former dis

tortions can be made small by letting the sampling rate, Irv~ 
become large and the latter distortion can b8t~:8"de smaller 

by letting the integer N become large. This system of 

modulation is advantageous because of the on-off character 

of the pulses transmitted. Thus the reception depends, in 

the ideal case, merely upon the presence or absence of a 

given pulse and not upon position, width or height of a 

pulse. 

2.4 Optics ~s ~ Case of Modulation 

The formulation of optical transmission as a case 

of modulated waves is not difficult. The transmitted wave 

is unmodulated in the cases of physical optics usually 

considered. The source output may be written 

tlfrttl]::. A-ccJJ~-t 

The receiver, {photographic plate, screen, etc.) which 

usually observes intensities so that if a wave of the form 

r ( fl ~ It e fj(t-) i 
I?~ Pr,~f-

were received, the receiver output would be 

The amplitude r4nction, A, appearing in 2.4-2 is assumed 

constant because, as will be seen in application of the 
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method of J.l, in multipath transmitted waves the 

amplitude function of the received wave is constant. 
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III. Solutions !:.Q.r. Continuous Waves 

J.l The Vectorial Picture f2.!:. the Resultant Wave 

The concepts of representation of sinusoidally 

oscillating quantities by complex numbers are well known. 

If one attempts to express a ;quantity, /I t't)..J (Wti&), as a 

complex number where a, tJi, ~ are real constants, this can 

be done by writing 

Acb.s /wt+&)-= 

Thus the sinusoidally oscillating quantity can be pic

torially represented by the motion of a point in the 

complex number plane; a complex number whose magnitude is 

A in the appropriate system of units and whose argument at 

some time, t, is • This complex number, or "vector" 

or "characteristic vector", moves with constant angular 

velocity, OIi. The projection of the line connecting the 

origin and this point in the complex number plane on the 

line through the origin is the ~uantity considered. 

Of course the convention, J.1-1 is perfectly 

arbitrary. Indeed, remaining in the domain of complex 

representation, the projection on the coordinate axis of 

the motion of a point along any one of a group of restricted 

paths with appropriately varying velocity, ailileJ:il t hat .1 the pro

jection will be a sinusoidally varying oscillation, would 

have been satisfactory. However the .simplicity of the 

representation J.1-1 with its constant amplitude and 
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constant angular velocity is appealing. It further has the 

advantage that the amplitude function, A, represents the 

envelope 0£ the actual oscillating function as plotted in 

Cartesian coordinates while the zeros of the actual 

oscillating function are given by the zeros of the re~l. . part 

of , the _ exp_onential function . 

The fundamental arithmetic operations of addition 

and subtraction of sinusoidally oscillating quantities of 

the same fr&quency are shown to correspond to the analogous 

operations on their complex representations. 

A more difficult question is the representation ~o 

be given to the sum o:f two sinusoidally oscillating ,quanti

ties when the angular frequencies are different. It is well 

known that the resultant acoustic phenomenon, when the fre

quencies are clo~e to one another, is that of beats . A con-

It can be seen that this representation is most convenient 

because the amplitude function represents the envelope 

which, if•• and w2 are close to one another, represents 

the amplitude of the beat phenomenon. The exponential 

function leads to the zeros or the combination of the 

oscillatory functions. The result has a geometrical 



representation lfig. 6) which is the vector sum of the two 

vectors representing the simple oscillatory functions. 

Thus the concept of oscillatory functions of varying ampli

tude and phase (and frequency) has been introduced. When 

a function A(t/el/w-t+{){tl}j is written, we shall 
/1(~'1~4 

reserve for Alt) the definition of amplitude, for w. the 

mean value of (wt+ 4') termed the carrier frequency, for 

the definition of phase. It was upon this 

basis that the definitions of the various systems of con

tinuous wave modulation (section 2.1) were made. Their 

complementary demodulation systems depend upon the 

generalization following. 

When one is interested in writing the resultant 

of a number of oscillatory functions.in the form of 

equation 2.1-2, the characteristic vector of the resultant 

is required to coincide with the 

resultant of the vector repre

senting the separate functions 

thus fixing the ,amplitude and 

the argument of the exponential 

function. These demands fix the 

sum of two or more harmonic 

vibrations uniquely so that the 

equations of demodulation now 

have unique meaning. 
15 

FIGURE 6 
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Examples follow in succeeding section~. 

3.2 Small percentage modulation of Point functions of 

Intelligence. 

In view of the definitions of the preceding section, 

the distortion function, D, defined in 1.2-3 or the output 

function Elt) of 1.1-3 can now be calculated for the con

ditions of multipath transmission and reception by the 

complementary receivers corresponding to the transmitters 

of continuous wave type modulation. The calculations ire 

now m.ade for amplitude, phase and generalized amplitude 

modulations. These types of continuous wave modulation 

methods fall into a common group as they are all types of 

modulation involving point functions of the intelligence. 

a). Multipath Reception of Amplitude .Modulated Waves 

By 2.1-1 the transmitter output is 

<1(.T!t-J}::- C (1-f JI(-tl }e ,~o-t ( Re.\ PA.-t 
2.1- I 

Thus the input to the receiver, by 1.2-2 is 

where the quantities An, tn are those defined on page, 

(section 1.2). In order to determine the output 0£ an 

amplitude modulation receiver receiving this wave, it is 

necessary to place J.2-1 in the form 2.1-2 which can be 

accomplished by the method of the preceding section. 

Performing the rearranging of terms in 3~2-1 
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indicated by the vector addition process, g(t) becomes 

where 

j (fl:: ~ .. f.1t ~,· q; Cfh {J.:, 

tlt'= A,(1+kIU-t;J) 

f,; = ~~-~,-= w6l'<:t"tj) 

t" ( W0 t - ft.c .. ·' ft:t; s,,,(1,} 
e 1:~,·c~f, 

Thus by 2.1-3, the receiver output is 

It is of interest to calculate the form of 3.2-3 when klil,._.~<-1. 
Using the first two terms of the binomial expansion, 

,,, ,.. '-
+ ,.[[ lh II:, ~I;· .I(t-t,) Ettl~ /f f ,4.·A . c.,ft. 

'

. .., 1 1 ., 1. 

computation and the result of this calculation for 

various fundamental wave forms is seen in section J.~. 

The condition that 

2 2.,..4/A1· coJ' f ·-, ~CJ 
,·:, --;:, 

is essential to the expansion and the significance of 

the vanishing of this function is discussed in section 

b) Phase Modulation 
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By 2.1-7, the transmitter output is 

and the input to the receiver by 1.2-2 is 

It-I:: f--An e ,/w.,tt-t:,.J .;./2..rrt-i-,.l_) ; ,,~, 

The output of a phase modulation receiver detecting this 

wave is found by placing g(t) in the £orm 2 .1-2 by the 

vector addition method of the previous section. 
,v 

• / .L -I- _, E A/JM...(l,) 

I 
.1 • ,.. , < Wu <. - ,a,, ,.~ 

Jlt = v,.;z: ll,·A-; cos Jt..:; e ,F,q.,-coJ...ft~ 

where 
.12.i: ::. "'• f,. - ; Ilt- t,-) 

11 . . -Jl.. n . , R-. _ Jtf.rt1-tiJ-Ilt-t,Jl 
.J '..... - , - -H 1 - r·1 ~ 

3.2-1 

Then by 2.1-8 the receiver output is 
,., 

~ ""-) _1. _, r A,-"'" .!l ,· cl< : 14 ~ _, __ , __ _ 

Z-4; t:oJ'-fl~ ,·~, 

El"t-/ can be calculated when I kI\'",x -<:.<-TT" by expanding 

in a Taylor's Series and considering the first 

two terms, where as a first order calcu-

lation, with the effect of the intelligence acting as a 
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and by the discussion on page 1,, aV'C I(t/ =- O 
N N 

£It-I: Ii ,{"_l/l;II.; (dJf.1 .I(f-t-;J 

so that 

~t'A;A; cosf,·; 

The form of 3.2~id~is remarkably similar to J.2-4, the result 

obtained for amplitude modulation of small percentage modu

lation. Indeed for the same type of I(t), and for similar 

relative characteristics (A1,ti) of the arriving waves, the 

detected wave is the same in both cases as the denominators 

of both expressions are constants, the time dependence 

appearing only in the numerators. 

c) Generalized A.l!W.!itude Modulation 

The transmitter output in generalized amplitude 

modulation is tJ[rtd]-=- (.' l,[_r(tl} ,e tWo 5( t,l-12. 
. Ji.,-l~f 

and after transmission under multipath conditions, the 

to the receiver is . .. % 
"' ,7 I Wo (f- "" 

q(tl= 2:. 1/11 /,/.:ztt-t-nj;e 7) + 
(,/ /I:. I ll.t, 4 / /-,,,. I 

input 

where by the treatment of section 3 .l, 
/ ~ L ., <- (1,· s,~f.) 1• 1.-12. 

ltJ r ~ N f l r Woe. - 711;. 'f : .? _f: d; Cl; Cc>S ,..; e' Z-4<' cc-::,(t' 
(/ ,_, 1 " 1 

where d.·: Jl. I, /J( I-- t,·I} s,2.--t'J 

The detector output, E(t), is, by 2.1-15 ,~ 
,.i.- ., 

l,[11(f!] = ff,£ 4, "111 CP('.:; h{I(t-t,-p J(.ztt:-t1J)-(All'C. f.f_f-A,-A.; ,~ p,i~ (Itt-t,-J] V.r(t--t;~ 
'·•1~• 

To calculate the value of the function, E(t), for small 

percent modulation, the function is expanded in a Taylor's 

Series, calculating the change in h( V(flj because of a 

small variation in I(t), letting 

I(tl= .L
0 

-1 ;-(t}. 
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where { [(t-J(~,vc '<< Io .1 ~v< J"(--E.-J =-o • The result will yield 

the fluctuations of U(t) about a steady state value, Uo• 

u (t-} = 

The value u
0 

arises by a calculation when Ilt) is assumed 

a constant. The .first two terms o.f the Taylor Series are 

and 

/,/1/4}: ~~4/A;<o,(,, J,,(to) - Q.ve.[f f~AiA;cuJf,·'\ fl(Io)J 
,:I")=' '-:t 1 :. I 

::::.. 0 

so that 2.1-16 becomes 

Ettl = ,)I.)/_ /"It/ = ~ I ,:f f,A ii; .... ,. ; J"/H;} 
JT .I" JI 2 ,, f:"{ A:A,c.nf~1 

,-=-ti=' 

since, as u~ual, 1,/Vf J(f:-):. 0 

Again the similarity o.f the .forms J.2-" J.2-4, 

J.2-10 is striking and is in fact significant. It will be 

shown that even for reception of frequency modulated waves, 

the result takes the same .form for small percentage modu

lation (small fluctuations of intelligence about a zero 

valuet. 

J.3 Small Percentage Modulation Case f.Q.r. Fre9uency Modulation 

Reception 

By 2.1-4, the transmitted wave in the case of 
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frequency modulated waves is 

(-
..L,JJ ,·,w. t r k/.rtt-Jtit:1 

{), _I(a = ce 
'/lb. ( '"" 't 

where 

After multipath transmission, the received wave is 
-{:!- A ~•iw,tt--"ti.Jr~l'~tc-t-,.,1dt:} 3_..,_, 

Jltl-=,,'f; H~ e t" 1/., "' 

which must be put into the form 2.1-2 by the method of 

section J.l so that the definition of the receiver 

..Q,·; ~ f1 
/;, .-II ,;J° 

so by the usual assumption of ave I(t) ~ o, 

£ 114; Ai co.r/l·; :t(t~td 
Et+/-= ' "' ,; .. r r Ai A, ,0.1 r ,, 

N N 

1.3- 'f 

unless 2 t" A· A"' coJtJ,·;.:: l> 
• I f • This result is the first term 
1 CI i: -

of a Taylor Expansion about the points 1h; = f~,; 

The condition on the results of the two preceding 
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section.s that 

is a stringent one. It implies that under unmodulated condi

tions, the receiver antenna would be placed at a point of no 

field. When modulated, the resultant wave is highly distorted. 

The detectors of phase and frequency modulation do not operate 

as ideal detectors under this condition. The expression for 

the output wave assumes a singular value under this condition 

but too the amplitude function of the resultant wave (I.J-3, 

J.2-'Z.) will have zeros at periodic intervals determined by the 

nature of the function I(t), where ave I(t) = o. These zeros 

correspond to the "holesn in the envelope function of 

Corrington in his exposition of the two signal, sinusoidally 

modulated case of frequency modulation reception. The zeros 

in the envelope mean that insufficient signal is present to 

drive the limiters to saturation a.t periodic intervals 

resulting in the non-ideal detection. Experimentally it is 

recommended that the antenna of the receiver not be placed 

at such singular points in space (if they exist) to avoid 

this non-ideal detection. 

The result of the last two sections is that, for 

small percentage modulation, the ~utput waves for amplitude 

modulation, phase modulation, and fre~uency modulation, all 

take the same form. It may be suggested that the similarity 

of form is connected with the fact that under conditions of 
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small percentage modulation each frequency spectrum has only 

three important lines- the carrier and two sidebands- although 

the side bands for different methods of modulation have 

different phase relationships to the carrier. This suggestion 

implies that perhaps the results of the multipath transmission 

of single-sideband modulated waves should not then take the 

same form as the result of the calculation above. The results 

for single sideband modulation are presented in section J.6. 

3. 4 Small Percentage modulation Evaluated for Special Waveforms 

of Intelligence 

It is of interest to calculate the reception to be 

observed under the conditions of small percent modulation dis

cussed in the preceding sections. The common form of equations 

J.J-5, J.2-10 and J.2-4 guarantee that the results of this 

section will hold for the three fundamental types of modulation. 

a) Pul~e Modulation 

When the intelligence is a pulse we write the 

funotion I(t) in the form 

.Ilt/ -=- () / t- 7 n t; + c 

= I I t- =-nt-;,+ c 

where 'l& is the repetition rate of the intelligence pulses. 

It will be shown that the assumption of zero width pulses is 

not essential to the results of the calculation . 

By J .3-5 the reception will be zero except at such 

timeSt1 when some one of incoming waves will bring the modulated 
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pulse to the receiver. At these times the reception is 
fl ,.. ,. ' ,., A ,.. , ,·11} 

1 Ef /J,·A; coJt,·; ",~ l" T A,-co.lr~t {"a=.o ·. 
/2 = Elt ) : /l 1 1 ,, » : ~ H9 ~ ,, - ' I c., 
7J I ,r;-A;A1ro1(,·,;. 1 z_ ?- 1-4,·A;cof(;; .?.'-!-\ 

' 1 t:.t 'l =• 
Thus the reception over a period of the modulation, , 
will consist of N pulses of various amplitudes given above. 

If the receiver output i~ placed upon an oscilloscope screen 

the result is a set of N pips whose amplitudes, h"il are given 

by _!i A {4; coJfi 
1 .. , 1, .. . (I/ 

= ',-:.., I ,I ,I ~-'(-'2.. 

"' "1 ,. (I-
Tli ~~ A· A; c<>r. ,:; 

2-=-' g ,-, f"' 
normalized in the appropriate system of units. 

The system of equations, J.4- l , homogeneous in the 

variables Ai, have a compatibility condition arrived at by 

adding all the equations. Whence 

"" L 3.ct- 3 

z-J,, ~" 
,s, Q 

Thus the sum of the amplitudes at the N pips is exactly e;qu.al 

to the change in amplitude, phase or frequency 0£ the single 

pulse at the transmitter corresponding to the method of 

modulation. 

The system of equations J.4-1 holds for pulses of 

any shape as long as 

1) the amplitude of the intelligence pulse is small 

enough to allow 

pul:ses, 

J /r/,,.,.~ ~<..J for phase and amplitude modulated 

2) the area under the pulse integrated over one pulse 

is small enough so t hat Je.j .I(rJdt<<.I for frequency modulated 
ll't.f. 

pulses and ,.,,s,c. 

3) the width of the pulse in time units is smaller than 
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the smallest of the times ltp-tp_1 ) where the incoming signals 

have been ordered in accordance with the time ~f their arrival. 

This avoids ttoverlapn of the incoming pul~es in the various 

waves. 

Thus the system of equations 3.4-1 holds for pulses 

of any shape as under the conditions above the condition of 

nno overlap" guarantees that the disturbance, if any exists, 

will be due to one incoming wave alone. So that the output 

will look as though N pulses were received at the times tq, 

each of identical shape but whose relative amplitudes are in 

the ratio of the numbers, h
4

• 

A convenient notation for the system of equations 

J.4-1 is given by plotting a set of N vectors in a plane whose 

amplitudes are given by the Ai and whose arguments measured 

from some arbitrary axis are given by the • Let the 

vectors be called • These are meant to be true vectors, 

not the artificial vectors introduced in section J.l to 

represent oscillating electrical ~uantities. 

vector sum of the ti• 

Then I _ L ~f, fZ. 
,,, - It. ~ 

If. "R - ,.. 
b) ! Superposition Theorem 

~ 

l!= 2 Ai. . -I ::./ 

Let R be the ,.. 

From the results of the preceding sections exempli-

fied 
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which becomes by 3.4-1 

,.,, 
c1t1;: L A,-Ilt-t,-J 

Thus by this auperposition theorem, the reception at a time, t, 

is given by the sum of the pip heights corresponding to~ 

wave, had the tr.ansmitter been pulse modulated with deviation 

corresponding to Ilt-t1 ). 

By this theorem it is now pos~ible to predict the 

reception for any wave shape of the intelligence function 

Ilt) merely on the basis of the knowledge of the nature of the 

reception when pulse modulated. For ,a calcuLation o.f the re

sult expected when the modulation is a s~uare wave, triangular 

wave and pulse w-ave with possibility of overlap in the re

ception see figure 7. 

From the figure the 3ignificance of the theorem 

J.4-5 ii> readily seen. The calculations are made under the 

asaumption that /?Ir/,.~<../ for :amplitude modulation and pha:Se 

modulation .and that Ir./ :rt1:1J-t ~-:::: I for frequency modulation.. No 

:assumption need now be made ,about 11overl,aptt. 

c) §inl.U;i.o.idal Modulation 

It is seen~ from either J.J-5 or J.4-5 that when 

I (t) is :a sinusoid the detected output is .a $inusoid, undistor

ted with a phase 3hift and amplitude change introduced. 

d) Region 9.£ Validity of Superposition Theorem 

The sup_erpo~ition theorem holds for frequency 

modulated waves J~.:s long as 

and .2-.f A, A,-co.rf,:i -to. 
, -:. I 7 :: I 
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I.e. the condition o:f validity is .12.\,;z(.-; 

Now _f2t. (-f/ =- W4 (t-t-) + llf-td 

and _fl~, (t) =- vJiJ {t-t-
1
-)-1, ./(t-"t✓-J-//f-tJ°} 

- #·. I-ft- t.-) - /(-f-ti) r '1 1 , 

Hence :for J.4-6 to hold, ( t(t-t;) -f(t-t1J/ << t 

By the Mean Value Theorem, for f(t) single valued, continuous 

first derivative, ll(t--ti-J-P(t-t;)/~ 1-t:,·,d~'(t-.. Jl, t- ... <t., ~-{i 

Hence a sufficient condition :for the applicability of the 

superposition theorem is /.f'(t.,)((t(, I«' :for all tij. For 

frequency modulation this result becomes k(Il'-t.X t "'' ~,, . For 

phase modulation the result of the sufficiency is ttl.r'l,,,"-"t,«.f. 

For amplitude modulation the condition of applicability o:f the 

superposition theorem is that • 

The order of magnitude of these limitations is given 

by the following figures. For signals starting simultaneously 

at the transmitter over the various paths with times 0£ 

arrival between first and last signals of the order of ten 
,S-: -'l. l 

microseconds, k lrl"'...,... t;t ~ -= ~x \o r"'cl/.u.c , allowing maximum 
10-S 

frequency deviations of' the order of ,o~ c"tc.\c.y.u.c:. • The 

same order of magnitude of frequency deviation holds for the 

frequency and phase modulated cases, where the frequency deviation 

of a wave transmitted of the form 

[ 
,1 A t" lwui +Jlt/) 

~ Ift·/_J = e 
is defined as /tiff/ 

cf~ I"'"'" 
For amplitude modulation the 

superposition theorem limitation is a maximum modulation of the 

order of 10% where the percentage modulation of a wave of the 
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form of 2.1-1 is given by lOOkI(t). 

When pulse modulated, the conditions for the 

v,alidity of 3.3-5 et al. can be reLaxed to, :ray for fre:guency 

modulation, the condition that the :area under the pul:se is 

small. I.e. It j I(tJ,lt- <<. l 
""c u1d(. 

If the pulses are 1/2 microsecond in width, the maximum allow-

able frequency deviation is of the order of 

under conditions of nno overLap~. 

3.5 Large Percentage Modulatio:q for Continuous wave Szstems 

The exp.ans ions 3 .2-3, 3 .2-8, :and 3 .J-4 summarize 

the expected detector output as functions of time for given 

I(t) for the three basic types of modulation: amplitude, 

phase and fre,9.uency modulation. Simple methods have been 

.adv,anced for calculation of the expected output wave shape 

for given wave .shape o.f the I(t) .and :for specific values o:r 

An :attempt :at ;a determination of the superiority 

of one sy5tem over another fails :at the small percentage 

modulation stage as the re.sults obtained, under 5uitable limi

tations, are identical for all three systems. Further com

p.ari.son demand:s an inve.stigation of the Taylor's Serie:; for e,ach 

type of modulation beyond the fir.st term. The5e higher order 

ealculations are now performed. 

For amplitude modul.ation multipath reception the 

Taylor's Expansion of which J.2-4 is a part is 



-54-

:dt- )I (t-t,..,JI(-t -1-.. J 

+·· · 
Taylor's Exp:an:sion 

For frequency modulation multipath reception, the Taylor's 

Expansion again to two terms is 

Etf/ = ft li ~ -A; C4S(f.1 Z l~-t,-)-1 ~.-¥:f.ii!_.A1·A11A, Cosf,~.;.,.f1c.4I(f-~)-1-.Ilt-~J-lilt--t;}· 

.i_fll,A,- <-• s~1 ~ N '=- • IJ.xt t--t~)lj 
,.,,~ , r· (,.Z-?4; A1<0':>~~1J ~ 

f- .. • 

When sinuaoid.ally modulated, the fir:3t order terms 

yield only the fundamental while the higher order terms in the 

expansion yield the observable distortion. The order of the 

highest harmonic produced in the detection is equal to the 

number of terms used in the expansion. Thus when only two 

terms in the expan:sions .are considered, the fundarnen tal and 

a second harmonic are produced. This result affords a 

criterion for the comparison of the v.ariou5 :systems of 

continuous wave modulation thus far considered. 

The criterion for superiority .among the various 

systems of continuous wave modulation will be the relative 

amounts of 5econd harmonic produced by the v.arious ~ystems of 

modulation-detection when sinusoidally modulated, two terms 

considered in each expansion when the number of interfering 

signals is limited to two (N: 2). For 
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the output is of the form 

£ /-f) ;- Ii C4-(J ( fU.t -t--r-p} f- C c <X:) .2( tAJ.s t+ r) 
The criterion for the comparis on of the vari o us syst ems 

becomes a comparison of the ma gnitudes of the ratios c/b. 

For amplitude modulati on ~.s--~ 

~:: ~k ltf f !~ff A,-A1-AkA(ll,,nA,. AoAp S111f;< ••"/"P si11~'-\ ~,;.~,,.0 CoS (c(,·l't\+-o(i"J 

For frequency modula ti on, 

C/b =- .£Lk .f. fr:z =t'l .4i" A1·AiAtA,.A,,A.!l, <osl;,- ,.sf,.,,, s,;,,,,,_t .s,~f., • 
WJ ,.,iA/.,11or (' 1 

·/cos f,(,• .. ..,~p) +4,w 2Pttp- co> (11(,..(+q_i'-')-cq:, (cit?.,.. -tll('(pl., ~ co ("-,ft•o<rJ j 
+ v., co, {o(h.0 +o(epl 

where c
0 

is a constant common to all systems and where 

4,. = w.,. t,· 

o(.1 -: d·-d1· 

For N = 2 these summations r e duce to 

,/ _ 0/i-co.1o(js,;, "All, 1;1;: cJ ,4, "fl a.:r1H l fi-cd?o(/ / "/) - z ,, . r i. 

fo r amplitude modulation 

% = f (1-e,nol)s,~ll,II.,_ (/1/-At) = ¥ ,,t(f(-p1/~//fft-ePot'/ 

J. -s-- , 

for phase modulation 'J. s--10 

C/4 : f: Ar,-c~Js,',,,/ A,.41 (,4, 1-IJ'LJ =-~Al'/ ~(1-f' o/..7i..f (,-c~o(j 
0 "'J ~ , 

for fre~uency modulation. The dimensionality of the constants 

k u s ed in these expressions prevents a conclusion that fre-

4uency modulation is f a r and abo ve the best sy~tem of modulation 

c onsidered. Indeed an examination of the conclusions on page 
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~2 for the sinusoidal intelligence function show the allow

able valuea of k for frequency and phase modulation differ 

precisely by a factor w8 to permit of the same order of 

approximation. 

A comparison of the three distortion ratios, c/b, 

shows that in most of the cases of reception, transmission 

by amplitude modulation is superior to transmission between 

the same two points by either frequency or phase modulation. 

From J.1-9 and J.£- 10 it is seen that the relative percentages 

of s~cond harmonic are one-half smaller for phase modulation 

compared with frequency modulation and hence phase modulation, 

under this criterion, is always more free of distortion than 

frequency modulation than freGuency modulation at the same 

carrier frequency. For most cases of transmission 

Indeed only for 

is phase modulation superior to amplitude modulation and only 

for f> > J s,·., ""P + I (o - ls- i,.~ I ~ . -, ?"I 
4 

is i're-<iuency modulation preferable to phase modulation. 

If the point (fl,~) 
1 

plotted in the plane of figure 

s,11es between the two curves, it is advantageous to transmit 

in the order of preference phase, amplitude, and freq uency 

modulation. If the point lies above the upper curve it is 

advantageoua to transmit, in the order of preference, phase, 

frequency, and amplitude modulation. If the point (~(} 
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lies in the unshaded area, the order of pre.ference is 

:amplitude, phase, and fre~uency modulation. It is estimated 

that the :allowable amplitude modulation for the criterion 

of negligible third harmonic for sinusoidal modulation is 25 

percent. For .frequency modulation tr.&nsmission the maximum 

allowable .fre,:iauency deviation for the comparison to hold is 

1/4 the modulating fres:g_uency. The conclusions of this sec

tion cornp:are f ,avor.ably with the re::;ults of experiments per

formed with practical .systems of modulation16 that .frequency 

modulation yields larger distortions due to mul tipa.th tr.ans

mi~sion than amplitude modulation. 

The case of an intelligence function which is .a 

pulse is .al;so easily calcuLable in the ca.se where sever.al. 

terms ,are considered in the Taylor's expansion. For amplitude 
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In the last expres~ion the ,assumption if! .atill m:ade of 

J.6 Multip.ath Transmisaion of Single :Sida Band .Amplitude 

Modulated System@ lSSB.AM) 

The multipath recepti on of SSBAM i~ reducible to 

the condition that the detected output is in the .form ,2.1-11 

if I(t) ia in the form 2.1-9 as the input to the receiver 

can be pl.aced in the :form of' &:quation 2.1-10. The input to 

the receiver is by 1.2-2 

Jltl= ,,g i, /4·/a,,, ( o :s lWoNJfAl)(t-t;) + 6,, s,;,(wo+hw}(-&-t,Jj J.,-1 

for the case where the lower half f'requency spectrum and the 

carrier are suppre;3:sed. Writing J.6-1 in the form 2.1-10 
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by the method of 3.1, 

Jlf/ = '\f /,.f..l~-AiA., <:o5 (Wo+"w) lt;-t-;) 14,,,c,r., [lwa+11wlt- i,} l 
' 1-/,,,.7,-,./!,vtJ+,,..,}t- 'Pn] J 

the output from the d etector is 
•• o,4 J ;.. ,. ( Q,., co,(,, t,,v+-v) J 

cit/: ,,+l: !'"l: ,4-,·A;co(.l,-,+");J I . / f--V} ,.,-'I 
n=r , .. , ,., r +P,. s,,, cH .,.1 

since 

_L -'.Z A,-s,,, fl,·+n I:) ~ -£,.f A•S/.;,t4,· -' -' ,if .4,-Aj s,;,f.,A:,-11tr[} 
I/:: 7Cilf ,.:, -):;,., ---- :- 7"" "' Al' ~, 

,f. A; co.s (f,· ~nr) ;f A,-u,.sl,· .-~~-~ A.-A; 0 ~<(1.-,; +n ~ 
For N = 1, it i s seen that the recep tion reduces to 

<f'l-f/=- J,4 [ff;Q,,cos,,rwt-i'} 1-,,,,-i; 4s,~;,(wt-r)j 
or undistorted recep tion. 

For a sinusoidal intelligence function, all the 

coeff icient s ti,,::;."'_: o for , and no d i stortion 

is present. A single line in the frequency spectrum is 

t r ansmitted and although a phase shift may be p resent, no 

higher ord er harmonics are ~re s ent. 

In t he more general case, it is s een that the 

various harmonics have suffer ed changes in their relative 
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amplitudes, and relative phase shift~, causing the distor

tion although no new harmonic5 have been introduced. Suppose 

several signals arrive with negligible but with 

not necet3sarily smallf ipo~sible since the modulating fre

quency is in general very much smaller than the carrier 

3. 7 Multipath Tr.a1u,mi~sion of Fre:.guency Mod.ulated Fre!;j.uency 

Modulated Systems 

As an example of a c.a:se of' i'r.eguency division 

multiplex, we consider frequency modulated frequency modu-

1.a.tion. For the purposes of calculation consider -a single 

channel modulation c.a:se. Rewriting the not:ation of 2.1-16 
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which af ter a first detection y ields output 

p(t-t-d 
J.1-J 

An expression for the output of t he second discriminator 

becomes now QUite difficult to write. 

Suppose the functi on I(t) is periodic with fre

.g_uenc ;y- •2• Tiien a fre,guency analysis of J. 7-J would show 

v&rious ordered spectra cent ered b.t f1~e q uencies n~ with 

lines sep a rated by frequencies ~ 2 . The detection process 

by selective tun ed circuits t akes the first order spectrum, 

centered at w_i, ctnd performs a frequency modula tion detection 

of t he ordin ary type upon it. This first order spectrum is 

difficult to c a lculate bec a use of the i n teracti on terms 

b~ t ween the components of t he function 3.7-3. 

For both K, k , s mall, the results of a modulation 

is here c &lculated. The output of the first detector is 

i'EA-IJ · ,o.sA.·· vlf-tj) i j A,•Aj ,;os(li:, p(t-t;) ... ,-'"I 
£;(ti-== ;, ,-., , J ,·1 r - ~vc -'-;_,~...,--' -------- .. 

LEA,-,1
1
, cos(J,·1 ~ Z- Ai Ai cos(--\ 

,.,;,, ,,, t=' 
By the pr ocess described in secti on J .l t his is wr itten 

in t he form 

E.ltJ 
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When pulse modulated the amplitudes of the N 

pips 

It 

and theorem 3 ■ 4-5 holds in this case as 

well. 
Elt)= i /, fi;.JI(t-fj 

i=-t 

where the h
1

•s are different in the present case from the 

values in the cases of amplitude, phase and frequency 

modulation. 

If the analogy is carried a little farther, 

comparing the second order modulation system with first 

order systems, keeping K small, the first two terms in 

analogous frequency modulated case by letting 

A,· ~ A; ,t A,y•coJfc'j 

r--... r: 
A calculation of the amount of second harmonic 

present when sinusoidally modulated, for purposes of 

comparison with the systems already considered, yields, 

on the basis of the assumptions on page §f and the 
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and in the present case is 

DI If.. .-.4. ~ ,~ <:d "i- coS >;., <OS~~ 
•co ~r•1· '"1--'ht. (os,-,.,. C#Jr"i' "" 0 

No comparison with small signal amplitude, phase and 

fre~uency modulation is made as the criterion for com

parison is difficult by virtue of the entrance of modu

lating frequency, carrier and subcarrier phase shifts 

( c:<1 f~ Y ) into the expression J. 7-ltJl one term of which 

is not contained in 3.5-8. Hence the frequencies to be 

chosen for the W0 ,W1 in frequency modulation of fre

quency modulation for comparison with the 11>0 of fre~uency, 

phase or amplitude modulation is in doubt. 

For K slightly larger than in the above con

siderations, the first two terms in the Taylor's Expansion 

must be considered, recombined according to the vector rule 

of section J.l, and expanded as above, a calculation which 

will not be made here. 

3.8 100% Modulated Pulses 

When amplitude modulated pulses are 100% modulated, 

differing from the type of small percentage modulation 

considered previously, the calculation is not difficult. 



These pul.ses -are exemplified by their use i11. radar. If 

no noverLapa in the reception ia observed, the reception 

evidently is a series of' pulses at the times t._ whose 

ampli tude2 ,are 

since, at the time;, only the energy due to the ifth wave 

is arriving and no interference is observed with the other 

waves. 
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Iv. Experimental Interpretations 

4.1 The Inverse Problem 

As noted in previous sections the calculation of 

the &xpected wave form at a particular point in space de

pends upon a knowledge of the transmission characteristics 

Ai and t1 for all the arriving waves for a given type of 

intelligence function and for a given type of modulation

detection system. Thus if the quantities Ai, ti were 

known the formulas above would be useful. How can the 

transmission characteristics be measured? 

Certainly the Ai are given by the results of 

section J.8 where 100 percent modulated Amplitude Modulated 

Pul~es were transmitted and detected. But can the process 

give the relative times of arrival t 1 as well? Theoretically, 

yes, but the question of resolution ' in the receiver arises 

as a practical objection. It is noted 

formulas trigonometric functions of the 

taken requiring a knowledge 

high degree in the 4uantity 

expression 

of the f•; 

that in all the 

fo\j are 

to an accuracy of 

appearing in the 

• For where nij is an integer such that 

reasonable accuracy, the f ,3--z.rr,i\,· 

say 5% accuracy or the ~i to 

should be calculated to 

radian. At a 
Tr"" 8 _, 

carrier frequency of tc)
6

;: :2,,, ) ra £,C.c. the imply 
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knowledge of the path difference to an integral number of 

wave-lengths plus an excess known to about 2.5 cm. In 

practical transmission over many kilometers between trans

mitter and receiver it is perhaps too much to expect of the 

radar receiver to detect path differences of this order. 

Further, taking into accmint the finite pulse size, the 

resolution on the radar screen would be impractical, namely 

then•. could be estimated but the 
l.J 

could not whereas 

the i~1 are the important ~uantities in these expreseions. 

However if pulses of small percentage modulation 

are transmitted by any of the three continuous wave methods 

considered to be fundamental in nature then the amplitudes 

of the pulses detected are the h
4 

not the A4 • But the Aq 

are known from the experiment of the preeeding paragraph. 

Hence knowing the A
4 

and the h~ the system of equations 

N 

c/,f = A1 ~ Ai' c:~7 
can be solved for the unknowns dtj • For N = 2 the 

solution becomes 

(i}(fi/)- ~:) 
/- Avhz.. 

For N )2 numerical approximation methods or graphical 

methods are necessary to evaluate the angles • Un-

£ortunately more than one solution may exist for N > 2 only 

one of which may correspond to the actual case under 

consideration. However the system has been reduced to a 
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very small number of possible solutions; the particular 

one corresponding to the actual case under consideration 

being selected by a transmission under a condition where 

the percentage modulation is not small or where the in

telligence is not a pulse. 

With the information of the A1 , t1 the formulas 

of the preceding sections can be used as "predictors" for 

the expected wave shape of the detector output for a given 

type of modulation and intelligence £unction . 

The geometrical interpretation of the inverse 

problem heretofore referred is that if the magnitudes of 

a number of Yectors J1 are given, then the problem is to 

orient the vectors in a plane such that the resultant of 

the vectors~ yields inner products ~1 ~ which are pro

portional to the observed h1 • 

4.2 A Case of Multipath Frequency: Modulation 

As a check on the above concepts, an experimental 

test was made using sinusoidally modulated frequency modu

lation. The transmitter uaed was the commercial transmitter 

of KHJFM located atop Mount Lee in Griffith Park, Los 

Angeles, California operating at a carrier frequency of 

' I 99. 8 megacycles. Wo=- 2-ltx 't C,, i'x ,o $(.<-- • 'the receiver was 

mounted in a mobile truck unit and consisted of various 

interchangeable antennas of several directivity P;&tterns, 
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a Hallicrafters model SX-28 receiver with an extra stage 

of limiting, and various monitoring equipment. The output 

was placed upon an oscilloscope and photographed. Fourier 

analyses of the detected waves were made and the results of 

the various data tabulated by percentage distortion present 

of the various harmonics under the possible conditions of 

operation. 

The receivi!lg unit was operated for the tests 

here reported at the intersection of Glenoaks Blvd. and 

Chevy Chase Dr . in northeastern Glendale, California, an 

airline distance of 5.4 miles from the transmitter. The 

reception was chosen such that line of sight conditions 

were not observed as under line of sight transmission the 

reception would be, as observed, almost free from dis

tortion since the intensities of the reflections are in 

general small compared with the direct wave. Indeed the 

receiver was operated in a region where the observations 

indicated, by their distorted nature, that the received 

signal, of strength above the limiter level, was of a 

nature to be multipath distorted . PhysicaJ.ly the location 

of the receiver was one inside a canyon with a rather 

narrow mouth, the canyon being pointed in a direction away 

from the transmitter (see Appendix 2), and having walls 

ri~ing approximately 250 feet above the elevation of the 

receiver in the vicinity of the receiver . The transmitter 
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was approximately 1050 feet above the elevation of the re-

ceiver. 

By J.5-3 when the higher lfourth and above) 

harmonies are small, the reception should yield a second 

harmonic distortion which increases in direct proportion to 

the maximum deviation frequency k, when the modulating fre-

~uency, Wa, is kept a constant. The third harmonic should 

increase as the square of k under similar limitations. 

Curves of the observations are given in figures 9-11. The 

observed straggling of the second harmonic curves at the 

high deviation frequency end mn a direction away from the 

predicted slope of unity in the logarithmic plot i~ probably 

due to the effect of the appreciable fourth harmonic and the 

fact that the fourth term in the Taylor Expansion, if 

present,introduces , at the same time a second harmonic of 

comparable magnitude. The curves of second, third and fourth 

harmonic distortions should have slopes of l, 2 1 and J for 

constant 0118 in the figures and within the accuracy of the 

measurements (to 0.1% in any percentage calculation) the 

predictions seem to be fulfilled. 

If the deviation frequency is kept a constant but 

the modulation frequency ia increased, the equations 3.5-3 

state there should be a general decrease in the second 

harmonic distortion which is inversely proportional to the 

angular modulation fre~uency, o,4 , but that the relationship 
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is obscured by the appearance of the functions I(t-t1 ) etc. 

Similarly the equations state the third harmonic distortion 

should vary inversely as w5
2 subject to the modificatioa 

of the I{t-t1 ) functions and their integrals appearing in 

the numerators of the expressions in the Taylor expansion. 

From 3.5-10 the two signal case of reception implies that the 

second harmonic distortion ~s 

c _ l (1- coso<.) S-\rt~ • f (1+p1-J 'l.t-' 

b _- Ws (pl.+ ipco~-+•) ~ p~ +4-e 3 c.o$f <os '"~ + l.p~(~jl<.oso<. +-co--. 'p+<a.fi-<) 

which becomes for o( very small 
~ 4p coS~Co.S-z."1/z. +- I 

c;b = : ~1. 11 .,(J P ( 1--\-f -..~) 'l.,_ 

.r '2. (1+-tf>cc,,f+P . 
Hence the second harmonic distortion should increase linearly 

with(l1s and then start to decrease when the o( is no longer 

small, oscillating in the process. The experimental results 

for the condition of reception cited are given in figures 

12-14 with sample photographs of the received waves when the 

modulation is a sinusoid in appendix 4. 

Further results of sinusoidally modulated frei.luency 

modulation transmission under multipath conditions are given 

in figures 15-18 for a second location of receiver. The 

second location of receiver was in the Arroyo Seco, Pasadena, 

California, a broader canyon than the first considered, in a 

region indicated in appendix 2, a distance of 8.9 airline 

miles from the transmitter. 

4.3 The Antenna Problem 

The results of the preceding section were taken for 
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a particular location of receiver, .and ·a par ticu l~r . t w:Pe of 

antenna, whose beam was directed in a particular orientation . 

It is apparent the complexity of the results depend3 upon the 

number of interfering ~dg:ra.al.s . Further in the ea:ses of 

mountainous terrain couaidered, reflecting surfacea may exi~t 

on many sides of the receiving antenna. Thus .a. non-direction

al antenn:a fc,rcul<Jr/ would be highl~ SU$Cept1ble to intert·erence 

plilenomena f'rom multipath sources . In the case of practical 

radio reception where the interrerence i~ desired tab~ as 

low as po:»:sible, the adv.ant ages of reception with a direction

al antenna are apparent . A selective antenna of this type 

reduces the number of interf'ering :dgna.h; and per:iai ts the 

fixing upon one strong signal and perhap3 several weaker 

signal:; by virtue of the finite width of· the antenna receiv

ing beam . The ultimate in distortionles::, reception is 

obtained by a zero width beam or b7 a beam whose width ie 

sut£iciently small to resolve at least oae signal, 

sufficiently strong to be above limiter level, and to make 

the presence of the remaining signals unknown to the r-e

ceiver. The effect of sub~tituting a direetioaal antenAa 

pointed in the direction of maximum aignal strength for 

a circular antenna, directionless in tb.e plane of polari

zation of the incoming r -adi.ation, is seen for the Glendale 

' ~d te in figures 19-20 . The distortion is reduced under all 

parallel condition$ of transmitter operation . 

Upon deciding that for reception relatively more 

free 0£ dh,tortion , dir ectional ,antennas ' ahould be used , two 
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problems ari2e: where in a giTen vicinity should the antenna 

be located and how should the antenna be oriented? From the 

results of the preceding sections it is apparent that the 

reception depends to a very large extent upon trigonometric 

.functions of the , implyi~g that within a change in 

path difference of a half wave length the entire character 

of the distortion will change. At a carrier .fre..quency or 

100 megacycles the wave-length (3 meters) is ~ufficiently 

small to ensure that large v.ariations in the reception will 

be observed even within a small area ot· po.ssible location of 

the directional antenna. Too, as previously mentioned, there 

exists a prefered direction of the beam orientation of the 

directional antenna to bring th:e distortion to a mini11um. 

Experimental data for theae two problems taken at the Glendale 
. 

:3ite are given in table I and in figure 21, for t,he c.a3e 01· 

sinusoidally modulated fre~uency modulation. 

4.4 Si.J!U20idally Modulated F.,re31juenc;r ModuLatio:q 

The two signal theory for sinusoidally moduLitted 

fre:quency modulated waves as developed by Corrington -and 

others can be extended to the case of sinueoidally- modu-

1:ated waves interfering when the multipath propagation is 

over more than two paths . The method is worthy or note here 

although of little practical use. The problem involves~ 

prediction of the harmonic distortion to be ob3erved at the 

receiver of fre,quency modulat-ed waves in terms of the UBual 
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v,ari.ables, the ampli tude.s of the v,arious waves and the 

reLa ti ve times of arri v.al • 

.As in 1.2-2 the input to the receiver i:S, by the 

usual hypotheses, 

f ;t,. <J[I(t-t,}j 
,=, 

which for fre,quenc7 modulated waves by .2.1-4 :and 3.J-2 

becomes 
Z ,4- . e ,· (w,,t+-f2.J-J 

f=-' J 
BY the process of the vector addition indieated in section 

3.1 the input to the receiver is placed in the £orm 

which yields by the hypothesis 0£ fre~uency modulated 

receiver detection 2.1-5 

£/~): dJ2,t- if 
d, ~t 

The first term of the :above expres:Jion is the output wave 

had we let N = l l.t'or then £ =o ) which reduces tae 

problem to single signal reception and yields undi~tort~d 

output. We may therefore interpret the second term of the 

above expression ,a,5 the already noted distortion 1.2-3, 

which is superimposed upon the desired output dS2, 
df: 

A detailed investigation of Dis the zubject of the sub-

Let P,. ~ A,· 
<- A 

I 

• 
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and we shall order the signals b7 letting 

4\ '>- AL.~ Al • • ·-:?A N-1 ~AN •· 

Ir no two signalB have the 3ame 

so 

And continuing the 

or 
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or 

To this point no mention has been made of the 

~peeific nature of the modulation, the intelligence !unction 

being cont.ained in the _fl.., .. ,,,.., • For the apecial problem of 

siausoidal fre~uency modulation with 

_fl Jf) ~ _ f i. -f- a St;, W,r (t-t;.) 

the diatortion function becomes 

where 

witll 

l) = 

!•1 ~ t,Jo {fi-T:.j} 

J':1:: W.s (f ,·-t1) 

Ji; Wsfi 

It is to be noted that if N - 1, flt)= 0 and 

no distortion i5 obtained, while if N - 2, 4.4-8 reduces 
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to the expression of Corrington et. ;al., namely 

The problem of the transmission of intelligence 

between two points in space as free from multipath inter

ference effect~ a~ possible seems to be dependent upon 

1) the choice of a system of mod~lation-d.et~otion, 

2) the choice of• suitable receiving antenn•, and 

J) the location of the ,antenna in .a small region about 

the selected position of the receiver. 

The answer to the seeond problem is perhaps the 

simplest of all; antennas should be chosen with ,a minimum 

be.am width to exclude energy .arriving at the antenna from 

directions which might interfere with the energy arriving 

through the principal lobe of the be.am. Narrow be.am ante:naas 

are possible, yet the idea of the desirability of the re

ception of intelligence from two or more source~ makes~ 

single zero beam l the limiting case) ,antenna, unlesa 

rot;at,able, unde:3ira.ble. Even with narrow be:am antenn.a:s, 

the possibility of multipath interference is not eliminated. 

The location of the antenna in a small region about 
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the position of the receiver is the next problem th.at can be 

attacked. The solution depends upon a knowledge of the N, 

and of the A1 , t1, for each point in the vicinity of the re

ceiver. The method of performing this calculation and 

me,asurement i::; that outlined in section 4.1. A map of the 

A1, ti is now possible for the region about the receiTer. 

Further consideration of antenn.a location problems hinges upon 

the answer to the choice of a system of modulation-detection 

:and the resulting quation:; of the reception. 

It ha~ not been po~sible to consider the problem 

of the selection of a system of modulation-detection in its 

entirety from ,an analytical viewpoint in thi3 paper. Indeed 

experimental methods of determining the distortions to be 

observed for :a giYen A1 , t 1 are indicated for the variou3 

types or modulation in order to determine the superiorit7 

of the v.arious systems. However controlled experiments in 

the field are complicated by the fact that the observer ia 

not able to control the £1, ti at will. Labo~atory 

controlled experiments are therefore indicated, however 

the problem is again complicated by the fact that for 

appreciable measurable distortion to result in the observa

tions the delay between the interfering signals should at 

least be an ,appreciable portion of the w,avelength o:f the 

intelligence. This may re.quire delays o:f the order of ,a 

mile or so, a condition usually att.ainable in the f'ield. 
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Thought however indicates that laboratory investigation o.f 

the multipath tra.nsmis::iion o:f modulated waves involving the 

interference between many waves wouJ.d best be .accomplished 

by .an :acoustic analogy, performing the tr.a.n•m:±--ssion and 

interference using sound waves rather than electromagnetic 

waves. To thi~ end construction has been initiated upon a 

tank (dimensions 8 1x8'xlU J to be filled with water resembling 

.a two dimensional medium for the propagation o:f :souad. The 

medium is excited and the reception accomplished by hydro

phones. The carrier :frequency o:f the sound is to be of the 

order of 100 Kilocycles and the modulators and receivers are 

built to this carrier fre~uency. The modulation processeB 

are scaled down .from the analogous electromagnetic processes 

at higher carrier fre:gueDcies. The A1 , t1 are to be obserYed 

by suitably placed obst,acles and ref le ct ors. 

No difficulty is encountered in using the sonic 

analgy despite the fundament,al di££erences in the prop,agation, 

transmi3sion and reception of sound ,as comp:ared with the 

processes involving electromagnetic waves as the entire 

problem, from the approach of this paper, i3 reduced to a 

scalar problem in the receiver. The spatial configuration 

in the tank is not expected to resemble the spatial configura

tion in the electromagnetic case it is intended to reproduce. 

It is then possible to investigate various system$ of 

modulation :for various A1 , t1, the conditions o.f the 

reception and for various forms :and magnitudes of Ilt), the 

condition of transmission. 
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V. Mul tip.a.th Int,erference of Pul.se Modulated Systey 

5.1 Comparison with continuou~ Wav~ System§ 

The number of va.riable.s involved in the interference 

of the various systems ot· pulse modulation considered in 

section 2.J makes an analytical discussion of gener.alizjd 

{N-signal) interference prohibitive. However the -appropriate 

use of gating system;:; and of limiters in the reception of 

pulse modulated waves makes the conclusion of smaller di.s

tortion2 than those present in the corresponding continuous 

wave cases evident. 

The appropriate use of gating systems may convert 

a problem of multipath distortion into either a distortion

less reception or into a common channel interference problem* 

in the case of multiplex systems. The former condition is 

of course ideal while the latter .fa.11.s outside the r -ange of 

multip;a.th transmi;:ision o.f modulated waves and :so neither 

case f:alls under consideration here. With gata.s of the 

minimum possible width allowed for the reception of the 

given type of pulse modulated system, the possibility or 

interference is reduced and if interference exists it is 

prob.ably of the two sign.al type. 

Further, if interference exists, it mU5t exist 

between two signals whose relatiTe times of arri~al are 

nearly the same or are different by integer multiples of 

*2 or more signals on the :Same carrier fre(quency but with 
different intelligence .functions modulating the carriers. 
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the average repetition rate of the pulses or close to 

these multiples. For pulse repetition rates of the order 

of l/20,000 sec., the probability that inter.ference exist, 

if at all, lies with the i'irst possibility rather than with 

any other as path differences of l/20,000 second or 9 miles 

or of multiple.s of 9 miles <B-ppro.ache.s the upper limit of 

possible interference in the practical. case. But if two 

:;ignals interfering arrive at almost the same times the 

distortion, by 1.2-5, will be small. Thus, in general, 

pulse modulated systems of transmission have smaller di$

tortion possibilities than continuou.s wave :Systems .a .5 the 

conditions for distortion .are removed by the gating systems. 

The further use of upper .and lower level limiters 

on all systems lexcept PAM) reduces the possible effect of 

interfering signals whose signal strength is too low com

pared with the strength of the strongest signal. Hence the 

pulse systems constitute a further improvement over the 

continuous wave systems lsee figure 22). The appropriate 

choice of upper and lower limiter level:s is an important 

factor in reducing distortion. 

If distortion still arises after appropriate 

limiting and gating, then it must ari~e by means of an 

overlap of pulses between two interfering signals of 

approximately the same strength .a1 , A2 arriving :at almost 

the same times. This situation can be removed by mean:s of 
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a directional antenna. If not so removable the distortion 

introduced mll5t be investigated according to the individual 

systems of modulation. 

5.2 ~ualitati,.X~ .Analysis 

a) Pulse Amplitude Modul.a.tion (PAM) 

The u.ae o:f a gate a§lUal to the width or the pulse, 

or le3s, is indicated. No limiters are pos~ible at the upper 

level but are possible at the lower level i£ the percen~age 

modulation iz kept small. In the two signal interference 

problem with overlap (figure 22), distorted pul5es for the 

input to the receiver, and the train of distorted pul~es is 

detected by the .filter. Fir3t order ef.fect.s .are of course 

expected to be negligible. 

It is evide~t that, at laast theoretically, the 

gate in the case of PAM could be made much smaller than the 

width of the pulse and still reproduce with gre.at :accuracy the 

desired intelligence. In this case the distortion introduced 

by the multipath tr.ansmission is also reduced to a va.ni3hingly 

small ,:quantity a.s the width of the g-ate is reduced to zero. 

b) Pulse Po~ition and Pulse Length Modulation (PPM and PLM) 

Each of the systems, pulse po3ition and pulse 

length modulation, when properly limited and gated -are more 

free .from multipath distortion than PAM as the detection 

process is dependent only upon the time 0£ initiation or of 

cession of .a pulse se.yuence. The time of, arri'flil of either .a 



leading or a trailing edge of a pulse is the prime consider

ation. If multipath transmission exists, then all pulses 

may be initi;ated a fraction of a second earlier than in a 

one-signal case but they are all initiated at the same 

relative times. 

Of course, if a number of weak signal.:3, all of 

approximately the same strength form the input to the re

ceiver, as l.imiting case, •and energy is .always coming into 

the receiver at all times, the PPM and PLM cases appear to 

breakdown in their operation and will yield highly distorted 

output wave;5. 

c) Pul~e Fre~uency Modulation (PFM) 

PFM suitably gated and limited is more susceptible 

to interference than PPM because of the necess-a.rily wide gate 

re~uired compared with the width of the pulses. Limiting at 

both levels is possible. The repetition rate of the pul5ea is 

still fundamentally the .same and to the first order no dis

tortion will result in the detection of intelligence ay the 

transmission o-r waves by thi3 syatem of modulation. In the 

two signal-small overlap case of interference, the di:scrimin

ators must act on the distorted pulses and it is expected 

that small distortions may ariae .from thi.s case. Again if' 

there .are many signal:s .arriving, .all of apparently the same 

signal strength, high <ii:.sto~tions may result as the entire 

gate width is fille'U with ,energy. 
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d) Pul5e Gode Modulation (PcM) 

Pul'3e code modul-ation is known to be, ;at present, 

the ide.al type o:f tr.ansmission-detection at hand ,as far as 

noise figures are concerned. It will be seen th.at similar 

conclusions can be drawn for the problem of Multipath inter

ference. With the usual suitable limiting and gating the 

reception depends only upon the presence or Absence of the 

pulses. If in the desired signal the pulse is present, 

it will also be present in the interfering signal. If the 

pulse is absent in the desired signal, it will :also be ab

sent in the in_terfering signal. Thl.Ul presence or absence 

in the two signal-small over-lap c.ase is not dependent upon 

the interference at all and the reception is undistorted. 

The problem is further idealized by allowing, a:s in PAM the 

existence of gate~, in the limit, of width much l ,ess thaa 

the width of the pulse. 

Two problem~, not here con~idered yield possi

bilitiea of distorted reception of multipath transmi~Bion 

of pulse modulated systems of w:aves. They are 

1) pul:se overlap by time delays of the order of the 

rate of repetition of the pulses and 

2) complete overlap between two signals of equal 

carrier strength with carrier ph,a.se differencea of an odd 

multiple of 7' , resulting in complete annihilation of 

the received waves lcorresponding to the condition 

in continuous wave interference problems). 
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5 • .3 The Sy:n_c_hronizing Problem 

A further difficulty encountered in the detection 

of multipath transmitted pulse modulated waves i3 the problem 

of synchronization. In PAM, PI.M, PFM, PPM the leading edges 

(or trailing e~ges) of the pulses act as ntriggersn in the 

receiver, initiating processes such as the gating procesa in 

the detection. In PCM a separately transmitted sunchronizing 

pulse defines the code groups and initiate3 and times the 

internally generated processes in the receiver. In the case 

of multipath transmission of pulse modulated systems ssveral 

synchronizing sign.a.ls :arrive at the receiver in the .space of 

time one such signal would arrive had the transmis3ion been 

of the ideal single-signal type. 

In the caseG where N, the number of interrering 

waves is sm:all, it is possible to conceive of .a means of 

avoiding the difficulty of the effect of multiple synchron

izing signals. Let the receiver flfixa on some one of the 

synchronizing signals .and then permit .a mechanism to exist 

in the receiver which preventa further reception of synchron

izing pulse~ until a short time before the anticipated 

reception of another synchronizing pulae on the single 

signal basis. Thus if 'l' i~ the period of repetition of 

synchronizing pulses, let the 11 de.ad timen or time of 

insensibility of the receiver to synchronizing pulses be 

r-r where is a small fraction of 'l:" • Thia 

will in general permit, if N is small and .overlap occurs, 
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the fixing on the first of the group of arriving signals of 

synchronization, permitting the operation of the gate. 

However the problem is extremely complic~ted if N 

is so large, and the time deLays suff'icient, so that there 

are no times when energy is not coming into the receiver. 

Since the synchronizing pulses are multipath transmitted :as 

well as the modulated waves, it is difficult to find the 

criterion for synchronization in the receiver. One possible 

criterion, although susceptible to noise effects, applicable 

for PPM, PFM, PCM and PLM is the initiation of all the pro

cesses at the time-s of arrival of m:aximum energy at the 

receiver since .all the maxima should have e:g_ual energy levels. 

It is evident th~t this criterion will not be ada~uate for 

P.AM where the tr.ansmi:usion depends upon the relative ampli

tudes of the maxima. PLM is complicated under this criterion 

by the fact th.at the gating width must be at least ,as long 

as the longest pulse to be received. If energ7 arrives at 

the receiver at all times, the PLM pulses which were to have 

been discrete, yet varying lengths, a.re now .calmo.st identical 

yielding highly di2torted output. 

Difficulty is also encountered in PCM since shorter 

del.ay times are sufficient to cause distortion because of the 

increased rate of transmission of pul;ses over the P.AM s :ampling 

rate, even though the synchronizing pul~es are transmitted at 

the same r.a te .as PAM sampling. Shorter time delays .are more 

prob,able in .any practical phy,aical configuration of trans

mitter, receiver ;and interYening space :and boundaries. 
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One ~olution of the problem, admittedly inade,yuate, 

is to reduce the sampling rates at the transmitter sufficient

ly so that the time between pul5es is always greater than the 

longest time deLay present permitting the isolation of the 

effect of each pulse transmitted from all preceding or sub

s&.quent pulses transmitted. The distor·tions, although still 

present in some pulse systems (not in PCM} are reduced if 

arising because of multipath transmission, but are increased 

due to the loss of fidelity from lower sampling rates at the 

transmitter. 
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VI. Reception .2!. Diffracted Modulated Waves 

o.l Di£fraction Integrals 

The preceding arguments may be considered to be 

calcul-ation.s of the interference phenomena to be detected 

when a receiver observes radiation coming apparently from• 

number of distinct virtual sources, corresponding to the 

analogous interference problems in physical optics . However, 

when the incoming radiation appears to originate from a diffuse 

source, :as in problems of di:f'fr.action in physical optics, the 

expreasions must be modified to take this consideration into 

account. 

In the preceding interference .arguments, 1 t will be 

noted, no consideration w:as made of the spati:al conditions 

giving rise to the v:ario·us incoming signals. The relative 

amplitudes and ph:ase:s were assumed as phenomena of the 

reception and the calculations proceeded from these as bases . 

In order to :avoid the entr:ance of the spatial configuration 

of slits, gratings, obstacles, etc . , into the present problem, 

the arrival at the receiver of a given :Spatial di:Jtribution 

of intensities and phases is hypothe3ized independently of 

the conditions leading to the:ie intensities and phases. 

Designate .spherical polar coordinate2 ( .,-, B" <fJ ) 

(figure 23) about the -antenma.. Then let A( & ,, <f) ) be the 
I 

m-agnitude o:f the induced (sc.al-ar) e.m • .r. per unit solid angle 

in the receiver due to energy arriving at the antenna from 

that portion of space designated by the coordinates ( $.,, cf ) 
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encompassing a 5olid •ngle .:J!/l'J 8 J<9d<f • A is a relative 

~uantity calculated proportional to the induced e.m.f. when 

the transmitter is unmodulated, sending merely a carrier. 

Let t' I 8 ~ cf>} be the relative time o:f arr iv.al f'rom the tr,an.s

mi tter o:f the radiation arriving at :angles l &.,, t:f> ) • The 

problem of interference of N continuous wave signals is now 

extended to the present problem by letting N increase and the 

relative .amplitudes, A, ;appearing in sec. 1.2 decrease until 

the limit of the present problem is .att,ainad. It is evident 

that for amplitude modulation, from 3.2-3 the receiver output 

is .r.11.11,.,,. 4,/IJ ( fl-.,f .}si, "· ,,. ,, L"" ..,. [t ., 0,A,} -t' ,,,,, ~ .J}lll, d Ii, ,kj,, .J <; L 

f TTI'llf"f~tt,,tf,)tA( s...~.,j Sil\&.si" 0l C~o [ t'(c9,,cf,)-i_ '(<9.,,~Jj o(&,cll9'7-~\f ,:£9~ 
• • • J. ' 

For phase modulation, from 3.2-8 
.f"/t/-:: -/4n -1 .£ 11./J,(&,, ct) $I;, Jl.(cJ.,,c/))-s/,-,~G(<!JJcf 

where 

111.rrA (&,,;()/ cc.~.fl{tA<f1.nn6l..t~ti9f) 

_, J-rfl 2.4 (<9
1
/} s,;., fl. (<9✓ cf)/ s,,.. cJc(<9d fl 

,:l~t ~ _::"..:J,,..:.d--=-------------;;:;-:-

11LA(S, cfJ) <os..fl(B,qJ) s,~~d&</ 

_fl ( S.,()) :: w. t/(~ tf))- RI ft- t {~ cf/ 
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The3e formuLas take the place of the functions written in 

sections 3.3, 3.4 for discrete multipath transmitted signals. 

6.2 Small-,;eercent Modulation 

It i3 evident th-at in the case of sm:all percent 

modulation being transmitted, the approximations of sections 

J.J, .3.4 hold and the reception E(t), for any of the J systems 

is 

Where pis an operator present to include the effect~ of any 

low pass filtering in the receiver. When I(t) i~ ~ sine 

wave it is evident E(t) is still .a sine wave :after the complex 

multipath di.ffr.action. For more complex intelligence functions 

this integral muat be ev.aluated for the given I ( t), .A( ~ f ) , 
t(tP/f ). 
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6 .J Scalar Diffr.action through ~ ~ 

As an illustrative example of the problem of 

diffraction consider the problem of Fraunhofer diffraction 

of modulated plane waves through a slit of width a, when the 

receiver and transmitter are located far from the slit, the 

walls of the slit are opa,91.ue, the dimensions of the slit are 

large compared to the carrier wavelength s0 that there is no 

interaction of the radiation with the walls of the slit and 

a directional receiving antenna i5 used. If the direction 

of propagation of the incident radiation makes an angle o( 

with the norm.al to the slit :and the receiver is located at 

an ,angle {?J with the norm.al to the slit, then 6.2 beco.m•ea 

Integrating over k.,, 

For V ~ 0 there is no distortion since 

For I l t) a sinusoid, El t) is also a sinusoid of the same 
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:fre:guency lno .apparent distortion), but for I (t) other th.an 

sinu,aoidal, V =f:: 0 , distortions .are pre3ent given by 6.3-2 

Further, nulls in the reception exi~t where 

lP = any integer) corre~ponding to the usual null3 in the 

reception of dif.fr.acted unmodulated waves through .a slit 

in physical optics. Reception of a square wave modulated 

case of small percentage modulation of a continuous wave by 

diffraction through a slit i~ given graphically in figure 24. 
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IAppendix I. The Envelope of~ Single Sideband Wave, S.quare 

Wave Modulated 

.A s;quare w,ave o:f ampli tude.l"l, period 

Fourier an:a.ly sis 

, ha.s ,a 

Thus by 2.1-9, the transmitted wave o:f a single-sideband 

transmitter is 

zn+J ..x-2. 

with the carrier 2uppre5sed, and where Wo is the carrier 

angular fre:guency. Rewriting I-2 by the method of section 3.1, 

by I-1. It i~ seen that 

has a discontinuity at wf=;,,,1'1' , m an integer, but the diver-
I 

gence is of the order of 5 ,;, wi:: permitting ,a numerical solution 

to the summation of the series I-4. By the identity 

.sii, (9 cc,o ( v,jj)t9,. .s1~ (Zn ·nJt,.- :,1;, 2 11 <9 
~ 
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zn t-t 

Thi:s last summation converges sufi'iciently rapidly to be 

summed, and the result substituted into I-3. The re~rnlt or 

the calcul.ation i.s the envelope in figure 1. 
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.Appendix III. lli Reception o:f ~ fkguare Wave Modulated 

Continuous ~ Signal Through l! §..lU. 

It is evident that for a slit of width a, the 

re.sult of the calcul-ation 6 •. 3-2 for I(t) the unit step (or 

impulse) :function .T(t)=o)· 

-=- ' 

t<.o 

t>o 

iB the second curve of figure 24. The result o;f the operation 

of the low pass filter upon this wave i.s the third curve of 

figure 24. 

The calculation of the effect of the filter can be 

made in several ways. .Assuming I(t) a s ,quare wave of ampli

tude 1 , period~ 
oO S'I.., (2.n+•) ("" t) 

I(t):; ~ .z.~-t, 

where upon performing the integration indicated in 6 •. 3-2 

+Ht)~ z. c.'l.c, k S\t1Q,Wol/ f Slt1~r'IH)wtrs,~[wo-~W'\+1}1,,1] ~ si".., [ Wa+'-i'l-t-')w]::} 
l.uo y2. ~<: l'\"O l..vt+I '-'-'o-(_~;.1J W + <.uo+(l.l"\-\,l)'-"' 

The action of the filter i3 to eliminate the high fre§uency 

terms. Thu:s with w .. ~ w , the terms in the summation of large 

amplitude for n~ ~.:i are filtered out by the receiver and 

£/.1..1,., 2C
1

(i k, • QIU V 04 StnfZ#-ti/wr , J. iJ loV • [< -:-) o.V} 
,., ... -..,-1. .Sn --0 E---- ~n,w_-(zn+iJw :z.c -t St"' w,4,,1-1}t,1J ic. w. V Z c- #7:! 0 Zn 'fl 

I r p,4 Srrt 2r\i-1)(111f. ... WI ~ .n-i /v.+-1}(1,1C+ ~11 
: - Sl1-t -2.,, .__ 2."",+I "~ 2.t'l-j./ 

2 c'¼:, ~ . ~aw. v( 1:_ t- < 
wo,._ V\. ... ,,-o ... 

Hence the result of the detection of the wave transmitted 
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through the slit is a superposition of two siquare waves of 

e,qual .amplitude differing in 

a is the width of the slit. 

pha$e by the ,amount wo.v where 
c::. 

a.w0V 
For zc. :O the reception is zero . 



Appendix IV. 

Samples of Oscillographic Data Used. 



70 Kc. Deviation 
Prequency 

40 Kc. Deviation 
Fre i_uency 

Directional Antenna 

50 Kc. Deviation 
Frequency 

30 Kc. Deviation 
Fre quency 

5000 c.p.s. Modulating Fre quency 

Plate I: Glendale Site. frequency Modulation Reception. 



75 Kc. Deviation 
Frequency 

40 Kc. Deviation 
Frequency 

Directional Antenna 

50 Kc. Deviation 
Frequency 

30 Kc. Deviation 
Frequency 

6000 c.p.s. Modulating Frequency 
Plate II: Glendale Site. Fre quency Modulation Detection. 



75 Kc. Deviation 
Frequency 

40 Kc. Deviation 
Fre quency 

Directional Antenna 

50 Kc. Deviation 
Fre quency 

30 Kc . Deviation 
Frequency 

7500 c.p. s . Modulating Frequency 
Plate III. Glendale Site. Frequency Modulation Recep tion. 



Directional Antenna 

-30° 00 
(Below Limiter Level) ( Broadside t c Transmitter) 

Plate IV: Distortion as a function of Polar Angle of Antenna 
Glendale Si te . Fre .luency Modulation Recep tion. 
5000 c.p.s. modulating fre quency. 75 Kc. Deviation 
Frequency. 



75 Kc. Deviation 
Frequency 

50 Kc. Deviation 
Prequency 

30 Kc. Deviation 
B,requency 

Plate V. Effect of Circular Antenna. 

Circular Antenna 

70Kc. Deviation 
Frequency 

40 Kc. Deviation 
Frequency 

20 Kc. Deviation 
Frequency 

Glendale Site. Fre auency Modul ation Reception. 
5000 cp.s. Modulating J?re:J uency 



26.5 meters 
200° 

75 Kc. Deviation Fre :1uency 

Directional Antenna 

17. 5 Ivi6ters 
-60 • 

75 Kc. Deviation Freq. 

50°, 22. 0 Me ters 
70 Kc. Deviation Fre q. 75 Kc. Deviation Freq. 

Plate VI~ Effect of Displacement of Antenna. 
Glendale Site. Frequency 1Yiodu1ation Recep tion. 
5000 c.p.s. Modulatinr Fre quency. 
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MULTIPATH RECEPTION OF PAM 
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