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ABSTRACT

In this thesis, we study the prospects for gravitational wave astronomy in the fu-
ture. We focus on a couple of areas for gravitation waves beyond LIGO: improving
measurement techniques of cosmological parameters, developing new waveforms
for environmental effects, probing fundamental physics in waveforms, and high fre-
quency gravitational wave detectors.

In the first part of this thesis, we develop two methods to constrain cosmological
parameters using gravitational-wave observations. The first approach employs the
statistical dark siren method, where the observed distribution of binary black hole
events—whose luminosity distances are directly measured—is matched against as-
trophysical population models. By analyzing the Fisher information in the event dis-
tribution, we derive the Cramér-Rao bounds to quantify both statistical uncertainties
and potential biases arising from unmodeled features in the merger rate and mass
distribution. The second approach leverages the benefits of multiband observations
with decihertz detectors, which dramatically improve host galaxy identification by
refining source localization. This enhanced capability benefits reduces systematic
errors in the measurement of the Hubble constant and other cosmological parame-
ters. Together, these methods pave new pathways for precision cosmography using
gravitational waves.

In the second part of the thesis, we investigate gravitational-wave signatures aris-
ing from binary black holes merging in the vicinity of supermassive black holes
(SMBHs). One study focuses on hierarchical triple systemswhere the orbital motion
around an SMBH imprints striking modulations on the gravitational waveforms. In
our work, gravitational lensing is highlighted as a pivotal effect—alongside Doppler
shifts and de Sitter precession—that is crucial for breaking parameter degeneracies.
A complementary analysis considers eccentric orbits, incorporating orbital pericen-
ter precession alongside Doppler and precession effects to further refine parameter
estimation. Together, these investigations demonstrate that dynamic lensing and
orbital modulations can be leveraged to probe SMBH properties and their environ-
ments with unprecedented precision, underscoring the importance of incorporating
these environmental effects into waveform models.

In the third work, we explore inspiral tests of general relativity by examining the
phase evolution of gravitational-wave signals from coalescing binary systems. First,
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we test Giddings’ non-violent non-locality proposal, which posits that quantum in-
formation is transferred via a non-local interaction that generates metric perturba-
tions around black holes by creating an effective-one-body waveform. We show that
this can be captured by parameterized tests of general relativity waveforms. In the
second half, we assess the robustness of post-Newtonian coefficients against unmod-
eled deviations by introducing parameterized tests that exploit the inherent geometry
of the waveform. We show that the tests of general relativity are intimately related
to the geometry of the signal manifold and propose a new singular value decompo-
sition method to search for deviations for testing the predictions of general relativity
and probing potential modifications to gravitational dynamics.

In the fourth part of this thesis, we explore optimizing the GEO600 detector for
high-frequency gravitational wave detection. Although GEO600 is less sensitive
than LIGO in the conventional 50–400 Hz band, we demonstrate that by detuning
the signal-recycling mirror its sensitivity can be enhanced at tens of kHz. Using
simulations with Finesse 3.0, we show that the sensitive point can be effectively
scanned across various frequencies by adjusting the detuning angle. This tuning en-
ables GEO600 to better target monochromatic sources, such as boson clouds arising
from superradiance, thereby opening a promising new window for high-frequency
gravitational wave astronomy.
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of solar system measurements (Lunar laser ranging, LAGEOS, Mer-
cury perihelion precession). The S2 gravity measurements is the
tracking of S2 star’s orbit about the SgA* [50]. The pulsar mea-
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light blue regions are the potentials for gravitational wave detections
which show it is probing both high potential and highly curved region
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1.3 Image taken from [91]. This demonstrates how a ppE dephasing can
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convert it to a function of I based on assumed cosmological parame-
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an expected distribution as a function of I from, e.g., galaxy cata-
logs. By comparing the two histograms, we can then constrain the
value of cosmological parameters. Bottom: the distribution is also
affected by astrophysical models (e.g., the location of a peak in the
BBH’s mass distribution `6; see Sec. 2.3) which could mimic the ef-
fect of changing cosmological model. This indicates the significance
of jointly analyzing astrophysical and cosmological parameters. . . . 34
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2.3 Uncertainties on cosmological parameters (ℎ,Ω<) from the redshift
histogram (cf. Fig. 2.1) assuming we know exactly the astrophysi-
cal model. Throughout this work, we will use red crosses to denote
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credible intervals. We predict an uncertainty on ℎ of ±0.11, which
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Collaboration et al. [1] obtained under the same assumptions. . . . . 42

2.4 Correlation between astrophysical and cosmological parameters by
inverting a 3 × 3 Fisher matrix including (ℎ, `6, ') (top panel) or
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creases, ℎ will increase to a greater value. It captures the key features
shown in Fig. 10 in [41]. If one further incorporates the information
from the mass distribution (orange ellipses; cf. Fig. 2.2), the com-
bined uncertainties can be reduced to the gray ellipses. . . . . . . . 43

2.5 Error ellipses for a sample of 40 BBH events similar to the GWTC3
catalog. The gray ellipses are obtained by summing the Fisher infor-
mation from the marginalized redshift and primary mass distribution
together, and the olive ones are from the 3D A (<1, <2, I) distribution. 44
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2.6 Bias on ℎ due to an error in the astrophysical rateΔA given by Eqs. (2.25)-
(2.27). An error in <1 but constant in redshift can then be obtained
by summing over all the pixels along a specific `<,eAA (i.e., a vertical
line) with appropriate normalization. Likewise, other generic ΔA can
be obtained by summing over the corresponding pixels. Also shown
in the dotted-brown line is an approximation of the detection thresh-
old with [M2 (1 + I)]5/6 /I ' c>=BC0=C. . . . . . . . . . . . . . . . 49

2.7 Error ellipses from the 3D A (<1, <2, I) distribution assuming 500
BBH events using the model in [46]. Our results show good agree-
ment with those obtained in Fishbach, Holz, and Farr [46] and Farr
et al. [39]. It thus validates our approach when =o1B is large. . . . . . 52

3.1 Comparison of detectors with a sample waveform. We plot the in-
strumental sensitivities for TianGO (orange), LIGO Voyager (blue),
LISA (purple), aLIGO design sensitivity (red), Cosmic Explorer 2
(brown), Einstein TelescopeD (pink), TianQin (gray), andB-DECIGO
(yellow). We also show a sample TianGO waveform for a typical
BBH merger (black) at I = 0.3, M2 = 25"�, @ = 1.05, and )obs =

5 yr assuming observed by a TianGO-like detector. On the top axis,
we give the time until merger. . . . . . . . . . . . . . . . . . . . . . 65

3.2 Measurement accuracy for luminosity distance, angular resolution
and comoving volume localization versus redshift. We plot these
measurement uncertainties for TianGO + HLI Voyager (red), HLI
Voyager (blue), and TianGO (orange). Because we randomize over
the angular extrinsic parameters (q̄(, \̄(, q̄! , \̄!), we plot both the
median measurement with the line and the shaded region where 80%
of binaries lie. We useM = 25"�, @ = 1.05, C0 = 5◦ and)obs = 5 yr.
We use a galaxy number density per comoving volume of =gal =

0.01 gal/Mpc3 to convert comoving volume localization to estimate
our ability to identify the GW source. . . . . . . . . . . . . . . . . . 71
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3.3 On the top, we plot the probability of an event being localized as a
function of redshift for HLI Voyager (green) and TianGO + HLI Voy-
ager (blue). We see that adding TianGO to the HLI Voyager network
would nearly double the range at which we can localize a dark siren
event. On the bottom, we plot the expected number of localizations in
the comoving volume sphere. We use the merger rate equal to the star
formation rate (red dashed) from Eq. (3.19). We find that the num-
ber of yearly localizations will increase by a factor of 10 by adding
TianGO. This figure assumes the same binary parameters as Fig. 3.2,
but also uniformly samples the observation time )obs ∈ [0, 5] yr. . . 73

3.4 The confidence intervals for Hubble constant �0 and matter den-
sity parameter Ω< from HLI Voyager (blue), TianGO + HLI Voy-
ager (red), Planck 2018 (yellow) [1], 2 CE 2’s + ET-D (cyan), and
B-DECIGO + 2 CE 2’s + ET-D (pink). GW constraints come from
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constant and the matter density parameter. Moreover, the 3G ground
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assuming it is in a heliocentric orbit. We include the forecasted cos-
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3.5 Constraints on the expansion rate as a function of redshift for various
forecasted and currentmeasurements at the 68%CL.We plot the fore-
casted constraints on HLI Voyager (blue) and TianGO +HLI Voyager
(red). We also plot current expansion rate constraints from Planck
2018 (yellow) [1] and from GW170817 (pink) [48]. We produce this
plot assuming the Planck parameters as the true values when comput-
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3.6 We plot the negative log likelihood of the posterior distribution on
the Hubble constant ?(ℎ | {3GW}) in the 2D simulation. Each curve
with = labeled is the median number of extra galaxies in the local-
ization region while the Fisher matrix constraint approximation from
Eq. (3.21) is also plotted (dashed red). Each curve in the plot corre-
sponds to picking a different angular resolution for the events. This
shows that measurement of sources with poor angular resolution will
result in weaker Hubble constant constraints due to the increased
number of galaxies in the localization region. We also see that with
a higher number of events, the likelihood distribution for ℎ tightens.
Finally, we see that the Bayesian approach reduces to the Fisher in-
formation estimate when there is a uniquely identified galaxy. This is
still a conservative estimation on how well we can measure the cos-
mology as the information from = > 0 systems is discarded. . . . . . 82

4.1 Cartoon illustrating the lensing geometry. The top part corresponds
to the standard lensing scenario (i.e., the strong lensing) where the
source is behind the lens and the deflection angle U � c (and here
we specifically draw the instance when I> = q> = 0). The bottom
illustrates the geometry of retro-lensing (also known as the glory).
Note in the repeated lensing scenario, we have �$! ' �$( ' � ∼
1G?2 and �!( ® 100A* � �$! , �$(. . . . . . . . . . . . . . . . 102

4.2 Top panel: magnification |` | as a function of the inclination angle
]� of the outer orbit. Bottom panel: upper and lower envelopes of
the amplification factor. Here we assume "3 = 108 "� and 0> =

100A*. The outer orbital phase is either q> = 0 (for standard lens-
ing) or q> = c (for retro-lensing). For such "3 = 108 "�, 2c 5 "3 =

100 correspond to a GW frequency of 5 ' 0.03HI. . . . . . . . . . 105
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4.3 Sample waveforms including the lensing effects. Also shown in the
grey traces are the proposed instrumental sensitivity of LISA [65]
and TianGO [13]. Here we assume "3 = 108 "�, 0> = 100A* '
101"3, and ]� = 87◦. The outer orbit has a period of %> = 0.10 yA
and the inner orbit precesses with a period %d( = 6.8 yA. Each time
q> [C ( 5 )] ' 0 (source behind the lens), the standard lensing happens
and is characterized by a sharp a cyan peak in the waveform. When
q> [C ( 5 )] ' c (source in front of the lens), we then have retro-lensing
(glory), which is calculated including wave interference and polar-
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(
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)
( 5 /0.01HI) � 1 and therefore the
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7.1 Illustration of degeneracywhen testing GR.We show the injected sig-
nal (blue) which depends on the true GR parameters )t and the be-
yond GR parameters ,t. The model signal at the true GR parameters
)t (red) is shown and the best fit signal is at the maximum likelihood
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biases to the GR waveform, thus residual signal to measure beyond
GR deviations is given by the perpendicular signal Δℎ⊥. Note that
this is a high dimensional manifold where (31, 32, 33) are the values
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generic bGR deviations. The GR manifold (black) is a line that is
at the intersection between the true bGR manifold (red) and the ppE
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the GR parameters to be biased ℎML

GR = ℎGR(\t + Δ\bias). One can
see that the best fit ppE parameter is located at the blue mark and has
residual SNR d

ppE
⊥ = Od⊥ as given in Eq. (7.28). Finally, the brown

line is the missed signal from our TGR model. With this picture in
mind, we can explore how well tests of GR capture generic deviations. 213

7.3 Residual amplitude for PN injected deviations fromGR for aGW150914
like detection. On the left is the GR waveform (black) and O3 Liv-
ingston ASD (cyan). We show the waveform residuals that would
be caused by injection what we show in Fig. 7.4 from parameterized
tests. On the right, we show what the residual deviation is after the
stealth biases in the GR parameters are accounted for. While the orig-
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have much less signal ‖Δℎ⊥‖ ∼ 0.5. . . . . . . . . . . . . . . . . . . 215
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7.4 Visualization of how the frequency domain representations of the pa-
rameterized tests. On the left, we show the dephasing for aGW150914
like detection and scale the parameter normalizations such that ‖Δℎ‖ =
5. On the right, we show the residual (perpendicular) phase deviation
in the injection after the GR deviations are marginalized over. One
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ticeably smaller, and the function has multiple roots that correspond
to what the residual deviation looks like after removing the GR un-
certainties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

7.5 The overlap between deviations injected (y-axis) and the recovery
model (x-axis). We use GW150914 event parameters with three de-
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tectors at O3 Livingston sensitivity, all extrinsic parametersmeasured
and intrinsic parameters (M2, @). This can be directly compared to
Fig. 7.5 which measures the parameters (jeff , jp) additionally. One
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7.7 We show the visualization of the SVD operation. For our choice of
the SVD, we use �8: = Δℎ⊥

:
( 58)F( 58) as given in Eq. (7.49). The

matrix[ is a square matrix that represents linear redefinitions of Xi:

while the matrix \ is linear combinations of Δℎ⊥
:
( 58)F( 58) which
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7.8 Demonstration of the SVD on different PN waveform deviations. In
transparent solid, different ΔΨ⊥

:
are shown and the dashed lines are

the SVD modes for GW150914 like event. Note that we normalize
each ΔΨ⊥

:
so that ‖Δℎ⊥

:
‖ = 1 so each signal is equally weighted

in the SVD. One can see that the dashed black line is the dominant
SVD term that best fits each waveform. Additionally the red and blue
curves represent subdominant SVD dephasing that are orthogonal to
each other. One can see that each of these PN waveform deviations is
captured by only a few SVDmodes, which explains how degeneracies
would form when using the original parameter space. . . . . . . . . 222
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C h a p t e r 1

INTRODUCTION

The detection of gravitational waves (GWs) from compact binary coalescences [1,
2, 3, 4, 5] provides us a new window from which to observe the universe. Since
the first event, GW150914, in 2015 [1], detections have grown rapidly as detec-
tor sensitivities have improved and additional instruments have come online. The
network currently consists of two Laser Interferometer Gravitational-Wave Obser-
vatory (LIGO) detectors in the United States [6], Virgo in Italy [7], and the Kamioka
Gravitational Wave Detector (KAGRA) interferometer in Japan [8]. Third‐genera-
tion ground‐based facilities—Cosmic Explorer [9, 10] and the Einstein Telescope
[11, 12, 13]—are in the planning stages. In space, future observatories span mul-
tiple frequency bands. LISA (launch 2035) [14, 15], TianQin [16], and Taiji [17,
18] are proposed millihertz space based detectors which focus on the ∼ 10−3 − 10−1

Hz bands. Additionally, decihertz concepts are B‑DECIGO [19, 20] and TianGO
[21, 22] which have optimized sensitivity in the 0.01 − 1 Hz band. On the low‑fre-
quency end, pulsar timing arrays have delivered the first evidence of a stochastic GW
background in the nanohertz regime [23, 24, 25] and are poised to resolve individ-
ual supermassive‐black‐hole binaries in upcoming data releases [26]. At the oppo-
site extreme, dedicated high‑frequency experiments aim to probe GWs in the kilo-
hertz–gigahertz bands—well above LIGO’s range—using resonant bars, microwave
cavities, and novel interferometric techniques [27, 28].

Beyond mere detection, GW observations enable rich secondary science via both in-
dividual–event follow‑ups and statistical population studies. The LVK collaboration
reports merger rates and distributions of sourcemasses, spins and redshifts/distances
[29, 30], which constrain compact‐binary formation channels—isolated versus dy-
namical—and ongoing analyses seek multiple BBH subpopulations as the catalog
grows. Because the cosmic star‐formation rate peaked at I ∼ 2 [31], it is expected
that the merger rate density should evolve with the redshift. Indeed, results from
GWTC-3 have found evidence of higher merger rates in the past [30]. The poten-
tial of next generation detectors is shown in Fig. 1.1 which shows the observational
horizon of future GW detectors [10]. One can see that third generation detectors
will be able to detect most BBH in the universe while the rate at which we resolve
the BNS will be much larger [10].
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Figure 1.1: This image is taken from [10]. It shows the astrophysical horizon of
current and future detectors. On he right it shows the GW detections for typical
BBH systems. One can see that every BBHmerger is observed with third generation
detectors (CE [9, 10]/ET[11, 12, 13]) and nearly all are found with LIGO Voyager
which is a cryogenic upgrade of LIGO [32]. Additionally, one can see that we are
only scraping the surface of detecting a large number of the BNS detections due to
them being quieter but much more numerous.

One of the most promising areas for GW astronomy is to provide a third independent
measurement of the local expansion rate of the universe. The Hubble constant �0

describes the current expansion rate of the local universe, and there is considerable
discrepancy between the two leading measurements using the cosmic microwave
background with Planck [33] and the distance latter measurements of Type 1a su-
pernova of SH0ES [34, 35]. Currently these early and late universe measurements
disagree with a statistical significance of around 4f [36, 37]. While electromagnetic
(EM) measurements such as Planck/SH0ES measure the redshift and infer the lumi-
nosity distance indirectly, the GW approach to measuring the Hubble constant uses
measurements of the luminosity distance from the detectors. The best candidates
for this approach are binary neutron star (BNS) mergers with EM counterparts since
this directly measures the luminosity distance and redshift with multimessenger as-
tronomical measurements [38]. Because this method is independent of the standard
candles used in the EM observations, it is viewed as a clean way to break the Hubble
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tension, this depends on which GW method is used, but so far only a single event,
GW170817 [2], has been observed as a multimessenger event.

Meanwhile, large‑scale structure surveys—most recentlyDESI—havemeasured baryon
acoustic oscillations and redshift‑space distortions that are consistent with Planck’s
ΛCDM parameters [39, 40, 33]. Intriguingly, DESI has also reported hints of evo-
lution in the dark‑energy equation of state F(I) [40], underscoring how GW‑based
cosmology will play a crucial role in cross‑checking and extending late‑time probes
of cosmic acceleration.

Measurement of GWs also allows us to study the nature of the strong, dynamical
behavior of general relativity directly. Tests of GR are generally classified into three
categories, solar system, binary pulsar and GW tests [41]. Solar system tests very
precisely measure the motion of objects in the solar system where gravity is weak
the system is moving nonrelativistically. Binary pulsars were the first evidence of
GW [42], and are strongly gravitating systems which are moving slowly compared
to the speed of light [43, 44, 45]. Finally, GW allow us to study the behavior of
GR when objects strongly warp spacetime and are dynamically evolving nearly at
the speed of light. The layout of this is schematically shown in Fig. 1.2, which
shows the characteristic gravitational potentialΦ on the x-axis and the characteristic
gravitational curvature ' [46, 47]. Additionally, the radiation reaction timescale of
gravitational waves is very fast compared to the bound energy in the signal. As
a consequence, these systems chirp up in frequency and radiate a large amount of
energy in the final moments of the merger (�GW/"tot ∼ 5%) [48, 49].
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Figure 1.2: Image taken from [46] and based upon [47]. A schematic diagram of
various prominent tests of gravity. On the x-axis the characteristic gravitational
potentialΦ is shown while the y-axis contains shows the characteristic gravitational
curvature '. One can see the regimes of solar system measurements (Lunar laser
ranging, LAGEOS, Mercury perihelion precession). The S2 gravity measurements
is the tracking of S2 star’s orbit about the SgA* [50]. The pulsar measurements
probe stronger gravity than solar system tests. Finally the light blue regions are
the potentials for gravitational wave detections which show it is probing both high
potential and highly curved region of spacetime.

1.1 Hubble Tension with Gravitational Wave Observations
In this section, I will briefly summarize the literature about the method for mea-
suring the cosmological parameters in gravitational wave data are done. There are
three major methods for this, termed the bright siren, dark siren, and spectral siren
methods.

Due to the limited angular and distance resolution of current GW detectors, it is
challenging to uniquely identify individual galaxies using GW data alone. The an-
gular resolution for a BBH signal is ΔΩ ∼ 100− 3000 deg2 for two detector triggers
and ΔΩ ∼ 30 − 100 deg2 for three detector observations. An order of magnitude
estimation for the number of galaxies in the localization region shows that even in
the best case there are tens of thousands of galaxies in the localization region

#gal ∼ 3 × 104
(

ΔΩ

50 deg2

) (
Δ�!/�!

0.2

) (
�!

1000 Mpc

)3
(1.1)

where I used the fact that the comoving galaxy density is around =6 ∼ 0.01gal/Mpc3

[51] and I chose parameters for a pretty well localized BBH event, GW200311 [4,
5].
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The bright siren method is the first one to be proposed in which one identifies a co-
incident EM counterpart during a merger that has a NS in it [38]. This is most likely
to happen for BNS mergers, but could happen for a NSBH merger with tidal disrup-
tion event [52, 53, 54]. If it is possible, such a method is very good since it does
not suffer from astrophysical systematics and is very simple. In practice, the obser-
vation of EM counterparts has only definitively happened for the GW170817 BNS
merger [2] with its corresponding EM counterpart [55, 56, 2]. While GW170817
did allow for the measurement of the Hubble constant [57], its uncertainty was too
wide compared to the errors in the Hubble tension measurements [57, 33, 35, 34,
36, 37]. As a matter of fact, we may have been lucky to observe a bright-siren BNS
merger so early in the LIGO observational window [58, 59].

The dark‐siren method extends the bright‐siren concept to mergers without electro-
magnetic counterparts by statistically associating the GW‐inferred luminosity dis-
tance posterior with large‐scale galaxy redshift catalogs [60, 61, 62, 63, 64, 65, 66].
In this framework, each galaxy within the three‐dimensional localization volume
is weighted by its probability of hosting the event, yielding an H₀ posterior that
tightens as detector sky localization and catalog completeness improve. These sta-
tistical techniques gain further leverage by incorporating realistic galaxy clustering,
which exploits density correlations to sharpen redshift estimates [67, 68, 69, 70].
In GWTC‑3, applying the catalog method to well-localized GW190814 produced a
modest but measurable reduction in the �0 uncertainty [71, 72, 73]. Looking ahead,
next‑generation network sensitivities may shrink the comoving volume enough to
allow unique host identification from GW data alone [74].

Finally, although gravitational waves provide a direct measurement of the luminosity
distance but not the redshift, we can infer the redshift by adopting an astrophysical
model for the mass distribution of merging BBHs. This method is called the spectral
siren method [75, 76, 77]. Rather than relying on a fixed example, the spectral
siren method assumes (or actively fits for) a source frame mass distribution for black
holes. By comparing the distribution implied by the detector-frame measurements
with the assumed source frame distribution through an assumed cosmology, one can
infer the redshift and, consequently, the cosmological parameters that best relate
the two [76]. By stacking together and measuring both astrophysical model and
cosmological parameters across many events, this allows these the cosmological
parameters to be measured.
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Chapter 2 will examine the spectral siren method and quantify how well the cos-
mology + astrophysical distribution can be jointly measured. It will also provide a
framework for how much the Hubble constant is biased if an incorrect mass distri-
bution model is used. Chapter 3 will focus on how a space-based Decihertz detector
could enable ground-based detectors to improve their angular resolution so that the
dark siren method can localize events tight enough to identify a single galaxy.

1.2 Introduction to Tests of Gravity
The waveform emitted by two compact objects closely encodes the strong and dy-
namical regime of GR. The first indirect evidence of GW came from observations
of the orbital decay rate in the Hulse-Taylor pulsar [42, 41]. In 2015, LIGO directly
measured GW and confirmed its consistence with GR [78, 79]. Thus far, the tests
of GR have passed with flying colors [80, 41, 81], however searching for deviations
to GR at relativistic and highly curvature spacetimes would allow us to test its be-
havior at the most extreme regimes. I will describe the most important techniques
for testing GR in GW observations.

The most prominent way to look for deviations in the inspiral is to search for terms
that deviate in power laws in frequency that are motivated by Eq. (1.2) [78, 82, 83,
84, 79]. The framework was originally derived by Yunes and Pretorius who called
it the parameterized post-Einsteinian (ppE) formalism [85]. Other PN tests such as
the TIGER [86, 87] and FTI [88, 89] are also done which differ by normalizations
and tapering assumptions. The complex strain of a GR waveform is

ℎ( 5 ) = ℎ+ − 8ℎ× = �gr( 5 )48Ψgr ( 5 ) (1.2)

where the amplitude �gr( 5 ) and phaseΨgr( 5 ) are compute for a particular choice of
parameters through the stationary phase approximation. The GR frequency domain
phase is

ΔΨgr( 5 ) = 2c 5 Cc − ic −
c

4
+ 3

128[
(c 5̃ )−5/3

7∑
8=0

[
i8 + i8; log(c 5̃ )

]
(c 5̃ )8/3 , (1.3)

where 5̃ = " (1 + I) 5 is the dimensionless frequency, " (1 + I) detector frame
total mass, [ symmetric mass ratio, and q2, C2 being phase and time of coalescence
[79]. Throughout my thesis, I will take the form of the tests that is equivalent to
what LIGO releases in their testing GR in GWTC3 paper [79]. They present the
results as fractional deviations to the nonspinning 3.5PN TaylorF2 phase [90]. The
LVK looks for evidence of

{Xî−2, Xî0, Xî1, Xî2, Xî3, Xî4, Xî5; , Xî6, Xî6; , Xî7} (1.4)



7

where Xî: are fractional deviation coefficients from GR at the :/2th PN order [83,
84, 79].

Searching for power law deviations to the frequency domain dephasing can be di-
rectly related to the intrinsic features of the frequency chirp rate. Since Ψgr( 5 ) is
intrinsically related to the time frequency relation C ( 5 ), it can be directly related to
the luminosity and binding energy of the binary. This can be seen in the frequency
evolution equation

35

3C
=

3�

3C︸︷︷︸
diss.

m 5

m�︸︷︷︸
cons.

, (1.5)

where I denote the dissipative term and conservative term. The dissipative term
corresponds to how quickly energy is leaving the system do to GW while the con-
servative term is the relationship between binding energy and GW frequency. If
there were an additional scalar field that was radiating energy in addition to GR, this
would be a dissipative modification while modifications to the binding energy and
conservative dynamics would modify the latter term. Thus, we can conclude that
PN order analysis relates deviations of the binary’s orbit ↔ terms in the frequency
domain phase. In Fig. 1.3, a time domain example of what this dephasing looks like
is shown.

Figure 1.3: Image taken from [91]. This demonstrates how a ppE dephasing can
cause the waveform to deviate from the GR one in the time domain.

There are a number of other tests of GR with GW that can be now done. After a
binary mergers, the ringdown can be be used to test the no-hair theorem [92, 93, 94].
Since the quasi-normal modes (QNM) only depend on the mass and spin of the final
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BH, measurement of multiple QNM can check consistency of the Kerr BH solution
[95, 96]. Using GW170817, the relative difference between the propagation of GW
and EM can be measured which improved the bound on the mass of the graviton
[82, 97, 98, 99]. Finally, as more detectors are included to the network, searches for
alternative polarizations can be done [100, 101, 102, 103, 104, 105, 106, 107, 108].

In Chapter 6, I modeled the effects of non-violent nonlocality on the waveforms for
BBH that would exist in LIGO. I simulate BBHmergers using an effective-one-body
formalism to compute the modification to the orbit due to the conservative effects.
In Chapter 7, I demonstrate that the PN deformation coefficients have an intrinsic
geometric meaning in their capacity to test GR. I explain geometrically why they can
capture generic deviations to GR, and propose a new singular value decomposition
approach for performing multiparameter tests of GR.

1.3 Extraction of Environmental Effects in Space-Based Observations
GW binaries have multiple formation channels – typically characterized by isolated
binary evolution and dynamical formation channels [109, 110]. The isolated binary
evolution is more characterized by binaries formed in the field as normal stars which
then supernova and common envelope evolution brings them together. Alternatively,
BH and NS could form binaries in dense gravitational potentials such as globular
clusters or active galactic nucleus (AGN) disks. The dynamical formation channel
is facilitated by chaotic many body encounters near active galactic nuclei or globular
clusters [111, 112] and Lidov-Kozai oscillations [113].

Results from LIGO have shown there are systems which constituents masses that
exceed the predictions of isolated binary evolution [114, 115, 116, 117]. It is pos-
sible that these binaries could be a subpopulation of the BBH that LVK measures
due to hierarchical mergers [118, 119, 120, 121]. Hierarchical mergers are normally
difficult to achieve in the galactic field because kicks can eject the remnants from
the galaxies but the deep potential well of the AGN could trap these remnants [120,
121, 122] . Mergers near AGN could occur due to gaseous effects [123, 124, 125,
126, 127, 128, 129] which add friction for BBH before radiation reaction can kick
in. Gas can also cause the BBH to migrate its orbit to be closer to the supermassive
black hole (SMBH) [130, 131]. Additionally, even in vacuum, dynamical encoun-
ters near the SMBH can cause mergers nearby [132, 133, 134, 135, 136, 137, 138,
139, 140].
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If a BBH is closely orbiting a SMBH, space-based detectors can infer its orbit due to
modulations from the orbit. These terms include the Doppler shift from the center of
mass of the BBHmoving, de Sitter precession of the inner spin about the orbital spin
and pericenter precession [141, 142, 143, 144, 145, 146, 147, 148]. Additionally,
there can be repeated gravitational lensing due to the SMBH [149, 150] if the outer
orbit is nearly aligned with the line of sight. Note that space-based detectors are
needed for such a detection because there are only seconds for a LVK observation to
have any triple GW modification [148, 147]. The dominant effect on the frequency
domain waveform is the Doppler shift ΦD

ΦD = 2c8 5 A (C ( 5 )) (1.6)

where A (C ( 5 )) is the location of the particle at time C ( 5 ) along the line of sight. For
a circular outer orbit, another modulation is needed (typically de Sitter precession
[146]). An eccentric outer orbit actually is much easier to measure since the perias-
tron precession allows the Doppler shift to break the degeneracy between semimajor
axis and inclination alone [151].

Chapter 4 discusses our work about strong lensing signatures for a BBH+SMBH sys-
tem for measurement with space based detector such as LISA or TianGO. We show
that there is a 3 − 10% chance for these signatures to be detected, and if present
would significantly improve the detection of the mass and orbit of the SMBH in
conjunction with Doppler shift and de Sitter precession effects. In Chapter 5, we
extend previous results that assumed circular outer orbits [146] by allowing eccen-
tricity of the outer orbit. Despite this adding additional parameters to measure, this
allows degeneracies to be broken and more accurate extraction of the SMBH mass
and orbit.

1.4 High Frequency Gravitational Wave Detection
The sensitivity of GW detectors is limited by a couple of different fundamental noise
sources. In this section, I will briefly discuss how the power spectral density (PSD)
of GW detector is calculated. The PSD is related to the expectation value of noise
= [152, 153, 154, 155]

〈=( 5 )=∗( 5 ′)〉 = 1
2
X( 5 − 5 ′)(( 5 ) (1.7)

where (( 5 ) is the PSD of the GW detector. It is useful to define the noise weighted
inner product

(ℎ1 |ℎ2) = 4<
∫ ∞

0

ℎ1( 5 )ℎ∗2( 5 )
(( 5 ) 35 , (1.8)
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which is related to the signal to noise ratio via d =
√
(ℎ |ℎ).

Let us now describe typical noises for a ground-based interferometer and how they
are related to the PSD. As you can see in Fig. 1.4 from the LIGO white paper [156],
there are a number of fundamental noises in LIGO when operating at design sen-
sitivity. One can see that the quantum noise (purple) is the main noise source at
high frequencies which is due to shot noise [157, 158]. At low frequencies, quan-
tum noise creates radiation pressure that limit the GW detector. Additionally at low
frequencies there is seismic noise from vibrations of the earth (brown) and gravity
gradient noise from time varying Newtonian gravity at the detector (green). Addi-
tionally, there are other fundamental noise sources from the coating Brownian noise
(red), coating Thermo-optic noise (dash cyan), and substrate Brownian noise (dash
orange) and excess gas (dash yellow).

Figure 1.4: Image taken from [156]. This shows the fundamental noises that exist
in the design sensitivity of advanced LIGO. One can see that quantum shot noises
dominates the noise spectrum at high frequencies.

The noise sources are related to the GW strain noise via transfer functions. The
photon flux in the output port is

8( 5 ) = )ℎ ( 5 )ℎ( 5 ) +
∑
9

)9 ( 5 )= 9 ( 5 ) , (1.9)

where )ℎ ( 5 ) is the transfer function for the response of GW, ℎ( 5 ) is a GW pointed
that is head on in the detector, )9 ( 5 ) is the noise transfer function for noise source
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= 9 ( 5 ). Since we assume = 9 has a PSD ( 9 , the PSD of the detector is equal to

(ℎ ( 5 ) =
1

|)ℎ ( 5 ) |2
∑
9

|)9 ( 5 ) |2( 9 ( 5 ) . (1.10)

To improve the sensitivity of the detector, one typically tries to reduce both the
amount of noise ( 9 ( 5 ) and the degree to which it couple into the GW readout chan-
nel )9 ( 5 ). However note that )ℎ ( 5 ) can be modified by detector design choices so
that the detector maximally responds to GW.

In Chapter 8, we will discuss how we can improve the sensitivity of GEO600 [159],
a dual-recycled, folded-arm, Michelson interferometer (MI) [160, 161, 162]. We
study how it can be made sensitive to GW in the tens of kHz frequency range. We
do this by modifying the transfer function )ℎ ( 5 ) through detuning the location of
the signal recycling mirror.

1.5 Organization of Thesis
Here is a list of the abstracts for each chapter in this thesis.

Chapter 2: Uncertainty and bias of cosmology and astrophysical population
model from statistical dark sirens
Gravitational-wave (GW) radiation from a coalescing compact binary is a standard
siren as the luminosity distance of each event can be directly measured from the am-
plitude of the signal. One possibility to constrain cosmology using the GW siren is
to perform statistical inference on a population of binary black hole (BBH) events.
In essence, this statistical method can be viewed as follows. We can modify the
shape of the distribution of observed BBH events by changing cosmological param-
eters until it eventually matches the distribution constructed from an astrophysical
population model, thereby allowing us to determine the cosmological parameters.
In this work, we derive the Cramér-Rao bound for both cosmological parameters
and those governing the astrophysical population model from this statistical dark
siren method by examining the Fisher information contained in the event distribu-
tion. Our study provides analytical insights and enables fast yet accurate estimations
of the statistical accuracy of dark siren cosmology. Furthermore, we consider the
bias in cosmology due to unmodeled substructures in the merger rate and the mass
distribution. We find a 1% deviation in the astrophysical model can lead to a more
than 1% error in the Hubble constant. This could limit the accuracy of dark siren
cosmology when there are more than 104 BBH events detected.
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Chapter 3: Multiband Gravitational Wave Cosmography with Dark Sirens
Gravitational waves might help resolve the tension between early and late Universe
measurements of the Hubble constant, and this possibility can be enhanced with
a gravitational wave detector in the decihertz band as we will demonstrate in this
study. Such a detector is particularly suitable for the multiband observation of
stellar-mass black hole binaries between space and ground, which would signifi-
cantly improve the source localization accuracy thanks to a long baseline for tim-
ing triangulation, hence promoting the ”dark siren” cosmology. Proposed decihertz
concepts include DECIGO/B-DECIGO, TianGO, and others. We consider here the
prospects of multiband observation of dark siren binaries with a variety of network
configurations. We find that a multiband observation can uniquely identify a black
hole binary to a single galaxy to a cosmological distance, and thus a dark siren be-
haves as if it had an electromagnetic counterpart. Considering only fully localized
dark sirens, we use a Fisher matrix approach to estimate the error in the Hubble
constant and matter density parameter. We find that a decihertz detector substan-
tially improves our ability to measure cosmological parameters because it enables
host galaxies to be identified out to a larger distance without the systematics from
statistical techniques based on comparing the population distribution.

Chapter 4: Detecting gravitational lensing in hierarchical triples in galactic
nuclei with space-borne gravitational-wave observatories
Stellar-mass binary black holes (BBHs) may merge in the vicinity of a supermassive
black hole (SMBH). It is suggested that the gravitational-wave (GW) emitted by a
BBH has a high probability to be lensed by the SMBH if the BBH’s orbit around
the SMBH (i.e., the outer orbit) has a period of less than a year and is less than the
duration of observation of the BBH by a space-borne GW observatory. For such
a ‘‘BBH + SMBH’’ triple system, the de Sitter precession of the BBH’s orbital
plane is also significant. In this work, we thus study GW waveforms emitted by
the BBH and then modulated by the SMBH due to effects including Doppler shift,
de Sitter precession, and gravitational lensing. We show specifically that for an
outer orbital period of 0.1 yr and an SMBH mass of 107 "�, there is a 3% − 10%
chance for the standard, strong lensing signatures to be detectable by space-borne
GW detectors such as LISA and/or TianGO. For more massive lenses (¦ 108 "�)
and more compact outer orbits with periods ® 0.1 yA, retro-lensing of the SMBH
(which is closely related to the glory-scattering) might also have a 1%-level chance
of detection. Furthermore, by combining the lensing effects and the dynamics of
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the outer orbit, we find the mass of the central SMBH can be accurately determined
with a fraction error of ∼ 10−4. This is much better than the case of static lensing
because the degeneracy between the lens’ mass and the source’s angular position
is lifted by the outer orbital motion. Including lensing effects also allows the de
Sitter precession to be detectable at a precession period 3 times longer than the case
without lensing. Lastly, we demonstrate that one can check the consistency between
the SMBH’s mass determined from the orbital dynamics and the one inferred from
gravitational lensing, which serves as a test on theories behind both phenomena.
The statistical error on the deviation between two masses can be constrained to a
1% level.

Chapter 5: Measuring Supermassive Black Hole Properties via Gravitational
Radiation from Eccentrically Orbiting Stellar Mass Black Hole Binaries
There may exist stellar-mass binary black holes (BBH) which merge while orbiting
nearby a supermassive black hole (SMBH). In such a triple system, the SMBH will
modulate the gravitational waveform of the BBH through orbital Doppler shift and
de Sitter precession of the angular momentum. Future space-based GW observato-
ries focused on the millihertz and decihertz band will be uniquely poised to observe
these waveform modulations, as the GW frequency from stellar-mass BBHs varies
slowly in this band while modulation effects accumulate. In this work, we apply the
Fisher information matrix formalism to estimate how well space-borne GW detec-
tors can measure properties of BBH+SMBH hierarchical triples using the GW from
orbiting BBH. We extend previous work by considering the more realistic case of
an eccentric orbit around the SMBH, and notably include the effects of orbital peri-
center precession. We find that for detector concepts such as LISA, B-DECIGO,
and TianGO, we can extract the SMBH mass and semimajor axis of the orbit with
a fractional uncertainty below the 0.1% level over a wide range of triple system
parameters. Furthermore, we find that the effects of pericenter precession and or-
bital eccentricity significantly improve our ability to measure this system. We also
find that while LISA could measure these systems, the decihertz detector concepts
B-DECIGO and TianGO would enable better sensitivity to the triple’s parameters.

Chapter 6: Gravitational-wave signatures of non-violent non-locality
Measurement of gravitational waves can provide precision tests of the nature of black
holes and compact objects. In this work, we test Giddings’ non-violent non-locality
proposal, which posits that quantum information is transferred via a nonlocal inter-
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action that generates metric perturbations around black holes. In contrast to fire-
walls, these quantum fluctuations would be spread out over a larger distance range
— up to a Schwarzschild radius away. In this letter, we model the modification to
the gravitational waveform from non-violent non-locality. We modify the nonspin-
ning EOBNRv2 effective one body waveform to include metric perturbations that
are due to a random Gaussian process. We find that the waveform exhibits ran-
dom deviations which are particularly important in the late inspiral-plunge phase.
We find an optimal dephasing parameter for detecting this effect with a principal
component analysis.This is particularly intriguing because it predicts random phase
deviations across different gravitational wave events, providing theoretical support
for hierarchical tests of general relativity. We estimate the constraint on the pertur-
bations in non-violent non-locality with events for the LIGO-Virgo network and for
a third-generation network.

Chapter 7: Inspiral tests of general relativity and waveform geometry
The phase evolution of gravitational waves encodes critical information about the
orbital dynamics of binary systems. In this work, we test the robustness of post-
Newtonian coefficients against unmodeled deviations from general relativity. We
demonstrate that these parameterized tests are flexible and sensitive in detecting
generic deviations in the waveform. This universality arises from examining the
inherent geometry of the waveform signal and understanding how biases manifest.
We use the singular value decomposition to propose templates that are orthogonal to
parameterized tests, avoiding degeneracies and enhancing the detection of potential
deviations.

Chapter 8: Prospects for High-Frequency Gravitational-Wave Detection with
GEO600
Current ground-based interferometers are optimized for sensitivity around 200 Hz.
While they are not currently utilized for GW detection, interferometric detectors
also feature narrow bands of strong sensitivity where the sideband fields created by
a GW are resonant in the optical system. For certain interferometer configurations,
small changes to system parameters allow the narrow band of high sensitivity to be
scanned over a much larger range of frequencies, potentially enabling broadband
detection at high frequencies. In this paper, we investigate whether simply modify-
ing the detuning angle of the signal-recycling mirror of the GEO600 interferometer
can make this experiment sensitive to GWs in the kilohertz frequency range. Using
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Finesse 3.0, we compute the strain sensitivity for GEO600 across a frequency range
from several kHz to tens of kHz for various detuning angles. We then calculate the
sensitivity of GEO600 to various proposed high-frequency GW sources and com-
pare its ability to detect such sources to that of other ground-based interferometers.
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C h a p t e r 2

UNCERTAINTY AND BIAS OF COSMOLOGY AND
ASTROPHYSICAL POPULATION MODEL FROM

STATISTICAL DARK SIRENS

[1] H. Yu, B. Seymour, Y. Wang, et al. ‘‘Uncertainty and Bias of Cosmology
and Astrophysical Population Model from Statistical Dark Sirens.’’ In: As-
trophys. J. 941.2 (2022), p. 174. doi: 10.3847/1538-4357/ac9da0. arXiv:
2206.09984 [astro-ph.CO].

2.1 Introduction
The key to study modern cosmology is to measure a relation between distance and
redshift. In electromagnetic (EM) observations, the redshift to the source can be
directly measured (e.g., by comparing the measured spectra to the ones obtained
in terrestrial laboratories), and the challenge is to constrain the distance. To do so,
it relies on utilizing some forms of standard references. One possibility is to use
‘‘standard candles’’ with known intrinsic luminosity, and the best-known example
is a type-Ia supernovae [1, 2]. Another possibility is to use a ‘‘standard ruler’’ with
a known size, and the imprint of sound waves in the CosmicMicrowave Background
is such an example [3, 4, 5]. However, a tension on the value of the Hubble Constant,
conventionally denoted by �0, emerges between the latest results of the two sets of
measurements [6]. It thus calls for a third method to either reconcile or confirm the
tension.

This brings observations using gravitational waves (GWs) to people’s attention, a
new possibility opened up by Advanced LIGO (aLIGO; [7]), Advanced Virgo [8],
and KAGRA [9, 10]. GW events are ‘‘standard sirens’’ in cosmology [11, 12] as the
amplitude of an event encodes directly the luminosity distance to the source. If the
redshift information can be further constrained, we can then determine the values of
cosmological parameters.

One way to obtain the redshift information is through multi-messenger observation
of an event. If we can simultaneously observe a GW event and its EM counterpart,
corresponding to a ‘‘bright siren,’’ we can then identify the host galaxy of the event,
from which we can further extract the redshift [12, 13]. A GW event involving

https://doi.org/10.3847/1538-4357/ac9da0
https://arxiv.org/abs/2206.09984
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neutron stars (either a binary neutron star, or BNS, or a neutron star-black hole event)
is an ideal candidate here. Indeed, the first BNS event, GW170817, is a highly
successful example [14, 15]. From this event alone, we were able to constrain the
Hubble constant to �0 = 70+12

−8 k< B−1 "?2−1 within the 68% credible interval.
With future detectors like LIGO-Voyager [16] or third-generation (3G)GWdetectors
including the Einstein Telescope [17] and the Cosmic Explorer [18, 19, 20], it is
potentially possible to constrain �0 with percent level accuracy and the normalized
matter density Ω< to an accuracy of O(10%) [21]. However, such bright sirens are
rare and GW170817 is the only joint observation to date. Even with 3G detectors,
Califano et al. [22] estimates that only 0.1% of detectable BNSswill have observable
EM counterparts. Besides a direct EM counterpart, it is also possible to constrain
cosmology from matter effects in coalescing BNSs [23].

Alternatively, we may further utilize information in binary black hole (BBH) events,
which consists of the majority of event catalogs [24, 25, 26, 27, 28, 29, 30, 31, 32,
33]. An EM counterpart is typically not expected for a BBH event, and therefore
a BBH corresponds to a dark siren (though a counterpart might be possible if the
BBH resides in a gaseous environment; see, e.g., [34]). While for a single event, it
is challenging to obtain the redshift due to the perfect degeneracy between redshift
and mass (unless the source can be accurately localized to only a few potential host
galaxies, a point we will get back to at Sec. 2.6), we can nonetheless infer the redshift
distribution of a collection of BBH events statistically.

Initially, the statistical inference was done by comparing a BBH event catalog with
galaxy catalogs (e.g., [11, 13, 35, 36]). Later, people realized that features in the
mass distribution of BBH events could also be used to constrain the cosmological
parameters (e.g., [37, 38, 39, 40, 41, 42, 43]). In both cases, one computes the
likelihood of each event to happen given a set of cosmological parameters as well
as an assumed astrophysical population model. The likelihood for all the events are
then multiplied together to get the likelihood of the observed population given the
assumed cosmological and astrophysical parameters. This is further converted to a
posterior distribution of parameters with an assumed prior distribution [44, 45].

In essence, the statistical approach corresponds to a comparison between two his-
tograms, or distributions. One distribution is obtained from the observed BBH
events with respect to either the luminosity distance or detector-frame masses (or
both as a high-dimensional distribution). The other distribution is constructed from
our astrophysical model with respect to either redshift or source-frame masses (or
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both). By varying the values of cosmological parameters, as well as those govern-
ing the astrophysical population, we can eventually match up the two distributions,
thereby constraining cosmology and population model simultaneously.

With this view, we propose an especially convenient way to assess the statistical
power of dark siren cosmology. In particular, we can analytically construct the
Fisher information encoded in the distributions. From that, we can both estimate
the uncertainties on the parameters governing the distributions and understand cor-
relations among the parameters. As we will show later, even with a few simplifying
assumptions, this approach predicts a similar level of uncertainty on the Hubble con-
stant when applied to the GWTC-3 catalog [28], as well as many other key features
obtained in LIGO Scientific Collaboration et al. [41]. It also reproduces the results
of previous studies (e.g., [46, 39]) when forecasting the future constraints on both
the population model and cosmology with hundreds to thousands of BBH events.
Therefore, our approach serves as a simple and analytical way to study the statistical
dark siren method, which can be especially useful when making quick but decently
accurate predictions for the future when a large number of events are expected. It
thus complements the more accurate yet also more complicated hierarchical infer-
ence approach [44].

Furthermore, our approach can be used to study the bias on cosmological and/or
astrophysical parameters due to errors in the assumed population models. We will
first provide a general framework to study the bias due to any form of errors, and
then as a case study, we fill examine in detail how unmodeled substructures in the
mass and/or redshift model would affect the inference of the Hubble constant. This
is motivated by the latest population model by LIGO Scientific Collaboration, Virgo
Collaboration, and al. [47] where signs of substructures are suggested.

The rest of the paper is organized as follows. In Sec. 2.2, we provide the mathemat-
ical framework to construct the Fisher information matrix of a distribution, which
estimates the covariance matrix when jointly fitting cosmological parameters and
population properties. We will also consider the bias induced on the cosmological
parameters due to structures not captured by a parameterized population model with
a specific functional form. We then describe the astrophysical model adopted in our
study in Sec. 2.3. The application to the GWTC-3 catalog is presented in Sec. 2.4.
To further validate our method, we also present the reproduction of previous studies’
results using our method in App. 2.7. In Sec. 2.5, we consider the bias on cosmo-
logical inference induced by unmodeled substructures in both the mass distribution
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Figure 2.1: Top: expected number of detection as a function of the redshift I at dif-
ferent values of ℎ ≡ �0/(100 k</B/"?2). FromGW events, we can construct such
an distribution as a function of �! first and then convert it to a function of I based on
assumed cosmological parameters. Meanwhile, our astrophysical knowledge allows
us to construct an expected distribution as a function of I from, e.g., galaxy catalogs.
By comparing the two histograms, we can then constrain the value of cosmological
parameters. Bottom: the distribution is also affected by astrophysical models (e.g.,
the location of a peak in the BBH’s mass distribution `6; see Sec. 2.3) which could
mimic the effect of changing cosmological model. This indicates the significance
of jointly analyzing astrophysical and cosmological parameters.

and merger rate function, and we set requirements on the accuracy of the population
in order for the bias to be below the statistical error. Lastly, we conclude and discuss
in Sec. 2.6.

2.2 Basic framework
We demonstrate in this work that in essence, the statistical dark siren approach cor-
responds to a comparison between a measured distribution of GW events and the
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Figure 2.2: Similar to Fig. 2.1 but now we plot the distribution as a function of the
detector-frame mass of the primary BH, <d

1. Combining it with Fig. 2.1 can thus be
used to break the degeneracy between astrophysical and cosmological parameters.

one we construct based on our knowledge (or assumption) of the cosmology and the
astrophysical source population.

Examples are illustrated in Figs. 2.1 and 2.2. Here the y-axis is the normalized de-
tection probability density of GW events (the parameters are consistent with those
inferred from GWTC-3; Sec. 2.4). The x-axis can be the redshift I or the mass of
the primary (either the detector-frame one <(3)

1 or the source-frame one <1). While
for illustration purpose we focus on marginalized one-dimensional distributions, the
analysis in this section can be straightforwardly extended to high-dimensional dis-
tributions as well.

Without loss of generality, we can construct a histogram of observed BBHs events
with respect to a general coordinate G (which can be the redshift I, the mass of the
primary black hole <1, or other quantities). The expected number of observations
in the 8’th bin at [G8, G8+ΔG) can be written as A8 ()� , )�)ΔG, where A is the event
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density. We use )� = (�0,Ω<, ...) to denote the cosmological parameters and )�

the other astrophysical parameters. The number of observations in the 8’th bin, =8,
follows a Poisson distribution 1

?
[
=8 |A8 ()� , )�)

]
=

(A8ΔG)=8 exp(−A8ΔG)
=8!

. (2.1)

The Fisher information of ) = ()� , )�) at a given bin 8 is given by

�8,01 =

∞∑
=8=0

? [=8 |A8 ())]
[
m log ?(=8 |A8)

mA8

]2 [
mA8 ())
m\0

] [
mA8 ())
m\1

]
,

=

[
mA8 ())
m\0

] [
mA8 ())
m\1

] ∞∑
=8=0

? [=8 |A8 ())]
[
m log ?(=8 |A8)

mA8

]2
,

=
ΔG

A8

[
mA8 ())
m\0

] [
mA8 ())
m\1

]
,

= A8

[
m log A8 ())

m\0

] [
m log A8 ())

m\1

]
ΔG, (2.2)

where we have used the subscripts 0, 1 to denote the (0, 1)’th element in the Fisher
information matrix and the derivatives are evaluated at the true values of ) (or in
practice, our best estimation of )). Summing over all the bins and convert the dis-
crete sum into an integral over 3G, we thus arrive at the Fisher information matrix

�01 ()) =
∫

A (G |))
[
m log A (G |))

m\0

] [
m log A (G |))

m\1

]
3G. (2.3)

From the distribution, the covariance matrix of ) , Cov()), can be estimated by the
Cramér-Rao bound as

Cov ()) = [O ())]−1 . (2.4)

For future convenience, we also define O� where the differentiation in Eq. (2.3) is
done only with respect to )� , or \0,1 ∈

{
)�

}
. Effectively, O� corresponds to the case

where we have perfect knowledge on the astrophysical event rate, while O considers
further the covariance between astrophysical population models and cosmological
parameters.

1Here for simplicity, we ignore the inference uncertainty of each individual event’s parameters
(e.g., redshift and mass, etc.). As we will see in later sections, the results we obtain under this
simplification is decently accurate. The uncertainty on individual event’s parameters smears out fine
details but keeps the broad, coarse-grained features in the population distribution. Current analysis
focuses on the coarse-grained part (see, e.g., [41]), though for high-precision cosmology, it would be
critical to also capture substructures in the model (see later in Sec. 2.5). A more general treatment
incorporating the uncertainty (and potentially systematic bias) on individual events is deferred to a
future study.
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Note that in the analysis above, we have assumed that the astrophysical model has
the correct functional form and only has unknown parameter values. It might also
be possible that the astrophysical model is formally inaccurate (e.g., due to substruc-
tures in the model and/or evolution in the population). In this case, the estimation
of cosmological parameters can be systematically biased.

To calculate the bias, we suppose the true rate (denoted by a superscript ‘‘C’’) in the
8’th bin can be written as

A C8 = A8

(
)� , )�

)
+ ΔA8 . (2.5)

We can expand the log-likelihood around the true )� and ΔA8 = 0 (the expansion
around )� can be straightforwardly included; yet the covariance between )� and
)� has been accounted for the Fisher matrix in Eq. (2.3) and therefore we ignore it
here),

Δ log ? =
m2 log ?

m\�0 m\
�
1

Δ\�0 Δ\
�
1 + m2 log ?

m\�0 mA
C
8

Δ\�0 ΔA8

+m2 log ?

m
(
A C
8

)2 ΔA2
8 , (2.6)

where the first derivative vanishes because at true values the probability is maxi-
mized.

The bias in the cosmological parameter induced by ΔA8 is then given by setting

0 =
Δ log ?

Δ\�0
, (2.7)

or
m2 log ?

m\�0 m\
�
1

Δ\�1 = −m2 log ?

m\�0 mA
C
8

ΔA8 . (2.8)

Computing the expectation with respect to =8 at each bin and then summing over
bins, we arrive at

Δ\�1

∑
8

∑
=8

?(=8 |))
m2 log ?

m\�0 m\
�
1

= −
∑
8

ΔA8

∑
=8

?(=8 |))
m2 log ?

m\�0 mA
C
8

. (2.9)

If we further notice∑
=8

?(=8 |))
m2 log ?

m\0\1
= −

∑
=8

?(=8 |))
m log ?

m\0

m log ?

m\1
, (2.10)
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we arrive at
Δ)� = −

[
O�

]−1
∫ [

m log A (G |))
m)�

]
ΔA (G)3G. (2.11)

We can thus use Eq. (2.11) to study how an error in the astrophysical rate model,
ΔA (G), propagates to the cosmological parameters, )� . Note that while we focus on
Δ)� in this study, our framework can also be straightforwardly extended to study
the bias on astrophysical parameters.

2.3 Combined astrophysical and cosmological model
In this section, we derive the expected event rate A (<1, <2, I |)) which can then be
used to construct the Fisher information [Eq. (2.3)] and/or estimate the bias on )�

[Eq. (2.11)].

Suppose the intrinsic distribution of GW events is [46, 41]

3=

3<13<23I
(<1, <2, I |)) = ' ?(<1, <2, I |)), (2.12)

where ' is total number of BBHs and we normalize the probabilities such that∫
3<13<23I ?(<1, <2, I |)) = 1. (2.13)

The expectation of the observed event density is

A (<1, <2, I |)) =
3=o1B

3<13<23I
(<1, <2, I |))

='%d4C [<1, <2, �! (I |)�)]?(<1, <2, I |)), (2.14)

where �! is the luminosity distance and %d4C ∈ [0, 1] is the fraction of GW events
with (<1, <2, I) that are detectable.

The above expression is generic. To proceed, we further make simplifying assump-
tions following Fishbach, Holz, and Farr [46] and consistent with LIGO Scientific
Collaboration et al. [41]. In particular, we assume

?(<1, <2, I |)) = ?(<1, <2 |)�)?(I |)�, )�), (2.15)

where ?(<1, <2 |)�) describes the mass distribution and we assume that it is inde-
pendent of the redshift. The redshift distribution is then captured by ?(I |)�, )�).
We separately normalize the two distributions as

∫
?(<1, <2 |)�)3<13<2=1 and∫

?(I |)�, )�)3I=1.
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For the rest of our study, we will focus on the case where ?(<1, <2 |)�) is described
by the Power Law + Peak model [48, 49] and we use the same notation as used in
LIGO Scientific Collaboration et al. [41]. In this case, the distribution of the mass of
the primary BH, <1, (with <1 ≥ <2) contains two components: a truncated power-
law component defined between ("m8=, "m0G) with ?(<1) ∝ <−U

1 , and a Gaussian
peak centered at `6 and with a width of f6. The overall height of the Gaussian peak
is governed by a parameter _6. For a given <1, the secondary mass then follows a
truncated power-law between ("m8=, <1) with a slope ?(<2) ∝ <

V

2 . Additionally,
we smooth the lower end of both <1 and <2 with a sigmoid function defined in eq.
(B7) in LIGO Scientific Collaboration, Virgo Collaboration, and al. [47] and with a
parameter X<.

For the redshift model, we further write

?(I |)�, )�) ∝ 3+2

3I

(
I |)�

) k(I |)�)
1 + I

, (2.16)

where +2 (I |)�) is the comoving volume and the 1/(1 + I) term converts from
detector-frame to source-frame time. A general parameterization of the k(I) piece
can be written as [50]

k(I) =
[
1 + (1 + I?)−W−:

] (1 + I)W

1 +
[
(1 + I)/(1 + I?)

]W+: , (2.17)

where W and : respectively describe the low- and high-redshift power-law slopes
and I? corresponds to a peak in k(I). For GWTC-3 where most events are detected
at low redshifts, k(I) simplifies to (see, e.g., [46])

k(I) = (1 + I)W . (2.18)

We will adopt Eq. (2.18) for our analysis and drop (I?, :).

Under themodel described above, there are 9 astrophysical parameters )� = ("m8=, "m0G ,

X<, U, V, _6, `6, f6, W)T. For the cosmological part, we assumed a flat universe de-
scribed by )� = (�0,Ω<)T with �0 the Hubble constant and Ω< the mass den-
sity normalized by the critical density. For future convenience, we will define ℎ =

�0/(100 k< B−1 "?2−1).

To estimate %d4C , we follow Fishbach, Holz, and Farr [46] and approximate the ob-
served signal-to-noise ratio (SNR) of an event as

d[<1, <2, �! (I |)�)] = d0Θ, (2.19)
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Table 2.1: Values of ()�, )�) used in our study to construct the Fisher information
matrix (Eq. (2.3)) and estimate the bias due to ΔA (Eq. (2.11)).

"m8= "m0G X< U V _6 `6 f6 W ℎ Ω<

6.5 "� 112.5 "� 2.5 "� 3.78 −0.81 0.03 32.27 "� 3.88 "� 4.59 0.7 0.3

where d0 is a characteristic SNR of the source and Θ accounts for the change in the
SNR due to angular projection, with

logΘ ∼ N
(
0, f2

logΘ

)
, (2.20)

f2
logΘ =

f2
logΘ,0

1 + d0/dtℎ
, (2.21)

where f2
logΘ,0 and dtℎ are further parameters controlling the shape of Θ.

Suppose sources with d > dtℎ are detectable, we have

%d4C =

∫ ∞

logΘtℎ

?(logΘ)3 logΘ

=
1
2
EA 5 2

(
logΘtℎ√
2flogΘ

)
, (2.22)

where Θtℎ = dtℎ/d0 and EA 5 2 is the complementary error function.

2.4 Applications to GWTC-3
In this section, we apply our method to GWTC-3 [28] and estimate the uncertain-
ties on ()�, )�) when jointly fitting the astrophysical population distribution and
cosmology together. Despite the simplicity of our method, it successfully captures
many qualitative features and gives accurate predictions on different parameters’
uncertainties as reported in LIGO Scientific Collaboration et al. [41]. Further vali-
dation of our method can be found in Appx. 2.7 where we also apply our method to
reproduce results in [46, 39] .

Note that to evaluate the Fisher information matrix (Eq. (2.3)), we need to take
derivatives around the ‘‘true’’ model parameters. These values are mostly approxi-
mated by the ones inferred in LIGO Scientific Collaboration et al. [41] and we sum-
marize them in Table 2.1. Figs. 2.1 and 2.2 are also generated with the same set of
parameters (except for the one listed in the legend). Note that we slightly modified
the values of "m8= = 6.5 "� and X< = 2.5 "� to make our Fig. 2.2 more similar
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to fig. 1 in LIGO Scientific Collaboration et al. [41].2 The overall scale ' is set so
that the total number of BBH detection is =o1B =

∫
A (<1, <2, I |))3<13<23I = 40,

consistent with the number of BBH events used in [41].

To approximate %d4C , we compute the characteristic d0 using a single detector with
LIGOHanford’s sensitivity in the third observing run [51] for each [<1, <2, �! (I |)�)].
The waveform is generated with the IMRPhenomD approximation ([52]; the wave-
form is computed using PYCBC [53]) and the source is placed at an effective dis-
tance of 2.3�! [54]. We further use dtℎ = 8 and f2

logΘ,0 = 0.25 when computing
Eq. (2.22).

Using redshift distribution while holding population model fixed
Firstly, we consider the case where we constrain the cosmological parameters using
the redshift distribution of BBH events while treating the underlying astrophysical
population as known and fixed. An astrophysical expectation can be constructed
using the coarse-grained distribution of galaxies. Indeed, when each BBH event is
localized with limited accuracy and thousands of galaxies or more lie within the
uncertainty volume, a galaxy catalog mainly serves as an estimation of the overall,
smoothed shape of k(I), which we model as a simple power law as in Eq. (2.18).
In this case, cosmological parameters are constrained by requesting consistency be-
tween the distribution of observed BBH events and our astrophysical expectation, as
demonstrated in the upper panel of Fig. 2.1. (We will return to this later in Sec. 2.6
to discuss how an improved localization accuracy together with a complete galaxy
catalog could help.)

In Fig. 2.3, we present the constraints on (ℎ,Ω<) from the marginalized redshift
distribution A (I |))=

∫
A (<1, <2, I |))3<13<2 (cf. Fig. 2.1). The result is obtained

by inverting a 3 × 3 Fisher matrix involving (ℎ,Ω<, ') and treating )� as known
(Eq. (2.3) with G replaced by I). Our approach predicts an uncertainty in ℎ to be 0.11,
nicely agreeing with the results shown in Fig. 9 in LIGO Scientific Collaboration
et al. [41]. Ω<, on the other hand, is not well constrained (in fact, its error is greater
than its true value and thus it exceeds the capability of Fisher matrix) because of
both the relatively small sample size (=o1B = 40) and the fact that most events are
detected at low redshift with I < 0.5.

2There are likely two peaks in the mass distribution as suggested in LIGO Scientific Collabora-
tion, Virgo Collaboration, and al. [47] and the lower one (around <1 = 10 "�) is not captured by
the Power Law + Peak model adopted by LIGO Scientific Collaboration et al. [41].
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Figure 2.3: Uncertainties on cosmological parameters (ℎ,Ω<) from the redshift his-
togram (cf. Fig. 2.1) assuming we know exactly the astrophysical model. Through-
out this work, we will use red crosses to denote the true values of the parameters
(i.e., values at which we evaluate the Fisher information matrix). The error ellipses
indicate the 68% credible intervals. We predict an uncertainty on ℎ of ±0.11, which
agrees well with the gray-dotted curve in fig. 9 in LIGO Scientific Collaboration
et al. [41] obtained under the same assumptions.

However, as pointed out in, e.g., Mastrogiovanni et al. [40] and LIGO Scientific
Collaboration et al. [41], and illustrated in Fig. 2.1, the constraints on the cosmo-
logical parameters rely critically on the assumptions of the astrophysical model. We
elaborate on this point further in Fig. 2.4 in the cyan error ellipses. We obtained
these ellipses by inverting a 3× 3 Fisher matrix involving (ℎ, `6, ') in the top panel
and one involving (ℎ, W, ') in the bottom panel. We notice strong anti-correlations
between ℎ and `6 and between ℎ and W, consistent with the results shown in LIGO
Scientific Collaboration et al. [41]. This demonstrates that with the redshift distribu-
tion of BBH events alone, measuring cosmological parameters can be challenging
unless we have a highly precise knowledge of the intrinsic population model.

Jointly fitting astrophysical population model and cosmology
Fortunately, besides the redshift distribution itself, we also have information on other
properties of BBH events such as the mass distribution. As demonstrated in Fig. 2.2,
the partial degeneracy between ℎ and `6 shown in redshift distribution (Fig. 2.1)
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Figure 2.4: Correlation between astrophysical and cosmological parameters by in-
verting a 3 × 3 Fisher matrix including (ℎ, `6, ') (top panel) or (ℎ, W, ') (bottom
panel). The cyan ellipses correspond to constraints from the redshift distribution
alone (cf. Fig. 2.1). As `6 and/or W decreases, ℎ will increase to a greater value. It
captures the key features shown in Fig. 10 in [41]. If one further incorporates the
information from the mass distribution (orange ellipses; cf. Fig. 2.2), the combined
uncertainties can be reduced to the gray ellipses.

can be largely broken once we include the distribution of the detector-frame mass
distribution of the primary, A [< (3)

1 |)] =
∫
[A (<1, <2, I)/(1 + I)] 3<23I.

Similar to how we obtain the cyan ellipses in Fig. 2.4, we also construct Fisher
matrices for (ℎ, `6, ') in the top panel (or (ℎ, W, ') in the bottom panel) from the
<

(3)
1 distribution. The results are shown in the orange ellipses. Since distributions

of both I and <
(3)
1 are available in a GW catalog, we can combine them together,

leading to the gray ellipses in Fig. 2.4. This allows us to individually constrain ℎ and
`6 to good accuracy (assuming other parameters in ) are known), and the covariance
between ℎ and W can also be significantly reduced.

Combining the Fisher information from the redshift and mass distributions together
is largely similar to the hierarchical inference performed in LIGO Scientific Col-
laboration et al. [41]. To illustrate this point, we now invert the full Fisher matrix
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Figure 2.5: Error ellipses for a sample of 40 BBH events similar to the GWTC3
catalog. The gray ellipses are obtained by summing the Fisher information from the
marginalized redshift and primary mass distribution together, and the olive ones are
from the 3D A (<1, <2, I) distribution.

(note that in Fig. 2.4 we considered only submatrices) and the results are shown in
Fig. 2.5. More specifically, we construct two Fisher matrices using Eq. (2.3) with G

respectively substituted by I and <
(3)
1 . The two matrices are summed together and

then inverted to give us the gray error ellipses.

Overall, our result shows nice agreement with the one reported in LIGO Scientific
Collaboration et al. [41]. In particular, the 68% credible interval for ℎ is ℎ = 0.70±
0.29 and it exhibits a strong anti-correlation with W and "m0G whose uncertainties
are also consistent with fig. 5 in LIGO Scientific Collaboration et al. [41]. Because
we used a simple approximation of %d4C [Eqs. (2.19)-(2.22)] and we ignored the
statistical error on each individual event, we do not expect an exact reproduction
of the results in LIGO Scientific Collaboration et al. [41]. Due to our simplifying
treatments, `6 is better constrained than in LIGO Scientific Collaboration et al. [41]
and its correlation with ℎ as well as with other parameters is lifted (see also Fig. 2.4
and note the gray error ellipse in the upper panel is much smaller than the one in the
bottom panel).
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In fact, we can directly construct a Fisher matrix from a 3-dimensional (3D) dis-
tribution A (<1, <2, I |)). This leads to the olive ellipses in Fig. 2.5. This contains
more information and thus leads to tighter constraints on parameters compared to
combining two marginalized distributions (gray ellipses). For GWTC-3 with only
slightly more than 40 BBH events, however, we do not have a high ‘‘SNR’’ in the
3D histogram A (<1, <2, I |)).3 Therefore, summing marginalized distribution in I

and in < (3)
1 (gray ellipses) provides a better agreement of GWTC-3 results [41] than

the 3D distribution (olive ellipses). Nonetheless, as the sample size increases, we
would expect that the 3D distribution becomes a more accurate prediction (which we
validate in Appendix 2.7 by reproducing the results in [46, 39]). Therefore, in ad-
dition to the 1/

√
=o1B reduction in the uncertainties (as obviously seen in Eqs. (2.3)

and (2.14)), we would expect the results reported in LIGO Scientific Collaboration
et al. [41] to improve further from the gray ellipses to the olive ones as the SNR of
each bin in the 3D distribution increases (with the expectation of the bin becomes
greater than its Poissonian error; see Footnote 3). This can be especially valuable for
constraining "m0G as changing it can significantly alter %d4C at large redshift, a point
we will illustrate further when discussing the bias on cosmological parameters.

2.5 Bias induced by substructures in the population model
Having discussed in the previous section the parameter estimation uncertainties
when jointly fitting the cosmological and astrophysical models, we now consider the
bias in the cosmological parameters (especially �0) induced by inaccuracies in our
astrophysical model, which is naturally expected if our parameterized model is in-
sufficient to capture all the details in the true population model. Indeed, we note that
the specific functional form assumed in our study (the Power Law+ Peak model) is
not significantly preferred over, e.g., a Broken Power Law model [41]. More possi-
bilities with different parametrizations are also considered in, e.g., LIGO Scientific
Collaboration, Virgo Collaboration, and al. [47] and Roulet et al. [55]. Furthermore,
the mass distribution could contain more complicated features [56] and/or be red-
shift dependent [57, 58, 59, 60], introducing more features beyond what is captured

3Consider a discrete example. We would need at least 8 different bins to constrain(
"m8=, "m0G , X<, U, _6, `6, f6

)
in the histogram of <1 or <(3)

1 . For the secondary mass <2, we
would additionally need 2 more bins to determine the power-law slope V. The redshift distribution
requires at least 3 bins to constrain (W, ℎ). Thus a full 3D histogram would require more than 48 bins.
This is greater than the sample size used by LIGO Scientific Collaboration et al. [41]. Nonetheless,
there will be enough events to populate the 3D histogram when aLIGO reaches its designed sensi-
tivity and detects O(1, 000) events per year (as assumed in, e.g., [39]).
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by the model described in Sec. 2.3. Similarly, an error in the redshift model k(I)
could also bias the inferred cosmology [61].

Suppose the true event density can be written as

A C (<1, <2, I) = '%d4C

× [(1 − ΔA0)?(<1, <2, I |)) + ΔA0?eAA (<1, <2, I)] , (2.23)

and our parameterized model captures the A='%d4C ?(<1, <2, I |)) part. This leads
to an error of

ΔA (<1, <2, I) = ΔA0 ['%d4C ?eAA (<1, <2, I) − A (<1, <2, I)] , (2.24)

where ?eAA specifies the shape of the deviation and it is normalized to
∫
?eAA (<1, <2, I)3<13<23I =

1, and ΔA0 is an overall factor governing the magnitude of the deviation. We note
further that the −A term only affects the overall number of GW events when plugged
into Eq. (2.11) and therefore can be absorbed by a rescaling of '; when ΔA0 > 0,
it decreases the value of '. For the rest of the section we will focus on the effect
induced by ?eAA .

In particular, we focus on bias induced by unmodeled local substructures. For this,
we write

?eAA (<1, <2, I) = ?eAA (<1, <2)?eAA (I), (2.25)

with

?eAA (<1, <2) ∝
1

<1 − "m8=

exp

[
−(<1 − `<,eAA)2

2f2
<,eAA

]
, (2.26)

?eAA (I) ∝
1

1 + I

3+2

3I
exp

[
−(I − `I,eAA)2

2f2
I,eAA

]
, (2.27)

where the location of the substructure is governed by `<,eAA and `I,eAA and width by
f<,eAA and fI,eAA . In our study, we vary

(
`<,eAA , `I,eAA

)
and fix f<,eAA = 1 "� and

fI,eAA = 0.025. As a brief aside, we note that the local error considered here can
serve as the building block for considering more extended errors, as a generic ΔA

can be viewed as the superposition of many such local substructures.

To set the overall factor ΔA0, we request

ΔA0
∫
%d4C ?eAA3<13<23I∫
%d4C3<13<23I

= 0.01. (2.28)
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In other words, we assume the unmodeled substructure contains 1% of the BBH
events. Note that we choose ΔA0 > 0 for the simplicity of our discussion, ΔA0 can
be either positive (a local peak) or negative (a local trough).

In this section, we followFishbach, Holz, and Farr [46] and approximate %d4C accord-
ing to the aLIGO design sensitivity. In particular, we approximate the characteristic
SNR as

d0 = 8
[
M2 (1 + I)

10 "�

]5/6 (
1G?2

�!

)
, (2.29)

whereM2 = <
3/5
1 <

3/5
2 /(<1+<2)1/5 is the chirp mass of the BBH. Following Fish-

bach, Holz, and Farr [46], we further set dtℎ = 8 and f2
logΘ,0 = 0.3 in Eq. (2.21).

We are now ready to evaluate the bias due to ΔA (Eq. (2.24)) on cosmological pa-
rameters according to Eq. (2.11). Here we focus on the bias on ℎ and we consider
)�=(ℎ, ')T in Eq. (2.11). The result is shown in Fig. 2.6.

Firstly, we note that the bias is independent of =o1B. This is because in Eq. (2.11)
we have

[
O�

]−1 ∝ =−1
o1B whereas ΔA ∝ =o1B. This is in contrast to the statistical

uncertainty discussed in Sec. 2.4 which reduces as =−1/2
o1B . Therefore, while we ex-

pect a significant reduction in the statistical uncertainty as current detects become
increasingly more sensitive, and as the 3G GW detectors like Cosmic Explorer [19]
and Einstein Telescope [17] come online in 2030s, the systematic bias would persist
unless we incorporate more sophisticated models. In particular, we would expect to
detect 15,000 BBH events every month with 3G detector [62]. This means we would
reduce the statistical error on ℎ to sub-percent level within a month of observation
according to Fig. 2.5. This is below the bias shown in Fig. 2.6 and therefore the dark
siren cosmology would be limited by uncertainties in our astrophysical population
model.

We further note that for large `<,eAA and small `I,eAA (the bottom-right part of Fig. 2.6),
the bias is nearly a constant. The bias then gradually decreases and then becomes
negative as `<,eAA decreases and the `I,eAA increases, or as we go to the top left part
of Fig. 2.6. The transition is characterized by the line of d0 = 8 (the brown-dotted
line in Fig. 2.6), where we have used <1 = <2 = `<,eAA to evaluate M2 and `I,eAA

to evaluate �! in Eq. (2.29).

These features can be understood as the following. Because we assume ?eAA is
caused by local substructures and model it as a multivariate Gaussian in <1 and
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I (and uniform in <2), from Eq. (2.11) the bias is approximately given by4

Δℎ ∝ m log A (`<,eAA , `<,eAA , `I,eAA |))
mℎ

,

∼ m log %d4C
mℎ

+ m log (3+2/3I)
mℎ

, (2.30)

where in the second line we have selected out the terms that have non vanishing
derivativeswith respect to ℎ and those values are approximately evaluated at (<1, <2, I)=
(`<,eAA , `<,eAA , `I,eAA).

In the bottom-right part of Fig. 2.6, %d4C ' 1. Thus the only contribution to Δℎ

comes from m log (3+2/3I) /mℎ = 3/ℎ, which is a constant. This is why the bias
is nearly constant in this region. Physically, the excess events contained in a ΔA

reduces the smooth component in (3=o1B/3I)/=o1B so that the curve integrates to 1.
According to Fig. 2.1, a decrease in the (3=o1B/3I)/=o1B curve at small I means ℎ
is biased towards a greater value.

As we move towards the top-left part of Fig. 2.6, %d4C changes from 1 to 0. Numer-
ically, the slope is the steepest when Θtℎ = dtℎ/d0 is around 1. Because changing ℎ

changes the value of d0 at a given redshift `I,eAA , the m log %d4C/mℎ term in Eq. (2.30)
now starts to contribute. This drives changes the bias Δℎ to a more negative value.
Depending on the location, a local substructure containing 1% of BBH events could
bias the estimation of ℎ by about 1% in either the positive or the negative direction.
As we mentioned above, the statistical error on ℎ will drop below 1% with about
104 events. This is likely beyond aLIGO’s expected detection number, yet it can be
easily achieved with 3G detectors. Our study thus sets requirements of the accuracy
of our astrophysical population model in the 3G era.

2.6 Conclusion and Discussion
In this study, we derived the Cramér-Rao bound of both astrophysical and cosmo-
logical parameters from the distributions (both marginalized and high-dimensional)
of BBH events. Our approach complements the hierarchical inference currently em-
ployed by, e.g., LIGO Scientific Collaboration et al. [41]. Its analytical simplicity
makes it especially useful in predicting the performance of future detectors and pro-
viding insights in the statistics.

4Here we treat ?(I) as an un-normalized function and use ' to absorb the normalization to
simplify the discussion. Note that ℎ and ' are not completely degenerate because of %d4C , and it can
be seen from Fig. 2.1. In the real calculation, we include both ℎ and ' in )� and hence O� when
evaluating Eq. (2.11) to account for the correlation between them arising from this freedom in the
definition of ?(I) and '.
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Figure 2.6: Bias on ℎ due to an error in the astrophysical rateΔA given by Eqs. (2.25)-
(2.27). An error in<1 but constant in redshift can then be obtained by summing over
all the pixels along a specific `<,eAA (i.e., a vertical line) with appropriate normaliza-
tion. Likewise, other generic ΔA can be obtained by summing over the correspond-
ing pixels. Also shown in the dotted-brown line is an approximation of the detection
threshold with [M2 (1 + I)]5/6 /I ' c>=BC0=C.

The basic framework to both perform joint astrophysical and cosmological parame-
ter estimations and compute bias in parameters due to errors in the assumed model
was presented in Sec. 2.2. The specific population model in our analysis was in-
troduced in Sec. 2.3, which we then applied to place constraints on a BBH sample
similar to GWTC3 in Sec. 2.4. In particular, we found that the GWTC3 results
can be well reproduced if we combine the Fisher information of both the BBHs’
redshift distribution and the mass distribution together. In the future, tighter con-
straints (in addition to the √=o1B reduction in the errors) would be expected as more
events would allow us to construct an accurate 3D distribution of BBH events in
the (<1, <2, I) space. Then in Sec. 2.5, we further considered the bias induced by
unmodeled substructures in the population model. The bias due to other forms of
ΔA can be readily obtained by summing over relevant pixels in Fig. 2.6 with proper
reweighting. For instance, a substructure in <1 but constant in I can be obtained by
summing along a vertical line in Fig. 2.6. If the errorΔA contains 1% of the observed
population, it could easily bias the estimation in the Hubble constant by more than
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1%. Therefore, to achieve a high-precision cosmology from statistical dark siren, it
would require a high level of accuracy in the astrophysical model with fine details
captured.

Note further that our Eq. (2.11) applies not only to cosmological parameters but
also astrophysical ones as we can simply replace )� to )�, or any other subset of ) .
This could be of astrophysical significance. For example, the location of the mass
gap due to pair instability supernovae could be biased by substructures produced by
dynamical formation channels or the redshift-dependence in the mass function [57,
63, 60]. Our Eq. (2.11) thus provides a simple and analytical way to quantify the
bias.

As a first step, our current model does not include the statistical error on each indi-
vidual event’s component mass and luminosity distance. This may be a subdominant
effect for events that are well above the detection threshold, which are typically the
ones selected for population studies (see, e.g., [47, 41, 55]). Intuitively, the uncer-
tainty on each event’s parameters slightly blurs themeasured distribution and smears
out sharp features. Yet since both ?(<1, <2) and ?(I) are smooth functions in our
study (and in [41]), such a blurring should not be significant(, but see the discussion
below on galaxy catalogs). However, information of the population is also contained
in sources that aremarginally detectable (or undetectable; see the discussion in [64]).
These events could happen at locations where %d4C has large derivatives with respect
to ) and thus may potentially contribute to the Fisher information. To utilize them
properly, incorporating their parameter estimation errors would be critical, and we
plan to investigate this in a follow-up study.

We also assumed the galaxy catalog provides only the smoothed shape of the redshift
model ?(I). This is the case because the GW event localization accuracy is currently
limited. In the other limit where a BBH could be localized to a single host galaxy
(which can be achieved with a decihertz space-borne detector; [65]), a dark siren
would behave effectively like a bright BNS event with EM counterpart identified,
because the host galaxy in this case can be identified from the sky localization [66,
67, 68]. This could lead to a strong constraint in cosmology [13] without needing
assumptions in the underlying population model. In the intermediate case, an accu-
rate localization plus a complete galaxy catalog could mean sharp spikes in ?(I) and
therefore A (I). Whereas ℎ can be nearly degenerate with an overall power-law slope
W in k(I) (which is also the limiting factor on how well we can measure ℎ; Fig. 2.5),
it could hardly be confused with sharp spikes. Therefore the constraints on ℎ could
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thus be improved. Besides using the location of each individual event, the spatial
clustering of BBH events is yet another possibility to enhance our constrain on cos-
mology and reduce its systematic errors [69, 70, 71, 72]. A more quantitative study
incorporating these effects coherently is to be carried out in future investigations.
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2.7 Appendix: Validation of the methodology
In this Appendix, we further validate our approach by reproducing some results from
[46] and [39].

Following Fishbach, Holz, and Farr [46], here we consider a Truncated Power
Law mass model given by

?(<1, <2 |U, "m0G) ∝
<−U

1
<1 − 5 "�

H("m0G − <1), (2.31)

where H is the Heaviside function, and the existence of an upper mass gap "m0G

is motivated by the pair-instability supernovae [77]. Since our focus here is to re-
produce the results of Fishbach, Holz, and Farr [46], we use this mass model de-
spite the fact that it is currently unfavored by the latest data [49, 41, 55]. The k(I)
part in the redshift model (Eq. 2.16) given by Eq. (2.18). We particularly adopt
(U, "m0G , _) = (1, 40 "�, 3) in our calculation. The %d4C is computed following
Sec. 2.5 (see Eqs. (2.22) and (2.29)).

In Fig. 2.7, we present the 68% credible interval for the key parameters based on the
Fisher information matrix, Eq. (2.3), with =o1B = 500. In particular, we highlight
the bottom-right corner of Fig. 2.7 where we show the error ellipse for (_, U). We
notice a positive correlation between the two quantities and their uncertainties are,
respectively, Δ_ = 0.68 and ΔU = 0.21. Both results show nice agreement with
the top-left panel in fig. 5 in Fishbach, Holz, and Farr [46]. Moreover, because in
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Figure 2.7: Error ellipses from the 3D A (<1, <2, I) distribution assuming 500 BBH
events using the model in [46]. Our results show good agreement with those ob-
tained in Fishbach, Holz, and Farr [46] and Farr et al. [39]. It thus validates our
approach when =o1B is large.

the mass model, Eq. (2.31) there is a clear feature set by "m0G , it thus allows the
determination of ℎ as proposed in, e.g., Farr et al. [39] and demonstrated in the left-
most column of Fig. 2.7. Consistent with Farr et al. [39], we note the uncertainty
on ℎ from 500 events is Δℎ = 0.065. The consistency between our Fig. 2.7 and
previous studies thus validates our approach in constraining both the astrophysical
and cosmological parameters.
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C h a p t e r 3

MULTIBAND GRAVITATIONAL WAVE COSMOGRAPHY
WITH DARK SIRENS

[1] B. C. Seymour, H. Yu, and Y. Chen. ‘‘Multiband gravitational wave cos-
mography with dark sirens.’’ In: Phys. Rev. D 108.4 (2023), p. 044038. doi:
10.1103/PhysRevD.108.044038. arXiv: 2208.01668 [gr-qc].

3.1 Introduction
The Hubble-Lemaître constant �0 describes the current expansion rate of the uni-
verse. Currently, there is substantial deviation between Planck measurements of the
cosmic microwave background fluctuations [1] and SH0ES measurements of Type
1a supernova with the distance ladder [2, 3]. Notably, the Hubble tension between
these early and late universe measurements differs by at least 4f [4, 5]. Moreover,
the tension has occurred since the first Planck results [6] and strengthened with time.
It is important to validate whether such Hubble tension truly exists or whether it is
due to astrophysical systematics because it could signify violation from the ΛCDM
concordance model [5, 7, 8]. One signature for departure from the concordance
model would be apparent redshift evolution �0 [9].

If the Hubble tension is proven robust with further measurements, there are a num-
ber of possible explanations with new physics. An extensive discussion of these
possibilities is given in a recent review [10], and a comparison between many of
such theories is given in [11]. These proposals can be classified generally either as
early-time modification of the sound horizon or late-time modification of the Hubble
expansion.

Let us first discuss new physics before recombination whichwould lower the value of
Hubble constant as measured by Planck. Early dark energy adds an additional scalar
field which acts like a cosmological constant and ends after recombination [12, 13].
The time of matter-radiation equality can be shifted by adding additional relativistic
degrees of freedomwith dark radiation [14, 15, 16] or neutrino self-interactions [17,
18]. Finally, there are proposals that the photon mass cannot be perfectly measured
due to the lifetime of the universe from Heisenberg’s uncertainty principle, and this
translates to uncertainty on the Hubble constant [19, 20].

https://doi.org/10.1103/PhysRevD.108.044038
https://arxiv.org/abs/2208.01668
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There are also a number of ways to create a smooth late time deformation in � (I)
with unchanged CMB physics. These include phantom dark energy [21, 22], run-
ning vacuum model [23, 24], phenomenologically emergent dark energy [25], vac-
uum phase transition [26, 27], and a phase transition in dark energy [28, 29, 30].
Many of these modify the equation of state parameter of the dark energy or change
how ΩΛ(I) evolves with redshift. Another way to change the evolution of � (I) is
by introducing additional interactions. These class includes well-known beyond GR
theories such as Brans-Dicke gravity [31], 5 (') gravity [32], and Galileon grav-
ity [33]. Additionally, this includes interacting dark energy [34, 35, 36, 37] where
dark energy and dark matter interact, and decaying dark matter [38, 39, 40] where
dark matter decays into an unknown dark radiation. Finally, the homogeneous and
isotropic assumption of ΛCDM can be broken with chameleon dark energy [41, 42,
43], cosmic voids [44], and inhomogeneous causal horizons [45].

The detection of gravitational waves (GW) can provide an independent late universe
measurement of the Hubble constant. By measuring the expansion rate in the late
universe, GW could be used as an independent measurement of the Hubble con-
stant from SH0ES. Furthermore, with a distribution of GW events at low redshifts
(I ∼ 0.0 − 0.5), an anomalous evolution of the expansion rate could be observed.
In particular, the luminosity distance of the source can be obtained from the mea-
sured gravitational waveform [46]. A Hubble constant measurement can be readily
attained from a standard siren: a binary neutron star (BNS) merger with a coinci-
dent EM counterpart [46, 47]. With the optical measurement of the redshift from
EM followup and luminosity distance measurement from the GW detector, one can
directly measure the Hubble constant. Indeed, the Hubble constant was measured
with the BNS GW170817 [48] and its corresponding EM counterpart [49, 50, 51].

However, only a small number of GW events are expected to be bright BNS mergers
with EM counterparts. The majority of observed GW events are binary black hole
(BBH) events without EM counterparts, which are thus known as dark sirens. No-
tably, many BBH events have already been detected and cataloged [52, 53, 54, 55,
56, 57]. Dark sirens can measure the Hubble constant by statistical techniques using
galaxy catalogues [46, 58, 59, 60, 61, 62, 63, 64] and features in the mass distribu-
tion [65, 66, 67, 68, 69, 70]. These statistical techniques can be further extended
with realistic galaxy clustering which provide improvements in identifying the red-
shift due to galaxy density correlations [71, 72, 73, 74]. These statistical techniques
have been applied to the GWTC-3 catalog, and the Hubble constant is measured as
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�0 = 68+13
−12 km s−1Mpc−1 using only dark sirens [75] at 68% credible level. By

combining the statistical method with the only standard siren GW170817, the Hub-
ble constant is measured as �0 = 68+8

−6 km s−1Mpc−1. For reference, GW170817
alone gives a Hubble constant value of �0 = 69+17

−8 km s−1Mpc−1 [48]. We need to
bear in mind that the statistical dark siren approach relies fundamentally on popula-
tion models so there is additional systematic uncertainties [75, 70]. In contrast, the
Planck Hubble constant measurement was �0 = 67.4+0.5

−0.5 km s−1Mpc−1 [1] and the
SH0ES measurement was �0 = 72.5+1.0

−1.0 km s−1Mpc−1 [76] which corresponds to
the 4f tension [4].

One new potential class of detector is one in the decihertz range (0.01 - 1 Hz), and
such a detector may aid in measuring the Hubble constant. This detector would lie
in between the millihertz LISA band [77] and the 10 - 1000 Hz ground band. A
decihertz detector has many advantages for measuring the Hubble constant. First, it
would provide early warning for BNSmergers whichwould help guarantee EM iden-
tification [78, 79]. Second, a joint decihertz detection would improve the parameter
estimation for stellar mass BBH by measuring their waves several years before they
enter into the ground band [78, 80]. Since statistical approaches to dark sirens are
degraded by having too many galaxies inside of the localization volume, having a
better angular localization will significantly help measure the cosmological param-
eters. Furthermore, the fascinating possibility of a multiband detection exists where
a decihertz detector observes a BBH inspiral and then the ground based detectors
measure the merger and ringdown. A decihertz multiband detection has been found
to substantially improve parameter estimation accuracy [78]. By combining deci-
hertz and ground detectors, the detector network can uniquely localize a BBH to a
its host galaxy without any EM counterpart. While a ground network can do this on
its own [81], the addition of a decihertz detector will significantly increase the range
at which the BBH can be localized. In this way, a multiband detection of a BBH can
behave like a standard siren.

Right now, there are a number of existing and proposed gravitational wave detec-
tors. Advanced LIGO [82], Advanced Virgo [83], and KAGRA [84] are operating
ground based gravitational wave detectors and are second-generation (2G) detec-
tors. Following the 2G detectors, LIGO Voyager aims to maximize the reach of
existing LIGO observatory facilities by adding cryogenic operation, heavier silicon
test masses, and improved quantum squeezing [85, 86]. Einstein Telescope [87]
and Cosmic Explorer [88] are the 3rd generation of ground-based detectors with
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planned arm lengths of 10 km and 40 km, respectively, which aim to begin observa-
tion in the mid 2030s. 3G detectors can break the distance-inclination degeneracy
using higher order spherical harmonic modes which would improve Hubble constant
measurement [89].

At frequencies below ∼ 1Hz, detecting gravitational waves may best be carried out
in space due to technical challenges [90, 91]. LISA [77, 92], TianQin [93], and
Taiji [94, 95], are proposed space based detectors which focus on the ∼ 10−3 −
10−1 Hz bands. LISA can measure the Hubble constant with dark sirens [96] with
accuracy of 5% and may be able to measure it with EMRIs [97] to an accuracy of
1% to 3%, though it is likely that ground detectors will surpass this by the time it
operational. Ref. [98] studied measuring the Hubble constant measurement with
TianQin and LISA/Einstein Telescope. In the far future, there are proposals for a
microhertz GW detector [99]. At very low frequencies, it may be possible for a
pulsar timing array to measure the effect of a super massive black hole binary [100].
Furthermore, there are a number of space based plans for a decihertz detector in
the 0.01 − 1 Hz band. The Japanese detector DECIGO is an ambitious prospect
that consists of three clusters of interferometers with a 1000km arm length [101,
102, 103]. Big Bang Observer is concept like DECIGO by the European Space
Agency [104]. Previous work found that Big Bang Observer alone would provide
precision cosmological tests by measuring and localizing nearly every GW event in
the universe [105]. Recently, Ref. [106] studied the capabilities of DECIGO and
other decihertz detectors to measure the Hubble constant. B-DECIGO is a planned
pathfindermission of DECIGOwith a single interferometer and a 100 km arm length
[101, 102]. Finally, TianGO is a space based decihertz concept which is designed
with nearer-term technology [78, 107].
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Figure 3.1: Comparison of detectors with a sample waveform. We plot the in-
strumental sensitivities for TianGO (orange), LIGO Voyager (blue), LISA (purple),
aLIGO design sensitivity (red), Cosmic Explorer 2 (brown), Einstein Telescope D
(pink), TianQin (gray), and B-DECIGO (yellow). We also show a sample TianGO
waveform for a typical BBH merger (black) at I = 0.3, M2 = 25"�, @ = 1.05, and
)obs = 5 yr assuming observed by a TianGO-like detector. On the top axis, we give
the time until merger.

For this analysis, we study how well we can measure the expansion rate of the uni-
verse by measuring BBH with future ground detectors and decihertz concepts. We
consider two representative decihertz detectors: (i) TianGO in the LIGO Voyager
era, and (ii) B-DECIGO in the ET/CE era. TianGO is chosen because it represents a
possible near term decihertz detector. In such a timescale, it would be operational in
late 2020s/early 2030s and beworkingwith the LIGOVoyager network. B-DECIGO
is a longer term prospect, which would be operational in the late 2030s.

We forecast how well a dark siren can be localized with the Fisher matrix for-
malism [108, 109] with both detector setups. If such a comoving volume con-
tains only one galaxy, we consider the dark siren to be localized. We consider
the case where localized events will have measured redshift due to either spectro-
scopic follow-up or from a complete galaxy catalog. We find that adding a deci-
hertz detector to the network improves the range at which a dark siren can be lo-
calized. We then constrain the Hubble constant and matter density parameter by
stacking the localized dark siren events together with the BBH merger rate inferred
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by LIGO/Virgo/KAGRA [110]. We assume that the Hubble constant and matter
density are the Planck values and fix all other cosmological parameters. Our study
motivates how a decihertz detector can complement the cosmological measurement
capabilities of ground based detectors.

The rest of the paper is organized as follows. In Sec. 3.2, we describe the observed
strain in a space based detector, and we use the Fisher matrix formalism to forecast
the measurement uncertainties with a multiband detection. In Sec. 3.3, we describe
how we stack localized events together and the forecast dark siren constraints on
the Hubble constant and matter density parameter for various detector setups. We
then conclude this work in Sec. 3.4. Finally, App. 3.5 delves into the space-based
waveform specifics, and App. 3.6 justifies the conservative approach of considering
only localized dark sirens. Throughout the work, we use � = 2 = 1.

3.2 Measurement of a Binary Black Hole
TianGO Waveform
Let us first model the waveform in a space detector. TianGO is orbiting the sun at an
inclination of 60◦, similar to the orbit of LISA [111]. Thus, there are two coordinate
frames for the geometry of TianGO. We denote the ecliptic frame to have basis
( ˆ̄x, ˆ̄y, ˆ̄z) where ˆ̄z is normal to the orbit of the earth. The frame with (x̂, ŷ, ẑ) is fixed
on the center of TianGO with (x̂, ŷ) oriented along its two arms. We denote T̂ as
the line of sight vector and R̂ is the direction of binary angular momentum. We can
write the waveform as [80]

ℎ̃( 5 ) = Λ( 5 )4−8[Φ% ( 5 )+Φ� ( 5 )] ℎ̃2 ( 5 ) , (3.1)

where ℎ̃2 ( 5 ) is the carrier waveform,Λ( 5 ) is the amplitude in Eq. (3.2),Φ% ( 5 ) is the
polarization phase in Eq. (3.3), and Φ� ( 5 ) is the phase modulation due to Doppler
effect in Eq. (3.4). The carrier waveform is independent of the antenna patterns and
only depends on the intrinsic parameters (MI, @, �! , C2, q2) whereMI = (1+I)M2

is the detector frame chirp mass, @ is the mass ratio, �! is the luminosity distance,
and C2, q2 are the time and phase of coalescence. Because we wish to model the
gravitational waveform over the frequencies in both TianGO andVoyager, the carrier
waveform is modeled with a phenomenological waveform that combines inspiral,
merger and ringdown. Specifically, we use a IMRPhenomD waveform [112, 113].

The notable difference for a space-based detector compared to a ground one is that
the orientation and location change with time. Thus, the amplitude and polarization
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phase which characterize the antenna patterns acquire a frequency dependence and
are derived in [114, 115] for a space based detector. We write them as

Λ( 5 ) =
[
�2
+�

2
+ ( 5 ) + �2

×�
2
× ( 5 )

]1/2
, (3.2)

Φ% = arctan
[
−�×�×( 5 )
�+�+( 5 )

]
. (3.3)

�+,×(q(, \(, k() are the detector beam pattern coefficient where (q(, \() are the
direction of T̂ in the TianGO corotating frame and the barred ones denote quantities
in the ecliptic frame, and k( is the polarization phase. The polarization amplitudes
are �+ = 1 + ( R̂ · T̂)2 and �× = 2R̂ · T̂. Additionally, there is a phase modulation
due to the Doppler effect induced by the orbital motion of the detector (which we
have assumed to be a heliocentric one),

Φ� ( 5 ) = 2c 5 g , (3.4)

= 2c 5 'AU sin \̄( cos
(
q̄C ( 5 ) − q̄(

)
, (3.5)

where g = −d · T̂, d is the vector from barycenter to detector, 'A* is one AU,
and q̄C ( 5 ) is the azimuthal location of the solar orbit of the detector. The explicit
expressions for �+,×, R̂ · T̂, q̄C ( 5 ) are given in App. 3.5. The ground waveforms are
the same as Eq. (3.1), but they are approximated as 5 → ∞ forΛ( 5 ),Φ% ( 5 ),Φ� ( 5 )
since the antenna patterns are nearly constant while it is in band.

In Fig. 3.1, we plot a sample TianGO BBH waveform, along with the sensitivity
of some gravitational wave detectors. This waveform terminates on the left side
because of the 5 year observation time. It exhibits amplitude modulation around
5 ∼ 2 ·10−2 Hz because TianGO’s orientation T̂ is changing with a period of a year.

Parameter Estimation Background
Let us now describe how we use the Fisher analysis to estimate parameter uncer-
tainties. The Fisher matrix formalism provides a useful approximation to parameter
estimation in the high SNR limit [108, 109, 116]. We consider a binary with param-
eters )0 and

)0 =
(
lnMI, @, ln �! , C2, q2, q̄(, \̄(, q̄! , \̄!

)
. (3.6)

The variance for a specific parameter )0 is found on the diagonal of the inverse of
the Fisher matrix

Δ)0 =
√(

Γ−1)
00

, (3.7)

where the Fisher information matrix is defined as

Γ01 ≡
(
mℎ̃

m)0

��� mℎ̃
m)1

)
, (3.8)
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and the waveform template ℎ̃( 5 , )) is a function of frequency 5 and parameters ) .
The inner product between two signals ℎ̃( 5 ), 6̃( 5 ) is defined as(

6̃
��ℎ̃) = 4Re

∫ ∞

0

6̃∗( 5 ) ℎ̃( 5 )
(= ( 5 )

35 (3.9)

where (= ( 5 ) is the detector noise spectral density. In the case of a network of de-
tectors, we sum the individual Fisher matrix for each detector 3

(Γ01)net =
∑
3

Γ3
01 . (3.10)

Results from Parameter Estimation
To understand how a decihertz detector can enhance the parameter estimation of a
BBH, we examine the results obtained using TianGOwith the HLI Voyager network.
The luminosity distance is defined by

�! (I) =
1 + I

�0

∫ I

0

3I′

� (I′) (3.11)

where
� (I) ≡

√
Ω< (1 + I)3 +ΩΛ . (3.12)

For precision tests of cosmology, we are mostly interested in the luminosity distance
accuracy and volume localization. The size of the solid angle ellipse ΔΩ can be
expressed by [114]

ΔΩ = 2c sin \̄(

√
Σq̄( q̄(

Σ\̄( \̄(
−

(
Σ\̄( \̄(

)2
. (3.13)

The uncertainty in comoving volume can be related to the angular uncertainty by
Eq. (28) of Ref. [117]

Δ+C =
�2

!

(1 + I)2ΔΩΔ�� , (3.14)

where the comoving distance equals�� = �!/(1 + I). Using a change of variables,
the comoving volume uncertainty can be rewritten as

Δ+C =
�2

!

(1 + I)3 + �!� (I) (1 + I)
ΔΩΔ�! , (3.15)

where � (I) = �0� (I).

Systematic errors beyond the detector sensitivity can degrade the accuracy of the
luminosity distance. The first of which is the gravitational lensing which changes
the luminosity distance. We use the fit from [118]

(Δ�!)lens
�!

= 0.066
[
1 − (1 + I)−0.25

0.25

]1.8

. (3.16)
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Once a particular galaxy is identified, the peculiar velocity adds uncertainty to the
amount of cosmological redshift. The measured redshift is the sum of the cosmo-
logical and Doppler redshift. We can express the peculiar velocity systematic error
as [119]

(Δ�!)pv
�!

=

���1 − (1 + I)2

�!� (I)

���fE , (3.17)

where we have assumed fE = 200 km s−1/2. The relative magnitude of this effect
decreases rapidly with distance since the cosmological redshift increases while the
RMS peculiar velocity is approximately constant.

Figure 3.2 gives the measurement accuracy for luminosity distance, angular resolu-
tion, and spatial localization. We considered a binary of M2 = 25"�, @ = 1.05, a
trailing angle between earth and TianGO of C0 = 5◦, and a 5 year observation. The
measurement accuracy strongly depends upon inclination ] of the binary, in addi-
tion to orientation of the detector network at merger. Therefore, we randomize over
(q̄(, \̄(, q̄! , \̄!) in the figure. The line represents the median measurement accuracy
while the shaded region contains 80% of possible systems. While we use a 5 year
observing time for TianGO, the TianGO’s parameter estimation is not particularly
sensitive to the observing time as long as it is above ∼ 1 week as most of the SNR
comes from frequencies above 0.1 Hz (see Fig. 3.1).

In the top part of Fig. 3.2, we show the fractional uncertainty in the luminosity
distance Δ�!/�! versus redshift. One can see that the addition of TianGO does
not significantly improve the ability to measure the luminosity distance compared
with the HLI network. Most of the SNR from the event comes from the ground
network, so the addition of TianGO improves the luminosity distance measurement
by a factor of only 1.51. We also plot the lensing and peculiar velocity systematic
errors here. We see that the systematic error due to peculiar velocity is only large
enough to affect our measurement for very close events. Meanwhile, the effect of
lensing is negligible and can be ignored in the future sections about cosmology.

In the middle panel of Fig. 3.2, we give the angular resolution ΔΩ versus redshift.
We see an angular resolution improvement by a factor of 20 for the addition of
TianGO to the HLI Voyager network. The long baseline between earth and TianGO
is responsible for this upgraded sky localization sensitivity.

1Note that we have published a previous paper where we found that TianGO improved the lumi-
nosity distance measurement of the HLI Voyager network (Fig. 3 and Fig. 13 of [78]). There was an
error in the space waveform code.
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Finally, let us describe the comoving volume localization in the bottom panel of
Fig. 3.2. We plot the comoving volume localization from Eq. (3.15), and find that
adding TianGO improves the comoving volume localization by a factor 30. We use
a comoving galaxy density of =gal = 0.01 gal/Mpc3 [81]. This corresponds to the
number density which are about 25% as bright as the Milky Way. This is because
the majority of the GW are expected to come from galaxies at least this luminous
[59]. If =galΔ+� < 1, we say the galaxy was localized. Using this criterion, we
find that HLI Voyager can localize galaxies up to I ∼ 0.15, while TianGO + HLI
Voyager can localize them up to I ∼ 0.30. Note that error bands are large and
asymmetric because the line-of-sight direction and detector configuration greatly
affect the measurement accuracy. For example, a gravitational wave that is face-on
to the ecliptic plane would be poorly localized by TianGO since the Doppler term
does not give any information, while a GW coming edge-on will measure ΔΩ well
(and correspondingly Δ+� ∼ �2

!
Δ�!ΔΩ).
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Figure 3.2: Measurement accuracy for luminosity distance, angular resolution and
comoving volume localization versus redshift. We plot these measurement uncer-
tainties for TianGO +HLI Voyager (red), HLI Voyager (blue), and TianGO (orange).
Because we randomize over the angular extrinsic parameters (q̄(, \̄(, q̄! , \̄!), we
plot both the median measurement with the line and the shaded region where 80%
of binaries lie. We use M = 25"�, @ = 1.05, C0 = 5◦ and )obs = 5 yr. We use
a galaxy number density per comoving volume of =gal = 0.01 gal/Mpc3 to convert
comoving volume localization to estimate our ability to identify the GW source.
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Event Rate
To infer cosmological parameters, we stack all dark siren events that the network
can localize. Let us now estimate how many dark sirens can be localized. First, the
merger rate density R(I) describes the number of mergers in a comoving volume
per year. We model it with a power law model and choose with ^ = 2.7 so that it
corresponds to the Madau-Dickinson star formation rate [120]

R(I) = R0 (1 + I)^ . (3.18)

Since this is the source frame merger rate density, an additional factor of 1/(1 + I)
is needed to convert time from the source frame to the detector frame. Therefore,
we write the detector-frame merger rate of sources with I < I< as

'obs(I<) =
∫ I<

0
R(I′) 1

1 + I′
3+2

3I′
3I′ , (3.19)

where
3+2

3I
=

4c
�0

32
2 (I)
� (I) . (3.20)

We use the BBH merger rate R0 = 20 Gpc−3yr−1 and ^ = 2.7 which consistent with
GWTC-3 [110].

In Fig. 3.3, we give the number of detections per year which can be fully localized
for HLI Voyager with and without TianGO. We see that TianGO will nearly double
the range at which a BBH can be localized to a single host. This corresponds to an
order of magnitude increase in localization rate. Furthermore, since the localiza-
tions occur at higher redshift, we can probe cosmological parameters beyond just
the Hubble constant.
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Figure 3.3: On the top, we plot the probability of an event being localized as a
function of redshift for HLI Voyager (green) and TianGO + HLI Voyager (blue). We
see that adding TianGO to the HLI Voyager network would nearly double the range
at which we can localize a dark siren event. On the bottom, we plot the expected
number of localizations in the comoving volume sphere. We use the merger rate
equal to the star formation rate (red dashed) fromEq. (3.19). We find that the number
of yearly localizations will increase by a factor of 10 by adding TianGO. This figure
assumes the same binary parameters as Fig. 3.2, but also uniformly samples the
observation time )obs ∈ [0, 5] yr.
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3.3 Cosmological Constraints
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Figure 3.4: The confidence intervals for Hubble constant �0 and matter density pa-
rameter Ω< from HLI Voyager (blue), TianGO + HLI Voyager (red), Planck 2018
(yellow) [1], 2 CE 2’s + ET-D (cyan), and B-DECIGO + 2 CE 2’s + ET-D (pink).
GW constraints come from Eq. (3.21) using only fully localized BBH events during
a five year observation. We use chirp mass M2 = 25"� and merger rate density
at the star formation rate. One can see that adding TianGO to the Voyager network
would improve error in the measurement of the Hubble constant and the matter den-
sity parameter. Moreover, the 3G ground network sees a similar improvement with
the addition of B-DECIGO assuming it is in a heliocentric orbit. We include the
forecasted cosmology constraints for other detector configurations in Tab. 3.1.
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Figure 3.5: Constraints on the expansion rate as a function of redshift for various
forecasted and current measurements at the 68% CL. We plot the forecasted con-
straints on HLI Voyager (blue) and TianGO + HLI Voyager (red). We also plot cur-
rent expansion rate constraints from Planck 2018 (yellow) [1] and from GW170817
(pink) [48]. We produce this plot assuming the Planck parameters as the true values
when computing the Fisher matrix, and incorporate only uncertainty on (�0,Ω<)
for the shaded regions. Notice that three Voyagers can measure the expansion rate
relatively accurately below I ∼ 0.1. Furthermore, adding the decihertz detector
TianGO enhances the ability for the expansion rate to be measured.

Given a set of gravitational wave observations, we wish to compute the consistent
values of the cosmology. Others have studied how to measure the Hubble constant
with dark sirens using statistical inference [59, 121, 70]. Currently, statistical meth-
ods are used because the LVK’s best localized BBHs have comoving volume reso-
lution of Δ+2 ∼ 105Mpc3 [75] which has thousands of galaxies inside. Since our
sources are well localized, we can directly measure the redshift of each dark siren
event from the uniquely identified host galaxy. We demonstrate this in 2D with a
mock simulation in App. 3.6 that the likelihood function breaks down to the par-
ticularly simple answer for well localized sources. We stress that our approach of
using the localization condition of =galΔ+� < 1 is a conservative approach. This
does not require a catalogue since optical telescopes can measure the redshift of the
galaxy after the event. Furthermore, galaxy clustering can improve the cosmology
constraints [71]. Additionally, more massive galaxies are statistically more likely to
be the source of the GW, so this would further improve the ability to localize a GW
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in the Bayesian approach. Under the localization assumption, a dark siren (BBH)
will behave like a bright one (i.e., BNS) for cosmology.

Let us now describe how to compute confidence intervals on the cosmology with a
set of dark siren observations. For a set of cosmological parametersN = (�0,Ω<, ...),
we can compute their confidence intervals with a Fisher matrix

Γ̃8 9 =
∑

event :

1
(Δ�! (I: ))2

m�! (I: ,N)
m�8

m�! (I: ,N)
m� 9

, (3.21)

where we use the tilde Γ̃ to distinguish from the waveform parameter estimation
matrix used in the last section. Then the error in a cosmological parameter is

Δ�8 =

√
(Γ̃−1)88 . (3.22)

In the nearby universe, the Fishermatrix result reduces to (Δ�0/�0)2 = (Δ�!/�!)2

In Fig. 3.4, we plot the two sigma confidence intervals on the Hubble constant and
matter density parameter using only uniquely localized BBH events. We use a five
year observation period, and randomly pick (q̄(, \̄(, q̄! , \̄!). We use M2 = 25"�,
@ = 1.05, a trailing angle of 5◦, and uniformly randomize the time until merger.
The luminosity distance of the events was sampled accordingly by Eq. (3.19). This
corresponds to 2515 events with I < 0.4. There were 43 events localized by HLI
Voyager alone and 476 events localized by HLI Voyager + TianGO.

The addition of TianGO substantially improves our ability to measure the cosmol-
ogy. Fig. 3.4 shows the improvement of using TianGO for measuring the Hubble
constant and matter density parameter. Because a multiband measurement increases
the distance we can uniquely localize a galaxy, we can measure the matter density
parameter much more accurately. HLI Voyager measures �0 to 1% and Ω< to 40%,
and TianGO upgrades �0 to 0.3% and Ω< to 8%, while Planck measured �0 to
0.8% and Ω< to 2%. We also give the uncertainty ellipse for a possible 3G network
consisting of 2 CE2’s and 1 ET-D, and also we combine B-DECIGO with the 3G
network. We can see an improvement in both near-term and long-term networks
by adding a decihertz detector, particularly in the matter density parameter since its
effect is most pronounced at larger redshifts. Using the covariance matrix contain-
ing (�0,Ω<), we can see how well the expansion rate is measured as a function of
redshift. In Fig. 3.5, we plot the expansion rate � (I)/(1 + I) versus redshift where
we shade the 68% CL regions. We can see that gravitational wave detectors are
measuring the redshift region I ∼ 0.2 well because the localizations are occurring
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Δ�0/�0 ΔΩ< Localizations / 5 yr Notes

3 V
(+ T)

1 × 10−2

(2 × 10−3)
1 × 10−1

(2 × 10−2)
43
(476)

Voyager at Hanford, Livingston, India
sites.

1 CE2 + 1 ET-D
(+ T)

2 × 10−3

(6 × 10−4)
1 × 10−2

(3 × 10−3)
382
(1930)

CE2 at Hanford,
ET-D at GEO-600 sites.

2 CE2 + 1 ET-D
(+ T)

1 × 10−3

(5 × 10−4)
6 × 10−3

(2 × 10−3)
843
(2410)

CE2 at Hanford, Livingston.
ET-D at GEO-600 sites.

2 CE2 + 2V
(+ T)

1 × 10−3

(6 × 10−4)
9 × 10−3

(3 × 10−3)
556
(2211)

CE2 at Virgo, India sites. Voyager at
Hanford, Livingston sites.

1 CE2 + 1 ET-D
(+ B-Decigo)

2 × 10−3

(5 × 10−4)
1 × 10−2

(2 × 10−3)
380
(4758)

CE2 at Hanford, ET-D at GEO-600 sites.
B-Decigo placed in 5◦ trailing Heliocentric orbit

2 CE2 + 1 ET-D
(+ B-Decigo)

1 × 10−3

(3 × 10−4)
6 × 10−3

(1 × 10−3)
835
(5770)

CE2 at Hanford, Livingston, ET-D at GEO-600 sites.
B-Decigo placed in 5◦ trailing Heliocentric orbit

Table 3.1: Dark siren constraints on the Hubble constant and matter density param-
eter for various detector configurations. We use the same methodology as for this
table as in the rest of this paper. We find the Fisher matrix confidence interval on the
cosmological parameters by using only dark sirens which are completely localized.

here because most of localized events are at this redshift. At large redshifts, the cos-
mic expansion rate uncertainty grows because the matter density parameter is more
poorly measured. For reference, we also plot the constraints from GW170817 and
Planck 2018. Note that we only show Fig. 3.5 up to I = 0.6 since we cannot measure
ΩΛ,Ω: well enough with localized BBH sources.

Finally, we estimate the constraints on the Hubble constant and matter density pa-
rameter for various 2G to 3G detector networks in Tab. 3.1. Specifically, we compare
the cosmological constraints from localized dark sirens during a 5 year observation
period. For the 3G detectors, we consider Cosmic Explorer 2 (CE2), and Einstein
Telescope D (ET-D). We see that even with 2 CE2’s and ET-D, TianGO improves
the ability to measure the Hubble constant by a factor of 2, and the matter density
parameter by a factor of 3. This is because we see a sizable improvement in the
number of localized events.

For the long-term multiband case, we use a network consisting of B-DECIGO, CE2,
and ET-D. Because the orbit of B-DECIGO is still under discussion [122], we placed
it in a trailing 5◦ orbit like TianGO. We performed the same analysis as in Sec-
tion 3.3. We find that the addition of B-DECIGO can improve the cosmological
measurement capabilities of the 3G detectors.

3.4 Conclusion
In this paper, we studied how a space-based decihertz detector can enhance the sen-
sitivity of a ground network for dark siren cosmological measurement. We construct
the case that these detectors will measure a significant number of ‘bright’ dark siren
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BBH — GW from which we can uniquely localize and uniquely identify the host
galaxy. We then use a Fisher matrix formalism to place constraints on the cosmo-
logical parameters. We estimated how well the Hubble constant and matter density
parameter could be measured by BBH dark sirens with a five year observation of
TianGO plus three LIGO Voyagers. The result is the multiband detection of dark
sirens improves the measurement of the Hubble constant by about a factor of 3. The
larger redshift localized events allows the matter density parameter to be resolved in
the multiband case.

In the future, it would be interesting to extend our analysis to include dark sirens
which are non-uniquely identified, but are still well localized. Since the fully local-
ized criterion leaves out events with just a small number of galaxies, information
about the cosmology can still be extracted from these events. Moreover, there are
other effects which can improve the sensitivity further, such as exploiting the cluster-
ing of galaxies to improve localization [71] and weighting the galaxies by luminosity
[73].

Measuring the cosmology with gravitational waves is easier when the host galaxy is
uniquely identified. The statistical dark siren approach is degenerate with parame-
ters such the merger rate evolution with redshift and the BBH population model (as
discussed in the GWTC-3 cosmology paper [75]). Simultaneously measuring the
cosmology and these population parameters can be done by looking at the distribu-
tion of BBH events [123, 74, 70], but would result in a less sensitive measurement of
the cosmological parameters. Otherwise, if these factors are not jointly measured,
this would bias the measurement of the Hubble constant [124, 70]. Consequently,
a multiband detection of dark sirens with uniquely identified hosts has the poten-
tial to isolate the measurement of cosmological parameters from these population
parameters.

ACKNOWLEDGMENTS
B.S. acknowledges support by the National Science Foundation Graduate Research
Fellowship under Grant No. DGE-1745301. H.Y. acknowledges the support of
the Sherman Fairchild Foundation. Y.C. and B.S. acknowledge support from the
Brinson Foundation, the Simons Foundation (Award Number 568762), and by NSF
Grants PHY-2011961, PHY-2011968, PHY–1836809.



79

3.5 Appendix: Antenna Patterns of TianGO
The standard formula for the plus and cross antenna patterns of a detector is

�+ =

(
1 + cos2 \(

2

)
cos 2q( cos 2k( − cos \( sin 2q( sin 2k( , (3.23)

�× =

(
1 + cos2 \(

2

)
cos 2q( cos 2k( + cos \( sin 2q( sin 2k( , (3.24)

where (q(, \() are in the detector frame. We use the pycbc detector class to get
the ground based antenna patterns [125]. The antenna patterns of a space detector
are more complicated however, because the detector has changing orientation. This
means that the antenna patterns have time dependence �+,×(C), which we will use
the time frequency relation to find their frequency dependence.

To find the detector beam pattern coefficients, let us first describe the geometry of
the system. We have two coordinate systems: unbarred coordinates (x̂, ŷ, ẑ) which
correspond to the individual detector and barred coordinates ( ˆ̄x, ˆ̄y, ˆ̄z) in the ecliptic
frame. The relationship between the orientation of the detector frame and the ecliptic
is

x̂(C) = −sin 2qt
4

ˆ̄x + 3 + cos 2q̄t
4

ˆ̄y +
√

3
2

sin q̄t ˆ̄z ,

ŷ(C) = ẑ(C) × x̂(C) ,

ẑ(C) = −
√

3
2

(
cos q̄t ˆ̄x + sin q̄t ˆ̄y

)
+ 1

2
ˆ̄z , (3.25)

where the phase of TianGO in the ecliptic frame is equal to

q̄C ( 5 ) =
2cC ( 5 )

1 yr
− C0 , (3.26)

where C0 is the trailing angle, and equal to 5◦ for TianGO. The time as a function of
frequency is [78]

C ( 5 ) = C2 − 5 (8c 5 )−8/3 M−5/3
I

[
1 + 4

3

(
743
336

+ `

"
G − 32c

5
G3/2

)]
, (3.27)

where ` is the reduced mass and

G = (c"I 5 )2/3 . (3.28)

We can now write (q( ( 5 ), \( ( 5 ), k( ( 5 )) for the TianGO detector using Eq. (3.25),

cos \( ( 5 ) =
1
2

cos \̄( −
√

3
2

sin \̄( cos
(
q̄C ( 5 ) − q̄(

)
, (3.29)

q( ( 5 ) = q̄C ( 5 ) + arctan

[√
3 cos \̄( + sin \̄( cos

(
q̄C ( 5 ) − q̄(

)
2 sin \̄( sin

(
q̄C ( 5 ) − q̄(

) ]
. (3.30)
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The polarization phase of TianGO is

tank( ( 5 ) =
R̂ · ẑ −

(
R̂ · T̂

) (
ẑ · T̂

)
T̂ ·

(
R̂ × ẑ

) (3.31)

where

T̂ · ẑ = cos \( ( 5 ) , (3.32)

R̂ · ẑ = 1
2

cos \̄! −
√

3
2

sin \̄! cos
[
q̄C ( 5 ) − q̄!

]
, (3.33)

R̂ · T̂ = cos \̄! cos q̄( + sin \̄! sin \̄( cos
(
q̄! − q̄(

)
, (3.34)

T̂ ·
(
R̂ × ẑ

)
=

1
2

sin \̄! sin \̄( sin
(
q̄! − q̄(

)
−
√

3
2

cos q̄C ( 5 )
(
cos \̄! sin \̄( sin q̄( − cos \̄( sin \̄! sin q̄!

)
−
√

3
2

sin q̄C ( 5 )
(
cos \̄( sin \̄! cos q̄! − cos \̄! sin \̄( cos q̄(

)
. (3.35)

3.6 Appendix: Consistency of Statistical Method
In the statistical method, we wish to break the I − �! degeneracy by using a galaxy
catalog with the gravitational wave observation. We will use the method described
in a variety of sources [59, 73]. If we wish to constrain the cosmological parameters
N and have gravitational wave data 3GW, then with Bayes theorem, we have

?(N |3GW) ∝ ?(�0)?(3GW |N) (3.36)

where

?(3GW |N) = 1
V(N)

∫
?(3GW, �! , q(, \(, I |N)3�!3q(3\(3I , (3.37)

=
1

V(N)

∫
?(3GW |�! (I,N), q(, \()?0(I, q(, \()3q(3\(3I . (3.38)

The first term in the integral is approximated with a multivariate Gaussian distribu-
tion

?(3GW |�! (I,N), q(, \() = # (�! (I,N)−�̂! , f
2
�!

)# (q(−q̂(, f
2
q(
)# (\(−\̂(, f2

\(
) ,

(3.39)
where # (G − `, f2) is the probability density function of the normal distribution,
(�̂! , q̂(, \̂() are the true event parameters, and (f�!

, fq( , f\( ) is given by the Fisher
matrix analysis in Eq. (10). The second term in the integral is the galaxy catalog

?0(I, q(, \( |N) = 1
#gal

#gal∑
8

# (I − I8, f2
I8
)X(q( − q8()X(\( − \8() , (3.40)
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where fI8 is the variance due to the peculiar velocity. The variables (I8, q8, \8) are
the mean redshift and angular location of the 8th galaxy, while unbarred variables
are parameters.

The angular uncertainty is negligible and the distribution is replaced with a Dirac
delta function X(q( − q̄8

(
) and similarly for \(. Finally, the normalization V(N) is

V(N) =
∫
3G,>3tℎ

G,

?(3GW, �! , q(, \(, I |N)3�!3q(3\(3I 33GW , (3.41)

where

?(3GW, �! , q(, \(, I |N) = ?(3GW |�! (I,N), q(, \()?0(I, q(, \() , (3.42)

and where 3tℎ
G,

is the detection threshold. Note that Eq. (3.37) reduces to the Fisher
matrix confidence interval Eq. (3.21) on N if only one galaxy has nonvanishing
likelihood. This reduction can be derived by examining (3.38) in the case that there
is only one galaxy inside the volume. This happens when all other galaxies in the
sum in ?0(I, q(, \( |N) do not contribute to the integral in Eq. (3.38).

Now, let us demonstrate the statistical method in 2D and examine its convergence
as a function of the number of galaxies inside the localization region. We assume
that �! = I/�0 and that the peculiar velocity uncertainty is subdominant. Thus, we
assume the peculiar velocity is a very sharp Gaussian and absorb it into f�!

. If we
call ℎ = (�0)/(�0)true, the likelihood function is

?(3GW |ℎ) = 1
V(ℎ)

1
#gal

∑
8

# (�̂! − �8
! (ℎ), f

2
�!

)# (q̂( − q8(, f
2
q(
)# (\̂( − \8(, f

2
\(
)

(3.43)
where �8

!
(ℎ) = I8/�0 = I8/[ℎ(�0)tAD4] and fI = f�!

(�0)true. In this 2D case,
V(ℎ) ∝ ℎ2.

If we need to stack events, we generalize Eq. (3.43) to be the product of the likelihood
function of each event2,

?({3GW} |ℎ) =
#∏

event 4
?((3GW)4 |ℎ) . (3.44)

If we assume a uniform prior on ℎ, then ?(ℎ | {3GW}) ∝ ?({3GW} |ℎ). In Fig. 3.6,
we plot the posterior on ℎ for 30 and 300 events. In this figure, we vary the angular

2Technically, there is another factor ?(# |ℎ) in front of the product which depends on the intrinsic
astrophysical merger rate and comoving volume surveyed. It is discussed after Eq. (7) in Ref. [73].
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resolution of the events for each curve. We plot the median number of potential
host galaxies for the events. One can see that as events are nearly perfectly localized
(= → 0), the posterior on ℎ approaches the Fisher likelihood in Eq. (3.21).

Due to the potential systematics possible in such an experiment, we list the precise
choices we used to make the plot. Our distance resolution was Δ�!/�! = 0.15I +
10−2 and our angular resolutions varied betweenΔq( =

I
1000 deg toΔq( = 100I deg.

These scaled with redshift linearly due to the SNR scaling of parameter measure-
ment, while the 10−2 is the same order as the peculiar velocity error (so a few close
events do not dominate). We uniformly placed 3 × 106 galaxies throughout the disc
in the I ∈ [0, 2) ’redshift window.’ For each event, we randomly picked a galaxy
with I ∈ [0, 1). The particular redshift window can have a systematic effect on the
statistical method [124], and we chose our galaxy disc to be much bigger than the
redshift window to avoid artificial boundary effects.
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Figure 3.6: We plot the negative log likelihood of the posterior distribution on
the Hubble constant ?(ℎ | {3GW}) in the 2D simulation. Each curve with = labeled
is the median number of extra galaxies in the localization region while the Fisher
matrix constraint approximation from Eq. (3.21) is also plotted (dashed red). Each
curve in the plot corresponds to picking a different angular resolution for the events.
This shows that measurement of sources with poor angular resolution will result in
weaker Hubble constant constraints due to the increased number of galaxies in the
localization region. We also see that with a higher number of events, the likelihood
distribution for ℎ tightens. Finally, we see that the Bayesian approach reduces to
the Fisher information estimate when there is a uniquely identified galaxy. This is
still a conservative estimation on how well we can measure the cosmology as the
information from = > 0 systems is discarded.
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C h a p t e r 4

DETECTING GRAVITATIONAL LENSING IN HIERARCHICAL
TRIPLES IN GALACTIC NUCLEI WITH SPACE-BORNE

GRAVITATIONAL-WAVE OBSERVATORIES

[1] H. Yu, Y. Wang, B. Seymour, et al. ‘‘Detecting gravitational lensing in hi-
erarchical triples in galactic nuclei with space-borne gravitational-wave ob-
servatories.’’ In: Phys. Rev. D 104.10 (2021), p. 103011. doi: 10.1103/
PhysRevD.104.103011. arXiv: 2107.14318 [gr-qc].

4.1 Introduction
Since September 14, 2015 [1], ground-based gravitational-wave (GW) observatories
including LIGO [2], Virgo [3], and KAGRA [4] have achieved great success with
tens of GW events detected so far [5, 6]. A newwindow for human beings to observe
the Universe using GW radiation has since been opened up. Looking towards fu-
ture, more excitements await us as multiple space-borne GW observatories are pro-
posed to be launched in the near future, including LISA [7], TianQin [8], Taiji [9],
B-DECIGO [10, 11], Decihertz Observatories [12], and TianGO [13]. Their sensi-
tivity covers the 0.001 to 0.1 Hz band, allowing them to observe typical, stellar-mass
binary black hole (BBH) systems for years prior to the final merger. It thus opens
the possibility of using the slowly chirping GW radiation from a stellar-mass BBH
as a carrier signal to search for external modulations induced by environmental per-
turbations.

One particularly interesting scenario is if the stellar-mass BBH is in a galactic nu-
cleus where a supermassive black hole (SMBH) resides. Such a hierarchical triple
system (‘‘BBH + SMBH’’) is expected because there are theories predicting that
the environment in a galactic nucleus can facilitate the merger of stellar-mass BBH.
One channel that has been studied extensively in the literature is due to gaseous ef-
fects [14, 15, 16, 17, 18, 19]. If the BBH lives in a gaseous disk of an active galactic
nuclei (AGN), the gas can provide extra frictional force on the BBH in addition to
the force induced by GW radiation and thus hardens its orbit (the inner orbit). In
addition to shrinking the orbit of the BBH itself, gas can also help the center of mass
of the BBH to migrate in the AGN disk and thus alter its orbit around the SMBH [20,

https://doi.org/10.1103/PhysRevD.104.103011
https://doi.org/10.1103/PhysRevD.104.103011
https://arxiv.org/abs/2107.14318
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21]. Even without gas, dynamical interactions of a variety of flavors may also help
the formation of compact BBHs [22, 23, 24, 25, 26, 27, 28, 29, 30, 31], providing
yet another channel for the formation of ‘‘BBH + SMBH’’ triple systems.

Similar to the formation channels, the environmental perturbation on the BBH’s GW
waveform in such a triple system can also be divided up into two main classes. One
is still due to the gaseous friction, and its main effect is to make the BBH appear to
be more massive than its true value [32, 33, 34, 35]. This effect is most prominent
when the GW decay timescale of the BBH is a few kilo-years (comparable to the
hardening timescale due to the gas), but is subdominant for more compact (i.e.,
‘‘harder’’) BBHs that will merge in a few years.

The other type of modulation is directly related to the gravitational field of the
SMBH and is the main focus of our discussion here. The leading-order effect arises
from the orbital motion of the center of mass of the BBH orbiting around the SMBH
(i.e., the outer orbit), leading to a Doppler phase shift in the GW waveform emitted
by the BBH. It has been shown that this Doppler phase shift might be detectable for
BBHs as far as 1 pc away from the SMBH [36], and when the outer orbital period
is less than a few years (set by the duration of the observation), the frequency of
the Doppler phase shift can be measured, which further constrains the mass density
enclosed by the outer orbit [37]. Beyond the leading-order effect, the Newtonian
tidal effect (which typically manifested as the Lidov-Kozai effect) may also play a
role for a triple system with an inner orbital separation of ∼ 0.1A* [38, 39, 40]. For
more compact BBHs with separation of ∼ 10−3 A*, Ref. [41] showed that the (post-
Newtonian) de Sitter-like precession of the BBH’s orbital plane [42, 43, 44] is the
more critical correction to the waveform and can be detectable by space-borne GW
detectors out to a cosmological distance of ∼ 1G?2. Combining the de Sitter-like
precession and the Doppler shift, Ref. [41] further demonstrated that the mass of the
central SMBH can be determined, which complements the existing direct methods
of measuring the mass of an SMBH [45].

Recently, Ref. [46] further considered the strong gravitational lensing of the BBH’s
GW caused by the SMBH and showed that there is a high geometrical probability
(∼ 10%) for lensing to happen if the BBH is in an outer orbit with a period of less
than a year (shorter than the duration of the observation). Ref. [46] referred to this
as ‘‘repeated lensing.’’ Indeed, if the outer period is long (much longer than the ob-
servation duration), then in order for the BBH to be lensed, it needs to have both the
right azimuthal and polar angles such that the angular separation between the source
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and the lens is sufficiently small to be comparable with the Einstein ring. However,
the short orbital period in the repeated-lensing regime allows the inner BBH to scan
through the azimuthal angle and there will thus always an instant during the obser-
vation when the BBH is behind the SMBH. Therefore, the BBH only needs to have
the right polar angle. Furthermore, because the outer orbital radius is smaller, it is
also more likely for the BBH to be within the Einstein ring of the SMBH.

Ref. [46] focused on the standard strong lensing, which treats the SMBH as a New-
tonian point particle and lensing happens when the source is behind the lens (i.e.,
the source and the observer are on opposite sides of the lens). Meanwhile, the strong
gravity field of the SMBH can further lead to relativistic lensing signatures [47, 48,
49, 50, 51]. One such example is retro-lensing (which is also closely related to the
glory-scattering of an SMBH) [52, 53, 54, 55, 56]. Retro-lensing happens when the
BBH is in front of the SMBH: the GW emitted by the BBH towards the SMBH gets
bent by the strong gravity potential of the SMBH by an angle of approximately c

and eventually reaches the observer. For the same reason that repeated strong lens-
ing is likely in BBH + SMBH triples, repeated retro-lensing also has a relatively
high probability to happen (as it corresponds to the same geometrical configuration
as the standard lensing but just with the outer orbital phase shifted by c). Therefore,
retro-lensing should also be incorporated in the waveform modeling.

Furthermore, the parameter space where repeated lensing happens [46] largely over-
laps with the parameter space where the de Sitter precession is detectable [41]. It
is thus critical to incorporate both effects in the waveform modeling. More impor-
tantly, we note that including the lensing effects does not introduce any new param-
eters compared to the one needed for modeling the orbital dynamics. As shown in
Ref. [57], the lensing effect can be parameterized in terms of the mass of the lens
(i.e., the SMBH) and the sky projection of the source for point-source lenses. All
of them can also be independently inferred from the combination of Doppler shift
and de Sitter precession as illustrated in Ref. [41]. Therefore, the two effects can be
combined to enhance the overall parameter estimation (PE) accuracy, and checked
against each other to test the consistency of theories behind each effect.

Therefore, in this work our goal is to construct GW waveforms of a BBH in the
vicinity of an SMBH, including effects of the SMBH on both the orbital dynamics
(Doppler shift and de Sitter precession) and lensing (standard lensing and retro-
lensing). Wewill further use thewaveform to quantify the detectability of the lensing
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signatures. Moreover, we also assess the accuracy of PE of the triple system, in
particular the mass of the central SMBH.

Throughout this study, we will refer to the stellar-mass BBH (consists of "1, "2 ∼
a few × 10 "� ) as the inner binary and quantities associated with it will often be
denoted with a subscript ‘‘8.’’ The inner orbit decays via gravitational radiation;
the GW it emits serves as the signal carrier in our study. The orbit of the inner
binary’s center of mass around the SMBH ("3 ∼ 105 − 1010 "�) is referred to
as the outer orbit and is denoted with a subscript ‘‘>.’’ The GW radiation of the
outer binary can be safely ignored for systems of our interest. For simplicity, we
ignore the spin of the SMBH and treat it as a Schwarzschild BH. We further restrict
our discussion here to the simple case where both the inner and the outer orbits are
circular. The general case that allows for orbital eccentricities is deferred to future
studies. Moreover, all values in our study are measured in the detector frame. In
other words, they are redshifted by the cosmological expansion (Ic>B ∼ 0.2− 0.3 for
sources at a luminosity distance on the order of 1Gpc) and the gravity of the SMBH
(IgA0E ∼ 10−3 − 0.01 for typical outer orbits we consider). We use geometrical units
� = 2 = 1.

The paper is organized as follows. In Sec. 4.2 we describe our construction of the
GW waveform including effects due to both standard strong lensing (Sec. 4.2) and
retro-lensing (Sec. 4.2). We then examine the detectability of lensing effects by
space-based GW observatories like LISA [7] and TianGO [13] in Sec. 4.3 by con-
sidering the mismatches between waveforms with and without lensing. The PE anal-
ysis including both lensing and orbital dynamics (Doppler + de Sitter) is presented
in Sec. 4.4. Specifically, we consider the enhancement in the PE accuracy of the
SMBH’s mass in Sec. 4.4, followed in Sec. 4.4 by a study on how well we can test
the consistency between the SMBH’s mass determined from the lensing signal and
that from the orbital dynamics. Lastly, we conclude in Sec. 7.5 together with a dis-
cussion on effects to be further incorporated by future studies.

4.2 GW waveforms including gravitational lensing
In this section, we describe our modeling of the GW waveform. We will start by
briefly reviewing the waveform construction without lensing effects, which closely
follows Ref. [41]. This is followed by Sec. 4.2 in which we consider the standard
lensing. In Sec. 4.2, we further incorporate the retro-lensing into the waveform.
We conclude our waveform modeling in Sec. 4.2 by examining a few representative
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waveforms including lensing effects and sketching out the parameter space for the
lensing signatures to be potentially significant.

Following Ref. [57], we write the lensed waveform [denoted by a superscript ‘‘(;)’’]
as

ℎ̃(;) ( 5 ) = � ( 5 ) ℎ̃( 5 ), (4.1)

where ℎ̃( 5 ) is the frequency-domain waveform without lensing and the quantity
� ( 5 ) is an amplification factor due to the gravitational lensing.

To model ℎ̃( 5 ), we follow Ref. [41] and write (see also Refs [58, 59])

ℎ̃( 5 ) = Λ(C) ℎ̃2 ( 5 )
= [�2

+(C)�2
+ (C) + �2

×(C)�2
× (C)]1/2

× exp
{
−8

[
Φ? (C) + 2Φ) (C) +Φ� (C)

]}
ℎ̃2 ( 5 ), (4.2)

where ℎ̃2 ( 5 ) is the antenna-independent carrier waveform, which we further model
using the quadrupole formula as

ℎ̃2 ( 5 ) =
(

5
96

)1/2 M5/6

c2/3�
5 −7/6

× exp
{
8

[
2c 5 Cc − qc −

c

4
+ 3

4
(8cM 5 )−5/3

]}
, (4.3)

where M, �, C2, and q2 are the chirp mass (in the detector frame), luminosity dis-
tance, time and phase of coalescence, respectively.

The antenna response is incorporated under the leading-order stationary phase ap-
proximation (SPA), which first evaluates each quantity as a function of time C, and
then express the time as a function of frequency, C = C ( 5 ), following

C ( 5 ) = Cc − 5(8c 5 )−8/3M−5/3. (4.4)

Furthermore, in Eq. (4.2) we have defined �+=1 +
(
R̂8 · T̂

)2
and �×= − 2 R̂8 · T̂ ,

where R̂8 is the orientation of the inner orbital angular momentum and T̂ is the
line of sight. The quantities �+ and �× are the ‘‘detector beam-pattern’’, Φ? =

arctan [−�×�×/�+�+] is the polarization phase, and Φ) is the Thomas precession
phase. Their expressions can be found in, e.g., Refs. [58, 59, 41]. Note that they are
time-dependent because of motions of both the detector in the solar frame and the
inner binary in the SMBH frame. Specifically, we assume the detector follows an
orbit as described in Ref. [60] and the its explicit orientation can be found in, e.g.,
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Ref. [41] for a 90◦-detector like TianGO [13], and Ref. [59] for a 60◦-detector like
LISA [7]. For the inner binary’s orientation, we include the de Sitter-like preces-
sion [42, 43], which can be expressed as [41]

3 R̂8

3C
= Ωd( R̂> × R̂8 =

3
2
"3
0>

Ω> R̂> × R̂8, , (4.5)

for a circular outer orbit. Here Ω> = 2c/%> =
√
"3/03

> is the orbital period with
"3 the mass of the SMBH and 0> the semi-major axis of the outer orbit. We denote
the outer orbital angular momentum as R> and the total angular momentum of the
triple as P = R> + R8 ' R>. We will further define _! ≡ arccos

(
R̂8 · R̂>

)
as the

opening angle between the inner and outer orbital angular momenta.

Lastly, the center of mass motion of the inner binary around the SMBH and the
detector around the Sun are included via a Doppler phase, Φ� , as [59]

Φ� = 2c 5
[
A>,‖ cos

(
Ω>C + q(0)

)
+ A⊕,‖ cos

(
2cC
yA

− q(

)]
, (4.6)

where A>,‖=0> sin ]� and A⊕,‖=A* sin \(. Here ]�= arccos
(
R̂> · T̂

)
in the inclination

of the outer orbit, q(0) is an initial phase, and \( and q( are the polar and azimuthal
angles of T̂ in the solar frame (following the notations used in Ref. [41], we use a bar
to denote angular coordinates in the solar frame). Consistent with the treatment in
Ref. [59], we include only the phase term of the Doppler shift Φ� but drop the am-
plitude boosts like ∼ (1− ¤A>,‖) for simplicity. Indeed, when we consider each term’s
contribution to parameter estimation by computing

(
mℎ̃/mA>,‖

)
, the magnitude of

the phase term’s contribution is ∝ 2c 5 while the amplitude term’s contribution is
∝ Ω> ∼ 10−5 × 2c 5 . For similar reasons, we ignore the time shifts [due to the prop-
agation of the wave from the inner binary to the SMBH ∼ A>,‖ ® 0.5 d0H and from
the Sun to the detector ∼ A⊕,‖ ∼ 500 s, as well as the extra time delay induced by the
SMBH ∼ "3 ® 500 s] in other non-Doppler terms in Λ(C) because their variation
rate is much smaller compared to the GW frequency 5 .

Before we proceed to discuss the lensing amplification factor � ( 5 ) in Secs. 4.2 (for
standard lensing) and 4.2 (for retro-lensing), we would like to emphasize that the
various effects entering our waveform modeling are typically computed using the
lowest-order approximations. This is because our goal is to examine the detectabil-
ity of various lensing effects and to estimate their effects on the PE accuracy. The
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�

<latexit sha1_base64="eL3/qNlAAEFZCyP0uDthQlICFbA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqu1+6tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIrJjxU=</latexit>↵

<latexit sha1_base64="eL3/qNlAAEFZCyP0uDthQlICFbA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqu1+6tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIrJjxU=</latexit>↵
<latexit sha1_base64="OXB+T9h6ln+IMQCc08N3brf1DNs=">AAAB+3icbVBNSwMxEM36WevXWo9egkXwYtktoj0W9OCxgv2A7lKy6bQNzWZDkhXL0r/ixYMiXv0j3vw3pu0etPXBwOO9GWbmRZIzbTzv21lb39jc2i7sFHf39g8O3aNSSyepotCkCU9UJyIaOBPQNMxw6EgFJI44tKPxzcxvP4LSLBEPZiIhjMlQsAGjxFip55aqgWT4Age3wA3BgRyxnlv2Kt4ceJX4OSmjHI2e+xX0E5rGIAzlROuu70kTZkQZRjlMi0GqQRI6JkPoWipIDDrM5rdP8ZlV+niQKFvC4Ln6eyIjsdaTOLKdMTEjvezNxP+8bmoGtTBjQqYGBF0sGqQcmwTPgsB9poAaPrGEUMXsrZiOiCLU2LiKNgR/+eVV0qpW/KtK9f6yXK/lcRTQCTpF58hH16iO7lADNRFFT+gZvaI3Z+q8OO/Ox6J1zclnjtEfOJ8/JISTMw==</latexit>

2⇡ ���

<latexit sha1_base64="yzy4ttCP2tUcLP0m9ajVrGPQwFU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkkR7bHgxYOHCvYDmhA2m027dJMNu5NCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpgJrsFxvq2Nza3tnd3KXnX/4PDo2D457WqZK8o6VAqp+iHRTPCUdYCDYP1MMZKEgvXC8d3c702Y0lymTzDNmJ+QYcpjTgkYKbBtb0Sg8EIpouJhNgtkYNecurMAXiduSWqoRDuwv7xI0jxhKVBBtB64TgZ+QRRwKtis6uWaZYSOyZANDE1JwrRfLC6f4UujRDiWylQKeKH+nihIovU0CU1nQmCkV725+J83yCFu+gVPsxxYSpeL4lxgkHgeA464YhTE1BBCFTe3YjoiilAwYVVNCO7qy+uk26i7N/XG43Wt1SzjqKBzdIGukItuUQvdozbqIIom6Bm9ojersF6sd+tj2bphlTNn6A+szx8N1ZPo</latexit>

L̂o

<latexit sha1_base64="uND1dk8cpwMBbW+m99ky5NOm7Z0=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8laSI9ljw4rGC/YAmhM1m0y7d7IbdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyjjT4Lrf1sbm1vbObmWvun9weHRsn5x2tcwVoR0iuVT9CGvKmaAdYMBpP1MUpxGnvWh8N/d7E6o0k+IRphkNUjwULGEEg5FC2/ZHGAo/kjwunmazUIZ2za27CzjrxCtJDZVoh/aXH0uSp1QA4VjrgedmEBRYASOczqp+rmmGyRgP6cBQgVOqg2Jx+cy5NErsJFKZEuAs1N8TBU61nqaR6UwxjPSqNxf/8wY5JM2gYCLLgQqyXJTk3AHpzGNwYqYoAT41BBPFzK0OGWGFCZiwqiYEb/XlddJt1L2beuPhutZqlnFU0Dm6QFfIQ7eohe5RG3UQQRP0jF7Rm1VYL9a79bFs3bDKmTP0B9bnD1E1lBQ=</latexit>

x̂o
<latexit sha1_base64="E1D2emdvGHC/pELTdXQ+MaUnpGo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CxJQBLSwsIpoPSI6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9wkV2jig4HHezPMzAtizrRx3W8nt7a+sbmV3y7s7O7tHxQPj1paJorQJpFcqk6ANeVM0KZhhtNOrCiOAk7bwfhq5refqNJMigcziakf4aFgISPYWKl13U9v76f9Ysktu3OgVeJlpAQZGv3iV28gSRJRYQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVTgiGo/nV87RWdWGaBQKlvCoLn6eyLFkdaTKLCdETYjvezNxP+8bmLCmp8yESeGCrJYFCYcGYlmr6MBU5QYPrEEE8XsrYiMsMLE2IAKNgRv+eVV0qqUvWq5cndRqteyOPJwAqdwDh5cQh1uoAFNIPAIz/AKb450Xpx352PRmnOymWP4A+fzB015ju0=</latexit>

DLS

<latexit sha1_base64="E1D2emdvGHC/pELTdXQ+MaUnpGo=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CxJQBLSwsIpoPSI6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9wkV2jig4HHezPMzAtizrRx3W8nt7a+sbmV3y7s7O7tHxQPj1paJorQJpFcqk6ANeVM0KZhhtNOrCiOAk7bwfhq5refqNJMigcziakf4aFgISPYWKl13U9v76f9Ysktu3OgVeJlpAQZGv3iV28gSRJRYQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVTgiGo/nV87RWdWGaBQKlvCoLn6eyLFkdaTKLCdETYjvezNxP+8bmLCmp8yESeGCrJYFCYcGYlmr6MBU5QYPrEEE8XsrYiMsMLE2IAKNgRv+eVV0qqUvWq5cndRqteyOPJwAqdwDh5cQh1uoAFNIPAIz/AKb450Xpx352PRmnOymWP4A+fzB015ju0=</latexit>

DLS

<latexit sha1_base64="Oz6T2+ESnG/DYN1XgOm/K7/YCM8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUnss6MGbFe0HtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMbz9RpZkUD2YSUz/CQ8FCRrCxUuu6n97eT/vFklt250CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIQ1P2UiTgwVZLEoTDgyEs1eRwOmKDF8YgkmitlbERlhhYmxARVsCN7yy6ukVSl71XLl7qJUr2Vx5OEETuEcPLiEOtxAA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucPUguO8A==</latexit>

DOS

<latexit sha1_base64="Oz6T2+ESnG/DYN1XgOm/K7/YCM8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUnss6MGbFe0HtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMbz9RpZkUD2YSUz/CQ8FCRrCxUuu6n97eT/vFklt250CrxMtICTI0+sWv3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIQ1P2UiTgwVZLEoTDgyEs1eRwOmKDF8YgkmitlbERlhhYmxARVsCN7yy6ukVSl71XLl7qJUr2Vx5OEETuEcPLiEOtxAA5pA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucPUguO8A==</latexit>

DOS

<latexit sha1_base64="aYICbpyjKIcMN/bofCcaBRX6Aig=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUnss6MGDYAX7Ae1Ssmm2jc0mS5IVytL/4MWDIl79P978N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0tE0Vok0guVSfAmnImaNMww2knVhRHAaftYHw189tPVGkmxYOZxNSP8FCwkBFsrNS67qd3t9N+seSW3TnQKvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwum00Es0jTEZ4yHtWipwRLWfzq+dojOrDFAolS1h0Fz9PZHiSOtJFNjOCJuRXvZm4n9eNzFhzU+ZiBNDBVksChOOjESz19GAKUoMn1iCiWL2VkRGWGFibEAFG4K3/PIqaVXKXrVcub8o1WtZHHk4gVM4Bw8uoQ430IAmEHiEZ3iFN0c6L86787FozTnZzDH8gfP5A0dojuk=</latexit>

DOL

<latexit sha1_base64="aYICbpyjKIcMN/bofCcaBRX6Aig=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUnss6MGDYAX7Ae1Ssmm2jc0mS5IVytL/4MWDIl79P978N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0tE0Vok0guVSfAmnImaNMww2knVhRHAaftYHw189tPVGkmxYOZxNSP8FCwkBFsrNS67qd3t9N+seSW3TnQKvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwum00Es0jTEZ4yHtWipwRLWfzq+dojOrDFAolS1h0Fz9PZHiSOtJFNjOCJuRXvZm4n9eNzFhzU+ZiBNDBVksChOOjESz19GAKUoMn1iCiWL2VkRGWGFibEAFG4K3/PIqaVXKXrVcub8o1WtZHHk4gVM4Bw8uoQ430IAmEHiEZ3iFN0c6L86787FozTnZzDH8gfP5A0dojuk=</latexit>

DOL

<latexit sha1_base64="c1PocbaNlGn8aMydfDH7IVmOTfA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewG0RwDXryZgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzVh1Z9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXK3nW50rgq1apZHHk4g3O4BA9uoAZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AaddjNA=</latexit>

O

<latexit sha1_base64="c1PocbaNlGn8aMydfDH7IVmOTfA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewG0RwDXryZgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzVh1Z9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXK3nW50rgq1apZHHk4g3O4BA9uoAZ3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AaddjNA=</latexit>

O

<latexit sha1_base64="oHHRIKu2iEiYC6LIRwS0JUSm5xM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CaMqAjYVFAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49u5335CpXksH8wkQT+iQ8lDzqixUuO+Xyy5ZXcBsk68jJQgQ71f/OoNYpZGKA0TVOuu5ybGn1JlOBM4K/RSjQllYzrErqWSRqj96eLQGbmwyoCEsbIlDVmovyemNNJ6EgW2M6JmpFe9ufif101NWPWnXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVsnddrjSuSrVqFkcezuAcLsGDG6jBHdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCi0YzN</latexit>

L

<latexit sha1_base64="oHHRIKu2iEiYC6LIRwS0JUSm5xM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CaMqAjYVFAuYDkiPsbeaSNXt7x+6eEEJ+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++3kNja3tnfyu4W9/YPDo+LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49u5335CpXksH8wkQT+iQ8lDzqixUuO+Xyy5ZXcBsk68jJQgQ71f/OoNYpZGKA0TVOuu5ybGn1JlOBM4K/RSjQllYzrErqWSRqj96eLQGbmwyoCEsbIlDVmovyemNNJ6EgW2M6JmpFe9ufif101NWPWnXCapQcmWi8JUEBOT+ddkwBUyIyaWUKa4vZWwEVWUGZtNwYbgrb68TlqVsnddrjSuSrVqFkcezuAcLsGDG6jBHdShCQwQnuEV3pxH58V5dz6WrTknmzmFP3A+fwCi0YzN</latexit>

L

<latexit sha1_base64="jzjRDZEFr6q5ygaQb/mDGpfvjJI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY4kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5KtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK1tjNQ=</latexit>

S

<latexit sha1_base64="jzjRDZEFr6q5ygaQb/mDGpfvjJI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY4kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5KtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK1tjNQ=</latexit>

S

<latexit sha1_base64="4FoKr32ilXsU2JjMcpwZMVgH7l8=">AAACBnicbVA9SwNBEN3z2/gVtRRhMQjahLsgmjJgY6loVEhCmNubxMW9vWN3TgxHKhv/io2FIrb+Bjv/jZuYQhMfDDzem2FmXpgqacn3v7yp6ZnZufmFxcLS8srqWnF949ImmRFYF4lKzHUIFpXUWCdJCq9TgxCHCq/C2+OBf3WHxspEX1AvxVYMXS07UgA5qV3c3oP9Jm8S3lN+TqAjMBFXqK3U3XK/XSz5ZX8IPkmCESmxEU7bxc9mlIgsRk1CgbWNwE+plYMhKRT2C83MYgriFrrYcFRDjLaVD9/o812nRLyTGFea+FD9PZFDbG0vDl1nDHRjx72B+J/XyKhTbeVSpxmhFj+LOpnilPBBJjySBgWpniMgjHS3cnEDBgS55AouhGD85UlyWSkHh+XK2UGpVh3FscC22A7bYwE7YjV2wk5ZnQn2wJ7YC3v1Hr1n7817/2md8kYzm+wPvI9vgMuYgA==</latexit>

(a) Standard lensing.

<latexit sha1_base64="rm5EXAWwNJDxbthCpFxQhLg69jM=">AAACC3icbVA9SwNBFNyLXzF+nVraLAYhKQx3ImoZsLFUMYmQC2Fv8xKX7O0du+/E40hv41+xsVDE1j9g579xE1OocWBhmHnD2zdhIoVBz/t0CnPzC4tLxeXSyura+oa7udU0cao5NHgsY30dMgNSKGigQAnXiQYWhRJa4fB07LduQRsRqyvMEuhEbKBEX3CGVuq6u5WwGtAA4Q7zS0Ad70tQRqgBrQxsNqvWRl237NW8Cegs8aekTKY477ofQS/maQQKuWTGtH0vwU7ONAouYVQKUgMJ40M2gLalikVgOvnklhHds0qP9mNtn0I6UX8mchYZk0WhnYwY3pi/3lj8z2un2D/p5EIlKYLi34v6qaQY03ExtCc0cJSZJYxrYf9K+Q3TjKOtr2RL8P+ePEuaBzX/qHZwcViun0zrKJIdsksqxCfHpE7OyDlpEE7uySN5Ji/Og/PkvDpv36MFZ5rZJr/gvH8Bw2yaOQ==</latexit>

(b) Retro-lensing (glory).

<latexit sha1_base64="YbrukPh4VCHLNCRmkRTErPPd4NE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U6k2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AxCmM4w==</latexit>

b
<latexit sha1_base64="YbrukPh4VCHLNCRmkRTErPPd4NE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUDAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3U6k2r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AxCmM4w==</latexit>

b
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Figure 4.1: Cartoon illustrating the lensing geometry. The top part corresponds to
the standard lensing scenario (i.e., the strong lensing) where the source is behind
the lens and the deflection angle U � c (and here we specifically draw the instance
when I> = q> = 0). The bottom illustrates the geometry of retro-lensing (also
known as the glory). Note in the repeated lensing scenario, we have �$! ' �$( '
� ∼ 1G?2 and �!( ® 100A* � �$! , �$(.

construction of sufficiently precise templates that can be used for, e.g., signal detec-
tion via matched-filtering, are deferred to future studies. Nonetheless, we derive in
Appx. 4.6 a general expression that improves the accuracy of the waveform under
the SPA when the antenna response has a fast temporal variation. The waveform
in Appx. 4.6, while not used in this work for simplicity, can be readily adopted by
future studies when more accurate waveforms are desired.

Standard lensing under weak-deflection limit
We start the discussion of lensing effects by considering the standard lensing sce-
nario, illustrated in the top part in Fig. 4.1. This corresponds to the well-known
strong lensing by the SMBH. In this scenario, the GW emitted by the source ((,
which is the inner binary consisting of "1 and "2) is bent by the lens (!, which is
the SMBH "3) and then arrives at the observer $. We use V and \ to indicate the
angular location of the source and the image, respectively. The deflection angle is
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indicated by U. Geometrically, we have

V = \ − �!(

�$(

U. (4.7)

Note in this case, U � c and therefore the weak-deflection limit applies (which is
to be contrasted with the retro-lensing scenario in Sec. 4.2).

For future convenience, we construct a reference frame (G>, H>, I>) centered on the
SMBH "3 and x̂> is aligned with the line of sight T̂ (i.e., along the line $!). The
G>−H> plane is the defined by the plane formed by the line of sight T̂ and the total
angular momentum of the system P̂ ' R̂> (as the spin of the SMBH is ignored). The
inclination of the outer orbit is defined as ]� with cos ]� = T̂ · R̂>.

In this frame, we can write the source location as
G> (C) = 0> sin ]� cos q> (C),
H> (C) = 0> cos ]� cos q> (C),
I> (C) = −0> sin q> (C),

(4.8)

where q> (C) = Ω>C + q
(0)
> is the orbital phase of the outer orbit with Ω> =

√
"3/03

>.
Using these coordinates, we further have

�!( (C) = G> (C), (4.9)

V(C) =
√
H2
> (C) + I2

> (C)
�$!

. (4.10)

Approximating the lens as a pointmass (as we typically have 0> ∼ 100−1, 000 "3 �
"3 for systems of interests), we then have a time-dependent � (C; 5 ) as [57] (see also
Refs. [61, 46]; note this is applied only when G> > 0 or the source is behind the lens)

� (C; 5 ) = exp
{cF

4
+ 8

F

2

[
ln

(F
2

)
− 2q< ([)

]}
× Γ(1 − 8

F

2
)1�1(8

F

2
, 1; 8

F[2

2
), (4.11)

where F( 5 ) = 8c"3 5 , q< [[(C)] = [[< (C) − [(C)]2 /2 − ln [(C), and [< (C) ={
[(C) +

[
[2(C) + 4

]1/2} /2. The quantity [(C) is the angular location of the source

normalized by the Einstein radius, [(C) = V(C)/\E8= (C) with \E8= (C) =
√

4"3�!( (C)/(�$(�$!)
the Einstein radius. Under the SPA, the time C can be further treated as a func-
tion of 5 via Eq. (4.4). Note that both V(C) and �!( (C) vary with the outer orbital
phase. When the outer orbital period is shorter than the duration of the observation
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%o1B ∼ 5 yA, we can see multiple lensing-induced peaks (as we will see shortly in,
e.g., Fig. 4.3), and therefore the system is repeatedly lensed [46].

When F � 1 or 5 � 1m�I ("3/107 "�)−1 (, which is a condition typically well-
satisfied for systems we are interested in), the full expression Eq. (4.11) reduces to
the geometrical limit as a sum over images 9 [62, 57]

� (C; 5 ) =
∑
9

|` 9 |1/2 exp(2c8 5 C;, 9 − 8c= 9 ), (4.12)

where ` 9 is the magnification of the 9’th image, C;, 9 is the time delay of each image
(we use the subscript ‘‘;’’ to indicate it is a quantity associated with lensing effects),
and = 9 = 0, 1/2, or 1 when the image’s traveling time is a minimum, saddle point, or
maximum. For the standard-lensing configuration and treating "3 as a point mass,
two images form and

� (C; 5 ) = |`1(C) |1/2 − 8 |`2(C) |1/242c8 5ΔC; (C) , (4.13)

where

`1,2(C) =
1
2
± [2(C) + 2

2[(C)
[
[2(C) + 4

]1/2 , (4.14)

ΔC; (C) = 4"3

(
[(C)

[
[2(C) + 4

]1/2

2

+ ln
{
[[2(C) + 4]1/2 + [(C)
[[2(C) + 4]1/2 − [(C)

})
. (4.15)

Retro-lensing
When the BBH is in front of the SMBH, its GW can still experience a retro-lensing
with the wave bent by the SMBH by an angle of ' c. This is also known as the
‘‘glory’’ and is caused by the short-range attractive force of the SMBH. The geom-
etry is illustrated in the bottom of Fig. 4.1.

We define Δq = q$−q(+2c such that Δq ∈ [0, 2c), with q$ (() the azimuthal angle
of the observer (source) in the projected plot shown in the bottom of Fig. 4.1. As we
prove in Appx. 4.7, we have the following geometrical relations when the observer,
source, and lens are nearly aligned,

c − Δq ' �$!

�!(

\ − U, (4.16)

tan V = tan \ − �!(

�$(

tanU. (4.17)
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Figure 4.2: Top panel: magnification |` | as a function of the inclination angle ]� of
the outer orbit. Bottom panel: upper and lower envelopes of the amplification factor.
Here we assume "3 = 108 "� and 0> = 100A*. The outer orbital phase is either
q> = 0 (for standard lensing) or q> = c (for retro-lensing). For such "3 = 108 "�,
2c 5 "3 = 100 correspond to a GW frequency of 5 ' 0.03HI.

For a Schwarzschild lens, the closest impact a photon can make is 1pB = 3
√

3"3 for
it to not be absorbed by the lens (see, e.g., Ref. [52]). Light rays having an impact
parameter 1 slightly greater than 1pB may eventually reach the observer after making
one or more turns around the SMBH. Infinitely many images thus form at [56]

\< = \0
< ∓ Z<ΔU, (4.18)

with

U = ±ΔU ± <c, (4.19)

\0
< = \pB

[
1 + 4(22−<c)/21

]
, (4.20)

Z< =
\pB

21
4(22−<c)/21 , (4.21)
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where \pB = 1pB/�$! , < ∈ N+, and 21 and 22 are constants determined by the
metric. For the Schwarzschild metric, 21 = 1 and 22 = ln

[
216(7 − 4

√
3)

]
− c '

−0.40, leading to \pB = 5.35"/�$! and Z< = 0.15"/�$! exp [−(< − 1)c] [56].
For high alignment, the amplification of each image is given by [55, 56]

`<c (C) =
(
�$(

�!(

)2
\0
<Z<

sinΔq(C) ,

' 0.80
sinΔq(C)

(
"3
�!(

)2
4−(<−1)c,

' 0.80
V(C)

(
"2

3
�!(�$!

)
4−(<−1)c, (4.22)

where in the second line we have plugged in the values for a Schwarzschild BH and
used �$( ' �$! in our case; in the third line we have expressed sinΔq in terms of V
using the geometrical relations Eqs. (4.16) and (4.17). Although there are infinitely
many images, the amplification decreases exponentially for large <. Thus, for the
rest of the work wewill focus only on the pair of< = 1 images whosemagnifications
are denoted by `c.

While we derived retrolensingmagnification in the geometric approximation, we can
find the same result in wave scattering picture. Note that per unit time, the energy
received by a detector with area �d4C from a source with an isotropic luminosity
3�/3C is �d4C/

(
4c�2

$(

)
(3�/3C). At the same time, the source’s emission may first

reach the SMBH (lens) and then scatter towards the observer. The detector receives
energy at a rate 1/

(
4cA2

(

)
(3f/3Ω) (�d4C/�2

$!
) (3�/3C), where A( is the distance

from the source to the lens with A( ' �!( when the relative alignment is high, and
3f/3Ω is the cross section of the SMBH and it is further a function of the W(C),
the angle of the outgoing rays with respect to the incoming ones. Geometrically,
sin W ' (�$(/�!()V. The magnification is thus

`(C) =
(

�$(

�$!�!(

)2 {
3f

3Ω
[W(C)]

}
. (4.23)

The classical cross-section of a Schwarzschild SMBH is [63]{
3f

3Ω
[W(C)]

}
g4>

=
1 [W(C)] [31/3W(C)]

sin W(C) , (4.24)

where
1(W)/"3 ' 3

√
3 + 3.48 exp (−W) , when W ' c. (4.25)



107

We immediately see that magnification calculated using the classical cross section
reduces to the one calculated in Eq. (4.22) under the geometrical limit.

However, the classical/geometrical cross section assumes the scattering of a flow of
particles and does not include effects of wave interference nor the spin of the wave.
Ref. [63] incorporated the wave effects (interference and the polarization) under a
semi-classical approach and found that near glory, the cross section for each ray can
be written as {

3f

3Ω
[W(C)]

}
w0E4

=
2c2

_
12
6

(
31

3W

)
�2

2B

[
2c
_
16 sin W(C)

]
,

= 84.65"2
3 ( 5 "3) �2

2B [33.62 5 "3 sin W(C)] (4.26)

where _ = 1/ 5 = 2c/l is the GW wavelength, B is the spin of the scattered wave
(B = 2 for GW), 16 is the impact parameter at the glory point (16 = 3

√
3" for a

Schwarzschild BH), and �2B is the Bessel function of order 2B. In the second line,
we have plugged in numerical values for a Schwarzschild BH. Note further that for
sufficiently small G and B = 2, the Bessel function can be expanded as �4(G) '
G4/384. This means that the glory will be dark for a polarized wave while it has an
infinite magnification under the geometrical limit. On the other hand, the location
of the first peak of �4(G) is at G ' 5.32, which corresponds to

sin W ' �$(

�!(

V ' 9.94 × 10−3
(
2c 5 "3

100

)−1
. (4.27)

Therefore, for GW at higher frequencies and/or for more massive lenses, the glory
is dark for smaller range of alignments. In other words, the wave result [Eq. (4.26)]
approach better to the geometrical limit [Eq. (4.24)] at greater values of (2c 5 "3)
(i.e., shorter wavelength; see also Fig. 4.2 which we will discuss shortly).

Once we have the magnification of each retro-lensed image `c, we compute the
magnification factor of the GW waveform � (C; 5 ) as [cf. Eq. (4.12)]

� (C; 5 ) = 1 + 2|`c (C) |1/2 exp [2c8 5 Cc (C)] , (4.28)

where we simply approximate the time delay as Cc (C) ' 2�!( (C) + c16 [64]. We
do not further refine the solution because it does not affect the detectability of the
glory. Because during the derivation process, we have made the assumption of high-
alignment in various places, which would requireΔU ' |W−c | ' (�$(/�!()V � 1
(see also, sec. 2.3 in Ref. [56]), we adopt here an ad hoc cut and only apply the retro-
lensing amplification when (�$(/�!()V < c/12. A more rigorous treatment of the
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magnification that is valid at arbitrary angles is deferred to future studies. Higher-
order images are also ignored because their magnification drops exponentially with
respect to the winding number of the SMBH.

Sample waveforms
In the top panel of Fig. 4.2 we compare the magnifications of various images. Here
`1,2 are the magnifications corresponding to the primary and secondary images
formed by the standard strong lensing under the weak-deflection limit [Eq. (4.14)].
The cyan curve, denoted by `c, is themagnification of the retro-lensing under the ge-
ometrical limit [Eq. (4.22); it is also equivalent to the combination of Eqs. (4.23) and
(4.24)]. The glory magnification including wave effects [Eq. (4.26)] are shown in
the dashed-brown and dotted-purple traces for two different values of 2c 5 "3 = 10
and 100, respectively. To generate the plot, we have assumed a lens with mass
"3 = 108 "� and inclination ]� = 87◦. We further set q> = 0 for the standard
lensing under the weak-deflection limit and q> = c for the retro-lensing. Whereas
the geometrical glory has an infinite magnification as ]� → 90◦, the wave calcu-
lations lead to a vanishing glory at perfect alignment. On the other hand, at larger
values of 2c 5 "3 (or effectively, shorter wavelengths), the wave result follows more
closely the classical/geometrical value and the central dark spot has a smaller an-
gular size [Eq. (4.27)]. As a result, such systems will be more favorable for the
detection of retro-lensing signatures.

We also present the upper and lower envelopes of the amplification factor |� | in
the bottom panel in Fig. 4.2. Because we have 2c 5ΔC; ∼ F = 8c 5 "3 � 1, the
phase between different images changes rapidly, causing |� | oscillates between the
envelopes as the inner binary’s frequency 5 evolves.

Putting different ingredients together, we show a sample waveform including vari-
ous effects together in Fig. 4.3. Here the dashed-red trace is the waveform for an
isolated binary. When the SMBH is present, it induces a de Sitter-like precession of
the inner binary’s orbital plane [41] and modifies its antenna response as shown in
the solid-olive trace. Each time when the inner binary is behind the SMBH (q> ' 0),
it further experiences the standard strong lensing by the SMBH [Eq. (4.11)], leading
to the cyan peaks in the plot. The separation between two adjacent cyan peaks cor-
responds to the period of the outer orbit %> and the duration of each lensing event
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is approximately given by 0.5P;%> [46], where

P; '
2
c

arcsin
[
�$!\E8= (q> = 0)

0>

]
' 0.13

(
0>/"3

100

)−1/2
, (4.29)

is the geometrical probability of the inner binary to be significantly lensed by the
SMBH (i.e., the geometrical probability of [ = V/\E8= ≤ 1). When the inner binary
is in front of the SMBH (q> ' c), it is then retro-lensed by the SMBH, leading to the
purple peaks in Fig. 4.3. We have used Eq. (4.26) for the retro-lensing calculation
to incorporate wave effects.

To generate Fig. 4.3, we assume "3 = 108 "�, 0> = 100A*, leading to an outer
orbit period of %> = 0.10 yA and a de Sitter precession period of %d( = 6.8 yA . We
randomly choose (\(, q() = (33◦, 147◦) for the line of sight in the solar frame. The
orientation of the outer orbit R̂> in the solar frame (following the same notation as
in Ref. [41]) is then set to (\� , q�) = (120◦, 147.5◦) so that the outer orbit has an
inclination ]� = 87◦. We further set the phase of the outer orbit to be q> = −c/2 at
the merger of the inner binary as a conservative demonstration of the lensing effect,
which essentially zeros the lensing signatures when the inner binary reaches the
more sensitive ground-based GW detectors. The inner binary (signal carrier) has
"1 = "2 = 50 "� and the initial frequency is set such that the binary merges in
5 yr. The opening angle between R̂8 and R̂> is _! = c/4.

As a comparison, we also consider the case where a less massive SMBH acts as the
lens in Fig. 4.4. This time we set "3 = 107 "� and 0> = 50A*, leading to a similar
outer orbital period of %> = 0.11 yA. The rest parameters are the same as in Fig. 4.3.
The standard lensing (cyan) still have easily visible features in the waveform, yet
the retro-lensing can hardly be detectable. Indeed, for high alignment and at a fixed
value of %>, we have `1,2 ∝ "

2/3
3 while `c ∝ "

5/3
3 [Eqs. (4.14) and (4.22)], and

therefore the detection of retro-lensing favors more massive SMBHs.

Parameter space for significant lensing
We can systematically examine the parameter space over which lensing is likely
to be significant, as demonstrated in Figs. 4.5 and 4.6. In Fig. 4.5, we consider
the threshold ]� required to make the magnification of the secondary image in the
standard lensing scenario be |`2 | ≥ 0.1 [Eq. (4.14)]. The upper envelope of the
amplification factor |� | ' 1 + |`2 |1/2 ' 1.3. Note this corresponds to [ ≤ 1.27,
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Figure 4.3: Sample waveforms including the lensing effects. Also shown in the grey
traces are the proposed instrumental sensitivity of LISA [65] and TianGO [13]. Here
we assume "3 = 108 "�, 0> = 100A* ' 101"3, and ]� = 87◦. The outer orbit has
a period of %> = 0.10 yA and the inner orbit precesses with a period %d( = 6.8 yA.
Each time q> [C ( 5 )] ' 0 (source behind the lens), the standard lensing happens and
is characterized by a sharp a cyan peak in the waveform. When q> [C ( 5 )] ' c (source
in front of the lens), we then have retro-lensing (glory), which is calculated includ-
ing wave interference and polarization effects [Eq. (4.26)]. Note that the starting
frequency of each waveform is chosen so that the inner binary will merge in 5 yr,
which is also the fiducial duration of observation assumed in this study.

and thus the angle 90◦ − ]� indicated by the color bar over 90◦ is broadly consistent
with the (repeated) lensing probability P; defined in Eq. (4.29). Also shown in the
dashed-grey (or the solid-brown) trace is the line corresponding to the outer orbital
period being %> = 0.1 yA (or the period of the de Sitter-like precession of the inner
orbital plane being %d( = 10 yA). We see that along the line of %> = 0.1 yA, we
might expect to see significant strong lensing over a range of ∼ 10◦ for the outer
inclination angle, meaning that the geometrical probability for the significant strong
lensing to happen (repeatedly) could be ∼ 10%.

To put this parameter space under astrophysical contexts, we also show in the solid-
black line locationswhere theGWdecay timescale of the outer orbit to be 0>/ ¤0>,gF =

1GHA, with ¤0>,gF the decay rate of the outer orbit due to GW radiation and we have
used "1 +"2 = 100 "�. Along the line of %> = 0.1 yA , the GW decay timescale of
the outer orbit is typically between 10Myr to 1Gyr. This means that after the forma-
tion of inner binary, it needs to be able tomergewithin 10MHA in order for us to catch
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Figure 4.4: Similar to Fig. 4.3 but for "3 = 107 "�, 0> = 50A* ' 507"3,
corresponding to an outer orbital period of %> = 0.11 yA and a dS precession period
of %d( = 38 yA. In this scenario only the standard lensing has a significant effect on
the waveform.

such a triple system. We will discuss this point more in Sec. 7.5. Furthermore, the
locations of migration traps in AGN disks [20] are shown in the dotted-olive traces
as a potential mechanism to form the inner binaries near the SMBH (see also the
discussion in Ref. [46]).

Similarly, we show in Fig. 4.6 the threshold inclination for the magnification of the
retro-lensing (in the geometrical/classical limit) to be |`c | ≥ 0.1 [Eq. (4.22)]. For a
massive lens with "3 ¦ 108, there is a 1%-level chance for the retro-lensing to be
significant (under the geometrical limit). While rare, such effects are produced by
the strong gravity field near the light ring of the SMBH and thus serve as valuable
probes of gravity at a different regime than that probed by the standard (strong)
lensing (see, e.g., [66]).

As a brief summary, we note a waveform including the Doppler shift, the de Sitter-
like precession, and the gravitational lensing can be fully constructed with 13 pa-
rameters, (M, �, C2, q2, \(, q(, \� , q� , "3, 0>, _! , q

(0) , U0). This is the same set of
the parameters as used in Ref. [41] because lensing does not introduce new unknown
parameters (see the discussion below). Specifically, (M, �, C2, q2) are used to cal-
culate the carrier signal [Eq. (4.3)] under the quadrupole formula. One can also
include corrections at higher post-Newtonian orders but they are critical near the
final merger and are thus beyond the interest of this work focusing on the external
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Figure 4.5: Threshold value of (90◦ − ]�) such that the secondary image in the
standard-lensing case has a magnification of |`2 | ≥ 0.1 [which corresponds to [ ≤
1.27; Eq. (4.14)]. Also shown in the grey-dashed and brown-solid traces are lines
corresponding to an outer orbital period of %> = 0.1 yA and a dS precession period
of %d( = 10 yA.

modulation in the early inspiral stage. The line of sight direction T̂ is specified
by the solar-frame coordinates (\(, q() and the orientation of the outer orbital an-
gular momentum R̂> is given by (\� , q�). To determine the location of the inner
binary in the outer orbit, we use ("3, 0>, q

(0)) with q(0) a reference phase at C = 0 1.
The orientation of the inner orbit can be further determined with an opening angle
_! = arccos

(
R̂8 · R̂>

)
and a reference precession angle U0 at C = 0.

Before we proceed to following sections, we note that it is particularly interesting to
combine gravitational lensing with the de Sitter-like precession of the inner orbital
plane induced by the SMBH. Not only do the two effects share similar parameter
space as shown in Fig. 4.5 (see also Refs. [46, 41]), but more importantly, combining
the precession with the Doppler shift also determines all the parameters entering the
lensing calculation. Indeed, by measuring the frequency of the Doppler shift Ω> =√
"3/03

> and the frequency of the de Sitter precession Ωd( = (3/2) ("3/0>)Ω> [42,
43]2, we can determine the mass of the lens "3 and the lens-source distance 0> [41].

1While using ("3, 0>) is conceptually simple, we nonetheless use ("3, l>) when calculating
the Fisher matrices in Sec. 4.4 as it is more numerically accurate.

2This expression assumes a circular outer orbit and "3 � "1, (2) . When the outer orbit is ellip-
tical, the eccentricity can be constrained from the Doppler shift [41]. In this case, the instantaneous
precession rate (see, e.g., Ref. [67]) should be used.
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Figure 4.6: Threshold value of (90◦−]�) such that themagnification of the first retro-
lensing image has |`c | ≥ 0.1. Note that in this case the color bar has a logarithm
scale.

The outer orbital phase q> (C) can be measured from the Doppler phase shift. Lastly,
as the inner orbital plane precesses around the outer orbit, we can further infer the
orientation of the outer orbit and hence ]� from the time evolution of the inner orbit’s
orientation. Consequently, lensing is a new effect to be incorporated to the study
presented in Ref. [41] without introducing new unknown parameters. It can thus be
used to both enhance the PE uncertainty of the outer orbital parameters and test our
understanding of the strong field gravity.

4.3 Detectability of lensing signatures
In this Section we examine the detectability of the lensing signatures by considering
mismatches (to be defined below) of waveforms with and without the lensing effects.

For this purpose, we first define the fitting factor (FF) between twowaveforms as [68,
69],

F� (ℎ1, ℎ2) =
〈ℎ1 |ℎ2〉√

〈ℎ1 |ℎ1〉〈ℎ2 |ℎ2〉
(4.30)

where

〈ℎ1 |ℎ2〉 ≡ 2
∫

ℎ̃∗1( 5 ) ℎ̃2( 5 ) + ℎ̃1( 5 ) ℎ̃∗2( 5 )
(= ( 5 )

35 . (4.31)

We can then compute the mismatch n

n = 1 − F�. (4.32)
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There is a threshold mismatch, ntℎ, given by

ntℎ =
1

〈ℎ1 |ℎ1〉 + 〈ℎ2 |ℎ2〉
' 1

2d2 , (4.33)

where the second equality applies when ℎ1 ' ℎ2 and d is the signal-to-noise ratio
(SNR) of the GW event. It is necessary to have n>ntℎ ' 1/2d2 in order for the two
waveforms to be distinguishable [68, 69]. Note that the condition n > ntℎ is also
equivalent to 〈ℎ1 − ℎ2 |ℎ1 − ℎ2〉>1.

In Fig. 4.7, we compute the mismatch n between different waveforms. The grey
traces correspond to the mismatch between a waveform without any lensing signa-
ture and one including only the standard (strong) lensing [i.e., the source is only
lensed when it is behind the lens or the SMBH and the deflection angle U � c;
Eq. (4.11)]. The olive traces compare the waveforms with and without retro-lensing;
wave effects are incorporated by computing the scattering cross-section using Eq. (4.26).
They exhibit oscillatory features because the cross-section of retro-lensing is oscilla-
tory (Fig. 4.2), yet the varying q> effectively allows different values of the scattering
angle to be probed, which smooths out the oscillation. Lastly, in the purple traces we
compare the mismatch between waveforms calculated under the geometrical limit
and those include wave effects. More specifically, the geometrical waveforms are
calculated using Eq. (4.13) for the standard-lensing part and Eq. (4.24) for the retro-
lensing part. The waveforms including wave effects are instead calculated using
Eqs. (4.11) and (4.26). We note further that the purple traces are in fact dominated
by the contribution from retro-lensing [Eq. (4.24) vs. Eq. (4.26); see also Fig. 4.2].
The geometrical limit of the standard strong lensing typically provides a very good
approximation to the full expression including wave effects as 2c 5 "3 � 1 in our
case.

To generate the plot, we have assumed detection of the source with TianGO [13].
The parameters we consider here are similar to the ones used in Fig. 4.3 except that
we vary the orientation of R̂> by changing \� , which further varies the inclination
]� between the line of sight and the outer orbit. Also shown in the plot as a compar-
ison is the red-dotted line corresponding to 1/2d2 (assuming a waveform without
lensing effects; though the SNR d is generally similar with and without gravitational
lensing).

In the three panels of Fig. 4.7, we consider three different combinations of ("3, 0>).
From top to bottom, we have ("3/"�, 0>/A*)=(107, 50), (108, 100), (108, 70),
corresponding to (%>, %d()=(0.11, 38), (0.10, 6.8), (0.06, 2.8) yA. For the standard
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lensing, it might be detectable for a lenswith"3 = 107 "� if |]�−90◦ | ® 7.5◦, which
is nicely consistent with Fig. 4.5. Along the line of fixed %>, the lensing signature
becomes more prominent as the mass of the lens "3 increases. This is also shown
in Fig. 4.7 if we compare the middle panel with the top one. This indicates that for
BBHs near massive SMBH with "3 ∼ 108 "�, repeated strong lensing is indeed a
critical component to be included in the waveform modeling.

As for the retro-lensing, there is a small chance for it to be potentially detectable
if the lens is sufficiently massive "3 ¦ 108 "� and the outer orbit is compact
with %> ® 0.1 yA . While a dark glory is expected for a polarized wave like GW at
high alignment, for "3 this massive, it is only dark for a very small range of angles
[Eq. (4.27)] and is further washed out by varying q>. Indeed, for 2c 5 "3 ¦ 100,
the wave cross-section approaches the geometrical/classical value well (Fig. 4.2)
and thus high alignment favors the detectability as shown in Fig. 4.7. On the other
hand, distinguishing the GW diffraction signature from the classical one [Eq. (4.26)
vs. Eq. (4.24)] would be challenging given the sensitivity of TianGO, and it would
rely on more sensitive detectors such as DECIGO [11] and/or the Big Bang Ob-
server [70].

Note specifically that we have kept the outer orbital phase to be q> = −c/2 at the
merger of the inner binary when we compute the mismatches. The values presented
in Fig. 4.7 are thus conservative estimates (i.e., small mismatches) because in the
frequency band of 5 ¦ 0.1HI where TianGO is most sensitive (and this band in-
cludes the sensitivity band of ground-based GW observatories), the inner binary
is far away from being affected by both the standard lensing and the retro-lensing.
While the detectability could be enhanced if the inner binary happens to be lensed
when 5 ¦ 0.1HI, the inner binary spends only a small amount of time at this fre-
quency band (< 1w44: for the BBH we consider), therefore the probability is low
[lower than the probability of repeated lensing by another factor of P; ; Eq. (4.29)].
Consequently, we do not focus on the more optimistic case here.

The lensing effects could also be detected by detectors like LISA [7] (whose sensi-
tivity is given by Ref. [65]) that are more sensitive in the millihertz band. The result
is shown in Fig. 4.8. The parameters we assume are the same as in Fig. 4.7 except for
that we move the source’s luminosity distance to � = 200M?2 so that the SNR is
greater than 8. The retro-lensing is too weak to be detectable with the sensitivity of
LISA, yet the standard lensing may still have a decent chance to be detectable. For
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an outer orbital period of 0.1 yr and a lens mass of 107 "� (108 "�), the probability
for the standard lensing signature to be measurable is about 3% (10%).

4.4 PE accuracy including lensing effects
Enhancing the PE accuracy of the SMBH properties
As we mentioned briefly at the end of Sec. 4.2, including the lensing effects does not
introduce new free parameters to the waveform. Therefore, we naturally expect that
including the lensing effects would enhance the PE accuracy of the SMBHproperties
compared to the results obtained in Ref. [41] using orbital dynamics (Doppler shift
and de Sitter precession) alone, as extra constraints are placed on the waveform. We
examine this point quantitatively in this Section using the Fisher matrix approach. In
particular, we write the waveform including lensing effects ℎ̃(;) [Eq. (4.1)] in terms
of 13 parameters as described in Sec. 4.2. We construct the Fisher matrix � whose
elements are given by

Γ8 9 =

〈
mℎ̃(;)

m\8

���mℎ̃(;)
m\ 9

〉
, (4.34)

where \8 is one of the 13 parameters. The PE error can then be obtained by inverting
the Fisher matrix,

� = (�)−1 . (4.35)

The diagonal element Σ88 corresponds to the statistical variance of parameter \8, and
the off-diagonal element Σ8 9 corresponds to the covariance between \8 and \ 9 .

In Fig. 4.9, we show the PE uncertainties of various parameters with (solid traces)
and without (dotted traces) the lensing effects. Because retro-lensing is weak and
the mismatch it induces is only marginally detectable (Sec. 4.3), we thus ignore all
the retro-lensing effects in the analysis here (and in Sec. 4.4). The source is assumed
to be detected by a TianGO-like decihertz observatory [13]. We vary the mass of the
SMBH "3 and choose the outer orbit’s semi-major axis 0> such that the outer orbital
period is fixed at %> = 0.1 yA. Other parameters are the same as in Fig. 4.3, leading
to ]� = 87◦. Moreover, the outer orbital phase is fixed at q> = −c/2 at the merger
so that the BBH’s signal is not lensed in TianGO’s most sensitive band, 5 ¦ 0.1HI

(corresponding to the last week of the inner BBH’s inspiral). In the top x-axis, we
also show the minimum value of [m8= reached during the 5-year observation period.
Note that we have restrict our discussion here to systems with [m8= < 1, and the
mismatches between waveforms with and without lensing satisfy n > ntℎ.

The top panel in Fig. 4.9 shows the fractional error in mass of the SMBH. Without
lensing (dotted trace), it can be constrained to Δ log "3 = O(10%) from the peri-
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ods of the outer orbit and the de Sitter precession, %> and %d(. If the inner BBH
also experiences significant strong lensing by the SMBH (solid trace), then the PE
uncertainty can be reduced by almost 3 orders of magnitude to Δ log "3 = O(10−4).

It is worth to note that the error in Δ log "3 is much smaller than the value obtained
in Ref. [57] for static lensing. The reason is detailed in Appx. 4.8. In brief, this
is because the time delay between the primary and secondary images, ΔC; ∼ 8"3[

for [ � 2 [or 2"3[
2 for [ � 2; Eq. (4.15)], is the best measured quantity when

lensing is static (i.e., [ stays as a constant during the observation period). As a
result, "3 and [ are highly correlated. Nonetheless, as [ varies due to the outer
orbital motion, the waveform effectively samples different values of ΔC; . This thus
breaks the degeneracy between "3 and [ and allows "3 to be determined to a much
better accuracy than in the case of static lensing studied in Ref. [57].

Similarly, because most constraints are from combining information at different val-
ues of ΔC; instead of from a single instance (e.g., at q> = 0), the results shown in
Fig. 4.9 does not depend sensitively on the value of ]� as long as the lensing is de-
tectable (Fig. 4.7) so that the formalism of Fisher matrix applies.

Once we have the uncertainty in log "3, the outer orbit’s semi-major axis typically
has an error Δ log 0> ' Δ log "3/3, as the outer orbital period can be accurately
determined by the Doppler shift [41]. Thus, the lensing signatures can also help
constraining ]� from the instantaneous values of [, which further leads to a better
determination of the orientation of the outer orbit’s angular momentum R̂> (as T̂

can be measured from the motion of the detector around the Sun; see Refs. [59, 13]).
This point is illustrated in the middle panel in Fig. 4.9 where the error in \� is shown.

As R̂> is the axis around which the inner orbital plane (i.e., R̂8) precesses, a bet-
ter determined R̂> also enhances the detectability of the precession signature. We
demonstrate this in the bottom panel of Fig. 4.9. One may argue that the result of
the Fisher matrix is self-contained only if Δ_! < _! [41]. Without lensing, this
condition is not satisfied until "3 ¦ 3 × 107 "� or %d( ® 15 yA for the sources
we consider here. On the other hand, this condition can be satisfied for less mas-
sive SMBHs with "3 ¦ 6 × 106 "� (corresponding to %d( ® 44 yA) if the inner
binary is also lensed by the SMBH. In other words, lensing effects help enhancing
the detectability of the de Sitter precession of the inner binary and allow it to be
measurable at a %d( about 3 times greater than the one without lensing.
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Consistency tests
In principle, the lensing does not introduce any new free parameter. We can nonethe-
less introduce an ad hoc parameter ^, defined via

"; = ^"3, (4.36)

where "3 is the mass of the SMBH for evaluating the orbital dynamics (Doppler
phase shift and dS precession) and "; is the SMBH mass determining the lensing.
In other words, the parameter ^ serves as an indicator of the consistency between
the two effects. Nominally ^ = 1 and the mass of the SMBH creating the lensing is
the same as that affecting the orbital dynamics. On the other hand, deviation may
exist due to theoretical approximationsmadewhen constructing thewaveform. After
more careful waveform modeling, ^ can be further used to test the general theory
of relativity, as the orbital dynamics and the lensing effects are induced by gravity
at different regions around the SMBH. This is similar to how one may constrain
deviations from general relativity using the Shapiro time delay [71, 72]. It is thus
interesting to ask the question of how well we can measure the deviation of ^ from
unity.

In Fig. 4.10 we show the statistical uncertainty on ^ as a function of "3. The
source orientation and sky location is the same as in Fig. 4.9. We note the error
in ^ decreases roughly as "

−4/3
3 and it can be constrained to a 1% accuracy for

"3 ¦ 107 "�.

One might understand the scaling of Δ^ as the following. How well we can measure
Δ^ depends on howwell we can measure the mass of the SMBH from the precession
frequency Ωd(. Ignoring covariance with different angles, we approximately have
Δ log "3 ∝ Δ logΩd( ∝ Ω−2

d( [58, 41]. If we hold the outer orbital frequency con-
stant, we thus haveΩd( ∝ "

2/3
3 . Consequently, we approximately have Δ^ ∝ "

−4/3
3

as shown in Fig. 4.10.

Meanwhile, it is interesting to note that the uncertainty in ^ is smaller than the nu-
merically obtained uncertainty in"3 whenwe include only the Doppler shift and the
de Sitter precession in the waveform (the dotted trace in the upper panel in Fig. 4.9).
This is because the lensing signature still helps constraining the orientation of the
outer orbit ]� in a way that cannot be mimicked by a rescaling of the mass "; (this is
why we can simultaneously determine "; and [ in the static lensing case; Ref. [57]
and Appx. 4.8). A better constrained ]� means a better determination of parameters
such as \� and _! that are partially degenerate with "3 in the no-lensing case. As
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a result, the PE accuracy on "3 can still be improved even we do not directly use it
to evaluate the lensing.

4.5 Conclusion and Discussions
We studied the GW waveform emitted by a stellar-mass BBH in the vicinity of an
SMBH, including effects such as the Doppler phase shift due to the outer orbital mo-
tion, the de Sitter-like of R̂8 around R̂>, and (repeated) gravitational lensing caused
by the SMBH.

For lensing, we considered not only the standard strong lensing which happens when
the source is behind the lens (Sec. 4.2), but also retro-lensing when the source is in
front of the lens (Sec. 4.2).

We then examined the detectability of various lensing effects by considering the
mismatches they induce (Sec. 4.3). For a lens with a mass of "3 = 107 "� and an
outer orbital period of %> = 0.1 yA, there is a ∼ 3% (∼ 10%) chance for the strong
lensing to be detectable by LISA [7] (TianGO [13]), and this probability increases
with increasing "3 if %> is held constant. For massive lens with "3 ¦ 108 "�

and compact outer orbits with %> ® 0.1 yA, there is also a small probability for
the retro-lensing to be detectable for TianGO. The retro-lensing calculated with a
classical cross-section [Eq. (4.24)] is typically accurate enough for a source at '
1G?2 given the sensitivity of TianGO. Effects of wave interference and polarization
in the glory scattering [Eq. (4.26)] might be measurable if the source is at a closer
distance (® 300M?2) or the detector is more sensitive (e.g., DECIGO [11] and/or
the Big Bang Observer [70]). On the other hand, the geometrical limit of the strong
lensing [Eq. (4.13)] typically provides a good approximation to the full expression,
Eq. (4.11). This is because we have F = 8c 5 "3 � 1, and wave effects would
show up only if we have [ < 1/F � 1. Such an almost exact alignment is unlikely
and therefore is not considered as the main case in our current study (but see, e.g.,
Ref. [73], for discussions on lensing when an exact alignment happens).

Because including the lensing does not introduce any new free parameters than
what have already been used to incorporate the outer orbital dynamics, it greatly
reduces the PE uncertainties, especially the statistical errors of the SMBH proper-
ties (Sec. 4.4). In fact, the error in "3 can be better than in the case of static lensing,
because the varying outer orbit breaks the degeneracy between "3 and the source’s
angular position on the sky [. Furthermore, for strongly lensed BBHs, the de Sitter
precession can also be detected at a longer period. Lastly, we indicated in Sec. 4.4
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that since the mass of the SMBH can be separately inferred from the outer orbital
dynamics and from the lensing effects, comparing the two inferences can thus serve
as a way to test the consistency of the theoretical modeling behind each effect, and
eventually, a way to test the general theory of relativity.

We note that as our main goal here is to consider the detectability of various lensing
effects and estimate their impacts on the PE, we only adopted the lowest-order ap-
proximation for each effect in our waveform construction. More careful treatments
are needed by future studies if we want to build waveforms that are accurate enough
to serve as detection templates.

For example, we assumed that both the inner and the outer orbits are circular in our
study for simplicity. However, eccentricities in both orbits may be expected espe-
cially if the inner binary is formed via dynamical channels (see, e.g., Refs. [22, 23,
24, 25, 26, 27, 28, 29, 30, 31]). The qualitative effects of eccentricity have been
argued in Ref. [41]. An eccentric outer orbit might potentially enhance the PE ac-
curacy as it reduces the period of precession. On the other hand, an eccentric inner
orbit decreases the inner binary’s merger time, giving the precession less time to
accumulate its effect. Furthermore, if the inner binary’s merger time is shorter than
the outer orbital period, it would decrease the probability for lensing to happen [46].
It would be crucial to properly incorporate them in future waveform studies to quan-
titatively understand the role of eccentricity.

The spin of the SMBH is also a critical component to be incorporated in future
studies. Throughout the analysis, we have assumed that the SMBH is a non-spinning
Schwarzschild BH for simplicity, whereas astrophsical SMBHsmay have significant
spin [74]. While the Lense-Thirring precession has a longer period than the de Sitter
precession for sources we consider here [41], it has nonetheless been shown to have
potentially significant role in modulating the orientation of the inner BBH [43, 69,
75]. Besides affecting the orbital dynamics, the spin may also modify the lensing
signatures [76, 77, 78] Therefore, similar to testing the consistency in the SMBH’s
mass (Sec. 4.4), one may further check the consistency in the spin of the SMBH by
comparing its value inferred from the Lense-Thirring effect in the orbital dynamics
and that from gravitational lensing. This may serve as yet another way of testing
general relativity.

Moreover, Ref. [79] recently suggested that fast Doppler motion can further cause
aberration in GW rays and is another ingredient to be added in the future. For in-
ner binaries that are even closer to the SMBH than what we considered here, the
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quasinormal modes of the SMBH might be further excited [80]. If the inner binary
is observed at a lower frequency with a GW decay timescale much longer than the
duration of the observation, gaseous effect might also play a role [32, 35] together
with Lidov-Kozai oscillations [38, 39].

The astrophysical formation of such a hierarchical triple system is another topic that
requires further dedicated studies. Because of complicated environmental effects
in galactic nuclei, there are a few potential limiting requirements the triple system
needs to satisfy. For example, the inner binary needs to merge efficiently before
the outer orbit decays due to GW radiation (black traces in Figs. 4.5 and 4.6). The
inner binary also needs to be able to survive evaporation due to dynamical interac-
tions with environmental stars on a timescale of typically a fewMyr [23, 81]. These
conditions could be satisfied by both the gaseous channel [15] and the dynamical
channels [31], though the inner binary produced by some dynamical channels may
have too high an eccentricity that it will merge before it orbits the SMBH by a com-
plete cycle, disfavoring the detectability of both lensing and precession. In fact,
we note the discussion on the astrophysical population in Ref. [46] applies here as
well. This suggests that migration traps in AGN disks [20] would be particularly
promising places to produce sources of interest to our study here (as also indicated
in Fig. 4.5). Another possibility is the tidal capture of a binary by the SMBH as
suggested in Ref. [28]. More careful examination of these channels and other can-
didates as well as the distributions of the inner and outer orbital parameters they can
produce will be of great value.
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4.6 Appendix: SPA for waveforms with fast modulation
Suppose we can write the time-domain waveform as

ℎ(C) = Λ(C)ℎ� (C) ≡ Λ(C)�(C) cosΦ(C), (4.37)
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where �(C) andΦ(C) are the amplitude and phase of the carrier waveform, and Λ(C)
is an external modulation factor induced by, e.g., the precession of the source/detec-
tor plane and/or the time-variation of the lensing configuration. Here we assume that
the external modulationΛ(C) may have a fast temporal variation rate compared to the
variation rate of intrinsic amplitude of the carrier, |3 lnΛ(C)/3C | > |3 ln �(C)/3C |,
[but Λ(C) still varies on a timescale longer than the typical SPA duration CS%� which
we define below]. We can thus improve the accuracy of the waveform by including
more expansion terms than the lowest-order SPA does.

Specifically, we have (for 5 ≥ 0)

ℎ̃( 5 ) =
∫

ℎ(C′)42c8 5 C′3C′, (4.38)

' 1
2

∫
Λ(C′)�(C′)4−8[Φ(C′)−2c 5 C′]3C′,

' 1
2

∫ {
Λ� +

[
3Λ

3C
� + Λ

3�

3C

]
(C′ − C)

+
[
1
2
32Λ

3C2
� + 3Λ

3C

3�

3C
+ 1

2
Λ
32�

3C2

]
(C′ − C)2

}
× exp

{
−8

[
Φ − 2c 5 C + c

35

3C
(C′ − C)2

]}
3C′, (4.39)

where in the second line, we have dropped the fast oscillating term and in the third
line, we have expanded all the time-dependent quantities around a time C when
(3Φ/3C) (C) = 2c 5 . For conciseness, when a time-dependent quantity is evaluated
at C, we dropped its argument by writing Λ ≡ Λ(C) and similarly for other quantities.

If we ignore all the time derivatives on the amplitude terms as |3 ln �/3C | < |3 lnΛ/3C | �
5 and |32 ln �/3C2 | < |32 lnΛ(C)/3C2 | < 5 2, then we arrive at the standard (lowest-
order) SPA approximation ( 5 ≥ 0)

ℎ̃(0) ( 5 ) = 1
2

Λ�√
35 /3C

exp [8(2c 5 C −Φ − c/4)] ,

≡ 1
2
Λℎ̃� ( 5 ). (4.40)

Following the convention in Ref. [58], we have defined the terms excluding Λ/2 as
ℎ̃� ( 5 ).

The lowest-order SPA is an excellent approximation if the amplitudes stay as con-
stants over the duration when the wave oscillates at frequency 5 . The characteristic
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duration is given by

CS%� =

∫
exp

[
−c 35

3C
(C − C′)2

]
3C′,

=

√
1

35 /3C =
√

1
3
%8CgF, (4.41)

where %8 is the inner orbital period and CgF = 08/|308/3C | is the instantaneous GW
decay timescale. In other words, the wave stays at frequency 5 for a time given
by the duration of the geometrical mean of the orbital period and the GW decay
timescale. For inner binary’s at %8 ∼ 100 B and CgF ∼ 3 yA, we have CS%� ∼ 0.6 d0H
and it decreases as 5 −11/6 as the inner binary evolves to higher frequencies.

When the amplitude may change by a non-negligible amount during CS%�, we can
improve the accuracy of the SPAwaveform by including derivatives on the amplitude
variations. Note the terms ∝ (C′ − C) in Eq. (4.39) vanishes because the integrant is
odd around C. Including the terms ∝ (C′ − C)2, we have

ℎ̃(1) ( 5 ) = 1
2
Λℎ̃� ( 5 )

+ 1
4c8

ℎ̃� ( 5 )
35 /3C

[
1
2
32Λ

3C2
+ 1

�

3Λ

3C

3�

3C
+ 1

2
Λ

�

32�

3C2

]
. (4.42)

If we further note
ℎ̃�

�35 /3C
3�

3C
=

(
3ℎ̃�

35
− 2c8C ℎ̃�

)
, (4.43)

our expression reduces to eq. (38) in Ref. [58] when we ignore the terms involving
second order time derivatives. Nonetheless, the 32Λ(C)/3C2 and the 32�/3C2 terms
also come at the (C′−C)2 order and are thus left in the expression. The 32Λ(C)/3C2 can
be particularly important becauseΛ(C) can be fast varying. Indeed, Ref. [46] argued
that duration of a strong-lensing event is approximately 0.5P;%>, where P; ∼ 0.1 is
the geometrical probability for the strong-lensing to happen and %> ∼ 0.1 yA is the
period of the outer orbit.

4.7 Appendix: Geometrical derivation of the lensing equation
We derive here the geometrical relations shown in Eqs. (4.16) and (4.17) for the
retro lensing scenario (lower part of Fig. 4.1).

First, note that all the angles around $ sum to 2c, we immediately arrive at the
Ohanian lens equation

Δq − c = U − \ − \( . (4.44)
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We further have

�$( tan V = �!( tan (2c − Δq) ,
= �!( {tan [(c − U) + \ + \(]}
' �!( [− tan(U) + tan \ + tan \(] . (4.45)

Note further that the impact parameter can be written as

1 = �$(\ = �!(\( . (4.46)

Therefore, in our case we have \ � \('�$(/�!(\ (� 1). We thus arrive at
Eqs. (4.16) and (4.17) presented in the main text.

4.8 Appendix: Understanding the improvement in Δ log "3 due to repeated
lensing

In this Appendix we explain why our PE uncertainty in Δ log "3 (top panel in
Fig. 4.9) is better than the results obtained in eq. (32) in Ref. [57].

The reason is illustrated in Fig. 4.11 where we show the error ellipses between
log "3 and [ for the static lensing case at different values of [. For each given [, we
note log "3 and [ are highly correlated. This is because the best constrained quan-
tity is the time delay between the primary and the secondary images, ΔC; ∼ 8"3[

for [ � 2 [or 2"3[
2 for [ � 2; Eq. (4.15)]. Indeed, we see that in the plot the error

ellipses roughly corresponds to lines defined by

Δ[ ' − ΔC;

m (ΔC;) /m[
Δ log "3,

'

−[Δ log "3, for [ � 2,

−[

2Δ log "3, for [ � 2.
(4.47)

On the other hand, we note that the orientation of the error ellipse changes as [

changes (for a fixed "3). Thus if the information at two different values of [ can
be combined, the joint uncertainty will be greatly reduced. This is exactly the situa-
tion in the repeated lensing scenario. As the inner binary orbits around the SMBH,
we sample the lensing signatures at different values of [, allowing the mass of the
SMBH to be determined much better than the static lensing case.
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Figure 4.7: Mismatch n of the waveform as a function of the inclination ]� for three
different outer orbital configurations, assuming a TianGO-like decihertz detector.
In each panel, we use the grey trace to indicate the mismatch between a waveform
without any lensing signatures with the one including the standard lensing (source
behind the lens). The mismatches between waveforms with standard lensing only
and those further including retro-lensing effects are illustrated in the olive traces.
The purple traces shows the mismatches between the lensing signatures calculated
under the classical/geometrical limit (for both standard and retro lensing) and those
incorporating wave effects. The top and middle panels both have out orbital periods
of %> ' 0.1 yA and the bottom panel has %> = 0.06 yA. For a relatively light lens
with "3 ® 107 "�, there is a decent chance of detecting the standard lensing. For
moremassive lenses"3 ' 108 "�, wemight further detect the glory (retro-lensing).
Recall that we have F = 8c"3 5 = 12

(
"3/107 "�

)
( 5 /0.01HI) � 1 and therefore

the geometrical limit is typically a good approximation as indicated by the purple
traces.
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Figure 4.8: Similar to Fig. 4.7 but for LISA. We also moved the source’s luminosity
distance from 1G?2 to 200M?2 so that the source’s the SNR in LISA is greater
than 8. For LISA, the standard lensing could have a decent detectability (a few to
ten percent) while the retro-lensing are typically too weak to be detectable.
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Figure 4.9: PE accuracy for systems with (solid traces) and without (dotted traces)
the (standard) gravitational lensing, assuming detection by a single, TianGO-like
detector. Here we fix ]� = 87◦ and vary the mass of the central SMBH. The semi-
major axis is chosen such that the outer orbital period is %> = 0.1 yA. For this ]� ,
we have n > 1/2d2 when "3 ¦ 1.7 × 106 or [m8= ® 1. Both log "3 and \� can be
determined better by orders of magnitude. The determination of the opening angle
Δ_! is also improved, especially when %d( in the range of 10-45 years.
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tation and sky location are the same as in Fig. 4.9. The error in ^ decreases roughly
linearly with "3 and it can be constrained to a 1% accuracy for "3 ¦ 107 "�.
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Figure 4.11: Error ellipses for the simple static lensing (i.e., [ = V/\E8= = c>=BC0=C
for the entire waveform). At each given [, the PE error Δ log "3 is highly correlated
with Δ[, and thus the PE error obtained by inverting the Fisher matrix is much
greater than the inverse of the diagonal elements. On the other hand, the orientation
of the error ellipse varies as [ varies [Eq. (4.47)]. Therefore, in the case of repeated
lensing where [ = [(C) due to the outer orbit’s motion, different values of [ are
sampled and thus breaks the degeneracy between log "3 and [, allowing a PE much
better than the static lensing case [cf. eq. (32) in Ref. [57].]
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C h a p t e r 5

MEASURING SUPERMASSIVE BLACK HOLE PROPERTIES
VIA GRAVITATIONAL RADIATION FROM ECCENTRICALLY

ORBITING STELLAR MASS BLACK HOLE BINARIES

[1] A. Laeuger, B. Seymour, Y. Chen, et al. ‘‘Measuring supermassive black
hole properties via gravitational radiation from eccentrically orbiting stellar
mass black hole binaries.’’ In: Phys. Rev. D 109.6 (2024), p. 064086. doi:
10.1103/PhysRevD.109.064086. arXiv: 2310.16799 [gr-qc].

5.1 Introduction
Since the first detection of gravitational waves (GWs), GW astronomy by ground-
based detectors has cemented itself as an advantageous method for studying binary
systems of compact objects, the majority of which are binary black holes (BBHs) [1,
2, 3]. Within the population of observed BBHs, there are systems with progenitors
whose masses exceed the predictions of stellar evolution [4, 5, 6, 7]. One possible
explanation of this detection could be that the progenitors themselves were them-
selves products of previous mergers [8, 9, 10, 11]. The deep potential wells created
by supermassive black holes (SMBHs) and their host galactic nuclei could trap the
products of stellar mass BBH mergers, making galactic nuclei ideal locations for
generating many repeated compact object mergers [12, 10, 11]. Numerical simula-
tions of BBH formation in galactic nuclei due to gas friction [13, 14] and dynamic
capture through gravitational interactions [15] suggest that the cosmological merger
rate of BBH near galactic nuclei could be of order ∼ a few Gpc−3yr−1. Studying
the properties of these repeated merger systems and of the SMBHs which encour-
age their formation could open a new window on understanding the dynamics of
galactic nuclei and the processes which drive galaxy evolution. The most recent
analysis of the BBH population in GWTC-3 is consistent with contributions from
both isolated and AGN formations [16], though more observations are needed.

In a hierarchical triple system consisting of a stellar-mass BBH orbiting an SMBH,
as depicted in Fig. 5.1, the presence of the SMBH would modulate the BBH GW
signal through many effects. For example, the velocity of the BBH in its orbit will
produce a Doppler shift in the waveform [17, 18, 19]. Allowing the BBH to take an

https://doi.org/10.1103/PhysRevD.109.064086
https://arxiv.org/abs/2310.16799
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eccentric orbit around the SMBH introduces relativistic effects such as pericenter
precession as the outer orbital path approaches near the SMBH [20]. Furthermore,
the presence of the SMBH will cause the orbital angular momentum of the inner
binary !̂8 to experience de Sitter precession about the orbital angular momentum
of the outer binary !̂> [21]. This effect modulates the inclination angle of the BBH
angular momentum relative to an observatory in the Solar System. The Lidov-Kozai
and Lense-Thirring effects also play a role in the evolution of hierarchical triples [22,
23].

By measuring the effects of Doppler shifts, pericenter precession, and de Sitter pre-
cession on the stellar-mass BBH gravitational waveform, one can measure the prop-
erties of this triple system, including the SMBH mass, semimajor axis of the outer
orbit, and various angles describing the system geometry [24, 23, 19, 17, 18, 20, 22].
In order to substantially modulate the GW signal, these effects must accumulate over
time scales on the order of an orbital period, which for typical BBH+SMBH triple
systems can range from months to years. But because the current ground detectors
in LIGO/Virgo/KAGRA are most sensitive between 10 Hz to a few kHz, which cor-
respond to only the final seconds before merger for a stellar-mass BBH, current GW
observatories are not optimal for extracting hierarchical triple system parameters
through the influence of the SMBH on the waveform [25, 26].

However, the coming decades could see the construction of a number of proposed
space-based detectors which would be sensitive to frequencies below ∼1-10 Hz.
Building low frequency detectors in space is necessary due to technical challenges
from seismic noise [27, 28] and the need to create arms which are large compared
to the curvature of the Earth. The LISA [29], TianQin [30], and Taiji [31, 32] detec-
tors will target the millihertz GW band, while detector concepts such as B-DECIGO
[33, 34] and TianGO [35, 36] will focus on the decihertz band. Since the instanta-
neous orbital decay timescale due to GW emission during inspiral scales roughly
with l

−8/3
>A1

[37], space-based low-frequency detectors could observe stellar mass
BBH for much longer times than ground detectors, making them more favorable for
measurements of SMBH-driven effects in the BBH waveform.

Measuring a SMBH with an orbiting binary’s GW would be be useful for study-
ing the environment at the center of galaxies. In a recent work by Yu and Chen, it
is shown that these proposed low-frequency GW observatories could feasibly mea-
sure properties of interest to the few percent level over a wide range of possible
BBH+SMBH systems [24]. Current observational methods for measuring proper-
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ties of SMBHs and their local environments include tracking the orbital dynam-
ics of nearby test masses, like stars, and reverberation mapping of the emission
line fluxes from the accretion disk, if the SMBH is active [38]. Recent advances
in observational technology and modeling active galactic nuclei have enabled con-
straints of the masses of their central SMBHs to roughly 10% precision [39, 40, 41,
42], though the results obtained by each method do not always agree [43]. Adding
a GW-based technique to this toolkit could expand the set of observable SMBHs
with well-constrained properties to those which may have few electromagnetic ra-
diation sources nearby [24] or foster improvements in established electromagnetic
techniques through comparisons of joint measurements. Indeed, there has been sig-
nificant progress in understanding how space-based GW observatories may be able
to measure properties of SMBHs and the objects orbiting them through a variety of
triple system phenomena [44, 23, 45, 46, 47].

The initial work of Yu and Chen assumes a circular Newtonian outer orbit in the
BBH+SMBH triple system [24]; however, it is expected that formation channels for
these systems, especially those which are dynamical in nature, should produce a
sizeable population of triples with eccentric outer orbits [48]. In this work, we ex-
amine how adding a nonzero eccentricity to the outer orbit affects parameter mea-
surement uncertainties. We demonstrate that a nonzero outer eccentricity can signif-
icantly improve these uncertainties compared to the circular case, primarily through
the inclusion of outer orbit pericenter precession. In order to estimate parameter
uncertainties, we rely on the Fisher information matrix, a method which has been
frequently used in the past to gauge the measurability of compact binary parame-
ters by ground-based GW observatories [49]. In short, we find that uncertainties in
triple system parameters can consistently fall below the 0.1% level, and that these
parameters are measured more precisely with larger 4> and by detectors targeting
the decihertz band. We also find that the general trends in parameter measurement
are influenced almost entirely by pericenter and de Sitter precession.

In Sec. 5.2, we outline the mathematical description of the gravitational waveform
emitted from a BBH in a hierarchical triple and detected by a space-borne observa-
tory. In Sec. 5.3, we outline the Fisher matrix calculation as applied to parameter
estimation and explain some simplifications we make to the computation. In Sec.
5.4, we present the results of our Fisher matrix computations, and in Sec. 5.5, we
offer conclusions and possible directions for this work to proceed in the future. In
this work, we use geometrized units � = 2 = 1.
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Figure 5.1: Top: Geometry of the SMBH+BBH triple system. Bottom, inset: View
of the triple system normal to the plane of the outer orbit. The outer orbit angular
momentum !̂> points out of the page. See the discussion below and Table 5.1 for
definition of all parameters. Figure dimensions are not an indication of true scale.

5.2 Mathematical Description of the SMBH+BBH Triple System
Geometry
We first describe the full geometry of the SMBH+BBH triple system with an ec-
centric outer orbit. Table 5.1 below outlines the set of relevant parameters used in
calculating the waveform measured by a space-borne GW observatory. In Fig. 5.1,
the barred coordinates demarcate a Solar System centered coordinate system, while
the unbarred coordinates demarcate a coordinate system based on the orientation of
the observatory.
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) a Definition
logMI Detector Frame Chirp Mass: `3/5(<1 + <2)2/5

@ Mass Ratio "2/"1
log �! Luminosity Distance

C2 Coalescence Time
q2 Coalescence Phase

\(,q( Line of Sight of BBH+SMBH Triple
\� ,q� Orientation of Total Angular Momentum P
_! Angle Between R8 and R>

U0 Initial Phase of R8 Around R>

log "3 SMBH Mass
log 0> Outer Orbit Semimajor Axis
W> Initial Outer Orbit Argument of Pericenter (See Note 1)
4> Outer Orbit Eccentricity
i0 Initial BBH Azimuthal Coordinate

Table 5.1: Relevant parameters in BBH+SMBH triple system for GW observed by
detectors. Bars over angles indicate the Solar System coordinate frame.

In order to compute the antenna response, we need to be able to convert from the
unbarred coordinates to the barred coordinates, which for a constellation-preserving
observatory such as LISA, is as follows [50]:

Ĝ = −1
4

sin(2q3)Ĝ +
3 + cos(2q3)

4
Ĥ +

√
3

2
sin(q3) Î (5.1)

Ĥ =
−3 + cos(2q3)

4
Ĝ + 1

4
sin(2q3) Ĥ −

√
3

2
cos(q3) Î (5.2)

Î = −
√

3
2

cos(q3)Ĝ −
√

3
2

sin(q3) Ĥ +
1
2
Î. (5.3)

We note that even though B-DECIGO will posses a different detector geometry than
LISA during its orbit, we use the same configuration to simplify the analysis. The
sky location of the hierarchical triple is (\(, q(), which points along the vector #̂ ,
and has a luminosity distance of �! . The triple itself consists of a BBH with black
holes of masses "1 and "2, or equivalently, a chirp mass of M =

("1"2)3/5
("1+"2)1/5

and
mass ratio of @ = "2/"1, and an SMBH of mass "3. The shape of the BBH’s orbit
around the SMBH can be determined by the semimajor axis 0>, the eccentricity 4>,
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the angle W>, analogous to the initial Keplerian argument of pericenter1, and the
initial BBH azimuthal coordinate i>.

The unit vector of the angular momentum of the two lighter black holes in the binary
system is !̂8, and the unit vector of the angular momentum of the binary’s orbit about
the SMBH is !̂>. The opening angle _! is defined by

cos_! = !̂> · !̂8 . (5.4)

For | ®!> | >> | ®!8 | and neglecting long time scale orbital effects as well as the spin of
the SMBH (see Sec. 5.2), the opening angle stays constant in time, but the orienta-
tion of !̂8 traces a cone around !̂> due to de Sitter precession, with

3!̂8

3C
= Ω3( !̂> × !̂8 . (5.5)

Based on Eq. (9.200) of [52], we use the instantaneous de Sitter precession fre-
quency2

Ω3( (C) =
3
2
"3
A (C) ¤i(C), (5.6)

where A is the distance from the SMBH to the center of the BBH and and i(C) is the
azimuthal coordinate of the BBH in its orbit (as shown in the inset of Fig. 5.1). The
orbit-averaged precession rate is

〈Ω3(〉 =
3
2

"3

0> (1 − 42
>)
Ω>, (5.7)

where Ω> ≡
√
"3/03

> is the Newtonian orbital frequency. The phase of !̂8 in
this cone, as shown in the inset of Fig. 5.1, can be found by integrating the time-
dependent de Sitter precession rate:

U(C) = U0 +
∫ C2

C

Ω3( (C′)3C′, (5.8)

where U0 is the phase at the time of the binary coalescence C2.

It is also useful to define the inclination angle ]� of the outer orbit angular momen-
tum, given by

cos ]� = #̂ · !̂> . (5.9)
1Of course, the outer orbit is not strictly Keplerian. A rigorous definition of the instantaneous

argument of pericenter is subtle, though the picture of an elliptical orbital path with a pericenter that
rotates in space at the 1PN-accurate angular velocity of 3"3

0> (1−42
> )

is appropriate as a rough approxi-
mation. Within the mathematical framework of [51], W> is implemented as a simple arbitrary rotation
of the orbital plane, as in Eq. (5.12).

2Eq. (1) of the previous work [24] gave the orbit-averaged de Sitter precession rate, which agrees
with Eq. (5.6).
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BBH Orbit in Schwarzschild Spacetime
Despite the fact that there does not exist an analytic description of an elliptical or-
bit in Schwarzschild spacetime, there are well-established methods for computing
Schwarzschild geodesics which can be applied to numerically calculate the BBH
orbital trajectory [51, 53, 54, 55, 56]. In particular, we follow the procedure of [51].
Defining ? =

0>
"3

(1 − 42
>) for semimajor axis 0> and 4>, we find a minimum and

maximum orbital radius

Amin =
?"3

1 + 4>
, Amax =

?"3
1 − 4>

. (5.10)

Stable orbits only exist for ? > 6 + 24> [51], and we will exclude unstable systems
from this analysis.

A relativistic anomaly j, which ranges from 0 to 2c, is defined so that

A (j) = ?"3
1 + 4> cos j

. (5.11)

Furthermore, the azimuthal coordinate is given by

i(j) = 2
( ?

? − 6 + 24>

)1/2 [
�

( j
2
+ c

2
, :2

)
− �

(c
2
, :2

)]
+ W>, (5.12)

where :2 =
44>

?−6+24> , � is the incomplete elliptic integral of the first kind, and W>

denotes the initial argument of pericenter for the outer orbit (see Note 1).

The relationship between time and the relativistic anomaly is given by

C (j) = ?2"3(? − 2 − 24>)1/2(? − 2 + 24>)1/2

×
∫ j

0
3j′

{
(? − 2 − 24> cos j′)−1(1 + 4> cos j′)−2

× (? − 6 − 24> cos j′)−1/2
}
. (5.13)

In the end, the geodesic has a doubly periodic structure, and the radius has a period
of A (j) has a period of %A = C (2c). During a time of %A , however, the azimuthal
variable travels further than 2c, which is the relativistic pericenter precession. It is
useful to define the shift in angle over a radial period. This is equal to

Δi = 4
( ?

? − 6 + 24>

)1/2
� (c/2, :2). (5.14)

We note that thismatches the 1PNGR result [57] for the amount of precession during
a radial period in the limit ? � 1

Δi ≈ 2c(1 + 3/?) = 6c/? + 2c . (5.15)
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Defining the azimuthal frequency Ωi ≡ Δi/%A , it is shown that i(C) − ΩiC is
%A–periodic [51]. We note that i(C) itself is not periodic – since the orbit precesses,
it takes < %A time for i to move through 2c radians. Even though the precession
angle over a full orbit remains constant, the time it takes to move through the preces-
sion angle will depend on the BBH distance from the SMBH (conserving angular
momentum), so for an eccentric orbit, the time to complete a full 2c in iwill depend
on the starting value of i itself.

To find A (C) and i(C) numerically over many full orbits, we calculate the orbit over
j ∈ [0, 2c] and utilize the periodicity of A (j) and i(C) − ΩiC. We furthermore
choose some j0 ≡ j(C = 0) so that i(j0) = i0, where i0 is the initial azimuthal
coordinate of the BBH in the plane of the outer orbit (see the bottom of Fig. 5.1).
Furthermore, ¤A (C) and ¤i(C) can be calculated by application of the chain rule to the
expressions relating A, i, and C to j above.

Waveform
We can now proceed to calculate the strain detected by the space-based observatory,
using the formalism of [21]. The overall measured signal is

ℎ̃( 5 ) = ℎ̃�

√
(�+�+)2 + (�×�×)2 × exp{−8[Φ% + 2Φ) +Φ�]}, (5.16)

where ℎ̃� is the carrier waveform of the BBH, �+,× and �+,× are the polarization
amplitude and antenna response, respectively, andΦ%,Φ� , andΦ) are the polariza-
tion, Thomas, and Doppler phases. The carrier waveform in the frequency domain
to leading post-Newtonian (PN) order is [58]

ℎ̃� ( 5 ) =
( 5
96

)1/2 M5/6

c2/3�!

5 −7/6 × exp{8[2c 5 C2 − q2 −
c

4
+ 3

4
(8cM 5 )−5/3]}, (5.17)

where C2 and q2 are the time and phase at coalescence. To the leading PN order, the
relationship between GW frequency and time is given by

C ( 5 ) ≈ C2 −
5

256c8/3
1

M5/3 5 8/3 . (5.18)

The two polarizations of the strain, ℎ+ and ℎ×, are modified by the amplitude factors

�+ = 1 + ( !̂8 · #̂)2 (5.19)

�× = −2!̂8 · #̂, (5.20)

and furthermore, the antenna responses for a 90-degree detector are

�+(\(, q(, k() =
1
2
(1 + cos2 \() cos 2q( cos 2k( − cos \( sin 2q( sin 2k( , (5.21)
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�×(\(, q(, k() =
1
2
(1 + cos2 \() cos 2q( sin 2k( + cos \( sin 2q( cos 2k(, (5.22)

where
tank( (C) =

!̂8 · Î − ( !̂8 · #̂) ( Î · #̂)
#̂ · ( !̂8 × Î)

. (5.23)

Note the use of the detector-frame coordinates in Eqs. (5.21) and (5.22). For a tri-
angular detector such as LISA or B-DECIGO, the antenna pattern acquires a factor
of

√
3/2 and there are two effective detectors [59].

Let us now specify the phases in Eq. (5.16). Since the phases are slowly varying
functions of time, the stationary phase approximation is used to convert them into
frequency-dependent components via Eq. (5.18) — i.e., for some function 6(C) ap-
pearing in the time-domain waveform ℎ(C), 6( 5 ) ≈ 6(C ( 5 )) [60]. The polarization
phase is given by

tanΦ% (C) = −�×(C)�×(C)
�+(C)�+(C)

. (5.24)

The Thomas phase arises from the evolution of the principle +–polarization axis
[21], and thus the inner orbital phase of the two stellar mass BH in the BBH, as the
angular momentum !̂8 precesses. It is given by

Φ) (C) = −
∫ C2

C

3C

[ !̂8 · #̂
1 − ( !̂8 · #̂)2

]
( !̂8 × #̂) · 3!̂8

3C
. (5.25)

The final phase term is the Doppler phase shift, the phase shift induced by the chang-
ing distance between the detector and the GW source. There are two contributions
to this phase. The first is the contribution from the detector, given at a particular
time C by

Φ�,det = 2c 5 × (1 AU) sin \( cos(q34C − q(). (5.26)

The other is from the source, which is modulated by the changing orbital radius as
well as the inclination of the outer orbit and the position of the BBH in that orbit:

Φ�,src = 2c 5 × A sin ]� sin i. (5.27)

Gravitational lensing from the SMBH and its host galactic nucleus is neglected in
this waveform, though its effects on parameter estimation have been studied in [44,
61].
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Neglected Orbital Dynamics
A three body system is complicated, and exhibits some interesting phenomenology.
We will now discuss several additional well-known behaviors, and why we neglect
them. A useful benchmark for comparison is that the characteristic frequency for de
Sitter precession scales as

ΩdS =
1

1.1 yr

(
100

0>/"3

)5/2 (108"�
"3

) (
1 − 0.32

1 − 42

)
. (5.28)

We consider the implications of non-zero BH spins on the orbital dynamics. The
precession of !̂> around the spin of the SMBH (̂3 with (3 = j3"

2
3 has characteristic

frequency [23]

Ω!>,(3 =
(3(4 + 3("1 + "2)/"3)

203
> (1 − 42

>)3/2 . (5.29)

If we consider the case "3 � "1 + "2

1
C!>,(3

=
1

9.7 yr

(
j3
0.7

) (
100

0>/"3

)3 (1 − 0.32

1 − 42

)3/2
. (5.30)

Even for rapidly spinning SMBHs, this effect is about one order of magnitude slower
than de Sitter precession, so for now, we neglect it. It is worth noting that each suc-
cessive effect included in the waveform modulation generally increases the amount
of Fisher information. As such, we expect that future inclusion of this effect will
lead to further improved parameter estimation uncertainties.

Lense-Thirring precession of !̂8 around (̂3 also contributes to the orbital dynamics,
with

Ω!8 ,(3 =
(3

203
> (1 − 42

>)3/2 . (5.31)

This precession frequency is one-quarter of Ω!>,(3 , and thus, since we treat Ω!>,(3

as small in this work, we do the same for Ω!8 ,(3 .

As in [24], we also neglect the precession of !̂8 around the spins of the two stellar
mass BH. The opening angle of this precession will be of order 1◦, much less than a
typical value of _! [62]. Also, the effects of this spin-induced precession should be
easily distinguishable from theDoppler shift or de Sitter precession because the spin-
induced precession will occur over just days, rather than years, for GW frequencies
in the bands of space-based observatories.

We also consider Lidov-Kozai oscillations, the Newtonian tidal effect which ex-
changes inner orbit eccentricity with inclination between !̂> and !̂8 [63]. These
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oscillations have a characteristic frequency of [23]

ΩLK = Ω8

"3
"1 + "2

( 08

0>

√
1 − 42

>

)3
, (5.32)

where Ω8 =

√
("1 + "2)/03

8
. The LK timescale is

1
CLK

=
1

67 yr

(
108"�
"3

)2 ( 100
0>/"3

)3
×

(
1 − 0.32

1 − 42

)3/2 (10−2 Hz
5

)
. (5.33)

In our frequency band of interest, this effect occurs over much longer time scales
than the de Sitter precession, and since both de Sitter precession and Lidov-Kozai
oscillations modulate !8, we neglect the slower of the two processes. We refer the
reader to Fig. 1 of [24] for a depiction of the accumulation timescales of various
effects in the outer orbit evolution across the parameter space of SMBH masses and
outer orbit semimajor axes that we consider.

We furthermore assume that the eccentricity of the inner binary 48 is zero. As ex-
plained in [24], the inner eccentricity does not affect any component of the measured
strain outside of the carrier waveform ℎ̃� ( 5 ), and thus should influence parame-
ter estimation uncertainties primarily through the SNR. Furthermore, the eccentric
Kozai-Lidov mechanism can drive periodic modulation of 48 between moderate and
very high values. The GW signal frequency from a stellar-mass BBH can be pushed
into the sensitivity range of space-based observatories when the inner eccentricity
is high, so the eccentric Kozai-Lidov mechanism can produce periodic high SNR
bursts in these detectors, driving up the total SNR measured for that particular bi-
nary [64, 65]. However, the time scale of this periodic burst behavior scales roughly
as [66] Ω−2

> 5 (1 − 42
>)3/2. These effects therefore occur much more slowly than de

Sitter and pericenter precession, and thus are left for implementation into future
analyses.

A higher 48 also leads to faster merger times; however, high eccentricity BBHs can
still remain in the millihertz and decihertz frequency bands throughout the entire
observation period with just a larger initial separation between the two stellar mass
BHs. So, it is expected that even for 48 approaching 1, such BBHs will offer long
enough integration times to generate a moderate SNR, and therefore the inner ec-
centricity should not significantly alter the results of the simplified Fisher matrix
analysis (see [24] for a more detailed discussion).
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5.3 Parameter Estimation with the Fisher Information Matrix
In this analysis, we implement the Fisher information matrix method (as done in
[24]) as a simple estimator for how well properties of a BBH+SMBH triple system
can be measured. We make a number of well-supported assumptions to reduce the
complexity of the numerical methods used to estimate parameter uncertainties.

Parameter Uncertainties from the Fisher Information Matrix
We first outline how the Fisher information matrix (from now on, Fisher matrix) is
used to estimate parameter measurement uncertainties. The elements of the Fisher
matrix are defined as

Γ01 ≡
(
mℎ̃( 5 )
m\0

���mℎ̃( 5 )
m\1

)
, (5.34)

where (
6̃
��ℎ̃) = 4Re

∫ ∞

0

6̃∗( 5 ) ℎ̃( 5 )
(= ( 5 )

35 3, (5.35)

ℎ̃ is the frequency-domain waveform, (= ( 5 ) is the PSD of the detector noise, and
\0 are the various parameters of the system. In practice, we limit the frequency
bounds of integration to [ 5<8=, 5<0G], where 5<0G is at the upper edge of the detector
sensitivity range and C ( 5<0G) − C ( 5<8=) = 5 years (via Eq. (5.18)) — see Sec. 5.4.

We note that we use a finite difference method to compute mℎ̃/m\0. To choose a
finite parameter difference Δ\0 from which to estimate mℎ̃/m\0, we minimize the
quantity n , analogous to waveform mismatch,

n = 1 −
(m[Δ\0] ℎ̃ |m[4Δ\0] ℎ̃)√

(m[Δ\0] ℎ̃ |m[Δ\0] ℎ̃) (m[4Δ\0] ℎ̃ |m[4Δ\0] ℎ̃)
, (5.36)

where
m[Δ\] ℎ̃ =

ℎ̃(\ + Δ\) − ℎ̃(\ − Δ\)
2Δ\

. (5.37)

Empirically choosing Δ\0 to make n small gives us the best accuracy in computing
the numerical derivative, as n begins to increase once Δ\0 becomes so small that the
changes in ℎ̃ are smaller than computer precision. The choice of 4Δ\0 to compare
to Δ\0 is arbitrary.

The Fisher information matrix is related to the covariance matrix roughly by

Σ01 = [Γ−1]01 + O(d−4), (5.38)
3We make the approximation that the PSD (= ( 5 ) varies slowly enough so that (= ( 5 ) for the

GW frequency in the BBH frame and the Doppler-shifted GW frequency in the observer frame are
roughly equal. See App. 5.6.
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where d is the signal-to-noise ratio (SNR). So, in the limit of large SNR, the covari-
ance between two parameters Δ\8Δ\ 9 is approximately equal to the corresponding
element of the inverse of the Fisher information matrix. As such, the parameter es-
timation uncertainty is given by Δ\8 = (Σ88)0.5. If a network of GW detectors were
to observe the same system, the Fisher information matrix would scale as the sum
of the matrix elements for each detector, or

(Γ01)network =
∑
det

Γdet
01 . (5.39)

This also applies to a triangular observatory, wherein three arms compose two in-
terferometric detectors.

Reduced Fisher Matrix Dimensions
We can reduce the dimensions of the Fisher matrix by removing certain physical
parameters from the analysis. Doing so reduces the total computation time as well as
the condition number, leading to improved numerical accuracy in the Fisher matrix
inversion [49]. From the parameters listed in Table 5.1, our Fisher matrices include
the following 12 parameters:

\0 = (log �! , \(, q(, \� , q� , _! , U0, log "3, logΩ>, W>, 4>, i0). (5.40)

We can remove parameters which we expect will have strong priors obtained from
other GWmeasurements, or which contribute only weakly to the gravitational wave-
form. For example, we assume that space-based detectors like LISA or TianGO will
act in conjunction with ground-based observatories, which are far more sensitive to
the chirp mass M, the mass ratio @, and the time and phase of coalescence C2 and
q2 [36], and thus treat these four parameters as perfectly known in our analysis. Re-
moving the chirp mass from the Fisher matrix also improves the numerical stability
of our analysis. Furthermore, we neglect the spins of the three black holes because
the precessional effects they induce accumulate much more slowly than the outer
orbital motion and de Sitter precession, as described in Sec. 5.2.

5.4 Results and Discussion
We examine a BBH+SMBH triple system with fixed parameters "1 = "2 = 50"�,
C2 = 0, q2 = 0, �! = 1Gpc, (\(, q() = (33◦, 147◦), (\� , q�) = (75◦, 150◦),
and _! = 45◦. For B-DECIGO, TianGO, and LISA, we compute the Fisher matrix
where the integration is taken over a frequency window corresponding to an obser-
vation time of five years and the highest frequency is 5max = 12 Hz — this roughly
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Figure 5.2: An example waveform ℎ̃( 5 ) with "3 = 108"�, 0> = 100"3, and
4> = 0.3, along with approximate sensitivity curves for B-DECIGO, TianGO, and
LISA used in the Fisher matrix calculations done in this work. The red dashed curve
gives the same waveform but with the effects of de Sitter precession removed.

corresponds to a lowest frequency of 5min ∼ 12 mHz. In Fig. 5.2, we plot an ex-
ample frequency-domain waveform along with the B-DECIGO, TianGO, and LISA
sensitivity curves used in computing Fisher matrix elements.

In Fig. 5.3, we plot the fractional uncertainty in the SMBHmass"3, measured by B-
DECIGO, as we vary "3 and 0>. The Fisher matrix breaks down if 4> is identically
zero, so in order to facilitate comparisons to the circular orbits used in [24], we use
4> = 0.001. At each point, we sample the covariance found with the Fisher matrix
over combinations of the three geometrical phases— that is, 6 choices of W>, i> and
U0, or 216 sets of (W>, U0, i>) — and find the median.

The purple regions denote where the outer binary merges in less than the proposed
observation length of five years. We expect systems in this region to be exceedingly
rare, as there is only a short window for such systems to form in order to be detected
by B-DECIGO. We also shade out the region where the outer orbital period %outer

exceeds twice the observation duration. In this region, the most dominant source of
waveform modulation — namely, the Doppler phase shift — is difficult to measure
because the BBH only passes through a small range of angles over the observation
period. Furthermore, when the Doppler phase shift varies slowly, remaining roughly
constant over the observation run, it becomes degenerate with C2, which itself can
be changed by a simple redefinition of when C = 0. So, in this shaded region, our
assumption that C2 can be safely removed from the list of parameters in the Fisher
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matrix does not hold well. Indeed, we encounter problemswith numerical instability
when computing the Fisher matrix in this region of the contour plots.

Figure 5.4 gives the same results, but using the LISA detector response and noise
curve instead of that of B-DECIGO. The contour plots using the TianGO observa-
tory have a similar structure to those using B-DECIGO, as the two detectors have
similar sensitivity curves. Across the majority of the parameter space studied, the
two sets of contours differ only in magnitude and not in shape, so for the sake of
brevity, they are omitted here.

We note that the fractional uncertainty in the outer orbit semimajor axis Δ0>/0>
follows a similar contour structure to that of Δ"3/"3. For the outer orbit,

3
03
>

"3

Δ0>

0>
≈ 1

Ω2
>

Δ"3
"3

− 2
1
Ω2

>

ΔΩ>

Ω>

. (5.41)

Our calculations determined that across the ("3, 0>/"3) parameters space,ΔΩ>/Ω>

is much smaller in magnitude than Δ"3/"3, so

Δ0>

0>
≈ 1

3
Δ"3
"3

. (5.42)

This result is verified in the structures of Figs. 5.5 and 5.6, and we observe that both
B-DECIGO and LISA have the potential to realize fractional uncertainties in "3

and 0> significantly below the 0.1% level across a wide range of parameters of the
triple systems.

To understand the structure of the contour plots, we examine the contour plot in
Fig. 5.7. For small "3 and 0>/"3, the shape of the contours are roughly sepa-
rated by lines of constant 05

>/"3
3 . We correlate these trends to evolving compo-

nents of the waveform. First, the de Sitter precession frequency is proportional to
ΩdS ∝

√
"3

3/0
5
>. As discussed in App. 5.7, the Thomas phase and polarization

phase scale as Φ) ∼ ΩdSC. Thus, measurement accuracy scales with the number
of de Sitter cycles within the five-year window. In this region of parameter space,
the modulations of de Sitter precession are the dominant effect for how well we can
measure "3, 0>.

For larger "3 and a wide range of 0>/"3, the shape of the contours are roughly
separated by lines of constant 0>/"3. In this region, the Doppler phase is the domi-
nant term in the frequency domain waveform phase. The Doppler phase magnitude
features a degeneracy between 0> and sin ]� (with sin ]� being a function of the an-
gles \(, q(, \� , and q�), as these quantities appear in the magnitude only as the
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Figure 5.3: Fractional uncertainty in "3 as measured by B-DECIGO for three dif-
ferent eccentricities 4> = {0.001, 0.3, 0.6}. At each point in the contour plot, we
take the median uncertainty over a set of combinations of (W>, U0, q>). The purple
region corresponds to where the outer binary merges in less time than the observa-
tion duration. We lightly shade out the region with an outer orbital period greater
than 10 years, where the cumulative effect of the Doppler shift becomes small.



153

10−4 10−2 100 102
101

102

103

a
o
/M

3

tmerge < 5yr

Pouter > 10yr

LISA: ∆M3/M3, eo = 0.001

10−4 10−2 100 102
101

102

103

a
o
/M

3

tmerge < 5yr

Pouter > 10yr

LISA: ∆M3/M3, eo = 0.3

10−4 10−2 100 102

M3(×109M�)

101

102

103

a
o
/M

3

tmerge < 5yr

Pouter > 10yr

LISA: ∆M3/M3, eo = 0.6

10−7 10−6 10−5 10−4 10−3 10−2

Figure 5.4: Same as Fig. 5.3, but measured by LISA instead.
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Figure 5.5: Uncertainty in 0> as measured by B-DECIGO for three different eccen-
tricities 4> = {0.001, 0.3, 0.6}. The same sampling procedure as used in Fig. 5.3 is
applied here.
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Figure 5.6: Same as Fig. 5.5, but measured by LISA instead.
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0

5/2
> /"3/2

3 and "
1/2
3 /01/2

> to indicate the structure of the contours.

product 0> sin ]� = "
1/3
3 Ω

−2/3
> sin ]� . This degeneracy is broken by the inclusion of

relativistic pericenter precession, as this produces different periods in the radial and
azimuthal motion of the BBH in the outer orbit (cf. Sec. 5.2). The inclusion of this
precession produces lines of constant Δ"3/"3 that scale roughly with (0>/"3)3/2.
See App. 5.7 for more detailed discussion.

Studying Fig. 5.3, we see that for 4> ≈ 0, these flat contours do not appear, as for a
circular orbit, pericenter precession is essentially consistent with an increase in Ω>.
The resulting contour plot shape is similar to the results seen in Fig. 5 of [24], where
4> is assumed to be zero – over a wide range of the parameter space, de Sitter preces-
sion is the dominant effect in determiningΔ"3/"3. However, once 4> > 0, pericen-
ter precession, rather than de Sitter precession, becomes the leading contribution to
Δ"3/"3 over a significant portion of the parameter space. The importance of peri-
center precession is further emphasized by comparing the magnitudes of Δ"3/"3

in our plots to Fig. 5 of [24], which sets 4> = 0 and therefore does not include peri-
center precession (though it does include all other effects used in this work). With
pericenter precession included, the parameter uncertainties across a wide region of
the overall parameter space can drop by multiple orders of magnitude.

We also estimate how well the eccentricity can be measured with B-DECIGO and
LISA as shown in Fig. 5.8 and Fig. 5.9. These results suggest that the eccentricity
can be constrained to high precision, with B-DECIGO able to achieve a lower bound
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of Δ4> ∼ 10−6 − 10−5 and LISA able to achieve Δ4> ∼ 10−5 − 10−4 across a sub-
stantial portion of the parameter space where precession is detectable. Once again,
we see the importance of de Sitter precession in the measurability of this parameter
— in the portion of the parameter space where de Sitter precession is rapid, equiv-
alent estimation uncertainties match contours of equal de Sitter precession period.
Unlike the contour plots for Δ"3/"3, the shape of these contours is not heavily
dictated by power laws related to pericenter precession. Indeed, there are no degen-
eracies between 4> and other waveform parameters which are broken by pericenter
precession.

An important question is the impact of increasing outer orbit eccentricity on the
ability to measure parameters like "3, 0>, and 4> itself. In Figs. 5.10 and 5.11, we
consider B-DECIGO, LISA, and the TianGO concept and three different combina-
tions of ("3, 0>/"3) across our chosen parameter space. We study the effect of
increasing eccentricity on the estimation uncertainties in "3 and 4> (still averaging
over initial orbital angles) and find that increasing eccentricity can produce marginal
improvements in the measurement of "3 and 4> – a factor of ∼ a few – though such
improvement is not universal across ("3, 0>/"3) parameter space.

Considering the arguments given inApp. 5.7, we see that the leading contributions to
the Fisher matrix elements come from the derivatives of Φ� , Φ%, and Φ) . Noting
that these phases evolve at secular rates of ΩdS (for Φ% and Φ) ) or Ωpericenter =

Ω>
3
?
(for Φ� – specifically, this is the rate at which the degeneracy between 0> and

sin ]� is broken), and recalling that these rates scale with (1 − 42
>)−1, it follows that

larger eccentricities produce more rapid evolution, larger Fisher matrix entries, and
ultimately smaller parameter uncertainties.

The relative sensitivities between the three detectors are responsible for the clear
hierarchy in the parameter uncertainties they produce. For example, the rates of
precession and orbital velocity are sensitive to both "3 and 4> but with different
dependencies, so there exist degeneracies between these two parameters. These de-
generacies can be lifted by observing the system over long periods of time so that
these effects can accumulate, enabling tighter constraints on their respective indi-
vidual rates. Examining Fig. 5.2, we see that LISA effectively measures the BBH
signal over a smaller frequency band than the other two detectors in the five years
prior to merger. Since the LISA sensitivity is poorer than the other two detectors in
the frequencies sampled in the five year observation run, the SNR of the waveform
is reduced and it becomes more difficult to extract the waveform modulations driven
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Figure 5.8: Uncertainty in 4> as measured by B-DECIGO for three different eccen-
tricities 4> = {0.001, 0.3, 0.6}. The same sampling procedure as used in Fig. 5.3 is
applied here.
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Figure 5.9: Same as Fig. 5.8, but measured by LISA instead.
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by orbital and precessional effects over that period of time. Therefore, the degen-
eracies are not as cleanly lifted in LISA measurements, especially when these rates
are slow (i.e., low "3, high 0>/"3), producing less precise parameter estimates.

The primary effect of eccentricity then is to increase the strength of waveformmodu-
lations by increasing the magnitude of the precessional effects (pericenter, de Sitter);
however, we see that for the LISA observatory, the improvement in parameter esti-
mation uncertainty with rising 4> is not as significant as in B-DECIGO and TianGO,
and in some cases, a larger 4> produces larger uncertainties. While increasing the
eccentricity boosts the orbit averaged rate of de Sitter and pericenter precession (Cf.
Eqs. 5.7 and 5.15), the majority of this evolution occurs when the BBH is near the
outer orbit pericenter and the instantaneous precession rate is largest. So, for sys-
tems with slow outer orbits (once again, low "3 and high 0>/"3), an increasing
eccentricity constrains the majority of the waveform modulation effects to a shorter
time window, as the BBH passes through the region near the pericenter at a faster
rate. The GW radiation from the BBH then evolves through a smaller range of fre-
quencies while the waveform is significantly modulated.

We also note that as long as the stellar-mass BBH is able to complete a few orbits
around the SMBH during the observation window, the parameter estimation uncer-
tainties are not highly sensitive to the various geometric angles that appear in the
system (\(, q(, \� , q� , _! , U0, W>, and i0), at least for generic choices of these
angles (i.e., not taking _! = 0 or c, where de Sitter precession does not occur).
These angles primarily appear in basic trigonometric functions present in the detec-
tor antenna response function, Doppler phase shift, and evolution of the inner orbit
angular momentum, and thus keep the magnitudes of these waveform modulations
constant within a factor of a few for the majority of possible angles. The condition
on the number of outer orbits completed during the observation window holds in the
vast majority of our studied parameter space.

5.5 Conclusion and Future Directions
Using the Fisher information matrix, we have shown that future space-based GW
observatories may be able to precisely constrain the properties of BBH+SMBH
triple systems, like the SMBH mass and outer orbit semimajor axis and eccentric-
ity, through the GW signal observed from the BBH. We have demonstrated that the
rate of change of the Doppler phase shift and the de Sitter precession rate are the
dominant factors determining of the measurability of triple system parameters and
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Figure 5.10: The fractional uncertainties in "3 obtainable by B-DECIGO (blue),
TianGO (orange), and LISA (green) as the eccentricity is varied. The solid, dashed,
and dotted lines correspond to different choices of ("3, 0>/"3).

that an increasing outer orbit eccentricity leads to improved measurement uncertain-
ties through greater Doppler phase shift modulation and faster de Sitter precession.
We have also shown that the planned LISA detector is capable of measuring these
systems, though decihertz detector concepts such as TianGO or B-DECIGO would
possess a competitive advantage over LISA in measuring such quantities.

There are some important limitations of the Fisher informationmethod implemented
in this work. As described in [49], a high SNR is required for the inverse Fisher ma-
trix to give the covariance of the posterior probability distribution for the true source
parameters ®\0. While the SNR we compute for our waveform is generally ∼ 40 for
TianGO, it is only ∼ 4 for LISA, suggesting that the true parameter estimation un-
certainties may be significantly different than those calculated here. However, the
inverse Fisher matrix is also a lower bound for the uncertainty of an unbiased estima-
tor of ®\0 [49], so our results essentially offer a best-case scenario for the parameter
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Figure 5.11: Same as Fig. 5.10, but estimating the outer eccentricity variance Δ4>.

estimation precision obtainable by future space-based observatories. A more thor-
ough approach to this analysis will implement a full Bayesian methodology.

We can further develop this work by inclusion of additional effects into the wave-
form. One can implement the spin-precession effects that we chose to neglect in 5.2
due to their significantly slower time scales. Furthermore, for triple systems with
lower outer binary merger times (i.e., with "3 and 0>/"3 near the purple regions
shown in the contour plots such as Fig. 5.3), the semimajor axis and outer eccen-
tricity can evolve significantly in time due to radiation reaction [37]. Considering
the frequency integral that composes the Fisher matrix elements, we can include the
effects of gravitational redshift and Doppler frequency shift, which would require
the waveform and detector sensitivity to be evaluated at different frequencies in the
integrand. Also, the stationary phase approximation used in the frequency domain
waveform (outlined in App. 5.6) may not hold well for highly eccentric outer orbits,
as the outer orbital angle varies quite rapidly near the pericenter for such orbits.
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In Ref. [44], it is discussed how gravitational lensing of GWs by the SMBH com-
bined with the de Sitter precession of !̂i can further constrain the parameters of a
triple system as estimated by a space-based GW observatory, even in the case of a
circular outer orbit. It would be interesting to examine the combined effects of an
eccentric outer orbit and repeated GW lensing in parameter estimation problems.

Finally, measurements of the motion of a BBH through space through its modulated
waveform may prove useful for understanding phenomena besides BBH+SMBH hi-
erarchical triples. For example, measuring the evolving Doppler shift and aberra-
tions induced by the evolving position and velocity of an isolated BBHmight enable
estimates of BBH kicks that occur shortly before merger or improve the precision of
estimates of the Hubble constant by further constraining the redshifts of GW stan-
dard sirens [67, 68].
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5.6 Appendix: Validity of Waveform Approximations
We consider some approximations that are made in the formulation of the frequency
domain waveform. For the source frame waveform ℎB (CB) = �B (CB)4−8ΦB (CB) , we
define the connection between time and gravitational wave frequency in the source
frame by

¤ΦB (CB) = 2c 5B . (5.43)

The outer orbit of the BBH induces a change in the time at which a GW of a par-
ticular frequency reaches a fixed observer, which we denote C>. Clearly marking the
dependencies of various times on one another,

C> (CB) = CB + C‖ (CB) + �!/2, (5.44)

where C‖ = 0> sin ]� sin i is the time is takes for a radiated GW to propagate from
the BBH to the SMBH along the direction of #̂ , assuming a circular outer orbit.

With ℎB and ℎ> being the strain in the source and observer frames, we then have

ℎ> (C>) = ℎB (CB) = ℎB (C> − C‖ − �!/2), (5.45)
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which in the Fourier transform (as a function of the observed frequency 5>) becomes

ℎ̃> ( 5>) =
∫

ℎB (C> − C‖ − �!/2)42c8 5>C>3C> . (5.46)

Inputting the form of ℎB (CB) gives

ℎ̃> ( 5>) =
∫

�B (C> − C‖ − �!/2)4−8ΦB (C>−C‖−�!/2)42c8 5>C>3C>, (5.47)

and assigning C> − �!/2 = C so that CB = C − C‖ produces

ℎ̃> ( 5>) = 42c8 5>�!/2
∫

�B (C − C‖)4−8ΦB (C−C ‖ )42c8 5>C3C. (5.48)

For a typical system we study (e.g., "3 = 108"�, 0> = 100"3), C‖ ∼ 104 − 105

seconds (depending on the orbital angle) and ¤C‖ ∼ C‖Ω> ∼ 0.01 − 0.1.

We can make a number of simplifications to this expression. First, ΦB (C − C‖) ≈
ΦB (C) − 2c 5BC‖ as long as ¤5BC‖ � 5B. For an inspiral regime BBH with two 50"�

BH, 5B/ ¤5B ∼ 3×103 5
−8/3
B s [37], and with the majority of the time-integration taking

place with 5B ® 0.1Hz, the approximation using ¤5BC‖ � 5B holds well.

We apply a similar approximation to �B (C − C‖). The time scale for the evolution
of the GW amplitude is roughly [58, 37] �B/ ¤�B ∼ 3

2
5B
¤5B
� C‖ , so we can reasonably

approximate �B (C − C‖) ≈ �B (C). This simplifies Eq. (5.48) to

ℎ̃> ( 5>) ≈ 42c8 5>�!/2
∫

�B (C)4−8[ΦB (C)−2c 5BC ‖ (C)]42c8 5>C3C. (5.49)

Consider an expansion of � (C) = ΦB (C) − 2c 5BC‖ (C) around some time C′. Noting
that C‖ is a function of C, we find

ΦB (C) − 2c 5BC‖ (C) ≈ ΦB (C′) − 2c 5BC‖ (C′)

+ 2c( 5B − 5B ¤C‖ − ¤5BC‖) (C − C′) + 1
2
¥� (C′) (C − C′)2 + ... (5.50)

Since ¤5B/ 5B � ¤C‖/C‖ , the linear term approximates to 2c 5B (1− ¤C‖). Now, to complete
the Fourier transform, we turn to the stationary phase approximation (SPA). Namely,
the majority of the integral comes from the region where the argument of the oscil-
lating term is stationary, which occurs at a time g when 5> − 5B (g) (1 − ¤C‖ (g)) = 0.

Inserting the second order expansion found above into the Fourier transform gives

ℎ̃> ( 5>) ≈ 42c8 5>�!/2
∫

�B (g) exp
{
− 8[−2c 5>C +ΦB (g) − 2c 5B (g)C‖ (g)

+ 2c 5B (g) (1 − ¤C‖ (g)) (C − g) + 1
2
¥� (g) (C − g)2 + ...]

}
3C,

(5.51)
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which simplifies to

ℎ̃> ( 5>) ≈ 42c8[ 5>�!/2+ 5B (g)C‖ (g)]42c8 5B (g) (1−¤C‖ (g))g
∫

�B (g)4−8[ΦB (g)+ 1
2
¥� (g) (C−g)2+...]3C ,

(5.52)
recalling that 5B (g) (1 − ¤C‖ (g)) = 5>.

The expression ¥� has terms proportional to ¤5B, ¥5BC‖ , ¤5B ¤C‖ , and 5B¥C‖ . For our typical
system, the three latter terms are generally much smaller than the first, allowing a
reasonable approximation of ¥� ∼ ¥ΦB.

Carrying out this integral is a standard exercise as in [69], and we see that Eq. (5.52)
evaluates to

ℎ̃> ( 5>) ≈
√
c

2
42c8 5>�!/2+8 ¤� (g( 5 ))g−8� (g( 5 ))+8c/4 × �B (g( 5 ))

( 2
¥�B (g( 5 ))

)1/2
, (5.53)

recalling � = ΦB − 2c 5BC‖ and noting that Eq. (5.18) can be used to convert time-
dependent quantities into frequency dependent ones. It is clear that the Doppler
shift is built directly into this definition – the components of the source radiation
(e.g., �B, ¥� ≈ ¥ΦB) which appear in the observed strain are evaluated at a time g

when the source radiation is emitted at frequency 5B = 5 /(1 − ¤C‖). The ratio of the
observed frequency to source frequency matches the expansion of the exact form of
the Doppler shift given in Eq. (5.55) below (in the low ¤C‖ limit).

This result poses a problem for carrying out Fisher matrix calculations. The Fisher
matrix formalism relies on integration over the observed frequencies; while there ex-
ists a monotonic relation between the source GW frequency and time, the inclusion
of the Doppler frequency shift results in the same observed frequency originating
from multiple distinct source frequencies. Furthermore, the PSD term must be eval-
uated at the observed frequency, while standard results for the GW signal in the
frequency domain are parameterized by the source frequency. Without a one-to-one
relationship between the observed frequency and source frequency, carrying out the
Fisher matrix calculations requires careful attention to these subtleties when evalu-
ating the frequency domain integrand. Future iterations of this analysis will more
carefully implement the Doppler shift in comparing the GW signal in the source
and observer frames. For example, the analysis in [45] computes the time domain
waveform, splits it into segments with ¤5> > 0 and ¤5> < 0, and transforms each seg-
ment separately into the frequency domain using the SPA before recombining. The
analysis in [70] resolves the issues in the SPA with a non-monotonic 5> using higher
order time derivatives of 5>, and the analysis in [71] offers an alternative method to
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computing frequency-domain waveforms that avoids the divergences that appear in
the SPA when ¤5> crosses zero.

For the sake of computational simplicity, we choose to carry out the Fisher matrix
computations under the approximation that ¤C‖ � 1. With this simplification (which
holds fairly well across the majority of our parameter space, as we describe below),
5>1B ≈ 5BA2 and thus the following simple relation emerges:

ℎ̃> ( 5 ) ≈ 42c8 5 (�!/2+C‖ ) ℎ̃B ( 5 ). (5.54)

Let us more completely explain why we can reasonably neglect the change in GW
frequency due to the Doppler shift induced by the BBH orbital velocity around the
SMBH. The (exact) longitudinal Doppler shifted frequency is given by

5>1B = 5BA2

√
1 + V‖√
1 − V‖

, (5.55)

where 5>1B and 5BA2 are the observed and source frequencies, and V‖ = E‖/2 = ¤C‖
is the source velocity along the line of sight. Using the methods of Sec. 5.2, the
maximum orbital velocity occurs at pericenter, with

V =
? − 2 − 24>

?
√
(? − 2)2 − 442

>

(1 + 4>)
√
? − 6 + 24> . (5.56)

Depending on the argument of pericenter, the magnitude of the source’s line of sight
velocity can reach up to this value. In the parameter space we study, this velocity
is maximized over eccentricity when 4> = 0.9. At this eccentricity, the maximum
velocity over semimajor axes in our parameter space occurs when ? ≈ 12 with
V<0G ≈ 0.37. Then, the largest increase in GW frequency due to the Doppler shift
is roughly 50%.

Making the approximation that 5>1B ≈ 5BA2 can produce some inaccuracies in the
distance-accumulated phase terms in Eq. (5.53); however, because the Fisher ma-
trix formalism includes integration of the product of the waveform and its complex
conjugate, the value of the accumulated phase does not have any effect on the results.
Furthermore, the sensitivity curves in Fig. 5.2 vary slowly in frequency, so there-
fore, our approximation that the source frame and observer frame GW frequencies
are roughly equal does not significantly affect our Fisher matrix calculations and
resulting parameter uncertainties.

Future work may implement more rigorous treatment of the waveform in the fre-
quency domain, including corrections suggested in [72], for example. However, we
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expect that the information provided by examining the shifts in observed GW fre-
quencies, which track the BBH orbital velocity, is essentially already provided by
the Doppler phase, which tracks the BBH orbital position. As such, we anticipate
little improvement in parameter measurability by including this additional effect.

5.7 Appendix: Description of Measurement Accuracy
In Fig. 5.7, we note two power laws for themeasurement accuracy of"3. We say that
the pericenter precession gives (0>/"3)3/2, while de Sitter precession scales like
0

5/2
> /"3/2

3 . Below, we give scaling arguments to understand this plot. As described
in Sec. 5.4, we measure 0> × sin ]� and Ω> very well via the Doppler shift

Φ� = 2c 5 #̂ · ®A = 2c 5 A sin ]� sin q , (5.57)

however we need an additional effect to break the degeneracy between 0> and sin ]� .
In this appendix, we will show how the effect of precession can be understood as
separating the radial and azimuthal periods %A ≈ %q − #"

0
, and breaks the degener-

acy. We will also explain how the Thomas phase and polarization phase terms allow
us to also break the degeneracy.

Let us study a simple analytic toy model for precession where the radial period is
shortened by a 1PN term. We will consider only a waveform with Doppler phase
here to extract the physical reason that pericenter precession helps us measure the
SMBH’s orbit. We set

ℎ̃( 5 ) = exp
[
8(Φ� + 2c 5 C2)

]
, (5.58)

and provide the following simple dynamics to the outer orbit:

Φ� (C) = 2c 5 sin ]�
0> (1 − 4>)2

1 + 4> cos bA
sin(bi), (5.59)

bA = bA,0 +Ω>

(
1 − n

3"3

0> (1 − 42
>)

)
C, (5.60)

bi = bA,0 + bi,0 +Ω>C , (5.61)

where the variable n is a counting parameter for precession, and set to 0 or 1 at the
end of the calculation. This system gives a rough approximation for a low eccen-
tricity orbit that includes relativistic pericenter precession, assuming 1/Ω> � C>1B

so that many orbits are completed during C>1B and thus the angular velocities for the
orbital and precessional motion average out to their secular values. The quantities
bA,0 and bi,0 are analogous to q0 and W>, respectively.
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Since this is such a simple model, we can compute the Fisher matrix analytically un-
der certain assumptions. We first compute the Fishermatrixwith elements {"3,Ω>, sin ]�}.
After computing the derivatives of ℎ̃, we expand in 4> � 1 and consider only
the secular effect of the trigonometric functions in bA and bi, as the contributions
from oscillating terms will be minimal after integration over 5 . We substitute C ∝
M−5/3 5 −8/3 (cf. Eq. (5.18)) and after integrating over 5 with a flat PSD, we find
that the resulting matrix is invertible only if we have some pericenter precession
n ≠ 0. The fractional error in mass then scales like

Δ"3
"3

∝ 1
n

( 0>
"3

)3/2
. (5.62)

This result shows that pericenter precessionwill produce contours of constantΔ"3/"3

which scale with (0>/"3)3/2, which is in good agreement with the lines in Fig. 5.3,
for example. These lines do not appear when 4> = 0, however, because the dif-
ference in the radial and azimuthal frequencies does not produce any change in the
BBH’s actual orbit when that orbit is circular.

We also expanded the Fishermatrix dimensions to include {"3,Ω>, sin ]� , bA,0, bi,0, C2}
and found identical scaling in Δ"3/"3.

In contrast, let us examine the behavior of dS precession. We will now show how
mass and orbital frequency can be independently measured by the the Thomas phase
Φ) and the polarization phase Φ%. As discussed in [21], the Thomas phase for a
circular orbit is approximately 4

Φ) ∼ 2c(1 + cos_!)ΩdSC , (5.63)

where ΩdS = 3
2
"3Ω>

0>
≈ 3

2"
2/3
3 Ω

5/3
> .

The Thomas phase breaks the degeneracy between"3,Ω>, and sin ]� . If we consider
a waveform with perfectly measured Ω>, with a simple waveform ℎ ∝ 48Φ) one can
show the measurement scales as

Δ"3
"3

≈
√

1
Γlog "3 log "3

∝ 1
mlog "3ΩdS

=
1

"
2/3
3 Ω2

>

∝ 0
5/2
>

"
3/2
3

. (5.64)

4This comes from Eq. (65) of [21]. There are multiple expressions for the average rate depending
on the sign and dot products of ( !̂, #̂), which only differ by factors of of order unity.
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For contour plots such as Fig. 5.3, this result matches the power law for lines of
constant Δ"3/"3 found in the region where de Sitter precession is most rapid.

The polarization phase breaks the degeneracy between "3 andΩ> in the same man-
ner as the Thomas phase. The power law can be seen by considering a waveform
ℎ ∝ 48Φ% . The polarization phase is defined as

Φ% (C) = − arctan
[
�×(C)�×(C)
�+(C)�+(C)

]
. (5.65)

In the context of the Fisher matrix, it is useful to compute the derivative of this
phase,

m\Φ% = − 1
(1 + tan2 Φ%)

m\

( �×(C)�×(C)
�+(C)�+(C)

)
. (5.66)

The fraction of amplitude factors and antenna patterns depends on the angles \(, q(, \� , q� , _! , and U0,
as well as the integrated de Sitter precession rate, all of which appear exclusively in
trigonometric functions (cf. Eqs. (5.8), (5.19), (5.20), (5.21), (5.22), and (5.23)).
We assume the instantaneous de Sitter precession rate does not vary significantly,
assigning the rate to its secular value Ω3( ≈ 3

2
"3Ω>

0>
.

Taking \ = log "3, then, the only dependence on "3 in this fraction is through
Ω3(. Since Ω3( appears only in the argument of sines and cosines, we expect that
after applying the chain rule mlog "3 → (mΩ3(/m log "3)mΩ3(

, the magnitude of
mlog "3Φ% is primarily influenced by mΩ3(/m log "3. This expression evaluates to
(cf. Eq. (5.64))

mΩ3(

m log "3
=

"
3/2
3

0
5/2
>

. (5.67)

Thus, assuming Ω> is known, the Fisher matrix will scale like

Γlog "3 log "3 =

∫
35

(
mlog "3Φ% ( 5 )

)2 ∝ (mlog "3ΩdS)2. (5.68)

Therefore, considering both Φ) and Φ%, de Sitter precession produces an uncer-
tainty in log "3 that scales roughly as 05/2

> /"3/2
3 , following lines of constant Ω3(.

It may seem counter-intuitive that two processes with identically-scaling rates (i.e.,
pericenter precession and de Sitter precession) produce different power laws in the
shape of the contour lines. However, even though the rate of pericenter precession
Ωperi prec ∝ "

2/3
3 Ω

5/3
> occurs at the same PN order as de Sitter precession ΩdS ∼

"
2/3
3 Ω

5/3
> , there is an additional factor of 0> in the pericenter precession contribution

due to the Doppler shift term being proportional to A. This causes the power law
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dependence for the measurement accuracy of "3 to scale differently by a factor of
0>.
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C h a p t e r 6

GRAVITATIONAL-WAVE SIGNATURES OF NON-VIOLENT
NON-LOCALITY

[1] B. C. Seymour and Y. Chen. ‘‘Gravitational-wave signatures of non-violent
non-locality.’’ Subbmitted to Physical Review Letters. Nov. 2024. arXiv:
2411.13714 [gr-qc].

6.1 Introduction
The evaporation of black holes (BHs) via Hawking radiation [1] reveals an incon-
sistency between quantum mechanics and general relativity (GR) [2]: the semiclas-
sical result that Hawking radiation carries no information contradicts the unitarity
of quantum theory. Several resolutions to the information paradox have been pro-
posed: the BH could never fully decay but remain as a massive remnant [3]. The
interior geometry of the BH could be modified as a fuzzball [4] or gravastar [5].
Alternatively, the firewall scenario [6] suggests the region near the horizon could
experience a breakdown of semiclassical gravity which destroys infalling observers.
Finally, the information paradox may be resolved by accounting for non-perturbative
contributions in semiclassical gravity through the replica wormhole trick, which re-
stores unitarity without modifying GR [7, 8, 9, 10, 11].

Giddings proposed that the information which fell into the BH can escape it via non-
violent non-locality (NVNL) [12, 13, 14, 15, 16], a non-local interaction between the
inside and the outside of the BH, with associated non-violent space-time fluctuations
from this information transfer. In the ”strong” version of NVNL, space-time metric
fluctuate stochastically at a level of O (1) [14] near BHs, while the ”weak” version
[15] has fluctuations of O

(
4−(bh/2

)
[17]. Giddings and collaborators elaborated

the phenomenology of NVNL [18, 19, 20] to observations of the Event Horizon
Telescope (EHT) [21]. They recently considered scatterings of gravitational waves
by BHs [22].

The detection of gravitational waves (GWs) allows us to probe directly the behavior
of strong gravity around black holes (BHs) and neutron stars (NSs) [23, 24, 25, 26,
27, 28]. Deviations from GR can be extracted by adopting either the parameterized
post-Einsteinian (PPE) framework [29] or the parameterized post-Newtonian (PN)

https://arxiv.org/abs/2411.13714
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deformation framework [30, 31, 32], which measure deviations in the GW phase
during the binary inspiral stage. Results of parametrized tests have been featured
in LIGO-Virgo-KAGRA (LVK) results [33, 25, 26, 27, 28], which also treated the
phase deviation parameters as hyperparameters and bounded their mean values as
well as uncertainties [34, 35]. In this letter, we model the effect of NVNL on the
inspiral of a binary black hole (BBH) and show that it can be constrained by the
parametrized tests mentioned above, in particular via the uncertainties of the phase-
deviation hyperparameters [34].

We begin with the effective-one-body (EOB) framework [36, 37, 38] which ap-
proximates a two-body relativistic problem as a one-body problem in a deformed
Schwarzschild spacetime, the effective spacetime. Originally, this was developed
for nonspinning quasicircular [36, 37, 38, 39, 40, 41] but subsequently was gen-
eralized to aligned spin [42, 43, 44, 45], precessing spin [46, 47, 48, 49, 50, 51],
calibrated to NR [52, 53, 54], tides [55, 56, 57, 58], and eccentricity [59, 60] where
the newest model is SEOBNRv5PHM [61, 62, 63, 64]. In particular, we modify a
simple nonspinning EOBNRv2 spacetime [39], and we add stochastic metric pertur-
bations characterized by a Gaussian spatial profile and a frequency spectrum related
to the BH’s temperature, as proposed by Ref. [20] for an isolated BH. The resulting
trajectories lead to gravitational waveforms that deviate from GR stochastically, pri-
marily in the late-inspiral and plunge phases. Using a principal component analysis
[65, 66, 67], we show that the frequency-domain phase deviations of these wave-
forms can be well approximated by a single dominant eigenmode multiplied by a
normally distributed random amplitude. Finally, we estimate how well NVNL can
be constrained by stacking together gravitational-wave events and computing the
Savage-Dickey ratio [68]. These calculations give theoretical support to search for
random phase deviations as proposed in the hierarchical tests of GR [34, 28, 69, 70,
71, 72].

6.2 Setup
For a Schwarzschild BH, Ref. [20] generically decomposes the NVNL-induced met-
ric perturbations 6`a = 6s

`a + =`a into the even and odd perturbations [73]. In this
work, we will consider the dominant NVNL correction which arises from =EE in the
in-going Eddington-Finkelstein coordinates, decomposed as

=EE =
∑
ℓ<

5ℓ<.ℓ< , (6.1)
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where
5ℓ< = �ℓ< exp

[
−(A − A()2/(2A2

�)
]
=(C) , (6.2)

with �ℓ< the amplitude of the mode, A( the Schwarzschild radius, and A� ∼ A( the
localization length of the perturbations [20]. Here =(C) is a colored Gaussian noise
with a power spectrum

(= ( 5 ) = 1/(2 5&) exp
[
−| 5 |/ 5&

]
, (6.3)

where 5& = 1/8c" is the quantum frequency scale. We have normalized the power
spectrum so that =(C) has a variance equal to unity 〈=2(C)〉 ≡

∫
35 (= ( 5 ) = 1. This

spectrum is motivated by the Boltzman distribution for a BH of temperature )BH =

1/8c" . Note that the standard deviation of 5ℓ< at the horizon is ∼ �ℓ<, while the
coherence time is around g ∼ 4" .

If this were an EMRI, we could expand the metric like

6`a = 6s
`a + nℎ

(0,1)
`a + [=`a + [nℎ

(1,1)
`a (6.4)

where n is the GW counting parameter, [ is the NVNL counting parameter. Assum-
ing that we have a source )`a (G), then the Einstein equations are

n�
(0,1)
`a

(
ℎ`a

)
= n)

(0,1)
`a (G) (6.5)

[�
(1,0)
`a

(
=`a

)
= [)

(1,0)nvnl
`a (6.6)

n[�
(0,1)
`a

(
ℎ
(1,1)
`a

)
= −n[� (1,1)

`a

(
ℎ
(0,1)
`a , =

(1,0)
`a

)
+ n[)

(1,1)
`a (G) (6.7)

where the former term is the modification to the modifications to the radiation re-
action while the latter contains deviations to the GR geodesics and note that ℎ(0,1)

means 0 order in NVNL and 1 order in GW (c.f. modified Teukolsky formalism
[74, 75, 76]). This approach has already assumed that there is an EMRI. The ra-
diation reaction is modified from wave optics because the outwardly traveling GW
radiation does not follow geodesics on Schwarzschild anymore but on the perturbed
Schwarzschild 6s

`a + =`a. Since we are interested in (comparable mass) LIGO-like
systems, we will focus on conservative terms corresponding to geodesic modifica-
tions from ℎ

(1,1)
`a and leave the other effects to future work.

Let us now review the EOB framework [36, 37, 77, 78, 39]. We define total mass
" = <1 + <2, symmetric mass ratio [ = <1<2/"2, and mass ratio @ = <1/<2.
The effective metric is given by

3B2
eff = −�(A)3C2 + � (A)

�(A) 3A
2 + A23Ω2 , (6.8)
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where �(A) = 1 − 2"
A

+ O([) and � (A) = 1 + O([) are terms that describe
the effective metric which is deformed by the symmetric mass ratio [ away from
Schwarzschild. (See the Supplemental Materials for further details.) If we pa-
rameterize our metric with coordinates ®@ = (A, q) and their conjugate momenta
®? = (?A , ?q), the effective Hamiltonian is found with the mass shell condition
?`?a6

`a

S = −1

�̂S
eff =

√√√
�(A)

(
1 +

?2
q

A2 + �

�
?2
A

)
. (6.9)

The physical Hamiltonian for the system is related to the effective Hamiltonian via

�̂S
real = [−1

√
1 + 2[

(
�̂eff − 1

)
, (6.10)

where the hat denotes the Hamiltonian is in dimensionless units. Hamilton’s equa-
tions are then

3@8

3C
=

m�̂real
m?8

,
3?8

3C
= −m�̂real

m@8
+ F r03

8 , (6.11)

where the generalized force F r03
8

is added to incorporate radiation reaction.

Let us now add NVNL into EOB by modifying the geometry of the effective space-
time, leading to a modified mass-shell relation ?`?a

(
6
`a

S + =`a
)
= −1 and yields a

modified Hamiltonian
�̂real = �̂S

real + =ℓ<EE Δ�̂real
ℓ< . (6.12)

The reason that we can add NVNL directly to the EOB spacetime is that this is the
leading order term, and all other terms will be smaller by a factor of the symmetric
mass ratio [ ≤ 1/4 (so our calculations are accurate to O(� · [)). Thus for more
asymmetric systems this approximation improves. In principle, the gravitational
wave luminosity ¤� , hence F r03

8
is also modified by NVNL, but we will be focusing

on the conservative modifications to the waveform while such effects are analyzed
in other works [22]. We obtain the NVNL trajectory (@8 (C), ?8 (C)) using Hamilto-
nian (6.12) and Eqs. (6.11). We then obtain the leading quadrupole wave ℎ22 in the
same way as Ref. [39], attaching a simple GR ringdown where the strain peaks via
smoothness (in a similar manner to [61]). (See Supplemental Materials for details.)

6.3 NVNL Waveforms
In Fig. 6.1, we plot several realizations of an NVNL waveform Re[ℎ22] (normalized
by "/� with � the source distance) in the time domain, as functions of C/" , for a
binary with @ = 1, and compare this to a GR waveform. The random deviations are
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Figure 6.1: The real part of the dimensionless ℎ22(C) strain for �22 = 5×10−2. This
is the full waveform before the principal component analysis is done, so it contains
all perturbations. These signals are aligned at very early times so that their signals
overlap at low frequencies but they stochastically diverge as they reach the plunge.
The apparent ringdown difference is primarily due to the phenomenological ring-
down attachment, but we only do the testing GR analyses with the inspiral piece.

smooth in time due to the cutoff 5& in Eq. (6.3) as well as the filtering effect due to
the inertia of the binary.
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Figure 6.2: Frequency domain phase deviation realizations for �22 = 1. Using time
domain waveform realizations shown in Fig. 6.1, we plot the amount of dephasing
from GR that they will have. We also plot the frequency at which the binary crosses
the inner most stable circular orbit (dashed blue) and the frequency at which the
inspiral portion of the waveform is matched to the ringdown (dashed black). Note
that �22 = 1 is not a small deviation from GR, so we calculated this at �22 � 1 and
scaled it appropriately. One can see that the secular effect of NVNL is nearly zero
while the theory predicts random dephasing from GR.
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Going to the frequency domain, the NVNL waveform at linear order in �ℓ< can be
approximated by

ℎ( 5 ; \, �ℓ<) = ℎgr(\)48
∑

ℓ< ΔΨℓ< ( 5 ;\) , (6.13)

with ΔΨℓ< ( 5 ) ∝ �ℓ< a stochastic phase deviation from GR. ΔΨℓ< ( 5 ) is found by
simulating a NVNL waveform with metric fluctuations =8 (C) in the time domain and
taking the Fourier transform for a particular noise realization.

Since our metric deviations are Gaussian, the deviation in the frequency domain is
just the metric deviations multiplied by a transfer function. In Fig. 6.2, one can see
the frequency domain phase deviations for various noise realizations. Notice that the
frequency domain phase is primarily a stochastic deviation rather than having a sec-
ular effect that is common to all these noise realizations. Let us define the quantity
`ℓ< ≡ 〈ΔΨℓ< ( 5 )〉 andΣℓ< ( 5 , 5 ′) = 〈(ΔΨℓ< ( 5 ) − `ℓ< ( 5 )) (ΔΨℓ< ( 5 ′) − `ℓ< ( 5 ′))〉.
For this problem, the mean deviation is very small compared to the variance so de-
tection hinges on finding the presence of Σℓ<.

We can make the waveform template in Eq. (6.13) more tractable by performing a
principal component analysis (PCA). This corresponds to diagonalizing the covari-
ance matrix

Σℓ< ( 5 , 5 ′) =
∑
:

(
f:
ℓ<

)2
I:ℓ< ( 5 )I

:
ℓ< ( 5

′) , (6.14)

where (f:
ℓ<
)2 is the :th largest eigenvalue and I:

ℓ<
( 5 ) its corresponding eigenvector.

The PCA is performed for 5start < 5 < 5match where 5start = 0.004 and 5match =

0.042/"1. As it turns out, for a nearly equal mass ratio, using a single component is
able to capture more than 97% of the total variance for the (2, 2) mode, and a similar
amount for other (ℓ, <) modes. If we only include the largest principal component

ℎ( 5 ; \, �ℓ<) = ℎgr(\)48
∑

ℓ< Zℓ<Iℓ< ( 5 ) , (6.15)

where Zℓ< ∼ N(`ℓ<, fℓ<) and we dropped the : = 0 index; we further scale the
eigenvectors so that fℓ< = �ℓ<, and note that `ℓ</fℓ< � 1. In Fig. 6.3, we
plot Iℓ< ( 5 ) for each mode up to ; = 2. Since the profile of these curves looks
very similar, we will only search for the (ℓ, <) = (2, 2) case and neglect the (ℓ, <)
labeling henceforth. We stress that we apply PCA directly to the NVNL theory itself,
rather than in the measurement space, which is the usual approach in the literature
[65, 66, 67]. See Supplemental Materials for further details of the PCA.

1Note that the output of the dominant PCA eigenvector is completely equivalent to finding
min
I

∑
8 9

(
Σ( 58 , 5 9 ) − I( 58)I( 5 9 )

)2 with constant norm.
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Figure 6.3: The largest principal component modes of the covariance matrix. All
modeswith odd ;+< are zero sincewe are confined to the orbital planewith \ = c/2.
The largest eigenvector accounts for ∼ 97% of the phase variance for each of the
modes. One can see that similar deviations happen for all (ℓ, <) modes.

6.4 Extraction of NVNL from data
Next, we describe how well hyperparameters (`, f) can be estimated from a collec-
tion of GW events. Each Z realization is drawn from the true distribution N(`t =

0, ft = �).

For events with high signal-to-noise ratio (SNR), parameter estimation accuracy can
be quantified by the Fisher information matrix [79], defined as

Γ�� = (m�ℎ | m�ℎ) |Θ=Θt . (6.16)

We collect all our signal parameters into an uppercase-indexed vector Θ� =
(
\8, Z

)
where lower case index 8 = 1, . . . , =Θ − 1 run over the standard GR parameters \8

and the extra entry Z is the NVNL parameter. The capital letters range over � =

1, . . . , =Θ. The noise-weighted inner product is defined as

(6 | ℎ) = 4 Re
∫ ∞

0

6̃∗( 5 ) ℎ̃( 5 )
(( 5 ) 35 , (6.17)

Given data 3 (which contains a high SNR signal) from a single event, under the
Fisher approximation, the likelihood function is taken to be

?(3 |Θ) =

√
det Γ
(2c)=Θ exp

[
−1

2
(Θ� − ΘML

� )Γ�� (Θ� − ΘML
� )

]
, (6.18)

where we have used ΘML
�

to denote the values of Θ� where likelihood is maximized
and =Θ is the number of entries of Θ� . In a frequentist approach, we can use ΘML

�
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as the Maximum Likelihood Estimator (MLE) for signal parameters. Given a large
number of trials with true parameters Θt

�
, we can denote XΘ� = ΘML

�
−Θt

�
. For high

SNR, XΘ� is a Gaussian random vector with 〈XΘ�XΘ�〉 = (Γ−1)�� . In particular,
marginalizing over \8, the MLE estimator ZML has an error of 〈XZ2〉 = (Γ−1)ZZ ≡
ΔZ2.

Let us take a quick aside and discuss how the generic PN deformation tests [29,
30, 31] would capture the effects of NVNL in the waveform. So far, we have been
focused on searching for the PCA of NVNL directly (in Eq. (6.15)/ with the Z param-
eters), but PN deformations can still be applied. This can still be done by standard
techniques for biased waveform models [80, 81]. We fully derive this in [82], but
here is an abbreviated version of the derivation. A =th order dephasing template has
the form

ΔΨ= =
3

128[
i=Xi= (c" 5 ) (=−5)/3 , (6.19)

which is same convention as the LVK GWTC3 testing GR paper [28]. If we inject a
Z t, and try to measure Θ� = (\8, Xi=), we would find that the maximum likelihood
estimator is

Γ��

(
\ML
8

− \t
8

XiML
=

)
=

( (
m\ 8ℎ|8ΔΨNVNLℎgr

)(
mXi=

ℎ|8ΔΨNVNLℎgr
)) + (

(m\ 8ℎ|=)(
mXi=

ℎ|=
)) , (6.20)

where ℎ is evaluated at (\8t, Xi = 0) and the maximum likelihood values of \ML
8

and
XiML

= are implicitly defined in Eq. (6.20). We are expanding about small XiML
= and

\ML
8

−\8t and using Eq. (10) of [80]. Thismeans that XiML
= = ΣXi=,�

(
m�ℎ|8I( 5 )ℎgr

)
Z t

with an uncertainty that comes from covariance matrix Σ�� =
(
Γ−1)

��
. Thus for

a small bias, the maximum likelihood point is shifted, but the statistical uncer-
tainty is given by the Fisher matrix calculated with the parameterized test parameters
(\8, Xi=). In Ref. [82], we prove this fully and ascribe geometric meaning to how
deviations are captured by parameterized PN templates.

Let us now construct a hierarchical analysis for the distribution of the Z parameter
for a collection of events, in a similar manner to how the LVK does [28]. We model
Z as Z ∼ N(`, f) and would like to estimate the posterior on the hyperparameters
(`, f). For event 0, we write

?(30 |`, f) =
∫

3Z ?(30 |Z)?(Z |`, f) ,

=
1

√
2c

√
ΔZ2

0 + f2
exp

[
− 1

2
(ZML

0 − `)2

ΔZ2
0 + f2

]
, (6.21)
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where ZML
0 and ΔZ0 are the MLE estimator and parameter uncertainty for Z obtained

from this event (and thus depend on 30). Note that the maximum likelihood point
for event 0 has the distribution

ZML
0 ∼ N

(
0,

√
f2

t + ΔZ2
0

)
, (6.22)

which follows from Z t
0 ∼ N (0, ft) and ZML

0 ∼ N
(
Z t
0,ΔZ0

)
. If a generic PN test

were performed instead, the maximum likelihood point is distributed like

XiML
=,0 ∼ N

(
0,

√
U2
0f

2
t +

(
ΔXi=,0

)2
)
, (6.23)

since XiML
=,0 ∼ N

(
U0Z

t,ΔXi=,0

)
where U0 ≡ ΣXi=,�

(
m�ℎ |8I( 5 )ℎgr

)
is the coupling

for event 0 given by Eq. (6.20) and ΔXi=,0 is the statistical uncertainty on it. The
entire collection of events leads to the joint likelihood

?({30} |`, f) =
#∏
0=1

?(30 |`, f) , (6.24)

where (`, f) are the hyper parameters for Z , but the framework works analogously
for PN deformation hyperparameters (`=, f=). The number of events is # , and we
do not include corrections for selection effects [83] or the probability of obtaining #

events [84, 70]. To compute the consistency with GR, we use Bayes factors which
compare the support for or against GR. Since we are comparing a nested model
where GR is a single point (0, 0) in the (`, f) plane, it becomes the well known
Savage-Dickey ratio [68]. The Bayes factor B is defined to be the ratio of the evi-
dences

logBbGR
GR = log

(
?(3 |bGR)
?(3 |GR)

)
= log

(
?(0, 0|3, bGR)
?(0, 0|bGR)

)
, (6.25)

where we are using the notation ?(G |3, ") to represent the posterior probability
density G given data 3 under modeling assumptions " . One can see that the Savage-
Dickey ratio compares how much the posterior has changed to the prior at the loca-
tion of the GR limit. We use priors which are uniform in the range of −1 ≤ ` ≤ 1
and 0 ≤ f ≤ 1.

Next, we investigate how detectible the effects of NVNL are if it were injected in the
data. In Fig. 6.4 we show a contour plot of the Savage-Dickey ratio for a three detec-
tor network Livingston-Hanford-Virgo at O3 Livingston sensitivity. In particular, we
calculate the Fisher information matrix for five years of events where we draw from
the astrophysical rates. The merger rate density scales with the star formation rate



187

and the masses are drawn from the Power Law+Peak (PP) model [85, 86] that is the
best fit point from GWTC3 data [87]. We show the estimated measurement preci-
sion in the astrophysical parameters, marginalizing over the event-level parameters.
We perform this analysis for the optimal principal component dephasing term. Ad-
ditionally, we give the results for the traditional PN deformation coefficients based
upon the biased framework [82]. We can see that NVNL can be constrained such
that � ® 6 × 10−3 after five years of observation at O3 sensitivities when using the
PCA method Z . The 3.5PN dephasing term, Xi7, performed the best out of the pa-
rameterized tests and found the constraint � ® 7 × 10−3. We note that for a single
BBH event � ® 0.1 which is comparable what [88] found using a different scheme
(c.f. Table 1 [88]). Theminimum detectable value doesn’t strongly depend on which
PN order you use, but the PCAmethod was optimal. This is consistent with previous
work showing that deviations are detectible with most PN tests [89, 90].

We perform the same analysis for the case of third generation gravitational wave
detectors. We consider three Cosmic Explorer detectors located at the locations of
the current LIGO/Virgo network. With this improvement in sensitivity, we see that
the five year constraint on � is � ® 4× 10−4 for the PCA method and � ® 5× 10−4

for the 3.5PN parameterized test, as shown in Fig. 6.5. For both of these cases,
we produced the figure by resampling over many realizations of events and their
associated noise realization so that very loud events do not show drastic shifts in
the constraint. In the supplemental material, we show much the variance of the log
Bayes factor versus observation time.

To perform our analysis on actual data, we need to take the further step making an
NVNL-EOB model which includes spin effects and is properly calibrated to numer-
ical relativity waveforms, for example with SEOBNRv5 [61].

6.5 Conclusion
In this work, we have modeled the effects of non-violent non-locality for a binary
black hole merger and estimated how well this can be measured in current and third
generation detectors. By incorporating NVNL fluctuations to an EOB model, we
obtained modified trajectories for the binary, and the corresponding gravitational
waveforms. These waveforms’ phase deviation from GR in the frequency domain
can be well approximated as a a single mode function times a random coefficient
with normal distribution with zero mean and standard deviation �, which in turn
also characterizes the typical size of the metric perturbations close to the horizon.
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Figure 6.4: The log Bayes factor projected constraint for Hanford-Livingston-Virgo
network operating at O3 Livingston sensitivity (positive favors GR). We plot this for
various values of � and for increasing numbers of events. The line corresponding to
-10 log Bayes factor is shown for the optimal PCAmodel (black) and PN coefficients
(other colors) where GR is disfavored. Using an event list, we perform parameter
estimation for five years of detectable events and then compute the Bayes factor
for the hierarchical test of GR. Note that the PCA model is best able to constrain
the effects of NVNL most stringently, but the PN coefficients are able to detect a
violation of � ≠ 0 nearly as well. We also see that the largest PN orders perform the
best. For a five year observation, the bound for the PCA model is � < 6.2 × 10−3.

We estimated constraints that can be posed by LVK and third-generation detectors.
We showed that the ’optimal’ PCA templates constraints � tighter than the standard
PN parameters by about 20%. To perform our analysis on actual data, we need to
take the further stepmaking anNVNL-EOBmodel which includes spin effects and is
properly calibrated to numerical relativity waveforms, for example with SEOBNRv5
[61].

This work is primarily concerned with the finding a qualitative picture of waveforms
inNVNL. Sincewe are particularly concernedwith the behavior of comparablemass
systems like LVK detects, we tuned our approach accordingly and used and EOB
model. Thus, our work has been limited to conservative dynamics during the inspiral
stage. To obtain a more complete picture of NVNL effects, one should: (i) combine
our work with Ref. [22] to incorporate NVNL’s modifications to radiation reaction
during the inspiral stage, and (ii) model the effect of NVNL perturbations on wave
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Figure 6.5: The log Bayes factor for the Hanford-Livingston-Virgo network op-
erating at CE sensitivity (positive favors GR). This plot shows the same scaling as
Fig. 6.4, but contains more events since CE detects more in a five year period. For
a five year observation, the bound for the PCA model is � < 4.2 × 10−4.

propagation through the final BH’s spacetime in order to capture how the ringdown
waves will bemodified. We stress that modeling the dissipative and ringdown effects
is particularly difficult in the comparable mass case since these are not modeled with
first principles for EOB. While there is no particular reason that the conservative
effects are dominant, these results are a first order-of-magnitude picture for NVNL
in ground based detectors.

ACKNOWLEDGMENTS
We thank JacobGolomb, Ethan Payne, SophieHourihane,Max Isi, Bangalore Sathyaprakash,
Matthew Giesler, Steve Giddings, Ian MacMillan, Hang Yu, and Katerina Chatzi-
ioannou for their insightful discussions. B.S. acknowledges support by the Na-
tional Science Foundation Graduate Research Fellowship under Grant No. DGE-
1745301. Y.C. and B.S. acknowledge support from the Brinson Foundation, the
Simons Foundation (Award Number 568762), and by NSF Grants PHY-2309211
and PHY-2309231.



190

6.6 Appendix: Waveform Details
EOB Waveform
We made our EOB waveform by modifying the nonspinning EOBNRv2 waveform
[39]. Given an effective metric, one can solve for the effective Hamiltonian by solv-
ing the mass-shell constraint ?`?a6`a = −1 −&(?4)

�̂eff (A, q, ?A , ?q) =
608?8

600 +

√
1 + 68 9 ?8? 9

−600 +
(
60A8?8

600

)2
+ &(?4)

−600 , (6.26)

where the modification to the mass shell is &(?4) = 2[ (4 − 3[) ?4
A which we do

not modify due to NVNL since it is a high PN order effect. By perturbing 6`a in
Eq. (6.26), we find the perturbation to the real Hamiltonian Δ�̂ℓ<

�̂real = �̂S
real + ℎℓ<EE Δ�̂real

ℓ< . (6.27)

In this section, we will be using dimensionless units so C = )/" , A = '/" , ?A =

%'/" , and ?q = %q/("`). The equations of motion for the EOB trajectory are
found by solving Hamilton’s equations with radiation reaction terms. If we explicitly
write out the EOB trajectory evolution equations with the perturbations we have

mA

mC
=

m�̂S
real

m?A
+
mΔ�̂real

ℓ<

m?A
ℎℓ<EE ,

mq

mC
= l̂ =

m�̂S
real

m?q
+
mΔ�̂real

ℓ<

m?q
ℎℓ<EE ,

m?A

mC
= −

m�̂S
real

mA
+ F̂q

?A

?q
−
m

(
Δ�̂real

ℓ<
ℎℓ<EE

)
mA

,

m?q

mC
= F̂q −

m
(
ℎℓ<EE

)
mq

Δ�̂real
ℓ< , (6.28)

and the q component of the radiation-reaction force is

F̂q = − 1
[E3

l

3�

3C
, (6.29)

where El = l̂1/3. The GW luminosity is generally

3�

3C
=

E6
l

8c

∞∑
ℓ=2

ℓ∑
<=ℓ−2

<2
�����!

"
ℎℓ<

����2 , (6.30)

however we make the approximation and only include the (2, 2) mode. To construct
ℎ22(C), we are using the Newtonian contribution as given in Eq. (16) of [39]. It is
equal to

ℎ22 = −32c
5

√
2
3
"[

�!

E2
q.

2−2
(c
2
, q

)
, (6.31)
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where
Eq ≡ l̂Al ≡ l̂A

[
k

(
A, ?q

) ]1/3
, (6.32)

and

k
(
A, ?q

)
=

2
{
1 + 2[

[√
�(A)

(
1 + ?2

q
/A2

)
− 1

]}
A23�(A)/3A

. (6.33)

Since our analysis is focusing on how the waveform differs by adding metric per-
turbations away from GR, we neglected to include various calibration terms that are
included in EOBNRv2. In Ref. [39], they use the factorized resummed modes [91,
78, 53] which include corrections to the Newtonian modes motivated from numer-
ical relativity. Specifically, we use ℎ�

ℓ<
= ℎ#

ℓ<
in Eq. (14) of [39]. We also do not

include the effects of the non-quasicircular orbit coefficients in Eq. (13) of [39].

We attach a phenomenological ringdown to our waveform. This is necessary so that
the waveform can have a well defined Fourier transform / stationary phase approx-
imation ℎ( 5 ) which is well defined when a NVNL merges before the GR one. We
stress that this is only used when extracting ΔΨ( 5 ), and the parameter estimation
in the main work uses IMRPhenomD [92, 93] with extra beyond GR phase ΔΨ( 5 ).
Since we did not include the GR calibration from the non-quasicircular orbit coef-
ficients, we found that it was hard to get a good fit with the comb approach used in
[39]. This is because the quasinormal modes are at a much higher frequency than
the gravitational wave frequency at the merger-ringdown fit point. Without properly
fitting to NR, we saw a preference for unphysical second peaks similar to what is
shown in Fig. 3 of [39]. Instead, we choose the fit location mC |ℎ22 | = 0 and attach a
ringdown. If we write the ℎ22 waveform as

ℎ22(C) = �22(C)4−8q22 (C) , (6.34)

where time is scaled so that merger happens C = 0. The phenomenological ringdown
waveform is described by

lA
22,RD(C) = lA

220

(
1 −

2∑
8=1

U84
−C/g8

)
, (6.35)

and the ringdown amplitude is

�22,RD(C) = �22 |C=0 exp

[
l8

220C

(
1 +

2∑
8=1

V84
−C/g8

)]
, (6.36)

where l220 = lA
220 + 8 l8

220. We set U8 and V8 by enforcing that the match between
inspiral and ringdown is twice continuously differentiable ℎ′22,IM(C) = ℎ′22,RD(C)
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and ℎ′′22,IM(C) = ℎ′′22,RD(C). We note that the accuracy of the ringdown fit isn not that
important because we are only searching for deviations from GR during the inspiral-
merger and assume ΔΨ( 5 ) is constant after merger (as can be seen in Fig. 6.2 above
" 5 ∼ 0.4). We stress that attaching a GR ringdown is a conservative choice, and
suspect that proper modeling of the ringdown could improve constraints by a factor
of ∼ 2. Our analysis of NVNL in the ringdown phase is part of an ongoing future
work.

Analytical Description
In this section, we will describe how the coordinates are modified in the inspiral and
explain the perturbative framework inmore detail. Let us denote the EOB state space
coordinate as G0 (C) =

(
A, q, ?A , ?q

)
and consider deviations away from the trajectory

that the GR waveform takes G0GR(C). The deviations ΔG0 (C) = G0NVNL(C) − G0GR(C)
follow a coupled system of differential equations

3ΔG0

3C
= "01 (C)ΔG1 + �0 (C) , (6.37)

where "01 (C) represents perturbations away from the GR trajectory associated with
perturbations of GR terms �̂S

real/F̂q in Eq. (6.28) while �0 (C) is the original sourced
deviation from terms containing ℎℓ<EE in Eq. (6.28). Typically,"01 (C) is either constant–
e.g. in a simple harmonic oscillator–or features damping when friction is present.
In contrast, "01 (C) provides an anti-restoring feedback that causes perturbations
to grow secularly. Consequently, although NVNL terms only initially source small
deviations in the EOB equations of motion, the orbital dynamics secularly amplify
these deviations over time. Physically, this can be understood as a slight eccentricity
induced by the NVNL forces, which shortens/lengthens the inspiral and leads to an
earlier coalescence (depending on sign of angular momentum kick).

Additionally, it is important to note how the frequency domain dephasing is re-
lated to the changes from NVNL waveform. If our waveforms are of the form
ℎgr(C) = �gr(C)4−2qgr (C) , the frequency domain dephasing in the stationary phase
approximation is equal to

ΔΨ( 5 ) = 2c 5ΔC ( 5 ) − 2
[
qnvnl(Cnvnl( 5 )) − qgr(Cgr( 5 ))

]
,

= −2Δq( 5 ) , (6.38)

where Δq( 5 ) = qnvnl(Cgr( 5 )) − qgr(Cgr( 5 )) is the time domain orbital phase devi-
ation. Therefore, deviations to orbital phase in the inspiral are directly related to
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the frequency domain phasing in the stationary phase approximation when appro-
priately using the time frequency relation (also true in ringdown).

Accuracy of PCA
Let us now discuss the accuracy of the PCA. We do this by comparing the variance
in the phase deviation that is captured by our PCAmodel to the full phase deviation.
We find the full dephasing by computing a FFT ΔΨfull( 5 ) and the PCA dephasing
is ΔΨPCA( 5 ) = Z I( 5 ) where I( 5 ) is the most dominant principal mode and Z is
a parameter so that |ΔΨfull( 5 ) − ΨPCA( 5 ) | is minimized. The variance captured at
each frequency 5 by the PCA is

fest
ΔΨ

( 5 ) ≡ 〈ΔΨPCA( 5 ) ΔΨfull( 5 )〉√
〈ΔΨ2

PCA( 5 )〉
,

=
〈Z ΔΨfull( 5 )〉√

〈Z2〉
. (6.39)

This needs to be compared to total amount of variance in the full waveform

ftot
ΔΨ

( 5 ) =
√
〈ΔΨ2

full( 5 )〉 . (6.40)

In Fig. 6.6, we compare these variance indicators and see the fit quality. One can
see that the variance captured by the PCA estimator ΨPCA( 5 ) is less than the true
variance in ΔΨfull( 5 ), however it does a good job of estimating the variance at high
frequencies when the dephasing is largest. Note that the reason that these do not per-
fectly match up is that the PCA is optimizing the quantity |Σ( 5 , 5 ′) −f2I( 5 )I( 5 ′) |.
The off diagonal elements of Σ( 5 , 5 ′) where 5 ≠ 5 ′ are better fit by choosing I( 5 ).

Variance of Bayes Factor
As we noted in the discussion of Fig. 6.4 and Fig. 6.5, the Bayes factor measurement
depends on randomness about the event order. In Fig. 6.7, we plot how the (log)
Bayes Factor ratio scales for multiple injection sizes of �. In the center, we show
the median Bayes factor for each injection size while the upper and lower bounds
are ±1f percentile values for the Bayes factor after this many observations. This
mostly occurs because the loudest events are the most informative, so the order of
events can affect the rolling constraint. Furthermore, the statistical realization of the
detector noise and hierarchical model draw add subdominant variations to the Bayes
factor.
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Figure 6.6: Comparison of how much variance is captured by the PCA estimator.
We see that the full ΔΨ is well described by this. While some of the variance is
not captured at low frequencies, at high frequencies there is a nearly perfect match,
especially at larger frequencies. The other PCA terms contain about 3% of the vari-
ance that is not accounted for in the primary one here as discussed in the main text.
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Figure 6.7: The log Bayes factor for the Hanford-Livingston-Virgo network at O3
Livingston sensitivity (positive favors GR). One can see that the red curve favors
NVNL at large events, while blue favors GR. The whiskers correspond to the upper
and lower bounds are ±1f percentile values due to randomness associated with the
order of events. If one sees a loud clear event early, then it is easier to favor/disfavor
GR.
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Figure 6.8: We show the running estimate of � for an O3 network. In blue, we show
the 1f and 2f confidence region when we inject �t = 0. We can see that the error
shrinks as events are observed. In blue, we inject �t = 6 × 10−3, and one can see
that as events are observed the probability density narrows and detects a violation.

Measuring A
While in the main text of this letter, we primarily focused on null tests of NVNL,
one can directly measure the size of the deviations. In the same manner that we did
before, we can compute the event posteriors for many events and then compute the
posterior in the hierarchical model. The true value of NVNL parameter � is for the
choice of ?(`, f |3) = ?(0, �|3). We can thus compute the confidence interval on
� by finding the maximum posterior location and shade the interval which contains
1f and 2f of the posterior support. We do this for a LIGO-Virgo network at O3
Livingston sensitivity in Fig. 6.8, where in blue is an injection of �t = 0, and �t =

6 × 10−3 constraints are shown in red. We shade the ±1f and ±2f regions of the
posterior as a function of the years of observation. One can see that the case of zero
injection slowly asymptotes to a stronger constraint on � while injection a nonzero
� the credible interval eventually detects it at 95% level after a little less than a year.
In Fig. 6.9, we plot the same case for CE with �t = 0 in blue and �t = 3 × 10−4

in red. One can see similar features where the constraint narrows down to the true
value as the network observes more events.
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Figure 6.9: We show the running estimate of � for the CE network in an analogous
manner of Fig. 6.8. In red, we inject �t = 0, and in blue �t = 3× 10−4. One can see
that as more observations are made, the confidence region begins to exclude � = 0.
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C h a p t e r 7

INSPIRAL TESTS OF GENERAL RELATIVITY AND
WAVEFORM GEOMETRY

[1] B. C. Seymour, J. Golomb, and Y. Chen. ‘‘Inspiral tests of general relativity
and waveform geometry.’’ In preparation for submission.

7.1 Introduction
The detections of gravitational waves (GW) from compact binary coalescences [1,
2, 3, 4, 5] has provided new ways to directly test the behavior of strong gravity in
general relativity (GR). Despite many searches in LVK data, no evidence for devi-
ations have been found [6, 7, 8, 9, 10, 11, 12, 13]. The network currently consists
of two LIGO interferometers [14], Virgo [15], KAGRA [16], and eventually LIGO
India [17, 18]. To maximize the scientific reach of these current detectors, there are
proposals for A# [19] and LIGO Voyager [20, 21]. Third‐generation ground‐based
facilities—Cosmic Explorer [22, 23] and the Einstein Telescope [24, 25, 26]—are
in the planning stages which are expected to improve the sensitivity compared to
LIGO A+ by an order of magnitude. There are a number of space-based detectors
planned of which LISA is expected to launch in 2035 [27, 28]. There are other con-
cepts including TianQin [29], Taiji [30, 31], B-DECIGO/DECIGO [32, 33, 34], and
TianGO [35, 36].

One of the most prominent techniques for searching for deviations to GR is the pa-
rameterized post-Einsteinian (ppE) framework [37, 38, 39]. This formalism searches
for deviations to the phase of thewaveform that appear at particular orders in velocity
of the waveform. This framework was als extended in a number of ways throughout
the years, th additional polarizations [40], precessing waveforms [41], higher-order
modes [42, 43], approaches for parameterized searches in the plunge-merger phase
[44, 45, 46], and a neural post-Einstein framework [47]. It is noted that such an
expansion in E/2 does not work for all types of perturbations, namely logarithmic
or screened terms [48, 39]. It also needs the perturbations to the binding energy and
GW fluxes to be able to expressed as a factor of ("/A)U which we have found is not
possible for, e.g., nonviolent nonlocality that has an essential singularity [49].
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These tests of GR are intimately connected to how well these beyond GR deviations
are observable in data. Building upon approaches to understand how waveforms are
biased due to unmodeled signals [50, 51], Vallisneri found that that the GR param-
eters aim to mask the beyond GR signal deviation [52, 53] which is called stealth
bias [53, 54]. Results have shown that it is only the perpendicular portion of the
waveform that contributes to evidence in the Bayes factor supporting beyond GR
deviation. This also brings up the possibility of a false positive test which disfa-
vored GR due to waveform systematics. There is a number of works that examine
the systematic effects of mismodeling the GR parameters and how this can bias the
tests of GR [55, 56, 57, 58, 59].

In addition to this statistical hypothesis testing, eventually the community wants
to find ways to better test GR than measuring a single parameter. If multiple ppE
parameters are attempted to be measured for a particular waveform, the covariance
between each of them mean that constraints are markedly reduced. The singular
value decomposition (SVD) approach to searching for PN deviations in GR was
originally devised by Pai and Arun [60, 61] which is an approach similar in spirit
to surrogate modeling [62, 63]. This approach used features of PN deviations from
GR to identify the features that are most common and most precisely measured [60,
61]. Additionally, if one attempts to measure multiple ppE parameters in data, a
principal component analysis (PCA) can be performed to identify which directions
that the covariance matrix is best measured [64, 65, 66, 67]. While the SVD and
PCA differ due in origin from modeling with least parameters versus the statistical
relationship of measuring multiple parameters, they are related to one another.

In this paper, we will build upon the existing literature and relate the tests of GR
to the geometry of the signal manifold from the noise weighted inner product. We
will begin by identifying how GR parameters are biased if a beyond GR signal [52]
is introduced and show how the ppE formalism can capture generic deviations re-
markably well due to the behavior of the geometrical picture. We will show how
multiparameter tests of GR are difficult because the ppE deviations to GR have sim-
ilar features when orthogonalized away from GR. Finally, we will build upon the
work of Pai [60, 61] and introduce a new form of the SVD that identifies the common
features of the ppE tests. Throughout, we will use geometric units where 2 = � = 1.
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Figure 7.1: Illustration of degeneracy when testing GR.We show the injected signal
(blue) which depends on the true GR parameters )t and the beyond GR parameters
,t. The model signal at the true GR parameters )t (red) is shown and the best fit
signal is at the maximum likelihood point )ML (black). The GR waveform is modi-
fied by Δℎ which causes biases to the GR waveform, thus residual signal to measure
beyond GR deviations is given by the perpendicular signal Δℎ⊥. Note that this is a
high dimensional manifold where (31, 32, 33) are the values of the signal at partic-
ular frequency bins.

7.2 Background and Methods
This analysis is motivated by work done on calibration [50, 51] on calibration errors
in a waveform. In Fig. 7.1, we show a visualization of how the true GR parameters
)t are biases due a beyond GR signal ℎs()t, ,t) (blue) where ,t are the beyond GR
parameters. The possible values of the model waveform ℎm()t) are shown in the
grey manifold while the best fitting parameter is )ML. In this section, we will derive
how the GR parameter are biased replicating [50, 51] and show how the Bayes factor
depends strongly on the residual deviation from GR Δℎ⊥ as found in [52, 53].

Review of Biased Parameter Estimation
Suppose we have a true waveform that is BC ≡ ℎ()C , ,C) and we are attempting to
recover it with a model ℎm()). The likelihood in GR is just the true waveform plus
gaussian noise

3 = BC + = , (7.1)

while our template is ℎm()). For stationary and Gaussian noise the likelihood for a
waveform is equal to

log ! ()) ∝ −1
2
(3 − ℎm()) |3 − ℎm())) , (7.2)
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where the noise weighted inner product is defined as

(0, 1) ≡ 4Re
∫ ∞

0

0∗( 5 )1( 5 )
(= ( 5 )

35 , (7.3)

where (= ( 5 ) is the power spectral density (PSD) of the detector.

We wish to find the Fisher information about the point to characterize detectability.
The maximum likelihood estimator is found where the derivative of the likelihood
is zero

m8 log ! |)ML
= (m8ℎm()), 3 − ℎm())) |)ML = 0 . (7.4)

In general, this is a nonlinear equation to solve for )ML, but we make the standard
assumption that it sharply peaked in ) so that )ML − )t � 1. Let us define Δℎ as

Δℎ = ℎ()t, ,t) − ℎm()t) . (7.5)

We also assume that Δℎ is small. Therefore, we can use 3 − ℎm()) = = + Δℎ +
Δ\8m8ℎm. The maximum likelihood estimate is thus equal to

\8ML = \8t + Δ\8bias + Δ\8stat , (7.6)

where the bias and statistical errors are equal to

Δ\8stat = Σ8 9
(
m9ℎm |=

)
, (7.7)

Δ\8bias = Σ8 9
(
m9ℎm |Δℎ

)
, (7.8)

where Σ8 9 is the matrix inverse of the Fisher matrix Γ8 9 ≡
(
m8ℎm |m9ℎm

)
. One can

show that the expectation value of the Δ\8stat random variable is equal to the inverse
of the Fisher matrix �

[
Δ\8statΔ\

9
stat

]
≡ Σ8 9 =

(
Γ−1) 8 9 [68]. We emphasize that the

�)bias comes from the mismodeling of the waveform and is independent of SNR.

Suppose that we are not in the nested case as described above, where our modeled
waveform actually depends on some other parameters which are not in the signal.
In this case, we model it as ℎm() , -) where - are some small parameters which we
want to measure in the waveform. In this case, we can perform the same analysis as
above. If we define Θ� = () , -) as the full parameter set, the maximum likelihood
estimate is

Θ�
ML = Θ�

t + ΔΘ�
stat + ΔΘ�

bias , (7.9)

where Θ�
t = ()t, 0) so we are assuming the true value of -t ∼ 0. The statistical error

is the same ΔΘ� = Σ�� (m�ℎm |=) while the bias is

ΔΘ�
bias = Σ�� (m�ℎm |Δℎ) . (7.10)
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We emphasize that at high SNR, our small model parameters will scale like

-ML = Δ-bias()t, ,t) + Δ-stat , (7.11)

where the bias term is linearly proportional to the ,t parameterΔ-bias ∝ ,t. This key
fact will be used to explain the unreasonable effectiveness of PN templates for testing
GR. If you imagine that there is a generic phase deviation in the true waveform ΔΨt,
this will be accessible if we measure any Xq: since it is receptive to any modification
to the waveform.

Geometric Interpretation of Bias Equation
In the previous section, we reviewed how an injection can bias the parameter estima-
tion in a mismodeled waveform. Now, we will look at Eq. (7.10) and discover how
it can be understood more deeply by thinking about the geometry of the waveform.
We define the parallel and perpendicular components as

Δℎ‖ = ΔΘ�
biasm�ℎm ,

Δℎ⊥ = Δℎ − ΔΘ�
biasm�ℎm . (7.12)

Using these identities, one can see that Eq. (7.10) becomes

ΔΘ�
bias = Σ��

(
m�ℎm |Δℎ‖

)
. (7.13)

This demonstrates that only deviations parallel to waveform manifold bias the pa-
rameter estimation.

Let us now investigate the case that we have a waveform with a bias that is due to a
small parameter , and our model has a small parameter -. For simplicity assume
that , and - are both one dimensional parameters. Then, one can show that he
estimate for ` is

Δ`bias =

( (
m`ℎm

)⊥) | (Δℎ)⊥) )
‖
(
m`ℎm

)⊥) ‖2
, (7.14)

where the ⊥ ) denotes removing the part of the signal which is parallel to the main
) parameters. Thus, we see evidence for - when both the waveform ℎm() , -) and
the residual Δℎ()C , ,) cannot eliminate the effect by a redefinition of ) .

In Eq. (7.14), we performed this calculation for the simplest case that you are trying
to measure a single parameter `. If - = `0 is an array of beyond GR parameters,
the equation above can be generalized using Schur decomposition which yields

Δ`0bias =
(
Γ−1

red

)
01

((
m`1ℎm

)⊥)
| (Δℎ)⊥)

)
, (7.15)
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where the reduced Fisher matrix is equal to

Γred
01 =

( (
m`0ℎm

)⊥) | (m`1ℎm

)⊥) )
. (7.16)

One can see in the single ` case the equation reduces to Eq. (7.14) since Γred
`` =

‖
(
m`ℎm

)⊥) ‖2. In the App. 7.6, we perform derivation of Eq. (7.15) using the Schur
decomposition identities of a matrix consisting of blocks.

Multidetector Geometry
The manifold language introduced in this chapter straightforwardly generalizes to
the case of multiple detectors observing one GW event. The likelihood for parame-
ters is

?(3 |) , -) ∝ exp

[
−1

2

∑
�

‖3� − ℎ�m() , -)‖2

]
. (7.17)

It is useful to introduce the summed network inner product and use square brackets
to represent this

[0 |1] =
∑
�

(0� |1�)� , (7.18)

then the maximum likelihood point is the solution to

Γ��ΔΘ
� = [m�ℎm |Δℎ] + [m�ℎm |=] , (7.19)

where the network Fisher information matrix is Γ�� ≡ [m�ℎm |m�ℎm]. The equations
for the statistical error and bias straightforwardly generalize from Eq. (7.7) and are
equal to

ΔΘ�
stat =

(
Γ−1

) ��
[m�ℎm |=] , (7.20)

ΔΘ�
bias =

(
Γ−1

) ��
[m�ℎm |Δℎ] . (7.21)

Henceforth, we will continue to do calculations as if they were a single detector and
use the normal inner product (·, ·) notation, but the geometric description of testing
GR in multiple detectors follows the same paradigm.

Bayes Factors for Tests of GR
We wish to compare whether there is support for beyond GR (bGR) signals in the
data. Vallisneri [52, 53] computed how the Bayes factor that gave evidence for the
bGR signal and identified the geometric meaning. If we have two hypotheses (a)
GR ()) and (b) bGR () , ,), the Bayes factor is equal to

BbGR
GR ≡ ?(3 |bGR)

?(3 |GR) , (7.22)
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where the evidence of data 3 in model M with parameters � is

?(3 |M) =
∫

3�?(3 |�,M)?(�) , (7.23)

where ?(�) is the prior and ?(3 |�,M) is the likelihood. Vallisneri computed that
the that the Bayes factor is

BbGR
GR

��
BbGR

=
(2c)1/2Δ_stat

Δ_prior
4d

2
⊥/2+Gd⊥+G2/2 , (7.24)

where G ∼ N(0, 1) is a uniform random variable, Δ_stat is the statistical error on ,,
and we assumed a flat prior with width Δ_prior. The residual SNR is

d⊥ ≡ ‖Δℎ⊥‖1/2 , (7.25)

and Δℎ⊥ is the true perpendicular signal to the GR waveform as defined in Eq. (7.5)
and Eq. (7.12) due to ,C . One can see that the residual SNR iswhat provides evidence
for a GR violation. If the true signal is a GR signal, the Bayes factor is just

BbGR
GR

��
BGR

=
?(bGR)
?(GR)

(2c)1/2Δ_stat
Δ_prior

4G
2/2 , (7.26)

which has a randomly distributed exponent G2/2 and an Occam factor prefactor ∝
Δ_stat/Δ_prior that will cause the it to favor GR on average.

Suppose we searched for deviations from GR with post-Newtonian (PN) deviations
from GR in the formalism of the parameterized post-Einsteinian/TIGER/FTI tests
of GR [37, 69, 70, 71, 43] which mismodeled the bGR waveform. We will now
generalize the Bayes factor formula in this case. We assume that the injected signal
is BCbGR = ℎ()t, ,t). We will compare between two hypotheses (a) GR ()) and (b)
ppE () , -). Careful computation reveals that the Bayes factor is

BppE
GR

���
BbGR

=
(2c)1/2Δ`stat

Δ`prior
4

(
d

ppE
⊥

)2
/2+GdppE

⊥ +G2/2
, (7.27)

where the captured residual SNR d
ppE
⊥ is defined via

d
ppE
⊥ = O(Δℎ⊥ppE,Δℎ

⊥
bGR)d⊥ , (7.28)

which depends on the overlap of the bGR and ppEwaveform deviations. The overlap
is equal to

O(Δℎ⊥ppE,Δℎ
⊥
bGR) =

(
Δℎ⊥ppE |Δℎ

⊥
bGR

)
‖Δℎ⊥ppE‖‖Δℎ

⊥
bGR‖

. (7.29)
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Note that this overlap is between 0 and 1, and tells you that the residual SNR loss
is equal to 1 − O from mismodeling the signal. In App. 7.7, we rederive the op-
timal Bayes factor in Eq. (7.24) using methods from [52] and generalize it to the
parameterized test Bayes factor in Eq. (7.27).

In Fig. 7.2, we illustrate the geometric properties of this Bayes factor derivation.
The GR waveform manifold is represented by the black line between the GR + ppE
and GR + bGR manifolds (blue and red, respectively).

∆h

ρ⊥
(true signal)

ρppE⊥
(captured signal)

(1−O) ρ⊥
(lost signal)

GR

GR + ppE GR + bGR

hmle
ppE

hsig(θt, λt)

hGR(θt)

hmle
GR

Figure 7.2: In this plot, we visually show how the ppE tests of GR can capture
generic bGR deviations. The GR manifold (black) is a line that is at the intersection
between the true bGR manifold (red) and the ppE manifold (blue). One can see that
the perpendicular part of the signal from GR is d⊥ = ‖Δℎ⊥‖ which is the residual
SNR after allowing the GR parameters to be biased ℎML

GR = ℎGR(\t + Δ\bias). One
can see that the best fit ppE parameter is located at the blue mark and has residual
SNR d

ppE
⊥ = Od⊥ as given in Eq. (7.28). Finally, the brown line is the missed signal

from our TGR model. With this picture in mind, we can explore how well tests of
GR capture generic deviations.

The fitting factor is a number that characterizes how good of a fit the waveform is,
and is related to the residual SNR. The fitting factor is defined as

FFM = max
Δ\8

(
ℎM + Δℎ, ℎM + Δ\8m8ℎ

)
|ℎM + Δℎ | · |ℎM + Δ\8m8ℎ |

, (7.30)
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where M is the model. If M = GR and we want to see how similar a bGR signal
is, it is [52]

1 − FFGR =
1
2

d2
⊥

‖ℎGR‖2 . (7.31)

For the case of a mismodeled bGR search with M = ppE, the fitting factor is now

1 − FFbGR =
1
2

(
d⊥ − d

ppE
⊥

)2

‖ℎGR‖2 , (7.32)

so the mismatch of mismodeling a bGR signal is small and depends directly propor-
tionally to the overlap in Eq. (7.29).

7.3 PPE Parameters Capture Generic Phase Deviations
In the previous section, we showed that the perpendicular signal is what dominates
the test of GR. So far, we have laid the groundwork where we stressed the relation-
ship between the statistical nature of the problem and how it relates to the intrinsic
behavior of the frequency domain waveforms. We will now show what the residual
of the ppE tests of GR look like in the frequency domain.

I will use the ppE framework to add PN deviations to the GR waveform phase. I will
use the normalizations that the LVK collaboration uses [10]. During the inspiral, the
GR phase in the PN range is

ΨPN( 5 ) = 2c 5 Cc − ic −
c

4
(7.33)

+ 3
128[

(c 5̃ )−5/3
7∑

:=0

[
i: + i:; log(c 5̃ )

]
(c 5̃ ):/3 , (7.34)

where C2, i2 are the time and phase of coalescence at the geocenter, [ is the sym-
metric mass ratio, and 5̃ = " (1 + I) 5 is the dimensionless GW frequency. " is
the source frame mass while the detector frame total mass is (1 + I)" which ac-
counts for how the detector frame mass changes with redshift I. The GR phasing
coefficients are i: and i:; which depend on the GR parameters ) . In this work, I
will focus on the non log terms and look for dephasing that occurs as

ΔΨ: ( 5 ) =
3

128[
Xi:i: (c 5̃ ) (:−5)/3 , (7.35)

where Xi: is the :th order fractional deviation to the GR phase. The goal is to
see how well this parameterized template can capture the effects of a generic bGR
deviation that is parameterized like

ΔΨbGR( 5 ) = _k_ ( 5 ) . (7.36)
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Figure 7.3: Residual amplitude for PN injected deviations fromGR for a GW150914
like detection. On the left is the GR waveform (black) and O3 Livingston ASD
(cyan). We show the waveform residuals that would be caused by injection what we
show in Fig. 7.4 from parameterized tests. On the right, we show what the residual
deviation is after the stealth biases in the GR parameters are accounted for. While
the original total bias to the SNR is ‖Δℎ‖ = 5, the perpendicular waveforms have
much less signal ‖Δℎ⊥‖ ∼ 0.5.

Both the parameterized test and true bGR waveform are assumed to be phase devi-
ations in the frequency domain so the waveforms are

ℎ( 5 ) = ℎGR( 5 )48ΔΨ( 5 ) , (7.37)

so the nominal waveform discrepancy is

Δℎ( 5 ) ≈ 8ΔΨ( 5 )ℎGR( 5 ; )t) , (7.38)

because the phase deviation to the waveform is small.

We can visualize how the parameterized test coefficients affect the waveform by plot-
ting the nominal and residual deviations. On the left side of Fig. 7.3, we plot nominal
Δℎ as shown from Eq. (7.38) using GR parameters given by GW150914. We nor-
malize the value of Xi: so that the total original deviation has SNR of ‖Δℎ: ‖ = 5.
As we have shown throughout this paper, it is the perpendicular component of the
waveform that really influences observation. On the right side of the plot we show
the residual component ofΔℎ:⊥. One can see that the amount of signal is significantly
reduced where each one has ‖Δℎ:⊥‖ ∼ 0.5. One significant takeaway is that there
is a similarity between each perpendicular PN test. This occurs because the GR
parameters are biased – notably the masses (", [) and spins (jeff , jp) compensate
for this deviation.
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Figure 7.4: Visualization of how the frequency domain representations of the param-
eterized tests. On the left, we show the dephasing for a GW150914 like detection and
scale the parameter normalizations such that ‖Δℎ‖ = 5. On the right, we show the
residual (perpendicular) phase deviation in the injection after the GR deviations are
marginalized over. One can see that the total dephasing of the perpendicular wave-
forms is noticeably smaller, and the function has multiple roots that correspond to
what the residual deviation looks like after removing the GR uncertainties.

Figure 7.3 is difficult to interpret because we are used to seeing the phase plotted
instead of the amplitude. If we instead look for the perpendicular phase, we can see
how biased GR parameters change the effective power law behavior of the ppE tests.
We can read off the phase in the following fashion

Δℎ⊥ = 8ΔΨ⊥( 5 )ℎGR( 5 ) , (7.39)

where ΔΨ⊥( 5 ) is the phase deviation after removing the GR biases. Note that in
general, there could be a second term O(Δ� · ℎGR( 5 )) if we were adding additional
amplitude corrections. In practice since our perturbations from GR are purely phase
deviations, this has a negligible effect. In Fig. 7.4, we show the nominal phase
deviations ΔΨ: (left) and the perpendicular phase deviations ΔΨ⊥

:
(right). One can

see that the power law behavior of the ΔΨ ∝ 5 U does not exist in the residuals
because GR parameters are biased so it has an alternating pattern on the right.

Overlap between Different PPE Orders
In Sec. 7.2, we studied how good a parameterized template is at capturing the bGR
waveform deviation and its relation to the Bayes factor. One can compute the overlap
between two different PPE tests as given in Eq. (7.29).

We compute the overlap between different PN tests of GR as a simple way to see
how important mismodeling is for constraints on bGR theories. In Fig. 7.5, we
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compute the overlap between Δℎ⊥
: inj

injected signal residual and the Δℎ⊥
:rec

which is
the perpendicular template. We compute this plot using ) = ()ext, )int, Xi: ). )ext is
the extrinsic parameters

)ext = (3! , ra, dec, ], k, C2, q2) , (7.40)

which are the luminosity distance, right ascension, declination, inclination, polar-
ization, time of coalescence, and phase of coalescence, respectively. The intrinsic
parameters are

)int =
(
M2, [, jeff , jp

)
, (7.41)

which are chirp mass, symmetric mass ratio, effective inspiral spin parameter, and
effective precession spin parameter, respectively. We used GW150914 event param-
eters but use Hanford, Livingston, and Virgo network operating at O3 Livingston
sensitivity. We compute the residual waveform via Eq. (7.12) for both the injected
and recovery models and then plot the overlap in Fig. 7.5. One can see that if
:rec = : inj, the overlap is 1 so there is no bias since we are searching with the
same model as we are recovering with. In contrast, if we had a true deviation at
: inj = −2 and tried to recover with :rec = 7, we would miss out in about 50% of
the residual SNR. Note that the values of this plot strongly depend on the values of
)int. If we had picked a chirp mass which was in the BNS range M2 ∼ 1.2"�, this
would change significantly. This case is further dicussed in the appendix where we
show the overlap plots.

We also stress that the result of this overlap computation depends on what GR pa-
rameters are measured. If we take our intrinsic parameters to be just the masses

)int = (M2, [) , (7.42)

the the result of the overlap plot in Fig. 7.5 would be very different. In Fig. 7.6, we
show the result of this computation. You can see that including less GR parameters
means that the overlaps between mismodeled PN waveforms are much higher. This
means that the amount of distinguishably between different PNmodels is fractionally
more similar. However note that the residual SNR d⊥ is higher if you have less GR
parameters total so this effect may wash out.

7.4 SVD Approach
As we have seen in the previous sections, the ppE waveform deviations look rela-
tively similar after removing the effects of GR biases. One can see that the right
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Figure 7.5: The overlap between deviations injected (y-axis) and the recovery
model (x-axis). We use GW150914 event parameters with three detectors at O3
Livingston sensitivity, all extrinsic parameters measured and intrinsic parameters
(M2, @, jeff , jp). One can see that injecting a deviation at :/2-th PN order frac-
tionally from GR is perfectly captured on the diagonal but has less overlap as the
injection and recovery order grow. This means that if there is a true deviation, the
significance drops slowly as you search for the wrong PN order :rec ≠ : inj because
the intrinsic parameters will capture the difference. Note that we do not include
: = 5 in either of these plots because it is nearly completely degenerate with phase
of coalescence.
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Figure 7.6: The overlap between deviations injected (y-axis) and the recovery model
(x-axis). We use GW150914 event parameters with three detectors at O3 Livingston
sensitivity, all extrinsic parameters measured and intrinsic parameters (M2, @). This
can be directly compared to Fig. 7.5 which measures the parameters (jeff , jp) addi-
tionally. One can see that ignoring the parameter uncertainty of the spin parameters
means that the overlap is higher for these waveforms since the spins cannot bias the
waveforms.
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side of Fig. 7.4 has some properties that look similar across each PN order. The
consequence of this is that attempting to measure multiple Xi: at once would make
the covariance blow up and thus it is difficult to perform multiparameter tests of
GR. Due to the allure of measuring multiple PN parameters simultaneously, there
has been a large amount of work in this area with the singular value decomposition
(SVD) approach [60, 61] and with the similar but distinct principal component anal-
ysis approach [72, 65, 64, 66, 67, 49]. In this section, we will propose an improved
SVD test of GR that build upon the groundwork of the original Pai results [60].

In this work, we want to find the common features of Δℎ⊥
:
where each : is a different

PN order deviation from GR. The SVD finds the best projector [63] such that

� (EU) =
∑
:

Δℎ⊥: − PUΔℎ
⊥
:

2
, (7.43)

where we assume that P= is an orthogonal projector onto the SVD basis and ‖ · ‖ is
a norm. The orthogonal projector is equal to

P=ℎ0 =

=∑
U=1

(EU |ℎ0) EU , (7.44)

and EU are the SVD basis elements. These elements are orthonormal for the inner
product (

EU |EV
)
= XUV , (7.45)

In the appendix, we demonstrate that the SVD described by Pai et al [60] is equiva-
lent to minimizing Eq. (7.43). Thus, the SVD corresponds to finding an orthogonal
basis that best projects all input waveforms.

Let us lay the groundwork for the SVD by noting properties of the noise weighted
inner product. Note that the noise weighted inner product is equal to

(0 |1) = 4<
∫ ∞

0
35

0∗( 5 )1( 5 )
(( 5 ) (7.46)

If we break it up into finite differences, the noise weighted inner product is

(0 |1) = <
# 5−1∑
8=0

0∗( 58)1( 58)F2( 58) , (7.47)

where the weight is defined via

F( 58) =
2
√
Δ 58√

(( 58)
, (7.48)
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Figure 7.7: We show the visualization of the SVD operation. For our choice of
the SVD, we use �8: = Δℎ⊥

:
( 58)F( 58) as given in Eq. (7.49). The matrix [ is

a square matrix that represents linear redefinitions of Xi: while the matrix \ is
linear combinations of Δℎ⊥

:
( 58)F( 58) which diagonalize N. Finally, the matrix � is

ordered by singular value that ranks the importance of each principal mode.

which is the frequency spacing between Δ 58 = 58+1 − 58 and the value of the PSD at
frequency bin 8. One can see that you could define the matrix N via

�8: = Δℎ⊥: ( 58)F( 58) , (7.49)

where 8 indexes frequency and : indexes PN order. Note that since we are working in
the perpendicular basis, the covariancematrix is decoupled from the GR parameters.
The Fisher matrix is thus equal to

� = NN† . (7.50)

Since we showed that we have a bunch of ”snapshots” and we defined the snapshot
matrix

H =
[
. . . ,Δℎ⊥: ( 5 )F( 5 ), . . .

]
∈ C=:×# 5 , (7.51)

where =: is the number of PN waveform deviations and # 5 is the number of fre-
quency bins. One can then define the SVD of N [60, 63]

N = [
\† (7.52)

where [ and \† are left and right unitary square matrices of =: and # 5 dimen-
sions, respectively. 
 is a diagonal matrix consisting of the singular values of N in
descending order. The SVD can be equivalently represented as

N =

=:∑
U

lUuUv
∗
U , (7.53)
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since the rank of the matrix is the number of PN waveform deviations. The uU are
the left-singular vectors and the v∗U are the right-singular vectors. This is shown
in Fig. 7.7, which has the N matrix in red, and the left-singular and right-singular
vectors denoted.

We have introduced the SVD to identify the common features in the PN templates. [
is a unitarymatrix that converts between the PN template parameters Xi: to the SVD
basis XiU. If one naively does the SVD as given in previous equations Eq. (7.52) we
would find that the transformation is now complex[ ∈ C=:×=: . Instead, we want to
write the matrix in the following manner

N = 8ÑJ , (7.54)

where we have made explicit that

�̃8: = ΔΨ⊥
: ( 58)�gr( 58) , (7.55)

and
�8 9 = X8 94

8Ψgr ( 58) . (7.56)

Now, if we do a SVD on Ñ, it will be well behaved and have a meaningful way to
read off the phase deviation of the SVD modes. If we write

N = 8[̃
̃\̃†J , (7.57)

where the matrices with ˜ on them are SVD of Ñ. In this way, the rows of \̃† are

ṽU ( 58) = ΔΨU ( 58)�( 58)F( 58) , (7.58)

which allows unique identification of the dominant parts of the SVD as ΔΨU ( 58).

We also comment that the SVD can be generalized to multiple detectors by just
appending each detector to �8: to the right for each block. This works because the
sum of the inner products are∑

det �
(0 |1)� =

∑
det �

# 5−1∑
8=0

0∗� ( 58)1� ( 58)F2
� ( 58) , (7.59)

where you could just write this as a sum over 8̃ = 0, ..., =det# 5 −1 where the weights
F� ( 58) depend on the individual detector sensitivity. This also generalizes trivially
to detectors of different bandwidths (e.g. LISA + LIGO) where the frequency bins
are not the same in each detector.
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Figure 7.8: Demonstration of the SVD on different PN waveform deviations. In
transparent solid, different ΔΨ⊥

:
are shown and the dashed lines are the SVD modes

for GW150914 like event. Note that we normalize each ΔΨ⊥
:

so that ‖Δℎ⊥
:
‖ = 1

so each signal is equally weighted in the SVD. One can see that the dashed black
line is the dominant SVD term that best fits each waveform. Additionally the red
and blue curves represent subdominant SVD dephasing that are orthogonal to each
other. One can see that each of these PN waveform deviations is captured by only
a few SVD modes, which explains how degeneracies would form when using the
original parameter space.

Let us now show what the SVD looks like for a particular signal. In Fig. 7.8, we
took the example of GW150914 again and computed the SVD of Δℎ⊥

:
between : =

−2,−1, . . . , 4, 6, 7. We normalized each of the perpendicular strain such that they
are equally important (‖Δℎ⊥

:
= 1‖). Each of the Δℎ⊥

:
are plotted in the solid, semi-

transparent lines in Fig. 7.8. We plot the dominant SVD lines with dot dashed (black,
red, blue). You can see that black SVD tracks each line very well while the blue and
red ones are orthogonal to it. This demonstrates that there is a main principal feature
of the PN tests that exists in all of them. This figure directly demonstrates why we
saw such high overlaps between each of the PN tests in Fig. 7.5.

7.5 Conclusion
In this work, we have shown that there is a relationship between searches for beyond
GR morphologies and the geometric description of noise in parameter estimation.
We showed that the ppE parameters are able to capture generic beyond GR devi-
ations due to them being biased. We also showed that these parameterized tests
should do a good job in real data analysis and there is not too big of a loss by having
systematic issues in the beyond GR template. We demonstrated that the techniques
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Step 1: compute ∆hppE
Step 2: ∆h⊥ppE computed by projecting

terms parallel to ∂θ ihgr
SVD 1

SVD 2

Step 3: Compute ∆h⊥SVD with
the singular value decomposition

Figure 7.9: Construction of SVD multiparameter tests. We start by orthogonalizing
the ppE deviations from GR. One can see that each of these three ppE waveforms
had approximately the same but they have different perpendicular length ot the GR
manifold at the point. Next, we construct the SVD basis by choosing the directions
that are best fit by looking at the perpendicular ppE components. One can see that
the SVD 1 in the third step is perpendicular to SVD 2.

for multiparameter tests of GR suffer from degeneracies, so this means measuring
multiple ones simultaneously is difficult. Finally, we proposed a new template for
searching for deviations from GR using the SVD.

In this work, we have put an explanatory picture for why the parameterized tests are
surprisingly good at capturing monotonic dephasing behavior from GR. It remains
to be seen whether there are some dephasing terms that could not be captured by
the the ppE tests. Additionally, since detectors suffer from non-Gaussian glitches
and also non-stationary behavior, this formalism could be used to help understand
analytically when such behavior can mask as GR deviation.

ACKNOWLEDGEMENTS
We thank Michele Vallisneri, Ethan Payne, Max Isi, Bangalore Sathyaprakash, and
Katerina Chatziioannou for their insightful discussions. B.S. acknowledges sup-
port by the National Science Foundation Graduate Research Fellowship under Grant
No. DGE-1745301. Y.C. and B.S. acknowledge support from the Brinson Founda-
tion, the Simons Foundation (Award Number 568762), and by NSF Grants PHY-
2011961, PHY-2011968, PHY–1836809. J.G. would like to gratefully acknowledge



224

the support from the National Science Foundation through the Grant NSF PHY-
2207758

7.6 Appendix: Bias Formula for Multiple `0 Parameters
This can generically be proved in the following way. Assume - = `0 and , = _�.
Then the estimate for `0 is

Γ��`
�
bias = (m�ℎm |Δℎ) . (7.60)

Let us now write this equation as a matrix equation in block form(
Γ8 9 Γ81

Γ08 Γ01

) (
Δ\8bias
Δ`1bias

)
=

(
(m8ℎm |Δℎ)
(m0ℎm |Δℎ)

)
. (7.61)

Using properties of the Schur complement, we can solve for Δ`0bias where the de-
generacy with ) is removed[

Γ01 − Γ08
(
Γ8 9

)−1
Γ 9 1

]
Δ`0bias = (m0ℎm |Δℎ) − Γ08

(
Γ8 9

)−1 (
m9ℎm |Δℎ

)
. (7.62)

The part which is perpendicular to ) is (m0ℎm)⊥) = m0ℎm − Γ0 9
(
Γ8 9

)−1
m8ℎm (this

can be proven by a simple calculation). We also note that the reduced Fisher matrix
is defined to be

Γred
01 =

[
Γ01 − Γ08

(
Γ8 9

)−1
Γ 9 1

]
=

(
(m0ℎm)⊥) | (m1ℎm)⊥)

)
. (7.63)

Thus the reduced Fisher matrix is the inner product of the derivatives of `0 which
have been made orthogonal to ) . Therefore, the geometric value for the bias to - is

Δ`0bias = Σ01
red

(
(m1ℎm)⊥) | (Δℎ)⊥)

)
. (7.64)

This equation describes how biases can affect our measurement of small parameters.
For example, a deviation fromGRΔℎ can cause a measurement with a PN parameter
to find deviation. Additionally, it explains how eccentricity and precession can be
confused with one another.

7.7 Appendix: Derivation of Bayes Factor
In this appendix, we will compute the Bayes factor in two different cases. The first is
if you a bGR theory, and you know it a priori and search with the correct waveform
which was originally done in [52]. The second case, we will generalize this equation
to the case where are searching for violation with an incorrect model (for example
a parameterized test of GR). Generally, the Bayes factor is a ratio of the evidences

BM2
M1

≡ ?(3 |M2)
?(3 |M1)

, (7.65)
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where 3 is the data and M8 are the models. The evidence is equal to the integral
over all the parameters

?(3 |M) =
∫

3=\ ?(\ |M)?(3 |\,M) , (7.66)

and = is the number of parameters in the model.

Bayes Factor for a Correctly Modeled Theory
We will first derive the Bayes factor for the case of a beyond-GR (bGR) injec-
tion where we have perfectly modeled the bGR morphology. If we inject BbGR =

ℎbGR()t, _t), in the Fisher matrix limit the likelihood is

? (BbGR | X\`) = N4−|=|
2/2+

(
�−1)`a (=,ℎ` ) (=,ℎa)/2−�`aX\

`X\a/2 , (7.67)

where�`a =
(
ℎ` |ℎa

)
is the (<+1) dimensional bGR Fisher matrix and greek letters

(`, a) range over (\8, _) parameters. The value of X\` is defined as

X\` =

(
�−1

)`a
(=|ℎa) . (7.68)

If we assume flat priors, the evidence is

? (BbGR | bGR) =
∫

? (\` | bGR) ? (X\` | BbGR) ,

=
(2c) (<+1)/2

√���−1
��∏

` Δ\
`

prior
× N4−|=|

2/2+
(
�−1)`a (=,ℎ` ) (=,ℎa)/2 . (7.69)

Next, we will compute the evidence for GR when we have beyond GR morphology

% (BbGR | GR) =
(2c)</2

√���−1
��∏

8 Δ\
8
prior

× N4−|=+Δℎ|
2/2+

(
�−1) 8 9 (=+Δℎ,ℎ8) (=+Δℎ,ℎ 9

)
/2 , (7.70)

where �8 9 is the (<) dimensional GR Fisher matrix and (8, 9) range of \8. After
further simplification, the GR evidence can be compactly written as

? (BbGR | GR) =
(2c)</2

√���−1
��∏

8 Δ\
8
prior

× N4−|=|
2/2−|Δℎ⊥gr |2/2−G |Δℎ⊥gr |+(�−1)8 9=8= 9 , (7.71)
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where Δℎ = ℎbGR()t, _t) − ℎGR()t). Therefore the Bayes factor is equal to

BbGR
GR =

(2c)1/2Δ_est

Δ_bGR
prior

4 |Δℎ⊥GR |2/2+G |Δℎ⊥GR |+G2/2 , (7.72)

where G = (Δℎ⊥, =) /|Δℎ⊥ | is a normal random variable and the standard deviation
on _ from the observation is equal to

Δ_est ≡
√
|� | /|� | ,

=
1

‖ (m_ℎbGR)⊥GR ‖
, (7.73)

where (m_ℎbGR)⊥GR is the component of the derivative that is perpendicular to GR.
This equation matches the results of [52] in Eq. (11). One can see that the prefactor
Δ_est/Δ_bGR

prior outside Eq. (7.72) is an Occam factor that disfavors more complicated
models while the evidence for beyond-GRmorphology comes from the term Δℎ⊥GR

in the exponential.

Bayes Factor for a Mismodeled Modeled Theory
Let us now turn to the case that we are using a ppE model to search for beyond GR
morphology which has mismodeled it. The GR evidence is the same as in Eq. (7.70)
while the evidence for ppE is equal to

? (BGR | ppE) =
(2c) (<+1)/2

√���−1
��∏

U Δ\
U
prior

× N4−|=|
2/2−|Δℎ⊥ppE |2/2−G |Δℎ⊥ppE |+(�−1)UV=U=V , (7.74)

where �UV is the (< + 1) dimensional the ppE Fisher matrix and (U, V) range over
(\8, `). I am using notation Δℎ⊥ppE to mean perpendicular to both GR and m`ℎ. The
odds ratio between ppE and GR for a bGR injection is thus

BppE
GR =

(2c)1/2Δ`est

Δ`
ppE
prior

exp
[
− |Δℎ⊥ppE |2/2 − H |Δℎ⊥ppE | + H2/2 + |Δℎ⊥gr |2/2 + G |Δℎ⊥gr |

]
,

=
(2c)1/2Δ`est

Δ`
ppE
prior

exp
[1
2

(
d⊥ppE

)2
− d⊥ppEH +

1
2
H2

]
, (7.75)

where (G, H) are random unit variables

G ≡
(
Δℎ⊥gr, =

)
/
��Δℎ⊥gr

�� ,
H ≡

(
Δℎ⊥ppE, =

)
/
��Δℎ⊥ppE

�� ,
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and the captured residual SNR is

d
ppE
⊥ = O(Δℎ⊥ppE,Δℎ

⊥
bGR)d⊥ , (7.76)

and the overlap between the bGR and ppE waveforms is defined via

ObGR
ppE ≡

(
Δℎ⊥gr |m`ℎ⊥gr)

‖Δℎ⊥gr‖‖m`ℎ⊥gr‖ . (7.77)

In this derivation we used the block matrices to show that the random unit variables
are related via

G |Δℎ⊥gr | = H |Δℎ⊥ppE | + O(Δℎ⊥ppE,Δℎ
⊥
bGR) (m`ℎ

⊥gr |=) , (7.78)

which allowed simplification of the equation above. Finally, note that the covariance
on the ppE parameter is equal to

Δ`est =

√
|� |
|� |

=
1

‖
(
m`ℎppE

)⊥gr ‖
. (7.79)

7.8 Appendix: Multidetector Geometry
Let us use terminology that is from the polarization part of the LVKGWTC-3 paper.
A multidetector signal looks like

3� ( 5 ) = ��UℎU ( 5 , )t) + =� ( 5 ) (7.80)

where � is the detector index and U = (+,×) is the polarization index. The antenna
responses are ��U = �

8 9

�
nU
8 9

where �
8 9

�
is the �th detector tensor and nU

8 9
is the GW

polarization tensor of the U polarization. If we introduce the square brackets to
represent the sum over detectors

[0 |1] =
∑
�

(0� |1�)� , (7.81)

then the maximum likelihood point is the solution to

Γ��ΔΘ
� = [m�ℎm |Δℎ] + [m�ℎm |=] (7.82)

where the network Fisher information matrix is Γ�� ≡ [m�ℎm |m�ℎm]. The equations
for the statistical error and bias straightforwardly generalize from Eq. (7.7) and are
equal to

ΔΘ�
stat = Σ�� [m�ℎm |=] , (7.83)

ΔΘ�
bias = Σ�� [m�ℎm |Δℎ] . (7.84)
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Thus, the effect of searching for deviations Δ`0 in a waveform described by true
parameters

(
\8t, _

�
t
)
is

Δ`0bias = Σ01
red

[
(m1ℎm)⊥) | (Δℎ)⊥)

]
(7.85)

where Σ01
red is the reduced network covariance matrix and the sum is understood.

We stress that the formalism in the section so far is only applicable to a detector �,
and we will now generalize this to the complex strain. The complex strain is defined
as

� ( 5 ) = ℎ+( 5 ) − 8ℎ×( 5 ) , (7.86)

where we choose the center of the earth as the location of where the signal is cal-
culated. The complex strain is nice because it does not depend on any of the ge-
ometrical quantities associated with the detectors. If we define Δ� = � ()t, ,t) −
�m()t, - = 0) then the perpendicular component of the strain is

Δ�⊥( 5 ) = Δ� ( 5 ) − ΔΘ�
biasm��m . (7.87)

If this signal is small, it quantifies how well a parameterized test - captures any GR
deviation ,t.
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C h a p t e r 8

PROSPECTS FOR HIGH-FREQUENCY
GRAVITATIONAL-WAVE DETECTION WITH GEO600

[1] C. M. Jungkind, B. C. Seymour, L. Laeuger, et al. ‘‘Prospects for High-
Frequency Gravitational-Wave Detection with GEO600.’’ In preparation for
submission.

8.1 Introduction
The era of gravitational-wave (GW) astronomy began in 2015 with the first detection
of a binary black-hole (BBH) merger by the LIGO observatories and has flourished
since then with more than 100 observed compact merger events [1, 2, 3, 4, 5]. De-
spite these achievements, current GWdetectors are only sensitive between a few tens
of Hz and several kilohertz (kHz). The high frequency sensitivity is set primarily by
quantum shot noise. While shot noise is frequency independent (white noise), the
response of the interferometer to GWs weakens with increasing frequency in the low
kHz regime, resulting in poorer sensitivity [6, 7, 8]. Thus, the pathway to detecting
high frequency GWs lies in either building new detectors or modifying the response
of existing detectors.

Recent years have yielded a diverse set of proposals to improve the high frequency
sensitivity of GW detectors. The LIGO and Virgo interferometers have developed
both frequency-independent and frequency-dependent squeezing technologies, though
in theO3, O4a andO4b observing runs, Virgo has only employed frequency-independent
squeezing while LIGO has operated with frequency-dependent squeezing [9, 10,
11]. LIGO A+, Voyager, and A# are design concepts that aim to retrofit the exist-
ing LIGO observatory facilities by implementing upgraded technology [12, 13, 14].
Third generation ground interferometers [15, 16] will expand the sensitivity range
of such experiments. At higher frequencies, resonant spheres [17, 18] could detect
GWs up to 10 kHz, optically-levitated sensors [19, 20] will search for GWs at tens to
hundreds of kHz, and resonant electromagnetic detectors [21, 22, 23, 24, 25], bulk
acoustic wave devices [26, 27, 28], and tabletop-scale interferometers [29, 30, 31]
will probe frequencies at MHz and above. Additionally, space-based interferome-
ters [32, 33, 34], atom interferometry experiments [35, 36, 37], and pulsar timing
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arrays [38, 39] will target frequencies below 1 Hz. While these technologies are
very promising, they will require decades of development to become operational.

Detecting GWs at frequencies in the tens of kHz holds the potential to unveil signa-
tures of new physics such as very light compact object binaries or ultralight boson
clouds [40, 41]. Sub-solar mass (SSM) compact objects could be astrophysical ob-
jects like BHs created through an unconventional formation channel [42, 43, 44], a
primordial BH [45, 46, 47], or some other exotic compact object [48, 49, 50, 51].
If multiple SSM objects form a binary, it will be detectable by searching for its ef-
fects with a high-frequency GW detector [52, 53]. Additionally, isolated spinning
black holes can form boson clouds via the superradiance effect if there is some un-
known ultralight boson cloud [54, 55]. Detection of the GWs emitted by the boson
clouds could be evidence of new physics. The quantum chromodynamics (QCD)
axion [56, 57, 58, 59] and the dark photon [60, 61, 62] are two prominent ultralight
bosons that could have astrophysical effects in GWs [63, 64, 65]. The LVK collab-
oration has actively searched for GWs from SSM binaries [66, 67, 68, 69, 70] and
superradiant boson clouds in their data [71, 72, 73]. It is likely that SSM binaries
and superradiant boson clouds could have characteristic frequencies that are higher
than current generation GW detectors [74]. In addition to superradiance, ultralight
bosons could be bound to the gravitational potential of a NS [75, 76] or BH which
would allow indirect detection via fifth-force in GW signals [77, 78, 79] or in binary
pulsar observations [80, 81, 82, 83]. Outside of GW observations, ultralight bosons
and sub-solar mass compact objects have been searched for with both direct and in-
direct experiments; however, no evidence has been found [84, 85, 86, 87, 88, 89, 90,
91].

As a more near term solution to detecting these high-frequency sources, we con-
sider modifications to existing GW detectors that could enhance their sensitivity
in the ∼ 5 − 100 kHz range. When the GW period approaches the photon round-
trip time in optical cavities within an interferometer, the sideband fields produced
by a GW can be resonantly amplified inside optical cavities within the experiment
[92]. This sideband amplification offers special frequencies at which the sensitiv-
ity of the detector could be greatly improved. In this work, we investigate whether
GEO600 [93], a dual-recycled, folded-arm, Michelson interferometer (MI) [94, 95,
96], can be made sensitive to sources in the tens of kHz frequency range by utilizing
these special frequencies.
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Figure 8.1: GEO600 optical layout used in Finesse model. FI: Faraday isolator,
MPR: power-recyclingmirror, MSR: signal-recyclingmirror, BS: beam splitter, PD:
photodiode for DC readout. MFE and MCE are the far east mirror and central east
mirror. q is the detuning angle of the MSR in degrees of a wavelength. The notation
for the north arm is analogous.

The rest of this paper is organized as follows. In Sec. 8.2, we discuss the underly-
ing detector physics that motivated the investigation of GEO600 as a high-frequency
GW detector. We describe our methods for simulating the sky-averaged strain sensi-
tivities of GEO600. We discuss the resulting sensitivities of different interferometer
configurations and compare them to other ground-based interferometric detectors.
In Sec. 8.3, we introduce the high-frequency astrophysical sources and describe their
GWwaveforms and properties. We discuss how the SNR is calculated and the result-
ing ability of each interferometer to detect the sources. In Sec. 8.4, we conclude our
work and discuss future research. Python code and Jupyter notebooks for generating
the results shown in this document can be downloaded from GitHub [97].

8.2 Detector Sensitivity
Underlying Physics
To improve the sensitivity of a GW detector, one can either weaken the background
noise sources or amplify the magnitude of the detector’s response to an incident
GW. GEO600’s potential as a high-frequency GW detector originates in the latter
option, namely through the resonant enhancement of GW-induced sideband fields
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within the interferometer [98]. Resonant amplification of the sideband fields in
turn amplifies the signal power at the detection port, boosting the overall response.
GEO600 features two mirrors which reflect laser light departing theMichelson arms
back into the MI, thus forming effective cavities with the north and east Michelson
arm mirrors (shown in Fig. 8.1). The power-recycling cavity (PRC), created by the
power-recycling mirror (MPR) and MI, increases the sensitivity of the interferome-
ter by building up the cavity light’s intensity and distance traveled [99]. The signal-
recycling cavity (SRC), created by the MSR and MI, allows the signal sidebands
to resonate at specific Fourier frequencies, denoted resonant frequencies [100, 101,
102].

The resonant frequencies in the SRC are those which experience a net phase shift of
2c= during a round trip in this effective cavity. When the MSR is detuned by angle
q, the SRC resonates for sideband frequencies 5 which satisfy

2 × (2c(a + 5 )!SRC/2 + q) = 2c=, (8.1)

where a is the laser frequency, and = is an integer. For GEO600, !SRC = !MI + !SR

is the optical distance light travels from the MI’s end mirror to the MSR (when the
detuning is zero). For this folded configuration, !MI = 2 × 600 = 1200m. The
definition of !SRC ensures that 2a!SRC/2 is an integer already; since GWs create
sidebands at ± 5GW, the condition simplifies to one for the (positive) GW frequencies
which produce sidebands that are resonant in the SRC,

5res =
2

2!SRC

���= − q

c

��� . (8.2)

For this work, we primarily target the frequency which appears for = = 01. The
detuning angle q is related to the MSR displacement X; by q = :X;, where : =

2c2/a. Therefore, by finely tuning the MSR location, we can scan the SRC resonant
frequencies, and thus the resonant peaks in the GEO600 detector response, over a
broad frequency range [103]. Detuning the MSR allows for lowest-order resonant
peaks in the detector response function to occur as high as 62.5 kHz.

Unlike GEO600, the LIGO detector response displays two distinct resonant features,
but we will see that they are not well suited for broadband high-frequency detection.
The first occurs at multiples of the FSR of the Fabry-Perot arms (37.5 kHz), but
it is unaffected by the detuning of the MSR, and thus cannot be scanned with this

1The resonant frequencies for |=| > 0 are less advantageous for detection because the GW-
induced phase delay in theMI is diminished for frequencies greater than 5fsr = 2/2!src (see App. 8.5).
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procedure. One might envision detuning the Fabry-Perot mirrors themselves, but
this would drastically reduce the DC power circulating in the arms (that is, inten-
tionally moving the cavities away from their locked position), heavily attenuating
the available power for sideband generation.

The other feature can be scanned by detuning the SRC; however, the presence of
Fabry-Perot arm cavities increases the effective SRC length by a factor of ∼ 2F ,
where F is the cavity finesse. As a result, the lowest-order SRC resonant frequency
in LIGO can only occur as high as ∼125 Hz with current mirror transmissivity.
Furthermore, the high finesse of the Fabry-Perot arms causes them to dominate the
cavity storage time. Therefore, not only is the resulting amplified peak in the detec-
tor response less pronounced relative to the tuned configuration than in the case of
GEO600, but all the higher-order SRC resonances are washed out completely. Thus,
a GEO600-like detector geometry — namely, one featuring shorter arms (and thus
a higher FSR) and a lack of Fabry-Perot cavities — is more favorable for broadband
high-frequency detection via the procedure we have described.

All the features of the detector response functions we have described can be seen
in Figs. 8.2 and 8.3, the generation of which is outlined in the following section.
In particular, when the MSR is detuned, the sensitivity improves in exchange for it
becoming increasingly narrowband.

Methods
To construct the strain sensitivity function for a given configuration of GEO600, we
include the following dominant noise sources =8: laser quantum noise, classical laser
amplitude and frequency noise, seismic noise, and thermal noise in the suspensions,
substrates, and coatings of the optics. The expressions for the amplitude spectral
densities for each noise source �=8 ( 5 ) (with units [=8]/

√
Hz) are presented in App.

8.6.

The total sky-averaged strain noise power spectral density (PSD) is given by

〈(ℎ ( 5 )〉 =
〈m%
mℎ

〉−2 ∑
=8

(=8 ( 5 )
( m%
m=8

)2
, (8.3)

where the summation occurs over all the noise sources =8, (=8 ≡ �2
=8

is the PSD of
the noise source =8, and m%/m=8 is the transfer function from noise source =8 to the
detection observable %. In this paper, we designate the observable as the power at the
dark port of the interferometer — see the optical layout depicted in Fig. 8.1. Lastly,
〈m%/mℎ〉 is the transfer function from an incident GW to the observable (i.e., the
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detector response function). We use the notation 〈·〉 to represent the sky-averaged
response. To summarize, the transfer function m%/m=8 projects a given noise source
onto the readout, and m%/mℎ projects the GW strain onto the same readout; thus,
Eq. (8.3) projects each noise source into some equivalent sky-averaged strain noise.

To compute (ℎ ( 5 ), we employ the Finesse 3.0 package [104, 105], which we use to
extract the frequency-domain transfer functions m%/m=82 and m%/mℎ from a model
of GEO600. Notably, the transfer functions from a GW to an observable are com-
puted in Finesse under the assumption that the GW is incident from directly above
the interferometer. Denoting the transfer function to the dark port power calculated
by Finesse as m%

mℎ

��
Finesse, the sky-averaged detector response function is therefore

equal to 〈
m%

mℎ

〉
=

m%

mℎ

����
Finesse

× R( 5 )���fold
+ ( 5 , =̂ = Î)

�� , (8.4)

where R( 5 ) is the sky-averaged detector antenna pattern and
���fold

+ ( 5 , =̂ = Î)
�� is the

antenna pattern function evaluated for a GW incident from overhead. In the low-
frequency limit R( 5 ) = 2/5, but for frequencies comparable to the inverse light
travel time in the Michelson arms, high frequency effects become important. In
App. 8.5, we derive the antenna pattern of a folded Michelson interferometer as
done in Ref. [106] and clarify how the folded geometry modifies the high-frequency
response.

Table 8.1 displays the parameters of the important mirrors in GEO600 needed to
model the experiment accurately. We model the detection readout method using a
DC readout [113] and maintain the arms at a phase difference equivalent to a 50-
picometer offset from the dark fringe [95]. Recently, a new laser amplifier providing
70Watts of available power, with 50-60Watts being detected on average at theMPR,
was installed in GEO600 [110]. Thus, we use 50 Watts of laser power for our model
of GEO600 as a confident lower bound of the amount of power able to enter the
interferometer’s dual-recycled cavity through the MPR.

We note here that the sky-averaged design sensitivity for Advanced LIGO was com-
puted directly using GWINC [112].

An important noise source under active research investigation at high frequencies
is the parametric instability of the resonant eigenmodes in the substrate of the test

2Finesse features a method to compute the quantum noise at any optical port, so for quantum
noise in particular, we directly extract the noise at the detection port.
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Mirror Transmission Loss Mass
Beam splitter
(BS) 0.513872 130 ppm 9.3 kg

Central East mirror
(MCE) 13 ppm 130 ppm 5.6 kg

Central North mirror
(MCN) 13 ppm 130 ppm 5.6 kg

Far East mirror
(MFE) 8.3 ppm 130 ppm 5.6 kg

Far North mirror
(MFN) 8.3 ppm 130 ppm 5.6 kg

Power-recycling mirror
(MPR) 900 ppm 130 ppm 2.92 kg

Signal-recycling mirror
(MSR) 0.09995 50 ppm 2.92 kg

Table 8.1: Mirror parameters used in the GEO600 Finesse model [107, 108, 109,
110]. Ppm: parts per million, kg: kilogram.

masses in the tens of kHz [114, 115]. The temperature dependence of the test mass
eigenmode frequencies renders the parametric instability a difficult noise source to
attenuate [116]. We did not model this effect in our simulation of LIGO’s GW re-
sponse, using the aLIGO design sensitivity only. In addition, the current configura-
tion of LIGO cannot search for GWs over 10 kHz due to the DC electronic and anti-
aliasing (AA) filters suppressing the signal data. Therefore, the sensitivity function
we implement for aLIGO represents an optimistic estimate for the future capabilities
of this detector design. The resonant eigenmodes of the test masses’ substrates have
not been observed during observation at GEO600; without high-finesse Fabry-Perot
cavities, the circulating laser power in the dual-recycled cavity is not amplified suf-
ficiently to excite these instabilities [117], and thus we leave the inclusion of this
noise source for future work. Therefore, we did not simulate parametric instability
or include it in our noise budget for the interferometer.

Sensitivities
In Fig. 8.2, we show the resulting sensitivity curves for GEO600 with various de-
tuning angles of the MSR, along with a ‘‘scanned” mode where the mirror is swept
through the full range of detuning angles and the optimal sensitivity is selected at
each value of the detuning. Conversely, the inability of the aLIGO design to scan the
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Figure 8.2: Strain sensitivity �ℎ ( 5 ) of GEO600 at different detuning angles of the
MSR, as well as a scanned sensitivity curve (black), which is a summation of all pos-
sible MSR detuning angles. All sensitivities assume normal incidence of the GWs.
As the detuning angle of the MSR is increased from q = 0° (tuned configuration for
GEO600), the detection region becomes increasingly narrow-band, in that the fre-
quency bandwidth stays constant while the SRC resonant frequency increases. The
scanned sensitivity curve is plotted to show the possible values that can be achieved
across the kHz frequency range by shifting the MSR.

interferometer’s fundamental resonance peak over a large frequency range is shown
in Fig. 8.3. The sky-averaged strain sensitivity for the tuned, anti-tuned, and scanned
detuning angles of GEO600 is shown in Fig. 8.4, along with other design sensitivity
curves for advanced interferometers. GEO600 gains advantageous sensitivity over
the aLIGO design starting at ∼ 6.7 kHz by using various detuning angles to have
superior narrow band detection. For our prospective detection calculations, we use
individual detuning angles of the MSR with a detection time of one week. The
scanned sensitivity curve is only plotted to illustrate the possible values that can be
achieved across the kHz frequency range by shifting the MSR.

Fig. 8.3 portrays how aLIGO experiences resonant amplification in sensitivity at
37.5 and 75 kHz. At these specific frequencies, which are integer multiples of the
Fabry-Perot cavity’s FSR, the sideband fields are amplified in power as they resonate
in each arm’s Fabry-Perot cavity. Detuning the MSR does not affect these resonant
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Figure 8.3: Strain sensitivity �ℎ ( 5 ) of the aLIGO design at different detuning angles
of the MSR, assuming normal incidence of the GWs. When the angle of the MSR
is decreased from q = 90° (tuned configuration for aLIGO that corresponds to ‘sig-
nal extraction’ [111, 103]), the frequency of peak sensitivity gradually decreases in
the neighborhood of 5 ∼ O(100 Hz), while its bandwidth simultaneously narrows.
Note that we use q = 1° to represent the ‘signal recycling’ limit, as setting q = 0 ex-
actly corresponds to a configuration completely dominated by classical noise. There
is no enhancement in sensitivity at frequencies in the kHz from aLIGO detuning the
MSR. The peaks in sensitivity occurring at integer multiples of 37.5 kHz (FSR) are
created by the Fabry-Perot cavities and are independent of the MSR detuning angle.

frequencies, rendering the sharp features in the aLIGO sensitivity curves at 37.5 and
75 kHz independent of the MSR detuning angle.

To assess the potential advantages of using GEO600 as a detection instrument for
each source, we compared the signal-to-noise ratio (SNR) of the aLIGO design,
GEO600, and GEO600 detuned to various frequencies. The sky-averaged strain sen-
sitivities of these interferometer configurations, as well as that of Cosmic Explorer’s
[16] for further comparison, are shown in Fig. 8.4. GEO600’s scanned sensitivity
curve shows the possible frequencies in the kHz range where it would have an ad-
vantageous narrow band detection to that of Cosmic Explorer and aLIGO.
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Figure 8.4: Strain sensitivity �ℎ ( 5 ) of GEO600 tuned (purple), anti-tuned (gray),
and scanned (dashed), which is a summation of all possible MSR detuning angles.
The aLIGO design sensitivity (red) [112] and Cosmic Explorer’s design sensitivity
(light blue) [112] are also shown. All sensitivities assume normal incidence of the
GWs. GEO600’s scanned sensitivity curve shows the possible frequencies in the
kHz range where it would have an advantageous narrow band detection to that of
Cosmic Explorer and aLIGO.

8.3 High Frequency Sources
In this section, we investigate two classes of hypothesized high-frequencyGWsources
and compute benchmarks for howwell they could be detectedwith a detunedGEO600
setup.

Ultralight Boson Clouds
GW Strain Model

A number of proposals to the Standard Model contain ultralight scalar and vector
bosons that could have observable astrophysical effects. For example, the scalar
axion, derived as a solution to the Strong Charge-Parity problem in QCD [56, 57,
58, 59], or the vector dark photon, derived from compactifications of string theory
[60, 61, 62]. If the Compton wavelength of the bosons is comparable to the BHmass,
the phenomenon of superradiance predicts scenarios with exponential growth of the
bosons occurs around spinning BHs, resulting in a macroscopic boson cloud. As the
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cloud forms, the BH loses angular momentum, causing the emission of continuous
GWs at a frequency proportional to the mass of the ultralight bosons [118].

The gravitational potential of a BH allows for particle bound states that can be ap-
proximated by hydrogenic wave functions with radial, orbital, and azimuthal quan-
tum numbers (=, ;, <) [119]. Thus, the resulting boson cloud formed by superradi-
ance can be described as a hydrogenic wave function, with all of the bosons occu-
pying the same state. For our simulation, we only consider the fundamental radial
quantum number = = 0 and the dominant unstable mode 9 = ; + B = < = 1—where
;, B, and < are the orbital angular momentum, spin angular momentum, and mag-
netic quantum numbers, respectively. This unstable mode is chosen because it has
the fastest superradiant growth rate in a given system [118, 120], making it the most
dominant energy mode. Notably, this also requires that we assume that the BHs
which source these scalar axion clouds are not primordial in origin, as previous
works considering primordial BHs have found that only states with quantum num-
bers = ≥ 5 can still exist and radiate GWs in the present day [40]. We furthermore
constrain our BHs to have initial dimensionless spin parameter of ji = 0.7.

The amplification process can only occur when the angular velocity of the black hole
at the event horizon is higher than the angular frequency of the bosons divided by
the magnetic quantum number [118]:

l`/< < ΩBH(ji), (8.5)

where l` = `/ℏ, < = 1, and ΩBH(0.7) = 1.38 × 105
(
0.3"�
"

)
s−1. Rearranging

this superradiance condition constrains the rest energy of bosons surrounding a BH
of mass " to be ` < 9.10 × 10−11

(
0.3"�
"

)
eV. For boson clouds with boson rest

energies in the target range of 10−12 to 10−10 eV, the GW emission frequency is
given by [118] as

5GW ≈ 48750Hz × `

10−10 eV
. (8.6)

Since there is an upper bound on ` based on the corresponding mass of the BH it
is orbiting, there is also an upper bound on the GW emission frequencies that are
possible for every BH mass. The GW strain for vector bosons is given as

ℎE0 ≈ 1.28 × 10−22
(

"

0.3"�

)( U

0.2

)5(0.03Mpc
A

)(0.7 − j 5

0.1

)
, (8.7)
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Figure 8.5: Left: contour lines corresponding to a SNR of eight for GWs sourced
from both vector (solid) and scalar (dashed) boson clouds. The contour lines cor-
respond to the strain sensitivities of aLIGO (blue), tuned GEO600 (orange), and
GEO600 with different MSR detuning angles. The shaded gray region corresponds
to the parameter space where the superradiance condition fails. Right: SNR of GWs
sourced from both vector (solid) and scalar (dashed) boson clouds across a range of
boson rest energies for a 0.3 "� BH. The SNR curves are calculated with the same
strain sensitivities as the left plot and have the same corresponding colors. The dot-
ted black line represents where the SNR is eight. All GWs are sourced from within
the galaxy, being simulated from a distance of 30 kPc.

where U is the ratio of the characteristic lengths of the boson cloud and the BH, and
jf is the BH spin after superradiance occurs. U and jf are given as

U =
`�"

ℏ23 , jf =
4U 5

4U2
5
+ 1

. (8.8)

Here, U 5 =
`�" 5

ℏ23 , and " 5 = 0.9" is the mass of the BH after the boson cloud has
extracted its energy during the superradiant growth [118]. The GW signal duration
for vector bosons is given as

gEGW ≈ 1.81 s
(

"

0.3"�

) (
0.2
U

)11
. (8.9)

For scalar bosons, the GW strain and signal duration are both given as

ℎB0 ≈ 10−25
(

"

0.3"�

)( U

0.2

)7(0.03Mpc
A

)(0.7 − j 5

0.1

)
, (8.10)

gBGW ≈ 31 days
(

"

0.3"�

) (
0.2
U

)15
. (8.11)
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Detection Prospects

Our figure of merit to compare the detection capabilities of our detuned GEO600
configurations against LIGO is the sky-averaged SNR produced by a character-
istic high-frequency source in each detector. Since the boson clouds produce a
monochromatic signal, the sky-averaged SNR is given by [6] as

〈d2〉 =
|ℎ10 |

2)

〈(ℎ ( 50)〉
, (8.12)

where 1 = B, E for either scalar or vector boson strain and ℎ0 is averaged over source
inclination angles. Here, ) ≡ min{1 week, g�, } is the observation time. Note that

〈(ℎ ( 50)〉 = 〈�ℎ ( 50)2〉 =
(
�ℎ ( 50)
R( 50)

)2
.

In Fig. 8.5, we show contours of SNR equal to 8 for vector and scalar boson clouds
for different interferometer configurations, representing regions of this parameter
space which are detectable by each system. The plot shows the feasibility of certain
configurations of GEO600 detecting GWs for different combinations of boson rest
energies and BH mass. We also present a horizontal cross-section of the contour
plot, taken for a black hole mass of 0.3"�. The cross-section plot shows the SNR
of the interferometer at different boson rest energies for a given BH mass <BH =

0.3"�.

Both tuned GEO600 and aLIGO have a large parameter area where the interferom-
eters would be able to detect vector boson clouds, though aLIGO generally tends to
outperform GEO600 due to its superior broadband sensitivity. However, if GEO600
shifts the MSR to different detuning angles, the narrow band sensitivity produced
by the detuning, which can exceed the broadband sensitivity of aLIGO at those
same high frequencies, affords GEO600 a competitive advantage for boson rest en-
ergies whose corresponding GW frequencies fall in that narrow band. GEO600
gains the advantage over aLIGO at 15.1 kHz, with aLIGO not being able to detect
GWs sourced at higher frequencies. That is, for all frequencies above 15.1 kHz,
there exists some detuning angle which produces a narrow band (∼ 2 kHz) around
the chosen frequency within which GEO600 outperforms aLIGO. By detuning the
MSR and observing at that frequency range for a week, GEO600 can search for GWs
sourced from boson clouds from 500 Hz to 31.3 kHz, with the latter frequency be-
ing obtained with a detuning angle of q = 45° (not plotted). Note that the pattern of
high-frequency narrow bands in the left plot of Fig. 8.5 is only shown up to q = 35°,
which results in a detection bandwidth centered at 24.5 kHz. Thus, GEO600 would
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be able to detect GWs from a larger frequency range, increasing the likelihood the
interferometer observes the phenomena. It would be advantageous to use GEO600
as a high-frequency GW interferometer targeting GWs sourced from boson clouds
within the galaxy in comparison to using aLIGO. Expanding the region of the BH-
axion cloud system parameter space which sources detectable GWs increases the
likelihood of detecting the superradiance phenomenon. Note that the current oper-
ational LIGO design would not be able to detect GWs over 10 kHz due to the DC
electronic and anti-aliasing (AA) filters suppressing the signal data past this cutoff
frequency.

Conversely, Fig. 8.5 shows that both interferometers have a very small area of param-
eters that result in the possible detection of scalar boson clouds, and the area does
not extend into the high-frequency emission range like the vector boson parameter
area does. The primary cause for the inability to detect high-frequency GWs from
scalar boson clouds is that the strain is a factor of ∼ 103 weaker that of vector boson
clouds.

Sub-Solar Mass Compact Object Mergers
GW Strain Model

Sub-solar mass compact objects represent a compelling category of potential GW
sources in the high-frequency regime accessible to current and future detectors.
While conventional astrophysical compact objects such as neutron stars and black
holes are typically formed with masses above one solar mass, various theoretical
models predict the existence of sub-solar mass compact objects through unconven-
tional formation channels or as entirely new types of exotic matter configurations
[41]. Outside the conventional BH-formation theory of stellar evolution, PBHs may
have formed from the gravitational collapse of density perturbations in the early
Universe [47, 45, 46], and BHs formed from the gravitational collapse of dark mat-
ter halos [44] have been proposed as sub-solar mass compact objects. Additionally,
there exist theories of exotic compact objects, such as gravitino stars [50], boson
stars [48], moduli stars [51], and gravastars [49], that are sub-solar mass. If a sub-
solar mass binary were found, classification between BBH and BNS is possible since
tidal deformabilities strongly affect the waveform for light NS [121].

We simulate GWs from sub-solar mass compact binary mergers within the mass
range of 10−6 "� to 1 "�. Note that the detection of GWs sourced from compact
objects within this mass range would not be provide the sufficient parameters to
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Figure 8.6: Strain sensitivity �ℎ ( 5 ) of the aLIGO design (light blue) and scanned
GEO600 (light gray), assuming normal incidence of the GWs. Three different GW
waveforms are plotted as 2| ℎ̃+( 5 ) |

√
5 . The GWamplitudes are from compact binary

mergers of three different sub-solar masses, observed from a distance of 30 kPc.

distinguish that the object is a PBH specifically. In addition, if the source were a
PBH, a detection within this mass range could only provide evidence that PBHs
constitute some fraction of dark matter [74]. We compute the characteristic strain
from the binary merger of sub-solar mass compact objects using the inspiral, merger,
and ringdown waveforms available in PyCBC’s IMRPhenomD package [122]. For
simplicity, we assume an inclination angle of 0°, making ℎ̃+( 5 )= ℎ̃×( 5 ) and ℎ̃( 5 ) =
R( 5 ) ℎ̃0( 5 ) (see App. 8.5). We calculated the sky-averaged SNR using the chirp
formula given by [6] as

〈d2〉 = 4
∫ ∞

5min

| ℎ̃( 5 ) |2
〈(ℎ ( 5 )〉

35 , (8.13)

where 5min is theGW frequency emitted exactly oneweek before the compact objects
merge [6]:

5min(g) ' 4.72Hz
(
0.087"�

"2

)5/8 (
1wk
g

)3/8
, (8.14)

where the chirp mass "2 for two 0.1"� BHs is equal to 0.087"�, and in general is
given by [6] as

"2 =
(<1<2)3/5

(<1 + <2)1/5 . (8.15)

In our calculations, we set the time to coalescence g equal to one week.
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Detection Prospects

Our figure of merit to compare the detection capabilities of our detuned GEO600
configurations against LIGO is the sky-averaged SNR produced by a characteris-
tic high-frequency SSM compact binary merger in each detector. In Fig. 8.6, we
show the GW strain of compact mergers with individual BH masses of 10−1, 10−2,
and 10−3 "�, located a distance of 30 kPc from the detector. As the chirp mass
decreases, 5min increases while the GW strain is reduced. The frequency-domain
signal is calculated with an observation time of one week, and the SNR is related
to the area in the plot between the strain and noise spectral functions. We find that
there are not sub-solar mass binaries which can be detected easier with a detuned
GEO600 detector. Over the frequency range where the detuning-scanned GEO600
has a better sensitivity than aLIGO, the strain from the merger is weak, and thus
the accumulated SNR is so little that it does not sway the total SNR in favor of
GEO600. While the time domain signal is stronger at high frequencies, the early
inspiral dominates the SNR because it has more cycles in band. If there were a
sub-solar mass binary that were very slowly evolving in frequency at a timescale
of ∼ months, then detuning GEO to the exact frequency could improve the sensi-
tivity compared with LIGO. For nearly monochromatic sub-solar mass signals, one
would see a similar improvement as to what we saw in Sec. 8.3. Thus, GEO600 is
not an optimal ground-based interferometer for the detection of most sub-solar mass
compact binary mergers.

8.4 Conclusion
In this work, we investigated how the high-frequency sensitivity of GEO600 can be
scanned by detuning the location of the signal recycling mirror. We estimated the
SNR in the experiment for characteristic high-frequency GW sources located within
the Milky Way. This setup of detuning GEO600 does not result in an improvement
in searches for sub-solar mass binaries due to their long inspiral in low frequen-
cies, and the bandwidth being ∼ 2 kHz. However, GEO600 could outperform the
aLIGO design sensitivity for the detection of GWs sourced from nearly monochro-
matic sources like boson clouds within the galaxy. The interferometer would be able
to detect GWs sourced from vector boson clouds at frequencies between 500 Hz to
31.3 kHz, gaining the advantage over the aLIGO design sensitivity at 15.1 kHz and
over O4 LIGO at 10 kHz.
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In the future, it would be interesting to extend our analysis on GEO600 to include
time domain simulations as there are lots of complications associated with maintain-
ing the resonance condition of the MSR while it is detuned for high-frequency GW
detection. Neural-network–based sensing and auxiliary sub-carrier field injections
are innovative control system methods to maintain the detuned MSR in the resonant
state during high-frequency detection [123, 124]. In addition, a new FPGA-based
fast data acquisition system has been installed that samples data up to 100 MHz,
extending data collection availability into the hundreds of kHz [106]. Through-
out this work, we used frequency-independent squeezing where we optimized the
squeezing angle to maximize the sensitivity at the resonant frequencies. Normally
for a Michelson interferometer, a filter cavity is designed to rotate the light in a
frequency-dependent way which results in higher bandwidth for the detuned detec-
tor. This is a very interesting followup work to investigate possible ways to achieve
frequency-dependent squeezing that is also tunable [125, 126, 127, 128]. We leave
these studies to future work.
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8.5 Appendix: Antenna Response Patterns
In this appendix, we provide a derivation for the sky-averaged antenna response
pattern at high frequencies for two interferometer geometries.
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Unfolded Michelson Interferometer
When studying high-frequency ( 5 ∼ 2/!arm) interferometric detection, an impor-
tant piece of physics which typically can be neglected in low-frequency calculations
is the evolution of the GW strain as a photon travels out and back along an arm of
the interferometer. For certain frequencies and angles of incidence, the phase accu-
mulated by a photon during a full round-trip in the interferometer can deviate signif-
icantly from 2ℎ:photon! — at some frequencies even being identically zero. Thus,
to properly model the response of GEO600 and LIGO to high-frequency GWs, we
must compute the generalized response function for a folded and unfolded Michel-
son interferometer which includes the GW and photon propagation effects. This is
done originally in Ref. [7] and Ref. [8].

We will now replicate the derivation of the high-frequency response of a Michelson
interferometer as outlined in [8]. The time-domain form of a plane wave GW is
given by

ℎ8 9 (C, ®G) = ℎ+(C, ®G)4+8 9 (=̂) + ℎ×(C, ®G)4×8 9 (=̂) , (8.16)

where =̂ points toward the GW source. The polarization tensors are defined via

4̂+8 9 = ℓ8ℓ 9 − <8< 9 , (8.17a)

4×8 9 = ℓ8< 9 + ℓ8< 9 , (8.17b)

where the unit vectors ℓ̂, <̂, =̂ form a right-handed orthonormal basis. In this discus-
sion, we suppress the relative rotation that is due to the polarization angle. In the
long-wavelength approximation, the Michelson interferometer response is given by

ℎ(C) = 1
2

(
080 9 − 181 9

)
ℎ8 9 (C, ®0) . (8.18)

One can then write this as

ℎ(C) = �+(=̂)ℎ+(C) + �×(=̂)ℎ×(C) . (8.19)

If we take unit vectors 08 and 18 to represent the two arms of the detector, the antenna
patterns are given by

�� (=̂) =
1
2

(
080 9 − 181 9

)
4
8 9

�
(=̂) , (8.20)

where we use � = +,× to denote polarization. In this long-wavelength regime, the
antenna patterns do not depend on the frequency.
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Let us now generalize the results of Eq. (8.20) to high-frequency regime. As dis-
cussed in Eqs.(15-17) of Ref. [8], the response of the GW detector is related to the
time delay accumulated in the round trip

ℎ(C) = 1
2)

[
X)mich

r.t.,0̂ (C) − X)mich
r.t.,1̂

]
(8.21)

where X)mich
r.t.,0̂ is the round trip time delay incurred from the presence of the GW

along the 0̂ direction and ) = !/2. The round trip time delay along direction 0̂ is
the sum of the delay from the out and back journey3

X)mich
r.t.,0̂ (C) = X)0̂ (C − )) + X) ′

0̂ (C) , (8.22)

where
X)0̂ (C) =

1
22

080 9

∫ !

0
ℎ8 9

(
C − ) + b

2
+ =̂ · 0̂

2
b

)
db , (8.23a)

X) ′
0̂ (C) =

1
22

080 9

∫ !

0
ℎ8 9

(
C − b

2
+ =̂ · 0̂

2
b

)
db . (8.23b)

We note that the time translation property of the GW is used ℎ8 9 (C, ®G) = ℎ8 9 (C + ®G ·
=̂/2), which is why these expressions only are a function of one number.

Using the expressions for the round trip time delay, we can write the frequency-
dependent antenna patterns in the frequency domain. In the Fourier domain, the
time delay is

X)̃mich
r.t.,0̂ ( 5 )
)

= 080 9� (0̂, 5 )48 9
�
(=̂) ℎ̃� ( 5 ) , (8.24)

where we define the transfer function � (0̂, 5 ) as

� (0̂, 5 ) = e−i2c 5)

2
[
eic 5)+ sinc(c 5)−) + e−ic 5)− sinc(c 5)+)

]
, (8.25)

and define )± = ) (1 ± 0̂ · =̂). In the end, the frequency-domain GW signal is

ℎ̃( 5 ) = �+(=̂, 5 ) ℎ̃+( 5 ) + �×(=̂, 5 ) ℎ̃×( 5 ) , (8.26)

where the frequency-dependent antenna patterns are defined via [8] as

�� (=̂, 5 ) =
1
2

[
080 9� (0̂, 5 ) − 181 9� (1̂, 5 )

]
4
8 9

�
(=̂) . (8.27)

3Note that the normalization 1/2) comes from enforcing that max=̂ ��(=̂, 5 ) = 1 when 5 = 0.
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Folded Michelson Interferometer
GEO600 has folded interferometer arms, making the antenna patterns deviate at
high frequencies from that of a MI with unfolded arms [106]. To ensure that the
SNR of GEO600 is accurate in the high-frequency range of a few kHz to tens of
kHz, we will now replicate the derivation of Ref. [106] and derive the folded-arm
MI antenna response pattern. In this derivation, we will ignore the effects caused
by the folding angle of GEO600’s interferometer arms. Since Ufold = 0.42 mrad
[129], the effects of the triangular shape of the fold occur when the GW wavelength
approaches _gw ∼ Ufold! ≈ 0.25 m, which corresponds to a GW frequency of 5 ¦ 1
GHz.

One can now do the analysis of the time delay that the light accumulates along the
trip of a folded detector in arm 0̂. This can be written as

X) fold
r.t.,0̂ (C) = X)0̂ (C − 3)) + X) ′

0̂ (C − 2)) + X)0̂ (C − )) + X) ′
0̂ (C) , (8.28)

where we use the same definitions as the previous section. It is useful to relate the
round trip of a folded Michelson to a unfolded Michelson trip delay:

X) fold
r.t.,0̂ (C) = X)mich

r.t.,0̂ (C − 2)) + X)mich
r.t.,0̂ (C) . (8.29)

If we take the Fourier transform of this, we find that the foldedMichelson time delay
is equal to

X)̃ fold
r.t.,0̂ ( 5 ) =

(
1 + 44c8 5 )

)
X)̃mich

r.t.,0̂ ( 5 ) . (8.30)

Since the round trip time delay is changed by a non-directionally-dependent factor,
the antenna pattern of a folded Michelson interferometer is directly proportional to
an unfolded Michelson interferometer via

�fold
� (=̂, 5 ) = 1 + 44c8 5 )

2
�mich
� (=̂, 5 ) , (8.31)

where the extra factor of 2 comes from the DC antenna pattern normalization. In this
equation, we stress that �mich

�
(=̂, 5 ) is a Michelson interferometer of length 600m

while �fold
�

(=̂, 5 ) is a folded Michelson interferometer of length 600m+600m. So
while it is understood that GEO600 has an effective arm length of 1200m because
of the folding, the high-frequency antenna patterns of GEO600 behave more like a
600m detector times a factor. One notable feature of the folded detector is that there
is zero response for every angle at frequency values of

5 =
2

4!
(1 + 2=) , = ∈ N0 . (8.32)

In the next section, we will see that there are complete dips in the angle averaged
sensitivity for a folded detector.
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Figure 8.7: Left: sky-averaged antenna patterns R( 5 ) for aLIGO (light blue), folded
GEO600 (purple), a 600mMichelson interferometer (brown), and a 1200mMichel-
son interferometer (gray). The folding factor given in Eq. (8.31) relates the angular
response of an unfolded Michelson interferometer (brown) to its folded counterpart
(purple); one can see that the folding factor sharply reduces the angular response
at frequencies where it was previously strong. Right: antenna patterns � (\=̂, q=̂)
of folded GEO600 for the following incident-angled GWs: overhead (light blue),
completely along one detector arm (gray), and two in-between angles (purple and
brown). Here, � (\=̂, q=̂) =

√
|�+( 5 ; q=̂, \=̂) |2 + |�×( 5 ; q=̂, \=̂) |2 since we assume

an inclination angle of zero. One can see that the angular behavior of antenna pat-
terns is very frequency dependent at high frequencies.

Sky Averaging
Let us now calculate the response of the detector to a signal where we average over
all possible directions and inclinations. If we define ℎ̃+( 5 ) = �+ ℎ̃0( 5 ) and ℎ̃×( 5 ) =
�×48c/2 ℎ̃0( 5 ), the signal measured in the detector would be defined as

ℎ̃( 5 ) = &( 5 ; q=̂, \=̂, ], k) ℎ̃0( 5 ), (8.33)

where the angle effects are contained in

&( 5 ; q=̂, \=̂, ], k) = �+( 5 ; q=̂, \=̂;k)�+(])
+ 8�×( 5 ; q=̂, \=̂;k)�×(]),

(8.34)

where �+ = 1+cos2 ]
2 and �× = cos ]. We care about the absolute value of this squared.

We first note that the average of the square of & over k is

〈|& |2〉k =
1
2

(
�2
+ + �2

×

) (
|�+ |2 + |�× |2

)
, (8.35)

where �+ = �+(q=̂, \=̂) only at k = 0. If we average over the direction that the GW
arrives, we can write this as

〈|& |2〉=̂ =
6(])

2
R2( 5 ), (8.36)
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where 6(]) = �2
+ + �2

×. Now note that

〈�2
+ + �2

×〉] = 〈6(])〉], (8.37)

=
1

4c

∫
3Ω!

(
�2
+(]) + �2

×(])
)
, (8.38)

=
4
5
, (8.39)

where 3Ω! = sin ]3]3q! . Now the response function is defined via〈
|�+ |2 + |�× |2

〉
q=̂,\=̂

= R2( 5 ) , (8.40)

where the DC limit would be given as R2( 5 ) = 2
5 +O( 5 !

2
). This is the sky-averaged

antenna response patterns for the plus and cross polarization. Taking the square
root of Eq. (8.40) obtains the sky-averaged antenna patterns used in our SNR calcu-
lations:

R( 5 ) =
√〈

|�+ |2 + |�× |2
〉
q=̂,\=̂

. (8.41)

In Fig. 8.7, R( 5 ) is plotted for aLIGO and GEO600. We also compare the response
to a Michelson detector of length 600m and 1200m to help clarify how folded de-
tectors differ from normal Michelson detectors. R( 5 ) is the same shape for aLIGO
and the Michelson interferometers, but it is shifted in frequency according to the de-
tector arm length. The folded GEO600 antenna pattern shows the accurate troughs
of minimized sensitivity to GWs at odd integer multiples of the FSR, as derived in
Eq. (8.32). One can see that the angle-averaged response of folded detectors differs
significantly from that of Michelson ones.

8.6 Appendix: Noise Spectral Densities
In this appendix, we provide the analytical expressions for the various noise spectral
densities that source important contributions to the GEO600 sensitivity function.

Quantum Noise
Quantum noise is the combination of quantum shot noise and radiation-pressure
noise. Radiation pressure is the optomechanical momentum that high-energy pho-
tons give to test masses when they hit them. It is strongest at low frequencies and
decreases with frequency at the rate of 1

5 2 [130]. Quantum shot noise is derived
from the fundamental law that light is discretely quantized, meaning the power is
detected from the number of photons # that hit the detector per unit time. Since
# is a discrete value, it is calculated using a Poisson distribution, and for large # ,
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it becomes a Gaussian with a standard deviation
√
〈#〉. The inherent standard de-

viation creates a random fluctuation in the number of photons that hit the detector
per unit time, creating a fluctuation in the amount of power that is detected [6]. The
small fluctuation in the detected power is called the quantum shot noise, and it is
frequency-independent. Our computation of the quantum noise in GEO600 is done
directly in Finesse, which has the capability to compute the total quantum noise at
some optical readout originating from both photon shot noise and quantum radiation
pressure [105].

The injection of a squeezed state at the dark port of an interferometer can decrease
the noise in one quadrature at the expense of the orthogonal quadrature, which can
improve detection sensitivities especially at higher frequencies [131, 130].We use
the squeezer component built into Finesse to model this procedure; while each dis-
tinct model of GEO600 implements frequency-independent squeezing, for each de-
tuning angle of the MSR, we choose the squeezing angle that minimizes the noise
at the dark port at the resonant frequency of the SRC.

Dark Noise
Dark noise is created by the readout electronics even when no light is hitting the
detector. The noise originates from temperature fluctuations inside the ohmic re-
sistance ' of the photodiode detection circuit, otherwise known as Johnson noise
[130]. The ASD of the raw noise is given in dimensions of W/

√
Hz by [132] as

�DN
= =

√
4:�)
'

, (8.42)

where) is the temperature of the resistor. Since dark noise is frequency independent
and a factor of 30 below GEO600’s shot noise [132], we did not include it in our
high-frequency noise budget.

Laser Amplitude Noise
Laser amplitude noise is power fluctuations created in the laser light during the main
laser creation process. We used the relative intensity noise (RIN) ASD, which is
given by [133] as

�RIN( 5 ) = 1.5 · 10−7
(
1Hz
5

)
1

√
Hz

. (8.43)

Using Eq. (8.3) to multiply �RIN( 5 ) by the necessary transfer functions in Finesse,
we obtain the final sky-averaged strain sensitivity for laser amplitude noise.



259

Laser Frequency Noise
Laser frequency noise is created by frequency fluctuations of the main laser light
while traveling through the interferometer. The ASD for the raw frequency noise is
given in dimensions of Hz/

√
Hz by [134] as

� 5 ( 5 ) = c 5 ·
√

2ℎ2
%_

, (8.44)

where % is the laser power hitting the MPR and _ is the laser wavelength. Using
Eq. (8.3) to multiply � 5 ( 5 ) by the necessary transfer functions in Finesse, we obtain
the final sky-averaged strain sensitivity for laser frequency noise.

Seismic Noise
Seismic noise is created from external shock waves moving through the ground,
causing the mirrors to move. The displacement ASD of the seismic noise in one of
GEO600’s mirrors without any attenuation is given by [135] as

�SN
G ( 5 ) = 10−7

(
1Hz
5 2

)
m

√
Hz

. (8.45)

However, when 56F >> 50, and there are 3 stages of the pendulum, the displacement
of the mirror is attenuated by a factor of ( 50

2

5 2 )3 [6]. Since GEO600’s main mirrors
have a fundamental pendulum resonant frequency of 0.5 Hz [108], the displacement
ASD for the seismic noise in each mirror becomes

�SN
G ( 5 ) = 10−7

(
1Hz
5 2

) (
0.52

5 2

)3 m
√
Hz

. (8.46)

Using Eq. (8.3) to multiply �SN
G ( 5 ) by the necessary transfer functions in Finesse,

we obtain the sky-averaged strain sensitivity of seismic noise for each test mass in
GEO600. Adding the seismic strain noise from theBS,MCE,MCN,MFE, andMFN
together in quadrature obtains the total sky-averaged strain sensitivity of seismic
noise.

Thermal Noise
Thermal noise is the most impactful noise source in the middle frequency range
∼ O(102 Hz). It affects the central mirrors, far mirrors, and the beam splitter (BS).
Thermal noise is calculated separately for the three main parts of each mirror: the
substrate, coating, and pendulum suspension. The cause of thermal noise in each of
the three parts of the mirrors is due to three different noise sources: Brownian mo-
tion, thermo-elastic, and thermo-refractive. For the substrate and coating of the test
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masses, we calculated the Brownian motion and thermo-elastic noise; the thermo-
refractive noise was a factor of 3 below the thermo-elastic, making it negligible
to the phase fluctuation created by the signal ℎ̃( 5 ). For the pendulum suspension
noise, we only included the fundamental longitudinal eigenmode, exempting any
cross-coupling with other pendulum eigenmodes. All pendulum eigenmodes are at
negligibly low frequencies relative to our targeted astrophysical sources. For the BS,
only the Brownian motion and thermo-refractive noises were calculated - they are
the only relevant noise sources created by the BS.

Test Mass Suspension Thermal Noise

The suspension thermal noise is the Brownian motion of the molecules moving in
the triple pendulum suspending the mirrors. Since the test mass is suspended by a
pendulum, the Brownianmotion of the suspension has pendulum and violin resonant
frequencies where the noise peaks. The displacement ASD for the violin mode noise
is given in dimensions of m/

√
Hz by [108] as

�VM
G (l) =

√
8:�)l2

0qfiber =

<l[(l2
= − l2)2 + l4

=q
2
=]
, (8.47)

where l = 2c 5 , and qfiber is the loss in the =th violin mode:

qfiber = = �−1
= ·

(
1 + 83B

'

)
(qbulk + qnonlin). (8.48)

�−1
= is the dilution factor given by [108] as

�−1
= =

2
:+!

[
1 +

(
4 + (=c)2

2

) (
1

:+!

)]
, (8.49)

where :+ is

:+ =

√√
%2 + 4���d!l2 + %

2��
. (8.50)

% = <6 is the tension per wire, d! = dc'2 is the linear mass density of the pendu-
lum fiber, � is Young’s modulus of the fiber, and � = c

4'
4 is the bending moment

of inertia of the fiber. l= from Eq. (8.47) is the frequency of the =th violin-mode
oscillation, given by [108] as

l= =
=c

!

√
%

d!

[
1+ 2

!

√
��

%
+
(
4+ (=c)2

2

)
2��
!2%

]
. (8.51)
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Using the parameters from [108], we obtained the sky-averaged strain sensitivity
of the violin mode noise in each mirror by using Eq. (8.3). We calculated the total
sky-averaged strain sensitivity of the violin mode noise for GEO600 by adding the
noise from every test mass together in quadrature.

The displacement ASD for the pendulum mode noise is given in dimensions of
m/

√
Hz by [108] as

�PM
G (l) =

√√
4:�)l2

0q

<l[(l2
0 − l2)2 + l4

0q
2]
. (8.52)

Using the parameters from [108], we obtained the sky-averaged strain sensitivity
of the pendulum mode noise in each mirror by using Eq. (8.3). Finally, adding the
noise from each mirror together in quadrature, we obtained the total sky-averaged
strain sensitivity.

Test Mass Substrate Thermal Noise

We simulated the Brownian motion and thermo-elastic noise within the substrate of
the test mass mirrors. The displacement ASD for the Brownian motion substrate
noise is given in dimensions of m/

√
Hz by [129] as

�TMBM
G (l) =

√
8:�)Eq
l�0

2 , (8.53)

where E is the mean elastic energy stored in the test mass. For the substrate, the
mean elastic energy is given by [129] as

ESubstrate =
1 − f2

2
√

2c.A0
· �0

2. (8.54)

Using the parameters from [129], we obtained the sky-averaged strain sensitivity of
the Brownian motion substrate noise in each mirror by using Eq. (8.3). We added
the noise from each individual mirror together in quadrature to obtain the total sky-
averaged strain sensitivity for the Brownian motion in the substrate of GEO600’s
mirrors.

For the thermo-elastic noise, the displacementASD is given in dimensions ofm/
√
Hz

by [129] as

�TMTE
G (l) =

√√√[
1 + :BA0√

2c

]
×

[
8^U2 (1 + f)2 :�)

2
0√

2cd2�2
?A

3
0l

2

]
. (8.55)
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Figure 8.8: Strain sensitivity �ℎ ( 5 ) of GEO600 with a tunedMSR (left) and an anti-
tuned MSR (right), including all modeled noise sources and the total sensitivity,
both with and without sky-averaging (though individual sources are only shown
for normal incidence). BM: Brownian motion, TE: thermo-elastic, TR: thermo-
refractive.

Using the parameters from [129], we obtained the sky-averaged strain sensitivity of
the thermo-elastic noise in the substrate of each mirror by using Eq. (8.3). We added
the noise from each individual mirror together in quadrature to obtain the total sky-
averaged strain sensitivity for the thermo-elastic noise in the substrate of GEO600’s
mirrors.

Test Mass Coating Thermal Noise

The coating thermal noise we simulated was the Brownian motion in each reflective
coating layer and the thermo-elastic noise created by temperature fluctuations within
the mirror coatings. The noise caused by the Brownianmotion in the mirror coatings
is given in dimensions of m/

√
Hz by [129] as

�TMBM
G (l) =

√
8:�)Eq
l�0

2 , (8.56)

where the mean elastic energy E for the coating is calculated as

ECoating =
��2

0

4cA2
0

[
(1 + f2) (1 − 2f2)

.2 (1 − f2)
+ .2 (1 + f)2(1 − 2f)2

.2(1 − f2
2 )

]
. (8.57)

Using the parameters from [129], we obtained the sky-averaged strain sensitivity of
the Brownian motion in the coating of each of GEO600’s mirrors by using Eq. (8.3).
We added the noise from each individual mirror together in quadrature to obtain the
total sky-averaged strain sensitivity for the test-mass coating Brownianmotion noise.
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The displacement ASD of the thermo-elastic coating noise is given in dimensions
of m/

√
Hz by [129] as

�TMTE
G (l) =

√√√
3
√

2U2.2
2 "

2:�)
2
0 �

2

2c
√
^d�?A

2
0
√
l

. (8.58)

Using the parameters from [129], we obtained the sky-averaged strain sensitivity
of the coating thermo-elastic noise in each mirror by using Eq. (8.3). We added
the noise from each individual mirror together in quadrature to obtain the total sky-
averaged strain sensitivity for the thermo-elastic noise in GEO600’s test mass coat-
ings.

Beam Splitter Thermal Noise

The absence of Fabry-Perot cavities in GEO600 allows kilowatts of power to pass
through the BS as light propagates in the PRC, creating the most dominant noise
sources in the hundreds of Hz. The high levels of power create pockets of fluctuating
temperature within the BS’s substrate, changing the index of refraction and adding
extra phase to the light [136]. In addition to the substrate thermo-refractive noise,
we calculated the coating Brownian motion and substrate Brownian motion noises
within the BS [137]. The displacement ASD of the thermo-refractive noise in the
BS’s substrate is given in dimensions of m/

√
Hz by [136] as

�BSTR
G (l) =

√√√√√√√[
4:�^)2V20′

(
[ + [−1)

c
(
�dA02l

)2 2[2

] 1 + 2:2A02[(
[ + [−1) (

1+(2:;Cℎ (l))4
)  . (8.59)

Using the parameter values that represent GEO600 from [136], we obtained the
sky-averaged strain sensitivity of the thermo-refractive noise in the BS’s substrate
by using Eq. (8.3).

The displacement ASD of the Brownian motion in the BS is given in dimensions of
m/

√
Hz by [137] as

�BSBM
G (l) =

√
8:�)Eq
l�0

2 . (8.60)

For the substrate, the mean elastic energy is given by [137] as

ESubstrate =
(
1.97 · 10−9

)
· �0

2. (8.61)
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Plugging both E and the parameter values from [137] into �BSBM
G (l)—and then

using Eq. (8.3)—we obtained the sky-averaged strain sensitivity for the Brownian
motion noise within the BS’s substrate.

For the BS coating, we found the mean elastic energy by solving for E given the
stated outcome of the PSD at 100 Hz given by [137]:

ECoating =
(
4.91 · 10−13

)
· �0

2. (8.62)

Plugging both E and the parameter values from [137] into �BSBM
G (l)—and then us-

ing Eq. (8.3)—we obtained the sky-averaged strain sensitivity for the Brownian mo-
tion noise within the coating of the BS. The sky-averaged strain sensitivity 〈�ℎ ( 5 )〉
of every noise sources we modeled, as well as the total sky-averaged strain sensitiv-
ity of the interferometer, are shown in an ASD plot in Fig. 8.8.
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