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SIMMARY

Experimental investigations of supersonic normal shock type
diffusors have shown the existence of self-excited oscillations that
occur as the internal mass flow is reduced somewhat below its maximum
value. There is a lower bound of free stream Mach number (of the order
of 1,8) below which no instability could be observed., However, as the
free stream Mach number was increased above this lower bound, insta-
bility occurred at increasing values of the internal mass flow, Also,
the frequency at instability was of the order of the natural frequency
of the internal duct acting as an organ pipe,.

First~order theoretical investigations of the above phenomena
indicate that the instability may (in part) be interpreted as intrinsic,
that is, independent ol viscous eiffects al the duct inlel or within the
diffusor. The fundamental cause of the instability is shown to be due to
the nature of the oscillatory inlet flow conditions. that occur as a
consequence of The external compression from the shock wave Lo lhe
inlet, and the type of reflections suffered at the shock wave by

upstream traveling pressure waves,
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SYMBOLS
Geometric (Refer to Figse 3 and 6)

Dy, Dy, etc, denotes particular diffusor configuration (Cf., Fig. 3)

(] diffusor internal expansion angle U
L diffusor length L
4 length of diffusor plus plenum chamber woowon
=z diffusor inlet diameter " wooon
I diffusor exit diameter LI
A cross sectional area of stream (Cf, Fige 6)
tube entering diffusor
Ae throttle position number measured from fully closed value
(must be correlated with corresponding mass flow)
X coordinate parallel to diffusor axis (positive direction
is downstream)
r radial coordinate perpendicular to diffusor axis (positive
direction is outward from diffusor axis)
z coordinate aleong streamline dividing internal and external
flows
77 slope of above streamline
2 radius to extremity of stream tube entering the diffusor

Aerodynamic and Kinetic

ZC 4 instantaneous velocity components in x, r directions
respectively
~ instantaneous pressure
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3

ingstantsneous density

gas constant

specific heal at constant pressure

ratio of specific heat at constant pressure to that at

constant volume

a8
Lot

instantaneous entropy

time

steady state velocity components in x, r directions respectively
Y,

steady state pressure

steady state density

steady state temperature

steady state H

steady state speed of sound

steady state axial Mach number(cﬁﬁ=3%%)

shock wave velecity

frequency (radians/sec.)

frequency (cycles/sece or cps)

complex frequency = 7+ ¢ W
reduced freguency = %Lféé?

l ‘
density transfer funciion = ée??%694§
entropy transfer function = ﬁ%72yb?4%22)

isentropic wave characteristic length
entropy wave characteristic length

wave length



l Y2

=1 naperian log base

Superscripts and Subscripto

) free stream (Cf. Fige 6)

( ) diffusor stream tube station 2 (Cf. Fige 6)

¢ )3 diffusor stream tube station 3 woowoou

4 2; diffusor stream tube statien ) nooun u

( )5 diffusor stream tube station 5 woowoon

( )M diffusor stream tube station # LI

¢ . stagnation conditions

( ) ’ non-steady perturbations about siteady state values

( ’) space average value

X



I IHTHODUCTION
Ae Gener@%

The broad objective of this research was the investigation of an
instability phenomenm associated with supersonic diffusors in which as
the mass flow is reduced below some critical value, the steady state flow
breaks down and self excited oscillations occur. The major part of the
investigation was experimental, for which the 2.5 inch Supersonic Wind
Tunnel facilities of the Guggenheim Aeronautical Laboratory were utilized,
In sddition, the resulting data were utilized to formulate a phenomeno~-
logical model for theoretical investigations; and initial analyses have
been carried oute.

An essentlal component of an air-breathing engine such as a Ramjet
or Turbo-jet is its aerodynamic diffusor, the function of which is to
admit free stream air and to convert its kinetlc energy 1o pressure at
the diffusor exit (or burner inlet). A measure of the efficiency of the
kinetic energy conversion can be expressed as the ratio of stagnaiion
preasures at the diffusor oxit and frec strcam, respectivelys Alsc, for
a Ramjet, i1t can be shown that the thrust is almoest directly proportional
to the diffusor efficiency. In the subsonic free stream regime the
diffuser efficiencies are close to 100%, the only losses suffered being
due to internal viscous effects, Howeﬁer, at supersonic free stream
speeds the significant efficiency losses are caused by the presence of
shock waves (either internal or external) since the incoming air must be
slowed down to low subsonic speeds. The attendant entropy increase
across such shock waves manifests itself as a decrease in stagnation

pressure., Another distinguishing feature of a diffusor operating at



supersonic speeds, as contrasted to subsonic operation, is the presence
of self excited oscillations that may occur as the incoming mass flow is
reduced below its peak value.

Intensive investigations (Refs. 1, 3, and 11) of the stable regime
of supersonic diffusors for various geometric configurations have been
carried out in an attempt to reduce The shock wave losses., However,
although the occurrence of unstable flow has been acknowledged by some
investigators (Refs. 1 and 3), very little further work has been done,
The presenuce of unstable L[low which manifests itself as pressure and mass
flow pulsations at the burner inlel may have serious detrimental effects

on the combustion process, Consequently, a thorough understanding of the

corrective measures be taken, Along with this, it is essential to
ascertain if the instability is intrinsic to a system consisting of a
duct (internal diffusor) in the presence of shock waves at the inlet
irrespective of viscous effectéf or if it is a combination of shock wave

and viscous effeclse

Be Description of Instability Phenomena and Results of Previous

Investigations

Perhaps the most significant development of high efficiency
supersonic diffusors was originally done by Oswatitsch (Ref. 1), and
further developed by Ferri (Ref, 11) in this country and Lukasiewiz (Ref.
3) in England. The method of operation of a supersonic diffusor in the

stable flow regime, illustrating transition to instability, can best be

# By viscous effects are meant large scale flow separations
within the diffusor,



described by presenting Oswatiitsch's results.
The pertinent results of Ref. 1 are reproduced in Figs, 1 and 2.

A scale drawing of the diffusor is shown in Fige, le The diffusor con-
sists of an inner bedy with a protruding hoo cone followed by a truncated
cone just before the inlet, and an ammular internal diffuscor. The intermal
duct was terminated by a throttle aft of the diffusor exit, the opening of
which could be adjusted so as to vary the mass flowe This type of diffusor
achieves its high efficiency by allowing external compression through a
series of oblique shocks, and finally through a normal shock at a reduced
Mach number, The resulting stagnation pressure achieved is significantly
higher than that obtained behind a normal shock at free stream speeds. The
performance results are shown in Fig. Za, in terms of diffusor efficiency,

A%%é , and relative mass flow, /ééé , as a function of throttle opening,
For the throttle open wide (i.e., ”%%é large), there is supersonic flow
into the inlet and the consequent occurrence of an internal normal shocke
As Aeéé decreases, the internal normal shock moves upstream towards the
inlet, and the efficiency increases, but the mass flow remains constante
When the nommal shock is Just at the inlet the efficicncy reaches ite max-
imum value, and upon further decreasing the throtitle opening the normal
shock wave moves oub ahead of the inlets There it merges with the pro-
truding tip conical shock, and the mass flow starits to decrease. The econ-
stant mass flow regime is denoted as super critical, and the reduced mass
flow regime as sub-criticale Oswatitsch found that as the mass flow
was reduced slightly below critical, the pressure recovery and mass
flow took a sudden drope. In the remainder of the sub-critical regime

the data appeared erratic and difficult to duplicates Observation of

spark schlieren photographs (exposure = 10 microseconds) of the inlet flow



- region indicated that the flow was non-steady, and the entire inlet shock
configuration was undergoing violent pulsations., In Fige. 2b, sketched
reproductions of the above photographs are shown which illustrate the
transition from stable to unstable flow. TFor the latiter, the limits of
shock wave movement are indicated, and the photographs also show a con=
comitant bouwndary layer separation, assoclabted with the instability,
Other than the above photographs, no attempits were made to make any
additional measurements than 1o note that a characteristic noise of low
frequency accompanied the instabilitye.

Rough exploratory tests of a diffusor which was practically
identical to Oswatitsch's were made in the JPL 12" tunnel al Mach
numbers of 1le8 up to 2.5, and again the instability was noted when
operation in the subcritical regime was attemptede As the Mach number
was increased, the extent of the stable suberitical regime was further
reduced, wntil at a Mach number of 2% no stable subcritical flow could
be achieved., In all cases the observed frequency was fairly regular,
but significantly lower than one would calculalte assuming that the in-
ternal diffusor acted as an organ pipe (i.es, a frequency corresponding
to a ﬁ'wave length)., However, upon further closing the throttle
corresponding to the mid sub-critical range, an increase in frequency
equal approximately to that of the organ pipe was noted.

Thus, the above investigations have indicated that a self excited
oscillation can exist for diffusors operating at supersonic speeds. For
a given diffusor the stability limits are a function of free stream Mach
number and mass flow, That is, as the mass flow is reduced somewhat
below the diffusor critical point, there is a transition from steady

flow to self exclted osclillationse The mechanism which enables the



diffusor duct system to absorb energy from the free stream is linked to
the presence of the detached shock waves and possible shock wave boundary
layer interaction since these are the distinguishing features of a
diffusor operating at supersonic speeds as contrasted to operaticn in

the subsonic free stream regime, An analogous phenomenon in which a
system becomes unstable by absorbing energy from the free stream is that
encointered in the airplane flutter probleme. That is, a vibrating system
such as a wing aileron combination, which has more than one degree of
freedom can become unstable as the airplane speed is increased 1o a

point wherein small initial displacements of components of the system
increase exponentially with time due to the equality of the natural

frequency of the alleron and winge

Ce Other Examples of Self~Excited Oscillations Occuring in Aerodynamic

or Aero-Thermodynamic Systems

le Hartmann Sound Generator

This device, the phenomena of whichwere first discovered in 1931,
is reported in Ref, 2, and its physical and performance characteristics
are swmarized in Figes 1% In essence, an organ pipe with the open end
pointing upstream is inserted into a supersonic stream issuing from a
choked orifice, The jet chamber pressure is substantially higher than
that required to produce M = 1 at the orifice, so that further expansion
exists in the jet stream, and the characteristic wavy Jet is produced as

originally explained by Prandtl in Ref, 12, The pitot stagnation pressurex

# This corresponds to the stagnaltion pressure behind a normal shock,



along the jet axis was measured, and the corrcsponding Mach numbcr
distributions are shown in Fig., 19, As the organ pipe inlet was in-
serted into the jet near the orifice where M = 1, no instability was
observed, but as il was moved down stream where M > 1, instability
occurred and the inlet normal shock wave oscillated between the limits
as shown, The frequencies emitled were measured with a Kundbis tube and
corresponded to the length (f&jﬁ ) being a quarter wave length, which
corresponds to the natural frequency of an organ pipe. Instabilities
were observed over a wide range of organ pipe lengths, and similar
results were obtained using a Helmholiz Hesonator, With the crgan pipe
resonator it was possible, by making ¢ sufficiently small, to attain
frequencies of the order of 200,000 cycles per second. Also, the energy
of the sound being radiated from the tube was of the order of 10 - 20%
of the energy in the supersonic Jet stream, This makes a fairly
efficient sound producing device, wut indicates that a significant
amount of energy available from the free stream is geing into pulsating

motion,

2, Liquid Hocket Motors

The liquid rocket motor is an aero-thermodynamic system in which
a liguid fuel is injected at the front end of a chamber, combines
chemlcally with an oxidizer producing a high temperature gas, and
expands through a nozzle al the aift end of the chamber., As the fuel
flow is increased above a critical value, high frequency self excited
oscillations are observed of the order of magnitude of the natural
acoustic frequency of the chamber,

In Crocco's analysis of rocket motor instability (Ref. 6), it



is shown that a pressure sensitive fuel feeding 1s nol a necessary mech-
anism for producing self-excited oscillations. Rather they can be caused
by interactions between pressure oscillations sel up by wave motions
within the chamber and reflected from the nozzlie end, and which are in
turn reinforced by pressure oscillations at the injection end, This
reeinforcement is due to the time lag that exists in producing a gas

from the liguid fuel which allows the injection end oscillations to be
approximately in phase with the gas charber oscillations. The insta-
bility described by Crocco 1s inherent to the sysiem irrespective of the

type of fuel feeding, and in that respect it has been called intrinsic,

D, Research Progranm

Further exploratory tests of the Oswatitsch diffusor were made in
which the inner body was removed so as to reduce the severe viscous
separation effects noted on the cone preceding instabllily. When this
was done, instability was still observed but at a lower mass flow (about
50% of the maximum), and the self-excited oscillations persisted from
there on to complete closure of the throtile,

Thus, it appeared thatl instability could cccur even in the
absence of severe viscous effects, and tnat the self-excited oscillations
produced could be of an intrinsic natures That is, there is the possi-
bility that such oscillations are primarily a function of the duct acting
as a resonator and through the medium of a detached inlet shock wave, a
mechanism is created by which energy can be absorbed from the free
stream to maintain the resonator oscillations.

Based on the avove exploratory investigation, it was felt that a



thorough understanding of the open nose diffusor® instability, in
particular the determination of whether such an instabllity is intrinsic,
would be a proper first step in attempting to understand the correspond-
ing phenomenon of the Oswatitch type diffusor. The latter is further
complicated by the presence of shock induced boundary layer separation
that may be an additional mechanism capable of inducing self excited
osclillations.,

Consequently, the objectives for the research program were set as
follows:

(1) Diffusor Type: Open nose diffusor configurations having

small internal losses due to viscous effects were selected,

(2) Experimental Program: Experimental investigations were to

be made in the 2,5" GAILCTT supersonic tunnel over a range of
geometric and aerodynamic parameters to delermine the
pertinent parameters or combinations that lead to in-
stability. An additional objective was the measurement of
the necessary aerodynamic parameters just preceding
instability so as to help in formulating an appropriate
theorelical model of the phenomenas

(3) Theoretical Investigation: The following approach was

decided upon, (a) development of a stability criterion as
a function of inlet and exit conditions that would estab-
1lish a guantitative measure for the paramelers necessary

for instability, (b) set up of a phenomenological model, and

# Commonly referred to as a normal shock diffusor.



check to see if the instability phenomena can be explained
in whole or in part as intrinsic using the method of small
perturbations aboul the steady state conditions just

preceding instability.
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IT, EXPERIMENTAL IWVESTIGATION

hLe Test Pacilitics

The 2.5 inch supersonic wind tunnel of the Guggenheim Aeronautical
Laboratory was utilized for all the experimental investigations, and the
details of its operation, and associated optical eguipment are described
in Ref. 1lie Briefly, it has a working section 2.5 ine x 2.5 ine in cross
section and is capable of achieving Mach numbers from about 1.2 to L5,
Also, at a free stream Mach number of 2,0, the Reynolds number range is
from about 2 x 105 to 106 per inch.

The maximum model diameter was selected on the basis of the mini-
mum desirsble operating Mach number, and the physical size commensurate
with achieving the necessary internal equipment for measurements of
internal velocity and pressure distributions., From consideration of the
latter, it was felt that a minimum allowable diameter was about 0.5 ine,
which alloweq (from tunnel blocking considerations) a minimum operating
Mach number of LleSe

Internal ingtrumenteation consisted of a total head rake of fiwve
06031 ine diameter hypodermic needle tubes, and two static orifices
located at the diffusor exit. A multi-tube liquid manometer was used
for pressure measurements. A sketch of the model is shown in Fig. 3.
Various diffusers could be connected to the plenum chamber, and the mass
flow was varied by adjusting the exiit plug which formed a sonic throat,
The exit plug was connected to a rack and pinion gear positioning device,
and was adjustable from oubside the tunnel, The mass flow calibration

of the exit throttle plug was done by integrating the velocity and
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density distributions measured at the diffusor exiit as a function of plug
position, A sketch of the model installed in the tunnel is shown in Fige
e

The small size of the model prohibited using any instantaneous
type pressure gages for non-steady flow measurements., However, since
the onset of instebility could be detected by observations of shock wave
motion, a schlieren strobotac system was devised, a sketch of which is
shown in Fige 5. A 10 inch diameter strobo-wheel having 20 sloit cutouts
was inserted just above the condenser lense and slit, The strobo-wheel
was driven by a DeCe. motor, the speed of which could be controlled by a
Variac, When the wheel was in motion, the light source could be inter-
rupted at varlous frequencles depending upon lhe molor speed. Top
frequencies of the order of 1500 cps could be measured, The wheel speed
was determined by a neon sirobotace For instability determination the
schlieren strobotac was set at a fairly high frequency so that practi=-
cally any minute movement of the shock wave could be detected as the mass
flow was reduced to the instability pointe. Without the schlieren
otrobotac, it was difficult to notice the onset of instability wntil a
fairly large amplitude movement had built upe At the diffusor mass flow
where the oscillation became steady, the light source frequency was
adjusted until the shock wave movement was stopped, at which point the
frequency was measurede

Instability observations were also made with a shadowgraph system,
in which the slit was replaced by a pin=hole aperture, and viewing was
done on a ground glass screen placed over the wind tunnel window,

Photographic observaltions of the non-steady inlel shock wave were
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.made using long exposure* photographs (1/50 sec.)s The limits of shock
position could be deteclted since the period of the oscillations were
substantially less than the above exposure time so that the region tra-
versed by the shock wave showed up as a multi-exposure (Cf. Fig. 1lib),.
In addition, many spark exposures* photographs (10 micro seconds) were
taken which yielded a series of single exposure photographs showing the

shock wave in various positions of its travel during a cycle (Cf. Fig.

lLLC)c

B. Diffusor Models

As pointed out in Section I, the experimental phase of the research
was to be devoted to the open nose type of diffusor.

In order to keep the geomeilry simple, it was decided to use coni-
cal diffusors having an internal diffusion angle of 10°. This is in
accord with wind tunnel and subsonic diffusor practice of keeping viscous
separation losses lowe A series of models having expansion ratios
/%?25 varying from 0.28 to 0,51 was selected as sufficient for cover=-
ing the range encownterced in the subgonic regime of most ramjet or turbo-
jet diffusors. In addition a "diffusor® having no internal diffusion,
leee, just a straight pipe, was also investigated to check the effect
on stability of zero axial velocity gradient, A sketch of the ahove
diffusor models is shown in Fige 3 The diffusor inlet lip was merely

the termination of the truncated cone forming the diffusor, and its

¥  Referred to as steady exposure,

#% Referred to as flash exposure,
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’_thickness was made as small as possible commensurate with negligible
structural deformation.

The length of the plemm chamber shown in ¥ige. 3 was selected on
the basis of achieving reasonably low frequencies of self-excited oscilla~
tions commensurate with thal of the available frequency measuring equip-
mente However, before tThils lengih was Iixed, exploratory tests were made
to determine its effect on stability, Using diffusor D2, a series of
tests were made at Ml = 2,0 with plenum chamber lengths varying from 0.5
to 2,75 in, For all the lengths checked, instability occurred at
approximately the same internal mass flow, the only difference being in
the resulting self-excited oscillation frequency which varied inversely

with diffusor plus plenum chamber length, as one should expect,

Refer to the list of symbols on page vii, and model sketch in Fig,
6, Fige 6 shows typical inlet conditions for flow in the sub-critical
regime, The various stations indicated by encircled numbers are defined
as follows:
-=- free stream
~= just down stream of detached shock wave

diffusor inlet

diffusor exit
-= plenum chamber exit

~-= choked exit throttle

OOOOOO

The various regimes are defined as:



1k

Lo @ -- external diffusion regime (subcritical)

to <:> == Anternal diffusion regime

©OE

to (:) -= constant velocity regime

2o Bffect of Free Stream Mach Number and Reynolds Number

Tests were carried out for discrete free stream Mach numbers of
M = 1eb, 2.0, 2.4 for each of the diffusors of Fige 3e At /7 = 1,6
no instability could be detected down to zero mass flowe For 7 = 2,0
and 2.l instability was detected, and the trend with Mach number is shown
in Fig, 18 where results for diffusor D, are illustrated as a stability
boundary, i.€s, in terms of relative mass flow (iié%) * or diffusor exit
Mach number | /%, at instability as a function of free stream Mach number,

2, « Because of the minimum number of data points, no detailed trend
could be established, However, qualitatively the effect of increasing
free stream Mach number is seen to aggravate the stability of the system
in that larger mass flows are necessary to establish stability.

The remainder of the tesi program was devoited to investigate only
at /v = 2,0 since instability for all the diffusors occurred there, and
also a greater stable external regime could be obtained, This enabled
easier interpretation of the flow deteils in the vicinity of the shock
wave from the schlleren pholtographs,

In addition, if one considers the Oswaltitsch diffusor of Fig. 1,
the surface Mach number = 2,0 at A = 2,6, Thus, if the cone boundary

layer could be removed by some sucllon device, the resulling lnlel

#% Relative mass flow is defined as the ratio of the actual to
the matimum possible mass flow capable of entering the diffusor.
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conditions would be essentially the same as for the models of this
experinent,

For the majority of the tesits, the Reynolds number based on
diffusor length was 3.4 X 105 at /Y = 2.0. HNo significant effect on
stability could be detected as the Reynolds number was increased to

twice the above value,

3¢ Effect of Diffusor Geomelry

For each of the conical diffusors tested for which the area ratio
varied from *fééé = 0,28 to 1,0, instability was detected,

The results in terms of the relative mass flow ratio,fiéé s a5 a
function of j%i are shown in Fig, f. The dotted curves brackei the

range of estimated accuracys

ﬂmwmmmm%ﬂwis/%4@ﬂ%462%%%) , and

from the results of Fige 7, it is seen that this value remaling approxi=-

mately constant with diffusor area ratio,

L, Diffusor Performance: Transition to Instability

Since the performance of each of the diffusors tested was similar
as regards the transibion to instability, only the detailed results for
diffusors D?_ and DS will be presented. The area ratio, %/44, s for
diffusor D2 corresponds roughly to the internal diffusion of the
Oswatitsch diffusor of Fige 1; wnereas {ég; =1 for Dg, represents no
internal diffusiona

The experiment consisted of starting with the exit throtile

sufficiently wide open so that the diffusor flow remained stable. A4S

the throttle was gradually closed, data consisting of diffusor exit Mach
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~number profile, pressure, and inlet flow schlieren photographs were ob-
tained, up to the point where instability occurred, and from there on To
complete closure of the exilt throtile.

The independent variable for all data presented is throtile
position, A& o The units of 4e represent divisions on the throtile
positioning wheel and in themselves have no meaning, However, in the
stable regime the mass flow increases monotonically with e s and in the
unstable region the time averaged value of mass flow increases monotonically

with Xp up to the critical (or maximum mass flow) point.

Resulis for Diffusor Dy

Schlieren photographic resulis are presented in Fige, 1. Fig. lha
15 a steady exposure showing stable flow at e = 13 (4% = 0;&2), Just
preceding instabilitys, As Ao was reduced below Lz = 13, instability
occurred as manifested by intermittant pulsations of the inlet shock which
gradually dncreased in amplitude and frequency until finally, at Xe = B,
a steady frequency of 74O cps was observed. The natural acoustic fre-
quency of the internal duct acting as a one quarter wave length resonator
is 900 ecps. The freguency remained constant, but the amplitude increased
as Ay was further reduced, Fige b is a long exposure photograph, taken
at 4 = 7, and the steady oscillating shock wave shows up as a multi-
exposure as indicated by the greatly thickened "shock wave! when compared
to Fige 1lliae The limits of the shock wave movement can also be observed,
Figs. lic~f are a series of flash exposure photographs taken at Xe = 7,

and they show the shock wave in a series of positions ranging between

the aft and forward limits durding an oscillation cycle, Figs. llig-j are
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similar results for Xe = 0, where sieady and flash exposures show the
enlarged shock wave movement; and the frequency remained at TUO cpsse

Internal performance data are presented in Fige. 8 as stagnation
pressure recovery 4%{22 » relative mass flow‘4%25 . and average
Mach number‘/gi as a function of throttle position, Xe » The significant
result to note is that the pressure recovery over practically the entire
subcritical range is within a few per cent of the theoretical value, which
assumes only a normal shock losse, Thus, the flow in the diffusor is
practically isentropic, and shows no evidence of boundary layer separation.

The velocity profiles at the diffusor exit are shown in Fige 9, as
A2 was reduced to instabilitye The profiles are fairly flat within the
measureable range of the instrumentation, Lhis again indicales no severe
boundary layer effects, and also that the flow is essentially one di-
mensional,

To get some idea of the magnitude of axial velocity gradients, the
flow was assumed quasi-one dimensional over the internal stream tube from
the shock wave to the exit nozzle, The results are shown in Fige 10,

The signilicent resuwlt to note is the extreme gradient in the external
diffusion region, duve primarily to the close proximity of the inlet

shock wave,

Results for Diffusor D5

Schlieren photographic results are shown in Fige, 15, Fige 15a
shows inlet flow conditilons Just preceding instabilily al Xe = 13
<;§25 = O.lé) o For Ae < 13 instability occurred as shown in Figse

1gb~d. The observed steady frequency was 870 cps, whereas the natural
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acoustic frequency of the internal duct acting as a quarter wave length
resonator is 900 cps, and it remained constant down to Ae = 0, Results
for X = 0 are shown in Figs, 15e-h, Qualitatively, the inlet flow
results are similar to tiose obrained for diffusor D2. The only signifi-
cant difference seems to be in the smaller shock wave oscillation

amplitude for D. as compared to D2.

5
Internal perfommance data for /% = 2,0 are shown in Figs. 11,
12, and 13, and these show essentially the same resulis as obtained for

diffusor D2 as regards pressure recovery and velocity profiles.

Inlet Conditions Just Preceding Instability

The characteristics of the external diffusion region, regarding
both its size and the shape of the detached shock wave, were obtained
for diffusors D2 and D5 by enlargements of the above schlieren photographs,
at flow conditions jusi preceding instabilitye S8Scalc drawings of the
pertinent results are shown in Figs, 16 and 17 for D2 and D5 respectivelys
Approximate values of the streamline separating the internal and external

flows, and sonic line are indicateda.

5. Sumary of Hesults

For the family of conical open nose diffusors investigated, the
following are the pertinent results:

(a) Instability can occur over a wide range of diffusor area
ratios </%é£; = 0,28 to 1.0/) , as the absolute mass flow is reduced
below a critical value that is common Lo each area ratio, However, in
terms of the relative mass flow , /‘7%;3 s Which is the significant mass

flow measure for a diffusor, the effect of increasing the area ratio cawes
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instability to occur at increasing values of”%éé .

(b} There is a minimum free stream Mach numbex'(cﬁz = 1,8/)
below which no instabiliiy was observed over the entire sub-critical
range, However, as /% was increased, instability occurred at increasing
values of the relative mass flow,

{(¢c) The resulting steady shock wave frequency that occurs as the
mass flow is reduced below the first occurrence of instability is of the
order of magnitude of the natural acoustiic frequency of the internal
duet acting as an organ pipe (i.2., one guarter wave length),

(d) The flow within the diffusor in the stable regime just prior
to instability shows no significant effects of viscous separation, and
may be adequately represented by quasi-one dimensional inviscid flow,

(e) The detached shock wave just prior to instability at
My = 2,0 is slightly curved in the region corresponding to the magnitude
of the inlet area. At the extremity of this reglon the shock wave angle
is approximately 750, and the corresponding flow deflection is about 190.

(f) The above results (a and b) are in accord with those observed

for the Hartmann Sound Generator of Refe 2e
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ITT. ANALYTIC INVESTICATION

A. Introduction

The objective of this section is to attempt a quantitative
interpretation of the instability phenomena described in Section II in
wnich a steady flow breaks down into a self excited oscillation. The
first objective is the development of a stability criterion as a function
of the inlet and exit conditions of the internal duct (i.e., diffusor
plus plenum chamber) that will establish a guantitative measure for the
parameters necessary for instability.

Since the above results show that the inlet conditions are crucial
in causing the instability, the remainder of the investigation will be
devoted to the analysis of the non-stationary flow phenomena in the
external diffusion regimes Since the flow in this region is extremely
complicated by virtve of its geometry and possible presence of viscous
effects in the neighborhood of the inlet 1lip, only a first approximation
analysis will be attempted for which a phenomenological model is postu~
lated that assumes an inviscid fluid., These, then, are the conditions
necessary for ascertaining whether the instability is intrinsic in
nature, either in whole or in parte.

Since the primary interest is concerned with the onset of insta-
bility, it seems appropriate to consider the behavior of small perturba-
tions of the flow parameters about a steady state, and in particular to
investigate the growth with time of initial periodic disturbances of the
above parameters, OConsequently, the equations of moltion can ove linearigzed
in terms of the perturbations.

As regards most linear instability phenomena, a continuous growth
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of the perturbations with time exists, and when the latter get large
enough so as to violate the linearizing assumptlons, the results no
longer apply to this regime, For this regime the methods of non-linear
analysis as carried out in Ref. 15 might be useds The experimental
results of Section II show that the instability manifested in terms of
the inlet shock wave motion builds up to a steady large amplitude (but
finite) motion as the mass flow is further reduced from the initial
instability points The phenomena in this regime exhibit an analogous
ﬁehavior to that associated with "limit cycles" of non-linear systems
described in Refs, 15 and 16, The analysis of this phase of the insta-
bility phenomena is beyond the scope of the present investigation, How-~
ever, it is felt that the linear instability is a necessary criterion to

explain the phenomenon of breakdown of steady flow.

Be. Stability Criteria: General Treatment

le Introduction

The flow between the diffusor inlet, (:), and the plenum chamber
exit, (:), is considered and the boundary conditions at (g) and (5)
are xept general, Also, an arbitrary axial distribution of duct cross
sectional area is maintained., From the experimental results of Section
II, it is concluded that conditions within the internal duct can be

appropriately represented by an inviscid quasi-one dimensional flow,

2s Equations of Motion

Based on the above assumptions the equations of motion are:



=7, g eZ L =22 (momentum) (1)
24 Fx = 4
7 Z£ . ?gM -0 (continuity) (2)
= s T 5= ) 4 =0 (energy) (3)
where /7%255 ==é?;i and nenceforth will be referred lo as the entropy in

s
place of using & .

iy =R, T (state) (L)

&

Now, introducing perturbation guantities

W =+’

o= g’

= Prp’ (5)
At = H =5’

where the unprimed quantities are the steady stalte values and are only a
function €%, and the primed quantiliies are the non-steady perturbations
and are a function of both X and ¢ .

The feollowing are the set of relations governing the steady state

flows:
w 94 - £ 2~
X S Ix
o oS
;75?&;;2‘:0 (6)
Cﬁﬁ&?& = O

Substituting Egs. (5) and (6) into Egs. (1) through (3), and
retaining only first order terms, ithe following set of linearized

equations of mollon are oblained:



HE) i3 (8) + £ B (555 velfeh o o)D)
J%"/ . a//j’f;/&@/ y gg{/f;/)/ i (continuity) (8)

)i ’
502 e 0%97(/ (2 ) =0 (energy) (9)
. o

We shall investigate the stability of small periodic disturbances
introduced onto the steady state flow, and for convenience the complex
variable notation is used, Thus, let
o Sy e ™

£l g(x) &7 (11)
rds

i

«
«

2
Z

i

b/ﬁ = €0 scx) &
where
« = complex frequence = e 5 7, W are real
Fex) ; AX) ) XxJ ,are in general complex functions of Z.
Substituting kgs. (10) and (11) into Egs. (7) to (9), the following

set of ordinary differential eguations is obtained:

0/ _ ) I
af » « -2 ﬁ%"ff)o’?/f 7‘“/5‘5 é’f fC/f/—ﬁ’)‘/ f4’f~—f/:7’l;?( =0 (12)

X
df g
g+ u | Ix Jf)‘O (13)
s _ (lu)
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Since 4 is a known function of %X , Ege (1) may be integrated,
and the set of Egse. (12) to (14) yvield a second order linear differential
equation with non constant coefficients,

In principle, it is possible to solve the differential equation

in terms of A , & , and three arbitrary constants: ¢, €z, <3

A=A, <, = )
A=, g (XX, &, &, <) (18)
s =5s(x=x )
By applying the boundary conditions at @ and @, it is possible
to solve for the arbitrary consitants, and finally for € in terms of the
boundary conditions, Thus & £ s 7:."_ are stable, neutral, or unstable

4 ’Jo

according as 72 O,

3, Boundary Conditions at Diffusor Inlet, (3)

The detailed treatment of the non-steady flow in the external
diffusion regime (i.e., between the shock wave and the diffusor inlet)
to determine the boundary conditions at @ is given in Section D. Only
the general results will be utilized,

Since we are dealing with a linear system, it is convenient to
represent the boundary conditions at @ as the density and entropy
reoponose of the cxternal diffusion regime that are manifested at <:>
due to a periodic velocity input at @ of arbitrary frequency, & ,

That is,
(i )y = Sy ) e
(D7) < g (7 ) €
(0 )y = 5 xs) e vt



25

where;%ﬁ,&z , and -5 are in general complex numbers since tne above flow
parameters may differ both in amplitude and phase during the oscillation.
Now define the following ratios,
G- R ), ~ /@/eF
7, Ol fpu) - /5 e

and since the system is linear, these ralios remain invariant irrespective

(16)

’

of the amplitude of ‘5? ®

The amplitude /G ,/ , /Z5/ and the pnase shifts # and % are
functions of the steady state flow conditions in the exiernal regime (:)
to (:) s, and of the input frequencye

Tsien in Refe 5 refers to such ratios (& and Z ) as transfer
functions corresponding to the practice of servo-mechanism analysis. He
further suggests using the notion of iransfer functions for the variqus
components of a complicated oscillatory system, so that the dynamic
performance of each may be obtained either experimentally or via calcu-
lation, and these synthesized to determine stability. This is, in
effect, what is being done in the present analysis, the essential com-
ponents of the system being: (1) External diffusion regime, (2) In-
ternal duct, (3) Exit nozzle,

Summarizing, the boundary conditions at <:> are given by the

transfer functions of Eqe (16).

L. Boundary Conditions at Internal Duct Outlet, (E)

To establisn the boundary conditions at (:), one nust solve the
set of Egse. (7) to (10) applied to the nozzle regime, and in effect
obtain the corresponding transfer funcitions as discussed in the previous

section., This has been done by Tsien in Ref, 5 assuming a linear
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~ steady state axial veloecity distribution in the nowzle,
In general, the resulis are
“y, Lfdﬁ@/é) 6}4&/f
Py = 2K B) @ cwt
7 s(x &) € wt
wherg/5 = reduced frequency = a’ﬁ% » and the functions;ﬁ',&f , and
S are complex. For small values of;;?, I and&g may be expanded in a
series, VviZ.
Sx3) = /.,@(Z) e /((/7)0 F e B )?/M?X)
/(z’///") =7 (0)(?() ﬁ,ﬁ/(/()ﬁr) Ao /{d &f ‘/n)(x/)

For the limiting case //?M%>CD , /Qﬁ?kﬁ) constant, and /G[ﬁéj/cié/(jfﬁ%ﬁ%/
and /;f/?x%/<:diz;z€%9// but the first order solutions may have a small
imaginary component, Neglecting these ilerms and substitutingJA2€>and
&7§%)in Egs. (12} - (1L4), the following relationship between velocity,

density, and entropy are obtained

Zf :(Z’—/)f “ S
or
2—&4‘—11(9’-—/)/)/70 N, 7)

but since

then Eq. (17) yields é?wé?sJVLd, and therefore the Mach number in the
nozzle remains constant during non-steady flow, and the latter may be
considered as guasi-stationary,

To get some idea as to the magnitude of &, to check the above
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: simplified resulis, the Lollowing were estimated:

— / S = e T
Ilg ‘/ (;TX’ (/“,_* - 4{5‘)
Wt g0 s o Fboo rd (from experimental

data of Section II)
6‘(* - X5 ) - 4 .
(1("‘- (/g) = Jooo fz{/fec.
. /9 = O./Z
The calculations for the determination of f and } have been
carried out in Ref, 8 and the results are plotted in Ref. 7o A check
with these results for the above magnitude of /6’ indicate that the
imaginary component is not significant.

Hence, the boundary conditions are given by Eq. (17) applied at

@, ViZe
2k = )(F)s (L) (e

S5e Development of Stability Criteria

Using the solutions of the non-staticnary flow equations given by
Eqe (15), and the boundary conditions given by Egss (16) and (18), the

following set of cquations is oblained:

A% gy S) o
=

FC Ry 0, )

S Xy, X, <z ) — 7 (19)

S xs, e, <, 2y cE)

2 f (%, %, QJ&) =(J’~/)/ (%s 2, ¢y 2, C3 ) %5(7@,%@)



28

In principle the above set of transcendental equalions may be
solved in terms of & and Z, . Since for a given diffusor, G5 and -Z5
are a function only of A7 and A75 4 then the magnitude of &« and
the consequent stability are thereby only a function of A7 and s
{or mass flow).

Now, the above treatment is completely general. However, the
functiions Jfaand&g? are extremely difficult to obtain due to the varying
cross sectional area (or «(x) ) which severely complicates Egs, (12) -
(1) ; and either series expansions or numerical methods possibly must be
utilized.

~Since the primary objective of the present analysis is the inter-
pretation of the instability rather than a detailed check with experi-
ment for a particular geometric shape, it appeared advisable to select
for analysis the diffusor DS wnich has a constant ¢cross section area and
is thereby amenable to a relatively simple analysis, This diffusor
oxhibits sssentially the same behavior as regards transition to unstable
flow as do ithe configurations with internal diffusion, In the light of
the experimental results, it is felt that the effect of the amount of
internal diffusion is 1in the nature of an aggravating effect rather than

the fundamental cause of instability,

Ce Development of Stability Criteria for Case of No Internal Diffusion

Regime (:) to (:) has a constant steady state velocity of magni-
tude =45 =4; =4s o Thus, the set of partial differential
equations, Eas. (7) - (9), describing the non-steady flow in the duct

become, since ZZ = o



O’f#u %ll"‘/z*) /0432,’/// o
(20)

é/ﬁf)% 4(0%7//%) # U o—%/’;l 4
(£ +e2) (%

(21)

L L

Also,
-M/ _ #/“ ﬁ)
<

Following the technique suggested by Burgers in Ref., L, Eq. (20)

a’ 4’
4 5 , and e The solutions

may be transformed to the following characteristic form by eliminating

s S é’,and//; in terms of

may then be obtained practically by inspections

-+ ﬂf‘ﬂ)gz// 3///‘//';; 22’/,,,)—~0
« 4 (22)

Also,

o Rr x4
"é = gy /d/ 7=/ /é/ (23>
Z=F(E)-7 (%)

From the nature of the differential operators of Eg. (22), the general

form of the solutions are:
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L g 4 éj’,; = £ Caera)l ] — (72)07 ., fx~cura)e ]
(24)

E Ay =Efx—~Ca~a)l) - —Cr7) p f )7~ C-2)¢ ]

Utilizing Fgse. (23) and (2L), the solutions finally become
“« /{/Z/—w(a/—a){/ +]£Z:K'~(“"?)Zi/

U
M/f[z (afa)jn—fﬂ —(u- q),f// S (x-ut) (25

é//? = £ (r-ut)

/Zb - IM/j'[z——(xmjzy -/ [1»(’&~6?)<]/

Vs

From Eqe (25) one notes that Zé(é_ and /f:f are propagated along the
characteristics 07‘-:-:5’:5[ & whereas ;f» propagates along the character-

istic ;f{( ~4 o That is, the entropy perturbations remain with the fluid
particles as they move downstream, whereas velocity and pressure pertur-
bations propagate at the speed of sound up and down siream with respect
to the fluid particles. Density perturbations propagate along both sets
of characteristics.

Again, as in the previous section since we are interested in

periodic disturbances, the general solutions of Eq. (25) become:

.
, B o x (-2 - % (26)
L = MG e Ve el 7 -';5(36“( )
,6, _ c(/zl" %)
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~where as before Cl’ 02, CB are the arbitrary complex constants, and
o = complex frequency = 7+«
Now 2pplying the boundary conditions at (::L ile€ey A =Xz =0

using Eq. (16):

o ad (21

"“(«7%) <z WK/“{%)
& -+ <

(28)
‘“(zzgz A’/z{é‘“ _a X
Tl Ay Tl ay 2 7/ G «
. <z < . . .
Solving Eq. (27) for = and = and substituting in Eq. (28), we
‘4 e
finally obtain as the governing stability relationship
_ex Tz
é;¥3} S Lo —-»4/A¢ ﬂ/%’ $25
(7G5 —F 23t & 1) f”/M - —ﬁfj
2zl =& (29)
where g 2L - Zoo sl [ pree
Vel a2l = __,.Z__M = 4
27 Yy (aru) ang (1#19) «

Z is a characteristic time of the internal duct and represents the
time for propagation of an isentropic wave such as ;25 or ;7/ to
travel from the inlet to the nozzle end and backs 4. is another
characteristic time and represents the time for an entropy wave 1o

traverse the tube,

Equation (29) is a fairly complicated transcendental equation to
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. N
solve for « because of the term invelving € « However, it can be

shown that this term is small compared to the other terms (Cf. Appendix

1), Hence, Ege (29) becomes:

B — L~y /\qu@f}ﬁZ:?
/A Ly =G — £ I3

or 6dr/m /— T (%) M*z/ff/ /ZU;] 30
”( )/m Ny .

q:z'ﬁ —_(//,44;4A7 /g.ﬂf 7 /2/;
or < = /+Q%/M ) ( ___}’/;22;

The absolute value of the term in the square brackets is the ratio

of the amplitude of the reflected and impinging waves at the inlet, <:>.
I TN
The term, -v(é;i—-ii—ii s is the ratio of the amplitudes of the reflect-

# ZH 17
ed and impinging waves at the nozzle,

Thus, consider a pulse originating in the tube and propagating
upstreams It is reflected at the inlet, propagates down stream and is
reflected from the nozzlee Thus /49 ?)/18 the ratio of the pulse
amplitude after these two reflections, and the cycle keeps repeating
itself in time, If //C?¢<iye>,/ , then after each double reflection
the amplitude is magnified; and consequently, instability can exists
For //6’ )Z</)the amplitudes after each double reflection are reduced,
and the system is stable,

Tt is interesting to apply this criterion to the simple organ

pipe. Now é(zzj?;cbso the sbove equations become:



33

e KT __ &) 7‘55/,‘%/3 _
(&) - #(E4

Now using Lagrange's assumpticn of the cpen end of the organ pipe being

/

a loop, then é% = O

5'0J7
=~/ y or & //:/ P, e & /*-= -/

éyafﬁ

Thus, the system is neutrally stable, since A =0and #%=7

{considering only the fundamental mode). ‘Thus Q/:jgggrad./sec =.¥§r CpSe
Rayleigh in Ref, 10 shows that due to escape of energy from the

organ pipe mouth &YP)/(V/ﬂ) < O , and thus A< , and the initial

oscillations decrease with time,

D. Investigation of Inlet Boundary Conditions

1, Introduction

As indicated in Section B, page 24, the boundary conditions at (:)
are given in terms of the transfer functions GS and 135 and these are
obtained by solving the non-steady equations of motion in the exlternal
diffusion regime.

In formulating a theoretical model of the flow phenomena in the
external diffusion region, (2) to (3), it is first necessary to investi-
gate the detalls of the steady flow conditlons Just preceding insiabili=
ty, and to then observe the nature of the subsequent superposed linear
wave propagations emanating from the inlet and reflected from the shock
Waves

Regarding the steady flow, and utilizing the information gleaned
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from the schlieren photographs of Figs. 1h-17, a qualitative picture of
the streamlines as well as the flow details in the vicinity of the lip
may be estimated. Figure 20 illustrates the leW‘characieristics in the
vieinity of the inlet 1ip for stable flow just preceding instability.
The stagnation point for the streamline that separates the internal and
external flows occurs slightly within the inlet at b, There is a rapid
expansion around the lip at d where speeds in excess of scnic are
attained, and due to the overexpansion, an obligue shock wave occurs at
fo It is possible that a separated region exists just forward of b which
reattaches on the external surface as the flow expands around the lip due
to the favorable pressure gradient. Since the schlieren photograph of
Fig, lha shows the oblique shock wave origin as very close to the lip,
one would estimate the separated zone to be relatively smalle Also, it
does not appear that the vorticity created at b should propagate into the
duct, since the flow forward of b is predominantly out of the inlet, In addition
the velocity profiles at the diffusor exit give very little evidence of
any significant viscous separation at the duct wallse, There is the
possibility, however, that just prior to the instability the separation
region increases sufficiently to help promote breakdown of the steady
state flow, Unfortunately, since the details of the inlet flow could
not be directly measured, the above argumenl is primarily conjecture,
Consequently, in view of the absence of any clear cut evidence of
significant lip viscous effects, it appears more fruitful at this time to
consider the flow as inviscide Thus, the objective is to ascertain

whether an intrinsic instability can exist independently in whole or in

part from viscous effects. If such a tendency can be established, it

is then possible that even slight viscous separation effects may be
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,‘ amplified so as to further aggravate the promotion of instabilitye

The detached shock wave in the region o - e is only slightly
curved (Cf, Figse. 16 and 17) so that for simplicity of analysis it will
be assumed as normal to the free stream flow.

As regards the nature of the non-steady flow, Fige 20 alsc illus-
trates wave fronis emanating from the inlet duve to a pulses The wave
motion is superposed on the existing steady state flow, The wave
fronts which are planar at the inlet begin to spread out, and if there
were no shock wave present, they would eventually become spherical., In
the region oef, the wave fronts suffer slight distortions since they
propagate at the speed of sound relative to the steady state flow,.
However, in view of the close proximity of the shock wave to the inlet,
it appears reasonable to assume that the wave fronts remain fairly planar
in region oec. Since the sound waves cannot propagate through the shock
wave because of supersonic speeds upstream of the latter, the wave
fronts are reflected, Again, since the shock wave is practically normal
in the vicinity struck by the upstream moving waves, the reflections
should also be essentially planare, Actually not all of the energy con-
tained in the wave front gets reflected from the shock wave, since some
propagates outward through eb, Consequently, there is some energy
dissipation analogous to that described by Rayleigh (Ref. 10) for the
organ pipe resonator. However, this is assumed to be small compared to
the wave motion energy that remains within ocec, Consequentily, we postu-
late that planar waves issuing from the duct and reflected from the
normal shock remain planar, and that all wave motion is restricted to
the region cecs A sketch of the postulated theoretical mocdel is shown

in Figs, 20.
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The above assumptions are necessary in order to make the subse=
quent analyses somewhat tractables The exact treatment of the three
dimensional linearized non-steady flow in the detached shock wave regime
is extremely difficult by nature of the three dimensional aspect of the
problem and the complex boundary conditions assoclated with the curved
shock wave and inlet geometry. Consequently, further simplifications
such as the assumption of quasi-one dimensional flow within the stream
tube be entering the inlet will be made,

It is felt that the postulated model developed above should pre-
serve the essentials of the phenomena in sufficient degree to enable a

first approximaition of instability possibilities,.

26 General Treatment of Flow within External Diffusion Regime

as, Boundary Conditions al the Shock Wave

From the results obtained in Ref, 9, one can show that the none-
steady, slightly curved shock wave such as occurs in the region, oe, of
Fige 20 can be replaced by a normal shock without causing any significant
change,

In Ref, L, Burgers treats the case of planar sound waves striking
a normal shock wave, and derives the resuliing reflections, Consider
the following diagram showing the shock wave in motion with a wvelocity,

fﬂ, relative to the free stream flowe Since the shock wave is practi-
cally a disconlinuily, il is pussible Lu peglect time derivabives of any
of the parameters within the shock wave, and so the Rankine-Hugoniot
relations developed for a stationary shock wave apply. The shock wave

is made stationary by superposing a flow of velocitj)}f)moving upstream,
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« Uy Uz’ ,
orp! ( )’ = perturbations due to
= */z shock wave motion
/72 fé,a,,

Shock wave

and the momentum, continuity, energy, and equation of state relations are

applied, Thus

G ) = Ga kP v (R A (%2 f e )T
£ —f) = (BrR)(%-f + %) (31)
G 7T L) = G () r LU f r )T

Ll (LA ) TFTT)

/ 7 / ’
Now assuming that £ “ L OL ;g ,are all <</ , and retain-
2z

Z 0w’ Eé” e
ing only first order terms of these parameters, the above set of equations

may be solved in ferms of the shock velocity, f « Thus, we obtain

4 _ = Y

Z 7*/ (”‘M,z) v,
£/ A

% - -2 i

-/ a2

g £ !+ 2N (32)
k/ﬁz T e i/\/“,wzw-"—z"l

' ’ ’ z* =/
jﬁ_zé* L _ _ 2L (/’/LMZ(TZ—'—/)fZ
ﬁz /fa é Va4 (3//‘22 . %/)/\7/2

These guantities are plotted in Fig. 21 as function of Nl. It is seen
that there 1s a resulting entropy perturbation, é} s Which 1s negligi=-
ble for free stream Mach numbers close to one, but increases with

increasing /% . Another significant result to note is that 422 e

as/v/">"” Y

Now let us consider the nature of the reflecited waves. Consider
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~an isentropic compression sound wave / 7 =2 /) moving upstreams Thus

/7
both £ and Zé are > (0, and Z?<0 e The shock wave, upon

being struck by a sound wave, instantaneously moves forward and achieves

4

a velocity, f s Lo matech the 7;5 boundary condition. As a consequence,

an entropy perturbation, f” » developes, and the resulting pressure
density relation is modified via /f = a%”'fz/z_' » From the nature of the
one dimensional wave propagation as given in Eg., (25), it is seen that
the reflected pressure wave propagates at the speed of sound whereas the
entropy wave propagates at only the speed, &« , of the local flow,

By way of summary, when an isentropic wave strikes the shock wave,
both isentropic and entropy waves are reflected traveling at speeds
“ 2 o and « respectively. A compression wave reflects as a rarefaction
wave similar to the phenomena at the open end of an organ pipe, The

boundary conditions at the shock wave as a function of 7V, are given in

Eq. (32), and plotted in Fig, 21,

be Non-Steady Lincarized Equations of Mobion Applicable to Exlernal

Diffusion Hegime

Considering axial symmetry the linearized momentum, continuity,

and energy equations are:

2 éf a,/ * ox {(/0”)(2 +L}/
F o (e ) (F g =R E)(2)ZL )

r;i /%f/ fgf——;/(/oav‘) (—ﬁlf&‘f’% «;{)/ #
/(r/zrz)/.fy-zﬁ)/ 'y /ﬁ/ ///a,
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FR(E) » ZfraEr£)] « L2 [rD F ) [ =0
(#rud rvi )(7)=0

L _ AL »E
5 = B 77

As noted from the energy equation, ithe eniropy perturbations are
propagated along the steady state streamlines, Thus relerring to Fig.
20, it is seen that when a planar wave emanating from the inlet strikes
the shock wave a portion of the resulting generated entropy wave propaga-
tes into the stream tube corresponding to that portion of the shock wave
ob intercepted by the bounding stream lines of the internal stream tube,
The entropy generated by the remainder of the shock wave (be) spills out
around the diffusor inlernal stream Lube,

The set of Egs. (33) are extremely difficult to solve, Conse=-
quently, at this point the following quasi-one dimensional assumptions
are made: A %, P, 4/ ) f’go 3 /7'//, within the bounding regions, oec,
affected by the wave motion are independent of /, and are functions of

Z, ¢ only. %Z is still retained as a function of % % Z , but within
the dinternal stream tube, V7 is considered small, Thus, in effect the
vertical momentum equation is neglected, The latter is a reasonable
assumption since ¥ = O at & , and V=0 at c .

It is convenient to integrate Eq, (33) with respect to 7 from

r=0 %to =& , where 2 denotes the ordinate to the steady state
streamline (Cf. Fige 20).

Using the above assumptions, the integration within the siream
tube may most easily be carried out by applying the axial momentum and

continuity equations to the cross hatched area, Also, the inlet station

@ has now been moved back slightly to the stagnation point €, Thus,



“the equations become:

JZ 5(40%2/4) n AP Vs #2 I
45%225? /S 4 (Ve /4 27E A2 - Z2

/4;——; -+ .&}(—;fﬁ) 7Lf/}/(asm—75/)9 m)Zmeo/f =0 (3)

J =4 -

Now

P=Lrp’ V=o+v
P rp” A= 7=

7 = w—+ &«

And using the steady state relatiocns

SCPU4A) =0
udu = «v;faﬁb

Y Cas pmr —~ U Sl = O

Equations (3L), in linearized form, become:

S#)+ 5t L)) re(F-4)e E -

[P E(E) B 5 ]
FRE) E2(F (P L) 2T -

- 2 ) 4 _

(35)

‘) o / e
2 < &L <2 — — e g
The texm 7 AU (K - £ )7L = (v Cos vy il o )2

represents the mass flux through the control surface,
Equation (35) is identical to Egse. (7) - (9) describing the

guasi-one dimensional flow within the duct with the exception of the
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boundary mass flux terme
To solve the set of Egs. (35), for an arbitrary oscillation

frequency, « , we set

w it ﬁ/ -

w’ ¢ e
“ o < - sy €
Z = /KX) y J

(36)
o’ e cwlt o ) (wd
7= > 7

which yields a set of ordinary differential equations in JEL;?) =, ancéf

in terms of “, 4, £, Solving this set and substituting the boundary

conditivns at the shock wave¥, it is finally possible to obtain @ i /3 %
{ﬁ/f’)3 s and //’7/7)3 as functions of « ,

The above set of ordinary differential equations are more compli=
cated than the corresponding ones describing the nozzle flow, le€s, HBGSe
(7) to (10), due to the presence of the mass flux term, However, it can
be shown that the time dependent terms are negligible due to the large

axial velocilty gradient, and tnus guasi-sleady resulls can e used,

0

The proof for this will be given in the following sectione

3s Use of Quasi-Steady Flow in the External Diffusion Regime

In order to establish the magnitude of the time dependent terms
of Eqe (35), the mass flux term,(??c"ﬁi) , was neglected in order to make
the problem tractable, The normal shock boundary conditions of Eq. (32)
were retained. Thus, these equations and boundary condiilons describe

the non-steady flow phenomens for lhe exlernal dilffusion reglue as

% Must now consider the shock wave as slightly curved in order
- V3
to obtain ¢/~ at the shock wave,
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_completely confined within the internal flow stream tube., It is feltl
that the neglect of the mass flux term should not have any significant
effect on the comparative magnitude of the steady and non-siteady terms
of Eq. (35).

Substitubting Eq. (36) into the above described modified Ege (35),
the set of ordinary differential equations, Egs. (12) - (1), is obtained

where now & =&’ (real frequency). Now, replace the independent variable

Z by & via d"%/ [[; oc”zé“c';ei » where ¢ = ((2 o Thus, Egs. (12)

-~ (1) become:

22 /4 22 Gl
SF o G gy g G MR o

e /5/’5 ’Lc?ﬂz)"" (37)

. oS
Yy & 7‘“//4?;7%” =

w fe re a= « 69%) — o duced /mfuéncj

Sy
(=44

oIx T

Now, we assume constanty thus /9’ = constant, and the last

equation of Eg. (37) can be integrated, viz,

G P G e

Applying the boundary conditions of Eg. {32), S=3= at y =/

S = 55; —d‘} = Sa e-zﬁé@/’ (38)
where /_g_/g = 4‘{:;: > and { - ﬁ e ZLUZI'

Substituting Eqe. (38) into (37), we obtain:

Y
T # L ronp rcin)f s B [ o

/O}” ’k%# *‘./3/:0

(39)
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where z? (7 2;’4/‘422) Ty - W*/__Z
. U /1/%.2 = f //vz

Now F and / arc in general complexe Thus the boundary conditions

at //{;«/ (the shock wave) are:

el po k where % _ if
Uy T g VR
nr £ = o
ﬁdg :;‘? where ‘% = .éjz

(wl

174
Zm%‘—’a and f:__f(e

and £ 2. are obtained from Eq. (32).

We now seek solutions to BEge. (34) with the above shock wave
boundary conditions. Egs. (39) are identical to those obtained for the
non-steady nozzle flow (Ref, 5), and combining the two equations yields
a non-homogeneous hypergeometric differential equation, For /5~—>0 s the
terms containing 4/9 can be neglected, and thus the resulting terms f
and / are reals This is equivalent to neglecting the terms involving
the timg; derivatives; 5/ Z[é) s 0_,—‘2?:-)/ ?.8), and i?/ -;f—-l) , in Ege (35)e
Thus, it is possible to use only the steady state differential equations
considering the phenomena as quasi-stationary, Hence, the transfer

functions are real and no phase shifts are involved,.

Koo, 5 W//QL«) S LA ,_2:;__/5_3_12_2“
oSE -
A (2 ) 2o (M ~AE)
where J,,y= wave length, Thus, Z->0 indicates that for given stecady
velocity conditions ( My ,/Wa) existing in the external diffusion region,
the ratio of the length of this region to the wave length is small.

We now evaluale the order of megniiude of / using the experi-

mental data of Section IT, For diffusor D, Sf= 870 cps,
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a = sooo ﬂé@(. > (2.’5“’2’2_)::0,/4‘5/37. e AN, =20, /\42;:0.575)%=0_/
= R = s A

i B=—0lF

The set of Egs. (39) were solved using the Reeves Analog Computer of the
Jet Propulsion Laboratory for the shock wave boundary conditions given

in Eqe (32) and for the following conditions:

7

B

it

1.5, 2;0, 3.0, }-L-O

il

O, -O.l, "0’2, "'003

The resulis corresponding to M, = 3,0 are shown in Fig, 23. As can be
seen there is a small imaginary component foyfﬁ = «0,1 in both £ and
2? » However, the resulting phase shift in 6;54552 for the region of
interest, ’¢2> 0.1, is smalle The phase shift in s may be obtained from
Eq. (38), and for ¢ = 0,1 is less than 18%,

Graphical constructions to solve the stability equations, Egs. (30),
were made to determine the magnitude of the phase shifts in the transfer
functions, & and -Z , that would be significant in affecting the
results as compared to the case of no phase or time lags, It was found
that phase lags below aboutb 200 showed no significeni effect on
stabillilye

Hence, one can conclude that for the magnitudes ofAZyQ:O.2 the

flow phenomena in the external regime may be considered as quasi-steady.

Lo Solution of the Simplified Equations of Motion, and

Determination of Inlet Boundary Conditions

Gonsidering the motion as quasi-sieady, the terms of Eg. (35)
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“involving time derivalives are neglected and the resulting equations are

given below:

LE) o EZIE) 2[00 E - F )% -0
L) (&) (F2) 5% /%//-—o )
£ )
Since the velocity wave fronts emanating from the duct inlebt and
reflected from the shock wave are almost planar in the region of the
internal stream tube,* we can conclude that 7”: << ZZ{" on the control

surface (which is the bounding surface of the internal stream tube).

Furthermore, making the transformation: _= = g Gj’f 0;/
where/——-— and letting /&) =7 , Egs, (40O) in terms of the
2

/

amplitudes of Z‘(_@ s j/; , and /{L (Cfe Eqe (36) ) finally become:

/ i‘if /)Mvej‘{f,;zf,&(/-—z)%-—sza

"}“ g Va (L1)
g a/
3} %Z .7( a;,/- //) =
where,
22) . M /t Zlpgz
HE) =& - A 2)
Y — A s T np? Cm)

Vard /- 2 ppE
Using the relationships of Bq. (L2), it was found that Bgs. (L1)

could most easily be solved by numerical integration using the boundary
conditions at the shock wave as given in Eg. (32) and plotted in Fig., 21.
The entropy perturbation is now, 5=éff)&; °

The resulis in terms of -’ofo and “Z( as a fuction of/,

4% See discussions in introduction of this sections
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’(which are proportional to Z and £ respectively) are shown in Fige 23
for M = 2, 3, and Lbe For all values of 4 and V) , 2%/‘7 0; and
approaches infinity as ;{~a Ue A significant result to noile is the
behavior of ~522 . For a given /7, S <0 at the shock wave (4=7) o
However, as;z is decreased corresponding to a reduced mass flow into the
duct, ﬁ?/ increases, and for sufficlently low ¢ , FF > 0, This
tendency increases as the free stream Mach number, % , increases, and
cross over to /?% > O ocecurs at larger values of)z

As has been shown in the secition on siablility criteria, a necessary
condition for instability to exist is that ./22.>~O. This will be further
developed in a subsequent section,

There are two significant causes that make Jaljl/é')O. First, the
diffusion process from the shock wave to the inlet causes the slope,
é;afgi) s to be negative, Second, as /7, 1is increased, A s although
still remaining negative, decreases in absolute magnitude (Cfe Fige 21)e

The pressure perturbation at the inlet is

{2?;é = 37<}§;z 7 (/é§;; where (<6 /&/15/)

‘/0
and since j%% = # , then (i/‘ ““y(/ /) %é%'/ié

Be Application of Stability Criteria

Using the results of the previous section and applying the stabili=-

ty criteria of Eqe. (30), we obtains:

T _/ _ Zg/v/ ) [ (E)rr +{15) r 72N
| /- Z / (£) r- /(L) . /%//;)//
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where o = FJriw
=zl 1
= &  (r-p?)

/éf‘ 73 and / f%z as fuwnctions of / and M are obtained Cfrom
Fige 23. K%gg is obtained from Fige 2l. - Instability, A 0, occurs
when /Q?C(?4>O. Since the right hand side is real then a necessary con-
ditdon for instability is tha’b/( %23 7+ ;:/// Zé2 ]>0. The stability
boundary corresponding to 7 = 0, i.€sy M VSe A, , has been determined
applying the above results and is shown in Fige 2Zi.

The corresponding frequency is determined by equating & sz——-—'—/ 3

or #¢ = 7’(?'77*/), where 77 = 0, 1, 2, sees Thus,

(zr71) 77 @
= Ej—ﬁé—-——— //da/ée( = (2/7:"/)4-—“————-————-—/(/ Mz)

which is approximately the natural frequency of an organ pipe.

Referring to Fige i, it is noted that the stability boundary has
the same trend with //, as does the experimental resultse Also, the
resulting frequency of instability is approximately equal to that of the

observed results (Cf, Section II),.
Fo Suma

le Stability Criteria

The stability of a system consisting of a diffusor, plenwm chamber,
and choked exilt nozzle is primarily a function of the inlet conditions,
and to a lesser degree of the exit nozzle conditions.

A necessary condition for instability to exist is that the ratio
of the amplitudes of the reflected and impinging waves at the inlet be

greater than one. In terms of the boundary conditions at the diffusor
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 inlet, this means that the ratio of the pressure and velocilty perturbations
(transfer function) at the inlet during non steady flow must be positive,.
Tor the case where the transfer function is complex, a necessary con-

dition for instability is that its real part be positive.

2o Hon-Steady Flow Inlet Conditions

Assuming no significant viscous effects at the inlet lip, and
thus postulating inviscid flow in the externmal diffusion region, it
appears possible Lo oblaln a posilive Lransfer funcllon al lhe iuleb
regime,

In view of the approximaltions necessary to solve the non-steady
equations of moltlon in lhe exbernal diffuslion regime, only the orders
of magnitudes and trends of the results with inlel mass flow and free
stream Mach number are significant,

It is possible to consider the non-steady flow phenomena in the
external diffusion regime as quasi-steady because of the close prox-
imity of the detached shock wave and the inlel, as compared to the

wave length of the oscillatory flow,

Je Existence of Instability

An instability independent of viscous effects can be predicted
which exhibits a stability boundary that has the same trend with mass
flow, and free stream Mach number as does the experimental results,

In addition, the resulting frequency at instebility corresponds
closely to the internal duct acting as an organ pipe which is in agree-
ment with observed resulls,

Tho basic cauvsce of the positive transfer function at the inlet



L9

and consequent instability are primarily due to the following:

le The diffusion process from the detached shock wave to the
inlet causes the pressure perturbation at the inlet to increase as the
steady ctate inlet Mach nunber is decreased,

2¢ As A is increased the absolute magnitude of the pressure

and density perturbations just behind the detached shock wave decreases,
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IV. RECOMMENDATIONS

The experimental and theoreiical inveotigatlions described in
Sections II and III were of an exploratory nature, and they served the
intended purposes of exhibiting the existence of a possible intrinsic
instabllity and yielding a cluve as to ils cause,

Consequently, further studies, in the nature of refinementis and
extensions of the above invesitigations,should be pursued to help firmiy
establish the phenomenoclogical model, and in particular to measure the
validity of the postulates and assumptions used in the present theoreti-
cal investigations,

In addition, future studies should attempt, also, Lo extend the
results of the normal shock diffusors to the Oswatitsch type. In
particular, the interaction between boundary layer effects and ihe normal
tendency towards intrinsic instabllity should be investigated,

Thus, for subsequent investigations of the normal shock type
diffusors, the following approaches are suggested:

Aes To ascertain the details of the three-dimensional steady flow
field just preceding instapility, it is suggested that interferometric
measurements of the external diffusion regime be made.

Along these line, it may be desirable to restrict the investiga-
tion to two-dimensional models both because of the inherently-simple
interprectation of the interferograms that exist and because flow details
within the diffusor duct can be exhibited,

Be The néture of the wave propagations, particularly in the ex-
ternal diffusion regime, as the mass flow is reduced to the instability

point, can be studied by pulsing the exhaust throttle at various
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frequencies and observing the subsequent motlon by means of inter-
ferometric photographs taken at short (known) time intervals,

Ce In addition to the above studies, direct measurements ol the
diffusor inlet transfer function can be made by measurements of instan-
taneous static pressure and velocity in the vicinity of the inlet, For
the pressure measurements, a crystal~type pickup can be used, and an
approximate measure of the instantaneous velocity may be measured approx-
imately by a hot-wire anemometler,

It is possible to obtain more refined measurements of the ve-
locity by using the densiity values obtained from the interferometer
investigations in conjunction with the hot-wire measurements.

These inlet t ransfer function measurements should be made for
various steady state mass flows as the latter are reduced to the insta-
bility point. This can be done by pulsing the exhaust throttle with a
small-amplitude periodic motion at various frequencies below and above
the natural frequency of the duct., From the resuliing pressure and
velocity measurements, it is possible to evaluate the complex transfer
function as a function of input frequency.

De Further analytic studies to determine the effect of internal

diffusion on the stability criteria should be pursueds
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V. CONCLUSIONS

From experimental Investigatlons of normal shock conical diffusors,

it was observed that self-excited oscillations could cccur as the mass

flow was reduced below its maximum valuve, Qualitatively, the phenomena

are gtrikingly oimiler to the instability assoclated with the inncr body

(or Oswatitsch) type diffusors. The above experimental results indicate

the following:

1.

2e

l‘l‘.

Se

Increasing the free stream Mach number aggravates the insta-
bility condition in that larger relative mass flows are re-
guired tc achieve stable flow. However, no instability could
be detected below a free stream Mach number of approximately
1e8e

For a given free stream Mach number, instability occurred at
increasing relative mass flows as the amount of internal
diffusion was increased,

Frequencies of the self-excited oscillations were approximately
equal to the natural frequency of the internal duct acting as
an organ pipe resonator (i.e., onequarter wave length).
Modifying the diffusor lip shape or varying the lengths of

the plenum chamber did not significantly affect the occurrence
of instability.

Flow within the diffusor just prior to the onset of instability,
as well as that in the neighborhood of the inlet lipsshowed no

significant viscous separation effecis,

From the results of theoretical invesitigations which were carried

out in order to help interpret the above experimental observations, it



is possiple to show the existence of an intrinsic instability {i.e.,
independent of viscous effects) that exhibits the same trend with mass
flow and Mach number as does the experimental resulise The instability
is primarily dependent upon inlet flow conditions. FPostulating an
inviscid flow, and considering the configuration with no internal
diffusion, the following are the significant resulis.
le A necessary condition for the existence of instability is

that the ratio of the amplitudes of the reflected and

impinging waves at the diffusor inlet be greater than one.

In terms of the boundary conditions at the inlet, this
implies that the transfer function (ratio of pressure to
velocity perturbations) there is positive.

2, It is possible to obtain a positive value of the inlet transfer
function and consequent instability due to the combination
of the following effecls.

(a) The normal steady state compression tual
exists between the shock wave and inlet, causes the
densiby and pressure perturbations to increase as the
inlet Mach number (or mass flow) decreasesS.

(b) The above compressiocn process in the
external diffusor regime is practically isentropic
since at the low mass flows, the entropy perturbations
caused by the pulsing shock wave are convected along
the steady state streem lines which spill over around
the inlet, Thus, only a small portion of the generated

entropy waves are reflected back into the duct, which
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in effect Lends Lo increase the pressure perturbations

there,

(¢) 4&s the free stream Mach number increases,
the densiity and pressure perturbations just downstream
of the pulsing shockwave, thal are normally negative,
decrease in absolute magniiude,

The results of {the theoretical investigation indicate a rough
check with experiment in that they exhidbit both the lower
limit in free stream Mach number below which no instability
exists (M = 1.8), and for Mach mumbers above this, instability
occurs at increasing mass flows,

Consequently, it appears ithat the instability associated
with normal shock diffusors at supersonic speeds can in part
be of an intrinsic nature,

Increasing the mass flow through the diffusor has a double
effect in eliminating an instability, since it reduces the
amount of diffusion in the inlel regime, and also decreases
the amount of wave motion energy reflected at the nozzle
end (or duct exit).

It is possible to determine, at leas! qualitatively, the
effect of the diffusor on the instability of a complete air
breativing engine, by replacing the nozzle transfer function
by the corresponding one for the combustion chamber (either
measured or calculated), and applying the derived stability
criteria.

In general one can conclude thalt the presence of a
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diffusor tends to aggravate the possibility of instability

of an air breathing engine in the sub-critical flow regime.
This occurs since the ratio of the amplitudes of reflected

to lmpinging waves at the diffusor inlet increases as the mass
flow decreases,

In view of the quasi-one dimensional flow approximations that
were necessary in order to solve the non-steady equations of
motion in the external diffusion and exit nozzle regimes,

the above conclusions are pertinent only to the axial modes

of oscillation,

Because of the relatively short length of the external
diffusion regime it is tu be expecled Lhal some errors will
result by virtue of neglecting the transverse wave propaga-
tions,

For applications of the above results to cases in
which the natural frequency of the system is sufficiently high
so that the reduced frequency is above,say one-third, it is
necessary to consider the transfer functions as complex in
applying the stability criteria,

Finally, as regard to the more complex instability phenomena
assoclialed with the Oswatitsch type diffusors, it seems
plausible to consider the tendency towards an intrinsic
instability (such as cccurs in the normal shock diffusors)
as an additional effect that must be combined with viscous

separation effects in attempting to explain the phenomena.
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APPENDIX I

DERIVATION OF SIMPLIFIED EXPRESSION FOR THE STABILITY CRITERIA

oz
In Eqe (29), transposing the term in involving C s We obtain:

-cr?‘
~Z; ‘rJM AL Ay P —LI/ . —’/\7 }
6) P
fa’ﬁM ';—C-fa

Tn the neighborhood of instability 4 >o
B
Thus, / e / </

and also since we are concerned with small 7 , then

X 2
N E

<< /
Y
/ LN

and Eqe. (30) is obtained,
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(a) %, = 13, A)/Ay = 0.42, Steady Exposure, Subcritical, Just Preceding

Instability

(b) xp = 7, Steady lxposure, Unstable, Inlet Shock Fulsating al

f = 740 cps, Note Limits of Shock Wave Movement

FIGURE 1 a, b =- SCHLIEREN PHOTOGRAPHS OF DIFFUSOR D, INLET FLOW

CONDITIONS AT My = 2,0: TRANSITION TO NON-STEADY FLOW
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FIGURE 1L
COMDITIONS AT Ml = 2,0: FLASH EXPOSURES SHOWING SHOCK WAVE :HOVE

DURING A CYCLE, xp = 7



(¢) Steady Exposure, lote Enlarged (h) Flash Exposure, Shock
Limits of Shock Wave Movement, at Forward Limit
£ = 740 cps

(1) Flash Exposure, Shock at (3) Flash Exposure, Shock at
Mid Position Aft Limit
FIGURE 14 g - J =- SCHLIEREN PHOTOGRAPHS OF DIFFUSCR D2 THLET FLOW

COLDITIONS AT Ml = 2,0: SHOCK WAVE MOVEMENT DURING NON-STEADY FLOW CYCLE,

Xp = 0 (10 NET FLOW THROUGH DIFFUSOR)
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FIG.23— DENSITY AND VELOGITY PERTURBATIONS
AT DIFFUSOR INLET FOR QUASI STEADY

FLOW IN EXTERNAL DIFFUSION REGIME
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