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Preface

The author's interest was first aroused in the subject
of nonlinear mechanlics wnlle taking the graduate course
entitled Engineering lathematical Physics (EE 2206) at the
California Institute of Technology. Subseqguent courses
(Al 257, AM 150, and AM 200) intensified this interest in
the nonlinear fiéld. During these courses, tlhe available
naterial was studied (Cf. Refs. 1, 2, and 3) and the various
methods of solution (analytical, topological, and computer)
were investlgated.

At the same time, the author was also engaged in the
direction of the servomechanism laboratory, where numerous
nonlinear systems were encountered. The existence of nonlinear
feedback control systems and the difficulty of thelr solution
led the author to the conclusion that an improved analog
_computing method should be found so that the nonlinearitles,
dodged by most engineers, could be handled., It was further
reasoned that 1f a control system had an unavoidable forward-
loop honlinearity, then an appropriate nonlinear feedback
system might produce & better response than linear feedback.

,VA study of current arbitrary function generators was
discouraging becéuse_of the inflexibility of these devices
when operating as an arbltrary function of ardependent
variable.

About this time, the author found that two other graduate
studemts, K.C. Howard and R.S5. Nelswander, had similar

Interests in nonlinear problems. Together the three men
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concelved of a new arbitrary funectlon generator which used
the loggrithm funection as its principle, The bagic unit,
the log-taking element, was developed by the three. Eslng
convinced that the computer was feasible, K.C. Howard and
the author of this thesis went on and developed the greater
part of the computer: Iinverse-log-taking element, inputv
poiarity inverter, output polarity inverter, linear and
exponential sweep generators, power supplies, ete,
Because of the mapnitude of the project the efforts of
the three men wWere necessarily pooled in the development
of the log-taking element, This work 1s summarized in a
Joint artlecle pending publication in the mapgazine Rlectronics.
The remaining portion of the work was performed cooperatively
by R.C. Howard and C.J. Savant, However, since the work was
divided, theass two men wrote their theses separately, each
placing emphasis on the particular projscts upon which he
did most of the work. For sake of completeness, however,
ths entire computer is described in both theses. ’
The author wishes to express hls appreciation to Dr. W.H.
Pickering,_whé was his research adviser. Apprecliation 1s
also expressed to the members of the analysis laboratory
for their technieal assistance and to Dr. G. Housner and

Dr, D. Hudson for thelr interest in the project.
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Abstract

This thesls describes the detalls of an slectronic
'comput@f capable of generating arbitrary functions of one
or more dependent varisbles. The design of the essential
gquipment 1s dlscussed, and operating instructions as well
as complete clrcult diagrams are included for easy reference
o1 Tuture researchers,

The computer 1s used to generate arbltrary functions
of an independent variable, and a wide range of functlons 1s
shown. Various classical nonlinear problems including -
Duffing's eguation and Van der Pol's equation are solved on
the computer and compared with known theory. A discussion,
augménted by oscillograms, 1s presented on nonlinear damping.
The computer then 1s used to improve the response of two
feedback control systems. Both systems, which were taken
from actual devices met in practice, have inherent non-
linearities. With the ald of the electrqnic computer the
response of these systems is improved. In the solution of
the servo system, an interesting nonlinear phenomenon was

discovered which is discussed in detail.
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I. INTRODUCTION

The engineer need not look far in his work to find a
nonlineér problem. The mechanical engineer knows that springs
and dashpots are lineer in only small regions near the origin,
Famllar gtrese-straln dlagrauns, gas-expanslion laws, and even
the simple pendulum cannot be described in all regions by
linear sguations, The electrical engineer is familiar with
the saturation of iron-core inductors and electrical machinery
using iron magnetic circuits. Nonlinear vacuum tube charac-
teristics and curved torgue-speed curves of servo motors are
further examples. These are just.a few of the common relation-
ships which englneers linearize in order to obtaln a simple
solution, i.e., based on classical linear theory. Practlecally
2ll of the problems in nature are nonlinear, and thé lineari-~
zatlons commonly practiced are only approximations, Notlice
that suech linearizations are most waluable and quite suf-
‘ficient for many purposes., There are, hqwever, cases in which
the linear trestment is inadequate. This statement is
gspecially true in nonlinear systems where essentially new
phenomena occuf which cannot in principle exlist in linear
~systems. In nonlinear vibrations the occurrence of sub-
harmonic forced oscillations is an example of one strictly
nonlinear phenomenon., Self-excited stable oscillations and
Jump phenomena of nonlinear resonance are further examples,

Mathensaticians have attacked the second-order nonlinear
differential equation with iteration and perturbation

technigues. Although some results have Teen obtalned (Cf.
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Ref. &), the prowlem sgoon bscouss uﬂwleidy gven for small
nonlinearities, and hence these methods are not satisfactory
for engineers. Since the convergence of these methods often
depends upon the nonlinearity's being small, the methods are
not even applicable when the nonlinearity 1is large. Tnpolog—
ical methods (Cf. Ref. 1) have alded in the solution of
gsecond-order systens, but litile has been done with higher-
order equations by graphical techniques.

Cne might ask why the solution of nonlinear differential
equations of second degree or greater requires such special
care. Baslcally the answer is, of course, that the prineiple
cf superposition is lnvalid. Hence 1f y; 18 a solution to
the nomogeneous differential equation and yz is a solution:
to the steady-state equation, then yj 4 yp is a solution
only if the eyuatlon 1ls linsar, The dlvision of the solution
into steady-state and transient parts for classical solution,
‘the operational method of solution, Fourler series or
integral, and the method of Duhamel's integr&l are all invalid
because these methods require summation or integration,
operations which cannot be performed unleses the principle of
superposition holds.

In the study of feedback control systems, much of the
equipaent exhibits inherent nonlinear operation except for
small reglions near the null. Great strides have been made
recently in 1mproving accuracy and speed of response of
sgrvomechanlsms,. Such improvement has resulted from the

development of highly refined techniquee of linear analysils,
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it 18 becoming more aifficult ta uwake Parther imndrovement

In the traansient psrioraance of control systems desipgned

upon the Lasis of llnear analysis without (1) reducing the
tlue uelaye or snsrsy storasnss of the system or (2) improviag
the acceleratlon characteristics of existing servo motors,
olenificant luaprovenents in controllers and servo motors

are now belng made lesgs frequently and with less ease than in

I nonlinear elenents are used in servomechanlsms,
gystem performance can sometlmes be improved without increased
lmprovemsnts in the characteristics of exlisting controllers
ana ssrvo motore, Unfortunately the use of nonlinear elements
in a closed-loop system has been avoided because of the
extremne difficulty encountered in handling and solving the
nonlinear differential equations,

Botn analog and digltal computers have been employed Iin
~the solution of nonlinear equations. In many of these
sclutions, coneglderable time 18 expended in setting the
nonlinearity into the computer. For example, in digital
gquipnent a change of the form of the nonlinsarity would
involve considerable labor since elaborate programming is
reguired for each problem. The multiple linear segment
type of funection genserator, often used in analog equlpment,
requires careful setting of a number of potentiometers to
chanve the nonlinear function. Also with the photoformer
a new card must bs cut for each new functlon; hence analog

funection generators are often not veresatile snough. although
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thie accuracy of the solutlon is felrly ﬁigh, ¢8pecially with
tae dipital macnlne, exlisting techniques do net lend them-
selves to zasy change of the nonlineer funcilon.

The need for a versatile arbitrery functlon generator
of a dependent variable is strongly felt in feedback control
syeten desicn, For exampls, conslder a coatrol system, the
reésnoise of waleu requlres 1lmprovenzat., + may ke possible
to btetter the performance if appropriate nonlinear functions
be added, either in the forward loop or in the feedback path.
In determining the nature of this nonlinear function, one 1s
not so concerned wlth a high degree of accuracy as 1in the
gase of modifying one function 1nto another in an attempt to
Giscover an optimum. The nature of the deslgn problem then
demands a highly versatile computer with only a reasonable
accuracy (perhaps 5%) required.

The arbitrary function generator discussed in this
thesls satisfles the needs of the desisner in that the form
of the nonlinesarity can be changed by the setting of two
knobs.

The present gencrator boasts another advantage. In
many problems 1t may be nscessary to generate products of
arbitrary functions of two or more variables. The computer

descrived in this thesls permits products of the general form

Fool™ Rey)® bl

where f(x), g(y), and h(z) may be the dependent variables of
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a given problem or may be any independent variables, The
gxponents &, B, and ¥ may be either posltive or negative.
The prineclple of operation of the multiplier 1s based on

the logarithmic function, whilch has the following property:

OL'Q“%& O (g“o":%o.c%(ka,)ﬁ— V,roaa_ h (2)=
Leqe {FO eal® BT}

where "a" 1s any number greater than unity.

Since summatlion is an easy operation with electronic
circuits, the logarlthms of three voltages can be added
'simply, and the inverse logarithm of the sum results in the
product. Hence the difficult operation of analog multiplica-
tion {or division) is performed easily‘by adding voltages.
Thus the first and most important work centered aboﬁt the
development of two electronic circults which have the required
logarithmic and inverse logarithmle characteristics. This
-develepment resulted in two baslic units: the log-taking
element (LTK) the output of which‘is the negative logérithm
of the input voltage, and the inverse-log-taking element
(ILTE) the output voltage of which 1s the lnverse logarithm
of the input. These two units pius necessary polarity
inverting equipment compriss the arbitrary function generator
of a dependent variable (subsesquently called ﬁFﬁEV). Besildes
the vasie computer equipment, a number of auxiliary plieces
guch as power supplies, de amplifierse, linear sweep generator,

exponehtial generator, voltage test units, tube aglng rack,



and oscilloscope calibrator were developed,

3ection II of the thesis glves a description of the four
basic computer parts: the LTE, the ILTE, the input polarity
inverter, znd the output polarity inverter. The remaining
equipment 1s dliscussed in the Appendices, ©Osction III1
describes the use of the computer as an arbitrary function
generator of an independent variable. Section IV glves the
solution to various classlcel nonlinear differential equa-~
tions. Besction V discusses several forms of nonlinear
damping. Section VI presents a nonlinsar pneumatlc servo-
mechanism in which the response has been improved., Sectilion
VII describes a closed-loop position servomechanism whlch is
improved with the ald of nonlinear rate feedback. Sectlon

VIII presents the conclusions of this work,



il. CO.[PUTER COLrlHEZNTE

The 1irst part of this section describes the development
ol the ilog-taking elesent (L7i,;, iIn a Jolnt paper¥ pending
sublleation 1n Uie sagazline Electronics. The article ide
inciJded here agoroxiuaately in the form wiiich vwees sulmitied
for publication. 48 mentioned in the introduction, ali com=~
ponente cxeupt the four Lasle eleuments ars dlgecussed in the
appendices. 7The fundamental elements are described in this
sectlion,

4 Practieal Linear-to-lLogarithm Converter

In almost every electronic field, the nsed occasionally
arises for linear-to-logarithmic conversion of data. Irob-
ably the most popular use has been in one-dimensional instru-
ment displays and recorders, in which, for advantageous scale
compression, linear inputs are converted to logarithmic
values (such as decibels). This use can be extended to two-
-dimensional, geml- and log-log oscllloscope presentations.
in electric-analog computing, the logarithmlic converter 1n
conjunection with an antilogarithmic converter conveniently
performs multinlication and division by addition and sub-
traction of voltapges and as readily produces lnteser and
nonlnterer exponent functlons. This last application, analog
cemputing, initiszted a recent investigation of linsar-to-
Loparithale converters.

at first, @ survey of proposed cenverters, fortified by

lavoratory tests, was made, and the triode circult was

#Frenarsd by KR.C. noward, C.J. Savant Jr., and k.S. lelswander.
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celscted as having the preatest promise, In tae process of
optimizing this eircult, a new logarithmic conversion recion
of tube operztlon was found which had unusually high gain and
rood stability. Further modlifications were made to provide
reproducivility of converter characterlstics, After the
resultaint convertszrs were set to a predetermined standara,
they vere entirely iaterchangeatle.

Evaluation Criteria

A linear-to-logarithmic converter is defined herein as
an electronic device which, when presented with an input x
(x 1s some number scaled into de voltage), produces an output
y = loga x (y is also a number scaled into voltage, and a 1is
the base of the logarithm)}. Over 20 years ago a vacuum-tube
triode circuit® was developed which would accomplish this
purpose {(Cf. Ref. 4). Silnce then many converters have
appeared: devices employing germanium diodes, selenlum rectl-
fiers, exponential time decays, vacuum-tube dicdes, triodes,
tetrodes, and psntodes (Cf., for example, Refs., 5 throuzh 93).
Analog-computer, arbitrary-function gensrators, such as photo-
electric cathode-ray-tuve devices, can also be used as loga-
rithmic converters,

To evaluate this diveree croup, some means of comparison
had to be established; here the selected criteria were the
regquirenents dietatsd directly by the application of the
converter:

1. High-level, moderate-range, voltage input.

“In actuality, the tube was a UX-222 tetrode, triode-connected.
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4,

An izput range of 1 volt mininum and 200 volts maxi-
mum was chnosen, kesving the level as high &s practi-
cable in order to minimize effects of drift and
nolse.

Hidh converslon gain.

Chengas 1n input should produce changes as large as
possible in the logarithmic outnut, This high paln
means that a low logarithm base 1s desired. llote
that as the kass a appreocaches unity, the conversion
galn approaches infinity. With low galn, very
small changes In output become important, greatly
inereasing the difficulty of design with regard to
drift and noise.

Stable and accurate conversion.

The stabillity and acecuracy of conversion should be
such that the total error (referred to the input)
anywnere in the operating region 1ls of the ofder of
or lsess than the minimum input.

Reproducivle characteristlcs,

In all appllications, the characteristics such as
logarithn base and offset voltage must be known,

In many applications includling the present analog
computer, it is nscessary to adlust all coanverters
to duplicete some predetermined sst of charecteris-
tics.

Fractlicable deslign.

The converter should be simple and should have Toth
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input and output work to ground. Desirably, the
input impedance should be hisgh, and the outlput
iapedance low. The converter should operate over
a fregusnecy ranre of O to 10UU cyc/sec.

avaluation of Loparithmic Convertiers

After the basls for comparison had been established,
sgveral trpss of logarithmle converters known to the writers
Wwsrs consldered. The simplest types, devices using nonlinear
passlive elemnsnts, were lnvestigated first,

1. Selenium rectifiers and germanium diodes.

The voltage across a selenlium rectifier 1s the loga-
rithm of the current for a very wide ranre of "paes"
currents. For voltage-to-voltage converslon, a
large geries resistance is added, and the circult
pecomes that of Figure 1. The responée of a typical

six-plate rectifier is shown in Flgure 2.

R
oO—MWW W 0]
Ey DIODE Eo
o o

Figure 1. Selenium Rectifier Clrcuit

Despite the appeal of simpliclty and excellent range
of logarithmle characteristics, the rectifier was found

10 have relatively low gain and large drift, Defining



i1

output voltes as output number, i.e., 1:1 secaling, the
lozarithm base for a slx-plate, 75-ma rectiiler was
about 10, and for a one-plate, 75-ma rectifier, about

108,

Thus, for example, in the case of the one-plate
rectifier, a change of 100:1 input produced only

10%105(100} = 1/4 volt in the output. In all rectifilers

tested, large output drifts occurred which were functlons

not only of tempsrature but also of aging and undeter-
mined raclLors.

The germanium diodes, when used in the clrcult of

Figure 1, exhiblted characteristics similar to those of

the selenium rectifiers but with a ﬁofe limited range
and tetter stablility.
Z2a Vacuum-tube diodes.
Vacuum=-tubse dlodes also demonsirated logarithmie
conversion in thelr very low current regions when

tested as nonlinear elements in the circuit 6f

Figure 1, Converslion vielded unusually low output

voltage levels and logarithm bases comparable to
those of the passive elsments, |

. Vacuum-tube tricdes.
The most common triode circult utilizes the fact

that a logaritnmlc relatlon exlsts betwsen grld

current and plate current in some triodes opsrating

at low plate voltages (Cf. Refs. 4, 5, and 9).

Again if a large grid resistor ig added for voltage-

to-voltage conversion, the baslc circult becomes
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that of Flgurs

O
R /:__ -
> wA G
E; Ry
(o, O

Filgure 3. Daslc LTE Circuit

Reslstors K, and Ryg and the vplate voltage are

adjusted to producs an output E, = - loga(El) -+

T o . 14 +hia kool mtvenit ATWhavrt 77 adalst
HOI 1 ::Jet‘ ¥ ¥ Wll Vihid 3 PR L= T w N Ve d s iAWy EY =59 WL SV -t R L= LW v 8
sacceeded in obtalning a remarkably accurate conver-

sion with a logarithm base of about 3 over a range
of 1 to 300 volts,

4, Vacuum-tube tetrodes and pentodes.
In general, converters using tetrodes and pentodes
rely upon a variable mu to produce plate currents
ag logaritnns of grid voltages., The range of a
single-tube cilrcult is small, and the bass of the
logarithm 1s several times hicher than that of the
triodes Just dlscussed.

Hodified Triode Converter

Since triocde converters apneared most promising on all
counts, L1t was concluded that development work on this item

should be furthered. First, an attempt was made to determine

*Tests at wortn American Aerophysics Labtoratory, 1950,
poay Vi
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the ostisws performance of the bagice triode eircuit; second,
wedifications Wwere made which would provide for reproduci-
bility.

In the optimlzation process, an excesedingly high-gain
conversion characterietic was discovered in the high-plate-
voltage rercion of a few triodes. The responge curve is
presantsd in Flegure 4, The input-to-cathode resistor was
added to lumprove the low-input-voltage rssponse; the resistor
dogs not affect higher-level conversion. Tukes do not have 1o
te preselected to maintaln reascnably similar characteristics,
and good stabllity (75 mv/nhr) was attained by 500-hour tube
aping.

The output of the convertsr is of the form Ej = - loggE.+
Eoffgets Both Eprfgets Which arlses from the large-positive-
plate voltage, and the logarithm bace, a, vary for diffsrent
tubes. For reproducibllity, Eyrpget Can be canceled in each
converter, and the logarithm base, a, can be made to coincide
wlith some stardard. The removal of E ppget Was directly
accomplished by adding a cathode follower to the triode and

subtracting out E at the follower's grid. Thie addition

offset
introduced the furthar zdvantage of isolating the triode con-
verter from the actual output. Adjustment of the logarithm
base reculres a siaple zdjustment c¢f gain after the logarith-
kic conversion; and this restricted-range galn control is
inserted at the cathode follower's output. The final circult

Tor llnear-to-logarithmic conversion is shown in Figure 5,

and several plug-in, interchangeable cconverters are plctured
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in Figufe 5.

Although a very delfinite azpplication was in mind when
~this converter was developed, Le., a computer requiring a low
logarithm base and zero de level, this same circult, with
slight modificatlons in parameter values, has many possibil-
l1ties., In ordér'that thesse possibilitles be best demconstrated,
Table I was prepared to show the variety of logarithm base and
output voltages available with the following tubes: the

1l2AT7, 12AU7, 12AXT7, and the 12AYT.

TABLE I

|Case Tube |Epxp|Er| RL [ Bx Ry Ry E, |Base| Eq

1/2 12AY7|300(5.8|450K|12.4K] 470K| 2.5M| -3.0|1.30| 60
1/2 12AY7|3%00|5.8[320 [14.0 476 2,5 | -B.5[1.38] 33
1/2 12a07|280(5.8|100 |14.0 {5,000 |2.5 |-13.6|1.78| 25
1/2 124U7(280(5.8] 27 %0 5,000 | 2.5 | =-3.4|1.78| 72
124T7|290(5.8| 36 | 5.6 |1,000 {2.5 |-24 |[1.18{113
1/2 12ax7|290(5.8| 18 | 5.3 150 | 2.5 |-19 |1.14|251
1/2 124X7[290|5.8|160 | 6.3 400 | 2.5 | -5,9(1.13[110
2/2 124X7| 300(6.0]1350 | 3.0 270 [ 2.2 | -3.0|1.20| 30

| o
~.
5]

Epp = plate supply veltage. Bg = grid input resistor.

Er = filament supply voltage. Ep * cathode return voltage.

Ry, = load resistor. E, = output voltage.

‘Rg = cathode resistor in plate Base refers to the loga-
cireuit, | rithm basa.

Ry = feed-through to cathode

reglstor,
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Two Views of Log Taking Element (LTE)
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Inlthé practlcal application of this logarithmic con-
verter, an extremely useful, time-saving auxiliary device
should be mentiocned, the exponential test generator (Cf.
FPigure 7 for a schematlce diagram). The gencrator produces
periodic, exponential, time-decay voltage discharges, 300
volts initlal to a fraction of a volt final (Cf. Figure &).
When this cycled test voltage 1s applied to a propeyly
adjusted logarithmic con?erter, the converter output is a
linear function of time (Cf. Figure 9) and can readily be
checked by an osclillloscope.

The setup procedure for the converter is thus quite
simple: (a) With an exponential test-voltage input, the bias
voltage and the converter's cathode and plate resistors are
adjusted until a linear output is displayed on the oscillo-
scope screen. (b) The slope of the linear output is
adjusted by the logarithm base adjust to some predetermined
- value. (c) Eoffsst is subtracted out by inssrting a known
de lnput voltage in the converter, and adlusting the Eg¢fget
adjust to obtain a predetermined output voltage. (d) When a
preciée converter characteristic is required, the procedure
is repeated using accurately measured static input and out-
put volﬁages at several points between 1 and 300 volts and

checking conversion with a semllogarithmlic plot.

: Furtber LTE Detalls
As outlined in the magazine article, the heart of the
computer is & three-terminal converter which has the property

that the output voltage ls the neéative logarithm of the input.
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This converter ie shown in the bloek diagram of Figure 10
where the-abbreviétion LTE is used which throughout this
report represents log;taking element. Although the finished
version of the LTE is deseribed in the preceding_joint
article, a.more complete descripition of the LTE is included
for the benefit of the reader who‘desires to do further work
with this coﬁvefter.

When the vacuum-tube tfiode was Tirst considered, the
cireuit shbwn in Figure 11 was set up to test the following
vacuum tubes: 6SN7, 6SL7, 12AT7, 12AU7, 12AY7, and 12AXT7.
All of these tubes showed linearity over a limlted range and
good drift stability referred to the output. Since miniature
tubes were desired in the final circuit, the investigation
was narrowed to miniature twin triodes. Figure 12 shows a
typical curve for the response of a 12AY7 witnh the final
clreuit parametér values of Figure 5 given on the curve,
These curves were taken statically by épplying constant
voltages and measuring the output with a null-type voltmeter.
In setting up the 1ogarithmic characteristics,.one should
note that the oscilloscope presentation has limited accuracy
and 18 Iintended primarlily as a Iirst, easily adjustable
approximation. The static test, although obﬁiously slower
and more cumbersome, ofiers the advantage that the response
can be determined to a nlgher degree oI accuracy.

The LTE of Figure 1l was limited in its usable range.
Since the output voltage began to drop at the low voltage

end, it was reasoned that the curve could be corrected by
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introducing the lnput signal on the cathode as well as on the
grid. This theought proved to be successful., With an exponen-
tial decay as input, the‘LTE parameter values were appro-
priately varied; and with a 12AX7 twin triode, the LTE was
found to be llnear from 0.3 to 300 volts. Typical curves for
sevéral 12AXT7 tubes from different manufacturers are included
in Flgure 13, The characteristics are quite linear; nowever,
there is some variation in slope between the tubes, and there
exists a slight variation from tube to tube of one manufac-
turer. The variation difficulty was obviated by means of an
attenuating potentiometer on.each LTE.

Tue LTE described thus far was qulte sgatisfactory except

for the fact that the output is not -logaEin but is

where K is a constant voltage. Although it is not difficult
to cancel this constant voltage at the computer output, =z
serious difficulty arises when the input voltage is to be
raised to a powser m., Consider the schematic dlagram of
Figure 14 whers the quantity E?n is desired. The computer

1s to be used primarily for nonllnear servomechanism synthesis,
In this case the pattern on an oscllloscope presentation will
be observed while the power m of the nonlinearity is changed.
Uniess the constant is zero (X = 0), then as m is varled, the
voltage inserted to cancel mK must be varied., Since this
double éd}ustmenﬁ would naturally lessen computerrflexibility,

- further time was lnvested to provide a zeroing adjustment



m.("goﬁa..Efln'!' K)
. - IR, =~ M+mK
oEin || rp [*aFintk ATTEN, dogeEin" 4 M) 5 ~doqo Ein™

o ATTEN.

-mi

Figure 14. Block Diagram Showing Method of Removing Loffeet

such. that with a l-volt input, the output can be ad justed to
O volts. Hence variation of exponant:can be obtained with
one kneob adjustment. This work led finally to the circuit
ef Figure 5, which allows three adjustments:

1. A dc level adjust.

=, A logarithm-base adjust.

3. A linearity adjust (accomplished by the combined

variations of plate, cathode, and bias potentiometers).

The.effect-éf?iérying these adjustments can most readily be
geen ffom Figﬁféé"iS through 20, where representative oscillo-
arams are exhiﬁitéd. Explanations of the adjustments are
given in ‘I‘ablée--ifi-s

The final_lj:'_,:éééepted LTE is shown in the photographs of
Figuré 6. Thé ei£¢Qit diagram is included as Figure 5, and
tneffesponse'bf'tﬁe LTE with callibrated de input &oltages is

shown in Figure 4,
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Table II
Oscillogram '
Number Explanation
Fig. 15 LTE without feed-through resistor to cathode
Fig. 16 cathode return voltage too large
Fig. 17 cathode return voltage too small
Fig, 18 plate voltage too small
Fig, 19 plate voltage too large
Flg, 20 properly adjusted LTm

The successful operation of the ITE'e depends to a large
extent on having regulated power supplies and aged tubes.

The detalls of the power supply desigﬁ are described in
Appéndix_A of this thesis, but the aging problem is discusgsed
nere,

In order to discover the effect of time variation of
tube parameters, an aging rack, shown schematically on Figure
21, was constructed. This_device applies normal voltages
to all elemenls of the vacuum tube, Wilth siX new 124XT
tubes, two each from Sylvania, RCA, and Raytheon, the output
voltage was measured for a fixed input voliage with a type K
potentiometer., These readings were taken rcgularly, and
although the results are somewhat random, it was concluded
that the tubes should be aged about 500 hours before being
used in the LTE. |
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Figure 21. Schematiec Diagram of the Aging Rack

Inverse-Log-Taking Element

The underlying concept governing the operation of the
inverse-log-taking element, hereafter known as the ILTE, ls
slmple, namely, use of a high-gain amplifier with a LTE in

the feedback loop. The operation can begt be understood

R
O—AMMN——— | 1}—

L g r

O

N/

e
d = drift voltage introduced in amplifier
A = drift voltage introduced in the LTE

Figure 22, lathematlcal Treatment of ILTE



from a econsideration of Figure 722. With the aymbols dafined
on the Flgure, one can readily write the following baslc

equations of the eircuit:

:EL%1351-= € o (3)
(E+8)A= €p (4)
~flog, €+ A= ef (5)

Combination of Equations (3}, (4}, and (5) results in the

following system equatlion:

€, = exp,_ (€ n) I:e.xpa(a-v 26-5%’» ] (6)

Thie last expression demonstrates that the 6utput of the ILTE
is proportional to the product of two factors, the first of
which 1s the desired result, and the second of which is the
cqmbined errcr term. Since the polaritiy of these errors ls
unknown, the most pessimistic case (i.e., when & , A, and
€y all have the same sign) 1s consideresd, Expanding the

cccond term in a cerics (Cf. Reof. 10), onc obtaine the

following approximate expressiont
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€= €XPy (€n) {E|+k(.£>+28)-9m°~3}[l+% o Ama} (7

From Zquation (7) approximate percent-error expressions
resulting from drift and insuffiecient gain can be obtained

as follows:i

Percent error from drift 2 Egq= 100 (a+2 8)Lrma. (8)
Percent error from lack of gain & Ec‘lﬁ‘-loo%eo.ﬂmn. (9)

With normal values ( & = 50 mv, 8 = 25mv, a = 1.2,
€ = 300 v, 4 = 8000} substituted in Zguations (&) and (9},

the maximum possible errors are

Eq = 2.3% E, = 2.1% (10}

One must realize, however; that with appropriate adjustment
~of the {inal unit, &3 can be reduced considerably, and Eg
can be eliminated completely.

- although thls theory is relatively simple, the system
Wwasg unstable when a'plug-in.LTE wase used in the feedback
path of an anpalysls laboratory de amplifier. Crude statle

multipiications Wwere posslble only with the addition of

1arge lumped capaclity, which reduced the frequency response



33

of the ILTE to about 5 cyc/sec. S8ince the LTE is an atten-
uator Whiéh has a-value varying as a functibn of the ampllitude
level, the systom is sta’ble for large input signals (resulting
in lafge feedback) but unstable for smail input signals.
Considerable effort was expended in the stabilization of
tbié_system, and, as 2 step in eliminating stray capacitance,
the ILTE was'built as g single compact unit. A photograph

of the completed unit is shown in Figure 23, and & schematlc
diagram ié given in Filgure 24, 1In addltion to this consolida-
tion onto one chassis, phase~correcting networks between all
stages were found to be necessary. Removal of a Helipot
which was formerly inecluded in the output eircuit of the LTE
was also necessary. Although the Helipot provided easy
adjustment of the base of the ILTE, it introduced considerable
phage shift which was a function of the knob setting.

The circuit details of the final ILTE can best be under-
stood by a consideration of Figure 24, Three inputs to the
ILTZ provide sumning of three channels, The 10,00G0-onm
resistor from the sumaing point to ground reduces the effec-
tive galn of the amplifier and assures a base Which is
insensitlive to changes of output lmpedance of the driving
'devices. The positive-gain amplifier is of standard design
except fbr two items. The first stage which operates at low
scréen voltage and large plate resistor has a gain of approxi-
mately 1000, The second deviation is the large ratio between
the cutoff frequencies of the two amplifler stages. The

first ecoupling cireuit cuts off at about 400 cye/sec, Whereas



iours 23. Two Views of Inverse Log Taking Elemsntd (ILTE)
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- the second stage drops off at 500 ke. The 654 caﬁhode follow-
er prévides a low output lmpedance, and the phase-lag neiwork
pTOVideS a second cutput-wnich has a reduced high-irequency
regponse, zxcept for modificaticns required to stabilize
the loop, the LTE in the feedback path i1s slmilar to the unit
descrlbed earlier in the magezine article.

The initial adjusiment of the ILTE was simple, and after
gervice of approximately & months, only the level requirss
further attention. ©Switches and terminals which are located
on the front panel make the LTE input and ocutput terminals
readily accessible. If the LTE is adjusted in the normal
manner, only minor changes are necessary Wﬂeu tne loop ls
cldsed. With static input voltages applied, the resnonse
(Cf, Figure 25} can be determined accurately. The log base
of this response curve is computed from the straisiit line Lo
'be & = l.2. Tre 4rift of the ILTE has been observed in
operation to be about 1 volt/hr with 3.0 volts out and
3 volte/hr with 300 volts out.

Since both LTE and ILTE are unidirectional devices, and
since the outputs are nct sinusoidal for sine wave outputs,
discugsion of the freguency responsc of these units geparately
lg meaningless. The freqguency response with the input and
output polarity inverters included, however, has meaning.

The frequency regponse of the complete systsm consisting of
_input'inverter, LTE, ILTE, and output inverter is shown in
Figure 26. From this curve, an avproximate cutoff freguency

_(ffequenay at wWhieh the ampiitude is reduced to 70.7 percent .
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of its de value) of 800 eye/see is found.

Polarity Inverting Problem: Input

From a purely matheﬁatical point of view, the logaritihm
of a negative number is complex. Wnen pressented with negative
_input signals, the electroniec LTE, however, produces extrane-
oué output'voltages which serlously affect the satisfactory
performance of the complete system. The response of the LTE
is proportional to the log#rithm of the input voltage for
positive abplied_voltages from 0.3 volt to +300 volts (Cf.
Figure 4)}. For values less than 0.3 volt, the response assumes
an undesirable form., To avold the negative signal difficulty,
considerable time was spent on developling the system shown
in the block diagram of Figure 27. The signs of all input
signals are converted to a positive sense and in thié form
are sent through the LTz and the remalnder ol the computer,

At the outpout of the computer, the all-positive signals and
all-negative signals which are obtained at the output of a
negative-galin amplifler are sent into the output polarity
inverter. A polarity senser is used to measure the sign of
the input and to switch electronieally the positive or nega-
tive slgnal to tne output, depending on the input polarity.
The appropriate sign of the resulting output has thus been
restored. The details of the clrcults shown in Figure 27
arg included in the remalnder of thls seclion.

The input inverter unlt, whlech is shown as the first
tlock in the dizgram of Filgure 27, operates much the same as

a full-wave rectifier. Hence, for varying input voltages
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In the range -150 to 4150 volls, ULhe culpul voltage 1s posi-
tive, ranging froﬁ O to +105 volts., The galn 1s approximately
0.7, with a galn stabiliﬁy AA £ 1/2 percent. "fhe drift
voltage of thne output ;s less than 0.3 volt.
ihe ecircult consists of a positive channel which employs
a éathode follower (1/2 124U7 twin triode) and a negative
channel which provides the necessary negative signal with the
aid of a starved pentode amplifier (1/2 6UB pentode-triode).
Large degeheration in both of these channels reduces the galn
to 0.7 with a corresponding reduction of the drift to the
value stated and a galn stability of 0.5 percent. ‘Both nega-
tlve and positive channels are amplilled through a cathode
follower stage for the following reasons:
i. The cathode follower supplies the necessary current
through & negligible output impedancs.
2. The catnode follower reduces input loading from
the negative-galn stage.
2. The cathode follower 1solates the bias potentials
of the positive-gain stage from the input.
A 5651 voltage reference tube is uged in the cathode circult
of the negative-galn channel cathode follower to provide the
appropriate level change. Refersnce to Filgure 28 shows the
operaticn of this circuit., If the input voltage varies from
100 volts to 250 volts, the output, measured across K, varies
from O to 15G. For rated operation of the 5651 reference
tube, the voltage ls held flxed at 84 volts, which sublracts

from the applied voltage. This eclrcuit trick has thus changed
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the level of the output signal to zero.
The échematic diagram of the inverter is shown in Figure -
- 29. The 6AL5 twin diode‘selects the output from.the proper
asplifier and_rectifies it in the conventional manner.
Switches'in the diode plate circuits allow the selection of
cne'or both channels,

Three potentiometers are provided for the proper adjust-
ment of the lnverter. The following detailed alignment pro-
cedure is pregented for those using this device in futurs
work: |

1. Turn on the input polarity inverter, and allow it
to warm for 10 aminutes.

2. ohort the input.

3. Connect the volimeter to the output terminals.

4, With the positive input switch in the "on" position
(up), set tne output to 50 mv by means of the
positive zero control.

5. Apply 45 volts to the input, and measure the output
voltage. _

6. With the negative input switeh in the "on" position
(up), sel the output to 50 mv Dy means of the
negative zero control.

T Apply ~-45 volts to the input, and adjust the negative
gain control ugtil the output voltage corresponds
to that obtained in step 5.

Operatiqn_qf the inverter for the past few months has

- proved it 10 be a valuable device with characteristics that
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are wWwoll within the values specified. Fipure 30 shows a
photograph of the invertsr,

_Pdlarity Invertine Problem: Output

- The output polarity inverter ineludes all equipment
enclosed in dashed lines on Fieure 27 ahd, becauge of 1its
'logical'syStem, is more compliecated than the input'inverter.
The heart pf.the inverter is a psair of amplifiers; one inverts
the input signal, and the other does not. The sensing part
of the invérter allows only one amplifier to operate at a
time, thus controlling the polarity of the ocutput. Input
signals applied to the sensing lnput terminale control the
sensing circuit in such a manner that the cbrrect algebralc
gign is restored to the output. Consgider, for example, the
multiplication of two voltages., If both input voltages
have the same polarity (i.e., both negative or both positive),
then the output voltage should be positive. If, however, the
two input signals have opposite signs, then the output volt-
age should be negative.

Since the ILTE, like the LTE, operates only on positive
signals, the input to the output polarity inverter 1s always
positive. In testing, one always applies a positive voltage
-because the device will give meaningless outﬁuts for negative
Inputs. The sensing input terminals of the output inverter
are connected at points in the clrcult where the slgnals to
‘be multiplied have proper signs (i.e., before the input
polarity inverter), and the correct signs of the signals

passing tnrough the output inverter are again restored,
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Figure 30. Fhotograph of Input Polarity Inverier
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The complete schematlc diagram of the inverter ls shown
on Flgure 31, beee dual-purposs vacuum tubes and eight
gérmanium diodes are reqﬁired in the sensing section, Tubes
V1 and V2 constitute two parallel high-galn amplifiers, the
outputs of which are at either of two voltage levels, depend-
ingIOn the polarity of the voltage appearing on the input
gensing terminal. The succeeding bridge rectifier and
differential amplifler compare these two voltages and produce
signals.at the plates of V3 which convsey the input polarlty
information. The cathode follower V& and the assoclated
voltage reference tubes V10 through V16 transfer the result
of this polarlty comparisca Lo the grids of the posilive and
negzative clamping amplifiers V5a and V7. The grid voltage
ewing avallable for these tubes is of such magnitude and
level that the tubes are cowmpletely cut off or are operating
with posltive grid voltage. This latter operation resglts
in only one of the two triodes being in a state of conduction
at any given time. The plates of the clamping triodes are
coupled to the two amplifier channels with diodes V8 and V16.

In the switchling section, the positive-gain amplifier
congists of one simple cathode follower circult and an input
attenuator, which includes the positive level control. The
negative-gain channel is similar except for the additicon of
& higbly degenerated sign-changing smplifier,

2iance clamping of both anplifiers is identical, only
one circuit is descrived., - Wnen the channel is open, the

controlling eclamp tube is cut off, and the coupline dio@e
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has no effeet. Howevor, when the channel is clamped, the
cathode of the diode 1s lowered to a voltage controlled by

the aprropriate pcsitive‘or negative clamp. The grid potential
is unéble to change Wwith the signal applied and hence cuts

bff the channel. A balance control permlts adjustment of the
sumﬁing ratio of the two signals, and when the gains of the

twe channels are equallzed, symaetrical outputs resuit. The
transients developed during swltchling are removed by the
Tiltering éction ol the O.Ol-/Jf capacitor, togethsr With

the resistance of the balance potentiometer,

Beczuse analysis laboratory negative-gain amplifiers,
set Lo -1, saturate wiith 100 velts applied, and since the
ILTE output does not saturate until +360 volts is reached, a
gquarter atienuation is bullt into the.polarity inverter for
sgtisi’acto‘ry cperation. The negative-gain amplifier at the
output supplles the switcned signal at a desirable low
impedance level,

Figure 32 shows a phetograph of the polarity senser
and output lnverter. Two swltches, labeled input blas,
are mounted on the front and perault the use of the inverter
with only one avplied signal. When only one voltage is to
be inverted, a positive or negative constant voltage is
applied to the other sensing channel with the input bias
switéh.

The alignment procedure of the output polarity inverter
is mofe involved than that of the other egquipment. A detaliled

step—by-step procedure hae been developed as Tollows:
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Figure 32. Fholtograph of Qutput rolarity Inverter
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Operaté for 1 hour.

Short ihe input.

Connect a volfmeter on the positive Oﬁtput terminal,
W@ith input sensing switches opposite, turn the
positive clamp clockwise.

Set the positive level to zero.

Set the input sensing switches in the same position.
Set the positive clamp Just to zero. Be careful
here not to overshoot.

With a wvoltmeter on the negative output tefminals,
turn the negative clamp counterclockwise,

Set the input sensing switches ih the same positlion.
Set the negative level potentiometer to zero.

Set the sensing input switéhes oproslite.

Set the negative clamp to zero, again being careful
not to overshoot.

Connect the input to a positive low impedance volt-
age source of 100 to 200 volts. Connect a sine
wave of amplitude at least 50 volts to one sensing
input.

AdjJust the balance controls untlil the output is
symuetrical about zero.

Reduce the sensing input to 0.5 volt rms, and

adjust the threshold control for symmetry of out-

put,

- Repeat thls process on the other sensing input.

A further discussion of the equipment in this section and
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in the appendices is given in Reference 10.

Complete_Svstem

Figure 33 shows a photograph ol the complete computer,
and Figure 34 presents & typlcal comnection of the four basic
elements in a complete system., To demonstrate the shape of
therfunctién af the Intermediate points of the arbitrary
funection generator, Figures 35 to 40 were preparsd. Figure
35 demonstrates the input to the AFDEV which 18 obtained
from the lihear sWweep generator. The oselllogram ol Figure
36 presente the output of the input polarity inverter.

Notice that in this and all other photographs bf this group,
the zero trace was astablished by means of a double exposure.
Figures 37 and 38 show the output of the LTE and the negative-
galn amplifier, respectively. The gain of the amplifier was
get to unity so that & dirsct comparieon, input ve ocutput, is
posslble. Figure 39 shows the output of the ILIE, and Flgure
40 presents the output of the polarity inverter and hence

the output of the AFDEVY. In this last demonstration an
exponent of 1 was established. Use of a gain other than unity,
together with an attenuating potentiometer, provides the
possibility of a range of exponent (l/5|to 5. In Section

IIT this gystem 1s used to generate other arbitrary funectlons

of an independent variable,
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irzr, APBITRARY PUNCTICH CF AN, INDEPINDENT VARIAZLE

, .

_ia,lt-houg"a the nonlinear computer finde its primary uss as
an arcitrary function generator of a dependent variable
{AFDZEV), ﬁhe multiplier also can act as an arbitrary functlon
génerator'of an independent variable (AFINV). In this latter
a?plication, the nonlinear computer competes both In accuracy
and in versatility with the exlsting arbitrary function |
generators. To demonstrate a few of the driving functlons
obtainable wisth the AFINV, the system shown in the block
diagram of Figure 41 was set up. Witk this arrangement the
output of three log-taking elements are summed and fed to the
LTE, A linear sWeep, provided by the generator described in
Appendlix € and added Lo a constant .voltage E1 and Ep, drives

two LTE's ylelding functions of the form

Y,z A(x+a) and Ye® B (x+b) (11

The ﬁhir‘d LTE i1s driven with an audio osecillator which pro-

vides a function

Y = ¢ sin kx . - (12)

Tb prevent the LTE signal from going negative, the input
polarity inverters are appropriately inserted. Only two
Inverters ars nscesgsary since one signal is'always positive.
An output polarity inverter is used to restore the correct

sign to the output signal which is displayed on an osclllo-
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scope,
As connected, the nonlinear ccomputer provides muitiplica-

tions of the form

g = A (x+a)® (z<+l:'.~)ﬁ (siN hx)T (13)

If otner functions, g(x), h(x), and f(x), are supplied to the

LTE units, the more general function

g * A [‘}Cx)]m[h(x)]B[-F (x)]v (14)

is possible. Various functions of the form of Equation (13)
are demonstrated in the photographs of Figures 42 to 47 with

the explanation included in Table III. A cursory glance at

Table 111
Oscilliogram Explanation
Number
Fig. 42 | X sin kx
Fig., 43 xPgin kx  n<l
Fig. 44 x®(sin kx)®  nyl  me«l
Fig. 45 (x-a) input to system
Fig. 46 (x-a)? (x-0)"
Flg, 47 X (x-a)(x~b}

the available possibilities should conviﬁce the reader of the
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versatility of the nonllnear computer,

in an effortrtc ascertain the accuracy of the computer,
the funetion y = &x® (A = 3 and n = 0.5} wag set up on the
computer. This step was accomplished by removing all but one
LTE in Figure 41. From an enlarged copy of the oscillogram
shown on Figure 48, the points were plotted on log-log
paper (Cf. Figure 49). Frem the resulting straight line, the

curve was determined tc be

Y= 2.98Bx e.488 (15)

Comparison of the eprnent yields a discrepancy of 2.4 percent
between the two expressions, with the constant multiplier in
error by 0.7 percent. From the sgcatter of the points the
error 1s estimated to be 3 percent. Since judgment is
required in reading the oscillogram, tnis last value probably

could be inmproved with practice,
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Figure L8. Oscillogram of the Function y = 2.%8 x
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Figure 49. Log~log Plot of the function y = 2.98 x0. 158



59
IV. SOLUTION OF CLASSICAL NONLINEAR EGUATIONS

Duffing's Equation

In this section the differentlal equation of the form

Xx+Cx+ (ax+Bx®)= Feos wt (16)

15 studled. Thils equation occurs in several different types
of physical problems, for example, the pendulum with an
external periodic force applied. The problem of a mass sub-
Jected to a sprihg restoring force leads 1n general to an
expression of the form of Equation (16}. Saturation effects
in 1ron core inductances and in rotating machinery are other
examples of physical problems which lead to this same
expression. Equation (16) is often célled Duffing's equation
since 1t was Duffing who first mede significant contributions
to the harmonic solutions of this equation.

Expliclit solutions of an elementary character are not
known for the Duffing equation. In fact, this simple-looking
equation has a great variety of perilodic solutions alone for
which the mathematical theory has been investigated only
slightly. Almost nothing is known about the nonperiodic
.sclutions to this equation,

Because the restoring force is a function of the variable
X, the resonance curve 1s no longer typically symmetrical and
bell-shaped. The curve of Figure 50 demonstrates the follow-

ing linear system:
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X+Cx +ox = F cos wit (17)

When the nonlinearity is introduced, the resonant frequency
begins to change as the amplitude increases; as a result the
resoﬁance curve is tipped to the right or left depending on
whether the spring is hard (B70) or soft (B<0 ). since
the response cannot follow down an inverse curvature, a
Jumping phenomenon, sometimés called a drag loop, occﬁrs.
The shape of the amplitude vs frequency curve depends upon
whether the ecritieal frequency is approached from the low end
or the high end of the spectrum. |

The computer solution of Duffing's equation is demonstrat-
ed in Figure 51, where the loop analysis yields the analogous

electric equation
L'%'_+R<'1,+é%+k%h= Ecos wit (18)

Appropriate variation of the exponent adjustment permits the
choice of any desirable n. The classical equation dictates
an n of 3, but any n>1 demonstrates similar phenomena.

| Cscillograms of Duffing's equation are demonstrated on
Figures 52 through 57 with suitable explanation included on
Tavle IV, The driving frequency for Figures 52 through 55
is 24 cyc/sec, and the linear natural resonant frequency for
all cases is 34 cye/sec. The driving frequency for cases

56 and 57 is 102 cyc/sec.
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Table IV
Oscillogranm : Explanation
Number ‘
- Fig, 52 linear (ol x) and added /ij spring function on
same oscillogram
Fig., 53 total nonlinear function (hard spring)

Fig, 54 phase trajectory of forced oscillation with
funection of Figure 53

Fig. 55 x vs © for forced oscillation ¢f Figure 53

Fig. 56 phase trajectory of forced oscillation with
frequency increased by 3/2

Fig. 57 x vs t for forced oscillation of Figure 56

4 statlc amplitude vs freguency curve, shown on Figure
50, was taken for a hard spring and a soft spring. These
curves demonstrate the familiar nonlinear resonance, or
drag loop phenomenon. In the case of the hard spring, the
system Jjumps from 6.8 to 2.4 at a freguency of 43 cye/sec,
and in the return scan the Jump is from 3.5 to 6.4 at 41
eye/sec., In the case of the soft spring, the Jump occurs
in the neighborhood of 28 cyc/seec. At the large amplitudes
~at which this curve was taken, the system does not return
after the Jjump but increases without limit in the soft-spring
case; This latter phenomenon results from the change in sign
of the (atx - Bx7) term. ‘hen X 2//% , the restoring
force becomes nerative, and hence the system moves to its

extremity.



Van der Pol's Souation

Consider as the next example an equation which arises in
naﬁerous oscillator and multivibrator applications, the eqgua-
tion due to Van der Pol;> Wnen norumalized, this equation has

fhe form

K- (1-xD X+ x =0 (19)

Again for comparison purposes, this expression is solved by
both topological and computer methods.

In order to have a direct comparison with computer
results, the phase trajectories ars constructed by the method
of isoclines. By taking x T y and substituting in the

differential eguation, one obtains
g=p(-xF)y-x (20)

The isoclines, found by setting A = dy/dx = constant, are

given by the eguation

%K
= 21
4 M(1=%B) = (1)
Ii’,& is taken as 1, zguation (21) simplifies to
lj = _)(_____ (22}
(1-A)-x=



(o))
o

The equation of the family of isoclines (Zquation 22) is
plotted fbr varioﬁs values of A on Figure 58, where also is
shown the phase trajectories. 4s in all previous graphical
solutions, the construction was performed on 17xl17-inch
paperband was photographically reduced for this presentation.
'As éne should expect from this equaticn, there exists a
limit cycle (Cf. Figure 58). This cycle is due paysically
to the fact that the sign of the damping force changes as X
is 5reatervor less than 1. Hence for X 1 the system bullds
up, whereas for x > l‘the system damps down, culminating in
a stable-limit cycle or oscillation.

'I‘“ne solution of this problem on the computer 1s greatly
simplified if one multiplies Equation (19) by dt and inte-

grates from O to %, assuming zero initial conditions:

t | t
jd‘i j,: dt-p J(l— 2) At+jxdt=o

) (23)

“The computer analog of Equation (23) i1s shown in the block
dlagram oI pligure 59, where the loop equation ylelds

t

di. p-L) ii.dt:o (24)

 As in the case of Duffing's equation, the computer is able 1o
~establish any exponent in the nonlinear tsrm, but for the sake

of comparison with the claseical expression, the cubic
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exponent was used. Typical oscillograms for kquation (24)
are shown in Figures 60 through 65 with detailed description

included in Table V. The similarity of the calculated phase

Table V.
Os§ii%g$ram | Explanation
Fig. 60 - x3 supplied by the computer
Fig. 61 build-up phase trajectory with M =1
Fig. 62 build-up of x vs t with m = 1
Fig., 63 build-up of X ve t with M = 1.
Fig. 64 bulld-up of phase trajectory with a = 8.4
Fig. 65 build-up of phase trajeétory with ,4 = 0,1

trajectory of Figure 58 and the computer trajectory of Figure
61 demonstrates the good comparison between topological and

computer solutions.
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V. VARICOUS FORMS CF NONLINZAR DAMPING

Most engineers are familar with the exponentially damped

‘sinuscidal response of the linear equation

—
N

vl

S

.)2 + ngn*-" CdnEX=O

when & step lnout is applied. Cthey more interesting typses
of response can be obtained if the damping function iIs made
nonlinear. 7o demonstrate this last thought and at the same
time to show the application of the computer as a divider, the
equation
l h e

X+ (3ya) +%X =0 (26)
was shocked with a step function. The block diagram, wnlch
is shown on Figure 66, 1is similaf o the multiplier clrculls
with the omission of the -1 gain amplifier between LTE and

ILT&E, The output of the LIk 1is

11

- hloqa, €in

! 2
Soga.(d " (27)

€o

i

If the amplifier is omitted, the ILTE output vields & division.
With the amplifier in ite usual place, the input to the ILTH

is
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and nence the eQuipment multiplies, On Figures 67 through 59
are demonstrated oscillograms of the reSponée of Egquation (26)
to a step function of voltage. The explanations are included

on Table VI. As would be expected'from the form of the damp-

Table VI
Oscillogram ' Explanation

Number

. . ! h .
Fig. 67 damping function 0(.(;(-";0) Vs X
Fig. 68 phase trajectory with damping funetion of

Figure 67

Fig. 69 X vs t with damping function of Figure &7

ing function, only small decrease in amplitude per cycle is
observed until the signal approaches zero, at whlch time the
system damps rapidly.

A second more common type of damping which is often
experienced in physical systems is Coulomb friction. The
damping force is opposed 1o the motion (i), but the magni-
tude is invariant with velocity. The computer solution,
as shoﬁn on the block diagram of Figure 66, requirss only
the oﬁtput polarity inverter and a battery. From the oscillo-
grams shown an Figures 7C thr§ugh 72 and explained on Table
VIiI, the response ég an applied step function is a linearly
damped sinusoid. This response verifies known theory (Cf.
Ref. 1, pp. 427-430},

Figﬁfe 73 demonstrates a more realistic form of damping

function which defies analytic computation. For small values
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Table VII
Oscillozran ixplanation
Lumbter
Fle, 70 dampine funetion B(x)} vs X
Fig. T1 phase trajectory with damping function of
Figure 70
Fig. 72 X vs t with damping function of Figure 70

of % the rhenomenon of stiction i1s exhibited. After the

body is in motion, the damplng increases with the veloeclty.

3 B T . TS S, . s ALY s Ea . =l Vo PO RGO
4 combination of these Lypes, ywa4q, » Coulom

¥

b, and viscous

£
w

damping, could produce a function which approximates that of

Figure 73 quite closely.

fo

\Figure T3, Common bLamping Function
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V1. JTHPRCOVAD RaSPCHNBE OF A PNEUMATIC BERVC SYBTEM

Because of over-all system requirements, it 1Is not always
?ractic&l to improve the response of a contrel system by add-
ing‘funetiohal feedback, In these cases, lmproved response
nay result through variation of the forward-loop parameters,
o demonstrate the use of the comzuter in this application a
pneumatic autonilot was studied. The parametsrs of thne actual
system were measured, and the analog was solved on the com-
puter, Figure T4 demonstrates a typical pneumatic autopllot
which positions a control surface as a function of the applied
voltage. The error signal, formed by subtracting a function
of output angle ¢ from the input, ies amplified with a linear
de amplifier of gain K. The amplifier is assumed to have no
appreciable tine delays in the frequency range of interest.
The output of the amplifier drives a rotary solenoid wnich,
in turn, positions a pneumatic valve. The position of.this
transfer valve directs the alr into one of two cylinders of
a double-acting piston. The details of the nmechanical
arrangement are shown in Figure 75. The actuator ls connected
through a series of mechanlical linkages to the controlling
surface of the aircraft being piloted. Feedback from the
output position of the 6ontroi surface 1s provided with a
potentiometer. Since asrodynamic considerations diétate the
form of the feedback (3, the designsr has only the forward-
lOOp'quaniities at his disposal. In the particular problem

at nand, the physical characteristics of the transfer valve
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are pértly available for improved responée. - The computer
solution will determine the best values of these characteris-
ties in terms of improved servo performance.

In most pneumatic valves, 1t 1s possgitle to obtain
linear operation over only a relatively limited region, and
for large excursions of the valve it can te shown (Cf., Ref,

172) that the restorine forces are of the form

Fr= aTy (€)+bTy () (29)

where ¢ is the angular position of the valve.
The characteristics of the particular system considered
were measured and, following true to form, resulted in the

forces given by the expressions
aTy (€)= 375 siNn 86 oz.N.

bT, (&)= [+8725+. 1883 69X 102 oz.In. 670 (20)

= [- 8725+.1883 63 ] x16 % 0z.N. 640

The Tk(e) represents the restoring torque (on the rotary part
of the valve) which is caused by the flow of high-velocity
alr past restricted orifices. In the particular system
studied here, experiments showed that for full delivered
power the valve travel was limited to the linear part of the
sinusoidal curve. IHence it was concluded that this torgue

could be linearized, with no appreciable error, to the form



79

aTy (8) = 375 (8)9 =30 6 (31)

The second torgue Tb(é7 has the form of an energy dissi-

pation term caused by Coulomb damping plus approximate

cubic damping, toth resulting from aerodynamic forceg., The
experimental curves for this torgue are plotted on Figure T
where the approximate analytical curve is also included.
Since the important part of this problem 1s the method of
solution, the details of testing the physical system are
omitted.

Curves of electric motor and amclifier response show
that as a first approximation these characteristicsrcan be
considered linear, and the transfer functions taken to be
constant. The polar moment of inertia J was calcuiated to

e 2.64 x 107" in. oz. sec®. The collected data result in
' ihe following differential eéuation relating input voltage
e to output positibn @ of the transfer valve
J§22+T5(ji)+ T (€) = KaKkme (32)
where K, 1s the gain of the amplifier = ein/lout = volts/amp,
and K 1is tns transfer function of the electric motor =
1jn/torque out = amp/in.oz.

Combining these expressibns, one obtains

2. 647<l 6+ [(*)8725 +0.1883 eajl + 306+ KaKme (t)(33)
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where the symbol (¥) means to take the sign which is appro-
oriate (+for & » 0 and - for 6 £ 0).

Before the computer solution of Eguation (32) is attempti-
ed, the tranéient solution is studied on the phase plane.
Dividing through by 2.64 x 107 ana settinz e(t) = 0, one

obtains
. 3 . «3 2 4 . 4»
e+kdaa+am|e]m-HAaxm(Bm-o _ (54)

.

Defining a new variable y = © and solving for ¥, the following

expression results:

%=-[(*—')3.3+o.0‘nf] 0% - 11.36 x 1096 =0 (35)

Forming the slope )\ = (dy/ae) = y/6, one has

A= 9331001 4] 10%- 1136 x 1078 - (36)

¢

The isoclines, or lines of constant slope, are found by

solving for © in terms of y, with A as a parameter. With a

slight amount of algebra, HZguation (36) can be rewritten as

oy (A+1g®)4 (330
.36 x10%

(37)

6

Following the usual procedure (except this time a sheet

of 17x27-inch paper was used for the original), the isoclines



noanss tralectories were plotted. The rasuliiing curve,
wiich 1s shown on Figure 77, has some extremsly interesting

efzects
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cut the zeticn suddsnly siops whorever a trajscltory itries

Lo pasgs betwaea the two foczl points., ihig faci ie oorne
cul also lrom Lne clockwise dlrectlon whichh the Lrajecterles
must travel; henece ths one irajsciory which apzears to pass
velween these Tocal points at ¢ = -0,0005 rauian ig, in
regality, two trsjsctoriss toth of whlich teriainate a2t the same
point. Shysicaily this plot has great sign.iicance since,
because ol the ary friction in the region cetwsen the focal
points, the restoring force is less thnan the dry frictilon.
Hence, whenever the veloclty passes through zero, all motlon
‘ceases, and the rotating pintle suddeniy sticks. |

The computer solution for this provlem is shown in the
bloox diagram of Figure T¢. The eguation satisfled vy ihe

computer is of the form

L;B'J,-R:V('—_.oud(éb):o (5¢)

Maxing the followinz substitutlons

g -2 @ and t = b

one has

a

tc ¢

(59]

1
O

L= ¢"+ RE ¢+ £} 0
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where primes indicate diiferentiation with respect toT . The

. .
function f(af /b) is supplied by the computer and has the form

F(Eo)= (e sp(3) o ()

Upon substituting Eguatlon (40) in zguation (39), one obtalns

the analogous squation
ko " éq, o o+ .
('gé)tb +(-—g" o+ (2) 0+ (2 Yot +8 (% ) =0 (41)

A second negative-galn amplifier 1s used to insert enough
negative resistance to cancel the undesirable second term of
Zaquation (!ﬂ J, which operation results in the following

equationt

( )¢"+(+)Vot+v(s (-Q‘)+‘o‘c¢ o) | (42)

where both sides have been multiplied Ly ¥ , a third-scale
factor. .LEquation (42) has the same form as kguation (34)
and, with proper choics of constants, represente the analogy
for the pneumatic asutopilot.

Since the present syvestem has veen designed and existing
constants have been predetsrmined, the scaling problem be-
comes more dif‘icﬁlt. A fair‘number of trial-and-error

computations wsre carried out before the problem was put on
the ecomputer since the range of the computer must be matched
to tbe desired numerlcal valuss of Lauation (42). Tae
results of this computation are summnerized in Table VIILI,

where numerleal values of all constants are glven. The



computer constants were set 1In on the bacis of the values of

Table I, but as a check the nonlinear function

y=m CP)2+ (‘-'-').n (43)

was verliilsd, and mlnor addit icqal adjustaents were nececesary
to ottzin the curvs of Fisure 79, This curve was obtained by
applying a sinusoidal eignal to the AFDEV. The output was
viswed on the y axls, and the iInput wag viewed on the x axis
of the oscllloscope. On thig curve the horizontal-axis galn

is 10 7 times the vertical-axlis galin. Two sample phase tra-

for a seriss of initial values gre given in Figures

n

jectorie

Pakrle VIII

Lis = 330 T = 165
% ¥8 = 7.1 oA =2
Ifa o k= 1077
b
—-——ac = 1l.4 @ =6 x 10°
y = m(Qf')j + () n a = 0.276 x 10°°
| =ak? 7+ (Y) n b T 1.43
= é:"(_l_g_: ¢3 A(E)2 c = 4 Iu‘f
K . v
L = 4,5 n

80 and 81. ZHach oseillogram was exposed many times, one for
gach initial condition. This procedure results in an over-

exposure near the origin, but careful examination verifies
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that; aithéugh blurred, tne stiction line does exist. Good
comparison results between these computer transient solutions
and topological solutions of Figure T7.

Aith tne existing closed-loop system established on the
computer, the constants of the ferward loop were varied so as
t¢ improve the speed of response. In tnls operation the X vs
t transient curve was used for comparison rather than the
phase trajectory because 1t is necessary that an accurate
time base be establishzd. Tne osclllogram of Figure 82 shows
the response of the original system to a step-voltage input.
Tne zero of the trace is marked by the dot at the lbwer
right-hand corner of all x vo t photographe. By varying only
the spring constant, one is agble to lmprove the reSponée to
that of Figure 83. The reéiprocél capaéity is analogous to
the mechanical epring constant, and the same step function was
applied in both cases. DNotice that the sweep tlme in Figure
8% is one-fourth that of Figure 82. Hence, with an increase
of spring constant by 16,.the speed of response is about four
times as fast,

As a final variable quantity the Coulomb friction was
altered, The analog of the Coulomb friction term 1is the
battery voltage E. With the same spring constant as that of
Figure 63, the Coulomb damping was increased by 3/2, and the
requnse to the same step input 1s that shown in Figure 84.
‘Again notice that the sweep time in Figure 84 is one-fourth
as greatvas thaﬁ of the origlnal system shown in Figure §2.

The problem is concluded with the x vs t curve of Figure
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Figure 77
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34 aé the improved system. The author does»not believe that
an optimum system has been found since the number of possibil-
ities 1s so large. This system has been improved in a practi-
cal manner since the improvementsbcan e mechanized with
little difficulty. Further improvement might result if
nonlinear feedback be used in addition to the changes already
made, but the meéhanization of the resulting nonlinear sx-
pressions might prove more tedlicus than the design would
allow., Section V uses functional feedback to obtaln an

improved response,
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'VII; -Iﬁ§RCVED SERVO RESPONSE THRCUGH NCONLINZAR FELZDEACK
In the design of closed-loop systems, one is often faced
‘Wwith unavoidable nonlinear operation of certain forward-loop
elements. Amplifier saturation, gear-train backlash, brusn-
friction dead space, and controller-force saturation are Just
a few typiczl examples of undesirable nonlinearlities. By
using a iarge amount of linear.feedback, one 1s able to
improve the response; however, wilith the use of nonlinear feed-
back functions, a greater range of possibllities 1s made
avallavle. Improvement of syslem performance might be possibls
if a method of desiegn of the feedback function were known.
The electronic computer provides this method. An analog of
the open-lcop system is established, and the AFDEV' supplies
the feedback function. The unavoidable nonlinearities are
obtained with varicus diode arrangements or with a second
AFDEV.,
| To demonstrate the use of the AFDEV in this appl;cation,
the slmple position servomechanism of Figure &5 was con-
gidered. The system consists of two selsyns, an amplifier,
a two4phase,induétion motor, an inertia load, and a nonlinear
function generator. The performance of the inductlon motor

driving an inertia load is approximated by the equation

wnere e; 1s the applied voltage, T the produced torgue, and

8, the output shaft position. For a pure inertia load, the
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“torque can be exprsseed by
T=Jp? €m (45)

The anplifier transfer function is approximated by a one-

delay expression of the form

€. = __.__AE { &
(TQ,P"'") ‘

N
N

The selsyns and amplifier produce & voltage at the motor

terminals ziven by

el = .k_s_ﬁ_(r—_i) ) . (47)

(‘ta.pﬂ)

waere kg 18 the selsyn sensitivity in volts/redian, and A is
ihe zero-freguency amplifier gain.‘ The performance of the
system can be approximated by the differsntial eguation
obtained by combining hquations (44), (45), and (46) as

follcwé:

At

Om=c= (48)
(Tap+ )L p+ Ka -
P * (kt P kt)

This expression can be simplifiled
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KE (49)
P(Ta pr1) (Tm p+1)

C=

where X = Akt/k and Ty = 9/Kew -
Ficure 86 shows the slectric analos of the open-loop

system, Writing the clircuit equations for thnis system, one

has

L .
L 2 ,
(R.+P,_..')(Lp + Rap)
which can be slmplified to
g - Hie (51)

P (T| P+l)(Tz P+|)
where ffl = RiGy, T, = L/By, and Ky = A;/R,. Comparison of
HZguations (49) and (51) demonstratss the analogy. A list of
analogous quantities is included in Table IX,
To provide the necessafy position feedback, the voltage

acroes R2(=R2pq) ig integrated; the result is

R .
€z = - R:Ca(% & "‘4%Ck

Additional velocity and position signals are avallable for

the AFDAV from the deslgnated points in the analogy. The
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position feedback plus any function feedback (of x or x) are
summed and supplied to the main loop through two negative-
~gain amplifiers (-X and -A,). The voltage fed back has the

{form

e=cb+f(cb)+cafpcb) (52)

and the system equation can be written

*ﬂ{Vb'AB%+$ﬁQ+Q(P%ﬂ} (5
p(T,pr) (Tap+r)

sguation (53) has the same form as Aquation (47) when £ = g =

o
.

Table 1IX

Mechanleal System Hleetrical Svstem

=
Lo

X pq
,0 2
P q
| Tl - R]_Cl T a
To = L/Ry v Ty = J3/km

Consider now that the control system has an amplifier
‘whiech saturates; i.e., the gain is constant up to a certain
value and then becomes zero. The characteristie is shown in

Figure 87. The saturating amplifier finds its analogy in
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FIGURE 87 SATURATED AMPLIFIER CHARACTERISTIC
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Figure 86 ih the Torm of Ay, wilch has two diodes at its
input. 4s long as the potential is less than V In magnitude,
the gain is consgtant. When the amplifier voltage reaches V,
one ofv he diodes conductes, producing the saturation curve,
The oscillograms of Figures 68 taroush 91, explained in Table

X, demcnstrate the effects on the system., UNotice that,

Table X
Cscillogram o a4

Number Explanation

Fig. 88 input to a?qrated amplifier (top of 1}Jf
capacitor)

Fig. 89 output of saturated amplifier

Fig. 90 poslition feedbaék signal with the loop
open

Fig. 91 closed loop x ve t with only position
feedback

' élthough the output of amplifier Aj is definitely cutting
off (Cf. Figure &%), the momentum of the energy storage
devices produces a fairly sinusoidal output (Cf. Figure 91).

Béfore_tbe functional feedback is presented, ordinary
rate feedback wa.s used to Lmprove the response of the system,
The oscillogram of Figure 91 shows the zero feedback case,
and Flgures 62 through 97 list several improved curves Which
were obtained with increasing amounts of rate fsedback. Doth
‘negative and positive rate feedback are shown, and the ex-

m

planation of the photographs 1s glven in Table X1. The

smount of pogltive rate feedback nescessary to establish zero
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Table XI

Csecillogram I

Number aXjprLanaitlion

Fie, 02 x ve t with O = -1.,6

Fig., 903 x ve t with O = -4,0

Fig. 94 x vs t with 0 = 8,0

Fig. 95 Xx vs b with @ = 1.0

Fig. 96 phase trajectory of Figure 92
Fig. 97 phase trajectory of Figure 93

damping is used as the base of the per unit damplng system.
The basic unit (0 = 1) is obtalned from the zero-damped
case of Figure 95,

The function +(i)n {(n>» 1) was first used in an attempt
to improve the response of the control system. As n was
Varieﬂ, it wae found, as one might reason physically, that
the dampling decreassd with decrezcing signal. The response
curve damps rapldly at first but dies out slowly as the origin
i1eg anproached. A typlcal set of oscillozrames for the cass
n - 3.27 is shown on Figures 98 through 103 and isg explained
in Table XII. It is especially interesting to note the phase

: ' n
trajectory for the positive * (n = 3.27)damping shown on

[?

-

Ficures 102 and 103, If the damping ig larger than @ = 4.8,

4

a stable oscillation results. For smaller values, perhsps,
G = 4.55, the aystem damps down and almost oscillates; the
momentum ¢of the system 1s great enousgh, however, te carry the

trajectory tnrough the limit cyele, zand the motion dies out.
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Oscilloeran - .
ey gram Zxplanation
tumber
e ~d - 1 = e £ FRE SN A n
Pieg. 80 ~ate recdback funcblon (%)
n = .27
Fig, 99 x ve t with ¢ = -2
Fis, 100 phase trajectory with G = -1.6
Fiz. 101 phass trajsctory with G = -24
Flg. 102 phase trajectory with © = 4,56
Fig. 103 phase trajectory with O = 4.80
More 1s said about this Interesting phenomenon when 1t again

appears in eubie position feedback. From these latter
oscillograms one can see that iIn the region n)l no improve-
ment is observed.

A search was made in the region nd 1 to find a more

o

improved response. The result of this 1nvast igation yielaed

an improved response, in terme of rise tiue, wlth the iunotion
- 0.348 ;- et s -
y = x « Oscillograms of this improved system are shown

Figures 104 through 109 and are explalned 1in Table XIII.

v

in terms of épeed of response, a cowmparison of Figures 108
and 109 shows that the best response of the linear system 1s
slower than that with the nonlinear fesdback 1f 1n each case
the zmount of leedback is adjusted to the polnt of’no cver-
shoot. Notice that the same step of voltage was appllied in
each cace and tanat the horizontal axis has the =same galin for

both oscillograms, Only the vertical gain is slightly sgreater
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Table VIII
Ogecillogram . .

Number ixplanation

Fig, 104 (¥) vcloeity foecdback function

Pir, 105 undamped natural oscillation with G = 0O
and only posltion feedback

Fig, 106 nonlinear veloclty feedback x ve t with
¢ = -1.5

Fig. 107 nonlinear veloclty feedback x vs t with
¢" = -8.0

Fig. 108 improved response curve of x vs t with
g = -15.2

Flg. 109 best response with linear veloclity feed-
back x vs ¢t with 0 = -8.8

for the linearly damped case, an érrqr which bas no effect up-
on the comparison.

An lnvestigation of various functions of position feed-
back snowed that no improvement in response over'pure linear
position feedback resulted. For both casee of x* feedback with
n either less than or sreater than 1, the system sustained a
steady oscillation as shown in Figures 110 and 111,

it 1s interesting to note in connection with Flegure 111
that, throughout the bulk of the thesis, the phase trajector-
ies are all shown without isochrones (time ticks). Toward the
end of the research, the idea of modulating the z axis cf the
ogcilloscope with a series of timed negative spikes occurred.

- With the simple circuit Figure 112, the square-wave voltage
is differentiated, producing regularly positive and negative

splkes, 4 diode 1s used to elliminate all positive pulses,
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anda the negative splkes appearing on the‘z axis of the oscillc-
gcope result in a dark spacé. Hence, although this simple but‘
indeed useful idea was not used until this late time, the
authcr‘hop@s that future researchers may benefit from this

isoenhrone zcenerator. The isochrones on the cselllograms of

[ ]

Figuree 113 and 114 are spaced 1 millisec apart.
Oseillograms of Figures 113 and 114 demonstrate agaln the
phenomenon mentioned in connection with positive nonlinear
rate feedback (Figures 102 and 103). In both of these
oscillograms, the position feedback is linear plus cublc
(K x +—F %2y, In both oscillosrams (Figures 113 and 1l4) the
system starts at a large value and damps to a limit cycle.
But in both cases the momentun of the energy storage elements
carries the system through, and a positiocn of rest results.
In Figure 114 the %3 term was incrsased 2 pesrcent. -Thebarc
of a circle on the left portion of both oscillograms should
be disregarded since this line is the trajectory of the-system
before shorting the de dfiving supply. An investigation
préved that, for this phenomenon to occur, the system should
have a saturating amplifier and have near-cublc rate feedback
or linecar-plug-cubic positive feedback. The author believes
that thie same phenomenon could exist with any type of non-
linear function which produced a gtationary value. In the
present case, the effects of the saturated amplifier and the

nonlinear feedback function combine to form this Interesting

result.
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VIII.  CONCLUSIONS

One can read about the phencomena resulting from the solu-
‘tion of nonlinear differential equations and can further tuild
up a belief'in these phencmena from topological cr analytical
results. But to observe these phenomena on an oscllloscope
screen is conclusive proof of their existence. Even more
fascinating is the use of the computer in the feedback path
of servo systeme. Here one ottains the feeling that he is
doing something that hitherto was not possible. The asuthor
concludes that this feeling is somewhat Justified, since the

computer offers a most versatlile and useful tool for the solu-

tion of these problems. True it is that the AFDEV described
herein is less accurate (about 5 percent) than other forms

of function generator. But because of its versatility in pro-
ducing functions of & dependent variable, one must conclude
that this function generator serves a real need In the field
of analog computing.

With regard to the optimization of closed-loop systems
by means of nonlinear functions, the author believes that the
surfacé has Jjust been scratched. A general statement as to
the improvement of nonlinear systems or even certain classes
of nonlinear problems_ié not vyet poseible. The author con-
cludes, however, that with further work and with the aid of
the function generator herein described, englneers will one
day push back the shroud of ignorance which surrounds the
subject of nonlinear mechanics and will begin to solve the

mass of these unsolved problems.



10.

il.

12.

107

References

N. Minoreky, Introduction to Non-lincar Hechanlecs (1947),
J. #. Edwards. :

-

ey

. J. Stoker, Nonlinear Vibrations in HMochanical and
¥lectriczl Svetems (1850}, Interscience Publishers.

SO

A. Andronow znd 3. Cnailin, Theory of Cgeillations (15577,
HoscowW,

Arthur C. Hardy, "4 Recording Protcelectric Ceolor ana-
lyzer," Jour. of Opt. Sce. of amer. (Feb. 1929), Vol.
18, No..2, pp. 86-117. :

Stuart Ballantine, "Variable-mu Tetrodes in Logarithmic
Eecording,"”" Electronics (Jan. 1931), Vol. II, pp. 472-
473, 490,

Frederick V. Hunt, "4 Vacuum-Tube Voltmeter with Logarith-
mic HResponse," Rev. Sci. Instruments (Dec. 1933), Vol. 4,
pp. 672-675.

John P. Taylor, "A D.C. Amplifier for Logarithmic Record-
ing," Zlectronics (Mar., 1$37), Vol. 10, pp. 24-27, 35.

Ralph E. Meagher and Edward P, Bentley, "Vacuum Tube
Circuit to Measure the Logarithm of a Direct Current,"
Rev. of Sci. Instrum. (Nov. 1939), Val. 10, pp. 336-339.

I. 4. Creenwoocd, J. V., Holdam, and D. MacRae, Elecironic
Instruments (1948), M.I.T. Rad., Lab Series, Vol. 21,
p. 125.

H., B. Dwight, Tables of Integrals and Cther Mathematical
Data (1947), Maemillan Company.

K. C. Howard, "A Special-Purposce =lectric Analog Computer
and Its Application to the Soluticn of Certain Nonlinear
Differential EZquations" (1953%), thesis, California Insti-
tute of Technology.

Shih-Yine Lee and J. F. Elackburn, "Axial Forces on Con-
trol-Valve Pistons," Meteor Guided Missile Project Report
No. 65 (June, 1950), Dynamlc Analysis and Control Labora-

‘tory, Massachusetts Institute of Technology (Unclassified).



108

APPENDIX A

De PoWer sSource

Early in the development stage of the linear-to-logarithm

realized that a well-regulated, reliable

w

converter, it wa
power‘supply with versatile output connections was a necessity
Since & variety of voltages, both positive and negative, would
be necessary for‘experimental and computing work, it was
decided that four identical power supplies should be Euilt in
such a manner that voltages from -60C to +600 would be avail-
able in 300-volt steps. The outputs of lhese supplles are
brought out to a common digtribution panel located in the
center of the experimental test bench, which is discussed in
Appendix B.

The power supplies used in this system are designed to
deliver 300 volts at currents up to 300 ma. The drift at the
output is less than 10 mv/hr, measured with a Brown poten-
tiometer, and the internal impedance 1s held to the order of
1072 oum by the regulator. The principal time constant of
the regulator results from the 2000- M-I stabilizing capaci-
tor and the plate load of the 12aX7 which, in magnitude, is
approximately 1 millisec.

The deslgn employs é'unidue balance of econonmy, reiiabil—
ity, and accuracy. Referring to Figure A-i in which a com-
plate schematic diagram of the power supply 1s dlsplayed,
one can see that use is made of two transformers and two
rectifiers to supply one filter network and regulator. This

arrangement permits the use of inexpensive lower-current
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transtformers and rectifier tubes and at the same time provides
quite a slizable power by paralleling the transformers. Any
-undesirable circulating current, caused by slight transformer
unbalance, 1ls avoided because a separate rectifler 1is used for
ggeh transformer, Llectrolytic capaecltors are used in the
filter network, agalin in the interests of econoumy.

The accuracy which ie achleved with this deslen can easily

[

be understood from a conslideration of the detalls of the regu-
lator circult. This circuit has a galn of about 10,000 and
uses a 300-volt battery for reference. The first stage—
employs a 4084% pentode which 1s electrically equivalent to
the SAKS pentode except that the heater requires 20 volts at
only 50 ma. ZREecause of this low heater-current regquirement,
the filamente can be heated fromrthe regulated output. This
last feature would be impractical unless resistors-with very
nearly zero temperature coefficlent were available. The
tomors resistors which were used vary less than 1/2 pefcent
over the entire range of temperature involved; after these
specigl resistors have reached operating temperature, the
variation in heater current is less than 1/10 percent. To
improve the'stability of the regulator further, the screen
voltage on the first stage (408A pentode) is maintained con-
stant with a 5651 voltage reference tube. The remainder of
the regulator employs a L2AX7 twin triode, used as a differen-
tiai am@lifier, which drives two 6AS7 twin triodes, sections

of which are connected in parallel to provide the necessary

*Supplied by Westernm Elcetrie.
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capaclty for controlling the 300 ma. As can be seen from the
photographs of Filgure A-Z, numerous tlinding posts, carrying
the plue and minus terminals of the power supgly, the chassis,

and the 6.3-veolt ac filament supply, are brought out tc thuc

Tront. all voltages are rezdily accessible for permanent

*

b

connection with an oclal socket from the rear,

after the power supciies nad been in serviecs for an
adequate aging period (2 months), tests were performed to
ascertain the accuracy of the supply. It was concluded from
these tests that the darift (as previously stated} of 10 mv/hr
was satisfactorily low. Although it was feared at first that
the primary-secondary insulation o the transiormers might
not stand the added stress resulting from the series connec-

tion, no failures have occurred in the 10 months of operation.

APPLNDIX B

Experimental Test Bench and Labtoratory Facilitles

This appcndix doscribes (for the reference of any future
researchers) the layout of the laboratory in which the com-
puter was developed snd ultimately used. Conslderable time
was epent in the layout and construction of a convenient work
area, and since the equipment has been used for a period of
a year, it 1s concluded that the time was well invested.

411 necessary power 1is readily accesslible and control-
lable by one master distribution box mounted in the center
of the bench. All the power supplies are in shelves, with

the Sola constant-voltage transformers and fllament storage



Figure 4-2. Two Views of the Power Supply
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-battery mounted below. A master power switeh, mountecd on the
wall, removes the power from all equipment except the tube
~arer and the battery cbafger, whlch 1s mounted to the right
of the power supplles. The bench is equlpped with a common
ground that permits varicue types of terminals to be used
convenlently with c¢llip lsads, vanana plugs, or spade‘termiﬂals.
Figure L-1 shows. two photographe of the laboratory facility.
The central distributlon board, shown in detail on Eigure
B-2, contains eleven-prong receptacles for the reception of
standard power plugs wired to each permanent plece of eguip-
ment and numerous binding posts for use with experimental
ggulpment., Both ac zand dc &6.3-voll [llament supplles also
are available and are indicated as being available with
appropriate pllot lights. Esach high~véltage supply can be
disconneccted independently by four double-pole, doublec-throw

switches mounted on the panel.

APPENDIX C

Linear Bweep Generator

During the inltial stages of LTL testing and during the
operation 6f the nonlinear computer an arbltrary function of
an independent'variable (AFINV), a linear sweep gensrator
wasg employed to generate the function x, Thils generator (L3G)
nas a 300-volt peak sweep, The L3G was desiened te deliVer
a saw-tcoth veltage wave of constant repetition rate, varizble
amplitude, and low output impedance., A schematlc dlagram is

included in Figure C-1, and Figure C-2 shows photographs of
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Figure B-l. Two Views ol the Laboratory
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the device,

In the use of the LSG, an 884 thyratron (V1) operates

{“
w

-as a relaxatlon oscillator. The frequency is controlled by

ztron throush the 2000-ohm erynchronizing

potentionetsr The frequency ci oscillation 1s t

o
Ql
o
o+
C+
&
©
Hy
0
I
o)
5
P

ing eubmultiples of 80 cyc/eec: 10, 20,
%0, or &0,
The output of this oscillator is taken from the cathode

in the form of spikes which are applied to the grid of V2 (a

27 thryatron). With the application of a spike, V2 con-
duets, and the sweep capacitor ls guickly discharged. The
capacltor begins charging toward +500 volts through the fine-
amplitude resistor. The voltage across the capacitors isv
fed to the output through the cathode follower V3 (a léAT?
parallel-connected).

Since a2 maximum amplitude of+ 300 volis, which is con-
tinuously adjustabls down to 20 volts, is’desired, the output
voltage.is fed back to the top of the charging capacitor,
This scheme corresponds to constant current charging with

a great improvement in linsarity. The resulting curve was

ot
a

measured 11nbaT to within 1 percesn
The firing potential of the saw-tooth output voltage 1s
controlled by the setting of the de level control. The

total drift results from the output tube V3, walch operates
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in an amplifiler of gz2in less than unity. Since the anplifier
has low gain, and since thevLSG 1s supplied with regulated
filament and de reqgulrements, the drift ls less than 0.2 volt
(C.1 percent of full-scale voltage). The output impedance

roximately 200 ohms.

a5

r‘j
"3

APPENDIX D

Additional Computer Components

This appendix describes flve devices which are used in
conjunction with the computer. A circult diagram, together
with an explanation of each device, 1s included for the bene-
fit of future users of the equipment wihich has been discussed

in this thesis.

1. Voltage control box.

In testing and using the computer, one often requires
a2 callibrated voltage or accurate voltage divider., The voltage
‘control box, which is shown in the schematlc diagranm of Flgure
D-1, satisfies this need. 'The unit, which is shown in the
photegraph of Figure D-2, consists of six Helipots. Ter-
mlinals are brought out for convenlent avallabllilty of each

potentiometér, and appropriate fusing is provided.

2. Oscilloscope calibrator and function selector.

The need was felf for an dscllloscope calibrator such
that peak magnitudes of the various oscillograms cquld be
" obtalned. Euilt in oﬁe unit, which is shown in Figure D-3,
are a voltage calibrator and a function selector. The latter

device has as 1ts input the lmportant junctions in the analog
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Figure D-2. Photograph of Voltage Control Box

Figure D-3. Photogreph of Oscilloscope Calibrator
and Function Selector
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~solution., With appropriate switching one 1s able to cottain
elther a phase trajectory, an x vs t curve, an % vs t curve,
-0y the nonlinear function being generated. The circuit dia-

cram of this unit is given in Figure D-4,

Fe]

7

2. The computer connector unit.

Into this unit are plugred the three LTE units for inter-
connection with the other computer elements, All necessary
power for the LTE 1ls brought into this chassis, 4s 1s shown
on ihe schematic diagram of Flgure D-5, the input and output
Helipots, which adjust the base and exponent of each element,
are also included on this unit. A center-tapped Helipot
provides the nescessary scale changing for the computer. All
important leads are brought to the front through standard

jacks. Figure D-6 shows a photograph of the unit.

4, The test voltage unit,.

The test voltage unit shown photographed on Figure D-7
‘provides fixed voltages of 300, 180, 90, %0, 9, and 3. The
output voltages of this unit are used to plot the statilc
characteristics of the LTE., The circult arrangement is shown

on Figure D-8,

5. ‘Stabilitv voltmeter.

This unit provides a wide range of small voltages and an
appropriate null metef. Tne unit was used Tirst to measure
thevstability of power suppllies and other equipment. Later,
terminals 3 and 4 were used as a variable step~function gener-
ator. In the latter application the device provided casy

change of exciting function for the phase trajectories of
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of Sections V and VI of the text. The circuit diagram is .

included 1n Figure D~9.
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