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Summary 

0.1. Nature ~ Purpose _£!: Thesis. 

Although solutions of Bessel's differential equation, 

z2 d2w/dz2 -r z dw/dz +- (z2 • -; 2 )w = o, (1) 

have been widely studied and extensively tabulated for real values of 

the index y because of their applications to all fields of mathematical 

physics, much less attention has been given to Bessel functions for whioh 

the order ->-' is purely imaginary, the argument z being either imaginary 

or real. Inasmuch as the .functions of imaginary order appear in various 

problems from different branches of mathematical physics, it seems worth 

while to give a connected discussion of their properties and to list the 

various physical applications which have come to the author's notice. 

The purpose of this thesis will be to suggest canonical definitions 

for Bessel functions of imaginary order and either imaginary or real 

argument, and to develop the mathematical properties of these functions, 
• 

including series and integral representations, location of zeros, orthog

onality properties, methods of representation of arbitrary functions, and 

methods of numerical calculation. Physical applications of the functions 

with imaginary argument will then be exhibi tedo These .functions provide 

solutions of La.place's equation useful in certain types of potential and 

heat flow problems in cylindrical coordinates; they also occur in the 

investigation of the stability of flow of a layer of fluid whose density 

and velocity vary with height, and in the study of the propagation of 

Love waves over the surface of an inhomogeneous elastic medium. Bessel 

.functions of imaginary order and real argument give solutions of the wave 

equation which oan be used to calculate the propagation of sound waves 
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or electromagnetic waves around a circular bend in a rectangular wave 

guide. They also occur in the solution of Schr8dinger's equation for 

a particle in a radial force field when the potential is approximated 

by an exponential function. and in the solution of the relativistic 

Schr8dinger equation for a free particle in a.n expanding uni verse when 

the radius of the universe is a linear function of time. 

The appendix of the thesis contains a table of numerical values of 

Bessel functions of imaginary order and imaginary argument. covering 

representative ranges in both order and argument. It is felt that this 

table, even though it is of limited accuracy, will be of interest because 

it represents the only numerical tabulation of Bessel functions of imag

inary order at present in existence. 



CHA.PrER I 

Mathematical Properties of Bessel Functions of Imaginary Order 

1.0. General Theory 2£ Sturm-Liouville Equations. 

The d.if:t'erential equation for Bessel functions of imaginary order 

1,> e.nd imaginary argument iklt is obtained from 0.1 (1), by writing iklt 

tor z, i -Y for 1', e.nd y for w, e.nd di vi ding through by x, in the form 

(1) 

where unless otherwise specified -y e.nd x will always be regarded as real. 

The equation for functions of imaginary order i-Y e.nd real argument kit 

is similarly obtained as 

/;, (-t 2) f ~':,( f 1)1 =cO . (2) 

Both (1) and (2) are special cases of the self-adjoint Sturm equation t f Kt~) fJj - G~)1 ,:co .i (3) 

and ma:ny of the properties of their solutions can be deduced from general 

theorems 

d.itions. 

• 
concerning the solutions of (3) under specified boundary con-

. l) 
The Sturm.ian theory ha.a been elegantly presented by Inoe; a 

number of pertinent theorems will be quoted here for convenient reference. 

We shall consider solutions of (3) in the closed interval a~ x ~ b, 

throughout which Kand Gare continuous real functions of the real vari~ble 

Xe K does not vanish and may therefore be assumed positive; also K has a 

continuous first derivative throughout the interval •. The theorems which 

we shall need a.re concerned princi:i;:allywith the zeros in (a, b) of the 

solutions of (3), and with the behavior of these zeros when the functions 

K(x) and G(x) are variedo 

1) Ince, Ee L., Ordinary Differential Equations, chaps. X-XIo 



Theorem 1.
2

) Let y1 (x) and y2(x) be s:n.y two real linearl1 independent 

solutions of (3). and assume that Yl vanishes at least-1wi.oe in (a, b). 

Then between any two oonseoutive zeros of y1 there is one and only one 

zero of y
2

o 

If a continuous function of x has two or more zeros in e. given interval 

it is said to be oscillatory in that interval; if it has. not more than 

one zero it is said to be non-oscillatory in the interval. 

Theorem 2.3) If the solutions of (3) oscillate in (a. b), they will 

oscillate more rapidly when Kor G or both are diminished. For example• 

the solutions of (1) and (2) oscillate more rapidly with increasing ?-1 2 • 

It is not difficult to set up sufficient conditions £or the oscillatory 

or non-osoillatory character of the solutions of an equation in a given 

interval. 

Theorem!• 4 ) Let K(x) and G(x) be bounded as follows: Jr~ K 'l!J > 0 
• 

and J ~ G ~ g throughout (a, b). Then the solutions of (3) are non

oscillatory in (a, b) if either 'f) q ·o or -(7 /J)-< -,,2/(b - a)2·; A suf

ficient condition that the solutions of (3) should have at least m zeros 

in (a, b) is that -(J /K) ~ m2
7T

2/(b - a) 2 
• 

Theorem 4~) Let y(x) be that solution of (3) which satisfies the - • 

one-point boundary conditions y(a) ::: o< r y' (a) -= o<. • • If the zeros 0£ 

y(x) are marked in order on the segment (a. b), the effect of diminishing 

K and/or G, while leaving tA and o(• invariant, is to cause all the roots 

to move in the direction from b toward a. If Kand/or G diminish oon-
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tinuously (a prooess which may most easily be effected by supposing Kand 

G to depend upon an auxiliary para.meter ). ) , from time to tiim a new zero 

may enter the segment at band move to the left toward a. 

In an important speoial oa.se of the Sturm equation the function G 

has the form G = .1- ~g, where .1 and g are real continuous f'unotions 

of x in a ~ x !:: b, and ). is an arbitrary parameter. Many problems of' 

mathematical physics require the solution of such an equation subject to 

assigned boundary conditions at two points; i.e., one must simultaneously 

satisfy: 

~ [ K ftj - (/ -').~ )f 
o<.'~(o__} - cx.dlf'a_) ~~ 

(]''» 0-) -f- (3 ?J la) ::()J 

where o<., o< ', (3• (3' are independent of A• Eqs. (4.1)-(4.3) comprise 

what is kn.own as a Sturm-Liouville system. For any value of A, (4.1), 

together with the boundary condition ( 4.2), has one and only one distinct 

solution, say y =- Y(x, ). ). This solution, taken together with the second 
• 

boundary condition (4.3), furnishes the characteristic equation 

f ().) = p I Y(~ )} +(1 Y 1 ¼ >.) == o,, (5) 

whose roots in) are the eigenvalues (characteristic numbers) of the 

system (4). The solutions of (4) corresponding to the various eigenvalues 

are called eigen.funotions (characteristic .functions) of the systemo 

Theorem 5. S) If in the system (4) K, g, and J are real continuous 

functions of x when a { x ~ b, are independent of ). , and are such that 

K ) o, g > O, and if' "'-, c,,. • • (3• and p • are also independent of ), then 

there exists an infinite set of real chara.cteristio numbers )~,)., )._, ••• 0 I 1-. 

whioh have no limit-point except A"" +-ob; if the corresponding character-

6) Ince, ,2E_o cito, 235. 



istic functions are y0 ., y1, y2., •••., than Ym has exactly m zeros in the 

interval a L. x ~ bo If the additional conditions / >,,. O., o(ol' ~ O., 

ff'~ 0 are satisfied., then the characteristic numbers are all positive. 

Theorem !}_0 7 ) The eigenfunctions of the Sturm•Liouvilla system ( 4) 

are orthogonal over the range (a, b) with respect to the weight-function 

g; i. a., if i F j, 

f!:g 0') ?), • r,J O/"'J 4 =-0. (6.1) 

If i -= j, 

P' [ff hl;;F4 4 ~ 
The eigenfunctions of (4) may, in case g) o, conveniently be nor-

(7) 

Theorem 7.8) If, in the system (4)., g) o, then the characteristic 

numbers are all real and occur as simple roots of the characteristic 

equation (5)o 

llfuch of the importance of the eigenfunctions of a Sturm•L~?uville 

system lies in the possibility of representing an arbitrary ftmction f(x) 

in the interval (a, b) by means of a series of such functions. If we 

assume that it is possible tow-rite, for a~ x .{ b, 
c>O /14 ~ ~A~,y~&~ 

the coefficients may be formally determined., using (6)., as 

(8.1) 

(802) 
A,, ~ t.. !l ff};;,,, II) fit) df 

£Ir Jft) i)~ (t) df 
Mercer9) and others have in fact shown that the general Sturrn-Liouville 

7) Ince, op. cit., 237-2410 
8) Ibido,238;-z-410 
9) Mercer, J., Philo Trans. Roy. Soc., (A), 211., 111-198 (1912)0 



s~ries (8) corresponding to f{x) behaves in the Sa.IOO way as the ordinary 

Fourier series corresponding to f(x). A typical result is the following: 

Theorem s.10) Let the function f(x) possess a Lebesgue integral 

in (a, b), and let f(x) have limited total fluctuation in an arbitrarily 

small neighborhood of a point x = s belonging to the open interval (a, b). 

Then the Sturm-Liouvllle series (8) converges at the points to the sum 

½[f(s _,_ O) l- f(s - o)]. 

For the comprehensive extension of the principal theorems on Fourier 

series to the whole class of Sturm-Liouville expansions, reference may 

be made to the work of Mercer cited aboveo 

lolo Bessel Functions of Imaginary Order ~ Imaginary Argument. Wedge 

Functions. 

We pass now to consideration of Bessel's equation 0.1 (1) written 

with imaginary variable ix and imaginary parameter i -Y , so that it becomes: 
• ~,.b + ?(_ d,, _ ~-,>J.)?J ::,_Q. <1> ~,. n . 

Our first task will be to obtain a fundamental pair of solutions; of (1) 

in useful for.mo 

A series solution of the ordinary Bessel equation 0.1 (1) is customarily 

obtained around the regular singular point z = 0 in the form:11) 

~ l. (-)~ 3. !It t' +i~ 

= ,.o /Y>7 ( r 0)+.,m+I) 
(2) 

Jr (z) is called the ordinary Bessel £unction of the first kind of argument 

z and order Y • It is a solution of 0.1 (1) for unrestricted complex 

values of z and~; it is an analytic function of z for all values of z 

10) Mercer, ~• cit., 196. 
11) Watson, G. N., Theory of Bessel Functions, 2nd ed., chapo 31 38-45. 



(z ~ 0 possibly excepted), and an analytic £unction of~ for all values 

of r • The function .:r_~ (z) also satisfies 0.1 (1) and is linearly inde

pendent of J-,> (z) if -Y is not a real integer, so that if and only if J> is 

not an integer J~ (z) and J_y(z) form a fundamental system of solutions 

of Bessel's equation. 

It is frequently convenient to take as standard solutions of Bessel's 

equation linear combinations of J,; (z) and J_:v (z) which approach distinct 

limits as~ becomes an integer. Particularly important are the two Hankel 

!'unctions: 12 ) 

,I 

-,i ~ y,r 

these (or their limits as :;,J approaches a real integer) represent a funda-

mental pair of solutions for all values of z and Yo 

Standard notations for a fundamental pair of solutions of 0.1 (1), 

when tp,e argument z is purely inaginary anc? the order ;,J is unrestricted, 

13) 
have been adopted as follows: ;J +hw 

-~;J,,r/ . - i: (j_ ?') .) 
_j_:» (~) ~ ..P Jy (; r<.) - ,,,, =-,) -?n _I / {y +,-,,,,,-,) ( 4el) 

1) ==- ?!' I_vfj - I:,1/;J 'II,(. ,;:-11/ /IJ ;, ) 
Kl («_ 2 ---'---- ~ 7 ..a.. .,> ( f -;,c. , ) 

,, ,<),01 :,> rr ,,. ( 4o 2 

Ir (x) and K ~ (x) are called modified Bessel functions of the first and 

second kinds respectively; they have been widely tabulated for real values 

of iJ • 

Since no restrictions were laid upon z and JJin the derivation of 

the series (2) for J ,y (z), it is evident that {,> (ix) and J_,;(ix) both 

-8-



furnish solutions of Bessel's equation (1) with imaginary order and inaginary 

argument; in fact. since (1) bas purely real coefficients. it is satisfied 

by both the real and the imaginary pirts of Ji-,> (ix) separately. However 

it is not convenient in practice to define standard solutions of (1) 

directly in terms of Ji,> (ix)• Rather we wish a fundamental real pair of 

solutions whose form is as well adapted as possible to numerical computation• 

and whose asymptotic behavior for large values of the argument is simple. 

Such a pair may be compactly defined by forming from the modified Bessel 

functions Ii,> (x) and I_,;(x) the following real linear combinations,, which 

(5.l) 

where Y is real and xis real and positive. The linear independence of 

F ,-, (x) and G ,,> (x) follows from the i.ndependence of Il>' (x) and I_d(:x:) 
• 

(Watson• po 78). iY being not a real integero 

Any solution of (1) may be called a Bessel function of imaginary 

order and imaginary argument; the special solutions F :,J (x) and G~ (x) 

will be referred to as "wedge functions"* of the first and second kinds 

respectively. In the following sections various properties of the wedge 

functions will be developed. 

1.11. Series~ Integral Representations of Wedge Functions. 

Series representations of the wedge functions in the neighborhood of 

the origin are complicated by the fact that both functions have an osoil• 

""l'his name was suggested by Prof'. Smythe in view of' the application 
of these functions to potential theory (Art. 2.1), where they show a 
certain analogy to the solutions of Legendre's equation called 0 cone 
functions"• 



1atory discontinuity at x ~ O, the nature of this singularity being due 

to the circumstance that the exponents ti,> of the differential equation 

at the origin are purely imaginary. We may however obtain expressions 

£or the wedge functions in terms of series of modified Bessel functions 

1:m_ (x), which indicate clearly the behavior of F v (x) and G ~ (x) near the 

origin and which can be used for numerical calculation when xis smallo 

We consider the following series14) due to Lommel, which is valid 

we have £~om 1.1 (5.1) and (5.2) the results: 

f;>t:,c) :: (r/~n) 11 :r;~ (?£) . 

= yyu/J~;: [A~Jt.)~ Bk?') f- /J~?t)~ 

G;(J == -(r/.,/J)-n-J ~ Z:-1 (;x:) 

= J?'11/d~ .[ IJGJ?i)Co:J 1)0;<) ~ IJ~?C)~ rJ~?L)] 

14) Watson, op. cit., 1430 
15) Whi ttakar," E. T •, and Watson, G. N., Modern Analysis, 4th ed., 

259, ex. 7o 
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The function arg r(iP) may be computed from power series16) for small 

values of Y and from Stirling's asymptotic series lS) for log f (j;}) when 

Y is large. Successive terms of the series for A(y. x) and B(v, x) de

crease sufficiently rapidly when xis moderately small to facilitate comp1.1-

tation of these auxiliary functions. In Art. 1.13 A~. x) and B(;v. x) 

will be expressed_ as series in ascending powers of Xo 

Simple definite integral expressions for the wedge functions may be 

obtained from known integral representations for Iy{z). We have17) 

,-, . J I_ /'IT' ~c.,., 8 ~ft
0 

~ _..e., -2:--c/f-~f olf--
-1-.v (~; = "irj

0 

y_ IA J> ()cl() - },, -

for unrestricted values of~ if ~rg z I < ~N; Letting z be real ( = x) 

and positive and replacing -.) by i ,J , the formula becomes 

I · ,;r~) = ;_- r:_ ?(. e:o {} cl ,JI & cl I} - i~ ')Jrr ~ -~cl t -u t di-. 
( /,, _fl_ 7T /4 .-e 

Separation of real and inaginary parts according to lel (5.1) and (5.2) 

The integral representing G~(x) is particularly simple and is easily 

evaluated by mechanical quadrature provided xis moderately large, so 

that the exponential factor in the integrand becomes negligible before 

the cosine term has undergone many oscillations. The first (f'i:ci te) 

integral in F?'(x) r.m.y be split into various parts which are not difficult 

to calculate separately; some details are given in connection with the 

numerical table in the appendix., 

16) Davis• He T • ., Tables 2!_ ~ Higher Mathematical Functions, vole 
1. 181-185. 

17) Watson. :!i.,• ~•• 181• eq. (4). 
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1.120 Asymptotic Behavior _£!. Wedge Functions. 

Asymptotic representations of the wedge functions for large argument 

and fixed order are easily obtaine~ from the knovm. asymptotic series18 ) 

for I;,(z) and K,;(z). • Using the notation 

r&+~ +{) 

/]?I! r (y_~ +f._) ) 
(l) 

(2.1) 

and, for -11/2 ~ arg z <. 31T/2, 

(2.2) 

the seoond series on the right being negligible oompared with the first 

if jarg zj ..( ~n; Putting i,.; for?,> and x for z in (2.2), substituting 

(2.2;) into lol (5ol), and expanding (iv, m)., we find that., when~ is fixed 

Similarly from (2.l) and lol (602) we haw.,* when:;} is fixed and x is 

18) Watson, op. oit., 202-2030 
*It is a litti"e tricky to calculate the asymptotic expansion of Gv(x) 

directly by substituting the "negligible" series of (2.2) into the first 
equation of 1.1 (5.2)., since if we include this series in the expression 

-12-

for Iy(z) we no longer find I_u,1 (x) =- I+iv (x). Furthermore the 11negli gible" 
series exhibits Stokes' phenomenon in passing through the region }arg zl i.. 

½7r; since in the range -311/2 "- arg z .<: ff/2 the exponential factor is exp 
[ •z•(?> t- ~)ITT. J • 



It may be noted that the two wedge functions behave at infinity in 

a :manner similar to that of' the modified Bessel functions I~(:x:) and K,,(:x:) 

of real order; i.e., one tends exponentially to infinity, the other 

exponentially to zero. Sinoe in applications to physical problems it is 

frequently necessary to find a solution of 1.1 (1) whioh vanishes £or large 

positive values of' the argument, the canonical definitions 1.1 (5.1) and 

(5.2) were chosen with this end in view; evidently no Bess~l function of' 

imaginary order e.nd imaginary argument can vanish at infinity ·if it is 

linearly distinct from G~(x). 

The asymptotic series (3.1) and (3.2) are useful for numerical calcu

lation when :x: is moderately large, provided that.,; is not of magnitude 

comparable to x. (The larger v, the less rapidly do successive terms 

diminish.) In practice the number of significant figures obtainable from 

-13-

an asymptotic series may be greatly increased by the use of a "convergence 

factor." This technique has been developed by J. R. Airey19) and is adapted 

for the calculation of Bessel functions of imaginary order, as Airey shows 
• 

by an illustrative example. 

In the neighborhood of x ~ 0 the wedge functions both oscillate in

finitely rapidly, -being essentially sinusoidal functions of' ~log :x: with 

phase constants depending 01;1 :Ye Their limiting f'orms may be deduced from 

1.11 (5). We substitute into 1.11 (3) the relation 1m_(0) = ~om and obtain 

A(r,O) ::: o, B(,>,o) == 1/~; then we find f'rom 1.11 (5) that if !V is fixed 

as :x: tends ~o zero, 

~ J111~o1?; # [:>1Lu-a f ~ - aA! rfc·~) J 
- k 1,, J ,,;: ,,:;&; [i> .Jld fr - ""'0 r f,.,, )j. 

(4.1) 

19) Airey, J. R., Phil. Mage, (7), 24, 521-552 (1937). 
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It is sometimes of interest to know the behavior of the wedge functions 

for le.rge values of' the order 'Y• the argument remaining i'ixed. The dominant 

terms of the asymptotic expansions in ,;Joi' the functions may be obtained20) 

from the defining series 1.1 (4.1) for J;v(x). If we write iY for ~, the 

+···]. 

We substitute for the r-function Stirling's approximation• 

rfi»-1-1) N CJJ/4)
1
)) {211,JJ [11-cJ{-£)]/ <s> 

:1nr 
If we recall that for large r sh.P7T differs negligibly from ~ , equations 

lel {5.l) and (5.2) yield the following asymptotic expressions for the 

wedge functions when Y is large and x is fit.:iced: 

;; f,._} ,v ~ ->'•/, J "'T Cr, [,y ~ ,> --'fJ ~ -/) f f ff If {f!(-/, )jy ol) 

G,,( ,c;) N _e _,i,rfJc I ~ ,µ;,, U' ~ ,J -~ tr -I} -1- f j [ / f(!JG)j. (7 .2) 

From these expressions it is evident that both canonical solutions of 

Bessel's equation 1.1 (1) with imaginary order and inaginary argument, 

regarded as functions of their orderY• undergo an infinite number of 

oscillations of exponentially decreasing amplitude and slowly decreasing 

wavelength as ,J increases without limit. 

The limiting forms of the wedge functions when Y tends to zero, x 

remaining fixed. may be seen immediately from the defining equations 

20) Cfe Watson, 2.E,• ~• • 225e 



1.1 (5.1) and (5o2). These forms are: 

16':) -> I~ c;,LJ) (8.1) i) ~ 
,J➔O ).) :,I-}.:> 

~~) ---? l( tx). 
(8.2) :v~i) 

Asymptotic expressions for the various solutions of Bessel's equation 

valid when the order rand the argument z are simultaneously large and of 

comparable magnitude have been derived for general complex values of,-;) and 

z; but the analysis is lengthy and the results are complicated by the 

necessity for treating numerous subcases separately. We sh.all not take 

space here to apply these general results to the special case of our wedge 

functions; reference may be made if desired to the complete treatment given 

by Watson. 21 ) 

1.13. Alternative Definitions of Bessel Functions of Imaginary Order and 

Imaginary Argument. 

In connection with the definitions of the wedge functions Fy(x) and 

G7(x) which we have adopted in this work, ~ may naturally inquire whether 

any other fundamental set of solutions with more convenient properties 

has ever been suggested. A brief discussion of the real and imaginary 

parts of the function J -Y -t;_P.l (x) of complex order was given by Lommel 22 ) 
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many years ago; but the only attempt at anything like a systematic treatment 

23) , 
of Bessel functions of purely imaginary order is that of M. Booher. 

We shall summarize the relations between the functions defined by Booher 

and our functions F,;(x) and G:,>(x). 

Booher first defines a particular solution [Jn(z~ of the ordinary 

Bessel equation 0.1 (1) by writing, for unrestricted complex values of 

21) Watson, 2.1?_• oi t., chap. VIII. 
22) Lommel, E., Math. Ann., 3, 481-486 (1871). 
23) Booher, M.,, Amials of Ma.thematics, 2_, 137-160 (1892)0 



1111and z, 

(1) 

where Jn(z) is the ordinary Bessel function of the first kind. When 

z ( = x) is real and positive and n (~ i~ is purely imaginary, he defines 

two~ independent solutions of the differential equation as: 

HiJJ (x) = ½ [£ Ji:u (x) J -f [J_1JJ(x) j j, 
I;y(x) :..2.:, [f Ju> (x)J- fJ_/p (x)}} o 

(2ol) 

(2.2) 

(Bocher's r1y(x) is not to be confused with the modified Bessel function 

of the first kind, for which elsewhere in this thesis we use the customary 

modern notation I_y(z).) 

Becher goes on to find that 

(4.2) 

The symbol (p) 4, where p and q are any positive integers such that q ~ p, 

denotes the sum of all of the different products which oan be formed by 
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multiplying together q of the p factors 1, 2, ••• , po* By definition 

( p) 0 = 1 and ( p) q -= 0 if q > p or if q l.. o. 

As a fundamental real set of Bessel functions whose order i.,.> and 

argument ix are both purely imaginary, Bocher defines: 

il,Y f<'-?<I = ~ [Jl_ r ff J) uJJ J = ~ J2 !fT'[ ~y ft~ + L. ~y r:~)} 
= _,1. ~ /& [-f. ,-,, 7 (17,) s; (r~ - iR i,>~~';J) s; {c~) J 
= ~ G>1¼ ~) 5✓ (c~) -1-~ (;J~ ,;£) 5;_ (c·~ 

I;yfr?') == R [,R_ ~ fjy?~)j} 

- ~ &~?'-) s; {;,J-~(;J, ,?) s,_ {,;e). 

(5.1) 

(5.2) 

The series s1 (i:x:) and s2(ix) are evidently real when x is real; they are 

simply related to the functions which were denoted by A(v,x) and B(:Y,x) 

in Arto 1.11. We may deduce this relation by substituting for f Jiv (ix)] 

from (1) into (5.1) and then comparing (5.1) with 1.11 (2); thus: 

~ ~£2/Y(i,J~,,.~ _,Q_ {~~~[S,(;~) - L_~(t)l ~ 
- 2 {J) r"(i;>J f-t) Ji, 7 piJJfi~) ~ rr1., HJ _2,.,> .e, ~ ~ -1- [A~~ -i tJ ~?C-) J 

c°',)£..,.1-[ / ) )7 rftJ)) 
= ~ - -?} /JJ f}l,;~ t- ,µfl{,J?'-J. 

If we cancel the exponential factor from the seoond and fifth members of 

this equation and equate separately the real and imaginary parts• we have 

at onoe 

(6) 

Bocher 1 s solutions H;y(ix) and Iir(ix) must of course be expressible 
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in terms of any other fundamental set of solutions of the differential 

equation; it is an elementary exercise to write them as linear combinations, 

with coefficients depending onr, of F~(x) and G~(x). Since clearly both 

*For example, (p)p::: pl, (p)p-l-= pl (1 r l/2 t- 1/3 + ••. + 1/p), and 
(p)i -= 1 + 2 + •. • +p; Bocher presents a short table of values of (p)4 
calculated from the recursion formula (p)4 ~ (p-1)4 t p(p-1)4_1~ 
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Hiy(ix) and Yi.v{ix) depend linearly upon 9(x). which becomes exponentially 

infinite for large positive values of the argument while Gy(x) tends to 

zero, both functions tend to infinity for large x. But in the physical 

problems where Bessel functions occur, e.g. in electromagnetic theory, 

a frequent boundary condition is the requirement that the quantities in

volved shall vanish at infinity. It is therefore of considerable importance 

to choose one of the canonical solutions of our differential equation so 

that it does vanish at infinity. For this reason, in spite of the relatively 

simple limiting forms of Bocher•s functions near x ~ O, we shall not employ 

these functions in our worko 

The requirement that ona of the wedge functions vanish for large values 

of the argument still leaves at our disposal in fixing the canonical 

definition of the function an arbitrary multiplicative factor which may 

depend uponr •. The definition actually chosen for G~(x) in Art. 1.1 was 

suggested by the observation that the familiar modified Bessel function 

K,1(x) of real positive argument, defined for general values of-ii by 1.1 
• 

(4.2), is a real function when the order is purely imaginary, and that this 

function has the simple definite integral representation lell (6~2). We 

accordingly defined G~(x) ~ K,~(x), and then chose the definition of the 

other canonical solution F»(x) to exhibit as much fonnal symmetry as 

possible with Gy(x). 

The fact that the amplitudes of both F,,(x) and G1 (x) decrease ex

ponentially with increasing order for any fix ed value of x (cf. 1.12 (7)) 

necessitates the use in numerical tables of negative povrers of 10 to take 

account of the wide variation of the wedge functions in absolute magnitudeo 

It is likely that if more extensive tables than ours are ever undertaken, 

~ the functions tabulated will be the more convenient ones e F~(x) and 



~ () e~ e G~ x , with a short auxiliary table o:r • A similar device has 

already been used with the modified Bessel functions; 24 ) namely, for large 

values of the argument one tabulates not the functions themselves but 

the combinations e-xin(x) and exKn(x). These latter functions vary slowly 

over a wide range of values of x and are smooth enough to permit accurate 

interpolation. 

One of the considerations involved in fixing the standard definitions 

of the various kinds of Bessel functions is the desirability of giving as 

simple a form as possible to the recurrence relations which exist between 

the functions of different orders. These recurrence relations, which 

oonnect for example the function Kn(x) with the functions Kn,-!: 1 {x) and 

their derivatives, are a consequence of the fact that Bessel's equation 

is a confluent :rorm of the hypergeometric equation; 26) they are quite 

useful in simplifying the results of analysis and especially in the calcu

lation of numerical tables. However the recurrence formulas are of little 

practical value if the orders of the functions concerned are not all real; 
• 

for example the relations involving K;v(x) connect this function with the 

functions ~~ 1(x) of complex order, or in our notation they co:i:inect 

G,,(x) with G:v~,(x). The existence of a linear relation connecting G,-,(x) 

with G;P±: 1 (x) is ~ guaranteed by the form of the differential equation; 

and it does not appear likely that any such recurrence formula can be 

secured by adjusting the definitions of the wedge functions.* 

24) British Assooiation for the Advancement of Science, Mathematical 
Tables, vole VI, part 1, Cambridge, l937e Table VIII. 

25) Whittaker and Watson, 2,1:• ~•• 359-360 ~ seq. 
*Professor Bateman expressed in conversation with the author the 

opinion that the chances of finding such a relation were very remote. 



1.2. Zeros of Bessel Functions ::£ Imaginary Order~ Imaginary 2!. Complex 

Argument. 

In the first part of the present section we are concerned with the 

zeros of the solutions of the equation 

(1) 

for Bessel functions of imaginary order and imaginary argument, when the 

solutions are regarded as functions of the real variables x 8lld:Yo Later 

we shall prove certain theorems involving the zeros of Bessel functions 

of imaginary order and complex argument, which will be of use in the ey

drodynamical investigations of Arto 2.2. 

With the notation of Arto loO, where,;) and x are real• (l) is a 
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Sturm equation in which K(x) == x, G(x) :=- x - -Y 2/xo* We shall be interested 

in the solutions of (l) in the closed interval O < a i. x ~ b ~oD , throughout 

which K(x) and G(x) are bounded by ][. ~ K 7,J. '7 0 and ..,g ~ G ~ , where 

:C:. = b, J ==- a, .,g.,, b - ,> 2/b, and J"" a. - :v 2/a. 

Theorem l. (i)o A:ay real solution of" (l), considered as a function 

of x, has an infinite number of real zeros in the interval between x -::c 0 

and x= ,> • 

(ii)o No solution of (l) has more than one real zero to the right 

Of X =JJ o 

(iii)o If (a, b) is any preassigned finite interval of the positive 

x-axis and mis any given positive integer• then for sufficiently large 

values of Y every real solution of (1) will have at least m zeros in 

(a, b)o 

Part (i) of the theorem follows most readily by observing from lol2 

*No confusion will be caused by this notation, since when Kand G 
are used to denote Bessel functions they will always carry appropriate 
subscripts. 



(4.1) and (4.2) that for small values of x every real solution of (1) 

has the limiting form 

(2) 

where the amplitude A(Y) and the phase constant'(~) are independent of 

Xo The argument of the sine passes through all negative integral multiples 

of -,r as x -~ + 0; so the origin is a limit-point of zeros of all real solutions 

of (1). Parts (ii) and (iii) follow directly from theorem 3 of Arto 1.0~ 

If a~» , then 1J ~ a(l - ,J
2 /a2) ~ O; so the solutions of (1) cannot oscillate 

for X~Y• If a, b, and mare fixed, a sufficient condition for the solutions 

to have at least m zeros in (a, b) is 

and the inequality certainly holds for all sufficiently large values of~. 

Since G(x) -= x • :,>2 /x is decreased by increasing -;.f', theorem 2 of 

Art. 1.0 shows. that the higher the order -:v, the more rapidly will the solu

tions of (1) oscillate in the neighborhood of a given point, the increased 

rate of oscillation is of course obvious ia the limiting form (2). 

It is qualitatively apparent from theorem 1 above that, as the order 

,J of the wedge functions F,.> (x) and G,>(x) is continuously increased, the 

real zeros of these functions move steadily to the right into intervals 

previously zero-free. The sudden appearance of a new zero between two 

old zeros of either £unction is precluded; since F,' (x) and G,> (x) are con

tiilllOUS functions varying continuously with Y, a.ey such new zero would 

have to appear as a double zero, 29 ) and no solution of (1) can possess 

a double zero at an ordinary point unless it vanish identicallyo 

Theorem 2. I£ A and B are real constants independent of 'Y and if 

x has a.cy fixed value, the linear combination of wedge functions 

26) Cf. Ince, 2,£• cit., 229, n. 2. 



(3) 

considered as a function of -;) , has an infinite number of zeros for in

creasing values of'~with a limit-point at +ob• 

F'rom 1.12 (7.1) and (7o2) we have the asymptotic form of Yv when 

;> is large .and xis fixed; namely, 

Pff~ .l ,l • j;Jf~J (V c.Jl, -~ ~ ;r: ~[:1(4;i-4 f-,/+lj[11-o(iJJ J (4) 

from which the theorem is evident. 

The complex zeros of' the solutions of' the Sturm equation, 

j[Kf¾)~- G(1:)~ =o-' (5) 

may be investigated by the use of' a certain integral equality known as 

the Green's transform. 27) It is supposed that K(z) and G(z) are analytic 

in a domain D throughout which K(z) does not vanish; and (5) is replaced 

by the pair of' equations 

dw1/dz -= w2/'K(z), dw2/dz -=: G(z) w1, 

where w1 == w, w2 ;::. K(z) a:w/dz. 

(6) 

(7) 

On combining the complex conjugate of the :ri.rst member of' (6) with the 

second member, we get 

whieh, being integrated between limits z1 and z2 along a path of inte

gration lying wholly within D, yields the Green's transform of' (5), namely: 

(8) 

(9) 

and· split the Green's transform into real and imaginary parts: 

27) Ince, op. cit., cha.po XXIo We define G(z) with opposite sign 
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to that used byince';-in order to keep our notation consistent with Art. 1.0. 



(10.2) 

Recalling (7), we see that if the solutionw(z) of (5) vanishes at z1, 

it cannot also vanish at z2 unless the right sides of (lOol) and (10.2) 

both vanish. In :i;articular it does not vanish at z2 if we can find a 

path of integration in D connecting z1 and z2 throughout which a definite 

one of the following four pairs of inequalities is satisf'ieda 

11. d~ ~~ fir) dlr; ~ o., (C} d~ :{ o.., pl) dX,7.. ~OJ 

~) d~ 9 0.1' d~ ~ o,,· d.4 )/o:, a~ { o. (11) 

Our first application of this theory will be to the modified Bessel 

(12) 

obtained by writing iz for z in Bessel's equation 0.1 (1). Any solution 

of (12) will be called a modified Bessel function of order')) (here assumed 

real) and argument z. In this case we have K(z) = z, G(z) == z -1-.2}/z; 

the domain D includes the whole complex plane, out along the negative 

half of the real axis, except for a small circle excluding the origin. 

Au elementary calculation gives, for the quantities defined in (9), 

ctK = d~ -1-;,clz;_ ==- d-z-/4 +~·/fl,,, (13.1) 

dJ :=: d~ -r,c·d ~~ 

=: [(A,~20-1-f;: )/4-A~2tJtlflj -1-i[1t~2lli#v +fi
1
Co].2$+J~d0j (

1302
) 

·9 
where z = re1 

, - 7f-< 8 1': 71"• 

Useful in the statement of the results which ·we shall prove are the 

two curves whose equations in polar coordinates are 

4._ui)~}-; j.;1.~20 +~1..& = ±-}_f[i>1: (14) 

The equation Ji (r, 9)-:::- +- ~,n,2 represents the positive imaginary axis 

Q = ½n- plus the locus of points satisfying the relation 
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r 2 = ::,.>2 (-,r - 2Q) cso 2Q (14.l) 

for O I.. /11 -2Q/ < 7r • The latter locus is a bell-shaped or wi-toh-shaped 

curve symmetrical about the imaginary axis Q = -l'T. having a flat maximum 

y-:::;;) at x == o. and asymptotic to the real a.xis for large values of 

x (Q-70 +-0 or Q~7T- O). The equation4_(r. Q) = -ia~ represents 

the reflection in the real axis of ,4 (r • Q) =- + iaT".>,2 • 

Theorem 3. (i). No modified Bessel function of real order oa.n 

have two complex roots whose imaginary parts are equal and whose real 

parts haw the same sigo.. 

(ii). No such function oan have two complex roots with equal imag

inary parts whose representative points lie outside the open region bet\~een 

the two curves r 2 := :t. Y 2 ( 11 - 2Q) cs c 29. 

For part (i) assume that the modified Bessel function R,;{z) which 

vanishes at z1 :::. x1 .J- ib also vanishes at z2 = ¾ + ib• where for con• 

venienoe we take x2 ) :x:1• Assume at first that both roots are in the first 

quadrant. so that x2 ') Xi >✓ 0 and b '7 o. 'M3 carry out the integration 

of' (8) over the straight line y = b from z1 to z2• Along this segment 

x),, o. dx '7 o. and dy = O; so on writing out in rectangular coordinates 

the quantities defined in (9) we find that 

dKj_ '% Re (dz/z) = (x dx +-y dy)/(x2 +-- y2) =- (x dx)/(x2 +- b2 ) >,, o, 

d.11 -= Re (z-t-Y 2/z)dz ~ x[?. + ,J 2/(x2 + i')] dx +y[-1 +» 2/(x2 + i')J dy 

== x[l +->--' 2 /(x2 +- b2)] dx ~ o. 

Hence the inequalities (lla) are satisfied throughout the path of inte

gration• and Ry(z) cannot vanish both at z.i, and at z2• The occurrence of 

a pair of complex roots with equal' imaginary parts in any other quadrant 

is ruled out in an exactly similar we.yo 
i9 

For part (ii) assume that R»Cz) vanishes both at z1 ~ Xi+ ib := r 1e 1 
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i82 
a.nd at z2 =- x2 .f- ib = r2e o In view of the resul"I:; just proved• it suf.fices 

to take x1 and x2 of opposite sign. say Xi< 0 ~ x2; and for convenience 

we consider first the case b > o. so that 7r'> e1 ) ~1T) e2 > o. By hypoth

esis the representative points of z1 and z2 lie on or above the curve 

r2 =JJ2 (7r• 28) csc 28; let the radii vectores to z1 and z2 intersect 
i9 iQ 

this curve in the points ( 1 ==- f 1e 1 and ( 2 -= j 2e 2 respectively. We 

caxry out the integration of (8) along a path consisting of the following 

(1) the radial segment from z1 to t'1; (2) that portion of' the curve 

(Tr- 28) csc 28 from(1 to ( 2; (3) the radial segment from 52 

to z2• Along (1) we have d9 ~ o. dr < o. and sin 2Q ~ O; so from (13.1) 

and (13.2),, d~ ==- 0 and d.:62 ) o. On (2) ~ 2 0 by definition,, and 

dfi -:::. d8 .( o. Along (3) d~ :::. dQ -:e: 0 and ~ 2 =. r sin 2Q dr '> o. Hence 

the pair of inequalities (llc) axe satisfied,, a.nd R;iJ(z) cannot vanish both 

at z1 and at z2• The case b < O,, in which both imaginary parts are negative,. 

is treated in a similar way to complete the proof. 

It may be noted here that our methods -do not permit us to dispose 

of the exceptional possibility that a solution of the modified Bessel 

equation (12) of real order may have two complex roots of equal imaginary 

part,, lying on opposite sides of the imaginary axis and within the open 

region* between the curves r 2 = ±;J2 (11 - 29) oso 2e • 

.Analysis similar to the preceding may be applied to the solutions of 

(16) 

obtained by writing .,i for -/' in (12). A:ny solution of (15) will be 

called a modified Bessel function of purely imaginary order iY and complex 

axgument z.** The functions K(z) =- z and G(z) ~ z - .))2 /z axe analytic 

"'fhis region is somewhat less extensive than the strip \y\ < .,J• 
*"'The wedge functions defined in 1.1 are of course particular solu

tions when the independent variable of the equation is regaxded as real. 



in the whole complex plane (cut along the negative real axis) excluding 

the origin. The quantities dK and ~ may be obtained by replacing ?J2 

by-~ in (13.l) and (13.2). 

Theorem 4. No modified Bessel function of purely imagi:nary order 

can have two complex roots with equal inaginary parts. 

To prove the theorem, assume that the modified Bessel function R,,>(z) 

vanishes both at z1 -== x1 + ib and at z2 =- ¾ + ib, where for definiteness 

x1 < x 2, and we assume at first for convenience b > o. We carry out the 

integration of (8) along' the straight line y -= b from z
1 

to z2• On this 

segment dx ) O, dy :::: O; so on wri-\iing ou-t; the expressions for d~ and 

M2 we find that 
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d~:: Im (dz/z) := (-y dx + x dy)/(x
2 

+ y2 ) =- •(b dx)/(:ic2 + b
2

) '-. O, (16.1) 

a,g2 =- Im (z -;->2/z)dz = [Yt- 1}y/(x
2

-r y
2

)J dx +-[x -;>
2
x/(x

2
t- y

2)j dy 

= b[l + Y 2
/(x

2 
-\- b

2
)] dx > o. (16.2) 

Thus the pair of inequalities (llc) are satisfied, and Rc,J)(z) cannot 

vanish both at z1 and at z2• If we assume 1' < O, we merely reverse both 

inequa.li ties and obtain {lld); thus -\;he -\;heorem is completely established. 

In the following theorem use will be made of the curve 

r 2 
e: 2.JQ csc 2Q, O <. IQI l.. 111; r{O)-= ,J, (17) 

which is just the symmetrical bell-sahpad curve of (14.1) rotated through 

an angle of -½-n; so that it now lies on the right side of the inaginary 

axis, passes through the point(;», O), and is asymptotic to the imaginary 

axis at :tiPO • Writing (17) in rectangular coordinates, xy - ,;2tan•1{y/x) := o, 

and comparing with (16o2), we see that the differential equation of this 

curve is just ~-=- o. 

Theorems. The modified Bessel function Kjy{z) of imaginary order 



has no complex zeros on or to the left of the curve r 2 ,. z.v2g csc 29. 

Let z1 = Xi 'l O be one of the real positive zeros which Kw(x) :=. G,,(x) 

has by theorem 1, (i). Assume Ki.v(z2) vanishes. where z2 = Xz +ibis a 

complex number on or to the left of the curve (17) r let the line y == b 

intersect this curve in the point t':::: 5+ ib. Assume for the moment 

b > o. Carry out the integration of (8) along a path consisting of the 

following parts: (l) the x-axis from (x. 0) to (.,.>. o); (2) the curve (17) 

from G>. 0) to (s. b); (3) the line Y-=- b from (s. b) to (x2• b)o On 

(1) y-=. o. dy = o. so from (l6ol) and (l6o2) d:Bz -=-~ ~ o. On (2) d.G 

-= Im (dz/z) -= Im d(log z)-== cfQ > O; ~ 2 -=- 0 by definition of the curve 

(17). On. (3) y = b ~ o. dy ~ o. and dx ~ O; so from (16ol) and (16.2) 

~-=- -b ax/(:x:2-1- b2) > O; dJ2 ::c b dx [1 ,+-JJ 2/(x2 + b2)] < Oo 

Hence the pair of inequalities (lld) are satisfied throughout the path 

of integration. so KiJ(z) cannot vanish at z2• In a similar way it is 

established that Kv.>(z) cannot have a complex zero to the left of the 

curve (17) with negative iI1B.ginary part. 
• 

The possibility that Kiv (z) may have complex zeros in the extensive 

region of the right half-plane to the right of' the curve r 2 -= 2.if'Q cso 29 

cannot be excluded by our methodso 

lo3lo Expansion .£!: _an Arbitrary Function ~ !:. Series 2!_ Wedge Functions. 

The possibility of representing an arbitrary function over a finite 

interval of the positive x-axis by means of' a series of wedge functions 

_follows directly from the general theory of Art. loO; we summarize here 

the results. 

Consider the Sturm-Liouville system: 

iJJ,, fiJ- r~ -!JJJ ~ °' (1.1) 



(1.2) 

(1.3) 

where O <. a <: b ~""° and., with the notation of 1.0 ( 4.l)., K(:x:) = x, 

1 (x) = x., g(x) = 1/x., and A =-.v2 • Let Y(x, y) be the solution of (1.1) 

satisfying the first boundary condition; then the second boundary condi

tion yields the characteristic equation (cf. loO (5)) which must be satis

fied by the eigenvalues ~- • In the simple case of.. f -=- 0 and cx' =f'.::. 1 

the boundary conditions e.re y(a)-= y(b) :::: O., so Y(x.,Y ) may be taken as 

the linear combination of wedge :rt.motions 

the characteristic equation then becomes 

(2) 

Evidently the system (1) satisfies the conditions of theorem 5 of Art. 

1.0, so there will be an infinite set of real, all positive* eigenvalues 

2 2 2 -r
0 

, ~l ., :r
2 

., ., ;) o , which have no limit-point but foD ; and the eigen-

function corresponding to;> will have exac~ly m zeros between a and bo 
m 

Methods for actually calculating the roots of the characteristic equation 

nwnerically will be briefly discussed in Art. le4o 

An arbitrary function f(x) may be represented in (a., b) by the series 

of wedge functions //4:J = g /1,, j~J~}, 
(3) 
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where ,)n is the nth eigenvalue of the system (1), y~ (:x:) is the corresponding 
,,..; 

eigenfunction. and the coefficient An_ is determined by 

("f!tfy,,,.rt) {! 
• (4) 

•Provided, of course., that ex.cf.'~ 0 and ff 1 ?,01 as is almost always the 
•• case in practice. 



By theorem 8 of 1.0. if f(x) possesses a Lebesgue integral in (a. b) and 

is of limited total fluotuation in the neighborhood of an interior point 

s of (a, b), the series (3) converges at s to the (mean) value of f(s). 

It can also be shown to converge to f(x) at the end-points of the interval 

unless the functions YYmi(x) are constrained to vanish at the end•points. 

In the latter case the series vanishes at the end-points, no matter whether 

f(a) = f(b) == 0 or not. 

The integral in the denominator of (4) may be calculated from l.O (5) 

and (6.2); recalling that A =iJ., we obtain 

flrj~ {f)df == L[~l [-?;;,~w +i; d
2//.f~M1 . <5) 

lcv 1 2:;;,..., J¥. J~.,.-6- ';),y f ~ --x--;,/r 
p"';z.l.fl., 

Formulas equivalent to this have been given by Douge.1128 ) and Bocher29 ). 

The right side of (5) cannot be simplified, as can the coefficients in 

an ordinary Fourier-Bessel expansion. because as noted in lol3 we have 

no recurrence relations involving derivatives of the wedge functions. 

If we attempt to represent a function f(x) over the interval (O, b) 
• 

or over the infinite interval (O,o-0) by means of wedge functions, we find 

that our boundary conditions no longer select discrete values of~ We 

have now to use all values of-:» in the representation of f(x). and the 

infinite series (2) passes over into an infinite integral in a way similar 

to the well-Imown transition of an ordinary Fourier series into a Fourier 

integral e,s the fundamental interval is extended to infinity. In the case 

at hand we obtain what may be called a Fourier-Bessel integral, though 

of a form not previously discussed. Sufficient conditions for representing 

a function in the interval (o, b) by such an integral will be given in 

the .following article; but since the rigorous demonstration is long and 

28) Dougall, J., ~o Edinburgh~•~••~• 40 (1900)0 
29) Bacher. ~• cit., 149. Bocher treats only the case f::: 0 and 

writes i1>for our:v; this accounts for his negative sig;no 
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in.volved, we shall first give a heuristic development which, while making 

no pretense of rigor, will indicate formally the result which we may expect •. 

We assume that a suitably behaved function f(x) may be expended in 

the interval (a.c:,0) in a series of wedge functions of the second kind, 

which vanish at a and at inf'ini ty; we shall eventually find the limiting 

form of this series as a-) +-Oo* We have from (3), (4), and (5), on setting 

(6) 

where the negative sign arises from evaluating (5) at the lower limit 

of the interval. Since we are interested in the limiting case a-7 + o, 

we calculate the denominator of (6) approxin:ately from 1.12 (4.2); and 

we also assume that we a.re considering only those terms of the series 

for which:;) is so large that r(i:iJ) may be represented by Stirling's asymp-

totic formulao Then , . )_i:-a. / , ) • L .r::--:--7 
~ rr.·J = 9,,,, ~ rf,,;) "':, IJ,-,,-17.rl'"/ - "' + • a r:lJT 

=JJ(~~-tJ- ~/ 
and 1.12 (4.2) becomes, for r large and x small, 

~w tV ✓ir1~~.Y; Cd] [JJ~ ~~ -~;)-t-1) +-(]. (7) 

Equation (7), together with the boundary oondi tion G:;i-1 (a) ::: o, yields the 
-k 

equation for the eigenvalues: 

~ ~ i'"" -~ ~ + ,) + f = -(i +J}r · (a) 

If we subtract this equation from the similar equation satisfied by :;µk .,_1 

and write,,.>k+l"" ,.>k + b:µk' then neglecting squares of ~vk we have 

,i,rhe theorem of the next section actually permits the representation 
of a function in the firiite interval (O, b), where b is any preassigned 
number, however large. This is not quite the same as representing the 
function in the infinite interval (o,~). 



r,,* u; .i..., -', ,,t + ,} - S1, ~ ---?rJ r,'ii = ~ ; • <sJ 

Differentiating (7) with respect to x and Yin turn and then employing 

(a). we see that 

¥tea, N ri :! J1~;-' (10.1) 

~I rJ 
[}y ,,;~ 1 

(10o2) 

Substituting (10.1) and (10.2) into the denominator of (6). replacing 

log(2.;vi/'a)by ('11/4',>k) in accordance with (9). and letting the series pass 

into an integral as a-'>+0• we are led to the formula 

which presumably represents f(x) in the open interval (o.o0). 

The rigorous proof of a formula similar to (11). valid when f(x) 

satisfies certain sufficient conditions• will be given in the next articleo 

le32o ! Fourier-Bessel Integral InvolvingvVedge Functions. 

The main result which we shall prove in this section is coritained 

in the following 

Theorem. Let f(t) be a function of the real variable t in the range 

0 £. t ~ T • and let x be a fixed point of the open interval ( 0 • T )o If 

(i) f(t) is continuous except at a finite number of discontinuities 

in (o. T)• 

(ii) f(t) has limited total fluctuation in an interval surrounding 

x, and 

(iii) [ Jf(t~j dt exists, then 
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We require certain prelimina.ry ·lennnas, which will for convenience 

be expressed in terms of the modified Bessel functions ;,(x) and K,;(x) 

defined for unrestricted complex values of the order by 1.1 (4ol) and (4e2)o 

Lemma lo If O ~ t ~ T and if' /(/ :,/ N, where Re£'# O, then 

I (i) = Jli£_ [1 -I rJ ( f) l 
~ sr(f) J • (2) 

Proof: From lol (4.1) we have 

• 

Let ? -:c f + i'i :: / e ;f, where/ ~ N and /<p / ~ ~=11"'; then the following 

asymptotic expression may be obtained30) from Stirling's formula: 

(!'7({)/2 = ;2.77__e - 25(J 2+'J1/f-f..Q -h;f[; I tJ(j)j 
) 27TJ2 -.JS-ff/7/ 425;°-I [/ft1( ;fa)]. (3) 

Lemma 20 Let O < t ~ T and let N be a positive integer greater than 

unityo 

(i). Ii' G' -:::c (N .,_ ½) -1- ~, where -(N +- ½) ~ 7 ~ (N + ½), then 

~fl) :: J rf tJ (j_t J --s [1 1-rJ ( i)}. (4) 

30) Copson, Eo T., Theory 2£ Functions 2!_~ Complex Variable, 2240 



(ii). If f = 5 ± i(N +- ½), where O ~ $ ~ (N + ½), then 

K;ftJ ~ 1 r(d a1 J-s' l 11- tY (}; + tJ Wi)] · (5) 

Proof: From 1.1 (4.2) and (4"1) we have. 

K(t)~ ~ {-(~f)-f ( t- ~ {1;1)2~ _) 
t' 2 ~ c.,,- -,r r?:f Jc 1 £,,,,,_;(!-£'Pt'} 1 ,..-£1) 

_(111z,_,b (j_1) 2~ 1 (6) 

/7( &) .M1 =o mt .1 ("( f'+1) • • • ( 5+~ ) ~ 
We employ the identity31 ) 

r~rft7/ % -
77/lf~~v-) 

-· -.f' 
and obtain• after factoring ½{t()(-½t) out of the right side of (6), 

Iy(I-) ~ 1 rft) i ,)-;-[1 -1- Z -~a1,-----.-J 
2

,,,.,_-.,..---.-----;~ 

/h( ::C/ ~7 v-d&-1'). -· {:m-5J 
~ z; (y)2= ]<1) 
~ tt7T rrt'J '111 ,-0 /?JI 1 -<«+tJ---(tJ-~J • 

In part (i), where('= (N +- ½) + i2, it is easily seen that for 

N > l we have ~ = /(/ ~fi' (N +- ½) < 2N., so (3) i mplies that 

//1(t)/2.. > 'JT_p -(21r-1-1)1r IJ/:i.#[I -1-0(y)j. 
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If k is any non-negative integer we have the following evident inequalities: 

/1-~I > 1-1 /1 -17 I ~ 1 } ~ f;+-J I > ;v. 
We also have /sin( ,r/ = ch'7"" ~l and /(½;t/-t"/ : (½t)2N +l. 

Hence we may dominate the remainder terms on the right side of (7) as 

For part (ii), in which6::::. f ±i(N + ½), we have again;>,( 2N, 

31) Whittaker and Watson, ~• cit., 2390 



The term 0(1/N~g) may evidently be disregarded if f 7/ ½. 

Lemma~• Let x be a fixed positive number and let f(t) be a function 

defined in the range (Opt') such that 

(i) f(t) is continuous except at a finite number of discontinuities 

in (o, ""'°), and 

(ii) f-'/r~t)/ dt exists, than 

L f~[· r~A ,11JK,,r,)i:;(f).1,;J di 
t:-)o<J JO T J 0 

~ [,1>A#11 &,,&) [ [ff J Kj)ff)f fl,J, ca> 
provided the limit on the left existso 

Proof: The f'uncti on {:~-1s1w? Kt.i.J ( t) is a continuous function of :0 

and t provided 0£ JJ ~ R and t ~ t 0 '7 O; furthermore it tends to zero 

by 1.12 (2.2) as t-~.-o. It is therefore a bounded function when the 

variables are in the stated ranges. On replac,ing t' by i~ in (7) and 

making use of the relation (1.11 (4)) ~ /r (ir)/ ::c {ir I we have 



after some elementary manipulations the inequality 

oa at)~~ I f '.>¼(,, ,r ~ }(y (;f} I :<; f,r 6: (,m lp- ; ( 9) 

and the right side of (9) is certainly bounded for all real v as t-.., + o. 

Hence if we define 

where x and tare any positive real numbers. there exists a constant A 

such that j/(,>; x• t)j ~ A so long as O {::P ~ Ro 

For ru:cy- preassigned positive values of Rand£ we may by hypothesis 

(ii) choose f so that 'f' 

f:lf(t)I df' < 2/<A • 

t4 * I 
1/i;fo;:t':Ji/(,(_,P(p· t-)c/,,df - i If{"" J!J </fr; ,x,;t)df tli> 

0 t- /4 / I ,/~ () ";f If 

,= 11:r1rfl1?1'(,!; ~!J,t,di +rif!l 1. '/7f;;7;t)d;JA' 

- f't1 tf lftl tp(;J; "'71-/ dJc/p -IT .if tk,,, ;t) di t{,v I 
), • I. ' 'I • ?1 A I 

~ I [ fl/, 17 r10~ f Jc/,> cii- -t "l:/1 fl fl 10 ~1J af /;J 

I r!lf!/ f1pf,,J-,,t-),hdf- +[lfff i/1 f/6;; MJI cQc/.J 

< _i, ,/(A +-7'-,f< "£_; 
J.f(f} 2 . ~(1( (t1(!3 
since we rr.ay evidently justify /4 /4 -Jo Jo by considering the ranges 

·within which f(t) is continuous.* Since the preceding inequality is true 

for an arbi traril;i- small f., tbs repeated irtoegrals r: 1 J(: aniJ. j),"":.r. 
equal for all finite values of R; the desired result follows by passage 

*In particule.r. if the integrand jf(t)I /t has a singularity at t = o. 
we break the range of integration into two parts and treat the lower limit 
in the se.me we.y that we h.a.ve just treated the upper limi to 
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-~o the limit e.s R .-..,> oD • 

If it happens that f(t) == 0 for t ) T • we :m.e.y evidently write T for 

the upper limits of the integrals overt. We shall use this special case 

of (8) in what follows. 

We proceed now to the proof 

of the main theore:mo 

Consider the contour integral 

ft'K5(x)1ef>(t)~. where O <. t ~ x. 

around the rectangular contour in 

the (•ple.ne having corners at 

(o. :1:-(N +- ½)) and at (1\f + ½ .. t (N + ½) ). 

Since the integrand is evel""Jwhere 

an analytic function of ( • by 

Cauchy's theorem the contour integral 

vanishes; i. e•~ 

' 

C 
2 

0 

(10) £:>-1 r,l~J r;? if) ,,·11 ~ ( t, 15:w I_.f/J /t 
where the right-hand integral is evaluated over the bottom. right side• 

and top of the recte.ngular contour. 
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Writing ,,) for 1 in the left side of (10) and noting from the definition 

1.1 (5.2) that Kt',_,(x) is an even function of <Y, we may transform the integral 

over the imaginary axis and obtain the following relation: 



(11.1) 

Similarly if O L. x ~ t, we have 

other, so that O L. v ~ u ~ T. From (2), (4), and (5) we have 

It K;(µ)1;.W) ✓ I' ~ 1 { &: )1.11- It' (I;£<, .r) J /t; (12) 
C+c -1-C c.;1-c~ -1--C:J 

I' 1. J 

where on the segments c1 .and c3 }R(t'; u, v)} ~ A/N + B/N
2s, and on the 

segment c2 \R((; u, v)j £ ~/N, A, B, and C being constants independent 

(13) 

and setting log(v/u) = -A<. 0 and {' ..,_ S + Uj• where on c1 and c3 I~/ = 

N + ½ and on c2 s:::: N + ½, we can dominate the remainder term of (12) 
• 

as follows: 

~ ~ /1 f :e-?.f lff/;fa-,ef)✓l'j • 
t;+<:i.. J..C. 

~ fw1-; -'?i/[JA 1-fi}'/s +(t-4. -AW+i)_E_ tlo 
i) -~ • .,y ;y:zf O _,e_ ,2,.,V { 

-:: f [I - -~ - Nll+f) j + tJ [I-~-(?. l- 2 ~)_j 0f 1 {) C - ).w,u 
;l. . ~l-2~t" + 2# 1 :{14) 

We consider sep:i.rately the case ;\. ~ N-ia-, where t is inside 'i:;he interveJ. 
_J_ I 1 

(xe ~ xe ~ ), and the case A.> N"""2, where t is outside the interval. 
1 

If '- > N"""2~ then from (14) 

/J A f3 
l(/,1' ~ ~ -I- 1/ 

while if ). ~ N 2 , then by sutsti tuting 

we have 

(15.1) 

A= 0 in the second line of (14) 
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{(l + :f C) ( Jt/1-j_) + 

Al 

Collecting the results of (11), (12), (13), and (15), we have 

[T 1ft} [#1
tdy7T 0iJl;K) KJJfl-) /ydf 

D / O ~¥17(;(-f} 

::: 'IF["' :/ff) ~ [(Al li)!-J t} cit .J' jf) C}fi:11) tlJ +flfi/ tJ (;) d(: 
J- o 'J{- ~ ~ Jo /- C 'f ,J 

L f-- #,h (- N-fi-_; 
J1r ,, (16) 

Since by hypothesis ff(t)I dt exists and x(etv - ;1») == O(N - 2), both {

,r_ I J J. 

t 
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remainder. terms in (16) are o(l) and vanish as N -"il:;>ll• On setting log x-=- ~ 

log t-= f:' in the first integral on the right side of (16), inverting the 

order of integration on the left side by lemma 3, and letting N -~=°, 

we have 

fo°"?Jd'9'r l(,,t,.:} f/fi)KJ,,(t) f ,I., 

=-L. • [f~rJ(.eo/ ~ [(Yf-{)fr_-r--J] dr-. 
;y➔,P lo0 t I (u-f-J, 

If f(ef) = g('c) • then by hypothesis [.i.;Jlg(t-) Id~ exists and g('t') is of 

limited total fluctuation in an interval surrounding re Hence by Fourier's 

single integral formula.32) we have 

(.c/-'y~,>1T j(,,C.) f/td 10,;(tJ 'f cfy 

-; f-1 [(ff'°} +f (.r-JJ = 1f·i l(?x.-1- 0) +ff.,._-.,;}. 

32) Titchmarsh, E. c., Theory cz!:. Fourier Integrals. Arte lel4. The 
formula 

is valid even under less stringent conditions than we have imposed on 
g(?}o 



On writing the wedge function Gy for KiPwe obtain the result (1) stated 

at the beginning of this section. 

The theorem just proved appears to be of a somewhat different type 

from the ordinary Fourier•Bessel integral theorem, 33 ) since it involves 

integration over the order as well as the argument of the functions con

eerr..cd. 34) It would be of interest to know whether an integral of the 

. form (l) ce.n represent a function over the entire range (o,~), as the 

considerations at the end of the preceding; section might lead one to be

lieve; but the question does not seem easy to decide by our methods• 

A number of formulas involving integration of G,>(x) with respect 

to~ follow from lall (6.2), which defines G,v(x) as the Fourier cosine 

transform of i½frexp(-x ch t). In general if f(t) is a continuous function 

in (o,.,o) such that [4f(t)\dt exists, and if f(t) has limited total 

fluctuation in the neighborhood of the point t-:::: s, there exist the following 

reciprocal relations between f(t) and its Fourier cosine transformo('(v)s35) 

~ v>) ::.- ~ r f(t) cos ,Jt di; (17.1) 
0 

f(s) ~ ~¾-r..::: (v) cos SY d~ (17.2) 

• If in loll (602) we make the following identifications: 

33) Watson,~•~•, Arts. 14.3 2! ~• 
34) But see T • M. MacRobert, ~• Roy. Soc. Edinburgh, 51, 116-126 

(1931), where several Fourier-type integrals are obtained by contour • 
integrationo One of MacRobert's results is the followings 

If I (r;,,) ~ /~) i p A) ;9 ti;,, 

then [1 _ _!_) L(?i)j/ffl 0,t~)c/~ = [f_ [f(mt+o)+ (/(1»t- o)J /</??! <g; 
o ~ :>. / 

1 
_ . ~ o < mr </ t11 /Y)1. ) ! . 

1 
35) Titchmarsh, .££• cit., 1-4, is. 



then we have the pair of relations 

G~(x)-:: £c,l)e-x ch tcos ;i)t; dt• 

~:,re-x ch 8 = r G,>(x) cos ;J>s d:;,-1• 

In the special cases= o. (19.2) becomes 

,~(x) 

(18) 

(20) 

If c(( ;>) and 4, (i) are the Fourier cosine transforms of f(t) and 

g(t) respectively. then we have the formula36 ) 

{°Jr (,;)4 (Y) cos Yb ~ = C(u)f (t - u) du. (21) 

Applied, to the wedge functions G,>(x) and Gµ(y). this gives 

fr;~J(x)G,'(y) cos .1lt dY=- ¼.,,.re-x ch(t-u)-y ch udu~(22) 
0 ' loo 1 

or~ in the special case t ~ o. 

I'y(x)G-»{y)d,J-::: ½7"[~-(x+y)ch udu =- ½irG
0

(x + y). (23) 

Tlie theory of Fourier integrals could doubtless be made to yield 

other such results involving Gy(x); but since the applications which we 

have in view do not require the use of these formulas we shall not ce.rry 
• 

the investigation further here. 

1.4a Transformation of ~ Differential Equation ~ ~ Wedge Functions. 

Calculation of the Eigenvalueso 

The wedge functions FY(x) and G7 (x) are difficult to tabulate and 

to employ in numerical calculations for small values of the argument 
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because of their oscillatory discontinuity at x = o. It is possible to 

facilitate their use in practical problems. as well as formally to simplify 

some theoretical aevelopments. by transforming the independent variable 

of the defining differential equation so as to remove the singularity at 

36) Titchmarsh. op. cit •• 510 



the origin from the finite part of the plane. For this purpose let 

(1) 

The transformation (1) takes the triad of points (O, l,...o) of the x-axis 

into the triad (-o, o,o0) of the u-axis; and, since d/dx ~ e-ud/du, it 

transforms the equation 1.1 (1) into 

2 ./ 2 2 2u d YI du + (:v - e ) y ;::::- O, (2) 

which has no singularities for finite values of u, and of which the general 

solution is evidently 

y ~ c1Fv(eu) + c2G~(eu). (3) 

The quantities FY(eu) and Gv(eu) are tabulated as functions of u 

and Yin the appendix of this thesiso It is evident from (1) and 1.12 

(4.1) and (4.2) that for large negative values of u, Fr(eu) and G.:Jeu) 

are approximately sinusoidal functions of ~u; this fact is plausible since 

sin~ and cos .?'\l both satisfy (2) when u is negative and large enough 

to make e2u negligible compared with~2• By theorem 3 of Arto 1.0 the 

solutions of (2) are non-osoillatorywhen u >.t log,?>; their asymptotic 
• 

form for u large and positive may easily be obtained from (1) and 1.12 

One may write a series expansion such as 1.31 (3) directly in terms 

of Fy(eu) and G~(eu) by making the simple transformation of variable (1) 

in the integrals of 1.31 (4) and (5); but the eigenvalues ;Yn must be 

computed as the roots of a transcendental equation. For example, if 

the boundary conditions are y== 0 at u~ c and at u.::: d, then the eigen• 

values are the roots in rof the equation (cf. le31 (2)) 

f (r2)::: Fy(ec)~ (ed) - Gy{ec)F,;(ed) ~ o. (4) 

The only practicable way to obtain the first few roots of (4) for given 

values of c and d appears to be interpolation in a table of wedge function.so 

One evalua.tes$C,, 2) for several adjacent tabular values of -;> around the 
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sxpected root :Yn and interpolates to find the value of' 'Y for which the 

f'unction vanishes. Then it is possible to calculate by double interpola:tiion 

the value of' the eigenfunction corresponding to Yn for any desired value 

of' U..o 

If' it is necessary to calculate the roots of (4) beyond the range 

of' the available tables. recourse may be had to the asymptotic develop

ments, first given by Horn.37) of the large eigenvalues of' (2) and their 

corresponding eigenfunctions. Horn's results will be briefly quoted here 

and applied to the case at hand. 

We consider the equation 

. i,(llif) f (,/tlfC~ ~t!, (5) 

where A, B, and Care real continuous functions of the real variable u 

and possess continuous derivatives of all orders inc f u~ d, A and B 

being positive in the given interval; and ~ is an arbitrary parameter. 

Horn shows that the solution of' (5) which satisfies the boundary condi• 

tions y-::: o<, dy/du -= d• at u -= c is represented asymptotically for large 
• 

values of' fZ by the series 

'j "'- c,acvw( t/o + ~ f- • ·) + ,:;,:,,,. ;,N4 ~ f ~~ l- • -) (6) 



If we impose the boundary conditions 

y(c) :: y(d) = 011 (8) 

we get from ( 6) • on setting t?< ::: 0 in (7) and introducing the notations 

WE (/,)Ci)= fd1J ~,I ~ =f!.-t2 (d) fv at ~-IJ (9) 

the characteristic equation 

Yu -t~ r··· j ~ f, 
--~»-:,-:--- === 4t 7T f _J_ -{- ~ + ... 
7->Y-, t- __!.!. + ·.. .J,.) p3 

)/ 

(10) 

where k is an integer (assumed positive) and an elementary calculation 

gives 

Yo -( f: - do~ Yo3 

f= ~ = - - 3t,3). - --- J f_/ I Y-, 
(11) 

On setting 
~JI +' t; 
,!----' + €:3 

~ ,;;;;f I -+· _,,JJ (12) 

in (10) and equating to zero coefficients of successive powers of l/k11 

we find that 

£. == £ 
I ff' J 

Hence from (9) 11 (11) 11 (12) 11 

(13) 

and (13) the eigenvalues of (5) with the 

boundary conditions (8) are given by 

1- (J ( r/;;)31 
(14) 

and the eigenfunctions are given to the same degree of approximation by 

(6) if we keep terms in 1/~. 

The case in which the boundary conditions are 

y' (c) - hy(c) = 0 11 y' (d) -+ Hy(d) -= 0 (15) 

-43-

is treated in Horn's paper. One sets o<. = l and o<' :: h in (7) and obtains 

formally -the same results as in (10) - (13) above• except that the quantities 

~ are now defined by 



(o == ¥?,If II <fo -I- c»'<f, J 

Yt = tf/
1 + 11<(-l - t,0

1
~) -(,_;;, %/ 1-f/<(i + wtJ.,I .,I (16) 

the functions all being evaluated at u= de 

If we consider specifically equation (2) under the boundary conditions 

(8), we have A = 1, B -== 1, C = -e2u, and o/..= O, so th.at from (7), 

~(µ} = [{,< /4. -=: .,a- C j 
C I 

fo ( a} ==.o j t/(P-/ "' tX ; 

?Vu.J = - t[~ '"" ot« ~ - f D ~ - fL "j. 
Hence the eigenvalues are given approximately by 

~ 1/ 2~ 
~) -:!.. ~ +-- ..J2 -.Q (1 1) 
.'l!, {cl- C) - f--J ,r- / 7 o 

and the corresponding eigenfunctions 

If we transform back to the. original variable x by means of (1) and let 

and the 

b = ed, the eigenvalues are 

~ = ,,/ rr f- .,4- '- - oJ 
~ /4-.r!J-fa 1-Jrr 

eigenf~ciions by 

given by 
• 

f- . • • .J (18.1) 

the multiplicative constant~' being arbitrary. It would of course be 

possible to improve the approximations by computing more terms, but the 

quantities /n, Sn, and En_ increase rapidly in complexity for larger values 

of n. 

A great many theoretical results involving the eigenfunctions and 

eigenvalues of a Sturm-Lioutrille system, as well as some actual numerical 

information,nay be obtained by adopting the viewpoint of the calculus 
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of variations. 38 ) In connection with the system 

;i [ J( fJ J - {f-13){ ~o (J(>o, ;J 70J 

1 '/4) - ~ /4.J == o,J 

J' uJ + J/1fi-l == o,I 

one considers the functional expressions 

/J[f] ~[1-(Kf'J. dcp;4 -1J'K~)t?(cx)
2

f ii K(1}f{I) ~ 

III{!tJ == i~fct4J 

(19ol) 

(19.2) 

(19.3) 

(20.1) 

(20.2) 

in the case of the differential equation 1.2 (1) satisfied by the wedge 

functions, K = x, _1 == x, and g == 1/x, so that 

• j}[f J = [ _Ir ~(q)~ +</ '14 + ✓w <f{a.)2. + ll(h")f(j) : (21.1) 

%1 [fj <f J : [ 4f cf t. 
Now it is known that if y0 , Yl• •• • , Yn-1 are the first n eigenfunctions 

of the system (19), then the (n+l)st eigenfunction of (19) is that function 

Yn which minimizes the quotient ~[YnJ = .lJ[Yn] /'J.lfln, Yn] under the n sub

sidiary conditions ~[Yi' Yn] = O, i = O, 1, •••• n-1; and the actual 

minimum value of Q is the (n+l)st eigenvalue An_• In particular, if J.0 
• 

is the least eigenvalue of (19) and/ is any continuous function with a 

piecewise continuous first derivative, then 
oB[tpJ >, , q [f 1 : ~[q}f] 1/ ?_,bl (22) 

the more exactly I approxinates to the true eigenfunction, the more closely 

does the value of the quotient approach Ao• One may improve the approxi• 

mation by following the procedure of Ritz39) and assuming for/ a series 

c1/1' + 0'2f2 + ••• _,. on/n with adjus·bable coefficients, then minimizing 

'4[/] qua function of the coefficients. 

The ideas just developed evidently apply also to Bessel functions 

of real argument and either real or purely imaginary order. Application 

38) Courant, R., and Hilbert, D., Methoden ~ Mathematisohen Physik, 
vol. 1, 2nd edo, chap. 61 345-3480 

39) Ibid, 149-151. 

-45-



to a numerical example will be made in Art. 3.11. 

1.5. Bessel Fu.notions of Imagina~ Order and~ Arg.'Ulll.ent. Definitions 

~ U:,1(x) ~ V,>(x)o 

The remainder of this chapter will be devoted to a development of the 

properties of Bessel functions of purely imaginary order and real argunient. 

The ·treatment will be similar to that just given the functions of imaginary 

order and imaginary argument. but somewhat less detailed. 

Bessel's differential equation O.l (1) becomes, when i,J is written 

for p• x for z, and y forw. 

(1) 

Two linearly independent solutions of (1), nameli J,;.>(x) and J_LJJ(x), are 

given immediately by the power series 1.1 (2)o Since when~ is real and 

xis real and positive J,~(x) and J_iv(x) are evidently complex conjugate 

quantities• under these conditions we shall regard as our fundamental. 

pair of solutions of (1) the following real combinations: 

tt,; &:J = i £9,'))~J +- fl-lPr~J 1 = ~ j,'pw _; 
~wJ == i [p,J)w- fl,j)WJ = ~ j jµw. 

We observe that u,,(x) is an even function of ~ and ~ (x) is an odd function 

of 'Ya, 

It may be noted that while the definitions of F~(x) and G~(x) can 

be so chosen that the two wedge functions ax..~ibit very different behavior 

at inf'imty. no such marked difference in asymptotic behavior exists among 

the various real solutions of (1) with inB.gina.ry order and real argument 

to dictate the formwhichwe shall adopt for the definitions of U~(x) 

and V,>(x). It migM; be well. before any extensive numerical calculations 

of these functions are undertaken, to consider more carefully whether 



they are indeed the most convenient pair of solutions of equation (1).* 

We shall mention briefly some alternative solutions of (1) in Art. 1.53; 

meantime we proceed to develop the properties of u,.,(x) and V~(x)0 

1. 5le Series ~ Integral Representations 2£_ U,>(x) ~ V,.;(x)o 

Like the wedge functions, the functions U,;>->(x) and V;;i.}(x) possess an 

oscillatory discontinuity at the origin. They may hm~ever be conveniently 

represented for small values of x in terms of series of ordinary Bessel 

functions or power series. 

on separating real and imaginary parts of (1) by 1.5 (2.1) and (2.2) we 

get 

fJ;J&-) :; r~ ,[cf>],)~ (}~~) +fi{aJ;4~ a~J1-
(3.l) 

~ (,J ~ ~ ,; =:f ,,,;; [ Cf,; ) ,:µ,;, B/4J ~) - JJ(,;;,,</ c.::i ll(y,4] cs.2 > 

t '<I 
Comparing (2.l) and (2.2) with lell (3.1) and (3o2) and using lo13 (6.1) 

and (602), we see that C(,y• ix)== A(;), x)-:: -s2 (ix)/~ and D(:i->, ix)-:: 

B(-Y. x) -= s1 (ix)fa, so that 

c(,), x)-:: .. s2(x)/,J. D(?J, x)-:, s1 (x)fo). (4) 

~he matter of notation is also open to discussion. 



wh0re S1(x) and S2(x) are the povter series defined by 1.13 (4.1) and 

A large nurnber of contour integrals representing Jy(z), most of which 

remain valid when?> is purely imaginary, are given by Watson.40 ) Of 

theoretical interest is Poisson's integral, valid for Re (i) > -½, 
G-1-2-)y [7T 

j.,>f2)= r~+J.}rfJJ l) ~/44J@ )~ 2;)& al~ <s) 

which was used by Lommel in the work previously cited22 ) to define Bessel 

functions of complex order. However if ,,J is complex, say~= O-+ i'?"'~ then 

separation of real and imaginary parts of (5) leads to oscillatory factors 

under the integral sign of the form sin (2t' log sin Q) which, while they 
cos . 

do not impair the theoretical usefulness of (5), render it practically 

worthless for purposes of numerical computation. The same criticism 

applies to the various transformations of this integral given by Watson. 

A much more useful :representation of U?'(x) and V,>(x) is furnished 

by SchlRfli' s generalization of Bessel's integral. 41 ) If Re (z) > o, 
J"-~. 

then for unrestricted values of -Y, • 
• 

j,,(1) "ti~(?16-il~ 0,)dfl- ~;;.-.,f-2.,,t/;;;_ 
(6) 

If we replace ,>by i7 and z by x and separate real and imaginary parts, 

we get by 1.s (2.1) and (2.2) 

L/,, (,J = :! I.~(¥,.,,;,. {J) c/4 0 (//J - ¥ 0 --d~ pj-dt, ( 7 .l J 

v,, ( 4 " /;: r-~ (,;r:~ f}) A,,. tl / p - -¥[~ --,:J~ Yt ~ ( 7. 2) 

Another integral representation of J;>(x), valid for \Re (~)) < 1 

40) Watson, 2:£.• ~•, chap. vr. 
41) Ibid., 1760 

-48-



and x ) O, is42 ) 

(8) 

This yields, on setting iV for-v, 

U;(J ~ Jc/!!£ J:~r:,:c/;)Cef.J,,J-at 
(9.1) 

Y,;w) "" - # ~ ¥ f °" ~ r:,,_cl;) c✓,J, vi d (9.2) 

Since the convergence of the last t-no integrals is obtained only by the 

rapidity of osoillation of the integrands, they are probably not so well 

adapted to evaluation by mechanical quadrature as the infinite integrals 

of (7.1) and (7.2), whose convergence is secured by the factor exp (-x sh t)o 

1.52. Asymptotic Behavior of u22 (x) ~.d V
2
;(x). 

Using the notation of 1.12 (1), we have if,;) is fixed and \z\ is 

large and positive with \arg z\ <1T, the following asymptotic expansion 

of Jy(z):
43

) J. . oD • (-)--rn( ) 

pi1M N 1/il[=&-Jy,r-~JT)L (h)~.:-
) -r#, {-l'""/1!; J,,,,,,µ )] 

-~{!1 -j,nr-f?T')~ (22-)~r/ • (l) 
,,,,,.,,.o 

The coefficient(?>, m) may be written if m~ l in the form 

(2) 

while (?>, 0) = lo Replacing')) by iV and z by x and separating real and 

imaginary parts of (1) we have if ~ is fixed and x is large and positive: 

II 1 .J,v o/-,,,rl _g_)1r euv~-JC), ~ r-/rn.{<~J.-J _ ~ 1 _f J y-, t-1-ft?,),n,+tJi 
l,f,,r# ::i.. lir1'- L( r ,~., (;..1(..)2 ,,.., (-;£ f ~ (l--;t.Ja-n+, J (3.1) 

42) Watson, op. oi t., 1800 
43) Ibid., 1990 The convergence factor for the series (1) is given 

explicitly by Airey in reference 190 



From (3.1) and (3.2) we see that any real solution of le5 (1) has for 

sufficiently large values of X the asymptotic form 
1 

y IV Ax -ff sin (x + f ) , (4) 

thus ooni'inning the remark made at the end of Art. 1.5 that all real 

Bessel functions of imaginary order and real argument exhibit the same 

(oscillatory) asymptotic behavior for large values of the argument. This 

result is to be contrasted with the non-oscillfltory character of the 

functions of i~gina.ry order and imaginary argument for x ~:Vo 

The limiting forms of u.,., (x) and V,-,(x) as x -)+0, ~being fixed, may 

be obtained from 1.51 (2) and (3) if we recall that Jm(O) = fonwl these 

forms are 

fJ,;1:,t,) - J 43:r ~ [ ?}-'½ h- - d r fr► J l 
V,,(,J-7 -I~ C:,,:Jl!¼fr-':c7 ('(iJJ(j. 

(5.2) 

Both functions evidently undergo an infinite number of oscillations in 

the neighborhood of the origin. 

To find asymptotic expressions for U;31(x) and Vv(x) when'}.) is large 

and xis fixed, we substi-bute Stirling's approximtion 1.12 (5) for the 

r-runction into the first term of the series (ofe lel (2)) for Ji;) (x) 
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Both canonical solutions of Bessel's equation with imaginary order and 

real argument, regarded as functions of their order~, undergo an infinite 

number of oscillations of exponentially increasing amplitude and slowly 

decreasing wavelength as;) increases without limit. 

Since J~(z) is a continuous function of JJ,, we see from the definitions 

(2.1) and (2.2) that as JJ-7 0, x remaining fixed, 

(J,,, r~) z}-) ;:? ft ~) (8.1); 0. (8.2) 

Furthermore 

µ_:;, 0 
(8.3) 

by definition, where L(x) is the Bessel function of the second kind of 

Hankel' s ·t;ype. 44 ) 

Asymptotic expressions for U-:,>(x) and V~(x) when'.Y and x are simul-
• 

taneously large and of comparable magnitude may be obtained if necessary 

by specializing the forl!D.llas for Bessel functions of large order contained 

in the reference23 ) mentioned at the end of Arto 1.12. 

lo53• Alternative Definitions~ Bessel Functions of Imaginary Order 

and Real Argument. 

The equation 

x
2

d
2
y/dx

2 
+ x dy/dx -f- (x

2 + .,>
2

) y = 0 (1) 

appears to have been first solved by Boole,45 ) who obtained by the methods 

of operational calculus the general solution 

44) Watson, 2,£• cit., Arts. 3.5, 3.6. 
45) Boole, Ge, Phil. Trans. Roy. Soc. (1844), 239. 



oO oO 

y = cos {-,>log x)Z a2rr2n .+ sin (:vlog x)£ b2nx2n, (2) 
;'1"1 ~0 t)'r-=- o 

where a0 and b0 are arbitrary and for n ~ 1 

(?1 ~ ... -7. -1-va2.,. -2. 

!/m {m ,_1-,y1/ (3) 

Bocher' s functions., denoted in 1.13 by HLJ) (x) and IiJx) and defined by 

1.13 (3.1) and (3.2), may evidently be obtained from Boole's solution by 

taking a0 and b0 to be land O or O and l respectively. 

If canonical solutions of (1) be defined by assigning simple values 

to the constants a 0 and b0 in the general solution (2), the resultant 

series give precise information about the behavior of the functions which 

they represent in the neighborhood of the origin; but they do not convey 

a good idea of the nature of these functions for large values of the 

argument. On the other hand the functions UY(x) and V~(x), despite the 

fact that to represent them in the form (2) would require choosing a0 

and b0 to have a complicated dependence on:r', are defined as simple com

binations of the functions J:tlV (x), whose ~ehavior for!:!!_ values of 

order and argument is already well known.* In view of the present state 

of development of the theory of Bessel functions, it seems convenient 

to choose the canonical functions of inRginary order and real argument 

to be related as directly as possible to Ji~(x); whether or not we insert 

a multiplicative factor depending on 'Y, as in the case of the wedge 

functions FY(x) and G~(x), does not ~ppear to be particularly significant. 

If Ur(x) and Vy(x) are to be tabulated over a considerable range of values 

of-;>, it is evident from le52 (7ol) and (7o2) that the functions will 

*So many of the known properties of the solutions of Bessel's equa
tion have been expressed in terms of the function J~(z) that now the 
easiest way to investigate the series (2) would probably be to express 
it by 1.13 (1) and (2) as a linear combination of J,~ (x) and J-i-J _(x), 
from which its properties could be quickly deduced. 
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show a wide variation in absolute magnitude; this complication r.m.y be 

avoided by tabulating the combinations exp (-½:»n)u,,(x) and exp (-i:µ7TJVJJ(x)o 

For the reasons discussed at the and o.f Art. 1.1s. it is not to be 

expected that recurrence relations will exist among Bessel functions o.f 

real argument and purely imaginary order. 

1.6. Zeros of the Functions u..,(x) ~ Vy(x). 

With the notation of Art. 1.0. the equation 

/; (i#J) + (~+ 21Y1 = D (1) 

is a Sturm equation in which K(x) == x. G(x) = -x - '))2 /x. The .function 

G(x) attains its maximum value •2-Y when x ==- -;JJ and tends to - o0 as x _., +- 0 

or as x-:i. +oDo The .following theorem summarizes various results oonoerning 

the distribution o.f the positive real zeros of the solutions of (1). 

Theorem lo (i)o EveriJ real solution of (1) has an infinite number 

o.f positive real zeros. with limit points at x =- 0 and at x == +o0• 

(ii)o If (a. b) is any preassigned .finite interval o.f the positive 

real a.xis and mis any given positive integer• then for sufficiently large 

values of--;> every real solution of (1) will have at least m zeros in 

(a. b)o 

(iii). If y~(x) is any real solution of (1) which vanishes at x 
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I 2 2 1 ½ 46) :: c ( > 0) 1 than the next smaller zero of Y;,> (x) exceeds o - -n-c { c :+ -ll -r 4 -) • 

Part (1) is an evident oonsequenoe of the limiting forms 1.52 {4) 

and (5) of the fundamental pair of solutions of (1) for large and small 

values of x. 

For part (ii) 1 if JJ~ b we have throughout (a. b) the inequalities 

G(x) f ,.8:::. -b (1 +- J-/b2
) and K(x) ~x- === be The desired result follows 

46) Cf. Watson. ~• ~•• Art. 15.820 



from theorem 3 of Art. 1.0, since 

for all sufficiently large values ofv. The larger the order~, the more 

rapidly will the solutions of (1) oscillate in the neighborhood of a 

given point •. 

To prove part (iii) we write u = f,c'y in (1); u obviously has the 

same positive zeros as Y• This substitution transforms (1) i~to 

~ + (1 -I- y'l..+--.!;),?<- :::=..().J (2) 
vi# ,;d-

which is to be compared with the equation 

ik. + l;-1 :!5)/1/ -==-0. 
~ l! c-i-

(3) 

The solutions of the latter equation are sinusoids in x wi-1:;h an interval 

-,rc/(o2+ r;J 2 + !)~ between successive zeros. Now if x ~ c, we have 

<,,2 + i)/x2 ~ (:J} +- ¼)/c
2

, so that by theorem 2 of Art. loO the solutions 

of (2) oscillate more rapidly than the solutions of (3). This implies 

that if yv(x) vanishes at x = c, it must have vanished previously to ' the 

right of o -ire/( c2 + Y 2 + ¼)~. Since c/( o2 + :;i, 2 +- ¼)½ ~ l, we see that 
• 

every real solution of (1) vanishes at least once in any interval of 

length --rr of the positive real axis. 

The following theorem is concerned with the zeros of the solutions 

of (1) regarded as functions of their ordero-. 

Theorem. 2o If A and B are real constants independent of v and if 

x has any fixed value, the linear combination 

(4) 

regarded as a function ofv, has an infinite number of zeros for increasing 

values of:;) with a limit-point at +o00 

The theorem follows from a. oons.idera.tion of the asymptotic forms 

le52 (7.1) and (7o2) for U;(x) end V~(x) when vis large and xis fixed, 



in a manner analogous to the proof' of theorem 2, Arto 1.2, which involves 

the wedge i'unetions. 

le 7 e Expansion 2.f ,!a Arbitrary Fu.notion l:a, !:, Series _2! Bessel Fu.notions 

~ Imaginary . Order ~ Real Argument. 

If we attempt to represent an arbitrary .function by a series of' 

Bessel £unctions of imaginary order and real argument over a finite in

terval of the positive x-a.xis, we arrive at results somewhat different 

from those encountered in the similar problem involving wedge functions, 

for we find that the representation usually requires a finite number of 

ordinary Bessel .£'unctions of real order and real argument in addition to 

a.n infinite series of .£'unctions of imaginary order and real argumento 

Consider the Sturm-Liouville system: 

i (?G~) - (-~ -f)?) ~ o~ 
ot. j (a} - d0 tC,_,) = 0 .1 

(Jj(ld + f rJ ,a) : o_, • 
where O ~ a .t. b L. of) and, with the notation ot leO (4.1), K(x) :::- x, 

i (x) = -x, g(x) == 1/x, and A :::-~o The two boun~ry conditions · together 

i'urnish the characteristic equation (ofo 1.0 (5)) which must be satisfied 

by -the eigenvalues; e. g., in the simple case where J' -= /3' = 0 so that 

the boundary conditions a.re y• (a) = y' (b) = o, the characteristic equation 

is 

(2) 

In any case the system (1) satisfies the conditions of the first sentence 

of theorem 5, Art. 1.0, so there will be an infinite set 0£ real eigen• 

values J 0 • Al• 'A2• ••• , which have no limit-point but +o0. Since R(x) 

is negative, in general a finite number, say k, of these eigenvalues will 

be negative. If the eigenvalues be arranged in order of increasing alga-
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2 2 2 
braio magnitude and denoted by i'6 =Ao• j'1. == .A. l• ••• • _il{k-l ::= A k-P 

J>k
2 

.:::-./lk• J)k-t-/ ='.A.k+l• ••••we see that the eigent'unctions ';,al correspond

ing to the first k eigenvalues will be ordinary Bessel functions of real 

order/-;_ and real argument. while the remaining eigenfunctions y~/ will 

be Bessel functions of purely imaginary order and real argument. It may 

be noted that the functions Y,1,1,• (x) ' and y7-1.(x) exhibit no qualitative di.f-
• /" l d 

ferenoes in behavior within the interval (a. b) except for the regular 

increase in nwnber of zeros required by the fundamental theorem 5; outside 

the given interval in the neighborhood of the origin there is of course 

a narked difference in the behavior of the functions of real order and 

those of imaginary order. 

An arbitrary function .f(x) may be represented in (a, b) by means o.f 

the eigenfunotioJJ.S of the system (1) in the form 
/f-L o0 

I~) =~ lln>11/'mt (~} 1-,£ A/111~ (?'-l (3) 

where the coefficients An of the second series are given formalI7 by 

1.31 (4) and (6)•* and the coefficients A:in of the first series are given • 
• 

(4) 

r-1-. ft) A ~ _ .&:- e1,,,,,J,J 1 [~!} f1i + 4 d~~11 _ (5) 
la- 1//11' ;{ }vm1 0?1- _j '/,= Ir 0/4 i9 'J. 8,t.. -x.-::1r 

• F . . ~ ,R-~ 
The convergence properties o.f the series (3) depend upon such results 

as theorem 8 of Art. 1.0. which apply to Sturm-Liouville series in general. 

We now consider briefly what form the series (3) must take if we 

try to represent f(x) in the infinite interval (a.oa) or in the interval 

•Of -course y~ is not the same function in the ,present section that 
it was in 1.31. ,w 



(o. b) which includes the origino47) From 1.52 (1) and (3) we see that 

every solution of Bessel's equation ,with real argument and either real 

or purely imaginary order vanishes. together with its derivatives. as 

:x: ➔oa• so that if a is positive and b is infinite, the boundary conditions 

(1.2) and (1.3) no longer select discrete values of-;}. We have instead 

to use all values of?>• both real and purely imaginary. in the representa

tion of f(x); and we are led to expect that if a representation of f(x) 

analogous to (3) is possible in the interval {a,oe), it will be of the 

form 

(6) 

where ~(x) and yy (x) are those solutions of Bessel's equation, of real 

and purely imaginary order respectively• which satisfy the boundary condi• 

tion (1.2)o The coefficients CY<-) and D(~ • which will themselves involve 

definite integrals, may be expressed, as in the derivation at the end of 

1.:n, by 

C/4) -; 4 ~ ; 
~ £" -?of> //JffH r,#f/ 

(7) 

If the le.ft-hand end-point of the fundamental interval (e., b) is 

taken to be the origin, the boundary conditions (1.2) and (1.3) still 

give us a finite number of discrete negative eigenvalues ;l..i-= -,IL/ 

corresponding to eigenfunctions ~i (x). Since we have autoinatical1-y 

~ (0),::: 0 if / ) 0 and :¼' (0) = 0 if/,-< '7 11 the jl/s are the roots in 

)'- of the equation p '~ (b) +-(i ~ • (b) ==- o. On the other hand if' l :::y
2 

) o, 

we cannot satisfy the boundary condition (1.2). since in this case from 

1.52 (Sol) and (5o2) all solutions 0£ (lol) oscillate infinitely rapidly 

47) Booher,~• oit._ 159-160, discusses both of these possibilities 
in the case where the'"""Soundary condition at the end-points is y ~ Oo 



in the neighborhood of the origin and their derivatives are unbounded. 

However in some applications, such as those arising in potential theory, 

it is sufficient to require, not that (1.2) be satisfied, but merely that 

the functions Y,J (x) remain tbounded as x _., .j.Q• This latter condition is 

satisfied by the solutions of (1.1) for all positive values of :P2e Hence 

the representation analogous to (3) of f(:x:) in the open.interval (O, b) 

must consist of a finite series of ordinary Bessel functions of real 

order plus an infinite integral over the functions of imaginary order; 

(8) 

where 'J'l;m (x) and y~ (x) are bounded at the origin and satisfy the boundary 

condition (1.3). The coefficient Am is given by (4) and the coefficient 

B(,l) by 

(9) 

The representation of f(x) over the whole range (O, c:;,0) will evidently 

require two infinite integrals of the form (6) with a === o • 
• 
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The actual existence of formulas such as (6) and (8) appears very 

plausible in view of the known validity of several similar integral formulas 

of Fourier's type; however we shall not here investigate the explicit form 

of the coefficients in (6) and (8) or the conditions under which these 

formula.a may be rigorously valid• 

1.s. Transformation ~ ~ Differential Equation ~ ~ Functions u,... (x) 

~ Vj; (x)o Calculation~~ Eigenvalues. 

For purposes of numerical calculation it is convenient to subject 

the differential equation 1.5 (1) for Bessel functions of imaginary order 

and real argument to the transformation of Art. 1.4, namely 



(1) 

The equation t~n becomes 

d2y/wr.2 + (r2 +- 8 2u) y ,:: o, (2) 

which has no singularities for finite values of u, and of which the general 

solution is evidently 

y = c1u:v(eu) + c2V:v(eu). (3) 

From (1) and 1.52 (5.1) and (5.2), or by inspection of the transformed 

equation (2), the solutions a.re approximately sinusoidal functions of' 

J',t,(,when u is negative and so large that e2u~~ v2• 

To find the small eigenvalues of the Sturm.-Liouville system lo7 (l), 

it is necassary to obtain the first few roots of soma such characteristic 

equation as lo7 (2).. As in the ce.se of the wedge functions, the only 

practicable way of doing this appears to be interpolation in a tabla of 

the functions U~ and V~• or preferably in a table of their derivativesJ 

until such tables are available the practical value of Bessel functions 

of imaginary order and real argument will be limited. If the characteristic 
• 

equation happens to have negative roots, as discussed in the preceding 

article, recourse must be had to a table of ordinary Bessel functions which 

ip.cludes non-integral as well as integral values of the ordero 

The large positive eigenvalues of the system le 7 (1) are given 

asymptotically by Horn's method, outlined in Arto 1.4. If for example 

the boundary conditions are dy/du::: 0 at u -= c and at u ::: d, corresponding 

in virtue of (1) to dy/wr. =- 0 at x = e 0 and at x :::. ed, then we have h 

,,_ li "' 0 in 1.4 (15). Setting A "° B ""' 1~ C· = e 2u, and o{' :::: 0 in 1.4 (7). 

we get 

t<J~) = A-< - C ,J t (,µ_) c:c di 

Hance from lo4 (16), (11), (12), and (13) the positive eigenvalues ~re 



given approximately by 

;)k = ia,f (d • c) - (e2d - e2c)/4kn; 

or transforming back to the variable x by (1) and setting a =- e 0 
• b ==- ed • 

(4) 

The corresponding eigenfunctions are. by 1.4 (6). 

I){ [ ½/:J (;le ~ 1) [ 1-1- tY( i:)] -,.,,_;. c,;J, f) [ ta,L f &( 41)] ]. ( 5) 

As in Art. 1.4. we may employ the calculus of variations to estimate 

the lowest eigenvalue~ of the system 1.7 (1). In the case where the 

boundary conditions are y' (a) -==- y' (b) = o. we find on comparing 1.7 (1) 

(20). and (22). th.at 

(l Lt] = ,!Jff l 
Jl[(Jf/ / 

where )J[fJ ~ [~rr;f'-rjJ';/# ad j/frttfl{/,-f" ~ ' 

(6.1) 

(6.2) 

JI being any continuous function with a piecewise continuous derivative 

in (a. b) such th.at 

• 

If we take p(x) :::' 1. we get at once .from (6) 

~o ~ ~ (1] = -4(b
2 

- a
2

)/log (b/a). 

(7) 

(8) 

It is also of some interest to take , -=- cos [n,r(x - a)/(b - a) J • where 

n is a positive integer. This f'unction evidently satisfies (7). and an 

elementary calculation gives for the expressions defined by (6.2) 

l)_ ~ [~ [ .n'-.,,-2-
2 

40t ~ ,n7T(~ -a.-) _ CefJ ?-. mr(~ -cl}Jti;i 
m t\- 7/r-a} ff -~} -{lr - tA,} 

= fj'- -a 1/ {/11').71""2.. - ;J, (9.1) 
I/ /f-C{_):i. J 

'1 I - / 4 1. a?TI~ - IA-) ~ 
/r//)1 - /0- ~ T~ 7 

I & )_ C<fJ 1-?17TC).. [a 2-nrrJ- -C ~1 
- 211 ~ + 2- ,6---~ ~-a.. ,6- -1)1., 

/ • ,:Zn,-,r,:;,.... [' ~ J-»7r1[" ---cl ~011['4, j' 
+ I /.U1t 4-- o.... # . -Z -,;,._ ,4- -a. ) (9.2) 
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. [¾int r:,os t where Si u ;; t dt and Ci u "" - L - t dt. 
0 ~ 

It is not necessarily 

true that the ratio of the last given expressions for 4 and ~~ dominates 

the (n+l)st eigenvalue of the system 1.7 (1). because the function,~ 

cos [ mr(x • ay{b - a'[} is not strictly orthogonal to the preceding n 

eigenfunctions; nevertheless the ratio}),/")!,,., should give a rough approxi• 

mation to the (n+l)st eigenvalue for small values of n• and in the absence 

of tables this value may be improved by using such definite integrals as 

1.51 (7.1) and (7.2) actually to compute the functions Uy' and v~• occur-

r.i.ng in the characteristic equation for a pair of adjacent values of))• 

In Art. 3.11 we shall compare for a particular numerical case the 

estimates of the eigenvalues given by (4) and by (9). 
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CHAP.l'ER II 

Physical Applications of Bessel Functions of Imaginary Order 

and Dmginary Argument 

2.lo A General Potential Problem~ Cyli.D.d.rical Coordinates. 

Bessel :f'unctions of imaginary order were introduced into mathematical 

physics by M. Bocher1) in the investigation of a certain problem of po

tential theory. The essential features of Bocher's discussion will be 

given in the present article. 

The potential problem in question is the follovring: Given a space 

S bounded externally by two coaxial cylinders of revolution, two planes 

through the axis of these cylinders, and two planes perpendicular to 

this axiso It is required to ~ind a potential function V which 1) every

where within S satisfies La.place's equationv2v ~ O, and is finite, con

tinuous, and single-valued, together with its first space derivatives, 
• 

and 2) assumes on the surface of S arbitrarily assigned values. 

The space Smay be defined in a conveniently chosen system of cylin

drical coordinates y°' /, z) by the inequalities O L. a ~ f' '- b, 0 ~ / 
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~ o< .t. 211"', and O !:. z ~ c. We may solve the general potential problem by 

superposing six simpler potential functions, each of which takes on assigned 

values on a single (different) face of Sand vanishes on the other five 

faces. The face of Son which a given potential .function does not vanish 

will be called the exceptional face; it turns out that we shall get 

essentially three different types of solution, corresponding to the 

following cases: 

1) Booher., M., Annals of Mathematics, i• 137-160 (1892). 



(i) The exceptional face is one of the planes perpendicular to the 

axis, say z = o; 

(ii) the exceptional face is one of the cylindrical surfaces of s, 

say t=b; 

(iii) the exceptional .face is one of the azimuthal planes, say/-=-- cl• 

Our first task is to find suitable solutions of Laplace's equation, 

which in cylindrical coordinates takes the form 

'v"v-=- .L 2 l.o ~)+- _J_ §:.i + .zi =- o. 
f' Jf ft W-' ~). t)fJ. ;;~ 2 

(1) 

If we assume that V may be expressed as a product of cylindrical harmonics, 

(2) 

we find ·bhat V will be a solution of (1) provided that R, ~, and Z satisfy 

the following equations: 2) 

d2~/a.p2 ::: -J~, 
d2Z/dz2 :: k2z, 

f2d~/3/2 + f dR./df +- (k}2 - JJ2) R = O, 

(3) 

(4) 

(5) 

where k2 and y 2 are arbitrary separation constants. It is seen that ci 

a.nd Z will be exponential or trigonometric .functions of their arguments, 

' 
and, by comparing (5) with 0.1 (1), that R will be a Bessel function of 

order y and argument kr* The behavior of all three functions depends 

largely upon the nature of the separation constants. 

If u1, u2, u3 represent the three cylindrical coordinates in any 

order, the exceptional face of' S being given by u3 = constant, then the 

product of harmonics (2) must vanish on a pair of faces u1 == constant and 

2 2 on a pair of faces u2 = constant; therefore k and v must be so chosen 

that u1 (u1) and u2(u2) are oscillatory functions of their arguments in 

2) SIDi'{l:;he, Wo R., Static~ &nainic Electrici-t;y, 1st ed., Artso 
5.29, 5.2910 

•In the special cases k:: 0 and k = ~ =-- O, the solutions of (3)., 
(4), and (5) are all elementary functions; these are not of interest in 
our present developmento 
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the relevant intervals. This requirement fixes the nature of the separation 

constants in the three different cases listed above. 

In case (i) the condition that Rand Q must be oscillatory functions 

is secured by taking ,,>and k both real, so that the solutions of the 

m-equation will be sinusoids in :Yp an<t the solutions of the R-aquation 

will be ordinary Bessel .functions of order~ and argument 1/• The solu

tions of the Z-equation will be real exponential (hyperbolic) functions 

of kz. It is easy to show from the gener§l theory of Sturm-Liouville 

systems that the boundary conditions on a and R determine an infinite 

number of admissible values of the constants rand ko 

In case (ii) we make both ii and Z sinusoidal .functions by taking 

;>real and k purely imaginary; the boundary conditions are satisfied by 

an infinite number of values of each. The solutions of the R-equation 

are now Bessel functions of real order and imaginary argument, io e., 

modified Bessel functions ~ and IS>• . 

In case (iii) we take ;;J and k both imaginary, so that Z is a sinusoidal 
• 

function of \k(z and R is a Bessel function of imaginary order and imaginary 

argument; I will be a sum of real exponential (hyperbolic) functions of 

jsJ/,f. If we novv write k for ik and -;J for i;J> and employ the notation intro-

duced in lol for Bessel functions of imaginary order and imaginary argument, 

we get for the typical product of harmonics 

V =- [AFY (Jy>)+- BG~(kf)][c sh i I+- D ch ?>,f}[E sin kz + F cos kzJ• (6) 

The separate solutions of our three partial problems all proceed now 

in much the same way; but since problems of types (i) and (ii) involve 

only well-known functions and are treated in standard works on potential 

theory,3) we turn our attention immediately to (iii)o In this case th9 

3) See for example Smythe, op. cit., chap. Vo 



boundar'\J condition on the surfaces ,P = a 10 p = b• z ::: 0 10 z ::::. c, and I -== O 

is V-=- O; on the remaining surface I-= ol the condition is 

(7) 

We secure the vanishing of' Von the first five surfaces by choosing from 

the set of' all products of the type (6) every one which has the form 

Vmn -== Cmn[G;,nm (n1TS./c)F,,nm (nrrf/c)•1'~nm(n,ra/c)G,inm (n7f /c~h-.?)m/ sin(nnz/c)., (8) 

where we have taken k::. n-rr/c. n a positive integer, and ~nm is the mth 

positive root of' the equation 

G,.,(n,m/c)F.,.>{nrrb/c) - FY{nira/c)G,-i (ntrb/c) = o. (9) 

The last equation is equivalent to 1.31 (2); it has an infinite number 

of' real positive roots inY. We sh.all denote the Bessel function enclosed 

in square brackets in (8) by R.v. (nK"//c)o 
nm 

We now build from the set of products (8) the double series 
oO di 

vy, ,!, z) =l £: Cmn~nm (n:tTf/c) sh.JJ J sin n-,z/c. {10) 

which vanishes on the non-exceptional faces of' S and which we shall assUIOO 

satisfies Laplace's equation, as it certainly-would if' it consisted of' only 
• 

a finite number of' terms•* Inasmuch as the .functions sin n"z/c and 

R_,:>nm(nfff/o) form complete orthogonal sets over the intervals O ~ z ~ c 

and a ff ·~ b, we may f'orimlly determine the coefficients to satisfy the 

boundary _condition on the exceptional fa.oeo Substitution of {10) into 

(7) gives 

•J:n the present section and the two following we sh.all assume with
out fur~her investigation that the inf'inite series and inf'inite integrals 
with which we deal are convergent and th.at the necessary interchanges of' 
limit~operations are justified; such formal procedure is often fruitful, 
even though from the point of view of pur~ mathematics a more rigorous 
treatment would be desirable. As Bocher4 J points out. the practical 
utility of such a series as (10) depends not so much on its ultimate con
vergence as on the numerical accuracy with which the first few terms ap
proximate to the desired f'unctiono 

4) Booher, M., Uber die Reihenentwick:elungen der Potentialtheorie• 
157-1580 - - -



00 c,O 

fy;, z) == Z L Cmn_R,.>nm(mrr/c) shrn.nf sin nm/c. (11) 
,... -:.l at "-/ 

We multiply both sides of (11) by ; t ¼pq (prr1/c) sin prrt/c and integrate 

fil•st over z from O to c, then over f from a to be The orthogonality 

properties of the sine and Bes~el functions cause all terms to drop out 

except the one for which n = p, m .=. q; and we get, using 1.31 (5) with 

(12) 
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The last equation expresses the value of Cqp in terms of the given func

tion f(f, z) on the exceptional face and completes the formal determina

tion of the potential function corresponding to subcase (iii) of our general 

potential problemo Cases (i) and (ii) may evidently be treated in a 

similar manner; the latter requires the expansion of an arbitrary function 

in a double Fourier series in p and z, and the former involves a mixed 

Fourier and Fourier-Bessel expansion in / and f'e 
• 

It is apparent from what we have just done that the complete solution, 

by the method of development in series, of the general potential problem 

stated at the begiillling of this section requires the use not only of ordi

nary and modified Bessel functions of real order but also of Bessel func

tions whose order and argument are both purely imaginary, the latter func

tions being necessary to secure assigned boundary values on portions of 

the wedge surfaces / :::: constant. The anai ogous potential problem in 

spherical polar coordinates involves the space S bounded externally by 

the concentric spheres r =- a and r -::: b, the coaxial cones 9 = ot. and 9 = fJ , 
and the azimuthal planes p =- 0 and p,:::, p0o The subcase (iii) above corresponds 

to a potential in the spherical polar system which takes assigned values 

on the cone Q = f and vanishes on the remaining faces of s. To satisfy 



these boundar;y oondi tions we require associated Legendre functions 

P ~. m(cos Q) of complex degreei5) these have been called "cone func-~+ip 

tions" on account of the :rrianner of their introductio~ into mathematical 

physics. Because the functions F_,,(x) and G::v(x) appear in the analogous 

problem involving wedges, we refer to them in this work as "wedge func

tions"o 

Although potential problems as general as ow:s e.re not often solved 

explicitly in textbooks, it is easy to see that many practical problems 

of potential theory are merely special cases of the one discussed here, 

in which one or more of the six surfaces of the space Shave disappeared. 

These degenerate cases lead to changes, such as the replacement of an 

infinite series by an infinite integral, in the various formal expressions 

for the potential. We no-. particularly the various alternative forms 

which the solution involving wedge functions may assume. 6) 

If we take a -::: O, so that the inner cylindrical surface of S shrinks 

to the axis, then the condition that R-"(n~f/c) vanish at/: a can no 
4 

longer be satisfied, because of the oscillatory behavior of the wedge 

functions at the origin; but it may be replaced by the weaker reqiirement 

that R..rJ(n7r/c) remain finite as f-7 O, which is met by every real value 

of;). Hence the summation over min (10) is replaced by e.n integration 

over e.11 positive values of .:V, and the solution retains this form whether 

or not the outer cylindrical boundary of Sis let move aw-ay to infinity. 

(Compare in this connection the latter part of Art. 1.31.) Similarly if 

one or both of the bounding surfaces z ==.constant is removed to infinity, 

the bounruu-y condition which restricts k (:: nTl/o) to discrete values in 

(10) is abolished, e.nd the summation over n becomes a Fourier integral 

5) Hobson, E. w., S;e_herical ~ Ellipsoidal Harmonics, 444-448. 
6) Booher, M., Annals of :Mathematics, ~, 152-!54 (1892). -



over all real values of k. An example of a potential distribution in

volving wedge boundaries where the fields extend to infinity will be given 

in Art. 2 .12. 

It may be noted finally that if the angle o1.. be~een the inclined 

sv.rfaces of S is allowed to increase to 271"' and the azimuthal planes e.re 

removed, leaving a ring-shaped region with only four faces, the potential 

problem corresponding to case (iii) vanishes and we need to use only 

ordinary and modified Bessel £unctions of real ordero 

The reader is doubtless aware that the usefulness of solutions of 

Laplace's equation is not confined to electrostatics. This important 

equation is satisfied by such quantities as the magnetic sce.lar potential, 

the velocity potential of irrotational flow of a perfect fluid, and the 

temperature in the steady state of diffusion of heat, all of which may 

occur in problems involving wedge boundaries. Since the mathematical 

treatment of all of these functions is very similar, we shall confine our

selves in the next two articles to examples from the field of electro-
• 

s-tatics; in Art. 2ol3 we shall make a. few remarks concerning the equation 

for the conduction of heat. 

2.11. Potential Distributi?E:, Due~!:. Point Charge inside!:_ Cylindrical 

Conducting Ring with ~ Dielectricso 

In this article we shall consider the problem of finding the potential 

distribution within a hollow ring bounded by the earthed conducting sur

faces f= a:, / = b• z = o. and z- ::=- c, under the influence of an interior 

point charge q at y:7o• / 0 , z0 ), the region O ~ I <ix<- lo within the ring 

being filled with a dielectric of capacitivity €,, and the region o< I. p 

~ 27rcontaining the charge being filled with a dielectric of capacitivity 



Like most potential theory problems involving point charges, this 

problem reduces essentially to the determination of a function (called 

the Green's function) which satisfies Laplace's equation in a given region, 

·~ishes on the boundaries of the region, and has a simple pole at an 

interior point of the region, such that the difference between the Green's 

function and the reciprocal of the distance from the pole tends to a definite 

limit as the variable point approaches the pole. The Green's function 

is just proportional to the potential which would be produced by a, point 

charge situated at the pole, the boundaries of the region being held at 

potential zero. Since the problem at hand requires us to satisfy boundary 

conditions on the wedge surfaces I~ constant, obviously we shall need 

in the determination o:r the Green's function the harmonics of 2.1 (6) 

which involve the wedge functionso 

Nov, it turns out that a systematic and mathematically rigorous study 

of the various forms of Green's function for spaces bounded by surfaces 

of the cylindrical coordinate system was made several decades ago by J. 
4 

Douga11.7) his results being reproduced in the textbook of Gray, Matthews, 

and MacRobert.8) It would therefore be possible, using the methods of 

Dougall, to develop rigorously the Green's function for the cylindrical 

ring-shaped region a ~ /' ~ b, 0 -6. z £ c (a result which he does not write 

down explicitly), for the case where the region is filled with a single 

homogeneous isotropic dielectric, and then to solve the problem at hand 

by superposing series of the form 2.1 (10) which represent the effect of 

the second dielectric, the coefficients being determined so as to intro-

7) Dougall, J., Proo. ~burgh Math.~•• 18, 33-83 (1900)0 
8) Gray, .A.., Matthews, G. B., and MacRobert, T. M., Bessel "Functions. 

2nd ed., 101-110. Note that these authors express Dougall's results in 
terms of the function Kis employed in the present work; the function which 
Dougall calls Gis(ix) (cfo Go Mo M., P• 23) is equal to exp (½sv)Kis(x), 
or, in terms of our wedge functions, to exp (½s7T')G8 (x)o 



duce no additional sj,ngularities and to satisfy the continuity conditions 

at the dielectric boundaries. Instead of proceeding in this rna.nner , how

ever, we shall solve the problem ab initio, taking account of the singularity 

due to the point charge by a method often employed by Smythe, which, H' 

it lacks anything in mathematical rigor, has at least the advantage of 

physical clarity. 

Using the notation of 2.1, where 

(1) 

and ;)nm is the mi?b positive root of R;iJ(nn-b/c) = o, we assume potentials 

in the different regions of interest as follows: For O L. I <°', 

v1 = ,t,Z,.,f!..n_mefmrl +- Bmne-4ml]R,1.)mn (n71f'/c) sin n11z/cr (2) 

for v( < 1 ~ lo, 
oC> "'°' ,) ,I y ,I 

v2 =,?;::::,~[cmne-mn,u +- Drune• mrlj"Rymn(nrrt/c) sin DJrz/c; (3) 

and for / 0 L. I L.. 2n_ 

V3 =t t [Erun.e:,,>mr,/ + Fmne•:>-'mr/]R,;_ (n,rf/o) sin n71Z/oe (4) 
-~~~ run 

These potentials have been chosen so as to vanish on all conducting sur• 
• 

faoes. The remaining arbitrary constants will be determined from the 

conditions that V and e..f must be continuous across dielectric boundaries 

(vrherei -::.f ~ represents the normal derivative) and that V must be con

tinuous except at the charge itself across the surface/ :/0 , while for 

any closed surface S within the ring and surrounding the point charge• 

- r; £ f c/5' =: f,, ( 5) 

n being the outward normal to s. Equation (5) is the statement of Gauss's 

electric flux theorem in rationalized MKS units. 

Applying the continuity conditions to v1 at p -=- 0 and to v3 at p:: 21f 

and ~oting tha-1/because the sine and Bessel functions form orthogonal 

sets, corresponding terms of' the resultant series must be equal separately, 

we get• on cancelling oommon factors• 



Anm. +- Bnm = Ezun.e ~ +- Fnme -21r;)nm, 

E1 (~ - ~nm) = £2(Enme2lrJ}nm - Fnme•271".vnm). 

Similarly at/-= .:I{, 

~nnf< -~ ~ ~ ~ -x ~ 
Amue + Bnme nm = Cnme 'llllI + Dnme nm , 

£ 1 (A:nme ~ - Brune -?>nnf') = 1 ( en.me~ - Dnme - :,Jrur[X); 

and e.t /-= / 0 , 

Cnmerrun.95'o + Dnme _.,;nmPo :: Enme 1'run,0o .f. Fnme -~llJill6'o • 

(6) 

(7) 

(8) 

(9) 

(10) 

We shall apply Gauss's electric flux theorem (5) to the pe.ir- of planes 

I~ lo - 0 and p =lo+ 0 which fit snugly around the point charge at 

J°o• p0, z0); for this purpose we write 

~1~-~7 • 
f fJf EJcf Jrf:; 1o 

= ~loQ, ~. ~ - r t0 -£ ) JJ,_ fo _ 0, _ £ JR -)J,/Jfl ta'£ (.~ 1 • ~ 
f a,,,:c-1~'°' [(L,,,'tH /1("11 l.,R_ (<I-M,.,, 4r,,,., ] li,.,. c., 1~ c.. _) (11) 

multiply both sides of (11) by~ (k119/c) sin krrz/c~ and integrate over 
-ii 

z from O to c and over f from a to b. On the left side we get the integral 

[ ~/'c5[~-~1 ~ (kl~~}c/4df. 
c>- lo ~ af , 9<() f,::flo ~,e c, j , 'c )' 

Since the electric field is continuous across the plane p ~lo except at 

the point where the charge is situated, the factor in square brackets 

vanishes except in an area around/ 
10

, z ::. z0 , which will be taken to 

be so small that in it the sine and Bessel functions may be regarded as 

constant a.nd taken out from under the integral sign. 9) The remaining 

integral is just the left-hand side of (5) and is equal to q. Hence the 

left side of (11) becomes, after integration, qR,), (k1r~0 /c) sin k1rz0/c-. ~p f' 

while on .the right side atl terms drop out except the one f'or which n = k-

9) -Cfo Smythe, opo cit., Art. 6.2970 The factor in brackets is as• 
sumad to possess thecheruteristic property of the ~-function employed 
by Dira~ and others in quantum meche.nicso 
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m-:::__f , which we evaluate by le31 (5). 

On introducing the notation 

L/~~ {:,, ,rfj/c) ~ (7,ff 9:o/2) 
.I;,_ :::::. /l!'1TAr[8;erd ;;1<;;Q7 / <12> 

f},?<- 8 ;> _j ~ = "11 md-/4.) y =- ~,??-1, 

we get 

ei Cnm - Emn)e~O • (Dnm - "Fnm)e -J>~o) -= 41nm • (13) 

Simultaneous solution of the six lin.ear equations (6) - (10) and 

(13) is a tedious but elementary exercise; on carrying out the algebra 

and combining terms we get for the factor depending on pin (2) the fol• 

(14) 

where /-:::: ( €, - f1. )/(£, +- ~2. ). Eqs. (2) and (14) provide an explicit 

expression for the potential in the region of capacitivity 0 ; similar 

expres~ions may easily be written down for the region of capacitivity f°:i...• 
• 

2.12. Potential Distribution~ to~ Point Charge in~ Neighborhood 

~!:,Dielectric Wedgeo 

We shall next determine by the use of wedge functions the potential 

distribution produced by a point charge near an infinite dielectric wedge. 

Let the charge q be located at 1
0
,.i 0 , z

0
), the region O <. IL.. o<. L.. p0 

being filled with a dielectric of capaci-bivity f,, and the region ()(. <. p 
.(. 211'"" containing the charge being filled with a dielectric of capaci tivity 

£2 o Since in this case the fields are not limited to a finite region by 

conducting boundaries, we shall expect the potentials to be expressed by 

integrals rather than by series of discrete terms, as noted at the end 

of Art. 2ol• 



We require first an expression in terms of wedge functions for the 

inverse distance from the pole Vo• / 0 , z0 ) to the variable point Cf• I, z);: 

such an expression has been obtained by DougalllO) by the method of contour 

integration. One considers the function oft: 

(1) 

where O .1.../ L..j> 0 and O <. / - / 0 L. 2?rt this £unction is analytic except 

for simple, poles corresponding to all real integral values of~. Let 

£(() be integrated around a contour in the ~-plane consisting of a large 

semicircle of radius half an odd integer in the right half-plane, and the 

imaginary axis indented at the origin. It is easy to show that the in

tegral around the infinite semicircle vanishes. The integral over the 

inaginary axis, which may be transformed as in 1.32 (llol), is then equal, 

by the theorem of residues, to an infinite series of products of modified 

Bessel functions. Using the addition theorem for modified Bessel func

tions.11) 
oO 

Ko(kR) =z('4 -a,:m) Im<r> Km<1;A>.> cos m(/ - lo), (2) 
- ~o l 

where· 0 <;° <f>o, 0 t.. I•~ L 2w_ and R-= ft2 + fo 2 
- ~fO cos(p • / 0 )}2, 

we find that 

·; {chi> (11"' - I+- / 0 ) ~(1Ja) 1½P(1J°0 ) c1,-> -= K0 (kR), (3) 

and by synimetry this equality evidently holds whatever be the relative 

magnitudes off and fo • From the known result12) 

!. ~os k(z - z0 ) K0 (kR) dk = _!, 
7r lo " 

1 
r l 

where r -::. [R2+ (z • z0 )2}2 =- } 2 
-1 ~o 

2 • ri/o cos(p - p0 ) + (z - z0 )2j2 

(4) 

is ,,the distance between the points }°' ;, z) and yo, lo• z0 ), we get finally 

the desired expression for inverse distance, namely 

10) See Gray, :Mat·bhews, and :MaoRobert• 2,£• cit., 101-1030 
11) Ibid., 740 
12) Ibid., 101• 



1 4 ~ r r :=. rf'l ),, cos k(z • Zo) /i) oh ~(Jr- I+ lo) G,_,(1f) G>I <t'o) ~dk, (5) 

where O L.. I - Po~ 21T" and we have introduced the wedge function notation 

The potential problem at hand is now to be solved by writing the 

total potential in the wedge in the form v1 -::::- V
0 

+ v11, and the total 

potential outside the wedge in the form V 2 =V
O 

+ V 
12

0 Here 
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V ~-$:- =- + f'kA cos k(z - z0 ) ~
0 

ch:V(11"' - p + ,'0 )Gr(k.D)G-~(k.o0 )dvdk, (6) 0 ~£,..11 ,r'llc,_ j 
O 

Jo \;J 1 1 

where O L. I - Po~ 211"'1 is the potential which would be produced by the 

charge q in the absence of the wedge; the presence of the wedge introduces 

the additional term 

v11 • * (cos k(z - z0 ) /1A(.J, k)ery/ t- B(Y,, k)~}G. (17")G;,(17"0 )d->lik (7) 

for O L. p ~ o<, and the additional term 

V12 : £ ~s k(z - zo) l°tc(µ, k)el'P +- D(:i-1, k)e~JG.Jh:J)GJ>(kpo)d-vdk (8) 
fT"3 &-1-/0 -· O / / , 

for r;i.. < p <- 2,r. where the functions A, B, C., and D must be chosen so as 

to insure the continuity of the total potential Vend the normal component 

f:..!!.J' of the total displacement at dielectric boundaries. (The integrals r 8f • 
(7) anq (8) are assumed to converge and, since the integre..nds are cylin-

drical harmonics of the form 2ol (6), to satisfy Laplace's equationo) 

We insure that the integrals will satisfy the continuity conditions by 

requiring that the integrands themselves do so (assuming, of course, the 

legitimacy of differentiation under the sign of integration)o Recalling 

that if O L.. p <-- p0 we must write p ~ 2-,rfor p in (6), we find that the 

boundary conditions lead to the following four simultaneous equations: 

At p::: 0 1 

A+ B = Ce2-rrY t- De-2•~, (9) 

£1[A - B + sh :i->(11'" - p0 )] == &2[ce2,r" - De-271->' + sh:,-1(77"- l 0 ij; (10) 

and at ,t -=- o<. i> 

yd. _yr), ~ -;JrA 
Ae + Be = Ce + De • (11) 



t
1

[A/<A - Be-Y-'\ ..,_ sh.v(1i ~ - 10)} = &
2

[ce:,1..c. - De_.vc:( --1- sh-" (n-+-o( - /
0

)_]0 (12) 

If we solve equations (9) - (12) simultaneously and then combine 

terms, we get at length the follovnng expression for the factor depending 

where p-= ( t; • e2J/(E, + E1- ). Hence we have a formal representation of 

the potential function in the region outside the wedge; the solution inside 

the wedge may obviously be worked out in the same way•* 

As is well known.13 ) in the case of steady flow of electric curren'h 

in an extended conducting medium the potential function satisfies Laplace's 

equatioµ and the conductivity of the medium plays exactly the same role 

as the capacitivity in electrostatics, so that all the mathematical tech• 

nique used in electrostatics also applies here. This fact is eometim,s 

used by geophysicists to investigate the structure below the earth's 
• 

surface by observing the distribution of potential on the surface when 

current is passed through the soil between two or more surf'ace electrodes. 

It is evident that with slight changes in notation the problem just solved 

will provide expressions for the potential distribution in the conducting 

half-space O ~ / ~ rr when current enters the surface through a single 

point electrode, if the wedge-shaped region O { / < ( has uniform con• 

ductivity~ and the region ( '- I f .,,- has uniform conductivity °2l the 

results may be generalized to the case of several electrodes if desiredo 

A solution of the problem treated in this section has been given 

*It would probably be possible to convert the integrals over :V in 
(7) and (8) into infinite series by the method of contour integration 
used to derive (3); but the results would be complicated and there seems 
to be no reason !'or attempting the tra.nsf'ormation. 

13) Sieythe., ~• ~•., Arte 6el0e 

(13) 



in an entirely different form bys. o. Rice14) in terms of a single in

finite integral of the Legendre func~ion "'· 1 0£ complex order with 
J.). -:a 

respect to the para.meter ;. e, Rice's development is ma.thematically rigorous, 

though his result is not well adapted to numerical calculation in the 

absence of tables of the function Q.~ :to 
:i;.,.""2" 

It is worth noting in conclusion that the analogous two-dimensional 

problem of a line charge parallel to the vertex of a dielectric wedge 

is solved in the second edition of Smythe's textbook15) by the use of the 

circular harmonics 

(14) 

2.130 The Equation of Conduction~ Heato 

The equation of conduction of heat in a homogeneous isotropic solid 

JP.ay be wr:i.tten in the form16) 

~ '- w.J v~ = K 8/ (1) 

where v(x, y, z, t) represents the tempera.tu.re, t the time, and K is a 

constant of the material called the diffusivity. We wish to consider 
I 

briefly whether useful solutions of (1) may be found involving Bessel 

functions of imaginary order. 

In the special case where the flow of hee:f:i has reached a steady state, 

the right side of (1) vanishes and the distribution of temperature satis

fies Laplace's equation• so that all the methods of potential theory are 

available to determine ito Thus if we want to find the steady-state 

temperature in a general solid bounded by surfaces of the cylindrics.l 

14) Rice, s. Oo, Phil.Mag., (7), 29, 36-46 (1940)0 
15) Smythe, Static andI)yna.mic Electricity, 2nd ed., jn press. 

Art. 4007. 
16) Carslaw, H. s., Mathematical Theory 2£. the Conduction of Heat• 

2nd ede, e. 
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coordinate system, when the surface temperature is specified on two axial 

planes p ~ constant, we shall require harmonics of the form 2.1 (6) in

volving the vredge functions, and the solution will be mathematically identical 

with case (iii) of Arto 2.1. 

In the more general case where the temperature varies with time, we 

may seek a solution of (1) which is the product of four functions each 

depending on a single variable; in cylindrical coordinates such a solution 

is readily obtained in the form17) 

-K(tt'-1-_µ1/I !?it✓ - 1 ~ ~ ~ d)_ 
//J == ..e . ~rft /)41 ~ " (2) 

where ~ )Pf) is a Bessel fu.nction of order~ and argument /If ,JI , al, and 

a being completely arbitrary separation constants. If these constants 

all be taken as real, we see that all three of the space-dependent factors 

on the right side of (2) are oscillatory, so that by giving special values 

to the separation constants a triple series can be built from products 

of the form (2) which vanishes for all values oft on all six faces of 

the general solid botmded by surfaces of the cylindrical coordinate system, 
• 

and assumes fort~ 0 arbitrary values in the interior of the solid. 

Now~ problem in heat conduction (or radiation) with surface conditions 

independent of time can be reduced to two simpler probleIDB, one of which 

is a case of steady temperature, w'aile the other is a case of vs.riable 

temperature with the surface (or the surrounding medium, in the case of 

radiation) held at zero temperature; and finally any conduction or radia

tion problem where surface conditions vary with time can be reduced by 

a method due to Duhamel to a simpler problem with surface conditions 

independent of tima.18 ) We thus get from the general heat conduction 

problem in cylindrical coordinates no new applications of Bessel functions 

17) Carslaw• op. cit., 123. 
18) Ibi d., 16-:"f9. -



of imaginary order beyond those treated in Art. 2.1.* 

In spherical polar coordinates (r, 9., p) a particular time dep~ndent 

solution of (1) is given by20 ) 

/LT = Jl - K<f'·f (o.Ji)-{ ~+{ ~) ~ ( C,O 0) :::, /t ( 
3

) 

~ 
where R,>+--J is a. Bessel function and 8 p> is an associated Legendre function 

7-. 

of degree r and order7., the separation constants a< y< , and -Y being com-

pletely arbitrary. If we write i~ for ?-'+ ½ in (3) we get the solution: 

-><~2r(c J-1 If;, I ) /'1 ? I 1J ) C'.?::v 
.ef ,:;- ..£ ex fl A, iv L ~Jl <!:!!1.J-iJ> ( 0«J o; /.Uri /rf, (4) 

whieh involves Bessel functions of imaginary order and cone functions 

(see Art. 2.1) if_? and µare real. The last expression for v certainly 
I 

satisfies the conduction equation (1), but it does not seem to be adapted 

to the solution of any problems which cannot be treated by the use of 

harmonics of the form (3); in any case the usefulness of (4) is limited 

because of the singularity of the radial factor at r ==- Oo 

A differential equation analogous to the equation of conduction of 

heat occurs in the treatment of induced electric currents {eddy currents) 
• 

in extended conductors. In the case where the inducing magnetic field 

is axially symmetric and varies sinusoidally with time, the vector potential 

of the eddy currents may be expressed in terms of modified Bessel functions 
J. 

of complex argument xi2 ., which lead to the~ and bei functions of Lord 

Kelvin.21 ) It is formally possible, by choosing the separation constants 

properly in the differential equation describing the eddy currents, to 

*Carslaw and Jaeger19) in deriving the Green's function for the con
duction equation in cylindrical coordinates make use of Dougall's contour 
integrals of Bessel functions with respect to their order (compare the 
de~ivation of 2.12 (5)), but the functions of imaginary order do not come 
into the expressions £or the final results. 

19) Carslaw, H. s •• and Jaeger, J. c •• J. London Math. Soc., 15., 278 
(1940). - -- - -

20) Carslaw, op. cit., 144. 
21) Smythe., 2-E.• cit •• Arts. 11.02 - 11.040 



... ... 
obtain solutions involving the complex functions Fr(xi2 ) and G~(xi2 ); 

but no problems have been found whose solutions would be facilitated by 

the use of these functions. 

2.2,. An Application~ Hydrodynamics. Stability of Superposed Streams 

of Fluids 2.£. Different Densities. 

We turn now to quite a different application of Bassel functions of 

imaginary order, which occurs in some hydrodynamical investigations of 

G. I. Taylor22 ) ands. Goldsteino 23 ) The problem which occasions the 

use of these functions may be introduced e,s follows: 

It is well knovm that when the wind near the ground drops at night 

with the cooling of the ground, the wind at a higher level frequently 

remains unchanged, so that the effect of a decrease in density with height 

is to suppress turbulence e.nd to enable a large velocity gradient to be 

maintained. This at once presents to the mathematician the problem of 

the stability of a fluid in which the density and velocity ve:ry with height 
• 

above the ground, regarded as a horizontal plane. It turns out that if 

the velocity is assumed to ve:ry linearly with height and the density ex

ponentially, the stability investigations involve Bessel functions, and 

the results are simple enough to admit peysical interpretation. 

Taylor's analysis proceeds in the following nmmer: We assume an 

undisturbed flow in the direction of the axis of x with a velocity u0 (z) 

depending in a manner later to be specified on z. the heightt the density 

of the undisturbed fluid a.t height z is taken as /o e -()'¾ o We now superimpose 

a small sinusoidal disturbance on the original flov;, so that the total 

-a 
vector velocity q is given by 

22) Taylor• Go Io, ~• Roy. ~• London, (A), 132, 499-507 (193l)o 
23) Goldstein, s., ~•, 524-648. 



(1) 

where £ = exp i(kx - c:rt)e* Here k is regarded as a real number (evidently 

k ~ 211/;;\, where A is the wavelength of the disturbance), and the nature 

of eris to be determined from the equations of motion together with the 

boundary conditions. Real values of a-correspond to stable progressive 

waves, while complex values ofo correspond either to exponentially ampli

fied waves and instability or to exponentially attenuated waves; the 

criterion for stability of the original flow against small disturbances 

-so-

of the form (1) is thus Imo-~ o. The total density f and pressure p also 

fluctuate about their undisturbed values in the same rr.a.nner as the velocity; 

they may accordingly be written as 

(2) 

(3) 

It is assumed that the variation of the undisturbed density with 

altitude is due to the changing physical characteristics of the fluid, 
• 

a:ny small element of fluid being regarded as incompressible. Hence for 

24) • • points that move with the flow the particle derivative Df/Dt -:. ;Jf/Jt 

~ q•Vf vanishes; on taking account of (1) and (2) we get, to the first 

order of snE.11 quantities, 

-i0)?1 (z) ~ iku0 (z)p
1 

(z) -pw
1 

(z)f0 e-fiz ~ o. 

The continuity eque.tion V•q -= 0 gives 

iku
1 

(z) + dw1/dz -=- 0. 

On substituting (1) - (3) into Euler's dynamical equation 
~ i t-f Vf. f'-:- ~' 

(4) 

(5) 

(6) 

"'The more general assumption £ = exp i(kx +.Ry -o-'t) would lead to 
no essential change in the form of our resultso 

24) Webster, A.G., Dyna.mies, 2nd ed., 496-499, develops the hydro
dynamical equations used in this paragraph. 



~ ..lo 
writing •kg for the body force F per unit mass. and dropping products of 

small quantities, we get the equations of motion to first order i 

-ikp 1 ~ iJy>(u0 - ojk)u1 +pw 1 due/ dz• (7) 

0 = ikf(u0 - .,,,fk)v1• (8) 

-dp1/dz :: ikf(Uo • q/k)wl + gfl; (9) 

and in these three equations/ may be replaced wherever it occurs by 

f0 e•~z to the same order of approximation. If we eliminate the quantities 

p1, u1, and fl among the equations (4), (5), (7), and (9), we obta in the 

equation for the vertical component of velocity w1(z): 

d
2
w1/dz

2 
- fJdw1/dz t w1 [<u0 - cr/k)-

1
(pdu0 /dz - d

2uofdz2
) - k2 

+ £¥(u0 - o-/k)-
2
} == o. (10) 

We now consider the case of a uniform velocity gradient u
0

(z) = a{ z 

and write 

w1(z) ~ f(z) exp (½pz). 

so that (10) becomes 

(11) 

d
2
f/dz

2 
- r[k

2 
+ ¼e2 

- gp/txz - o-/k)
2 

- o<{J((J..z - .r/k)J::: o. (12) 

In order to reduce (12) to a tractable form, we assume with Taylor that 

the density of the fluid does not change appreciably in a distance equal 

to the wavelength of the disturbance; ie e•• A~ 21r/k <'.~ ll(J, or k >'Jf, 

so that ~ 2 is negligible compared with k2 • We also assume that the wave

length is small compared with the characteristic length g/4 2 (the velooi~y 

gradient is not too high);-, io e., 1/k <<g/4c 2• If gf/c,.2 is of order of 

magnitude unity and if z is comparable with a we.velength (z ~ 1/k), then 

g/1/(t:Az - 0 /k)
2 ~ k2 

>'> 1/~ z - cr/k) ~ k/] 

provided d/k is not comparable with OlZ; while if a. z - CJ/k is very small 

the term vdth the squared denominator certe.inly dominates the other. Hence 

the last term in (12) may be neglected and the equation for f becomes 

2 2 r, 2 )21 d f/dz - Lk • gq/(<1--z - Q"/k Jf :: O. (13) 



0-.a writing 

(14) 

(13) becoioos 

(2d2h/dt2 t s'd..h/at' - [s2 + (¼ - gf/cx2)J h = O., (15) 

which., by comparison with 1.2 (12~ is tha equation for modified Bessel 

functions of argument t' and order 
J. 

r-= (¼ - gt/ti)
2

o (16) 

Clearly if d2..'l 4~., corresponding to a large velocity gradient• .vwill 

be a real number between -½ and -f- ~., while if ol 2 ~ 4f(J., corresponding to 

a small velocity gradient., ,;I will be purely imaginary. Returning via 

(14) and (11) to the original variables., we see that the vertical component 

of velocity is given by 

J. J.~ • (kx-o'b) 
w

1 
(z)£ "' (z - O--/o<k)2e2 ~,,_,(kz • c1--/bl)e

1 
• (17) 

where R7 (z) represents any solution of the modified Bessel equation 1.2 

(12). We shall nmv investigate some special cases. 

~ of !::. Fluid of Variable Densi :tz Contained between Two Horizontal 

Planes. If the moving fluid is bounded by the rigid horizontal planes 

z -= z1 and z .,,_ z2., the boundary conditions are w1 (z1) = w1 (z2) ::- O; since 

k, z., and o< are real• the conditions can be satisfied only if there exist 
l 

two zeros of the function (2R ~) with the same imaginary part. Suppose 

for the moment that we have two such roots., say ½ ~ s1 + ib and ( 2 ::, 

_fo + ib; then k and rare determined by the pair of equations 

kz1 - cr/ot. ::: f1 + ib, 

kz2 - o-/o1.. "°' 52 + ibe 

Hence k = 2tr/ri -- (52 - :51 )/(z2 - z1 ) 

and r ~ o<.(z1f2 - z2,31)/(z2 - z1 ) - iolb., 

and the phase velocity (Re a-)/k is given by 

(18.l) 

(18o2) 

(19.1) 

(19.2) 

(20) 



In the case o<."-, 4¥3, where ,J is real and -½ '- P < ½, stable waves 
l 

of all wavelengths can propagate, since the functiont2R~(t.) vanishes 

at(= 0 because of the first factor and the modified Bessel function 

. can certainly be chosen to vanish for,("' S 2, where f 2 is any desired 

real number. From (20)., the phase velocity of these waves is just ex zp 

the velocity of the fluid at the lower boundary z
1

, so that they are 

all moving backward with. respect to the upper layers of fluid. The possi

bility of unstable waves in the case o( 2 > 4f cannot be decided with our 

present knowledge of the complex zeros of modified Bessel functions of 

real order, which is summarized in theorem 3 of Arto 1.2. The most we 

can say is that if unstable waves do exist., they correspond to values of 

o-for which }rmo-l < ;vo{ <½-<. 

In the case ex i. <. 4gf., we may write for clarity U - g,s/o< 2)~ = iv'., 

where :i7) is purely imaginary; then the function Ri.v ((; occurring in (17) 

is a linear combination of wedge functions. Stable waves of all lengths 

can be propagated., since both wedge functions have an infinite number of 
• 

real roots with limit-points at the origin,. and if R
1
j) (f) is the linear 

combination of these functions vanishing at;:_, it is evidently possible 

by continuous ,rarie.tion of the coefficients in Rc·v to vary ( oontinuousl;y

and to make the difference between$. and the next smaller real root 
}_. 

3, assum6 a value corresponding, by (19.l), to any desired wavelengtho 

The velocity of this wave is then deterwined by (20). On the other hand, 

since by theorem 4 of Art. 1.2 R;;> cannot have two complex roots with 

equal imaginary parts.,~ unstable waves can be propagatedo (Taylor could 

not show the absence of unstable waves.) 

~of.!:. Fluid of Variable Densitz Bounded by!_ Horizontal Plane 

~Extending~ Infinity.~ If the fluid is bounded by the horizontal 

plane z = z
1 

and extends to -roo, . the Bessel function in (17) I1JU.st vanish 
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as its argument tends to infinity in the right half-plane• so that from 

1.12 (2) it must be a. constant multiple of the function Kv• If <X2. > 4gf 

so that the order ,) is real• ~ unstable 'WEl.ves can exist in the semi

infinite fluid, since it is lmown that. if y is real and ...-! i. vi.. ½. 
~(s) has no zeros in the region largs/ {11'"'.,25 ) The only stable we.ves 

" are those given by t' = Oe (Taylor seems to have overlooked th.is possi-

-84-

bility when he states that no waves, either stable or unstable• can exist 

for o/ 2.> 4¥.) From (18.1) we see that these waves can haV'e any wavelength, 

but that they all move with the same velocity oik-= o(Zp which is the 

velocity of the fluid at the boundary plane z = z1• 

In the case ,:x. 1...t. 4gf we have to deal with the function Ki>' (s') ·of 

imaginary order, ~hich by theorem 1 of lo2 has an infinite number of real 

zeros in 5 between the origin and the point 5 = -1-Y •* Corresponding to 

any particular real root .f, of Ktµ(t) -= O, stable waves of all wavelengths 

can propagate, the dependence of velocity on wavelength being given by 

crjk from (18.l)o The possibility of unstable waves must remain open, 
• 

since theorem 5 of lc2 does not preclude the existence of complex zeros 

of K;,v (~ in the right half-plane. 

The stability problem treated by Goldstein in the second paper
23

) 

cited above is somewhat different from Taylor'sJ it may be stated as 

follows: We consider en infinite expanse of perfect fluid with a layer 

o-f: constant velocity and density and infinite depth on top, a. layer of 

25) Watson, G·o N. • Theor'IJ 2£ Bessel Functions, 2nd edo The region 
\arg5' / ./.. 71 is proved zero-free in .Art. 150 7, while the absence of zeros 
on the negative rea.l axis follows from the formula. [.fl.rt. 3.71, eqo (18)] 

~(xe t,rl) : e+>'"AK} (x) + -niI (x). 

"'Taylor asserts that the Hankel function H~ (~) [ = (-2i/1r)exp(½,.,11j 
Ki>7(~)J is purely imaginary whenever 5 is ree.l., and that it has an infinite 
number of real positive and negative zeros in._5 in the neighborhood of the 
origino His ~sgument is actually valid only for real_positiva values of 

.J 1 since (•1)' is not the complex conjugate of (-1)-<>' • the functions 
HiJ (i3) and K,.v<s) are complex valued whenJ is real and negative. 



different constant velocity and slightly larger constant density and in• 

finite depth at the bottom, and a finite ~ransition layer in between, 

where the velocity varies linearly and the densH;y varies exponentially 

from one boundary to the other. We wish to investigate the behavior of 

a small sinusoidal disturbance progressing in the direction of the steady 

flow. 

We assume the following steady-state distribution of velocity, density, 

and pressure gradient, the ·notation being chosen to agree as closely e,s 

possible with the first part of this article: 

For z L. o, uo -:: o, f ::f,• dpofdz -= rog; (21.1) 

for 0 I.. z I.. h, uo :: Uz/h:: ol z, -pz fifoe • dp0/dz: -foge•Pz; (21.2) 

for z '> h, Uo = U = ol..h, f:,_ foe'ih, dp0 /dz ::- ·foge•#'h. (21.3) 

On these steady-state quantities we superimpose fluctuations of the form 

given by eqs. (1) - (3) and obtain as before the hydrodynamical cque:tions 

(4), (5), (7), (8), and (9), noting that in the regions of constant density 

f, (z); 0 so that (4) is nugatoryo 

The expression for the vertical component of velocity in the transi

tion layer is derived in the form (17) by exactly the same arguments as 

before, but with the added simplification that if we assume the change 

in density to be only a small fraction of the mean density•* we ITRY con• 

sider the factor exp(½~z) to be essentially equal to unity, so that 

.L • (k:x:"'l'.1t) 
w1 (z)£"' (z •c1"'/c;(k)2:R.;)(kz •tr/4)e1 

, (22) 

where -y is defined by (16) and R,> is a modified Bessel function. The 

equation for w1(z) in the top and bottom layers is easily derived from 

(5), (7),. and (9); on setting u0 -::: constant• f=- constant, and.fl=- O• 

we get directly 

*Actually Goldstein does not make explicit use of the approximations 
introduced by Taylor to simplify eq. (12) above, but bases all the approxi
mations necessary ,to obtain (22) on the single assumption that the total 
cJ:,..a.nge in density is small compared with the mean densityo 



2 ; 2 2 d w1;dz .:: k w1, (23) 

so that for z i. 0 or z ) h, w1 (z) is proportional to exp(:tkz). 

The boundary conditions in our problem are that the normal component 

of Yelocity and the pressure must be continuous e.oross surfaces where the 

velocity gre.dient is discontinuous. Let z = z
0 

be the equation of such 

a surface in the undisturbed flow, and let z : z
0 
+ 7 be the equation 

of this surface in the disturbed motiono Then to first order w1(z) must 

be continuous at z = z0 • Also, to first order, the value of w-1 at z <= z
0 

is connected vnth? by the eque.tion 

wl = 87/at +- Uo tJrax = i(kuo -r)7. (24) 

The pressure must be continuous at z : z0 + 7 • so that to first order 

p
0 

+ p1 + ~ dp0 /dz must be continuous at z0 ;, i. e., p1 ... ?_fog must be 

continuous at z0 • Substi-tuting for 1 from (24) and for Pl from (7) and 

(5), end dropping terms like fo and w1 (z) which are already assumed to 

be continuous at z = z
0

, we find that the expression 

(25) 

mus-t be continuous at Z = z0e 

Solutions of' the equations of motion which vanish at z =- -toO are, 

from (22) and (23 h 
For z i. o, w

1
(z) = Aekz, (26.l) 

for 0 <. z < h, w1(z) " ?2 [wr,; f.t') + c I_.v <s)j, (26.2) 

and f'or z > h• w1(z) D -kz 
-= e • (26.3) 

where b"' kz • c:r-/4, and if' ,,.> "' 0 the term I_>' (t") in (26.2) is to be replaced 

by K
0 

(£'). If we set 

(27) 

the continuity of' w1 (z) at z = 0 and at z ~ h leads to the conditions 
1. 

A= f2..[B"fv(b,)+ C!J' (~)], (28ol ) 
.I 

D= ( L [BI,... {() + CI_/~)]• (28o2 ) 



The continuity of the expression (25) leads, with use of (28) and some 

rearrangement, to the pair of conditions: 

B[(1+½~-
1

)r,_,(t;_) -Iv'(1'i)J +-CB1+-¥i-
1

)r_,_)(ti) - I_;i1'(5i.)J = o, (29.1) 

B [(1- ~-l)r,~./ ~) + ~• (52.)j + 0 [(1- ~~ -l)~:v (~) + I_.> t (~)J :: O, (29.2) 

which have a non-zero solution in Band C provided that 

[(14- ½<i-1)r,.,(sl) - r~•<~1)J[<1-½s;-
1

)r_~ ~2)~ I_,>•(~) ] 

- [(1+-'/a6i-l)I_,>lfl)-I_)((j_)J[(1-¥;_-
1

)r.,(~)-t-9 1 (~)j _., o. (30) 

The real roots of equation (30), regarded in virtue of (27) as an equation 

in ir--when k is a given real number, correspond to stable progressive waves, 

while the complex roots with Imo--> 0 correspond to amplified unstable 

waves. 

A rigorous theoretical treatment of the roots of the period equation 

(30) apparently being infeasible, Goldstein attacks the problem indirectly. 

By the use of asymptotic formulas for the modified Bessel functions when 

the order e.nd the argument are simultaneously large, he obtains the limit

ing form of (30) as ei< ➔ 0 (I(/ ➔oD, I~ }-7J?, )-7 ~, which corresponds 
I • 

to the case of no steady motion. The system is then completely stable, 

a.nd there are an infinite number of principal periods of oscillation, 

which are shown to vary continuously and to remain real and distinct as 

~~ increases from zero to just less than 4gf, hk being supposed simll 

for this part of the work. Then when d. Lis just less than 4~, the periods 

are shown to vary continuously and to remain real and distinct when the 

wavelength is varied over all possible values. It is deduced that the 

motion is stable for d. i.. i.. 4~ • 'When d..,_ " 4gf there is one real principal 

:period if kh is less than about 0.4 and none otherwise; and when o£ 
1 > 4gf 

there is, for kh sxm.11, one real principal period and an ini'inite number 

of imagine.ry ones, vrhich correspond to unstable modes of oscillation.-

It is deduced that the motion is unstable for ol.1... '> 4f, and it appears 
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that this is true for all wavelengths. 

Since the rather lengthy mathematical calculations involved in carry

ing out the argument which has just been sketched yield no outstanding 

new results for the theory of Bessel functions of inB.ginary order, the 

reader is referred to Goldstein's original paper for details of the work. 

2.30 Propagation _£!:~Waves ~ the Surface of ~ Elastically In

homogeneous Medi'Ullle 

Bessel 1unctions of imaginary order and imaginary argument occur in 

the solution of the problem of propagation of transverse elastic waves 

-ss-

over the surface of a semi-infinite body whose modulus of rigidity increases 

as a quadratic function of the depth. This problem is of some practical 

interest in seismology for the following reasons: 

When an earthquake disturbance is transmitted to a great distance 

from its point of origin, the main shock reaches the distant stations 

at tiroos corresponding to the passage of waves over the surface of the 
• 

earth with nearly constant velocity; and the oscillations are largely 

in a horizontal plane and transverse to the direction of propagation of 

the shock. Observations indicate the existence of dispersion, i.e., 

some variation of velocity with wavelength, in these surface waves. 

Such transverse surf'ace waves oscillating in e. horizontal plane a.re 

called Love vraves in honor of A. E. H. Love• 26 ) who showed that waves of 

the type described may be transmitted if we have a homogeneous surface 

layer of rigidity/' density f, and finite thiclrness overlying a semi• 

infinite homogeneous solid of different r~gidity/' and density f'• such 

26) Love, A .• E. H., Some Problems of Geodynamics, 160-1650 



tJ:...at It has been show:n by E. Meissner
27

) and others 

that Love vraves may propagate over the surface of an elastic solid whose 

modulus of rigidity a..."ld/or density ,rary continuously with the depth. 

It is known from seismological data28
) that the velocities of both the 

clile.tational and the dis t ortional ¥raves through the body of the earth 

increase with depth according to a lavr which is nearl:{ linear for the 

first 1200 Ian. This fact is not sufficient to determine completely the 

variation of the density or of the elastic moduli in the interior of the 

earth; but in order to give some sort of theoretical treatment of seismic 

vraves we may w.ake mathematically simple assumptions which are not too 

-vridely at variance with our present incomplete knowledgeo 

We first recall the general dynamical equations for an isotropic 

2a) _tr. _,. -a _,. 
elastic solido ., Let s =- iu t- jv +- kw be the vector displacement of 

a:ny point in the body from its equilibrium. position. The strain tensor 

is then 

if (1) 

If the stress tensor 

is 

~cl ~,1 

~i 7J1 
1' . 1:-g J. 11 

(2) 
) 

27) Meissner, Eo, Vierteltahrsschrii't der Naturforschenden Gesell
schaft in Zilrich, 66, 181-195 1921). 

28;Ibide, 182. 
29) Page, L., Introduction to Theoretical Physics, 2nd edo, chapo 

III. Observe· changes in notatio"n; 

_39 ... 



where T~i is they-component of stress across the plane x = constant. 

and the other components have similar significance, then the total force 

per unit volume, including the body force G, is 

(3) 

The relation between stress and strain for an isotropic elastic medium 

is given by the tensor equa.tion30) 

(4) 

where K is the bulk modulus•/- the modulus of rigidity, and I a unit .,..., 
...... 

tensoro Substituting for F and_! in Newbon's equation F = ta2s'l<Jt2 
• 

we have the general equation of motion for an isotropic elastic medium: 

(5) 

We now consider the following problem: A semi-infi.l;lite elastic solid 

is given by z )/ o, its density f (z) and rigidity /(z) being functions of 

the depth z only. A distortional wave propagating in the positive x-

direction and vibrating in they-direction is given by 

s: JV: jZ(z)ei(k:x:-cTi;)• 
• 

(6) 

For such a wave the only non-vanishing components of the strain tensor 

are 

(7) 

If we neglect the body force due to gravity and note that the dilatation 

ij-:t" ::. 01 the equation of motion (5) becomes: 

/(~~ •:; ~ J;.,)-1 J;(i ~) /,d1.) ~ + l[tdJ) 'fff I (B) 

If v has the form (6), substitution into (8) leads to 

}; {#!a-)1/"] +- [ v;7(i) -~)h)} 2 ~) =- o. (9) 
One boundary condition is that the stress must vanish at the free surface 

z ::: O;, from (4), (6), and. (7), sinceV•s-= o, we see that this implies 

30) Page, 2.E• cit., 162, eq. (47-16)0 



that at z =- 0 

?' 2 ✓ §:Jr_o 
';, = ~ 'i?J /< ~1 - J 

ol 2 '(o) =- 0. 

The other boundary condition is that tha wave must be essentially confined 

to the surface of the medium; i. e., 

lim Z(z) = o. 
Z-'> +oO 

(10.2) 

Wen~« further assume that the modulus of rigidity and the density 

. b 31) are given y 

/A ~o (1 + z/ ,()
2

;, /=/Ya ::: constant. (11) 

Then the local velocity c of distortional waves is a linear function of 

the depth, namely 

c = /jlf --- = c
0 

(1 +- z/ J), where c
0

:: t;:;;;. (12) 

The fa.ct tha.1/t is infinite at an infinite depth makes very little difference 

in the results, since the waves ,vith which we shall be concerned are of 

relatively short wavelen~-th and are coni'ined largely to the surface of 

the medium, so that its elastic properties at great depths do not come 

32) 
into accotmto 

• 

If we substitute) and f from (11) into (9) and introduce the dimen

sionless variable -6 1 = z//. we get 

/ 2d2z/<!{2 + 2,/dZ/d( +./2 b-2 /co2 • k2t2_/z = o, (13) 

the boundary conditions (10) becoming 

a.z/d/ = 0 at /:: l; lim Z(() == o. (14) 
t -> +..a 

Introducing V = i:r/k for the phase velocity of the waves represented by 

( 6) and ')._-: 2tr/k for the wavelength, and making the substitution 
l 

z~) =- t-zr(s), 

we find that (13) becomes 

(15) 

31) Sa.kuraba, s., Geophysical Mag., Tokyo, 9, 211•214 (1935), has 
given a very brief treatment of thisca.se. I am-indebted to Prof. Batemau 
for calling Sakuraba1 s paper to my attention. 

32) Cfo Meissner. 212.• ~•, 195. 



(16) 

which is just the modified Bessel equation lo2 (12) for functions of argument 

2.,,JJf/?,. and order } , where 

(17) 

Before proceeding further with the analysis, we shall try to get 

an idea of the order of magnitude of the numbers involved in our worko 

From representative observational data given by Gutenberg,33 ) we see that 

the velocity of distortional waves through the interior of the earth in

creases uniformly from the surface value of 4.4 km/sec to a value 50% 

greater at a depth of 1200 Ian. Hence we have in (12) the approximate 

values c0 -:: 4o4 Ian/sec, ~: 2400 kmo Transverse surface waves with a 

representative period T =- 20 sec all have observed velocities near V: 

34) 3o3 km/sec., corresponding to the wavelength A "VT = 66 kmo For such 

waves, 2fff/~ = 230 and 2rr1V/~c0 ~ 170; hence we see from (17) that zJ is 

purely imaginary and very nearly equal to 2TT-fVi/Ao0o Since we are inter

ested in values oft' slightly greater than uni"l;y and in values of V/c0 • 
slightly less than unity, we shall be dealing with Bessel functions whose 

argument is roughly equal to 250, the magnitude of the re.tio order/argument 

being so1!1e'nhat less than unity. 

The modified Bessel function which vanishes (exponentially) for large 

positive values of the argument, thus satisfying the second boundary 

condition (14), is lrnown from 1.12 (2) to be the function Ki2tr./f/A); 

hence from (15) we have, on writing v> instead of 'Y for the order since 

we shall henceforth be concerned only with functions of purely imaginary 

order, 

(18) 

33) Gutenberg, Bo, Der Aufbau der Erde, 31, table 60 

34) ~•• 109, table 49a. -- ---



The first boundary condition (14) r educes to 

(19) 

Eqs. (13) and (14) represent a standard two-point Sturm-Liouville boundary 

value problem, so we know from theorem 5 of Art. loO or directly from the 

properties of the wedge function G~ that for any fixed value of 2wi'/1, 

eq. (u,,) will determi:ne a series of increasing real positive values of 
/ 

-;) ( ~ 27Tiv /?tc0 ) corresponding to waves of a given wave length traveling 

with a .. discrete series of velocities. The slo-west wave of a given vrave.., 

length will have no nodal planes below the surface of the medium; the 

faster waves will h.ave l, 2, 3, ... nodal planes., corresponding to the 

higher values of~. It turns out that only the slowest wave corresponding 

to a given wavelength, i.e., the wave without nodal planes, is of seis

mologica.l interest. 35 ) 

From eq. (19) we w.ay in principle obtain the dispersion curve of 

phase velocity V~ '))A..cof21TL against wavelength A• The group velocity 

(velocity of propagation of energy) is then obtainable as V - ~dV/wlo 
• 

Since the values of order and argwr~nt under consideration are far outside 

the range covered by our table of wedge functions, it is necessary to 

work from the asymptotic representations of Bessel functions whose order 

and argument are simultaneously large and of comparable magnitude (see 

reference 21 of chapter I), the results in the case at hand being con• 

veiliently expressible in terms of the ratio \order/argument\~ v/o£o 
This problem has been treated numerically by H. Jeffreys36 ) in an attempt 

35) Meissner, op. cit., 186. We may note that Sakuraba (reference 
31) is guilty of theincorrect statement that "the Love wave exists, which 
is characterized by an infinite large number of nodal planes." The waves 
of finite frequency and finite wavelength certainly have only a finite 
number of' nodal planes. Ile also remarks that the solution involving 
Bessel functions of purely imaginary order is 11only of theoretical in
terest, 11 whereas vre have seen above that for all physically occurring 
values of the quantities involved, the order is purely imaginary. 

36) Jeffreys, H., Jf..onthly Notices 2£ theRoyal Astronomical Society, 
Geophysical Supplements,!, 101-111 (1928-31). 
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to get quantita:bive agreement with observational data. Jeffreys considers 

the slightly more general problem of a homogeneous surface layer of finite 

thickness overlying a deep layer wherein the velocity of distortion.al waves 

incree.aes linearly with the depth, and plots phase and group velocities 

vs. wavelength of the Love waves for various values of the para.rooters 

involved. He obtains asymptotic expressions for the necessary modified 

Bessel functions of imaginary order directly from the diff'er0ntia.l equa

tion. For the various curves obtained reference may be had to Jeffreys's 

paper. His analytical expressions might easily be derived in the standard 

Bessel function notation by the methods of this thesis, though it is 

unlikely that any significant extension of the results would be suggested 

by so doing, particularly in view of the relatively meagre seismological 

data at present available for comparison with any detailed theory. 

Note added June 23, 19471 The flow of electric current between 

coaxial cylindrical electrodes, taldng account of both convection and 

diffusion, has been investigated by F. Bargo.is* using Bessel ftmctions 

of inaginary order and imaginary argument. in a pa.per of which the author 

was unaware when the preceding chapter was written. Subsequently F. 

Emde** has discussed in some detail asymptotic representations of Bessel 

£unctions of large purely imaginary order. 



CHA.Pl'ER III 

Physical Applications of Bessel functions of Imaginary Order 

and Real Argument 

3.1. Solutions 2£ ~~Equation Involving Bessel Functions of Imaginary 

Order. 

The roost important practical use of Bessel functions of purely imagi

nary order and real argument is for the construction of solutions of the 

wave equation• 

/V'l. vi ..{l. = r;;")....n.../412 
) (1) 

in cylindrical coordinates. In the present article we shall v.,rite out 

some useful scalar solutions of (1) which may be applied to the acoustic 

and electromagnetic problems of the next two sectionso 

Restricting ourselves from the start to functions which are harmonic 

in tilT.IB• we assiUl'.le that a solution of (1) in cylindrical coordinates may 
• 

be written in the form 

(2) 

where w is real. We find that...tl. will be a solution of the wave equation 

provided that 

iz/dz2:: 

f 2d~/df2 + ~/df +- 'ftz(,} /v2 - kz 2) - ,;3/R = o. 

(3) 

(4) 

(5) 

where rand kz are arbitrary separation constants. If we introduce the 

notation 

2 2; 2 2 2 2 
k :: W v • kc -::: k • kz • (6) 

and take ~2 and kz2 to be real• we see that m will consist of trigonometric 



or exponential functions depending on the sign of ~ 2 and that z will also 

be trigonometric or exponential in form depending on the sign of kz2, 

while R will be a Bessel function of (real or imaginary) argument kcf 

and (real or imaginary) order,)•* 

The boundary oondi tions usually imposed upon ..n..are that ..fl. -= 0 or 

that ;J_f1/on c::- 0 on two pairs of level surfaces of the cylindrical coordinate 

system; vre therefore choose the separation constants so that two of the 

three space factors on the right side of (2) are oscillatory functions 

of th~ir respective arguments over the desired ranges. In the applications 

of the next two articles the boundary conditions will be that ..fl.or its 

normal derivative must vanish on a pair of planes z ~ constant .and on a 

pair of cylinders f= constant. Hence we must choose kz real to make 

Z a sinusoidal function of z, and we must choose .,Jpurely imaginary to 

make R oscillatory, since the Bessel functions of real order are not 

oscillatory if the argument kcf happens to be imaginary, that is, if' 

w2 /v2 - kz 2 ,:, kc 2 
l o. On writing iY for ~ and denoting by Re)) (kof) any 

Bessel function of order ip and argument kc/• we have for a typical solu• 

tion of (1), 

.Jl.:: Rw(kcf)[ce.,J/ f- De•VPJ[E sin kzz f- F cos kzz]e•iwt• (7) 

To fix our ideas, let us consider the case where the boundariJ con-

*If we take kz2 
%, 0 and Z(z): conste.nt, we get solutions of the 

two-dimensional ¥rave equation• 

I ;J ( :}n_) _/_, ;):Q. I ;)7:fL 
I° if: lf 0/ + f 1 8<(}2 =: /IJ'!. -dp J 

which may involve Bessel functions of iniaginary order. Bocher1) has noted 
the application of these functions to the problem of the transverse vibra
tions of a thin uniform membrane bounded by two concentric circular arcs 
and two radii of these circles; the functions of imaginary order and real 
argument occur when an arbitrary harmonic displacement of the membrane 
is specified along the bounding radii/~ constant. • 

1) Booher, Mo, Annals of Mathematics, f, 155-160 (1892). 



di tions are 8.o/<Jz = 0 at z -= -O and at z = b, and d-'1/'c>p .:: 0 at f =-R 
and at/~• Then the admissible solutions of (1) are of the 

( ) r, -)run/ --Ymn/1 I,,. -i<.vt • 
-.(1.nm"" RitJnm kcnf l Crane + Drane cos (D1TZ/ u )e , 

form 

(8) 

where we have taken kz-=- n11/b • n an integer, e.nd 

kon2"' 1,,}/v2 - (n7t/b)2. (9) 

R1Y(kcrf) is the particular Bessel function of order i Y and argument kcrf 

which satisfies the initial condition 

Ri>'' (kcnf 1) :i O• (10.1) 

and ~ _, is the mth root* in -) of the equation 

(10.2) 

If ken is real we know from.Art. l.7 that there ~1.ll be in general a finite 

number of ordinary Bessel functions of real order satisfying the boundary 

conditions (10.l) and (10.2), in addition to an infinite number of func

tions of imaginary order, while if ken is imaginary we know from Art. 1.31 

that the boundary conditions will determine merely an infinite number of 

functions of imaginary order. The same conclusions follow, of course• 
• 

in case the boundary conditions are that Jl."' 0 at fi and f2• 

Solutions of the wave equation in rectangular coordinates (x, y, z) 

may also easily be obtained as products of harmonics. Since the results 

are well known, we shall merely note here for future reference the form 

-97-

-'l..~ ~ sin Irxx +- B cos 'kx?t][o sin kyY -4-- D cos kyYJ~ sin kzz t--F oos kzz] e-jwto (11) 

This expression• as well as the equivalent form in terms of imaginary ex-

ponentials, obviously satisfies (l) provided that 

kg 2 +- ky 2 + k/ =- k2 :: J, /v2 • (12) 

~he roots are ordered so that,.Jn1
2 <. :;Jn2

2 L 'Yn32
1.. •••l evidentl! 

we need take only one root corresponding to each different value of :v o 



3.11. Propagation 2£._ Sound Waves around!::. Circular~ in !_Rectangular 

Pipeo 

We are now ready to consider the following problem: Given two similar 

semi•inf'inite straight pipes of rectangular cross section. whose upper and 

lower surfaces are respectively coplanar and whose axes intersect at a 

specified angle. The ends of the pipes are connected by a circular elbow 

of the same rectangular cross section. whose lateral surfaces are cylin

drical. An inf'inite harmonic wave train of given frequency and amplitude 

is sent through one pipe and impinges upon the bent section. It is de

sired to calculate the form and amplitude of the wave train which is 

transmitted into the second pipe, and also of the reflected wave train. 

The practical interest of this problem lies in the calculation of the 

transmission of high-frequency electromagnetic waves through conducting 

wave guides; but since the electrical problem is complicated by the vectorial 

nature of the electromagnetic field• it seems worth while to discuss first 

the same problem as applied to sound waves, which may be handled in terms 
• 

of scalar quantities. 

In treating the irrotational motion of a compressible non-viscous 

fluid it is convenient to introduce the scalar velocity potential..n.. 

whose gradient is the velocity 4• For small oscillations ...a.satisfies 

the "1'ave equation 

(1) 

where~"-=- dp/r is the square of the velocity of sound in the given 

fluido 2) The boundary condition on..12.at a rigid boundary is that the 

normal component of the velocity shall vanish• i.e •• 

d--'l../g/YI = o. (2) 

2) Rayleigh• Theory 2£ Sound, 2nd ed.• vol. II, Art. 244. 



At the interface between two media of different densities $;
1 

and b;i.. we 

must hs.ve the normal component of velocity continuous. so . that 

(3.l) 

The requirern6nt that the pressure must be continuous across the boundary 

implies that3 ) 

$;_ {)_()./lcJt ,,, ~ 9»1. l~t. 
If the two media are of equal density, the last condition me.y be satisfied 

by taking 

e.t the boundary. 

We now consider the propagation of an im'inite wave train of constant 

frequency in the positive x-direction through a recte.ngule.r pipe bounded 

4) 
by the ple.nes y "' o. y ,::: a, and z = O, z c: be From 3.1 (11) and (12) 

we see that the most general wave train satisfying the boundary condition 

(2) is given by 
.,,,0 ~ 

__().~zz ¾in cos 

where 

(m,iy/a) cos (n~/b) e:x:p i(~x ,.. wt). 
• 

2 2/ 2' .I )2 .A.)2 h.mn :. w v - (m71ia - (n-ir1 u • 

(4) 

(5) 

The coefficients A:mn in (4) may evidently be determined by Fourier's 

method so as to represent arbitrarily prescribed values ofd.a/~x over 

any desired section x = x0 of the pipe. 

It will be noted that the individual terms of (4)., such as 

-'Lnm-= ~ cos {r,l17Y/a) cos (nrz/b) exp i(~x -wt), (6) 

correspond to wave types in which the velocity components 'Jft/9y and ct.fl/~z 

perpendicular to the axis of the pipe have m-1 and n-1 nodes respectively 

between the bounding planes. Furthermore vre see from (5) that for~· 



fixed value of the frequency a..nd sufficiently large values of m and n• 

hmn.2 is negative• so that h.mn .,: iY mn• say• and the factor depending on 

x in (4) becomes a real negative exponential e-fmn:ic. Thus at a given 

frequency only a finite number of the lower modes can be propagated along 

the pipe without attenuation• the higher modes becoming rapidly insensible 

as we leave the neighborhood of the sourceo The "cut•o:f'f'" of the higher 

modes is a phenome11on well known to workers with ultra-high-frequency 

electromagnetic waves. Of course at sufficiently high frequencies any 

given mode can be propagated through the pipe; the cut-off frequency. 

by (5). corresponds to 

wmn.2 = v2[(m1T/a)2 + (mr/b)2]. (7) 

and thus depends on the dimensions a and b of the pipe as well as on the 

integers m and no We note that the mode for which m == n :: o. which is 

a purely longitudinal plane wave with all particles vibrating in the 

direction of propagation• is passed by the pipe without attenuation at 

all frequencies. 

In the problem at hand• we shall assume for negative values of x 

an infinite train of plane waves traveling in the positive x•direction 

in a rectangular pipe bounded by y = o. y "' a. z -==- o. and z = b• and 

given by the velocity potential 

_tl 6 -= Aeikx • x i. 0• (8) 

where k= w/v. and it is understood throughout t he rest of' this section 

that all potentials vary with time according to the factor e-i~. Incident 

plane waves of the form (8) may be obtained either by choosing the dimen

sions of the pipe so that the given frequency is below out-off (see (7)) 

for all modes except the one with m:: n .:::: o. or by arranging a source 

which does not excite the higher modes; the case in which the incident 

wave train is a mixture of several modes merely leads to greater complicap 



tion in the form of the solution. 

At x ~ 0 the incident wave train enters the circular elbow- bounded 

by f ==-fl• f ~ f2 =fl+ a• z -.::: O, and z = b, and extending from ,I= +« 

to I = -«• Observing that no modes with z•compo~ents of velocity will 

be excited in the bent pipe because no such components are present in the 

incident wave• we may set n = 0 in 3.1 (8) and assume for the steady• 

state velocity potential in the elbow 

4 -:::-1. Ri,Jm(kf )[Bmevm/ t Cme -~J. + "-'J,l '7 -oe. (9) 

where k(= tN/v) is always real• so th~t the Bessel function satisfying 

3.1 (10.1) may be written in terms of the functions U.:i' and V-,, of Art. 

1.5 as 

Ru,(kf) :: V>' '(kf1)U.,>(kp) - U.v' (kf.l.)~ (¥), 

and "'mis the (m~l)st root of 

(10) 

(11) 

As pointed out in 3.1. there will in general be• in addition to the in• 

finite number of f'unctions of imaginary order, a finite number of functions 
• 

of real order which satisfy the boundary conditions; these latter may 

conveniently be expressed in a form similar to (10) by any fundaIIllental 

pair of ordinary Bessel functions of real ordero 

On the. other side of the elbow we shall assume for the wave train 

which is transmitted into the second pipe the velocity potential 
oO 

,/l 3 -::: Z Dm cos (lll7cy'/a)eihmx • x ') o. 

and for the waves reflected back into the first pipe• 
oD 

..{1_1 -=._Z Am, cos (mny/a)e-ihm:x: • x I.. o, 

where 

2 2/2 _;_ 2 bm = l<J v • (m17ia) , 

(12) 

(13) 

(14) 

and in case hm (-= ilm, say); is imagine.ry the sign is so chosen that the 

corresponding waves in the first pipe vanish as x _., • "° and in the second 



pipe as x -7+~. Depending on the dimensions of the pipe and the frequency, 

only a finite number of the lower modes (possibly only the mode for which 

m ~ n ~ 0) are propagated, with determinate phases and amplitudes, to 

a:ay great distance from the bendr, but in order to satisfy the boundary 

conditions ~t the bend it is necessary to take into account also the 

modes which are attenuated ,vi thin a short distance. 

The boundary conditions (3.2) and (3.1) are to be applied to match 

..11-0 +.a.i at x = 0 with-'¼ at I = +«., From (3.2) we get 

A-1-t Am cos (Jll7TY/a) :!' R'io,1m(3r)[Bm~vmc( + Cme • -µm1. 
m~ •- . 

(16) 

and from (3ol) d,11g/~x +~.ll.1/:>x "' •f-, {).n..2fa I, or 

i [ kA • t bmAm cos ( ""'Y /a) J s •} t ~!J)m ( '3/ )[ Bm• Pm"' • c.,.e _,;mJ. 

, Similarly on matching .fl£ at I -= -oc wi th..n...3 at x :: 0 • we get 

(16) 

°"' l _.t-! I!\ 'in«J ~ 
f:.0Ri,_,m(17°) Bme m -t- Cme == f Dm cos(lll77Y/a), (17) 

1 qa [ _Ya vn:17 =~ 
- f l~rrP-wm(kf) Bme m - Cme J -= t=..,hnPm cos(lll71Y/a) 0 (18) 

On replacing f by t, + yin eqso (15) - (ls), multiplying through by 

cos(~/a), and integrating from y ~ 0 toy : a, we get the set of equations: 
I • 

½a[ 2A.f on + An(l + r on)] == t ~~me Ym"- + Cme -~1, _ 
1 r , . mi -'O oO µmo( _vmo17 . 
1a1al 2kA~on - hnAn,(l +. S' on)] .~ -Z .tJm.Nmnf!me • Cme • 

i> /171<:.v 

~ 11L_ f - mc.i ,)mol] 1 ( 0 ) J._. ""llII1{_ Bme + Cme ;: ~n 1 + o on , _ 
,n,- 0 y ~ ,; 
-t rmNmn[Bme - m - <;ne mj ~ ½aibnDn(l + fon>• 

where ~ = {Ri,>m(fl + y) cos(n,,y/a) dy 

and Nmn = f°'"Rly,.,._(f, " Y) cos(nny/a) dy. 
lo <p, +- y) 

(19) 

(20) 

(21) 

(23) 

(24) 

If we could solve the infinite set of equations (19) - (22) for the 

infinite set of ratios Am/A, Bm/A, Cm/A, and Dm/A, we should presumably 

have the rigorous solution of our original problemo Although the exact 

solution is not feasible, similar sets of equations have been used by 



w. C. Hahn5) and others to obtain approximate solutions of various electro

magnetic problems involving cavity resonators and wave guides which it 

is not practicable to treat in any other way. The procedure is to take 

only a finite number of values of m, say three or four, and to solve the 

resultant equations for the coefficients of the first few terms in the 

expansions for the potential. The convergence of the process is suffi

ciently d~monstrated, from an engineer's point of view, if the amplitudes 

of the higher order W'0.ves diminish rapidly compared with the amplitude of 

the original wave; this will be seen only by carrying out a numerical 

calculation in a particular case. It is worth noting that since the func• 

tions R;µ (kf) and Bi·>' (kf)/f undergo an integral number of oscillations 

in the interval ( /! '" /J, +- a) , they wil 1 be in a manner of s pee.king a p-

prox ima te ly orthogonal to the cosine functions, so that when m F n the 

quantities :Mnm, and N:nm defined by (23) and (24) may be expected to be much 

smaller than the quantities ~ and Nnn with equal subscripts. Thus the 

largest -coefficients in the set of equations (19) - (22) will be those 
• 
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of the diagonal terms, a circumstance which greatly facilitates the solution 

of a finite number of these equations by the method of successive approxi• 

mations. In the cases published by Hahn (which involved only trigonometric 

functions), the rapidity of convergence of the solutions was increased 

by the introduction of certain auxiliary functions which could be separately 

calculated; possibly further investigation might disclose the usefulness 

of similar auxiliary functions in the present problem. 

We shall not here undertake any extensive numerical calculations for 

the problem which we have been discussing;- but it may nevertheless be of 

interest to see what would be the magnitude of order and argument of the 

5) Hahn, w .. c •• Journal of Applied Physics, 12• 62-68 (1941) •. 



Bessel functions involved in a typical case. Consider a square pipe for 

which a = b = 10 cm, transmitting a plane wave of wavelength 107T cm, which 

corresponds to. a frequency at o0 c of (331.5 x 102)/1011 = 1055 cps. For 

such a wave k:::. c/v == 2W-/?- "'- 1/5 cm-1, so that from (7) all modes except 

the one for which m ~ n = 0 are below the cut-off frequency. If we take 

15 cm for the radius of the center line of the bend, then f, :: 10 cm, 

({:: 20 cm, ~nd the equations 3.1 (lOol) and (10.2) for the admissible 

values of ,) be come 

(25) 

If the squares of the successive roots of (25) are;>/ I. .:v/ L. Y2
2 L 

••&, we get from the calculus of variations, on putting a-=: 2 1 b = 4 

in 1.8 (a), the inequality 

2 2 Y O i.. -6/log 2 :: -8.656 "" -(2.942) , 

so that the first root of (25) corresponds to an ordinary Bessel function 

of real order somewhat greater than 2.940 A rough approximation tov1
2 

may be obtained from 1.8 (9.1) and (9.2); with the aid of a table of 
• 

cosine integrals we get 

corresponding to a Bessel function of imaginary order in the neighborhood 

of 3.5i. On setting k ~ 1 in Horn's approximation 1.8 (4) to :,Jk' we find 

;.>1 ~ 3.58, with no !:. priori way of knowing which approximation is closer 

to the true value orr1• It appears, however, that with the chosen values 

of the various parameters we should need to obtain by trial and error 

from a table only the first two eigenvalues ..V0 and'{, the others being 

given with sufficient accuracy for all practical purposes by Horn's 

asymptotic fornn1la, which improves rapidly for the higher eigenvalueso 

Likewise the eigenfunctions Ri'»m(kp) form ~/2 would be represented quite 



simply by the asymptotic formula le8 (5). 

3.120 Propagation 2!_ Electromagnetic Waves around a Circular ~ E: ~ 

Rectangular~ Guide. 

In free space or in a perfect homogeneous isotropic dielectric of 

capacitivity £,and permeability/-the electric field intensityE satisfies 

the vector wave equation 
~ 

V 1.f -;::; I/<; ft1 
/v 'JI 2.. 

(1) 

and all the other field vectors and potentials satisfy equations of the 

same form. The rectangular components of the field vectors individually 

satisfy scalar wave equations of the form (1). but the components of these 

vectors with respect to a general curvilinear coordinate system do not 

individually satisfy the scale.r wave equation• because the unit vectors 

in a curvilinear system are not in general constant. The difficulty may 

be avoided by deriving the fields from potentials which satisfy (1) and 

which can be obtained by various methods; or. if by any means we have 
• 

expressions_ for one component each of the electric and magnetic field 

vectors E and 13, the other components may be derived from the interrela

tions expressed by Maxwell's equations. For our purpose the latter pro

cedure will be sufficient. 

If we assume that the time variation of all field quantities is 

given by the harmonic factor e-iJ,..Jt• so that differentiation with respect 

to time is equivalent to multiplication by -iw, the curl equations of 

Maxwell become• for a homogeneous isotropic dielectric, 

'1'1..[= -1 = iw1J j Vx {;!-) =- 'i!; (d) ~ -iwt { (2) 

If we write out the six component equations in cylindrical coordinates 

and further assume that all components vary as sin kzz or cos kzz• so 



that the operation of 'J 2/»/- is equivalent to multiplication by -kz 2 • · 

where k2 :: w7<£, k/ :: ic2 - kz 2o Similarly in rectangular ooordi:aates• 

if the components E:x: and B:x: are supposed knowu and the fields are assumed 

to be propagating in the positive x-direction so that their dependence 

on x and ·l; is given by ei (h:x:-wt). we get f'rom the curl equations (2) 

Since it ,happens that in the cylindrical coordinate system the unit 

vector in the z•direction is constant• the z-components of the field vectors . -

(7) 

of which solutions are given by 3.1 (7). It is therefore easy to write 

dovm from 3el (7) and from (3) and (4) above various types of fields which 

satis :t'y the boundary conditions that the tangential component of E and 

the normal component of B shall vanish on the perfectly conducting sur-

faces jJ =- /; • f),,. ft = f; + a.• z :: o. and z = be, 

We consider first the case in vmioh Bz = 0 and Ez is a suitably 

6) Compare Ramo, s., and Vfhinnery, J. R., Fields and Waves in Modern 
Radio• 299-300 and 326-327. Note that in Ramo and rThinnel"Y.'s ·notation 
the time dependence of the field quantities is given by e7 Jwto 



specialized function of the form given by 3.1 (7). On making use of eqs 0 

(3) and (4), we find that a field satisfying the specified boundary oon• 

ditions is given by the following set of components (the time dependence 

e-i"'-t being understood): 

E z = Rt11 nm (k0 nf) ( AroneJ/nm,f -t Brnne ->' nml] cos (n n/b), 

Ef = •(n1T/bkcn)Rwnm' (kcnf) (Amn/-'nm/ t Bm.ne -vrunf6] sin(n~/b). 

E/ = -(nr"nn/bkonf) RjJJnm(kcnf)[Amne~rurv/ - Bmne ->'nm,{] sin(wrz/b), 

Bz = 0 1 

(8.1) 

(8.2) 

(8.3) 

(8.4) 

2 2 [ vmrl -:a)nml] 
Bp = -(ik :,Jnn/kcnwf)Ri:vnm(kcnf) Arone - Bmne cos(n1f'z/b), (8.5) 

B,{ = (ik2/kcnw) Ri,)nm'(kcnf )[Amn.e1,Jnzni!S' + Bmne -v-nmi] cos(n11Z/b), (8.6) 

where n is any non-negative integer, kcn2 =- W~f - (n,rjb)2, Rv,(kcnf) 

is a Bessel function of order w vanishing at f ~fl• and .z)nm is the 

mth root of the equation RjJ}(kcntz) = o. A field in which Bz = 0 will 

be designated as "transverse magnetic", or TM;* and the particular oscil

lation specified, as in (8), by the integers m and n will be called the 

T!4nn mode. 
• 

Similarly we may write dovm the components of a 0 transverse electric" 

field f~r which Ez = 0 and Bz is given by 3el (7);, these are, for the 

TEmn mode, 

Bz :: Rjymn(k0 nf) ~mne:Jlmnl5' + Dmne·-vrmJJ sin(n-,rz/b), 

Bf' = (n11/kcnb) R:i,>nm' (kcnf) [cmne villI),(6' i- Dmne_v~] cos(nm/b), 

2 • iJ mnl5' - ,Jrirnl] 
B,{ = (ntr.i-'nn/kcn bf) Rwnm (kcnf) [cmne - Dmne cos (.I11rz/b), 

Ez :: O, 

. 2 r, Ynm¢ - V"DJ.Di5J . 
E p :: (:iWJ.bm/kcn f )RjJJ(k0nf) LCmne - Dmne sin(mrz/b), 

/J'lmv 

(9.1) 

(9.2) 

(9.3) 

(9.4) 

(9.5) 

~he designation TM has in this case no particular advantage except 
brevity • . It was origine,lly introduced to describe fields which were 
propagating in. the z-direction, and for which therefore the magnetic 
field was transverse to the direction of propagation. 
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where to satisfy the boundary conditions in this case the Bessel function 

Riv(kczf) must be so chosen that Rw'(kcnfl): o. andvnm is them~ 

root of the equation Rw' (kcnf2) = o. 

The types of waves which may propagate in a conductingguide of rec

tangular cross section have been widely discussed in the literature. 7) 

• For the TEznn. mode propagating in the positive x•direction in a guide 

bounded by the conducting planes y =- o, y = a,, z = 01 and z ::: b, the 

fields are given by (5) and (6) in connection with 3.1 (11) and (12) as 

follows: 
-

Bx= Amn cos(mny/a) cos(.n,rz/b)eihmnx• 

By :: -ihmu(mtr/a)(k
2 

- hmn,2)-
1Anm, sin(mry/a) cos(n,rz/b)eihmnx, 

Bz = •ihmn(nrr/b) (k
2 

- hnm.2')-1Amn cos (I!l11Y/a) sin(~/b )eihninx, 

-A.. 2 2 -1 . 1. 
Ey = -:it,J(nJr1 u)(k • 11nm ) Ami cos(mny1a.) • ( /o) ihmnx sin Il7Tz e , 

--l. 2 2 -1 . 1. 
Ez "' :u,v(m111a)(k - hmn, ) A.nm sin(:mry/a) A...) ihnmx cos (mrz1 u e , 

• 
where 

2 2 -1.2 _A.,2 2 
k ::. w J<f, ::... (m71/8.) + (I111tu) +- hmn •· 

(10.1) 

(10.2) 

(10.3) 

(10.4) 

(lOJ)-5) 

(1006) 

(11) 

The corresponding components in the transverse magnetic modes may be 

written down in a similar way, or they may be found in the work of Ramo 

and Whinnery., 

One of the simplest wave types which may exist in a hollow rectangular 

pipe ia the TE10 mode; this mode is also of great engineering importance.a) 

We suppose that we have a TE10 wave traveling in the positive x•direction 

through a guide bounded by y ::. 0, y -=- a, z =- o, and z = b, which is con• 

7) Ramo and vVhinnery, 2.R,• cit., Arts. 9.04-9e05o 
8) Ibid., Art. 9. 050 
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nected at x ~ 0 to a similar guide at a different angle through the cir

cular elbow bounded by f,,, fi• f ~ f2 ,: fi .._ a. z = 0 1 z :- b, and extending 

from / = + a'-. to / =- -ot;. and we proceed to wri ta down the equations which 

determine the amount and form of the transmitted and reflected waves at 

the bend. 

In the first pipe, where x ~ o, the non-vanishing field components 

of the incident TE10 wave are given by (10) a.nd (11) as 

B0x ~ A cos(,ry/a)~ih1x. 

B~y:: -(ih1a,/2r)A sin(7ry/a)eih1x. 

E
0
z = (:v.ia/~)A sin(~y/a)eih1x. 

2 - 2 ( ~/. )2 where l1m_ - W-,P£ - m17ja 0 

(12.1) 

(12.2) 

(12.3) 

(13) 

Since there is no y•oomponent of electric field in the incident wave there 

will be no radial component of E in the bend; from (a). the only modes 

that will be excited are transverse magnetic modes with n -::: o. Accordingly 

we assume a surn of such modes to represent the fields in the bend• the 

non•va.nishing components being, for ~) /) -«, 
_ o0 [ rm,{ -vmlJ • 

E2z - .L Ri~ (kf) Bme + Cme • 
mt=-, m ;)m/ -~ 

B2 = 2 -(iYm/wf)Rwm(kf )[Bm.e - Cme 1. 
B2~ •t' (ik/w)Ri,,m t (kf)[ Em• >In,{+ C,,,e •"m/J, 

- :.1 

(14o2) 

(14.3) 

where Rj,,>(¥1) = O and ~ is the mth root of Rw(kf2) = o •. * In the 

transmitted and reflected waves we shall find only those transverse electric 

modes for whioh Ey == O;; hence for the reflected waves, x < o, we assume 

Blx = t ¾i cos (mry/a)e -ihm,x, (15ol) 
"}If,':. I 

Bly -=.f (+ ibma/mrr) Am sin(nmy/a)e -ibmx, (15o2) 
______ -?11-:.1 

*As in Arts. 3ol and 3.,11., the boundary conditions will in general 
be satisfied by a finite number of Bessel functions of real order as well 
as an infinite number of functions of imaginary order; these latter func
tions may be written if desired in the form 

Rj,) (kf) = v,, (Icp1) u,)) (kf) - u_,.,(kfl) v,., (kf)., 



and for the transmitted waves, x > o., 
~ 

B3x -=-J: Dm cos{lll7TY/a)eibmx, 
"11-=-I 

B3y -=-J; •(ibma/m1r)Dm sin{:m,ry/a)ei~, 
n7I :.~ 

E3z -:: J: (iwa/m1T)Dm sin(nwy/a)eihm;x• 
,,,, -;./ 

(16.l) 

(16.2) 

(16.3) 

It is evident from (13) that if the dimensions of the guide are pr.operly 

chosen hm may be imaginary for m > l, in which case all the modes except 

TE10 will. be rapidly attenuated. 

The boundary conditions in this problom require the continuity of 

the fields at all points; hence we must have Eoz +- Elz :::: Ezz and B0y + 

Bly ::: B2r over the plane x ::: -o, / == c:,(, as well as E2z -= E3z and B2f = 

B3y over the plane /-::. -o(, x :: + o. {If these four .conditions are satis• 

fied• the curl equations (2) imply that the remaining component of the 

magnetic field is also oontinuouso) Evidently these conditions, applied 

to the expressions which we have written down for the field components, 

will lead to four sets of equations for the four sets of ratios Azrj'A. 

Bn/A, en/A, and Dn/A, precisely similar to eqs. (19) • (22) of Art. 3.11. 

Space limitations due to the original plan of this work, which was 

to exhibit as many different occurrences of Bessel functions of imaginary 

order as possible rather the..n to discuss any single application exhaus• 

tively, prevent us from continuing here the treatment of the wave guide 

problem which we have thus briefly introduced. It can scarcely be doubted• 

however• that this general problem currently represents the mos·b important 

practical application of Bessel functions of inaginary order• and that it 

merits a much more extensive treatment than we have been able to give. 

Probably the equivalent circuit concepts which have already proved so 

fruitful in analyzing the transmission of microwaves9) can be applied 

9) For example, Whinnery, Jo Re• and Jamieson, H. W •, '&]:qui valent 
Circuits for Discontinuities in Transmission Lines," Proco Io ~o Eo, 32• 
98-114 (1944) 0 -
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here, the reflection and transmission coefficients of the bent portion 

of the guide being represented by an equivalent impedance network at the 

junction between two sections of uniform line. For numerical analysis 

it would be highly desirable to have a table of the Bessel functions 

UP(x) and Vy(x) of imaginary order and real argument comparable in range 

with the table of functions of i1n.e.gina~J order and inaginary argument 

contained in the appendix of the present work. If such a table can be 

me.de available• we feel that Bessel functions of imaginary order will· 

find a very practical use in electromagnetic theoryo. 

3.2. Schr8dinger ~ Functions !.2.!. !:. Particle ~ ~ Exponentie.l Field 

of Forceo 

Among the more importe.nt physical e.pplications of Bessel functions 

are those which occur in the quantum theOl°'J• Most of the elementary quan

tum mechanical problems which require the use of Bessel functj_ons lead 

only to functj_ous of real order; but within the past three or four ~ears 
• 

several investigations have been published which involve the functions 

of purely irmginary order. We shall now formulate the basic problem 

which gives rise to these latter functions. 

The qua11tum meche.nica.1 behavior of a particle of mass m- and total 

energy E in a field of force given by the potential function Vis deter

mined by the time independent Schr8dinger equation 

(1) 

where cf is the wave function of the particle and 2-im is Planck's quantum 

of action h. In a central f?roe field• where V [ =- V(r)] is a function 

of the radial distance only• it is well kncvm10) tha-b t he wave function 

10) See for example Pauling• L., and Wilson• E., B., Jr •• Introduo-
~ ~ ~uantum Mechanics, 113-121. 
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may be written in spherical coordinates as 

(2) 

where G and0 are respectively trigonometric and associated Legendre func

tions depending on two integral quantum numbers. The differential oquation 

satisfied by the radial function is then 

;fr t (ll 1- ff) + [ ~ f £- V0)]- !ff(! }f< = ~ (3) 

where the non-negative integer / measures the total angular momsntum of 

the particle in units of !i.. If we consider the spherically symmetric 

state of zero total angular momentum (the so-called a-state) and write 

R(r) -= u(r )/r. 

eq. (3) becomes 

ot;: + 3F[£-Vffl)Jµ, ~ 0 • 

(4) 

(5) 

We now specialize the problem under consideration by assuming for 

the potential V(r) the exponential form 

(6) 

which represents an attractive force field if the constant V0 is positive • 
• 

The exponential field given by (6) evidently vanishes at large distanoaa 

muo~ more rapidly than the Coulomb potential. •V0a/r; it has an effective 

range given essentially by the characteristio length a. Such a potential 

has often been used as a convenient and mathematically tractable approxi• 

mation to the short-range non-Coulomb fields of nuclear particles. 

If we substitute (6) into (6) and introduoe the notations 

x = ,exp(•r/~a). E"' -fi2k2/2m• V0 "' n2p2/2m. (7) 

we find that the equation for u becomes 

(8) 
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which by comparison with le5 (1) is seen to have the solutions u = J±2aki (2apx) 



for unrestricted values of k and P•* Various cases may arise• according 

to 1ivhether k and p ar~ real or imgine.ry. 

For a bound particle, i. a., one with negative total energy E, in 

the neighborhood of an attractive center of force• p = (2mv0 ,/fl.2)~ is real 

but k-= (2mE/1i2)1 is purely imaginary, so that u is proportional to the 

ordinary Bessel function J2a\k\ (2apx) of real order and real argument. 

(The second solution of Bessel's equation is inf'inite at x = 0 1 which 

corresponds to r = c,,0•) The admissible values, if any, of the total energy 

are determined by the boundary condition that u must vanish at r ~ o, so 

each root in \k\ of the equation 

0 (9) 

corresponds to a stationary state of the bound particle defined by a 

particular value of the total energy E. This problem has been discussed 

by Bethe and Bacher11) in their treatment of the ground state of the 

deuteron. If on the other hand Eis positive, corresponding to a net 

kinetic energy of the particle at infinity, then k is real and we have 
• 

to do with Bessel .functions of imaginary order and real argument; we shall 

discuss this case briefly in the following paragraphs. If Eis positive 

but -V0 is negative, so that (6) represents a repulai·q-e field of force• 

then p is imaginary and we are led to functions of imaginary order and 

imaginary argument;- these functions would arise in the problem of scatter

ing of a stream of particles by a repulsive center of force. 

Application of the functions of imaginary order and real argument 

•If 2aki is a real integer, then in the general solution of (8) we 
must replace J.2aki, which is no longer distinct from J2a.ki.• by any one 
of the various so-called functions of the second kind which are linearly 
independent of Jzakif or -the general solution may be expressed in terms 
of the pair of Hankel £unctions defined by 1.5 (3). 

11) Bethe, H. A., and Bacher, R. Fe, ~• ~• PhY;S•• !, 110-111 
(1936). 
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to nuclear physics has been ma.de by Dube and Jha12) in a paper on the 

emission of alpha-particles from radioactive nuclei. As is well known• 

the first successful theory of alpha-radioactivity was given by Condon 

and Gurney and by Gamow.13 ) In the original form of the theory, the 

nucleus was represented by a rectangular potential hole of constant depth 

V0 and of radius a equal by definition to the nuclear radius. outside 

the nucleus the potential function was taken to be the ordinary Coulomb 

one between alpha-particle and product nucleus. It vms then possible to 

compute the quantum mechanical probability that an alpha-particle of 

energy E would "leak through" the potential barrier and escape from the 

nucleus; and the result was found to agree with the empirical Geiger

Nuttall relation between half-life and disintegration energy for alpha• 

radioactive nuclei. 

Since the model of the nucleus described above is admittedly very 

crude, Dube and Jha set out to try the effect of replacing the rectangular 

potential function by an exponential function. They accordingly assume 
• 

that for r f a the potential is given by the exponential law ( 6), and for 

r '7 a by the Coulomb law: 

(10) 

where q is the electronic charge• Z is the atomio number of the product 

nucleus, and z ( = 2) is the atomio number of the alpha-particle. 

Now the wave function of an alpha-particle of (positive) energy E 

and zero total angular momentum. is spherically symmetric and may be written 

in the form f (r)-=- u(r)/r. where u(r) satisfies (5). Inside the nucleus. 

12) Dube, G. P., and Jha, s. N •• Indian Journal 2£_ Physics, 17, 344 .. 
356 (1943)0 This paper was called to my attention by Prof. Bateman. 

13) Bethe• !:I. A., ~• ~• Phys., 1• 161•163 (1937), gives a simple 
derivation of the result. 



:ror rt a, V(r) is the exponential function (6), so using the notation 

of (7), 

u(r): D[J_2a.ki(2ap)J2aki(2ape-r/2a) - J2ald.(2ap)J.zald.(2ape•r/2a1/, (11) 

which vanishes at r " o, D being an arbitrary .constant. For r ) a, V(r) 

is the Coulomb potential (10), and the corresponding solutions of (5) are 

of different types in the regions a L. r < rE and r ) rE, where rE ::= zZq2fe 
is the classical turning point of an alpha-particle of energy E falling 

on the nucleus from outside. In the region a.~ r '- rE of the potential 

barrier, where E •Vis negative, u(r) is of exponential type, while in 

the outer region r "7 rE, where E - V is positive, u(r) is of wave type. 

At large distances from the nucleus u(r) must represent an outgoing spher• 

ical wave: 

"kr u(r) rv Ae1 
• (12) 

To obtain the relation between the amplitude A of the outgoing wave and 

the coefficient D of the wave function inside the nucleus it is simplest 

to use the well-lmown Wentzel-Kramers-Brillouin (WKB) approxination, 
• 

which connects the asymptotic form (12) with the exponential function 

in the potential barrier, end so finally with the inside function (11) 

at r-== a. From the value of A/D we may compute the decay constant A 

of the given nucleus, which is defined as the ratio of the number of 

particles emitted per second to the total number of particles inside the 

nucleus. 

The details of the calculation of the decay constant have been carried 

out by Dube and Jha for the exponential well in a form entirely similar 

to Bethe's calculation13 ) for the rectangular well, a.nd the values of 

?. are expressed in terms of E, a, and Z for the two lintl:bing cases VO_.., 0 

and v
0

--,o0, which correspond respectively to p-7 0 and to p-7 o,<)o It is 



foundl4)that for reasonable values of the parameters the ratio Ao/Aob 

~ 1/6, approximately, from which the authors conclude that the decay 

constant does not depend critically on the exact depth of the potential 

well inside the nucleus. They also give a more complicated expression 

for).. when E and V0 are of the same order of magnitude, derived from the 

known asymptotic representation of JP(z) when~ and z are siIID.lltaneously 

large•* The nuclear radii computed from observed values of the decay 

constant agree closely with the values o'Btained by earlier workers with 

the simple rectangular potential well, thus confirming the expectation 

that the results calculated from the one-body theory of alpha•decay are 

not sensitive to changes in the form of the assumed potential functiono 

However, a,s Dube and Jha point out, in view of the present more correct 

many-body model of the nucleus, calculations such as theirs based on 

a:rzy- one-body model must now be regarded as rough approximations and are 

therefore mainly of theoretical rather than of practical interest. 

In recent months various writers15• 16) have discussed the problem 

of scattering by an exponential field of the form (6) as it is formu

lated in Heis@llberg's recent theory of the characteristic matrix. With

out entering into details here, it may be stated that Heisenberg's 

new theory centers around a certain unitary matrix s, which vanishes 

14) Dube and Jha, op. cit., 353. 
*For a numerical estinate of the quantities involved we employ the 

values·-fi ~ 1.054 x 10-27 erg sec, m = 4e003 x le660 x 10•24 gm, and take 
for an average radioactive nucleus (Bethe, loo. cit.) a: 9 x 10-13 cm, 
E :. 6 Mev = 6 x 1.~ x 10•6 ergs. The order? t1ii3Bessel functions is 
2aki c::: (2a/lr)(2rnE )2i = 19i, approximately, and the argument is of the 
same magnitude if VO and E are compara.ble • 

15) Ter Haar, D., Physica, 12, 501-508 (1946). 
16) Ma, s. T., Phys. Rev., 71, 195•200 (1947). See also an exchange 

of letters between Ma and W:-opechowski, Phys. Rev., ~• 668 (1946); I.,£, 
772 (1946); Z!, 210 (1947). - -
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.for those values o.f the energy which correspond to stationary states of 

the systemo It was originally surmised that all values of the energy for 

which S vanishes correspond to closed stationary states; butter Haar 

and V,a have shovm by the example of the attractive exponential field, 

solved as above in terms of Bessel functions of imaginary order and real 

argument, that there may be redundant zeros of S which do not correspond 

to stationary states of the energy. The proper method for excluding 

-11·1-

these redundant zeros does not yet appear to have, peen convincingly settled; 

and though .for the sake of completene~s we have called attmltion to this 

newest occurrence of Bessel functions of imaginary order in the literature, 

a detailed discussion of the problem which occasioned their use or of the 

ultimate significance of the characteristic matrix in quantum mechanics 

falls outside the scope of this thesis. 

3.2. Relativistic~ Functions !2!_ ~ ~ Particle .!::_;:::_Expanding 

Universe. 

The last application ·of Bessel functions of imaginary order which 

we shall discuss occurs in a pa.per by E. Schr5dinger17) on the proper 

vibrations of an expanding universe. In order to present Schr8dinger's 

results we must make a brief excursion into the field of relativistic 

quantum theory. 

Gordon 

The simplest Lorentz-invariant wave equation is the scalar IUoin

equation18 ) 
1 Bl.cf _ v '-,l = o 

V 2..f - c:i. afi " 7 ~ 

17) Schr8dinger., E • ., Physica, ~, 899-912 (1939). This paper was 
called to my attention by Prof. Bateman. 

18) Pauli, w . ., ~•~•Phys.,~, 208-210 (1941), derives the 
results stated in this paragraph. 



where K ~ mc/ri =- 2'11/?10 , c being the velocity of light, 271il the quantum 

of action, m the rest mass of the particle• and Ao its Compton wavelengtho 

It is known that the most general solution of (1) can be decomposed into 

a sum of proper vibrations of the form 

<f (x. t) = A(k) exp [i(-k•"x +wt)]+ B(lcJ exp [i(£.x - wt>}• (2) 

where xis the ordinary three-dimensional position vector and uJ. /c2 : 

k
2 

-\- K
2 

• The solution (2) evidently represents a plane wave with propa• 
_., 
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gation vector k and angular frequency w. It turns out that if the particles 

described by (1) are charged and if we are to define an energy-momentum 

tensor and a charge-current vector which satisfies the equation of con

tinuity (cf. Pauli• loce ~.), then we must regard the proper vibrations 

of negative frequency, such as the second term on the right side of (2), 

as representing particles of opposite charge from the proper vibrations 

of positive frequency. This convention is necessary because, as Pauli 

shows, if we interchange the £actors exp (!(.;.k,"i +wt)] and exp e,.(lc-x -wt~ 

in (2) we change the sign of the charge-current vector while the energy-
• 

momentum tensor remains unaltered. 

In the general metric space defined by the line element* 

ds2 = ~dx""dx~ (3) 

the 10.ein-Gordon equation is to be regarded as the covariant equation 

it fi{/f Fj 1,)+K'f=o, , (4) 

where g is the determinant 1~1 of the components of the metric tensor; 

evidently (4) reduces to (1) if ds2 is the special relativity line element 

-ax2 - ay2 - dz2 + c2dt2• We now wish to extend the investigation to the 

case of the non-static homogeneous universe whose line element is given 

*Greek indices assume the values l, 2. 3, 4; and the usual sununation 
convention applies to repeated indices. 



by 

ds
2 

= -R
2
(t)[df + sin2?((dQ2 + sin2

Q dp2)J + c2dt2 • (5) 

where -X. g• and / are the well-known co-moving angular coordinates and 

R(t). the radius of curvature of space• is a function as yet unspecified 

of the time to 

The general equation (4) may be expressed in terms of the coordinates 

(-;(. g• P• t) with the aid of the line element (5) and a solution obtained 

by the standard method of se?,ration of variables in the form 

(6) 

The details of the transformation of variables and the calculation of the 

angle dependent f'unction..ll..have been given elsewhere by Schr6dinger; our 

present interest is only in the resultant equation for the tin:e dependent 

factor r(t). which he finds to be 2]f 
I d [' /)34] 1 [ ~ -+ K

2 
:=::. o, p ;?J- K ;;fl. -1- C ~1 (7) 

The integer n is related to the wavelength) of the proper vibration 

by the formula 

- (8) 

in the cases of practical interest n is thus an enormously large number. 

For any given value of n we take for the time dependent factor in 

(6) a linear combination fn(t) of two independent solutions of (7) with 

arbH;rary coefficients. The general solution of (4) f'or this universe 

may then be written in the form of an in.fini ta series of products of the 

type (6) including all non-negative integral values of n. and this series 

can .in the i'amiliar manner be adapted to an arbitrary initial stateo 

The different members of the series are all independent of one another; 

if at the outset only one is present• no others will turn up in the course 

of time. We thus have a genuine decomposition into proper vibrations• 

although the time f actor s are in general not trigonometr ic functions. 
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They will be trigonometric functions whenever R(t) ceases to vary and 

remains consta.n\i for a time. since during any period when R is constant 

the general solution of (7) is 

fn(t) <:: Aneivtht +-- Bne- jl4,.t • where ~ = c[n(n -J- 2)/R2 + K 1½• (9) 

Suppose that initially R(t) is constant for a time and that w-a fix 

our attention on the particular proper vibration fn(t) = AeiW.U\ which 

corresponds. in virtue of the remarks following (2), to a particle of posi

tive chargeo Now suppose that R(t) undergoes a period of arbitrary varia

tion, during which time of course the particular solution fn(t) loses its 

trigonometric character, and then returns to constancy. As soon as R(t) 

ceases to vary fn(t) will assume the form A'eil-lh't + B•e-~'\ but now 

- and this is the essential point - we have no guarantee that the ooeffi• 

cient B' of the negative frequency term will be zeroo In other words 

there will be a mutual adulteration of positive and negative frequency 

terms in the course of time• This means with particles the production 

of oppositely charged pairs merely by the expansion, while with light it 
• 

implies a production of light traveling in the opposite direction, thus 

a sort of reflection of light in homogeneous spaoe. Alarmed by these 

prospects, Schr5dinger has investigated the question in more detail in 

the case in which R is a linear function of the ·bime. This case is soluble 

in terms of Bessel functions; we proceed to outline SchrSdinger's analysis. 

We assume that the radius of our universe is given by 

and 'IV8 introduce into {7) the new variables 

z::: KcR/o = Kc(a/b + t). w(z) ,: zf, 

so that after an elementary calculation (7) becomes 

z2d2w/dz2 + zdw/dz .\- (Jl -1- z2 )w-::, o, 

where v 2 + 1 = n(n ¼- 2)c2/o2• 

(10) 

(11) 

(12) 

(13) 
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We see on comparing (12) vdth 1.5 (1) that w is a Bessel function of real 

argument z and imaginary order v>. 

The solution of (12) corresponding to a proper vibration of posi·bi ve 

frequency is the Hankel function of the first kind Hi~(l)(z) defined• 

if we write iY for Y• by 1.1 (3.1). Recalling that X "'21r/J\ 0• we see from. 

(8 ). (13) • and (11) that bothy' and z are enormously large numbers. while 

the ratio z/,l is of the comparatively moderate order of magnitude A/Ao• 

which is the ratio of the actual wavelength to the Compton wavelength 

of the particle. An asymptotic representation of Hw(l)(z) may therefore 

be obtained by Debye's method of saddle-point integration19) in terms 

of the ratio 

:P/z :::. sh~ o (14) 

The result is :vlT/2 -/4'7r/~ LJ) u~ -~) w ..a.. _.£ 

(15) 

to a very high degree of approximation• because of the enormous magnii;ude - . 
of~ and zo Hence from (11). on dropping an irrelevant constant multi

plier• 

(16) 

In order to find the angular frequency w. we differentiate the phase 

of (16) with respect to t and obtain• on making use of (11). (14). and 

(13) to simplify the result• 
2 

} o/4 

W = ffi [JJCcd"- -,;_)} = -Y(&ctf ,p( +-I ? 
, I} ~ [ /}(rm,-1&-A'r~ + x•7i 

== KC- cJf.d. - C, /?YI. J 
(17) 

19) Asymptotic expressions for all kinds of Bessel functions of large 
complex order are deri ired by G. N. Watson6 Theory 2£_ Bessel Functions6 

2nd ed •• Arts. 8.6-8.61. In connection with the functions of purely 
i.nagina.ry order see particularly the last paragraph of Art. s.s1. 
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The pha.se velocity is, from ( 8) and (17), 

vph c:.t,.>'.)./211"' -==(KcR ch~ )/n, 

while the group velocity is 'Jcf d 

/lf, ~ f<~ :: !(Ke, - -== J Jat J/]1, 

,so that 

(18) 

Since n is very large, (18) is equivalent to the usual relation between 

phase and group velocities for both de Broglie waves and light waves. 

The Hankel function Hiv ( 2)(z) of the second kind can be worked out 

in the same way and gives the exponential of negative frequency, correspond

ing to a particle of opposite charge from that represented by Hfa) (l) ( z). 

Since Hj;)l) ( z) and Hj;J( 2) ( z) are linearly independent solutions of (12), 

we see that the positive and nege.tive frequency solutions of ( 7) keep 

clear of each other indefinitely so long as R(t) increases or decreases 

uniformly with time, so that under these circumstances we do not get the 

pair production anticipated above.➔(- This latter phenomenon is evidently 

not caused by the velocity of expansion, but would probably be caused 

by accelerated expansion. It might pla,y an imp_ortant role in the critical 

periods of cosmology, when expansion changes to contraction or vice versa. 

Solutions of the Dirac equation for a free electron in various cos- . 

mological spaces have been obtained by Taub; 20) it happens that the time 

dependence of the solutions in a De Sitter universe is given by Bessel 
: 

functions J:ti.,>.t:.{ of complex order, where ,> is a very large number of 

*similarly the positive and negative frequency solutions of D' Alembert I s 
equation for light, which is obtained by setting I(.,,,. 0 in ( 4,), may be 
rigorou.sly separated. for all time if R(t.) has the form a + bt; in this 
case D'Alembert'.s equation may be solved in terms of elementary functions, 
and there is nothing in the .solutions which would corre.spond to a reflec-
tion of light in free .space. 

20) Taub, A. H., Ph;ys. ~-, 51, 512-525 (1937). 



the order of 1037• so that for all practical purposes the behavior of 

the functions is completely described by their asymptotic representations. 



.. \PPENDIX 

Tables of the Wedge Functions F,.i(eX) and GJ~~ ) 

We have shovm. in the preceding chapters that Bessel functions of 

imaginary order find application to several fields of mathematical physics. 

but before our formal results can be of much practical use in calculation 

we need adequate numerical tables of the functions of imaginary order. 

We shall present with this thesis a table of the wedge functions studied 

in chapters I and II. Although the scope of our table has been limited 

by requirements of time and the lack of elaborate facilities for compu

tation• we feel that it will be of interest because no other such table 

is at present in existenoeo 

The quantities tabulated are the wedge functions F,_,(eX) and G_,.,(eX) 

defined in Art. 1.1. the argument being taken as ex for the reasons dis

cussed in Art. 1.4. Since• as we have seen. in the physical applications 
• 

where these functions occur the order.,> is not restricted to integral 

values but must be regarded as a continuous variable. we have essentially 

to tabulate them as functions of two continuous variables x and ~. Ob

viously the calculation of a function of two variables over representative 

ranges in both variables is a much more laborious task than the calculation 

of a .function of a single variable• and the resultant table is correspond

ingly bulkiero 

In the following sections we shall set forth the method used for 

computing the main body of the table. This work was done on the automatic 

punched card machines at the Southern California Cooperative Wind Tunnel 

in Pasadena. which is directed by the California Institute. We shall 

then describe the actual table• indicating the method of checking and 
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the estimated accuracy of the published figures. 

Aol• General Method of Numerical Integration .!?z Means !!£_Punched~ 

Machineso 

The following method for the automatic numerical integration of the 

differential equation 

d2y/a:x.2 
c b(x)y (1) 

by means of the punched card machines :manui'actured by Interna:l;ional Busi

nes s Machines Corporation has been published by Lo Feinstein and M. Schwarz

child.1 ) One expands yin the Taylor series 

(2) 

and obtains. on making use of (1) to eliminate the second derivative, 
oD 

y(x +- h) +- y(x - h) ::. [2 t- h2b(x)Jy(x) + 2[ [h2n/(2n}ijy(2n)(x) 0 • (3) 

Similarly• ..,,, 

y"(x+ h)-+ y"(x - h) - 2y"(x) ~ 2 ,Z[h2n/(2n)iJy(2n-t-2)cx). (4) 
,,,,,,, 

Solving (4) for h2y(4)(x) and using (1) to eliminate the second derive.-
• 

ti ves at x and at x :t h• we get 

(1 - (h2/12)b(x +- h)]y(x t h) + [1 - (h2/12)b(x - h)]y(x - h) 

-[2 + (5h2/6)b(x)}y(x) - (h6/240)y(6)(x) + O(h8) ::- Oe (5) 

If we le-t 

Bn = 

Xo +- nh• Yn -::. y(:xn,), Zn -=-

2 + (5:
2 
/6)b(xn) ~ 2 +-

1 - (h /12)b(xn) 

(1/12)[1 - (h
2
/12)b(xn)]y(Xn_), 

h2b(Xn) 

and. neglect the sixth and higher powers of h• (5) becomes 

(6) 

(7) 

' 1) Feinstein, Lo, e.nd Schwarzchild, M., ~• ~• ~•• 12, 405-408 
(1941). These authors treat the general linear differential equation of 
the second order, but we smtll be concerned only with an equation of the 
special form (l)e 



Solving the third member of ( 6) for Yn in terms of Zn, we obtain 

(8) 

The extrapolation formula (7) permits us to calculate from any two 

adjacent values of Z the next succeeding value using only the operations 

of multiplication and addition, which can be performed by the IBM automatic 

multiplying punch. The quantities B1, B2, •••maybe computed by (6) 

from the coefficient b(x) of the differential equation and punched into 

a deck of IBM cardsi then if we punch into the first card the starting 

values Z0 and z1 obtained from the initial conditions of the given problem, 

the multiplier punch will compute Z2 and record it in the same card. We 

then transfer Z1 and Z2 to the card containing B2* and repeat the process. 

When we are finished we obtain Yn from Zn via. (8);: since Bn and Zn are 

already punched in the same oard, this step is easily carried out. 

The punched card method of integration is particularly useful when 

the coefficient b(x) of the differential equation (1) depends linearly 

on a parameter and we wish to obtain solutions for several different values 
• 

of the para.meter. Suppose for instance that 

b(x) ~ 
0
b(x) +.v2

1b(x); (9) 

then from (6) we have, on dropping the sixth and higher pO\'lers of h, 

where 

2 4 ) 
B.vn :::. oBn + ~ 1Bn +;) 2Bn• (10 

2 4 · 
= h 1bn + (h /6)obn lbn• 

::. (h4 /12)ibn2 • 

(10.1) 

(10.2) 

(10.3) 

~he multiplying punch described by Feinstein and Schwarzchild con
tained a mechanism for storing Zn and Zn+l in the :ma.chine between steps. 
Our :ma.chine was not thus equipped~ so the quantities Zn and Zn+l had to 
be transferred from one card to the next with the IBM reproducing punch. 



Only the quantities 0 Bn• 1Bn• and 2Bn• which are all independent of ,l,, 

have t _o be computed beforehand; B>h. can then be obtained with the help 

of the punched card machines for an:y value of ~ • 

Punched card methods are most efficient in calculations where the 

same numerical data are used over and over in different combinations; 

thus in the problem at hand their relative efficiency• as compared with 
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other methods• increases With the number of different values of the parameter 

rwhich we desire to consider • . The method of numerical integration just 

described has, however, the disadvantage that it is not self-checking or 

self-correcting; we have no way of knowing how the inherent errors in the 

extrapolation forim.1la (7) are mounting up during the course of an extended 

calculation. (The estimates given by Feinstein and Schwarzchild of the 

obtainable accuracy proved of little use in the calculation which we per• 

formed.) In cases where it is possible, the safest procedure would be to 

check the last value YN of the sequence by some independent method of 

calcula.tiono 

Ae2e Method 2£.. Calculation ~ ~ Wedge Functionso 

The equation satisfied by the wodge functions F~(ex) and G~(ex) is 

just 1.4 (2), namely 

(1) 

With the notation of A.l (9) we have b(x) = e 2x - ;:i>
2, 0b(x) == e2x, 1b(x) 

= -1, so that the quantities 0Bn, 1Bn, and 2Bn may easily be written down 

from Ael (10.1) - (10e3) and evaluated from tables of the exponential 

funotiono 

It was originally planned to tabulate both F.,i(eX) and GY(eX) for 

50 values of ,y extending from ~: 0.2 to ::i> =- 10.0, and for 300 values of 



:x extending from. :x "'" -0.49 (ex= 0.613) to x :: 2.50 (ex -= 12.18) with a 

step interval h ~ 0.01. The starting values ZP~ and z~, • corresponding 

to x0 "' -0.50 and x1 = -0.49• were computed for both functions from the 

series representations 1.11 (5.1) and (5.2). the quantities A and B being 

expressed by le13 (6) in terms of the pO\~er series s1 and s2• This work 
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was done on a 10 x 10 x 20 Friden automatic calculating machine. the results 

being recorded to ten figures and checked by repeating the entire computa

tion at another tizoo. Because of the necessity for computing the auxiliary 

£unctions A• B. sin~• and cos tv to a high degree of accuracy before under

taking the actual evaluation of ~ (eX) and ~ (eX). this calculation of 

the starting values was the most laborious and tillJ:l-consuming part of the 

whole project. It would be of considerable value to have simpler repre

sentations of the canonical functions which are adapted to easy numerical 

evaluation when the argument is small. 

The punched card machines were used to calculate and record on cards 

the coefficients :Bz.>n given by A.l (10) for 50 values of Y and 300 values 
• 

of n• in preparation for the step-by-step process of evaluating the Zn's 

:from the recurrence formula A.l (7). Each step of the actual numerical 

integration involved the processing of 100 cards (50 values ofy for each 

function). and in order to guard against mechanical errors the entire cal• 

culation was carried out with two identice.l decks and two multiplying 

punches. the IBM reproducer being used to compare results at the end of 

each step. All numbers appearing on the cards were expressed to eight 

significant figures. 

When the integration had been completed• it was clear that the in

herent errors in the approximate extrapolation formula A.l (7) had accumu

lated• in some cases to an intolere.ble degree• in the latter part of the 



range of integration. It would have been ini'easible at this stage to 

repeat the integration with a smaller step interval or with additional 

starting values at intermedia.te points of the original range; so we com

promised by checking the results at various points, correcting the errors 

where possible, and discarding the relatively few values which were too 

much in error to be easily corrected. 

The table of Gi(ex) was checked by means of the definite integral 

representation 1.11 (6.2): 

(2) 

This integre..l converges quite rapidly when x is greater than log')}; for 

example, when x :: 2.50 it was found possible to evaluate G_,.i(ex) for 0.2 

f :vi 10 to one more significant figure than ~s desired in the table 
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by breaking off the range of integration at t = 1.5 and applying Tschebyscheff's 

mechanical quadrature formula2) with fifteen subdivisions.. The integral 

(2) was therefore used with a Monroe automatic calculating machine to 

evaluate G~(eX) for x ~ o.oo. o.so, 1.00. 1.so. 2.00, and 2.so. In the 
• 

pori;ion o:f the table where G,.i (eX) was oscillatory (i. e., x '- log.v; cf. 

Art. 1.2), the values given by the punched card integration were found to 

be accurate to one or two units in the fifth significant place; presumably 

the errors in the integration formula A.l (7) cancelled out on the average 

in this region. On the other hand, where x was appreciably larger than 

2) Encyklope.die ~ Ma.thematischen Wissenschaften, Bd. II, 3.1, 72-740 
The formulf.l, in question is~ 

O<x)dx ::. (b - a)/n t r[a + (2r - 1) (b - a)/2n] + Rn• 
(l ~, 

This is not the most accurate quadrature formula available for a given 
number of subdivisions, but it is very easy to use because the coefficients 
are simple. In practice the remainder term Rn may be controlled by in
vestigating whether an increase in the number of subdivisions n gives a 
significantly different value for the integralo 



log -Y, the punched oard integration led to rapidly accumulating errors, 

the resulting functions tending to go off.to ±oerather than to approach 

+0 as they should. Since the errors seemed to be varying continuously, 
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it was possible to approximate to the correction terms by means of Le.grange's 

interpolating polynomial fitted to the known values of the corrections at 

x = o.oo, x ~ 0.50, etc. Corrections were applied in general where they 

did not exceed 1% of the uncorrected value, and the remainder of the table, 

where x was considerably greater than logY, was discarded. 

In order to oheck the table of F,.>(eX) it was necessary to use the 

integral representation 1.11 (6.1), 

FY {ex) = cschrTf [:xp(excos Q)ch ~ dQ • f:.xp(-exoh t)sin yt dt,(3) 

since for most of the values of;> and x in the table neither power series 

nor asymptotic series converge rapidly enough to be useful. The second 

integral in (3) can be evaluated without difficulty by mechanical quadra

ture; but depending on the relative magnitudes of x and <jJ the first inte• 

grand may have sharp peaks at either end of the range of integration, 
• 

which must be subtracted off and integrated separately. If v; ex, it is 

easy to shov; that the first term on the right side of {3) is equal to 

cschv1T h fev cosQ -e-v[1 f- -h:(7T - Q)2Jj {ch vQ - 1) dQ +1rcsch.nrI
0

(v) 

+ e•v(l/,J • ircschYff) + ve•V[j./,} - 7TcsohJJff(l/,>2 f- rr 2/s)] e (4) 

Even with this transformation the remaining integral in (4) is surprisingly 

intractable; it apparently cannot be calculated by mechanical quadrature 

with a reasonable number of subdivisions to the accuracy desired in our 

table if.?-' is greater than about 0.6 ex. Consequently it was not possible 

to check the table of Fy(eX) completely in the time at our disposal. 

We did find however that at x = 2.50, for '))!: a.o only ten values were 

in error by more than 0.05% (5 parts in 10.000); all of these erroneous 



values occurred :for JJ '- 3•0•* In the range 3.0 ~ -;) f a.o most of the 

values were in error by not more than a few units in the fifth significant 

figure. Though it was not possible to compute accurate check values from 

{3) for ,y-,. a.o. we knov,r from the behavior of G,_, (eX) that for large values 

of~• when the functions are oscillatory over most of the range• the inte

gration formula A.l (7) is unlikely to accumulate errors of large absolute 

magnitude. The ten erroneous values mentioned above were adjusted by 

fitting a continuous correction curve to cancel the known relative error 

at x = o.oo. o.so. •••• 2.so. end with these alterations the entire table 

It is worth noting that since the errors involved in the integration 

formula Ael (7) seem to compensate on the average when the solutions of 

the differential equation are oscillatory. the punched card method might 

be used with considerable success to calculate the Bessel functions U~(eX) 

end v,,, (eX) of imaginary order and real argument• since by la 52 (3) end 

(6) these functions are oscillatory for all values of x. The results of 
• 

such a calculation would of course have to be checked before publication. 

A.3. Description of ~ Tablas. 

Since the tables of the wedge functions were printed directly from 

punched cards on an IBM tabulator. some changes• such as the placing of 

the negative sign on the right of the entry to which it applies~ have had 

to be made in the usual format of such tables. The position of the decimal 

point is determined by multiplying the tabular entry by 10P. where the 

,iffhe probable reason for the absence of large relative errors in 
the functions F~(eX) is that these functions tend rapidly to infinity 
when x >7 log~. and so increase in absolute nagnitude as fast as the 
errors accumulateo 
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(negative) integer pis tabulated to the right of each rON of the tabla. 

Thus G5.o(e1• 00 ) ~ 22452 x 10-8 ~ 2.2452 x 10-4• etc. In case the value 

of p increases in algebraic magnitude in the middle of a rm.v• the entries 

marked with an asterisk should be used with the value of p on the~

ceding page. 

The range and accuracy of the tables may be summarized as follows: 

The function F,, (eX) is tabulated over the complete ranges 0.2 <!: -v 

/, 10.0., -0.49 £ x f 2e50o In the region where F,iex) is oscillatory 

the error in the last figure given should never exceed 5 units. In the 

region where Fy(ex) is non-osoillawry the error in the tabulated values 

should not exceed 5 parts in 10.000. 

The function G,,(e1 is tabulated over the following ranges in:::v and 

x: 

0.2 !: -iJ f.. 1.0., -0.49 f x f o.oo; 
1.2 t ,> ~ 2.0., -0e49 ~ X = 1.00; 
2e2 ~,,) ~ 4.0., -0.49 ~ X !: 1.50; 

4e2 f .J !, 7.0., -0.49 f: X f 2e00; 
7o2 f ,J) ~10.0• -0.49 ~ X f. 2e50• 

The error in the last figure of any tabulated value does not exceed 5 
• 

units. 
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As a matter of interest the values of G;v{ex) computed from the definite 

integral Ao2 (2) and correct to the last printed figure are given for x 

= 1.00., 1.50., 2.00., and 2.50 for those values of >'not included in the 

main table. 
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TABLES OF BESSEL FUNCTIONS OF IMAGINARY ORDER 

AND IMAGINARY ARGUMENT 

INTRODUCTION 

i . Summary .Q.i Mathematical Formulas , · 

Various problems from different branches of mathematical physics 

give rise to the differential equation 

in which v and v are real quantities Eq . (i) is a special case of 

Be~sel • s equation, 

( l) 

(2) 

i n which·z • iv, p ~ i v ; and its solutions are therefore Bessel func

tions whose order and argument are b<:>th pure! y imaginary . · The accom-••· 

ponying table g~ves numerical values of a fundamental real set of 

solutions of (1.) over representative ranges in both order and argument; 

it is the only numerical tabulation of Bessel functions of imaginary 

order at present in existence 

• 
A fundamental real pair of solutions of ( i ) may be defined as 

follows : 

1T 

F 7.1 ( v ) - 2 

i 7T 

Gv ( v ) - --
1 

Ii V ( v) + I iv(v) 1T 

shV'TT 

Iiv(v) -- I -- iv(v) 
sh1m 

-½V1T 
½1ri e 

= --- ·Re 
shV1T 

1T 

= -s hv1T Im 

H.(l)(iv) 
lV ' 

Iiv(v )., 

Iiv(v ) 

wh~re v i s real and vis real and positive . In these definitions 

I 1v ( v ) i s t he mod i fied Bessel function of the first kind of purely 

imaginary order , being related to the ordinary Bessel function 

Jiv ::iv) of imaginary order and imaginary argument by 

(JJ 

~ 
m"' O 

(' \ iv+ 2m 
l 2V i 

m! r(iv+m+l) 

(3) 

( 4) 



-ii -

Kiv(v) is the modified Bessel function of the second kind of purely 

imaginary order and H· (l) (iv) is the Hankel function of the first 
' l V 

kind with imaginary order and imaginary argument . For brevity the 

functions Fv(v) and Gv(v) may be , called " wedge functions " · of thG 

first and second kinds respectively, since in potential theory they 

show a certain analogy to the solutions of Legendre ' s equation called 

"cone functions" . 

Representations of Fv(v) and Gv(v) in terms of series of modified 

Bessel functions of positive integral ~rder are given by 

Fv(v) = (VIT/shV7T)½[A(v,v) cos 0(v _, v) + B(v,v)sin 0(v,v)], (6 ) 

where 

0(v , v) = V log ½v ... arg r(iv), ( 8) 

00 m(•·)m(½v)m A(v, v) 2. Im(v), 
m=l m ! (m2+ v2) 

(9) 

00 
V ( -· ) ~(J~l~ B(v, v) = L Im (v). 

m::o m!. (m2+v2) 
(10; 

A(v,v) and B(v,v) may also be expressed as power series in v , 

A(v,v) 
o:J 

- 2. (11 ) 

n=l 

.• B(v, v) 
00 [ ½n] 

= J... + _l_ .L 2. ( 12) • 
V V n =-0 1 k=O 

where [sJ · represents the greatest integer cor tained in s and the 

symbol (p)q, where p and q are any positive ihtegers such that q ~ p, 

denotes the sum of all the different products wh ich can be formed by 

multiplying together q of the p factors 1,2 , . . : ; p , ( p )
0 

be i ng equal to 

1 by defihition . A short table of values of (P ) q has been g i ven by 

BocheL 1 

Definite integral representations of Fv(v) and Gv(v ) are the 

followihg : 



00 
= f e-vchtcosvt dt . 

0 

--iii-

(13) 

( 14) 

When vis fixed and vis large and positive we have the asymptotic 

series : 

ev ,.., __ 
shV7T 

Gv(v) '""e-V(~![l- (4v
2

+1
2

) + (4v2 +1 2 ) (4v2 +3 2 ) _,, · ] 
2v 1!(8v) 2! (8v) 2 , 

while if vis fixed as v tends to zero through positive values, 

Fv(v) - (rr/vshVTT)½ sin[vlog½v -- arg.r(iv)], 
v-<+o 

Gv(v) - (77/vshVTT) t cos[vlog½v - arg r(iv)] 0
• 

v-++o 

When vis large and vis fixed, 

• 

( 1 S) 

(16) 

( 17) 

(18) 

Fv(v) '""e-·½VTT(2rr/v)½cos[v(logv - log½v - 1) +,!:rr](l+O(l/v)), 
( 19) 

Gv(v) "'e·•-½vrr(2rr/v) ½sin[v(logv - log½v -- l) +,1:77] (1+0(1/v) ), 

while if v tends to zero, v being fixed, 

_, 00 
.) 

11-+o 

2 . Method of Computation £i. the Tables . 

( 20) 

( 21) 

(22) 

Since the functions Fv(v) and Gv(v) have an oscillatory singular-

ity at v = o (cf . (17) and (18)), it is more convenient to tabulate the 

the related quantities F (ex) and G (ex) as functions of x ., · These · 
V V 
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latter functions satisfy the differential equat i on 

(23) 

obtained from (1) by the transformatio::1 of variable 

x = log v ., (24) 

which takes the triad of points (0 0 1 . 00) of t he v -axis into the 

triad (-oo, O, OO) of the x --axis . The functions F)ex) and G
11

(ex ) have 

no singularities on the finite part of the x - axis . and they approach 

sinusoids in vx as x - - oo (v ~ + O) . 

The accompanying table of the functions F
11

(ex) and G
11

(ex) was 

computed by step-by-step numerical integration of the differential 

equation (23) on the punched card machines at the Southern California 

Cooperative Wind Tunnel in Pasadena , using a method described by 

Feinstein an~ Schwa~zchild .2 The starting values for the numerical 

integration were obtained from (6) and (7) using the series (11) and 

(12), this preliminary work being carried out on a 10 x 10 x 20 

Friden automatic calculating machine and the computations checked by 

repetition at another time , Mechanical errors in the punched card 

machines were avoided by performing the entire calculation with two 

identical sets of cards op two multiplyin~ punches : the results being 

compared at the endlof each step . 

The numerical integration was carried from x = Q 49 (v=o 6131 

to x = 2 - 50 (v=l2 . 18), and the accuracy of the results checked by 

e valuatingF
11

(ex) and G
11

(ex) at the right ---hand end --po int and various 

intermediate points of the interval from the definite in tegrals (13) 

and (14) . In the portion of the table where the functions are 

oscillatory (esse ntially x < log v) , the results of t he punched card 

integration were found to be accurate to one or two units in the 

fifth significant figure , Over most parts of the non --oscillatory 

region the errors were small enough to be approximated by a con t inuous 

correction curve fitted to the known values of the correct i ons at 

certain check points ; a s mall part of the table of G11 (ex) had however 

to be entirely discarded* 

*It is not to be expected that any step --by -st ep numerical i ntegra . 
tion formula will follow the solution G

11
(ex) acc u rately in the re gion 

x >> log v where this func tion is very small ., because any inherent errors 
in the formula quickly introduce a s mall amount o f the other solu ti on 
F (ex) which in this region tends rapidly to infin i ty , 

V 



3 .. Des er ipt ion of the Tables . 

Since the tables of the wedge functions were printed directly from 

punched cards on an In terna t iona 1 Bus ine.ss Machines ta bu lat or., some 

changes, such as the placing of the negative sign on the right of the 

right of the entry to which it applies., have had to be made in the usual 

format of such tables .. The position of the decimal point is determined 

by multiplying the tabular entry by 10P., where the (negative) integer p 

is tabulated to the right of each row of the table . Thus G (e 1 ,. OO) 5 . 0 
= 22452 x 10·-8 = 2 . 2452 x 10-4 , etc . In case the value of p increases 

in algebraic magnitude in the middle of a row the entries marked with 

an asterisk should be used with the value .of p on. the preceding page . 

The tabular interval is 0 . 01 in x and O 2 in v The range and 

accuracy of the tables may be summarized as follows ; 

The function Fv(ex) is tabulated over the complete ranges 0 . 2 ~ v 

< 10 . 0, - 0.49 < x < 2 . 50 . In the region where Fv(ex) is oscillatory 

the error in the last figure given should not exceed 5 units . In the 

regi _on where Fv(ex) is non--oscillatory the error in the tabulated values 

should not exceed 5 parts in 10 , 000 . 

The function Gv (ex) is tabulated over the following ranges in v and x :. 

0 . 2 < V < LO; -049 < . x < 0 50 4 , 2 < V < 7 . 0 . 0 . 49 ~ X ~ 2..00 ; 
L2 < v < 2 . 0 _, --OA9 < x < LOO; 7 .. 2 < v < 10 .. 0 _, 0 . 49 < x < 2 50 . 
2 . 2 < V < 4 . 0 , -0 . 49 < X < 1 . 50; 

The error in the last figure of any tabul~ted value does not exceed 5 units . 

As a matter of interest the value of Gv(ex) computed from the definite 

integral (14) and correct to the last printed figure are given for X = 1 00 . 

l . 50J 2 . 00., and 2 . 50 for those values of v not included in the main table .. 

The use of the computing equipment at the Cooperative Wind Tunnel 

was arranged by Professor C . B . Millikan and Mr . F . H. Felberg . For 

instruction in the operation of the punched card machines the author thanks 

Dr.. E C , Bower of Douglas Aircraft Compctny and various members of the 

wind tunnel staff . 

References : 

1 Bocher _; M. " On Some Applications . of Bessel ; s Functions with Pure 

Imaginary Index _," 1 Annals ~ Mathematics ., .3...-· 144 (1892) .. 
2Feinstein , L .. , and Schwarzchild _, Jv\ •J "Automatic Integration of 

·Linear Second ---Order Differential Equations by Means of Punched Card 
Machines _, " , B2-Y ·· Sci .. Inst . _. g . 405-408 (1941) . 
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~ 1..00 1.50 2.00 2.50 p 

0.2 479.06 65 .044 2.7972 0.018173 4-
o.4 470 .. 00 64&257 2.,7759 0.018087 4-
o.6 455.25 62.965 2.7408 0.017945 4-
o .. s 4353.3 611.99 26 .. 923 0.17747 5-

1.0 4108.9 589.96 26.312 0.17497 5-
1.2 564.06 25 .. 584 0.17195 5-
1.4 534.83 24.748 0.16845 5-
1.6 502.88 23.816 o. 16450 5-
1.8 468.86 22.800 0.16013 5-

2.0 4334.2 217 .15 1.5538 6-
2.2 205 .73 1.5029 6-
2.4 193.89 1.4490 6-
2.6 181. 76 1.3925 6-
2 .. 8 169.48 1.3340 6-

3.0 157 .18 1.2738 6-
3.2 144.99 1.2124 6-
3.4 1330 .. l 11.502 7-
3.6 1213.4 10.876 7-
3.8 1100.8 10.251 7-

4.0 99:;.oo 9.6294 7-
4.2 9.0160 7-
4.4 8.4136 7-
4.,6 78.252 8-
4.8 72 .. 536 8-

s.o 67 .010 8-
5.2 61.694 8-
5.4 56.606 8-
5.6 51.758 8-
5.8 47 .162 8-

6.o 428.23 9-
6.2 387.47 9-
6.4 349.34 9-
6.6 313 .. 83 9-
6.8 280.91 9-

7 .o 250 .53 9-




