On multiple SLE systems and their deterministic limits

Thesis by
Jiaxin Zhang

In Partial Fulfillment of the Requirements for the
Degree of
Doctor of Philosophy

Caltech

CALIFORNIA INSTITUTE OF TECHNOLOGY

Pasadena, California

2025
Defended May 6, 2025



© 2025

Jiaxin Zhang
ORCID: 0000-0002-5647-8949

All rights reserved

11



11

ACKNOWLEDGEMENTS

Pursuing a Ph.D. has been an intellectually and emotionally transformative journey,

and [ am deeply grateful to the many people who have supported me along the way.

First and foremost, I would like to express my sincere gratitude to my advisor, Pro-
fessor Nikolai Makarov, for his invaluable guidance, encouragement, and patience
throughout my Ph.D. His deep insights and mathematical vision have profoundly

influenced my understanding of analysis and probability theory.

I'am also grateful to the professors in the SLE community—Professors Tom Alberts,
Ewain Gwynne, Nam-Gyu Kang, Greg Lawler, Eveliina Peltola, Xin Sun, and Hao
Wu—for their insightful discussions, which have broadened my perspective and

deepened my understanding of the field.

I thank the Caltech probability group—Professors Tom Hutchcroft, Omer Tamuz,
and Lingfu Zhang; postdoc Lily Reeves; and students Philip Easo, Minghao Pan,
and Shiyang Shen—for many enriching discussions and for fostering a supportive

research environment.

I am also thankful to other professors at Caltech—Professors Rupert Frank, Tom
Graber, Matilde Marcolli, Yi Ni, Dinakar Ramakrishnan, and Tony Yue Yu—for
their guidance and encouragement throughout my Ph.D. journey. Their support has

been invaluable to my development as a researcher.

My time at Caltech has also been shaped by the friendships and camaraderie of
my fellow graduate students and officemates in the math department, including
Adam Artymowicz, Ruide Fu, Zhaoxing Gu, Lara San Martinez, Michael Wolman,

Shaowu Zhang, and Chi Zhang, who made this journey truly meaningful.

I am especially grateful to Jonathan Ye and Jiawei Hwang, whose kindness, gen-

erosity, and unwavering support have truly made Los Angeles feel like home.

Finally, I would like to express my deepest gratitude to my parents for their uncon-
ditional love and support, even from afar in Beijing. Their belief in me has been my

greatest motivation and source of strength through every challenge.



iv

ABSTRACT

In this thesis, we study multiple radial SLE(k) systems —a family of random
multi-curve systems in a simply-connected domain €2, with marked boundary points
Z1,--.,2n € 0Q and a marked interior point ¢, where parameter xk > 0 measures the
randomness of the system. We also study the multiple radial SLE(0) systems as the

deterministic limit of multiple radial SLE(k) systems.

As a consequence of domain Markov property and conformal invariance, we derive
that a multiple radial SLE(«) system is characterized by a conformally covariant
partition function satisfying the null vector equations—a second-order PDE system.
On the other hand, using the Coulomb gas method inspired by conformal field
theory, we construct four types of solutions to the null vector equations, which can

be classified according to topological link patterns.

We construct the multiple radial SLE(0O) systems from stationary relations by heuris-
tically taking the classical limit of partition functions as k — 0. By constructing
the field integrals of motion for the Loewner dynamics, we show that the traces
of multiple radial SLE(0) systems are the horizontal trajectories of an equivalence
class of quadratic differentials. These trajectories have limiting ends at the growth

points and form a radial link pattern.

The stationary relations connect the classification of multiple radial SLE(0) sys-
tems to the enumeration of critical points of the master function of trigonometric
Knizhnik-Zamolodchikov (KZ) equations.

For k > 0, the partition functions of multiple radial SLE(«) systems correspond
to eigenstates of the quantum Calogero-Sutherland (CS) Hamiltonian beyond the
fermionic states. In the deterministic case of k = 0, we show that the Loewner dy-
namics with a common parametrization of capacity form a special class of classical

CS systems, restricted to a submanifold of phase space defined by the Lax matrix.
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K.

NOMENCLATURE

SLE parameter measuring the roughness of the SLE curve.

E[XOg]. CFT correlation function involving product of fields X.

L.

Null vector differential operator acting on 6.

Og[t]. Chiral vertex operator with background charge B and charge 7 in CFT.

Z (). Partition function of the multiple SLE(«) system.

a.

b.

H,(B). Quantum Calogero—Sutherland Hamiltonian with parameter 8 =

Charge at SLE growth point, defined by a = +/«/2.
Background charge in Coulomb gas formalism, b = /8/x — +/k/2.
Central charge in CFT, defined by ¢ = %.

Conformal dimension of the field associated to the SLE growth point with
charge a defined by & = %.

8
<

Charge Relation. 2a(a + b) = 1, relating vertex charge a and background charge

b in Coulomb gas formalism.

Neutrality Condition (NC,). Total charge of a divisor is 2b.



Chapter 1

INTRODUCTION

1.1 Background and main results

The Schramm-Loewner evolution SLE(«x) with « > 0 is a one-parameter family of
random conformally invariant curves in the plane describing interfaces within con-
formally invariant systems arising from statistical physics, as introduced in Schramm
(2000), Lawler, Schramm, and Werner (2004), Smirnov (2006), Schramm (2006),
and Schramm and Sheffield (2009). Conformal field theory (CFT), a quantum field
theory invariant under conformal transformations, is also widely used to study crit-
ical phenomena, see J. L. Cardy (1996) and Friedrich and Kalkkinen (2004). SLE
and the multiple SLE systems can be coupled to conformal field theories (CFT)
through the SLE-CFT correspondence, which serves as a powerful tool for pre-
dicting phenomena and computing important quantities of SLE(x) and multiple
SLE(k) systems from the CFT perspective, as demonstrated in references like Bauer
and Bernard (2003), J. L. Cardy (2003), Friedrich and Werner (2003), Friedrich
and Kalkkinen (2004), Dubédat (2015), and E. Peltola (2019). The parameter «
measures the roughness of these fractal curves and determines the central charge
c(k) = (3k — 8)(6 — k) /2« of the associated CFT.

In most recent years, there has been tremendous interest in multiple chordal SLE(«)
systems, as discussed in Dubédat (2006), Kozdron and Lawler (2007), Lawler (2009),
S. Flores and Kleban (2015a), E. Peltola and Wu (2019), and Eveliina Peltola and H.
Wang (2020). In contrast, multiple radial SLE(«) systems have been less explored,
with notable contributions including Healey and Lawler (2021), Y. Wang and Wu
(2024), Nikolai Makarov and Zhang (2025b), and Nikolai Makarov and Zhang
(2025a) and discussions in physics literature such as J. Cardy (2004), Doyon and
J. Cardy (2007), Simmons et al. (2011), and S. M. Flores, Kleban, and Zift (2012).

The core principle throughout our study of the multiple radial SLE(k) system is
the SLE-CFT correspondence. SLE and multiple SLE systems can be coupled to a

conformal field in two key aspects:

* The level-two degeneracy equations for the conformal fields coincide with the

null vector equations for the SLE partition functions.
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* The correlation functions of the conformal fields serve as martingale observ-

ables for the SLE processes.

1.2 Multiple radial SLE(«) systems with « > 0

Figure 1.1: Multiple radial SLE(«) sys- Figure 1.2: Multiple radial SLE(«) in D
tems in D

In a simply connected domain € with boundary points z1, z2, . . ., 7, and a marked
interior point g, we define a local multiple radial SLE(k) system as a compatible

family of probability measures

(521,225:2n,9)

on n-tuples of continuous, non-self-crossing curves starting from z; within a local-
ization neighborhood U;, none of which contains g. A more precise characterization

of these measures is provided in Definition 1.2.1 and Definition 1.2.2.

Definition 1.2.1 (Localization of Measures). Let Q C C be a simply connected
domain with an interior marked point u € Q. Let 71,22, ...,2, denote distinct
prime ends of 0Q, and let Uy, U,, . .., U, be closed neighborhoods of 71,22, ..., Zn
in Q such that:

e UNnU;=0foralll <i<j<n,

® None of the U; contain the interior point q.

We consider the measures

(Q521,22,-52n59)
defined on n-tuples of unparametrized continuous curves in Q. Each curve n'/)

begins at z; and exits U; almost surely.
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A family of such measures indexed by different choices of (U1, Ua, ..., U,) is called
compatible if for all U; C U;., the measure

(Q321,22,--,2n,9)
is obtained by restricting the curves under

(U;.U....U)
(:21,225--520,9)

to the portions of the curves that remain inside the subdomains U before their first

exit.

Figure 1.3: Localization of multiple radial SLE(x)

Similar to the chordal case, multiple radial SLE(«) systems are characterized by
conformal invariance, the domain Markov property, and absolute continuity to
independent standard SLE(k) (see Y. Wang and Wu (2024)).

Definition 1.2.2 (Local multiple radial SLE(x)). The locally commuting n-radial

SLE(k) is a compatible family of measures

(U1,U3,...,Uy)

(321,22,:2n,9)
on n-tuples of continuous, non-self-crossing curves (y(l), Y2, ... ,y(”)) for all
simply connected domains Q with marked points (z1, 22, . . .,2n, q) and target sets
(U1,Us, ..., U,). These measures satisfy the following conditions:

(i) Conformal invariance: If ¢ : Q — Q' is a conformal map, then the pullback

measure satisfies

+m(@(U1),0(U2),....0(Un)) — plUU2,....Un)
(Q:0(21),0(22)5-..90(zn)0(q)) (21,22, 52n51)



4

It suffices to describe the measure when (521,22, . . .»Zn,q) = (D5 21,22, . . .+ Zn, 0).
The definition for arbitrary € with a marked interior point q can then be ex-

tended by pulling back via a conformal equivalence ¢ : Q — D mapping q to
0.

(ii) Domain Markov property: Let (y(l),y(z), cees and

(D3z21,225+-,20,9)’
parametrize y(f ) by their own capacity inD. For stopping timest = (t1,t2, ..., 1),

define

7(")) ~ P(Ul,Uz ,,,,, U,)

U = U, \YE(]))I ,}~,(]) — ,),(]) \7(1) O=D \ U y(J)

)

0.1, we have

Then, conditionally on the initial segments | J'; =Y

S0 5@ om)  p(0102..00)
)

(iii) Absolute continuity with respect to independent SLE(k): Let( () 5@ . y(”)) ~
(Distom s 0) Letz;(t) = %1 the capacity-parametrized Loewner driving
function t — 6;(t) for vy satisfies

do;(1) = VkdB;(1) + b; (8(1)) dt,
0. 1.2.1
49, (1) = cot (M (1-2.1)

dt. k#j,
2 ) #

where B;(t) are independent standard Brownian motions, and b ;(0) are C 2

functions on the chamber

={(01,0,...,0,) eR" |01 <Oy <---<0,<60;+2r1}.

The domain Markov property implies that one can sequentially map out the curves
y&)) ] using g,(l), or perform the mappings in reverse order. The resulting image
has the same distribution regardless of the order. This property is known as the

commutation relation or reparametrization symmetry (see Section 3.2).

In the following, we study how commutation relations and conformal invariance

impose constraints on the drift terms b;(6).

We study the multiple radial SLE(«) systems by exploring the following two aspects:

¢ Commutation relations and conformal invariance;



* Solution space of the null vector equations.

Extending the results in Dubédat (2007) on commutation relations (see also Y. Wang
and Wu (2024) for the two radial case), we derive analogous commutation relations

0 T
2, ...,z =€ €

for multiple radial SLEs in the unit disk D with z; = e, 7, = ¢
0D and one additional marked point g = 0, see section 3.2. The family of measure
,,,,, 9,) of a multiple radial SLE(k) system is encoded by a partition function

v(0) :{(01,07,...,0,) eR" |01 <O, <...<6,<01+21} > R.yp.

Theorem 1.2.3. For a local multiple radial SLE(k) system in the unit disk D with

boundary points 71 = e, 720 = €%, .. 7z, = € and a marked point at g = 0,

there exists a positive partition function y (6) such that the drift term b in equation
(1.2.1) satisfies

bj=k——, j=12,...,n. (1.2.2)

Moreover, Y (0) satisfies the null vector equation

p 0, -6, 6 1
20 +ZC°t( 2 )6”/' ' (1 ) E) 2 m‘ﬁ ~hp=0,{1.2.3)
j# 4sin

J# )

for some constant h.

Furthermore, there exists a real constant w such that for all 6 € R,

W01 +0,...,0,+0)=e“%(01,...,0,). (1.2.4)

Conversely, given a positive partition function (0) that satisfies both the null vector
equation (1.2.3) and the rotation invariance condition (1.2.4), we define the multiple
radial Loewner chain as a normalized conformal map g; = g,(z). The evolution of g,

is governed by the following Loewner equation with the initial condition go(z) = z:

n

_ . z;(1) + 8:1(2)
Orei(2) = /Z::‘ vi(1)81(2) zj(t) — g:(2)°

go(2) = z.

For the covering map hy(z), defined by e?) = g,(e'%), the evolution is given by

Oh(z) = Z v;(t) cot 5

J=1

. (ht(z) —e,m) (o) - o

The driving functions 6;(t), for j = 1,...,n, evolve as



0;1 0 0;—6
do; = V_/(t)%%()dt'k ka(t) Cot( / > k) dt + VkdB;,
J k#j

where v = (v, ..., Vvy) is a set of measurable functions, each v; : [0, c0) — [0, c0).

The process h;(z) thus defines a local multiple radial SLE(k) system.

Proof. This is a summary of results derived from Theorem 3.2.1 and Theorem 3.2.2,
which establish the commutation relations and conformal covariance properties of

the partition function . O

A significant difference between the multiple radial SLE(k) systems and standard
multiple chordal SLE(k) systems arises when we study their conformal invariance
properties. Although the multiple radial SLE(«) systems are conformally invariant,
the partition functions in its corresponding equivalence classes do not necessarily

exhibit conformal covariance when we have an extra marked point.

We define two partition functions as equivalent if and only if they induce iden-
tical multiple chordal SLE(k) systems. Equivalent partition functions differ by a
multiplicative function f(u).

U =fu) g, (1.2.5)
where f(u) is an arbitrary positive real smooth function depending on the marked
interior point # A simple example that violates conformal covariance is when f(u)
is not conformally covariant. However, within each equivalence class, it is still

possible to find at least one conformally covariant partition function.

Theorem 1.2.4. For a multiple radial SLE(x) system with n SLEs starting at
(61,6,...,0,) € X" (0) and a marked point u € D not necessarily fixed at 0:

(i) Two partition functions  and y are equivalent if they differ by a multiplicative
factor f(u):
=y,
where f(u) is a smooth, positive function of u. Under this equivalence,  and

¥ induce identical multiple radial SLE(k) systems.

(ii) Within the equivalence class of partition functions, we can choose \ to satisfy

conformal covariance. Under T € Aut(D), ¢ transforms as:

WO Opou) = (1—[ T’wi)éﬁ) @ T g (0.7 (0). (W),

i=1
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(iii) The choice of a conformally covariant partition function is not unique. Let:
() = (Rad(u, ))* = (i(i - u))*, @ €R.

Then for any conformally covariant ¥, & = f(u) - ¢ yields an equivalent
solution with.
Au) = Au) + .

Following S. Flores and Kleban (2015b) on solution space of the null vector equa-
tions for partition functions of multiple chordal SLE(k), we construct four types of
solutions to the null vector equations and Ward’s identities for partition functions of

multiple radial SLE(«x) via Coulomb gas integral method in conformal field theory.

Choosing charges o for j € {1,2,...,n} and charges 7; for k € {1,2,...,m}, the
following trigonometric Coulomb gas integral plays a crucial role in the theory of
multiple radial SLE:

Fof T (02527 11 (0&52)7 17 (&%) aaac

r 1<i<j<n 1<r<s<m 1<i<n
1<r<m
The integration variables {1, {2, ..., {, are integrated along multiple contours T,

corresponding to various topological link patterns. A detailed explanation can be

found in Section 5.2.

Figure 1.4: Integrate {1, {> (yellow points) along two Pochhammer contour

Theorem 1.2.5. The following four types of Coulomb gas integrals (see definitions in

Section 5.2) solve the null vector equation (1.2.3) and the rotation equation (3.2.2):
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(1) For any link pattern a« € LP(n,m), with m,n € Z and 1 < m < 3, the

Coulomb gas integral J,"" (0) defined in (5.2) solves the null vector equation
(1.2.3) with
. 1—(n—2m)2,
2k

and the rotation equation (3.2.2) with w = 0.

(2) For any link pattern « € LP(n,m), withm,n € Z, 1 < m < 3, and n even,
the corresponding Coulomb gas integrals K\"" () defined in (5.2.20) solve
the null vector equation (1.2.3) with

1—(n—2m+§)2
2k ’

and the rotation equation (3.2.2) with w = 0.

(3) For any link pattern a € LP(n,m), with m,n € Z and 1 < m < 3, the

Coulomb gas integral J,"" (0,1) solves the null vector equation (1.2.3) with

_(n—2m)2+ 1 +17?

h=
2k 2k

and the rotation equation (3.2.2) with

n(n—2m)
w=—"2,.
K

(4) For any link pattern « € LP(n,3), with n even, the Coulomb gas integral
L7(0) solves the null vector equation (1.2.3) with

_(6-K)(k=2)
h= 8k ’

and the rotation equation (3.2.2) with w = 0.

Here, a denotes the integration contour, and LP(n, m) represents the set of all possi-
ble multiple integration contours with n boundary points and m integration variables.

The abbreviation LP stands for link pattern, which is defined in Section 5.2.

We will discuss the linear independence of these solutions in our forthcoming
work. Understanding the complete classification of the solution space to the null
vector equations and rotation equation remains an intriguing open question. The
classification of the multiple radial SLE(«) systems can be reduced to studying the

positive solutions to the null vector equations and rotation equations.
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Notably, in Y. Wang and Wu (2024), the authors introduce the following chordal

SLE weighted by the conformal radius. This type of solutions can also be realized

by screening. The corresponding partition function is given by

Zo (61,62) = (sin(6/2)) * By [CR(D\y) ] .

In Remark 5.2.5, we explain how this type of solution—weighted by the conformal

radius—corresponds to a sum of terms of the form jaz’l (0,7m).

1.3 Multiple radial SLE(0) systems
We treat multiple radial SLE(O) curves as natural geometric objects without reference

to multiple radial SLE(«) systems.

The defining properties of this ensemble of curves are geometric commutation and

conformal invariance.

Definition 1.3.1. Let yy,...,y, be simple disjoint smooth curves starting from

{z1,22, . . ., Zn} Which are n distinct points counterclockwise on the unit circle 0D.

(i) Each curve can be individually generated by a Loewner chain. In angular

coordinate, let z; = ¢'%i, then the Loewner equation for the covering map
hi(2) of g:1(2) (i.e. €MD = g, (7)) is given by

hi(z) - 6;(1)

0:h:(z) = cot( 3

), ho(z) =z, (1.3.1)

and the driving function 0;(t) evolve as

do; (1) =U; (61(2),02(2),...,0;(1),...,0,(1)) dt
dOx (1) = cot ((0x (1) = 0;(1)) /2)dt, k # j

where U;(0) : X" — R is assumed to be smooth in the chamber

X"'={(01,02,...,0,) eR" |01 <Or<...<0,<0y+21}.

(ii) The curves geometrically commute, meaning that the same collection of curves

can be generated by applying the individual Loewner chains in any chosen
(@)

0.4 using h[(ii), then mapping out

order. For example, we can first map out y

ht([") (7([{));} ), or vice versa. The images are the same regardless of the order
oLy

in which we map out the curves.
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(iii) Each curve 7y; is Mobius invariant in D. This means that if vy; is the curve
generated by a Loewner flow and initial data 6, then its image ¢ (y j) under a
conformal automorphism ¢ of D is, up to a time change, generated by the same
Sflow with initial data ¢(6) = (¢ (61), ..., ¢ (0,)). Our definition for multiple
radial SLE(0) can be naturally extended to an arbitrary simply-connected
domain Q with a marked interior point u via a conformal uniformizing map
¢ : Q — D, sending u to 0.

Under these dynamics, the driving function 6, (¢) evolves according to U, (@), while
the points 6 (¢), for k # j, follow the Loewner chain generated by 6,(¢). We define

a differential operator corresponding to the curve y; by

Hk—ej .
Mj:Uj(0)0]‘+ZCOt( 5 )6k, ]—1,...,n.

k#j

For k = 0, we can also derive the commutation relations for the generators M;; see

Section 3.3 for details.

Theorem 1.3.2. Let yy,...,y, be simple curves that are generated by Loewner

flows and U(O) : ¥ — R is C? smooth. We define the differential operator

M;=U;0; + Dy, cot(@)ak. If the curves locally geometrically commute, then

the vector fields M satisfy the commutation relations.

(M; = M) (1.3.2)

Sin

1
[Mlan] = ) Hi_gj
(=)

Moreover, under the additional assumption that 0;Uy = 0, U; for all j, k, then there
exists a smooth function U(@) such that U; = 0;U. The commutation relations
hold for L; if and only if there exists a common constant h such that

1 O —0; 3

5U12-+Zcot( . ])Uk—Zﬁzh (1.3.3)

. 2.6
k#j k#j 2 sin (T

However, it is important to emphasize a key distinction between the cases k > 0
and k = 0: in the case «x = 0, the conditions d;U; = d;U; are not consequences
of the commutation relations. These conditions are equivalent to the existence of a
smooth potential function U (0) : X" — R such that

U; = 0;U,
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where the chamber X" is defined by

X"=1{(61,02,...,0,) €eR" |01 <br<...<0,<0+21}.

If we view the multiple radial SLE(0) system as the classical limit of a random
multiple radial SLE(k) system, then for the latter, we have shown that the drift term

b;(8) takes the form
0log Z(6)
a0;

where Z(6) is a positive function satisfying the null vector equations. The idea is

bj(0)=K

that, as k — 0, the limit
lirr(l) ZO) =U(0)
K—

exists (at least for suitably chosen partition functions).

Therefore, we typically assume the existence of such a potential ¢ (0) with U;(6) =
0;U(0) when defining a multiple radial SLE(0) system.

This observation also suggests that, in fact, not all multiple radial SLE(0) systems
admit a quantization or arise as classical limits of random multiple SLE(«) systems.

Extending the methods in Alberts et al. (2020), we establish the theory of the
multiple radial SLE(O) systems. We investigate the structure of the multiple radial
SLE(0) from four different perspectives:

Stationary relations and critical points of master functions;

* Traces as horizontal trajectories of quadratic differentials forming link pat-

terns;

¢ Enumeration and classification;

Relations to classical Calogero-Sutherland system.

We construct multiple radial SLE(0O) systems through stationary relations. We
heuristically demonstrate how stationary relations naturally emerge when normal-
izing the partition function for the multiple radial SLE(k) system as k — 0, as

discussed in Section 6.1.

Definition 1.3.3 (Stationary relations). Let z = {z1, 22, . . . , Zn } be distinct points on

the unit circle, and let & = {&1, &>, . .., En} be a set of involution-symmetric marked
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points. In the unit disk D, the stationary relations are given by

4 —2m+2
_Z £y LTS g, k=1,2,....m. (134
e — 2 &k — & &k

1#k
In angular coordinates, setting z; = €% for i = 1,2,....n and & = e~ for
k =1,2,...,m, the stationary relations take the form
Y {4
Zcot( ) D 2c0 ( £ ’) k=1,2,...,m. (1.3.5)
=1 Ik

Based on the stationary relations, we now define the multiple radial SLE(0) systems.

Definition 1.3.4 (Multiple radial SLE(0) Loewner chain). Given boundary points
z =121,22,-...,2n} on the unit circle, a marked interior point u = 0, and involution-
symmetric screening charges {£1, &2, . . ., &y} that solve the stationary relations, we
define the multiple radial SLE(0) Loewner chain as follows:

Let v = (vi,...,v,) be a set of parametrizations for the capacity, where each

vi . [0,00) — [0, ) is assumed to be measurable.

In the unit disk D with u = 0, we define the multiple radial SLE(0) Loewner chain
as a normalized conformal map g; = g;(z), with the initial condition gy(z) = z and

the evolution given by the Loewner equation

zj(1) +8(2)

081(2) = ) Vi) = s
J t

J=1

go(z) = z. (1.3.6)

The Loewner chain for the covering map h,(z) = —ilog(g;(e'?)) is given by

< hi(z) — 0,(t
Orhi(z) = Z v;(1) cot (%) . ho(z) =z (1.3.7)
j=1
The driving functions 0;(t), for j = 1, ..., n, evolve according to
- dlog Z(6,4) 0; — 0k
0; —Vj(t)a—0j+ZVk(t)COt ] (1.3.8)

k#j

where the multiple radial SLE(0) master function is defined by

z0.0= [] SmZ(@) [ s (é“v é)l—”—[ (91«—51)

1<j<k<n 1<s<t<m k=1 I=1
(1.3.9)
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The logarithmic derivative of Z(0,{) with respect to 6; (treating 0 and { as

independent variables) is given by

0Z(0,0) _ 0; =0k 2
T_Zcot(—z ) 2Zcot(9j_§l) (1.3.10)

k#j

for j = 1,...,n, The flow map g, is well-defined up to the first time T at which
zj(t) = zik(t) for some 1 < j < k < n. For each z € C, the process t + g;(2) is
well-defined up to the time 7, A T, where 7, is the first time at which g;(z) = z;(t).

The hull associated with this Loewner chain is denoted by
Kt:{zeﬁ:TZSt}.

Remark 1.3.5. The above definition of the multiple radial SLE(0) system is dynamic
and local. It allows us to define such a system for arbitrary initial configurations
of involution-symmetric &, without assuming the stationary relations. When &
satisfies the stationary relations, we will show that, for any parametrization v(¢),
the traces are horizontal trajectories of a quadratic differential Q(z), dz?, as stated
in Theorem 1.3.7. This gives us an alternative perspective on the reparametrization

symmetry (commutation relations) in the case k = 0.

To characterize the traces of multiple radial SLE(0) systems, we introduce a class of
quadratic differentials, denoted QD (z), with prescribed zeros atz = {z1, 22, . . . , Zn}-
These quadratic differentials are defined on the Riemann sphere and exhibit involu-

tion symmetry.

Definition 1.3.6 (Quadratic differentials with prescribed zeros). Letz = {z1,22,...,2n}

be distinct points on the unit circle. The class of quadratic differentials, denoted by

QD(z).

1. symmetric under the involution 7* = %, meaning

0(z*)(dz*)? = Q(z)dz>.

2. distinct zeros at {z1, 22, . - . , Zn}, each of order 2.

3. distinct finite poles at {&1, .. .,En}, each of order 4, and the residues vanish

(Residue-free condition):

Resg (VQ(2)dz) =0, forj=1,...,m.
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4. poles of order n+?2 —2m at the marked points 0 and co. This ensures the total

difference between the number of zeros and poles is —4.

Here, the poles {&1, ... ,&y} are finite, meaning they do not coincide with 0 or .
The quadratic differential Q(z) € QD (z) must take the following form:

Q(Z) — ’]?:1 f,% ZZm—n—Z H;=1 (Z - Zj)z

IRV e, (z - &0*

By considering the primitive of F(z) = / \VO(z)dz, we find that the residue-free
quadratic differentials are natural generalization of rational functions, specifically

designed to address the monodromy at O; see section (6.3).

The geometry of the horizontal trajectories of a quadratic differential Q(z) € QD(z)

is described as follows.

In the main theorem (1.3.7), we show that the traces of the multiple radial SLE(0)
systems correspond precisely to the horizontal trajectories of the class of residue-free
quadratic differentials Q(z) € QD (z) with limiting ends at z = {z, 22, .. ., Zn}-

Theorem 1.3.7. Let z = {z1, 22, . . ., 2n} be distinct growth points on the unit circle
and screening charges ¢ = {&1,&2,...,&n} involution symmetric and solve the

stationary relations.

There exists an Q(z) € QD(z) with & as poles and 7 as zeros, the hulls K, gener-
ated by the Loewner flows with parametrization v(t) are subsets of the horizontal
trajectories of Q(z)dz? with limiting ends at z, up to any time t before the collisions

of any poles or critical points. Up to any such time

Q(z) o g € QD(z(1)).

where z(t) is the location of the critical points at time t under the multiple radial

Loewner flow with parametrization v(t).

The key ingredient in the proof of theorem (1.3.7) is the integral of motion for the
Loewner flows. This integral of motion, denoted by N,;(z), arises as the classical

limit of a martingale observable inspired by conformal field theory.

Theorem 1.3.8. In the unit disk D, let 71,22, ..., 2, be distinct growth points on
dD. For each z € D, define the following:
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VA0
AW =
T (81(2) — 2(1)?

[172(8:(2) = &;()*

t m 2
N:(z) = A(t)B:(z) = e—(2m—n)(/0 2jvi(s) dS)Hjnzlﬂ

k=1 <k (1)
IT5-(g:(2) — zk(1))?
[T72, (8:(2) = &;()*

Bt(Z) — e—(2m—n)(f0t 2 vi(s) ds) g[(Z)Zm—n—Z(g;(Z))

gt(Z)zm_n_z

(81(2))°

Then, A(t), B;(z), and N(z) are field integrals of motion on the interval [0, T, AT) for
the multiple radial SLE(0) Loewner flows with parametrization v;(t), j = 1,...,n.

Remark 1.3.9. N;(z) is a field integral of motion for arbitrary initial positions of
screening charges & even without assuming stationary relations. The stationary
relations imply the existence of a quadratic differential Q(z)dz> € QD(z); see
Theorem 1.3.7.

A detailed explanation of this construction can be found in Section 6.5. This
approach can also be extended to various multiple SLE systems. For the systematic
and rigorous study of such conformal field theories, please refer to Kang and N.
Makarov (2013) and N-G. Kang and N. Makarov (2021).

The closure of horizontal trajectories of Q(z) € QD (z) with limiting ends at zeros
{z1, 22, ...,z formradial topological link patterns, see theorem (6.3.5) for detailed
proof and section 6.7 and section 6.8 for figures illustrating the traces of the multiple
radial SLE(0) systems.

The classification of multiple radial SLE(O) is linked to the enumeration of the
master function for trigonometric KZ equations. This connection touches on a rich

and intricate area of enumerative geometry.

As shown in Scherbak (2002a), Scherbak (2002b), and Scherbak and Varchenko
(2003), these studies establish connections between the space of critical points and
tensor products of Verma modules and other algebraic structures, providing deeper
insights into the monodromy of the KZ equations. They also demonstrate that the
critical points of the master function can be interpreted as solutions to the Bethe

Ansatz equations, thereby linking the study of KZ equations with integrable systems.
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Furthermore, when all z;,z»,...,2, lie on the real line, it is shown in Mukhin,
Tarasov, and Varchenko (2009) that the enumeration of these critical points is

equivalent to the real Shapiro-Shapiro conjecture in real enumerative geometry.

This is part of our ongoing research, and based on Mukhin and Varchenko (2008), we

propose several illuminating conjectures about the enumeration problem in section
6.6.

1.4 Relations to classical Calegero-Sutherland systems
From the Hamiltonian point of view, we show that the multiple radial SLE(0)
Loewner growing with common parametrization of capacity (i.e. v;(¢) = 1) are a

special type of classical Calogero-Sutherland system.

The stationary relations can be interpreted as initial conditions for the particles and
n quadratic null vector equations as n null vector Hamiltonians, which are related
to the classical Calegro-Sutherland Hamiltonian via the lax pair. Furthermore,
these null vector Hamiltonians induce commuting Hamiltonian flows along the

submanifolds defined as the intersection of their level sets.

Theorem 1.4.1. From a dynamical system perspective, the driving functions of
multiple radial SLE(0) systems are given by

j—U(0)+Zcot( Qk),

k#j

where U satisfies the quadratic null vector equation for a constant h:

3
7/ Y B
S Yo ()

(1.4.1)

(i) By introducing the momentum function p;, defined as

i=U; +Zcot( '_0") (1.4.2)

k#j

we can reformulate the multiple radial SLE(0) system as a Calogero-Sutherland

system. The momentum p ; satisfies the null vector Hamiltonian equation:

7"]'(0’1’):% Z Pj* Dk ka"'Zijkfjl ZZf,k )—Cz

k] I#k k#j
(1.4.3)
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The total null vector Hamiltonian H = 3. ; H; is equivalent to the classical

Calogero-Sutherland Hamiltonian:

2

NP 4 B n(n®-1)

H=D.5~ 2 o ="M= (49
J 1<j<k<n SIN" | =—>—

(ii) The commutation relations between different growth pairs are expressed in
terms of the Poisson bracket:

1

-2
jk

{H;, H} (Hi —H;) . (1.4.5)

Consequently, the vector flows X4y, induced by the Hamiltonians H; commute

along the submanifolds N.:

N.={(8,p) : H;(0,p) =c, forall j}. (1.4.6)

This relationship is a classical analog of the relation between multiple radial SLE (k)
and quantum Calogero-Sutherland system, first discovered in Doyon and J. Cardy
(2007). Notably, in the k > 0 case, the solutions to the null vector PDE system in
section 5.2 yield eigenstates of the quantum Calogero-Sutherland system beyond the

eigenstates built upon the fermionic ground states.
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Chapter 2

COULOMB GAS CORRELATION AND RATIONAL SLE (k)

2.1 Schramm Loewner evolutions

In this section, we briefly recall the basic defintions and properties of the chordal
and radial SLE. We will describe the radial Loewner chain in D, where D = {z €
Cl|z |< 1} and chordal Loewner chain in H = {Im(z) > 0}.

Definition 2.1.1 (Conformal radius). The conformal radius of a simply connected

domain Q with respect to a point 7 € €, defined as
CR(L,z) := [f(0)],

where f : D — Q is a conformal map from the open unit disk D onto Q with

f(0) =z

Definition 2.1.2 (Capacity in D). For any compact subset K of D such that D\K is
simply connected and contains 0, let gg be the unique conformal map D\K — D
such that gk (0) = 0 and g3 (0) > 0. The conformal radius of D\K is

CR(D\K) := (g} (0)) "

The capacity of K is
cap(K) =log g (0) = —log CR(D\K, 0).

Definition 2.1.3 (Capacity in H). For any compact subset K C H such that H\K is
a simply connected domain. The half-plane capacity of a hull K is the quantity

hcap(K) := Zli_)noloz [gx(2) —z],

where gg : H\K — H is the unique conformal map satisfying the hydrodynamic

normalization g(z) = z+ O (%) as z — oo.

Definition 2.1.4 (Radial Loewner chain). Let g; satisfies the radial Loewner equation

elfr + 8:(2)

018:1(2) = 81(2) 5 — ()’ 80(2) =z, (2.1.1)
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where t — 0, is real continuous and called the driving function. Let K; be the set of
points z in D such that the solution gs(z) blows up before or at time t. K, is called
the radial SLE hull driven by 6.

Radial Loewner chain in arbitrary simply connected domain Q C C with a marked

interior point u € D, is defined via a conformal map from D onto Q sending 0 to u.

Definition 2.1.5 (Radial SLE(k)). For k > 0, the radial SLE(k) is the random

Loewner chain in D from 1 to O driven by:

0, = VkB;, (2.1.2)
where By is the standard Brownian motion.

Definition 2.1.6 (Characterization of radial SLE). The radial SLE is a family
P(D; ¢, 0) of probability measures on curves n : [0,00) — D with n(0) = ¢

and parametrized by capacity satisfies the following properties:

e (Conformal invariance) For all a € R, let p,(z) = €%z be the rotation map
D — D, the pullback measure p;P(D; ,0) = P(D; e 4, 0). From this, we
may extend the definition to P(Q; a, b) in any simply connected domain Q with
an interior marked point u by pulling back using a uniformizing conformal

map Q — D sending u to 0.

e (Domain Markov property) given an initial segment y [0, 7| of the radial SLE,
curve y ~ P(Q;x,y) up to a stopping time 7, the conditional law of y|[t, o)
is the law P (Q\K;y(7),0) of the SLE, curve in the complement of the hull
K from the tip y(7) to O.

® (Reflection symmetry) Let 1 : 7 v Z be the complex conjugation, thenP(Z,0) ~
FP(Z,0).

Definition 2.1.7 (Chordal Loewner chain). Let g; satisfies the chordal Loewner

equation

0:8:(z) = 20(z) = z, (2.1.3)

2
gi(z) —&(1)°
where t +— &, is continuous and called the driving function. Let K, be the set of
points z in H such that the solution g(z) blows up before or at time t. K, is called
the chordal SLE hull driven by &;
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Chordal Loewner chain in arbitrary simply connected domain Q C C from a to b,
is defined via a uniformizing conformal map from € onto H sending a to 0 and b to

00,

Definition 2.1.8 (Chordal SLE(k)). For k > 0, the chordal SLE(k) is the random

Loewner chain in H from 0 to co driven by

& = kB, (2.1.4)
where B; is the standard Brownian motion.

Definition 2.1.9 (Characterization of Chordal SLE). Chordal SLE is a family of
probability measures on curves P(H; a, b) 17 : [0, 0] — Hwith n(0) = a,n(c0) = b

and parametrized by capacity satisfies the following properties:

o (Conformal invariance) p(z) € Aut(H), the pullback measure p*P(a,b) =
P(H; p(a), p(b)). From this, we may extend the definition of to P(H z1, z2)
in any simply connected domain Q with two boundary points 71, 2o by pulling
back using a uniformizing conformal map Q — H sending z| to a and 7, to
b.

® (Domain Markov property) given an initial segment y |0, 7] of the SLE, curve
v ~ P(Q;x,y) up to a stopping time 7, the conditional law of y|[t, 00) is the
law P (Q\K;;y(7),y) of the SLE, curve in the complement of the hull K,
from the tip y(7) to y.

2.2 Coulomb gas correlation on Riemann sphere

To define more general SLE processes beyond the chordal and radial SLEs, we
introduce the concept of Coulomb gas correlations. These correlations serve as
partition functions for various SLE processes and play a central role in conformal
field theory.

We define the Coulomb gas correlations as the (holomorphic) differentials with

conformal dimensions A; = O'J?/ 2 — o;b at z; (including infinity) and with values

1—[ (Zj—Zk)(rjo-k, (Zjeé)

Jj<k
Zj,2kFO0

in the identity chart of C and the chart z — —1/z at infinity. If o;0y ¢ 27Z, the

Coulomb gas differential is multi-valued; in this case, we choose a single-valued
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branch. After explaining this definition, we prove that under the neutrality condition,
2.0 = 2b, the Coulomb gas correlation functions are conformally invariant with

respect to the Mobius group Aut(@).

Definition 2.2.1 (Differential). A local coordinate chart on a Riemann surface M
is a conformal map ¢ : U — ¢(U) C C on an open subset U of M. A differential
f is an assignment of a smooth function (f||¢) : ¢(U) — C to each local chart
¢ U — ¢(U). f is a differential of conformal dimensions [A, A.] if for any two

overlapping charts ¢ and ¢, we have:

nNA (7., LR 7
()= Y (W) (F o ), @2.1)
where h=¢o ¢~ : p(UNU) — ¢(U N ) is the transition map.

Definition 2.2.2 (Neutrality Condition). A divisor o : C — R is said to satisfy the
neutrality condition (NC),, if

o =2b, (2.2.2)

for some b € R. In the context of SLE,, the parameter b is related to k > 0 by

8 K
b= \/; - \/; (2.2.3)

Definition 2.2.3 (Coulomb gas correlations for a divisor on the Riemann sphere).

is a finite set of distinct points on C. The Coulomb gas correlation

Let the divisor

where {zj}?zl

C o] is a differential of conformal dimension A; at z;, given by

o2
=2 (o)) = 7’ — b, (2.2.4)

where Ap(0) = %2 —ob (o € C) whose value is given by

Ciplol =] | (zj—2)™™, (2.2.5)
Jj<k

where the product is taken over all finite z; and zy.

This defines a holomorphic function of z on the configuration space

Cliinet = 12= (215, 20) € C"|zj # zx for j # k}.
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In general, the function is multivalued, and one must choose a single-valued branch
for each factor (zj — zx)?7%, except in special cases where all o are integers. If
all o are even integers, the function becomes single-valued and independent of the
ordering of the product. In the special case where o; = 1 for all j, the correlation

function coincides with the Vandermonde determinant.

Theorem 2.2.4 (see N-G. Kang and N. Makarov (2021) thm (2.2)). Under the

neutrality condition (NCy), the differentials C[o] are Mobius invariant on C.

2.3 Coulomb gas correlation in a simply connected domain
In this section, we define the Coulomb gas correlation differential in a simply

connected domain.

Definition 2.3.1 (Symmetric Riemann surface). A symmetric Riemann surface is a
pair (S, j) consisting of a Riemann surface S and an anticonformal involution j on
S. The latter means that j : S — S is an anti-analytic map with j - j = id (the
identity map).

The principal example for us is the symmetric Riemann surface obtained by taking
the Schottky double of a simply connected domain domain. The construction of this
is briefly as follows. (See section 2.2, Schiffer and Spencer (1954), 11.3E, Ahlfors
and Sario (1960) for details.)

Definition 2.3.2 (Schottky double). Let Q C C be a simply connected domain in C
with T = 0Q consisting of prime ends. Take copy Q of Q and weld Q and Q together
along T so that a compact topological surface QPP = QU T U Q is obtained. If
z € Q let 7 denote the corresponding point on Q. Then an involution j on QPoble
is defined by

j(@)=Z and

j(Z) =z forzeQ,

j(z)=z forzeTl.

The conformal structure on Q will be the opposite to that on Q, which means that

the function 7 ~— 7 serves as a local variable on Q, and j becomes anti-analytic.

Forp € 0Q, let ¢ : U c Q — ¢(U) be a local boundary chart at p, let U be the
corresponding subset in Q, then ¢ : U ¢ Q — ¢(U) is a local chart at p. Then we
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QPouble gt boundary point p by

{¢(Z),z eU
() = —— .
#(z),z€U.

can define a local chart T for

Thus, the conformal structure on QPDouble inherited from C, extends in a natural
way across I to a conformal structure on all of QPP This makes QPP into a

symmetric Riemann sphere.

For example, we identify C with the Schottky double of H or that of D. Then the
corresponding involution j is jy : z+> 72" =Zfor Q=Hand jp : z > 7* = 1/Z for
Q=D.

Definition 2.3.3 (Double divisor). Suppose Q is a simply connected domain (Q C
C).

A double divisor (o*, 077) is a pair of divisor in Q

0'+:ZO';’-ZJ~,0'_:ZO']-ZJ~. (2.3.1)

We introduce an equivalence relation for double divisors:

(of.07) ~ (05, 0%) (2.3.2)

if and only if
o] +o{ =0, +0,; ondQ. (2.3.3)

Thus, we may choose a representative o~ from each equivalence class that is

supported in Q, i.e., o= 0ifz; € 0Q.

Definition 2.3.4. Suppose Q is a simply connected domain (Q C C), let 0Q be its
Carathéodory boundary (prime ends) and consider the Schottky double S = Qble

which equips with the canonical involution t = 1o : S — S,z 7°.

Then, for a double divisor (o, o~), we define the associated divisor on the Schottky
double S by

o=0c"+0,, where o, := Z o z;, (2.3.4)

and each Zj- denotes the image of z; under the canonical involution ¢ of S. Accord-

ingly, o, is the pushforward of o~ under .



24

Definition 2.3.5 (Neutrality condition). A double divisor (0", ™) satisfies the
neutrality condition (NCyp) if

/0':/0'++/0'_:2b. (2.3.5)

Definition 2.3.6 (Coulomb gas correlation for a double divisor in a simply connected
domain). For a double divisor (o*,07), let & = o* + o be its corresponding
divisor in the Schottky double S, we define the Coulomb gas correlation of the

double divisor (o*,0™) by

Ca [0, 07| (z) :=Cs[o]. (2.3.6)

We often omit the subscripts Q, S to simplify the notations.

If the double divisor (o*, 0™) satisfies the neutrality condition (NCyp), then the
Coulomb gas correlation function Cq [0F, 07| is a well-defined differential on Q,

with conformal weights [/1;, /lj_] at each point z; € .

If z; € 0Q, then the differential is with respect to a boundary chart: that is, a local
conformal map from a neighborhood of z; in £ to the upper half-plane H, sending
zj to a boundary point of H. The derivative 9, is then defined as the holomorphic

derivative in this local coordinate.

N Gy . (07"
=2, (o7) = S —orh, A= (0y) = —5——0b.  23D)

By conformal invariance of the Coulomb gas correlation differential Cs[o] on
the Riemann sphere under Mobius transformation, the Coulomb gas correlation

differential Cq [0F, 07] (z) is invariant under Aut(Q).

Theorem 2.3.7 (see N-G. Kang and N. Makarov (2021) thm (2.4)). Under the
neutrality condition (NCy), the value of the differential Cy [o*, 0™ in the identity
chart of H (and the chart z — —1/z at infinity) is given by

Calot o] =] [(ej—2) 77 (5 -2) 7 [ [ (i -2) 7 . 238)
Jj<k J.k

where the products are taken over finite z; and zy.
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Example 2.3.8. We have

(i) if o~ =0, then (up to a phase)

Gl 0] =[] - 2777

j<k

(ii) ifo~ = o, then (up to a phase)

— 2 2
Ca |0 | =[] |(zs = 20) 77 (2 = 2) 7 (2Imz;)™1
j<k Imz;>0
(iii) if o~ = —o*, then (up to a phase)
R 2
cufor 7=l =07 -] [ e

j<k Imz;>0

where the products are taken over finite z; and zy.

Theorem 2.3.9 (see N-G. Kang and N. Makarov (2021) thm (2.5)). Under the
neutrality condition (NCy), the value of the differential Cp [o*, 07™] in the identity
chart of D is given by

Colot o) =] [(-a) 7 (F-2)7 " [ [(1-22)77 ., 239
Jj<k J.k

where the product is taken over finite z; and zy.

2.4 Rational SLE,[o]

Definition 2.4.1 (Rational SLE). In the unit disk D, let ¢! € 0D be the growth point,

and let uy = €', uy = €%, .. . uy = "% € D be marked points. The symmetric

double divisor (0", 0") assigns a charge distribution on €' and {uy,u>, ..., un},
where ot =a-e® + 3 0 -ujand o~ = oo, satisfying the neutrality condition
(NCp).

We define the rational SLE [ 0| Loewner chain as a random normalized conformal

t

map g, = 8:(z), with initial conditions go(z) = z and g;(0) = e”". The evolution of

g:(z) is governed by the Loewner differential equation:

eie(t) +g (Z)
0:8:(2) = g,(z)emm—t

ey 9T
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Let h;(z) be the covering map of g,(2), i.e., ¢ = g,('?). The evolution of h;(z)

is described by:
hi(z) —6(t
o te) = oot (MO Z0D) ) =z

The driving function 0(t) evolves according to:

01 0

do(r) = 218 <O o as,.
06

where the partition function

0 — 00\

Z() = l_[ sin ( / . ") 1_[ 271 (00-0)6; (2.4.1)

J<k J

is defined in (2.4.1).

The flow map g, is well-defined up to the first time T at which {(t) = g;(w) for some
w in the support of o. For each z € C, the process t — g,(z) is well-defined up to
7. AT, where T, is the first time at which g;(z) = '), Denote K, = {Z eH:7. <t

as the hull associated with this Loewner chain.

Furthermore, the law of the rational SLE(«x) Loewner chain is invariant under
Moébius transformations Aut(D) (up to a time change), due to the conformal invari-
ance of the Coulomb gas correlation. Consequently, we define rational SLE [ o] in

any simply connected domain Q by pulling back via a conformal map ¢ : Q — D.

In definition (2.4.1), we define the rational SLE from the perspective of the partition
function. This approach helps us to understand the SLE within the framework of
conformal field theory and can be naturally extended to various settings, including
multiple SLE(k) systems.

Example 2.4.2. Double divisor for chordal and radial SLE(«, p), where & denotes
the growth point and q is the marked boundary point (in the chordal case) or interior

point (in the radial case).

In addition to the aforementioned definition, another widely used equivalent is
known as SLE(k,p). We prove the equivalence between rational SLE,[o*, o~] and

SLE(k,p) in the following theorem.
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Figure 2.1: Chordal SLE(x) 0 = a - £ + Figure 2.2: Radial SLE(k) 0" = a - & +
(2b—a)-q,0'_:0 (b—a)-q,g'_:b.q

Definition 2.4.3 (Radial SLE(k, p)). Let & be the growth point on the unit circle,
and let

p= PjOu; + 0000+ 0 - 0o

n
j=1
be a divisor on C, where p; € C, and the divisor p is symmetric under inversion,

Le.,

p(2)=p (iz) forall 7 € C.
k4

We say p satisfies the neutrality condition for SLE(k, p) if

/p:K—6.

. Define the radial SLE(k, &, p) Loewner chain by

E(1) + g:1(2)

(9tgt(z) = &(Z)m,

go(z) = z. (2.4.2)
Let £(t) = €0, u; = €97 and h,(z) be the covering map of g/(z) (i.e. hi(z) =
g:(e'%)), then the Loewner differential equation for h,(z) is given by

hi(z) - 6(1)

0ch: (z) = cot( 5

), ho(z) =z, (2.4.3)

the driving function 6(t) evolves as

(1) —q,(1)

). (2.4.4)

do(t) = VkdB, + ) pj cot(
J

Note that although the lifts of () in universal cover are not unique, different lifts
lead to the same differential equation for /,(z) by periodicity cot(z + kx) = cot(z),
k € Z.
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Theorem 2.4.4. For a symmetric double divisor 0% = a-é+3 oj-ujando~ = oo
satisfying neutrality condition (NCyp), let p = ZT:I pj-ujwherep; = (ka)o;. Then
two definitions SLE[0*, 0~ ] and SLE(k, p) are equivalent.

Proof. The equivalence in one chart can be verified by directly computing the
drift term in the Loewner equation. The conformal invariance of SLE(«, p) under
the neutrality condition (NCp), where the divisor p consists of real charges, is
established in Schramm and D. Wilson (2005). Moreover, their argument extends

naturally to the case where the charges p are complex. O

2.5 Classical limit of Coulomb gas correlation
Now, we extend our definition of Coulomb gas correlation to k = 0 by normalizing

the Coulomb gas correlation.

Definition 2.5.1 (Normalized Coulomb gas correlations for a divisor on the Riemann

is a finite set of distinct points on C. The normalized Coulomb gas

sphere). Let the divisor

where {Z]'}?:l

correlation C|o] is a differential of conformal dimension A; at z; by

Let A(0) =c?+20 (0 €R).

A; = (o)) = 07 + 207, (2.5.1)
whose value is given by
Clol =[] (e -2)* "™, (2.5.2)
j<k

where the product is taken over all finite z; and zj.

Remark 2.5.2. The normalized Coulomb gas correlation can be viewed as taking the
k — 0 limit of the divisor \/ﬂo, the Coulomb gas correlation function C;) [o]*,

and conformal dimension «A4;.

Definition 2.5.3 (Neutrality condition). A divisor o : C—oR satisfies the neutrality

/ o=-2. (2.5.3)

condition if
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Theorem 2.5.4. Under the neutrality condition / o = =2, the normalized Coulomb

gas correlation differentials C o] are Mébius invariant on C.

Proof. By direct computation, similar to the « > 0 case. O

Definition 2.5.5 (Coulomb gas correlation for a double divisor in a simply connected
domain). For a double divisor (o*,07), let & = o* + o be its corresponding
divisor in the Schottky double S, we define the Coulomb gas correlation of the

double divisor (o*,07) by:

Co [0, 07] (z) :=Cs[o]. (2.5.4)

We often omit the subscripts Q, S to simplify the notations.

If the double divisor (0", 0™) satisfies the neutrality condition, then C [o*, o~ is

a well-defined differential with conformal dimensions [/l;f, /l;] at z;.

A5=2

: = —L—+20t, A =a(0)) =

2 J’ J

()2 ()2
(o) = +207. (2.5.5)

By conformal invariance of the Coulomb gas correlation differential Cs[o| on
the Riemann sphere under Mobius transformation, the Coulomb gas correlation

differential Cq [0*, 07] (z) is invariant under Aut (Q).

Definition 2.5.6 (Neutrality condition). A double divisor (0%, ™) satisfies the

/0':/0'++/0'_:—2. (2.5.6)

Theorem 2.5.7. Under the neutrality condition f ot + f o~ = =2, the value of
the differential Cy [0, 07"] in the identity chart of H (and the chart z — —1/z at

infinity) is given by

neutrality condition if

Cu ot o7 = n (zj - zk)za;a’t (z; — 2x)> %% n (zj - Zk)za;a; . (25.7)
Jj<k J.k

where the products are taken over finite z; and zy.
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Theorem 2.5.8. Under the neutrality condition / ot + f o~ = =2, the value of the
differential Cp [0, 0] in the identity chart of D is given by

Co ot o] =] [ (e —a) @ (7 -2 " [ [ (1-22) 7, @58)
Jj<k J.k

where the product is taken over finite z; and z.

2.6 Rational SLEy[o]

Definition 2.6.1 (Rational SLE). In the unit disk D, let ¢! € 0D be the growth

point, and let uy,uy,...,u, € D be marked points. A symmetric double divisor
(0", 07) assigns a charge distribution on €'’ and {u., . . .,u;}, where
k
+_ i0 o d - _—F
oT=a-¢e"%+ oj-uj, and o~ =0"|p,
j=1

and the total charge satisfies the neutrality condition / o=-2.

We define the rational SLEy|[o| Loewner chain as a normalized conformal map

t

8:(2) with initial conditions go(z) = z and g;(0) = e™'. The evolution of g; is

governed by the Loewner differential equation:

e?) 81(2)

— o 7) = Z.
0 () go(z)

0:8:1(2) = £(2)
In the angular coordinate, let h;(z) be the covering map of g,(z) defined by ¢(?) =
g:(€?). Then h;(z) evolves according to

hi(z) - 6(1)

0rh(z) = cot ( 3

), ho(z) = z.

The driving function 6(t) evolves according to

dlog Z(6)

do(t) =
(1) 50
where the Coulomb gas partition function is
0, — 0\ i
Z(9) = l_[sin( - k) | et (2.6.1)
j<k J

The flow g, is well-defined up to the first time v at which w(t) = g;(w) for some w
in the support of o. For each z € D, the process t — g,(z) is well-defined up to

7, A T, where T, is the first time such that g,(z) = "), Denote

Kt:{ZEBZTZSl}
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as the hull associated with the Loewner chain.

Furthermore, the rational SLEy Loewner chain is invariant under Mobius trans-
formations in Aut(D) (up to a time reparameterization), due to the conformal
invariance of the Coulomb gas correlation. Consequently, rational SLEy[o] in
any simply connected domain € is defined by pulling back via a conformal map
¢:Q — D.

In definition (2.6.1), we introduce the definition of SLE[3] as a natural extension
of SLE.[B] to k = 0. The main ingredient in our definition is the normalized

Coulomb gas as the partition function.

Now, we introduce another widely used definition SLE(O, p) which is a natural

extension of SLE(k, p) to x = 0. We prove the equivalence between rational
SLEy[o] and SLE(O, p) in the end.

Definition 2.6.2 ( SLE(0, p)). Let w be the growth pointon 0D and p = 3| p;6,;+
0004000 be a divisor on C that is symmetric under involution, i.e. p(z) = p(#)
for all z and / p = —6. Define the radial SLE(0, w, p) Loewner chain by

w(t) +g/(2)

0181(2) = 8:(2) . go0(2) =z, (2.6.2)
w(1) — g:1(2)
where the driving function w(t) evolves as
i) +w(n) )
UORSEODI ) w0 (2.6.3)

7
In the angular coordinate, w(t) = ¢'*® and uj(t) = ¢4 let h,(z) be the covering

conformal map of g(2) (i.e. ¢™ = g,(e)).

Then the Loewner differential equation for h,(z) is

h -0 —
Ohi(z) = cot(—‘(z)2 D),  ho(z) =z, z €H, (2.6.4)
where the driving function 6, evolves as
q (1)
6, = Z p; cot( 20, x(0) = xo. (2.6.5)

Theorem 2.6.3. For an involution symmetric divisor o = W+Z’}1:1 o} - zj satisfying
neutrality condition fa' = =2, let p = 22’;’:1 oj - zj, then fp = —6 and two
definitions SLEy[o] and SLE(0, p) are equivalent.
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Proof. The equivalence in one chart can be verified by directly computing the
drift term in the Loewner equation. The conformal invariance of SLE(k, p) under
the neutrality condition (NCp), where the divisor p consists of real charges, is
established in Schramm and D. Wilson (2005). Moreover, their argument extends

naturally to the case where the charges p are complex. m|
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Chapter 3

COMMUTATION RELATIONS AND CONFORMAL
INVARIANCE FOR MULTIPLE SLE SYSTEMS

3.1 Transformation of Loewner flow under coordinate change

In this section we show that the Loewner chain of a curve, when viewed in a
different coordinate chart, is a time reparametrization of the Loewner chain in the
standard coordinate chart but with different initial conditions. This result serves as
a preliminary step towards understanding the local commutation relations and the

conformal invariance of multiple SLE(k) systems.

Let us briefly review how Loewner chains transform under coordinate changes.

Theorem 3.1.1 (Deterministic Loewner chain under coordinate change). In angular
(trigonometric) coordinates, suppose y(0) = 6 € R and let the marked points be
01,6>,...,0, € C. Let y(t) be the curve generated by the deterministic Loewner
chain:

h(z) — 6,

61‘ht(Z) = cot ( 2

)» 0 =b (0 h(61),..., 7 (6)), (3.1.1)
with initial condition ho(z) = z and 0y = 6, where b : R X C" — R is a smooth
vector field.

Let T : N — H be a conformal map defined on a neighborhood N of 0 such that
v[0,T] ¢ N and T(ON NR) C R. Define the image curve y(t) = t(y(t)) for
t € [0,T], and let hy denote the conformal map associated with y[0, t].

Define the conformal coordinate change

Y, = E oToO h,_l.
Then the image conformal map E(z) satisfies the evolution equation:

I’lt(Z)z_ 0; . [‘*P;(H;)]z , FEQ(Z) =z, (3.1.2)

8ihy(2) = cot (

where the new driving function is

6, = h,otoh ' (6,)=Y,(6,), 6y=1(6).
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Moreover, the curve y(t) is parameterized so that its unit disk capacity satisfies
t
heap(7]0, t]) = 20 (¢), where o (1) := / |‘P;(0S)|2 ds. (3.1.3)
0

Proof. See Section 4.6.2 in Lawler (2005). O

Theorem 3.1.2 (Stochastic Loewner chain under coordinate change). Suppose the

driving function 8, evolves according to the stochastic differential equation
d@[ = \/EdB;'Fb(gt;\P[(gl),...,\Pt(gn)) dt, (314)

where B; is standard Brownian motion, and ¥; := h; o T o ht_1 is the conformal

coordinate change defined as in Theorem 3.1.1.

Define the transformed driving function
51‘ = lP;(@,),

and introduce the reparameterized time

s(1) == /0 ¥, (6,)|? du.

Then the process 0, := Wi(5)(0i(5)) satisfies the following SDE:

”

b (Qs; ‘P,(s)(el), e, ‘Pt(s)(e,,)) s+K — 6. ‘Pz(s)(QS)
70, PENTTNUNIE

d, = \x dBy+ ds. (3.1.5)

Proof. We apply 1td’s formula to the composed process 0, = ¥,(6,). Using the

chain rule for semimartingales:

o ’ 1 ”
db; = (6,%Y;)(6;) dt + Y[ (6;) db; + ETt (6;) d(0);

= (6,9,)(6,) dt +¥,(0,) [Nk dB, + b(0,:%,(61). ..., P,(6,)) dt] + gqf,”(e,) dt.

From Proposition 4.43 in Lawler (2005), we use the identity
(0 Y1) (0;) = —3\P;/(91)~

Substituting into the equation:
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a ’ ’ K ”
dB, = W/(0,)VK dB, + ¥ (6,)b(0,; ¥, (61), . .., ¥,(6,)) dit + (5 - 3) w(8,) di

kK—06

= P/(0:)Vk dB, +¥[(0,)b(0,;%,(61), . .., P,(6,)) dt + Py (60,) dt.
Now, we reparameterize time via s(¢) = /0[ |¥’ (6,)|*du. Under this change of time,
we obtain the transformed SDE for 6, by dividing all drift and diffusion terms by
EACHIE

b(0s; Wi5)(01), ..., Pi(5)(On)) k=6  Vi5(0s)
y ds + S ds.
¥l () (65) 2 [, 09)]°

O

dé; = \/Est +

Remark 3.1.3. By Theorem 3.1.2, under a conformal coordinate change 7, the drift
term in the marginal law transforms as a pre-Schwarzian form. Specifically, if the

driving function satisfies
d@t = \/;dB[ + b(@t) dt,

then the drift b transforms under 7 as
6—«

b(0) =1/(6) - b(1(6)) + - (log 7'(0))’ .

Here, b is the drift in the image coordinate g = 7(6), and the second term is the

pre-Schwarzian derivative of 7.

Corollary 3.1.4. Let y, ¥ be two hulls starting at e € 0D and e € 0D with
capacity € and ce , let g¢ be the normalized map removing 'y and € = hcap(geoy(1)),

then we have:

E
F=cell-—2 +0(82). (3.1.6)
( sin2<%)
Proof. Locally, we can define h;(z) = —ilog(g;(e'?)). Then from the Loewner
. , _ R (w) S, 3
equation, d;h;(w) = _2sin2(h’(wz)_xl , which implies 4, (y) = 1 — m +o(ée).

By applying conformal transformation 4. (y), we get

s , _ &
g = ce(he(y)2 +o0(€)) =ce (1 - m) +0 (82) .



36

3.2 Local commutation relation and null vector equations in x > 0 case
In this section, we explore how the commutation relations (reparametrization sym-
metry) and conformal invariance impose constraints on the drift terms b;(z, u) and

equivalently impose constraints on the partition function y(z, u) derived from b;.

The pioneering work on commutation relations was done in Dubédat (2007). The
author studied the commutation relations for multiple SLEs in the upper half
plane H with n growth points zj, z2,...,2, € R and m additional marked points

Ui, Uz, ..., Uy €R.

We extend this Dubedat’s commutation argument to the case where there are n
growth points 21, 22, . . ., Z, € dD and one interior marked point u# € D; see theorem
(3.2.1) and (3.2.5).

The commutation relations in the unit disk D with the marked point O are partially
studied in Dubédat (2007) and Y. Wang and Wu (2024).

A significant difference between the multiple radial and standard chordal SLE(k)
systems (with no marked points) arises when we study their conformal invariance
properties. Although the multiple radial SLE(k) systems are conformally invariant,
their corresponding partition functions form equivalence classes that do not neces-
sarily exhibit conformal covariance. However, within each equivalence class, it is

still possible to find at least one conformally covariant partition function.

Theorem 3.2.1 (Commutation Relations for u = 0). In the unit disk D, consider n

0>
e

radial SLEs starting at el e ,e'% € 9D, with a marked interior point u = 0.

(i) Let the infinitesimal diffusion generators be

B 91'—01'
M; = Eaii +bi(01,02,...,0,)0; +]Z¢;C0t( 2 )aj’

where 0; = Op,. If the n SLEs locally commute, the associated infinitesimal

generators satisfy

[Mi, M;] = M; = M,).

-2 91'—6','
S ( 3

There exists a positive function Y (0), defined on X"(0), such that the drift
term satisfies
bi(0) = kd;logy,
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and  satisfies the null vector equations:

0;—0; 6 1
gaﬁlﬁ+ZCOt( / 2 )(9,'lﬁ+ (1 —;)Z—lﬁ—hj(ej)lﬁ =0,

Jj#i J¢z4sm(2

(3.2.1)

fori=1,2,...,n, with undetermined functions h;(6,).

(ii) By analyzing the asymptotic behavior of two adjacent growth points 6; and 0,4,
(with no marked points between them), we further deduce that h;(6) = hi41(6).
Consequently, if all growth points are consecutive with no marked points

between them, there exists a common function h(6) such that
h(6) = hi(0) = --- = hy(6).

Theorem 3.2.2 (Conformal Invariance under Aut(D,0)). For a rotation map pe,

the drift term b;(0) is invariant under py, i.e.,

bi = b; o py.

(i) The function h(0) in the null vector equation (3.2.1) is rotation-invariant, and

there exists a real constant h such that

h(8) = h. (3.2.2)

(ii) There exists a real constant w such that, for all 8 € R,
W01 +0,...,0,+0) =e“%(0),...,0,). (3.2.3)

Remark 3.2.3. Combining Theorem (3.2.1) with Theorem (3.2.2), we conclude that
a multiple radial SLE(«) system with fixed u = 0 is characterized by a partition
function that satisfies the null vector equations (3.2.1) with a constant /4 and has a

rotation constant w.

Remark 3.2.4. The drift term b;(6y,...,0,) is 2n-periodic and therefore well-
defined on the unit circle S!. However, for w # 0, the partition function ¢ is
not 27r-periodic, making it multivalued on S! and well-defined only on the real line

R, the universal cover of S!.

Thus, for w # 0, the conformal invariance of partition functions requires the use of

the group Aut(D, 0) with a group action on R.
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The discussion on commutation relations above extend to arbitrary u € D, as

described in the following theorem.

Theorem 3.2.5 (Commutation Relations for u € D). In the unit disk D, let n radial

SLEs start at '%1,¢%2, ... e € 9D, with a marked interior point u *+ 0.

(i) Foru = e, let the infinitesimal diffusion generators be

K 0; —0; v—0; V—-0;\=
M; = 50,-,-+b,-(0, u)6i+Z cot( 5 ) dj+cot (Tl) 0, +cot (Tl) 0,.

J#

If the n SLEs locally commute, the generators satisfy

1
-2 Qj—ei
s (T

There exists a partition function Y (0, u) such that the drift term b;(0,u) is

[Mi, M;] = M; = M,).

given by
bi(0,u) = k0; logy,

and  satisfies the null vector equations:

K 2 2 2 =
S0+ 5 g g g

— V—Qi V=
J#i

6) 1
1-- ——— + hi(6;,u) | Yy =0.
( K ; (Qj — 6’,’)2
(ii) By analyzing the asymptotics of adjacent points 6; and 6;.1, we deduce that

hi(0,u) = hi1(60,u). If all points are consecutive, there exists a common

function h(0, u) such that

h(60,u) = hi(0,u) =---=h,(0,u).

Now, we discuss how Aut(D)-invariance imposes constraints on the drift terms of a
multiple radial SLE(«) system and how to choose a conformally covariant partition

function representative within its equivalence class.

Definition 3.2.6. The conformal group Aut(D) satisfies the following properties
(see Lang (1985)):

o Aut(DD) is isomorphic to PSL;(R). Each element T € Aut(D) can be written

as

7(2) =T, o pg(2),
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=V

where pg(z) = ez and T, (z) = =

Geometrically, Aut(D) is an S Lbundle over H, and it naturally acts on

D = S' by extending the conformal maps to the boundary.

® The universal cover EI‘[(D) is isomorphic to SZQ(R). Each element T €

A;[(D) can be decomposed as
T= TV o A69

where 6 € R, and Ay represents addition by 6 on R.

Geometrically, AT;‘[(D) is an R-bundle over H, and it naturally acts on R, the

universal cover of S'.

— Forx e R, Ag(x) =x+6.

— Forv € D, there exists a unique |y — x| < n such that e¥ = T, (e™).

Theorem 3.2.7. Let T € Aut(D). The drift term b(0,u) is a pre-Schwarzian form,

satisfying
6—«

2

b =7'bjoT+ (log7’)".

(i) There exists a smooth function F(t,u) : :‘:Jt(D) x D — R such that

K

logy —log(y ot) +

-6
log 7(6;) = F(7,u),
e 221087 (0) = F(r.)

where F satisfies the functional equation

F(nit2,u) = F(71,72(u)) + F(12,1). (3.2.4)
(ii) There exists a rotation constant w such that

F(Ag,0) = wb. (3.2.5)

If w =0, Aut(D) suffices to describe conformal invariance, and F reduces to
a map Aut(D) x D — R.

(iii) Suppose F\(t,u) and F>(t,u) correspond to partition functions | and 5.

If their rotation constants w| = wy, then there exists a function g(u) such that

Yo =g(u) Y.
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(iv) Fort € ;‘:uit(D) let T(u) = v. Decompose 7=T,0Ago0T,!, whereu,v € D
and 0 € R. Using the relations T, (u) = |2 and T!(0) = 1 — |v|?, define

o201 (W)

_lvP)szaw»

" A(u) 1
7 ()7 () :hww

Then
Fh@A%PWW%wwj

satisfy the functional equation (3.2.4), with rotation constant w = Im(A(u)).

Remark 3.2.8. Combining Theorem (3.2.5) with Theorem (3.2.7), we show that a
multiple radial SLE(k) system with u € D is described by a conformally covariant
partition function that satisfies the null vector equations (3.2.1) with a constant
h. The partition function has a rotation constant w and a non-unique conformal
dimension A(u), with w = 3(A(u)). Moreover, two distinct conformally covariant
solutions differ by a multiplicative factor corresponding to a power of the conformal

radius.

Proof of theorem (3.2.1) and theorem (3.2.5). The derivations of the commutation
relations for u = 0 and arbitrary u # O are similar. We mainly discuss the case
u # 0. The proof for u = 0 can be obtained by simply ignoring the u-dependence
and related derivatives in the drift and diffusion generators since u = 0 is fixed by

the Loewner flow.

(1) We first focus on the growth of two hulls from a specific pair of growth points.
Consider the following scenario: we grow two hulls from e™* and e on the
boundary 0D and relabel the remaining growth points as ¢'%/ the marked point

u=ev.

Lemma 3.2.9. In the angular coordinate, suppose two radial SLE hulls start
fromx,y € Rwithmarked points z1, 22, . . . , 2, € R and marked interior point
u € D. Ifu =0 is a marked point, we simply omit it since u = 0 is fixed by the
Loewner flow. Let My and M,

y—X g Zi—X
0 t
)y+Zco( >

)8 +Zcot(

- X
2

My = g@xx+b(x,y...)6x+cot( )8,-+cot(v

Mo = gayy+5(x,y,. )3y + cot(=

2

)0v+cot(

y)al- +cot(v —y) 0, +cot(

<|
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be the infinitesimal diffusion generators of two SLE hulls, where 0; = 0,.

If two SLEs commute, then the associated infinitesimal generators satisfy

[Mi, Ma] = —

s1n2(¥)

(My = My). (3.2.6)

Moreover, there exists a positive function ¥ (x, y, z,u) such that

5xlﬁ l; _ ay‘ﬁ
b =Kk—
¥ ¥

b=«

and  satisfies the null vector equations

£0up + X cot(357) Oy + cot(357)dyy + cot (45 d,y + cot (7%’“) o
+((1 - g) m+h1(x,z))w =0
L0y + 2 cot(52) 0 + cot(52) 0y + cot (—52) dyyr + cot (V%y) A
#((1-8) ety + 12029 0 = 0

(3.2.7)

Proof. Consider a Loewner chain (K s,,) (s.0)eT with a double time index. The
associated conformal equivalence are g, ;. We also assume that K, = K o U
Kos If s <s',t <t,(s',t') € T,then (s,1) € T.

Let o ( resp. 7) be a stopping time in the filtration generated by (K) (5.0)eT (
resp. (KOJ)(OJ)GT)' Let also 77 = {(s,t) : (s+0,t+71) € T} and
(KS) oyerr = (8o (Ksvoasr\Ksr) ). Then (K;,O)(S’O)GT, is distributed as

a stopped SLE,(b), i.e an SLE driven by

dxs = VkdBs + b (xs, hs(¥)s oo hs (z) 5.0 eihS(V)) dr,
where h; is the covering map of Loewner map g, (i.e. ¢/+(2) = g (e'%)).

Likewise (K ! is distributed as a stopped SLE¢(b) , i.e an SLE driven

OJ)(O,t)e‘T’
by:
dy; = VkdB, +b (ilz(x),yz, SN ACOR ’eiht(V)) dr.

where £, is the covering map of g, (i.e. s = hy(e™?)).

Here B, B are standard Brownian motions, (gy), (g;) are the associated con-

formal equivalences, b, b are some smooth, translation invariant functions.

Note that
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(xs’ hs(y)’ cees hs (Z[) ,...»Re (hv (V)) ,Im (hv (V)))

is a Markov process with semigroup P and infinitesimal generator M;. Sim-
ilarly,

(fl,(x), Viseo b (2i),...,Re (ﬁt (v)) ,Im (fz, (v)))

is a Markov process with semigroup Q and infinitesimal generator M.

We denote A*, A” the unit disk capacity of hulls growing at e’ and e’”, and con-
sider the stopping time o = inf (s : A* (K,0) > a*),7 =inf (t : A (Ko,) > a”),

where a* = ¢,a” = ce.

We are interested in the SLE hull K, . There are two natural ways to evolve
from the initial configuration Ko to K ¢

— via KO,O - KO',O - Ko',‘r,

— orviaKpg — Kor — Ko7

We describe both paths using infinitesimal capacity expansions:

(i) Runthe first SLE (i.e., SLE, (b)) from the initial configuration (x, y, ..., z;, . .

until it accumulates capacity €. Then, independently run the second
SLE (i.e., SLE, (b)) in the transformed domain g;' (D), stopping when
it reaches capacity ce, measured in the original unit disk. Let &, and Az
be the conformal maps removing the corresponding hulls, centered at x
and y, respectively. Define ¢ = hz o h, as the normalized composition
map. Then expand

E (F (hs(X:). Yz))

up to second order in €. This expansion describes, in distribution, the

evolution from Ky to Ko, and then to K ;.

(i) Begin by running the second SLE (i.e., SLE, (b)) until it reaches ca-
pacity ce. Then, run the first SLE (i.e., SLE,(?)) independently in the
transformed domain g;'(DD), stopping when it accumulates capacity &.
Let A, and h;z be the conformal maps removing the hulls at y and x,
respectively, and define ¢ = hz o h.. Then expand

E (F (hs(Xe), Ye))

)
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up to second order in &. This describes the evolution from Ko to Ko,
and then to K -.

Note that under the conformal map A, the capacity of ¥ is not ce. According
to lemma (3.1.4), the capacity is given by

£ 2
- m) +0 (8 ) . (3.2.8)

Now, let F be a test function R"*%2 — R, and ¢ > 0 be some constant and let

W= (X,V,.0usZiseresV)
w = (X, 86(3)s - 8e(2i) s .., 8 (V) . (3.2.9)
w’ = (8 (Xe), Yo, ... 8508:(2),...,8508:(v))

We consider the conditional expectation of F'(w”) with respect to w.

E(F(W") | w) =E(F (W) W|w) = P;E(QsF | w) (w)

- P,E ((1 +eM + %ZMIZ) F (w')) (w) = P.Q )F(w) o (82)

CeE\l———F =~
(-5

&

=y

2
: F(w)+0(s)

2 2.2
:(1+8M1+%Mf) (1+cs(l— ))M2+%M§

sin?(

1 2
- (1 +e(My +cMy) +&° (EMf + %Mg +e MMy — Mo || F(w)

+o(s?)

If we first grow a hull at y, then at x, one gets instead

sinz(%)

1 2
L+ (M +cMo) + 82 [SME+ S M+ MMy = — =My || Fwpo (2]
2 2 sinz(%)
Hence, the commutation condition reads
1
(M, Ma] = ———— (M2 - My). (3.2.10)

sm%%)



44

After simplifications, one gets

1 -
[Mi, Ma] + —(Ml -Mp) = (Kaxb - Kayb) axy
sin®(5%)
- X -x\=
+[cot( )6b+Zcot( )8b+cot( 5 )8b+cot( )ﬁvb
N b cos(5%)
-bo,b + + 6 b| 0,
Y ZSinz(%) 4sm3(x2y)( ST ]
- [cot( )(9 b+Zcot( )6b —cot( )8v cot( x)gvl;
b cos(357)

~bo.b +

+ k—06)— 6xxb 0,
2sin*(55) 4sm3(y_x)( ) ]

So, the commutation condition reduces to three differential conditions involv-
ing b and b.

kOxb — kdyb =0
S\
cot( )8b+Zcot( )6b+cot( > )8b+cot( 5 )8vb
. b cos(5> K

—bhob+ — 4 (k—-6)—<o,,b=0

’ 2s1n2(¥) 4 sin® ( =) 2
cot( )8 b+ Zcot( )Gl-b

. b cos(35-) P
CbOhr—— T (k6) - Ko =0

* 2sin®(455)  4sin’ (5) 2

(3.2.11)
Now, from the first equation, one can write
oY - 0
b= f o 2V
¥ ¥
for some non-vanishing function ¢ (at least locally). The smoothness of b

and b implies the smoothness of . It turns out that the second equation now
writes
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K0, (% o + X cot(Z52) 0y + cot(52) A+

¥
v— vV=y\ 74 6 v
cot (Ty) avlﬁ + cot (Ty) 0,,{# + (1 - ;) m o
7 .
Symmetrically, the last equation is
50u) + X cot(357) 0y + cot(557) oy
KOy
¥
4
+cot (52) 9, 1//+cot( ) vl/l+(1 ——)m L,
¥

It turns out that two equations now write

)Gyw+cot( > )8 w+cot(_2x)6vw

)oY + cot(

K Zi—X
Eﬁxxw + Z,: cot( 5

6 1
+((1—;)m+hl(x,z,u))¢//—0

K
Eﬁyyw + Z cot(
i

6 1
((1 )W“y ¢ “))

)axw+cot( 5 )6¢l+cot(_2x)8vl//

)8 W+ cot(

(3.2.12)

O

Let us now begin our discussion on the multiple radial SLE(«) systems with
n distinct growth points €91, ¢, ... ¢». We want to grow # infinitesimal
hulls at e, i = 1,2,...,n. We can either grow a hull K., at ¢%, and then
another one at ¢'%/ in the perturbed domain D\Ky,, or proceed in any order.

The coherence condition is that these procedures yield the same result.

We grow two SLE hulls from 6;,6;, i # j and treat the rest as marked points.
By lemma (3.2.9), the commutation relation between two SLEs implies that
the infinitesimal generator satisfies

1
M M1 = — g M = M), (3.2.13)

n*(=72)
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By expanding (3.2.6), we derive that

K@,‘bj - K(?jb,‘ =0 (3.2.14)
foralll <i<j<n.
Since the chamber
X"'xD ={(01,6,...,0,,u) eR"XD |0 <0y<...<0,<0;+2r,ucD}

is simply connected (contractible). Equations (3.2.14) imply that we can
integrate the differential form )’ j bi(0,u)d6; with respect to 61,05, ...,0,.
Stoke’s theorem implies that this integral is path-independent. Consequently,
there exists a positive function ¢ (6, u) such that

bi(0,u) = K%‘/’ (3.2.15)

and the null vector equations

K Ok — 0 -0, Vv—0;\=
Eaﬁw+k;jcot( )6ktp+cot( )8 zp+cot( > )vdf+cot( 5 )éw
6 1
+(L-=| 75— +h.u)|y=0
(( K) 4sin2(w) M)
§6J]w+k;jcot( )Okz//+cot( )6w+cot( )c’) 1,//+cot( zx)gvt,//
6 1
+{1--|—————+h;(O,u)|y =0.
(( )4sm2(929’) ! u)

We may write the first equation in (3.2.16) as

K gk - 9,' 6]
56,-,-1# + Z cot( )Orr + cot(

k#i,j

6 1
1——| —+ h;(0,
(( )4s1n2( b 6?") + Al u))w
(3.2.17)

where h; does not depend on 6;. Since integrability conditions hold for all

J # i, by subtracting all (1 - 9) " L terms, we obtain
s

K YT
2

— 0 _
l)ajd/+cot(v :
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_0. 0
9’)6}4// + cot( /

K 9k
Eaiil// + Z cot(

k#i,j
((1 - é) ; + h;i(6;, u)) ¥
4s1n2( > )

where h; = h;(6;, u) only depends on 6; and u.

—0; — 6
)8j¢+cot(v 29 )6vx//+cot(

(3.2.18)

(i1)
Lemma 3.2.10. For adjacent growth points x,y € R (no marked points
{21,225 ..,2n} are between x and y). If the system

£ Dty + Xy COU(Z2) A + cot(L55) A + ((1 - 6) 1

1

25

£ Qi) + Xy cot(Z52) dhip + cot(X52) A + ((1 - -) s
(3.2.19)

admits a non-vanishing solution s, then: functions hy, hy can be written as
hi(x,z) = h(x,2), ha(y, 2) = h(y, 2).

Proof. The problem is now to find functions /1, h; such that the above system
has solutions. So assume that we are given hp, hp, and a non-vanishing

solution ¥ of this system. Let:

_K i—X
L= 26xx+zi:cot( >
K Zi—Yy
= any+Zcot( 5
i

6 1
)&- +COt( )8 + (1 - —) 481n—(yzx)

xX—y 6 1
0; + cot O+l ——| ——.
) ( ) ( K)4sin2(’%)

= i (x,2)) ¥ =0
a5 (52) hz(y,Z)) Yy =0

)
2

oy

Then ¢ is annihilated by all operators in the left ideal generated by (L + i), (L2 + h»),



48

including in particular their commutator:

L=[Li+h,L+h]+-

e

sin 5
= L1 Lol e (= L)+ (L] = L2 + (I — h2)

. 2 x—
sin” (5> sin”(%52)

= (cot(y ;x)ay + ZCOt(Zi _x)ai + cot (V —x) O + cot (V%x) 5vlﬁ) hy

(L1 +h) = (L2 + hy))

2

[\

2 2 2
+4(h1 —hz).

sin( )%

- (cot(x _y)ﬁx +Zi:cot(Zl _y)(?,- +cot(v —y) oY + cot (v;y)gvl//) hy

L is an operator of order 0, itis a function. Since £ () = 0 for anon-vanishing

¥, £ must vanish identically.

Note that if the two growth points x and y are adjacent (no marked points
{z1,22,...,2,} are between x and y), we consider the pole of £ at x = y.
The second-order pole must vanish, this implies i (x, z) = h(x, 2), ha(y, z) =

h(y, z) for a common function /. O

By applying lemma (3.2.10) to adjacent 6; and 6;,1, we obtain that the function
hi(0,u) = hi+1(6,u) foreach 1 <i < n— 1, which implies the existence of a

common function A(6, u).

We have already established the commutation relations and now we consider how

conformal invariance imposes constraints on the drift term and partition functions.
The first case is the Aut(D,0) invariance of the multiple radial SLE(x) with a

marked point u = 0.

Proof of theorem (3.2.2). For a multiple radial SLE(x) system with marked point
u = 0. Note that by rotation invariance of the drift term b;, under a rotation p,, the
functions b;(01, 6>, . . ., 0,) satisify

b,-(01,62,...,8n) :bl‘(91 +a,92+a,...,0n+a)

fori=1,2,...,n.
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(1) By equation (3.2.18), for u = 0, we simply omit the u-dependence and related

derivatives we obtain that

) =52 Y e B - (1-2) Y

K] = 4sin2(—9j;9i)
0; 6 1
5= (1-2) ¥ —
! K ZJ: 4sin2(—9"29’)
(3.2.20)

_ _Draq. A ]
= 2(6,b,+bi) Zcot(

J
The rotation invariance of b; (@) implies the rotation invariance of 4(6;). Thus,

h must be a constant.

(ii) Since b; = kd;log(yr), by the rotation invariance of b;, for rotation transfor-
mation p,:

9; (log(¥) —log(¥ o pa)) =0

fori =1,2,...,n. Thus, independent of 61,6, ...,6,. We obtain that there

exists a function F'(a) : R — R such that
log(¢) —log(y © pa) = F(a).
Since for a, b € R, F satisfies the Cauchy functional equation
F(a)+ F(b)=F(a+Db).

The only solution for the Cauchy functional equation is linear. Thus, there
exists w € R.
F(a) =

By differentiating with respect to a,

Z O = wir.

Proof of theorem (3.2.7).

(i) Note that by corollary (3.1.3), under a conformal map 7 € Aut(D), the drift

term b; (61, 0>, ..., 0,,u) transforms as
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bi=7'(6:) (b o)+~ (log ()
Since b; = k0; log(¥)

6 —

K , ’
—~ (log 7(61))

k0; log(y) = k7' (6;)0; log(¢ o T) +

which implies

k—6
2K

d; |log(y) —log(y o 7) + Zlogﬁ'(ei)) =0

fori =1,2,...,n. Thus, independent of variables 61,6, ...,0,.
We obtain that there exists a function F : Aut(H) x H — C such that

K_
2k

log(w) ~ log o 1)+ =2 3 log(x'(6) = F(r.u).

By direct computation and the chain rule, we can show that

K —

e 2 logl(nmy (4

F(ti172,u) = log(y) —log(y o 1172) +

= log(y) —log(y o 1) +log(y o 72) —log(y o 117)
e 2 loar(e) + 32 3 g (r:(09)

K
+

= F(11,72(u)) + F(1, u).

(i) By the functional equation (3.2.4) and u = 0 is the fixed point of the addition

transformation Ag(z), we obtain that
F(A91+92, i) = F(Agl, A92 (l)) + F(Agz, i) = F(Agl, i) + F(Agz, i).

This is a Cauchy functional equation, the only solution is linear, thus there

exists real constant 8 such that
F(Ag,i) = 0.

(iii) Letv = 7(u), let T, be the conformal map:

Tu(2) = ik

1-uz

then by the functional equation (3.2.4), we obtain that

Fi(Ta M) = Fi(TvOAHOT_lu, Tu(o)) = _Fi(Tu’ 0)+FI'(TVOA6a O) = Fi(Tv’ 0)_Fi(Tu’ O)+wi9
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fori =1,2. we define

fu) = F(T,,0) — F»(T,0).

Now, suppose ¢; are corresponding partition functions. By the definition of

function F (7, u), y; satisfies the following functional equation

k=16
2k

log(¢) — log(yi 0 1) + —— > log(r'(z))) = Fy(r,u).  (3.2.21)
J

Subtracting two equations, we obtain that

VIOT) - f(v) = fu) + (w1 — w6,
Yrot

/8]
1 —) -1
Og(¢2 og(

Then if w1 = W)L

Py og(P2Ty - p() -
log(7) ~log(7=0) = £(1) = f(w).

which is equivalent to
o = ce! Wy

thus
g(u) = cel ™.

where ¢ > 0.

(iv) Now we verify that F (7, u«) defined in satisfy the functional equation (3.2.4).
Letv =1n(u),w =1 01(u),
T, =T,0A9,0T_,
71 =Ty0Ap 0T,
T10om =1, 0Ag+9, 0 Ty
then

1 - |wl?
1 — |ul?

F (11 01m,u) =2 Re(A(u)) log ( ) —2(61 + 6)Im(A(u))

1-|wf
1-|v?
1=
1= ul?

Combining above three equations, we obtain that

F(t1,m(u)) = F(11,v) =2 Re(A(un)) log ( ) —26Im(A(u))

F(m,u) = F(11,v) =2 Re(A(u)) log ( ) —26,Im(A(u)).

F(rim,u) = F(11,12(0)) + F(1,u). (3.2.22)
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O
Theorem (Restatement of Theorem 1.2.4). For a multiple radial SLE(k) system

with n SLEs starting at (01,03, ...,0,) € X"(0) and a marked point u € D not

necessarily fixed at 0:

(i) Two partition functions ¥ and  are equivalent if they differ by a multiplicative
factor f(u):
=)y,
where f(u) is a smooth, positive function of u. Under this equivalence,  and

Y induce identical multiple radial SLE(k) systems.

(ii) Within the equivalence class of partition functions, we can choose \ to satisfy

conformal covariance. Under T € Aut(D), ¢ transforms as:

WO ) = (ﬂ T’w,-)éz_“K) @O e (x(@)). .70, (W),

i=1
(iii) The choice of a conformally covariant partition function is not unique. Let:
f(u) = (Rad(u, H))" = (i(u —u))”, @€k

Then for any conformally covariant W, ¥ = f(u) - ¢ yields an equivalent
solution with:
Au) = A(u) + a.

Proof of Theorem (1.2.4). For a multiple radial SLE(«) system with partition func-

tion ¥ (6, u), we proceed as follows

(i) By equation (3.2.14), the drift term in the marginal law for multiple radial
SLE(k) systems is given by
b; = kd;jlog(y).
If two partition functions differ by a multiplicative function f(u).
U= fu)-y.

where f(u) is an arbitrary positive real smooth function depending on the

marked interior point u. Note that
b; = kd;log(y) = kd; log() = b;.

Thus ¢ and ¥ induce identical multiple radial SLE(x) system.
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(i) Let w be the corresponding rotation constant. Define:
n o
Y (01,02, ...,6,,0) = (H T;wiw) T ) T, () G (T,(61), Tu(82),
i=1

Here, i and ¢ share the same rotation constant w. By (iii) of Theorem (3.2.7),

there exists a function f(«) such that
ESION2

(iii) Since f(u) is given by:
fw) = (1= [ul»*?,

where « is the conformal dimension, we conclude that the partition function:
2
(1= [ul?)" -y

has conformal dimension A(u) + a.

3.3 Local commutation relation and null vector equations in x = 0 case
Proof of theorem 1.3.2. To study the commutation relations, we focus on growing

two hulls from growth points x, y and relabeling other points as marked points z.

The definition of commutation implies that for sufficiently small s, # > 0 the normal-
izing map for the hull v [0, 1] U3 [0, s] is the composition of the Loewner maps for
each individual hull y [0, 7] or ¥, [0, s], when applied in either order. In removing

7110, #] we are considering the coordinate change 4, which leads to
$ ’
O'f’,sz = hcap (72[0, s]) =/0 ( 1’;‘) (y(u))? du, (3.3.1)

where y(u) is the position of y at time u. In this case f{ = ho s 0 h1; 0 by, With
this notation in hand, commutation implies that

By grs © s =

s,
1,07

On the left-hand side the driving function first evolves according to the dynamics

t,s
1,2

analogous. These Loewner maps can be the same only if the driving function move

of L, for ¢ units of time and then £, for 0", units of time. The right-hand side is

to the same position when the maps are applied in either order. In our setup, the

e Tu(6), 1) .
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motion of the driving functions is fully determined by the motion of the points in 6,

so a necessary condition for these maps to be the same is that

S,t
T12My oMy (O3 M M (3.3.2)

where 1 +— ¢ denotes the flow map corresponding to the dynamics M. The
commutation relation (1.3.2), as we now explain, is a straightforward consequence

of this identity. From (3.3.1) we obtain

oty =5 ((£9) 1) +0(9) = s (7, @) +0(s)) = s (1 - %Ty) +o(1) +0(s)
=5— s +o(st)+0 (sz),

0,6,
s1n2( =)
where the constants in the error terms may depend on x and y. Now use the above

to expand (3.3.2) in powers of s and ¢, and compare coefficients of sz, we obtain the

desired commutation relations for generators

X = ——" , — My). 333
M My = s My = M0 (333)

Expanding the infinitesimal commutation relation:

1
(M, Myl + —5 55 M - My) =
sin (7)
—x, U — 7z 0U;  18(Uy)? U, 3cos(F) |
cot(y x) +Zcot(y Z) - = U + — %) Oy
2 Oox - 2 Oox 2 Ox 2sin2(u) 251n ( )
i 2 2 7]
X — y oU;  10(Ux )? U 3cos(3) |
e S e 21 P
dy 2 dy 2sin“(=-) 2sin’ (=)
(3.3.4)
The right hand side of (3.3.4) equal to 0 implies the null vector equations
LU2 + 3, cot(Z52)U; + cot(52) Uy + (_2+<YT> +hy(x, z)) ~0 535

%U}g + X cot(Z52)U; + cot(52) Uy + (_25m+(>%‘) + hy(y, z)) =0
Note that d;Uy = 0xU; do not naturally follow from the commutation relation. This
condition is equivalent to the existence of a function U/ (@) such that
Uj=0,U(8).
U : X" — R is smooth in the chamber

={(01,07,...,0,) eR" |01 <0< ...<0,<01+21}
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Lemma 3.3.1. Suppose there exists U such that U; = 0;U, then for adjacent x,y

(no marked points are between x,y), if the system
TUZ + 3 cot(35)U; + cot(355) Uy + (—+y_x + hy(x, z)) =0
2en(5) (3.3.6)
%U§ + X cot((52)U; + cot(FH) Uy + (_zgmz;(y%x) + ha(y, Z)) =

admits a non-vanishing solution, then the functions hy, hy can be writtenas hy(x, z) =
h(x’ Z)’ hZ(y’ Z) = h(y’ Z)

Define two operators L1,L, by:

Uy Zi—X y—Xx 3
-El = 76x+ZCOt( 3 )(9i+COt( > )ay—m
L =ﬂ6 +Zcot(zi_y)0-+cot(x_y)6 N
2 2 Yy - 2 1 X

2sin?(52
U(0) is annihilated by all operators in the left ideal generated by (L+h;), (L2+h2),

including in particular their commutator:

L=[Li+h, L+ o]+ ——=((Li+h) - (L2+ "))
S (T)

= ((Cot(y _x)ay + Z cot(Ziz_
LA - hz).

sm2(

)8 + Z cot(

) hy(y,z) - (COt(

The operator £ is an operator of order 0, and a function that must vanish identically.

If x, y are adjacent (no marked points are between x,y), consider the pole of £ atx =
y. The second-order pole must vanish, and this implies 4 (x, z) = h(x, 2), ha(y, z) =

h(y, z) for some function A.

Let us return to the proof of the theorem (1.3.2) for multiple radial SLE(0) systems

i i0 0

with n distinct growth points z; = €', zp = €'2,...,z, = ¢

We grow two SLEs from 6;,6,, i # j and treat the rest as marked points denoted by
zZ.

The commutation relation between two SLEs implies that the infinitesimal generator

satisfies .
(M, M;] = T(Mj - M) (3.3.7)

n*(=52)

o]
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and the null vector equations

U2+ %, cot(Zk

3 [ : —
i (m + hz(é’l,z)) -0

1U2+ch0t( U, + cot(Z j)U,-+

(W +h; (GJ,Z)
(3.3.8)

We may write the first equation in (3.3.8) as

_91' 9'_91' 3
—Ui2+Zc0t(Zk YUy + cot(— )U~:—— hi(6;,z). (3.3.9)
T 2 2 ZSmZ( =)

By the integrability condition theorem (3.3.1), /;(6;, z) does not depend on 6,

Since integrability conditions hold for all j # 7, by subtracting all ﬁ term,
s
we obtain that
L Yy = oY 2y (3.3.10)
l 7 ’ 7 ZSinz(—gj;)")

where h; = h;(6;) only depends on 6;.

Moreover, by the integrability condition, #; = h;;; for every pairof 1 <i <n -1,
this implies hy = hy = ... =h, = h.

() = —%U} - cot(V ; 9")U,~ > ; (3.3.11)

2
J 7 2sin ( 5 )
Rotation invariance of U; and U; implies that 4(6;) must also be rotation invariant

and thus a constant. This completes the proof of the theorem (1.3.2).
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Chapter 4

CONFORMAL FIELD THEORY FOR MULTIPLE SLE(x)

4.1 Vertex operators and level two degeneracy equations

From the perspective of conformal field theory (CFT), we derive the null vector
equations, also known as the level-two degeneracy equations. This derivation relies
on the SLE-CFT correspondence, which describes the coupling between multiple
radial SLE(«) and conformal field theory. For further reference on such conformal
field theories, please refer to Kang and N. Makarov (2013) and N-G. Kang and N.
Makarov (2021)

Definition 4.1.1 (Vertex Operator). Given a modified Gaussian free field ®g with
background charge B satisfying neutrality condition (N Cp) and a charge distribution
T = 2 Tj - z; satisfying neutrality condition (NCy), we define the vertex operator
Oglt] as the OPE-exponential of the chiral bosonic field iCDE [T]:

_CwB+7] sivrr
Oplt] = —C(b) Bl e BT

[7] :==2; TJ'CDE(Z ;) is the chiral bosonic field and © denotes Wick order-

4.1.1)
where @E
ing.

Its expectation value yields

C
E[Op[7]] = —(é)(}[f[;]ﬂ .

Definition 4.1.2 (Current Field). Given a modified Gaussian free field ®g with
background charge B, the current field Jg(z) is defined as the holomorphic derivative

Jp(z2) =i 0Pp(z).

Definition 4.1.3 (Virasoro Field). The Virasoro field Tg(z), also called the stress-

energy tensor, is defined in terms of the current field as

Tp(2) = ~30p() © Jp(2) + b DI (2)

Let {J,} and {L,} denote the modes of the current field Jg and the Virasoro field
Tg in Fp theory, respectively:
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,_L Y/ ._L _\n+l
@)= g § @O, L) = g b (£ IO @12)

Recall that a field X is called Virasoro primary if X is a differential and if X is in
the family Fg. It is well known that X in g is Virasoro primary if and only if
L,X=L,X=0foralln > 1and

L_1X =0X,
L_X =0X,
(4.1.3)
LoX = AX,
LoX = 1.X.

for some numbers A and A.. (These numbers are called conformal dimensions of
X.) See Kang and N. Makarov (2013), Proposition 7.5 for this.

Definition 4.1.4. A Virasoro primary field X is called current primary if J,X =
J,X =0foralln > 1and

JoX = —icX, JoX =ic.X

for some numbers o and o, (These numbers are charges of X.) It is well known
that current primary fields with specific charges satisfy the level two degeneracy

equations.

Theorem 4.1.5. For a current primary field O in ¥ with charges o, o at z, we

have

(L2 +0L2,()) 0 =0
if2oc(b+o)=1andn = __1

202"

Proof. See Kang and N. Makarov, 2013, Proposition 11.2. O

We now derive BPZ equations (Belavin-Polyakov-Zamolodchikov equations) on the

Riemann sphere with background charges
B=b-u+b-u*

, where u* is the conjugation of u.
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Given b = \/g - %, leta = \/% be one of the solutions to the quadratic equation
2x(x + b) = 1 for x and let Og(z) = Oéa’T)(z) = 0gla - z+7]

T= Z Tj * Z j
with the neutrality condition (NCop) : a + X 7; = 0.

Theorem 4.1.6. If z ¢ supp B U supp 7, then for any tensor product Xg of fields X

in Fg, we have in the C-uniformization,

1 y
2—6120§E0ﬁ(z)xﬁ = ET3(2)EOp(2)Xp + EL} Op(2)Xp (4.1.4)

where the vector field k, is given by k,({) = 1/(z — {) in the identity chart of C

and the Lie derivative operator lv:,tx does not apply to the z-variable (In general, fjj

means that we differentiate with respect to L except for poles of v).

Proof. See Kang and N. Makarov, 2013, Theorem 10.9. O

Theorem 4.1.7 (Expanded Level-Two Degeneracy Equation for ®(z)). Let a =
V2/k and assume the neutrality condition (NCy) for T. Let

®(z) = E [05()].

where Og(z) is a current primary field of charge a at z in the Coulomb gas formalism.

Then ®©(z) satisfies the following second-order differential equation:

K 2 _ A; 0z,
7 020(2) —; ((Z Rt Zj) ®(2)
(/l(b)(o-u) Ap) (Oyr) N b?
(z—u)?  (z-u)? (z-u)(z—u")
+ ( Ou + O ) ®(7),

z—u z-—Uu*

D(z)

o2
where 1 = A)(0j) = - — b, and similarly for Ay (o), Ap) (Tu+).
Proof. This follows from Theorem 4.1.6 with X = 1.

1 y
2—6126Z2E0ﬁ(z) = ETB(Z)Oﬁ(Z) + .[:ZZEOﬁ(Z),

we evaluate each term separately.
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From the Lie derivative:

y - 0,
Lzonﬂ@:Z( L )E0ﬁ<z>

; (z—-zj)? z-2

N (/1(17)(014) — A (b) . Oy
(z—u)? Z—u
. (/hb)(%*) — A4 (b)

) EOB(Z)

(914*
E .
(Z_u*)z +Z_u*) Oﬂ(Z)

From the expectation of the stress-energy tensor:

Ay (b) A (b) b2
(z—u)? (z-u")? (z-u)(z—-u*)

ETg(z) =

Adding both contributions and using ®(z) = EOg(z) yields the claimed equation.

O
Remark 4.1.8. Let 0; = —2a or 07; = 2(a + b) such that A; = 1. Then
A 0; O]
L+ — cb:aj( ) (4.1.5)
(Z_Zj) 2—3Zj -7

which is in a closed form for z;. By choosing appropriate closed contours I', such
as the Pochhammer contour, to integrate ® with respect to z;, the right-hand side
of (4.1.5) integrates to 0 along I'. Consequently, the variable z; is eliminated. This

procedure to generate a new correlation function is referred to as screening.
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Chapter 5

COULOMB GAS SOLUTIONS TO THE NULL VECTOR
EQUATIONS

5.1 Coulomb gas correlation and Coulomb gas integral

Recall that the Coulomb gas correlation differential associated with a divisor o

2i_1 0j - z; on the Riemann sphere C is given by

Coylol = [z =207, (5.1.1)

J<k
where the product is taken over all finite z; and z.

Definition 5.1.1 (Monodromy of Coulomb Gas Correlation Differential). Let o =

27':1 o} - zj be a divisor on C with associated Coulomb gas correlation differential

Coplol =] [z =207,

j<k

This function is multivalued due to the presence of non-integer exponents. lIts
multivaluedness is described by the monodromy representation arising from analytic

continuation around branch points.

To illustrate the basic mechanism, consider the case n = 2. Then
Cplol = (z1 —22)7'%,

which is analytic in 71 on C\ {z2}. If we analytically continue this function as
71 travels once counterclockwise around 7, the function picks up a multiplicative

factor of €¥"7192,

Thus, the monodromy representation
p:m(C\{z22},21) — C*,  p(Cy) = &%

captures how the function changes under analytic continuation around the singu-

larity at 7, where C, is the loop encircling z».

In general, for o = Z’}:] o} - 2, the function Cp)[o] is analytic in z; on C\

{z2,...,20}. The fundamental group n1(C \ {z2,...,2a},21) is the free group
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generated by loops C; encircling each zj (j = 2,...,n), and the monodromy

representation
p:mi(C\{z2,...,z4}) = C*, p(C)) = 7

describes the multiplicative factor acquired by C ) [o] when z1 loops around z;

once in the counterclockwise direction.

Definition 5.1.2 (Screening Charge). Let o be a configuration of charges on the
Riemann sphere, and let C ;) [o] denote the associated Coulomb gas correlation

differential. The conformal dimension of a charge o € C inserted at a point z; is

defined by

o2
Ap(0o) = -~ ob. (5.1.2)
The condition A,(0) = 1 characterizes special charges whose insertions yield

integrands of weight (1,0). Solving this quadratic equation yields two solutions:

o=-2a, o=2a+b).

A charge T € {-2a, 2(a + b)} is called a screening charge. Consider a divisor of

the form
O'ZZO'Z"Z,'+ZT]"§]', (513)
i J

where {1;} are screening charges inserted at positions {&}.

The resulting Coulomb gas differential on the Riemann sphere Cis given by
Cwlol = l—[(zl' —z;)71% l—[(Zi — &) l—[(§j — &)U, (5.1.4)
i<j i,k j<k
where the products range over all distinct pairs of points.

Since each t; satisfies A,(7;) = 1, the differential C;)[0] dé; transforms as a
holomorphic 1-form in each variable &;. This allows for the definition of contour

integrals of the form
/C(b) [o]déy---dém,
r
where I is a suitable multidimensional integration cycle avoiding branch points.

This procedure is known as screening, and it plays a fundamental role in the Coulomb
gas formalism. By integrating out screening charges, one obtains new correlation
functions that are conformally covariant and satisfy null vector differential equa-

tions, as required by conformal field theory.
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We now consider the simplest nontrivial case involving a single screening charge &.

The corresponding Coulomb gas correlation differential takes the form

Coplo) = [ [ - 27 [ [z - &7 (5.1.5)
i<j j
where {z;} are fixed insertion points with charges {07}, and 7 is the charge at the

variable point £.

Let I : [0,1] — C\ {z1,...,z,} be a path with basepoint py = I'(0). Due
to the non-integer exponents, the integrand is multivalued in &, and its analytic
continuation along I" depends on the monodromy of the branches. Consequently,

even if I" is a closed loop, the contour integral

/C(b) o] dé
r

is not necessarily single-valued and may depend on the homotopy class of I" relative

to the chosen branch at py.

This multivaluedness necessitates a more refined homological framework: the inte-
gration should be understood in the context of twisted homology, where chains are
equipped with local system coefficients determined by the monodromy representa-
tion of the integrand. In this setting, valid integration cycles are twisted 1-cycles,

which keep track of the phase accumulated during analytic continuation.

A canonical example of such an integration path is the Pochhammer contour
P(zi,z;), which loops around two branch points z; and z; alternately. Though
homologically trivial in ordinary homology, this contour generates a nontrivial
class in twisted homology and yields a well-defined integral. These twisted cycles

form the natural domain of integration for Coulomb gas differentials with screening

charges.
Definition 5.1.3 (Pochhammer Contour). Let {z1, z2, . . . , 24} C C be distinct points.
The punctured plane C\{z1, . . ., z, } is homotopy equivalent to a bouquet of n circles,

S U and its fundamental group is the free group:
us| (C \ {Zl’ ce ,Zn}) = *?ZIZ’

generated by simple loops C; encircling each puncture z; in the positive (counter-

clockwise) direction.
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The Pochhammer contour associated with a pair of points (z;, z;) is defined as the

commutator of the generators C; and C;:
P(zi.2j) = GC;C'C; (5.1.6)
Geometrically, this contour first winds around z;, then around z, and then retraces

both loops in reverse order.

Although P (z;, z;) is null-homologous in ordinary homology, it typically represents
a nontrivial class in twisted homology, where chains are valued in a local system
determined by the monodromy of a multivalued function. Such contours are essential
for defining well-posed integrals of Coulomb gas correlation differentials, which

exhibit nontrivial monodromy around insertion points.

Figure 5.1: The Pochhammer contour £(z;, z;): a commutator loop around z; and
Zj-

We now analyze the role of the Pochhammer contour in defining single-valued

integrals of multivalued Coulomb gas differentials.

By definition, the Pochhammer contour £(z;, z;) := C;C;C; lC]TI is a commutator
of simple loops C;, C; around z; and z;, respectively. Since the winding numbers
of a loop and its inverse cancel, the total winding number of %(z;, z;) around any

puncture vanishes:
wind(%(z;, z;), zx) = 0, forallk =1,...,n. (5.1.7)
In particular, % (z;, z;) encircles neither z; nor z; in total:
wind(%(z;, z;), zi) = wind(£(z;, 2), zj) = 0. (5.1.8)

As a consequence, when the integrand is of the form

Cplo] = H(Zk —&)7T,
k=1
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the analytic continuation of C(;)[o] along 9 (z;, z;) returns to the original branch,

and the monodromy along this loop is trivial:
p(P(zi,zj)) = 1. (5.1.9)

Theorem 5.1.4 (Base Point Independence). Let I' = 9(z;,z;) be a Pochhammer
contour, and let po = I'(0) denote its base point. Then the integral

/r Comlor] dé (5.1.10)

is independent of the choice of base point p.

Proof. Let p{ be another base point, and let y be a path from p{, to po. Define the
conjugated loop I'" = y - T" - y~1. Since the integrand is single-valued along I, and

[ cwtoras= [ coloras.
I’ r

Hence the integral is independent of the base point. O

o(I') =1, we have

Remark 5.1.5. The Pochhammer contour is a canonical example of a nontrivial
twisted cycle, but the base point independence property extends to any closed

contour I satisfying:

(i) wind(I',zz) =0forallk =1,...,n;

(i1) I represents a nontrivial class in the twisted homology group.

Under these conditions, I" lies in the twisted homology group H1 (C\{z1, ..., 2,}; Cp),
where C,, is the rank-one local system determined by the monodromy representation

p of the integrand.

This framework generalizes naturally to the case of m screening charges &1, . . ., &y.
In that setting, the integration domain is the product of m twisted cycles 'y X - - - XT7,,
with each I'; lying in H1(C\ {z1, ...,2,};C,) and chosen, for instance, as pairwise

non-intersecting Pochhammer contours. The resulting integral

// Conlor] déy --- dén (5.1.11)
I |

defines a well-posed conformally covariant correlation function.
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Theorem 5.1.6 (Conformal Invariance of the Coulomb Gas Integral). Let o =
2 Ozt ZT: | Tj -&j be a divisor on the Riemann sphere C, where each screening
charge t; € {-2a, 2(a + b)} is chosen so that its conformal dimension satisfies
Ap(tj) = 1. Let h : C — C be a Mobius transformation, and define

{i=h(&)), h(o) —Zm h(Zt)"'ZT] g

Then the Coulomb gas integral transforms covariantly under h as

(l_l h,(Z )/11;(0'1)) ‘?{ C(b) [I’Z(O')] dgl { ﬁ‘c(b) [0‘] dé:l ce dfm’
(5.1.12)

where h(I") denotes the image of the integration contour I" under h.

Each differential d{; transforms as d{; = W' (&) dé;, and since A;,(7;) = 1, the inte-
grand Cpy[o] déy - - - d€,, is invariant under pullback by h, up to the multiplicative
factor T1; W (z:)*'7) determined by the insertion points.

Proof. The conformal invariance of the Coulomb gas integral naturally comes from

the conformal invariance of the Coulomb gas correlation differential.

Ciplor (ﬂ h’<z,>*) (ﬂ W (€)

Since {; = h(£;), then d§; = hfl(?,»)’ we have

Cipy [h(0)] (5.1.13)

(nh (zi)" )jg Cwy [h(o)] di1dls . .. dLy, =
(5.1.14)

‘7€C(b) [o] (sz—igj)) = jgc(b) o] dédé, ... déy

Corollary 5.1.7. The Coulomb gas integral J (z) = ygcl . }gcm D, (z,€)déy, ... déy

D, (z,&) is a Coulomb gas correlation function of conformal dimension A; = A;(07)

at z;, and screening charges & of conformal dimension 1.
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satisfy the following conformal Ward’s indentities:

iazi] j(Z) =0,

=1

Zn: (20, +/1i(0'i))] J(z) =0, (5.1.15)
=1

Zn: (Zizaa + 2/11'(07)&'” J(z) =0.

L i=1

Proof. The Ward identities follow from the invariance of the Coulomb gas integral
J (z) under Mobius transformations. Consider the following three one-parameter

families of conformal maps:

Z
@) =z+e, WP @) =0+ez h(2)=——,
1+e€z
which correspond to translations, dilations, and special conformal transformations,

respectively.

By Theorem 5.1.6, the Coulomb gas integral transforms covariantly under Mobius
maps:

(1_[ h/(Zi)/li) J (he(2)) = T (2).
i=1

Taking the derivative with respect to € at € = 0, we obtain infinitesimal constraints

corresponding to conformal Ward identities.

* Translation: For h.(z) = z + €, we have /'(z) = 1, so:

J(zi+e€...,20+€) =0.
de

e=0

By the chain rule, this gives:
20,9 (z) =0.
i=1

* Dilation: For he(z) = (1 +€)z, we have h'(z) = 1 + €, so:

d n

— 1+e) - J((1+ =0.
= (lﬂl( Y- T((1+€)2)
Differentiating yields:

n

Z (zi0z + i) T (z) = 0.

i=1
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* Shearing: For he(z) = 175, we compute

W(z) = ~1-2ez+0(e), he(z) ~z—€z*+0(e).

1
(1+€z)?
Plugging into the covariance relation and differentiating gives:

n

> (20, +20z) T @) = 0.

i=1
This establishes the three global conformal Ward identities in (5.1.15). O

5.2 Classification and link pattern
Throughout this section, we modify the notation by setting z,,+1 = u and z,,42 = u™.

Asusual,letz; <z < ... < Zy-1 < Zn.

We begin by considering the charge o = ?:’f“z oj - z; and the Coulomb gas
correlation:
n+2+m
Clol =D (z1,...,2n42em) = l_l (Zj - Z,‘)mg’ .
i<j

Our strategy is to choose the o7 (i.e., the charges associated with the divisor in the
2

Coulomb gas correlation) such that for 1 <i < n,and 4; = %’ —ojb:

n
Ko2 4 Z ( 9; _ 4 ) + On+1 4 On+2
4 =z (zj—z)?) - 2

J#
Pl Pl
_ n+l S - n+2 . ® (521)
(zn+1 — 2)* (22 — 2)
n+2+m
= > Al
k=n+3

Theorem 5.2.1. (i) If we choose o = a = \/% and A; = "2—2 —ab = %"for
2
1 <j<nandd;= %—O'jbforn+l < j < n+ 2, then we obtain the

following null vector equation:
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Koo o 0% (6-K)/2\ . B
Zaj+2( - +

S\u-z (zk —zj)? ) Zne1 =25
N On+2 B An+1 B An+2 ] ® (5.2.2)
Zn2 =2 (Zpe1 — Zj)2 (zn+2 = Zj)2
:”Jim o (_<I>(Z1, e Zn+m+2))
k=+3 STy

forall j € {1,2,...,n}. Thus, we attain the desired form (5.2.1) for all
je{l1,2,...,n}

Currently, the number of screening charges m and the values of o = 2a
oror=2(a+b)fork e {n+3,n+4,...,n+m+ 2} remain unspecified.
The charges op+1 = Opsa are chosen such that o = ), Oz satisfies the
neutrality condition (NCy).

(ii) If n = 2k, m = k — 1, and we choose o; = a forall j € {1,2,...,n -1},

on = 2b — a, and the sign of o, = —2a forallk € {n+1,n+2,...,n+m},
then we have the following null vector equation for j € {1,2,...,n—1}:
n—1
0 6—-«)/2
5@3+Z( L _6=0)/ f) @
4 k=1 <k = Zn (Zk - Zn)
n+m—1
— +Z ak (_(I)(Zla---’zn+m))
] 2k — Zn (5.2.3)
1n+m—1 8 — « n—le_Z n+m Zn — 2 2
+= O : ( . ’) @|.
2,{;1 Zk = Zn an_Zstl:_;{L k=2
1#

Since the right-hand side of (5.2.3) consists of derivatives with respect to Zj
fork e {n+1,n+2,...,n+m}, we obtain the desired form (5.2.1) for j = n

as well. Therefore, the null vector equations are satisfied for all 1 < j < n.

Then we will integrate 7,43, . . . , Zy+2+4m On both sides of (5.2.1) around nonintersect-

ing closed contours I'y, . . ., I7,. On the left side, the integrand is a smooth function

of z1, . .., Znems2 because the contours do not intersect.

Integration on the right side is expected to give zero. To attain this, we carefully

choose the integration contour for z,43, . . ., Zn+2+m- A commonly used integration
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Figure 5.1: Example: zi, 22, 23, 24 with 2 screening charges &1, &

contour is the Pochhammer contour encircling two points z; and z;, denoted by
P (Z,‘, Z J').

Because either side of (5.2.1) is absolutely integrable on each path, we may perform
these integrations in any order according to Fubini’s theorem. Integrating the right
side of (5.2.1) therefore gives zero. Finally, because the contours do not intersect,
we have sufficient continuity to use the Leibniz rule of integration to exchange the
order of differentiation and integration on the left side of (5.2.1). (If I', intersects I,
but 0,0, > 0, then the contour integral f @ is not improper. In this event, we may
still use the Leibniz rule to perform this last step as long as we may continuously
deform these contours so they do not intersect.) We, therefore, find that the Coulomb

gas integral J := 95 @ satisfies the null vector equations (5.2.4).

The Coulomb gas integral J (z,u) satisfies the following system of differential

equations. For each j = 1,...,n, the function J(z,u) satisfies the null vector
equation:
n
0 6—«)/2
281%2( ik (6-kK)/ ;)
ks () (5.2.4)

Ou N Oy Ay (u) Ay (u*)

u-z; w-z; (u—z;)? (u*—z;)?

][f(z,u) =0.

In addition, 7 satisfies the following global conformal Ward identities, as given in
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Corollary (5.1.7):

[ n

D0+ 0+ O
| i=1
[ n

6 — .

Z (z,-azl. + 5 K) +udy, + Ay (W)u + 10y + /l(b)(u*)u*] J(z,u) =0,
K

=1

J(z,u) =0,

n

6_
2 (z%azl. + Ka) + 0, + 24 () (W + ()0 + 2y (u")u™ | T (2, u) = 0,
K

[ i=1
(5.2.5)

Here, A(3)(u) and A(;)(u*) denote the conformal weights of the screening charges
located at u and u*, respectively. We also use the standard notation, for u = v +iw,

where v, w € R, the complex derivatives are given by

L 1
Oy = E(av —i0y), Oy = 2(6\; +i0y).

Next, we explain how to construct 7 (z,u) by choosing the appropriate sets of in-
tegration contours. In what follows, we describe the choice of screening charges
and contours that give rise to four distinct types of screening solutions; see Theo-
rem 1.2.5. We conjecture that these screening solutions span the full solution space
to the null vector equations (5.2.4) and the Ward identities (5.2.5).

To proceed, we begin by introducing the notion of link patterns, which encode the

topological types of the integration contours.

To do this, let’s begin by defining the link patterns that characterize the topology of

integration contours.

Definition 5.2.2 (Radial Link Pattern). Given z = {z1, 22, . . . , 2, } on the unit circle,
a radial link pattern is a homotopy class (up to non-crossing deformation) of non-

intersecting curves in the unit disk, consisting of:

e m links (or arcs), each connecting a distinct pair of boundary points, and

® n — 2m rays, each connecting a boundary point to the origin.

Such a configuration is called a radial (n, m)-link, and the set of all such patterns is
denoted by LP(n, m).

The number of such patterns is given by

ILP(n, m)| = (,’;)
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Proof. Each radial (n,m)-link pattern corresponds to a configuration of m non-
crossing arcs and n — 2m rays connecting marked points zj,...,z, € dD to the
origin. We describe such configurations by a class of discrete functions encoding

their nesting structure.

Define a function
fZ/nZ — Zsg

satisfying:

* |f(x+1)—-f(x)|=1forallx € Z/nZ,

* min f =0.

Such functions are called periodic Dyck walks, and they encode a height profile
along the circle, rising and falling in steps of +1, returning to the starting height, and
remaining non-negative throughout. Each local minimum at height O corresponds
to aray (i.e., a line from a boundary point to the origin), while each matching of an

up-step followed by a down-step corresponds to an arc.

For aradial (n, m)-link, we require: - Exactly 2m of the n positions to participate in
arcs (encoded by up/down steps), - The remaining n — 2m steps form rays (flat local

minima).

To count such walks: - Choose the m positions (out of n) at which the rays will
attach to the origin — each such position corresponds to a local minimum (a peak
that immediately rises or falls). - This uniquely determines the link structure (since
the rest must form a fixed non-crossing matching of 2m points). - Thus, the number

of such patterns is given by:

ILP(n, m)| = (:1)
O

Definition 5.2.3 (Chordal Link Pattern). Given z = {z1,22,...,2,} on the real
line, a chordal link pattern is a homotopy class (up to non-crossing deformation) of

non-intersecting curves in the upper half-plane, consisting of:

e m links, each connecting a distinct pair of boundary points, and

® n — 2m rays, each connecting a boundary point to infinity.
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Such a configuration is called a chordal (n, m)-link, and the set of all such patterns
is denoted by LP(n, m).

The number of such patterns is given by

eemi=(," )= (2,

for all integers n > 2m.

Proof. Each (n,m)-link corresponds to an increasing path on Z? from (0,0) to
(n — m,m), using only steps to the right (1, 0) and upward (0, 1), such that the path
never crosses the diagonal x = y.

To reach (n — m, m), the path must take its final step from either:

* (n—m - 1,m), via a horizontal step, or

* (n—m,m — 1), via a vertical step.

Since valid paths must stay strictly below the diagonal x = y (except possibly at the
start), any valid path to (n — m, m) must be built by extending a valid path to one of

these two predecessor points.

Therefore, the number of such paths satisfies the recursion
dn,m = dn—l,m + dn—l,m—1~

This completes the proof. O

By part (ii) of Theorem 5.2.1, when all screening charges are taken to be o; = a for
1 <i < n, the null vector equations are satisfied provided the screening charges are
chosen from the set {—2a, 2(a+b)}, and the total configuration satisfies the neutrality
condition (NCp). That is, each screening charge o fork € {n+3,...,n+m+2}
may be assigned either —2a or 2(a + b), independently, so long as the total sum of
charges is 2b.

* (Radial ground solutions) In the upper half plane H, we assign charge a to

(n—2m)a
- =

21,22, - -»2n, Charge —2a to &1, ..., &y and charge 0y = 0+ = b to
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marked points # and u* to maintain neutrality condition (NCy).

q>K (Zla s aZn’fl"fZ, <o ’é:m’u) = [ ] (Zi - Zj)a2 n (Z] _é‘:k)_zaz n (f] _‘fk)4a2

i<j j<k Jj<k

[ ] (Zi _ u)a(b—'(n_zzm)_u) l_[(zi _ u*)a(b—_(n_im)u)
J

(n-2m)a (n—2m)a
€ g -
J

(5.2.6)

In the unit disk D, if we set u = 0, then we have

O (21 brnba ) = [ | @-2) [ [ e -8 [ ] € - )™

i<j Jj<k Jj<k

1—[ a(b—=Zmay 1—[5 2a(

J

b— (n-2m)a 2m)a

(5.2.7)

(1) (-2a) -a =-2. & = z; is a singular point of the type (& — Zj)_4/’<;

(2) (—2a)-(-2a) = §. ; = & is a singular point of of the type (&; — ~)%'

(3) (=2a) - (b - = 2m)a) = 2n= 2m+2) . & =u and ¢ = u* are singular points
2(n— 2m+2) 2(n—-2m+2) 2m+2)

of the type (&; —u)™ « and (& —u*)” «

In this case, for m < "+2 and a (n, m) radial link pattern @, we can choose

p non-intersecting Pochhammer contours Ci,Cy, ..., C, surrounding pairs
of points (which correspond to links in a radial link pattern); see (5.2.2) to

integrate ®,. We obtain

T (2) = 75 . 75 (2. £)déy ... . (5.2.8)
C Cn
In particular, if m = 0, we call ®@, the fermionic ground solution.
Note that the charges at u and u* are given by 0y, = 0» = b — m, and

thus

(n-2m)*a*> b? _(n- 2m)? (k- 4)?
8 P 16k

Ay () = Ay (u*) =

The radial ground solution 7, (mn) satisfies the null vector equations (5.2.4)
and Ward’s identities (5.2.5) with above A ;) («) and A ) (u™).
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* (Radial excited solutions) In the upper half plane H, we assign charge a to
21,22, - .- ,%n, Charge —2a to &1, ...,&, and charge 2(a + b) to {1,...,{,.
Then, we assign charge 0, = o = b — M to marked points u

and ™ to maintain neutrality condition (NCp).

QK (Zla-"7Zn7§],§27'--75}117{17{27-"7§q7u) =

[ e—2) []er-a) [ 6 -é0™

i<j j<k j<k
] 2 b 4(a+b)?
(25 = &) T | (¢ - 2y
j<k j<k
] AT 5.2.9
(zi —u)* H(Zi —u")n 6:29)
J J

(fj _ u)—ZaO'u l_[(fj _ u*)—ZaO'u*

J
[ ] (gj _ M)Z(a+b)0'u l—[(gj _ u*)Z(a+b)o'u* )
J

J

In the unit disk D, if we set u = 0, then we have

D, (2155 2m: €162, .. Em) =1—[ (zi — Zj)a2 1_[ (z) —fk)_2a2 1_[ (& —fk)4a2

i<j Jj<k Jj<k

1—[ a(b—=Zmay ng—Za(b

J

(n-2m)a 2m)a

(5.2.10)

(1) (2a) -a= —%- & = z; 1s a singular point of the type (g,- - zj)_4/K;

(2) (—2a)-(-2a) = 5. ; = £, is a singular point of of the type (&; — §j)%;
(3) (—2a) - (b — 1=2ma zm)” —qg(a+b)) = M+q. E=uand & = u* are

2( 2 m 2( 2 2)
n—2m+ +q and (fl _ u ) n—_2m+. +q

singular points of the type (&; — u)
4) 2(a+b)-(b- (”_zm)“ q(a+b)) = (l_q)K =H2m=2 ¢ = yand £ = u* are

—n+2m— 2 { q)K —n+2m-2
2

and (§—u*)" 3

singular points of the type (&;—

_ _ I . . —n+2m—2
For g = 1, {; = u and {| = u™ are two singular points of degree =*5"==. We

have two choices for screening contours to integrate {;

— n odd, Pochhammer contour & (u, u*) surrounding u and u*, however,

/ ®,d¢ = 0.
P(u,u*)
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— n even, the circle C(0, €) around 0 with radius e, this gives the excited
solution
In this case, form < ”zﬁ and a (n, m) radial link pattern &, we can choose
p non-intersecting Pochhammer contours Cy, C,, ..., C, surrounding
pairs of points (which correspond to links in a radial link pattern) to

integrate ®,, we obtain

Wém,n)(z) ::‘7€ ‘% yéc.(o )(I)K(z,f)dfmdf]dgl (5.2.11)

In particular, if p = 0, we call @, the fermionic excited solution.

Note that the charges at u and u* are given by o, = 0+ = M
(n=2m+%5)?  (k-4)?

Ay (u) = Ay (u*) = P o

The radial excited solution 7(6(,'”’”) satisfies the null vector equations (5.2.4)
and Ward’s identities (5.2.5) with above A ;) («) and A ) (™).

For g > 2, since u and u* are the only singular points for screening charges,

it is impossible to choose two non-intersecting contours for {{1, {2, ..., {4}

We refer to it as a radial excited state because introducing a screening charge
of —(a + b) leaves the conformal weight at z; unchanged, while producing a

Virasoro descendant rather than a new primary field.

* (Radial ground solutions with spin 77) In the upper half plane H, we assign

charge a to z1,z2,.. ., 2n, charge —2a to &1,...,&,. Then, we assign charge
- b (n—2m)a ir]a — b (n— 2m)a
u - 2 -

2
maintain neutrality condltlon (NCp).

+ ¢ to marked points u and u* to

®K (Zla"-7Zn’§17§27'"’é‘:n’l’u) =

(T ei—a) [ er-a) ™ [ (6 -&0™

i<j Jj<k Jj<k
— (n-2m)a 2m)a nla _(n— 2m)a ”Ia (5.2.12)
(zi — u)* - )1—[(2 U

] (n-2m)a _ina (n-2m)a 2m)a n]a
(fj _ u)—Za(b——2 ) l—[(‘f ) 2a(b————+-5-)

J

In the unit disk D, if we set u = 0, then we have
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¢K (Zl’-~'azn,§la‘§27'-~’§m) =

[ [T-07 [ t6- 60"

i<j Jj<k Jj<k

1_[ a(b (n— Zm)a tlya)l_lf_za(b (n-2m)a Zm)a u]a)

J
(5.2.13)

(1) (-2a) -a =-2. & = z; is a singular point of the type (& — zj)_4/K.

(2) (-2a)-(-2a) = §. ; = & is a singular point of of the type (&; — fj)%

(3) (=2a) - (b - = 2m)“) 2n= 2m+2) . & =u and & = u* are singular points
2(n-2m+2) 2m+2) 2(n—2m+2) 2m+2)

of the type (&; —u)™ « and (& —u")"«

"*2 and a (n, p) radial link pattern @, we can choose

In this case, for p <
p non-intersecting Pochhammer contours Cy,Ca,...,C, surrounding pairs
of points (which correspond to links in a radial link pattern), see (5.2.2) to

integrate ®,, we obtain

Jo"" D (z) 1= ji f Dy (z,€)dEy . . . dE1. (5.2.14)
1
Note that the charges at # and u* are given by o, = b — W — ”77“,
G = b ey e,
(n=2m+in)’a®> b> (n-2m+in)? (k—4)?
/l(b)(u) = _— = —
8 2 4k 16«
. (n—2m — in)2a2 b? (n—2m — in)2 (k — 4)2
Ay (u”) = - — = _

8 2 4k 16k

The radial ground solution with spin 7, j;,(m’n’n) satisfies the null vector
equations (5.2.4) and Ward’s identities (5.2.5) with above A ) (1) and A () (u*)

As shown in theorem (5.2.1), if we attach charge a for zi,...,z,-1 and 2b — a
for z., where n = 2k. This corresponds to the charge distribution for multiple
chordal SLE(«x) as discussed in S. Flores and Kleban (2015b). In this case, we can
only assign charge —2a to the k — 1 screening charges and assign no spin at u, u”*;

otherwise, the null vector equation at z. will generally not be satisfied.
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* (Chordal solutions) In the upper half plane H, we assign charge a to z1, 22, . . ., Zn—1
and charge 2b — a to z., charge —2a to &1, ...,&y, where n =2k, m = k — 1,

then assign the charge o, = o+ = 0.

O (21,2t 2o o) = [ [ (= 2)" [ ] (- &) [ (& - &)™

i<j Jj<k j<k
1_[( 2 — z.)*2b-0) l_[( ¢ - 20)2a(2b=a)
| ' (5.2.15)
—4/k.,

- (-2a)-a-= —%. & = z; is a singular point of the type (& —z;)
- (-2a)- 2b -a) = % — 2. & = z. is a singular point of the type
(& - 2057
- (-2a)-(-2a) = %. & = & is a singular point of the type (&; — fj)%.
In this case, for a (2k, k) chordal link pattern, we choose m = k — 1
non-intersecting Pochhammer contours Ci, Cy, ..., Ck—1 surrounding pairs
of points except z. (which correspond to links in a chordal link pattern not

connected to z.) see S. Flores and Kleban (2015b) for detailed explanation.
We obtain:

L,(2) :=§I€ }é D (z,€)dér—1 ... dE. (5.2.16)

Note that the charges at u and u™ are given by 0, = 0» =0
Ay () = Ay (u”) = 0.
The chordal solution ja(m’") satisfies the null vector equations (5.2.4) and Ward’s

identities (5.2.5) with above A ;) («) and A ) (u™).

We can also construct the Coulomb gas integral solutions in angular coordinates.

Consider the following Coulomb gas correlation in the angular coordinate

. Zj = Zk\9i%k
®(Z19 Z27 s ey Zn+m) = l_l (Sln )

1<j<k<n+m

Then, similar computations show the following.

2



Theorem 5.2.4. If we choose oj = a = \/g, Lj=%-ab=5%% 1<j<n

then we have

K 2k — 2 6 —«k)/2«
5812_'_2 cot( J)ak—i D (21,22, -+ Zntm+2)

k#j 2 2 sin® (%)
n+m
k — Zj (5.2.17)
= Z Ok (cot( ])CD(Zl,Zz,---,Zn+m+2))
k=n+1
1 kK \2 1
- [ﬂ (1-2p+34) - ﬂ] (21,22, - Znems2)
forall j € {1,2,...,n}. The number of screening charges o = 2a is given by p,

and the number of screening charges o, = 2(a + b) is given by g, withm = p + q.
Now, we Coulomb gas integral solutions based on the theorem (5.2.4).

» Radial ground solutions:

.\ s \4a®> nom .
000 T (’5%)" [1 (52) 117 (0255

1<i<j<n 1<i<j<m

(5.2.18)

In this case, for m < ”—;2 and a (n, m) radial link pattern @, we can choose

p non-intersecting Pochhammer contours Cy, Cs, . .., C, surrounding pairs
of points (which correspond to links in a radial link pattern); see (5.2.2) to
integrate ®,. We obtain

T () = fc o} 0.0, (5.2.19)

By integration formula (5.2.4), :]jm’”)(m satisfies the null vector equations

(1.2.3) with constant

(6—k)(k—=2) 1 - (n-2m)?
8k 2k

h= — 25(0) = 2,(0) =

and the conformal dimension at O is given by

(n—2m)*a*> b? _(n- 2m)?> (k- 4)?
8 2 4k 16k
The rotation constant w = 0

Z 8, 9" (6) = 0.
j=1

Ap(0) =

)—26!2
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¢ Radial excited solutions:

R .az o .402,1 m o ._2
D(0,4) = 1_[ (singlzej) ﬂ (sin_{’zgf) l_[ ] (Sin9,2§j)

1<i<j<n 1<i<j<m i=1 j

(2m-n-2)
2

(5.2.20)

In this case, for m < "52

p non-intersecting Pochhammer contours Cy, Cs, . . ., C, surrounding pairs

and a (n, m) radial link pattern @, we can choose

of points (which correspond to links in a radial link pattern) to integrate
01,8, ... ¢y and a vertical line from A to A + 2xi to integrate w (which

corresponds to a circle surrounds the origin), we obtain
(m.n) A+2mi
K" (9) ::‘75 j{ / D,(0,0)dey, ... do1dw. (5.2.21)
C m J A

By integration formula (5.2.4), J;"™™ (6) satisfies the null vector equations
(1.2.3) with constant

—(n-2m+ %)2
2k

(6-k)(k—2)
8k
and conformal dimension at O is given by

h= — 2(0) = 2,(0) =

(n —2m)? (k- 4)?

Aw) (0) = —~ 16x

The rotation constant w = 0,
n
Do x " (8) =0
j=1
* Radial ground solutions with spin 7:

D,(0,¢) = 1—[ (sm 1—[ (smg éVJ)A"‘2 ; ﬁ(sme _{j)

1<i<j<n 1<i<j<m i=1 j=1

(5.2.22)

In this case, for p < 4= 2 and a given (n, p) radial link pattern «, we can choose

p non-intersecting Pochhammer contours Ci, Gy, . . ., Cp, each surrounding a



81

pair of points corresponding to a link in the radial link pattern (see (5.2.2)).

Integrating @, along these contours, we obtain

T (0) = ji jf (6, 8) Al - . . . (5:2.23)

By integration formula (5.2.4), j'(,(m’n’") (0) satisfies the null vector equations
(1.2.3) with constant

(6 —x)(xk—-2)

(n—2m)? N 1+7?
8k

2k 2k

h =

— 25(0) = 4,(0) = -

and conformal dimension at O is given by

(n—2m +in)? _(x —4)?

A (0) = 4k 16k

The rotation constant w = '7("+2m)

2m) (m n,n)
_ 6
. (6).

>, (o) =
=1

Chordal solutions, forn =2k and m = k — 1:

2
l_[ o 0,—0;\°
¢K(01" . "9}1—1’067 51"' '9é/m) = (Sln J)
<

1<i<j< 2 <Jj<
m _ 247 n a(2b—a)
nn(sme ) ( )
i=1 j=
m 2a(2b a)
H Sln )
j=1
(5.2.24)

In this case, for a (2k, k) chordal link pattern, we choose m = k — 1
non-intersecting Pochhammer contours Ci, Cy, ..., Ck—1 surrounding pairs
of points except z. (which correspond to links in a chordal link pattern not
connected to z.); see S. Flores and Kleban (2015b) for detailed explanation.
We obtain

L,(0) ::jé jli D.(0,0)dl-y ... dLy. (5.2.25)
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By rewriting the chordal null vector equations in angular coordinate, ()

satisfies the null vector equations (1.2.3) with constant

_6-0k-2) 6-0K-2)
8k

S - 4(0) - 2,(0) =
K

h
and conformal dimension at 0 is given by
A5(0) =0.

The rotation constant w = 0,

D .0;Lu(6) =0.

j=1
Remark 5.2.5. In Y. Wang and Wu (2024), the authors define the following Chordal
SLE weighted by the conformal radius. The corresponding partition function is
given by

. k=6 —a
Za (61,62) = (sin(6/2)) ~ Eg [CR(D\y) ],

where 6 = 6] — 65, CR(D \ y) denotes the conformal radius of the domain D \ y as
seen from the origin, and Ey4 denotes the expectation with respect to the law of y.

It is shown in Schramm, Sheffield, and D. B. Wilson (2009) and Y. Wang and
Wu (2024) that this partition function satisfies the null vector equation (3.2.1) with

constant
_(6-0&=2)

h
8k

and is rotation invariant.

For radial ground solution with spin n, if n = 2m (n is the number of growth points
and m the number of screening charges) then in fact J " is rotation invariant
and independent of the value of 77 :

(n—2m)

n
> oy (g) =1 g (g) = 0.
j=1

K

This function also satisfies the null vector equation (3.2.1) with conformal dimen-

sion: . )
/lb(o):(n—2z<+m) _(K1—6’4<1) ’
b e (6-—x)(k=2) —xlb(O)—/lb(O):—(n_zm)2+ 1 +7? _ l+172.

8k 2K 2K 2K
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In the special case where n = 2 and m = 1, there are two distinct topological
link patterns that correspond to two screening solutions denoted by Z?(G) and
ZJ(0) = Z{ (2 - 6). Then Z} + Z] is rotation invariant and interchangeable.

We match the constant by setting

(6-k)(k=2) 1 7
—_— = —+ .
8k 2k 2k
The uniqueness lemma (lemma Al in Y. Wang and Wu (2024)) implies that there

exists a constant c¢:

Z? +Zg =cZq.
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Chapter 6

MULTIPLE RADIAL SLE(0) SYSTEM

6.1 Classical Limit of the Multiple Radial SLE(«) System

In this section, we construct multiple radial SLE(0) systems as classical limits of
the multiple radial SLE(«) systems in the regime « — 0. Our construction is
self-contained and does not rely on the rigorous resolution of the limiting proce-
dure; rather, it is motivated by variational principles arising from the Coulomb gas

formalism and the method of steepest descent.

A key object in this setting is the stationary relation, which emerges naturally from
the asymptotic normalization of partition functions. For a multiple radial SLE(k)
system with n marked boundary points z; = ¢/ on 4D, the drift term b;(8) of the
driving function satisfies

b(8) = & a%jlogzw),
where Z(0) is a positive solution to the system of null vector equations (see equa-
tion (1.2.3)).

To obtain a meaningful limit as x — 0, one must suitably renormalize the partition
function. For a well-chosen Z(8), we expect the limit Z ()" to exist and be finite

ask — 0.

Recall that the Coulomb gas integral solutions associated with a link pattern o are

given by
ja«n:;é f ®(8.) din - dL, 6.1.1)

where @, is the SLE(«) master function (see definition (5.2.18)), and the contours
Ci, . .., Cy are non-intersecting Pochhammer contours. The partition function Z(8)

is a linear combination of such integrals.

Applying the method of steepest descent heuristically, we consider the asymptotic

behavior:

K
lim Z(6)* = lim (‘7{ ‘7{ ‘I’(O,{)%d{) , (6.1.2)
k—0 k—0 C B
where ®(8, ¢) is the SLE(0) master function (see definition (1.3.9)). In this limit,

the integral is asymptotically dominated by the contribution from critical points of

®(6, {), i.e., the points where the gradient with respect to { vanishes.
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This leads to the following conjecture, which provides the foundation for the deter-

ministic structure of the SLE(0) system:

Conjecture 6.1.1. Let @ be a link pattern and Z, (6) the corresponding pure partition
function. Then, in the classical limit k — 0, the quantity Z,(0)* converges to the

evaluation of the master function at a critical point:
lim Z,(6)" = ©(6, {), (6.1.3)
K—

where ¢ is a critical point of the SLE(0) master function ®(8, {).

6.2 Stationary Relations Imply Commutation Relations in the « = 0 Case

Our construction of the multiple radial SLE(0) system treats the positions of the
screening charges € and the marked boundary points z as part of a coupled dynamical
system. In this formulation, the stationary relations are imposed as constraints on

the initial configuration of the screening charges.

In this section, we show that the stationary relations determine a partition func-
tion Z(€), depending only on the boundary data €, and that the associated drift
vector field U; = d;log Z satisfies the k = 0 null vector equations as well as the
conformal Ward identities. Consequently, the induced evolution of 6 defines a dy-
namical system compatible with the structure of multiple SLE(0) as specified in
Definition (1.3.1).

Theorem 6.2.1. Let z = {z1,...,2,} C 0D be distinct boundary points, and let
¢ = {&1,...,én} C D denote the positions of screening charges. In angular
coordinates, write z; = e and Ex=e%forj=1,....,n, k=1,...,m. Assume

that { = £(0) is a smooth solution of the stationary relations.

Define the partition function

z0)= [] SmZ(@) [T sin (M)

1<j<k<n 1<s<t<m

s l—[m (9 - 4“1(9))
sin”
I=

Then Z(80) is smooth, strictly positive, and invariant under global rotation.

J=

Define the drift vector field U = log Z(0), and let

ou 0; — Ok N 6; = &1(0)
U; ::ﬁzzi;cot( 12 )—ZZcot(jT).




86

Then each U; is real-valued and satisfies the following second-order differential

identity:

1, (Qk_ej) 3 2m-n)? 1
=Us + cot U — =— +=. (6.2.1)

j . _
2 qutj 2 Zk# 25in? (252 2 2

Theorem 6.2.2 (Ward Identity). The drift components satisfy the constraint
n
> u;=o.
=1

Proof of Theorem 6.2.1. The function Z () is manifestly positive for distinct real
6, and the {} () occurring in complex conjugate pairs preserve real-valuedness of

the logarithmic derivative.

Smoothness follows from the fact that £ (@) solves the stationary relations, and hence
depends smoothly on @ by the implicit function theorem. Direct computation of
0; log Z yields:

C O — &1\ 04 G-4s\ (04 95
2 t — +4 t — .
#2), ) c0 ( 2 ) o; " 2, cot|*5 96, 96;
Applying the stationary relation

Z”lcot(ekz—{z) :ZZcot(%),

k=1 s#l

one sees that the last two terms cancel, yielding d;log Z = U; as claimed.

To derive the null vector identity (6.2.1), define

0,-0 meog;—
ujZ:Uj—ZCOt( ]2 k):—ZZcot(]Tgl).
=1

k#j

A lengthy but straightforward computation (using trigonometric identities and the

stationary relation again) shows that:

1, (Qk—ej) 3 2m-n)? 1

U7+ ) cot Ui - =— +—.
J ) _

2 Zkij 2 Zk# 25in? (252) 2 T2
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Proof of Theorem 6.2.2. Summing over j yields:

jZ:;Uj=Zcot(9j;9k)—22200t(#).

Jj#k j=1 =1

The first term vanishes by antisymmetry. For the second term, switching the order

of summation and using the stationary relation again, we find:

JZ;:U-:—4 Z cot(—gk;&):o,

1<k<I<m

since each term appears with opposite sign in the pair (k, /) and (/, k). O

6.3 Residue-free quadratic differentials with prescribed zeros
The locus of real rational functions characterizes the traces of multiple chordal
SLE(0) systems. However, in the radial case, rational functions alone are insufficient

to fully describe these traces.

To address this limitation, we introduce an equivalence class of residue-free quadratic
differentials (Definition 1.3.6), denoted by QD (z). This extended class is designed

to capture the behavior near the origin.

Definition 1 (Restatement of definition (1.3.6)). Let z = {z1, 22, . . . , Zn} be distinct
points on the unit circle. The class of quadratic differentials, denoted by QD(z).

1. symmetric under the involution 7* = %, meaning

0(z*)(dz*)* = Q(z)dz*.

2. distinct zeros at {z1, 22, . . . , Zn}, each of order 2.

3. distinct finite poles at {&1, ..., En}, each of order 4, and the residues vanish

(Residue-free condition):
Resg,(NQ(2)dz) =0, forj=1,...,m.

4. poles of order n+?2 —2m at the marked points O and co. This ensures the total

difference between the number of zeros and poles is —4.

Here, the poles {&1, . .., &y} are finite, meaning they do not coincide with 0 or co.
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A key analytical condition is that the associated differential /Q(z) dz is residue-free

at each pole, which turns out to be equivalent to the stationary relations introduced

in Section 6.2.

Theorem 6.3.1 (Stationary Relations and Residue-Free Condition). The following

statements are equivalent:

1. The points & are symmetric under the involution 7" = %, and the zeros z on

the unit circle satisfy the stationary relations.

2. There exists a quadratic differential Q(z)dz*> € QD(z) with zeros at 7 and
poles at .

Proof of Theorem 6.3.1. We prove the equivalence by analyzing the structure of the
associated quadratic differential. The result follows from the following structural

lemma.

Lemma 6.3.2. Letn > 1 and z = {z1,...,2,} C 0D be distinct points on the unit

circle. Then the following statements hold:

(i) Up to a real constant multiple, any Q(z) dz*> € QD (z) admits the factorized

form
2 n Y
0(z) = iz & Jmen-2 1oz —2)”
1% FNERFAL
where & = {&1,...,&p} consists of distinct points in C\ {0, 0o} symmetric

under inversion 7 — 1/Z.

(ii) The square root \|]Q(z) takes the form

Jz [T (2 - €02

If the poles & are pairwise distinct, then \/Q(z) has a Laurent expansion

near each &y:

VO(z) = ( A; 2 + . ka + (holomorphic terms),
Z— 6k — Sk
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where
m—1-1 Hﬁzl(fk - Zj)
Ay = 2. ,
=4 [Tisex (Ex — €1)?

Bszk.Zn: ! =5 L _zmm*l) 6.3.2)

Hée—z E—& &

(6.3.1)

(iii) The condition that \|/Q(z) dz has vanishing residue at each pole &y is equiva-
lentto By = Oforallk =1, ..., m, which in turn is equivalent to the stationary

relations.

Proof of Lemma 6.3.2. (i) The global structure of Q(z) dz? is determined by its
zeros and poles: - double zeros at z, - poles of order four at &, - and behavior at

z = 0 and z = oo ensuring that the total degree of the meromorphic differential

on Cis —4.
Thus, we may write:

1. (z = z;)?

Y et iy
R VN R

The involution symmetry of Q under z — 1/Z implies

M@=Q()%{

H’}:1 (1- Z_jZ)2
[T, (1 - &z)*

Matching powers of z gives b = 2m — n — 2. Comparing constants yields

N =

Computing both sides, we find

Q(Z) — 1Z4m—2n—b—4 .

m 52
A = (real constant) - (_1)2m—n—1 . % .
j=17%
(i1) From the explicit form of Q(z), the square root is:
@ =C- Zm_i_l . ]—’
i1 (2= €)?

with constant C = [ & /+/]1 z;.
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Near each pole &, the function 4/Q(z) has a second-order pole and therefore

expands as:

A By
VO(z) = o T io& +8(2),

where g is holomorphic near &;. This expansion implies:

VO(2)(z = €)% = Ax + Bi(z — &) + g(2) (z — 1)

Differentiating both sides and evaluating at z = &; gives:

By = a% [@(Z —‘fk)z]

=€k

Substituting the explicit form of 4/Q(z) yields the claimed expressions for A
and By.

(iii) By definition, Resg, v/Q(z) dz = By. Hence, the condition that Q(z) dz? is
residue-free is equivalent to By = 0 for all k. Equation (6.3.1) shows that

these conditions coincide with the stationary relations.

Combining items (ii) and (ii1), we conclude that the residue-free condition is equiv-

alent to the stationary relations, and hence Theorem 6.3.1 follows. O

To further understand the structure of residue-free quadratic differentials in the class
QD(z), we associate to each such differential a multivalued analytic function F(z)

with nontrivial monodromy at the origin.

For any Q(z)dz> € QD(z), there exists a (locally defined) primitive F(z) of
VO(z), unique up to a real additive constant, which is involution symmetric and
meromorphic away from z = 0. The nontriviality of the monodromy around z = 0

reflects the multivalued nature of F(z).

Theorem 6.3.3. Let z = {z1,22,...,24} C 0D be distinct boundary points, and let
0(z2) dz* € QD(z) be a residue-free quadratic differential. Then:

e [fn is even, there exists a unique (up to real additive constant)
F(z) = R(z) +iclogz,

where R(z) is a rational function and ¢ € R, such that:
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1. F(z) is involution symmetric, i.e., F(z*) = F(z) where 7* = 1/Z,
2. 0(2)dz* = (F'(2))* dz?,

3. the finite critical points of F are exactly z.

e [fnis odd, there exists a unique

F(z) = VzR(2),
where R(z) is a rational function, such that:

1. F(z) is involution symmetric,
2. 0(z)dz? = (F'(2))* dz%,

3. the finite critical points of F are exactly z.

Although F (z) is multivalued, the critical points where F’(z) = 0 are well defined,
since: - for F(z) = R(z) +iclog z, all branches differ by multiples of 2ric, so F'(z)
is single-valued, - for F(z) = \[zR(z), branches differ by sign, so F’(z) differs by
sign as well.

The odd-n case can be reduced to the even case by passing to the double cover via

the change of variable z = u>.

Proof. Let Q(z) dz> € QD(z) with poles & = {£1,...,&p,}. Then by Lemma 6.3.2,

we have:

H?:1 (z- Zj)

’]?:1(Z _fk)z,

Jo(z) =C- M3l

for some constant C € C.

Case 1: n even, 2m < n. In this case, 4/Q(z) has a pole at z = 0, and its primitive

F(z) must contain a logarithmic singularity:
F(z) =R(z) +iclogz,

with R(z) rational. Since all residues vanish by the stationary relations, the only
possible monodromy arises from the logarithmic term, and involution symmetry of

F implies that ¢ € R.

Case 2: n even, 2m > n. Here, z = 0 is a removable singularity or zero of 4/Q(z),
so its primitive F'(z) is a single-valued rational function:

F(z) = R(2),
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again involution symmetric and with critical points at z.
Case 3: n odd. Let z = u? and define

Hn'zl(uz - Zj)
d — 2 . 2m—n—1 X J d ]
VO(z)dz=2u-u T W &) u

=S (u?)

This defines a rational 1-form S(u?) du on the double cover. Since the residues at
all £+/&; vanish, and the form is even in u, we also have zero residue at u = 0.

Therefore, the primitive of S(x?) can be written as

/ S(u?) du = u - R(u?),

2

with R rational. Returning to z = u*, we obtain

F(z) = VzR(2),

as desired. m|

Lemma 6.3.4. Let F(z) be the multivalued analytic function associated to a residue-
free quadratic differential Q(z) dz> € QD(z). Then its real locus

[(F):={z€C|F(z) eR}

is well defined as a subset of C \ {0}, despite the multivaluedness of F(z).

Proof. We consider the two cases according to the parity of n.

Case 1: n even. In this case, F(z) = R(z) +iclogz, where R(z) is rational and
¢ € R. Since log z is multivalued, F(z) is naturally defined on the universal cover

of C\ {0}. Let p : @ — €' be the covering map, and define the lifted function
F(8) := F(e') = R(") - 6.

Then
F(6+2x) = F() - 2nc.

Since the shift is real, the condition F(6) € Ris preserved under translation by 2.

Therefore, the real locus

['(F):={0 eR | F(0) € R}
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is invariant under 6 + 6 + 27. As the projection p(6) = e'? is also 2x-periodic, the

image I'(F) := p(F(f)) c C\ {0} is well defined.

Case 2: n odd. In this case, F(z) = y/zR(z), where R(z) is rational. The square
root introduces a two-sheeted branch structure. As before, we lift F' to the universal

cover using p(6) = ¢'?, and define
F(0) = Vei® R(e') = 92R (7).
This satisfies
F(0+7x)=-F(0), F(0+2n)=F(@).
Hence the real locus T'(F) := {6 e R | F(0) € @} is 2m-periodic, and its image
under p defines a well-defined subset I'(F) c C\ {0}. O

Next, we characterize the geometry of the horizontal trajectories of Q(z)dz> €

QD (2).

Theorem 6.3.5. Let z = {z1, 22, ..., 2,} be distinct points on the unit circle. Con-
sider a quadratic differential Q(z) € QD (z) defined by

k=1 §k 2m-n—2 Hj=1 (Z ZJ)

0(2) = = — 2 T oA
j=1%J szl(Z - &)t
where {&1, ..., &y} are involution-symmetric finite poles of Q(z), and & # 0, oo for

k=1,2,...,m.

The horizontal trajectories of Q(z), denoted as T'(Q), are the trajectories of
0(2)dz> € QD(z) that with limiting ends at the zeros {z1,z2,...,2n}. These

trajectories satisfy the following properties:

(1) If 2m < n, the trajectories I'(Q) form a topological radial link pattern in
LP(n, m).

(2) If 2m > n, the trajectories T'(Q) form a topological radial link pattern in
LP(n,n —m).

To prepare for this, we first introduce some fundamental concepts from the theory

of quadratic differentials.

Definition 6.3.6. For a quadratic differential Q(z)dz?> on a Riemann surface S, we
denote the zeros and simple poles of Q(z) by set C and poles of order at least 2 by
set H.
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Definition 6.3.7 (F-set). A set K on a Riemann surface S is called an F-set (with
respect to Q(z)dzz) if any trajectory of Q(z)dz?> which meets K lies entirely in K.

Definition 6.3.8 (Inner closure). By the inner closure of a set on R we mean the
interior of the closure of the set. The inner closure of a set K will be denoted by K.
In the following four definitions, we understand in each case S to be a finite oriented
Riemann surface, Q(z)dz” to be a quadratic differential on S.
Definition 6.3.9 (End domain). An end domain U (relative to Q(z)dz?)) is a maximal
connected open F-set on S with the properties:

(i) U contains no critical point of Q(z)dz>.

(ii) U is swept out by trajectories of Q(z)dz* each of which has a limiting end

point in each of its possible senses at a given point A in H.

(iii) U is mapped by F(z) = f(Q(z))l/zdz conformally onto an upper or lower
half-plane.

Definition 6.3.10 (Strip domain). A strip domain U (relative to Q(z)dz?) is a
maximal connected open F-set on S with the properties:
(i) U contains no critical point of Q(z)dz>.

(ii) U is swept out by trajectories of Q(z)dz* each of which has at one point A in
H in the one sense a limiting end point and at another (possibly coincident)

point B in H in the other sense a limiting end point.

(iii) Uis mapped by F(z) = /(Q(z))l/zdz conformally onto a strip a < ImF < b,

a, b are finite real numbers, a < b.

Definition 6.3.11 (Circle domain). A circle domain U (relative to Q(z)dzz) is a

maximal connected open F-set on S with the properties:

(i) U contains a single double pole A of Q(z)dz>,

(ii) U — A is swept out by trajectories of Q(z)dz> each of which is a Jordan curve
separating A from the boundary of S,
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(iii) For a suitably chosen purely imaginary constant c the function

w = exp {c/(Q(z))l/zdz}

extended to have the value zero at A maps U conformally onto a circle |w| < R, A

going into the point w = (.
Definition 6.3.12 (Ring domain). A ring domain U (relative to Q(z)dz?) is a
maximal connected open F-set on S with the properties:

(i) U contains no critical point of Q(z)dz>.

(ii) U is swept out by trajectories of Q(z)dz* each of which is a Jordan curve.

(iii) for a suitably chosen purely imaginary constant c the function

W = exp { / <Q<z>>1/2dz}

maps U conformally onto a circular ring
ri<|wl<rmn0<r<r).

In Jenkins (2012) thm 3.5, the author proves a general result for positive quadratic
differentials on finite Riemann surface S. In our setting, we only need to consider a

special case S = C where all quadratic differentials are positive.

Theorem 6.3.13 (Basic Structure Theorem, thm 3.5 in Jenkins (2012)). Let S be
a Riemann sphere and Q(z)dz* a quadratic differential on S where we exclude
the following possibilities and all configurations obtained from them by conformal

equivalence:

(i) S the z-sphere, Q(z)dz* = dz>.

(ii) S the z-sphere, Q(z)dz* = Ke'*dz? /7%, a real, K positive.

Let T'(Q) denote the union of all trajectories which have a limiting end point at a
point of C (see definition (6.3.6). Then
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(i) S —T'(Q) consists of a finite number of end, strip, circle and ring domains,

(ii) Each such domain is bounded by a finite number of trajectories together with
the points at which the latter meet; every boundary component of such a
domain contains a point of C; for a strip domain the two boundary elements
arising from points of H (see definition (6.3.6)) divide the boundary into two

parts on each of which is a point of C,

(iii) Every pole of Q(z)dz* of order m greater than two has a neighborhood covered
by the inner closure of m — 2 end domains and a finite number (possibly zero)

of strip domains,

(iv) Every pole of Q(z)dz? of order two has a neighborhood covered by the inner
closure of a finite number of strip domains or has a neighborhood contained

in a circle domain,

(v) The inner closure F/(a) of I'(Q) is an F-set consisting of a finite number of
domains on S each with a finite number (possibly zero) of boundary compo-

nents,

(vi) Each boundary component of such a domain is a piecewise analytic curve

composed of trajectories and their limiting end points in C.

Proof of Theorem 6.3.5. We characterize the geometry of I'(Q) by considering the

following cases:

(i) Caseneven,2m < n: The poles of Q(z) at 0 and oo are of order n+2—-2m > 4.
By the basic structure theorem (Theorem 6.3.13), the complement C \T'(Q)

consists of a finite collection of end, strip, circle, and ring domains.

We first show that there can be no strip or ring domains. For Q(z) dz* €
QD(z), by Lemma 6.3.3 and 6.3.4, the function F(z) = f \/QTz)dz takes
real values on I'(Q). Hence, F(z) cannot map a domain U to a strip or a ring
domain, because in such cases the imaginary part Im F takes two different

values on 0U, contradicting the level line structure.

Moreover, since the pole order at z = 0 is at least 4, there are no circle
domains either. Thus, all domains are end domains. We denote the finite ones
by {Uy,Us,,...,Us}, bounded away from O and oo, and the infinite ones by

{V1,Va,...,V;}, whose closures contain O or co.
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For each finite domain U;, the map F(z) sends it to the upper or lower half-
plane and extends continuously to the boundary. Therefore, there must be a
pole & on AU;, and each pole &; lies on the boundary of exactly two adjacent
finite domains. Since there are exactly m poles {&1,&2,...,&n}, we have

s = 2m finite domains.

Each U; is bounded by disjoint arcs connecting pairs of zeros {zy, ..., z,}. By
involution symmetry, there are m such domains in D, giving exactly m arcs in

I'(Q) connecting m pairs of zeros.

Since the pole at z = 0 is of order n + 2 — 2m, by Theorem 6.3.13 there are
n — 2m infinite domains with closure containing 0, and by symmetry, n — 2m

domains containing o, so t = 2(n — 2m).

Hence, I'(Q) consists of m arcs connecting pairs of zeros and n — 2m trajec-

. . 271- .
tories ending at 0, whose tangents are equally spaced at angles —=7—. This
defines a radial (n, m) link pattern.

Case n even, n = 2m: In this case, the poles of Q(z) at 0 and co are both of
order 2. Again, by Theorem 6.3.13, C \ I'(Q) consists of end, strip, circle,

and ring domains.

As before, we exclude the possibility of strip or ring domains using Lem-
mas 6.3.3 and 6.3.4, since F(z) takes real values on I'(Q) and cannot map U

to such domains.

With pole order exactly 2, there is precisely one circle domain centered at 0,

and by symmetry, one at co. The remaining domains are end domains.

Let the end domains be {U}, ..., U,}, each bounded away from 0 and co. By
the same argument as before, each domain boundary contains a pole &;, and

we again find s = 2m such domains.

By involution symmetry, half of these lie in D, giving m arcs in I'(Q) con-

necting m pairs of zeros. Thus, ['(Q) forms a radial (n, m) link pattern.

Case n even, 2m > n: In this case, by Theorem 6.3.3, the primitive F(z) =
f \/O(z) dz is a rational function.

The degree of F(z) at 0is m — 5 > 0, so the real locus I'(F) is regular near
0. There are 2m — n trajectories ending at 0, with limiting tangents forming

equal angles of 231—’:’1

Hence, I'(F) forms a radial (n, n — m) link pattern.
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(iv) Case n odd: In this case, the primitive of 4/Q(z) takes the form F(z) =
f \0O(z) dz = \zR(z), where R(z) is rational.

Passing to the double cover, F(z?) = zR(z?) is rational. The degree of F(z%)

at 0 is |2m — n|, so there are |2n — 4m| trajectories ending at 0.

Projecting back, I'(F(z)) has |n — 2m| trajectories ending at 0, with tangents

2r
|n—2m| "

forming equal angles

Therefore, if n > 2m, I'(F) forms a radial (n, m) link pattern; if n < 2m, it

forms a radial (n,n — m) link pattern.

6.4 Field integral of motion and horizontal trajectories as flow lines

In this section, we show that the traces of a multiple radial SLE(0) system coincide
with the horizontal trajectories of Q(z)dz> € QD(z) with ends at {z1,22,...,2,}
(which are double zeros of Q(z)).

From the dynamical point of view, the key ingredient in our proof of the main
theorem (1.3.7) is the field of integral of motions for the multiple radial Loewner
flow. This field integral of motion can be heuristically derived as the classical limit

of a martingale observable constructed via conformal field theory, see section 6.5.

Lemma 6.4.1. Let z1, 22, . . ., 2, be distinct growth points in the unit circle 0D, and
let &1,&, ..., &y be marked points. Let g,(z) be the solution to the multiple radial
Loewner equation with a driving measure supported on {z;(t)}, and assume that

only the j-th curve is growing, that is, v;(t) = 1 and vi(t) = 0 for k # j.
Define the following quantities for z € D:
_ HTzl ‘fj(t)2

HZ:] <k (t) ,

Bi(z) = e " g,(2)" " (g(2))

A(1)

5 [T (8:(2) — 2k (1))? (6.4.1)
7 (&2 - & ()

Ni(z) = A1) - Bi(2).

Then, for each z € D, the quantity N,(z) is constant on the time interval [0, T, A T),
where T is the first time t at which g;(w) = z;(t) for some w € {&1,...,&n}, and 1,
is the first time such that g;(z) = z;(t).



Proof. Proof of lemma (6.4.1)

By the Loewner equation, the following identities hold:

dz;(1) PRIOE0ON 2O +&()
I RIS b e

Jdz (1) 7 (1) + 2k (1)
TR T T M
dfz(f) 7 (1) +&(1)

=&(1)

zj(1) = &(1)

By substituting above equations into [“%ZA(’), we obtain that

log A(1) =2 ) log&(1) = ) logzi (1)
k=1

J=1

dlog A1) _ zi dlogé(r) an dlogz; (1)

dt — dt =) dt

_ ZZ z;j (1) + &1 (1) Z z; (1) + 2k (7) "‘Z (1) +z(t)

2j(0) =&i(t) A zp(0) — () da) - z;(1)
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(6.4.2)
(6.4.3)

z;j (1) + &i(1)

22 a0 =50

Al (1)
=0.

We denote the sum in the second line of the equation (6.4.4) by A/(¢).

simplifying, it is clear that the sum A/ (¢) = 0.

Again, by Loewner equation, the following identities hold

dgi(z) _ 2(2) 7 (1) + g:(2)
dt 7 (1) — 8/(2)
dlogg/(z) z;(1) t8 2z;(t) g
e z(1) - g (z](t) g)?
|dloggi () 2() +(2)
dt zj(1) - g(2)
dlog(g;(2)/81) _ 28:(2)z; (1) _ 8:1(2)(g:(2) +z; (1)) . 8:1(2)
dt (zj(1) - g1)? (zj(1) —gi(2))?  z;(t) —8(2)

(6.4.4)

After

(6.4.5)
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dlog(zx (1) — 8:(2)) _ 7 (1) + 2 (1) z; (1) + g:(2)

i 0w Y50 ak)
z](t)(z](t)+Zk(t)) 8 oy
TG0 - @ -0 50 - g @’
dlog(é(n) ~ g,(2) _ 1 (fl(t)zj(t)+§1(t)_gt(Z)Zj(t)+gz(Z))
: dr G- 0-a0 Y50 - w
L0 +é0) o
TGO s @@ -50) 50 -5 @
dlog(z;(t) — 8:(z)) 1 zj (1) + 2k (1) zj (1) + & (1) zj (1) + 8:(2)
dr 05|70 Lm0 50 22 5050 4O 0.
(6.4.6)

log B, (2) = —(2m=n)t+(2m-n-2) log g,(z)+21og(g(2))+2 ) log(g,(2)-zx (1)) —4 > log(g:(2)—&; (1))
k=1 j=1
(6.4.7)

By substituting equations (6.4.6) into equation (6.4.7),

7 (1) + g(2) 2(Zj(t)+gz 2z;(1)g: )
7 (1) — g:(2) i) =g (z;(1) — g)?

-2m-n)+Q2m-n-2)

o B, (020 + 2(0) & )

— (Z)=+2,;( @0 - 5D @) —50) (0 - 82
s 7 (1) + 2k (7) z; (1) + &(1) zj (1) + 8:(2)
4Zz,<r> ( D2 5050 229050 49 0. )

BJ(2)
(6.4.8)

We denote the sum on the right hand side of (6.4.8) by B{ (z). By direct computations
we obtain that all terms canceled out,

dlog B;(z)

=B (z)=0
dt 1 ()

which implies

dlogN/(z) dlog A(1) N dlog B;(z)

dt B dt dt =0



Theorem (Restatement of theorem 1.3.8 ). In the unit disk D, let 71,22, .. ., z, be
distinct growth points on dD. For each z € D, define the following:
2
Af) = =1 60
[T 2 (@)
Bt(Z) (2m n)(/() Zj V](Y)ds) g ( )2m n— Z(g ( ))2 Hk 1(gt(Z) Zk(t))z
t
H}Jn 1(gt(z) é:j(t))4
Comem (15 oy as) Ty E(2)?
Nt(Z) — A(t)B[(Z) =e (2 )(./(.] Z/ ](‘)d‘) Jnl gt(Z)Zm—n—Z
k=1 Zk(t)
(£(2)) [T5(8:(2) = zx(1))?
T (8i(2) = €5 ()

Then, A(t), B;(z), and N,(z) are field integrals of motion on the interval [0, T, AT) for

the multiple radial SLE(0) Loewner flows with parametrization vi(t), j = 1,..., n.

Proof of theorem (1.3.8). Note that for v(#) parametrization

7 (1) + g(2)

digi(z) =) vj(1)8:1(2)~ -2
J t

j=1

422028 5
8 R (&(z)%)
= 0[5 00)
S 2. w0 (e - o)
et 5,0 02t
)y B 5

zj(1) +&(1)
&1(1) = z;(1)

|

go(2) =z,

i)

PRAG! (z,-(t)

k#j

2k (1)

81(2)(gi(2) +z; (t)) 8:(2)

(zj (1) — g:(2))?

7 (1) + 2k (1)
- z;(1)

z](t) -g(2))
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z; (1) +gz(z))
7 (1) — g:(2)

dlog(é(1) —gi(2) _ 1 Zv-(t) (&([)Zj(t) +&1(1) ()
J t

dt & -g ; zj (1) = &(1)

) | gz iz - g ~ | zj (1) (z; (1) + &1(1)) 8
=270 ((zj(r) ~ &) (1) - g,)) PNl e TR e

J

dt _Zj(t)— zj (1) &(1) —z;(1)

_ ZJ-(t)+gz(Z)) 1 ( zj (1) +zx (1) Zj(t)+gt(z))
5 -5 ) 508 2O 0 08 )

k]

dlog(z;(1) - gi(2)) 1 V](t)(zj()zzm)uk(r) Z (A0 +EW

Ly

By plugging in these identities, we obtain that

dlog A g .

dlog B, &

s B2 ;v]a)Bf(z)—
dlogN,(z) < dlog N (2)
ceen . ) ()— 0.

O

N,(z) is a field integral of motion for arbitrary initial positions of screening charges
¢ even without assuming stationary relations. The stationary relations imply the

existence of a quadratic differential Q(z)dz> € QD(z), see Theorem 1.3.7.

The integral of motion is motivated by a martingale observable in conformal field
theory. For a field X in the OPE family Fpg,

. E[XOg]
E[X] = ———
E[Og]
is a martingale observable where Og is a vertex field. In our situation, we choose X
to be the chiral vertex field and take the classical limit as k — 0. The martingale

observable degenerates to the integral of motion. We will discuss the construction
of the field X in Section 6.5.

In the proof of Theorem 1.3.7, we also need to consider 4/N;(z) as a field integral

of motion. However, an obstacle arises in the expression

WD) = e ™D ZOd) gt HZ:I(gI(Z)_Zk(I)),
(Z) e 8 (Z) gt(Z) H;'n:](gl(z) _‘fj(t))z
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where the term g;(z)" 2! becomes multivalued when n is an odd integer, thus
VNV;(z) is in fact not well defined. To resolve this technical problem, we introduce
the angular coordinate.

Corollary 6.4.2. In the angular coordinate, by changing variables, let £, = €',
2k = €%, and h,(z) be the covering map of g:(z) (i.e., €™ = g,(¢'%)). For each
z € H, we define:

m - oilk (1)

AW (1) = 1=

-gk(l) ’
n i
Hk:1 e 2

ny( ! . n . n . k=
B?”g(z) — e_(m_z)(fo 2 vjs) ds)g[(z)m_7_lel(m_E_l)ht(Z)h;(Z)elh’(Z)

e, ( o2 _ eiek(t))

N8 (z) = A"8(t)B{" (2)

[T, (e @ — ¢iti )

(6.4.9)
Then, A“"8(t), B{"$(z), and N, (z) are field integrals of motion on the interval

[0, 7, A T) for the multiple radial SLE(0) Loewner flows with parametrization v(t),

j=1,...,n
Theorem (Restatement of theorem (1.3.7)). Let z = {z1,22,...,2n} be distinct
growth points on the unit circle and screening charges & = {&1, &2, ..., &} involu-

tion symmetric and solve the stationary relations.

There exists an Q(z) € QD(z) with & as poles and z as zeros, the hulls K, gener-
ated by the Loewner flows with parametrization v(t) are subsets of the horizontal
trajectories of Q(z)dz? with limiting ends at z, up to any time t before the collisions

of any poles or critical points. Up to any such time

0(2) 08! €QD(2(1)).
where z(t) is the location of the critical points at time t under the multiple radial
Loewner flow with parametrization v(t).
Proof of Theorem (1.3.7). We first prove that Q(z) o g;! is in QD (z(1)).

Since at t = 0, the screening charges & are assumed to be involution symmetric and
solve the stationary relations, stationary relations- residue free theorem guarantees
the existence of an Qy(z)dz> € QD (z(0)) with £(0) as poles and z(0) as zeros.

5

z m - idi(r) n (eiht(z) _ eiekm)
_ mmn(f o) = € s e I (2)eih ) e
Z_] ei 0k2(r) t H?:l (eih,(z) _ ei{j(z‘))
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Moreover, Qy(z) factors as

1§:k( ) 2m —n-2 ( _Zj(o))z
2 (0)° sz1 (z—gk(O))“'

Qo(z) = (6.4.10)

Using the integral of motion N(z), we have

| E 10 N " (g(2) - 2 ()
N, — J (2m n 2)(/0 2 vi(s)ds) th n-2 ; 2 J
R RO s A T @)
1§k(0) Zm —n-2 ( _yJ)
Hn 1%j (0) " (z— fk)4 No(z)

(6.4.11)

Denote the constant (f) = e~ "3 =D 2y vi(9)ds),

Let f; = g;!, and since the above holds everywhere evaluate it at f;(z) to obtain

Hjm lfk( ) 2mn=2 ?:1 (Z_Zj(t))2

2(1)
g [T=1 %@ ml(z_ff ((‘fk)))4 e (6.4.12)
mlfk() 2m-n—2 [T (filz
t ) t ) —Jt Qo (fi(2)).
Tz, O @ o = H 070 ()

The left-hand side is exactly

o I (2= 2(0)
S0 P — = u(1)0:(z). (6.4.13)
O i Gome? T

we obtain that

+u(t)Resg)(V0O:(2)) = Resg0)(VQo(fi(z)) = 0. (6.4.14)

The stationary relations at t+ = 0 give the last equality. Thus, the residue-free
condition holds, and clearly, the involution symmetry of & is preserved, which
implies Q(z) o g7! € QD(z(1)).

Finally, we prove that the hull K; is a subset of the horizontal trajectories of Q(z)dz>
with limiting ends at {z1, z2, . . . , 2, }. By theorem (6.3.4), equivalently, we can show
that K is a subset of the real locus of the F(z) = / \/@ dz (which is well defined
as shown in lemma (6.3.4)).
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Note that F(z) is a multivalued function. To deal with the multi-valuedness, let
p(z) = €' be the exponential covering map, and we consider 4, (z) the lifting map
of g:(z) (i.e. €D = g,(¢'%)). We denote the lifting of F(z) by F(z), which is now
a single-valued function, and the lifting of Q;(z) by 0;(z) = —Q;(e'?)e*?dz, the
lifting of the hull K, by K,.

By the integral of motion in angular coordinate (6.4.2)

m o ili(1) ih 0
W8 (7) = i ™™ n=5 1)y (2) 1 it () L=t (€ )
Ny (2) =u(r) e h(2)e e
[Ty 2 szl(el 1(2) — i)
m i (0) ; 0, (0
M i(m=-5-1)z iz Z=1(8’Z L )) _ N8
B 9k (0) e m / i - 0 (Z).
no ol k2 Hj—l (ezz _ eltj_,(O))z
k=1 =

(6.4.15)

Lets, = h,‘l, and since the above holds everywhere evaluate it at s;(z) to obtain

m iz iz _ i)
AONB D) = (0T nmgiye e Tz (€72 = €21)
T, ™" [T (e = e¢i(1))2

k=1°€
B HT:I £4x(0) ist(2) _ oifk(0))

(et , [T (e B
i(m=5-1)s,(2) ,is;(z) L L1k=1 1 ,
n eiakT(())e ¢ [T, (e _ei§j<0>)z(hf (2)
k=1 L
= VQo(s:(2))(s:(2))’
= (F(s:(2)))".
(6.4.16)

Since u(t) is a real constant, F(s;(z)) is the primitive of YQ,(z) (up to a real

multiplicative constant). It suffices to show that K, is the real locus of F(z)

Recall that g, is the unique conformal map from D\ K; onto D with the hydrodynamic
normalization. Therefore, g,(z) maps the subset K; to 0D and &, (z) maps the subset

K, to the real line.

Since F(s;(z)) is the primitive of vO,(z) (up to a real multiplicative constant), the
real line is part of the real locus F(s;(z)). Since 4;(z) maps the subset K, to the real
line, it follows that K, is a subset of the real locus of F(z). |

Remark 6.4.3. The underlying principle is that for Q(z) € QD (z), the function
4/Q(z) admits a local meromorphic primitive in D \ {0}. As a result, the residues
of 4/Q(z) at all nonzero poles must vanish.
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When the poles are distinct from the critical points, this principle manifests alge-
braically as the stationary relation. However, when a pole coincides with a critical
point (in which case the pole must be of order two), the partial fraction expansion of
\/@ becomes more intricate, and so does the associated algebra. Nevertheless,

the same fundamental principle continues to govern the structure.

Example 6.4.4. The traces of n-braids multiple SLE(0) in D.

Proof. For n-braids multiple radial SLE(0), m = 0, and there are no poles, thus
Q(z)dz? is given by
0(2) =cz"?[ | (z-2) 6.4.17)
j=1
The n-braids multiple SLE(0) has n trajectories with limiting ends at z = 0, and with

limiting tangential directions that form an equal 27” with each other.

6.5 Classical limit of martingale observables*
In this section, we discuss how the field integral of motion is heuristically derived as

the classical limit of martingale observables constructed via conformal field theory.

Based on the SLE-CFT correspondence, the multiple radial SLE(«) system can be
coupled to a conformal field theory. We will construct this conformal field theory
using vertex operators, following the approach in Kang and N. Makarov (2013) and
N-G. Kang and N. Makarov (2021).

Definition 6.5.1 (Vertex operator). For a background charge B = Y} B - qx with the
neutrality condition (NCp) and divisor T = 2. Tj - 2; with the neutrality condition
(NCy). We define the vertex operator Og[T] as

_Cwlt+Bl o
Oglt] = —C(b) 0] e .

where ®*[1] := Y, 7;®* (z;) is the chirdal bosonic field and ® is the wick product.

(6.5.1)

Definition 6.5.2 (n-leg operator with screening charges). Consider the following

charge distribution on the Riemann sphere.

B = bSo + bdes
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n

Z n-—2m n-—12m
n:Zk%—;Pm&—(z Jasdy ~ (—5—)a b
J: =

The n-leg operator with screening charges & and background charge B is given by

the OPE exponential:

_ Cp)l71 + B cOI®[11]

Oglt1] = Con Bl (6.5.2)

For each link pattern @, we can choose closed contours Cy, . . ., C, along which we
may integrate the & variables to screen the vertex fields. Let S be the screening

operator. We define the screening operation as

Sa,Oﬂ[Tl] 2‘75 ce Oﬁ[‘l‘l]. (6.5.3)
Ci Cn

We integrate the correlation function EOg[11] = ®,(z, £), the conformal dimension
is 1 at the &€ points, i.e. since A,(—2a) = 1. This leads to the partition function for

the corresponding multiple radial SLE(«) system:

Ci n
Theorem 6.5.3 (Martingale observable). For any tensor product X of fields in the
OPE family Fg of ®g,

E(S8,0([11]X)
ES,Op[11]

M(X) = g, (6.5.5)

is a local martingale, where g,(z) is the Loewner map for multiple radial SLE(k)
system associated to J,(z) = ESOg[t1]

Remark 6.5.4. The structure of multiple radial SLE(«) systems is not yet fully
understood. We do not provide a rigorous justification of this theorem in this paper,
nor is the validity of our results dependent on this. In particular, the integral of

motion used in our arguments can be directly verified independently.

Moreover, the Martingale Observable Theorem can be extended to linear combina-

tions of screening fields of the form

SO0p =) 0aSuOplT1l,
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where each S, corresponds to a distinct choice of integration contours associated

with a link pattern @, and o, € R are real coefficients.

Corollary 6.5.5. Let the divisor T2 = —%60 — 5 0o + 06, Where the parameter
o= % and insert X = Og[13]

ESOg[11]0p| 7]
ESOﬁ [Tl]

is local martingale where g;(z) is the Loewner map for multiple radial SLE(k) system

associated to Z,(z) = ESOg[11].

M, (z) = g, (6.5.6)

Explicit computation shows that

ESQ,O'B[Tl] = Ejg e " Op[‘l’l]Op[Tz]

:72 jé [T G- [] @- @)“Hlﬂ[

1<i<j<n 1<i<j<m i=1 j=1
p—n=2m 2m 2a(b-"= 2'" - n-— 2m ’ ,
1_[ a( )nfk a( a=%) 77 (b= a) ¢z )/lb(a)g (Z)/lb((f)
J
(z=2))7"(z = &)” “%)
B .4 Oplm)
Ci
n m 0
—2a
-4 .. f [T G- ] @-e* T[] @-¢)
G Cn 1<i<j<n 1<i<j<m i=1 j=1

a(b_n Zm) 2a(b—" 2ma) _n- 2m _2m n
1_[ J l—légk O'(b a) /(Z )/lb(a)lg (O)|2/lh(b )
J
Conjecture 6.5.6. As k — 0, the contour integral concentrate on the critical points
of the master function.

E-¢C1 .. ._</1§Cn O,B[TI]O,B[TZ]

Efo, - Jo, Oplm] 65.7)
[T éx RS [Tho(z—zx)
4/ k 1 2k H’};(Z - fj)z’

where £ solve the stationary relations. This is exactly the integral of motion N, (z)

Ni(z) =M, 0(z) = lim M; «(2) = lim

=g’ (0)""~)

in the proof of the theorem.
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M, «(z) is a (A (o), 0) differential with respect to z, where A, (o) = j

b
5 — - BY
taking the limit k — 0, limy—,0 45 (07) = 1, and thus M, o(z) is a (1,0) differential.

Remark 6.5.7. The integral of motion N,(z) can be verified through direct compu-
tation. This heuristic argument provides valuable insight and motivation for con-
structing the integral of motion. It is worth noting that our paper is self-consistent

and does not depend on the detailed clarification of the classical limits.

6.6 Enumerative algebraic geometry and link pattern®

In this section, we propose several illuminating conjectures for the classification of
the quadratic differential Q(z)dz?> € QD(z) and equivalently the critical points of
the trigonometric KZ equations:

In the chordal setting, multiple chordal SLE(0) systems have been constructed and
analyzed in detail by Eveliina Peltola and H. Wang (2020), and the corresponding
stationary (commutation) relations have been completely solved and classified in
Scherbak and Varchenko (2003), Scherbak (2002a), and Scherbak (2002b). Moti-
vated by these results, we propose the following conjectures concerning the structure

of multiple radial SLE(0) systems.

Conjecture 6.6.1 (n even). Let Q(z) dz> € QD(z) be an involution symmetric
meromorphic quadratic differential with n simple zeros located on the unit circle
(with even n) and m poles. Then, up to multiplication by a nonzero real constant,

the horizontal trajectory I'(Q) with limiting ends at z satisfies:

* (Underscreening) If m < 7,

distinct pairs of zeros, forming a radial (n, m)-link. For each such link pattern,

then I'(Q) consists of m disjoint arcs connecting

there exists a unique differential Q € QP (z) (up to scaling) whose horizontal

trajectories form this pattern.

* (Overscreening) If % < m < n, then I'(Q) consists of n — m disjoint arcs
connecting pairs of zeros, forming a radial (n,n — m)-link. For each such
link pattern, there exists a continuous family of differential Q € QD(z) (up
to scaling) whose horizontal trajectories form this pattern.

* (Upper bound) If m > n, there exists no such quadratic differential Q €

QD(z).

Conjecture 6.6.2 (n odd). Let Q(z) dz> € QD(z) be an involution symmetric mero-
morphic quadratic differential with n simple zeros located on the unit circle (with
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odd n) and m poles. Then, up to multiplication by a nonzero real constant, the

horizontal trajectory I'(Q) with limiting ends at z satisfies:

* (Underscreening) If m < 7, then I'(Q) consists of m disjoint arcs connecting
distinct pairs of zeros, forming a radial (n, m)-link. For each such link pattern,
there exists a unique differential 0 € Q9D (z) (up to scaling) whose horizontal

trajectories form this pattern.

* (Overscreening) If % < m < n, then I'(Q) consists of n — m disjoint arcs
connecting pairs of zeros, forming a radial (n, n — m)-link. For each such link
pattern, there exists a unique differential Q0 € QD(z) (up to scaling) whose

horizontal trajectories form this pattern.

* (Upper bound) If m > n, there exists no such quadratic differential Q €

QD(2).

Remark 6.6.3. When n is an even integer, in the overscreening case, Q(z)dz> =
R’(z)?>dz?, where R(z) is an involution symmetric rational function with z as critical
points. In this case, the continuous family of solutions can be obtained by post-

composition with Mdbius transformations.

We can equivalently reformulate our conjectures concerning the critical points of

the master functions.

Conjecture 6.6.4. For generic z on the unit circle, critical points € of the master

function ®,, ,(z, &) are involution symmetric.

Conjecture 6.6.5 (n even). For generic z on the unit circle:

* (Underscreening) If m < 5, ®,, ,(z, €) has exactly |LP(n, m)| isolated critical

points.

* (Overscreening) If ”—Jz'l <m < n, ®,,(z, &) has non-isolated critical points.

Let A1 = 2 &,A2 = X&), ..., Am = &1 -+ - &y be the standard symmetric
functions of &,...,&,. Denote CT the space with coordinates Ay, ..., Ady.
Then written in symmetric coordinates A1, ..., 4,,, the critical points consist

of [LP(n,n — m)| straight lines in the space C7.

* (Upperbound) If m > n, ®@,,,(z, &) has no critical points.
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Conjecture 6.6.6 (n odd). For £ and generic z on the unit circle:

* (Underscreening) If m < 5, ®,, ,(z, §) has |[LP(n, m)| isolated critical points.

* (Overscreening) If ”zﬂ <m < n, ©,,(z,&) has |LP(n,n — m)| isolated

critical points.

* (Upperbound) If m > n, ®,, ,(z, ) has no critical points.

6.7 Examples: underscreening
In this section, we provide a series of figures to illustrate the trace configurations

arising from various multiple radial SLE(0) systems.

For multiple radial SLE(O) system with growth points z and screening charges &,

the corresponding quadratic differential is given by

m 2 2
_ Hj:] fk Ym—n—2 HZ:] (Z - Zk)

Mo LGE-6)°

Lemma 6.7.1. Given Q(z) € QD(z) associate to it a vector field vy on C defined
by

0(z)dz? dz>.

1

VO(2)

Jom = W g i c- o)
o VITi=s ZkZ H’}Ll(z —&5)?

The flow lines of z = vg(z) are the horizontal trajectories of 0(z)dz>.

(6.7.1)

vo(z) =

where

Remark 6.7.2. This lemma provides an elementary way to plot the horizontal trajec-
tories of Q(z)dz>.

In the following figures, the zeros are marked in red, the poles in yellow, and the

marked point # = 0 in green.

Figure 6.1: n =2,m = 1,z; =i,z = —i. The SLE(0) curves connect z; and z, to

the origin.

VO(2) =iz 2 (z - i)(z +1)

Figure 6.2: n =2,m = 1,z; =i,zp = —i,&; = 1. The SLE(0) curve connects z;

and z;, and does not surround the origin.

0(z) =iz EEE
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(k+D)if4 o = Figure 6.6: z; = ek+Dmi/d o =

0,1,2,3 0,1,2,3,& =1

Figure 6.7: z; = €M/ k = Figure 6.8: z; = eGk+Dmi/4 | =
1’2’374551:1962:_1 0a152’3,§1:_1

Figure 6.7: n = 4,m = 2, zx = ¢@+V7mi/4 ¢ = _1 & = 1. The SLE(0) curves

connect z; and z4, and z; and z3.

. Hi—o(z _ e(2k+1)7ri/4)

R F | RN}

Figure 6.8: n = 4,m = 2, z; = e@kD7/4 £ = 2 —/3,& = Y2+ V3. The

SLE(0) curves connect z3 and z4 to 0, and connect z; to 2.

VO(z) = iz™!

z—O(Z _ e(2k+1)m’/4)

(2= V2-V3)2(z - V2 +V3)?

6.8 Examples: overscreening

Let us recall the definition of the trace quadratic differential

Definition 2. Restatement of definition (1.3.6)

Let z = {z1,22,...,2n} be distinct points on the unit circle, a class of quadratic
differentials with prescribed zeros denoted by QD(z):
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(1) involution symmetric: Q(z*)(dz*)? = Q(z)dz?* where 7* = %
(2) zeros of order 2 at {z1,22, - .., 2n};
(3) {&1,...,&n} are poles of order 4 and Res,gj(\/@dz) =0 j=1....m

(Residue-free);

(4) poles of order n +2 — 2m at marked points 0 and oo.

Note that when m > 5 + 1, the poles at 0 and oo are in fact zeros. m = 5+ 1is a

threshold for screening.

08

06

04

02

02

04

06

0.8

Figure 6.1: z; =1,&; = -1 Figure 6.2: 71 =i, 20 = —i, &1 = 1,
& =-1

Figure 4.9: n=1,m =1, z; = 1, &) = —1. The SLE(0) curve connects z; to 0.

_ 12 z—1
)=z 1T/
V@ =2
Figure 4.10: n =2,m =2, 71 = —i, 20 =i, &1 = —1, & = 1. The SLE(0) curve

connects z; and z5.

m:i (Z—i)(Z+i)

(z =Dz +1)?

Figure 4.11: n = 3,m = 2, 75 = ¥7il3 ¢ = 348 ¢, = 3 _ 5 SIE(0)

curves connect two of the z;’s to 0, and the third pair together.

VO(z) = 771 (z = 1)(z — e¥i3) (7 — e¥/3)
(Z+%—§)2(z+%+§)z
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Chapter 7

MULTIPLE RADIAL SLE(0) SYSTEM WITH SPIN

7.1 Residue-free quadratic differentials with prescribed zeros

Definition 7.1.1 (Quadratic differentials with prescribed zeros and spin). Let 6 =
{01, 0>, ...,0,} be distinct points on the unit circle dD. We define QD (0) to be the
class of meromorphic quadratic differentials on C of the form
m 2i n (em — emj)2
2_Hk:16 i(2m—-n)g +1j=1
Q(G) do- = #61( m=n)

do?,
satisfying the following conditions:

1. symmetric under the involution 6* = 0, meaning
Q(6)(d6")? = 0(6)de”.

2. distinct zeros at {01, 60, ..., 0,}, each of order 2.

3. distinct finite poles at {{1, ..., {m}, each of order 4, and the residues vanish

(Residue-free condition):
Res; (vQ(0)do) =0, forj=1,...,m.

Here, the poles {1, . .., {n} are finite, meaning they do not coincide with co.

Theorem 7.1.2 (Traces as horizontal trajectories in angular coordinates). Let 6 =

{601, 02,...,0,} be distinct angular coordinates on the unit circle, i.e., z; = elfi e
0D, and let { = {1, (o, ..., {m} be positions of poles satisfying the conjudgation

symmetry {; = —{x and the stationary relations.

Then there exists a quadratic differential Q(6) d0* € QD(0), with double zeros at
01,...,0, and poles of order 4 at (1, ..., {y, such that the hulls K, generated by
the multiple radial Loewner flow with driving functions 0(t) and screening charges
L (t) are a subset of the horizontal trajectories of Q(0) d* whose limiting ends are

at 6, up to any time t prior to a collision among poles and zeros.
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Moreover, for such times t,
Q(6) o h;' € QD(H(1)),

where h; denotes the covering map associated with the Loewner evolution, and 0(t)

are the angles of the time-evolved growth points.

Proof. The proof proceeds by adapting the argument used in Theorem 1.3.7, now
expressed entirely in angular coordinates. Specifically, we apply the angular version
of the integral of motion (see Corollary 6.4.2) to show that the time-evolved hulls K;
remain embedded in the horizontal trajectories of a quadratic differential Q ( 6)de? €
QD(0), as claimed. m|

7.2 Field integral of motion and horizontal trajectories as flow lines
In this section, we generalize the integral of motion for multiple radial SLE(0O)

systems to the case where the spin 7 is non-zero.

We begin by considering the following integral of motion N;(z): let z1,z2,...,2x

be distinct points on the unit circle, and z € D. Let

Ni(z) = e~ DU 20, (ym=3-1-% g1 )

k=1(81(2) — 2k (1))
[, (& () — ()2
1=

However, the term g;(z)"™~2~'~7 is multivalued and N, (z) is in fact not well-defined.

To resolve this technical issue, we will write this expression in angular coordinates.

Theorem 7.2.1. In angular coordinates, let & = €%, zx = €', and let h;(z) be
the covering map of the radial Loewner flow g;(z), i.e.,( ¢ = g,('%).) Then for
each 7 € H, define the observable

m - ,ig;(1) Hz_l(eih,(z) _ el'@k(l))

an —(m-2)t J=1 i(m=2—1)h (2) ,2Lh(z
Nt g(Z) =e (m 2) .W_el(m 3 ) t(Z),e2 t(Z)h;(Z)
k=1€
(7.2.1)
Then N, "®(z) is an integral of motion on the time interval [0, T, A T), where T is the
first collision time of any poles or critical points, and 1, is the swallowing time of
the point z under the multiple radial Loewner flow with parametrization v;(t) = 1,

vi(t) =0fork # j.

Proof. The expression N, ¢(z) can be factorized as the product of a part depending

only on time,
m - Lil;(t)
AME (1) = H/L e~ (m=3)t

.Hk(l)
n 1
k=1€¢ *

[T, (e — ey
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and a part depending on z,
Z_l(eih,(z) _ eiek(t))
[ (e )2 €

—iz

B?ng(z) — ei(m—%—l)ht(z) . e%h,(z) . h;(Z) .

By direct computation,

d in d an in
—log A™ (1) = ——, —log B™&(z) = —.
These terms cancel, and hence
d

d d
ang — ang ang —
= log N, *(z) = log A*2(1) + o log B, (z) = 0.

Therefore, N; "¢ (z) is conserved under the flow. O

Theorem 7.2.2. In angular coordinates, define &, = "%, zx = €%, and let h;(z)
be the covering map of the Loewner flow g;(z), i.e., (9 = g,(e'%). Forany z € H,
define:
TZI ei4i ()
AT =
[Ty €2

B™(z) = ¢~(mn) JZjvi)ds g (2) P2 pim=3=1+ D (2) | R (z) - e
e, (eih,(z) - eiek(f))

' [T, (et @ — eiti(0)>

Ni™(2) = A™E(1) - B™(2). (7.2.4)

(7.2.2)

(7.2.3)

Then N f "8 (2) defines afield integral of motion for the multiple radial SLE(0) Loewner
flowswith driving weights v ;(t), onthe interval [0, T;AT), where T is the first collision

time among the poles or driving points.

Proof. The computation is a deformation of the zero-spin case (7 = 0), with the

additional spin term contributing to the angular prefactor. By direct differentiation:

d . n

ZlogAme(r) = -2 Ny (), (7.2.5)
dt 2 p

4 log B"8(z) = i Z vi(t) (7.2.6)
dt ! 2 P IV
4 log N8 (2) = 4 log A™E (1) + 4 log B"¢(z) = 0. (7.2.7)
dt ! dt dt !

Hence, N;"(z) is preserved under the flow and is therefore a field integral of

motion. d
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7.3 Classical limit of martingale observables*
In this section, we discuss how the field integral of motion is heuristically derived as
the classical limit of martingale observables constructed as the correlation functions

of conformal fields.

Based on the SLE-CFT correspondence, we can couple the multiple radial SLE(«)
system to a conformal field theory constructed via vertex operators, following the
approach outlined in Kang and N. Makarov (2013) and N-G. Kang and N. Makarov
(2021)

Definition 7.3.1 (n-leg operator with screening charges). Consider the following

charge distribution on the Riemann sphere

B = b6y + bbes

1 i n ina n. ina
T = Z a(szj—kzz; 2a5§k+(b+(m—E)a—7)5o+(b+(m—§)a+7)5m (731)

o o
T2:—§60—5600+0'6Z,

1

where the parameter o = -.

The n-leg operator with screening charges & and background charge B is given by

the OPE exponential:

_ Cip) [71+ Bl i®d[11]
Oplm] = “ColAl eI,

Definition 7.3.2 (Screening fields). For each link pattern a, we can choose closed

(7.3.2)

contours Cy,...,C, along which we may integrate the & variables to screen the

vertex fields. Let S be the screening operator, we define the screening operation as

SQOﬁ[Tl] Zyi . Oﬂ[ﬁ].

Meanwhile, we integrate the correlation function EOg[t1] = ®«(z,€) , the con-
formal dimension is 1 at the & points, i.e. since Ap(—2a) = 1. This leads to the

partition function for the corresponding multiple radial SLE(k) system:

%Tl(z) = ESa,Oﬁ[T]] = ‘721 - ,75’1 D, (z,8)dE, ... déy.
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Theorem 7.3.3 (Martingale observable). For any tensor product X of fields in the
OPE family Fg of ®g,

ESQOﬁ [T]] X

) = Es,0pml

llg;! (7.3.3)

is a local martingale, where g,(z) is the Loewner map for multiple radial SLE(k)

system associated to [, (z) = ES,Op[71].

Corollary 7.3.4. Let the divisor Ty = =560 — 5 0o + 06, Where the parameter
o= %, and insert X = Og[1].

ESOp[71]0p[ 7]
ESOIB [Tl]

is local martingale where g,(z) is the Loewner map for multiple radial SLE(k) system

associated to Z,(z) = ESOg[11].

M (z) = g, (7.3.4)

Explicit computation shows that

Ejgc‘l e c. Oﬂ[Tl]Oﬂ[Tz]

:%cfc 1—[ (zi—z2)" n (fi—fj')4a2ﬁﬁ(zz
1 n Jj=1

I<i<js<n 1<i<j<m i=1
nza(b__n Jm - _g) nkaa(b——" a9 R L ¢ (20O g7 ()91
J
J
(Z _ZI)O'a(Z _gk) 20'a|g (O)l/lb(b"'zm na+zgu_g)+/1b(b+2m n _#_%

Ej{ 0'3[7'1]
Cl Cn

:‘72...‘?4(; rl (Zz_ZJ)a 1—[ (ft §1)4a ] ﬁ( ";:j)_za2

1<i<j<n 1<i<j<m i=1 j=1

ma

(b—" 2m llltl) -2 (b_n 2m o
J
|g (O)l/lb(b_Zm "Cl+”7a)+/lh(b—2m n, #)

Conjecture 7.3.5. As k — 0, the Coulomb gas contour integrals concentrate on the

critical points of the master function.
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E-¢C1 .. .'¢‘Cn Oﬁ[Tl]Oﬁ[Tz]

Eygcl e jgcn OglT1] (73.5)
e I = L e L SLCRE)

4/ 221 Zk ’}1:1 (z - fj)2

which is exactly the integral of motion we use.

N(z) :Mt,O(Z) = lin}) Mz,K(Z) = hn})

M, «(z) is a (Ap(0),0) differential with respect to z, where 4, (0) = # — %. By
taking the limit k — 0, lim,_,0 A, (0") = 1, thus M; ¢(z) is a (1,0) differential.

Remark 7.3.6. The integral of motion N,(z) can be verified through direct compu-

tation.

7.4 Examples: spin
In this section, we provide a series of figures to illustrate the trace configurations

arising from various multiple radial SLE(0) systems with spin.

Remark 7.4.1. In the case of multiple radial SLE(0) with spin 7, for z and &, the
quadratic differential Q(z)dz* can be written as

m 2 n
Hj=1 Sk F2m=n=2-ni [Ty (2 - Zk)z 2

dz* =
Q(z)dz e s Z)

Figure 7.1: n=1,n=-4 Figure 7.2: n=1,n=4

Figure 7.1: n =1, z; = 1, p = —4. A clockwise spiral connects z; to 0.
/Q(Z) — Z—3/2+2i(Z _ 1)

Figure 7.2: n = 4. A counterclockwise spiral connects z; to 0.

VO(z) =z (z - 1)
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Figure 7.10: 5 = —1. Let & = 0.5299 — 0.2650i, & = 1.5097 — 0.7549i be the

roots of \
é: _ e(2k+1)m/4 s f + 1/‘;'_-*
— é: + e(2k+D)mi/4 f _ 1/5*

Then .
e(2k+1)m/4)

i iz -
f — -~ —1+i/2 1 Lk=0
O() = (0.8 +0.61)2 (z—&1)%*(z—&)?



125
Chapter 8

RELATIONS TO CALOGERO-SUTHERLAND SYSTEM

8.1 Multiple radial SLE(0) and classical Calogero-Sutherland system
In this section, we study the relations between the multiple radial SLE(0) and

classical Calogero-Sutherland system.

Theorem 8.1.1. Let 0 = {0y, ...,0,} be distinct real points and { = {{1,...,{m}
closed under conjugation and solve the stationary relation. Let 0(t) and {(t)

evolve according to multiple radial SLE(0) system with a common parametrization
of capacity (i.e.vj(t) = 1).

(i) The pair (0(t), {(t)) forms the closed dynamical system satisfying

6;=2 Zcot(ej_gk)—zwt(g"_gk) , 8.1.1)
k#j 2 k=1 2
and
i :2(—200'{(—{](2§I)+Zcot(—{k;9j)). (8.1.2)
I#k j=1

(i) 0(t) evolve according to the classical Calegero-Sutherland Hamiltonian, in

other words:
06k

.. cos(~5—)
91:_2 0; =0k

-3
2y 17 (=57=)

(iii) (x follows the second-order dynamics.

&=
& =—Z—COS( r) (8.1.3)

e Sil’l3 ( {k;{l )

(iv) The energy of the system is given by

_n(2m —n)? L n(n? - 1)-

H(O,p) = > 5 3

Proof of theorem (8.1.1).
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(i) The evolution of 8;(z) is

éj: Zcot(gj_gk)—Zicot( )+Zcot(

k#j k=1 k#j
m 6 _
=2 Z cot( 2 Z cot(—L L
k=1

k#j
On the other hand, since the poles follow the Loewner flow we have i () :=
g: (£x(0)), and therefore

. n ) 0)) — 6 " s
Gk = 8 (4x(0)) = Zcot(g({k(#) — Zcot(gk . J)‘

J=1 J=1

The stationary relation implies that

=2y co ¥t =23 cot flmz

I#k 1k

(i) By differentiating, we have

. 6, -6 0, ¢

2 2
k=) Sin (L) 7 sin (

Using the formula (8.1.1) for 6;, ék and the equality (8.1.2) for £; we obtain

.. 1 1 6;—0
91‘:—— —_H(ZCOt( J2 k))"‘

.2,0
2 & sin? ()

Rearranging terms gives

0;—0

. (
9j+ZCOSTek_%ZZ 0,0\ . ;4—9,

0.6
iz sin®(=52) k%) 127k Sin(=5—) sin(=5—) sin(=5>)

() [ )

k#j 1 sm( 5
ZZ (Zcot(ej_gk)+200t(gm —Zcot(gl_zgm) .

k#j m m#l

sm( 3
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The last term on the right hand side used the stationary relation and then use

the stationary relation again to obtain

22 ) Zcot(ej_ek)+Zcot( z —Zcot(gl_zgm)
)

sin ( k#j m m#l

_ =0
=3 Z Z (cot(%) + cot(gT]))

sm( ’_(l) m#l

I m#l S

1 1
2 Z Z . (91541) Sin (gjagm) Sin (Zl_zzm)

Combining all of the above, we obtain

cos( 5 ) 1 1
9]+Z 3(9 —6 ZZZ (j )Sin(a Ql)sm(ﬁk—@l)

k;e] k#j l;t]kSlIl 2 2

1 1
+_

2 Zl:mzill sin (0’;&) sin (0"_;'”) sin (’(’_2(’”)

The right-hand side is canceled by symmetry.

(iii) Differentiating the equality (8.1.2), we have

G-4
.2 — ‘
1#k SI (%)

b=~
Now by using the first equality of (6.4) again for ¢, {; we obtain

{k -1 1 cot({k;&)+ Z cot( zgm)_cot(fl;é”k)_ Z Cot({l;{m)

< 208k—8
2 17k sin”(¥57) m#k,l m#k,l

Rearranging terms gives

Sik=41
. cos( ) 1 1
L =— —_—+ = .
Z sin (Zk éfl) 2 Z Zl sin( {k;{l) Sin({k;{m) Sin({l—zévm)

I#k I#k m#k,

The last term is canceled by symmetry.

(iv) For a multiple radial SLE(0) system with n growth points and m screening
charges that solve the stationary relations, by equation (6.2.1) in the proof of
the theorem (6.2.1),

6. —
Uj:Zcot( K

k#j

m 9 _
_ZZcot( _]2{]{
k=1
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satisfies the null vector equation (1.3.3) with constant

2m—-n)? 1

2 2

Plugging into equation (8.1.4) and equation (8.1.6), we obtain the desired

result.

Proof of theorem (1.4.1). For multiple radial SLE(0) system with common parametriza-
tion of capacity (i.e. v;(¢t) = 1for j = 1,2,...,n), let {(QJ-, Uj),j=1,... n} are
related to {(6,,p;).j =1,...,n} via

0; — 0
pj= Uj+Zcot( J2 )|
k]

where U; solves the null vector equations (1.3.3).

(1) Solving for U; and inserting the result into the left-hand side of the null vector

equation leads to the identity.

1 3
h :Esz- + ;fijk - Z 5(1 +fj2k)

k
1 3
= Epi —Z (pj +pk) fjk+Zijkfj[ —QZf‘J.Zk+C’3_1 +§(l’l— 1)
k k [#k k
3
=H;(8,p)+C> | + 5(n -1,
(8.1.4)

where

0, =k
Jik = fix(0) = 6,60

cot(~5—), j;&k'

Therefore, H; is preserved under the Loewner flow.

Futheremore, for each ¢ € R, the submanifolds defined by the null vector
Hamiltonian
N.={(8, p) : H;(0, p) = c for all j} (8.1.5)

are invariant under the Loewner flow
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By direct computation, H; is related to the Calogero-Sutherland Hamiltonian
H by:
D H =H. (8.1.6)
J

Our next result shows that null vector Hamiltonian % has a nice interpretation
in terms of the Lax pair for the Calogero-Sutherland system.

Theorem 8.1.2. The Lax pair is two square matrices L = L(0, p) and M =
M (0, p) each of size n X n, and by Moser (1975) the entries are given by

B = k’ - '2’ = k
ij = P J and Mjk = Zl Jt / .
2fjks T # Kk, 2 j#k

This leads to the following representation of ‘H; in terms of L2
H = L2 1
;= Ee L1, (8.1.7)

where e;. is the transpose of the j th standard basis vector and 1 is the vector

of all ones.

Consequently, the U;j, j = 1,...,n, defined by solving the null vector equa-
tions for a given 0 iff the p variables satisfy L*(8, p)1 = 0.

Proof. Write L = P — X, where P = P(p) = diag(p) is the square matrix
with entries of p along its diagonal, and X; = X;(0) is the square matrix with
entries (X7) ik = fik. Note that P is symmetric and X, is anti-symmetric.
Then

L*= P> - PX; - X\ P+ X}.

It is straightforward to compute the entries of P> — PX; — X; P and see that
they give the first two terms on the right-hand side of the Hamiltonian. For
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X 12 we have

¢/ X{1 = Z (Xz) —4(2 Zf]lfkl)

k

=4 Zfﬂ+ZZf,1sz
k#j 1#]
=4 25 20 Ui+
i k;éj I#k
=4 ijl__zzfjkf]l-i_ C
k) Ik

(i)
Definition 8.1.3 (Poisson Bracket). For any smooth function F = F(x, p)

defined on phase space, the associated vector field is given by

- OF =~ OF
P apj Xj = axj Dj

Given two smooth functions F = F(x, p) and G = G(x, p), the commutator

of their associated vector fields satisfies
[XF, XG] = X(F.6)
where {F, G}, the Poisson bracket of F and G, is defined by

oF 0G OF 0G
F,G _—
{ b= Z(@pj Ox; Ox; 6pj

By direct computation, for all j, k, the null vector Hamiltonians H; and Hj
satisfy the Poisson bracket identity
1
{H, Hi} = — (Hx — H;) .
Fix
By the definition of N., we have {H;, Hy} = 0 along N,.
Thus, the vector fields Xgy, induced by the Hamiltonians H; commute along
the submanifolds N..
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8.2 Null vector equations and quantum Calogero-Sutherland system

In this section, we obtain parallel relations between multiple radial SLE(«) systems
and the quantum Calogero-Sutherland system. We show that a partition function
satisfying the null vector equations corresponds to an eigenfunction of the quantum

Calogero-Sutherland Hamiltonian, as first discoverd in J. Cardy (2004).

Theorem 8.2.1. The multiple radial SLE(k) is described by the partition function
Z(8), which satisfies the following relation:

L;Z(0) = hZ(6), (8.2.1)

where L; is the null vector differential operator given by:

2
k(0 Or—0;\ 0 6-« 1
=== t - . 8.2.2
L 2(‘991') +; CO( 2 )89k 2K 9 gin? (—6 _gj) ( :
p)

(i) By transforming the partition function Z(0) using the Coulomb gas correla-

tion factor CI)E1 (@), we obtain

K

Z(6) =2.'(6)Z(9), (8.2.3)

where

L =2r
®,.(0) = n (sin b 29k) .

1<j<k<n
The transformed partition function Z () satisfies

(@7 £, - ,) Z(0) = nZ ().
where the differential operator @11 L CI)% is given by

1 1

-1 _kK» P 2
CD% L .(D% _58.1' — Fj0;+ QKF./ 2F./
1 6-k (8.2.4)
_Z(ff" (a"_ZF")_ 2k ffk)'
k#j

The sum of the null vector differential operators is

8 -1
O ,-L D, =«kH, (—) - M, (8.2.5)
K K K 6K
where H,(B), with B = %, is the quantum Calogero-Sutherland Hamiltonian:
S 10° B(B-2) 1

Hn(ﬁ) =
— 2 ag; 16

.2 [0;—0k
] 1<j<k<n Sin (’T)
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(ii) The commutation relation between the null vector operators L and Ly is

1

-2 gj_gk
S (T

(L, L] = (L= L)).

As a result:

[£,, £:1Z(6) = (Li - £)Z(8) =0

1
.2 [0;—0k
S ( ]T )
Proof of theorem (8.2.1). Recall that the null vector differential operator .L; is given
by

2
k(0 Ok —06;\ 0 6 1
=== + t — + [l -] —]. 8.2.6
-E] 2 (69]) kzgtj (&) ( 2 ) (99k ( K) 4.sin2 (Hkggj) ( )
Then, the null vector equations for /(@) can be written as
Liy(0) =hy(0) (8.2.7)

forj=1,2,...,n

(1) To simplify the formula, we introduce the notation

fOy =cot(3). fie=F0=0) Fi=Y fir

k]

1 1
F@=-3—= fi=r -6, Fj=) fi

2/x
25in(3)

Using this notation, we have

= —a + > figde+ (1 ——)f]k

k#j k#j

with 9; = 9 and the Calogero-Sutherland hamiltonian can be written as

Hn(ﬁ):—Z(za} ﬁ(ﬁm 2) j). (8.2.8)
J



133

where 8 = %,
To relate the null-vector equations to the Calogero-Sutherland system, we sum

up the null-vector operators. Let

L£=Y1;= gZa}+Z(Fjaj+hF;). (8.2.9)
J J J

Then the partition functions (@) are eigenfunctions of £ with eigenvalue
nh.
Ly (6) =nhy(6) (8.2.10)

Recall that

L =2r
D,(0) = n (sin b 29k) .

1<j<k<n

2_
From the properties d;®, = —r®, F; and Zj F]? =-2 Zj FJ’. _n(-h) , We can

3
check that
n (n2 - 1)

which implies

§(6) = @, (0)y(6)
is an eigenfunction of the Calogero-Sutherland hamiltonian H, (%), with
eigenvalue

E=-
K

p2-1)

(i1) This is exactly the commutation relations of generators proved in theorem
(3.2.1).
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