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ABSTRACT

Given a finite subset A of an ambient abelian group and a dilate 4, how large must
the sum of dilate A + 4 - A be in terms of A? In this thesis, we study this problem in
various settings and generalizations, proving tight bounds in many cases. Our five

main results are as follows.

1. In the setting of a d-dimensional subset A of R¢, we prove an exact lower bound

on the size of the difference set A — A.

2. In the case when A € C is a transcendental number, we show that there is an
absolute constant ¢ > 0 such that |A + A1 - A| > exp(c+/log|A]|)|A| for any finite
subset A of C. This is best possible up to the constant c.

3. In the algebraic case, given algebraic numbers A, ..., A, we prove tight lower
bounds for the sum of dilates A + 11 - A+ --- + A - A. As an important ingredient,

we also prove a Freiman-type structure theorem for sets with small sums of dilates.

4. In the setting of sums of linear transformations, we prove tight bounds for
the sum of two linear transformations and tight bounds for the sum of multiple

pre-commuting linear transformations.

5. In the setting of groups of prime order, we prove near-optimal lower and upper

bounds for the sum of dilate A + A - A for A of a given density and large A.
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Chapter 1

INTRODUCTION

1.1 Sumsets

Given two subsets A, B of an abelian group, the sumset A + B 1s defined by
A+B:={a+b:aecAbeB}

and the difference set A — B is defined similarly. Sumsets play a central role in
additive combinatorics. One of the most classical problems involving sumsets is
the study of their cardinalities and structural characteristics when A and B satisfy
particular constraints. For instance, if A and B are subsets of the integers, then with
no additional constraints, |A + B| > |A| + |B| — 1 is best possible, as witnessed by

arithmetic progressions of the same common difference.

If A is a subset of a ring R (or more generally an R-module) and A is an element of
R, the dilate A - A is defined by

A-A:={da:ac A}.
The sum of dilates can then be written as
A+A-A={a+A-d :a,d € A},
or more generally with multiple dilates
A -A+--+ A - A={ a1+ -+ Agag :ay,...,a; € A}.

Such sums of dilates have attracted considerable attention in recent years, with the
basic problem asking for an estimate on the minimum size of |[1; - A + -+ - + Ay - A

given |A|. Formally, the general problem is as follows.

Problem 1.1.1. Let R be a ring and M an R-module. Given Ay,...,Adx € R and
a positive integer n, determine the smallest possible value of |1 - A+ ---+ Ay - A|
across all A C M with |A| = n.

We are interested in the asymptotics of |4 - A+ --- + Ay - A| as n — oo, with

A1, ..., Ak fixed. In this thesis, we study this general problem in various settings.



1.2 High-dimensional difference sets

Our first setting regards the difference set A—A, for A ¢ Z¢. Without any restrictions
on A, the simple bound |A — A| > 2|A| — 1 is best possible, with equality when A is
an arithmetic progression. However, an arithmetic progression is one-dimensional
and does not make full use of the ambient Z<, so a natural restriction is that A must

be a d-dimensional set, that is, A is not contained in an affine hyperplane.

The motivation for this problem originated from Freiman’s structure theorem, one
of the most fundamental results in additive combinatorics. It says that any finite
set of integers A with small doubling, that is, with |A + A| < K|A| for some fixed
constant K, is contained in a generalized arithmetic progression of small size and

dimension.

The first step in Freiman’s original proof [[17] of this theorem is a simple lemma

showing that if A is a finite d-dimensional subset of R4, then
[A+A| > (d+1)|A|-d(d+1)/2,

where we say that a subset A of R? is k-dimensional and write dim(A) = k if the
dimension of the affine subspace spanned by A is k. Freiman’s result is tight, as
may be seen by considering the union of d parallel arithmetic progressions with the

same common difference.

Surprisingly, the analogous problem of estimating |A — A| for d-dimensional sub-
sets A of R? has remained open, despite first being raised by Uhrin [49] in 1980
because of connections to the geometry of numbers and then reiterated many times
(see, for example, [13] 18, 37, 44} 45]). The best known construction is due to
Stanchescu [45]], who showed there exist arbitrarily large sets d-dimensional subsets
A c RY satisfying

|A—A|:(2d—2+ )|A|—(2a’2—4d+3).

d-1

Supplanting an earlier conjecture of Ruzsa [37], Stanchescu proposed that this is

best possible.

Conjecture 1.2.1 (Stanchescu [45]). Suppose d > 2 and A c R? is a finite set such
that dim(A) = d. Then

|A—A|2(2d—2+ )|A|—(2d2—4d+3).

d—-1
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This conjecture was only known to be true for d = 2,3. In Chapter 2] we prove
Conjecture in full provided only that |A| is sufficiently large in terms of d,
essentially resolving the problem of minimising the value of |A — A| over all d-
dimensional sets A of a given size. Our method builds on work of Mudgal [31]] and

earlier work of Stanchescu [44, 46].

Theorem 1.2.2. Suppose d > 2 and A c R is a finite set such that dim(A) = d.
Then, provided |A| is sufficiently large in terms of d,

|A—A|2(2d—2+ )|A|—(2d2—4d+3).

d-1
1.3 Sums of linear transformations

We look again at Problem [[.1.T] Over the integers (R = M = Z), this problem was
essentially solved by Bukh [{8]].

Theorem 1.3.1 (Bukh [8]). If A1, ..., Ax are coprime integers, then, for any finite

set of integers A,
A1 - A+ - Al 2 (|l + - + [ DIA] = o(lA]),

which is best possible up to the lower-order term.

This result was later tightened by Balog and Shakan [2] when & = 2 and then
Shakan [42] in the general case, improving the o(|A|) term to a constant depending
only on Ay,...,A; (see also [11} (12} 15} |23} 30] for some earlier work on specific

cases).

In this thesis, we will be concerned with generalizations of these results to higher
dimensions, for example, when M = Z%. One possible direction is to again look at
sums of dilates with the restriction that A is d-dimensional (see, for example, [3} 25,
31-33]]). Another direction is to allow more kinds of dilates by setting R = Mat;(Z),
the ring of d X d integer matrices. This is encapsulated in the following conjecture
of Bukh. This conjecture first appeared on Bukh’s webpage, but has since been
reiterated by several other authors [28), [33] 42].

Conjecture 1.3.2. Suppose that L, ..., Ly € Maty(Z) have no common non-
trivial invariant subspace and L£17¢ + - - - + L3 79 = Z¢. Then, for any finite subset
A of 7,

| L1A+--+ Ly Al = (Jdet(L)]V +-- -+ | det(Lo)[V)|Al - o(JA]).
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The intuition behind this conjecture comes from the Brunn—Minkowski inequality,
the statement that for bodies A, B ¢ R, the measure of their sumset is u(A+B) >
(u(A)V? + u(B)Y/4)4, where u is the Lebesgue measure on R?. The conjecture is
then the statement that, under appropriate technical conditions, a discrete analogue
of the Brunn—Minkowski inequality should hold, possibly with some correction term

to deal with boundary effects.

It turns out that Bukh’s conjecture is not quite correct and both conditions, that
L1, ..., L have no common non-trivial invariant subspace and that L1729+ -+
£:7% = 79, need modification. The correct conditions are irreducibility and
coprimality, which we define in Chapter [3] This gives the following modified

version of Bukh’s conjecture.

Conjecture 1.3.3. Suppose that Ly, ..., L; € Maty(Z) are irreducible and co-
prime. Then, for any finite subset A of Z¢,

d
|L1A+-+ L3 A] > (|det(L1)|1/d+---+|det(£k)|1/d) |A| = o(|A]).

In Chapter[3] we prove this modified conjecture for k = 2 and any d in the following
strong form. We note that this result is best possible up to the lower-order term in
certain cases, for instance, when d = 2, £ is the identity and £, € Maty(Z) is a
dilate of a rotation about the origin through an angle which is not an integer multiple

of «.

Theorem 1.3.4. Suppose that L, L, € Mat,(Z) are irreducible and coprime. Then

there are constants D, o > 0 such that, for any finite subset A of Z¢,

d
LA+ L2A] > (Ider(L£0)]+ [ det(£2)]/) " 4] - DIAJ'~.

Despite the Brunn—Minkowski inequality being tight, the bound in Conjecture[I.3.3|
is not tight in many cases. Indeed, one expects tightness from Brunn—Minkowski
only if there exists a convex set A C R? such that £ A, . .., LA are all homothetic,
which does not hold in general. This motivates the following problem.

Problem 1.3.5. Given L, L», ..., L; € Maty(Z) which are irreducible and co-
prime, determine the largest possible constant H = H(L,, ..., Ly) such that the
following holds. For any finite subset A of Z¢,

|L1A + LoA+---+ LAl > H|A| - o(|A)).



Bukh’s conjecture then says that
H(Ly, ..., L) > (|det(L)|V9 + -+ | det(Ly)] D),

although we do not expect equality in general.

We will revisit this problem again in Chapter [/ Using the results from previous
chapters, we determine the exact value of H( Ly, ..., L) for pre-commuting matri-
ces. In particular, this resolves Problem [I.3.5|for k = 2 and any d, because, as we
will see, any pair £, £, of irreducible and coprime matrices are non-singular and

hence pre-commuting.

1.4 Sums of real and complex dilates

We again look at Problem [[.1.1] This time, consider the setting where M = R =R
or C. As mentioned before, if Ay,...,4;x € Z and A C Z, then this is completely
solved by Bukh in Theorem [[.3.1] Consider now the general case when the A; are
allowed to be any real (or complex) number, and A a finite subset of the real (or
complex) numbers. By scaling the A;, we may assume without loss of generality

that one of the 4; is 1. With this in mind, we have the following problem.

Problem 1.4.1. Given Ay,...,A; € C, determine the smallest possible value of
|JA+A1-A+---+ A - Al in terms of |A|.

For instance, when the A; are rational, by “clearing denominators,” we may write
A; = pi/q with py, ..., pk,q coprime. Then, the result of Bukh (Theorem [1.3.1)),
which easily extends to all A C R, implies that

A+ - A+ + - Al 2 q(1+ 4]+ + [4D]A] = o(lA]),

which is best possible up to the lower-order term.

Transcendental dilates

Let us consider the case k = 1, where we are estimating the size of the simpler
|A + A - A|. For transcendental A, it turns out that |A + A - A| grows superlinearly in
|A|, that is, for any constant C > 0, |[A+ A4 - A| > C|A| for |A| large enough. Can we

get a more precise growth rate of |A + A - A| in terms of |A|?

Konyagin and Laba [27]] showed that there exists an absolute constant ¢ > 0 such
that
log |A|

A+A-Al 2 c—F———
| |_Cloglog|A|

|Al.
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This result was subsequently improved by Sanders [39], by Schoen [41] and again

by Sanders [40] using successive quantitative refinements of Freiman’s theorem [[17]]
on sets of small doubling, with Sanders’ second bound saying that there exists an

absolute constant ¢ > 0 such that, for |A| sufficiently large,
JA+4-A| > e 144,

This already comes quite close to matching the best known upper bound, due to
Konyagin and Laba [27], which says that there exists ¢’ > 0 and, for any fixed

transcendental number A, arbitrarily large finite subsets A of R such that

|A+ - A| < e VieelAl 4],

In Chapter[d], we show that this upper bound is in fact best possible up to the constant

c.

Theorem 1.4.2. There is an absolute constant ¢ > 0 such that

A+ - A| > eVioelAl 4]
for any finite subset A of C and any transcendental number A € C.

Algebraic dilates
For algebraic Ay, ..., Ak, the minimum size of A+ 4y - A+ ---+ Ay - A only grows

linearly in |A|. Thus, in the algebraic case, we are interested in this linear rate.

Problem 1.4.3. Given algebraic Ay,...,4; € C, determine the largest possible
constant H = H(Ay, ..., Ax) such that the following holds. For any finite subset
AcCC wehave |[A+A;-A+---+ ;- Al = H|A| - o(]|A)).

Let us first consider this problem for the case k = 1. There is a general result due to
Chen and Fang [|10], itself improving an earlier result of Breuillard and Green [7]],
saying that, for any fixed A > 1, |[A+1- A| > (1 + 4 —0(1))|A| holds for all finite
subsets A of R. This is best possible when A is an integer, but can be quite slack in
other cases, for instance, when A = p /g with p and g coprime and p, g > 1 as seen
in Theorem [L.3.11

In their paper, Krachun and Petrov [28] studied the case where 1 = V2, showing
that
|A+V2- Al > (1+V2)%A] - o(JA)),
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which is best possible up to the lower-order term, as may be seen by considering
the set A ={x+yV2:0 <x < M,0 <y < N} with the ratio M/N approaching
V2. They also formulated a conjecture for a general real algebraic A. Indeed, if
f(x) € Z[x] is the minimal polynomial of 2, assumed to have coprime coefficients,
and f(x) = Hflzl(a,-x+b,-) is a full complex factorization of f, let H(A) = Hidzl(la,-|+

1/d

|b;|). For example, if 1 = (p/q)"/? is in its simplest form, then H(1) = (p'/? +

ql/d)d'

Krachun and Petrov proved that there exists A C R of arbitrarily large size with
|A+A-A| = HA)|A| — o(]A]). They conjectured that this value H(A1) is best
possible.

Conjecture 1.4.4 (Krachun—Petrov [28]]). For any real algebraic number A, and
finite subset A C R,
|[A+A-A| > H(Q)|A| - o(|A]).

In Chapter[6] we determine H (4, . . ., Ax), completely solving Problem[1.4.3] which

includes Conjecture [[.4.4]as a special case.

Theorem 1.4.5. Let Ay, ..., Ay be algebraic numbers. Then for any subset A of C,
[A+A1-A+---+ A - Al = H(Ay, ..., ) |A| —o(]A)]),

where H(Ay, ..., Ay) is an explicit constant that is best possible.

A crucial ingredient of this result is a Freiman-type structure theorem for sets with

small sums of dilates, stated below.

Theorem 1.4.6. Let C,p > 0. Then there are constants n = n(C,p) and F =
F(C, p) such that for any A C Ok satisfying

[A+A;-A+---+ ;- Al < ClA|,

there exists a p-proper Og-GAP P C Ok containing A of dimension at most n and
size at most F|A|.

The definition of an Og-GAP, and the proof of this result, are quite technical, so we

dedicate the entirety of Chapter [5]to them.

Problems [1.4.3| and [1.3.5] are very closely related. To see this connection, first
consider the case k = 1 and let K = Q(A), the number field generated by an
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algebraic number A. This is a finite field extension of Q, say of degree d. Then,
Q(A) = Q4 as a Q-vector space, and multiplication by A is equivalent to a linear map
L € Mat;(Q) under this isomorphism. Thus, the problem of estimating |[A + 1 - A|
for A C R is equivalent to the problem of estimating |A’ + LA’| for A’ ¢ Q7.

In Chapter [/, we make this equivalence precise. In particular, we show that the
problem of estimating |[A + A; - A+ --- + Ay - A for A; algebraic is equivalent to
estimating | LoA+ L1 -A+---+ Ly - A| for pre-commuting matrices Ly, ..., Ly €
Mat,(Z). We will define pre-commuting matrices and classify them in Chapter
Using this equivalence, we can deduce results about algebraic dilates from linear
transformations, and vice versa. As an example, we show that Theorem @ can
be translated to prove Conjecture for A of the form (p/q)'/¢. In the other
direction, we show that Theorem [I.4.5]can be translated to solve Problem for

pre-commuting matrices.

1.5 Sums of dilates mod p

Let us return to the following simple case of Problem|[I.1.T|—estimating the minimum
size of |[A+A-A|interms of |A|. In all the previous sections, we considered A living
in an ambient space M without torsion, such as 74 or C. This time, we consider

M =7/ pZ, the group of large prime order p, and A an integer.

Over Z, it is a simple exercise to show that |A + B| > |A| + |B| — 1. Over Z/pZ, the
corresponding inequality, known as the Cauchy—Davenport theorem [9, 14], says
that

|A + B| > min{|A| + |B| - 1, p},

since one must account for the possibility that the sumset contains all the elements
of Z/pZ. Several proofs of this inequality are known (see, for example, [1]]), but,

unlike the integer case, none of them is particularly simple.

The problem of estimating the minimum size of |A + A - A| over Z/pZ with p prime
was first studied in detail by Plagne [35] and by Fiz Pontiveros [[16]]. The latter
showed that for every A € Z there exists @ > 0 such that

JA+A-Al > (2] + D]A| - Ca

for all |A| < ap. On the other hand, he showed that for every A € Z and € > 0 there
exists 0 > 0 such that, for every sufficiently large prime p, there is a set A C Z/pZ
with |[A]| > (% —€)p such that [A+ A-A| < (1 —9)p. Thatis, as |A| approaches
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p/2, one cannot do much better than the Cauchy—Davenport theorem, which tells
us that [A+ A - A| > 2|A| - 1.

For our purposes, it will be convenient to introduce some terminology. For p prime,
A€ Zanda € (0,1), we let

ex(Z/pZ,A,a) =min{|A+A-A|/p:ACZ/pZ, |A| = ap}

and then define ex(4, @) = limsup,, ex(Z/pZ, A, a). The problem of asymptotically
estimating the minimum size of sums of dilates over Z/pZ may then be rephrased
as the problem of determining ex(A, ). This seems very difficult in full generality,

though the results of Fiz Pontiveros described above imply that

e ex(4, @) = (|1] + 1)a for A fixed and « sufficiently small in terms of A and

e ex(d,a) < 1fora < %

We look at the case where « is fixed and A is allowed to grow. In rough terms, we
wish to understand how small the sum of dilates A + 4 - A can be if we fix the density
« of A and let A tend to infinity. More precisely, we setex(a) = limsup,_, ., ex(4, @)

and investigate the behavior of ex(«).

By Cauchy-Davenport, if @ > %, then ex(a) = 1. Moreover, if @ < %, then, again
by Cauchy—Davenport, |A + 4 - A| > 2|A| — 1, so ex(@) > 2a. On the other hand,

since |[A + 1 - A| < p, we always have the trivial upper bound ex(«@) < 1.

In Chapter [§] we improve these simple bounds significantly, giving a reasonably

complete picture of the behavior of ex(a).

Theorem 1.5.1. There exist constants C,C’, ¢ > 0 such that

eC/logC(l/cx)a, < GX(Q’) < eC log(l/a')a,
forall a € (0, %) Moreover, ex(a) < 1 forall a € (0, %)

1.6 Notation and preliminaries
For functions f,g : N — R, we use the following “Big-O” and Vinogradov nota-

tions.

1. We write f = O(g) to mean there exists a constant C > 0 such that | f(n)| <
Cg(n) for all sufficiently large n. We also write f < g to mean the same

thing.
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2. We write f = o(g) to mean lim,,_,o, f(n)/g(n) =0.

3. We write f = Q(g) to mean g = O(f).

4. We write f = ©(g) tomean f = O(g) and g = O(f). We also write f ~ g
to mean the same thing.

Next, we state some standard results from additive combinatorics which we will be
using repeatedly. We have the following sum and difference version of the Ruzsa

triangle inequality.
Lemma 1.6.1 (Ruzsa [38])). For any finite subset X,Y, Z of an abelian group, the
following holds.

1| X|)Y+Z| < |X+Y||X +Z|.

2. XI)Y-Z| < |X=-Y||X - Z|.

For a positive integer m and a set A, denote by m A the m-fold sumset A+ A+---+A.
This is not to be confused with the dilate m - A.

Lemma 1.6.2 (Pliinnecke—Ruzsa [36]]). If A and B are finite subsets of an abelian
group and K > 0 is a constant so that |A + B| < K|A|, then for all nonnegative
integers m,n, |mB —nB| < K"™|A|.

A fundamental result in additive combinatorics is Freiman’s structure theorem. A

generalized arithmetic progression (or GAP for short) is a set P of the form
P={vo+apvi+---+aqvg:0<a; <L foralli}, (1.1)

for some integers vg, vy, ...,vq, L1,...,Lg, where d is the dimension of the GAP
P. We say that P is proper if the terms in (I.1I) are distinct. Freiman’s theorem can

then be stated as:

Theorem 1.6.3 (Freiman [17]). Let K > 0. Then there exist d, F > 0 depending
only on K such that the following holds. If A C Z satisfies |A + A| < K|A|, then A

is contained in a proper GAP of dimension at most d and size at most F|A]|.
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Chapter 2

DIFFERENCE SETS IN R¢

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Difference sets in R?, fo appear in Israel Journal of
Mathematics (2025), por: |10.1007/s11856-025-2717-2.

Recall from the introduction that a subset A of RY is k-dimensional, written
dim(A) = k, if the dimension of the affine subspace spanned by A is k. In other
words, A is contained in an affine subspace of dimension k, but not in an affine
subspace of dimension k — 1. In this chapter, we are interested in the minimum size

of |[A — A in terms of |A|, where A ¢ R? is d-dimensional.

For small d, the problem is well understood. Indeed, for d = 1, it is an elementary
observation that |A — A| > 2|A| — 1, which is tight for arithmetic progressions,
while, for d = 2, the bound |A — A| > 3|A| — 3, tight for the union of two parallel
arithmetic progressions with the same length and common difference, was proven
by Freiman, Heppes and Uhrin [18]]. More generally, they showed that if A is a finite
d-dimensional subset of R?, then

|JA—Al > (d+1)|A|-d(d+1)/2,

in analogy with Freiman’s result on |A + A|. This estimate was later generalized by
Ruzsa [37], who showed that if A, B ¢ R? are finite sets such that |[A| > |B| and
dim(A + B) = d, then

|A+B| > |A|+d|B|-d(d+1)/2. 2.1)

Finally, for d = 3, Stanchescu [44], making use of this inequality of Ruzsa, proved
that |[A — A| > 4.5|A| — 9 for any finite 3-dimensional subset A of R3. This is
again tight, with the example now being a parallelogram of four parallel arithmetic

progressions with the same length and common difference.

In general, the best known construction is due to Stanchescu [45]] and comes from

a collection of 2d — 2 carefully placed parallel arithmetic progressions with the


https://doi.org/10.1007/s11856-025-2717-2
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same length and common difference. More precisely, set T = {eg, e1,...,eq-2},
where e is the origin and {ey, ..., e;} is the standard basis for R4, and, for any
natural number k, let Ay = (T U (ay — T)) + Py, where ay = e; — key—1 and
Py = {eo,eq-1,2¢4-1,...,(k — 1)eq—1}. Worked out carefully, this construction

satisfies

|Ak—Ak|:(2d—2+ )|Ak|—(2d2—4d+3).

d-1
Supplanting an earlier conjecture of Ruzsa [37], Stanchescu proposed that this is
best possible.

Conjecture 2.0.1 (Stanchescu [45]). Suppose d > 2 and A c R? is a finite set such
that dim(A) = d. Then

|A—A|2(2d—2+ )|A|—(2d2—4d+3).

d-1
Until very recently, little was known about this conjecture for d > 4 besides the
result of Freiman, Heppes and Uhrin [18]]. However, the situation was considerably

improved by Mudgal [31]], who showed that
|A - A] = (2d - 2)|A[ - o(]A])

for any finite d-dimensional subset A of R?. In this chapter, we build on both
Mudgal’s work and earlier work of Stanchescu [44] 46] to prove Conjecture [2.0.1]
in full provided only that |A| is sufficiently large in terms of d, essentially resolving
the problem of minimising the value of |A — A| over all d-dimensional sets A of a

given size.

Theorem 2.0.2. Suppose d > 2 and A c R is a finite set such that dim(A) = d.
Then, provided |A| is sufficiently large in terms of d,

|A—A|2(2d—2+ )|A|—(2d2—4d+3).

d—-1
We begin our proof of Theorem[2.0.2]in the next section with a result that we believe
to be of independent interest, an extension of a result of Stanchescu [46] about the
structure of d-dimensional subsets A of RY with doubling constant smaller than

d +4/3 to asymmetric sums A + B.

Remark. Shortly after completing this paper, we learned from Akshat Mudgal that
he had independently proved an asymptotic version of Conjecture 2.0.1] We refer
the reader to his paper [32|] for further details.
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2.1 An asymmetric version of a theorem of Stanchescu
Our starting point is with the following theorem of Stanchescu [46]] (see also [47]
for the d = 3 case).

Theorem 2.1.1 (Stanchescu [46]). Suppose d > 2 and A c R? is a finite set with
dim(A) = d. If|A| > 3-4% and |A + A| < (d +4/3)|A| - £(3d*> +5d +8), then A

can be covered by d parallel lines.

By considering the set A = AgU {es,...,eq} with Ag = {ie;j +je; : 0<i<n,0<
J < 2} for some natural number n, which satisfies |A + A| = (d +4/3)|A| - %(3(12 +
5d + 8) and yet cannot be covered by d parallel lines, we see that Theorem is
tight. The main result of this section is an extension of Theorem[2.1.1|to asymmetric
sums A+ B. We begin with the two-dimensional case, whose proof relies in a critical

way on the following result of Grynkiewicz and Serra [22, Theorem 1.3].

Lemma 2.1.2 (Grynkiewicz—Serra [22]]). Let A, B C R2 be finite sets, let | be a line,
let r1 be the number of lines parallel to | which intersect A and let ry be the number

of lines parallel to [ that intersect B. Then

A B
|A+ B| > (u+u—l)(r1+r2—1).
roon

In particular, we note that, since |B| > r, and r; > 1,
r
|A+B| > 2|Al
r

Lemma2.1.3. Ler A, B C R? be finite sets and [ be a fixed line. Let r\ be the number
of lines parallel to l which intersect A. If|A| > |B|and |A+B| < |A|+7|B|/3—-5+/|A|,
then either ry < 2 orry > |A|/4.

Proof. Notice that if A is at most 1 dimensional, then either r; = 1 or r; = |A|, so

we may assume that dim(A) = 2. Let r, be the number of lines parallel to / which

intersect B. We consider 2 cases, depending on whether r; is at most 4/|A| or not.

Case 1: r; < /|A]|
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We have 10|A|/3 > |A + B| > |A|ry/r1, so rp < 10r;/3 < 44/|A|. Thus, by
Lemma [2.1.2|and the fact that |A| > |B|,

B
|A+B|Z(u u—l)(r1+r2—1)

r...
1”1—1
+ {1+ |B|—ri—ry+1
)

~1
> |A|+(1+”2 4L )|B| 54/]A
ri ry

If r; = 1 and r; > 3, then this last expression is |A| + r{|B| — 54/|A| > |A| + 3|B| -
S5vI|A|. If rp =2 and r; > 3, then itis

11 7
1A + (5 +— 4 %) IB| - 54/[A| = |A| + 31l - 5vIA].
r

If o > 3 and | > 3, then it is at least
1 1 7
|A|+(3————) |B| — 5vI|A| = |A| + =|B| = 5V|A]|.
rl ro 3

In each case, we contradict our assumption that |A + B| < |A| +7|B|/3 — 54/|A], so

we must have r; < 2.

r
= |A| + =

Case 2: r1 > /|A|

Letr] = |A|/ry and ¥} = |B|/r2, so that 7| < +/|A] and

Al |B
|A+B| > (|—,|+|—,| - 1) (ri+ry—1),
N
which is the same expression as in the previous case, but now r},r, may not be
integers. Nevertheless we still have 1 < r}| < [Al and 1 < 7} < |B|, so that

|A+B| > 7 |A| and, therefore, r; < 4+/|A| holds similarly. Expanding the equation

above and usmg |A| > |B|, we have

’

rror =1 1
|A+ B| > |A|+(1+ 24 L ——,) 1B| — 5v/]A]
}”1 v r

2 1

1
‘7) [B] = 5V[A].

r 1

’

2|A|+(1+2

r’l

Setting ¢ =

, we see that if ry < [A|/4 or, equivalently, r| > 4, then ¢ >

and the expression above is |A| + (2¢ + ¢?)|B| = 5+/|A| > |A| +7|B|/3 - 5+/|A|. But
this again contradicts our assumption, so we must have r; > |A|/4. O

Nlél
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For higher dimensions, we will use an induction scheme based on taking a series of

compressions. Let us first say what a compression is in this context.

Definition 2.1.4. Let H be a hyperplane in R¢ and v € R¢ a vector not parallel to H.
For a finite set A ¢ R?, the compression of A onto H with respect to v, denoted by
P(A) = Py, (A), is formed by replacing the points on any line / parallel to v which
intersects A at s > 1 points with the points u + jv, j = 0,1,...,s — 1, where u is

the intersection of [ with H.

By preserving the ordering of the points on each line, we may view the compression
P as a pointwise map A — P(A), so we may talk about points of A being fixed
by P. Note that it is clearly the case that |P(A)| = |A|. Moreover, sumsets cannot
increase in size after applying this compression operation. That this is the case is

our next result.
Lemma 2.1.5. For finite sets A, B C RY and a compression P,

|[P(A) + P(B)| < |A + B|.

Proof. Without loss of generality, we may assume that H passes through the origin.
Let p : RY — H be the projection onto H along v. For u € p(A), let I, be the
line through u parallel to v and define X, = X N [, for any set X ¢ R?. Note that
p(P(A)) = p(A) andso p(P(A) + P(B)) = p(A + B). It therefore suffices to show
that |(P(A) + P(B)),| < |(A+ B),| foreachu € p(A+ B) = p(A) + p(B). Since
P(A), is asetof the form {x+ jv:j=0,...,5 — 1}, we have

|(P(A) + P(B)).| = max {|P(A), + P(B),| : x € p(A),y € p(B),x +y = u}
= max {|P(A)x| +|P(B)y|-1:x€p(A),y € p(B),x+y= u}
= max{le| +|By|-1:x€p(A),yep(B),x+y= u}
< |(A+ B),|.

Our main compression lemma, which draws on ideas in the work of Stanchescu [46),
47], is now as follows.

Lemma 2.1.6. Let A, B ¢ R be finite sets such that dim(A) = d > 3 and [ be a
fixed line. Suppose that there are exactly s < |A| lines parallel to | which intersect

A. Then there are sets A’, B’ ¢ RY satisfying the following properties:

1. |A'| = |A], |B’] = |B|;
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2. |A+B'| < |A+B|;

3. there are exactly s lines l', ..., I}, parallel to | intersecting A’;
4. dim(A’) = d;
5. 14, ...,l._, lie on a hyperplane;

6. I} intersects A’ at a single point.

Proof. The sets A’, B’ will be obtained by taking a series of compressions, so 1 and
2 will automatically be satisfied by Lemma @ Let e;,..., ey be the standard
basis of R¢. By applying an affine transformation if necessary, we may assume that
[ is the line Re; and that A contains the set S = {0, e, . . ., 4} (this is possible since
at least one line parallel to / intersects A in at least 2 points). For each i, let H; be
the hyperplane through O perpendicular to e;. Let P; = Pp, ., be the compression
onto H; with respect to ¢;. Let A; = P4(A), noting that this set satisfies 3 and
s = |Ay N Hy|. Furthermore, for any compression P;, i < d, |P;(A1) N Hy| = s, so
P;:(Ay) also satisfies 3. Now set Ay = Py(Py(-- Pg-1(Ay)--+)). Then Ay ¢ Nd
again satisfies 3 and, since S C A,, dim(A;) = d and it also satisfies 4. Moreover,
Aj has the property that if (xq,...,x4) € Ay, then, for any yy,...,ys € Ny with
yi < x;foralli, (yi,...,yq4) € As.

We now show that a finite number of further compressions will give us a set addi-
tionally satisfying 5 and 6. Suppose A; can be covered by n hyperplanes parallel to
Hg_1,1.e., the (d — 1)th coordinate of all the points of A, is the set {0, 1,...,n — 1}.
Letw = (wq,...,wg2,0,0) € A, be such that w; + - - - + wy_» is maximal. Then,
whenever tw+u € A, NH,;_ 1 N H,; for some u € Ng and 7 > 1, we must have u = 0
and r = 1. Let P be the compression onto H;_; with respect to f = e4z—1 — w. Set
A3z = P(A»). Since f is parallel to Hy, |A3 N Hy| = |A2 N Hy| = s. The number of
lines through A3 parallel to [ is |A3 N Hy| = s, so 3 is still satisfied. Moreover, since
w € Ay, eq-1 is fixed by P, so S C Az and 4 is still satisfied. We now consider two

cases:

Casel: n=2

We claim that A3 is covered by H;_; and the single line e;_; + Rey, so that 5 is
satisfied with [, = e;_1 + Re,. Indeed, by the maximality of ||w||;, the points of A,
on any vertical line u + Rey with u € H; \ {e;—1} are mapped by P into a vertical
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line contained in H,_;. To see this, suppose e4_1+re;+v € Ay withv € H;_1NHy
and r € Ny. Then ey_1 +re; +visfixedby Piff v+res +w € Ap. If v # 0, then
v+ w ¢ Ay by the maximality of w, sov +res+w ¢ Ay and ey_1 + res + v is not

fixed by the compression, being moved instead to v +re; + w.

Case2:n>2

Suppose (n — 1)ey—1 +v € Ay withv € Hy_;. Then, since (n — 1)w +v ¢ A as in
Case 1, (n — 1)ey—1 + v is not fixed by the compression. Thus, A3 is contained in
fewer than n hyperplanes parallel to H;_. By repeatedly applying compressions of
this type, we will eventually reach the previous case. Abusing notation very slightly,
we shall still call the set obtained after these repeated compressions As.

Thus, A3 is covered by H;—; and the line e;—; + Re;. Suppose now that » > 0
is the largest integer such that re; € Az. Let P’ be the compression with respect
to g = eq-1 —req and set Ay = P’(A3). Then all points of A3 in Hy—1 and ey
are fixed by P’, but e _; + te; is mapped to (r + t)ey for each t > 0. Thus,
AgN(eq-1+Hy-1) = {eq-1}, so that A4 satisfies 3-6. We may therefore set A” = Ay.
Finally, to obtain B’, we simply apply the same series of compressions to B that we

applied to A. O

We are now in a position to prove the main result of this section, the promised

asymmetric version of Theorem[2.1.1]

Theorem 2.1.7. Let d > 2, A,B C R be finite sets and | be a line. Let r be the
number of lines parallel to | which intersect A. Suppose that A is d-dimensional,
|A| > |Bland |A+B| < |A|+(d+1/3)|B| =29+ \[[A| - Ey, where Eq = (d+2)*'~2.
Thenr =dorr > |A|/4.

Proof. Notice that since dim(A) = d, we must have r > d. We shall induct on

d. The case d = 2 was dealt with in Lemma[2.1.3] We may therefore assume that
d > 3. E,; is chosen to satisfy the following inequalities:

1. Eg > 2(E4-1 +1),

2. Eg> (d+2)24+E4_1 + 1)%.
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If |[A] < 29+ E4_1 + 1)%, then |A| + (d + 1/3)|B| < (d +2)|A| < Ey4, so it is not
possible that |A + B| < |A| + (d + 1/3)|B| — 2¢*'4/|A| — E;. We may therefore
assume that |A| > (29 + E4_; + 1) and, thus, that |A| — 29y/|A| = E4-1 = 1 > 0.
Suppose that d < r < |A|/4. By Lemma[2.1.6| replacing A with A’, we can assume

that A = A, U {ey4}, where A; lies on the hyperplane H defined by x; = 0. Let
Hy, ..., Hs be the hyperplanes parallel to H that intersect B and let B; = B N H,.

If s =1, then |A + B| = |A| + B| + |B|. Moreover, A; is (d — 1)-dimensional and
is covered by r — 1 < |A||/4 lines parallel to [. Thus, if |B| < |A{], our induction
hypothesis implies that |A; +B| > |A1|+(d—1+1/3)|B|-29\/|A|| - E4_;. If instead
|B| > |Ay], then |B| = |A| + 1, so, letting B’ be B with an element removed, our
induction hypothesis implies that |[A; + B| > |A; + B’| > |Aj|+(d - 1+1/3)(|B| -
1) - 2d\/m — E ;1. In either case, we have

|A+B| > |A1]+(d+1/3)(IB] = 1) = 2°|Ai| - Eq4_y
> |Al+ (d + 1/3)|B| = 2%|A| - Ey.

Ifs>2,then |[A+B| > |A;+B| =|A; +Bi|+---+|A| + Bs|. By our induction
hypothesis, |A; + B;| > |A1|+ (d = 1+1/3)|B;| = 29/|A{| = E4_; for each i and so

|A+B| > s|A1| + (d - 1+ 1/3)|B| - 2¢sv/|A1| — sEq_
> 2|A|+ (s —2)|A| - s+ (d — 1+ 1/3)|B|
— 24 JA] - 2%(s - 2)V|A| - sEqy
> |Al + (d + 1/3)|B| = 2**'\A| = 2(Eq-1 + 1)
+(s=2)(|A] - 2'V|A] - Eq-y - 1)
> |A| + (d + 1/3)|B| - 2**'\|A| - E.. O

2.2 Special cases of Theorem [2.0.2]
In this section, we show that the conclusion of Theorem holds if we make some
additional assumptions about the structure of A. We begin with a simple example

of such a result.

Lemma 2.2.1. Let A € R? be a finite set with dim(A) = d that can be covered by d

parallel lines. Then

2
|A—A| > (2d—2+3) |A| - (d®> —d +1).
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Proof. Suppose A = A1U---UA,; where each A; lies on a line parallel to some fixed
line [. Let a; = |A;| and assume, without loss of generality, thata; > ap > --- > aq.
Since A is d-dimensional, the d lines covering A are in general position, i.e., no k
of them lie on a (k — 1)-dimensional affine subspace for each 1 < k < d. Thus, for
i # j,the sets A; — A; are pairwise disjoint and also disjoint from A; — A;. Hence,

we have

A=Al > AL = Ar|+ D 1A - A
i£]
> 2a; — 1+Z(a,~+aj— 1)
i£]

>2a; - 1+2(d=1) Y ai—d(d-1)
i
2 2
> 2d—2+2 |A| = (d“ —d+1). O

We will use a common framework for the next two lemmas, with the following

definition playing a key role.

Definition 2.2.2. Let A ¢ R? be a finite set with dim(A) = d and [ be a fixed line.
A hyperplane H is said to be a supporting hyperplane of A if all points of A either
lie on H or on one side of H. A supporting hyperplane H of A is said to be a major

hyperplane of A (with respect to 1) if H is parallel to [ and |H N A| is maximal.

Suppose now that A ¢ R? is d-dimensional and [ is a fixed line. Let H be a major
hyperplane with respect to / and Hy = H, H», . . ., H, be the hyperplanes parallel to
H that intersect A, arranged in the natural order. Let A, = AN H; fori=1,...,r.
Since |A1|is maximal, |A;| > |A,|. Let  be the projection along / onto a hyperplane
perpendicular to /. Then dim(n(A)) = d — 1 and n(H) is a maximal face of the
convex hull of 7(A) (since |[H N A| is maximal), so dim(x7(Ay)) = d — 2, which
implies that there are at least d — 1 lines parallel to [ intersecting A;. If any such line
intersects Aj in at least 2 points, then dim(A;) = d — 1. Assuming this setup, the

next lemma explores the situation where A is covered by two parallel hyperplanes.

Lemma 2.2.3. Suppose that r = 2, dim(A1) = d — 1 and there are s lines parallel

to l intersecting Aj.
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1. If s=d— 1, then
2
d-1

) |A| - (2d* — 4d + 3).

|A—A|l > (2d-2)|A| + |A1| = (2d% — 4d + 3)

> (2d -2
_(d o

2. Ifd <5 <|A(|/4 and

|A| — Ay| > [2d -4+ )|A1|—(2d2—8d+9),

d-2

then, given 0 < € < min(%, ﬁ) - ﬁ, there is some ng such that for |A| > n,

1
1A - Al > (2d—2+d

7 +e) |Al.

Proof. For 1, note, by Lemma[2.2.1] that

2
d-1
By Ruzsa’s inequality (2.1)), |A| — Az| > |Aj|+(d — 1)|Az| —d(d — 1)/2 and so

|A1—A1|z(2d—4+ )|A1|—(d2—3d+3).

|A— Al > |A] — Ai| +2]|A; — Ay

> (2d -2
_(d o

)|A1| +(2d = 2)|Ay| —d(d - 1) = (d* = 3d + 3)

2
d-1

) |A| - (2d* - 4d + 3).

> (2d - 2)|A| + |A1| = (2d%> —4d +3)

> (2d -2
_(d o

For 2, A; is (d — 1)-dimensional and cannot be covered by d — 1 lines, so this case
only exists for d > 3. Since |A1| > |A3|, Theorem implies that

|A} — Ag| > |A1] + (d = 2/3)|Az| = 29V|Al| — Eq-1.
But then, since |A;| > |A|/2 can be taken sufficiently large,

|A— Al > |A] — Ai| +2]A; — Ay

> 2d -4 Ay - (2d* - 8d
_( +d_2)| 1= ( +9)
+2[A1] +2(d = 2/3)|Az| = 27V A | - 2E 4
1 1
> (2d -2 Al+|———— — €A
> +d_1+e)| |+((d—1)(d—2) €| Al
—(2d* - 8d +9) - 2*'\|A|| - 2E 4,
1
> 2d—2+d_1+e)|A|,
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as required. O

We now consider the situation where every line parallel to [ meets A in a reasonable

number of points.

Lemma 2.24. Let 0 < € < 1/(4d + 1)(d — 1). Suppose that every line parallel to
[ intersecting A intersects A in at least 4d points. Then there is a constant Cy such

that either

1.
1
|[A—A| > 2d—2+d 1+e |A| — Cy4
or
2. r=2and
|A—A|z(2d—2)|A|+d 1|HmA|—(2d2—4d+3).
In particular,

|A—A|2(2d—2+ )|A|—(2d2—4d+3)

d-1

for |A| sufficiently large.

Proof. We shall induct on d and |A|. Let ng be chosen sufficiently large that the

following conditions hold:

1. Lemma[2.2.3|holds with this ny.

2. Whenever B ¢ R¢ has dim(B) = d — 1 > 1, each line parallel to [ intersecting
B intersects it in at least 4(d — 1) points and |B| > no/2, then

B-B|>|2d -4+
e s

) |B| - (2d* - 84 +9).

This is possible by induction since C;_1 is already determined.

3. eng > d(d-1).
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Then C; > 2d? —4d +3 is chosen sufficiently large that the first option in the lemma
trivially holds for |A| < ny.

The base case d = 2 and the inductive step will be handled together. If |A| < ny,
the lemma holds, so we may assume that |A| > ng. Since dim(A;) = d — 1, there
are at least d — 1 lines parallel to / intersecting A;. Each such line intersects A; in
at least 4d points, so we have |A|| > 4d(d - 1).

First suppose r = 2. If Aj is covered by s lines parallel to /, then, as above, s > d —1.
If s = d — 1, then, by Lemma[2.2.3]

|A—A| > (2d - 2)|A| + |A1] - (2d* - 4d + 3).

d-1
If s > d — 1, then we must have d > 2, since, for d = 2, dim(A;) = 1 and A is
covered by a single line. Since dim(A;) =d -1 > 1 and |A{| > |A|/2 = no/2,

condition 2 implies that

Al —A(l>(2d-4
|Ay 1|_( +d—2

) |A1] - (2d* - 8d +9).

Each line parallel to [ passes through at least 4 points of Ay, so s < |A;|/4. Thus,
by Lemma [2.2.3|and condition 1,

1
A-A|l>12d-2 Al.
| |_(d +d 1+6)||

Now suppose r > 2. Let B = A\ H, and note that dim(B) = d and |B| > |A|/2. By

our induction hypothesis,

|B—B|2(2d—2+ )|B|—Cd.

d-1
Let H' be a major hyperplane of B with respect to / (which is not necessarily a major
hyperplane of A!), so that |B N H’| > |Ay|. If |A;| > 2¢€|A|, then, using Ruzsa’s
inequality (2.1)) and condition 3,

|A—A| > |B-B|+2|A; - A

> 2d—2+d_1)|B|—Cd+2|A1|+(2d—2)|A,|—d(d—1)
1

> — - — — —

> |2d 2+d—1)|A|+(2 d—l)lAll Ci—d(d-1)

1

> 2d—2+d_1+2e)|A|—Cd—d(d—l)

> 2d -2+ ! +€]|A|l-C,

> 71 € d-
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We may therefore assume that |A;| < 2¢|A]|.

If B cannot be covered by two translates of H’, then, by our induction hypothesis,

1
B-B|>[2d-2+

1 + € |B| - Cy.
Thus, again using Ruzsa’s inequality (2.1]),

|A—A|>|B—-B|+2|A; - A/

1
> 2d—2+d +€||B|+2|A1|+ (2d - 2)|A, | —d(d - 1) - Cy
> |2d 2+1+ |A| + (2 ! |A1|—d(d-1)-C
= d-1" ¢ a—1_ ¢ d
1
> 2d—2+d_1+e |A| = Cy,

since |A(| > 4d(d - 1).

We may therefore assume that B is covered by two translates of H’, say H' and
H’”. If A, € HHUH"”, then A C H UH"”, so one of |[AN H'|,|]AN H"| is
at least |A|/2, say |A N H’| > |A|/2. But H is a major hyperplane of A, so
|Ai| = |ANH| > |ANH’| > |A|/2, contradicting our assumption that |A| < 2¢€|A].
Hence, A, ¢ H U H”.

If

1
B—-—B|>|2d -2+
| | /

1+E |B|—Cd,

then the above argument holds similarly. Thus, by our induction hypothesis, we

must have that

2

’ _ 2
——|H N B| - (2"~ 4d +3).

|B—-B| > (2d -2)|B| +

Let B = BN H’, B, = BN H”, noting that |B{| > |B;|. Fix also a point x € A, that
does not lie on H’ U H”. If x lies between H’ and H”, then x — B1,B; —x,B— B
are pairwise disjoint. If H’ lies between x and H”, then x — B, B — x, B — B are
pairwise disjoint. If H” lies between x and H’, then x — By, B; —x, B— B are pairwise
disjoint. In any case, there is some i € {1,2} such that x — B;, B; — x, B — B are

pairwise disjoint. Since |B;| > | B,
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|A —A| > |B— B|+2|B>|

2
2(2d—2)|B|+d llBll—(2d2—4d+3)+2|Bz|
2(2d—2+d 1)|B|—(2d2—4d+3)
:(2d—2+d_1)(|A|—|Ar|)—(2d2—4d+3)
> (2d -2+ ! +e||Al-C

- a-1"° ¢

where the last inequality follows from |A,| < |A;| < 2¢€|A|and e < 1/(4d +1)(d —
1). O

2.3 Proof of Theorem

The final ingredient in our proof is the following structure theorem due to Mud-
gal [33, Lemma 3.2], saying that sets with small doubling in R¢ can be almost

completely covered by a reasonably small collection of parallel lines.

Lemma 2.3.1 (Mudgal [33]]). For any ¢ > 0, there exist constants 0 < o < 1/2 and
C > 0 such that if A ¢ R? is a finite set with |A| = n and |A + A| < cn, then there

exist parallel lines 11,15, . . ., 1, with
AN >--->|AnL] > |AnL|V? > Cc '

and
A\ (1 UlLbU---UL)| < Cen'™@.

We are now ready to prove Theorem [2.0.2] which, we recall, states that if ¢ > 2 and
A c R is a finite set such that dim(A) = d, then, provided |A| is sufficiently large,

A—-Al>12d -2
| |_( t o

) |A| - (2d* — 4d + 3).
Proof of Theorem We shall proceed by induction on d, starting from the
known case d = 2 [18]]. We will suppose throughout that ng is large enough for our

arguments to hold. Our aim is to show that, for all A ¢ R¢ with dim(A) = d,

|A— Al > (2d—2+ )|A| — max(2d? — 4d +3,D — |A|/3),

d-1
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where D > 2d? — 4d + 3 is chosen so that the above inequality trivially holds for
|A| < ng. The result then clearly follows for |A| sufficiently large. We will proceed

by induction on |A|, where the base case |A| < ng trivially holds.

We may clearly assume that |[A — A| < (2d — 1)|A]|, since otherwise we already
have the required conclusion. By the Pliinnecke—Ruzsa inequality (Lemma (1.6.2),
we then have |A + A| < (2d — 1)?|A|. Applying Lemma with ¢ = (2d — 1)?,

we get parallel lines /[y, ..., [, and constants 0 < o < 1/2 and C > 0 such that
AN >--->|AnL] > |AnL|V? > Cc '
and
A\ (ljUlbU---UL)| < Cen'™,

where n = |A|. Since |A N I;| > C~'n“ for each i, we have n = |A| > rC~'n” or
r<Cn'=@. LetA’=ANn([;jU---Ul)and S = A\ A’, so that |S| < Ccn'=7. If
dim(A”) = d; < d, then, by our induction hypothesis, for |A| sufficiently large,

A - A| > (2d1 -2+ )|A’|—(2df—4d1+3).

di -1
There are ay, ..., a4-4, € S such that dim(A” U {al, e ld—d, }) = d. This implies
thatay, ..., aq—4, lie outside the affine span of A’, so the sets
A'-A A -ay,..., A —agq_q,a1 - A,...;a4-q, — A

are pairwise disjoint. Thus,

d—d
A=Al = [A = A+ D (1A = a)| +|a; - A'))
i=1

> 2d1 -2+~ 1)|A’|—(2a’f—4d1+3)+2(d—d1)|A’|
T

> 2d—2+d 1)(|A|—|S|)—(2df—4dl+3)
T

>2d -2+ ! |A]

= d-1

for |A| > ng sufficiently large. Thus, we may assume that dim(A’) = d.

For ng sufficiently large, we may assume that each line /; intersects A" in at least
4d points. Let H be a major hyperplane of A’ with respect to /; and let H; =
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H,H,, ..., H, be the translates of H covering A’ in the natural order. Fix 0 < € <
1/(4d +1)(d — 1). If we are in the case of Lemma where

1
|A" = A'| > (2d—2+ 71 +e) |A’| = Cy,
then, since |S| = O(]A|'~7) is sublinear, for |A| sufficiently large,

|[A—A| > A - A

1
>(2d -2
> [20-24

I +E) |A’| = Cy4

1
> (2d -2+ Al.
( a,_l)l |
Thus, we may assume that » = 2 and

A" — A’ > (2d - 2)|A"| + |AY| - (2d* - 4d +3).

d-1

Let A’1 = A’N H; and A’2 =A'"NH, If S ¢ H U Hy, then there is a point x € S
not lying on the hyperplanes Hy, H>. But then x — A}, A7 — x, A’ — A’ are pairwise
disjoint for some i € {1, 2} and so, since |A]| > |A}],

|A—A| > |A" = A'| +2|A)]
2
d—1

1) |A’| = (2d* - 4d +3)

> (2d - 2)|A'| + |AY| = (2d* — 4d + 3) + 2|4

2
>12d -2+
> [20-245

1
>|(2d -2+ Al.
( = 1) |A]
We may therefore assume that S C H; U H.

Let Ay = ANH;and A; = AN H,. Let H' be a major hyperplane of A with respect
to /1 (possibly equal to H) and H} = H', H), . . ., H{ be the translates of H’ covering
A, ordered naturally. Let B; = AN Hl’ fori =1,...,s. Since Hy, H, are both
supporting hyperplanes of A, we must have |B{| > max(|A;|, |Az2]) = |A|/2 > |S],
so B; must contain at least one point of A’. Hence, B; contains one of the lines
[; N A, each of which has at least 2 points, and so dim(B;) =d — 1.

Suppose s = 2. The number of lines parallel to /; intersecting Bj is at most
r +|S| = O(JA|'=7), which is smaller than |B;|/4. Thus, for ng sufficiently large,
by both cases of Lemma[2.2.3]

|A—A|2(2d—2+ )|A|—(2d2—4d+3).

d-1
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We may therefore assume that s > 2. Let B = A\ By, noting that |B| > |A|/2 and
dim(B) = d. By our induction hypothesis,

|B—szPd—2+ )wy-D.

d-1

Thus, again using Ruzsa’s inequality (2.1)),

|A—A| > |B - B|+2|B) - By|

1
> 2d—2+d 1 |B| = D +2|Bi| + (2d = 2)|Bs| —d(d — 1)
>(2d-2+ ! |A] + (2 ! |Bi|-d(d-1)-D
= d—1 d—1)"!
>(2d-2+ ! |A] + (1 ! |A|—d(d-1)-D
- d-1 2(d-1)

1
>12d -2+ |A| — D + |A|/3,

d-1
where the last inequality holds if [A|/6 > ny/6 > d(d — 1). O

2.4 Concluding remarks
By carefully analysing our proof of Theorem [2.0.2] it is possible to deduce some
structural properties of large sets A ¢ R¢ with dim(A) = d and

A-Al<|2d-2+
| |—( d—1

)|A|+0(|A|)-

In particular, such sets can be covered by two parallel hyperplanes H and H,, where,
writing Ay = AN H| and A, = AN H,, we can assume that A; and A, have roughly
the same size, differing by o(|A|). We can also assume that dim(A;) = d — 1 and
that A can be covered by d — 1 parallel lines /1, . .., [;-1, where the sets A} N [; all

have approximately equal size, again up to o(|A]).

In practice, H; will be a major hyperplane of A with respect to /1, which, we recall,
means that it is parallel to [, it is supporting, in the sense that all points of A lie
either on or on one side of it, and |[H; N A| is as large as possible. Knowing this
allows us to also deduce that dim(A,) = d — 1. Indeed, it must be the case that the
affine span of Aj is parallel to [, since otherwise |A; — A;| would be too large. But
then, if dim(A,) < d — 1, there is a supporting hyperplane through A, and one of
the A; N [; which contains more points than H, contradicting the fact that H; is a
major hyperplane. Since |A;| and |A;| differ by o(|A|), this then allows us to argue

that A, is also covered by d — 1 lines parallel to /; of approximately equal size.
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In fact, we can deduce the very same structural properties for large sets A ¢ R? with
dim(A) = d and

|A-A|l < [2d-2+ +e||Al+o(|A])

d—-1
for some € > 0, giving a difference version of Stanchescu’s result about the structure
of d-dimensional subsets of R¢ with doubling constant smaller than d +4/3, which
we stated as Theorem [2.1.1] It would be interesting to determine the maximum

value of e for which this continues to hold.

Unfortunately, our methods tell us very little about how A; and A, are related,
though we suspect that A, should be close to a translate of —A;. Proving this, which
will likely require a better understanding of when Ruzsa’s inequality (2.1)) is tight,
may then lead to a determination of the exact structure of d-dimensional subsets A
of R? with |A — A| as small as possible in terms of |A|, a problem that was already
solved for d = 2 and 3 by Stanchescu [44].
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Chapter 3

SUMS OF LINEAR TRANSFORMATIONS

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Sums of linear transformations, to appear in Transac-
tions of the American Mathematical Society (2025), arXiv:2203.09827, por:
10.1090/tran/9433.

In this chapter, we look into the following conjecture of Bukh mentioned in the

introduction.

Conjecture 3.0.1. Suppose that Ly,..., Ly € Maty(Z) have no common non-
trivial invariant subspace and £17¢ + - - - + L3 Z¢ = Z%. Then, for any finite subset
A of Z¢,

|L1A+- -+ LAl > (| det(L)]Y + - + [ det(L)])|A] - o(|A]).

For d = 1, this is the problem on integer dilates, which was solved by Bukh [§]].
For larger d, the intuition behind this conjecture comes from the Brunn—Minkowski
inequality (see, for example, [19]). This classic inequality states that if A and B are

two non-empty compact subsets of R?, then
u(A+B)" > u(AY+ u(B)',

where 4 is the Lebesgue measure on R?. Since u(LA) = |det(L)|u(A) for any
£ € Mat;(R) and any measurable subset A of RY, we may conclude that, for any
Ly, £ € Maty(R),

p(LIA + L2A) > (u( LAY + pu(LrA) )4
> (| det(L1)[V9 + | det(La)|" ) u(A).

Moreover, the analogous statement holds for the sum of more transformations by
a simple induction. Conjecture [3.0.1]is then the statement that, under appropriate
technical conditions, a discrete analogue of this result should hold, possibly with

some correction term to deal with boundary effects.
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The first result towards this conjecture was given by Mudgal [33]], who showed that
if £ € GLy(R) has no real eigenvalues, then |A + LA| > 4|A| — o(|A]) for any
finite subset A of RZ. In particular, this confirms Conjecture when k =d =2,
L is the identity and | det(L)| = IEI Surprisingly, despite this success, it turns
out that Bukh’s conjecture is not quite correct and both conditions, that Ly, ..., L;
have no common non-trivial invariant subspace and that £ W24+ -+ L3724 =79,

need modification.

The first condition, that £, . .., £ have no common non-trivial invariant subspace
is clearly necessary, since otherwise, for subsets A of such a common invariant
subspace, the problem reduces to one of lower dimension. However, this is not the
only case where the problem can reduce to one of lower dimension. For instance,
a simple concrete example where this can happen is when d = k = 2 and both £;
and £, are anti-clockwise rotations about the origin by 7/2. Indeed, even though
|det(L1)| = |det(Ly)] = 1, so that the conjecture predicts that | LA + LrA| >
4|A| — o(]Al), we only have | LA + LA| = 2|A| — 1 when A = {(0,x) : x € [n]}.
In order to rule out such examples, we update Bukh’s condition as follows.

Definition 3.0.2. We say that Ly, ..., L; € Mat,(2) are irreducible if there are no

non-trivial subspaces U, V of Q¢ of the same dimension such that £;U C V for all i.

To reiterate the point, this condition is clearly necessary, since otherwise we may

restrict A and the £; to U, again reducing the problem to one of lower dimension.

Consider now the transformations

R A [ B |

It is easily checked that £, and £, are irreducible and that £,Z* + £,7> = Z2.
However, the set A = {(x,2y) : x,y € [n]} has |A] = n? and | LA + LA| =
(2n—1)? ~ 4|A|, giving another counterexample to Conj ecture which predicts
that | L1A + L2A| > 8|A| — o(|A]).

The issue here is that £ and £, have a “common right factor” with determinant of
absolute value > 1. On the other hand, Bukh’s condition that £, Z%+- - -+ £;Z¢ = Z¢

I'There is a caveat here, which is that Mudgal’s result, which applies to arbitrary subsets of
R?, requires that £ have no non-trivial invariant subspace over R. Our interpretation of Bukh’s
conjecture, which concerns subsets of Z4 (or Qd), is that there is instead no non-trivial invariant
subspace over Q.
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is equivalent to L1, ..., L not having a “common left factor” with determinant of
absolute value > 1. Indeed, if £,Z¢ +---+ L£3Z¢ = L C 79, then there is some
P € Mat,(Z) with determinant of absolute value > 1 such that PZ¢ 2 L, which
implies that P-1£,7¢ ¢ 7 and so P71 L; € Maty(Z) for all i. Conversely, if
there is some # € Mat,(Z) with determinant of absolute value > 1 such that
P~ £; € Maty(Z) for all i, then £,Z% + --- + L£3,Z2¢ € PZ¢ < Z¢. Our second

condition incorporates and generalizes both of these possibilities.

Definition 3.0.3. We say that Li,..., Ly € Maty(Z) are coprime if there are no
P,Q € GL;(Q) with 0 < | det(P) det(Q)| < 1 such that

PLIQPLQ,...,PL:Q € Mat,(Z).

In particular, L1728+ -+ L3748 =74,

To see that this condition is also necessary, observe that, for any A C Qd, if we let
A" =Q7'A then |A’| = |Al and | L1A+ -+ LyA| = [PLIQA + -+ PLLQA'|.
But the transformations  £;Q have smaller determinants, suggesting that the lower

bound should instead be phrased in terms of these determinants.

Taking all these observations into account, we arrive at the following modified

version of Bukh’s conjecture.

Conjecture 3.0.4. Suppose that Ly, ..., Ly € Maty(Z) are irreducible and co-
prime. Then, for any finite subset A of Z¢,

d
[L1A+ -+ LeA] 2 (|det(L0)] 4o+ det( L)) Al = o(|A].

Our main result is a proof of this modified conjecture for k = 2 and any d in the
following strong form. We note that this result is best possible up to the lower-order
term in certain cases, for instance, when d = 2, £ is the identity and £, € Mat,(Z)
is a dilate of a rotation about the origin through an angle which is not an integer

multiple of .

Theorem 3.0.5. Suppose that L, L, € Mat,(Z) are irreducible and coprime. Then
there are constants D, o > 0 such that, for any finite subset A of Z¢,

d
LA+ L24] > (| det( L] + | det(L2)[') " |A] - DIA|"™".
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The proof of this result has two main steps. First, in Section[3.1], we use compression
methods to prove a certain discrete version of the Brunn—Minkowski inequality.
The core of the proof is then a bootstrapping argument that starts with a trivial
bound and repeatedly improves it using our Brunn—Minkowski inequality, ultimately
approaching the estimate stated in Theorem(3.0.5| Because the details of this second
step are rather easier to digest when £; is the identity map, we will, in Section[3.2]
first prove Theorem [3.0.5] in this special case. We then prove the full result in
Section[3.3

Remark. We note that the results in this chapter are nearly superseded by those
in Chapters [6| and [/} In particular, in Chapter [/} we prove a near-strengthening
of Theorem establishing that |L1A + LoA| > H(Ly, L2)|A|l — o(|A]) for
an explicit constant H( Ly, L) that is best possible. This result is not strictly
stronger, as the error term o(|A|) is weaker than the D|A|'=7 error appearing in
Theorem[3.0.5] Nevertheless, the approaches are different, and the ideas presented

in this chapter remain of independent interest.

3.1 A discrete Brunn—Minkowski inequality
In this section, we begin our proof of Theorem[3.0.5|by using compression arguments
to establish the following discrete analogue of the Brunn—Minkowski theorem. We

refer the reader to [|6} 20, 21]] for a selection of results in a similar vein.

Lemma 3.1.1. Fix a basis {b1, ..., byq} of R%. Foreach I C [d], let p; : R — R!
be the projection onto the span of {b;};c; along the given basis. Then, for any finite
subsets A, B of RY,

A+ Bl > (JA]Y+ B = X" |pi(A+B)|.
Ic[d]

Proof. By applying a suitable linear transformation, we may assume that the basis
is the standard one. Let p; = pa)\(i) - R¢ — RY! be the linear map that removes

the ith coordinate.

We define i-compressions for i = 1,...,d as follows. For a set A C R? and a
point x € p;(A), let Ay = pl.‘l(x). Define the i-compression of A to be the set A’
such that p;(A”) = p;(A) and, for each x € p;(A), the ith coordinates of A’ are
0,1,...,]|A;] — 1. Note that |A’| = |A|, so an i-compression does not alter the size
of the set.
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Suppose that A” and B’ are the i-compressions of A and B. We will now show that
|A” + B’| < |A + B| and, more generally, that |ps(A” + B’)| < |ps(A + B)| for any
S C[d]. Ifi ¢S, then pg(A” + B’) = ps(A + B). We may therefore assume that
ieS. LetT =S8)\{i}. ForasetC and x € pr(C), denote by (ps(C)), the set
{y € ps(C) : pr(y) =x}. Then, for any z € pr(A’+ B’) = pr(A’) + pr(B’), there
is some x € pr(A’) = pr(A) and y € pr(B’) = pr(B) such that x + y = z and
[(ps(A”+ B')):| = |(ps(A"))x| + |(ps(B'))y| — 1. Hence,

|(ps(A+B))z| > |(ps(A)):l +1(ps(B))y|l =1 =1(ps(A)xl + |(ps(B))yl - 1
=[(ps(A"+ B))|.

Taking the sum over all z, we have |ps(A” + B’)| < |ps(A + B)|, as claimed. We
therefore see that if the required inequality holds for the i-compressions of A and B,

then it also holds for the original sets.

By repeatedly taking i-compressions for i = 1,...,d, we may assume that A, B C
Zio. We will say that A is i-compressed if the i-compression of A is A itself and
A 1s compressed if it is i-compressed for all i. Now, by considering the sum of the
coordinates of all the points of A or B, we see that taking the i-compression strictly
decreases these sums unless they are already i-compressed. Therefore, by repeatedly
taking i-compressions for each i, we may assume that A and B are compressed. This
means that for any points (xi,...,xs) € A and (y1,...,yq) such that 0 < y; < x;
for all i, (yq,...,vq) € A and similarly for B.

For a point x = (xq,...,x4) € 74, 1et C, be the closed cube Hlil [x; = 1, x;]. Define
A" = Uy ea Cx, a compact set with u(A*) = |A[, and define B* similarly. Then, by
the Brunn—Minkowski inequality, we have

(AT +B) = (JA]+ B,
We can write A* + B* as the union of closed cubes

A*+ B = U C,.
X€EA+B+{0,—-1}d

Since A and B are compressed, so is A + B. Using this fact, we can rewrite A* + B*
as a union of closed sets with disjoint interiors in the following way. For § C [d],
let Ps be the set of points in Z¢ such that ps(Ps) = ps(A + B) and the coordinates

outside of § are all —1. Notice that the Pg are pairwise disjoint for each S C [d]
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and Ps C A + B + {0, -1}“. Furthermore, for each x € A + B + {0, -1}, let S be

the set of coordinates of x which are not —1. Then x € Pg, so that

A"+ B* = U U C.
s

C[d] x€Ps

In particular, u(A* + B*) = Xgc[a) |Ps| = Xsciaylps(A + B)|. Hence, since
Pra)(A+ B) = A+ B, we have

u(A*+B)=|A+B|+ ) [p/(A+B)
Ic[d]

and the lemma follows. O

Our aim now is to apply this discrete Brunn—Minkowski inequality to prove an
estimate that will play an important role in the bootstrap arguments of the next
two sections. For this, we will need several additional ingredients, beginning with
the following classical theorem of Freiman [17] (see also [5]]) on subsets of small
doubling in torsion-free abelian groups. Given such a group G, a proper progression

P of dimension s and size L is a set of the form
P={vo+uvi+---+uyws:0<u; <L;forl <i<s},

where LiLy---Ls =L, vo,Vvq,...,Vvs are elements of G and all of the sums arising

in the definition of P are distinct.

Theorem 3.1.2. For any K > 0, there exist constants Cy and C; such that if A is a
subset of a torsion-free abelian group G with |A + A| < K|A|, then A is contained

in a proper progression of dimension s < Cy and size L < C3|A|.

We also need the following result of Plinnecke—Ruzsa type [28, Lemma 3.1].

Lemma 3.1.3. Let G be an abelian group. If sets A, B C G with |A| = |B| are such
that C = A + B satisfies |C| < K|A| for some K > 0, then |C + C| < K|C].

Finally, we need the following technical lemma, saying that if £ € Mat;(Q) has no
non-trivial invariant subspace over Q and A is a finite subset of Z¢ with |A + LA| <

K|A|, then A cannot be concentrated on an affine subspace.

Lemma 3.1.4. Let £ € Mat,(Q) with no non-trivial invariant subspace over Q and
let A ¢ Z% be such that |A| = n and |A + LA| < Kn for some K > 0. IfU is a
vector subspace of Q% of dimension k < d, then every translate of U contains at
most (Kn)1=2™" points of A.
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Proof. The fact that £ has no non-trivial invariant subspace implies that £ is
invertible (over Q). We prove the lemma by induction on k. For k = 1,let U; be a 1-
dimensional subspace. Then, since L is invertible, LU is a line. Furthermore, the
line LU is not parallel to Uy, since U is not an invariant subspace of £. Thus, for
any translate Uy +u of Uy, |(Uy+u) NA|*> = |(Ui +u) NA)+ L((U+u)NA)| < Kn,
s0 [(Uy +u) N A| < (Kn)'/2. This proves the base case of our induction.

For 1 < k < d, let Uy be a subspace of dimension k. Then LU # Uy since L
has no non-trivial invariant subspace, so V = LU N Uy is a subspace of dimension
strictly smaller than k. Let Uy + u be a translate of Uy with [(Uy +u) N A| = m.
Suppose r translates of V are required to cover (Uy + u) N A. Note that for any
collection of translates V’ of V, the affine subspaces V' + L(Uy + u) are translates
of LU and are disjoint. Thus, Kn > |((Ur +u) N A) + L((Ux +u) N A)| > mr.
On the other hand, each translate of V intersects A in at most (K n)l‘zl_k points by
the induction hypothesis. Thus, m < r(Kn)l‘zHc. Using mr < Kn, it follows that

m? < (Kn)z_zl_k, som < (Kn)l_z_k, as desired. O

We now come to our application of Lemma[3.1.1]

Lemma 3.1.5. Let £ € Mat,;(Q) with no non-trivial invariant subspace over Q and
let A ¢ 79 be such that |A+ LA| < K|A| for some K > 0. Then there are constants
D, o > 0 depending only on d and K such that, for any B C A, B, € LA,

d
1By + Bl > (1B1[" 4 |Bo|') = DIA|'"=".

Proof. Letn = |A|. By Lemma[3.1.3| |A+ LA+ A+ LA| < KS|A + LA| < Kn,
where K; = K’. We also claim that

A+ LA+ L(A+ LA)| < Kpn,

where K, = K]2 To see this, first note that |A+ LA+ LA| < |A+ LA+A+LA| < Kn
and |[LA+ LA+ L?A| = |A+A+ LA| <|A+ LA+ A+ LA| < Kn. By applying
the sum version of Ruzsa’s triangle inequality (Lemma [[.6.1) with X = LA,Y =
A+ LA, Z=LA+ L%A, we have

nA+ LA+ LA+ L2A| < |A+ LA+ LA|| LA+ LA+ LPA| < Kin®.

Thus, |[A+ LA+ L(A+ LA)] < K%n as claimed.
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Since |A + LA+ A+ LA| < Kjn, we can apply Theorem to conclude that

A + LA is contained in a proper progression
P={vo+uvi+---+uywy:0<u;<L;jforl <i<s},

where s < K3, L1 > Lp > --- > Ly and L|Ly---L; < Kyn for some K3, K4
depending only on K. Note that P cannot be contained in a hyperplane, since

otherwise it would contradict Lemma[3.1.4

Leti; = 1 and, for j = 2,...,d, set i; to be the smallest number such that Vi
does not lie in the span of v; , . .. s Vij - Then v;,,...,v;, forms a basis of R4, By

applying Lemma [3.1.1] with this basis, we get that

d
B+ Bol 2 1By 4 B2l 1) = 3 pi(Bi+ Bo)l
1¢d]

d
> (1811 + 1B2] 1) = 22(1py(By + Bo)l + -+ + |pa(B1 + B,

where p; = pra)\(;}» the projection along the basis element v;,. Hence, it suffices to
show that there is some o > 0 such that [p;(A + LA)| = O(n'=7) forall j.

Note that |p;(A + LA)| < Ly---Ls/L;; < Kyn/L;;. Let H be the span of
VI, V2, .oy Vi1, which is a proper subspace. Using the claim that |[A + LA +
L(A+ LA)| < Krn, we can apply Lemma with A replaced by A + LA to
conclude that each translate of H contains at most (Kzn)l‘zl_d points of A + LA.

But P is covered by LiLjy1--- Ly translates of H. Hence,
Li;Lipe -+ Ly = nf(Kom) 72" = Ksn® ™,
where K5 = K%l_d‘l. Since L;, > Lj,4+1 > -+ > Ly, we have
Ll-j > Ksl/snzl_d/s > K6n21_d/K3,

where K¢ = KSI/K3_ Thus,
K -
Ipj(A+LA)| < Kyn/L;, < ?4,11—21 K
6
The result therefore follows by taking o = 2'~¢/K3 and D = 29dK,/Ks. g

3.2 Bounding A+ LA
As promised, we will first prove our main result in the special case where one

of the transformations is the identity. Like the general case, we will do this by
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proving a bootstrapping lemma which allows us to successively obtain better and
better bounds, approaching the optimal one. We start with a weaker version of this

bootstrapping lemma.

Both here and in what follows, we will make extensive use of the fact that if £ is
not singular, then £Z¢ has index k = |det £| in Z¢. Indeed, this can be seen by
considering the Smith normal form £ = SDT, where S,T € Mat,(Z) are invertible
over Z and D € Mat,(Z) is diagonal. Then the index satisfies

(24 : £7% = [S7'2¢ : DTZ] = [2¢ : DZ?] = | det D| = | det L].

Lemma 3.2.1. Let L € Mat;(Z) have no non-trivial invariant subspace over Q and
k = |det L|. Then there are constants o > 0 and D > 0 depending only on d and
k such that the following holds. Suppose that there are 0 < a < (1 + k"9 and
Dy > 0 such that

|A+ LA > ((1+ kY%~ a)|A| - Dy |A|
holds for all finite A ¢ Z. Let I\,..., Iy be the cosets of LZ% in Z% and let
Ai=ANnlfori=1,... k. Ifthere is some j for which 0 < |A;| < |A|/k, then

~1
A+ LA| > [ (1+ kY%7 - max (0/ ~1, kToz)) |A| = (D + (k — 1)D1)|A|'

holds for all finite A c Z¢.
Proof. Assume that |[A + LA| < (1+k'9)?|A|. Let D and o = o be the constants
obtained from applying Lemma with K = (1 + k'/9)?. Then, for each i, we

have p
[4;+ LA] 2 (|44 +14]'74)" - Dla]"=

Since LA ¢ LZ% wehave (A+ LA)NI; = A; + LA. Hence, we can write A + LA

as the disjoint union
A+ LA=(A1+ LA)U---U (A + LA).

Suppose, without loss of generality, that 0 < |A;| < |A|/k. We shall bound
|A| + LA| by the estimate above and the rest by
|Ai + LA| > |A; + LA 2 (1+ kY)Y — @)|Aj] = Dy A
> ((1+ kD7~ a)|A;] - Dy|A]'™"
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fori =2,..., k. Combining these estimates, we have

A+ LA| > |A1 + LA|+ |Ay+ LA| +---+ |Ar + LA]

k
d
> (|41 A1) (k= a) Y 4
i=2
— (D + (k= 1)Dp]A["™"

= (101 A1) (1 = ) (14T~ A )
— (D + (k= 1)Dy)|A|'7.

This last expression is concave in terms of |A |, which can be seen by expanding the
binomial term and noting that each term in the binomial sum is concave. Hence, it

is minimized when |A;| =0 or |A;| = |Al|/k.
In the first case, where the minimum is when |A;| = 0, we have
|A+ LAl > ((1+ kY% — (@ = 1)|A] = (D + (k — 1)Dy)|A]'7.
In the second case, where the minimum is when |A;| = |A|/k, we have
|A+ LA| > ((1 + KMy - %a) |A| = (D + (k = 1)Dy)| A",

In either case, we have

|A+ LA| > ((1 + k') — max (a -1, % )) |A| = (D + (k = 1)Dy)|A|'7,

as required. O

This lemma shows that bootstrapping works if each of the k cosets A; of A are
non-empty. To show that a similar result holds in general, we split each of the cosets
A; into smaller cosets A;;. There are then three cases: if A is contained in some
smaller sublattice, then we can rescale A, which will contradict a certain minimality
assumption; if A + LA contains cosets that are distinct from all the A;; + LA;;,
then this additional coset boosts the bound; and, finally, if any of the A; splits into k
non-empty cosets, we can again apply the lemma above. The following lemma will

allow us to show that one of these three cases must hold.

Lemma 3.2.2. Let L € Maty(Z) be a linear transformation that is invertible over
Q. Let X be a subset of the finite abelian group G = 74| L*Z% containing 0 and
let H be the subgroup L7 L*Z% of G. Notice that L naturally induces a map
G — G. Then at least one of the following holds:
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1. X + H does not generate G,
2. X+ LX 2 X (note that X + LX 2 X always holds);

3. HCX.

Proof. Suppose all 3donothold. Let L = {v € G : Lv € X}. Since 0 € X, we have
HC L. Foranyve Landa € X,wehave Lv+ Lac X+ LX=X,sov+ac€L.
Since H + X generates G, for any b € G, there are h € H and ay,...,a; € X for
some k suchthat b = h+a; +---+ay. fh+a;+---+a; € L for some i, then
(h+ay+---+a;)+a;+ €L, so, by the fact that 7 € L and a simple induction, we
have that b = h+ay +---+ay € L. Thus, L = G, which implies that H C X, a
contradiction. O

We are now ready for our main bootstrapping lemma.

Lemma 3.2.3. Let d and k be positive integers. Then there are constants o > 0
and D > 0 depending only on d and k such that the following holds. Suppose that
there are 0 < a < (1 + k'%)¢ and D > 0 such that

A+ LA| > ((1+ kYD — )|A| - DA

holds for all finite A ¢ Z% and all £ € Maty(Z) with no non-trivial invariant
subspace over Q and k = | det L|. Then

1 k-1

A+ LA| > [(1+ kY99 - max (a— e

a)) |A| = (D + k*Dy)|A|' ™
holds for all such A and L.

Proof. Take oy, D as in Lemma([3.2.1] By translating A, we may assume that 0 € A.
We may also assume that |[A+LA| < (1+k'/9)|A], so that, by Lemma[3.1.4] A does
not lie on a hyperplane. Let (A) denote the Z-span of A, which is a d-dimensional
sublattice of Z?. Suppose the lemma does not hold and pick a counterexample
(A, £) such that (A) has minimum index in Z¢.

Let vy =0,v,,..., v, be coset representatives of L7 over Z4. For iLhj=1,...,k,
let A; = AN (v; + £LZ%) and Aij=ANn(vi+ Lv; + £%7%). Then the A;; partition
A; and the A; partition A. If there is some i for which O < |A;| < |A|/k, then we are
done by Lemma [3.2.1 Hence, we may assume that either A; = @ or |A;| > |A|/k

for every i.
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If there is some i, j such that A; # 0 and 0 < |A;;| < |A;|/k, thenlet A" = LA -
vi) = LN (A-v)nZ! cZ9 Foreachl =1,... ,k let A) = L7 (Ay - ) =
LY (A—v)N(v;+LZ4). Thus, Al = A'N(v;+LZ4%). Hence, applying Lemma
with A and A; replaced by A” and A;., we have

|Ai + LA = |A"+ LA'|
k-1
> ((1 + k44 — max (a ~1, Toz)) |A;| = (D + (k — 1)Dy)|A;|' 7.
Using the fact that |A + LA| > Zle |A; + LA;| and |A;| > |A|/k, we have

A+ LA| 2 ) |A1+ LA+ |4+ LA

1#i
> (14K = a) 3" Al - (k= 1Dy 4]~
1#i
1/d\d k-1 -0
+ |1+ k) —max (@ = 1, ——a] | |l = (D + (k= DDA
_ 1/d\d . a 1-0
_((1+k ) —a) |A|+m1n(1,%) |A;| = (D +2(k = 1)D))|A]

|
> ((1 +kMdyd a) |A| + min (%’ %) IA| = (D +2(k — 1)D})|A|'="

1 k*-1
> ((1+k1/d)d—max(a/—— k

e a)) |A| = (D + k*Dy)|A|'7.

Hence, we may assume that, for all i, j, either A;; = 0 or |A;;| > |A;|/k > |A|/ k2.

This assumption will be crucial in many of the estimates that follow.

Let X be the image of A in G = Z¢/ £?Z% and let H = L7/ L*Z¢ C G. Applying
Lemma[3.2.2to X, we have the following 3 cases:

Case 1: X + H does not generate G

Let E c Z¢ be the lattice that is the preimage of the subgroup of G generated by
X + H with respect to the quotient map ¢ : Z¢ — Z¢/£?*Z? = G. In other words,
E = (Ay+LZ%. Since A does not lie on a hyperplane, E is d-dimensional and, since
X + H does not generate G, E # Z¢. Consider a linear transformation £ € Mat;(Z)
such that PZ? = E, so that |det?| > 1. Then

A+ LA = |PPA+ PP LPP Al = [P A+ (P LP) (P A)).
Since LE ¢ LZ¢ = ¢"'(H) C E, we have

Pl rp7d =P ' rE cPIE =7,
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so that P~1 LP € Maty(Z) and |det P~ LP| = | det P|~!| det L]|| det P| = k. Now
replace A by P~'A c Z¢ and £ by P~ LP. But then the index of (P‘1A> is

[Z9: (P71A)] = [PZ9 : (A)] = [27 : (A)]/[Z7 : PZ] = | det P72 : (A)].
Thus, (P‘1A> has strictly smaller index than (A), so the pair (P~'A, P~ LP)

contradicts the minimality of the pair (A, L).

Case2: X+LX2X

This case is saying that A + LA intersects strictly more cosets of £?Z¢ than
A, so we can exploit the extra cosets to obtain a better lower bound. Let I =
{(i,j) e [k]?: Aij # (D}. Suppose (i, j), (i’, j') € I are distinct pairs. We claim
that A;;+LA;; and Ay s+ LA; j belong to different cosets of £274 Indeed, suppose
they belong to the same coset. A;;+.LA;; belongs to the coset v;+Lv;+Lv; +L274,
while Ay + LAy C v+ Ly + Ly + L2Z%. Soif they belong to the same coset,
we must have i =i’ and j = j’. Now, since A + LA intersects more than || cosets,
there are (i1, j1), (i2, j2) € I such that A; ;, + LA;,;, belongs to a coset different
from A;; + LA;; for all (i, j) € I. Since A;,;, is non-empty, |A;, | > |A|/k?, so we

have
A+ LAl 2 ) Ay + LAy| + Ay, + LA
(i,j)el
> ((1+k")% = a)|Al = D1 A" + Ay,
1

> ((1+ kY7~ a)|A| - k2D |A]"7 + =4l

= ((1+ k")~ (a = 1/k*))|A] - K*Dy| A",
Case3: HC X
In this case, Aj; # 0 for j = 1,..., k. But, since the A;; partition Ay, there is then

some j for which |A1;| < |A1]/k, contradicting our assumption. This completes the

proof of the lemma. O

It is now a simple matter to complete the proof of Theorem [3.0.5]in the special case

where £ is the identity.
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Theorem 3.2.4. Let £ € Mat,(Z) be a linear transformation with no non-trivial
invariant subspace over Q and k = | det L|. Then there are D,, 05 > 0 depending
only on d and k such that

A+ LA| > (1+ kD% A| - D,y|A|

for all finite A ¢ Z2.

Proof. Let oy, D > 0be as in Lemma[3.2.3] Using the trivial base case |[A + LA| >
|A| and repeatedly applying Lemma we can find some 0 < € < 1 and D, > D
such that

A+ LA| > ((1+ kY99~ €)|A| - D5|A|'

holds for all finite A c Z¢.

Applying Lemma [3.2.3] m more times, we have

k2 - 1\"
|A+ LA| > ((1 +k1dyd — (7) e) |A| = (k* + )™ D4 A 7.

Taking m = % (and ignoring integer rounding issues), we have
(k* + 1)"D4|A|'~7" = Dy| A=/
and
2 _1\™ o1 (log(k2-1)-log k2)
(k K2 1) elA] = A" o
. . log k*~log(k*-1
Now, taking 0» = min (%, el Oilog(kozi(l) ))), we get
|A+ LAl > (1+k")9A] - DA,
where Dy = € + D’,. O

3.3 Bounding LA+ LA
In this section, we prove our main result, our lower bound on | £;A + £A| when
L1, L> € Maty(Z) are irreducible and coprime. Note that we may assume that both

L and £, are invertible over Q. Indeed, if L, say, is not invertible, then there is a
line L such that £1L =0, so £, £, would not be irreducible.

We first note the following elementary fact about abelian groups.
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Lemma 3.3.1. Let G be an abelian group and Hy, H, be subgroups of finite index
such that Hi + Hy = G. Then

[G:H NH| =[G :H]|G: Hy].

Proof. By the isomorphism theorems, we have that
Hi/(H\ N Hy) = (H + Hy)/H>,

G/H1 = (G/(H) N Hy))/(H/(Hy N Hy)).
Hence, [H, : HHNH,]| =[G : Hy]and [G : HHNH,] =[G : H{][H, : HHNH,| =
[GZHl][GZHz]. O

For the proof, we will need to introduce a number of additional linear transformations
associated with £; and £;. Indeed, let p = |det £;]| and g = | det L»|. Since L, £;
are coprime, we know that £,Z¢ + £,7Z¢ = Z¢. Thus, by Lemma with G = 74,
H1 = led and Hz = Lzzd, we have
(28 : £,7¢ 0 £,27) = (2% : £,29(2% : £,77] = pq.
Hence,
[£120: L2090 7% =q, [LZ0: L1790 £,72 =p
and so
2?20 L7 L2 =¢q, [27:27n L' £1Z29] = p.
We now let P, P, € Maty(Z) be linear transformations such that £;Z¢ = Z4 N
L' L7 and P79 = 77 0 L7 L,77, noting that | det Py | = p and | det P3| = g.

Asinthe A+ LA case, we begin the proof proper with a weak bootstrapping lemma.

Lemma 3.3.2. Let L, L, € Maty(Z) be irreducible, coprime linear transforma-
tions with |det Li| = p and |det L»| = q. Then there are constants o > 0 and
D > 0 depending only on d, p and g such that the following holds. Suppose that
there are 0 < a < (p"? + ¢"'¥)¢ and D > 0 such that

| LiA+ LoA] = ((p"!+4")? —a)|A] - D] A"

holds for all finite A C 74, Let Iy, ..., I, be the cosets 0fP1Zd inZdand I, ..., 17
the cosets ofPQZd andlet Ai=ANI, A =ANT and A{ =ANLNL. If either
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1. A,AV #0foralll <i<p,1<j<qor
2. there are some i,j such that A;, A’ # 0 and |Alj| < c|A|, where ¢ =
1
then

|L1A + L2A] 2 (pY7 +¢")? — (1 - ¢)a)|A| - ((p + q)D1 + D)|A]'™

holds for all finite A c Z°.

Proof. Since L, L, are irreducible, 1:1‘1132 € Mat,(Q) has no non-trivial invariant
subspace over Q. We may also assume that | LA + LA] < (p'4 + g"/%)?|A], so
that, by Lemma with £ = .Ll‘le, there are o1, D > 0 such that, for any
Bi,By C A,

|L£1B1 + L2Bs| = |By + LBs| > (|B1]"? + |By|/) — D|A|'™.

We claim that there is a choice of i and j such that A;, A/ # () and

(|44 4 |AT Y — ((pV 4 g — @)|AT| = aclAl

Suppose first that A;, A/ # ( for all i, j. Pick i and j such that |Alj | is minimal. If

|A{| < c|A|, then we may pass to the second case. Otherwise, |A{| > c|A|. Since,
N, J j 7 j : j

for any i ,J.’, we have |A;| > |A]| and |A; | > |A;|, we see that [A/| > p|A{| and

|Ail > ¢q|A/|. Hence,

(1A 4 |AT DY — ((p1 4 gV — )| A)] = a|A]| > aclAl.

Suppose now that there are i, j such that A;, A/ # 0 and |Alj| < c|A|. If there is
some i’ such that [A/| > (p'/? + ¢'/4)4c|A], then

(1A |AT DY — ((pM 4 gV ) — )| A
> AL = ((p"4 + ¢" ) - )| A
> (pY 4 gV ydc|Al = ((pY4 + g1 - a)c|A|

=aclA|.
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Otherwise, we may assume that |A{;| < (pY+q'4)4c|A| for all i”. Since 3, |A;| =
|A|, there is some i’ such that |A;-| > |A|/p. Thus,
(A + AT = (p1 4 11~ )]A]]
|Arl = (P! + 4" ~ a)|4)|

\%

W%

1
I;IAI —((pY + g" ) —a)(p'? + g/ ?)c|A|

\%

1
—|A| > ac|Al.
2p

This proves the claim. From here on, without loss of generality, we will assume that
Ay, Al # 0 and

(A + AT = ((p'4 4+ g1 - @)l A}l 2 aclAl. (3.1

We will now show that the sets £1A + £,A; belong to different cosets of £ 124 for
i=1,...,p and so are disjoint. Note that L7 74 c £,74, so the sets do indeed
belong to cosets of £,Z¢. If, for some i,i’, the corresponding sets belong to the
same coset, then LoI; — Lol € L1729, s0I; — I C Lz‘lled. But this means that
I; and I are the same coset of P;Z¢. Hence, LA+ L»A can be partitioned into the
sets L1A+ LyA; fori =1,..., p. Similarly, the sets LA+ LA belong to disjoint
cosets of £,Z4, so L1A + LA can be partitioned into the sets LA/ + £,A; for
j=12,...,q.

Note now that, by our choice of o and D, we have
| LiA" + LoA1] = A"V + A - DA,

Thus, using our earlier claim, we have

p q
[L1A+ LoA] = Y | LIA+ LA+ ) | L1AT + LA+ LA + LA
i=2

j=2
14 q ) )
> D IL1A + LA+ ) | L1A] + LA + | LA + LoA]
i=2 j=2
> ((p"4 + ¢ — a)(|A] - |Al]) - (p + @) D1|A]'™"
+ (|AV 1A )Y~ DlA]
> ((p'?+ g" ) — @)|A| + ac|A| - ((p + ¢) Dy + D)|A|'™
= ((pY4 + ¢4 — (1 - ¢)a)|Al - ((p + q) D1 + D)|A|'™,

as required, where we used (3.1)) in going from the third to the fourth line. |
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We now introduce some further notation. Indeed, let £ € Mat,;(Z) be a linear

transformation such that
PZ? =790 L7 £,70 0 £5' £,727 = P74 0Pz
Then, by Lemma[3.3.1]
|detP| = [Z% : PZ9] = [29 : P12¢ + P24 [P1Z¢ + PoZ¢ - P 7% N P77
= [2¢: P72 + P72 [P1Z% + P74 - PLZY [PIZE + P70 P77
< [z : PiZ2[Z% : P77 = | det Py || det P3| = pgq.
Moreover, let Q € Mat;(Z) be such that
Q7 = £,2°n £,7°,
so that, as above, | det Q| = | det L;|| det L1| = pgq.

Note that £1PZ4, L,PZ € £,7¢n L2779 = QZ4, 50 Q' L1PZ¢, Q7' LLPZ¢ C
Z4, implying that Q' LP,Q ' L,P € Maty(Z). Therefore, since L, L, are
coprime,

|detQ7'P| > 1.
But |detQ| = pg and | det P| < pgq, so we must have |det P| = pq.

Finally, we let L; be the lattice PZ¢ N L3' L1PZ and L, = PZ4 n L' L,PZ7.
The next lemma will be important in the proof of Lemma [3.3.4] below, which, like
Lemma3.2.2]in the last section, says that any set A falls into one of three categories,

each helpful for our bootstrap.
Lemma 3.3.3. The linear maps L1, L, induce homomorphisms
$1.92: 2/Ly — Z¢) L, PZ’

of finite abelian groups. Furthermore, ¢| + ¢7 is an isomorphism.

Proof. If x € Ly, then Ljx € L1PZ% and Lox € L1PZ4, so ¢1 and ¢, are well-
defined group homomorphisms. Now let ¢’ : Z¢ — 74/ £,PZ¢ be the map induced
by L1 + L.

We first show that ker ¢’ = L;. We have already seen above that ker ¢’ 2 L. For
the converse, suppose that x € ker ¢, so that £1x + Lox = £ Py for some y € Z¢.
This implies that

x=Py- L Lox,
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x= L' L1Py - L7 Lix.

Since Py € L' L,Z%, the first equation implies that x € Z¢ N L' £,Z9. From
the second equation, we have x € Z4 n -551.512‘1, so that x € 74 N l[l.ﬁzzd A
L5 1£12¢ = P74, Tt then follows from applying the second equation again that
x € L' LiP74, so thatx € PZY N L' L1PZ? = Ly, proving thatker ¢’ = L.

Hence, the induced map ¢ : Z¢/L, — Z¢/ L1PZ¢ is injective. To show that it is in
fact an isomorphism, we shall show that |Z¢/L,| = |Z¢/£1PZ¢|. From injectivity,
we have |Z¢/L,| < |Z¢] LiPZ4|, so it suffices to show that |Z¢/L,| > |Z¢/ L1PZ4).

Let R € Maty(Z) be such that RZ¢ = L£,PZ+ L,PZ¢. Then R~ LPZ¢ C Z¢ and
R L7 € 79, so R7' L1P and R~ L,P are integer matrices. By coprimality,
we have | det R| < |detP|. By Lemma |3.3.1 we have

[LiPZ¢ + LoPZ: £,PZ N L,P79)
= [LiPZ + LoP7¢ : L,PZY ([ L1PZY + LPZ? : £,979).
In other words, [Z¢ : LoL]|detR| = [Z¢ : £LiPZ)[Z¢ : L2PZ]. Since

|detR| < |det®], it follows from [Z¢ : LoL] = |det £L5|[Z¢ : L] and [Z¢ :
LoPZ = |det Lo][Z¢ : PZ4] that [Z% : L] > [Z¢ : £LiPZ?], as required. O

Since £PZ¢ has index | det £;P| = p?>q and ¢ + ¢, is an isomorphism, the lemma
implies that L; also has index p?g. Similarly, L, has index pg?.

Lemma 3.3.4. Let X be a subset of G = Z%/ L, containing 0 and define ¢1, ¢, as in

the previous lemma. Then at least one of the following holds:

1. X does not generate G;
2. |¢1(X) + $2(X)| > |X];

3. Pz7i/L, C X.

Proof. Suppose all 3 do not hold. Let ¢ = ¢ + ¢, which is an isomorphism by

Lemma|3.3.3| Note that ¢(X) C ¢ (X) + ¢2(X), so |¢1(X) + ¢2(X)| = | X| always
holds. By assumption, we must have ¢;(X) + ¢2(X) = ¢(X). Hence, for any
x,y € X, we have ¢~ 11 (x) + p~'¢2(y) € X. In particular, since 0 € X, we have

¢7'd1(x), o7 o (x) € X.

We claim that ¢~ '¢»(G) = P,Z%/L; and ¢~ ¢ (P>Z¢ /L) = PZ? /L. For the first
claim, note that ¢, (G) = L,Z%/ L1PZ%, so it suffices to show that ¢(P>Z¢/L;) =
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L7 £,PZ4. Note that, for any x € P,7¢ =79 n LI_ILZZ", we have Lx, Lrx €
L£57¢, so that ¢(PrZ¢ /L) C L27¢] L1PZ%. Since P,Z% and L,Z? have index ¢
and L, and £;PZ? have index p%q, we have |P,Z%/L\| = | L,Z¢] L1PZ%| = p?.
Since ¢ is an isomorphism, we must then have ¢(P>Z¢ /L) = L,Z%] L1PZ°.

For the second claim, note that ¢1(P,Z¢/L\) = L1PZ¢] LiPZ¢ = (L1Z¢ n
L79)] L1PZ4, so it suffices to show that ¢(PZ/ L) = (L1Z¢ N L2Z4) ] L1PZE.
Ifx € PZ4, then Lix, Lox € L1740 L27¢, so we have the inclusion ¢(PZ? /L) C
(L£1Z9 N L£,724)) L1PZ4. By again counting sizes, we have |PZY/Ly| = |(L1Z4 N
L7 ) LiPZE = p,so p(PZ4]Ly) = (L1290 L2Z4) ] L1PZ4, proving our claim.

Let X' = X NP,Z4/L;. Since ¢~ '¢»(X) C X’ and X generates G, we have that X’
generates P>Z¢ /L. Moreover, ¢~ ¢;(X’) C X and generates PZ¢/L;. Note that,
forany x € PZ4/Ly, ¢1(x) = 0,50 ¢~ ¢»(x) = x. This implies that, for any x € X N
P74 /Lyandy € X', wehave ¢~ 'd1(y) +x = ¢ 1 (y) + ¢ ho(x) € XNPZY/L,,
so X N PZ4/L, is closed under adding elements of ¢~ '¢;(X’). But ¢~ ¢ (X’)
generates PZ¢ /Ly and 0 € X N PZ/L,. Tt follows that X N PZ4 /L, = PZ¢/L,,

contradicting our third assumption. O

We now come to our main bootstrapping lemma.

Lemma 3.3.5. Let d, p and q be positive integers. Then there are constants o > 0
and D > 0 depending only on d, p and q such that the following holds. Suppose
that there are 0 < a < (p"/4 + g"/? and D > 0 such that

|L1A + L2A] = ((pY+ ¢V — a)|A| - D1]A]7

holds for all finite A ¢ Z¢ and all irreducible, coprime linear transformations
Ly, Ly € Maty(Z) with |det L1| = p and | det L,| = q. Then

[ L1A+ LA] = ((p"+ 4" = (1= D)) |A| - (4p°¢° Dy + D)|A]"™

holds for all such A ¢ Z% and L1, L>, where ¢ = 2max(p,q)(]1)1/d+ql/d)2d'

Proof. Take oy, D as in Lemma([3.3.2] By translating A, we may assume that 0 € A.
We may also assume that | LA+ LrA| < (p'/4+4'/4)¢|A], so that, by Lemma
A cannot lie on a hyperplane. Suppose now that A is a counterexample to the lemma
with [Z¢ : (A)] minimal. Let A’ be the image of A in Z¢/L;. By Lemma one
of the following possibilities holds:
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1. A’ does not generate Z4/Ly;
2. [¢1(A7) + pa(A")] > |A'];

3. PZY/L, C A'.

We consider each case separately.

Case 1: (1) holds, but not (2)

The fact that (1) holds means that (A) + L; # Z<, so it must be a strictly smaller
sublattice of Z¢ of some index k > 1. Let Q € Mat,(Z) be such that QZ% = (A)+L,
so that |det Q| = k. Since (2) does not hold, we have ¢{(A’) + ¢p2(A") = ¢(A”), so
(P1(A”) + p2(A”)) = ¢p({A’)). Since ¢ is an isomorphism and (A’) is a subgroup
of Z/L, of index k, ¢((A’)) is a subgroup of Z¢/L1PZ? of index k. Thus,
(L1A + LrA) + L1PZ4 is a sublattice of Z¢ of index k.

LetQ € Maty(Z) be such that Q'Z¢ = (L1 A + LAY+ L1PZ¢, sothat | det Q'] = k.
Notice that

|L1A + L2A] = Q7' £,Q(Q714) + Q7' £,Q(Q7 1 4))],

so we may replace the triple (£, £z, A) with (Q ' £1Q, Q' £,Q,Q'A). Ttis
easy to see that Q7' £1Q, Q' £,Q are still irreducible and coprime and Q'A ¢
Z4. However, this contradicts the minimality of [Z% : (A)], since [Z? : (Q7'A)] =
[Z7 : (A)]/k.

Case 2: (2) holds

Letly,...,I,, be the cosets of PZ¢ with0 € I; andlet A; = AN fori =1,... , Pq.
Note that the cosets I; are the intersections of the cosets of P;Z¢ and the cosets of
P,7¢. 1f 0 < |A;| < c|A| for some i, then condition 2 of Lemma implies that

|LiA+ LAl > ((p"+4")! = (1= 0)a)|A| - ((p + q)D1 + D)|A]'™".

We may therefore assume that |A;| > c|A| whenever A; # 0. Let [; ; be the cosets
of PZIN L' LiPZinLifork =1,...,p,where 0 € Iy 1, and let A = AN =
A; N Li k.

Suppose that |A; i| > c?|A| whenever A, # 0. By (2), |¢1(A") + ¢2(A")| > |A| =
|¢(A”)|. Hence, since ¢p(A”) C ¢1(A”) + ¢p2(A’), there are a;, ap € A such that

Liar+ Loar ¢ (L1 + Lo)a+ LiPZ8
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for all a € A. Take iy, k1,1, kp such that a; € A; k,,a2 € A, k,, so they are both

non-empty. Then
LiAi iy + LoAn g, € Liay + Laay + L1PZ7,

which is disjoint from any of the L A; x + £2A; k. Therefore,

pqg P
| L1A + LrA] > Z Z | L1Aix + LoAi k| + |-£1Ai1,k1 + -£2Ai2,k2|

i=1 k=1
> ((pY4 + "4 — a)|A| = p* gD |A]"7 + | Ay, 4|
> ((p"4 + ¢ — (1 - *)a)|A| - p2g DA

Otherwise, by translating if necessary, we may assume that |[A; 1| < c?|A| < c|A;]
and 0 € Aj;. Let Q € Maty(Z) be such that QZ¢ = £,Z¢ n £,7Z¢, so that
|det@Q| = pg. Set M; = Q"' L;P. Since L;PZ C L£1Z% N L7 = QZ4, we have
M;Z¢ € 74 fori = 1,2, so M; € Maty(Z). Moreover, M, M, are irreducible and
coprime, with determinants of absolute value p and g, respectively.

If we let B = P~'A; c Z4, our aim now is to apply Lemma to the sum
MiB + M, B. Indeed, if we replace Py, $; in that lemma by %7, Pé chosen so that
P24 = 29N MM 2% and PyZ¢ = Z N MTIM,ZY, the set Ay by By = P~ Ay,
which, since Ay = A; N L' L1PZY, satisfies By = BN P~ L)' LiPZY = BN
M5 "'MiZ¢, and A% by an appropriate non-empty subset B } C B (which is possible
since Bj contains 0), then we have 0 < |B}| < |Bi| £ c|B|, so condition 2 of
Lemma [3.3.2] holds. Hence, by that lemma,

IMiB+ MoB| = ((p"4+ ") = (1 = c)a)|B| = ((p +q) Dy + D)|B|'"™".
This implies that

|L1AL+ LA = Q7' LiP(PTIA) + Q' L (PA))
= |IMiB + M;B|
> ((p""+q"")* = (1-c)a)|B| - ((p+q)D1 + D)|B|'"™"
> ((p"+¢")? = (1 - c)a)|A] - ((p + 9)Dy + D)|A|'"™".
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Thus, since |A1| > c|A],
P4q

|L1A+ LoA] > | L1A; + LoAl + | LiA; + LrA)]
i=2

> ((p""+ ") - a)(|Al - |1A1]) - pgD1] A"

+((p" +g"1) = (1 - ©)a)|A1| - ((p + q)D1 + D)|A]'™
> ((p"?+¢"" ") — @)|Al + calAi| - ((p + g + pg) D1 + D)|A]'™"
> ((p"* +¢')? - @)|Al + PalAl - ((p + g + pq) D1 + D)|A]"™
> ((p"+¢"1)" - (1 - *)a)|A| - (4p*q* Dy + D)|A|'™".

Case 3: (3) holds

Let A” be the image of A in Z¢/L,. If we apply Lemma m to A”, but with
the roles of L1, £, swapped, we arrive at three similar cases. If either of the first
two occurs, then we are again done as above. Otherwise, the third case holds, i.e.,
P7¢/L, C A”. Define A;, M, My, B asin Case 2 and partition Binto B1U---UB,,,
where the B; belong to different cosets of 74N Mz_ 'M;Z4, and into B' U - - - U BY,
where the B/ belong to different cosets of Z¢ N MI_IMZZd.

Since PZ4/L; C A’, we have PZ¢ C A + L; and so PZ? C Ay + L,, since
Ay = An Pz Thus, 2¢ = P71A; + P7IL,, which means that B = P14,
intersects every coset of P~'Ly = Z N P~ LI L1PZY = 77 n MM Z9, s0 all
the B; are non-empty. Similarly, all of the B/ are non-empty. Thus, condition 1 of
Lemma [3.3.2] holds, so that

IMiB+MoB| 2 ((p""+¢" ) = (1= c)a)|B| - ((p +q)D1 + D) B
The same calculation as in Case 2 then shows that

[ L1A+ LAl 2 ((pY+¢" )~ (1= P)a)Al - (4p°¢* D1 + D)|AI,
as required. O

Theorem 3.3.6. Let L, L, € Mat,(Z) be irreducible, coprime linear transforma-
tions with |det Li| = p and |det L»| = q. Then there are constants 05 > 0 and
D, > 0 depending only on d, p and q such that

| L1A+ L2A] 2 (p4 + ¢" )| A] = DA
for all finite A C Z¢.

Proof. This follows from Lemma [3.3.5] identical to how Theorem [3.2.4] follows
from Lemma O
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3.4 Concluding remarks

Better bounds. Although Theorem [3.0.5 can be tight, there is a stronger general
bound. In analogy with the algebraic number setting, given £ € Mat;(Q) with
minimal polynomial f(x) € Z[x], which we assume to have coprime coefficients,
suppose that f(x) = ]_[lil(aix + b;) is a full complex factorization of f and let
H(L) = Hflzl(lail + |b;]). We will prove the following, a variant of a recent
conjecture of Krachun and Petrov [28, Conjecture 2] that was itself inspired by a

continuous analogue [28, Theorem 2].

Theorem 3.4.1. Let L, L, € Mat;(Z) be irreducible. Then, for any finite subset
A of 79,
| L1A+ LoA] > H(LT' Lo)|A] - o(JA]).

The proof of the above will be delayed to Chapter [/l Note that the coprimeness
condition is unnecessary here, since if we were toreplace £, Lo withP L1Q, P L,Q

to make them coprime, then

H(PL1Q) N (PLQ) =HQ ' L7'£:Q) = H(L]' ).

Moreover, Theorem [3.4.1] implies our Theorem [3.0.5] since if L;, L are co-
prime, then it can be shown that the minimal polynomial of Ll‘1£2 over Z is
cax? +cqo1x7h 4+ co, where |cq| = [ det(£Ly)] and |co| = |cqll det(L] Lo)] =

| det(L7)|. Therefore, by Holder’s inequality,

d

H(L' L) = l—[(lai| +bi]) = l_l a4 + 1—[ 1b:1V4] = (JealV + col V4.
i=1 i=1 i=1

There should also be a suitable generalization of Theorem [3.4.1]to more than two
variables, but, unlike Conjecture [3.0.4] which itself remains open for three or more

variables, it is not at all obvious what this should be.

Lower-order terms. Unlike with sums of dilates (see, for instance, [2, 25, 42]] and
Chapter [2)), we cannot in general hope for the error term in Theorem [3.0.5]to be a
constant. Indeed, in two dimensions, if we set A = {(x,y) : 0 <x,y <n -1} and
L to be the anti-clockwise rotation about the origin through /2, then |A| = n?, but
|A+ LA| = 2n - 1)? = 4|A| — 4|A|"/? + 1. That is, the error term in this case is

12

a multiple of |A|"/~. Similarly, in d dimensions, there are examples for which the
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error term is a multiple of |A|'~!/¢. Following Shakan [42], we conjecture that there

are no significantly worse examples.

Conjecture 3.4.2. Suppose that Ly, ..., Ly € Maty(Z) are irreducible and co-
prime. Then there is a constant D such that, for any finite subset A of Z¢,

d
|LIA+- -+ LiA] 2 (| det(L)]"+-- -+ | det(£k)|1/d) IA| - DIA|=1/4,

A proof of this conjecture when k = 2 would already constitute a significant im-
provement on our Theorem [3.0.5, which gives an error term of the form D|A|'="

for some - > 0 which depends not only on d, but also on | det(£L;)| and | det(L,)].

Real-valued analogues. Our main result, Theorem(3.0.5] can be extended to subsets
of R? as follows.

Theorem 3.4.3. Suppose that L, L, € Mat,(Z) are irreducible and coprime. Then

there are constants D, o > 0 such that, for any finite subset A of R%,

d
L1+ L24] > (| det( L] + | det(L2)|') " |A] = DIA|"™".

To see this, suppose that A ¢ R? and let B ¢ R be the set consisting of all
real numbers that appear as a coordinate of some element of A. For any fixed
natural number k, a standard result in additive combinatorics (see, for instance, [48|,
Lemma 5.25]) allows us to find a set B” C Z which has a Freiman isomorphism
of order k with B. We then obtain a set A’ ¢ Z? by replacing each coordinate of
each element of A with its image in B’. Provided k is chosen sufficiently large in
terms of the coefficients of £ and £, it is now easy to verify that | L1 A"+ LrA’| =
| L1A + LrA|. Therefore, since the conclusion of the theorem is known for all
A’ c 79, it is also true for all A c RY.
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Chapter 4

SUMS OF TRANSCENDENTAL DILATES

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Sums of transcendental dilates, Bulletin of the London
Mathematical Society 55 (2023), no. 5, 2400-2406, por: 10.1112/blms.
12870,

Our interest here will be in estimating the minimum size A + A - A given |A|, for a

transcendental 4 € C and subset A c C.

Let us first recall what happens when A is not transcendental. When A is rational,

say A = p/q with p and g coprime, a result of Bukh [8] implies that
|A+4-Al > (Ipl+1qD)|A| = o(]A]),

which is best possible up to the lower-order term (though see [2]] for an improvement
of the lower-order term to a constant depending only on 1). Moreover, as noted by
Krachun and Petrov [28]], for any fixed algebraic number A, the minimum size of
|A + A - Al is always at most linear in |A|. We postpone further discussion of the

algebraic case to Chapter [6]

For A transcendental, the picture is very different. Indeed, Konyagin and Laba [27]
showed that in this case there exists an absolute constant ¢ > 0 such that

|[A+1-A| > cwlAL
loglog |A|
That is, |A + A - A| can no longer be linear in |A|. This result was subsequently
improved by Sanders [39]], by Schoen [41]] and again by Sanders [40] using successive
quantitative refinements of Freiman’s theorem [17] on sets of small doubling, with
Sanders’ second bound saying that there exists an absolute constant ¢ > 0 such that,

for |A| sufficiently large,
JA+1-A| > ¢ 4|4,

This already comes quite close to matching the best known upper bound, due to
Konyagin and Laba [27], which says that there exists ¢’ > 0 and, for any fixed

transcendental number A, arbitrarily large finite subsets A of R such that
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|A+1-A| < e Viogldl| 4],

Our main result this chapter says that this upper bound is in fact best possible up to

the constant ¢’.
Theorem 4.0.1. There is an absolute constant ¢ > 0 such that

|A+A-A| > Vel 4]
for any finite subset A of R and any transcendental number 1 € R.

Before proceeding to the proof of this theorem, let us briefly look at the upper bound,
which comes from considering sets of the form

A= {Zai/li c(ay,...,ap) € [n]m}.

i=1
This set has size n" and

m+1

A+1-AC {Z bi/li : (bl,. . -,bm+l) € [2n]m+l}’

i=1
which has size (2n)"*!. If we take n = 2™, we have |A| = n”" = 2’”2, so that

A+ - A] < (2n)™ ! = 20mD? < pe/Vioglal 4

for some ¢’ > 0, as required. This bound is reminiscent, both in its form and its
proof, of Behrend’s lower bound [4]] for the largest subset of [n] containing no
three-term arithmetic progressions. Our Theorem[4.0.1|is arguably the first example

where such a bound is known to be tight to this level of accuracy.

4.1 Proof of Theorem 4.0.1]

To begin, we use a simple observation of Krachun and Petrov to recast the problem.

Lemma 4.1.1 (Krachun—Petrov [28]). Suppose that A € C and A is a finite subset
of C. Then there exists B C Q[A] such that |B| = |A|and |B+A1-B| <|A+1-A|

Suppose now that V is the Q-vector space Q[A] with basis {1,/1,/12, .. } For
any positive integer d, let V; C V be the d-dimensional subspace spanned by
{1,/1,/12, - ,Ad_l}, noting that V = |J,; V,. For any finite A € V, we must have
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A c V, for some d. Multiplication by A therefore corresponds to taking the linear

map @ : V — V given by the union of the maps V; — V41 with
(X1, xq) P (0,x, .0, xg).

Thus, the problem of estimating |A + A - A| for finite A C R and A transcendental
is equivalent to estimating |A + ®(A)| for finite A C V. In particular, we may

reformulate Theorem [4.0.1]in the following terms.

Theorem 4.1.2. There is an absolute constant ¢ > 0 such that if A C V with |A| = n,
then
|A + ®(A)| > ecVloeny,,

We will focus on proving this latter result from here on.

Before getting to the proof proper, we first note a few additional results that we
will need. The first is a discrete variant of the Brunn—Minkowski theorem taken
from Chapter In what follows, for each I C [d], we write p; : RY — R4 for
the projection onto the coordinates indexed by I, setting all other coordinates to O.
Note that we may naturally extend the definition of p; to V;, and hence to V, by
identifying V,; with Q.

Lemma 4.1.3 (also Lemma[3.1.1). For any finite subsets A, B of R%,

D pi(A+B)| = (|A]V +|B|'9).
Icd]

For our next result, we need the following estimate of Ruzsa [37] for the size of
sumsets in RY. We say that a subset C of R is k-dimensional and write dim(C) = k

if the dimension of the affine subspace spanned by C is k.

Lemma 4.1.4 (Ruzsa [37])). If A, B c RY, |A| > |B| and dim(A + B) = d, then

d(d+1)

|A+ B| > |A|+d|B| - >

For a € V, write py (a) for the vector obtained by removing the k-th coordinate from
a. ForAcVandx e pr(A),let A, = p;l(x). We define the compression Cy (A)
of A along the k-th coordinate to be the set A” such that px(A’) = px(A) and, for
each x € pi(A), the k-th coordinates of A, are 0, 1, ...,|Ax| — 1. It is known (see,
for example, Lemma in Chapter [3) that |Cy(A) + Cx(B)| < |A + B| for any
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finite A, B C V. We say that A is compressed if Cx(A) = A for all k. A compressed
set A C V; has the property that if (a;,...,ay) € A and b; € Z with 0 < b; < q;
forall 1 <i < d, then (by,...,bs) € A. The next lemma will allow us to assume

that A is both compressed and of low dimension when proving our main result.

Lemma 4.1.5. Suppose that A C V is finite with |A + ®(A)| = K|A|. Then there
is some d < 2K and A’ C V; with |A’| = |A| such that A’ is compressed and
|A”+ D(A")| < |A+D(A)|

Proof. Since A is finite, A C Vp for some D. Note that ® o C; = C;;1 o ® for all 7.
Denote by C|;) the composition C; o Cy o - -- o C;. Then Cjp.1)(A) = Cp(A) and
Cip+11(®(A)) = ®(C[p)(A)). Thus, setting Ay = C[p|(A), we have |A;| = |A| and

|A1 + ®(A1)| = [Cp)(A) + ®(C[p)(A))]
= |Cp+11(A) + Cp+11(P(A))| < |A + D(A)].

Furthermore, A; is compressed.

Let e = A¥~! be the basis vectors for k = 1,...,D. If e ¢ Aj, then the k-th
coordinate of every point of A; is 0. Let A} be the set formed by replacing each point
(X15.vvsXk=1,0,x,...,xp_1) of A| with the point (xy,...,Xx—1,Xk,...,XD—1), SO
that A} C Vp_1. We claim that |A] + ®(A})| < [A; + ®(Ay)|. Indeed, every point
of A| + ®(A)) is of the form

(X1, X2+ Y1, X3+ Y2, .« s Xk—1 + Yk=2, Yk—15Xks Xk+1 + Yk» - - - »XD—1 + YD-2, YD-1)

forsome (XI, e axk—hoaxka L] ’-xD—l)’ ()’1, cees V-1 07 Yks-o- ,}’D—l) € Al’ Whereas
every point of A} + ®(A) is of the form

(X1, X2+ Y1,X3+ Y2, ..., XD—1 + YD-2, YD-1)-

There is a clear surjection from A +® (A1) to A]+®(A/) by summing and combining
the k-th and (k + 1)-th coordinates.

Repeating the above procedure whenever possible for each k, we obtain a set A’
with |A’| = |A], |A"+ ®(A")| < |A+ DP(A)| and A" C V, for some d with e, € A’
for k = 1,...,d. By this last condition, A" is d-dimensional and, moreover,
A"+ ®(A’) is (d + 1)-dimensional. Hence, by Lemmal.1.4, we have |[A’+®(A")| >
(d+2)|A’| — LD ging that |A” + ©(A’)| < K|A’| and |A’] > d + 1, we get
d < 2K, as required. O
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We also note the following result of Pliinnecke—Ruzsa type.

Lemma 4.1.6. Suppose A C V is finite. If |A+®(A)| < K|A| for some K > 0, then
[(A+®(A)) + D(A+D(A))| < K'0)A].

Proof. By the sum version of Ruzsa’s triangle inequality (Lemma [1.6.1)), setting
X =®(A),Y = Z = A and noting that |®(A)| = |A|, we have

[D(A)[[A+A] < [A+D(A)][A+D(A)],

so that |A+ A| < K?|A|. Hence, by the Pliinnecke—Ruzsa inequality (Lemma/l.6.2),
|A+ A+ A+ A| < K% A|. Thus, another application of Ruzsa’s triangle inequality
(with X = ®(A), Y = A, Z = ®(A) + D(A) + D(A)) yields

|D(A)||A+DP(A) + D(A) +DP(A)| < |A+DP(A)||P(A) + P(A) + P(A) + D(A)],

so that |A + ®(A) + ®(A) + D(A)| < K°|A|. Applying Ruzsa’s triangle inequality
once more (with X = ®(A), Y = A + ®(A) + P(A), Z = P*(A)), we see that

|D(A)||A+P(A) + D(A) + D*(A)] < |A+D(A) + D(A) + P(A)||D(A) + D*(A)],

so that |A + ®(A) + ®(A) + D?*(A)| < K'0|A|, as required. O

We now come to the main novel ingredient in our proof, which is a strong upper
bound for the size of the projections of any compressed A C V;interms of |A+®(A)|.
Givenaset ] C [d], we will write a(7) for the length of the longest set of consecutive

integers in /.

Lemma 4.1.7. Let A C V,; be finite and compressed with |A + ®(A)| = N. Then,
for any subset I C [d],
pi(A)] < NFT,

where k = a(I).

Proof. For any set of integers J, define ¢(J) = {j +1: j € J}. We claim that, for

any Ji,J C [d],
| (A)llps, (A)]
|P1ing15) (A)]
To show this, we will exhibit an injection pj, (A) X ps,(A) = pjine,) (A) X (A +
®(A)). Let (x,y) € pj,(A) X ps,(A) and consider the map

< N.

(x,¥) = (Pringn) (X), x + D(y)).
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Since A is compressed, p;(A) € Aforevery J, whicheasily implies that (p j,ng(,) (X), X+
®(y)) isindeed in pj,n¢(s,) (A) X (A + D(A)). To see that the map is injective, it is
enough to observe that

X = prine() (X) + Prven) (X) = Dringn) (X) + Prngn) (X + P(y))

and
D(y) = ppn) (P(Y)) = Pg(y) X+P(Y)) =P (1) (X) = Py(s) X+P(Y)) =P ne(1r) (X).
Fori=0,1,...,k,let

L={jel:{j,j—-1,....,j—i}CI}.

Thenl=1p> 1 D>---D> Iy =0and, foreachi =0,1,..., k=1, 1IN ¢(l;) = I;4.
Thus, by the claim above,
|p1(A)llpr,(A)]

|p1i+1 (A)|
Taking the product of this inequality over alli = 0,1...,k — 1, we get

< N.

1A < N

and the lemma follows. O
We are now ready to prove our main result.

Proof of Theorem Suppose instead that |[A+®(A)| = Kn, where K < e€Viogr
for some ¢ > 0 that will be fixed later. By Lemma[4.1.5] we may assume that A is
compressed and A C V; with d < 2K.

By Lemma[4.1.6] we have
|A+®(A) + (A +D(A))| < K'%.

Since A is compressed, so are ®(A) and, therefore, A + ®(A). Hence, Lemmad.1.7]
implies that

Pi(A+®(A))] < (K"
for any I C [d + 1], where k = a(I). But the number of I C [d + 1] with a(]) = k

is at most

d+2—k
S WIS d+1]ciit L itk -1 €} < (d+2)2417%,
i=1
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Thus, by Lemma[4.1.3] we have that

d+1
2% < Y Ipi(A+ @A) < Y I [d+1]:a(l) =k} (K'On)T
IC[d+1] k=0
d+1
< 3 (d+2)2HH (K )7
k=0
Therefore,
d+1 d+1
1< (d+2)27 KBTn o1 <2(d+2) Y 27K 0
k=0 k=0
d+1 oen
<2(d+2) Z o~ (k+1) log 2+10c\flog n—75;
k=0
d+1
< 2(d + 2) Z 6_2 (log?2) logn+IOC\/IOE
k=0

1
(using (k+1)log2+ % > 2+4/(log2) logn
— 2(d + 2)2e(lOc—2\/log 2)+/logn < e(ch—Z\/log 2)\/10gn’

which is a contradiction for ¢ = 0.1 and n sufficiently large. For smaller n, we may
use the trivial estimate |A + ®(A)| > 2|A| — 1 to choose an appropriate ¢ that works

for all n. d

As a final remark, we note that the conclusion of Theorem §.0.1] also holds for any
finite subset A of C and any transcendental A € C. Indeed, Lemma [4.1.1] again
reduces the problem to estimating |A + A - A| for finite A C Q[A] and then to
estimating |A + ®(A)| for finite A C V, so the rest of the proof goes through without

change.
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Chapter 5

STRUCTURE THEOREM FOR SUMS OF DILATES

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Sums of algebraic dilates, in preparation.

A fundamental result in additive combinatorics is Freiman’s structure theorem.
Recall that a generalized arithmetic progression (or GAP for short) is a set P of the
form

P={vo+avi+---+agvqg:0<a; <L foralli}, 5.1

for some integers vg, vy, ...,vq, L1, ..., Lg, where d is the dimension of the GAP
P. We say that P is proper if the terms in (5.1) are distinct. Freiman’s theorem can

then be stated as:

Theorem 5.0.1 (Freiman [[17]). Let K > 0. Then there exist d, F > 0 depending
only on K such that the following holds. If A C Z satisfies |A + A| < K|A|, then A

is contained in a proper GAP of dimension at most d and size at most F|A]|.

In this chapter, we prove an analogous version of Freiman’s theorem for sets with
small sums of algebraic dilates. Let A;,...,4; be algebraic integers and K =
Q(A1, . ..,4x). Denote by Ok the ring of algebraic integers in K. Our main result is

as follows, which is a crucial ingredient in our proof of Theorem[I.4.5]in Chapter|[6]

Theorem 5.0.2. Let C,p > 0. Then there are constants n = n(C,p) and F =
F(C, p) such that for any A C Ok satisfying

[A+21-A+---+ 2 - Al < C|A]|,

there exists a p-proper Og-GAP P C Ok containing A of dimension at most n and

size at most F|A|.

We will define Ox-GAPs in Section This result is qualitatively best possible,

in the sense that any Og-GAP has small sums of dilates.
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In order to prove this result, we extend several results from additive geometry, a term
we borrow from Tao and Vu [48, Chapter 3], to rings of integers, culminating in
the version of Freiman’s theorem for sums of dilates mentioned in the introduction.
Along the way, we prove several results that may be of independent interest, including
versions of Minkowski’s second theorem and John’s theorem for lattices over rings

of integers.

5.1 Notation
Throughout this chapter, we will use the following notation:
* Ao, 41, ..., A are algebraic numbers with 49 = 1.
* K:=Q(44,...,4%) is the number field generated by A, ..., 4.
* The degree of K over Q is d := deg(K/Q), so K = Q<.
» The ring of integers over K is denoted O, so Og = Z7.
* We write Kgp :=K ® R=0g ®z R = R? and K¢ =K®gC = cd.
* A convex body in R" is assumed to be convex, open, non-empty and bounded.

* We will generally use i to index 1,...,d, jtoindex 1,...,n and [ to index
1,...,k (possibly starting at 0). However, this is not strict and the usage can

depend on context.

5.2 A norm on Ok and Ky
In this section, we define a norm on Ok and K and note some of its basic properties

(this is not to be confused with the field norm Nk g(-) on K, which we also use).

Fix a Z-basis ey, . . ., ¢4 of Ok, and define the isomorphism ® : Ox — z4 given by
sending a basis ey, .. ., eg of Ok to the standard basis of Z4. By pulling back @, the

co-norm on Z¢ defines a norm ||-]| on Ok, namely, for [y, ...,l; € Z,
|[lier + -+ 1geq4] = max |;].
The open ball B(L) of radius L > 0 under this norm is then given by
B(L) :={lije; +---+14eq € Ok : |l;| < Lforalli}.

||-|| extends linearly and continuously to a norm on Ky, which we also denote by
|I-]|. The open ball Br(R) of radius R > 0 in K is then

Br(R) :={e1®ri+---+e;®rqy € Kg : |ri] <Rforall i}.
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The following lemma may be seen as defining some constants associated to the norm

Lemma 5.2.1. There exist constants Cy, Co, C3 € N such that the following hold:

1. Forallx,y € Kg, ||xy|| < Cy |lx][ ||y]l-
2. Foralll =0,...,k, CoA; € Ok.

3. Foralll =0,...,kandx € Ok, ;x € Clz - B(Cs ||x])).

Proof. 1. Let M > 0 be the maximum of ||e,-ej|| over all pairs 7, j € [d]. Now,
forany x = e ®x1+---+e;®xgand y = e ® y1 + -+ + eq ® yg with
xi, vi € R, we have |x;| < ||x|| and |y;| < ||y||. Therefore,

byl =11 ) erej @xiyill < > [leie; @ xivi
iJ iJ

= > lleve byl < M Il Iyl

i,j
so we may pick C; = d’*M.

2. Since Ok is of full rank, for any A € K, there is some integer C > 0 such that
CA € Og. Thus, we may pick C; to be the lowest common multiple of the
C’s corresponding to each A;.

3. Pick an integer C3 such that C3 > C{C, max; ||4;]|. Then we have C24;x € Ok
and [|CoAux|| < C1Ca |yl lIxl < Cs |lx]|. Therefore, 4x € & - B(Cs |lx])).
m]

Throughout the rest of this chapter and the next, we will use the constants Cy, Cs, C3

as given by this lemma.

5.3 An algebraic Minkowski’s second theorem

In this section, we prove a variant of Minkowski’s second theorem for lattices over
rings of integers. Before we state this result, let us recall the original theorem of
Minkowski. We first need a definition, noting that here a convex body is assumed to

be convex, open, non-empty and bounded.
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Definition 5.3.1. Let I' ¢ R” be a lattice of rank m and B Cc R" a convex body

containing 0. We define the successive minima €; = £;(B,T") of B with respect to I
by

C; :=inf {€ > 0 : £ - B contains j linearly independent elements of I'}

foreach1 < j <m. Notethat ) < £} < --- < €, < 0.

Minkowski’s second theorem (see, for example, [48, Theorem 3.30]) is then as

follows.

Theorem 5.3.2 (Minkowski’s second theorem). Let I' C R”" be a lattice of full
rank and let B be a centrally symmetric convex body in R" with successive minima
0 < £--- <4, Then there exist n linearly independent vectors vy,...,v, € I

with the following properties:

e foreach 1 < j < n, v; lies in the boundary of {; - B, but {; - B itself does not

contain any vectors in I outside the span of vy, ...,vj_1;

e the octahedron with vertices v for 1 < j < n contains no elements of T" in

its interior other than the origin;

® one has

2T vy V)7l < {1 --- €, Vol(B) <on
n! - Vol(R"/T) ~

To state our variant of this theorem, we need to first clarify what we mean by a
lattice over a ring of integers.

Definition 5.3.3. An Ok-lattice is a lattice T" in K" = Q% that is closed under
multiplication by Og. That is, for any v € I' and a € Ok, av € I'. Equivalently, I
is a discrete Og-submodule of K”. Observe that Q - I' = K - I" is a K-subspace of
K". The Og-rank of T is the dimension m of this subspace.

Note that, when viewed as an ordinary lattice, the rank of I' is md.

For the next definition, we recall, from Section that we view Ok as having a

fixed Z-basis ey, . . ., eg4.

Definition 5.3.4. For a real number r > 1, a subset B C K{é is said to be r-thick if
e;-BCr-Bforalli € [d].



65

For example, by Lemma|5.2.1} ||le;x|| < Ci ||le;|| ||x]| = C ||x]| for all x € Kg, so that
Br (L) is Cy-thick for any L > 0.

We now redefine successive minima, but with respect to Og-lattices.

Definition 5.3.5. Let I" be an Ok-lattice of Og-rank m and B a convex body in Ky
containing 0. We define the successive minima €; = £;(B,I") of B with respect to I"
by

C; =inf {¢ > 0 : - B contains j K-linearly independent elements of I'}

for each 1 < j < m. Note that we again have 0 < {; < --- < {,;, < oo, since " has

Ok-rank m and so contains m K-linearly independent elements of K".

We may now state and prove our version of Minkowski’s second theorem for Og-

lattices.

Lemma 5.3.6. Let r > 1 be a real number, let ' C K" be an Ok-lattice of full
rank and let B be an r-thick centrally symmetric convex body in Ky with successive
minima 0 < €; < --- < {,. Then there exist n K-linearly independent vectors

Vi,...,V, € I'with the following properties:

® for each 1 < j < n, v; lies on the boundary of {; - B, but {; - B does not

contain any vectors in I" outside the K-span of vi,...,v;_1;

o the octahedron with vertices i%eiv jfori € [d], ] € [n] contains no elements

of I in its interior other than the origin;

o if I is the Ok-lattice generated by vy, . .., v,, then

@[] _ (G- 6) VOUB) _ g

(nd)! B Vol(K /T) B (5-2)

We note that here the volume of a set B C K, is defined by fixing some isomorphism
Ky = R”“ and using the standard Lebesgue measure on R"?. Crucially, the statement
of the lemma does not depend on the particular identification Ky = R" | since any

two volume forms differ by a scalar.

Proof of Lemma The proof is essentially identical to that of the original the-
orem given in [48, Theorem 3.30], though some care is required to differentiate

between the Q-span and K-span.
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By the definition of ¢;, we may find v; € I" on the boundary of ¢; - B, where ¢, - B

does not contain any non-zero elements of I'. By the definition of 1,, we may then
find v, € I" on the boundary of ¢, - B which is K-linearly independent of v, where
¢> - B contains no elements of I" outside the K-span of v;. Continuing, we have a
K-basis vy, ..., v, such that v; is on the boundary of £; - B, where {; - B does not
contain any element of I other than then K-span of vy, ...,v;_1, as required by the
first property.

Since vy, ..., v, are K-linearly independent, the vectors ¢;v; are Q-linearly inde-
pendent. Therefore, the octahedron § with vertices i%e,-v j 1s non-degenerate and
spans K" over Q. Suppose the interior of S contains a non-zero point v € I'. Let m
be the smallest positive integer such that v lies in the K-span of vy, ...,v,. Thenv
does not lie in the K-span of vy, ..., v,_1. Since ¢, - B contains vy, ...,v, and B
is r-thick, r¢,, - B contains e;v jforalli € [d] and j < m. Therefore, ¢, - B contains
%e,-v j» soits interior £, - B contains v. But this contradicts the definition of £,,, since
¢y, - B cannot contain any vector outside the K-span of vy,...,v,_;, including v.

Hence, the interior of S contains no vector in I, verifying the second property.

Since e;v; € r{; - B, we have that B contains the vectors %eiv ; and, hence, the
J
octahedron S” with vertices i%eiv ;- The volume of the simplex with vertices 0 and
J
e;v; forall i, j is ﬁ Vol(K3 /T™). Since §” is the union of 2" many such scaled

simplices, the volume of S’ is

nd
Vol(S’) = Vol(KZ/T).
0( ) r"dfldfg(nd)' 0( R/ )
Therefore, since B contains S’, we have
1 nd
Vol(B) > Vol(S§') = — Vol(Kg /T)
r

5;1...5}31 (nd)!

_(@/rm\T T
_(51---€n) (nd)!

Vol(K?/T),

establishing the lower bound in (5.2).
For the upper bound, we require the following lemma.

Lemma 5.3.7 (Squeezing lemma [48, Lemma 3.31]). Let S be a centrally symmetric
convex body in R", A be an open subset of S, V be a m-dimensional subspace of
R" and 0 < 68 < 1. Then there exists an open subset A’ of S such that Vol(A’) =
0" Vol(A) and (A’ —A' )NV Ch-(A-A)NV.
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Let V; be the R-span of the K-span of vy, ..., v}, so that V; is a jd-dimensional real
subspace of K. We apply the squeezing lemma iteratively, starting with A := %" ‘B,
to create open sets Ay, ..., A,—1 C Ag such that

¢\
Vol(A;) = (f{ ) Vol(A;_)

j+1

and

£
(Aj=Aj))NV;c {;,j (Aj-1=Aj) NV

j+1
forj=1,...,n—1. Then Vol(A,_1) = (£; - - - £,27")¢ Vol(B) and one can show by
induction that
{j
(Aps1 —Ap-) NV C . (Aj.1—Aji-) NV,

Onthe otherhand, A;_| € Ag = % ‘B and B is centrally symmetric, so A;_1—A;_ C
¢, - B. It follows that

(A1 —Am) N Vj - /1]' -Bn Vj

for j = 1,...,n. By the definition of successive minima, A; - B N V; does not
contain any point in I" except for those in V;_;. This implies that A,,_; — A,_; does
not contain any point in I' other than the origin. If Vol(A,-;) > Vol(Kg/I"), then
one can find a translate A,_; + ¢ of A,_; containing two distinct points of I". Thus,
A,-1 — A,—1 contains a non-zero point of I', a contradiction. Therefore, we have
Vol(A,-1) < Vol(Ky /T'). Hence, we have

(¢ - €,27")* Vol(B) < Vol(K%/T),
giving the upper bound in (5.2). ]

5.4 Og-GAPs and an algebraic John’s theorem
Recall that a generalized arithmetic progression (or GAP) P C Z% is a set of the
form

P={vo+livi+ -+, :0<1; <Ljforall j}

for some v, ...,v, € Z¢ and L, ...,L, € N. The dimension of P is n. We say

that P is proper if all elements on the RHS are distinct and k-proper if

{llv1+---+lnvn :0<1; <kL; forallj}
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has all elements distinct.

Our object of study in this section is the following algebraic analogue of a GAP
which we call an Og-GAP.

Definition 5.4.1. An Og-GAP is a set P C K of the form

P={vo+livi+-+1lw,:1l; € B(L;) forall j} (5.3)

for some vq,...,v, € Kand Ly, ..., L, € N. The dimension of P is n. For p € N,
define

p*P:={pvo+livi+--+1,v,:1; € B(pL;) forall j}. (5.4)

We say that P is proper if all the elements on the RHS of (5.3) are distinct and
p-proper if all the elements on the RHS of (5.4) are distinct. Note that p * P is
similar, but, because B(L ) is an open ball, not exactly equal, to the p-fold sumset
pP.

Lemma 5.4.2. For any real number r > 1, there are integer constants D1, Dy > 0
such that the following holds. Let " C K" be an Ok-lattice of full rank and B C Ky
be an r-thick convex centrally symmetric body. Then there exist vy,...,v, € K and

positive integers Ly, . .., Ly, such that the Og-GAPs given by

Py :={lvi+---+1,v,:l; € B(L;) forall i},
Py :={lijvi+---+1l,v, :l; € B(D|L;) for all i}

satisfy
PlgBﬂFQL-Pz. (5.5)
D,
Unlike for the discrete John’s theorem for ordinary lattices, the constant D> is
necessary here. Indeed, if K has non-trivial ideal class group, then, for I' C Ok
a non-principal ideal, we cannot hope for a one-dimensional Og-GAP to span the

same lattice as I, since any such Ox-GAP is generated by a single element.

Proof of Lemma The first ingredient we need is the classical John’s theorem
(see [26] or [48, Theorem 3.13]), which says that for a symmetric convex body
A c RY, there exists an open centrally symmetric ellipsoid E ¢ R¢ such that
ECACVd-E.

Applying John’s theorem to B C Kp = R9", we obtain open centrally symmetric
ellipsoid £ C Ky such that E C B C Vdn - E. Forany x € E and i € [d],
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eix€e-BCr-BCrVdn-E,soE is ri-thick with r; := rVdn. Define the norm

|-l z on K3 whose unit ball is E, that is,
|x||g :==inf{€>0:x€et-E}.

Since E is r;-thick, for any € > O and x € K, x € ¢ - E implies that e;x € ri€ - E.
Therefore,

leixllg < rillxllg - (5.6)

Since |a;| < ||l|| forany [ = ajey + - - - + ageq € Ok, we have that

d
lixll < D Naexll < dri 1] il - (5.7)
i=1

Letvy,...,v, € K be as in Lemma[5.3.6) when applied to the centrally symmetric

convex body E. For each j, let

Lj =

T
ndri ”VJ”E .
lj” < m. Thus, by ,

1
vl < drllts vl < -

Then, for any [; € B(L,), |

Therefore, for I; € B(L;),

n
v+ +vallg < Z ”ljvj”E <L
j=1

In other words, Py C ENT C BNT, giving the first inclusion in (5.5

Let I" € T be the Og-span of vy,...,v,. Then, from Lemma|5.3.6] [I" : [’] <
D = Lr”d (nd)!J. As a finite abelian group, I'/T” has order at most D, so every
element has order dividing D!. Therefore, D! - I" C I’ or, equivalently, I’ C ﬁr’.

Since E is a centrally symmetric ellipsoid, the norm ||-||; arises from an inner
product on K. Define the volume form on Ky based on this inner product. Then
Vol(E) = V,4, the volume of the unit ball in R™. For uy, ..., un € Ky, write
up A -+ A upg for the parallelepiped in Ky spanned by uj, . ..unq. Then Vol(u; A

o Atpa) < lunllg - - Nlunall -
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Let the successive minima of E withrespecttoI"be {1, . .., {,, so we have ||v]||E ={;.
Letx e BN C Vdn - E, so that ||x||g < Vdn. Sincex e I' C ﬁl“’, we can find
unique integers /;; fori = 1,...,d and j = 1,...,n such that
1
X = ﬁ(lneﬂq + -+ lgeeqvy).

Using Cramer’s rule, we can solve for |/;;|. This gives

‘Vol(elvl A= AXAN---ANegvy)

|l;j| = D! Vol(er i A Ao here, x is in place of e;v;
3 D'Vol(elvl A= AXA--Aegvy)
-2 Vol(K” /T)
| xlle Tlar, 26, ”ei"’j’”E
=2 Vol(K” /")
P4l g T e | ©3)
< D! 1 .70 W I E b
Vol(K? /T7) Y
— D|r_nd—l (51 o 'fn)d ”x”E
g Vol(kE/TY)

From Lemma|5.3.6] we have

o . o 6,\? (bt d
Vol(Kg /") = Vol(Kg/T) = | == | Vol(E) = (=5~ Vaa.

Therefore, using that ||x||z < Vdn and L; > , we have

N S
ndri|vyl ¢

D12 x|l D42 ¥ ndnd

|li;| < <
" {’jVnd Vnd

L;.
We obtain the second inclusion in (5.5)) by setting D, = D! and

D, = [D!rq‘dZ"d“nd\/nd/Vnd-‘ .

We now come to a key lemma, saying that if P is an Ogx-GAP that is not p-proper,
then there is an Og-GAP of smaller dimension which contains and is not too much

larger than P.

Lemma 5.4.3. If P is an Ok-GAP of dimension n that is not p-proper, then there is
an Ox-GAP Q of dimension n — 1 containing P with |Q| <, , |P|.
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Proof. Assume that P is centered and of the form
P={lyvi+---+1lv,:1; € B(Lj)}.

Since P is not p-proper, there exist [, l} € B(pL;) such that[; # l;. for some j and
Ivi+- -+ Ly, =lvi+--+ v,

Settinga; = lj—l;. € B(2pL;),wehavethatthea;arenotallOandajvi+- - -+a,v, =

0. We may assume without loss of generality that a,, # 0. Then we have the relation

apy an-1Vn-
y, = L In-1Pn-1 (5.8)
an Qn
Letw = (-4, .., =91y ¢ K" LetI' := OF '+ Ok -w c K", Then T is

a discrete lattice which is invariant under multiplication by Ok and so is an Ok-
lattice. I' is also of full rank, since it contains Ol”(‘l. Consider the homomorphism

f: ' = K given by
FU(X1, .o Xpm1) FXW) =XV + -+ X V.

Then f is well-defined because of the relation (5.8). Note also that f is Og-linear,
that is, f is linear and f(ax) = af(x) for any a € Ok,x € I'. We may also extend
f Ok-linearly to a K-linear map f : K"~! — K.

Let By C Kﬁ‘l be the convex centrally symmetric body
Bo:={(x1,...,xn1) €K' i x; € Br(L)} .

Let B = By + Br(L,) - w, which is also a convex centrally symmetric body. Since
Bo and Br(L,) - w are C;-thick, so is B. Indeed, if x € By and y € Br(L,) - w, then
ei-(x+y)=ei-x+e;-y€Cy-By+Cyi-(Br(Lp)-w)=Cyi-(Bo+Br(Lyp)-w).

Claim 5.4.4. One has the inclusions

Pc f(BNnT) < (2pC+1)P.
Proof. For the first inclusion, let v = ljvy +---+1[,v, € P with [; € B(L;). Then
v=f((ly...,lpm1) + L,w) with ||I;|| < L;, so that (Iy, ..., 1) +l,w € BNT.

For the second inclusion, let (/y,...,l,—1) +I,w € BN T with [; € Og. Since
(l,...,l,-1) + l,w € B, there exist xi,...,x, € Kr with ||x]|| < L;j such that
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ajly ajxp

(I, ..oy ln) + 1w = (x1, ..., Xp1) + x,w. In other words, [; — —== = x; — ~= for
j=1,...,n—1. Letz = l”a_x” € Kg, so we have

lj—xj:ajz (59)
forall j = 1,...,n. Letx € Ok be the closest element to z according to the metric

|I-]]. Recall that this is the co-norm, so we have ||x — z|]| < 1. Let l;. =lj—ajx € Og.

Then lyvy + -+ + vy, = vy + -+ + [y, so we have f((I1,...,[-1) +1w) =
Livi+- -+ lvy. It suffices to show that l;. < (2pCi +1)L; forall j. Indeed, we
have
Ul = Ml = agx]]

< (|t = ajoe = x| + [l

<|laj(z x|+ L; by (5.9)

< C ||aj|| lz—x||+L; by Lemma[5.2.1]

< (2pCi + 1)L,
as required. O

By Lemma |5.4.2) we can find constants Dy, D, = O,(1) and Og-GAPs Py, P, of

dimension n — 1 such that P, = Dy * Pyand P, C BN C -

;- P5. In particular,

P5 can be covered by D’ll‘1 translates of P;.

Applying the homomorphism f, we obtain

F(PY € FBAT) S —f(P).
2

Since f is Ok-linear, f(P;) and f(P;) are also Og-GAPs of dimension n — 1.
Setting Q = D% f(P3), which is an Og-GAP of dimension n — 1, we have, by the
claim above, that P C f(BNT') C Q, so it suffices to show that Q is small. Since P,
can be covered by D’f‘l = 0,(1)-many translates of P, f(P,) can also be covered
by O, (1)-many translates of f(P;). But then

|f(P)] <n [f(PDI < [f(BNT)] < |(2pC1+ D) P| <p,p | P,
as required. O
5.5 Freiman’s theorem for sums of dilates
We have now built up sufficient background to prove the promised Freiman-type

structure theorem for sets with small sums of dilates, which we restate for the reader’s

convenience.
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Theorem 5.5.1. For every C > 0 and p € N, there are constants n and F such that
forany A C K satisfying

[A+A;-A+---+ ;- Al < ClA|,

there exists a p-proper Ox-GAP P C K containing A of dimension at most n and

size at most F|A|.

Recall, from Lemma[5.2.1] that we have constants C», C3 € N with the property that
Aix € & - B(Cs ||x|)) forall 1 = 0,..., k and x € Ok. Thus, if P is an Ox-GAP, then
A; - P lies in a translate of Clz - (C3 x P). Therefore,

|[P+A1-P+---+A;-P| < |[(k+1)C3 % P|
< ((k + 1)C3)™|P|.

In other words, P has a small sum of dilates. That is, Theorem [5.5.1] embeds a set
A with a small sum of dilates into another, more structured set which, unlike an
ordinary GAP, also has a small set of dilates. We now proceed to the proof of this

statement.

Proof of Theorem[5.5.1] By translating, we may assume that 0 € A. By the Ruzsa

triangle inequality,
JA+Ald1 - A+ -+ - A < |A+ A1 - A+ + 2 - AP < C?|A

Using the trivial bound |A; - A +--- + A; - A| > |A|, we obtain |A + A| < C?|A|.
By the Pliinnecke-Ruzsa inequality, |A + A + A| < C®A|. By the Ruzsa triangle

inequality again,
(A+A)+A1- A+ -+ -AlJAl < JA+A+A|[A+ - A+ -+ 2 - A < CT|AP%,

so|(A+A)+A;-A+---+ A - A| < C"|A|. Similar repeated applications of the
triangle inequality gives |(A + A) + A1 - (A + A) +---+ A - (A + A)| < CT*K|A].
Thus, A+ Ay - A+---+ A; - A has small doubling constant. Therefore, by Freiman’s
theorem, A + 4y - A+---+ A - A is contained in a proper GAP

P():{11V1+"'+lnovn0Z—Li<l[<L[}

of dimension ny with |Py| < |A|. Note that since 0 € A C Py, we are free to assume

that Py is centered.
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Now let Py be the Ox-GAP given by

P = {llvl +--- +ln0vn0 P B(L,')} .

Then P; contains Py. At first glance, it might seem that the size of P; could be as

large as | Py|¢. However, we now show that this is not the case.

Claim 5.5.2. |P;| < |Py)|.

Proof. For a subset X C K and ¢ > 0, we say that X is (c, Pg)-small if X can
be covered by c-many translates of Py. For brevity, we will simply say that X is
Py-small if ¢ is a bounded constant independent of X, Py. Thus, if X, Y are Py-small,
so is their sumset X + Y. Indeed, if X, Y can be covered by x, y-many translates of
Py, respectively, then X +Y can be covered by xy-many translates of Po + Py, which

itself can be covered by 2""-many translates of Py.

We shall show that foreachi € [d], j € [no], thesetS;; := {e,-vj, 2eivj,..., Ljel-vj}
is Po-small. Then we would have proved the claim, since {-L;e;v;,...,Ljev;} is
Py-small, Py is the sum of these sets, and there are only a bounded number of such

sets.

Since Ay,...,A; generate K, there exist (fixed) integers b, ay,...,a;, with b >
0 such that be; = ajd; + --- + ardy. It will suffice to show that the set S :=
{be,-vj, 2be;vj, ..., ije,-vj} is Po-small, since S;; can be covered by b translates
of it. But then it suffices to show that S; = {al/llvj,Zalxllvj, .. .,Ljal/llvj} 18
Po-small, since S is contained in S’1 +-- 4+ S;{. But then, finally, it suffices to show
that S; := {/llvj, 2vj, ..., Lj/llvj} is Po-small for each [, since S; is covered by
|a;|-many translates of S;.

Suppose |Po+ Py| < c|A|, where ¢ = O(1) is a positive integer. Let s be an arbitrary

positive integer with s < L;/c. Consider the sets
A,A+svi, A+2sv,. .., A+csv;.

All these sets have size |A| and are contained in Po+ Py. But |Py+ Py| < c|A|, so two
of these sets intersect, say (A+msv;) N (A+m’sv;) # 0 for0 < m < m’ < c. Thus,
(m"—m)sv; € A— A. Therefore, clsq;v; € c!(4;- A) —c!(A;- A) C c!Pg—c!Py.

Since 1 < s < L;/c was arbitrary, we have that the set
{c!/llvj,Zc!/llvj, e, |_Lj/cJ c!/llvj} Cc!Py—c!Py

is Pp-small. Thus, the set 7T := {c!/llvj, 2c\ vy, ..., ch!/llvj} is Pg-small. Finally,

S; is Pp-small since it can be covered by c!-many translates of 7. O
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If Py is p-proper, then we are done. Otherwise, by Lemma [5.4.3] we can find an
Ok-GAP P, of one dimension smaller containing P; with |P,| < |P;|. If P, is also
not p-proper, we invoke Lemma [5.4.3] again to obtain P3 and so on. Note that we
can only do this at most ng times, since any Ox-GAP of dimension 1 is necessarily
p-proper. Thus, we will eventually find a p-proper Og-GAP P containing A of
dimension O (1) with |P| < |A|. O
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Chapter 6

SUMS OF ALGEBRAIC DILATES

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Sums of algebraic dilates, in preparation.

Our concern in this chapter will be with estimating the minimum size of |A + 4; -
A+---+4 A - Al interms of |A|. For 41,...,4; € Q, this problem was essentially
solved by Bukh [8]], from whose results it follows that if A; = p;/q for ¢ as small as

possible for such a common denominator, then, for finite subsets A of C,
A+ A1 - A+ -+ A - Al 2 (Ip1l+ -+ prl + gD |A] = o(JA]),

which is best possible up to the lower-order term. This result was later sharpened
by Balog and Shakan [2] when k = 2 and then Shakan [42] in the general case,
improving the o(]|A]) term to a constant depending only on Ay, ..., A.

When at least one of the A, is transcendental, it was shown by Konyagin and Laba [27]]
that
[A+A1-A+---+ A - Al = w(|A]).

The problem of giving more precise estimates for |A+A1 - A| when A is transcendental

was discussed in Chapter 4]

Our focus here will be on the complementary case, where each of Ay,..., A is
algebraic. Early results in this direction were proved by Breuillard and Green [/7]]
and Chen and Fang [[10]], with the latter showing that, for any fixed A > 1, |A+1-A| >
(1 +2)|A] - o(]A]) for finite subsets A of R. The problem of estimating |A + A - A|
for A algebraic was raised explicitly by Shakan [42]] and by Krachun and Petrov [28]],
with the latter authors conducting the first systematic study and making the first

concrete COIlj ectures.

To state their conjecture, suppose that f(x) € Z[x] is the minimal polynomial of A,
assumed to have coprime coeflicients, and f(x) = Hflzl (a;x + b) is a full complex
factorization of f. If we set H(A) := Hflzl(lal-| + |b;|), the conjecture of Krachun

and Petrov [28]] is then as follows.
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Conjecture 6.0.1. For any algebraic number A,
|A+4-Al > H(A)|A] - o(A])

for finite subsets A of C.

Krachun and Petrov [28] gave some evidence for their conjecture by proving it in
the special case where 1 = V2. Subsequently, we verified the conjecture for all A
of the form (p/q)"/? with p, ¢, d € N, to be discussed in Chapter Assuming all
of p, g and d are as small as possible for such a representation, our results, which

includes that of Krachun and Petrov, says that
A+ Al = (p"4+g" ") Al - o(|A)).

Our results also imply a general lower bound for sums of algebraic dilates, though

this bound only matches the conjectured one in the cases above.

More recently, Krachun and Petrov [29]] have revisited the problem, proving their
conjecture in full whenever A is an algebraic integer. This is somewhat incomparable
to our previously mentioned result, since (p/q)'/¢, when written in lowest terms, is
only an algebraic integer when g = 1. Here we again revisit the problem, proving
Conjecture[6.0.T]in full for all algebraic numbers. Our method also extends to longer

sums of algebraic dilates, so we will state our results in that level of generality.

To state the result, given a field extension K := Q(Ay,...,4x) of Q of degree
d = deg(K/Q), we first recall that there are exactly d different complex embeddings
o1,...,04 : K — C. We also need to define the denominator ideal, which is the

ideal in the ring of integers Ok given by
Dk ={a €0k :al; €Ok forl=1,...,k}.

The key quantity H(Ay,...,Ax) that plays the role of H(A) for sums of many
algebraic dilates is then

d

i=1
To see that this indeed generalizes H(A), observe that we can write the integer
minimal polynomial f(x) € Z[x] of 2 as f(x) = D(x — A1)(x — A2) -+ - (x — Ap),
for some integer D and Ai,...,A, are all the conjugates of 2. Then, H(1d) =
|D|(1 +]A1]) - -+ (1 + |44]) and it can be shown that |D| = Ng/q(Da.x). With this
definition in place, our main result, which is best possible up to the behaviour of the

lower-order terms, is as follows.



78

Theorem 6.0.2. For any algebraic numbers A, .. ., Ag,
[A+A1-A+---+ A - Al = H(Ay,...,)|A| — o(|A])

for finite subsets A of C.

Sketch of proof
Our general strategy is similar to that of Krachun and Petrov [29], which can be

summarized as the following three steps:

1. Reduction to the case when A is a dense subset of the box.
2. A continuous variant of sums of dilates.

3. A representation of the discrete set A by a continuous set A.

Step 1 guarantees that the A obtained in step 3 is well-behaved. One then applies
the continuous variant from step 2 on A, and the corresponding result in the discrete

world follows.

Despite having the same overall strategy, the methods used in steps 1 and 3 are

significantly more complex.

In step 1, we use the Freiman-type structure theorem for sets A with small sum of
dilates, proved in Chapter [5] Using this structure theorem, we can then map A to
a dense subset of the box [0, N)¢ via a Freiman isomorphism of the surrounding

Ok -GAP, reducing the problem to the case of a dense set.

In step 2, our proof is similar to that of Krachun and Petrov, by partitioning space

into eigenspaces, then symmetrizing our set along those eigenspaces.

Step 3 is the main and most difficult step. We first describe the method used by
Krachun and Petrov [29] to prove the case |A + A - A| where A is an algebraic integer.
This is equivalent to the problem of estimating the size of |[A+ £ A| when A is a dense
subset of the box [N]¢ and £ € Mat,(Z) is a linear transformation corresponding

to multiplication by A.

A naive way of representing A with a continuous set A, is to divide the box [N]¢ into
tiny cubes, and setting A C R to be the union of the cubes which intersect A. This
is not a good representation, since the volume of A can be very different from |A|.
Indeed, if A consists of all points in [N]¢ with even coordinates, its representation

A is the same as if A consists of all points of [N].
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Krachun and Petrov’s solution is to introduce a new dimension to encode the “local
density” of A, which is, roughly speaking, the relative density of A within a small
box containing x. Their continuous representation is a (compact) set A ¢ R4+,
which can be seen as having a base in R? resembling A, as described in the naive
way above, and fibers in R. The fiber at some point x € R4 is the interval [0, r],
where r is the local density of A at x. Therefore, the volume of A matches the size

|A|. A key fact is the following simple observation:

Observation 6.0.3. The local density of B= A+ LA at x + Ly is at least the local
density of A at x.

If B is the continuous representation of B, then the above observation is equivalent
to B containing A + £L’(A), where £’ : R*! — R is given by £’ (x, y) = (Lx, 0)
for x € RY and y € R. Therefore, Vol(B) > Vol(A + £’(A)). One can then
apply the continuous version of sums of dilates to obtain a tight lower bound for
Vol(A + £/(A)) in terms of Vol(A), then translate the result back to the discrete
world using the fact that Vol(A) = |A|.

The problem with extending this method to general algebraic A is that Observa-
tion[6.0.3]is too weak. Indeed, if A is not integral, estimating |A + 1 - A| is equivalent
to estimating | LA + LA| for some L, L, € Mat,(Z) and A a dense subset of
[N]?. The observation here is that the local density of £1A + LA at Lix + Loy
is only at least IdTllll times the local density of A at x. This is not tight, since if
A contains all lattice points in some convex region, then the local density of A is 1
uniformly, and we also expect the local density of £ A+ £, A to be 1 uniformly. The
observation only guarantees that the local density of £;A + £, A is at least MTILII’

which is less than 1 if A is not integral.

This indicates that recording local density is insufficient, and we require a deeper
understanding of how the points are arranged locally in A. Our innovation here is to
record how A is locally arranged in certain lattices, and compress that information

as a high-dimensional compact set we call the “lattice density.”

For a (periodic) set A C Z¢ and a flag of lattices ¥ = {Lo C Ly C--- C L},
the lattice density LD(A; ¥) is a compact down-set in [0, 1]¥*!, which encodes
various information about the density of A within the lattices L;. Our continuous

Rd+k+1

representation A will then be a compact subset of , with a base in R¢ looking

like A, and fibers in R¥*! equal to the local lattice density at each point of A.
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Estimating |A+A4;-A+---+ ;- Al is equivalent to estimating | LoA+- - -+ L A| for
some Ly, ..., Lr € Maty(Z). The key now is that one can find two flags ¥, G such
that foreachi =0, ..., k, m; 1 (LD(L;A; G)) =~ mi41 (LD(A; F)). One should think
of this as “transformation by £; is analogous to the projection ;4 of the lattice
density.” This analogy extends nicely to sumsets. If Ay, ..., Ay are periodic sets in
74, then LD(LpAg + - - - + L Ay; G) roughly contains the cuboid of side lengths

|m (LD(LoAo))I, - . . » [ms1 (LD(Lr Ar))|.

Just like Observation [6.0.3] above, this implies that if B = LoA + - -- + LA, then
B contains the sumset .£(’)Z + e+ L;{Z, where L] : RA+k+l _, Rdt+k+l {g given
by Li(x,y) = (Lix,mir1(y)) for x € R? and y € R¥*!. We can then apply the
continuous variant to LéZ+ ceet L;{Z, which would then correspond to our desired

result on the discrete set A.

Notation

Throughout the chapter, we will use the following notation:
* Ao, 41, ..., A are algebraic numbers with 49 = 1.
* K:=Q(44,...,4%) is the number field generated by A, ..., A.
* The degree of K over Qis d := deg(K/Q), so K = Q¢.
« The ring of integers over K is denoted Ok, so Og = Z¢.
* We write Kgp :=K ® R=0g ®z R = R? and K¢ =K ®gC = cd,

* We will generally use i to index 1,...,d, jtoindex 1,...,n and [ to index
1,..., k (possibly starting at 0). However, this is not strict and the usage can

depend on context.
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6.1 Mapping to Z¢
In this section, we show how the problem of estimating sums of algebraic dilates
can be recast in terms of estimating sums of linear transformations. Our first lemma,

generalising [29, Lemma 3.1], will allow us to assume that A is a subset of K.
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Lemma 6.1.1. Suppose that A1, ..., € Cand A C C is finite. Then there exists a
finite set B C K = Q(A4,...,A;) such that |B| = |A|and |B+A;-B+---+A;-B| <
A+ -A+---+ ;- Al

Proof. Let L be the field extension of K generated by A. Pick any K-linear map
f : L — K which is injective on A. Such a map exists since A is finite. Set
B = f(A). Then |B| = |A| and, for any ay, ...,a; € A,

flao+A1ar + -+ -+ Agar) = f(ag) + A1 f(ar) +-- -+ A f(ag).

Hence, |B+A1-B+- - -+A;-B| = | f(A+A1-A+- - -+ -A)| < |A+A1-A+- - +A;-A|l. O

In light of this result, we will henceforth assume that A ¢ K. For any a € K, there
exists a positive integer n such that na € Ok. In fact, this is true for any fractional
ideal 7 C Ok — for any a € K, there exists a positive integer n such that na € 7.
Thus, since A is finite, by rescaling A to n - A for an appropriately large n, we may

assume that A C 7 if we wish to without any loss of generality.

To pass to linear transformations, we fix a Z-basis e; = 1, e», ..., eq of Ok and let
® : Ox — Z? be the isomorphism mapping the e; to the standard basis of Z¢. This
map extends linearly to an isomorphism @ : K — Q¢. Under this isomorphism,

multiplication by A; corresponds to the linear map M; € Mat;(Q) defined by
Mi(x) = @(1 - @71 (x)).

The problem of estimating |[A + ;- A+ -+ A, - A| for A C K is then equivalent
to estimating |A + M{A + -+« + MyA| for A c Q.

One further step allows us to convert the problem into one about sums of linear
transformations with integer entries. Recall, from the introduction, that the denom-
inator ideal of A4,..., A4 is the non-zero ideal ® = O N /11_101( N---N /1;101(
with the property that ;D C Ok forall l = 0,...,k. If we fix an isomorphism
@ : D — Z¢, then multiplication of the elements of D by A; corresponds to the
linear map £; : Z¢ — Z¢ defined by

Li(x) = (4 - @' (x)).

By rescaling, we may assume that A C D, so that Theorem|[6.0.2]becomes equivalent

to the following result, whose proof will now be our principal goal.
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Theorem 6.1.2. For finite subsets A of Z¢,

| LoA+ -+ LAl = H(Ay, ..., )|A] — o(|A]).

The next lemma determines all the (simultaneous) eigenvalues of the A;, when they
are viewed as Q-linear maps on K. In the statement and proof, we will use the
fact that there are exactly d different complex embeddings (that is, injective field

homomorphisms) of K in C, which we denote by o7, ..., oy with o the identity.

Lemma 6.1.3. Viewing K = Q¢ multiplication by A; induces a Q-linear map
M; : Q% — Q% Then the maps M, ..., My are simultaneously diagonalizable
over C into the diagonal matrices Dy, ..., Dy, where D; has diagonal entries
(o1(Ag), . ..,oq(A))) forl =0,. .., k.

Proof. Let Kc = K ®g C and define o : K¢ — C“ be the C-linear map defined by
cl@a®c) = (coy(a),...,coqs(a)). We claim that o is an isomorphism. Indeed,
let @ € K be a generator of K, i.e., K = Q(«@). Then (1,q,..., ad‘l) is a Q-basis
for K, and o (@), ..., 04(@) are all distinct. Under this basis, which is also a basis

for K¢, o is represented by the matrix

1 oi(e) o(e)? - o)

1 oy(@) oa(a)? - op(a)®!

1 o) og(a)?® -+ oq(a)®!
which is non-singular, since it is a Vandemonde matrix. Let eq,...,eq € C9 be the
standard basis of C¢ and v; = ! (e;). Then vy, ..., v, form a basis for Kc. We

claim that, in this basis, M; diagonalizes into the desired form. It suffices to check
that Ml(V,‘) = a,-(/ll)vi.

Let x1,...,x; € K be a Q-basis for K. Then v; can be written in the form

Vi=Xx1 ®ci|+ -+ x; Q cj for some ¢;; € C, so that o (v;) = e; says that

citoj(x;) = 0;;.

-
T M»
L
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But then
k k
i (Mi(v) = o (Ml (Z X ® cl-m)) =0y (Z(W) ® cim)
m=1 m=1
k k
= > im0 (Aixn) = (A1) D cimey (xm)
m=1 m=1

=0 (A1)0;; = 0:(A1)6;.

It follows that M;(v;) = 0;(4;)v;, as required. O

We will also recall the norm ||| defined on Og and Kg in Chapter [5| By pulling
back @, the co-norm on Z¢ defines a norm ||-|| on Ok, namely, for [, ..., l; € Z,

ey +- - +lgeqll := max |[;].
4
The open ball B(L) of radius L > 0 under this norm is then given by
B(L) :={lie; +---+1l4eq € Ok : |l;| < L forall i} .

||-]| extends linearly and continuously to a norm on Kg, which we also denote by
||-]|. The open ball Bg(R) of radius R > 0 in Ky is then

Br(R) :={e1®ri+---+e;Q®r; € Kg : |ri] <R foralli}.

We have the following constants associated to the norm ||-|| from Chapter

Lemma 6.1.4 (Lemma [5.2.1). There exist constants Cy,Cp, C3 € N such that the
following hold:

1. Forallx,y € Kg, |lxy|l < Cy ||x]l Iy|l-
2. Foralll =0,...,k, CyA; € Ok.

3. Foralll =0,...,kandx € Ok, Aix € & - B(C3 ||x])).

6.2 The continuous version

We now come to the first part of our argument, which is to extend an estimate of
Krachun and Petrov [29, Theorem 2] on sums of linear transformations of compact
sets to more than two variables. We will need to assume that the linear transfor-
mations are simultaneously diagonalizable. But, as we have seen in Lemma [6.1.3|

above, this is exactly the situation we are concerned with.
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Throughout this section, we will fix an identification Kr = R4 and take u to be the

Lebesgue measure on R4 and, hence, on Kg. Our main result may then be stated as

follows.
Theorem 6.2.1. Suppose L1, ..., Ly € Mat;(R) are simultaneously diagonalizable
over C into the diagonal matrices Dy, . . ., Dy, where Dy = diag(A;1, . .., A1q) with

each A;; € C. Then, for any compact A C R,

1

H(LIA+ L2A+ -+ LiA) z(

d k
>, um)u(m.
=1

=1

Moreover, equality holds for some A with u(A) > 0.

Proof. Let A = {(4y;, A2, - - - ,/lki)}li]. Since complex conjugation preserves each
L, it permutes the elements of A. Thus, we can split A into two parts A and A,
where A; C R consists of those tuples fixed by conjugation and A, consists of

conjugate pairs of tuples. Then we may decompose R¢ into the eigenspaces
w-Brio @ £
AeA (L)EN,

where each E, is 1-dimensional and each E | 7is 2-dimensional. For A = (A1, ..., Ax)
A1, each L; acts on E) by A;. For (/l,/_l) € Ay, each L) acts on E | 7 by |4;|Rarg(ay),
where Ry is the rotation map on R? by 6.

We prove the theorem in the following more general form. Suppose we have a

RY = @ Ej,
j=1

where dimE; = d; and £; acts on E; by r;;P;;, where r;; > 0 and P;; is an

decomposition

orthogonal matrix acting on E;. In other words, for any vector v € RY, if we
decompose it into v = v{ +---+v, withv; € E; forall 1 < j < n, then L)y =
rnPnvy + - +ry, Pr,v,. We will show that

n k dj
HLIA+ LA+ + LiA) 2 H(Zm) u(A).

j=1 \i=1

We perform Steiner symmetrization, a continuous analogue of compression intro-
duced by Steiner in his classical work on the isoperimetric problem, along each of

the eigenspaces E; as follows. Write RY=E ; ® E, where E is the direct sum of the
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remaining spaces. Let 7 : RY — E jand 7 : R¢ — E be the projections onto E |
and E, respectively. Foracompact A ¢ R?andx € E, write A, := m (JT;' (x)) C E;
for the fiber of A at x. Then u(A) = /x u(Ay)du(x). The Steiner symmetrization of
A along E; is the set S;(A) C R¢ with the same support as A on E and such that,
for each x € m2(A), S;(A), is the closed ball centered at O with the same volume as
A,.

Claim 6.2.2. The Steiner symmetrization has the following properties:

1. u(S;(A)) = u(A).
2. §;(A) is invariant under any orthogonal transformation of E ;.
3. S;(LiA) 2 Li(S;(A)) forall .
4. S;(A) is compact.
5. If B is compact, then Sj(A+ B) 2 S;(A) +S;(B).
6. If F € GL(E) and F’' € GL4(R) is given by Ig; ® F and F'(A) = A, then
F'(S;(A)) =S;(A).
Proof. 1. This is true since u(S;(A)x) = u(Ay) forall x € E.
2. This is true since S;(A) is a ball for all x € E.

3. Letx € my(A)and B = S;(A)y, aball. Then £;(S;(A)) = Uxen,(a) Lilg; (B)®
L;x. Note that £;| g, (B) isalsoaball of volume u (L, (Ax)) < u((L1A) £x)-
Thus, £|g;(B) ® Lix € S;(L;A) and the result follows.

4. Since A is bounded, so is §;(A). To show that S;(A) is closed, it is sufficient
to show that for any sequence x1,x;,... € E converging to x € E, we have
1(Ay) > limsup, u(Ay,). Since A is closed, Ay 2 limsup; A,,, so it suffices
to show that y(limsup; Ay;) > limsup; u(Ay,). But this is true since the A,

are uniformly bounded.

5. For x € m(A) and y € my(B), let r, 7’ be the radii of the balls S;(A), and
S;(B)y, with volumes V,V’. Then (S;(A) + S;(B))x+y is a ball of radius
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r +r’, maximized over all x, y with the same fixed sum. But, by the Brunn—

Minkowski inequality,

N(Sj(A + B)x+y) 2 /J(Sj (A)x + S]'(B)y)
> (u(S; (A4 + u(S;(B)y) %)%
— (Vl/dj + Vll/dj)dj
= 1((85(A) + 55 (B)esy).

Thus, S; (A + B) sy 2 (S;(A) +S;(B))x+y and the result follows.

6. Letx € E. Since F'(A) = A, we have Ap(,) = A,. Therefore, S;(A)r) =
S;i(A)x, so we have F'(S;(A)) = §;(A). O

Perform Steiner symmetrization on A successively along Ey, ..., E, to obtain, by

Claim [6.2.2(4), the compact set B = S1(S2(--- S,(A) --+)). By Claim[6.2.2(1), (5)
and (3),

P(LIA+ -+ Ly A) = u(S;(LIA+ -+ LiA))
> p(S;(L1A) + -+ S;(LrA))
> p(L1(Sj(A) + -+ Li(S;(A))).

Iterating, we see that u(LjA +---+ L3 A) > u(LB+---+ L;B), where we also
have u(B) = u(A).

Let £ be the linear map that just scales by r;; on each Ej, i.e., Lj(vi+---+v,) =
i1V + - +rv, forany v; € E;. By repeated applications of Claim[6.2.2(2) and
(6), we may check that B is rotationally invariant on each E;, so we have L; B=/L,B.
Thus,

u(LiB+---+LyB)=pu(LB+---+ L B)
> u((Ly+---+L)(B))
= |det(L] +---+ Ly)|u(B)

- ﬁ (ir,j)dj u(B).

j=1 \I=1

Finally, to see that equality may hold, observe that we can take A to be the product
of the unit balls in each E;. |
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In particular, this yields the smallest possible value of u(A+A4;-A+- - -+4;-A) in terms
of u(A). To see this, let M; € Mat;(Q) be the matrix representing multiplication
by A4; for I = 0,...,k, as defined in Section [6.1] Then, by Lemma [6.1.3] the
M are simultaneously diagonalizable into the diagonal matrices 9; with entries

(o1(4),...,04(4;)), where o, ..., 0y are all the complex embeddings of K. By
Theorem [6.2.1] we therefore have

A+ A+ + A - A) = u(MoA +-- -+ MiA)

d
> ([ | +le@l+- -+ oo | u(A).
i=1

Comparing this to our main result, Theorem we see that the discrete version

differs from the continuous one only in the factor Ngq(®,,,.. 1,:x), Which is a

.....

measure of the non-integrality of Ay, ..., 4. We say more below.

Lower bound construction

In this short subsection, we give a lower bound construction for the discrete case,
showing that the constant H (A1, ..., Ax) in Theorem is best possible. In brief,

the construction is a discretized version of the equality case in Theorem [6.2.1]

Proposition 6.2.3. Let Ay,..., Ay € K = Q(Ay,...,Ax) be algebraic numbers.
Then there exist arbitrarily large A C C such that

d-1
[A+A1-A+---+ A - Al < H(Aq,...,A)|A|+O(JA] 7),

where d = deg(K/Q).

Proof. Let 0q,...,04 : K — C be the complex embeddings of K and set © =
D,k Viewing multiplication by A; as a Q-linear map M; : K — K for each
[,take A’ C Kp satisfying the equality case in Theorem|[6.2.1|with u(A’) = 1. Then
AT+ g A A A7) = (T (U [0+ (0] ) (A7),

Let n be an arbitrarily large positive integer and let A = nA’ N D, so that
|A| = u(nA”) /Vol(Kr /D) + O (n?™") = n/Vol(Kr /D) + O (n™).
On the other hand, foreach [, 1; - A c 1; - © C Ok, so we have

A+A1 A+ + A ACn(A+A4 - A+ -+ - A") N Og.
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Therefore,

[A+A1-A+---+ ;- A
<u(n(A + 1A+ + A - A)/Vol(Kr /Ok) + O(n%™1)

d
= n' (ﬂ(l +loi ()] + -+ |oi (1)) | Vol (Ke /Og) + O (n ).

i=1

Since Vol(Kr/®D)/Vol(Kr/Ok) = [Ok : D] = Ng,o(D), we obtain that
[A+A1-A+---+ ;- A

d
< Ngjo(D) l_[(l+|<Ti(/11)|+"'+|6fi(/1k)|) Al +0(n"™h)

i=1

d-1
=H(A1, ..., 4)|Al+ O(JA] 7). O

6.3 Reduction to a dense subset of the box

We recall our structure theorem for sets with small sums of dilates from Chapter [3]

Theorem 6.3.1 (Theorem|5.0.2). Let C, p > 0. Then there are constantsn = n(C, p)
and F = F(C, p) such that for any A C Ok satisfying

[A+A1-A+---+ ;- Al < C|A],

there exists a p-proper Og-GAP P C Ok containing A of dimension at most n and

size at most F|A|.

With this result in hand, we are now able to complete the second part of our plan,
reducing the proof of our main result, in the form of Theorem [6.1.2] to the case
where A is a dense subset of the box [0, N)<.

Lemma 6.3.2. For any & > 0, there exists Ny such that if N > No and A C [0, N)¢
with |A| > eN?, then

| LoA+ -+ LAl = H(Ay, ..., k) |A]l — 0:(]A]).

The proof of Lemma which is the heart of this paper, will occupy us for the
next few sections. Before moving on to this, we first show that, together with our

version of Freiman’s theorem for sums of dilates, Lemma [6.3.2]completes the proof
of Theorem
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Proof of Theorem[6.1.2) assuming Lemmal6.3.2} Let A c Z¢ be finite and suppose
that
|.£0A +--- 4+ LkAl < HlAl,

where H = H(Ay,...,4;). Let ®, @', D be as in Section Setting A’ =
@"~1(A) € D C Ok, we have

A"+ - A" +---+ A, - A’| < H|A|.

Let C3 be as in Lemma|6.1.4] By Theorem[6.3.1] our version of Freiman’s theorem
for sums of dilates applied with p = (k+1)C3, A’ is contained in a (k + 1) C3-proper
Ok-GAP P c K of dimension n = O(1) and size |P| = O(|A’]). Suppose P is of
the form

{vo+livi+--+1wn:1; € B(Lj)}.

Then |P| ~ (H;le L j)d, where the notation A ~ B indicates that the quantities A and
B are equal up to a constant multiplicative factor depending only on Ay, ..., Ax. By
translating A’, we may assume that vo = 0. By Lemma|6.1.4, we have A; - B(L;) C
& - B(G3L;) forall j,1. Thus, 4; - A’ C ;- P C & - (C3 % P) for all L.

We will now map P to a dense subset of a box via a Freiman isomorphism. Let
vi =1 and v}" =3(k+ 1)C3Ll_1v7_] forl =2,...,n. Let P* be the Ox-GAP

P* = {llvT +12V§ + - +an: : lj € B(LJ)} :

Then P* is (k+1)Cs-proper. Indeed, if [y v]+lvi+---+1,v, = [vi+Lvi+- -+ v,
for some [, l} € B((k+1)C3L;), then we have

(L =i+ + U= 1,)v, =0.
Suppose I; # [; for some ¢ € [n]. Let ¢ be the largest such index, so we have
=Ly = =i+ + (Lo = 1_)vi,.

However, ||(l; - l,)v?” > vy =3(k +1)C3L;-1v]_,, whereas

[T = IV + o (et = 1)y |

< @ =iwill+ -+l = v

< (Il + [l v + -+ el + 17 Dy
<2(k+1)GLvi+---+2(k+1)C3L,—1v_,
< 3(k+1)C3L_v*

t-1°




90
a contradiction. This proves that P* is (k + 1)Cs-proper.

Consider ¥ : (k + 1)C3 x P — (k + 1)C3 x P*, the natural bijection given by

*

lvi+- o+l e L]+ Lv+- -+ 1y,
Let A* = W(A’), so that |[A*| = |A’|. We claim that for /[ = 0,...,k, we have
Y(Cra; - A') = CoA; - A*. Indeed, first observe that the LHS is well-defined, since
Aj-PC Ciz - (C3 % P), so we have CA; - P C C3 x P, which is in the domain of V.
Foranya =ljvi+---+1,v, € A’, set l’/.l = C4; - I;, which belongs to B(C3L;) by
Lemmal6.1.4l Then
W(CoA;-a) =P (vi+---+1Lvy) =L pvi+---+1,v,
=l - (llv’f +---+ lnv’,“l) = szll‘I’(a).

This proves the stated claim that ¥ (CyA; - A”) = Cad; - A™.
Since P is (k +1)C3-proper, C3 x P is (k + 1)-proper. Hence, ¥ is a (k + 1)-Freiman
isomorphism on C3 % P and, therefore, since C3 > (3,

"P(CZ : (A,+/11 ~A/+---+/1k -A,))

= lP(Cz/lo -A"+ Cody - A+ + Cody - A/)

= lP(Cz/l() . A’) + ‘"P(Cz/ll . A’) +---+ \P(Cz/lk . A’)

:Cz/lo-A*+C2/11 'A*+---+C2/lk-A*

=Cr- (A" +A; - A"+ -+ A - AY).
It follows that

A"+ A1 - A"+ + A" | = A+ A A+ A - A

Note that P* C B(L) for some L ~ H;?ZI L;. Recall that C; is an integer satisyfing
CyA; € Ok for all . In particular, C; € D, and since P* C Ok, C, - P* ¢ D. Since
C, - P* C B(C,L), @'(C, - P*) is contained in a box [-N, N]¢ with N ~ L. But
N? ~ |P| ~ |A| and so @'(C, - A*) is a dense subset of the box [-N, N]¢. By
Lemma (after translating into the box [0, 2N + 1)%), we have
|LoA+ -+ LAl = A+ - A+ -+ A - A

=|A "+ - AT+ -+ A - AT

=|Lo(D(C2- A)) + -+ + Li(D'(C2 - A))|

> H|A™| - o(]A7])

= HIA| - o(|A]),

as required. O
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6.4 Lattice densities

As already mentioned in the introduction, the key to proving Lemma is to
represent each discrete set A by a continuous set A, which we call a lattice density,
to which we can apply the continuous estimate given by Theorem [6.2.1] In this
section, we introduce these lattice densities and prove some general facts about
them. Very roughly, the lattice density of a set A € Z¢ will encode the density of A

with respect to certain lattices.

Lattice densities for periodic sets

Let L be a lattice of rank d, that is, L = Z4. We say that A C L is d-periodic if
its group of translational symmetries has rank d. Let ¥ = {L; C L, C--- C Ly}
be a flag of sublattices of L, each of which has rank d. In this section, we will
define the lattice density of any d-periodic set A C L with respect to the flag 7,
denoted by LD(A; ), which will be a subset of [0, 1]¥ that is a finite union of

closed axis-aligned boxes.

For any affine lattice M C L of rank d, we write py(A) for the density of A N M
in M. Since A is d-periodic, this density is always well-defined. In particular, 0 <
pm(A) < 1. This already allows us to define the lattice density for k = 1. Indeed,
it ={L}and AN L; # 0, we set LD(A; ¥) to be the interval [0, pz,(A)] C R,
whileif AN L; =0, we set LD(A; F) = 0.

Fork > 1,letay,...,a, € L be any set of coset representatives of Ly /Lj_1, where
m=[Li:Li1]. Let D; =LD(A+a;; F \ L) € [0, 11%! for each j € [m] and

" j=1
D:U(DJX[T,E

j=1

)g [0, 1]*.

Finally, set LD(A; ) = Cx(D), where Cy, is the compression in the k-th direction,

defined as follows.

In our case, we will only be compressing sets which are finite unions of axis-aligned
closed boxes. Let X c R be suchasetand 1 <i < d. Let 7; : R — R be the
projection along the i-th axis. For x € R%™!, let X, = n7!(x), viewed as a subset
of R, and write |X,| for the measure of X,. Now define C/(X) to be the set Y such
that 7;(X) = m;(Y) and, for each x € m;(X), Y, is the interval [0, |X,|]. However,
because of boundary issues, this is not quite the compression we want. For example,
if X = [0,1]* U [1,2]* c R then C5(X) = [0,2] x [0,1] U {1} x [1,2]. The

artifact {1} x [1,2] is undesirable and only arises because the boundaries of the
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0 (mod 3) Ds

2 (mod 3)

1 (mod 3) | D;

x x
1 1

Figure 6.1: On the left, the D; are stacked, while on the right they are compressed
to give the final lattice density.

two squares [0, 1]% and [1, 2]? overlap in the projection. To remove this artifact, we
formally define C;(X) to be the closure of the interior of C/(X). Since we will only
be compressing sets which are finite unions of axis-aligned closed boxes, we still
enjoy the main properties of compressions, such as preservation of the measure of
X and that C;(X) is also a finite union of axis-aligned closed boxes. We will say
that X is C;-compressed if C;(X) = X and compressed if it is C;-compressed for all
i.

Observe that, because of the compression, LD(A; ¥) is independent of the ordering

Aly ..., Ay,

Example 6.4.1. Suppose d = 1, k =2, L =Z, F = {3ZCZ} and A = 12Z U
(12Z + 1) U (6Z + 3). Pick a; = —i fori = 1,2, 3 to be the coset representatives of
Z/3Z. Let A; = (A—i)n3Zfori=1,2,3. Thus, A, Ay, Az are the parts of A in

the residue classes mod 3, translated so they all lie in 3Z. We can easily check that

® A1 = 12Z,
e Ay =0,
* A3 =127Z+{0,6,9}.
From the definition, D; = LD(A;; {3Z}) = [0, p3z(A;)], so we have D; = [0, 1/4],

D, =0 and D3 = [0, 3/4]. Stacking these intervals vertically and compressing, we
get LD(A; F) ¢ [0, 1]? as shown in Figure

Throughout the rest of this section, ¥ = {L; C --- C Ly} will be a flag of full-rank

sublattices of a lattice L = Z¢ and A C L a d-periodic subset of L, our aim being
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to understand the properties of the lattice density LD(A; ). We begin with some

basic observations.

Lemma 6.4.2. The following are true:

1. Foranya € Ly, LD(A;F) =LD(A +a;F).

2. LD(A; F) is compressed.

3. If B C A is d-periodic, then LD(B; F) C LD(A; F).
4. pr,(A) = Vol(LD(A; F)).

5. LD(A; F) is a finite union of boxes of the form

ny mp
[0,7] X |0, ——— | X --- X O,—],
[Lo: L] [Li: Li-1]
where r € (0, 1] and ma, . .., my are positive integers.

Proof. We proceed by induction on k. In the base case k = 1, we have LD(A; ¥) =
[0, oL, (A)] and it is easy to check that all of the required properties hold.

Assume therefore that k > 1. Let Dy,..., D, D be as defined above. We verify

each property in turn:

1. Addition by a permutes the cosets Ly /Lk-1,so0leta’, ..., a, be apermutation
ofai,...,apysuchthata;+a = a;.+bj forsomeb; € Ly_y. LetD;. =LD(A+
a+aj; ¥ \ Li). By the induction hypothesis, D;. = LD(A+a;. +bj; F\Ly) =
LD(A + a}; ¥\ Li),so D’, ..., D) is apermutation of Dy,...,D,. After
compression, it follows that LD(A; F) = LD(A + a; F).

2. Each of the D; are C;-compressed for [ = 1,...,k — 1. Thus, D is C;-
compressed for [ = 1,...,k — 1 and, therefore, LD(A; %) = Cy(D) is C;-
compressed for/ =1, ..., k.

3. Let D;. =LD(B+aj; ¥ \ Li). By the induction hypothesis, D;. C Dj, sothe
corresponding D’ satisfies D’ C D. Therefore, LD(B; ¥) C LD(A; ).
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4. By definition, D; = LD(A +a,; ¥ \ Li) and, by the induction hypothesis, we
have pr, (A +a;) = Vol(D;). Therefore,

Vol(LD(A; F)) = Vol(D) = % Z Vol(D;) = % Z oL (A+aj)
j=1 j=1
= w Zka((A +a;) N Lg-1)
j=1

= 3 pL (AN (Lici = a)) = pr, (A).
j=1

5. We show by induction that LD(A; ) is an interior-disjoint union of boxes of

the form

v+ [0,r] X

1 1
0 [inLl]]me[O’ [LkILk-l]]’

where v is of the form

T
"[Ly:Ly]7 7 [Li : L]
withmy, ..., mj; non-negative integers. The base caseis trivial since LD(A; )

is an interval.

By the induction hypothesis, each D is an interior-disjoint union of boxes of

the form

v+ [0,r] x X e X

1
0, ———— 1.
[Li-1: Lk—Z]]

Thus, D is also the interior-disjoint union of boxes of the same kind and

0, ———
[Ly: Ly]

compressing preserves this property.

Finally, since LD(A; ¥) is compressed, it is the finite union of boxes of the

required form. O
The next lemma fully determines LD(A; #) by giving a precise condition for when
the lattice density contains any given point.
Lemma 6.4.3. Suppose k > 2, r € (0,1] is real and m,, ..., my are positive

integers. Then the following are equivalent:

1. LD(A; F) contains the point

my ms3 mi
r, s 9 e s ey .
[Ly: L] [Ls: Lo] [Li : Li-1]
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2. Foreachl =2,...,kand (i;,ij41,...,i;) € [my] X [mpe1] X+ - X [my], there
exist b, i, € Ly such that:

a) Forl <k, b ;... .i. €bi

D) bij,.iv = Vjipr,..ix & Li—1 for each i # j withi,j € [my].

c) pr,(A+b;, i) =rforeachiy,...,i.

Proof. We proceed by induction on k. Letay, ..., a, be any coset representatives
of Liy/Li_y withm =[Ly : Ly—1] and D; =LD(A +a;; ¥ \ Ly).

1 = 2: From the construction of LD(A; ), m; of the D; contain the point

- my ms3 mp—1
"[Ly:Ly])  [L3:Ly]” " 7 [Lg-1 : Li—2] )~

Without loss of generality, assume that they are Dy, ..., D,, . Set b; = a; € Ly for
i=1,...,mg. Thenb; —b; & Ly_ fori # j.

If k = 2, then each D; with i € [my] contains r, meaning that p; (A +a;) > r.

Thus, pr, (A + b;) > r for each i € [my], completing the proof of the base case.

Now suppose that k£ > 2. By the induction hypothesis applied to each D;,, there
e € Ly foreach (ij,i41,...,0x) € [my] X [mye1] X - -+ X [my] such that

(a) Forl<k—1,b;l . ebl o+ L.

(b) Forl < k, b’

LiL4Dseeslk Joll+1sees
,,,,,

Set b, i, = b’.l .t b;,. Then property (a) holds for / < k — 1; property (b) holds
for | < k and property (c) holds. It remains to check that b;, ,; € b;, + Ly—1 and
b —bj; ¢ Ly for each i # j. The former holds since b;,_,; = b

[k-1,lk + bik €

bi, + Li—1 and the latter was observed earlier.

2 « 1: Since ay, ..., a, are any coset representatives, we may pick a; = b; for

i=1,...,my.

For k =2, since pr,(A + b;) > r, D; contains r fori = 1,...,my. Thus, LD(A; F)

) ) o
contains the point (7, m).

Now assume k > 2. Let b;z,.. . = b;

ik ir.ni. — bi,. Then we have the following

properties, inherited from the b:
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(a) Forl<k—1,b;l . €ebl .+ L.

..... iv = Piptyin
(b) Forl < k, b;’im """" T b;.,im ..... i & Li- for each i # j with i, j € [my].
(c) pr,(A+b;, + bl’.2 ..... ik) > rforeachis,...,i

By the induction hypothesis, fori = 1, ..., my, D; contains the point

(r 2 "3 L)
T[La:Lh] [La: La) 7 [Lik-1 t Le2] )

Therefore, by the definition of LD(A; ¥), it contains the point

( my ms mi )
r, s yeiey T/ |,
[L2: Li] [L3: L] [Li @ Li-1]

as required. O

As an application of this lemma, we now show how to compute the projections of

lattice densities.

Lemma 6.4.4. The following are true:

1. 1 (LD(A;F)) is the interval [0, r], where
r= gé%): {le(A + a)} .

In particular, 71 (LD(A; ¥)) depends only on A, L| and Ly.

2. For2 <1 <k, m;(LD(A;F)) is the interval

m
[0’ [L;: Ll—l]} ’

where m € Z is the maximum number of elements ay,...,a, € AN Ly such
that aj —a; € L;\ Li—y for any i # j. In particular, m;(LD(A; F)) depends
onlyon A, L;_1, L; and Ly.

Proof. We first observe that the maxima are well-defined. Indeed, p;, is invariant
under translations by elements of L, so, for (1), we may take the maximum over
the finitely many coset representatives of Ly /L. For (2), we see that each a; must

belong to a different coset of L;/L;—1,som < [L; : L;—].
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1. If 11 (LD(A;F)) = [0, r], then LD(A; F) contains the point

1 1 1
r, . ye ey T T
[Lo: Li] [L3: Ls] [Li : Li-1]

and r is the maximum such real number. By Lemma|[6.4.3] this is equivalent

to the existence of some b € Ly such that p;, (A + b) > r. Thus,
= A+Db)y.
r=max{pL,(A+b)}

2. Suppose LD(A; ) contains the point

1 m 1
[Ly: L] [Li+1 2 L] [Li : Li-1]

for some r > 0 and m is the maximum such integer. By Lemma [6.4.3] this
is equivalent to the existence of b € Ly and by,...,b,, € b + L; such that
bi—bj ¢ Ly foreachi # jand pr,(A+ b;) > r for each i. Since we may
take r to be the minimum of p;, (A + b;) over all i, we are just requiring that
pL, (A+b;) >0, thatis, (A+b;) N Ly # 0 for each i.

Suppose such b, b; exist. Let a; € A be such that a; + b; € L, which exists
since (A + b;) N Ly # 0. Note that a; € Ly since a; € —b; + L} C L.

Moreover, forany i # j,a; —a; € b; —b;+ L1 € L; \ L;_1, as required.

On the other hand, suppose we have ay,...,a, € ANL;suchthata; —a; €
Ly \ Li—; foralli # j. Set b = —a; and b; = —a; for each i. Then
bi=b+ay—a;eb+Ljandb;-bj=a;—a; ¢ L,y fori # j. Finally, note
that (A + b;) N Ly # 0 for each i, since it contains 0. O

The next result, which again makes use of Lemma|[6.4.3] describes lattice densities

of sumsets.

Theorem 6.4.5. Suppose B C L is d-periodic. If p = (p1,...,pr) € LD(A;F)
and g = (q1,...,qx) € LD(B; ), then

max(p,q) € LD(A+ B;¥F),
where max(p, q) = (max(p1,q1),...,max(px, qx))-

Proof. Since LD(A; ) and LD(B; ¥) are both unions of boxes of the form

my
0, ——
[Ly : Lk—l]]

ma

10,71 [L>: L]

0, XX
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for r € (0, 1] and m, . . ., my, positive integers, we may assume that p, g are of the

form

( my nsjs mi )
p = r’ b 9t bl
[Ly: Li] [L3: Ls] [Li : Lg-1]
P L

"[Ly:Ly] [L3: La]" "7 [Lg : L]

Without loss of generality, we assume that » > r’. By Lemma [6.4.3] we obtain
b .. € Liwiththe properties givenin thelemma. Let/ = {i €[2,k] :m; > m’.}

. . /
yeuny Li o il,...,l i

and J = [2,k] \ I. Setc;,. ;, = bl’f»-wf}( + b, > Where
1 k

y ij lfJEI i ij lfJEJ
.= and | i=
1  otherwise 1  otherwise
for (i, ...,ix) € [max(m;,m})] X --- X [max(my, m;)]. We wish to show that the
ci,....i, satisfy properties (a)—(c) in Lemma for LD(A + B; ¥). Note that we
have ¢;,,.. ;. € L since b,-; i b: . € Li. We now prove each of (a)—(c) in turn:
k

..........
.....

++Ljand b’,.,, ., €b, . +L.
lk i

10 LIS ERRL Lgroeole

v ¢

,i;H,...,zk

(b) Supposel € I. Then, fori # j, Ciitetsenit ~Cliitetsmnix = b; i 7 —bj

Ly, el
L;_q. The case | € J is similar.

(c) We have pp (B + b}, .,) =71 > 0. In particular, B + b, _, contains
9 seeealy 2ol

some element x € Ly. Thus, A+ B+c;,, ;i 2 A+ b,-é ii +X, S0 we have

..........

.................

The final result of this subsection relates projections of lattice densities with respect

to different flags.

Lemma 6.4.6. Suppose ' = {L’1 c---CL ¢S Lk} is a flag of full-rank sublat-

tices of L. Then the following are true:

L. If L C Ly, then
|m1 (LD(A; )| < |1 (LD(A; F))I.
2. For2 <1<k, ifLyj=Liand L, | C Ly, then

|7 (LD(A; )| 2 |7 (LD(A; 7).
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Proof. 1. Let

rzgré%):{le(A+a)} and r :ﬁ%):{pLi(A+a)}'

By Lemma [6.4.4] it suffices to show that r < r’. Suppose r is attained by
a € Lyg. Lets =[Ly: L}]and cy,...,cs be coset representatives of Ly/L].
We can split (A +a) N Ly into the disjoint union [ J;_, (A+a+c;) N L/, so that

1 N
pr(A+a)= EZPL/I(A+CZ+Ci)~
i=1

Therefore, there is some i such that pL (A+a+c))=r,sor >r.

2. Suppose |7;(LD(A; F'))| = [LGﬁ ByLemmathere areby,...,b, €
A N L such that b; — by € L)\ L)_,. Lets = [L;—; : L;_,]. Define
an equivalence relation by setting b; ~ b; if b; — b; € L;_;. Then each
equivalence class has at most s elements, since no two elements belong to
the same coset of L;_;/ L;_l. Let ay,...,a, be any representatives of the
equivalence classes of by, ..., b,, so that ms > n. Since the q; are in different

equivalence classes, we have a; —a; ¢ L;—1 fori # j. By Lemmal6.4.4|again,

we have
m ms n
|7, (LD(A; F))| > = — > — = |m(LD(A; 7)),
( M e e, ™ )
as required. O

Local lattice densities

We will also make use of a local variant of lattice density. Intuitively, the local
lattice density of A at some point x is the lattice density of a tiny region of A around
x. However, A is a discrete set, so we cannot simply take an infinitesimally small
ball around x. Instead, we define the local lattice density around some small region
S ¢ R to be the lattice density of repeating copies A N S, in order to be d-periodic.
To fit the repeating copies nicely, we require S to be tileable. In practice, we will

only consider S to be affine transformations of cubes.

We continue to use notation from the previous subsection. In particular, ¥ =
{L; C--- C L} is a flag of full-rank sublattices of a lattice L = Z and A C L is

always assumed to be d-periodic.

LetLg = LR =R We say that S C L is tileable if there is a sublattice P C L
of full rank such that S @ P = Lg. In this case, we say that § is tiled by P. For
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example, if L = 74, the box [0, M)d c R4 is tileable, as long as MZ¢ C L. In

all of our applications, S will be a half-open box of the form [0, M)? or an affine

transformation of it.

Let P C Ly and S C Lg be such that S is tiled by P. For any A C L, define the local
lattice density
LDs(A; F) =LD((ANS)+P;F),

noting that (A N S) + P is d-periodic. Using Lemma [6.4.3] it is not hard to check
that LDg(A; ) is independent of the choice of P as longas P C L.

Before moving on, we note some basic properties of these local lattice densities.

Lemma 6.4.7. Let S,T C Ly be tileable and A C SNT N L. Then
LDs(A; F) = ¥(LDr(A; F)),

where ¥ : RY — R is given by

( ) o Vol(T)

XlseoesX —_— X1, X X

17 2 k VOI(S) ]’ 2’ 2 k

Proof. Suppose T is tiled by P C L. Letx = (r, [LTzle]""’ [Lk?zkk—l]) €

.....

,,,,,

,,,,,,,,,,

.....

Then

_ det(Q)
~ det(P)

Vol(T)

le(A+Q +bi2 ..... ik) VOI(S)r

PL, (A + P+ biz,.,.,ik) >

Therefore, by Lemma [6.4.3] W(x) € LDg(A;F), so we have LDg(A;F) 2
Y(LD7(A; ¥)). The converse follows similarly. O

Lemma 6.4.8. Let S,T C Ly be tileable with T C S. Then, for2 <1 < k,

|71 (LD7(A; )| < | (LDs(A; 5))I.
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Proof. By Lemma

|7 (LD7(A; F))| = |7 (LD (ANT; F))|
= [ (LDs(ANT;F))|
< |m(LDs(A; F))I,

as required. O

6.5 Families of flags
In this section, we construct suitable flags such that “multiplication by 4; is analogous
to taking the projection r;; of the lattice density.” More precisely, we want to find a

flag ¥ in D,, . a,.x and a flag G in Ok such that, for any d-periodic A C D,, . i.:k»
741 (LD(A; F)) € i (LD(A; - A G)) (6.1)

for/ =0,1,...,k. We can find such flags for each /, but, unfortunately, it may not
be possible to find ¥, G that work simultaneously for all /. To overcome this, we
construct families of flags %z, Gz and show that for 77 “sufficiently large” these pairs

of flags satisfy (6.1) approximately for all /.

Algebraic families of flags

Recall that Ay, ..., 4y € K =Q(Ay,...,4;) and d = deg(K/Q). Let a; be the ideal
Ok N /IIIOK N---N /ll_lOK forl =0,1,...,k. Inparticular, a; = D,,
al_l is the fractional ideal Og + 110k + ...+ ;0. We also have Og = ap | a; |
-+ | ar. Let b; € Ok be the ideal such that a; = b;a;_; foreach/ =1,..., k. For
eachn = (ny,...,ny) € Z];O and [ =0,1,...,k, let ¢z, = b’;fl‘ . ~b’;". Define two
flags of lattices by

K ._
7";1» = {akc;,»,o CagCzq1 & S agCip—1 & ak} ,

K .
Qﬁ = {C,‘i’o - Cil c---C Cii k-1 c O[(} .

These families of flags will serve as candidates for satisfying (6.1)). The following
two lemmas make this precise. Note that for any two vectors 7, m € 7k, we write

n > mifn; > m; for alli. We also write 71+ c to denote the vector (nj+c, ..., ng+c).

Lemma 6.5.1. Let A C ay be d-periodic. Then, for any i > 0,

m1(LD(A; 7)) = mi (LD(A: GX ).
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Proof. Let

r= gé%f {pak(ﬁ’o(A + a)} and 1’ = Lgrelg); {pakcﬁ’o(A + a)} .

Note that by -+ by = ay, so that ¢z, 9 = ax¢zo. By Lemma [6.4.4(1), it suffices

to show that r = r’. Since a; C Ok, we clearly have r’ > r. To see that r > r’,

observe that, since A C ag, (A +a)Nag =0 for any a € Ok \ a. In particular,
Pageqo(A+a) =0, O

Recall that M; : K — K is the Q-linear map corresponding to multiplication by 4;.
Then each M; restricts to the map a;y — Ok.

Lemma 6.5.2. Let A C ay be d-periodic and | € [k]. Then, for ii,m > 0 with
mi=n;j+1fori=1+1,1+2,...,kand m; = n,

7101 (LD(A; F))| < | (LD(MA; GE))I.

Proof. Letr be the maximum number of elements ay, ...,a, € Asuchthata;—a; €
agC;is\agcs g fori # j. ThenbyLemma2), |41 (LD(A; TﬁK))l =r/laxcsy :
ax ¢ —1]. Since my = n;, we have [axcs; : axci—1] = [y ¢igoi] = Nijo(b)') =
[akCist arCa -] ByLemma2) applied to |ﬂl+1(LD(M1A;Qn§))|,itsufﬁces
to find by,...,b, € M{A=A;- Asuchthatb, —b; € ¢\ ¢ 1.

Set b; = A;a;, then it is clear that b; € A; - A. It suffices to show:

(@) bi—bj € 5y,

(b) b; - bj ¢ Cii-1 fori # J.
For (a), observe that 4;a,¢;; C al_lakcﬁ,l =Dbyy1 - biciy = ¢y Thus, b; —b; =
Ai(a; — aj) € Qjaxc;; S Gy

For (b), suppose that b; — b € ¢;; ;| forsomei # j. Thena; —a; € /ll‘lc,,;,l_l. On
the other hand, a; — a; € ayc; ;. Together, we have a; —a; € /ll_lc,;hl_l N agcs.

We claim that /ll_l Ci—1Nagcs; € agces 1, which will lead to a contradiction, since
a; —aj & aic;—1. We prove the claim by proving it locally at every prime ideal
p C Ok, that is, that Vp(/ll_lcrﬁ,l—l N akcm) > vp(akc;,»’l_l).
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Recall that a; = a;-1 N /ll_lOK, so vp(a;) = max(vp(a;-1), vy (/11_1)), which implies
that v, (b;) = max(0, vp(/ll_l) —vp(a;-1)). We have

- _ 1. -1 -1
V(A CGrgor N agcy) = vp(A; aga; ¢z N agh; ¢i_p)

= vp(axGig-1) +max(vy(4;') = vp(ar), =vy(b1)).

If vp(a;-y) > vp(/ll_l)), then v, (b;) = 0. Otherwise, vy(a;) = vp(/ll_l). In either

case, max(vp(/ll_l) —vp(a;),=vy(b;)) > 0, proving the claim and the lemma. O

Unfortunately, there are no pairs of flags 7—;{{ and Q}g that simultaneously satisfy
Lemmas (6.5.1| and (6.5.2] for all . Indeed, for 71(LD(A; 7)) = 711(LD(A; GX))
and |m;1 (LD(A; TﬁK))I < |71 (LD(MA; gg))| to hold for all [ by the lemmas,

we require that m; = n; and m; = n; + 1 simultaneously. To overcome this, in the

next subsection, we show that for 7 sufficiently large the projections of the lattice
densities stabilise, so we may use 7-:_1,’( and Q}f . This seems to suggest that, as 7i tends
to infinity, the lattice densities LD(A; ¥;) themselves converge as compact subsets.
However, we make no attempt to formally prove this, since all we require is that

their projections converge.

Regularity
For this subsection, we consider a more general setup, where we have, for each

it =(ny,...,nx) € N¥, two flags

Fr={Las CLzsC-+ CLz CZ%,
Gi={M;; S Ms> - € My 2%,

where Lj; depends only on n,ny1,...,ng and L, € Ly if i > 7’ and similarly
for Mj; ;. We also fix aset A C Vi

For a positive integer R, an R-cube is a set that comes from taking the set [0, R)¢ C
R¢ and shifting it by an element of RZ¢. Let P be an R-cube for some R. For
natural numbers M, n;, 41, .. .,n; with M > 0 and a real number 6 > 0, we say
that Pis (M, 6, ny, ..., ng)-regular if each of the M? different R/ M-subcubes Q of
P satisfies

17141 (LD (A; F5)| 2 (1 = 6) 7141 (LDp(A; F3)),

wheren=(0,...,0,n;,...,n ) and ' = (0,...,0,m; +1,...,ng).

Remark. Here we are implicitly assuming that R/ M is an integer. Throughout the

remainder of the paper, whenever we mention a local density LDp(A; F), we will
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assume that P is tileable. In particular, this means that R and R/M will always
be multiples of every bounded number, so that the lattices RZ? and (R]/M)Z¢ are
contained in Lj 1. In practice, we will only be considering F; where 1 is bounded
and (N /M)-cubes where M is bounded and N can be taken to be a multiple of a

sufficiently large integer.

By Lemmas [6.4.6|and [6.4.8] we always have

|7141(LDg (A; F))| < |mi21(LDg (A; )| < |71 (LDp(A; 7)1,

so regularity says that both inequalities are close to equalities. In other words, our
notion of regularity really encompasses two different types of regularity. The first is
that the size of the projection 7,1 does not change much when we replace 7 with 72’
The second is that the local lattice density does not change much when we shrink the
local region from P to Q. Note that in the definition of regularity, we may replace
n,n’ withn = (x,...,%,n,...,n;)and n’ = (*,...,%x,n+1,...,n;), where the
* could be any (possibly distinct) natural number, since that does not change the

relevant projection of the lattice density.

Before proving our main result on regularity, we note some simple consequences of
the definition.

Lemma 6.5.3. Let My, M, be positive integers and P be an (M1 M>, 6,ny, ..., n;)-
regular R-cube. Then the following hold:

1. Pis (My,6,ny,...,ng)-regular.

2. For any R/Mi-subcube Q of P, Q is (M, 6,ny,...,n;)-regular.

Proof. Let Q be any R/Mj-subcube of P and S be any R/(M;M,)-subcube of Q.

By regularity, we have
| 7141 (LDs(A; F52))| = (1 = 6) |71 (LDp(A; 7)) .

By Lemma|6.4.8] we have |7;.1 (LDp(A; F3))| = |m141(LDg (A; F7))| and |7141 (LDg (A; F57:))| >
|714+1(LDs(A; F7))|. Therefore,

|41 (LD (A; Fi )| = (1 = 0) |41 (LDp(A; F))Is
|7141(LDs(A; %)) = (1 = 6)|mi41 (LDg (A5 F3))I,

which prove the first and second parts of the lemma, respectively. O
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We now come to our main result on regularity, which says that, for any dense
A C [0, N)4, one can cut the box [0, N)¢ into a bounded number of subcubes, most
of which are regular and such that the union of the regular subcubes covers most
of A. We first prove such a result with respect to a single projection 7,41, before

iterating it to establish regularity with respect to all projections.

Lemma 6.54. Fix £,6 > 0 and | € [k], a positive integer M and non-negative
integers ni41, . . . ,ng. Then there exists Ry = Ry(M, &,8) such that if A C [0, N)?
is of size at least eN 4 and N’ | N, then there exists a natural number r < Ry and a
collection P of disjoint N' | M"-cubes such that, for A" = AN Upep P,

1. 1A'l = (1 =9)|A],

2. Pis(M,o6,r,ni4q, ... ,ng)-regular for all P € P.

Proof. Let P) be the collection of N’/M”-cubes in [0, N)¢, A") = An Upepo P
and ’Pér) be the collection of all (M, é,r,n41, . .., n;)-regular cubes in P We
will set A” = A" and P = Pér), so we wish to show that there is some bounded r
such that [A®)| > (1 - 6)|A|.

Let PI(r) be the collection of all cubes in ") which are not (M,é,r,ni4q, ... 05)-
regular. Writing ) = 0,...,0,r,n141,...,n;), consider the quantity

N’/N)¢

> I (LDp(45 )| < L0 <1

Pep ()

_(VNy

D,: Mrd

For any P € P (") and subcube 0 € P (+1) \e have the inequalities
|71 (LDp(A; Fn )| 2 |41 (LDp(A; Foen))| 2 7141 (LD (A5 Froreny)) |-

Therefore, D, is decreasing in r. Set Ry := %. Since D, is decreasing and in
. 2
[0, 1], there is some r < Ry such that D, > D, > D, — idid' For each P € Pl(r),

since P is not regular, there is some subcube Q € P (+1) of P such that

|7141 (LD (A; Feen))| < (1 = 6)|m11(LDp(A; Fn))|-
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Therefore,
(N'/N)? 1
Dy =D = — 50— Z 1711 (LDp(A: Fe DI = 272 Z |71 (LDg (A; F+1)) |
PeP(r) Qep(r+)
QcpP
(N'/N) 8
2 d Z 77a 1 (LDp(A: Fjin))|
PeP](’)
(N'/N)?s
= 0 Z 7141 (LDp(A; F500))-
PePl(r)
On the other hand,
N/d
[ANAD = 3 1AnPl= o T Vol(LDp(A: F0n))
PePl(r) PePl(r)
N/d
< — Z 7141 (LDp(A; F500))-
Pe?’l(r>
Therefore, we have
Nim?
A\ AY| < ——(D, = D) < 86N < 5]A],
as required. O

Lemma 6.5.5. Fix ,6 > 0 and a positive integer M and suppose that A C [0, N)¢
is of size at least eN?. Then there exist ny,...,ng, r < Ry = Ri{(M,&,6) and a
collection P of disjoint N | M"-cubes such that, for A’ = AN Jpep P,

1. |A’| = (1 =9)|A]|,

2. Pis(M,o6,ny,...,ng)-regular for all P € P and | € [k].

Proof. Following the notation of Lemma [6.5.4] set S| = Ro(M, &/2,6/k) and, for
[=2,...,k,
S; = Ro(MS 51214 212 6/k).

We then set Ry := S; +- -+ Si. We shall apply Lemma[6.5.4] k times in succession

to obtain ny, ni_1,...,n1 < Rj.

First, we obtain n;, < Sy and a collection %) of disjoint N/M"*-cubes, so that, for
A® = AN Upepw P, we have
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L JAW] > (1-2)]A]

2. Pis (M5 +Se1%1 5y )-regular for all P € P,

Suppose we have constructed ng,ng_1,...,n;41 for some [ > 1. Then, using
Lemma [6.5.4, we obtain n; < S; and a collection P of disjoint N /M"++m_
cubes, so that, for AV = AU+D n Upepw P, we have

L JAD] > (1-2) A,

2. Pis (MS"*+S=1%1 5 ;... ny)-regular for all P € PO,

We may assume that the collection P is a subset of a refinement of P+1,

Finally, set $ = P a collection of N/M’"-cubes, where r = ny +---+n; < Ry.
Then, for A” = A N Upep P, we have

, k
L JA| > (1=-2)" Al > (1-0)|Al

2. for each [ € [k] and each P € P, P is a subcube of some P} ¢ PO,

which is, by construction, (MS1**+S-1*1 5 ;.. ny)-regular. But then, by
Lemmal6.5.3] Pis (M, 8, n,...,n;)-regular. O

6.6 Proof of the dense case
In this section, we make use of everything we have developed previously to prove

the dense case, Lemma [6.3.2] which we state again for the readers’ convenience.

Lemma 6.6.1. For any € > 0, there exists Ny such that if N > Ny and A C [0, N)4
with |A| > eN?, then

|.£()A+"'+~£kA| > H(/l],,/lk)lAl _08(|A|)-

Recall that from Section we have isomorphisms @’ : D — Z4and @ : Ox —
Z4. Multiplication by A; translates to the map £; : Z¢ — Z? given by £; =
Do Mo (I)'_l, then | det Ly| = NK/Q(D).

Let 7-7_1,’( , Q}f be the families of flags of sublattices of © and Og as defined in
Section Under isomorphisms @, @', these families translate to families 73, G;
in Z4, given by 75 := CI>’(7—7_1.K) and G; = CD(gg). By Lemmas |6.5.1|and |6.5.2|, we

have the following two properties:
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1. For d-periodic A C Z¢4,

n1(LD(A; 7)) = m1(LD(LoA; Giiv1))- (6.2)
2. For d-periodic A € Z¢, and I € [k],

|74 (LD(A; 753))| < |74 (LD(LA; Gi))| (6.3)

ifm;=n;+1fori=101+1,...,kand m; =n,.

Lete > 0and A C [0,N)? with |A| > eN?. Let § > 0 be arbitrary, D be a
large integer and M be a sufficiently large multiple of D. All these constants may
depend on &, but not on N, which is assumed to be very large. By Lemma[6.5.5] we
obtain bounded ny, ..., ng,r and a collection P of disjoint N/M"-cubes such that

for A” = AN Upep P, we have

1. |A'] = (1-0)|A];

2. Pis (M?,8,ny,...,n)-regular forall P € P and [ € [k].

Let Q be the collection of N/M"*!-cubes Q such that Q c P for some P € P
and Q is at least distance DN /M"*! away from the boundary of P. In particular,
|Q| = (M - 2D)?|P|. By Lemma each Q is (M, 8, ny, . .., ny)-regular for all
[ €[k]. Set A” = AN Ugeq Q- Then A"\ A” consists of points covered by # but
not @, therefore,

M —2D\?¢ M —2D\?¢
< - <& -
A7\ A”] < |1 N4 M1 |A|
M M
2Dd
< M—8|A| < §|A]|

for M > 2Dd/de. It follows that |[A”| > (1 — 28)|A|. Let Qp be the collection

of all N/M"*!-cubes, including those outside [0, N)¢. For Q € Qo, denote by Q*
DN _ DN 1d

M2 T 2

the slightly expanded cube Q + [
(M > 4Dd/6 suffice),

. Then, for M sufficiently large

N 2D\!
Vol(Q7) = (1 + ﬁ) Vol(Q) < (1+6) Vol(Q).
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Define the bodies X,Y c R4 +! = R? x Rk by

X := [ (@ xLDg(4: %)),
0eQ

Y = U (LoQ X (1 +26) LD £y(0+) (LoA + - - + Lk A: Giir1))).-
Qe

We remark that in order for LDz (o+) to make sense, we require that Lo(Q") be
tileable, with respect to the sparsest lattice in G;;,. But this is possible for N a

multiple of a large enough number, since 7 is bounded.

Foreach!=0,...,k,let £} : R+ — R¥*+1 pe the linear map given by

Li(X,y0,¥1, - yx) = (L£X,0,...,0,¥,,0,...,0).

Claim 6.6.2. We have
L6X+---+£;<XQY.

We finish the proof of Lemma assuming the claim. Let £* : R4*k+1 5 Ra+h+1
be given by L*(x,y) = (Lglx, y), where x € R? and y € R¥*1,

Note that £ ! £, is conjugate to M;, the map given by multiplication by 1; on K. By
Lemma the maps 1, £ L. .. Ly L £, are simultaneously diagonalizable
over C, where the diagonal matrix corresponding to L ! £; has diagonal entries
(o1(A1),...,04(4;)). Therefore, L* L] are simultaneously diagonalizable with
corresponding diagonal matrix entries (o(4;),...,04(4;),0,...,0,1,0,...,0).
Thus, by Theorem [6.2.1] we have

d
(L LK 4 £7LX) 2 [ [+ o) + 1or(A) 4 -+ + () Da(X).
i=1
Therefore,
p(¥) = p(LX +- -+ LX)

1

B AR

d
> det(Lo) [ [(1+1oi ()] + o7 ()| + -+ + |os(A) Dpa(X)
i=1

= H(/ll, N ,ﬂk)y(X).
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By properties of lattice densities,
u(X) = ) Vol(Q) x Vol(LDg(A: 7))
0eQ

= > 1400l =14" = (1-20)|A].
0eQ

Recall from the definition of C;, since A lies in the cube (—N ,N)d, the sum
A+ LG L1A+ -+ L5 LiAlies in the cube (—(k + 1)C|N, (k + 1)CiN)? c RY.
There are at most (4(k + 1)C;)?M2+D different Q € Qq such that Q% intersects
(—(k + 1)C|N, (k + 1)C;N)?. For simplicity, assume that D > (4(k + 1)C})%, so
that there are at most DM9U+1 such Q’s. Thus, there are at most D M4 +1 different
0 € Qg such that Lyo(Q") N (LpA +---+ Ly A) # (0. For each such Q, we have

| Lo(Q") N (LoA+ -+ LiA)| = [LoQ N (LoA+ -+ LiA)]
< det(Ly)(Vol(Q") — Vol(Q))

DN*
M (r+D)d+1
< §(N/M™H4.
Therefore,

p(Y) = > Vol(LoQ) X (1 +26)* VOI(LD £,(0+) (LoA + -+ - + LxA; Giar))

0€Q
k+1 VOI(LOQ) + L
< (1+20) QEZQO Vol Zo(07) £0(@) 0 (LoA + -+ LiA)|
< (14261 37 1 Lo(Q) N (LoA +- -+ + Ly A)]
0eQo

< (1 +26)k! Z | L£00 N (LoA + -+ Ly A)| + DMITHD . s(NJ M4
Qe

< (1+2)YLoA +---+ L A| + DSNY.
Thus, we have

| LoA+ -+ Ly Al > (1+28) %Dy (¥) — 0p(65)N?
= (1-0(8)u(Y) - 0p(5)N*
> (1-0(8)H(Ay, ..., 4)u(X) = Op(6)N*
> (1-0(@8)H(A1,...,) (1 =268)|A| — Op(8)N?
=H(Ay,...,0)|A| = Op(8)N4.
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This proves the Lemma|[6.6.1]since 6 is arbitrary.

Proof of Claim[6.6.2] Let (x;,y;) € X forl =0,...,k, where Q; € Q is the cube
containing x;, and y; € LDy, (A; %;). Our aim is to show that (3, Lix;,y) € Y,
where y = (71(y0), - - ., Tea1 (V&)

Let Q* € Q be the cube containing x := x0+.£61.£1x1+- . '+£61-£kxk- Then Loxo+
e+ Lix = Lox € LoQ", so it suffices to show that y € (1+26) LD g (o) (LoA +
ot LiA; G-

Suppose Q* = Qg + ¢t for some translate ¢ € M’YHZd. Then t = £61£1x1 + -+

£61£kxk + 1o, for some 1ty € [0, %)d. Let R; be the unique N/M'*?-cube
containing x;, for [ = 1,..., k. Letx} = xi + L; ' Loto, then
d d
CIN C|N DN DN
* _ -1 1 1
X ==Ly Loto € [_W’ W] = [_W’ M

If Py € P is the cube containing QO and Q; € @ is the unique cube containing
x,’;, then Q}; C Py, since Q; € Q is at least a distance DN /M"™! away from the
boundary of Py. Let R, be the N /M ™+2_cube containing x, then R C Py.

Define the following sets:

* Ap=ANQo,
e Ay=ANR;forl=1,..., k-1,

. AkZAﬂRZ.

Wehavex; € A forl =0,..., k—1andx} € Ay, andr = L5 Lixy+- -+ L5 Lyx;.
Since A; is contained ina N/M"**>-cube forl = 1, .. ., k, £0_1£1A1 +-- -+£61£kAk
is contained in a cube of side length DN/M"*? if D is sufficiently large. Therefore,
Ao+ Ly LiAy+-- -+ L LA € 0.

Let Q" betiled by alattice L, forany Q € Q). By repeatedly applying Theorem|6.4.5]

we have the following inclusion of the rectangular box

k
l—[ 1 (LD(LA; + LoL; Givi)) € LD(LoAo+ -+ + Ly A + LoL; Giyy)
1=0

= LDLO(QH)(LOAO + o+ Ly Ak Giv1)-
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Denote by 71 the vector (ni+1,...,n+ 1,ni41,...,nr). We shall show that

|1 (LD(LjA; + LoL; Giy1))| = (1 — 8)me1(yy) for all [, by showing separately
for the three cases [ = 0,1 <l <k-1and !/ = k.

For [ = 0, we have

71 (LD(LoAo + LoL: Gi))| = 1 (LD(Ao + L: F5)| by &2)
= |m1(LDg; (Ao: 77))|

_ Vol(Q)
= Vol(0p)

> (1 =0)|m1(LDg,(A; F3))|
> (1 =0)m(yo).

|71 (LDg,(Ao; ¥7))] by Lemma

Forl=1,...,k—1,since Q; is (M, d,ny, ..., n;)-regular, we have
|7t141(LDg, (A; Fz0))| = (1 = 6)|m141(LDg, (A; %))
Therefore,

|71 (LD(LiA; + LoL; Giivr)) |

> |71 (LD(A; + L7 LoL; F)))| by 63)
= |41 (LDg, (As; F))| by Lemmal6.4.8]
= |m1+1(LDg, (A; F)))|

> (1 =0)|m41(LDg, (A; 7)) by regularity

2 (I =6)me1(yo)-

Similarly, for / = k, we have

|71 (LD(LxAr + LoL; Gi1))]

> |mie (LD(Ax + Ly LoLs F)| by (6:3)
2 |mrs1 (LDge (Ar: Fr)) |

= |1 (LDg: (Ag; F)] by Lemmal[6.4.8]
= |71 (LDg: (A; F500))|

> (1 -0)|mk+1(LDp, (A5 7)) by regularity of Py
> (1 = 0)|mk+1(LDg, (A; 7)) by Lemma[6.4.8]

> (1= 0)mps1(Yi)-
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Therefore, we have

(I-0)y={1=0)m1(y0)s-.., (1 =0)mk+1(yr))
€ LD g0+ (LoAo + - - + LiAk; Giiv1)
C LDLO(Q*+)(£0A +-+ Li A Gi)s

which implies that y € (1+20) LD g (g++)(LoA+- -+ L A; Giy1), asrequired. O

6.7 Concluding remarks

A careful analysis of our arguments gives the o(|A|) error term in Theorem 6.0.2]as

O (A]/+/log™ |A]), where log™®) is the k-iterate log. As seen in Proposition|6.2.3

4

. . . d-1 . .
there are constructions giving a polynomial error of O(|A| @ ), which we suspect is
closer to the truth. We conjecture that the error term should at least be polynomial

in size.

Conjecture 6.7.1. For any algebraic numbers A1, ..., Ay, there exists a constant
o > 0 such that

A+ -A+--+ ;- Al > HQAy, ..., 0)|A| - O(|A]'7)

for finite subsets A of C.

As a final remark, we note that Theorem [3.0.5] in Chapter [3] does give an error
O(|A'=7). Chapter discusses how to translate a problem on algebraic dilates to

linear transformations and vice versa, so the above conjecture is true for k = 1 and
A, of the form (p/q)"/?.
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Chapter 7

SUMS OF LINEAR TRANSFORMATIONS, REVISITED

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Sums of algebraic dilates, in preparation.

[2] D. Conlon and J. Lim, Sums of linear transformations, to appear in Transac-
tions of the American Mathematical Society (2025), arXiv:2203.09827, por:
10.1090/tran/9433.

We revisit the following problem mentioned in the introduction.

Problem 7.0.1. Given Ly, L1, ..., L; € Maty(Z) which are irreducible and co-
prime, determine the largest possible constant H = H( Ly, ..., L) such that the
following holds. For any finite subset A of Z,

| LoA+ L1A+---+ LAl = H|A| — o(]A]).
We first recall what it means for a set of matrices to be irreducible and coprime,
defined in Chapter 3]

Definition 7.0.2. We say that L, ..., L; € Mat;(Q) are irreducible if there are no
non-trivial subspaces U, V of Qd of the same dimension such that £;U C V for all
[=0,..., k.

Definition 7.0.3. We say that L, ..., Ly € Maty(Z) are coprime if there are no
P,Q € GL4(Q) with 0 < | det(P) det(Q)| < 1 such that

PLQ,PLIQ,...,PLQ € Mat,(Z).

These are reasonable assumptions to have. If Ly, ..., L were not irreducible, then
we may consider A to just be in the subspace U, and restrict Ly, ..., Ly to U. If
Lo, ..., Ly are not coprime, then we may replace them with

PLQ,PLIQ,...,PL.Q € Maty(Z),

which are “smaller.” For more details, we refer the reader to Chapter[3]
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The main purpose of this chapter is to formalize the equivalence between the prob-
lems of estimating sums of algebraic dilates and sums of pre-commuting linear

transformations, defined below.

Definition 7.0.4. We say that L, ..., L; € Mat;(Q) are pre-commuting if there is
some P € GL;(Q) such that P Ly, ..., P L; pairwise commute.

In particular, using Theorem [3.0.5] we prove the following.

Theorem 7.0.5. Suppose that A € C is an algebraic number with minimal polyno-
mial p(x) = agx® + -+ + ag € Z[x], where all the a; are coprime. Then there are

constants D, o > 0 such that
|A+2- Al 2 (lag|"'* +|ao|'/*)?|A| - DA™

holds for all finite subsets A of C.

Going the other way, using Theorem [6.0.2] we prove the following.

Theorem 7.0.6. Let Ly, ..., Ly € Maty(Z) be pre-commuting, irreducible and

coprime matrices. Then for any finite A C Z¢,
|-LoA +- -+ LiAl 2 H(Lo, ..., L)IA] - o(|A]),

where H( Ly, ..., L) is to be defined later in the chapter. Furthermore, the value
of H( Lo, ..., Ly) is optimal.

7.1 Two linear transformations

To get started, we first consider the case k = 1. Our aim is to show that estimating
|A + A - A| for some algebraic A € C reduces to estimating | LA + £L>A|. In this
section, we prove Theorem by reducing it to Theorem [3.0.5] Though our
estimate applies for all finite A C C, the following simple lemma of Krachun and

Petrov [28], Lemma 2.1] allows us to restrict attention to sets A € Q[A].

Lemma 7.1.1. Suppose that A € C and A is a finite set of complex numbers. Then
there exists a finite set B C Q[A] such that |B| = |A|and |B+A1-B| < |[A+A4- A|.

Suppose now that A is algebraic and has minimal polynomial p(x) = x?+a4_1x? '+
-+ +ag € Q[x]. If we view Q[A] as a d-dimensional Q-vector space with basis

1,4, 4%, ..., then multiplication by A is given by the linear transformation
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0 00 0 -ap
100 -0 -a

£=(o 10 0 -a» |e€GL4(Q).
000 --- 1 —ag-1

Thus, the problem of estimating |A + A - A| reduces to that of bounding |A + LA|
for A ¢ Q% Let b be the smallest positive integer such that ba; € Z for all
i=0,1,...,d — 1. Then, if we let

10 -~ 00 000 --- 0 =bag
I -~ 00 1 00 -+ 0 =ba
L=+ o i, L=[0 10 -+ 0 =bay |€Maty(Z),
- 1.0 DoloE T :
00 --- 0 b 000 --- 1 =bay

we see that |A + LA| = | L, (LI_IA) + LQ(LI_IA)l. Setting B = Ll_lA, the problem
becomes that of bounding | LB + £L»B| for B ¢ Q% By scaling, we may even
assume that B ¢ Z¢. Therefore, in order to apply Theorem we only need
to verify that £, £, are irreducible and coprime. For this, we now derive general

conditions for irreducibility and coprimeness. We first look at irreducibility.

Theorem 7.1.2. P,Q € Mat,(Q) are irreducible if and only if they are invertible

and the characteristic polynomial of P~1Q is irreducible over Q.

Proof. Suppose P, Q are irreducible. If P, say, is not invertible, then there is a
one-dimensional subspace U C Q such that PU = 0. But then both PU and QU

lie in the subspace QU of dimension at most 1, contradicting irreducibility.

Note that P, Q are irreducible iff R = P~'Q has no non-trivial invariant subspace
over Q. Let p(x) € Q[x] be the characteristic polynomial of P~'Q. If P~'Q has a
non-trivial invariant subspace U, then restricting to U gives a linear transformation

R|y : U — U. But the characteristic polynomial of R|y divides p, so p is reducible.

Conversely, suppose that p = fg is reducible, with deg f,deg g < d. Then at least
one of f(R), g(R) is not invertible, since 0 = p(R) = f(R)g(R). Without loss of
generality, assume that f(R) is not invertible, so there is some v € Q¢ — {0} such that
f(R)v =0. If fhasdegree e < d, then R°v lies in the space U = <v, Rv,... ,Re‘1v>.

Thus, U is a non-trivial invariant subspace. O
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For our coprimeness condition, we need the following lemma.

Lemma 7.1.3. Let P € Mat,(Q) and Q € Mat,(Z) be such that QP € Maty(Z).
For1 < k < d, letm be a k Xk minor of P, i.e., the determinant of a k X k submatrix.
Then m det(Q) € Z.

Proof. Let m be the k X k minor corresponding to rows S C [d] and columns
T C [d]. Construct a matrix R € Mat;(Q) as follows: the 7' columns of R are just
the T columns of P; the S X T° submatrix of R is all zeroes; and the S¢ X T° submatrix
of R is the identity matrix. Then det R = +m, so that det(QR) = +m det Q. But the
T columns of QR are the T columns of Q P, which has all integer entries, and each
of the other columns of QR is a column of Q, which also has integer entries. Thus,
OR € Mat,(2Z), so that mdet Q = = det(QR) € Z. O

Theorem 7.1.4. Suppose that P, Q € Mat,(Z) are irreducible and p(x) € Q[x] is
the characteristic polynomial of P~'Q. Then P, Q are coprime if and only if | det P|
is the smallest positive integer g such that gp € Z|[x].

Proof. Let g be the smallest positive integer such that gp € Z[x]. Let R,S €
GL,(Q) besuchthat RPS, ROS € Maty(Z). Let M = (RPS)"'RQS = S~'P710S €
Mat,(Q). Then the characteristic polynomial of M is again p. By Lemma(7.1.3|with
M and RPS as P and Q, if m is any k Xk minor of M, then m det(RPS) € Z. Suppose
p(x) =x+ag_1x4"'+.--+ag. By looking at the expansion of p(x) = det(xI — M),
we see that a;_; can be written as a Z-linear combination of k X k minors of M. Thus,
ag-x det(RPS) € Z for all k, so g | det(RPS) = x| det P|det(RS). In particular, if
we take both R and S to be the identity matrix, then g | | det P|.

Suppose now that g = |det P|. Then this implies that | det(RS)| > 1, so P, Q are
indeed coprime. Conversely, suppose that P, Q are coprime. Consider the rational

canonical form of P~'Q, which is a block diagonal matrix similar to P~'Q where
each block looks like

0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1

—Cop —C1 —C2 ttr —Ck-l
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k=1 4 ... 4+ ¢y and the

The characteristic polynomial of such a block is x* + c;_1x
characteristic polynomial p of P~!Q is the product of the characteristic polynomials
of its blocks. But, by Theorern p(x) =x?+ag_1 x4V +- - +ag is irreducible,
so the rational canonical form of P~'Q consists of a single block. That is, there is

some S € GL;(Q) such that

0 1 0 0

0 0 1 0
. 0O 0 0 0
sTplgs =

o 0 0 - 1

—ap —ap —az -+ —ag-|

Let D be the diagonal matrix with entries (1,1,...,1,g). Then D and DS~'P~1QS
are integer matrices. Now set R = DS™'P~!, so that RPS, RQS € Maty(Z). By
coprimeness, | det R det S| > 1. But this implies that g/|det P| > 1, so |det P| < g.

However, from before, we have g | | det P|, so that | det P| = g, as required. O

Using Theorems [7.1.2] and [7.1.4] it is now a simple matter to verify that £, £,

are irreducible and coprime. Thus, by Theorem we have that if 1 € C is an
d

algebraic number with minimal polynomial p(x) = azx® + - - - + ag € Z[x], where

all the a; are coprime, then there are D, o > 0 such that
|A+2- Al 2 (|det(L)[? + | det(L2)]V )| Al - DIA]'™

holds for all finite A C Q[A]. But, taking the rescaling of the characteristic polyno-
mial into account, |det(L;)| = |ay| and | det(L,)| = |ag|, completing the proof of
Theorem

7.2 Sufficient conditions for irreducibility and coprimality

For the remainder of this chapter, let Loy,..., Ly € Maty(Z). As we saw in
Theorems|[7.1.2]and[7.1.4] we have necessary and sufficient conditions for when two
linear transformations Ly, £ are irreducible and coprime. For & > 1, we do not
know whether irreducibility and coprimality are decidable. Nevertheless, we give
some simple sufficient conditions for Ly, ..., Ly to be irreducible and coprime,

which are necessary for k = 1. Let F be the integer polynomial
F()CO, e ,xk) = det(X()Lo + -+ x L) € Z[x0, ..., XE], (7.1)

which will be used throughout this chapter.
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Lemma 7.2.1. The following holds.

1. If F is irreducible over Q, then Ly, ..., L} are irreducible.

2. If the coefficients of F are coprime, then Ly, ..., L} are coprime.

Proof. 1. Suppose Ly, ..., L arereducible, then there are non-trivial subspaces
U,V c Q¢ of dimension ¢ with 0 < ¢ < d, such that £;(U) C V. By changing
basis, assume that U = V = Q¢ corresponds to the first ¢ coordinates of Q<.

Then £L; has the form
P
7 = ( 1 Ql) ,

0 R

where P; € Mat.x.(Z), Q; € Matcx(d_c) (Z) and R; € Mat(d—c)x(d—c) (2).
Then

F(xo0,...,x;) =det(xoPg+---+x;Pr)det(xoRo + - - - + xx Ry)
is reducible.

2. Suppose Ly, ..., Ly are not coprime, then there are P,Q € GL;(Q) with
0 < | det(P) det(Q)| < 1 such that

PLQ,PLIQ,...,PLQ € Mat,(Z).
But now, the polynomial
det(P) det(Q)F = det(xgP LoQ + - - - + x, P L1 Q)
has integer coefficients, so the coefficients of F are not coprime.
O

The converse to the two statements above are not true for k > 1. We give a counter
example in Section

7.3 Algebraic number theory preliminaries
Before continuing, we will state some standard results from algebraic number theory
and prove some new ones that we require later. For general background on algebraic

number theory, we refer to [34].

For any @ € K, the multiplication map M : K — K given by M(x) = ax is a
Q-linear map. The field norm of a, denoted by Nk g (@), is the determinant of M,
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as a Q-linear map. For a non-zero ideal a C Ok, the ideal norm of a, also denoted
Nk /q(a), is the index [O : a].

For ay, ..., a; € K, define the denominator ideal

.....

.....

studied before, for example in [43]].

For algebraic numbers a1, ..., a;, we recall the definition of H(«a1, ..., ax), first
defined in Chapter [0

Definition 7.3.1. Let a1, ...,a; € K = Q[ay,...,a,]. Define the quantity

i=1

The following result gives an alternative way to compute the norm of the denominator

ideal.

Theorem 7.3.2. Let ay,...,a;r € K for some number field K. Consider the poly-

nomial
F(xo,...,xk) := Ngjo(xo +x1a1 + ... + xpag) € Qxo, x1,...,xx].

Let D > 0 be the smallest positive integer such that DF has integer coefficients.
Then D = NK/Q(Dal,...,wk;K)'

To prove this, we require the following variant of Gauss’s Lemma over the ring of

integers. We first define the content of a polynomial with coefficients in K.

Definition 7.3.3. Let F(x) = ag + ajx +--- + a,x" € K[x]. Define the content of
F, denoted contg (F'), to be the fractional ideal agOkg + @10k + - - -+ a,0Ox C K. If

it is clear from context, we omit the subscript and simply write cont(F).

If F € Z[x], then contg(F) = cZ, where ¢ € Z is the usual content of F' as used in

the usual Gauss’s Lemma.

If K < L is a field extension and F € K|[x], then cont; (F) = contg(F) - Or. In
particular, if ' € Q[x], then contg (F) = contg(F) - Ok.
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Theorem 7.3.4 (Gauss’s Lemma over Ok). Let F,G € K|[x] be two polynomials.
Then cont(FG) = cont(F) cont(G).

Proof. Let F(x) = ap+aix+---+a,x" and G(x) = bg+ bix + -+ + by x™.
Then their product F(x)G(x) = co+ c1x + - -+ + Cpemx™™™ has coefficients c¢; =
aobj+aybj_1+---+ajby. Itis clear that cont(FG) C cont(F) cont(G). To show
that cont(FG) 2 cont(F) cont(G), it suffices to show for any prime ideal p C Ok,
vp(cont(FG)) < vp(cont(F)) + vy(cont(G)).

Suppose v, (cont(F)) = s and vy(cont(G)) = t. Since

vp(cont(F)) = min(vyp(ao), ..., vp(an)),

there exists an index k such that vy(ax) = s. Let k be the smallest such index, so
that vy(a j) >s+1forj=0,...,k— 1. Similarly, let / be the smallest index such
that v, (b;) =t,sothat vp(b;) > t+1forj=0,...,1-1.

Consider the coeflicient ¢4 = Z.l;;’(l) ajbyy—j. For j = k, the term ayb; satisfies
vp(arby) = vy(ag) + vp(b;) = s +t. For every other j # k, either j < k (for which
vp(aj) = s+1)or j > k (for which vp(bry—-;) > t+ 1). In either case, we have
vp(axb;) > s+t + 1. Therefore, vy(ck+1) = s +1, so we have vy (cont(FG)) < s+t

as required. O
Observe that we may define content for multivariate polynomials ' € K [xo, . . ., xx]
and our Gauss’s Lemma also holds for multivariate polynomials. Indeed, the set of
coefficients for F(xo,...,x;) is the same as for F(x,x™, ..., x™) for sufficiently
large Ny > Ny_1 > --- > N; > 1. Thus, the content of F is the same as the
content of F(x,xN1,...,x"¥), so we may apply the univariate case.

Proof of Theorem[7.3.2] Let oy,...,04 : K — C be the complex embeddings of

K, with oy being the identity. Set © = D, q,:x- Then
d
F(xo,...,xx) = Ngjo(xo+xjar+. . .+xpay) = n(x0+x10',~(a1)+- c+xpoi(ag)).

i=1

Let K’ C C be the smallest field containing o (K),...,04(K), that is, K’ is
the normal closure of K over Q. By definition, D™'Z = contg(F), so we have
contg/(F) = D~'Ok.. On the other hand, by Lemma(7.3.4,

contir(F) = | | contx: (xo +x103(a) + -+ + xx03(@)..

i
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But we have

contgr (xo +x10(ay) + -+ - + x,0(ax)) = Ok + 0i(a1)Ogr + - - - + 0 () Ok’
= 0'[(0]@ + a’lOKr +-- 4+ a/kOK/)
=0y (D! Og) = 0y(D)! - Ok

Multiplying across all i, we get [[; 0:(D)™" - Ok = Nk;g(D)™! - O/, thus D =
Nk o(D). O

7.4 Pre-commuting matrices
In general, we do not know the value of H(Ly, ..., L) in Problem[7.0.1] However,
we are able to solve the problem completely for the class of pre-commuting linear

transformations, defined below.

Definition 7.4.1. We say that L, ..., Ly € Mat,(Q) are pre-commuting if there is
some P € GL;(Q) such that P Ly, ..., P L; pairwise commute.

For example, given algebraic numbers A1, ..., Ag, the linear maps Ly, ..., L ob-
tained from Chapter@ Section are pre-commuting. Indeed, £; 1L, = M are
pairwise commuting, since they are equivalent to the map given by multiplication
by Ap.

We remark that if there are only two linear transformations Ly, £, then pre-
commuting is a weak condition. Indeed, if Ly is non-singular (which holds if
Lo, L are irreducible), then Ly, £ are pre-commuting, since L £y =1 and

L;' L1 commute.

For pre-commuting matrices, the converses of Lemma|/.2.1|are true.

Theorem 7.4.2. Suppose Ly, ..., L, € Maty(Z) are pre-commuting. Let F be the
polynomial defined in ([7.1). Then, the following holds.

1. F isirreducible if and only if Ly, ..., Ly are irreducible.

2. The coefficients of F are coprime if and only if Ly, ..., L are coprime.

We also have the following characterization of pre-commutative, irreducible, co-
prime matrices. Roughly speaking, it says that if Ly, ..., Ly € Maty(Z) are irre-
ducible, coprime and pre-commuting, then they arise from some algebraic numbers
sy Ak



123

Theorem 7.4.3. Suppose Ly, ..., L € Maty(Z) are non-zero, pre-commuting,
irreducible and coprime. Then there exists a number field K with deg(K/Q) =
d and Ay,...,;x € K, together with an isomorphism ¥ : K — Qd such that

,,,,,

L5 L(u) =P - P ().

Before proving these results, we prove some general results about commuting matri-
ces. The following folklore result (see, for example, [24, Corollary 2.4.6.4]) says that
pairwise-commuting maps are simultaneously upper-triangularizable. For a vector
space V over a field K, denote by Endg (V) the space of K-linear maps V — V. If

the field is clear in context, we omit the subscript and simply write End(V).

Theorem 7.4.4. LetV be a d-dimensional complex vector space. Let L1, ..., Ly €
End(V) be pairwise-commuting matrices. Then, there is a basis B = {vy,...,v4}
of V such that forl = 1,...,k, L) is represented by an upper-triangular matrix with

respect to B. In particular, vy is a common eigenvector.

This gives the following about pre-commuting matrices.

Lemma 7.4.5. If Ly, ..., Ly € Maty(Q) are pre-commuting and F is defined as in
(7-1)), then F factorizes over C into linear terms

d
F(x0,...,x¢) = n(aOixo +o+agxy)
i=1
for some a;; € C.

Proof. Let P € GL;4(Q) be such that PLy,...,PL; pairwise commute. By
Theorem [7.4.4] we may pick a basis such that the matrices $ £; are simultaneously

upper triangular, say Mo, ..., My € Mat,(C). Let the diagonal entries of M; be

aj,...,ajd. Then,
1
= P det(xoP Lo+ +x:PLr)
= QoL P det(xoMo + - - - + x M)

d
1
= P | |(¢10ix0+ e AgiXy).
i=1

The lemma follows by absorbing ﬁ into one of the linear terms. O
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In general, commuting matrices may not be simultaneously diagonalizable. How-

ever, we can always decompose the space into simultaneous generalized eigenspaces.

Definition 7.4.6. Let V be a finite dimensional complex vector space and Ly, ..., L
be linear maps in End(V). For A = (A1, ..., ) € CX, the simultaneous generalized
z—eigenspace E is the subspace of vectors v € V such that for [ = 1, ..., k, there

exists a positive integer m such that (£; — 4;1)"v = 0.

Theorem 7.4.7 ([24, Corollary 2.4.6.4]). Let V be a finite dimensional complex
vector space and L1, ..., L, € End(V) be pairwise-commuting. Then, V can be
decomposed into simultaneous generalized eigenspaces. In other words, there is a
finite A c CK such that for each A € A, the simultaneous generalized eigenspace E

are non-trivial and we have the decomposition

V:@EI.

AeA
Let Lo, ..., L; be pairwise-commuting, then there exists a basis for which they
are simultaneously upper-triangular. If Lo, ..., Ly have rational entries, we do

not expect the entries of the upper-triangular matrices to be rational in general.
Nevertheless, we have the following structural result about pairwise-commuting
matrices with rational coefficients, which roughly says that they must come from

upper-triangular matrices over some number field K.

Theorem 7.4.8. Let L1, ..., L € Mat;(Q) be pairwise-commuting. Then, there is
a positive integer r, number fields K1, . . ., K,, positive integers ey, . . ., e,, and a Q-
isomorphism ¥ : @;_, K — QY such that for eachi=1,...,randl=1,...,k,

1. Kf" is an invariant subspace of‘P‘ljjl\P e EndQ(@Ll Kie,-);
2. the restriction (‘P‘1£1‘1’)| k< € Endg( Kl.ei ) is in fact in Endg, ( Kie[)’.

3. there is an upper-triangular matrix M l(i) € Mat,, (K;), such that the K;-linear
map (P71 L¥)| € Endg, (K{") is represented by the matrix M l(i) with
respect to the standard basis of Kf";

4. there are /lii), e, /lg) € K; such that K; = Q(/l(i), e, /l,({i)) and the diagonal
entries ofMl(i) are all /ll(i).
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Proof. Viewing L1, ..., Ly as linear maps on C%, Theoremm gives us a decom-

position C¥ = P1ca Eq into simultaneous generalized eigenspaces Ey C Ck,

Let o € Gal(C/Q) be any automorphism of C over Q. Let A = (11,...,x) € A
and v € E7 be any vector. Then for each [ = 1,.. ., k, there is a positive integer m
such that (£; — 4;1)™v = 0. Then we have

0=c((L=4D"v)=(L —ca@)"T®).

Therefore, (1) € A and o (v) € E, ) It follows that A is closed under o~ and
o(E7) = E ) s0 A can be partitioned into orbits under the action of Gal(C/Q).
Denote by A(A) the orbit containing A, and let A* C A be any collection of orbit

representatives. In particular, we have the partition A = | |7_,. A(Q).

Let A* = {/—1(1),/—1(2),”.’/—1(@}' Fori=1,...,r, let K; = Q(/lgi),...,/l,(j)) and
e; = dimg E/—l(i). Let d; = deg(K;/Q), then there are exactly d; different field

embeddings o : K; — C, each determined by the image a'(/_l(r)). Therefore,
|A(ﬁ(r))| = d;. Define the subspace of C?

El' = @ Ej,

2ea@@?)

then dimc E; = d;e;. We also have the (£, ..., Li)-invariant decomposition

Cd = E’D Ei,
i=1

sothatd =dje; +---+d,e,.

By Theorem [7.4.4, we can find a basis B; = {v(li), . vg)} of Ej(i) such that

for I = 1,...,k, the restriction L|g_,, is given by an upper-triangular matrix
A

Ml(i) € Mat,, (C) with respect to B;. Since K; = Q(/_l(i)), we may even assume that
B; C Kld and Ml(i) € Mat,, (K;). Since the £;’s commute, so do the Ml(i)’s. Note
that M l(i) has /lgi) along the whole diagonal. In particular, its top left entry is /ll(i).
Therefore K; is generated by the top left entries of M l(i), oM ,Ei), proving (4) in the

theorem.

Let oy,...,04 : K; — C be all the field embeddings of K; into C. Since B; C
Kl.d is a basis for Ez“‘)’ foreach j = 1,...,d;, 0j(B;) C O'j(K,')d is a basis for

E o

@y Furthermore, the restriction £;|g _, is given by the upper-triangular
j o)
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matrix O'j(Ml(i)) € Mat,, (0 (K;)) with respect to o;(B;). Therefore, the union
B = U?"zl o (B;) is a basis for

Claim 7.4.9. dimg(E; N Q9) = d;e;.

Proof. Let a € K; be a generator, i.e., K; = Q(a). Then, o (@), ..., 04 (@) are all

distinct. Form =1,...,e;and j = 1,..., d;, define the vector
Umj = Jl(af._lvf,?) + 0'2(6!‘1._1\/,(,?) + a’di(a/j_lvﬁ,’;)) e,

We see that u,,; is a C-linear combination of vectors in E;, thus u,,; € E;. On the
other hand, we can write u,,; = TrKi/Q(af_lv,(,;)) e Q4, thus unj € E; N Q4. Tt
suffices to show that the vectors u,,; form a basis for E; N Q4. To this end, we show

that each o (v,(??) can be written as a C-linear combination of the u,,;’s.

We can express the u,,;’s in the following way. Fix an m. Then, viewing u,,; and

o (vﬁ,?) as column vectors, we have the following identity of d X d; matrices

o (1) oi(@) - o(ed)
(s ) = () o i) PP @
og, (1) og(@) -+ og(a®)
Note that the Vandermonde matrix
a(l) ai(@) - o(edh)
_| () () - o ()
o, (1) og(a) - Udi(c;di_l)

has non-zero determinant, hence is invertible. Thus, we have
_1 | [
(uml ot umd,) S = (O-l(vig’ll)) e O-d,(vlg’ll) ) *

This shows that each O'J-(v,(,?) can be expressed as a C-linear combination of the

Upy;’s, as desired.
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From the claim, we have a (L1, ..., L;)-invariant decomposition
r
Q' =PE ).
i=1

By focusing on each subspace E; N Q¢, we may assume that r = 1.

We will now define the Q-isomorphism ¥ : K fl — Q<. First observe that d = e,d|,
so the dimensions match. Let xy, ..., x,., be the standard basis for K fl. Note that
for/ =1,...,k, the upper-triangular matrix M l(l) € Mat,, (K) has diagonal entries
all /151). Since /lgl), e, ’11(:) generate K1, it follows that any v € K fl can be written

in the form
v=Pi(M", oM+ Py (MY, MW,
for some polynomials P, ..., P,, in k variables and rational coefficients.

Form=1,...,e1,letu, = al(v,(,ll))+0'2(vfnl))+---+0'd, (vﬁnl)). From the proof of

the claim, we have u,, € Q%. Define ¥ by setting
Y(v)=Pi(Ly,....LYJur+--+ P, (Ly,..., L )u,.
Claim 7.4.10. ¥ is well-defined and is an isomorphism.

Proof. We first show that ¥ is well-defined. Suppose we have two different repre-

sentations of v,
v=Pi(M", oM+ P, MY, MY,
=PV oMM+ P (MY, M)
We wish to show that

PI(LI"'-a-Ek)ul+"'+Pe1(-£1,...,.£k)uel
=P (Li,....Lur+---+ P, (L1,...., Li)u,,.

Without loss of generality, suppose that o7 is the identity. For j = 1,...,dy, let «r;

be the projection

dy
od —
7TJ :CY = 691 EO’j'(j(l)) — Eo-,-(i(l))'
J'=

Note that 7; commutes with £y, ..., Ly, since their simultaneous generalized

eigenspaces are (Li,..., Ly)-invariant. Recall that in E(T avy we have a ba-
j

sis 0 (B1) such that L; is represented by the matrix o; (M l(l)). In other words, for
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any polynomial P in k variables and rational coefficients, for any m = 1,..., e,
the vector P( L4, ..., £k)0'j(v,(nl)) is represented by P(O‘j(Ml(l)), cees O'J-(M/EI)))xm
with respect to o (B1). Therefore,

mi(Pi(Ly, ..., Lur+ -+ Pe (Ly, ..., Li)ue,)
= Pl(‘Ll""’Lk)T[j(ul) +”'+P€1('£1"'-aLk)ﬂj(uel)
= Pi(L1s . Lo () 44 P (L LYo (0.

With respect to the basis o (B1), the above is represented by

1 1 1 1
Pi(oy(MI), . oy (M) xy 4+ 4 P (o (M), Loy (MD))xe,
=o;(Pi MY, MOy + 4 P (MDY, M),

/ 1 1 / 1 1
= o (P, M yxy e P (MY M),

It follows that

ﬂj(Pl(Ll,...,Lk)ul +"-+Pel(.£1,...,.£k)uel)
:ﬂj(P/l(Ll,...,Lk)ul +'--+P’el(.£1,...,,£k)uel).

Since this holds for all j, we have

Pl(‘Lla--"Lk)ul +.'.+P€1(~£1’---,~£k)u€1
:P,I(LI""aLk)ul +"‘+Plgl(~£1"""£k)uel'
This proves that ¥ is well-defined.

Next, we show that ¥ is an isomorphism. It is not hard to see that ¥ is Q-
linear. Since the dimensions of Qd and Kf' agree, it suffices to show that ¥
has trivial kernel. Indeed, suppose that for some v = P; (Ml(l), e, Mlgl))xl +---+
Pel(Ml(l),...,M,El))xel,wehave Pi(Ly,..., Lo)ur+ - +Pe (L1, ..., Ly)u,, =0.
From the arguments above, this implies that for each j = 1,...,d;, we have

ﬂ'j(Pl(.L:],...,.[:k)ul +"'+Pel(£l,...,£k)uel):O-

This shows that P1( Ly, ..., Lus + -+ Pe, (L1, ..., Lk)u,, = 0. Therefore, ¥

is injective, hence an isomorphism. O
To finish the theorem, it suffices to show that:

1. ¥~'L;¥ € Endg, (K7');
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2. ¥~ £,¥ is represented by M l(l) with respect to the standard basis of K fl.

To this end, it suffices to show that for any v € K?', we have vlLev) = Ml(l)v.

Write v in the form
v=P(M", oM+ P, MDY, MY,

For m = 1,...,ey, let P,, be the polynomial P, (z1,...,2x) = 21Pm(z1s. .., 2%)-
Then, we have

YL (v) = ‘I"l.Ez‘P(Pl(Ml(l), . M,El))xl oot Pel(Ml(l), e M,El))xel)
=W L (P Ly Li)ur + -+ Po (L1, ... Li)ute,)
=Y (P Lo LOur +- o+ Pl (L, Liue,)
=PM, oM+ P (MY M ),
=M P, M P (MY M )x,)
= Ml(l)v.

If in addition, L, ..., £; have no non-trivial common invariant subspace, then we
can say a lot more about their structure. Roughly speaking, this says that Ly, ..., L

are similar to multiplication by algebraic numbers.

Lemma 7.4.11. Let Ly, ..., L; € Maty(Q) be pairwise-commuting and have no
non-trivial common invariant subspace. Then, there is a number field K of degree

d, algebraic numbers A1, ..., € K and a Q-isomorphism ¥ : K — Qd such that

1. K=Q(A1,...,4);

2. forl=1,...,k, themap Y~ ' L;¥ : K — K is given by multiplication by A;.

Proof. By Theorem there is a (L1, ..., Li)-invariant decomposition
r
N
i=1

Since Ly, ..., L have no non-trivial common invariant subspace, » = 1. So we

have an isomorphism ¥ : K¢ — Q¢ for some number field K and positive integer
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e.Forl=1,...,k let M; = V" 'PL;¥ € Mat,(K) be upper-triangular. Then, the
subspace K x 0¢~! ¢ K¢ is M;-invariant for all . Thus, ¥ (K x0°~!) is £;-invariant.
Since Ly, ..., L have no non-trivial common invariant subspace, we must have

e=1.

This gives an isomorphism ¥ : K — Q7 and the matrices M; are just single

elements A; € K, so that ¥~ £, ¥ acts on K as multiplication by A;. Furthermore,

by Theorem[7.4.8(4), K = Q(4y, . .., Ak). O

We now prove the first part of Theorem [7.4.2] which can be stated as follows.

Lemma 7.4.12. Suppose Ly, ..., L; € Maty(Z) are pre-commuting and F is de-
fined as in (7.1). Then F is irreducible over Q if and only if Ly,..., Ly are

irreducible.
Proof. The forward direction is already proven in Lemma(7.2.1} so we only have to
prove the reverse direction. Assume that Ly, ..., L are irreducible.

Let # € GL;4(Q) be such that PLy,...,P Ly are pairwise commuting. Since
Lo, ..., Ly are irreducible, P Ly, . .., P L have no non-trivial common invariant
subspace. By Lemma [/.4.11] there is a number field K of degree d, algebraic
numbers Ao, ..., d; € K and a Q-isomorphism ¥ : K — Q4 such that
L. K =Q(Ao, - - - A);
2. forl =0,...,k, the map Y~'PL,¥ : K — K is given by multiplication by
.

‘We have

F(xo,...,xx) =det(xoLy+ - +xx.Lr)

= qol P det(xOPLO +--- +xk7)£k)

= det?NK/Q(xoﬂo + X dy)

d
1
= — ()C()O'i(/l())+"'+xk0-i(/lk))’
det P D

where 0, ...,04 : K — C are all the field embeddings of K into C.
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Suppose F is reducible into ' = GH. Then, one of G or H, say G, contains
the linear factor (xodg + - - - + xxAy). Since G has rational coefficients, it must also

contain the factors o; (xodo+- - - +xxAg) = x90; (o) +- - - +x,0; () fori =1,...,d.

Recall that K is generated by Ay, . .., Ak, thus the tuples (o;(Ay), ..., o0;(4Ax)) are
distinct for i = 1,...,d. Therefore, G contains all the factors of F, contradicting
the irreducibility of F.

O

Next, we prove Theorem We leave the second part of Theorem for last
since it is the trickiest.

Proof of Theorem[7.4.3] Let P € GL4(Q) be such that P Lo, ..., P Ly are pair-

wise commuting. Since Ly, ..., L are irreducible, P Ly, ..., P Ly have no non-
trivial common invariant subspace. Let K, Ao, ..., Ak, ¥ be as in the conclusion of
Lemma(7.4.111

Since all of the Ly, ..., Ly are non-zero, all of the Ay, ..., Ay are non-zero. In

particular, L is invertible over Q. Since I, (P Lo) 'PL1,...,(PLy)'P Ly are
also pairwise-commuting, we may assume without loss of generality that P = L7 I
Thus, 49 = 1. By definition of ¥ and Ay,..., A, we have for all u € Qd and
I=1,...,k,

Ly Li(u) =¥ - ¥ (w).

It suffices to show that | det(Lo)| = Nk,o(®Da,,...0,:x). We have

F =det(xoLo+ - +x.Ly)
= det(Lo) det(xg +x1. Ly L1+ +x, Ly L)
= det(Lo)NK/Q(xQ + X141+ xpdy).

Since Ly,..., Ly are coprime, F' has coprime integer coefficients. By Theo-

.....

Ngjo(xo + x1A1 + -+ + x;Ag) into an integer polynomial. Thus, |det(Lp)| =
Ngo(Da,,.. 1K)

Finally, we prove the second part of Theorem For a d-dimensional Q-vector
space V and d-dimensional lattices Z;,Z, C V, set [Z) : Z»| = [Z : Z»]/[Z : Z1],
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where Z C V is any lattice containing Z;, Z; (for instance, Z = Z| + Z;). We begin

with the following lemma.

Lemma 7.4.13. Let V be a d-dimensional Q-vector space and let L1,..., L} €

End(V) be pairwise-commuting. Define the k-variate polynomial
Fy(xy, ..., xp) =det(x1 Ly +- -+ x,.Ly).

Let ¢ = cont(Fy) be the content of Fy.

1. If c =0, then L1(V) +---+ Ly (V) is a stict subspace of V.

2. If ¢ > 0, then there are d-dimensional lattices Z1,Z, C V such that [Z; :
Zrl=candforl=1,...,k, Li(Z)) C Z,.

Proof. We induct on d. Suppose V can be decomposed into U ® W where U, W Cc V
are non-trivial and (£, ..., Ly)-invariant. Let Fy, Fy be the corresponding poly-
nomials for the restriction of L1, ..., L; onto U, W, respectively. Then Fy = Fy Fy
and ¢ = cont(Fy) cont(Fy). If ¢ = 0, then one of cont(Fy) or cont(Fy) is zero, and

the lemma follows by our induction hypothesis. Otherwise, cont(Fy) cont(Fy) # O.

By our induction hypothesis, we can find full lattices X1, X, € U and Y,Y, ¢ W
such that [X; : X»] = cont(Fy),[Y) : Y2] = cont(Fwy) and for [ = 1,...,k,
L1(X)) € X, and L;(Y;) C Y,. Take Z; = X; @ Y; c V fori = 1,2. Then,
[Z1: Z2] = [Xi: Xo][V1 : 2] =cand Li(Z)) = Li(Xh) + Li(Nh) € X+ Y2 = Z5.

Thus, we may assume that V' cannot be decomposed into such U @ W. By The-
orem and the indecomposability of V, there is a number field K, a positive
integer e, a Q-isomorphism ¥ : K¢ — V, and for each [ = 1,...,k, an element
A; € K and an upper-triangular matrix M; € Mat,(K) with diagonal entries A;,
satisfying K = Q(A44, ..., 4x) and for each v € K*,

vl LWy = Myv.

We have

Fy =det(x; Ly +---+x.Ly)
= Nk/o det(x My +--- +x; My)
= NK/Q(Xl/ll +oxpdg)©.
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Soif ¢ =0,thend; =--- = Ax = 0. Since M; are upper-triangular with zeros on the
diagonal, their images lie in a common strict subspace. Thus, L;(V) +---+ L (V)
is a stict subspace of V.

Otherwise, assume that ¢ # 0, so that not all A; are zero. Let f = deg(K/Q),
then d = ef. Let b be the fractional ideal 1,0k + - - - + 1;Ok. By Theorem[7.3.2]
Nk /q(b) is equal to the content of the polynomial Ng/g(x141 + - - - + xxAx). Thus,

Cc = NK/Q(b)e.

We will now define fractional ideals a.,...,a; as inductively. Let a, = Ok.

Suppose we have defined down to a;4; for some i > 1. To define a;, let ¢; =

(Mp)ieae + (Mp)ie—1)Qe—1 + - - - + (M})i(i+1)i+1. Then, define
;=0 +c b 4+ bl
From the definition, it is easy to check thatfor/ =1,...,k,

M;(a; X---Xa,) Cabx---xa,b.

Taking Z; = W(a; X --- X a.) and Z, = Y(a1b X --- X a,b), we have [Z] : Z,] =
N[(/Q(b)e =c and

Li(Z)) =¥YM;(a; x--- X a,)

C¥(ajbx---xa,b)

=7. O

We are now ready to prove the second part of Theorem which we can state as

follows.

Lemma 7.4.14. Suppose Ly, ..., Ly € Maty(Z) are pre-commuting. Then the
coefficients of F, defined in ([7.1)), are coprime if and only if Ly, . . . , Ly are coprime.

Proof. The forward direction is already proven in Lemma so we only have to
prove the reverse direction. Assume that Ly, ..., Ly are coprime. Let ¥ € GL;(Q)

be such that P Ly, ..., P L are pairwise commuting.

Define

F'(x0,...,x;) =det(xogP Lo+ +x, PLy) = det(P) det(xg Lo + - - - +x,. L)
= det(P)F(xg, . ..,xx)
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and ¢ = cont(F’) > |det(#)|. By Lemma if ¢ # 0, we can find full rank
lattices Z;, Z» ¢ Q¢ such that [Z; : Z;] = cand PLi(Z)) C Z>. LetQ : Z¢ — Z;
and R : Z, — Z¢ be arbitrary isomorphisms, which can be viewed as matrices in
GL4(Q). Then |det(QR)| = [Z> : Z1] = ¢ ' and RP L,Q : Z¢ — Z4, so they are in
Mat,(Z). By coprimality of Ly, ..., Li, we have 1 < | det(QPR)| = | det(P)|c .
Thus, ¢ < |det(P)|. But we have ¢ = cont(F’) > |det(P)], so equality holds,
therefore F has coprime coeflicients.

If ¢ = 0, then the images of PLy,...,P Ly lie in a strict subspace of Q. In
particular, we can find full rank lattices Z;, Z» ¢ Q¢ such that [Z; : Z»] = ¢’ and
PLi(Zy) C Z,, for arbitrarily large ¢’ > 0. By the same argument above, we have

| det(P)| = ¢’, which is absurd since ¢’ can be taken to be arbitrarily large. O

7.5 Sums of pre-commuting linear transformations
Suppose Ly, ..., L € Maty(Z) are non-zero, pre-commuting, irreducible and

coprime, then F, defined in (/.1)), factorizes into linear terms

d

F(x0,...,xy) = l—[(aOixo + e AgiXy).
i=1

We define H( Ly, ..., L) as the quantity

d
H( Lo, L) = | [(aol +---+ lagl).
i=1

Note that the factorization is only unique up to scalars, but the quantity H( Lo, . . ., L)

is well-defined.

We now prove Theorem which we state again for the reader’s convenience.

Theorem 7.5.1. Let Ly, ..., Lr € Maty(Z) be pre-commuting, irreducible and

coprime matrices. Then for any finite A C Z¢,

| LoA+ -+ LAl > H( Lo, ..., Lr)|Al —o(]A]).

Proof. We may assume that Lo, ..., L, are non-zero. By Theorem this
becomes equivalent to Theorem The only thing we have to show is that
H(Ly,...,Ly) = H(Ay,...,A;). Indeed, if M; : K — K is the homomorphism

given by multiplication by 4;, which is similar to £ 1 £;, then we have
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F(xg,...,xx) =det(xoLy+ - +xi. L)
= det(,Eo) det(X() +x M+ +XkMk)

d
= det(Lo) | | (xo+av(an)xr +- -+ ai(A)xp).
i=1
Therefore,

d
H(Lo,..., L) = [det(Lo)| [ [(1+low(An)]+- -+ ou(A0)])

i=1
d
= Nijo(Day,ae) | |+ 1)+ -+ +|oi ()
i=1
=H(Ay,..., ). O

Corollary 7.5.2. Let Ly, L1 € Maty(Z) be irreducible and coprime. Then for any
finite A ¢ 79,
|- LoA + L1A| > H(Lo, L1)|A| - o(|A]).

Proof. This follows from the k = 1 case of Theorem|[7.0.6] and noting that if Lo, £;

are irreducible, then they are non-singular and hence pre-commuting. O

7.6 An example

Consider the following matrices:

0 10 0 01 0 0 O
Lo=|-1 0 Of, Li=]0 0 0|, L=(0 O
0 0O -1 0 0 0 -1 0

The corresponding polynomial F' is the zero polynomial. However, we claim that

Lo, L1, L are irreducible and coprime, giving a counter-example to Lemma

We first show that they are irreducible. If not, then there are non-trivial subspaces
U,V c Q3 such that £;(U) C V foralli. Let u = (a,b,c) € Q be any non-zero
vector. Then the span of Lou, Liu, Lou is

V, = {(x,y,z) EQS:ax+by+cz=0}.

This is a 2-dimensional subspace contained in V, thus dimU = dimV = 2. More-
over, V,, is distinct for different u (up to scalar), so picking u, u, € U as a basis, the

subspaces V,,,, V,,, are distinct but are contained in V, so V can only be Q3.
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Suppose Ly, L1, L are not coprime, then there are £,Q € GL3(Q) with 0 <
|detPQ| < 1 and PL;Q € Mat3(Z). There exists invertible Ry, R, € Mat3(Z)
such that R;% is upper triangular and QR is lower triangular. Thus by replacing
P,Q with R P, QR,, we may assume that P, Q are of the form

Py Py Py Qi1 0 0
P=10 Pun Pxl| Q=102 0»n 0
0 0 P33 031 O3 033

Then £ L;Q is an integer matrix implies that the following matrices have integer

entries:
—P12011 +P11Q21 P11Q22 0O —P13011 + P11031 P03 P1Q033
—P2» 01 0 01, —-P»3011 0 0 ,
0 0 0 —P33011 0 0

—P13021 + P12Q31 —P13022 + P12032  P12033
—P23021 + P2031 —P30xn + Pn03 P»n033].
—P33071 P3302 0
In particular, P11Q22, P220Q33, P33Q11 € Z, hence P11 P2 P33011022033 € Z. But
0 < |detPQ| = |P11P2»P3301102033| < 1, a contradiction.

We believe that H( Ly, L1, £>) = 8 in this case, which will be tight by considering
A tobe an N X N X N cube. However, the methods developed in this thesis are

insufficient to even prove that it is positive.
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Chapter 8

SUMS OF DILATES OVER GROUPS OF PRIME ORDER

Parts of this chapter are based on the author’s publications. The materials have been

adapted for inclusion in this thesis.

[1] D. Conlon and J. Lim, Sums of dilates over groups of prime order, to appear
in American Mathematical Monthly (2025), arXiv:2409.17112.

Our concern in this chapter will be with estimating the minimum size of |[A + A4 - A|,
for A C Z/pZ, with p prime. This problem over Z/pZ was first studied in detail by
Plagne [35] and by Fiz Pontiveros [[16]. For instance, using a rectification argument,
which allows one to treat small subsets of Z/pZ as though they are sets of integers,
the latter showed that for every A € Z there exists @ > 0 such that

|JA+A4-A|l > (|2 +1)]|A| - Ca

for all |A| < ap. On the other hand, he showed that for every A € Z and € > 0 there
exists & > 0 such that, for every sufficiently large prime p, there is aset A C Z/pZ
with |[A]| > (% —€)p such that |[A+ A - A|] < (1 —6)p. That is, as |A| approaches
p/2, one cannot do much better than the Cauchy—Davenport theorem, which tells
usthat |[A+A4-A| >2|A| - 1.

Recall the following terminology defined in the introduction. For p prime, 1 € Z
and a € (0, 1), we let

ex(Z/pZ,A,a) =min{|A+A-A|/p:ACZ/pZ, |A| = ap}

and then define ex(4, @) = limsup,, ex(Z/pZ, A, ). The problem of asymptotically
estimating the minimum size of sums of dilates over Z/pZ may then be rephrased
as the problem of determining ex(4, @). This seems very difficult in full generality,

though the results of Fiz Pontiveros described above imply that

e ex(4, ) = (|1 + 1)a for A fixed and « sufficiently small in terms of A and

1

e ex(4,a) < lfora < 3.
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Here we look at the case where « is fixed and A is allowed to grow. Inrough terms, we
wish to understand how small the sum of dilates A + 4 - A can be if we fix the density
« of A and let A tend to infinity. More precisely, we setex(a) = limsup,_, ., ex(4, @)

and investigate the behavior of ex(a).

By Cauchy—Davenport, if @ > %, then ex(a) = 1. Moreover, if @ < % then, again by
Cauchy-Davenport, |[A+1-A| > 2|A| — 1, so ex(a) > 2a. On the other hand, since
|A+A-A| < p, we always have the trivial upper bound ex(a) < 1. Our main result
improves these simple bounds significantly, giving a reasonably complete picture of

the behavior of ex(a).
Theorem 8.0.1. There exist constants C,C’, ¢ > 0 such that
eC’ log"(l/(y)a < ex(a) < eC log(l/(z)a

forall a € (0, %). Moreover, ex(a) < 1 forall a € (0, %).

Unlike in the fixed A case, we cannot improve the trivial upper bound ex(a) < 1 by
just taking A to be an interval. Instead, what we do is show that ex(«) is bounded
above by a continuous variant defined over the torus T = R/Z and then provide an
upper bound for that variant. We go straight into the details of this construction,
before returning to the lower bound, which makes use of several classical tools from

additive combinatorics, in Section (8.2

8.1 The upper bound

Let T = R/Z, n > 1 be an integer and u be the Lebesgue measure on T* for any
positive integer k. Let m; : T" — T"! be the projection map ignoring the first
coordinate and 7, : T" — T"~! the projection map ignoring the last coordinate.
Consider the following problem: given 0 < @ < 1, what is the smallest possible

value of u(m(B) + m,(B)) over all open sets B C T" with u(B) > a?

Equivalently, we can ask for the smallest possible value of u(B X T + T X B) over
all open sets B C T" with u(B) > «@. In this form, written as a problem about
sums of shifts rather than sums of projections, there is a ready analogy with the
problem of estimating sums of transcendental dilates, which can also be phrased in
terms of sums of shifts and ultimately has bounds of a similar form (see Chapter 4.
This analogy partly motivates the methods we use here for both the upper and lower

bounds.
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To capture this question more succinctly, we define
exr(n, @) = inf {u(n;(B) + n,(B)) : B C T" open, u(B) > a}

and setexy (@) = lim,_,c ex7(n, @). This limit exists since exy (n, @) is decreasing in
n. Indeed, if B C T" with (71 (B) +7,(B)) = S, consider B' = BxT C T™*!. Then
u(B') = p(B) and () (B 47,41 (B')) = (1 (B)XT+B) = (i (B)+7,(B)) = B,
so that exp(n + 1, @) < exy(n, @).

The main result of this section says that ex(@) < exr(a), thereby allowing us to
give an upper bound on ex(«) by instead bounding ex7(«). The idea of the proof is
to construct an example in Z/pZ from one in T” by approximating each point of T"

by a number in Z/pZ written in base A, with each point (xy,...,x,) € T" roughly

corresponding to | (x1 + 3 +--- + 327)p| € Z/pZ.

Theorem 8.1.1. ex(a) < exr(a).

Proof. Let n > 1 and B C T" be an open set such that u(B) = @’ > a and
u(m(B) + m,(B)) = B. We will show that ex(a) < S.

Let € > 0 be arbitrary, A be a positive integer, T = Z/AZ and discretize T" into T".
For x = (x1,...,x,) € T" (with integers 0 < x; < A for each i), define C, C T" to

z x;p x;+1
E[[I P )

LetS={xeT":Cy CB}and B’ = | J,cgCx € B. As A — oo, u(B’) approaches

u(B) = a’ since B is open. Therefore, for A sufficiently large in terms of €, we have

be the cubical box

u(B’) = a’ — €. For x € T", define I, to be the interval [y, y + 47"), where

L RO L
YRR an

Set A = U es Iy € T. Then u(A) = |S|/A" = u(B’) > o’ — €. We claim that

p(A+2a-A) < u(m(B') + ma(B)).

To see how the theorem follows from this claim, we again discretize T into Z/pZ.

Set A” C Z/pZtobe A’ = {0 < a < p: [%”Tfl) C A}. By construction,

|A’|/p < u(A). Moreover, since A is a finite union of half-closed intervals, |A’|/p
approaches p(A) as p — oo. Therefore, for p sufficiently large in terms of €, we have

|A’] > (u(A)—€)p. Forany a+db € A’'+1-A’ witha, b € A’, we have [g, %1) cA
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and% € A. Thus, [“;—’U’, “MPA) CA+A-A Hence, |A'+A-A’|/p < u(A+21-A).

From the claim,

AT (A4 2-A) < p(mi(B) +1u(B)) < B.

a/

Since |A’| > (u(A) —€)p > (a’ - 2€)p, taking € = 43¢ gives ex(a) < B, as

required.

To prove the claim, let 8" = 711 (S) + 7,(S) + {0, 1}""!. Then §’ is the set of all z =
(21,225 -+ > 2n-1) € TV with 24 = ags1 + b+ € forsome a = (ay, az, ..., a,), b =
(b1,b3,...,b,) € S and ¢ € {0, 1} for all k. Since B’ is the union of boxes
Uyes Cx, we have that 1 (B’) + m,(B’) is the union of boxes | J,cg Cx, though now
with each C, € T""!. Thus,

IS’/ = u(m1(B) + ma(B')).

On the other hand, A + A - A consists of all points in T of the form

bi+ay by+ as bn—l +ay, b,
+ +-rtt—+ —
P 22 -l

+ €,

where a,b € Sand € € [0,47" + /l_”“). Here, we are viewing a; and b; as integers
in [0, — 1], so b; + a;4+1 could “overflow.” Nevertheless, each elementof A +1- A
is of the form

1 C2 Cn-1

—+ =+ 4+ +0,

A 2 An-1
where ¢; = b; + a;5y mod A or b; + a4 + I mod A and 6 € [0,47!). Thus,

A+2-AC U,ey L, s0O we have

(A +2-A) < |S'1/A"" = p(mi(B') + ma(B)),

as required. O

We believe that the two functions ex(«@) and exy (@) should in fact be equal, but

leave the task of proving that ex(«@) > exy (@) as an open problem.

We now give an upper bound for exy(a), and therefore ex(a), by considering a
suitable set B C T".

Theorem 8.1.2. For any positive integer d, exp(a) < 247"V for all o €
(0,279). In particular, there is a constant C > 0 such that exy(a) < eCViegl/@)y
forall @ € (0, %).



141

Proof. If B = (0,y"/%)? c T9, then u(B) = y. Furthermore, 711(B) = n4(B) =
(0, yY4)ya=1 ¢ T4-1 50 we have u(m(B) + mq(B)) = (2y!/4)d=1 = 2d-1,1-1/d
Taking the infimum over all ¥ > « then gives the required upper bound exy(a) <
exr(d, @) < 2971a'=14 To get a general bound independent of d, we simply
optimize by setting d = \/m and the bound follows. m|

Remark. The constant term 24~ in Theorem is not optimal. For example, for
d = 3, instead of picking B to be the y'/3 x y'/3 x y1/3 box, we could optimize the
side lengths of the box by picking B to be (2y)'3 x (y/4)'/3 x (2y)'/3. This yields
u(r1(B) + m3(B)) = %yzﬂ, where we note that 24% < 22, We made no attempt
to optimize these constants for higher values of d, as any improvement would not

change the form of the bound e€N'02(1/@) o,

While Theorem [8.1.2] proves the first upper bound in Theorem [8.0.1] the following

result proves the second upper bound ex(a) < 1.

Theorem 8.1.3. exy (@) < 1 forall a € (0, %).

Proof. Let n be sufficiently large and set B = {x € T" : x; > Oforall i, ! x; <
5 — 1}, where x; is considered an element of [0, 1) for all i. Asn — oo, u(B) — %
since, if x € T" is picked uniformly randomly, )’ x; is approximately normal with
mean 5 and variance ®(n). Thus, for sufficiently large n, @ < u(B) < % Fix such
an n. Now both 71 (B) and 7,,(B) are contained in the set C = {x € T""! : ?:_11 x; <
% -1}, s0

n—1

7(B)+7m,(B) CC+C={xeT"!: in <n-2}c T
i=1

Hence, u(m(B) + n,(B)) < 1, so that exy(a) < exr(n,a) < 1. O

8.2 The lower bound
We now prove the lower bound in Theorem [8.0.1} which we restate as follows. As
prefaced in the previous section, the proof of this result makes use of ideas similar

to those used in [39]] for studying sums of transcendental dilates.

Theorem 8.2.1. There are constants C’, ¢ > 0 such that ex(e) > € 108"y for

all @ € (0,1/2). In particular, one may take c = %
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In what follows, as well as the notation A - B = {Ab : b € B} for dilates, we will use

mB to denote the m-fold sumset

mB=B+B+---+B.
————
m times

Before proving Theorem [8.2.1, we require the following result, a variant of the

Pliinnecke—Ruzsa inequality allowing for dilates of each term.

Lemma 8.2.2. Let B be a finite subset of an abelian group, A an integer and K > 0
such that |B + A - B| < K|B|. Then, for any positive integer |,

|B+/1'B+/12~B+...+/II,B|SK71—6|B|.

Proof. Apply the sum version of Ruzsa’s triangle inequality (Lemma [I.6.1)) with
X = A1-B,Y = Z = B and noting that |1 - B| = |B|, we have |B + B| < K?|B|.
Hence, by the Pliinnecke—Ruzsa inequality (Lemma [1.6.2)), |B + B + B| < K°|B|.

Thus, another application of Ruzsa’s triangle inequality (with X = B, Y = B + B,
Z = A - B)yields

|IB+B+1-B|<|B+B+B||B+1-B|/|B| <K'|B|.

We prove the lemma by induction on /, noting that the case [ = 1 follows from the

given assumption. Suppose now that we have
IB+1-B+A>-B+---+4'-B| < K""°|B|

for some / and we wish to prove it for / + 1. Yet another application of Ruzsa’s
triangle inequality (with X =A'-B,Y = B+A-B+---+A"1.B, Z = A'.B+A*1.B)
yields

IB+A-B+---+ A" Bl <|B+A-B+---+1'-B||A'-B+ 1" - B+ A" - B|/|B|
<K% . B+ A" - B+ A" B
=K""°|B+B+21-B]
§K7(l+l)_6|B|,

as required. O

The other thing that we need for the proof of Theorem[8.2.1]is Sanders’ quantitative
version of the Bogolyubov—Ruzsa lemma [40, Theorem 1.1], which states that if A
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is a finite subset of an abelian group with |A + A| < K|A|, then 2A — 2A contains
a proper generalized arithmetic progression P of dimension d < do(K) < C log6 K
and size at least C;(K)|A|, where C is an absolute constant. Here a generalized

arithmetic progression P of dimension d is a set of the form

d
P:{a+Zn,~vi :0 < n; <k;—1forall i}
i=1
and such a generalized arithmetic progression is proper if all of its elements are
distinct, that is, if |P| = k1ky - - - kgq.

Proof of Theorem|8.2.1} Fix @ € (0,1/2) and let K = 2ex(e)/a. Let A be suffi-
ciently large and p be sufficiently large in terms of 1. Let A C Z/pZ, which we may
assume has size |A| = ap, be such that |[A + 1 - A| < 2ex(a)p = K|A|. By Ruzsa’s
triangle inequality, we again have |A + A| < K?|A|. Hence, by Sanders’ quantitative
version of the Bogolyubov—Ruzsa lemma, 2A — 2A contains a proper generalized
arithmetic progression P of dimension d < do(K) < Clog® K and size at least
Ci(K)ap, where C is an absolute constant. By the Pliinnecke—Ruzsa inequality, we
have |24 — 2A + 2A — 2A| < K'9|A|. By Ruzsa’s triangle inequality (with X = A,
Y=2A-2A+A—-2A,Z=21-A), we have

2A-2A+A-2A+1-A| < |[2A-2A+2A4 -2A||A+ - A]/|A] < K'|A|.

Repeating three more times, each time replacing an appropriate A term with A - A,
we get
|(2A —24) + 1 - (2A - 24)| < K®|A].

By Lemma [8.2.2) applied to 2A — 2A, we then have that,

|(2A =2A) +A- (2A -2A) +---+ 2% - (24 - 24)| < K'¥)4).

Suppose P = vy + Py for some vy € Z/pZ and P, a proper Minkowski sum of d
arithmetic progressions {0, v;,2v;, ..., (k; = D)v;},i =1,...,d, with |P| = |Py| =
kiky---kg and k1 > ky > --- > kg. Let m < d be the largest integer with
k, > A. Since |Pg| > A? for sufficiently large p, we have m > 1. Let P’ =

2t 40,vi,2v;, ..., (ki = 1)v;}. Then this is a proper sum with [P’| > |Po|/ A%,
Since k1 > --- > k,, > A, we have that,

m
P’+/l-P’+/12-P’+---+/ld-P’QZ{O,vi,2v,-,...,/1d(kl-—l)vi} =P
i=1
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By repeated application of the Cauchy—Davenport theorem, we have that
|A9P’| = min(A4|P'| - 2% +1,p) = min(A"Crap — A% +1,p)=p

for A large enough that AC; > 2 and p sufficiently large. Thus, P’ + 1 - P’ + A2 -
P +---+2%. P' =Z/pZ. On the other hand,

|PP+A-P +22- P+ +29.P|

<|P+A-P+22-P+---+2¢.P|

<|(2A-24)+1- (2A-24)+2%- (2A =2A) +---+ A% . (24 = 24)|

< K14Od|A| < K140d0|A|.
This implies that K 140doy > 1. From dy < C log6 K, we obtain e140¢ log’ K > 1,

which implies that

ex(a) = Ka/2 > €03 o

. O

=

for some absolute constants ¢ and C’, where one may take ¢ =

If one could show that the Bogolyubov—Ruzsa lemma holds with dy(K) < ClogK,

which would be best possible, then we could take ¢ = %, matching our upper bound.

To close, let us mention a variant of the problem we have studied, namely, that of
estimating the minimum size of |[A +---+ A+ A - A| over all A C Z/pZ of given
size. If there are kK summands, we can again study the asymptotic behaviour of this

minimum by considering

ex(k,A, @) =limsupmin{ |[A+---+A+1-A|/p: A CZ/pZ, |A| = ap
p—00 —
k—1 times

As a possible extension of his result that ex(4, @) < 1 for @ < %, Fiz Pontiveros [ 16,
Conjecture 1.3] conjectured that ex(k, 4, @) < 1 for a < % However, this is easily
seen to be false. Indeed, a simple consequence of the proof of Theorem [8.2.1]
is that, provided k is sufficiently large, |A + 1 - A| > 10|A| for all A C Z/pZ
with |A| = [p/(k + 1)] and all A sufficiently large in terms of k. But then, by
repeated application of the Cauchy—Davenport inequality, |[A+---+ A+ A1 - A| >
min{(k + 8)|A| — (k —2), p} = p. In particular, ex(k, A, ) =1 fora > 1/(k+ 1)
and A sufficiently large in terms of k. This bound on the minimum « such that
ex(k,A,a) = 1 for A sufficiently large in terms of k can certainly be improved,
though we have made no serious attempt to do so here. Instead, we leave it as an

open problem to give more precise estimates on how this threshold changes with k.
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