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STRESS DISTRIBUTION DUE TO TANGENTIAL CONCENTRATED LOAD IN A THI~ CYLINDER 

DAVID H. JARVIS 

ABSTRACT: 

I\ SOLUTION IS SHOWN FOR STRESS DISTRIBUTl::lN IN AN INFINITE STRIP WIT'.-i 

V/ITH A TRAl'4'ERSE CONCENTRATED LOAD ACTING AT ITS CENTER. DEFORMATION REL-

ATIONS ARE SATISFIED TO PERMIT THIS STRIP TO BE ROLLED TRANSVERSELY INTO AN 

INFINITE CYLINDER. EQUILIBRIUM CONDITIONS ARE THEN SATISFIED BY ADDING A 

PRESSURE DISTRIBUTl::lN NORMAL TO THE SURFACE OF THIS CYLINDER. THE STRESS 

DUE TO THIS PRESSURE DISTRIBUTION IS SOLVED BY METHODS PREVIOUSLY DEVELOPED 

FOR THIN CYLINDERS AND SUPERPOSED ON THE STRIP STRESS. RESULTS SHOW THAT 

THE STRESSES ARE NEARLY THE SAME AS THOSE OBJAINED BY THE ELEMENTARY 

METHODS OF STRENGTH OF MATERIALS EXCEPT NEAR THE POINT OF APPLICATION OF 

THE LOAD, WHERE THERE ARE LOCALIZED BENDING STRESSES. THIS BENDING CAN 

BE EVALUATED BY THE THIN CYLINDER METHOes, BUT THE PROCESS IS VERY INVOLVED 

AND A SIMPLER APPROACH IS DESIRED. THIS IS FOUND BY CONSIDERING THE RES-

ULTANT OF THE PRESSURE DISTRIBUTION TO BE A MOMENT APPLIED AT THE LOADING 

POINT. Two METHODS OF ANALYZING STRESS IN A THIN CYLINDER LOADED WITH A 

CIRCUMFERENTIAL COUPLE ARE SHOWN AND DEFORMATION CURVES PLOTTED ■ THE 

STRESS CRITERION IS SHOWN TO BE THE NORMAL STRESS DEVELOPED NEAR:<THE LOAD 

IN THE INFINITE (UNROLLED) STRIP ■ 
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1. INTRODUaTION 

THE LOADING OF A PIPE OR PENSTOCK WITH A TANGENTIAL CONCENTRATED 

LOAD AS SHOWN IN FIGURE 1, HAS FREQUENT APPLICATION IN THE DESIGN, 

CONSTRUCTION AND INSTALLATION OF EQUIPMENT USED IN LARGE HYDRO-ELECTRIC 

POWER PLANTS. 

AVAILABLE TECHNICAL LITERATURE DOES NOT GIVE AN EXACT SOLUTI ON OF 

THIS PROBLEM EXCEPT IN THE LIMITING CASE WHEN THE RADIUS OF THE CYLINDER 

APPROACHES tNFINITY OR THICKNESS APPROACHES ZERO. THE SOLUTION IN THIS 

CASE IS THAT FOR A LOAD IN THE PLANE OF AN INFINITE PLATE OR STRIP, AND 

HAS BEEN DISCUSSED BY R. C. J~ HOWLAND!
1

lND S. TIMOSHENK0.(
2

) IT IS 

REASONABLE TO ASSUME THAT THIS SOLUTION CAN BE APPLIED TO A CYLINDER 

OF FINITE RADIUS IF THE RESULTS OF DEFORMING THE STRIP CAN BE DETERM1N8D 

AND REMOVED BY A PROCESS WHICH GIVES STRESSES WITH THE SAME ORDER OF 

ACCURACY ~S THOSE DETERMlNED IN THE STRIP BEFORE DEFORMATION. 

TH[ RATIO OF RADIUS TO THICKNESS IS ASSUMED TO BE OF THE ORDER 

OF 100 TO 1, SO NORMAL STRESSES ON A SECTION CAN BE CONSIDERED TO BE 

UNIFORMLY DISTRIBUTED ACROSS THE THICKNESS OF SECTION, AND BENDING 

STRESSES TO VARY LINEARLY ACROSS THE SECTION. 

1 

(1) HOWLAND, R. C. J., PROCEEDINGS OF THE ROYAL SOCIETY OF LONDON A VOL.124 P.89 

(2) TIMOSHENKO, S., "THEORY OF ELASTICITY" MCGRAW-HILL BOOK CO., N0 Y0 ,1934 
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I I. STRESSES IN INFINITE STRIP 

THE FOLLOWING NOTATION IS USED IN THIS AND SUBSEQUENT CHAPTERS: 

E: - MODULUS OF ELASTICITY IN POUl~DS PER SQUARE INCH 

0- - INTENSITY OF STRESS H, POUNDS PER SQUA;~l-: INCH 

~ - POISSONS RATIO 

-t -THICKNESS OF PLATE IN INCHES 

b - HALF WIDTH OF STRIP= :rrr 
r - RADIUS OF CYLINDER IN INCHES 

e - ANGULAR COO RD I NATE, A PURE NUMBER 

1- - AXIAL OR LONGITUDINAL COORDl~JATE IN INCHES 

3 

'1,re - CIRCUMFERENTIAL OR TRANSVERSE COORDINATE IN INCHES 

.x,~z -DISTRl3UTED LOADS PER UNIT AREA OF lcllDDLE SURFAGE IN 

POUNDS PER SQUARE INCH, POSITIVE AS SHOWN. 

p - CONCENTRATED LOAD IN POUNDS =2bp 

p - CONCENTFlATED LOAD PER UNIT WIDTH IN POUNDS PER INCH 

~ j ~) ;r. - DISPLACEMENTS HAVING SAME SENSES AS l:) Y; 2, 
s,.) i' -NORMAL STRESS RESULTANTS PER UN IT LENGTH OF Ml ODLE 

SURFACE, IN POUNDS PER INCH, POSITIVE AS SHOWN 

S,.~; S-;1- - SHEAR STRESS RESUL TAIHS PER UNIT LENGTH OF Ml ODLE 

SURFACE IN POUNCS PER INCH, POSITIVE AS SHOWN 

iv~) M1 - AXIAL AND TANGENTIAL EJENDING MOMENTS OF CYLl i\lDER PER 

UNIT LENGTH OF MIDDLE SURFACE IN POUNSS, POSITIVE 

WHEN TENDING TO CAUSE COMPRESSION IN OUTER FIBERS 
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M1~, ~~ - AXIAL AND TANGENTIAL TWISTING MOMENTS OF PIPE 

OR CYLINDER PER UNIT OF MIDDLE SURFACE, POSITIVE 

AS SHOWN 

V11 V1 - RADIAL SHEAR STRESS RESULTANTS PER UNIT LENGTH OF 

MIDDLE SURFACE ON PLANES x= CONSTANT ANO y= CONSTANT 

IN POUNDS PER INCH, POSITIVE AS SHOWN 

THE BOUNDARY CONDITIONS TO BE SATISFIED BY THE STRESS RELATIONS FOR 

AN INFINITE STRIP WITH TRANSVERSE CONCENTRATED LOAD AT THE CENTER ARE AS 

FOLLOWS: 

1. NORMAL STRESS RESULTANTS MUST VANISH AT THE BOUNDARIES ~- b AND 

~ = -b 

2. SHEAR STRESS MUST VANISH AT 

3. SHEAR STRESS RESUL TAMT AT ANY "f. = CONSTANT f O MUST, WHEN INTEGRATED 

BETWEENll.f =- b AND "1 = b BE EQUAL TO b p .::. P/2-
4. DISPLACEMENTS AT ANY POI NT 'f- = CONSTANT or, THE BOUNDARY "1 = - b MUST 

EQUAL THE DISPLA CEMENTS ON THE BOUNDARY ~ = b FOR "/- = 0= THE SAME CON-

STAI-J T • 

USING THE SOLUTION FOR A LOAD IN THE PLANE OF AN INFINITE PLATE, THE 

BOUNDARY CONDITIONS CAN BE SATISFIED BY THE FOLLOWING RELATIONS. 
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(3) 

THESE EXPRE~I JNS MA y BE SI MPLIFIED BY SUBST I TU TI NG 2bp p FOR AND 

us I NG A NEW VAR t ABLE/\ sucH THA rA~ = 2.'li.b AND '\ - ,Z. 1;1b 
r- - "lL,. • F OR VERY 

LARGE VALUES OF ,Y / r THEN, WE MAY WRITE . 
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WHEN THE I NTEGRALS A~E EVA LUATED, AND CONSIDERED AT -

THE FOLLOWING R~ TH~ BOUNDARIES, 

-SULTS ARE OBTAINED. 



THE FIRST TH RE E BOUNDARY CONDITIONS ARE THUS SEEN TO BE SATISFIED. 

THE FOURTH CONDITI ON IS OBV IOUSLY SATISFIED IF THE METHOD OF DERIVING THE 

SOLUTION IS CONSIDERED. IT IS APPARENT THAT EXP RESS I ONS 1, 2, AND 3 

REPRESENT THE SUMMATION OF AN INFINITE~Y LARGE NUM BER OF FORCES ACT ING 

ALONG A ST RAIGHT LI NE WHICH REPRESENTS TH E Y AXIS AT INTERVALS OF 2 b 

I N AN INFI NITE PLANE. THUS, THE RESU LT S GIVE AN INFINITE NUMBER OF 

IDENTICAL S TRIPS OF THE T~PE WE ARE CONSIDERING. THERE CAN BE NO DIS-

CONTI NU I TIES IN THIS PLANE, SO DEFORMATIONS AT OPPOSITE BO UND ARIE S MUST 

BE IDENTICAL. 

CONSIDERATI ON OF EQUILIBRIUM OF THE S TRIP AFTER IT HAS BEEN ROLLED 

INTO A CYLINDER DI SC LOS ES THAT A PRESS URE MUST BE EFFECT IVELY DISTRIBUTED 

OVER THE SUR FACE OF THE CYLINDER. THE MAGNITUDE OF THIS PRESSURE AT ANY 

POINT IS srr SI NC E THE PRES SURE I S ESSE NTIAL FOR SATISFACTION OF 

EQUILIBRIUM RELATI ONS , AND CAN ONLY BE RESISTED BY STRESS AND DEFORMATION 

COMBINATIONS IN THE CYLINDER, IT IS NECESSARY TO DETERMINE THE STRESS 

AND DEFORMATI ON IN ANY CYLINDER FOR ANY P RESSURE LOADING. 

7 
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THIN CYLINDERS SUBJECT TO PRESSURE AND BODY FORCES 

FIGURE 2 SHOWS A DIFFEREN TIAL ELElvlENT OF SHELL WITH THE FORCE AND 

COUPLES ACTING ON IT. USING THE VALUES SHOWN, SIX INDEPEN DENT EQUATIONS 

OF EQUILI BRIUM CAN BE OBTAINED. THEY ARE, 

~ + c) s1-~ + ·r ~ u 
0 'I- d "1 

d s1 + d s""~ + b +'C~o 
d <--t cl"'/- r _,_ 

~ -\,- J '/1_ s Z =o -~+ Jf J~ r 

JM1 +- d !V\1-1 t- V 1 -==-0 
01 d "1 

::::. 0 
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THE NEXT STEP IN THE ANALYSIS IS TO OBTAIN SI X STRESS STRAIN RE LATIONS 

FOR THE SHELL. THE USUAL THIN CYLINDER ASSUMPTI ONS AND SIMPLIBICATIONS ARE 

MADE AND THE RELATIONS OBTAINED FOR STRAIN SOLVED IN TERMS OF NORMAL STRESS 

RESULTANTS AND BENDING MOMENTS. THEY ARE, 



11 

SIMULTANEOUS SOLUTION OF THESE TWELVE PARTIAL DIFFERENTIAL EQUATIONS 

IS THEORETICALLY POSSIBLE, BUT PRACTICAL SOLUTIONS ARE OBTAINED ONLY BY 

MAKING ESSENTIAL SIMPLIFICATIONS. 

IT CAN BE SHOWN THAT EXCEPT NEAR A RESTRAINT, STRAINS DUE TO \V\j 

AND '~ARE OF THE ORDER OF MAGNITUDE OF t/rcOMPARED WITH STRAINS DUE TO 

St AND s,. THEREFORE, A SOLUTION OF THESE EQUATIONS MAY BE SIMPLIFIED 

BY TAKING AN EXTREME CASE WHERE FLEXURAL STRAINS ARE NEGLIGIBLE COMPARED TO 

EXTENSIONAL STRAINS. THIS SOLUTION, DESIGNATED THE MEMBRANE SOLUTION 

CONTAINS THE BODY FORCES. THE RELATIONS OBTAINED ARE, 

rZ 
_ J: 1(lli + -Y,-)li +- f-, 

u c:l "'\ 
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THE VALUES OFF ARE DETERMINED FROM THE BOUNDARY AND LOADING CONDITIONS. 

WHEN THE STRESSES OBTAINED BY THIS METHOB ARE SUPERPOSED ON THE STRIP 

STRESSES, THE RESULTS OBTAINED APPROACH THE STRESS DISTRIBUTION SHOWN IN 

FIGURE 3. THIS JS THE DISTRIBUTION OBTAINED BY USING ELEMENTARY BENDING 

THEORY AND THE STATICALLY EQUIVALENT LOADING SHOWN. 

THIS CASE HAS NO VALUE IN THE DETERMINATION OF LOCAL STRESSES CAUSED 

BY THE CONCENTRATED LOAD, BUT GIVES A SOLUTION WHICH IS USEFUL AT A CON-

SIDERABLE DISTANCE FROM THE RESTRAINTS. IT ALSO DEMONSTRATES THAT THE 

METHOD SATISFIES EQUILIBRIUM CONDITIONS. 

IT IS APPARENT THAT BENDING MOMENTS ARE IMPORTANT NEAR THE LOAD, AND 

SHOULD NOT BE NEGLECTED. A SOLUTION WHICH INCLUDES BENDING MOMENTS IS 

OBTAINABLE IF THE BODY FORCES ARE NEGLECTED. THIS SOLUTION IS REACHED BY 

APPROXIMATING THE LOADING CONDITION AND DEFLECTION BY A SUITABLE f8URIER 

SERIES. THE RESULT OF THIS SOLUTION SHOWS THAT DISPLACEMENTS NEAR A 

RESTRAINT TAKE THE FORM OF A RAPIOLY DAMPED OSCILLATORY WAVE OF WHICH THE 

THE WAVE LENGTH IS NEARLY 

L --
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ST-A,\C.ALL~ E.qU\VPrl-EHT LOAD A1 ~:::. f 
c.. - 0 ~-~ -~ ~·,""~ c.. -.. _£ _e_ C. 4 ~"1- 1 -.J?-Z.1fr"L~ IIQ" 1 ~~,- 4b -2..b 0

~Q 

THcSE:- Rc:~ULT5 oeR.,ve. FOR s\MPl-'E: B~N.DtNGi 
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THIS EFFECT IS ALMOST COMPLETELY DAMPED OUT IN ONE WAVt LENGTH. 

RATHER THAN ATTE~PT TO SOLVE THE HIGHLY COMPLICATED AND LABORIOUS EXPRESS- . 

IONS RESULTING FROM THIS ANALYSIS, ANOTHER SIMPLIFICATION IS ATTEMPTED 

IN WHICH THE STRESS DUE TO RESTRAINT ALONE IS CONSIDERED AND THE RESTRAI NT 

AT THE LOAD IS ESTIMATED ■ THE RESULTS OF THIS APPROACH ARE, 

5~ =- Z.( re -\~[(M- l) c.a.s~r- -M Sil'l~t] . 

t::t f, = -},t1J re-q,1-[-'\- ea, '!i'l' +(2rv1-~)s'in~~ 

E:-tJ = 2.<t 'r~e..-'b~ Q fl\-¥ )c.o5'!)1- - M s\V11t"I-] 

E: t U. = _ z ~ \,. 2 e, ~ <ti"f-[ (z M-¥ )eo:, q, 1- -¥ s i 11iiJ 
J~ . ~· 

e'" $1- [ M ~'t> ~ ~ ( 1"1-\ h1n 'b'.1 j 

WHERE MAND V REPRESENT THE ESTl~ATED MOMENTS AN~ SHEARS.• 



A METHOD OF CHECKING ANY ESTIMATED RESTRAINING MOMENT AND SHEAR IS REQ-

UIRED. CONSIDERING THE CHARACTER OF THE EQUILIBRATING PRESSURE DISTRl9UTJON 

IT JS OBSERVED THAT ITS RESULTANT IS A r1IOMENT ABOUT ~ = 0, 
~ .., 

M'1=~l ~ 1 J1 --

ON THE FLAT PLATE. THIS WILL REDUCE TO 

fr 

WHEN THE STRIP JS ROLLED INTO A CYLINDER. 

THIS MOMENT WITH THE RESULTANT IN THE DIRECTION OF LOAD, QLSO SATISFIES 

THE EQUILIBRIUM CONDITIONS FOR THE CYLINDER. THERE ARE TWO METHODS FOR DE-

TERMINING THE DEFORMATIONS DUE TO A CIRCUMFERENTIAL COUPLE ON A THIN CYL-

JNDER. THE COUPLE JS CONSIDERED TO BE APPLIED AT THE POINT OF APPLICATION 

OF LOAD. THIS MAKES A PHYSICAL PICTURE THAT SEEMS MORE NEARLY REASONABLE 

THAN THAT OF THE DISTRIBUTED PRESSURE. 



IV. THIN CYLI NDE R SUB JECTED TO A CIRCUMFERENTIAL COUPLE 

THE DEFOR \,1ATION ':::JE TO A CIRCUL1c'::REifl!AL COUf'LC AC~l~'G CN A THIN 

CYLINDER MAY BE DERIVED FROM RAYLEIG~~ THEORY OF I NEXTENSIO NAL DEFORM-

( 1 ) 
ATION OR FROM AN EXACT SOLUTION FOR NORMAL CONCENTRATED LOADS ON A 

THIN CYLINDER DEVELOPED BY SHAO WEN YUAN~Z) IN EITHER CASE, THE RADIAL 

DEFORMATION IS DETERMINED FOR TWO EQUAL ANO OPPOSITE FO~CES ACTING ALONG 

A Dlll,METER. USING THIS EXPRESSION FOR j IT IS READILY SEEN THAT TWO 

EQUAL ANO OPPOSITE FORCES OF OPPOSITE SIGN FROM THE FIRST PAIR CAN BE 

MADE TO OPERATE ALONG A DIAMETER DISPLACED A DISTANCE rlleFROM THE FIRST 

DIAMETER (TANGENTIALLY). THE DISPLACEMENT OR DEFORMATION OF THE CYLINDER 

DUE TO TJ-iE couPLE Pr.tie 1s THEN GIVEN BY THE suM OF THE DISPLACEMENTS 

AT A GIVEN POINT. 

WHEN /JfJIS VERY SMAL L, THIS APPROACHES THE VALUE 

AND THE DEFORMATION DUE TO ANY COUPLE C~~ BE CALCULATED FROM THE FIRST 

DEFORMATION CURVE. 

(1) RA YLEIGH 'PROC. LONDON MATH. Soet , vou. 13, 1881 

16 

(2) YUAN, S. W. 1 THIN CYLINDRICAL SHELLS SUBJECTED TO CONCENTRATED LOADS' 

QUARTERLY OF APPLIED MATHEMATICS VOL 4, APRIL 1946 P.13 

(6) 
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RAYLEIGH'S RESULTS FOR THE DEFORMATION DUE TO SIMPLE CONCENTRATED 

LOADING ARE OBTAINED BY NEGLECTING STRAIN IN THE MIDDLE SURFACE. THE 

SOLUTION IS SIMPLE AND IS OBT!INED BY APPLICATION OF ENERGY METHODS AND 

VIRTUAL DISPLACEMENTS. THE RESULT 16 1 

c. .:: eue.vn-rtc.~~, I 

YUAN ARRIVES AT HIS EXACT RESULT BY DEVELOPING A UNIQUE DIFFERENTIAL 

EQUATION FOR THE CYLINDER IN TERMS OF THE RADIAL DISPLACEMENT AND SOLVING 

IT BY THE USE OF FOURIER SERIES AND INTEGRALS FOR THE LOADING, EVALUATED 

BY CAUCHY'S THEOREM OF RESIDUES. HIS EXPRESSION FOR THE DEFORMATION DUE 

TO CIRCUMFERENTIAL COUPLES IS 



WHERE ±A±°' \3/ ±.C =t ·, GJ 

J2:= rz..(1 -µ~) (f)l. 

Y\ -1/~R.:-¾:J') ) 

18 

ARE THE COMPLEX ROOTS OF A++ j ~::::. 0 

J 
~ -d1(R\1j.JJ 

R_,:'" n2:Jf1 + (J Ith'-) 2. 

THE RESULTS OF BOTH METHODS ARE PLOTTED ON FIGURE 4, WHERE IT IS SEEN 

THAT RAYLEIGHS METHOD IS ADEQUATE EXCEPT VERY CLOSE TO THE LOAD. 
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V. CONCLUSIONS 

THE MOST IMPORTANT INDICATION OF THE WORK DONE SO FAR HAS BEEN 

TO SHOW THAT THE LIMITING CASE AND SAFE DESIGN CRITERION FOR THIS TYPE 

OF LOADING IS THE STRESS IN THE FLAT STRIP. THIS CONCLUSION II DER­

IVED FROM THE CONDl~ION OBSERVED IN THE MEMBRANE CASE WHERE SORMAL 

STRESSES DUE TO THE EQUILIBRATING PRESSURE REDUCED THE NORMAL STRESS 

DUE TO THE LOAD IN THE FLAT STRIP. FURTHER CORROBORATION IS OBTAINED 

BY CALCULATING STRAINS PRODUCED BY THE DEFORMATION PLOTTED IN FIGURE 

4, SUPERPOSING ,HE~SIRESSES THUS OBTAINED ON NORMAL STRESSES IN THE 

STRIP AND OBSERVING THAT THE RESULTANTS ARE LESS THAN ORIGINAL STRIP 

STRESSES. 0VERSTRESS£D OUTER FIBERS DUE TO BENDING IS PRECLUDED BY 

THE LIMITATION TO THIN CYLINDERS. I.E. RADIUS TO THICKNESS RATIOS 

IN THE NEIGHBORHOOD OF 100 TO 1. THAT THE CYLINDER MIGHT BUCKLE UNDER 

THE EFFECTIVE EXTERNAL EQUILIBRATING PRESSURE IS MADE UNLIKELY IF NOT 

IMPOSSIBLE BY THE CONDITION THAT THE PRESSURE rs AN INVERSE FUNCTION 

OF THE RADIUS• SINCE THIS BUCKLING PRESSURE IS ENTIRELY REMOVED AT 

THE PLACE WHERE DEFORMATION HAS CANCELED THE CYLINDE~ CURVATURE, AND 

THE RESTORING FORCES DUE TO BENDING OF THE SHELL STILL ACT TO RETAIN 

THE CURVATURE, IT IS SEEN THAT THIS IS A LIMITING CONDITION ON THE 

DEFORMATION. 

20 

IT WOULD APPEAR TO BE POSSIBLE TO GET AN EXACT SOLUT~ON BY WORKING WITH 

THE PRESSURE DISTRIBUTION ON THE CYLINDER. THE AMOUNT OF LABOR INVOLVED 



IS OUTSIDE THE SCOPE OF THE avERAGE DESIGN ENGINEER, AND THE RESULTS 

ARE NO MORE USEFUL TO HIM THAN RESULTS WHICH CAN BE READILY OBTAINED• 

FOR THE CASE WHERE NO HOLES OR DISCONTINUITIES ARE CONTEMPLATED IN THE 

CYL I NCER NEAR THE LOAD, IT IS RECOllMENDED THAT STRESS IN THE MAJOR PART 

• 
OF THE CYLINDER NOT NEAR THE LOAD BE CALCULATED ON THE BASIS OF SIMPLE 

21 

BENDING AND TORSION, AND THAT THE POINT OF LOAD APPLICATION BE REINFORCED 

AS IT WOULD BE TO STAND THE STRESSES DEVELOPED BY THE ~OAD IN THE FLAT 

WHEN IT IS NECESSARY TO DETERMINE STRESS CONCENTRATIONS AT HOLES OR 

DISCONTINUITIES NEAR THE LOAD, RAYLEIGH$ METHOD CAN BE APPLIED SAFELY. 

YUANS SOLUTION WILL GIVE BETTER RESULTS VERY CLOSE TO THE LOAD, BUT THE 

NUMERICAL WORK IS MULTIPLIED. 

RAYLEIGH$ RESULTS FOR DEFORMATION IN ALL THREE DIRECTIONS ARE 

(8) 
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ANO THE EXPRESSIONS FOR STRAINS ANO CHANGES IN CURVATURE FROM WHICH THE 

STRESSES CAN BE CALCULAT60 ARE 

) 

) 
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