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Tn Section I available measurements in low-speed turbulent
boundary laver flow are compared with a simple analysis based on
funetional similarity, and‘the boundary layer is found to be unique
within the accuracy of the sexperimental deta. Scme conssguences

the distrde

of the mesn ecuations of motion are obtained, ineluding
bution of shearing stress through the boundary layer, and an attempt
is made Lo generalize the relationship known as the law of the wall

to flows with variable density.

In Section IT some problems encountered in the development and
use of the floating surface element and other instrumentaticn are

discussed in detail.

In Section III are presented measurements of mean and local
surface frietion carried out on a flabt plate model in the 20-inch
supersonic wind tunnel at the Jet Propulsion Laboratory. The
boundary layer flow is studied for free stream Mach numbers of 2,0,
244, 347, and L.5. The experiments, which involve nominal Reynolds
mambers from 2 x 105 to 9 x lGé, inelude a few measurements in
laminar flow, but emphasize transition and the turbulent regime,
The effecﬁiveness'of various tripping devices i1s mentioned, and the
problem of defining an effective Reynolds number for the fully
turbulent flow is discussed at length. Finally, turbulent bound=-
ary layer profile measurements are examined for consistency with
low-speed data, with a generalized mixing length theory, and with

the analysis of Section I of the present report,
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Table of Symbole

a eonstart

(1) a constant; (2) area of stream tube; (3) effective area
of probe entrance

geometric area of probe entrance

a constant

a constant

velocity profile parameter defined by Eq. (29)
velocity profile parameter defined by Eq. (30)

(1) neasured friction drag coefficient of a plate, defined by
Eq. (1); (2) arag coefficient of a cylinder

ideal local friction drag coefficient of a plate, defined by
Egs. (8) and (12)

value of Cp for fluid of constant density

ideal mean frictien drag coefficient of a plate, defined Wy
Zqs. (9) and (15)

value of Cp for fluid of constant density
distance separating plates—in‘channel calibration
neasured friction drag of a plate

form drag of surface roughness

baée of the natural logarithms, e = 2,71828.....
modulus of elasticity in bending

(1) an unspecified function in the law of the wall or elsewhere;
(2) force on the floating element in the channel calibration

an unspecified funetlon in the velocity defect law
dimension of gap around the floating element

distance implied by apparent shear in a pressure gradient
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I moment of inertia in bending
k spring constant of the flexure system
1 characteristic or mixing length in analysis of turbulent shear flow

m - (1) enerpgy parameter for compressible flow, defined by Bq. (38);
(2) mass, in nass flow rate dm/db

H Hoch nuwber
il exponent in powsr law wvelocity profile
P static pressure

e corrected statie pressure in nozzle ealibration
py impact pressure

Pg  pressure upstream of metering orifice
P a function of x defined by Eq. (102)
X
s free stream dynamic pressure, (0, e, / 2

r (1) temperature recovery factor, (TW—T]_)/ ('i‘o-Tl) 3 (2) notation
for velocity ratio uw/u+

R (1) ideal Reynolds muber defined in context, ¢, & /7, ;
(2) gas constant in Eq. (98)

R'  Reynolds nuber per inch

Rg Reynolds nurber of flow through element clearance gap

Rj Reynolds number for air jet tripping device, defined on page 1l
R sublayer Reynolds munber, defined by Eq. (L2)

Ry  ideal Reynolds number at point of maximum shearing stress

Rg Doundary layer thickness Reynolds number, ««, S / s,

ﬁe ide&l. momentum thickness Re:molds‘ number , ¢, e/ v,

Rg measured momentum thickness Reynolds mumber , ¢, @/,

s most upstream value of X for fully developed turbulent boundary
layer :

s a function of x defined by Eq. (103)
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staltic temperature

balance chamber temperaturs

lecal staznation temperature in boundary layer
streamwise velocity in boundary laver
streamwise velocity fluctuation

friction veloeity defined by Eg. (20) or (78)

streamwise velocity modified by density factor, defined by
Gq. (80)

normal veloclby 1n boundary layer

normal velocity fluctuation

normel velocity modified by density factor, defined by Zg. (80)

(1) a width dimension; (2) a weight in element ealibration
weight of portion of fleoabing elemeﬁt assenbly

distance from plate leading edge

value of x at apparent origin of turbulent boundary layer
distance from the wall

a varlable of integration

anzle of attack, positive when surface pressure inereases
ratio of specific heats, cp/cv

thickness of the houndary layer

upper limit of integration for which integrand vanishes

displacement thickness of the boundary layer, defined by Eq,
(32) or (97)

(1) an increment; (2) value of Howarth variable at edge of

boundary layer

Howarth variable, defined initially bty Eq. (89) and finally
by Ba. (9l) -

ideal momentum thickness, delined by Egs. (10) and (11)

measured momentum thiclness, defined by Eq. (33) or (96)
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R

apparent momentun thickness for form drag of roushness, defined
by Bqa (1h)

m:uang parameter, first used in Eq. (23)

a length connected with surface shearing stress distribution,
defined by Eq. (60)

Tiscosity; see Ta. (39)

kinematic viscosity,,;4/00

ideal anaiog of expervimental length coordinate (x-ig)
density

reference density in Eq. (80)

reference density in Rq. (78)

shearing stress

a funection in the velocity profile, Tg. (23)

a function of x and y defined by Eq. (59) or Eq. (85)

Subseriptses

o value at isentropic stagnation condition

3 valuc at edge of sublayer

W value at wall

1 value in free stream

1,2 imitial and final values of variable in quastion
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I, The Troblem of the Turbulent Boundary Layer

A, Introduetion

Histarim&llyﬂ axperimental measurements of the magnitudé of
surface friction have usually opreceded the development of adequate
rethode of srediction, and the oresent study of supersonic boundary
layers is a case in peint. Befors undertaking the interprstaticn
of the data obtained during the current research, taerefore, it is
desirable to examine the furbulent Doundary*l&yer problem in some
detail from the experimental point of view, in an effort to identify
the features waich must eventually appear in any successful analvsis

of boundary layer fiow.

If exmerimental measurements could be compared with an exact
vsolution of the equations of fluid motion for the particular model
geometry involved, any discrepancies could be assigned to error in
the measurements or to failure of the equations to describe the be-
havior of the fluid in question. In practice, however, a compari-
son of physical and mathematical modcls for the case of viscous
flow over a flat plate can be achieved only in an asymptotic sense,
first bécause,of mafhenatical approximations which are not uniformly
velid in the entire flow field, and second because of physical
imperfections which are idealized of ignored in the usual theoreti-

cal treatment.

The idea of an asymptotic correspondence between actual and

assumed conditions is essential to any definition of the boundary



lever problen. TFor laminar shear flow this idea, which 1s explicit
in the boundary laver coneept of Prandtl (1), is acquiring an in-
'craasingly precise mathematical formulation, and the recent develop-
ment of methods for improving the theoretical snaiysis in this

of current interest in the question

respect 1s & conspleouous si

(?J 2: L 5)"

ot

*

Cn the other h#nd, the present inadequate state of knowledge
of turbulent shear flows requires the corresponding definition of
the turbulent boundafy layer problem to be almost completely heuris-
tic, so tnat the validity of a particular analysis can only be
tested in the light of experimental ewvidence. It is rroposad to
illustrate this difficulty by a brief discussion of thse flat nlate
houndary layer, using an analysis whicn is frankly phenomenclogical
and which is therefore less vulnerable to criticism of concépt
than an analysis which assumes one or another mechanism for the

various turbulent transport processes.

The need for such a discussion is obvious in-the present re;
search program, whose primary objective is to establish experi-
mentally the influence of compressibility on the turbulent boundary
layer flow'élohg a flat nlate. While the review given here is
désigned to provide a point of departure for the study of compressi-
ble boundary layers, and while an attempt will be made later to
generalize some of the relevant considerations to the case of a
fluid of variable density, it should be remembered that the pur-
pese of the discussion is to facilitate the interpretation of ex-

perimental data,rather than to suggest or to support a particular



theoretical analysis of the turbrvlent boundary laver,

E. The Boundary Layer wlth Constant Density

L. Ceneral Congiderations. The remarks of the present paper

refer to steady bwo-dimensional mean flow past a Flab olate at sul-
ficiently large “eynolds mumcers so that the boundary layer hypo-
thesis mayr be assumed to apply. It is further assumed, unless
otherwise specified, that there is no heat transfer between the
plate and the fiuid, and that the pressure, density, and velocity

of the external flow are uniform,

Early experiments, particularly those carried out in towing
tanks, were in most cases designed to determine a mean friction
coefficient from its definition in terms of the dynamic pressure

and of the drag per unit width of one side of a flat surface,

D(x): f" Cp (K) (1)

while an alternative method makes use of the equivalence of the
drag force and the rate of momentum change in the boundary layer

or in the wake,

S+

D (x) =“/(°M'('“h‘*“-)4‘y (2)

Finally; the total drag may be equated to the sum of the downstream

components of the integrated tangential and normsl forces,

p(x) = /,rw(")‘(x + B (x) )



where the second term on the right represents the form drag of any

roughness elements which may be present on the nlate surface.

The first two equations above are usually combined in the form

Ga["‘) = “E‘ @(X)

W)

in which the boundary layer momentum thickness ® is defined by

the definite integral

S+
- £ o~ _——
@(x) = o/(c.‘ e, ‘ M,)jy (5)

The first and third equations in turn provide a relationship he-

tween drag and local friction,

X
% /Z———” G g o Lol )
I & ¥ x

a, (x)

so. that

d@__f,_dpo(x)

ru () |, 46
T I TF Tac "

¥

LU

The notation in these expressions is chosen deliberately in
yorder to emphasize that x, 7, /,? s cb, and ® are experimentally
measured quantities. The essence of most boundary lajer research
consists .of the assumption that there exist corresponding uniquely
defined quantities ,E s 67{’ C;’-, and @ s which may be associated

with an ideal boundary layer, and of the attempt to determine the
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latter quantities by necessarily imperfect experimental techniques.

That is, by definition,

Q?"“@,f(}"}= %?ép(;)= 2%—; (8)

=
) ! p
Ce s Cele)e T [eye)dE - 2 & o

x
o - O(k) - 2’-;&@%,&/%@)# (10)

In order to establish a connection between the experimeqtal
and ideal guantities defined above, it is necessary to introduce
an additional hypothesis. The assumption usually nacde is that the
effect of conditions near the leading edge on the surface friction
far dovnstream will eventually vanish, in the sense that the function
@(x) for a smooth plate is the ideal relationship 9(;) sub-
Ject to a possible displacement of the streamwise coordinate; in

other words, downstream of a particular point x = s,

®@(x) = s(x-xo) (11)

¥hile the experimental data will show that the hypothesis (11)
may be sufficiently general in practice, a similar but less restric-

tive assumption may be made in terms of the local surface friction;

o (%)

? eﬁf (Xfxo)

- (12)



£
o
i

It follows ifrom (L2) that the ideal momentum thickness is

given by the expression, obtained from Tas. (L), (4), and (10),

o (’X-&) = @) - @, (13)

whers

S"’Xﬁ

Lo ‘I . ‘ » : ‘ /

"he definition (1l;) assumes that the form drag Do is inde-~
vendent of x downstream of x = s, as will be the case for example
if D, is associated with finite leading edge cprvature or with
the nressnce of boundary laver tripping devicss on the surface of

the plate,
Finally, Egs. (8), (9), and (13) imply

®@(x)- @,

Ce (x-x,) = e (15)
7. c{ (X-Xa) = R é—;@ = 'rw (X) 7
| s 7 (16)

The remarks above apply to both laminar and tuwrbulent boundary

leyers* for arbitrary surface heat transfer and free stream Mach

— e wGER S et e e o - it e - o e v oow momo  amm oo

# The definition of momentum thickness in Eq. (5) above should be
slightly modifled for a turbulent boundary layer; see for example
(6). However, since the usual erperimental methods for measure-
mént of mean velocity involve errors of comparable magnitude, nc
distinetion will be made hore. Hote also that Eq. (1) with @,
= O provides a relationship between the drag of a tripping device,
Do, and the position of the apparent origin of the boundary layer
at x = x,,
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nurber. The analysis leading to 3gs. (13} - (18) is carriec out
here formally and in detail both because of its generalitr and
Lzcavse the considera*ions mentloned are fundamentel to any evalu-
¢tion of experinental data. The presence of the narameter an in
Tq. 17) immediatelw raises the guesticn of unicuenecs, s selally
for *he turbuleat boundarv laver, since the hyvotissis (L1) imnlies
(12) ~:iiz “hme converse is not tre, Tre term nninvenes:, in the
sense used here, refers to the validity of a comparison of the ideal
function & ( @‘1), obtuained by eliminating the varienle £ betueen
the functions 9(’5) and Qf{g)of Tas. (8) and (10), with its ex-
nerimental analog @( T /?) . Taz svgrestion thal the slope of
the experinental crrve é»(k) may not imply a unicue wvalue of the
ordinate ® is vrecisely equivalent to the introductior of tae
constant of interration 69, . Since @ increases 1rith jE , it is

apparent that sufficisntly far downstream the parameters x_, and

O
@o will always become small compared to x and @ respectively.
However, tie sense 1n wvhich an asymntotlc correspondence betuesn
the reel and ideal boundary lavers is definsd b~ this proverty is

not the sense in which the concept is most appropriate to the ex-

verimental proble~, as will bs emphasized later.

The question of uniqueness can be examined more closely for
the laminar boundary layer, since the theoretical solution is known
vithin the liritations of the boundary laysr approximation (1 > 8)s
and has been verified experimentally by Dryden (9), Liepmann (10),
Dhawan (1l), and others. The laminar equations are satisfied by
a function of 2 single independent variable equiwvalent to -E//./:g—.

Tae consequent similarity of the various velocity profiles along
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the plate implies thal the boundary layer momentum thicimess is

inversely proportional to the slope of the welocity orofile at the

wall, S0 that the functional relationshin 8{C¢) mentioned above is
Q5£Q= ¢ (17)

. 4
for the laminar boundary laver, with ﬁﬂ, z ad, éﬂ/’yﬂ . The
value of the constant C depends on Mach number; for incompressible

flow 6 = (0.66L)%,

The empsrimental problem for 'tlf‘ae laminar boundary layer is
illustrated by some measurements of Maydew and Fappas (12) in
supersonic flow wilch are found to be in good agreement with the
relationship (17), although the apparent origin of the boundary
i@mriswaulmmmmmcﬁimepMEmd.kﬁﬁngeﬁwafmedh~
crepancy betwsen theory and experiment in this case may be visual-
ized in terms of an initial‘increment éi;" in the momentum thick-
ness, possibly caused by pressure drag on the slightly blunt
leading edge, which is eventually absorbed in the boundary layer
and appears finally as a coordinate displacement x, after similarity
is achiéved_ Cn thé other hand, Dalitaz (}é) has investigated
theoretically the influence of a sharpened ieading edge on tThe
development of the 1éminar boundary‘layer along a plgte of finite
thickness in incompressible flow; he finds au eventual approach
to the condition of similarity, with a definite upstream displace-
ment of the apparent origin. The same behavior of the boundary

laver was also predicted earlier by Hansen (1lL) for a comparable



rlate geometry, so that a mechanism which may account for the ob-
served discrepancies is at least partly distortion of the ideal
surface shearing stregs distribution by local pressure gradients

ngar the leading sdge of a plate of Tinite thickness,

For the Lurbulsnl boundary layver, unforlunately, the gquesthlon

yhed by

of uniqueness lies wnder a darker cloud than can be dissi
physical arguments alone. Further consideration of this problem
will therefore be deferred until it becomss convenisnt helow to

cite experimental evidence in support of an analysis, based on

considerations of similarity, of the turbulent boundary laver.

2, Functional Similarity. In the early attempts of Prandtl

(15), von Kérmén (1€), and Taylor (17) to formulate a theoretical
treatment of fturbulent shear flows, the molecular transport pro=
cess of the laminar regime was used as a modsl for a hypothetical
turbulent transport process. The first and third of these analyses
have in comion the concept of a mixing length, analogous to the mean
free path in a gas, whose magnitude is estimated in terms of aamc

phyéical characteristic of the mean flow,

Not only have the mixing length theories made possible a
carefulieﬁtrapolation of empirical knowledge of turbulent shear
flaws to conditions outside the contemporary range of experiment,
but they have provided a framework within which the effécts for
example of wall roughness (18) could be fitted. However s 1t is
now generally recognized thét recent measurements of the détailed

structure of turbulent flow are naking tenancy of the mixing
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length hynothesis progressively more uncomfortable (19, 20), al-
though the orimitive state of experimental research has so far

“prevented replacing the theory with one more satisfactory.

The mixing length analogy for turbulent flow will not be
A1 seugsaed further here, sines many detailed surmmaries are available
(21, 22, 23, 2L). ‘leither will any review be attempted of the
current experimental investigations of Laufer (_‘_Z__‘_B'), Hlebanof{ and
Diekl (26), Townsend (27, 28 - 32), and others, which it is to

be hoped will lead first to a knowledge of the sbructure, and

finally %o an understanding of the mechanismn, of turbulent flow,

In the absence of an adequate theory dosecribing ti;rlc? turbulent
mechanism, the present discussion will attempt to organize, rather
than to explain, the experimental ewvidence which is available far
the low-speed turbulent flat leate boundary lawver, The general
analysis is based on the principle of physical similarity, on
certain demonstrable properties of the boundary layer, and on
the equations of motion for the flow, and is 1atef made specifid

by an appeal to experimental data,

T‘né mean ,erloc:f_ty distribution u(y) through an incompressible
turbulent boundary layer may be baken to depend on four local
parameters o, Ty f, and M2 fifth parameter uy is of course
implied as the value of u when y = &, The first two quantities,
& and 7,, depend on a length coordinate F which is not written
explicitly, since it will be found that the Reynolds number
& = f»M, ‘E//u for the ideal boundary layer is fixed for a given

profile by the assumptions already macde in this and in the pre-



- 11 =

ceding section.

The function of gix variables

s g (4, P05, 7)) s

may conveniently be written without loss of generalitv as

2. a2, ¥

in terms of a characteristic wvelocity w4 and two characteristic

lengths & and V/&Ar, where
R .
Tw = [ M7 (20)

Suppose that Eq. (19) can be specialized for the region near
»the wall, on the ground of a certain siuilarity observed experi-
mentally., 3Both the laminar sublayer profile and the adjacent tur-
bulent mean velocity profile near the surface are found to be iné

dependent of the boundary layer thickness &, so that
s _ (' Al?‘)
= - (5 v (@

Suppose.further that in the outer region of the(boundary
layer similarity is observed with respect to a coordinate system
iattached to the edge of the laver and moving with the fres stream.
Tt is not stmprising, if the shearing stress in this region is

maintained by a turbulent transport process, that the velocity
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defect is found %o be independent of the wviscosity of +the fluid.
In fact, turbulent shear flows with a free boundary, such as wakes
and jets, §13.1r9 in comron with the boundary laver the oroperty

Lhat near lhe [res boundary the characlerisllic lengti, when con-
sidering the distribution of mean veloclity measured with respect

to the onter fluid, is the width & of the shear laver. Jeasure-

bes of the space correlatdon rass a burbuwlient channel flow

¥

by Laufer (_3__3_) , across a turbulent boundary layer by Schubauer
and Klebanoff (_3_!«:;), and acrogs a free jet Ly Corrsin and Uberol
(35), togebher with the observation that a velocity defect law
of the ind treated here holds at least approximately for such
flows, are convineing evidence that large eddies are important
in the general turbulent shear flow, whether the boundaries are

free or solid or both,

Thé characteristic velocity for the velocity cdefect distri-
bution is less eas?ly identified., In considering flous past a
solid boundary, the friction velocity s +-is the fnost obriocus
choice, narticularly since the entire velocity profile must de=~
pend on the local rate of therefore on
the flow in the laminar sublayer. However, the turbulence itself
contributes to the dissipation, and accounts for the whole if

no solid boundaries are present, so that it is with some reserva-

tions that the velocity defect law is introduced in the usual

form,
Mook e (D
e A (F) ¥ S (22)



IL now 1Ll assumsd thet tiere exlsts a finite region in
which both (21) and (22) are valid, it is easily shown (36; sse

“also gz,’gﬁ) that (19) in this region must have the form
S :ZE ;
— 3 J&w ‘ Ay -+ ‘{{J (ﬁ) (23)
X % &
cr more specifically, in wview of (21},
X . —;’(—- Mo EHT 4 ' (o) (20)
v

Hote that the existence of Eg. (23) is a sufficient condi-
tion to insure the existence of Bq, (22) since, if (23) is valid

throughout the outer part of the boundary laysr,

it ‘(’('f)-‘?(“?)’i'ﬁ“:g‘ (22)

P

That the condition is also necessary is less commonly recog-
alzed. 7Tq. (22), which is both plausible on dimehsional groundsv
and is supported by experimental evidence, and ¥illikan's demon-
stration of necegsity, already cited, are together a less ambiguous
basis for Eo.r(2h) than derivations involving specific assumptions
about the mechanism of turbulent shear flow., In particular, the
/constant.K is introduced during a sepération of variables in a
manner which suggests clearly that the parameter should‘not de~
pend on the surface shearing stress or on the boundary laver thick-

ness, althouzh 1t may depend on the wall geometry.

Gvaluation of Zq. (23) at the edge of the boundary laver



vields immediately the friction law

which may be applied directly to nine or channel flow on revlacing

the boundary layer thickness by the pipe radius or channel half

width, Tor a boundary layer, howsvsr, it is nscessary to have
recourse to the momenbum equation in order to eliminate the thick-
ness & in favor of the length £ . In the absence of pressure
gradient and roughness, the local friction coefficient and the

momentum thickness for the ideal turbulent boundary layer may be

taken to be related by

€f=—#=%( ’2%= ,,g;/M ’-——)i? (27)

according to fZgs. (8), (7), (20), and (5) above. In the present

notation, using (22) and (24) in turn in (27),

%)’4;( 4z)” 5/( )AL

nnf()

AM;(H")& ‘“T/[a'-F)F'ii

Integrating and dropping terms of order unity, the turbulent flat

plate friction law for Cp(R) is obtained in the implicit form

first given by von Kdrmdn (39),

e?g,e 2 a, e:w(l) xj_[ (x ,)/—?-—+;;-(72-+% c;/}:za)



© whers

e, [F(F)4% - 4 & )

n
by
"

[ AR 4 (2)(%22) o

and

R = ’ F (31)

("“)J%’ (32)

a/_f-’(/~f-’)oi# | | (33)

Pinally, the expressions (29) and (30) constitute a relation-

shlp for the variation of the form parameter 5ﬂ7Q9 with Reynolds

‘mumber,
/
s .
e /- Sz Hr (3L)
, >y

~while (29) offers a convenient definition for the physically am-
biguous boundary layer thickness & in terms of the displacement

thickness §3% defined by Fa., (32).

It remains to discuss the mean friction coefficient implied

by Zq. (28), The relationship of Eg. (9)

R
[c’;f ‘&Q (9)
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:is of ecourse wvalid for any law of variation of Gy with H provided
that the integral exists. In the case of the full von Kirmin
fcfmnla‘(éﬂ), difficuliy in evaluating the integral at the lower
limit cen be svelded brtaking this 1init sligﬁtiy»dawngtraam

of the leadinz edge. —ore specilically, the indefinite integral
vanishes at a Iewnol’s nunber £ = (‘z €, /xa} &"% [_ 3(.1@(,} “+ Cﬂ_/@'z
whieh, anticivating numerieal wvalues Lo be detéwmined later, is

of order LO., Taking this value as the lower limit of integration,

in the hope that the contribution of the lecal frietion in the
omitted region will be small in a ohysical sense if not in a

mathematical one, Zqs. (28) and (9) imply the relationship,#

. s s ot e e e s e e mow  man g e et e e e mew e e e e e e e i v

* Some discussion appears in the literature of a truncated form
of Ig. (28),

I/Ja; z a.-f-fg‘é“?;a (cf'e) (a)

which was suggested by von Xérmén (16). In this case the integral
(9) is logarithmically infinite at The lower limit. Avoiding this
difficulty in the way sugrested above, the equation corresponding
“to (35) is

-a/é
Cox Cu(2/R) 10 € (luro/bsez) ()

where the exponential integral defined by Ei(z) = )ret/t dt is
tabulated for example in Tables of Sine, Cosine, and ZIxponential
Integrale,; Mepartment of Commcrec, Washington, D.C., L9040, This
function has the proper behavior at small Reynolds numbers, and
has an asymptotic expansion for large argument whieh leads to

@F/C'{ = 4+ &(4/5;/@ /o) +z(ﬁﬂ’?/ﬁw/o):'.... (e)

The last exoression is identical with (34) up to the last term
exhibited here if b = (In 10)/(xJ/?2), and resembles a relation-
ship suggested by Fage (LO), following Squire and Young (L1).

Schoenherr (hz,_gg), has proposed an expression of the form
(2) for the mean friction. Such a relationship can readily be
constructed from (a) and (¢); the result is

I/ﬁ; = a +-3—»éa?m (CeR/e) + O(/ﬁ:) ’(d)

(footnote continued on next page)
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(Continuation of Footnote)

Consequently the meen turbulent friction coefficient at a given
Rewneolds number is asymptotisally equal to the local frietion
“coefficient at a Revnolcs number smaller by a factor e = 2,718...
This rule may be useful in the supersonic case, since it holds
for arvitrary vaiues of a, b in Eq. (a) above. The corresnonding
factor for a power friction law, Cr = An=1/7 say, is obviocusly
(L ~1/m)™ .,
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' ‘éasily obtained b;r writing é-f d€= 4 (C’ff’) - Rd C’?{ »

| OV v
R 2K, = Aé,.ﬂ_mﬂa Kfc; (/— %ff’g) (35)

and it follows that

3/a

e e z(8) 2 (%) 2 ¢ () 8

rah,

It may ve observed, in connection with the mathematical
approximation apparently made in deriving Eq. (35), that the latter
. . . e s as 4 #/ﬁg
expression can alternatively be obtained by eliminating &
between fgs. (29) and (30), and eliminating & / & Dbetween this

result and Eq. (26).

The two equations (28) and (35) above define the ideal local
and mean turbulent friction coefficients for a flat plate in terms
_of four empirical velocity profile parameters X, ‘(-( :), C1 » and
| Co . These parameters may supposedly be determined by simul-
tanecus local measurements of vclocity profile and surface fric-
tion at a single Reymolds number, and extrapolation of the result-
ing fr'j.étion formulée to arbitrary Revnolds numbers may then be
undertaken with the same degree of confidence which is attached
to the hypotheses of similarity undérlying mas. (2L) and (22).

It may be noted that Eq. (35) is the analog of Eo. (17) in sup-
plying, for the turbulent boundary layer, a connection between
local friction coefficient and local momentum thickness Revnolds
number which may be taken both ao a definition and as a test for

uniqueness.
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3. Experimental Lilte ature #* Vhile the turbulent boundary

layer on a flat nlate has hesen the subject of a great deal of
gxperimental research, it is not easy to find reliakle measure-
nants ol mean veloeity profiie and surface shearing stress made

5
- the
Akt

“a

mnder icdentical experimental conditions. 3Before discussi
available measurements, therefore, it is convenilent to provide
a saort catalog of ssversl special technicuss waich have hesn

used for determining local surface friction.

The derivative 4143/Q§X' stpposedly gives the surface shear
directly, provided that the flow is uniform and two-dimensional,
Since differentiation of expsrimental data is necessary, large
errors may occur unless careful and complete measurensnts are made

of the various welocity vrofiles. Alternatively, extranclation
VA T 3 ¥

toward the wall of the turbulent shear -f’au/v'or of the sublayer
laminer shear M Q,u./é—y implies unusual nicety of experimental
‘technique. Direct measurement of the shearing force on a floating
surface element, although it requires a considerable effort in the
development of smecidl instrumentation, appears to be Lhe most
”ellaale method 1vn¢1aale at present. Tinally, a device based

on a ralatianship between heat transfer and momentum transfer in the
sublayer has been used successfully, but must be calibrated hy

comparigon with a primary standard obtained by cne of the more

# The writer is indebted to Dr. G. B. Schubauer and ir, P, S.
'Yl@DBﬂOfi of the Mational Bureau of Standards, ‘asalngfon, to
Cipl.=Fhys. r. Tillmann of the Max-Planck-Institut filr Strémmgs-
forschung, Gottingen, and to Dr. F. R. Hama of the State niver-
sity of Iowa, Towa Gity, for their courtesy in vroviding numerical

data for some of the measurements cited here.



conventional methods of Llocal frichtion measurement.

The floating element technique is conspicuous among these
mgthods for the consistency of the data obtained. Omitting a

disecussion of a metecrological application by She:

iirect measurements of surface shearing

ree naners describing

stress on a flet plate in low-speed flow have appeared in the

Lic

undary layer lilerature,

Kempf (L5) in 1929 measured the surface frictlon at several
stations on the flat bottom of a ship model. Tach of the floating
surface elements, suspended by wires from an overhead frame, was
returned automaticelly to a mull position by a motor-actuated
tension spring whose elongation was recorded on a rotating drum,
The oresence of a standing wave system on the free surface of'
the towing tank intreduced into the friction coefficient data
a scatter which is apparently systematic in terms of the Froude
‘vumber, bub random in tems of the Reynolds nunber; no attempt
has been made to remove this scatter in the data éonsidered heré
for the first four stations., Kempf's measurements were made at
suf ficiently large values of % so that the influence of the para-
meter_xo should be negligible. A criticism of the data can,
however, be based on the nossibility of secondary flow in the
boundary layer, since the ship hull iﬁ question, even though flat-
bottomed, was relatively narrow in its lateral dimensidn. A
further criticism of the measurements at the largest Heynolds

nubers has been expressed by Falkner (Qé) on the ground that
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the length of run may have been Insufficient to guarantese steady

flow nesar the aft end of the ship model.

Seanltz=trunow (L7) later used similar metnods to measure

the friction on the floor of a wind tunnel., The horiz

o rotate about a vertical awis some Aigstance

to one side, was returned to a null position bv an adjustabls
torsion snring., Oreat care was taken to minimize'pressure varla-
tions along arnd across the small gap provided for clesarance arocund
the floatingyelememt. The tunnel boundary laver wag removed at
an upstream slot, whose downstream 1lip formed the leading edge

of the vlate under investigation., Transition to turbulent flow
occurred immsdiately downstream of the curved leading edge;
however, there is some doubt about the magnitude of the vparamebter
Koo especially since the Reynolds number was spparently varied

Ly changing the veloeity at a fixed station along the plate,

Yore recently, Dhawan Q&}) has obtained further data on the
turbulent skin friction on a flat plate by means éf the floating>
elsment technique. A section of the surface was suspended from
a recbtangular four-bar {lexure lj.x;l&age Lo allow mollon only in
the directionrﬁf the airflow, and the deflection under load was
indicated by a variable reluctance trensformer. Thawan was able
to dnduce transition by means of leading edge enrvature, and to
confirn thevexistence of turbulent flow over most of the working
surface by means of an axial impact pressure traverse near the

plate surface,
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The experimental data of I £, Schultz-Cminow, and Dhawan
are collected in TFigure 1. The measurements appear %o define a

' . 14
single curve over the range of Reynolds numbers from 2 = 107 to
I x 10%, with a scatter so small as to be almos®t unprecedented in
coundary layer rssearct. In facht, it may be adwitbted thabt the
sressnt re-examination of the turbulent boundary layer nroblem

was Lo a large exbent inspired by the remarkable consistency ol

these local friection data.

The existence of a unigue relationship between thz ordinate
and the slope of the momentum thickness distribution, ép(;) R
has already been oproposed as & QI‘i‘LHI’iOIl for uniqueness in the
turbulent f£lat plate boundary layer. The immediate question is

'3

one of demonstrating that such a relationship exists for the ex-

perimental data, withoul necessarily identifying the resultin

sie]

It

function for example with Gg. (35) above., In view of the wide
variations which occur from one experiment to anotier in various
factors which influence boundary layer transition, it is nob ob-
vious EApriori that a state is ever reached in which the dependence
of the turbulent boundary 1ayer on 1its early history is no longer

measurable in terms of the local mean properties of the flow.

With the restricted definition of uniquenass consgidered here,
it is sufficient as a beginning to consider the momentum thick-
ness distribution only. The measuremenbts which are most useful
for this ﬁurpose were made by K. Wiechardt in 19h3, as part of an

~

xtensive researca progran carried out since 1939 in a boundary



| lLayer tunnel at the Institut fir Strémungsforscaung at Gdttingen.
“hile this program has placed considerable smphasis on the deter-
‘mination of the drag of surface irregularities, including uniform
roughness, and on lhe invesltigation of turbulend boundary laver
flow in a prassure gradient, the case of a flalt vlate hourndary
layer has also been investigated in some detail. ‘easurements

ol local surface Triction by Schnliz-Crunow {(47), usine the flcat-
ing elenent technique, are cited elsevhere in the present report,
as ars gome datba on the drag of slobtes oblhained with the same balance
equipment by Wieghardt (48) and by Tillmann (L9). Iean friction
measurements with artificlal surface roughness have been reported
by “leghardt (gg), Wi 8lso luveatigatﬂd‘the effect of increased
free stream turbulence on the turbuleat boundary layver profile,
Gquivalent measurements in a flow with pressure gradient were
carried out by Yieghardt (51), and analyzed by Vieghardt and Till-
mann (52)3; some anomalous effects possibly caused in these ex-
~periments by secondary flows have been discussed by Tillmann in

a recort on further experiments with roughness and wita pressurei
gradient (53), and clarified by Tillmann in his dissertation (ck)-
Yore recently the same experimental environment has been emploved
by Ludwieg (55) and by ludwieg and Tillmann (56) during the develop-
ment of an instrument for the indirect determination of local

shearing stress by means of heat transfer measurements.

Continuity in these Cemman experiments is provided by two
series of wvelocity profile measurements in uniform flow, carried
out at free stream velocities of 17.% and 33.0 meters per second

respectively. In addition, Schultz-CGrunow's experiments at 19.l
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‘neters ver second and a fouwrth unpublished series of -rofiles ab
18,0 meters ver second were obtained in the same channel. Of
“thesge data; Yleghardt's measurements at 17.8 meters per second,
virtue of darly transition and almost immediste ecoineidence

s PO
ey

fcf the actual and epparent origins, will Te found
agreement with the properties of the idesl turbulent boundary

layer, The lccal friction coefficients for this series, ooteined
by differentiating the experimental momentum thickness distribu-

tion, are vlotted against f?g@ in Figure 2,

Some recent measurements in a flat plate boundary layer ab
the HNational Bureau of Standards, revorted by Xlebanoff and Tishl
(gé), wers undertaken in part to test the hypothesis of unique-
ness for thick turbalent houndary lavers produced far example by
initial roughness. TFigure 2 shows the relationship hetween faaféa/ﬁfx
and E@ observed in experinments with natural transition at a free
stream velocity of 108 fest per second, and with initial sand

'?oughnsss at 35, 55, and 108 fest per second. ZIxcept in the last
instance, the most downstream data are in good agreement with
-Vieghardt's curve; the agreement is in fact better than might be
expedted considering the uncsrtainty in the local friction coeffi-
‘cients'ob$ained by differentiation. Examination of the experi-
mental velocibty profiles shmws that fhe oresent criterion for
uniqueness is equivalent to the test proposed by Klebanoff and
Dienl, of similarity in the velocity distribution, and serves
equally well to identify the profiles which should be studied in

detail.

Thawan (11) has revorted a single msan veloeity profile,



cbtained at a relatively small Revnolds number, for which the
surface shearing stress was measured by the floating elenent
technigque as described in one of the narasrashs above. Schulbz-

Granow (47) made profile surveys as well; hovever, the station

Frietion

of the floating‘alemant is not srecifiec, and if ¢
coefficiant 25@/;‘& at 5.3 meters is comparsd to the measured
value of 2, /ﬁ at the same Reynolds number .., X / #, a digcrosency
of aboul ten per cent is found.¥* In fact, the »nrofile data of
Sehmltz-Crunow in the plane ( & i@/d:(‘ R @ ), shown in Figure 3,
differ rnoticeably from the experiments alreadr cited of Wieshardt

and of Xlebanoff and Diehl, and from the ideal relationship to be

ctctained later.

Finally, Hama (57) has publlshed some velocity profile measure-
ments in turbulent boundary layers, and his exnperimental ralues
for the distribution of é@(&) have been used to oontain the
local friction coefficients plotted in Fipure 2. Vhile the de-
tailed profiles are not at present available, gcod agreement was
obtained by Hama in his original paper with the vparticular logarith-

mic velocity formula diseussed below.

Several velocity profiles which should be representative of
the fully developed turbulent boundary layer are shown in Figure L,

in the coordinate system of Eq. (21), in order to exhibit the

T s e e S e e R dme e e WA e e e e e s e e ok mam o wwn we e e o

# At 5.3 meters the velocity profile has been recovered in as
great detalil as possible and Schultz-Grunow's value of @ verified
by numerical integration; the value of % for the same profile
should be increased aboul seven ver cent above the value reported
in the original paper. In analyzing this profile, the arithmetic
average of the two local friection coefficients has been usad.



cecurrence of a logaritamic relationship in the orefile nsar the
surface, According to 3. (2L), the value of the parameter X is
“determined by the slope¥* of the straight line in the fieure, and

A((a} by the intercept at 7Mr/y =1,

Inecstavlisaing a value for the boundary layer thickness &,
needed in determining the narvameter €y from Zg, (29), it has been
found convenient to plot (1 = u_/u]_}‘?*/3 against v and 4o fit a
straignt line to the outer vpart of the nrofile in this coordinate
system. The thickness & is defined as the intercent on the 7 axis.
Tais convention has no epseial eignificances it is sugzested oy
the mixing lengta theory of Prandtl when the shearing stress varies
linearly with y and the mixing length is constant, but is justi-
fied only by its convenience as a well defined methed for speci-

fying the boundary lever thickness.

Figure 5 shows the nrofileswk of Ficure i in the coordinate
systen required by the velocity defect law, Eq. (22). 2Again
fitting a straight line with a slope determined by X to the logarith-
. . . . r 5 - ‘53\‘4 e .
mic region, the intercept at ¢ = J = ' /C,uur is (1)~ (o),

according to Tgs. (2}) and (26).

# It should be pointed out that the region in the neighborhood of
Wty /v = 20 is known to be characterized by large fluctuations
in the instantaneous velocity (27, 25), so that impaet nrobes may
indicate toc large a value of méan Veloeity in this region. ‘hile
this nroblem complicates the determination of the slope of the
logarithmic portion of the pr~file, the writer has found no reason
to prefer another value for X than the one originally suggested by
Wikuradse (58), although the latter's interpretation of his nine
experiments has been criticized by several writers 5 2.9, (5_2)

## The profile with natural *transition of ¥lebanoff and Diehl was not
at first consistent with the others; when the displacenent thickness
&% was recalculated it was found to Le more nearly 0,206 inches than
0.21% inches.
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This analysis of the turbnlent welocity orefiles has Leen
czrried cut for a1l the data availabls to the writer, using a
velue of X of 0,10 and cetermining values for (g, (i), C1»

(30). Tor vieghardtls measurements

snd Cg, the latter frow

led orocecdure was followed, the

.
9.8

at 33.0 meters »nar sscond a modl

local friction coefiicisnts being cbiained from ths expression

Tiae

ed velves of Rg and preli

for Cy, Cp, and ¢ (1).

The collected values for the narameters Cq, f(a), and :(ﬂ(/)
are ploltted against R@ in ®igure 6, and show a surprising degree
of consistency. The behavior at low Peynolds numbers illushrates
an earlier remark about the asymplotiec nature of the boundary
layer problem., TFor exanrle, the parameter O, is evaluated from
Ze, (29)3 however, the integral in the latter expression obviously
neglects the derendence of the sublayer profile on Reynolds numser,
and so cannot be uvniformly valicd for all the expsrimental data
congidered above, Tae coatribution of the sublayer flow to the.
integral dafining the displacement thickness increases ﬁith de-
creasing Reynolds numoer, and the effect is exaggerated by squaring
the inﬁegrand,in Eq; {30) which defines Cos Cn the other hand,
it ‘1s not certain that the variation cbserved for thege parameters
at low Revnolds nuwmbers is genuiﬂe; gince the data in guestion
were obtained in a slight pressure pgradient in Thawan's exmeriments

and near a blunt leading edge in the measurements by Wieghardt.

This cifficulty of course does not prevent the choice of

particular values for the wnarameters X, t([/}, Cl » and C,, in order

i
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to complete the mummesricel analysis of the turbulent boundary
layer., Reeognizing the asympltotic nature of the treatment by

snagizing the data ab the larger Peynolds numbers, then anproxi-

Y = O to0o
Lf{”o} = ¢ /0
W)= 7.7°
C, = . 0%
@& = 2?-0
These sparameters have been used o evaluate 3, dgs Cqy and
SfVE)as functions of Cp fron Egs. (27), (38), and (34}, and the

wlting data are collscted in Table I, The valuss tehulated

in the first end second columns have been tlotted in Tigure 1

above, and those from the first and fowrth columns in Tigures 2
and 3. The values tebulated in the fourth and fifth eolumns are
compered with the experimental values of the shape paremeter

5”549 in Figure 7, the agreement here of course being expected

gince

@

these experimental data were used to detesrmine Coe It may

be pointed out by way of contrast that the curves in Figures 1

and 2 above and in Figure 8 below are in no senes fitted to the
measuréments in queééion, since the idcal curves are based on
Cetailed information about the velocity profiles, vhile the measure-
ments are not, Furthermore, althoﬁgh experinental values for

Mo were used to eliminate the influence of Teynolds number in

the analysis of the profiles, it was not necessary to know the
‘magnituﬁe of the Reynolds mumbers in cuestion, In fact, the dis-

crepencies in Figure 1 are probably connected with the assumption
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3.L5
.07
4. 8L
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2

9
1.050 x 105
1.310
1.653
2.115
2.7h8
3’!61"’
L.91
6.78
9.72
1.398 x 106
2.107
3.30
5.43
9.143
1.755 = 107

Cr

1,032 x 1072
1.005
9.78 x 1073
9.52
9.25
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8,43
8.16
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7.62
7.35
7.07 .
6.80
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6.26
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5.hs
5.19
.92
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L.13
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2,835
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2.331
2,083
1.837
1.594
1.35h
1.117

£.25 = 10
5.75
6&31
6@96
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8.55
9.54
1.059 x 102
1.204
1.362
1.551
1.776
2.047
2.383
2@?71
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™

that the resal and ar ent origins coincids for the ¢
boundary layers; corpare Tipgure 2, where local quantities only

T are involwed,

The idsal relation:

o between RQ and B from Table I iz sh

in Figurs f, torether with the experimertal velines of Vieghardt,
The neasurenents at 17.f meters per second are in excellent agree-
ment with the ideal curve, even at a Reynolds number as lov as
5
107, The measurements at 33.0 meters per second, hovever, suggest
that the apparent origin of the turbulent boundary layer at this
hilgher veloclty 1s upstream of the actual leading edge by a dis-
i oo, - . o .

nlacement of aveut 1.5 x 107 in the Reynolds number &, and the
anprorriate ideal curve is shown, Also vlotted in Fimure £ is

the relationship between Rg end R implisd by the turbulent friction

formla of Schoenherr (L2),

];é"; = 4./3 «4@7,, (@FE')

which was fitted in 1932 to the experimental mean friction data
which were available at that time, and has since been widely used
in shiﬁ and aircraft desisn. The collected data from Schoenherr's
paper may be found in Figure 110 of Reference (23), and consequently

‘need not be reproduced here,

Finally, Vieghardt's veloecity profile data at a free stream
velocity of 33.0 nmeters per second are shown in detail in Figure
9 in order to illustrate the degree of confidence which can de

nlaced in the law of the wall, Hq. (21), ard the velocity defect
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Scme. comment should he made about experimental data which

aave not been included in the suvmmary above. hough any dis-

tinction between the exercise of judgment and the suppression of

. v,

evidence ig a matter of vpersonal definition, it is fell that there

ars valid reasons for cmitbing certain neasurenmsnts from the Jis-

cussion.

Some experiments in turbulent flat plate boundary layers by
Hansen (1L), by Peters (60), by Baines (51), and by Tovmsend (27)
are unfortunately not reported in sufficient detail to be useful
here. TDrydents data (2) are in tho same catagory, oxcept perhaps
for a single velocity profile at 28.5 inches, obtained with a tur-
bulence screen walch increased the free stream turbulence to ébout
2,8 percent, If the local friction coefficient for this orofile
is deduced from the measured momentum thickness Revnolds number,
“the Cala are found to be 1n excellent agreernent with Figure I near
the wall, and to exhibit the same tendency toward thickening of'
‘the outer boundary layer which has been reported by “ieghardt (59)
to occur when the free stream turbulence level was raised in the

H s
Gottingen twnnel.

Mikuradse (62) has constructed an elaborate treatment of some
measurements in a turbulent flat plate boundary layer around the

assumption’

‘ﬁ 7/(_?; | (37)
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M 3

This treatment ,blo in the same class as the traditional vower

law analyeis, in that both fall to prediet many of the observad
"nropertiss of the boundary layer, including several connected with
Ay

the influence of wviscosity. Tor example, Zc, (37, obviously im-

the ratio S%/bjamﬁ to the

TMarthermore, Yikuradse performs an

s

‘et in

shich the assumption (37) is irntroduced so

early that one ceries of experimental values of S*/@'is in fact
found to be independent of Teynolds number. For this reason, it
was felt that a further study of Nikuradse's data, for which the
original measurements could not be recovered, would not be profi-

tabhle,

Ashkenas, 7iddell, and Rott (£3) have recently reported some
detalled measurements in a turbulent boundary layver, which yield
tae several points shown in Figure 3. The discrepancy between
_these experimental data and the measurements of others working in
the field, together with an observed tendency for the turbulent.
shearing sbress distribution to have e maximum away from Lhe wall,
make it questionable whether the flow conditions for these ex-
perinents are reprefentatlve of the flat plate turbulent boundary

layer.

It is to be regretted that the éarly measurements of wvan der
legve 7ijnen (&l) were carried out in a relatively poor experi-
mental environmént, The presence of an axial nressure gradient,

and the failure to make sach series of measurements with uniform

flow‘GCﬂditions, vrevent the inclusion of these data in the present
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review of exper:ﬁaan’cal literature. A set of points for the series
at 8 meters per second, with a turbulence screen, are shown in

" Figure 3 to illustrate the difficulty. Certeinly, the use of hot
wire instrumentation for mean speed measurements recormends itself
after a study of these original experiments, and considerable re-
liance has in fact been placed on the sublayer measurements of

van der Hegge Zijneh in estimating the sublayer velogity profi;e N

for values of Y M /# up to say 50, in Figure L above.

li. Discussion. If the development of the preceding sections

has demonstrated that the mixing length hypothesis is not necessary
to an adequate quantitative analysis of the turbulent boundary
Jayer, then oﬁe purpose of the writer has been served. Host of

the ideas involved are not ’new; for example, Eq. (23) was pos=
tulated on empirical grounds, and Eq. (28) derived as a consequence,
by von K&rmén in 1932 (39); and Schultz-Grunow in 1939 (L7) carried
an analysis of his experimental data almost to the point where the
numerical results of the present paper could have been obtained.
More réfcent papers by Landweber (65), Rotta (66), and Baines 1)

~ have discussed the representation of the turbulent boundary layer
in terms of the law of the wall and the velocity defect law, but
/have not emphasized the physical interpretation of these formulae.
The essential element of the present study is of course the demon-

‘stration that the two similarity laws together are sufficient to
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imply a logarithmic region in the velocity profile., This demon-
stration, as first given by Millikan in 1938 (36), is an applica-
 tion of é discipline which may be called functional analysis, as
distinguished Irom the less powerful method of dimensiocnal analysis
which is usually applied to the problem, and deserves a place

anong major contributions to the boundary layer literature.

It is to be hoped that the experimental evidence for similarity
in the turbulent boundary layer is sufficiently convincing to pro-
vide motivation for a serious attempt to discover the physical
mechanisms which are responsible. Ceriainly s the evidence that the
turbulent boundary layer may bs considered to be a unique phenomenon,
at least for kpurposes of preliminary study, should simplify the
interpretation of experiment_al data. For example, it is elear that
an estimate of the surface shearing stress corresponding to a given

~velocity profile may be made in several ways without benefit of
direct measurement; the two most obvious of these consist of ob-
servation of ® and use of Eq. (35), and of observation of u(y)
and uéfa of Eq. (24). In this same comnection, it is known that
the law of the wall is insensitive to pressure gradient, to free
streain turbulence, and even to the presence of a second boundary,
while the velocity defect law depends strongly on these three fac-

tors but is insensitive to surface roughness.

In reviewing the asymptotic nature of the turbulent boundary
layer problem against the baeckground of the similarity laws, it

seems likely that extrapolation of a local friction law based on



functional similarity to indefinitely small Reynolds numbersit is
permissible only in a resiricted sense. Apart fronm the fault of
neglecting the sublayer in evaluating the momentum integral, a
fault waich is easily corrected at the cost of slightly more com-
plicated Iormulas, it is nol apparent that the tuo similarity laws
cited here can be valid at low Reynolds numbers. For the region
of common validity .’.'LS marked by a logarithmic velocity profile,
which obtains only for values of 7447 / ¥  greater than say 50,
flowever, Figure 5 shows that the logarithmic law can descrile the
velocity profile only within the inner 20 percent of the boundary

layer in any case, so that the smallest value of S4s/v which
satisfies both criteria is about 250. But from Eq. (29) » ‘the cor-
responding «, §*/p 1s 1000, and consequently 4, 8/v should
not be smaller than about 700 in order for the velocity profile to
satisfy the two requirements of similarity. Consulting the experi-
'ments, the approximate value of the abscissa in Figure 6, below

which the parameters t(( o) and ¢ (s ) appear to be no longer in-
dependent of Reynolds number, is «,@/» = 1500,

It should be a matter of some interest to determine whether
at low Reynolds numbers similarity is achieved earlier near the wall
‘than near the free stream, as has been reported for pipe and channel

flows (68, 69). The turbulent outer flow in a boundary layer is

TR IS s o mm T e s o e e e v v e e e e . cum o om - - - —

#* Note however that an examination of Wieghardt's data at 17.8 meters
per second in Figure 8 shows that the corresponding values in Figures
2 and 6 would lie closer to the ideal curve or to the other neasure-
ments cited if the analysis were repeated with more realistic values

of the local friction coefficients than the initial estimates of the
writer.
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known to be of an irregular and intermittent nature (27, 70), and
the possible comnection between intermittence and transition is an

important aspect of the turbulence problem.

The widegprezd current revival of interest in the theoretical
and experimental sspects of the boundary layer wroblem can hardly
falil to lead to irmportant discoveries, both in a kmouledge of the
structure of turbulent shear flows and in the formulation of an
adsquate theory. In the meantime, the discussion given here of the
more rudimentary properties of one such flow may serve to allow the
identification of a proper enviromment for further experimental
research, and some remarks below about several consequences of the
similarity laws may suggest a few of the many directions in which

such research might proceed.

C. The Boundary Layer with Variable Density

l. Theoretical Literature. A bewildering number of theoreti-

cal papers treating the development of turbulent boundary layer on

a semi-infinite flat plate in compressible flow have recently appeared
in ‘thév literature of applied mechanics. Because the results ob-
tained by the various authors differ widely, it is desirable to
compare the. assumptions made and to organize if possible the available
information into a common structure which may then be examined ex-
perimentally. This service is cheerfully undertaken by the present

writer#, and the result for the condition of zero heat transfer is

S NN MR e e e S e mm cmm en  eS R ev en GeR et R R W e e e et e M e o — -

#* Dr, Dean Chapman of the Ames Acronautical Laboratory has contributed
several comments in the preparation of the table and of the notes.
Papers by Fediaevsky and Bloch, CAHI, lMoscow, Rep. 516, 1940, and by
Smith and Harrop, RAZ Til Aero. 1759, 1946, are not available to the
writer, and some variations by Rubesin, Haydew, and Varga, HACA TN
2305, 1951, have been omitted. :
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suwmarized in Table I1.

In nost cses the analysis is based on the von Xaryin momentum
integral, LEq. (2), and is a generalization of the similarily or mixing
length theory of Prandtl (15) or von Kérmén (18). The boundary
layer welocity profile is either assumed or is developed through
a phenomenological treatment of turbulent shear flow in a com-
pressiole fluid. The calculations implied by such a development
are avolded by several writers by proceeding directly to the fric-
tion law, which is assumed to be unchanged if density and viscosity

ars evaluated at some characteristie temperature far the flow.

Without exception, all the writers cited assume constant static
pressﬁre and stagnation enthalpy in the boundary layer, and those
who discuss turbulent shear flow assume constant total shearing
stress and a mixing constant K which is independent of lMach number.
In the latter case, the momentum integral usually cannot be evaluated
" in closed form, and a uniform degree of approximation has therefore

been used for the appropriate asyrptotic series.

The comparison in Table II is made on the basis of two functions,
one involving R and i and the other Ce and l4, which replace R and
C¢ in the incompressible friction law. No distinction is made in
the table between treaiments which are essentially similar, but which
differ in detail in the assumptions made for the variation of vis- |
cosity with temperature or in the modification of the surface tempera-
ture or wall viscosity to correspond to the rartial temperature

recovery which is okserved experimentally for air. The parameter n
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Note (a) I (m) is the ratio of momentun thickness te tobel thick-
s ness for a power law profile, ./« = (}f/g)un .

Ih(?ﬂ)-': “?*-‘- -t (/-‘rﬂl)/ 3)"“(‘/-23.)4/;?’_

[ -m> ET

Tueker (72, 73) has tabulated this and related functions
for n = 5; T, 9, 11 and for Mach numbers from zero to
ten. Gampf (91) bag obtained expressions in eclosed
form for n = 1, 73 in particular

1-m* T Y £ [+m
Tp )« § R [2mg ™t e (1) -3 A (12

Note gbz T, 18 2 mean temperature associated with the mean density
obtained by dividing mass flow by volume flow for a
pipe. With a power law profile,

= fm _ (msi)an+1) ({_m;)/ﬁ_”(;—;éw)fﬁ

I -
Tom Pi " [- mTE®

and for n = 7,

T 60 (1-m*) 2.2 2 4 a2 b 7 8 7
LS — et “~ 2 LY - LT - v,
T 7 T .2_+3m +5m +?- ?7’“’ 3z
é > { { =+ ¥
-— ¥ ,Q)q ! - ——-—4&1 _____-—)]
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Note (e¢) Clemmew (83) shows that the series obtained by repeated
partial integration of

¥ o
Sz ) - [gr)e Tty

vhere £(0) = £(¥,) = 0 and £(¢ ) is regular for
O<¢ ¢, , is asymptotic in the sense of Poincard
(92) for large values of zj

/ ‘7‘4 1
o {2 _ L) o,
o z* EI 74'("71':)‘% ! ]




Note (d) F,(m) is a definite integral arising in the quadrature
of the welocity profils,

Fulwm) = / [/—L(,z« /)z.] d’z

/- 2>

and is given in clesed form for general m and x in the
GALCIT paper by Li and Nagamatsu (87). In particular,

Fo (7") = Aa.'-ndm

Fialm) = % 4n (L22)

F,(m)=r£n(m+wf> _'_A(J,‘;Tam
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Note (e¢) For constant stagnation enthalpy in the boundary layer,
Ferrari obtains the velociby profile by integrating

10"(73{ (du) ’ow /“,5//"%}—
where Li and Wagamatsu use

=FK17&(S}‘§) [I*(,z«x-/ (/-‘o‘”):l

The function G‘fg (m) is given by
I
Gy (m) = Ln [(va 2(/*‘/8)(/—/3” /-ﬂ”‘]
S

Ferraril's formulation for £ = 0 is also discussed in
?n appendix by Clemmow (83) and in a paper by Thompson
93).
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is a convenient pseudo-ilach number based on the maximum attainable

7elocity,
-1 3
2 M’ * - , - .T: - 3 f’M
”oT 20, T —%: TR (38)
f e / -+ "‘;: éM

and consequently ranges from zerc to unity as the free strean ach
manber i ranges from zero Lo infinity. in physical werms, n° is
hs fraction of the available emergy which is in the form of directed

kinetie energy in the Irese stream.

The variocus formulations of the commressible turbulent boundary
layer problem of Table II are compared graphically in Figure 10,
which shows the ratio of the local frietion coefficient at a lach
marber 1 to the value at zero fach number, both being evaluateds at

a Reynolds mumber ¢, g /9, of 107,

Three sources of possible ambiguity, beyond the variation in-
volved in taking a value for n other than 7, must be considered in
the comparison of the various curves in Figure 10. First, the temp=
erature recovery factor has been taken as unity in all cases s 80O
that T, = T, end  u. = M(T ). Since Ty/T, and (1 - u?) are not

identical in the formulae if the recovery factor is different from

-———a—-.--—_—_.-——-———-_——.._—-_.'———_—_—.—.—--——.

#* The method of calculation is clear from Table IT; given the leynolds
number R for the compressible flow at Mach number H; an equivalent
Ileynolds number for constant density is computed from the second
entry of the third column of the table. The known local friction
coefficient at this equivalent Reymolds number is then identified with
the first entry in the third column of the table and the corpressible
friction coefficient follows.



unity, the original papers should Le consulted to detemmine waere
one or the other of thess guantities should be specified, Secord,
T o has been taken as 550 R, which is a representative value for
wind tunnel operation up to lach nwibers of say five. Ignoring the
probavle cocourrence o alr condensation at larger iach awivers, the

7iscosity nas been corputed from the Sutherland formla,

(2 ) Tere |
o (39)

T+ C

with ¢ = 192 °R for Tt = Lig2 °r. Eq. (39) is a good approximation
to the values of viscosity tabulated by Hirschfelder, Bird, and
spatz (lable AVI, Y5) for dry air at temperatures between 180 °©

and 1000 °R.

Finally, the caiculation in terms of an equivalent Reymolds
nwiber for low-speed flow is highly sensitive to the farm of the
.assumed local friction law at zero Ilach number and low Heynolds

muber. For example, the calculation of Cf/Cf by Wilson's formu-
latien at a Reynolds number of 10 and a ifach number of U5 re-
quires a knowledge of the local frietion coefficient for a low-
speed turbulent boundary layer at a Reynolds number ;/V__ 70,000,
far beyond the range of experimental definition. Even if the values
of Table T above are accepted, it is not clear that the concept of
a turbulent boundary layer has physical significance for values of
ac, 8 /v less than say 50, since the turbulent friction is then

less than the laminar value, given the writer's extrapolation toward



small Heynolds nuwabers in Table I. While there is not a uniform
correspondence between the coefficient of R in the third colum

of Table II and the relative position of the corresponding curve in
Figure 10, each of the formulations cited provides a function H(R)
for which the method c¢f calculation becomes questicnzble in the
sense defined above, and extrapolation to indefinitely large iach

mambers in Figure 10 1s tnerefore not rscommended.

In cormentdng on thie energy which has been dissipated in pro-
viding the material for Tavle II and Figure 10, it should be re-
memoered that most of the papers in question were published hefore
any experimental data became available, so that in general neither
the prenises nor the conclusiohs could be compared with experiment.
However, it will ve nolted in later paragraphs that the predominating
factor in the compressible turiulent boundary problem is the affect
of aigh temperature on the velocity profile near the wall, and
therefore on the shearing stress. This idea was first advanced by
von Karman in 1935 (71), but has been somewhat neglected in faver
of interpolation formulae or of elaborate generalizations of thre

mixing length hypothesis.

The knowvn importance of laminar dissipation in the sublayer
suggests that the effect of inereasing the lfach number at a given
Reynolis nwiber should be similar to the effect of decreasing the
Reynolds number at a given lach number. It is intuitively clear,
other things being equal, that the increased temperature at the
surface in high-speed flow implies a larger viscosity coefficient

and a smaller velccity gradient, so that the thickness of the laninar



sublayer increases; the same behavior is of course responsible for
the observed increase in thickness of laminar boundary layers at
ldgn HMach numbers. An adequate theory of the compressible turbulent
boundary layer should predict this effect and determine its con-

SSQUESTICES .

YWorking independently, attennts to formulate the compressible
problem in terms of the sublayer fliow have been made by Kirlwood (96),

by Amano (57), and more recently by Donaldson ($8).

¥irkwood assumes a power law veloecity profile
L
A 7 ) /
o, 5 (ko)

for the purpose of computing the momentum thickness, so that in

the present notation

AS
Cp= 2 L, 0m) T2 (1)

whers In(m) is defined in llote (a) of Table II above., In order to

avoid the difficulty of an infinite velocity derivative at the wall,
sirkwood assumes a linear sublayer profile with 2.« /ay equal to
its value at the wall. The two velocity curves then intersect at a

point (us, ya) vwhich is assumed to satisfy the relationship

/?5 s ':;"}715 = W (l2)

valuation of (Ll1) and
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with ug and 7, eliminated by means of Egs. (h0) and (L2} results

i1 an ordinary differentisl squation for 8(¥),

Fu Rl {7
!

o e TS )”""' , y It

Z, ) o Uiy 7 (&) (L)
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The dependence of u 5 [, and Tg/T1 on R is neglected by
Yirlwood in integrating Eq. (Lh); Ry is taken as independent of
Hach number; and several mathematical approximations are made which
1limit the validity of the result to small lach numbers. That
Ts/Tl is in fact a slowly varying function of Reynolds nunber is
evident from the eguation of energy for constant stagnation enthalpy

in the boundary layer,

- -t ()T ()

(L6)

Donaldson (98), on the other hand, begins with the mixing
length representation of the turbulent shearing stress and considers
a constant ratio, say C, of the total to the turbulent shear at the

intersection of the sublayer profile and the outer profile,

mo e e eyt (detg) |
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gq. (L7) is evaluated far a power law profile, vielding the result
tnat the sublayer Reynolds mumber R, = usys/ v, 1s constant. How-
sver, Donaldson's analysis is equivalent to Xirkwood's, since it is
sasily shoun that given a velocity mrofile J/u.l = f(y/5 ) and given
the expression (U7}, ther elther of R. = constant and ns/nl -

R
[~

(vg/5 )l/ A irplies the other, and furthermore that Ry = ng/c 2,

Donaldson, in preference to integrating Bq. (Lk4), uses the

paramctric reprcsentation obtained from (43) and (Ld),

A

AR

ey (ks) ™7 = 2 (& "—3;)'” (//E)'w (148)

and

s et (e L)
~

)

(49)

whers A w docs not appear since Donaldson uses s rather than

My in Eq. (L3).

Amano (_2'_7_ ) writes two momentum equations, for the variation
with £ of the sublayer thickness yg and of the full boundary layer
thickness &, and eliminates J between these expressions. The

veloelty distribution in the sublayer contains a transition temrnm

G A e e swws e wee®  ean e Gt b S emws Wt wwl NS G mee e e Wt b wmt W e e aes e g

* Donaldson writes the term m u /vy as (4 dufdy )g, with the latter
evaluated as /usus/nys for the power profile; C is %hen the ratio of
laminar to turbulent shearing stress, although both are underestimated
in approaching the point of discontinuity in du/2 ¥y from above. The
final result is unchanged in any imporitant detail.
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which allows matching the derivative 2u/dy at the intersection
with the power law profile; the shearing stress at this point is
asgumed ‘té be wholly tuwrbulent and is expressed by the mixing length
formula (L47). Several approximations in the momentun integrals
limit the wvalidity of the analysis to smell Hach numbers, and the

treatment is in general similar to that of Kirkwood.

It is dnstructive to compare several estimates of the r’w.gm-
tude of the sublaver Reynolds number Rg. Kirkwood, Denaldson; and
Amano all cite Prandtl's evaluation of the constants in the inte-
grated form of Eqg. (L) to arrive at the value Ry = 158 for low-
speed flow, Alternatively, the edge of the sublayer may be defined
as the intersection of the two curves in Figure L of the present
paper, at ug/upx = yup/» = 11.3, say, so that Ry = 128. Or the
valne of the stress ratio C ?uaj be anticipated from the data of
Teble TII below as 1/0.54 at y ue/» = 11.3, and using % = 0.4
and n = 7 then R = n2/0K2 = 165,

Equations (L8) and (L9) above allow an estimate of the varia-
tion with Mach nurber of the relative sublayer thickness. Computing
vs/5 trom (40) and (l2),

Rs us z*_,_)iT.
z— ( /u T (50)

a:d taling Ry = 158, n = 7, and R = 5 x 105, the latter corras-
vonding roughly to R = 3 x 10° for zero Yach nmaber,'/:pproximam
sublayer thiclmess at various Mach nurbers is given by the table

below.
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The values of y’s/ & tabulated here account in part for tas
writerts mistrust of generalizations of the conventional nmixing
length hypothesis to compressible flow, since these analyses en=
phasize the logarithmic region in the velocity profile, while in
fact this region may become progressively less important at large

Mach nunbers,.

1t can be shown from Egs. (L8) and (L49) that the local friction
coefficient must decrease as the llach number inecreases for fixed
values of Ry and Rs, and that the predicted change is in good
agreement with recent measurements., At the same time, the loecal
iflach number at the edge of the sublayer increases, since, from

Egs. (L45) and (L9),

My, = M, | S4Es
2

In inquiring whether the sonic local Mach number is distinguished
in a turbulent shear flow, no definite conclusions can at present
be drawn from experiment., However, if it is assumed that large
fluctuations in velocity will continue to charscterize the flow
near the edge of the sublayer at large free stream lach nwibers N
it follows that a condition may eventually be reached say at Mach

numpers of order 20 where the r.m.s. velocity fluctuations will
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become sonic with respsct to the local fliow, and that radiation of
energy into the ambient fluid may then dominate in determining the
drag, 0On the other hand, at large Hach numbers it appears that the
Seynolds nuriber must also be large in order for a tuwrbulsnt shear
flow with a sudlayer in the conventicnal sense to exist, so that
tae hypersoniec boundary layer of technical intsrest may have few
oif the characteristics now attribuited to twbuleant flows at lower

speeds.

2. FEquations of liotion. The most conspicuous feature of the

discussion so far is that it has been carried out without benefit

of reference to the detailed differential equations of motion far

the turbulent boundary layer. The writer feels that this omission

is a serious one, and in attempting to repair it has been led to

sane interesting ideas in connection with the law of the wall,
especially for commressible shear flow, Although the important
resulte could be obtained directly, ths developmnenl is most logically
presented in the sequence in which the various aspects of the préb-—
len were originally considered, and so begins with the special case

of incompressible flow.

The turvulent boundary layer equationss may be written, for

* Ho distinction is made in the first of these equations hetwesn
the static pressure outside the boundary layer, denoted by p, and
the statistical pressure within the boundary layer, which includes
a contribublon from the turbulent normal stresses. In any more
sophisticated treatment of the rols of the pressure, particularly
in connection with the mechanism of production > transfer, and dissi-
pation of turbulent energy near the wall » the discussion of the
present section should be reexamined. However, a precedent may be
found (19, see also 99) for comnscting, for a free jet, the experi-
mental mean veloeity and turbulent shearing stress distributions
through the squations of motion.
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a fluid of constant density,

D oh = -

-
SR
4
"l:]s
Wy
g e

M—;+V7 (51)
e+ 35 (52)

D44 T
"‘=/“‘I;,"¢°'“‘" (53)

Sehultz~Grunow (L7) and others at Gotbingen have imvestigated
Egs. (51) = (52) from the experimental point of view, making use of
neasursnents of the velocity field u(x,y) in a turbulent flat plate
boundary layer. in spite of obvious difficulties encountered in
the differentiation of experimental data, the shearing stress pro-
files obtainsd are quite plausible. Strangely, the carresponding
theoretical investigation of the kinematic properties of the tur-
bulent shear flow near a wall, using the equations of motion and
the information about the velocity distribution which is available

in the similarity laws, has apparently never been carried out.

The present development begins with an investigation of the
consequences of the assumption that the nean velocity profile in
the region nsar the wall is given by the similarity law

T ( 7 _:G_L_—r)
PR ¥ » (21)

In fact, the experimental observation of Ludwieg and Tillmann (%)

that Eq. (21) describes the velocity profile near the wall even



when the flow involves a pressure gradient, permits the considera-

tion of the full Eq. (51) including the pressure pradient term,

Eq. (21) and the continuity equation (52) imply, with the

boundary condition v = 0 at y = 0,

a——————

Yy - - A datp Mpr
o E ) e (5h)

wiere E is written for x in order to preserve the notation of the

paragraphs above, and x will be used throughout the sequel.

Furthermore; Eq. (51) can be integrated, with the aid of Egs.

(21) and (5L4) and the boundary condition 7 « 7, at y = 0, %o

yield
7-“-1-/»/
> d
_;wz / + -%—“ —‘fi—-ﬁ-/u ‘(‘“1'/(‘“7_)47 7 (55)

The derivation of Egs. (5h4) and (55) is greatly simplified by
the fact that certain terms involving derivatives of the fumection
f either combine or cancel each other. In the belief that this
happy circumstance is not entirely accidemtal, a freshi begimning
nay be made by examining Eq. (51) more closely in an attempt to
determine necessary and sufficient conditions for the shearing
stress distribution to have the particularly simple form given

by Eq. (55). Tor this purpose it is convenient to write (51),

with the aid of (52), as

2 . dg =y duy
s dx T € R (56)
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Replacing the independent wvariable u in the incomplete momen-
tum integral Eq. (57) by w/ua , as suggested by the relationship

7., = @=tq 5 it follous that

S

7
A
[} AL } "
S R E AT
with the funetion c// glven by

%(x,7)= /( )‘l? o /ax(,ur)d?{
N f(u-, d}‘{ /;x (MT L (59-)

The length A(x), connected mth the distribution of surface

frictioni, is dsfined by
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# A simple geometrical interpretation of the parameter A is pro-
vided for a flat plate by Eq. (5L), which may be written

v/,u. = 7/)\

and it follows that the velocity vector through a point (x, y)
intersects the surface a distance A upstream.

i EI‘ v
X A ]
T O S Sl S

Furthernmore, since A is a function only of x, this property defines
completely the direction of the velocity wvector field at a giwven
station along the plate; the gtreamlines thus follow directly from
the surface shzaring ) distribution, and conversely.

Y )
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= - — d...L"" (60)

/
AT A AX
Compai‘ing Egs. (58) and (55) it appears desirable, since
a necessary condition for Eq. {55) is being sought, to investi-
gate further the properties of the differential equation obtained

by putting

"
0

. v ) =
7b(/fd('r 4 x’? (61)
Differentiating Eq. (59) twice with respect to y, eliminating the
definite integrals between a‘f/a;{ =o and 2%#/dy *~ o, and
denoting the velocity ratio u/u-,. temporarily by r, the equation

is obtained

o4 2T+ 24 3%+
>d T 2x 2% ! :
2 dxIH - . 2 a+/ax )___ -5 62)
a_i)a. SHN\ 2+ /3y
>

Integrating once with respect to y and neglecting the arbitrary

function of x since o~ / 2x vanishes at the wall, then

+ ——— -
> x >

oA o A _ o
A (63)
The level curves, or more preperly characteristic curves, of
Eq. (63) are easily found by considering the curve r « constant,
so that

A-JL: éicdk*g};‘l’y:o



and coixse:quen'bly
4 x M (x) | (L)

Substituting for A(x) from (60) and integrating, the characteristic
curves of Eq. (63) are given by yu s = constant, and it follows
that

b2 ¢ ()

(21)

is the general solution of Eq. (61), t('(u/u,,., %, 7) = O. The

parameter ¥ is introduced here on the ground of dimensional hono-
geneity in the argument of the function £, since u/us approaches
yu4 /P for y approaching zero., That is, from the definition of

Tw a8 a particular case of Eq. (53),

e R

Lo = ot = = A7
R ay)w e s BT (65)

To recapitulate, an expression has been obtained for the dis-
tribution of total shearing stress in a turbulent shear flow near
a wall, in terms of a functional similarity observed experimen-
tally for the velocity profile. In the absence of information about
the veloecity distribution, the same expressions mey be obtained
tarough consideration of a fimetion 'ﬁ (x, y) which appears in the
integrated momentum equation. Since the only property of the tur-
bulent field which has been used is the requirement that it vanish

at the wall, thus excluding automatically the case of a rough wall 3
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it is not' even necessary in the derivation to define the concept

of turbulent shearing stress. Several arguments can be advanced

to support the critical step in the analysis above, which is placing
the function qb(x, y) equal to zero; the strongest of these is

of course the fact that the law of the wall is obtained directly.
However, if the use of a posteriori arguments to justify the treat-
ment is to be avoided, it ia neceasary to look for econvineing
physical reasons for 'supposing that the shearing stress distribution

has the form given in Eq. (55).

A beginning might be made by observing that the equations of
motion (51) - (52) and the boundary conditions on the velocity at
the wall together imply certain boundary conditions for the shearing
stress distribution. For example, successive differentiation of
Eqe (51) with respect to y leads to the series of expressions

’T(X,o) = ’wa()() (663)

> (X, a) = M)

7 A x (66b)
Ty ()« o
R

™ - (x/ OJ - - R.. 7~w (X)

and so on, where the subscript y indicates partial differentiation.

Eq. (66d) in particular is valid if the shearing stress at the wall



is identiflied with the laminar value M du/2y. But these ex-
pressions could also be obtained directly from Eq. (5F), and it
follows that at least the first three derivatives of the function

. i/' vanlish al the wall; in other words, no in;f.‘ormation about the
first four terms in a hypothetical partial Taylor series expansion
for 7~ (y) is lost by putting ‘/ = o, However, this process can-
not be continued without more complete knowledge of the turbulence,
since higher derivatives at the wall of the mean velocilty cannot

in general be identified with the appropriate derivatives of the

shearing stress < unless the turbulent shear correlation - v’
in Eq. (53) has a derivative of the proper order which vanishes at
the wall., It 1s clear that some such distinction must be recog-
nized or there would be nothing in the development to distinguish
between a laminar sublayer and a fully laminar boundary layer. On
the other hand, it is easily shown that an expression of the form
(21) is not compatible with the laminar similarity parameter y/ [fx

except for the trivial case of a linear velocity profile.

Similar considerations prevent any attempt to show rigorously
whether Eq. (21) is an integral of the equations of motion for
turbulent shear flow near a wall. TFor if it were, the two alter-
native derivations given above for the shsaring stress distribu-
tion, Egs. (55) and (58), would require the function # to be identi-
cally zero, so that if \b (x, ¥) has a partial Taylor expansion
about y = 0, the coefficients could be computed by repeated dif-
ferentiation of Eq. (59) or of Egs. (58) and (51), and would neces-

sarily be zero for all orderé. That this computation is not possible
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without more information about the twrbulent fisld has already

been shovm.

The remarks above are related to a less obvious property of
Eg. (21), which is that the physical scale for f{low near a wall
is delermined by the kinematic viscosity of the fluid rather than
by the proximity of a second free or solid boundary. An exanpls
for which experimental data are available (L) is the velocity
profile in the wind near the ground. The difficulty iﬁ visualizing
an origin or a second boundary for the large scale meteorological
system does not prevent the application:t of Eg. (21) to determine

one of the quantities 7,,, Cr M Uy OT Y when thz others ars given,

It is possible that the physical scale for the turbulent shear
flow near a plane is in fact connected with the region of validity
of a particular formulation of the turbulence problem, and in this
sense nay depend on the nature of the other boundaries of the flow.
To be explicit, one may'consider a correspondence between some
properties of the turbulent field behind a grid and of the turbulent
shear flow near a wall, This comparison was recently suggested to
the writer by Frofessor H, U. Liépmaxm, and had already been dis-
cussed by Lin and Shen (100). Both systems are characterized by
the presence of large eddies, which are rssponsible far accepting
energy from a prime mover, and by thc presence of small eddiss 3
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% The effects of surface roughness or thermal instability may not
be negligible in suca applications; see the discussion Lelow of
variable density.
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in uiich viscous dissinaticn accormpanies an aporocach to isotropy;
in sach case two distinct scalss zater wwrovided that the Jeyuolds
nuriber of the fleow is sufficlently large. 1In the boundary lgrer
the large eddles are nanifested in the phenonencn of interuitience,
in ths wvelocity defect lawr, and in the macroscale of the space
correlation. These large eddies are essentially independent of
viscosity, but are fundamental in determining the shear field;
thet is, the shearing stress depends on the entire history of the
turbulent flow and thersfors on the scale in the large., The sméll
scale turbulent structure in a boundary layer, on the other hand,
is dependent on the local flow conditions, sinece both iaminar and

turbulent dissipation are large near the wall (25).

In this connection it is interssting to note that the turkulent
flat plate boundary layer in a uniforn stream has in common with
the uniforn turbulent channel flow the important nroperty taat the
characterigtic length for the logarithmic velocity distribution
is v;/L4,., while the characteristic length in the same recion

for the total shearing stress is very nearly §. From ig. (55),

either
™M Tw | - 2 (M )"'
S s v /v Asq \ T/ ©7)
or
27/ 7 S5 (.«-:—.)’“
-7 X s (48)
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It is easily showm, for example with the wvelocity profile u/u? =

A(;{"zl-r/? )1/ﬂ

s that the right hand side of (€8), considered as a
function of x and v/§ , is much more nearly independent of x than
is the z*ighf, hand side of (67) considered as a function of x and
T o /¢ . That is, for the power friction law implied by the velo-
city profile in question, A is proportional to x from Eq. (60),

while Cr is a constant multiple of Cp and 6/8& is a constant. Tt

follows from Eq. (68) that

n+3 %— ;"‘:
%—;—/,ff“ (&) ™ (&) ™ (3/5) (©9)

for values of yup/y outside the sublayer but within the regiozi v
of validity of the law of the wall. However, the quantity (Cjp) R x
(R) does not depend on R for a power friction law (23), and the
right hand side of (68) is therefore a function only of (v/8 ),
even in a region where the velocity distribution depends on yuo/¥.
That the chamnel also has this property is obvious but by no means
trivial, since the interpretation must be that the shearing stress
distribution depends strongly on the large scale eddy motion and
thug on the history of the flow, while the local veloclty near the
wall depends on the small seale turbulent motion s and in particular
on the local dissipation. It is clear that the traditional theories
cannot predict this property for a turbulent shear flow whon the
shearing stress is assumed coh_stan’r,, particularly since the dif-
ferential equation for the velocity distribution, e.g. Eg. (L7)
above, is homogeneous in v end therefore independent of the choice

of scale for this coordinate.



It w;mld appear at first glance that the channel flow is not
included in the development above, since the properties of the flow
do not depend on x in a given channel and so Eqg. (61) is obviously
~satisfied by virtue of (60). Eq. (21) reduces, for practical pur-
poses, 1o u = £(y), and no quarrel is likely to srise as to whether
this >is an integral of the equations of motion for a wniform channel;
it is therefore convenient to consider the flow in a channel as a
limiting case of a flow between diverging or converging walls, or
to rely on the limiting expression (65). The fact that the channel
or pipe is not distinguished from the boundary layer in the analysis
given above is consistent with the experimental observation that
near the wall the same velocity proflle obteins in all thrse cases,
and so lends support to the view that a general flow wita nressure
gradient should be characterized by the same law of the wall as
that discussed above. The important beundary conditions here are
certainly connected with the presence of the wall, e.g. Egs. (66&) -

(64d), rather than with conditions in the external flow.

On the other hand, it is probable that there is a difference
in kind as well as in dsgree between the sublayer flows in a channel
and in a boundary layer. The kinematic behavior of the mean tur-
bulent shear flow, to the extent ti*;at it implies the law of the
wall, show that in the absence of a Pressure gradient the turbulent
correlation .w'v’ varies like yj s o7 like ul » near the wall; bLut
in the presence of a pregsure gradient there is an additional varia-
tion like y, or like u. The essential difference is the nature of
the energy reservoir, which contains unlimited kinetic ensrgy in

one case and unlimited pressure energy in the other; the dynamics
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of the turbulent fields apparently must also differ either in the

magnitude of the wvelocity fluctuations or in the correlation cosffi~

cient «w'v! /)% [ very near the wall.

The fact that the law of the wall is experimentally indepen-
dent of these differences in dynamiecs, and the absarvation that
this law is inherently incapable of predicting the magnituds of
the surface shearing stress, which depends on the large scale struc-
ture and thus on considerations of energy, should be kept in mind
later when it becomes necessary to discuss the thermodynamics of

flulds of variable density.

Finally, it is interesting to note that Eg. {55) implies that
the total shearing stress can have a maximum away from the wall if
and only if the pressure is increasing and the surface shearing
stress decreasing in the direction of flow, thus establishing a

necessary condition for a turbulent boundary layer approaching ’

separation,

In order to implement the remarks above, more detailed experi-
nental evidence in favor of the law of the wall is required. Figure
11 shows three velocity profiles which include data for the sublayer
flow. The measurements by Laufer (_2_5) were carried out in a 10-
inch diameter vpipe, fbr which the surface shearing stress was ob-
tained from the observed pressure gradient. For values of yu,/v
greater than 150 the mean velocity was obtained from pitot tube
measurements, and for smaller values from hot wire data, lir. P, 8.

Xlebanoff has provided some as yet unpublished measurements for a



free streézn volocity of 50 feet per second in the sane boundary
layer already mentioned (20); these data were likewise oblained
with pitot tube and hot wire instrumemtation. The friction coeffi-
cient estimated by Klebanoff for his flat plate measurements has
been decreased by 8 percent to agree with the values already pre-
sented in Figure 2. Finally, one of van der Hegre Zijnen's pro-
files (6L), for a local free stream velocity of & meters per second
at x = 0.7 meters, is included in Figure 1l; these data wers cb-
tained with a hot wire ansmometer. For Zijnen's measurements Cf
was chosen to provide agreerent in the coordinate systen (uw/u, ,
Jup/® ) with the logarithmic region of Figure L, and lies about
nidvay vetween the values of u(du/ )y & and 2d®/dx. Cf the
experiments cited here, Laufer's measurenments may well be taken

as definitive in view of the implied accuracy in the friction coeffi-

cient .#

Table IIT shows a set of tentative valnes for the four func-

tiong

——-_.—————.——-n—.—-—o---——-——-—-—...._.._......._—_——

# Laufer's channel data (33), and some later measurements of Skinner
{;9;) in the sane apparatus, do not agrees with the curve of Figure
11, lying appreciably above the data showa., After several discussions
with Dr. Laufer of possible anomalies in his channel experiments,

a decision of nolle prossqui was handed down.

it Measurements of turbulent shearing stress in a boundary layer
approaching separation have been made by Schubauer and ¥lebanoff (3l).
In attempting o apply the relationships above to these data, the
w;?ter nas found it necessary to concur in the opinion of Goldsehmied
(6) and of Ross and Robertson (102) that the published valuss of
shearing stress are too large., TF the velocity profile data are
required to agree with Bg. (2L), then the friction coefficients
should Le taken as 65 to 70 percent of the published figures.
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Table III

The Law of the Wall in Detail

for a Fluid of Constant Density
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which depend only on the argument yu, /v in the sbsence of rough-
ness and pressure gradient. For these conditions the friction para-
meter Au+/v may be obtained from the information of Table I,

since from Egs. (60), (26), (29), and (30),

Aoax i-.‘i,qe(,_,gz_.éﬁ_g*‘) (70)

If there is no pressure gradient, an analysis similar to that

above may be carried out for the velocity defect law,

Lo e (%)

P (22)

and leads first, through the continuity equation (52), to a defect

law for the nomal velocity component;

%_::AS A-M)_Z_ ( ié(%u)d%(u)



where v = A4 at vy = § and

v o AdS5*

-
———r— -

A, d x | (72)

as 1s easily shown from the continuity equation for a quite genersl

velocity distribution u(y).

It is not surprising, in view of what has gone before, that
the assumption that the two equations (71) and (5L) for v(x, ¥)
have a common region of validity requires the velocity distribution
u(x, y) in this region to have precisely the form:# of Eq. (24), and

further implies Eqs. (23) and (26).

The writer has not found an alternative form for the expression
(71) which is mechanically simpler than the one given above; the

same is true for the shearing stress which follows from (22), (71),

and (51);

1
T (835 )/ () 4%
w 7'?/5 AL

AS* . ‘ can
(5 - 2 4E) 2 (s

Practical calculation of the turbulent shearing stress distri-

tution for a boundary layer with zero pressurs pradient is ezpedited

T Gt m U e e Gue en Wt W me 6w man e G e SN owm e WS M e wem e e s wee e o w—

#* The detailed kinematic conditions imposed on the flow by the
equations of conservation of mass and momentum are of course not
necessary to the proof.



by the relationship, from Eq. (26),

f!éi = 2 (’/ + X = )

4 x A 7

(k)
together with two auxiliary formulae, The first, from (29) and
(7h4), is

45* S
o= X C S (75)

and the second,from (70), (26), (35), and (3L), is

A, (r-xm)owe, ()"

It should be noted that Egs. (75) and (76) are not exact in the
sense that (7h) is exact, since the appearance of the parameters
C; and G, means that the defect law (22) has been assumed to apply
in the sublayer., Table IV, which is based on the experimental
data of Figure 5 above, lists some tentative values for several

functions of the argument y/§ which appear in Egs. (71) and (73).

Although the possible consequences of the equations of motion
have by no means been exhausted, it is not clear that there is an
imnediate profit to be gained from a further study of the defect
law at the present time. The phenomenon of intermittence, while
it does not invalidate Zgo. (51) - (53) if the concepts of average

velocity and average shearing stress are clearly defined, must also



Table IV

The Velocity Defeet Law in Detail
for a Fluid of Constant Density

i
!
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«010 l)-le 31 3 » ?9 21!»@215
0015 13.30 3.72 23.40
.020 _ 12.58 3.66 22.56
0025 12@02 3960 21»81
030 11.57 3.5h 21,11
-0LO 10.85 3.43 19.86
«050 10.29 3,32 18ﬂ7=;
.060 9.83 - 3.22 17.73
-080 9.11 3,03 15@95
100 8.56 2,86 1h.39
.150 7«5k 2.h6 11.17
200 6.70 2,10 8.6l
.250 6,00 1.78 6.63
.300 5037 1,50 5.01
350 he79 1.25 3.73
1400 L.25 1.02 2.70
150 3.73 .82 1.91
500 3.23 .65 1,30
.550 2,76 50 .86
3600 &3-1- ?3? "53
650 1.89 .27 .31
.700 1.50 .18 .17
750 : 1.1h o11 .08
800 .82 .07 .03
850 <53 -03 0L
900 .29 .01 0

.950 .10 0 0

1.000 0 0 a



te taken ’into account in an analysis of e:tperimental data in order
to insure that the quantities measured correspond to the accepted
definitions. This remark is particularly relevant to the averaging
.properlies of the measuring instrumenls used, and to the applica-
tion of a Lagrangian concept of turbulent mixing to an Eulerian
i’ramé of reference. This is not to say that a study, for example,
of the equations of motion with a generalized velocity defect law,
including a pressure .gradient parameter such as §(dp/dx)/7,
might not shed some light on the velidity of the single-parameter

hypothesis for turbulent boundary layers.

It is the development involving Egs. (57) ~ (65) wiich holds
some promise of providing a generalization of the law of the wall
to flows in which changes in density are not negligible. The dis-
cussion is simplified by omitting the pressure gradient term in
the equations of motion and by assuming constant surface tempera-

ture, so that the reference density may be taken to be independent

of x.

Since most engineering applications of boundary layer theory
make use of the conventional definitions of drag coefficient and
Reynolds number in terms of free stream quantities » BEgs. (1) -
(3) may be retained with the stipulation that the free stream
viscosity and static density are to be used. That is, in the ab-

sence of pressure gradient and surface roughness for an otherwise

ideel bourdary layer,

S+
- .Q_: 2 LA
Ce= 2% % /"ﬁ:z("f‘,)‘f%
o

(L)
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de _ 7, (x)

C# = * dx Y (7)
R = (H* (31)
/M.

Under these circumstances, the definition of a friction velocity
us is still subject to some amblguity. I the relationship chosen
is Cp = 2(11.,./ui)2, then from Eq. (7), Ty = ‘a,u,.z. On the other

hand, Eq. (65) may be generalized in view of Eq. (53) to

1)

L ot _ 2 7. ?
7-—»0‘“ 7(37)‘"" )‘w”:v = %"W?:) (77

go that very near the wall the relationship u/u4 = yu.,_/ Pw is walid
only if 7, = e.u -,.2. In order to distinguish between these al-
ternatives, an unidentified reference density Cr will be intro-
duced by means of the expression

R

A second reference density, Cv 5375 is suggested by the fact
that variations in density require a distinction to be drawn between
the volume flow vector ; and the specific momentum vector e ;i’

(5). Defining these vectors by their camponents as

-

¢ - (,u.' V) (79)
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ed - (ew,ev) = (6,0, V) (80)

the boundarj layer equations in terms of mean quantities may be

written
é—&—u -+ _La Y = é——L—j -+ Q-—\"/ = ‘Q
2 X 2 y o x 7 {61)

o QL o U
e e ()

V(v
Qi")

so that the more general form of Eg. (57) is

T-T, " Ju/ 4’7 -1"(".,/3C/'ML (83)

Introducing the independent variables u/u, and U/use in

the two integrals, with ue defined by Eq. (78),

= = /( )47 « ¢ Goy) @

Tw

where A is defined by Eg. (60) above and

ey - MJ(A, 2S¢ 5 (2)4
“-ﬁr[( <) 4y + / L )y

A comparison of successive derivatives of the shearing stress,
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from Eqs. ‘(82) and (8l), shows that ) 9‘///3;(, ?&‘f /9'3(&,
ard O 5'# /3—;{ ?  vanish at the wall as in the case of constant
density, and that this result is valid for arbitrary heat transfer
and for an arbitrary equation of state as long as the existence of
a sublayer is assumed, so that the surface friction is Newtonian,
Eqe (77). However, since there appears at present to be no way to
show rigorously that =0 follows from the equations of motion
and the bourdary conditions, thus requiring a certain similarity
in the velocity profiles near the wall, neither can it be shown
that Eq. (8L) with ¢ = o is the proper generalization to compres-
sible flow of Eq. (55)« With the understanding that the further
development is completely speculative, the equation ¢ = © may be

considered in detail,

Proceeding to elimination of the definite integrals between

the derivatives with respect to y of ¢ = o , it is easily shown

that
v -
d+/ax / %ésé' -E‘-’)- __5—(%>
o (S ) 4+ A s - o (®)
F\o+/>y ._(g_%t
v 9%

where r = uw/u, = r(x, y) as before.

A particularly simple integral of Eq. (86) may be found if the
density and velocity are taken to be related by the Crocco energy

integral (_Qa ‘?_L_L),

- ' >
Tl ()=, Z)% (=) en
7-:" ‘o 7;, L, To rw
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where 'I‘0 is the stagnation temperature of the external flow, T;
is the static temperature, and Tw is the temperature of the wall;
all are at present required to be independent of x. Eq. (86) be-

comes, after one integration with respect to y,

2 , 34 -

¥
’ L 4T [T /-:?—4-‘
ox o % A Ay "71;") ! Pu i’

7
iR (b

The appearance of certain definite integrals in Eqs. (8L4) and
(88) suggests that the space coordinate y should be subjected to

the Howarth transformation (103, 3),

ta
(x,+) = / £ 4 ;
7 7) oy rd (89)
o
and when ‘this operation is carried out,* Eq. (88) becomes simply

———

o4 L X 2+
2 X r 27

= O (90)

Thus the generalizalion of the law of the wall to compressible

flow with heat transfer is of the fomm

e e e e e v wm v e e e W weee G e W AR W W WS SMAS G WS e ae W S G e Ve e et

3 As is usual in transformation of this kind, consider -~ (;’f,wb s

so that r_ = r 4T =Ty +Toy y_ andr_ =1 dryy =1
when ¥ = x ; rR’ is;:éf co SZ fot t?fe sa.mg aéxr3 3 g:i.nce’tg;ag s cc;’n{-"r t 77
stant in the i‘frst case but » is constant in the second. Substi-

tuting in Eq. (88), differentiating the coefficient of 9+/dy with

respect to y, and using the energy equation (87), several terms

cancel by virtue of Hg. (88), and (90) follows.
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with 7((2:, ¥) given by Ege. (89) and u, (x) vy Bq. (78).

In order to obtain a2 useful form of (91) it is necessary to
satisfy the limiting expression (77), with the result that (91)

should be written

e ——— ‘y
f{ (o'r / Tw / £ dy (92)
T /p,,, Cr Co
[~
vhere £ is the function of Eq. (21) and Table III above.

In seeking to detemine which of the several restrictions
already imposed might be relaxed, it may be noted that the reference
densgity fv is irrelevant, since it may be given an arbitrary
value in Egs. (8L) and (86), and does not appear explicitly in
Eg. (92); thus @v may be considered for example as an isentropic
reservoir density which is at least piecewise constant. Neither
is the reference density e, involved in any of the mathematical
manipulation required in deriving and solving (86), so that the
restrietion of zero pressure gradient may be dropped except for
its possitle bearing on the we of the Crocco energy integral (87)

when there is heat transfer.

The remarkable result of the present synthesis is the fact,
readily verified by substitution, that the arbitrary function
r()? us) of Ege (91), wi‘bh‘.»( defined by Eq. (89), satisfies (86)
identically, whatever the equations of state and enefgy may be, !
and is valid for arbitrary pressure gradient, for arbitrary heat
transfer, and for arbitrary surface temperature. It is of course

necessary that the combination P+ / Cow M be independent of



X, since tﬁe dependence of w/uq- on x and y is already defined by
(91). Thus the introduction of the Crocco ensrgy relationship is
superfluous, and is included here only to show why the writeris
attention was directed specifically to the Howarth transformation.
Finally, the combination Cw /.4 w 1is closely proportional to pres-
sure for nany gases, so that the reference density F7_which appears
in the definition of .4 may be nearly independent of x in a flow
at constant pressuré, even when large variations oceur in f;,be-

cauge of non-unifomm surface temperature.

Given the applicability of the boundary layer equations, there-
fore, the conditions which are sufficient to require the wvelocity
distribution to have the form (92) are first that the turbulent
field vanishes at the wall, with Newtonian friction there, and

second that the shearing stress distribution has the form

#

= - dp _ L [£& [=\? |
. 1+ %%é 5 o _“r) d';c (93)

The first of these conditions is entirely plausible, but the
second is a heuristic generalization of a recognized but not clearly
mnderstood property of the low-speed flow., It is therefore vital
in future work to discover the physical reasons for the validity of
the law of the wall, Eq. (21), for flows with constant density,
and to determine whether these reasons can be adduced in flows with
variable density to require the stress distribution (93)., In the
meantime, it is possible to test (92) and its various consequences

by reference Lo experimental measurements.
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Among' these consequences, one or two are of particular in-
terest. Tor example, most of the existing treatments of coupressible
turbulent shear flow predict that the gensralized law of the wall
should incoxj)orate a distortion of the velocity distribution while
the space coordinates remain unchanged, whereas the present for-
mula states that the y-coordinate must, and the velocity may, under-

go distortion when the density of the fluid is not constant.

The effect of temperature in increasing the thiclnesas of the
sublayer at large llach numbers, discussed on page 48 above, may

be demonstrated using the Howarth coordinates. By definition,
[ :
- £ A= [ £
7], e 7 (oh)
o o
and it follars that

(%,7&) . o_clew
D/ X, M /‘_g_ d‘g_

is less than unity near the wall if ‘a/p 4 increases monotonically
with y/§ . The sketch shows how the physical sublayer thickness
is magnified by the effect of high temperature at the wall, when
flows with fixed and variable density are assumed to have coineciding

velocity distributions in the coordinate 7/A .
{

0/

%
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Unfori;.una’taly, the relationships given immediately above were
obtained late in the present research effort, and it has not bsen
possible to undertake a responsible analysis of the experimental
data which ai'e available for flows with variable density. Odince
the relationships in question are based entirely on kinematic
ground's s with the density entering only as it affects local mass
flow or local momentum, there is no reason to identify variabtions
in density with variations in temperature until an equation of state
is introduced. The development thus far should be equally appli'-
cable, for example, to vertiecal turbulent free conveetion given
an obvious modification for body forces, to the wind near the ground,
and to the twrbulent boundary layer in supersonic flow. There
occurs an arbitrary element in the reference density 61-. s and
further investigation is needed to determine criteria for selecting
this parameter. Finally, it is clear that the velocity profile in
physical coordinates depends on variations in density, and is there-
fore dependent on the energy distribution, although the same velocity

profile in the Howarth coordinates is invariant.,

The writer is hopeful that the detailed discussion of this
gection, of one aspect of the problem of turbulent shear flow near
a wall, will demonstrate that this problem has not in fact been
solved in any real sense in the past, and simultaneously will suggest

that a solution may not be impossible in the future.
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IT. Instrumentation and Experimental Techniques at JFL

A. Introduction

The remaining portions of this report will be devoted to a
pregentation of some measurementis by the writer in the boundary
layer on a plate in supersonic flow, together with a discussion

of several experimental methods which were used during the research.

The floating element technique, which attermpts to measure
directly the friction drag on a portion of a body in a fluid flou,
was first successfully used in 1929 by Kempf (L5), and later by
Sehmltz-Gemow (L7). An early but largely unproductive effort
to apply the technique to swpersonic flow was that of Ginsburgh
(10L). Beginning in 1948, H. W. Liepmann at GALCIT undertook the
development of a flecating element instrument for high-speed flow,
and this work has been carried forward by Dhawan (11) and by
Hakkinen (105). More recently the method has been used, with
variations, by the writer, by Veiler and Hartwig at the University
of Texas (106), by Eimer at GALCIT (107), by Bradfield, DeCoursin,
and Blumer at the University of lMinnssota (lgg), and with conspi-
cuous success by Chapman and Xester at the imes Laboratory of the
IACA (}92), the last two of these investigations being made with

bodies of revolution rather than with a flat plate model.

The research at JPL, while inspired by the success of Liepmann
and his group, is an independent attack on the flat plate drag

problem, designed to take full advantage of the size and range of
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the 20-inéh supersonic wind twnel at the Jet Propulsion Laboratory
and of Liepmann's experience with the floating element technigue.
Design of the insfrumenbation and of the flat plate model was begun
in early 1951, and the experiments reported here were carried out

in the spring of 1952.

Be The Flat Plate Model

1. odel Installation. Figures 12 and 13 show the flat plate

model installed in the test section of the 20-inch supersonic wind
tunnel at the Jet Propulsion Laboratory. The plate completely
spanned the tunnel, in order to isolate the working surface from
pressure disturbances originating elsewhere on the model, and was
supported by both side plates as shown in Figure 1lli, Part of the
1ift force on the plate was transmitted to the north door by means
of a key and keyway; the remaining air loads were carried by the
south door. With this arrangement for supporting the plate, the

north door could be opened at any time to provide access to the

model .

Two arguments suggested the selection of the lower surface of
the plate for the present experiments. The floating element in-
strumentation describgd below could be mosgt conveniently serviced
and calibrated in this position. lMore important, it was felt that
both the instrumentation and the surface finish were better insured

against damage with the working surface on the bottom of the plate,

Tho loading edge of the model was located at Station (=6.5)
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inches i;nl the stardard nézzle coordinate system, in which the
window centerline is Station (-20.0). Three small windows of
half inch plate glaés were installed in each door, so that flow
~over the plate surface and leading edge could be observed using
the tunnel Schlieren system, These windows were oriented with
theif direction of maximum taper parallel to the airflow, and uni-
form response to movement of a horizontal knife edge was obbained

for the three pairs of windows.

Preliminary measurement of the width of the test section at
the upstream and downstream edges of the 27 inch diameter window
opening showed that on evacuating the test section these figures
decreased by 0,015 inches and 0.022 inches respectively, and a
conservative allowance was therefore made for tunnel deflection
in specifying the plate width. Since the solid rubber seals pro-
vided along the edges of the plate were visible for part of their
length, it was possible to verify that no leakage or interference

occurred between the plate and side walls during operation,

For technical reascns cannéeted with convenience in model
installation rather than with advantages visualized in operation,
provision was made in the design for changing the angle of attack
of the model during a test. On loosening the bolts which normally
clamped the flat plate rotation dise to the south door, the at-
mospheric air load on the disc was transferred through the key

to a thrust bearing in the north door. The plate could then be
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pitched tl;irough a total angle of twelve degrees by changiag the
length of a turnbuckle bolted between the disc and the scuth door,
as shown in Figures 13 and 1. The plate angle of attack was in-

dexed by a series of dowels in the north door.

2. General Instrumentation. Altaocugh tae length of the Ilat

plate was 33 inches, only the first 25 inches could he wviewad with
the tunnel Schlieren optical system, and the instrumentation uas

consequently confined to this region.

Three floating element instruments were mounted in the plats,
on the tunnel plane of symmetry, at x = 5.5, 13.0, 2.0 inches
from the leading edge., Since a factor of from four to eight was
always available in the tunnel stagnation pressure, it was possible
in most cases to measure surface friction at a given nominal Reynolds

number with more than one of the friction instruments.

A series of 27 static pressure orifices was nrovided on the
vlate surface 2.75 inches south of the tunnel centerline. In addi-
tion, sach of the floating slement instruments incorporated three
orifices fcr’ static pressure me'asurementg one of thesz orifices

was the gap around the element itself,

Three copper-constantan thermocouples were soldered to stain-
less sleel buttons which were buried in the plate surface 1.19
inches south of the tunnel centerline at x = 9.25, 15,75, 20.25

inches., The teumperature was also measurad in ths floating element

balance chambers,



- Ll -

All ;netal comnonents exposed to the airstream on the working
surface of the plate were fabricated of 410 stainless stecl,* neat
treated to a hardness of 35 on the Rockwell C scale before final
machining., Particular attention was paid to working surface finish
and to the sharpness of the leading edge, -which was a wedge of 15
degrée ineluded angle. Various methods of estimating the leading
edge radius indicated that the value finally achieved was less than

one half thousandth of an inch.

Pressure, temperature, and friction instrumentation were carried
outside the tunnel through the rotation disec shown in Figures 13
and 1L, and all electrical and pressure leads were checked before
installation of the model in the tunnel. The plate and rotation
disc, which were permanently assemiblsd, could be mounted in a cali-
bration jig to allow access to either surface of the plate for as-

sembly, inspection, and calibration of ths instrumentation.

C. The Floating Surface Element

l. Flexure Assembly., The skin friction instrument described

in these paragraphs is similar in principle to the floating element
mechanism of Liepmann and Dhawan (11). The most important differ-
ence, aside from size and range, is the use at JPL of the null tech-

nique in measuring applied forces.

The basic components of the instrument are shown in Figures
15 - 17‘. The inner flexure system, consisting of the table, two
flexlinks, and the ring, allows a deflection of the floating element

T AR M SN W e e S s e s e b M e e et et et et e mum o v -

% SAE 51110 general purpose martensitic stainless steel.
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under an épplied loads The deflection isvmeasured‘indirectxy as

the displacenment which must be given to the table in ordsr to re-
turn the element to a standard 5u11 position with respect to the

surraunding.strnctufe, Motion of the upper talile is effected Ly

means of a precision micrometer, acting throﬁgh a pilano wire push
rod élamped at both ends, and is censtrained by the second or

outer flexure system shown in the figures.

The null position of the floating element is detected by a
Schaevitz variable reluctance transformer (};Q) whose coil is fixed
on ‘the instrument structure énd whose core is attached to the element
ring, so that no physical contact bebween the gauge and element is
prasent to interfere with measurement of the small forces involved.
Two dashpotsbare provided for damping in the inner flexure systen,
and are eonstructed with sufficiently small elearances so that
capillary attraction prevents loss of fluid when the insirusent is

turned upside down.

The skin frictien instrument, inclnding the flexure systems,
damping device, ard Schaevitz gauge, is assembled on a stainless
steel disc four inches in diameter and 5/16 inch thick. Installa-
tion in the flat plate for wind tunnel tests is accomplished by
means of gixteen leveling screws Which are slternately tapped into
the disc and into the plate. ZExperience has shown that the dis-
continuity in surface level aﬁ the four inch parting circle can
be reduced to less than 0.00005 inches without difficulty, and

that a standard dial test indicator is adsquats for measurenmsnt
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of the discrepancy. It follows that one skin friction instrument
can be exchanged for ancther in a relatively short time, and that
repairs need not involve serious interruption to a particular wind

tunnel experiment.

The chiolce of a fectangular surface elenment was made in order
to approximate a local measurement, and the corresponding rectangular
hole was fabricated by a combination of milling, machine filing,
and broaching operations. Various mesthods have been tried for locking
the floating element during lapping; the one finally adopted con-
sists of filling the gap with glyptals# which is allowed to harden
before lapping and is removed with acetone or other solvents after
a smootn flush surface is obtained. It is believed that this tech-
nique avoids the possibility of elastic deformations in the flex~
iink structure, which could iead to serious misalignment when the
element is released. The interference pattern of Figure 18, ob-
tained with an optical flat and light of 5461 & wave length, is
typical in showing the alignment which can be expected after final
installation. During the period of test, a sensitive dial indicator
was used frequently to verify that the floating element remained

flush with the surrounding metal within a few wave lengths,

2+ Micrometer., The micrometer shown in Figure 17

is designed around a standard commercial lead screw of 0.025 inch

piteh. The lead screw is keyed to prevent rotation and is actuated
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# Glyptal clear varnish or red enamel, General Electric Co., Schenectady,
33% Yﬂl’k.
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by a rotaging nut which is driven through a 25:1 worm and worn

gear. Consequently, one revolution of the input shaft represents
0,001 inch of tranglation at the lead screw. A counter and grad-
uated dial én the micrometer input shaft indicate the position of

the element table in millionths of an inch.

A typical micrometer calibration, obtained by direct compari-
son with a Pratt and Whitney Standard Measuring lachine, is pre-
sented in Figure 19. Tae observed error has the same period as
the spindle rotation, and is probably caused by misalignment of
the spindle bearings or hy departure of the lead screw or nut from
a uniform helix, In any case, the maximum micrometer position error
does not exceed 0.5 percent and can be neglected in the present

neasurements.

3. Ilectrical Components. The displacement-sensing device

used in thes present instruments is a Schaevitz differentiszl traﬁs-
former (;;Q), whose properties were first expleited by Liepmeann
and Thawan (1l). Figure 20 shows a schematic view of the Schaevitz
gauge, Figure 21 shows a schematic diagram for the input and output
circuits for this gauge, and Figure 22 shows a wiring diagram of

a three-chamnel power and isolation amplifier, not commercially
available, which was developed to prevent electrical interference

between the several gauge circuits.,

A single pair of Hewlett-Packard vacuum tube voltmeters was
used to measure input and output voltage, being eommected to any

one of the three gauges by a rotary gang switch mounted on the



flat platé nodel structure. The auxiliary 100 ke/s crystal oscilla-
tor and oscilloscope shown in Figure 21 wers added to the system
waen it was found that the Hewlett-Packard audio-oscillator, used
.ag a primary signal source, had relatively poor frequency stability.
Although various input frequencies have been used, most of the pre-
sent measurements were made at 20 or 25 ke/s, and the performance
of the elsctrical equipment was judged to be entirely satisfactory.
In particular, the writer has been impressed by the potentialities
of the Schasvitz instrument as a'highly sensitive device for meag-
uwring emall displacements; in fact, evidence will be cited helaw

to show that this gauge can detect even under field conditions
motion through a distance equal to a small fraction of a wave length

of light.

li. Technique of Use. The major components of the Schaevitz

variable reluctance transformer have been shown schematically in
Figure 20, and a typical output signal fram the gauge is plotted

in Figure 23 as a functon of micrometer position. In theory, the
difference between ths opposing voltages induced in the two secondary
coils is proportional to the displacement of the iron cors. Con-
sequently, after balancing the secondary circuit for a minimum null
signal and adjusting the position of the coil so that tiig signal
occurs approximately at the center of the element travel, the out-
put voltage as a function of micrometer position should consist of
the four straight line segments shown in Figure 23. Since this
pattern should not depend on the load acting on the element, various

functional disorders in the instrument can readily be diagnosed in
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terms of changes in the output signal.

In the example of Figure 23, the motion of the element is
delayed as the upper table moves upstream until a suf ficiently
large force is applied by the flexures to break a thin liguid
filﬁ which is present in the gap. The element is then free to
follow the motion of the table through the null position. A slight
effect of residual magnetism is apparent in the figure before the
final contact occurs, although in the present case neither the
magnetism nor the presence of a fluid film is serious enough to
interfere with use of the instrument. It should be noted that
the presence of dust, lint, or other solid particles in the clear-
ance gap is immediately apparent in operation, since the magnitude

of the voltage at contact will decrease,

As perfect symmetry in the magnebtic and electrical elements
of the secondary circuits is not likely to be achieved, the null
signal will not be perfectly sharp. In the present experiments
the null was taken as the arithmetic mean of the two micrometer
readings when the output voltage passed through a particular value,
say ten millivolts. In general, under steady conditions, the null
position defined in this way could be repsated within one or two
millionths of an inch using ordinary care to avoid backlash in
the micrometer mechenism. Failure to obtain the sensitivity men=

tioned could usually be traced to the presence of foreien material

in the clearance gap.

The most important single characteristic of Figure 23 in
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aséuriﬁg ﬁroper functioniﬁg is the physical separation of the two
micrometer readings for the specified value of output voltage.

This distance, which is about 790 millionths in the present example,
should not change when the element is under load. In the present
experiments the gauge input voltage and frequency were carefully
contrélled, and the effects of temperature on the output pattern
were found to be small., However, it was observed during eérly

tests that the value éf 0.79 thous incréased'with the tunnel stag-
nation pressure. The balance chamber was found to be improperly
sealed, so that excess pressure in the chamber caused a small amount
of air flow through the clearance gap around the element. The fric-
tion measurements in question were repeated after improving the
balance chamber seals, and the performance of the instrument was
found to be entirely satisfactory. It may be remarked that no
aerodynamic or electrical interference between the floating element

instruments was observed during the present tests.

5, Calibration and Estimate of Accuracy. In determining the

surface shearing stress from the displacement under lecad of the
floating clement, it is assumed that the only force applied to

the element is the local surface friction, and that_the presence
of the measuring instrument does not affect the quantity to be
measured. It is furthér assumed that the deflection of the element
with respect to the immer flexure system is proportional to the
applied load, and that the constant of proportionality is indeben;
dent of the point of application., Fimally, it is assumed that the

vdeflection mentioned can be exactly compensated for by a second
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deflecﬁion of the support system. Each of these assumptions musl

be examined in detail.

Tt was discovered early in the development that residual mag=-
hetism‘in the element aSSembly and in the adjacent structure could
cau&a.a very erratic behavior, and this magnetism was removed as
far as possiblé in the final assembly. The technique of null
measurement is believed to eliminate any remaining effect, and the
game remark applies to any axial foree between the core and coil

of the Schaevitz gauge.

The assumption of zere flow velocity will not be satisfied
over the gap, where there will be a system of standing vortices.
The energy dissipated in these vortices must be extracted from the
external flow, and consequently will affect the mean friction or

total drag downstream.

In the present design the floating surface element is 0.2Lk
by 1.1492 inches, and the rectangular hole is 04250 by 1.500 inches,
so that the clearance gap is about three percent of the total sur-
face area. Sinee turbulent boundary layer flowe are known to be
insensitive to surface irregularities which are small compared to
‘the sublayer thickness, as is the case for the gaps in most of the
present measurenents, it is to be expected that disturbanees in
tbe shear distribution will be negligible, Dhawan (}l) found no
neasurable waves for either laminar or turbulent supersonic flow
over a typical slot. Dhawan also investigated low speed fléw over

2 slot whose width was about one-fourth of the boundary layer thick-



ness, ahd found no measurable effect of the slot on the wall
shearing stress, as measured in the sublayer with a hot wire anemo-

meter, in the immediate vici_nity\ of the slot.

" On the other hand, Tillmann (49) and Wieghardt (EE_B)» used Schultz-
Grunow's wall drag balance (47) to measure directly the drag of
slots normal and parallel to the flow in a turbulent low speed
boundary layer. For the first case, the drag of a slot whose width
was less than the boundary layer thickness was found to be indepen-
dent of the slot depth, suggesting a shear rather than a pressure
drag, and was found to have ay magnitude of two or three times the
surface friction on the same element of area. For the second case,
the drag was found to depend ozi the slot depth, and to be about
five to fifteen times the surface friction on the same area, These
eﬁqaer:i;men‘ss, however, were carried out in boundary layers whose sub-
layer was of small thickness compared to the slot width, and so

provide what is probably an upper bound on the slot drag.

In the data reduction for the present experiments, the actual
element area was used to detemihe the shearing stress. If half
of the slot drag were to be subtracted from the measured element
load, and this drag were to be taken as twice the local shearing
'stres's, the friction coei‘ficient‘s woﬂd be reduced by an amount not
excceding two or three percent. Because of the relatively small

gap width involved here, this estimate of error is felt to be con-

servative,

In the same context, errors associated with misalignment of



the elemen"c-with respect to the surrounding surface are probably
negligible, in view of the data presented below for a turbulent
boundary layer at a Mach number of 2.6, which data arebelieved to
be free of variations in surface friction caused by local pressure

gradient over the elements.

A detailed analysis of the elastic properties of a flexure
system such as that used here is available in the engineering litera-
ture (11l). It appears that, even within the limitations of slender
beam theory, the deflection is neither strictly proportiocnal to
the applied load nar completely independent of the point of appli-
cation. If it 1s assumed that the four unstiffened flexures are

subjected to exactly the same loading, the approximate expression

is obtained,
s, [WE* L [¢€= ' J [wer
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where k is the spring constant; W is the weight of the element,

W
hB

ring, etc.; B is the length of the stiffener; ard E, I, and b are
respectively the modulus of elasticity, moment of inertia, and free
length of the unstiffensd portion of the flexures. ZIEstimated valuess

for the present design are
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3 In computing the moment of inertia, the width and thickness of

the spring steel flexure are taken as 0.625 inches and 0,00205

inches respectively. The length/radius of gyration ratio for the
flexures is about 250, so that failure may be assumed to occur by
buckling. The wltimate normal pressure load is eight atmospheres,

or about six times the maximum value expected in a high density
emergency shutdoun of the tunnel, It should be mentioned that diffi-
culty with cempound curvatures, or oil-canning, was encountered early

in the instrument development, so that it was found necessary to

place rigid specifications on the final alignment of the flexure systems.



W = 3.5 grams

B = 0.825 inches

E=29x 10_6 pounds per square inch
I = b5 x 10710 inchest

b = 0,150 inches

Eqe (95) then ylelds the estimated value k = 0,155 pounds per inch,

In practice, two j‘.ndependent methods were used for the deter-
mination of the actual spring constant. As indicated in Figure 17,
static calibration of the flexure system was carried out after final
assembly and» installation, using a nylon monofilament rumning over
three jewsl mounted pulleys to transmit loads from a weight pan to
the element ring., Considerahle difficulty with friction in the
pulleys was encoxmtefed, and it was found necessary to use a vibra-
tor on the pulley bracket. For each measursment the pan was un-
loaded and the zero return verified., The relationship betueen
force ard deflection for the three instruments is shown in Figure
2lj, ard the spring constants are listed in the table below. In the
interval between Tests l;3 and Lk, the floating elements were per-
muted to the stations indicated by the numbers in parentheses in
the table, and were relapped and recalibrated. During this opera-
tion the elements C and D were rotated 1800, 5o that the direction

of loading was reversed for the second colum of the table.

A second method of calibration, which does not require the
use of pulleys, is suggested by Eq. (95). If the element displace-

ment due to gravity, x, is measured for various angles of attack,



& , the spring conslbant can be de‘bez"mined from

W x

- —
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provided that the weight W is known. A second set of cbservations,
withbthe weight of the element increased by a known increment, w,
allows the determination of Woz/zEI and (W + w)b2/2EI, and there-
fore W/w, from Eq. (65), assuming that B and b are accurately

knovm.

The latter calibration has been carried out®* for the three

elements used in the present experiments, and the result is shown
in the third column of the table. 1In general, the second method

of calibration is to be preferred from the standpoint of speed and

convenience.
Spring constant, pounds per inch
Pulley Pulley Gravit
Element Calibration Calibration c al?%;’ltg’
Tests 11-43 Tests lili-80 Loration
B 0.387 (2) 0,381 (1) 0.381 (1)
c 011 (3) 0.6 (2) 0.i12 (2)

D 0.433 (@) 0.1432  (3) 0.431 (3)

Finally, a more complete analysis of the elastic flexure
system than that leading to Eq. (95) has been carried to the point
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# The additional weights w were 50, 10, and 20 grams respectively
for elements B, C, and D, and the values found for W were L3.8,
L’L{m8, and hSQB grams, .
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where an estimate could be formed of the errors associated with
the non-linearity and with the discrepancy between the points of
application of static and dynamic loads; these effects are be-

lieved %o be completely negligible for the present application.

The remaining source of error which should be mentioncd here
is electrical zéro ‘shift., caused principally by changes in {em~
perature of various electrical components, especially the Schaevita
gauge., In ofder to investigate this point, several tests were
made in the wind tunnel during which the floating swurface elements
were shielded from the airflow by small cover plates. A typical
record of zero position against time, and also of balance chamber
thermocouple output against time, is shown in Figure 25, It appears
that the technique, common to all the experiments discussed in
the present report, of using the post-run zero measurement in the
data reduction should minimize errors from this source., The resi-
dual error, of parhaps 20 millionths of an ineh, is only partly
accounted for by the observed elastic deflection of the plate under
aerodynamic load or by the possible effebts of vibration., It is
obvious that the zero error demonstrated here is negligibly small
compared to element displacements of from 5 to 15 thousandths of
an inch, nqrmally encountered in ‘tﬁxfbulem; boundary 1éyers at large

Reynolds numbers during the present experiments.

6., The Null Principle. Experience at JPL has confirmed

several advantages which were visualized in using the null principle

of force measurement.



Fj.rst;-the clearance which mst be provided aroand the floating
surface element is not dependent on the range and sensitivity.
The surface condition can be made to approach arbitrarily close
to an unin‘boim:gpted plane, subject to the necessity for being able
to inspect and to clean the clearance gap. In fact, the null prin-
piple is desirable if more than one of the instruments is to be
used, unless a large clearance is provided or precauntions are taken
to insure that all elements are free in both the loaded and un-

loaded condition for the angles of attack encountersd in opera’cion.

Second, the double flexure assembly is a true null system, in
that deflections both parallel and normal to the airstream are
compensated for during the measurement., TFurthermore, the floating
element should remain fiush with the surface over a reasonable
range of temperatures, vs'ince dimensional changes in the two flexure

systemns compensate each other.

Third, the accuracy is nearly independent of the range, in
the sense that the initial and final displacements can be deter-
mined with the same accuracy whether the load is large or small.
This point is important in the present application because the
surface friction force on a given element may vary by a factor
of 30 or more in a single test, In the same comnection, it is
apparent that the absolute aécuracy of the electrical equipment
is not relevant to the absolute accuracy of the friction instru- ;

'mefrb, and that input frequency and voltage can be varied from one



the ra.nge of the voltmeter in the output circuit s without recali-

bration.

Finally, malfuncti?ning" of the mechanicai system can be de-
tected at any time by réu‘oine electrical measurements., In parti-
culéi‘, unusual restraints applied to the floating element by con-
tact with the adjacent structure or with foreign particles de-
posited in the clearance gap by the airstream can be detected

without specizl precaution or preparation.

D, The .Channél Calibration

l. Pressure Gradient and Apparent Shear. Some of the leeal

friction measurements in the 20-inch tunnel were made in the pre-
sence of an axial pfe_ssure gradient over the floating element. Since
ahy unbalance of static pressure at the leading and trailing edge
gaps may be expected 130 produce a force in the direction of de-
creasing pressure, 1t is necessary to estimate the magnitude of

the errors involved. Furthermore, circulation of air into and out
of the balance chamber may cause appreciable disturbances in the

boundary 1ayer flow near the gaps.

To investigate the feasibility of shear measurements in a pres-
'sure gradient, a célibraticn was carried out in a narrow channel,
one wall of which was formed vby the flat plate model and the other
"by a ground and lapped auxiliary plate. The two plates were sep-
arated by a shim, and the enclosed air space was ported through
the auxiliary 'pla’ua to a collector pipe at each end of the channel.

Adr flow was maintained by a vacuum pump; a valve at the air inlet
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acted as a sonic orifice, and steady flow at low pressures was

readily obtained.

For fully developed two-dimensional chamnel flow of an incom-
pressible viscous fluid, the shear and pressure drop are related by

the expression, independent of the velocity profile,
4 %
7‘w = - <

where d is the height of the chammel., Symmetry about a mid plane
hag been assumed, so that local disturbances to the flow have not

been taken into account.

Referring to Figure 26 for the notation used, it may be assumed
that there exists a distance, h, nomal to the surface, over which
the variable pressure in the gap is effective in producing a stream-
wise force. Computing the apparent shear when the pressure changes
uniformly in each gap from the value in the chamber to the value

at the surface, the relationship is obtained

where f is the total appa.fen’c shear obtained from the element de-

fleection.

Shims of 1/32, 1/16, and 1/8 inch nominal thickness were used

in the calibration, and each was run at several mass flow rates.

~The pressure gradients were obtaired from the slope of a plot of



- 97 -

p2 a.gaihst’x, which is a linear funection for fully developed flow (_3;1_?,)-
The distance d was measured for each el ement by a micrometer head

which was retracted flush with the surface of the auxiliary plate

when not in ﬁse. Individual zero readings were taken for the three
elements for each operating condition. The channel flcw is bhe-

lieved to have been laminar for all of the calibration measurements

_dQScribed hers.

Valmes obtained for the hypothetical distance h are presented
in Figure 26 against the background of the element geometry viewed
normal to the flow djrecﬁion. The abseissa isg the Reynolds number
of the gap flow, which is defined below. Except for small values
of Rg s where the flow mechanism assumed here may not be valid, the
values obtained for the distance h are consistent with the nominal
physical dimension of 0,020 + 0.003 inches for the part of the e¢lement
exposed to pressure forces. In fact, if a valus had been assunmed
for the distance in questlion on the basis of the element geomeiry,
the channel calibration could conveniently have been used to es-
tablish the spring constant for the element. The data of Figure 26
involve sheaf values of from 0,00007 to 0.00116 pounds per square
inch, and ambient pressures of from 0.3 to 5.7 centimeters of mer-
cury, and correspond to conditions éncoun'bered in the wind tunnel
at high Mach nunbers., lo definite trend with channel height, swr-
face shearing stress, or presswre level was observed for the apparent
shear due to pressure gradient, either he:s:é or in an earlier cali-

bration carried out at atmospheric pressure. In the absence of



other eiridence, it follows from a simple calculation that the
necessary correction to shear measurements in the wind tunnel can

be adequately represented by the expression

st b (5%)

¥

with say h = 0.019 inches.

2. Balance Chamber Pressure. The mechanism assumed above for

the flow in the element gaps has been validated to some extent by
an independent measurement. A linear pressure drop through the
gap 1s consistent with a parabolic velocity profile there, and im-
plies the same relationship between vertical pressure gradient and
shear as has already been postulated for the channel itself. The
gap flow Reynolds number based on the width and on the average
velocity for the gap can easily be shown to be

Ez_f_zj_ Ai
7 /z./u“AIOL

where g is the gap dimension and Ap is the pressure difference be-
tween the chamber and the surface. This Reynolds number is essen-
'tially the‘ mass flow through the clearance space, andbi'or steady
conditions must have the same value for the upstream and downstreanm
gaps. Heglecting small variations in v:‘L?cosi'by and density in the
_neighborhood of the element, a siinple relationship is implied be-

“tween element position and balance chamber pressure.
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The S(;lid line in Figure 27 shows this relationship for a
typical condition of flow in the channel, involving a shear stress
of about 0.C01l nounds per square inch. The limiting values of
chamber pressure were obftained from the observed pressure distri-
bution. Also showm in the figure are the chamber pressures de-
termined by experiment; two sets of data wers taken because of the
sensitive measurements required. The abscigsae for the measured
points were deduced frbm the element wvoltage output pattern, which
has already been described in Section II, Part ch. Aside from a
possihle constant error of perhaps 100 millionths of an inch in the
element position, the agreement with the predicted values is quite

satisfactory.

3. Balance Chamber leakage. Advantage was teken during the

channel calibration of the opportunity teo investigate the influence
of balance chamber leakage on the instrument reading., Figure 28

is a record for several operating conditions of the relative down-
strean load, denoted by f, as a function of the excess chamber pres-
sure, Ap; both have been made dimensionless by dividing by T

One curve was also obtained in ‘a laminar boundary layer at a Mach

number of 2.0 and a Heynolds number of aboub 1.8 x 106 at dtation 1.

It is clear from the figure that the effect of leakage probably
cannot be predicted, either in magnitude or in sign, without more
elaborate investigation, and errors from this source may therefore
be minimized by requiring that the pressure in the balance chamber

should not differ from the proper value by more than the magnitude
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of the She':ilnng stress on the element., The evidence glven liere
confirms the experience of Dhawan (11) in demonstrating that the
balance chamber must be sealed with extreme care., In the present
ingtrument sélid rubber compression seals were installed in grooves
beneath the various cover plates, and satisfactory sealing was

apparehtly achieved by this means.

E. The low Pressure lMuiltimanometer

As part of a routine effort to define the experimental environ-
ment for the research discussed here, a low pressure multimanometer
was designed and constructed in early 1952. Since the interpretation
of the tuwrbulent friction measurements in particular would have been
much more difficult without the infoarmation obtained from this instru-
ment, several comments should be made about the design and use of the

multinanometer.

The static pressures anticipated in the experiments ranged from
2 to 150 rillimeters of mercury absolute, and it was thought necessary
to provide instrumentation for obtaining sufficient pressure data
to define the plate pressure distribution, particularly the local
pressure gradients over the floating elements. The writer's exper-
ience with the problem, in connection with research in the GALCIT
hypersonic wind tunnel, suggested the use of a multiple manometer
of more or less conventional design, but using a light fluid and a
low reference pressure. TFigures 29 and 30 show the general arrange-

ment of the manometer components.

In compromising the desirahle properties of low viscosity, low
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volatili‘by;'and uniform wetting characteristics, one of the silicone
i‘luids* with a viscosity of about 10 centistokes appears to be quite
satisfactory. The specific gravi'by of this fluid apparently is not
closely controlled by the manufacturer, and should be measursd under
the conditions of use; the value obtained by the writer was 0.9306

+0,0005 at 75 Op with a decrease of 0.,0005 for each 1 °F increase in

temperatire.

The vapor pressure of the silicone fluid at room temperature
has not been determined, but reference pressures of asboubt 20 microns
or 0,02 millimeters of mercury, as read by a lcleod gauge connected
to the manometer through a dry ice and acetone trap, were easily
obtained for the multimanometer despribed here in spite of the presence
of several hundred O-rings and some dozens of flared fittings which

vere exposed to an atmospheric pressure differential.

Each of the LO tubes in the manometer is provided at the ’cop
with a two~way sliding valve, shown in Figure 31, so that any tube
may be comnected sither to the reference vacumm (equalized position)
or to the tumnel pressure (reading position). The sliding valves
can be opsrated by remote econtrol through individual pneumatic pistons,
vwhich are supplied with air at 125 psig through a solenocid valve,
The sliding valves are spring loaded to assume the equalized position
when the actuating air pressure is less than about 80 psig, and the
valves can also be operated manually and locked in either position
when desired.
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#* DC-200 flunid, manufactured by Dow Corning Corporation, ifidland, :fich.
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Experience with low vressure manometers has suggested several
precautions; for preventing damage to the manometer in case cne or
more of the tubes is exposed bo a pressure higher than the range of
the instrument, in the present instance 110 millimeters of mercury
absolutes Banks of ten tubes are manifolded together to a single
fluid reservoir and the four reservoirs are in turn interconnected
’c.hrough a gystem of valves. The manifolds however are slanted, as
shown in Figure 30, and are placed at the rear of the manometer at
a position well above the lowest point of the individual tubes. Thus
if air enters the manifolding system under pressure through a tunnel
line, the path of least resistance is upward into the reservoir and
there is no tendency to force manometer fluid into the tunnel from
other manometer tubes., In practice, 1f one tube 1ls exposed say to
atmospheric pressure, a silicone-air emulsion forms immediately in
the vertical line from the manifold to the reservoir, and the lowered
density of this emmlsion aects to siphon fluid out of the other nine
tubes of the bank in question. After equalizing all tubes of the
manometer, the reference vacuum may be restored am the manometer
made ready for use in about half an hour. It is essential to pro-
vide adequate drainage into the reservoir or glass tubes for the valve
system passages, since dissolved air may occasionally carry liquid

into the wvalve block when the manometer is being evacuated.

One other feature of the manometer should be described. Pro-
vision is made for connecting any one of the model pressure lines
to an auxiliary vacuum pump or to a source of pressure through an
auxiliary passage in the valve block, so that model lines may be
checked for leakage or identified.

Under steady conditions and with reasonable care in reading fluid
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levels, the difference in pressure between the reference vacuum and a
given model orifice may be read with an accuracy of about 0.3 milli-
meters of silicone fluid, or 0.02 millimeters of mercury. For pres-
sures greater than 10 millimeters of mercury the reference pressure
of 20 nicrons can Le neglecled for most purposes, and the manometer
is an absolute pressure instrument. Cars should be taken, when meas-

uring pressures in this lower range, to establish equilibrium be-

ween

ot

0]
o]

quired to reach equilibrium may be of the order of ten minutes, and
since two or three minutes are sufficient to read the mancmeter fluid
levels visually, it appears that photographic recording of data at

low pressures is not always advantageous and may even involve a sacri-
fice in accuracy without a compensating saving in time. TFor the present

experiments, the low pressure manometer was read manually in all cases.

Fe The Mass Flow - Tmpact Probe and Flow lieter

1. Prineiple of Operation. The mean dynamic and thermodynanmic

states at a point in & supersonic boundary layer are adequately de~-
fined by three quantities; these are the veloecity, preasurc, and tem-
perature (or dénsity) of the fluid. Boundary layer research is com-
monly carried out, however, using a single measurement and two assump-
tions. The static pressure is assumed to be constant through the
boundary layer, and the temperature is assumed to be a quadratic func-
tion of the velocity. The first of these propositions allows the local
lMach number to be deduced from measurements of impact pressure in the
stream and of static pressure at the adjacemt wall; the latter quantity
is sometﬁmes inferred for the free stream through an assumption of

isentropic expansion from a real or hypothetical reserwir. The use
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- of an impact pressure instrument has occasionally been replaced
or supplemented by measurement of local density through interfero-
metric or x-ray absorption techniques, although considerable finesse

is required in the use of these methods.

The relationship between velocity and temperature in real fluids
is a .matter of fundasrental importance in high~speed aercdynamics, and
several ingstruments have besn proposed to assist in measurement of
this relationship. Conspicuous among these instruments is the stag-
nation temperature probe, which has been used with various degrees of
success by Spivack (113), by Wegener (1lL), by lonaghan and Cooke (115),
and by many others. The most obvious check on the accuracy of such
an instrument is verification of ths fact that the total energy in the

flow must remain constant for steady flow without heat transfer;
S+
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where Ty is the free stream or reservoir stagnation temperature, and

To' is the local stagnation temperature in the boundary layers

In considering obvious difficulties in the determination of
local specific energy in high speed airflows, it has occurred to the
writer that measurement of mass flow rate serves the same purpose
‘as measurement of local stagnation temperature. Consider that the
impact and statlic pressure together determine the local. llach number

and therefore the local dynamic pressure,

,(9.¢L * oz 2f6# M ~
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independent ol Lhe relationship between veloclty and temperature.
If now the local mass flow rate

_(M{ . 4w,gdf

could be determined for a stream tube of area A, the velocity and
density, and hence the static and stagnation temperatures, could he

caleculated immediately;

If the flow is supersonic, one may visualize a sharp-edged
holliow probe with a sufficiently low internal pressure so that an
attached shock system exists at the entrance; the nose area A then
defines the stream tube being studied, and the mass {lor rate may
be measured at leisure further downctream. Closing off the internal
passage converts the instrument to a conventional impact probe', and
thus allows the necessary measurements to be carried out at pre-

cisely the same point in the flow,

The development of a mass flow-impact probe was undertaken at
JPL as part of the instrmnen'batidn for the present boundary layer
research. In the final analysis the performance of the instrmment
in a boundary layer was found to be unsatisfactory; however, there
is sufficient promise for the technique so that the experience at

JPL should Le made avallable to others working in the field.

2, Probe Congtruction. The original probes were machined

cylinders with a straight or slightly diverzing bore and an external
nose half-angle of aiout ten degrees. The internal channel is ob-

viously equivalent to the test saction, second throat, and subsonic
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diffuser of a conventional supersonic wind tumnel, and the usual rules
mist be follawed in estimating the mindmum permissible area in the
throat formed by the internal boﬁndar:jf layer, A preliminary calibra-
tion was carfied out using a probe with an entrance diameter of 1/16
inch, and it was found that the measured and mredicted mass flow
rates ’agreed within one percent in a uniform flow at a lMach number of
2.2. That the entering flow was supersonic was verified by ob-
serving the internal probe pressure very close to the entrance; the

value found was nearly the static pressure in the free stream,

Because machining difficuliles were anticipated in naking a
eylindrical probe small enough to bhe useful in boundary layer research,
several rectangular probes were fabricated of tubing and razor blades
writh the dbjective of maintaining the mass flow rate at a useful
value while reducing the vertical dimension of the probe. IMigures
32 and 33 show two views of such a probe; the entrance, as measured
with an optical comparator, was about 0.009 by 0.053 +inches, This
probe is typical of several which were used by the writer, and the
rectangular design is quite satisfactory. The nethod of fabrica-
tion was to relieve a piece of hardened steel tubing to accept the
razor blade segments, which were arranged to form a straight internal
channel; after soldering, the sides of the probe were ground to the

shape shown in the figure.

Several compromises must be made in the design of the mass flow-
impact nrobe. Since the internal channel must eventually diverge,

the probe may not approach a wall as closely as if impact measuremsnts
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alone were 'in'tended. Thio is not in practicc a soriouvs disadvantage,
since the writer has found that impact pressure msasurenments in super-
sonic flow made closer to the wall than about twice the height of a
rectangular probe should be viewed with suspicilon; if this eriterion
is accepted, the probe body diameter may be made four times the en-

trance height without real sacrifice in perfarmance.

Another limitation arises in the fact that the nose wedge angle
of commercial razor blades is invariant between various makes, and
has a value of about 1 degrees. Thus, a straight interndl chamnel
means that shock detachment will occur at Mach nurbers below about
1.6. Again, the disadvantage may not be apparent in turbulent boundary
layer research, since il = 1.6 usudlly occurs very close to the wall

for free stream Mach numbers of the order of 3 or L.

3. Flow Moter, ass flow rates were measured by two methods.

The first consisted of operating the probe exactly like a blowdown

- wind tunnel, exhausting into an evacuated receiver for a measured
time interval; the mass flow transferred was deduced from the initial
and final pressures and temperatures in the receiver, This method
required a considerable time for preparing the system between blows,
and was abandoned in favor of a calibrated sonic metering orifice

and vacuum pump, so that the probe could be operated continuously.

The sonic orifice in question was a ruby watch jewel of 1.1
millimeter internal diameter, and a needle was provided to wary the
area of the orifice. This needle was positioned by a commercial

micrometer head, set at zero when the needle filled the orifice; the
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needle was ;;rithdravm completely at an axial displacement of 0.35

inches., The orifice was found to bs rather sensitive to viscous effects,
i.e. to changes in back pressure at low flow rates, especially when

the needle was partially inserted, bubt was &always used with the sanme
pump and porting so that the calibration was repeatable., Flow rates
could be measured to an accuracy of one percent or hebier in the

range from 5 x 108 o S x 10"6 slugs per second. The former figure
corresponds to a ﬂéw of one cubic foot of free air in about twelve

hours.

L. Calibration and Performance., Figure 34 shows the ratio

of effective entrance area to nmeasured entrance area deduced from
free stream mass flow measurements with a typical probe; the ordinate

is also the ratio of measured to mredicted mass flow,

The difficul'l‘;y enccuntered in practice with thie probe is apparent
in the figure. At lower Reynolds mumbers, below say 1000 based on
the entrance height, the mass flow decreases markedly, indicating

that the entering flow is not supersonic and thab considerabls spil-

lage is cccurring at the nose.

In order to determine whether the entrance flow was supersonic
at larger Reynolds numbers, the probe internal pressure was varied
and changes in mass flow rate observed. Figure 35 shows several

examples of this measurement which establish that the mass flow rate
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The prcbe was always operated at the largest available compression

ratio when measuring flow rate.

The presence of viscous effects at low Reynolds numbers may
have been the major cause of failure to obtain useful measurements
with this instrument, although the presence of fluctuations in
local flow direétion in the turbulent boundary layer may also have
been a factor, leading to a chronic state of shock detachment from
one or another surface of the p:mb'e. The values of the product
‘ou. obtained in practice invariably became smaller than the pre-
dicted values as soon as the probe was well into the boundary layer,
so that the stagnation temperature appeared to rise indefinitely

as the wall was approached.

The dj_fficultieé encountered here might well be avoided by
restricting the application of the technique to flows in which the
probe Reynolds mmiber is not less than several thousand, and the
use of larger probes may provide a useful comparison for experiments
with stagnation thermecouples or resistance thermometers in measure-
ments of temperature distribu‘tions in supersonic streams or in

boundary layers which are thicker than those studied here.

5. Double Sonic Orifice Thermometer. Following a suggestion

by Wildhack (116) and by Blackshear (117), that values for stagnation
temperature in a fluid might be inferred from the reservoir condi-

tions for two sonic orifices in series, some calibration was carried
out with a slightly modified mass flow probe. Tor two sonic orifices

in series, the equivalence of mass flow requires
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where the single prime refers to conditlons upstream of the first
orifice and the double prims to conditions upstream of the second.
If the lfirst orii‘ice cceurs just downstream of a normal shock, then
po' is the impact pressure. Since pO“ and T o” are easily meagured
urstrean of the second orifice, the stagnation temperature TO' . Which
is conserved through the shock, is detemmined if the ratio A"/A' is

known as a function of Mach number and Reynolds number.

Since the sharp-edged probe has only two stable operating
conditions, with the entering velocity either well above or well
below the scnie value, a blunt shroud was provided around the en-
trance to insure that sonic flow would cccur there for sufficiently

low internal pressure.

Figure 36 shows a typical free stream calibration, giving the
relative effective area of tle entrance in terms of the Mach number

amd probe internal preéssure at thé peoint in question.

An attempt was made to use this instrument in the .bounda.r:y layer,
without success. It is believed that the difficuliy here is a funda-
mental one, and that the method is not likely to be useful in flows
with large wvelocity gradients. The reason appears to be connected
with large curvature of the nose shock wave; in a gradient the stream-

line which corresponds to the observed mass flow does not coincide
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in positioﬁvuith the streamline which corresponds to the observed
impact pressure, and the discrepancy is likely to be present even
in a uniform supersonic stream if the instrument is not aligned with
the flow dix?ec'tion. - This objection does not of course apply to use

of the technique in gases which are at rest or moving slowly.

6. Use as Impact Probe. One or two comments are in order

concerning the writer’sbeX@erience with the measurement of impact
pressurs., Since the presSures encountered in the present experi-
ments were always large enough to offer no problem in measurement,
it is necessary only to conslder whether these pressures can be

properly interpreted.

The experience of many investigators has shown that an impact
probe in a boundary 1ayer- is an instrument subject to several sources
of error. The presence of the probe may influence the development
of the original bouﬁdary layer through upstream propagation of pfesé
surs disturbances, especially in the case of the laminar flow. The
existence of a velocity gradient and the proximity of a wall will
cause distortion of the normally symmetrical flow pattern around the
probe. On the other hand, the use of small probes in an effort to
minimizé the problems already mentioned may introduce new errors
associated with viscous dissipation near the probe nose. Finally,
the effect of velocity and density fluctuations on the pressure

indicated by the probe may not be negligible.

Figure -37 shows two turbulent Mach number profiles as obtained

~with an impact probe fabricated of razor blades, and with the same
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probe equii:’ped with a clo§e-fi'bting rectangular shroud to increase
the nose area. The two configurations register the same pressure,
within the accuracy of the measurements, except when the larger probe
approaches the wall closer than twice the probe height. This ex-
perience is consistent with that of Wilson and Young (_321._8), although
the px"esen'b probes are of réctangular rather than circular cross

section,

Figure 38 illuetrates the method uced to detcet contact of the
probe body with the wall. Since contact is first made about 0.3
inches behind the probe en‘hrahce , the direction of motion of the
latter will be reversed upon. contac'b, and the observed impact pres-

sure will begin to increase.

The four profiles shown were obtained at ‘a Mach number of about
L5 during an investigation of flow with a pressure gradient, and
are typical in e#hibiting the repeatability of the probe positioning
| mechanism. The distance from the probe entrarce to the wall was
taken as half of the separation of the probe from its rcflcction
in the plate surface as de*berminéd with a céthetometer.% Errors
caused by imperfections in the reflecting surface were minimized by

maling the same measurement from several points of observation.

Figure 38 also shows the variation of impact pressure with

distance for a hypothetiecal sublayer without pressure gradient; the

# Wild NIITI precision level, manufactured by Henry Wild Surveying
Instruments Supply Company, Ltd., Heerbrugg, Switzerland.
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veloei*b,} gradienl is assumed to have the constant value implied by
the known shearing stress and viscosity at the wall, and the speed
of sound is taken constent at the wall value. This caleulation
should sﬁggeét the nature of an extrapolation to the wall which might

be attempted for the experimental data,

In an analysis undertaken in Section III below for these profile
data, it will be pointed out that there is some evidence for the
propogition that wall interference may result in too low an sstimate
of velocity for the last few points near the wall, even with the
unshrouded proves it is also possible that errors caused by fluctua-
tions of velocity may be present for measurements near the edge of

the sublayer,
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III. Measurements in a Flat Plate Boundary Layer at, JFL

A. General Discussion

1. Tunnel Operation. Although a description of the 20-inch

supersonic ﬁind tunnel at the Jet Propulsion Laboratory is available
in a feport by Schurmeier and Riise Q;;g), several features of the
facility which make it especially suitable far boundary layer re-
search should be mentioned here, A pfecise calibration of the test
section airflow is available for a series of nominal Mach numbefs
from 1.33 to lp.SO, so that experiments may be carried out in an am-
bient flow whose properties are supposedly known. loreover, the
continuously variable test section Reynolds numbef makes it possible
to study both laminar and turbulent boundary layer flow, and in par-
ticular to investigate some properties of the laminar flow regime
for large Mach number and small Reynolds number; of the turbulent

boundary layer for relatively large Reynolds number; and of the
boundary layer transition.

The flexible nozzle of the 20-inch wind tunnel is supported by
22 pairs of électrically driven jacks, whose positions are remotely
controlled by a cam bank operated from the control console., Any
,pair'of jacks may be adjusted individually, within the limitations
of alluwable bending stress in the nozzle plates, and this adjust-
ment can in most cases be made without interrupting the supersonic
flow in the test section., A typical pressure influence curve, cal-

culated by the method of characteristics for an extension of 0,020
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inches of $ack 3% at a nominal lach number of L.50, is shown in
Figure 39. Also shown is the increment in pressure observed ex-
perimentally on the surface of the flat plate model for a slightly
different cohdition > the nozzle being initially distorted to pro-

vide a uniformly decreasing pressure along the plate surface.

During the calibration of the PD-inch wind tunnel , static pres-
sures were measured on both surfaces of a horizontal wedge traversing
the tunnel centerline. The lower wedge surface pressures, corrected
to zero flow inclination, are shown in Figure L0 for the lach numbers
of current interest. The pressure distributions in question have
been displaced upstream to account for the location of the flat plate
medel surface one-half inch below the tunnel centerline, and there-
fore supposedly represent the pressures which would be observed in
tne absence of a boundary layer on the plate. Also noted are the
special jack corrections applied to the flexible nozzle for the pre-
sent tests, ard the corresponding computed pressure distributions.
The waves which are present at the two lowest ach numbers are caused
by failure of the flexible plate to reproduce the discontinuity in
wall curvature which exists at the inflection point in the theoreti-
cal nozzle contour, and this problem is discussed in detail in the

JPL report by Schurmeier and Riise.

In making quantitative use of the calibration data, it should

be remembered that the tunnel MNach number decreases with decreasing

o s e e S o - ) R S o s o b o w—n o W - - - b ot o— ot ot -

#* Jack mubers increase when proceeding upstream from the test section.
Jack O controls the nosition of the top and bottom test section walls,
and succassive jacks are spaced 6,5 inches apart along the arc length
of the nozzle,
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stagnation pressure because of an increase in nozzle wall boundary
layer thiclkness, and slight changes can therefore be expected hoth
in absolute magnitude and in axial location for the pressure distri-

butions of Figure L0.

During the early experiments it was found that the f£flat plate
model could be pitched, after starting the tunnel with zero angle of
attack, through the range -2°< & € 42° at 11 = 2.03 6°< x € +6°
at 1 = 3.7; and =3°& a&¢ € 4)° at U = L,.5. ZSxcept for one test to
determine the effect of angle of attack on transition at a Hach number
of 2.6, and one experiment with a laminar boundary layer at a lMach
nuber of L.5, however, all measurements were made with the plate

pitched 0.17 degrees nose doumn.

Starting the tumnel offered no difficulty excent at the lowest
Mach number, where the test section was blocked by the model., In
order to run at the nominal Mach number of 1.97 at which the nozzle
had been calibrated, it was found necessary to start the ‘tunnel at
M = 2.05; flow could then be maintained at zero angle of attack with
Hach numbers as low as 1.86 before blocking occurred. The balance
sector windshield remained in the tumnel supersonic diffuser for all

.te_sts .

The Reynolds numbers which could be realized in operation were
limited on one hand by allowable casing pressurs or by the power
‘available in the compressor system, and on the other hand by the capa-
city of the pumps used to reduce the tunnel stagnation pressurs.

then operating at low pressure levels, accumlation of wet air was
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prevented,land pressure regulation improved, by allowing a con-
tinuous flow of dry air into the tummel cireuit. On one or two
occasions temporary separation of the air flow from the plate sur-
face was .obsérved when the diffuser presswe was disturbed by the
adnission of makeup air. In general, however, the range and flexi-
bility of the 20-inch tunnel were found to be quite as good with
the flat plate model installed as with the test section empty, and

this range was exploited fully during the tests.

2. Experimental Program., The experimental measurements of

the present research are discussed in detail in the sections below,
and the test schedule given here therefore serves the more general
nurpose of providing continuity for the various aspects of the re-
searcn. It may be remarked that the measurements were made in three
periods of testing. The first of these, in October 1951, provided
experience in tumnel operation and defined the operating limitations
of the tunnel-model combination. The seeond period, in -lareh 1952,
7ielded most of the useful information obtained on the magnitude of
local and mean friction, and inecluded an attempt to measure local
nass flow rates in supersonic boundary layers. The third period, in
May 1952, was an investigation of flow in a pressure gradient and

of the effect of various tripping devices on boundary layer transi-

tion.

B. Local Surface Friction

The -essence of the mresent experimental research is presented
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Table F_f

Test Schedule

Flat Plate Boundary lLayer Research

20-Inch Supersonic Wind Tunnel , JPL

Numbey Nﬁiggr Date
ho9 - (1) 367  Oct. 18 1951
(2) 3.67 18
(3) 3.67 18
(L) L.50 18
(5) k.50 18
(6; 1.79 18
{7 1.97  Oct. 19 1951
(8) 1.97 19
(9) 3.67 19
(10)
(11) 3.67  Feb. 29 1952
(12) 1.97 Mar, 31952
(13) 1.97  Mar, L 1992
1L 3.67 Mar. § 1952
15 50 Mar, 6 1952
16 1.97 6
17 2.55  Mar, 7 1952
(1.8) 2.55 Mar. 10 1952
19 3.67 Mar, 11 1952
20 3.67 11
21 3.67 11
22 L 50 Mar. 12 1952
23 Le 50 12
2l i, 50 12
25 2.55 12
26 2,55  Mar, 13 1952
27 2.55 13
28 1.97 13
29 1.97 13
30 1.97 13

+

Remarks

Shakedown of flat plate model without
instrumantation. Determination of
operating range of Mach number and
Reynolds number and plate angle of
attacke Test 10 omitted.

Preliminary test of floating element
ingtrumentation. Leading edge fence
instslled after Test 12; balance

chambsr seals improved afier Test 13,

Data repeated in Tests 37, 35, and 16
respectively.

Measurements of local surface friction
at three stations with fence trip.
Probe installed at Station 3 after
Test 17.

Shakedown of probe instrumentation.

Measurement of profiles at x = 21.5
inches with fence trip., Calibration

of mags flow probe, Shroud installed
on probe after Test 30. Local friction
measurements made, except in Test 19,

at Stations 1 and 2.

G emw e AP e et e MR e meah At i o iw e met  ad it e e e W W et e WM ae e e e e

# No important measurements were made in tesls indicated by parentheses.
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Test
Number Ruwiber
31 3.67
32 2,55
33 4,50
3k 2455
35 1.97
(36) 3.67
37 3.67
38 2,55
(39) 1.97
(Lo) 3,67
(L) 3467
he 2455
(h3) 2.58
(Lk) 2,07
(Ls) 2,07
(L6) L.50
(L7) 4.50
L8 L. 50
(L9) Le50
(50) 1450
(51) 1,50
(52) h.SO
53 1,97
(5h) L. 50
£5 i 50
56 )i, 50
57 L.50
58 k.50
59 lis 50
60 L.50
61 L.50

Mach

Date

Mar, 14 1952
il

Mar, 17 1952
17

Mar. 18 1952
18
18

Mar. 19 1952

Mar. 20 1952
20
20
21 1952
ol 1952

Har,.
Mar.,

Mey 15 1952
May 16 1952
16

16

May 19 1952
19

May 20 1952
20
20

May 21 1952
May 21 1952

May 22 1952
22

Mey 23 1952
23

May 26 1952

May 26 1952
May 27 1952

-33.9”

Remarks

Calibration of double sonic orifice
probe; measurament of profiles at
% = 21.5 inches with fence trip.
Fence removed after Test 32,

Veasurement of local surface friction
at two stations with clean leading
edge. Plate angle of attack changed
in Test 38. Cdibration of double
sonic orifice probe. Shroud removed,
probe moved to Station 2, and wire
holder installed at Station 1 after
Test 38.

Investigation of wake behind heated
wire outaide boundary layer, Cali-
bration of mass flow probs.

Manipulation of flexible nozzle to
provide positive and negative pressure
gradients over flat plate. Tests 48
and 53 to determine effect of varlous
air jet discharge rates on surface
friection distribution,

Determination of fleating element
zero with elements shielded from

airflow.

Meagurement of local surface friction
at three stations with air jet trdip
and various pressure gradients. Sand
strip installed after Test 59.

Measurement of local surface friction
at threes stations with sand strip
trip. Probe installed at Station 3
after Test 60 and profile measured at
x = 21.5 inches; sand removed after
Test 61.
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Number HNumber

62

(10)

72
7h
75
76

(77)

78
79

(80)

Mach

2.5%
1.97

1.97

May 29 1952

May 29 1952

Juns

June

June

1952

2 1952

3 1952

3 1952

Remarks

Measurement of profiles at x = 2L.5
inches with air jet trip and various
pressure gradients. '

Calibration of mass flow probe.
Probe moved to Station 2 after Test 68.

Measurement of mrofile at x = 10,5

inches with air jet trip.

Measurement of profiles at x = 10,5
inches with air jet trip and various
pressure gradients. Profile with
cg.ean leading edge obtained in Test
7 -

Calibration of mass flow probe. Re~
moved damping from element at Station

1 after Test 77.

Measguremant of profiles at x = 10.5
inches with clean leading edge.

Attempt to doserve behavior of un-
damped floating element in transition
region.
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in Figures(lgl - 50 and in Table A. Both the ordinats 7- W/q and the
abécissa. u,%/ ¥, have been deduced in an unambiguous way from measured
physical quantities, In particular, the static pressure in the balance
chambers, and therefore the pressure in the element clearance gaps,

was used in all cases to determine the local free strsam ilach number,
tempefature » velocity, and density. For this caleulation the fluid
was assumed Lo be a perfect gas expanding isentropically from the
tunnel reservoir with ¥ = 1.100, and the Sutherland equation, Eq. (39),

was used to relate temperature and viscosity.

Two corrections, always amounting to less than two percent in
the shear, have been appli=d to the data of the figwres, TFirst, the
apparent shear associated with the floating element in a pressure
gradient has been compensated for on the basis of the chamel cali-
bration discussed in Section II, Part D1 above. Second, the turbulent
friction data, which are relatively sensitive to variations in lach
number, have been corrccted to the nominal Hach number of the figures
by means of the approximate relationship (bci./ bM)R a - meC f/H; that

is, the function Cy/C, has been approximated by the quantity
i
m - ¥=t 1 -1/2
[T/, = (¥ )2,

The vrobable random error in the local turbulent friction coeffi-
cients is felt to be less than two percent. Contributing to this
error are the uncertainty in the element electrical zero position
under dymamic conditions, and the uncertainty in both the element
static calibration and in the micrometer calibration. In addition,

there are obwvious problems in the accurate measurement of tunnel



static preésures of the order of two to ten millimeters of mercury
abgsolute. Both the pressure and zero nosition are of course relatively
more uncertain at low Reynolds numbers. An exception to the esti~
mate of probéble error mist be made in the case of measurements near
the region of transition from laminar to turbulent flow, where large
and ap@arently random fluctuations in the shear were usually observed.
The only systamatic error which is felt to be of importance is associa~
ted with the presence 6f the gaps around the floating surface elements,

and this probably does not exceed three psercent.

In the exploitation of the pressure and bach number range of

the 20-inch supersonic wind tunnel during these measurements, it was
found that a period of approximately ten to fifteen minutes was usually
necessary to reach an equilibrium operating condition and to record
the vlate pressure distribution and element deflections. In many cases
slow fluctuations of perhaps one percent in stagnation pressure were
sncountered during the recording of data, and these fluctuations are
responsinle for some of the uncertainty in static pressure measurement.
However, it was possible during the profile surveys which are dis-
cussed helow to repeat some of tlie shear measurements at the first

and second stations. These data are shom as flagged points in Figures

1}1-50, and in general indicate excellent reproducibility.

¢, HMean Surface ¥riction

The execubion of boundary layer research with impact probe instru-
mentation is a routine procedure, and so will not be discussed at

greater length than is necsssary to establish the approximations which
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are nec'essar:y in reducing the data.

The quantities sought are the momentum thickness,
S+

@ [L(i-%)dy (%)

P

and the displacement thickness,

_ 5+
S* - /(/—“%"f‘&d’y (97)

Figures 5l and 52 show the variation with y of the integrands
in the two expressions above for two typical boundary layer profiles
at a Mach number of L4.5. The quantity directly measured was of
course the impact pressure, po'; the statie pressure was assumed to
correspond to isentropic expansion from the tunnel reservoir with
¥ = 1,400, and to be constant through the bowndary layer. The latter
assumption was in each instance confirmed by measurement of surface

rressure near the probe station. From these pressure data the local

Mach number in the boundary layer follows.

The stagnation 'bempera‘cure‘ in the boundary layer has been assumed
constant at the value in the tunnel reservoir. The local static
temperature, density, velocity of sound, and fluid velocity were ob-
tained from the usual equations of energy amd state; in particular,

the gas constant R has been taken as 1716 (lb./f’c.z)/(slugs/ft.B) (°R)

in the state equation

- e
? - Ef (98)
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An'inépéction of the ﬁethod of data reduction shows that errors
in.‘bhe veloci'hy'u and in the momentum Fu will be respeetively in
the same»and oppesite direction as the error in the local stagna-
tion temperaﬁﬁre, and will be of about half the magnitude. Although
the calculation of the integrand in the momenbtum equation thus involwves
a cumuiative error at a given point, it seems unlikely that the com-
puted value of & might differ from the correct value by more than
the probable nnsertainﬁy of one or two percent in the stagnation tem-

perature which is typical for most of the boundary layer.

Table B lists the more important aerodynamic parameters for the
fourteen turbulent bqurxiary/surveys made during the mresent recearch,
and Table C gives the variation of velociﬁy'with distance for the
various profiles, all but one of which were obtained at a distance

of about 21.5 inches from the plate leading edge.

D. Surface Pressure Distribution

Before discussing the friction measurements in detail, it is
convenient to describe a second technique vhich was found useful in
establishing “bhe nature of the bLoundary layer flow over the plalte,
During the present research relatively large static pressure distur-
,banées, of the order of fiva percenﬁ, were observed on the plate sur-
face, espécially'i,n thé region of transition from laminar to turbulent
flow, In fact, the experience at JPL suggests that accurate measure-
ments of surface rressure on a plate in a well calibrated supersonic
air flow might be a means for obtaining quantitative data on surface

friction. Certainly, the influence of various disturbances on tran-
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sition could be established by rolatively éimple means .,

.iny'the experience at aiihph number of 3.7 will be'discussed,
since the plate surface pressures at Mach numbers of 2.0 and 2.6
are difficult to interpret because of the waves mentioned above in
Seciion III, Part Al, and the measuremsnts at a Mach nuﬁber of L5
are subject to hazafd because of the low static pressures involwved.
Even at I = 3.7, the maximm static pressure which could be reached
was 22 millimeters of mercury, or about one fifth of full scale for
the silicone multimanometer described ahove in the section on instru-

mentation,

Figures 53 and 5l show the pressure distributions observed
during the friction measurements of Figures L5 and l6., The expansion
downstream of the leading'edge and the compression in the transi-
tion region are quite conspicupus when the observed pressures are

compared to the empty test section pressure distribution.

In order to determine quantitatively the pressure disturbance
assoclated with the houndary iayer on the plate surface, several
other sources of pressure variation must be eliminated. These are
(a) the error in the wedge calibration data caused by the existence

~of a boundary layer on the wedge; (b) the change in pressure level
~associated with the slight negative plate angle of attack; and (c)
the vériatipn of test section Mach number with tunnel stagnation

pressure because of changes in‘th’e nozzle boundary layer thickness.

As an alternative to estimating these effects individually , their
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net effect for a given stagnation pressure has heen detsrmined by
means of the assumption that the pressure increment caused bv the
laminar boundary layer on the flat plate is a parabolic function

of the distance from the leading edge.

Suppose that the unknown free stream static pressure is denoted

by p., and the pressures observed in the test section during the

l’
tunnel calibration and on the flat plate surface during the friction

measurements are denoted by P, and P, respectively, liriting
@_-’ - ﬁa_ (fm-éc + f&'él) = ._,_‘_’_—
ZE N > > /R

where Py is the isentropic stagnation pressure, observation of Py

as a function of R allows the parameters A and pl to be determined
independently for each value of p, or of R', As a checlk, the varia-
tion of local Mach number with R' for Test 37, computed from the
pressure ratio pl/po, has been compared with the variation indicated
by an impact probe located outside the boundary layer at Station 3

on the plate, and excellent agreement found.

The pressure incremend aséociated with bhe existence of a boundary
layer on the plate is shown in Figure 55. The resemblance of the
curves to those for the surface frictiont is striking, and is of course
not accidental, since the apparent body presented to the airflow
should have a contour corresponding closely to the distribution of

displacement thickness in the boundary layer.

# The figure suggests that the special nozzle corrections noted in
Figure L0 may not have been used in these teats.
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E. Interpretation of Experimental Heasuremsnts

l. Transition. The region of transition from laminar bo tur-

bulent flow may be identified by a minimum and a maximum in the curve
of 1cca1 shearing stress plotted against Raynaids number, The transi-
tion is not in general a unique funetion of the Reynalds number for
the experiments reported here, and this fact increases the difficulty
of determining the shear distribution from observations a three points.
However, since a strong correlation has been ochserved between the
shear and pressure distributions over the plate surface, the latter
may be useful in interpolating between measured values of the friction

coefficient at a given stagnation pressure.

Figure 56 - 62 show, for the tests with natural transition and
with the leading edge'fenée, the Reynolds numbers of the minima and
nia:d.ma in the shear and pregsure distributions as obtained from Figures
l1 - L8 and from pressure measurements like those of Figure 53. Some
Judgment has of course been exercised in estimating the Reynolds
mmbers for the pressure extrema, since the data are not always adequate
to the demands imposed, Furthemmore, for technical reasons the pres-
sure measurements were made approﬁimately three inches from the plane
of symmetry, and it is not certain thai the bourdary layer flow was
'accurately two-dimensional. In spite of these defects in the pressure
data,'itvappeafs that the minimum in the static pressure distribution
corresponds closely in all cases to the position of maximum rate of
'change of the local friction coefficient. It should be remembered
that botﬁ the friction and pressure measurements in the region of

- transition represent the response of a highly damped instrument to a
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quantity which is fluctuating rapidly with time, and therefore that
the present ohservations of transition may be neculiar to the parti-

cular wind tunnel and instrumentétion involved.

Several other features of Figures 56 - 62 are of special interest.
The Reynolds nwber ner inch, R', is proportioconal to the tunnel stag-
nation pressure; and the movement of the natural transition toward
smaller values of x but toward larger values of ulx/vi with increasing
tunnel pressure is quite evident in the ecoordinate system of the
figures, On the other hand, the fence tripping device apparently has
the fortunate property at high stagnation pressures of causing transi-
tion to occur at a fixed Aeynolds number increment from the leading
edge, It is trerefore possible that the tendency of the corresponding
local friction measurements t0o define a single curve in the turbulent
flowv regime is not accidentdl; see for example Figure Lh, where the
measurements are nrobadly free of errors caused by local pressure
gradients. At low values of tunnel stagnation pressure the effect of
the fence is entirely different. The large initial increment in ®
caused by wire drag apparently does not influence the slope of the
velocity —rofile at the wall upstrean of actual transition, as may
be verified by a comparison of Figures L7 and Lf. Turthermore, the
transition at the lowest tunmnel pressures may actually be moved to
higher Reynolds nurbers by the disturbance from the fence, from the
evidence for exzample of Figures 61 and 62, These remarks serve to
emphasize the lack of real understanding of the transition phenomenon,
and show the need for éaution in attempting to prediet the influesnce

of a given disturbance.
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2. Effective Reynolds llhumber. Two reasons may be advanced in

Justification of an attempt to define, using experimental informa-

tion about the boundary layer flow, the effective or ideal Reynolds
numbers for the measurements in the turbulent regime. The first

is the relatively detailed information on transition which is available.
The second is the supposition that the measured local friction cceffi-
cients may be accepted as correct, and only the Reynolds numbers

need bhe determined in 6rder to obtain the properties of the ideal

boundary layer.

The question of uniqueness has been discussed from the ex-
perimental point of view for the turbulent boundary layer with con-
stant density in Section I. In keeping with the extensive experience
in low speed flow, the fully developed compressible turbulent boundary
layer may be characterized by a unique relationship between the slope
and ordinate of the momentum thiclmess distribution @(x). Since
there exists no sound theoretical organization of the problem, the

analysis should be carried out as far as possibile using experimental

information about the boundary layer,

Figure 63 shows the experimeﬁtally'determined relationship be-
tween % /q and ulCD/ ) for various ilach numbers, from the data of
Table B, together with the corresponding curve for zerc Mach number
from Table I. It appears that the boundary layer is fully developed
according to the present criterion except perhaps for the points

which are farthest to the left in the figure at the lower Mach nwibers.

If the data are now required to be internally consistent in
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terms of the relationship
Rz

Kz%l- Ka% = //r?é;%?gite .= ‘éé.(ﬁzg/ﬁgl;“?’ (ff:LvAfi)
R,

then the quantity (R2 - Rl) may be computed for any pair of obser-
vations at the same ilach number. Tor this purpose an acceptable
average local friction coefficient may be obtained by assuming a
power law for the variation of Cf with Rg ar with R within the

interval in question; that is, Cp = Aﬁg'l/? and 1t follows that
Ko,

C{M.é, T K-l / Cy 4%

Ko,

(Ro, Cfs - Ro, ¢4, )/ (o, - o)
{ = A (8, /04 ) L (€oy /E,)

When these calculations are carried out, values for (R2 - Rl)

like those below are obtained;

Mach Ho. Tests R2 - Rl
2.6 27, 26 11,200 ;000
3.7 20, 19 1,650,000
L5 23, 22 14,600,000
L5 7%, 62 3,400,000

where the second entry Ior If = L.5 involves two profiles at different

plate stations at the same pressure, and the remaining data invclve

two profiles ab different pressures at the same station.

The effective Reynolds numbers for the measurements in supersonic
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flow may ml*:w be related to the curve for II = 0. In Figure 63, a

straight line which slopes up and to the right at hSO is a2 lines on
which Ci'/cfi and RG/RG]_ are equal, and may be assumed initially to
be aleo a line of constant Rgynolds number, The valueg of R ob-

tained for the experimental data by reference to the low-speed data
of Table I or Figure 8 are found to differ, for the paired profiles
being considered here, by an amount larger than that implied by in-

ternal consistency.

This difficulty is met by assuming that lines of constant R
in Figure 63 have a slope which is not 1u5° , but is at least indeven-
dent of Reynolds number in the range being considered, and the prob-
lem is reduced to one of determining the proper slops sc that the
intercepts with the curve I = O are separated by the desired increment
in R« Such lines are shown in the figure, and lead to the values
of R, and of Cf/C £ and CF/CF‘l at constant E, which are listed in
Table B, The critical assumption in this procedure is that the
quantity (Cf/Cf.)/ (CF/CF.) at constant R is nearly independent of
Reynolds riuxrfberz,L and in f‘l:“he xmite_r's opinion doss not constitute a

severe restriction in the analysis.

Table B also lists values for Cf/cfi at constant Rg = u ) /yl,
using the values of Cf. determined from Table I and Eqs. (30) and
i
(34). In Figure 6L the measurements in the plane (’rw/q, Ul@/ Vl)
are connected to the curve for £ =z O by lines of constant R S »

and in two cases several compressible profiles are observed to show

consistent behavior with varying IMach nuber at a fixed value of R S .
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In Figures 65 and 66 are shown the correctsd frictlon data in
the coardinate systens (Cf, R) and (CF s R) as determined by the mro-
cedure outlined above of requiring the cormpressililie data to be both

self-consistent and compatible with the neasurements at M - 0.

There is a cogent reason for eciting the lou-speed flow in the
interpretation of supersonic measurements; the reason is connected
with the convention for defining a Reynolds numbsr R. The assump-

tion of uniqueness implies a function

4L
xS ;: = g (£o )

(99)

which may be integrated to yield a relationship R = G(Re), on satis-

fying the initial condition R = O when Re = 0. ©Since the surface

shearing stress 1s supposedly always positive, Re is a monotonically
inecreasing function of R, and the initial condition in question can

always be satisfied.

However, the irbegration can be carried out, and an exact de-

finition of R achieved, only if the furction g is known for all posi-
an :
tive values of Re. Given’/analysis based for example on functional

similarity and valid for larze Reynolds numbers, an extrapolation
to small values of Rg is necessary in order to define a Reynolds
mumber R, and it is fortuitous if the extrapolated function turns out

to be integrablei at Rg = 0.
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# The uniqueness function Eq. (99) for the turbulent boundary layer
with constant density is Eq. (35) of Section I above. lot only is
‘this function integrallle, but Ry vanishes for C. = 2(01/02)2; the mean
and local friction coefficients are therefore finite, and are in fact
equal, in the limit R = 0.
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In commressible flow the definition of R likewisc depends on

the form assumed for the wvariation of Cf wita E{G;

have used a power law in the analysis of experimental data, while

several writsrs

the present study attemnplts to relate conpressilic nezsurements to the
better Imown state of affairs at 14 = 0. It is therefore cbvious, in
compaﬁ.ng various experimentsl reports in this field, that discrespan-
cies in the final corrected data may not mean that one or another
series of measurements is in error, but onlv that ther are differently

interpreted,

The method of correction given above has the considerable ad-
vantage that it i1s relatively insensitive to errors in measurement
of either local or mean friction. This properity of ths analysis is
a useful one, since there are measurable and systematic discrepancies
in the data which have not yet been mentioned.

Figure 67 supposedly defines the function € £ (R) for the ideal
turbulent beundary lsver, at least in a resiricted range of the
variables, 'ithin this range, it is possible to select two measure-
ments of lecal friction made at s_uccessive stations alonz the nlate
at a fixed pressure, and to compare the ideal increment in Teynolds
mber with the Inom value of u;a x/))1 for the points in question.
then this is done it is inwvariably founa that the actual inerement
in R is smaller than the ideal increment by an appreciable amount.

In terms of the friction coefficient, this means that 7;,/(3 as ob-
served experimentally changes more rapldly with u.lx/ »)l than would be
rredicted on the basis of the cambined mean and lccal friciion measure-

ments.
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The pi‘oblem nay be restated by considering an alternative
interpretation of the local frictior data. For the present neasure-
ments it has been cbserved tha’r, for a given fach number the incre-
ment U4 .x/;) in Reynolds number, between the point of ma:drmm sur-
face shearing stress and the point of measurement, is a well-defined
function of the measured local friction coefficient, whether transi-
tion is natural or forced. Figure 67 shows this relationship for
Mach nubers of 2.6, 3.7, and L.5;data at a lach number of 2.0 is
onltted because the presence of large local pressure gradients atfects
the local friction and simultaneously makes it difficult to identify
the pressure disturbance at transition., The abscissa in Figure 67,
denoted by (R - R, ) and tabulated in Table A%, is the quantity ule/,:l,
where Ax is measured between the point of maximum shearing stress

and the downstream element station for each operating condition.

But the local friction coefficient is now experimentally a .
unique function of (R - Rt ) and also by assumption a unique function
of R. It follows that Rt can only be a function of R for a given
{lach number; however, since the measurements at different statious
at a fixed value of tunnel pressure should be characterized by the

same value of Rt’ the latter must be a constant far each of the

three curves of Figure 67. This is very approximately to say that
the end of the transition region occurs at a value of i@ which

depends only on M whether transition is stimulated or not.

. in - - . — Vovu - ——— . - v -~ e e e e i e e wee e m—— - o -

* Talues of (R - R,) may be verified by subtracting the appropriate
vaives of tie deynolds muber of maximm shear, given as a function
of slagnatlon pressuse Ly the curves through the solid points in
Pigures 57 - 62, from the tabulated values of wyx/v; in Table A.
Technical problems connected with management of tha 1cm pressure

nanometer instrumentation prevent discussing the data of Tests Ll
et seq. in tais context.
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It may be observed, on comparing Figures 65 and 67, that there
is no set of wvalues of Rt which will lsad to complete superposition
of the supposedly ideal curves of the two figures, although mapni-
tudes for R in the neighborhood of 1.5 x 106 are not unreasonable.
The discrepancy in question may be identified as a tendency for Rg
to increase faster than the integral of 7%:/‘1‘ Fortunately the effect

is not mmerieally large, amounting to perhaps a few percent in the

shear.

It is possible that the flow in the 20-inch tunnel deviates
sufficiently far from the two-dimensional condition to account for
the inconsistency observed here. The practice of making an adjust-
ment in the top and bottom nozzle conmtours, to account for the nre-
sence of a boundary layer on all four tunncl walls, lcads inewvitably
to three~dimensional flow in the test section. The flow is slightly
converging in the plan view and slightly diverging in the elevation;
the two effects cancel as far as the pressure distribution along the
tunnel centerline is concerned, yielding there a uniform value of
static pressure, The calibration report by Schurmeier and Rilse
(_I_L_Lj_._9_) discusses this problem in some detail, giving several pressure
.a.nd flow inclinatiocn surveys off the nozzle centerline at a liach
number of 2.5 vhich definj;’oel_y establish the presence of this pecul-

iarity in the supposedly wniform flow.

An estimate may readily be formed of the errors which might
be encountered in the present instance. Given an initial momentum
thickness Ql and a spscified shearing stress distribution, the

nomenturn thickness downstrean is



Xa,

’ 7w
9&: é'—é z / "é‘ﬁk

KI

However, if the width of the plate decreases wniformly from a value

wl to a value wg, the initial drag increment Wlel remains constant

but the contribution to the momentum thickness 92 at x, is larger

by a factor Wi/Wéa Furthermore, each increment in © undergoes the

same kind of disbortion in the converging flow, with the result that

in fact
X2
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’
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An estimate of the rate of growth of the nozzle side wall
boundary layer shows that the predicted effect is in the proper
direction, but may not be large enough to account for the discrepancies
in the present tests.®* The discussion has of course assumed that
the measurements are exact, and this assumption seems a liberal one

even to the writer.

Of the alternative interpretations discussed here for the
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% Mr, Weiler of the Defense Research Laboratory of the University
of Texas, in a private communication, has informed the writer that
the same kind of discrepancy appears in measurements of mean and
local supersonic friction in the Damperfield tummel.
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experimental data, it is probable that Figure 67 gives a lower bound

to the ideal curves since the origin of the boundary layer is likely
to be upstream of the point 6f maximmm shearing stress. Theariginal
requirement of consistency between the mean and local friction measure-
ments, although not completely compatible with the physical conditions
actually encountered, yields corrected values which are quite plausible
while giving proper emphasis to the profile data. It is therefore

the writer's opinion that Figure 66 should be certified as representing
the local surface fricticn in the ideal turbulent supersonic boundary

layer.

3. Boundary Layer Profiles., Several generalizations of the
incompressibie mixing length theory to compressible flow have already
been compared in Table IT above. One of these (_8_&_:,), which is dis-
cussed here because of its computational simplicity, concludes that
the dimensionless variables u/us and yus /¢ should be replaced in
compressible adiabatic flow by (sin"lmu/ul) /(m m /ul) and by
Y/ Tulpw /;)W. Figure 68 shows three of the profiles of Table C,
having nearly the same value of Uy s/ "l , in the generalized coordinate

system; the appropriate low-speed profile is included for comparison.

It appears from Figure 68 that the influence of compressibility
is probably taken into account to some sxtent by the formulation
in question, although the agreement in the slope of the logarithmic
portion of the profile is poor at the lower Mach numbers. It is -
questionable whether the mixing length theory, which emphasizes the
logarithmic function, should be expected to describe adequately the

effect of compressibility, sinee the logarithmic portion of the velocity



profile must become progressively less conspicuous as the Fach number
increases for a fixed value of Rg because of the increasing physical

dimension of the sublayer.

In defense of the wark of Van Driest, or for that matter of
Wilson (_8_9) gince the two analyses are nearly equivalent in describing
the measurements reported here, it should be said that the data in
the coordinate system of the appropriate generalized velocity defect
law are in fair agreement with low~speed measurements. In fact, the
generalized velocity defect (sin"lm - sin"lmu/ul)/ (1 ST I Cm /ul)
is very closely a straight line, although not quite the same straighi
line for different values of M or Rg , when plotted against (1 -y/s
and the values of & reported here have been determined by this method
in order to be consistent with the analysis of Seection I, Part B3

above.,

An alternative formulation of similarity in compressible tur-
bulent boundary layers has been suggested by the writer in Section I,
Part 02 of the present report. By means of a frankly speculative gen-
eralization of an analysis of the low-speed problem, it is found thab

the relabionship

7
— - ﬁlw/g/ﬁ,iy> (92)

N Tl

may represent the velocity profile in compressible flow. The para-

)32,

meter Cr is not defined during the analysis and may be chosen arbitrarily

to provide agreement with the low speéd data. Since G and /awdo not

depend on x for the present experiments, I / Cuw should be a function
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only of Mach number.

It is convenient to write Eg. (92) as

Pr 2 f(‘/—ﬁ m 47) (100)

Tw/(’w

from which it is obvious that very close to the wall, where the

function f is nearly equal to its argument, the coefficient / (o,,./ Cw

is immaterial; that is, for small values of y

L = .«7 / Tew /Pw

atrm—

“Tw/f’w P

Both of these quantities are tabulated in Table C, so that it

is necessary only to campute

7
7=/(‘(5:,d? B

as a function of y and to determine @i /€« for each of the

boundary layer profiles in order to test Eq. (92).

The assumption of constant stagnation temperature leads near
the wall to a value of the density which is too small, and near the
edge of the boundary layer to a value which is too large. However,
the use of a density computed in this way in Eq. (9L), together with
the use of an accurate value of (0,,, s will probably not seriously

stultify the calculation of the Howarth coordinate 7,

Values of (0,,\. /Pw » chosen for a reasonable fit to the function
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f of Table IIT in the region near arg f = 200, are given in Table
B, and the various profile data modified in accordance with Eg.

(100) are listed in Table C.

The three boundary layer profiles of Figure 68 are shown in
Figure 69 in the coordinate system of Eq. (92). It appears that the
measurements may be adequately represented in terms of the new variables;
the slight deterioration of the data nearest the wall is no better
and no worse than is typical of impact probe instrumentation in low
speed flow. If the effect of wall interference is to indicate too
low a velocity, as suggested by Figure 37, and if the effect of large
fluctuations in u and/or fﬂ is to indicate too large a velocity, the
data are credible as they stand. The use of hot~wire instrumentation
might resolve this issue, although a mﬁre critical test is the de~

velopment of methods for predicting the proper value of the parameter
Pa-

F. Experience with Tripping Devices

1. Air Jets, The device of discharging air from small holes

in a surface, for the purpose of stimulating transition to turbulent
flow in the boundary layer, has been used by Fage and Sargent (120)
and by Pfemninger (}g}), The mostv important property of such a
tripping device, aside from the obvious advantage of control, is the
low intrinsic drag of the jets, since the air is initially discharged
normal 1o the external flow,
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% The value of P4 / Pw 1is quite sensitive to variation in 7 /q,
and the profiles at M = 2.0 are therefore not completely typic
because of the presence of pregsure gradients,
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In order to establish a criterion for specifying the strength
of the air jet tripping device, it is instructive 1o consider the
increment in the mass flow in the boundary layer. Immediately up-

stream of the jets, from the definition of the displacement thick-

’ 8
Cr (5.-_5*> = /("JAL- 474

and downstream, denoting the apprbpfiate density, velocity, and
boundary layer thiclmess by primes,
s’ 5

/{a',u.'.iﬁz:/(o,“a{i.‘@ % = (A (‘S:‘S*')

o

so that, if §' = &5,

o, (5%-577) . dm o as”

where dm/dl is the discharge per unib widih in bhe laberal direclion
and corresponds to a decrease in the boundary layer displacement
thickness. Forming a Reynolds number

d /4, - v,

it is obvious that the quantity Rj is independent of tunnel pres-

sure level for a given tunnel temperature and air discharge rate, and
so provides a convenient measure of air Jet strength for the present

tests,.
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The flat platé was modified, in the interwal between Tests U3
and L, by adding a row of holes 0.75 inches from the leading edge.
These holes were 0.0135 inchés in diameter (number 80 drill), spaced
0.25 inches apart, and led to a manifold on the upper surface and to
a metering orifice outside the tunnel. The maximum mass flow of ZLO"5
slugs per second used in the experiments supplied a total of 65 dis-

charge holes extending over 16 inches of the 18 inch plate width.

Pests U8 amd 53 were carried out to determine the efficacy of
the air jets as a tripping device at Madh numbers of l.5 and 2.0
respectively, and the data from Stations 1 and 3 are shown in Figures
70 ard Tl, as surfaces of the function 7%/q3= 1;/q(Rj,ulx/ Pl).
The most conspicuous feature of the experiments at a Maéh number of
2.0 is the existence of a critical discharge rate; for smaller rates
than the critical value the air jets have a negligible effect on
the surface friction, while for larger rates the effect is large
and does not change appreciably with a further increase in the amount
of air discharged, In fact it was not possible at a Mach mumber of
2.0 to adjust the.air flow rate so as to obbain values of surface
friction other than the two extremes of the figure. At a Mach number
of U5 the boundary layer transition was less sensitive to discharge

rate.

It is not known whether the wvalues of Rj which critically affect
transition would be appreciably altered by changes for example in
the diameter, spacing, or streamwise position of the air discharge

holes in the plate surface, The table below lists the criteria for
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the present geometry.

Mach number 2.0 L.5
Mascimum R. 25 75
Critical B, 10 25

Range of uj §%/¥; ab jebs 700~2000 3000-5000
Critical incremefit in &% 0e5 ~ 1oLZ 0.5 - 0.89%

It is of considerable interest to compare the measured friction
data at the lowest tunnel pressure at a Hach number of 2.0, which
are the points at the smallest values of ulx/ﬁl in Figure 70, with
the appearance of the physical boundary layer as revealed by Schlieren
photographs. Figure 72 shows the boundary layer in question. The
sudden increase in surface fricfion at Station 3 when Rj increases
from 4.9 to 13.2 is consistent with the change in appearance of the
boundary layer in the third window. The point of greatest interest,
however, is the apparent superposition of laminar and turbulent
boundary layer flow in the first and second windows in the photographs
for Rj greater than the critical valve of 10. It would appear that
the observed slight increasec of local friction at Station 1 corresponds
to the occurrence of an ambiguous image of the boundary layer in the
photographs, which were taken with an exposure of 1/200 second. The
comment "unsbeady" appears in the original data for the floating
elenent friction measurementé at the first and second stations, and
it is likely that relatively high frequency random alternation be~
tween laminar and turbulent boundary layer fléw actually ecurred.
Inspection of all Schlieren phdtographs taken during the present ex-
periments suggests that the same phenomenon was present, although to
a much less conspicuous extent, for natural transition at Mach numbers

of 2.0 and 2.5. An investigation of the mechanism by which air dis-
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charge stimulates transibion would be of considerable interest as
a problem in local instability, and might also shed some light on
the comnection which must exist between the transition phenomenon
and the occurrence of intermittent turbulence in the outer part of

the boundary layer farther downstream.

2. Angle of Attack. One of the factors which is known to

affect boundary layer transition on a plate in subsonic flow is the
position of the leading edge stagnation point. Hall and Hislop (122)
found a pronounced variation in the Reynolds number of transition

as a funétion of angle of attack for a thin plate with a sharp
leading edge, and a smaller buf similar variation for a thicker plate
with an elliptic nose section. These observations suggest that tran-
sition in incompressible flow may be precipitated by 1argeAlocal
pressure gradients and/or local separation at the leading edge,
occurring possibly as a consequence of free stream velocity fluctua-

tions near regions of large curvature.

Although a direct comparison of the JPL experiments with the
experience of Hall and Hislop is difficult, in view of the asymmetric
leading edge configuration for the present tests, no influence of
angle of attack on transition was observed during the present in-

vestigation of supersonic boundary layers.

Qualitative evidence was obtained by means of Schlieren photo-
graplis for angles ol allack of ¢+ six degrees at a nominal Macli rumber
of 3.7 and + three degrees at a nominal Mach number of Li.5, and

quantitative evidence was obtained at a nominal lach number of 2.6
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by observing changes in surface friction and pressure distribution.
In view of the measurements of Figure L3, the tummel pressure for the
test at M - 2.6 was chosen so that the boundary layer was laminar

at the first station and turbulent at the second for the normal angle

of attack of -0.17 degrees.

Figure 73 shows the change in zero position with angle for
element D, installed at the first station. The angle of attack of
the plate was determined by observing with the Wild level the ver-
tical separation of two sets of cross hairs scribed twenty inches
apart on the side of the plate, and is probably accurate to about

L

107 radians.

The variation of friction coefficient with angle of attack is
shown in Tigure 7lh. The original values from Test 3L are verified
within one or two percent and there is no significant change in the
character of the boundary layer flow at either station for angles
of attack over & range of zbout three degrees. The estimated curves
showm are based on the assumption that the laminar friction is a
function of Reynolds number alone, while the turbulent friction depends
only on the Mach number. The actual small increase of turbulent
friction coefficient at the second station, as the plate is pitched
nose down, is probably associated with a decrease in effective Reynolds
number as a result of the normal decrease in density behind the nose

HWavVEe.

Further evidence is presented in Figure 75, which shows static

pressure distributions along the plate observed at three angles of
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attack, together with the appropriate tunmel calibration data. The
pattern of pressure disturbances is seen to be independent of the
plate angle of attack in Figure 75, and also in Figure 76, where the
observed static pressures in the balance chambers are compared to
the Prandtl-lMeyer relatioﬁship for the variation of pressure with

flow angle.

3. Fence and Sand Strip. TFigures 77 and 78 show the physical

appearance of the leading edge fence tripping device and of the sand
strip. The latber will not be discussed here except to note that the
sand, which in the present experiments extended approximately from
x = 0.8 inches to x = 1.2 inches, proved to be relatively weak in
stimulating transition. The intrinsic difficulty in defining the
geometry of the sand strip is alone a great enough defect to dis-

qualify the method for most applications.

The fence on the other hand has several virtues, amonz them the
fact that relatively few parameters are needed to define the geometry,
and that the inltlzal momentum loss per unit span at the wires may be
predicted from the known drag characteristics of cylinders in super-
sonic flow. The wires used were 0,01l inches in diameter, spaced
1/l inch apart, and projected about 0,10 inches beyond the leading

edge of the plate.

Figure 79 is a series Qf Schlieren photographs of the boundary
layer flow, at various Mach numbers at the same Reynolds number,
with the fence installed, The serrated pattern of waves apparently

originating at the plate surface is typical of the fence configuration,
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although no traces of these waves were found in the statlc pressure

distribution measured at the surface.

Aside from some comments on page 128 above about the effective-
ness of the fence trip, one remark about an aerodynamic property of

the device should be made. The drag coefficient based on projected

area for a cylinder is

P
Co = g4

and the initial momentum thickness change at the wires is therefore

L . Lo, LA
@o’ Agw- = bw

Using d = 0.01L, L = 0,10, and w = 0,253, -bhen@, may be computed from

@ : o.coze C, (iiites)

Given that the drag coefficient of a eylinder in compressible
flow is nearly independent of Mach number and Reynolds number (lgé_
126) for the range considered Aere, and assuming that a value Cp =
1.1 is typical even for Reynolds numbers as small as 103 based on
cylinder diameters, it follows frbm Table B that about 10 percent of
the momentum thickness obserwved in the profile surveys was contributed

---—--—..-w-——-_n...n..--—_—.—-.—.....-.-._———.m.—..—.——u——_——--——._..-_-——

% The explanation for the non-occurrence of a eritical Reynolds number
at supersonic speeds is probably the fact that the potential flow
about the cylinder already implies a large pressure drag, which is
only slightly modified by movement of the separation point.
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by the tripping device, and 90 percent by the surface friction. In
view however of the discrepancies already noted in comparing the rates
of growth of the boundary layer measured locally and in the large, no
attempt has been made to verily the relative combributions of the
fence and of the surface friction by integrating the latter over

the plate length.

On comparing Figures 58, 60, and 62, it is apparent thét as the
Mach nunber increases there is a corresponding increase in the wire
Reynolds number needed to affect the boundary layer transition. As
in the case of the air jets, it is not known whether another geometry
might be more effectivesbor whether an analysis in terms of some

characteristic frequency of the tripping device might be useful.

Finally, the montage in Figure 80 shows the appearance of the
boundary layer at a Mach number of lL.5 with natural transition and
with the sand, jet, and fence trips. The friction measurements
corresponding to the conditions of Figures 79 and 80 may be identi-
fied in Tlgures L1-50 or in Table A by using the specitied Reynolds
mumbers per inch and values of x of 5.5, 13.0, and 2L.0 inches for
the'three element stations; the latter are placed nearly at the down-

stream edges of the small windows in the Schlieren photographs.,

G, Flow with Pressure Gradient

Several objectives were sought in the application of the tech-

nique of direct measurement of surface shear to a boundary layer
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with pressure gradient, in spite of the limited scope of the investi-~
gation. Experimental verification bf the momentum equation for a
supersonic boundary layer, with an estimate of the effect of pressure
gradient on the individual terms, would be a useful contribution to
research in fluid mechanics. Furthermore, the floating element tech~
nique, once proved useful in a pressure gradient, might be applied

to the investigation of more difficult problems such as the shock
wave~boundary layer interaction. Fiﬁally, provision of a gradient
by distortion of the nozzle walls was a'relatively simple matter in
the case of the 20-inch supersoniec wind tumnel, so that 2z correspond-
ingly small investment of time and effort was required to establish

the desired enviromment for the measurements.

If the effect of curvature can be neglected, the momentum equa-

tion for a boundary layer can be written

ﬁ{__?;_f, P(x) e = S(k) (101)

where the functions P(x) and S(x) are given respectively by the

extrinsic pressure field
R-M"+ S¥/e
Plx)= - ( M+ /) ’ %ﬁ
: Y A1 Vi X (102)

and by the surface shearing stress distribution,

’ “7~
S (<) - = = (103)
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Experimental investigations of turbulent boundary layers in a
pressure gradient have usually been designed to give information
about the shear distribution 5(x) from measurements of the pressure
P(x) and ‘the momentum thickness 6(x); however, theoretical knowledge
of the problem is in a completely primitive state, and experimental

difficulties have sometimes been encountered (6, 51-5L).

Tt may be assumed that Eq. (101) is valid for a boundary layer
provided that scparation is not imminent, that pressure variations
normal to the surface can be neglected, and that the external flow
is isentropic. It is easily s own, for example by the substitution

/5 = f P (x)d’x, that the integral of (101) between two sta~
tions along +the plate is | x
Xa
[ Pee)dx [ Pe)ds
oln)a * - () [S(x)a ™ dx am

x,

Xa

Since the function P(x) vanishes for the case of zero pressure

gradient, the last expression reduces to

Xa
@[x&), g(x,) = 8,-6, - i/’rm(’()ix
x, ¢

and it is therefore convenient to normalize (104) in the form

Xa
!P(X)Jx | Xa /;p(fjdg:

N _ é I 4 ; (lOS )
6,;_ 2. ? = JE 5- (}{ ) o A X
9&- - @ ’ Q& - 6 [}
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t should be noted that the function P(x) alsc venishes when
the quantity in parentheses in Eq. (102) changes sign. Figure 81
shows the variation of the quantity (2-41% .{; )/ ra1® with Mach
number, and therefore indicates the relative influence on the shear-
ing stress of a given pressure gradient, the latter beingl expressed

say as percent change in pressure per unit length. The curves for

and Janssen (127), and those for the turbulent boundary layer from
the tabulated data of Tucker (72, 73) for a power law velocity pro-

file. Also shown are typieal experimental points obtained during

the present research.

The significance of the change in sign of the pressure gradient
parameter can be visualized by considering a fixed value of the
quantity d6/dx in Eq. (101l). A positive value of dp/dx a‘l; low Mach
nunbers implies divergence of the streamlines in the ambient flow s
together with a negative value of the parameter F(x). The contri-
bution of the pressure forces to the fixed rate of momentum Loss
in the fluid is exaggerated by this divergence, and the resulting
decrease in surface shearing stress may lead eventually to separa-
tion. On the other hand, at supersonic Mach numbers a positive value
of dp/dx implies convergence of the streamlines in the ambient flow,
so that the pressure contribution to the momentum loss is diminished;
the net pressure force on a section of the boundary layer will fin-
ally become directed downstream when (= —d S"‘/@) changes sign,

and the skin friction will inecrease.
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In view of Figure 81, measurements in a pressure gradient were
carried out at the highest available nominal Mach mumber of L.5%
after several preliminary tests to establish nozzle contours which
would provide a smoobh and nearly linear pressure varilebtion along
the plate. Figure 82 shows the experimental evaluation of Eg. (105}
for five conditions, with pressure gradients in the range % two per-
cent per inch. It is obvious that the momentum equation (101) is
not in general valid for the boundary layer flow in question, and
the difficulty is believed to be connected with the presence of

three-dimensional ambient flow over the plate surface.

Figure 83 shows the static pressure distributions observed on
the plate centerline, by direct measurement at or near the floating
elements and by indlrect measurement using the impact pressure ob-
served outside the boundary layer. Also shown are the static pres-
sures measured 2.75 inches from the plate centerline. Except for the
flow without pressure gradient, there are large discrepancies between
the two curves; the indication of later transition off the centerline
is probably in error since the air jet directly in line with the static

pressure orifices was later found to be plugged by a drill fragment, .

Tt appears certain that the effort to determine the effect of
pressure gradient on a supersonic turbulent boundary layer was

aborted by failure to ocbtain the desired ambient flow conditions.

—w-—u-—-p—n_...-.-—mq—n———.-—-——n——-.—u.—._._—-mu--—-——-—-————m—-

* An unsuccessful attempt was made to provide useful pressure gra-
dients at M = 2,0; the short length of the test rhombus at this Mach
nunber required that only the upper nozzle plate be distorted, in
o?der that waves reaching the surface of +he model after one reflec~
tion would not be superimposed on waves arriving directly from the
lower nozzle plate.
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It should be pointed out, however, that the flow with zero nominal
pressure gradient in particular in Figures 82 and 83 has provided
encouraging evidence of consistency between the present measurements
of mean and local friction, since the momentum equation (101) was

verified within three or four percent of the individual terms.,

H. Assessment of the Research

The experimental results of the present research have been
briefly reported at the 1952 summer meeting of the Institute of the
Aeronsuticel Sciences in Los Angeles and at the Eighth International
Congress for Theoretical and Applied Mechanics at Istanbul, and
some preliminary data have been published in a short note (}g§), In
the belief that the value of these experiments to others working in
the field increases with the effort spent in interpretation, publi-
cation in detail has been delayed until several questions could be

answered to the satisfaction of the writer.

In two years of wrestling with the problem of the turbulent flat
plate boundary layer the writer has become convinced that existing
empirical knowledge of the subject is capable of better organization
than has been given it in the recent past. An effort has been made,
at the risk either of duplicating or of differing with other con-
temporary discussion of the problem, to provide such an organization
in the first three dozen pages of the present report. On the other
hand, no description of the detailed structure of turbulent shear
flows has been attempted, since except for general physical consider-

ations such a description is not essential in the present study.
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In Section I the writer has proposed a generalization to flows
with variable density of the idea of functional similarity which
has been found useful in discussing measurements in low-speed flow.
Of this generalization i1t can be said that it is not contradicted
by the wri-l:er's.esqserimental maeasurements. An important result of
the analysis is the appearance of a bulk or characteristic‘density,
which accounts for non-uniformity in the streamwise convective trans-
port of mass or momentum when the density is variable; the flow near
a wall is thus no longer dependent only on the boundary conditions
at the wall; as 1n low-speed flow. The value of the present analysis
can only be determined by further comparison with experiments, and |
criticism is therefore invited from others working in the field. In
the meantime it is possiblé to pursue further an investigation which
is begun here of the joint consequences of functional similarity and

of the equations of motion.

One of the original objectives of the JPL research program was
to discriminate among several existing analyses of the compressible
turbulent boundary layer. However, in the course of the experiments
it has become apparent that failure to consider the flow in the sub-
layer must become a crippliné defect at large Mach numbers. TFor
this reason it is doubtful whether extrapolation of present knowledge
of turbulent skin friction béyond a Mach number of five or to Reynolds
numbers outside the range of observation can be undertaken with any
confidence. In the writer's opinion, if an opinion is in order, the
analysis of Donaldson, Tthough vmidimentary in a mathematical sensc

and not yet made properly quantitative, may describe the physical
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problem of the supersonic turbulent boundary layer in sufficiently

realistic terms to be useful for purposes of design.

Considerable emphasis is placed throughout this report on the
asymptotic nature of the boundary layer problem, in an effort to
define the problem in a way which may simplify the interpretation
of experimental data. The attention which is paid from the begin-
ning to the question of uniqueness leads naturally to a consideration
of several physical and malhemabical approximations which are commonly
made, and is particularly useful when considering the gquestion of de-

fining a Reynolds number from the experimental point of view.

The writer's friction measurements have not been presented here
in terms of the variation of friction ecoefficient with Mach number
at constant Reynolds number, although this information is implied
by Figures 65 and 66. A comparison with other measurements such
as those of Wilson (80, 86), Rubesin, Maydew, and Varga (82), Chapman
and Kester (109), or Hakkinen (105), should probably not be made in
these terms, since the comparison would not then involve the measure—
ments so much as the interpretation of the measurements. The investi-
gations cited have all been carefully and accurately carried out,
and deserve equal consideration with the data reported here., It
is with the idea of emphasizing interpretation that the writer's
measurements have been deliberétely isolated, and it is with the
expectation of continuing progress that the measured data are made

available in tabulated form.
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In conclusion, the most important point to be made is that the
influence of compressibility on turbulent flat plate skin friction
has been established experimentally in Section IIT for Hach mmbers
up to U.5. If the discussion of instrumentation and techniques in
Section IT serves to inspire confidence in the accuracy of the mea-
surements, and if the foundation laid in Section I serves to call
abttention to some ideas which are useful in discussing turbulent
shear flows, then the publication of this report needs no further

Justification.
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Figure 18 - Alignment of the Floating Element
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Figure 32 - The Mass Flow Probe

Figure 33 - Entrance of the Mass Flow Probe
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Figure 77 - Detail of the Leading Edge Fence

Tigure 78 -~ Detail of the Sand Strip and Air Jets
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During Bourdary Leyer Profile Msasuremanbs

Test Number 28 28 30 25 27 26 21 20 19 23 22 61 96 62
Trip Fence Fenoe Ponew Fsnee Fence Fende Fenee Fenos Fened Tense Fonee Sand Jebs Jebe
H 1.966 1.978  1.982 2;540 2,568 2,578 3,600  3.701  3.897 £,518 4,554  4.545 4,504 4,544
n 660 668 +86% «751 2154 785 855 856 +B56 ,898 898 897 896 897
Poy om Hg 20 50 71 25 7% 131 50 103 21¢ 148 22 301 301 302
Tes OR 550 543 545 551 556 568 - 552 561 562 562 554 561 564 583
%, im. 21.48 21,48 21,48 21.48 21.48  21.48 21,48 21,48  21.48 21,48 21,48 21.35 10,35 21,36
me = 108, 242/s00 4,54 1.839 1,208 8,64 3.08 1.846 20,06 11,78 5467 23,90 12,38 11,96 11,56 12,00
.ﬁa\cp z 10-8 1.72 4,33 6.18 1.68 4,84 8.32 2,07 3,54 7625 3,52 6,83 6,87 3,37 6.91
9, in. 0372 .0321 L0298 0279 0293 #0263 0220 L0249 ,0224 0212 0207 20158 L0089 .0162
§%, in, £118 .102 098 123 120 .121 .168 .198 o175 230 .222 .17 L101 181
§; in. 436 .390 .368 397 +£05 o377 438 478 428 298 486 .582 287 ,396
Rg 2980 8470 8570 2190 6600 10200 2120 4100 7560 3470 €590 4380 2500 5240
Bgx 9540 20700 28200 9620 20200 - 46800 16200 32600 58600 37600 70800 54800 32600 58600
Bs 34900 78700 108000 31100 9:200 146000 42100 78800 144000 31600 14800 123000 © 74000 128000
oﬂo 3.20 3,19 5,29 4,40 4,42 4,59 762 784 7.80 10.83 0,74 11,01 11,32 11,18
0/5 .0852 .0824 L0810 : L0703 0724 L0698 -0505 L0581  ,0524 20425 0444 0408 392 .0409
§4/5 .273 +263 ~267 <309 £320 .320 .384 414 408 461 A77 .448 443 487
6/ TolPulVar 851" 1290 1672 78 947 1427 242 397 682 237~ 392 544 2:8 349
r 897 889 898 898 .895 +890 .511 898 .892 Lg% . 901 ~899 899 895
priew 1.36 1,29 1.24 1,26 1,26 1.28 1.46 1.42 1,58 1,51 1,48 1.45

Correoted Daba

2 = 106 . 6,08 10,26 3.98 8,65 5.57 8,17 2.81 6,20

Op 00272 ,00218  ,00202 00242 ,00181 00166 00211  ,00162 00138 . 00148 00122 ,00131 00155 .00126

O 0217 .00199 (00206 00175 00194 00161 00206 .00169
Effect of Mech Mumber for Congtent R

Cg/ory 05 4700 595 570 580,500 355 L4905

ep/Cps 715 710 .635 610 +590 +560 L300 560
Effect of Mach DNumber for Consbant By )

&/ G .910 .858 818 796 715 LT710 £780 .65 ,587 571 .52 546 592,525
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