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ABETRACT

By uwedng varlotion funcblons which take into consideretion the ine
sbentuneous inbersction of the electrons, somentum distribution funciione
and intensity ddstribtubions in the Complon line sre computed for helium
and moleculer hydrogen, neglecting smell relativity snd binding coryec—
tlone. The halfewslue breadths sre expressed in Lems of %J\* wheve /
is the wave-lengbh displacement from the senber of the shifted line
snd ak= NZ+A=2A A my).%ﬁ,md A, sve the primory end acete
tered wove~longths and X the scattering sngles The sbuolute breadth
of the line mey therefore be compubed for amy A, and X .+ For helium
and moleculsr hydrogen the vslues of //3 A¥ &b helfemeaiamum ere 1048
and 848, respectively.
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I : By using variation functions which take into consideration the instantaneous interaction
| of the electrons, momentum distribution functions and intensity distributions in the Compton

~ line are computed for helium and molecular hydrogen, neglecting small relativity and binding
corrections. The half-value breadths are expressed in terms of //2\* where / is the wave-length
displacement from the center of the shifted line and 2A* = (A:2+A.2— 2N\, cos x)%. M and A, are
the primary and scattered wave-lengths and x the scattering angle. The absolute breadth of the
line may therefore be computed for any Ay and x. For helium and molecular hydrogen the values
of 1/2\* at half-maximum are 10.8 and 8.5, respectively.
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calculation has the interaction of the electrons
found suitable representation, for the Hartree
functions or hydrogen-like wave functions with
screening constants which have heretofore been
used introduce only an average perturbing effect
of the electrons upon one another. Since com-
putations of the Compton line shape have been
most successful for gases, it is natural when
attempting a more rigorous investigation to turn
to the simplest elementary gases containing two
electrons, namely helium and molecular hy-
drogen. For these substances it is not necessary
to depend upon the Hartree or screening-con-
stant-type wave function since variation func-
tions containing interaction terms explicitly have
been developed, the most accurate of which lead
to energy values for the ground state which are
correct within experimental error. Line shapes
é for helium and molecular hydrogen are here com-
~ puted from some of the less accurate of these

variation functions which nevertheless approx-

_imate the true wave functions much more closely
than do the Hartree or the hydrogen-like screen-
ing-constant type..By reason of the greater
accuracy possible in these calculations as com-
pared to calculations on other gases or solids, the
line shapes for these two gases probably offer the
best opportunity to compare in a quantitative
fashion theory and experiment.?

GENERAL METHOD

The variation function chosen to describe the
He or H; system is here represented by
¢ (71, 91, 73, ¥2), where 74, ¢, are polar coordinates
of the first electron, 7., ¥, of the second electron
with respect to the same origin. Azimuthal angles
do not appear in any of the variation functions
used. A(Py, O1; 1y, ¥,), the mixed wave function
in the polar coordinates of the first electron in
momentum space and the position coordinates
of the second electron, can be obtained from this
¢ by the following Dirac transformation,

~ (1934); F. Bloch, Phys. Rev. 46, 674 (1934); F. Schnaidt,
- Ann, d. Physik 21, 89 (1934); W. Franz, Zeits. f. Physik 90,
623 (1934); 95, 652 (1935); G. Burkhardt, Ann. d. Physik
6,567 (1936); Kirkpatrick, Ross, and Ritland, Phys. Rev.
50, 928 (1936).

3 The complete experimental results of DuMond and
Kirkpatrick (Phys. Rev., this issue) on scattering in He
- demonstrate the feasibility of such a comparison and its
‘.ismportanlce in determining the position of the shifted line

curately.
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(No azimuthal angle enters in 4 as none enter.

¢.) Here, P; and r, are the vectors whose en
points lie at (P, ©,), (71, #1), respectively. £
the transformation integrals which must
evaluated may be written down immediately
using the general expression for the momentu
wave functions of a hydrogenlike atom, T,
given by Podolsky and Pauling.* Those functions
which will be used here are:

Tio=(14+§12)73,
Ta00=2(14 flz)_2(§'12—29{(§'12+ 1),
T300=(1+§'12)_2[4 - fl ) :

G2 +-1

Tor0= —41 cos 6— —
(I+¢1%)°
where ¢1=2nPia¢/Z'h, Z'=effective nuclear
charge and a,=radius of first Bohr orbit i
hydrogen, the subscripts in T..» refegring to th
quantum numbers, 7, I, m. {; will be used in
place of P, in the explicit functions of Py
developed later for He and H,. The momentum
distribution function B(P;, ©:) can now be
found by integrating the modulus squared of
A (P, O1; 79, 92). Thus f

{ee] n

: - AA *722 sin 02dfzd02.

92=0

B(P, ©)=2r f |
The subscripts have been dropped in B(P, 0) for
the electrons contribute equally to the mao-
mentum. )
Since for this case of scattering by field-free
gases, all orientations of the molecule are equally
probable, the function B(P, ©) must be aver-
aged over the angle © to obtain the radial
momentum distribution function, C(P): 43",
' {

C(P)=fe :oB(P, @) sin @20.  (4) 1 "

( ¢ Boris Podolsky and Linus Pauling, Phys. Rev. 34, 109
1929). .




TaBLE 1. Variation functions for the normal He atom.

z' { c2 s E — (UNI1TS Rygehe) | % ERROR
1.6875 | 0 0 5.695 1.93
1.850 | 0 0.112 5.755 0.91
1.69 0.142 | 0 5.754 0.92
1.822 | 0.126 | 0.089 5.784 0.40

"~ DuMond! has shown that the shape of the
Compton line can be computed from such a
momentum distribution function or wvice versa,
- the formula for the intensity y as a function of
. wave-length displacement / from the center of
the shifted line being

o l
l‘IC(—)dl, (5)
=1 2N*

= in which I=X—\;— (h/mc)(1 —cos x), 2A*=(\.?
4 +N12— 2N\ cos x1)¥, A,=Ne for I=0. A\; and A
are initial and scattered wave-lengths and x is
the scattering angle. C(P) has been replaced by

C(l/2x*) where

y=~k

a beix}!g the fine structure constant. Since the
constant of integration k is arbitrary, all constant
factors multiplying ¢, 4, B, and C are omitted.

It should be mentioned that DuMond’s
formula for the intensity distribution in the
modified line does not consider the generally
small effect due to binding and relativistic cor-
ections. However, for the case of scattering
rom helium and the hydrogen molecule, binding
and relativistic corrections to the shape are less
_than the error in the calculations due to the use
of a variation function as an approximation to
the true wave function. The error produced in
~ the half-width itself is negligible since the cor-
rections to the intensity corresponding to a
given absolute value of / are nearly equal, though
of opposite sign, on either side of the maximum.

Scattering from helium

The variation functions developed by Hyl-
leraas® for He are of the form

5 Egil A. Hylleraas, Skrifter det Norske Vid.-ak. Oslo, I
at. Nuturw. Klasse 1932, p. 107.

¢ — chlme—z’ssntlum

nim

(I even)

in which s=(r1472)/ao, t=(r1—rs)/a, au=r
=interelectronic distance, ao=radius of first
Bohr orbit. Since a ¢ which involves the first
power of # cannot be transformed in finite ter
to the mixed wave function, variation function
which may be represented by

Cp=e 7 (14-cot’+csu?)

are used here. In Table I appear the four vari :
ation functions of this type together with the
energy values to which they lead and the per
centage difference from the true value. E=
—78.605 ev=—>5.8074 Ruchc. The first of these

is due to Kellner® and is a hydrogen-like screening
constant type function. The second is due to kS
Hylleraas” and the third and fourth have been
developed by the author using Hylleraas’
formulae.®> The terms in #? were included in an
effort to compensate for the missing linear u
téerm which is primarily responsible for the
accuracy of Hylleraas' energy calculations. The
third function describes the actual electronic *
system well since it represents a He atom with
electrons in two different orbits with effectiv
nuclear charges 2.15 and 1.19 corresponding to
almost complete shielding of the outer one an
slight negative shielding of the inner one. Th
second function, in comparison, although it no
introduces the interelectronic interaction, repre
sents this interaction as being much stronger
than is actually the cdse. Consequently, of the
two functions, the third probably corresponds
more closely to the actual state of the system
although the energy E calculated from the two S
functions is about the same. To check the effect
of adding further integrable terms, values of E
resulting from many different combinations of
u?, ut, 12, t4, s, s> were computed. The most
accurate value of the energy obtained in this
way was only 0.1 percent better than the fourth
variation function above. In view of the rapidly
increasing complexity of the algebra entering
into the evaluation of the integrals, it was not
considered that the inclusion of further terms

&3

6 G. W. Kellner, Zeits. f. Physik 44, 91 (1927).
7 Egil A. Hylleraas, Zeits. f. Physik 54, 347 (1929).
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F16. 1. Momentum distribution functions for helium and molecular hydrogen,
normalized to the same area. The ordinates are in arbitrary units, the abscissae,
in terms of 3=v/¢, the ratio of the velocity of an electron to that of light.

was justified. Furthermore, functions two and and it becomes after integration over 7, and ©
four lead to practically identical line shapes so

that further terms would probably have little C(O) =(14¢2)—* 24: Dp-<i___1_)p, 2
~ significance. p=0 241
The necessary restriction of the exponents in .
the ¢'s to even powers of # and ¢ makes it possible y=14+¢)3 Y E,(14¢)-7. (10)
' to express these as linear functions of hydrogen- »=0

like 1s, 2s, 2p, and 3s functi . ; e
5 <Rl P e The coefficients D, and E, are polynomials in

¢=0a1100(1Z") +asa00(22") ¢2/Z" and ¢;/2". (For the first variation function
o« (14¢?)~3 so that the polynomial in (1+4¢%)~1t

Fa2"Y210(22") Fass00(327).  (7) 3,nay be considered to bé)a correction factor in

the other expressions.) Consequently there
should be expected a simple relationship between
the half-value breadths, By, and the energy values
corresponding to the different variation func-
tions. A rough calculation of the line breadths of
different many-electron systems may be made
from a knowledge of the total energy E of the

Here ai, as, a2/, as; are quantities involving 7,
which are constants for the first integration and
VYain is a hydrogen-like wave function for the
first electron around a nucleus with charge 12/,
27Z', ---. From Egs. (2) the mixed wave function
then can be immediately written down as

21 system alone if this energy has been computed
A (L1, Oy 79)= (1+§'12)'2[ﬁa1+2a2-*— by minimizing with respect to the effective
-1 nuclear charge Z’ appearing in a hydrogen-like

9 2 ’ wave function with screening constants. This
e —1 (SR " i %

+a3{4(—~—) =5 l —44 cos (-)1_____] (8) minimizing insures that the virial theorem hold
Gachl It so that the root mean square momentum and the

-



INTENSITY
DISTRIBUTION IN THE

COMPTON-LINE
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- Fic. 2. Intensity distribution of the Compton line as a
unction of 8 =1/2\* where /= displacement from the center
the shifted line, 23* = (A 24\ 2—2X\1\, cos x),} A1 and A,
g the initial and scattered wave-lengths and cos x the
cattering angle. Ordinates are in arbitrary units and the
urves are normalized to the same area.

alf-value breadth may be taken as proportional
) (—E)*%. For systems which may be considered
be hydrogen-like with all electrons in the
ame shell, this method will be exact since in
his case E«Z’ and B; should be proportional
> Z', which is obviously true from a considera-
on of the simple form which y assumes for the
hydrogen-like case. .
A more accurate comparison may be made on
e basis of the momentum distribution function,
Fig. 1, for in general, 8; corresponds closely in
ilue to the most probable g. Thus, assuming

TaBLE I1. Half-value breadths.

B} calculated from most
probable 8

12.67
11.91
10.87
11.02

108 %XBy/2"

7.50
6.53
6.65

that B; as calculated from the first variati
function is correct and that the half widths are
directly proportional to the most probable g8
approximate half widths are found which, wi
no attempt to adjust the constant of prop
tionality, fit to a few percent as is seen from t
last column of Table II. g
Since the variable is {=1/2 \*Z'« and the line
shapes are plotted as functions of I/2A\*=g, th
half-value widths that should be compared "
Bi/Z'. Values of B; (the half-value breadth) and
Bi/Z' are tabulated in Table II. If (8,/Z') is
plotted as a function of the corresponding energ
it is seen to be an approximately linear function
of the energy over a range which is long in com:
parison to the error in the energy computed fro
the fourth variation function and in considera
tion of the probable unreliability of the seconc
variation function. Consequently, the extra
polated value of (8;/Z’) =5.99 X 10~ correspond
ing to E= —35.8074 Ryu.hc may be assumed. B
using the value Z’=1.818 which occurs in th
most accurate of the Hylleraas functions, the
value 8;=10.8 X107 is then found, which is the
best value that can be calculated from these
variation functions. This method would not be
valid if the constants did not enter into the
variation function linearly. &
In Fig. 2, y as a function of I/2\*=B=v/c is
plotted. From such a curve, the line shape fo
any scattering angle and any incident wave-
length can be computed by a proper choice of A\*
(Eq. (5)). [For example, the half-width in He at
M=710 X.U.,, x=180° is 15.8 X.U.] All curves
are reduced to the same area since the total
number of scattering electrons is constant. The
two curves for He correspond to the first and
fourth variation functions, and show clearly tha;}; 1




_ the line whose shape is computed from the more accurate function is narrower than the li
derived from the simple hydrogen-like screening constant function.

Scattering from molecular hydrogen

A variation treatment for the hydrogen molecule has been carried out by James and Coolidg
~ using terms in % to introduce the electronic interaction as Hylleraas did for He. However, the
~ ponential of (rai+7si1+r4s+78s)/rap, occurs in all the variation functions making impossible i
‘evaluation of the transformation integral in finite terms. (See Fig. 3 for coordinates.) Consequently,
& ~a function of the ionic-polarization type studied by Weinbaum?® which permits the direct evaluation
- of all integrals but that for ¥ has been chosen.

This variation function is

o="[u1sa(1) +ouzpa(1) JLu1sp(2) +oruzpp(2) ]+ [#1s4(2) + 0204(2) J[u1sp(1) +o'u2p3(1)]
+c { [:‘ulsA(l) +0’1¢2p4(1)][%13,{(2) +¢m2“(2)]+[u133(1) +0'u2m3(1) ][ulsB(Z) +0'u2113(2)]} y @-{)

i\ in which ¢=0.07, ¢=0.176, and w14 (1) represents a hydrogen-like 1s wave function for electron (1
about nucleus A4 which carries a charge Z’, etc. Thus

{ - wsa(1)=exp (—Z'ra1/ao), u2pa(1)=(ra1Z’/a,) cos dai-exp (—Z'ra1/ay),
0;41=angle between 745 and r4;, measured from 74, to 7.

The quantity 745, the internuclear distance, although not occurring in the variation function, enters
in the calculation of the transformation integral. The experimental value, 0.7395A, of 745 is taken
instead of 0.77 which corresponds to Weinbaum'’s function. This reduces the dissociation energy by
a few percent, but gives a more accurate representation of the actual structure of the molecule. Z’ is

taken to be 1.19 since most variation functions of this general type lead to this value. ¢ may be
rewritten as

d=aa[uisa(1)+uzpa(1) J+ap[u1sp(1) +ou2pp(1)]
in which apa= ulsB(Z) +0u2p3(2) +cu1s,4(2) +couz pA(Z),
ap=1u1s4(2) +ouzpa(2) +cu1:§(2) +couzpp(2),

and a4 and ap are therefore functions of the second electron’s position alone. Since the transformatio
ntegral, Eq. (1), was expressed in terms of coordinates with but one origin, it is necessary to change
its form slightly. Noting that ¢ splits up into two parts containing position variables with 4 and B
as origin, and taking (xa1, Y41, 241), (xB1, 81, 381) to be rectangular Cartesian coordinates of the first
electron with respect to 4 and B, the s-axis lying in the direction of the line 4B, then the trans-
ormation integral becomes

1

(P“, P,“, P,,, Xdag, '~ 'ZBz) =h“*la,4 exp [(W'i/h)fABPn] J J
XA41=0~YA1=0v 241=0

Xexp [ — (2wi/h) B- Far]-[utsa(1) du2p4(1) Jdxay dyas dzai+ap exp [—(7i/h)rasP.,]

f J f [uls3(1)+u2 p3(1)] exp [—27”;/]’!) P1'f‘B1]de1dyBleBl }.
XB1=0YYB1=0vY ZB1=0

Since these integrals are exactly those for 1s and 2s hydrogen-like atoms, the mixed wave functions
can at once be written out in polar coordinates by use of Eq. (2).

8 H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933).
98S. Weinbaum, J. Chem. Phys. 1, 593 (1933).
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A (P, Oy, 749, - - ~F5s) =[a4 exp [ (wi/h)r 1Py cos O1]
+apexp [— (w2/h)rapPycos O1 ] JL(1+¢12)2—440¢; cos O] (1+¢:2)3.  (12)

Here ¢4;=angle between 74, and 745, etc., while ® =polar angle in momentum space of the first
electron. Integrating over 745+ - - 95, and O, it follows that 4 (P;- - - ¥8,) becomes

16

32\ 16252
1 i 2

: A
o(§) = <1+§2>—ﬁ[<1+§2>2(1tg o <f§>) F—at i cos (fO) (5= 2) sin <f§>], (13)
k]

in which {=2wPa¢/Z'h as before, f=Z'tap/ao=1.67, N=2u(uc+14c?)/(4c/u+1+c2) =0.857,

where u=2(e’/f?)(14¢?) [polynomial in ¢ and f].

It is seen that in order to find y it is necessary

_to evaluate indefinite integrals of the form

f‘”s_in_(fs“) .
R

- As a simplification, all integrals of this type were

taken together and integrated graphically with
an error of less than 1 percent. Fotr purposes of
comparison the resulting v curve was normalized
to the same area as for two hydrogen atoms, or
for a He atom and plotted with the He curves in
Fig. 2.

Many other variation functions which it is

- possible to integrate have been studied by
- various investigators, but as each is of essentially

different character from every other, and since

* the difference between any two is not merely a

term in a polynomial as in the case of the
helium, and the change in X is consequently of a
complicated nature, they would not provide
basis for an extrapolation such as was carried
out for helium. Accordingly it has not seemed
worth while to calculate line shapes for these
functions.

Interpolating on the y curve (Fig. 2), the

value 8.50X103=,; is found for the half-value
breadth of the line in H,. Since the half-width in
atomic hydrogen is only 7.50X1073, the more
accurate calculation leads to a broader line. This
is not surprising in view of the change in the elec-
tronic configuration which occurs when two
hydrogen atoms are brought together to form a
molecule. The most important change which
affects the momentum distribution is in the effec-
tive nuclear charge Z’. Because of the finite sepa-
ration of the atoms and the interaction of the
electrons with each other, Z’ does not approach
the value 2 as it would for independent electrons -
but increases to 1.19, according to the variation
functions used. This Z’ is near to the value 1.13
of the ratio of the two half-widths calculated
above and would probably agree more closely if
the assumption of the experimental value of 745
had not ihvalidated the virial theorem in this
case. It is interesting to note that the ratio of the
most probable f8's calculated as in the case of
helium is 1.12, checking closely the actual ratio
of the half-widths.

The author is indebted to Dr. Linus Pauling
for valuable criticisms during the course of this
investigation.
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BOND FORMATION IN SIMPLE MOLZCULES
Bruce L. Hlcks

LRSI R AT
ABSTRAGT

This thesis is & review of the gusntum mechanicel methods which
have been used to compute the dissoclation energles end interstomic dis-
tences of homonuclesr distomic molecules in fhe ground states In compsrw
ing the different methods three qualiflcations for a successiul type of
treptuent sre emphesized, Firsht, 1t must be of as generel spplicability
as possible, Second, ﬁm inherent uncerteinty sttending its applicpe
tion should either be guell or of known order of megnitude, Finelly,
it Eshoulc;z: provids « simple and genersl physical picture of bond formetion.
Thege three gualiflcations are discuseed in seme deteal for H; up to Lig,

Hew calculstions for the lithiuwm wmolecule and fqr the beryllium
molecule~ion, Begﬁ, are deccribed., In particular o comperison is made
between the permiseible types of hybridization trectment for Lip and
Liz*w It is concluded tiist the complete hybridization ol the :fomie
orbitals in Liz is not possible when the K electrons sre neglectoed,

In & section on numericel methods certsin improvements in the tech-
wigue of cvelusting some of the two electron integrels sre “ee ribed,
'.?ize different procedures used in solving secular equstions are compared
with regard to thelr sccuracy, generaliby of spplication, and thelr smenm
zbleness to mechine computation, It is shown how the Iuncan~-Collar-Aitken
technicue may be extended go that it conforms perfectly to the demandg of
guentwn mechsnicel ecelculstiong,



The problem discussed in this pert of the thesis was suggested
by Profescor Linus Pauling, to vhom I zm also greetly indebted for
advice snd guldence during the course of the works To Dr, Bldney
Peinbaum I owe my best thenks for hies calouletion of the mmerical

velues of most of the integrals.
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I. The Diatomic Homenuclear Methols

1. Introduction

In the development of the quantum mechanics during the last
fourteen years, mathematically approximate solutions of the fundamen-
tal equations have played the all-important roles, particularly in
the description of energy characteristic states of atoms and molecules.
The primary reason for the use of approximete methods has been one of
expedience,

In the first place, no one has exhibited the analytic solution
of a Schrodinger amplitude equation which describes the stationary
state of motion of more than two particles in a system of atomic
dimensions. In fact, the only complete analytic solution of the
amplitude equation knowm is for the hydrogenic atom. The method of
solution used in this case has not been generalized to give the analytic
solution to the wave equation for many-electron atoms. The only other
system for which both the wave function and the energy may be said to
have been accurately determined is the hydrogen molecule-ion but again
the process of solution, in this case one of analytic approximation
by means of series, has not been extended to many-electron molecules.

Considering now, in the second place, a treatment of atomic
problems which gives approximate solutions, the Rotz variation method
as developed by Hylleraes has supplied a theoretically satisfactory

technique of successive approximation through which eigenvalues if



o5

not eigenfunotions can be obteined with any desired degree of
securacy. Bul the appliecation of the method haps been attended with
such algebreic snd mumerical ocomplexities that it bas been used in
the complete troatmenis only of the simplest, two eleetron systems,
the heliumelike atom end the hydrogen molecule. From a praciical
point of view, it iz not surprising then that quantum mschanical
caleulstions for atoms end molecules have been largely of an approx-
imate character as regards finding both wave functions snd ensrey
quantition.

Considerations of a more physical nature have provided
perhaps the most substential Justilication for the use of cexbtain
types of approximate jreatment. For the most part, theme considerations
have been besed upon new physical coneepts which were firsi introduced
in the quantum mechanical theory and, more important here, whose nsan-
ing was entirely derived from some particular approximation process
applied to the solution of the wave egquation. Such a eoncept is the
important quantum mechanical phenomenon of resonance, closely asscolated
with the Wntal prineiple of superposition of states, for not
only hes it substantially no classical countsrpart, "resonsnce energy",
for example, veing unknown in olassical mechanien, but also it owed
its introduction fo a particular type of spproximate wave mechanicsld
tregtuent of an atonic sysitom,

This resonance concept bas found its moat gensral and possibly

its most lmportant application in the theory of molscular binding



where without the use of inexact methods, there would be no theory.
The approximate solution depending upon the resonance concepd of %hé
problem of the hydrogen molecule given by Heltler snd I@Mﬁnw' ) in

1687 is fundsmental bo als

sost all subsequent caloulations upon bond
formation in molecules, fTheir treatment provided for the first time
& eonceptual blue print of the chemical bond which was based wupon
general physical theory rather than upon hypothesis chosen to £it
the empirical chemical data., The considerable extensions of the
orizinal Heitler-london theory in the hands of Pauling and Slater,
Hand, Mulliken and Huckel serve to exhibit only the more clearly the
striking success attending the use of approximate caleulations in the
ficld of moleoulsr structure.

In order to illusitrate these general remayks and to prepare
for the detailed discussion of lithium and beryllium molecules and
moleenle~ions which is to follow, a survey will be gilven of those
guantum mechaniecal treatmonts of namomaléar diatonic molesulss and
noleounle~ions whose purpese 1t is %o determdne dissociation empygies
and interatomie distances. The restrietion to distomic molecules
will not be very considersble since celeulabtions upon polyatomie mole-~
cules of anything liks guentitative ascoursgy ave few in number.
Likewise, the theory of hoteromiclear molecules is in an unsatisfactory
state with regards to accurscy and gomple teness. Sinmes consideration
of these more complicated sysbems would aet &id the understandiang of |

aimpler ones, the disoussion only of howecnuclesr diatomic moleeules



and molecule~ions will be attempted.

2. Fundemental Theory

It s nocessery, to insure elavify in the subsequent dis~
cussion of vearious partlcular moleculss, thait an outline be given
of the quantyn mechanical theory usefu) in bond formavion caleulations
and the general procadure used in applying 4t to the cowputation of
the dissociation spergy and the interatonmie distance in an unexeited
diatomie molecule.

In gquantum mechanical theory, the allewsble informstion
conecerning a systen of atomic particles is contained in the Schredinger
auplitude function or, briefly, wave function, W(7 Ay A )
for that syatenm, ;}: being the position vector for the i-th particle.
The quentlty }ﬁ 3P ¥ the modulus squared, is interpreted as a probabe
ility deunsity funotion which is often takon %o be proporitional to
the metual density of sleetriecity. Vhon the weve funetion iz glven,
the expeotation value for any dynamical property of the systom mey be
computed if, as is usually the case, the operator corresponding to
that dynamical quantity may be found. In pariiculsr, the jotal energy

of o systen in an emrgy-charscteristic stationary state is given by

(1) \/\/"" /y/*ﬂ V/d’?'
| - JF YT

the integrals being extended throughout position space.

The Hemiltonien aperator fj and the dynamical quentlity, total

energy of the system, W, to which it corresponds also enter into the



Sgirodinger waplitude eguabion,

HY =w¥

whieh 18 thoe wave squatior for the systen in an snergy characteris-

(2)

tio state. 7o oach ol a get of values of W, these being fixsd,
physically speaiking by !:/ , there gurresponds a finite mudber of wave
funedlons. The lnbegral exprossion for W s hepe taken o be ithe
fundemental relation rather than the differential eguation (8)
hecause in most problems the true solution of the amplitude eguation
is upknown, 8o that an approximation fonetion of some kind must be
ueed in its place, In those cases, enorgy value, W , Which is
~ealeulated fram equadtion 1 corresponds sirictly to the enexgy of an
ideoalized physical sya‘&amw;ohséfc;;: thought $o resomble with some
Pidelity the true physical system that is accuratoly deseribed by the
wave equabtion (2). Sines, for the seke of simplification moreover,
the Hamiltonian operator itselfl is ofben modificd parhaps the followe
lag desoription of the spproximation methed in geunsyal should be
adopted g being tho loast open to exiticlam:

{1} ‘The wave eguedion deseribing complotely the physiesl
system of interecst is wriltten down.

{ii) & function 1//‘ and an ensrey operador ,(Lf,/ ! are chosen
and through the use of 1), the expectation value of the emsrey
aaﬁrsapom‘ung %0 ,/j / in computed.

!
(14i) The true wave funetion \’/ and the approximete one 'Y/



ag well as t{ and !:l ! ave compared and en infersnce is drewn as
40 the phyeleal sigpifiosnes of the epevay W .

Unfortunately, this thearetically ideal process camnnot be
earried out sines there is ne geneval proecsdure through which an
sstimate may be mede of the point o point devietion of an approximete
wave functlon from the true woave Nunction satisfying the wave oquation.
Tor this reason, 1t has bdeon cusiomary Yo rgverse the procodure out-
lined sbove and %o compaze W/ and |/ in order to cbtain an estimate
of the fidelity of “,[/lte ’1#

it ispnly in special cases that tho spplisation ¢f this
eriterion is strietly justifisble from o mathemstics) point of view,
yet in numerous epplications of spproximete weve funcitions to other
_th&n energy caleulations, use of the criterion has not been shown o
introduce sedious error. Yor the purposes of the discussions to
follow, the cnergy criterion will be assumed to posgess at least
gualitative significance but the point of view assumed in oullining
the ideal procedure above will be maintained as far as possible,

The type of aprroximate wave funoition \Iéa L#hieh has proven to
be the wmost useful in molecular ealculetions is the varistion Dumetion.
I% supplies & means of varying the detalled form of a wave function
conbipuonsly sinee 1% iz o function of one o nore paramwicors as well

as of the positional cocrdinates of the particles making up the systen,
¥
Sinee Mar - / YourH Y, dT
S Y AT

as it ig popsible to very the paresebers and define thereby a
Yar

is a fupection of Yhe save paraxsters




winimen value of W'. The fundesmental veriation principle states
that with the variation functions restricted only to be coniinuous,
one~valued and Tinite, WCM is bounded below by ¥, the true emvrgy.
Teat is, for eny "proper™ Wa,r ;
W, > W

Two characteristies of this amethod should be euphusized.
The firet is that, sives one ean mever overshoot the mark, W may be
approximated to as closely as is desired given ample "flexibility™
in the form of the wave function and patience on the part of the
gomputor. The seccond charaeberistic is an illustration of the generel
princiy}.@ stated previously: no matbter how aceurately V is approxie
nated $o by Wl s Shexe is very little assurance that the peint to
point deviations of War from the true V/ gre suell. Lifferend
types of variation functions will oeccur freguently in the suceeeding
deballed discussion of particulsr moleculss.

e will concliude this secetion with the applieation of the
quantum mechanical methods to the treatsent of diatomic moleeunles.

The Hamiltonlsn operator H for » molecule is
~4

N / Z .. %
H=-5Zm¥ ~2 227
vhere m 2;3, ,'5; are the mass, charge and position vector of the i-th
particle and ‘vf' the corresponding laplecian. Born and Gppenmimr(%}
showed thet as & first approximation, which in most molecules is quite

acourate, the electronic and nuclear motlions could be separated. The



resulbing Hemlltondan for the electronie wave funetion in a homo-
micleayr diatomic moleculs is

H = - £ o Z% ‘ /
e = T 2T + - zZdZ (5 **‘)-rc‘z; y
~ p el ‘ ‘@ ¢y ki

where /4 15 en electronic reduced mass, K is the fixed intermuclear
distence, 7 is the charge on either mucelus, 4; end J‘ gre distances
of the i-th electron from nuelsi A end B respoctively, and /2,]- is the
distance between the i~th and j=~th sleetren, The eleebtronic energy

levels |y, and the corresponding wave funetions ’/g are then given by
HoV =w ¥

Since the eleetronic energy and wave funcetion ia all that is requirsed
in the caleulation of dissociantion ensrgy and interatomic distance,

this equation will henceforth be written in the simpler form

HY=wy
1% being tacitly understood that /j = H, | We Y and WG,
the energy in the ground state, ,
‘The Hamiltonian operator H and consequently the energy \A/,
computed from Equation / or 2 depend upon the interatomic distance
}? « In faet, when the component atoms of the moleculs have been spee

ified, W beoomes & funetlion of R alone. For present purposes five



types of funetionnl relationship illustrated in Figure 1 may be
distinguished., The inveraction energy [~ rather than the total
onergy W is taken as the emergy varisble, Teking )/ to be the
energy of one isolated atom of the molecule, then £ is given by the

W-—2W, = E

egquation

Curves (1) and curve (2) with minima and asymptotie approach
to £=¢ from the negative side are typical of the formation of a
strong bond and a wesk bond respeetively. The measure of bond strength
is the dispociation energy [). whieh is equal to the minimum value of
£ with the sign changed. The difference in “stability" of the bonds
ropresented by (1) amd {(2) is the difference beotween [J‘f’ and Dez .
The absecissa, /?e of a minimun represents of course the equilibriun
separation of the nuclel.

Curves (3) and (8) since they possess no ninims end have
always negative slopss correspond e repulsion at all distances.
Finally, the peculiasr binding illustrated by curve (4) represents a
molecule which will exhibit predissociation phenomsna.

An additional guantlity, the true e¢lectronie dissocisiion energy
00 , iz Bomptimes diseussed. This iz greater, algebraically, than
by the zero point vibrational emergy 747 far the moleculs in the
grownd state and thus represents the purely eleetronic contribution
to the dissociation encrgy. Unless the condraxry is explicitly staded

De will be used in all subsequent discussions of the dissociation of
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dintonic molecules.

Having reviewed the quantun mechanieal rules and concepts
which are fundamental o molesular structure caleulations, we will
now turn our attention to thoge digtomie moloenler systems which have
already been treated by investigators since the original work of

Heitler and London on the hydrogen molecule.

8. The Nydrogen lMolegcule-lon

The first melecular sysitem to receive satisfactory treatmont
by the gquantun mechanles was the hydrogen molecule~ion, //: s dlscussed
vy BurrsM!l ) in 1927, In this one-electron problem, the wave sguation
{"fj O et _ et Q;—; ‘p :'-\\/;\//
Lu A A N
may be separated with the use of elliptic coordinstes )‘—‘ %%fé ,/f: @7%2—4,
= ezl 5 W =LOIME S(p)  into tiwee orainary

differential ogquations. ‘he equations sve

J{Lé /W) - _%.

(5) e 2 ==
7% 7
/é{ o 41 L2 ome B
4) Z (i) G+ [0 2z s 1= 0
“{ Z. i{ll ' 2. _/mz’ _
(7) = {/3«/) = ; ~ {wx) +20A = f/gﬂ, =0
and

with @ T /‘ij/({",
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The parametersh,d, {5’ must be so chosen that the solutions é [")M
will form a physically satisfactory wave function, comtinucus, one~
valued and finlte. ‘The perameter o is direetly related to the
enerey W through the eguation )

) o = »—/%E.. (V- £-)

The largest possible value of o thus corresponds o the ground stabe.

The proper values of 7 are positive and negative integers.

In the ground state,™ =0 and both A ana./g must then also be
uniquely detormined. Sinee these two parsmeters enter into both the
equation for A ana that f@;ﬂ , they may not be deternined separately.
Indeed, to esach value of % in *btw/“ equation, thore must correspond
one and only one value ef/é for the normal configuretion of the mole-
cule. LZxpressed differently, there must be a funclional relationship
between ¢ ams(g in order that the/‘ egquation bave o satisfactory
solution. In the same way, (5 must be & certain function of%§ and
in order that the A equation possess woll-behaved solutions. The
essential problem is then to discover these two functional relation-
ships and fto Pind the values of the onergy parameter % as & function
of ¢ which satisfy them both.

Aurralh solved the equations by & proecess of mumerienl iantegra~
tion which Pauling bas desceribed in some detail in his article on ¥,
and _Ha"’(z ), Burrew's computed values of D ana fo axe given in &
part of Table I, Hore acourate methods of solubtions of these equations

were Pound by Fyllereas(® ) end Jered(f ). the former expandea /Y(4)
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in a finite series of legendre volynominls /7 é“ % ) &
Tpon subsiituting the series into squation ¢ he obtained & seb
ef simultaneous homogencous linear equations for the (p . The
nocengary venishing of the Jdeterminant of the coefficients of the
which of course wers themselves functions of & and !8 s provided the
desired funciional relationship between  and (5 . 4 similar, though
more complicated treatment of the A equation produced the second
funetional relationship, again in the form of a deterninantel equation,
the dependencs of & upon (/g” an&g which, a&& discussed sbove is
sufficient to cstablish the final relation between the onergy parsmeter
¢ end the muclear sepsration paramster @€ . Hyllersas' results
appear in Teble I.

The treatment of Jaffd followed more closely the analytic line
of atteck than any previcus work. Other investigators hed made small
or even incorreet progress, (of. Jaffé's paper), toward the solution
of the A equation from en analytic point of view. Jafré was the first
to find an sxpansion of L/)) which comverged for all values of A .

N

wllerana' expansion for example converged only fox A <

| 2;’:’
- '
Jfoé firvat made the substitution

-42;/‘"2

() L = e /) y

as had Wilson prwiamaly( 4 « Then he introduced the now indepondent

variable > = A=/
+1

P



ot
(%]

which made poseible the preprosentetion of the complete [, fanetion

throughout the endive range of [¢A<{%° corvesponding o o sug

e substitution j = (-u)’z
where
- ¢
- 415

led to the infinite sories

?: 54,,,,24”‘

mT o

and the convergence of this series for y=; could be made to depend
upon whether or not a transcendsonial relationship, in the form of a
eontinued fraction, was satisfied betwesn g4 and (,13 ag a funekion of

@ . Thie condition upon «, ,g and ¢ could then be combined with
the relation vetween o and /5’ originating in the /a squation o give
as before the desirved variation of o with @ . It is conceivable
that .Taff@/ ‘a sontinued fraction could be trensformed dirveetly into
fiylieraas® dotorminent sinee the latier is of & specially simple kind
and the funetional meletionship expressed by the two transcendenisl
functions must of course he the sawe., The great advantage of Jafté s
method was that not only was the continued fraction more amensble to
numerical computaetion than was Hylleraas® deterninant but thaet an
explicit snalytic expresalon for the wave Dunction L could be given
in terms of an infinite series convergent for all A .

The close sgreecment between the results of lyllersas and .Tafi‘a/

is nmisleading for the two inveatigators used essentially the same



epproximate relationship between ~ and 3  and between o , 6 and

¢ oven though the methods used in caleulating the latter wam differw
ent. The ervor which Safdeman (see below) found in the Jaf?d Iyllersss
work shows the groat advantoge of naking conservative estimates of
eomputational errors even in a very straightforwerd caleulation of

this kind,

2 doprovenent of Hyllersas' technique was made by Svartholm )
in 1938. He made use of funetions in his oxpansion of / /)) which wexre
the solution of sescond order differentisl equatiorn with three vegular
singularities snd wes able with rather sinple ssloulations to obbain
& value of the energy dAiffering by only 0.01% from the value compubed
by the “exaet® method of Juffé and Hyllerass.

it is interesting to compare the computed and obsorved vibra-
tional constents for the hydregen molecule~ion. Hyllerass made the
£irst caleoulatlon of these quantities, S&ne&@m&n{/o ) has inereased the
aeouracy of the Jaffé-iyllersas type of teeatment and has compubed
perheps the most acourately known walues of the diseociation energy,
interatomie distance and vibrationsl snd rotationsl constants, Not only
are Sgfjdemsn's primery caleulations considerably more aecurate than
those of Jaffe and Hyllerass bub also his computation of the molecular
constents is bhased upon Dunham'’s analysias’ﬁ ) of the diatomlic rotaior-
vibrator and honce avre based on a mors complete and scowrate theory.
The molecular constants are given in Teble I together with the experw

imental valucs of Birge and of Hichardson. In the e¢ase of the hydrogen
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molooule-ion ot least it is safe to conclude that the boad constents
are determined with sowevwhat more accuracy and certainly with greater
complotensss from the theoretieal calculations than from the experi~
mental observations. IY is unfortunmate that the result of Sendeman's
salenlation is to inerease the amall exlsting dlsagreenent betwoen
the thoorotical and experimental bond consbants as well as "be'bween
the dissocliation encrgies. (See discussion of James Coo lidge work on
¥,, section 4 ;.

it is perhaps uwinegessary o point out that the methods
described gbhove, though powerful in treating the hydrozen nmolecule-
ion, are not gspplicable to nany-slsetron systems. The separation of
the wave sguation is sssendial to its solution by the numorieal or
analytic methods lmown at prescnt and the $ochnique of sepsrvating &
uave equation for a {wo-or-more-elegtron sysienm of any kind inde
ordinary differential oquations has yet $o0 be found.

ALl of the remsining mothods of solubion of the hydrogen
molseuls-ion waye squation depend upon the use of varietion functions.
These are the simplest type of approxivate wave fumetion and yet
often lead to quite gecurate values of the dissociation energy. lore-
over it is ondy the approxrimate solution of the wave equation which -
iz capeble of physicel interpretation and which provides a basgis for
approximgte caleulations upon many~electron mwlecules,

The most flexible form of ons~clectron variation funotion

is that of Jemos who introduced 1t in his alscussion of Li,*, {34
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It ia)expwas&& in the elliptic courdinates of equation {e,?)
/J‘A %
(10) Y= v ow)

Jomes found that the optimum values of the parameters were ¢ = 0,448

5 = 1.35 corresponding to the disscciation enexgy Dg = 2.772 v.e.
which differs by only 0.1% from Sandeman's wvalue. The addition of
one or two torms in /a and A to the polynomial would eertainly
improve the ealeulation considerably. Sinece this is the only ons-
electron system for which there is known both the true wave function
and & variation funetion which corresponds o sn accurate value of
the energy, it offers an umparalleled opportunity to discover the
£idelity of the "accurate” varistion function o the true wave Punetion,
Unfortunately, no one bas made this valuable comparison which would
at least provide a lower bound %o the gonfidence which may be placed
in variation funetions,

In the preceding discusaion of the physieal interpretation
of the true B,* wave funetion and of the James function bas purposely
besn cmitted for it is only in terms of the Heitler-london type
funetions o be deseribed nexnt, that a physical pleture of the one-
electron bond can be setisfmotarily glven.

In 1988, Pauling gave the first epproximation treatment, of
the Tieitler~-london type, to the hydrogen molecule-ion;) The linear
variation funetion used is constructed with the help of the following
argument, the Hamiltonian being the same as in equation 4  TFor

large separation of the muelei A and B the eleotron is describved
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acourately by either of the two atomic wave funotions s or Bis ,
where /s 1s a hyaregen /S wave function for atem 4, 5. a
similar funotion for atom B, For smaller muclear separation, involv-
ing perturbation of the atomie orbital by the positively charged

proton, a simple veriation funection of the form

(//) \// = /415 sl /3’:5

is assumed. The superposition of the two atonic aiastes Jdeseribed by
$his wave function corresponds, physically speaking %0 & concentration
of charge in the reglon between the componont atoms in the molscule~
ion and gives a finlte probability that the elsctron be on gither
miclous 4, B, I% 1 found upon caryyving through the varistion treat~
ment that ¢ must have the value « 1. The allowed functions é/ and }%

are symretric and antisymmedrie respeetively in the muclel and
sorrespend fo two emrgy-separation funetions L /f)amd £ (¢ R
The symmetric funebion represents a steble bond for the ensrgy curve
is of type 1 in Plgure 1, while the antisymmwetric funetion, asinege it
leads to a curve of type 5, roprescnts ropulsion at all distances.
The dissociation energy and equilibriun intoratomic distsnce sre of
the right order of magnitude, ss soen from Table I eoven as derived
from this extremely simple treatment.

12 instead of ¥, , omly /), is used in the tveatment, the

camputed energy distance curve is of the third type {Pigure 1)
which, having no mianlmum, cannot correspond to the fommmtion of a

stable bond. The fundemntel reguirement for a one~elegtron bonding
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function is thus seen to be that it must represent the superposition
of two electronic configurations which possess at least approximetely
the same energy. VYhen such orbital degensracy exists, the energy
due to resonance between the equivalent states iz sufficient o permit
the formation of & steble bond. It is clear that g Heitler-london
type of trealwment such as this gives a valusble physical picture of
& chemioal bond formmtion.

The other caloulations upon the hydresen nmolpouls-ion which
have been carried out are for the most pard cssentially refinements
of Pauling's treatmont, TFinkelstein and Herovitzl 3} varied the
effective nuclear chavge = in the hydrogen-like funetion /4 ; end
found considerable improvensnt in the energy walue and eoguilibrium
separation for = '—s3instead of =, @8 in Pauling's /5 funetion.
pickinsont 7} used a "polarized” atomic orbital

/

(2] W= A 7’/’%"27;, :

/42 5 being a hydrogen~like - fusve funetion. The polarization term
cont';-»ihuisad. 0.5 w0 to the ewergy which with the 8485 v.e. roesonuce
energy gave a value of the dlssociation energy differing by only
05 v.e, from the accurate value of Hyllerass, Jaffe, ete. Finally,
Guillemin and Zensrl 5) by introducing the polarizeiion effect through
exponential functions, were able o reduce Dlckinson's error 40
0.0) vees ALl but Pauling's simple treatment give 1.06 & as the

eguilibriuwm sepavation of the mucledl.
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The polarization method was designed Yo take aceount of the
perturbing effoet of the neighboring proton upon the /5 gtomic
orbital., James variation function can be interpreted as a poleriza~
tion function wnd, as he points out in i&is article on the lithiun
molecule~ion, this variation funetion expressed in elliptic coordin~
ates is both more accurate and easier o use in computation than
that of Guillemin and Zenewr. Turthermors, in spite of the succeass
of the polarization terms in reducing the error in the caleulated
enoygy valuss, their introduction can be regarded only as a mathemab-
ical trick without any considerable physical significance., James
funetion iz a better functlon in this respeet also since 4t is in the
seme analPtic fom as the series solubtion of the hydrogen molecoule-
ion wave equation given by Hylleress.

In concluding this long discussion of the hydrogen molsculew
ion, it should bhe emphasized agaln that it is only the Heitler-london
type of ftreatment which at the same timo affersﬁg physical picture
of chomical bonding and admits of gemralization to wore complicated
molecules.
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4. The Hydrogen Mologule

Ho moleoular system bas been of mowe fundamental importance

in the quentun mechandeal theary of bond formmtion than the hyirogen
molecule. It is the enly moleculo more complicated thanm ¥, for
whieh the theoretical value of the dissocliation smergy is believed
to be comparable in sccuracy with the experimental velue. UWaturelly
then, the treatment of all p@lyelaawénie moleeules follows closely
that of the two electron system Iy, This is particularly true vhen
the bond under consideration is eovalent for the ¥ -~ M bond is the
prototype of all covalent bonds.

The plonesr work on the hydrogon moleculs was that of Heitler
and london in 192’.?( 4) .

The wave equation for the system is

2 - f‘L % : -2 Nf,.-.mm.f...arw.lp- oo ! — ! ool (- 7
1) [l E L Zi;f”f-f>'L),/23‘4” = WY

in which the Ny is the interelectronic and i the internuclear distance,
q #nd / ere distances of an elevtron from sueclei A and B, the sub-
seripts 1 eand 2 referring to eleetryons 1 and B, Heltler and london

gonsidered the approximate wave funetion

7 [ . oy gl :
44} W:: %?15 /") b/&“/"i,} -+ C A’S (2) Bs \//)
in which 4 (;) is & ;. bydrogen wave funetion for the first elestron
on nuclous A. ‘This linesr variation funetlon posscsses the proprsy
that oither the first or sscond term ls an aecurats sclution of the

wave equation Tor largs Intornuclear separabtlon. This may be caslily
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seen from the form assumed by the wave eguation for the hydrozen
molecule when /-= o0 For smaller values of A, the funetion

wiil, as in the similar case of the hydrogen molecule~ion, sorrTespond
t0 a concentration of charge between the nuelei. It likewise repre~
sents a finlte probability of finding either electron on either
nueleus but, as is proper in & waye function representing en unexeited
state, sllows but one eleetron to oscupy at any one tims the ;< orbital
of a given mucleus,

Variation of the parameter ( leads to two velues |f end W,
of the energy corresponding to the symmetric and antisymwetric functions

5) W o= A Bo@+ Bl Agla)

and

(16) N% = A‘u (1] j;:la (2} = Bysi1) /1‘:;’/&) .
The interaction emergy curve for |y is similar %o the curve 1 in
Figure 1, that for |/, %o curve 5 so that, as in the hydrogen molecule-
ion, \}{g ropresents the stable bonding Tunction, VA gorresponds
to repulsion at all distances. Furthormore, the function Vo'= 4. ()5, 2]
leads to a cuxve of type 2, Figure 1, and yields only a very weak
bond. The velues computed with ]@ for [), end /fé_, , recorded in
Table /] ave of the right order of magnitude.

Formally at least, the properties of this funetion for the
hydrogen molecule are identliesl with the properidies of Pauling's
funetion for the hydrogen molecule ion, The different funetions

‘//, ‘k;y and Vg represent resvectively = stuble bond, a very
unatable bond and vepulsion at all distances for bvoth of the molscular
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systems. Also, the bond emerzy for the single electron bond in H,*
is B56% that of the electron-pair bond in ¥, and the interatomic
distence is correspondingly greater, These results yvemain valid for
any Yeitler-London treatwent. If only these compubted resulis are
considered then, an e¢lectron palr bond micht he thought of as two
single electron bonds and thiz is indeed ithe viewpoint adopted in the
"molecular orbital" treatmont of Hund, Mulliken and Eickel whose wave

funetion is therefore of the form

ML,DM‘&. oy [/‘4/5(//3 o+ E/s /// )J {:A,s (Z.) ofr 5),5(2_)]

stater(®’) has shown that this molecular orbital funetion
and the HISP fumetionm of equation /5 become identical when both ave
rafined through addition of terms representing exeited states.

There are two facts which invalidate the congept of the
eleetron~pair bond sz being composed of two one~slectron bonds. First,
on this pictuve, the three-sclegtron dbond should certainly bs stronger
than the electron-pair bond. From Pauling's calenlation on He,* to
be discussed later, the opposite is seen H¢ be the case. The threew-
alectron bond achually corresponds both in strveagth and bond distance
%0 the one-electron bond. In the second place, the Heitler-London
type function, particularly when ionic terms are added is capable of
degeribing stable bond fermation by tuwoe atons of wlidely differing
electronegativity even though ono~electron bonds botwoen such atoms
are very wealk, Pauling bas adopted the view that the electron-palr

bond as vepresented by the function
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is of an essentially different cheracter from either the one or

the three-slactron bond, and hes explained this difference as follows.
The funetion % eelled variously a Heitler-London-Slater-Pauling

or H-1-8«P fupnction or a valenece bond wave function is symmstric to
interchange of the two electroms, The Hwe posaibdle conligurations

of the electrons represented by the two towms in eguaticn /7 corres-
pond 0 exsctly the saome ensrgy and this degeneracy between the two
states exiats whether the component atonw of the meoleculs are the same
or are different. OSuch degeneracy always results in resonance hetwsen
the btwo states and conseguent sitebilizatlion of the bond, but this type
of degeneracy is not found in the other single bomds., This is wmost
clearly brought out by the use of Slater's anti-symueirized wave
funetions which include the spin. These functions will be deseribed
in Part IX. It is interesting, however, for the present discussion
that in substantially all cases the spins of the two eleetrons in a
covalont bond must be opposed if the bond is %o possess the greatest
stability.

The hydrogen moleecule and hydrogen fluoride may be taken as
good exenples of the importance of covelent bonds. For the homopolar
molecule F, the stabilization amounis to about 4 v.e. which is 80%
of the total bond exergy. For HF, which gannot form stable one or
thrse eleetron bonds, the electron-pair stebilization emounts o 50%

of the observed bond enorgy, the remsining energy being ionie. The



izmportance of the elesctron~pair or covalent bond in chemistry
relative to the one or three~electron bond is thus derived not enly
from its greater strength but also from the possibility of ita
formation between any ansi all atoms.

Refinements in the functions of Helitler and London have been
mumerous. Sugiurals ) using Heitler and London's function dscovered
the method of evaluating the sa ecalled two electron exchange integrals
which oecur in all Heitler-lLondon type itreatments of mny;—eleatren
syatoms and was thus able to impyove the accurscy of Heitler and
Iondon's numerical caleulations. ’z?fané'/ )vax'ied the effective nuclear
charge occurring in thé hydvrogen~like /5 orbitals and deereased the
error in the dissociation energy by 137%. It is interesting to compare
the similar caleulations for the hydrogen molesule-ion. For both Hy*
and Hy, the fractional error in the value of [J), &8 caleuwlated with
the simples® wave functions is gbout one third whils again, for both
syatems, the varying of the effective nueiear charge 1s o decrcase
the fragtional error to sbout one fifth.

As another refinement, %f;‘einbaum(m) has introduced ionic torms

intoe the wave funetion. Mis lonice funections are of the fomm

(/g) \P =3 /J/_g (1)Bs(2) + 452 Bis (1) +¢ {/4#5{’) /4'5"/2')7"5;‘;//)55/2)}

thus allowing for the possibility of the lonie structures H'H™ and
BEH'. This funetion might also be considered as a gemeralizetion of
the molecular orbital fumetion of equation but, as seen from Table JT

loads to a far more accurate value of the dissoclation energy. Since
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the opdimen valus of ¢ is 0.858, the over-emphasis of ionie torme
by the moleculsy twoatnent is clearly shown.

The remalning ﬁppzaxima%e trantments ave of the polerizedtion
type introduced by Hosed'And mpplied by Dickinson %o ¥,*. Oimple
polarization of the /¢ orbitals leads to a [%kﬁﬁﬁﬁh iz but slighily
bester than for the ionie funetion. ore complicatad polarization
of the Cuillemin and “ener type was porformod by Inutli®, Thore was
yery alight (0.02 v.e.) fuproverwmt in the onercy over Nosen's valus.
It is interesting %o note the clomse agrecment botween exporimenial
and the averase of tho thearetiesl valuse of 7/ as given by Hosen and
Inui. (ef. Twble 77) Tolarization! 27 of the non-ioniec torms in
Weinbaum's ionic wave function, egquebion f/5) improved the value of
by only 0.04 v.e. Since more accurats wave functlions are availlable
{see Jamss and Coolidge's trestmont of ¥, below), it would be illumin~
ating to test hoth the lenic and the polarization type function in
order %o discover whether the polavization techuique is ap apbitieial
as 1% appears to bo. The comparison has been nade by James and
Coolidge only for Resen's funedion.(2 /),

the dissecletion eonergies, the inlbevabtonde dlstsnce snd the
vibrational froguency of the melei 7/ as calculated on the basis of
the various modols are listed in Table /I topether with the experimen-
tal valuss of Bellilor and Sandeman. For the most scourets comparison
of experinent snd theory, 1t is necossayy o deseribe the work of

Jamen and Goeli&gﬁi al.
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.e*?*f*:il»afmas h:;ﬁ demonstradad in his compudsiions on helium
the great lopordance of the interclectronic disbancs as a variable
in a tuwo-clectron vardation functionm. Consegquently, Jaoes and
Gooldee in forming a variation function for the eleetvons in @

hydrozen moleculs, introduced expliclily the interclectvonic distance

variable A= f;.fi:; Their function was of the form
K
; A w'/’)‘r"‘/{h) o oo 1y B ) mym e |
() t// = < TG b W NIV N M)
{ M)}ij}{.’fb -ﬂnjﬂ'f’ 4 ey . =4 o )

A and o being slliptic ccordinates. It is difficult to interpret
in detail such a function but 1t cextainly itakes aecount of the inter-
changeabllity of the two elecirons and represcents a charge concentrg-
tion betweecn the mueclei. The Best value of the energy which can be
obtained with p = 0 18 /L= 4.27 v.e., which is not a large impreve~
ment over Yeinboum's ionie tresiment value. The remaining 0.45 v.0.
or 10% eyror is of course eaused chiefly by incomplete represcatation
of the interelectronic interaction and should give en approximate idea
of the magnitude of the smallest error to be expseted in the best
H=1~3+7 freatments of more complicated molemles.

Using thirteon terme in the function of eguation /7, James
and CGoolidge obtained as their moat aecurate value of dissocistion
emergles [) = 4.782 & G015 Vi6., L, = 4,484 & 0.013 V.o.,
corvesponding o A, = 0.74 4. Tbe true slectronic dissocietion
energy agrecs extrensly well therefore with the experimentel wvalue of

Bolktler, 44454 & 0.005 v.e. Another couparison of sxperiment and



thoory is given by malking use of the theoretical dlssociation ereray

£ (//74;&/’ of the hydrogen umoleewle~ion, the lonizstion epergy of
the hydrogen ator 7/4/ and the exbrapolated speatroscopic value of
the ionization emergy J/4 ) of the hydrogen modeeulo. These quandi-
ties ave related to D /M) throush the eguaiion

L(H) + DAHE) = I(H)+ D, (H)

“eking fendeman’s velue of ) /4’jes the most scewrate, [/ H, Jie
ealoulated o e Y44 e, The prineipsl source of uneertainty
in this caleoulation iz cordalnly the determination of T{H,).

Ters iz but one more tmoaitment of the hydrvosen moleanle thet
mest be discuseod. This is the application of Yartres pethed made
by Conleen!23, Tnstosd of performine the neocessary inteerations
mmerically, Conlson esployed ¢xpliclit ansliyitic waye functions the
poaremeters in which wore detowmined by the application of the solf-
consisbont field ecritorion. Thus the method is essentislly & fom
of varlation treatmont in which ome~eleoetron or moleoulsr orbitals
are uped end conseguently would bo oxpeetsd to give & value of the
onersy difforing from thad of Yelnbaun only hooauge Ooulsents
meleoular vrbitale, belns oxpressed in ollipiic scoordinateos aro move
flexible than those of Yeinbawn. That this is the case is seen from
the figures in Table 77 , The improvement dus $o Coulson's ealonlation
over “einhoun's valus belng only 0.12 vl.e. or 8%, There is sertainly
o zreat advandage in the Hortzes method for simpls molecvles. In

viaw of the conclusions of S“amssi‘?ﬁ soncerning the inportence of



exchange interactions between core and valence elsctrons in molecules,
itz epplication to many-cleetron molecules would involve the Fooke
Slater method which is difficult to carvy out oven for slectronie
systons consisting of single atoms. Thus without comsiderebls further
development Coulson's treatment doos not seem very valuable.

To conclude this deseripition of the hydrogen moleculs, two
illuwstrations will be given of the considerable Aifference bobtween
the one and the two-electron melecular system. COoulson in his work on

{23)
the Havdree method izsead a moplecular orbital of the fomm

F = 5
1 men e u®)
o = € (Frgut]
in & preliminery calowlation. ‘Dis form of function orbital lsads
0 a qulte sceurate value of the dissoclation emergy of the hydrogen

molecule-ion in error by but 0.2%. Coulsen's moleeular orbital wave

funetion for hydrogen

Vo) )é, (2)

led to the value De = 5.096 v.e. which is more in error than the

value obtained by the simplest Heitler-london treatment. 4 similer
comparison of the work of Fosen with that of Dickinson, and the work

of Guillenmin and “sner with that of Inul results in the sare conclusion.
These examples show clearly that the wave funcition for the electrons

in a many-cloctron molecule hes smsll resemblance ¢ & supserposition

of wave functicons for single electvons whose interaction is neglected.

e gocond illustration is taken from Sandenants wm'}s{ 71 .



In his extremely aescurate {reatmsnt of the hydrogen moleoule~iom
Sendemsn found that the energyw-separation fumetion is represented by
the Pollowing expression:

£l = o trmse 4 LY, C 12708 Y
- . -+ 5)? >y
wheye

f= O

)(J o
This simple function represented Sandeman's compubed energy values

to better then one part im two million. When the variable part was

sxpanded it became

E,. = 0.408:5F¢ ‘( ~ 16978 § +3.09338% 2156584197756 -/ 40e3EF
+ 0.65258% ...
He then compubed from the bond spegtral date the eperyy functlions far

the neutral hydrogen molecule in ground m;mmf\(é ) /sis's,  and the
final state of the Fulcher bonds(¢é) ;c,. %> . These ave, emitting

the constant term,
- . { e -
E‘_,?—'&.746-'»75,,52'//—/4-mf’+/ﬁm4—“‘3-/,736,;{“0' 022;3;”)m!’ /sis S, and

’ 3

It is poerbaps bost to quote Sandowen's own econclusions. Lgquation
shows that "for the ground state of H,* the ..« [ emergy function ...
for the moleeuwlar rotuting vidbrator eould be writien in a very simple
form involving omly the first ihrse inverse powers of ( i g—)

Unfortunately this simplification is not capable of extension to the



states of the noubrel swlecule. The W‘E&Wﬁi&i expansions for the
1545 ) amd/svs P states of H,, while bdearing comsiderable
resemblance to the corresponding expamsion for the’ s Z state of
B*, do not sppear to be capable of reduction to any simple mathemat-
ieal form”. These data from band spsotroseopy present possibly the
best evidence for the profound difference in character between the

ons and two-olectron oolscular systems,

8+ The Hellum lolegular

In the foregoing aiswésim of the hydrogsen molecule and
woleenlar~ion, & rathey complete deporipiion has been given of the
prineiples of the H-l-~S~P method as 1t is applied to the simpler
diatomic molocules in the ground state. Ths eslewlations wpon Eg“’
add nothing new to the gensral pleoture af eovalend bond formmtion
although they do verify in one more instance the aspumed charactoris~
ties of the olectron-pair bond. The troatwent of He,'' is important
becanse it supplies the guantitative check om the proper#ies of the
three-electron bond. Sinee 1t iz the other single bonds which are the
ghief concern of this thesis, the helium molecule~ions will be disguassed
only insofer as their itreatment sheds new light upon the one-electron
&nd elechronspair bhond,

It wes poimted oub by Paullag! 49 that degenermey between the
structures |ie;.je and - should lead Yo resomamce end fommation

ef a stabls bond gbout a5 atrong a8 a ons~electron bond., Cusntitative



investigation of Hey* proved this to be the case, Of the three
caleulations which bave been mede (2927 30) the resulis of only
the most accurate one, that of Weinbaum, need be discussed since sll
treatments are of the ppme general form. The two structures corres
pond to two wave functions /. and ’%_ which when sdded together
congbitute & bebter spproximstion to the true wave function then
either alone, 7The two weve functions,

V=it g

V= %-%

lead to energy-separation curves of type 1 snd §, mgum 1y Just as

and

in the case of the hydrogen molecule-ion. For the sttrsective, g7,
state Welubaum gives Q= L.087 &, [), = 2,22 v.e. end Pauling comprted
the fundamental frequency 1) = 1950 earl, This is to bo compared |
with ghe experimentsl values of p = 1.08 4, /) = 2.5 v.8,

7, = 1650 cul, The dissoclation energy end interstomic dlstence ere
seen to correspond glosely to the walues of the same quantities for
the hydrogen molecule~ion and are thus charscteristic of a mith wesker
bond then the electron-pair bond in the hydrogen molecule.

It should be podnted cut that in the H-I-8-? trestment of
three-slectron systoms, the sign of the eyror in the computed value
of D, may not be debormined. The computed toteld energy W for the
elsotronic system lg, from the waristion principle, a lower bound to
the true tobal energy. For one and two-electron syeteme, the H-L-8-P
funcbion mey be made rigorously sccurete for large internuclear
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separation by proper cholce of the constituent stomic orbitels and
the velue of /), computed from such funotions must be & lower bound ©
to the trus value, This is not the cese with sny three-elechron

sysbem because the electronlc configuration a8 PR oo mast invelve
two electrons on the seme atom, & situation which cannot be described
accurstely by say known wave functiom.

Only one treatment of the doubly charged helium moleculs ion,
Hep** bas been given(27. The system is 4scelectronic with the
hydrogen moleculs 8o that the formel work is the seme as for He. A8
shown in seetion £ Pert II the effect of the increased miclesr
charge 18 primarily by increasing the Coulomb interaction of the
nuclel to convert the bomding curve of type 1, Figure | into & curve
' of type 4 without grestly sltering he equilibrivm velue of the inbem
nuclear diptence, This descrdiption applies quite socouretely te
for the computed interatomic digtence is 0,76 A as compare

L to 074 &
for Hy. Also the "typloal® curve 4 of Flgwre 1, is sctually thet
computed by Pauling for MHe! using en ionic function similar to thet
of Weinbeum in bis later work on hydrogen. Such sn energy-sepsration
function would exhibit predissociation cheracteristics. It is
interesting to note that whereas the hydrogen pair bond was fownd o
péssaaa about 20% ilonic chavsoter, that in /{c;" * 18 about 459 lomie
in character, & difference which must be attributed to the increpse
in nuclesr charge. |

- It should be mentioned for the sske of Wla‘baness that
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the intersctions of two neutral helium stoms is found %o be &
repulsive one characteristic of closed shells. (/4,3 2)

The object of the rether extended discussion of the hydrogen
molecule snd molecule-ion which was given in secltions 3 and 4 was to
exhibit the merdits and the defects peculiar to each of the muny treate
ments of Hy and H,¥ which have been corried owt. Perticular smphasis
was placed first, on the abllity of the Hedtler-Londen method to prow-
vide a plhysical pleture of bond formation in these two systems and
secondly, on the difficully of obteining accurate solutions of the
wave eguetion aven for such relatively simple systoms. The Heltlerw
Londen and kindred methode ave oven more impovtent, snd for the seme
reasons, in tresting many-sleciron melecules. For exsmple Pauling
found that bond {ypes may be characterized not only by thelir hest of ’
dissoclietion and interstomic distance but salso sccording t0 the relative
megnitude snd mutusl orlentation of the get of bonds which any one
atomic specles cen form. Though Pauling's comclusions were beged upon
quantun mechanicel consideretions, the yules which he formulated mey
be stated in the languege of structursl chemistry end spplisd with grest
generslity without even writing dewn explicitly ¢ Hemiltonden operstor
or & wave Dunchion, This is perhsps the most strildng oxemple of the
powey of the Holtler-London Yype trestoent in deriving now phypiceal
pictures of bond formetion, It 1s perheps uwinecessary 4o point oub
agedn that the Heltleor-London theory of asny-slectron meleculss would
be important sven though its spplication did pot lead o laportent
resulbs for at present it supplies the only practicsble method aveilsble



for treating coumplicated moloeuler sysitems.

411 theoretienl procedures for caleulating bond snergles and
distanges in poly-electronic moleeules are based on ecertain simplifying
asgunptions which involve approximations not inberent in the Feitler-
Iondon treatwount itself, The prénciple approximation eoncerns the eore
electrons of the atoms composing a moleenls. It 1s ssmped that only
the valenoce olsotrons enter into hond formation and that the inmer
aleebrons rewain on their regpgectlve abtens screcuning the moeleus dud
not taking pard in ivdersionic vesonsnce operabions., Thus Hiw aore
elsctrons are glven represeptationz in neither the wave Lunetion noy in
the Fanilionian operator. The fomal tresttwat then corvesponds $0 an
idealized molecule in which the c¢hargss of the core elocirons in cach
atom have coaleseed with the nucleil though thelr Ypheosts™ remain in the
arhits of the core and prevent the eollapse of the valencs eleslron
shell., An illustration is the simplest treatment of Li,” iu which the
Hauiltonian used is identical with that for Hy* while the atomic orbital
uaed corrsspondis o the Li L shelli. 4 secondary approgimation lavolves
the assumption that it is only the veriation of an atomic orbital with
direetion which need be considercd in discussing ite bond forming
power(t7), It 1s equivelont to assuning thet the radisl part of an
atonic orbital is a funetion only of the total guenbum munber and that,
' consequentily the radial funetion is the sams for sll orbitaels bolonging
0 the ssme shell. Uhen the moleculer model is siaplified with the

help of thesoe two spproximations so that only one olsetron shell en



each atom iz occcupled by clegtrons, and so that these elostrons

differ from one another only in sngular distribution the coneept of
"hond strengthe” spd “hybridization of bond orbitalas® introduced by
Poauling makss possible the semi-guantitative corelation of molecule smd
eryebal properties in beres of the bond types whieh the constdbusat
sbons are capsble of formuing.

The sspunption of idsnbieal radial Imetions for all eleetrons
in a valence shell iz not me arbhitrary as 1% nay seom. Since a0 adonie
waye Punotions foy veleneo olegirens sare agourately hnowa, this cholae
of radial Tuwnetions is eeritainly the simplest sad probabiy does not
introduce any uncertainties of greater magpitude than thoss inherent in
the Heitler-london treaitment idtself. 7Ths negleot of the inner olschrons
ia mors serious. Jawes has found for example both tho megunituvde and
the siszn of the ¥~L shell interections in the lithirm meleculs to be
unpredictable so that po simple rule invelving the cheracteristics of
the slectrune involved mey be set yp which womuld permit gradsadion of
the interactions ss to size. OSuch interacsions muy o of inerocased
importanee for the mere diffuse shells of highoy teotel guantim number.
Howeysr, in the treatmenty of chendenl hinding, as well as of other
problens, which involve negleet of the core eleotvons, 1t io found in
mery csses that good asressment with experisment is obtalned, partiowlsrly
whan the method enploysd is one of the pivpler ones avallsbls, In
lien of & theoretioal reason for the cancellation of error indieated by

these vesulis, the empirical faet of this cancellation must he faken



83 gupplying considerabls justifloation itself for the negleet of

the core eleetrons. As ususl, the primary reason for making the two
approximetions described is that without them the treatwent of most
molecular gystems would become incapable of interpretation and prqbib»
itively laborious. ‘

The remainder of this section will be devoted to a considerstion
of the various caleulations which have been made for the lithium mole~
cule and molecule-ion.

James has given an almopt complete treatment of the Lig*
system(34), 1is most reliable results were obtained by the variation
method, using hydrogenie rs> funaetions for the X eleotrons and & mole~
cular orbltal variabtion funetion expressed in elliptic coordinates for
the velence ele¢tron. The principles governing the formation of an
antisyrmetrie wave funetion for the molecule from these one-glectron
functions are the same as will be used in Section ILY for the hybridiza~
tion treatment of Ii,"* and honoe nsed not be deseribed here. 4All
caleulations of the dissecisblion energy are for an sssumed eguilibriun
seperation of the muclel R, = 3,0 A, With an eight term variatiop
function, the value /), = 1l.243 v.0. is obtained from which the limiting
value o = 187 & 0,08 ve0. is sotimated. Naking ellowanee for the
polarization of the inmer electrons by the ouler ones féx- the inexaet
ferm of the moleecular wave function, and for error in the sssurmed velue
of A, the final most probable walus is [, = 1,30 & 0,06, No exper-

imentally determined wvaluos for Dc and Re have been reported.
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The other tweaitments esxried out by Jamas were of the Heitler-

London type with and without explicit representation of the cors
electrons in the wave Tunctions and in the Hemiltonian. Uith the X
electrons included, s = 0.304 v.e., sbout one fourth of Jemes®
relisble walue for the dissocintion snergy. When the ¥ electrons are
not considered, De = 0,720 v.e., a considerabls change but still much
in error. It is illuminating to compare theso results with the vslues
_eomputed with the incomplete variation functions, & ama e +§/tz)
for the valence elesctron. ‘The former leads to De = 0,49 v.e., the
Jatter to De = 1,116 vie. The obvious comelusion is that the greater
part of the erroyr assvciated with using the complste Heitler~london
function is to be attributed to its limited Tlexibility in representing
one bonding eleetron. The same coneclusiom ie valid for the second
Heitler-london treatment but the contribhution of the neglected X slegtrons
cannot be sstimated when the most aseurate variation function for the
valonce eleetron iz used. It ie belleved however that if the fumetlon

é’“/ I+c/u.7’) wore used in a one~sleotron treatment of Li,*, a
value of the dissociation energy in exeess of 1.5 Vg wonia be ohtalnod.

James' calowlations lacked completeness in that he dld not

attoupt to provide the necessary inerease in Tlexibility of the Meltler-
lendon fanotion. A hybridization of the bond orbitals carryied out by
Pauling and Sherman supplied thils aafaet(ss). {ef, Part 11}, They
considered the system as & one~eloctron problem, With & hybrid hond

orbital composed nearly equally of S and ,0 orbitals, the dissoclation
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energy was cslculated to be [ = 1,19 v.e. and the equilibrium

internuclesr distance /{je = 5,02 A, The good sgreement with

Jumeg' varistionsl velues seems rather fortuitous in view of the
sasumptions involved in the neglect of the [ -shell electrons,
However the equivocel nature of the agreenent will be pardly dispelled
by the general results obteined in Part II for the lithium molecule
snd moletule-ion,

2lthough the chemicel bond in the neutral lithium molecule
hes recelved mors sttention theds the bound in the molecule-lon, its
naburs is not ss well understood due primsyily to the lack of & gusn-
titetive hybridization trestment. The first caleulation for Lip wes
thet of Delbrick(34, His prineipal object wes to estimate the cone
tributions made by the various interactions of the electrons to
repulsion or attraction of the lithium stoms and he concluded thab
the / eolectron interactions could be neglected, However, as pointed
out by J anes’ 39 , he &id not consider the most important exchange
terms juvelving the core electrons so that this conclusion cennot be
accepbed, Since, morsover, his sstimete of the bond energy and
digtancee was very rough, it is not conpldered worthwhile to desexlbe
his treatment further.

The second celeuwlation for the lithium molecule was made by
Bartlett end Furryl 37 using two spproximations to simplify their
Heitler-London trestment, The first spproximetion, the neglect of
the K aianhmns, has been digoussed et the beginning of this scebion
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and seens o same oxient Sustificd by the reasonable values Ty
the bond constants which they obtained. The other approximation
consists of the use of the “interaction operstor” in place of the
complete Hamiltonian and is equivalont to assuming that $he woleoulax
wave funciion reduces for R-»> oo %0 a combination of sgourate atomie
functions, The “intermction oporator” L-I' is defined to be thet part
of the complete Hemiltonien which correeponds $o the mubtuael potential
energy of the muelel or emrgad Yeores'” togpetheor with the mubusl
potential encrgy of elsgtron 1 and nucleus B and of slegtron 1 and
slectron 2. If elestron 1 is assumed 40 remain on muclous &, the
*interaction operator” thus represents the change in the energy of
electron 1 when it is brought into the field of electron 2 snd nusleus
Be The "intersetion snergy®

Ji= L VYH Y AT

S ydr

then corresponds exactly to the funetion £~ defined in section 2,

ite minimum velue &8 & function of p being equal in magnitude to the
dissociation energy D, - Jemes{39) discussed in some detail the
approximation involved in the use of the "interaction opeprator’ and
conoluded that in the case of Li, in particular the error was small
when atomic orbitals were used which led to accurate velues for the
atomic energies.

Bartlett and Furry used the nodeless 2 5 wave function
suggested by Slater({¢s) which lemds to an ionization energy for 1i I
only 0.08 v.e. lower than the correct value of 5.3V v.¢. Their
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caloulatlon of the bond constants should then be elmosi cwrroct
exeopt for the umknown contribubtion of the nsglveted K cleotroens,
setuelly they obiained [e = 1408 v.¢. and R, = 2,28 £ as compared
%o the experimentel values [), = 114 vie, and R, = 2,67 f. 1The
camputed dissociation enerey is rather acourate but their interatomie
distance is 15% too low, o somewhat greater error than the nsgloct
of the K olectrons would be expested to comtrivute, & rossonsble
hypothesis as to the cause of this diserepsncy is derived from the
hybridization treatment of ii, deseribed in seetion §-II'. Bartlett
and Turry found that the addition of lonie teorms $o thely molscular
wave funection merved 1o inecrease the binding emsrgy by only five per
cent sghowing the predominant covalent character of the iLi-Li bond,
The most complete discussion of the lithium moleculs Yo date
is to be Pound in the paper by Jemea(39, His fivet method is a com-
plote Heitler-Londen treatment including the K electrons using the
semo atomic wave functions as Tor 1i,* and results in's dissociation
emergy D,= 0.27 vie. &b 3,18 £ goparation. The introduction of
{onic terms decveases the binding energy by but 5 x 10 v.e. showing
oven more clearly than did Barilott end Furry's treatoent the
unizportance of ionie structures in Ii,. Since neither the variation
of the paramoter in the atomic orbi tal nor dhe use of the "interacilion
operator® chenge these valugs substanbislly he concludes that the
disagreemont with Baxrtlett and FPurry's resulits is entirely due %o

repulsive interactions involving the K eleetrons, A detailed con-



sideration of thess iluilersebions shows some of thelr surprising
gharactoriatics., For ezausle many of the luportant vepulsive mma
involve thuee cut of the fouwr e¢lectron shells or interchangss of more
than two eleetrens which is in contradiction with the mle gemerelly
appiisd that mulblple exchange operstions are of much less importance
than siuple single or two-slegtron oxchanges. DPerbeps somewhal less
surprising is the fect that the gign of these repulsive contributions
is intimately connected with the stave of the I elecirons taking part
in the exehange transition. The cumpllicated mature of the intoractions
of the  and L shell elecirons certainly makes it qifficult
4o undsratand how any treatment of the lithiws molooule involving
noglect of the core sleetrons could be rigovously Justified.

As a pooond method, James uscs a linear variation function
the individuak torms of vhich are the determinantal Tuncitions of Slater.
he Slater functions are built up from hydrogenic /S orbitals for
the four K elsotrons and onewelsetron wmolecular orbitals for the
two /[, electrons, the latter funetions beling of the fomm, expressed

in elliptie ooordinates

L=

The best value of the dissociation energy caleulated with an eighteen
torm variation function is [y = 0,82 v.e. using the binding encvey
for the lithium atom computed by Wilson with the sume type of funmotions
for the atomlc problem. Though tho veriation value of [, is consid-
orably baetter than that obtained by the complete Heitler-london



technique, thers is atill e lavgs discropaney, 0.5 v.e. Preswmbly
this could bo reduced comsiderably by introducing interelestronie
distances direcfly into the varfation funstion bubt such a prossdure
is not practicsble at the present Wme. The great difference in
aceuracy between the variation trestment of Li,* and of Li, illustrates
onece agdin the fundemental dissimilerity between one and two~glegtron
bonding systems.

The meed for a hybridization treatment of 14, is more asute
than it wes for Ii,*. In the firet plece no study has been mads of
the propertiss which a lithiwm I shell orxdbital should poussess in order
that 1% lead to satisfectory vepresentation of the electron-pair bond
in I4.* by a method involving nesleet of the /{ electrons. The
necessary properties of the orbitals for a hybridization treatment
sre different from those reguired by s upmodified Heltler-~london trest-
ment and restrictions ave aleo introduced by the use of the "interagtion
aperator”. The choles of these funations was nod discusseed by Bartlett
and Marry. In the second place, since no accurate and compleote treat-
ment of Li, including the care elpetrons is possibls at the ;t)msént
time, it is all the more lmportant to discuss fully the characteristioce
of any less samplete treaiment which yot leads to reoasonably good
values of the bond constants, which adnite of gemeralisation to more
complicated spstens and whioh provides a physicel picture of the bond
formation. SJeversl such trestments developed froam the genews) point
of view of the hybridizetion msthod are deseribed in detail in the



shird segtion of this thesis. It iz belleved that tle postulates
dexived from thoso now Srealments should be of consiferudle waluo

in future work on diatomic molecules wore complex thap Id.

7. Nitrogen, Fluorine and the Alkali Holssules

Most of the important caleulations upon homopuclear diatomic
molecules in the noymal stete have now been deseribed. 7The ones
remaining will net be discussed in much deteil since they add nothing
rew t0 the genaral pleture of dond formation.

Aund*th 1052 mde the fivet application of the Ferni-Thomas
method %o moleculay systems. It is much more difficult to apply this
statistionl method to dintomie moleeules than toe the most complicated
ptoms s0 that Hund wes obliged o »ely on an approximate treatment.
His results for N, and ¥y show that to first and second order correc-
tion temns the atatistleslly determined charge distribution for the
molecule is closely spproximated by the aum of sphericelly symmetrical
distridvutions for each atom, thus lending support o the valonee bond
orbital as opposed to the molecular orbital pieture of binding in
diatomic molegules. The Fermi-Thomas field for ¥, has been used by
Reoknagel (43} to study the charmetoristics of the electromic levels
in nitrogen with regard to designation and relative position. Hund
did not estimete the energy of his gtatistical field and hemee could
not derive the bond distance eapseially since his caleulation was
made for hut one intermuclesr separabion.

A gemefal treatment has been given by Rosen and Dceh&ra(‘fﬁ
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of the interaction of two identical atome each possessing one cuter
S elsetron of arbitrary quantum number. They use nodeless astomie
wave functions of the form

Vi) = o X

a.

in which @ is %the distanes from an electron to the nucleus in
unita of g, 0.589 4, 77 is the “effective” onelesr charge for the
valence sleetron and N the total guantan pumbor. Curves ave glven
of Coulcmb, exchanegy ard singlet interachion energiece for yarious
and 17, 7 a8 well as tho non~orthogonality funetiom, the equilibrium
distancs and tho fundemcntal vibration froquency 4s a function of
these sgwe two varlaebles.

The distomic slkali molecules may he treated by the Rosen
method 1f the sore electrons are assuned 0 ply ne role in the dond
formation apd for these Ke, De and 7. the fundamental frequency
of vibration has been computsd. The disscciation energy and intor-
atonic distance for Li, are essentially the same as given by Bartlett.
wheve experimental velues are available as Tor Ti., Ney, and K,( 40,46 )
the theoratieally determined guantitiss ave only in eryor bty about
107 on the aversse as may be seen Trom the following tadle.

Papecntage Svrar in

corpued velue of Idg Wa,, Ky
De ~16 -7 +8
E e & +6 9

ye 16 6 *l‘é



&b

Though these errors appear at first to be of a rendom nature,

gertein trends may be distinguished. Within sn agcuracy of § few
percent, which is all that is significaent, the errors in each of the
three quantitiecs wvary monotomically with inersase in atanie number of
the atoms in the molecule. Since the prinecipal source of orror in
the ealeulstions is the negleet of the A eleotrons, it is seen that
the effeet of the K electrons upen the three hond constants wmust slso
change in this siwple feshion with change in the atomie speoies,
Although the magnitude of the /A electron contributions cannot be
determined in any ons case it is felxly clear that it is the sodium
covalont bond which is most sccuretely deseribed in all respeets by
the Hosen-lkehava functions.

A similer treatment of valence bond fommtion by £ elestrons
wes given by Bartlett!#7) who computed however only the binding energles
and these only for 2 electrons. It would certainly seem worthwhile
to earyy out treaitments as goneral as thay of Rosen for gll the importent

types of interaction involving combination of S , f) and o electrons.,
ith this fundemental materdial evailable, s much more thorough atudy

of hybridizaetion could be mede snd meny at prosent unsclved problems
regarding bonds formed in many oleciren stoms could be treated, 48 &
firet stop toward this goal sll integrels necessary for the ftreatument
o2 sany homonuelear diastomic nwlegules consisting of first row elements
are being calculated by Dr. Veinbaum und the author with the immediste
object of studying the bond in the fluorine uoleoule.



II. A Hybridisstion Trestment of Liy sud Bey**

In the firet four sections of Pard II, the genersl tecimique
of hybridizing the orbitels for sn electron-pair bond will be des~
erdibed, Nelther the Hamiltonlen nor the stomic wave functions will
be given explicitly so that the formulee developed are valid for any
two slegtron molecule which cen form only pure S, pure ;6 oy
bybrid £ ,P bonds. For this reason the ecelculations may be bermed
Bformal® since they possess no mumerdosl and little algebraic content.

The greater number of molecular wave fwnotions used in the
caloulation of equilibrium energy end intermuclesr separation fop
diztonic molecules are linear variastlon functions of the Heltler-London
type. When /S orbitels enber into the lineer combinations es the
ground state orbitaels of the stoms of which the molecule is composed,
it 1s found useful to add to the ,s5 orbitels other orbitale correspond-
ing t0 excited gtomlc stubes. In particulsr, if zf orbitels are
combined linearly with the ,g orbitels, the "polerizstion® treatment
of Rosen is obtained. The principal resson for introbucing the &p
polarization terms into the Heitler-London treatment of [{2 is to
try to mecount for the concentration of charge which exists betwean
the nuclei and which is not sdeguately represented by & conmbination

of L functions alone. Although hybridization serves the ssme purpose
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for the 5 shell orbitele 1% is essenitially different in chsrvaeber
end purpose Lfrom polsrizabion.

I% should bo pessible to incresse the {lexdbility of molew
cular weve funchbionsz consisting of one-alectron wave Danctions for the
stomie ground states by adding orbdials corresponding to apy excited
atomic states. 4o before These  refer to the different stoms in
the molecule.

I7 bnly those exeited stomic stetes sre used which iie neay
the ground state then the process of linesr combination iz spoken of
This defdnition iz purpossly loose gince the wanimum

slloweble difference in eneyrgy between the ground gtate and the expited
stete which permits bybdidizetion of a bonding function veriss considers
ably with the stom in guestion. For the simpler stoms it is saificient
to restrict the total quantum mumber for the exeited state wave function
%o be the same ag the totel quantum mumber for the grownd state. T%ma
for the first row clements only S amd f wave functious mey be nwﬁ
in constructing hybrid bond orbitels. (See however Purry(3%).) Por
the firet transition group on the other hend the @ as well as the

and 5, ;ibmve funeblons mipsh be included in the hybrldizefion tresbuent.
By asking use of spproximations degeribed in Part I, Section 6, Pamuling
wes sble through the hybridizsbion methed to predict the relative
sagnitude end orientation of the bounds which any one stom could form.
The most recent complete socount of this subject is to be found in
Chepter III of the "Hatwre of the Chemicel Bond®yss),



In the fellowing discussion, hybridized bond orbitels will
be considered primerily to be nperely s particuler type of linenr

varisbion Danction.

For the simple s F hybyddizetion which occurs in the L sboll
Peuling's theory(49) predicts thet the bond enerey De and bond
strength § are related by the formils S=4& [, The bond strength

is defined as
I+ 13 ¢

T v

~ in which ¢ is
Viec?

the relative amount of » mnd g charsctor in the bowd, These formules

were derived from the postuleste that the bond forming powsr of sn atomic
orbitel is proportiomel to the magnitude of the normaliszed sngaler part
of thst orbitel, The meximmm value of § is € which ovcurs whan ¢ = {5—
corresponéing to & betrabedesl hybrid bond, ¥e wmey slso consider the
guantity to be the verletion paremeter in the one-electron soleculsy

wave function )
V2 gﬁ; = A+ +C/Ar+8¢)

formed from the hybrid atomie orbital (As +Ap) -

The energy corresponding to this one electron wave function bhaws
been gsloulated by Beuling and Shormen( 39 with the sssumption of S P
degeneracy. It is found that the relation between | and [) is most
aocurately reprepented by the fovmmila
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2

De o« ‘SI rather then by o ldnesr propor-
tionality. The devietions from this quadratic formuls being less then
10¥ of the bond energy over the whols range of values of R . the
apbimum velue of C iz also found to éiffer from 3 by less than 209
for a considersble range of internuclear seperations. The simple
pleture of binding energy provided by the uge of bond strengthe does
not apply when the energy separstion of the Li &5 and éf levels is
taken into sceount end in fact the opbimun walue of ¢ in thie case wes
found to ,9  instead of V& .

The hybridizetion of the bond erbitels for the newtral lithium
molecule is not the streightiorward matier it :m in the mlwul@«im ‘
gso that the Jdefinition and dnterpretetion of s ¥hond strength® function _
will be postponed watll the nuwmerdicel resulie are descerdbed in section

8. For the present we will content ourselves with constructing the
most gensral formalism eppliceble to the Sf hybridization of an
sleotron-paly bond.

4 divect analogue to the trestasnt for List would bo to build
up & Heltler-London noleculsr wave functlon using es stondc orbitels
A l1)+c Af(,)) Aslz&}-rcf,qj(zjam. in place of ,45{/}),45(2)' As.wi‘mea to e

28 type abomic orbitel for sucleus A4, Af_,w & 2ptyve orbital for
nueleus A4 . The electrons ave numbered Jor 2 . Thus the linear

varistion function of the non-lonic Heitlep-lLondon type would be
(As\ -+ C’A,P‘) ( Bsz-i- Cr‘Ba,z) -+ (B_;I—PCBPI)( As_;i: CA",_) :



| S
From Bertlett's caloulation, we know thet the A/ molsouwlar funcbion

corresponds a2z usuel o the attractive sbtete., This may be resvitten

&p /AJ-—I—'CAT ,)/ B+ ¢ B‘f) e (85 ""Cgfy(As*C ’4‘?3

using the comvention from now on that the functlons of electron 1
ocour Zirst in cach produch. Vo must ape the game ¢ lo every term
gince we cannot Cifferentiste between the elevtrons nor between the
auclel,

If we open the parentheses end collect the coefficients of / ,
€, end C wo find

t , 2
ém%-{»,ﬁcﬂ*ﬁc Lps
in which

2P = AB+BA |, "ZY¥ = AB+B4

(1) j _ .

Foruelly, the computetion involved in micimizing with respeet to € the
energy corresponding to fa' we pee is identicel with a "polerization®
trestzent and hence involves the solution of e cubic eguation in ¢ and
gubgtitution of the appropriete root into _‘E s in order Lo computs

the aoleevlar energy. ¥Ye nmoy generslise this form of _é s homever, ia
o slmple way by removing the funetional relatlonshid betwsen the coefiie
ctonta of ¥ and of ¥, . Tous ws write the linear veristion function

‘19” fZ@,L-:: \I/,+k.q1+ ‘21,{\23



which reduces to the first case for Rz 44, As is well known
in-ghe case of a variastion function such as éz we may Lind the_
corresponding energy value directly by solving a determinantal equation.,
A different attack involves the use of Slater's antisymmetric
gpin-orbital wave functions{ €9, We define the equivalent orbitels .

x4
S P degeneracy being a,.s-mads Aﬂ. and K - where o end ! my

refer to g or do ( ), snd the #pin functions N/ ; 7/’ ave sithor &«
or B . From those we may construct a wave function, antisymmebric
in the electrons in sgreasent with Peuli's mule, of the detersinantal

; Ar (1) ) | Bg_,(i)yl(l)

o

s Ae (2) 7//2) ) B@‘ (9 9't2)

{orm

A Iinesr combination

(20) 'ér o b("lﬂ":’\/,*\/') Copryy

A

of such functlions, aelse entlgymmetric, we nay assume to be the noue-
ionlc wave function for the elecbrons in the molecule if the )¢ are
independent. Ve proceed to find which determinsntal funetions must be
ineluded in a linesr variasbion function end try to clscover ae meny
relations as possible betwaen the coefficients Crrly 7 meking wee
of orthogonality end symmebtry relations. Ionic terms sre not included
since they were shown in Pert I to be unimportent.

Let us congider the sump over y end ,)//i‘imts We may meke

four digtinct permbations of (,W) « These eve (1) oo (44) A8

vk
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(111) ap {iv) Bo However, we may equally well choose any four
mtually arthugéml spin functions and wo will find it useful o

use the thres symetriesl functions ’ej,’,_, o, »@:5/5’ M{{: a/ﬁ’.,./gx
and the sntisymmetrical ons Ajf; = dg-Lo + In ordex to express
our variation function in terms af’ these spin functions, let us expand
twe of the detorminants and teke the sum and difference aS new
funotiens, £ *(mo! ¥ ¥’') =

! " /

= {oﬁ(a: 7! ) % D7 1Y) = 75 (Ae G F Bl Al 1'% /)
The —% functions arve independent and contuin explicitly the spin

=
functions thet we have chosen a8 may be seen by glving the & sign and
- ! their verious possible velues. Ye notice mlso that for each
]

choice of (q"'g-— ‘) there are bub two possible orbital functions entering

into }':’l= s DamSly
)[i/"j}'d") = ArBq = E;‘ A

Combining these pleces of informatien we find it peossible to express
f as follows ,

o) &= (Lo, rhenwhes)E anflir) s des Zetf o)
The dg are mitually orthogonel so that the general veriation mﬁmaa,

4. 5, may be decomposed into four independent functions which repree-

sent four non-combinine states. The triplet staie, with symmetric

spin funciions is seen to corvespond to the orbital wave functions

/’ ’/qf,r') which are enti-synmetric in the eleetrons while the

singlet state, with antisymetric spin funetion gorresponds to the



sprotrie orbitel wave functions f ) mie situation is one
which exists generally since & a8 a vhole must be antisymmetrie
in the elsotyron coordimntes and, in addition, symmetric and anii-
asymeedric funetions are always orthogonal to one anotherw. Ve will
mot include the spin in our functioms from now on singe the spin dees
not affect the emergy in our treatment, Also, since we ave primerily
intorestod in the ground state of the molocule we will consider only
PA ][ *lrr)efrr']  the antisymmetric spin fusetion having been
shown o give the attractive state in a clogely similar system, the
hydrogen molecule. The computations for the 7/ ]L Treile fr |function
may bo obteined formelly from the ealeulations for Z f +C
by changing signe systemniically.

e may now begin to write down the £7(7T']  emplicitiy.
The four cholces of ( 7,7} ave $5,4 f Sp ond ps We can transe
form f */;(f‘) into ]L ""/ﬁs) by interchanging the nueclei and sinee
the energy canputed is upaffected by such an exchange (the Hamiltonlan
is symmedrie in 4 and B coordinates) f*/iyﬁ) and /’?’/:,5) wust
enber with coefficients of the same absolute value. Since, moreover,
the remainder of the variation functicn i symmetrie in the muclel,
the coefficients of £ /s /b) and / Z’g’ 5) et have the same sign
in order for two funetions together to "combine® with j (s s) end
);1»/751 f) . This may be seen in more detmil by treating the four
funetions separately, and factoring the seeular egunation ete. Ve may

now lwmp the S?z functions together into "?f *{hﬁ}fg .3][ *&f’) "“'/*/f’f)-



Corresponding to [of 8 -—ﬁa{) we then have three poesible orbital

weye funedions

Y2 }P} = As By + Bs A 3 z"':‘[@:': A?B?*SPAP

292 U, = A B, + By hs + A4 Bs + BsAe
W G =W+ AT kY,

The funetions have slso hoen warked ocut for the mglear anti-symmedrie
state and for all lenlc states but as no corresponiing mumerioal
results have been obiained, they are omitied. The orbitels fur the
attraetive // state mre seen to be identicsl with those obtained by
the fivet method. However our choige of variation funciion has now
beon justified by a move gemeral theory so that the two parameters k,
and k, ¢an be thought of as entirely independent. This will prove %o
be of considerabls velue for our later development.

3. ‘The Segular Ii

Having chosen a linear veriation function of the farm &= s f
- £

untion

we may caloulate the corresponding emergy |/ in terms of the matrix

elsments

\A/: WZ e; Cj “U
Z C: {':1' dff

O L Hy Sry

v 7
s SRET = faar



It is well kmown that W may bde minimized with respect to emch of
the (. and that the cgefflelents () may be caleulated after the

}HJ” ‘J’W\"“O

bes been aolved for \y/ . Ve have here placed ,L/‘j =yt /-/ﬂ

ssoular equation

The ssouler equation is symmetrical as it mmat b if ite raﬁm are
to possess physieal interpretation in a quantus mechanical prodblen of
this typs.

Yo may make a few remarke upon the signifiecsnce of the ihree
real roote of the seeular equation. If we muke & linear transformation
= Wi }[7 for which

although the roobs remain the same since a linecar tranaformation eorresw
ponds merely o adding rowe and ¢olumme. From the charagteristic
mtrix of this determinanit we nmay comsiruet the gquadystlie form,

?f ; Gcs 7 “7’13
which has the foilemmg roperties, The minimm of £ subject to the
sondition 2 el oy



is the lowest root {(eigenvalue) of the seculsr equation, and refers

to the sigenfunetion Z:' C(I) 74 /m

The mext lowest rood (sigenvelue) is the minlmum welue of X
subject to the additional condition en the ('S that
2Bl =
and »efers to the eigenfunction
: c@ )(; ‘ %2)
The normelized eigenfunction ¢4y corvesponding %o the third root is
orthogonal to both (f,and (f) . Although the tramsformation to a
set of opthenormal functlons is not unigue we =ee thet the thres roots
of the original seoular eguation
| Hy -
can gurrespond to but one of a number of seis of three orthogonal states.

di| W |

The roote of the seoular equasition will of course be dependent
upon an interatomle distance parameter £ seince thias quantity enters
into the Hamiltonien /—/ , 88 well as dmplicitly in the wave funetion.
Our procedure will ha: then, to fiad the /—/‘- and [{ for each velue
of ¢ end solve the resulting seeulsr equation, for tm emorgy W (g).
Then the minimum value W(¢) pyn of |W  @s a funotion of ¢ will give
the energy end intermuclesy separation for the most equilibrium config~
uration of the moleeule, In the noxt sestion we begin the process of
evalusting the quentities //; and a’g/ .
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4. The First Reduoction of the Inersy amd Non-Orthoso

Elements .
The Z have boen seen t0 be symmetric with respsat to inter-
change either of the two muslei A, B or of the tww elestrons 1, 2,
This symmetry may be sxpresaed by writing
(22) V= r;-é". (a+E)e+E)T,
where 7:' is a product of two atonio orbitals ope for each nucleus
and Q) &E are exchange operators with the following properties,

a- Ar//) @: (2) = Br(1)A,(2) exchange of nuelei

£ /4( //) Ba., ('2) e /46_ {»2) Bo.., (1/) gxchange of elogtrone

E /L{'/) B ()= /‘73-/’) 5;, 42 1dentity operator

0 H = &H = H the Haniltonien is eym~
i ~ ~ metrie in nuelel and

The three operstors ere assumsd 0 be associative, commutative and
dis teibutive.

#ith these rulss which are of qulite gemeral application, the
expression given in eg. AN for 1; is eguivalent to our Mrmer
definition, eq. /9’ Applying to the ovaluetion of the integral
wo find
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Hy= ¥ /Z/ﬁ’*f)@mT}H{(a-;g)mg);;}dr =

/ ’ . :
z /,’f H /(Z?—fg)/mg)%fji A7
because :
: i : A ) I = .
/)‘./)f/./j.wd’i" wﬁa%jf/;/{g"}af?" :Jéé}zi1<]ﬁ{£¢’fﬁ/7—
= faenpy (aep)ar
& 4 7".‘3/475/45)15;%’,4?/4?# é;;& thmé',j}”:,}’ while if

2;:4485: B AS» 43957 . @@m dé?f"—'zi” In either case /'/;j

may be roeduced still further to /7;5//4/54-67-)6”/6’/7.

1 J
Pinally the gemeyal expression for A = = A/‘-j+/1§',' ) which iz whet

ooours i the seoular equation is '

Z{j. = 7;"*/[’}” Hlteserare)R[] + 1} Hlte+exa+E] ??]jﬂ’f
Taking V' = A B B=AbL, %=A Bive tina

2
= (ABIHIAB) + (ABIHI BA)
i f/{sﬁs/ﬂf As%) + @&/HIBSAQ
= (A& THTA, 8 + [ABTHTG, A )
2 L‘é{(ﬁg%/ﬂ/ As Bs) + (A By I HIBAS) + (A E;e/g/gfﬂshmggf/g/,f;’g)}

= (ARG THIA B+ (A BJHBAY | A= ARIAE)+
(5105 4,)

The ocustamary symbol (A;Eﬂﬁfﬂ;&}) has been used for the funetion
/458,3 g/{g % ‘{T

X

X
'\a

X
<

{

N

{




with similar syubols for the other integrals. .
The two fusetions (As8/H|AB,) end (A:B,/HIA,B,)must

be distinguished from one another since Bfﬁ/ A ~+ Aéﬁ Bf,

The "barred® function, egual %o the arithmetic average, is introduped

to unify the nomenclature. The bar ils of course superfluous whers

7 end 3’ eontain the same number of S5 functions, that is, for

M/) /{22 § H33
The Ay ooy be easily obteined, fommally, by putting 4=/

%o have now developsd the fommgl apparatus for treating a
hybrid < /b elegtron~pair bond in o perfectly gonersl manner,. In order
to gzive numeripal conient to our eguations we must now introduse

azplicitly our stomic wave functions and HEamiltonlan operators.

5. The Cholee of Atomic Yave Functiona
It is of considerable importance, in practice, to choose

astomie wave functions properly. The very rapid increase in the algebraie
complications attending the evaluation of the integrals with an appav~
ently very simple change in the siomic orbitel function, dirested

towards increasing their seccuraey, forees the computer to choocse
relatively simple funetiome, On the other hapd, too great simplificy~
tion prevents obiaining results which are gquentitative enough o meke

the computation worth while in view of the many qualitative discussions

of bond formation which haye appeared, In addition, atomic wave



functions of the anslyticsl cherster saitable for this type of caloue
tz.emw have not been developed in & coherent fashion for sll the first
: xw almnﬁs end for esch of the two L orbitalsy This latter limitaw
tion mekes it necessgry to use stomic wave functions ot lesst as simple
- g8 hyGregen-like onege Here, we shall wse so-called ®nodeless® weve
functions of Steter ¢%)

The 2 S functions are of the f‘am

34

{aa) i..
13w

.—~~’¥ L

A

i(

¢ Go=rediue vector from mucleus 3,

which is seen t0 bo e noruwslized function proporticnel to the radisl
part of & hydrogsnic 270 weve funcbions The 2 /b

nodaless wave funchion

is of the form
i
Ap= e & laa) *"‘""@!% s &, measured from the axis of the
molecule, efy Figure l1a,
thus being normelized and depending in the same way ss the 2.5 Dfunction
upon the parsmeter A « Thers is scbuslly no difference between this
function end & hydrogemle 2 pwave function with Z'=a24 » The ine
troduction of the "nodeleuns® functlons heving the game redisl part for
both ;a?aand 2 S orbitals simplifies the eveluation of the integrals
consdderably snd mekes it possible to sbtudy the dependence of bund foxw
metion upon the anguler part of the stomic orbitsle in a less o

faphion, #s8 will be seen, however, these functions represent the atomle
orbitels quite well, if a proper choice of o 1o nede, in the renge pf



: T3 b vadue as given by the distribution
funcbion, Since it is in this reglon that the orbitals for the two ¢ife
ferent atoms ®overlsp®, o fit here is most importent,

¥We ney compere these nodelesy wgve functions with those compubed
by the varistion method or the method of the self-consistent flelds For
the Li stom two caloulations sre svalleblewwthut of Wilsen (43) in which
the gyebem {8 tresbed ss s varistion problem, end that of Fock and Petrow
ﬁﬁm‘fé‘/)wh@ use the Hertreetls method minding exchangs berms.

Yook and Petreshen slso glve the redisl part of the 2 weve

functionss Since the wave functions for the atoms, in our treatment often
involve linear combinctions of 25 snd 2 f» wove functions and since, fups
ther, the radlel poerte of the wave functions for these two orbitals are

taken to be the ssme, some gyerage of Fock and Petrashen's 2.5 and 2P

functions should be used for comparison with the nodeless functiona. In
& physiosl sense, the "overlapping® of the stomic orbitsls is most resl
ir ‘hh& electron distribution Dwmetions overlep. For this reason the
srithmebical mean of Fockls 25 end 2 p distribtution functioms 1s plotied
a8 woll &g the 25 and? P functions themselves., The srithmetic mesn le
suggested by the fact thot in Lig', Peuling snd Shermen fouwnd the bond
%o have 50% charsoter, Thie zversge distribution function is fitbed
most clossly by & nodeless funetion with &= .58F, So good ig the

sgreement thet we mey consider thel for I4 the only sources of error in



Ithaaa L shell ztomic weve functions liss in the assumptlon of identical
radisl perts for the 285 and 2p wave funetiong, and equsl importence of
the S and 2 p functions in compsring with Fock-Petrsshen valuws, It
will be found in section ¥ thet wainga ™ S#5 it is nob necessary to
hybridise the sngulsr part of the none funetion, Oonsequently we also
meke caleoulsbions with /=" corpesponding to the 2 Sorkital in
order to be sble to use » hybridisstioen trestment which mey be compared
with thet of Peuling end Shermen for Lig® .

For convenience in determining of , & tebls of values of the func

tion P
%C{.jﬂ“‘@ 25

wLa mas up fora=/5 and thirty-five values betweeh zoyo abd %em of A 4

seades 1t is then possible

to find the velues of this distribution functden for eny velue of
ether than 1,5, This table mey be applied to sny nodeless radisl wéve
function for the L sghells |

The choice of o for use inm the Bell orbitels is made quite slmple
by & procedure which probably does not introduce se much m{smw
us the method of trestment iteelf, We sseume Lhet the K electrons
screpe the nucleus Yo the seme exbent in both beryllium and lithiwm so
thet the effective nucleer charge =/ for the beryliium L shell is
greater by ons then for the lithiunm L ehell, Since »for lithiun is 1,176



a3

we teke Z for beryllium to b 2,176, It will be shown in the nexb
soction thet with the proper definition of energy and length units, the
guantity % for ed L electron in sny gysten ig glven by

!

y Whoresis the nuclser cherge less two.
Thup for Bell A =0,544, This velue will be uzed in the non-hybridise~
tion trestment while s in Liz & =o0,5 will be used in the hybridizetion
trostment, It iz interesting to note that our value of & chosen oe-
sentially to fit en sversge Sfweve function for BeIl agrees quite closely
with the velue chosen by Sleter ol = 04545 for Bell using an opergy cvie

terdon, This is not the vese for LiI where Blaterts velue iz 0,63,

We trest Liy wnd Bey'' a8 twowelectron eystems comtedining two
stbracting cenhers ecch with charge #Ze. If we choose z coordinate syse
tem as shown in Figure 18, the Hamiltonden operstor H is
H= |- (V57 e ¢ -T2 zel ze_zé 2/

i e &, e g Ay, J
We define o set of %atomlc units,® which we designete by <-4, ,
Unit of length, Q. (redius of first Bohr oridt) T;H'Ez*"' 0.50854
Unit of onergy, %f; = 2x energy of & hydrogen sbtom in ground sbtate
= 27.08 vees
It might be mentioned for the sake of complebtenass thet if the electronic

rechk moos ig teken a¢ the megs unit then the unib of time is the



part of the period of sn electron in the firet Bohr orbit of hydrogen.
An exbenasive llst of various physical quantities expressed in these
stomde units is to be found in Condon and Shorbley’”We should poiwt
out thet for the purpose of reducing the Schiodinger equstion to atomic
units it is necessary to define only the enorgy and length wnidts. In
4.y, the Hemiltonien becomes

e

ST T >

= g+l Loz 2
H fvwwt) L L - -2

¥ introduce now o chenge of scale such thet the units of length end

be @, = 4 ¢ Z ¢ um e
' : -—a ; e = Car e 3 T T
energy become Zr(.” an E= = /E—-,- ¥ e T VzZe
K
The Hamiltonien is then reduced to the form
b L 7o b sy = o de e o
'le = =3 %'+ V‘LL_) -+ % e v Z &, o g A=y

Por convenience in compubition we will divide the Hamilionien
into parts which are funchbions respectively of only electron 1, only

electyon 2, or of both slectrous,

R T - o v H=et b 2o
end write | | — ;
~ ! < < A

Using /|, alone with ¢=/ . it iz possible to compute the energy of
. )



en T shell electron fn a Li stom as it is desoribed by our 4_ or / ,
functions for comparison with the emperimentel velucss
The 2s snd R energles sre glven by

/. |
W, Ml-59 S draa Wz Mpl-2 7 D) As AT

s,

respactively. We may find :Zi v L,z;f, directly since /]/Q is & hydyow
gende wave function and is thersfore & solution of the weve equstion

The effective nuclesr chevrge here is ¢ w0 thet, since the tobel

quantun number n = £,

2 ‘*:')")2" 2
. A
\.’Y‘J:: -t -
/f” pol »'_}3’3‘ “&

end o B 2 S A& S
5 ¥ Aj’* /E“ “";‘S{ )Af

Tho function / is not hydrogenio so that /. 2 *7%) mist be computed
divectly, Ve find

‘A & o ‘
/ z v— e W T i e
The extre last term is cencelled by the / = 2 / o )ta\m of the
T He (9mE TE
’ !{,z-ﬁi-}:dﬁs ¥ é’;a A oy



Laeplacian in the cage of the /4 Fe function, We seo upon substitubion
into the expressions for \r\J snd WF thet the 28« 2p seperstion is

—W +Wp = fdt = /w» A7 Do

In order to achieve 88 2p degenerscy necesssyry for o asimple
hybridizetion trestment we will modify the operctor (- f\7 2} when it is
followed by the function /4 ¢ by adding to it the tern ;f'z' ~ » Thig
includes sll cases mince we always compute O/ “ in the seme coordinates
a8 the orbltal upon which it operstes 1s expressed. Then for either

A_g or '4/° we will have

Lo, = (2 EAL,

This expresaion will be used in dvalusting sll of the inbtegrals of the
type //45 i //:;//45 L;,b)) (/'45 5;//‘//4;5&) ete,

If we wre interested in arranging for the gorrect S /b Sepa-~
ration 53}: =/ ?fyﬁ‘@ o 147# 4.4, pether then in meking the
levels degenerste, we méify the Hemilbonien éJ ; by sdding to it the
constent &, = A, whenover H,  1s followed by the function A
Thue for example,

(AsAs /f_/’l/ Ps E‘a") - (/Ar' 5y )//J/b,»} Ep

i ——
» while (/45 /4;’/ f{it //,)/: bs )“:0
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This elterstion gives for the added one-electron energy corresponding to
the bond orbital //i? 7’"55)%: s

' (//4/4&1’ /Js)"f"(ﬂ/y A)

WA -
! . 14 ) - (B 1 As) {

ra—-

and upon lettdng [Q —> O, we find thatW¢ hus also been changed
by the proper smount, 5% ’

The stomic L shell energies celouleted for two velues of X and
for the verious cholces of vperstors are tabulabted in Table /Z together
with the experimentsl 25 and g:f energles for L4l and Bell.

¥e have expressed /“/Lj in terms of functions of the tyg;e@y‘f,//:’ :‘:,,5}
which we mey uow reduce to the mumbered imtegrals/ ----Zyemd $,5. Sz
given in Teklesy . We procesd to evaluate the gemem; integral

/4;52/{5’, D, /7= (ABIHICD)

in which A b5 ¢ or D may vepresent A, Ap, s or ,b/, « Briting

/ ,/

F=¢  end using the modified Leplecien L ;7) bt ot the mods
fled Hamiltonisn (/-f +,u‘) we find

(ABIHICD) = 44/«:,){ 8/p) + / ”‘7 L

;o
DA~ P - - % Rl (%
5 Mm)/eah*" - L L )T+ (5 DYAC 2 *';)”
it



“/’Kf//% }///% /: (,” W\:—,,. w?‘s’i - ...)/// .;/a‘/b/ﬁ /,4 :_,, Jfﬁ Z%’)"'/;’r

Fac i
(AC]E /\)/ w«"{f / 1 :?l:*a LD AT AT

W

(i) % [t o) £

@, Loy

) /
The gymbolsg ¢, - 7 A7 correspond to the srguments of the funetions

nuclel. We have two cases to congider; when /-zrd and meqﬁat-:{{

Since we are only inberested in non-donic terme, -z 4 lmpliss thab
6= & while 4% ' implies thet & =c¢’ , The two types of
integrels ere usunlly called "Coulomd® ond Pexchange? integrals, They
becone

-~

7 " N 5 A Y | f 2
S 4, 8. HC D, AT = (AIHEID) ‘?" ")+ / . *7—5 d

<~

\\}

A7



J“ / 4::’,_:1 ..,::« B, 04T -i-(b/ﬁ)// ,M'M:-)éy[t/‘
"“‘z

|

\

Y. l¢) //<~ -+ a%/}fﬁz}drpﬂf @) Jta-ii+2) AT,
st

Our procsdure in evaluweting the fuwctions _//4, By /lf/, {};/")5».3 then
8 follows. e firet debermine the form of the ;/,, integral by roe
arrenglug A4 ---[ into the erder given in Tekle YT « 34044, 5, De .
A knowledge of this ordered preduct of four stomic orbitals is then sufe
ficient to determins the ecoefficients of the remsining integrals and
the form of the integrals themselves im equation. We give ss sn exempls
the caloulation of

(A BIH]AE) oy [As ()5 barin

k

which is of Coulomd type e / A ! /@_3 ( iJ< 13 \ . {/ w- «‘"}

S
p

41 \) -
/ s (1 P f'/a _,4-.//414/ ‘i‘iLw 'j&df?%{/ /‘5’}/!;;:}«‘{/4 AT

"“‘I&.

i

e |
¥ ) s B o

e O./. /‘! (é—-‘ - / 4= !“,,# -+ K (l.:,r’_)(,, 1} ,(:; o 3 F /f
J

cen
Sinve’ is alweps a factor of the T. end of¥-x* wemse .= L7,

in preparing Mﬂ%ﬁz table Of uging Teble X i glve .H=$



torms of the (f‘?, 5, [ H fC, D.,_)i\matiw. Fithout Sf seperstion copw
rection the d;; may be computed formelly by plecing fl =/ dn the
sxpressions for H j on page 58 .

The foregoing culculstions show us wheb the S/° seperstion corw
rechbions must be for the /4;’} ¢ mmaly é{}?ﬁ/g /V‘j' « The cquantity
gives ons-fourth the mumber of times an function occure in

e moy tabulobte these correction coeflicientss

33 1. 18 g 28 5B

sepcrolion correction 2 8/2 3 1 1/2 0
coefficient

The numberical evslustion of the M, 3 o’{g end indivicduel integrels
end mebhods of solving the seculsr equetion are given in Psrt IV,



In carrying oub the arithumeticsl work which ie necessery o trang-
lste our formulze for the ,l/:;- into thelr numericsl velues, it 1s cone
venlent to sepurate thet portion of an »//9 wideh is dependent upon &

alone from the remsinder cependent on &/ snd Z, To do this we rewrite

Ao

H.

g in the form

Hy = (st + & Ry +dyl-ot &) Jzu il -4t

For given choice of 99 end £ (= 0 or an &) ,'134_ / is & linesr function
of d s &6 we see {rom Table X, » 80 thet the computation of the ?/{/
and /L/ is a simple mstier once the values of }{;J‘ for two cholces of &
have been determined, In the sbove expression %’7 is the tro-oleCw

tron integrel (iverap) P —

w/}” ;/_/ AT

which i 2 function of QC alone, Conseguently we nmey, slternatively,
compute ( ,2/ ~f /\”)“’A . directly for two wslues of & , and
glven = 5 p tneae obtain the values of /Lj for other X

L second useful device invelves the introcuction of the quantity

/‘ 5 )\ = }éf« . f‘m The seouler equstlon then becomes

| Ay =5 2|
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instead of

E‘J *"d'cj \\/l::" O

Though formelly there is no dif{fercnce between those two expresslons,

the use of the forwer effects & greut saving of computationsl lubor by
.rwicing it unneceszery to celeulate di‘,“ ( —al+ (‘%—-) for each o @, 2z, /';}"
Indoed, once A hes been found the dissocistion energy [) is celouw

leted cb once from the formule

D = (/1*&?.05-”**?‘)0[# &

Tho first celeulstion mede for the lithium molecule wes for the
complete hybridizetion trestment described sbove, With £= 0, w= .588,
corresponding .ta sp degeneracy and the correct gsometricsl distribution
for the atomlc orbltals, the veluec of D computed sre of the order of
4.5 ve@. w8 compared to the experimentsl Dg = 1.14 vee. The equilibrius
internuclesr seporation is found to be sbout £ /5 . elthous the exporde
mental value is 2,67 /f « Since similer though smeller discrepuncies
exist in Psuling and Shermsn's caloulations on Li; vhen there is assumed
to be zerc gp sepsration, the degeneracy was removed, in the nsaner dew
seribed previously, for the Li, hybridizetion treastment cs well. The
celoulsted bond constants chenge to YV B vee, and R VB2 A, in the
right direction bubt not enough. & purellel computstion with & = 0,

%= 500 likewise lead to energy and seperetion velues considersbly



735

Gifferent from the experimentel ones.

In en sffort to discover the source of these discrepencies ky snd ke
&7C . given the constant value unity. The totel energy cnd the dlssoci-
stion energy corresponding to such e choice of persmeter velues azre ale
woys smeller in sbsolute vslue then the energies computed by & complete
veriztion (our hybridization) trestment and consequently constitute lower
boundsto these guantities for the whole class of lineer veristion funce
tions, Distortion of the energy curves is likely o occur in this trovt~
ment since the velues of ky end ke obteined by veristion chenge considersbly
with interstomle distance. ¥hen the celouletions for ki = kp = L are
cerried oub, the distortion of the curves is the only significent chenge
over the veristion results, this belng the cese for €= é"s-Pur J end
G= ,500 or 568, However, thisz simple troutment amekes 1% possible to

.

study the effect of the individuel terms, M

g and a’;/-. fince by this

nethod —

the size of the yuantities 7; = / ;%-) soverng 0 & lerge extent the
velue of the enprgy ¥ end consejuently clso of D, The velue of 7: '/ is
sbnormelly lsxge for (1)) = (12) and (18) which resulte in their making
considereble coniributions to the emergles., In order to obbtain more

securete results, it seems reasonable to sdopt & pelicy of omitting
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those terms Hij in the energy mebrlx whia}'; corraespond to the greatesd
exocitotien of the lithlum sboms, thus removing the pz_» 2'.) p’?'sp ebe. torme
first. |

In secord with this policy we shell plece 22 = 0, thus maintaining the
linear veristionsl form for our moleculer wave function. The computed
energles D for £ =& £ Ad=,5  sre listed in Tuble 7Y in both atomle
units and electron-volts, From Figuwre 2 we estimete the equilibrium
internuclear distence to be 2.54 X with & Dg of l.d4 vie. The sgrooe
ment with experiment is thus guite close, It is unnecescery to make a2
similar computetion for O/ = .588 or & = 0 or both since we know thab
only grester dissgreement with experiment csn result.

In order to round out these velouletions on Lig, the dissociztion
energies are also computed for Hyy and Hzg slone with O = & or ,588,
the velues being recorded in « pert of Trble J¥ « The pPp? (Hzs) bo*nﬂ
energy 1s seen to be too lsrge for either value of ¢ giving edditional
weight to our plan of omitting the Hzy term in the veriction (kp = 0)
trestments It is to be noticed slso that with & = ,588 excellent

egreenant for both Dy s Ry is obtained in the &5&52 (Byy) celeulotion

{see Figure 2 ). This is to be contrested with the simller ss trectament
of I,i; i hich cese no rouzsonsble velue of &L led to s« large enough
dissoeistlan energy.

~The cormmpoﬁcé:m;; caleulctiong for 'Bazﬁ_a;:'c net as complete as for

Lige This is due primerily to the fact that the mumerical evaluation of
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the integrals hus been vompleted only for @ & b, However the a%s®
snd pPp? caloulstions have beon made with the two values of ¢f sw
well as the varlstion trestmont with £ = gsﬁ s & = 4By Since no
experimental or theoreticel date is avelleble, the resulte recorded
in Teble JV must be regerded as tentstive only, There is definite ine
dicetion of en energy minimum nesr R % A A with s value of Dx Q vie,
We hove included in Table Ji/ the velues of the perameter kj corres
ponding to the various velues of §’ for both Lip and BERMQ Gince
& hybridizadion trestment beged on Penling's simple theory would give
k& Bﬁﬁ 5448 (compsre Pert I sechtion 6) .ve see that there is ne
simple corrslation betwesn the "best® value of ky in the berdstional
genge for the slectron~pelr bond and the hybridization velue obbsined
' from the considerstion of one-electrom systems, The fundementel dife
forence betwsen Lig' end Lig is also indicated by a comperison of the
hybridization csleulations for the two systemss 4 slmple maﬁm of
Peuling end Shermsnts hybridizetion calouletions for Lip' To o = 5688
lesds to the vesaue 1.568 veo. at 2;&1/? in bub @r agreem@t-,wibh _
experiment es compersd to the csloulstion with of = 4500 (see section 6
Part I}. The celoulation for Lip which st least Ivom our originel
ingenuous poiunt of view corresponds most closely to this hybridization
trestment of Li,g* hag been seen to lead to & mich lexgur dissgrosment
with experiment for amy valus of &0 .



The considersble erbitrariness in the cholce of &/ end indeed of
the type of trontment iteelf ocsn be traced diyrectly to the noglesch of
the K shell electronss We have no complete varictional principle to
guide us when only part of a system s incinded in the trestment as in
our discussion of Lig sud Idp's Oonsequently we edopt the experdusnte
values of Be and D, ss stendaxds sud estimabo the worth of » theorshiosl
eslovletion Wy the guality of the agreement oy dissgrocment bebwesn the
compubed snd obgerved bond consbento.

We msy sumsrize the caleulstdons on Lig', iy and %% from this
polnt of view.

(1) The orbitel in Iy’ mugh be hybridized in order o uccount

for the large chserved disspolation energys In opder to belance properly

the - chell internctiong, bowever, it i necessery to chooss sn effece
tive nuclesy ohargs for the L slectron which coyvesponds w s v
sereaning of the nucleus by the X elect

(44) The electron-pair bond in Ldp mey be represented by elther
& pure § orbital of o "pand-hybridleed® orbitels is in the csse of the
moleculo-don an effective nuclear chargs of one mist be used in the hy-

O

mﬁdﬁimﬁm trestment. Bub with the s orbital the appropriste velue of
the ﬁ&“m%&m ouclony charge is one which corresponde %0 an aversge 2o-8p
dhstribution fmotion. The Mromi-iybridisod® bondswhich includes caly the
’wma «a@ﬁaﬁ, sﬁaﬁ, end spep might be ﬁmlim s representing & tuowolece
tron, twoscenter configuration in swhich ono of the electroms is sllowed



o oooupy an sp hybwdd orbitel.

 (131) The introduction of p® tems in the bond orbitel for Li,
is not possible due probably te the faob that sdthough the bond i
by the alectron in the L shelle is stronger fov the p® terms then for

the 8%, the repulasive

Kede shell intorections sre eloo corvegpondingly
shronger for the pg functions, the increcsed bond atmgzg&h snd pepulotve
force both being due o grester “overlaspping.®



There is no difficulty in compubing the ¥gimple® (i.e. oo«
slectron) integrals listed in Teble ¥ . The simplest, Iy snd Ig,
can be caleulated by integreting in spherical coordinates slthough
this is ugnecessary since the two integrels eve well known in the
theory of hydrogendie stoms., For the evalusbion of the remal:

slectron integrale, we use sphoviodal coovdinates
ard ,_ Ak
A= 257 A7 R and # tho asimthal engle, with
the volume element o7+ /X’%,-f JAAMHAT, 10 a11 cases our integra~
tions reduce to alemntary integreles of the type

/A"’ g ah AX 4
A=t

which nay be expressed in temss of the A.(3¢) fmctions of Rosen
or as polynomials in € multiplying
form is given in Table V| and the mwserical velues in a part of
Tatle JX .

Both types of two slectron integrals, Coulomb and exchange, sre

axponential factors, The latter

‘evalmtoﬁ by expanding ;’f. in infinite series in sppropriate coordine
ates of eleotrons 1 and 2, thus meling poseible the separation of ﬁm_
integrand into functions esch dependent upon but one coordinate, With
our cholce of atonmic wave functions, 25 end J:‘f s wWhoge muclear chargs



parsmeter is the same, only a finlte number of terms from the
infinite series sarvive after the integrstions have been performed.
The feulosb integrsls are of the form

S A A () 5 B (> By (2474,

~4n which each of o7, .72);,;" may be either ¢ or P If the |
coordinates of one elactyron ender in the integrand only in S Dimotions,
say 42, then we may evaluate the integrel direotly by conmidering
the function /. %o be s sphericelly symetrical cherge donsity end
by spplylng the Hewbonian laews of potentisl theory for such d,_mrii‘m-
tlong,

In genersl foz the Coulonmb Antegrels, however, we make use of

the swpansion
/ / -C’G N mr
——— — e a .
AT &, Z /Zjﬂi) Z /CMQ )P /Cﬁd@q, )(——') én M}Gt'o/m(,/)
T mnTo L% .- m+-rm
fox a,pd, 3 &, <'£1

The definitions of the engles and distances are those of page
This series may be derived directly from the generating function of
the Legendre polynomisl (/ s H,z,)'%’f snd the addition theorem

e« /CM@@'%«J) = fltota) Rltsty) + 2 5 Qw (W)Mg—fl)l /(»wﬁs: P /&wﬁq )c‘“"‘“ ‘/'7/)

Ao ﬁl

We see st once thet only those terms with ,, ., and ) oo will
survive aftor integrating over »  end % « For none of the wave
4
functions contain l// and the highest power of s0g, thet can enter
¢



18 (9%, = 3[APloss,)-1]so thet teras in the expaneion with
my>o O 4y, will vanish due to the orthogonslity properties
of the trigonometrical aﬁz f&g&aﬁxﬁ functions. The integretion over
4, involves only elementery integrals of the type /e"m’ e d 4,
with lamites 0 4, o « The result of the first triple integration
ovor the coordinstes of electron 1 is thus e ﬂmgtﬂ.ﬁn of 4. b,
there baing only two ceses to consider, usmely when the crbilbals of
the first electyon entering into the original isbtegrand were s 4 P
or 4, + Since the remsining intogrand is a function of /, g for
our non-ionic fiype integrals, it is comvenient to introduce spherfifliel
coordinates /\%ﬁ) (, » a8 proviouely defined, in place of
ﬁz) {3) C&vné@;w Lo, The type of inbegrals which result from this

sranaformation are
-3

¥ e @
- N ( ‘
// [ Lt & )M,ﬁ% A2 “’l - alreedy discussed and
B ’ / A o E AT
Mg i T
e AN f{/a .

/4y n(/\-l-a«)?”
In the latter infegral the integration over “ mey be performed with

the aid of the formulae given in Table where the exponentisl
integrel E / (~x) is defined by fthe equabion

o

:‘
o <
—Eil-2) = y/ = At

The reuaining integration over ) is then possible in berme of the

B tﬁ i 2o - »n
RS, E,' = / {EL [F{X-J-I}-"Ei L/,";(;\-I}J} € 2-,0)./( é{k
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rj?‘fﬂ - /’lm'&? Anf ’aﬁﬁﬂ

{
togethey with simpler mngm of the incomplete (omme Function
type which we have alreedy used, To evaluste L we muke uwse of
resurrence relations derived by partisl integration. Taking

Z. /ézmw]e A0 A
U / ELpO) &40 ) we heve

Yo may buily up the T " end EN’: by successive spplications of the

recussion formulse gmitting sll £, lerms since thess alweys gsncel
ing bermp fyom of, . No generul reason hes been Fownd for

thds concelletion, It ie inberesting to note thet L' nay sleo be
svalusted in & such simpler nenner, MNeking the chenge of varisble
X=X~/ we find for ,,7?” & series of terms 1ike /f/'”’ »

%’(M (() c&' HE e tox) Ax
From a partisl iwgamtien
[ w D
[émq«/))(,m + . S v '/?imw

from which it mey be shown thet
/ () ( Aot «1—1)/ & 3&_{_

Nt = ¢ Rt o jt
/IV

Thus £ =€ é )ﬁ) e ¥ ‘7 / 7 'ﬂwfw where ?‘:’“’ is defined by

) e E
7‘.’“ = ~ﬁ~ 2, S and eatislies the relation



fan - [! A fow )
gt = L, ey,

i
The ?j"" mey be quite easily caleulsted snd from them the functions %,

The polynomisl part of £ was tebulsted krgiia Ve
observe that only polynomizlic and oponeutiels eater into the finel
elgebraic expression for Coulomb integrals, TebleVIIL The numerical
velues ave listed for & = 2, 2.5, 8, 4, § in Table .JX,

Bxpanslons in Bossel functions rether than Legendre functions
mpy drove to be the most uweeful in future work perbicularly in the
evaluation of three venber integrals, Oome of thess expansions heve
the slventage that they are valid for all relative velues of angd
80 that the range of inbegration need not be wldt upe (Compare
Couleon{?3} end smitn(6?)),

The functione of one slechron in the integrand here involve
coordinetes defined with yespect to both nuclei, & and B, %o therefore
change to spheriodsl coordinates and uge the Hewsaun sxpension of ;,5— g

F= £ @) MR e, L )
the upper variablas baing teken for ), { \. and the lower for) ),
&s in the osmas of the Coulamb expsnsion intagration over §’j ) o TRduces

the mum over mn to the single tors Y= . Also the polynomiale in
or 1

o = [



| / 72 wbﬁ.@&a coms from the four wave funciions end the volume
mménm are of not higher than the fourth degres in &, or 4n 4,

/ &
As & consequence of the well known property of the Logendre polynoume

for  m>.m

the sum over » thean never contalns bexms beyond P«/ (X,) &, (A.) ete
OQur final expression for an exchengs integral will then be of the

following form 4n which ,,42“  Jre resdily caluulable congtents,

#A)
@,,myéa,w / /,u R MG e B,

I‘f[

> ¥ "F(/l/*)\&)
" / A 2G0 € o | 4 }

Putting P /r)- 2_,;,”")}5‘ and Q.. ()= 4, (x)/‘/(fi’,zl-rg.,q,f'&“’ &, vecones

Ay

Qu‘ /g-ft\a#,z‘ 1'““‘ K*RQ (»&i)/ "f’(a f(}»ﬁ})l* [/1
Al

" ) s g 3,4‘**» T
e / e si Q,a,)Zﬁ'“‘A e, +/ T ZAA / Zp" A A
l\""‘., /\J-' /“m'/ A&“‘f
wfhy o )
+ / Phan 5 N / LN,
Az A=A

which may beo written in terme of the H end & functions of Guillemin

{«) / ) )
"'41.: au,r[Zf m«,_,w' "f’ (5'““,1“‘" 5“**"1*")]

and zamr(ﬁ}
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(¢) = /A Q00 4 / 2, +/t”"e‘f“ '@(A)da/ e N,
/.I\,M M‘d‘a\/"' = —F"inﬁm .__,..ﬂ e ‘{Ae/@ va\zd

fand (M}

Tables of the values of f; P/ & })m’f”}are sanily constructed (el

where m "

m";"‘\

Teble ) oo that ¢ may be written out quite rapidly in tewms
of HS functions with lidvtle chance of error since the process is so
syotematised as 40 beetme almost sutometic.

411 of the exchange integrals are thus expressed in terms of
the ¥ and o funotions as in Teble V[l , the numerical valuss for
& = 3, 235, 3, 4, 5, appearing in Tadle [X . The methods of compute
ing the H and S functions have been discussed in the literature(5%-<965).

3, The Diveet Solutiem of Seeular Iguationa
Our problem ie to determine the lowest root of the seeular

equation [H. —d;; A |=0 in wnich the M ana the dij are known
numbers in general different from zero, The direot method consists of
the Tollowing steps. | ‘

(1) Ve compute the two detemminants D(A) and Dl).)where we
estimate )\, and | %o be clooe to the lowest root A=W and suoh
that [3(),) end D(),) ere of different sign, |

{11) By linear interpolation {or extrapolation) besed upon

D) snd DOA.) we £ind A, Dltad —A, Q_(j\_:!,

Ay = DO - D A

If Djy) epproximates olosely to a linsar funotion of A for A<,
then we would expect Df);) %o be mearly zere.



{111) Ve sotually compute O(As), interpolate mgais and cone
tinue the process undil /\m approxinates /\M,H t0 the aesuraey
desired. The quantity A, found in this msumer will them be &n
approximation to one of the rools of the secular equation.

The usefulness of this mﬁmm obviously depends on the sase
with which determinants may be evalusted, partioulsrly those of order
higher then the third. One of the most savisfastory methods(2!) for
reducing gymmotrical detemminents is based upon the use of the |

romyralon relation

Z),T?'; and i, yeferring t0 eloments oeceurring in the rth yow and the
sth column of the transformed ssd of the originel determinante, yespse-
tively. 'The velusble property of the transfommstion [u(,s|—> U]
is that |/ =0 for n)s 8o that the value of the detevminant is
given by 7""7'(5’ . When ). has been chosen so that DfA) =0 then

-

g, will elec vanish, This method is quite gemeral, a slight modifice-
tion only being vecessary vhen [/, wvanishea for /¢ 1. ALl of the
manipulations involved im this mothod mey be performed in & rapid and
systematic manner on the computing mechine.

The sdvantages of the divest method for finding roots are ite
simplicity, its applieability to any seculsr equstion and the rapid
gonvergence onoe an approximate value of the mot has heen obtained.

It chief dissdvantage lies in the faet that we have no sssurgaee that



&

a root obtaimed by this means is the lowest Yoot of the segular
equation end this wneertainty ingresses with the order of the equation.

One of the most alegant methods of solving seeuler sguetions
is to find the polymomial fupetion K ()] equivalent %o the determinantal
funetion D()) and then to determine the sewes of [K(A) by the very
powerful snd general matrix mebhod deseribed below. The direet
algebraic computation of the ocefficlents in the polynamial R(A) is a
gomplicated madter for determinente of higher than the third order and
the corresponding mmerical work is not suited to the ealeniating
machine. An alternative device for produeing the ecefficients in the
polynemial is somstimes useful. ILet us substitute A )., Ay, 1B
suecession in the determivant, find its eorrespording values

DN, DALY, - - -DlA,) . The ceefficiont of the highest power andofm
constant texm are given by [, =/d;;/ and D,:/H;jl » respectively
while the remaining coefficlients f" f~ e may be dotermined from

el

the simdtansous set of equations
3 o [ .'h”! - - 4 5 N
«,}:,‘)2’.--’),4 ) D(A‘,,) - ﬁ(;\,) = Dcc A -4‘".:’/“1 ",7 b - "f;fm—nA,,"f' L’é‘

The method in this fomm has not seamed to be particulsrly useful
excopt Tor m = 3 o2 4.

However by using finite difference technigue the labor in
computing the coeffiicisnts f’"’ is considerably shortensd., let us as
bafore compute [, and DiXs) Axd, 2,3-@»14,9% of the
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valuss of A,, is generally iaksn to be zero sinee D) ie easier
%o caleulate than D)) A#£0 , The remaining A, are chosen eo
that they satisfy a relation of the form

A = Ag+ 2h Nz e <=-

If we then define the funotion
g mf A3}
A= DO =DeA" = 2 pad

Yy

and tabulate ite /1 numeriocal valuss corvesponding to the M walues
of )\, given by equation aive , we may lmmediately caleulate the first
m atgterences A /7'(A)5KNN 4" lhot the tumatton KA, e
knowledge of these ,n diffeorences will, as is well kmown, suffice to
determine complotely the behavier of the fumetion A /4] which is a
polynomial of degree M-/ .

A conveniont method for computing the coefficiemts 7, in terms
of the differenses 4 { /), ) is the following. Ve may write Wewton's
interpolation formmila

S/ / oy L @S s s,
K[, wh)=00)= £ 0) +2 25 40°4.)
in which (ofy) = ’”"/,4,;,,-8);

It is necessary %0 express (’a’,’;“) as a polynomial in /N,
S, ¢
(A2 = 2. a b s)m

[

The coefficlents 5 (u,s) are related by the simpleX recursion formilee

[,'-'2‘. {lpyl" \3'4-1'\ oo d;_' (fﬂﬂ,gs s S 4" (Qﬂ',-s’ ) “’z&' 6’;‘]’5)‘: 425‘;4 éﬂ,S')=O



which allows a table of their values for various /1)) S to be computed
guite easily, Tho funetion # //A ] becomes, using these A; tn, S )

or 6 & A f S .
R, rmh )= Z (A=) "= Skt e LD ”ﬁ?""‘z 3]

&

It is easy to bulld up the //»;: foom the_tabulated values of (i; (w,s)
and asﬁ'/),,),m computetion of the coefficlents Z;é; then reducss to
bmnafming the polynomial in (,\., \o) to one in )\ by a rapld
process ueing synthetic &;tvw:;m' In wany eascs this Yranaformation
is not necesgary, hmmz‘f, as with proper aholee of lo the matrix
method of solubion (mee bolow) iz considerably apeeoded up.

This *polynomial® technigue which we have Just desoribed for
finding the roote of a secular equation posseosses all of the advantages
of the general matrixz tochnique and some advanteges of the direet method.
The evaluation of the determinants D/A.a) may bo broken off atb any point
if 1% so happens that & A, is ueed for whieh D)), and the inter-
polation method {ssetion 2 ) epplied to caleulate the root ageurately.
However onee the coefficients /é.: are determined the matyix solution
of the polynomisl equation is %o be preforred for 1t leads at ongo to
the dominent root and may be extended t0 the caloulation of other roots
with moderate smount of additionel caleulation.

In the coneluding paragraphs of this section we will describe
a mothod which was developed by Duncan and Collar and othexs ( 60,61, @)
It provides, cesentislly, a means of finding the eigenvaluss of
chartgteristic mabtrices including es o special case the mabrix
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sorvesponding to an slgebraic squaltion,

1ot /) ve the gheracteriatic matrix whose eigenvalue is sought
and Iot /{ be a completely erbitrary matrixz. W%e fom M<K and denote
ens of its typical elements by ., « Then the following fundemental
theorem may be applied for finding the domiment root 4, , (that is,

the »oot largest in absolute valusj:

/é/m d'w“ = ;‘
R eamatansl Py ,

VN iy OC i

In prectise, K is taken to be & matrix of one column so that A1™K
will likewise be a linsar matrixz. This reduces the wwber of new
guantitics which must be cumputed in performing ons matvix multiplica~
tion, from M- o N .

In order te be able % apply the thesrem $o the solution of our
seculer equations for 1i,, we must find an equivalent secular equation
in which the A/ ¥ ¢,/ (Kromocker § ). The redustien to such an
eguation may bde scoomplished in two ways. First, we msy introduce an
orthonommal set of varistion functions by a linear traneformation sa
desoribed provicusly (.35 ) these giving A/ =5 by defimition,
in the second plece we may nvrmalize each term in the moleculsr
variation funetion thus malking #//=/ , substitute en estimated value
of A=), in ihe non-diegonal terms, and solve the resuliing seculer
equation by Duncan and Collaer's method far a "root” A,, « Then we may
ropeat the process using some systematically chosen wean of Ao and A
as the approximating root in the non-disponel terms. This method has
been triod with some success and might be improved with further



developmont, An unsettlod queetion is whether by this method the
domipent root i elweys obtained.
An importent spplication of the genersl thoorpm is to the
aolution of s polynomial eguation,
| e R
This mey be written in the form,

,\)/'oo #oow owow Ee g
o A /I O

i‘ 4 /2') / ‘
i t
-, “fret, ,f*g:’“”sxdf’““‘ - ""ﬁ-)-fl

and will therefore have as its charmetoristic matrix,

the Same arkay with A Jm.d“ w5 .

oy
A
e
If we choose our arbitrery matriz [ in the form iy
dl
:’le ‘x/"““'
: mel
then MK = . | where o(m-_: -2, d)’“‘} 4 :
, ITe
R




s the only offeet of multinlyring K by M is to shifd dr ta the
firat row, o 3 to tho aseond row, oteo, and to add ope now eloment Am .
Nepeating this procesa, and spplying the fundamental theorem, we find
as before Lion Ammbr A,

b

Ay oD A va

but now, sach sueccssive approximntion to the root invelves only the

: +he
computation of the ong sum, 88 ineq.+b”¢, whoress im the case of the

determinantal equation, 41 such suwms must be ealeulated.
The great advantage of the Duncan Collar tecimique 1s that it

i8 golf-eorracting. An swroy made in computing & sum of the 4ype given

+he
ineqn tbove meraly delays convergence of the process but does not

invelidate the limitinge ratio y,
' Aprt
Al ——_—RA
P Ann

When twe roots, }\, s A?_, are nearly or exactly equal, the 1limit is

approached very slowly or not at all, reepectively., The conrergencs in
the Tirst case mgy be considevably improved by finding the matriz M =
which is then used to form M ’7’(, M4K ote. thus speeding up the numere
ical apuyroximmtion to the root. Fowever, rvelatively simple oxtensions
of the theory laad to expressions for ('/\M")u) and ’\:Ax which coaverge
rapldly. It iz interesting $o nobe gzm'z: the Damenp~lollar method mey
be applicd Yo the determination of complex rovts as well as using these
exprossiony for the sur and difference of, in Bhis camse, conjugate
gomplen roots.

The second great advantage is that the lowest root corresponding
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to the most atable state is obtained automaticelly for secular eguations
corresponding to atiractive states sinece any possible positive roots are
ususlly smallor in abaclute value than the root corrvesponding to the
ground state. In the case of all posiitive roots (repulsive state],
where 1% 1ls yet the root lowest in algebraie valve vhich is desired, we
mey multiply esch term in seeular equation by A = ;{‘ snd solye the
resulting detemuinantel eguation for ,\‘ by $he Duncan snd Collay
teohnigue. Pinally, the matrix method is perfectly suited for machine

9 i .;. - B4 o i ol - 2 m N " A " o P
computaiion sisee a sun of producis, é/;( j -@;K ..);‘i 88 occurs ia mateix
multiplieation, mey be caleulated on the machine direetly from the

«ij | Sk without it being necessary to reeord the lutemeedlaste steps.



D flbrabia

SR79

«L38
2. 77738
True Digsocisbion
aRerey
Ba 2,859

fasuning R ohe = 15,5500 vees

~x0088 ~«BIEIC0

« 1421

2.7750

2463529

1.088

93

+ 140

1,056

+»141

1.06



Pauling
Finkelsteln snd Hovovits
mamm'

Jemes

Svertholn
Jufte

1.82
1,08
1,08
3408

1086



4B

Elestronte Dissociction Zero-polnt Vibras Equilibriua Toi
Enerey Dg « Ve

tion Emm

Cu™+  nuclear M%anm

Bax

Heltler-London~Sugiura Beld 4800 80
Fednbeum (moleculapeorbital) 8,47 + 78
Conleon (Hartree field) 5468

Hong 8,76 24900 +78
Wednbeun (lonic) 400 4750 77
Rosen | 4,02 4260 «77
Lnud 44045 4380 » 757
Weinbown {londc-polerization) 4.08

JoneunConlidye ATER 74
Exporiment 4a T2 4317.8 «T306



"‘_ ViR & (3,500

Unmedified Leplacian
Hodified Leplucien
Hodified Hemiltonien
[—“——* Bz = ,EQO
Unmodified Laplaciesn
Hodified Laplacisn
Modified Humilbonisn
=g ' 0,544
Hodified Hamiltonisn
Z=l = ,bB8
Modified Homiltonden

5.,6374
3.3828

B.22l2

224580
13,530
17460

17,364

541165

» 20B8BS
«LE500
«LOERE

+20835

»12500

+ 16139

36048

+ 18808

5,5260
14.180

35,5820
5, 5825
5435825

S RT78

+12500

+1E2E800

1oy
. Jn‘:w“\.)o

»12500

+ 12800

#18408

12115

3,0002

240540

1.8386

92,0196

3,989

5,000

1.8388

+OB3E3

0
06795

08558

0
«03839

05659

L0788

# from R.F. Bscher wnd 8. Goudamit ™Atomle Energy Stebes" ggguming

Hﬂhﬁ = l?.’uﬁﬁm Taly

ERTI

Zz*et

2.



o7

Lig. 271 Energy unit = Ee/a,
Orbitals % 2 £s8
s*s* «500 D= #0249 03054

. 568 OL7IS 405945
(veou o464 1.067
T 500 L08815  .04808
| 2588 04887 405662
S}:s" g%, s's Py Spsp «500 .05}.‘3.8 | 404191
veristion €= &, (vooe o842 1,134
ky= 592 4400
. W M ‘
55" .500 D= (5080 41602
544 1664 L0964
PPt +500 (2882 41186
+544 1277 L0634
S's*,s*sp, SpSP 5.00,‘;0'1 0888 0484
gvariatimfnc‘:sy . (vees 1080 524
ky= » 74 +88

C =R

3
(03209
+04194
1,135

03846
04378

LO3918

204

+1206
«0636
»0751
+0404
+0R66
2488
+60

4
+01801

+0R749
o 744
+01684
+02058
»0R245
+607
+ 183

0848
#0487

40562

#0303
«0198
2.12

&
00854

#0278
344 )
00857
+00807
«00918
248 )
»074

0798
0422

»0581

0505

40263

2.84 )
48



A

{

b
™

{

i~

13

w——
"




As A
As bs
.AS AS
As s
As A
As by
A hy
As by
AS /4 Vs
As B,
Ap Ap
Ay B
As B,

Bs By
As B
B, B,
Ay 5,
Bf 'B’F
Ar B
b B
s
B, B,
Ay B
By by
4 6
A B,



t

i

.v‘, o ".z 13 1?
¢ f{“‘/ et /55 > f }

& 7

st 7 2 .2
,gz‘ & + 42 -y o -f— e (E? j

g

o -2g 4 *

i 6 - ¢ | g +ep +?f+é]}
-{2’ B 3

Lt fiep+ b Y.

2 -2 D // _Z. &
FogmaeT oot egg
oL, 4
z ¢ (1re+5)

2

—

&)



ks

; 6
ann 154; $ I —- -u!f’ ‘0‘ & + _____, _f.__;)‘; +‘35‘7 +w -rf”,.Zé w.q.]
“Z:r"‘zwz?ﬁ“ e g w b+ e rp 1 ¢ e
= ,SS‘ZLD; ] [ Ry =21t Hy 30 Hyo +465 H,, ~1256 Hy, #9293 Hyy +51 50

~17 83, =294 Sy +hbé S5, #3795, *?5/5}.,}

. apt 45‘0 -2, 47,, =
_Z," P 'qlpﬁ - F[ 3“'_‘(0 /p -f]é{o */éap.f.z?/.f.ll;gl*?éo*‘f&ﬂ ]

-Z;«,- = wﬁ"‘;‘m e f-o?,?/'-/m 108 Hyy +63Hey + 0 M, =135 Hyy =285 Hyy ~376Hss + 467 Hy 3
07213
+#53 Hpy = 350 +9 S, =88y, #h Sy FFpy =TS +/g2.533
= % 8. o $ g P
‘Zl-gw @Z—*{/Z(?*F-— [3‘,/* f*wfuf«t?ﬁ/ﬁ-#ldép
4314 &72 76 §
+ Ble » -+ ?‘““‘f'**?"”
Z b= {( £t H;, +60-3 /«/,_a 3776 N,M +6.3 }./‘o -l H“..,..,“y:,//*z
b ‘?ama
~37% My = E55 My +983 oy 109 S50 4177 S50 4501 S0 =757 S5,

— 619 Sy 919 S5y =63 Simp 37885y 483 Sy + 275 *#?3524.}

= -2
L. = ZE ddeees . & "7/'-'?«259 #i760 + TLE0 4 3u7de | 00650
22 ;5( CéH O IQ Z i e 7}“”‘#

L3695 B EY 4P5 E7L2008 é72c00 F3
o+ d ™ S A s + s 3 Leatte @ -t 2L8Q0
#* £ 7 A P’



02

I = ?WM ;9/7}, o Hy, 252 Hyy—f2¢ Hsy +147Hez +6 54,

e 5.93 + 25 5»23” +126 -54,3 AL A 5;“‘“ } ~— :g/'"' _Z:;,"

4
Loy = 2= { G0 Hy =522 Hey 270 Hey + 528 Hyy — 546 Hs 1372 Hys
LAY ¥ )

Y

w135 Spy 360 S, =225 S, - +4H <, Sy ~276054, =12 S, 3+ Sest7e35 7945, f

-
I,= 2 f;;_ -7 -l.ﬂ[ po+SE 4 208 284, 671, e
vy L opm T 3% TR tEptes Ik

- R m]}
F ~

g .
L= 2 fus M, =tz H, a5 My, ~196Hos +702 1y s —ToHyg=i26Hes
2 36240 V3

“

—t 3 My #2850 My =305 Hye +298 Hy e +75, =355, 78030 S, .
1S 4385y #2685, TES5y FI6 Sy #6350 = 262 Sy + 315 Sug

294 Syq ~EF S5 U] S0 =27 53?}

. il e
T ow 2 64, A vy ‘f’[ 1o ooy 376 4 608 204 , 2301
28 T 4 Y L e b Ay IE T losp m.r‘/

bl 30731 4 3136 r,n 7296 M/z 34r£ ]
S RS e 4 25+ e o I¥ITEC
#p® " 20p £ »* »?

7
= .;’.zﬁ.wo 126 Moo =718 H,, w360 Hyy —i2e My, +174 Hoo =350 Hy,

A

F5on My +450 Moy —C30 Hey + 399 Hog +126550 =10 8 $30#126 5,
-42¢ S, +42¢ S5, S0 Sy 4450 Sy ~490 Sy 430 Sy =378 5y,

#4354 Szq — 586 See _}



.815019
~. 225559
.463605
.402317
. 383480
.492661

-.0225573
.169180

. 260453

.81782
.23816
.066000
.15034
. 33875
-.032249
-.017884
-.13904
.051680
-.008171
. 54588
.04400

«3TTLT

Table xx Integrals

. 729074

-.005130
. 503539
. 556316
. 528911
.435666
.0701133
.148663

.261642

. 296843
.18923
.070755
.14455
.31855
.032932
-.000807
-.15077
.063109
.037215
.53118
.04327

.41581

637274
.159318
.508779
.513916
+R73830
. 578482
.124468

.124677
. R44329

«RT4T2
.14318
.070883
.12582
« 29679
.065951
.0117207
.14488
.069750
.068032
«81454
.06143

.40372

.456263
. 318691
444133
. 246282
.176035
+ 284908
«149577

.0835472
.183292

.23161
.071434
.062219
.075653
.25191
.067104
.021780
.098510
.068970
.076059
.R7418
.07880

.R7878

108

«302459
. 318927
. 333904
.199318
.104438
.221859
+120160

.0565267
.119946

.19458

.030301
.070755
.035982
.21066

.039375
.020407

.050072

.057441
.048592
.23051
.05694

.14346



h

i

“'025:3 i xfs - F;Z +p“-3

I _— o L Ol g - o - 7 /

'5(72 F;“l"s' =y f3 4, 6"’2‘{1‘ ’E'/—,z.) %17_ E “2':/53 +Fe +F;:f ‘*’Fﬂ&)
F : /-

-y~ . Fy =5 Fe Nz = F;y- +FR—-

Table X
Formulae fc??l‘:/' anc%,l

{)

104



1 asal
= o I
—. e 11
- HEg Ex =ma
s EN i ,v
iREES =
1 "
A
i | 2
19
1y L
ﬂ” \
> \
A
i
I | -
W | 1 3.4
Fu -
¢
1
W
> B
1
1 ﬁ
T
I ﬁv-
1
1
r i
“ 1\
o A §
1 ‘
g ! e
TH e
uuE
mn.. - -
um e
e |
= |
= 1 1
;
BT R 0 O
1 g
amm —J



el 3
3 f
i s
4 - 1 fl
b - = ]
- il
= 2
2 ]
ENADE A 1 .
a =+ -
g I
I
1
1
I
W)
|
N |
I
(N
[l T
i = -
i 2 -
I
I T
Tl
EEE - AR
1
4
4 &
i
] |
ot P 1]
P!
E & = MES r
/ s f =1 5
: - H - -
1L 5 +
— = + e
1 T =EEE
» ,—‘\‘ e i - 11 1l
N I n - - o
et ~ an 0
e S - - -
¥ 4 E b
It ! 2 I~ LT -+
5 — 1L
n ¥ T : T s
3 ERENGINES oW — -
pamE i F i . i 5 2
& L RIEENS R e L




1
e
Sa
44
B
Ba

Ts
Ba
G
104
i1,

12,
13.

b5

1de

17

Iheoretical

gyvind Burreu, Deb, Kgle Denske Vid, Selekeb ¥, 1 (1927)

Ls Peuling, Cheme Rov, 8, 175 (1928) (includes bibliogrephy up to 1928)

BuN. Finkelstein and G.E. Horovitz, Z.f, Phye. 48, 118 (1928)

koHy Wiilson, Proc, Roys Soc. (London) 4118, 617, 687 (1928)

V, Guillemin Jr, snd C. Zeuor, Procs Neb, Acad, Sei. 15, 514 (1929)

Behs Hyllersas, Z.,f« Phys, 7L, 750 (1931) or
Skrifier det Horske Vid, ~ Ak Oslo, I Maby~ Hoburv, Klesse
1952, pps L26w134

Byliy Dickinsom, J, Chem. Phys. L, 517 (1933)

Gs Jaffey Zefe Phys, 87, 536 (1934)

Isn Sandeman, Proc. Roy. Soc, (Bdinburgh) 55, 7¢ (1935)

Holl, Jemes, J, Chem, Phys. §, © (1935)

Hy Svartholm, Z.f. Phys. 133, 186 (1938)

R4T, Birge, Proc, Hat. Aced. Sci. 14, 12 (1928)

0.%. Richardson, Trens. Parsday Soc. 25, 686 (1928)

W, Heitler end F, London, Z.f. Phys, 44, 455 (1927)



18,
20
b5 I

224

R4
e

274

8

28,

108

Y. Suglure, Z.fs Phys. 4B, 484 (1927)

Eﬂﬁ, Condouy Proc, Hube scads Scis 13, 466 (1927)

8.0, Wong, Phys, Bevs i, 579 (1026)

Bebs Hylloevons, Z.fs Phys. 71 739 (3081) or
Skriiter det Norske Videeils 0510, I. Moteeloburve Klesse
1932, ppe 134137

H, Rosen, Pays, Rev, 58, 2099 (1851)

8. Weinbeumy J. Chem. Phys, 1, 503 (1055)

Hille Scmes and A48, Coolidge; Je Cheme Phys, L1, 826 (19358); 3,
128L (1958)

Cals Coulgon, Trens. Faradey Sece 35, 1479 (1957)

Culy Coulson, Proec, Caabe Phil. Socs %‘,)% (1238)

Teburd Imud, Proc, Phys.-ioth, Soc. Japen 20, 770 (1088)

He Bﬂﬁﬂw, %s phye. Chems B2Y, 287 (18934}

0.¥%, Richsrdson, Trens. Farodsy Soc. 28, 688 (1920)

3. Chem, Physs 1, 56 (1935)

Be Hojorsne, Haove Cime 8, 22 (1981)

Ls Peuling, J. Chem, Phys, 1, 56 (1953)



109

30s 8. Weinbaum, J, Chom. Phys, 3, 547 (1935)

§ls ¥W. Heltler ané F. Londonm, Z.f, Phys. &4, 455 (1927)
524 J«Cu Slater, Phys. Rev. 58, 549 (1928)
58« Ge Gonblle, 2.0, Phys. % 785 {13’;’5@)

34 Hwﬁﬁ Jama,. J« Choms PIWE; ‘_;5‘, g (1935)
58+ Le Pauling and J, Shermsn, J. Ams Chem. Soc. g8, 1450 {19587)

368, M. Delbruck, Ann. de Phys. 5, 56 (1930)

&7 JeHy Bartlett Jr. and W,He Furry, Phys, Revs 58, 1615 (1951)
58y Wil Furry, Phys. Rev. 48, 361L (19%3)

50s Helle James, J. Chem, Phys, 2, 704 (1934)

40, F.¥W. Loomis end R,E. Husbeum, Phys.Rev. 58, 1447 (1031)

41y Julls Bartlett Jr, and W.H, F‘m’ Physs Reve % ie1s (1951)



130

43+ As Recknagel, Z.f. Phys. 87, 575 (1934)

X

44¢ F, Hund, Z.fs Physs 77, 12 (1952)

ﬁaa, Kg

48, N, Rosen end S, Ikehars, Phys. Reve 48, & (1958) (also Cey end Rbo)
Experimentsl

46, TFo¥. Loomls and R.E« Busbsum, Phys. Rev. 40, 580 (1952); 59, 89 (1952)

Orbital Degeneracy (2p electrons only)
47« JeHe Bortlett Jry, Phys. Revs 37, 507 (1931)

Generel Theory

48, Y. Born and R Oppenheimer, Ann. d. Phyg. 84, 402 (1943)
484 L Pauling, J. Am, Chem. Soc, 53, 1367 (1931)

504 JoCs Blates, Phys, Rev. 38, 1109 (1931)

51y JaC. Slater, Phys, Rev, 41, 255 (1932)

52« Jele Dunhmmy Phye. Revs 41, 715, 721 (1982)



53, e 5. Malliken, J. Chem Phys, 1, 492 (1953) for example
B4y  Hella Jumes and 2.8, ﬁeolidga, Physe Rove & 860 {195?)
684 Ly Pouling, "Nature of the Chemicsl Bond® Cornell Undiv,: Press 1939

56y O Zener snd Vu Guillemin Jre, Phyes Rove 54, 099 {1929)

§7, J.H. Bertlett Jre, 37, 507 (1951)

58s H. Rosen, Phys. Rev, 5§, 285, 2099 {1831)

594 e Koteni, L. Lnemiye snd T. Sdmosey Proc. Phys.-Hath, Soc, Jepen
20, (1938) extre #1

80« AuCs kitken, Proc. Roy. Soc. (Bdinburgh) 48, 289 (1926)

6l W.Js Duncen end AJR. Collsr, Phile Mage L7, 865 (1954); 18, 187 (1955)
62 Hotoseburo Masuysme, Proc. Physe.-iath. Soc¢. Japan 21, 100 (1939)

63s E.B, Wilson Jr. J.Chem. Phys. 1, 211 (1653)

64y V. Fook end M.P, Petrashen, Phys, Z.d. Sowjetunion 8, 547 (1935)

65, J.C. Slater, Phys, Rev, 41, £55 (1932)

66. Ion Sondemen, Proc. Roys Socs (Rédnbargh) 55, 40 (1956)

7. .U Gondon, end Gelis Shortley, Theory of Atomic Spectre, Cambridge {1925}

68, U, Houmeym, Fernwivikungen, B.0. Teulner, {1896}
67 L. P Saith , ?kJs. Rev. 38 1901 (1938





