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By using variation functions which take into consideration the instantaneous interaction 
of the electrons, momentum distribution functions and intensity distributions in the Compton 
line are computed for helium and molecular hydrogen, neglecting small relativity and binding 
corrections. The half-value breadths are expressed in terms of l / 2">..* where l is the wave-length 
displacement from the center of the shifted line and 2">.. * = (">..1 2+ ">.., 2 - 2">..,">.., cos x)l. ">-.1 and ">.. , are 
the primary and scattered wave-lengths and x the scattering angle. The absolute breadth of the 
line may therefore be computed fo r any ">-.1 and X• For helium and molecular hydrogen t he values 
of l / 2">..* at half-maximum are 10.8 and 8.5, respectively. 

INTRODUCTIO.N 

T HERE have been many theoretical inves
tigations of the shape of the Compton 

line differing fr~m one another both in the 
treatment of the scattering process itself and in 

the electronic configuration assumed to exist 
before scattering has occurred .1 • 2 However, in no 

1 J. W. M. DuMond, Rev. Mod. Phys. 5, 1 (1933) ; 
Phys . Rev. 33, 643 (1929). 

2 G. E. M. Jauncey, Phys. Rev. 25, 314, 723 (1925); 
P. A. Ross and Paul Kirkpatrick, Phys. Rev. 45, 223 
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calculation has the interaction of the electrons 
found suitable representation, for the Hartree 
functions or hydrogen-like wave functions with 
screening constants which have heretofore been 
used introduce only an average perturbing effect 
of the electrons upon one another. Since com
putations of the Compton line shape have been 
most successful for gases, it is natural whe.r 
attempting a more rigorous investigation to turn 
to the simplest elementary gases containing two 
electrons, namely helium and molecular hy
drogen. For these substances it is not necessary 
to depend upon the Hartree or screening-con
stant-type wave function since variation func
tions containing interaction terms explicitly have 
been developed, the most accurate of which lead 
to energy values for the ground state which are 
correct within experimental error. Line shapes 
for helium and molecular hydrogen are here com-

• puted from some of the less accurate of these 
variation functions which nevertheless approx
imate the true wave functions much more closely 
than do the Hartree or the hydrogen-like screen
ing-constant type . . By reason of the greater 
accuracy possible in these calculations as com
pared to calculations on other gases or solids, the 
line shapes for these two gases probably offer the 
best opportunity to compare in a quantitative 
fashion theory and experiment. 3 

GENERAL METHOD 

The variation function chosen to describe the 
He or H 2 system is here represented by 
cf,(r1, tY-1, r2, tY-2), where r1, tY-1 are polar coordinates 
of the first electron, r2, tY-2 of the second electron 
with respect to the same origin. Azimuthal angles 
do not appear in any of the variation functions 
used. A (Pi, 01; r2, tY-2), the mixed wave function 
in the polar coordinates of the first electron in 
momentum space and the position coordinates 
of the second electron, can be obtained from this 
cf, by the following Dirac transformation, 

(1934); F. Bloch, Phys . Rev. 46, 674 (1934); F. Schna idt, 
Ann. d. Physik 21, 89 (1934); W. Franz, Zeits. f. Physik 90, 
623 (1934); 95, 652 (1935) ; G. Burkhardt, Ann. d. Physik 
26,567 (1936); Kirkpatrick, Ross, and Ritland, Phys. Rev. 
so, 928 (1936). 

3 The complete experimental results of DuMond and 
Kirkpatrick (Phys. Rev., this issue) on scattering ·in He 
demonstrate the feasibility of such a comparison and its 
importance in determining the position of the shifted line 
accurately. 

(No azimuthal angle enters in A as none enters in 
cf,.) Here, P 1 and r1 are the vectors whose end
points lie at (P1, 0 1), (ri, tY-1), respectively. All 
the transformation integrals which must be 
evaluated may be written down immediately by 
using the general expression for the momentum 
wave functions of a hydrogenlike atom, T nlm, 
given by Podolsky and Pauling. 4 Those functions 
which will be used here are: 

T100= (l+t12)-2, 

T200 = 2 (1 + r 12)- 2(r12 - 1) ; (r 12+ 1), 

Taoo= (1+r12)-2[ 4( ~-~) -1], 
r12 +1 

ti 
T210= -4i cos 0----, 

(l+t12)a 

(2) 

where f 1=2-rrP1ao/ Z'h, Z'=effective nuclear 
charge and aO=radius of first Bohr orbit in 
hydrogen, the subscripts in T nlm refejring to the 
quantum numbers, n, l, m . ti will be used in 
place of P 1, in the explicit functions of P1 
developed later for He and H2. The momentum 
distribution function B(P1, Eh) can now be 
found by integrating the modulus squared of 
A (Pi, Eh; r2, tY-2). Thus 

(3) 

The subscripts have been dropped in B(P, 0) for 
the electrons contribute equally to the m(\
mentum. 

Since for this case of scattering by field-free 
gases, all orientations of the molecule are equally 
probable, the function B(P, 0) must be aver
aged over the angle 0 to obtain the radial 
momentum distribution function, C(P) : 

• Boris Podolsky and Linus Pauling, Phys. Rev. 34, 109 
(1929). 
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TABLE I. Variation .functions for the normal He atom. 

Z' C, c, E - (UNITS RHehc) % ERROR 

- ------
1 1.6875 0 0 5.695 1.93 
~ 1.850 0 0.112 5.755 0.91 
3 1.69 0.142 0 5.754 0.92 
4 1.822 0.126 0.089 5.784 0.40 

DuMond I has shown that the shape of the 
Compton line can be computed from such a 
momentum distribution function or vice versa, 
the formula for the intensity y as a function of 
wave-length displacement l from the center of 
the shifted line being 

(5) 

in which l=}...2-}...1- (h/ mc)( l-cos x) , 2}...*= (}... c2 

+}...12 -2}...1}... c cos x1)½, Ac=A2 for l=O. At and A2 
are initial and scattered wave-lengths and x is 
the scattering angle. C(P) has been replaced by 
C(l/ 2}... *) where 

l V p l 1 
- ={3= - =-
2}...* c me 

t=-· - , 
2}...* aZ' 

a being the fine structure constant. Since the 
constant of integration k is arbitrary, all constant 
factors multiplying ¢, A, B, and Care omitted. 

It should be mentioned that DuMond's 
formula for the intensity distribution in the 
modified line does not consider the generally 
small effect due to binding and relativistic cor
rections. However, for the case of scattering 
from helium and the hydrogen molecule, binding 
and relativistic corrections to the shape are less 
than the error in the calculations due to the use 
of a variation function as an approximation to 
the true wave function. The error produced in 
the half-width itsel( is negligible since the cor
rections to the intensity corresponding to a 
given absolute value of l are nearly equal, though 
of opposite sign, on either side of the maximum. 

Scattering from helium 

The variation functions _developed by Hyl
leraas5 for He are of the form 

6 Egil A. Hylleraas, Skrifter det Norske Vid .-ak. Oslo, I 
Nat. Nuturw. Klasse 1932, p. 107. 

(6) 
n lm 

(l even) 

in which s= (r1+r2)/ a 0, t= (r1-r2)/ a0, aou=r12 
= interelectronic distance, a0 = radius of first 
Bohr orbit. Since a ¢ which involves the first 
power of u cannot be transformed in finite terms 
to the mixed wave function, variation functions 
which may be represented by 

¢ = e-Z'• (1 +c2t2+c5u2) 

are used here. In Table I appear the four vari
ation functions of this type together with the 
energy values to which they lead and the per
centage difference from the true value. E= 
-78.605 ev= -5.8074 RH.he. The first of these 
is due to Kellner6 and is a hydrogen-like screening 
constant type function . The second is due to 
Hylleraas7 and the · third and fourth have been 
developed by the author using Hylleraas' 
formulae. 5 The terms in u 2 were included in an 
effort to compensate for the missing linear u 
term which is primarily responsible for the 
accuracy of Hylleraas' energy calculations. The 
third function describes the actual electronic 
system well since it represents a He atom with 
electrons in two different orbits with effective 
nuclear charges 2 .15 and 1.19 corresponding to 
almost complete shielding of the outer one and 
slight negative shielding of the inner one. The 
second function, in comparison, although it now 
introduces the interelectronic interaction, repre
sents this interaction as being much stronger 
than is actually the dse. Consequently, of the 
two functions, the third probably corresponds 
more closely to the actual state of the system 
although the energy E calculated from the two 
functions is about the same. To check the effect 
of adding further integrable terms, values of E 
resulting from many different combinations of 
u 2, u4, t2, t4, s, s2 were computed. The most 
accurate value of the energy obtained in this 
way was only 0.1 percent better than the fourth 
variation function above. In view of the rapidly 
increasing complexity of the algebra entering 
into the evaluation of the integrals, it was not 
considered that the inclusion of further terms 

6 G. W . Kellner, Zeits. f. Physik 44, 91 (1927) . 
7 Egil A. Hylleraas, Zeits . f. Physik 54, 347 (1929). 
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FIG. 1. Momentum distribution functions for helium and molecular hydrogen, 
normalized to the same area. The ordinates are in arbitrary units, the abscissae, 
in terms of f3=v /c , the ratio of the velocity of an electron to that of light. 

was justified. Furthermore, functions two and 
four lead to practically identical line shapes so 
that further terms ~ould probably have little 
significance. 

The necessary restriction of the expQnents in 
the <t>'s to even powers of u and t m"akes it possible 
to express these as linear functions of hydrogen 
like ls, 2s, 2p, and 3s wave functions: 

</> = a1f10o(lZ') +a2f200(2Z') 

+a2' ir210(2Z') +a31p300(3Z'). (7) 

Here a1, a2, a2', a3 are quantities involving r2 
which are constants for the first integration and 
f n1m is a hydrogen-like wave function for the 
first electron around a nucleus with charge lZ' , 
2Z', • • •. From Eqs. (2) the mixed wave function 
then can be immediately written down as 

A(t1, 01, r2)= (l+t12)- 2[a1+Za2· ti
2
-~ 

r1 2+ 1 

+a3{ 4(;::i:Y-1 }-4i cos 01fs
2

:2J (8) 

and it becomes after integration over r2 and 0 

(9) 

4 

y= c1+r2)-3 z:: Ep(1+r2) -P. (10) 
p-0 

The coefficients DP and E P are polynomials in 
cd Z' ' and c5/ Z''. (For the first variation function 
Ya: o+r2) - 3 so that the polynomial in (l+r2)- 1 

may be considered to be a correction factor in 
the other expressions.) Consequently there 
should be expected a simple relationship between 
the half-value breadths, f3ti and the energy values 
corresponding to the different variation func
tions. A rough calculation of the line breadths of 
different many-electron systems may be made 
from a knowledge of the total energy E of the 
system alone if this energy has been computed 
by minimizing with respect to the effective 
nuclear charge Z' appearing in a hydrogen-like 
wave function with screening constants. This 
minimizing insures that the virial theorem hold 
so that the root mean square momentum and the 
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4 

INTENSITY 

DISTRIBUTION IN THE 

COMPTON-LINE 

H, 

0 2 4 6 10 12 14 

FIG. 2. Intensity distribution of the Compton line as a 
function of f3 =l/ 2>. • where l = displacement from the center 
of the shifted line, 2>.*=(>.,2+>.,2 -2>. 1>., cos x),l >. 1 and>., 
being the initial and scattered wave-lengths and cos x the 
scattering angle. Ordinates are in arbitrary units and the 
curves are normalized to the same area. 

half-value breadth may be taken as proportional 
to (-E)½. For systems which may be considered 
to be hydrogen-like with all electrons in the 
same shell, this method will -be exact since in 
this case Ea: Z' 2 and /31 should be proportional 
to Z', which is obviously true from a considera
tion of the simple form which y assumes for the 
hydrogen-like case. 

A more accurate comparison may be made on 
the basis of the momentum distribution function, 
Fig. 1, for in general, {31 corresponds closely in 
value to the most probable {3. Thus, assuming 

TABLE II. Half-value breadths. 

ll1X1Cl3 Z' 1Cl3X/lj/ Z' 
/lj calculated from most 

probable /l 

12 .67 1.69 7.50 12 .67 
12.08 1.85 6.53 11.91 
11.24 1.69 6.65 10.87 
11.38 1.82 6.25 11 .02 

that /31 as calculated from the first variation 
function is correct and that the half w·idths are 
directly proportional to the most probable (3's, 
approximate half widths are found which, with 
no attempt to adjust the constant of propor
tionality, fit to a few percent as is seen from the 
last column of Table II. 

Since the variable is t = l/ 2).. * Z' a and the line 
shapes are plotted as functions of l/ 2'A * = {3, the 
half-value widths that should be compared are 
/31 / Z'. Values of /31 (the half-value breadth) and 
/31 / Z' are tabulated in Table II. If (/31/ Z') is 
plotted as a function of the corresponding energy, 
it is seen to be an approximately linear function 
of the energy over a range which is long in com
parison to the error in the energy computed from 
the fourth variation function and in considera
tion of the probable unreliability of the second 
variation function. Consequently, the extra
polated value of (/31/ Z') = 5.99 X 10-3 correspond
ing to E= -5.8074 RH.he may be assumed. By 
using the value Z' = 1.818 which occurs in the 
most accurate of the Hylleraas functions, the 
value {31 = 10.8 X 10- 3 is then found, which is the 
best value that can be calculated from these 
variation functions. This method would not be 
valid if the constants did not enter into the 
variation function linearly. 

In Fig. 2, y as a function of l/ 2'i,.*={3=v/ c is 
plotted. From such a curve, the line shape for 
any scattering angle and any incident wave
length can be computed by a proper choice of }.. * 
(Eq. (5)). [For example, the half-width in He at 
}..,=710 X.U., x=180° is 15.8 X.U.] All curves 
are reduced to the same area since the total 
number of scattering electrons is constant. The 
two curves for He correspond to the first and 
fourth variation functions, and show clearly that 

A 

FrG. 3. Coordinates for the hydrogen molecule. 
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the line whose shape is computed from the more accurate function 1s narrower than the line 
derived from the simple hydrogen-like screening constant function. 

Scattering from molecular hydrogen 
A variation treatment for the hydrogen molecule has been carried out by James and Coolidge8 

using terms in u to introduce the electronic interaction as Hylleraas did for He. However, the ex
ponential of (rA1+rs 1+rA2+rs2) / rAB, occurs in all the variation functions making impossible the 
evaluation of the transformation integral in finite terms. (See Fig. 3 for coordinates.) Consequently, 
a function of the ionic-polarization type studied by Weinbaum9 which permits the direct evaluation 
of all integrals but that for y has been chosen. 

This variation function is 

</> = [utsA (1) + uu2 PA(l) ][utsB(2) + uu2 PB(2) ]+[ UlsA (2) + u2 PA(2) ][utsn(l) +uu2ps(l)] 

+c ( [UISA (1) + <TU2 PA (1) ][ UlsA (2) + <TU2PA (2) ]+[ Ulsn(l) + <TU2 PB(l) J[utss(2) + <TU2 Ps(2) J), (11) 

in which u=Q.07, c=0.176, and u1,A (1) represents a hydrog~n-like ls wave function for electron (1) 
about nucleus A which carries a charge Z', etc. Thus 

u1sA(l) = exp ( -Z'rA i/ao), U2PA(l) = (r A1Z' / ao) cos i'JA1 • exp ( -Z'rAi/ao), 

i'JA 1 = angle between r AB and r A1, measured from r A 1 tor AB• 

The quantity r AB, the internuclear distance, although not occurring in the variation function, enters 
in the calculation of the transformation integral. The experimental value, 0. 7395A, of r AB is taken 
instead of 0.77 which corresponds to Weinbaum's function. This reduces the dissociation energy by 
a few percent, but gives a more accurate representation of the actual structure of the molecule. Z' is 
taken to be 1.19 since most variation functions of this general type lead to this value. cj, may be 
rewritten as 

in which 

</> = aA[UtsA (1) +uzvA(l) J+as[u1ss(l) +uuzvB(l) J 
aA = UlsB(2) +uuzvn(2) +cutsA(2) +cuU2vA(2), 

as= UtsA (2) +uuzvA(2) +cu1sB(2) +cuu2pn(2), 

and aA and an are therefore functions of the second electron's position alone. Since the transformation 
integral, Eq. (1), was expressed in terms of coordinates with but one origin, it is necessary to change 
its form slightly. Noting that cp splits up into two parts containing position variables with A and B 
as origin, and taking (XAi, YA1, ZA1), (xs 1, yB1, zs1) to be rectangular Cartesian coordinates of the first 
electron with respect to A and B, the z-axis lying in the direction of the line AB, then the trans
formation integral becomes 

A(Px1 , Pu 1 , P, 1 , XA2, • • ·zs2) =h-½{aA exp [(7ri / h)rAnP,Jl
00 

1•

00 100 

XA1=0 YA1= ZA1=0 

Xexp [ - (27ri/ h).l'\ • r A1} [utsA(l) +uz PA (1) ]dXA1 dyA 1 dzA1 +an exp [ - (7ri/ h)r AnP ,J 

1
00 J,00 

J'ro [u1sn(l)+u2vs(l)] exp [ -27ri/ h)F'i·fs1]dxs1dys1dzs1 }· 
XB1=0 YB1=0 ZBJ=O 

Since these integrals are exactly those for ls and 2s hydrogen-like atoms, the mixed wave functions 
can at once be written out in polar coordinates by use of Eq. (2). 

8 H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 
9 S. Weinbaum, J. Chem. Phys. 1, 593 (1933). 
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A (Pi, 01, r A2, • • • ~s2) = [aA exp [ (1ri / h)r AsP1 cos Eh] . 

+as exp [ - (1ri / h)r ABP1 cos 81]][ (1 + f 12)2 -4ioJ1 cos 81} (1 + f 12)-3. (12) 

Here '7A1=ang\e between rA2 and rAs, etc., while 0=polar angle in momentum space of the first 
electron. Integrating over rA1· • -~s2 and 81, it follows that A(P1 • • -~s2) becomes 

[ ( 
A ) 16 32Au2 16}..2u2 ] 

c(t)=(1+t2)- 6 (1+t2)2 1-t- sin(ft) + - u2r2+ -- cos (fr)+--(f2t2-2) sin (fr) ' (13) 
fr 3 j2 f3t 

• 
in which t=21rPao/ Z'h as before, · f =Z'rAs/ a0 = 1.67, }..=2µ (µc+1+c 2)/ (4c/ µ+1+c 2) =0.857, 
where µ = 2 (e1 i f2) (1 + u2) [polynomial in u and j]. 

It is seen that in order to find y it is necessary 
to evaluate indefinite integrals of the form 

As a simplification, all integrals of this type were 
taken together and integrated graphically with 
an error of less than 1 percent. Fot purposes of 
comparison the resulting y curve was normalized 
to the same area as for two hydrogen atoms, or 
for a He atom and plotted with the He curves in 
Fig. 2. 

Many other variation functions which it is 
possible to integrate have been studied by 
various investigators, but as each is of essentially 
different character from every other, and since 
the diff,erence between any two is not merely a 
term in a polynomial as in the • case of the 
helium, and the change in},. is consequently of a 
complicated nature, they would not provide 
basis for an extrapolation such as was carried 
out for helium. Accordingly it has not seemed 
worth while to calculate line shapes for these 
functions. 

Interpolating on the y curve (Fig. 2), the 

value 8.50X 10- 3 =/J½ is found for the half-value 
breadth of the line in H2. Since the half-width in 
atomic hydrogen is only 7 .50 X 10- 3, the more 
accurate calculation leads to a broader line. This 
is not surprising in view of the change in the elec
tronic configuration which occurs when two 
hydrogen atoms are brought together to form a 
molecule. The most important change which 
affects the momentum distribution is in the effec
tive nuclear charge Z'. Because of the finite sepa
ration of the atoms and the interaction of the 
electrons with each other, Z' does not approach 
the value 2 as it would for independent electrons 
but increases to 1.19, according to the variation 
functions used. This Z' is near to the value 1.13 
of the ratio of the two half-widths calculated 
above and would probably agree more closely if 
the assumption of the experimental value of r AB 
had not iPlvalidated the virial theorem in this 
case. It is interesting to note that the ratio of the 
most probable !J's calculated as in the case of 
helium i~ 1.12, checking closely the actual ratio 
Qf the half-widths. 

The author is indebted to Dr. Linus Pauling 
for valuable criticisms during the course of this 
investigation . 

• 
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I. The Diatomic HomonuclBar Methods 

1. Introduction 

In the development of the qusntum mechanics during the last 

fourteen years, mathematically approximate solutions of the fundamen

tal equations have played the all-important roles, particularly in 

the description of energy characteristic states of atoms and molecules. 

The primary reason for the use of approximate methods has been one of 

expedience. 

In the first place, no one has exhibited the analytic solution 

of a Schrodinger amplitude equation which describes the stationary 

state of motion of more than two particles in a system of atomic 

dimensions. In fact, the only complete .analytic solution of the 

amplitude equation lmo¥m is for the hydrogenic atom. The method of 

solution used in this case has not been generalized to give the analytic 

solution to the wave equation for many-electron atoms. The only other 

system for which both the wave function and the energy may be said to 

have been accurately determined is the hydrogen molecule-ion but again 

the process of solution, in this case one of analytic approY.imation 

by means of series, has not been extended to many-electron molecules. 

Considering now, in the second place, a treatment of atomic 

problems which gives approximate solutions, the R$tz variation method 

as developed by Hylleraas has supplied a theore'i:,ically satisfactory 

technique of successive approximation through which eigenvalues if 



ut etae~ot1ou tan be <ibtai~ wt th ~ (le.st.red d~pe:e ot 

accuracy. But the application ct th& Bthod he.Pl been att$Med with 

aucll alg~bi"a1o an:d nwnerieal ~l•xi ties that 1 t bas been used 1n 

the complete treatment3 ollly Q.f the simplest, two el,ec~n l!!YltelU!J • 

the hel:1um-iike atom Ud the hydrogen •leeule. hem a practieal. 

point ot v1ew, 1 t ts not SUl'll?'ising then that quant'unl mochtUd.cal 

caloula:tliQlffl fer atoms a.n.d mGl.00,ules. nave bean l:attselr •Of an approx ... 

ima.t¢t character as reguds findW'. both •ve tunet1QWJ ·and ene,:-g 

quant1t1ee. 

Considerations o:t e. ~:i•e p~sical miture have :t:,rOVided. 

per~p$ the most aub,1';11:illuatlal justification tor the us.e of oertau. 

t/ypel!i ot app:rox1mEl.tG treatment. 1/'or the most part, these oonsiaeratt<ms 

ha?G \leen baaed 'U:Pffl new p?iysieal eoneepta which Viel"$ i'i.rst introduced 

in the quantum me-oluuli~al the·or, ant, mol'e important -re, whose ua.n

i!lB was entirely dertved t'm>m some particul.ar apprGJtillJation proeesa 

applied to the $Olution of the ""''" equation.. Suell a eonce:pt 1s the 

with the tundementtll. prine1ple o•t' uu~rpoaitlon of states, for aot 
·, 

only has 1 t eubs te.nt1al.1Y ~ olassi eal 4ount"rput, "resOMl'W•e energy·n, 

for Clltf.\!llPle, being ~wn in elWSJsical mc,hanleo, 'm.lt 61.so 1t owed 
~ ... , ... 



wb.&re wt thw:t the use ~r inezact ll¥l)tho.ds, there would be • the~~ 

The ap:pro:d.'\:l&.te $03.ut:ioa depell!iing u.p011 the reeonanoe eo,iaeept ot the 

p~bletn G.t the llyd;rogen mol•cul• g1;'fen by R$1 tler cn,d :tonde>n< '3t ) 111 

1927 is tundwnental. to almost ell subsequent cal.oulat'i~ upon. bond 

a conceptual 'blue print of the oh11JU1,$.eal, bond which 11a.a ba$ed ~ 

general pb1eieal the:017 rather than Ul}Oll hy'pothesia ehe;een to flt 

or!giool. H.@.i tler•Londen. theory in the hal:l.dS of l"auling and tllater. 

Hund. l."!ulliken W'l.d Ruolool s~rw to EJxhibit e:nly th411 ~re Ql,earlY the 

In erde11 to illustrate these tiGM~ :remar!tt:1 an.d to 1,repare 

tor the «'l!)tailed d.i$oWtsi.Ql1 ~t l.1 thhnn an.a 'btleylU.um lllDleouJ.;es and 

ttlO'lee:ult:i•ions whleh iQ to follow, a survey will be given of those 

quantum lneOheilioal. treatments of hctm.onucle~ di&tcaaie moleel.lles and 

moleeule-1tmS whe&e ptn,••poi,le 1 t 1s to determ1l1$ d1SSQciat1ou ene,rgi'-'S 

and interatOll)ic distanees. Tiu;.) restriction to 4ie:tomte mo-leeules. . 

will not be Wl'Y' eonsiderabl.e ainoe emlculatt.ou.e upGJ1 :po1¥atom1e mole• 

cuJ.ee of an.,vthing like qu&ntitative aocure.ey t'.U'e :tew in num))er. 

lAk;ewiso, the theory ot heteronuclear :raol.eeulee is 'in an u.nsatiet'att<i>l.'Y 

ate:t& with regard.a to a<:u:nu-ae:v anq Cot:,\Ple teness. Sirlee oonsidention 

of these more co.nq,licated sy&tel:ll$ would iw.t aid the Wlde:r:stmidi.ng ot 



2 • JJ'AA4,e~ ~ 'lheOl'l; 

It is :neeessa:ey, to 1naure o1.a:ui ty in the subsequent dta ... 

eue~ion. of vuioua pa'l'.'·ticu.l.ar molecule,s. that an outline be given 

~f the quan:t'Wll ~chwoal. tb.eo.i,y ti..se:f.'Ul in bond :rorma.tion ee.lcule.ttona 

the diasoeiation e:rergy and the i:ttteratOFJio (lista.nco 1.n an unexoi ted 

dietolilic molecule. 

In q_uantum mechanical. theol"f, the all~vable in:f'ormati0Il 

oonoe:t>ning a system of atomic particles is oonta1ned in the ;:lch:r.e<tl.nger 

~litude :tunction 01•, b:ri6ltly, wave tunction~ 1/(1( > ;;;. > • • ·~) 

i'a:r that system, Ji. being the ;position 'Ve()Wr t'olr tbe 1-th particle. 
' 

The quantity ff Y:, the module squared, i .a intel"p:reted as a prtibab ... 

il:1 ty density function whioh is o:t'ten ts.ken to be proportional to 

the e:x,peotatton valu,e for o.n.v <lYnamiea.l property ot the sys 'iiom may be 

ot a syat<'tl\1 in an eror&r-obara.cteristi.c stationary state is given by 

{1) 
/f>k'HV/dr ,._, 

the intee;rals being extended tlu'oughout posits.on apace. 

The ltwlton18.n operator H and the ,~oal quantity,. total .,..,, 

enewgy of the system, w, to which it oorres:ponds also enter into the 



(Z) 
Hlf 
~ 

J:\\ ... 

t,Jhieh is tha wave ec;iu.ation for the system in an ene:rmr ehal'aetea,is ... 

'tio state. 'Xu r:HtiQb. of a set of valuef:l of W' , these being t'i::md, 

phj.'Bioally speaking by fj , there ou:rrespends a i''inite number of wave 

funcrtions. '.l"he integral expression i'o:t• \I 1s here take1:t to be the 

b-ecau111e in most probleri1S ts-he true solution of the amplitude equation 

is unknown, so tmra an a;ppl.'oxilUa\tion t'imetion of aonie kind :mi:w·b be 

used in its place., In these oa.seli!, en0rgy -ralue • w' , wllioh is 

calculated from eq_us.tion l corresponds ~.~rjet1=l; to the energy or an 
wlicse st-.. t e 

ideQli~ed phys:Loal syateim whi• iG tltou.ght to ro;semble with some 

fid~lity the true pcysicel system th:at ia aeeu:ratol,y d:oaoribed by the 

wave equ.atton (2). f.•a.neet for tlle se.ke of simplU'icatien lll.Qreover, 

a.cl.opted a.a being th0 lo:aa t op-an to cri ti ei sin; 

,,yt:Jtem. of interest is w.ci 'f.;ten (\own. 
I I 

( ii) A t't:w.et ion "l/1 1cm& an e:w rg,-r opero:t.or fj are ohoaen 

a.'ld th:roUP.)l the use of 1) • the ex:i;,eotati◊n V$lae o:r the em.Pf!}/ 
I 

eorrer1ponding to H is computed. 
A.I 

(iii} 'llle true wave flulotion '¥1 an.cl the approximate one f 1 



as well as H and. HI 
c·e compro.-od a..<td an in!¢r,:mee ia <l:l.·awn. aG 

....... ~ 
I w the Ph1°~ricaJ. sif.~ f icanoo or the energy- W . 

F-o:f' this reason, it has been ai1.stomary to r,everoo the I!l"Ocedure out

lined above aoo. to eempe.1-e \.v' and 'v,; 1 1:i order -~o obtain an estimate 

of 'the fidelity or ~ 1 
to Y. 

th.an cone:rgy ealculations ~ use of the cr i te:rion has r..ot been shown to 

q,uali teti ve s:tgnif.1 cance but the point of view assumed. 1.n outlining 

The t ype of a11rn:·onmate wave f unction 1)?
11
,,wlrl.eh has :proven to 

be the most uoo:!'.'ul in moleculai· ealcn1la.tions is tho V@.riation t'unc;tion. 

I t supplies a IDe€l!W of v ;,1l"'Jing t ho detailed to-.rm 01' a wave :functi<m. 

eontinuoual.,v a:tnca 1 t is a fu.notioo of one 0 1· .mcrt•e :pal'mootor s aa well 

ao of the positional co.01"<11na1;es oi' the particles n..uaking up the system. 

Sines \Iv: -=. f '¾:,,,I::!, ~Q,,, ctr is a. funetlon of lhe s~ :pa!'ametera ~,. /i!. ¼,, e/1" 
as ,// it is pOtlSi'ble to vary tr.o r:rar~'.ber s rum define th3::reby a 

~t:lr' 
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that with tho variati!i>n tu.nations res·tric:rted ouy till bo continuous, 

one-valued an<:.l finite , \lv4 ,.... is bounded below by W; the true e~l"€'J'. 

That is• tot' £:&_ "pr9}2E>l'a tcr,r- 1 

Two cha.racteri.stica o:t 'thi.a :nwt..1;od sl1ould be em~a.s:l.z1Jd. 

'The i'irat is that, since OJ:l(J eau r1Sve1· over shoot the mark, w' ~ · be 

app:i::•e:id .. matod to e.s oJ.osoly a..'3 is des ired given. arnple "f'lexih111 ty" 

in tho fox-m oi' the wave function and patience on the :pe:rt of the 

oonq,u-oor . '.l'b.e aeoond eharuci.-el'istie ia an illust:ration of the general 

:priuoi:ple s'oa:ted. p:rewioualy: uo matter h~, aot.nu•ately \.v' i s ap:p;ro:rt ... 

f 
meJ;ed to by W , there is ve1•y 11 Mle assure.nee that 'Ght) point te 

point deviat ions of 1/.tM f'.l'a.m the true YI a.re sr,i.ell. Dii':fertult 

ii'.;r,ea of vm~iation functions will occu,r :trequ.ently in the succeeding 

We will oon.ol:ude thia seetion with the ar,plieati.011 ot the 

quantum mechanie~ :irotboda to the t~a:t1r:LOnt of diatOOli<l moleeules. 

!he Bruniltonian operator H tor n rooleoule ie 
.....,, 

H __ ,,,,,, <i" , ~2.. ? z -z-e?. 
- -£._,---V. - 'j 

_, ,2 • ,1')?, l ,~ -, 
l ,;;,j .,);-Aj 

,v 

where NV! . , ze, ~- are the mast1 .1 eharge and :position vecto:r of the 1-th 
'"I, I l 

:pa.rticle and .'V;.i. the eorresponding Laplae1ail. Bo:rn and Oppenhe1mer(4-8) 

ahQm,d that a.a a :first approximation, which in moet ruoleeules is qui ta 

accurate, the electronic and nuclear motion.a could be separated. l lie 



(3) 

resulting :ffemiltQnie.n 1'011 the $l!otronio wave t'uatt1o• ln a ll~w 

nuclear tiatQlllie :mele-eule ia 

where)" is u elt)ctronie reduced mus, R ie the fixed internuclear 

distance ., z is the charge on ei the~ nu.celua-1 tl;_ and k-;, ,u-e. distances 

of the 1~th electron from nuelei A and B reapactive)J; $nd. llij 1s the 

dis1um,ee betwen the 1-th and j•'th eleeuron. 'lhe electronic en{:}-»(!S 

level.a ~ and the eOl'l"tJS'.P(mdilli'J wave tunctions 0 are then given l)y 

fj_ e * == We 1/1 
Since the eleetronto energy and nve tunetion is all that is requU&d 

1n the calculatt<m of d1s$Oeiattoa energ,v and tn•:r:•atom1e distance; 

thie equat10n will he:n.®torth be written in the el!ll;Pler rorm 

H\t-=w·f 
it being taei tlY' underetood that fl 
too energy in the ground stat@. 

1
i'b$ :Halllil te'i>niwi operator H and e.om.H::quentl.y the en~rgy \v' 

~ 
O:ODJpUted htom Equation / ol" 2 depend u,pQ. the in"t$r&t01u11 distaaee 

R ., In- tact, whea tl1a ea.nxponent at®IS ot the .m.oltHl11l0 he:ve bH-n spee .. 

1t1ed, \J beeomes a function ot R al&lle. For present ptll")?Gsee five 



distinguished. 'Ihe interaction energy- E rather than the tot&l 

ener(!J" ~/ is taken as the enrargy variable. Ta.kins ~'" te be the 

energy of one isolate<.\ atom Qf the molec11le, then£ ia given by the 

curves {l) and cul"Ve (2} with :runima and asymptotic approaeh 

to E==o from the negative aide are ty-:pieal of thfil for1mtion of' a. 

atrong bend and a weak bond respecti'vely. '.l.'h0 ~a.sure of bond strength 

is the dissociation ener~ De which is equal to the minimum value ot 

E wt th the sign changed. The dif:t'erence in ''etabili tyn oi' the bona.a 

represented by (l) and (2) is the diffe:renee between /Je and De • 
I 1. 

,,,._ 
'11le abscissa, lr'e of a minimum represents or course the equilibrium 

separation of the nuolei .. 

Curvee {3} and (5) since they possess no mini:rn.a and have 

always negative alo:pea e,orrespond to :repulsion at all distances. 

ll'inally, the :peculiar binding illustrated by curve (4) rep:rese.."l.ts a 

molecule which will exhibit pred.ismociation phenomena. 

/1o11 additional quantity. the true eleetronie dissociation energv 

4 , is 1:;otnetim.es discussed. This is gr eater_. algE)braieally, than 

by the zero point vibrational energy i h Yt, far the molecule in the 

ground. etats and thus represents the :purely eleetronio oont1•ibution 

to th1.~ dil3aooiation ener©7. Unless the eontrary i s explicitly stated 

De will be used in all subsequent diaoussiona of the dissoci&.tion 01' 
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diatoraie 100leeules. 

Having r11Yv1ew-ed the quantum maoha.nioal rules and. concepts 

which are fundame.ntal to moleoulo.r atructur.e oalculations 1 we will 

now turn our attentio.n ta those diatomic molecular systems which have 

already' been. treated by investigators ai.:nee the original W®?k of 

Heitler and London en the hydrogen molecule .. 

'nle- :first .molecular system to reee:Lve sati.sfacto:cy treatment 
.,.. 

by 'the q;ua.n:tuw. meehaniea was the hydrog;:,m molecule ... 1on, Hz. , diaouaaed 

t,y :aur:t8".U ) in 1927. In this one.eleetron problem, the wave equation 

ma,y be aepa1•atod with the use of elliptic coordinates J~ ~ft,. 14-:: ¥, 
f:::: a.zimuHirJri,1/le y} == l (; )M(A) <P If) into three ord.inarJ 

dif:fer·eJ1tial ()quati.ons. 'lhe equations a1"e 

(S} 

( I , '2. , n,i ... - .I ~ } M -- 0 
,:,(L{.-~ .., 

(7) 

and 

with 
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T.he pw.•mneterSlf'Y7, d, f must be so chosen toot the solutions P, l> M 

will tom a phyaicaily aatistaeto:ey wave f'unotion, continuous, one. 

valued end tin! te. ';ill.e :pa.ra!Jl6.ter d ia direetly related to the 

W throu~ the equation 

(i) d::: -ft f'" (\✓- ~:.) 
~ I\. 

'lhe largest :poeaible value of d thus c01Tesponds to the ground state. 

'1'11e proper values of/>rl are positive and negs.ti ve in.tegttrs ~ 

In the ground state, .1»1 == t> and both Cl ana(9 must then elao be 

o.n1quely detol"J'nined.. 13ince these two pa.ram.ete.:rs enter into both the 

equat:f.on for A and that rort-<. ' tht)y .may not be deter.mined sepax,a.tel::r. 

Indeed, to ea.oh value of (i, in th~ equation, there :must correspond. 

one and onl.y one value ot:/3 for the normal conf'igu:ra.tion of the mole ... 

cule. :filxpressed differently• there must be a :f\moti onal rela tionahip 

between <X' andf 1n order that th~ equatJ.on have a satisfactory 

solution. In the same way, f must be a ce;ctain function or>t) f and 

in order that the A equation possess well-b~haved. solutions. The 

essential problem ia then to discover these two :runeti$nal relation

.ships end to find the values of the energy parameter rJ,, as a :funotion 

of f which satisfy them both. 

Burratl solved the equations b-y a process of' numerical ute8'l'a"" 

tion which Pauling haa de~eribed 1n some detail in his artiele on HiB 

and H2 + {.Z ) • Burr~' s can;puted values of 4 end .fe a1>e given in a 

part of Table I. ttore a.oourattl :methods of solutions of' these equations 

were round by lJylleraas<c, ) and Jaffe( ff } . '..t'he foi•n~r e~e.nried l'rf (.u) 



J.2 

in a finite aerlea o:t: J..egend.re polynoro.i.1llla fl f/d ,c f f; (/1-) c, 

U;pon substi tu.ting the series into equation f he obtained a aet 

of simultaneous homogeneou..~ linear equations for the C~ • 1"he 

necessary vanishing of' the determinan.t of the ooef'tiofonts of the 

which o:t eourso were themselves functions of cl and /3 ., px·ovided the 
I 

desired. f'unetional :relationship between d and p . A simtlu, though 
I 

:more oom;.9l.ioated t:t•eatment of th~ A equation produced the eacond 

funotional :rala.tion.eh1p, again in the form of a d.eter,.Tdm:m.tal equation, 

the dependence of a' upon /::J" and o which• as dieeusaed above is 
I ) • 

suf:f'icien't; to establish too final r0lation between the energy- parameter 

cl and the nuclear sepe,ra.tion parmooter <f • Hylle.raas' resultm 

appear in '!:able I. 

'111.e treatment of Jatrt followed more closely the analytic line 

ot attaok than any previous w@r.k . Other imrestigaters hall 1na,1e small 

or even ineoTJ?eot p1-ogreas 1 (oi". J'a.ff'a'a paper)• toward the solution 

ot' the A equation from an analytio :point of view. Ja-rrt was the first 

to tin.d an expansion of l (,..H which converged for all valu.es or t1 . 
Hyllera:as' expansion :for exanwle converged only for 

Jattt t'irat made the substitution 

(9) L -..i~.A./ )lltl/a -:::: e. ( ). .. _ I ~ 

as ha.d Wilson proviou..~l,y{ 4). 'Zhen he il1troclueea. the new independent 

variable A-I u == A.+I 
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led to the in:f'ini te aeries 

and the eo:nvergenoe of this aeries for 2,1 -- / could be made to depend 

upon whether or not a tran:scend®ntal rel.a t:ionahip, in the :form of a 

continued fra.ct1on; was satisfied between d aoo ,t3 ae a. function of 
( 

f . Thie aond3. tion upon o/, 1 f and f eeuld then be combined with 

the relation between d. and f origina:ting in the/ equation to give 

aa b.efGre the de:airod variation of i:i w1 th f • It is conceivable 

that Jaf'tl•s continued t.r~otion could be tranafonred cl:lreetl.y into 

and the i'unotiolUll :relationship expressed by the two transcendental 
/ 

t"unctiona must of eourse be the aame. :l'lw great e.dva.nt~ of Jaffe 's 

method was tllat not only waa the eont1nu.ed traeUon moro amnable to 

~ric3.l computation than was Eylle1•a.ae• detenuinant but that an 

ei1!!'.'9lto1 t ar1a1Ytic expression for the wave :ruxu~tion L could be given 

in te:rms of an infinite aerie$ oo.nvergen.t tor all >-. . 
/ 

'lb.e close &gree}jYi}nt between the reaul ts ot Hyl1eraa$ and Jaffe 

is misleading :i"or the two inves'tigators uaed essentially the ea.me 
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f1 even thon.1.sh the mthoo.s ueod in oal.eula ting tho .latter i1ere Uttel" ... 

en.t. '1.he error which sa~deman ( .see belov1} tound in tl.la .Tat:ro Htllere.as 

th1a kind. 

P...n i m:pl•eveme11t or F.illeraas t teeludque was :made 'by sva:r·tllollt\ (II) 

in 1938. Re made use of :tunetions in hia e,rpaxwian of L. ( A) which were 

'the solution of aee-ond order differential equation with th:r-ee regular 

$ingule:t"itiee and was able With rather simple ea.loulationa to obtain 

a value of the ene:rgy tattering bf only o .01% fran the value com:puted 

by- the it~xact" method of Jati'6 and H$'llorus . 

tional Qonstan·t.s for the h;rdrogen molecule-ion. }Jz,lltn~as ~de the 

fi:rst ealcu1at1on of these qu.ant1 ties. sa~neman vo ) bru.l inc:reaseQ. the 

ateUJ1ac1 at ·the Jatfe~l.l.eraas type of t"eatment and has computed. 

i:ntel'atme distanee and vibrational and rotational eoMtants. Not onl.31 

, . . 
those. of Je.rt~ and HylJ:.e:raae but wo his computation Gf the molecul.al' 

constant, 1a based. upon Dunhwn's analysis.V-.2 ) of the o.iatomie ro·Ga..tor,.. 
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rnoleoule .. ion at least : :U; is mare t-o eoncludo the:t the bLcnd constants 

arEi deter.mined wi t11 eouv..%vhat r-..ore aceur&.ey 81'!.d oortainJ.y with greu.tor 

co~lc~te111;1ss t:rom the 'th~o:r.et:i.e~ calcu1at1.ona ·than from the ex,pori• 

mental obmDI'V'atior.s. !i; ,.s 1.m:f.'Ortur~·te that th~ resul.-t o;(' ::;an.d.eman 's 

calculation is to increase the $Ui:.ll1 e::dsting disagi-1::arnant be·twoen 

tbi.3 thoor-0tical and e:;,,--:pel"il'OOnt:al bond co:rwtw.its as well ae between 

the d.issooiation e:nergtes. (See discussion of' Jamea-Co:5 lidge wol'k on 

rru , seotio-n L/ 1 • 

I t is ~rhu1m unneeeeaary to point out that the methods 

deacrib.@d above, thougl:1 powe:rM in treating the hyd~~en 1nolac11le ... 

ion, are not applicable to :..~-electron sya·ooroo. The separation of 

thr~ wave equation is essential to i ta solution by the nu.m.orical or 

analytic roothods known e;t :present and the technique of aepa.ratin.g a 

wave equation for a two-or-~re-elee·tron syrrtem. of any kind inme.i 

01•dinary di:t'f0:r0nt1al equat:i.ons hru:i yet to be tc;tmd,. 

All of tl10 ?'~tining methods of solution of the m,d:ttoi~em 

molee\ll8 .. ion ws.'1re equation depend upon the use of variation funetions. 

These are the si:01:pJ.est tn,e of' appronirste wave fu.ne'bion and yet 

often lead to quit~~ aeourate T1i.tl.ues of the dissociation energy. r,ior&

OV®l" it J.s ~ the approximate solution of tl1ci wave equation which -

is capablt-J of physical :tnte:rpretat1on and whieh provides a basis for 

appro:rlmate ealeu.lation..ci; u:pon. many.electron molecules. 

'llle 1n.ost flt,:dble form of one-electron variation function 

is that of Jsmos -vrho introduced 1 t in his tUGousaion of Lis+, (.34) • 
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It is }~:tJ.):vessed in the ell1:ptio coordinates of equation { 6
1 
7) 

(10) lf = e_f). (1+ s,#i.) 

Jame-a found that the opt1.t'r,i.u:m. values of the !)arruneters were e • o ,448 

£' = l.35 c.,orreapon.ding to the dis.Hiooiation energ, De = fh772 v,e. 

which differs by only o •. 1% ~om sandetiJaD.'ia vel.ue. 1:'he addition et 

on.a o:r two te:mis in/ e.nd A to the 1,ol;vnomial would certs.inly 

improve the calculation conaiderabl.y. Since thia is the. onl.y e-ne

eleetron system. for whioh the»e is kno1.m both the tra~ wave function 

and a variation function which co:n-es:ponda to an accurate value of 

the a-nergy • 1 t ottera an uapt\rallelsd opportun.1 ty to discover the 

fidelity ot the r•a.eew:-atet' variation funo-tion to the true wave function. 

Unfortunately, no one bas ma.de this valuable oom.pariaon which would 

at least provide a lower bound to the confidence wh1eh -ma:, be placed 

in variation tuaetions. 

In the preoedi7ilg ru.seusaion of the pbyeioal interpretation 

cf the true F~ + wave function and or tbe Jli!J'JJJ@a function has pu11iJoaeJ.y 

been omitted fer 1 t 1e onl.y in te~ of t .he Rei tler .. London type 

function.a to be described. next, that a phqsioal picture of the one

ele~tron bo.nd can be satistacter1lY given. 

In 1928, Pauling eave the t1rst a:ppro1.imation treatment, of 

the He1 tler--London tne • to the hydrogen. moloeule ... ion f:a). The linear 

varia:tio:n tuneticm used is eonst.rue'bed with the help of t'he fQllwing 

argtllMnt, the f.tamilton1an being the Sllll!e as in equation '-/ . For 

l~ge separation of the nuclei A and B the electron :1.s deseriwd 
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A n 
accura:tely by e1 toor of the two atomic wave tun~tions ,s or D,.s , 

v1here A, .s is a hydrogen 1 ,S wave function foi• atom At B1!, a 

simila:r 1\metion fo:r a.tom l3. For smaller nuelear a-epsra•ti.on, involv• 

ing perturbation ef the atomie orbital by the !JOaitiv~lY charged 

(ii) A,s -r C His 

is asaum,ecl. The superpooition of the two atom1o states d.eaeribed by 

thia wave funct 1on oorresi;,ends, ph11d.eally ape.ak:tn.g to a e.oncentratten 

of eha.tge in the region b-OJtween the eomponent atoma 1n the ooleoule-

nueleua A• D. It is i'll>und upon carrying th:r,ough the variation t:i,e.at ... 

ment that e !!l.Wt il4ve the value .., 1.. '!be al.lowed funetiona 1/{ ~l ~ 

are ~tl-ie and antisymmetric respective~ in the nuclei and 

co:r~a:pond to two en:irg .. se;,aration i\metiona £ .,, ( F<,) and £A ( I\ ) 

The symootrte f'unet1on represents a stable bond for the energi; cvw 

the right order of magnitude t es seen f'»Om To.ble I even u deri wd 

trem this extremely s1,..1n:ple treatroont. 

If instead of 1fs ,, onl.y A1..s is used in the t~atment, the 

oamputad energ1 dists.Ma ourve is of the. thira. tYJ)e, (ll'1gure 1) 
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fun.cation is thus seen to be that it must represent the superposition 

of two eleotronio configurations which p$3eess at least appr,~tely 

the s~ enel'gV. When such orbital degenerae,y e:!d.sts, the enorw 

due to r r~sonanee between the equivalent states :ts sut:ticient to permit 

the formation of a stable 'bona. It ie clear that ~ liei tlor-,-London 

a clwmieal bond formation. 

have been carried out are for the most pert essentially rei'inemt):nte 

of J~auling's treatment. Finkelstein and Horovitz( 3) varied the 

ettective nuclear eharg¢ z in the hydrogen-like ful:lotien. !ls and 

found considerable improveirent in the emrgv vuue and equilibrium 

saptU'atton fo:r ,-'::"" 1·••1. -1:i inatead of ;; :;;:. / aa 1:n l auliniira 1.s function. 
4,,, ..,..( - ,JC,,..I ✓-' 

Dickinson { 7) used a t1polarized" atomic o.rb:I. tal 

// A" . I I v- = ,s --j- ~r / -1 z ,,P 
' / 

A i _p being a !lvdl'O€!len ... 11ke '2 ;wave tunetion.. T'he Polari:zat.ton term 
l 

contributed 0~5 v.e,. to the e-~rgy w,hieh with ·the 2,.25 v.e. reso.nanee 

energy gave a value of. the dla.t.loei~tion en$r~ differing by only 

.• 05 v .e., t:rom the a.eeurate value of ~llenae,, J'atte: etc. Finally, 

Guillemtn and Ziener( s) by int:rodu¢1ng the polarization effect through 
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The polarization li!l.e'lbod t>-l'QS designed to take e.eoo\Ult of the 

perturbing efteet of the neighboring p::rot:on upon the 15 atomie 

orbital, J"amea·1 va:dation tuaetion can be interpreted as a polariza ... 

tien i'Unct:ton and., as he points out in his a:rtiele on the li tbium. 

m.oleou.J.e· ... ion, this variation funa-t1on. exi,roosed in elliptic c®rdin• 

that of Guillemin tUltl z.ener. iFurt.ter:ruore, in. 8:p1te of the sucee.ss 

of the polarization terms 1n reducing the error in the ealo~ated 

energy values, thoir 1nt:Poduot1on ean be regarded only as a lt!S.thema,.t ... 

:teal triek without arq conside:rable peysieal. si grdfieance. .James 

~ti.on 13 a better :f.'unotion in this respeet ala0 a:tnoe 1 t ia 111 the 

same analjtie form as the aemes solution of the hy~gen molecule-

ion, it should be emphasized e.ga1n that it is onl.y the lleitler-tondon 
Ul..e 

tY'l,le of treatm:Jnt which at the same time offers ~ -pbysicQ.l picture 

(!If cllemieal bonding and admits of gen:iralize.tion to more eem;plieated 

moleeu.lea. 
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4. 'llu3. ~dl.'!1$~ ¥oi~oul,,~ 

No l'lilOleeul.e.r system haf.l been ot m.i1>l' e tund.arnental ~•tanee 

in the quan'.t\m.l neohani.cal thedry 01' bond formation than the hyd.rogt)n 

m.eleeule. It is tlle onl.Q r.u>lecul@ more C0!1T.Pl1ca.ted t:t:.l.an F¼;J + for 

which the the0:l'etical value of the d.ieaooiation en.era is 'believed 

to be omparable in aoeur-a~ with the e~riroontal value. Ne.tut-ally 

then• the treatnwint ot ill po4,releetronte moleoules follows cloeel.y 

'that of the two electron. system 1~. lb1e ia partieular!y ~a when 

the bond under oensidel'@,tion is oGvalent for the E .. E' bond ts the 

:prototype of all covalent 'bond$ .. 

The pioneer work on the ~drOg-en moleoule wa.s that of Beltle.11' 

and l(indott in 1927 ( I i.J. ) . 

'lh& wave equati<m for the ay$tera t~ 

t'l 3) {- -. f-t .. ( ~ + ~2-) -+- c:~( -~ - _!,_ ~~ -/-- - _!_ _ _ .,:._ -f· _!.._ ) ( ~./ = !yl ,l, 
,m i. R a., ci,... ,,... ;'- .1,,,_ f r t 

-~' F r ~ 'J> I 

1n which the /t is the intel'@l~ewonie and H the internuclear dii:rtanee • 
Ii:. 

a. and /- are ditrlnancl!ta ot an <::leotron fl-.o::u nuelei A and 1311 th@ sub-

se:r1pts l and 2 re-twring to eleet:r.1>$! l .ruld 2. l:1oi ti.er and ton:d.On 

COlleid.ered t-he a:ppl'Q:.d.ma te wav~; tu.nett on 

in which 4s. ( 1) is a ; _.; hyd;rogen v,,.,ave function tm- th~ fill'a.t electron 

on nuoleus ,.\. 'l1his linear variation function po.ssess.os the propurt1 
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seen from the i'Qm a~autilad 'by the wave equation for the eyct-roge:n. 

mole(ro.le when R-> cu For amalle1~ values of R, the tun.et1on 

will, as in th.e similar ease ot the hydrogen moleeule•io.n, ®X'l'espond 

to a eonaentration ot oharge between the nuclei. It ltb.-ewise repre

sents a finite probabil1 t, of finding ei th.er electron on eit.her 

sta:be t allow:e but one electron to occupy at a.1.w one time the / s orbi tat 

Variation of the :parameter C leads to two valufila ~1{ e..."'ld ¼ 
of the ener~ oorre$pondin.$ to the s~trio and antisymrootrtc tu:netions 

(lo) -l/1, A.~(1) Rs fa) ~t--B,:;(I) Ai5·(2) 

and 

'1he interaetion energy eurve fo:r \-(.5 is simila2 t() the euwve l in 

Figure li that tor VA to ~une 5 ao that, as in the qdrogen :moleeule-

10-n, '\fs represents the stable bonding function., 1h, eorresponda 

1/,,,J-- A _ 11) fl Lz) 'tN - ;~ t V/sr~ 

leads ·to a c:urve of type a, Fisure l, end yields only a ve'I!'/ weak 

bond. '.the values computed with YJs for De and Ne , :N)OOrded in 

Table I[ aJ.'e of the right order oi' ~gni t.ude. 

FQ~ly ~t least, the Pl.'opert!es of this :tunotion for the 

hydl'<,gen ll.lQleoule are iden ti oel w1 th the propertiee of' Pauling' e 

unstable bond and repu!isio.n at all diato.ncee tor both of the molecul.v 
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system.a. .Al.aQ, the bond energy for the single electron bond in Ii.a+ 

:l$ 66% that ot the eleotron-pa.1,r bond 1n E~.! and the interatOlld.e 

distance is enrrespondingly greater, :t1lese Nsults l.'e:main Valid 1'01' 

arq He1tle:r-Londo,n treatment. 11' only these cor,xpu.ted results ~e 

considered then, an eleot:ron pai:r bond might be thought of as two 

single electron bonds and this is indeed th~ vievrpo.:tnt adopted in the 

"molecular orbital" trea:tment of Hund, Mulliken and Buckel whose waw 

ttm,qtion is therefore of the form 

Sl-ate:r(fJ"") has shown ·that this molecular ol'bi tal i"lmetion 

and tbe ELSP tunetion ot equation 1S beeOI'lle identical. when beth are 

retine<l through addition ot terms representing Ol:Oi tea atates. 

'l!lere EU"e twe tact.a which invalidate the oone0pt of the 

eleetxion ... pair bond aB being oompo.aed of t\v.o one...eleetron bon<le. First, 

o_n this picture, the three"l"electron bond should oertainJ.y be st~onger 

than the ele-otron-pa.ir bond. From Pauling's ealcula ti® on l!eli/· to 

be dieoussed la tel'• tho opposite is seen to be the case. '11he three• 

electron bona o.ctuall.y cOlrrespc,nds both in st:i:•e:ngth and bond diste.nee 

to th$ one ... eleotron bond.. In the second :plaeeJ tne l!e1tler-:tondon 

type fruwtion 1 partiaularl.y when 1onic terms are added is capable of 

deeeribiug stablo bond tor:mat.ion 01 ·two atoroo of wtdel.y d.ittering 

electronega.tivity even tllougb one-electron bonds between such a.toms 

are very weak. l'auling h~ adoptad tho 'itiew tha:t the oleo·t1•on ... :pa1r 

bond as represented by the ti.motion 
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(I 7) ~ 

ia o:f an essentially di:rterent clle.:racter from e-i tho:t> the one or 

the thr-8-e-.ele ctron. bond; sad has ex:plai)Jj;,d this d1tterence as toU8'Mh 

~e flmction ·rs celled variously a Rei tlor-Londen.-Slate:r..,:Pauling 

er }1 ... 1,,,.s.,..p fU.notion or a valence bond wave function ;ts symruet;r•io te 

inte:rol:lange of the two electrons. 'l'he two possi.bl r:,: eonf'i&wa·t:J.ons 

o.-r the eleotron.s represented by the two terms in equation I? eorres

poll,d to exa,etly the Scame energy- and this degenerae:r between ihe two 

states exiats whether the CQl'l'q)Onent atoma of the molecule lU'8 the same 

the two states and COliSeq~nt sta.b1liza:tion of the bond, but this type 

ot degenere.cy 1a not found tn the other single bonds. ~is is n1QS t 

cleel"l.y brought owt by the. use of Slater' a anti .... ~ymraet~iaed wave 

that in substantially all eases th.e spins of th0 two electrons in a 

covalent bond must be opposed if the band ia to possess the greatest. 

stabili t¥ • 

'llle hydrogen molecule end hydro.gen fluoride may be taken as 

good examples o:t' t.he im,porwuuie ot e.ovalent bonds.. .For the hQmOpolar 

molecule P.~, the stabilization amounts to about 4 v.e. which is 80% 

of the total bond eml!'gy'. F«:>r RF, which oQDOt fom. tJtable one o:r 

three ele<ttron bonds, the eleetron-pai~ stabilization am.ounts to 50% 

of the o.beerved bond energy, the remaining e?Wrgy being ionic. '!be 



1m;portanee of the eleotren-pair O;/:' covalent bond i.n ohend.st:ry 

relative to too one ()r tbree--eleotron bond is thus derived n.ot onlJ" 

h'om its g...---eater strength but also hom the JQ.ssibi.litf of 1ts 

formation between a~ and .all atoms. 

Hef:tnements in the functions of Hai tler 6;tnd !.on.don haw bei!m 

numerous. SUgiuravs-} using Beitler and Lendon'$ function disco'Ve:red. 

the method of evaluating the se. called two electron exchange integrals 

which oeeur in all Heit~r•Lorulon type treatments of ~...electron 

systems and was thus able to !mpx'OVe the aeouraey of Hei tler and 

London's nume:rieal calcw.ations. waJ7iaried th.e effective nuelear 

charge occurring in tha hydrogan .. lilte 1..5 Qrb1 tal.s and de~reased the 

error a the d.isoociation energy w 13;$. It. is interesting to compare 

the similar calculations 'for the bs,drogen molecule..,ion. ?o:r both ~ + 

and E:a, the f:ra.ctional e.rro:r in tlle val:0.0 of De. aa calculated w:t th 

the sil<1:plest \'le.We :tu.~ctio:na is about one third wl1ile again, for both 

syatorus , the var.ring ot the iafteetivc nv.olear charge is to rleareaae 

the f-.1'.'o.etional. error to abowt onB fifth. 

Az another refinement, 'Neinbaum'.20> ha.a int:roduced ionio te:rma 

int.o the wave t'unction. His ionie functiona are of the :torm 

(It) 1fJ = A,s (I) 8,s(2.) + A,s (z.) S,. (1) +c { A,s I 1) A,di)t-lsriJ8,(2 i} 
thu.a allovd.ng for the poaeibility of tlw ionic structures :rrt·1r· and 

H-Jt. This function might also be considered as a generalization of 

the molecular orb1 ta.l :function ot equation but, as seen ~ Table JI 

leads to a tar mo.re accurate value of the dissociation energy. Hinoe 



'ibEi) remaining appro."tim..<1:-te treiitt-ntmt e aJ1e of the :polari?.atien 

~ introd.ueoo by f{Og(&rf1~1 appl.te11 osy DickitWOn to Et~ 1>. fJ!mple 

Weinbamn"s iol:4c. wave tunetiant eqim:bi<m (15; Uill:t~ved the value o'f 

by cnl:y 0"04 v.o. Since more aoet.U'S.w weve tunetio!Ul tU"0 &vailabl,e 

atin.g to tos-t ~n tho ionic and the poJ.arimtio11 type fl:l.ooti()ll in 

order te diseQVer vthetmr the pelarization teohnique is tW· utifieisl 

as it appears to oo. 'me o~iaon has been tllad:e 'by JQmes and 

Coolidge ot\11 fqr Rosen 'a furne:tit.m.,. f ,<, 1) 1 

'b dio.seeiat:tcn ene1r$1as, the 1nteratemic distsnoo and tha 

vibration.al fl:",:Jquaooy of t.he m:ic-lei ½ as et1l.eu.l.$tod on the baa:t.s of 

·i;he v~u:1ous medals ·a.re lis~ in fuble l[ t<>~too:r with tb0 e~rimn

'tal values of Beli.tloo: and :3a:ndeman... For the mce t aooUI'$te e~a..riaon 

.o'f e~r'iment eind theory, i:t .is neeeas~J to deseribe the vio~ o'f 

J'&,ee ad Gooli~;,e C .9.L 



IT;rlle rri.us had derimnstrate(l in h1o eOilll)'J.tation.s cm hel..ium 

{Ir;) 

tion ootweon tho nu.ole.i. 'lhe est value of the energy which o&n be-

Ol' 10% error is of eourao- ea.used chiei']Jr by incon;plet0 re:preoo:ntation 

of the. inte-rele-otroiue interaction and a:hould give an aJ;P!'o:id.nnte idea 

oft-he magnitude of the smallest e-rll:'or to be expeeted in the be-at 

H-L-s ... 1;1 treatments of moa."'EI com;plicated moleeulee. 

Usin,g th 1rteen te:t'iilS in the function of eq'\.lS. tion / 9 ,:· Jamee 

and Coolidge obtained aa their moat e:ecurate- value of dlssodat.ion 

/) 

cerreapondi.ng to fie= o.74 A.. iJJ1e tru~ eleetronic dia$0eiation 

ener{&Y' ~es e-xtrerJely well thell'e1'ore ,11th the exper:uoontal. value or 



t:hi~ is given ~J' ma1dng uee.i o'.f the tr.e'<>z>etiee:l d;lsf)oo:tatton emr:f!J! 

DC, ( II/) o:i? tne ~Jcl~on lfi0l e(i1..tlo ... 1qn, th~ i •oni~ti.on enerfN or 

the J;oniootton omww J(!IJ of tlie hy{l?Wgen. mo~eu.lei.. Tho~e quanti

t!.es are related ·1:0 [~ (J..l:i.) t..."lron:gb tl'le eq11ation 

I /f/,.) -1- L\ fl-It) -= I (l-i) + D() ( 1-1..) 

CQ!eule.t$d t;e be Lf~ 4 4 2 V e. 11ha pr:bc:ipal ${lUt'00 of U:11¢el'imin:ty 

in th!e etal.eul(;ttton iril oortail!Js· th~ c1ete.ri-.2J.n:a:tio-n r>f r {H,-; ) • 

mtwt bG diseiw~10i:'L, This is the a,pJ>lics:tiQn of lfa:rtl!f~e ~th()lt made 

by UouJ.1:1on (.~3} • Ins,t~ad of l)le!X-fermJ.ng t:he neoos.sal"".r integrati,one 

no great ad:veni.mge :i.tl tlvi lw.rtree ~thou 'ffD? sim,pl~, inolet:mltl.S. ln 

. f}'f \ 
View of. the eonel.i1aion."'i! of J~s, 3/ 1 oonoeirnlng the i~rts.nce of 



its applieation to mal!W-eleetl'Ol':l molee-ul.es would involve the ]'oek

Sla.ter roothod which i s dii'i'ieul t to eerry out even for eleet:ronio 

aysteroo eonaisting of dngl.¢ atorias. 'l:hua Wi tl'l.out oo:rwiderable fu.rther 

d..evelopi.nen.t Coulson' s treatment (toes not se,em very valuable. 

11.luatration.'3 will be given of: the considerable •.:i.i:!'ferenoo between 

the one and the t \vo-eleotro.n molecular system.. Ooulson in his work on 
(a.:;) 

the Hartree 100th.od used. a moleeular orbital of the tor.m 

in a preliminary calculation. '.chis f&rrn Gi" funetion 01·bi tal lea.a.a 

to a quite .aeeura.te value of the diss·oe1a.tion energy o.f 'the hydrogQn 

function for hydrogen 

·t.r." (I) 

led to the value Pe ""- S .096 v .e. whioh is more in error than the 

value obtained by the airirplest 1!eitl0r-London t:r9aimt\:~nt. A simila:t• 

comparison of the work o:r Bosen vrith that of Dickinson, and the work 

of Guillemin and Zener with that ot Inui peaulta in the BeF);} coneluaion. 

Theso e:x:amples show clearly that the \Vffe i'unotion for the ele ctrons 

in a maey....electron n1olecule htll1 small resemblance to a au:perpos i tiOl!I. 

of wave f'.mctione for. singl e elect1·ona whose interac'tion is neglected. 

:rhe second illustration ii! taken froin Sandeman •s work\ /) • 
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Sandem$1'1 found that the energr•sepcu-e.tion t\mction ie Al)re-sented by 

the following expression: 

where 

R-Rc: 
Re 

to better than 9.!!. .!.!5!, i!, !!!. mill;i.S• When the 'f'arlable pal't vies 

expanded 1 t became 

E i r- =: o. +1~,,~Elt tY:-/.~'178 f 1--,a..09_uf2-2./$i,.5'f1+L'177S"s1-/.l/-(.63{£" 

.;.. {). ~s-21!~ ,., ) 
He then canputed from the bend spe.otral data the enersy :t'u.ne ti«w 1'.-

the neutral hydrogen 1110le®le in ground sta1:e~( 9 ) 1s ,s ~ end the 

• 'l'hese e..re, a.mi tting 

the OOM tant term, 

and 

It 1s perhaps best to quote sandemen.1 ,:s ewn e.on-clusi.ou. Equation 

ehowo that "for the ground state of¾• the • •• [ energy t'u:netion J ... 
for the moleeule.r r<>tating vibrator could be written in a "!1'&1!:f simple 

form involving only the first three inve-r.ae pcmera of' (It-~) 

tftti'OJ>tunately th1-s 18impl1fieat1on is not o&J.!)able of extension to the 
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states ef tl:ID neutJl'a.l. moleeule • The :poten.-tiel expanaiona for the 

1s 1s :Z and/S c2s Z states of 11,a. whia bea,rU\g oou1deftble 

:resemblance te the eorreeponding e;zpmmi&n tor tho1s ~ state of 

I3=a + • do not .a»pear to b0 capable of reduetien. tc ~ simple mathemat..

ieal tom''. These data from be.nd epe-otroaeopf pre.seat posstb~ tho 

beat eVidenee tor the protoun.d dH.'f'&Nnee 1n char&.ct.G:r between the 

one and two-e.lEu,ttren mal.ewl~ systems. 

5. ~e ll&J:1~ ... ~'~""~<»15 

In the foregoing die:eusslon of the b.ydrO~n. rool~.cule and 

r$leeuJ.ar .. 1on, a nth.el' ~tete deflQriptio.n hae been g:i-ven e:r the 

p:rinelploa o-r the H•t,..s .... p 111ethod ~ it 1s a:,plied to the. s~ln 

diatomic moltleules in the gt'OUnd state. The ®l.e13lations ~ ~ ++ 

add nothing new t-o the gem:cal tt~tul-0 of ®Valenti bond. fGMJettoa 

al though they do ,erify 1n one more instance the assumed $at-acter1s• 

ties of th-e tlle-ctrM-pei.r bOn.t.- 'Ihe treatment ot E&2 ++ w lmPG.rtant 

~use 1 t a~pl.:lece the qwmt1 tati V$ ehe~ mi thl!i p~rttes <¼t the 

~-ele,ctrQll bond. Since it ta the ether single bonds which an the 

ab.let conoen ef 1h1a 1.110a1a. the hit.Uum mol.ettule-1ons will be dietuase.d 

n.1.1 wote.r as th.Gtr treatment $bed.a l\\EIW light upon the ose~J.eotraa 

v.nd el~et:ren.,:pai:r bond, 

It was wi:o:ta« wt by Pauling( 1/-91 th.tit degemm~ be~l\ the 

at-rv.otUl"es He;. 1-1: e.u JI;. :/4 a,aQUl.cl lead 1iQ waonru:roe and tonnatioa 

of a stable bond •bOut as atron~ as a one-eleetron bond. Q.~t.f.tatlw 



.b:veat1ption .o£ aea+ proved W.s to be tile caae. Of tho ~ 

eel.01Sl$.t1ons 'fJhiob hPe been made (~ ,, .:2.1, 3~) the results Gt ~ 

tbe moat accurate onG', that of We.in.be.um., n&ed be. d.iscu;.ssed uinoe .dJ. 

tnatmente $N of .the.- g---.1. fom. !he two ~~wree cone► 

pond to two wave i'unettoae ~ and fir. wb:1.ch when U(led togeth•~ 

eoastitute • better ~tion to the t-we wave functitni ti. 

either alone. 'fhe twQ we.~ fwletio:ns, 

Y{ -= ...Pr 4 'Vti: 
and t ~ vf-~ 

led to ••••~titm O\lffes t:f type 1 .and i, ·:h.cu:re 1, Just.•• 

in tJle. cue of the hydrogeti •laoule-ioa. J'.or the atkaet1Ye, s11; 

state W•lnbawa giwa, Re= L.091 A, De = 2.22 v.e. anti PettUng ~t.84 

the ~tal. f:reqnene, 'J{ = 1$50 _....J.,. 7l'd.s io to be ~ 

wit.h tb• ~&riaaul. ~- of Re t::. 1.oe Aj De= 2.s v.e. 

-re=: 1650 ••l.. tlt.e dls~~tion enwa and utefttomt.o di~· ·t\N 

afftl. to corre$p0nd ~eel;, to tbe ftlu.ea of tbe ·aam& quent-itiea £.:n-

the llydl"Ogea moleeul.t-icm and .~ thwll obaraetel'i.Ue of a •• •~ 

bond t1vm the $1-Mt~pau, bond in the :eydrogea i'IQlf.KkWt .. 

It should be ,cd.ated out that in th& I-~ treatment 11»£ 

tbr~l.e:ot!'Oll e,~, the 64.ga o;f the error in the ~ed vQJ.v.e 

of De i:aq not be d.ete1'SdJm(l11 The eompu,ted total «leJ:'9' W for t.he 

el&Ctronic system iaJ ~ the Wll'i&tion prinoiple, • l.owe~ ho~ w 

the true total. enerlf• 1o-r one arid. two--electron qetema, the ff-L-s.,.p 

.funotia ae, be uae ri.prouslJ ~te tor large internu.cleu 



115epv-ation by pl'Opff oholce of the ~ tu~ «tome O'rbi:t.ala ~ 
., .. , 

the value of De OOJ4PUted from nch funot1011$ 111\lSt be a lower ~ t . 

to the tru:,e value. Thie ;t,s not the case with m j~~ 
sytitem ~use the el.e~e ooa.figura.ticm as R ➔ co mst am~ 
m. electrons on the eame ato:ia, a si t.uat1en which cannot be ooscrl~ 

aecura\~ by 81JiY knOlm wave i\m.ction. 

Only ~ treatMnt of the doubly cberged helium mol~• 1•, 

1ei.++ has baen gtva1(.;t7). fhe qutem is &soelerironic with the 

b;yd~ &lecule so that the to:thl 'llfork io the .same aa tor Ba.. As 

shown 1n nction 6 Part, It the etfffl ~ the iaereued nuel~ 

charge is pr11llarllf hlr . ~g tbs ~ornb interaotia of th& 

nuclei to C$J1Vtll't the bondiq ~ne or type l, lfipre / into a .~ 

of type 4 w:t thcntt grea~ tllltwillg the equUibd.um 'ft.lue or the Ui"~ 

nuclea:r distan.ce,. Ibis desori,Uon applJ.es quite aeouratel.r ~ 

for the ®mputed tnteratoml4 di~tanee 1$ 0,.?5 A as ~ to o.7t .. •, • 

for Ha• Also the ft>trid,ee.1• CUl'V$ 4 e£ 1.f.gure 1, is act~ 1ibat 

ooJQpU.ted by PauU.l1g for 1-h:+~. an ionic functJ.cm. atmlar t<:> ··~ 

0£ WeJ.nbawa in his h•r wrk Qti ~•• Su.ch u en.ergy-sepuatis 

tunction would e;imibit predi.S$00ie:tion ebaractorist:les. It is 

interesting tt> mte that wheres.a the ~gen pair bond wao fouttd vi 

possess abGut 20i i(mic c.hua-Oter1 that .ill Jl.e: + is about 4~ iont<: 

in Character1 e. d:.t.fference which mut be attributed to the ~-• 

in nuclear charge. 

It should b& melltioned for the S&ke of eomplet;snees the.t 



th& i.ntere.etions of t.m> neut:i-..;J. helium e.to$e .ts .t'ound to be a 

repul$ive one character1st1c or ¢losed nneU,a,. (/4 1 3 "2..) 

The object of the rather extended discusi.uo.n of' the lqdt'Ogen 

lll0.10CU1.e mw lllOleoule-ion wlde.h was given il.1 sections 5 ~ 4 waa to 

e.xhibit the merits end tbe def'ecta p~(!1.il-1w to ~-eh of the •~ treat

i:.ie.nta ot Ha end ti.a+ which have been earri$d 01.1t.. Pertioolar ~h~eis 

was placed firat> on the ab.1.J.ity of the lieitier..;Lo-ndou method to .PN

vide a pl~siQe.1 piot.u.re of bond formation in t-h-e:se t.wo aystem,a and 

oecondl;r, on the difficu.l.ty of o~ neou:rate solutions of the 

wave &qu.e.tio:n 01,en .for ~ch rele.ti vely ~le s,-stoms:,. The Rei t~r,-,, 

Lon.den and kindred Vletbods are evsn mot·e importf.lllt, on.a f0cr the ~ 

reasons, in treating ~ ... electron m.oleeul.-0e. For e~ple I'~g 

found that, bond type,s mfcy' be oharact;e1~1zea not only by their h~a.t ct 

dissociation and interatomie distflllc& but alao according to the relative 

magnitude and mu.tt't&l or1ent!\tion of the .!U, of bonds which arr:, one 

atomo spaoiee aen fosw.. Though Pwing•e oonolusious w~l'$ be.set.i upon 

qu.antuia meeh$ll:ice.l. consi.der.atioons, th~ 11.llea wh.i.c.b. he tormla·bed -. 

be stated in th& l.an.guage of atructu:rc.l. eh~et:ry md appll.ed nt.h gre~t 

generality without even \'trlting down explicitiJ.,· e. He.milt.onien opere.tc>r 

or a wa~.,.e :t'\mction..- This ia pei-haps the moiat strildng ~.mp.le or the 

_polfGr of the Iieitler-Ltondon type t:reatmc--:nt in dcrira1g n~ phy~eal 

p.i.etu.rea of bond formation. It 1$ pe.1~11.e.ps wmece,afia:cy ·t-o po;tnt oub 

&,itdn ·that the Heitl~Jr .... Lon.don theory oi many~l.eat.ro.n moleeu.1.es wo-u.ld 

be iiaportant eV® though it~ application did llQt lead to 1illport.ent 

results for at pre&ant it aipplies the only pract:toahla method avula'ble 



for treating c~'lt•lice.ted molecular sys tevila. 

All the<>retieal. prooedures for eal.e-ulating bond Gno~ea a~d 

distanees in poly...eleetro,niQ moleoules are based on oertutn simplifying 

as-s:umptions wh.ieh involve approrlmat1.ontt not inherent in the rfeitler ... 

LondGn t1-eatment 1 tselt • 'l'htl p:rtnoiple appro:d.ms.tio-a e,enee:rna the «o~ 

eloct:rons of the a.t0llla con1posing ~ moleei.1.le. 1t is u~d tbat onl;r 

the v~enoe elt;Ot1·ona ent"ir into 'bond formation arul tJ1at the iru~r 

electrons remain on their ree~eiiw a:tems sereonin.e; ·W:i.e nu.olt;uca but 

el.eotr(i)ne a:t>e g;tven 1•eprese.ntationo 1n nei toor the Wa"ll"; function nor in 

the Hamiltonian ope;rcd;or·. 'ihe to.twilal tre6tn~nt then eo.r1tesponds to an 

1.:leal.ized l1.l.Qlee-ule in whieh the eru:i.:rges oi' the eqre 0.leetrons 111 eao-h 

atom bave coalesce.a. with the nuclei though their "g.l1oots1
t ramain i.n the 

o-rbita of ·the core and prevent the collapse of tl1e valenea electron 

shell. ,m illusti"Qtion 1$ the .s~lel!lt treatment of Li2 ,j, 1n which the 

Hamlltonian used ls identical with that tor Ha+ whil1;;1 ·t11e atomie Ql'bital 

used oorres;po-ncis ·~e the U L shell~ A aeeondslo/ apprOltilfition in'VOlves 

tbil assurDJ.)tion that 1 t is o:rJ.y the vmation of an a.tomie orbital with 

d1:reet1en whi eh need. be considered in 1.iia-::u.aeing its bond fOJlm.ing 

1,owe:v<lf-9). It is ~q,idval~nt to a$$uming that the radial :pa.ti't of an 

attt41o orbital is a function only ot tho total quantum number antl that, 

conaeq:uently tb.t1 :radial .function is tlw e&tJJG 1'01• all o:;.•bitals bel0tiging 

to th0 saxoo shell. \tihen the molecular mode.l ia Sit,'lJ.)11:t'ied wt th the 

hel1J o:r these tvro app-i•o:dmationa so that onlY one electron shell on 



ea-ch e.t<ma is QCCUpted by electl!'Gn.P.I, and so that theae eleotro!i18 

differ tNm one am.other only in ~al' diatri buti<>n. the o-oncept ot' 

"bead atr-ell.6-"tl'm II and 1:nybridize.tion of bond orbi Wai, int1--oduoed by 

Pau.ltng ms.kea possible tha semi...quo.ntitat'i ve oorelation of 1nol.eeule -4 

o-ryetal p.roportiea tn w:&rn:JS of the bond ty1:ie1S whidl the cons ti tiu~nt 

ato1as vo oa:pab1 e o t I'Ol"l,'littg. 

'l!ie ae.aur:lptioo of id~nt ieal radial. fnnciii.ooo fo:r all electrons 

in a valence uhell la not 13.$ arhi t:t'al7' as it mey seera.. Binoo oo ~·oomie 

wnve t'l..motiou :t°'or vuler1ce electl"ODB are a~ctn-ateJ.y k."lQ\l:Ut t his ~hoioe 

o.±' radial f'unetiona ia certainly the ai.1.n1>le6t ~ti p::;,oba'b.ly doos not 

introduce ruiv un.ceirtaintie.a o:f grea:i.er t~"tllitude than t hose inh.e:rt,u.t in. 

the .bettler-London treatment itself. ''l'he ,w-.,gleot of the in.net· el®et~ 

ls more serious. J'mt1es has i'o'U'nd f(tl:' e~pJ.e both the mtt.gni tu.a.~ Qn4 

th<-1 aj,gn of' tho K- L sh.ell i,Otll'.1:"aeti<'>ne in the litM. 1im roolaoul.o w be 

un.1,:red:tcta.ble ao toot no sirfwle rule tnvol:Vi~ the @o.r(1otex·ti1::t ,:?.a cf 

tme electronB involved tt.iay· be tmt up which WO'!.lld per,,Jd t gl"adation of 

the interaQtione as to size. Su.eh tnteraotions may be o:t> 1ncz•0 (11l,'li$0. 

ir.:\p<,l"t.~ne,1 to:r• the mo:re diffuse ab.ell.a ,,t· higher total q:uantum numbe~. 

!iowver, in the tree:tru~ntei ef oli.$li~~l bin.dine:;, a,;; YmU a2 o:t othe~ 

probler,.is, tvhich involve nogleet of tho corp el.eot:ren:;, .it ts found in 

inezqr cases th:1'.lt g.QOt'i agreement wi t;h e:r,:perbt,::nt is obta.int<h'i, :pa:t'ticululy 

when the methoo emplo7ed ie one 01· the nifl)l}lt;: i, on,1s ava!lablo. In 

lieu ot a theoretioel ~el.Won tor the enneellJition or enor 1.ndieatad oy 

tl1etlle :i.,eeults, the erui,i:ricel :f'not ot thia eane.ellatien mu.at be takB 



as supplying cona1derablP just1f1oation 1t0elf for the neglect or 

the <H>i'e electrons. As usual, the primacy reaa.on for making the two 

appl"Oximations described 1s tl:i.at w1 thout them tha treatm.ent of most 

molecular systems would benoma inoapable or interpretation and probib•· 

itivel,y laborious. 

'lhe remainder of this seet1on will be devot~Jd to a oonei4ention 

of. the var1oue calculations wl11eh have been mnd(j) for the lithium mole

o:ule and moleoule-1011. 

JEllllGs has fi!tven an almost eomplote t:roatm.ent of the u 2 + 

systemb4). His mo.st reliable xiesu.lts were obtained by the variation 

method• usin.s hydl'ogen1e ,s tlmotiona tor the Jr electrons and a mole

cular orbital va.l"iation fu.notion exp,refJaed 1n elliptic coordinates ff!11! 

the valence electron. '!be prinolples governin@ tbe formation et ~• 

antieyuuuetri o wave tunetion tor the molecule from these one--eleot:ron 

:t'Unotione are the sE.mQ as will be used in Section Il/ for the hybridiffia• 

tion treatment o:r tt"' + and henoo need not be described here. 1~ 

cslcula.tione ot the disaooiation energy- are fo:r an u1&umed equilibrium 

separation of' the nuclei Re • 3,0 A. With an eight term variatioa 

fu.nction, the value De O 1.243 v,e., b o'bta1ne4 trua which tha l:lmi ting 

valu:e De • 1.27 • 0,02 v.e. ta eatima:ted. l~tng allowance 1.br the 

pol&rize.t1on. of the imwl" electrons by the ou:ter ones tor the inexact 

fO!rm or the moleeular wave fuaqtion, and tor errol.' !n the ass'U1!1ed. value 

o:r ~ t th) final most probable value is De• 1.zo c 0,.05. No expcr .... 

imentally tletermilied values tor De und Re l1a.ve been. reported. 



London type with and without e.xplieit representation of the con 

eleet:r.eu in the wave runo:ti OM ent'.i in the Hamil teninn.. Wi. th the 1{ 

reliable value for the dissoeia:tion energy. When the K electrons eJ:>e 

not considered, De .. O .720 v .e. • a considerable change 'but atUl much 

in en~:r .. It is illuminating to eOll.l})aX€1 these reaults With the val.~s 

. o~puted w.i:th tho incomplete VIU'iation tun.etie>ns, eb)I and e-S>.. (! -1-~1...) 

tor the valence electron. t 'he fom.aer leads to De.., o._49 v.e., the 

latte:i.• to De • 1 •. 116 v~e. 'Iha obvious conclusion is tha:t the geatE)r 

tu.notion is to be attributed to ite limited tle.xibili·ty in repreoen.ttng 

one bondi?\g elee.'h'o:tt.. 'IM $amt') conol1mion is Valid for the second 

Rei tJ,.e:r-tondon t1-eatment but the eontrlbution of tbe negleoted K eleotrona 

valence elo etron is used. It ts beli.ev~d however that if tl1.e run.ct1oa 

value of the d1asocl.ation energr in e~ss of 1,5 v .t111 ., would. be obtained .. 

James' ealculations lacked ~lateness in that he did not 

e:ttempt to pr,vide t)le ne~eeaa:ey inoree.ae in fle:lti'bili tr ot the Hei tls:r

london tunot:Lon., A hyb:ridizaticm. ot the bond orbittlle carried out by 

Pauling and ShGrman su,pplied t h la defee:t ( 3S) ,, (ct. Part II ➔ . '.lher 

oons1deNd the system as a one➔loetron problem. With a h7brid bond 

or'bi tal e0t'l:posed nearly equally of S ailll f orb! ·ta.la• the dissociation 
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for Ze;/ .., 1' " 

energy was calwle:ted to be De = l11lD v.e. ~ the eqUilibri:wa 

. intex,;nuel.ear Qi~$e Re ·:ir. 5.02 A. the good agreement with 

Je,1!lfnf1 v.-.ria.tional value$ s$etns :rather :t~ui to11$ in new ot the· 

e.s~tions il,\v<tl v:eii in the ne~leet 0£ tb.~ K -shell electronm* 

However the equivocal nature of the agreement vdll be~ dillPelled 

by the geuerfll rosu.tta Qbtflinoo in Part II !'er the U thiu.m molecul.e 

haa re.eG'tved more .-ttentton tbaa the baud in the J®leoul►ton, its 

nature is not a,s well understood due primarily to the .lack of a ~ 

tit~Uv¼l tqbridization tN&tm.ent. The t'.irn cilcul.ation for IJ.2 was 

that ot Delbri.i.ok( 3'1 ., Hiai pri.ncipol object w~ to eet.im&tG the CGll

tntutioiui llade by the varic>us interaction:.t of the electrons to 

repulaion or attraction of the lithtwn atoms end he nonelwied that 

the K eleot~n interactions could be neglected. However, as pointed 

out by James< 39), he die not ~zaeider the most import.ant exchange 

tems in.vol ving t.he core electrons so tliat this conelwdon cennot l)e. 

$C($&pted. Sillce, ltlOreover, hi$ &:eti•:t.e of the bond energy an(l. 

distance Wa$ verr rough, 1t 1~ not considered worthwhile to d~$Cribe 

his t~t~nt. further. 

The SOCQnd oaloulation tor tbe ll thium molecule was ma.de: by 

Dartlett ~ Fur:cy( 3;;} usil'tg two appro:d.matioQ to simpli!)' th(dr 

Beitler-~ treatment. The fix-~t app,:rold.mation, the neglect of 

the }(electrons, has been 4.iseu.saed at the be~ at thi~ seetion 



potenti~ energ of el.~etroa l and n.uoteus :a ·Nld of eleeuon 1 and 

e:leetron a. It elec~n l is usumed to rernat.n on meleus A, thG 

B. 'lhe um.te:raction enorgy" 
Jy.,.,H'f r:l-r -

then corresponds e:metlr to the tun.etic:>n £. defined in seotiQn 2, 

1 ts m1n1mu1U 'ftlue as a function ot R })Ging equal in megnt tud~ to the 

disscetation ene,.-gy De .. J'em,es(39) die4ussed 1n some detail the 

appradJnat10ll involved in. tho l1ff ot the "1nteract1oa opentortt and 

eone1~ed tbs. t in the ease ot Ua in particular the &1'ror was smell 

when a,'fiom.i.c orbi ta.ls were uaed wh1ch led to- accu:rate values for tbe 

a tant Q enel"gies. 

Bartlett and Furry used th;e nodelees .2 s wave tunetion 

suggested by Sleter< ,s) which leads to an. ioniZfl\ti® energy :tor Li I 
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ca.leulation. of the bond co:w,ta.nto should ·then be ~t C-Grt-eot 

exct)pt :t.'Or the unknown contribution or tl1e ne~oted K el.eetr<nuh 

iii.CtuAUy tl1ey obtained De. = li09 v,e., and Ro 11!1 2.20 i as oem~d 

to the ex»et•iloontal. values De "1,1 1.14 v,e. and Re = 2.67 i. 'Iha 

o~ut&d dieaoo:1ot1on cn~l'gf is rathe~ e.oourate but their i.nte,ro:tcw.o 

of the I<. electroM would be expected to contrib-ute., A reasonable 

hypothesis as to the cause of this discrepancy is derived from the 

hybridization treatment or Li~ desm'bed in section f--.JT. Balttlett 

at.id .li'tun.o/ tound that the addition of ion1e tenns to their molso'Ulu 

wave tunetie>n $el!¥9d to 1Mraase the bindi)lg ensl'gr by only tlve per 

cent ahowillg the prcdomiuant cova.lent ehai-acte.r of the Li ... Li bond. 

'1ho lllOSt eomplete discussion of the lithium moleeu.le to date 

1a to be found 111 the papei :r by J'sme& ( 3 9} - His fl. rst :roo thGd is a com ... 

plete Eeitler,..London treatment including the K e1e-ctroxw using the 

some at«Dic wave funotions as i'or t.12 + and :re·&'Ulta in a dir.usoe:tation 

energy De 111 o.27 v.e. at s.ie .t separation.. '!he introduotion of 

1o-n1e •~ dectreases t'he binding energy by but 5 x l0:1 "' v .e. showing 

even more elearly tbun did BfU")a.ttltt am Furry-'a treatment the 

unimpel'te.nce of ionio structures in L¼. Since neither ti:;,e variation 

ot 'tile paramete,.- in the atQmio orb'.\. tal. nor she use of the r11ntera.et1on 

operator~ c~ these values $Ubatantiall.y' he ooneludea tba t the 

disagreement With Bartlett and :h)a-ry's results 1s entirely due to 

l'8puldve in'(te~.c11ona involnng the K eleetrona. A detailed con.,. 
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than two e11;Jetl'ona which is 1n cont,rad:tctitm. w1 th the rule geU3:rial.lJ 

applied that l.ml tiple e:xeh~nge ope1'$t-1onei are of mueh l~m.a tmp,ortauoe 

surprising ie the f'Ht t hat the !!a €If thooe repulsive oontributions 

is intimately conneeted with tha state of the 1. electrons tGk:tng part 

in the exchange tr~i tion. '!he eoor,i;il.1oated na.-t;w.~ oi' tho 1ntGnct1ona 

of the K and L shall ol&ct1<0na ce1-tainl,y makes it d1tfieul t 

to ~ratand how an.r ·trea-.nt or th& lithium molecul-e involvins 

swgleet of' the oore elecwons ecmld be 1·1go:rousl,y justii'ied~ 

the 1nd1Vid~ torms of which al'O th& determinantal t'unct1one ot Slater. 

the tour K eleotl"Gns and OM•eleetron molecular orbitals t'or th, 

two l elect:roi:w, the le:ttG:r funetions being of the to:mi., e:ir;prasse<\ 

1n elliptic eeordi.natee 

/' -bl. ,~ j 
T,m_j = e.. A)< 

'lhe beet val.ue or th~ disaoe1at1on energy ealeulated with sn eighteen 

tertll variation tunotion is De • o.,e2 v,e. WJing the 'binding @rie»sr 

tor tm 11 thium atom eanputed. by Wilsou with the awmi twP@ of twiot1ons 

for the atom:lo problem. Though the TIU'iation value of De is consi4• 

era:blJ' better than that obtained bf the complete Reitler--Lendon 



teohniqu&, there is still a letrge dis~r-epancy t 0115 v .e • Pree~bly 

this could be reduced oonsiderabl.y b;r intr.Odue:b1g intere-lect:ron1o 

d.!stucee direotl.y into the var1ati@ funet.1.on but such a procedure 

ts not J?Jr&.ctieable at the pre$ent ti•::h '!he g:reat ditferenoo in 

Mettraoy between the variation treatment ot Um.+ m1d ot !.t~ Ulustra~• 

once again the tw:ldamental diesimilar1 w bet.1m$n one Md two◄lee,tron 

bonding systems. 

The need tor a cyba"idb:ation treatment et I.1,2 is more aout:e 

than it was :ror l.18 + • l.n th$ tint plaoe no study h.aa been mad& ot 

the :properties w.h1oh s l:t thium 1, sbell ~rbi tal should poa$ess 1n o..rder 

tb.at it le.ad- to aatiot-e.Otot"Y tie~l\f6.s<antat:1on ot the eleotron-patr bend 

in ti2 + by a .t'llatb.Qd involving neglect of the K eJ,ect~ns. 'aw 

naoe.es-ery pnpe~tiee at the o:rbt talo tor a h,fbl'id1zation tr~tment 

are d1:tte,.-ent from. tbotile :required by e. U'l'llnOdi tied &,i tl@r ... tond.on tireat ... 

meat ad re.striotiou .are aloo introduced by the use of the "inte~otion 

opel!'awrtt. '!he ehoiee of imete tu.nctiou was not· diaouseed. by Bartlett 

and JfunT"' In the seeond place, aiaoe no aeeu.rate and ecmplete treat

ment of t.12 inal.uding ta ear-e el&ctl'Ons is pc,esible at t~ p•aent 

t1llle• it is all the JilQ.:re imr,,orta.nt to d1tHius tu:1.1.sr tba (dtaraeteri~tic,e 

ot aw less e(;ID.l)lete treatment Which yet leads to reo.sonabl,y good 

mues of the bond constants, wh:leh a<lmits ot semraUzation. to more 

(91Wll)l1eated ~temt.J and whtoh praridea a phys1Qal p1oture of the boll4 

formation. sev~Nl au.oh t:reatmen.ts d~loped bun the ge,aeJ'Gl. :point 

of v.tew <>f the ~disaUon. m-od ~0 described 1n detail in the 



7. 15i,tr~.n, ,li'JrJ¥.?:.rtn:e a.AA -~~~ ,\l.kait ~IQ,le~ule~ 

Moot l>f the important ealoulations upon homonucle~ diatonu.c 

:rema.int.ng will not be di seuesed in much detail si nee they ~dd :nothtng 

new to the eenero :p:tcture of bond tQrmation. 

uunA"1k 1932 made the tint appl1cat1on Of the llbrm:S. ... Tbomaa 

me~hOd to molecular syatema.. It is i!m.ob r1ore difficult to ap;plf this 

statistical metb.Qd. to diatom.to molecules then to the most ootnplioa:ted 

atoms so that Hund was obliged to rely' on an e;ppro.nnate treaant. 

His reaul. t:s for ~ and il2 phow the.t to first and Mcend order oorNC• 

tion tonne the ata:tiatieallf determined ehar~ dietr1'but1cm. for the 

l'l101ecule is alQSoJ.1 e.pp1-o~tod l)y the eium of aphe~ically ~tr1oal. 

diatr1bu.t1ona ten- each atc,m.. thus lending su;pPQll't to the val.enoe bend 

orbital u oppo$8d to the mol,J)CU:UU, orbital pieture et binding in 

diato:mia ntolaculeth 'lhe Fel'mi•r.tbomae field tor :N~ has been used. by' 

Reoknsgel.(-¥J) to study the eh~otel'isties ot the eleotronte level~ 

in ~trogan W1 th regard to designation and :relative peaition. Bu.nd 

ll.lBde tor btlt one internuclear sepa.ration-

t .. genefal t r eatment has 'boon given by Rosen and Deollara <15) 
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of the interaction <:>f two ide:ntieal ate.ma eaQh posaessing one outer 

S eleetron of arbitrary quantum number. 'lhey use ned:eless atomic 

wave i'uno'ti ona of th~ form 

1/,1 {Cl) -= a. m - 1 e,- Z ¼ 

unita of a0 Ill, o.529 A, z ia the ne:tteetive 0 nuclear charge for the 

valence electron and n the total quontum number. Curves m'0 gt ven 

of Coulomb. exehan~ arid. a1nglet 1nteractio-n ene:rgtas t'Qr various 

a:nd m>.z as •ll a.e too non•orthegonaU. ty function., the equilibrium 

d1stame and too :rurulamental Vibration ~queney '8 a ttmetion of 

mathQd if' the core eleetron.e a.re ass1.mi•ld to p.lpy no . .rol~ a tho bond 

tormatiGTl am for these Re • De and Pe, the ftm.d.am.e:ntal i':reqtwney 

o:f vibl'ntion haa been ~ted. T:be disaoaie.tion e,-,wrgy and. inter

at:erd.e distanoe 1'01• L12 are eaaentit.llly the tlBllW as gi:veXt by Banletih 

~'there a~er:l?llenta.'t values are available e.e for Li:z , ill!¾! , and ~ ( '/- f), 'rb ) 

Pcl"ecn tage ?::r.:r0,1? in 
1.iB Na.,;i J\.;J! aO:llll',JU;ted VEU'UO of - - -

De ... ie <11>'1 +8 

Re ,.. 3 +6 +6 

Pe lt\ e ... 14 
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certain t~.nda may be distinguished~ Within an e.ceu:raer of 4 f'ew 

pereentt Whioh is all that is sign!ftoant, the etrera in each ot the 

three quantities vai-y monotaneall.y with ui.croase in atomie numbel." of 

the a toma 1.n the molecule. Hince the p1"1ne:1pal Sfflaqe of fil"r01' 1n 

tho oalculatiOlW is the neglect or the K eleot:rou, it is seen that 

the etfeet o:t' the t{ eleetro.na upon the th.ree bono. eoll$ta&ts tnuat alao 

change in t his s~lle :f'e.shiQn with ob.Mge in the ate«ni.o .speoi0s,. 

Although the ~ tude ot the K elect.ron eontr1butiona cannot be 

ieter.nin:od in a,w one e,aue 1 t is fair lY olear that it is the sodiu.m. 

eovuent bond which 1,s most accurately- de&aibed in. QJ.l :cespee~s 'by 

1,. aimileJ? t,ea·tmt~n.t et vatenee bond tomn ti.on b1' f eleotrons 

was gt ven by Bartlett ( ff-7) who c00l1J1J,ted h~r on.'4' the btndi!a€ energies 

and these <>nlr fc:r ;if e1ect.rQ'.ne. It would eertainl.Y aE.lem werthw?:d.le 

to carry out treatnaents as general as that of Hosen for !iY:. the impQrtant 

ty-paa of intcr aet1on involving oom.binat ion of S , f and d. eleotrona. 

With thia :funtlemental 1'Jatur1el. ava1la.bls , a mueh more thorottSh etudy' 

are being ealeUl.ated b.Y' D:r. Weinbaum and the author with th:e ilai:etHilate 

objeet of studying too bond in the fluorine 1,10leeu1e. 
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In the fir$t tour eections of Pt.rt II, the ge:.ne-rel te~Q.llf> 

of hybridim.ug the orbitals for en electron-pd.r bond will be cl.ea,,,. 

aribed.. :Neither the &udlto.n:Lan now the atomic wave t'un:etioua will 

bQ givoo e~lleitly so that th~ fornt\11.e;,e de'feloped are valid .for~ 

two electron JUOle<m.le \fhich oan tom muy pure S , pure f t1l" 

hybrid Sf bonds. For thiG ~son the ee.leul4tionf3 mtl1' be ternie<l 

nformalft sin.co they poe~ess no nwn-erieal and little algebraic eent®'tt-

The ~ater ~berof inolecular wave functions uood in ~e 

oe.l.OUl.e.tiou of equilibriwa energy end internuclear sop~t.iQn tor 

type. When / S orbitru.e enter into ·the linear combinations as the 

g:T/'Olmd state orbital.$ ot the atoms t;tf wh.:ieh the molecu.le is. oompoaed, 

it ia found uset'ul to add to the ,s orbitals other orbital$ correfl!1"nil

ing to excited atomic states.. ln pariioular, if ~, orbitals ere 

combined linef!ll'ly with the ,s orbitels, the f.tpolarizationit treat,aent 

of Rosen is obtained. The prlnc1pEJ. res.son for introdu.cing the 2p 

polarlzs.tio.n tel"i'IUll into the Heitl.e~ndon treatment of 1 is to 

tey to account f'or the conoen:bration of charge which exists between 

the nuclei and which is not adequately represented by a combination 

of IS i'utlotion, alone. Although hybrid11-1atian serves the t3fj..11e purpose 



@d purp,>se from polal·iza:tdtln .• 

It should b& pcssihl.e to il'wreo.=e the flexibil.it;r of mole,.. 

eul.ar wave tunet:tons con.aistin.g ot one-eleetz-on ·~ · fw.letions for the 

atomic ~wad et,.t.teti b,y' a(ld~ ng orbital.a C$tTeeponding to SQt ~ted 

t.he moleeul.e. 

1£ m,J.y tho.fffi! e:ooiwd. atomic t,itates <U'e used wbieh lie near 

the g:r:ound state then the pn>cea~ or line&l" combinati¢n is spoan of 

as 9i]lbri(i~ion. 'fldD de£Wtion i$ p,u-posely loose eu..ce. the ~l'a.1Um 

allowable difference in e$X-&Y between the gl'Ouild state ~d the ~t.ed 

state wb.ieh perm:tt.s hyW:1.di•t:um ot a 'bondill$ function vn.ri$s eon.'1dt~ 

a~ with th$ 8.'tt,m in qu.c-atiou., For the sapler atomD 1t itl ~•t;t.eif.11'.t.t 

to. restrict the tot.el qwantum ~r ±"or the exei-ted ~tate w&ve i\U1¢~tf. 

to be the smae as tbe tot.al quantuta nutllber .for the potmd e.ta.te. fllu.fJ! 

for the first ro.w ~ents onl3 S &nd f wave functions ~ be u.~ 

in eonstwoting hybrid bond o;rbital.~. {See howeflr l!\u'ey(.3ii') .) Fox-

the: first t:r-ans1Uon ~ on the othew h@d the d a.e well as the 

~ S, f wave t'unction:a rau.Gt be included in 'the bybridi&&.tion trea~~ 

By ~ uoo of app1i.~o~mation.a deeeribed 1n Pert :r-, Section e, Pllult~ 

was able t~ too l:W'bridiia_t.ton ~thod to predict the rele.Uve 

magnitude and o.rient.at!on or the bonde which lmY' one &tom CQU.l.d 1~ . ., 

the mo&t X"tl~t eomple~ account of this $~bJeat iG to bs found ua. 

Chapter Il! of the ttli,e;tu·.e of the O.hemi~ Bondt ,(_ s S'"} . 



In the fol.lmdng dis~o!on, bybrl.<lized boa1d orbi ta.ls Will. 

be eomddered pr;Ltnaril,sr to be mere;,cy e partieular t;{1')e ot l~ 

variation i\lnotion. 

2. The !o/!?&SiAA~. gi' Lj,~~k! i'lg.t;e . Fun~tARSi 

For tho t1iUll)l.e .Sf b1'bridi~ation which oceure 1n th~ L slt$l,l. 

Pauling• e tueory('f9) pl"ediets that the bond en&rgy De and bond 

strength ,S are :related by the fomula $:::: k De The bond strength 

is de£ilaed u 

s == 
l+fi c 
"V H·C 2 -

the t~&tive ~t ot p Md s ebaractsr in ~ · bond. T~~ i'~11ltUl.Ae 

were derived from the postulate the;t the bi.1nd fotct-lliue pow~r of .~ ~~~ 

orbital its proportioruu. ·to ·the· magnitude of the noruwl1$~d ~~~ p~ 

(}f that orbital.. The ~ . valtle or S is 2 vr,hicll oecur~ whtsn o = 'f 5 

correl.\l'.Ponding to a tetrahedral. hyb:dd bond. We msy utto eonu-ider th:e 

q"WU,1ti ty to bo tho vax-iation pa.remet$1· in the one,..el~etron molet~ 

wave function 

VT ~ ~ As+ 1>'s + C ( A,+ Br) 

Coned froyn the hybrid atomic orbital (As +Ar) ; 

%:he energy OOrrtl~-po.uding to this one ele-otl'on wave function •$ 

been cru.culat.ed by kuling ~ Sho~( 39 with the aam.unption of Sf 

deg&J1eraey. It is found that the relation between 8 Qnd .D is mQ:St 

aoovate~ repreMr1.ted by tbe tormula 
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ticmali ty. The devif.l.tione f:tN)lfL 'this c.l,UAdrati~ fon.!lUle. being lcsa than 

10% of the bond energy o:ver the whole ni.nge of val.ues 0£ fl.. ". Th~ 

o_pt:i.n'nlla value of C is el.so found to ditler from fs bQ' lea-~ than ~ 

piettu-e of' bino.ing energy provided by the use et bond st.rength.:s does 

not a.pply when the eneru .separation of the Li P. s $t!.d 2f levels ii 

tu.en into ace:cunt and hi ta.crh the optimum value of c in this 014a-e 1f{;).S 

found to • 9 inate:ad of fi . 

a<> that ·t.he definition ~d aterpretati.<,i1 oi" a "bond strellgtb tt :tun,;rt.ion 

wiLl 'be postponed ,.intil the nwn.erical re$U.lt.z are de$o:ribed in {l80'tion. 

B ,. For the present w.e wUl conteut ourielwa with con$tl'u.cting the 

moet &,:ene1•al. fom.al:.tam ~p.:U.cabl& to the Sf hybridize.ti.on of an 

eleetrQn-pair bond.,. 

A di:i:eat an.--.u,ogua t..o the treatmen"t; for Lia+ would oo to build 

Asfl )+c At(I)) Asfl}+-eA.1(.aYtc. in puce or A sftJ)A,(2). Arte1.·s to .eh.,. 

a,,s type ,atomic oi•bital f:o.r m.>.Cl®~ A, Afw a :il f t'J1:>e orbital f:or 

:ru.t¢leue A . the electrons a--.. •e. numbered / or 2 .. Thua the l:i.net.U" 

vru.•i~tiolt .funotio-n of the nop...ionic fi.ei'Uer-London type would. be 

(As, -t- C ~) ( B s
2
-+ c'"Bq-J -;- ('8 5 ,--t-C 1?~)( As.t '-" ApJ 1 



;OC9B?-" fi;:mt !s, ea,oa r?e29,UOt-. We mu.st u.~e tha s~ro.e C in eVl.."ll"'Y ·t;,-erm 

stnee we cm-mot dif fe-rantia.te between the electron~ no.1'.• betwea1i 'the 

If we open the puenth-eses enc eoll&ct the eoefi'icients of I 1 

C , and C 2- we £'1.nd 

~t :::: I, ~ 2. C. ~ -1- C,. 1f; 
in which 

(1'1') 

Fol'.'o/1..ally; the computation involved in minimizing with re$pect to C the 

• ~f . 
energy 001-reepondint; to. ::£z t1e.1 sea is i•;ie::.1tieal with a 01)()lariz.-'.!ttio11:n 

treatment and h~Oiel u.nrolves the soluticm, o-.f e ca'bie Gq'U$.ti® in c and 
I • 

$.lbatitu.tion o! the a,ppropx-iate :OO•'Jt into 12. J in order to compute 

• tlie tllole-01.J.la:r anerQ". We mti!J" a'i~lel--eli~ thi~ form of J , hmieve.r, in. 

cients of 

• l 'I I/ 

-f and 0£' 
2. 

Thus we wrl te the linear vmriation :f'tw.etion 
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which reduces to the firs-b case for k,-2,.-:::. 4k.
2 

• As i:; •;;ell known . 

in ,the case of a variation, function such as f "l. we may fincl the 

corresponding energy value directly by solving a determinantal equation+ 

A differen'l; attack involves the use of Slater's antisymmetric 

spin-orbital wave functions( .s-q. We de1'inc tlie eou.ivalent orbitcl~) 

s f degeneracy being aas:waed> Ar.r ar..d 8,r, wt¥1:ro i:r ~ d (j' 1 ~ • 

refer to .s or f ( ) , ~~ the ap~ £unction'=i y-
1 

j I a:ru oithw c:( 

or (3 • From these we 'f1)iq con:rt,ru.ct a wave tu.net-ion, a11tis~tieie 

Ui the eleetrons in ~eeyment w;ith P·aull l a rule> of the 4t13t,e~tal. 

A~ (I) -~//,) . 
) 

Ba-,< 1) 11
(1) 

A(( (2) t (:2.) 
1 

13<f ' ( 2 ) 1 I ( 2,.) 

o.i' auch functions, also tmti~rio., Vft'it n\lil.Y as~e to 'pt} the n~ 

ionio wave function for the eleetl'Qna in th~ mole~e if the J) ls ~ 

independent. We proceed to find which d.rie~tal. i'unctions must be 

•£ orthogonality w.d ~ "'letl"y ~tion:ll½.. Ionic terms ~ not inol®-$1. 

since they were ahov;n in PQ!'t I tQ be un:i,mportant-;; 

Let us aoniide;r tthe fflmle over y and 1' i"iret. We mq •e 

faw:- gi~tino;!,, permu.tatioti~ of ( 1.i'} . These ~ (i) d ti {ii) .4(3, 
) \ \ 



(11$.) d.f U,v) t-,ot. ,. I'lOwever, we ~ equetl.l.y well oheoae !-5. toul'J' 

mu.tu.aUy orthog~nal Sl>ia tunct1 one and we wUl find 1 t "QBeful to 

use the tb.Nt B?!tQ$tl-1eel. functions ,,J',:: °' a(,, ~ - :: ~f] , ./J: d(8-,.(8a! 

and the &nt1syn;metneal om ~ = "'f-·/Jot. • I• ol"der to expreas 

mu- VU'iat:ion tunc.tion in •~ of these spin tunoti('Jns, let UB expsnd 

two or tho dehl'lnin&nl& and take the ~ and ditteJGnee a. s new 

tunctions, t= -:J:::(r. rr i -./ i 1) 
I J ) 

ff { of) ( rr, rrJ( ~ y1
) =I:: J) ( rr, sr ~ 1 IJ y) = ,fr (A(f ~' ·::r: Br, 4rr )/.111

~ Ir) 
~e F :I:. i'uncti ons are independent and eontoin e:;cpl1ci tlf the spin 

tunetions that we have cho.aen as ma, be $&en. by g!.Ving the t.. sign an.a 

-/-I' their venous pooaibl,e. TaJ.uos. We noticta also that :tor e-3eh 
\ 

chotee of (<r, r ') there are btit two :possible or'bi tal ftm.eti.ons entertng 

into F-= • namel.1 

0Qmb1ni11g these pieces o:t information we find 1 t p.oaaibla to eJt;prees 

[ as follows: 

(21) I = (J\:., -1-:"J;ie ... -+~\:-J )(2..: <!-;.a-, fr17rr'J) +_Jzc,,£ c.~,f +rrr,rrJ 
I ,r,rl (f'q"' 

'l'be j are mutually orth0gonal. so that the (!ene~.i vartatt.on funetioJ1.; 
I 

eq. ;J.o my be deomiPQSed into four J.pd.~lf!udOU.~ tun.ctions which :repre• 

sent tov non-~onibis!,n,a o•tes, 'lhe triplet state,. w1 th syimi.etri~ 

Groin tunotions is o.een to cor.ree_pond to the ol"b1 tal wave tunct1 one 



~trio o:rb1tel wave functions f r(vrr') ".I.bis stttJati~ te one 

wh1oh e::dsta g.enersllq #illQe q u a whole :must he a.ntisymmetrle 

in the ele-(tt~on coo:rdtnate& and, ln ad41 tien, symcl('rtrte end. anti-

S:~trio tunctiOM ~ always <>~hogonal t<> one fU'J.Oth&r. W• will 

not lnolude the spin 1n 01.U! :futle'tions trom. now on since tbe e:ptn dG)$ 

»et atteot the e•rw in our trea1in\ent.. Als.o, since we .~ pnma.ril;y 

int.ere&'te:4 in the ground state of the roole-cule we will. e011$1der oJ1ly 

Z f+(,r,1"') c/-r,1''} 'tbe ant1aymmetr1e sp,iu :t'unetiott. ha'ting 'be&ll. 

eh.own to give the attraot:1.ve state ta a cl«!>eely sind.la:r e~ .. ste,m1 the 

hydrogen moleoule. 'llle oomputations tor tll~ ~ f rrTir'}Cl:f,<r')tu:notion 

ma¥ be o'b~d tormall.y hOlll the eaJ.t)ulations to?' Z J + c 
by changing signs systemat:teall:r,. 

We ~ now begin to write down t,tw. j+trr;r') explic-itl,y" 

ihe four choices ot ( (Tj <r') are SS; ff', sf and f s • We can trau-.. 

tor.m. f-t(.s;rJ') into f .;.( ;,s) by inteNhqing the nuclei and siaee 

the enex-m, canputGd 1a una:f'teeted by sueh an exchaMe ( the Ea.mil ton.tan 

enter with ooott:le1ents et the .same absolute value.. Since" W>l"eQVer, 

the :remaind,er ot the var1at1.on tunct101'l ts s,rnmetric 1n tho nuclei, 

the eoeftleien:ta of /""/~f)e.n.d j+(;,s} mu.st have thee~ ¥1~~n 

in order tor two functions tor5!thep te "eombineu with j-f(S,s) and 

f + ff I I} . Thia may be seen in more detail ll>y treating the fo~ 

f'tuietiou separately, and faetorj,ng the secular equ.atif.m et.e.,. We may 



64 

Oone.sp0Ddug to ( d.~ -(dal.) n then ha,e tlllNle poa&1ble orbital 

wave rw..ttou 

li:i "f,::: AsBs-+BsAs) r~i3 -=ArB,+BrAr 

:l 1i i'?. -= As Br+ Br As -;- A<J Bs + BsAp 

<i.._:: ii, + k, '/,.. -r k 2. 4J:t 

'l'he tunct1oiis h«ve' wo be$n worked ou.t to,: the ~l.e:ar utt-s~~e 

state and t-o:r all 1()m.c ate:tea but as no eorreJJ:£)Ol1ding llUll'ler!oal 

nsul ts haw b$en oltta1ae4• th•Y ea om! t•d.• 'lh• or'bi tels t'Ol' th& 

~ttrattlw N ->s·ta-te Qe seen to l)e identical w1 th 1hoee obta.1M4 b1' 

the tt~e.t method. Rowe,ex- Oll1" ~o:toe of TUiation ttmctioa has now 

~en Juetifted by a lllf)fl gemhl. tne&:to/ so th&.t the two ~te»e k, 

and ~ o-an be th~t ot as ent~ 1nd•pendent. 1'hls will Pl"fNt 1w 

be ot e~nside!Elbl.e value tor our latv deval.~t. 

5 • '!he, .~~!!lK. auat,10, 

I-laVtng ch~u1en e. linter varlation fll\\otf.M ot the tarm /-;; £.i c ,. f . ' 



It ia well known that W ~ be rnlnu'd.aed w1 ,11 !'$Sl)8Ct to ._. Of 

the C, and that the ooeffle1eate Q .maq be ealc.taatect after the 

secular equation 

'11\e soculu equation ia f!Jymautoal as 11 imu,t btl't it 1te roots e.1.'e 

tc posaeas pliyeioal 1nter,reta$ie in e. quu.tum •~anf.oal 11robl• ot 

tblstJ'l;le. 

We 'lfJAU make a few ~• Upon th• eiptfl.esaoe ot the !1!!• 

~al ~oote of the aeoul-.r ~uat1.Qn. If we mttke; a l~ ~format-ioa 

to o~, nonQ&l ~tiou / 1 = fiJ ~ for whiob 

) 

"1.th!!iWfb, .l'!,t. !!!'i!, ~tn tlle •~ einee a 11Mal' tl'anaf~t:len owns• 

Pous me:rel.1' to· .awns row$ $lid oolumns. hQln the aMCJtel't•tt • 

matrix et this 4ete-1.-nt we ~ cons met the qua~t:tc f!Ol'lll, 

lf -:::; Li C-1 ~5 7-i s 
l>,S 

whloh hu the tollc,wt1£s ~e,nlee. r~ ~mum o~ ~ mbjeri to the 

~ c<•J t1) 
L-i ll c~ =- I 



The aext lowest root (eigenval.1.1.$) is the minimum. -.eiue ot K 

au.bjeot to the additional eond1t1on en the c;. 's that 

'P ( (1..) ,(1) _ . 
L....., 11. -r, - 0 

&nd Nfsn tr:> the etgentunotion 

2_: c}a>j,, = f(~ 
'lhe n<>~tud oigeltl'\U'lotion y& ~••ponding to the third n.i>t is 

ll'rthogon.$1 to both ~and %1 ., .U1ihOQF the ti-enatormatioll to a 

•t Qt o:rth~t2.0rmal ftme'tions ts not -141l& we soe that the three roote 

ot the original se·cular equation 

I /-4 i j - J i j \✓ I = 0 

can c~epond. to but one of a ~l- of 1u,ts of three ol'thogonal •te.•s• 

b roots of the seoulfU' eq•tion w1ll ot o-ourse he de:pame11t 

upon an iateratom!o diste;aoe ~•r f einee this quantity ente-n 

1ato the 1lanl1l tonie H , u well u tmp11o1 tly 1n the wa,-e :tuno1ion. 
,._, 

Ou:r pro._dt;Jre 1'111 be~ 'then, te find the f..l,; and d ,j t-or each val•· 

ot t; and BOlve the 9i;.ul t1Da aeeul'1X' equa tl•D.J to:r ti» •urgy W ( f) . 

iition the minimum Yalu.$ \vlr-; ) ~n. ot 'v./ u a fl.uloti• crt f wW gS:t-e 

the e1:1erg &lid internuole-u aep«ra.Uon tor ~he ~ equilf.b.iti\lm coaftC• 

untion of the moleeule. In the next sentq w \,egtn the p~est of 

e'ftlu.ating the qu.1mtttios H,i em cit/ • 



4. ~e ~ft J~~e1t1on of the m!!;rrl: .a.fld Ntn1>;l'tll9,i<>!!Q!tz fair1J 

El«m51!:tf.• 

'lbe "!;. h&V0 been •cru.1 to be ~'hie w1 th r$speot to inter,.. 

change either of the two nuc,101 A, B or of the two eleotr<ms 1, 2. 

This symme'tr',y mq be exprNaed by m t:lq 

(:;t:J.) y = ~ ( {l-f £)( 6+£) r; 
whete 7'; 1s • prod.u.ct ot tW\'.l a-tomto or'bi tala one tor eaeh :rmeleus 

and a
1 
~ E are exe~ o,e•tore •1th the foUewtng propert1$S • 

£ · At;f t I) Br' f:Z)·= A(J"(t) b~, fJ.} 

a. 1-1 -= ~ -1-1 -= 1-1 -
a2-_ .c:::z.- ,-

- .. - t:::. 

the ~l.ton.tan is s,m
znetrt e in nu.olel end 
elections 

ihe· Cree o,eratol!s are assumed to 'be aseod..ative. ccmnutat1ve .ana 
dis-1buttw. 

filth theae rules wllioh oe e.f qu1te se»al appl.1oat1oa, the 

e~etd.on given in eq. ;l.~ to-1' f is equivalent to our 1b:rmel9 
{ 



beeauae 

Jr fir i-r-= J!a ~:}{-I/ti t }Ir ~ ;;~ r;' H /tr.'] Jr 
t ~ j J / t • ~ I 

- /af-lJ}/j{a,lJ}dr 
It Jj --=- A.~ As I E's B.s l 11, A,. dr 4 ~ th•n e;; = JJ 1Jhil.f, lt 

1J = 4.s B.s ) Bs As I At B, or- ~ A, thea a 6 J'J = 'Jf :tn eiilhe:r Ofllf'9 fl, j 

- I . 
Ftna1l.Y tbe 8f!l'¥H/al &:xprenie tor l-ly -:::: 2 ( lli.j + 0 t} which 1s eat 

OC4Ui98 i.tt tbe sero• equation ts 

~. = f Ii r. !:! {1€+£)(/1+£)1] + lJ }j{(t+E)(t?+E/ nJ I ,Ir 
~ 1: == As B..s \ 1; =.As~, r;= A1B; we t1ad 

J.I,, = ( As Bs I HI As R_s) ~ (As Bsl !J IBsAs) 
#,"- - TAs BslH/ AsBJ>) -1- {A!f!s/Ef RAt> 

t-l,3 =- (l,; .i~ I!! I Ar &1) -+ ( Af; Bs I ij/ fs1 Ar) 

ii,,. =ff ( It, Fir I!:! I ,4, e i') + ( A, ~; I J! I BsAr f + 1//, ft.I I:! 1 Bri/, l+ !A, 87/ !l IA; &Y 

Ji?.
3 

:= (As~/ B / 41 81) + (Af ~/ Bl$ft4:) , )In ~ fA.,,~l/jlArli,) + 
fA1, 8,I #l8p.4;) 

':the cua~ •~l {AsBslfjlArP.,) hae been uad tor thG fUat1tioa . 

/AsB.$ If As Bf tr 



w1 th s.:tmll~ symbol.a t,:,.1, the othe~ int~a. 

The two ~11t1ons (A.s/3;llj/A 5 13t) and (A.sBrljjlA~B.s)mut 

be distinguished hQm. one ant>th$l' since B? !:J A .s -::/::. A.s !:J B;, 

~ "''barl!'8dn fuaetion, eqt18l to the ar1 tllffflt1o averese, is. tiair(';)duced 

to mdt, the nQlilenclature.. ~ ba.r is of qeU,1."oe eu;peStf'luoue when 

r; u.M )" e<mtatn the eame mlJllbe~ ot 5 tu.ttetteu. 1hat 1,, -to:, 
J 

f/11) ~2 I /-/33 

'lbe tiy ~ ·\le eooU.y obtau.ea , to~. by pu:t'ting fl-= /. 

aa,el>mao .Id ~iftfl!g.l ~•~tlsm 

¥5,-e 'have now ~oped the formal e.ppeatua to,, t:nating a 

:tqbrid Sf elettJ.'OJa.•patr ~ 1a a pel9,"feo,U, g&iie,al manner. l'n ord&S!' 

to ove nutne).'ical oonten.t to CU1r' eq,ua·Uou we lilt.Wt now tntrodlloe 

e.X.J;)ltettly' eur at-.to wave fwlottons and Eamiltonie.n ope~tors~ 

th ~ . 01t21a ·~" fl-Wo ~m ~-• 

It te ot ooa~d.de•bl.e ~tanee. 1n. 1•etioe, to ehQO$e 

11tomte wa.ve fullotions propel"l,v, 5.be Tery ~id 1ncreue in the aI.sebrato 

~lieatione attending the e'ftl.l.1At1on of the integrals w1 th an ~

ent)¥ very simple o-hego 1n. the -.tomll<t o:rbttal tu.a~Uon, 41reeted. 

toW$X'da iit.el,te&S1%16 their e..oour.aey • force.a the e<»Uputei- w choose 

relatively eim.@.le tunetiene. o~ the otheJr hMd, too geat su,.plttica ... 

tio:n pi'frf0nts Qbtaining re•ul.ts wh1oh ,u.-e quant.it&ltive e~ to make 

the eomputation worth while ixt. view ot the manv quaU.taW.;-e d:ts~slcimtt 

of bend tomation which have s,ppeved.. In adcl.i tion, at<llll.e waw 



~t1on.a o.f the ~ical e~aoter. $4\2.bli tor thi.$ ~ of ctl~ 

.la~ oove not ·been developed in a ~rent !'.t111hion ro.:r all the rust 
' . .: . •. ·•;· 

, ~ ::it~nts and for eaoh c,,f the t'WQ L orbitvl~, !hie la.tter llmi:b► 

'f4tn •e$ it neoe~ \Q u.se a~c wave ~cticme at least a,~• 
• e,S h,ydrog~llke on<u1. Here, we shall v.se ~ealled ~•11•• v;e.~ 

fun~®s of Sl.c'ber ("5 J. 
'1le 2 .5 tunctiens ue of th& loft! 

3~ 

A = e-a<a.(ao.) ': -. 
s Ts1r 

wbi.~1 is seen to be e. none.Uzod function pn>po:rtionel to the ~ 

p~ of a hfdr,ogen:.io if wave tunet~ TM 2 f' nedel.esD w~ve ~ion 

is of the fon 

1 ~ m~ t'iom tM'le a:ds 0£ the 

m,c,leeuie, .r, Fifu'1U'e 1 a it 

thu.e being noraelized Md depending 1a tbe SamE) wey e.s t.be 2 s tunctlm,. 

upon the pr,,.r4meter .X. • '?®N is ac:t~ ® d!ft~ee bnween tM$ 

tuncti.cm. and a by(lrogenic 2 -pw4ve funotiOn wi ~ Z. 1-= ~ a • The ~ 

t:roducUon ot the ttnodeless• .t\ulctions h4'ving the ~ radiel. p~ tor 

both ;!. "f and /2. 5 orbitals sbipU.£ies the e,\'elwation of th$ integrals 

con&,iderably and mako·s it PoSlilible to ~ the dependence of bond t♦:i,,.. 

•tt~ \lpon the an~ part or the atomte orb1:bsle in a leaa ~ 

f'aabicm., As will. be eeent however, thee'i' !'unctions r-epre1,ent the atomic 

orlJitel.~ quite well• if a proper choice of d., t.a m1;:de1 .tn ~ rM.M fl 
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functi.~• Since it 1e in tbi.s reg!.® the.t the ,orbitw for the ·two di..f• 

fetent atus tt<,verl1apff·, a. fit here is •st 1.m,ct~~. 

We wq coai,p~ the so nodoless w4.-e .t\metiOl>;J with those ~t. 

by the V@i~tion method or t.hG 11.\ethod oi the utd.f.....oon&ld.$tent nel.4., Fox, 

\b.• Li aitrom two aaleu.l.atione a.re avsi,lab~t!w.t of Wilsel)n ( 6 3) in wlaeh 

. t'he sys-bem ie treaud Ei.s ~ W-J"iation prob1-, .ElJld that 0£ F~k and Petra. 

sbtll\(6¥)who use the Bartreets -~ inelllding e,;.chmlge te1'1lW,. DAI· b 

!--~9.UMA .&~ ~vga. iU,:in ·4'tU.$i.f!W· ei~ V~U.~tt~ 

-~ . t~• Itook and Pebashen al.$0 give the. r&<lial part of 1the ~/> nve 

£'uncttona. Since the wave ~•ts £or the ~:toae,. 1n our ~atment ottEm 

inVPlve Un&ar eombinatic>ns of J.S ami ~f ~ve funettons r...nd rd.nee. ~ 

thEtr,i the x-a&.sl parts ot ~ wave tunotiQas fo-r theae t't."O orbitals al'8 

t '.aken to be the e1J:11e, 0011\& &Y!ffift ot _Fock .an<l Pe'hrasho.n•e ~..s and -2 p 
£unctions BhO'Qld be used for ~a.ri son with the mdelesa runetit>1ui. In 

a Pb1~ou set1$81 the ·ttovexiupp:lngn of the atomio or'bittJ.s is moat r-1 

U tht electron di@tribiiltion iimct101l$ overle.p,. For this reason the 

t::i'i~ioel mean ot Foektt.s :Zs ~lld .2 (f d1stribnt101l £w!lotlt.m$ ta plo-tted 

a- w&U ill the ~ ,~> Qmi2 f f'tmctias themselves. The e.ritlme"blo ~ . is 

SU€g&~'1 bJ". the feet that. in ti2*, Pauling and Sb~ found the ~d 

to have 50% ~re.oter. This evwe.ge <a~wt:ton tua-OU.on is fittoo 

lll.0'3t close~ bf ~ ncd~G$ funetion with ot == • S' t e -.i. So good is the 

ape~t iha-t W$ Eley eon.aider ~~t f.0cr Id. the onlq ~~ of error in 



theae L .. tUh.ell atoZld.-e ~,,. tuneti(l)tts li11'-s tn the as~:L® of idtutlcal 

radial part.a for t.he ~.S and :.?f wave f'unetioae, ~d eqU£.l ~~ of 

the ·~.S and .2.p funet.i®'# in ~J.ng with Jfo~-e\rl'.Blten valu~s,. It 

wUl be fouz:ld in meetiC!IU? toot u.~a. =- •• rg,g- it is not neoes~ to 

hybridiz.~ the ~ part .of· trua t'!.(ffle, • funct.ton.. • Oonsequently we ai,o 

~e caleul.Ations with d. "=. s- ooneap$lding to the 2 5 orbiW 1t1 

order to be &bl.a to u:30 & hyhr!di~ation tret\tulent t:thicb 1111q m ~m 
wi-t,b th~t of P€J.uling and Sherman f'or 'Lit• • 

For oenveniitmQe 1a tl~rm,im,ng o~ ,. tJ table Qt ~~uei <>f the ~ 

;QJ; ~ cb~f!i the o~;te 9a4 §.PS~ §SM.~§ it 1.s \hen p.o:-s~ble 

w £ind the vel'l;lee of thie d1&tri"w.t,:1,cm :t\mctiOll f or e:ny vd.ue of 

otller tlwl 1.s. Thie t&ble ~ be applJ..ed to ~ nodel&$.!e radi£-.l wave 

i"unet;ton .for th$ L shell. 

'the Choice 0£ cl £0:i U$G la the B«u orb!.tal.s •is •d$ ~te ~le 

b,y· a procedure which probe.~ dOee not mtrodueo a• 1\'11® imo~t:, 

as the method ot t~tcm-t it~• We ~~ th~.:b the X ~eetron,t 
• . 

aeHI$ the .n.uel.ov.e to the ~ame extent in beth ooqlllwn and li tlliua so 
, •( 

t~t the effeoti ve nu.el.ear ~ge z' i'or t.he ber,lUwn L ahell ts 

greatel." u.,, one than for the l1thium X. ehell. Since .i$'fo'I U"b~ J.s l..l.76 



section that with the proper definition or energy end length units- tbe 

quaritity ~ .for '1U L electron in any system is given by 

, wnereZ i:,z the nu.clear clmrge less two. 

Thui for BeII cl =o.544,. Thie value will be tuwd ui. the non,...l(rbridiz:a,,-

tion t:ll'Qatmm1t while as 1n Lia al. co.5 will be used 1n the tw'btldizo;tion 

treatment. It ia interesting to note tM~t our v-...u.ue 0£ cl chosen e► 

sentially to fit an aver~ge .Sf r.e.ve function fo-r Bell agrees quite el.osely 

with the vi.w1e chosen by Slater oL -.::. o.546 for BeII using a.'l cne,rgy ~1""" 

a. F~fJ.Qii£oM as; wat li£ndJiPPil~. Q~.:a-. 

We treat ~ and Bea +t as tw~ectron a,:tltenu» contd ni.ng two 

attri1.cting can:1',ers euch nth charge +ze. If 1re oboose a c()C)~te ws.. 

tem. a,s shown in l!"'igu;re la. * the Hamiltonian opere.tor 1I is 

We define & r~ of ftatou'd,c units," nh.ich we de~gn~~ by a. tt: . .I • 

lJUit of length,, ao (radius of first Bohr orbit) ~ 2-;: 0.5285.A 
.. tw1e 

1. 
TJni t of e1iergy * i: t:z 2ic energy of a hydrogen ~tom in ground state 

= 27 .• 00 v.e. 

It might be ment.ioned for the sake of co.mplet,en,aes t.b.at i:f' the eleetronie 

re::;rt nw.ss is taken as the maso unit . then the unit of time is the 



part of the period of an electron in the first Bohr o:rlrdt ot by-di-Ogen• 

An extensive list of various physical quantities exp:resm in \hose 
~ d . . . ft,7)m . . - . e.tom.t.o units is to be .C>'lm in CGlldon and Shortley. u'e should pc>Snt 

out tlur.t for the purpose ot reducing the Scbioainge:r ~tion to atomt.o 

units it is necessacy to define only the enwgy and length units. Xn 

t, . 21. the Hwltooian ~s .z 
-

1-1 =-......, 

We int~ilc.e now a oh&nge 0£ scale au.ch that tbe units or length tW.d 

energy become 
I t. e ' .. --e -== lZe 

The Hamilt,oniao. is then reduoed to the form 

. J - .. - -

For oonvenie~ in ~ti.on we w.Ul divide the Hamiltonian 

into p~.ns iibich ue functions respee·ti~ o:f only electron l, cml.y' 

eleet~n 2, or· of' bo*•h electrons. 
....., 

A, 

f --
)-• I 

I -!) 

-- y--
2. J 

ll - I --
) -

and write 

,....,, 

U sinti; J.I, alone with f =-1--: -= it i e possible to compute the energy of 
,:.,(; 



t.U1 t :Shall el.eet~ in a L1 a:t0Jl:l aa it ii described ~ O\U' A 
5 

Ot! A f 
funettions i'or ooapmson v11th the ~t&l v~WilBt 

The 2e end 2p energies are gi.ven 1V 

l'esp8Ctj.veq. We mq fi.nd - J 'v 2. A f directly s1.nce /./ r is & ~ · 

genie wave functicm. and is tM:rei"ore e. eolution ot the wave aqw1t1a 

qUMtum number n = 2, 

The ~otion A.s is not ~rogenic ao that(-f r;1;4
5

) must be computed 

directly• We find 



La.plaeian in the case 01' the A 'f 

In order to achieve 2s 2p degeneracy n-ooeset1.r-.r £or a simple 
I I ~ \ , 

hybridization tre~,tment wo wUl modify the oparc.tor l- ;v"') when it ie 
. I 

followed by the function /I .s w- .adding to it the te;rm ;z;. . • This 

includes l!l1 ea.sea since we always eo.tapute v1"' in the s6Ull& coo:rclinates 

ae ·the orbitu upon which it operates is expressed. Then for either 

As or A f we will h!\ve 

This e:x:preeaion will be u~ in ~uating ill of the integrolo of the 

type ( As 8~. / !f !As b~\ ( A$ Bsl 1-IIAsi>~) eto, 

If we £i.X-e in.teretlted in arranging .f'oi~ the 99$129.M S /> sepa-

ration Cs_,<, :::- /. f' 3 '!r,e. 7'. · f::_C: 17.517. t /1 r~ther thon in me.kins the 
J ~ ,,,~ L.> t .J. 

levels degenerate, we modify the Hamiltonian J-/; by adding to it. the 
--.,; 

cor;wt,ent [ .. ,, = H wheruwer H, is followed by the function As • 
.., j °'V/ """'--' 

'.l'hue for taample, 

(A~ As I !!_, 1 
/ 1i s 1;j~ ) - ( I+:. I r~ )/A , I e, .. ) c, P 

(,L/5 As I (i, 
1
/ SI' Lis )-=tJ 



Thl .. e dteratton givea for the 1added on~eleetrq~ ~=-a ~~g tQ 

the bond orbital ( fl. -r 6~)/4: • 
~~ 

'✓, I ~ I .::::. 
( A5 / U, '/ 13 s ) + ( As I If/ I A>) 

(4,~~i A~ ) + ~ 3j- I 1-()'··--····--· 

and µpoi,. letting /<, _ _,-,. v0 ,, we find thtd; h{· be.a el.$l> been -~ 

by t® proper &mOUnt1 £.st ,, 

The atomic Le shell energies ~tiul~ted for two v.alu.e-e e>f 0'.- -end 

for the V&t'ious chotee.e. -of o-~&.tora ~ t&bult1too in Tf!l.ble LJJ. togethtlr 

vd.th the ~ntal 2 5 tmd 2 f energies f or LU ti.nd BeIJ;., 

' • im ~. 184WlMa&. 2' tb& Mila!.-&fJIIU! 
We have expreased i-1,,,J in t~ras of !'unctions of the type (/1511,,JIII/J.sb;) 

whleh we ~ nt)w rGduce to the mmberad inte~al.s I; · · · ~ J;-11 and S,) 5 :t. , s .s 
' 

g:L van i1'1 !ab:l.as:E;"W • We proeeeid to ~te the gene~ integral 

-fi, 82 !! C, D, it :;: (A ii-I 1-1/C-I)) 

1a 'Wb.1.ch A 1 ~ C:: or D 'S1IX1' represent As , Af J 8.s, or BI° • Writing 

f = 'f, and using the m~~ L&pl.e.ci n:y_ £ ½ 2.) but riot, the ~--

fi.ed H:am.ltonu.n ((j, + ~.1
} • we find 

/ ·· ; . , l (X 1·11 I \/ D'/'D) 1·11 C [;D f ,~- I .. -r'lll:r' /i I c D; ::: f r n; c,,;r (1 " -/-.,; ·-·~-:;- ,,· ,, • 
1 

J.. 

1 

-1- '., f (A i c ) J(t3 _DJ - ~ +-~ - ~ ) dr + f E ,./ DJ IA, c,(- '3)- -1- ~:~t_:! - -_; \ rh ~ 
~-( I I ,:. .I. ,?. , a,,. d ...,/' "" ..... , c.,j 



- I 
The eymbols {l, - • • • - J-z. coneiapond to the arguments of the funetioi.ts 

!ind ~ . le-ttersa. tt;·ji:; J/ etc. ,~lway1S correspond to t1:'tt> sU:£~ 

llUC1oi,. We have two oases to consider; when lr Ee( '1.nd wh~/--:::: d' • 
Sin.co we are onlg a,\Qreated in ~c toms,./-· s- d impliee th~it 

• The two t.ypea ot 

integ:rals ue usv.al..q oolled •coui.t,, and 9ex~ integri:lla. ~ 

become 



Qu.r ,~eea~ in QV$€ltil\lg tha i\m:eattQns /A, 1::,·, /JI/. t·,,)1s tb$i 

as foll,m·ul• W:s fi~st determine the toni of tu.~ /}: integr&l bJ' rei

t~TMgtug • A - - - D into tho order gt.v-mn i ll t~me j[ • i•th. ,4, C:, B ;i.. p._ .. 
l i. .knovledge of this orde:lred p:t:.'Odnot of .four atomic o.rbi t.&J.e 1e t:hen r.~f .... 

:f'ieieut t.o determine the 09ef .fic"ients crf the ~ i .ntegral4'S ~ 

the form of the int.egr,a.1.s th~lves in equ~ti®• \lle give '11iG m -.pu,, 

the cel,.oulation of 

--



tar.ms 0£ tla-a (A, 81.. / H /CI D,._) functions.- Withou~ Sf sepanti<m. co~ 

reotion the d, j ~ 'be 001W;uted fomally by pl.~oing J-1 ~ / in th♦ 
~ -

e.!fl'\re~ions for U-· on p-1:1 <M. 5 8 • 
~ - lj -~ -

The rorsgo,1.ng c1J1.lcul.::,tions sho.w us wh4t the .Sf aept1--.rat:1an •~ 

re-ctions mu.at be for the I/, j * nunaly £.s. f d£J ~i • The qw.mtity 

.t\m.ction occurs in 

.ll a l5 22 25 55 

sep~·.r.~(.'.t.io11 correction 2 3/2 l l l/2 0 
c.ooffie5.ent 

The nW!lberieel eval.w.-.tion of the 1-1:, J 1· f-.tlld indi viruual integrals 

and methods 0£ rolving the eeeul.ar eque.tion are given in Part IV. 
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In carrying: out the arithmetical work which is necessary to trans. 

Ute. Oiil' formulae :J;'or the 1-1,i into their nume~ica1 values, it if! con., 

·v'etlient _ to sepr.::r-ete thc.t portion of an .'ih; ·wl'deh 1s dependent upon ol 

e.J.one f rom the renwinder dependent on o/. f:lld z. To do this we rewrite -//y in the forlll 

I{ == °' { llij + '£ fi',J +i:; {-at- "' f ) }== "'- /,,t1- 1'Jk•f1 

r'or given choice of f find f.. ( It:; 0 or an t .sr) Jl.i. J is e linear ±"unction 

of cl I as we see from Table X ,, so thb:t t he computation of the l'lt./ 
mid. /1,j is a sim;ple m&tter once tho valu.ea of Jl . .j for t wo ci:loicea of 0(., 

have been dete1"1llined. I11 the fibove expression "le(; is t.he t, ,,,o,..elee,.. 

tron integ.r&l 

which is a function of <f; al.one. Consequently we m.e.y1 o.ltcrnatively, 

compute (J.!
1 

-t f£- ) .. \/ ) z: /1'.I directly for t wo vru.uec of ct I and 
J(C/r/ A 

give.n z. EA these obtain tb.e nJ:u.es of /l~i for other x • 
A second u.aeful device involves the introcuotion of the quantity 

The secular equation then becomes 
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instead of 

tho use of the f'orme:r eff eats ~~ greut oo.,d,ng of computational l abor by 
' ... 

Indeed, once A hr .. s been found the disr~ocis.tion energy D is otlou

l.ated Lt once from the formuln 

The first oalculiition made for the lithium molecule was .for the 

complete hybridizntion trae.tment d.esc.rlbed aJ::ove. With E. = o, rx= .588, 

corresponding to sp ciegenere\cy and tho correct geometrics]. distribution 

fo-r the atomi.o orbitals, the vr-;l.ue s of P computed are of the order of 

4.5 v.e. a.s compared to the e:iq,erimt)nt,al De = 1.14 v.e. The equilibrium 

mental value is 2.67 A . Since simUf;;.J:' though smiller discrepf.nciee 

+ 
exist in Pauling and Shermsi.n• s calcrulritions on Lit. when there ia aaeumed 

to be z,ero sp ~epa,rat:ton, tlie degeneracy was removed., in the ,nanner de

scribed previous:cy ,. for the L.12 hybr-.ldiui.tion trefatment faS well,. The 

celeu.J.i;.ted bond const~.nts change to Li.-1\.15 v.e. f.i.nd ReN2.2 A, in the 

right direotion but not enough. A ptil'illel comput£i.tion with E = o, 

~ = .500 likewise lead to energy and sep(;il:'f;.t ion V'fllues oonsider~bl.y 
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different f rom the ex:perimentt1l ones. 

In an e!f'ort to dir;oove:t." the source of these dia,crepe.ncie-s k1 1;:.nd k2 

are . ~ven the confi;tt·,nt value unity. The t.otsl energy r.nd the dissoei

t,tion energy corresponding to such a choice of p.e.r-ameter values are al-

ways s10..=J.ler 1n nb11olu.te vru.ue than the. energies computed lrJ n complete 

v&ri~.tion ( our hybridization) treatment &nd oonsequ.entJ.y constitute lower 

bounde,to t;hese qw:.nt.ities f'or the whole class of line&r va.rit,i,tion func

tions. Distortion of t he energy curves ia likely to occur in t.h.:i s treHAt

ment since the velues of k1 and k2 obtei,twd by varl:1tion chcmge considert1,bly 

with interatomio distanoa. When the calculations fo.r kl ::: k2 = l are 

over the vur-J.e-.t,ion result ;;:;, thii:l oging the cuJe for e=t~,;;r- u ~d 

IX= .500 or .sas. However, thi s si:m.-ole treatment mo..¼:ai, it possible to 

,;tudy the effect of the indiv-.Ldu&l te:rms, H9 rmd 4,1. Since by this 

lllathod 

w':::: £ 1-li.J 

z d.~/ 

fl.·) 
the siie of the GUalltities r.:;::: ( ~ f?_·,overna to & lt,1"""8 extent the • 'i l;,"j ' ll> 

Vblue oi' the ermrgy 'W e.nd consequently t:li::,-'O of D. Th:e vrJ.ue oi' J'J; is 

abnormally l&rge i'or (iJ) = (12) and (l.3) which reeul.ts in their m!:',king 

considertl.ble contributions to the energies. In order to obtdn more 

aocurr,te results, it seems reiiu1ion&ble to t:,d.opt {)_ policy of omitting 
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those term.a Hij in the ana:i•gy 11.1.atrix . wW.ah c1n·res-1)0nd to the gre.Gtest 

~it.::ttien of the lithium z.toms, thus ramo,;ing the pf_p2
1 p2sp eitc,. t°':rms 

first. 

I11 ac,oorcl with thim policy 'Ne sh1..ill pl.ace ;it2 == o, thu.:ft maint.tlnine thG 

line.f.r vsri iatione.l form for our molecula,r 'ift:We function. The eompu.ted 

Mergi~:,s D for £-:: E..sf 
1 

d..=, .s- • are listed in Tr.ble _2£' in ooth e:coude 

units and electron-vol·c.s. From Figure 2 we estimt\te the equ.ilibriwn 

ment Y.'i.th e:;i:periment is thu$ quite aloi:e., It is urmeoossery to make a 

similar computation for (){ •= .588 or c = O or both eiince we know tluit 

L"l order to round out these oul.OtU..B .. tions on u.2, the 1..U~soei~;.tioo 

energies· lil.Tt'J t1lso computed £or nu ® Hss alone with c:(. = • 5 or • 588, 

the Vt,lues being :t•acorded in I t 1>e.rt of T !:.ble JT • The :P2P2 (H55) born-cl 

energy is seen to be too lsrga for either value of d,, g i.ring e.dditioM.l 

weight to our p.l~ of omitting the H55 term in the verriLtion (1t2 = 0) 

treatment. It ia to be noticed ¢/l.eo tzmt with ot a:: .588 exoellent 

e.gree~'llant for both D6 &.nd Re is obtained in the s2l· (Hl.J.) ctlcull,,tion 

( see Figure 2., ) * Thia is to be contrasted with the simils,r ss treo:t.ll.loot 

r·oai:lone.ble value of d loo to a lt'\l"ge enough 

d:ls~ois t.~r: ,~nergy. 

The cov:X"\1-spondint: o~t,tult.tion15 f'Qr Be2++- .t i.:;:·o ncrr. us e;oraplet c r.s f c1: 

Lia• This is due p.d,uwrily to the fact tbat the numerJ.oal e:valuetion of 



th• illtegral.s bas been completed ~ for ~ 4 5, Bcmeve3?' the a2e2 

end ,Ir ealOulatic.m, have becm me.de ti:Lth the tWQ values of ct ~ 

well •• the varit.ition t.rntm.ont wtth € = £:s I' • Q!. = •. 5• Sinee no 

experiment.al or ti~ret1cel dt1t6 is -.vaUable, the results NCOX'ded 

in '.fe.ble Jr imist be regtU"ded es ten~tive Olil.7• There is det:Lnite in,,,,.. 

41••~1m1 0£ an energy mhdwm neu :a tr~ 'A with a value of P:!: ~ v,:e• 

Wet hlive incJ.u.ded !rt Table Ji! the veluee 0£ the pu-qeter kl co:rres,... 

~ to the varicu.s values of <f . £0~ both .W.2 and. ae,_ +t• Since 

t::. hybridi~ treatment ~sad o.n P&lll.iug• e slmpl,e t~Oley' would give 

k1 ~ 2t'f= a.• (corapere Ps,rt I seotioa b) we '5ff· tamt there is • 

ai-,le eorrel.ation betweiin the ttbest• valWJ e£ k1 1n the bti.riati<md 

aenee to~ the elect~ bond and the qbrid:1.~e.tioa vcl.uo obtained 

from the eoneideration of one-electrR iveteuu.~. Th• f'uudalllentsl. d.1£• 

i'ereaee between Lit+ end Ll2 is also indiea'" 19' a comparison of the 

hybridization oaloulations £or the two systems. A dmple extension of 

Pauling and Sh~1 s bybridizatiia ealcul.ations tor IAr.+ to ol = .:sea 
• i ·· • ,•• . 

leQ<i:& to the va.u l .• 54 v.e. at 2.t1 K • 1n •t poo~ agreement with 

expt¢iment as oompared to tht celoul&tim:\ witb IX,· «;; .soo (Me -soot.ion (:, 

Part I)• The ealculaUcm for Li2 :which td, lea.st t~• cv origin&l 

ingenuous point of view corresponds most eloael.y to thi.s h7bri.d1zat1on 

+ tti-e~tment of Li.2 us been seen to lead to a ~ob largE'.tr diegreement 

with expertment tor .eat Vl;J,l® o-f al * 



a. ~¥.flt 
tu (ioffi4d~b1e • e.roit~~iss U1 $4!l ChQ10$ 'I/fl ~ - 1:M~~ a.I 

the· tne ot tre$t-- ititd:f 4tm b$ ~ dt~tl.7 to tho n~ ot 

~ 1t shell. eiefl~• We ~ ~ · ~ ~a.~ ~plie to 

guW• us when o~ ~ of a qstsm is ~ed. • the t:rel\.,_'t, 'ltt i.. 

ou;, 61$CWJ~ 'Of U;1 £ind 142•• 01ffl;•~~ we adop,I ~. ~~~ 

v~• of. Re tmd ». • m>~s $ld eit~te the. wo$ gg a the<tffl!.O&l 

~oulati® bg' the qll&IJ.iq o,f the ~•$It cw <U.~ ~ . the 

~ted ~ c.,ba~ bond COl1Stmt~ 

m .,...,._ ... ...,;.,,,· .-.'I.. ... ,.,_;..,..-t~.i.,1. ,.. .... 1'.i ·,+ 'tit A ••* ~ 4.~.t n8, 1iJ/1fg ~~.-9 li~ ~~l~cms """"' .l;Nr,i j ~, all~ -91:1 -'~- ~$ 

poJ.itb ot vi•• 

(1) Tho orbital in IAa♦ _..be-~~ in order to ac~t 

£or 'hh@ ~rg& obflrved diesoeiatd.on. en..-Q• In order to ~C$ ~ly 

the ~ shell in~ctioue, howevor,t it ie i.woeliJt'W.:17 w tboose e effec

tive nu.cleor ~ for the L ~~ whi®: Q(ift'G'$pi;'IM# to ~ 

e,or~ ot th.e ~- bf the lt el.e~tJt 

.tu) The ~~ bond bl .~ 'ltllfrf 'bG r01"·MUt$d b-J ft11l~ 

a pure a Ol'bltal o£ a ••~bri.41~ ~\~ As .in the ce.~e of the 

-1$\iiUl~ion ·an &ffEtCtiW mffll~ ~ . ot .CiU ~ oo U® .Ul t.be ~ ..... 

~~~tt® ·trea\m.$11\~ But ·•e.d.th ~ • ,()~W.tml ·t.ha· a.ppli()l)F~t,e val:u.e ot 

the ,rt~ot1 ve ~or cl1UP is one whieh ao:;:ore,~t w .eJl ~vercae 2...,frp 

~ri~~ti.- ~tioa., !'lie •·~....,~tdi~' ~ Vlh1eh :t.nel'Udes onlq tlie 

'~ •1/1,s2, s2•~ and sp• mgbt· be vi~* ~.s reF-4~.,n~ a ~ec-

1~1 tv.~ceit<>r «mt1~at1<$ in whieh ._ ct th~ ~~~ t~ ~d 



ff 

- ··~ - • hyl/,11,Q. ~w.w... 
(iU} 'lhe in~ett• •t pl ~ in the l1lon4 orbltnl. to,;,. r..t1 

.ts•• .pQ.e~bl(t du$ pmb.ah.1¥ k tho t• t™1:t ·~~ the bond f(:)~ 

u, • ~&otima 1ft, the L shelle is ~e,r fo:r tho ,a ~ tlum f• 

th~ $'.2, the ~lilt K•L ~ . itlt®naoti~:s .~ el;;o • con-~nd~l¥

nnng&~ tor tn'l!.l ,-2 funetions1; .~ !.noree.~d 'oond strength end ~pul.dva 
. • . , ' I : 



ff 

~ H!!te!i 

lb~ 1• no diftieul.• in ~ the •,d.mpl•• (i.e, o.n.e- . 

eleot.ro11) iatapals. listed ta Tab.lo :Z- • The aim.pl.est, I1, and l .4, 

eq ~ oaloulated bT integn,tmg a apharlc.al ~~t&s al~ 

thte is -.neeee~ ad.nOfJ the m itltep«lo are well · lmo'wn in the 

tbeery or· b;rdirogenic ato.u.. For the enluattiOn et the- remcfrd.ng ~ 

eclaotN& 1tttegral11, • use $i'110riodal eooJ'dinatea 

t1ona reduce to el~tars' in.tegl'iale of the t'1)8 
Oo ,.,.., LL X/"7 e-.c,A-"Y: f{ A 1~ 

~=-, ?t"'-1 

which ~ be apress~ .~ terms of the Am 'l'3 () 1\aot.ioiu, ot n.-• 
• I 

or ae pol.yuomiale :Sn f llllltipl.ying ~ti.t.l ta.¢tora. The UL~tw 

.form is giffll 1n 2•bl.e Vff aad the lllU!Mric.:L values~ a parl of 

fable J.X:. 
Both types of two .i•~rou ~•gnus, Coulomb .and aclumge., ue 

&V&l.uat$d by ~ 
11

1 in infinite aeries in app~priate eoorcan. 

atea of eieotrou l.. •d 2, thus ~ postlibla the eep~tioa ot tb..e 

int•pend into tuQ.ctioas eaeh d$pendent upon but one coord1-,te., ttth 

our Chotce of ato11d.c -..e ftmotio,na;t • J2 .s ad .2. f • whose nuc~ Cbard-



pa~er ia the eame1 oUly a .finite number ot tems from the 

~t& a.mes ~•e: after the iutegn,tiQlle have been pert"ormed. 

The ~b integnwl ue 0£ the tom 

/A (1} A-, (1) 1 R (1..1 81:, (z) d71d1,,, / , ~ ~, , ( '""¾, ,. 

in which ea.oh of o-;', ·r;-
1 

cf1./F. .. ' ~ be either • s or f ,. If the 

cool'dinates ot <me eleotron •tor in tho integrand only 1n 5 f'unotiona, 

Qy A:, then we sq evd.w,.te tb.♦ integral direot:Lw bg- cona5..~ 

the !unction A.s2... to be a. ~m~ ~trl®l oh&rge dons:Lt, Md. 

by applying the Nntonien 1-s of potential theory for suoh dietd• 

In general too tbe Coul.ort1b itltegnls, howewrJ we make u.-e o,f 

the ~on 

a,> a., a ,,,. .,,, 
.., ) I ...,_ w.,l, 

The det:Lnitions of the &ngl.ea and tli.attwees are those of p&IQ 

1'h1s "ties me: be derived dire:c~ from the g~ting function of 

the Legendre polynomial (l+;2.h ct-o.;)t-h;..r'/2 and the addition theorem 

M 

f;. ( e~{G4 ~t)(i' >1 -== ~ fc~Gi,.,} R(~4 BttJ + :t. £ t-\M ~-,,,,,,,~',· A.,,,(c~~GA) P.,,..,.(w~4 ) cµ,ff'/tt-'4.) 
I -..'j /k-1 .,,, . .+-,1<-i), ,.,,. I ,'I\ 1.,. I•. 

We .see at. onoe that ~ th.ose ten.a with ;r;1 -:::::() .and If)~~ ·wtU 

eur1-:i:ve after intogra.t1ug over ~ and. 1,C, • For nano of the wave . ~ V 
funeuons oontatn f and th,c1: higl~~ttt power of ~ &ia, ·the.t ·Ol#l enter 



I -
1• t~ 1.04., = :J L;;L /?(~B-4,}-u BO ~t \$NW 1n the Cffl!)anston with 

~ > 0 or .,,,1 ~.,z Wi:Ul ~• duo to the oi-tbo:gon&l.i t, properi,ifis 

of ne t-ria~trl.c.al J 1i:e$mdre tw.lction,. Tb$ integratt-. ewr ~ A e- . . 

a 
I 

invol'tes ~ elomonte..r, ~~~ of the type }"-- «a._, .e;» d tt, 

with U3id. ta o, tt 1 0 ,.,. .KJ the result 0£ the .tirist triple :Lnt~cwatift 

~r \he COQrdinates o:f electron l. is thus a .tu.uct:Lon of a"'-> Ba.a.

there being onl;y • two cas88 to CQnai.der, namely when t-b.a orb.i tale of' 

t.hia first eleetron entering into tho original integraad were d.c: 4 f' 

Cn9 ar,2,. • Stnoe tho rema:tntng int&~ 1s • funetiQn ol .,t.1..-, ~k t:oi-

0\U" mm-ionic '7Po integrals, it is C!Nlverdent to intl'Oduee apb.e~ 

coo::dino:to$ ~,. ; t/.. , •• preVicmaly tlef!.ned, 111 place of 
~ ~,,~ . 

/1 1 A , > P.. !he t,p0 ot integrals l'thicb remult ~ t.M.a 
t.-<.; 1,.) if..,. I t,£>,J f'te ..,_ J U !-:, C1.J~z. I 

uanaf"Q~tie. are 
«> ../JI 

e -i,A, -$·~./t),_ ~,..u.,,., I )a t{,.vi ..a nlree.dy d:taeussed an(); 

1 -, r !/,"'~-;;';~ ;:'}: ;( A "Ji . 
In the l.&t-ter in~ the iategratie 0"2!' )A- JDtq be pe.rtol"J.ilOd with 

/ 

tho dd of the f-orrml.Ae given, in table where the expenenti:al 

intep&J. £j (-x.) is defined b:I' tbe ~:~ion 

-Ei/-JI..) = f M ~Jt' 
)I 

The NWJtning int,egi-a-tim'l owr A is then pos&ble in terms o;f t;he 
, .,a 

.£n =- j { Ei. {pfA.+,J-£i [pfA-il]} r/z.p). AN\ cl.A 
I 



6>'t 
Wifi; .. • 

topt.111&11 with $1:mpler ill~ of tlw· i~eta ~ Fl.utctt• 

t1P9 wtd.ch we l:i.a'f'e ~ uaed.. fo evaluate £ we .:k& tWG· 0: 

r~rftcti ~ationt:1 deriftd by~- intogra.tion. !aldng 
Cle:> 

.1,,; :: j Et[ f(l~1l]e--..'°) f' i>. 
I ()I<;: ' 

and ~;'-:=. jEL[f(~-,} e.-i.fA;.~d). "have 
I 

We ~ Wil# up the ~ I &nd. ~~ by $\l06ef;Ssi ve appii.oert.1®$ of the 

re.-on f•a'.'AIUlae mi~& ~ £.i ~ G!S ~ ~ Pad· 

!!D!GSPt~ t~i£1i@ ~ - ~ • No generu res.®On he.s been round f01• 

ttli::; eoo.e&llatioa. It i .s interresting t<> note tha.t £' ID.li\Y also be 

evaluated in n muoh ~~ ~er. ?kking the chenge of 'ff.l'i&bl.e 

X=)l-1 we find foi- ?!'' .a ee,ritl& ot terms like 
....,,_.:t,1 

,,t;·(""}( ) ,r -z.ex. - d V)1 4'I • t!. -::::: 1 e x ' "'• t::i. r f .Y.} • ;it 

From a partial ~ti.on 



Ii.(.,,~ - i ! ,~ j·(,t.,} 
l J- I - ---- + 2, l 2 

ti. ff'vi\ aq be quite••~ calculated and from them the function$ :E~ 

o:bser-r1e ·that on)J po~li.i and exponen tiala enter iI.ttG the :t'inal. 

el.g&btaic ~;ore.sad.on fox· Coulomb i ,lWgral.ii, 'fable Y1IL fhe nwaar.toal 

value$ al."8 Usted tor tf = 21 2,s, 5, 4, 5 in Tal:,le .1Z.. 

Ex:,pan:none in B~~aw. i'llU.Q.t:t.01u1 ratber tne.n Legendre functi.one 

-, ~e to ba the m&st u~etul in futul"O work particu.l.arly . in the· 

ev:el.uation of throe oente:r in~gral.St. So»l$ of ~eme mrpruisiona haYe 

the adventae,--e the.t they a.re valj.d fo1· all ~Uve vatues Qf and 

so that the rMge of: intt;l~t,ion ne~d not be oplit up. (Compare 

Oouloon(!l,) &tld Smith("1)). 

CQO-rdi.~e de.f~ed with ~s-pcct to ·ooth nae.lei,- A ·and s. 'WG th&rtilt'ore 

Change to sphenod.al 000:rdin&tes and uee the ff-e~ e~ion ~ .f (.15) 

L-: +l l .2·:·Hr:,.11' >t/(>t~) p_l(tiJe)l{t!JI-)~ rr-:u:e.+o;Jly;--14J !o-:; I 
,I( /\ ,r-::c, -y-:::() ""' "I... .\, 7 , / (ffl )I > 1 a. 

. . - ····J 
the apper v~abl.ee Hing taken .t'o:r .l. , ( A-i. and. the lt>ltf.tl.'" .f'(W Ai>) a. 

As in tho case of' th& C~b ~"tp8nsi® in~pation 0w:e ~, /f1- reduces 

the :mm over ,1YI to the $ingl.a tora· JI::: I) • Also ~ ~l,~rdalrJ ~ 
Of"'"V 



/t 1,,> ,P-1,.•hich. ~ from the four wave .f\uactions tUld the •lwae 
/ 

«t.~ts are ot not W.~r ~ tlae £w:rth •~ in/ 1 or 1~1{ i;.. 

•e a ~•~el$ of the \MU known p,x'Openy of ·tne ~l&.-e poly:tl~ 

ial.e 

/7?, /-x./:t"'d¥-= o 
-1 



ot /.I, S tunct1QS with 11 ttl.o chanoe or oan-or iifiue the proeeea la. so 

syetemat111ed ae to beot.'l:$C al.meat -.ut0&¥ttt1. 

Allot the •~®.ang& 1nt~s are thus expreaaed in. t•l"mG ot 

the H 8114 s twioti ou u ta iabl.e llif , the mll.'llel"i cal 'llaluoa tor 

~ • :a, s.5, 31 •• 5. e1,p_pear1».,g u. table A. !he methods of comput-

ing the B act s tuaotiGila have 'b.t\t.til Alaouand 1n the 11-tere.tue/ .. 5"''6-S'~.68'), 

3. 11!. ~!i!Ot Sol.U;Jtn.. Of Se$!i}lP !i!f¼1!10!! 

0V pm,blem 1a to 41,tte-.!no the lowoat rMt ot the secular 

eq•tie / Htj -d,.j). / = o ln wblqh tht H~· and the d ·t..1 are k?l.nn 

numbers a gene)."fll d1tfe~nt trom ~"• 'lhe db•eot method c.omiste ocf 

the followlng $._pa, 

(1~ We ~uw the two dete1'rd.aante D(i\1\ amt 1)/.~.,_\,mere we 

eattmaw A1 M\d A.z. w be elooe • the 1-,est root ..l.-=: ~✓, and auoh 

that [)(),) end D fx.J are ot different 11ga,. 

(ii) Bf li•u 1nte11Polation. {or extrapoletion) baaed upc,a 

1 
_ A, o<i1.l -Ai. orA,) 

/\3 - --[)(Ai.\- D (A,) 

It DIA) &PPl'O:d,ma~a oloae4' to a linear 1.'tul.otioa oZ A tor A ~~ 
then• wouli expect D('>g) to be nearl3 nrc>. 



(11:U W$ a•t..U, COJIJUte D( A3) t interpolate egab. ·a.w/1 eon

t1-e the procee.l1 until A1ti &»1'$ltlmatee A 41 +, to the ~•• 

eeiJ.ori. ·1'Jl& q-.nttty A"1 toun« in tllis ~r wlll them b9 an 

app1'02:.1-t1a to at or the ~ ot the •~ eq.attGl\• 

ni. uaeMnee• ot th.is Q'Gatasat o"'1ousl1 cl.&Jenda • the et\N 

"1th etch dete=u.at# ma:, ·b& naleted• l>Q'liO'Ulu!v those et o:rdei, 

highel- than the thi~d. One ot the meet aat1efMtolt7 methoas(iit) tor 

3:etluobg ~k&cu hte-1aants 1• 't.u11ted upon the UH of the 

l'eCUl'SiGn Jt&l.atiOD 

eth column o:r the tnmfe:,,,med. ad of the originel dote~te, nQe<i• 

ti wl,y., '.the vtlluablo propeJ!ltT ot the ~formation /tL1 r I __,,. I tl7i ~ I 

la that tor 11 > .s 
gtven v frrr;,

1 
• When ~ bas been chosen eo that DfA,,) =o then 

/ l :.1 

tioa only being m.•ee~ wb.ea 0,n 'tWsl10a tor Jl < / f1. AU ot tlto 

manipulatit>U tnvolwd. la thts aethod ma, b.e perfomied 1n a rapid an4 

e,stomati~ l11Glm8r en the ea1JPUting ._,ne. 

'Jhe &dVu:ta,;afJ of the r.U.l'e4t niethod t01' fb.ding roots eJi"8 its 

e:im.pUclty,. 1'" ~pplicab1lity to ·U,- &eoular eq_ue.ti.on ud tho :tap14 

oonvQ$eaoe once an ~onmate val:ue ot the Jl>Ot has been obtained. 

Ite c1d.•f disad•antage liae in the tact that we have no •~ that 



a $1 ObkU\84. 1W tlhl& --- is t.h• l!!!•:t_ l'OOt ot tho ~ 

~•1• am thitt ----~ 1QJ'$1.UlQ$ wlth the Offl:i." Of tho IIU,lQ.&Uu. 

4. ~ !f!*rlJ, - ot, ~SUli!! -~~Q~, 

One et the -.t ~-- aethOds ot sol:nns se$.tlu et•ti,ons 

ie ti> find the ~el 1\ulct19ll R ( ~) equtTaleat 10 the tleterminatal 

~- Dti) m4 tho to •~ the leaa ot f<(A) lt-1 the '"17 

J(Mel'M ad seuNLt atra •Wied a..a.-ibd below.. 1be dinc,;t 

t.lgeb~a1c c~t!OJ.t ot the ocefflcieats ta the ,ol:yrwmial R(A) ia • 

oeraplia.t♦.d matter tor det&Jmi~te et h1gb.el' thu. the third order and 

the ~aponding mae:rioal 'llffl ts not autted to t;he caleul.atin.g 

inao-htne. An $l.tunathe 4eivice fil>J' :prodlltlng the ~oefticlen1H~ 1n the 

polJ':a«niol ta sametimea tU$f\:al. Let us sUbstt tute Ai> ;\ -,.. > - - -A,'11 _1 1n 

11uoc<,s,10• in the d&W$1nant, t.lad 1 t, e.-re:a,onding valuea 

DI>.,} 1 DfA1.. )> - - .. D( A-111) . 1he eoeffle1<,at ot the highest powe:r end~tile 

oOMtaat tom are· g1 wn by DC>:J -:=. / d~j I a:nd D11 = / 1-(jl , n•p&o"tivelY; 

while the JllEWl&ini:ng eeetf1o1en'ttt.1 ,p, ,,P .... f.~ rray be dowl"fllined ttom (f I~ "'i,. : ,,,..,, 

the aimult~ou.s tJOt et eq\lationa 
' ,., : } , \< -j ;/:, \ "7'\ 

) - , , . _ D { \ ) -:::::: ;IQ (A . ) = L1,o )u ..,i.. J-, /\, 1 -+ • - - -t :(""' ~ 1/\., -f 4 
,. -'> i., ,/kl A,1 ,J? , J J -, 

) 

Rowever bY us1•s ftn1 te diftereue teehn1q~ the labor 1n 

aOB([lUtiag tb.e ooeffleieate f"' 1e oona1de:rabl1 ehortened. Let u.B as 

befc>n oom,ute Dao.1 and D ( .L) ,,-, -:: t; z, 3 • · ·.+1. Oae of the 



~• •t ~ ta gp,e1'6JJ¥ 1lUen t:o be zoro s1Me D(c) te eute:r 

· • o.i~te ba D(A) ; ,\-:/- o • The remaining An are oha&en •ClO 

that they aat1&t, a ;re1-tiosi ot the tOl'Dl 

If :;: /) z._ • • ~ I)\ 

It we 1$hen detiae the fuoti<m. 

A,, r") ~ D < ,\ \ - o~ rYl = f;., f"' r,- ;) 

am ••ulate l.ta al m,ne:r1oa1 'flWl$e e•Me~iag to the M Taluea 

ot ,t, gt,en lq equatiOa awva , w may tmmetiatel.1 taiculllte the fi~st 

m dift'e:r.eaoes /J /? 1 
O,);Ll ~1fAol • ··Lt½> It '•t the tuacti.on lt(A) • 'ill♦ 

bowled.go o:r these I}') tittere.ncea will,\ as S.s well kn.own• suttiee to 

detomlne ~letelY the 'behaV1Ql:' ot the i\motum R '(A ) which ie a 

po~al of degree 1n - / • 

A con.wnJ.ent method 1%):r oomputiflg the ooefflcioats j11 1a ter.ma 

of the t11tterenees c/ l I ,Ac ) ie the following. We may wwt t& Newton's 

It 1s 1.1eoess1U7 to express (ct;i ae a pol.yl'lOitlial 1n 1rt1 , 
.s ' ( '-. t') -= L a, (In,,, s) '111' 

i. =. I 

b ocefflelents aJ-1·1)s) a:e related by' the: sinlpl,~ re~ion tOl'DIUle.e 



wtd.~ ellows a te.ble of 1\het:r -vuue, t♦l' ~ous l}')t1> S •" be t,~ed 

quite ~•t1Y, t.lll& tuuu~a -fl {A) beo~s, ws1%18 thtM a,;. ffr"n, S ) 

with 

""' • 

It ts oaay t .o build UJ1 the i 1,r ,._ ~tabulated. volm-e• of ai- (M~, .fj 

tmd. l-:,
5 A'f~). ~ OOinPUtait on t>t the '"ttte~.nts f, 1ihen reduces to 

to~ut~ the polpond.$1. 111 (A- X e) ,t;o QD.e la A by a :,e,pld 

p:rooee.s using ayatbet;ic a.ivte;ion. la nm.1)1' cues 1h1s trlmSfo.,,.1d.oa 

14 JlQt --•~, hC>wwJ. as ·• 'th prgpe:, ehoioe <Jf Ao the matrix 

methOd Of ooltt'titon (IMM helw) ia 001'UJ14.enbl.T a,etX\ed up. 

'lble ttpotyrJ.OmiaJ. '• te~que W)).S.eh wo han jut tesu1 bed t• 

tindi~ the reot" Qi' a eeeul.ai- equ.at1oa posHaus all of tho ad'fantages 

ot the se•ftl matrtx tethtdque Gd Gome ttdtral\tq;e$ of' the d:l."ett method. 

The eruuatton of the atermi1W1t. Dl\.')} J.tJaY. be bl'Okan off at -. point 

it 1 t sG ~ppeu that a ,.\ ,) is used fol" which D / .t) } I\,) 0 and the tnte~ 

-pole.t1on n»thed: ( eecst1on .3 ) epplted to c.elou.late the root ao4Nt'atel.y. 
,¾\ 

However once the ooettteieats k4<. fU"O dete:&mtned 't;ho matrix ~elution 

ot ti. polynomial &qW!lti.cm is to 'be ,refe1'Nd tf11! 1 t leats at OMO to 

the d~t root. and m113 ~ e:xtended to the eeloulat1• ot other l'OOts 

vd. th ntederaw 8m0l.$t of edd1t:loael caleulattOJJ,• 

Itt. the eoaelud1ng pvMJ.'8Phs ot 1h1s section we will ducrtbe 

a metb«i 1l'h1ch W$e devel~d by i'>tmcu ~ Oolla:c and oti.i;,s ( 1; o, f 11 a,, ;.,..). 

It prortds-.8, eeeentielly • a tt1eau o:t finding tl9 et~DV8lueo at 

el\a.Mote;c,t,stie matnoes including .- 11 special (Jase the mat~ix 



4ffMSpoadtas to u Glgel.)nJ.e eqllatl •• 

Let fr/ be the oh&,:,aeilel-iistie matrix lfhoae eige~ue ts sQUght 

~ ~ · • •. A.,~,\~ . . ana. i. t , \ be a ~~ ul,t an1 •~ av1s. iv-. toim 1
y x an4 denote 

<me et lts b'Pleal oleaata bf al\t\ • 1?hen the tollow1l'l& ftuldmnentu 

the ... ?1!81' be applied f'Qr f1n,U.ng the d-.tnant root A, • (that is, 

th@ ~oot lugest 1n abeolitto value) l 

K M~,,-In practlo.e, ie tat«sn to be a me.~ix oi' one column so that 

will Ultew:tee be a ltneu •M~. 'l'h:t.s ;reduces the aum'ber of new 

1.. tioa., tl"01a ,'YI to /Y\ • 

In erd.$r to be able to f@Pl.1 the the•• to the solution ot our 

aeculu equatiepns tar ~, we nmst fiDd an equ:tv-elent secular ~que.t1cm 

b. ,rhteh ~ d. ti = ;;i.j (Xrone•1- & ) . The redu.etion to au.oh on 

eque:t1on ma, be a~llshed in tn WOJ$. First, we mtq" imrodtlce an 

orthonormal set Gf Tal"1•t1()!1 tu.notions 'by' a llnoar treu:1efo:mation u 

deao711">4 pre'f'1owal¥ (p. 3''5 } these glvtng tfij-:.. ;;i.J by dl.lt1Jd.t10a. 

In tho 8$401\i'l x,l&oe we llllll1 ~• eaeb term 1n vm molecular 

ftri.atf.oa :f.'>..metia thus mald,zag d;, 1,· = I • subst1 tu.'9 an. ostil'cla te4 value 

of ~-::: ). c. 1n the iM>it.-diago-1. terms• and solve the reeult1D8 secu.l.ar 

~quation b7 Duaoan w:ld Oollu' & •th.Ga fC/t' a ~t" A .1 • ~en we r• 

rop&at tb.e process d1De; sane systematieal.1,1 ehoaea m&&n ef AIP and )i, 

aa the &J'?P~ting root in the m>n.-..diagonal to~. Tll1s •thoo ltat1 

•n uiod wt th a<>me succe11JH1 ad might be ~ed wl th turther 



deve~t ~ An \U'lie.Elttl.e d que~t1Ql\ is wuthe;v by' thto methoe tile 

it!!Nt ~t la always ~to.btecl, 

All ~t a,»11aaila ot' the -•~ t'heo~ 1s to the 

eolut1• or .a ;po~al oqu:U•• 

or>i) = X''-+- ,f, x~-•• ~,+ ... . -+- fM -= o 

A ) 
I 0 0 // .. ,,. ~ -- 0 

0 ). I () 0 0 

0 C A I {) - - - - - 0 

A, I 
.I 

with 

M-1 

o(, = - L' IM•j d; 
j-= C 
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'!!au.~ the en.tr e tfeet of. multiplying k cy fl/ 5.a to shift d. 2- to the 

first row, i.s t(1 tht, m~oon<l ra,1,. ot<h ~Md to (:ldd o.ne-, n~w et0mYnt d,.,... 

but n4i'w1 ae.eh auc~a:sivi:1 a,ppro:d..m.ation to ·tlle root involves Gnly the 
·+k. 

aomputation of the ono sum, a~ in .eq. a.ti ... e, whoroas in the cru:,e of the - '' 

itt ealf ... co:rl\"cetina, An error made 1n computina a aum o:r. the type given 
the. 

1n,.eq).. al,i•v,( merely delays oonvel"geno& of the proeeas but does not 

invalidate the lttn1 ting rat:i .. o 

apprQ.Q.Cherl ver·_.; slowly or not at all• f.'Ofi. lH~t 1 vel.v. 'l'he eon.verge. 1.'lQe in 

1v1 'l. tho 'first ease l!l~" b-0 eonaideam'bly :J.urproved by finding the mt·r1x , 

whieh 1a then used to to-rm J1 i.t(, M "'K etc. thus {3pee-ding up tho ni.mer .. 

ieel a:pz,!'oxmiation to tl1t1 root,. E'e>w~wx• • :r~lativs:t.;v einap.le ext*tisi0ns 

.Qf the i.i'h.eo:r.',V l~~d to ~1;'K'.presa101w :tor (A"+ A 1.- ) .~nd ...\,,t_ whi.oh con-verge 



to the moat stable state is obtained automa.tioall-1 i'Ol" aeeular equatie~ 

e:Grresponding w attraettf;0 etate$ since 8.JW P'0$$1bl.e poG1tive roots u-e 

uaueJ.l.y e.meller in ab-solt1te value tlum the root oorres:po11d.i11g to the 

grom>.d state. In the oaae- o.t all Poeit;tvo :roote (repulsive state)• 

where it is yet the root lot11eat in algebraic val® Which is desired" we 

:nuq multiply eaoh term in seoul.,a.r equation by A'-: f and sol\'e the 
I 

~elll·Cing d:ete~1irumtal equation for .t\ by the ThmCM and Coll.al' 
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Moclified 1-lamil tonien 

I :J:2 = ,.500 

Unmodified Laplaeian 

Modified Lap.J.a,eian 

.Modifi ed HmnU~ 

I z..;:2 = a,.644 

Modified H&miltonian 

I a;:l i= • 588 

Mo~£i ~ . R~ltora.en 

s.5&46 

18.J..20 

5,6374 

~.~825 

5.22l2 

22.550 
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.l.9825 3.5260 

.1674.0 14.180 
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•. 12000 0 0 
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1 
.•. Ol.248 

.• 01713 
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.05815 

.o,sa·7 

t03ll.S 

.842 

.502 

.3080 

.1~ 

.2582 

.,1277 

•. 0008 

(v.e, l.0-.80 

.74 
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.0$054 

.• 05945 
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.. 04.,8 

*05662 

.04l9l 

· ,i~lM 
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.09$4 
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.0634 

.0484 

6 •. 24 
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(> == ~ R 

$ 
- · i .5 -

~03209 .01001 ♦00854 

.,04194 .02749 .01212 

1.1as .. 744 ,.544 ) 

.. 05848 .01684 .ooss1 

.0437$ ,;020$8 .00907 

.06916 .02243 .00916 

·1.,0~ .. 001 .,248 ) 

.. 294 . 133 .,074 

,1206 •. 0848 .0799 

,0638 
/ 

.0487 .0422 

.0731 .ose2 .0581 

.0404 .0505 •. 0306 

.oioo .0196 ,:0265 

2.sa 2.,l2 2•84 ) 

,60 ,..54 ,.48 
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Table D Integrals 
--· 11 .. 1 , II I ... ••• .. : . · c 

~p.o,~J. V:!:¼UU, 

S1 .815019 .729074 .657274 .456265 .502459 

S2 -.'.225559 -.005150 .159518 .518691 .518927 

S5 .465605 .503559 .508779 .444155 .535904 

F2 .402517 .556516 .513916 .246282 .199318 

F5 .58~450 .528911 .273850 .176055 .104438 

F5 .492661 .435666 .578482 .284908 .221859 

F.6 -.0225575 .0701155 .124468 .149577 .120160 

F11 .169180 .148665 .124677 .0835472 .0565267 

F12 .260455 .261642 .244~29 ,183.~92 ~119~46 

l(F12+ F13) 
2 

F14 .51782 . 296845 .27472 .25161 .19458 

F15 .25816 .18925 .14518 .071434 .050501 

F16 .066000 .070755 .070883 .062219 .070755 

F17 .15054 .14455 .12582 .075655 .055982 

F1s .35875 .51855 .29679 .25191 .21066 

F19 -.052249 .032952 .065951 .067104 .039373 

F22 -.017884 -.000507 .0117207 .021780 .020407 

F25 -.15904 -.15077 .14488 -.098510 -.050072 

F24 .051680 .065109 .069750 .068970 .057441 

F25 -.008171 .037215 .068052 .076059 .048592 

F2a .34588 .55118 .51454 .27418 .25051 

F29 .04400 .04327 .06145 .07850 .05694 

F54 .57717 .41581 .40572 .27878 .14546 
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