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Folynowiels with ZYeros Outside the Cirele /2/= R

ve shall eonsider polynomisls with wmymx coofficlonte
whose Zoros are then corplex nunbers., In this peper we shall
be interested chiefly in polynomicle which have all theipr
goros outside the clrele [Z)= R 4 e prove first the ele-
mentayry result:
Theorem 1. Letb Fez) = té'é z" ’m& a polynowial of degyee #7,
of Prz) to be outside gore civele [Z/=KR, R>5, 15 that
by 2. |
Proof: Necessitis If ali the zeros of Pl(&/aye outside (2/>R,
R>o0, tisn zere ls not a "sero” of F(2), o e 4, £0.

Proof: sufficlency: Suppose by #9. Then zere 1s not & "serol

of P(2) . There ere in sll s peros of A3/ . One of them,
say T T ve, in abscliute value, c¢loscet or as close gg any
of the other "meros" te the cuantity zero. ve can choose A
as any nuwber mt&ﬁ.a&“yiﬁ.g the ineguality

o< R </l

‘}f%zias completes the pxﬁ&f of the thecyenm,

We now sceek @ ms:emaw end eufficient cam’iﬁ.twm for all
the zeros of Pl2)= ZA Z< to heve all lta zeros &utaiﬁe the
civele |Z/= R  where R is s given positive numbor. To
this ond we ralke uss of & ﬁhamr&m duve to I, Schuy (1}-‘ he

theorer i as fﬁlla Y8 1 _ _ o
et f(2)= Z’q‘ . Then f£(2) hes 11 its roots

s £ 34 Ol xﬂti?: ?@itq V’le 14
(1) ﬁ@aﬁ}gg’;ﬁgng lgﬁ algb' gggmx ?6?15 fﬁr ‘%@f’aw ees 80 the Oorie
inel pepers of I. Schur,.



. ) j__r
within tho wnit clvele 1f and only A the (717 depves

peiynomisl {; (2)= E/—/ o DZ/E) "% 2 af—/é)f

has el) fte zowos within the unit cirele, and 1 sleo
Janl>14a0), - B .
‘e now retum te F/2)= Z bo 2. i Plrst caike the

L=o
etange of verieble Z=RYy giviog os the poiwmadel @3/ =
Zd b R "36 whose Beros ore tizes the corresponding fervs
@.i:—l’lz-).
He now mmi?m& the polynorisl .
vigrz §7 2 bor‘ g = S b Ry
The povos of P(Y)ere the %ﬁﬁiﬁ%&&lﬁ—@f tiwes of 6 (9 ). .%P
y«»{ Y) has 213 Jte meros withdn fhe wiit elreie, then ©l'y) has
81l fts zeoros vubtslde tle wnilt elivele, end Pl hes sll lis
zoros outelde the eiveie &=/ . Conversely, 4f P(3) hes
21l its serge outaide |21= R | then WY9hus vl ite seros inside
the unit elircle,
e theovres of iochuy then gives ue
Thearen 5 ?ﬁl’éeagwa;a ¥y and pufficient conditions for the polymo»
wlel Pl2)= Z’ be 2¢ to rave el ite soros m’m“m tho clvele
P ,
I121= R are
l° [ bol > [LMR“/
2° G (27 iL{ by §(2)- 4. RS /‘ilf)f
hwove all its BerO8 Inside the wnit m:s;«aaiﬁ,@, wWhiere
s "
J1z)= 2 b R 4
Theopren € glves us & sigoritis for teabing wiether or sot the

goros of Pl2) ere outside |2/>R for eny R . Thle een U@
seecom lished In ot vost M sters. For opne oan test 4 ,z2) by



Gotarte theores wd 2,2)will tuwe oll its sevos wlitbin the
mwmit eirele 1f ¢ corteln (n-3»)8egres polynoriel also hos L85 20108
there, and 1f slee o coerteln dnequelity of e ecefliclents ie
sptisfied. The problien, provided tids fe satisfied, con Lien
be reduced o the coneideration of an (»->/ Qegyee
poignoniel, and so forth. TViae In e Pindte nwlbor of steps
ons oon tell whebbher Or not &l the seros of Frz) eve cuteide
I1z1=R. |
The situstion in wileh theorer & leeves us is thue theoreliocwlly
gsatisfietory, but not preeticsally 8o bLesnuse 4t pives no clue
as to the suse of R, e noxt devote oubselves Lo this question.
Gevorsl determinations of R ere to be found in the literce
ture epownt these or the foll @wﬁams

{1} The geyus of ‘2:4 z°, @: eompnex nuwbers pare to be
found In the sonulus deteymined by the eircles with centor st
oerigin and vadll M1, ,:Tu whare

om= Mas ([ 22 ““"/»---»’/%I)
v ey, )

Thue B - L

o+t

(8) Let us wedte fl2) = 2,4 2° Then ell the soros of
&

$T= g2l =
where

S

W
-
~—
\
+
35
S—

{1} fes b, Heenipsbevper: Vbher die b

: : ngung do msmgm Gy
?1@&%}5)* spehen Glelchwng Pulero fand, Yol. BE P, 343380

{2) Bee &, By Belleher Des Divltos des zerce d'un POlynone
Journe! do ¥eth  fer. ¥ Vol, & §F, 160.173 (1026



This gives us another determination of R, namely any

AL
>

quantity smaller then § Other determinations will be given
below,

With regard to the various determinations of R which can
be given, the following theorem is of interest because it gives
an upper limit to the value of R, | '
Theorem 3, Let P(2)~= ‘.Zj’” be r with b, #0. Then K < /:ﬁ'/;
Foo deddis.ydan At O Yenos S ol PUZ) - Fhroe ’1"'/-'- 14m1= 122
whence elther/’ )i /= 1ds)= .- <[nl* [Blor 2" e» ot least
one of /a,; ] < /,ff:/i
This completes the proof of the theorem,

Theorem 3 can be strengthened by the finding of & necessary
and sufficlent condition for all the zeros of P/2/ to be on the
cirecle )2I= I )":i/i

For this purpose we use a theorem of I. Schur (1) to the
effect that the zeros of an 7 2 degree polynomial /’/2/:‘50}5—’":
are all distincet and on the unit circle if and only if

S

°q %2,, = d.a, (V=15 %50 ™)

'2° P’(Z)  hes ell its zeros within the unit circles.

To apply this tlz\eorer:«a to the problem at hand we consider the
given F(Z)= ;_Z: b2
If p(z) has no rultiple zeros, than we apply the following:
Kake the change of variable Z=R 4, K = J E;‘: /i
Then fr2)= Q(9)= Z 15;,?";"

=
and p(z) has all 1ts zeros on the circle /Z/=R 4if and ohly if
#(9) hes all its zeros on the wnit eircle., The zero of

(3(y ere all distinct since tiose of F(2) are distinct.

(1) I. Schur Journal Fur Neth., Vol. 148 P. 136 (1918)



P2 eun bo tested for vultiple servs. Form the 0.0.D.
W of A2 sud _F’/E)ibg* Buelidte slgerithn, aev), Ve now considey
the polynordals %‘l,z%, , Grz) 3P é/z-/_ 1toell bas no sultiple
goren, instesd of westing /727 for bhewing ail ibe Bores on
we tesh 5“:}) and 6/2) for that property.
1P bf2) hes woitiple sorss, feee 473 the 0.0.D. of &l
aud G2 . 3 G (2)tes no wultiple geyes cunslder inetead

of P/2) in oup discuselon above vech of the polynoriels

1 Grz) bhes ruitiple geros fore Gi(®) the 6,0.0. of 6(2) and
0'(2) and test the polsnonisls

in oape (2 hes no pultiple seyos.

If ff2 bBes wultiple serva wo provesd in the wey here inwe
dicated, Tous we goe tist tleve i# ro loss in generality if we
eonglder our given PI(Z) 40 tuve oo pulilipls Soros.

Thde gives us the Lheorer:
4, Lot Prars Z b 2°  be o polwmonisl {vith
&0

disbinet gorcel. Then necepcery end gufficlent conditions thad

b A
P(z) reve ¢i} Ats seros on the clvele 1Z/=AF = ] &= ]”‘ are
o [ —
/ bn ‘,,.-‘, - /5,,, A,; /I/c-/,...,m)
20 T banve allil junardin 12l tnben @ (/= é bRy
P
In conoection wiih condivion 4 o of thies Yheovor, noCoULOYY pnd

8 ¢ Lo satisfied ave glven on page 1

gufficlient condlitions for 2
shoves Uther necessery and pufficlent econditions could alse be

veed, {1}

{1} I Sehuwr: Jouwmnel Pur Veth, V61, 348 p. 154 (1018) pives
one guck,



Pag we oave found an upper 18010 o poscible veluss of Hj
sndl theoror & bollz ue when the best velue MWr B s arbie
trarily elope o ¢ i wpper l1iwit.

e now veoturn ¢ the ousetion of the deteorrination of the
cuentity § . In addition to the forvules for the lowvey Lownd of
the govos of B ,W}memﬁm gives by loenigsberper wnd dallehew
guoted cbove, there sye obher Like Toreules, HAvong these Is
g exoallont one dus 80 Chang (1) |
Changte eeauit e the folloving:

| et A, B, ., K, > be positive wiole nuvbers and
£>B>--" >K>Aa>e
aud ) = W‘*;t ('l‘ﬂ//g-)’,..., K-2,a)

s Hay (4-6,p-7 -, H-2, 2D

Lok d,, ag , . &, ,a, &, e arbitrery vesl vr coupleox pumbers

J

for which eneh dppe und

[SOSHIPINETR ALY
s Moe (11 1o |oe 1221 22) )

Then each ot Z of the equation
‘ o V] A =
G, x *Agx + o # G, x +a,= 0

seticfion tig velasvion '
iy ) f
/ﬂﬂ.<l & th ’ '/"J’/
=0, aw < |#) < .
>
razt, ol 23 » AR

W
It ip readily seen tiabt the gundltion Gp o does noet 1init the

SN

iy Versllgemeenerung des Sabges von DeReya
by Jowroel. VYel. 45 Fages 70«88, {(1087%)




goneraiivy of tile mebrod, end thet the meotihod le eppilesble
o overy polynosdal with cokplox coofficlenis,

The following 1s ¢ vetiod for determining H  In o very
spacial mm@,, ot $e votier interosting. {1)

12 <ol >1¢, >+ > JCn [>

gal*é b HM{ I c—- —C.,/ (u:/)";'..,"‘)

RN |

Then 211 the seros of t@m polynonial
| {(x/=(o+6,x+---+(.,x"

ere outeide tie civele |Z/-= -,—;—

anothor detemsinetion of B 4 combelned in & peper by
Mmghelutza (B} w leh contelns the mmx'ﬂ thet the absolute
voiues of the geros of the polynoniel Z a; 2% ave 212 oonteined
§n the Internel (X, ¥2) where X, and );, ;‘w the single positive
goros of the polwnoriels

[am] x™ & M-«.,X”"* . 4 (as)x - [|aol®

[anlX™ —1& "= ~ la,(x ~ /a0
resnactivel v,

“me ouvoestion of the upper bound of meyos of s polynonial
hae besn Lowesdigeted puch pops capyefully ond sxtensively tlwn
the cuestion of lower bownd whieh we lwve considered. It 18 |
ofter roppibie to vwillize this inforeetion in fhe detervinetion

of the lowey bound  He

{1} &me 0. %?Z.'--a'-«*zam« x{zm@m "wilstellen von den POl w& ma ey
; Potengyralihen, %mm ¥ath, Jouyn, V&l. B8 (1w BRLwZEG
{2) mgheiviee "?E.“'.’%fc, Sur we sxtension dbun Theovere de ??w&‘m

Pull, feut, m&* send Foom, Yol 18, P, 110-383 {1084)



These upper bounds are to be found in meny end various
places in the 11taraturé. If we restrict ourselves to-@nlynami&ls
wlth real coefficients the number of upper bounds found in the
literature increases encrmously. Such upper bounds are even
found in elementary texts on.the theory of eguetions. (1)

However we shall consider here the general case where the
coefficlenta of the polynomial may be complex numbers,

e enumerate some upper btounds:

1« M+1 where M o

gliven by Koenigsberger as cited gbove, (P, 3)
S %

G
Qo '

2. whore

= 1+ '%‘:IL*""I‘I%IL

(1) Ses Dieckson, First Gourse in the Theory of Eqmations
Poges 81, éz, '



given by dellebey ss cited sbove. (F. B).
8, The cpiterion of Chang se cited sbove,
4. The eriterion of ﬁtﬁi@h@lﬁ&ﬁ& se elted sbove,
6. (1) Z & ™ 4. v dn Fao L gern ool gy Tl b

1Z] < | T F1a=1]~ + Jac-arj> #-- +/&n-Qun /™4 lanl™
B, The 86Y08 OF Z7 1g,2%" ,... +a. 611 1o on ov within the

givele |z - .,a,/+/a,,,7f+... +/6,.I:£‘_‘ (&)
7. The sbaclube velwe of the zeves of Z7+e, 2w i
hes the upper 1ivdt T -
{ /¢ (/Q,/ ”P,,L /a.] H"{ . 1 lan/ IH,)’ j i
wheve £ >o0. {3}
8, The polynosiel in 7, hes és the upper 1iwit of the ebeolute
velue of its moroe the meximum of the nuwbors

L
( A_k' ke [k:I’)-,-.-'M)
Qi
-1

Where Ay >0, A FA e 425 51 (4); end also the
9, mezinw: of the nuwbers |
[od*e )& 8 "*Pe 5 ., )a,.-.l(f,h...g‘-,,)",tg'_’
lant (B P t,)!
where 50, Pr >, ... , P _, >e (6}
10, The nupbey [l e ™ L. 1/6,/"]4”:‘ , (1 cmtd)in

an wpper 1i04t sleo. §6)

¥} Cercicheol & Deeon, Pull. du. bdeth, Soe, VOl, El {1914} Fe B2
- X. L. valeh, Anosle of Yoth, Sevas B Vol. B85, ¥, E0¢ (J084)
funeveds Tobobu Metb. Journel Veols 10 P, 207-180 {1p38)
Puilvars Tobolm Hebl, Jowns) Vol. 30 ¥, 167171 (1000)
foaiien Tehoky Beth, Jouwrnsl Vel, 11 V. 118187

: 101%)
Mo tel Copptes Renduss Vol, 188 Fao BTE-O78

1031}
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th-de Gpnar

LiwmiTue ‘
Re onow LTosesC L give o HfaLy 4 Tediaals may
to the dstersinaltic Ra
et us 4 vablue Tor P is deturningd by ong of
the foruzulae svove, {f.ow 2, 6, T om.) Lot us call this

Vi hodi (" o  Be have then sl adi goros of HTE

F oo B Sl o A s s e huo pe, 5 Y 2 4 .Z.“_‘
Duteide /z/= Pl . O mase Lhe o ange varliaiie

Then 6) ( Yy)= Z [‘. ﬂ ¢ ? ¢

Q(Yy) has sli its zeros satside the unit clrole

.»; Honuelf Comptes acs Vol. 133 . 174=976  (1931)
(2) sontek Tohokd M Juoarnai Viaie i Pe 3Li-316  {1934)



Sl has as its zeros the reciprocals of the zeros of /%) and
all the zeros of S(y) are within the unit cirecle.

We apply the methods 1. to 1l2. above to the polynomial $7Y )
and thereby get a gquantity, B, say, which is an upper limit to
the absolute values of the zeros of JS(y). ¥e take the least
such quantivty B, that these methods give us. Now B, £/ .
Suppose B, <! . Then the zeros of Q¢§) are outsides/ &/ * :'%
and hence the zeros of Pf2) are outside &/* ‘g? . Thus if
13, <& | we have a bétter determination of R, nauely 4= g", .
If we obtained B, =/ the method we give here dozs not enable

- us to improve on our value for R. We can now proceed as before
vsing A in place of 4 . And if B, (obtained as was /3, )
is les: than unity, we obtain a value f; which 1s & better
determination of R than either ff >~ Pa . Ve proceed in
this manner as far as possible, that is, as long as ths B’A
obtained are less than unity.

Ve now turn our asttention to other guestions, to properties
of polynomials which have all their zeros outside the circle
Our firs’c result is the
Theorew 5. Let Frz) = 2’4‘," Z ¢ be a polynomial of degreen
with all its zeros OU.t..J.LG.Q the circle fg/=R . Lzt AZ%

A _Fo - Then the oolynomial of the () © degree
S@PLES < 2 (n)4p 2 °
also has all :i_t zeros outside the circie [&/=R

Proof: We divide our proof into two cases; case 1, L2 case 2

R<|[*,

*This is unnecessarym as the proof for case'f is equally valid for case 2.



- 2 ) .
Gty )= »n Z: 4 ;L, - Z Lh—a; * has adl Ets serus
p : :

vo
within the cirole 75,3/ = -K:L zince tho zoros of Q/g) B ol
the reciprocals of the zeros of Pcz) wnt R271 .
Trer: is & theorem dug to Walsh (1) shieh stutes that 4f

the zoros of s polynomial all lie within a e;:i.z*f'f}.

&

in the Z -plane,
then all the zeres of the derivative of that pelynomlal sleo lie
within that cirels. Applying this resalt we have that ald the
garog of
; y . ‘
[ -
/ e 2 p ¢
) & ?) Z ‘ 2~ 5 ((»d’-l) bh~¢'~l J
41l ile sithin the circle [z/, Bed
if b,.,#+0 , the ;aaiym&ml

o »/ : -
Sf?): j,(tf'lj b o, be = z{(.*’/[n-i-lf "

has &s LUs ZarTos the rﬁc rucals of the zerss of Q/(Y%) . Hence
all the geros of SC§) are cutside 1212 R . %a r«;.wzgrimS(;)
in the ml.'i.ammgg' manner. &3 ( rangss Crom O Lo a-f , h-€-/ punges
from n-( to e |

Thus §(y) = Z[" ) 4 2 as all its zeros cutsice [2/=4
(=0

We uae the change of variable Z= Ra , Biving us that
pcz) = @(f) whore @ (9) = 2,/ V4 J has geros g tiaes
the corresponding seros of f /e-; » Thus 4’/3)2’1@‘3 all its geros

gutside the unit circle.

b .
Let @ f'a-) = Z (‘; ? ¢ wiere Cpq S b k‘,
o

¥e 3ppiy the respjt of case one and huve that

.S(g/_.Z,:/hc)(‘7"‘- Z(f'c}z{fy

=

(ﬁ dr Lo TBLE: !ﬁﬁﬂlﬁn Ay A Gile sl e ?9#0 o g




haogs =3l its georos wulside the unit elrclie.
We now make the chonge of varissle w=FPY%¥ obiuining the solye
nowlal T(W) which has 118 2eros K tlses ths corraspondlng

2ros of s(9) . Ail the zeros of 77“’) are mwn outside )2/= R

Plw) = Z/hwu Z/,.-(/A P

by

The proof of thmmuz 4 48 now com }A@M.
Ve csn, of course, 2xLend this mmit to the wolynomial

drz)= 2/;. )b R
ir 4, #Fo, 4,;», A 9/8)hss il its zeros cutsice [2/=A
’mﬁ*\ﬁkﬁ;ﬂ»iiiﬂ the r&a.&th‘ﬁam, in this ocese,

M(z) = Z‘/h-/—-")[""')A(z"
has its szeros all f;u;t,o@i&ﬁﬁ [1Z2/=K.

Purther if é,.;? #O0,n>3 we have tmiz

N[z-) = Z{h cr-l)fr-1-<)(n-<lb, z*
has all 1ts zeros @uts,ifm [Z/=A.
?mmwﬁmg in this senner wg 2 wve Lhe
J Lt Prx) = {_;Z; be Z ¢ be o solynomial of dogree
m >/ and Let 6‘-.;60 (£'=0)/;---)M) « Then ﬁ{/”Z?

where R i3 any guentity sueh that all the geros of Pr&) are

outside the clrele JZ2/=K.

Proofs By theorem 1 there exlsts such an R, since by #0,

How bs* 0 tor sach ¢ . Henee by theores 5 snd Lhe g
n

cuBsion above the polynomisl
’

. - '4
Lifz)= ) (2-i)(3-¢o - yn-c0 b 2
(=0
hag all its zeros outside [Z)=K.



Uit L/f27 hes only ong 2ar0, nanely z = L)

But this sero must lis outslde [2/= R s that 13
 bo
R< |72
In u peper in the Tohol Hathematicsl Josrnel Obrsehgoff

ot B s on ey b oy X0 4 o e Yo o O B i i i
neorans.  Among these 1 ths following.id

:'f

givaes sose interasting |
Let the goros of the polynomial PF) of dogvres A Cpgosll

outside the circls [2ZI=R , and Lot the geros of ths polynocaisl orz)

of degron ”n ke in the cirole (el = Mo = R.
Let A>o ba sn arbitrary {(sositive) nusber. Then the oLy

noalal 4 Z [P’/H 0r2)-A Pl2) Q722d A+ (ma-»)FlE/ Qrz)
has no aoros in the sanulus A2 < /2 J< K.

Kow by the theorem of Walsh used In the sroof of theorem 35,

the geros of Q(Z), @ (2),. .. =T sre sll in the
> ) / &) ’
circle Bl ~ . Lat [p(E7= ,__2‘};2‘ , @rz/= ‘é d" =

Ve have that )
22  PUE)@ ()~ APR) QUEI]F [ 2 R PCR) Q1)

has no zZerss in /L</ZI<R and llkewlss
[~1)

22 P'Ues ™08 -2 rres@cer] £ (A= fre)a"7 2.
nas no zerss in the snnulus A<l &/ < R.
But Olmi;/-‘- Yl 2 + (=12 ! oy, P 6(",/"" ! A,
Then 22[{2 (4:27) (m 0w, zm—--da..,l—%(ZL 2°)(m! Gm)]
+ (ma- -»1{2?5 2) (m16p 2 ¢ (m ) 10m-.)

has no 28r0s in téw, ».,.mmms n<l2l<R.

Factoring out an ém"’ ) .’, and reariting we Lave thal
$(z)= (mr-»1d,, b {Jma”(‘-,) be, t 24, Cbi ~2rman ),
ez

J-I)"am()"h n) b( -1 -f-(’)'\l""‘)q"v-. b‘l } z‘
"+
f{lmd.,..l- ‘u: 2 )Mav"‘m*(h\a‘m(”‘A M)‘mfz !

el duarnait sur
B8 v, 335100,




r <1z2)<R

hes no goroe wizhin gleding us the

Theoven e 1 plz)= Z b:2¢ pes e11 it voros outalde (2/=K,
Q(2)> fﬂ. 2 hep el itzs zores wilthin /250, 2 < £, e S(Bhas
i amsa;ﬁ iIn the annwlue 2 </2)<KR.
e note the vesuvlt Je lundepondent of the mubore 4, . ,...,a,
and hence we obbteln the serme result by teking 4, ,= 4., =2 =4, =0
ol @27 = 4nz2™+4,.,277 <= 277G 2t Fn-, ]

uete Or/2) hee on (1) £0ld seprs et Z = o  and & voro ab

-

B
Goon

o .
Theove: B. Let F(2) = Z be 2°  nave e11 ite veroe outside

Tilds glves us Ll

/21= R « Let > bLe soy ppeitive muwber, rgny positive ine
tegsy, L und B oy tw nuwsbors such that fgl <K . %Shen

the polynonial
(Am- n) b, P-{- 2{md[2(¢—k 1) frm-n ] L-, *ﬁ[sz». A-)\]I j--Z

oS/
b my Apm-22] Z
hag no seros in $he sanulus /—ﬁ / <lz2l<R.

If in the theovan of Obroohloff we take &/Z27°=E  we
heve thet the pelvnomisld

22 Plz)z ™= Pl2) 277 ] # (mpr-md> Pl2) 2™
hes no seres witha. (3/=R exeopt 2=, Foetoring osut £ ™
we have that the wimnorisl

2 ZP Uz~ 2Am PR - (Ina-~») PI2)= 2 ZPIL) ~(A s #2) fI2)
hes no zeros within the oirele [z2/= R oxvepd mﬁ-amiy 2 =0,
voreover Z .  ownot be ¢ soro for 4f $t weye the eonsbunt
term of the polyneelel in guestion wouwld vun figh, 1.,0.

~ (Am3sn ) b, =



o '

- - -3¢ , s aa

But 5, %0, fn F/£-2~ § 4oz hep «ll its seyos outside the

gletle 12/~ L end wo spply theorsy 1. Dovsover A > o, pw

end ,. ave posibive integers, henee A s+ m >o  apd
~(Amrndbs o V

and honee 2= o 18 not o zere of our pelynomial. .

L

voysover 2 ZPY 2)~(rmrnI )= 5 204 2¢ “/"”‘”"Zﬁr =
X

&=/ c T o

S (i -rom-n2hc 2 ¢
Horgovey assﬁm;; ? A >ols sn srbltrary posltive nunber, on
g M’Mﬁ ¥y m&&?m@ mwmr thon 2 s 48 o exbitrery poels-
tive m!'n
se sum 1l these WW&% in the
Thoover O Lot (/2= ZA -2¢ bo e polysomisl of degves o~ with
all &%g BOTOS oubtside mm elreles2/= R .+ Lot >0 be an
arbitvary poaltive mumber, Then the polynoriel .
2xpP/2)~ (fshasr ) P(2) = Z (2¢-pu~n) bs E°
has no Beres within the cirvcle /Z2/= A = '
te notlee that tie theoper lesves open the possibllility of
Z/n.c ,k"')‘ Z¢ beving sepos on the clivele [fR/=R § p%
é.ydmm, all the goros t:#f ﬁ / 2 MY 2 ‘ém outsids the
elivele [B/= f- € , where é, 1& an arbitrarily ﬁmil mai%wa
nurbor, %‘@smr@a 9 can now Lo applisd the mmm@m&
glving us the vesuldt that the pol m*ﬂile
Z/ﬁ-t “/«,-—»)/1¢-/4 n) b2

u’ww /q is an sybitrery positive nuwber hus no seros within
the clrole [Z/=R-¢€

#  The polynomisl cannot have any meros on [2/=R ps shown in

- the Appendiz, A siullsr statement can be nede for the
of theorem 10, . polsnomiale



ve pen epply theoven @ to tide new polgynonial snd obtaln the
pepult thet
[ 26 -stirn-2 )26~ poy-n X 28-pu-2) b Z J
the m:@;z;m [ &= K~ & € yhwpo /%. io on orbibrery positive
murber end & i sn &mwmaw grnll Wé&éﬁw w::m@,,
?wa@aﬁm{@ ’Em sl way m 16 sspy to show thet the polynomisls
[&)Z /’Z-{‘z.c ~ A< %)5 z < /52//’—1'“)
WHOTe ;,,, e gy zsm wrbitrayy poeitive muwbors,
heve no merss witbin the civoie (Z/c K- (& +. -+ &>
whare G a.--0+ & gy arblitesylly spell poeltive mubore.
The proof of thies stetoment i¢ oo cesy induetionom S o Hut
W %"@:ﬁ make o sbtronger atobenant, the
Theorer 308 Let pPr2)-= j' b: 2¢ e e polynosisl of degree
o~ Wit all its seyos w;f;m«% the elweles [a/= A . Leb
Aisy oy g lingere BB B BOQUENSE Of arbitrery positive P Y
Tren Sthe polynondals.,,
R (2]~ _2)1/’7~[3 tp-n 2 b 2€ (s<tp2,... D
hatve o perdos vl ﬁwﬁ;‘e,;z the oivcie J2/=R . '
For suprese thet L (2) bed the mereo 2> 2 within the
eivole (/= R, (&/I<R, K-~ [Z2[=dF , eey,
T¢ wes sioun sbove tiet e (2) bes no serss uithin the clrcls
121=R-C&+-+€5)  unexe &i,..., &  ore crbityerily
predl positive suwbers., e givose &, .., € ©0 smell that
C £ + é‘; =)< s
Then no seros of Ks(2) 1ie within the civele [2(= R-H

¥t £  iles witsdn the aivels ([2[° K-M |, upenve we hove a

# [Rs (2D gennot have zeros on or within (2/= R , See
Appendix for this snd for e simplified proof of theorem 10,



eontrediotion, end the theorew is proved,
Besuite different frowm, bub siviler to, theoyems 7, O,
8, 10, mey be obisined from snother sheoren of Cbpeet moff, (1)
The theoresr stobes thet if the smevoe of Py , degree
are outelide the circle /[2)= R end thet if tiose of 6 (2 degres
01 are within the eirele [/ £ ns A <R mnd if &, «, ure
prbitrayy, {(non-nuil) comples numbeys svolh thab
(t-1£12(1-14)1) 2 o gnd > 48 & complex nurber such thet
[»(=/ then the polynomial Are)= Al 2) 45[;'1/1‘ }/7%/ 4%62)5:;”
hes no sayos in the snnulve , £ /21 £ R, ’

bt Ay = O b 2€ . @rer- __Z;‘aci”
By velshte %;‘ﬁrs;;;w gltod stove @™ Y2/ ales hes bll
ite veros within the clwele /[Z/ = A.
QT2 ! G, ! An E
(”"')/i/ fon .,/)/J.,,_. # I /ﬂ..‘ f’"’"’[az Z/= ﬁ"“'}, g b8 e

Then we bave thed -
R(z)= P(atz-).f\m-r).'é..-, y Ml—%hj* >F/}i)/6~-l>.’d...,m! 4 d»ff},'n'n
hap ne sewve in the snoulng 2 S/2JE R,
Using thoe save sygweont as in the prool of theoren 8 w@
nave the
Theores 11, Let P(2) be a polynesisl of degree m with ell
its meres outside the elrele /= A , lebt A und 4, Lo none
aull ocorpisx muebers sush thad

Ci-1a1)(1~tety) > 0

Let » be & copplex nuwber sueh thet |1>/=/ , end let C,

(1) B, dbrecheoff, iov, 4%, P. 98 Theorosn VII



ve sny two corplex nwders sueh that /& /\< R « Thon the
polrnomial
‘ -

Rlz)= Plczrfc+ mLE 7 w2 A(E){ e’f)n/J?fjf—’m

whore am I8 eny :ositive integer.bme no geros in the annuius
A—}/ T -&

‘o nobte that theorern 11 iIs velld of we clanpge the hypothecos
on £, oy, > bowesd (A>3t «

If we toke Q/2)=2", we get new vesults. liere
) il ! 2
This glves v 42

Theoren 12, Under tie hypotiwses {on the «, «,, 3 } of

thooren 11, mpuy positive integer, then w polvnomiel
Atz = /’/d&)/""' Z)erP( Z /{om/]zv)

has ne seros within or on the eirele /2/1= R gxecept ¥ < -O .

<22

To ghow this we nerely ituke the 4 in the theorem of Obrockhoff
Bc be equsl W0 & , Qu a?b&tz*arily amall nuwber. Let us
factor out the m /2 yielding us thet .
F2) < /’/xz) > P(E =) % ot

has no gerve within {;r en [2/1=~ A& exc:eg:ft pessitly == o,

17 we write FP(2)= ‘_;2) be 2 (bats) , us buve that
AL =o0 18 @ zoro of E (2) 4f end oniy if
be £ > b '(7 28 o

d, &, ™ 5
or 1f end only if - + > f{;—,,,.:o |
or 1f snd only 4f 7, ™+ >y "™ =0 . This we stute
es & ULozslivrv, TUnder the yrotheses of theorer 12 the noly=-
oL 2 »
nomial W{g /;’l 17‘}-7’/——-} “?0( -
4, R"’"

{#) Y. Cbrechkoff loc. clt. FPage 100



no zeros within or on the eircle /Z2/=R sxcept v
Ay 711 /"“’(mﬁv . ii“zm ZT~"o 48 & BeYO ﬁf‘_f/a-}_

| Thus if a\’ ) oA, satisfy the hypotheses of ticorem 1%
mﬁ e Gl o e sdditionsl hypothesis thet o, I VY e Z o

(B Deve et //z—/ Leg all L8 zeros ocutside the clircle

Pl eiplyving 1"03: a/-;. i " we Ve ﬁfx&t
Kz = Z{df"'a/" -+ "“" A /6 2
hes s11 its mm;::mmma 72)=R under the additional
hypotiosis.

This new gﬁly&ﬂs:ﬁ.&l itself has all 1ts zevos outside
and hence the coroliery mey be epplisd {0 it. If we proceed
: iﬂ tris w8y we obtain finclly the
Tweoren 15, Let Prez)-= 2, be P Lo & polynoriesl of

=g

degres o~ , with ell its zervs oubside the circle (/=K ,

Let [ An, Brs Ya T (22020 Lo sots of canplox nurbers satise

Pyins the relatione
{1~ twgf)li~1Rx12 > e ; Dl 1, Aato , fr¥to

B 2alfal™ an™ # o 778 Bl Eagesn 3
snd let » be cay positive integer

tien the polynwomr :s.m

folar= ) TU (A5t 2L )02

have gll thely aama cm% de the cirele

fn espy induetlion on € 18 211 thet i nocessary o complete

the proof.
1€ wo tske fa =odn, = A wo hove tist the condi tion

/; 7y | bnl™ q/ﬂ”‘ £ o iz sutomuticelly sctisfied



‘)R | = — A/:I
for 10 1t were nob ]/ + 79»;/#/»’0~ =& 3 //‘Il—/ P ? /P

whieh contradlicts the ?‘%%@%éfs%%ﬁ (-1 al) (1-1 Fnld »0
voreover [Baf = [ﬂﬂ,f go et £ wx‘w 1% now con be rade W
rend TFheoren 14. et F(z) = Z: 42 ve e poly-
rordel of dogpee s, with all its z@m %mme tho cireie /2/KL,
lat o, Jove s Ay be ooy cequonce of non-null corplex mxsﬂmm,

ot 2,0 2y be ecorplex mubers wioso rodulls ars

mity, then the &_@3 ‘mwizam

s (27 = Z /.Z’[‘{ T }a_?:%‘/ /5 z2¢ [s= oy

(¢ A=

neve oll thelr seves outelde tis clrele [=/=KR .,



APPENDIX

Theorem § can be written to read:

Let Fr2/= £ J‘ Z ¢ be a polynomiel of degree =+ with
all 1ts zeros autzs:{c‘i—; /2 /'=K « Lot /A be an arbitrarg positive
nurber,.

Then the polynomial

Wiz = Z (e - p2°
(=0

hes all its zeros outside /2 /=K

The proof given above shows that (2 ) has no zeros within
l2/=R .+ Let d=amu (14],... ,)aul)where o, ,... a0
are the zeros of f12), Then & -/ =€70 and we can find a
such that £ <@ < «.
Then by the proof of theorem § given above since £/2) has its
zeros 8ll outside [2/=( then O3/ has no zercs within
l&/= £ , and hence cannot have sny zeres on /2/= F . Hence

@ /2) rust have all its geros outside /2/= K,

Theorem 10 can be wm‘ittm to read:

Let  P(2)= ,Z J: 2¢ be a polynomial of gegves A< with

r-
all its zeros outside [2/=R , Let be &
sequence of arbitrery positive nuwbers « Then the polye
nomials

ferzr= 27/24~A4 ») b 2° (820 2,.

have all their sércs outeide [Zl= R "

The proof is an easy induction on S

- J



SUrRERY

afﬁn mtm pazers S eobdeels nes wed
b a0 » ﬁiﬂ& ﬁg‘ 2%!)&&%& ﬁm SRR iﬂ m ﬁi’é{ m&y

Surmayy of first part: (J,&,,W / 55“)

Hecossary and sufiicient conditions for 011 the zeros of
8 polynocisl 10 be outside the eivele /21~ R sare derived.
The protlen of the determination of the best wvalue of K for
e given polynonisl with o nonezZere constent term is next teken
up. &n uppoer 1imit for possible velues of R is depived, und
necessory and sufficient eonditions are glven for that uvpper
1irit o Ve sypronched aybitrerily closely. Various formulae
which estirate R are clted from the litevabure. Upper linits
for the roduiis of gercs of oolwondcls ave cited snd shedr
use 1s enlisted in e mwebtiovd for the Setorminetion of tioc best
value for B
U gl
Sumary of second parb: (Jhenen o 5#ly)
Among other results, 1t is siown that if P2/ = 2 Jo2C

2o
b, #o,»> hos ©11 1ts seros outside /Z/= K , then sc hes
Z (n-c) be 2°
T

If 4, .- ) M5, - 8 & sowuence of positive (nop~null} nume
bers then the polynonials

fs/%}— Zﬁ/z:—ﬂ A)£ 2 ¢ (5’_.;/,2_),_,)

lhaoi EEs SLEE
have Be Beros witsdn cutsé (2= R _of Pr2) ves £1) its zeros
puteide J2/= L2 . 1lgo 1f the &S, [B'S, r’s satisfy

certain eonditions then t:m wlym&&:w {vhere 22 i o poslitive

integer) 1?/-2-)‘ 27 ZZ_/A / " )n/f%/ d//

g=0 Nn=v

(9=1, 2



have 811 thelr mercs outside /Z/=FK.

2iso 4f « (s %r,. - 48 any sequence of corplex nurbers
end ¥, ,... , Ja,. - Gre sny cormplex nurbers situsted om
the wnit cirele then tho polynorinls

_ -] e, P Junl® § ‘
- (3[2/"_2 ZZ/G//‘ 7 a.:“f )A’i‘ (€202 )

Ve
have o1l thelr soros ouiside tio eirele [ 212 K.




