
I THE MEA SUREMENT OF SMALL, COMMERCIAL-FREQUENCY, 

ALTERNATI NG POTENT IALS. 

II THE NORMAL FREC-iUENCIES 01<' VIBRATION FOR 

SYSTEMS OF POINT PARTICLES HAVI NG 

'rETRAHEDRAL AND OC"r AHEDHAL SYMMEI'RY. 

Thesis by 

Carsten Conover Stef fens, 

In Partial Fulfillment of the Requirements 

for the Degree of Doctor of Philosophy, 

California Institute of Technology, 

Pasadena, California, 

1933 



I THE MEASUREMENT OF SMALL, COMMERCIAL-FREQUENCY, 

ALTERNATING POTENTIALS. 

ABS·I'RACT 

A mechanical rectifier for use at commercial frequencies has 

been constructed. Accidental electromotive forces have been so 

far eliminated that it can be used with a sensitive direct current 

galvanometer as a detecting instrument. Four galvanometers have 

been tried and the results are described. With the most sensitive 

g alvanometers used, the sensitivities of the system at 50 cycles 

were 0.05 microvolts (without the critical damping resistance) and 

0.00004 microamperes. 

The use of a vibration galvanometer and of the mechanical 

rectifier with a low-frequency vacuum-tube amplifier has been 

investigated. An input potential 0.001 of that corresponding to 

the noise level of the amplifier can be detected. '.l'his combination 

is then about 100 times as sensitive as an amplifier with the same 

noise level used with a telephone receiver. 
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§1 Introduction. The Measurement of ~mall Alternating Potentials. 

-10 
Measurements of direct currents of the order of 10 amperes 

of direct potentials of the order of 10-
7 

volts, and of conrrnercial 

-8 
frequency alternating currents of the order of 10 amperes are 

now made in ordinary laboratory practice with relatively simple 

apparatus now on the market. Current measurements may be pushed 

to far greater sensitivity by the use of certain recently devel

oped vacuwn tubes. 

In contrast to this, measurements of alternating potentials 

are limited to about 10-G volts in ordinary practice. Many mech

anical systems should theoretically give rise to such potentials, 

the study of which is often of considerable interest. As an aid 

to the investigation of such problems, we have attempted to increase 

the sensitivity of measurements of alternating potentials. 

Two lines of attack have been followed: (a) a mechanical 

rectifier for use with an alternating current input and feeding 

into a direct current galvanometer has been designed, and (b) a 

vacuLrra-tube amplifier operating into a tuned detecting instrwnent 

has been studied. 

§2 Mechanical Rectifiers. 

Mechanical rectifiers of the general type of synchronous 

commutators have long been used in commercial practice. There 

are, however, t vrn inl1erent difficulties in design which have 

prevented their laboratory use. 

The first of these is due to the friction and varying resis

tance of the brushes. This gives rise to varying and unknown 

electromotive forces i n the commutator itself i n addition to 

fluctuations in the current being rectified. As it is well 

known that the frictional electromotive forces producted by 

closing a knife switch produce large deflections in a sensitive 
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g alvanometer, it is evident that t h is type of rectifier is not 

well suited to use with such instruments. 

The second difficulty is due to the potential difference 

between the two ends of a commutator bar when that bar is moving 

so as to cut the earth's magnet ic field. 

1 Although Dannatt and Holt have described an improved 

commutator with special brushes which was used successfully with 

a milliarnme ter, this type of rectifier did not se em, on prelim

inary investigation, as promising as the following type. 

The general idea involved is that a set of contact points, 

operated by a cam on the shaft of a synchronous motor and making 

contact with another set of p oints as does a ga lvanometer key, 

without slipping, should be free from potentials or varying 

resistances due to such slipping. By mounting the contacts on a 

face plate rotatable about the shaft, phase adjustment may be 

secured. 

z 
Sharp and Crawford designed and tested such a synchronous 

reversing key with which they were able to use a microarameter. 

The movable contacts were mounted on the free end of a flexible 

strip whi ch was moved by a follower mounted on it and bearing on 

a cam turned by a synchronous motor. The fixed contacts and 

fixed end of the flexible strip were mounted on a disk: rotatable 

about the cam. The contacts were platinum. Neither description 

nor photographs were explicit enough to permit duplication of 

their app!lratus or a discussion of possible defects, but the 

difficulties inherent in the commutator type are evidently 

absent. 

In the first mode l d~signed for this investigation, the 

contact points were all mounted on a Bakelite disk, each movable 

point being individually actuated by an attached wedge pressed 
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aga i n st a cam by a spiral spring . This arrangement was unsatis

f a ctory because of the severe friction and heat ing a t the cam, and 

had a lso various minor defects. 

In the fin a l form adopted (Fig. 1 and 2) t he c am turns in 

a bush ing , which, of course, moves in a circle. The normal compnn

ents a re resolved by two sets of slides at right an g les. The 

movable contact points are n1ounted on the outer sliding block which 

moves linearly . 

§3 Description of the Rectifier Used. 

The face plate, stand, bas e and other similar parts are of 

brass . In all b ear ing surfe.ces, one member is •r obin bronze, the 

other , drill rod. All parts of the electrical ci rcui t are copper, 

the i nsulat i ng bushin g s are Reclmanol, an d the insulating wa.she rs, 

mica . 

The 1/4" s teel shaft turning in a bronze bushing terminates 

i n a bronze circular c am 1/2n in diameter by 9/32 11 thick set 0.015 11 

off c enter and balanced . The cam s.ccurately fits the h ole in a 

5/8" square steel slider with grooved edges. Thi s steel slider , 

which takes up the sideways motion of the cam, moves in a rect

angular hole in a second, bronze slider 13/16 11 by 1n by 1/4" 

t h ick whi ch moves v e rtically. Four contact points are carried on 

the h orizontal, 13/ 16!1, faces of the bron ze slider . The r e a re 

four 1/ 4n squa re lug s on i ts ends vvhi ch have h ole s fit t i ng the 

1/ 8 11 steel rods supported by b r ass blocks pinn\ed and screwed to 

the face plate. No play can be felt ln this chain of bearings. 

'rhe contact s are 9/32 11 by 9/32 11 hollow copper cylinders 

i n to which Re dmanol has b een pressed. A steel rod is screwed 

i nto the Redmano l for f as tening and a mica washer i n sulates the 

copper f r om t h e bronze. 

The second set of four contact poin ts, similarly constrmcted, 
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are mount ed on the ends of 1/8 1
! steel rods 1/2 11 long which slide 

without play in bronze bush ings. The oth er ends of the rods are 

enlarg ed so that t hey come to definite positions against t h e 

bushings. 'l'he se bush ings scr·ew through brass blocks, split and 

provided with a screw for tightening , which are screwed and pinned 

to the face plate. Aga inst the enlarged ends of the rods, steel 

spiral springs set in holes in another block push. 

Connection to the contact points is made by soldering a 

copper spiral to a copper rod driven into a ff6 0 hole in the side 

of each contact point near the surface of contact. The other 

end of the spiral is soldered to the end of a copper binding post 

projecting through a Redmanol plug pressed into a hole in the face 

plate. 

The face plate, 4 7/32" diameter by 5/16 1
! thick, has a 1 5/8" 

projecting boss on the b a ck which provides a long bearing turning 

on a taper supported by the upright. oet screws through the boss 

prevent the face plate's turning except when desired. 

The 1/4 horsepower synchronous motor (much larger than neccess

ary) turns 3000 revolutions per minute on 50 cycle current. lt is 

enclosed in a shield made of 18 alternate layers of 0.018 Armco 

iron and sheet copper , the iron being brought out and bolted to 

g ive a continuous magnetic circuit. 

A flexible coupling vv i th a fiber disk insulates the motor from 

the rectifier. 

§4 Adjustment of the Rectifier. 

By screwing the bushings in which the rods carrying the outer 

contact points slide, the apparatus is adjusted visually and 

tactually until contact seems to occur in the middle of the stroke. 

A constant error of not to exceed 5% may be expected from this 

setting . If greater precision is desired, a dry cell may be so 



( 5) 

connected that the alternating current output feeds into a 

millivoltmeter, and the contacts then adjusted to give zero 

deflection. The contact points must be cleaned occasionally 

vvi th alcohol. 

To make the phase adjustment, alternating current is fed 

in and the face plate rotated until zero deflection is obtained. 

'rhe face plate is then set normal to this position. 

§5 Behavior of the Rectifier with Various Galvanometers. 

The behavior of the rectifier with four galvanomebers of 

different characteristics has been investigated. Both circuit 

and face plate are grounded when in use. 

1Ni th a Leeds and Northrup pointer galvanometer 2320-d, coil 

resistance 1000 obrns, period 3 seconds, direct current sensitivity 

0.5microamperes per millimeter scale division, the alternating 

current sensitivity is 0.6 microamperes per millimeter scale 

division. It was measured by taking 2 volts from a transformer 

and stepping down through a potential divider. The deflections 

are linear with the curr·ent, steady, and reverse accurately if the 

face plate is turned through 180 degrees. The motor shield is 

unnecessary with this galvanometer. 

With a Leeds and Northrup type P reflecting galvanometer 

2239-a, coil resistance 124 ohms, period 10 seconds, direct current 

sensitivity 0.011 microamperes per millimeter deflection at one 

meter, the alternating current sensitivity is 0.018 microampe1"es 

per millimeter. It was measured by stepping 110 volts down through 

a potential divider. A transformer in the vicinity caused 

con siderable disturbance. The deflections are linear with the 

current, steady, and reverse accurately if the face plate is 

turned through 180 degrees. Without the motor shield , the zero 

shifts about 3 millimeters when the face plate is rotated. 
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With a Leeds and Northrup type HS reflecting galvanometer 

2285-n, coj_l resistance 18.4 obms, period 8.3 seconds, direct 

current sensitivity without critical damping resistance 0.033 

microvolts per millimeter, the alternating current sensitivity 

is 0.048 microvolts per millimeter, measured as in the previous 

case. The deflections are approximately line~r with the current 

and are steady to about 1 millimeter. The motor shields are 

essential and even with them : the shift of zero point is about 

5 millimeters when the face plate is rotated. Both the HS 

galvanometers are easily disturbed if a line, even of twisted 

wire, carrying an ampere or so gets near the input leads. Part 

of the zero deflection may be due to other things in the vicinity 

rather than to the motor. 

With a Leeds and Northrup type HS reflecting galvanometer 

2285-f, coil resistance 915 ohms, period 21.1 seconds, direct 

current sensitivity 2.8 x 10-s microamperes per millimeter , the 

alternating current sensitivity is 3.3 x 10- 5 microarnperes per 

millimeter, measured as in the two preceding cases. The deflec

tions are approximately linear with the current, and as steady 

as in direct current measurements. There is a zero shift of some 

5 centimeters when the face plate is rotated, which appears to 

be affected by the room lights and similar disturbances, vvith the 

motor shielded. Measurements with this instrument were difficult 

because of the long period and severe over-damping. 

§ 6 Discussion. 

This rectifier has the advantages over t he vibration galvan

ometer of greater sensitivity and automatic tuning to the proper 

frequency, but requires a power source, either mechanical or 

electrical, of the same frequency as the effect to be measured. 

Over the alternating current galvanometer _, there are the advantages 
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of independence of the circuit cons tants (except insofar as they 

affect the damping ), of the possibility of using mechanical rather 

than electrical power, and of using an auxiliary with a standard 

instrument, rather than an expensive, s eparate one. Measurements 

of phase are impossible with the vibration galvanometer alone, 

and are difficult with the alternating current galvanometer, but 

are quite simple with this rectifier. 

§7 Limitations £!2 Voltage Amplification at Commercial Frequencies. 

The problem may be put in the form, what is the smallest 

potential which may be impressed on the input of an amplifier and 

yet cause an observable effect in the output of that amplifier. 

When a telephone receiver is used as the detecting instrument, one 

hears, after a certain amount of amplification has been used, noise 

in the receiver even though the r e is no input at all. The smallest 

detec table input is then that which when amplified is just observ

able aga inst the background of noise already present. 

The noise present in arnplifiers is due to a variety of causes. 

First, there are disturbances due to external conditions, e.g., 

microphonic noises and pick-up from light circuits. 0econd, there 

are those orig inating in the circuits external to the tubes, due 

to oscillating circuits, le aks across condensers or resistances, 

etc. These two may be eliminated by proper design and location 

of the amplifier, although it frequently requires s ome study to 

accomplish this in a particular case. Finall y, noise originates 

within the tubes themselves because of leaks across insulation, 

production of positive ions in the residual gas, and certain other 

effects, most serious of whi ch is the particulate nature of the 

electr ons. By reason of this particulate nature , electricity 

passes through the tube as individual particles, and hence statis

tically, rather t han as a continuous fluid. The statistical 
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fluctuations in the flow are fluctuations of current and, with 

sufficient amplification, appear as noise. All other internal 

tube noises can be reduced to imperceptible runounts, but this 

effect, being dependent on the nature of electricity itself, 

cannot be reduced. It can be partially avoided by the use of very 

high runplifica tion in the first tube, but there are stability 

limits for such amplification, and moreover, the cond:t tions for 

attaining it are incompatible with those for eliminating other 

tube noises. Until a way out of this difficulty is found, the 

limit of detectable input is the order of this irreducible noise, 

-6 about 10 volts. If an mnplifier could be constructed without 

a first stage, the problem might be solved, but so far, no progress 

has been made in this direction. 

Since the noise is distributed over all frequencies, the 

probable energy in any particular frequency band at any time is 

itself infinitesimal if the frequency band is. If the input is 

monofrequentic, and other noise frequencies are filtered out, it 

should be possible to detect inputs much smaller than 10-6 volts. 

However, it seems that as the sensitivity of a detecting device is 

increased, so also is its period of response. If we integrate the 

noise over an infinite period, it attains infinite runplitude at 

every frequency. Hence the period, and the sensitivity, of the 

detecting instrument cannot be extended indefinitely, for a. nmv 

limiting phenomenon has appeared. 

§8 Description of the Amplifier. 

For an investigation of this sort, it is not necessary to 

use the somewhat troublesome circuits and tubes used to reduce the 

noise as far as possible, for any noise level will do as well. 

The amplifier used consisted of as many Western Electric 102-D 

tubes as could be used in the particular test, resistance coupled 
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with 1 1:1icrofarad coupling condensers, 200,000 ohm coupling resis

tances, 270 volt B batteries and 500,000 oh.m grid leaks. 0.015 

microfarad filter condensers shunted each coupling resistance. 

The amplifier and B batteries wer·e enclosed in a 16-gauge sheet

iron box. 'I'he noise level corresponded to an input of about 

-Jf 5 x 10 volts. 

A special output transformer designed to operate betwaen a 

Western Electric 102-D tube and a 1000 oh.111 galvanometer was loaned 

us by the Seismological Laboratory and was used in this work. 

§9 Use of the Amplifier with Tuned Instruments. 

At commercial frequencies, electrical tuning is not practicable 

and the only device of this sort used was the filter condensers 

shunting the coupling resistances. These serve to remove any 

high-frequency disturbances. 

If the output from an amplifier be fed into a vibration galvan

ometer, and the light beam from that galvanometer be allowed to so 

i mpinge on a photoelectric cell attached to the input that the 

width of the light beam on the cell changes with a small change in 

the position of the galvanometer mirror, then any signal given the 

amplifier will be regenerated by this optical system. :such an 

optical system was tried, but was unsatisfactory because of the 

great effect of very slight jars and the like which set the 

galvanometer to vibrating. 

A Leeds and Northrup alternating current galvanometer 2470 

was also tried, current for actuating the field and potential for 

the input both being taken from a 110-volt line. With such a 

galvanometer, it is necessary that the inductive reactan ce of the 

circuit of which its coil is a part predominate over the capacitive 

reactance if the instrument is to be stable. But it is also 

necessary that the total reactance be nearly zero if it is to be 
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sensitive. The reactance was a function of the primary circuit of 

the output transformer, i.e.,of an amplifier delivering a heavy 

and fluctuating current, and was therefore not cons tant. If, then, 

enough capacity were included in the circuit to give the instru.ment 

satisfactory sensitivity, it shortly became unst ab le. Because of 

this difficulty, no further work was done with this type of 

galvanometer. 

A Leeds and Northrup vibration galvanometer 2350-a was tried, 

using a 20-cycle, 0.005-volt input from an earth inductor coil, 

stepped down, when necessary, through a potential divider. With 

two stages of an1plification, t he galvanometer was perf e ctly steady 

and gave 1 millimeter deflection at 1 meter for an input of 6 x 10-B 

volts. When t wo more stages were added, the fluctuations became 

serious. An input of 2 x 10-1 volts could be detected, but only 

by i mmediate comparison with the zero position. The deflections 

were nearly linear with any nun1ber of stages , but the system is not 

suitable for, in general, other than null measurements, because of 

the inconstant sensitivity. 

Very similar results were obtained wi th a Leeds and Nort:b...rup 

type P g alvan ometer 2239-a in conjunction with the rectifier 

described in t he first part of this the.sis. :Hith one stage o.f 

amplification, t he ga lvanometer was steady and the system had a 

sensitivity of 7.5 x 10-6 volts input per millimeter deflection. 

With three stages of amplification, this galvanometer was so 

unsteady that only about 2 x 10- 7 volts input could be detected. 

If the type P galvanometer were replaced by a type HS 2285 -a, 

the same limit was reached, but with only t wo stages of amplifi

cation. In all cases, if higher amplification than that noted 

above were used, either the amplifier blocked, or the galvanometer 

becaxne too unsteady to read. "!i i th any number of tubes, the 
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unste adyness obs e rved remained both qualitatively and quanti

tatively the same if no input was used, and hence appears to have 

been due solely to disturbances generated within the amplifier. 

§10 Discussion. 

From these data, it appears that the use of tuned instruments 

makes it possible to read easily a voltage 0.01 of that corres

ponding to the noise level of the amplifier, and to detect 0.001 

of that voltage. It will be noticed that there is no gain in 

sensitivity when the amplifier is such as we have used, over the 

sensitivity of the galvanometers used directly, but, even here, 

there is the advantage of requiring very little power. ::iuch a 

system could be used directly, e.g., on polarizable cells. 

We may extrapolate these results and predict that with an 

a mplifier whose noise level is that corresponding to 10-6 volts, 

it should be possible to detect at least 10-B volts. 
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I.l THE NORM.AL FREQUENCIES OF VIBRATION FOR 

SYSTEM::; OF .POINT .PARTlCLES HAVING 

TETRAHEDRAL AND OCTAHEDRAL SYNIMETRY. 

AB::;TRACT 

By treating s ymmetrical systems of point particles as non

holonomic systems, the work involved in solving for the normal 

f1"equenci e s ls lessened. The case of central forces is treated 

for both X.Y If and X:-£6 . The results obtained for XY '/ agree with 

those of previous inve stigators, but those for XY b do not . 
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§1 Introduction. 

Recent texts on analytical dynarnics in general treat non

holonomic systems only sufficiently to show how they may be con

verted into holonorn ic ones in special cases. The general equations 

for non-holonomic systems are little more complicated than those 

for holonomic, and may actually be easier to solve because of 

higher symmetry. To attain this higher symmetry, it may be exped

ient in some cases to put ordinarily holonomic systems into non

holonomic form. Such is the case in the systems considered below. 

§2 The Lagrangian Equations when the Number of Coordinates Exceeds 

,,~,J 
the Number of Degrees of F'reedom. 

Since Hamilton's principle in its usual form 

& 1;; qt " • qu, Cli. • • • q 'J n t) d t -= 0 ( 1) 
t,. 

does not depend on the coordinates chosen for the discussion of 

a problem, it will hold whether the system is holonomic or not. 

The equation 

1 t':{~ "S>' (;) L 
;, ;}qL -

t, 

( 2) 

follows from equation (1) without regard to the interdependence of 

the coordinates. If these coordinates are related by them 

equations of constraint 

·f( a • • • q t) ""O J ~l 3n (j:::1,2,···m) ( 3) 

we may eliminate m coordinates and their deriv~itives from L, or 

instead, we may formally remove their interdependence by multi

plying the variations of the equations of constraint (3) by 

undetermined functions Aj and adding these to equation(2) to give 

f1~ (!~, - ~t !t T %, >.;~,)Sq,] dt: 0 ( 4) 

We may now, by the usual reasoning, write the 3n equations 

3-__ c)~ _ aL ::: f >.,a,r 
dt aq.: 'aqi. j.,1 J ~q~ (i-;::.l,2,···3n) ( 5) 

v,hi ch, together with the m equations of constraint ( 3) determine 
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the values of the 3n coordinates and m undetermined multipliers. 

In addition to t h e usual type of geometric conditions, any 

known integrals of the equations of motion may be used as constraints. 

3 Infinitesimal Oscillations about Equilibrium for an Isolated 

System of ~ Point Particles. 

For such a system, Lis not a function of the time and is 

equal to T minus V, where Tis the kinetic and V the potential 

energy . of the system. The six integrals of linear and angular 

" mo:mentum, which will all be taken equal to zero in the cases we 

shall consider, provide six equations of constraint . To describe 

the system, we shall use n sets of rectangular Cartesian coordin

ates, derivable from one another by translation, with origins at 

the positions of then particles when the system is in an equil

ibrium configuration. 

The p otential energy may be expanded in a Maclaurin 1 s series 

in 3n variables about this equilibrium configuration, where it wi ll 

be assigned the value zero. Third and hi gher powers will be 

ne g l ected . The condition that cW/~ qi. ~ 0 in the equilibriur'l config

uration does not follow in g eneral from the equation s of motion (5) 

for these partial derivatives are related, not to the total force 

along the corresponding coordina te, but only to that part of it due 

to re a ctions included in Las distinguished from reactions included 

in the constraints. If, however, an equilibrium configuration of 

the system remains an equilibrium con1,igura tion in the absence of 

the constraints, or if the constra ints exert no f orce s in the 

equilibrium configuration , or again , if the constraints do n ot deter

mine the equi librium configuration, but on ly t h e permitted displace

ments , then in that configu.r·ation ~V/~ q t -=- o " and these partial deriv-

atives are the negatives not only of t h at par t of the forces due to 

reactions included in L, but al s o of the t otal forces along the cor-

resp onding coord ina tes . I n t h e systems of interest, t h en, the 
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coefficients of the first powers in the Maclaurin 1 s series expan

tion are individually zero and the potential energy is g iven by 

( 6 ) 

The vanishing of the f i rst p owers can a l s o be deduced by a 

direct c onsideration of the forces. Consider any component of 

for'ce on the i th particle, say Q i,. This vvill be the suin of com

ponents of forces due to various internal and external reactions. 

Each of these may be separately expand ed i n a Maclaurin's series 

about the equi libr i um p o s ition and these series added term by term. 
3., 

Then G-1 • = Q io + LQ· • q • + • • •. Since t he q I s are zero in the equilibrium 
q j~1 1J J 

configuration, Qi.= Qto = 0 there , and henc e Qto"'" 0 f or al l configur -

ations . If as i s true in t h e systems of _interest, the f orces that 

make up Q,0 arise solely fr om reactions included in V, then 

Since the k inetic enermr of t h is system is the sum of the 

kineti c energ ies of the part icles composing it, and since the 

coordinate s f or each part icle are orthog onal, no cross products 

will appear~ Therefore 

where the a's are constants . 

( 7) 

The equati ons of constraint are, for t he cases of i nterest, 

homog eneous, linear functions of the coordinates . 
311 

·f ( q • • • q ) :: '£ ·f· q · = 0 
J ' '3 n L= L J L ... 

(j:1, 2, ··· 6 ) ( 8 ) 

The undetermined multipliers may be wr itten as c}-j + 1)\j 

where 
0

)..j i s the constant value of ~i in the equil i brium config 

uration . 

Since t h e equations of motion ( 5) must be satisfied when the 

vari ab les and their derivatives are a ll zero , the 0A's are all zero 

and we hav e 

( i = 1, 2 , • • • 3n) 

(r=l, 2, ··· 6 ) 
( 9 ) 
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To solve, let 

'l'hen 

(i ==l ,2 ,···3n) 

( r == 1, 2, • • • 3n) 

( 10) 

( 11) 

'I1he condition for t he coexistance of equations ( 11) is that 

the determinant .6 of the coefficients of the A I s and M's vanish. 

~ is a (3n+6)th order axisyrrunetric determinant wi th six rows and 

six columns of constants and is of the (3n-6)th degree i n the 

variable r2. The variable is con.fined to the 3n non-zero elements 

of the principle diagonal. In the systems we shall consider, the 

synrrnetry is such that the terms of /l may be arranged to form a 

"block circulant", 

I
E F G 
GE F = 0 
F G E 

where E , F, and G are square arrays of the ( n +- 2) th order. fl may 

then be factored into three determinants, each of t he (n+2)th 

order,by tak ing the sum of the k th rows of E, F , and G to be the 

k th row of one factor and the sum of the k th row of E, w times 

the k th row of F, and w1 times t he k th row of G to be the other 

two, whe r e w is successively each of the two complex cube roots 

f . t ,, o uni y. 

§4 Normal Frequencies for Systems of 'Eype XY'{ in a Regular 

Tetrahedron. 

We locate the equilibrium positions of the five particles in 

a set of rectangular Cartesian coordinates as follows: 1 at 000, 

2 at aaa, 3 at aaa, 4 at aaa, 5 at aaa. Using five new sets of 

coordinates obta:i.ned by translation as indicated in §3, the coor

d inates after displacement of t h e par·ticles from equilibrium are: 

Xo, Yo, z0 for l; x 1 , Yt, zJ. for 2; etc. Vv e denote the mass of 1 by 



( 16) 

m0 , that of any peripheral particle by m,; the force constant 

assoclated with a force between the central and any peripheral 

particle along the line joining them by k 0,, that s imilarly 

associated with a force between two peripheral particles by k, 2 ; 

the ang le between the line from the center to a corner and any 

edg e to that corner by 8 ( cos B•l//3), that between the projection 

of an e dge on a parallel coordinate plane and an axis in that 

plane by 'f ( cos 'f=l//2). We further denote the ratio of the 

force due to the interaction between the central and any periph

eral partlcle when the system is in an equilibrium configuration, 

to the distance between them in that configuration by b, and the 

analogous ratio concerning two peripheral particles by h. (b=-~h) 

The kinetic and potential energ ies for infinitesima l displace

ments and velocities are then as g iven by the following equations. 

2'r-= mo(x!+y;-+z; )+m ,(x~+y~+z~+x7;,,+y:+ • ••+z:) 

2V,:: (ko,/3) [(x,+y, +z,-x .. -y .. -zo)~+(-x-z_+y.,_-z.._+xo-Yo+ZG ):il.. 

+(-x.,-y> +z., +x.+yo -z.,,)z +( x"-y"' -z'/-XD-tYo +Z,,)j 

+ (2b/3){[ (x,-xo)''+-(x~-x.,.)z..+(x3-Xo)7-.+(x.,,-xo):a..f-(y, -yo ) 4 -t(y.t.-Yo )%. 

+ ( y?, -y c, t + ( y '{ -yo ) Z., + ( Z / - Z ,:JZ.., + ( Z ,t. - Z O ) ~ f- ( Z :, - Z O ) ~ ,f- ( z.,. - Z 
O 

) j 
- [ ( X 1 -Xo) ( Y 1 -y O ) + ( X 1 -X O) ( Z 1 - Z O ) + ( Y 1 -y 0 ) ( Z 1 - Z O) 

+ ( X O - X 2- ) ( y 1. -y O ) -4- ( X O - X ,_ ) ( Z 
O 

- Z 2- ) + ( y ,_ -y O ) ( Z O - Z 1. ) ( 12 J 

+(XO-xJ)(y.,-y6 )+(xD-xJ)(zJ-zoJ+(yo -y_j )(z.,-zoJ 

+ ( xl{-XC>) ( Yo -y '( ) + ( x,,-x .,J ( z O - z '{ ) + ( Yo -y '( ) ( z O - zl{ il} 
+(k 14/2) [< x,+z, -x,._-z1-J4-+(x,+y, -x:J-y.J )4 +(y,+z,-y'f-z.,.)"'" 

+(yz.-zz.-y3 +z~ J't+(x2.-Yz. -x,.+y"f J4 +(x,-z~-x,+z.,JJ 

-t-(b/8J {[ <x,-z, -x .... +z,.r1" -1-(x,-y, -x>+y3 J1" +(y, -z, -y-tt-z'fJz.. 

-+(y._+z .. -y:,-z 3 )"J..+(x1--+y..._-x'/-y'f )z.-+(x.,+z>-x.,,-z'fJJ 

+2 [ (x,-x,;) -(x..t.-x.!P') -(y,-y~) -(y3 -y.,,) -(z,-Z 3 ) 
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There are also the six equations of constraint obtained 

from the integrals of linear and angular momentum. 

Y, +y,.-y3 -y.,-z, +z .2. +z 3 -z'I =- 0 
( 13) 

When the Lagrangian determinantal equation discussed in§ 2 is 

set up and solved, we find four distinct roots. The corresponding 

frequencies follow, the fi gure in parentheses being the multiplicity. 

41T 2 J',2 (1J:: ( k 0 , +4k,:a. ) /m, 
41Y1 ~a.(2.)""-( k ,~ -b/ 4) /m, 

§5 Normal Frequencies for 0ystems of~ XY6 in a Regular 

Octahedron. 

( 14) 

The general procedure is identical with that of §4. The 

particles are located as follows: 1 at 000, 2 at aOO, 3 at OaO, 

4 at aOO, 5 at OaO, 6 at OOa, and 7 at OOa. 

force constant, k.z..,, , associated with a force between t wo opposite 

peripheral particles, and an addi tional ratio, j, involving the 

reactions and distances of two opposite peripheral particles. 

J:!'or t his sys tern, cos fJ = 1/ /2, and b == -4h-2 j. 

The kinetic and potential energ ies for infinitesimal 

displacements and velocities are g iven by the following equations. 
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2T = mo ( X~'-Y 02
+ z!) +m, ( X~'-y,z.+ z ~ .. x ~+y;+ ••• +z ! J 

2V =-k 01 [ (x
1
-X 0 )a.+(X

3
-X 0 );{.+(y-;z.,-y 0 J:.t.+(y-,-y o )'+( z.,-Zo)<!.+( Z1,-Z

0
Jj 

+b[(x.2,-X
0

):.t.+(x'f-Xo)z..+(Xs-Xo)4-+(Xe,-X0 )z..+(y, -yo);:_+(y3-yo );:_ 

.:l. ( L ,t. ( z. ( ;f. ( ~1 +(ys--Yo) + y1:,-yo) +(z,-zo) + Z1--Z 0 ) + Z;,-Zo) + z.,-z 0 )j 

+ ( k I 2 /2 ) [ ( XI -y' -x l-+y "1.. ) 
4 + ( X, - z, - X ..,..+ z..,.. )4 + ( X' +y I -x,, -y 'f f 

+(x,+z,-x'°-z"J :i{, +(y2--zz...-Ys-+zsJ"'+(x.z:+y2 -x"5-y3 ) 

( 
4 ~ 

+ y,_-+z.._-y"-z'-J +(x.7-zJ-x._+zc.) +(xJ-y~-x.,+y.,) 

.,. ( x 3 .. z J' - x .r- z .s- > :i. .. ( y 'f .. z "-y s - Zs- r2
• .. ( y,, - z" -:-Y, + z" D 

+(h/2) [ (x,+y, -x.,_-y.,_J
1

+(x,-z,-xc.+zc.t-,.(x,-y, -x"+y.,)2. 

1.- 2. 1-

+ ( x, + z, -x5 -z.,.J +(y2...-z2.-Y.s--z..,J t-( x1- -y2.-X .1 +Y:,) 

.... 2. ... 

+(y ,._ -z ... -y~+z"J +(x3 +zJ-X1o-Zc.) +(x.,+y., -x,,-y'f) 

-t(x3 -Z3 -x,,.. +z _s-) ... +(y'f-z'l-y.,-1-z.st +(Yr +z"-yt>-zd ] 

2. ).. :>. 2. 2. L 
, h (x,l.-X s) +(x.r-X'f) -t(x.,-Xi;.) +(X1.-Xz_) +(y,-y,.J +(yc.-y3 ) 

2- ?.- L L Z.. L-1 
+(y3 -y., ) +(y..,-y ,) +(z,-z .._ ) +(z .... -z J ) +(z3 -z'fJ +(z,.-z,) J 

k~..- ( x, - x., t +( Y1- -y'( )?.- +( Z..r-Z1o t ] 
• 2- ( '.J.( 2-( L( lL( 1 .,, J (x.i-x'f) + x ., -x"J + y 1 -y4 ) + y5-y6 ) + z,-z 3 ) + z-t.- z.,J 

As in the preceding system, there are six equations of 

constraint. 

X5-x6-Z1, t Zz;;;, O 

x,._-x11-y 1_ +y_, = 0 

( 15) 

( 16) 

From these we obtain, as in §4, the frequencies. In t h is case, 

h owever, there are six d istinct roots in the determinant. 
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4 tr ~ Y;'
4 (1.) -=- ( k "' +4k ,z.. -+ 2k v,) /m, 

411'.i.Jii.c3) -=- ( 21c ~:.t. -2h) /m, 
1,.. 

(k,~+h-2j J/m, 41r"-v3 (3) ::: ( 17) 

4rr""v/lz..)-=- (kg,+k,a-t2k2.H+3h)/m, 

411
1

~: Cs) "'n:,,~-- [A :t[ A¾- n1"'~;'--(n1.,+<---,)(-~o, -lt,z.. +J lr.,1 £,1-z. ~.,/+"{~-t"'"·1:J£ ~, 1.+ -f.}j/½} 

A 
yr, ( •~A).P.. .__~ _; _ _ ..L-("'YHo-#1,.,.,,,) -(,.,, -( '},ffo -#'1,,-u,)i-

-= ~ YYlo+,._,,.✓ rr'o,..--- Z -r,,,._ ~ 

§6 Discussion. 

D 
• g 'I 10 II 

ennison, 0chaefer, Radakovic, and Urey and Bradley have 

investigated the former of the two systems dis cussed in this paper. 

ln all cases they set up the potential energy in terms of as many 

coordinates as there are degrees of freedom. This requires the 

the solution of a nin¢th degree ninth order determinantal equation 

instead of the two seventh order third degree determinantal 

equations used in this investigation. 0ince their ninth degree 

equation has only four unequal roots, it could be solve_d by straight

forward methods, but the labor involved is so great as to make 

the use of special methods nescessary . The advantages of the method 

here used are not v ery great in this case. 

Equations lt' are in agreement with those obtained by the 

above - mentioned workers , but their interpretation of bas proportion

al to av/-;)r, , where ri. is the distance between the central and a 

peripheral particle, in a certain system of coordinates, is incor

rect, since byJ applying the analysts of §3 , it may be shown that 

these coefficients are resultant forces which vanish, not forces 

due to particular interactions which do not vanish. 

Application of equations lf to data on various molecules 

supposed. to have this structure has been made by the investig ators 

g iven above and by others. The a gre ement, better than one per cent 

for the tetrachlorides of carbon, si licon, titanium, and tin, is 

better t han would be expected from the approximations made in 



( 20) 

applying this analysis to real molecules. 

13 Redlich, Kurz, and Rosenfeld have treated the octahedral 

system, setting up the equations of motion from the standpoint 

of forces rather than potentials. They have overlooked the 

interaction due to change s in the angles of application ot the 

forces when the molecule is distorted. Equations 17 reduce to 

theirs if b j_s set equal to zero. 

There is at present insufficient experimental data to permit 

a test of equations 17. J..f only four frequencies we re found 

experimentally, k ,.,., and j could be assullled zero to a first approx

i mat ion and the other three constants evaluated. k u and h could 

then be used to compute the constants of the Morse function and 

k ~and j obtained from it. New values of k,~ and h could then 

be calculated, and so on. 
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