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Hecont work on forbidden lines hme made 1t desirable %o
re-oxanine and xtend the calceulations made by Condon on the
thooretical transition probabilities of these lines for a few aboms
in the np”®, mp® and np? eoufiguretions.

The method developed by Conden for the computation of these
tronsition probabilities is described and discussed, & fow modifies~
tions are intreduced, such as the use of rocenily developed foraulae
for magnetic dipole line stremgths in 15 coupling wad the use of
second-ordor approximations ¢ the wave funciions in speclel cases,
The ovaluation of the parameters imvelved in the breakdown of IS
counling is slso carvied out in o somewhat different manner,

Formulee are derived for the magretic dipole end eleetris
guadrupole contributions %o the {transition probebillties for the
yﬁi, 133, p* and & configurations. &4 fow ervors ars found in Condon's
caleuletions for the p¥ configurations; in perticular, & non-zZevo
value is found for the probebility of the ®Fy - 'D, traunsition in the
PP eonfizursation, This line was recently obseyved in © III.

Wumerica) computations are wuade of the transition probabilities
S el fifty~ons atoms in the ;91‘ sonfigurations, ‘The formmlae for the 4°
condiguration ave applied 4o the single cvse of Fe VII. The diffieul-
tise which arise in these caleulations are discussed with regard to
their Duplicabions sbout the genersl validlly of the method.

A short discussion is glven of an application of the caleula-
tions to a question concerning the permitted linss of 0 III present

in nebuler spoectvs.
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I, INIRODUCIION

A+ Purpose

In view of recont work ob the identification of forbidden
lines in nebulay spectra, and on their applieation to probleme
concerning physical conditionse in the nebulae and novee, it has
become desirable to have theoretieal values for the transition probe
ablilities of these lines for & nwiber of stoms, Ib is our purpose
here to present a discussion of the method of evaluation of these
transition probabilitios, together with the gpplication of the method
to atoms in the configurations np®, np®, mp? and nd® . Numerical
ealowlations of the *bmm&ti;m probabilities are carried out for

fifty~two atoms and ions in the first fow rows of the pevicdic table.

B. Historical Suryey

In 1927 Professor I, 3, Bowen®) ghowed thet some of the most
praninent wnelassified lines in nebuler and noves spectra could be
identified with forbidden traunsitions belwesn the metastable levels
of the ground configurations of W I, O II and © III. Iater work by
a pumber of investigators established the wxistence of fardildden
lines in auvoval specira®’ and in the speehra of certain peculiar starsd)
The list of m@mim@a forbidden lines was greatly eoxtended, until 4%
included those of musy of the atoms in the firet few rows of the periodie
table. 4 complete list of the forbldden lines observed in astrophycleal

spectra up o the present time is given in & fortheoming article by



Bowen and Wyse®!,

The study of the intensities of the forbidden lines hes
yielded a great dsal of wvaluasble infowmation about physical conditions
in the mebulas and novae - such as the densidty of matter and rediation,
the mechanisms of sxeitstion of the sboms, and the relative sbundance
of ﬁh@ elements presont in these astrophysisal objects. A survey of
the devsiopnonts of this type up o 1936 was made by Professor Zowen
in an artiels in $he Heviews of lodewn Physies®!,

In meking gquentitative interprotations of this sort it is
neoeossery to bave thecretlieal veiues for the absclute transition
'gmﬁbabi;itima of the variocus forbldden lines. Very rough caleulations
of tho transition probebilitiss for some atoms were made by Bartlets?)
in 1920, Jomwmlae were developed by fubinowiczB) for the relative
qnédrupel& line strengthe in muliiplets in pure Iussell-Saunders
eoupling. In 1l83E, Syevenson®’ worked out the ebsolube transiiion
probabilities for the forbidden lines of the 2p® configuration of ¢ III,
§ 11 and © I, Later Condon'®) developed & method for the compusation
of the trangition probebilitics which was considerably different from
that of Stevenson. He calouleted sepsratvely the contributlions to the
tronsition probabilities of the mogpetic dipole radietion and the
electrie guadrupole radiation, Ho tresied thé p®, »® end p* configura-
 tieons, end made muwerical caleulations for the eases of © I, 0 II, © III,
NI, N II and © . |

Condon's yesuits for O III 4id not azree with those of



3

Stevenson, except in the order of magnitude of the various transition
probabilities, and in the three to one ratio of the components of the
"ehief nebular doublet”, (°F,, = 'D,). Aleo he found a zere probabile
ity for the tramsition (°Pg - "Dy}, whereas Stevenson caleulated the
probability of this transition o be 6,7 x 10  sec ~, The recent
observation of this line by Bowen and 'iiryaall) consequently cast doubt
upon Condon's csleulations, and it was deeided to cheek his work,
ginee bis mothod of procedure appesrcd $o be moye streightforward then
that of Jtevenson. The resalewlation not only yiclded a non-zero
probability for the teansition (°P, - 'D,) of O III, but also brought
to light seversl other srrors in Condon's calewlations, both in the
formilee he used and in his mumerieal work.

The recent work®) on forbidden lines has made 1% desiveble
to extond the transition probability caleulations to a nuwmber of other
ione in the 3)2" configurationy and alse to extend the treatment to the
ak configurations., The latter exbension has only boen partially

carried out here, as only the &° configuration has been investigated.

G Plan of Precedure
In view of the complicated naturs of the calenlation of trensi-
tion probabilitics 1t was desmed advigable 1o profage the ealceulationas
themselves with a falrly dotailed seeount of the mothod of procedure,
This mwethod is espentlally thet of lonfon, with but o few modifications,

such az the use of recently developed formwmiee for mazmetic dipole



line mtrengths in pure RPussell-launders coupling, and the use of
gmamimz-der approximations to the wave functions in spseiml cases
{seetion III, equation 23'). The evaluation of the parameters involved
in the breakdown of pure Russell-Saunders coupling is also carried

out in a somewhat different manner,

The various steps involved in the caleulations are treated
in gsome detail in differcent pleess in Condon and Shortley, 'The Theory
of Atonde tpeetra’, (1955). These pards of the calenlation ave here
orgenized in such a woy as 0 show where and how they it iato the
problem of the caleulation of the transition probabilities of forbidden
lines, We use the notation and nomenclature set up in Condon and
Shortley's book. Since we shall make mmerous references to this boolk,
wo shall adopt for it the abbroviation GS, Thus '0S, § 7%(3)' vefers
to Condon and Shortley, Chapter 4, article 7, eguation (3).

In the following section we recall some of the concepts and
results of radiation theory, which lead to the fopimlae for line
intensities in tewms of transition probabilities, and for transition
probabilities in terms of line sirengths. The lattor are essentially
the sums of sguares of the absolute valuss of matrix elements of the
magnetic dipole and eleetric guadrupole moments of the atom,

In seetion III the methode of celeulation of the wave functions
in the perturbed Russell~launders schome are discussed, insofar as they
bear on the problem of computing the neceassary metrix eclements, The

methods outlined are applied to the cases of the p?, p®, p% and 4°



confipgorations, OSechbions IV and V outline the methods of computing
the maznetiec dipole and elsctric guadrupole line strengths, respecs-
tively, and give the resulls for the four confisurations under conside
eration. he specisel problems arising in the numericsl caleulations
are treated in section VI, and the results of these ecaleulations for

a large mumbey of etoms and lons in these conflgurations ave tabulated.

in seetion TIT the resulis are discussed and interpreted.



IX, OQUILINE OF THE RADIATION THEORY

Ae Line Intensities

Given o souree consisting of a lurgze munber of identical
atoms subdject bo some steady means of exeitation, the total intensity
or eneyey of the rediation emitted in the spontampous transitions of
atoms from a state "a" fo a state "b" of lower energy is given, undey

steady eonditions, by the formmla
Ila,h) = ¥{a) h» ala,b}, {1)

wherve N{a) is tho avevage wmber of atoms in the upper atéw tat, »
is the fregueney of the radiation smitited, and the factor of propor-
tionality Af{a,;b) is the so-galled transition probability for the
transition from astate 'a? to state 'v'., &{a,b)dt veprosents the
probability that one atom in state 'a' will make the trensition to
state 'H* in time 4,

A no@ification of this formula 1s nocessitated by the dewency~
agy of the states with respect to the gquantum number M, which represenis
the z component of the total angulsr momentuw. The intensity of a
line A - B, that is, of the totalilty of ell transitions from states
in a lewvel 4 to states in a level B of lower energy, is given by
swmabtion of the above formula over ‘a' and *b', Under conditions of

"naturel exeitation’', (03,§ 7%4), 1t can be written in the form

1(4,8) = w(a) hv a(a,B), ' {2}



where N{i), the average numbey of atoms in the upper level 4, is
given by

H(a) = (&7, + 1) N{a) {®)

and A{4,B), the tramsition probability of the line (4,B), is given
by the equation

AL - (
AAB) & gy ;4:—;; Aimb; (4

Under steady conditions the pumber of atoms leaving the level
A por pecond by any process is egual to the number of atoms errviving
in the level 4 per sccond. If we denote the latier aumber by n, we
have

n = T(A) {EB: A{A,B) + C + zz}, {B)

where the sumabtion is tokeon over all levels B of _lowr energy than A,
and vhere the terms ¢ and R are added to allow for the possibilities

of removal of atoms from the level A by collisions with other particles,
oy by absoypbion of radiatiom, respeetively. Vaking use of this

relation, eguation (2] becomes

n
%; £{A,B*) + C + R

I{4,B8) = A{A,B) hY {6)

This finsl equation indicates that the intensity of the line A = B
depends upon the mochaniam and conditions of exeitation, which detere
mine nj upon the relation between A{A,B) and the probabilities of
transition to other lower levele; and upon the relation beitween the

probability, %; A{A,B%), of removal of an atom from state A by



spountensous trensition, and the probebilities C and R of remewal by
eollisions or by absorption of radiation. 48 a consequence of this
relation, the experimentally obsexved lins intensiticas, together with
the theorvetionlly evelusted transltion probabilitics, ecan provide
infomation about the mechanlisnm of exclitation and about other phyeical

eonditions in the source wnder observabion®!,

B. The Radiation Mleld

A guantum mechanieal treatment of the emission snd sbsorpbion
of rediation was developed by Divae*®), It leads to expressions for
the spontaneous transiltion probebilitics in feyas of nadrix elemonts
of the eleetrie and nagnetie mliipole moments of an atonle systom,

i glear exposition is presented in £S5, Chapter &4, of the
derivation of the formwiame Llor the transition probabilitics by moans
of the application of tiw Bohr corregpondence prineiple o the clessical
theory of rediation. Uines we shall need these formumlee, 1t may be
well to sketeh very briefly the main features of this derivetion,

In classicsl olectrowagnstic theory, the electric and megnetic
fisld strengths are expressible in teriws of e scalar potential fHunction
§ and a veetor potential A, whish cen bo written in the retarded

potential foros

. bR R
¢~/‘,D( .}hR: 2 av, ot fl.’{:x,y,:,t D .

R
& .,
Fipg. 1l

L2



ig P and I very harvmonicedly with the time, with frequency » , snd

it furthor
DY y
2> 4 RL

then the oxpressions for ¢ and A may b eoxpanded in a series of powers

of yem and in powers of .3,_3.... » Hetaining only the first few torms,

we obtain
- ariv(t-L) e 5 B
o= RL[€7 T g i p) - 2 (7760} |s
- urc_‘y(t‘-"zl) . « - (8)
A =Rl L____e = {z_ﬂgp - 2T [ M] -2 (q.?z)}],

where r, is the unit yector in the dircction of p*, and
2 af/a JT = 0, by hypothesis .

P= f(ord"C.
m- & [IrxI]dx,

M= [prrde.

The verious terms in this expansion may be treated separately. Thus,

{9)

the torms involving P have just the form of the potentials at large
distances from an oseillating eleotrice dipole whose slecbtric moment

is P. The terms involving Mand 7C give, respeetively, the potentials
at large dlstances of an cseillating magnetiec dipole of moment M, send
an oseillabing electrie guadrupole. of moment 76 . Dach of these
oscillating muldipoles contrdibubes to the tobal radiastion Pfrom the
charge distribution. The contributions of higher multipoles need not

be treated here,
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4 radisting ston nay be oonsidered as 6 harmonically vorye

ing chapge distyribution, whose moments gbout the nuelsus are

P=w=2. r;
M= 022 rr, {10}
M‘*"*‘,ﬁg;“‘c*%&”

where the suamations are taken over the elsetrons of the atom. In

the third of these expmmioﬁs the eantmbuﬁén of the spin $o the
total magnetic dipole mement is included. 4 roasonable justification
for this inclusion is provided by the resulis of B@ialmanm), who
showed that, in the Direse relativistic theory of the hydrogen aboum,

the spla could be interproted as glving an additional contribution to
the curvent I in ¢terms of which the vector potential is evaluated.

The separate contribubions to the itodal radistion of each of
the oseillating multipoles may be readily evaluated. Thus, retaining
only terms involving P in the potentials, we can obtain at once the
field strengths B and W, together with the rate of radiation or enorgy
flow |

. v M)
S s (Ex W, {11)

The time average yate of raediation abt large distances turns out to be

S 587?8])4
av,

s IPI® w Jr.P1%) e, (12)

The totel rate of rediation throush a large sphove surrounding the



charge alstribusion 15 cblalmed by integration over angle. It is
(&) -l e (1)
A%/ el.dip, 5 “ ‘

where O = Y/e¢ 4z the wave mumber of the radiution, and ¥® is the
sguere of the absolubte value of P,

/‘ﬁae, magnetie dipele galoulation is guite similar 4o the
slegtric dipole caleulation. Indeed, it muy be obtainsd by replacing
E by H and H by -E in the electric dipole case, lence we got

.12} 16 5 %0’ 0 .
ﬁ*) wmag.dlp, B . (14)

“For the sloetrie quadrupols radiation field, a similar calcula-
$ion leads teo the resuld

S = 2L |(2n) - (n00x)

2
ri.

{18}

How, from eguabions (10}, ﬂ is a sypmwiric dyad, end can thereiore

be writben as & limear coubination of siz independent dyads
if, 35, kx, 1§ « §i, ik + ki, jk + kj.
liore conveniontly, wo teke the elx dyads

J o= b dd Rk
Q19 = JEK-2 1 -4,
A (41} = %{(ki « Mg} & i{k§ *Jk)},
A (s2) = 2{Uh - 4§ = b8 + 303,

- {18)



Thess Qrads ocoour in the matrdir elements of % » Whieoh woe shall dis-
cugs later (sectlon ¥, egustionss). For suy linear combination of

these dyads, the tern involving ? yanishes in the expression
(%' ri - rﬁ_'%'ﬁ)'
Henece the spherically symmetrie pard of 7 makes no contribution to

the radiation. UOn svaluading the dotal rate of rediadtion throush a

large sphere, we got

Tt 2
dE _ 8m® .6 _
z‘t“?"'C%’ (17)

—~

2
where 707 ig the doudble dot wroduch 7C : 7T s with the spberieally

aysmetrie pert lefd oulb,

Cs Transidion Prob

Raid

jlitiss and ldpe Strensibs
e now apply the Bohr sorrespondence prineiple, which pestulates

that the roediation ficld accompanying a spontencous trensition from &
ptate 'a' to n state *b* of lower emergy is the same as that given by
the clasaiecal theory for s chavge distribution whose time average
moment is

g [{a] |®)*,

where {a) )b} iz the matrix component of the kind of eleobtric o
masnetico noent wnder conalderation. Ioreover the gpontonsous {ransie
tion probability is teken as ;5 tlwes the classieal rete of radiation

of this cherge distribubion.
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Is the eloetrie dlpols caso, this principle loeds 4o the

transiticn probability

PR . |
fo1.atp. (as0) = BT [(a [P b (18)

From equation (4) we then get the formula for the eleetric dipele
transition probability of & live

o 23
%01, a1p, (4:8) = %;-gg -

Z.;;’ lta | P] ) (19)

L.
{83, + 1) a,%
The sum oceurring in this equation is called the line strength, and
is denoted by

Se1,aip, (8sB) = ﬁZb [ta|P| w37 (20)

Simdlarly; for mepnetie dipole radiation, we get the formise

A agolieB) = 88 phe’ A 8 (4,8), (21)
g, dip, B u (8T + 1) | mag dip, VT

where

Suag, aiplteB) = Z:b [(a | M| B3| %, (22)

8y
In the electrie quadrupole case, tm reoults are

‘s‘g ‘}"(GT & 1 N £
Sol.quad, 4B} = St Tmrtray Selquaa. (4B), ()

wWhere
fi;al.q%a' {JX,E) &8 %—2} t {ﬁ 1% ’ h} ﬁa (%}
R

o

In this lest formula, ¢( represents the dyadie ¢ minus its
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spherdeally symmetric pard.

As we shall see, the eleetric dipole moment cannot contribute
to the radlation in o transition Yo which the magnetie dipole and
electrie quadrupole moments contribute, and comversely. However the
latter two moments may both contribute to the radiation emitted in a
single transition. In this easse the treatent of the redistion fleld
in vhieh both types of radiation ccour leads to the result that the
total trensition probability is nerely the sum of the separste

probabilitics which aye given in ecuations (B1) end (83).

De Fomsitted and Forbidden iines

Investigation of the commmbation properties of the operators
P, Mand /U which occur in the above equations, leads %o the welle

nown sets of selection rules for the different types of ruadintion

{a) Pleectric dipole selection rules:
A2 L.} =2 1. {Parity must change)

A3 = Q, + 1, -0,

{28)

AL » 0, ¢ } '

for 1& coupling.
AG = O
(b} imgnetic dipole seleatidn rules:
A {; L) ww. {Parity renaing wnchangesd)

AJ = O, & 1. 0—*) ] .

{26)

AB m§
for 135 coupling ,
AL, = Q '



i8

fa) Sleetrie guadrwpols geloetion mies:
atzm Ay m o, (Parity resaine machonged)
3
AF =0, £ hy 2 8. 020,44, 0F 1.

AR g O {87}

for 19 coupling.
A:f, L Q, k4 3..‘. + 8

Tdnes whioh satiely the oleetrie diptde selsetion rules ave ealled
peruitieod lines. 231 other limes are ealled forbldden iines.

Famerionl evalvation of the treossition probabilities shows
thet the olectrie dipole probabilitiss ave of the ovder of 10° to
10f %@'1., wherens the mgnetie dipole snd eloutrie quadyupole
probabilitios ape of the oedor of 1{3—5 $5 10° son . For this vosson
Hhe latder typoe of radioblon exe \m‘ inportence coly wder exespbional
cirowobumwen, such o prevell in the mebuloe and movee.

Yor sorvonienge the tvonsitions which satisily the meonstic
dipole or eleciric quadrupole seleetion mules are depleted in the
Tigurea below for the four econfiowalions which will be discussed in
debail in the folloving socdloms. he e6lid veritleal limws deuote
tramwitlions shich eve possible in L9 coupling. The dotted veriieal
lines indicnte transitions which ave puselble when thewe is a demrdure
from LD eoupling due %0 the ppineorbit intorection. Tramsiiions which
are pursly maguetic dipole in chersetor, or purely eleeilrie quadrupole,
are indieated by the letters d or g, respectively, placed below the
ecorresponding lines in the dlaprams.
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Ae lethod of Celeulation

An & preliminary %o the evaluation of the matrix elements
invelved in the formulas for tarar:zsi’cian probabilities, it is necessary
to determine expressions for the wave functions cheracteristic of the
atomic states, in torms of individusl electron wave functions, This

nust be done in the fellowing sbepe:

{a} Ye fMret set up all possible zero-~order weve functions compoesd

of satisymmetrized products of ons-elegbren wave fumctions,

L

¢1_ (n 1/6112‘151 mj ) o e ¢N (nlj 1m$1 m:)
RPN ° e

_ s s . - X X —J__ ﬁi(n/e m_g mﬂ) . .

X(nl msmj,n}msm})”')_N,’ 4 . @ - 0 . . ° . . . ,(1}

¢! (n”,e”mj"mf) v %V(HNINHIf nyl)

vhere ¥ lo the total aumber of electrons in the stomle system, and

#(m,8,ms,m,) 1o the one-electron wave-funetion

g(nd,m m) = LR(nd) OUmy) §m) ¢

P
&)
st

The superseripts 1,8,... refor to the set of guanbtum mabers. The
subzeripts yefer to the coordinabtes of the indlviduel clectrons, 4Ls
we ghall be desling exclusively here with eguivelent eleetron confipge
urations, we shall henceforth suppress Tor brevity the gqusntun numbors

n and 3 of the individual oleetrons,



{b}] Ve next set wp the wave functionse
Fintlt m 1%, ooe S,L 0,8 ) = O (8,504 )

s lincar combinstions of the smeroeorder wave functions, Three
mathods for ecaryring out this computation are deseribed in C2, Chapter
8, 'These are Alrect disponslization, uze of angulsr wmomentum operators
and use of #eqvﬁcr coupling fommline,

in the case of two-olectron eonfimwations, the most convenient
- method s the lastemsndioned, vhich was doveloped by Barie weho ) P . 1
it,use is mede of the transformation froan the mm, schoaw of wevye

Punetions to the In scheme,
Y (dg,ds,im) = r{?—;ﬂ g (Jyinm, M) (J'i Jz. iy My | dided ”"‘)a (3)
10
whore J, +d: =¥ . (4)

A general fTortmlde for the gqoefficlonts in this transformntion was
P \
dovateped by VignerdS), The formuds may be written in the following

useful forms:

¥y 5‘(’7’) m, *MQ (J. fJ,"JL).’ (Jy *J&'J)-’ (J"-M).’(J;—m,)"{p +J'>_+ m,)/} %
(J+d Hut D] i) { @;-J}_-M)_.' Plitm)] (rm))

£ Yp— i e
[@o-my)! (J,_H”l,_)_l Jy=da=mmt iy = <=M

= TG oy mpm) [ G2 o) G )] (@i
(7 +d,152#D)! {@'—J,_—m,){}‘ (5#m))! (dr=my)] (5)

. J
(dydy 2, my JJ,J;J m> =)

JHd bl <Jut g -di s

Garm) (= ipia)] (3! Smdummrl, S0



18

wheps 7 [i"g?“] ig the gererelized hyperpoonetrie series with
Ed

unlt argment,

2 [a’b,g] . 23‘: &(“1),,,(3.4-1'-1)b(b+l)---(b*rr‘-i)dc’fi)'"(“'f'i)

e,f ee+)ees (EH-DE (L) (f+r-1) ! - {8)

r=o

The sosond formaulae may be obtalned from the Lirst by means of one of
the velations given by Bailey™®!, Ihe hyperseomsiric series temuinates
i¥ one of the upper indices is negative, and indeed, consiste of only
one o two Yemss in prectieally wll of the ceses under eonsiderstion,
if the more convenient of the two formulas i chosen.

in these formulae it 1o assumed that J, 2 Jg. 3£ thie condie
tion 1w not fulfllled, use can bo mude of the reladion

ditia-]

W(JLJL J M) = (‘0 ‘l)V(""JLJ M)_ (73

Tables of the coefficients for small valws of §, (i, =+,1,
1%,3‘: ve given in 03, § 142,
Bartlett's mothod consists of the applieation of this tronse

formation o the dwo cases comwsponding to the coreealations

K PELAE LU =gy, J= o, n= i, ()

31.:.:_,_51_‘, Jo = By j=hym=H, {2}

Thus, for exanpls, we find from table 19 of ¢O that
y(stets 57,5 1,00) = £ ()Rl 4) + LR B)],
where 0°(m) is he Peuli spin function. Similarly, from table 2°,

=1, 01, L=1, M= )= Z{A D19 - 40,0 4 (1, 0) »



whore ¢*(,(L,m£) is the one-cleetron wave fumetion (2), without the
spin factor. The muliiplication of these Tunctions then gives us
the desived wave function
& (f'=1 4%1,8=1,L=1, M=0,Mc) = X (s, micd ity Rrymd=f mizo)

wl. ¥ (9= - 1 sfie  JRed e
L X (=, m =t mi=0; AMel,md =}, miFel),

411 the wave functions thus ‘ebtaimd for a glven two-electron
configuration possess a definite phase rolationship with one anothor,
g3 ¢ 8%, §10° , viz,, that wave functions for states of the same
torm satisfy the velations (18) and (13}, snd thet the non-diagonsl
olements of the matriees of the operators 8, and ~L, are all positive.
in the case of confizurations containing more than two egulivas
lent eleetrons, the most comvenient method ies that of Gray and willsl?),

In this method use is made of the angular momentum operators

Lo lgribya(gailyg+ (p-iby) =L +7" (10

o = S -i18 =S e S (11)

These operators have the properities:

L T(8,1,0,,0,) =h (L « M) (L = 5, + 1) B(S,LM,M, -1). (12)
o § (8,1,4:,M,) = A/ (8 + H B - M+ 1) B (3,1, = 1,4,), (13)

jtﬂt {n,s,1,m, pﬂm,e) =h "/(1“’ mﬁ)(lém’e +1} ¢.‘,(n;9;1,»ms ,m,e”l)- {14)

»JL. ¢¢ (n,&;l,m, ﬁm/g) > h '\} (3"" m_; } (9"’ ms *1) ¢¢(n,s,l,ms bl lgmj3, (15}



21

Thus, 1f we have an expression for ¢ (5,L,M.=5,8 =1) in
terms of the zero-order wave functions X (m!,m,,m},m7,.<s ), then
gucesssive applications of the operatora of smd m& ensble us to
obtain expressions for @ (8,L,1/,8/), for all possible ] and M/,
Por the states of any glven torm, thess expreseions have the correoet
relative phuses according to the convention mentioned above (03 ¢ 8%),

The expressions for many of the wave functions of the type
§ (8,L,M = 3,8 =1L) in terms of zercw-order wave fungtions are evident
on inspection. Thue, for exsmple, in the ease of the pa eonfiguration
{see Table 1(b)),

GA=1, A% 1 =1,5=1% ,L=0,M71%,M.=0) =X (mi=f m,=L mi=f om0 mi= mi=-1),

gince the lattor function is the only zero~order wave funciion with
My =1z, M= 0.

In cases where the expressions for @ (S,L,Mg= 8,1, = L) are
not obvious, they may be obtained by use of the orthogonality of the
wave functions. Thus, in the p° case (Table 2) the wave function
g (8=%,L =154, M = 1) 415 that linear combination of the two
zerp-order funetions with M =+, I, = 8, which is orthogzonal to the
weve funetion ¥ (8 =4,L = B,M, =% ,M, = 1),

The wave functions obtained in the manner deseribed above

have no definite phase relationship for states of aifferent torms.,.

{e¢) Ve next set up the wave funetions ¥ B L3 i) as linear combin~ |

ations of the funetions § (8L K M ).



T8 LT W ”MZ M' de Lo, M){s LU, N 8L 7w {18}
Sy,

The coefficients in this expunpion ave given by the formula of Wigoer

{equations {6)}, or the tables in G5, § 15°, with the corvelation
Ji1=8 =L, J=d, mn=, (17}

togotheyr with the relation (7). 7he wave funcitions for the states '
within any fema have definite relative phases. For the states compriae
ing a leovel choracterized by quanium nuypbers 5, L, J, the wave functions

sotisly the relation

/37 (8,1,7,) = 29/ (T « W)(T = ¥ + 1) ¥(8,LT,8=-1), (18)

where

/://hf.' Sl

For levels within ﬁm same term, the wave functions possess the phase
velationship given in 03, § 10°, mumely that the nonediagonel eloments
of the matriz of 8, are gll positive,

The above relation (18) mey be used to simplify the computa~
tions somevhatd, in thet it is then necessary 4o use thoe teblss of €3,
§ 12, for only one wave function in each level (the ome for which W=J);
for the otheyr wave Tunctions ecan bo cobitained by the successive applica-
tion of the operator / t0 ¥ (8,1,7,10) and the operator Z +o” %o
the expression for (8,L,7,18) in termo of the funetions
D (8,501, ).

It is to be noted that in the Gray-iills method the functions



representing the states of different teras have no definide phose
relation, wherens in the Bartlott method, which applies to two~
alectron configurations only, these functions have a definite phase
rolation. In the ease of the pa gonfisuration, which is the only
more~then~bwo electron configurstion treated in detail in this thesis,
the relative temnm pheses were chosen %o agroe with those glven by €8,

§ 4%,

{4) The fourth snd Pinal stage in the computation of the eigenfunctions
_ia the introduction of the breskdown of the pure Huseell-Ssunders or

I8 eoupling due to the smell spin~orbit perturbation

n
By = Z_:' T (r,) .S, {80)
where
' | 2 U (rd)
E(ry) = 2t T BE (23)

Ule, ) 18 a poteniial fumebion represcnting the “effeetive’ centrel

£ie1d in which the 1% eleotron exlsts, emd « is the reduced mess of
the electron. Since this spin-orbit intercction does not commmbe with
the operstors _8 and L, the quantun sumbers S end L aye no longer
rigorously charascteristic of the states. On the other hend the inter-
action texn eopmtes with J, so that J and ¥ s$ill ckarectorize the
states rigorously. 48 o Lirst aspproximation we use the uwsuval procedurse
of taking linear combinatione of the puve Hussell-iavnders wave functions
for states with the same J and M. If we have r such states, represenied

by wave funcbions V.Y, . Vp s we write



Vi (6, L, . 5) = Z: T, (8,1, ), (22)

where, in the cases which we consider, the diegonal cosfficlents a
are epproximetely unlty, since the deviation from 15 coupling is small.
If we put this funedion into the HMamiltonian equation

BT e @ 50,

then the standerd Tirst-order pevturbation procedure for non~dsgereluto

levals leads to the resuld

Hi, .
a!‘,k i .?;a k 0 L k ? 1’ (%)
h!’. - A.:k
where
By = JUHY e
= (8,530 22 ¥r) b, 8] 51,09, (24)

The velue of a,, i& given by the nowselization condition on J; ,

3

?m.

N4

il

e a.‘;o 'E’,'Z.l uk,z. i%)
k#EC

In a few spoclal cases 11; s necessary 0 use the sseond-oprder
appreximation to the weve functions. (Such cases ave the “D), and
45,, wave functions in the p® configuration, and the °F, and ®p,
wave functions in the 4° confisuration.) In those cases the standard
sogsond~order approxinetion method for non~degencrate :Levalsw} leads

to the replacement of eguation (23) by the equation



?;'?:

8 /
Hie ; Him Hok  _ Hi Hio i
ik T jpo 0 i oo ES -ES Eo—Eol ’
(E‘._-Ek) (E;-Ek) mZ k ( K ) ( K k)

(237}

a

For small deviations from 13 coupling, the sscond-crder corvection to
&, is elearly neglizible with respeet to the fret-order value,
except wvhen the latter vanisches. Only two such casea occur in the
confizurations treated here. Uhere they cceur the wave functioms will
_be denoted by ?QFT, to distinguish them from the first-order wave
fumetions Wi.

The e eneygy sepervations, (I - B/}, ave obtained by apply-
ing to the pure Russell~Saunders states (before the apwrbm intexe
action is introdused) a first-order perdturbation treatment involving

the mutugl electrostatic intersetion of the oliectrons

T ow e &
Lo 1 (27)
R cJ

The thooretical evaluation of the temm energies will not be discussed
here, as it is treated Tully in €, Chapters 6 and 7. In particular,
in §27 of 5 the ovalustion 1s carried out 1n detell for the ¥ gon~
figuration; and in ¢ 5*? the term emorgies are listed and compared
with experiment for a puwabey of coufigurations, ineluding all the
cases treated im this thesis, nafely the p°, 1°, p- and & configura-
vions. The term ensrgles Por these latter configwatbtions are repro-
duced in the tables belew. They involve two paremeters, ¥,(nl,nl)

and ¥, (nl,nd}, the latter oceurring only in tho a® emse, These
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paremeters are dofined by the eguation
L ® ® K 5 i
Ha1,n017) = 0* | / B pMa1) R(anin) dnda,  (20)
together with the suxiliary definitions (02, § g8y -

¥y (np,mp) = 3= ¥ (up,np).
Polnd,nd) = 75 ¥ (nd,nd), {29)

F,(nd,nd) =zk; #*(nd,nd) .

Howe R{nl) is $he radial part of the one-electvon wave Tunetion defined
in  ( z) , ead the subseripts 1, 2 refor o the ccordinates of the
individunl electrons. The paremeters ¥, and F, sre chosen s0 as to
£1% es well as possible the experimentally obsorved term energiesl®),
In the thooredienl troabuent of these torm cunersies, the follow-
ing sssunptions are mads:
1} ‘The spin-orbit interaction is mueh smeiler than the eleetrostatic
interaction.
2} The electrostatic and splo~orbit intersetions between configurationas
may be neglectod.
3} Hach electron in a given conficuration is assupmed to move in the
same effective central polontiel ficld, so that the vadiel part
of the one-electron funcitions is in&@wm@nﬁ of the mj valusy of
the individual electrons.
It way be noeessary to modify the second and third of those sspuuptions

in erder 1o obitain better agroement with the sxperirﬁemal enereies.
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Iikewise the evaluation of the spin~orbit ianteraction matrixz
elements (3 L T |22 T () L5 | 50107 1) will not be discussed
here, as the method is fully deseribed in O3, Chapters 8 and 11 {in
partionlar, § 28, 5 111 and 5 811}, These matrix elements ave listed
in 03, tables 111, for a number of configuvations, including all the
enses ponsldered here, and ave reprodused in the tables below for the
lattor ceses. They all involwe a pavameter ,,, which is related
to the separations of the enerpy levels within mulbtiplets, since the
displecements of thoe ensdgy lewols due Yo the splu-orbit interastion
are given by the solutions of the seenlar squations involvisg this
interaction. Indesd, for smoll spia-0rbit Intersebions, these digw
placements are in goneral given by the dismonel elemente in the spin-
orbit matrix. Por the 5° cenfiguration, however, the disgonal olements
21l vanish, and 1% is necessory (o solve the seoular equation up to |
terme of the ovder of ( Cpp ™.

The paremeter C,, is defined by the equation
N G '

= L) §(r)dr {20

Cop = #°[ R0 5() oo, )

where £ (r) is defined in equation (81). It is chosen @0 as to agree
a8 well ss possible with the experimenially chseyved level separaiions
within multiplets. This is no$ possible, however, for the 2p° config-
uration, in which other porturbations invert the doublets whieh oeceur.
In this case satisfactory sstimates of the veluss of §,, are obtained

by interpolation betweon the 20° end Zp? conficurasionsd®),



The second and third of the assumptions listed above in the
tern energy discussion are also made in the treatment of the spin-
orbit interaction. Hexe, too, they mey need medification in ordew

%o get better asrecment with the experimontal resulis.

B. Higenfunctions for the Confisuvations p°, p°, p* and @°.

. The sbove procedurs hes - spplied vo the p°, »°, p? and
@ configurations, with results as given below.

For the p? configuration vee was made of Shortley's resuli®d)
that the formulae for an eluwost closed shell with, say, 7 elecirons
missing, can be taken over almost unchangsd from the formulas for the
aw;w shell when 1% contming only 7 electrons. Thus, for the p cone
figuration, the posaible 5,1,7 H values are the same as for the p°
eonfiguration, and correaponding states in pure Russell~faunders coupling
ave the same linesr combinutions of corresponding seroe-ordor states.
The application of the spip-orbit inioraction glso leeds to gimilar
results, the only difference being that the sign of the parameter },,
is changed.

Tables léli,ucgz(b),Z(c),s(d,) and 3 are teken directly out of Condon
end Shortley, § 67 and wable 1,

Yor eonvenienge, abbroviatlions of the form used by 035, § 58,

heave boen imtroduced. Thus, we write



(17,07),

< ' 1 2 2
Ximyest,my=lyn e =l, m = 0)

i

Pisan, Leg, ¥ =0, «1) {'9,0,1),

jli

{'Dg).

('Dal.

Plewo, Leg T=g s l)

i

Vise0, Led Tag Ha=l)

The zero-order wave functions have slso been given labels A,B,0,ees
flave functions whose phases wers arblirverily chosen sre marked with

an asberisi,



(mbymf,ud,me) (8,0 Mg,Mz) (851, 3,)
at1  a ('D,0,2)%= 4 ('3)%= 4

("0 B ('0,0,0) = 2 (8-0)  ('B) =2 (B-0)
(17,0h ¢ ('0,0,0) = = (24 D-E) ('D) = % (204 D-E)
EARE ('0,0, )= Z(@-8  ('B=F@-8)
(1~1H B ('D,0,-2)= 8 ("D")= 8

(o*t,om ¥ {39,1,1) = @ (*p8) = ¢

atoh e (%$,2,0) = B (°pd) = u

(xt,-1Y = (*Py1,3)= L (e =1

(o*,-1h 1 (*r,0,1) =% (B+0) ()= A(3+0)
(1707 u Cp,0,0) = 0+ B Cr)=H (045
(17-17) ¥ (*,0,-)= 2 R+ R (*P') =& (a4 B)
(0",=1™) P (*pywl,1)= H % =y
(0"« (°p,~1,0)= ¥ (e )= 1

(o 1" = (%p,=1,=1) & P (*r% =p

(=1%,-1) . 8 ('8,0,0) = ;,%- (0-E-F) ('8} = flgm (D =5 = F)

Teble 1(b). | Tern Energies

E(18) = Fo # 10 T
E(4D) = Fg + By

B(°P) = Py - 5 Fp



p* Confisuvation

Table 1(e), Hatrix of Spin-Orbit Interaction ( $=Snx)

'De ] ‘o O
' By o xS
Bj;_'aﬁ ’V—%g
ap, ~4€
a?@ - § ‘VE {
'S¢ 4Z¢ o
Table 1{d). lavo Punctions for the Ferturbed System ¥ (sLa)
CB) = «('0g) + bR vz
e ‘ Mo 0,408, b= 2om TR
CFD = =b{ D) + <(*2d) et P
('So) = v('s2) + a(*p)) :
dw -T2 ~4h Y=VT=d*,
(3Fo) = ~4('32) « ¥(3P7) 15 R
G = () } meo,m.



Yave Tunotions in 18 Ceunling

Gese B. p° Configuration

Table 2(am).
(1*,0%,-1%) & (43,1'1,9;% A
{1*;1 50 B '8,4,0) = 7 (B+1G)
{1*,1",~1%) ¢ (*3,%L,0) ﬁv—'{?"f'i*l""h@)
{1*,0%, 0*) D (*5,%17,0)= U
{1%,0%,-1") ® (*Dy1,2)% = «B
(1*,0",=1%} F (*D,y2,1) = 7z (D=0}
{1=,0%,«1%) ¢ {2Dy7,0) m—v’é-wza»e-mf)
(1,«1%,-1") ® (*Dy2y=l) = jz (HeT)
(0%,07,-1%) I (*Dygy=R) = 7
{0, =1%,-1") 7T (*Dy=~ty8) = K
(1*,+1%,0") K (*Dy=tp1) = 75 (L)
(1" 17,-1™ L (*Dyet,0) = 7= @-0-1)
(1*,0%,07) 7 (*Dymy=l)= 7z (R-9)
(a*,0",-1") W (*Dywi,=@)e T
(17,0%,«17} P (*P, 41)* = £ (C+D)
(17,0",=1") @ ('R, 40) =iz (8-0)
(17,=1%=1") R (*P, ,el) = = (HeI)
(0*,0",=1) 8 (*Pym 1) =0z (L1e1D)
(0%, =1, =1") F (PF,= ,1) = = (M)
(17,0",-1"} U ("B ,=l)e 7= (ReB)

{*s l/i)*‘a A

(*3,%) =75 (BeF+0)

(% f@ = (NePeq)
{*i??ﬂj) = U

(“D2E) = -B

(20,5) = 7z {=xo vz (D=0}
(*pf) = L {eL) -arecen}
D7%) = i) s2paq}
(*07D) = hares)a]
() = @

L. 1%
D,_::_) “J‘%(Qﬁn‘?‘ﬁ*{;)

(lbﬁ;’) = T (B Leit) + VB (s 0mrT |
= 75 (B (-1} + B leaeP)f

{23)‘i'
(D) = A{s-ReadE 7]
( P,L)ﬁa—' (C‘G.‘J}

?‘H‘A) ar{j_ﬁwwr {Jj,.mﬁ-)}
a1 B (e}

{ P;J—} = = (Be5)

(L}:”,L) =

(239‘) = {BeGeiE (Lo}
{11@"1_‘ a E_{%&%m (?%I)}



ﬁ Configuration

Table 2(b). Yerm lnercios

B(*P) = 3 ¥,
B{®D) = 3 Fp = 6 ¥

B(%S) = & Fp = 15 ¥,

Table 2{e), lMetrix of Spin-Orbit Intoraction (C= ()

: 4 2 2y
Doy Dy "By By Hy

<&
R
Oy

o]
o

Table 2(d). Jave Tunotions in the Perturbed System Y (3,1,7,1)=(5,T,7,0)

(*Dgy) = (*Dg}) } o ie s s1f, 2t
Coil)te <0 + ul®sf}) ~ai*Pl)) Heaf a2t
B D) eACS —uEl) b amTEL b= K
i) = al®ofl) » wi’8[L) s v ('R} ) w “‘,ﬁéf = -38b, ¥ “,z%gi:”fab

« =y lea* ; p=I+b* ; V= l-a’-b".
{ng) - izp_,:) } He sl

¥ Second-order approximetions, using eguetion (23').
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case 3. p* configuration

£11 of the formulse for the p? configuration ave the same as
for the p° confisuration, oxeopt thet in the expressions for b amd 4,
Cnp is weplaced by = (,p ; and that in the term enorgy expressicas of

Table 1{b), Fo is replaced by 6 Fo.

Cage &, & Conficuration

Teble Bla). Vave functions in the Zoro-Urder ficheme Z{mi,mi , m%,my)

X (mlymt, m2md)  (abemd, miud) X (mbmb, mimb)
(2%,8") PR O A s (17 ,=1") £
(&°,17) 5 (=517 =® 0',-2) &
(2,07 ¢ (a0 s ")  m
(2",-17) b (s, (0" ,-2") i
(8,20 B (a',-2") u (a¥,-2%) 3
{(1",8") P (=8',8") v (27,17 k
(1,17 ¢ («2 W {(2",07) )
(37,07 H (=2",07) X (87,17 m
(37,=17) 1 (vg",e17) X (87,-2") n
(1",-27) J t‘lwa”‘,«za"} % (1",07) P
(07,27} E (2"a%) a (1",-1") q
(0%,17) L (a*,0") b u"',‘-aa”:a *
(0%,07) o o(g5,-1") e (07,7} 8
(0*,«1")  uw  (3",-8") a (07, »2") %

(- o S B S A e (w1”,=8") u



& Configuration

Teble B(b). Wave Functions in 18 Coupling § (8,L,1,1,)

('5,0,0) s (B4 Veliel~Rn)
“v—g{riia*ﬁ.} ‘*-r{a}
- (B o+ L)}

{'9,0,8)
('D,0,1) = ={& (D + Q)
(38@)%4—‘{2{*4“‘{]}*‘”;:&};"}:{}
('0,0,=2)=fk{/8 (7 « W) = (w+ 8)}
( D 3,*3}&1}—{‘/—? (P e _— ’}f}
{'¢,0,4) = &

('6,0,8) = £ (8« F)

’ﬁl

('G,0,8) mn{m (0 + K} + BYE 6}
('0,0,1) = ={0+ & « /8 (¥ + L}

('6,0,0) =7 ={8 + V) + &(T + B) + &}

('0,0,~L)e = {T « ¥ + 4B (¥ + 9)}
('6,0,~)= =8 (X + P) + 2/F 17}
('6,0,=B)= £(U + ¥)
{'6,0,-4)= 3
(°P,0,1) = (/B (D = 4} +/B (L - B)]
(3P,0,0) = = {8(% -, V) - (I - &Y
{*P,0,=1)e (/B (T = W) «1F (¥ - 5)}
(°P,1,1) = (VB ¢ ~1T @)
(’r,1,0) = &(2d - 2)

L

(.33333«1*1) b

(*r,-1,1)s L(/En <5 p)
°P,=1,0)= £(2n ~ q)

(??,-l,-l)a ;;—_Hﬁ r -3 8)

(°F,1,5) = a
(*%,1,2) = b
(*7,2,1) = 585 ¢ +I2 o)
("#,1,0) =

(*F,1,1)= £ (/B g +/B 1)
(3}?,11"‘%)“

1
(*Fy1y=8)= §
(°7,0,8) = L (8 « )
(°7,0,8) = £ (C - )
{°7,0,1) aﬁz{@ (Deq) +VE (H-1}
$%,0,0) =75 (B - 7} » 8(1 - 8}
{ E‘,G,-l)w,—%{ﬁa (3 « %) /B (W-s}
(*¥,0,=8)= (P ~ X)
('%,0,%8)= £ (U - ¥)
{°7,=1,8)= k
{*F,1,1)= = (VB m +/Z p)
(%%, =1,0)= ——(n + Bq)
(°Fy=d,=l)= £ (/3 r +TE &)
(3,1, =2)= b

(*Fy=1,=B)= u
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4° Confipurvation

Table 3l{el. Vsye Functions in 1S Coupline W (5,1L,3,5)

) 3}3‘4 = g
So v_?f ¥ JF; mﬁ,&_ {B~F+6 b)
'Dg _v__t_{m (K )T u} R, _L_{,;g (CuK)+VB (V3 ew’zem}
4 F47 o
Do =58 (D)-{HeL) L e s (BD=0) ¢/ (HeL) +ved +20448)
R 4 ® 207 )
DY = 7= {B{H+V) w2 I+ 1] A
‘DY = m{z‘{ +V) } 33?:- “/;E'{%(I“I{)*_a(ﬁ_’v)@ﬁ{quh)a«ni’a{m*gg
D @ =N (T+0) ~{He8)
Dy “ﬁw o } 7% ﬂz#r; 43(3'-1%’)+JE(E€~?3‘)WE i“’gn‘%q}
e S Pr;..‘\} V37
B wr{r ( 3~.4 [%QE(P“X)*‘JE(@ r.,.,’z's)+j}
[P
G'q- = A 3.3 A (U-\”‘H’gt}
' . b Rl 77 -
'Gy = 5 (B+Y) e
o 4+
H4B (Ce)RVE G
‘G‘}L =Rio (G Acl } 2423 ,J,E{J_ 2 bedS (BT )}
ey =
! @ L (Ded H+ L, !
'G4 wW"f{J,’.‘ﬁM ® }} I 5.'117: 12 0375 ¢~V3 k-JZ %@"Kg
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Table 3{d}. Tem Znerpise

B{'s) » ¥, + 14 F, + 126 ¥,
G(P) = W - TEH, - 84V,

on g | o . - - L
BE('D) = Fo = BT, + BG Fq

B°F) m ¥y » B8E, - 9 ¥,
B'G) = Fo v 4Ty + ¥a

Table B(e). latrix of Spin-Urbit Intermctien ($= Snd)

; 3en 34 3 I 3 3 3y Iy
'G'+ 1‘4 &}3 Fﬁ;} 338 133 .)j)' & o ad 0
‘G, | 0 S
3 3
ot 2t
5, ,
Iy -x%
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Jp __ng’
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ar Lonficuration
Zeble 5(£).

iave Functions in the Perturbed system V18,5,7,1) = SRR

B om 0,21,:8,58,44

—H [ IPET iy
{('G) = «{'cq) + v7xf) }
CFR) = -b{'ch) +«(*5])

CF) = (D b= 0,21,48,43

CTR) = g (B « £('D5) + ul B

8

(D) = ~2(7ED) sy (') ¢ RUPD) b M= 021,12
BN w(B) - k(DY) + 5300
(2P = (P } o S

- Jwos # ey O
CF) = £0%) + di's})

('82) = ~a(*P2) + €('s3)

Y
b® TR TR sl
: RAIES .
- i A =1 = 2*
2% o L S |
* % oo (F-12 Fa) TelrmEe
- yTF % =41~k

u 125 (FL-5Fa)(F +9 Fa) : m—
ve B

250 (F -5 F X A=) 2 F4)

. ik SN J
. L +30F4) {%m

*  Seeond-order approximations, using equation (2540,



IV, CALCULATION OF MABNETIC DIPOLE LING STRENGTHS

& Hethod of Celeulation

The magnetic dipole line strengthe sve given by the foremla

s (EL 000N e 0 |ts Ly ulm|§eru | @)
MM

3

where, &8 befors,{d & v M) denotes the perburbed RusselleSauniers

wave functions, and
Mo 28 :be (28 <L) + (28 +15) v e (B)

Since we now possess expressions for the wave {unciions llr'{s L J ¥
in terms of mroducts of one~olegtron wave functions (seetion III), we
eould ecaryy out the evaluation of the line strengths in the following

five steps:

{a) Celeulation of the one~electron matrix elements,
(nsimgn |28 + & ns1nn).
{(b) Celoulation in texns of these matvix elements of the matrix
elonents of the type (A |28 + &/ B).
{¢) Caleulation im toxme of these of the matrix elemwents
(sLIu |8+ 8w,
{a) Caleulation in temuc of lweee of the matrix elements
ETTH |28+ L5787,
{e} OSguaring ?sh@ shaolute values of the latiter set of mabvix slomenits

and sumsing over i and ' o get the line strengiba,



&0

Easontislly this procedure will have o be used in the cowne
putation of the sleetric guadrupole line strengths. However in the
megnetic dlpole case it is forbunately possible to derive formmulae
for the matrix elemenits and line strengths in pure Hussell-Saunders
coupling. Thus we find

@IrN{S(s+) =L (L+) #3T(T+)
yT(THD

’ (8)

S(SLT, SLT) =

g ¥ {rLr)=T"
S(SLT, sLT-) = S(SLI-1, SLI) = {7%-0-5) i{f } @

L) Ao e ory @'t

SLSLT, SLITH) = S(§LIH, ST+

£11 other line strengths vanisk. 2 sum rule uwseful for cheeking

purposes may be obtained by sumabion, vis.

ST s(sia, ser?) =@ IFH2TE@HD +2 50D —L(e#D}, -

T’

Lguations (4} and (B} were firet derived by Brinkman®l),  A31
of these eguations can be quite easily deduced fron some fornmmlaes in
08, Chapter 3, as Tollows:

In 585 and ¢ 99 of CS there is given Born mnd Jordan's®2)
derivation of the dependence on m of the matrix elements of a veebor
oporator T in the jn scheme) that is, for a system of wave funetions

characterizod by the quantum numbers j,m, and by other guantum nunbers
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which are grouped together ss "« ¥, The operaitor T has the

cormutation properties

e Tl = 3P~ T3, = 0
@0 Ty]= s hT, (7)
[axs Tz—]"’ -3 A 1}/

togethor with other relations obitainable by eyelic perutation of the
%, v and 2. The matrix clements of T are exprossed in tems of
sealar quantities (« Ji 90} « 7§}, independont of m and m', multiplied

by factors dependent on j and m only. Thus, for example

imlTIin mei) = 3 (3T ) FygEmaXTem (S 1<), (g)

where 1, J ond K are unit voetors in the x, y and z diveetions, respec~

tively. Only those matrix eolements do not vanish for which
(3* = 3)= 0, & L;(m* -~ m)= 0, & 1. (@)

In s 13% is given the result of squaring the absolute values of those
matrix olomonds and summing over m and m?:

ST N wim | Plotim))* =16d i T o<’J‘t')talz-(ajw)(w'ﬂtl)(ld HER) I =gt
mom’

= ed iTi V)| @D ir) |, iF =g, (10)

In §10% of G4 1% is then shown thet, if

J

JQJI*JQG (134)



&
e

then J, end J, ave operators of type T; and, further, that for
those operators it le possibleo to ewaluaite the gquantitics oveurring

in the formlee of type (8), in the ¥ j, Lin mgrsfsﬁntatwﬂam .

They arve
WL J, (3, 4D =ds (do#)) +3J ([ #D
(YJ|JLJ:J|:7J,JLJ> = ‘('zj(z‘(::) 4,
(0 dx 3 Tivyud) = (“*’?Z’JY('J(B;’;O P B,

(YJ)JILJ ; IszA;J;J'D = (Y J', s J-! ;: J—; ::YJ(, \/‘)_ J)

=‘_(¥J" J"' J‘ :: J_Li' Y\I‘l \J‘)_ JI"D = —(YJJ J‘L_ d"l 2' J;. .; X\/‘) \)‘L\)‘)
A B el B SR L D el
T AT @#d*-1) ' (18)

All other such quantitiens vanich.

1% we thon meke the coryelation

(13)

then the above formulae glve us the mfﬁx glements in the 3 L T ¥

scheme of § oend b and hence of M= 2 8 + k. Thus, by addition,

we zet
(scTriasS+lis ta) = S = L(L#) +3T(Tr) 4
Z.TCJ'H)
(LT 1RSHLISLI) = (SLa-1 §28¥LiSLT) (14)

- /\/[J’—(§~L)k}{6+L+1BI—J’L}

ZI <4Jl‘ I)



Substitution of those expressions inio the éq&m&imﬁ of typo (8)
give the matrix olements of M, and substitution inte the equations
{10) yields the desired line strengths glven in oguations {3}, (4)
and {5).

It i to be noted that in the above formulee the relative
phases of the wave funebtlonas have been chosen in accordance with the
convention disoussed in sedtion III, step (b).

Tyom equations (3), {4) and (5), or from equations (14}, it
ie seon that the scleection rules for masmetic dipole redigtion in 13
coupling afe those given in equation (86) of seetion II.

The evaluation of the magnetie dipole line strengths is thus
roduced do the following twe steps:

{a) Caleulation of the line strengths in pure Russell-Ssunders coupling.
{b) Inbtroduction of the breakdown of pure Hussell-Hounders coupling.
Por the second step we have, from equation (22} of section III,

together with the seleection mles for mapnetic dipole radistion,
G L.TM |28 +L|S;L; TM) =é;&£;1];f(s,‘Lkm)lzS+Ll§~ajﬂa&(&Lﬂ"”?)

=22 ala;, (SLTMRSLIS LI

=2 ac 3k (SkLkJ’::ZS"L?S‘kLk‘T) F 7! M,M).
k

The last form is due to the fact that the factor dopending on M and MY
in the matriz elemonte is independsnt of 5, and I,. Squaring the

absolute values of these metrix elements, swmming over I and H', and



making use of the Pfaect that
2 P A 2
S5 LT, 5107 = [§ 1, TirseLi§L.T)] %}r(:r,f,m,ﬂ)} )

J

we gee that

2 ¢ )%
SGLT, LT =23 3,1 (§6Ti28+Li § 45| %/P(J—J’H’m}l ’

and hence

2
S(5:03,5 4,7 = |22 2520 5645547 -

That the positive square root is o be tslen in all cases is seen from

equations (14), in which the quantities {3 L 7! 83 ¢+ L% 8 L J')

are alweys positive. (This is not strictly true, since

(B LJT: 8+ L8 LJ) nay be negative in some spocial ecases, such

as when J = L » 2 and 9 < L < 88 «» 1. However sueh spocial cases do

not erise for the equivalent configurations p°, p”; p% and @®, whieh

are treated here, nor indsed for any eguivalent configurations up to 4 B
In general) the nop-zero matric clemsnts of type (16) possess

nonevenishing terme of the firvst opdeyr of aspproxiuation in the e ffi-

cients of breekdown of pure Russell-Caunders coupling. That is, either

(8,L,7 | 23+ L] 3,L.J") and ayy do not vanish, or (31,785 « L] 5;1;7)

and aij do not venish. (The diegonal coefficients aj; and ajy ave

of the order of magnitude of wnity.) In a few cases, however, this is

not the situation, and the only non-vanishing tewme are of the second

oxder of approximation., In these special ceses, in order %o include

all terwss of the second order of epproximation, it is necossary to use



the mecond-vider approximation to the weave Tunetions within the
sonfisuration instead of the first-order approximations. This swunts
%o replacing the coefficients ayge defined in equation {(23) of segtion
III by the coefficionts given in eguation {(25') of that seetion.

The formula for the line strengths still has the form (17), excent
that the bars over the quantum numbers on the left-hand silde of the
sguation are replaced by double bara.

It should bo noted here that no attempt wes made to inciude
all of the second-order terms in the line streangths. In owder Yo do
this, all of the wave functions would have %o be caloulated to the
ssoond~order approximation., Howsver, the normalization coefficients
oo T Ay, , which by equation (R6) of secetion III differ from unity by
terms of the second order in the coefficients ey, have been vetained,

ainee their inmciusion in the foraulas is g relgtively simple matter,

B. legnetie Dipole line Strengthe for the Configurations _p”,p‘a_,p‘* and 4.

The above procedure has been applied to the »°, p®, p¥ ana @
configurations, with resulis as glven in the following tables., In
the tables for line strongths in IS coupling, blank spages indicate
that the corrvesponding line strengths vanlsh., In the tables for the
perturbed systems, tha disgonal elewents are not f£illed in, since thﬁ;r

have no significance in the problen of Yransition probabiliibise.
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Gase 1. p° Confisuretion

Teble 4{a}. ZLine Strensths in 15 Coupling S(SLT, S1J')
"Dy ot 2P, "B
35 &
33‘)m Li— A 4]
®p 3 =z 2
®Pe 0 8 0
'539 2}

oy e

Table 4(b). Lime Strensths in the Perturbed Symtem S(BLT, TVLVTY)

Ljrog Ly £rd by )
T A ?, e S0
Jrmse 15 2q2 x
Dy z« b £5b 0 0
55, [L870" ot 0 o
*, | TP o™ 2™ 2d
Coond F 3
Py | © 0 2Y 0
| i
S, © 0 24> o




&7

Gase 8. p° Conficuration

Table S{a). Line Stvencths in 19 Coupling S{SLY, C1J7)

2 & 3 4‘ o Q}j 2*;:3
3}*3.}- D’]‘: k},{_— ‘ 4.-14_— ..7':
B 378 12
Dag i &
By /2 43
ik o i
q
fu”{ 6()
BEres, ¥o i
i 5 k
“Pus F o 2
g 3 3

e i

Table 5(b). Line Strengths in the Perturbed System S{SLJ, G151

on,
1

)

ri“l . 1‘51{ 4 'é',t 1?1;:,& z.-:,’::;-i
oy 2o vt g 0
¥y 12" IHAV T saivad ta
B Lyt ¥ fff?alb‘* 12 "(‘.a(a—n')1 :‘;‘-F
T | B gatvd e tr
Lffgt O %’-lt § b g- ¥

; B
* These are second~order line strengths, 3(*S) | "D ), ete.

Case 3. p” Configuration

The line strengths for the p? configuration have the same

form as those for the p° configuration.



Table 6(b).

Case 4,

d® Confirmration
Table 6la). Line Strensths in IS Coupling S{SLT, SLIT)
/ & S 8 & o 34 3 o
G, 7, o ¥ ‘B, Py ® Po ""G
180
NEXy %
9 4 ¢
2 /)83 20
4 kS =
2.0 40
0 e
{.50
/3§ N
~== T 0
& 27 ’
* - 2
0 8 1¢]
Q

Iine Strengths in the Perturbed System $(5iLJ, BILIJY)

'§, °F, °F % ‘D, 7R °P Py ,?50
o up 0 0 o o0 0 o
LY 245 o 0 0 0 0 0
2y At 2t 2Vt 0 0
o o o o s desile o o
0 o %}2;“ 1 F‘(xx—zﬂ) 173 2652) E¥'e 0 0
0 g vk 30(#'5“‘%“?1%{121(38-211)1' % S 0
o 0 0 sut* gp £5* Ji
0o 0 0 0 o 0 0
o 0 0 0o | 0 o | 0

_J

* These are second-order spproximation line strengths !

(’BB‘ 3“) ete.
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Y. CALCULATION OF EILECTRIC QUADRUPOLE LIXE &F

’;?3
=
&
£
421

4. Hethod of Calculatbion

The eleotric guadrupole line strengths ave glven by the

formula
SFLT, §TT) = T s Ly |Zlevsw))® ()
where |
J0 ==e e, (2}
and

ﬁ « /( - {the spherically symmetrie part of /U ) (3)

In this case simple expressions for the line sitrengths in 13
coupling are not svailable. TFormulae have been developed by
rubinowicz®t) for the depeidence on K and ' of the metriz eclements
in 195 coupling {sea s, § 6%). He mede use of the fact that r.isa
yootor of the type T defined in eguation (7) of soetion IV. From

the guanitum mechanies,

RIAITRICTIN) = 320 (< TNIT 1T (T H LIPLK VI
I/JIIN0

where o represents all the gquantum numbers, other than J and ¥,
which characterize the atomie states., Oince the dependepce on I and
Y of the matrix of P i1s known (seetion IV, equation {18)}, the
dependence on M and ¥' of the matrix of F. P , and henece of 7‘(

mey readily be found. The vesults are given in 03, § 6%(8). Tor

convenionee they are reproduced here.
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(«T M| X «"T M12) = D J@ TMNT FH-IXT M YT M) (D)

(« TM|TE\ <" T Me1 Y= D QMEDS (TFMNT £11+1) D ()

(« TM|P0la’ 7 1 ) = DE(3M‘-J*~J) Ao + f(o()a(/)Jj;
+LE o TFM(T FN—/)(J’FM-O(J&MM)/SZQ)
L E(TEame) JTTMXT 7D 3 (£)
EEMASTEMD 4 (5)
=L F J(TFMTFN-)T naxria-d @ (£

"

(« TM |Gl 31 Mey)
(T M| X " 71 pen)
(4 TM|T s TA M)

W I M <7 e Me2)
(T M| I\ L T2 Mr)) = £ F o (M (T XED,

(«TMITI T 1) = VZF /g m)f T - Mm% JZYO).

i

{f

The dya&ies/f and }7 are defined in eguations (16) of seebion II.

The matrix eloments for J'= J = +1 or +2 ave cbtalned from these
equations by replaelng J with J + 1 or J + 2, and using the Hernitlan
charseter of the matrix («J 1) 7C [«3°% ), 411 other matrix elements
wanish. The quantities 0, § and I involved in the equations are
funetions of « , «’ and T, dhus, for a glven configuration, there are
as meny quandities I ap there are levels.

The lins strengths in pure Pussell-ilsundors eoupling mgy then
be found, in terme of the quantitiss D, ¥ and ¥, by squaring the
absolute values of those matrix elements {firvst dropplug the spherically
symetric term £« ,¢’, J) ;’ ), and sumaing over U snd ¥ . e have

ST, ") - £ T(J*/XLffIX/LJ_'Ile‘lﬁ)-DI
ST, TN = STt )= L T (TN T-NaT507-) E : (@)
ST 'T2) = S (0 T2, x ) = T (TN 2T+ X 2T-D(2T) F



${ot Ty’ + 1) and 5{x J," T + 8) can be obtained by replacing J by
J+ 1lord + 2 4in the appropriate fomwlse. 411 other line sivengths
vanish, in agreswent with the seleetion rules (27) of seetion II.

48 o conseguence of equations (5) 4t is necsssary to find
the matrix elements for only one palr of values of I and " ‘) for &
glven « ,«’, J, ¥’. he problem of evalusting the olectriec guadrupole
line ptrengihs may then be treated in the following stops:
{a)} Ve first ovaluete 8ll the matrix elements
(nshmemy |~ePP| ns Lmy” my) in the ons~elsetron scheme of
mave functions. Since {-ewp) is independent of spin, the matrix is

disgonal in the spin quaptum number, sdd we have

(nsRmg mz[-eﬂ"/ nslm,’n&’) = X(mslm5’> (n/fM_QFG"I Mfm_{) )

where, from equation (2) of section III,

Ve

(nAdm l-e"r/r\z?m/>=‘€[°;/° R"(nl)@(fm)@(/m}’)@"'(m)g(morr&'n"@ dr-:(/g}({¢

and P = ruinboon florninbeindJ rreospk

The integration over ¢ and 8 may be easily carried out, the latiter
with the aid of some recurvence relatious in C3, § 4%(21), Homes, if

we define

(> o]
By = ~e/§53{n1} ¥ ar, {9)
0

we obtadn the formulse

(nkm|-crr|nlm) =@W@L+f*l+m9(:ikjj) + (zfz"z,(’—/-—zm'ﬁkk}
(10)

- EY jk"”g'JML sy R
= 1/-;(7.1—/)(:.1+3) s, (o) ¥4 ;,V
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@mzn) J@Fm(LE M) o Eorer) (1)
GA-1 N2 4 +3) s A ()

(rhm |-erp|nAmti) = -

D G D LTS W N ETYY
@ A-1) (2L +3) {12)

(nAm I‘Crrln/(mt,x) & =

The matrviz elsvents for ra/ =me=1andm - 2 follow, as before, from

the elements for n J

am+ ] and m ¢ B, reapectively, by use of the
Hezrdtian charscetor of the mabtriw. A1l other matrix elements vanish.
In what follows, we shaell drop the spherically syumetrie temm

¥ 5,.}7, in accordance with onr wevicous considerations.

{b) Ve next evaluste the matrix cloments of 7T in the Z gscheme of
wave Tunctions. 'his evaluation ls greatly simplified by the following
theorem, proved in 05, § 6% |

theorem: If we denote the set of individual electron guenfun numbers
ok, 2k ,mj by &%, then the matrix component (4|73} in the X schome
of the guantity

F e z: £(1) (13)

(1) venishea if B aiffers from & by more than one individual set,
{8} has the velue

(8)2\8) = +(a*|£]p") (14)

if all the individual sots in A sgres with all those in B exeept that
ak % v, The aign is positive or negative accoxding to the »arity of
the pexmutetion which changes the comventional order of B into one in



which sets in B which match thoze in A all stand at the s pleces
in the liats,

{3} and, i B = A, the dlagonal element is
(al7|a) = 2 (o] le'). (15)

{e} The next svep is the eveluation of the matrix elements
(3L TN )ﬁl 5’51 F') for all possible quantum numbers 5, L, J, 8,
L/, ¥ s and for any convenient poir of wvelues of ¥ and ¥ '. In doing
this we use the expressions for ¥ (8 L J ¥) in terms of

Xint, 3wl mby 0", Xoml ¢ +os) 28 developed 4n seotion III of this

thosis.

(4) Ve then apply equations () to determine the guantities D, ¥ apd
¥ from the matyiz olemonis obtalned in step (). These values may then
be substitubted into cquations (6 to obtaln the line strengths for 1S
coupling.

{e) The finel step is the introduction of the breakdown of puve
Bussell-Saunders coupling. This may be treated in the pame manner as
in the magnetic dipole case, section IV, step (b}, with

(3,1, 85 + Li5,1L,5") replaced by D, & or ¥, and § (7,7’ ,8,1") ro-
placed by a dysdic o4 dspondent on the same guantun nusbers. The
result 18 evidently

3 R
§GGLT,GLT) = /%} 3k 40 S (S4,T,5 L, 37 I". {16)

Here we must be caveful as 0 whieh signe we takd for the square roots.



“e shell clearly be consistent 4F w give to Nfikskxmaga%§23”} o
same sign as is possessed by the guantity o, 2 or ¥ which 1s presont
in the matrix slement (&k L J M | Y74 | 8,1, 'y,

A furthor redustion of the problem of evaluating the elesetrie
quadrupole line strengths was made by Rubinowicz®). Fe developed
some pather complicated formulae for the line strengths in L8 eoupling
in terms of quentities G, ¥ and I, which depend only om 8, L, &', 17,
and not on T and 7. These farmulee are given in OF, table 4. Use
of them would offeect & sisplifleation of the caleulations desgribed
above., Jor in step (e} it would thes be negessary Lo ovaluate only ons
matriz element (5 L J 1) 570734 vetween cash peir of vewms S, I,
and 37,17, {or between the lovels of one tera), insiead of one matrix
clement for each padr of lovels &, L, J and 8 L7, J. Step (@) wowdd
then yield only one line sirength for cuch mulsinlet (a4 multipled
being the totality of lines Joining the levels of one term o those of
another, or the totality of limes conmceting levels of the seme term),
Uze of mbinowier's farmﬁlaﬁ would enable us bo find the copresponding
guantities &; H end I, from which all the other liane strengths could
be ecaloulated by means of other formmlae of the sot.

However, 1t was decided not t0 use these formulse of Hubinowicw
directly in the ealeuslations, but to use them insdoad for cheeking the
results of the ealenlations as oblained by use of stepe (s} to (&)
ahove, In view of the ewmplications involved in the ealoulations, ié

was thought desirable to have ap many checks as possible. 4lso, there
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is an umbiguity in the procedure desoribed ia 03, ¢ 59, for obtalne
ing the matrix quantities 3, & and ¥ fron the quantitics Gy H and I,
The statersent that one should attach the sipgn given in the table to
the positive sguere root of a csyieln guotient should be understood
to imply the taking of a "formally pesitive" square root. Thad is,
the slgns in the fornmlae for D, # and ¥ in toms of ¢, H and I are
o be choson independently of the slgns which mey later be indroduced
in the yalues of G, H and I, a8 well ae in some of the bracketed
exprossions in the teble.

A in the wagnetic dipole case, it is nocessary in a fow cases
0 use wave funetions of the secend a:g*dar of epprovimation. Those
cages aro marked wherever they occcur. Thers was no atiempt to retain
all temas of thoe second owder, oxeopt, ss before, in the nowmaiization

CUABTANLS & ;.

B. Eleetrio Quedrupole Lime Strongihs for the Confimurations p*,p%.p* ama &®.

The procedure deseribed above has been applied to the p*, p°,
pt and @° confisuretions, with yosults as given in the tablesbelow.
In the tablen of matrix elements @Iw those matriz elements which ocowr
on the principal disgpnal, or to the vight of the prineipsl disgonal,
wore listed, since the other eloments may be obteined by use of the
}iemitian character of the watrioes. Ixeept for this feature, blank
gpages in the tables indicate thet the corresponding matriz elements

{or 1ine strengthe) vanish. In cases vhere it is necessary to breek
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g the matrix into seotione in oprder fo ascumcdate thom on the peges,
the metrix clements betuesn siaies ocowrring in dlfferent seetions
vanish, unless otherwise siated.

In the 7* and 7 configuretions 81l of the matrix elements
of 27( in the © I, J ¥ achome wers computed, elthough, as wae indlcated
in step (¢}, only a fraction of thesc were necessary, In the sase of
the ¢ eonfipmwation, the malrix elements (5 L 3 170 8'L5'w)
wers compuied for at lesst twe sets of values of M and N, fur osch
pedr of Jevels 5 L J and 87137, This was dons in order t¢ provids
furdher check in the celeula¥icns.

In crder to save opaee, the metriz olements (4 /721 B), in
the zero-ordsr schame of wave funetions, were fabuwlaited for the p*
canfisuration ondy. In the tetles of Iine sirvengths ia 10 eouplding,

the sign of the O, E or ¥ coarvesponding to each lins stvength is indie-

ecated by the addition of [+) or (-] after the value of the line stvength,

Geso 1. »° Conficuration
1wt (nim|-errl MM’) = o, = O(r:fm

m’ .

Then
W= = ZANF L) 5
w2 JEL (D445 )
Ko=— oo ='ﬁ%f{('0
°(0I:— -lo:--vE % £(+D
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Sonfienzation

Table 7{a}. lelvix Mloments in the X deheme (4 [77[3B)

A B € O K F R =2 & B I i ¥ ki
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" h’_(‘,_, a 0 ”(IO -“{l»f
Z"(oo °(0'I —"(o*l 0
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Conjugates "

%00 fof,_' —°(0-I
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o), +olyo Lo~ o,
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ﬁ Confipuration

LS Cowpling (SLau|TC[8rrtg )

D3 T P ‘D2 15 So
35, A (o) s ) E/ESAE | iae
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e e R SR . R T AR T
s 5 (0 sht) FpAO 4 o SH0) Fde o 2= £
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p® Configurstion

D{ Dy Do) = = % &
B( 8p, S) = O

F( Dz, 8o) = - HE g

D(°Pa, Ps) = 55 %
o(%p,,% ) = ~ 7"5 82

E(°P2,°P)) = = 5 %

F(°rz » 3P°) =

)5

L a

a( D, D)"""“}{‘;‘%
G 8, 8) = 0
|

I o, 5)"";;:;{*83

B @ .
G(P;P)E‘/”%ﬁz

Table 7(d). Line Strengths in LS Coupling S(SLJ, SL'J!)

59

/ Da Py 3?‘ 3‘?0 ’SQ
2% . L /6 (.
‘/?52- ( ) ‘/-:;é Sz, ( )

77‘?5;(* ) %S..L(‘) —f:: 5.0
2570 5.0 0
‘/%‘ 5:(') 0 0
0

/ v
Lhus, ()




_P® Configuration

Table 7(e). Line Strengths for the Perturbed System S(SLT s SYLATYY

T N RN A (xdivds,"  Llwr-bd)st
2t b s* 2’ /%;(«7—26J)z}f X (b rad)’s,”
2 L2 3 s £
2 bs, s, 0 O
LY .
%(x«dwb) s, /% (v-2bd)$," 0 0
4 (1 ¥~ bd)tcj -/‘—"5, (xb md)’.}f o o

5




Gase B. 1 Confieneasion

he expesssions o, wdoh wewe swelusted In enew (1) coouw

hore alot.

o b e CRE w e
R0 SSA® o o -‘l‘ﬁ" ae o
B |madl) Fede  E: g 0 Bede) FEeA
05 [ nd() 22 e CEAO)  HEa gl 22 o RS
EESAO O 2E ) 2w e Bl 220
wE 0 Izde }—;;ai(' L) e dD ~2Zadf)
0% o 0 e crsgf® O =gl
RUICTICINER gl 0o AL Hdd
"Dl B fl) i 0 s 2Eafll)  Lsd()

RECNC 0 2RO 2Zaf () SZalll) EZagh
TEl 0 W B 0 g:;;ai (0) FEalll> ~E20

411 the other madrix elements vanish, except for the elerents

(*2 | §1) 08 ), which ave the complex conjugates of (*B)70) *rf ),



P Configuration

Table 8(b). The Quantities D,B,F, end G,H,I.

2 £ Ao
B(™Dys Pul) = o2
B‘S LD ‘ LP . %—ﬁ’:
("D, PL} I5T% 1(*D, P) = 5
s ¥
b1 LD,L N ’.:":I_L } o S )03
> s_v?
7 %S,
EPDy, B ) s B2

"Dyt L‘i)lt 8, P ’“P{
LD&{ f_}g} (;} i/g_észz_(_)
2 iy 2 o
LD"{- . 1_% S, (-}-) '2?5). (1—)
*+a
1%

1 . 5. .

P | 54 1 54(3)
Lp /6 % A 24 +

| Ls () b 50
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p° Confipuration

Table 6{d). Perturbed System Line Ztrengths S{SLJ, St1LVJ?)

#ik ke i i F1
% ’51%- I-‘;é al‘g‘_ f_}; bLSf‘ fﬁ- 7 LS: fﬁ- S,_L
L-‘ﬁ,h 53_'-?, g i—“—; &% :'_;xxr % TSI N
- L Ny 1YGvab)s’ T
L?.s't 'i—.% XLS: ;:—-; o("ylsf g()’v-& D\S:-* i__‘f_ a* Sz.l
zﬁt 7{% S':. :-—_';-04133 z__}z_V}SL\_ £ %‘;&LS‘L

: . . g4 2
* These are second oxder lime stremgths S('S5), , "P1), ete.

Case {B). p? Conflsuration

The line strengths for the p* configuration have tho seme

form as those for the p° configuration,

Gane (4) . &° Confisuration

le% &
(nzm|-epP| n 2 m”) = Brm: =LBmim

™en  fn= far = ~3 YT 5 (£ (0)
Br = b= THE s R (0)
b= N0
bow by = —3 s B(D) bu= A,
bomboe = ~EVESAED = fons = 4T 5 ALY
broefuo = “HESAD  poefo, = ~2)ES A
fm ez s O by = ~Esd(d

"%‘SL 05.<-'>

B

B

i



d° Configzuration .

Table 9{a).

atrix flements in the Pure Russell-Seunders Scheme (SLiy |dC|srrrgeue)

(st IR 8%y =0 Prs T %2)) = 25 & )
(3p 1] 220) =0 28 V| #28) = Zesudf (D
(‘02 U W) = £ s (0 <333~;’ 17| 5@3) s —HZs A (D
(a2 170 ‘o)) = -2/2s.d0) CRHIT ) 28d) = 2 sd @
(02 1) '8 = g s d @ Cr3 10 28 = 22l (D
Cad 1701 '82) = <E e cef 1T 72 - -W‘s 73S

P\ T 2ed) = EEL () cr2 ) 22k a_/,saai(‘l)
) 1T °rl) = -A73d (0 Cu2 1R | 2ol

ey IR 28 =434 () Cuz %) 2 ?.) - ;r.wt(o)
s |5 = 2R oz 1T ) = 2 ad e

[ L T f 7 3. =P uE -
Cr2 1T 12 =275 d 0 x| .::’:) w255, (L (2)

Table 9(b). The Cuantities D, B, ¥, and G,I, 1.

B('sg ,'8,) = 0

(]

('Dgy Dy) = Frs a{'n, D) = %
;}{ 'WQ,IG,’) e -#S; G('Gg ‘3'} o -5%'5!-
B’ Py, }.‘"-) s s
;}{ B 2P ) = *;55;

- " - ™ Iy L
p(’y ,’x},} G(7p, %) = 5%

&
<

a3 5 -1
By 3.&;’& ,3 ¥, J o 5 S
wi{3d3p. 3Ip ) Uz S
# ( J»g 3 9 3 s

B{’p,,’P,) = 0



&® Confiruration

fable 9(b), The Quentities D,B,¥, and C,H,I. [eontinued)
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Table 9{d}.
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VI, NUERICAL CALOULATTONS

A« Discussion of Method

Mumerical calculations were made of the magnetle dipole and
elestric guadrupole tramsition probabilities for the mp®, rv®, mp?
and 36° conficurations, n having the values 2, 3 and 4. 4bout Tifteen
atoms were treated in each of the.pf configurations, those being atoms
in @ifferont stages of lonization. The formulae for the ¢° configura-
tion were applied to only one case, that of Fe VII. All caleulations
weve carried out to three Pimwes; and two flgwes were taken as
aignificant in the finel results., The caleulations were repsated in
a slightly differont manner for checking purposes, and were chegked
in other ways wherever possible.

bata concerning the extent of the breskdown of pure Russelle
Seunders eoupling for the pK configurations were taken from e paper
by Robinson and almrtleym). They made a detailed anslysis of the
%, 1® and p¥ confipurations fron the point of view of intermediate
coupling theoyy (05, Chapter 1l). By considering the deviations of
the term and muldiplet ioterval ratios froam the' values predicted by
the pure Russell-launders coupling scheme, they obtained values of the
paraneters Fy(np,np) and §, b for a 3.&1'&;@' pumber of atams in verious
gtages of lonlzation. These pavamaters enter into the expresgsions for
the coefficlonts,defined in equation (23) of seetion III, which give

the perturbed wave fungtions in terws of the pure Russsll-faunders



wave functions {ef. Tables 2{e} and B{e)}.

Hobinson and Shortley found that the parameters ¥, and C
agreed fairly well with the valuss which were obiuined by using
hydrogenlike radiel wave funcitions in #;h@ equations defining ¥, end
C , topether with appropriate sereening consbents which were baken
to be constant along each iso-electronic seguence, The sereening
constants for ¥y, and C are diffevent. Thus, 1f we substitute into

sguations (28) and {30) of seation III the expresaions

~Zr Al 2+ Z
-£-1)] 6 Z < i__':
R(“’L/@“"‘ Z (m-A-1)! " ha (2;&_:‘ Lw’e na,,>’

n*a, o) }’?

»
E(r)m:%u,

and then introduce sereening constants, we get
?amp,ﬁp) = 771,86 ‘EA - 0';-#)

Fo(3p,3p) = B18.9 (% =~ 03%) {1)

Fol{dp,dp) = 1749 (2 - 77, )

Cn o D828 (2 = Sono ) s
Po( Fe T L 1) N

ihe wave numbers of the forbidden lines for the atoms of the
pk confipurations were coampubed from the term Jlevels taken fyom &
nusber of sourees. ’mam gources, which are anong those listed in
the bibliography to the paper of Hobinson and Shortley, ars also
listed in the bibliography to this %haaia%). The atoms whose term

values are rocorded in eseh of these artieles is placed in brackeis



following each reforence.
The exprossions for the transition probabilities in the

eleetris quadrupole case also involve the sqguaye of the intsgral
2
s,(nd) = ~¢ /W{R("j))? redr, (%)
]

Those integrels were evaluatod mwiericelly by condont®) for 0 I, 0 II
and ¢ I1I, using Martree self-consistent field wave functlions caleuw
lated by Hartree and Blaakgﬁ) + Bowever, such wave functlons were not
available for all the atoms treated here, so that a eruder approximation
was noeessary. It was decided to compute s, by using hydrogenlike

wave functions, together with appropriate sereening conatents. The
integral, which ic essentially the mean value of »°, is then given by
the formmla, in atomic unite

8,(n,d) = 25 s 1 -8 -850 (2)
2z - 03, )"

That this screening constant method is a ressonable procodure is
indieated by the resulids of hHobinson and Shortley for the paremeters
¥, and ¢ . In the absence of a set of screening constents charactere
istic of 8., the screoning constants corresponding to the pavameter ¥,
were used, These are the intercepisz on the 2 axis, in the disgram of
7, @8 a funetion of Z, of the straight lines (with hydrogonlike slopes
given by equations (1)) which dest £it the values of ¥, detemined by
Fobinson and Shortley. The scvcening constante for ¥, were used

retber than those for ¢ , because G ng 18 essontially an average
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! and

value of » %, whereas ¥, io essentially an aversse velue of r~
-8, /e is the mosn valus of ¥". Hence the screening constent for F,
should be closer do the true screenling constant for s, than that of
Cng o

There is an alternative method of securing a screening comstant
for wse in the computation of 8,. Thie conslsts of the use of the

following spproximete formulae for the absolute term energies,

2

» (n,1) »g%(z«m I

2
& *ﬁ% & )/0 3 (S)
{n + 1}"

where » (n,1) is the wave mumber difforence betwesn the (pl)k
configuration and the (nl)%~' configuration; Y, {n,1) is the wave
maber difference betwsen the (nl)® sonficuration and the (nd)E~!(ns14)
configuration; 2, is the ned charge on the core comsisting of the atom
under consideration minus one electron, and {2 - 0, ) is the effegtive
atomic number of the '(nl.)k sonfiguration, The second expression Tor
mast be used in the csse of ¥Fe VII, where the sbsolute ferm values
are not known., This method was not used, however, for the computation
of the transition preobabilities, as it iz not likely to glve satisfac-
tory wvalues of the sereenlng constant for atomgoin lov stages of
ionization.

For the %4 configuration of Fe VII, all of the torm values
except that for 'S, were vaken frem data of Bowen and Ea1én28), e

'S, value (65707 em”™') was taken from some unpublished wark of EALen.
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{Torm valuss for the 33" confisuration for the isow-electronie
soquence frem Mn VI ¢o Wi IX had been obtained by Cady®?), but they
were later shown o b in error, snd were thorvefore not used hers.)
In this cese the theoretical expresgions for the tomm separstions
involve the two parsmetevs Fy, and ¥, . These constanis were computed
from the expsrimentel velues of the 'D « %9 and ®p Sy BOparations.
The reason for using these two separations rather than all of the
term levels is that the 'D - ®P interval is of eritical importance in
the ovaluation of one of the coefficisnts {k) in the brealkdown of i3
eoupling, and it was con_siderea advigable to toke the walue of this
intervel equel to the experimentel one, ‘he values of Fy, and F, thus
obtained fit the 'S = °F separation fairly well, but the '¢ ~ %7
theoretical separation is then 2340 en” too low., The luck of good

agreement is indicated in Fig. 3, which is a plot of the separations

B('De) = B(®Hp) = 5 T, + 45 T, = 16129
B(Prg) - B(®0g) =168, = 756 ¥, = 19509 (8)
B{'6y) = 8(°HRy) =125, + 10 T, = 27570

B{'8g) » B(Wy) = B F, + 1357, = 64361 .

The mumbers on the right hand sides of these equations are the expere
imental values, where the statistical moens of the levels in the ®r
{and ®7) torms have been taken, according to the formule
BOL) e 2 (89 + 1) B
> (er e 1)
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Theoretically the four streiht lines should intersect in & common
point. The figure indicetes that st lenst one level disagress with
the Slater formuls.

Me. 3. Towm Sepsrstions for fe VIX

300

R (cm™)

Z00

The paremeter C,; fFor ¥e VII wac akon as the average of
the values obtained from the ®P and ®F muliiplets, using the fact thad
the displocenents of the lswels within the multiplets by the apine
orbit interaction are approximetely smiven by the & agonsl elenonts
of the matrix of table 3(4).

The integrel s, was obtained by use of hydrogenlike wave
funetions, togethor with e serecning constant, The latter was taken
te be the mean of the two screening consianis dedueed from the values

chosen Lor Fp and ¥,, with the aid of the hydrogenlike formulae



7%

3?;’3(%;3(@ = 2084 (:" w O3y )': ‘ )
£
}:“4_ (3&,5@} = 1447 {2 = 7] Yo

[

Be Humoricel Hesults

In order %o give some idom of the uneertasiniles involved in
the caloulation of the integral a,, table 10 lista the values of s,
obtained for seversl atoms, wsing the two approximate methods dese
eribed above. For ¢ I, O II and O IIL, the values of &, cbialned by
mmerical integration, using the Hartres-Blaek®S) approximate wave
funetions, sre slsc tebulated; and for ¢ I, ¥ I and N II the values
obtained by Condonl®) from the Brown, Bartlett end Dunn approximate
wave funetions®®l are 1lsted.

Az was pointed out before, several errors ocouwr in the caleuw~
lations which Gaaéon;a) made of the transition probabilitics for a
few of the most lmporiant aboms of the pk eonfiguretions. In order o
facilitate comparison of his results with the onee obtained here, both
sets of reoults are listed iz Thbles 11 for the ecases 0 IIX, © II and
o I, “tevenson's rasul%ag) far ¢ 111 ave alse given in Table ll{as).
Zince Condon used & more accuvate method of computing s, (numerical
integration, using Fartroc approximate weve functions), anpthoy
eoluan has beon added to the teble, giving the resulis obtained by
application of the more sccurate valuss of g, to the forpmlae developed
in the preeeding sestions. It io interceting also to compare this
column with the resulis obitained when the less asccurate velues of s,

vers uwsed. Some of the smaller differences batween Condon's resulis



and the results obtalsed hexe by use of the move ascuwrate valuwes of
8, arve due to olight diffeyenmces in the procedure of saleulation.

in Tables 1B svo listed the magnedic Qipole and oleocirie
guadrupole transition »robabiiities for fifiy-one . aboms in the
configurations np®, np® and ap® {(where n = 2, B or 4}, The values of
the paraneters ¥gs Cppand &, used in the calevletions are alse listed,
dogether with the ccofficlents b, d and &, b, vhich are o meoswe of
the extent of breakdown of 18 coupling. These tables indieate the
roladive contribubions of the two types of redietion to the toisl trone
sition probabilities.

The total transition probebilities for these aboms in the npk
gonfigurations are listed in Tables 13, In these tables there are
also given for convenience the wave lensths of those astronouically
obsorvable lines which would be expected to be strong under nebulayr
conditions. The lines vwhich have been cobserved up %o the grasém Hime
are indieated by underlining the corresponding weve lengths, These
wave lengths, end the information ae %o which lines have been observed,
are daken from & forthcoming article by Bowen and %?zyaaﬁ) ”

iable 14 contains tho megmetie dipole, eleetric quadrupole, and
total transition probabilltles Dor the 53% configuration of Fo VII.
The pavempters Ty, ¥y, &,y and sy aro also listed, together with the
goafficients b, 4, T, Xk, v, v whieh oocur in the wave funetions fer the
perturbed system. As in the case of the p¥ confizurations, the wave
lengthe of the astronomically observable lines ave glven in the same
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teble, the observed lines being underlined,

In opder to nlumrétes the extent of sgreement of the
theopetically detorudned tronsition probabilitics with the ezperimen-
$al relative intensitiss, the rélatiw intensitice cbserved for the
Porbidden lines of € IXI, © I¥, © I end Fe VIl are listed in Tables
13{a), 13{b), 1l{e} and 14, respectively. These values ave faken
from the arﬁiele} by Bowen and %Wﬁ@s} «

Tor comvenience we shall use a slightly different notation
in the %b;}.@é than wes used in the discussien of trsusition probabii-
ities In zeetion II. The probebility of trensition fram a siste 4 o

a sdate B of lower enevgy will be denoted by the exprossion
4B - &)
instoad of the fommer expreassicn

Ala,B),
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Table 10. Comparative Values of the Integrals

8. {n,l}] = =0 /a}zﬁ(u,_m dr, in atomie units.

Sy, from Lpprox, s, from Sereaning Sy, feom Sereening
Cenfiouretion Som Yave Functlions Conatants of ¥y, ¥ COonstents of idsolate

Torm Values
8p? eI 5435 5,21 9.06
¥ I 2.8 8,50 Bed5
0 1T 1458 1,55 1.86
A VIII 559 357
3p> 8% 1 12.8 35.4
¢l IV 8455 5409
8p? w1 3,45 4,80 7403,
o 1II 1,75 8.45 2,50
34 VIII 338 BB
2pt 01 B 44, 2,94 7 .40
si VvII B85 L5
34" ™ OLIT 7.68 6,46

Te Vil 1.38 1.82
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‘Table 11{a). Comparison of Results with Those of Condon

and Stevenson, for O IT1,

Trans. “robs. Das, robs. (heerved
- iking Sereming wing Tertres Condw's Stewenson’s Relative
Fpe of Const. value Uwe Rmellm Ipadlis lLosults Totensities
Transition Had'n. of 8, value of 8, /nsec’ /nsec”’ NGG oY
I'n sec” /n sec’
a’e, -3,) @ .4 14 108 .38
A’ -'S) g 0011 00081 L0005 1.9% 10
al'ng-'8) g 247 240 1.8 948 25
3 | -G -7 -6
AP, ~'Dg) g 1.3%x10 2e6x 30 0 €s7x 10
A’ - ') @ £0055_ 0085 . W006_,
a 8.0x 107 5.8x 10 8x10
Total L0088 L0085 006 L0096 430
A%, - 'ny) @ 016 _ 016 _ . J018
& 5,85% 10 3.9 %10 1.8x10
Totel 016 016 018 L0820 18200
AP, - 8,) q 58510 4,8%20
ACD -39,) 4 0,720 9.7%20,,
g le3m 10 Gadx 10
Total  9.7x307° 9,7x107°
a2~ %p) 4 2.6%10°  8.6210°
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Table 11(b}. OCoumperison of Fesults with those of Condon, for © IT

Type of Const. value

Trans, Probs.

Trans. Probs,.

Observed

using Screening using Fartree Condon's Relative
Wave Funetion Rssultes Intensities

frangition Sad’n. of s, value of &, /n sec’  [HGC 708Y)
/n sec-’ /n sec™!
' ﬂ:a .45 1.0 175
A(PDy- P - 4 0084 0084 +50
q + 268 188 1.8
Total 27 14 2.8
.fé\( 2}333,17:" l;;f’_i } 4 oL6 LTS 1.0
APD- %) 4 0149 0149 50
. v « 115 L8544 78
Tobal W18 069 147
aPng-R ) 4 0093 20093 1.7
q £ 86 «2109 16
!-?O'bﬁl cm 012‘3 5&"
a{ts,- *2.) @ 078 77 041
.1 4 1.6x 10 ?053519_7 4]
Total 098 D78 041
AMtsy-3m) 4 081 OB 048
Q@ 1.8%10 6.0 x1p7¢ 0
Total 963’1 381 PR TRy
A*8y-3Dy @ Lm0 6.6x1077  57x1070 11
Alf3,-%D,) 4 2.26x1077 0 L86x1077 4,0=x1077
* g BJ6x107° 4e28 %107 2e36 21077
Total l.ax1077 P xi0TC 2.48% 1077 20
MPPgm) 4 8011077 6401 210"
4 7.68z10°%  3.90x107
Total 8.0 x10°" 6.0x10"
A*D,"W) 4 Lox107 1.5%2077
g 4721077 8,3 x1077
Total 1.8x1077 1.5x3077
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Table 1l{e). Compavizon of Hesults with those of Condon, fox O I

Trens. Fyoba, Trans, Proba. Observed
ve of using Sereening using Yeridree Condon's Relative
Transition Had'n. Uonot. walue Vave Funetion Results Intensitice

of &, velue of s, /n se<’ (NGO 7087)
/n see”’ I'n ;ec".
8, 2,84 Y 8444
APP-'B.) q JO018 J0013 00016
ft{3p| ¥ ,So) d .3..0 010 lla
.\’33.( ’}:);L‘ ‘30) a B8 lcg 240 &
a’r-'n) 4 2018 OB
q 9.4 x1077 845 %1077
Total JO015 013 L0785 59
af’r,-'n,) 4 0040 #0040
q 1.83210°7 BBxI0”°
Total L0040 0040 0085 85
ACE.-D)  aq 2,0x10°° 1.4%x10°° 0
A®?.-°P) g 2.3 x10°7° 1.6%x10°7°
a’».-’r,) & 1.7 5107 1.7x10° 7
ACR-PP) 4 8.8%1077 8,8 x10
a 2,8% 10 2,0 x20°7

Total, B.8x1077 B8.8x10°
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A{F, ~ 8y)

Table 14.
% 3 -1
Transition Probabilities for 34 Configuration of Fe VII, in see .
¥, = 1988 om” b= 0804 u = 0,00808
¥, = 187,95 Gm 4 = 0485 7 o= -, 0188
$i0 = 948 em™ £ = 718
8, = 1.87 at unite ko= 0,318
Hag Dipole Hlee duad. Total Hawe Uhaerved Hel.
Transition Trans Prob. Trans Proh Trm Prob. lengbhs Intensities
RGO 7087
A0 Py - \8,) 4.86 4.9
A( 'P = ‘b") 3.95 9!0
A{ Dy ~ 'So) 55 .8 58
A F = '8 85 .59
s P - G«) 000268 L0087
A§ ga - g ; L0554 L0035
A - Gy 548 00878 56 B759,9 <5
Al z“ﬁ‘ ~ 'Gai 374 000885 W57 BE6T 4 8
. A{PFy — 'Ga) L0188 .0@19 3457 .3
A(;P, -%%,) 00732 1449 x 167 L0075
A(°P, ~ ’B,) 4,20 x20°  4,2x120°
A(ID, 7 OPy) 208 2419 % 207 «20
A% ~ 7P,) Jd68 «15 52761 3 4
Af ;If‘a -®) 104 00619 13 4042.5 % 2
A{°F, ~°P;) 0883 L0077 038 4699 ,0
822, -7P ) 00107 0 . .00l
A De = P} L0880 1.94x10 058
A(sl‘g - P ) 2254 .28 5156,5 ]
ACE, R ) Lo0291 14 e 459%,9 3%
Al 39 - :*> ) 8.95 X107 9.0 x187
A{°F, - °F, ) 318 31 4089 .4 4 9
ALR, - D) 00686 0069 6599.7
Af 31"3 = ‘Bm) 801 00194 80 6085,5 <4
ATy - 'Dy) 4B 00143 35 5780.9 &
AU, ~"F ) L0419 6,16 %10 ; 043
A Fg e 5,21 x 10 5.2 x10°
L0804 2,79 x14° L0890



25

ViI« DISCUSSION OF 79T RESULZE, AND CONOLUSIONG

&e Validity of the Methed
The theoretical derivation of the formmlae used in the

caleulations duvolves the following sssumptions:

1, The eleetrons way to a fires approximation be regerded as moving
in a contral Piold, without mutual interastion. that ls, the
difference between the muitual electrositatic inferaction of the
oloetrons and soms appropriately chosen central potential fisld
is small enough %0 be treated by fivst-order periburbation theory.

2. Dach eleetron in & given configuration is essumed o move in the
sane offective contral potential field, so that the radial partsof
the one-slsetron wave functlions ls independent of the n I walues of
the individual eleotrons,

3. the electrostatic interactions between confligurations may be
nogleated.

4, The spin-orbit interaction between confipurations mey be neglected.

$. The gpin-orbit interection iz veuy sowll in conperiscon with the

elegbtrontatic Interzotion.

The fizet two of these ssswptions are ueceasary Tor the Slater
method of handling meny-electron problems (C9, Chapier ¢). The segond
iz involved also in the thoory of the Hartree self-consistent fleld.

The neglect of confimeation intevaction and of the spin-orbit portuvbas

tion then leads to the Iussell-Saunders scheme of charagterizing ersyey
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levols (ﬁé, Chapter 71, in which the theoretionl expressions for the
term levels eve derlved which are lieted in Tubles 1{c), 2(e) anc’i 5{d)
for the gonfipuredions of interest hore, The £ifth sssumpdion s also
nesescery in the disoussion glven in seedion IIT of the byreskdown of
vare RpaselleSaunders ean?l&:ag. |
ome doubbe are oast on the valldity of the Slater troatmont
br the parﬁiai lack of sgrosment of the thooretieslly prodicted dorm
separations with the experimentelly observed sepavations. Thus for the

2p° eonfisuration the “later treatment predicts the interval ratio

E(1D) = E{OP)

For 0, M II and O IIT this ratio turns out to be aboub 1,14 (3,4 57),

It may be possible to aescount for the diserepancy on the basis of
interaction of the 2p° configuration with the Zp np eonfigurations or
with the 2p* configuvation. Similer diserepancies oecur for the P
and pT configurations. For the 33° configuration of Fo VII it is seen
from Pigore 3 thet the Slater formmlae do not £1t very well., ¥Fere
slao conficuration Iinternetion mey be the eaunme of the disererensy.

Meffionditics nlao arine in 4he comparison of the theoretical
expressions for the multiplet interwals with the obeerved values,
Thase differénees eould porbaps aleo be resolved 17 a treaitment of the
configuration Interacticn were aveilable.

The size of the spin-orblt interaction relative to the slestroe
static interaetion determines the extont of breskdowmn of 1S coupling.

A measurs of this breskdown of coupling iz obtained from the coefficients



ByByy weee . which give the wave funcbions Jor the perburbed system

in temme of e uwnporturbed Msssll-Ssunders mave Daelons. It is
seen from the nwmerical date in Tebles 12 and 14 that these coefficlents
aye for the moest pard ma.u,' being less than 0,1, This furplishes &
justifieation for the use of the firet-order ppproxizmtion method,

sinee the sceond-ordey corrections ave of the order of (0.1} times

e flrast-ovder torma.

However, the coofficlents of breskdown of coupling incresse
with ineressing degree of lonfzation. The firsi-order treatmend is
therefere loss dependable for the more highly ionized atoms, In the
gase of Fe VII, one of the coefficlents is numerically sbout 0.3,

Honce the fivst-order treatment thers is probably insdequate.

The treatments of the g, integral is also rather inadequate, as
may be seen from an inspection of Table 10. A more ecamplete set of
Hartree self~consigtent field wave functions would ¢lear up this diffi-
culty to a greet extend. ‘

In spite of all the difficultics discussed above, the method is
substantially a sound one, Thisis borne out Ly tho reasonably good
agroeomont which ig obtained with the observed intensitics in nsbulay

and novae apoctra.

B. beeuvagy of the Sesulbs
AlL of the caleulationd were carvied ot to thyee figures, and
o flgures wors rebtaiped as slgnificant iv the Mpal resulte, 1Y is

heped that the numerous checking devices vwhich were used succecded in
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oliminading mumorlical exrrors in eajeulsabion.

The detormination of the parameders ¥, ¥, v , and the
goofficicnds in the breskiown of pure Hussel-Saunders coupling is
complicated by the Aifficuliies dicoupsed in the preseding seobion.

4 Qotailsd snalysis of the B, 1° and p* configurations was made by
fobinson and “hortley @), emad the weluss which they determine fow the
parans beTs #re probably as good as one could get without & complete
investigation of the effect of confiowration interaction, These values
ghould be good $o within 8%.

in the ease of Fe VII, the paremeters chosen may be ez much as
10% off, due %0 the Qifficultics illustrated in ﬁignre 3. ‘he cholco
“of the pavemeters ¥, sud ¥, is unfortunately q,ame gritical for the
evaluation of the coeffioient k {defined in Tedble 3(2)), due to the
faptor (¥, ~ 12 ¥, ) in the donominator. & chenge of k in eltler divecw
tion by e factor of twe is quite feasible, It is suspecied, however,
that the value of k sctually chosen is somevhat too large numerically.
The large wslue of k al&é ronders the first order éppr@xim&tion treat-
ment for Yo VII probably inedequeto. 4 cauplele seconi-ovder poriurba-
tion treatment would probably chonge some of 4he transition probabilitics
by as mich as 154,

The evaluation of the integral s, lniroduees en edditional
uncertainty into the ebsolubte values of the electrie guadrupcle tranaitién
probabilities., ¥Fram Table 10 it is seen that the walwe of ség {which

ooours in all the eleetric quadrupole transition probebilitices) is
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vmc&r‘bain by about & factor of two.

Spmarizing the above disoussion, it would seem that the
magnetic dipole transition probabilitics are securate in sbosolute
value to within about 25% for the p® configurations; and the cleetrie
guadripele transition probabllities should be good in absolute value
$o within a fastor of two. ‘The relative values for purely dipole
transitim., or for puroly quedryupole transitions, are of courss con-
sideorably move aceurate. Until the 4ifficultiecs in the 3d° confipura-
tion of Pe VII are eleared wp, a0 thai the value of k can bo roliably
determined, the results oblained for e VII ere valid only as an

indication of the %ype of resulds to be expocted for this abom,

S» Agrecmont with Cbservation
From the yesulta listed in Tables 1l(a), (b} and (e} 1% is
seen that the agreement of the cbserved relative intensitiss of lines
vosseesing the sams woper level with the theovetically predieted
relative values 18 quite good for the obsorved forbiddsn lines of 0 111,
¢ IZ and 0 I. The agweement for other atems of the ¥ sonfigurationa
iz algoe quite satisfsoteory. Of course 1% iz to be rouernbered that the
obasyvaeble lines posgessing the sse upper level usually are menbers
of a sltislet, for which approximate values of the rolative intensitics
ara predictable withouot thoe extended analysis prescwiod hore.
The asrecnent with obsorration for the relative indensities in

the ease of TFe VII is surprisingly good, in view of the dAiffiouliies
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dischsesed above  The theoretical results present all the features
of the observed relative intensities. This suggests that the

deficioncien of the theory may have been overestimated.

D. Genmeral Features of the Results

Ag Condon pointed out from his calcul&tionslo), it is of
interest to note that in many cases the magnetic dipole traunsition
probabilities in a multiplet are much larger than the electrie quadru-
pole probabilities for the same multiplet. In partieular, this is true
for all the atoms in the p° and p* configurations, and for most of the
miltiplets of Te VII.

It is also of considerable interost to note that in all of the
cages which were calculated, the probabilitics of transitions between
levels of the same term are negligibly small in comparison with the
probabilities of other ftransitions from the same upper level. This is
of importance in the discussion of the intensities of the lines. For
the probabilitics of the unobservable intra~term transitions enter into
the denominator of the formule (6} of seetion II, which gives the
intensities of other lines having the same upper level. Hence the
latter lineé would be weakened tremendously if the intra-term transition

probablilities were relatively large.

B, Some Speeial Results for ¢ III

1, The Line 3P0 - 'Dg. Agcording to the caleulations recorded in

Teble 11l(a), the lime ®Po ~ 'D, for O III possesses & non-vanishing
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transition probability, about 1/10,000 that of the strongest line

of the multiplot °P « 'D,. This result clears up the problem which
devoloped when Bowen and Wysell) observed this line, slthough it hed
beon predicted by Condon®®) to have a zero probability. The observed
intonsity of the line relative to the other lines of the multiplet

is pomewhat grester than the caleulatod value, and therefare agrecs

botter with Stevenson's result (ef. Table 1l{a)).

the Permitted linmes of O III. Professor I, 5. Bowen has pointed

out one further result of considerable interest that can be deduced
from the transition probabllity caleulations. It was found some fime
aao that & few of the permitted limes of C ITI were observed in nsbular
speetra. These lines were oither transitions Tfrom the level 2pBd®»
to lower levels, or transitions mﬁ these lower lewels down to still
lover levels., In 1938 Professor Bowan%) interpreted this phenomenon
on the besie of the almost exact colneidonce betwsen the wave length
of the vesonasnce line of He IT and the wave length of the O IIT line
2p® %r, - 2p38%5,. He amsumsd that some of the radiatiom available in
the nebulae in the form of this reeonsnce line of He II is absorbed by
atoms of O III in the level 2p° ®r,, thus reising these atoms to the
energy level £p3d°P,, from which they descend with the emission of
permitted linea.

Sinee the 2p° ®7, lovel is not the ground level of 0 III, the
above mechaniam of excitation could apply only if a large proportion

in
of the atoms of 0 III existed in the ®P, lovel instead of,the ground
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level ®Po. Thie mtate of affairs would be impossible if the trensi-
tion probebilitics betweon the levels of the °P term were much larger
than the probability ¢ of removal from the °¥, level by collision

{see seetion II). For if the transition probabilities were much larger
than ¢, then atoms could not remain in the upper levels long enough for
thermodynarde equilibrium to be established between the atoms in the
Bpgy °P, and 319% levels under the influence of collisions, Wenece the
pepulation of the °T, level would be depleted.

fyom table 11(a) we see that

-
%P, ~%p,) = 0.7 x 20 see”

» . -1 _
ACP, - 31’3) = 5,8 x 10 see”

-5 -
4(%2, =7 ) = 2.6 x 207 sec”’

That these values are emaller than the collision probability C can be
egtablished by the {ollowing consideration. In coumparing the intensitiocs
of the forbidden linesm of O I, O II and ¢ IIT in the nebulse, the
transition ®D ~ *5 of 0 1T 1s found to be omly 1/5 to 1/10 as strong as
it should be if € were nsglected in the intensity formulae. 7his means
that C is nbout five 4o ten times as large as the probebility of this
transition. DBut,from Table 11(b), the velue of A{*D - *3) is about
1x10 Tsee”’. Hence C 1s about 5 or 10 x 10 7 see , wiileh is
considerably lerger than 4(°% = ®P,). Thus the condition for existence

of the abgw absorption meghanisn of pgeitation of ¢ IIT is MIfilled.
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¥. Concludiue Hemmxks

A fundemontal diffiauity present in the method of caloulas
tion of transition probabililties which has beeon deseribed hewe is
the lack of precise infoomaldon about the effeet of configuration
interacbion. 4 thoroush imvestlazation of this effect mizht resolve
many of the botbersome points which srose in the ealeunlations,

?hé mathod of calcuinilion eppears to be espables of exbtension
to the & configuretion, although the comploxity of the caleulations
wevld be increseced by the large muwber of ewergy levels ip this
gonlignration., This exteneion would heve important applieatisna@),
eapeeinlly in conuection with the lines of Fe VI snd Fe II {the
latber beeause of Chordlevts freatment of pearly closed ah@l&&gﬁ))*

In conclusion, 1t is hopod that the mmeriecsl resulis
obteined here will be of value in the investigetions of forbidden
lineg, end in the interyretetiovs of sstrophysical nature to which

these invesitigetions lesd.
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